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Quadratic relations between Bessel moments

Javier Fresan, Claude Sabbah and Jeng-Daw Yu

Motivated by the computation of some Feynman amplitudes, Broadhurst and Roberts recently conjectured
and checked numerically to high precision a set of remarkable quadratic relations between the Bessel
moments

/oo L) Ko@) ¥ e G, j=1,..., [(k—1)/2)),
0

where k > 1 is a fixed integer and Iy and K denote the modified Bessel functions. We interpret these
integrals and variants thereof as coefficients of the period pairing between middle de Rham cohomology
and twisted homology of symmetric powers of the Kloosterman connection. Building on the general
framework developed by Fresan, Sabbah and Yu (2020), this enables us to prove quadratic relations of the
form suggested by Broadhurst and Roberts, which conjecturally comprise all algebraic relations between
these numbers. We also make Deligne’s conjecture explicit, thus explaining many evaluations of critical
values of L-functions of symmetric power moments of Kloosterman sums in terms of determinants of
Bessel moments.
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1. Introduction

Let Io(¢) and K¢(¢) denote the modified Bessel functions of order zero, which are solutions to the ordinary
differential equation ((9;)> — t>)u = 0. Since this equation has an irregular singularity at infinity, it does
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not come from geometry in the usual sense of encoding how periods vary in a family of algebraic varieties.
However, certain integrals of monomials in Io(#) and Ko (#) called Bessel moments are themselves periods,
as shown for example by the identity (see [Vanhove 2014, (8.11)])

/OOI (O Ko(H) T rdr = l/ : l—[ il
0o 2 ez (1+Zf=1xi)(1+2f=1 1/xi) =1y X .

i=1

In a series of papers and conference talks Broadhurst and Roberts [Broadhurst 2016; 2017a; 2017b;
2018; Broadhurst and Roberts 2019; Roberts 2017] put forward a program to understand the motivic
origin of the Bessel moments

/oolo(t)“Ko(t)bt‘“dt. (1.1)
0

An important insight of theirs was to look at counterparts of these integrals over finite fields, pursuing the
analogy between the Bessel differential equation and the Kloosterman £-adic sheaf. Roughly speaking,
Iy(¢) and K(¢) correspond to the eigenvalues of Frobenius, and out of them one forms the k-th symmetric
power moments of Kloosterman sums. The generating series of these moments over finite extensions of
[, is a polynomial with integer coefficients. After removing some trivial factors and handling primes
of bad reduction, a global L-function L(s) is built with the reciprocals of these polynomials as local
factors. Back at the beginning, Broadhurst, partly in joint work with Mellit [Broadhurst and Mellit 2016]
and Roberts, Bloch, Kerr and Vanhove [Bloch et al. 2015], and Y. Zhou [2018a] proved or numerically
checked in many cases that the critical values of these L-functions agree up to rational factors and powers
of m with certain determinants of the Bessel moments (1.1).

For technical reasons, we shall make the change of variables z = ¢?/4 and consider the associated
rank-two vector bundle with connection on G,,, which is called the Kloosterman connection and denoted
by Kl,. Motives associated with symmetric powers of the Kloosterman connection were introduced
in [Fresan et al. 2022]. Namely, for each integer k > 1, we constructed a motive My, over the rational
numbers, which is pure of weight k + 1, has rank k" = [ (k — 1) /2] (resp. k' — 1) if k is not a multiple of 4
(resp. if k is a multiple of 4), and is endowed with a self-duality pairing

M, @ My — Q(—k—1) (1.2)

that is symplectic if k is even and orthogonal if k is odd. By design, the L-function of this motive
coincides with the above L-function Lk (s). The main result of that paper was the computation of the
Hodge numbers of My, which led to a proof that L (s) extends meromorphically to the complex plane
and satisfies the expected functional equation.

In this paper, we investigate the period realizations of the motives My. By design, the de Rham
realization of My is isomorphic to the middle de Rham cohomology of the k-th symmetric power
SymF Kl,, which is defined as the image

Hig mia(Gm, Sym* Klp) =im[Hlg (G, Sym* Klp) = Hig (G, Sym* K1p)]
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of compactly supported de Rham cohomology under the natural map to usual de Rham cohomology, and
comes with a perfect intersection pairing Srk’flid realizing (1.2). Extending a computation from [Fresén et al.
2022, Proposition 4.14], we exhibit a basis of middle de Rham cohomology in Section 3, which is natural
in that it is adapted to the Hodge filtration, and we present an explicit formula to compute the matrix of
S}c“id on this basis. If k is not a multiple of 4, the basis is simply given by the classes w; = [zivg dz/z] for
1 <i <K/, where vy is a specific section of Kl,.

Besides, we shall prove that the dual of the Betti realization of My, is isomorphic to the middle twisted
homology of Sym* Kl,, which is defined as the image

H"(Gp, Sym* Klp) = im[H{! (G, Sym* Kly) — H"*!(Gp, Sym* Kl)]

of rapid decay homology under the natural map to moderate growth homology. Elements of these
homology groups are represented by linear combinations of twisted chains ¢ ® e, where c is a path and e
is a horizontal section of Sym* K, that decays rapidly (resp. has moderate growth) on a neighborhood of
the support of c. These conditions ensure that de Rham (resp. compactly supported de Rham) cohomology
classes can be integrated along them, thus giving rise to a period pairing

PP H™ (G, Sym* K1) ® Hig mig (G, Sym* K) — C.

This middle homology comes with a natural (-structure and, likewise to middle de Rham cohomology, a
perfect intersection pairing B}cnid realizing the transpose of (1.2). By analyzing the asymptotic behaviors
of products of modified Bessel functions, we exhibit in Section 4 rapid decay homology classes «; for
0 < i <k’ whose images in middle homology are nonzero for i > 1.

Relying on the general results from the companion paper [Fresdn et al. 2023], in particular the
compatibility of the Betti and de Rham intersection pairings with the period pairing, we prove the
following theorem. For simplicity, we only state it here when k is not a multiple of 4, postponing the full
statements to Proposition 4.6, Theorems 3.17, 4.7, and 5.3, and Corollary 5.7.

Theorem 1.3. Assume k is not a multiple of 4:

(1) With respect to the basis {w;}1<i<k » the matrix of the de Rham intersection pairing Skmid is a lower-
right triangular matrix with coefficients in Q and (i, j) antidiagonal entries
1k
(-2 % ifk is odd,
(=D k=D
2K (j—i) (K'+1)!

(2) The middle homology classes {o;}1<i<k’ form a basis and the matrix of the Betti intersection pairing

if k is even.

Bkmid on this basis is given by

Bkmid: ((—l)ki (k_i)!(k_j)! Bk—i—j—&—l ) ’
1<i, j <k’

k! k—i—j+ 1!

where ‘B, denotes the n-th Bernoulli number.
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(3) With respect to the bases {a; }1<i<k and {w;}1< <k, the matrix of the period pairing P}(nid consists of

the Bessel moments

. . . . o0 . . .
P;{md — <(_1)k12k+12j (T[l)l / IO(I)ZKO(t)kfltZJfl dt)
0

I<i, j<K

(4) The following quadratic relations hold:
P;{nid X (S;cnid)_l X tp;cnid — (_2ni)k+185{nid.

Quadratic relations of the shape P}* - D* - 'P® = B® were conjectured by Broadhurst and Roberts
[2018]. As we explain in Section 5.3, their matrices P}* and B}® coincide with ours up to different
normalizations, but we were unfortunately unable to prove that, again up to normalization, the inverse of
Siid satisfies the recursive formulas defining their matrix DPX. Nevertheless, we checked numerically that
both matrices agree for k < 22, which is the limit for reasonable computation time with Maple.

Grothendieck’s period conjecture predicts that the transcendence degree of the field of periods of My
agrees with the dimension of its motivic Galois group. Since the Betti intersection pairing is motivic, this
is a subgroup of the general orthogonal group GOy if k is odd and of the general symplectic group GSp,
(resp. GSp;/_1) if k is even and not a multiple of 4 (resp. if k is a multiple of 4). Broadhurst and Roberts
conjecture that this inclusion is an equality, which would mean that for fixed k the quadratic relations
from Theorem 1.3 conjecturally exhaust all algebraic relations between the Bessel moments.

Finally, in Section 8 we make Deligne’s conjecture explicit for the critical values of L (s) by identifying
the periods that are expected to agree with them up to a rational factor with some determinants of Bessel
moments already considered by Broadhurst and Roberts. Prior to that, we identify in Section 7 the period
structure of the motive My with the period structure attached to the middle cohomology of Sym* K1, by
means of Theorem 1.3. For that purpose, the appendix develops the necessary tools in a general setting of
exponential mixed Hodge structures, complementing thereby the appendix of [Fresdn et al. 2022].

Notation 1.4. We refer the reader to [Fresan et al. 2023] for the general setting of de Rham cohomology
and twisted homology of vector bundles with connection, as well as the intersection forms and period
pairings on these spaces. Throughout this article, we use the following notation and conventions:

« Given an integer k > 1, we set
k'=|(k—-1/2)] (ie., k=2k'+1 forodd k and k = 2(k" + 1) for even k).

« Since the case where & is a multiple of 4 plays a special role throughout, we use the simplified common

notation
{1,...,k"} if 41k,

I K1 = {{1,...,k’}\{k/4} if 4|k,

so that
k' if 44k,

#[[l’k/]]:{k/—l if 4| k.
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We will consider square matrices indexed by i, j € [1, k'] that, when k is a multiple of 4, are obtained
from a k" x k" matrix by deleting the row and column of index k /4.
o For integers m < 0, the factorial m! and double factorial m!! are given the value 1.

o For each integer n > 0, we denote by B,, the n-th Bernoulli number, i.e., the n-th coefficient of the
power series expansion

o
Ceya
e —1 "n!’
n=0

o The base torus is denoted by Gy, ;, and is regarded as included in the affine line with coordinate z. The
coordinate 1/z is denoted by w. We also consider the degree two morphism p; : Gy, ; = Gy, ; Which, at
the ring level, is defined by z — r2/4.

2. Pairings on the Kl, connection and its moments

In this section, we explain the algebraic duality pairing on Sym* K1, that gives rise to the de Rham
intersection pairing. On the other hand, we endow the associated local system of flat sections Sym* K12v
with a (D-structure and a topological duality pairing that will give rise to the Betti intersection pairing.

2.1. The Kl; connection. We first recall the definition of the Kl, connection, referring the reader to
[Fresén et al. 2022, Section 4.1] for more details. We denote by Gy,  (resp. Gy, ;) the torus Gy, over the
complex numbers with coordinate x (resp. z), and we define f : Gy x X Gy ; = Al as fx,2)=x+7z/x.

Let 7 : Gy X G ; — Gy, denote the projection to the second factor and E/ the rank-one vector
bundle with connection (0g,, , x6,,., d+d f) on Gy X G, ;. We define Kl, as the pushforward (in the
sense of Z-modules) 7', E /. this is a free 0g,,-module of finite rank endowed with a connection
having a regular singularity at the origin and an irregular one at infinity. Since the varieties we work
with are all affine, it will be convenient to identify coherent sheaves with their global sections. To the
sheaf ' E' is then associated the module H! 77 E/ of global sections. Fixing the generator dx /x of
relative differentials and denoting by d, the partial derivative with respect to the variable x, we then have

Kl = H' 7, ES = coker[Clx, x ', z, 7] 2240/ opx, x 1, 2, 271,

It follows that Kl, is the free C[z, z~']-module generated by the class vy of dx/x and the class v; of dx.
The connection V on Kl satisfies

0z
zVy. (vo, v1) = (vo, V1) - <1 0) ,

so that vy is a solution to the differential equation ((z3,)> —2)v=0.
Let j : Gy <> P! denote the inclusion. We write j; for the adjoint by duality of the pushforward j,,
and similarly for 7. The same argument as in [Malgrange 1991, Appendix 2, Proposition (1.7) page 217]
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shows that the natural map (j x Id)+E/ — (j x Id); E/ is an isomorphism. Projecting to Gy, ., we
deduce that
H' 7 E/ - H'n Ef (2.1)

is an isomorphism as well. Let us make this explicit. We set x’ = 1/x. By an argument similar to that
of [Fresdn et al. 2023, Corollary 3.5], we can represent an element of H! 77+ E/ as a pair (f//\ ,ndx/x) =
(¥, —n dx’/x"), where

e neClx,x 1 z,z71],
* ¥ = (Yo, ¥oo), With
Yo €Clz, z IxNx~"1 and Yoo € Clz, 2~ I/ Tx"" 1],
are such that the following holds:
(0 + (x —z/xNYo =15, ¥y + @' — 1/x )P0 = —1507. 2.2)

Here, ¢ : C[x, x~ 1z, 2711 < Clz, z7 '1[x][x '] denotes the natural inclusion, and similarly for ts.
On these representatives, the natural morphism (2.1) is given by (1’} ,ndx/x) — ndx/x. Checking that
(2.1) is an isomorphism amounts to checking that, for any 5 as above, there exists a unique 1’/; such

that the (2.2) hold. Setting Yo = 3_,-,, Yo (Dx" and Yoo = Yo Yoo (@)X, g = X, no.nx",
L& =D, Noonx™, we determine Vo ,(z) and Yoo »(z) inductively by

Your1 =2 ko +Y0u-1=0.),  Voont1 = Woon +2Woon—1 + oo (2.3)
thus showing explicitly that (2.1) is an isomorphism.

Example 2.4. The element of H' i E ! corresponding to vy (resp. vy) is (@, dx /x) (resp. (fﬁ\ , dx)), where
the elements ¢ and 1’5 determined by (2.3) satisfy (note that n = 1 resp. n =x = 1/x’)

®0,<0 =0, Yo.<1 =0,
wo1=—2"", Yoo, <0 =0,
Yoo, <0 = 0, 1poo,O =1,
¥oo,1 =1, VYoo,1 = 0.

2.2. Algebraic duality on K1, and its moments. Set
D = {0, 00} = P!\ Gp,.
Starting from the tautological pairing E/ ® E~/ — (0, . x6,. d), we deduce a natural pairing
(«.-):H'mE' @H' n, E-/ — H? T4 06y X G ——2> Clz*'],

where the isomorphism resp stands for the residue along D as in [Fresan et al. 2023, Section 3.c] (see also
the proof of Lemma 2.5 below). Let ¢ : G, x X Gy ; = G x X Gy ; denote the involution (x, z) — (—x, 7).
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Then ¥ E~/ = E/, and this defines a canonical isomorphism 1 : H! 7, Ef = H' 7, E~/ since mot = .
Let us set

(v, vy) =" (vo, v1) = (dx/x, —dx),

that we consider as a basis of H! 7. E~/. Then the matrix of zVj, on H! 7. E~/ is equal to ((1) (Z)) and

the above isomorphism reads w(vo, v1) = (v, , v)).
Lemma 2.5. The induced pairing
(+.)ag :H'my Ef @H' m E/ — Clz*]
defined by (-, - )ag = (2.1)71-, ) satisfies
(v0, vo)alg = (v1, V1)alg =0, (vo, v1)aig = —(v1, Vo)ag = 1.
In other words, we get a skew-symmetric perfect pairing on Kl,:
(s Dag : (Klp, V) ® (Klp, V) = (GG, d), (2.6)

which amounts to a canonical isomorphism A, : Kl — Kl with the dual connection endowed with the
dual basis (v, v}), by setting
Kl, 245 K1;

(vo, v1) > (—=vy, vp).

Proof. We compute with the notation of Example 2.4. We find, on the one hand,

{0, v0)alg = ((@, v0), vy ) =Tesp a‘;—x = 00,0 — Poo,0 =0,
(V1 V)aig = (@, v1), vy ) = —tesp ¥ dx = =01 + Yoo 1 =0,
and, on the other hand,
(vo, V1)atg = ((@, v0), vy ) = —resp Pdx = —@o,_1 + Poo,1 = 1,
(v1, Vo)alg = (W, v1), vy ) =Tesp @i—x = Y0,0 — Voo,0 = —1. O

For each k > 1, let & be the symmetric group acting on the tensor power Kl?k by the natural
permutation action. Let Sym* K, be the symmetric power regarded as the Gy-invariant part of Klgz’k. We
consider the basis # = (u4)o<a<k of Symk Kl, given by

1
k—a Rk—a ®a
ug =v, v = o (v ® vy,

6
| k | Nk

20:ug = (k—a)ugr1 +azu,—1 (0<a <k)
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with the convention u;; = 0. The pairing (2.6) extends to Symk Kl,, which is thus endowed with the
following (—1)*-symmetric pairing (compatible with the connection):

(—1)0%’! ifa+b=k,

otherwise.

(Ug, up)alg = 2.7)

2.3. The Q-structure of KlzV and its moments.

The Q-structure for a fixed nonzero z. We start by considering the Q-structure on the fiber of the sheaf
of analytic flat sections K12V at some z € G, ;. We consider the function f, : Gy, — Al, defined as
d+df;). Let P! be the
projective closure of Gy, , and let P! be the real oriented blow-up along D = {0, oo}, which is topologically

f-(x) = x 4 z/x, where z is a fixed nonzero complex number, and E/- = (0G,,.
a closed annulus. We denote by j~ (G > P! the inclusion of the open annulus into the closed one.
On P!, the de Rham complexes with rapid decay DR™(E /) and with moderate growth DR™Y(E /) have
cohomology in degree zero only (see [Fresan et al. 2023, Theorem 2.30]), and the natural morphism
DR'Y(Ef) - DR™(ES) is a quasiisomorphism. Indeed, the function e~/ on G, has moderate
growth near a point of the boundary dP! if and only if it has rapid decay there. Above x =0, this amounts
to argx € argz + (—n /2, 7/2) mod 2. Above x = 00, this amounts to argx € (—n /2, 7/2) mod 27.
We denote by ﬁﬂd the open set which is the union of G, and these two boundary open intervals, so that

we have natural open inclusions

an a1 b 31
Gp, > Py—P.

Then multiplication by e~/= yields an isomorphism of sheaves of C-vector spaces
b.a; «Con ~> #°DRYE) = #°DR™(ET). (2.8)

Definition 2.9. The Q-subsheaf /#° DR"(E/)q C #° DR"(E) is the image of b 1a. .Qgu under
the above isomorphism.

The Betti Q-structure on HéR(Gm,x, E':) (see [Fresan et al. 2023, Section 2.d]) is defined by means of
(2.8) as

H(liR(Gm,x, Efz)@ = Hl(ﬁila bz,!az,*@ﬁ‘,‘,{x) = Hi (ﬁrlda az,*@G‘;‘T‘I{X)-
We denote by (recall that z # 0 is fixed):

* ¢; the unit circle in G starting at 1 and oriented counterclockwise.

an

e ¢} a smooth oriented path in G ,

starting in a direction arg x contained in argz + (—m /2, 7/2)
mod 27t at x = 0, intersecting ¢, transversally only once, so that the local intersection number
(Kronecker index) (¢}, ¢;) is equal to one, and abutting to x = oo in a direction of arg x contained in
(=m/2,7/2) mod 27. The precise choice of ¢ will be made later. We also consider the path ¢_*

obtained from ¢} by applying the involution ¢: x > —x.
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These paths define twisted cycles of = —c¥ ® ™/ and B} = ¢} ® e~ /= in rapid decay homology
Hrld(Gm,x, E2) (see e.g., [Fresan et al. 2023, Section 2.d]). Similarly, we set

(7)) =—c." ®e's and B =—cp Relr,

which define twisted cycles in Hrld(Gnm,x, E~'2). As for the de Rham cohomology, the involution ¢ induces
an isomorphism Hrld(Gm,x, Ef) — Hrld(Gm,x, E~/2) sending a rapid decay chain s > a(s) ® e~ /= to the
rapid decay chain s — —a(s) ® e+, and thus inducing the corresponding Betti intersection pairing

HY (G, EF) @ HY Gy, EF) = HY Gy, EF) @ H Gy, E™7) — Hp(Gpy, ©) =C

This pairing is easily computed and has matrix (), thus showing that (e, ) is a Q-basis of
HY(Gm.x, E')a

For applying [Fresan et al. 2023, Proposition 2.23], we use the topological duality pairing (-, - )iop
on Hrld (Gm.x» E'2), which preserves the Q-structure since it is induced by Poincaré—Verdier duality. The
following relation holds; see [loc. cit., (3.10)]:

(5 htop =27i(-, - alg-

We let (v, P — Ly, Y) denote the dual basis of (v;) with respect to (-, - )op-

— 2mi v;

Proposition 2.10. The Q-vector space HéR(Gm, v Ef)q is the Q-span of

1 _f 1 _fdx
eg=|— e Jedx ) vg— | — e Ji—)-vy and
271 Jex 2mi Jex X
1 1 dx
- | — _fd _fz_ . .
“ (Zni/c;e ) ””(2 ./ x) .

Proof. From [loc. cit., Proposition 2.23], we deduce that HéR(Gm,x, E f:)@ is the Q-span of

prAmed(BX e Py pg P (Y p Py and P (o, vy P g +PE M o v Py, (2.11)

z?

rd, mod

where P} : Hrld(Gm,x, EfH)® HéR(Gm’x, E’) — C denotes the period pairing from [loc. cit., Sec-

tion 2.d]. We conclude with the identification

v 1 v 1 1
vo’mp gvl_z -[dx] and v, -op —ﬁvoz—ﬁ[dx/x].

For example, the integral ﬁ /. x e~ /= dx is identified with the period

Prd mod('BZ , 5 tOp)' ]
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The Q-structure on K12V . We first recall some basic properties of the modified Bessel functions of order

) = ;?g "P(—z(”y))dyy

Ko =3 [ Te(=5(+ 1)L gt <72

ZE10

(2.12)

which are annihilated by the modified Bessel operator (13,)% — t. The function Io(7) is entire and satisfies
Io(t) = Ip(—1t). The function K((¢) extends analytically to a multivalued function on C* satisfying the
rule Ko(e™'t) = Ko(t) — mwily(t).

We have the following estimates as t — 0 in any bounded ramified sector, by taking the real determi-
nation of log(¢/2) when t € R.¢

I)=1+0(, Ko(t)=—(y +log(t/2))+ O(t*logt),
where y = 0.5772 ... is the Euler constant. As a consequence, in such sectors,

Io() Ko(t)*" = (=¥ (y 4+ 1og(1/2) " + O (t* logt " 1). (2.13)
On the other hand, we have the asymptotic expansions at infinity (see [Watson 1944, Section 7.23])

. (2n=1MN% 1

Io(t) ~ e \/z_mi_: R larg 7| < 7w/2
2n — 1IN?
Ko(t) ~ e~ [Z(— )"(( ”23n ‘) 2 0 largr| <3m/2 (2.14)

Z (2n =D 1

Io(1) Ko (1) ~ - S ETPTETE

2t =
The latter is the unique formal solution in 1/¢ of the second symmetric power (t3,)3 — 4t%(1d,) — 412 of
the modified Bessel operator up to a scalar. Let us also note that these asymptotic expansions can be
differentiated termwise. The Wronskian is given by In(t) K () — I5(1)Ko(t) = —1/1t.

We now assume that z varies in C \ R¢o and we choose a square root ¢/2 of z satisfying Re(r) > 0,
that is, argt € (—m /2, 7/2) mod 27. Due to formulas (2.11), since the integration paths can be made
to vary in a locally constant way, we conclude that e, e; are sections of K12V on this domain, and their
coefficients on the basis vg, v; are holomorphic there. We will express them in terms of the modified
Bessel functions. We set x = (¢/2)y. On the one hand, we have

[ = el D)= [0+ )
2mi Jo© X T 2w fpe T 2N T , P 2\ ty)) S = b

C;
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On the other hand, we now regard y as varying in R and set ¢] = (t/2)R., so that, for x € ¢}, both
arg(z/x) and arg(x) belong to (—mx /2, w/2) mod 27. Then, similarly,

1 _rdx 1 ( t( 1))dy 1
P Je— = — ——= —))—=—=—K .
27 Jox ¢ 270 Jr_, xp 2 Y+ y//y i 0(®)

By flatness of eg, 1, we obtain therefore

1
eo = (1/2)Iy(H)vo — Ip(t)vy and e = ;(—(l‘ﬂ)K{)(f)vo + Ko(t)vy). (2.15)

The pairing (-, - )op = 27i( -, - )aig being flat, it induces a nondegenerate pairing on the constant sheaf
KL o\r <o and we have there

(e0- e1hop = 2i((1/DI(0) - = Ko(0) = Io(6) - (1/2) - K§(0)) = 100 Ko(6) — To( Ky() =1,

according to the Wronskian relation. The other pairings are deduced from this one by skew-symmetry.
We also obtain

vo = 2Ko(t)eg + 2mily(t)er), vy :t(K(/)(t)eo—i—niIé(t)e]). (2.16)

In order to cross the cut z € R_(, we note that the coefficients of e, regarded as functions of z € C, are
entire, while those of e are multivalued holomorphic, and the monodromy operator 7' defined by analytic
continuation along the path 6 +— e’z (6 € [0, 27ri]) acts on e; as T'(e;) = e; + . This shows that the
Q-structure of K12V |C\R<, €Xtends to a Q-structure of K12v , which will be denoted by (K12V )o. Moreover,

(-2 Jop: (K)o ® (K)o — Q@
is a nondegenerate skew-symmetric pairing, and the multivalued flat sections e and ey satisfy (e, €1 )wp=1.

The Q-structure on Sym* Kl,. We naturally endow Sym* K1, with the pairing
(-5 op = D (-, Jang
and the Q-structure (Symk Klz)g = Symk((KIZV )o). The monomial sections

1
¢ = o ®e®) (0<a<k) (2.17)

k—a
e, el = —
0
1Skl

o EGk
®k
12

form a basis of multivalued flat sections of the subsheaf (Symk Klz)g of (K )B and satisfy

(—1)a%’f! ifa+b=k,

otherwise.

k—a a _k—b b
(ep “€j. ey €l)op=

(2.18)
Lemma 2.19. The coefficients of the flat sections elg_ae‘f on the meromorphic basis (up)p of Symk Kl,
have moderate growth at the origin. Moreover, they have moderate growth (resp. rapid decay) in a small
sector centered at infinity and containing R if and only if a < k/2 (resp. a < k/2).
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Proof. Since Ié (t) (resp. K(’) (#)) has an asymptotic expansion similar to that of Iy(¢) (resp. Ko(t)) at the
origin and at infinity in the specified domains, the first statement follows from (2.15) and the definition
(2.12) of Iy and Kj. Besides, the asymptotic expansion of Iy and Ky at infinity (2.14) implies the second
statement by calculating the power of e’ in the products of Iy and Kj. U
3. de Rham pairing for Sym* K1,
The main result of this section is the computation of the matrices of the de Rham pairings
Hlg (G, Sym* Klp) ® Hig (G, Sym* Kly) = €

| 3.1)
Hig mia (G Sym* Kl,) ® HtliR,mid(Gma Sym* K1,) Smid,

with respect to suitable bases, taking into account the self-duality pairing induced by (2.7). Since the latter
is (—1)k-symmetric, (3.1) is (—1)**!-symmetric. We first make clear the bases in which we compute the
matrices.

3.1. Bases of the de Rham cohomology. Let
e Symk Kl, — (Symk Kb); and (5 Symk Kl, — (Symk Kb)s

denote the formalization of Sym* Kl, at zero and infinity respectively, and V the induced connection. We
can represent elements of H(liR, (G, Symk K1) as pairs (1, 1) as (see [Fresan et al. 2023, Corollary 3.5])

o 7 = (M, Moo) is a pair of formal germs in (Sym* Kb)s® (Sym* Kby) s,

7 belongs to I' (G, Q}Gm ® Symk Kl,),
such that, denoting by 7 = (157, t&n) the formal germ of 7 in
(251 5® (Sym* Khh)gl © [241 5 ® (Sym* Ko,

i and 7 are related by Vi = 7.
We can regard HéRﬁmid(Gm, Symk Kl,) as the image of the natural morphism

Hlg (G, Sym* Klo) — Hlg (G, Sym* Kly)

sending a pair (71, n) to n. Recall that H(liR’mid(Gm, Sym* Kl,) has dimension k' if k is not a multiple
of 4, and k' — 1 otherwise; see [Fresan et al. 2022, Proposition 4.12]. According to [Fresan et al. 2023,
Remark 3.6], there exists a basis of HCIIR’ (G, Symk Kl,) consisting of

o pairs (m;, 0); where (m;); is a basis of ker V in (Sym* Kl); @ (Sym* K1), and

« a set of pairs (7, 1) j, of cardinality dim H(liR,mid(Gm’ Symk Kly), related as above such that (5;);
are linearly independent in H(ljR(Gm, Symk KD).
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Furthermore, such a family (n;); is a basis of HcllR,mid (G, Symk Kl).
We set (recall that ug = vg)

w;i = [z'updz/z] € Hig(Gp, SymF Klp), 0<i <K (3.2)
It was proved in [Fresan et al. 2022, Proposition 4.14] that
P ={wi |0<i <K}

is a basis of HéR(Gm, Sym* Kl,). This property also follows from the combination of Lemma 3.3,
Proposition 3.8, and Theorem 3.17 below (see Remark 3.22).

We first determine which linear combinations of elements of %; belong to HéR,mid(Gm’ Symk Kl,).
Foreachi =0, ..., k', we look for the existence of

m; = (0, Mi,00) € (Sym* Kly)5 @ (Sym* Kly) s,
such that Vi; = (i5(w;), ts (@;))-

Lemma 3.3 (solutions at z =0). (1) The subspace ker vVc (Symk Klb)g has dimension one and a basis
is given by oo = ef.
(2) There exists m;  if and only if i > 1 and, in such case, there exists a unique m;  belonging to
zCllz] - u.
In fact, for any j > 1, there exists a unique mj o € zC[[z]l - u with Vi j o = L@(zjuo dz/z).

Proof. Set (V,V) = (Sym" Klp, V). We first claim that C[[z]] - u is equal to V§, (the O-th step of the
formal Kashiwara—Malgrange filtration at the origin, similar to that considered in the proof of [Fresin
et al. 2023, Proposition 3.2]). Indeed, it is standard to show that there exists a formal (in fact convergent)
base change P(z) =1d+zP; + - - - such that the matrix of V in the basis u’ = u - P (z) is constant and
equal to a lower standard Jordan block with eigenvalue 0. It follows that u” is a C[[z]]-basis of V5 o, and
the claim follows, as well as the first point of the lemma.

Let us consider the second point. Setting Va’ 1=z Vﬁ,o’ we have recalled in [loc. cit.] that z0, : Va’_l —
V.1 is bijective. The “if” part and its supplement follow. It remains to check that 5(uo dz/z) does not
belong to the image of V. It amounts to the same to replace uo with u, defined above, and since uj, is the
primitive vector of the matrix of V, the assertion follows. g

We now look for the solutions of /Vﬁn'i,-,oo =g (w;) fori =1, ..., k". For this purpose, we introduce
the constants yx ; as follows. Let us assume that 4 | k. Recall that we have set w = 1/z on Gp,. Write the
asymptotic expansion as

o0
2 (Io() Kot ~ wh* >y jag jw?, (3.4)
j=0
so that we can define y; ; by the residue

24 (Io(1) Ko (1))"?
witl :

Vk,i = T€Sy=0 3.5)
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We have y; =0ifi <k/4, yxka=1,and y;; > O0foralli € k/4+N* e.g.,

k k(k +52) k(k? 4 156k + 13184)
VeItk/4 =S50 Ve2Hk/A= " o130 Vk3k/4 = 193 , (3.6)
For what follows, it will be convenient to set
Yi=0 (i €ek/4+7)if 4tk. (3.7)

Proposition 3.8 (solutions at z = 00). Letus fixi € {1, ...,k'}:
(1) For 41k, the equation /V\n’ii,oo = 15 (w;) has a unique solution.

(2) For4 |k andi # k/4, the equation
Vit oo = t&(@; — Vk.,i®Wk/4)

has a solution (in fact a one-dimensional affine space of solutions) where yy ; is given by (3.5).

Moreover, the subspace kerV C (Sym* Klh)s is generated by the formal expansion iy 400 Of

2K ()2 (eger) /.
In fact, for any j > 1, there exists m j o, satisfying 67)’5]-,00 =15z =y, jZMupdz/z.

The second assertion of 3.8(2) is easy to check from the formal structure at infinity of Sym* Kl; see
[Freséan et al. 2022, Proposition 4.6(3)]. We set
mo = (mo.0, 0) (i.e., Mo.0o = 0) for all &,
M4 = (0, Mi/4,00) (€., Myja0=0) if 4|k,

and (see Notation 1.4)

w;:{o ifi=0andi =k/4, (3.9)

i — yrioka i€ [1L K],
so that w; = w; if 4tk and 1 <i < k', orif 4|k and 1 <i < k/4. Once we know that % is a basis

of HcliR(Gm, Symk Kl;), using the convention (3.7) we derive the following from [Fresan et al. 2023,
Remark 3.6(4)]:

Corollary 3.10. The following set of k' + 1 elements

{(ﬁ0,0),(n/’E],wl),..., (mk’awk’) lf4+k,

B, =(n7',w{)0<<k’={ Y A - - X
¢ R {(fg, 0), (i1, @), ..., (igsa, 0), ..., (i, @) if 4]k,
is a basis ofHéR’C(Gm, Symk Kl).

Let us consider the subset % mid of the k' (resp. (k'— 1)) dimensional subspace H(liR,mid (G, Sym* Kly)
of Hl (G, Sym* Kly) if 4tk (resp. if 4 k):

{wi |i e[l KT} if 44k,
{w) i e[[1,kT} if4]|k.

Corollary 3.11. The set By mia is a basis of Hig 4(Gm, Sym* Kly).

B, mid = {
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Remark 3.12. Part of this result can also be proved as a consequence of [Fresan et al. 2022, Proposi-
tion 4.21(2) and Theorem 1.8]. However, the present proof does not rely on Hodge theory.

Proof of Proposition 3.8. Recall that ey, e; are defined by (2.15) and w; by (3.2). Let us set e; = mie;.
Then vg = 2(Kgeg + Ipe;) and

k kya pk—a
e\ 2KIOKE L dw
a==3 (o),

a=0

We have to examine if there exist &; , in some extension of C((w)) such that
Lk
Wiyki g = —w (2FICKE)  and Z(Cl)gi,ae’g—”éﬂf e (Sym‘ Kl if 41k,
a=0

and a similar property in the case 4 | k. Then one takes

k

N k e
mi oo = Z(a)si’aeo aET.

a=0

We write

2E[aKE [ﬁk_z“e“““)/ﬁwk/“-n a #k/2,
wt

_ 2n—D3 \K/2
wh (ZZO:O (« 25nn)' ) w”) @ =k/2,
with F,; € 1 + wQ[«/w]. When a # k/2 there exists a unique & , with the expansion
k—2a
b4 ‘
£, JT o~ 2k=2a) /W k[A—i+1/2 Gia (3.13)

@™ k= 2a)

for some G; , € —1 + /wQ[+/w]. Moreover, when expressed as a combination of monomials vg_bvi’ s

such ";‘,-,aeg_“éj‘ has no exponential factor and, if o denotes the action w!/* > jw!/* so that C(w)) =
C((w'*))?, one has U(E,-,ae’g*“é’f) = éi,k_aegé]f“. When 4 | (k +2) and a = k/2, the exponents of w in
the expansion of 2w =~! 1y Kg_a are in % + Z and one takes §; ;> satisfying

wk/A=i
(k/4—i)

with G; € —1 4+ wQ[w]). Then the factor &; ; >(epe 1)*/2 has no exponential part in its expression in terms

i

&ikj2 ™~

of vg, v and is invariant under o. Finally, when 4 | k, k > 8 and a = k/2, the residue
k 1k/2 k)2
Vi = resy_o 10 Ko
, = wit!
vanishes if and only if i < k/4. Therefore, for i > k/4 there exists &; 2> € Q((w)) such that
wdwéi k2 =—w™ —yew (T Ko)*? dw.

In this case, &; /2 (epe1)*/* has no exponential factor in combinations of vy, v and is invariant under o.

The proof is complete. 0
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Remark 3.14. In the case where 41k, the m;  are uniquely determined since there is no horizontal
formal section at z = co. When 4 | k, the /; , are unique up to adding a multiple of the formal horizontal
section 7y /4,00 defined in Proposition 3.8(2). To normalize the choice, we take the series &; /2 above to
have no constant term. This normalization then fixes the computations of periods below.

3.2. Computation of the de Rham pairing. We aim at computing the matrix Sg‘id of the pairing
Hig mia(Gm, Sym* K1) ® Hig 11ia(Gm, Sym* Kl) — C

induced by the self-duality pairing (2.7), with respect to the basis % mig- By [Fresan et al. 2023,
Proposition 3.12], the matrix S;nid is equal to the sum of the matrices having (i, j) entries respectively:

o Ifd4tkandi, j=1,...,k,
res,—o(Mi 0, 2/ u0dz/z)ale  and  —resy—o (i 00, w7 g dw/w)alg.
A similar formula following Proposition 3.8(2) if 4 | k.

Fori e{l,...,k'} we set

k
n’ii,oo = Zﬂa,i(w)uav Ma,i(w) = Z Ma,i,[we-
a=0 £>—00
We can already note that, according to Lemma 3.3, (m; , Zugdz/ Z)alg has no residue (and a similar
assertion if 4 | k) so S}c“id is determined by the residues at infinity. It follows from (2.7) that, if 41k,

we have

Spd =Dy, =1, K. (3.15)

If 4|k, S,rcnid is the (K’ — 1) x (k' — 1)-matrix given by the formula
4 y it i or j <k/4
Sty = (=D {’“"‘”*’ prors <t ek aae
(Mk,i,j — Vk,jMkik/4) ifiand j > k/4,

In other words, in the matrix given by (3.15) we delete the row i = k/4 and the column j = k/4 and we
add to it the matrix having entry (i, j) equal to (—1)*y;. jlk,iksa fori, j > k/4. According to [Fresdn
et al. 2023, Corollary 3.14] and (2.7), the matrix S is (—1)¥*!-symmetric.

Theorem 3.17. The matrix SkInid is lower-right triangular (i.e., the entries (i, j) are zero if i + j < k') and

the antidiagonal entry on the i-th row is equal to
Pk
(—¥ 5 ifk is odd,

(=D k=D
Wh+1—2i) (K+1)!

if k is even.
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Proof. We keep notation from the proof of Proposition 3.8. For odd k, the entries of Sfid are

k kb grk—b
S ky (k kaza 210Ky " kb
1e8y=0{Mi 0o, ®;)alg = — ( )( )res 0<§ ey ‘e, ————e¢, "e]dw
w i J/alg G;O a b w= i,a w1+1 0 g
k kb prk—b
1 kN rk 21K, _
2k Z (a><b>resw 0<$’“6k hef, 12j+? e](; be?dw>
a,b=0 top
k krk—a pra
1 ok 2kl
EP (a)resw:o(s,a—wj+ dw )
e
k
o () ’
=—— Y res,—o(W T Fy_y G dw)
k
2 = k—2a

where Fy_q, —Gi 4 € 1 + J/wQ[/w]. Clearly, the last residue vanishes if i + j <k'. If i + j =k’ + 1,
we find

(= 1)“
res,y— o(m,oo,a)j Z - 2a .

We conclude the case where k is odd with the next lemma.

Lemma 3.18. Forany k > 1, we have

3 (—D“()_{zk( 2)’<”;” if k is odd,

O<a<k k—2a 0 if k is even.

a#k/2

Proof. 1f k is even, replacing a with k — a in the sum shows that the sum is equal to its opposite, and
hence vanishes. We thus assume that k is odd and set

k k—2a

=3 ()2

a=0

Then fi(x) = [|'(x + 1/x)* dx/x. Besides, one has

log x log x
fe(x) = / (e + e Hkdr =2+ / cosh*rdr (x=e¢)
0

0
sinh cosh*~! ¢ k—1 [logx
=2k |:— +— / cosh*=2¢ dt}
k t=log x k 0

(D))
=—(x——)(x+- +4
k X X

By evaluating f (i) inductively, one obtains the desired equality. O

—1
fi—2(x).
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Assume 4| (k +2), so that k/2 = k' + 1 is odd. Then the entries of S are
re8y=0(Mi,c0, ;)
! ok 21y K k 2 (lgKo)/*
= _27[ Z (=D (a)reSw=o (Si,a £j+1 0 dw>—<k/2)resw=o (si,k/ZT dw)}
k
! —(_l)a . '—i—j 2(k 2) fs s
= —_k|: Z (k_2c(s) reSw:()(wk 2 J+1/2Fk—aGi,a dw)_(k/T/_zl-)resw=0(wk i JFG,‘ dw):|,

where

= (@n—Dd N\

n=0

Again, the residue is zero if i + j < k’. On the other hand, if i + j = k¥’ + 1, the first term in the above
expression is zero, according to the lemma above, and since F(0) =1 and G;(0) = —1, we have

~ k _ N
resw:0<mi,oo: w]):_<k/2)[2k l(k/+1—21)] 1.
The computation in the case where 4 | k is similar. O

Example 3.19 (k = 5). We have k¥’ =2 and

ama_( 0 8/15
: 8/15 pmspz2)

From the proof of the theorem above, one has

5 5
—1 & (=D dw
ps2= 30 22 50 ()
a=
A direct computation yields
5 5
(=1 256 2°-13
-3 S s~ e e o v

a=0

Therefore,

gmid _ (0 8/15
> 8/15 24.13/3%.53 )"

Example 3.20 (k = 6). We have k' =2 and i = 1, 2. Due to skew-symmetry, the antidiagonal entries are
enough to determine Sg‘id. Theorem 3.17 gives

md _ (0 —5/8
> _<5/8 0 )

Corollary 3.21. The ordered basis By mia of HéR’mid (G, Symk Kl,) is adapted to the Hodge filtration.
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Proof. For odd k, [Fresan et al. 2022, Proposition 4.21(2) and Theorem 1.8(1)] imply the claim. For
even k, [loc. cit.] only gives compatibility for half of the basis % miq. However, since the Poincaré pairing
respects the Hodge filtration, compatibility holds for the whole % miq by the above theorem. O

Remark 3.22 (the matrix S;). The matrix of the pairing
Sk : Hig o(Gm, Sym* Klp) ® Hig (G, Sym* K1) — C

in the basis % . ® %y is obtained with similar residue formulas as for S}(nid, due to [Fresan et al. 2023,
Proposition 3.12]:

(1) If 44k,
kii,j

o smid if 1 <, j <K,
WA ) ifi=0and j=1,...,k.

On the other hand, we have Sy.0 ¢ = reszzo(elé, ugdz/z)ag = 1. Last, for i > 1, we use the expressions
(2.15) and obtain

~ dz
Skii0 = resw:O<mi,o<>v up—
2 alg

k k—a~= dz
<a>resw:o &iaey ‘el up—
z alg

k t kar “dz
(a) feSw=0<§i,a [ilévo — IOUI] [—§K6v0 + K0U1i| , M07>
alg

I
S
=~ M»
o

a=0
k
k _ dz
= 07( ) resumo il KG
Z
a=0
Since 1
k+1)/2—i .
S Ik_aKa ~ 2k(k—2a)w( )/ lGl,a a ;é k/27
i,alo 0 1 k/2—i . _
F AW G, a=k/2

with G; 4, G; € Q[[,/w]], we conclude that Si.; o = 0. In other words, S; takes the form
1 0
0 Spd)

(= DFEHD2 K 1 /1K if k is odd,
(k= DI¥ /[ (' + DHF (K = D2 if 4] (k+2).

In particular, we get
detS; = detSP! = {

(2) If 4| k, the matrix S; is obtained from the matrix ( (1) Sgid) by adding a row i = k/4 and a column
k
Jj = k/4 that we compute now. For the row i = k/4, we note that

(k4,000 VG )ale = 25 (I Ko)*/* = wh/* Z Vikjasjw,
j=0
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so that
0 if j <O,

Sk =
SRS {—Vk,k/4+j if j > 0.

For the column j = k/4, we compute as above that S0 x4 = 0 and, for i > 1 and # k/4,
Skiik/4 = 1€8;—00 (M 00, Wk/4)alg-
In particular, by setting k” = [ (k — 1/4)] and recalling y /4 = 1, we get

detS; = —det S = —27F 1k — UK + DY) 2.

4. Betti intersection pairing for Sym* Kl,

(3.23)

In this section, we exhibit natural bases of the rapid decay, the moderate growth, and the middle homology

spaces denoted respectively by

HY(Gp, Sym* Kly), HIY(Gy, Sym*Kly), and HPM(G,, Sym* Kl,).

We then compute the Betti pairing By as introduced in [Fresan et al. 2023, Section 2.d]. Bear in mind

that the notation there keeps track of the degree of the homology spaces; as this degree is always equal

to 1 here, we omit it, but we remember the exponent k of the symmetric power. We keep the setting of

Section 2.3. While we used (-, - )aig 00 Symk KI, to compute the de Rham intersection matrix Sy, we will

use the topological pairing (-, - )top ON Sym* K12V to compute the Betti pairing By, which is thus defined

over Q.
We consider the following C*° chains on IP; diffeomorphic to their images:

R4+ =10, co], oriented from 0 to 400,
co = unit circle, starting at 1 and oriented counterclockwise,

c+ =1, oo], oriented from +1 to 4o0.

According to Lemma 2.19, the |k/2] + 1 twisted chains

Bi=R.®elei ™, 0<j<Ik/2],

have moderate growth and define |k/2] + 1 elements of HTOd(Gm, Symk K1), still denoted by B;.
Besides, the twisted chain ag = ¢y ® elg is a twisted cycle with compact support, and hence has rapid

decay, since eg is invariant by monodromy. We obtain other twisted chains with compact support as

follows. For each integer n > 1, let us set

(=D
na

C,(a) = (”) 1<a<n.
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Lemma 4.1. Let n > 1 be an integer:

(1) The sequence (C,(a)), is the unique solution to the linear relations

n n

1
E Cn(a)a=— and E Cha)a" =0 if2<r<n
a=1 n

a=1

(2) The sequence (Cy(a)), is the unique solution to the linear relations

Y Cu@a =(=1"""n=D! and Y Cyl@)a” =0 if2<r<n.

a=1
Proof. Direct simplification of Cramer’s rule in solving the systems of linear equations. U
Lemma 4.2. For integersn > 1 and r > 0, one has
—1)n .
n+r _(n+z' B, ifr=1

Z Coir(@) Z b" =

EB, + (-1 fr =0

Proof. Replacing Y ,_, b" with Bernoulli’s formula

b=1 £=0

we can rewrite the left-hand side as

n+r n+1 n—+r
3 Cuvrl@ Zb" = Z( D", )Be 2 Cosarat '™
Then Lemma 4.1(1) gives the assertion for » > 1 and, for r = 0, we use Lemma 4.1(2) instead. O

Since T%ey = e; +aeg for all a > 1, it follows from Lemma 4.1(1) that, for each 1 <i < k, the twisted
chain with compact support

k—i+1
Y Ceini(@cf ey e
a=1
has boundary {1} ® e6 . As a consequence, the following (k' + 1) twisted chains are twisted cycles,

whose classes are elements in Hrld(Gm, Sym Kly):

ozozco®eg

Dk (k—i)! k—i+1 .
o = — DD+ oL @ehey T+ Y Croini(@c @y el T (1< <K,

The natural map

HY(Gp, Sym* Klp) — HPY(Gyp, Sym* K1)
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is given on these twisted cycles by

0 ifi=
P , 4.5)
Bi if1<i<k
by shrinking the circle ¢y and extending the half-line c...
Proposition 4.6. If0 < j < |k/2], we have Bi(ap, Bj) = =80, j and, if 1 <i <Kk,
Lk=Dk— ) B
Bi(ei, Bj) = (=" .
k! (k—i—j+1D!

With a small abuse of notation, we also denote by By the matrix (By.; j)1<i,j,<x With
Br.i,j = Bi (i, Bj).

Proof. For the first assertion, since the intersection index (cg, R4) is equal to —1, we have by (2.18)
P k- e
(616,66 € J)top =0 ifj#0,

<e’5, ’f>mp ——1 ifj=0.

B (o, Bj) = {
Let us compute By («;, B;) if 1 <i <k’ and 0 < j < |k/2]. Fix some 6, € (0, ) and let x, = exp(i6,).
To achieve the computation, we move the ray c4 by adding the scalar (x, — 1) and let the circle ¢ start

at x,. Then the component ¢; ® ef) lelf *+1'in the deformed o; meets B ; physically a times at the same

point 1 € (DX with intersection index —1. At the b-th intersection (1 < b < a), the factor eé) lelf i+1
becomes e (e1 + beg) 1 and (2.18) gives
. » k—i+1IN /RN
(e (er+beo) T el Dyop = (=1 (T I (G) B
For j > 1, since By (o, B;) = 0, we obtain, by adding these contributions and taking into account the
intersection indices,

k i+1

Ba ) =0 (T () X G- 1+1<a)2bk i,

The asserted equality follows by applying Lemma 4.2 with r > 1
If j =0, then By (o;, B;) writes

_ . k—i+1
(=D (k—i)! — Bi—iv1
_ C b i+1 __ lk i
S S Z klﬂ(a)Z =D
after Lemma 4.2 with r = 0. O

Theorem 4.7. (1) The family (o;)o<i<k’ is a basis of Hrld(Gm, Symk Klp).
(2) The family (B;) with0< j <k’ (resp. with0< j <k'+1 and j #1) is a basis of HTOd(Gm, Symk Kly)
if 4tk (resp. if 4 | k).
(3) The family (B;) with 1 < j <k’ (resp. with 2 < j < k') is a basis of HM(Gy,, Sym* Klp) if 41k (resp.
if 4 k).
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Notation 4.8. If 4 | k, we shift the indices of the bases « and g as follows:

o ifi <k/4
S I RS
o; ifi >k/4,

and similarly for . We set B"® = (BJi); jegi vy with

mid _ Bk(ai»ﬁj) if4)(k,
SETT | Belaf, ) if 4 k.

In particular, B,‘{“id = By if 41k. Theorem 4.7(3) implies that Bkmid is an invertible matrix.
Theorem 4.7 is a straightforward consequence of Propositions 4.6 and 4.9 below.

Proposition 4.9. (1) Let By denote the matrix of size k' having entries By (a;, B;) with
o 1<, j <Kk ifdtk,
e 1<i<kKand2 < j<k/2if4|k.

Then /
[Ty ()] if'k is odd,
det By = [k + DT, ()] if4l ke +2),
[T ()] if4 k.

(2) If 4 |k, let B,/( denote the matrix of size k' — 1 having entries By (i, B;) with2 < i, j <k'. Then

det B] = [i—i(k/z)z ]k_[(’;)]
a=2

(Note that B = By if 4tk and B = B} if 4| k).

—1

Some determinants of Bernoulli numbers. We will make use of the following lemma:

Lemma 4.10. The following identities hold.:

et 2t __COmhRen+ DY @.11)
G+ D) 1<ijen  2"FDBUSH - Qn+ DI '
—1)"/? .
By (
det(%) :{2"(”“)[3”5!!~--(2n+1>!!]2 Y is even. .12)
G+Jj+DV < j<n 0 ifnis odd.

Proof. We follow the principle in [Krattenthaler 2005, Section 5.4]. Recall that, for each n > 0, the
Lommel polynomials 4,, ,(x) satisfy

Join(@) =l (@I = Bp 1001 DI -1(2),

where J, (z) is the Bessel function of the first kind of order v. Let

Ja(x) = n1/2(x) € Qx] (n = 0).

S —
Q2n+ 1!
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The following hold:

e fu(x) is monic of degree n with fy(x) =1, fi(x) = x, and { f,,(x)} satisfies the recursive relation

_ ! >1
T ont+hen+3) 7

e {fu(x)} forms an orthogonal family with respect to the linear functional

Jnr1(x) =xfn(x) = by fu—1(x), by

oo

L(fx)=)_

(mn)z(f(l/m”) + f(=1/mm)).

For the above; see [Koelink and Van Assche 1995, Section 1]. We have the moments u, = L(x") of the
linear functional

1 1 1 —1)r/2r+2R
Z _ (=D r+2 >0, r>0

Hr = 2 = r+2 + (_m)r+2 - (r +2)!

(in particular, o = %). With these data and by applying [Krattenthaler 2005, Theorem 29], one readily

obtains
Qn+1)l! (=12 i
n+1)! if n is even,
det(ptis+osi, j<n—1= 3y — 5 det(ui+j+1)0<i,j<ﬂ—1={[3!!5!!---(271-}-1)!!]2
(35t~ 2ntDY 0 if nis odd.
The asserted formulas follow immediately by a simple matrix manipulation. 0

Remark 4.13. Let

Boa+an—2 / Baa+ap
®n = _— N @n = .
Qa+2b—2)!) <y pen (2a+2b)! ) <q.p<n

By rearranging columns and rows, one has

( Bitj ) {@nﬂ@@;/z if n is even,
G+ D r<ijen Onp1p @0,y ifnisodd,

0 9 . .
(G+7+D 1< j<n singular if n is odd.
Therefore, (4.11) inductively implies the equalities

I , D"
det O, = 22311511 .. (4n — DI et O = Znenansi - (4n+ DI

and (4.12) is a consequence of (4.11). The evaluation of a variant of det ®,, is also considered in [Zhang
and Chen 2014, Corollary 2], although their formula does not seem to be correct. Both this approach and
that of [loc. cit.] use the orthogonal family of Lommel polynomials.
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Proof of Proposition 4.9. Let Ay, = (8,41(i + j))1<i,j<n- For integers m, n withm >n > 0, let
D;; , = diag((£D)"m!, (D)™ '(m — D!, ..., (£1)"n)).

(1) For k odd, we have

Bk = lD_ , Ak’( BH_j ) Ak/D+ ,
k! k—1,k'+1 (l+])' I<i.j <k’ k—1,k'+1

and by (4.11), one obtains

k' k'

k! k' +a) T N
detBk:zk’(k”r”(k!)k/H[(2a+l)!!] :[k!H(C’)] '

a=1 a=1

For 4| (k+2), we have

1 Bitj
— - Jjtl +
By = EDkfl,k%ZAk' Ak’Dkfl,k’+2
: 1<i, j<k'

(i+j+D!
and
1 T +1+a)!7 (9]
B . . /
det By = WD) (¥ Ul[ (2a + D! ] N [k!(k +1)1i[2<a)]
by (4.12).

For 4 | k, we have

B = LD~ Ap( Bt Av D
k_k! k—2,k'+1 22K i+ j)! o K1 k042
and
K 2 K -1
k—D!(k—D! (k' +a)! k
det By = —~ : — | k! ( ) .
et B 2’<<k+1)(k!)k(k/+1)!£[1 2a + D! Uz a
(2) We have
B/=1D_ Ay I(M) Ap_1DF
k k! k—2,k'+2 (l+]+1)' I<ij<ki—1 k—2,k'+2°
and
k' —1 2 k' -1
1 k' +1+a)! k k
detB, = ————— R ol sy Bae ) ( ) . O
T Ty U][ Qa+ D! } [4( e

5. Quadratic relations between periods and Bessel moments

In this section, we express the period pairing between rapid decay homology and de Rham cohomology
of Sym* K1, in terms of Bessel moments and we obtain quadratic relations between them by specializing
to our setting the general results from [Fresan et al. 2023].
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5.1. Quadratic relations between periods. We use the topological pairing (-, - ),p on Kl, which is
compatible with the Q-structure of K12V from Section 2.3. Recall that the induced pairing (-, - )iop ON
Sym* K1, is (—1)*-symmetric. The period pairing P! was defined in [Fresan et al. 2023], where the
index 1 referred to the degree of rapid decay homology and moderate growth de Rham cohomology. Here
we denote it by Pzd’m(’d, in order to emphasize that we are dealing with the k-th symmetric power and since
there are no other nontrivial (co)homological degrees at play. Recall the de Rham cohomology classes w;
from (3.2) and the rapid decay cycles «; from (4.4). Since (o;)o<i<k’ 1s a basis of Hrld(Gm, Symk Kl,) by
Theorem 4.7(1) and (w;)o<i<k 1S a basis of HéR(Gm, Sym" Kl,) by [Fresan et al. 2022, Proposition 4.14],
we deduce from the perfectness of the pairing P,rcd’mod (see [Fresan et al. 2023, Corollary 2.11]) that the

(K + 1) x (k' + 1) period matrix (Pf"*)o<; j<i defined by

rd,mod __ prd,mod, .
Pk;i,j —Pk (al$a)])

is invertible. Thanks to the identity (2.16) relating v to ¢p and the change of variables r = 2,/z, the first
row of this matrix reads

.dz i .dz .
P (a, w)) = / (ef. vehopz! — = f Qri)*Io(2y2) 2! = = Qri)*'s ;, (5.1)
o Z o Z
from which we immediately derive:

rd, mod

Proposition 5.2. The k' x k' period matrix P = (Pei. i )i<i, j<k IS invertible. O
The pure part of the pairing P,r(d’mod arises from the pairing between middle homology and middle

de Rham cohomology. According to (4.5) and Theorem 4.7(3), the elements (¢;); 1,47 map to a basis
of H‘lnid(Gm, Symk Kl,) whenever 41k. If 4 | k, we instead consider the images of the shifted elements
(ozlf )ieq1,47» as introduced in Notation 4.8. Regarding H}iR’mid(Gm, Symk Kl,), Corollary 3.11 gives the
basis (w;)ieq1 kg (resp. (@))ieiiy) if 41k (resp. if 4| k), where w is modified as in (3.9). With this
notation, the middle period matrix is defined as follows:

PE = (PR i jetnan = {(PEZZZ(ai’ “Pieniin T4k,
o (P o, w))ijenwy  if 41k

In particular, P4 = Py if 44k.

Recall the matrices S}("id from Section 3.2 and B}c“id from Notation 4.8. In the current setting, the general
method to express middle quadratic relations explained in [Fresdn et al. 2023, Section 3.f], namely (3.21)
therein yields the following result:

Theorem 5.3 (middle quadratic relations for Sym* Kl). The middle periods of Sym* Kl, satisfy the

following quadratic relations:
(_zni)k+1821id — P;{nid . (Sglid)—l . tPglid‘

In particular, the matrix Pkmid is invertible. O
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5.2. Bessel moments as periods. We consider the power moments of the modified Bessel functions I
and Ko defined by

o0

BM, (i, j) = (= D12k (i’ f Io(t) Ko()¢/ dt,
0

where the indices i and j are subject to the constraints

0<i<kandj>0 orifkiseven, i=5and0<j<k -1

For this range of indices, it results from the asymptotic expansion at infinity (2.14) that the improper
integral BM (i, j) converges. In what follows, such moments will occur only for odd j.

Proposition 5.4. Forall 1 <i, j < k', the following equality holds:

Pimt = BMy (i, 2j — 1).

Proof. In view of the definition (4.4) of the twisted cycles «;, we need to compute the integrals along c{j
of (ed™ ek Ky opz/ dz/z fora=1,...,k—i+1 and the integral along c of (¥, vE)iopz/ dz/z.
Let us first remark that, for ¢ € (0, 1], we can replace co and c with the scalings c¢o . and c4 ¢ by ¢

defined with the base point ¢ instead of 1, leading to a twisted cycle «; . equivalent to o; (1 <i <k’). We

will show
. a—1 _k—a+1 _k dz .
lim (e € , 0>t0pZ] =0, a=1,....k—i+1, (5.5)
e—0 J.a Z
. P k=i Lk ;dz A o
hH(l) (epe; s vo)tosz7 =BM;(,2j—1) forl<i,j<k. (5.6)
e—

Cte

We first show that the limits (5.5) are zero. According to (2.18), we only need to compute the coefficient

k—a+1 _a—1 Ia—lKk—a-H
0

of ”0 in e, e| ", which is equal to /; up to a constant (see (2.16)). It remains to check that

ami
/ IO ' Ko@)* 4142 =1dr — 0 when |7| =24/ and ¢ — 0.
argt=0

We can use the estimate (2.13) to compute the integral, and the assumption j > 1 implies that the absolute

value of the integral tends to zero with e.
For (5.6), recall that the coefficient of vO in eg ’e’l is equal to 2k (i)t (ll‘) Ié Kg_i, and thus (see (2.18))

k) 2k(m)< )IOK" = (— DRk iy IR

(ehel ", v)iop = (=D (}
The assertion (5.6) then follows from the relation z/ dz/z = 272/+12/=1 dz. 0O
Corollary 5.7. The matrix Pkmid satisfies, for i, j € [1, k'],

BM;(i,2j —1) if 41k,
Pkmlld] = 1BMi(i +1,2j — 1) =y i BM (i + 1, k') ifd|kandi <k/4,
BMi(i,2j — 1) — yi, j BMi (i, k) ifd|kandi > k/4.
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Example 5.8. Consider the case kK = 8. Taking the determinant of the quadratic relations from Theorem 5.3
and using the computation (3.23) and Proposition 4.9(2) yield

—527718

(det PP? = (27i)® det B! det ST¢ = i

On the other hand, by Corollary 5.7 and the equalities g 1 =0 and y3 3 =

mid __ (ﬂi)z 27
= (" ) ()

A /oo (10(f)2K0(l)6t 21o(t)> Ko ()01 — Io<r>21<o(r>6r3) .
= f.
0

% from (3.6), we explicitly have

with

Io(1)>Ko(t)°t 21o(t)>Ko(1)’t> — In(1)* Ko()°1

One can check numerically that det A is positive, and hence det A = 57%/(2!! - 3). Using the linear
relations BMg(1, r) +BMg(3, r) = 0 from Corollary 6.12 below for r = 1, 5, this verifies the numerical
evaluation made in [Broadhurst and Roberts 2018, (2.5)].

5.3. Relation to the conjecture of Broadhurst and Roberts. Broadhurst and Roberts [2018, Section 5]
use different normalizations to state their conjectural quadratic relations. Instead of the above matrices
Bk and Py, they consider matrices that we shall denote by Bi* and P}® (the notation By and Fy is used
in [loc. cit.], the index k being occupied by what is k’ here). To compare their matrices with ours, we
introduce auxiliary square matrices

Up = antidiag(l, ..., 1), Ry =antidiag(i, %, ...,{), Te=diag(—4, (=42, ..., (=H")

of size k', where the antidiagonal entries are listed down from the top corner. By Propositions 4.6 and 5.4,
the matrices B}* and P}® relate to ours as

k' i 1
Uk B Uy = W('(k+’+] V. Briji<ij<k and  UpPpt = Cadmpr (TP 1< jen
whence the identities
BR I(k+])k'l BR t
Bk = —W Rk/ . Bk . Rk/ and Pk = W Rk/ . Pk . Tk/. (59)
Besides, Broadhurst and Roberts [2018, page 7] define matrices DX = (Dii‘, j)lgi’ j<k with rational

coefficients and conjecture that, for all integers k > 1, the quadratic relation
PR-D* PR =BRR.

holds. In the direction of this conjecture, we obtain:

Corollary 5.10. If 41k, then the matrix Dy defined as

Dy = (=D k(T - SP¢ - Ty ™!



Quadratic relations between Bessel moments 569

satisfies

PE*. Dy - 'PRR = B~

Proof. Under the assumption on k, we have Py = Pgﬁd and B, = Bkmid. The statement then follows from

the quadratic relations of Theorem 5.3 and the equalities (5.9). O
If 4|k, we set
B/BR — I_(k+1)k' R/ . Bmld . R/ and P/BR _ 1 R/ . Pmld . T/
kT T T ok KT Pk k' k= —(—2ﬁ)k+1 KTk K

where we denote by R, (resp. T},) the matrix obtained from Ry (resp. Ty/) by deleting the row and
the column of index k/4, that we consider as indexed by [1, k']1>. We define the matrix D;, indexed by
[[1, k']? so that it satisfies the relation (see (3.16))

D}, = (=D k!(T}, - ST )~
Corollary 5.11. If 4|k, then the matrix D) satisfies
P;{BR . D;( . [P;{BR — B;(BR'

Remark 5.12. Numerical computations show that, for all integers k < 22 that are not multiples of 4, the
equality Dy = D}¥ holds. On the other hand, for k =8, 12, 16, 20, the matrix D; coincides with the matrix
D;*® obtained from D}® by deleting the row and the column of index k /4. These computations also seem
to suggest that k!(S}g‘id)_1 has integral coefficients. Is it true for all k£?

6. The full period matrices

In Theorem 5.3, we emphasized quadratic relations for the middle periods to make the link with the
conjecture of Broadhurst and Roberts. However, quadratic relations hold between the rapid-decay versus
moderate periods

pitmod . H(Gpy, Sym Klp) ® Hig (Gp, Sym* Klp) — €
and the moderate versus rapid-decay periods
P?Od’rd : HY(Gyy, Sym* Klb) ® HéR’C(Gm, Sym* K1) — C.
Namely, it follows from [Fresan et al. 2023, Remark 2.15] that

(—27Ti)k+led’mOd — Pzd,mod . (Sk)fl X thmod,rd7

where B,r(d’mod and Sy stand for the complete Betti and de Rham intersection pairings. In this section, we
consider the bases By ., %, and («;);, (B;); as defined in Section 3.1 and Theorem 4.7, and we compute

the entries of the matrices of Pi"™ and PJ"**™ which do not appear in P,
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6.1. The complete period matrix P*™°3, In order to finish the computation of the complete period

matrix (Pf;“}(’d)og,-’ j<k'» we are left, according to (5.1) and Proposition 5.4, with computing the terms
d, mod T

PZ;i,O

according to the expansions (2.13) and (2.14).

fori =1,...,k". In such a range, we consider regularized Bessel moments defined as follows,

Definition 6.1 (regularized Bessel moments). For all i such that 0 < i < k/, the functions

o0 ) .dt -1 k—i )
Gri(e) = / Io(e) Ko<+ &(y +log(e/2)) !

are holomorphic on small sectors containing ¢ € R and have finite limit as ¢ — 0". The regularized
Bessel moments are defined as

BM (i, —1) = (=) 2 (i)’ lim Gi(e).
E—>
Proposition 6.2. We have
pzd’m‘)d(ai, wo) =BM (i, —1), for1<i<Kk.

Proof. We argue as for (5.5) and (5.6). If 1 <i <K/, let

—D (k= i)!
P, (e, wp) = P (ai L eV a)o),

k—i+2
so that
Dk —i)!
Pzd’mOd((Xi, wo) = ch (otj, wo) — %Prd,mod((xo’ wp). (6.3)

On the one hand, by scaling the chains ¢ and c( by ¢ € R- and letting &’ = 2,/¢, we find

k—i+1

/ i ki ok 92 o1 k—itl k92
Pk(ais wo) = (e()el ) Uo)top_ + Z Ci—it1(a) (60 € s Uo)top_
Ct.e z a=1 Cg,e 2

= (=D 2y’ f Io(zﬁ))iKo(Z\/z)k_i¥
k—i+1

—i i i— _iy14z
FEDR T Y @ [ ey K@y
a=1 e

. . [® . dt

= (=D 2 (i) / lo(1) Ko~ =
‘ . kit ‘ ds
DY G [ o0 Kot

0,¢’

a=1
. . [0 . dt
= (=D 2 (i) / Io(r)’Komk—’T
‘ k—i+1 dt
+2H @) Y Ceeia(@) / L +1og(t/2) " + 0 log = H )=
CO,S/

a=1
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Lemma 4.1 yields

k—i+1 odt
> Chomt@ / (v +logt/2) 1L
1 k—i+1 . .
-5 D Ciint@I(y +log(e'/2) + mia)* "+ — (y +log(e /2)) 2]
a=1

Ti i (=D k=D
— 1 I 2 k—i+1 k l+2‘
g1y tloele/2) t i

Letting ¢ — 0, one obtains

(=D k=)

27T k+1‘
K—it2 T

P, (e, wo) = BM (i, —1) +

On the other hand, P,rcd’m(’d(ao, wo) = 2mi)**! as computed in (5.1), and (6.3) gives the desired formula.
O

mod,rd

6.2. The complete period matrix P;""". The period matrix podd is defined by

o o 0<i, j<K if 41k,
Pro = PRt (B, (i, ), {0<l<k/2 i#1
0<j<

if 4|k,

rd,mod

(see the notation of (3.9) for ', ) and is nondegenerate (argument similar to that for P, ). According

to [Fresan et al. 2023, Section 3.f], its middle part is equal to Pmld already computed:
o If 41k, we are left with computing Pmc.)d.’rcl fori, j €[0,k'and i or j =0.

mod rd

o If 4|k, we are left with computing P;. with

i=0,2,...,k/2,j=0,k/4,
i=0,k/2,j=1,....K,j#k/4

Definition 6.4 (regularized Bessel moments, continued). If4 | k and k/4 < j <K', the function € — Hy j(¢)
defined by (see (3.5))

1/e . )
(o) — k2 2j _ _Yei k2 Yk, j—n
Hi.j (@) _fo (o) Ko (1)) (t k22! ) r k- 2,+1 Zn(482)n

is holomorphic near R. with finite limit when ¢ — 0%. We set

BME(k/2,2j — 1) = 22 (k2 Tim Hy j(e).
e—~>0*

Proposition 6.5. (1) If 41k, we have:
@ PG = (=DFsj0.i=0,... k.
(b) P;{fgf‘fd:BMk(o, 2j—1,j=1,..., k.
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(2) If 4|k, we have:
@) PRoG =8i0.i=0,....k/2
. —1 .
(®) P}g;’ij‘j - _(2”')k/22k/2(k];2) Sik2,1=0,...,k/2.
© PE%‘?}fd =BMi(0,2j — 1) — yx,j BM (0, Ky, j=1,...,k,j#k/4
d) pmodrd _ BM(k/2,2j — 1) 1<j <k/4,
(d) kik/2,j — reg . ;
BMI(k/2,2) 1) k/d<j<K.
Proof. For (a) and (a), we note that

Protrd (g, (g, 0)) = (ehek 1, k) iop = (= 1) 810.

Similarly, for (b) (see Proposition 3.8 and [Fresan et al. 2023, Proposition 3.18]),
~ _ k-1
PE B s, 00) = —(epel ', 24 e even)* Phuop = =2Gri () Bk

For the rest, since the coefficients of the cycle §; in terms of {u,}, have logarithmic growth at 0, and 7 ¢
is holomorphic and vanishes (Lemma 3.3), the contribution limzﬁo(eéek_" mj, 0)top(2) of (Bi, m mj, 0)top 1N
[Fresan et al. 2023, Proposition 3.18] in the period pairing is zero. For i #k/2ori =k/2,1 < j <k/4,
the coefficient (— 1)~ (;ri)’ Ej,i of (B, mj,oo)top (see (3.13)) is holomorphic near R..¢ and vanishes at oo,
so the contribution of 71  is zero too. In this case, one therefore has

PRt (B, (i, @)op) = / (ehe ™", @ hop = BMi(i, 2j — 1) — v BMy (i, k)

R4
as in the proof of Proposition 5.4. This completes the cases (b), (c) and the first part of (d).
It remains to check the second part of (d), with k/4 < j < k'. Let

£ = (—4milyKp)*?z/71dz and 5= (—4wiloKo)"**/* 1 dz.
We have

((e0e1)*?, @ )iop = ((e0e1)*/?, (@] + 1€8:200 (@[ )0k /a) )10p = & + T€S:—00 (E)7.

Note that 71 j « is defined so that d((ege1) /%, 1 j 0o)iop = & + 18,200 (£)1 and ((ege1)*/?, il j oo )1op has no
constant term in the fractional Laurent series expansion in 1/z. We then obtain

T
P;“°d’fd(ak/2,(ﬁj,w;))ztlin&)/ & res,—oo(§)n — ((e0e)*/?, 1 j oo)iop(T) = BMF (K /2,2 = 1). O
- 0

Example 6.6. Respectively for k = 3, 4, the complete quadratic relations lead to the equalities of the
regularized Bessel moments

lim Io(t)KO(t)2 +1(y +loge/2)’ = / Ko(t)tdt - / Io(1) Ko (1)%t dt,
8—) 0 O
SOO jT
lim / K@Y Ly +loge/2)* =
e—s0+ J, 120°
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Remark 6.7 (determinant of P¢). A formula for the determinant of the matrix Py in Proposition 5.2, which
implies in particular its nonvanishing, was conjectured by Broadhurst and Mellit [2016] and Broadhurst
[2016, Conjecture 4 and 7] and proved by Zhou [2018b]. Since detS; is computed in Remark 3.22
and the determinant of the Betti intersection matrix is computed in Proposition 4.9 in order to prove its
nonvanishing, the quadratic relations also lead to a computation of det P, up to sign.

Remark 6.8 (dimension of the linear span of Bessel moments). Zhou [2019b, Theorem 1.2], shows
that, for each i such that 1 <i <k’ (resp. for i = 0), the Q-vector space E; spanned by the Bessel
moments BM (i, 2j — 1) for all j > 1 has dimension at most k" (resp. at most k' + 1). From the point
of view of the present paper, the upper bound dimg E; < k" when 1 <i < k' is a direct consequence
of the fact that the BMy (i, 2j — 1) result from pairing the fixed rapid decay cycle «; with the de Rham
cohomology classes w; = = [z/uodz/z]. Provided j > 1 and k is not a multiple of 4, all these w; ; lie in
the middle de Rham cohomology HdR,mid(Gm’ SymF Kl,), which has dimension &’. If k is a multiple
of 4, the periods Pmid(al, -) are generated by BMy(i,2j — 1) — yx j BMi (i, k') for j € [1, k], with
Yk.k/4 = 1. For each j > 1, the class (z/ — Vk. ]zk/4)uo dz/z lies in HdR mid (Gm, Sym Kl,) and has period
BMy (i, 2j — 1) — y,j BMk (i, k') when paired with «;. Therefore, dimg E; < &’ holds. In the case i =0,

mod,rd

the periods P, (o, -) are generated by

1 and BM(0,2j — 1) —yi, BMk(0, k) (1< j<K).
Again, for each j > 1, there exists 7 ; such that the class
(M, (@ =y 2" Huodz/2)
lies in H}iR’ (Gn, Symk Kl;) and has period
BM;(0,2j — 1) — y,; BMi (0, k)

when paired with 9. Hence, dimg E¢ < k&’ + 1, as this is the dimension of de Rham cohomology with
compact support.

6.3. Linear relations. When k is even, there is a unique nontrivial linear relation among the k" 4 2
classes (Bj)o<j<k/2 in Hrf“’d (G, Symk Kl,). We determine explicitly the moderate 2-chain that yields
this relation.
Lemma 6.9. For two integers n, r with 0 <r < 2n,
min{n,2n—r} .
> OOy
P )T <<

Proof. We provide two approaches; the second one has been provided by Hao-Yun Yao of NTU.
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Let a, be the sum in the left hand side. Then the polynomial f(x) = Zfio arx" is the coefficient of
y" in the expansion of

g, ) =—D"Y G+D™ 7Y =@+ D" -D"Y (x+ 1"yl
r=0 i=0

Thus one obtains
fO=x+D"((x+D-=D"=x"(x+1"

and the assertion follows.

Alternatively, let S be the set of subsets of {1, 2, ..., 2n} consisting of r elements and define 7T =
{AeS|{1,2,...,n} C A}. Members of T are obtained by choosing (» —n) elements from {n+1, ..., 2n}
so that the cardinality |7T'| equals 0if 0 <r < n or (rfn) ifn<r<2n. Let S, ={A € S|c¢A}. One has
S=Tu(SU---USy,) and [S;, N---NS, | = (zn;i) for 1 <c¢j < --- < ¢; <2n. The inclusion-exclusion

principle then gives the formula. U

Proposition 6.10. Let P! be the real oriented blow-up of P along {0, oo} as in Section 2.3, and consider

the simplicial 2-chain

o:{(x,y) € R? 10<x,y, x+y< 1} — @1, plx,y) = tanw exp(4i tan_l(y/x)),

which covers P! once. Ifk is even, the singular chain

k/2

(k/2N i ki
a=po Y 1 (M )eieh
i=0
is of moderate growth, and the relation
L(k—2)/4] k)2
Z <2i+1>:82i+1 =0

i=0
holds in H'(Gy,, Sym* Kly).

Proof. It follows as direct consequences of the monodromy relation and Lemma 6.9, which also imply
that
L(k—2)/4]
_ k/2
1
TaA: Z 2i+1 Bai+1- O
i=0
If 4| (k+2), choosing the principal determination of w'/? near R, we write, in a way similar to (3.4),

the asymptotic expansion

o
24 (L) Ko@) ~ wh*y "y g aw”
n=0
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As in Definition 6.4, one checks that, for j € [(k +2)/4, k], the difference

H (&) /1/8(1 () Ko(1))¥/212 dt 1 / J/k/,j—n—l/z
(g8) = —— . E
k,j 0 0 0 ¢ 2k=2j+1¢ —~ n + 1)(482);1

is holomorphic near R. o with finite limit as ¢ — 0. Set
BM#(k/2,2j — 1) = —2k=27+  (mi)k/2 lim Hy j (o).
o—>

In this case, one has
0 if j =0,
PR (B, (M, ) = { BMe(k/2.2j — 1) if 1 <j < (k—2)/4,
BM®(k/2,2j —1) if (k+2)/4<j <K

as in Proposition 6.5(2). To unify the situations, we introduce the compactly supported version of the
Bessel moments.

Definition 6.11. Assume k is even. We set
| =k/2
BME(k/2,2j — 1) i li =k
k/4] +1<j <K,
BMy(i,2j —1) —yij BMi (i, k') if 4|k, 0<i <K/,

BM;(i,2j —1) otherwise.

BMS(i,2j — 1) =

Corollary 6.12 (sum rule identities). Assume k is even and set k"' = | (k — 1/4)]. The linear relations
among Bessel moments

k//
Z(zllffl)BM,i(ziH,zj—l):o (6.13)
1=
hold for all j such that
1<j <2 if4) (k+2),
1< j<2K +1, j£k/4 if4|k.

Remark 6.14. For j € [1, k"], these sum rule identities were proved by Zhou by analytic means; see
[Zhou 2019a, (1.3)] for 4 | (k 4 2) and [loc. cit., (1.5)] for 4 | k, where the second argument of the Bessel
moments is also allowed to be even. Our proof, closer to the spirit of the Kontsevich—Zagier period
conjecture, produces the relation (6.13) simply from the Stokes formula.

7. Comparison of period structures

In [Fresan et al. 2022], we have introduced the Nori motives M; defined over Q, whose definition we
recall in Section 7.1, and we have explained how the Hodge filtration of their Hodge realization can be
computed in terms of symmetric powers of the Kloosterman connection on G, and their irregular Hodge
filtration. We aim at making Deligne’s conjecture on critical values explicit for them in Section 8. In this
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section as a preparation, we focus on the comparisons of various Q-structures. For that purpose, we only

retain from each Nori motive M

o its period realization (over Spec Q, see Section A4), that is, the (Q-vector spaces (My)qr (de Rham
realization) and (My)p (Betti realization), together with the comparison isomorphism comp : C ®g
(Mi)p >~ C ®g (Mg)dr, and

« the action F, on (My)p induced by geometric complex conjugation.

On the other hand, the computations of the previous sections lead us to define a (transposed) period
structure (over Spec Q) as follows:

e The de Rham Q-vector space H}iR’mid (G, Sym* Kl»)g is the @-vector space generated by the family
P mia of Corollary 3.11.

e The (dual) Betti Q-vector space Hrlnid (G, Sym* Kly)g is the @-vector space generated by the family
(B)) of twisted cycles of Theorem 4.7(3).

 The period pairing is the pairing P}cnid.
There is an obvious notion of morphism of period structures.

Theorem 7.1. The period structure (My)4ar, (Mg)B, comp) of the motive My, is isomorphic to the trans-
pose of (Hlg 1ia(Gm, Sym* Klp)g, H' (G, Sym* Kly)g, PRiY).

Furthermore, we will give an explicit description under this correspondence of the action F, on
HM(Gyy, Sym* Klp)g.

We proceed in two steps. Firstly in Section 7.1, in an analogous way to the method used in [Fresdn
et al. 2022], we realize the mixed Hodge structure corresponding to My together with its associated period
structure as the exponential mixed Hodge structure and the associated period structure attached to a
function on a smooth variety equipped with the action of a finite group. We also analyze the automorphism
of the Betti fiber of this exponential mixed Hodge structure induced by the complex conjugation on
the variety underlying My. In particular, we avoid computing periods directly on the variety underlying
the motive My. The tools for this part are developed in the appendix in which the period realization of
exponential mixed Hodge structures is investigated, extending the focus on the de Rham realization in the
appendix of [loc. cit.]. Then in Section 7.2, we compare these objects to those of the previous sections by
making explicit differential forms of higher degree and higher dimensional twisted cycles that correspond
to the bases obtained for Sym* Kl, there. The period matrix computed in Proposition 5.4 is thus a period
matrix for My, and the action of the conjugation is explicit since the Bessel moments we consider are
either real or purely imaginary.

7.1. The motives My. Let y = (yy, ..., yx) be the Cartesian coordinates of the torus an defined over Q.
Upon an, consider the action of & x u, where the symmetric group &y, acts by permuting the variables
y and the group uy = {1} acts as y; — £y;. Denote by g : GK — A! the regular function given by the
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Laurent polynomial

k
1

i=1
and let % = (gx) be the associated closed subvariety of an. Then %) is invariant under the action of
Gy x wo and hence the latter acts on various cohomology spaces, or on the (Nori) motives H* (%) and
H’C‘_1 () of degree k — 1 of #. Let sgn: & x uy — Q* be the product of the sign character on & and
the trivial one on w,. We define the pure motive My, of weight k£ 4 1 over Q) by taking the sgn-isotypic
part
My = gry [HE! () (= D] S0resen,

where W indicates the weight filtration; see [Fresan et al. 2022, (3.1)]. The Betti realization (My)g and the
de Rham realization (My)qr of My are the Q-vector spaces of dimension | (k — 1/2)| — 847(k) obtained
by replacing H. by the corresponding cohomology functors (with compact support).

Let 7 be the complex variety defined by the base change of J# to C. It is shown in [loc. cit.] that the
base change

C® Mp)ar = @i’y [Hig () (= 1] He

of the de Rham realization (My)q4r is identified with HdR,mid(Gm’ Symk Kl,) discussed in the previous
sections.
The pair (U, f~k). We consider the torus Uy = G,y X Gﬁl over (O with its C-extension U, endowed with

o the action of &; permuting the coordinates on an,

« the action of w, sending (¢, y) to (¢, y),

« the involution ¢ sending ¢ to ¢ and y; to —y; for each i,

« the antilinear involution conj on the analytic manifold U (C) induced by the conjugation of coordinates,
which commutes with all the above actions.

Let fi : Uy = Gm,r X G — Al denote the Laurent polynomial (¢/2) - gx, where g is defined above. Then
fk is left invariant by the action of &, u; and conj, and satisfies ¢* fk — fk

Conjugation acts on Q7 (U) by changing a p-form w(z, y) to w(Z, y). Therefore, conj*(d f) = d fi
and conj* induces an involution on Hﬁ;{ IC(U fk) Hk (U, fk) and Hﬁ;{}mid(U , fx) which commutes with
the action induced by &; x u, and ¢*.

According to [Fresan et al. 2022, Theorem 3.8], the associated mixed Hodge structure (My)y is

identified with the exponential mixed Hodge structure anﬂ (U, fp)®>#25¢ 1n particular, they have
isomorphic period realizations; see the Appendix.
The de Rham realization (My)qr. The pair (U, fk), together with the action of &, x u,, is the C-extension
of the pair (U, fk) defined over Q. As explained in Section A4, the de Rham cohomologies Hg;l?(U , fk)
(7=, ¢, mid) are also endowed with the Q-structure Hﬁi{l?(Uo, fk), and therefore so are the sgn-isotypic
components Hﬁ;l?(U , fr)BrxHasen with the Q-structure Hﬁ;{l?(Uo, fr)Grxua-sgn
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Lemma 7.2. The isomorphism gr}fﬁr] Hﬁit(%)(—l)ekxm’sg“ ~ Hﬁ;{lmid(U, fi)Sr¥H258 of [Fresdn et al.

2022, Theorem 3.8] identifies the Q-vector spaces (My)qr and Hﬁi{lmid(Uo, fk)GkX“?’Sg“.

Proof. We start from Example A.28, on noting that fr = tgk. We thus obtain isomorphisms (setting
Zo=A! x %)

HiR o(Z0) 70280 2 Hg (A x G /Q, fi) &80 = Hig (U, fi) 9728,

where the second isomorphism is obtained as in the proof of [Freséan et al. 2022, Theorem 3.8]. After
extension of scalars from Q to C, these isomorphisms become the de Rham part of the isomorphisms
considered in the proof of [loc. cit.]. Since the left-hand sides are defined from Nori motives, the weight
filtration is defined on them. We note that (My)4r =~ Hﬁ;lc(Zo)GkX’“’sg“ / Wy Hﬁ;lc(Zo)Gk XH12:58M pecause
this holds after extension of scalars. Furthermore, the composition

kL (Z)Bkxrasen ~y bl ANCIEER k1 NI
Hyg ((Zo) 7280 = H g (Up, fi) 7258 — Hig™ (Uo, fi) = e

whose image is Hﬁi{fmi 1o, fk)Gk *#H2.581 by definition, has kernel equal to Wy Hﬁi{glc(Zo)Gk XH12.581 pecause

this holds after extension of scalars. This proves the lemma. O

The Betti realization (My)g. We use the notation and apply the results of Section A3, more specifically
Formulas (A.19), (A.20) and (A.21), to the pair (U, fk). Since fk is invariant under the action of Sy x
on U, as well as under the action of complex conjugation conj : U(C) — U (C), the families of supports
®,q and P,,oq are also invariant under these actions. There is thus a natural action of &; X up on
H4 (Urg(D), @) and HAH (Upoa (D), Q). We thus have

(Mo)p = Hy' g (U, fi) Seresen
— lm[Hlé—j;l (U, f"k)GkXMz,Sgn N H]](;rl(U, ﬁ()kauz,sgn]
~ im[H{ ! (Una(D), @428 — HH (Unnoa (D), @) S48, (7.3)
Lemma 7.4. Under the identification (1.3), the action of the conjugation on (My)g coincides with that on
Hy (U, fo) S,
Proof. We start from the identification of Example A.31. Since the action of &; x up on Al x G
commutes with conj, we obtain an identification

(Mk)B =~ H]l;—j_rrlud(Atl X Gﬁl’ fk)Gk X 2,8gn

compatible with conj*. Since the isomorphism (see [Fresan et al. 2022, Proof of Theorem 3.8])

k+1 1 k  F\Grxuz,sgn ~ prk+1 F\Gr X ua,sgn
HB,mid(At Xvafk) kXH2.58 —HB,mid(U’ fk) kX H2.58

is clearly compatible with conj* the desired result follows. O

The Betti realization is also given by (see (A.22))

(M) 2 im[HE (U, fi) S r2sen — HPo(U, fi) O rasen]
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and carries the involution F, = conj,. Indeed, the expression (A.24) makes explicit the interpretation of

rd
the elements of Hy; +

closed subspace d;g gU of U(C), upon which exp(— fr) is sufficiently small, is invariant under both the

(W, fk) in terms of twisted cycles. It is moreover clear that, in this expression, the

action of & x w, and the complex conjugation on U (C), which thus provides the action of &y x u, and
Foo on HY (U, fo).

Self-duality and period pairing. The involution ¢ yields the identifications
pHTH WU, fy = HPNWU, - fo, 7=2¢,

compatible with the action of G x 2, and leads to the self-duality up to a Tate twist by (2(k + 1) of the
mixed Hodge structure (My)y =~ Hﬁ;“dl (U, fk)Gk X 2,580,

The nondegenerate period pairing

Prd,mod . Hrd

k+1(U, fk)kaMz,sgn(@chclEl(U’ ﬁ)Gquz,sgn N C,

is computed as follows. Given a twisted cycle
o € B (U, f) "> = Hiyy (U, 80, @)1,

we choose for each large enough R > 0 a representative ag € Hyy1 (U, 9:q rU, Q) sgn-invariant under
S x uo. We also represent a de Rham class in the space H’c‘lf{ YU, f)Brxm2sen by a top differential form
o on U which is sgn-invariant under &y x . Then

prdmody [»]) = lim e T .
R— o0 oR

7.2. Proof of Theorem 7.1. The goal of this section is to identify the period structure
(it g (Uo, S8 HELL (U, fi) S48, comp)
as defined from Sections A2 and A3 with the transpose of
(HiR mia(Gm., Sym* Kby)g, H" (G, Sym* Kly)g, PPY),
ending thereby the proof of Theorem 7.1, and to make explicit the action of Fi, on Hrlnid(Gm, Sym* Kly)q.
Summary of the proof.

Step 1 We consider the family (w;)o< <k in Hﬁi{l(Uo, fk)kam,sgn as defined in [Fresan et al. 2022,

proof of Proposition 4.21], which has been shown to form a (2-basis of this space.

Step 2 We construct a family of rapid decay cycles (t;) in szJrl(U , fr)BexH2:sen guch that the matrix

rd,mod

(prd:mod (7. w;))o<i, j<k is equal to (P )o<i, j<k obtained from Propositions 5.4 and 6.2. Since

kii,j h
this matrix is nondegenerate and (w) is a basis of H’c‘ig LU, fo)®masen we conclude that (z;) is
a basis of H’r‘jl(U, fro)Grxma-sgn,
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Step 3 According to Remark A.25, the period realization of H**!(Uy, fi)®**#2%¢" is isomorphic to

@ (). Q- (1), PIE™og; j<i),
hence to

@ (@)), Q- (@), (P o<i j<k),
that is,

(Hir (G, Sym* Kly)g, H (G, Sym* Klp)q, Pi™).

Step 4 Owing to the duality argument explained in [Fresan et al. 2023, Lemma 2.27], the same property
holds for the period realization of H]C€+1 (U, fk)e’kxf“’sg“ and

(Hig ¢ (G, Sym* Klp)g, H*!(Gun, Sym" Klo), P{*).
Step 5 That the same property holds true for the period realization of anTd] (Up, fr)Gr>H2sen and
(HIR mia(Gm, Sym* Klp)g, H" (G, Sym* K)q, P
dR,mid\®m> DY 2)Q, 0y m, DYyMm 2, Py )
needs a supplementary argument when k = 0 mod 4.

Step 6 Lastly, that conjugation is compatible with these identifications amounts to checking whether the
entries of the period matrix are real or purely imaginary.

A basis of Hﬁl'{ (Uo, fr)®#25e" Let us consider the class [@;] of

. d d
B =222 g A A A2
Y1 Yk
in Hﬁ;{l(UO, fk) and set
1 . -
wi=gn Y sen(@) ol € Hy! (WUo, oo, (1.5)
’ UEGkX[Lz

Through the isomorphism (see [Fresan et al. 2022, Proposition 2.13])
Hi{R(Gm, Symk Kl) ~ Hﬁi{"l (U, ﬁ()GkX,Mz,Sgn,

each class [z/ v’é dz/z] in the basis % corresponds to the class w; see [loc. cit., proof of Proposition 4.21].
As a consequence, (w;)o< <k forms a basis of Hﬁi{l (U, ka)GkX’“’Sg“ satisfying (*w; = w;.

A family of rapid decay cycles. For each i such that 0 <i < k', we define rapid decay cycles &; as follows.
First, let &g be the bounded cycle

k
oy = Hcp,
p=0
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Q 80:1/4
50:1/2 5021

Figure 1. The path s, — y,(so, s,) for 5o fixed and r < p <k.

where ¢y is the circle |¢| =1 and ¢, is the circle |y,|=1for p=1, ..., k, both oriented counterclockwise.
For the remaining unbounded cycles, we start with the chain

i

o?lf =1, +00) x (1_[ cp) X (R>0)kﬂ'

p=1

on U(C), where [1, 4+00) is relative to the variable ¢ and the open octant (R-)* is relative to the
variables y, for p =i +1, ..., k. The orientation is the natural one on each half-line, and given by the
order of the variables for &;. Since Re(y, +1/y,) > —2 on ¢, and > 2 on R.¢, by noting that k —i > i
for 1 <i <k/, one sees that e~/ has rapid decay along &;. The rapid decay chain &/ has boundary

i

9] = —{1} x <]_[ c,,) x (R-0)*™",

p=1

and hence is not a cycle. To kill the boundary, we mimic the construction of the cycles «; from
(4.4) by introducing, for each r such that 1 < r < k/, the chain y, defined as the image of the map
[0, 1] x (0, D*="*! — U(C) given by

t:e2nis0’

yp:e2nis,, lgpgr—l,
(SO,...,Sk)|—> eznis"-4sp 0<sp<1/4’

yp = e2rriso(2—4s,,) 1/4 < Sp < 3/4’ r<p< k.

e 50(1 +tanZ(4s, —3)) 3/4<s, <1,
(See Figure 1.) The chain y, decays rapidly for e~ with boundary

r—1 r—1

k
87 = {1} x (Hcp) x [ T®-0—2¢,) = {1} x (

p:] p=r p:l

Cp) X (R>0)k_r.
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For each integer m > 1, there is a unique sequence (6,,(r))o<r<m—1 Of rational numbers satisfying the
identity
m—1

Z O (H)a’ [(a+b)" " —b" "] = ab™! (7.6)
r=0

in the polynomial ring Q[a, b]. Explicitly, the first two values are 6,,(0) = 1/m and 6,,(1) = —1/2 and
the recursion

~

-1

m-—r
(m_£>9m(r) ) (1.7)
r=0
holdsif 1 < £ < m. Set
m—1

5 Om (1)
On = EE—
; m—r-+1

For each i such that 1 <i <K/, let

(k—i+1)!

k
B e ~ 1 ~ L .
& =—(-""fin@o+ —— Y o (a; + ) () T i — z)yr),
UGGk_i+] r=i

where the symmetric group & acts by permuting the last j components. We compute the boundary of
the terms involving y,. Since the average over the group action makes the positions of circles and lines
from 9y, equidistributed in the last k —i 4 1 components, for each fixed j such that 1 < j <k —i and any
o € Gk_i11, the coefficient in the boundary of the term a({l} X 1—[;4;]1—1 cp X ]_[l;:iﬂ- [R>0), resulting
from p, fori <r <i+j—1,isequal to

i+j—1 j—1 .
r_io (k+1—r iy i k—i+1-—2¢
E . (=2 1«9;(_1-+1(r—l)(i+j_r>(—2)’+] =(=2)/ 1;091(—141(5)( -t )
r=i =

1 ifj=1,
S0 ifl<j<k—i+]1,

where the last equality follows from (7.7). One concludes that the &; define rapid decay cycles.

Remark 7.8. In fact, 6,,(r) = (")B,/m if 0 < r < m, and 6,, = —B,,/m for all m > 1. To see this,

plugging a = 1 into (7.6) and summing the resulting equations for » =1, ..., n, one obtains
m—1 14 " —r n
m—~ - _ m—1
)LD D ATACED DA
= r=0 b=1

and hence by Bernoulli’s formula (4.3),

("M oner = C (MYm, o<
;(;n—z) m == (7)o 0<e<m
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Using (7.7) and the equalities 6,,(0) = Bo/m, 6,,(1) = B and B, ;1 =0 for p > 1, we obtain the identity
for 6,,(r). Therefore,

m—1 m—1

On = % 2. m_;FH(T)B = m (")

r=0 r=0

and the identity for 9~m follows from the recursive relation Zrm:o (m:rl)B ,=0forallm > 1.

Lemma 7.9. For any positive integer m, the following identity holds in Q|a, b]:

m—1

0 ~ b™
Zﬂar—l[(a_i_b)m—l’-‘rl _bm—r-‘rl] :Hmam+_ (710)
m—r+1 m
r=0
Proof. Integrating equation (7.6) with respect to » from 0 to b yields the formula. (|

Proposition 7.11. The period pairing
pramed . jid (U, f @ HiZ (U, fi) > C
is given on the rapid decay cycles a; and the differential forms w; by
22mi) s ifi =0,
Pamod(g, &) = 1 (= DI BMEG, —1)  ifj=0and 1 <i <K,
(— DFIBMiG, 25— 1) if1<i,j<Kk.
Proof. It is clear that P*™d (G, @;) = 2(27i)k+15y ;.
For the rest, as in the proof of Proposition 6.2, for ¢ € R, we let 5‘;, . = 8071{ and y, . = ey, be the
scalings of & and y,, which are homologous to & and y;,, respectively. Consider the case j = 0. By

the limiting behavior (2.13) and Definition 6.1 of the regularized Bessel moments, we have the limiting
behaviors

i~ ki [ i ki dt
ety = PARR €/ 1)) Ip(t) Ko(t) -
o &

. (_l)k—i+12k+1(n_i)i
k—i+1

7 dt
/ e_fkd‘)o — 2k+1(7Ti)r_1 / Io(t)r—lKO(t)k—r-i-lT
?rs |t|=€

(—l)k_r+12k+1(7'[i)r_l
k—r+2
Substituting m =k —i + 1, a =2mi, and b = y +log £/2 into the identity (7.10), one obtains

~emor (=DM TBMEEG, - 1) + (7 + log(e/2)F 1,

[@ri+y +1og(e/2)) 7 — (v +log(e/2) 2.

~e—0t

k
D= T e =iy | ey
r=i }7r,a ) ]
(_ l)k—tzk-i-l (Tl'i)l

~em0r = (DT @A) T G+

(v +log(e/2)) 1.
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Letting ¢ — 0% leads to P"™4(g;, @g) = (—1)*~ BM; (i, —1).
Finally, if 1 <i, j <K/, it is straightforward to verify that
lim e_f"cT)j =(=D*"BM(i,2j—1) and lim e i@ =0

+ [~ + ~
e—>0 &, e—0 Ve

(similar to the proof of Proposition 5.4), and the remaining case follows. U

Starting from the &;, we obtain the following cycles in HfJrl (U, fi)BrxHasen,;

1 -1 k—i
ro:a Z sgn(o) - o (dp), ri:( 2]; Z sen(o)-o @) (1<i<Kk).

T oeGrxun o €6 x o

For each i such that 1 <i < k/, let I'; denote the image of t; in Hkmf‘li(U , fk)GkX“Z’Sg“.

Corollary 7.12. (1) The family (t;)o<i<k forms a basis oindJrl (U, fk)GkXM’Sg“.

(2) The period realizations

o of H\(Gp, Sym* Kl,) and of H*+!(Uy, f;,)Skxrasen,
e as well as those Ole (G, Symk K1) and H* (U, fk)G"X“z’Sg“,

are isomorphic.

(3) If k is not a multiple of 4, the family (I';)1<i<k forms a basis of My)s. If k is a multiple of 4, the
Q-linear relation
[(k—2)/4] k)2

2i+1)r2i+1 =0
i=0
holds and (T';)a<i<i forms a basis of (My)g. In particular, the period realization of the motive My,
is isomorphic to

(Hgg mia(Gm. Sym* Klo)a, H™ (G, Sym* Klp)a. PF™).
(4) The involution Fo acts as Foo(T't) = (=1)'T; for all i such that 1 <i <K'

Proof. For each i such that 0 < i < k’, equation (5.1), Propositions 5.4, 6.2 and 7.11 yield the equality of
periods PT4mod (g, ;) = PZd’mOd(a,-, w;) for all j such that 0 < j <k’ (with w; defined by (7.5)), from
which (1) follows, as indicated in Step 2 of the summary. The proof of (2) has been explained in Step 3
and Step 4 of the summary.

In view of Theorem 4.7(3) and Proposition 6.10, to prove (3), it suffices to show that pmid(r; w j) =
P,‘{“id(,Bi, wj) for all i, j such that 1 < i, j < k'. Since I'; and B; are the images of the rapid decay
cycles 7; and «; respectively and the pairing P}C"id is induced by P*™°d  this amounts to P™%d(7;  w i) =

pid’m"d (¢, w;), which we just checked.
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Finally, the statement about F,, follows from the fact that the period pairing P™°¢ is compatible with
complex conjugation in that (recall that :*w; = w; and conj* w; = w),

Prd,mod(conj* ti? w]) ey /

e Ix wj = / conj* (e~ /* wj) = Prdmod(g; w;) foralli, j,
FooTi conj, T

along with the equality Prd-mod(g; w ;) = (=1)"P4mod(g; ) if 1 <, j <K, since BMy(i, 2j — 1) is
real for even i and purely imaginary for odd i. g

8. L-functions of Kloosterman sums and Bessel moments

In this section, we make precise the statement of Deligne’s conjecture for the motive M. Being a
classical motive, M; has an associated L-function L(My, s), which is identified in [Fresan et al. 2022,
Theorems 5.8 and 5.17] with the L-function L (s) of symmetric power moments of Kloosterman sums,
and its Betti realization (My)p carries a pure Hodge structure of weight k£ 4 1. The factor at infinity was
computed in [loc. cit., Corollary 5.30]:

m 5§ — .
Loo(Mkss):T[_mS/zl—[F< 2]>, (8.1)
j=1

where m =k’ if k is not a multiple of 4 and m =k’ — 1 otherwise. This also follows from Corollary 7.12(4):
indeed, according to [loc. cit., Theorem 1.8], the only nontrivial Hodge numbers of My, are

pPd — 1 forp=2,...,k—1ifkis odd
1 for min{p, g} =2,...,2[(k—1/4)] if k is even.

The ordered basis % miq is adapted to the Hodge filtration by Corollary 3.21, and F acts as —1 on
HP'? for k =3 mod 4, which is what we need for the conclusion.
By [loc. cit., Theorems 1.2 and 1.3], the L-function L (Mg, s) extends meromorphically to the complex

plane and the completed L-function
A (Mg, 5) = LMy, §) Loo (Mg, s)

satisfies a functional equation relating its values at s and k 4+ 2 — s. The critical integers are the integral
values of s at which neither Lo,(Mg, s) nor Lo (Mg, kK + 2 — s) has a pole and the critical values are the
values of L(My, s) at critical integers.

Deligne’s conjecture [1979, Section 1] predicts that critical values agree, up to a rational factor, with
the determinants of certain minors of the period matrix, which are defined as follows. Let a be an integer,
and let My, (a)fgr and My (a)p denote respectively the invariants and antiinvariants of Fo, acting on My (a)g.
As F exchanges the subspaces HP~497% and H77%?~% in the Hodge decomposition and acts as —1 on
pog P74 0r 30 o hP~497¢, and there

exists unique steps F + My (a)gr of the Hodge filtration with dim F * My (a)gr = dim My (a)fgt. Ifnisa

HP~*P~4 the eigenspaces for Fu, have dimensions either )
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k rank critical integers n Cn
2—2a 1
3 1 2a
2a+3 7 D3, 044
2r +1 ﬂir(rJrl)Dk,Odd
4)’ + 1 Zr 2}" + 2 ]Tir(ril)Dk’even
2r + 1 7DDy ven
4r+2  2r 2r 42 7" Dy oda
2r+3 JT_r(r_])Dk,even
2r+2 ﬂir(rJrl)Dk,even
4-r —+ 3 2}" —+ 1 2}” + 3 ]Tir(r+1)Dk’Odd
2r + 1 7T—r(r+3) Dli,even
2r+2 g3 D,’(YOdd
4r +4 2r 2r+3 71_"<"H)D,’c’even
2r +4 n_’("“)Dl’codd
2r+5 n_r(r_])Dl/(,even

Table 1. Critical integers n and values of ¢, (r > 1).

critical integer, Deligne defines
¢n = det(P(a;, 1)) € C*/Q

where o; runs through any basis of the Q-linear dual of My (k +1 — n)l;r and v; runs through any basis of
FT My (k+1—n)gR, see the paragraph before [Deligne 1979, Conjecture 1.8] taking the duality of pure
Hodge structures (My);; = (My)u(k+1) from [Fresdn et al. 2022, (3.4)] into account. He then conjectures
that L (Mg, n) is a rational multiple of c,.

Notation 8.2. For each k > 3, the determinants of Bessel moments Dy ogq and Dy even are defined by the
following formulas:

o.¢]
Dy odd = det( / Io()* ' Ko(r)k 17221 dt) .
Ooo I<i, j<L(k+1/4)] (8.3)
Di.even = det( / TIo(t)* Ko(t)< 242! dt)
0 I<i, j<|k/4]
In other words, Dk odd, resp. Dy even, 1S Obtained by extracting from P}(nid the entries that belong to odd,
resp. even, lines and to the first | (k + 1/4)], resp. [k/4], columns. If k is a multiple of 4, we let D,’C’ odd
and D,/{’mn be the determinants of the same matrices except that we remove the last row and column, i.e.,
those indexed by i = j = k/4.
Theorem 8.4. For k =3 or k > 5, the critical integers n for L(My, s) and the corresponding values c,
are given by Table 1.
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Proof. The case k = 3 is exceptional in that there exist infinitely many critical integers, namely all even
integers < 2 and all odd integers > 3. For each k > 5, a straightforward computation using (8.1) yields the
list of critical integers. To compute c,, we first exhibit a basis of the Q-linear dual of My (a)g by means
of Corollary 7.12. If k is not a multiple of 4, a basis is given by {(271) “I'y; }1<i<x'/2) if a is even and
by {2mi) ™ “Tai—1h<i<|w+1/2) if a is odd. If k is a multiple of 4, say k = 4r + 4, then the Q-linear dual
of My (a)};r has basis {(27i)7“I"2; }1<i<r if a is even and {(27i) " “I"2;4+1}1<i<r if @ 1s odd, which shows
that My (a)-g always has dimension r.

Let us treat the case kK = 4r 4 3 in detail. For n = 2r 4 2, the eigenspace My (2r + 2)§ has dimension r,
and hence F™ My (2r +2)qr is spanned by {w;}1<j<r. Therefore, cy,47 is the determinant of the matrix
with entries

o0
(2ni)—(2r+2)Prd,mod(F2i’ wj) ’\’@x 7_[2(1—7'—1)/ IO(Z,)ZI Ko(t)k—ZItZJ—l dt,
0

from which we get ¢, 42 = 71_’(”+1)Dk,even. For n = 2r + 3, the eigenspace My (2r + l)fg has dimension
r +1, and hence F* My (2r + 1)gr is spanned by {w;}1<j<r+1. With respect to these bases, the matrix
defining c,,4+3 has entries

o
(Zﬂi)_(Zr—H)Prd’mOd(in_l, wj) ~ox n2(l—r—1)f Io(t)21—1Ko(t)k+1—21t2j—l d[,
0

which gives ¢33 = 7"V Dy oqa. The cases k =4r + 1 and k = 4r + 2 are completely parallel.

For k = 4r + 4 and any critical value n, the eigenspace My (4r +5 — n)far has dimension r, and hence
FTMy(4r +5 — n)gr is spanned by {w;}i<j<r (note that r < k/4, so that we do not need to modify
the w). If n is odd, ¢, is the determinant of the matrix with entries

o0
(2ni)f(4r+57n)Prd,mod(FZi’ w]) "\’@x j.[21+n4r5/ Io(t)ZL Ko(t)k721t2j71 dt,
0

thus yielding
—r(r+3 / —r(r+l1 / —r(r—1 /
Cor+1 =T e )Dk,evew Cr43 =T o )Dk,even’ and Coyr45 =T e )Dk,even'
If n is even, the matrix has entries
(Zﬂi)_(4r+5_n) Prd,mod(l—w2i+1’ w])

Thanks to the linear relation from Corollary 7.12(3), the determinant of this matrix agrees up to a rational
number with that of

oo
n2!+n—4r—6/ Io(t)zz_lK()(l‘)k_H_thZ'l_l dt,
0
which gives the remaining values

—r(r+3) n/ —r(r+l /
crpr = ID] g and corp =T VD) g u
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Remark 8.5. Besides the case k = 3, in which L3(s) = L(x3, s — 2) is a shifted Dirichlet L-function,
Deligne’s conjecture holds for k = 5, 6, 8. In all three cases, Li(s) is the L-function of a modular form
evaluated at s — 2 (see [Fresan et al. 2022, Table 1]) and the matrices in (8.3) have size one. The critical
values have been expressed in terms of Bessel moments in [Bloch et al. 2015; Zhou 2018a; 2019b],
thus confirming the conjecture. The first case where a true determinant is expected to occur is L7(5),
which is a critical value of the L-function of the symmetric square of a modular form. Other numerical
confirmations of Deligne’s conjecture for k < 24 appear in [Broadhurst and Roberts 2019].

Remark 8.6. Broadhurst and Roberts conjecture that, for k > 12 a multiple of 4, the L-function L(My, s)
always vanishes at the central point s = % (k+2), even when the expected sign of the functional equation (see
[Fresan et al. 2022, below Theorem 1.3]) is positive. According to Beilinson’s conjecture, this vanishing
should be explained by the existence of certain nontrivial extension of My by Q(—k/2). It seems possible
to construct such an extension by considering the quotient of the cohomology with compact support of
Sym* K1, by its weight zero piece and to relate its nonsplitting to the shape of the full period matrix P,f‘ocl’rd
from Section 6, Indeed, suppose 4 | k. The Nori motive Mk = (HIC‘_1 ()] Wo)Skxrasen (1) where W
denotes the weight zero part, is an extension of M by a rank-one motive E of weight k. It has been
shown in the proof of [loc. cit., Theorem 5.17] (see especially the discussion of the terms (E Cl,ék_z)gp'x and
ker(8)%"* / W) that as a representation of Gal(Q »/Qp), the £-adic étale realization of E is isomorphic to
Q¢(—k/2) for all primes p > 3 and £ # p. Since the Frobenius elements of characteristic p > 3 are dense
in Gal(Q/Q), one obtains an isomorphism E ~ Q(—k/2). From the viewpoint of the period realization,
the nonsplitting of the extension M, amounts to the claim that the entries of the last row of the period
matrix P;(md’rd span a (D-space of dimension at least two in C by Proposition 6.5(2). Concretely, the latter
holds if and only if the moments BMy(k/2,2j — 1) and BM, *(k/2, k' +2), for 1 < j < k/4, are not all
mod, r

in (2771)*/?Q (rational multiples of the entry Pk /’21 / 4)- Such nonsplitting has been verified numerically
for the period matrix Py of MZ(—k — 1) by Broadhurst and Roberts; see [Roberts 2017, Section 2].

Appendix: Period realization of an exponential mixed Hodge structure
by Claude Sabbah
This appendix can be regarded as a complement, with respect to period structures, to the appendix in
[Fresan et al. 2022]. We consider the abelian category Per of period structures, whose objects consist

of pairs (VC, Vg) consisting of a finite dimensional C-vector space V', a finite dimensional Q-vector
space Vg, together with an isomorphism

comp: C®g Vg = V¢

and whose morphisms are the natural ones. There is a natural forgetful functor Per : MHS — Per from
the category of Q@-mixed Hodge structures to that of period structures.
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Al. The fiber period realization of an exponential mixed Hodge structure. Let X be a complex smooth
quasiprojective variety and let N" be an object of the abelian category MHM(X) of Q-mixed Hodge
modules on X. It consists of a triple ((N, F*N), (#q, W.%q), compy), where

e (N, F*N) is a holonomic Z2x-module endowed with a coherent filtration,

o (Fg, W.Zq) is a Q-perverse sheaf on X" endowed with an increasing filtration by Q-perverse
subsheaves,

« and the comparison isomorphism compy is an isomorphism C ®q -#g = "DR N, where "DR N is
the shifted de Rham complex DR N[dim X].

These data are subject to various compatibility relations that we do not make explicit here, referring to
[Saito 1990; 2017] for details. From the mixed Hodge module N* we only retain the triple Per(N") :=
(N, Zqg, compy) by forgetting the Hodge and weight filtrations.

For example, let us consider the pure Hodge module *Q', with underlying Zx-module equal to Oy
and underlying perverse sheaf PQx = Qx[dim X]. The comparison isomorphism is induced by the
isomorphism Cx = #°DR 0y => DR 0.

Let Aé be the affine line with coordinate 6. The Q-linear neutral Tannakian category EMHS (exponential
mixed Hodge structures), as defined in [Kontsevich and Soibelman 2011, Section 4], is the full subcategory
of MHM (Aé) consisting of objects N" whose underlying perverse sheaf has vanishing global cohomology,
with tensor structure given by the additive convolution x. Denoting by j : G, — A! the inclusion, one
defines a projector

IT: MHM(A') - EMHS,  N" > N"#,,j"Qf |

consisting in neglecting constant mixed Hodge modules on A!.
For an object N" in EMHS, its de Rham fiber is the C-vector space defined as

Hig(A), N®E?) =H’a, (N ® E),

where EY is the connection (Op), d+d0) and ay; denote the structure morphism of A This vector space
is endowed with a filtration, called the irregular Hodge filtration; see [Fresan et al. 2022, Section A.3].

In order to define the Betti fiber functor, we consider the real oriented blowing-up @ : P! — P! of P!
at oo and the open subset I]Af’rlmcl =Alany 8m0dﬁl in the neighborhood of which e~? has moderate growth,
equivalently rapid decay, i.e., defined by Re(6) > 0. Let us denote the open inclusions A" < ﬂlirln oq and
ﬁ}n od = P! respectively by @ and 8. The Betti fiber of N* is defined as

H'(P', BRa, Fg) = HY(PL ., R, F0).

mod>

Let us notice that these definitions can be extended to all objects N" of MHM(A&) and then the
corresponding vector spaces only depend on IT(N") since Hi (A}, E?) =0 for all r.

In order to define the comparison isomorphism, we first recall that the de Rham fiber HéR Al N®E?)
can be computed as the hypercohomology of the moderate de Rham complex DR™(N ® E?) on P!,
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that is there exists a canonical functorial isomorphism (see e.g., [Fresan et al. 2023, Section 2.e])
Hix (A}, N ® E?) ~ H)(P', 'DR™4(N @ E?)). (A.1)
Furthermore:
Lemma A.2. There exists a unique isomorphism
BiRa, DR*™(N) ~ DR™4(N ® E?)

extending the identity on the analytic complex line A",

Proof. Indeed, let us recall (see [loc. cit.]) that DRmOd(N ® E?) has cohomology in degree zero only.

1

Then one can easily show that its # is zero on the complement of @mod,

so that the natural morphism
B~ ' DR™Y(N ® E?) - DR™Y(N @ E?)
is an isomorphism. One then shows in the same way that
B'DR™N ® E?) = Raya ' B~ DR™Y(N @ E?).
Uniqueness follows from the adjunction formulas [Kashiwara and Schapira 1990, (2.3.6) and (3.0.1)]. U
On the other hand, termwise multiplication by e~ induces an isomorphism
"DR*(N) = "DR*(N ® E?).
As a consequence, there exists a unique isomorphism
compg: : BiRa,.Fc — "DR™(N @ EY)
extending e~? o compy .. This morphism is thus functorial with respect to N".
Definition A.3 (fiber period structure FPer(N")). Let N¥ = (N, Zg, compai.) be an object of EMHS:
(1) The fiber comparison isomorphism
comp : C @ H (P!, B R Fg) — Hlg (A}, N ® E?)
is the composition of Ho(ﬁl, compg: ) with that given by (A.1).

(2) The fiber period structure FPer(N") of an exponential mixed Hodge structure N is the following
object of the category Per:

FPer(N") = (Hg (A}, N ® E?), HO(P', iRw,.Zg), comp).
In the following, we also regard FPer as a functor defined on MHM(Aé) by factorizing through EMHS
by I1. The following lemma is then obvious.

Lemma A.4. The assignment FPer defines an exact functor MHM (Aé) — Per factoring through I1, and
there is an isomorphism of functors to the category Per:

FPer(N") =~ (H*(P', BiRa.’DR™(N ® E?)), H'(P', iR, 7q), H'(P', BiRa. (e~ o compyim))).
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On the other hand, let i : {0} < A! be the closed embedding. The abelian category MHS = MHM ({0})
of mixed Hodge structures is identified with a full subcategory of MHM(A'!) and of EMHS via the
pushforward i, of mixed Hodge modules and the composition IT o i, respectively.

Proposition A.5. There is a commutative diagram of functors:

Moyio

MHS ——— EMHS

PerJv %

Per

Proof. This follows from the tautological identification for a vector space V over either (2 or C

HOP! . Ra,RigV) =V,

mod>

which commutes with change of base field. O

A2. Computation of the fiber comparison isomorphism for a Gauss—Manin exponential mixed Hodge
Structure. Let f : X — Aé be a projective morphism from a smooth quasiprojective variety X to the
affine line Aé. We denote the pushforward functor D°(MHM(X)) — Db(MHM(Aé)) by u fi; see [Saito
1990, Theorem 4.3]. For each object N* of MHM(X) and each integer r, we consider the mixed Hodge
module 7"y f,, N" that we simply denote by ] N". We will compute its fiber period structure by means
of cohomology on a suitable real blow-up space.

For that purpose, consider a smooth projective compactification f : X — P! of X and f giving rise to
a commutative diagram

x !, x
1]

A) —— P!

such that the pole divisor P = f~!(c0) is a strict normal crossing divisor in X. We denote by o :
X (P) — X the real-oriented blowing-up of X along the irreducible components of P. Then f lifts
as a real-analytic morphism f : X(P) > P!. In this section, we set X = X (P). We define the open
subset Bmodi of 3X = ! (P) as consisting of points of @ ~1(P) in the neighborhood of which e/
has moderate growth — equivalently, rapid decay — so that dmod X = f1 (8m0dﬂ51). The subset

imod =XU amodg = f_l(lprlnod)
is open in X. We also denote by «, B the respective open inclusions

X< Xl X,
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As in Section 2.1, we set E/ = (0, d+d f) and, for a Zx-module N regarded as an &x-module with
flat connection V, we set N® E/ = (N, V+d f). To a mixed Hodge module N" on X we associate a
period structure in Per as follows. The vector spaces are (the perverse convention is used here)

"Hir (X, N® E/) :=H'(X,"DRx (N ® E/)),
"HE(X, Zo® EY) :=H' (X, iRet..Fa) = Hy(Xmod, Rt T0).

In order to make the comparison isomorphism explicit, we need the following proposition. We note
that termwise multiplication by the holomorphic function e~/ induces an isomorphism DR N =
"DRY(N ® E /). On the other hand, we endow X with the sheaf ga%)l(“"d of holomorphic functions on X
having moderate growth along d X. Then any Zx-module M has a (shifted) moderate de Rham complex
pDRBL(10d M on X ; see e.g., [Fresdn et al. 2023, Section 2.e]. We also denote by j : X — X the inclusion.

Proposition A.6. For a regular holonomic 9x-module N, the following two natural morphisms
pB~"DRE j (N ®E') - "DRE™ j (N ® E7),
B~""DRE™ j. (N ® E’) > Raa ™' B7"DRE™ jL(N @ E)
are quasiisomorphisms.

Sketch of proof. A similar result is proved in [Sabbah 1996] (proof of Theorem 5.1) but the definition of
the sheaf of functions with moderate growth used there is more restrictive than the one needed for our
purposes. Instead, one uses computations similar to those of [Hien 2007, Proposition 3.3] (see also [Hien
2009, Proposition 1]) together with [Mochizuki 2014, Corollary 4.7.3]. Il

We conclude that there is a natural isomorphism
BiRa,’'DRY(N ® E/) => "DRE™ j (N ® E/) (A7)

in the derived category DP(Cy), which is functorial with respect to N. Moreover, by the arguments of
adjunction already used in the proof of Lemma A.2, this is the unique isomorphism extending the identity
on X.

Corollary A.8. For a mixed Hodge module N* € MHM(X) there exists a unique isomorphism
compy : fiRa.Fc — PDR‘;?lOd j+(NQE”)
which extends e~/ o compy : Fc — "DR (N ® EY). We have
compy =(A.7)o ﬁ!Ra*(eff ocompy).
This morphism is functorial on MHM(X). O
In a way similar to (A.1), one shows that, for any r, there exists a canonical isomorphism
can, : H'(X,"DRE™ j, (N ® E/)) ~ H'(X,"DRy j (N ® E))
=H"(X,’DRx(N ® E/)) = "Hx (X, N @ E/).
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Definition A.9. Let N" be an object of MHM(X). For each r (the perverse convention is used here), the
fiber period structure FPer’ (N" ® E/) is defined as

FPer’ (N" ® Ef) = CHx (X, N ® E), Hy (X, Zg ® E7), can, o"H" (X, compy)).

Lemma A.10 (expression of FPer’ (N* ® E/) on the real blow-up). For each r, there is an isomorphism

in Per:
FPer’ (N"®E/)~ (H"(X, BiRa.,"DRY j (NQET)v), H (X, fiRa.Fq), H (X, BiRa. (e~  ocompy))).

Proof. The isomorphism is the identity on the middle term and the isomorphism on the left term is given
by can, o H' (X, (A.7)). O

We then deduce that the fiber period structure FPer” (N" ® E 7y is isomorphic to that attached to the

exponential mixed Hodge structure IT(y f] N"):
Proposition A.11. For each r, there is a functorial isomorphism of fiber period structures:
FPer(,, f/ N") ~ FPer (N" ® E”).

Proof. By definition, the comparison isomorphism compp for y f*j N" is obtained by taking the j-th
perverse cohomology of the composed isomorphism

Rf, T —SLCompx o p g )DR™ N =5 "DR™ £, N,

where the second morphism is the standard functorial isomorphism from Z-module theory. We also have

a commutative diagram:
Rf,'DR™ N ——— 5 "DR*" f. N
Rf.e™/ l le—‘*
Rf.’DR*™(N @ E/) —— "DR™((f.N)® E?)

We now take the models of Lemmas A.4 and A.10 and the desired isomorphism is obtained (after applying
RT(P', ) and taking cohomology) from the canonical isomorphism of functors

R fy 0 BiRas =~ BiRas Rf

from DP(Cy) to Db(Cﬁl ), that we recall now. We consider the two commutative squares:

X X s X
fl lfmod f

1 o 51 p 51

AG ¢ [FDmod ¢ P

Since f is proper, we have a canonical isomorphism of functors R f, o B = Bi o R fmod s, and on the other
hand we have Rfmod* oRa, >~ Ray 0 Rf*. O
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A3. Fiber period realization of a pair (U, f).

Application of the results of Section A2. Let U be a smooth complex quasiprojective variety of dimension d
andlet f: U — Aé be a regular function. Starting with the mixed Hodge module *Q};, we aim at giving
a formula for the fiber period structure of the exponential mixed Hodge structures associated with the
pushforward mixed Hodge modules y f/°Q}; and y, f/*Qy (r € Z). For that purpose, it is convenient to
choose a partial completion « : U < X of U as a smooth quasiprojective variety X so that H = X \ U is
a strict normal crossing divisor and that f extends as a projective morphism f : X — Aé. The result will
be independent of such a choice. The commutative diagram used in Section A2 is thus completed on the
left as follows:

vt xcl ¥

11

A} A} —— P!

We consider the objects N" of MHM(X) defined as N" = ,k,"Q};, or N" = y«,*Q},. Correspondingly,
we write N ® E/ as E/ (xH) or E/(\H) and we have .Zg = Rk,"Qy or Rk,"Qy . In this way, we are in
the setting of Section A2.
We denote respectively by H' (U, f) and H.,(U, f) the exponential mixed Hodge structure TT(y, f7 ¢ *Qy)
and H(Hf!r_dp@*[‘]), and
H,4(U, f)=im[H (U, f) — H (U, f)]. (A.12)

We denote respectively the associated de Rham fibers by Hyp (U, f) and Hyg (U, f), and the Betti fibers
by Hg (U, f) and Hg (U, f). We then have

Hiz (U, f) @H' (X, DR(E/ (xH))), Hir (U, f) ~H' (X, DR(E' (1H))).

Keeping the notation of Section A2 for «, 8 (and emphasizing now the divisor P), we have by
Proposition A.11

Hy (U, f) =H (X(P), BiRaRi.Qy), Hj (U, f) =H (X(P), BiRe RicQp).

We set ﬁmod(P) = fmod(P) \ @ ! (H) and we denote by ® the family of closed subsets of lNJmod(P)
whose closure in X is contained in the open subset X mod (P).

Proposition A.13. We have
Hy (U, f) = Hy(Unoa(P), @) and  Hy (U, f) = H(Unoa(P), Q),
and the natural morphism Hy (U, f) — Hy (U, f) is induced by the inclusion of the families of supports.

Remark A.14. Setting l7(P) = X(P) \ @ ~!(H) and denoting by aexpi(P), respectively Bexpﬁ(P), the
closed subset complement to )?mod(P) in X (P), respectively to ﬁmod(P) in U (P), the spaces Hy (U, f)
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and Hy (U, f) also read in terms of relative cohomology
Hy (U, f) = H (U(P), 3expU(P), @), Hy (U, f) = H (X(P), dexp X(P) Uer ' (H), D),

and the natural morphism between both is induced by the inclusion of pairs (ﬁ (P), aexpﬁ (P)) —

(X(P) 8epr(P)) so that Hy .4 (U, f) is the corresponding image, according to (A.12).

B, mi

Proof of Proposition A.13. In the proof, we simply set X=X (P). With the notation above, we consider
the commutative diagram

v Umod Ay PR LY W
k T
X Xmod X > Bexp X

where the first line is obtained from the second one by deleting = ~! (H).
For the identification of Hg (U, f), we need the next lemma.

Lemma A.15. For x = x or x =, there is an isomorphism in Db(i, Q)
Ri,.BuiRayQu >~ BiRa Rk, Qy .
Proof. We can replace Ro, Rk, with Rk, Ray . Furthermore, a local computation shows that
Ray,Qu =0y =p;'Qz and (RBy o Ray).Qy = Qy.

We are thus reduced to finding an isomorphism Rk, SyQg =~ ,B!RiZi@ﬁmod. Let us first construct a
morphism. There is a natural morphism

Ri.puiQg  — R&RPu.Qy  ~ RB.REQy

and this morphism can be lifted as a morphism to fiRk, Qg if and only if its restriction by y is zero.
Clearly, yflRE*ﬁUg@gmod is zero on aexpfj and we need to check that the same property holds true on
o ' (H)N Bexp)? . The question reduces to a local computation in the neighborhood of each point of
P N H in X. We thus work in an adapted coordinate neighborhood A? of such a point. We can write
A? =AY x A7t with PN AY = P’ x A~ defined by the vanishing of the product of coordinates in
A and HN A? = A x H” defined by the vanishing of the product of some coordinates in A?~¢. In this
model, the real blowing-up @ : At x A4t — A’ x A=t is induced by the real blowing-up of A‘ along

its coordinates hyperplanes. In restriction to this chart we have U = A¢ x (A9~¢\ H”) and
gmod = (Az)mod X Ad_[, ﬁmod = (Az)mod X (Ad_e \ H"), (A.16)
aexp)? = aexp(AZ) X Ad_z’ aexpi7 = 8exp(AZ) X (Ad_Z \ H//)' ‘

The assertion is then clear since the morphisms Sy and k act on disjoint sets of variables. With the same
local computation, one checks that the morphism thus obtained is an isomorphism. O
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We can now conclude the proof for Hg (U, f). From the previous lemma with = x we deduce
H' (X, iRet R, Qy) ~ H' (X, RR,fu1 Ray, Qu) =H (U, fuQp ).
and the assertion is then clear. On the other hand, the distinguished triangle in DU, Q)
BuBy'Qy — Qp — Ryuwy; ' Qp L

gives the expression of Hy (U, f) in terms of relative cohomology as asserted in Remark A.14.

For Hg (U, f), the previous lemma with x = ! gives similarly
H' (X, fiRaiQu) = H' (X, (& © fv) R Qu) = H (Unoa, Q). O

Remark A.17. Let Z C U be a divisor on which f vanishes, let az denote the structure morphism, let
iz:Z — U denote the closed inclusion and jz:U \ Z < U the complementary open inclusion. We set
*QY = Ha}@‘gpecc[dim Z1], so that there is an isomorphism

wiyP QY = A, QY ~ QY
and an exact sequence
0— HiZ*p@PZ[ - HjZ!Hj;p@}[{] - p@}[{] — 0,
giving rise to an exact sequence in EMHS, see [Fresan et al. 2022, (A.21)],
-1
<o —>HT(Z2) > H U\ Z, f) > H (U, ) > H(Z) > - .

IfH.(U\Z, f)=0for each r, the exponential mixed Hodge structure H(U, f) is isomorphic to the mixed
Hodge structure H{(Z) and, correspondingly, the fiber period structure FPer(H; (U, f)) is isomorphic
to Per(H;(Z)). We will make explicit this exact sequence for the Betti fibers. Since f:X—>Plisa
morphism, we have Z N P = @. We have a distinguished triangle

BiRasRiz. Q7 — BiRo jz1Qu\z — BiRa,Qu RN
and since the closure of Z in X (P) does not intersect X (P), we find
BiRoRizQz = piRauiRiz, Q7 and  BiRajzQu\z = B2 Qg )z
where B is the inclusion ﬁmod(P) \Z — X (P). The Betti exact sequence reduces then to
> HN(Z, Q) > H.(Unod(P)\ Z, Q) = H.(Unoa(P), @) = HL(Z, Q) = --- . (A.18)

Computation with the total real blow-up. In order to use results of [Fresan et al. 2023], we consider the
real blowing-up 7 : X(D) — X of the irreducible components of D = P U H in X. There is a natural
morphism @ : X(D)— X (P), so that 1 = w o . In a local chart where formulas (A.16) hold, @ is the
blowing-up map of the components of H” in A?~¢:

X(D) = Al x A7t - AL x ATt = X(P).
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We consider the open subsets ﬁmod(D) =Uu amod)N((D) and ﬁrd(D) =Uu ard)N((D), where:

. amod)? (D) is the open subset of 7~1(D) in the neighborhood of which e~/ has moderate growth
(it contains 7 ~!1(D \ P)).

. Brdi (D) is the open subset of 7~ 1(P) in the neighborhood of which e~/ has moderate growth,
equivalently, rapid decay.

In the local chart as above, these sets read
Unmod(D) = (A mea x A47E, Ura(D) = (A)moa x (A1E\ H”).

For the sake of simplicity, we denote by Q) the sheaf on X (D) which is the extension by zero of
the constant sheaf on ﬁmod(D) with stalk @ (notation of [Kashiwara and Schapira 1990]), and similarly
with rd. From the previous identifications with now o« : X < X mod(D) and B : X mod(D) — X (D), we
obtain

Rﬁ*@ﬁmod(D) = ﬂ!RO(*RK*QU, Rﬁ*@ﬁrd(D) = @ﬁmod(P)
(in fact @ : ﬁrd(D) — l~]m0d(P) is an isomorphism). Therefore,
Hy (U, f) ~H,(Unoa(D), @) and Hp (U, f) ~H.(Ug(D), Q). (A.19)

Let @4 (resp. Pmoq) denote the family of closed subsets F of U whose (compact) closure Fin X (D)
is contained in ﬁrd(D) (resp. (NJmod(D)). A closed set F of U belongs to .4 (resp. ®pnoq) if and only if
lexp(— f)I|r tends to zero faster than any positive power of dist(x, x,) (resp. is bounded by some negative
power of dist(x, x,)) when x € F tends to some x, € D. Then the right-hand sides in (A.19) read

H,(Umoa(D), @) =Hp, (U, @), HL(Uw(D), Q) =Hj (U, Q), (A.20)

Dmod

and, by considering the natural morphism induced by the inclusion of family of supports, we have
Hp (U, f) =im[Hg (U, Q) — Hy (U, Q)]. (A.21)

Rapid decay and moderate growth homology spaces for the pair (U, f). If 1 denotes the generator of
Ef = (0Oy,d+df), then exp(—f) - 1 is an analytic flat section of E/. The moderate growth and the
rapid decay homology spaces of the pair (U, f), as defined in [Fresan et al. 2023], are the homology of
the chain complexes consisting of singular chains in X (D) with boundary in 3X (D) twisted by the flat
section exp(— f) - 1, whose support is contained in ﬁmod(D) and ﬁrd(D), respectively. The flat section
being fixed, we get identifications with relative homology spaces

H™(U, f) = H, (Unoa(D), 8Umea(D), @) and H(U, f) ~H,(Ua(D), 3Uwa(D), Q). (A.22)

Notation A.23. For the sake of simplicity, we omit the flat section exp(— f) - 1 in the notation of such
twisted chains, that we simply call respectively rapid decay and moderate chains (we will not make use
of the latter).
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We have a more explicit expression of the rapid decay homology as follows. By suitably lifting to
X (D) the radial vector field of length one centered at oo € P! so that it remains tangent to 7 (D \ P),
and by following its flow, we obtain for every large enough R > 0 a deformation retraction of the pair
(Ura(D), 0gUra(D)) to the pair (Usq(D), 8U,qa(D)), where the thickened boundary 9z Uvq(D) is defined
as Ua(D)N{|f] = R}N{Re(f) > 0}. Setting

da rU = UNdRU(D) =UN{|f] = RIN{Re(f) >0}, R>0,
by excision of 8ﬁrd(D), we obtain (for R > 0)
HY(U, f) ~H, (Uw(D), 3Ura(D), Q) = H, (Ura(D), 3 Ura(D), Q) ~ H, (U, a.rU, Q).  (A.24)

Remark A.25 (period pairing and period realization). Working with the transposed period structures as
in [Fresan et al. 2023, Proposition 2.28], and considering rapid decay and moderate growth homology,
one can show that there exist isomorphisms of (the transposes of) period structures

FPerH (U, f) ~ (Hjx (U, f), H;d(U, ), Pid,mod)’
FPerH (U, f) ~ (Hyg (U, f), H;HOd(U, 1), Plrm)d’rd),
FPer Hy;iy (U, f) =~ (Hig mia(U, ), Hrrmd(U, ), P;"id).

Ad. Period structures over the category of varieties and morphisms defined over Q. In this section,
we denote by Uy a variety defined over Q and by U the variety defined over C after extension of scalars
from @ to C. When working over varieties and morphism defined over (D, that is, smooth separated
schemes of finite type over QQ and separated morphisms (e.g., Uy is A" or G[, and f is a polynomial or
a Laurent polynomial with rational coefficients), we are led to consider period structures over Spec Q.
Such a period structure consists of a pair of finite-dimensional Q-vector spaces (Vp, V) together with a
comparison isomorphism comp : C ®g Vg ~ C ®q Vo = V.

Q-structure on the de Rham cohomology. We fix a good compactification

j: o, )= (Xo, ),

that is, such that Dy = X \ Uy is a divisor with strict normal crossings (i.e., such that the irreducible
components over @ are smooth and intersect transversally). We work with the corresponding category
of 2-modules and functors; see, e.g., [Laumon 1983, Sections 4 and 5]. The de Rham cohomology
Hjjz (Uo, f) is defined in a standard way as the de Rham cohomology of the Z,-module (Oy;,, d+d f),
and the de Rham cohomology with compact support Hyg .(Up, f) is the de Rham cohomology of the
D%,-module j;(Oy,, d+df), with j; = Do ji oD and D is the duality functor of Z-modules. We
denote by (U, f) the corresponding object obtained by extension of scalars from (0 to C. We have:

Lemma A.26. Extension of scalars is compatible with taking de Rham cohomology, that is,

C®aHgrWo, /) xHg(WU, ), CQaHy (Vo f) ~Hy (U, f). O
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As an immediate consequence we obtain that the same result holds for the middle de Rham cohomology
H(r:iR,mid(UO’ -

Let us consider the setting of Remark A.17 and let us assume that the triple (U, f, Z) is defined over Q.
Let us set M = (Oy,, d4+d f). There is a natural exact sequence

0=RTz,M —> M — jz,1j3,M = M(xZo) > R'Tz,M — 0
which identifies the complex RI'z M with (Oy,(xZy)/Oy,, d+d f)[—1]. We note that

(Oy,(xZ0)/ Oy,, d+d f) = (Oy,(xZo) | Oy, ).

Indeed, this amounts to showing that the exponential function exp(% f) is well-defined on &y, (xZy)/ Oy,
and this follows from the nilpotency of multiplication by f on each local section of &y, (xZ¢)/0y,. The
long exact sequence in de Rham cohomology thus reads

-+ = Hig z,(Uo) = Hig (Uo, f) = Hig (U0 \ Zo, f) — Hi, (Vo) — -+ .
Dually (in the sense of 75 -modules, and up to changing f to — f), we obtain the exact sequence
-+ > Hig o (Zo) > Hig (Uo\ Zo, f) = Hig (Uo, f) = Hig (Zo) > -+ .

Corollary A.27. Assume moreover that the Q-vector spaces Hyg (U \ Zo, f) and Hyg .(Uo \ Zo, f) are
zero for all r. Then the Q-de Rham vector spaces Hyg (Uo, f) and Hyg 2, (U0), respectively Hir (Uo, f)
and Hyg (Zo), coincide. O

Example A.28. We consider the setting of [Fresan et al. 2022, Example A.27] where the assumptions of
Corollary A.27 hold. We thus assume that Uy = A,l x Vp for some smooth quasiprojective variety V and
f = tg for some regular function g on V. We set % = g_1 (0) and Zy = A,l x 4. Corollary A.27 gives
identifications of Q-vector spaces

HSR,ZO(UO) ~Hir (Uo, f) and H{;{R,C(ZO) = ﬁRyc(UOs ).

Action of complex conjugation. We denote by (U®, f®) (or simply UR, f®) the real-analytic space and
map associated with (U (C), f). Then the complex conjugation endows U® with a real analytic involution
conj which commutes with f R Furthermore, one can find a compactification (X0, Do) defined over Q
(since resolution of singularities holds in characteristic zero) so that conj extends in a unique way as a
real analytic involution of (X®, D®). Similarly, X(D)R, etc. belong to the semianalytic category and conj
can then be lifted in a unique way as a semianalytic involution cgﬁj of X (D)® that preserves X (D)R.
Lastly, since the moderate growth or rapid decay condition only involves Re(f®), the involution cfo\ﬁj
preserves the subsets ﬁmod(D)R and ﬁrd(D)R.

Corollary A.29. If (U, f) is obtained from (U, f) by extension of scalars, the Q-Betti fibers Hy (U, f)
and Hy (U, f) are naturally endowed with an involution conj*, which is compatible with the natural
morphism H%’C(U, f)— HyW, f).
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Proof. Indeed, conj* is induced by
conj” : H(Umoa(D)®, @) = H.(Umoa(D)®, @) or  conj” : H.(Tra(D)®, Q) — HL(Un(D)®, @). O

Corollary A.30. In the setting of Remark A.17, assume that (Uy, f, Zy) is defined over Q. Then c&j* is
compatible with the morphisms of the Betti exact sequence (A.18). In particular, if H,(U \ Z, f) =0 for
all r, then the involutions conj* on HE’C(U, f) and HZ(ZR, Q) coincide. O

Example A.31. Let us keep the setting of Example A.28, that is, [Fresan et al. 2022, Example A.27]. It
is proved in [loc. cit.] that, for all » € Z, we have a diagram of mixed Hodge structures

H{(A} x V, f) —= H2(Z)(=1)

l (A.32)
H (A x V, f) +——H, (Al x V)

where the vertical arrow is the natural one. Consider the case r = d, the dimension of A! x V. According
to [loc. cit., Proposition A.19], the upper line is mixed of weights < d and the lower line is mixed of
weights > d. Furthermore, denoting by Héid (Al x V, f) the image of the vertical arrow, we have induced
isomorphisms of pure Hodge structure:

gV HIA! x V, ) —— (gry_z HI2(Z))(-1)

|

HY G (A] x V. f) —— WaHUAl x V, f) +— Wy HS (A} x V)

We assume that V;, g are defined over @, making Uy, f also defined over @, as well as % = g~ (0)
and Zo = Al x ., so that #® and Z® are preserved by conj. It follows from Corollary A.30 that the
isomorphisms of (exponential) mixed Hodge structures (A.32) induce isomorphisms of Betti fibers which
are compatible with conj*.

Furthermore, the weight filtration W, H,(Z®, Q) is preserved by conj*, since it comes from a filtration
defined at the level of Nori motives; see [Huber and Miiller-Stach 2017, Theorem 10.2.5]. One can argue
that the weight filtration of Hy C(A,‘ x V, f) is also preserved by conj* by analyzing first the behavior of
conj* on R" fiQy . Nevertheless, it is enough for our purpose to check that conj* induces an action on
Hp nid (A} x V, f), a property that follows from interpreting the latter space as the image of the Betti
vertical arrow (A.32).
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Added in proof

Recently, Y. Zhou also obtained [2021] the existence of quadratic relations as conjectured by Broadhurst
and Roberts, with a different interpretation of the matrix D; however. The methods are completely
different from those of the present article and rely on the previous works of the author.
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Morphismes de périodes et cohomologie syntomique
Sally Gilles

On commence par donner la version géométrique d’un résultat de Colmez et Niziot établissant un
théoreme de comparaison entre les cycles proches p-adiques arithmétiques et la cohomologie des faisceaux
syntomiques. La construction locale de cet isomorphisme utilise la théorie des (¢, I')-modules et s’obtient
en réduisant I’isomorphisme de périodes a un théoreme de comparaison entre des cohomologies d’algebres
de Lie. En appliquant ensuite la méthode des « coordonnées plus générales » utilisée par Bhatt, Morrow et
Scholze, on construit un isomorphisme global. On peut notamment déduire de ce théoréeme la conjecture
semi-stable de Fontaine et Jannsen. Ce résultat a également été prouvé par (entre autres) Tsuji, via
I’application de Fontaine et Messing, et par Cesnavicius et Koshikawa, qui généralisent la preuve de la
conjecture cristalline de Bhatt, Morrow et Scholze. On utilise I’ application construite précédemment pour
montrer que le morphisme de périodes de Tsuji est égal a celui de Cesnavi&ius et Koshikawa.

We start by giving the geometric version of a result of Colmez and Niziot establishing a comparison
theorem between p-adic arithmetic nearby cycles and syntomic sheaf cohomology. The local construction
of this isomorphism uses (¢, I')-modules and is obtained by reducing the period isomorphism to a
comparison theorem between cohomologies of Lie algebras. Then, applying Bhatt, Morrow and Scholze’s
“more general coordinates” method, we construct a global isomorphism. We can deduce from this theorem
the semistable conjecture of Fontaine and Jannsen. This result was also proved, among others, by Tsuji,
using Fontaine and Messing’s map, and by Cesnavi&ius and Koshikawa, who generalize the proof of Bhatt,
Morrow and Scholze’s crystalline conjecture. We use the previously constructed mapping to show that
Tsuji’s period morphism is equal to the one of Cesnavigius and Koshikawa.
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1. Introduction

Les morphismes de périodes permettent de décrire la cohomologie étale p-adique de variétés algébriques
a ’aide de formes différentielles et rendent ainsi possible son calcul. Plusieurs constructions de tels
morphismes existent. Tsuji [1999], par exemple, établit que I’application de Fontaine et Messing [1987]
(aussi décrite dans [Kato 1994]) définit un quasi-isomorphisme, en degrés bornés, entre les cycles proches
p-adiques et la cohomologie étale p-adique de la variété rigide associée a un schéma a réduction semi-
stable. Tsuji déduit de ce résultat une preuve de la conjecture semi-stable de Fontaine et Jannsen qui
relie la cohomologie p-adique de la variété a sa cohomologie de Hyodo—Kato (telle qu’elle est définie
dans [Beilinson 2013]). Une autre preuve de la conjecture semi-stable, généralisant la preuve de la
conjecture cristalline de Bhatt, Morrow et Scholze (voir [Bhatt et al. 2018]), a été donnée par Cesnavicius
et Koshikawa [2019]. Ce travail comporte deux parties : dans un premier temps, on donne une preuve
différente du résultat de Tsuji en construisant un nouveau morphisme de périodes (qui est la version
géométrique de celui de Colmez et Niziot [2017]). On utilise ensuite cette construction pour montrer que
I’application de Fontaine et Messing et le morphisme de Bhatt, Morrow et Scholze sont égaux.

1A. Enoncé des principaux théorémes. Décrivons plus précisément les résultats obtenus. On fixe
p un nombre premier. Soit Og un anneau de valuation discrete complet, de corps de fraction K de
caractéristique O et de corps résiduel parfait k de caractéristique p. On note @ une uniformisante de K,
OF = W(k) I’anneau des vecteurs de Witt associé a k et F = Frac(OF) (avec e := [K : F]). Soit K la
cloture algébrique de K et O la cloture intégrale de Ok dans K. Enfin, on note C le corps complet
algébriquement clos K et O¢ son anneau de valuation.

On note Oy le schéma formel Spf(Og) muni de la log-structure donnée par son point fermé et (’)% le
schéma formel Spf(W(k)) muni de la log-structure (N — OF, 1 — 0). On considére X un log-schéma
formel a réduction semi-stable, log-lisse sur Og. On note ¥ := Xj sa fibre spéciale, X = Xoc et
Y = Xj. Soit Sp(r)x dans D(Ye, Z/ p"7) LetSy (r)z dans D((Y)e. Z/ p™Z) les faisceaux syntomiques
arithmétique et géométrique. On note Xk i (respectivement X¢ ) le lieu de Xk (respectivement de X¢)
ot la structure logarithmique est triviale, et i et j (respectivement 7 et j) les morphismes? ¥ < X
et Xk, -—> X (respectivement Y < X et Xcuw ——> %). Enfin, soit Z,(r) := Wlpa(r)zp(”)’ r =
a(r)(p—1)+b(r)avec0<b(r) < p—2.

Théoreme 1.1. Pour tout 0 < k <r, il existe un pN -isomorphisme 3

af, HE(Sn(r)z) > T*RE L2/ p" ().,
ot N est un entier qui dépend de p et de r, mais pas de X ni de n.
Notons af}),’[ :Sn(r)x > i*RjZ/ p" (r)/xx,u (respectivement Sy, (r)x —1* R jxZ/ p" (r)gec’“) I’applica-
tion de Fontaine—-Messing arithmétique (respectivement géométrique). Tsuji [1999, Theorem 0.4] montre
1. Ou D(Yg, A) est la catégorie dérivée des faisceaux de A-modules sur le site étale de Y, pour un anneau A.

2. Les morphismes j et j n’existent pas au niveau des espaces, mais on dispose bien de morphismes de topoi Rjx et R jx.
3. On appelle pN -isomorphisme, un morphisme dont le noyau et le conoyau sont tués par pN .
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le théoreme 1.1 dans le cas ou X est un schéma a réduction semi-stable sur Spec(Og) en prouvant que
I’application de Fontaine-Messing fournit le p? -isomorphisme voulu. Pour cela, il commence par se
ramener au cas n = 1 par dévissage. En multipliant le faisceau syntomique (respectivement le faisceau de
cycle proche) par ¢ avec t =log([e]), ou ¢ € Obc est un systeme de racine p-ieme de I’unité (respectivement
par {p), il se ramene au cas k = r. Il utilise ensuite une description des faisceaux H" (S, (r)z) via des
applications symboles qu’il compare avec celle de 7* Rkj*Z /p" (r)/%c,u donnée par Bloch et Kato [1986]
dans le cas de la bonne réduction, puis étendue a la réduction semi-stable par Hyodo [1988].
Colmez et Niziot [2017] prouvent la version arithmétique du théoreéme ci-dessus, c’est-a-dire :

Théoreme 1.2 [Colmez et Niziot 2017, Theorem 1.1]. Pour tout 0 <k <r, l’application
oy s HE(Su(r)x) = I REJuZ/ p" (M),
est un pN -isomorphisme pour une constante N qui dépend de e, p et de r, mais pas de % ni de n.

Pour cela, ils construisent un p® -quasi-isomorphisme local qu’ils comparent ensuite 2 la définition
locale de I’application de Fontaine—Messing. Le théoréeme 1.1 peut ensuite se déduire du théoréeme 1.2 en
passant a la limite sur les extensions finies L de K. Une nouvelle preuve du résultat de Colmez et Niziot
a récemment été donnée dans [Antieau et al. 2022] dans le cas ou X est propre et lisse sur Og.

On prouve ici le théoreme 1.1 directement. On commence par montrer un résultat local semblable a

celui de Colmez et Niziot. On considere R la complétion p-adique d’une algebre étale sur

1 w
R|:|2=Oc%X1,...,Xd, y }
X1 Xa Xat1--Xayp

(pour a, b, ¢ et d des entiers tels que a + b + ¢ = d). Onnote D = {X,4p41---Xg = 0} le
diviseur a I’infini et R[1/p] I’extension maximale de R[l/p] non ramifiée en dehors de D. Soit
Gr = Gal(R[1/p]/R[1/p]).* On releve ensuite R en une algébre Ri'gf sur

1 [@?] }
’Xl“‘Xa,Xa+1"‘Xa+b

+ A
Rinf,El := Alin {X

= Ri—rtf®Amf Agsis. Ici Spf(R)
est muni de la log-structure donnée par la fibre spéciale et le diviseur a I’infini et Spf(As) ainsi que

(ol w" € O% est un systeme de racines p-iemes de @), on définit® R}

Spf(Ainf) sont munis des log-structures usuelles décrites dans [Cesnavicius et Koshikawa 2019, §1.6]
(voir la section 2B2 ci-dessous). On s’intéresse au complexe syntomique donné par la fibre homotopique
Syn(R. r) = [F7 Q8. P Q]

cris’ - -
Cris Cris

ou ¢ est le Frobenius sur R;:is qui étend celui de R;: ;g donné par le Frobenius usuel sur Ayt et par

e(Xi)=X l.p . Le complexe Syn(R™. . r) calcule alors la cohomologie syntomique de Spf(R). On note

cris’
Syn(Rjr'is, r)n sa réduction modulo p”. On a le résultat local suivant :
4. On utilise ici la notation Gal pour désigner le groupe des automorphismes de R[1/ p] qui fixent R[1/ p].
5. Ici le produit tensoriel est complété pour la topologie p-adique.
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Théoreme 1.3. 1 existe des p™ -quasi-isomorphismes

oz? DT<y Syn(RJr r) = 1<, RT'(GR,Zy(r)),

cris’

Ot,(.)’n D T<r Syn(R:;is, Pn = 1< RT(GR,Z/p"(r)),
ou N est une constante qui ne dépend que de r.

Les applications ci-dessus sont notamment utilisées par Colmez et Niziot [2021a] pour donner une
interprétation « géométrique » des morphismes de périodes, i.e., voir les théorémes de comparaison entre
les cohomologies étale et syntomique comme des théorémes de comparaison entre les C -points d’espaces
de Banach—Colmez. Cela leur permet ensuite d’étendre le théoréme de comparaison semi-stable a des
variétés rigides analytiques plus générales dans [Colmez et Niziot 2021b].

Si X est propre sur Ok, on déduit du théoreme 1.1 que a? induit un quasi-isomorphisme Frobenius et
G g -€équivariant, qui préserve la filtration apres tensorisation par Bgg :

& H(Xc.Qp) ®q, By = Hiy (X) ®F By,
H(Xc.Qp) ®q, Bir = Hix(Xk) ®k Bar,

oll RT'HK(X) = RTeis(Xx/ W(k)?)g. Par les résultats de Tsuji et de Colmez—Niziot, le morphisme o™
induit, lui aussi, un isomorphisme &@™ entre les mémes objets. Enfin, Cesnavicius et Koshikawa [2019],
donnent une troisieme construction d’un tel isomorphisme &@“¥ (qui étend la construction de Bhatt et al.

[2018]). Dans la seconde partie de cet article, on montre :

Théoréeme 1.4. Les morphismes @™ et @° d’une part et @K et @° d’autre part sont égaux. En particulier,
oM — CK

Ce dernier théoreme étend les résultats de Niziot [2009; 2020], dans lesquels elle prouve I’égalité entre
les morphismes de périodes de [Faltings 2002; Beilinson 2013; Niziot 2008]. La preuve de Niziot fait
intervenir la /-topologie et sa méthode ne s’ applique pas au morphisme &@“X, puisque dans leur définition,
Cesnavitius et Koshikawa n’autorisent pas de diviseur horizontal. L unicité est ici obtenue en comparant
« 2 la main » les constructions locales des morphismes de périodes. Cela est possible car, localement, &K
est construit en utilisant des complexes de Koszul similaires a ceux qui interviennent dans la construction
de @°. La principale différence est que la définition de [Cesnavicius et Koshikawa 2019] utilise le foncteur
de décalage Ln,, (i.e., les termes des complexes sont multipliés par des puissances de . = [¢] — 1) alors
que dans le cas de @° les complexes sont multipliés par des puissances de ¢ = log([¢]).

La définition de Fontaine et Messing et celle de Bhatt et al. ont chacune leurs propres avantages. Le
morphisme de périodes construit par Bhatt et al. et par Cesnavicius et Koshikawa est, par exemple, plus
adapté pour travailler au niveau intégral. Ce résultat d’unicité permet ainsi d’obtenir pour 1’application
de Bhatt et al. les propriétés déja connues pour 1’application de Fontaine et Messing (notamment, la
compatibilité aux applications symboles).
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1B. Preuve du théoréme 1.3. Nous expliquons dans un premier temps comment construire le p?v -quasi-

isomorphisme local. On part du complexe Syn(RY. , 7). On commence par « changer la convergence » des

cris’

éléments de R:;ls Pour 0 < u < v, on définit I"anneau Al (respectivement Al*1) comme la complétion
p-adique de Ajn¢[[B]/p] (respectivement de Aiye[p/[e], [B]/p]) pour B un élément de Obc de valuation
1/u (respectivement « et 8 des éléments de Obc de valuation 1/v et 1/u). Pour des valeurs de u et de v

convenables, on déduit de la suite exacte
0= Zpt'™ = F7 Ay 225 A — 0 (1)

on ¥} = des suites p°”-exactes

0= Zp(r) — FTAM 28 Al _ o,
0= Zp(r) — FrAI 2228 pluvl ¢

On définit® RM .= Rnf®An Al e RIV = Rnf®A Al et pour § e {RM RV on pose

C(S,r):=[F" Q..S' P=¢ Q%] Les suites exactes (2) ci-dessus permettent alors de montrer les pNr-
7

)

inf

quasi-isomorphismes

Syn(RE . r) = C(RM, r) = C(RM] 1)

cris’

En plongeant R et RI#¥] dans des anneaux de périodes A[—] et A[u vl (construits de maniere similaire
a Al et AlY] en utilisant R au lieu de Oc), on les munit d’une actlon du groupe de Galois Gg. On
note A%] et AE’; % leurs i images respectives par ce plongement. On se place ensuite dans une base de Q}e
pour écrire le complexe C(RM:*1 ) sous la forme d’un complexe de Koszul Kos(g, 3, F” AE’{’U]). La
multiplication par ¢t = log([¢]) € Agis (ol € € (’)bc est un systéme de racines p-ieémes de ’unité) permet
de se débarrasser de Ia filtration en transformant 1’action des différentielles en une action de 1’algebre de
Lie du groupe I'r = Gal(Rso[1/p]/R[1/p]) = ZZ avec Roo := (lim  Rpm)"” et

Ry = OC{X , s m})@)o R.
m (X1 X)VP" " (Xgi1 -+ Xgpp)V/P ¢

C’est a cette étape qu’il est nécessaire de tronquer les complexes en degré r pour garder des isomorphismes.
Nor 8

Finalement, on a la suite de p*'2" -quasi-isomorphismes

7<r Kos(g, 0, FrA[u’v]) —> 1<, Kos(¢, Lie 'R, A%’v](r)) <= 1< Kos(¢, 'R, A%’v](r)). 3)

Soit Rj,¢ 1a complétion p-adique de Rmf[l /[@"]] et Ag son image dans Ajr(R”). On montre ensuite qu’on

a un quasi-isomorphisme Kos(¢, I'g, A Ee’v]) =~ Kos(¢, I'r, AR). Pour cela, on passe par I’intermédiaire

v]+

0, N .
d’un anneau A% , construit a partir de I’anneau

O, v]+ . _ _ n ) b n n
A =qx= Z[xn]p € Ainf | Xn € O, vobc(xn)—}- 5 >0et Vo, (xn)+ ~ = 400 quand n — oo,
neN
6. Les produits tensoriels sont complétés pour la topologie p-adique.

7. Pourun N1 € N.
8. Pourun N, € N.
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et on utilise ¥, un inverse a gauche du Frobenius ¢. Enfin, des arguments de descente presque étale et de
décomplétion permettent d’obtenir un quasi-isomorphisme

Kos(¢, 'r.AR) = Kos(¢,I'r,Agr,) = Kos(¢,Ggr,Ag)

et la suite exacte 0 - Z, — Ag 170, a g — 0 montre que le complexe Kos(¢, Gg,Ag) calcule la
cohomologie galoisienne RI'(Gg, Zp). En résumé, le morphisme construit est

RTyn(R, r)=> Syn(RY. r)=> C(RM™Y], r) =5 Kos(p, 8, F" A1) = Kos(¢, T, Al ()
—> Kos(¢,I'r,Ar(r)) <= RT'(GRr.Zy(r)). )

Remarque 1.5. La construction du morphisme local dans le cas arithmétique traité dans [Colmez et Niziot
2017] est similaire a celle décrite ci-dessus. Il existe cependant quelques différences que nous soulignons
ici. Dans le cas ol Spf(R) est défini sur Ok, on ne dispose plus du quasi-isomorphisme R is(R/OF) =
RTis(R/ Auis) qui nous permet de travailler avec I’anneau R:‘r'is. Au lieu de cela, Colmez et Niziot
écrivent R comme le quotient d’une O -algebre log-lisse R;E. Cela nécessite I'introduction d’une variable
supplémentaire X : on définit R, comme le relevé étale de R sur

1 Xo

OF X07X17~-~7de ) .
X1 Xa Xat1 Xags

Le réle de I’anneau Aj,s (respectivement Al e A[“’”]) est joué par I’anneau r;g := OF[Xo] (respective-

ment par I’anneau rz[g] des fonctions analytiques sur F' qui convergent sur le disque v,(Xg) > u/e, et par

I’anneau r,[;,"”] des fonctions analytiques sur F' qui convergent sur la couronne v/p > v,(Xo) > u/e).
On perd, dans le cas géométrique, cette interprétation des anneaux en termes de séries de Laurent.

Travailler directement sur C permet aussi de simplifier la preuve lors du passage au complexe de
Koszul. Dans le cas arithmétique, il existe deux manieres différentes de plonger R%], RE;’”] dans A%‘],
A%’v] : le plongement « de Kummer », qui envoie X¢ sur [w"], et le plongement « cyclotomique » par
lequel Xo s’envoie sur un élément g € Ape(KP) tel que 7x = (wk,,)m, ou (wk,,)m est une suite
compatible d’uniformisantes des extensions cyclotomiques K, de K. Les quasi-isomorphismes (3) sont
obtenus en utilisant le plongement cyclotomique, mais le Frobenius qui intervient alors differe de celui
apparaissant dans la définition du complexe syntomique (qui correspond, lui, au plongement de Kummer).

Une autre différence entre la preuve arithmétique et la preuve géométrique se trouve dans les propriétés
de I’inverse a gauche ¥ du Frobenius. Dans [Colmez et Niziot 2017], par construction, il est topologique-
ment nilpotent sur le quotient R%’v] / RE;]. Colmez et Niziot utilisent notamment cette propriété pour
montrer le quasi-isomorphisme C (RL-",], r)=C (RE?"], r). Ce n’est plus le cas lorsqu’on travaille avec
I’anneau R[**?] mais en montrant que ¥ —1 est surjective sur A1 /Al on obtient le quasi-isomorphisme
voulu.

Enfin, dans [Colmez et Niziot 2017], du fait de cette variable supplémentaire Xy, I’algeébre de Lie de

I'r n’est pas commutative. Cette difficulté n’apparait pas dans le cas géométrique.



Morphismes de périodes et cohomologie syntomique 609

1C. Quasi-isomorphisme global. Si X est un schéma formel a réduction semi-stable et propre sur Ok,
on montre que le morphisme local du théoréme 1.3 se globalise en un p” -quasi-isomorphisme

Ol? : TSrRFsyn(:{OC’ r) — 1<, Rl (Xc, Zp(r))-

Pour faire cela, on applique la méthode utilisée par Bhatt et al. [2018] (et Cesnavi¢ius et Koshikawa
[2019, §5]). L’idée est de construire, pour X = Spf(R) assez petit, une version fonctorielle des complexes
intervenant en (4).

Pour X un schéma formel a réduction semi-stable, il existe une base (Spf(R)) de Xo. «. telle que
pour chaque R on ait des ensembles finis non vides X et A tels qu’il existe une immersion fermée

Spf(R) — Spf(RS) := Spf(Oc{ X" | o € T})

et pour chaque A, une application étale

1 w
Spf(R) — Spf(RY) := Spf(OC{X,U, e Xoas , })
A XoaXaa, Xaa+1Xad

On note Spf(Rg A= Spf(Rg) X [Tiea Spf(RE'). On construit alors une application
rz.A  T<r Kos(g, 0, F"RED) — 1<, RT(GR. Zp(r))

de la méme fagon qu’en (4) en remplagant R;;S par RQDA défini sur AcriS(Rg’ A)- On déduit ensuite du
théoreme 1.3 que o 5 A estun p™ -quasi-isomorphisme. On obtient des complexes fonctoriels en prenant

la limite sur I’ensemble des données (X, A) comme ci-dessus. Un argument de descente cohomologique

0

permet finalement d’obtenir le p?V -quasi-isomorphisme o

Remarque 1.6. Colmez et Niziot [2017] construisent le p?¥ -quasi-isomorphisme localement, puis com-
parent ce morphisme a 1’application de Fontaine—Messing, ce qui permet de montrer que 1’application
de Fontaine—Messing globale est un p® -quasi-isomorphisme. Le méme argument que celui que nous
utilisons permettrait de montrer que le morphisme arithmétique admet, lui aussi, une définition globale. Il
suffit de définir des anneaux R;E’ A REZIQE’ A - - - de la méme fagon que nous le faisons ici.

1D. Preuve du théoréeme 1.4. On commence par comparer les morphismes
@ &™: H\(Xc,Qp) ®q, By = Hix(X) ®F By
Pour cela, il suffit de montrer I’égalité des morphismes
al, o™ 1o, RTyn(Xoe . ) = t<r RTa(X e, Zp(r)).

Définissons [E%D et E ’v], les anneaux log-PD-enveloppe complétés de R:;S & Aric Aris(R) = Acris(R)
et de RV Q@ plu.v] A%"v] — A%"v], respectivement. On note C(Gg, M) le complexe des cochaines
continues de Gg a valeurs dans M. Localement, af™ est la composée des applications

Kos(d, ¢, F" RY;) — C(GRr,Kos(d, ¢, F'ER)) <= C(GR, Kos(¢, F Acis(R))) <= C(GRr, Z(r)),

cris
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ou la deuxieme fleche est un quasi-isomorphisme via le lemme de Poincaré

F"Auis(R) => F' Q"

PD
FrEg

et la troisieme fleche se déduit de la suite exacte (1). L’application a? est donnée par la composée (4). On
montre qu’il existe un diagramme commutatif

Ky a(F'RY) — CG (K, o(FTER)) — Cg (Ko (F Adis(R))) —— CG(Zp(r))

cris

NS

Co (K a(FTER) «— € (K (FTARY)) «— Co (Ko (1) — Ca(Kp(FTAR)  (5)

Ky a(Fr Al —— K, (A5 (1) —— KrpAQ (1) —— K, r (A ()

o, pour alléger, Cg (-) désigne les complexes de cochaines et K, 5(-) la fibre homotopique de I’ap-
plication 1 — ¢ sur les complexes de Koszul. On en déduit 1’égalité locale. On prouve ensuite que le
diagramme (5) est toujours valable pour les anneaux construits a partir des coordonnées (X, A) et en
passant a la limite, on obtient I’égalité globale.

Il reste & comparer &° et @“X. Pour les mémes raisons, il suffit de montrer 1’égalité des morphismes

locaux. Celle-ci découle de leurs constructions. Le morphisme &@° s’obtient par la composée °

1

s L ~ 1 s L ~ s L
rrRTa(R ] 2) 85, Bae v=r RTa(R| £ ].2,() 86, Butr} < t=r RTgn(R.r)a&ig, Buir)

~ ~L ~ ~L
— T<r chris(R/Acris)@®Ams[1/p] Bst fgf T<r RFHK(R)®F Bst, (6)

can

~ L o ~L
toris. o * RTeris(R/ p)/ W(K))® oy By => RTerig(R/ )/ Acris) R, B

cris

est le quasi-isomorphisme (qui dépend du @ choisi) de [Beilinson 2013, (1.18.5)]. Rappelons maintenant
comment @K est défini. La preuve de [Cesnavi¢ius et Koshikawa 2019] passe par la construction d’un
complexe AQR € DT ((Spf(R))et, Ainf) (voir le théoreme 2.3 de leur article) qui vérifie

1 ~L 1 ~ ~L 1
RTa(R[ ] 2p) 8%, (M| 1 ]) = Ra(R. 4282, (A 1 ]) 0
ol it = [¢] — 1 € Ajyr. On obtient ensuite &K

en construisant un quasi-isomorphisme
. ~ S L
YCK - Ru*(O(R/p)/Acris) - AQR@Ainf Acris

9. Si M est un module muni d’une action d’un Frobenius ¢, on note M {r} le module M muni de I’action du Frobenius p” ¢.
Voir la section Notations et conventions pour la définition de — @ — utilisée ici.
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ot OR/p)/Awis € (R/P)/ Actis)og-cris désigne le faisceau structural sur le site cristallin et u est la
projection ((R/p)/ Acris)og-cris — (Spf(R))e. Pour cela, Cesnaviius et Koshikawa commencent par
montrer qu’on peut calculer AQ g comme L1, RT'(I'gr, Ainf(Roo)) ol 1, est le foncteur de décalage de
Berthelot—Ogus [Bhatt et al. 2018]. Pour définir yck, il reste a construire un quasi-isomorphisme entre
Kos(0, R;;f) et 1, Kos(I'g, Aimc(Roo))QAZngf As. Ce passage entre la cohomologie d’une algebre de Lie
et la cohomologie de groupe est similaire a celui apparaissant dans la construction de «?, avec y jouant
le role de ¢, et c’est ce qui permet d’obtenir un diagramme commutatif

A~ L ~ ~L
T<r RUa(R, AQR)Q®n, [1/p] Bst <yT T<r Rlcris(R/ Acris) 0@ [1/p)Bst

T T ®

TSrRFét(R[%], Zp(r))@®@p By ir} <a—0 TsrRFsyn(Ra }’)@®@p Bsi{r}

Finalement, @“X est donnée par la composée

1 ~L @) ~L yCK ~L
RTa(R [;] Z5) 83, Bu- 2> RTa(R. AQR)a® 1/ p) Bu i Rlanis( R/ Aci)a®i, 1B

B

Lcris,w ~L
< RIpx(R)®F By, (9)
et le diagramme (8) permet d’obtenir I’égalité entre (9) et (6).

Notations et conventions. Pour N un entier, on dit qu’une application f : A — B est pY-injective
(respectivement p? -surjective) si son noyau (respectivement son conoyau) est tué par p . Le morphisme
f estun pN-isomorphisme s’il est 2 la fois p™ -injectif et p™ -surjectif. La suite

0>AL5BLc 0

est pVV-exacte sii est pN -injective, Im(g) = p® ker(f) et g est pN -surjective. On définit de méme un
pN -quasi-isomorphisme comme étant une application f : A* — B*® dans la catégorie dérivée qui induit
un p¥ -isomorphisme sur la cohomologie.

Dans tout I’article, on utilise les résultats de [Diao et al. 2019] sur les log-espaces adiques. On utilise
en particulier que le foncteur usuel des schémas formels localement noethériens dans les espaces adiques
s’étend en un foncteur pleinement fidele des log-schémas formels localement noethériens dans la catégorie
des log-espaces adiques localement noethériens [Diao et al. 2019, Proposition 2.2.22].

Si T est un topos et A un anneau, on note DT (T, A) (respectivement DV (A)) I’ co-catégorie dérivée
des faisceaux de A-modules sur 7" inférieurement bornés (respectivement 1’co-catégorie dérivée des
A-modules). Les catégories homotopiques associées sont les catégories dérivées DV (T, A) et DT (A). Le
foncteur dérivé RT'(=) : DT (T, A) — D1 (A) se releve en un foncteur RT'(—) : DT (T, A) — DT (A).
On note aussi Fse(T, D1 (A)) la catégorie des faisceaux de D+ (A) sur T et on identifie les co-catégories
DY(T, A) et Fse(T, DT (A)).
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Si f : K* — L* est un morphisme de D+ (T, A), on note [K* g, L*]:=holim(K*® — L* < 0) la fibre
d’homotopie de 1’application f.
Pour A — B un morphisme d’anneaux et K* et L*® des objets de D(A), on note

K®5Le =holim((K*®F L)®5Z/p"2) et (K*)o®5 B := (holim((K*®% B)®%7/p"2)) @Q.

Plus généralement, si J = (f1, ..., fr) est un idéal finiment engendré de A, on définit le produit tensoriel
dérivé complété pour la topologie J-adique :

K*&,L* :=holim((K* ®F L)Y®F Z[fi. ... f1/(f'.-.. ;).
(K*)a®y B = (nolim((K* ®F B) ®F Z[fi..... f1/(f... /) € Qp.

Si G est un groupe qui agit sur un module M, on notera RI"(G, M) la cohomologie de groupe continue
associée.

Si Ok est un anneau de valuation discréte en caractéristique mixte (0, p) et @ une uniformisante
de Ok, on dira respectivement qu’un schéma ou schéma formel est a réduction semi-stable sur Ok s’il
s’écrit localement pour la topologie étale Spec(R) ou Spf(R) avec R une algebre étale sur

1 w
Xl"'Xa’ Xa+1"'Xa+b ’

1 w
X1 Xa Xat1 Xatop

OK[Xl,...,Xd, ] ou OK{XI,...,Xd,

avec a, b et d des entiers tels que a +b < d. Enfin, si A est un anneau de valuation discréte, on notera A>
le log-schéma formel Spf(A) muni de la log-structure induite par son point fermé (appelée log-structure
standard de A) : c’est la log-structure donnée par I’inclusion A \ {0} < A. On notera A° le log-schéma
formel Spf(A) muni de la log-structure induite par (N — A4, 1 — 0).

2. Cohomologie syntomique et résultat local

Dans cette section, on commence par donner les définitions des faisceaux syntomiques arithmétique
Sn(r)x et géométrique Sy (r)z. On décrit ensuite la forme locale de ces complexes.

2A. Définition de la cohomologie syntomique. On considére X un schéma formel a réduction semi-stable
sur Ok, i.e., localement X s’écrit Spf(R) avec R la complétion d’une algebre étale sur

1 w
Xl"'Xa’XcH-l"'Xa-{-b

Ogi X1,...,X4,

avec a,b,c et d des entiers tels que a + b + ¢ = d. On munit X de la log-structure donnée par
M :={g € Ox | g inversible en dehors de D U X} o D est le diviseur horizontal et on a alors que
X est log-lisse sur (9;. On note Xk i le lieu de Xk ou la log-structure est triviale : si X = Spf(R)
alors Xk i+ = Sp(Rk) \ Dk. On appelle i (respectivement j) I’'immersion X; — X (respectivement
le morphisme de topoi €tales Xk et — Xat) €t 1 : X <> Xo (respectivement j : Xc,x — Xoc) le
changement de base associé. Enfin, pour n dans N, on note X, la réduction de X modulo p”.
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On note RI¢is(Xy) := RT¢is(X,/ Wy (k)) la cohomologie cristalline absolue de X, et R ¢i5(X) :=
holimy, RT¢i5(X,). On note Oy, /w, k) le faisceau structurel du site cristallin (X / Wy (k))cris, Tn =
ker(Ox,/w, k) —> Ox,) et J,Er] sa r-ieme puissance divisée. On définit ensuite

RTeis (X, T 1= RT (Xet. RunxJy") et Rais(X, 7)) := holim Rl eio(X. T),
ol u, est la projection (X, / W, (k))cris = X¢. On a alors les complexes syntomiques

RTyn(X, 1) := [RTeis (X, 70N, =% RTeio(Xn)] et RTyn(X,7) = holim Ry (X, 1)y,

ol ¢ désigne le morphisme de Frobenius. Enfin, on note S, (r)x le faisceau de DV ((Xy)«., Z/ p"Z)
associé au préfaisceau U + Ry, (U, r)p.
On définit de méme la version géométrique S, ()5 de ce faisceau (i.e., sur Oc).

Remarque 2.1. Dans la suite, on trouvera utile la description suivante, plus explicite, de la cohomologie
syntomique. Considérons un log-schéma formel X a réduction semi-stable sur Spf(O¢) et notons Y sa
fibre spéciale. On choisit {* un hyper-recouvrement de X pour la topologie étale. Soit {Z} un systéme
inductif de log-schémas log-lisses simpliciaux sur A tels qu’on ait des immersions fermées 45 — Z2 et
des relevements ¢ ze du Frobenius. On note D, la log-PD-enveloppe de 413 dans Z;;, Jps I’idéal associé et

J g’% sa r-ieme puissance divisée. Pour chaque s, on définit le faisceau S, (r)ys, zs s de D(Yg, Z/ p" Z) par

e lr—el P’ =9
Sn(Mys,zs,p5 = [Jps ™ ®0,,4 wys > Opy ®0,,5 W3],

ou w,, est le complexe des log-différentielles de Z;. On note RIsyn((44°, Z°, ¢*), 1), I'hypercohomo-
logie associée, utilisant ici la définition 6.10 de [Conrad 2003]. En particulier (voir le théoreme 6.11 de
ce dernier article), on a une suite spectrale

EPT:= HI (WP, ZP.@P).r)n = HEFU((U°. Z°,9%). T)n. (10)

syn

On note HRF(X) la catégorie dont les objets sont donnés par les triplets (4°, {Z}, {¢;}) ou U* — X
est un hyper-recouvrement et les {Z;} et {¢,} sont définis comme ci-dessus. On abrégera par {°
un tel triplet. Un morphisme (1°, {Z;l’n}, {‘pﬁ,n}) — (7°, {Zij’n}, {(pij’n }) de HRF(X) est une paire
(u:t* —>B% 0y, 2§, - Zg; ) telle que, pour tout s, le diagramme

o
Zin — Zyn
o s — 2 s

commute, et telle que les i, commutent avec les ¢;. Il est alors possible de considérer la limite
hocolimprpx) Rl syn (U°, Z*, ¢°®), 7)n ; les morphismes de transition sont des quasi-isomorphismes.
Comme le morphisme [* — X est de descente cohomologique (voir [Conrad 2003, Example 6.9]), on
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a un quasi-isomorphisme [Conrad 2003, Corollary 7.11]

RTyn (X, 7)n = hocolim Ry, ((41°, Z°, ¢°). 7)n, (11
HRF(X)

et cette colimite est filtrée.

2B. Résultat local. On va supposer Xo. = Spf(R).

2B1. Résultat préliminaire. La proposition suivante est donnée dans [Colmez et Niziot 2017, §2.1]. On
I’utilise pour définir un morphisme de Frobenius sur les anneaux utilisés. On considere A : A; — A un
morphisme d’anneaux topologiques et A la complétion d’une A ;-algebre étale

All = A1{Z1,...,Zs}/(Q1,..., Qs)
avec J := (00, /0Z;)1<i,j<s inversible.
Notation. Pour F ="y cns ax Z¥ une série dans un anneau A1{Z}, on note F* la série 3" s A(ar) Z*.

Proposition 2.2 [Colmez et Niziot 2017, Proposition 2.1 et Remark 2.2]. On suppose qu’il existe Z,
dans A3 et I un idéal de A tels que A est séparé et complet pour la topologie I-adique et tels que
les coordonnées de Q*(Z,) sont dans I. Alors I’équation Q*(Y') = 0 admet une unique solution dans

Z) + I et on peut étendre A de maniére unique a A

2B2. Modéles locaux. On munit Spf(Oc) de la log-structure standard Oc \ {0} < Oc et on note O
ce log-schéma formel. On note

1 w

Rg :=0¢ X, ,
X1+ Xg Xa+l"'Xa+b

ot X = (Xy,...,Xy) et on considére R la complétion p-adique d’une algebre étale sur Ry. On
munit Spf(R) et Spf(R) de la structure logarithmique induite par la fibre spéciale et le diviseur D :=

{Xa+p+1---Xqg =0}

Remarque 2.3. Les log-structures décrites ci-dessus ne sont pas fines, mais de la mé&me facon que
dans [CesnaviGius et Koshikawa 2019], on peut, via un changement de base, se ramener 2 des log-
structures fines, et de cette facon, travailler avec les log-structures précédentes comme si elles étaient fines.
Plus précisément, munissons Spf(Oc¢) et Spf(R) des log-structures fines suivantes (voir [Cesnavi&ius et
Koshikawa 2019, §1.6]) :

e Sur Spf(R), on considere la log-structure donnée par la carte
NP2 — T (SpE(R). Ospics)
donnée par (n;) > [, 41<i<q X sur Ne—e,
* Sur Spf(Oc¢), on considere la log-structure donnée par la carte

N—Oc, n—wo".
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Les changements de base le long des applications
N9 Ospt(r) N -/_*(O;p(R[l/p])\Dc)’ (ni) — Xini et N—Oc\{0},n—w"

permettent de retrouver les log-structures précédentes. La plupart des propriétés des morphismes de log-
schémas (formels) étant stables par changement de base, on se ramene de cette facon a des log-structures
fines.

Si, pour tout n > 0, on munit Oc / p" et R/ p" des log-structures induites, alors R/ p™ est log-lisse sur
n LFEA : i n £
Oc/p", de sorte que le complexe des log-différentielles Q( R/p)/(Oc/ pn) ESt le O/ p"-module engendré
parles dX;/X; pour 1 <i <d.
On considere les anneaux de Fontaine Aj,r et A5 et on rappelle qu’on a les éléments

e=(10p.0pn....) €OF,

ol {,» désigne une racine primitive p”-ieme de 1’unité, ainsi que
4

n = [8] —1 € Ay, i-' € Ajps, = log(l + pL) € Agsis-

_ M
¢~
On a une application surjective 6 : A — Oc¢ de noyau engendré par £. On note F” A la filtration sur
Ais donnée par les puissances divisées de £.
On munit A5 de la log-structure associée a la pré-log-structure

O\ {0} = A, x > [x],

et les Aqris / p™ de la log-structure tirée en arriere. En fait, cette log-structure est 1’'unique log-structure sur
Acris / p™ qui étend celle de O¢ / p™ ; voir [Beilinson 2013, § 1.17]. Enfin, on munit A;,¢ de la log-structure
venant de celle de As.

On définit
1 [a]

Rt Al X, , )
X1 Xa Xat1- Xaxp

inf,] =

L’anneau Ri"r; ¢ g €st complet pour la topologie (p, §)-adique. On varelever R — R en un morphisme étale
RiJgf’D — RiJgf. Pgur cela, on écrit R := Ro{Z1,...,Zs}/(Q1,..., Qs) avec det(dQ; /0Z;) inversible
dans R. Soient Q; des relevés des Q; dans R;: ¢ - On note R;;f la complétion (p, £)-adique de

R o[Z1..... Z/(Or..... Os)

et det(0d Q j/0Z;) est inversible dans R;: ¢ (car ilAl’est modulo & ei Ri‘r'l' £ est &-adiquement complet).
On note R:;iS’D et R:;is les anneaux R;: f,|:|®Aiancris et R;&@Ainf&ms, ol les produits tensoriels
sont complétés pour la topologie p-adique. L’ anneau R:;is admet une filtration donnée par F" Rt :=

cris *
+a
Rinf®Aianr Acris.
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On a le diagramme commutatif

Spf(R)——— Spf(Rt.)

Ccris

|

Spf(Ro) —— Spf(RY; )

|

Spf((’)c ) — Spf(Acris)

On définit une log-structure sur Spf(Rmf 0) et Spf(RCrls 0) en ajoutant a la log-structure venant
respectivement de Spf(Ainr) et Spf(Acis) le diviseur a I'infini { X, 4441 -+ Xg = 0}. On munit R1 ¢ et

RT. de la log-structure venant respectivement de RJr ro et RT

cris cris,[0°

Comme ci-dessus, on a alors que les complexes des log-différentielles de RJr et de R:;lg sur Ajpr et
As sont, respectivement, le Ajpe-module et le A i-module engendrés par les d X;/X; pour 1 <i <d.

On note Riyf et Reris les complétions p-adiques de R1 [1/[w"]] et de RT. [1/[w"]].

Cris

2B3. Complexe syntomique local. On va commencer par prouver une version locale du théoréeme 1.1.
On suppose donc que X s’écrit Spf(Rg) avec Rg la complétion p-adique d’une algebre étale sur

1 w }
Xl"'Xa’ Xa+1"'Xa+b

(’)K{Xl,...,Xd,

et on écrit Xp := Spf(R). Dans la suite, on note

1 w }
Xl"'Xa’Xa-‘rl"'Xa—f—b ‘

RD i=0c{X1,...,Xd,

On utilise les log-structures définies dans la partie précédente.
Via les quasi-isomorphismes montrés par Beilinson [2013, (1.18.1)],

RT((Xn/ Wa(k))eriss F) == RT((Xn/Acris n)criss F)»

S _ (12)
RF((%/ W(k))cris, -F) - RF((X/Acris)criSa -F)a

on obtient que la cohomologie cristalline absolue de X, et sa filtration en degré r sont calculées par les com-
plexes RI'((X,/Acris,n)cris» O) et RI'((Xn/Acris,n)criss J Jl. Comme X:= Spf(R
log-lisse de X sur Ags et que X < X est exacte, on obtient des quasi-isomorphismes naturels

Crls) est un relévement

Rr((in/Acris,n)cris’ O) = Q;e-i- et RF((%n/Acns I’l)Cl‘lS? j[r]) = F Q. ,

cris,n (.rl\ n

+ £ ; n +
ou R , est la réduction modulo p” de R et

i =FRE - FITIQL . S FTTPQY

cris,.n cris,n cris,n

Fr
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En particulier, Rl qis(X, 7' = FrQ° R+ et Rl qs(X) = Q;{ + > et on en déduit que Ry, (X0, 1) et

RTsyn (X0, 7)n sont calculés par les complexes

Syn(lecm,r):=[F'sz;z+ Mg;ﬁ ] et Syn(R;iS,r)n:=[F’Q;€+ ”—>sz;z+ ].

cris,n cris,n cris,n cris,n

Soit R I’extension maximale de R telle que R[1/p]/R[1/p] est non ramifiée en dehors de D. On note
Gr := Gal(R[1/p]/R[1/p]) le groupe des automorphismes de R[1/p] qui fixent R[1/p]. Le but des
sections suivantes est de montrer la version géométrique du théoreme 4.14 de [Colmez et Niziot 2017] :

Théoréeme 2.4. Il existe des p™ -quasi-isomorphismes

(x DT<r Syn(chs, r) == 1<, RTU(GR, Zp(r)),
a'(‘),n ‘T<r Syn(RcriS’ V)n - TS’"RF(GR’ Z/pn (}’)),

ou N est une constante qui ne dépend que de r.

Remarque 2.5. On verra plus loin que ce résultat implique le théoréme global 1.1. Dans le cas ou
Xo. 1= Spf(R) n’a pas de diviseur horizontal, la cohomologie de Galois RI'(Gg,Z/p"Z(r)) calcule
la cohomologie étale RT«(Sp(R[1/p]l),Z/p"7Z), car I’affinoide Spa(R[1/p], R) est un espace K(m, 1)
pour les coefficients de torsion (voir [Scholze 2013, Theorem 4.9]). Quand le diviseur horizontal n’est pas
trivial, le résultat a été prouvé par Colmez et Niziot [2017, §5.1.4] dans le cas arithmétique. La preuve
est identique pour le cas géométrique et on obtient

RT(GR.Z/p"(r)) = Rrét(Sp(R[%]) \ Dc.Z/p"2(r).

3. Anneaux de périodes

Dans cette partie, R est un anneau comme a la section 2B2 et on suppose de plus que Spf(R) est
connexe. Pour la preuve du théoréme 2.4, on a besoin de définir une notion d’anneaux de périodes (Ajyf,
Agis, .. .) sur R et R. Les suites exactes prouvées dans les sections suivantes joueront notamment un role
important dans la suite.

3A. Définitions des anneaux. On reprend ici la construction des anneaux de périodes donnée dans
[Colmez et Niziot 2017, §2.4].

3Al. Les anneaux by, Ag et Agis(R). La complétion p-adique R de R est une algeébre perfectoide et
on peut définir les anneaux

o 1 3 . + T N O __ _
Ef:= lim (R/p). AL:=W(ED). [ER_[EE[ ] Ag = W(Ep).

b
x—=>(x) [P ]
On rappelle qu’on a les éléments
o
s=(1,;,,,§p2,...)erEg, M:[g]—leAlg, £= eAT
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On définit vg : Ez — QU {oo} par ve(xo, X1,Xx2,...) = vp(xp). On a (voir [Andreatta et Iovita 2008,
§2.4]):

(1) ve(x) = +oo0 si et seulement si x = 0.

(2) ve(xy) = vE(x) + ve(y).

(3) ve(x + y) = min(ve(x), ve(y)) avec égalité si ve(x) # ve(y).

4) ve(p(x)) = pve(x).
On définit un morphisme surjectif

0: AE — I% Z AT Z pkx,(co),
keN keN

ot [.]: Eg — A est le morphisme de relevement et x; = (x(o) .. x,(c"), ...). On a de plus que le

noyau de 9 est principal et engendré par £ (ou par & := p—| p"]).

On peut aussi munir A de la topologie faible dont un systeme fondamental de voisinages de O est
donné par les Uy,  := p"Ag + uhA—

On définit A.s(R) comme la complétion p-adique de AJF[EI‘ /k!, k € N] et on le munit de la filtration
F* Amg(R) ol F™ A Crlg(R) est I’idéal de Acm(R) engendre par les Sk /k! pour k > r. Posons

= log(l + I’L) € Acris(ﬁ)-

On définit [B:;IS(R) Acris(R)[1/ p] et Beis(R) = Crls(R)[l /t] et on les munit de la filtration induite
de celle de A.s. Soient B (R) = lim, BT (R)/F’B:;q(R) et Bir(R) = [B(E(R)[l/t] On munit ces
(R)[u] ot u

Cris
anneaux de la filtration donnée par les puissances de £. On note ensuite [EB F(R) = B

est une variable. On étend 1’action du Frobenius ¢ en posant ¢(u) = pu. On définit une application
de monodromie N : B} (R) — B} (R) par N = —d/du. On a un plongement BJ (R) — B (R)
donné par u > U = log([w"] /@) et qui permet d’induire I’action de G 2 B;f(R). Enfin, on note

cris

B (R) = Beyis(R)[uw], ’anneau de périodes semi-stable.
3A2. Les anneaux A%),v]’ A%’] et A%’v]. Pour 0 < u < v, on définit les anneaux suivants :
. A%‘], la complétion p-adique de A;[[,B] / p] pour § un élément de E; avec vp(B) = 1/u.

. A[};’v], la complétion p-adique de A;g [p/la]. [B]/p] pour « et 5 des éléments de [EE avec vp(a) =
1/vetve(B) =1/u.

A(O ol ={x =), enlxnlp" € Ag | xn € Eg, ve(xn) +n/v — 400 quand n — oo}.
On définit une application w,, : Ag’v] — R U {oo} par
00 six =0,
Wy (x) =

infyen(VVE(Xy,) + 1) sinon.
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vl Ag—?’v] est

On note ensuite Ag_;),vH- I’ensemble des éléments x de Ag—g’ tels que wy(x) > 0. L’anneau

séparé et complet pour la topologie induite par w,, ; la preuve est identique a celle d’[Andreatta et Brinon
2008, proposition 4.2].
Siv > 1> u, on a des injections

— , — O, D
A%{] < BE(R), A% T B (R), A¢ T BL(R).

ce qui nous permet de définir des filtrations sur ces trois anneaux.
On note Al Al] et A(O-¥] Jeg anneaux précédents obtenus pour R = Oc.

Proposition 3.1. Supposons u < 1 < v. L’idéal p” F"A) est inclus dans g7 AV = SSA["’”] oil
o:=p—1[p]
Démonstration. On rappelle d’abord (voir [Tsuji 1999, Lemma A2.13]) qu’on a

At N (E" B) = & Aing = £§ Aint. (13)
Soit maintenant x dans F”AM-Y] = (g7 B(}LR) N A-Y] par définition de Al?] on peut écrire

v= Y an o+ b

n>0 n>0

avec vg(o) = % et vg(B) = % et (apn) et (by) des suites de Ajyr qui tendent vers 0. Pour simplifier, on note

[ﬁ”
A: —Zan[an] et B —Zb

n>0 n>0
On montre d’abord que p” A est dans Ajps + £"AMY] On a [5#] = L&)[a’] avec vp(a’) =1 —% > 0.
D’ou, dans [BdR, T
§o £o
=p (Z( D" 0 ). [o] DD ) 1+ 8- D (- 1)”*’ 0 ). [o],
n>0 0o<n<r n>0

c’est-a-dire
r P

c
[ P )

7

A

a+5o o]

—gll=a+- D"

p avec a € Ajpf.

On en déduit le résultat.
Montrons ensuite que p” B est dans £” A¥]. Comme pour le point précédent, on a [7] = (1 + %0)[,8/ ]

avec vg(B’) = - — 1> 0. On peut alors écrire

B =Y b,l(8)" 5,1 avec b)) € Ay,

n>0

et on peut supposer que &g ne divise pas bj, dans Ajpy.
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Mais B;% est un anneau de valuation discrete dont I’idéal maximal est donné par & : on note vg sa
valuation. Par hypothese, on a vg¢(B) > r. De plus, en utilisant (13), on voit que

5
Vg (b; [(,3,)"]?) =n,
et donc b;, = 0 pour tout n < r. On a alors

rp _ .. / /ni _ T, / /n+r§ r p[u,v]
pa=p (TS ) =g (X b lgr 1S ) cera

nx=r n>0

On obtient que p"x = p" A+ p” B est dans Ajs + érA[“’v], écrivons-le x¢ + £"X avec xg € Ayyr et
7 e Al Ona xo = p"x —§&"X est dans ér[B%("ﬁ{ et comme xg est aussi dans Ay, via (13), on obtient
que xg est dans £" Ay

Finalement, on obtient que p”x est dans £”Al#-?] et donc p” FTAl-v] C g7 alu-v], |

On utilisera plus loin le résultat suivant :

Proposition 3.2 [Colmez et Niziot 2017, §2.4.2]. On a les inclusions suivantes :

(1) Acris(E) - A%t] siu=> ﬁ

(2) Acris(E) 2 A%t] siu =< %

3B. Suites exactes fondamentales. On rappelle ici les différentes suites exactes fondamentales vérifiées
par les anneaux de périodes définis précédemment.

3B1. Suites exactes pour les anneaux A et A%)’UH.

Théoreme 3.3 [Andreatta et Iovita 2008, Proposition B.1]. On a les suites exactes

07, —>Ag % Az —0, (14)
07, > A%””H 1o, A%””/”H 0. (15)

R . 1—
Remarque 3.4. De la méme fagon on a une suite exacte 0 — Z, — AR}L — A;g — 0.

3B2. Suite exacte pour I’anneau Ais. Pour r dans N, on écritr =a(r)(p—1)+b(r) avec 0 <b(r) < p—2
et on note 1 :=¢" /(a(r)! p?"). Alors, comme on a

o zb(r)(fp_l)[“(’)]
a(r)1p® p

et que 71/ p est dans As(R), on obtient que 17} est dans Agris(R).
Théoreme 3.5 [Tsuji 1999, Theorem A3.26]. Pour tout r > 0, on a la suite exacte

0= Zpt™ — F7 Agig(R) 222225 A (R) — 0. (16)
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3B3. Suites exactes pour les anneaux A[i”v] et A[ll ]. Colmez et Niziot [2017] ont montré que des résultats
similaires sont vérifiés par les anneaux A[};’”] et A%‘].

Théoreme 3.6 [Colmez et Niziot 2017, Lemma 2.23]. Soit u tel que pTTI <u<l.
(1) On a une suite p>"-exacte si p > 2 (ou p3"-exacte si p = 2)
0 Zp(r) > (A%‘])‘Fpr —)A%‘]/Fr 0. (17)
(2) On a une suite pzr-exacte

0— (Aldye=r" —>A[”]P %Al 0. (18)

(3) On a une suite p*"-exacte si p > 2 (ou p>"-exacte si p = 2)
0 Zy(r) — Fral =8 ald ¢ (19)

Théoreme 3.7 [Colmez et Niziot 2017, Lemma 2.23]. Soient u et v tels que pl <u<l<vo.

(1) On a une suite p>" -exacte si p > 2 (ou p*"-exacte si p = 2)
0—Zp(r) —> (A%"“])Fl” - A%"”] JF" = 0. (20)
(2) On a une suite pzr-exacte
0— (ALPhe=r" _ Al 226 plev/el 1)
(3) On a une suite p>"-exacte si p > 2 (ou p -exacte si p = 2)
0 Zy(r) - Fralol 228 pluv/rl g (22)
3C. Anneaux de convergence et morphisme de Frobenius. On considére les anneaux

R(O,v]+ A(O v]+® R

Ajnt inf

R .— AW]@A 1R-i‘

inf?

R[u’v] = A[uyv] ®AmfR+

inf?

ou les produits tensoriels sont complétés pour la topologie (p, £)-adique. On définit les filtrations

R . FrA[u]@)An RIP Rvl . FrA[u,v]@)Amle-lr;f’ RO+ . prao, v]+® mmef
On rappelle qu’on avait
1 [@"] .
+ . + . +
Rcris,|:| 1= Acris ) X, X;--- X, ’ Xag1- Xa+b et Rcrls i= Aeris ®AinfRinf

et que Ry et Reris sont les complétions p-adiques de Rmf[l /[@"]] et RE. [1/[@"]].

Cris

Si ¢ est le Frobenius sur Ajyr, on étend ¢ a R D en posant ¢(X ,) =X; ? pour i dans {1,...,d}. On
A=A, =R} Z(p=zp

utilise ensuite la proposition 2.2 pour I’étendre a R ¢ (prendre Ay = inf>

et I = (p)).

mt (m
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On définit ¢ sur AP, Alev] er A1+ par

w(é) = p%]’ w([:%]) = @, w(Z[xn]p”) = "

neN neN

et on étend ¢ a R, RVl ROVI+ o R .. Onaalors

cris”

(p(R[u]) — R[M/P]’ (p(R[u’v]) — R[M/P,U/P]’ (p(R(O’v]+) — RO.v/pl+

On note { I'inverse de ¢ sur Ajyr. On va étendre 1 aux anneaux Riys, Ri”;f, Resis, RCrl , RO Rluv]
et ROVt
Pour @ = (a1, ...,a4) avec «; dans {0, ..., p— 1}, on note

— 241 Qq
TIED CLERD ¢

et pour j dans {1,...,d},

d
di=X;—.
J J aXJ
La méme preuve que [Colmez et Niziot 2017, §2.2.7] donne le lemme et le corollaire suivants :

Lemme 3.8 [Colmez et Niziot 2017, Lemma 2.7]. Tout élément x de Riys/ p s’ écrit de maniere unique
sous la forme ), cq(x) avec cq(x) = xZuy pour un xq dans Rint/ p.
De plus, si x est dans R1 p alors cq(x) et xo sont dans Rmt/p.

Corollaire 3.9 [Colmez et Niziot 2017, Corollary 2.8]. Tout élément x de Rins s’écrit de maniére unique
sous la forme ), cq(X) avec cq(x) = @(Xg)Uq pour un xq dans Rips.

De plus, si x est dans R 1 alors xq est dans R et djcg(x) —ajcq(x) € pRmf

On définit alors vy sur Rmf par ¥ (x) = ¢~ !(co(x)). L’application ¥ n’est pas un morphisme d’anneaux,
mais on a ¥ o ¢(x) = x et plus généralement, ¥ (¢(x)y) = x () pour x et y dans R:"

inf*

5 ; 5 R. . + [u] [u,v] 0,v]+ ; f et
mni»s ) )
On étend ensuite ¥ & Rinf, Reris, R R R et R et on obtient des applications surjectives

e R R[Pu]’ Rl R[PM,PU]’ RO+ _ p(0,pv]+

Remarque 3.10. Comme dans [Colmez et Niziot 2017], on peut voir que les applications x — cq(x)
donnent des décompositions
S=®aSe et SV =dy1050

pour S {Rinfv R chg, R

inf?

R RI+v1 ROV 'On a de plus 8; = a; sur Sg/pSe.

cris’?

4. Passagede R a RI%v]

Cris

Soit R comme dans la section précédente. La premiere étape dans la preuve du théoréme 2.4 est de

construire un quasi-isomorphisme entre le complexe Syn(RY. . r) et un complexe C(R™:¥1, r) défini a

cris’

partir de I’anneau R[],



Morphismes de périodes et cohomologie syntomique 623

Dans cette partie, on suppose u > 1/(p — 1) de telle sorte que Aeqs € A € Al g § = Rl
(respectivement R[]y, on écrit ' = RM (respectivement R-V/Py et §7 = RIPU] (respectivement
R[P®:V]) et on note Q% le complexe des log-différentielles de S sur Al (respectivement AlY]). Pour i
dans {1,...,d},onnote J; ={(j1,...,.ji))|1<j1 <---<ji<d}etw; =dX;/X;.Sij estdans J;, on

J J J J J
écrit wj = wj; A--+ A wj,;. La filtration FerS. est le sous-S-module de Q‘S engendré par F’S.Qfg, soit
FrQls =P F'S.w;.
JeJi

<p( > fjwj) = > o(fiwj.

JjeJ; jeJd;

On étend ¢ a Qfg par

On définit ensuite le complexe C(S,r) := [F" Q% p’=p%e, Q2%/]. Enfin, on étend ¥ a Qfs. en posant

V(X e, fio) =X jes ¥ (fi)wj etonnote C¥ (S, r) = [FTQy Z¥Y25 qy .

Le p'97-quasi-isomorphisme rSrC(R:;iS, r) — rsrC(R[”’”], r) (voir (23) ci-dessous) s’obtient de
maniere similaire a son analogue arithmétique [Colmez et Niziot 2017, Section 3.2]. Les principales
différences viennent du fait qu’on ne dispose pas de la variable arithmétique X qui permet de donner une
interprétation des anneaux considérés en termes de séries de Laurent (sur I’anneau W(k)) ou de définir

Y de telle sorte a ce qu’il soit « suffisamment » topologiquement nilpotent. La démonstration se fait en
J’_

trois parties. On montre dans un premier temps qu’on a un p3”-quasi-isomorphisme Syn(R oris®

r) =
C (R[“], r). Contrairement au cas arithmétique, si f est un élément de RM onn’a pas, a priori, une
décomposition f = f; + f avec fi dans F” Rl et £, tel que p” f est dans R;:f (voir [Colmez et Niziot
2017, Remark 2.6]) : au lieu de cela, on utilise ici la p?”-exactitude de la suite (17) (voir lemme 4.2).
L étape suivante consiste 2 passer du complexe C(R™!, ) au complexe C¥ (R, r). Enfin, on montre que
Iinclusion R < R[*V] induit un p?”-quasi-isomorphisme sur les complexes tronqués t<,C¥ (S, r).
La preuve differe ici de celle de [Colmez et Niziot 2017] dans la mesure ou la série ), ; ¥" (x) pour
x dans R[] / R pe converge pas nécessairement pour notre définition de . Il reste V;ai, cependant,

¥ — 1 est surjective sur A®?1+ | ce qui permet de conclure (voir lemme 4.7).

10r

4A. Disque de convergence. On commence par montrer qu’il existe un p "' -quasi-isomorphisme

Syn(R:;iS, r) => C(RM r). La preuve du lemme suivant est identique 2 celle du cas arithmétique.

Lemme 4.1 [Colmez et Niziot 2017, Lemma 3.1]. Soit f dans R tel que f = > nsn XnlBI"/ p" pour
un N dans N et soit s dans 7. Si N > s/(p — 1), alors il existe g dans R™ tel que f = (1 —p~S¢)(g).

Comme dans [Colmez et Niziot 2017, Lemma 3.2], on utilise le lemme ci-dessus pour montrer les
isomorphismes suivants :

Lemme 4.2. Soient r dans N et u et u’ des réels tels que 1/(p—1) <u < 1letu’ <u < pu’. Alors :

(1) L’application p™ — p' ¢ induit un p°" -isomorphisme FrQiR[u]/FrQin = QiR[ul/QiRﬁrf

(2) L’application p" — p' ¢ induit un p>" -isomorphisme F’Q%[u]/FrQ"R[u,] = QiR[u]/QiR[“’]’
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Démonstration. Comme on a ¢(w;) = w; pour j dans J;, il suffit de montrer que p” — p' ¢ induit un
p*" -isomorphisme F’R[“]/F’R;';iS = R[“]/R:;is (respectivement Fr R pr RIWT ~5 Rlul/RITy,
On note 4 = R oy R:r'is et B = RM.

On montre d’abord la p”-injectivité. Soit f dans F” B tel que (p” — p'@)(f) est dans A. I suffit de
voir que p” f est dans A : c’est bien le cas, car p” f = (p" — p'@)(f) + plo(f) et 9(B) C A.

Il reste a voir que ’application est p>”-surjective. Soit f dans B. On peut écrire f = f1 + f> avec

f1= an[ﬁ]n et f2= an[ﬂ]nn

n
n<N p n>N p

ou N =|(r—=i)/(p—1)]etx, e R;:f tend vers 0 a I’infini. On a alors que p” f1 est dans A. Par le

lemme précédent, il existe g dans B tel que f> = (1 — p'~"¢)(g). En utilisant la suite p3"-exacte (17),
c’est-a-dire

0 — Z,p(r) — (Ah#=r" _ Al pr s o,

on remarque que pour tout élément y de Al on a p3 y = y; + y, avec y; dans (AM)?=P" ¢t y, dans
FTAlM . Mais on a un p”-isomorphisme

(Agis)?=P" = (Aldy#=r"

et donc p”y; est dans A5 (respectivement dans Al
Comme RM = A["]@AmfRi'gf, on peut donc écrire p3" g = g1 + g» avec p” g1 dans A et g, dans F” B.
On obtient

PTf=p" L+ - PP e+ ),
et donc, modulo A4, on a p*” f = (p” — p'¢)(p" g2), ce qui termine la démonstration. O

Corollaire 4.3. Pour u et u' comme précédemment, on a :

+

cris

< RM jnduit un p° -quasi-isomorphisme C(RY. ,r) => C(RM™, r).

cris’

(1) L’injection R

(2) L’injection RIY < RUMY induit un 'O -quasi-isomorphisme C(R[“/], r) = C(RM, r).

4B. Passage de ¢ a . On rappelle qu'ona C¥ (RM, r) = [F’Q;e[u] pY=pt SZ;Q[W]].

Lemme 4.4 [Colmez et Niziot 2017, Lemma 3.4). On a un quasi-isomorphisme C(RM™! 1) = C¥(RM 1)

donné par le diagramme commutatif
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Remarque 4.5. La preuve du lemme est identique a celle donnée dans [Colmez et Niziot 2017]. On
montre de la méme fagon que le diagramme commutatif

p'—p¢
r [ °
F QR[u.v] QR[u,v/p]

lld ll/f
r,‘/f_p.

p
r L] ]
F QR[u,v] QR[pu,v]

induit un quasi-isomorphisme C(R?1 r) = C¥ (R f).

4C. Anneaux de convergence. On passe maintenant de I’anneau R 3 Rlw-v],

Lemme 4.6. Soient u et v tels que 1/(p—1) <u <1 <v. Alors on a un p"-isomorphisme
Fr RV prglul ~, gluvl/ plel,
Démonstration. Comme on a, pour tout n > 1,
tx e abeel/alid | i = 0} = fx € ACYIF /Agyr | px = 0} =0,
on obtient une suite exacte
0— Al pr s alwl ) pn s (alev] pluly s g,
Pour tout m > 1, on a de plus que R;gf/ p™ est plat sur Aje/ p™ et donc la suite
0— AL/ " @y pm R/ " — AV 7 @y R/ p™ — (A A /7 @y Rif/p™ — 0
est exacte (on peut supposer m > n). On obtient finalement que, pour tout n et m, la suite

0— A[“]/p" Rn Rjn—f/pm N A[u’”]/p” R RT /p™ — (A[“’U]/A[“])/p” ®n. Rjn-f/pm =0

inf inf

est exacte. En prenant la limite sur (2, m) et en utilisant que les systémes projectifs vérifient la condition
de Mittag-Leffler, on obtient une suite exacte

+
g — 0.

0 — RM — Rl aluvl pllg, R

Comme F'R? = F"A’®p Ri'I’l'f pour ? € {[u], [u, v]}, le méme raisonnement donne une suite exacte

inf

RT. —0.

inf * M inf

0— F"RM — pr gl pralevl)pralulg
On obtient

FrR pr gl o praluvl/prallg, gt

inf

et RUOVI/RU = plwvlplilg, R+

inf

et il suffit de montrer le résultat pour R = O¢.
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Comme A1 est 1a complétion de Aine[p/[e], [B]/p] et A est celle de Aine[[B]/p], il suffit de

montrer que p” (p/[e]) est dans ’image : c’est le cas (voir la preuve de la proposition 3.1) puisqu’on a

by o\—
ﬁ:(l—l—[p]Tp) 1[o/] avecvp(o/)zl—%. a

On peut maintenant montrer la version géométrique du lemme 3.6 de [Colmez et Niziot 2017].
Lemme 4.7. L’inclusion R < RV induit un p?" -quasi-isomorphisme

1<, CY(RM r)y = . CY (R ).

Démonstration. L’ application est induite par

p'v—p*
r ° .
F SZR[u] QR[pu]
l prl/f—p. l
r [ [
F QR[u,v] QR[pu,v]

Pour montrer qu’on a un p2”-quasi-isomorphisme 7<,CY (RM r) = 1. C¥ (RM?] r), il suffit de

voir qu’on a un p2”"-quasi-isomorphisme
FrQo FrQo p'y—p° Q° Q°
7751‘( R[u,v]/ R[u]) ’ TSF( R[pu,v]/ R[pu])'
On va prouver :

. . Folp nl . . . .
(1) Pour tout i <7, F"Qpp, 1/ F Qg PY-p, Q o1/ Qi €St UN p?"-isomorphisme.

(2) Pouri = r + 1, le morphisme p" v — p" 1 : F’Q;;{ul'v] F’Q;;[Lul] — Q;Tpluqv]/Q;J{plu] est p?'-
injectif.

Prouvons le point (1). Soit i < r. Comme on a W(Zje],- fja)j) = Zje]i V¥ (fj)wj, on se ramene
a prouver que p"y — p' : F* RVl pr Rlul s Rlpu-vl/RIPu] o5t un p”-isomorphisme. Par le lemme
précédent, il suffit de montrer que p”y — p' : Rl /R 5 RIpwv] ) RIPUl o5t un p”-isomorphisme.

Pouri <r, p*—1 avec s =r—i estinversible d’inverse —(1+ p*y+ p2Syy2+---) etdonc p"—p' est
un p”-isomorphisme. Il reste 2 voir le cas i =r : on va montrer que (y —1) : Rl /R . glpu.vl/ glpu]
est un isomorphisme.

Comme dans la preuve du lemme 4.6, on peut écrire

R[“’”]/R[“] — A[u,v]/A[u]@)AmfRiv;f ~ A(O’U]_F/Ainf@AinfRi—gf-
Si x est un mondme aXf‘1 ---Xg" de Ri‘gf avec a € Apret o = (ag,...,aq) # 0 alors, par construction

de ¥, (W% (x))x tend vers 0 et la série x + ¥ (x) + ¥2(x) + - - converge. Il suffit donc de vérifier que
¥ — 1 est un isomorphisme de A©.v]+ /Ajns dans lui-méme.
L’injectivité se déduit des suites exactes

0> Zp = At 25 Apr >0 et 00— Z, — AQV/PIHYZS A 001+ _, ¢
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obtenues a partir des suites exactes (14) et (15).

Montrons la surjectivité. Soit x dans AO-YI+ Comme (1 —1) est surjective de A dans A, il existe y
dans A tel que x = (1 —)(y). On va montrer que ¥ (y) est dans A©-Y1F (et on aura en particulier que
y = x + ¥(y) est dans A©QV]+),

Ecrivons x = Y, cy[xn]p™ ety = 3, cn[n] p". On a I’égalité

> lalp” =) Iyl —ya/ P ™.

neN neN

On veut monter que v(ve(y,)/p) + n tend vers I'infini et que ve(y,) > —pn/v. Il suffit de vérifier
que vg(yn) = —n/v pour tout n € N : on aura alors

— —1
v[E(yn)>—> P et vm+nz P n——> 00
v v p p n—o00

Pourn =0,0na xg = yo— yé/p. Si vE(yg) < 0 alors vg(yo) < v[E(yé/p) et ve(yo) = ve(xg) >0, ce
qui est une contradiction. Donc vg(yg) > 0.
Soit n dans N. Supposons que pour tout i <n, vg(y,) > —n/v. Dans A, on a

~(n 1] = [na] + DaAD P!

=(Z<lm1—[yf1+[y3/”1>p")+p"+2( > (il =Dl + Iy "Dp' <"+2>)
i=n i=n+2

n+1 /P

En divisant par p et en projetant dans C°, b on obtient que Xp+1 — Yn+1+ y,.; est 'image de

W > (il =il + 7D e
i<n
dans C”. Mais par hypothése de récurrence, [ ](Y; -, ([xi1—[yi]+[y; /p])p JeATNprtIA=prtiat,
donc o” (xp4+1 — Yn+1 + yn ) est dans ©O°. On obtient

1 —n
VE(Xn+1 = Yn+1 +yn{|_p1) = o

Si vE(Yn+1) = VE(Xn+1) Ou VE(Yp+1) = 0, on a fini. Si vg(yn+1) < VE(Xp+1) et vE(Yn+1) <O, alors

1 n+1
VE(Yn+1) = VE(Xn+1 — Yn+1 + ynip]) > Z(it]) > ),

On obtient finalement que ¥ — 1 est un isomorphisme.

Montrons maintenant le point (2). Par le lemme précédent, il suffit de montrer que p”y — p"+1 :

RVl RIM] 5 RIPuvl/ RIPUT et p”-injectif. On va montrer que v — p : R/ RIM s Rlpuvl/ Rlpul
est injectif et par le méme argument que ci-dessus, cela revient a montrer que

+ +
Y —p AT A — ACTT g

est aussi injectif.
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Comme ¢ o (Y — p) = 1 — pg et que 1 — py est bijectif sur Ajyr (d’inverse 1+ pp + pZe? +---), il
suffit de vérifier que

1— pp : AQIT _ A ©O0/p]T

est injectif.
Soit x dans AQVTT te] que (1 — pe)(x) = 0. Alors, pour tout entier k,

( > p"so”)(l — pp)(x) =0

n<k

et on obtient
k+1
¥ = pk+1(pk+1(x) c (pk-l-lA(O,v/p ]+) - pkHA,
Donc

X € m(pkA)zo. O
k>0

Ceci termine la démonstration.
Le résultat suivant se déduit des quasi-isomorphismes des lemmes 4.4, 4.7 et de la remarque 4.5.
Corollaire 4.8. Si pu < v, on a un p*"-quasi-isomorphisme
1<, C(RM ) =5 1, C(RMY ).
En combinant les résultats de ces deux sections, on obtient un p!2”-quasi-isomorphisme

1<, C(RE. . r) > 1<, C(R™Y] r). (23)

cris’

5. Utilisation des (¢, I')-modules

On suppose toujours R comme a la section 2B2, avec Spf(R) connexe. Dans cette section, on définit un
isomorphisme R-V] AE’;’U], ou A%’v] est un anneau muni d’une action du groupe de Galois Gg. Cela
va permettre de construire un quasi-isomorphisme entre le complexe C (R[“’”], r) de la section précédente
et un complexe de (¢, I')-modules Kos(¢, I'g, A%’v]) qui intervient dans le calcul de la cohomologie de
Galois.

Comme dans [Colmez et Niziot 2017, §4], la preuve se fait en deux étapes. Premieérement, en divisant
par des puissances de ¢, on transforme I’action des différentielles d; en une action d’une algebre de Lie,
Lie I'g : cela permet de se débarrasser de la filtration (c’est possible par le lemme 5.3 ci-dessous). On
utilise ensuite que les opérateurs t; qui sont définis dans le paragraphe suivant et qui traduisent 1’action
du groupe I'g sur ’anneau A%’v] sont topologiquement nilpotents (pour la topologie p-adique) pour

passer de Lie'g a T'g.
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Remarque 5.1. (1) Colmez et Niziot [2017] ne travaillent pas ici avec leur complexe original, soit
Kum(Rg’v], r), mais avec un complexe quasi-isomorphe Cycl(RL-'ﬁ’v], r). Ce changement de com-
plexe correspond a un changement de la variable arithmétique X¢ par une variable cyclotomique T

sur laquelle on peut définir une action de I'g. Dans notre cas, les deux complexes sont confondus.

(2) Dans [Colmez et Niziot 2017], du fait de la variable supplémentaire T, ’algebre de Lie obtenue
n’est pas commutative. Ce n’est pas le cas ici.

5A. Plongement dans les anneaux de périodes. Pour chaque i de {1,...,d}, on choisit un élément
Xl'? = (X;, Xl.l/p, ...) dans Ex et on définit un plongement de R;;f’lj dans A% en envoyant X; sur [Xl!’].

On étend le plongement a

R

inf

+ +
_)AE’ R

cris

— Acis(R), R — Al Rlul , alevl - gO2IF a0l

On note Ag (respectivement A;, Acis(R), A;z) I’image de Rj,r (respectivement R;gf, RCJ;S, R* pour
* € {[u], [u, v], (0, v]+}) par ce plongement. On peut alors définir une action du groupe G sur ces
anneaux.

On considere

1 m
RY = Oc{xl/l”", 1 ol }

(X1 ...Xa)l/p’"’ (Xa41 "'Xa+b)1/pm

et on note RS} la complétion p-adique de lim RY). Soient Ry, et Roo les complétés p-adiques R ®o,. R
et RJ &0 R.
On rappelle que G g := Gal(R[1/p]/R[1/ p]). On note

=ca(r3[;]/#7}]) =ca(re[ 5] /4[]
Tk: Gal(Roo[p /R p) Gal( Roo /R p)
le groupe des automorphismes de Rso[1/p] qui fixent R[1/p]. Ona g =~ Z;’,l .

De plus, comme G agit sur A g (resp. Acris(ﬁ) et A%), il agit sur Ag (resp. Aqis(R) et A}) via I'g.
Si on choisit des générateurs topologiques y1, ..., Yq de I'g, cette action est donnée par

ve(IX0D) = [el[X2] et y;(IXp]) =[X}] sij #k.

Remarque 5.2. On note 7; :=y; —1. Précisons I’action des 7; sur A;. Comme les y; agissent trivialement
sur Ajy¢, on obtient que T; (R;: f,I:l) C [I,R;; ¢- En utilisant la proposition 2.2 pour A = y;, [ = () et
Z, = Z, on obtient que y;(Z) est dans Z + (1) et en utilisant I’isomorphisme A} =~ R;qf, on en déduit
que 7j (AR) € pAg.

Comme on a R*v] = A[”’”]@)AinfRJr

A . [u,v]
inf> ON @ le méme résultat pour A",

5B. Passage des (¢, d)-modules aux (¢, I')-modules. On commence par montrer le lemme suivant.
Comme pour les preuves précédentes, on ne dispose pas ici de I’interprétation des anneaux R gt RIw-v]
en anneaux de séries de Laurent. La démonstration se fait en travaillant directement avec les anneaux de

périodes et en utilisant la description de la filtration F” A1 donnée 2 la proposition 3.1.
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Lemme 5.3. Soit v/p <1 <vetu > 1/(p—1). Alors, application'® f + t" f induit des p>"-
isomorphismes A%"v] — FrA%’v] et A%{’v/p] — A%{’v/p].

Démonstration. Montrons d’abord la p3” -surjectivité de ¢” Al pr A%"v]. D’apres la proposition 3.1,
1 414 r [M,U]
si y est un élément de F"A 7

, p"y s’écrit £" x avec x dans A%"v] : il suffit donc de voir que ¢ divise
p2& dans A%’v]. On écrit

a(n)!p&(n)t{n_l} ol a(n) =a(n) sib(n) #0,

= lot Ug =
W =1ot avec 1o Z l a(ny=a(m)—1 sibn)=0

n>1
et on en déduit que u et ¢ engendrent les mémes idéaux dans As (voir [Fontaine 1994, §5.2.4]). 11 suffit
alors de vérifier que p divise p2&. Mais, par définition, £ = /1 avec ju1 = ¢~ ' (1) : on va montrer
que p2/u; est dans A,
Pour cela, on montre d’abord que i = ug[jit] avec ug unité de Ag’v/ PI* On suit la preuve d’ Andreatta
et Brinon [2008, proposition 4.2 (d)]. En utilisant que ¢(u) = (1 + 1)? — 1, on vérifie qu’on a

1

= 1le] =1 =[]+ plor] + p*[oa] + -+ avec ve(on) > ve(e"/?" —1) = —————.
Pl (p—1)

Si on écrit o, = La, avec a, dans E, on a

1-p" = k—n+1
U[E(an)ZT=—ZP .
I V) B

Donc, pour tout n > 1, (v/p)ve(ay) +n > 0. En notant ug = 1 + pla;] + p?[az] + ..., on obtient
Wy/p(ug —1) > 0, donc wy/,(1g) = 0 et ug est une unité de AS—?’U/”H.
On montre de méme que ©; = u1[1] avec 1 unité de A%)’UH (et donc aussi de A(R?O,v/p]+). On en

déduit
2 2 2
_v —
r_7r ull avecwv(p_ )= —|—2>—p—|—220,
PR 1

[1] (p—1) p—
et on obtient le résultat voulu.

La p3"-surjectivité de A[u v/pl A[" v/P] ¢ obtient de la méme facon.

On vérifie ensuite la p3 1nJect1V1te Smt f dans A[ V1 e que t” f = 0, on veut montrer p3” f = 0.
Par ce qu’on a vu plus haut, u” f = 0 = [1]"ug f avec ug unité de A(O v/pl+ , donc [x]" f = 0. Enfin,
on peut écrire p? = [ji] - x avec x dans A(O v/p]+ : on a donc

P> f = (pxla)" f =0. O

Remarque 5.4. On suppose v/p <l <vetu>1/(p—1).
(1) On en déduit qu’on a un p3"-isomorphisme AE’;’"] =~ F’A%’v] (et A%’U/p] =~ A%’”/p]).

10. Bien définie, car on a t € Ais(R) C A%‘].
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(2) La méme preuve montre que le morphisme f + "1 f de A%"v] — F’A%’v] et A%"v/p] —

A%"”/p] est p20+ D injectif.

(3) On va montrer que les applications précédentes induisent des p®”-isomorphismes
[,v] , n raluvl, on [w,v/p]; n [w,v/pl; n
A /p" — F A /p" et A /p — A /p".

Pour cela, notons 4 = A%"v] (respectivement A%’v/ » ]) et B=F" A%"v] (respectivement A%”v/ » ])
et montrons que x > t"x induit un p® -isomorphisme de A/p" dans B/p". La surjectivité
découle du lemme précédent de maniere évidente. Montrons la p®”-injectivité : soit x dans A4 tel
que t"x = p"y pour y dans B. On a ensuite p3"t"x = p"(p3"y) = p"(t"z) avec z dans A (on
utilise ici la p3”-surjectivité). Ainsi t”(p3" x — p™z) est nul et on déduit que p3" (p3" x — p"z) = 0.
On obtient que p® x est nul modulo p™ A et donc que ¢” est p®-injective modulo p”.

Dans la suite, pour simplifier, on note § = A[Ig’v] etS' = A[Ig’v/ Pl On rappelle qu’on a choisi (y;)1<j<d
des générateurs topologiques de I'g = Zl‘f et, pour 1 <i < d, on définit 9; := X;(d/dX;) et J; :=
U, J) =i =< ji =d}.

Onnote y: Gg — Z;,( le caractere cyclotomique. Pour tout g de Gg,ona g-t = x(g)t. Si on note
S(r) I'anneau S muni de I’action de Gk tordue par y”, on obtient que la multiplication par #” induit une
application Galois-invariante S(r) — S.

On définit les complexes

Kos(Tr, S(r)) := S(r) Y= ()1 ... = §(r)4,
Kos(g, Tr, S(r)) := [Kos(T'r, S(r)) =% Kos(T'r, S'(r))],
Kos(d, F'S) 1= F7s YL (Fr=15)/1 ... (Fr=d §)/a,
Kos(@, 8, F™S) 1= [Kos(d, F™S) 22222 Kos(d, $')].

OnaC(S,r)=> Kos(p, 3, S), et en utilisant I'isomorphisme R*-?1 =~ A[Ig’v], on obtient C(S, r) =>
Kos(p, d, F'S).

Le but est maintenant de prouver la proposition suivante (voir [Colmez et Niziot 2017, Proposition 4.2]
pour I’analogue arithmétique) :

Proposition 5.5. (1) Il existe un p3°" -quasi-isomorphisme
7<r Kos(¢, TR, S(r)) => 1<, Kos(g, d, F"S).
(2) Il existe un p>8" -quasi-isomorphisme
t<r Kos(¢, TR, S(r))n => 1< Kos(p, d, F"S),,

out (+)p désigne la réduction modulo p".
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Pour montrer cela, on définit V; :=¢0; et on considere 1’algebre de Lie associée au groupe I'g, Lie I'r.
Alors Lie I'g est un Z,-module libre de rang d, engendré par les V; pour 1 < j < d. On note

Kos(Lie Tr, S(r)) := S(r) Y (171 > ... — S(r)74,
Kos(g, Lie Tg, S(r)) := [Kos(Lie Tg, S(r)) "% Kos(Lie T'g, S’(r))].

Lemme 5.6. (1) Il existe un p3°"-quasi-isomorphisme
7<r Kos(¢, Lie g, S(r)) = t<, Kos(p, 9, F"S).
(2) De méme, il existe un p>2" -quasi-isomorphisme
1<, Kos(¢,Lie g, S(r))n => t<r Kos(p, 0, F" S),.

Démonstration. On rappelle qu’on note S = A%"v] et S’ = AE’;’”/ Pl Comme dans [Colmez et Niziot

2017, Lemma 4.4], on déduit du lemme 5.3 et des diagrammes

V.
S(r) AN S(ryh Sr)ylr —— S@r)lr+t —— ...
| ‘| ‘|

;) J J J
F'S — 5 (Frs)N (FTS)/r — = (Fr§)/r+1 —— ...

e b P e

@) T J, J,

Fr'S — % (Fr=18)N SIr §Tr+1

et

V.
§') S s e S/ s S

A q
vV,;)

' ——= (8" (S —— (8Tt —— -
e o e

0
51— (517 e ()T —— ()T ——

14r

qu’on a des p “"-quasi-isomorphismes

7<r Kos(Lie g, S(r)) = 1<, Kos(d, F"S) et t<, Kos(LieT'g, S’ (r)) = 1<, Kos(d, ).

En effet, par le lemme, les fleches verticales du haut sont des p3”-isomorphismes et on obtient donc un
p®” -quasi-isomorphisme entre les deux premiers complexes. De la méme facon, les fleches du bas sont
des p3"-isomorphismes en degré inférieur 4 r. En degré (r + 1), d’aprés la remarque 5.4, le morphisme
S 2L pr S est p* -injectif et on en déduit le p3 -quasi-isomorphisme entre les complexes tronqués.
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Comme on a
Kos(¢,LieT'g, S(r)) := [Kos(Lie I'g, S(r)) ¢ Kos(Lie T'g, S'(r))].
Kos(¢, d, F"S) := [Kos(d, F"S) pirle, Kos(d, S")],

30r

on obtient un p~“"-quasi-isomorphisme

7<r Kos(p, Lie TR, S(r)) => 1<, Kos(p, d, F"S)

induit par le diagramme commutatif

Kos(Lie g, S(r)) LN Kos(Lie g, S’ (r))

r

p
. r"(1—9) . ,

Kos(Lie I'g, S(r)) —— Kos(Lie I'g, S’(r))

e e 24)

Kos(Lie Tg, F7S) 2 Kos(Lie Tg, S’)

T t*®

Kos(d, F"S) —2—2%  Kos(3, ')

Le résultat modulo p” s’obtient de la méme facon, en utilisant le dernier point de la remarque 5.4. [

Remarque 5.7. En degré supérieur a r + 1, les fleches du bas dans le diagramme ci-dessus ne sont plus

surjectives et, sans la troncation, on perd le quasi-isomorphisme entre la deuxieme et la troisieme ligne.
Lemme 5.8. [l existe un quasi-isomorphisme
Kos(¢, I'r, S(r)) = Kos(p,Lie 'r, S(r)).

Démonstration. La preuve est semblable a celle de [Colmez et Niziot 2017, Proposition 4.5]. On va
construire une application 8 : Kos(I'g, S(r)) — Kos(Lie I'g, S(r)) telle que le diagramme

5() LR S s 52—

Idl .BIJ/ ﬂzJ
;)

S(r) —=Sr)" —— S(r)2 —— -

soit commutatif, et qui induit le quasi-isomorphisme voulu.
On rappelle qu’on a noté t; :=y; — 1.
Soient (a,)n>1 et (bn)n>1 les coefficients des séries formelles

log(1+ X X
M:l—l—alX—i—azXz—l—---

t — = 14+b X +b X%+,
X e Tog(1 £ X) + 01X +02X7 +
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Pour tout j € {1,...,d}, on pose

sj=14art; —i—azrjz—l—--' et sj_1 =14+D11j +b2rj~2+~-- .

En utilisant la remarque 5.2, on voit que pour x dans AE’;’U], les séries s;(x) et sj_l(x) convergent
dans AB’;’U].

Considérons maintenant les applications f; : S(r)’i — S(r)’i avec B; (@j)jes;)=C(sj -8 (aj))jes;-
Par ce qu’on vient de voir, les 8; sont bien définies et sont des isomorphismes.

Il reste a voir que le diagramme commute. Mais on a

(S8 Tjg o Ti) = Sy 8y Vi Ty o Ti)) = - = (V- V)

car V; et t; commutent (comme on a tordu I’action par y).
Enfin, en remarquant que 8 o ¢ = ¢ o 8, on obtient que 1’application 8 nous donne bien le quasi-
isomorphisme cherché. O

Remarque 5.9. La convergence des séries s; et sj_1 se déduit ici directement de la définition de 1’action
des 7; sur AE’;’U]. Dans [Colmez et Niziot 2017], du fait de la variable supplémentaire 7, la preuve de cette
convergence est plus technique et s’obtient, 1a encore, par des considérations sur des séries de Laurent ;
voir [Colmez et Niziot 2017, §2.5.3].

La proposition 5.5 se déduit ensuite des deux précédents lemmes.

5C. Changement d’anneau. Pour terminer, on passe de I’anneau A%’v] a Ag.

Lemme 5.10. L’inclusion AS?’”H > AE?’U] induit un quasi-isomorphisme
Kos(p, [z, AR (r) = Kos(p, Tr, Ay ().

Démonstration. L’idée est la méme que dans [Colmez et Niziot 2017, Lemma 4.8] : on vérifie que

1—¢: A["’v]/A(O’vH — A%’U/p]/Ag’v/pH est un isomorphisme. Comme on a un isomorphisme entre

A%’U]/AQ’UH et A%’v/p]/ﬁg’v/p]Jr, on peut voir 1 — ¢ comme un endomorphisme de A\E’;’v]/Agg’vH.
On a de plus
BI"\ _ [BI”" _ (= [BIP”
AN )= 77 prm
On en déduit que go(A%’v]/Ag’vH) Cp- (A%’U]/AQ’UH) et par itération,

wk(A[R}lsv]/Ag,v]'i‘) C pk . (A%’v]/A(RO’v]—F).
On obtient que ¢ est topologiquement nilpotent et (1 — ¢) inversible. O
Pour S = Ag, A%)’UH, on note Kos(y, I'g, S) := [Kos(I'g, S)w—_l> Kos(I'r, S)].

Remarque 5.11. Dans [Colmez et Niziot 2017], I’anneau Ag?’vH n’est pas stable par ¥ et il est nécessaire

de multiplier Ag’v]"' par une constante ;- ! dans la définition de Kos(y, 'R, Ag?””).
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Lemme 5.12. L’application

1_
Kos(T'r, AE?’UH) —>(p Kos(T'g, Ag)’v/p]-’-)

! !
-1
Kos(T'r, Ag?’vH) L> Kos(T'g, Agg’vH)

induit un quasi-isomorphisme Kos(¢, I'g, §) = Kos(¥, 'g, S).

Démonstration. Le raisonnement est semblable a celui de la preuve du lemme 4.4 : comme ¥ est

0, =
Ag@ U/P]+)1/I 0

surjective, il suffit de vérifier que Kos(I'g, est acyclique. On utilise la décomposition

(0,v/pl+
AR""P

de la remarque 3.10 et on est ramené a prouver que Kos(I'g, ¢( Jugy) est acyclique pour tout

a=(og,...,ag) #0.
Soit alors & tel que «z 7 0. On peut supposer que k = d. Pour simplifier, on pose My = go(AE?’vH)ua.
Onnote J/ :={(j1,.... /i) | 1 < j1 <--- < ji <d —1} et on écrit Kos(I'gr, My) comme le complexe

( ) j #£d / /
Mo 2225 (M)t ——— (M) s ———

( ) j / /
My 2225 (o)t ——— (M)’ —— -+

On va montrer que 7 est bijective sur M. Comme M, est p-adiquement complet, il suffit de montrer la
surjectivité modulo p.

Onayg-ug = (it + 1)*@uy et donc, pour y dans (Agg’vH/p),

Ya =1 - (e(Wua) = ¢(11G(y))uq

avee i = ¢ (1) et G(y) = (1 + )% iy  (ya — Dy + A7 (1 + fi1)*@ —1)y. Mais I'action de
(yq — 1) est triviale modulo & (car, modulo i, € = 1) et comme &t = /lf , on obtient que, modulo i1,

(Ag’v/ pI+ / p) est surjective modulo &

G(y) = agy. On a alors que I’application ¢ o G : (Agg’v]"'/p) —
et comme (AS?’UH / p) est ji-complet, on en déduit que @ o G est surjective et que (yz — 1) est surjective

sur M. O

Lemme 5.13. L’inclusion Agg’vH — AR induit un quasi-isomorphisme
Kos(v/, I'g, A&?’””) —> Kos(¥, I'r, AR).

Démonstration. Comme dans [Colmez et Niziot 2017, Lemma 4.12], il suffit de voir que 1 — ¢ :
AR/ A%)’UH — AR/ Agg’vH est un isomorphisme. De la méme facon que dans la preuve du lemme 4.7,
en remarquant que 1 4 ¥ 4 2 4+ --- converge sur les mondmes, on se raméne a montrer le résultat pour
I’anneau A/ A©:v]+ Mais on a montré au lemme 4.7 que 1 — 1 était surjective de A©-1+ dang lui-méme
et on obtient donc que 1 — i est un isomorphisme sur le quotient. O

On en déduit la proposition suivante :
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Proposition 5.14. On a un quasi-isomorphisme
Kos(¢, FR,AE;)’UH) = Kos(¢, 'r,AR).

Enfin, en combinant tous les résultats de cette section, on obtient :

Proposition 5.15. I existe un quasi-isomorphisme
Kos(g, Tr, AL (1)) = Kos(p, Tr, Ar(r)).

Remarque 5.16. On peut montrer également que I’inclusion A;: — AE’;’U] induit un quasi-isomorphisme
Kos(g, I'r, A; (r)) = Kos(¢, I'g, AE’;’”] (r)). En effet, par ce qu’on vient de voir, il reste a vérifier
que I’inclusion ARJF — Agg’vH donne un quasi-isomorphisme Kos(y, I'g, A;:) = Kos(y, 'R, AE?’VH).
Pour cela, il suffit de prouver que 1 — : AQ’UH / A; — Agg’vH / AR’@L est un isomorphisme, ce qui est
montré dans la preuve du lemme 4.7.

6. Cohomologie de Galois

Soit R comme dans les sections précédentes. Pour terminer la preuve du théoréme de comparaison
locale 2.4, il reste a voir qu’on a un quasi-isomorphisme RI'(I'r,Ag) = RI'(Gg,Af). Ce résultat
s’obtient via des arguments classiques de descente presque étale et de décomplétion.

6A. Calcul de la cohomologie de Galois. Le but de cette partie est de montrer qu’on a un quasi-
isomorphisme
[RT(Tr,ARg(r)) iy RT(Tr,AR(r))] <= RT'(GR.Zpy(r)). (25)

Comme la suite exacte
=g q
0—>27Zp—>Ag—Ag—0

donne un quasi-isomorphisme
RT(GR.Z,(r)) ==> [RT (G, Ag(r)) =% RT(Gr. Ag(r)],
il suffit de vérifier qu’on a un quasi-isomorphisme
RT'(I'r,Ag(r)) = RI'(GRr,Ag(r)).

Soit Roo la clbture intégrale de R dans la sous-R[1/ p]-algebre de R[1/p] engendrée pour m > 1 par
les Xalingﬂ, el X;/m et pour n > 1 par les Xll/pn, el X;/pn. La méme preuve que dans [Colmez et

Niziot 2017, Lemma 5.8] donne :
Proposition 6.1. R est I’extension maximale de Roo telle que R[1/ p]/ Roo[1/ p] est étale.

Onnote E__letilt de la complétion de Roo, Ay =W(Eg_) et Tr:=Gal(Roo[1/p]/R[1/p)). Enfin,
soit Hg :=ker(Gr — r R). On déduit de la proposition précédente le résultat suivant, le raisonnement
étant identique a celui de [Andreatta et Brinon 2008, §2; Andreatta et lovita 2008, Appendix A; Colmez
2003] :
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Proposition 6.2 [Colmez et Niziot 2017, Proposition 4.13]. (1) Pourtouti > 1,ona H i (Hg,Ag)=0.

En particulier, on a un quasi-isomorphisme
RT (TR, Ag_(r) => RT(Gr,Ax(r)).
(2) Il existe un quasi-isomorphisme
RT (T, AR, (r)) => RT'(Tr. Ag ().

Dans la suite, on note pg le morphisme RT'(I'g, Ar (1)) = RI'(Gr,Ag(r)). On passe de I’anneau
AR., a Ag via un argument de décomplétion (voir [Andreatta et Iovita 2008, Theorem A.14; Kedlaya et
Liu 2016]) :

Proposition 6.3 [Colmez et Niziot 2017, Proposition 4.13]. On a un quasi-isomorphisme
foo : RI'(I'R,AR(r)) => RT(I'r, AR, (1)).
6B. Comparaison avec le complexe syntomique. On peut maintenant montrer le théoréme suivant :
Théoréme 6.4. Il existe une constante N indépendante de R telle qu’on a des p™" -quasi-isomorphismes
or i T<r Syn(R,r) = 1<, RT'(GR, Zp(1)),
Orpn T<r SYn(R, 1)y — 1<, RT(GR,Z/p"(1)).
Démonstration. On vient de voir qu’on avait un quasi-isomorphisme
[RT(Tg, AR(r) =% RT(Tr, AR(r))] <= RT(GR, Z,(r)).
Mais RT'(I'gr, Ag(r)) est calculé par le complexe Kos(I'g, Ag(r)) et on a un quasi-isomorphisme naturel

RT(GR.Zp(r)) = Kos(¢,I'r,Agr(r)).

D’apres la proposition 5.5, on a un p3°”

-quasi-isomorphisme
1<, Kos(g, 'R, A%’v](r)) —> 1< Kos(g, 0, FrAE’;’v]),
et en utilisant le quasi-isomorphisme de la proposition 5.15,
Kos(g, T'r, A" (1)) =5 Kos(g, Tr, Ar(r)),
on en déduit un p3°"-quasi-isomorphisme
1<y RT(GR, Z,p(r)) = t<, Kos(g, 8, FTAlL-Y),

J’_

cris’
C(R™-Y1 1) établi dans la section 4, on obtient le p?¥" -quasi-isomorphisme «, (avec N = 42). La méme

Enfin, en utilisant I’isomorphisme naturel AE’;’U] ~ RV et le p'2"-quasi-isomorphisme Syn(RY. , r) =

démonstration donne un p"-quasi-isomorphisme orn pour N =70. O



638 Sally Gilles

7. Comparaison locale avec I’application de Fontaine—-Messing

Dans cette partie, on montre que le morphisme de périodes local construit dans la section précédente
est égal a I’application de Fontaine-Messing modulo une certaine puissance de p. Une fois la construction
du morphisme établie, la preuve est tres similaire a celle du cas arithmétique [Colmez et Niziot 2017,
§4.7]. On suppose toujours X = Spf(R) connexe.

7A. Anneaux [E[Ii;’v] et [EgD et lemmes de Poincaré. On rappelle ici la définition de [E%”v] et [EgD donnée
dans [Colmez et Niziot 2017, §2.6] et les lemmes de Poincaré vérifiés par ces anneaux.

+

7TA1. Définition des anneaux SA. Dans cette section, S désignera I’anneau R  (respectivement RO:v])
et A désignera Ags(R) ou Agis(R) (respectivement A%’v] ou A%’v]). On a donc un morphisme injectif
continu ¢ : § — A et, si B désigne I’anneau A, (respectivement A[“’”]), onnote f :S®RpA— Ale
morphisme tel que f(x ® y) = t(x)y.

On note SA la log-PD-enveloppe complétée de S ® p A — A par rapport a ker( f). Plus explicitement,
siVi=(X;®1)/(1®u(X;)) pour 1 < j <d,alors SA est la complétion p-adique de S ®p A a laquelle
on ajoute tous les (x ® 1 — 1 ® ¢(x))[¥] pour x dans S et les V; — 1¥]. On munit SA4 d’une filtration en

définissant F”SA comme I’adhérence de 1’idéal engendré par les éléments de la forme

X1x2 l_[ (Vi — ks,

1<j=d
ol x1 estdans F™S, xp estdans F"2A etry + 1y + Z;i:l kji<r.

Proposition 7.1 [Colmez et Niziot 2017, Lemma 2.36]. (1) Tout x de SA s’écrit de maniere unique

sous la forme

d
x= > a]Ja-wpkl (26)

k=(ky,..., kd)GNd Jj=1
avec xi dans A qui tend vers 0 quand k tend vers infini.

(2) De plus,

d
X = Z Xk 1_[(1 - Vj)[kf] € F"SA si et seulement si xx € F" "% 4 pour tout k.
keNnd  j=1

On définit les anneaux suivants :
— [EgD = SA (resp. [E%’v]) pour S = RT. (resp. RI]y et 4 = Ao (R) (resp. A%’v]).

cris

— [EgoDo = SA (resp. E[I?i]) pour S = RY._(resp. Ry et A = Auis(Roo) (resp. AE’;;:]).

cris
— [EED = SA (resp. [E%""]) pour S = RC’;S (resp. R[”’”]) et A= Acris(ﬁ) (resp. A%"v]).
On déduit de la proposition 7.1 les inclusions [EII;D C [EII;OZ - [E%)D (et de méme avec 1’exposant [u, v]).

On peut maintenant étendre les actions de G et de ¢ a ces anneaux :
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Proposition 7.2 [Colmez et Niziot 2017, Lemma 2.40]. Si SA = EEP (respectivement EL4"Y) pour
M €{R, Rso, R}, on note SA’ = [E}C[D (respectivement [Ej[:fl’v/p]). Alors :
(1) @ s’étend de maniére unique en un morphisme continu SA — SA’.

(2) L’action de G g s’étend de maniere unique a une action continue sur SA qui commute avec @, et
[E;?oo (pour x € { PD, [u, v]}) est I’ensemble des points fixes de [E’I% par le sous-groupe I'r C GR.

TA2. Lemmes de Poincaré. On consideére maintenant le complexe
FIQY, 4:=F'SA— F'T'SA®s4 Qg = F 2 SARs4 Q544 =~ -

Proposition 7.3 [Colmez et Niziot 2017, Lemma 2.37]. Le morphisme F" A — F" Q% , /4 €St un quasi-

isomorphisme.
Démonstration. La preuve est identique a celle de Colmez et Niziot. O

Pour simplifier les notations, on note Ry := ROVl et R, = A%’v]. On a des plongements ¢; : ROV R,
pouri € {1, 2}. On note ensuite R3 la log-PD-enveloppe complétée de R1 & .01 R2 pour i OLl_l :Ri—> R,
(et donc R3 = [E[I?’v]). On pose X;;j :=1;(X;j) pouri € {1,2} et j €{l,...,d}. Soient

d

dXij 1 1 1 n A 0!
j=1

et
F'Qy% =F'Ri— F' 'R @, Q] > F' R Q] >

Lemme 7.4 [Colmez et Niziot 2017, Lemma 3.11]. Les applications F’Q;el — F’Q}e3 et F’SZIR2 —

Fr Q}% sont des quasi-isomorphismes.

7B. Application de Fontaine-Messing. On note [EP D 1a réduction modulo p" de EP D et alors EllsD est
la log-PD-enveloppe de Spec(R,) — Spec(Acm(R)n ®n,., RE).

cris, n Cris
On a le diagramme commutatif suivant :

PD
spf( E}’l ) C spf('&cris (E)n ®Acns CI'IS)
Spf(Rn)( Spf(Rcrls n)

|

Spf(OC,n)( Spf(Acris,n)
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On définit le complexe syntomique Syn(R, r), 1= [F’QEPD P Q'PD]

La suite p”-exacte
0—2/p"(r) = F" Aais(R)n ©=% Acis(R) — 0
donne un p"-quasi-isomorphisme
RT(GR.Z/p" (1)) <> RT(GR, [F" Acks(R) =% Acts (R)s])
et, par la proposition 7.3, on a

RT(GR, [F" Acris(R)n ==5 Acrig(R)n]) => RT(GR, [F" Q5. ¢ szE,,D])

Rn R.n

On peut alors définir 1’application de Fontaine—Messing
agy : Syn(R,r)u — RT(GR. Z/p"(r)').

On dit que deux morphismes f et g sont p™¥-égaux (avec N une constante) si le morphisme induit par
f —g sur les groupes de cohomologie est tué par p?V. On obtient la version géométrique du théoréme 4.16
de [Colmez et Niziot 2017].

Théoréme 7.5. Il existe une constante N qui ne dépend que de p et de r telle que [ ’application de
Fontaine—Messing aFM (respectivement a ) est pN-égale a I'application Ot (respectivement oz )

donnée par le théoreme 6.4.

Démonstration. On reprend les mémes notations que dans [Colmez et Niziot 2017, Theorem 4.16],
c’est-a-dire :

e (g et Cr désignent respectivement les complexes de cochaines continues de G et de I'.

Ko(FTS) = [F"S Z=% §'] (et donc K, (S) :=[S =% 57]).

K,5(F"S) :=Kos(p, d, F'S) = [Kos(d, F'S) 2—L% PIZP™%, Kos(d, S7).

Ko.r(FTS) :=Kos(p. T, F"S) = [Kos(T, F"S) Z=% Kos(T, ")

Kyra(FTS) = [Kos(T, Fr Q%) Z=% Kos(T, Q%,)].

Ko LieT (F"S) := [Kos(Lie T, F'S) % Kos(Lie T, S")].
o Kypiera(FTS) = [Kos(Lie T, F* Q%) 2% Kos(Lie T, Q%)].

Le théoreme se déduit alors du diagramme commutatif
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Ky (FTRG) — Ca(Ky p(FTERP)) <= C (Ko (F Acis(R))) 4= C (Zp(r)

cris

(22) (14)
=r |2 - as |2

~

Kpa(F"RUM) = Ca (Ko (FTER™) £ Ca(Ko(FTAR™) < Co (Ko(AR™ () — Co (Ko (A(r))

157, 157, W proposition 6.2 |
Cr(Kpa(FTER™)) €= Cr (Ko (FTAR) 4 Cr(Kp (AR () = Cr (Ko ARy (r)
Moo Moo oo proposition 6.3 | 2
Cr(Kpa(FTER™) ¢ Cr (Ko (FTAR™) 4 Cr (Ko (AR () — Cr(Ky (AR (1))

¢ ¢ 4 ¢

lemme 7.4

Kora(FTER™) oo Ky (FPAR™) —— Kor (AR () T Kor (AR(r)

¢ 14 5.8 |2

Kptiery (FTER ™) € Ko pier (FTAR™) < Kppier (A% 1)

r 1%,1<,.5.6 |2

Koy (FTER ™) —— Ky 5 (FT AR
Les fleches horizontales de la quatrieme colonne vers la troisieme sont données par les compositions

d’applications

Kos(Tg, S(r)) ——2— Kos(T'g, S'(r)) Kos(Lie Tg, S(r)) ——— Kos(Lie T'x, S'(r))

p’ p’
p"(1-9) , . r"(1—9) . ,

Kos(Tg, S(r)) —— Kos(T'g, S’(r)) €t Kos(LieI'g, S(r)) —— Kos(Lie g, S'(r))

t" t" t" t"

Kos(Tg, F7S) —2—% Kos(T'g, S') Kos(Lie T'g, F7S) = Kos(Lie T'g, S’)

Le passage de la troisieme a la quatrieme ligne se fait en utilisant le quasi-isomorphisme entre les

complexes de Koszul et la cohomologie de groupe. O
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8. Résultat global

A partir de maintenant, on se place dans le cas ot il n’y a plus de diviseur a I'infini. Plus précisément,
on suppose que localement X s’écrit Spf(Rg) avec RE — Ry la complétion d’un morphisme étale et

1 w

RY =0 X1,.... Xy, ,
0 X1 Xa Xag1Xg

(pour a, d € N). On suppose Spf(Rp) connexe. On rappelle que Spf(Ok ) est muni de la log-structure
donnée par son point fermé et X de celle donnée par Ox N (Ox[1/p])* — Ox.
Le but de cette section est de montrer le théoréme suivant :

Théoreme 8.1. Les applications locales du théoreme 6.4 se globalisent en des morphismes

) : t<r RTgyn(Xoc . 1) = 1< RTa(Xc. Z,(r)),
ap,  T<r Ryn(Xoc . r)n = 1< RTa(Xc. Z/ p" Z(r)').

De plus, ces morphismes sont des p™N" -isomorphismes pour une constante N universelle.
En particulier, on a le résultat suivant ([Colmez et Niziot 2017, Corollary 5.12]) :

Corollaire 8.2. Si X est un log-schéma formel propre a réduction semi-stable sur O, alors pour k <r,
le pN"-isomorphisme ci-dessus induit un isomorphisme

“?,k : H!;n(%oc,r)@ = Héli(%C, Qp(r)).

Démonstration. Par définition de la limite homotopique, si A* désigne le complexe RI'syn(Xoo,7)
(respectivement R« (X ¢, Qp(r))) et Ay, saréduction modulo p” (respectivement RTs(Xc, Z/ p"Z(r)')),
alors on a un triangle distingué

A= TT4n >4 — 411
n n

ou I’application [, A5, — [],, 4;, est donnée par (k,) — (kn — Ynt1(knt1)) (OU Yppq: A
sont les morphismes associés au systeme projectif (4})).

w1 = Ay

Par le théoréme 8.1, pour tout 7 et k < r, on a un p™V"-isomorphisme HkRI‘Syn(%@C,r)n -
HK¥RTs(Xc,Z/p"Z(r)'). En écrivant la suite exacte longue associée au triangle distingué ci-dessus, on
obtient un diagramme commutatif

coo —— [, HE (1 —— HE () — [T, HE () —— [T, HE ()0 — -+

I l | |

oo —— 1, HE Y —— HEG) —— [T, HE () —— [T, HE ) —— -
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ol pour simplifier on a noté HX (r), := HkRFSyn (Xoc:n, Hslg,n(r) = HkRFsyn(.’{@C, r) et de méme

syn
pour la cohomologie étale. On tensorise ensuite par (O, pour obtenir, pour tout kK < r, un isomorphisme

o0+ HE,(Xoe.r)a > HE(Xc. Qp(r), -

Remarque 8.3. Dans [Tsuji 1999], pour obtenir un morphisme compatible avec les applications symboles,
une normalisation par un facteur p~" est nécessaire (voir (3.1.12) et la proposition 3.2.4 (3) de cet article
pour la compatibilité avec les applications symboles). Cette normalisation n’apparait pas ici car le
morphisme au niveau entier qu’on utilise n’est pas exactement égal a celui de Tsuji, mais est obtenu en
tordant celui-ci par un facteur p”.

Revenons 2 la preuve du théoréme 8.1. On a construit le morphisme o localement, il suffit de montrer
qu’on peut le globaliser. Pour cela on utilise la méthode de Cesnaviius et Koshikawa [2019, §5] (qui
généralise celle de [Bhatt et al. 2018]).

On se place dans le cas o Xp. = Spf(R). On suppose que les intersections de deux composants
irréductibles de la fibre spéciale Spec(R ®o k) sont non vides (en particulier, Spf(R) est connexe) et
qu’il existe une immersion fermée

Xoc — SPA(RE) xoc [] SpfRY 27)
AEA
telle que :

(i) RY :=0c{XZE! |0 € =} avec T un ensemble fini.

(ii) RE =0ctiXa 1. Xa a1/ (Xp 1 X 0,) @/ (Xn a5 +1° - Xa,q)} o A € A avec A fini.
(iii) Spf(R) — Spf(RY)) est une immersion fermée.
@iv) Spf(R) — Spf(R%') est étale pour tout A dans A.

En particulier, pour tout A dans A, chaque composante irréductible de la fibre spéciale Spec(R ® k) est
donnée par un unique (¢ ;) poura; +1<i <d.

On choisit des éléments {1y joex (respectivement {uy ; }1<i<q avec A € A) tels qu’on ait une applica-
tion Xg — Uy de Rg dans R (respectivement X ; > u, ; de RE dans R).

Dans la suite on note Spf(Rg,A) le produit Spf(Rg) xoe [ Liea Spf(RE).

Comme dans la section 2B2, on munit chaque Spf(RE') de la log-structure donnée par la fibre spéciale
et on munit Spf(Rg’ A) et Spf(R) des log-structures induites.

Remarque 8.4. On peut toujours trouver une base de X¢ telle qu’on ait de telles immersions. Soit x un
point de X. Si x est dans le lieu lisse de X alors localement Xp s’écrit Spf(/f) avec A de type fini sur
Oc et donc il existe une immersion fermée Spec(A) — Spec(Oc¢[X1, ..., Xn]). On recouvre ensuite
Spec(Oc[X1, ..., Xy]) par une union de tores et on obtient que localement Xo. s’écrit Spf(R) tel qu’il
existe une immersion fermée Spf(R) — Spf(Rg) avec X un ensemble fini.



644 Sally Gilles

Si maintenant x n’est plus dans le lieu lisse de X, alors X s’écrit localement Spf(R,) pour une
Oc-algebre R, telle qu’on ait une application étale RE‘ — R, avec

1 w

a
Ry =0ciXy1,---,X
A Aodse-s KA ds ,
XoaXpay Xha+1Xoa
et telle que x est donné par (X 4, +1 -+ X1,4). Si on localise en x, on obtient une immersion fermée
dans un tore formel Spf(Rg).

Remarque 8.5. (1) Pour un tel R, si Rg] A, St Rgz As vérifient les conditions ci-dessus avec X1 C X
et A1 € A,, on note f1 Rgl AL REZ’AZ I’application induite par X, — X4 et X ; = X, ; pour
o dans X1, A dans Aq eti dans {1,...,d}. Lensemble des Rg A muni des applications ainsi définies
forme alors un systeme inductif filtrant. Il est inductif, car si ¥; € ¥ € ¥3et A1 C A, C Az, ona
f13 = f23 ) f12 Vérifions qu’il est filtrant. Par définition du systéme, pour X1 € 35 et Ay C Ao, f12 est
la seule application de R2 A dans RZ A, . Considérons a présent deux anneaux RD LA, St R22 As
vérifiant (27) pour R. On note X3 := X1 U Xy et A3 = A1 U A5, Alors (X3, As) verlﬁe les conditions
(27) pour R et les deux morphismes fl3 et f23 sont bien définis.

(2) Maintenant si f : R — R’ est un morphisme étale tel qu’on ait une immersion fermée Spf(R’) —
Spf(Rg/ A7)> On note S:=XuX et A=AUA Alors (£, A) vérifie les conditions (27) pour R’ :
comme R — R’ est étale, RE — R’ est étale pour tout A de A.On ade plus une surjection Rg — R’

donnée par
Xs > f(ug) pouroc e X,
Xor = Ug pour o’ € X/,

et telle qu’on ait un diagramme commutatif

R . p

I

RY, —— RY
b

On obtient alors un morphisme de R — RY £ et de lim RZ A — lim R}:/ A (ot la

—(Z,A) —(Z',A)
premiere limite est prise sur 1’ ensemble des (=, A) qui vérifient (27) pour R, et la seconde limite sur

I’ensemble des (X', A’) qui vérifient (27) pour R).

8A. Construction du quasi-isomorphisme o, 5 A. On travaille localement. Supposons que Xpo. =

Spf(R) avec R tel qu’il existe des immersions comme en (27).

RPD

On va définir un anneau z.A S suivant la construction de [Cesnav101us et Koshikawa 2019, §5.22].

Notons Spf(Ainf(Rg A)) le produit des

SPF(Aint(RD)) := S f( {X X ! (@] })
p f =9p f A, s 0 s AN ds ’
" " Xoa - Xna, Xaa,+1Xaa
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et de Spf(Ainf(Rg)) := Spf(Ains{ X, gtl | 0 € £}). Comme précédemment, A;,¢ est muni de la log-structure
induite par x > [x] de O”\ {0} — Ayyr. Les Spf(Amf(RE)) sont munis de la log-structure associée a

N9 Ly (0°\ {0}) — Ainf(Rg,A)

qui envoie (n;) sur [, 41<i<q X l.ni et x € O sur [x] € Ay, le morphisme N — N? 42 est I"application
diagonale et N — O\ {0} est donnée par m > [@°]™. Comme dans la remarque 2.3, on peut se ramener
a des log-structures fines par changement de base [Cesnaviéius et Koshikawa 2019, §5.9] et de cette
facon Ainf(Rg’ A) est log-lisse sur Ay

On a une immersion fermée

Spec(R/ p) = Spf(Aine(RE 4))

et pour m,n > 1, on peut construire une log-PD-enveloppe [Cesnavitius et Koshikawa 2019, §5.22;
Beilinson 2013, §1.3] :

Spec(Rg?A’n,m)

T

Spec(R/ p) SPeC(Ainf(Rg,A)/(Pn, £™))

En fait, pour m suffisamment grand (tel que £ € p” Ags), R%D A.n.m S 1dentifie a la log-PD-enveloppe de

Spec(R/p) — Spec(AcriS(Rg’A)/p”) sur Spec(O¢/p) < Spec(Acis / p™).
Notons RI;;D A.n Cette log-PD-enveloppe (indépendante de m). On a R%D An/ pl = RI;;D An—q €t ON

obtient un schéma formel p-adique Spf(RYP, ) tel qu’on ait une factorisation
V4 q PIUS A q

Spf(ng;l?A)

TN

Spec(R/p) Spf(Acris(Rg,A))

ou AcriS(Rg A) = Agis ® Ain Ainf(Rg A) (le produit tensoriel est complété pour la topologie p-adique).

On a un morphisme de Frobenius sur R%D '« venant de celui de R/ p. On étend de méme les applications

différentielles 05, = d /(d log(Xy)) et 0, ; = d/(d log(X, ;)) a R%DA. On a de plus une factorisation
PD
Spec(R/ p) <= Spf(R) < Spf(Ry 5).
Le but de cette partie est de construire un p¥”-quasi-isomorphisme
o3, * T<r Kos(e, 0, Fnge\) — T<r RT'(GR, Zp(r))

avec N qui ne dépend ni de X, A, ni de R.
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On considere les anneaux

R[u] = A[u]® cnsRE LA R%’l:})\] = [u U]® cnsRE LA Rg):lv\]—‘r = A(O U]+® R

CrlS

ou les produits tensoriels sont complétés pour la topologie p-adique.

L application RP D R[u vl

induit alors un morphisme sur les complexes de Koszul
Kos(. 8, F" RED) — Kos(p. . FTRY})). (28)

Soient Rg’ oo €t REOO les complétions p-adiques des anneaux

n n n 1 wl/"n
mOcXEVP" |6 ey et limOc{Xl/p L xye _, }
) 7 ) Al A (X Xaa )P (X ay41Xa,a) VP
On note Rg A.oo l€ produit tensoriel des anneaux précédents, Ry A 0o := RZ A, oo® RD, R, et on note
Acris(RZ],A,oo), A[u vl A[u]

Rs Ao0” ""RE A0
1 1 1
Iy = Gal(R%',oo[;] /Rg[;]) ~ 7%, = Gal(REoo[;] /R?[;]) ~ 79,

FE,A = F): X l_[ F;t.
A€A

les anneaux associés. Enfin, on considere les groupes

et

Si (Yo)o et (Vi.,i)1<i<q sont des générateurs topologiques de I's, et de I'y, les actions de I's et I'
sur Rg et RE‘ sont données par

vo(Xg) =[e] Xy et Yo (Xo') = Xor  sio’ #o,
Ya,i(Xa,) =[elXa,; et yri(Xa,;)=Xy; sii#]
On en déduit une action de I's; A sur RIE)DN A[E"]A,
Enfin, pour 1 <i < |X|+d|A|, on écrit J; :={(j1,...,ji) |1 < j1 <---<Ji <|Z|+d|A|}. Les
mémes preuves que celles des lemmes 5.6 et 5.8 donnent :

[u,v]
AE,A'

Proposition 8.6. 11 existe un p3°" -quasi-isomorphisme
v, Kos(p, 3, F" R ”]) 5 1< Kos(g, Lie s o, F" REY)
< ¢ , Kos(g.Lie 'z o, R™ ”](r)) £ 1 Kos(p. Tz 4. REY (). (29)

58r

Remarque 8.7. Modulo p”, on obtient de la méme fagon un p~°"-quasi-isomorphisme.

Le morphisme RIEJDA — Acris(R3,A,00) [Cesnavicius et Koshikawa 2019, (5.38.1)] induit un morphisme

RT (s A RY(r) — RT(Tg 4. AR (). (30)

Rx A,

On considere ensuite la fleche

RT (g p. AR (1) = RTproa (R ALY () 31)
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induite par le morphisme de bord associé au torseur
Spf(Rx,A,00) = SPI(R)

(voir [Stacks 2005—, tag 01GY; Cesnavidius et Koshikawa 2019, (3.15.1)]), et par le lemme K(, 1) de

Scholze, le terme de droite dans (31) est calculé par la cohomologie de Galois RI'(GR, A%"v](r)).

On rappelle qu’on a également un quasi-isomorphisme
RT(GR.Zp(r)) = [RTeom(Gr. FTAL) 224 RI (G, Al)). (32)
En composant les morphismes précédents, on obtient une application
or 3 A - T<r Kos(g, 0, F’Rgﬁ) — 1<, RT(GR. Zy(1)).

Proposition 8.8. 1l existe une constante N indépendante de R, T et A telle que I’application oy 3 A
ci-dessus est un p™N' -quasi-isomorphisme.

Démonstration. On fixe un A dans A. On note

1 ("]
Rt = Arisd Xa 1o+ X ds ,
cris, A, O cris ) 44,1 A.d XA,I"'X)L,aA Xk,a)L—Fl"'de
et RCrls a0 R 5,5 un relevé étale de Ry o — R On construit les anneaux R[" vl ot A[u v] associés
et on a alors (par ce qui a été fait plus haut) un p™N"-quasi-isomorphisme
oy ) T<r Kos(p, 0, F'R cris, A) —> 1<, RT(GR, Zp(1)).
On a un diagramme commutatif
Spf(R%,)
Spec(R/ p) Spf(Acis(RE 5))
Spf(Rcm /1) Spf(Rcrls A, D)
Pour tout 1, I'idéal associé au morphisme R%>, . — R/ p est localement nilpotent. Comme R et

+ < 5 + +
Rcris’ ;, est étale, on peut relever la fleche Rcris’ A0~ RE, A, €D UNE unique application R [, , — RZ An
qui fait commuter le diagramme

R/p RCI‘N A

|

PD +
RZ A,n RCI‘1§ A0



648 Sally Gilles

. . . . . PD PD .
Comme ces applications sont compatibles avec les projections Rz, An Rz, An—1> OD obtient un
morphisme RCJ;S e R%D A tel que le diagramme

R/p Rc-tis,)l

.1

PD +
RZ,A Rcris,A,D

est commutatif. On a alors un diagramme commutatif

+ [u,v] [u,v]
Rcris,)L R)L AROO,A
PD [u,v] [u,v]
RZ,A RE,A ARE.Am

et le résultat se déduit du diagramme commutatif suivant :

t<r RTyyn(R. 1)+~ v, Kos(g. 8. F* RE, )~ 1< RT(GR. Z(r))

cris

| \

t< RTyn(R. 1) +~— v<, Kos(p. 8, F" RED) “5 ¢ RT (GR. Z,(r)) O

8B. Preuve du théoreme 8.1. On rappelle qu’on cherche a montrer le théoréme suivant :

Théoréme 8.9. Il existe un morphisme de périodes
ap,  t<r Rlyn (X0, r)n = 1< RTa(Xc. Z/ p"Z(r)').
De plus, ce morphisme est un p™N' -isomorphisme pour une constante N qui ne dépend que de K, p et r.

Démonstration. Soit 41* — X un hyper-recouvrement affine. On note RF I’anneau tel que Ll’é c = Spf(Rk).
Pour chaque &, on considere (X, Ag) tel qu’on ait comme en (27) une immersion fermée

U6 = Spf(RS, ) xoc [ SPF(RE)
Ak€EAk

On note ensuite Spf(Rgl?

s

Ak) la log-PD-enveloppe complétée de Spf(Rk ) —> Spf(Acris(ng’ Ak))’ et
Syn(th,. . Acis(RS A ). r)n = [F" Qo e Uago, In-

L application canonique Syn(ill(‘9 ¢ AcriS(ng Ak ). )n —> Rlgy, (iJ.I(‘9 ¢ ,I')n est alors un quasi-isomorphisme.

De plus, on a vu que I’ensemble des ng’ A, bour (2%, Ar) comme en (27) forme un systeéme inductif

filtrant. Le systeme des Syn(il](‘9 c Acris(ng’ Ak)’ )y est donc lui-méme inductif filtrant. On en déduit

un quasi-isomorphisme

(Eli_r}n\ )Syn(ﬂ’éc,Ams(ng, A )P = RTgn(W5 . 1) (33)
k> k
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Mais on a un quasi-isomorphisme Syn(ilgc , Acris(ng’Ak), r)n = Kos(gp, 9, Rgllek )n pour chaque
(Zk. Ak). On vérifie que ce morphisme est fonctoriel. En effet, pour R — R’ une application étale, soit
(=, A) associé a R et (X', A’) associé 2 R’. Alors sionnote & = XU Y et A = A UA’, le morphisme
Rg AT Rg x décrit plus haut induit un diagramme commutatif

Q;QED.A — Kos(9, Rga)

I

. ~ PD
QRQ}\ —— Kos(0, RE,K)

Comme les systémes sont filtrants, on a, pour tout 7,

Hi( lim Kostg,d, REP, )= lim  Hi(Kos(p, 9, RED , )y,
(Ek,Ak) (Zk,Ak)

et de mé€me pour les complexes Syn(il’(g o AcriS(ng Ak)’ 7)n. On en déduit un quasi-isomorphisme
fonctoriel

lim  Syn(W*, Awis(RE 4 ).r)n =>  lim  Kos(p,d, REP 5 ).
(kM%) (Zk,Ak)

. . Nr .. . k . PD
Par ailleurs, on a construit un p*'"-quasi-isomorphisme U5 A fonctoriel de <, Kos(gp, 0, REk’ Ax )n

dans 1<, RT'(G gk, Z/p"Z(r)"), qui donne

( h_r?\ )TS, Kos(¢.d, REP ) In => 1<, RT (G e, Z/ p" Z(r))).
TNk

On obtient un quasi-isomorphisme fonctoriel

lim 1<, Syn(U,. . Acris(RE, A, ). 7)n => 1<, RT(Ggic. Z/ p"Z(r)'). (34)
(Zk,Ak)

En combinant les deux quasi-isomorphismes précédents, on a

rSrRFsyn(il]éc,r)n <(3NT) lim <, Syn(ﬂéC,AcriS(ng’Ak), n (;—4)> <, RT(Ggi,Z/ p"Z(r)")
Ek,Ak)

et ce quasi-isomorphisme est fonctoriel. On en déduit un quasi-isomorphisme
T<r RTyn(Ud .. )n == 1<y RT(GRe. Z/ p" Z(r)').
On définit oz?,n :T<r RTgyn(Xoc, 7)n = 1<r RTs(Xc, Z/p" Z(r)") comme la composée

T<r RTsyn (X0, 7)n — hoggll:im T<r RUsyn (UG 7)n — holc{:%:im 1<, RT(GRe,Z/p"Z(r)")

— T<r hogg%im RT&(Ug.Z/ p"Z(r)') < 1<, RT&«(Xc.Z/p"Z(r)"). (35)
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On va montrer qu’il s’agit d’un p™V"-quasi-isomorphisme. La premiére et derniére fleches sont des
quasi-isomorphismes par descente cohomologique (voir (11) pour la cohomologie syntomique ; le
méme argument donne le résultat pour la cohomologie étale). La deuxieme fleche est un pV"-quasi-
isomorphisme par ce qu’on vient de faire. Il reste a voir que, pour tout k, on a un quasi-isomorphisme
RU(Ggi,Z/p"Z(r)) = RT«(Sp(R¥[1/p]). Z/ p"Z(r)’). Mais cela découle du fait que Sp(R¥[1/ p])
est K(m, 1) pour Z/p"Z (voir remarque 2.5). |

On peut maintenant considérer les faisceaux H¥ (S, (r) z)eti™ Rk 7.7/ p" (r)-;:c.tr associés aux préfais-
ceaux U — HK(U, S, (rz)etU — HKU,™*RjZ) p" (r)v{{c,tr)' En utilisant I’équivalence de catégorie
entre Fsc((Y)e. D(Z/ p™)) et D ((Y)e, Z/ p™), le morphisme ci-dessus peut étre vu comme un mor-
phisme dans DT ((Y)«, Z/ p™) et on en déduit le théoréme suivant :

Théoreme 8.10. Pour tout 0 < k <r, il existe un pN -isomorphisme
0 . Hk S _ =% Rk - Z n /
Upn (Sn(r)x) =1 J«Z/p (r)fc.u
ou N est un entier qui dépend de p et de r, mais pas de X ni de n.

8C. Conjecture semi-stable. On suppose toujours que X est propre a réduction semi-stable sur Og, sans
diviseur 2 I’infini. On rappelle qu’on a la cohomologie de Hyodo—Kato RT'yk (%) := RTeris(Xx/ W (k)@
et si D estun (¢, N)-module filtré, D{r} désigne le module D muni du Frobenius p” ¢ et Dk est muni de
la filtration (F*" D). Le but de cette partie est de prouver la conjecture semi-stable de Fontaine~Jannsen.

Théoreme 8.11. Soit X un schéma formel propre semi-stable sur Og. On a un isomorphisme By-linéaire,

Galois équivariant
@°: H\(Xc,Qp) ®q, By = Hjx(X) ®F By. (36)

De plus, cet isomorphisme préserve ’action du Frobenius et celle de I’opérateur de monodromie et apres

tensorisation par Br, il induit un isomorphisme filtré
Hl(Xc,Qp) ®a, Bir = Hip(Xk) ®k Bar. (37)

Pour cela, commencons par rappeler les lemmes suivants [Colmez et Niziot 2017, Propositions 5.20 et
5.22]:

Lemme 8.12. ] existe un quasi-isomorphisme naturel
RTsyn(Xoc.r)a = [RTuk (¥) @ F BI]Y=7V=0 25 (RIur(Xx) @k B)/ F']

oit tyg est induit par le quasi-isomorphisme de Hyodo—Kato 1y : RT'gg(X) ® p K => RI'4r(Xg). De
plus, pour tout i, H' [RTyx(¥) @ F [B:[]‘p:pr’Nzo ~ (H{IK(%) QF [B%;t)‘p:pr’N:O et sii <r,la suite
exacte longue associée induit une suite exacte courte

0— Hl,(Xoc. 1o — (Hi(X) ®@F BH)#P=2"N=0 — (Hip (Xk) @k BR)/F™ — 0.
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Lemme 8.13. Le (¢, N)-module filtré (HIfIK(%), H éR (XK), tuk) est faiblement admissible, et pour i <r

on a un isomorphisme (Frobenius-équivariant)

H(Xoc, r)a ®a, By = Hjx (X) ® F By{—r}.
Remarque 8.14. Le résultat de ce lemme reste vrai pour tout ensemble de triplets D! = (Dst, R L )
ou, pour tout i, les conditions suivantes sont vérifiées :

Q8 Dgt est un F-espace vectoriel de dimension finie muni d’un endomorphisme de Frobenius ¢ bijectif
semi-linéaire et d’un opérateur de monodromie N tels que N¢o = poN.

(2) D}y estun K-espace vectoriel de dimension finie muni d’une filtration décroissante, séparée et
exhaustive.

(3) ' : DI, — Dl est F-linéaire.
1 faut de plus que F' 1D éR = 0 et qu’on ait une suite exacte longue
= H'(r) = X (D) = XR(DY) — H' T (r) — -+

avec XL (D) = (t7"Bf ®p Dy)?=BV=0, X1 (D) = (17" B, ®k Dar)/F° et ot dimg, H'(r) est
finie pour i <r. La preuve utilise la théorie des espaces de Banach—Colmez ; voir [Colmez 2002; Colmez
et Niziot 2017, §5.2.2].

Démonstration du théoréeme 8.11. En vertu du corollaire 8.2, pour tout i < r, on a un isomorphisme
ol H (Xoo.7)g = H ’t(i{c Qp(r)), et en utilisant le lemme 8.12, on obtient un morphisme

syn
Héit(xc’ Qp(r)) <= syn(%Oc Mo — (HHK(%) ®F By) ™ pIN=0,
Le morphisme de périodes &@° est alors donné par
. r . 0 ,
Hi(Xc. Qp) ®a, By <— Hi\(Xc.Qp(r) ®q, Bulr} < H., (Xoc.r)e ®a, Bylr}
— Hi(X) ®F By (38)

et la fleche nyn(ffoc .o ®aq, Bylry — H]f[K(f{) ®F By est un isomorphisme par le lemme 8.13. On
obtient I’isomorphisme (36). Enfin, par construction de 2, I’application ci-dessus est Galois-équivariante,
elle est compatible avec I’action de ¢ et de N et avec la filtration apres tensorisation par Bgg. O

9. Comparaison des morphismes de périodes

On suppose que X est un schéma formel propre a réduction semi-stable sur Ok, sans diviseur a I’infini.
On a construit, dans la section précédente, un isomorphisme

a: ét(xc @P) ®®p st —> HIfIK(:{) QF By,
O‘dR t(fc Qp) ®q, Bar = HdR(%K) ®x Bar.
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D’autres démonstrations de la conjecture de Fontaine—Jannsen ont également été données par Cesnavicius
et Koshikawa [2019] et par Tsuji [1999]. Le morphisme de périodes utilisé par Tsuji est I’application de
Fontaine—Messing, @™ définie ci-dessous. Cesnavi¢ius et Koshikawa définissent, eux, un morphisme de

CK

périodes &~ en généralisant la construction de Bhatt et al. [2018] et dont on rappelle la construction

plus loin. Le but de cette section est d’utiliser @° pour montrer que ces deux morphismes de périodes
K et @™ coincident.

9A. Comparaison de @™ et @°. On commence par comparer 1’application de Fontaine—-Messing avec

le morphisme construit dans le chapitre précédent.

Théoreme 9.1. Soit X un schéma formel propre semi-stable sur Og. Les isomorphismes a M et OlO de
ét(%c, Qp(r)) dans Hsyn (Xoc . 1) sont égaux. En particulier, les morphismes de périodes

a™,&": Hi(Xc.Qp) ®q, By — Hix(X) ®F By,

TR agr : Hy(Xc, Qp) ®a, Bar = Hiy(X) @ F Bar
sont égaux.

11 suffit de montrer que les applications entieres sont p -égales pour une certaine constante N. Le
théoréme 7.5 donne 1’égalité locale. Pour obtenir I’égalité entre les morphismes globaux, on va commencer
par construire des applications af}\é, A €t les comparer au ozg’ SA définis plus haut.

On définit les anneaux suivants :

— [EPD = SA (resp. [E[ vl )pour S=A= R (resp R[" U])

[EgQA = SA (resp. [E[u v] )pour S= R (resp R[u U]) et A=Agis(Rx, A,00) (TESP. AE’;;L ).
— EPD = 54 (resp. Ex ol 1) pour 5 = RP D (resp. R[" ”]) et A = Agis(R) (resp. AL),

On ne dlspose plus ici des lemmes de Pomcare mais on peut montrer qu’on a un quasi- 1som0rphlsme
7<, Kos(g, 0, FrEggA) <~ 1<, Kos(¢, 0, F" Acis(R))

en se ramenant au cas oll on ne travaille qu’avec une seule coordonnée A € A. En effet, si on fixe un tel A,
I’application RT. Pid RP A induit un diagramme commutatif
cris,A

T<r KOS((p, a, Fr[EPD) S T<r KOS(QD 0, F" A crls(R))
| |
t<r Kos(p, 9, F’[E%QA) —— 1<, Kos(¢, 3, F" Acis(R))

ou [EPD est I’anneau SA pour A = ACHS(R) et S = R,
1somorphlsme car les complexes Kos(¢, d, F" [EP D) et Kos(p, d, F” [ElD D ) calculent tous les deux la
E

La premiere fleche verticale est un quasi-
cris,A”

cohomologie syntomique Syn(R, 7). On en dedult que la fleche horizontale de la ligne du bas est un

quasi-isomorphisme.
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On montre de la méme facon qu’on a un quasi-isomorphisme
1<y Kos(p, 8, FTE2V ) <= 1_, Kos(gp, 3, FT ALY,
= Rs.a = R
L’ application de Fontaine—Messing agMA est donnée par la composée
< Kos(g, 8, F" RED) — 1<, C(Gr. Kos(p. 0, Frmgg ) <= 1<-C(Gr.Kos(p, F Aciis(R)))
<~ 1<;C(GR, Zp(r)').
On a le lemme suivant :

Lemme 9.2. ] existe N qui ne dépend ni de R, ni de 3 et A telle que I’application de Fontaine—Messing

af}\g’A est pN"-égale & I'application O‘?,E,A'

Démonstration. Le résultat se déduit d’un diagramme similaire a celui de la preuve du théoreme 7.5. La
différence principale est que les fleches qui vont de la troisieme vers la deuxieme ligne sont maintenant
des morphismes de bord. Il est aussi a noter que les fleches horizontales qui vont de la troisieme colonne
vers la deuxiéme ne sont (a priori) plus des quasi-isomorphismes dans ce cas, a I’exception de celles de la
premiere, deuxieme et derniere lignes. O

Démonstration du théoreme 9.1. L’ application globale

M 1o RTgyn (X0 1) = T<r RTa(XC, Zp(r))

N
s’obtient de la méme facon que dans la preuve du théoréme 8.1 : elle est donnée par la composée
T<r RTsyn(Xo )0 — hogg};im T<r RTgyn (U3, 1) — hogg};im T< RT(GRe,Zp(r))

— 1<y hog%im RT&(Ug, Zp(r)") < 1<, RTe(Xc. Zp(r)).  (39)

ol le quasi-isomorphisme (fonctoriel) T<, RTsyn(U3, .. 7) = < RI'(GRe. Zp (r)") pour un hyper-recou-
vrement affine $* = Spf(R*) — X est induit par

t<r RUgn (UG 1) 65 lim t<r Syn(UG,. . Acris(RE, 4,)27) 5 1< RT (G g, Zp(r)'). (40)
(Zx,Ax) — T Eg Ak

Le lemme 9.2 donne la p™N"-égalité entre les morphismes lim af 1\; A, €t lim 0402 A, €t donc entre
—> g, —> Ak,

les morphismes induits (40). On en déduit que osz D T<r Rlsyn(Xoe, 1) — <, RT(Xc,Zp(r)) et

ol T<r RTsyn(Xop . 1) = 1< RTa(X ., Zp(r)') sont pN7-égales. En inversant p, on obtient 1’égalité

entre les morphismes rationnels et on en déduit finalement @™ = &°. O

9B. Comparaison de @°X et &°. On considere maintenant le morphisme de périodes
K H (Xc,Qp) ®q, By = Hix(X) ®F By

défini par Bhatt et al. [2018] dans le cas ol X est 2 bonne réduction et par Cesnavilius et Koshikawa
[2019] pour X a réduction semi-stable. On rappelle rapidement sa définition locale dans la section qui
suit. On montre ensuite qu’il est égal a &°.
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9B1. Définition de I’application locale y©¥

Définition 9.3. [Bhatt et al. 2018, §6] Soit A un anneau et K un complexe de A-modules, sans f-torsion.
On note 7y (K) le sous-complexe de K[1/f] dont le i-ieme terme est donné par

(e K) :={xe f'K :dxe fIT1KH1)

L application K? — (an)i, x +— f%x induit un isomorphisme H'(K)/H' (K)[f] = Hi(r]fK) (ot
H'(K)[f] désigne la f-torsion de H'(K)) et on en déduit que si K — K’ est un quasi-isomorphisme
alors 0y K — 1y K’ Iest aussi. On définit le foncteur Ly, de D(A) dans D(A) de la fagon suivante :
pour K dans D(A) on choisit un complexe C quasi-isomorphe a K et dont les termes sont sans f -torsion
eton pose Lns K :=nsC.

Soit X un schéma formel sur Ok, a réduction semi-stable et soit X := X¢ la fibre générique de Xo .,
vue comme une vari€té analytique rigide. On note Oy le faisceau structural du site pro-€tale Xprost OX
le faisceau intégral associé et 0; sa completlon On définit le complexe de faisceaux Ajprx comme la

complétion p-adique dérivée ' de W((’)X ) On considere alors le complexe de faisceaux
AQzx, . = Lnu(Rv«(Aingx)) € D(Xoc et Aint).

ol v : Xprost = X o ¢ est la projection. Dans [Bhatt et al. 2018, Lemma 5.6], il est montré que I’application

naturelle Ajpr — Ajye, x induit un morphisme
RT (Xt Zp) ®F, Aint 2 RT (Xproat. Zp) ®% Aint = R proct(X. Aing, x)

tel que la cohomologie de son cone est tuée par W(m"c) (ou m¢ est I’idéal maximal de O¢). Comme
= [e] — 1 est dans W(m"c), on en déduit le résultat suivant :

Théoréme 9.4 [Cesnavitius et Koshikawa 2019, Theorem 2.3]. Si X est propre sur Ok, il existe un

quasi-isomorphisme

1 1
RT (Xe Zp) ®F, Aie| ] > RTa(Roc, A x00) @, A, | (1)
On suppose maintenant que Xp. = Spf(R) avec R étale sur Rg. On reprend les notations RIf, RC’;5
de la section 2B2 et A}f, Agris(R) de la section SA (on rappelle que RIf =~ A”L et R:;S >~ Agis(R)). On

définit R, comme avant. On a alors que R, est perfectoide et muni d’une action de I'g. Ainsi, la tour
notée par abus de notation Xoo := lim Spa(Ry[1/p], Rm) est un recouvrement affinoide perfectoide
de '}:OC .

Théoréme 9.5 [Cesnavitius et Koshikawa 2019, §3.3]. (1) On a des quasi-isomorphismes
L, -1)(RT (TR, Roo)) => Lie, 1) (RTproet (X, OF),
L1, (RT(TR, Aint(Roo))) == L1y (Rl proet (X, Aing, x))-

11. La complétion p-adique dérivée K d’un complexe K € D (Xprogt, Zp) est définie localement par K |y = holim, (K |y ®%
Z/p").

(42)
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(2) Plus généralement, si R, définit un recouvrement affinoide perfectoide de R muni d’une action

d’un groupe T et tel que R est un raffinement de Roo, alors on a des quasi-isomorphismes

Lngg,—1)(RT (I, RL)) = L, —1)(RTproar(X. OF)).

(43)
Lnu(RT (T, Aint(Reo))) = Lu(RT proet (X, Aint, x ))-

Le but est de construire un quasi-isomorphisme entre RIcis((R/p)/ Aciis) et RT'(Xg, Zp) ®£p Agris.
Lapplication va €tre induite par la composée

Kos(0, Acris(R)) ﬁ’ Nu Kos(T'R, Acris(R)) — 1y Kos(T'R, Agris (Roo))

ou B est construit ci-dessous. Le probleme est que I’anneau A5 vient de la complétion d’un anneau
qui n’est pas de type fini sur A;ys et en particulier, A.s /0 n’est pas p-adiquement séparé. Notamment,

N Kos(I'R, Acris(Roo)) ne calcule pas nécessairement RI'(Xg, Zp) ®§p As. Pour contourner cette
(m)

difficulté, Bhatt et al. passent par I’anneau A ./, construit a partir du méme anneau que Ajs mais tronqué

en degré m.

g s 1a complétion p-adique de (Ai)nf[gk / (k !; k <m].On a
m m m

cris cris Acris :
(m) _ Ajns et pour m > p, les topologies p-adique et (p, u)-adique sur A

cris

Plus précisément, pour m dans N, on note

toujours une surjection 6 : A*. 7 — Oc¢ et on étend le Frobenius de Aj¢ en ¢ : A Remarquons

(m)

que pour m < p, on a A cris

coincident. On peut de plus identifier A¢s a la complétion p-adique de lim Agnms). On définit de la méme
) (Y o 40D N P N (0 I
fagon A ;7 (R) et A (Reo). Enfin, soit A (R) 1= Ap ®a, A -

On a (voir [Bhatt et al. 2018, Corollary 12.7]) des isomorphismes

~L ~
RT (TR, Aint(Roo))®% AT 25 RT(Tr, A (Rso)),

cris cris

K (44)
Lnu(RT(TR, Aini(Roo)) &5 AT =5 Ly, (RT(Tr, A (Ro))).

inf’ "Cris cris

En combinant les résultats (42) et (44), on obtient :

Corollaire 9.6. Il existe un quasi-isomorphisme naturel

~

~L ~ .
RTa(Xoc, AQx0, )@, Acis = (im(n (Kos(Tr, AL (Reo)))) -
m

cris

On a alors le théoréme suivant (voir [Bhatt et al. 2018, Theorem 12.1; Cesnavitius et Koshikawa 2019,
Theorem 5.4)) :

Théoreme 9.7. I existe un quasi-isomorphisme Frobenius-équivariant
N ~L
yCK : RFcris((x(’)c /P)/ ACl'is) — Rrét(%(’)c s AQ%@C )®Ainf Acris- (45)

Démonstration. Les détails de la preuve sont donnés dans [éesnaviéius et Koshikawa 2019, §5.5-5.16].

On rappelle ici rapidement la construction de y“¥. Pour m > p2, on définit ,g(m) : Kos(0, Agﬁ)(R)) —
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N Kos(Tr, AZ(R)) par

cris

AGDR) % (AU (R s s (AL (R -

cris cris cris

lld J(Bj) l(ﬁjl'"ﬁjn)

—1
AP RS, (AT (R s o (AT (RY)

avec ,3 = anl " /n !)8;?_1. L’application ,3 (m) est bien définie puisqu’elle est induite par le morphisme
de complexes

a .
A (R) L5 ATD(R)

cris cris

bl

—1
A Ry L, A (R)

cris cris

et B;0; = y; — 1 (en utilisant Kos(d, AT (R)) = ®;1:1(A(m)(R) LN A (R))). Ce sont des isomor-

cris cris cris
phismes par le lemme 5.15 de [Cesnavitius et Koshikawa 2019]. Pour obtenir le résultat, il suffit ensuite
de montrer que 1’inclusion Ag’i?(R) > Ag?s) (Roo) induit un isomorphisme

nu Kos(T'r, A" (R)) = n,, Kos(T'r, A" (Roo)). (46)

cris cris

g?s) (Roo) comme une somme Ag?s) (R)® (Noo@A&,-nAg?s)) (voir [Cesnaviius et

Koshikawa 2019, (3.14.5)]) avec u - H! (Tgr, Noo@%ngi?) = 0 (voir [Cesnaviéius et Koshikawa 2019,
Proposition 3.32]).

Pour cela, on écrit A

Finalement, le quasi-isomorphisme y¥ est donné par la composée

RTuis(Xoc / p)/ Acis) = (lim Kos(3, A% (R)))
m
£, (1im n, Kos(Tg, A™ (R))
m

=5 (lim 7, Kos(Tr. A% (Roo)))
m

cris
9.6 ~L
< Rrét(%OC s AQ%(QC )®Ainf Acris- |
9B2. Application globale. Comme précédemment, on va écrire les complexes du théoréme 9.7 de maniere

fonctorielle. On commence par le complexe de droite. On prend (X, A) comme en (27) et on définit
I's A, R%‘ Ao €t R, A 00 comme avant. On a alors un recouvrement pro-€étale affinoide perfectoide

Spa(R);,A,oo[%], RZ,A,oo) — Spa(R[%], R). 47)
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Le raisonnement précédent (et en particulier I’isomorphisme (43)) donne un quasi-isomorphisme
~L ~ {1 .
RTa(Xoc, AQx0,. ) B, Aris = (lim 7, Kos(Tg, Ag?s)(RE,A,oo))) : (48)
m

On va maintenant écrire le complexe 2% RED, / Ay, SOUS UNE forme semblable a celle de (48). On considere
I’exactification de I’'immersion Spec(R/ p) > Spf(&cns(RE| A))

Spec(R/p) ‘]—> Yy LN Spf(Acris(Rg,A)),

avec j immersion fermée exacte et ¢ log-étale ; voir [Cesnavicius et Koshikawa 2019, §5.25-5.31]. Si on
(m)
PD ( ) J( )
I’anneau des puissances divisées de degré inférieur a m et Ry, "™ la complétion de I’image de D "

note D; la log-PD-enveloppe associée a j, on a alors un isomorphisme RZ A - l/)7 On note D;

par cet isomorphisme.
sont alors des Aém)-algébres munies d’une action continue de I's; A et d’un Frobenius. On

Les RPD (m)
PD PD (m) . L .. )
a de plus un As-isomorphisme Ry ™) = (hm R5, ) , qui est équivariant pour I’action du Frobenius
et de I's A. On obtient

REuis(Xoc/p)/ Aers) <> (im Kos(d REDM)y” (49)

Enfin, en se ramenant au cas ol on ne considére qu’une seule coordonnée A (donnée par le théoreme 9.7),
on construit un isomorphisme fonctoriel

Bs.a: (limKos(d, REZ™))” =5 (limn, Kos(Ts, 4. A (Rz,A,00))) (50)
m m

voir [Cesnaviéius et Koshikawa 2019, §5.38-5.39].
On peut maintenant prouver la version globale du théoreme 9.7 :

Théoréme 9.8 [Cesnavidius et Koshikawa 2019, Corollary 5.43]. Soit X un schéma formel propre sur

Ok a réduction semi-stable. 1l existe un quasi-isomorphisme compatible avec le morphisme de Frobenius
~ ~L
VCK : chris((:{@c /P)/ ACris) — Rrét(%oc s AQ}IOC )®Ainf Acris-

Démonstration. La preuve est similaire a celle du théoréme 8.1. Le morphisme global y©K est donné par
la composée

RFcris((%(’)c /P)/ Acris) = hoﬁg}:im chris((ubc /P)/ Actis)
= hogg}:im Rrét(ﬂbc , AQM:QC)

<= Rl'sa(Xoc, AQx0,.),
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ou, si 4* — X est un hyper-recouvrement affine de X avec Ll]é c = Spf(R¥), le quasi-isomorphisme
RUcris (UD. / P)/ Acris) = RTe(H5, .. AQ%C) est induit par

- . . PD, %
RTais((R*/p)/ Acis) 25> lim (limKos(d, RE>™))
(Zi,Ax) ™
> lim (limn, Kos(T'z A, A (R A 00)))
Ek. M) ™
_ ~L
<(4T) Rrét(%oc s AQ:{OC )®Amf Acris- U

On a un quasi-isomorphisme qui dépend du choix de @ et est compatible avec les actions du Frobenius
et de 1’opérateur de monodromie [Cesnavicius et Koshikawa 2019, Proposition 9.2],

teris R eris(Xie/ W(K)®) @34y BE = RTeris(Xoc /p)/ Aeris) ®F, BY (51)
et on en déduit I’isomorphisme de périodes X :

Théoréme 9.9 [Cesnavilius et Koshikawa 2019, Theorem 9.5]. Soit X un schéma formel propre sur Og
a réduction semi-stable. Il existe un quasi-isomorphisme

& : RTa(Xc. Zp) ®F, By => RTeris(Xk/ W(k)®) ® iy B

De plus, a°% est compatible avec les actions du morphisme de Frobenius, du groupe de Galois et de

l’opérateur de monodromie et il induit un isomorphisme filtré apres tensorisation par Bgg.

Démonstration. Le morphisme @“¥ est donné par la composée
L 9.4 L
Rrét(:{c, Zp) ®Zp By — Rrét(%oc s AQXOC) ®Ainf B
CK
y‘T RFcris((:{Oc/p)/ Acris) ®k Bst

cris
B

Lcris,w
<2 RTcris (X1/ W(K)®) @z B O
En inversant p, on obtient un quasi-isomorphisme rationnel
& : RTa(Xc, Qp) ®F, By => RTuk(¥) ®F By

9B3. Comparaison avec @°. Soit X un schéma formel propre sur Ok a réduction semi-stable. Le but de
cette section est de prouver le théoréme suivant :

Théoreme 9.10. Les morphismes de périodes

ak,a: Hét(%c, Qp) Ra, Bsy — H}lIK(x) ®F By,
GG agy - Hy (X0, Qp) ®a, Bar > Hij(X) ® F Bar

~CK ~FM

CK _ 7FM —
= €lOldR =Q4R -

sont égaux. En particulier, on a &
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Démonstration. Soit r > 0. On rappelle (voir (38)) que le morphisme &@° est donné par la composée

TgrRFét(:{C, @p) ®ép Bt <tT TSI‘RFét(:{C’ @p(r)) ®ép By {7} <oe;0 TSrRFsyn(:{OC 7)o ®ép B {r}

B
can cns w

chrls((:{oc /P)/ Actis)a ®Acns[l/p] By < T<rRFHK(%) ®F st

et @K par
L 9.4 L
Rrét(%cv @p) ®@p Bst - Rrét(x(ﬂc s AQ.%@C )@ ®Ainf[1/P] I]—:Bst

B

K beris, o
ZT RFcris ((:{Oc/p)/ Acris)@ ®kms[1/p] Bst Aonn RFHK(}:) ®%‘ IBst-

Pour prouver le théoreme, il suffit de montrer que pour r > 2d ou d = dim(X), le rectangle extérieur
du diagramme suivant commute (au moins au niveau des cohomologies) :

<rRTe(Xc, @I,) ®@ Byt <— T<r RT&(Xc.Qp(r)) ®@ By {r} <—t<rRngn(f{oC o ®@ Be{r}

T<r Rret(xoc AQ%@C)Q ® Bst <_ T<r chm((xOc /p)/Acns)@ ® Bst L T<r RFHK(:{) ®F B

L’application f, est définie de facon a ce que le triangle de gauche soit commutatif. Le triangle de droite
est commutatif par [Nekovar et Niziot 2016, §3.1], il suffit donc de montrer que le trapéze intérieur

commute. Il est suffisant de le montrer au niveau des cohomologies et c’est le résultat du lemme 9.11
ci-dessous. O

Lemme 9.11. Soiti < r. Le diagramme suivant est commutatif

Hét(%oc, AQX@ )@ ®L [ ] Bst <y— Hcrls((%OC /P)/Acm)@ ® [l] Bst
D cns

mf )

fﬁ canT

Hi(Xc, Qp(r) @G, Bulr} «———— Hyu(Xoc. 1o @G, Bulr}

r

Démonstration. (i) Réduction. Pour prouver le lemme, par B [1/u]-linéarité, il suffit de voir que le

cris
diagramme suivant est commutatif :

HyXoc. 400 )a @ 1y Biali] 5 Hon(Roc/ P Ao @y 111 B[]

Ajng ? cris D

frT canT

H(Xc.Qp(r)) HL (Xoc.T)a
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Considérons le diagramme

Héit(%(gc’ AQ%OC)‘];D ®L [ ]A[u v][ M] <_ Hérls((%OC/p)/ Acris)@ ®L [ ]A[u v][ u]

Ajng ) y[u v] Aeris P

Id®can Id®can

Hét(:{(’)c ’ AonC)@ ®{A: f[i] Acris[; ;11,] <y— Hclm((%OC /P)/ Acris)(D ®L [I]Acris[%’ ﬁ] (52)
1n! P

Acris D

f r can

H}(Xc,Qp(r))

Hsiyn(xoc 7)o

oy
La fleche verticale de gauche 1 := Id ® can est injective. En effet, par le théoréme 9.4, on a
i L L 17 ~ i L 11
Hét(:{OC s AQ%OC )@ ®A- f[1/p] Ainf|:_s _:| D ét(xC, @p(r)) ®@p Ainfl:_, _],
" P K P K
et on en déduit les isomorphismes

] 1
Hélt(xoc’ AQxOc)@ ®&inf[1/P] all [;’ ﬁ] et(:{C,@p(")) ® A[u " [; ﬁ]’

i 1 17 o i 1 1
Hét(x(’)cv AQ%OC )a ®ginf[1/P] Acris[;, ﬁ] < e’lt(:{c,@p(’”)) ®{jp Acris[;’ ﬁ]

En utilisant que I"application canonique Agis[1/ p,1/u] — A1/ p.1/u] est injective et H, éit (Xc.,Qp(r))
est de rang fini sur Q,, on obtient que B; est injective.

On en déduit que pour prouver le lemme, il suffit de montrer que le carré extérieur du diagramme (52)
commute. Mais en utilisant une nouvelle fois le théoréme 9.4 puis le théoréeme 9.8 (et que H ét (Xc.Qp(r))
est de QQ,-rang fini), on a

: L ol 17 o L ol 1
Hi(Xoc- AQx0.)a ®F, 11/, A v][? ﬁ] - Hét(RF(%Oc AR0,) O 1/, A v][E’ ﬁ])

Crl%((%OC/p)/ Acrls)@ ®Acns[1/p] A[u v][ ]
~ . . L o[l 1
=~ H' Rlcis((Xoe / P)/ Acris)a ®Acm[1/17] A »ul)
et il suffit donc de montrer que le diagramme

rS,RFét(%oC ’ AQ%oC )@ ®§» [1] A[u,v][p ll«] <— T<r RFcns((xOC/p)/ Acm)@ ®L [ A[u v][ //,]

inf | y[u v] Acris 12

frT caﬁ (53)

< RT(Xc, Qp(r)) < Rl (Xoe 1

commute.
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Pour cela, on va montrer que le diagramme suivant est p® -commutatif (pour un N € N) :

~L ~ ~L
TerFét(%Oc s AQ%@C )®Aian[u,v][%] T TﬁrRFcris((:{OC /p)/ Acris)®,&cri§'&[u’v] [%]

Yl
fr T can)[ (54)

TSrRFét(%C,Zp(V)) - TsrRFsyn(%Oc,r)

oy

(i1) Calcul local. On suppose dans un premier temps que X = Spf(R) avec R la complétion d’une algebre
étale sur R. On va voir que la principale différence entre la construction du morphisme de [Cesnavigius
et Koshikawa 2019] et celle de a? est que I’application ,3 utilisée par Bhatt et al. est égale a I’inverse de
I’application B construite plus haut, tordue par z. Plus précisément, on va montrer qu’on a un diagramme

¢ _commutatif (pour une certaine constante ¢ (r) € N) :

r VCK
K(ﬂ,a(F Acris(R)) [u.v]

Ky (s RN 5 (1, R (s RN)™™ S (1 B (s Roo D)™ e s (KA )2 1,0 (C a0y
/ ! /
L KGRl s Kl — s g, cq @l

1 I o
Ky(Frali) —2 o gy (ali) ) ——— Kr () — s ¢l ) (55)

Ir

B HH
Ko o(FT Al ") —— K, r (") ——— Ko r %)) —— Co.o (A% ()
5.10 | ¢ ¢

Y7
Ko (AR (1) —— Ko r (AR (1) —— Co.o AL ()

5.14 |2 2 \

Ko r(AR(r) —2 Ky 1 (Mg (1)) — Ci.0 (AR (1)) —— CG(Zp(r)

Tous les complexes sont tronqués par t<,. L’exposant [u, v] sur la deuxiéme ligne sert a désigner
(—)@){Aian["’”]. On pose Kr(—) := Kos(T',—), K3(—) := Kos(d, —) et Cg(—) désigne le complexe
de cochaines continues de G. Les notations K, 1 et Cg o(—) sont celles du théoréme 7.5. On écrit
M R (Aeis (R)) = 1im 1y, K (AL (R)) et 17, R (Acis (Roo)) 1= lim 17, K1 (AL (Roo)). Enfin, les mor-
phismes fiz sont ceux induits par les morphismes

Kos(Tg. Ak ) = C(Tr. A} ) — C(Gr.AY)

pour ? € {(0, v]+, [u, v]}, ol la deuxieme fleche est le morphisme de bord du recouvrement de Galois
R de R.
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L application B’ est donnée par la composée

<, Kos(9, ¢, FrAE?’U]) LA 1<, Kos(Lie T, ¢, FrAE?’v]) <« 1<y Kos(Lie T, ¢, A%’v](r))
L, Kos(T g, Al (1)

ou la seconde fleche est donnée par

Kos(Lie g, A" (1)) — =%, Kos(Lie g, ALY/ P (1)

l l»

Kos(Lie I'g, A%’v] (r) M Kos(Lie I'g, A%’U/p] (r)

lr I
: rpluly  PT¢ : [w.v/p]
Kos(Lie g, F"AR""") ————— Kos(Lie ['g, A}y )

et oll

_1\yn—1
B ALy AN (@ s By B (any) avee =Y Tt

n
n>1

En particulier, sur le premier terme, 8’ induit

B : t<r Kos(d, F’A%’v]) LN 1< Kos(Lie T, F’A%’v]) s t<r Kos(Lie T, A%’v](r))
Lo, Kos(T Al (). (56)

Les deux premicres fleches sont des petr )—quasi—isomorphismes (pour certaines constantes c(r)) et
I’application B est un isomorphisme.
L’application ﬁ(m) : (A(m)(R))Ji — (A(m)(R))J" est donnée par les Bk = anl(t”/n!)a’,:_l. Soit

) Cris cris
(ail.__ij) dans (F"~/ AE’;’U])J/, on a alors

"B (aiy-i;)) = (1" B;! "'lgal(tj_raiy"ij)) = ((B;,'0) -+~ (B, 1) (@i i)

et (,Bizlt) = (ano by Ti’/l()t ou les b, sont les coefficients de la série X /log(1 + X). Comme

lgik = Z ;_!a?k_l = (Z %(taik)n_l)t

n>1 n>1

avec (20;, ) = log(y;, ), on obtient ,Bl-_klt = B,-k et on en déduit que le carré

g
Ky(Ag") —— k(AR

T trT (57)

ﬂ/
Ky(Fralvhy 2L, gralkvly)
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commute, ol ,8/1 est ’application donnée par (56). On obtient finalement que le diagramme (55) est
) _commutatif (pour un certain ¢ (r) € N).
Montrons que le trapeze dans le coin supérieur droit

i
nuKrAg ) =2y, Co (AT ]

J? \ l 2 (58)
i
MK AR — n, Co (AR
est constitué de quasi-isomorphismes.
La fleche verticale de gauche est un isomorphisme de complexes. La fleche horizontale du haut est un

quasi-isomorphisme par (42). Montrons que la fleche verticale de droite est un quasi-isomorphisme. Par
définition, le complexe Cg (Ag)[“’”] est égal a

holim((RT'(G.A}) ®f, A ®F A /(€. p)")-

Mais RI'(G, A;) est calculé par le complexe borné Kos(I'g, A\;w) dont les termes sont plats sur Ajys.
On a donc

RT(G AL) @f AtV = R (G, AT) @, ALY,

inf
Pour n suffisamment grand (tel que £” € pAl?]) ona
Torj, (AU, Aung /(€. p)") < Tory, (AFY) Agye /p) = 0
et donc
(RT(G, AT) &k A @F A /(5 p)" = RT(G,AL) ®a,, A/ (€, p)".
Les termes du complexes ci-dessus sont donnés par
Mapeo, (G™, AT) @, ALY/ (p, 8",

qui est isomorphe a
Mapeon (G™, AT @a,, AU/ (p, 6)"),

car G est profini. En prenant la limite sur z, on obtient finalement le quasi-isomorphisme
Co(AH)M = cg (Al

On en déduit que les autres fleches de (58) sont elles aussi des quasi-isomorphismes. Finalement, une
chasse au diagramme (dans (55)) montre que (54) et donc (53) commute dans le cas ot X := Spf(R). 1l
reste a voir que le résultat reste vrai pour X global.

(iii) Cas global. Dans un premier temps, on suppose toujours X = Spf(R). Si (X, A) sont tels qu’on
ait une immersion (27), en définissant RIE)DN Roo, 3, A, etc. comme précédemment, on peut réécrire le
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diagramme (55) en utilisant les versions (X, A) des anneaux. On prend ensuite la limite sur I’ensemble
des (X, A) et on obtient un diagramme commutatif fonctoriel

~L ~L
hmE A T<r (Kos(a, Rgﬁ)@(gﬂmg[%]A[u’v][%’ i]) -~ hmE A T<r (n“CG(AEZVA)@(@%"{%]A[M’U][%’ ﬁ])

T I

limy, 5 T<r Kos(d, ¢, F"RED Jo = 7, Cg (Kos(g, Ag(r))) g ¢ t=rC6(Zp(r)a

Soit X global. En considérant des hyper-recouvrements affines {{* — X comme précédemment et en
remarquant que les deux complexes de la ligne du haut du diagramme ci-dessus calculent respectivement

TerFcris((u /p)/ Acrls)@®Acm[1/p]A[u v]|:p I/L:I

et

1< RTa (U5, AonC)@&\,mu/p]A[u v][p M]

on en déduit que le diagramme suivant commute :

T<r RTeris ()2 5 7, hocolim RTeris ()" =5 72, hocolim RT(AQe) 2! & 1oy RTq(AQ )1

T [ d

<y RUyn(X0c . 1) — T<r hocolim RTqyn (83, ., r)q — < hocolim RTe (g, @p (r)) < 1<, RTa(Xc, Qp(r))

On a ici noté RI'¢is(—) 1= chris(((_)Oc/p)/ Acris) et Rrét(AQ(—)oC) = RFét((_)OC7 AQ(—)OC)-
On obtient le résultat du lemme. O
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Maximizing Sudler products via
Ostrowski expansions and cotangent sums

Christoph Aistleitner and Bence Borda

There is an extensive literature on the asymptotic order of Sudler’s trigonometric product Py (o) =
]_[flvz1 |2 sin(rna)| for fixed or for “typical” values of «. We establish a structural result which for a
given « characterizes those N for which Py («) attains particularly large values. This characterization
relies on the coefficients of N in its Ostrowski expansion with respect to «, and allows us to obtain very
precise estimates for max;<y<uy Py (cr) and for Z%zl Py () in terms of M, for any ¢ > 0. Furthermore,
our arguments give a natural explanation of the fact that the value of the hyperbolic volume of the
complement of the figure-eight knot appears generically in results on the asymptotic order of the Sudler
product and of the Kashaev invariant.

1. Introduction and statement of results

During the last decades many authors have studied the asymptotic order of the so-called Sudler product

N
Py(a) = [ [12sinGrne), (1)
n=1

either on average (with respect to «) or for particular values of «. It is known that the order of (1) for a
fixed value of o depends sensitively on the Diophantine approximation properties of «, and in particular
on the continued fraction expansion of «. If o € Q, then clearly the product (1) vanishes for all sufficiently

large N, so for the asymptotic analysis we can restrict ourselves to the case when « is irrational.
Of particular interest is the case when « is a quadratic irrational, which means that the continued
fraction expansion of « is eventually periodic. A remarkable result was recently obtained by Grepstad,
Kaltenbock and Neumiiller [Grepstad et al. 2019], who proved that for the golden mean ¢ = %(1 +5),

0 < liminf Py (¢p) < 00,
N—o0

thereby solving a long-standing problem of Erdss and Szekeres [1959]. In [Aistleitner et al. 2020] this
result was complemented by

: Py ()
0 < limsup < 00,
N—oo
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so the asymptotic order of Py(¢) is completely understood. Interestingly, there is a transition in
the behavior of quadratic irrationals whose continued fraction expansion is of the particularly simple
form o = [0; a] as the value of a increases (here and in the sequel, the overline denotes period): it turns
out that liminfy_, o, Py () > 0 as long as a < 5, while liminfy_, o Py (o) =0 when a > 6. A similar
characterization applies to limsupy_, ., Pnv(a)/N < oo. A generalization of such a criterion to more
general quadratic irrationals can be found in [Grepstad et al. 2022].

Lubinsky [1999] proved that for any badly approximable «,

N~ Ky Py(a) Ky N

with some ¢, c; > 0, and asked for the smallest possible constants ¢; = ¢1(«) and ¢; = ¢(«) for
which this holds.! As noted in [Aistleitner and Borda 2022], for any badly approximable «, we have
that ¢>(a) = c¢j () + 1. From what was said above for o = [0; a], we have c¢{(a) = 0 and cx(a) = 1
for a € {1, 2, 3, 4, 5}, but in general it seems to be very difficult to calculate the values of these two
constants. In [Aistleitner and Borda 2022] it was shown that for any quadratic irrational «,

_ _ L dawe(@) | o (1+log Ale)
a@)=ci(a)+1= = Vol(41) Tog A(a) + 0( log (@) ) 2)
Here
Vol(4) = 47 f * log(2 sin(rx)) dx ~ 2.02988 3)
0

is the hyperbolic volume of the complement of the figure-eight knot (more on this below; here and in the
sequel, “4;” is the Alexander—Briggs notation for the figure-eight knot), aaye (o) =limy oo (@1 +- - -+ax) / k
denotes the average of the partial quotients within a period, A(«) is the (easily computable) number
for which the convergents pi/qr = [ao; a1, as, . .., ax] satisfy loggr ~ (logA(x))k as k — oo, and
A(o) = maxg> ay is the maximum of the partial quotients. The key purpose of the present paper is to
obtain a significantly improved version of (2), and to give a structural description of those values of N for
which Py («) attains particularly large resp. small values. These two aims are very closely related; roughly
speaking, knowing the particular structure of those N which lead to extreme values of Py (c¢) allows us to
obtain improved estimates on c(«) and ¢, (), since the structural information allows a refined analysis
of the terms that control c¢;(«) and ¢ (). The “structure” of N which is alluded to here is a particular
structure of the coefficients in its Ostrowski representation, which is a numeration system for integers
based on the continued fraction denominators of «. Very roughly speaking, it turns out that Py («) is
particularly large resp. small if the Ostrowski coefficients of N are all % resp. é of their maximal possible
size; this fact will also give a natural explanation for the appearance of the constant Vol(4) in formula (2)
above, as well as in many other related formulas, such as those in [Bettin and Drappeau 2022b].

1Throughout the paper we write xy < yy or xy = O(yy) when |xy| < Cyy with some appropriate constant C > 0. All
implied constants are universal unless the opposite is explicitly indicated by a subscript; e.g., xy K¢ Yy and xy = Oq(YnN)
mean that the implied constant may depend on «.
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Before presenting our results, we note some connections to other areas of mathematics. Early in-
vestigations of the Sudler product were carried out by Erdés and Szekeres [1959] and Sudler [1964].
Since then such products have appeared in various contexts, including partition functions, KAM theory,
g-series, Padé approximations, and the analytic continuation of Dirichlet series. In particular, pointwise
upper bounds for Sudler products at quadratic irrationals played a crucial role in the counterexample
of Lubinsky [2003] to the Baker—Gammel-Wills conjecture, where they were used to bound the Taylor
series coefficients of the Rogers—Ramanujan function. Pointwise upper bounds for Sudler products also
played a key role in the solution of the “ten martini problem” by Avila and Jitomirskaya [2009]. For a
more detailed exposition of the connection between the Sudler product and other mathematical subjects
we refer the reader to [Aistleitner et al. 2018; Knill and Tangerman 2011; Verschueren and Mestel 2016].
Note that the Sudler product can be written using the g-Pochhammer symbol as

Py@)=|(q:nl=101=q)(1=¢*)---(1—g")| with ¢ = >,

Compare this with the definition of the so-called Kashaev invariant of the figure-eight knot, given by

Ja0@) =Y _I(q; vl “
N=0

This series is convergent if and only if « is rational (i.e., g is a root of unity). The Kashaev invariant is a
quantum knot invariant arising from the colored Jones polynomial, and the figure-eight knot is the simplest
hyperbolic knot. For more background, we refer the reader to [Bettin and Drappeau 2022b; Murakami
and Murakami 2001; Murakami 2011]. Here we only note that the Kashaev invariant can be written as
a sum of squares of Sudler products; however, by its very nature the Kashaev invariant is only interesting
when « is rational (since otherwise the series diverges), while the asymptotic order of the Sudler product
is only interesting when « is irrational (since otherwise the product vanishes for all sufficiently large
indices). However, it is possible to approximate the value of the Sudler product at an irrational o by the
value at a rational number close to « (such as a continued fraction approximation to «), thereby switching
from Kashaev invariants to Sudler products and vice versa; see [Aistleitner and Borda 2022] for a precise
statement. Generally, this connection suggests studying the asymptotic order of expressions of the form

m :
(Z PN(a)2>
N=1

or, more generally,

M 1/c
( Z PN(oa)c> for some ¢ > 0,
N=1

which can be seen as describing the average order of Py («) with respect to N. With this notation the
problem concerning the upper asymptotic order of Py («) corresponds to the maximum norm, that is, to
the case ¢ = 0o. In connection with a problem posed by Bettin and Drappeau [2022b], we [Aistleitner and
Borda 2022] settled the case when « is a quadratic irrational, showing that in this case for any real ¢ > 0
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and any k > 1,

log(qkz_l PN(a)“)l/C = K. ()k + O, (max{l, %}), &)
N=0
and

log max Py(x) = Koo(@)k + Oy(1)
0<N <gx

with some constants K.(«), Koo () > 0. We repeat that K, (o) in (5) is closely related to the Kashaev
invariant as defined in (4). Note also that the constants in the question of Lubinsky can be expressed as
() =ci(a) + 1 = Koo(a)/log M(ax), where A() > 1 is the same easily computable constant as in (2).
However, in [Aistleitner and Borda 2022] it remained open whether K. (o) actually depends on ¢ or not.
This is related to the question whether Py («) is exceptionally large only for a very small number of
indices N causing the sum in (5) to be essentially dominated by a small number of summands which
are of extremal size. In this paper we prove that this is not the case, and that (under certain technical
assumptions) the overall order of the sum Z%‘;& Py (20)€ is not caused by a small number of exceptionally
large summands. In particular, K. (o) does indeed depend on c.

We close this discussion by noting that the Kashaev invariant features prominently in the seminal
paper of Zagier [2010] on quantum modular forms, where it is introduced as being “the most mysterious
and in many ways the most interesting” example. Zagier records certain modularity properties of the
function J4, o, and suggests that the function s (o) = log(j41,o(e2”i"‘) / j41,o(e2’“' /ey, relating the value
of the Kashaev invariant at « to its value at 1/, appears to be continuous at irrationals. This continuity
hypothesis has been driving much of the recent research in this area, but as a whole it is still wide open.
See [Aistleitner and Borda 2022; Bettin and Drappeau 2022a; 2022b].

We now state our main results. For the rest of the paper, we fix an irrational « = [ag; ay, az, . ..] with
convergents pi/qrx = lao; a1, .. ., agl.

Theorem 1. Assume that
log ay.

<T forall k>ko (6)
ak+1

with some constants kg, T > 1. Let N = Zf:_ol brqy be the Ostrowski expansion of a nonnegative integer,

and set
K-1
N* = Z biqk, with b} = L%akHJ. @)
k=0
Then
K-1 K ]
log Py (o) =log Py+(a) — Y de(N) + O < > Z) + 04(1)
k=0 k=1

with some dy(N) satisfying the following for all 0 <k < K — 1:
(1) di(N) > 0.2326(b; — bZ)Z/akH, with equality if by = by.
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(i) Ifbx <0.99ay 1, then

by /a1

by — by

Ai+1

di(N) = a1 f

bi/ay+1

log|2 sin(rx)|dx 4+ Or ( + Iip,<0.01a41) 108 ak+1>. (8)

Remark. In the formula above I, <0.014,,,) denotes the indicator of by < 0.01a;4 . Formula (8) gives
the precise asymptotics of di(N) in the regime by — b} ~ ai41. Using a first-order Taylor approximation

of log|2 sin(;rx)| around x = %, we immediately deduce from (8) that
/3 (bg —b})? by —b}|  |b—b}?
dk(N): '(k k) +0T(|k k|_+_|k2 kl >’ (9)
2 Ak+1 k41 ai

yielding the precise asymptotics in the regime by — b} = o(ax+1).

Theorem 1 asserts that Py () is particularly large when N = N*, and that an integer N whose Ostrowski
expansion deviates significantly from that of N* will lead to much smaller values of Py («). The magnitude
of Py(a)/Pn+(a) is quantified in terms of the “distance” between the Ostrowski expansions of N and N*.
As simple illustrative examples we mention that Theorem 1 with 7 = 1 applies to « = [0; a], and also to
well-approximable irrationals with a; < a, <--- < a; — oo. Note that we do not claim that the maximum
is attained at precisely N*; however, for example, for & = [0; a] it follows that the Ostrowski coefficients
of the integer at which the maximum maxo<y -4, Py () is attained satisfy by = %a + O(1/¢) for all
but <eK indices0 <k <K — 1.

The significance of the value % in our definition of N* in (7) is that it is a solution of the equation
|2 sin(rx)| = 1. From the proofs it will become visible that choosing a value of b; smaller than %akH
essentially means missing out on potential factors which exceed 1, while choosing b; larger than %ak+1
essentially leads to extra factors which are smaller than 1; clearly both effects are counterproductive if
our aim is to maximize Py (o). The heuristic reasoning underpinning all the constructions and results in
the present paper will be described in some detail in Section 2.1 below. The value 0.2326 in property (i)
is explained by

5

1 5 . 9Vol(4)
—_— log|2sin(mwx)|dx = ——— =0.23260748.. ..
(5/6)* /0 257
Any constant less than 9 Vol(41)/(257) would work; the sharpness of this value is easily seen by letting
bi/ag+1 — 01n (8). The values 0.99 resp. 0.01 in property (ii), on the other hand, are basically accidental;
any constants C < 1 resp. C > 0 would work, with the implied constants depending also on the choice
of C. The reason why we have to stay away from x = 0 and x = 1 is that the function log|2 sin(;z x)| has
singularities there.

Condition (6) is related to the behavior of a cotangent sum; see Section 3.2. Probably this condition
could be relaxed in some way, but it seems very difficult to obtain a version of Theorem 1 without any
regularity assumption on the relative size of the partial quotients, since for a number o whose partial
quotients are of very different orders of magnitude the “optimal” Ostrowski coefficients b} should depend
onap,a, ..., a1 in a more complicated way than the one suggested by (7); see also Figure 2 below.
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Formulas (8) and (9) allow us to give precise estimates for the number of integers 0 < N < gk for
which Py () is particularly large. This is stated in Theorem 2 below. The value 0.01 in the statement of
the theorem could of course again be replaced by any C > 0, with the implied constants depending also
on C > 0.

Theorem 2. Assume that (6) holds and let N* be defined as in (7). Then for any real ¢ > 0.01,

gx—1 1/c
log< Z PN(a)C)

=log PN*(oz)—i— Z log —+0T

12 3/2
( <10g (ax/c+2) log (Clk/C+2)+a >>+0 (1), (10)
k=1 '

N 121 32all?
and
N
log max Py(x)=Ilog PN*(a)—i-OT( E —) + 04 (1). (1D
0=<N<gg =1 ag

Our third result shows that because of the particular structure of N*, we can calculate the value
of Py+(c) up to a very high precision.

Theorem 3. Assume that (6) holds, and let N* be defined as in (7). Then
K
1+ log(axa
log Py« () = — Vol(41) Zak ¥ Zlogak + OT(Z w) + 04(1).
25 k=1 k+l

Let us now compare the results obtained here with the previously known best results. Consider first
o =[0; a]. In [Aistleitner and Borda 2022] we proved that for any 0 < ¢ < oo, the constant K. («) defined
in (5) satisfies

K. (a) = iVol(41)a+0(max{1 —}(1+1oga))

with the dependence on ¢ hidden in the error term. Taking the asymptotics as K — oo in Theorems 2
and 3, we immediately obtain the improvement

K. (x)= L Vol(41)a + = 1 loga + log

«/_c
logl/z(a/c+2) log*?(a/c+2) 1+loga
+ O( 124172 32172 P » 00l =c=oco.

Note that the dependence on c is visible in the regime ¢ < (aloglog(a + 2))/log(a + 2); above
this threshold, the term (1/(2¢)) log(2a/~/3¢) is negligible compared to the error term (1 + loga)/a,
and K.(«) becomes indistinguishable from

1+loga
Koola) = % Vol(4,)a + % loga + O(Tg)
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As for the question of Lubinsky, the previously known best result (from [Aistleitner and Borda 2022]),
o@)=ci(a)+1= % Vol(4y) - (a/loga) + O (1), is improved to

Cz(Ot)=C1(0t)+1=1 RECE 0(1), a>?2.
4 loga = 2 a

Theorems 2 and 3 give similar improvements for more general badly approximable irrationals whose
partial quotients are roughly of the same order of magnitude; this is measured by the parameter 7 > 1
in (6).

We also obtain improvements for certain well-approximable irrationals. It is known [Aistleitner and
Borda 2022; Bettin and Drappeau 2022b] that if the average partial quotient (a; + - - - 4+ ay )/ k diverges to
infinity, then under some mild additional assumptions on « for any real ¢ > 0 we have

q—1 1/c
log< > PN(oz)C) ~ $V01(41)(a1 +tap) as k— oo,
N=

and

log max Py(a)~ L Vol(4y)(a; +---+ar) as k— oo.

0<N<gqi

Theorems 2 and 3 improve these under condition (6) by identifying logarithmic correction terms.

While the main focus of this paper is maximizing the value of Sudler products, we mention that
our results also shed light on minimal values. These two problems are closely related: we observed in
[Aistleitner and Borda 2022] that for an arbitrary irrational & and any 0 < N < gx we have

1 4+ log max a
IOgPN(O‘)‘l‘lOquK—N—l(Ol)=10g41<—|—0< £ Max1 k<K k)’

ag+1

and, in particular,

(1 + log max|<x<k ak)

log max Py(x) +10g mm Py(x) =loggx + O
<qk ag+1

0=N<qk

Therefore Py () is particularly small when P, _y_i(c) is particularly large, and vice versa. More
precisely, by following the steps in the proof of Theorem 3 we deduce that under assumption (6),

N, = Z/f:_ol L%akHJCIk satisfies

1 X = K1+ log(arars1)
log PN*(a)z—EVol(%)Zak 5Zlc>gak+0T ZT + 04 (1).
k=1 k=1 k=1 +

1
The negative coefficient is explained by foﬁ log(2 sin(mrx)) dx = — Vol(41)/(4m); see (3). The previous
two formulas, Theorem 2 and the fact loggx = Zle logay + O(Z}f:l 1/ay) yield

K
1+1 1+1
+log max;<x<k ak) n OT(Z +log(aray1)

log min Py(a)=Ilog Py, () + 0(
aKg+1

0<N<qg

>+0a(1),

a
k=1 k+1

a perfect analogue of (11).
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Before coming to the more technical parts, we briefly lay out the further content of this paper. In
Section 2 we introduce a perturbed version of the Sudler product, which allows a decomposition of a full
product Py (o) into subproducts whose number of factors is always a continued fraction denominator
of «, thereby naturally bringing into play the Ostrowski expansion of N. In Section 2.1 we give a detailed
heuristic sketch of how this decomposition leads to Theorems 1, 2 and 3. In particular it will become
clear how the constant % in the definition of N* and how the constant Vol(4;) in the conclusion of the
theorems arise. A key ingredient (in the heuristic as well as in the actual proofs) is the fact that the
shifted products P, have a limiting behavior, in an appropriate sense. This has been experimentally
observed in [Aistleitner et al. 2020], and in the present paper we give proofs for this fact, which is stated as
Theorems 4 and 5 in Section 2.2. Section 3 contains approximation formulas for shifted Sudler products
and in particular Proposition 12, which plays a central role in the proofs of the theorems. To obtain our
approximation formula we introduce a certain cotangent sum which controls an important part of the
behavior of the shifted Sudler product. Such cotangent sums have a rich arithmetic structure, and we
make crucial use of a reciprocity formula of Bettin and Conrey [2013]. Sections 4—6 contain the proofs
of Theorems 1-3, respectively, and finally Section 7 contains the proofs of Theorems 4 and 5.

2. Shifted Sudler products

Let
N

Py(a, x) = 1_[|2 sin(r(na +x))|, o, xeR
n=1
denote a shifted form of the Sudler product. Given a nonnegative integer with Ostrowski expansion
N = Z/f:_ol brqx, let us also introduce the notation

K—1
ex(N):=qx Y (=D!*byligee]. (12)
{=k+1
It is then easy to see that
K—1b—1
Py@) =] I Paule: D barllgeerll + e (N) /qi). (13)
k=0 b=0

which will serve as a fundamental tool in the proof of our results. This product form of Py («) was
first used by Grepstad, Kaltenbdck and Neumiiller [Grepstad et al. 2019], and later also in [Aistleitner
et al. 2020; Grepstad et al. 2020; 2022]; for a detailed proof of (13) see [Aistleitner and Borda 2022,
Lemma 2]. As we will see, here —1 < bgy||gre|| + ex(N) < 1, and therefore understanding the behavior
of the function P, (o, (—Dkx /qx) on the interval (—1, 1) will play a crucial role.

2.1. The heuristic picture. Before we give the details of how to estimate the components of the product
in (13), we present a heuristic picture of how the factors in this product formula behave, what the
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Figure 1. The function P, (, (—1)kx/qk) for k =4 and o = [0; a], with a =5 (dotted),
a = 15 (dashed) and a = 50 (solid line). The picture remains virtually identical for a
larger choice of k. Note how the functions in the plot approach |2 sin(wx)| (light gray)
as the value of a increases. Details are given in Section 2.2 below.

significance of the Ostrowski coefficients of N is, why the Sudler product is essentially maximized
at numbers N having all the Ostrowski coefficients at % of their maximal possible size, and how the
hyperbolic volume of the complement of the figure-eight knot as defined in (3) appears. Assume
that 0 < N < gk, so that N has Ostrowski expansion N = Z/f:_ol brqy. Recall that 0 < by < agy1. Very
roughly, we have gillgra|l ~ 1/ay1. It turns out that P, (c, (—l)kx/qk) ~ |2 sin(srx)|. This observation
is formalized in a precise form in Proposition 12 below; see also Figure 1 and Theorems 4 and 5. Thus,

ignoring the numbers & (N) in (13) for the moment, we have

Py (o, (=D (bgrllgrell + ex(N)) /qi) ~ 2 sin(b/ags1)|,

and so, ofthandedly discarding the factor corresponding to b = 0, we have

br—1 br—1
[T Pale. (=DF@arligrell + e (N)) /qi) ~ [ | 12sin(rb/ai )] (14)
b=0 b=1

Note that b/ay 1 €0, 1]. We have 2sin(rrx) > 1 forx € [% %], and 2sin(rrx) <1forx €0, %]U[%, 1].
This suggests that in order to maximize the product in (14), we should choose by =~ %akH, since by
doing so we catch as many factors exceeding 1 while avoiding unnecessary factors smaller than 1; in
other words, Py (c) is essentially maximized when N = N*. This heuristic also gives us a rough general
approximation for the value of Py («). Using (13) and assuming that all a;’s are “large”, we roughly have

K—-1 br—1 K—1

by /a1
Py () = l_[ exp( Z log(2 sin(nb/ak+1))) ~ exp( Z A+1 / log(2 sin(mx)) dx).
0

k=0 b=1 k=0
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In particular, for N = N* when by /a4 ~ %, the hyperbolic volume of the complement of the figure-eight
knot naturally appears, and we have

K—1 5 K
6 . 1
Py« (a) = exp( kz_o Qg1 /0 log(2 sin(mrx)) dx) = exp(E Vol(41) ; ak),

recall the definition of Vol(4;) in (3). If we want to minimize Py («) instead, the same reasoning suggests
that we should choose b ~ %akH to catch as many factors smaller than 1 as possible. While this heuristic
serves as a good basic illustration of the behavior of the Sudler product, the actual situation clearly is
much more delicate; in particular, the function log(2 sin(;rx)) has singularities at x = 0 and x = 1, which
carefully have to be taken care of.

Now let us come back to the influence of the numbers g, (V). As sketched above, the term bgy||gro ||
in (14) is of order roughly b/a+. By (12) we roughly have |ex(N)| < 1/aj41, so typically the e, (N)’s
are small in comparison with bgy||grac||. We also see in the definition given in (12) that the number &; (N)
depends on the Ostrowski coefficients by 1, byyo, . ... It turns out that we cannot simply ignore the
influence of the ¢, (N)’s; quite on the contrary, controlling the influence of these numbers has been a
key ingredient in recent work such as [Aistleitner et al. 2020; Grepstad et al. 2019], and they also play a
crucial role in the present paper. In particular, the influence of the g, (N)’s is crucial for all those factors
in Py, (a, (—l)k(bqk lgreell + 8k(N))/qk) for which b is such that b/ay is either very close to O or very
close to 1. The punchline is the following. If a number N has an Ostrowski representation which is
very different from the one of N*, then by the coarse argument sketched above we know that Py («)
is much smaller than Py+(c). On the other hand, if N has an Ostrowski representation which is very
similar to that of N* (or in particular if N = N*), then we know what the values of the ;(N)’s are, since
they depend on the Ostrowski coefficients of N. In other words, once we have established a structural
result which controls the Ostrowski expansion of those N for which Py («) is large (Theorem 1), we can
obtain a very precise result on the maximal asymptotic order of Py(«) (combining (11) of Theorem 2
and Theorem 3), since control of the Ostrowski coefficients of N allows us to control the numbers g, (N),
which in turn gives us exact control of the order of Py (o).

There is a further important effect, which is particularly strong when o has some partial quotients
which are very much larger than others. As Lemma 8 and Proposition 12 below will show, a more precise
approximation for Py, is

Py (o, (—D*x/qy) ~ |2 sin(mrx)|elos @)/t

where the exponential factor comes from a cotangent sum; see also Figure 2 and Sections 2.2 and 3.2.
If a; and ay4 are of similar size, then the factor ellogan) /a1 jq negligible. However, if a; is much larger
than a1, then this factor plays a significant role.

The heuristic sketched above suggests that in such a case the corresponding Ostrowski coefficients
should be chosen significantly larger than %akH , since there is a wider range of values of x for which
Py (a, (—D*x/qi) exceeds 1. However, very remarkably, this line of reasoning turns out to be wrong,
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Figure 2. The function P, («, x/q4) for a =[0; 2, 50] (solid line). Note that this function
is much larger than |2 sin(;rx)| (light gray), which reflects the fact that a4 = 50 is much
larger than a3 = 2. In contrast, Py (a, —x/gs) (dotted line) is virtually indistinguishable
from |2sin(7wx)|. Note that Py (o, —x/qs) crosses the line at height 1 (dashed line)
near x = %, as the initial heuristics suggested, but Py, (e, x/q4) crosses this line at a
much larger value of x near x = 0.95, misleadingly suggesting a larger choice of the

corresponding Ostrowski coefficient in order to maximize the Sudler product.

and the Ostrowski coefficient maximizing the Sudler product remains at %akH. The reason is that while
a larger choice of by leads to a larger value of the k-th factor of the Sudler product in (13), a larger
choice of by also leads to a larger negative value of ;_;, which in turn leads to a smaller value of
the (k—1)-st factor. If we try to choose a larger value of by for some k for which (logay)/a+ is large,
then, astonishingly, the magnifying effect that this has on the k-th factor in (13) is exactly canceled out by
the corresponding demagnifying effect on the (k—1)-st factor, so that overall it turns out to be better to
stick with by &~ %akH. This is a very surprising effect, which is mentioned as a “remarkable cancellation”
in the proof of Proposition 15(ii). We note in passing that there is a second unexpected cancellation in
this paper, when the additive constant in the conclusion of Theorem 3 turns out to be zero in formula (59).

In both cases, we cannot give a convincing heuristic explanation of why these cancellations occur.

2.2. Limit functions of shifted Sudler products. Aistleitner, Technau and Zafeiropoulos [Aistleitner et al.
2020] proved that for o = [0; a] the function P, («, (— D¥x /qr) converges pointwise on R as k — oo,
and gave an explicit formula for the limit function G, (x) in the form of an infinite product. They also
observed experimentally that as the value of a increases the graph of G, (x) starts to resemble that
of |2sin(7x)|. The speed of convergence of P, («, (—D¥*x/qr) = Gq(x) as k — oo is very fast, so the
graphs depicted in Figure 1 for k =4 are practically indistinguishable from those of the corresponding limit
functions G (x). In the present paper we develop a general framework to estimate Py, (o, (— D¥x /qx)
in terms of a cotangent sum; see Proposition 12. This in particular allows us to quantify the deviation
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Figure 3. Left: The function P, (c, (—1)kx/qk) for k = 4 and « = [0; 15], which
virtually equals the corresponding limit function G4 (x). Right: We obtain an excellent
approximation from the right-hand side of (15), leaving out the O-term. The difference is
so small that it would be invisible on a full-scale plot as on the left, so we have zoomed
into the small box indicated there to show the deviation between the two functions.
The actual value of P, («, x/qyi) is plotted as a solid line, the approximation from (15)
as a dotted line. Obviously we obtain a much better approximation than the crude
Py (a, (—D*x/q) =~ |2 sin(rx)| of Figure 1.

of Py, (a, (—1)kx/qk) from |2 sin(;rx)|. For the particular case of & = [0; a], when passing to the limit
functions G, (x) by letting k — oo, we obtain

C

X

. C—-D D
Ga(x)=|2sm<nx)|-'1+—’-‘1+ H1+ ‘
x+1

x—1

a T'Q2+4+x) 1+loga
) exp(c(logﬁ T TQ+n ) * 0((2— |x|>2a2>> ()

in the range |x| <2 —2/a, where I" is the gamma function,

1 24—
and p= Y& Td—a
a’+

C= .
2va?r+4

n

In particular, we roughly have

Go(x) = [2sin(mx) 12D/ + O (i) = |2sin(zx)| + O (H;ﬂ) x| < 1.99, (16)
but (15) is of course more precise. Observe that the effect of the factors 1 +(C — D)/(x + 1), 1 + C/x,
14 D/(x — 1) is that they shift the zeroes —1, 0, 1 of |2 sin(srx)| by roughly (C — D) ~1/a, C ~1/a,
D~1 /a2 to the left, respectively. The admissible range of x in the approximations (15) and (16) could
be extended by the inclusion of more correction factors; however, in the context of Sudler products only
shifts x in the range x € (—1, 1) can occur, so from our perspective there is no reason to aim at a wider
range for x.
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In a recent paper [Grepstad et al. 2022] the remarkable convergence property of P, (c, (— DFx/qy) was

generalized to arbitrary quadratic irrationals o = [ao; ay, . . ., Ay, Qkgt 1, - - -, Akg+pls We Tecall that the
overline denotes period. The only difference is that in general we have p different limit functions G, (x),
1 <r <p,and Py (a, (—D*x/qr) — G,.r(x) holds pointwise on R as k — oo along the arithmetic
progression k € pN + kg + r. Generalizing (15), the following result states that all these limit functions
are close to |2 sin(rx)| whenever the partial quotients of « are all large, and are roughly of similar order
of magnitude; the latter property is measured by the parameter 7.

Theorem 4. Let o = [ag; ay, ..., Ak, Akt 15 - - - > Gkot pl be a quadratic irrational, and assume that

max (log axy+r)/arg+r+1 < T with some constant T > 1.
I<r<p

Forany 1 <r < p and any |x| <max{l, 2 —2/axy+r+1},

C,—D C D
Go.r(x) = |2sin(mx)| - T+ 1+ = |1+ d
x+1 X x—1
o2 T+1 _ T
% exp(C, (log argtr  T7( —I—x)) + 0( +log(ak+r—1aky+r) n i ))
27 '2+x) (2 — |xDaky+rako+r+1 2—|x |)2ak0+r+1

where 1" is the gamma function,

C = mli—l;%o Gko+r—+mp ||Qko+r+mpa | and D,= mli—>moo Gko+r—1+mp ||Qko+r+mp0[|| .

Based on these results for quadratic irrationals with large partial quotients, it is not difficult to come up
with the intuition that for a well-approximable irrational the corresponding limit function is precisely
|2 sin(Tx)|.

Theorem 5. Assume that sup;., ap = 00. Then

Py, (a, (—l)k'"x/qk ) = |2sin(Tx)| as m — o0

m

locally uniformly on R for any increasing sequence of positive integers k,, such that

1 +log maxi<¢<x, ae
—0 as m— oo.

Ak, +1

If in addition limy_, (1 +log ay) /ax+1 = 0, then the same holds along the full sequence k,, = m.

3. Approximation of shifted Sudler products

The main result of this section is Proposition 12 in Section 3.5 below, which is an approximation formula
for the inner product over 0 < b < by — 1 in the decomposition formula (13). As we will see, lower estimates
are much more difficult to prove than upper estimates, especially when the points bgy ||gr|| + e+ (V) are
close to 0 or 1, requiring a somewhat tedious case analysis throughout the paper. This is explained by the
fact that log|2 sin(;rx)| is bounded above but not below, and has singularities at x =0 and x = 1.
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3.1. Continued fractions. We start by recalling some basic facts about continued fractions; see [Allouche
and Shallit 2003; Rockett and Sziisz 1992; Schmidt 1980] for background. The convergents satisfy the
recursion g4 = dr+19k + qix—1 with initial conditions go = 1, q; = a1, and pgy1 = ax+1 px + px—1 with
initial conditions po = ag, p1 = apa; + 1. If either k > 1, or k = 0 and a; > 1, then the following hold:

(i) By the best rational approximation property, ||[nc| > ||gra| for all 1 <n < gg41.
(i) The integer closest to gx« is py, and (—l)k(qkoz — pr) = llgra|l-
(i) 1/(grllgrall) = lars1; a2, agys, .. 1+ 105 ag, ag—1, ..., a1

Note that (iii) follows easily from the well-known algebraic identity

PiX + pPr—1
[ao;a15"-’ak5-x]=—
qiX + qi—1
with x = [ag+1; Aky2, Ak+3, ... ], and the fact that gx—1/qx = [0; ax, ax—1, - .., a1]. In particular, (iii)
implies that 1/(ax+1 +2) < gkllgrall < 1/ag+1-
The recursion [|gx+1|| = —ar+1llgee || + |gk—1¢¢]| and the identity | — pr/qk| + ¢ — prt1/qr+11 =

1/(gkqk+1), in other words, gi+1||gre |l + gk llgr+1o|| = 1, are also classical. Finally, recall the identity

Q1 Pk — Qe prs1 = (=D k>0 (17)

The Ostrowski expansion of a nonnegative integer N is the unique representation N =) 2(2—01 brqi, where
0 <bg < a; and 0 < by < ag4 are integers which satisfy the rule that b;_; = 0 whenever by = a4 .

We first prove a useful estimate for ¢ (), as defined in (12). Note that in the product formula (13)
only those indices k appear for which by > 1; otherwise the inner product is empty, and by convention
equals 1. For all intents and purposes, ¢ (V) is thus only defined for those k for which b; > 1.

Lemma 6. Let N = Zf:_ol birqy be the Ostrowski expansion of a nonnegative integer. For any k > 0 such
that b, > 1,
—1 < —gllgrell + gellgrriell < ex(N) < gllgerall < 5. (13)

If b1 < (1 — 8)agyn with some § > 0, then e, (N) > —( — %S)qkllqkall. If condition (6) holds, then
ex(N) = —(1 —1/(e! 4+2)) for any k > ko such that by > 1.

Proof. The estimate (18) was already observed in [Aistleitner and Borda 2022, Lemma 3]. To see the
second claim, assume that by < (1 — 8)ag42. Then

ekc(N) = —qi (bt llgr+ 10l + Drsll gzl +- - +)
> —qi((1 = Oaks2llgrrioll + axrallgeszall + - )
= —qe((1 = ) (lgrell — llgrs2e D) + Ul grsaet | — Nl grracl) + - - -)
= —qi((1 = 8) et || + 8l grrox]l).
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It is not difficult to see that ||gx | < %llqk(xll. In particular, we have gy (N) > —(1 — %(S)qk llgreell, as
claimed.

To see the last claim, assume that (6) holds. We then have g ||qra|| <1—1/ (e’ 4-2) for all k > k¢. Indeed,
this trivially follows from g ||gra|| < 1/ax+1 if axy1 > 2. If a4 = 1, then property (iii) of continued
fractions above gives the more precise bound 1/(gx |lgxa||) = 14+1/(ax+1). By condition (6), here a; <e”,
and gy |lgra]| < 1—1/(e” 42) follows. Formula (18) thus gives g; (N) > —gi|lqra|| = —(1—1/(e” +2)),
as claimed. (]

3.2. A cotangent sum. The cotangent sum

qr—1 n np
> —cot(n—) (19)
e 4k qk

will play an important role in our estimates for the shifted Sudler products. This sum is called the
“Vasyunin sum” after the foundational work of Vasyunin [1995]. It is related to the Baez-Duarte-Nyman—
Beurling criterion for the Riemann hypothesis; see in particular [Maier and Rassias 2019]. As we already
observed in [Aistleitner and Borda 2022], a general result of Lubinsky [1999, Theorem 4.1] implies that
for an arbitrary irrational «,

qr—1

Z i cot(n%» < (1+log max ag)qy.- (20)
qk qk 1<t<k

n=1

A reciprocity formula of Bettin and Conrey [2013] provides a precise evaluation of (19). In particular,
under assumption (6) we can isolate a main term; this main term is responsible for the exponential
correction factor in Theorem 4. We now give an approximate evaluation of a shifted version of (19).

Lemma 7. Assume (6). For any k > 4 and any x € (—1, 1),

%fﬁwm(nM%+04Vx)=(—D%ko%ﬁg_}ﬂﬂ+XX+O(T+bﬂmFmU)>+O(D
qk 9k 7 2 T'(1+x) (1 = [x]ax o

n=1

where I is the gamma function.

Proof. Let

q—1 k
—1
@w=Z£wG@iLH)
qk qk

n=1

denote the shifted cotangent sum in the statement of the lemma. We first prove the claim for x = 0, and
then extend it to x € (—1, 1).

It follows from the identity (17) that the multiplicative inverse of (—=Dk+! pr modulo gy is gx—1. We
also have the continued fraction expansion gx—1/qx = [0; ak, ax—1, ..., ai]. By a reciprocity formula
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of Bettin and Conrey [2013] (see also [Bettin 2015, Proposition 1]), we have
qr—1 qr—1
Z icot( ) (—DF! Z cot( nqk_1)
— 4k qk
n=1
N 1>K Ve
— (—1)kH! -1 ’
(—1) Z (W w( o

=

where g;_ is the multiplicative inverse of ¢x_; modulo gy, the fractions u, /v, = [0; a, ar—1, - . .

21

s g—py1]

are the convergents of gx—1/qr (with the convention vy = 1), and y : C\(—o0, 0] — C is an analytic

function with asymptotics

log(1/(2
v = PEUCTDEY 4 6 0g(1/0)

as x — 0 along the positive reals, with y denoting the Euler-Mascheroni constant. The £ = 1 term is

_l(L + w(@)) = _i(log(ak/(er)) ty +0(1 +logak)>
v \ T V1 ax 7 /ay

1 a 1+1loga
:——(log—k+y+0<i)).
T 21 ar

The terms 2 < ¢ < k — kg are negligible due to the assumption (logay)/ax+1 < T:

Xils

k—ko
vy_ 1 1+1o _
( ¢ 1>|<< i g(ve/ve—1)
JTU[

Ve = v ve—1/ve
k—ko
1 +logak—¢+1
<5 e
Vy—
P -1

1+logak 1
L——m —
Z —

1+ logay— T
¢+_.
ag ai

<

Finally, the terms k — ko + 1 < € < k satisfy
k
—ko+

Using the previous three formulas in (21), we get

1k
CL(0) = (=1)"qk <loga_k+y+0<T+10g(ak—lak)>> Lo,
T 2w ai

Vo— v
t=k—ko+1 -1 k  qk

This proves the claim when x = 0; note that —I''(1)/ (1) =y

k
Vye—1 1+ log Ak—p+1 1 . 1
ve| v ( v )‘ « w0

(22)



Maximizing Sudler products via Ostrowski expansions and cotangent sums 683

Next, let x € (—1, 1), and consider the derivative

qr—1 k+1 g1 k+1
/ (— D) (—Dk+p
C():E: =§ +0(1). (23)
e a2 s ((upr + (—DF0)Jq0)) 2= 72l (=1 pe + ) /el

n=1 n=1

In the second step we used the general estimate 77 /sin®(7wy) = 1/(x || y||*) + O(1). We now isolate a small
number of integers n which give the main contribution in (23). Recall once again that gx_; px = (—1)*+!
(mod gg). Let 0 < |a| < ax be an integer. Then the solution of the congruence n(—1k pr=a (mod qy) is
n=—agqi—; (mod g;); the unique representative of this residue classin 1 <n < gy —lis n = qx —aqi—1
if 1l <a <ay,and n = —agqy— if —ar < a < —1. The contribution of these 2ay integers n in (23) is

-1
(—l)kH(de gk — aqi—1 —aqi—1 )
+ )
2
T

= oailla/g+x/ql? S aila/ g+ x /gl

DM« [ aqi-1 agi—1
R (;(aﬂ)ﬁ;((a—x)f(a+x)2)>

a=

=DMl S gk (1+log ay)
T x Z<a+x>2+0<<1—|x|>2ak )

a=1

Note that we used the assumption k& > 4 to ensure that (ax +1)/qx < % Since the contribution of all other
integers n in (23) is

1 qr
< < )
Z gr(1 —[xD2lla/qill*> — (1 —|x))?ax

1
ar<lal<5qk

we get

Cr(x) =

D = 1 O<qk(1 +logak))
“— (a+x)? (1 — |x])2a

By integrating and identifying the resulting infinite series as a special function we get

—k+! o
Ck<x>—ck<0>=(”n—q"z(l_ 1 )+0(M)
1

a a+x (I = IxDak

_ (—l)k“qk( N I'(1+4x) N 0( 1 +log ay ))’
r'a+x) (1 —|x])ag

and the claim for general x € (—1, 1) follows from the special case (22). Il

3.3. A modified cotangent sum. We will actually need a slightly modified version of the cotangent sum
in Lemma 7, defined as

(S n(=D*pi+x
AOEDY sin(nnnqkan/qk)cot(nq—k). (24)

n=1
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Lemma 8. (i) For any k > 1, the derivative of Vi (x) on the interval (—1, 1) satisfies
V.(x) <0 and |V](¥)| <K ——m—5—.
¢ ¢ (1= 1xD2ax1

(i) Foranyk > 1,

1 +logmaxi<;<; a
|Vk(0)|<< g 1<e<k 6.

Ai+1
(iii) Assume (6). For any k > 4 and any x € (—1, 1),

Vk(x) —1 Ay F/(1+X) +0(T+10g(ak_1ak)>+0 (i)

=log — —
grllqrec || 2 I'(l+x) (1 = [xDax qk

In particular,

log ay. T 1
Vi(x) = + 0| —— )+ 0, — ).
ag+1 (I = |xDak+ qr+1

Proof. Let x € (—1, 1). Clearly,

gr—1 -
Vix) = i
k() ’; Sm(””“q"a”/qk)qk sin? (7 (0 (= ¥ pi/qx + x/q1)) )

By the general inequality [sin(zy)| > 2||y] and

In(=D* pic/qic +x/qell = (1 = xD)lInpi/qell.

we also have
, p lgreel allgree| 1
I < 2 e e alE < 012 € T has

In the second step we used the fact that as n runs in the interval 1 <n < g — 1, the integers npy attain
each nonzero residue class modulo g, exactly once. This finishes the proof of (i).

Next, note that the general estimate sin y = y+ O(| v implies the error of replacing sin(mwn|| gyl /qx)
by mn|gra|l/qr in the definition of Vi (x) is

@l 3 3 k a—1 3 3
n o n(—1 +x o o lo
<<Z Iqu [ Cm(ﬂ (=D px )‘«Z lgrexl < lgreell®qr gak
= g i 2 (1= [xD)Inpi/au = ||
and hence

qr—1 k 3
n n(—1 +x o lo
Vi(x) = ml|gre]| E —cot(n—( )" P )—I—O(—“qk I"a qu).
= dk 9k 1 — x|

Claims (ii) and (iii) thus follow from (20) and Lemma 7, respectively. O
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3.4. The reflection and transfer principles. In our previous paper [Aistleitner and Borda 2022] we
showed the useful identity

Px(p/a) - Pyg—n—1(P/9) =1q
for any reduced fraction p/q and any integer 0 < N < g. We also proved that

1+ log max<¢<x ag

[log Py (pr/qk) —log Py ()| K
k41

for an arbitrary irrational @ and all 0 < N < q¢. We called these results the reflection and transfer
principles, respectively; the latter terminology comes from the fact that it helps transfer results between
rational and irrational settings. In this section we establish similar principles for shifted Sudler products.

Proposition 9. Let p/q be a reduced fraction. For any 0 < N < q and any x € R,

Py(p/ds %) - Pyor—1(p/d, —x) = {Isin(nqx)l/lsin(ﬂx)l z:fx ¢7, (25)
q if x el.
In particular, for any x € R,
Pyr(plg,x) = {|sin(71qx)|/|sin(7rx)| z:fx &7, 26)
q if x eZ.

Proof. For a given x € R consider the factorization
g—1
14— eZm’qx =(t— eZJTi)C) l_[(t o eZm’(j/q+x)).
Jj=l

Dividing both sides by ( — e?7*) and letting t — 1, we get

—1 ) . -
(i—[(l B eZHi(j/q+x)) _ (1 _ lerth)/(l _ eme) if x ¢ Z,
q if x eZ.

j=1

Therefore

q—1 q—1 . . .

I . T " fx¢z,
Pq—l(p/q’-x) — |1 _62nz(np/q+X)| — |1 _627Tl(j/q+x)| — {|81n(nqx)|/|51n(”x)| i x g

n=1

il q if xeZ,

as claimed in (26). Next, let 0 < N < g. By the definition of shifted Sudler products and the previous

formula,
q—1 . . .
. [sin(rgx)|/|sin(wx)| if x € Z,
Py(p/g.x)- [] |2sm<n(np/q+x>>|=Pq_1(p/q,x)={ 1 q/ ifxfz
n=N+1 .

A simple reindexing shows that here

q—1 qg—N—-1
[ 12sinGxrp/g +x)= ] |2sin(z((q - j)p/g+x))|=Py-n-1(p/q. —x).
n=N+1 j=1

which proves (25). Il
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Corollary 10. Let k > 1 and 0 < M < gy be integers, and define

o Py (=Dr/g) (=1 pi +x
B () i=log o ——r D S —gsm(nnuqkoeu/qk) cot(nq—k). 27)

Then
|sin(mx)|

|sin(r x /g1

with the convention |sin(rx)|/|sin(wx /qx)| = qx when x /qi € Z.

log Py (e, (=1)*x/qp) —10g(l2sm(n(llqzcall +x/q1))| )+Vk(x)+Bk,qk—l(x)»

Proof. By the definitions (27) of By p(x) and (24) of Vi (x),

log Pye—1(ar, (=1)*x/qx) =1og Py 1(pi/qr (—=1)*x/q1) + Vi(x) + Brg—1(x). (28)

Using the identity (26), here
[sin(x)|
® Isin(rx/qu)|’
Adding log ‘2 sin(n(qka + (—l)kx/qk))| =log|2 sin(m (||gre || +x/qx))| to both sides of (28), the claim
follows. O

1og Py —1(pi/qis (—=1*x/q) =

In the claim of Corollary 10 we consider Vi (x) to be a first-order correction term, and By 4,1 (x) to
be an error term. The following proposition gives estimates for By p(x); we call it the transfer principle
for shifted Sudler products. In fact, in the present paper we will only use it with M = g — 1.

Proposition 11. (i) Let k > 1 and 0 < M < gy be integers, and assume that qi||qra| < 1 — ¢ and
—1 <x <1—gqillgrx|l/(1 — cx) for some cy such that IO/q,f <cr < 1. Then

—CM < B, ux)<C

(1—[x)%a; Ay ak+1q/<

with a universal constant C > Q.

(i1) Let N = Z/f:_ol brqi be the Ostrowski expansion of a nonnegative integer. Forany 1 <k < K — 1,
any 0 <M < gy and any 0 < b < by — 1, we have

By m (bgillgre | +ex(N)) = C

k+1‘1k

with a universal constant C > 0.

Proof of Proposition 11 (i). Using trigonometric identities we can write

1_[(1 +xa ), (29)

n=1

Py (e, (—1)*x/q) ‘l—[ sin(m (na + (= D¥x /qr))
Py (pi/qk, (—Dkx/qi) sin( (npi /g + (—=D*x/qp))

where

Xn 1= cos(mn(a — pr/qx)) — 1 = cos(nllgrell/qi) — 1
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and
Y i=sin(n(a — pr/qr)) cot(m (npi/qi + (—1)*x/q1))

=sin(mnllgrall/qe) cot(m (n(—= DX p/gi +x/qi)).

Assume first that 0 < x < 1 — gx|lgra|| /(1 — ¢x). From the Taylor expansions of sine and cosine, and the
estimate

In(=1* pi/ar +x/qill = (1 = ) llnpi/qill = (1 = x) /qx. (30)

we get that for any 0 < n < ¢,
i

bl £ =5 7 = 3% 31
and
1l sin(mn||qrall/qx) - 7| qra ||
! |sm(n<n< Dfpe/ax+x/q0))| ~ 71 =x)/qx — 73 (1 = x)3/ (647
- qrllgrell 1

l—x  1-n2/(6g7)

<U-a)———-
1—72/(690)
<1- %Ck.

The point is that each factor in (29) is bounded away from zero, as 1 + x,, + y, > }Lck; in particular, the
absolute values in (29) can be removed. Since y, is a decreasing function of x € (—1, 1), the same holds
if —1 <x <0.

Observe that for any t > —1 + ick,

2
ethI log(4/ck) < 141 < ez‘

Indeed, one readily verifies that the function e’ +21% log(4/ ) (1 4 ¢) attains its minimum on the interval
[—1 + ‘—ltck, oo) at t = 0. Applying this estimate with t = x,, + y, in each factor of (29), we obtain

« Py (@, (—=Dkx/gp)
» _
eXp (xn +yn) _2 (xn+yn) 10g(4/C ))
(Z} Z] ) = Pupi/ax, (=DFx/q0)
M
< eXp( Y G+ yn)). (32)
n=1
By (31) we have
1 log(4 log(4
Zml«z ’ and Zx log(4/c)<<z g@/c) g( /Ck)‘
Q14 “k+1‘1k n=1 n=1 k+1qk ak—i—lqk
From (30) we get
9] < sin(znllgrell/qx) lgrexl

= Tsin(z i pifa +x/a0)] (= xDlnpe/aul
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and hence

M M 2

) lgroc ||~ log(4/cy) log(4/ci)

vy log(4/cr) K < )
; " ;(1—|x|)2||npk/%”2 (1—|xD2ag,,

The estimate (32) thus simplifies as

M

ogt/e) . Pule e
J— n —=
(1—x%ag, Py (pe/qe. (=D*x/qi) = a1 qx

with some universal constant C > 0, which proves the claim. O

Proof of Proposition 11 (ii). We argue as in the previous proof. First, we claim that in (29) the absolute
values can be removed at the point x = bq||gre|| + €x (N). To see this, note that

na + (=1 x/gr = (=D*((n + bgo) llgree || + ex(N)) /g + npic/ g

By Lemma 6, here

(n+bg) llgrall + ex(N) < (b + Darllgreell + g llger1all < ges1llgeee|l + gillgerr1ell = 1,

and also
(n+bgi)llgrall + e (N) = ex(N) > —1.
Consequently, |na + (—1)*x/qr — npr/qi| < 1/qr. We clearly also have |x| < 1, and therefore the

points na + (—1)*x /g and npy/qi + (—1)*x /gx both lie in the open interval centered at npy /qx & Z of
radius 1/gy. Since the function sin(7y) does not have a zero in this interval, we have

sin(7 (na + (= 1D¥x/qp))
sin(w (npr/qr + (—1*x /qr))

Hence (29) indeed holds without the absolute values; that is,

M

sin(rw (npy /qr + (_l)kx/qk)) = }:[1(1 + Xn + Yn)

M .
Py(e, (=Dfx/q) I sin(z (na 4 (= D¥x /q1))
Py (pi/q, (=Dx/qi) — +

with x,, y, as in the previous proof. The upper bound

Py (@, (=1)*x/qi) ul X I
Pyt (Pr/ i (—DFx /o) exp<_; ' ) SCXP<ZX”) = (C 2 )

n=1 Y19k

immediately follows, as claimed. O

3.5. Key estimate for shifted Sudler products. We emphasize that in the following proposition we do
not assume condition (6), so it could serve as a starting point for various generalizations of the results in
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this paper. In the proofs of our theorems, condition (6) will ensure that in the claim of the proposition the
contribution of the cotangent sum (the sum expressed in terms of Vi (x)) is negligible compared to the
sum which is expressed in terms of log|2 sin(w x)|.

Proposition 12. Let N = Z/f:_ol birqy be the Ostrowski expansion of a nonnegative integer. For any k > 1
such that by > 1,

br—1
> " log Py, (o, (= 1)* (bgeligrerll + £ (N)) /i)
b= by—1 by—1
= > log|2sin(m (bgxllqell + e (N)) | + Y Vibaillgeall + &c(N))
b=1 b=0

+log (27 (brgx llgrer || + &x(N))) + Ex(N),

where Ex(N) < C/(ar+1qx) with a universal constant C > 0. If in addition k > 2010g(20/$), by <
(1 —=68)ar+1 and gy llqrec|] < 1 — 8 with some § > 0, then Ex(N) > —C(log(2/8)/82)(1/ak+1 + l/q,f) with

a universal constant C > 0.

Proof. For the sake of readability, put f(x) = |2sin(;rx)| and e = ¢ (N). Applying Corollary 10 at
x = bqillgra|| + e and summing over 0 < b < by, — 1, we get

br—1
> " log Py, (o, (=1 (bgellgrerll + £6) /i)
b=0
br—1 br—1
f(bgrllgrall + &)
=) 10g<f((b + Dllgrerll + /i) + ) Vibaelgrer | + &)
o fOllarall +e/a) ) =
br—1
+ ) Big—1(bgillgrerl] + &)
b=0

Observe that the first sum on the right-hand side has a telescoping part. Peeling off the b =0 term, we obtain

br—1
> " log Py (. (—D)* (baellqeet || + &) /qx)
b=0

br—1 br—1

(ex)
= > log f(barllgeell + &) + Y Viebarllqeel + ex) +1og(f<bk||qka|| +ek/qk>f—">
P b0 f(€x/aqr)
br—1
+ > Brg1(bgllgrerl] + £0),
b=0

with the convention that f(ex)/f (ex/qr) = qi if &x = 0. It remains to estimate the error term

fellgeoll +ex/qi)  f (en) ) K=

EL(N) :=10< + 3 Bugeo1 baellgeel + 0).
2 g lgeall + &0 Flen/an) ,; o
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First, we prove the upper bound for E;(N). Using By 4, —1(bgillgre| + &) < C/(a,quk) from
Proposition 11(ii) and elementary estimates for the sine function,

fbillgrell + ex/qr) ) j‘i c _ ¢

Er(N) §log( “qk < ;
27 (brq llgreell + £x) = ap qr T Qee1dr

as claimed.
Next, assume, in addition, that k > 2010g(20/8), by < (1 —38)ag+; and gx|lgre|| <1 —6. By Lemma 6,
for any 0 < b < b, — 1, the point x = bqy||qro | + & satisfies
x = ((1=8ak+1 — Darllgrall + g llgr+rex |l

= ((1 =d)ar+1 — Darllgrall + 1 — gr+1llgrec|

< 1=+ 8grllgrall,
and also

x> & > —qillgrall = —(1 —96).

Hence we can apply Proposition 11(i) with ¢, = &/(1 + §). Note that the assumption k£ > 2010g(20/6)
ensures that ¢, > IO/q,f. Since we also have |x| < 1 — &, we obtain

bl by—1

S Clog(4/cy) Clog(2/6)
Big1(baillgrerll + &) = ) (—f—z >_32g—'

b=0 b=0 3%ajcy 1 Afe+1

Finally, using the general estimate sin y = y(1 + O(y?)) we get

Fbrllgeall + ex/qr) = 2 (bellgea | + ex/qi) (1 + O(1/gD))

and

(ex)
% =q (14 0(e)) = q(1+ 0(1/ag, ).
Therefore

o (f(kaQka” +e/a) ()

=log(1+ O(1/a,, +1/g}) = O(1/a},, + 1/q}).
27 (brqrllqea |l + &x) f(sk/qk)) 0g( (1/ajc1 +1/91)) (M ag +1/q;)

Altogether we get Ex(N) > —C(log(2/8)/8*)(1 /ax+1 + 1/q3), as claimed. O

4. Proof of Theorem 1

Throughout this section we assume that (6) holds with some kg, 7 > 1. Let §7 > 0 be a small enough con-
27y _1

)7 m}
is a suitable choice. We may assume that kg > 2010g(20/87). Let us now introduce a sequence which

stant depending only on T'; for the convenience of the reader we mention that §7 = min{ 1/(4re

will play a key role in the proof of Theorem 1.
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Definition. Let N be a nonnegative integer with Ostrowski expansion N = Z/f:_o] biqy. For any kg <
k<K-—1,letuy(N)=1if by =0, and let

br—1 br—1
u(N) = ( [T |2sin(x (barllquel +ek<N)>)\> exp( 3 Vibgeligrer +ek<N>>)
b=1 b=0

X 27 (brqrllgret |l + €, (N))
if by > 1. Finally, let Uy = [T} ux(N).

Summarizing the results of the previous section, we can rephrase Proposition 12 in terms of Uy .

Proposition 13. For any nonnegative integer with Ostrowski expansion N = Zfz_ol brqr, we have

K—1 K
1
log P =log Uy — Fi. (N (0] — o,(1
og Py(a) =log Uy kaj W(N) + T<;ak)+ (1)
= -

with some Fy(N) satisfying Fx(N) =0 forallky <k <K —1,and Fy(N)=0forallky <k <K —1
such that by < (1 —81)ag+1.

We have thus reduced the problem of estimating Py («) to Uy, and the rest of the section is devoted
to studying the latter sequence. Our main strategy will be to start with an arbitrary nonnegative integer
N = 21{(:_01 brqy, and to change its Ostrowski coefficients one by one; we call such a transformation
a projection. After finitely many projections we will transform all Ostrowski coefficients by with
ko <k <K —1tob; = I_%akHJ- Keeping track of the effect of each projection, we will be able to
compare Uy to Upyx.

Proof of Proposition 13. Let E;(N) be as in Proposition 12 if by > 1, and Ex(N) = 0 if by = 0. By the
definition earlier in this section, for any ky < k < K — 1 we have

br—1

1_[ qu (Ol, (—l)k(bqkllqkan +8k(N))/qk) — Mk(N)eE"(N),
b=0

and hence from the factorization (13) we get

ko—1 br—1 K—1
Py(a) = ( [T 11 Pule: D barligral +sk(N>>/qk)>UN [ 5. (33)
k=0 b=0 k=ko

We start by finding upper and lower bounds for the first factor independent of N. For an upper bound,
simply use Py, (a, x) < 2% to get

br—1

ko—1
[T [T Pa(or. (D arllgeael + ex(N))/qe) <20+ +%0 <4 1.
k=0 b=0
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To see a lower bound, let 0 <k <ky—1and 0 <b <b; — 1. Then

qk
Py (e, (=1 arllqerll + ex(N)) /i) = [ ]| 2 sin(r (2 + bgi)e + (=¥ ex(N) /q0) .

n=1
Here (n + bqr) < qi + (ax+1 — 1)gk < gi+1, and thus by the best rational approximation property and

Lemma 6,

107+ ba)a + (=D ex (N) /qill = [|(n + bgi)ell — lex(N) | /qx = llgrecll — lgrs 1]l

It follows that || (n + bgy ) + (—l)ksk(N)/qu >, 1, and hence

Py(a, (=D baillgeall + 6 (N)) /qx) > 1.

The first factor in (33) is thus both <, 1 and >, 1, so
K—1
log Py (ar) =log Uy + » _ Ex(N)+ O (1).
k=ko
By Proposition 12, here Ex(N) < C/(ar+1qx) forall kg <k < K —1, and Ex(N) > —C(log(Z/(ST)/(S%) X
(1/ag+1 + l/qlf) for all kg <k < K — 1 such that by < (1 —§7)ay+ with a universal constant C > 0. Let
Fi(N) = max{—Ey(N), 0} if by > (1 —d1)ag+1, and Fi(N) = 0 otherwise. Then

1 1
Fi(N)=—Ey(N)+ Or (— + —2)
ai+1 qi

for all kg <k < K — 1, and the claim follows. O

4.1. Key estimate for projections. We now introduce the main technical tool in the proof of Theorem 1,
and establish its key property.

Definition. Let N = Zf:_ol birqy be the Ostrowski expansion of a nonnegative integer, and let kg < m <
K —1and 0 < B < (1 —dr)an+1 be integers. The projection of N with respect to the index m and the

integer B is proj,, g(N) :=N'= ,f:_ol byqk, where by = by, for all k # m, and b, = B.

Proposition 14. Let N = Zf;ol brqr be the Ostrowski expansion of a nonnegative integer, and let
ko<m<K-—1and0<B < (1 —3r)an+1 be integers. Assume that by, < (1 —87)ag+ for all kg <k < m.
If m > ko, then proj,, g(N) = N’ satisfies

, by, — bm by — b
logUyn' —logUy > logu,,(N") —logu,,(N) — (log(b,,—1 + 1)) —O0r\—————). (34
Am1 Am+1

If m > kg and b,, < (1 —7)am+1, then (34) holds with equality. If m = ko, then (34) with the term
—(log(by—1+ D) (D), — bw)/(am—1) removed holds with equality.

Proof. For the sake of readability, let f(x) = |2sin(7rx)|. By definition (12), we have

ex(N') — ex(N) = (=1 (b}, — bn)gillgme|| - for all ko <k <m, (35)
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and & (N') = &x(N) for all m < k < K — 1. Recalling the definition on page 691, it follows that
ur(N'y =uy(N) for all m < k < K — 1, and hence

m—1

log Uy —log Uy =log u, (N') —logu,,(N) + Z(log ur(N')y —logug(N)). (36)
k=ko

Let ko < k <m — 1, and consider the corresponding term in the sum on the right-hand side of (36).
If b, = by =0, then logu; (N") = loguy(N) = 0. Otherwise,

br—1
/ J (bgillgrell + e (N')
1 N —1 N) = 1
o8 () —log k() ; °8 F barllgra [+ ec(V)
br—1
+ 3 (Ve llgrall + e (N') = Ve(baeligeerl + ex(N)
b=0

brgkllgre |l + e (N')

+1lo .
brgillgrall + ex(N)

(37)

To estimate the second term in (37), note that by Lemma 6 we have
bgrllgrall + e (N) = —(1 —é7),
and that by the assumption by < (1 —d7)ag+1,
barllgrell + ex(N) < brgillgre|l <1 —67.

Lemma 8(i) implies that |V, (x)| <7 1/ak+1 on the interval [—(1 — 87), 1 — 871, and therefore

br—1
> (Vibarllgeall + e (N")) — Vi(bgillgrerl| +ek<N>>)’ <7 le(N') = &k (N)).
b=0
Using (35),
m—1 m—1 |b, _b |
Y 1ex(N) = e (N < 1By, = bl - lgmerll Y qx K 1By = bl - lgmerllgm—1 < —2—"=,
k=ko k=ko Gm+1

consequently from (36) and (37) we get
log Uy —log Uy =logu,,(N") —log u,,(N)

m—1 bk—l 12 /
b ol + e (N b ol + g (N

. Z(Zbg F(bgiligree |l + e (N")) +log i llgre |l + ex( ))
fbgrllgrel| + &k (N)) brgillgrall + ex(N)

+ OT(M). (38)

Am+1

k=ko,
br>1

b=1

Next, we show that the sum over kg <k <m—2 in the previous formula is negligible. Let kg <k <m—2. By
assumption, by4+1 < (1—87) a2, and so &g (N) = —(1—187)qrlgeer || and ex (N') = —(1— 387 ) gk x|
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follow from Lemma 6. In particular, bgy ||gra|| + x(N) and bgy|lgra |l + € (N') both lie in the interval
[(b—1+387)qrllqrell, 1 —87] forall 1 <b < b — 1. Since |(log f(x))| <1 1/((b — 1 + 367)qx | qeexl)
on this interval, we have

— by —

’”le F(baellgrerll + ec(N)) 0 ek (N — ex(N))|
o <7 Z 1

=% Foggel + ) | 5T & (b= 1+ Lon)ailigiel

&L ag1(log aks1)|ex(N) — ex(N)]
LT Ut 1054291 1Dy, — bl - Nl gmex |
< Gi+21by, — b - llgme |,

where we used (35) and condition (6). Since brgy ||gra || + ek (N) and brgy|lgre|| + ex(N') both lie in the
interval [187gcllgrell, 2], and |(log x)'| <7 ax+1 on this interval, we similarly get

‘lo braillgrall + e (N')
brqrllgrall + ex(N)

L7 arr1lek(NY) — ex(N)| K ger11by, — bl - llgme .

From the previous two formulas and ka;ki qr+2 K gm We get

m—2 | by—1

Z i f(bgrllgrall + e (N')) og brgillgrall + e (N') by, — b
T )

el B S (bgrllgre|l + &k (N)) brqrllgrall + e (N) Am+1

br>1

and hence if m > kg, (38) simplifies as

log Uy —log Uy =logu,,(N') —log u,,(N)

bp_1—1
bgp - m— m— N’
" Z logf(q tlgm—1all +&mn—1(N"))
fOgm-1llgmn-1o|l +&n-1(N))

bmf m— m— m— N/ b/ _bm
1gm—1llgm-12|| +€m—1( )+0 (I m l). (39)
bn—1gm-1llgm—1a|l + €n—1(N)

b=1

+ Iip,, =1y log o~
m+

If m = ko, then (39) holds with the second and third terms on the right-hand side removed, and the claim
for m = kg follows.

Let m > k. To proceed, we distinguish between two cases: Case 11is g, _1(N) < —(1 — %(ST)qm lgmell,
and Case 2 is &,,—1(N) = —(1 — 367)¢m lgma|l. We will show that (34) holds in Case 1, and that (34)
holds with equality in Case 2. Note that this will prove the proposition; indeed, (34) follows in either
case, whereas by Lemma 6 the additional assumption b,, < (1 — d7)a,,+1 ensures that we are in Case 2.

Case 1: Assume that ¢, (N) < —(1 — %ST)quqmozll. By assumption, b), < (1 —87)am+1, and hence
em—1(N") > —(1 — %87)(],,, llgma|l follows from Lemma 6. In particular, &,,_1(N) < &,,_1(N"), and hence

bt lgmarel +ens(N) _ (40)

Ibm, 110g =
a2 et 1 gm—12]| + Em—1 (N)
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If b,,_1 =0 or 1, then (34) follows from (39); therefore we may assume that b, _; > 2. Since (log f(x)) =
7 cot(mwx), forany 1 <b <b,,_; —1 we have

7 cot(mrx) dx

£ (bgm-1llgm-12t]l +em-1(N') _ /”‘fm-"'%-l““ﬂm-“””
S Ogm-1llgm-1all +en—1(N))  Jp

> 1 cot(7r (bgm—1llgm—1el + Em—1(N"))) - (em—1(N') — £m—1(N)).

log
dm—1 ||qm—la||+8m—l(N)

Using | cot(wrx) — 1/x| < 1 for all |x| <1 — 67, we get

bmflf1 bmfl*1
1
7 cot(7 (bgm—1llgm—1¢ll + £m—1(N"))) = + Or(an)
; (e bam-1l2n " ) ; bGm-1llgm-10] + &m—1(N') "

=ap log(by,—1+ 1)+ Or(an).
The previous two formulas give
bp—1—1 /
Z log fbgm-1llgm-1|l +€n—1(N"))
f(qu—l ”LIm—la” +Em—1 (N))

>y (10g(by—1 + D) (Em—1(N) = &1 (N)) + O1 (am|em-1(N') = £m—1(N)])

b=1

b, — by by, — bl
= —(log(by_1 + 1) 2= 4 o (=21,
m+1 Am+1

and therefore (39) and (40) imply the desired inequality (34). This concludes the proof of Case 1.

Case 2: Assume that g, (N) > —( — %ST)qm llgme|l. Repeating arguments from above, we now have

I{bm—]Z]} log - O (41)

bn—1qm-1llgm—10|| + €m—1 (N/) (lb;n - bml)
= T .
bn-1qm-1llgm-1cll +&en—1(N)

Am+1

If b,,—1 = 0 or 1, then the sum in (39) is empty, and it follows that (34) holds with equality; thus
we may again assume that b,,_; > 2. Since we are in Case 2, for any 1 < b < b,,_; — 1 the points
bgm_1lgm_1| + &m_1(N) and bq,y—1||gm—12|| + £m—1(N’) lie in the interval

[(b -1+ %ST)C]m—l lgm—1cll, (D + 1)gm—1 ||Qm—105||]'

Note that here (b + 1)gm—1llgm—1]| <1 —87. We have (log f(x)) = 7 cot(wx), and |(log f(x))"| =
|7 /sin® (wx)| <7 1/ (bzqii1 lgm—1a]|?) on the same interval. Applying a second-order Taylor formula,

we thus get

f(me—l |IQm—1a” + 8m—1(N/))
Fbgm-1llgm-1a|l +en—1(N))

log =7 COt(n(me—l lgm—10]l + €m—1 (N/)))(gm—l (N/) —&m—1(N))

4 0T<(8m—1(N/) — Em—l(N))2>.

b2q% | lgm-1c|?
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The contribution of the error term is negligible:

bmfl_l 2 ’
(Em—1(N') = em_1(N)) 16}, — b

Y T <L ap (e 1 (N e 1 (N)) =gy, (b —b) llgme || < —"—.

b=1 b qm_]”qul(x” Am+1

Arguing as in Case 1, the previous two formulas yield

11
bgm-1llgm-1ct|| + €m—1(N’ b, — by, b, — by
3 lo S Ogm-1llgm-1|| 1( ))z—(log(bm_1+1)) +OT<| |)’
bl S Ogm-1llgm—1|| + em—1(N)) am+1 Am+1

and therefore (39) and (41) imply that (34) holds with equality. This concludes the proof of Case 2. [J

4.2. Regularizing and optimizing projections. We introduced the concept of a projection in the definition
on page 692. Starting with a nonnegative integer with Ostrowski expansion N = Zf:_ol biqy, our strategy
is to apply projections to N in two rounds. In the first, we project the coefficients with by > (1 —¥87)ay41 to

. { 0 if appr =2,
L(1 =d7)ars1] if apyr #2

L= (42)
in increasing order of the indices kg < k < K — 1. We call such a transformation a regularizing projection;
its aim is to get away from the singularity of log|2sin(rx)| at x = 1. We note that the special value
of b;* in the case ax41 = 2 (0 instead of 1) serves a technical purpose, and will not cause difficulties
in the end. After the first round of projections N is transformed into an integer whose k-th Ostrowski
coefficient is < (1 — 87 )ag4+; for all kg < k < K — 1. As we will see, the value of Uy does not decrease
up to a small error during the first round.

In the second round we project each Ostrowski coefficient to b} = L%akHJ, in increasing order of the
indices kg < k < K — 1. We call such a transformation an optimizing projection. We now estimate the

effect of a projection on the value of Uy based on its type.

Proposition 15. Let N = Z,f;ol brqr be the Ostrowski expansion of a nonnegative integer, and let
ko<m<K--—1.

(1) Regularizing projection: Assume that by < (1—687)ay+1 for all kg <k <m, and that b, > (1—3871)a;+1.
Then proj,, ,=«(N) = N’ satisfies

logUpn —logUyn > —O7(1/ap+1) — O (1/qm).

(ii) Optimizing projection: Assume that by < (1 —87)ay41 for all ko < k < K — 1, and that by = b, for
all kg <k < m. Then proj,, ,» (N) = N’ satisfies

log Uy —log Uy
|5}, —bum

b:«n/anH»l
=am+1/ log|2 sin(mrx)]| dx+OT<
b Am+1

m/am+l

+1p,,<0.01ay.1) 10 am+1> +04(1/qm), (43)
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and also
(bl —bm)?

Am+1

log Uy —log Uy = 0.2326 — Or(1/am+1) — Ou(1/qm). (44)

We first prove a lemma that will help in the case a,,+; < 1 and then give the proofs of parts (i) and (ii)
of Proposition 15.

Lemma 16. Let N = Z,f;ol brqy be the Ostrowski expansion of a nonnegative integer. Let ko <m < K —1.

If a1 < A with some constant A > 1, then
logu(N) < O7,4(1) + O (1/gm). (45)

If in addition b,, < (1 — §7)am+1 and by, 1 < (1 — 87)a,+2, then (45) holds with |logu,,(N)| instead
of logu,,(N) on the left-hand side.

Proof. Recall the definition on page 691. If b,, =0, then u,,,(N) = 1, and we are done. So assume b,, > 1.

First, we prove the upper bound. From the definition of u,,(N) we immediately see that

b—1
Um(N) <24 exp( > Viu(bgmligmall + em(N))>4n.
b=0
Lemma 8(i) implies that V,, is decreasing on (—1, 1), and |V, (x)| <7 1/a;u4+1 on [—(1 —87), 0]. It is
then readily seen that
by—1
Z Vin (bqmllgma |l + €m(N)) < by Vi (0) + O (1) = O1,4(1) + O (1/gm),
b=0
and the claim log u,,(N) < Or,4(1) 4+ O4(1/q,,) follows.

Next, assume in addition, that b,, < (1 — é7)a;;+1 and by 41 < (1 — 87)am+2. By Lemma 6 we then
have &,,(N) = —(1 — £87)gmllgma||. Therefore the points bgy,||gmet|| + & (N) for 1 <b <b,, — 1 are
bounded away from 0 and 1, and hence

by—1

[ 1 12sin(x (bgmligmall + en(N))| 7.4 1.

b=1
Similarly, since the points bg, ||gn e || + &, (N) for 0 < b < b, — 1 lie in the interval [—(1 — d7), 1 —§7]
and |V, (x)| <7 1/ap+1 on this interval by Lemma 8(i), we have
bp—1

Z Vin (bgm Nl gme| +8m(N))‘ = b |V (0)| + O (1) = Or,a(1) + Oc(1/gm).
b=0

Finally, note that
27T(bmq"1||Qma” +en(N)) >2m- %8TQm||Qma” >T.A 1.

The previous three estimates and the definition of u,, (N) show that log u,,(N) = —Or (1) — O (1/gm),
as claimed. O
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Proof of Proposition 15 (i). For the sake of readability, let f(x) =|2sin(wx)| and &, = £, (N) = &, (N').
Since b,, > b),, and in particular —(log(b,,—1 + 1)) (b}, — by)/(am+1) > 0, Proposition 14 gives
logUyn —logUy > logu,,(N") —logu;,(N) — Op| —— ). (46)
am+1
Let A > 1 be a large constant depending only on 7 (and &7), to be chosen. We will distinguish between

three cases depending on the size of a4 1.

Case 1: Assume that a,,+; = 1 or 2. Then, by construction, b, = b}* = 0, and hence u,,(N’) = 1.
From (46) and Lemma 16 we thus get log Uy —log Uy > —O7 (1) — O,(1/qy), and the claim follows.

Case 2: Assume that 3 < a,,, 41 < A. Then, by construction, b,, = b}* > 2. Recalling the definition on
page 691, we have

log u, (N/) —logum(N)

bn—1 bp—1

: By llgmetll + &
==Y 10g FGanlignall+m) = 3 Vi(baulignall+ &) +log 2 Lmldm*LT o

b=, b=, mem”Qma” +éem

Since —log f(x) is bounded from below, the first term is > —O4(1). Similar to the proof of Lemma 16,
it is easy to see that the second term is > —O7 4 (1) — Oy (1/gy,). Finally, the last term is

/

b;/an lgmee|l + em ~1 bm -1
bngmlgmoc|l + &m — by +1

Hence log u,, (N') —log u,, (N) > —O7.4(1) — Oy (1/qm), and the claim follows from (46).

> —0r(D).

Case 3: Assume that a,,11 > A. By the definition on page 691, we again have

log um(N') — log u, (N)

bn—1 byp—1

\ g Bl dmllgmer + &
== 10g f(bgmllgmtll +m) = Y Vin(bgmllgmerll + &m) +log =2 m

b=by, b=b], bm‘]m”‘]ma” +éem

From Lemma 8, in particular from the fact that V,, (x) is decreasing, we get

by —1
=" Viubgnllgne| + &) = —(bm — b},) Vi (0)
b=D)
" log a, b —by b —by
= (b — b )2 0, <M) _ 00{(@)
A1 Am41 qdm+1
b —by,
= _T(bm _b;/n) - OT (M> - Oa(l/Qm)-
am+1

Since by gmllgma|l + ex and b}, gm llgme || + i are bounded away from zero, we also have

b;/an”CIma” +éem |by — bm|
mem”Clma” +ém Am+1
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By the previous two formulas, (46) simplifies to

bm -1

, by, — b
10g UN/ - 10g UN = — Z 10g f(me HQmO‘” +8m) - T(bm _bm) - OT ﬁ - Oa(l/Qm)- (47)
b=b, m+

Forall b, <b <b, —1,

bamligmall +ex(N) = (L(1 = dr)am41] — Dgmligmall = 1 — 2687

provided that A is large enough in terms of 7 and 87. Choosing 87 < 1/(4we?T) ensures log f(x) < —2T
on the interval [1 — 257, 1). Hence every term in the sum in (47) is < —27, and we get

16y, = b

logUy —logUy > T (b, — b)) — OT(
am+1

) - Oa (1/‘]m)
Choosing A large enough in terms of 7" and 87, the second error term is negligible compared to 7' (b,,, —b,,).
Hence log Uy —log Uy > — Oy (1/gm), and the claim follows. O

Proof of Proposition 15 (ii). Again, let f(x) = |2sin(zx)| and &, = €,,(N) = &, (N'). If m = kg, then
both sides of (43) and (44) are O,(1), and we are done. We may thus assume that m > ky. By the

assumption b, =b; | = LgamJ we have
b —b 1 b —b
—(0g(by -1+ 1) " = —(b), —by)——" +0(| F ml)’

Am+1 Am+1 Am+1

so Proposition 14 now gives

] b —b
log Uy —log Uy = 10g tty (N") — 10g ttm (N) — (b, — b)) 29" _ 0 <M) (48)
am+1 am+1

Let A > 1 be a large constant depending only on 7', to be chosen. We distinguish between four cases.

Case 1: Assume that a,,+1 < A. By Lemma 16, both log u,,, (N") and log u,,(N) are Or o (1)+ Oy (1/qm)-
Since |b), — by |(log ap /am+1) <K71.4 1, from (48) we get

logUn' —log Uy = O7,4(1) 4+ Oy (1/qm),

and the claims (43) and (44) follow.

Case 2: Assume that a1 > A and 1 < b,, < b;,. From the definition on page 691 we now get

IOg Um (N/) - 10g up(N)

by, —1 b, —1

3 3 by llgmer]| + &
= IOg f(me”('Ima” +8m)+ Vm(qullqmall +8m)—|-10g bm moam m‘

b=by, b=b,, mGm | gmat|l + &m

The assumption by < (1—37)ay forall ko <k < K —1 and Lemma 6 imply that &,, > — (1 —%ST)qm lgmall.
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We claim that the last term satisfies
b,/nCImHQma” +éem |b;n — byl
T
bngmllgmec|l + &m Am4-1

+ 1ip,,<0.01ay41} 10g A1

Indeed, if b,, > 0.01a,,1, then the points b, gm|lgna| + €, and b, gn |lgmall + &, lie in an interval
bounded away from zero, and |(logx)’| <7 1 on such an interval; the upper bound |b), — by, |/am+1
follows. If b,, < 0.01a,,+1, then

b;/anHQma” +é&m
=g TN
bngmllgmot|l + &m (§5T)Qm||Qma”

0 <log L7 logam+1,
and the claimed upper bound follows once again.
Observe also that for all b,, <b < b’

m

— 1, the point bgy, l|gme|| + & lies in [0, %] Using Lemma 8(iii)
we thus deduce

b, —1

loga b/ — by
> Viulbgmllgmell + m) = (b}, — by) 24 4 or (—) + Ou(1/qm).
b=by, Am+1 Am+1
and hence
bl,—1
, , log ay,
log i (N) = logun(N) = ) _ 1og f (bgmllgmell+&m) + (b, = bm) —
b=b,, m+1

|53 = b
+ Ot <—m + b, <0.01a,11} 108 amy1 | + O (1/qm).
am+1

With a remarkable cancellation of (b), — by,)(log ay, /am+1), Equation (48) thus simplifies to
b, —1 )
by — bm|
logUy'—log Uy =Y log f (bgmllgmetll+&m)+Or Tﬁq{bmgo.ommﬂ} logamy1 | +0a(1/qm).
b=by, m+

We now prove (43). Assume first that b,, > 0.01a,,+;. Then for all b,, < b < b, — 1, the point

2

bgm|lgmee|l + & lies in an interval bounded away from 0 and 1. Using g, ||gma |l = 1/an+1+ 0(1/am+1)

and |&,| < 1/a;;+1 we deduce

|10g f(bCImHQmOl” +&m) — 10g f(b/a;n+l)| <L lapyr,

and hence
bl/ll_l h;n—l |b/ _b I
Z log f (bgmllgmecll + €m) = Z log f(b/an+1) + a(u)_

Since [log f(x)]| K< |x — %| on our interval bounded away from 0 and 1, each term in the previous sum
is < |by — b, |/am+1. Therefore, by interpreting the sum as a Riemann sum,
bl,—1

> tog £ b/ans) =an [

b=b,, by /am+l

b;n/a)71+l

|bz/n _bm|
log f(x)dx+ 0| —— |,
Am+1
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and (43) follows provided that b,, > 0.01a,, 1. If b, < 0.01a,,1, then for any b,, <b < b, — 1, the
point b llgmell + &m lies in [ (b— 1+ 387)gm llgmet|l, 2]- Since [(log f (x))'| = |7 cot(rx)| K1 dm+1/b
on this interval, we now have

by, —1 b,—1

1
D" l10g £ (bamllgnall +em) = 1og £ (b/ans)| K1 Y 3 < logans1.
b:bm b:bm

Note that |log f(b/am+1)| < log a,,+1, so by interpreting the sum as a Riemann sum, we now have

bu—1 Bl fam s
> 10g fbfans) =i [ log f)dr+ Orllogans),
b=b,, b [am+1

and (43) follows in the case b, < 0.01a,,4+; as well.

Next, we deduce (44) from (43). Choosing A large enough in terms of T, the error term in (43) is
negligible compared to the main term (in both cases b,, < 0.01a,,4+ and b,, > 0.01a,,+1). Elementary
calculations show that

5

/6 log f(x) dx =
y

/ "log f(x)dx = 0.23260748 . ..

1 1
min —— —
vel0,5/6) (5/6 — y)? (5/6) Jo

Indeed, the left-hand side is an increasing function of y on [O, %); to see that its derivative is nonnegative,
it is enough to check that

5/6_yfy log f(x)dx > 1log f(y).

and this follows from the concavity of log f(x). Therefore, up to a negligible O(1/a,,+1) error in the
numerical constants,

/e 5\2 by, — bu)’
Qi1 log f(x) dx > @y -0.2326(by /ams1 — 2)” > 0.2326—"—"—.
b,

m/am+l am+]
This finishes the proof of (43) and (44) in Case 2.
Case 3: Assume that @, > A and b, = 0. Then logu,,(N) =0, and

log uy, (N/) —logum(N)

bl’n_l b;n—l
= ) " 1og f(bgmllgmatll +em) + D Viu(bgmllgmor| + em) +10g(B) g | gmet || + &m)-
b=1 b=0

Following the steps of Case 2 (observe that in the first sum the summation now starts at » = 1 instead
of b=">, =0), we get

h;n/am+l

logUn' —log Uy = am+1 f log f(x) dx + Or(log am+1) + O (1/Gm).

1/am41
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The error of replacing the lower limit of integration by zero is negligible:

1/am+1
am+1 / log f(x)dx < logay1,
0

and (43) follows. We deduce (44) from (43) as in Case 2.

Case 4: Assume that a,,,+1 > A and b, < b,, < (1 —387)a,,+1. Working on the interval [%, 1— ST] instead
of [0, %], the proof of (43) is entirely analogous to that in Case 2. Deducing (44) from (43) is even
simpler. Indeed, note that by concavity, log f(x) < —m+/3 (x — %), the right-hand side being a tangent
line. Hence up to a negligible O(1/ay,+1) error in the numerical constants,

bz/n/am-*-l bm/am-H 3 b/ _ b 2
am+1/ logf(x)dxzamH/ ”‘/g(x—%)dxzn\/_,( m — bm) ‘
b b;,,/“m-%—l 2 Am+1

m [ Gmt1

The lower bound (44) thus follows, in fact with the better numerical constant %[3 ~2.72. Il

4.3. Completing the proof.

Proof of Theorem 1. Let N = Z,f:()l brqi be the Ostrowski expansion of a nonnegative integer, and let
N* = Zf;ol biqx with b} = L%ak+1J~ Noting that F(N*) = 0 for all k, from Proposition 13 we get

K—1 K
log Py () — log Py+() =log Uy —log Uy= — Y Fe(N)+ Or( Y — |+ 0q(1),
ay
k=ko k=1
where Fi(N) > 0 for all k, and Fy(N) = 0 for all k such that by < (1 —7)ak+1.

Let us now successively apply projections to N in two rounds, as described in Section 4.2: the first
round consists of regularizing projections in increasing order of the indices kg <k < K — 1, and the second
round consists of optimizing projections in increasing order of the indices. This way N is transformed into
the integer ZI;O;OI brqr + f:_k(l) biqk. Since Uy does not depend on the first kg Ostrowski coefficients,
Proposition 15 allows us to write log Uy+ —log Uy = Zf:_kl (d,ieg(N) + d,?pt(N)), and hence

K—1 K

1, O] 1
log Py () —log Py+(@) = = _(d*(N) +d," (N) + Fi(N)) + Or ( > Z) + Ou(1).
k=ko k=1

Here d,ieg(N ) resp. d,?p ‘(N) describe the effect of the regularizing resp. optimizing projection with respect
to the index k, and by Proposition 15, they satisfy the following for all kg <k < K —1:

(i) If by < (1 — 87)ay+1, then d; 5(N) = 0.
(ii) If b > (1 = 87) a1, then d*(N) = —Or (1/ar41) — O (1/q0).
(iii) If by < (1 — 87)ax11, then
|bk — by

ont bi [ax+1
d” = a4 / log |2 sin(x)| dx + 0T<
b k41

k/k-+1

+ I{b<0.01a41) 10g ak+1) + Oq(1/q1).
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0 by — b})?
(iv) 4™ (N) = 02326% = Or(1/ax+1) — Ou(1/q1).
—+

(v) If by = b}, then &' (N) = 0

Note that if by > (1 — d7)ai41, then by is first projected to b;* as defined in (42), and then to bj.
Proposition 15(ii) thus yields property (iv) with b7 in place of b;. Choosing 67 small enough, property (iv)
also holds as stated with an arbitrarily smaller numerical constant. Observe also that the special value
of b;* in the case a4 = 2 does not cause any problem.

It follows that we can introduce small error terms &, (N) = Or(1/ax+1) 4+ Oy (1/gx) such that di(N) :=
dE(N) +dP (N) + Fi(N) +&(N) satisfies di (N) > 0.2326(by — b?)? /ag 4 for all kg < k < K — 1 with
equality if by = b, and also

by /ax+1

|br. — by

Ai+1

d(N) = ais /

bic/ag+1

log|2 sin(zrx)|dx 4+ O ( + I{p<0.01a14,) 108 ak+1)

for all kg < k < K — 1 such that by < (1 — §7)ax1. Since the contribution of the error terms & (N) is
negligible, we also have
K—1 K {
log Py (ar) —log Py+(a) = — Y " d(N) + O ( > %) + 04 (1).
k=ko k=1
Finally, introduce di(N), 0 < k < kg, in any way which satisfies the desired properties, and observe that
ko ! o A (N) = Og(1). This concludes the proof of Theorem 1. O

5. Proof of Theorem 2

Note that (11) follows directly from Theorem 1, in particular from di (N) > 0; alternatively, it also follows
from taking the limit in (10) as ¢ — oo. It will thus be enough to prove (10).

The main idea of the proof is that if we choose an integer N randomly from the interval 0 < N < gk,
then its Ostrowski coefficients by, 0 < k < K — 1, are almost independent random variables, close to
being uniformly distributed on {0, 1, ..., ar+1}. As a Gaussian tail estimate will show, the coefficients
b —b}| > \/ar+1 log ai+1 have negligible contribution. By Theorem 1, and in particular (9), we thus have

qx—1 a;  ar ag K—1 .
Z Pr(@)” ~ Z Z > PN*(a)CexP(—Z ﬂ\fc (b — D) )

a
—0b,=0  bg_1=0 k=0 k+1
n\/_cn
~ Py« ()¢ l_[ Zexp Y
a
k=0 nez k+1

K1 g
k+1
~ Py«(a)¢ ,
,E) V3¢

which explains the main term in (10). We now give the formal proof.
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Proof of Theorem 2. Let ¢ > 0.01, and consider the intervals

Jr =10,0.99q;+11N [b;: — Ik, bz +r]NZ,

rk:IO\/ "C“ 0g<%+2)

First, we prove the lower bound in (10). Note that for any b = (bg, by, ..., bx—_1) € Jox Jy X+ X Jx_1,

where

the expression N; = Zf:_ol brgy is the Ostrowski expansion of an integer 0 < Nj, < g ; moreover, we
obtain each integer at most once. We wish to apply Theorem 1 to N, and simply discard all other integers
in [0, gk ) not of this form. Since for all b; € J; we have

e = bl | b —bi* o log! @y /e+2) | log¥ (e /c+2)
+1 ai,, clralh e

Theorem 1 and (9) yield

K-1 “ K

B ) ( ( ( 1 )) )

P A = P« — . o E C+ - + 00( 1 .
N, (@) = P+ (@) GXP( 1?:0 > = exp| Or kEZI ket o (D

Consequently,

qgr—1 1/c 1/c
log( > PN(a)C) > log( > PN,,<a)C)
N=0

IZEJOXJl XX Jg_1

K-1 _ h*\2
zlogPN*(oz)+%log Z exp( Zﬂ\/_c (bk b))

a
bedox Ji xx Tk -1 k=0 k+1

X 1
- OT(Z(Ek,C + —)) — 0u (D).
k=1 %

The sum over b factors:

M avBe be-bp?\ KA nfc (e = b))
D e e =1 2 ex -
bedox Ji x-x Jk 1 k=0 k+1 k=0 bredy ket

Now let A > 0O be a large universal constant, to be chosen. We establish a lower bound in each of the
cases ag+1/c > A and ag4/c < A separately. First, assume that a;;/c > A. We then have

k+1 A+1 Ak+1 dk+1
—10 2 _s
"k / c °g< . )— 10000¢ — 100
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provided that A > 0 is large enough. In particular, [b} — ri, b; +ri] C [0, 0.99a441]. It is now easy to

see that
/3¢ (b —b})? —7/3cn?
ZGXP T > Z exp o
bredi Ahet1 — Ik <n=rg At
'k _ 3 2
=f exp(M>dx+0(l)
—TIk 2ak+1
2ay.41
+0(),
V3
and so
by — b})? 1 2 1
—logZex ( nfc (bx — by) ) 1 jog 2kt 0(_)
beedi Aj+1 «/_ 3¢ A +1

in the case ai41/c > A. If a;1/c < A, then by noting that b; € Ji, the left-hand side of the previous
formula is nonnegative, and thus the previous formula remains true. Altogether we obtain the lower bound

gk —1 1/c 1 K 2a; K 1
1 P ¢ > log Py~ — log— -0 E — )] — Oy(1).
og(Z N(a)) > log N<a>+2620gﬁc T(k;( k,c+ak)) o (1)

N=0 k=1

Next, we prove the upper bound in (10). Applying Theorem 1 to all 0 < N < gg, we get

qr—1 1/c 1 gr—1 K—1 K 1
1 P ¢ =log Py+ + —1 — dy (N (0] — O,(1).
og(}é N(a)) og Py ogZexp( cng i ))+ T<;ak)+ e

For the sake of readability, note that 0.2326 > % Letting

7V3 (x—bp)?

if x € Jg,
_ 2 A+1
(x _bk) .
=Tk if x & J,
Sak+1

we have dy(N) > g (by) — Or (Ex ). Hence, by extending the range of summation,

gk —1 1/c K-1 K
: 1
log< > PN(oo‘) <log Py« +_log ) | exp(—c > gk<bk>> - 0T<Z(Ek o+ o )) + O (1).
N=0 be7X k=0 k=1
The sum over b factors again:
] K—1 ! K—1
log ) exp( c gk<bk>) oD log Zexp( cgk(bk>)
bezk k=0 k=0  breZ
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Now let B > 0 be a large universal constant, to be chosen. Assume first that a;1/c > B. Then, as before,
(b} —ri, b + 1] C [0, 0.99a441] provided that B > 0 is large enough. Therefore

— b2 _ *\2
> exp(—cab) = Y exP<_”*/§C.(bk bo) ) Py exp(_cwk bk>>

breZ |bk7b,f|§rk 2 ak+l ‘bk*b:‘>rk 5ak+l
00 _ 3 2 2
5/ exp(ﬂ)dx—i—/ exp< - )dx—i—O(l)
—o0 2ay.41 (=00, —=r)U(rx,00) Sajt1
2ay41
+ 0(1),
V3

and consequently

1 1 2ap41 1
—lo exp(—cgr(by)) < —1lo + 0( )
c gbk% pics 2c & V3e Ak+1

If ag41/c < B, then simply using g (br) > (b — b;f)2 /(Sai+1) we similarly deduce that the left-hand side
of the previous formula is < O(1/c); consequently, the previous formula remains true. Altogether we
obtain the upper bound

gk —1 1/c 1 K 2a, K 1
lo P (a)‘) <log Py«(a) + — Y log——+0 ( (Ek, +—))+0 (1).
g< Z N g LN 2 ; g «/§C T ; c ar o

N=0
This concludes the proof of (10). O

6. Proof of Theorem 3

In this section we estimate Py=(a). By Proposition 13 it is enough to consider Up+; in particular, we will
need to estimate

bi—1 b1
logue(N*) = Y log|2sin(w (bgellgeer]| +ex(N*))| + > Vilbarllgearll +ex(N*)
b=1 b=0

+log (27 (biqrllgret || + ex (N*))).

The first sum can be handled with a straightforward application of a second-order Euler—Maclaurin
formula. Since it provides an elementary explanation for the appearance of the constant Vol(4), we
include a detailed proof in Lemma 17 below. An estimate for the second sum follows from Lemma 8(iii);
Theorem 3 will then be an immediate corollary.

We now give a formal proof. We will need the value of the integrals

* By({x}) 1 F(é)
/1 G—s/6r T3 T8 g5z (49)
and s
f 2({2)5}) dx = _1_1 +10g(21/2n1/2), 50)
1 X 12
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where By(x) = 2x2 — 2x + 5 s the second Bernoulli polynomial, and I is the gamma function. Indeed,
by Stirling’s formula for the gamma function,

+
Zlog —2) =log (I’?(—)) =(n—2)log(n—2) — (n—2) +log /2 (n—2) —log '(}) + o(1).
6
On the other hand, applying a second-order Euler—Maclaurin formula we get
n n n B
ot )= [ oate 1) e+ el 5) e+ (10— )+ [ P2
k=1 x—3

and by comparing the asymptotics as n — oo in the previous formulas, (49) follows; the proof of (50) is
analogous.

Lemma 17. Let N* = Zf 01 biqrx with b} = L%akHJ- Forany0 <k <K —2,

bi—1
> " log|2sin(7 (bgillqret || + ex(N*))]
b=1
_ Vol(4y) 1y 0F st — T' () +0( 1 +1+logak+1)
dngillqrell 3 08 o) a1 a2 )
whereas fork = K — 1,
%] Vol(4)) 1 s
Y log[2sin(m (baxlgrer]| + ex(N*)) | = + 3 logax + 0 —
pa— mqk-1llgx-1a] ag

Proof. For the sake of readability, let f(x) = |2sin(wx)| and &; = & (N*). By the definition (12) of &;
and the construction of b}, for all 0 <k < K —2, we have

K-1

£k = i Z( DS ae+1||qza||+0(qk > ||Qea||) —2qcllgee |l + O (qiligis el
l=k+1 L=k+1
and, in particular,
S—k:_§+0(L)’ 51)
qrllgree | 6 Ag+2

whereas g _; = 0. Since b} gak+2, Lemma 6 also gives g llgre || + e > 1/(18ak+1).

k+1 —
Consider the following function F, along with its first and second derivatives:

F(x) =log f (xqkllqrall + &),

F'(x) = 7 cot(mw (xgx llgree || + €1)) g llgree |,
m2q ket

sin® (7 (xqe [l gree | + €6))

F”(x) - _
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Applying a second-order Euler—-Maclaurin formula, we get

bi—1

b1 Fb:—1)+FQ1) F@®»—1)—-F(1 b1
Z F(b):fl F(x)dx+ (O 2)+ ( )+ (bi 1; ( )_/1 F"(x)By({x}) dx. (52)
b=1

First, we estimate the main term
by—1
/ F(x)dx =
1

Here by construction (b} — gy |lgret|| + &x = % + O(1/ag41). Since log f(%) =0, the error of replacing

(b =D llqeecll+x
/ log f(y)dy.
q

qrllgre |l J gengeall+ex

the upper limit of integration by % is negligible:

5
1 6 1
_— / logf(y)dy'<< —.
grllgrell | Jor —1)gi gl +e Ae+1
The effect of replacing the lower limit of integration by O is
1 gk llgrel|+ex 1 gk llgrel|+ex 1
| log f(y)dy = | log(27y) dy + O (2—)
qrllgree|l Jo grllgree|l Jo Ay

1
) (log27 (gxllgrerll + 1)) — 1) 4+ O <2—)

Ay

&k
_ (1 4
qrllgra||

From the previous three formulas and (51) it follows that the main term in (52) is, forall 0 <k < K — 2,

bi-1 1 : 3a 1 1+loga
/ F(x)dx = f log £(»)dy + + + 1 log 2%+ 4 0( + g "“), (53)
! arllgeell Jo 6 6 T Ajet 1 Aj42
whereas for k=K — 1,
b=l 1 : ax 1
/ F(x)dx:—/ log () dy—|—1+log—+0(—>. (54)
1 gk -t1llgg—1a|l Jo 2w ag

Next, consider the second and third terms in (52). It is easy to see that F(b; — 1) <« 1/ax41 and
F'(b; — 1) < 1/ax. Further,

1
F(1) =log f(qrllgroc|l + &) = log2m (gillgrec || + €x)) + O <a2—>
k+1

and using 7 cot(wry) =1/y+ O(|y]) on (O, %],
grllqrec || 1
F'(1) = 7 cot(m (qellgre || + ex))grlgret || = —————+ O —— ).
qrllgrall + ek iy

Hence, by (51), for 0 <k < K —2 we have
Fbi—1)+F{ F'br—-1)—-F'(1 1 1 3 1 1
by =D+ F() by —1 ()= ak+1+0< > (55)

S
2 + 12 27 2%, wn T an
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whereas fork =K — 1,

F(bx_ —D+F1) Fbg_—1)—F(1) 1 1 ag 1
=————log—+0|— ). 56
2 + 12 n 2%t <a > (56)
Finally, consider the last term in (52). Using 7% /sin*(ry) = 1/y> + O(1) on (0, 2],
br—1 bi—1 B 1
[ B - () gy 0(—).
1 1 (x +er/(grligre ) k41
Therefore, by (51) and the improper integrals (49) and (50), for all 0 < k < K —2 we have
b=l | T'(¢) 1 1
— F"(x)By({x}) dx = 5 —log . + 0( + ) (57)
f1 3 25/6313 172 Ak+1 Qg2
whereas for k=K — 1,
Pkl 11 12172 1
—/ F"(x)By({x}) dx = —— +1log(2'?7'*y+ 0 — ). (58)
1 12 a[(
We have thus estimated all terms in (52). The claim for 0 <k < K — 2 follows from (53), (55) and (57),
whereas the claim for k = K — 1 follows from (54), (56) and (58). Il

Proof of Theorem 3. Let g = e, (N*). Applying Proposition 13 and noting that Fy (N*) =0 for all £k we get

K—1b;—1 K—1bf—1
log Py+(@) =y Y log|2sin(r (bgrlgrerll + e+ Y Y Vi(barllgrell + 1)
k=0 b=1 k=0 b=0
K—-1 K 1
+ ; Tipy=1y log r (b llqree | + &) + or<; a) + Oy (1).

Note that /p>1} = l{g,,>2- The first sum was evaluated in Lemma 17. We can estimate the second sum
by interpreting it as a Riemann sum and using Lemma 8(iii). Note that the endpoints are & = O (1/a+1)
and (b} — Dk llgree|l +&x = % + O(1/ag41). Since the points bgy||gra|| + & for b =0, 1, ..., b — 1 lie
in the interval [—(1—1/(e” 42)), 2], and since by Lemma 8 the function Vj is monotonically decreasing
and satisfies | Vi (x)| <7 (1 +logay)/ax+1 on this interval, we have

br—1

> Vilbgrllgeerll + &)

b=0 s
1 6 1+1loga
= / vk<x>dx+or(—g ")
qrllgrell Jo Akt

s
6 (1 1+1 _ 1+1 1
=/6(loga—k——( +x))dx+0r( +loglax lak)-i- + 0gak)+0a(—>
0 2 T'(14+x) ag Ak+1 qk+1

1+ log(ay— 141 1
= Jog 2 —logI'(1+ §) + OT( tlogla-rar) | 1+ Oga") + 00,(—).
6 °2m 6 a Ajet-1 Gi+1
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Clearly,

5 1
Lipr=1y logRm (b qrllqra |l + &x)) = 10g<5 277) + OT( )
A1

Summing over 0 < k < K — 1, from the previous two formulas and Lemma 17 we get

log Py+(a0) = Vol(41) Z

K
0g ay 1+—loga1< K log —=— log ay
qknqkan ; " (2 )5/6 Z

Ii 1 +log(axak+1)

—i—K(—g10g(2n’)—10g1"(1+g)+log(%-2n>)+07( e )+00,(1).

Observe that with a remarkable cancellation the coefficient of K vanishes. Indeed, by Euler’s reflection
formula I'(x)I"' (1 — x) = 7 /sin(rx) we have F(%)F(%) =2, and hence

')
(2 )5/6

_ %10g(27r) —log F(l + %) +log(% -27r) =0. (59)

The previous formula for log Py+(c) thus simplifies to

log Py+(a0) = Vol(41) Z

1 K K 1 +log(axay1)
Z 0 Z kQk+1 ;
QkHQk‘X” z log T( - ) all).
k:1

a
k=1 k+1

Using, for example, property (iii) of continued fractions in Section 3.1, we see that here 1/(gx|lgrx|) =
ar+1+ O(1/ax + 1/ar42), and the claim follows. O

7. Proof of Theorems 4 and 5

7.1. Quadratic irrationals. In this section we estimate the limit functions of P, (c, (—=D¥x/qy) for a
given quadratic irrational «. In order to make our estimates uniform on the interval of interest (—1, 1),

we isolate the singularities at x = —1 and 1. To this end, let us introduce the modified cotangent sum
. n(—1)*p +x
Vi = ) sm(nnuqkau/qk)cot(n— :
1<n<qi—1, k
n#EGk—1,9k —qk—1
Observe that by excluding n = gx_; resp. n = qx — qx—1, we avoid n(—1)*p;y = —1 (mod ¢;) resp.

n(=1k pr =1 (mod gi). In particular, V;*(x) does not have a singularity on (-2, 2). The evaluation in
Lemma 8(iii) has a perfect analogue for V" (x).

Lemma 18. Assume (6). For any k > 4 and any x € (=2, 2),

= Og
gk llgre |l 2r T'Q2+x)

ViE(x) a. T'Q2+x) O(T+10g(aklak)

_ O, (1 .
2 xDax )+ (/a0
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Proof. Following the proof of Lemma 8 with obvious modifications, we get

n n(=D*px +x a|3gx lo
Vi =mlgal Y —c0t<n—( S P >+0(—”"" P qu),

t<neg_1. Gk 2— x|
N#Qk—1,qk—qk—1
It remains to prove
—1)k
C;:(x) = Z l Cot(nm>

l<n=gi—1, qk gk

N#qk—1,qk—qk—1

(—D*q a  T'2+x) T + log(ax—1ax)

= log — — (0] O, (D). 60

- 8o T Tern a—xpa ) T 0D (60)

From Lemma 7 we obtain

g1 kI _ 1k
Ci(0) = Z lcot(n@> - Mcot(yr( D ) Ll cot(n( D) )

= @ qk qk qk qk qk
—1)k a T +log(ay_1a
_( )Qk(log_k+y_1+0( glak—1 k)))+0a(1)’
T 21 ai

where y = —I"/(1)/ I’(1) is the Euler-Mascheroni constant. Note that we used cot(rr/qx) = g /7 + O(1)
and that gx_1/qr < 1/ax is negligible. Following the proof of Lemma 7 with obvious modifications (note
that excluding n = gx—1 and n = g — qx— corresponds to excluding @ = £1), we get that the derivative
of C;(x) satisfies

(o.¢]

v (=DFg 1 qr(1+logar)
Cew=—q Z(a+x>2+0(<2—|x|>2ak )

a=2

By integrating,

_1)k+1 00
i —cpo =S 31 L) oSl EA))

a a-+x (2 — |xDak
—)k+! I'2+x 1+loga
_ =D ‘Ik(y_1+ ( )+0< gk>>’
b4 r'e+x) 2 —|xag
and (60) for general x € (—2, 2) follows. O

Next, let us introduce the appropriately modified version of By ps(x) from (27): for any integers k > 1
and 0 < M < g, let

P} (a, (=D x/qr) _
Py (pe/qr, (—D¥x/qx)

—1)k
By (1) = log HED D),

> sin(nnqkan/qk)cot(n
dk

1<n<M,
NFEQk—1,qk —qk—1
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where

’

Py, (—Df'x/gy = ]  |2sin(x(e +(—1D*x/q0)
1<n<M,
N#Eqk—1,qk—qk—1

and P} (pi/qk, (—1)¥x/qy) is defined analogously.

Proposition 19. Let k > 1 and 0 < M < gy be integers, and assume that qi||lqre|] < 2(1 — ¢x) and
=2 <x <2—qllgrx|l/(1 — cx) with some 100/q,3 <cx < 1. Then

log(4/ck) < B, () <C
2- |x|)2“1%+1 ’ al%ﬂ%
with a universal constant C > 0.
Proof. This is an obvious modification of the proof of Proposition 11(i). U
Proof of Theorem 4. Let a = [ag; ay, . .., Gk, Qg1 - - - » Ao+ p| be @ quadratic irrational, and assume that

max|<,<p(logag,+r)/ar,+r+1 < T with some constant 7 > 1. From Corollary 10 we deduce
log Py, (or, (—D)*x /)
) [sin(rx)]
=log| |2 sin(m (lgrex || + x/qx)) | —————
[sin(x /qi)|
Ly 0s |sin( (noe + (= D)¥x /q0))|
\ |sin(w (npr/qi + (= D¥x/qi))|

ne{qr—1,qk—qr—1

+ Vix)+ B,’;qk_l(x). (61)

Recall from the proof of Lemma 6 that g ||gra|| < 1 —1/(e’ +2). Applying Proposition 19 with ¢; =
1/(eT +2) < % we thus obtain that for all [x| < max{1, 2—2/ax+} and all large enough k (in terms of T'),

Bf _(0)<K<————.
Pt < G,
Applying Lemma 18, formula (61) thus simplifies to

log Py, (er, (—=1)"x/qe)

= log(|2 sin(w (||gre | +X/Qk))|M>
|sin(x /qi)|
Z log ‘sin(n(noz + (—l)kx/Qk))|
‘sin(n(npk/CIk + (—1)kx/61k))|
(T + log(ax—1ax)
Q= IxDararsr - |x])2az,,

N ay F’(Z—i—x))

+ o log — —
CIk”q}c ||( g ) Q2 )
nel{qre—1,9k—qk—1}

) + O0u(1/q1).  (62)

We now let k — oo along the arithmetic progression pN + kg + r, and claim that every term in (62)
(except the first error term) converges. Indeed, we clearly have g ||gr|| — C, and gx—1|qre|| — D,
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with some constants C,, D, > 0 depending on «. The limit of the first term in (62) is

C
)_> log<|2sin(nx)| : ‘1+—’

o)

|sin(x)]
Isin(rwx/qi)|

Using trigonometric identities, we once again write

10g<|2 sin(z ([l greell 4 x/qx)) |

|sin(7r(na + (—l)kx/Qk))|
[sin(7 (i /i + (= 1x/q10)) |

= |1 +x, + yn|
with

Xy :=cos(mn(o — pr/qr)) — 1 =cos(mnllgrall /qr) — 1
and

Y 1= sin(nllgrell /qi) cot(m (n(—1)* pe/qi + x/qr)).

For both n = g¢—; and n = g — qx—1 we have x,, — 0. For n = g1,

: D
Vg = $InCT g1 lIgrerll /i) cot(er (v = 1) /qi) = —

whereas for n = q; — qi—1,

C,—D,

Yo—ginr = ST (e — qi—llgeetll/qe) cotr (x + 1)/qic) > ———

Note that we used cot(ry) = 1/(mry) + O(1) as y — 0. Therefore the limit of the second term in (62) is

i + (= DF D C.,—D
Z lo I|sm(n(no¢ D xk/qk))| — log|l + —— '—{—log 1+ 4
ne{qr-1,9x—qk-1} }Sm(nmpk/% +(=D x/Qk))| x—1 x+1
From (62) we thus get that for all |x| < max{l, 2 —2/ax,+r+1},
. Cr Dr r Dr
log G, ,(x) =log| |2sin(wx)|- |14+ —| ) +log|l + —— |+ log|1 +
’ X x—1 +1
+ ¢, 1og Ako+r "2 +x) +0 T +10g(ako+r—lako+r) T
" 2t TQ+x) Q@ — [xDarytrargri1 (2 —|x])2a; ’
o+r&kotr+ ko+r+1

as claimed. O
7.2. Well approximable irrationals.
Proof of Theorem 5. Let o be such that sup,...; ax = co. It will be enough to prove that

Py (o, (=D*x/qi, e V@ — |25in(rx)| locally uniformly on R (63)

for any increasing sequence of positive integers k,, such that a;, 1 — 00 as m — oo; recall that Vi (x)
was defined in (24). Indeed, under the stronger assumption

1 +logmaxj<¢<i, ae

—0 as m— o0,
ak,,+1
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we have V;, (0) — 0 by Lemma 8(ii), and thus (63) holds without the factor e~V as claimed. If in
addition (1 +logay)/akg+1 — O (in particular, ax4; — 00), then V;(0) — 0 by Lemma 8(iii), and (63)
follows without the factor e~V © along the full sequence k,, = m, as claimed.

Fix a large integer A > 0, and let us prove that the convergence in (63) is uniform on [—A, A]. Let

S=S8r={1<n<gqr—1:npy=a (mod gx) with some integer 0 < |a| < A},

and let us introduce the modified cotangent sum

n(—l)kpk—i-x)

Vi@ = Y. sin(nnnqkan/qk)cot(n "

I<n=qr—1,
n¢gS

Note that V;**(x) does not have a singularity on (—A — 1, A+ 1). Following the steps in Section 7.1 with
obvious modifications (see (61)), we get

log Py, (e, (—D*x/qp)

|sin(x)| >+Z |sin (7 (o + (= D¥x /qp))|
|sin(rrx/qp)| !sm T (npi/qr + (— l)kx/qk))!

(x) + Bk e 1 ().

= log(IZ sin(n(IIQkOlH —i—x/qk))

Here B,ff’:]k_l (x) is the perfect analogue of B,j’ ] (x) in (61), and satisfies

1
|quk l(x)|<< _7 xe[_AvA]v
k+1
by an obviously modified form of Proposition 19 with ¢, = % Following the steps in the proof of Lemma 8,
it is easy to see that the derivative of V;**(x) satisfies |V;**'(x)| < 1/ax41 on [—A, A]. Therefore for
any x € [—A, A],

Vit (x) = Vi(0) + 0( A )
Af+1

1k
= V(0 = Y sinGrallgeell/q) cot(nm> +0 <i>

dk A1

(i)l +as)
cotlm— )| +
qk Af+1

nes

= Vi(0)+ 0( > el

O<la|<A

A
= Vi (0) + 0( )
Ak+1

By the previous three formulas and the usual trigonometric identities,

_ . sin(7r o +x
Py (@, (=1 x/goe"© = [2singr 2R /””‘))'(1‘[|1+xn+yn|>e0“‘/“k+‘>
Isin(x /qi)|

nes
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uniformly on [—A, A], where

X, i=cos(n(a — pi/qr)) — 1 = cos(mnllqrall/qr) — 1
and

Yo := sin(nllgrell/gi) cot(m (n(= D" pi/qi +x /qn)-
To see (63), it will thus be enough to prove that

12 sinGr)| SR gkl +x/qi))| [T11+ %+ yal = [2sinGrx)|  uniformly on [~A, A] ~ (64)

Isin(7r x/q1)|

nes
along any subsequence k = k,, such that a;, 1 — oo.
First, let x € [-A, AN\ UL _,(a — 145. @ + 155)- Then

Isin(m (|l gre|l +x/qi))| 1 qrllgre||
. ~ + b
Isin(rx /qp)| X

as well as

IXn| < llgrall® < 1arsr and |y, | <a 1/ags1,

all uniformly in x. Hence

Isin(r (|lgre|l +x/qi))| ( ( 1 ))
M4+x,+y,|~[1+0| —
1_[ 0<1|a_|[§A

Isin(x /qy)| nes k41

1
Ak+1

uniformly in x. Thus the convergence in (64) is indeed uniform on [—A, A]\ U?:_ A(a — ﬁ, a—+ ﬁ).

1
o)
Af+1

Next, let x € (a — ﬁ, a—+ 11W) with some 0 < |a| < A. Then

, _ 1 1
2sin(rx)| [ [ 114 %0+ yal = 2sinGro)| - 1+ 0 ———— )| [] (1+0a(—
nes |x —alagy 0<ld Af+1
<la’|<A
a'#a
, 1
=|2sin(wx)| + Ol — |,
Ai+1

uniformly in x € (a — ﬁ, a+ W%o); indeed, |sin(zx)|/|x —a| < 1 follows from the fact that |sin(;rx)| has
a zero at every integer. Therefore the convergence in (64) is also uniform on (a — W%o’ a+ ﬁ). Finally,
let x € (—fm, ﬁ). Then

sin(rr 1
2sinGro| 20Nkl + X/l sin(rrx)l(l + —q"”q"“”) = |2sin(x)| + 0(—),
Isin(x /qi)| x Ajet1
uniformly in x € (—m, ﬁ). Therefore the convergence in (64) is uniform on (—m, Wlo)' This finishes

the proof of (64). O
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Free rational curves on low degree hypersurfaces
and the circle method

Tim Browning and Will Sawin

We use a function field version of the Hardy—Littlewood circle method to study the locus of free rational
curves on an arbitrary smooth projective hypersurface of sufficiently low degree. On the one hand this
allows us to bound the dimension of the singular locus of the moduli space of rational curves on such
hypersurfaces and, on the other hand, it sheds light on Peyre’s reformulation of the Batyrev—Manin
conjecture in terms of slopes with respect to the tangent bundle.
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1. Introduction

Let X € P"~! be a smooth hypersurface of degree d > 3, over a field K whose characteristic exceeds d if
it is positive. This paper has two aspects. On the one hand, motivated by questions in algebraic geometry,
we shall be interested in the locus of points corresponding to free rational curves inside the moduli space
Ap.0(X, e) of degree e rational curves on X. On the other hand, by working over a finite field, we shall
establish a function field analogue of a recent conjecture due to Peyre [2017] about the distribution of
“sufficiently free” rational points of bounded height on Fano varieties.

1A. Geometry. The expected dimension of .# o(X, e) is (n —d)e +n — 5, a fact that is known to hold
for generic X if n > d + 3, thanks to Riedl and Yang [2019]. It follows from work of Browning and Vishe
[2017] that .#,0(X, e) is irreducible and has the expected dimension for any smooth X, provided that
n > (5d —4)2¢=1. Our first result strengthens this.

Theorem 1.1. Letd >3, lete > 1 and letn > (2d — )27, Then A0.0(X, e) is an irreducible locally
complete intersection of the expected dimension.

MSC2020: primary 14H10; secondary 11D45, 11P55, 14G05, 14J20.
Keywords: circle method, free rational curve, function field, hypersurface.
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We can also bound the dimension of the singular locus of .#( ¢(X, e), as follows.

Theorem 1.2. Letd >3, let e > 1 and let n > 3(d — 1)297 1. Then the space Mo o(X, e) is smooth outside

a set of codimension at least
n e+1
—— —6(d—1 1 .
(2d—2 ( )>< ﬂd—lJ)

In particular, whenever these inequalities are satisfied, it is generically smooth and reduced.

For n > 2d + 1 and generic X of degree d > 3, Harris, Roth and Starr [Harris et al. 2004] have also
shown that .# o(X, e) is generically smooth. Note that, provided n > 3(d — 1)2¢71, the codimension
goes to oo in Theorem 1.2 when either e or n does, with d fixed. Moreover, when both e and n are large
with respect to d, the codimension is at least approximately 1/(2¢72(d — 1)) of the total dimension.

Our work addresses some questions of Eisenbud and Harris [2016, Section 6.8.1] concerning the
Fano variety of lines F1(X) = .#p0(X, 1) associated to a smooth hypersurface X C P~ of degree d.
Specifically, their question (a) asks whether F(X) is reduced and irreducible if n > d + 1 and (b) asks
whether the dimension of the singular locus of F;(X) can be bounded in terms of d alone. Theorems 1.1
and 1.2 answer the first question affirmatively for n > 3(d — 1)2¢~! and give some weak evidence in
support of the second question, by showing that it grows with n more slowly than the dimension of the
whole space. Furthermore, we handle the analogous conjectures with higher degree curves, with no loss
in the dependence on n, meaning that for large enough e we do better than their predicted bound d < n/e.

By comparison, Starr [2003] has proved that if n > d + e and X is generic, then .# (X, e¢) has
canonical singularities, which implies in particular that it is smooth outside a set of codimension at least 2.
It does not seem possible that our method will prove that .4 ¢(X, e) has canonical singularities. By
[Mustatd 2001] and [Lang and Weil 1954] this is equivalent to the conjunction of an infinite sequence of
Diophantine estimates (in the spirit of Definition 3.7), but for fixed n, d and e it seems unlikely that the
circle method is able to handle more than finitely many of them. In unpublished work, Starr and Tian use
a bend-and-break approach to produce a less restrictive lower bound for the codimension of the singular
locus for a general hypersurface X C P"~! of degree d. However, their method never proves a lower
bound for the codimension greater than n, whereas our work achieves this if e is sufficiently large.

Comparing the various results, we see that Theorem 1.2 holds for a much more restricted range of n
(unless e is very large relative to d) but it is valid for an arbitrary smooth hypersurface, rather than just a
general one.

It should be possible to adapt our strategy to prove results about moduli spaces of genus g curves on X.
However, the codimension we obtain for the whole moduli space will not be any better than the codimension
we can prove for the space of maps from a fixed genus g curve to X. In particular the codimension will
shrink as g grows, so the bound obtained would only be suitable for e sufficiently large with respect to g.

Let Fx be the tangent bundle associated to the smooth hypersurface X C P"~! (as defined in [Hartshorne
1977, page 180], for example). Our remaining result deals specifically with free curves and so we recall
the definition here.
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Definition 1.3. Let ¢ : P! — X be a rational curve and let ¢ € Z. We say that c is o-free if ¢* Ty ® Op1 (—0)
is globally generated.

We shall follow common convention and say that c is free if it is O-free, and very free if it is 1-free.
One easily checks that this agrees with the standard definition that ¢ is free if ¢* 9 is globally generated
and very free if ¢*.7x is ample. The definition of free curves goes back to pioneering work of Kollar,
Miyaoka and Mori [Kollar et al. 1992a, Section 1] on rational connectedness for Fano varieties, and
they feature heavily in work of Kollar [1996, Section I1.3]. We have taken Definition 1.3 from work of
Debarre [2001, Definition 4.5], which appears to be the first time that the notion of being o-free occurs,
for varying o € Z.

Remark 1.4. If ¢ is a po-free rational curve on X then it follows from Definition 1.3 that deg(c*.9%) >
rank(c* 7x)o. In general, the pull-back of the tangent bundle has rank n — 2 and degree e(n — d). In this
way we see that no degree e rational curve on X is ever (le(n —d)/(n —2)] + 1)-free. If d > 2 then this
implies that ¢ < e, for any p-free rational curve P! — X.

We let U, C .#),0(X, e) be the Zariski open set that parametrizes degree e maps from P! to X that are
o-free. We write Z, = .#,0(X, e) \ U, for the complement. This is the closed set parametrizing degree e
maps P! — X that are not o-free. We shall prove the following bound for its dimension.

Theorem 1.5. Letd >3 and n > 3(d — 1)2¢7'. Assume that 0 > —1 and

1
e?(@—l—l)(Z—}-m). (1-1)

Then

dim Z, < (n—d)e+n—5+2(d—l)LQ;1J — <2:_2 —6(d—1)> <1+ u:ﬂ - LQ;ID. (1-2)

The notion of free rational curves was originally introduced as a tool to study uniruled and rational

connectedness properties of varieties. Taking o =1 it follows from Theorems 1.1 and 1.5 that U; # @ if K
is algebraically closed and e is sufficiently large. Hence, by appealing to [Debarre 2001, Corollary 4.17],
we deduce that any smooth hypersurface X C P*~! of degree d is rationally connected if d > 3 and
n > 3(d —1)2¢71. This recovers a weak form of the well-known result, independently due to Campana
[1992] and Kollar, Miyaoka and Mori [Kollar et al. 1992b] that Fano varieties are rationally connected.
In fact both proofs use reduction to characteristic p, but they use different properties of characteristic p
varieties, with [Kollar et al. 1992b] relying on Frobenius pull-back and our work using the Lang—Weil
estimates.

Theorem 1.2 is derived from Theorem 1.5, which is proved using analytic number theory and builds on
an approach employed by Browning and Vishe [2017]. (Theorem 1.1 uses essentially the same approach
as [loc. cit.], with one improvement to a key lemma.) One begins by working over a finite field K = [,
of characteristic > d. We bound the dimension of Z, by counting the number of points defined over a
finite extension of [, that lie in it. In Section 3, we will give an explicit description of this locus in terms
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of a system of two Diophantine equations defined over the function field F, (T). Let f € F;[x1, ..., x,]
be a nonsingular form of degree d that defines the hypersurface X C P"~!. Given g € Z, we shall see
that the primary counting function of interest to us, denoted N,(q, e, f), is the one that counts vectors

(g,h) € [Fq[T]Z", where g1, ..., g, have degree at most ¢ and no common zero, with at least one of
degree exactly e, and where A1, ..., h, have degree at most ¢ — 1 — g, such that
n af
f(g1,...,g)=0 and Zhia—)q(gl,...,gn):o. (1-3)
i=1

Since each partial derivative of f is a degree d — 1 polynomial, we obtain a linear equation for k € F,[T]"
where the coefficients have degree at most (d — 1)e in 7. Standard heuristics lead us to expect that,
for typical g, the number of available k is g(¢~@—D=(d=De — ge=d)=en=1) (I fact, we shall see in
Lemmas 3.4 and 3.5 that this is true only if the map P! — X represented by g is o-free.) Thus we expect
that N,(q, e, f) is approximated by g*“"~D=e"=DN (g, e, f), where N(q, e, f) is the number of vectors
g € F4[T]" such that f(g) =0, where g1, ..., g, have degree at most e and no common zero, with at
least one of degree exactly e.

In Section 4, we apply the function field version of the Hardy—Littlewood circle method to study the
system of degree d equations (1-3), expressing the number of solutions as an integral of an exponential
sum. We shall show that the major arc contribution to this integral cancels almost exactly with the
expected approximation g¢*~9=¢=D N (4 e, f). In Section 5, we prove an upper bound on all other
arcs, taking special care to make all of our implied constants depend explicitly on the size of the finite
field g. The standard way of proceeding involves d — 1 applications of Weyl differencing, a process that
would ultimately require n > 3(d — 1)2¢ variables overall. We shall gain a 50% reduction in the number
of variables by exploiting the special shape of the Diophantine system (1-3). Finally, we bring everything
together and apply the Lang—Weil estimates [Lang and Weil 1954] to turn the bound for #Z,(F,) into a
bound for the dimension of Z,. An application of spreading-out shows that the dimension bound holds
over an arbitrary base field K such that char(K) > d if it is positive.

1B. Arithmetic. In our geometric investigation of Z, we take the point of view that e and o are fixed
and g — oo. In this subsection we assume that the finite field is fixed, but we allow the parameters e and
o to tend to infinity appropriately.

Suppose that V is a smooth projective geometrically integral Fano variety defined over a number
field K. For suitable Zariski open subsets U C V the Batyrev—Manin conjecture [Franke et al. 1989]
makes a precise prediction about the asymptotic behavior of the counting function

Ny(B)=#xeU(K): Hw‘jl(X) < B},

as B — oo, where Hw;l : V(K) — Ris an anticanonical height function. These conjectures are flawed,
however, since it has been discovered that the presence of Zariski dense thin sets in V (K) may skew
the expected asymptotics. Recently, Peyre [2017] has embarked on an ambitious program to repair the
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conjecture by associating a measure of “freeness” £(x) € [0, 1] to any x € V(K) and only counting those
rational points for which £(x) > ep, where €5 is a function of B decreasing to zero sufficiently slowly;
see [loc. cit., Definition 6.11] for a precise statement. Peyre’s function £(x) is defined using Arakelov
geometry and the theory of slopes associated to the tangent bundle .7y .

We can lend support to Peyre’s freedom prediction [loc. cit., Section 6] by studying smooth hypersur-
faces of low degree in the setting of global fields of positive characteristic. Let X C P"~! be a smooth
hypersurface of degree d defined over a finite field [, whose characteristic exceeds d. We put

N;—free(B) =#{x c X(K) : E(x) > &, H_wX(x) < qB}, (1-4)

where K = [F,(T) is the rational function field and £(x) will be defined in Section 6. The expectation is
that for a suitable range of &, N §(‘free(B) should have the same asymptotic behavior as the usual counting
function Nx(B), as B — 00. The following result confirms this and will be proved in Section 6.

Theorem 1.6. Letd > 3, let n > 3(d — 1)2¢7 ! and let

n—1
S —d)d— 1221

<e
Then there exists § > 0 such that
N;free(B) — CXqB + O(q(l—(S)B),

as B — 0o, where cy is the function field analogue of the constant predicted by Peyre [1995). Furthermore,
the implied constant only depends on q and f.

Note that this result does not require € to decrease to zero, but only to stay below some fixed constant.
This may be because the hypersurface X has Picard rank one, since Peyre [2017, Section 7.2] has shown
that for the product P! x P! one requires 3 — 0 for the asymptotic formula to be true. Finally, one can
see from the arguments in Theorem 1.6 that we can take the upper bound for ¢ to be significantly greater
than (n — 1)/((n —d)(d — 1)?2¢~1) when n is large. (In fact, the cutoff is allowed to approach 1/(d + 1)
as n — 00.)

With appropriate adjustments to the proof of Theorem 1.6, it is also possible to handle the corresponding
result for smooth hypersurfaces of low degree defined over Q, with Poisson summation taking the place of
the Riemann—Roch arguments that feature in Section 3. This is the object of our concurrent work [Browning
and Sawin 2020a].

2. Examples

As usual, X ¢ P"~! is assumed to be a smooth hypersurface of degree d > 3, over a field K whose
characteristic is either O or > d. While the latter condition arises very naturally in our argument (as
explained in Remark 5.5), the following result shows that the statement of Theorem 1.5 is actually false
when it is dropped.
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Lemma 2.1. Let K =F pfora prime p and let X C P! be the Fermat hypersurface
xf+---+x,‘f=0.

Assume that ptd and d # ap” — 1 foranyr e Nand a € {0, ..., p — 1}. Then X is smooth, none of the
curves in Mo ,o(X, 1) are (—1)-free, and dim 4 0(X, 1) > 2n —d —5.

Proof. The moduli space of n-tuples of polynomials of degree < 1 satisfying the equation xf +-- -+x,f =0
is a GL,-bundle over the moduli stack .#) (X, 1) parametrizing lines in X, because for each line we
can choose any basis of the corresponding two-dimensional vector space. Thus its dimension is equal
to 4 4+ dim .#, (X, 1). This space is cut out by d + 1 equations in 2n variables, where (‘11) divides all
coefficients of the i-th equation, for 0 <i < d. By Lucas’ theorem it follows that p| (‘f) if and only if at
least one of the base p digits of i is greater than the corresponding base p digit of d. In this way we see
that p| (7) for some 0 < i < d if and only if d does not take the form ap” — 1 for some a € {0, ..., p—1}.
But then the space is cut out by fewer than d 4+ 1 equations in 2n variables. This implies that it has
dimension greater than 2n —d — 1, whence dim .# o(X, 1) > 2n —d —5. Furthermore, since the dimension
near each curve is greater than the expected dimension, it follows from Lemma 3.1 that they are not
(—1)-free. Finally, the Fermat hypersurface is smooth over K if and only if p{d. U

This example generalizes a discussion of Debarre [2001, Section 2.15]. It shows that for typical p < d
the statements of Theorems 1.1 and 1.5 are false for fields of characteristic p.
Returning to the general setting, the following result provides examples of curves that are not po-free.

Lemma 2.2. Letd, m,n eNwithd >3 and m <n/2. Let K be an infinite field. There exists a nonsingular
form f(x1,...,x,) over K of degree d, such that

a
f(xl,...,xm,O,...,O):—f(xl,...,xm,O...,O)zo
axj
forall xy, ..., xp, and all j < n—m. For such a polynomial, every map c : P' — X of degree e that

factors through pr-lc x cpr! fails to be (le(m —d)/(m — 1)] + 1)-free. The moduli space of such

rational curves has dimension m(e + 1) — 4.

Let X C P"~! be a smooth hypersurface with underlying polynomial f, as in the lemma. Taking
m =d and ¢ = 0, we see that when n > 2d the space Z; of non-very-free rational curves P! — X of
degree ¢ has dimension at least d(e + 1) — 4.

Proof of Lemma 2.2. Without the nonsingularity condition, the space of such polynomials is linear. The
singular polynomials form a closed subset. To prove the existence, it is sufficient to show that this subset
has codimension 1. The set of singular polynomials is the projection from the product of this linear
space with P! of the set of pairs of a point and a polynomial singular at that point. For elements in
P—1 C P"~!, the space of polynomials singular at that point has codimension m, as it is defined by the
m independent conditions Z?Tff(xl, ey X, 0...,0)=0forn —m +1 < j < n. For all other elements,
we claim that the n conditions aa-Tfj(xl, ..., X,)=0for 1 < j < n define a codimension n subspace. To
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see this we may take a linear form / in the last n — m coordinates that is nonzero at that point. Then the
n-dimensional space of polynomials generated by x jld_l for 1 < j < n lie in the linear subspace, since
d —1 >2. But only the zero element in that subspace satisfies all n conditions. It follows that the singular
locus is the union of the projection of a codimension m bundle on P”~! and a codimension # bundle on
its complement in P"~!. Thus the singular locus has codimension at least one, as desired.

For the freeness, we use the Euler exact sequence

0 —> ﬁpn—l — ﬁ[pn—l(l)n — ylpn—l — 0 (2-1)

Consider the map Opn—1(1)" — Opn-1(1)™ given by projection onto the last m factors. Because m < n/2
the composition of this projection with the map @pi—1 — Gpu-1(1)" vanishes on P"~!. So over P!,
we obtain a map Jpn-1 —> Opn-1(1)™.

Next consider the exact sequence 0 — Jpu-1 = Tx — Ox(d) — 0 on X. The second map of this
sequence is the dot product with the derivative of f. By assumption on f, restricted to P"~!, this map
factors through the projection onto the last m vectors. Hence we obtain an exact sequence

0 —> W —> ﬁ[p}m—l(l)m —> ﬁ[p)m—l(d) —> O

whose kernel ¥ is a vector bundle on P"~! of degree m — d, which arises as a quotient of Fy.

For ¢ : P! — X a map of degree e whose image lies in P!, ¢*¥ is a vector bundle of degree e(m —d)
on P! which arises as a quotient of ¢* Jx. Because ¢*¥ splits as a direct sum of m — 1 line bundles, it
must contain some line bundle summand of degree at most e(m —d)/(m — 1), and we can round down to
the nearest integer. Hence ¢* Zx has some line bundle summand of degree at most |e(m —d)/(m — 1) |
and hence c is not (le(m —d)/(m — 1) | + 1)-free.

The dimension estimate is the standard calculation for the moduli space of rational curves in projective
space. U

Even for a general hypersurface there are some non-very-free curves. Indeed, for such a variety, the
moduli space of lines has dimension 2n — d — 5, and each line admits a (2e + 1)-dimensional moduli
space of degree e maps from P! to that line. Because the pull-back of the tangent bundle to a line has
rank n — 2 and degree n — d, it contains some summand of degree at most 0 as soon as d > 2, and so
every pull-back of it has a summand of the same degree, and so these degree e coverings of lines fail to
be 1-free. Hence, for a general hypersurface X C P"~! of degree d, we have dim Z; > 2(n+e) —d — 7.

These examples show that the dimension of the moduli space of non-very-free curves can grow linearly
in n and it can grow linearly in e. We do not know if it can grow linearly in ne, as the dimension of
M. 0(X, e) does.

3. Vector bundles on P!

Let f be a homogeneous polynomial of degree d in n variables over a field K and let X C P"~! be its
projective zero locus. Assume that X is smooth and let Jx be its tangent bundle. In this section we
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investigate the geometry of o-free rational curves ¢ : P! — X, in the sense of Definition 1.3. It turns out
that there is a natural characterization of the (—1)-free curves, which we recall here.

Lemma 3.1. A rational curve ¢ : P! — X of degree e is (—1)-free if and only if, in a neighborhood of c,
the moduli space of rational curves on X is smooth of dimension (n —d)e +n — 5.

Under the assumptions of Theorem 1.1 or [Riedl and Yang 2019], .#p 0(X, e) has dimension
(n —d)e+n — 5, so this is simply equivalent to .#) (X, e) being smooth at c.

Proof of Lemma 3.1. The tangent space of the moduli space of rational curves at ¢ is
HY(P', ¢* %)/ HO (P!, Fp1).
Note that H(P!, 1) has dimension 3. By Riemann—Roch,
dim HY(P!, ¢* %) — dim H (P!, ¢* 7%) = dim(c* Tx) + deg(c* Tx) =n — 2+ e(n — d).

Hence if ¢ is a smooth point on a component of dimension n — 5 + e(n — d) then H (P!, ¢*Fx) has
dimension n — 2+ e(n — d) and so H'(P', ¢* Zx) vanishes. Thus [Debarre 2001, Remark 4.6] implies
that ¢ is (—1)-free.

Conversely if ¢ is (—1)-free then H Y(P!, ¢* J%) vanishes by [loc. cit., Remark 4.6], so deformations
are unobstructed. Thus the moduli space is smooth at ¢, and the dimension of the tangent space to the
moduli space isn —5+e(n —d). [

Let Jx be the inverse image of Jx € Jp«—1 under the map Opn-1(1)" — Jps-1 in the Euler sequence
(2-1). This yields

0—>ﬁx—>§x—>ﬂx—>0,

so that in particular ﬂAX is a vector bundle of rank » — 1 on X. With this in mind, we refine Definition 1.3

as follows.
Definition 3.2. We say that ¢ : P! — X is strongly o-free if ¢* Ix @ Op1 (—0p) is globally generated.

We thank Paul Nelson for asking a question that suggested the above definition, and which turns out to

simplify our argument compared to studying the tangent bundle directly.
Lemma 3.3. If c is strongly o-free, then it is o-free.

Proof. This follows from the fact that 9% is a quotient of Fx and if a vector bundle is globally generated
then every quotient is globally generated. U

Lemma 3.4. We have
dim HO(P', ¢* 7% @ Opi (=1 —0)) = e(n—d) —o(n— 1)

with equality if and only if c is strongly o-free.
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Proof. Because J is the kernel of the map df : Jpn-1 = Opn-1(d), x is the kernel of a map Opn-1(1)" —
Opn-1(d) and hence has degree n — d. Thus c¢* ﬁx has degree e(n — d). Because it has rank n — 1, its
tensor product with Opi1(—1 — p) has degree e(n —d) — o(n — 1) — (n — 1). Hence by Riemann—Roch,
the dimension of its space of global sections is

dim HO(P!, ¢* 7% ® Opi (—1 —0)) =e(n —d) —o(n — 1) +dim H' (P!, ¢* Ix ® Opi(—1 — 0)).

It now suffices to show that H! (P!, ¢* Jx ® Opi(—1 — o) vanishes if and only if ¢* Ty ® Opi (—0) is
globally generated. We can assume that

—_

e
c*Ix =P Opi (k).

i=1

Then H' (P!, ¢* 9% ® 6pi(—1 —)) =0 if and only if k; — 1 — ¢ > —1 for all i, which happens if and
only if k; — o = 0 for all i, which occurs if and only if c*Tx ® Op1(—0) 1s globally generated. g

Vector notation such as g or h will denote n-tuples of polynomials in 7. Let g be an n-tuple of
polynomials in 7 of degree at most e, at least one of degree e, with no common zero, and such that
f(g) =0. These conditions ensure that (g; : - - - : g,) defines a degree ¢ map ¢ : P! — X.

Lemma 3.5. HO(P', ¢* 7y ® Op1 (—1 — 0)) is isomorphic to the space of n- tuples h of polynomials in T
of degree < e —1—p, suchthatV f(g)-h=0.

Proof. In this proof it will be convenient to set # = ¢* Ix @ Op1(—1 — 0). We have an exact sequence
0— Jx — Opn-1(1)" — Opn-1(d) — 0, with the last map given by multiplication by the gradient of f.
Thus we obtain an exact sequence

0> % — c*Opi-1(1)"Q Op1 (—1 —0) = " Opn-1(d) @ Op1 (—1 —0) = 0
which simplifies to
0> PB— Opi(e—1—0)" = Opi(de—1—p) - 0,

because ¢ has degree e. Applying the cohomology long exact sequence, we see that HO(P!, 2) is the
kernel of the natural map

H(P', Opi(e—1—0)") > H(P', Opi (de — 1 — 0)),

given by multiplication by the gradient of f. Since H*(P!, Opi(e — 1 —0)") = H'(P!, Opi(e — 1 —0))"
is the space of n-tuples of polynomials of degree at most e — 1 — g, this is exactly the stated space. [

We now assume K =T is a finite field. Thus f € F;[xi, ..., x,]is a nonsingular form of degree d > 3.
We assume throughout that char(lF,) > d.

Definition 3.6. Let N(q, e, f) be the number of tuples of n polynomials g1, ..., g, over [, of degree at
most e, at least one of degree exactly e, with no common zero, such that f (g, ..., g,) =0.
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Definition 3.7. For each integer g, let N,(q, e, f) be the number of pairs of a tuple of polynomials
g1, ..., & over [y, of degree at most e, at least one of degree exactly e, with no common zero and a
tuple of polynomials &y, ..., h, over [, of degree at most e — 1 — @, such that (1-3) holds.

Proposition 3.8. (1) The number of F,-points on .# (X, e) is

N(q,e, [)
(q—D@*—q)

(2) The number of T,-points on Z, is at most

Ng(q’ e, f)qg(n—l)—e(n—d) - N(q’ e, f)
(¢ —D*g*—q) '

Proof. Each point of .4 o(X, e) corresponds to |[PGL,([F,)| = q3 — ¢ distinct maps P! — X. Thus in (1)
we will count the number of maps P! — X, and in (2) we will count the number of maps P! — X that
are not o-free, and in each case then divide by g3 — g.

For (1), it is sufficient to note that for any such tuple g, (g1 : - - - : g,) are the projective coordinates of
a degree e map P! — X. All such maps arise this way, and two tuples define the same map if and only if
one is the multiple of the other by a nonzero scalar.

For (2), it follows from Lemma 3.3 that it suffices to consider the space of degree e maps c : P! — X
that are not strongly o-free. Note that N, (g, e, f) is the sum over tuples of polynomials (g1, ..., gn),
defining maps c, of ¢ raised to the dimension of the vector space of possible A1, ..., h,. By Lemma 3.5

this exponent is

dim H(P', ¢* 7% ® Opi(—1 — 0)).

By Lemma 3.4, ¢ to the power of this dimension is equal to ¢g¢®~?=e=1 if ¢ is strongly o-free and is
at least g¢~D—0=D+1 otherwise. Hence

No(g.e, f)g?" D= > %" g4+ Y 1=Ng.ef+q-D Y L

gel, [T gel,[TT" gel,[T]"
|gl=e |gl=e lgl=e
¢ not strongly o-free ¢ strongly o-free ¢ not strongly o-free
The proposition follows on noting that there are (g — 1) tuples g for each map c : P! — X. U

4. The circle method: identification of major arcs

For e > 1 we have

N(g.e, [)=#{g e F[T]": gl =¢°, f(g)=0,ged(g1, ..., gn) =1},
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where g = (g1, ..., 8») and |g| = max;<;<|gi|. In particular only nonzero vectors g occur. Similarly,

we may write

Nog,e, )= ) oo,

geF,[TI"  heF,[T]"

lgl=q¢ |h|<q®—@
f(®=0  h.Vf(g)=0
ng(gl ----- gn)zl

where once again we note that only nonzero vectors g occur. We may use the function field analogue of

the Mobius function o : F,[T] — {0, &1} to detect the coprimality condition ged(gy, ...

gives

No(goe, =D k) > > 1=y > pk Y,

, gn) = 1. This

oL

keF,[T] geF, [T1"  heF,[T]" =0 ke, [T] geF,[T1"  heF,[T]"
k monic O<Igl=q°/Ik| |h|<g*~® lkl=g” 0<|gl=¢*/ |h|<q*~®
f(®=0 hVf(g)=0 k monic f(@=0 h.Vf(g)=0

In view of the elementary identity

1 ifj=0,
Y uto={-q ifj=1,

keF,IT] 0 ifj>1,
[kl=¢’

k monic

it readily follows that
No(g.e, )= ¢jN(e—j+1,e—0),

j=0
where
1 if j =0,
_)-@+D if j=1,
" e if j =2,
0 if j >2
and

N(u,v) = Z Z 1,

geF,[T1" heF [TV
O<lgl<q"  lhl<q"
f(@=0 h.V[f(g)=0

for any integers u, v > 1.

We have
> 1= s
hel,[T]" T
|| <q“~¢
h.Vf(g)=0
where

SBY= Y. V(BRVf(2).
heF, [T
lh|<q“®

(4-1)

(4-2)
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Here the integral is over the space T of formal Laurent series in T~! of degree less than 0, against the
Haar measure with total mass 1, and v is the additive character of [, ((T~")) that sends a formal Laurent
series in 7! to a fixed nontrivial additive character of [, applied to the coefficient of T-!. With this
notation we now have

Nae =Y Y [ s@us (43)
j20  gef 7T
0<lgl<g*/*!
f(&)=0

Our plan will be to define a set of major arcs whose total contribution to g¢=D=¢"=dI N, (g, e, f) is
matched by N(q, e, ). We note that the sum over g is empty unless e > j, so we will be able to assume
this whenever dealing with this sum.

In what follows we shall frequently make use of the basic orthogonality property

S b = q® ifllyll<q®, )
beFLIT] 0 otherwise,
bl<q®

which is valid for any integer B > 0 and any y € [, ((T~1)). Here we recall that ||y | = |Zi<_1 biTi| for
anyy =Y, ybiT € F(T7h).

Let g € F,[T]" be a nonzero vector such that f(g) =0. The next result is the first step towards defining
the relevant set of major arcs for our problem.

Lemma 4.1. Suppose that B = a/r + 0 for coprime polynomials a,r € Fy[T] such that |a| < |r| < q*°.
Assume that |r6| < g~ @~V Then

q" 0 ifr|ged(gr, ... g " and 18] < q°~¢/1g|*7",
0 otherwise.

S(ﬂ)={

Proof. We break the sum into residue classes modulo r, by writing # = u + rv for |u| < |r| and
|v| < q°¢/|r|. Then

SB= Y. vBuVf@) Y., vrovVI(g)

uek, [T velF, [T
lu|<lr| vl<q*=¢/Ir|
Since |rf| < g~“@=V€=)) we have |rOV f(g)| < |r0|g=D€=) < 1. Thus ||rOVf(g)| = |rOV f(g)|
and it follows from (4-4) that
Ir|"g" =@ if |9V f(g)| <q° ¢,
0 otherwise.

Y YovVf(g) = {

velF, [TT"
[vl<g®~¢/Ir|
We claim that |V f(g)| = |g|¢~". To see this suppose that |g| = g™ for a nonnegative integer m and let
g€ [, be the (nonzero) leading coefficient of g. In particular f (g*) =0since f(g) =0. Since f has
degree d it follows that the coefficient of 7@~V in V f(g) is V f(g*) # 0, since f is nonsingular.
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Our argument so far shows that

Ir| 7" =T (B) if |0] <q2¢/Igl!"",
0 otherwise,

S(B) = {
where

TB)= Y. v(BuVf(g).

uek,[T1"
ul<|r|

When 0] < g2=¢/|g|¢! it follows that
0u.V (@) <qg '10rV ()l <g e r|<q 2,

since |r| < ¢°9. Hence, since a and r are coprime, we deduce that

re= Y w(cm-vf(g)):{lrl" ifr| V£ (e,

wer r 0 otherwise,
q

lul<|r|
Since f is a nonsingular form, the statement of the lemma follows on noting that |V f(g) if and only if

rlgcd(gr, ..., g4 N O

Lemma 4.2. Suppose that e > o and

ai an
—+0=—+0,
r rn

with ri, ra| ged(gi, ..., g% L and 011, 162] < q°~¢/|g|*~". Then in fact & =2 (and s0 61 = 02).

Proof. By clearing denominators, we may assume r| = r, = gcd(gyq, ..., gn)d_l. Then a; — ap =
gcd(gr, ..., g.)% (02— 6)), so that

d(gi, ..., gn)!
a1 —az| < 2= (81 d_lgn) gL
gl
This implies that a; = a,, as required. O
We take as major arcs the union
"= U U BeF (@ ") :Irp—al<q ey, (4-5)

refy[T] monic |a|<|r|
Irl<gee ged(a,r)=1

for j > 0. It follows from Lemma 4.1 that S(B) is nonzero for 8 € 9N; if and only if there is some pair
(a/r, 6) such that B = a/r + 6 and all the conditions

rl<qe e, 10l <|r|"'g” VD al < Ir|,  ged(a,r) =1,
and

rlged(gr, ..., g0, 101 <q2¢/|gl9!
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are satisfied. By Lemma 4.2, pairs satisfying these conditions (or even the last three conditions) are
unique. Hence we can rewrite the integral over the major arcs as

f S(B)Ap=q" > / do
n . 161<min{qe=e/|gl4=|r| ! g=(@=De=)
Irl<q* e jal<r|
 monic ged(a,r)=1
r| ged(gr,...ga)* !

n(e—
=g (e—0) E : @(r) _ de,
Irl<g®e |0|<min{ge—¢/|g|4=1,|r|"1g=(@=Die=}
r monic

r| ged(gr,....gn)4 7!

for any nonzero vector g € F,[T]" such that f(g) = 0, where ¢(r) is the function field analogue of the
Euler totient function. We want to replace the integral over 6 by

o—e
f a0 =1
16]<ge=/|gld~! F4

The error in doing this is at most this volume multiplied by the indicator function for the inequality

Ir| =g~ @D < geme /gl

Since | ged(gi, . .., g,)?"! this inequality implies that
g/ gl <lged(grs -, gn)lg”, (4-6)
where
€e—0
D= : 4-7
=l @)

At this point we observe that

Yo et =lged(gr. ... gl

r € F4[T] monic
r|ged(gi,....gn)4 !

since g # 0. Note that when r | gcd(g;, ..., g,)¢ " and |r| > g¢~¢ we must have
lged(gr. -, &) = gt (4-8)

with D as above. Putting everything together it follows that

(n=1)(e=0)|ocd e, 8 d—1
s)dp =2 eedler 801 1 4 1,00 (4-9)
N, g

J

for €; € [—1, 1], where
1 if (4-6) or (4-8) hold,
0 otherwise.

lj(g)::
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Let Né,n ajor(q, e, f) denote the contribution to the right-hand side of (4-3) from (4-9) for each j. We

now see that

, v |ged(gr, ..., gn)|¢!
Nénajor(q,e’ f):q(n bee Q)ch Z |g|d-! - (I +e;1;(8)).
j20  geF [T
0<lgl<g® /!
f(g)=0

On noting that (n — 1)(e — o) —e(d — 1) = e(n —d) — o(n — 1), the main term is seen to be
g7 (N(e) — g N (e — 1)),

where for u > 0 we set

Nwy= Y lged(gr,....en)l"""= > [kI""'N(g, u—deg(k), f) = Zq‘”N(q u—2¢, f),

gel,[T]" kel [T] =0
lgl=4" Ik\éqf‘
f(g)=0 k monic

in the notation of Definition 3.6. Hence

e e—1
N@)—q'Ne-1)=) q"N(g,e—t, )= q¢"““"N(g,e—1—¢t f)=N(g,e, /).
=0 =0
Remark 4.3. The cancellation here is not miraculous. The terms corresponding to g with |g| < g€ or
lgcd(g1, ..., gn)| > 1 disappear precisely because ¢; were the coefficients defined in (4-2) to sieve out
these terms in the first place.

Turning to the error term we can combine (4-6) and (4-8) to deduce that

D D+1+j—e|

ged(gr, ..., g0) = ¢P ' min(1, ¢/ “Igl) =¢ gl

whenever 1;(g) = 1. Hence

Nénajor(q’ e, f)— qe(n*d)*Q(nfl)N(q’ e, f) < q(nfl)(K*Q) Z|Cj|Ej»
ji=0

where

kd 1
XY LiHe R el =" S0 =0k = ged(er .. 2)

0<u<e—j kelF,[T] monic
|k‘>qD+l+_j—e+u

14

Z > b N@ =t .

<u<Le—j{ZD+14+j—etu

Invoking [Browning and Vishe 2015, Lemma 2.8], we deduce that N(q, e, f) = Or(q (e+D(=Dy for any
n > 3, where the implied constant depends at most on f. Hence, since we may clearly assume that
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n >d + 1, it follows that

Ej <<f Z qu(n—d)—',-n—l Z q—e(n—d—l)

0<u<e—j £2D+1+j—e+u
(D+1)n—d—1) qu(nfd)Jrnfl
- + n—d—
<<fq Z q(u e+j)(n—d—1)
O<u<e—j
< q(e—j)(ﬂ—d)-i-n I=(D+D(n—d=1) (4-10)

The implied constant in this estimate depends only on f and not on g. Thus

(n—1)(e—0) Z|Cj |Ej <<f q2e(n7d)fg(n71)+defe+nflf(D+1)(n7d71)‘

Jj=0

q

Putting everything together, we may conclude as follows.

Lemma 4.4. Let o € Z and assume that e > 0. Then
Nglaj()r(q’ e, f) zqe(n—d)—g(n—l)(N(q’ e, f)+ Of(q(e+l)(n_l)_(D+l)(n_d_l))),

where D is given by (4-7).

5. The circle method: minor arcs

It remains to study the quantity

N Ge H=Ye Y [ s@a (5-1)
j=0 geb [T %
0<lgl<g*/*!
f(®=0
where n; is the complement in T = {8 € [, ((T7") : |B| < 1} of the major arcs N; that we defined
in (4-5). Indeed, in view of Proposition 3.8(2), the following result is now a direct consequence of (4-3)

and Lemma 4.4.

Lemma 5.1. Assume thatd > 3 and e > 0. Then

gon—h—en—d
#Z,(Fy) < mmﬂr(q e, f)+0f(q(e+1)(" 1—5—(D+1)(n—d— 1))

(@—1%q*—q) °
where D is given by (4-7).

We have
> /S(ﬂ)dﬁ / (S(oz,m—q"‘e‘@)dadﬁ, (5-2)
geF 1y M
0<lg|<g® /™!

f(®=0
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where

Se.py=Y, > Y@f(@+BhV(2). (5-3)
g€F,[TT" heF,[TT
lgl<q*/*" Ihl<q“®
Viewed as polynomials in the 2n variables (g, k) the pair of polynomials f(g) and h.V f(g) are homo-
geneous of degree d. The obvious thing to do at this point is to apply Weyl differencing d — 1 times in
the spirit of Birch. This requires one to work with a simultaneous Diophantine approximation of « and S,
which is somewhat wasteful. It bears fruit provided that

2n —dim V* > 3(d — 1)2¢,

where V* is the (affine) “Birch singular locus”. In this setting V* is the locus of (g, h) € A?" such
that the pair of vectors (V f(g), 0) and (h.V? f(g), Vf(g)) are proportional. Since f is nonsingular, it
follows that V* is the set of (g, k) € A?" such that g =0, so that dim V* = n. In this way we see that the
standard approach would require n > 3(d — 1)2¢ variables overall, although there are additional difficulties
associated to having lopsided boxes. In our work we shall exploit the special shape of our polynomials in
such a way that our estimates are only sensitive to the Diophantine approximation properties of « or
independently. This allows us to handle half the number of variables when dealing with the sum S(a, §).
In what follows it will be convenient to define the monomials

PT)=T¢7/, P(T)=T'*" and QT)=T°"°.
Let
mh=J U (e eF @) :lra—al <q’|Pol™, (5-4)

rely[T] monic absa<|r|
|r|<q’ ged(a,r)=1

for any integer J. Note that 91(—1) = &. Let

[de—) ]
M = ’7—2 —‘ (5-5)

According to the function field version of Dirichlet’s approximation theorem any element of T has a
representation a/r + 6 with absa < |r| < g™ and |r@| < g~ . Hence we can cover T by a union of arcs
M + D\ MM(J) for integers J such that —1 < J <M — 1.

Next, let

_ qX
n= J U {ﬂe[Fq((T 1>>:|rﬁ—a|<m}, (5-6)

ref,[T] monic absa<|r|
Ir1<q® ged(a,r)=1

for any integer K. We note that 9t(e — ¢) = 91}, in the notation of (4-5). Let

N {(e—j)(d—zl)-i-e—g—“

(5-7)



736 Tim Browning and Will Sawin

It now follows from Dirichlet’s approximation theorem that the minor arcs n; can be covered by the
union of arcs M(K + 1) \ N(K) for integers K such thate —p < K < N — 1.
Observe in particular that if any minor arcs exist then e — o < N so

d—-1)(e—j)>e—o. (5-8)

We may thus assume (5-8) when dealing with the minor arcs. Keeping the assumptions d > 3 and e > o,
we see in particular that

[Pl 1Q] = 1.

Our plan is to produce two estimates for S(«, 8): one for when « belongs to 9(J + 1) \ 91(J) and
one for when 8 belongs to (K + 1) \ 91(K). Before proceeding further we note that

meas(M(J)) < ¢*’ | Py|~¢ (5-9)
and
meas(M(K)) < ¢*X | Po| =07, (5-10)

for any integers J, K > 0.
Suppose that

n

fO=D" CiigXiy - Xig,

I1yeer, ig=1

with symmetric coefficients c;,

.....

iy € F4. Associated to f are the multilinear forms

n

_ 1 d—1
i x Ty =dr Y e g x D, (5-11)

id—]
i1,enig—1=1

for 1 <i < n. Our first estimate for S(«, B) involves summing trivially over & and then applying Weyl
differencing d — 1 times to the sum over g. This eliminates the effect of the lower degree term Sh.V f(g)
and leads one to a family of linear exponential sums with phase vectors (¢WV(g),...,aV,(g)), for
g=1(g1,...,84—1) € F,[T1~D". This approach closely parallels [Browning and Vishe 2017].

* An alternative estimate for S (o, B) is obtained by applying Weyl differencing d — 2 times to the sum
over g. After a further application of Cauchy—Schwarz one then brings the k-sum inside, giving a family
of linear exponential sums with phase vectors (8 (g), ..., BY,(g)), for g € F,[T1¥~Y". This brings
the Diophantine properties of 8 into play but extra difficulties arise from the fact that P and 0 need not
have the same degree.

SA. Geometry-of-numbers redux. We shall need to begin by revisiting a function field lattice point
counting result that played a key role in [Browning and Vishe 2017]. A lattice in [, (T~ is a set
of points of the form x = Au where A is an N x N invertible matrix over [, ((T~")) and u runs over
elements of F,[T]". Given a lattice A, the adjoint lattice is defined as the lattice associated to the inverse
transpose matrix A7,
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Remark 5.2. We can view lattices as vector bundles on P! by viewing the matrix A as giving gluing
data for gluing the trivial vector bundle on A! and the trivial vector bundle on a formal neighborhood
of 00, using the Beauville-Laszlo theorem. The adjoint lattice corresponds to the dual vector bundle, and
the geometry-of-numbers computations in this section could instead be stated in this language.

Bearing our notation in mind we recall a version of the “shrinking lemma” that is proved in [Browning
and Sawin 2020b, Lemma 6.4].

Lemma 5.3. Let y be a symmetric n X n matrix with entries in [, (T™YY). Let a, ¢, s € Z such that ¢ > 0
and s > 0. Let Ny, 4 . be the number of x € Fy[T]" such that |x| < q“ and ||yx| < q~°. Then

Ny,a,c

v < qnx+n max(l_(afc)/Zj,O).
y,a—s,c+s

For any o € T ((T~") and any r > 0, we set
N(;r) =#g e FIT1“""" :|gil, ..., [ga—1] < P, laWi(@)]l < g~ (Vi <m)}. (5-12)
Furthermore, for an integer s > 0, we put
Ny(a:r) =#{g e F[T1“"V" 2 1gil. ... 1ga—1] < [P1/q’, laWi(@)] < ¢~~~ (vi <m)}.
We can use the shrinking lemma to bound the ratio of these two quantities as follows.
Lemma 54. Forr > 0and s > max(0,e — j+ 1 —r), we have

N(a, 1) < o(d=Dns+nmax(0,[(e—j+1-r)/2])
Ns(a,r) h

Proof. Foreachv € {0, ...,d — 1}, let N®(a, r) be the number of vectors g€ [Fq[T](d_l)” such that

g1l ... 18| <IPI/q*, |1&v+1l,-...18a—1] <I|P]| (5-13)

and [|aW;(g)|l < ¢, for 1 <i <n. Thus we have N (a, r) = N(a, r) and N“"D(a, r) = Ny (. r).
Fix a choice of v € {1,...,d — 1} and let g1, ..., &v—1, &v+1, - .., &a—1 € F4[T]" such that (5-13)
holds. We consider the linear forms

Li(g)=aV;(g1,...,8v-1,8 8v+ls--->8d—1),

for 1 <i < n. These form an n x n matrix. Because W; is the dualization in one variable of a symmetric
d-linear form, this n x n matrix is symmetric. The contribution to N~V (, r) from tuples with the
chosen g1, ..., gv—1, ut1s---» 8d—1 € F4[T1" is Ny e—j+1.r+@w—1)s While the contribution to N (a, r)
from tuples of the same form is Ny .15 r4vs. Note that ¥ + (v — 1)s > r > 0 for v > 1 and so
Lemma 5.3 is applicable. We deduce that

N(”_l)(a, r)
-«
NO(a, r)

ns+nmax(|[(e—j+1—r—(v—1)s)/2],0)

forl<v<d-1.
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We take the product of this inequality over all v from 1 to d — 1. The first term in the exponent
contributes (d — 1)ns. The second contributes n max(|(e —j+1—r)/2],0) for v =1 and O for all other
values of v, on assuming that s > e — j + 1 — r. Thus we get the stated bound. U

5B. Weyl differencing. Our fundamental tool for estimating S(«, 8) is Weyl differencing. We recall first
that | P|, |@| = 1 in this exponential sum. Appealing to [Browning and Vishe 2017, Equation (5.2)] first,
Weyl differencing d — 1 times gives

1S(at, B)] < [PIMQI" (1P|~ D" N (e, e — j + 1)/*",
in the notation of (5-12). Note that as N(a, e — j +1) > 1 and 297! > (d — 1), the right side is > |Q]".
Thus we have
1S(a, B) —q" @) <2|PI"QI" (1P| V" N (e, e — j+ 1) /*", (5-14)

We can also obtain an upper bound for S(«, 8) that only uses information about 8. Let us put

T(hy= Y Y(af(@)+Bh.Vf(g),

lgl<|P|
so that

S B =Y T,
|k|<|QI

with P, Q are as before. It follows from Cauchy—Schwarz that

IS@ AP <1012 Y Ty (5-15)
|kI<|Q]

After d—3 applications of Weyl differencing we obtain

TP < p@ a3

Zw(D(g»',
I4

where D(g) = Dy, g, ,(af(g)+Bh.V f(g)) and Dy, . g, , is the usual differencing operator. Here

g1, ..., 843, & each run over vectors in [, [7]" formed from polynomials of degree less than e — j + 1.
A further application of Cauchy—Schwarz now yields

2

|T(h)|2d?2 < |P|(2d72—d+1)n Z .

> (D)
g

Differencing once more therefore leads to the expression
2

> v(D(©)
g 8d-2,8d—1
where

i=1
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in the notation of (5-11). Returning to (5-15) we ignore the Diophantine approximation properties of «
and instead execute the linear exponential sum over k. This leads to the expression

1S(ar, B < |P"1QI"(IP|~“" V"N (B, e — 0)) />,
in the notation of (5-12). Again, N(B,e— ) > 1 and 29=2 > (d —1) so the right side is > | Q|", whence
1S(at, B) — "9 < 2|PIMQI"(|P|” V"N (B, e — o)) /> . (5-16)

Remark 5.5. When char([F,) < d the polynomials W; are identically zero for 1 <i < n, so that (5-14)
and (5-16) give nothing beyond the trivial bound for the exponential sum S(«, 8).

Recall the definitions (5-4) and (5-6) of 9t(J) and D(K), respectively. We want to bound the size of
S(a, B) when o € M(J) and B8 & N(K). To do this it will be convenient to introduce two parameters s
and s,. Associated to these are the quantities

lh=e—j+1—s; and Lh=e—j+1—s.
We can use our geometry-of-numbers shrinking result to establishing the following pair of estimates.

Lemma 5.6. Let o & 9M(J) and let || € Z be such that

J
Lh<l+—— and [ <e—j+1.
d—1
Then there exists a constant ¢q , > 0 such that.
N(a,e—j+1) <cgng ™| P|@Dn,
Proof. It follows from Lemma 5.4 that N(«, e — j + 1) is at most
g g € FyIT1" 2 gl Iga1] < IPI/g", lleWi(g) | < |PI7'g~ =D (vi <m)),
for any s; > 0. Note that |P|/¢* = ¢' and ¢*' = |Py|/q"~". Suppose that
g1l ... |ga—1l < |Pl/q™

and laW; (g)] < |P|~'g~ =1 but W;(g) #0. Let r = W;(g) and let a be the integer part of aW;(g),

each divided through by any common factors that they might share. Then |r| < ¢~ P¢=D and
—1_—(d—Ds1 _ (d-D)(li—1)—1| p—d
lra —a| <|P|"q l=gq ' [Ply"

This contradicts the assumption that o« ¢ M(J), if J > (d — 1)({; — 1). Hence, if J > (d —1)(l; — 1) and
o & IM(J), we have

N, e—j+1) <q“ " #{g e F[T1"V" 1 gl ... 1ga—1] < q". Wi(g) = 0(¥i < n)}.

The statement of the lemma follows on noting that the remaining cardinality is O (g‘?~2"/) for dimen-
sionality reasons, where the implied constant depends only on d and 7. O
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Lemma 5.7. Let B € NU(K) and let I, € Z be such that

K
b<l+-— and h<e—j+1-max(©,0—j+1).

Then there exists a constant c¢q , > 0 such that.
N(ﬂ, e — Q) < Cd annlz+nmax(O,I_(Q*J?H)/ZJ) |P|(d71)n‘
Proof. This time we take r = e — ¢ in Lemma 5.4 and deduce that
N(B, e — 0) < g Drsrtnmax©.Lle=j+1)/2))
x#{g e FIT17" gl ... 1gam1] < g 1BLi ()N < 1Q17'¢ ™2 (Vi <m)},

for any s > max(0, o — j + 1). Arguing as in the previous result it is simple to check that we must in
fact have W, (g)=0 for all 1 <i < n whenever 8 €91(K) and K > (d — 1)(l — 1). But then there are
O (g2 possible vectors g€ [Fq[T](d —D" that contribute. The statement of the lemma follows. [

In our work we shall take

J K
Lh=14|—"—1|, bL=1+|—/1. 5-17
1 ﬂd_lJ : ﬂd_lj (5-17)

We need to check that the remaining conditions on /; and /, are satisfied in Lemmas 5.6 and 5.7. To begin

Jg{d(ez—j)_‘_lgd(e_—j)_l

with we note that

2 2
Hence for Lemma 5.6 to be applicable it suffices to have
dle—j)—1<2(d—Dle—J).

But this is equivalent to 0 < 14 (d —2)(e — j) which follows from (5-8). Next, we note that

lr(e_j)(d—l)+€—g—‘_l< (e—j)d=D+e—g 1

K< X ~
2

2 2’
so that Lemma 5.7 is applicable if
e—o0—1<(d—-1)(e—j—2max(0,0—j+1)).

Thus it suffices to have
e—o—1<(d—-1D(e—)) (5-18)
and

e—o—1l<d—-D(e+j—-20-2). (5-19)

However, (5-18) follows from (5-8), so it suffices to assume that (5-19) holds.
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Inserting Lemmas 5.6 and 5.7 into our Weyl differencing bounds (5-14) and (5-16), we deduce that
there exists a constant ¢y , > 0 such that
(@, ) =" 1 < cunl PI"QI" ming /2T, g7 O-Le I/
—cy ,,|P|"|Q|”/max(ql‘, q212—2max(0,L(Q—j+1)/2j))n/2d’l’

whenever («, 8) € M(J 4+ 1) \ M(J) x (K 4+ 1) \ N(K) and (5-19) holds. We shall proceed under the
assumption that the parameter /, satisfies

I — max(O, L%D >0. (5-20)

This is precisely the circumstance under which our B-treatment is nontrivial. Assume that n > (d —1)2¢, so
that 29 (d — 1)/n < 1. If (5-20) holds we can invoke the inequality max(A, B) > Azd(d_l)/"Bl_zd(d_l)/",
which is valid for any A, B > 1. Thus it follows that

2(d—1)2l—11)—4(d—1) max (0, [ (o—j+1)/2]) Pl" n
1S, B) — ¢ 9| < cqn Lilab]
’ S dn q(lz—m'clx(O,L(Q—j+1)/2J))n/2“"2 ’

Returning to (5-2) we see that

M—-1 N-1
> /_S(ﬁ)dﬂ< > > EU.K)

geFy [T " J=—1K=e—g
0<|g|<q“ !
f(g)=0

where we recall from (5-5) and (5-7) that

M:{d(e—j)] N:[(e—j)w—me—ﬂ’
2 2

and

EU, K) = / / 1S, B) — "0 |dad$.
MJ+D\MT) UK +1D)\N(K)

The measure of all («, B) in the integral is at most g**2/+2K| Py|~2¢+1 10|71, by (5-9) and (5-10). Let us
consider the total contribution
d—1)l—1 d—1Dh—1

Ey ., = Z Z E;k,

J=max((d—1)(I;—1),—1) K=max((d—1)(l—1),e—0)
from J, K associated to integers /; = 0 and /; > 1 via (5-17). Then
q6(d—l)lz | Pln | Q|n—l | P0|—2d+lq—4(d—l)max(0, Lle—j+1)/2D)
q(lzfrnaX(O, Lle—j+1)/2])n 242
Aj—lr(n/2972—6(d—1))+max(0, L (e—j+1)/2]) (n/2? 72 —4(d—1))

EnL, <KL

=9
where we have put
Aj=(e—j)n=2d+1)+(e—0)(n—1)+n.
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Because K > e — o, we have

In particular our condition (5-20) is satisfied when

1+L2:Q1J >max<0, LQ%HD (5-21)

Furthermore, assuming n > 3(d — 1)24=1 the bound is decreasing in /5, so the dominant contribution

—0
hL=1
2 —i—\‘d_lJ

Since there are O (e) choices for /|, our work has therefore shown that

> / S(B)AB < eq™i 7T,
geF (11 M

0<|g|<g® /!
f(g)=0

occurs when

where

(k= e )
S (] S R

Thus we certainly require (5-21) to hold in order to expect any saving in our minor arc estimate.

We summarize our argument in the following result.

Lemma 5.8. Let d >3 and n > 3(d — 1)2%~'. Assume that 0 > —1 and

1 1
ez>max|lo+(d—1) e+’ ,e+ D24+ —— (5-22)
2 d—2
Then
minor Aog—T

N g, e, f) Keq™°
where

Ag=2e(n—d)—omn—1)+n
and

e CIFETRC B

Proof. Recall (5-1) and note that A; = Ag — j(n —2d + 1). Hence for the range of n in which we are
interested we deduce from (4-2) that

|Cj|qu—Fj < qA()—F(),
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for all j > 0. Moreover, [y takes the value recorded in the statement of the lemma when o > —1 and the
condition (5-22) on e is enough to ensure that (5-19) and (5-21) both hold for every j € {0, 1, 2}. (For
(5-19) we note that it suffices to have e(d —2) > (0 + 1)(2d — 3).) This completes the proof. Il

5C. Deduction of Theorem 1.1. We assume that n > (2d — 1)2¢~!. We revisit the argument deployed in
[Browning and Vishe 2015] to establish the irreducibility and dimension of .# o(X, e). This is based
on a counting argument over a finite field [, whose characteristic is greater than the degree d of the
nonsingular form f € F,[xy, ..., x,] that defines X. According to [loc. cit., Equation (3.3)], in order to
deduce that . (X, e) is irreducible and of the expected dimension it suffices to show that
lim g~ """ N (g, e, f) <1, (5-23)
g—00
where N(q, e, f) is the number of g € [, [T]" such that |[g| < g¢t'and f(g)=0.
We have

Ng.e f)= / Say (@)da,
T

where

Spv@)= Y Yf(@)=q"“?5(,0),
gely[T]"
lgl<qt!
in the notation of (5-3), with j = 0. Take j = 0 in the major arcs 991(J) that were defined in (5-4). A
straightforward calculation shows that the contribution from the major arc around O is

/ Spv(e)da = 3 / Y (Of (£)d6 = g™ (g"" + 0("")).
M(0) 18] <g—de

gel,[T]"

lgl<q™!

In order to complete the proof of (5-23) it therefore suffices to show that
M-1

lim q—(n—d)e—n—',-l

/ |SBv(Ol)|dOl <1
q=> T=0 Y MUI+D\M(J)

where M = [de/2] is given by (5-5). To do this we may apply our previous work. Thus it follows from
(5-14) and Lemma 5.6 that

Spv(@) < |P|"g~"/*

ifa €90(J) and [, is any integer such that/; <1+J/(d—1) and [} <e+1. The choicel; =1+|J/(d—1)]
is acceptable since J < [de/2] —1 < (de —1)/2, whence

de —1

L <1427 _
T

1+e,
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for d > 3. Since J > 0 we are clearly only interested in integers [; > 1. Appealing to (5-9) to estimate
the volume of M(J + 1), we deduce that for given /; > 1 the total associated contribution is

d-1hL—-1 d-1hL—-1

. _ d—1
> Spv@lda < > g¥Hde ppg i
m

J=(d—1)(1;—1) Y I +FD\M) J=(d—-1)(li—1)
< q—de+n(e+l)+(2(d—l)—n/Zd’l)ll.

This is decreasing with [, if n > (d — 1)2¢ and we may therefore sum over /; > 1 to finally deduce that

M—1

d—1
qf(nfd)efn+1 |SBV(a)|dOI <<q1+2(d71)7n/2 ]

=0 /zm(JJrl)\mt(J)
The exponent of ¢ is negative if n > (2d — 1)2¢~!, which thereby concludes the proof of (5-23), whence
AMy.0(X, e) is indeed irreducible and of the expected dimension. It follows from the same method used in
[Harris et al. 2004, page 2] that .# 0(X, e) is locally a complete intersection. Indeed, since .# (X, e)
is locally the intersection of de + 1 equations in ///o,o(ﬂj’"_l, e), a smooth stack of dimension ne — 4, it is
a locally complete intersection if and only if its dimension is (n —d)e +n — 5.

5D. Deduction of Theorem 1.5. Assumethatd >3,n>3(d—1)2¢", o> —1,ande > (0+1)(2+(1)/d—2).
In particular, this implies that e > o, which is needed for Lemma 5.1. In view of Theorem 1.1,
the stated bound is trivial unless 1+ [(e — 0)/(d — 1)] — (0 + 1)/2] > 0, so we may assume that
le—0)/d—1)]—1(e+1)/2] >0and thuse > o+ (d — 1) (0 + 1)/2]. Hence we may assume that
(5-22) holds.

Combining Lemmas 5.1 and 5.8 we deduce that

#ZQ([Fq) &< eq6(n—d)+n—5—min(m(n),ltz(n))’ (5-24)

n o+1 o+1
m(n):(zd2—6(d—1))(1+D—LTJ) 2(d—1){ > J

urm)=A+D)(n—d—1)—de+e+1.

with
and

Here we recall that D is given by (4-7) as [ (e —0)/(d — 1)].

We claim that pu(n) < uz(n). They are both increasing affine functions of n, with p;(n) of lesser
slope than u,(n). Hence to check that w(n) is the minimum, it suffices to check that u,(n) > 0 and
m1(n) <0 whenn=3(d— 1)24-1. In other words, we must show that
ed—1)—1

1+D
To do this, observe that because e > o+ (d — 1) (0 + 1)/2] we have e > ((d + 1)/2)0, so that

1+D>€+1_Q>e+1_(2/(d+1))e> e .
d—1 d—1 d+1

3 d—-12">d+1+
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Thus
ed—-1)—1 e(d—1)

d4+14+ ——— <d+1+————=dd+1),
+14 5D + +e/(d+1) d+1)

so it suffices to check

3d—124" >dd+1).

But it is clear that this holds for all d > 3, whence us(n) > ui(n).
By [Lang and Weil 1954], it now follows from (5-24) that

dmZ, <e(n—d)+n—35—ui(n)

for any smooth hypersurface defined over a finite field. For a general hypersurface, we can spread it out
to a family defined over a ring finitely generated over Z. The dimension of Z,, in this family is manifestly
constant on some open subset of the spectrum of this ring, which must contain a finite-field valued point,
so dim Z, is at most e(n —d) +n — 5 — j11(n) for the generic point and thus for the original hypersurface.
This completes the proof of Theorem 1.5.

S5E. Deduction of Theorem 1.2. We consider the effect of taking o = —1 in Theorem 1.5. Clearly (1-1) is
equivalent to e 2> 0 and can be ignored. Note that Z_; contains the singular locus of .# o (X, e) by [Debarre
2001, Theorem 2.6]. Thus the codimension of the singular locus is at least dim .#p o(X, €) —dim Z_;.
Theorem 1.2 therefore follows from applying Theorem 1.1 to calculate dim .#; o(X, ¢) and Theorem 1.5
to bound dim Z_;.

Because the lower bound for the codimension of the singular locus is strictly positive, the moduli space
is generically smooth. Any generically smooth locally complete intersection scheme is reduced, which
thereby completes the proof of Theorem 1.1.

6. Peyre’s freedom counting function

In this section we prove the asymptotic formula in Theorem 1.6 for the counting function (1-4), by piecing
together our work above and the main results in Lee’s thesis [2013]. We have

Ng™(B) = Nx(B) — E«(B), (6-1)

where E¢(B) counts the number of x € X ([, (7)) with Hw;1 x) < qB such that £(x) < .
Let us begin by studying Nx(B). As usual we suppose that X is defined by a nonsingular form
felylxy, ..., x,] of degree d > 3. It follows from the proof of part (1) of Proposition 3.8 that

1
Nx(B) = ——#lg € Fy[TT" :god(g1.... g) = lgl"™ < ¢, f(g)=0}.



746 Tim Browning and Will Sawin

Using the Mobius function to detect the coprimality condition we obtain

1 _
Nx(B)=— > nk#geFITI":0<lkgl"™" <q""", f(g) =0}
keF,[T]
k monic

1 .
Tq-1 DY n#g eF T :0< g <", f(g)=0}.

Jj=0 kel [T]
|kl=q’
k monic

Put m =n — (d — 1)2% and assume that m > 0. Then, on appealing to Lee’s thesis [2013, Theorem 4.1.1],
it follows that

— — d+1g_ -
#g e FIT1:0 < [gl" ! <¢", (&) =0) = ¢ (c; + O(g /T D=y - (62)

for any R > 0, where c ¢ is the usual product of singular series and singular integral. Using (4-1) to handle
the sum over j and k, it now follows from (6-2) that there exists § > 0 such that

_ cr B (1-8)B
Nx(B) = +0 ,
= -t T

1=5)=1 i5 the rational zeta function. Arguing along standard lines (as in Peyre

where §r, (r)(s) = (1 —¢
[Peyre 1995, Section 5.4], for example), one readily confirms that this agrees with the Batyrev—Manin—
Peyre prediction for the hypersurface X.

It remains to produce an upper bound for the quantity E,(B) in (6-1). Let x € X ([, (7)) and suppose
that it defines a map ¢ : P! — X of degree e. Then it follows from [Peyre 2017, Notation 5.7] that

) = (n—1e

e(n—d)
if and only if ¢ is p-free but not (o+1)-free. (In particular, Remark 1.4 implies that £(x) € [0, 1].) We
deduce that E.(B) is at most the number of rational maps from P! - X with degree at most B/(n — d)

g={ eB J+2. 6-3)

n—1

which are not p-free, with

We may therefore appeal to the proof of Proposition 3.8(2) to estimate this quantity, finding that

No(q. B/(n—d), [)q?""V=8B —N(q, B/(n—d), f)
(g —1)? ’

with o given by (6-3). In what follows it will be convenient to set e = B/(n — d) and to assume

E:(B) <

that e € N. All of the implied constants that follow are allowed to depend on ¢ and f, but not on e
or o. We seek conditions on n and ¢ under which we can deduce that there exists 6 > 0 such that
E:(B) = O(q!'790"=9),

First we improve our treatment of Lemma 4.4 slightly by revisiting the argument (4-10). Since we
no longer care about a dependence on the finite field, rather than invoking a trivial bound we may apply
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(6-2) to deduce that N(q,u — ¢, f) < q(”_@("—@ if n > (d — 1)2¢. But then (4-10) can be replaced by
the bound

E; <, Z qu(n—2d+l) Z q—Z(n—Zd) < q(e—j)(n—2d+1)—(D+1)(n—2d)’
O<u<e—j {>D+1+j—e+u

where D is given by (4-7), whence

(n—1)(e—0) Z|Cj|Ej <<f q2e(n—d)—g(n—1)—(D+1)(n—2d) <<f q2e(n—d)—g(n—1)—(e—g)(n—ld)/(d—l).

>0

q

It now follows from (4-3) and our modified version of Lemma 4.4 that
E.(B) < qe(n—d)—(e—g)(n—Zd)/(d—1) + q—e(n—d)-i-g(n—l)N;ninor(q’ e, f),

provided that e > 0. Note that I'g = yo + Oy, (1), with

n e—-e ¢
Vo=<m—6(d—1)>(d_l—5)—(61—1)@

Appealing now to Lemma 5.8 we therefore deduce that

E.(B) < g*" D=0 =20/@=1) 4, etnr=d)=y

if (5-22) holds.
Recall that n > 3(d — 1)29-!. Then n/2d*2 —6(d —1) >279%2 and we can ensure that Yo = be for a
small parameter § > O (that depends only on d) provided that

e>(d-12""0. (6-4)

This is also enough to ensure that (e — 0)(n —2d)/(d — 1) > Se. This inequality is clearly much stronger
than (5-22). The statement of Theorem 1.6 now follows on taking e = B/(n — d) and noting that the
hypothesis on ¢ in the theorem is enough to ensure that (6-4) holds when g is given by (6-3) and B is
sufficiently large.
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Optimal lifting for the projective action of SL3(Z)

Amitay Kamber and Hagai Lavner

Let € > 0 and let ¢ — oo be a prime. We prove that with high probability, given x, y in the projective
plane over [, there exists y € SL3(Z), with coordinates bounded by q'/3*¢, whose projection to SLs([F,)
sends x to y. The exponent % is optimal and the result is a high rank generalization of Sarnak’s optimal
strong approximation theorem for SL,(Z).

1. Introduction

In a letter to Miller and Talebizadeh, Sarnak [2015] proved the following lifting theorem, which he called
optimal strong approximation.

Theorem 1.1. Let " = SLyx(2), q € Z~, G4 = SLa(Z/qZ) and let w, : T — G, be the quotient map.
Then for every € > 0, as g — 00, there exists a set Y C G4 of size |Y| > |G4|(1 — 0¢(1)), such that for

3/2+€

every y € Y there exists y € I' of norm ||y |leo < ¢ ,Withwy(y) =y, where || - || o is the infinity norm

on the coordinates of the matrix.

The exponent % in Theorem 1.1 is optimal, as the size of G, is asymptotic to g3, while the number of
y € SL(Z) satisfying ||y |lco < T grows asymptotically like the Haar measure of the ball By of radius T
in SL,(R) [Duke et al. 1993; Maucourant 2007], i.e., u(By) =< T?>.

We use the standard notation x <, y to say that there is a constant C depending only on z such that
x <Cy, and x x; y means that x <; y and y < x.

We wish to discuss extensions of this theorem to SL3, with a view towards general SLy. If I' =SLy (Z2),
then the number of y € I' of satisfying ||y ||.o < T also grows like the Haar measure of the ball of radius 7" in
SLy(R), i.e., u(Br) =< TN-N [Duke et al. 1993; Maucourant 2007], while the size of G, =SLy(Z/qZ)
is |G4| = ¢"V*~'. One is therefore led to the following:

Conjecture 1.2. LetI' =SLy(Z),q € Z~9, G4 =SLn(Z/qZ) and let t, : T — G, be the quotient map.
Then for every € > 0, as g — o0, there exists a set Y C G4 of size |Y| > |G4|(1 — 0¢(1)), such that for

(N2=1)/(N?=N)+e

every y € Y there exists y € I" of norm ||y |l < ¢ , withwy(y) =y, where || - |« is the

infinity norm on the coordinates of the matrix.

While we were unable to prove Conjecture 1.2 even for N = 3, we prove a similar theorem for a
nonprincipal congruence subgroup of SL3(Z). For a prime ¢, let [, be the field with g elements, let

MSC2020: 11F06.
Keywords: optimal lifting, congruence subgroups.
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P, = PZ([Fq) be the 2-dimensional projective space over [, i.e., the set of vectors (Z’>’ a,b,c el not
all 0, modulo the equivalence relation (77) ~ (g%) for o € F. The group SL3(F,) acts naturally on Py,

and by composing this action with 7, we have an action ®,: SL3(Z) — Sym(F,).

Theorem 1.3. Let I' = SL3(Z), and for a prime q let P, = PZ([Fq) and ®, : SL3(Z) — Sym(P,) as
above. Then for every € > 0, as g — 00, there exists a set Y C P, of size |Y| > (1 — o0c(1))| Py, such that
forevery x €Y, there exists a set Zy C Py of size |Z,| > (1 —o0.(1))| Py, such that for every y € Zy, there
exists an element y € T satisfying ||y |loo < q'/3+¢, such that D, (y)x =y.

The exponent % is optimal, since the size of P, is | P;| < g2, while the number of elements y € SL3(Z)
satisfying ||y ||eo < T is < T,
An alternative formulation of Theorem 1.3 is that for all but o, (| P, %) of pairs (x, y) € P, x P, there

exists an element y € I' satisfying ||Y |lco < q1/3+€

such that ®,(y)x = y. However, in this formulation
it is a bit harder to see why the exponent 1/3 is optimal, and our proof actually uses the formulation of
Theorem 1.3 as stated.

An important observation is that the premise of Theorem 1.3 actually fails for the point x =1= (8) €EP,.
Elements sending 1 to (?) € P, necessarily have the third column modulo ¢ equivalent to (%) (]modulo
the action of ). Since there are only < T3 possibilities for the third column, we need to consider
matrices of infinity norm at least ¢g>/3 in order to reach from x = 1 to almost all of y € P,. As a matter of
fact, one may use the explicit property (T) of SL3(R) from [Oh 2002] together with ideas from [Ghosh

et al. 2018] to deduce that if we allow the size of the matrices to reach ¢%/3+¢

we may replace the set Y
in Theorem 1.3 by the entire set P,.

We deduce Theorem 1.3 from a lattice point counting argument, in the spirit of the work of Sarnak and
Xue [1991]. To state it, we first define a different gauge of largeness on SL3(Z) by ||¥ llsoll¥ "' llso. The
number of y € SL3(Z) satisfying ||y looll¥ Moo < T grows asymptotically like T2 log T [Maucourant
2007]. Note that if ||¥[leo < T then ||y ~'[|oo < 2T2. In particular, the ball of radius 27T relatively to

1/3

|- llooll 'l contains the ball of radius 7''/3 relatively to || - ||, and their volume is asymptotically the

same up to 7°(). The counting result is as follows:

Theorem 1.4. Let I' = SL3(Z), and for a prime q let P, = PZ([Fq) and ®, : SL3(Z) — Sym(P,) as
above. Then there exists a constant C > 0 such that for every prime g, T < Cq* and € > 0 it holds that

{(y,x) € SL3(Z) x P*(Fy) : [V lloolly Moo < T, @4 () (x) = x}| e ¢*T€T.

Underlying Conjecture 1.2 is the principal congruence subgroup I'(¢) =kerm,. Let 1 = (

—oo

)er,
Then the group

To(q) = {y € SL3(2) : D, () () =1} = {(b) ESLg(Z):a=b=Omodq}

is a nonprincipal congruence subgroup of SL3(Z). Theorem 1.3 says that Conjecture 1.2 holds “on
average” for the nonprincipal congruence subgroup I'j(g).
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Conjecturally, such “optimal lifting on average” should hold for every sequence of congruence subgroups
of I' =SLy(Z), i.e., subgroups of some I'(g), g > 1 an integer. We provide a further example of this
phenomenon for the action of SL3(Z) on flags of I]:Z in Theorem 5.1.

Let us provide a spectral context for our results, namely Sarnak’s density conjecture for exceptional
eigenvalues. See also [Golubev and Kamber 2020] for a more detailed discussion.

Theorem 1.1 follows from Selberg’s conjecture about the smallest nontrivial eigenvalue of the Laplacian
of the hyperbolic surfaces I'(¢)\#, where ¥ is the hyperbolic plane and I"(g) is the g-th principal
congruence subgroup of I' = SL,(Z). While Selberg’s conjecture remains widely open, Sarnak proved
Theorem 1.1 using density estimates on exceptional eigenvalues of the Laplacian, which are due to
Huxley [1986]. Similar density results were proved by Sarnak and Xue [1991] using lattice point counting
arguments, but only for arithmetic quotients which are compact. The compactness assumption was
removed in [Huntley and Katznelson 1993; Gamburd 2002] (and the results were moreover extended to
some thin subgroups of SL,(Z)). As a matter of fact, in rank 1 the density property is equivalent to the
lattice point counting property [Golubev and Kamber 2020].

In higher rank, Conjecture 1.2 would similarly follow from a naive Ramanujan conjecture for
['(g)\SLy (R), I' =SLy(Z), which says (falsely!) that the representation of SL y (R) on L*(T'(¢)\SLy (R))
decomposes into a trivial representation and a tempered representation. Burger, Li and Sarnak’s explanation
of the failure of the naive Ramanujan conjecture [Burger et al. 1992] is closely related to the behavior of
the point xg = 1 € P,. As in rank 1, Theorem 1.4 should be equivalent to density estimates for I'j(g),
but there are some technical problems coming from the fact that SL3(Z) is not cocompact [Golubev and
Kamber 2020]. Closely related density results were recently proven by Blomer, Buttcane and Maga for
N =3 in [Blomer et al. 2017], and for general N by [Blomer 2019], using the Kuznetsov trace formula,
and it is very likely that Theorem 1.3 can also be proven (and generalized to N > 3) using those density
arguments. There are some technical problems with the implementation of this approach, for example,
the results of [Blomer et al. 2017] and [Blomer 2019] concern cusp forms, and one has to deal with the
presence of nontempered Eisenstein representations and some other technical issues. Moreover, those
results are limited to subgroups similar to I'j(¢), and are not available in the context of Theorem 5.1.
Our counting approach is more elementary, and is easier to generalize to other contexts.

The approach of this article can be carried far more generally. We refer to [Golubev and Kamber 2020]
where the approach is studied in detail and in great generality. In particular, counting results such as
Theorem 1.4 (called the weak injective radius property by Golubev and Kamber), imply optimal lifting
results such as Theorem 1.3; see [loc. cit., Theorem 1.5]. In particular, the right counting theorem will imply
Conjecture 1.2. Our restriction to N =3 and the cases considered in Theorems 1.3 and 5.1 follows from the
fact that in those cases we can prove the relevant counting theorems, namely Theorems 1.4 and 5.2. Such
counting results are available in rank 1 following [Sarnak and Xue 1991], but as far as we know are new in
rank greater than 1. As explained in [Golubev and Kamber 2020], the counting theorems are closely related
to some spectral questions as in the rank 1 case discussed above, but the fact that the space is not compact
significantly complicates matters. We refer again to [Sarnak and Xue 1991] for a more complete discussion.
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Structure of the article. We provide a proof of Theorem 1.1 in Section 2, which serves as a guideline for
the harder case of SL3. The main difference between our proof and the proof in [Sarnak 2015] is that we
avoid using spectral decomposition, which is far harder in SL3.

In Section 3 we prove Theorem 1.4. The proof uses basic number theory and linear algebra.

In Section 4 we deduce Theorem 1.3 from Theorem 1.4. The argument is analytic, and uses various
tools from spectral analysis and representation theory, which include property (T), the pretrace formula
(in a disguised form), and bounds on Harish-Chandra’s E function. This section is based on a general
framework developed by the first author with Konstantin Golubev surrounding similar questions [Golubev
and Kamber 2020].

Finally, in Section 5 we prove Theorem 5.1 which is a variant of Theorem 1.3 for the action of SL3(Z)
on flags of [Ff].

2. Proof of Theorem 1.1

The basic input for the proof of Theorem 1.1 is the following counting result, proved in [Gamburd 2002,
Lemma 5.3]; it also appeared earlier, e.g., in [Huxley 1986].

Lemma 2.1. Let € > 0. Then for every g € N, the size of the set
{y eSLa(Z):y =1 modgq, ||y llec =T}
is bounded by <. T<(T?*/q> +T/q + 1).

Proof. Let y = (‘; Z) € SL,(Z) be in the set. It holds that y — I € gM,,(Z), so det(y — I) =0 mod qz, or
explicitly
(a—1)(d —1) —bc =0 mod g°.

Since ad — bc = 1, we have a +d =2 mod ¢>. Since both a and d are bounded in absolute value by T,
the number of options for a + d is at most 4T/g? + 1. Similarly, the number of options for a is at most
2T/q + 1. Therefore, the number of options for (a, d) is < (T/q*>+ 1)(T/q + 1).

To determine b, c, note that if ad # 1, then bc =1 —ad # 0, and by standard divisor bounds this gives
& T€ options for (b, ¢). Otherwise, assuming g > 2, a =d = 1, and then b = 0 or ¢ = 0 (or both). If
b = 0 then ¢ has at most 27/q + 1 options, while if ¢ = 0, then b has at most 27'/g + 1 options.

All in all, the number of solution is bounded by

L (T/q* + )(T/q+ DT +T/q+1 < T(T%/q* +T/q + D). O

Our proof of Theorem 1.1 proceeds with some spectral analysis of hyperbolic surfaces associated to
SL,(Z) and its congruence subgroups, which will require some preliminaries. Let € be the hyperbolic
plane, with the model % = {z =x +iy € C: y > 0}. The space ¥ is equipped with the metric defined by
d(x +iy, x' +iy’) = arccosh(1 + ((x —x")2 4+ (y — ¥)?)/(2yy’)) and a measure defined by dx dy/y>. It
also has a natural SL;(R) action by Mobius transformation, i.e., (‘Z Z)z = (az+b)/(cz+4d).
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This action allows us to identify # with G/K, where G = SL,(R), and K = SO(2) is the stabilizer of
the point i € €. We also assume that the Haar measure on G is normalized to agree with the measure on
¢ on right K-invariant measurable sets.

When using spectral arguments, it will be useful to use a bi- K-invariant (i.e., left and right K-invariant)
gauge of largeness of an element. We therefore define ||g|ls = e¢?-¢/2. Explicitly, by the Cartan
decomposition of G, g can be written as

er/Z

with k1, ko € K =S0O(2), and r € R>o unique. Then ||g|ly% = e’/?. As the L?-norm of the coordinates
of y is v/e" +e~", |lgll% is closely related to the infinity norm on the coordinates, namely, there exists
a constant C > 0 such that C7!|gllec < lgllse < ClIgllo. We may therefore prove Theorem 1.1 using
the gauge || - ||3 instead of || - ||l oo. TWo important properties of || - ||3 are symmetry [gllse = lg~"ll5, and
submultiplicativity [|g1g2ll%e < llg1llscllg2]l%e- The submultiplicativity follows from the fact that d is a
G-invariant metric on 7.

We define the function x, € L'(K\G/K) as the normalized probability characteristic function of the
set{geG: |Iglle =T} ie,

1 I ifllglle <T,
xr(8) =

2m(cosh(2logT) —1) {0 if |gllsge > T.
Notice that 2 (cosh » — 1) is the volume of the hyperbolic ball of radius r. Here and later by a probability

function we mean a nonnegative function with integral 1.
We also define ¥/ € L'(K\G/K) as the function

lgllz' if llgllse < T,

_1
Vr(®) =7 {o if llgllye > T.

There is a convolution of f € L*(G/K) = L*°(¥) and x € Ll(K\G/K), which we usually think
as an action of x on f. It is simply the convolution of the two functions, when both are considered as
invariant functions on G:

feaw=[ ragha@de= [ s xends
geG geG
It holds that f x x € L°°(J(). For example, the value of f * x, at go, is the average of f over the ball
{808 € G ligllse =T}

Lemma 2.2 (convolution lemma). For every g € G, (x; * x7)(8) < ¥r2(g).

We refer to [Sarnak and Xue 1991, Lemma 2.1] or [Gamburd 2002, Proposition 5.1] for a proof.
Geometrically, the proof calculates the volume of an intersection of two hyperbolic balls. In Lemma 4.2
we give a spectral proof of a similar statement for SL3(R), which also works for SL;(R), but adds a factor
that is logarithmic in 7.
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As in the statement Theorem 1.1, let g € Z.o, I' =SLy(2), G, =SL2(Z/qZ) and let 7, : T — G, be
the quotient map. Let I'(¢) = ker 7.

We look at the locally symmetric space X, :=1I"(q)\9 = I'\G/K. This space is a hyperbolic orbifold
of finite volume. By Lz(Xq) we mean the Hilbert space of measurable functions on X, with bounded
L?%-norm relative to the finite measure on X ¢» with the obvious inner-product. We still consider a function
on X, =TI'(g)\# =T'(g)\G/K as a left I'(¢g)-invariant function on # or on G. Right convolution
by functions from L'(K\G/K) is defined for bounded functions on X4, and extends to functions in
LZ(Xq) as the convolution defines a bounded operator. In particular, we will consider right convolution
of f € L*(X,) with .

For xo € X, denote br ,,(x) := Zyer(q) XT()E(;Iyx), when X is any lift of xo to G. It holds that
br.x, € L*(X,), and fxq brx(x)dx = 1.

In particular br . corresponds to the point I'(q)eK € I'(¢)\¥, where e is the identity matrix in G.

Lemma 2.3. For f € LZ(Xq) bounded,

U, br) = X7 (0.
Proof. By unfolding,
brad = [ 1@ X ar6q "y ds
xel(g)\%

yel(q)

= / D FyxrGgyx)dx
xel(g)\%

vel(q)

:/ f(x)XT(xo_lx) dx
xedt

- / £ xp @ x0) dx
xedt
= f* xr(x0).
Notice that we used the fact that x,(g) = x, (¢g~"), whichis a simplification that will not occur in SL3. [J
The following lemma uses the combinatorial Lemma 2.1 to get analytic information:

Lemma 2.4. It holds that
) 1 1
17l Le T el t77)

In particular, for T = ¢/,

€

5 T
”bT,e ”2 <Le q_3

Proof. By Lemmas 2.3 and 2.2,

1
lbrel3 =brexxr@= Y Gr*xp) < Y ¥nW == > vl

vel(q) vel(q) yel(g): lylloe<T?
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We next apply discrete partial summation [Hardy and Wright 1979, Theorem 421] which says that for
g:T'(g) = [1,00], f :[1, 00] = R nice enough it holds that

o fem=fm|iy: 1<g<y><Y|—f Hy g(y><S}|—<S>dS (2-1)

y:1=g(y)<Y

Apply this to g(y) = lly lls, f(x) =x""and ¥ = T2,

1 11 r? _
= ||y||%l=ﬁ(ﬁ|{yer(q>:||y||%sT2}|+/1 |{yer<q>:||y||%sS}|S2dS>

yer(@): Iy le<T>
wrl(L(T T, +/T21 S2+S+1 ds
©TA\T2\¢? ¢ 182

The first inequality follows from Lemma 2.1. O

Letw € L2(X ¢) be the constant probability function on X, (recall that the space has finite volume).
Denote by L%(X ¢) the set of functions of integral 0, or alternatively the set of functions orthogonal to 7.
The deepest input to the proof is the following celebrated theorem of Selberg:

Theorem 2.5 (Selberg’s spectral gap theorem). There is an explicit T > 0 such that for every [ € L%(X q)
and T > 0 is holds that || f * xpall2 < T 7" fl2.

Selberg’s theorem is usually stated as a lower bound on the spectrum of the Laplacian. However, it is
well known that it can be translated to a spectral gap of the convolution operators by large balls. The
statement is true in great generality (see, e.g., [Ghosh et al. 2013, Section 4]), but for the benefit of the
reader we give a sketch of the proof, based on [Golubev and Kamber 2019]. For » > 0 we define an
operator

Ay LA(X,) — L*(X,),

e’? 0
A= [ f(xkl(o e,/z)kz)dkldkz.

By [Golubev and Kamber 2019, Proposition 7.2] (or alternatively, by bounds on Harish-Chandra’s function

by

for SL, (R)), if the smallest nonzero eigenvalue of the Laplacian A on L*(X ¢) 1s larger than }L — (% —p! )2,
then for every f € L3(X,) it holds that

1A, fll2 <+ De™ /| flla.

Selberg’s spectral gap theorem says that the smallest nontrivial eigenvalue of the Laplacian is at

least - g S0 the above holds with p = 4. There are various results improving the value of p in Selberg’s
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theorem (see [Sarnak 2005]), and the best one is due to Kim and Sarnak, giving p = %. However, those
improvements are inconsequential for us. In any case, by comparing the definition, we see that

1 2log T
fxxr(x) = 27 cosh(2log T) — 1 / 27 sinhr (A, f)(x) dr,
—LJo
and therefore
1 2logT
=< 27 sinhr|A, d
I xxle < S shGlog ) = 1 /0 7 sinhrll Al dr
I/ 1l2 2logT _
~ cosh(2logT) —1 / (r 4D dr
—LJo

_ 20l0g T+ D>T20-14) £
cosh(2logT) — 1

For T large enough the above is
KT fll2,

which give us the needed result, with T = % The Kim—Sarnak bounds allows us to take 7 = % + € for
any € > 0.

The important part of the theorem is the independence of t from g. We fix this t > O for the rest of
this section.

From Selberg’s theorem we deduce:

Lemma 2.6. For T = ¢>/?, and every € > 0

15T, % Xpn — T ll2 Ke g /2717,

Proof. We have by , —m € L%(Xq) and 7 * x, = 7 (as an average of the constant function is the constant
function).
Therefore,

167 % X0 — Tl = 1(br.e — ) % Xgalla K T bre — 72 Ke g2/,

where in the first inequality we applied Theorem 2.5, and in the second inequality we applied ||br ,—7 |2 <
|b7 ell2 (br.. — 7 is the orthogonal projection of b7 , onto L%(Xq)) and Lemma 2.4. O

The last lemma implies that the function br . * x, is very close to the constant probability function 7.
Let us show how this implies Theorem 1.1.

We have amap ¢: G, =T'(¢)\I' - X, =T'(¢)\G/K, defined as 1« (I'(q)y) =T'(q)y K. For y € G,
we may consider the function by, (). We choose T small enough (independently of g), so that the
functions b, ,(y) will have disjoint supports for ¢(y) # t(y"). Specifically, it is enough to choose T such
that the ball of radius 2 log T around i and around yi # i for y € SL,(Z) are disjoint. We also notice
that ¢ has fibers of bounded size, specifically [SL>(Z) N K| = 4. This implies that for every ¢(y), x € X,
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identified with some lifts y, X to SL,(R), there are at most 4 element y € I'(g) such that XTO(i_ly)Z) #0.

Therefore,

175,00 15 < 161 x7, 13-
In particular, ||b7,,.(y)ll2 is bounded uniformly in g.

Lemma 2.7. Assume that (bt e * X1y, b1y,0(y)) > 0. Then there exists y € I" such that w,(y) =y, and
Iy llse < ToT 7.

Proof. By Lemma 2.3, the condition implies that

(br,e * X0 * XTO)(L(y)) > 0.

Treat the function as a left I'(¢)-invariant and right K-invariant function on G. Let y, be a lift of y
to I', i.e., my (yy) = y. Therefore, br o * X7, * XTO(Vy) > 0.

By the definition of convolution, there are g/, g2, g3 € G, such that g} € supp(br ), g2 € supp(x74),
83 € supp(xr, ), and such that 818283 =1yy. Looking at the definition of b7 . and g}, there are g; € supp(x;),
y € I'(g) such that e_lyg’1 = g1 (we write e for the identity element instead of discarding it, anticipating
the case of SL3 below). Therefore y‘legl 8283 = Vy.

Write ¢ = g182g3. By the above, [Iglls < llg1llsllgz2llsellg3llse < ToT'*7. In addition, eg = yyy, so
that g € I'(q) yy. Therefore g € I' and 7, (g) =y, as needed. O

We may now finish the proof of Theorem 1.1. Let > 0 and write T = ¢/>. Assume that Z C G, is
the set of y € G, such that there is no y,, € I with |yy[lg < ToT '+ and 7y (yy) = y. It suffices to prove
that for a fixed n > 0 it holds that |Z| = on(q3).

By Lemma 2.7, for every y € Z,

(b1,e * X715 bTy0(y)) = 0.
Let B = ZyeZ bty..(y)- Then by the above and the fact that (1, b7, .(y)) = 1/Vol(I'(g)\ %) > 1/q3,

|Z]
|(bT,e*XT'7 -7, B)l > ?

On the other hand, by the choice of Ty and the remarks following it, || B II% « |Z|. Therefore, using
Lemma 2.6 and Cauchy-Schwarz,

(b1 % Xps =70, B)| < | Bll2llbr,e  xps — 7w ll2 e /1Z1g 22777,
Combining the two estimates and taking € = nt/2 gives

1Z| <y @77 = 0,(q?),

as needed.
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3. Proof of Theorem 1.4

Our goal is to prove that there exists a constant C > 0 such that for every prime ¢, € > 0 and T < Cq?,
we have
{(r. %) €SL3(@) x P2(Fg) : 1Y lloolly "' lloo < T @g(1)x = x}| e Tg™.

If ¥ mod ¢ has no eigenspace of dimension 2 or 3, then it has at most 3 eigenvectors in Pz(ﬂ:q). Call
such a y good mod g and otherwise call it bad mod ¢g. Recall that the number of y € SL3(Z) such
that |||l |y "' lleo < T is bounded up to a constant by the measure of the corresponding set in SL3(R)
[Duke et al. 1993; Maucourant 2007], which is bounded for every € > 0 by T2*¢ [Maucourant 2007]; see
also (4-3). Therefore, for T < qz,

{(y,x) € SL3(@) x P2(Fy) : 17 loolly ' lloe < T, ®@4(y)x = x, y good mod g}
<y eSLs@) : Iy loclly oo = T} < T?H€ < T .

We therefore restrict to the case of bad y-s. Notice that bad elements do exist and may have a lot of
fixed points: e.g., the element I € SL3(Z) is bad mod ¢ and &, (/) fixes all of Pz([Fq). There are two
types of bad elements:

* Elements y € SL3(Z) such that ®,(y) = alsL,r,), for o € Fy, o = 1. Such elements will fix the

entire space PZ([Fq).
* In any other case, ®,(y) will have one eigenspace of dimension 2, and possibly another eigenspace
of dimension 1. Thus ®,(y) fixes at most g + 1 + 1 elements in PZ([Fq).

Assuming that we choose C < %, it will hold that either ||y ]loc < ¢/2 or ||y 'lloo < ¢ /2. On the other

! will have a nonzero entry divisible by ¢, which is

hand, if y # I and ®,(y) = alsL,,), then y and y~
a contradiction. Therefore, we may assume that for each bad y, ®,(y) will fix at most g + 1 elements
in P2(F,).

It thus suffices to prove that for some C > 0, and T < Cq?,
{y €SLs@) Iy llsolly ' llo < T, y bad mod g } | e Tg'™**.

Assume that y is bad mod ¢ and ||y ||solly "' llee < T. Without loss of generality assume that ||y o <
¥ Moo < T'? < q/2. We identify elements of [, with integers of absolute value at most ¢ /2. Thus,
once we know the value of an entry of y mod ¢ we know the same entry in y.

We divide the range of ||y || into O (log T') dyadic subintervals. Denote by S the bound on ||y |0
and by R the bound on ||y ~!||o.. Then it is enough to prove that there exists C > 0 such that for every

RS < Cq” and S < R it holds that

{y €SLs@) : 1¥llsc < S. ¥ ' loc < R, ¥ bad mod g }| < RSq'*<.

It will be useful to understand the behavior of bad y. Let o € [, \{0} be the eigenvalue of y mod g
with an eigenspace of dimension 2. Then the third eigenvalue is « =2 mod g.
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From this it follows that (y —aI)(y —a~2I) =0 mod g, or,

)/—i—ofly’l:a—ka’z mod q. (3-1)

1

By considering the trace of y and y~' we have that

try = a +2a~ 2 mod q, tr y_l =a ' +20% mod q. (3-2)

Finally, identify o with some lift of it in Z. Then y — «l mod ¢ is of rank 1, which means that
det(y —al) =0 mod ¢>. Since dety = 1, we have

1 3

det(y —xI)=1—try 'x +tryx® —x3,

and hence
aztry—atryfl =a’—1 modqz. (3-3)

Denote the entries of y by a;;, 1 <i, j <3 and the entries of y~! by bij,1<i,j<3.

There are < (2S5 +1)3 options for choosing the diagonal a1, a»;, a33 of y, and once we know them, we
know try. By (3-2) a (when considered as an element of [,) is a root of a known third degree polynomial,
so there are at most 3 options for . By (3-3) we know try ~! mod ¢2. Since R < RS < Cq? < ¢*/4, we

may assume that |try ~!| < ¢2/2, so now we know try L.

1

By (3-1) we now know the diagonal by, by, b33 mod g of y " mod ¢. Since the entries by1, by, b3z

are bounded in absolute value by R, we have at most 2R /g + 1 options for each of them. We may guess
b11, by and get b33 since we know tryfl.

In total, we had < S3(R/q + 1)? options so far. We call the case where a;;a;; = by for some
{i, j, k} = {1,2, 3} exceptional. We will deal with it later and assume for now that we are in the
nonexceptional case.

Notice that ajjax; — ajraz = bss, or
apaz = ayjax — bs;.

Since we are in the nonexceptional case, the right hand side is not 0. By the divisor bound there are
at most < g€ options for ajy, ap;. Similarly, all the other entries a3, a31, a3, as; have at most <, g€
options.

In total, we counted <, g¢S>(R/q + 1)? bad y-s in the nonexceptional case. We postpone the
exceptional case to the end of the proof. The same (and better) bounds hold for it as well.

It remains to show that

S*(R/q +1)* < RSq,

assuming S < R, RS < Cq>.

If R < g, then we need to show that 3« RSq, or 2« Rgq, which is obvious since S < R <gq.

If R > ¢ then we need to show that S?R?/¢% <« RSq, or S’R < ¢>. Since RS < Cq?, this reduces to
showing that § <« ¢, which is obvious since S* < RS < Cq>.
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Exceptional cases. Recall that the exceptional case is when a;;a;; = by for some {i, j, k} = {1, 2, 3}.
Assume without loss of generality that ajjayy = b3z. Therefore ajpar; = ajjaxn — b33 =0.
We know that y —a/ mod ¢ is of rank 1, so each determinant of a 2 x 2 submatrix of y equals 0 mod g.

Therefore
(an —a)(an —a) —apaz =0 modg,
SO
(a1 —a)(ax —a) =0 modgq.
Without loss of generality again, we may assume that a;; = @ mod ¢g. By our assumptions on the size

of the matrix, we may lift « to some fixed element in Z of absolute value < g /2 and let a;; = «. By the
above, ajpap; = 0, and by symmetry again, we may assume that a,; = 0. Some more minors give:

azi(an — o) =aziaz; =0 mod g. (3-4)

azia; = azi(as3 —a) =0 mod g. (3-5)

We now divide into two cases according to whether az; = 0:
Casel a;; =, ap; =0, az; =0. In this case, the matrix is of the form

o dapp as
y=10 ax ax
0 az azz

Denote A = (Zzi Zi ) It holds that o det A = 1. Therefore @ = =1 and det A = £=1. We also know that the
eigenvalues of A mod g are either =1 (if « = —1) or 1 with multiplicity 2 (if « = 1). Therefore the trace
of A is either 0 or 2. We now separate into two further cases. In the first case axy # « and as3 # «, or

equivalently aya3s; # det A. In the second case we may assume without loss of generality that ay, = «.

Casela a;) = o, ap1 =0, a31 = 0,a2 # a,a33 # a. The entry ay has 25 + 1 options, and it
determines the value of a3z since we know the trace of A. In this subcase it holds that
arzazy = det A — axpasz # 0. By the divisor bound there are <, S€ options for a3, asp and
both are nonzero. We also know that the third column of y — I mod ¢ is a multiple of the
second column, and now we know the ratio. This means that after we choose aj in 25 + 1
ways it sets aj3 uniquely. Therefore there are <. S*t€ < RSq€ options in this case.

Caselb a;| = o,ar1 = 0,a3; =0, a2 = «,a33 = 1. In this case azaz; = det A — arpazz = 0. If
azs # 0 then as; = aj» =0 and there are < (25 + 1)2 options for a3, aj3. Similarly, if asp %0
then a»3 = 0 and once we know a;» we also know a;3. Therefore there are < S% < RS option
in this case.

Case?2 a;; =, ay; =0, az; #0. By (3-4), (3-5) we have az; = «, ap3 =0, and hence

0 apn a3
y—al=]10 0 0
as) az az—o
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Since its rank mod ¢ is 1 and a3; # 0 the second and third columns are scalar multiples of the first, thus
aip = a1z = 0. Therefore y is of the form

a 0 O
y=10 o O
as) dsz ass

Since dety =1 it holds that « = #1, a3z = 1 and there are < S2<RS options for y.

4. Proof of Theorem 1.3

As in the proof of Theorem 1.1, the proof of Theorem 1.3 is analytic, and employs the combinatorial
Theorem 1.4 as an input. Since we wish to use the usual notations of dividing SL3(R) by SL3(Z) from
the left, we apply a transpose to the question as stated in Theorem 1.3.
Let
* ok ok
To(g) = * x % | €SL3(Z):a=b=0modg
ab x

We have a right action of I' = SL3(Z) on I'p(g). We let Pq” = I'o(g)\TI" (it is obviously isomorphic to P,
as a set with a I" action). Then Theorem 1.3 can be stated in the following equivalent formulation:

Theorem 4.1. As g — 00 among primes, for every € > O there exists a set Y C I'g(g)\I" = Pq" of size
Y| > (1—06(1))|Pq" |, such that for every xo € Y, there exists a set Z, C Pq" of size | Zy,| > (1—05(1))|Pq" [,

1/3+¢

such that for every y € Zy,, there exists an element y € I satisfying ||y |loo < ¢ , such that xoy = y.

Let K = SO(3) be the maximal compact subgroup of G = SL3(R). By the Cartan decomposition each
element g € G can be written as

g=k a ko,
as

with k1, kp € SO(3), and unique ay, a>, a3 € R, satisfying a; > a» > a3z > 0 and ajasa3 = 1. Define
llgllxk = ai. Since K = SO(3) is compact there exists a constant C > 0 such that

C gl < lgllx < Cliglloo-

We may therefore prove Theorem 4.1 using || - || ¢ instead of || - || so-

The size || - ||¢ will play the same role as || - |5 in the SL; case. Let us note some of its properties.
There is a constant C > 0 such that ||g1g2/lxk < Cllg1llk|lg2llx (actually, one may take C = 1, but this
detail will not influence us). A big difference from the SL;, case comes from the fact that ||y | x and
ly Yk can be quite different. However, it does hold that ||y ||x < ly~! ||%(.
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It will also be useful to define another bi-K invariant gauge of largeness, by [|glls = ajay ! where
ai, as are as in the Cartan decomposition. It holds that there is a constant C > 0 such that

CMgloollg ™ oo < llglls < Cligloslig™ lloo- (4-1)

Now we have | g||s = |lg~"|ls, and there is C > 0 (which may be chosen to be C = 1 by extra analysis)

such that [|g1821ls < Clig1llsllg2lls-

The relation between the two sizes is that ||g||s < ||g||%(, which follows from the fact that in the Cartan
decomposition a;l =aiax < a%, SO alagl < af’.

We will want to estimate the size of balls relative to || - ||x and || - ||5. For this, we use the following
formula for the Haar measure u of G [Knapp 1986, Proposition 5.28], which holds up to multiplication

by a scalar C > 0:

/f(g)du:C/// f(kexp(a)k)S(a) dk dk' da,
G K JK Jay

o
ay =qa= %3 eEM3R):ay >y > a3, a1 +ar+a3 =07,
a3

where

and

S(a) = sinh(x; — ap) sinh(ay — r3) sinh(az — o).
Notice that for oy —ap > 1, ap — a3 > 1, S(a) behaves like ||a||§. This implies that
ngeG:lgllk =T} =<T°, (4-2)

and
n(g € G:llglls < T}) < log(T)T*. (4-3)

For completeness let us explain the calculation of (4-3), the calculation for (4-2) is similar; see
[Maucourant 2007; Gorodnik and Weiss 2007] for more accurate and general statements. To simplify
notations we identify a € a; with a = (aq, oz, @3) € R3. The condition ayay ! < T translates under the
inverse of the exponential map and the Cartan decomposition to «; — o3 <log 7. Denote

B(T)={acay :a;—a3<logT}

Since {g € G : l|glls = T} = K exp(B(T))K,

mwermm§T9=/ S(a) da.
aeB(T)
Let us parametrize the set B(T) by looking at the vectors v; = (1, —1,0), v; = (—1,2, —1). Then

B(T) = {sv1 +tvy:0<s < %log T,0<t< s/2}. We therefore get

LlogT ps/2
u{geG:lglls <T}) = / f sinh(2s — 3¢) sinh(3¢) sinh(2s) dt ds.
0 0
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Using the upper bound sinh x < e*, the above is upper bounded by

%logT s/2 %logT
< / / e¥dtds < / se® /2ds <« log(T)T?.
0 0 0

Using the lower bound sinh x > ¢* /4 for x > 1, we get the lower bound

5 logT s/2—1
> / / e¥ dt ds > log(T)T?.
tlogT—1J1

Let x7. x7.5 € L'(K\G/K) be

1 {1 gk =T, 1 {1 lglls < T,
n({geG:lgllk <T)H |0 else, 10 n({geG:lglls<T})) |0 else.

The functions 7, x5 are simply the probability characteristic functions of the balls according to || - [ x

xr(g) =

and || - [[s.
By (4-2), (4-3) and the definition of || - ||k, || - ||s, for every g € G,

xr(8) > 10g T x5 5(8).
Let Y7 : G — R be

1[Iyt lglls =T
vr(e)= T {O else.

For f: G — C, we let f*: G — C be the function f*(g) = )T“)
Now we have the following version of Lemma 2.2:
Lemma 4.2 (convolution lemma). There exists a constant C > 0 such that for T > 1
X7.6 % X7.5(8) < (log T +2) Ycr2(g).
As a result, there exist a constant C' > 0 such that for T > 1
Xr*x3 < (og T +2) Yerrs(g).

Proof. Normalize K to have measure 1. Let E : G — R be Harish-Chandra’s function, defined as

E(g) =/ 8712 (gk) dk,
K

where § : G — R~ is defined, using the Iwasawa decomposition G = K P, as

ap * %
Skl O a % =a12a3_2.
00 as

(When restricted to P, § is the modular function of P. Notice the similarity between 6(g) and || gllg,
hence the notation.)
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There are standard bounds on E, given by (see, e.g., [Trombi and Varadarajan 1972, 2.1])

lgll;' < B(g) < (logligl+Dlgll;! (4-4)

for some Cy > 0. Using these upper bounds, we find that for some C; > 0,
1
n{geG:llgls =T} Jegls<r

Harish-Chandra’s function E arises as follows; see, e.g., [Ghosh et al. 2013, Section 3]. Let (7, V)

f xr.sB(g)dg = E(g)dg < (log T + H2T .
G

be the spherical representation of G unitarily induced from the trivial character of P. It holds that if
feLY(K\G/K) and v € V is K-invariant, then

(f)v= /G f(@)m(evdg = ( /G F(©)E() dg)v.
Since 7w (f1 * f2)v =m(fi)mw(f2)v,
/G(XT,a * X7.5)(8)E(g) dg = (/G x7.5(8)E(g) dg) (/G x7.5(8)E(g) dg) < (log T +1)*T72,

To show pointwise bounds, we notice that if x; 5 * X7 ;(g) = R, then X7, s * X7, 5(8") > R, for
¢’ in an annulus of size similar to that of g, i.e., for C™!||g|ls < |lg’lls < Cllglls for some C > 1. This
annulus is of measure = || g||§. Therefore,

xr.s* xr.s@lgIFE(Q) < / (X741 * X741.8) (@) E(E) dg' < (log T + 1)*T 72,
G

and the first bound follows by applying the lower bound of (4-4).
The bound on y, follows from the bound on XT.s and the relation between them. O

Now consider the locally symmetric space X, = I'g(¢)\G/K. As in the SL; case, it has finite measure,
and we will consider the space L*(X ¢)» with the natural L?-norm.

We first discuss the spectral gap. We denote by L(z)(X ¢) the functions in L% (X ¢) of integral 0. Since x,
is bi- K-invariant and sufficiently nice, the function y, acts by convolution from the right on f € Lz(Xq),
and the resulting function is well defined pointwise if f* is bounded. The operation sends Lo(X,) to itself.

Theorem 4.3 (spectral gap). There exists T > 0 such that for T > 0 the operator x satisfies for every
f e Li(Xy),
If* xrllo < TN fll2-

The theorem follows from explicit versions of property (T), or explicit versions of the mean ergodic
theorem (e.g., [Ghosh et al. 2013, Section 4]) which are actually true for all lattices in G = SL3(R)
uniformly in 7 and the lattice. It is remarkable that the proof of Theorem 4.3 is much simpler than the
proof of Theorem 2.5.

As in the SL, case, we define for xo € X, the function by ,(x) = Zyero(q) XT()Zo_lyx), where X is
any lift of xo to G.
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We have a map ¢ : I'g(¢)\I' — X, defined by ¢(I'g(q)xo) =T'oxoK € X,. By a slight abuse of notation
we write ((I'g(g)x0) = t(xp).

The map ¢ has fibers of bounded size (independently of ¢), and we may choose T small enough so
that ¢(y) # «(y’) implies that by, ,(y) and by, () have disjoint supports. In addition, b7, ,(y) will have a
bounded L2-norm as a function in L2(X,,).

Lemma 4.4. For f € L*(X,) bounded,

(f. b1.x0) = (f * x7) (x0)-
The proof is the same as the proof of Lemma 2.3.

Lemma 4.5. Let C > 0, ¢y > 0 fixed. Let xo € T'g(g)\I" and assume for T' < qu,

Hy eTillylls =T, xoy = x0}l Keo T

Then there exists C' > 0 depending only on C such that for T = C'q'/3 it holds that for every € > 0,

—1
||bT,l(xo) ”2 <<€0,€ q +€0+€'

Proof. Notice that y € I satisfies I'o(q)xoy = T'o(q)xo if and only if y € x; : [o(g)xo (the last group is a
well defined subgroup of I'). Therefore we may rewrite the assumption in the following manner: For
every T' < Cq?,

Ity € To(@) : lIxg ' yxolls < T} <y 4T, (4-5)

where we identify xo with a fixed element of ' < G.
Write using Lemma 4.4,

170 13 = (BT w50+ BT ax0)) = DTy * X3 Cx0)) = Y O % x3) (55 ' vx0) e TP, 7o (g 'y x0),
v€elo(g)

where in the last inequality we used Lemma 4.2.
Therefore, the lemma will follow if we will prove that for T = C’ql/ 3

-1 —6 —1 —1
> sy lyxo) =T > ey xoll;
velo yelo(@):llxy 'y xolls<C1 TS

-2 —1 —1
<q > v xoll;

velo(@):lxy ' yxolls <Cag?
! _
<<€ q 2+€o+€’
where C, = C;C°.
So it suffices to show that

-1 ! e+e
E ||xo yxolls Ke,e0 9 0.
yelo(@):llxg  yxolly ' <Cag?
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Applying (2-1) (discrete partial summation), with g(y) = ||y |ls, f(x) = xlandY = Czqz, we have

Caq?
Yo lxgyxollyt < {y s lxg v xolls < Cag?Y| q_2+/ Hy : lxg ' yxolls < S} $72dS.
yelo(q) !
llxg 'y x0lls <Cag?

Choosing C’ small enough so that C, = C;C’® < C and applying (4-5) we obtain the desired bound
for the last value:

Ciq*
<<€,E() q€+€0+q6+60f S—l ds < q2€+€o' 0
1

We denote by 7 € L*(X ¢) the constant probability function on X, .
Using the counting result Theorem 1.4 we will now show that for many points xo € I'g(g)\I" the
condition of Lemma 4.5 holds, and thus obtain:

Lemma 4.6. There exists C > 0, t > 0, such that for every €y > 0, as ¢ — 00 among primes, there exists
asetY CLo(g)\I' = P(;’ of size |Y| > (1 —o0¢,(1)|T0(g)\I'|, such that for every I'oxo € Y, it holds for
T =Cq'3 that

11—
||bT,L(X0) * Xy — T II2 <L 9 7}1’-‘1—60'

Proof. By Theorem 1.4 and (4-1) it holds that for some C > 0, forall 7 < Cq? and € > 0

> Iy eTl:lylls < T.xy =xo}| e ¢*T.
xo€lo(\I'

Since |Tp(g)\I'| = (1 + 0(1))q2, we may choose a subset Y C I'g(g)\I" of size
Y] = (1 —o0¢(1))[To(@\I],
such that for every xg € Y,
Hy el :llylls =T, x0y = xo0} K¢ ¢°T-

We now apply Lemma 4.5 to every xg € Y to obtain

15T 1o 12 Kep ¢~ 0.

Next, we apply Theorem 4.3 as in Lemma 2.6 to deduce the final result. (|
We may now finish the proof of Theorem 4.1, similar to the SL, case.

Lemma 4.7. There is C' > 0 such that for xo, y € Do(g@)\T', if (b1 1(xy) * Xn> bTo.u(v)) > 0, then there is
y €T such that xoy =y, and ||y | x < C'T'*".

Proof. The proof is essentially the same as Lemma 2.7. We have by Lemma 4.4

bT u(xo) * X * X7, (L(¥0)) > 0.
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Denote by X, 7 as some lifts of xg, y to I'. We get g1, g2, g3 € G, ¥ € [o(q) such that y ~'%yg1 8283 =7,
with g1 € supp(x7), g2 € supp(x7+), 83 € supp(xyz,). Writing g = g18283, we have that

lglx < llgiliklgllxllgallx < T,
In addition g = )Eo_lyjz € x()_lro(q)y C I', which says that xgy =y, as needed. (|

To complete the proof, fix € > 0. Let xg € 'g(g)\I" be in the set Y of Lemma 4.6. Denote by ZXO the
set of elements y € I'g(g)\I" for which there is no y € I' with ||y || x < q11{/3+€ such that xoy = y. It is
enough to prove that Zxo =o(|[To(\T']) = o(qz).

Choose T = Cq'/3, and 1 small enough so that C'T'*" < ¢!/3*¢_ with C as in Lemma 4.6 and C’ as
in Lemma 4.7.

We denote B =) br..(y) € L>(X,). Then by Lemma 4.7

YEZy,

1 Zy,| 1 Z|
b * —m, B) = .
< T,xo XTVI ) VOl(Xq) qz

On the other hand, by the choice of xy and Lemma 4.6,
(b7 xy % Xy = 70, BY K IBII2llb7,xg 5 X0 = 72 Kooy 12 lg 7770
By combining the two estimates and choosing €p small enough, we get the desired result

1 Zy| Koo @° 721772 = 0(g?).

5. Optimal lifting for the action on flags

In this section we prove optimal lifting for another action of SL3(Z). Let B, be the set of complete flags
inF},ie.,

By ={(Vi,V2):0<Vi<Vy < [FZ},

i.e., Vi C V, are subspaces of F3, such that dim V; = 1, dim V, = 2.

There is a natural action ®,: SL3(Z) — Sym(B,). It gives rise to a nonprincipal congruence subgroup

*ab
I (g) = * x ¢c| €SL3(Z):a=b=c=0modg
* % %k
Concretely,
Iy (q) ={y € SL3(Z) : @4(y)(1) =1},
where

L= o () vl (3 ()
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The result reads as follows:

Theorem 5.1. Let I' = SL3(Z), and for a prime q let B, and ®, : SL3(Z) — Sym(B,) as above. Then
for every € > 0, as g — 00, there exists a set Y C By of size |Y| > (1 — 0.(1))|By|, such that for every
x €Y, there exists a set Z, C By of size |Z| > (1 — 0c(1))|By|, such that for every y € Zy, there exists
an element y € T satisfying ||y oo < q'/>7¢, such that D, (y)x =y.

The exponent % is optimal, since the size of B, is | B,| < q3, while the number of elements y € SL3(Z)
satisfying || |leo < T is =< T°. This also hints why handling flags is harder than handling the projective
plane: The volume of the homogenous space is larger (¢° instead of ¢%). In comparison, the principal
congruence subgroup gives the much larger volume ¢®, and optimal lifting for it is still open.

The proof of Theorem 5.1 is very similar to the proof of Theorem 1.3. The analytic part is essentially
identical to Section 4, with some minor modifications coming from the fact that the size |P;| < q* is
replaced by |B,| < q>. We therefore leave it to the reader.

The counting part needs a slightly more delicate argument. The needed result is an analog of

Theorem 1.4, as follows:

Theorem 5.2. There exists a constant C > 0 such that for every prime q, T < Cq?> and € > 0 it holds that

1{(y, x) € SL3(2) x By - ¥ lloolly " oo < T, @q (1) (x) = x}| Ke 7T

We prove Theorem 5.2 in the rest of this section.
By dyadically dividing the range of ||y ||« into O (log T') subintervals, it is enough to prove that there
exists C > 0 such that for every S < R and RS < Cq3:

{(r, ) € SL3(Z) x By : ¥ loo < S, Iy ' lloo < R, @4 (y)(x) = x}| Ke ¢>FRS.

We identify &, (y) € SL3(F,), and let P(¢) € [,[¢] be the characteristic polynomial of ®,(y).

We first notice that if x = (V, V») € B, is a fixed point of ®,(y), then V; defines a projective eigenvector
of ®,(y), so ®,(y) has an eigenvector and P(¢) has a root. Similarly, V> is a two-dimensional invariant
subspace containing an eigenvector, so P(¢) has at least two roots. We deduce that if ®,(y) has a fixed
point x € B, then the polynomial P (¢) splits. Assuming P () splits, we divide into several subcases:

(1) Assume that P(r) has three different roots, ®,(y) is diagonalizable, with eigenvectors vy, vy, v3.
Then @, (y) fixes the points of the form (Vi, V2), Vi = span{v;}, V> = span{v;, v;}, for 1 <i # j < 3.
So &, (y) has 6 fixed points in B,,.

(2) Assume that P (¢) has the roots (o, o, @ ~2), o> # 1, and the eigenspace ker(®, (y) —al) of eigenvalue
o eigenvalue « is of dimension 1. Then let v be an eigenvector of eigenvalue «, v, an eigenvector of
eigenvalue « =2, and U = ker(®,(y) —al )? the two-dimensional generalized eigenspace of eigenvalue .
Then the fixed points of ®,(y) are of the form V; = span{v;}, V> = span{vy, vp} for 1 <i # j <2, or of
the form V| = span{v}, V> =U. So ®,(y) has 3 fixed points in B,.
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(3) Assume that P(¢) has a triple root « € [, (with o® = 1), and the eigenspace ker(®,(y) —al) is one
dimensional, then the only fixed point is of the form Vi =ker(®,(y) —al), Vo =ker(P,(y) — al)?. So
@, (y) has a unique fixed point in B,.

(4) Assume that P(¢) has roots (o, o, @~ 2), a3 # 1, and the eigenspace U = ker(®,(y) — al) of
eigenvalue « is of dimension 2, i.e., the Jordan form of ®,(y) is

0
0

Let v; € U denote an eigenvector of eigenvalue o, and let v, be an eigenvector of eigenvalue o ~2. Then all
fixed points of ®,(y) are of the form V| = span{v;}, vo =span{v;, v;}, 1 <i # j <2, or V| = span{v},
Vo = U (for different choices of vy). There are (¢ + 1) options for span{v}, so in total ®,(y) has 3(g +1)
fixed points in By.

(5) If P(z) has a unique root « € [, o =1, and the eigenspace U = ker(®,(y) —al) of eigenvalue o

is of dimension 2, then the Jordan form of ®,(y) is of the form

10
a 0 o =1.
0 o

S O R

In this case, the operator ®,(y) — « is nilpotent, with dimIm(®,(y) — o) =1, dimker(®,(y) —a) =2.
If x = (Vy, V») is a fixed point of ®,(y), then U = V, Nker(d,(y) — «) satisfies either dimU =2 or
dimU = 1:

o If dimU = 1, we must choose Vi = U, and V| = (®,4(y) — @) V>, and by dimension counting
Vi = Im(®,(y) — o). Therefore, V; is uniquely defined and V> can be chosen as any subspace

containing Vi, in ¢ + 1 ways.

e If dimU = 2, then V, = ker(®,(y) — ) is uniquely defined, and V) can be chosen in g + 1 ways
as a subspace of V5.

We conclude that ®,(y) has 2(g + 1) fixed points in B,.

(6) If P(¢) has a unique root « € [, o’ =1and D,(y) = oISy, then every x € B, is a fixed point
of ®,(y).

As in Section 3, we call y € SL3(Z) bad mod g if ®,(y) has an eigenspace of dimension at least 2, i.e.,
corresponds to one of the last three cases above.
Theorem 5.2 will therefore follow from the following two lemmas:

Lemma 5.3. There exists C > 0 such that for every a € [, a*=1,S<Rand RS < Cq’

iy € SLa@) : 17 lloo < S, ly ' lloo < R, ¥ =l mod g} Ke g°RS.
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Lemma 5.4. There exists C > 0 such that for every S < R and RS < Cq’
1y €SL3(@) : 1Y lloo < S. I¥ "'llsc < R, ¥ bad mod g}| < ¢***RS.

Proof of Lemma 5.3. We will give a short and nonefficient estimate, which may be improved significantly,
at least when @ =1 € [,
Fix some lift of « to Z, such that & = 1 mod ¢2. Then (y —al)?> =0 mod g2, so y? —2ay +a?I =

1

0 mod ¢>. Multiply by ay ~! and we get that

y_l =2a2—ay modqz. (5-1)

By the inversion formula, it holds that Iy Moo <2lly ||go. We may therefore assume that R < 2§ 2,50
R3 <2R?S? <2C?¢. By adjusting the constant C we may assume that ||y ~!||oc < R < ¢?/4, and (5-1)
then implies that given an entry of y, we know the corresponding entry of .

As in Section 3, we denote the entries of y by a;; and the entries of ¥y~ by bij.

Since ¥ = I mod ¢, we may choose the diagonal of y using < (S/g + 1)? options. By (5-1) we
know the diagonal of y‘l. We can write ajpaz; = ajjaz — bz, and the right hand side is known. If
ajjax — bsz # 0 then there are < S€ options for aiy, ap;. If ajjaz; — b3z =0 then there are << (§/qg + 1)
options for aj», az;. The same is true for the other nondiagonal elements.

All in all, there are

Le (S/g+D*(S/q +1+ 5
options for y. If § < ¢ this is obviously smaller than g€ RS. If S > ¢, then we need to show that
(S/9)° < q°RS
or §°/R « %€, which is true since

S°/R < §* < (RS)? < ¢4°.

For the proof of Lemma 5.4 we will need the following:

Lemma 5.5. The number of solutions for (3-2), (3-3) intry,try ' € Z,a € Fy, lry| <SS, |tr y~ <R
is bounded by < (S/qg +1)(R/q + 1) +q.

Proof. Assume that (x1, y1, @), (x2, y2, @) are solutions. Then by (3-2), x; —x» = y; — y» = 0 mod q.
Denote z = (x; — y1)/q, w = (x2 — y2)/q. Notice that |z| <2S/q, |[w| <2R/q. By (3-3) (z, w,a) is a
solution to €gz —qw = 0 mod g2, or

az—w =0 modgq. (5-2)

Therefore, A solutions with the same « € [, for (3-2),(3-3) give A solutions to (5-2) with the same o € [,
So the total number of solutions is bounded by the number of solutions of (5-2) with |z| <25/q,|lw| <2R/q,
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a € [,. The last number is bounded by < (§/q +1)(R/q + 1) + g, since every choice of z, w sets «
uniquely, unless z = w =0. g

Proof of Lemma 5.4. Since our definition of a bad element mod ¢ agrees with the definition in Section 4,
by Lemma 5.5 there are < (S/q + 1)(R/q + 1) + g options for try, try~!, . In our range of parameters
it holds that RS < Cg¢? and since ||y !l < 2||y||§o, we may assume that R < 252,50 R <« ¢°, and
therefore (S/qg +1)(R/qg+1)+q < q.

There are at most S? options for a1, az», and knowing tr y, we have now all of the diagonal of y. By

(3-1), the diagonal of y determines the diagonal of y ~!

mod ¢g. Lifting, the first two entries b1y, byy have
just (R/q + 1)? options, giving b33 for free. Thus there are at most < ¢S>(R/q + 1)? options.

In the nonexceptional case when the nondiagonal entries are nonzero, the rest of the matrix has <, ¢¢
options. So we should show that

gS*(R/q +1)* < RSq>,

or S(R/q + 1)*> <« Rq. For R < g, this reduces to S < Rq, which is obvious. For R > ¢, this reduces to
RS « ¢3, which is again true.

Let us deal with the exceptional case. Without loss of generality we may assume that ajaz> = b33 and
ap; = 0. We further separate into cases:

(1) If all other nondiagonal entries besides ap; and a;; are nonzero, then we may guess the diagonal of y
and y ! as before, and get the other nondiagonal entries using divisor bounds. The matrix y is then of

the form

with aj, the only unknown and where x denotes a nonzero value. Then we get that dety = Eajp + F,
with E = azzaz; # 0, F known, so aj, is determined uniquely from dety = 1.

(2) If az; =0, then a1y = o = %1, and the matrix is of the form

+1 * %
0 * %
0 % %

As in the first exceptional case of Section 3, denote A = (Zﬁ Zij ) We know that det A = o = +1, and
either tr A = 0 mod g or tr A = 2 mod ¢g. Therefore, as,, azz have at most < S(S/g + 1) options. If
anass # det A = +£1 then we get g€ options for a3, az; by the divisor bound. If ayaz; =det A = +1,
then they are both £1, and az3a3; = 0, so there are << S options for A. So in any case A has at most
q€S(S/q+1) options. The remaining two entries have at most S options, so all in all there are S>(S/q+1)
options. It remains to prove that

S3(S/q +1) < RSq?,

which is a simple verification.
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(3) If ap3 = 0 then ay» = o = %1, and the matrix is of the form

* % %
0=+10
* % %

We reduce to the previous case (after permuting indices and transposing).
(4) We may now assume az; # 0, azz # 0. If a3 = 0, we may assume a1, # 0, otherwise we reduce to a

previous case. We now guess the diagonals as before, and further diverge into subcases:

(a) If azp # 0: Then since ay3 # 0 we have az3azy = axaz; — by, so we have <, g€ options for a3, az
by the divisor bound. Then the matrix is of the form

* 70
0 %
? *

From dety = 1 we get ajpasz;, which is nonzero. By the divisor bound we are done.

(b) If azp = 0, the matrix is of the form
* 70
0% ?
70 %

From dety = 1 we get ajpazzas;, which is again nonzero, and by the divisor bound we are done.

(5) Ifaiz #0, a3 #0, az; #0, azp =0. We may assume that a;» 7# 0 otherwise we reduce to a previous
case. Then we guess the diagonals as usual, and since a3ja;3 7 0 we know them in <, g€ ways by the
divisor bound. Then the matrix is of the form

X

?

O(_2

X O %

?
*
0
From dety = 1 we get ajpay3 which is nonzero, and by the divisor bound we are done. O
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Added in proof

In a recent preprint Jana and Kamber [2022, Theorem 6], following a breakthrough of Assing and Blomer
[2022], proved Conjecture 1.2 for g square-free.
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Sums of two squares are strongly biased towards
quadratic residues

Ofir Gorodetsky

Chebyshev famously observed empirically that more often than not, there are more primes of the form
3 mod 4 up to x than of the form 1 mod 4. This was confirmed theoretically much later by Rubinstein
and Sarnak in a logarithmic density sense. Our understanding of this is conditional on the generalized
Riemann hypothesis as well as on the linear independence of the zeros of L-functions.

We investigate similar questions for sums of two squares in arithmetic progressions. We find a
significantly stronger bias than in primes, which happens for almost all integers in a natural density sense.
Because the bias is more pronounced, we do not need to assume linear independence of zeros, only a
Chowla-type conjecture on nonvanishing of L-functions at % To illustrate, we have under GRH that the
number of sums of two squares up to x that are 1 mod 3 is greater than those that are 2 mod 3 100% of
the time in natural density sense.

1. Introduction

1A. Review of sums of two squares in arithmetic progressions. Let S be the set of positive integers
expressible as a sum of two perfect squares. We denote by 15 the indicator function of S. It is multiplicative

and for a prime p we have
1S(pk) =0 ifandonlyif p=3 mod4 and 2{k. (1-1)

Landau [1908] proved that
Kx

V]ogx

where K = [],_3 poas(l — p~)712/3/2 & 0.764 is the Landau-Ramanujan constant; see [Hardy
1940, Lecture IV] for Hardy’s account of Ramanujan’s unpublished work on this problem. Landau’s

#SNI[1, x]) ~

method yields an asymptotic expansion in descending powers of logx, which gives an error term
O (x/(log x)K*T1/2) for each k > 1.! Prachar [1953] proved that sums of two squares are equidistributed

MSC2020: primary 11N37; secondary 11M06.
Keywords: Chebyshev’s bias, sums of two squares, omega function, prime divisor function.

A more complicated main term, leading to a significantly better error term (conjecturally O (x!/2+¢) but no better than
that), is described e.g., in [Gorodetsky and Rodgers 2021, Appendix B]; compare [Ramachandra 1976; Montgomery and Vaughan
2007, page 187; David et al. 2022, Theorem 2.1].

© 2023 MSP (Mathematical Sciences Publishers). Distributed under the Creative Commons Attribution License 4.0 (CC BY).
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in arithmetic progressions, in the following sense. If (a, g) =1 then

4, K
S(x;q,a) =#neS:n<x,n=a modc]}wﬂ l_[ (1+l L

(2, 9)q ol p)‘/logx

p=3 mod 4

as x — oo as long as a = 1 mod (4, q); see Iwaniec’s work [1976] on the half-dimensional sieve for
results allowing ¢ to vary with x. The condition @ = 1 mod (4, ¢) is necessary: otherwise (a, g) =1 and
a # 1 mod (4, g) imply a = 3 mod 4. However, S is disjoint from 3 mod 4.

1B. Main theorem and corollary. Here we consider a Chebyshev’s bias phenomenon for S. We ask,
what can be said about the size of the set

(n=<x:8n;q,a)> Sn;q,b)} (1-2)

for distinct a, b mod ¢ witha =b =1 mod (4, ¢) and (a, q) = (b, g) = 1? These conditions guarantee
that S(n; g, a) ~ S(n; g, b) - 0o as n — o0, so it is sensible to study (1-2). We let x_4 be the unique
nonprincipal Dirichlet character modulo 4. Motivated by numerical evidence (based on n < 10%) showing
S(n;3,1)—S(n; 3,2) and S(n; 5, 1) — S(n; 5, 3) are positive much more frequently than not, we were
led to discover and prove the following.

Theorem 1.1. Fix a positive integer q. Assume that the generalized Riemann hypothesis (GRH) holds for
the Dirichlet L-functions L(s, x) and L(s, x x—4) for all Dirichlet character x modulo q. Then, whenever
a,bsatisfya=b=1 mod (4, q), (a,q) = (b,q) =1 and

X\ i
Cqab = Z (x(a) — X(b))(l - ﬁ) \/L(z, X)L(§, XX—4) >0 (1-3)

x mod g
x*=xo

we have, as x — 00,
#Hn<x:8mn;q,a)>Sn;q,b)}=x(1+0(1)).

Here (and later) yxq is the principal character modulo g. Observe that x(a) = x(b) =1 for x = xo
as well as for x = yox—4 (if 4| g), so these two characters may be omitted from the sum (1-3). As we
explain in Remark 1.2 below, L(%, X)L(%, X X,4) is nonnegative under the conditions of Theorem 1.1;
the square root we take in (1-3) is the nonnegative one.

Remark 1.2. Under GRH for (nonprincipal) real x, we have L(3, x) > 0 since otherwise there is a
zero of L(s, x) in (%, 1) by the intermediate value theorem. Similarly, L(%, X X,4) > 0if x # xox—4.
Conrey and Soundararajan [2002], proved, unconditionally, that for a positive proportion of quadratic
characters x we have L(s, x) > 0 on (3, 1) implying L(3}, x) > 0. Chowla’s conjecture [1965] states that

L (%, X) # 0 for all real Dirichlet characters. It was studied extensively; see e.g., Soundararajan [2000].

If x (a) =1 for all real characters modulo ¢ then a is a quadratic residue modulo ¢, and vice versa. Let
us specialize a to be a quadratic residue modulo g and b to be a nonquadratic residue. We observe that
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(on GRH) (x(a) — X(b))\/L(%, X)L(%, XX—4) is nonnegative for each real x mod ¢ that is not yg or
XoX—4. Hence, under GRH and our assumptions on a and b, a necessary and sufficient condition for (1-3)
to hold is that L(%, X)L(%, XX74) # 0 for some real x mod g with x (b) = —1. One way to guarantee
this is to assume Chowla’s conjecture. We state this as the following corollary.

Corollary 1.3. Suppose that GRH holds for x and x x—a4 as x varies over all Dirichlet characters
modulo q. Let a and b be quadratic and nonquadratic residues modulo q, respectively, with (a, q) =
(b,g)=1landa=b=1 mod (4, q). IfL(%, X)L(%, XX—4) # 0 for some x mod g with x (b) = —1 then

S(n;q,a) > S(n; q,Db) (1-4)

holds for a density-1 set of integers. In particular, if Chowla’s conjecture holds then (1-4) holds for a
density-1 set of integers.

It would be interesting to try and establish the positivity of (1-3), possibly in a statistical sense, without
hypotheses like Chowla’s conjecture.

For a given Dirichlet character x, one can computationally verify that L(%, X) is nonzero, and in
fact compute all zeros of L(s, x) up to a certain height; see Rumely [1993] which in particular shows
L(% X) # 0 for characters of conductor < 72. Nowadays computing L(% X) is a one-line command in
Mathematica, and so the verification of (1-3) is practical for fixed ¢, a and b.

We expect the expression in (1-3) to be nonzero as long as x (a) # x (b) for some real character, or
equivalently, if a/b is nonquadratic residue modulo g. It is instructive to consider the following two
possibilities for a and b separately:

e Suppose a, b and a/b are all nonquadratic residues, a situation that could occur only if the modulus
q is composite. Although the expression C, 4, should be nonzero and give rise to a bias, it seems
the sign is very difficult to predict. Interestingly, for primes, as we shall review below, there is no
bias in this case.

« If exactly one of a and b is a quadratic residue then Corollary 1.3 tells us the direction of the bias (if
it exists) is towards the quadratic residue. A sufficient condition for the bias to exist is Chowla’s
conjecture.

1C. Comparison with primes. Chebyshev’s bias was originally studied in the case of primes, that is,
replacing S by the set of primes. Letting 77 (x; g, a) be the numbers of primes up to x lying in the arithmetic
progression a mod ¢, Chebyshev [1853, pages 697-698] famously observed that 7 (x; 4, 3) > w(x; 4, 1)
happens more often than not.

Littlewood [1914] showed that 7 (x; 4, 3) — m(x; 4, 1) changes sign infinitely often. Knapowski
and Turédn [1962] conjectured that 7 (x; 4, 3) > 7 (x; 4, 1) holds 100% of the time in natural density
sense. This was refuted, under GRH, by Kaczorowski [1992; 1995], who showed (conditionally) that
{x:m(x;4,3) > m(x; 4, 1)} does not have a natural density, and that its upper natural density is strictly
less than 1.



778 Ofir Gorodetsky

Rubinstein and Sarnak [1994] studied the set
{x:m(x;q9,a)>mn(x;q,b)} wherea #b modgqg and (a,q) = (b,q) =1.

They showed, under GRH and the grand simplicity hypothesis (GSH) that this set has logarithmic density
strictly between O and 1. Additionally, the logarithmic density is greater than % if and only if @ is a
nonquadratic residue and b is a quadratic residue. In particular, no bias is present at all if both a and b
are nonquadratic residues, as opposed to the sums of two squares analogue.

GSH asserts that the multiset of ¥ > 0 such that L(% +iy, X) = 0, for x running over primitive
Dirichlet characters, is linearly independent over Q; here y are counted with multiplicity. It implies
Chowla’s conjecture (since 0 is linearly dependent) and that zeros of L(s, x) are simple. As opposed to
Chowla, it is very hard to gather evidence for GSH, even for individual L-functions. However, see [Best
and Trudgian 2015] for such evidence in the case of ¢. In the literature, this hypothesis also goes under
the name linear independence (LI).

1D. Strong biases. Chebyshev’s bias was studied in various settings and for various sets, e.g., [Ng 2000;
Moree 2004; Fiorilli 2014a; 2014b; Devin 2020; 2021; Bailleul 2021], in particular for products of a
fixed number of primes [Dummit et al. 2016; Ford and Sneed 2010; Meng 2018; Devin and Meng 2021].

As far as we are aware, Theorem 1.1 is the first instance where a set of integers of arithmetic interest —
in this case sums of two squares — is shown to exhibit a complete Chebyshev’s bias, that is, a bias that
holds for a natural density-1 set of integers:

#n<x:Mn;,q,a)>Mmn;q,b)} =x(14o0(1))

where M (n; g, a) counts elements up to n in a set M C N that are congruent to @ modulo g. A key issue
here is the natural density: Meng [2020] has a related work about a bias that holds for a logarithmic
density-1 set of integers (see Section 2E). Recently, Devin proposed a conjecture [2021, Conjecture 1.2]
on a bias in logarithmic density 1. See Fiorilli [2014b; 2014a] for biases, in logarithmic density, that come
arbitrarily close to 1, and Fiorilli and Jouve [2022] for complete biases in “Frobenius sets” of primes
(that generalize arithmetic progressions).

We also mention a very strong bias was proved by Dummit, Granville and Kisilevsky [Dummit et al.
2016] who take Chebyshev’s observation to a different direction. They show that substantially more than
a quarter of the odd integers of the form pg up to x, with p, g both prime, satisfy p =g =3 mod 4.

In the function field setting, complete biases were established in various special situations (e.g., for
low degree moduli) [Cha 2008, Corollary 4.4; Cha et al. 2016, Theorem 1.5; Devin and Meng 2021,
Example 6]. See also the work of Porritt [2020] on which we elaborate in Section 2B.

2. Origin of the bias, computational evidence and a variation

2A. Review of the original bias. Fix a modulus g. All the constants below might depend on g. We give
an informal explanation for the origin of the bias. It is instructive to start with the case of primes. By
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orthogonality of characters,

1 —

m(xiq.a) —mxiq.b) = s > @ =x®) Y nisaprimeX ().
4 Xo7#x mod g n=x

The generating function of primes was studied by Riemann [2013], who showed that

PRELTL SRS

ns o
n>1 k>1

for Ns > 1. Here p is the Mdbius function, ¢ is the Riemann zeta function and the logarithm is chosen so
that log ¢ (s) is real if s is real and greater than 1. More generally, given a Dirichlet character x we have

lni rim k
3 Lyisaprimex () _ 3 % log L(sk, x").

ns
n>1 k>1

We may also write this L-function identity in terms of arithmetic functions

A(n)x(n) n Z p(k)An'*) x (n)

L is aprime X () = 0 1,1 is a k-th power 2-1)
ogn =2 logn
A(n)x (n)
- W - %1H=P2,p primeXZ(P) +a(m)x @), (2-2)

where A is the von Mangoldt function and « is supported only on cubes and higher powers and its sum is
negligible for all practical purposes. Under GRH we can show that (see [Rubinstein and Sarnak 1994,
Lemma 2.1])

Z x(MA@) Y, x(MAn) N 0( JVx )
= logn log x (log x)?2
n<x X (M)A (n) is typically of order
= \/x, in the sense that

2

and (still under GRH) we can use the explicit formula to show that )
- n)A(n
Zusa XWAD P 1, (2-3)

1 2X
X/X Jx

see [Montgomery and Vaughan 2007, Theorem 13.5]. Under linear independence, one can show that the

random variable

ey xmAm)
n<ey
has a limiting distribution with expected value O (here y is chosen uniformly at random between 0
and Y, and Y — o00). The exponential change of variables leads to the appearance of logarithmic
density. To summarize, (log x/4/x) >
magnitude < 1. The bias comes from the term —1,,_ > , prime x2(p)/2. Indeed,

_% Z 1n=p2,p prirneXz(p) = —% Z X2(p).

n=x PV

x(n)A(n)/logn (with x = e”) has expectation 0 and order of

n<x
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If x is a nonreal character, 2 is nonprincipal and GRH guarantees this sum is o(,/x/ log x). However, if
X 1s real, this sum is of the same order of magnitude as an  X(n)A(n)/logn, namely it is

Jx

_% Z ln:pz,pprimexz(ﬁ) =—1rWx)+00)~ e

n=<x

using the prime number theorem.

Rubinstein and Sarnak replaced ) ,_, x (n)A(n)/logn with )", _ x(n)A(n)/logx using partial
summation. This is advantageous as we h_ave a nice explicit formula fo; the sum of x (n) A (n). However,
one can work directly with x (n) A(n)/ log n, whose generating function is log L (s, x), and this was done
by Meng [2018] in his work on Chebyshev’s bias for products of k primes. Meng’s approach is more
flexible because it works even when the generating function has singularities which are not poles. So while
—L'(s, x)/L(s, x) =Y_,~; A(n)x(n)/n* is meromorphic with simple poles at zeros of L(s, x), which
leads to the explicit formula by using the residue theorem, Meng’s approach can deal with —log L(s, x)
directly although it does not have poles, rather it has essential singularities. Meng’s work applies in
particular to k = 1 and k = 2, thus generalizing Rubinstein and Sarnak as well as Ford and Sneed [2010].

2B. The generating function of sums of two squares. Let us now return to sums of two squares. Let a, b
be residues modulo g with (a, ¢) = (b, g)=1anda=b=1 mod (4, g). Orthogonality of characters shows

S(x;q,a) = S(x; q,b) = Yo @ —x®) ) 1smx ), 2-4)

1
¢(@) Xo7#x mod g n=x
We want to relate )
formula for primes. The generating function of sums of two squares was studied by Landau [1908], who

showed that for fs > 1,

n<x 15(n) x (n) to L-functions and their zeros, and obtain an analogue of the explicit

15(n)
> == =V L, x- ) H(s) (2-5)
n>1 n
where H has analytic continuation to Jis > % Here the square root is chosen so that v/ (s) and /L (s, x—4)
are real and positive for s real and greater than 1. This representation of the generating function plays a
crucial role in the study of the distribution of sums of two squares; see e.g., [Gorodetsky and Rodgers 2021].
Later, Shanks [1964, page 78] and Flajolet and Vardi [1996, pages 7-9] (compare [Radziejewski 2014,
equation (3); Gorodetsky and Rodgers 2021, Lemma 2.2]) proved independently the identity

15(n) o 2700k
Y = LG 01 =27) 1‘[( TR ) , (2-6)

n>1 k>1

and their proof can yield an analogue of (2-6) with a twist by x (n). Shanks and Flajolet and Vardi were
interested in efficient computation of the constant K, and this identity leads to

1 £ (1 - 2—2‘))2’“
K=— 2 7 7
\/E 1—[( L(zk’ X—4)

k>1
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Since both sides of (2-6) enjoy Euler products, this identity can be verified by checking it locally at each
prime; one needs to check p =2, p =1 mod 4 and p =3 mod 4 separately using (1-1). For the purpose
of this paper we do not need the terms corresponding to £ > 1 in (2-6). What we need is stated and proved
in Lemma 3.5, namely that

15(n)x (n) J L@2s, x?)
F(s, = ——— =/ L(s, x)L(s, _ —G(s, 2-7
(s, ) n§21ﬁ o VL(s, )L(s, xx 4>,/L(2s7x2x_4) (s, ) (2-7)

for G which is analytic and nonvanishing in s > % and bounded in s > ‘l‘ + ¢ for each ¢ > 0. The

important feature of this formula is that it allows us to analytically continue F' (s, x) to the left of fis = %

(once we remove certain line segments), as opposed to (2-5) whose limit is s > % See the discussion at
the end Section 3B.

Recently, a formula very similar to (2-7) was used by Porritt [2020] in his study of character sums
over polynomials with k prime factors, and k tending to oo. We state his formula in the integer setting.
Let 2 be the additive function counting prime divisors with multiplicity. He showed that, for complex z
with |z| < 2, we have [Porritt 2020, (4)]

> ZQ(;—X(") = L(s. x)°L@2s, x)E 2 E (5, x)

n>1

for E,(s, x) which is analytic in %5 > max{%, logzlzl}. He then proceeds to apply a Selberg—Delange
type analysis, leading to an explicit formula for a polynomial analogue of anx,ﬂ )=k X (n) where k
grows like a loglog x for a € (0, 2!/2) (in the polynomial world, g and ¢'/? replace 2 and 2'/?, where ¢
is the size of the underlying finite field). His results show a strong Chebyshev’s bias once a > 1.2021 ...
[Porritt 2020, Theorem 4].

2C. Analyzing singularities. We shall analyze each of the sums in (2-4). We first observe that we do not
need to analyze the sums corresponding to x or x x_4 being principal, because these characters do not
contribute to (2-4) (as xo(a) = xo(b)).

Assume GRH and let x be a nonprincipal character such that x x_4 is also nonprincipal. We apply
a truncated Perron’s formula to ) _ 1g(n)x(n) (Corollary 3.3). We then want to shift the contour
to Rs = % —c (c = ﬁ), say) and apply the residue theorem. We cannot do it, because L(s, x) and

L(s, x x—4) have zeros on Ns = % so F(s, x), which involves the square root of L(s, x)L(s, x x—4),

n<x

cannot be analytically continued to s > % — c. Let us analyze the zeros and poles, in the half-plane
Ns > %, of L(s, x), L(s, xx—4), L(2s, x%) and L(2s, x>x_4). These are the functions which appear in
(2-7) and dictate the region to which we may analytically continue F (s, x):

e We have zeros of L(s, x), L(s, x x—4) on Ns = % (only) by GRH. We do not have poles at s = 1
because we assume y, x x—4 are nonprincipal.

« Under GRH, L(2s, x?) and L(2s, x°x—_4) have no zeros in fis > }l.
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Figure 1. Contour of integration.

o If x?2 is principal then L(2s, x?) has a simple pole at s = % Similarly, if x2x_4 is principal then
L(2s, x>x_4) has a simple pole at s = % If x2 and x2x_4 are nonprincipal then these L-functions
have no poles.

We call these zeros and poles “singularities of F”. They all lie on Ns = % We construct an open set A,
by taking the half-plane s > le are removing the segments {or +it: }L <o < %} for every singularity
% + it. This domain is simply connected and L(s, x), L(s, x x—4), L(2s, x2) and L(2s, x%x—_4) have no
poles or zeros there. Hence, they have well-defined logarithms there and we may analytically continue
F(s, x)to A,.

Although we cannot literally shift the contour to the left of fs = %, we can move to a contour which

113

most of the time”. Specifically, we shall use truncated Hankel

1_
2

[2018; 2020]. The precise contour is described in Section 3D. See Figure 1 for depiction. A truncated

stays in A, and is to the left of fs = 5
loop contours going around the singularities, joined to each other vertically on Jis = ¢, as in Meng
Hankel loop contour around a singularity p of F (s, x) is a contour #, traversing the path depicted in
Figure 2. It is parametrized in (3-13).

Given a character x and a singularity p of F (s, x) we let

1 Sds
f(p, x,x) = F(s, x)x* —
Tl Hp S
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Figure 2. Truncated Hankel loop contour around p with radius r.

be the Hankel contour integral around p. By analyticity, the value of f(p, x, x) is independent of » (once
r is small enough) and for our purposes we choose r = o(1/log x). We end up obtaining

E 1s(n)x (n) = E fp, x,x). (2-8)
n=x p:L(p,x)L(p,x x-4)=0
or p=1/2

See Lemma 3.10 for a statement formalizing (2-8) (in practice we sum only over zeros up to a certain
height). If F(s, x) ~ C(s — p)™ asymptotically as s — pT (i.e., as s — p tends to 0 along the positive
part of the real line) for one of the singularities p, it can be shown that

o
Fp. xx) ~ %;aong—l—m (2-9)

I'(—m)

as x — oo. An informal way to see this is

ds C CxP
f Fe, 0 EaZ [ (5= p)"x ds = Z— (logx)~1— / et dz
H, s P Ju, P (log x)(H,—p)

and the last integral gives (2-9) by Hankel’s original computation [Tenenbaum 2015, Theorem 11.0.17].2

In particular, from analyzing \/ L(s, x)L(s, x x—4) we have

- linls—),o+ F(s, x)(s — p)—mp/Z
['(=my/2) ’

xp
ﬂmmm~%;ﬂ%m*wﬂ,cp

for any given p # % where m, is the multiplicity of p in L(s, x)L(s, x x—4). Asm, > 1, we are led to
think of Zp#l/z f(p, x,x) as a quantity of order < /x(log x)73/2. However, we are not able to use
(2-9) in order to bound ) _ p12 F (0, X, X) efficiently. We proceed via a different route and show

dx < 1 (2-10)

l /2X Zp¢1/2 o, x,x)*
X Jx Jx(log x)—3/2

without making use of (2-9). It follows that Zp;ﬂ/z f(p, x,x) K /x(log x)73/2 most of the time. This
estimate is analogous to (2-3) and its proof is similar too. We believe this sum is <, /x(log x)*~3/2
always but are not able to show this. This is similar to how GRH can show an LA x(n) K J/x(log x)2,

2Tojustify the first passage it suffices to show fHP |G (s)x*| |ds| = o(x™P (log )~y for G(s)= F (s, x)/s—C(s—p)™/p,

which is possible in our case.
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Figure 3. Graph of S(x;3,1) — S(x; 3,2) up to 10.

but the true size in this question is expected to be <, +/x(log x)®. Here one should think of f(p, x, x)
as an analogue of the expression —x”/p from the explicit formula.
Finally, let us analyze the contribution of the (possible) singularity at % If L(%, X)L(%, X X—4) =0or
if x2x_4 is principal we can show (e.g., using (2-9)) that f(% Xs x) < J/x(logx)™/*; see Lemma 4.4.
The constant % arises from analyzing \/ L(s, x)L(s, xx—4) and {7 L(2s, x)/L(2s, x%x_4) and applying
(2-9) with m > %. It follows from (2-8) and (2-10) that
> pex s x () |

1 2X
E/X Jx(log x)—3/4

unless x? is principal and L (%, x)L(3, x x—4) # 0. This remaining case leads to the bias. Indeed, we
have

dx < 1

F(s, x) NC(s —%)_]/4

as s — %Jr because of the fourth root in v/ L(2s, x2), and this allows us to show (Lemma 4.5) that
(%, x,x) =< V/x(logx)~ ¥4,

This is bigger than the typical contribution of all the other singularities by (log x)'/2. In one line, the
bias comes from the fact that the value of m in the asymptotic relation F(s, x) ~ C(s —p)" (s = p™,

p a singularity) is minimized when x? is principal, p = % and L(%, X)L(%, X X—4) = 0, in which case
1
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b
1 4 2 7 8 11 13 14
1 1.427 9.698 1427 9931 9.698 9.931
4 1.427 9.698 1427 9931 9.698 9.931
2 8.271 8.504 8271 8.504
a 7 -8.271 0.233 0.233
11 -0.233
13 0.233
Table 1. Values of Ci5 4.
b
1 4 2 7 8 11 13 14
1 93.99 99.99 86.12 99.98 99.99 99.99
4 96.28 99.97 90.72 99.99 99.99 99.96
2 99.90 99.85 99.93 99.90
a 7 0.03 57.99 57.99
8 99.52 99.96 99.99
11 40.19
13 59.23

Table 2. Percentage of n < 107 with S(n; 15, a) > S(n; 15, b).

2D. Computational evidence. We examine the bias for g € {3, 5, 15}. For ¢ =3 we only have two relevant
residues modulo ¢, namely 1 mod 3 (quadratic), and 2 mod 3 (nonquadratic). We have L (%, X) ~(.480 for
the unique nonprincipal Dirichlet character modulo 3 and L(3, x x—4) & 0.498. Under GRH, Corollary 1.3
predicts S(x; 3, 1) > S(x; 3, 2) for almost all x. Up to 108, 96.8% of the time S(x;3,1) > S(x; 3,2).
See Figure 3 for the (quite oscillatory) graph of S(x; 3, 1) — S(x; 3, 2) up to 10.

For ¢ = 5 we have 4 possible residues: 1 and 4 mod 5, both quadratic, and 2 and 3 mod 5, non-
quadratic. We have L(%, X) ~ (0.231 and L(%, X X—4) ~ 1.679 for yx, the unique nonprincipal qua-
dratic character modulo 5. Corollary 1.3 predicts, under GRH, that S(x;5,1) and S(x; 5, 4) are al-
most always greater than S(x; 5,2) and S(x; 5, 3). The value of Cs,; is simply x(a) — x (b) times
(1+ 1/\/5)71/2\/L(%, X)L (3. xx—4)- For (a,b) € {(1,2), (1,3), (4,2), (4, 3)} its value is ~ 0.7309,
since x(a) =1 and x(b) = —1. For (a, b) € {(1, 2), (1, 3), (4, 2), (4, 3)}, we find that the percentage of
integers n < 107 with S(n; 5, @) > S(n; 5, b) are 96.1%, 95.2%, 95.3% and 94.6%, respectively.

For ¢ = 15 we have the quadratic residues 1, 4 and the nonquadratic residues 2, 7, 8, 11, 13, 14. We
expect S(x; 5,a) — S(x; 5, b) to be positively biased for a € {1,4} and b € {2, 7, 8, 11, 13, 14}. Moreover,
we expect a bias also for S(x; 5, a)—S(x; 5, b) whenevera #be€{2,7,8, 11,13, 14} and a/b %4 mod 15,
which means (a, b) # (2, 8), (7, 13), (11, 14). The direction of the bias in this case is harder to predict. See
Table 1 for a table of the values of Cys5 4 5 and Table 2 for #{n < 107 : S(n; 15, a) > S(n; 15, b)}/107 (in
percentages). We omit pairs with a > b due to symmetry and pairs a, b with a/b being a quadratic residue.
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We see that the two tables are correlated. This is not a coincidence: the proof of Theorem 1.1 actually
shows that S(x; ¢, a)—S(x; q,b) =¢(g)~! C, Cq,a,b\/)_c/(log x)3/*+ E(x) where C, is positive constant
depending only on g and E(x) is a function which, on average, is smaller than /x/(log x)*/#. Concretely,
(1/X) fj"|15(x)|2 dx <« X /(log X)>. So, for most values of x, S(x; g, a) — S(x; g, b) is proportional
to Cq’a’ b

2E. Martin’s conjecture. Let w be the additive function counting prime divisors (without multiplicity).
Meng [2020] states a conjecture of Greg Martin, motivated by numerical data, saying that

{x: Z w(n) < Z a)(n)}

n<x n=x
n=1 mod 4 n=3 mod 4

contains all sufficiently large x. Meng assumed GRH and GSH to prove that this set has logarithmic
density 1. He also obtains results for other moduli under Chowla’s conjecture, and studies an analogous
problem with the completely additive function 2. Meng [2020, Remark 4] writes: “In order to prove the
full conjecture, one may need to formulate new ideas and introduce more powerful tools to bound the
error terms of the summatory functions”. We are able to prove a natural density version of Meng’s result,
making progress towards Martin’s conjecture. We do not assume GSH.

Theorem 2.1. Fix a positive integer q. Assume that GRH holds for the Dirichlet L-functions L(s, x) for
all Dirichlet character x modulo q. Then, whenever a, b satisfy (a, q) = (b, q) = 1 and

Dyapi= Y (x@@—x®)L(3, x)>0 (2-11)

x mod g
x*=xo

we have, as x — 00,
#{n <x: Z w(m) < Z a)(m)} =x(14o0(1))

m=n m=n
m=a mod g m=b mod ¢

and

#{nfx: Yooams> > Q(m)}:x(l—i—o(l))
mzrg rSnrz)d q mz’l? ?nrz)d q

The proof is given in Section 6. If a is a quadratic residue modulo ¢ and b is not, a sufficient condition
for Dy 4.5 to be positive is Chowla’s Conjecture.

3. Preparatory lemmas

Given a Dirichlet character x modulo g we write

Fo0=2 "= T a-xmp>™ [T a-Cer>

s
nes p#3 mod 4 p=3 mod 4
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This converges absolutely for fis > 1. For s = 1 (or smaller) it does not, because such convergence
implies > p£3 mod 4, plg 1/p converges. Observe that F (s, x) does not vanish for fs > 1.
We shall use the convention where o and ¢ denote the real and complex parts of s € C.

3A. Perron.

Lemma 3.1 (effective Perron’s formula [Tenenbaum 2015, Theorem 11.2.3]). Let F(s) =>_ ., a,/n® be
a Dirichlet series with abscissa of absolute convergence o, < 0o0. For k > max{0,0,},T > 1 and x > 1

n>1

we have
k+iT

sd_s P |an | )
g T +O<x an(lwuog(x/n)n)’ G-1

n>1

1

n<x

with an absolute implied constant.
This lemma leads to the following, which is a variation on [Tenenbaum 2015, Corollary I1.2.4].

Corollary 3.2. Suppose |a,| < 1. Let F(s) = an] an/n®. Then, for x, T > 1,

1 1+1/logx+iT

D= i

n<x

d 1
F(s)xS—s+0(1+x ng), (3-2)
1+1/logx—iT s T

with an absolute implied constant.

Proof. Since |a,| <1 we have o, < 1 so that we may apply Lemma 3.1 with « =14 1/logx. The
contribution of n < x/2 to the error term is

The contribution of n > 2x to the error is

1 2 k/logx  ylogx
<xy Y nKTk<<xk2>1: L

k>1 ne[2kx,2k+1x)

Finally, if n € (x/2, 2x), the contribution is

1 xlogx
< Z — <1+
ne(x/2,2x) 14T log(x/n)| T

where the second inequality follows e.g., by the argument in [Tenenbaum 2015, Corollary I1.2.4]. I
As a special case of this corollary we have

Corollary 3.3. Let x be a Dirichlet character. We have

1
Zx(n)zﬁf

n<x 1+1/logx—iT
nes

14+1/logx+iT

s ds x log x
F(s, ))x> —4+ 0|1+ T . (3-3)
s
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Remark 3.4. Since |F(s, x)| <Y_,. n~'7!/1°8% «log x when 9is = 141/ log x, we see that perturbing
the parameter T (appearing in the range of integration) by O (1) incurs an error of O(x logx/T) which
is absorbed in the existing error term.

3B. Analytic continuation. Given a Dirichlet series G (s) associated with a multiplicative function g(n),
which converges absolutely for Jis > 1 and does not vanish there, we define the k-th root of G as

log G(s))

Gk (s) =
(s) eXp( A

for each positive integer k, where the logarithm is chosen so that arg G(s) — 0 as s — oco. The function

GY/* is also a Dirichlet series, since

logY";.08(p")/p*
G'*(s) :Hexp< = )
)4

k

Lemma 3.5. Let x be a Dirichlet character modulo q. We have, for is > 1,

J Les, 52
F(s,x)=\/L(s,X)L(s,xx4),/#&&&)()

for G which is analytic and nonvanishing in Ns > }1 and bounded in Ns > ‘l‘ +e. If x is real then

1 - X2\ 12 1o, 1/4 1\ /4
o(z0)=(-%%) (%) I (-5) &

rtq

Proof. We have, for fis > 1,

logL(s, x) logL(s, xx—4) logL(2s, x*x—4) logL(2s, x?)
_ + —_
2 2 4 4
—log(1 — x(2)27%)  log(l — x%(2)2°%)
= > + 7 + D g

(3-5)

log G(s, x) =log F (s, x) —

(3-6)

p=3 mod 4

for
—log(1 = x*(p)p™%) N log(1 — x%(p)p™*) —log(1 + x*(p)p™%)
2 4 '

Each g, is analytic in fs > 0. Fix ¢ > 0. For fs > ¢ we have

gp(s’ X) =

x*(p)

n P+ 0:(p7%) = 0:.(p™)

gp(s7 X)) =

by Taylor expanding log(1 + x). In particular, if ¢ = ‘—11 + & we have

> gp(s,x)‘<< Yootk i <o

p=3 mod 4 p=3 mod 4 n>1
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and so G may be extended to Ns > % via (3-6). As each g, is analytic in Rs > ‘—1‘, and > 3 044 8p (S, X)

converges uniformly in Hs > }‘ + ¢ for every choice of ¢ > 0, it follows that log G is analytic in Rs > %

and so is G. The formula for G(%, X) for real x follows from evaluating g, at s = % and observing
2

X~ = Xo- O

Assuming GRH for L(s, x) where y is nonprincipal, L(s, )k

may be analytically continued to the
region

C\({o+it:L(A+it,x)=0ando <3}U{o:0 < —1}) 3-7)
and is nonzero there (because of trivial zeros of L(s, x) we have to remove {0 : 0 < —1}). For x principal

1/k

we have a singularity at s = 1 and so L(s, x)'/* may be analytically continued to

C\({o+it:L(3+it,x)=0ando < }U{o:0 <1}). (3-8)

Hence, given x which is nonprincipal and such that x x_4 is nonprincipal, we have the following. Under
GRH for x, x x—4, x> and x?x_4, we may continue F (s, x) analytically to

[seC:s> I\ {o+it:L(3+it, x)L(3 +it, xx—4) =0and o < 1} (3-9)
if both x2 and x2x_4 are nonprincipal; otherwise we may continue it to

[seC:s >\ ({o+it: L(3+it, x)L(3 +it, xx—4) =0ando < 1} U{o:0 <1}). (3-10)

3C. L-function estimates. We quote three classical bounds on L-functions from the book of Montgomery
and Vaughan [2007].

Lemma 3.6 [Montgomery and Vaughan 2007, Theorem 13.18 and Example 8 in Section 13.2.1]. Let x
be a Dirichlet character. Under GRH for L(s, x), there exists a constant A depending only on x such that
the following holds. Uniformly for o > % and |t| > 1,

|L(s,x)|5exp(A log(Jr] +4) )

loglog(|t| +4)
Lemma 3.7 [Montgomery and Vaughan 2007, Theorem 13.23]. Let x be a Dirichlet character. Suppose
[t] > 1. Under GRH for L(s, x), there exists a constant A depending only on x such that the following
holds. Uniformly for o > 1 +1/loglog(|t| +4) and |t| > 1,

) 1 ‘ §exp(A log(|t| +4) )

L(s, x) loglog(|¢t| +4)
Lemma 3.8 [Montgomery and Vaughan 2007, Corollary 13.16 and Example 6(c) in Section 13.2.1]. Let
o= (%, 1) be fixed. Let x be a primitive Dirichlet character. We have, as |t| — 00,

(log(|t] +4))>~2°
loglog(|t| +4)

llog L(s, )| Ko

The following is a consequence of the functional equation.
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Lemma 3.9 [Montgomery and Vaughan 2007, Corollary 10.10]. Let x be a Dirichlet character and
g € (0, 1). We have |L(s, x)| < |L(1 — s, Y)|(|t| +4)/2=° uniformly for e < o < § and |t| > 1, where
the implied constants depend only on x and e.

These four lemmas are originally stated for primitive characters. However, if x is induced from a
primitive character v, then in Ns > 0 the ratio L(s, x)/L(s, ¥) is equal to the finite Euler product
I1 pix( p)=0<1 — v (p)/p’). This product is bounded away from 0 and from oo when s > &, so we can
convert results for L(s, 1) to results for L(s, x) as long as we restrict our attention to o > ¢.

3D. Contour choice. Let x be a nonprincipal Dirichlet character modulo g. Fix ¢ € (0, §) (say, ¢ = 75).

Let T > 1.
We want to use Cauchy’s integral theorem to shift the vertical contour appearing in (3-3) to the left of
1

Ns = % (namely to RNs = 5 — c), at the “cost” of certain horizontal contributions. As we want to avoid

zeros of L(s, x)L(s, x x—4) and poles and zeros of L(2s, Xz)/L(2s, X2 x—4) (which by GRH can only
occur at s = %) we will use (truncated) Hankel loop contours to go around the relevant zeros and poles;
the integrals over these loops will be the main contribution to our sum. It will also be convenient for
% —iT and % +iT to avoid zeros of L(s, x)L(s, x x—4); this is easy due to Remark 3.4, showing that
changing T by O(1) does not increase the error term arising from applying Perron’s (truncated) formula.
We replace the range [1 4+ 1/logx —iT, 14+ 1/logx +iT] with [14+1/logx —iT", 1+ 1/logx +iT’]

where T —1<T/,T” <T and
L(5+it. x)L(5+it. xx-4) #0
forevery r € [T', T)U (=T, —T"]. Let
Vi<Y2<-<Vm (3-11)

be the imaginary parts of the zeros of L(s, x)L(s, x x—4) on o = % with t € (—T, T) (without multiplic-
ities), and, if either x2 or x2x_4 is principal, we include the number O (if it is not there already). Let
r € (0, 1) be a parameter that will tend to O later. Consider the contour

m
LUl JUj Ut j24iy)) Udm U L (3-12)
j=1

where /| traverses the horizontal segment

Ilz{a—iT”:é—cgoglJr

logx}

from right to left, /, traverses the horizontal segment

1
Izz{a—l—iT/:%—cfafl—l— }
log x
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from left to right, J; traverses the following vertical segment from its bottom point to the top:

]j:{%—c—{-iti)/j—l Stfl/j}
where

Yo ‘= _TN’ VYm+1 = T/’

and finally each #, traverses the following truncated Hankel loop contour in an anticlockwise fashion:

{se(E:%—cf?ﬁsf%—r,i‘ss:%p,arg(s—p):—n}

UlseC:ls—pl=r —m <arg(s —p) <}
Ufl—c<fs<l—rSs=3p,args—p)=n} (3-13)
where in our case ¢ = % and r = o(1/log x). We refer the reader to [Tenenbaum 2015, pages 179-180]
for background on the Hankel contour and its truncated version. If r is small enough, the contour in
(3-12) does not intersect itself.
If both x2 and x2x_4 are nonprincipal characters and the corresponding L-functions satisfy GRH

observe v/L(2s, x2)/L(2s, x2x_4) is analytic in Rs > % —2c > % and so is F (s, x) by Lemma 3.5.
If %2 is principal then x2x_4 cannot be principal. Similarly, if x2x_4 is principal then y is a nonreal

Dirichlet character of order 4 and x 2 cannot be principal. In both cases, {V L(2s, x%)/L(2s, x%x_4) has
an algebraic singularity at s = %, which we avoid already as we inserted O to the list (3-11) if it is not
there already.

In any case, by Cauchy’s integral theorem,

1 1+1/log x+iT’ ) ds
Py F(s, x” —
N

270 J 141 logx—iT”
1 " ; ds
=— [ +2(] + + |+ )FG 0 —. G-14)
2mi I =1 J; Hijotiy; Jm+1 L S

Lemma 3.10. Let x be a nonprincipal Dirichlet character. Assume GRH holds for the four characters

X X X—4, X2’ X2X—4' (3_15)

Letc € (O, %) be a fixed constant. Let T > 1. We have

B | d
S am=Y — / Fis, x 2
— i H1/2+iyj s

xlogx (x+max{x, TY/24x12=eTe+exp
+ T

AlogT
loglogT ) ' (3—16)

+0 (1 +
The implied constant and A depend only on x and c.

Proof. By (3-3), Remark 3.4 and (3-14), it suffices to upper bound f,,lF(s, 0|I1x*|lds|/|s| and
J
ij [F (s, x)llx*||ds|/|s|. We first treat /;, and concentrate on I, as the argument for / is analogous. We
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have, using Lemma 3.5,

ds|
|F (s, Ollx*| —
A |s]

|ILQ20 +2iT’, x?)|
Lo +2iT, x2x—4)|

IL(20 +2iT’, x2)|
|ILQ2o +2iT’, x2x—4)|

x%do  (3-17)

14+1/logx
<<—/ VIL(o +iT’, x)L(o +iT’, xx-a)l,]
1/2—c

x%do. (3-18)

1+1/logx
< —/ VIL(o +iT’, )L(o +iT’, x x-a)l]

1/2—c

It is now convenient to consider o > % and o0 < % separately.
Ifo> % we bound all the relevant L-functions using Lemmas 3.6 and 3.7, obtaining that this part of
the integral contributes

AlogT 1+1/1 AlogT

CXP Toglog T loglog T +1/logx o X EXp loglog T

L—— x’do K ——————
T 1/2 T

where A is a constant large enough depending on . For o below % we first apply Lemma 3.9 to the
L-functions of yx and X X—a4 to reduce to the situation where the real parts of the variables inside the
L-functions are > 5. Then we apply Lemmas 3.6 and 3.7 as before, obtaining that this part of the integral

contributes
AlogT 172 AlogT
<« CXP foglog 7 fl/z TV2=0 3% 4o « max{x, T}~ exp fogiog 7 loglog 7
T 1/2—¢ r
It follows that
ds| G maxte. 7017 exp i
(/ f>|F(s Ol :
L Jn |s I T
We turn to the contribution of J;. We have
it |d | 172 r+ 1 dt
F (s, 0l1x'] o ‘“/ F(y—c+it x (3-19)
Z/ | | —T—ll (2 )‘|l‘|+1
_2k 1
<<x1/2‘°'< (/ / >|F I —c+it, X)]dt) (3-20)
2k<2T 2+
where

_ it oy2
|F(——c+lt X |_\/|L ——c—i-lt X)L( —c+it, xx- 4)|§/ L 26+.2lt’x ) (3-21)

|L(1 —2c+2it, x?x—4)|

log(|t| + 4 AlogT
L (|t|+4)“ exp AM KL T exp 2080 ) (3-22)
loglog(|¢t| +4) loglog T
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where we used Lemmas 3.6 and 3.9 to bound the L-functions of x and x x_4 and Lemma 3.8 for the
other two L-functions. This leads to

m+1 |ds|
3 |F<s,x>||x5|—<<x1/2—crcexp(

AlogT )
= |51

loglog T
and concludes the proof. U

4. Hankel calculus

In this section, H,, is the Hankel contour described in (3-13), going around p in an anticlockwise fashion.

Lemma 4.1. Let x be a Dirichlet character. Assume GRH for L(s, x). Given a nontrivial zero p = % +iy

of L(s, x) we have

L(s, x)
s—p

Here the o(1) exponent goes to 0 as y goes to oo (and it might depend on ), and the implied constant is

L (ly+1)etod,

max
seH,

absolute.

Proof. Since we can write L(s, x) as L(p, x) plus an integral of L'(z, x) over a line segment connecting
s and p, it follows that the maximum we try to bound is

< max |L'(s, 0|
[s—pl|<r, or
s=o+iy with
1/2—c<0<1)/2
By Cauchy’s integral formula, and Lemmas 3.6 and 3.9,
L(z,
oo« [ L& ol

|dZ| < (|)/| + l)max{O,l/Z—ﬁtx}—i-o(l)’
lz—s|=1/log(ly|+1) 12 = 5]
implying the desired bound. O

Lemma 4.2. Let x be a nonprincipal Dirichlet character. Assume GRH for the characters in (3-15).
Given a nontrivial zero p = % +iy £ % of L(s, x)L(s, x x—4) we have
(s, 0l 1ds] < vVa(y ]+ DD ((ogx) ™2 4 r¥2x7).
Hp
Here the o(1) exponent goes to 0 as y goes to oo (and might depend on x), and the implied constant
depends only on x (it is independent of r).

Proof. We have, for s on the contour,

|F(s, )| < V/ILGs, X)L(s, x x-a)|(ly |+ 1)°D

by Lemmas 3.5, 3.6 and 3.7. Integrating \/|L(s, Xx)L(s, x x—4)||x*| over the circle part of the contour

contributes

g
«rx [\ ILGtret 0L+ et gl do.
-7
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Writing L(s, x)L(s, x x—4) as L(s, x)L(s, x x—4)/(s — p) times s — p and appealing to Lemmas 4.1, 3.6
and 3.9, we find that this is

b g
< rx1/2+r(|y|+1)6+()(1)/ /|rei9|d9 & I"3/2X1/2+r(|)/|+1)C+0(1).
—T

Integrating \/ [L(s, x)L(s, x x—4)||x®| over one of the segment parts of the contour contributes

0
< Vx| VIL(p+1t, )L(p+1, x x—a)|x" dt.
—C

Again writing L(s, x)L(s, x x—4) as L(s, x)L(s, x x—4)/(s — p) times s — p and appealing to Lemma 4.1,
we can bound this contribution by

0
L Vx(ly|+ Deted / VItlx' dr < x|+ DD log x) 7372, (4-1)

—o0

concluding the proof. O

Lemma 4.3. Let x be a nonprincipal Dirichlet character. Assume GRH for the characters in (3-15). For
any pair p; = % +iy, p0= % ~+ iy, of nontrivial zeros different from % we have

1 2X 51 xﬁ -
—/ f / F(s1, x)F(s2, x)——=ds1ds>dx
X Jx Hp, I Hp, 51 52

X ((lo X—3/2+r3/2xr2
< ((log X) )

42
(7114 Dy2l + D)I=ceD A + |y — 1)) 2

where implied constants depend only on .

Proof. We first integrate by the x-variable and then take absolute values, obtaining that the integral is

X.‘ﬁ (s1452)
< / / |F(s1, X)IIF (52, )| ——— |dsy| |ds2| (4-3)
Hpy I Hpy Isills2lls1 + 52+ 1]
/ / F (st 301 2, 01X (dsy | disa) (4-4)
|p1p2|(1+|3/1 v2D) Ju, Ju,
1 !
= (/ |F<s1,x>|xf“<“>|ds1|)</ IF(Sz,X)IXm(”)Id82|>~ (4-5)
lo1o2| (1 +[y1 = v2) \J#,, H,,
The result now follows from Lemma 4.2. ]

Lemma 4.4. Let x be a nonprincipal Dirichlet character. Assume GRH for the characters in (3-15). If
X2 x—4 is principal, or if x* is principal as well as L(% x)L(%, XX—4) =0 then

[ F. x)—ds<<f( ' 5/4+;).
Hip

(log x)/*

The implied constant depends only on x (it is independent of r).
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Proof. This is a variation on Lemma 4.2. If x2x_4 is principal we have

|F (s, )l <25 = 1]

on H1 /2, where the implied constant depends only on x. Similarly, if L(%, X)L(%, X X—4) =0and x?is

|F (s, )1 </ |s — 3]

by Lemma 4.1. In both cases the integral is

< Jr mxmax{msfl/Z,O} \ds].

Hip

principal then

1|5¢“|2s—1|

The contribution of Nfs > 2 is < /xx"r>/*, while the contribution of fis < % is

<<f/ V' di < ‘/_)5/4,

concluding the proof. U
Let C, be the following positive constant, depending only on g:

—1/4 —1/4 1/2
c, == I1 (1 . %) I1 (1 . l) . (4-6)

1
F(4) p=3 mod 4 g\qd4 p
p=3 mo

Lemma 4.5. Let x be a nonprincipal Dirichlet character modulo q. Assume GRH for the characters in
(3-15). If x? is principal and L(% X)L(%, XX74) % 0 then

1 x$ Jx x@\ " e
i [, Py as=Cim (197 Vet ) (1o () )

Hip
p 1
+ o(ﬁ (x P4 4 (1ogx)7_/4)> 4-7)

where the implied constants depend only on x.

Proof. Let M(s, x) = /L(s, x)L(s, XX—a)VL(2s, x)(2s —1)/L(2s, x2x_4)G(s, x)/s where G is
defined in Lemma 3.5. On H;,; we have F(s, x)/s = M (s, x)(2s — 1)~'/4. We define M at s = % by
its limit there, which exists as L(s, xo) = {(s) ]_[p‘q(l — p~*) has a simple pole at s = 1. In fact, M is

analytic in a neighborhood of s = % by our assumption on x and x_4. We have

=2/L(5 0L (o) [T =520, x0x 07764 x).

rlq

The expression L(1, xox—4) may be simplified as

L - [T =xeae)/p) = [T = x-atp)/ 7

rlg rlg



796 Ofir Gorodetsky

Our integral is

L.(M(%,X)/H @2s — 1)~y Sds+f% (2s—1)_1/4xS(M(s,X)—M(%,x))ds).
172 12

27

The second integral here is small, namely < /x(x"r’/* 4+ (logx)~"/#), by an argument parallel to
Lemma 4.4. It suffices to show that

: l)_l/4xs ds = ! vx

. s —(1 + 0 (x~?y).
2mi Hipz 2 F(%) )3/4

Making the change of variables (s — %) log x = y, this boils down to Hankel’s I"-function representation;
see, e.g., [Tenenbaum 2015, Corollary 11.0.18]. O

5. Proof of Theorem 1.1
5A. Character sum estimates.

Proposition 5.1. Let x be a nonprincipal Dirichlet character modulo q. Assume GRH for the characters
in (3-15). If)(2 % X0 we have

2X
_/ ’;x(n) dx<< X)3’
nes
while if x> = xo we have
2X Jx 1/2 2
x(2) X
v, 2 xm= (1 55) VLG 0] 4 <
nes

where C, is defined in (4-6). The implied constants depend only on q.

Proof. By Lemma 3.10 with T = X34 < x3* and ¢ = L we have, uniformly for x € [X, 2X],

10
ds _
ZX(”)_ZZ / F(s, x)x* — 4+ O (x!/271/100)
n<x nl 7"1/2+1y S
nes

for any nonprincipal x. The function F is defined in the first line of Section 3 and is analytic in the set (3-7)
or in the set (3-8), depending on x. The m =m , contours H [2+iy; = Hi /2+iy;,y are defined in Section 3D.
They are Hankel loop contours going anticlockwise around zeros % +iy; of L(s, x)L(s, x x—4) up to
height T (exclusive), as well as around s = % in case x2 or x2x_4 is principal. Let us write

D x () = S1(x) + Sa(x) + O (x/271/190)

n<x
nes
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where S;(x) is the contribution of Hankel loops not going around %:

1 d
Sim=Y —.f F(s, x)x* =,
2mi Hi2+iy §

1<j<m
yi#0

and S, is the contribution of the loop around s = %, in case such a loop exists:

S (x) = {27” fH1/2 Fs, X)xs o ifL(%’ X)L(%’ XX—4) =0or X0 € {XZX—4’ Xz}a
0

otherwise.

We shall take r = o(1/log X) in all the definitions of the loops. If L(% X)L(%, XX—4) =0or x%>x_4= X0
we have, by Lemma 4.4, the pointwise bound

JI

S —_—.
2(x) K (log1)7/3

If x2 = xo and L(%, x)L (%, x x-4) # 0, we have by Lemma 4.5 the following asymptotic relation:

Jx x(@)\ ' NG
5100 = o (105 0 05

In all cases,

2\~ 1/2
S2(x) =1,0,Cy v ( A )) \/L Z,XX—4)+0(L>.

(log x)3/4 (log x)3/4

It now suffices to show that (1/X) fX 1S1(x0))? dx < X/(log X)3. We have, by Lemma 4.3,

2X 2X ds 12
—/ 1S100) 12 dx < —f Z / F(s, x)x* —) (5-1)
1<j<m Hl/2+i]/j S
Vj?éo
X 1
L ——= . (5-2)
(log X)3 Z , Y12 =150+ [y — »al)
71,12 70:

L(1/2+iyj,x)=0or
L(1/2+iy;, x x-4)=0

The sum over zeros converges by a standard argument; see [Montgomery and Vaughan 2007, Theorem 13.5]
where this is proved in the case of zeros of the Riemann zeta function. The only input needed is that

between height 7 and T + 1 there are < log T zeros, which is true for any Dirichlet L-function; see
[loc. cit., Theorem 10.17]. U

5B. Conclusion of proof. Suppose a, b satisfy a =b =1 mod (4, ¢q) and (a, g) = (b, g) = 1. Suppose
the constant C, , 5 appearing in (1-3) is positive. Consider X >> 1 which will tend to co. By orthogonality
of characters we write

1 -
Sxig.a)—S(xiq.b)=— Y (x@—x®)Y_ xn) (5-3)
¢() Xo7#x mod g n=x

nes
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for each x € [X, 2X]. By Proposition 5.1 and Cauchy—Schwarz, we can write

, , Cq  x
S(X,C],a)—S(st],b)=d)(—q)wcq,a,b-i-T(x) (5-4)

where

1 2X 5 X
- TP dx € ———.
X/x 1T )" dx < (log X)372

We see that in an L?-sense, T (x) is smaller (by a power of log x) than the term of order /x/(log x)*/# in
(5-4). To make this precise, we use Chebyshev’s inequality:

VX W2(X)
T = § %) tog X)3/4> log X

Pxe[X,ZX]( =o(1)

for any function W tending to co slower than (log X)!'/2. Here x is a number chosen uniformly at random
between X and 2X. It follows that P,¢1x 2x7(S(x; g, a) > S(x; g, b)) ~ 1 which finishes the proof. Il
6. Martin’s conjecture

6A. Preparation. Let F,(s, x) = anl x(Mw(@n)/n® for s > 1. By Lemma 3.1 withx =1+ 1/logx
and w(n) K logn,

1 1+1/logx+iT ds )Clngx
ZX(”)G)(H) = —/ Fo(s, x)x* —+O(logx+ ) (6-1)
270 J141/logx—iT s T

n<x

for all T > 1. We have @ = 1 * 1p;jmes. For fs > 1 this identity leads to

Fo(s, x) = L(s, x)(log L(s, x) — 31og L(2s, x*) + G (s, X)) (6-2)

where G, may be analytically continued to s > % and is bounded in Ns > % + ¢; see [Meng 2020,
(2.3)]. If x is nonprincipal, GRH for x and x? implies that F,, can be analytically continued to

[seC:%s> I\ {o+ir:L(3+it, x)=0and o < 1} (6-3)
if x? is nonprincipal, and
{se@:fﬁs > %}\({G—HI:L(%—Ht,)():Oando < %}U{a o0 < %}) (6-4)

if x2is principal. Almost the same analysis applies for Fq(s, x) = anl x ()2 (n)/n®, with the only
change being the following variation on (6-2):

Fa(s, x) = L(s, )(log L(s, x) + 3 1og L(2s, x*) + Gaf(s, X))
1

3
of € = 1 * 1prime powers- The following lemma is essentially [Meng 2020, Lemma 3], and its proof is

where G may be analytically continued to s > 5 and is bounded in fs > % + ¢. This is a consequence

similar to the proof of Lemma 3.10.
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Lemma 6.1. Let x be a nonprincipal character. Assume GRH holds for x and x>. Let c € (O, %) be a
fixed constant. Let T > 1. We have

Zx(n)w(n)-Z fH Fo (s, X)x—
1/2+iy;

n=<x

AlogT

xlog?x (x—i—max{x,T}l/z—i-xl/z_CTC“)exploglogT) ©5)

+
T T

+0(logx+

where the list { + l)/J} consists of the distinct nontrivial zeros of L(s, x) with —=T" <t < T’ where
T', T" depend only on T and x are satisfy T', T" =T 4 O(1). If x? is principal we include % in the list.

Here H,, is the truncated Hankel loop contour defined in (3-13), and it has radius r which is chosen to
be sufficiently small (in terms of T, x and the list of y;s). The implied constant and A depend only on x
and c.

Proof. The proof is similar to that of Lemma 3.10, the main difference being the appearance of the
factor log L(s, x) because of (6-2). We need to be careful because log L(s, x) may be large even
if L(s, x) is small. We need to explain why the contribution of log L(s, x) may be absorbed into
exp(AlogT/loglog T). We shall show that log L(s, x) = O(logT) holds on the relevant contour.
Recall that arg L(s, x) is defined via log L(s, x) =log|L(s, x)| +iarg L(s, x). We have arg L(s, x) =
O(log(|t| + 4)) uniformly in ¢ and o € [%, 2]; see [Montgomery and Vaughan 2007, Lemma 12.8].
Hence our focus will be on bounding log|L(s, x)|. By Lemmas 3.6 and 3.9 we have log|L (o +it, x)| <
Clog(|t]|+4) for [t| > 1 and o € [%, 2], so that we have an easy upper bound on log|L (s, x)|, and the
focus is truly on lower bounding log|L (s, x)|.

We want to shift the contour in (6-1) to Hs = %—c and avoid logarithmic singularities using Hankel loops.
Before we do so, we replace the endpoints of the integral, namely 141/logx£iT, with 14+1/logx+iT’
and 1 +1/logx —iT"”, where T', T" = T + O(1) and the bound log|L(s, x)| > —C log(|t| +4)) holds
uniformly on Js = 7" and Js = —T" with o € [%, 2]. Changing the endpoints does not affect the error
term in (6-1) due to a simple variation on Remark 3.4. The existence of such 7’ and T” is exactly the
content of [Montgomery and Vaughan 2007, Theorem 13.22].

Lemmas 3.6-3.9 allow us to bound both the vertical and horizontal contributions of L(s, x) and
log L(2s, x?). The horizontal contribution of log L(s, x) is small due to the choice of T’ and T”. To
bound the vertical contribution of log L(s, x) we use [Montgomery and Vaughan 2007, Example 1 in
Section 12.1.1] which says that for s > é

log L(s, x)=Y_ log(s — p) + O(log(|t| +4))
pily—tl=l

unconditionally. Applying this with p = %—c—i—it this is O, (log|¢]) since all the zeros satisfying |y —¢| <1
are nontrivial and lie on Rs = %, and there are < log|¢| zeros between height t — 1 and ¢ 4 1. 0

The following lemma is implicit in [Meng 2020, pages 110-111].



800 Ofir Gorodetsky

Lemma 6.2. Let x be a nonprincipal character and suppose GRH holds for x and x>. Let p = %—i—i Y+ %
be a nontrivial zero of L(s, x). Let m,  be the multiplicity of p in L(s, x). We have

s ds s ds
Fo(s, Y)x* — =my 4 L(s, x) log(s — p)x* —.
H S S

P Hp

Proof. Since

Fo(s, x) = L(s, x)log L(s, x) — 3 L(s, ) log L2s, x*) + L(s, x)Gu(s, X)

and L(s, x)log L(2s, %x2), L(s, x)Go(s, x) are analytic in an open set containing #,, it follows that

s ds s ds
Fo(s, Y)x* — = L(s, x)log L(s, x)x* —
H, s H S

P

by Cauchy’s integral theorem. We may write log L(s, x) as

log L(s, x) =m, , log(s — p) + H, (s, x)

for a function H, which is analytic in an open set containing the loop, since L(s, x)/(s — p)™»x has
a removable singularity at s = p.> By Cauchy’s integral theorem, H »(s, x) does not contribute to the
Hankel contour integral, giving the conclusion. O

Lemmas 6.1 and 6.2 hold as stated for €2 in place of w as well. We have the following lemma, a
“logarithmic” analogue of Lemma 4.2.

Lemma 6.3. Let x be a nonprincipal character and suppose GRH holds for x. Let p = % +iy bea
nontrivial zero of L(s, x). Let

1oi= [ LG 0logts = p)lx™ [ds].
Hﬂ
Then
, loglog x
I, < V/x(y| + Dered (g—zg +10g(r_1)r2xr>.
log” x

Proof. We write L(s, x) as L(s, x)/(s — p) times (s — p), and use Lemma 4.1 to bound L(s, x)/(s — p)
by (ly|+ 1)<t We now consider separately [s —p|=rands=p+t, —c <t < —r. Il

The following is an w-analogue of Lemmas 4.4 and 4.5.
Lemma 6.4. Let x be a nonprincipal Dirichlet character. Assume GRH holds for x and x*:

(1) IfL(%, x) =0 then

oglog x

x5 1
/ F,(s, x)—ds <<\/)7 _—
Hip S

—1y,2
o +log(r H)r xr>.
og” x

3 An estimate for H o (s, x) on H,, may be obtained; see [Meng 2020, (2.15)].
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(2) If x? is principal and L(% X) # 0 then

! Fuls, 10 ds = —L (1
A~ - s, —das = — bE)
2mi Sy, ¢ X0 20 X log x

Vx Vx
e+ (e ) (©0

The implied constants depend only on .

Proof. The first part is a minor modification of the proof of Lemma 6.3. The second part is [Meng 2020,
(2.28)]. O

Lemma 6.4 holds for €2 in place of w, with the only difference being a sign change in (6-6).
6B. Proof of Theorem 2.1. We shall prove the theorem in the case of w; the proof for 2 is analogous.

Suppose a, b satisfy (a, q) = (b, g) = 1. Suppose the constant D, ,; appearing in (2-11) is positive.
Consider X > 1 which will tend to co. By orthogonality of characters we write

1 ——
nzg?n)i)dq nzg?n)i)dq 1 X07#x mod g n<x

for each x € [X, 2X]. By (6-5) with T = X3/* < x3*and ¢ = E we have, uniformly for x € [X, 2X],

ZX(”)‘U(”)—Z / Fo (s, x)x* _+0( 1/2-1/100)
Hi2+iy

n=<x

for any nonprincipal x. For any pair p; = é +iy1, po= % + iy, of nontrivial zeros of L(s, x) different
from 1 5> we have, from Lemmas 6.2 and 6.3,

2X s1 dS2
_/ _/ Fo(s1, X))Cvl — Fy(s2, x)x%2 —
Hp, 52

st Ju,

loglog X 2

_ mmlxmpz X X( og ;’g +10gr_1r2xr) (6-8)
|)/1)/2| o1+ 1y —yal) log” X

in analogy with Lemma 4.3. We take r = o(1/log X). Since m, = O (log(|p| 4 1)) [Montgomery and
Vaughan 2007, Theorem 10.17] and

1
Z 1-1/5 _
s pak0: ly172] (I+1y1—220D
L(1/2+iy;,x)=0

converges [Montgomery and Vaughan 2007, Theorem 13.5], it follows that in an L2-sense, the contribution

of p # % to (6-7) is O(y/x loglog x/(log x)?); this step corresponds to (5-1). By Lemma 6.4, the
1
2

Jxoo1 - <ﬁloglogx) Jx (anb )
_ - _ L(L NAVSTeN ) vV
logx ¢(q) Z 1@ = x®)L(3. %) +0 log? x logx \ ¢(q) o)

contribution of loops around s = 5 is

x mod g
x*=xo
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As in the proof of Theorem 1.1, Chebyshev’s inequality allows us to conclude the following. The

probability that for a number x chosen uniformly at random from [X, 2X], anx,nza mod wln) <
> n<x.n=b mod g @ (1) tends to 1 with X. This finishes the proof. O
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