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Quadratic relations between Bessel moments
Javier Fresán, Claude Sabbah and Jeng-Daw Yu

Motivated by the computation of some Feynman amplitudes, Broadhurst and Roberts recently conjectured
and checked numerically to high precision a set of remarkable quadratic relations between the Bessel
moments ∫

∞

0
I0(t)i K0(t)k−i t2 j−1dt (i, j = 1, . . . , ⌊(k − 1)/2⌋),

where k ⩾ 1 is a fixed integer and I0 and K0 denote the modified Bessel functions. We interpret these
integrals and variants thereof as coefficients of the period pairing between middle de Rham cohomology
and twisted homology of symmetric powers of the Kloosterman connection. Building on the general
framework developed by Fresan, Sabbah and Yu (2020), this enables us to prove quadratic relations of the
form suggested by Broadhurst and Roberts, which conjecturally comprise all algebraic relations between
these numbers. We also make Deligne’s conjecture explicit, thus explaining many evaluations of critical
values of L-functions of symmetric power moments of Kloosterman sums in terms of determinants of
Bessel moments.
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1. Introduction

Let I0(t) and K0(t) denote the modified Bessel functions of order zero, which are solutions to the ordinary
differential equation ((t∂t)

2
− t2)u = 0. Since this equation has an irregular singularity at infinity, it does
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not come from geometry in the usual sense of encoding how periods vary in a family of algebraic varieties.
However, certain integrals of monomials in I0(t) and K0(t) called Bessel moments are themselves periods,
as shown for example by the identity (see [Vanhove 2014, (8.11)])∫

∞

0
I0(t)K0(t)ℓ+1t dt =

1
2ℓ

∫
xi⩾0

1(
1 +

∑ℓ
i=1 xi

)(
1 +

∑ℓ
i=1 1/xi

)
− 1

ℓ∏
i=1

dxi

xi
.

In a series of papers and conference talks Broadhurst and Roberts [Broadhurst 2016; 2017a; 2017b;
2018; Broadhurst and Roberts 2019; Roberts 2017] put forward a program to understand the motivic
origin of the Bessel moments ∫

∞

0
I0(t)a K0(t)btc dt. (1.1)

An important insight of theirs was to look at counterparts of these integrals over finite fields, pursuing the
analogy between the Bessel differential equation and the Kloosterman ℓ-adic sheaf. Roughly speaking,
I0(t) and K0(t) correspond to the eigenvalues of Frobenius, and out of them one forms the k-th symmetric
power moments of Kloosterman sums. The generating series of these moments over finite extensions of
Fp is a polynomial with integer coefficients. After removing some trivial factors and handling primes
of bad reduction, a global L-function Lk(s) is built with the reciprocals of these polynomials as local
factors. Back at the beginning, Broadhurst, partly in joint work with Mellit [Broadhurst and Mellit 2016]
and Roberts, Bloch, Kerr and Vanhove [Bloch et al. 2015], and Y. Zhou [2018a] proved or numerically
checked in many cases that the critical values of these L-functions agree up to rational factors and powers
of π with certain determinants of the Bessel moments (1.1).

For technical reasons, we shall make the change of variables z = t2/4 and consider the associated
rank-two vector bundle with connection on Gm, which is called the Kloosterman connection and denoted
by Kl2. Motives associated with symmetric powers of the Kloosterman connection were introduced
in [Fresán et al. 2022]. Namely, for each integer k ⩾ 1, we constructed a motive Mk over the rational
numbers, which is pure of weight k +1, has rank k ′

= ⌊(k −1)/2⌋ (resp. k ′
−1) if k is not a multiple of 4

(resp. if k is a multiple of 4), and is endowed with a self-duality pairing

Mk ⊗ Mk → Q(−k − 1) (1.2)

that is symplectic if k is even and orthogonal if k is odd. By design, the L-function of this motive
coincides with the above L-function Lk(s). The main result of that paper was the computation of the
Hodge numbers of Mk , which led to a proof that Lk(s) extends meromorphically to the complex plane
and satisfies the expected functional equation.

In this paper, we investigate the period realizations of the motives Mk . By design, the de Rham
realization of Mk is isomorphic to the middle de Rham cohomology of the k-th symmetric power
Symk Kl2, which is defined as the image

H1
dR,mid(Gm,Symk Kl2)= im[H1

dR,c(Gm,Symk Kl2)→ H1
dR(Gm,Symk Kl2)]
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of compactly supported de Rham cohomology under the natural map to usual de Rham cohomology, and
comes with a perfect intersection pairing Smid

k realizing (1.2). Extending a computation from [Fresán et al.
2022, Proposition 4.14], we exhibit a basis of middle de Rham cohomology in Section 3, which is natural
in that it is adapted to the Hodge filtration, and we present an explicit formula to compute the matrix of
Smid

k on this basis. If k is not a multiple of 4, the basis is simply given by the classes ωi = [zivk
0 dz/z] for

1 ⩽ i ⩽ k ′, where v0 is a specific section of Kl2.
Besides, we shall prove that the dual of the Betti realization of Mk is isomorphic to the middle twisted

homology of Symk Kl2, which is defined as the image

Hmid
1 (Gm,Symk Kl2)= im[Hrd

1 (Gm,Symk Kl2)→ Hmod
1 (Gm,Symk Kl2)]

of rapid decay homology under the natural map to moderate growth homology. Elements of these
homology groups are represented by linear combinations of twisted chains c ⊗ e, where c is a path and e
is a horizontal section of Symk Kl2 that decays rapidly (resp. has moderate growth) on a neighborhood of
the support of c. These conditions ensure that de Rham (resp. compactly supported de Rham) cohomology
classes can be integrated along them, thus giving rise to a period pairing

Pmid
k : Hmid

1 (Gm,Symk Kl2)⊗ H1
dR,mid(Gm,Symk Kl2)→ C.

This middle homology comes with a natural Q-structure and, likewise to middle de Rham cohomology, a
perfect intersection pairing Bmid

k realizing the transpose of (1.2). By analyzing the asymptotic behaviors
of products of modified Bessel functions, we exhibit in Section 4 rapid decay homology classes αi for
0 ⩽ i ⩽ k ′ whose images in middle homology are nonzero for i ⩾ 1.

Relying on the general results from the companion paper [Fresán et al. 2023], in particular the
compatibility of the Betti and de Rham intersection pairings with the period pairing, we prove the
following theorem. For simplicity, we only state it here when k is not a multiple of 4, postponing the full
statements to Proposition 4.6, Theorems 3.17, 4.7, and 5.3, and Corollary 5.7.

Theorem 1.3. Assume k is not a multiple of 4:

(1) With respect to the basis {ωi }1⩽i⩽k′ , the matrix of the de Rham intersection pairing Smid
k is a lower-

right triangular matrix with coefficients in Q and (i, j) antidiagonal entries
( − 2)k

′ k ′
!

k!!
if k is odd,

(−1)k
′
+1

2k′

( j −i)
·
(k−1)!!
(k ′+1)!

if k is even.

(2) The middle homology classes {αi }1⩽i⩽k′ form a basis and the matrix of the Betti intersection pairing
Bmid

k on this basis is given by

Bmid
k =

(
(−1)k−i (k − i)!(k − j)!

k!

Bk−i− j+1

(k − i − j + 1)!

)
1⩽i, j⩽k′

,

where Bn denotes the n-th Bernoulli number.
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(3) With respect to the bases {αi }1⩽i⩽k′ and {ω j }1⩽ j⩽k′ , the matrix of the period pairing Pmid
k consists of

the Bessel moments

Pmid
k =

(
(−1)k−i 2k+1−2 j (π i)i

∫
∞

0
I0(t)i K0(t)k−i t2 j−1 dt

)
1⩽i, j⩽k′

.

(4) The following quadratic relations hold:

Pmid
k · (Smid

k )−1
·

tPmid
k = (−2π i)k+1Bmid

k .

Quadratic relations of the shape PBR
k ·DBR

k ·
tPBR

k = BBR
k were conjectured by Broadhurst and Roberts

[2018]. As we explain in Section 5.3, their matrices PBR
k and BBR

k coincide with ours up to different
normalizations, but we were unfortunately unable to prove that, again up to normalization, the inverse of
Smid

k satisfies the recursive formulas defining their matrix DBR
k . Nevertheless, we checked numerically that

both matrices agree for k ⩽ 22, which is the limit for reasonable computation time with Maple.
Grothendieck’s period conjecture predicts that the transcendence degree of the field of periods of Mk

agrees with the dimension of its motivic Galois group. Since the Betti intersection pairing is motivic, this
is a subgroup of the general orthogonal group GOk′ if k is odd and of the general symplectic group GSpk′

(resp. GSpk′−1) if k is even and not a multiple of 4 (resp. if k is a multiple of 4). Broadhurst and Roberts
conjecture that this inclusion is an equality, which would mean that for fixed k the quadratic relations
from Theorem 1.3 conjecturally exhaust all algebraic relations between the Bessel moments.

Finally, in Section 8 we make Deligne’s conjecture explicit for the critical values of Lk(s) by identifying
the periods that are expected to agree with them up to a rational factor with some determinants of Bessel
moments already considered by Broadhurst and Roberts. Prior to that, we identify in Section 7 the period
structure of the motive Mk with the period structure attached to the middle cohomology of Symk Kl2 by
means of Theorem 1.3. For that purpose, the appendix develops the necessary tools in a general setting of
exponential mixed Hodge structures, complementing thereby the appendix of [Fresán et al. 2022].

Notation 1.4. We refer the reader to [Fresán et al. 2023] for the general setting of de Rham cohomology
and twisted homology of vector bundles with connection, as well as the intersection forms and period
pairings on these spaces. Throughout this article, we use the following notation and conventions:

• Given an integer k ⩾ 1, we set

k ′
= ⌊(k − 1/2)⌋ (i.e., k = 2k ′

+ 1 for odd k and k = 2(k ′
+ 1) for even k).

• Since the case where k is a multiple of 4 plays a special role throughout, we use the simplified common
notation

[[1, k ′
]] =

{
{1, . . . , k ′

} if 4∤k,
{1, . . . , k ′

} \ {k/4} if 4 | k,

so that

#[[1, k ′
]] =

{
k ′ if 4∤k,
k ′

− 1 if 4 | k.
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We will consider square matrices indexed by i, j ∈ [[1, k ′
]] that, when k is a multiple of 4, are obtained

from a k ′
× k ′ matrix by deleting the row and column of index k/4.

• For integers m ⩽ 0, the factorial m! and double factorial m!! are given the value 1.

• For each integer n ⩾ 0, we denote by Bn the n-th Bernoulli number, i.e., the n-th coefficient of the
power series expansion

x
ex − 1

=

∞∑
n=0

Bn
xn

n!
.

• The base torus is denoted by Gm,z , and is regarded as included in the affine line with coordinate z. The
coordinate 1/z is denoted by w. We also consider the degree two morphism ρ2 : Gm,t → Gm,z which, at
the ring level, is defined by z 7→ t2/4.

2. Pairings on the Kl2 connection and its moments

In this section, we explain the algebraic duality pairing on Symk Kl2 that gives rise to the de Rham
intersection pairing. On the other hand, we endow the associated local system of flat sections Symk Kl∇2
with a Q-structure and a topological duality pairing that will give rise to the Betti intersection pairing.

2.1. The Kl2 connection. We first recall the definition of the Kl2 connection, referring the reader to
[Fresán et al. 2022, Section 4.1] for more details. We denote by Gm,x (resp. Gm,z) the torus Gm over the
complex numbers with coordinate x (resp. z), and we define f : Gm,x ×Gm,z → A1 as f (x, z)= x + z/x .

Let π : Gm,x × Gm,z → Gm,z denote the projection to the second factor and E f the rank-one vector
bundle with connection (OGm,x×Gm,z , d+ d f ) on Gm,x × Gm,z . We define Kl2 as the pushforward (in the
sense of D-modules) H 1π+E f : this is a free OGm-module of finite rank endowed with a connection
having a regular singularity at the origin and an irregular one at infinity. Since the varieties we work
with are all affine, it will be convenient to identify coherent sheaves with their global sections. To the
sheaf H 1π+E f is then associated the module H1 π+E f of global sections. Fixing the generator dx/x of
relative differentials and denoting by ∂x the partial derivative with respect to the variable x , we then have

Kl2 = H1 π+E f
= coker[C[x, x−1, z, z−1

]
x∂x+(x−z/x)

−−−−−−−→ C[x, x−1, z, z−1
]].

It follows that Kl2 is the free C[z, z−1
]-module generated by the class v0 of dx/x and the class v1 of dx .

The connection ∇ on Kl2 satisfies

z∇∂z (v0, v1)= (v0, v1) ·

(
0 z
1 0

)
,

so that v0 is a solution to the differential equation ((z∂z)
2
− z)v = 0.

Let j : Gm,x ↪→ P1 denote the inclusion. We write j† for the adjoint by duality of the pushforward j+,
and similarly for π . The same argument as in [Malgrange 1991, Appendix 2, Proposition (1.7) page 217]
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shows that the natural map ( j × Id)† E f
→ ( j × Id)+E f is an isomorphism. Projecting to Gm,z , we

deduce that

H1 π† E f
→ H1 π+E f (2.1)

is an isomorphism as well. Let us make this explicit. We set x ′
= 1/x . By an argument similar to that

of [Fresán et al. 2023, Corollary 3.5], we can represent an element of H1 π† E f as a pair (ψ̂, η dx/x)=

(ψ̂,−η dx ′/x ′), where

• η ∈ C[x, x−1, z, z−1
],

• ψ̂ = (ψ̂0, ψ̂∞), with

ψ̂0 ∈ C[z, z−1
][[x]][x−1

] and ψ̂∞ ∈ C[z, z−1
][[x ′

]][x ′−1
],

are such that the following holds:

(x∂x + (x − z/x))ψ̂0 = ι̂0η, (x ′∂x ′ + (zx ′
− 1/x ′))ψ̂∞ = −ι∞̂η. (2.2)

Here, ι̂0 : C[x, x−1, z, z−1
] ↪→ C[z, z−1

][[x]][x−1
] denotes the natural inclusion, and similarly for ι∞̂.

On these representatives, the natural morphism (2.1) is given by (ψ̂, η dx/x) 7→ η dx/x . Checking that
(2.1) is an isomorphism amounts to checking that, for any η as above, there exists a unique ψ̂ such
that the (2.2) hold. Setting ψ̂0 =

∑
n⩾n0

ψ0,n(z)xn and ψ̂∞ =
∑

n⩾n∞
ψ∞,n(z)x ′n , ι̂0η =

∑
n η0,nxn ,

ι∞̂η =
∑

n η∞,nx ′n , we determine ψ0,n(z) and ψ∞,n(z) inductively by

ψ0,n+1 = z−1(kψ0,n +ψ0,n−1 − η0,n), ψ∞,n+1 = nψ∞,n + zψ∞,n−1 + η∞,n, (2.3)

thus showing explicitly that (2.1) is an isomorphism.

Example 2.4. The element of H1 π† E f corresponding to v0 (resp. v1) is (ϕ̂, dx/x) (resp. (ψ̂, dx)), where
the elements ϕ̂ and ψ̂ determined by (2.3) satisfy (note that η = 1 resp. η = x = 1/x ′)

ϕ0,⩽0 = 0,
ϕ0,1 = −z−1,

ϕ∞,⩽0 = 0,
ϕ∞,1 = 1,


ψ0,⩽1 = 0,
ψ∞,<0 = 0,
ψ∞,0 = 1,
ψ∞,1 = 0.

2.2. Algebraic duality on Kl2 and its moments. Set

D = {0,∞} = P1
\ Gm.

Starting from the tautological pairing E f
⊗ E− f

→ (OGm,x×Gm,z , d), we deduce a natural pairing

⟨ · , · ⟩ : H1 π† E f
⊗ H1 π+E− f

→ H2 π†OGm,x×Gm,z
resD
∼

−−→ C[z±1
],

where the isomorphism resD stands for the residue along D as in [Fresán et al. 2023, Section 3.c] (see also
the proof of Lemma 2.5 below). Let ι : Gm,x ×Gm,z → Gm,x ×Gm,z denote the involution (x, z) 7→ (−x, z).
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Then ι+E− f
= E f , and this defines a canonical isomorphism µ : H1 π+E f

−→∼ H1 π+E− f since π ◦ι=π .
Let us set

(v−

0 , v
−

1 )= ι∗(v0, v1)= (dx/x,− dx),

that we consider as a basis of H1 π+E− f . Then the matrix of z∇∂z on H1 π+E− f is equal to
( 0

1
z
0

)
, and

the above isomorphism reads µ(v0, v1)= (v−

0 , v
−

1 ).

Lemma 2.5. The induced pairing

⟨ · , · ⟩alg : H1 π+E f
⊗ H1 π+E f

→ C[z±1
]

defined by ⟨ · , · ⟩alg = ⟨(2.1)−1
·, µ·⟩ satisfies

⟨v0, v0⟩alg = ⟨v1, v1⟩alg = 0, ⟨v0, v1⟩alg = −⟨v1, v0⟩alg = 1.

In other words, we get a skew-symmetric perfect pairing on Kl2:

⟨ · , · ⟩alg : (Kl2,∇)⊗ (Kl2,∇)→ (OGm, d), (2.6)

which amounts to a canonical isomorphism λalg : Kl2 → Kl∨2 with the dual connection endowed with the
dual basis (v∨

0 , v
∨

1), by setting

Kl2
λalg
−→ Kl∨2

(v0, v1) 7−→ (−v∨

1 , v
∨

0).

Proof. We compute with the notation of Example 2.4. We find, on the one hand,

⟨v0, v0⟩alg = ⟨(ϕ̂, v0), v
−

0 ⟩ = resD ϕ̂
dx
x

= ϕ0,0 −ϕ∞,0 = 0,

⟨v1, v1⟩alg = ⟨(ψ̂, v1), v
−

1 ⟩ = − resD ψ̂ dx = −ψ0,−1 +ψ∞,1 = 0,

and, on the other hand,

⟨v0, v1⟩alg = ⟨(ϕ̂, v0), v
−

1 ⟩ = − resD ϕ̂ dx = −ϕ0,−1 +ϕ∞,1 = 1,

⟨v1, v0⟩alg = ⟨(ψ̂, v1), v
−

0 ⟩ = resD ψ̂
dx
x

= ψ0,0 −ψ∞,0 = −1. □

For each k ⩾ 1, let Sk be the symmetric group acting on the tensor power Kl⊗k
2 by the natural

permutation action. Let Symk Kl2 be the symmetric power regarded as the Sk-invariant part of Kl⊗k
2 . We

consider the basis u = (ua)0⩽a⩽k of Symk Kl2 given by

ua = vk−a
0 va

1 =
1

|Sk |

∑
σ∈Sk

σ(v⊗k−a
0 ⊗ v⊗a

1 ),

in which the connection reads

z∂zua = (k − a)ua+1 + azua−1 (0 ⩽ a ⩽ k)
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with the convention uk+1 = 0. The pairing (2.6) extends to Symk Kl2, which is thus endowed with the
following (−1)k-symmetric pairing (compatible with the connection):

⟨ua, ub⟩alg =

{
(−1)a a!b!

k!
if a + b = k,

0 otherwise.
(2.7)

2.3. The Q-structure of Kl∇2 and its moments.

The Q-structure for a fixed nonzero z. We start by considering the Q-structure on the fiber of the sheaf
of analytic flat sections Kl∇2 at some z ∈ Gm,z . We consider the function fz : Gm,x → A1, defined as
fz(x)= x + z/x , where z is a fixed nonzero complex number, and E fz = (OGm,x , d+ d fz). Let P1

x be the
projective closure of Gm,x and let P̃1 be the real oriented blow-up along D ={0,∞}, which is topologically
a closed annulus. We denote by j̃ : Gan

m,x ↪→ P̃1 the inclusion of the open annulus into the closed one.
On P̃1, the de Rham complexes with rapid decay DRrd(E fz ) and with moderate growth DRmod(E fz ) have
cohomology in degree zero only (see [Fresán et al. 2023, Theorem 2.30]), and the natural morphism
DRrd(E fz ) → DRmod(E fz ) is a quasiisomorphism. Indeed, the function e− fz on Gan

m,x has moderate
growth near a point of the boundary ∂P̃1 if and only if it has rapid decay there. Above x = 0, this amounts
to arg x ∈ arg z + (−π/2, π/2) mod 2π . Above x = ∞, this amounts to arg x ∈ (−π/2, π/2) mod 2π .
We denote by P̃1

rd the open set which is the union of Gan
m,x and these two boundary open intervals, so that

we have natural open inclusions

Gan
m,x

az↪−→ P̃1
rd

bz↪−→ P̃1.

Then multiplication by e− fz yields an isomorphism of sheaves of C-vector spaces

bz,!az,∗CGan
m,x

−→∼ H 0 DRrd(E fz )= H 0 DRmod(E fz ). (2.8)

Definition 2.9. The Q-subsheaf H 0 DRrd(E fz )Q ⊂ H 0 DRrd(E fz ) is the image of bz,!az,∗QGan
m,x

under
the above isomorphism.

The Betti Q-structure on H1
dR(Gm,x , E fz ) (see [Fresán et al. 2023, Section 2.d]) is defined by means of

(2.8) as

H1
dR(Gm,x , E fz )Q = H1(P̃1, bz,!az,∗QGan

m,x
)= H1

c(P̃
1
rd, az,∗QGan

m,x
).

We denote by (recall that z ̸= 0 is fixed):

• cx
0 the unit circle in Gan

m,x starting at 1 and oriented counterclockwise.

• cx
z a smooth oriented path in Gan

m,x starting in a direction arg x contained in arg z + (−π/2, π/2)
mod 2π at x = 0, intersecting cx

0 transversally only once, so that the local intersection number
(Kronecker index) (cx

z , cx
0) is equal to one, and abutting to x = ∞ in a direction of arg x contained in

(−π/2, π/2) mod 2π . The precise choice of cx
z will be made later. We also consider the path c−x

z

obtained from cx
z by applying the involution ι : x 7→ −x .
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These paths define twisted cycles αx
z = −cx

z ⊗ e− fz and βx
z = cx

0 ⊗ e− fz in rapid decay homology
Hrd

1 (Gm,x , E fz ) (see e.g., [Fresán et al. 2023, Section 2.d]). Similarly, we set

(αx
z )

∨
= −c−x

z ⊗ e fz and (βx
z )

∨
= −cx

0 ⊗ e fz ,

which define twisted cycles in Hrd
1 (Gm,x , E− fz ). As for the de Rham cohomology, the involution ι induces

an isomorphism Hrd
1 (Gm,x , E fz )→ Hrd

1 (Gm,x , E− fz ) sending a rapid decay chain s 7→ a(s)⊗ e− fz to the
rapid decay chain s 7→ −a(s)⊗ e fz , and thus inducing the corresponding Betti intersection pairing

Hrd
1 (Gm,x , E fz )⊗ Hrd

1 (Gm,x , E fz )−→∼ Hrd
1 (Gm,x , E fz )⊗ Hrd

1 (Gm,x , E− fz )→ H0(Gm,x ,C)= C.

This pairing is easily computed and has matrix
( 0

1
1
0

)
, thus showing that (αx

z , β
x
z ) is a Q-basis of

Hrd
1 (Gm,x , E fz )Q.
For applying [Fresán et al. 2023, Proposition 2.23], we use the topological duality pairing ⟨ · , · ⟩top

on Hrd
1 (Gm,x , E fz ), which preserves the Q-structure since it is induced by Poincaré–Verdier duality. The

following relation holds; see [loc. cit., (3.10)]:

⟨ · , · ⟩top = 2π i⟨ · , · ⟩alg.

We let
(
v

∨,top
i =

1
2π iv

∨

i

)
denote the dual basis of (vi ) with respect to ⟨ · , · ⟩top.

Proposition 2.10. The Q-vector space H1
dR(Gm,x , E fz )Q is the Q-span of

e0 =

(
1

2π i

∫
cx

0

e− fz dx
)

· v0 −

(
1

2π i

∫
cx

0

e− fz
dx
x

)
· v1 and

e1 = −

(
1

2π i

∫
cx

z

e− fz dx
)

· v0 +

(
1

2π i

∫
cx

z

e− fz
dx
x

)
· v1.

Proof. From [loc. cit., Proposition 2.23], we deduce that H1
dR(Gm,x , E fz )Q is the Q-span of

Prd,mod
1 (βx

z ,v
∨,top
0 )v0+Prd,mod

1 (βx
z ,v

∨,top
1 )v1 and Prd,mod

1 (αx
z ,v

∨,top
0 )v0+Prd,mod

1 (αx
z ,v

∨,top
1 )v1, (2.11)

where Prd,mod
1 : Hrd

1 (Gm,x , E fz )⊗ H1
dR(Gm,x , E fz )→ C denotes the period pairing from [loc. cit., Sec-

tion 2.d]. We conclude with the identification

v
∨,top
0 =

1
2π i

v1 =
1

2π i
[dx] and v

∨,top
1 = −

1
2π i

v0 = −
1

2π i
[dx/x].

For example, the integral 1
2π i

∫
cx

0
e− fz dx is identified with the period

Prd,mod
1 (βx

z , v
∨,top
0 ). □



550 Javier Fresán, Claude Sabbah and Jeng-Daw Yu

The Q-structure on Kl∇2 . We first recall some basic properties of the modified Bessel functions of order
zero

I0(t)=
1

2π i

∮
exp

(
−

t
2

(
y +

1
y

))dy
y
,

K0(t)=
1
2

∫
∞

0
exp

(
−

t
2

(
y +

1
y

))dy
y

(|arg t |< π/2),
(2.12)

which are annihilated by the modified Bessel operator (t∂t)
2
− t2. The function I0(t) is entire and satisfies

I0(t)= I0(−t). The function K0(t) extends analytically to a multivalued function on C× satisfying the
rule K0(eπ it)= K0(t)−π iI0(t).

We have the following estimates as t → 0 in any bounded ramified sector, by taking the real determi-
nation of log(t/2) when t ∈ R>0

I0(t)= 1 + O(t2), K0(t)= −(γ + log(t/2))+ O(t2 log t),

where γ = 0.5772 . . . is the Euler constant. As a consequence, in such sectors,

I0(t)i K0(t)k−i
= (−1)k−i (γ + log(t/2))k−i

+ O(t2 logk−i t). (2.13)

On the other hand, we have the asymptotic expansions at infinity (see [Watson 1944, Section 7.23])

I0(t)∼ et 1
√

2π t

∞∑
n=0

((2n − 1)!!)2

23nn!

1
tn , |arg t |< π/2

K0(t)∼ e−t
√
π

2t

∞∑
n=0

(−1)n
((2n − 1)!!)2

23nn!

1
tn , |arg t |< 3π/2

I0(t)K0(t)∼
1
2t

∞∑
n=0

((2n − 1)!!)3

23nn!

1
t2n .

(2.14)

The latter is the unique formal solution in 1/t of the second symmetric power (t∂t)
3
− 4t2(t∂t)− 4t2 of

the modified Bessel operator up to a scalar. Let us also note that these asymptotic expansions can be
differentiated termwise. The Wronskian is given by I0(t)K ′

0(t)− I ′

0(t)K0(t)= −1/t .
We now assume that z varies in C \ R⩽0 and we choose a square root t/2 of z satisfying Re(t) > 0,

that is, arg t ∈ (−π/2, π/2) mod 2π . Due to formulas (2.11), since the integration paths can be made
to vary in a locally constant way, we conclude that e0, e1 are sections of Kl∇2 on this domain, and their
coefficients on the basis v0, v1 are holomorphic there. We will express them in terms of the modified
Bessel functions. We set x = (t/2)y. On the one hand, we have

1
2π i

∫
cx

0

e− fz dx
x

=
1

2π i

∫
(t/2)cy

0

exp
(
−

t
2

(
y +

1
y

))dy
y

=
1

2π i

∫
cy

0

exp
(
−

t
2

(
y +

1
y

))dy
y

= I0(t).



Quadratic relations between Bessel moments 551

On the other hand, we now regard y as varying in R>0 and set cx
z = (t/2)R>0, so that, for x ∈ cx

z , both
arg(z/x) and arg(x) belong to (−π/2, π/2) mod 2π . Then, similarly,

1
2π i

∫
cx

z

e− fz dx
x

=
1

2π i

∫
R>0

exp
(
−

t
2

(
y +

1
y

))dy
y

=
1
π i

K0(t).

By flatness of e0, e1, we obtain therefore

e0 = (t/2)I ′

0(t)v0 − I0(t)v1 and e1 =
1
π i
(−(t/2)K ′

0(t)v0 + K0(t)v1). (2.15)

The pairing ⟨ · , · ⟩top = 2π i⟨ · , · ⟩alg being flat, it induces a nondegenerate pairing on the constant sheaf
Kl∇2 |C\R⩽0 and we have there

⟨e0, e1⟩top = 2π i
(
(t/2)I ′

0(t) ·
1
π i

K0(t)− I0(t) · (t/2)
1
π i

K ′

0(t)
)

= t (I ′

0(t)K0(t)− I0(t)K ′

0(t))= 1,

according to the Wronskian relation. The other pairings are deduced from this one by skew-symmetry.
We also obtain

v0 = (2K0(t)e0 + 2π iI0(t)e1), v1 = t (K ′

0(t)e0 +π iI ′

0(t)e1). (2.16)

In order to cross the cut z ∈ R<0, we note that the coefficients of e0, regarded as functions of z ∈ C, are
entire, while those of e1 are multivalued holomorphic, and the monodromy operator T defined by analytic
continuation along the path θ 7→ eθ z (θ ∈ [0, 2π i]) acts on e1 as T (e1) = e1 + e0. This shows that the
Q-structure of Kl∇2 |C\R⩽0 extends to a Q-structure of Kl∇2 , which will be denoted by (Kl∇2 )Q. Moreover,

⟨ · , · ⟩top : (Kl∇2 )Q ⊗ (Kl∇2 )Q → Q

is a nondegenerate skew-symmetric pairing, and the multivalued flat sections e0 and e1 satisfy ⟨e0, e1⟩top =1.

The Q-structure on Symk Kl2. We naturally endow Symk Kl2 with the pairing

⟨ · , · ⟩top = (2π i)k⟨ · , · ⟩alg

and the Q-structure (Symk Kl2)∇Q = Symk((Kl∇2 )Q). The monomial sections

ek−a
0 ea

1 =
1

|Sk |

∑
σ∈Sk

σ(e⊗k−a
0 ⊗ e⊗a

1 ) (0 ⩽ a ⩽ k) (2.17)

form a basis of multivalued flat sections of the subsheaf (Symk Kl2)∇Q of (Kl⊗k
2 )∇

Q
and satisfy

⟨ek−a
0 ea

1, ek−b
0 eb

1⟩top =

{
(−1)a a!b!

k!
if a + b = k,

0 otherwise.
(2.18)

Lemma 2.19. The coefficients of the flat sections ek−a
0 ea

1 on the meromorphic basis (ub)b of Symk Kl2
have moderate growth at the origin. Moreover, they have moderate growth (resp. rapid decay) in a small
sector centered at infinity and containing R>0 if and only if a ⩽ k/2 (resp. a < k/2).
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Proof. Since I ′

0(t) (resp. K ′

0(t)) has an asymptotic expansion similar to that of I0(t) (resp. K0(t)) at the
origin and at infinity in the specified domains, the first statement follows from (2.15) and the definition
(2.12) of I0 and K0. Besides, the asymptotic expansion of I0 and K0 at infinity (2.14) implies the second
statement by calculating the power of et in the products of I0 and K0. □

3. de Rham pairing for Symk Kl2

The main result of this section is the computation of the matrices of the de Rham pairings

H1
dR,c(Gm,Symk Kl2)⊗ H1

dR(Gm,Symk Kl2)
S

−→ C

H1
dR,mid(Gm,Symk Kl2)⊗ H1

dR,mid(Gm,Symk Kl2)
Smid
−→ C

(3.1)

with respect to suitable bases, taking into account the self-duality pairing induced by (2.7). Since the latter
is (−1)k-symmetric, (3.1) is (−1)k+1-symmetric. We first make clear the bases in which we compute the
matrices.

3.1. Bases of the de Rham cohomology. Let

ι̂0 : Symk Kl2 → (Symk Kl2)̂0 and ι∞̂ : Symk Kl2 → (Symk Kl2)∞̂

denote the formalization of Symk Kl2 at zero and infinity respectively, and ∇̂ the induced connection. We
can represent elements of H1

dR,c(Gm,Symk Kl2) as pairs (m̂, η) as (see [Fresán et al. 2023, Corollary 3.5])

• m̂ = (m̂0, m̂∞) is a pair of formal germs in (Symk Kl2)̂0 ⊕ (Symk Kl2)∞̂,

• η belongs to 0(Gm, �
1
Gm

⊗ Symk Kl2),

such that, denoting by η̂ = (ι̂0η, ι∞̂η) the formal germ of η in

[�1
P1 ,̂0 ⊗ (Symk Kl2)̂0] ⊕ [�1

P1,∞̂
⊗ (Symk Kl2)∞̂],

m̂ and η are related by ∇̂m̂ = η̂.
We can regard H1

dR,mid(Gm,Symk Kl2) as the image of the natural morphism

H1
dR,c(Gm,Symk Kl2)→ H1

dR(Gm,Symk Kl2)

sending a pair (m̂, η) to η. Recall that H1
dR,mid(Gm,Symk Kl2) has dimension k ′ if k is not a multiple

of 4, and k ′
− 1 otherwise; see [Fresán et al. 2022, Proposition 4.12]. According to [Fresán et al. 2023,

Remark 3.6], there exists a basis of H1
dR,c(Gm,Symk Kl2) consisting of

• pairs (m̂i , 0)i where (m̂i )i is a basis of ker ∇̂ in (Symk Kl2)̂0 ⊕ (Symk Kl2)∞̂, and

• a set of pairs (m̂ j , η j ) j , of cardinality dim H1
dR,mid(Gm,Symk Kl2), related as above such that (η j ) j

are linearly independent in H1
dR(Gm,Symk Kl2).
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Furthermore, such a family (η j ) j is a basis of H1
dR,mid(Gm,Symk Kl2).

We set (recall that u0 = vk
0)

ωi = [zi u0 dz/z] ∈ H1
dR(Gm,Symk Kl2), 0 ⩽ i ⩽ k ′. (3.2)

It was proved in [Fresán et al. 2022, Proposition 4.14] that

Bk = {ωi | 0 ⩽ i ⩽ k ′
}

is a basis of H1
dR(Gm,Symk Kl2). This property also follows from the combination of Lemma 3.3,

Proposition 3.8, and Theorem 3.17 below (see Remark 3.22).
We first determine which linear combinations of elements of Bk belong to H1

dR,mid(Gm,Symk Kl2).
For each i = 0, . . . , k ′, we look for the existence of

m̂i = (m̂i,0, m̂i,∞) ∈ (Symk Kl2)̂0 ⊕ (Symk Kl2)∞̂

such that ∇̂m̂i = (ι̂0(ωi ), ι∞̂(ωi )).

Lemma 3.3 (solutions at z = 0). (1) The subspace ker ∇̂ ⊂ (Symk Kl2)̂0 has dimension one and a basis
is given by m̂0,0 = ek

0.

(2) There exists m̂i,0 if and only if i ⩾ 1 and, in such case, there exists a unique m̂i,0 belonging to
zC[[z]] · u.

In fact, for any j ⩾ 1, there exists a unique m̂ j,0 ∈ zC[[z]] · u with ∇̂m̂ j,0 = ι̂0(z
j u0 dz/z).

Proof. Set (V,∇) = (Symk Kl2,∇). We first claim that C[[z]] · u is equal to V̂0,0 (the 0-th step of the
formal Kashiwara–Malgrange filtration at the origin, similar to that considered in the proof of [Fresán
et al. 2023, Proposition 3.2]). Indeed, it is standard to show that there exists a formal (in fact convergent)
base change P(z)= Id +z P1 + · · · such that the matrix of ∇̂ in the basis u′

= u · P(z) is constant and
equal to a lower standard Jordan block with eigenvalue 0. It follows that u′ is a C[[z]]-basis of V̂0,0, and
the claim follows, as well as the first point of the lemma.

Let us consider the second point. Setting V̂0,−1 = zV̂0,0, we have recalled in [loc. cit.] that z∂z : V̂0,−1 →

V̂0,−1 is bijective. The “if” part and its supplement follow. It remains to check that ι̂0(u0 dz/z) does not
belong to the image of ∇̂. It amounts to the same to replace u0 with u′

0 defined above, and since u′

0 is the
primitive vector of the matrix of ∇̂, the assertion follows. □

We now look for the solutions of ∇̂m̂i,∞ = ι∞̂(ωi ) for i = 1, . . . , k ′. For this purpose, we introduce
the constants γk,i as follows. Let us assume that 4 | k. Recall that we have set w = 1/z on Gm. Write the
asymptotic expansion as

2k(I0(t)K0(t))k/2 ∼ wk/4
∞∑
j=0

γk,k/4+ jw
j , (3.4)

so that we can define γk,i by the residue

γk,i = resw=0
2k(I0(t)K0(t))k/2

wi+1 . (3.5)
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We have γk,i = 0 if i < k/4, γk,k/4 = 1, and γk,i > 0 for all i ∈ k/4 + N∗, e.g.,

γk,1+k/4 =
k
26 , γk,2+k/4 =

k(k + 52)
213 , γk,3+k/4 =

k(k2
+ 156k + 13184)

219 · 3
, . . . (3.6)

For what follows, it will be convenient to set

γk,i = 0 (i ∈ k/4 + Z) if 4∤k. (3.7)

Proposition 3.8 (solutions at z = ∞). Let us fix i ∈ {1, . . . , k ′
}:

(1) For 4∤k, the equation ∇̂m̂i,∞ = ι∞̂(ωi ) has a unique solution.

(2) For 4 | k and i ̸= k/4, the equation

∇̂m̂i,∞ = ι∞̂(ωi − γk,iωk/4)

has a solution (in fact a one-dimensional affine space of solutions) where γk,i is given by (3.5).
Moreover, the subspace ker ∇̂ ⊂ (Symk Kl2)∞̂ is generated by the formal expansion m̂k/4,∞ of
2k(π i)k/2(e0e1)

k/2.

In fact, for any j ⩾ 1, there exists m̂ j,∞ satisfying ∇̂m̂ j,∞ = ι∞̂(z j
− γk, j zk/4)u0 dz/z.

The second assertion of 3.8(2) is easy to check from the formal structure at infinity of Symk Kl2; see
[Fresán et al. 2022, Proposition 4.6(3)]. We set

m̂0 = (m̂0,0, 0) (i.e., m̂0,∞ = 0) for all k,

m̂k/4 = (0, m̂k/4,∞) (i.e., m̂k/4,0 = 0) if 4 | k,

and (see Notation 1.4)

ω′

i =

{
0 if i = 0 and i = k/4,
ωi − γk,iωk/4 if i ∈ [[1, k ′

]],
(3.9)

so that ω′

i = ωi if 4∤k and 1 ⩽ i ⩽ k ′, or if 4 | k and 1 ⩽ i < k/4. Once we know that Bk is a basis
of H1

dR(Gm,Symk Kl2), using the convention (3.7) we derive the following from [Fresán et al. 2023,
Remark 3.6(4)]:

Corollary 3.10. The following set of k ′
+ 1 elements

Bk,c = (m̂i , ω
′

i )0⩽i⩽k′ =

{
{(m̂0, 0), (m̂1, ω1), . . . , (m̂k′, ωk′) if 4 ∤k,
{(m̂0, 0), (m̂1, ω

′

1), . . . , (m̂k/4, 0), . . . , (m̂k′, ω′

k′) if 4 | k,

is a basis of H1
dR,c(Gm,Symk Kl2).

Let us consider the subset Bk,mid of the k ′ (resp. (k ′
−1)) dimensional subspace H1

dR,mid(Gm,Symk Kl2)
of H1

dR(Gm,Symk Kl2) if 4∤k (resp. if 4 | k):

Bk,mid =

{
{ωi | i ∈ [[1, k ′

]]} if 4∤k,
{ω′

i | i ∈ [[1, k ′
]]} if 4 | k.

Corollary 3.11. The set Bk,mid is a basis of H1
dR,mid(Gm,Symk Kl2).
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Remark 3.12. Part of this result can also be proved as a consequence of [Fresán et al. 2022, Proposi-
tion 4.21(2) and Theorem 1.8]. However, the present proof does not rely on Hodge theory.

Proof of Proposition 3.8. Recall that e0, e1 are defined by (2.15) and ωi by (3.2). Let us set ē1 = π ie1.
Then v0 = 2(K0e0 + I0ē1) and

ωi = −

k∑
a=0

(k
a

)2k I a
0 K k−a

0

wi ek−a
0 ēa

1
dw
w
.

We have to examine if there exist ξi,a in some extension of C((w)) such that

w∂wξi,a = −w−i (2k I a
0 K k−a

0 ) and
k∑

a=0

(k
a

)
ξi,aek−a

0 ēa
1 ∈ (Symk Kl2)∞̂ if 4∤k,

and a similar property in the case 4 | k. Then one takes

m̂i,∞ =

k∑
a=0

(k
a

)
ξi,aek−a

0 ēa
1 .

We write
2k I a

0 K k−a
0

wi ∼

{√
π

k−2ae−2(k−2a)/
√
wwk/4−i

· Fa a ̸= k/2,

wk/4−i
(∑

∞

n=0
((2n−1)!!)3

25nn!
wn
)k/2

a = k/2,

with Fa ∈ 1 +
√
wQ[[

√
w]]. When a ̸= k/2 there exists a unique ξi,a with the expansion

ξi,a ∼

√
π

k−2a

(k − 2a)
e−2(k−2a)/

√
wwk/4−i+1/2

· Gi,a (3.13)

for some Gi,a ∈ −1 +
√
wQ[[

√
w]]. Moreover, when expressed as a combination of monomials vk−b

0 vb
1 ,

such ξi,aek−a
0 ēa

1 has no exponential factor and, if σ denotes the action w1/4
7→ iw1/4 so that C((w)) =

C((w1/4))σ , one has σ(ξi,aek−a
0 ēa

1)= ξi,k−aea
0 ēk−a

1 . When 4 | (k + 2) and a = k/2, the exponents of w in
the expansion of 2kw−i−1 I a

0 K k−a
0 are in 1

2 + Z and one takes ξi,k/2 satisfying

ξi,k/2 ∼
wk/4−i

(k/4 − i)
· Gi

with Gi ∈ −1+wQ[[w]]. Then the factor ξi,k/2(e0ē1)
k/2 has no exponential part in its expression in terms

of v0, v1 and is invariant under σ . Finally, when 4 | k, k ⩾ 8 and a = k/2, the residue

γk,i = resw=0
2k I k/2

0 K k/2
0

wi+1 ,

vanishes if and only if i < k/4. Therefore, for i ⩾ k/4 there exists ξi,k/2 ∈ Q((w)) such that

w∂wξi,k/2 = −(w−i
− γk,iw

−k/4)(I0K0)
k/2 dw.

In this case, ξi,k/2(e0ē1)
k/2 has no exponential factor in combinations of v0, v1 and is invariant under σ .

The proof is complete. □
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Remark 3.14. In the case where 4 ∤k, the m̂i,∞ are uniquely determined since there is no horizontal
formal section at z = ∞. When 4 | k, the m̂i,∞ are unique up to adding a multiple of the formal horizontal
section m̂k/4,∞ defined in Proposition 3.8(2). To normalize the choice, we take the series ξi,k/2 above to
have no constant term. This normalization then fixes the computations of periods below.

3.2. Computation of the de Rham pairing. We aim at computing the matrix Smid
k of the pairing

H1
dR,mid(Gm,Symk Kl2)⊗ H1

dR,mid(Gm,Symk Kl2)→ C

induced by the self-duality pairing (2.7), with respect to the basis Bk,mid. By [Fresán et al. 2023,
Proposition 3.12], the matrix Smid

k is equal to the sum of the matrices having (i, j) entries respectively:

• If 4∤k and i, j = 1, . . . , k ′,

resz=0⟨m̂i,0, z j u0 dz/z⟩alg and − resw=0⟨m̂i,∞, w
− j u0 dw/w⟩alg.

• A similar formula following Proposition 3.8(2) if 4 | k.

For i ∈ {1, . . . , k ′
} we set

m̂i,∞ =

k∑
a=0

µa,i (w)ua, µa,i (w)=

∑
ℓ≫−∞

µa,i,ℓw
ℓ.

We can already note that, according to Lemma 3.3, ⟨m̂i,0, z j u0 dz/z⟩alg has no residue (and a similar
assertion if 4 | k) so Smid

k is determined by the residues at infinity. It follows from (2.7) that, if 4∤k,
we have

Smid
k;i, j = (−1)k+1µk,i, j , i, j = 1, . . . , k ′. (3.15)

If 4 | k, Smid
k is the (k ′

− 1)× (k ′
− 1)-matrix given by the formula

Smid
k;i, j = (−1)k+1

{
µk,i, j if i or j < k/4,
(µk,i, j − γk, jµk,i,k/4) if i and j > k/4,

i, j ∈ [[1, k ′
]]. (3.16)

In other words, in the matrix given by (3.15) we delete the row i = k/4 and the column j = k/4 and we
add to it the matrix having entry (i, j) equal to (−1)kγk, jµk,i,k/4 for i, j > k/4. According to [Fresán
et al. 2023, Corollary 3.14] and (2.7), the matrix Smid

k is (−1)k+1-symmetric.

Theorem 3.17. The matrix Smid
k is lower-right triangular (i.e., the entries (i, j) are zero if i + j ⩽ k ′) and

the antidiagonal entry on the i-th row is equal to( − 2)k
′ k ′

!

k!!
if k is odd,

(−1)k
′
+1

2k′

(k ′+1−2i)
·
(k−1)!!
(k ′+1)!

if k is even.
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Proof. We keep notation from the proof of Proposition 3.8. For odd k, the entries of Smid
k are

resw=0⟨m̂i,∞, ω j ⟩alg = −

k∑
a,b=0

(k
a

)(k
b

)
resw=0

〈
ξi,aek−a

0 ēa
1,

2k I b
0 K k−b

0

w j+1 ek−b
0 ēb

1 dw
〉

alg

= −
1
2k

k∑
a,b=0

(k
a

)(k
b

)
resw=0

〈
ξi,aek−a

0 ea
1,

2k I b
0 K k−b

0

w j+1 ek−b
0 eb

1 dw
〉

top

= −
1
2k

k∑
a=0

(−1)a
(k

a

)
resw=0

(
ξi,a

2k I k−a
0 K a

0

w j+1 dw
)

= −
1
2k

k∑
a=0

(−1)a
(k

a

)
k − 2a

resw=0(w
k′

−i− j Fk−aGi,a dw)

where Fk−a,−Gi,a ∈ 1 +
√
wQ[[

√
w]]. Clearly, the last residue vanishes if i + j ⩽ k ′. If i + j = k ′

+ 1,
we find

resw=0⟨m̂i,∞, ω j ⟩ = 2−k
k∑

a=0

(−1)a
(k

a

)
k − 2a

.

We conclude the case where k is odd with the next lemma.

Lemma 3.18. For any k ⩾ 1, we have

∑
0⩽a⩽k
a ̸=k/2

(−1)a
(k

a

)
k − 2a

=

{
2k(−2)k

′ k ′
!

k!!
if k is odd,

0 if k is even.

Proof. If k is even, replacing a with k − a in the sum shows that the sum is equal to its opposite, and
hence vanishes. We thus assume that k is odd and set

fk(x)=

k∑
a=0

(k
a

) xk−2a

k − 2a
.

Then fk(x)=
∫ x

1 (x + 1/x)k dx/x . Besides, one has

fk(x)=

∫ log x

0
(et

+ e−t)k dt = 2k
∫ log x

0
coshk t dt (x = et)

= 2k
[

sinh t coshk−1 t
k

∣∣∣∣
t=log x

+
k − 1

k

∫ log x

0
coshk−2 t dt

]
=

1
k

(
x −

1
x

)(
x +

1
x

)k−1

+ 4
k − 1

k
fk−2(x).

By evaluating fk(i) inductively, one obtains the desired equality. □
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Assume 4 | (k + 2), so that k/2 = k ′
+ 1 is odd. Then the entries of Smid

k are

resw=0⟨m̂i,∞,ω j ⟩

= −
1
2k

[ ∑
a ̸=k/2

(−1)a
(k

a

)
resw=0

(
ξi,a

2k I k−a
0 K a

0

w j+1 dw
)

−

( k
k/2

)
resw=0

(
ξi,k/2

2k(I0K0)
k/2

w j+1 dw
)]

= −
1
2k

[ ∑
a ̸=k/2

(−1)a
(k

a

)
(k−2a)

resw=0(w
k′

−i− j+1/2 Fk−aGi,a dw)−
2
( k

k/2

)
(k ′+1−2i)

resw=0(w
k′

−i− j FGi dw)
]
,

where

F(w)=

( ∞∑
n=0

((2n − 1)!!)3

25nn!
wn
)k/2

.

Again, the residue is zero if i + j ⩽ k ′. On the other hand, if i + j = k ′
+ 1, the first term in the above

expression is zero, according to the lemma above, and since F(0)= 1 and Gi (0)= −1, we have

resw=0⟨m̂i,∞, ω j ⟩ = −

( k
k/2

)
[2k−1(k ′

+ 1 − 2i)]−1.

The computation in the case where 4 | k is similar. □

Example 3.19 (k = 5). We have k ′
= 2 and

Smid
5 =

(
0 8/15

8/15 µ5,2,2

)
.

From the proof of the theorem above, one has

µ5,2,2 =
−1
25

5∑
a=0

(−1)a
(5

a

)
5 − 2a

resw=0

(
F5−aG2,a

dw
w2

)
.

A direct computation yields

−

5∑
a=0

(−1)a
(5

a

)
5 − 2a

F5−aG2,a ∼
256
15

+
29

· 13
33 · 55w mod w2Q[[w]].

Therefore,

Smid
5 =

(
0 8/15

8/15 24
· 13/33

· 53

)
.

Example 3.20 (k = 6). We have k ′
= 2 and i = 1, 2. Due to skew-symmetry, the antidiagonal entries are

enough to determine Smid
6 . Theorem 3.17 gives

Smid
6 =

(
0 −5/8

5/8 0

)
.

Corollary 3.21. The ordered basis Bk,mid of H1
dR,mid(Gm,Symk Kl2) is adapted to the Hodge filtration.
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Proof. For odd k, [Fresán et al. 2022, Proposition 4.21(2) and Theorem 1.8(1)] imply the claim. For
even k, [loc. cit.] only gives compatibility for half of the basis Bk,mid. However, since the Poincaré pairing
respects the Hodge filtration, compatibility holds for the whole Bk,mid by the above theorem. □

Remark 3.22 (the matrix Sk). The matrix of the pairing

Sk : H1
dR,c(Gm,Symk Kl2)⊗ H1

dR(Gm,Symk Kl2)→ C

in the basis Bk,c ⊗ Bk is obtained with similar residue formulas as for Smid
k , due to [Fresán et al. 2023,

Proposition 3.12]:

(1) If 4∤k,

Sk;i, j =

{
Smid

k;i, j if 1 ⩽ i, j ⩽ k ′,

0 if i = 0 and j = 1, . . . , k ′.

On the other hand, we have Sk;0,0 = resz=0⟨ek
0, u0 dz/z⟩alg = 1. Last, for i ⩾ 1, we use the expressions

(2.15) and obtain

Sk;i,0 = resw=0

〈
m̂i,∞, u0

dz
z

〉
alg

=

k∑
a=0

(k
a

)
resw=0

〈
ξi,aek−a

0 ēa
1, u0

dz
z

〉
alg

=

k∑
a=0

(k
a

)
resw=0

〈
ξi,a

[
t
2

I ′

0v0 − I0v1

]k−a[
−

t
2

K ′

0v0 + K0v1

]a

, u0
dz
z

〉
alg

=

k∑
a=0

(−1)a
(k

a

)
resw=0 ξi,a I k−a

0 K a
0

dz
z
.

Since

ξi,a I k−a
0 K a

0 ∼

{
1

2k(k−2a)w
(k+1)/2−i Gi,a a ̸= k/2,

1
2k(k/4−i)w

k/2−i Gi a = k/2

with Gi,a,Gi ∈ Q[[
√
w]], we conclude that Sk;i,0 = 0. In other words, Sk takes the form(

1 0
0 Smid

k

)
.

In particular, we get

det Sk = det Smid
k =

{
(−1)k

′(k′
+1)/2(2k′

k ′
!/k!!)k

′

if k is odd,
((k − 1)!!)k

′

/[(2k′

(k ′
+ 1)!)k

′

((k ′
− 1)!!)2] if 4 | (k + 2).

(2) If 4 | k, the matrix Sk is obtained from the matrix
( 1

0
0

Smid
k

)
by adding a row i = k/4 and a column

j = k/4 that we compute now. For the row i = k/4, we note that

⟨m̂k/4,∞, v
k
0⟩alg = 2k(I0K0)

k/2
= wk/4

∑
j⩾0

γk,k/4+ jw
j ,
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so that

Sk;k/4,k/4+ j =

{
0 if j < 0,
−γk,k/4+ j if j ⩾ 0.

For the column j = k/4, we compute as above that Sk;0,k/4 = 0 and, for i ⩾ 1 and ̸= k/4,

Sk;i,k/4 = resz=∞⟨m̂i,∞, ωk/4⟩alg.

In particular, by setting k ′′
= ⌊(k − 1/4)⌋ and recalling γk,k/4 = 1, we get

det Sk = − det Smid
k = −[2−k′

−1(k − 1)!!((k ′
+ 1)!)−1

]
k′

−1(k ′′
!)−2. (3.23)

4. Betti intersection pairing for Symk Kl2

In this section, we exhibit natural bases of the rapid decay, the moderate growth, and the middle homology
spaces denoted respectively by

Hrd
1 (Gm,Symk Kl2), Hmod

1 (Gm,Symk Kl2), and Hmid
1 (Gm,Symk Kl2).

We then compute the Betti pairing Bk as introduced in [Fresán et al. 2023, Section 2.d]. Bear in mind
that the notation there keeps track of the degree of the homology spaces; as this degree is always equal
to 1 here, we omit it, but we remember the exponent k of the symmetric power. We keep the setting of
Section 2.3. While we used ⟨ · , · ⟩alg on Symk Kl2 to compute the de Rham intersection matrix Sk , we will
use the topological pairing ⟨ · , · ⟩top on Symk Kl∇2 to compute the Betti pairing Bk , which is thus defined
over Q.

We consider the following C∞ chains on P1
z diffeomorphic to their images:

R+ = [0,∞], oriented from 0 to +∞,

c0 = unit circle, starting at 1 and oriented counterclockwise,

c+ = [1,∞], oriented from +1 to +∞.

According to Lemma 2.19, the ⌊k/2⌋ + 1 twisted chains

β j = R+ ⊗ e j
0ek− j

1 , 0 ⩽ j ⩽ ⌊k/2⌋,

have moderate growth and define ⌊k/2⌋ + 1 elements of Hmod
1 (Gm,Symk Kl2), still denoted by β j .

Besides, the twisted chain α0 = c0 ⊗ ek
0 is a twisted cycle with compact support, and hence has rapid

decay, since e0 is invariant by monodromy. We obtain other twisted chains with compact support as
follows. For each integer n ⩾ 1, let us set

Cn(a)=
(−1)a−1

na

(n
a

)
, 1 ⩽ a ⩽ n.
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Lemma 4.1. Let n ⩾ 1 be an integer:

(1) The sequence (Cn(a))a is the unique solution to the linear relations

n∑
a=1

Cn(a)a =
1
n

and
n∑

a=1

Cn(a)ar
= 0 if 2 ⩽ r ⩽ n.

(2) The sequence (Cn(a))a is the unique solution to the linear relations

n∑
a=1

Cn(a)an+1
= (−1)n−1(n − 1)! and

n∑
a=1

Cn(a)ar
= 0 if 2 ⩽ r ⩽ n.

Proof. Direct simplification of Cramer’s rule in solving the systems of linear equations. □

Lemma 4.2. For integers n ⩾ 1 and r ⩾ 0, one has

n+r∑
a=1

Cn+r (a)
a∑

b=1

bn
=


(−1)n
n+r Bn if r ⩾ 1,

(−1)n
n Bn + (−1)n−1 (n−1)!

n+1 if r = 0.

Proof. Replacing
∑a

b=1 bn with Bernoulli’s formula

a∑
b=1

bn
=

1
n + 1

n∑
ℓ=0

(−1)ℓ
(n+1
ℓ

)
Bℓan+1−ℓ, (4.3)

we can rewrite the left-hand side as

n+r∑
a=1

Cn+r (a)
a∑

b=1

bn
=

1
n + 1

n∑
ℓ=0

(−1)ℓ
(n+1
ℓ

)
Bℓ

n+r∑
a=1

Cn+r (a)an+1−ℓ.

Then Lemma 4.1(1) gives the assertion for r ⩾ 1 and, for r = 0, we use Lemma 4.1(2) instead. □

Since T ae1 = e1 +ae0 for all a ⩾ 1, it follows from Lemma 4.1(1) that, for each 1 ⩽ i ⩽ k, the twisted
chain with compact support

k−i+1∑
a=1

Ck−i+1(a)ca
0 ⊗ ei−1

0 ek−i+1
1

has boundary {1}⊗ ei
0ek−i

1 . As a consequence, the following (k ′
+ 1) twisted chains are twisted cycles,

whose classes are elements in Hrd
1 (Gm,Symk Kl2):{

α0 = c0 ⊗ ek
0

αi = −
(−1)k−i (k−i)!

k−i+2 α0 + c+ ⊗ ei
0ek−i

1 +
∑k−i+1

a=1 Ck−i+1(a)ca
0 ⊗ ei−1

0 ek−i+1
1 (1 ⩽ i ⩽ k ′).

(4.4)

The natural map

Hrd
1 (Gm,Symk Kl2)→ Hmod

1 (Gm,Symk Kl2)
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is given on these twisted cycles by

αi 7→

{
0 if i = 0,
βi if 1 ⩽ i ⩽ k ′

(4.5)

by shrinking the circle c0 and extending the half-line c+.

Proposition 4.6. If 0 ⩽ j ⩽ ⌊k/2⌋, we have Bk(α0, β j )= −δ0, j and, if 1 ⩽ i ⩽ k ′,

Bk(αi , β j )= (−1)k−i (k − i)!(k − j)!
k!

Bk−i− j+1

(k − i − j + 1)!
.

With a small abuse of notation, we also denote by Bk the matrix (Bk;i, j )1⩽i, j,⩽k′ with

Bk;i, j = Bk(αi , β j ).

Proof. For the first assertion, since the intersection index (c0,R+) is equal to −1, we have by (2.18)

Bk(α0, β j )=

{
−⟨ek

0, e j
0ek− j

1 ⟩top = 0 if j ̸= 0,
−⟨ek

0, ek
1⟩top = −1 if j = 0.

Let us compute Bk(αi , β j ) if 1 ⩽ i ⩽ k ′ and 0 ⩽ j ⩽ ⌊k/2⌋. Fix some θo ∈ (0, π) and let xo = exp(iθo).
To achieve the computation, we move the ray c+ by adding the scalar (xo − 1) and let the circle c0 start
at xo. Then the component ca

0 ⊗ ei−1
0 ek−i+1

1 in the deformed αi meets β j physically a times at the same
point 1 ∈ C× with intersection index −1. At the b-th intersection (1 ⩽ b ⩽ a), the factor ei−1

0 ek−i+1
1

becomes ei−1
0 (e1 + be0)

k−i+1 and (2.18) gives

⟨ei−1
0 (e1 + be0)

k−i+1, e j
0ek− j

1 ⟩top = (−1) j
(k− j +1

j

)(k
j

)−1
bk−i− j+1.

For j ⩾ 1, since Bk(α0, β j ) = 0, we obtain, by adding these contributions and taking into account the
intersection indices,

Bk(αi , β j )= (−1) j+1
(k−i +1

j

)(k
j

)−1 k−i+1∑
a=1

Ck−i+1(a)
a∑

b=1

bk−i− j+1.

The asserted equality follows by applying Lemma 4.2 with r ⩾ 1.
If j = 0, then Bk(αi , β j ) writes

(−1)k−i (k − i)!
k − i + 2

−

k−i+1∑
a=1

Ck−i+1(a)
a∑

b=1

bk−i+1
= (−1)k−i Bk−i+1

k − i + 1
,

after Lemma 4.2 with r = 0. □

Theorem 4.7. (1) The family (αi )0⩽i⩽k′ is a basis of Hrd
1 (Gm,Symk Kl2).

(2) The family (β j ) with 0⩽ j ⩽ k ′ (resp. with 0⩽ j ⩽ k ′
+1 and j ̸=1) is a basis of Hmod

1 (Gm,Symk Kl2)
if 4∤k (resp. if 4 | k).

(3) The family (β j ) with 1⩽ j ⩽ k ′ (resp. with 2⩽ j ⩽ k ′) is a basis of Hmid
1 (Gm,Symk Kl2) if 4∤k (resp.

if 4 | k).
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Notation 4.8. If 4 | k, we shift the indices of the bases α and β as follows:

for i ∈ [[1, k ′
]], α′

i =

{
αi+1 if i < k/4,
αi if i > k/4,

and similarly for β ′. We set Bmid
k = (Bmid

k;i, j )i, j∈[[1,k′]] with

Bmid
k;i, j =

{
Bk(αi , β j ) if 4∤k,
Bk(α

′

i , β
′

j ) if 4 | k.

In particular, Bmid
k = Bk if 4∤k. Theorem 4.7(3) implies that Bmid

k is an invertible matrix.

Theorem 4.7 is a straightforward consequence of Propositions 4.6 and 4.9 below.

Proposition 4.9. (1) Let Bk denote the matrix of size k ′ having entries Bk(αi , β j ) with

• 1 ⩽ i, j ⩽ k ′ if 4 ∤k,
• 1 ⩽ i ⩽ k ′ and 2 ⩽ j ⩽ k/2 if 4 | k.

Then

det Bk =


[
k!
∏k′

a=1
(k

a

)]−1 if k is odd,[
k!(k ′

+ 1)
∏k′

a=1
(k

a

)]−1 if 4 | (k + 2),[
k!
∏k′

a=2
(k

a

)]−1 if 4 | k.

(2) If 4 | k, let B ′

k denote the matrix of size k ′
− 1 having entries Bk(αi , β j ) with 2 ⩽ i, j ⩽ k ′. Then

det B ′

k =

[
k
4
(k ′

!)2
k′∏

a=2

(k
a

)]−1

.

(Note that Bmid
k = Bk if 4∤k and Bmid

k = B ′

k if 4 | k).

Some determinants of Bernoulli numbers. We will make use of the following lemma:

Lemma 4.10. The following identities hold:

det
(

Bi+ j

(i + j)!

)
1⩽i, j⩽n

=
(−1)n(n−1)/2(2n + 1)!!

2n(n+1)[3!!5!! · · · (2n + 1)!!]2 . (4.11)

det
(

Bi+ j+1

(i + j + 1)!

)
1⩽i, j⩽n

=

{
(−1)n/2

2n(n+2)[3!!5!! · · · (2n+1)!!]2 if n is even,

0 if n is odd.
(4.12)

Proof. We follow the principle in [Krattenthaler 2005, Section 5.4]. Recall that, for each n ⩾ 0, the
Lommel polynomials hn,ν(x) satisfy

Jν+n(z)= hn,ν(z−1)Jν(z)− hn−1,ν+1(z−1)Jν−1(z),

where Jν(z) is the Bessel function of the first kind of order ν. Let

fn(x)=
1

(2n + 1)!!
hn,1/2(x) ∈ Q[x] (n ⩾ 0).
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The following hold:

• fn(x) is monic of degree n with f0(x)= 1, f1(x)= x , and { fn(x)} satisfies the recursive relation

fn+1(x)= x fn(x)− bn fn−1(x), bn =
1

(2n + 1)(2n + 3)
, n ⩾ 1.

• { fn(x)} forms an orthogonal family with respect to the linear functional

L( f (x))=

∞∑
m=1

1
(mπ)2

( f (1/mπ)+ f (−1/mπ)).

For the above; see [Koelink and Van Assche 1995, Section 1]. We have the moments µr = L(xr ) of the
linear functional

µr =
1

πr+2

∞∑
m=1

1
mr+2 +

1
(−m)r+2 =

(−1)r/22r+2Br+2

(r + 2)!
⩾ 0, r ⩾ 0

(in particular, µ0 =
1
3 ). With these data and by applying [Krattenthaler 2005, Theorem 29], one readily

obtains

det(µi+ j )0⩽i, j⩽n−1=
(2n+1)!!

[3!!5!! · · ·(2n+1)!!]2 , det(µi+ j+1)0⩽i, j⩽n−1=

{
(−1)n/2

[3!!5!! · · ·(2n+1)!!]2 if n is even,

0 if n is odd.

The asserted formulas follow immediately by a simple matrix manipulation. □

Remark 4.13. Let

2n =

(
B2a+2b−2

(2a + 2b − 2)!

)
1⩽a,b⩽n

, 2′

n =

(
B2a+2b

(2a + 2b)!

)
1⩽a,b⩽n

.

By rearranging columns and rows, one has(
Bi+ j

(i + j)!

)
1⩽i, j⩽n

∼

{
2n/2 ⊕2′

n/2 if n is even,
2n+1/2 ⊕2′

(n−1/2) if n is odd,(
Bi+ j+1

(i + j + 1)!

)
1⩽i, j⩽n

∼

{(
0

2′

n/2

2′

n/2
0

)
if n is even,

singular if n is odd.

Therefore, (4.11) inductively implies the equalities

det2n =
1

22n23!!5!! · · · (4n − 1)!!
, det2′

n =
(−1)n

22n(n+1)3!!5!! · · · (4n + 1)!!

and (4.12) is a consequence of (4.11). The evaluation of a variant of det2n is also considered in [Zhang
and Chen 2014, Corollary 2], although their formula does not seem to be correct. Both this approach and
that of [loc. cit.] use the orthogonal family of Lommel polynomials.
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Proof of Proposition 4.9. Let 1n = (δn+1(i + j))1⩽i, j⩽n . For integers m, n with m ⩾ n ⩾ 0, let

D±

m,n = diag((±1)mm!, (±1)m−1(m − 1)!, . . . , (±1)nn!).

(1) For k odd, we have

Bk =
1
k!

D−

k−1,k′+11k′

(
Bi+ j

(i + j)!

)
1⩽i, j⩽k′

1k′ D+

k−1,k′+1

and by (4.11), one obtains

det Bk =
k!!

2k′(k′+1)(k!)k
′

k′∏
a=1

[
(k ′

+ a)!
(2a + 1)!!

]2

=

[
k!

k′∏
a=1

(k
a

)]−1

.

For 4 | (k + 2), we have

Bk =
1
k!

D−

k−1,k′+21k′

(
Bi+ j+1

(i + j + 1)!

)
1⩽i, j⩽k′

1k′ D+

k−1,k′+2

and

det Bk =
1

2k′(k′+2)(k!)k
′

k′∏
a=1

[
(k ′

+ 1 + a)!
(2a + 1)!!

]2

=

[
k!(k ′

+ 1)
k′∏

a=2

(k
a

)]−1

by (4.12).
For 4 | k, we have

Bk =
1
k!

D−

k−2,k′+11k′

(
Bi+ j

(i + j)!

)
1⩽i, j⩽k′

1k′ D+

k−1,k′+2

and

det Bk =
(k − 1)!(k − 1)!!

2k′(k′+1)(k!)k
′

(k ′ + 1)!

k′∏
a=1

[
(k ′

+ a)!
(2a + 1)!!

]2

=

[
k!

k′∏
a=2

(k
a

)]−1

.

(2) We have

B ′

k =
1
k!

D−

k−2,k′+21k′−1

(
Bi+ j+1

(i + j + 1)!

)
1⩽i, j⩽k′−1

1k′−1 D+

k−2,k′+2,

and

det B ′

k =
1

2k′2−1(k!)k
′−1

k′
−1∏

a=1

[
(k ′

+ 1 + a)!
(2a + 1)!!

]2

=

[
k
4
(k ′

!)2
k′∏

a=2

(k
a

)]−1

. □

5. Quadratic relations between periods and Bessel moments

In this section, we express the period pairing between rapid decay homology and de Rham cohomology
of Symk Kl2 in terms of Bessel moments and we obtain quadratic relations between them by specializing
to our setting the general results from [Fresán et al. 2023].
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5.1. Quadratic relations between periods. We use the topological pairing ⟨ · , · ⟩top on Kl2, which is
compatible with the Q-structure of Kl∇2 from Section 2.3. Recall that the induced pairing ⟨ · , · ⟩top on
Symk Kl2 is (−1)k-symmetric. The period pairing Prd,mod

1 was defined in [Fresán et al. 2023], where the
index 1 referred to the degree of rapid decay homology and moderate growth de Rham cohomology. Here
we denote it by Prd,mod

k , in order to emphasize that we are dealing with the k-th symmetric power and since
there are no other nontrivial (co)homological degrees at play. Recall the de Rham cohomology classes ωi

from (3.2) and the rapid decay cycles αi from (4.4). Since (αi )0⩽i⩽k′ is a basis of Hrd
1 (Gm,Symk Kl2) by

Theorem 4.7(1) and (ωi )0⩽i⩽k′ is a basis of H1
dR(Gm,Symk Kl2) by [Fresán et al. 2022, Proposition 4.14],

we deduce from the perfectness of the pairing Prd,mod
k (see [Fresán et al. 2023, Corollary 2.11]) that the

(k ′
+ 1)× (k ′

+ 1) period matrix (Prd,mod
k;i, j )0⩽i, j⩽k′ defined by

Prd,mod
k;i, j = Prd,mod

k (αi , ω j )

is invertible. Thanks to the identity (2.16) relating v0 to e0 and the change of variables t = 2
√

z, the first
row of this matrix reads

Prd,mod
k (α0, ω j )=

∫
c0

⟨ek
0, v

k
0⟩topz j dz

z
=

∫
c0

(2π i)k I0(2
√

z)kz j dz
z

= (2π i)k+1δ0, j , (5.1)

from which we immediately derive:

Proposition 5.2. The k ′
× k ′ period matrix Pk = (Prd,mod

k;i, j )1⩽i, j⩽k′ is invertible. □

The pure part of the pairing Prd,mod
k arises from the pairing between middle homology and middle

de Rham cohomology. According to (4.5) and Theorem 4.7(3), the elements (αi )i∈[[1,k′]] map to a basis
of Hmid

1 (Gm,Symk Kl2) whenever 4∤k. If 4 | k, we instead consider the images of the shifted elements
(α′

i )i∈[[1,k′]], as introduced in Notation 4.8. Regarding H1
dR,mid(Gm,Symk Kl2), Corollary 3.11 gives the

basis (ωi )i∈[[1,k′]] (resp. (ω′

i )i∈[[1,k′]]) if 4∤k (resp. if 4 | k), where ω′

i is modified as in (3.9). With this
notation, the middle period matrix is defined as follows:

Pmid
k = (Pmid

k;i, j )i, j∈[[1,k′]] =

{
(Prd,mod

k (αi , ω j ))i, j∈[[1,k′]] if 4∤k,
(Prd,mod

k (α′

i , ω
′

j ))i, j∈[[1,k′]] if 4 | k.

In particular, Pmid
k = Pk if 4∤k.

Recall the matrices Smid
k from Section 3.2 and Bmid

k from Notation 4.8. In the current setting, the general
method to express middle quadratic relations explained in [Fresán et al. 2023, Section 3.f], namely (3.21)
therein yields the following result:

Theorem 5.3 (middle quadratic relations for Symk Kl2). The middle periods of Symk Kl2 satisfy the
following quadratic relations:

(−2π i)k+1Bmid
k = Pmid

k · (Smid
k )−1

·
tPmid

k .

In particular, the matrix Pmid
k is invertible. □
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5.2. Bessel moments as periods. We consider the power moments of the modified Bessel functions I0

and K0 defined by

BMk(i, j)= (−1)k−i 2k− j (π i)i
∫

∞

0
I0(t)i K0(t)k−i t j dt,

where the indices i and j are subject to the constraints

0 ⩽ i ⩽ k ′ and j ⩾ 0 or, if k is even, i =
k
2 and 0 ⩽ j ⩽ k ′

− 1.

For this range of indices, it results from the asymptotic expansion at infinity (2.14) that the improper
integral BMk(i, j) converges. In what follows, such moments will occur only for odd j .

Proposition 5.4. For all 1 ⩽ i, j ⩽ k ′, the following equality holds:

Prd,mod
k;i, j = BMk(i, 2 j − 1).

Proof. In view of the definition (4.4) of the twisted cycles αi , we need to compute the integrals along ca
0

of ⟨ea−1
0 ek−a+1

1 , vk
0⟩topz j dz/z for a = 1, . . . , k − i +1 and the integral along c+ of ⟨ei

0ek−i
1 , vk

0⟩topz j dz/z.
Let us first remark that, for ε ∈ (0, 1], we can replace c0 and c+ with the scalings c0,ε and c+,ε by ε

defined with the base point ε instead of 1, leading to a twisted cycle αi,ε equivalent to αi (1 ⩽ i ⩽ k ′). We
will show

lim
ε→0

∫
ca

0,ε

⟨ea−1
0 ek−a+1

1 , vk
0⟩topz j dz

z
= 0, a = 1, . . . , k − i + 1, (5.5)

lim
ε→0

∫
c+,ε

⟨ei
0ek−i

1 , vk
0⟩topz j dz

z
= BMk(i, 2 j − 1) for 1 ⩽ i, j ⩽ k ′. (5.6)

We first show that the limits (5.5) are zero. According to (2.18), we only need to compute the coefficient
of vk

0 in ek−a+1
0 ea−1

1 , which is equal to I a−1
0 K k−a+1

0 up to a constant (see (2.16)). It remains to check that∫ aπ i

arg t=0
I0(t)a−1K0(t)k−a+1t2 j−1 dt → 0 when |t | = 2

√
ε and ε→ 0.

We can use the estimate (2.13) to compute the integral, and the assumption j ⩾ 1 implies that the absolute
value of the integral tends to zero with ε.

For (5.6), recall that the coefficient of vk
0 in ek−i

0 ei
1 is equal to 2k(π i)i

(k
i

)
I i
0 K k−i

0 , and thus (see (2.18))

⟨ei
0ek−i

1 , vk
0⟩top = (−1)k−i

(k
i

)−1
2k(π i)i

(k
i

)
I i
0 K k−i

0 = (−1)k−i 2k(π i)i I i
0 K k−i

0 .

The assertion (5.6) then follows from the relation z j dz/z = 2−2 j+1t2 j−1 dt . □

Corollary 5.7. The matrix Pmid
k satisfies, for i, j ∈ [[1, k ′

]],

Pmid
k;i, j =


BMk(i, 2 j − 1) if 4∤k,
BMk(i + 1, 2 j − 1)− γk, j BMk(i + 1, k ′) if 4 | k and i < k/4,
BMk(i, 2 j − 1)− γk, j BMk(i, k ′) if 4 | k and i > k/4.
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Example 5.8. Consider the case k =8. Taking the determinant of the quadratic relations from Theorem 5.3
and using the computation (3.23) and Proposition 4.9(2) yield

(detPmid
8 )2 = (2π i)18 detBmid

8 det Smid
8 =

−52π18

2432 .

On the other hand, by Corollary 5.7 and the equalities γ8,1 = 0 and γ8,3 =
1
8 from (3.6), we explicitly have

Pmid
8 =

(
(π i)2

−(π i)3

)
A
(

27

22

)
,

with

A =

∫
∞

0

(
I0(t)2K0(t)6t 2I0(t)2K0(t)6t5

− I0(t)2K0(t)6t3

I0(t)3K0(t)5t 2I0(t)3K0(t)5t5
− I0(t)3K0(t)5t3

)
dt.

One can check numerically that det A is positive, and hence det A = 5π4/(211
· 3). Using the linear

relations BMc
8(1, r)+ BMc

8(3, r)= 0 from Corollary 6.12 below for r = 1, 5, this verifies the numerical
evaluation made in [Broadhurst and Roberts 2018, (2.5)].

5.3. Relation to the conjecture of Broadhurst and Roberts. Broadhurst and Roberts [2018, Section 5]
use different normalizations to state their conjectural quadratic relations. Instead of the above matrices
Bk and Pk , they consider matrices that we shall denote by BBR

k and PBR
k (the notation BN and FN is used

in [loc. cit.], the index k being occupied by what is k ′ here). To compare their matrices with ours, we
introduce auxiliary square matrices

Uk′ = antidiag(1, . . . , 1), Rk′ = antidiag(i, i2, . . . , ik
′

), Tk′ = diag(−4, (−4)2, . . . , (−4)k
′

)

of size k ′, where the antidiagonal entries are listed down from the top corner. By Propositions 4.6 and 5.4,
the matrices BBR

k and PBR
k relate to ours as

Uk′BBR
k Uk′ =

k!

2k+1 (i
(k+i+ j−1)

·Bk;i, j )1⩽i, j⩽k′ and Uk′PBR
k =

1
(−2

√
π)k+1 · ((−4) j iiPrd,mod

k;i, j )1⩽i, j⩽k′,

whence the identities

BBR
k = −

i(k+1)k!

2k+1
tRk′ ·Bk ·Rk′ and PBR

k =
1

(−2
√
π)k+1

tRk′ ·Pk ·Tk′ . (5.9)

Besides, Broadhurst and Roberts [2018, page 7] define matrices DBR
k = (DBR

k;i, j )1⩽i, j⩽k′ with rational
coefficients and conjecture that, for all integers k ⩾ 1, the quadratic relation

PBR
k ·DBR

k ·
tPBR

k = BBR
k .

holds. In the direction of this conjecture, we obtain:

Corollary 5.10. If 4∤k, then the matrix Dk defined as

Dk = (−1)kk!(Tk′ · Smid
k ·Tk′)−1
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satisfies

PBR
k ·Dk ·

tPBR
k = BBR

k .

Proof. Under the assumption on k, we have Pk = Pmid
k and Bk = Bmid

k . The statement then follows from
the quadratic relations of Theorem 5.3 and the equalities (5.9). □

If 4 | k, we set

B′BR
k = −

i−(k+1)k!

2k+1 R′

k′ ·Bmid
k ·R′

k′ and P′BR
k =

1
(−2

√
π)k+1R

′

k′ ·Pmid
k ·T′

k′,

where we denote by R′

k′ (resp. T′

k′) the matrix obtained from Rk′ (resp. Tk′) by deleting the row and
the column of index k/4, that we consider as indexed by [[1, k ′

]]
2. We define the matrix D′

k indexed by
[[1, k ′

]]
2 so that it satisfies the relation (see (3.16))

D′

k = (−1)kk!(T′

k′ · Smid
k ·T′

k′)
−1.

Corollary 5.11. If 4 | k, then the matrix D′

k satisfies

P′BR
k ·D′

k ·
tP′BR

k = B′BR
k .

Remark 5.12. Numerical computations show that, for all integers k ⩽ 22 that are not multiples of 4, the
equality Dk =DBR

k holds. On the other hand, for k = 8, 12, 16, 20, the matrix D′

k coincides with the matrix
D′BR

k obtained from DBR
k by deleting the row and the column of index k/4. These computations also seem

to suggest that k!(Smid
k )−1 has integral coefficients. Is it true for all k?

6. The full period matrices

In Theorem 5.3, we emphasized quadratic relations for the middle periods to make the link with the
conjecture of Broadhurst and Roberts. However, quadratic relations hold between the rapid-decay versus
moderate periods

Prd,mod
k : Hrd

1 (Gm,Symk Kl2)⊗ H1
dR(Gm,Symk Kl2)→ C

and the moderate versus rapid-decay periods

Pmod,rd
k : Hmod

1 (Gm,Symk Kl2)⊗ H1
dR,c(Gm,Symk Kl2)→ C.

Namely, it follows from [Fresán et al. 2023, Remark 2.15] that

(−2π i)k+1Brd,mod
k = Prd,mod

k · (Sk)
−1

·
tPmod,rd

k ,

where Brd,mod
k and Sk stand for the complete Betti and de Rham intersection pairings. In this section, we

consider the bases Bk,c,Bk and (αi )i , (βi )i as defined in Section 3.1 and Theorem 4.7, and we compute
the entries of the matrices of Prd,mod

k and Pmod,rd
k which do not appear in Pmid

k .
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6.1. The complete period matrix Prd,mod. In order to finish the computation of the complete period
matrix (Prd,mod

k;i, j )0⩽i, j⩽k′ , we are left, according to (5.1) and Proposition 5.4, with computing the terms
Prd,mod

k;i,0 for i = 1, . . . , k ′. In such a range, we consider regularized Bessel moments defined as follows,
according to the expansions (2.13) and (2.14).

Definition 6.1 (regularized Bessel moments). For all i such that 0 ⩽ i ⩽ k ′, the functions

Gk,i (ε)=

∫
∞

ε

I0(t)i K0(t)k−i dt
t

+
(−1)k−i

k − i + 1
(γ + log(ε/2))k−i+1

are holomorphic on small sectors containing ε ∈ R>0 and have finite limit as ε→ 0+. The regularized
Bessel moments are defined as

BMreg
k (i,−1)= (−1)k−i 2k+1(π i)i lim

ε→0+

Gk,i (ε).

Proposition 6.2. We have

Prd,mod
k (αi , ω0)= BMreg

k (i,−1), for 1 ⩽ i ⩽ k ′.

Proof. We argue as for (5.5) and (5.6). If 1 ⩽ i ⩽ k ′, let

P′

k(αi , ω0)= Prd,mod
k

(
αi +

(−1)k−i (k − i)!
k − i + 2

α0, ω0

)
,

so that

Prd,mod
k (αi , ω0)= P′

k(αi , ω0)−
(−1)k−i (k − i)!

k − i + 2
Prd,mod(α0, ω0). (6.3)

On the one hand, by scaling the chains c+ and c0 by ε ∈ R>0 and letting ε′
= 2

√
ε, we find

P′

k(αi , ω0)=

∫
c+,ε

⟨ei
0ek−i

1 , vk
0⟩top

dz
z

+

k−i+1∑
a=1

Ck−i+1(a)
∫

ca
0,ε

⟨ei−1
0 ek−i+1

1 , vk
0⟩top

dz
z

= (−1)k−i 2k(π i)i
∫

∞

ε

I0(2
√

z))i K0(2
√

z)k−i dz
z

+ (−1)k−i+12k(π i)i−1
k−i+1∑

a=1

Ck−i+1(a)
∫

ca
0,ε

I0(2
√

z))i−1K0(2
√

z)k−i+1 dz
z

= (−1)k−i 2k+1(π i)i
∫

∞

ε′
I0(t)i K0(t)k−i dt

t

+ (−1)k−i+12k+1(π i)i−1
k−i+1∑

a=1

Ck−i+1(a)
∫

ca/2
0,ε′

I0(t)i−1K0(t)k−i+1 dt
t

= (−1)k−i 2k+1(π i)i
∫

∞

ε′
I0(t)i K0(t)k−i dt

t

+ 2k+1(π i)i−1
k−i+1∑

a=1

Ck−i+1(a)
∫

ca/2
0,ε′

[(γ + log(t/2))k−i+1
+ O(t2 logk−i+1 t)]

dt
t
.
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Lemma 4.1 yields

k−i+1∑
a=1

Ck−i+1(a)
∫

ca/2
0,ε′

(
γ + log(t/2)

)k−i+1 dt
t

=
1

k − i + 2

k−i+1∑
a=1

Ck−i+1(a)[(γ + log(ε′/2)+π ia)k−i+2
− (γ + log(ε′/2))k−i+2

]

=
π i

k − i + 1
(γ + log(ε′/2))k−i+1

+
(−1)k−i (k − i)!

k − i + 2
(π i)k−i+2.

Letting ε→ 0+, one obtains

P′

k(αi , ω0)= BMreg
k (i,−1)+

(−1)k−i (k − i)!
k − i + 2

(2π i)k+1.

On the other hand, Prd,mod
k (α0, ω0)= (2π i)k+1 as computed in (5.1), and (6.3) gives the desired formula.

□

6.2. The complete period matrix P
mod,rd
k . The period matrix Pmod,rd

k is defined by

Pmod,rd
k;i, j = Pmod,rd

k (βi , (m̂ j , ω
′

j )),

0 ⩽ i, j ⩽ k ′ if 4∤k,{
0 ⩽ i ⩽ k/2, i ̸= 1
0 ⩽ j ⩽ k ′

if 4 | k,

(see the notation of (3.9) for ω′

j ) and is nondegenerate (argument similar to that for Prd,mod
k ). According

to [Fresán et al. 2023, Section 3.f], its middle part is equal to Pmid
k already computed:

• If 4∤k, we are left with computing Pmod,rd
k;i, j for i, j ∈ [0, k ′

] and i or j = 0.

• If 4 | k, we are left with computing Pmod,rd
k;i, j with{

i = 0, 2, . . . , k/2, j = 0, k/4,
i = 0, k/2, j = 1, . . . , k ′, j ̸= k/4.

Definition 6.4 (regularized Bessel moments, continued). If 4 | k and k/4< j ⩽k ′, the function ε 7→ Hk, j (ε)

defined by (see (3.5))

Hk, j (ε)=

∫ 1/ε

0
(I0(t)K0(t))k/2

(
t2 j

−
γk, j

2k/2−2 j tk/2
)

dt
t

−
1

2k−2 j+1

j∑
n=1

γk, j−n

n(4ε2)n

is holomorphic near R>0 with finite limit when ε→ 0+. We set

BMreg
k (k/2, 2 j − 1)= 2k−2 j+1(π i)k/2 lim

ε→0+

Hk, j (ε).

Proposition 6.5. (1) If 4∤k, we have:

(a) Pmod,rd
k;i,0 = (−1)kδi,0, i = 0, . . . , k ′.

(b) Pmod,rd
k;0, j = BMk(0, 2 j − 1), j = 1, . . . , k ′.
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(2) If 4 | k, we have:

(a) Pmod,rd
k;i,0 = δi,0, i = 0, . . . , k/2.

(b) Pmod,rd
k;i,k/4 = −(2π i)k/22k/2

( k
k/2

)−1
δi,k/2, i = 0, . . . , k/2.

(c) Pmod,rd
k;0, j = BMk(0, 2 j − 1)− γk, j BMk(0, k ′), j = 1, . . . , k ′, j ̸= k/4.

(d) Pmod,rd
k;k/2, j =

{
BMk(k/2, 2 j − 1) 1 ⩽ j < k/4,
BMreg

k (k/2, 2 j − 1) k/4< j ⩽ k ′.

Proof. For (a) and (a), we note that

Pmod,rd
k (βi , (m̂0, 0))= ⟨ei

0ek−i
1 , ek

0⟩top = (−1)kδi,0.

Similarly, for (b) (see Proposition 3.8 and [Fresán et al. 2023, Proposition 3.18]),

Pmod,rd
k (βi , (m̂k/4, 0))= −⟨ei

0ek−i
1 , 2k(π i)k/2(e0e1)

k/2
⟩top = −2k(π i)k/2

( k
k/2

)−1
δi,k/2.

For the rest, since the coefficients of the cycle βi in terms of {ua}, have logarithmic growth at 0, and m̂ j,0

is holomorphic and vanishes (Lemma 3.3), the contribution limz→0⟨ei
0ek−i

1 , m̂ j,0⟩top(z) of ⟨βi , m̂ j,0⟩top in
[Fresán et al. 2023, Proposition 3.18] in the period pairing is zero. For i ̸= k/2 or i = k/2, 1 ⩽ j < k/4,
the coefficient (−1)k−i (π i)iξ j,i of ⟨βi , m̂ j,∞⟩top (see (3.13)) is holomorphic near R>0 and vanishes at ∞,
so the contribution of m̂ j,∞ is zero too. In this case, one therefore has

Pmod,rd
k (βi , (m̂ j , ω

′

j )top)=

∫
R+

⟨ei
0ek−i

1 , ω′

j ⟩top = BMk(i, 2 j − 1)− γk, j BMk(i, k ′)

as in the proof of Proposition 5.4. This completes the cases (b), (c) and the first part of (d).
It remains to check the second part of (d), with k/4< j ⩽ k ′. Let

ξ = (−4π iI0K0)
k/2z j−1 dz and η = (−4π iI0K0)

k/2zk/4−1 dz.

We have

⟨(e0e1)
k/2, ω′

j ⟩top = ⟨(e0e1)
k/2, (ω j + resz=∞(ω j )ωk/4)⟩top = ξ + resz=∞(ξ)η.

Note that m̂ j,∞ is defined so that d⟨(e0e1)
k/2, m̂ j,∞⟩top = ξ + resz=∞(ξ)η and ⟨(e0e1)

k/2, m̂ j,∞⟩top has no
constant term in the fractional Laurent series expansion in 1/z. We then obtain

Pmod,rd
k (αk/2, (m̂ j , ω

′

j ))= lim
τ→∞

∫ τ

0
ξ+ resz=∞(ξ)η−⟨(e0e1)

k/2, m̂ j,∞⟩top(τ )= BMreg
k (k/2, 2 j −1). □

Example 6.6. Respectively for k = 3, 4, the complete quadratic relations lead to the equalities of the
regularized Bessel moments

lim
ε→0+

∫
∞

ε

I0(t)K0(t)2
dt
t

+
1
3(γ + log ε/2)3 =

3
2

∫
∞

0
K0(t)3t dt ·

∫
∞

0
I0(t)K0(t)2t dt,

lim
ε→0+

∫
∞

ε

I0(t)K0(t)3
dt
t

−
1
4(γ + log ε/2)4 =

π4

120
.
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Remark 6.7 (determinant of Pk). A formula for the determinant of the matrix Pk in Proposition 5.2, which
implies in particular its nonvanishing, was conjectured by Broadhurst and Mellit [2016] and Broadhurst
[2016, Conjecture 4 and 7] and proved by Zhou [2018b]. Since det Sk is computed in Remark 3.22
and the determinant of the Betti intersection matrix is computed in Proposition 4.9 in order to prove its
nonvanishing, the quadratic relations also lead to a computation of detPk up to sign.

Remark 6.8 (dimension of the linear span of Bessel moments). Zhou [2019b, Theorem 1.2], shows
that, for each i such that 1 ⩽ i ⩽ k ′ (resp. for i = 0), the Q-vector space Ei spanned by the Bessel
moments BMk(i, 2 j − 1) for all j ⩾ 1 has dimension at most k ′ (resp. at most k ′

+ 1). From the point
of view of the present paper, the upper bound dimQ Ei ⩽ k ′ when 1 ⩽ i ⩽ k ′ is a direct consequence
of the fact that the BMk(i, 2 j − 1) result from pairing the fixed rapid decay cycle αi with the de Rham
cohomology classes ω j = [z j u0 dz/z]. Provided j ⩾ 1 and k is not a multiple of 4, all these ω j lie in
the middle de Rham cohomology H1

dR,mid(Gm,Symk Kl2), which has dimension k ′. If k is a multiple
of 4, the periods Pmid

k (αi , ·) are generated by BMk(i, 2 j − 1) − γk, j BMk(i, k ′) for j ∈ [1, k ′
], with

γk,k/4 = 1. For each j ⩾ 1, the class (z j
−γk, j zk/4)u0 dz/z lies in H1

dR,mid(Gm,Symk Kl2) and has period
BMk(i, 2 j − 1)− γk, j BMk(i, k ′) when paired with αi . Therefore, dimQ Ei ⩽ k ′ holds. In the case i = 0,
the periods Pmod,rd

k (α0, ·) are generated by

1 and BMk(0, 2 j − 1)− γk, j BMk(0, k ′) (1 ⩽ j ⩽ k ′).

Again, for each j ⩾ 1, there exists m̂ j such that the class

(m̂ j , (z j
− γk, j zk/4)u0 dz/z)

lies in H1
dR,c(Gm,Symk Kl2) and has period

BMk(0, 2 j − 1)− γk, j BMk(0, k ′)

when paired with α0. Hence, dimQ E0 ⩽ k ′
+ 1, as this is the dimension of de Rham cohomology with

compact support.

6.3. Linear relations. When k is even, there is a unique nontrivial linear relation among the k ′
+ 2

classes (β j )0⩽ j⩽k/2 in Hmod
1 (Gm,Symk Kl2). We determine explicitly the moderate 2-chain that yields

this relation.

Lemma 6.9. For two integers n, r with 0 ⩽ r ⩽ 2n,

min{n,2n−r}∑
i=0

(−1)i
(n

i

)(2n−i
r

)
=

{
0 if 0 ⩽ r ⩽ n − 1,( n

r−n

)
if n ⩽ r ⩽ 2n.

Proof. We provide two approaches; the second one has been provided by Hao-Yun Yao of NTU.
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Let ar be the sum in the left hand side. Then the polynomial f (x)=
∑2n

r=0 ar xr is the coefficient of
yn in the expansion of

g(x, y)= (y − 1)n
n∑

r=0

(x + 1)2n−r yr
= (x + 1)n(y − 1)n

n∑
j=0

(x + 1)n− j y j .

Thus one obtains

f (x)= (x + 1)n((x + 1)− 1)n = xn(x + 1)n

and the assertion follows.
Alternatively, let S be the set of subsets of {1, 2, . . . , 2n} consisting of r elements and define T =

{A ∈ S | {1, 2, . . . , n}⊂ A}. Members of T are obtained by choosing (r −n) elements from {n+1, . . . , 2n}

so that the cardinality |T | equals 0 if 0 ⩽ r < n or
( n

r−n

)
if n ⩽ r ⩽ 2n. Let Sc = {A ∈ S | c ̸∈ A}. One has

S = T ⊔ (S1 ∪ · · · ∪ Sn) and |Sc1 ∩ · · · ∩ Sci | =
(2n−i

r

)
for 1 ⩽ c1 < · · ·< ci ⩽ 2n. The inclusion-exclusion

principle then gives the formula. □

Proposition 6.10. Let P̃1 be the real oriented blow-up of P1 along {0,∞} as in Section 2.3, and consider
the simplicial 2-chain

ρ : {(x, y) ∈ R2
| 0 ⩽ x, y, x + y ⩽ 1} → P̃1, ρ(x, y)= tan

π(x + y)
2

exp(4i tan−1(y/x)),

which covers P̃1 once. If k is even, the singular chain

1= ρ⊗

k/2∑
i=0

(−1)i
(k/2

i

)
ei

0ek−i
1

is of moderate growth, and the relation

⌊(k−2)/4⌋∑
i=0

( k/2
2i +1

)
β2i+1 = 0

holds in Hmod
1 (Gm,Symk Kl2).

Proof. It follows as direct consequences of the monodromy relation and Lemma 6.9, which also imply
that

−1
2 ∂1=

⌊(k−2)/4⌋∑
i=0

( k/2
2i +1

)
β2i+1. □

If 4 | (k +2), choosing the principal determination of w1/2 near R>0, we write, in a way similar to (3.4),
the asymptotic expansion

2k(I0(t)K0(t))k/2 ∼ wk/4
∞∑

n=0

γ ′

k,n+k/4w
n.
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As in Definition 6.4, one checks that, for j ∈ [(k + 2)/4, k ′
], the difference

Hk, j (ε)=

∫ 1/ε

0
(I0(t)K0(t))k/2t2 j dt

t
−

1
2k−2 j+1ε

j∑
n=0

γ ′

k, j−n−1/2

(2n + 1)(4ε2)n

is holomorphic near R>0 with finite limit as ε→ 0. Set

BMreg
k (k/2, 2 j − 1)= −2k−2 j+1(π i)k/2 lim

σ→0+

Hk, j (σ ).

In this case, one has

Pmod,rd
k (βk/2, (m̂ j , ω

′

j ))=


0 if j = 0,
BMk(k/2, 2 j − 1) if 1 ⩽ j ⩽ (k − 2)/4,
BMreg

k (k/2, 2 j − 1) if (k + 2)/4 ⩽ j ⩽ k ′

as in Proposition 6.5(2). To unify the situations, we introduce the compactly supported version of the
Bessel moments.

Definition 6.11. Assume k is even. We set

BMc
k(i, 2 j − 1)=


BMreg

k (k/2, 2 j − 1) if
{

i = k/2,
⌊k/4⌋ + 1 ⩽ j ⩽ k ′,

BMk(i, 2 j − 1)− γk, j BMk(i, k ′) if 4 | k, 0 ⩽ i ⩽ k ′,

BMk(i, 2 j − 1) otherwise.

Corollary 6.12 (sum rule identities). Assume k is even and set k ′′
= ⌊(k − 1/4)⌋. The linear relations

among Bessel moments
k′′∑

i=0

( k/2
2i +1

)
BMc

k(2i + 1, 2 j − 1)= 0 (6.13)

hold for all j such that {
1 ⩽ j ⩽ 2k ′′ if 4 | (k + 2),
1 ⩽ j ⩽ 2k ′′

+ 1, j ̸= k/4 if 4 | k.

Remark 6.14. For j ∈ [1, k ′′
], these sum rule identities were proved by Zhou by analytic means; see

[Zhou 2019a, (1.3)] for 4 | (k + 2) and [loc. cit., (1.5)] for 4 | k, where the second argument of the Bessel
moments is also allowed to be even. Our proof, closer to the spirit of the Kontsevich–Zagier period
conjecture, produces the relation (6.13) simply from the Stokes formula.

7. Comparison of period structures

In [Fresán et al. 2022], we have introduced the Nori motives Mk defined over Q, whose definition we
recall in Section 7.1, and we have explained how the Hodge filtration of their Hodge realization can be
computed in terms of symmetric powers of the Kloosterman connection on Gm and their irregular Hodge
filtration. We aim at making Deligne’s conjecture on critical values explicit for them in Section 8. In this
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section as a preparation, we focus on the comparisons of various Q-structures. For that purpose, we only
retain from each Nori motive Mk

• its period realization (over Spec Q, see Section A4), that is, the Q-vector spaces (Mk)dR (de Rham
realization) and (Mk)B (Betti realization), together with the comparison isomorphism comp : C ⊗Q

(Mk)B ≃ C ⊗Q (Mk)dR, and

• the action F∞ on (Mk)B induced by geometric complex conjugation.

On the other hand, the computations of the previous sections lead us to define a (transposed) period
structure (over Spec Q) as follows:

• The de Rham Q-vector space H1
dR,mid(Gm,Symk Kl2)Q is the Q-vector space generated by the family

Bk,mid of Corollary 3.11.

• The (dual) Betti Q-vector space Hmid
1 (Gm,Symk Kl2)Q is the Q-vector space generated by the family

(β j ) of twisted cycles of Theorem 4.7(3).

• The period pairing is the pairing Pmid
k .

There is an obvious notion of morphism of period structures.

Theorem 7.1. The period structure ((Mk)dR, (Mk)B, comp) of the motive Mk is isomorphic to the trans-
pose of (H1

dR,mid(Gm,Symk Kl2)Q,Hmid
1 (Gm,Symk Kl2)Q,Pmid

k ).

Furthermore, we will give an explicit description under this correspondence of the action F∞ on
Hmid

1 (Gm,Symk Kl2)Q.
We proceed in two steps. Firstly in Section 7.1, in an analogous way to the method used in [Fresán

et al. 2022], we realize the mixed Hodge structure corresponding to Mk together with its associated period
structure as the exponential mixed Hodge structure and the associated period structure attached to a
function on a smooth variety equipped with the action of a finite group. We also analyze the automorphism
of the Betti fiber of this exponential mixed Hodge structure induced by the complex conjugation on
the variety underlying Mk . In particular, we avoid computing periods directly on the variety underlying
the motive Mk . The tools for this part are developed in the appendix in which the period realization of
exponential mixed Hodge structures is investigated, extending the focus on the de Rham realization in the
appendix of [loc. cit.]. Then in Section 7.2, we compare these objects to those of the previous sections by
making explicit differential forms of higher degree and higher dimensional twisted cycles that correspond
to the bases obtained for Symk Kl2 there. The period matrix computed in Proposition 5.4 is thus a period
matrix for Mk , and the action of the conjugation is explicit since the Bessel moments we consider are
either real or purely imaginary.

7.1. The motives Mk. Let y = (y1, . . . , yk) be the Cartesian coordinates of the torus Gk
m defined over Q.

Upon Gk
m, consider the action of Sk ×µ2 where the symmetric group Sk acts by permuting the variables

y and the group µ2 = {±1} acts as yi 7→ ±yi . Denote by gk : Gk
m → A1 the regular function given by the
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Laurent polynomial

gk(y1, . . . , yk)=

k∑
i=1

(
yi +

1
yi

)
and let K0 = (gk) be the associated closed subvariety of Gk

m. Then K0 is invariant under the action of
Sk ×µ2 and hence the latter acts on various cohomology spaces, or on the (Nori) motives Hk−1(K0) and
Hk−1

c (K0) of degree k −1 of K0. Let sgn : Sk ×µ2 → Q× be the product of the sign character on Sk and
the trivial one on µ2. We define the pure motive Mk of weight k + 1 over Q by taking the sgn-isotypic
part

Mk = grW
k+1[H

k−1
c (K0)(−1)]Sk×µ2,sgn,

where W indicates the weight filtration; see [Fresán et al. 2022, (3.1)]. The Betti realization (Mk)B and the
de Rham realization (Mk)dR of Mk are the Q-vector spaces of dimension ⌊(k − 1/2)⌋ − δ4Z(k) obtained
by replacing Hc by the corresponding cohomology functors (with compact support).

Let K be the complex variety defined by the base change of K0 to C. It is shown in [loc. cit.] that the
base change

C ⊗ (Mk)dR = grW
k+1[H

k−1
dR,c(K )(−1)]Sk×µ2,sgn

of the de Rham realization (Mk)dR is identified with H1
dR,mid(Gm,Symk Kl2) discussed in the previous

sections.

The pair (U, f̃k). We consider the torus U0 = Gm,t × Gk
m over Q with its C-extension U , endowed with

• the action of Sk permuting the coordinates on Gk
m,

• the action of µ2 sending (t, y) to ±(t, y),

• the involution ι sending t to t and yi to −yi for each i ,

• the antilinear involution conj on the analytic manifold U (C) induced by the conjugation of coordinates,
which commutes with all the above actions.

Let f̃k : U0 = Gm,t ×Gk
m → A1 denote the Laurent polynomial (t/2) ·gk , where gk is defined above. Then

f̃k is left invariant by the action of Sk , µ2 and conj, and satisfies ι∗ f̃k = − f̃k .
Conjugation acts on �p(U ) by changing a p-form ω(t, y) to ω(t̄, ȳ). Therefore, conj∗(d f̃k) = d f̃k

and conj∗ induces an involution on Hk+1
dR,c(U, f̃k), Hk+1

dR (U, f̃k) and Hk+1
dR,mid(U, f̃k) which commutes with

the action induced by Sk ×µ2 and ι∗.
According to [Fresán et al. 2022, Theorem 3.8], the associated mixed Hodge structure (Mk)H is

identified with the exponential mixed Hodge structure Hk+1
mid (U, f̃k)

Sk×µ2,sgn. In particular, they have
isomorphic period realizations; see the Appendix.

The de Rham realization (Mk)dR. The pair (U, f̃k), together with the action of Sk ×µ2, is the C-extension
of the pair (U0, f̃k) defined over Q. As explained in Section A4, the de Rham cohomologies Hk+1

dR,?(U, f̃k)

(? =∅, c,mid) are also endowed with the Q-structure Hk+1
dR,?(U0, f̃k), and therefore so are the sgn-isotypic

components Hk+1
dR,?(U, f̃k)

Sk×µ2,sgn with the Q-structure Hk+1
dR,?(U0, f̃k)

Sk×µ2,sgn.
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Lemma 7.2. The isomorphism grW
k+1 Hk−1

dR,c(K )(−1)Sk×µ2,sgn
≃ Hk+1

dR,mid(U, f̃k)
Sk×µ2,sgn of [Fresán et al.

2022, Theorem 3.8] identifies the Q-vector spaces (Mk)dR and Hk+1
dR,mid(U0, f̃k)

Sk×µ2,sgn.

Proof. We start from Example A.28, on noting that f̃k = tgk . We thus obtain isomorphisms (setting
Z0 = A1

t × K0)

Hk+1
dR,c(Z0)

Sk×µ2,sgn
≃ Hk+1

dR,c(A
1
t × Gk

m/Q, f̃k)
Sk×µ2,sgn

≃ Hk+1
dR,c(U0, f̃k)

Sk×µ2,sgn,

where the second isomorphism is obtained as in the proof of [Fresán et al. 2022, Theorem 3.8]. After
extension of scalars from Q to C, these isomorphisms become the de Rham part of the isomorphisms
considered in the proof of [loc. cit.]. Since the left-hand sides are defined from Nori motives, the weight
filtration is defined on them. We note that (Mk)dR ≃ Hk+1

dR,c(Z0)
Sk×µ2,sgn/Wk Hk+1

dR,c(Z0)
Sk×µ2,sgn because

this holds after extension of scalars. Furthermore, the composition

Hk+1
dR,c(Z0)

Sk×µ2,sgn
−→∼ Hk+1

dR,c(U0, f̃k)
Sk×µ2,sgn

→ Hk+1
dR (U0, f̃k)

Sk×µ2,sgn

whose image is Hk+1
dR,mid(U0, f̃k)

Sk×µ2,sgn by definition, has kernel equal to Wk Hk+1
dR,c(Z0)

Sk×µ2,sgn, because
this holds after extension of scalars. This proves the lemma. □

The Betti realization (Mk)B. We use the notation and apply the results of Section A3, more specifically
Formulas (A.19), (A.20) and (A.21), to the pair (U, f̃k). Since f̃k is invariant under the action of Sk ×µ2

on U , as well as under the action of complex conjugation conj : U (C)→ U (C), the families of supports
8rd and 8mod are also invariant under these actions. There is thus a natural action of Sk × µ2 on
Hk+1

c (Ũrd(D),Q) and Hk+1
c (Ũmod(D),Q). We thus have

(Mk)B ≃ Hk+1
B,mid(U, f̃k)

Sk×µ2,sgn

= im[Hk+1
B,c (U, f̃k)

Sk×µ2,sgn
→ Hk+1

B (U, f̃k)
Sk×µ2,sgn

]

≃ im[Hk+1
c (Ũrd(D),Q)Sk×µ2,sgn

→ Hk+1
c (Ũmod(D),Q)Sk×µ2,sgn

]. (7.3)

Lemma 7.4. Under the identification (7.3), the action of the conjugation on (Mk)B coincides with that on
Hk+1

B,mid(U, f̃k)
Sk×µ2,sgn.

Proof. We start from the identification of Example A.31. Since the action of Sk × µ2 on A1
t × Gk

m

commutes with conj, we obtain an identification

(Mk)B ≃ Hk+1
B,mid(A

1
t × Gk

m, f̃k)
Sk×µ2,sgn

compatible with conj∗. Since the isomorphism (see [Fresán et al. 2022, Proof of Theorem 3.8])

Hk+1
B,mid(A

1
t × Gk

m, f̃k)
Sk×µ2,sgn

≃ Hk+1
B,mid(U, f̃k)

Sk×µ2,sgn

is clearly compatible with conj∗ the desired result follows. □

The Betti realization is also given by (see (A.22))

(Mk)B ≃ im[Hrd
k+1(U, f̃k)

Sk×µ2,sgn
→ Hmod

k+1(U, f̃k)
Sk×µ2,sgn

]



Quadratic relations between Bessel moments 579

and carries the involution F∞ = conj∗. Indeed, the expression (A.24) makes explicit the interpretation of
the elements of Hrd

k+1(U, f̃k) in terms of twisted cycles. It is moreover clear that, in this expression, the
closed subspace ∂rd,RU of U (C), upon which exp(− f̃k) is sufficiently small, is invariant under both the
action of Sk ×µ2 and the complex conjugation on U (C), which thus provides the action of Sk ×µ2 and
F∞ on Hrd

k+1(U, f̃k).

Self-duality and period pairing. The involution ι yields the identifications

µ : Hk+1
? (U, f̃k)−→∼ Hk+1

? (U,− f̃k), ? = ∅, c,

compatible with the action of Sk ×µ2, and leads to the self-duality up to a Tate twist by Q(k + 1) of the
mixed Hodge structure (Mk)H ≃ Hk+1

mid (U, f̃k)
Sk×µ2,sgn.

The nondegenerate period pairing

Prd,mod
: Hrd

k+1(U, f̃k)
Sk×µ2,sgn

⊗ Hk+1
dR (U, f̃k)

Sk×µ2,sgn
→ C,

is computed as follows. Given a twisted cycle

α ∈ Hrd
k+1(U, f̃k)

Sk×µ2,sgn
= Hk+1(Ũrd, ∂Ũrd,Q)Sk×µ2,sgn,

we choose for each large enough R > 0 a representative αR ∈ Hk+1(U, ∂rd,RU,Q) sgn-invariant under
Sk ×µ2. We also represent a de Rham class in the space Hk+1

dR (U, f̃k)
Sk×µ2,sgn by a top differential form

ω on U which is sgn-invariant under Sk ×µ2. Then

Prd,mod(α, [ω])= lim
R→∞

∫
αR

e− f̃k ι∗ω.

7.2. Proof of Theorem 7.1. The goal of this section is to identify the period structure

(Hk+1
dR,mid(U0, f̃k)

Sk×µ2,sgn,Hk+1
B,mid(U, f̃k)

Sk×µ2,sgn, comp)

as defined from Sections A2 and A3 with the transpose of

(H1
dR,mid(Gm,Symk Kl2)Q,Hmid

1 (Gm,Symk Kl2)Q,Pmid
k ),

ending thereby the proof of Theorem 7.1, and to make explicit the action of F∞ on Hmid
1 (Gm,Symk Kl2)Q.

Summary of the proof.

Step 1 We consider the family (w j )0⩽ j⩽k′ in Hk+1
dR (U0, f̃k)

Sk×µ2,sgn as defined in [Fresán et al. 2022,
proof of Proposition 4.21], which has been shown to form a Q-basis of this space.

Step 2 We construct a family of rapid decay cycles (τi ) in Hrd
k+1(U, f̃k)

Sk×µ2,sgn such that the matrix
(Prd,mod(τi , w j ))0⩽i, j⩽k′ is equal to (Prd,mod

k;i, j )0⩽i, j⩽k′ obtained from Propositions 5.4 and 6.2. Since
this matrix is nondegenerate and (w j ) is a basis of Hk+1

dR (U, f̃k)
Sk×µ2,sgn, we conclude that (τi ) is

a basis of Hk+1
rd (U, f̃k)

Sk×µ2,sgn.
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Step 3 According to Remark A.25, the period realization of Hk+1(U0, f̃k)
Sk×µ2,sgn is isomorphic to

(Q · (w j ),Q · (τi ), (P
rd,mod
i, j )0⩽i, j⩽k′),

hence to

(Q · (ω j ),Q · (αi ), (P
rd,mod
k;i, j )0⩽i, j⩽k′),

that is,

(H1
dR(Gm,Symk Kl2)Q,Hrd

1 (Gm,Symk Kl2)Q,P
rd,mod
k ).

Step 4 Owing to the duality argument explained in [Fresán et al. 2023, Lemma 2.27], the same property
holds for the period realization of Hk+1

c (U0, f̃k)
Sk×µ2,sgn and

(H1
dR,c(Gm,Symk Kl2)Q,Hmod

1 (Gm,Symk Kl2)Q,P
mod,rd
k ).

Step 5 That the same property holds true for the period realization of Hk+1
mid (U0, f̃k)

Sk×µ2,sgn and

(H1
dR,mid(Gm,Symk Kl2)Q,Hmid

1 (Gm,Symk Kl2)Q,Pmid
k )

needs a supplementary argument when k ≡ 0 mod 4.

Step 6 Lastly, that conjugation is compatible with these identifications amounts to checking whether the
entries of the period matrix are real or purely imaginary.

A basis of Hk+1
dR (U0, f̃k)

Sk×µ2,sgn. Let us consider the class [ω̃ j ] of

ω̃ j = 21−2 j t2 j−1 dt ∧
dy1

y1
∧ · · · ∧

dyk

yk

in Hk+1
dR (U0, f̃k) and set

w j =
1

2k!

∑
σ∈Sk×µ2

sgn(σ ) · σ([ω̃ j ]) ∈ Hk+1
dR (U0, f̃k)

Sk×µ2,sgn. (7.5)

Through the isomorphism (see [Fresán et al. 2022, Proposition 2.13])

H1
dR(Gm,Symk Kl2)≃ Hk+1

dR (U, f̃k)
Sk×µ2,sgn,

each class [z jvk
0 dz/z] in the basis Bk corresponds to the class w j ; see [loc. cit., proof of Proposition 4.21].

As a consequence, (w j )0⩽ j⩽k′ forms a basis of Hk+1
dR (U0, f̃k)

Sk×µ2,sgn satisfying ι∗w j = w j .

A family of rapid decay cycles. For each i such that 0 ⩽ i ⩽ k ′, we define rapid decay cycles α̃i as follows.
First, let α̃0 be the bounded cycle

α̃0 =

k∏
p=0

cp,
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s0 = 0
s0 = ε

s0 = 1/4

s0 = 1/2 s0 = 1

Figure 1. The path sp 7→ yp(s0, sp) for s0 fixed and r ⩽ p ⩽ k.

where c0 is the circle |t | = 1 and cp is the circle |yp| = 1 for p = 1, . . . , k, both oriented counterclockwise.
For the remaining unbounded cycles, we start with the chain

α̃′

i = [1,+∞)×

( i∏
p=1

cp

)
× (R>0)

k−i

on U (C), where [1,+∞) is relative to the variable t and the open octant (R>0)
k−i is relative to the

variables yp for p = i + 1, . . . , k. The orientation is the natural one on each half-line, and given by the
order of the variables for α̃′

i . Since Re(yp + 1/yp)⩾ −2 on cp and ⩾ 2 on R>0, by noting that k − i > i
for 1 ⩽ i ⩽ k ′, one sees that e− f̃k has rapid decay along α̃′

i . The rapid decay chain α̃′

i has boundary

∂α̃′

i = −{1} ×

( i∏
p=1

cp

)
× (R>0)

k−i ,

and hence is not a cycle. To kill the boundary, we mimic the construction of the cycles αi from
(4.4) by introducing, for each r such that 1 ⩽ r ⩽ k ′, the chain γ̃r defined as the image of the map
[0, 1]

r
× (0, 1)k−r+1

→ U (C) given by

(s0, . . . , sk) 7→



t = e2π is0,

yp = e2π isp 1 ⩽ p ⩽ r − 1,

yp =


e2π is0 · 4sp 0< sp ⩽ 1/4,
e2π is0(2−4sp) 1/4 ⩽ sp ⩽ 3/4,
e−2π is0

(
1 + tan π

2 (4sp − 3)
)

3/4 ⩽ sp < 1,
r ⩽ p ⩽ k.

(See Figure 1.) The chain γ̃r decays rapidly for e− f̃k with boundary

∂γ̃r = {1} ×

( r−1∏
p=1

cp

)
×

k∏
p=r

(R>0 − 2cp)− {1} ×

( r−1∏
p=1

cp

)
× (R>0)

k−r .
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For each integer m ⩾ 1, there is a unique sequence (θm(r))0⩽r⩽m−1 of rational numbers satisfying the
identity

m−1∑
r=0

θm(r)ar
[(a + b)m−r

− bm−r
] = abm−1 (7.6)

in the polynomial ring Q[a, b]. Explicitly, the first two values are θm(0)= 1/m and θm(1)= −1/2 and
the recursion

ℓ−1∑
r=0

(m−r
m−ℓ

)
θm(r)= 0 (7.7)

holds if 1< ℓ < m. Set

θ̃m =

m−1∑
r=0

θm(r)
m − r + 1

.

For each i such that 1 ⩽ i ⩽ k ′, let

α̃i = −(−2)k−i θ̃k−i+1α̃0 +
1

(k − i + 1)!

∑
σ∈Sk−i+1

σ

(
α̃′

i +

k∑
r=i

(−2)r−i−1θk−i+1(r − i)γ̃r

)
,

where the symmetric group S j acts by permuting the last j components. We compute the boundary of
the terms involving γ̃r . Since the average over the group action makes the positions of circles and lines
from ∂γ̃r equidistributed in the last k − i +1 components, for each fixed j such that 1 ⩽ j ⩽ k − i and any
σ ∈ Sk−i+1, the coefficient in the boundary of the term σ

(
{1} ×

∏i+ j−1
p=1 cp ×

∏k
p=i+ j R>0

)
, resulting

from γ̃r for i ⩽ r ⩽ i + j − 1, is equal to

i+ j−1∑
r=i

(−2)r−i−1θk−i+1(r − i)
(k+1−r

i + j −r

)
(−2)i+ j−r

= (−2) j−1
j−1∑
ℓ=0

θk−i+1(ℓ)
(k−i +1−ℓ

j −ℓ

)
=

{
1 if j = 1,
0 if 1< j < k − i + 1,

where the last equality follows from (7.7). One concludes that the α̃i define rapid decay cycles.

Remark 7.8. In fact, θm(r) =
(m

r

)
Br/m if 0 ⩽ r < m, and θ̃m = −Bm/m for all m ⩾ 1. To see this,

plugging a = 1 into (7.6) and summing the resulting equations for b = 1, . . . , n, one obtains

m−1∑
ℓ=0

nm−ℓ

ℓ∑
r=0

(m−r
m−ℓ

)
θm(r)=

n∑
b=1

bm−1,

and hence by Bernoulli’s formula (4.3),

ℓ∑
r=0

(m−r
m−ℓ

)
θm(r)=

(−1)ℓ

m

(m
ℓ

)
Bℓ, 0 ⩽ ℓ < m.
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Using (7.7) and the equalities θm(0)=B0/m, θm(1)=B1 and B2p+1 = 0 for p ⩾ 1, we obtain the identity
for θm(r). Therefore,

θ̃m =
1
m

m−1∑
r=0

1
m − r + 1

(m
r

)
Br =

1
m(m + 1)

m−1∑
r=0

(m+1
r

)
Br ,

and the identity for θ̃m follows from the recursive relation
∑m

r=0
(m+1

r

)
Br = 0 for all m ⩾ 1.

Lemma 7.9. For any positive integer m, the following identity holds in Q[a, b]:

m−1∑
r=0

θm(r)
m − r + 1

ar−1
[(a + b)m−r+1

− bm−r+1
] = θ̃mam

+
bm

m
. (7.10)

Proof. Integrating equation (7.6) with respect to b from 0 to b yields the formula. □

Proposition 7.11. The period pairing

Prd,mod
: Hrd

k+1(U, f̃k)⊗ Hk+1
dR (U, f̃k)→ C

is given on the rapid decay cycles α̃i and the differential forms ω̃ j by

Prd,mod(α̃i , ω̃ j )=


2(2π i)k+1δ0, j if i = 0,
( − 1)k−i BMreg

k (i,−1) if j = 0 and 1 ⩽ i ⩽ k ′,

( − 1)k−i BMk(i, 2 j − 1) if 1 ⩽ i, j ⩽ k ′.

Proof. It is clear that Prd,mod(α̃0, ω̃ j )= 2(2π i)k+1δ0, j .
For the rest, as in the proof of Proposition 6.2, for ε ∈ R>0, we let α̃′

i,ε = εα̃′

i and γ̃r,ε = εγ̃r be the
scalings of α̃′

i and γ̃r , which are homologous to α̃′

i and γ̃r , respectively. Consider the case j = 0. By
the limiting behavior (2.13) and Definition 6.1 of the regularized Bessel moments, we have the limiting
behaviors∫

α̃′

i,ε

e− f̃k ω̃0 = 2k+1(π i)i
∫

∞

ε

I0(t)i K0(t)k−i dt
t

∼ε→0+ (−1)k−i BMreg
k (i,−1)+

(−1)k−i+12k+1(π i)i

k − i + 1
(γ + log(ε/2))k−i+1,∫

γ̃r,ε

e− f̃k ω̃0 = 2k+1(π i)r−1
∫

|t |=ε
I0(t)r−1K0(t)k−r+1 dt

t

∼ε→0+

(−1)k−r+12k+1(π i)r−1

k − r + 2
· [(2π i+ γ + log(ε/2))k−r+2

− (γ + log(ε/2))k−r+2
].

Substituting m = k − i + 1, a = 2π i, and b = γ + log ε/2 into the identity (7.10), one obtains

k∑
r=i

(−2)r−i−1θk−i+1(r − i)
∫
γ̃r,ε

e− f̃k ω̃0

∼ε→0+ −(−2)k−i+1(2π i)k+1θ̃k−i+1 +
(−1)k−i 2k+1(π i)i

k − i + 1
(γ + log(ε/2))k−i+1.
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Letting ε→ 0+ leads to Prd,mod(α̃i , ω̃0)= (−1)k−i BMreg
k (i,−1).

Finally, if 1 ⩽ i, j ⩽ k ′, it is straightforward to verify that

lim
ε→0+

∫
α̃′

i,ε

e− f̃k ω̃ j = (−1)k−i BMk(i, 2 j − 1) and lim
ε→0+

∫
γ̃i,ε

e− f̃k ω̃ j = 0

(similar to the proof of Proposition 5.4), and the remaining case follows. □

Starting from the α̃i , we obtain the following cycles in Hrd
k+1(U, f̃k)

Sk×µ2,sgn:

τ0 =
1
k!

∑
σ∈Sk×µ2

sgn(σ ) · σ(α̃0), τi =
(−1)k−i

2k!

∑
σ∈Sk×µ2

sgn(σ ) · σ(α̃i ) (1 ⩽ i ⩽ k ′).

For each i such that 1 ⩽ i ⩽ k ′, let 0i denote the image of τi in Hmod
k+1(U, f̃k)

Sk×µ2,sgn.

Corollary 7.12. (1) The family (τi )0⩽i⩽k′ forms a basis of Hrd
k+1(U, f̃k)

Sk×µ2,sgn.

(2) The period realizations

• of H1
c(Gm,Symk Kl2) and of Hk+1

c (U0, f̃k)
Sk×µ2,sgn,

• as well as those of H1(Gm,Symk Kl2) and Hk+1(U0, f̃k)
Sk×µ2,sgn,

are isomorphic.

(3) If k is not a multiple of 4, the family (0i )1⩽i⩽k′ forms a basis of (Mk)B. If k is a multiple of 4, the
Q-linear relation

⌊(k−2)/4⌋∑
i=0

( k/2
2i +1

)
02i+1 = 0

holds and (0i )2⩽i⩽k′ forms a basis of (Mk)B. In particular, the period realization of the motive Mk

is isomorphic to

(H1
dR,mid(Gm,Symk Kl2)Q,Hmid

1 (Gm,Symk Kl2)Q,Pmid
k ).

(4) The involution F∞ acts as F∞(0i )= (−1)i0i for all i such that 1 ⩽ i ⩽ k ′.

Proof. For each i such that 0 ⩽ i ⩽ k ′, equation (5.1), Propositions 5.4, 6.2 and 7.11 yield the equality of
periods Prd,mod(τi , w j )= Prd,mod

k (αi , ω j ) for all j such that 0 ⩽ j ⩽ k ′ (with w j defined by (7.5)), from
which (1) follows, as indicated in Step 2 of the summary. The proof of (2) has been explained in Step 3
and Step 4 of the summary.

In view of Theorem 4.7(3) and Proposition 6.10, to prove (3), it suffices to show that Pmid(0i , w j )=

Pmid
k (βi , ω j ) for all i, j such that 1 ⩽ i, j ⩽ k ′. Since 0i and βi are the images of the rapid decay

cycles τi and αi respectively and the pairing Pmid
k is induced by Prd,mod, this amounts to Prd,mod(τi , w j )=

Prd,mod
k (αi , ω j ), which we just checked.
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Finally, the statement about F∞ follows from the fact that the period pairing Prd,mod is compatible with
complex conjugation in that (recall that ι∗w j = w j and conj∗w j = w j ),

Prd,mod(conj∗ τi , w j )=

∫
F∞τi

e− f̃kw j =

∫
conj∗ τi

conj∗(e− f̃kw j )= Prd,mod(τi , w j ) for all i, j,

along with the equality Prd,mod(τi , w j )= (−1)iPrd,mod(τi , w j ) if 1 ⩽ i, j ⩽ k ′, since BMk(i, 2 j − 1) is
real for even i and purely imaginary for odd i . □

8. L-functions of Kloosterman sums and Bessel moments

In this section, we make precise the statement of Deligne’s conjecture for the motive Mk . Being a
classical motive, Mk has an associated L-function L(Mk, s), which is identified in [Fresán et al. 2022,
Theorems 5.8 and 5.17] with the L-function Lk(s) of symmetric power moments of Kloosterman sums,
and its Betti realization (Mk)B carries a pure Hodge structure of weight k + 1. The factor at infinity was
computed in [loc. cit., Corollary 5.30]:

L∞(Mk, s)= π−ms/2
m∏

j=1

0

(
s − j

2

)
, (8.1)

where m = k ′ if k is not a multiple of 4 and m = k ′
−1 otherwise. This also follows from Corollary 7.12(4):

indeed, according to [loc. cit., Theorem 1.8], the only nontrivial Hodge numbers of Mk are

h p,q
=

{
1 for p = 2, . . . , k − 1 if k is odd
1 for min{p, q} = 2, . . . , 2⌊(k − 1/4)⌋ if k is even.

The ordered basis Bk,mid is adapted to the Hodge filtration by Corollary 3.21, and F∞ acts as −1 on
H p,p for k ≡ 3 mod 4, which is what we need for the conclusion.

By [loc. cit., Theorems 1.2 and 1.3], the L-function L(Mk, s) extends meromorphically to the complex
plane and the completed L-function

3(Mk, s)= L(Mk, s)L∞(Mk, s)

satisfies a functional equation relating its values at s and k + 2 − s. The critical integers are the integral
values of s at which neither L∞(Mk, s) nor L∞(Mk, k + 2 − s) has a pole and the critical values are the
values of L(Mk, s) at critical integers.

Deligne’s conjecture [1979, Section 1] predicts that critical values agree, up to a rational factor, with
the determinants of certain minors of the period matrix, which are defined as follows. Let a be an integer,
and let Mk(a)+B and Mk(a)−B denote respectively the invariants and antiinvariants of F∞ acting on Mk(a)B.
As F∞ exchanges the subspaces H p−a,q−a and Hq−a,p−a in the Hodge decomposition and acts as −1 on
H p−a,p−a , the eigenspaces for F∞ have dimensions either

∑
p>q h p−a,q−a or

∑
p⩾q h p−a,q−a , and there

exists unique steps F± Mk(a)dR of the Hodge filtration with dim F± Mk(a)dR = dim Mk(a)±B . If n is a
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k rank critical integers n cn

3 1
2 − 2a 1
2a + 3 π2a D3,odd

4r + 1 2r
2r + 1 π−r(r+1)Dk,odd

2r + 2 π−r(r−1)Dk,even

2r + 1 π−r(r+1)Dk,even

4r + 2 2r 2r + 2 π−r(r+1)Dk,odd

2r + 3 π−r(r−1)Dk,even

4r + 3 2r + 1
2r + 2 π−r(r+1)Dk,even

2r + 3 π−r(r+1)Dk,odd

2r + 1 π−r(r+3)D′

k,even
2r + 2 π−r(r+3)D′

k,odd
4r + 4 2r 2r + 3 π−r(r+1)D′

k,even
2r + 4 π−r(r+1)D′

k,odd
2r + 5 π−r(r−1)D′

k,even

Table 1. Critical integers n and values of cn (r ⩾ 1).

critical integer, Deligne defines

cn = det(Pmid
k (σi , νi )) ∈ C×/Q×

where σi runs through any basis of the Q-linear dual of Mk(k + 1 − n)+B and νi runs through any basis of
F+ Mk(k + 1 − n)dR, see the paragraph before [Deligne 1979, Conjecture 1.8] taking the duality of pure
Hodge structures (Mk)

∨

H
∼= (Mk)H(k +1) from [Fresán et al. 2022, (3.4)] into account. He then conjectures

that L(Mk, n) is a rational multiple of cn .

Notation 8.2. For each k ⩾ 3, the determinants of Bessel moments Dk,odd and Dk,even are defined by the
following formulas:

Dk,odd = det
(∫

∞

0
I0(t)2i−1K0(t)k+1−2i t2 j−1 dt

)
1⩽i, j⩽⌊(k+1/4)⌋

.

Dk,even = det
(∫

∞

0
I0(t)2i K0(t)k−2i t2 j−1 dt

)
1⩽i, j⩽⌊k/4⌋

.

(8.3)

In other words, Dk,odd, resp. Dk,even, is obtained by extracting from Pmid
k the entries that belong to odd,

resp. even, lines and to the first ⌊(k + 1/4)⌋, resp. ⌊k/4⌋, columns. If k is a multiple of 4, we let D′

k,odd

and D′

k,even be the determinants of the same matrices except that we remove the last row and column, i.e.,
those indexed by i = j = k/4.

Theorem 8.4. For k = 3 or k ⩾ 5, the critical integers n for L(Mk, s) and the corresponding values cn

are given by Table 1.
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Proof. The case k = 3 is exceptional in that there exist infinitely many critical integers, namely all even
integers ⩽ 2 and all odd integers ⩾ 3. For each k ⩾ 5, a straightforward computation using (8.1) yields the
list of critical integers. To compute cn , we first exhibit a basis of the Q-linear dual of Mk(a)+B by means
of Corollary 7.12. If k is not a multiple of 4, a basis is given by {(2π i)−a02i }1⩽i⩽⌊k′/2⌋ if a is even and
by {(2π i)−a02i−1}1⩽i⩽⌊(k′+1/2)⌋ if a is odd. If k is a multiple of 4, say k = 4r + 4, then the Q-linear dual
of Mk(a)+B has basis {(2π i)−a02i }1⩽i⩽r if a is even and {(2π i)−a02i+1}1⩽i⩽r if a is odd, which shows
that Mk(a)+B always has dimension r .

Let us treat the case k = 4r +3 in detail. For n = 2r +2, the eigenspace Mk(2r +2)+B has dimension r ,
and hence F+ Mk(2r + 2)dR is spanned by {w j }1⩽ j⩽r . Therefore, c2r+2 is the determinant of the matrix
with entries

(2π i)−(2r+2)Prd,mod(02i , w j )∼Q× π2(i−r−1)
∫

∞

0
I0(t)2i K0(t)k−2i t2 j−1 dt,

from which we get c2r+2 = π−r(r+1)Dk,even. For n = 2r + 3, the eigenspace Mk(2r + 1)+B has dimension
r + 1, and hence F+ Mk(2r + 1)dR is spanned by {w j }1⩽ j⩽r+1. With respect to these bases, the matrix
defining c2r+3 has entries

(2π i)−(2r+1)Prd,mod(02i−1, w j )∼Q× π2(i−r−1)
∫

∞

0
I0(t)2i−1K0(t)k+1−2i t2 j−1 dt,

which gives c2r+3 = π−r(r+1)Dk,odd. The cases k = 4r + 1 and k = 4r + 2 are completely parallel.
For k = 4r + 4 and any critical value n, the eigenspace Mk(4r + 5 − n)+B has dimension r , and hence

F+ Mk(4r + 5 − n)dR is spanned by {w j }1⩽ j⩽r (note that r < k/4, so that we do not need to modify
the ω). If n is odd, cn is the determinant of the matrix with entries

(2π i)−(4r+5−n)Prd,mod(02i , w j )∼Q× π2i+n−4r−5
∫

∞

0
I0(t)2i K0(t)k−2i t2 j−1 dt,

thus yielding

c2r+1 = π−r(r+3)D′

k,even, c2r+3 = π−r(r+1)D′

k,even, and c2r+5 = π−r(r−1)D′

k,even.

If n is even, the matrix has entries

(2π i)−(4r+5−n)Prd,mod(02i+1, w j ).

Thanks to the linear relation from Corollary 7.12(3), the determinant of this matrix agrees up to a rational
number with that of

π2i+n−4r−6
∫

∞

0
I0(t)2i−1K0(t)k+1−2i t2 j−1 dt,

which gives the remaining values

c2r+2 = π−r(r+3)D′

k,odd and c2r+4 = π−r(r+1)D′

k,odd. □
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Remark 8.5. Besides the case k = 3, in which L3(s) = L(χ3, s − 2) is a shifted Dirichlet L-function,
Deligne’s conjecture holds for k = 5, 6, 8. In all three cases, Lk(s) is the L-function of a modular form
evaluated at s − 2 (see [Fresán et al. 2022, Table 1]) and the matrices in (8.3) have size one. The critical
values have been expressed in terms of Bessel moments in [Bloch et al. 2015; Zhou 2018a; 2019b],
thus confirming the conjecture. The first case where a true determinant is expected to occur is L7(5),
which is a critical value of the L-function of the symmetric square of a modular form. Other numerical
confirmations of Deligne’s conjecture for k ⩽ 24 appear in [Broadhurst and Roberts 2019].

Remark 8.6. Broadhurst and Roberts conjecture that, for k ⩾ 12 a multiple of 4, the L-function L(Mk, s)
always vanishes at the central point s =

1
2(k+2), even when the expected sign of the functional equation (see

[Fresán et al. 2022, below Theorem 1.3]) is positive. According to Beilinson’s conjecture, this vanishing
should be explained by the existence of certain nontrivial extension of Mk by Q(−k/2). It seems possible
to construct such an extension by considering the quotient of the cohomology with compact support of
Symk Kl2 by its weight zero piece and to relate its nonsplitting to the shape of the full period matrix Pmod,rd

k

from Section 6, Indeed, suppose 4 | k. The Nori motive M̃k = (Hk−1
c (K0)/W0)

Sk×µ2,sgn(−1), where W0

denotes the weight zero part, is an extension of Mk by a rank-one motive E of weight k. It has been
shown in the proof of [loc. cit., Theorem 5.17] (see especially the discussion of the terms (E1,k−2

∞
)

G,χ
Fp

and
ker(β)G,χ/W0) that as a representation of Gal(Qp/Qp), the ℓ-adic étale realization of E is isomorphic to
Qℓ(−k/2) for all primes p ⩾ 3 and ℓ ̸= p. Since the Frobenius elements of characteristic p ⩾ 3 are dense
in Gal(Q/Q), one obtains an isomorphism E ≃ Q(−k/2). From the viewpoint of the period realization,
the nonsplitting of the extension M̃k amounts to the claim that the entries of the last row of the period
matrix Pmod,rd

k span a Q-space of dimension at least two in C by Proposition 6.5(2). Concretely, the latter
holds if and only if the moments BMk(k/2, 2 j − 1) and BMreg

k (k/2, k ′
+ 2 j), for 1 ⩽ j < k/4, are not all

in (2π i)k/2Q (rational multiples of the entry Pmod,rd
k;k/2,k/4). Such nonsplitting has been verified numerically

for the period matrix Pk of M̃∨

k(−k − 1) by Broadhurst and Roberts; see [Roberts 2017, Section 2].

Appendix: Period realization of an exponential mixed Hodge structure

by Claude Sabbah

This appendix can be regarded as a complement, with respect to period structures, to the appendix in
[Fresán et al. 2022]. We consider the abelian category Per of period structures, whose objects consist
of pairs (V C, VQ) consisting of a finite dimensional C-vector space V C, a finite dimensional Q-vector
space VQ, together with an isomorphism

comp : C ⊗Q VQ −→∼ V C

and whose morphisms are the natural ones. There is a natural forgetful functor Per : MHS → Per from
the category of Q-mixed Hodge structures to that of period structures.
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A1. The fiber period realization of an exponential mixed Hodge structure. Let X be a complex smooth
quasiprojective variety and let N H be an object of the abelian category MHM(X) of Q-mixed Hodge
modules on X . It consists of a triple ((N , F • N ), (FQ,W•FQ), compX ), where

• (N , F • N ) is a holonomic DX -module endowed with a coherent filtration,

• (FQ,W•FQ) is a Q-perverse sheaf on X an endowed with an increasing filtration by Q-perverse
subsheaves,

• and the comparison isomorphism compX is an isomorphism C ⊗Q FQ −→∼
pDR N , where pDR N is

the shifted de Rham complex DR N [dim X ].

These data are subject to various compatibility relations that we do not make explicit here, referring to
[Saito 1990; 2017] for details. From the mixed Hodge module N H we only retain the triple Per(N H) :=

(N ,FQ, compX ) by forgetting the Hodge and weight filtrations.
For example, let us consider the pure Hodge module pQH

X , with underlying DX -module equal to OX

and underlying perverse sheaf pQX = QX [dim X ]. The comparison isomorphism is induced by the
isomorphism CX = H 0 DR OX −→∼ DR OX .

Let A1
θ be the affine line with coordinate θ . The Q-linear neutral Tannakian category EMHS (exponential

mixed Hodge structures), as defined in [Kontsevich and Soibelman 2011, Section 4], is the full subcategory
of MHM(A1

θ ) consisting of objects N H whose underlying perverse sheaf has vanishing global cohomology,
with tensor structure given by the additive convolution ⋆. Denoting by j : Gm → A1 the inclusion, one
defines a projector

5 : MHM(A1)→ EMHS, N H
7→ N H ⋆ H j!pQH

Gm
,

consisting in neglecting constant mixed Hodge modules on A1.
For an object N H in EMHS, its de Rham fiber is the C-vector space defined as

H1
dR(A

1
θ , N ⊗ Eθ )= H0 aA1

θ ,+
(N ⊗ Eθ ),

where Eθ is the connection (OA1
θ
, d+ dθ) and aA1

θ
denote the structure morphism of A1

θ . This vector space
is endowed with a filtration, called the irregular Hodge filtration; see [Fresán et al. 2022, Section A.3].

In order to define the Betti fiber functor, we consider the real oriented blowing-up ϖ : P̃1
→ P1 of P1

at ∞ and the open subset P̃1
mod = A1 an

∪ ∂modP̃1 in the neighborhood of which e−θ has moderate growth,
equivalently rapid decay, i.e., defined by Re(θ) > 0. Let us denote the open inclusions A1 an ↪→ P̃1

mod and
P̃1

mod ↪→ P̃1 respectively by α and β. The Betti fiber of N H is defined as

H0(P̃1, β! Rα∗FQ)= H0
c(P̃

1
mod, Rα∗FQ).

Let us notice that these definitions can be extended to all objects N H of MHM(A1
θ ) and then the

corresponding vector spaces only depend on 5(N H) since Hr
dR(A

1
θ , Eθ )= 0 for all r .

In order to define the comparison isomorphism, we first recall that the de Rham fiber H1
dR(A

1
θ , N ⊗ Eθ )

can be computed as the hypercohomology of the moderate de Rham complex DRmod(N ⊗ Eθ ) on P̃1,
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that is there exists a canonical functorial isomorphism (see e.g., [Fresán et al. 2023, Section 2.e])

H1
dR(A

1
θ , N ⊗ Eθ )≃ H0(P̃1, pDRmod(N ⊗ Eθ )). (A.1)

Furthermore:

Lemma A.2. There exists a unique isomorphism

β! Rα∗ DRan(N )≃ DRmod(N ⊗ Eθ )

extending the identity on the analytic complex line A1 an.

Proof. Indeed, let us recall (see [loc. cit.]) that DRmod(N ⊗ Eθ ) has cohomology in degree zero only.
Then one can easily show that its H 0 is zero on the complement of P̃1

mod, so that the natural morphism

β!β
−1 DRmod(N ⊗ Eθ )→ DRmod(N ⊗ Eθ )

is an isomorphism. One then shows in the same way that

β−1 DRmod(N ⊗ Eθ )= Rα∗α
−1β−1 DRmod(N ⊗ Eθ ).

Uniqueness follows from the adjunction formulas [Kashiwara and Schapira 1990, (2.3.6) and (3.0.1)]. □

On the other hand, termwise multiplication by e−θ induces an isomorphism

pDRan(N )−→∼
pDRan(N ⊗ Eθ ).

As a consequence, there exists a unique isomorphism

compP̃1 : β! Rα∗FC →
pDRmod(N ⊗ Eθ )

extending e−θ
◦ compA1 an . This morphism is thus functorial with respect to N H.

Definition A.3 (fiber period structure FPer(N H)). Let N H
= (N ,FQ, compA1 an) be an object of EMHS:

(1) The fiber comparison isomorphism

comp : C ⊗ H0(P̃1, β! Rα∗FQ)→ H1
dR(A

1
θ , N ⊗ Eθ )

is the composition of H0(P̃1, compP̃1) with that given by (A.1).

(2) The fiber period structure FPer(N H) of an exponential mixed Hodge structure N H is the following
object of the category Per:

FPer(N H)= (H1
dR(A

1
θ , N ⊗ Eθ ),H0(P̃1, β! Rα∗FQ), comp).

In the following, we also regard FPer as a functor defined on MHM(A1
θ ) by factorizing through EMHS

by 5. The following lemma is then obvious.

Lemma A.4. The assignment FPer defines an exact functor MHM(A1
θ )→ Per factoring through 5, and

there is an isomorphism of functors to the category Per:

FPer(N H)≃
(
H0(P̃1, β! Rα∗

pDRan(N ⊗ Eθ )),H0(P̃1, β! Rα∗FQ),H0(P̃1, β! Rα∗(e−θ
◦ compA1 an))

)
.
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On the other hand, let i0 : {0} ↪→ A1 be the closed embedding. The abelian category MHS=MHM({0})

of mixed Hodge structures is identified with a full subcategory of MHM(A1) and of EMHS via the
pushforward Hi0! of mixed Hodge modules and the composition 5 ◦ Hi0!, respectively.

Proposition A.5. There is a commutative diagram of functors:

MHS

Per

��

5◦Hi0!
// EMHS

FPer

yy

Per

Proof. This follows from the tautological identification for a vector space V over either Q or C

H0
c(P̃

1
mod, Rα∗ Ri0!V )= V,

which commutes with change of base field. □

A2. Computation of the fiber comparison isomorphism for a Gauss–Manin exponential mixed Hodge
structure. Let f : X → A1

θ be a projective morphism from a smooth quasiprojective variety X to the
affine line A1

θ . We denote the pushforward functor Db(MHM(X))→ Db(MHM(A1
θ )) by H f∗; see [Saito

1990, Theorem 4.3]. For each object N H of MHM(X) and each integer r , we consider the mixed Hodge
module H r

H f∗N H that we simply denote by H f r
∗

N H. We will compute its fiber period structure by means
of cohomology on a suitable real blow-up space.

For that purpose, consider a smooth projective compactification f̄ : X → P1 of X and f giving rise to
a commutative diagram

X

f
��

� � j
// X

f̄
��

A1
θ
� � // P1

such that the pole divisor P = f̄ −1(∞) is a strict normal crossing divisor in X . We denote by ϖ :

X̃(P) → X the real-oriented blowing-up of X along the irreducible components of P . Then f̄ lifts
as a real-analytic morphism f̃ : X̃(P) → P̃1. In this section, we set X̃ = X̃(P). We define the open
subset ∂mod X̃ of ∂ X̃ =ϖ−1(P) as consisting of points of ϖ−1(P) in the neighborhood of which e− f

has moderate growth — equivalently, rapid decay — so that ∂mod X̃ = f̃ −1(∂modP̃1). The subset

X̃mod := X ∪ ∂mod X̃ = f̃ −1(P̃1
mod)

is open in X̃ . We also denote by α, β the respective open inclusions

X α
↪−→ X̃mod

β
↪−→ X̃ .
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As in Section 2.1, we set E f
= (OX , d+ d f ) and, for a DX -module N regarded as an OX -module with

flat connection ∇, we set N ⊗ E f
= (N ,∇ + d f ). To a mixed Hodge module N H on X we associate a

period structure in Per as follows. The vector spaces are (the perverse convention is used here)

pHr
dR(X, N ⊗ E f ) := Hr (X, pDRX (N ⊗ E f )),

pHr
B(X,FQ ⊗ E f ) := Hr (X̃ , β! Rα∗FQ)= Hr

c(X̃mod, Rα∗FQ).

In order to make the comparison isomorphism explicit, we need the following proposition. We note
that termwise multiplication by the holomorphic function e− f induces an isomorphism pDRan

X N −→∼

pDRan
X (N ⊗ E f ). On the other hand, we endow X̃ with the sheaf A mod

X̃
of holomorphic functions on X

having moderate growth along ∂ X̃ . Then any DX -module M has a (shifted) moderate de Rham complex
pDRmod

X̃
M on X̃ ; see e.g., [Fresán et al. 2023, Section 2.e]. We also denote by j : X → X̃ the inclusion.

Proposition A.6. For a regular holonomic DX -module N , the following two natural morphisms

β!β
−1pDRmod

X̃ j+(N ⊗ E f )→
pDRmod

X̃ j+(N ⊗ E f ),

β−1pDRmod
X̃ j+(N ⊗ E f )→ Rα∗α

−1β−1pDRmod
X̃ j+(N ⊗ E f )

are quasiisomorphisms.

Sketch of proof. A similar result is proved in [Sabbah 1996] (proof of Theorem 5.1) but the definition of
the sheaf of functions with moderate growth used there is more restrictive than the one needed for our
purposes. Instead, one uses computations similar to those of [Hien 2007, Proposition 3.3] (see also [Hien
2009, Proposition 1]) together with [Mochizuki 2014, Corollary 4.7.3]. □

We conclude that there is a natural isomorphism

β! Rα∗
pDRan

X (N ⊗ E f )−→∼
pDRmod

X̃ j+(N ⊗ E f ) (A.7)

in the derived category Db(CX ), which is functorial with respect to N . Moreover, by the arguments of
adjunction already used in the proof of Lemma A.2, this is the unique isomorphism extending the identity
on X .

Corollary A.8. For a mixed Hodge module N H
∈ MHM(X) there exists a unique isomorphism

compX̃ : β! Rα∗FC →
pDRmod

X̃ j+(N ⊗ E f )

which extends e− f
◦ compX : FC →

pDRan
X (N ⊗ E f ). We have

compX̃ = (A.7) ◦β! Rα∗(e− f
◦ compX ).

This morphism is functorial on MHM(X). □

In a way similar to (A.1), one shows that, for any r , there exists a canonical isomorphism

canr : Hr (X̃ , pDRmod
X̃ j+(N ⊗ E f ))≃ Hr (X , pDRX j+(N ⊗ E f ))

= Hr (X, pDRX (N ⊗ E f ))=:
pHr

dR(X, N ⊗ E f ).



Quadratic relations between Bessel moments 593

Definition A.9. Let N H be an object of MHM(X). For each r (the perverse convention is used here), the
fiber period structure FPerr (N H

⊗ E f ) is defined as

FPerr (N H
⊗ E f )= (pHr

dR(X, N ⊗ E f ),Hr
B(X,FQ ⊗ E f ), canr ◦

pHr (X̃ , compX̃ )).

Lemma A.10 (expression of FPerr (N H
⊗ E f ) on the real blow-up). For each r , there is an isomorphism

in Per:

FPerr (N H
⊗E f )≃

(
Hr (X̃ , β! Rα∗

pDRan
X j+(N⊗E f )v),Hr (X̃ , β! Rα∗FQ),Hr (X̃ , β! Rα∗(e− f

◦compX ))
)
.

Proof. The isomorphism is the identity on the middle term and the isomorphism on the left term is given
by canr ◦ Hr (X̃ , (A.7)). □

We then deduce that the fiber period structure FPerr (N H
⊗ E f ) is isomorphic to that attached to the

exponential mixed Hodge structure 5(H f r
∗

N H):

Proposition A.11. For each r , there is a functorial isomorphism of fiber period structures:

FPer(H f r
∗

N H)≃ FPerr (N H
⊗ E f ).

Proof. By definition, the comparison isomorphism compA1
θ

for H f j
∗ N H is obtained by taking the j-th

perverse cohomology of the composed isomorphism

R f∗FC
R f∗ compX

−−−−−−−→ R f∗pDRan N −→∼
pDRan f+N ,

where the second morphism is the standard functorial isomorphism from D-module theory. We also have
a commutative diagram:

R f∗pDRan N

R f∗e− f

��

// pDRan f+N

e−θ

��

R f∗pDRan(N ⊗ E f ) // pDRan(( f+N )⊗ Eθ )

We now take the models of Lemmas A.4 and A.10 and the desired isomorphism is obtained (after applying
R0(P̃1, · ) and taking cohomology) from the canonical isomorphism of functors

R f̃∗ ◦β! Rα∗ ≃ β! Rα∗ R f∗

from Db(CX ) to Db(CP̃1), that we recall now. We consider the two commutative squares:

X �
� α

//

f
��

X̃mod
� � β

//

f̃mod
��

X̃

f̃
��

A1
θ
� � α

// P̃1
mod
� � β

// P̃1

Since f̃ is proper, we have a canonical isomorphism of functors R f̃∗ ◦β! ≃ β! ◦ R f̃mod ∗, and on the other
hand we have R f̃mod ∗ ◦ Rα∗ ≃ Rα∗ ◦ R f̃∗. □
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A3. Fiber period realization of a pair (U, f ).

Application of the results of Section A2. Let U be a smooth complex quasiprojective variety of dimension d
and let f : U → A1

θ be a regular function. Starting with the mixed Hodge module pQH
U , we aim at giving

a formula for the fiber period structure of the exponential mixed Hodge structures associated with the
pushforward mixed Hodge modules H f r

∗
pQH

U and H f r
!

pQU (r ∈ Z). For that purpose, it is convenient to
choose a partial completion κ : U ↪→ X of U as a smooth quasiprojective variety X so that H = X \U is
a strict normal crossing divisor and that f extends as a projective morphism f : X → A1

θ . The result will
be independent of such a choice. The commutative diagram used in Section A2 is thus completed on the
left as follows:

U

f
��

� � κ // X

f
��

� � j
// X

f̄
��

A1
θ A1

θ
� � // P1

We consider the objects N H of MHM(X) defined as N H
= Hκ∗

pQH
U or N H

= Hκ!
pQH

U . Correspondingly,
we write N ⊗ E f as E f (∗H) or E f (!H) and we have FQ = Rκ∗

pQU or Rκ!
pQU . In this way, we are in

the setting of Section A2.
We denote respectively by Hr (U, f ) and Hr

c(U, f ) the exponential mixed Hodge structure5(H f r−d
∗

pQH
U )

and 5(H f r−d
!

pQH
U ), and

Hr
mid(U, f )= im[Hr

c(U, f )→ Hr (U, f )]. (A.12)

We denote respectively the associated de Rham fibers by Hr
dR(U, f ) and Hr

dR,c(U, f ), and the Betti fibers
by Hr

B(U, f ) and Hr
B,c(U, f ). We then have

Hr
dR(U, f )≃ Hr (X,DR(E f (∗H))), Hr

dR,c(U, f )≃ Hr (X,DR(E f (!H))).

Keeping the notation of Section A2 for α, β (and emphasizing now the divisor P), we have by
Proposition A.11

Hr
B(U, f )= Hr (X̃(P), β! Rα∗ Rκ∗QU ), Hr

B,c(U, f )= Hr (X̃(P), β! Rα∗ Rκ!QU ).

We set Ũmod(P)= X̃mod(P) \ϖ−1(H) and we denote by 8 the family of closed subsets of Ũmod(P)
whose closure in X̃ is contained in the open subset X̃mod(P).

Proposition A.13. We have

Hr
B(U, f )≃ Hr

8(Ũmod(P),Q) and Hr
B,c(U, f )≃ Hr

c(Ũmod(P),Q),

and the natural morphism Hr
B,c(U, f )→ Hr

B(U, f ) is induced by the inclusion of the families of supports.

Remark A.14. Setting Ũ (P)= X̃(P) \ϖ−1(H) and denoting by ∂exp X̃(P), respectively ∂expŨ (P), the
closed subset complement to X̃mod(P) in X̃(P), respectively to Ũmod(P) in Ũ (P), the spaces Hr

B(U, f )
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and Hr
B,c(U, f ) also read in terms of relative cohomology

Hr
B(U, f )≃ Hr (Ũ (P), ∂expŨ (P),Q), Hr

B,c(U, f )≃ Hr (X̃(P), ∂exp X̃(P)∪ϖ−1(H),Q),

and the natural morphism between both is induced by the inclusion of pairs (Ũ (P), ∂expŨ (P)) ↪→
(X̃(P), ∂exp X̃(P)), so that Hr

B,mid(U, f ) is the corresponding image, according to (A.12).

Proof of Proposition A.13. In the proof, we simply set X̃ = X̃(P). With the notation above, we consider
the commutative diagram

U �
� αU

//
� _

κ

��

Ũmod
� � βU

//
� _

κ̃ ′

��

Ũ� _
κ̃
��

∂expŨ? _
γU

oo

� _

��

X �
� α

// X̃mod
� � β

// X̃ ∂exp X̃? _
γ

oo

where the first line is obtained from the second one by deleting ϖ−1(H).
For the identification of Hr

B(U, f ), we need the next lemma.

Lemma A.15. For ⋆= ∗ or ⋆= !, there is an isomorphism in Db(X̃ ,Q)

Rκ̃⋆βU ! RαU∗QU ≃ β! Rα∗ Rκ⋆QU .

Proof. We can replace Rα∗ Rκ⋆ with Rκ̃ ′
⋆RαU∗. Furthermore, a local computation shows that

RαU∗QU = QŨmod
= β−1

U QŨ and (RβU ◦ RαU )∗QU = QŨ .

We are thus reduced to finding an isomorphism Rκ̃⋆βU !QŨmod
≃ β! Rκ̃ ′

⋆QŨmod
. Let us first construct a

morphism. There is a natural morphism

Rκ̃⋆βU !QŨmod
→ Rκ̃⋆RβU∗QŨmod

≃ Rβ∗ Rκ̃ ′

⋆QŨmod

and this morphism can be lifted as a morphism to β! Rκ̃ ′
⋆QŨmod

if and only if its restriction by γ is zero.
Clearly, γ−1 Rκ̃⋆βU !QŨmod

is zero on ∂expŨ and we need to check that the same property holds true on
ϖ−1(H)∩ ∂exp X̃ . The question reduces to a local computation in the neighborhood of each point of
P ∩ H in X . We thus work in an adapted coordinate neighborhood 1d of such a point. We can write
1d

=1ℓ ×1d−ℓ, with P ∩1d
= P ′

×1d−ℓ defined by the vanishing of the product of coordinates in
1ℓ and H ∩1d

=1ℓ× H ′′ defined by the vanishing of the product of some coordinates in 1d−ℓ. In this
model, the real blowing-up ϖ : 1̃ℓ×1d−ℓ

→1ℓ×1d−ℓ is induced by the real blowing-up of 1ℓ along
its coordinates hyperplanes. In restriction to this chart we have U =1ℓ × (1d−ℓ

\ H ′′) and

X̃mod = (1̃ℓ)mod ×1d−ℓ, Ũmod = (1̃ℓ)mod × (1d−ℓ
\ H ′′),

∂exp X̃ = ∂exp(1̃
ℓ)×1d−ℓ, ∂expŨ = ∂exp(1̃

ℓ)× (1d−ℓ
\ H ′′).

(A.16)

The assertion is then clear since the morphisms βU and κ̃ act on disjoint sets of variables. With the same
local computation, one checks that the morphism thus obtained is an isomorphism. □
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We can now conclude the proof for Hr
B(U, f ). From the previous lemma with ⋆= ∗ we deduce

Hr (X̃ , β! Rα∗ Rκ∗QU )≃ Hr (X̃ , Rκ̃∗βU ! RαU∗QU )= Hr (Ũ , βU !QŨmod
),

and the assertion is then clear. On the other hand, the distinguished triangle in Db(Ũ ,Q)

βU !β
−1
U QŨ → QŨ → RγU∗γ

−1
U QŨ

+1
−→

gives the expression of Hr
B(U, f ) in terms of relative cohomology as asserted in Remark A.14.

For Hr
B,c(U, f ), the previous lemma with ⋆= ! gives similarly

Hr (X̃ , β! Rα∗κ!QU )≃ Hr (X̃ , (κ̃ ◦βU )! RαU∗QU )= Hr
c(Ũmod,Q). □

Remark A.17. Let Z ⊂ U be a divisor on which f vanishes, let aZ denote the structure morphism, let
iZ :Z ↪→ U denote the closed inclusion and jZ :U \ Z ↪→ U the complementary open inclusion. We set
pQH

Z = Ha∗

Z QH
Spec C

[dim Z ], so that there is an isomorphism

Hi∗

Z
pQH

U = H 0
Hi∗

Z
pQH

U ≃
pQH

Z

and an exact sequence

0 → HiZ∗
pQH

Z → H jZ !H j∗

Z
pQH

U →
pQH

U → 0,

giving rise to an exact sequence in EMHS, see [Fresán et al. 2022, (A.21)],

· · · → Hr−1
c (Z)→ Hr

c(U \ Z , f )→ Hr
c(U, f )→ Hr

c(Z)→ · · · .

If Hr
c(U \Z , f )=0 for each r , the exponential mixed Hodge structure Hr

c(U, f ) is isomorphic to the mixed
Hodge structure Hr

c(Z) and, correspondingly, the fiber period structure FPer(Hr
c(U, f )) is isomorphic

to Per(Hr
c(Z)). We will make explicit this exact sequence for the Betti fibers. Since f̄ : X → P1 is a

morphism, we have Z ∩ P = ∅. We have a distinguished triangle

β! Rα∗ RiZ∗QZ → β! Rα∗ jZ !QU\Z → β! Rα∗QU
+1
−→

and since the closure of Z in X̃(P) does not intersect ∂ X̃(P), we find

β! Rα∗ RiZ∗QZ = β! Rα! RiZ∗QZ and β! Rα∗ jZ !QU\Z = βZ !QŨmod(P)\Z ,

where βZ is the inclusion Ũmod(P) \ Z ↪→ X̃(P). The Betti exact sequence reduces then to

· · · → Hr−1
c (Z ,Q)→ Hr

c(Ũmod(P) \ Z ,Q)→ Hr
c(Ũmod(P),Q)→ Hr

c(Z ,Q)→ · · · . (A.18)

Computation with the total real blow-up. In order to use results of [Fresán et al. 2023], we consider the
real blowing-up π : X̃(D)→ X of the irreducible components of D = P ∪ H in X . There is a natural
morphism ϖ̃ : X̃(D)→ X̃(P), so that π =ϖ ◦ ϖ̃ . In a local chart where formulas (A.16) hold, ϖ̃ is the
blowing-up map of the components of H ′′ in 1d−ℓ:

X̃(D)= 1̃ℓ × 1̃d−ℓ
→ 1̃ℓ ×1d−ℓ

= X̃(P).
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We consider the open subsets Ũmod(D)= U ∪ ∂mod X̃(D) and Ũrd(D)= U ∪ ∂rd X̃(D), where:

• ∂mod X̃(D) is the open subset of π−1(D) in the neighborhood of which e− f has moderate growth
(it contains π−1(D \ P)).

• ∂rd X̃(D) is the open subset of π−1(P) in the neighborhood of which e− f has moderate growth,
equivalently, rapid decay.

In the local chart as above, these sets read

Ũmod(D)= (1̃ℓ)mod × 1̃d−ℓ, Ũrd(D)= (1̃ℓ)mod × (1d−ℓ
\ H ′′).

For the sake of simplicity, we denote by QŨmod(D) the sheaf on X̃(D) which is the extension by zero of
the constant sheaf on Ũmod(D) with stalk Q (notation of [Kashiwara and Schapira 1990]), and similarly
with rd. From the previous identifications with now α : X ↪→ X̃mod(D) and β : X̃mod(D) ↪→ X̃(D), we
obtain

Rϖ̃∗QŨmod(D) = β! Rα∗ Rκ∗QU , Rϖ̃∗QŨrd(D) = QŨmod(P)

(in fact ϖ̃ : Ũrd(D)→ Ũmod(P) is an isomorphism). Therefore,

Hr
B(U, f )≃ Hr

c(Ũmod(D),Q) and Hr
B,c(U, f )≃ Hr

c(Ũrd(D),Q). (A.19)

Let 8rd (resp. 8mod) denote the family of closed subsets F of U whose (compact) closure F in X̃(D)
is contained in Ũrd(D) (resp. Ũmod(D)). A closed set F of U belongs to 8rd (resp. 8mod) if and only if
|exp(− f )||F tends to zero faster than any positive power of dist(x, xo) (resp. is bounded by some negative
power of dist(x, xo)) when x ∈ F tends to some xo ∈ D. Then the right-hand sides in (A.19) read

Hr
c(Ũmod(D),Q)= Hr

8mod
(U,Q), Hr

c(Ũrd(D),Q)= Hr
8rd
(U,Q), (A.20)

and, by considering the natural morphism induced by the inclusion of family of supports, we have

Hr
B,mid(U, f )= im[Hr

8rd
(U,Q)→ Hr

8mod
(U,Q)]. (A.21)

Rapid decay and moderate growth homology spaces for the pair (U, f ). If 1 denotes the generator of
E f

= (OU , d+ d f ), then exp(− f ) · 1 is an analytic flat section of E f . The moderate growth and the
rapid decay homology spaces of the pair (U, f ), as defined in [Fresán et al. 2023], are the homology of
the chain complexes consisting of singular chains in X̃(D) with boundary in ∂ X̃(D) twisted by the flat
section exp(− f ) · 1, whose support is contained in Ũmod(D) and Ũrd(D), respectively. The flat section
being fixed, we get identifications with relative homology spaces

Hmod
r (U, f )≃ Hr (Ũmod(D), ∂Ũmod(D),Q) and Hrd

r (U, f )≃ Hr (Ũrd(D), ∂Ũrd(D),Q). (A.22)

Notation A.23. For the sake of simplicity, we omit the flat section exp(− f ) · 1 in the notation of such
twisted chains, that we simply call respectively rapid decay and moderate chains (we will not make use
of the latter).
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We have a more explicit expression of the rapid decay homology as follows. By suitably lifting to
X̃(D) the radial vector field of length one centered at ∞ ∈ P1 so that it remains tangent to π−1(D \ P),
and by following its flow, we obtain for every large enough R > 0 a deformation retraction of the pair
(Ũrd(D), ∂RŨrd(D)) to the pair (Ũrd(D), ∂Ũrd(D)), where the thickened boundary ∂RŨrd(D) is defined
as Ũrd(D)∩ {| f | ⩾ R} ∩ {Re( f ) > 0}. Setting

∂rd,RU = U ∩ ∂RŨrd(D)= U ∩ {| f | ⩾ R} ∩ {Re( f ) > 0}, R ≫ 0,

by excision of ∂Ũrd(D), we obtain (for R ≫ 0)

Hrd
r (U, f )≃ Hr (Ũrd(D), ∂Ũrd(D),Q)≃ Hr (Ũrd(D), ∂RŨrd(D),Q)≃ Hr (U, ∂rd,RU,Q). (A.24)

Remark A.25 (period pairing and period realization). Working with the transposed period structures as
in [Fresán et al. 2023, Proposition 2.28], and considering rapid decay and moderate growth homology,
one can show that there exist isomorphisms of (the transposes of) period structures

FPer Hr (U, f )≃ (Hr
dR(U, f ),Hrd

r (U, f ),Prd,mod
r ),

FPer Hr
c(U, f )≃ (Hr

dR,c(U, f ),Hmod
r (U, f ),Pmod,rd

r ),

FPer Hr
mid(U, f )≃ (Hr

dR,mid(U, f ),Hmod
r (U, f ),Pmid

r ).

A4. Period structures over the category of varieties and morphisms defined over Q. In this section,
we denote by U0 a variety defined over Q and by U the variety defined over C after extension of scalars
from Q to C. When working over varieties and morphism defined over Q, that is, smooth separated
schemes of finite type over Q and separated morphisms (e.g., U0 is An or Gn

m and f is a polynomial or
a Laurent polynomial with rational coefficients), we are led to consider period structures over Spec Q.
Such a period structure consists of a pair of finite-dimensional Q-vector spaces (V0, VQ) together with a
comparison isomorphism comp : C ⊗Q VQ ≃ C ⊗Q V0 = V C.

Q-structure on the de Rham cohomology. We fix a good compactification

j : (U0, f ) ↪→ (X0, f̄ ),

that is, such that D0 = X0 \ U0 is a divisor with strict normal crossings (i.e., such that the irreducible
components over Q are smooth and intersect transversally). We work with the corresponding category
of D-modules and functors; see, e.g., [Laumon 1983, Sections 4 and 5]. The de Rham cohomology
Hr

dR(U0, f ) is defined in a standard way as the de Rham cohomology of the DU0-module (OU0, d+ d f ),
and the de Rham cohomology with compact support Hr

dR,c(U0, f ) is the de Rham cohomology of the
DX0

-module j†(OU0, d+ d f ), with j† = D ◦ j+ ◦ D and D is the duality functor of D-modules. We
denote by (U, f ) the corresponding object obtained by extension of scalars from Q to C. We have:

Lemma A.26. Extension of scalars is compatible with taking de Rham cohomology, that is,

C ⊗Q Hr
dR(U0, f )≃ Hr

dR(U, f ), C ⊗Q Hr
dR,c(U0, f )≃ Hr

dR,c(U, f ). □
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As an immediate consequence we obtain that the same result holds for the middle de Rham cohomology
Hr

dR,mid(U0, f ).
Let us consider the setting of Remark A.17 and let us assume that the triple (U, f, Z) is defined over Q.

Let us set M = (OU0, d+ d f ). There is a natural exact sequence

0 = R00Z0 M → M → jZ0+ j+

Z0
M = M(∗Z0)→ R10Z0 M → 0

which identifies the complex R0Z0 M with (OU0(∗Z0)/OU0, d+ d f )[−1]. We note that

(OU0(∗Z0)/OU0, d+ d f )≃ (OU0(∗Z0)/OU0, d).

Indeed, this amounts to showing that the exponential function exp(± f ) is well-defined on OU0(∗Z0)/OU0 ,
and this follows from the nilpotency of multiplication by f on each local section of OU0(∗Z0)/OU0 . The
long exact sequence in de Rham cohomology thus reads

· · · → Hr
dR,Z0

(U0)→ Hr
dR(U0, f )→ Hr

dR(U0 \ Z0, f )→ Hr+1
dR,Z0

(U0)→ · · · .

Dually (in the sense of DX0
-modules, and up to changing f to − f ), we obtain the exact sequence

· · · → Hr−1
dR,c(Z0)→ Hr

dR,c(U0 \ Z0, f )→ Hr
dR,c(U0, f )→ Hr

dR,c(Z0)→ · · · .

Corollary A.27. Assume moreover that the Q-vector spaces Hr
dR(U0 \ Z0, f ) and Hr

dR,c(U0 \ Z0, f ) are
zero for all r . Then the Q-de Rham vector spaces Hr

dR(U0, f ) and Hr
dR,Z0

(U0), respectively Hr
dR,c(U0, f )

and Hr
dR,c(Z0), coincide. □

Example A.28. We consider the setting of [Fresán et al. 2022, Example A.27] where the assumptions of
Corollary A.27 hold. We thus assume that U0 = A1

t × V0 for some smooth quasiprojective variety V0 and
f = tg for some regular function g on V0. We set K0 = g−1(0) and Z0 = A1

t ×K0. Corollary A.27 gives
identifications of Q-vector spaces

Hr
dR,Z0

(U0)≃ Hr
dR(U0, f ) and Hr

dR,c(Z0)≃ Hr
dR,c(U0, f ).

Action of complex conjugation. We denote by (U R, f R) (or simply U R, f R) the real-analytic space and
map associated with (U (C), f ). Then the complex conjugation endows U R with a real analytic involution
conj which commutes with f R. Furthermore, one can find a compactification (X0, D0) defined over Q

(since resolution of singularities holds in characteristic zero) so that conj extends in a unique way as a
real analytic involution of (XR, DR). Similarly, X̃(D)R, etc. belong to the semianalytic category and conj
can then be lifted in a unique way as a semianalytic involution c̃onj of X̃(D)R that preserves ∂ X̃(D)R.
Lastly, since the moderate growth or rapid decay condition only involves Re( f R), the involution c̃onj
preserves the subsets Ũmod(D)R and Ũrd(D)R.

Corollary A.29. If (U, f ) is obtained from (U0, f ) by extension of scalars, the Q-Betti fibers Hr
B(U, f )

and Hr
B,c(U, f ) are naturally endowed with an involution conj∗, which is compatible with the natural

morphism Hr
B,c(U, f )→ Hr

B(U, f ).
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Proof. Indeed, conj∗ is induced by

c̃onj∗ : Hr
c(Ũmod(D)R,Q)→ Hr

c(Ũmod(D)R,Q) or c̃onj∗ : Hr
c(Ũrd(D)R,Q)→ Hr

c(Ũrd(D)R,Q). □

Corollary A.30. In the setting of Remark A.17, assume that (U0, f, Z0) is defined over Q. Then c̃onj∗ is
compatible with the morphisms of the Betti exact sequence (A.18). In particular, if Hr

c(U \ Z , f )= 0 for
all r , then the involutions conj∗ on Hr

B,c(U, f ) and Hr
c(Z

R,Q) coincide. □

Example A.31. Let us keep the setting of Example A.28, that is, [Fresán et al. 2022, Example A.27]. It
is proved in [loc. cit.] that, for all r ∈ Z, we have a diagram of mixed Hodge structures

Hr
c(A

1
t × V, f ) ∼

//

��

Hr−2
c (Z)(−1)

Hr (A1
t × V, f ) Hr

Z (A
1
t × V )∼

oo

(A.32)

where the vertical arrow is the natural one. Consider the case r = d , the dimension of A1
t × V . According

to [loc. cit., Proposition A.19], the upper line is mixed of weights ⩽ d and the lower line is mixed of
weights ⩾ d . Furthermore, denoting by Hd

mid(A
1
t ×V, f ) the image of the vertical arrow, we have induced

isomorphisms of pure Hodge structure:

grW
d Hd

c (A
1
t × V, f ) ∼

//

≀

��

(grW
d−2 Hd−2

c (Z))(−1)

Hd
mid(A

1
t × V, f ) ∼

// Wd Hd(A1
t × V, f ) Wd Hd

Z (A
1
t × V )∼

oo

We assume that V0, g are defined over Q, making U0, f also defined over Q, as well as K0 = g−1(0)
and Z0 = A1

t × K , so that K R and ZR are preserved by conj. It follows from Corollary A.30 that the
isomorphisms of (exponential) mixed Hodge structures (A.32) induce isomorphisms of Betti fibers which
are compatible with conj∗.

Furthermore, the weight filtration W• Hr
c(Z

R,Q) is preserved by conj∗, since it comes from a filtration
defined at the level of Nori motives; see [Huber and Müller-Stach 2017, Theorem 10.2.5]. One can argue
that the weight filtration of Hr

B,c(A
1
t × V, f ) is also preserved by conj∗ by analyzing first the behavior of

conj∗ on Rr f!pQU . Nevertheless, it is enough for our purpose to check that conj∗ induces an action on
Hr

B,mid(A
1
t × V, f ), a property that follows from interpreting the latter space as the image of the Betti

vertical arrow (A.32).
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Added in proof

Recently, Y. Zhou also obtained [2021] the existence of quadratic relations as conjectured by Broadhurst
and Roberts, with a different interpretation of the matrix Dk however. The methods are completely
different from those of the present article and rely on the previous works of the author.
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Morphismes de périodes et cohomologie syntomique
Sally Gilles

On commence par donner la version géométrique d’un résultat de Colmez et Nizioł établissant un
théorème de comparaison entre les cycles proches p-adiques arithmétiques et la cohomologie des faisceaux
syntomiques. La construction locale de cet isomorphisme utilise la théorie des .'; �/-modules et s’obtient
en réduisant l’isomorphisme de périodes à un théorème de comparaison entre des cohomologies d’algèbres
de Lie. En appliquant ensuite la méthode des « coordonnées plus générales » utilisée par Bhatt, Morrow et
Scholze, on construit un isomorphisme global. On peut notamment déduire de ce théorème la conjecture
semi-stable de Fontaine et Jannsen. Ce résultat a également été prouvé par (entre autres) Tsuji, via
l’application de Fontaine et Messing, et par Česnavičius et Koshikawa, qui généralisent la preuve de la
conjecture cristalline de Bhatt, Morrow et Scholze. On utilise l’application construite précédemment pour
montrer que le morphisme de périodes de Tsuji est égal à celui de Česnavičius et Koshikawa.

We start by giving the geometric version of a result of Colmez and Nizioł establishing a comparison
theorem between p-adic arithmetic nearby cycles and syntomic sheaf cohomology. The local construction
of this isomorphism uses .'; �/-modules and is obtained by reducing the period isomorphism to a
comparison theorem between cohomologies of Lie algebras. Then, applying Bhatt, Morrow and Scholze’s
“more general coordinates” method, we construct a global isomorphism. We can deduce from this theorem
the semistable conjecture of Fontaine and Jannsen. This result was also proved, among others, by Tsuji,
using Fontaine and Messing’s map, and by Česnavičius and Koshikawa, who generalize the proof of Bhatt,
Morrow and Scholze’s crystalline conjecture. We use the previously constructed mapping to show that
Tsuji’s period morphism is equal to the one of Česnavičius and Koshikawa.
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1. Introduction

Les morphismes de périodes permettent de décrire la cohomologie étale p-adique de variétés algébriques
à l’aide de formes différentielles et rendent ainsi possible son calcul. Plusieurs constructions de tels
morphismes existent. Tsuji [1999], par exemple, établit que l’application de Fontaine et Messing [1987]
(aussi décrite dans [Kato 1994]) définit un quasi-isomorphisme, en degrés bornés, entre les cycles proches
p-adiques et la cohomologie étale p-adique de la variété rigide associée à un schéma à réduction semi-
stable. Tsuji déduit de ce résultat une preuve de la conjecture semi-stable de Fontaine et Jannsen qui
relie la cohomologie p-adique de la variété à sa cohomologie de Hyodo–Kato (telle qu’elle est définie
dans [Beilinson 2013]). Une autre preuve de la conjecture semi-stable, généralisant la preuve de la
conjecture cristalline de Bhatt, Morrow et Scholze (voir [Bhatt et al. 2018]), a été donnée par Česnavičius
et Koshikawa [2019]. Ce travail comporte deux parties : dans un premier temps, on donne une preuve
différente du résultat de Tsuji en construisant un nouveau morphisme de périodes (qui est la version
géométrique de celui de Colmez et Nizioł [2017]). On utilise ensuite cette construction pour montrer que
l’application de Fontaine et Messing et le morphisme de Bhatt, Morrow et Scholze sont égaux.

1A. Énoncé des principaux théorèmes. Décrivons plus précisément les résultats obtenus. On fixe
p un nombre premier. Soit OK un anneau de valuation discrète complet, de corps de fraction K de
caractéristique 0 et de corps résiduel parfait k de caractéristique p. On note $ une uniformisante de K,
OF WDW.k/ l’anneau des vecteurs de Witt associé à k et F D Frac.OF / (avec e WD ŒK W F �). Soit xK la
clôture algébrique de K et O xK la clôture intégrale de OK dans xK. Enfin, on note C le corps complet
algébriquement clos yxK et OC son anneau de valuation.

On note O�K le schéma formel Spf.OK/ muni de la log-structure donnée par son point fermé et O0F le
schéma formel Spf.W.k// muni de la log-structure .N!OF ; 1 7! 0/. On considère X un log-schéma
formel à réduction semi-stable, log-lisse sur O�K . On note Y WD Xk sa fibre spéciale, xX WD XOC et
xY WDX Nk . Soit Sn.r/X dans D.Yét;Z=p

nZ/ 1 et Sn.r/xX dans D.. xY /ét;Z=p
nZ/ les faisceaux syntomiques

arithmétique et géométrique. On note XK;tr (respectivement XC;tr) le lieu de XK (respectivement de XC )
où la structure logarithmique est triviale, et i et j (respectivement N{ et N| ) les morphismes 2 Y ,! X

et XK;tr Ü X (respectivement xY ,! xX et XC;tr Ü xX). Enfin, soit Zp.r/
0 WD

1
a.r/Špa.r/

Zp.r/, r D
a.r/.p� 1/C b.r/ avec 0� b.r/� p� 2.

Théorème 1.1. Pour tout 0� k � r , il existe un pN -isomorphisme 3

˛0r;n WH
k.Sn.r/xX/! N{

�Rk N|�Z=pn.r/0XC;tr

où N est un entier qui dépend de p et de r , mais pas de X ni de n.

Notons ˛FM
r;n W Sn.r/X! i�Rj�Z=pn.r/0XK;tr (respectivement Sn.r/xX!N{

�R N|�Z=pn.r/0XC;tr) l’applica-
tion de Fontaine–Messing arithmétique (respectivement géométrique). Tsuji [1999, Theorem 0.4] montre

1. Où D.Yét; A/ est la catégorie dérivée des faisceaux de A-modules sur le site étale de Y , pour un anneau A.
2. Les morphismes j et N| n’existent pas au niveau des espaces, mais on dispose bien de morphismes de topoï Rj� et R N|�.
3. On appelle pN -isomorphisme, un morphisme dont le noyau et le conoyau sont tués par pN .
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le théorème 1.1 dans le cas où X est un schéma à réduction semi-stable sur Spec.OK/ en prouvant que
l’application de Fontaine–Messing fournit le pN -isomorphisme voulu. Pour cela, il commence par se
ramener au cas nD 1 par dévissage. En multipliant le faisceau syntomique (respectivement le faisceau de
cycle proche) par t avec tD log.Œ"�/, où "2O[C est un système de racine p-ième de l’unité (respectivement
par �p), il se ramène au cas k D r . Il utilise ensuite une description des faisceaux Hr.Sn.r/xX/ via des
applications symboles qu’il compare avec celle de N{�Rk N|�Z=pn.r/0XC;tr donnée par Bloch et Kato [1986]
dans le cas de la bonne réduction, puis étendue à la réduction semi-stable par Hyodo [1988].

Colmez et Nizioł [2017] prouvent la version arithmétique du théorème ci-dessus, c’est-à-dire :

Théorème 1.2 [Colmez et Nizioł 2017, Theorem 1.1]. Pour tout 0� k � r , l’application

˛FM
r;n WH

k.Sn.r/X/! i�Rkj�Z=pn.r/0XK;tr

est un pN -isomorphisme pour une constante N qui dépend de e, p et de r , mais pas de X ni de n.

Pour cela, ils construisent un pN -quasi-isomorphisme local qu’ils comparent ensuite à la définition
locale de l’application de Fontaine–Messing. Le théorème 1.1 peut ensuite se déduire du théorème 1.2 en
passant à la limite sur les extensions finies L de K. Une nouvelle preuve du résultat de Colmez et Nizioł
a récemment été donnée dans [Antieau et al. 2022] dans le cas où X est propre et lisse sur OK .

On prouve ici le théorème 1.1 directement. On commence par montrer un résultat local semblable à
celui de Colmez et Nizioł. On considère R la complétion p-adique d’une algèbre étale sur

R� WDOC
�
X1; : : : ; Xd ;

1

X1 � � �Xa
;

$

XaC1 � � �XaCb

�
(pour a, b, c et d des entiers tels que a C b C c D d ). On note D D fXaCbC1 � � �Xd D 0g le
diviseur à l’infini et xRŒ1=p� l’extension maximale de RŒ1=p� non ramifiée en dehors de D. Soit
GR D Gal. xRŒ1=p�=RŒ1=p�/. 4 On relève ensuite R en une algèbre RCinf sur

RCinf;� WD Ainf

�
X;

1

X1 � � �Xa
;

Œ$[�

XaC1 � � �XaCb

�
(où $[ 2O[C est un système de racines p-ièmes de $), on définit 5 RCcris WDR

C
inf
y̋ Ainf Acris. Ici Spf.R/

est muni de la log-structure donnée par la fibre spéciale et le diviseur à l’infini et Spf.Acris/ ainsi que
Spf.Ainf/ sont munis des log-structures usuelles décrites dans [Česnavičius et Koshikawa 2019, §1.6]
(voir la section 2B2 ci-dessous). On s’intéresse au complexe syntomique donné par la fibre homotopique

Syn.RCcris; r/ WD ŒF
r��

R
C
cris

pr�'
��!��

R
C
cris
�

où ' est le Frobenius sur RCcris qui étend celui de RCinf;� donné par le Frobenius usuel sur Ainf et par
'.Xi /DX

p
i . Le complexe Syn.RCcris; r/ calcule alors la cohomologie syntomique de Spf.R/. On note

Syn.RCcris; r/n sa réduction modulo pn. On a le résultat local suivant :

4. On utilise ici la notation Gal pour désigner le groupe des automorphismes de xRŒ1=p� qui fixent RŒ1=p�.
5. Ici le produit tensoriel est complété pour la topologie p-adique.
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Théorème 1.3. Il existe des pN -quasi-isomorphismes

˛0r W ��r Syn.RCcris; r/
��! ��rR�.GR;Zp.r//;

˛0r;n W ��r Syn.RCcris; r/n
��! ��rR�.GR;Z=p

n.r//;

où N est une constante qui ne dépend que de r .

Les applications ci-dessus sont notamment utilisées par Colmez et Nizioł [2021a] pour donner une
interprétation « géométrique » des morphismes de périodes, i.e., voir les théorèmes de comparaison entre
les cohomologies étale et syntomique comme des théorèmes de comparaison entre les C -points d’espaces
de Banach–Colmez. Cela leur permet ensuite d’étendre le théorème de comparaison semi-stable à des
variétés rigides analytiques plus générales dans [Colmez et Nizioł 2021b].

Si X est propre sur OK , on déduit du théorème 1.1 que ˛0r induit un quasi-isomorphisme Frobenius et
GK-équivariant, qui préserve la filtration après tensorisation par BdR :

z̨
0
WH i

ét.XC ;Qp/˝Qp Bst ŠH
i
HK.X/˝F Bst;

H i
ét.XC ;Qp/˝Qp BdR ŠH

i
dR.XK/˝K BdR;

où R�HK.X/ŠR�cris.Xk=W.k/
0/Q. Par les résultats de Tsuji et de Colmez–Nizioł, le morphisme ˛FM

r

induit, lui aussi, un isomorphisme z̨FM entre les mêmes objets. Enfin, Česnavičius et Koshikawa [2019],
donnent une troisième construction d’un tel isomorphisme z̨CK (qui étend la construction de Bhatt et al.
[2018]). Dans la seconde partie de cet article, on montre :

Théorème 1.4. Les morphismes z̨FM et z̨0 d’une part et z̨CK et z̨0 d’autre part sont égaux. En particulier,
z̨FM D z̨CK.

Ce dernier théorème étend les résultats de Nizioł [2009; 2020], dans lesquels elle prouve l’égalité entre
les morphismes de périodes de [Faltings 2002; Beilinson 2013; Nizioł 2008]. La preuve de Nizioł fait
intervenir la h-topologie et sa méthode ne s’applique pas au morphisme z̨CK, puisque dans leur définition,
Česnavičius et Koshikawa n’autorisent pas de diviseur horizontal. L’unicité est ici obtenue en comparant
« à la main » les constructions locales des morphismes de périodes. Cela est possible car, localement, z̨CK

est construit en utilisant des complexes de Koszul similaires à ceux qui interviennent dans la construction
de z̨0. La principale différence est que la définition de [Česnavičius et Koshikawa 2019] utilise le foncteur
de décalage L�� (i.e., les termes des complexes sont multipliés par des puissances de �D Œ"�� 1) alors
que dans le cas de z̨0 les complexes sont multipliés par des puissances de t D log.Œ"�/.

La définition de Fontaine et Messing et celle de Bhatt et al. ont chacune leurs propres avantages. Le
morphisme de périodes construit par Bhatt et al. et par Česnavičius et Koshikawa est, par exemple, plus
adapté pour travailler au niveau intégral. Ce résultat d’unicité permet ainsi d’obtenir pour l’application
de Bhatt et al. les propriétés déjà connues pour l’application de Fontaine et Messing (notamment, la
compatibilité aux applications symboles).
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1B. Preuve du théorème 1.3. Nous expliquons dans un premier temps comment construire le pN -quasi-
isomorphisme local. On part du complexe Syn.RCcris; r/. On commence par « changer la convergence » des
éléments de RCcris. Pour 0 < u < v, on définit l’anneau AŒu� (respectivement AŒu;v�) comme la complétion
p-adique de AinfŒŒˇ�=p� (respectivement de AinfŒp=Œ˛�; Œˇ�=p�) pour ˇ un élément de O[C de valuation
1=u (respectivement ˛ et ˇ des éléments de O[C de valuation 1=v et 1=u). Pour des valeurs de u et de v
convenables, on déduit de la suite exacte

0! Zpt
frg
! F r Acris

1�'=pr
����! Acris! 0 (1)

où t frg WD tr

a.r/Špa.r/
, des suites p6r -exactes

0! Zp.r/! F rAŒu�
pr�'
��! AŒu�! 0;

0! Zp.r/! F rAŒu;v�
pr�'
��! AŒu;v�! 0:

(2)

On définit 6 RŒu� WD RCinf
y̋ AinfA

Œu� et RŒu;v� WD RCinf
y̋ AinfA

Œu;v�, et pour S 2 fRŒu�; RŒu;v�g, on pose
C.S; r/ WD ŒF r��S

pr�'
��! ��S �. Les suites exactes (2) ci-dessus permettent alors de montrer les pN1r -

quasi-isomorphismes 7

Syn.RCcris; r/Š C.R
Œu�; r/Š C.RŒu;v�; r/:

En plongeant RŒu� et RŒu;v� dans des anneaux de périodes A
Œu�
xR

et A
Œu;v�
xR

(construits de manière similaire
à AŒu� et AŒu;v� en utilisant xR au lieu de OC ), on les munit d’une action du groupe de Galois GR. On
note A

Œu�
R et A

Œu;v�
R leurs images respectives par ce plongement. On se place ensuite dans une base de �1R

pour écrire le complexe C.RŒu;v�; r/ sous la forme d’un complexe de Koszul Kos.'; @; F rA
Œu;v�
R /. La

multiplication par t D log.Œ"�/ 2 Acris (où " 2O[C est un système de racines p-ièmes de l’unité) permet
de se débarrasser de la filtration en transformant l’action des différentielles en une action de l’algèbre de
Lie du groupe �R D Gal.R1Œ1=p�=RŒ1=p�/Š Zdp avec R1 WD .lim

��!m
Rm/

^p et

Rm WD

�
OC

�
X1=p

m

;
1

.X1 � � �Xa/1=p
m
;

$1=pm

.XaC1 � � �XaCb/
1=pm

��
y̋OCR:

C’est à cette étape qu’il est nécessaire de tronquer les complexes en degré r pour garder des isomorphismes.
Finalement, on a la suite de pN2r -quasi-isomorphismes 8

��r Kos.'; @; F rA
Œu;v�
R / ��! ��r Kos.';Lie�R;A

Œu;v�
R .r// � � ��r Kos.'; �R;A

Œu;v�
R .r//: (3)

SoitRinf la complétion p-adique deRCinfŒ1=Œ$
[�� et AR son image dans Ainf. xR

[/. On montre ensuite qu’on
a un quasi-isomorphisme Kos.'; �R;A

Œu;v�
R /Š Kos.'; �R;AR/. Pour cela, on passe par l’intermédiaire

d’un anneau A
.0;v�C
R , construit à partir de l’anneau

A.0;v�C WD

�
xD

X
n2N

Œxn�p
n
2Ainf

ˇ̌̌
xn 2O[C ; vO[C .xn/C

n

v
� 0 et vO[C .xn/C

n

v
!C1 quand n!1

�
;

6. Les produits tensoriels sont complétés pour la topologie p-adique.
7. Pour un N1 2 N.
8. Pour un N2 2 N.
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et on utilise  , un inverse à gauche du Frobenius '. Enfin, des arguments de descente presque étale et de
décomplétion permettent d’obtenir un quasi-isomorphisme

Kos.'; �R;AR/ ��! Kos.'; �R;AR1/
��! Kos.';GR;A xR/

et la suite exacte 0! Zp ! A xR
1�'
��! A xR ! 0 montre que le complexe Kos.';GR;A xR/ calcule la

cohomologie galoisienne R�.GR;Zp/. En résumé, le morphisme construit est

R�syn.R; r/
��! Syn.RCcris; r/

��!C.RŒu;v�; r/ ��! Kos.'; @; F rA
Œu;v�
R / ��! Kos.'; �R;A

Œu;v�
R .r//

��! Kos.'; �R;AR.r// � �R�.GR;Zp.r//: (4)

Remarque 1.5. La construction du morphisme local dans le cas arithmétique traité dans [Colmez et Nizioł
2017] est similaire à celle décrite ci-dessus. Il existe cependant quelques différences que nous soulignons
ici. Dans le cas où Spf.R/ est défini sur OK , on ne dispose plus du quasi-isomorphisme R�cris.R=OF /Š
R�cris.R=Acris/ qui nous permet de travailler avec l’anneau RCcris. Au lieu de cela, Colmez et Nizioł
écriventR comme le quotient d’une OF -algèbre log-lisseRC$ . Cela nécessite l’introduction d’une variable
supplémentaire X0 : on définit RC$ comme le relevé étale de R sur

OF
�
X0; X1; : : : ; Xd ;

1

X1 � � �Xa
;

X0

XaC1 � � �XaCb

�
:

Le rôle de l’anneau Ainf (respectivement AŒu� et AŒu;v�) est joué par l’anneau rC$ WDOF JX0K (respective-
ment par l’anneau r Œu�$ des fonctions analytiques sur F qui convergent sur le disque vp.X0/� u=e, et par
l’anneau r Œu;v�$ des fonctions analytiques sur F qui convergent sur la couronne v=p � vp.X0/ � u=e).
On perd, dans le cas géométrique, cette interprétation des anneaux en termes de séries de Laurent.

Travailler directement sur C permet aussi de simplifier la preuve lors du passage au complexe de
Koszul. Dans le cas arithmétique, il existe deux manières différentes de plonger RŒu�$ , RŒu;v�$ dans A

Œu�
xR

,
A
Œu;v�
xR

: le plongement « de Kummer », qui envoie X0 sur Œ$[�, et le plongement « cyclotomique » par
lequel X0 s’envoie sur un élément �K 2 Ainf. xK

[/ tel que N�K D .$Km/m, où .$Km/m est une suite
compatible d’uniformisantes des extensions cyclotomiques Km de K. Les quasi-isomorphismes (3) sont
obtenus en utilisant le plongement cyclotomique, mais le Frobenius qui intervient alors diffère de celui
apparaissant dans la définition du complexe syntomique (qui correspond, lui, au plongement de Kummer).

Une autre différence entre la preuve arithmétique et la preuve géométrique se trouve dans les propriétés
de l’inverse à gauche  du Frobenius. Dans [Colmez et Nizioł 2017], par construction, il est topologique-
ment nilpotent sur le quotient RŒu;v�$ =R

Œu�
$ . Colmez et Nizioł utilisent notamment cette propriété pour

montrer le quasi-isomorphisme C.RŒu�$ ; r/Š C.R
Œu;v�
$ ; r/. Ce n’est plus le cas lorsqu’on travaille avec

l’anneauRŒu;v� mais en montrant que �1 est surjective sur AŒu;v�=AŒu�, on obtient le quasi-isomorphisme
voulu.

Enfin, dans [Colmez et Nizioł 2017], du fait de cette variable supplémentaire X0, l’algèbre de Lie de
�R n’est pas commutative. Cette difficulté n’apparait pas dans le cas géométrique.
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1C. Quasi-isomorphisme global. Si X est un schéma formel à réduction semi-stable et propre sur OK ,
on montre que le morphisme local du théorème 1.3 se globalise en un pN -quasi-isomorphisme

˛0r W ��rR�syn.XOC ; r/! ��rR�ét.XC ;Zp.r//:

Pour faire cela, on applique la méthode utilisée par Bhatt et al. [2018] (et Česnavičius et Koshikawa
[2019, §5]). L’idée est de construire, pour XD Spf.R/ assez petit, une version fonctorielle des complexes
intervenant en (4).

Pour X un schéma formel à réduction semi-stable, il existe une base .Spf.R// de XOC ;ét, telle que
pour chaque R on ait des ensembles finis non vides † et ƒ tels qu’il existe une immersion fermée

Spf.R/! Spf.R�
† / WD Spf.OC fX˙1� j � 2†g/

et pour chaque �, une application étale

Spf.R/! Spf.R�

� / WD Spf
�
OC

�
X�;1; : : : ; X�;d ;

1

X�;1 � � �X�;a�
;

$

X�;a�C1 � � �X�;d

��
:

On note Spf.R�
†;ƒ/ WD Spf.R�

† /�
Q
�2ƒ Spf.R�

�
/. On construit alors une application

˛r;†;ƒ W ��r Kos.'; @; F rRPD†;ƒ/! ��rR�.GR;Zp.r//

de la même façon qu’en (4) en remplaçant RCcris par RPD†;ƒ défini sur Acris.R
�
†;ƒ/. On déduit ensuite du

théorème 1.3 que ˛r;†;ƒ est un pN -quasi-isomorphisme. On obtient des complexes fonctoriels en prenant
la limite sur l’ensemble des données .†;ƒ/ comme ci-dessus. Un argument de descente cohomologique
permet finalement d’obtenir le pN -quasi-isomorphisme ˛0r .

Remarque 1.6. Colmez et Nizioł [2017] construisent le pN -quasi-isomorphisme localement, puis com-
parent ce morphisme à l’application de Fontaine–Messing, ce qui permet de montrer que l’application
de Fontaine–Messing globale est un pN -quasi-isomorphisme. Le même argument que celui que nous
utilisons permettrait de montrer que le morphisme arithmétique admet, lui aussi, une définition globale. Il
suffit de définir des anneaux RC$;†;ƒ, RŒu�$;†;ƒ, : : : de la même façon que nous le faisons ici.

1D. Preuve du théorème 1.4. On commence par comparer les morphismes

z̨
0; z̨FM

WH i
ét.XC ;Qp/˝Qp Bst ŠH

i
HK.X/˝F Bst:

Pour cela, il suffit de montrer l’égalité des morphismes

˛0r ; ˛
FM
r W ��rR�syn.XOC ; r/! ��rR�ét.XC ;Zp.r//:

Définissons EPD
xR

et E
Œu;v�
xR

, les anneaux log-PD-enveloppe complétés de RCcris˝Acris Acris. xR/! Acris. xR/

et de RŒu;v� ˝AŒu;v� A
Œu;v�
xR
! A

Œu;v�
xR

, respectivement. On note C.GR;M/ le complexe des cochaines
continues de GR à valeurs dans M . Localement, ˛FM

r est la composée des applications

Kos.@; '; F rRCcris/! C.GR;Kos.@; '; F rEPD
xR
// � � C.GR;Kos.'; F rAcris. xR///

� � C.GR;Zp.r//;
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où la deuxième flèche est un quasi-isomorphisme via le lemme de Poincaré

F rAcris. xR/
��! F r��

F rEPD
xR

et la troisième flèche se déduit de la suite exacte (1). L’application ˛0r est donnée par la composée (4). On
montre qu’il existe un diagramme commutatif

K';@.F
rRCcris/

$$

��

// CG.K';@.F
rEPD
xR
//

��

CG
�
K'.F

rAcris. xR//
�

��

oo CG.Zp.r//

�� %%

oo

CG.K';@.F
rE
Œu;v�
xR

// CG.K'.F
rA
Œu;v�
xR

//oo CG
�
K'.A

.0;v�C
xR

.r//
�

oo // CG.K'.F
rA xR//

K';@.F
rA
Œu;v�
R

/
��r

//

OO

K';� .A
Œu;v�
R

.r//

OO

K�;'.A
.0;v�C
R

.r//oo //

OO

K';� .AR.r//

OO
(5)

où, pour alléger, CG. � / désigne les complexes de cochaînes et K';@. � / la fibre homotopique de l’ap-
plication 1� ' sur les complexes de Koszul. On en déduit l’égalité locale. On prouve ensuite que le
diagramme (5) est toujours valable pour les anneaux construits à partir des coordonnées .†;ƒ/ et en
passant à la limite, on obtient l’égalité globale.

Il reste à comparer z̨0 et z̨CK. Pour les mêmes raisons, il suffit de montrer l’égalité des morphismes
locaux. Celle-ci découle de leurs constructions. Le morphisme z̨0 s’obtient par la composée 9

��rR�ét

�
R
h
1

p

i
;Zp

�
Q

y̋
L
Qp

Bst
�

tr
�! ��rR�ét

�
R
h
1

p

i
;Zp.r/

�
Q

y̋
L
Qp

Bstfrg
�

˛0r
 � ��rR�syn.R;r/Q y̋

L
Qp

Bstfrg

�
can�! ��rR�cris.R=Acris/Q y̋

L
AcrisŒ1=p�

Bst
�

�Bcris;$
 �� ��rR�HK.R/ y̋

L
FBst; (6)

où

�Bcris;$ WR�cris..R=p/=W.k/
0/ y̋

L
W.k/B

C
st
��!R�cris..R=p/=Acris/ y̋

L
Acris

BCst

est le quasi-isomorphisme (qui dépend du $ choisi) de [Beilinson 2013, (1.18.5)]. Rappelons maintenant
comment z̨CK est défini. La preuve de [Česnavičius et Koshikawa 2019] passe par la construction d’un
complexe A�R 2DC..Spf.R//ét;Ainf/ (voir le théorème 2.3 de leur article) qui vérifie

R�ét

�
R
h
1

p

i
;Zp

�
y̋
L
Zp

�
Ainf

h
1

�

i�
��!R�ét.R;A�R/ y̋

L
Ainf

�
Ainf

h
1

�

i�
; (7)

où �D Œ"�� 1 2 Ainf. On obtient ensuite z̨CK en construisant un quasi-isomorphisme


CK WRu�.O.R=p/=Acris/
��! A�R y̋

L
Ainf

Acris

9. Si M est un module muni d’une action d’un Frobenius ', on note M frg le module M muni de l’action du Frobenius pr'.
Voir la section Notations et conventions pour la définition de � y̋L� utilisée ici.
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où O.R=p/=Acris 2 ..R=p/=Acris/log-cris désigne le faisceau structural sur le site cristallin et u est la
projection ..R=p/=Acris/log-cris ! .Spf.R//ét. Pour cela, Česnavičius et Koshikawa commencent par
montrer qu’on peut calculer A�R comme L��R�.�R;Ainf.R1// où �� est le foncteur de décalage de
Berthelot–Ogus [Bhatt et al. 2018]. Pour définir 
CK, il reste à construire un quasi-isomorphisme entre
Kos.@; RCinf/ et �� Kos.�R;Ainf.R1// y̋

L
Ainf

Acris. Ce passage entre la cohomologie d’une algèbre de Lie
et la cohomologie de groupe est similaire à celui apparaissant dans la construction de ˛0r , avec � jouant
le rôle de t , et c’est ce qui permet d’obtenir un diagramme commutatif

��rR�ét.R;A�R/Q y̋
L
AinfŒ1=p�

Bst ��rR�cris.R=Acris/Q y̋
L
AcrisŒ1=p�

Bst

CK

�
oo

��rR�ét
�
R
�
1
p

�
;Zp.r/

�
Q
y̋
L
Qp

Bstfrg

OO

��rR�syn.R; r/Q y̋
L
Qp

Bstfrg

OO

˛0r

�
oo

(8)

Finalement, z̨CK est donnée par la composée

R�ét

�
R
h
1

p

i
;Zp

�
Q

y̋
L
Qp

Bst
(7)
�
�!R�ét.R;A�R/Q y̋

L
AinfŒ1=p�

Bst

CK

�
 �R�cris.R=Acris/Q y̋

L
AcrisŒ1=p�

Bst

�Bcris;$

�
 ��R�HK.R/ y̋

L
FBst; (9)

et le diagramme (8) permet d’obtenir l’égalité entre (9) et (6).

Notations et conventions. Pour N un entier, on dit qu’une application f W A! B est pN -injective
(respectivement pN -surjective) si son noyau (respectivement son conoyau) est tué par pN . Le morphisme
f est un pN -isomorphisme s’il est à la fois pN -injectif et pN -surjectif. La suite

0! A
i
! B

f
! C

g
! 0

est pN -exacte si i est pN -injective, Im.g/D pN ker.f / et g est pN -surjective. On définit de même un
pN -quasi-isomorphisme comme étant une application f W A�! B� dans la catégorie dérivée qui induit
un pN -isomorphisme sur la cohomologie.

Dans tout l’article, on utilise les résultats de [Diao et al. 2019] sur les log-espaces adiques. On utilise
en particulier que le foncteur usuel des schémas formels localement noethériens dans les espaces adiques
s’étend en un foncteur pleinement fidèle des log-schémas formels localement noethériens dans la catégorie
des log-espaces adiques localement noethériens [Diao et al. 2019, Proposition 2.2.22].

Si T est un topos et A un anneau, on note DC.T; A/ (respectivement DC.A/) l’1-catégorie dérivée
des faisceaux de A-modules sur T inférieurement bornés (respectivement l’1-catégorie dérivée des
A-modules). Les catégories homotopiques associées sont les catégories dérivées DC.T; A/ et DC.A/. Le
foncteur dérivé R�.�/ WDC.T; A/!DC.A/ se relève en un foncteur R�.�/ W DC.T; A/! DC.A/.
On note aussi Fsc.T;DC.A// la catégorie des faisceaux de DC.A/ sur T et on identifie les1-catégories
DC.T; A/ et Fsc.T;DC.A//.
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Si f WK�!L� est un morphisme de DC.T; A/, on note ŒK� f!L�� WD holim.K�!L� 0/ la fibre
d’homotopie de l’application f .

Pour A! B un morphisme d’anneaux et K� et L� des objets de D.A/, on note

K� y̋
L
AL
�
WDholim

n
..K�˝LAL

�/˝LZ Z=pnZ/ et .K�/Q y̋
L
AB WD

�
holim
n
..K�˝LAB/˝

L
Z Z=pnZ/

�
˝Qp:

Plus généralement, si J D .f1; : : : ; fr/ est un idéal finiment engendré de A, on définit le produit tensoriel
dérivé complété pour la topologie J -adique :

K� y̋
L
AL
�
WD holim

n
..K�˝LA L

�/˝LZ ZŒf1; : : : ; fr �=.f
n
1 ; : : : ; f

n
r //;

.K�/Q y̋
L
AB WD

�
holim
n
..K�˝LA B/˝

L
Z ZŒf1; : : : ; fr �=.f

n
1 ; : : : ; f

n
r //

�
˝Qp:

Si G est un groupe qui agit sur un moduleM , on notera R�.G;M/ la cohomologie de groupe continue
associée.

Si OK est un anneau de valuation discrète en caractéristique mixte .0; p/ et $ une uniformisante
de OK , on dira respectivement qu’un schéma ou schéma formel est à réduction semi-stable sur OK s’il
s’écrit localement pour la topologie étale Spec.R/ ou Spf.R/ avec R une algèbre étale sur

OK
�
X1; : : : ; Xd ;

1

X1 � � �Xa
;

$

XaC1 � � �XaCb

�
ou OK

�
X1; : : : ; Xd ;

1

X1 � � �Xa
;

$

XaC1 � � �XaCb

�
;

avec a; b et d des entiers tels que aCb � d . Enfin, si A est un anneau de valuation discrète, on notera A�

le log-schéma formel Spf.A/ muni de la log-structure induite par son point fermé (appelée log-structure
standard de A) : c’est la log-structure donnée par l’inclusion A n f0g ,! A. On notera A0 le log-schéma
formel Spf.A/ muni de la log-structure induite par .N! A; 1 7! 0/.

2. Cohomologie syntomique et résultat local

Dans cette section, on commence par donner les définitions des faisceaux syntomiques arithmétique
Sn.r/X et géométrique Sn.r/xX. On décrit ensuite la forme locale de ces complexes.

2A. Définition de la cohomologie syntomique. On considère X un schéma formel à réduction semi-stable
sur OK , i.e., localement X s’écrit Spf.R/ avec R la complétion d’une algèbre étale sur

OK
�
X1; : : : ; Xd ;

1

X1 � � �Xa
;

$

XaC1 � � �XaCb

�
avec a; b; c et d des entiers tels que a C b C c D d . On munit X de la log-structure donnée par
M WD fg 2 OX j g inversible en dehors de D [Xkg où D est le diviseur horizontal et on a alors que
X est log-lisse sur O�K . On note XK;tr le lieu de XK où la log-structure est triviale : si X D Spf.R/
alors XK;tr D Sp.RK/ nDK . On appelle i (respectivement j ) l’immersion Xk ,! X (respectivement
le morphisme de topoï étales XK;tr;ét ! Xét) et N{ W X Nk ,! XOC (respectivement N| W XC;tr ! XOC ) le
changement de base associé. Enfin, pour n dans N, on note Xn la réduction de X modulo pn.
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On note R�cris.Xn/ WDR�cris.Xn=Wn.k// la cohomologie cristalline absolue de Xn et R�cris.X/ WD

holimnR�cris.Xn/. On note OXn=Wn.k/ le faisceau structurel du site cristallin .Xn=Wn.k//cris, Jn D
ker.OXn=Wn.k/!OXn/ et J Œr�n sa r-ième puissance divisée. On définit ensuite

R�cris.X;J Œr�/n WDR�.Xét; Run�J Œr�n / et R�cris.X;J Œr�/ WD holim
n

R�cris.X;J Œr�/n

où un est la projection .Xn=Wn.k//cris! Xét. On a alors les complexes syntomiques

R�syn.X; r/n WD ŒR�cris.X;J Œr�/n
pr�'
��!R�cris.Xn/� et R�syn.X; r/ WD holim

n
R�syn.X; r/n;

où ' désigne le morphisme de Frobenius. Enfin, on note Sn.r/X le faisceau de DC..Xk/ét;Z=p
nZ/

associé au préfaisceau U 7!R�syn.U; r/n.
On définit de même la version géométrique Sn.r/xX de ce faisceau (i.e., sur OC ).

Remarque 2.1. Dans la suite, on trouvera utile la description suivante, plus explicite, de la cohomologie
syntomique. Considérons un log-schéma formel X à réduction semi-stable sur Spf.OC / et notons Y sa
fibre spéciale. On choisit U� un hyper-recouvrement de X pour la topologie étale. Soit fZ�ng un système
inductif de log-schémas log-lisses simpliciaux sur Acris tels qu’on ait des immersions fermées Usn ,!Zsn et
des relèvements 'Z�n du Frobenius. On noteDsn la log-PD-enveloppe de Usn dansZsn, JDsn l’idéal associé et

J
Œr�

Dsn
sa r-ième puissance divisée. Pour chaque s, on définit le faisceau Sn.r/Us ;Zs ;'s deD.Yét;Z=p

nZ/ par

Sn.r/Us ;Zs ;'s WD ŒJ
Œr���

Dsn
˝OZsn

!�Zsn
pr�'
��!ODsn ˝OZsn

!�Zsn
�;

où !�
Zsn

est le complexe des log-différentielles de Zsn. On note R�syn..U
�; Z�; '�/; r/n l’hypercohomo-

logie associée, utilisant ici la définition 6.10 de [Conrad 2003]. En particulier (voir le théorème 6.11 de
ce dernier article), on a une suite spectrale

E
p;q
1 WDH q

syn..U
p; Zp; 'p/; r/n D)HpCq

syn ..U�; Z�; '�/; r/n: (10)

On note HRF.X/ la catégorie dont les objets sont donnés par les triplets .U�; fZ�ng; f'
�

ng/ où U�! X

est un hyper-recouvrement et les fZ�ng et f'�ng sont définis comme ci-dessus. On abrégera par U�

un tel triplet. Un morphisme .U�; fZ�U;ng; f'
�

U;ng/ ! .V�; fZ�V;ng; f'
�

V;ng/ de HRF.X/ est une paire
.u W U�!V�; Qun WZ

�

U;n!Z�V;n/ telle que, pour tout s, le diagramme

ZsU;n
Qun
// ZsV;n

Us
u
//

OO

Vs

OO

commute, et telle que les Qun commutent avec les 'sn. Il est alors possible de considérer la limite
hocolimHRF.X/R�syn..U

�; Z�; '�/; r/n ; les morphismes de transition sont des quasi-isomorphismes.
Comme le morphisme U�! X est de descente cohomologique (voir [Conrad 2003, Example 6.9]), on
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a un quasi-isomorphisme [Conrad 2003, Corollary 7.11]

R�syn.X; r/n
��! hocolim

HRF.X/
R�syn..U

�; Z�; '�/; r/n; (11)

et cette colimite est filtrée.

2B. Résultat local. On va supposer XOC D Spf.R/.

2B1. Résultat préliminaire. La proposition suivante est donnée dans [Colmez et Nizioł 2017, §2.1]. On
l’utilise pour définir un morphisme de Frobenius sur les anneaux utilisés. On considère � Wƒ1!ƒ2 un
morphisme d’anneaux topologiques et ƒ01 la complétion d’une ƒ1-algèbre étale

ƒ01 WDƒ1fZ1; : : : ; Zsg=.Q1; : : : ;Qs/

avec J WD .@Qj =@Zi /1�i;j�s inversible.

Notation. PourF D
P

k2Ns akZ
k une série dans un anneauƒ1fZg, on noteF � la série

P
k2Ns �.ak/Z

k.

Proposition 2.2 [Colmez et Nizioł 2017, Proposition 2.1 et Remark 2.2]. On suppose qu’il existe Z�
dans ƒs2 et I un idéal de ƒ2 tels que ƒ2 est séparé et complet pour la topologie I -adique et tels que
les coordonnées de Q�.Z�/ sont dans I . Alors l’équation Q�.Y /D 0 admet une unique solution dans
Z�C I

s et on peut étendre � de manière unique à ƒ01.

2B2. Modèles locaux. On munit Spf.OC / de la log-structure standard OC n f0g ,!OC et on note O�C
ce log-schéma formel. On note

R� WDOC
�
X;

1

X1 � � �Xa
;

$

XaC1 � � �XaCb

�
où X D .X1; : : : ; Xd / et on considère R la complétion p-adique d’une algèbre étale sur R�. On
munit Spf.R�/ et Spf.R/ de la structure logarithmique induite par la fibre spéciale et le diviseur D WD
fXaCbC1 � � �Xd D 0g.

Remarque 2.3. Les log-structures décrites ci-dessus ne sont pas fines, mais de la même façon que
dans [Česnavičius et Koshikawa 2019], on peut, via un changement de base, se ramener à des log-
structures fines, et de cette façon, travailler avec les log-structures précédentes comme si elles étaient fines.
Plus précisément, munissons Spf.OC / et Spf.R/ des log-structures fines suivantes (voir [Česnavičius et
Koshikawa 2019, §1.6]) :

� Sur Spf.R/, on considère la log-structure donnée par la carte

Nd�a! �.Spf.R/;OSpf.R//

donnée par .ni / 7!
Q
aC1�i�d X

ni
i sur Nd�a.

� Sur Spf.OC /, on considère la log-structure donnée par la carte

N!OC ; n 7!$n:
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Les changements de base le long des applications

Nd�a!OSpf.R/\ N|�.O�Sp.RŒ1=p�/nDC
/; .ni / 7!X

ni
i et N!OC n f0g; n 7!$n

permettent de retrouver les log-structures précédentes. La plupart des propriétés des morphismes de log-
schémas (formels) étant stables par changement de base, on se ramène de cette façon à des log-structures
fines.

Si, pour tout n� 0, on munit OC =pn et R=pn des log-structures induites, alors R=pn est log-lisse sur
OC =pn, de sorte que le complexe des log-différentielles �i

.R=pn/=.OC =pn/
est le O=pn-module engendré

par les dXi=Xi pour 1� i � d .
On considère les anneaux de Fontaine Ainf et Acris et on rappelle qu’on a les éléments

"D .1; �p; �p2 ; : : : / 2O
[
C ;

où �pn désigne une racine primitive pn-ième de l’unité, ainsi que

�D Œ"�� 1 2 Ainf; � D
�

'�1.�/
2 Ainf; t D log.1C�/ 2 Acris:

On a une application surjective � W Acris!OC de noyau engendré par � . On note F r Acris la filtration sur
Acris donnée par les puissances divisées de �.

On munit Acris de la log-structure associée à la pré-log-structure

O[C n f0g ! Acris; x 7! Œx�;

et les Acris =p
n de la log-structure tirée en arrière. En fait, cette log-structure est l’unique log-structure sur

Acris =p
n qui étend celle de OC =pn ; voir [Beilinson 2013, §1.17]. Enfin, on munit Ainf de la log-structure

venant de celle de Acris.
On définit

RCinf;� WD Ainf

�
X;

1

X1 � � �Xa
;

Œ$[�

XaC1 � � �XaCb

�
:

L’anneauRCinf;� est complet pour la topologie .p; �/-adique. On va releverR�!R en un morphisme étale
RCinf;�!RCinf. Pour cela, on écrit R WDR�fZ1; : : : ; Zsg=.Q1; : : : ;Qs/ avec det.@Qj =@Zi / inversible
dans R. Soient zQj des relevés des Qj dans RCinf;�. On note RCinf la complétion .p; �/-adique de

RCinf;�ŒZ1; : : : ; Zs�=.
zQ1; : : : ; zQs/

et det.@ zQj =@Zi / est inversible dans RCinf;� (car il l’est modulo � et RCinf;� est �-adiquement complet).
On note RCcris;� et RCcris les anneaux RCinf;�

y̋ AinfAcris et RCinf
y̋ AinfAcris, où les produits tensoriels

sont complétés pour la topologie p-adique. L’anneau RCcris admet une filtration donnée par F rRCcris WD

RCinf
y̋ AinfF

r Acris.
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On a le diagramme commutatif

Spf.R/ �
�

//

��

Spf.RCcris/

��

Spf.R�/
� � //

��

Spf.RCcris;�/

��

Spf.OC / �
�

// Spf.Acris/

On définit une log-structure sur Spf.RCinf;�/ et Spf.RCcris;�/ en ajoutant à la log-structure venant
respectivement de Spf.Ainf/ et Spf.Acris/ le diviseur à l’infini fXaCbC1 � � �Xd D 0g. On munit RCinf et
RCcris de la log-structure venant respectivement de RCinf;� et RCcris;�.

Comme ci-dessus, on a alors que les complexes des log-différentielles de RCinf et de RCcris sur Ainf et
Acris sont, respectivement, le Ainf-module et le Acris-module engendrés par les dXi=Xi pour 1� i � d .

On note Rinf et Rcris les complétions p-adiques de RCinfŒ1=Œ$
[�� et de RCcrisŒ1=Œ$

[��.

2B3. Complexe syntomique local. On va commencer par prouver une version locale du théorème 1.1.
On suppose donc que X s’écrit Spf.R0/ avec R0 la complétion p-adique d’une algèbre étale sur

OK
�
X1; : : : ; Xd ;

1

X1 � � �Xa
;

$

XaC1 � � �XaCb

�
et on écrit XOC WD Spf.R/. Dans la suite, on note

R� WDOC
�
X1; : : : ; Xd ;

1

X1 � � �Xa
;

$

XaC1 � � �XaCb

�
:

On utilise les log-structures définies dans la partie précédente.
Via les quasi-isomorphismes montrés par Beilinson [2013, (1.18.1)],

R�..xXn=Wn. Nk//cris;F/ ��!R�..xXn=Acris;n/cris;F/;

R�..xX=W. Nk//cris;F/ ��!R�..xX=Acris/cris;F/;
(12)

on obtient que la cohomologie cristalline absolue de xXn et sa filtration en degré r sont calculées par les com-
plexes R�..xXn=Acris;n/cris;O/ et R�..xXn=Acris;n/cris;J Œr�/. Comme zX WD Spf.RCcris/ est un relèvement
log-lisse de X sur Acris et que X ,! zX est exacte, on obtient des quasi-isomorphismes naturels

R�..xXn=Acris;n/cris;O/Š��
R
C
cris;n

et R�..xXn=Acris;n/cris;J Œr�/Š F r��
R
C
cris;n

;

où RCcris;n est la réduction modulo pn de RCcris et

F r��
R
C
cris;n
WD F rRCcris;n! F r�1�1

R
C
cris;n
! F r�2�2

R
C
cris;n
! � � � :
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En particulier, R�cris.X;J Œr�/Š F r��
R
C
cris

et R�cris.X/Š�
�

R
C
cris

, et on en déduit que R�syn.XOC ; r/ et
R�syn.XOC ; r/n sont calculés par les complexes

Syn.RCcris; r/ WD ŒF
r��

R
C
cris;n

pr�'
��!��

R
C
cris;n

� et Syn.RCcris; r/n WD ŒF
r��

R
C
cris;n

pr�'
��!��

R
C
cris;n

�:

Soit xR l’extension maximale de R telle que xRŒ1=p�=RŒ1=p� est non ramifiée en dehors de D. On note
GR WD Gal. xRŒ1=p�=RŒ1=p�/ le groupe des automorphismes de xRŒ1=p� qui fixent RŒ1=p�. Le but des
sections suivantes est de montrer la version géométrique du théorème 4.14 de [Colmez et Nizioł 2017] :

Théorème 2.4. Il existe des pN -quasi-isomorphismes

˛0r W ��r Syn.RCcris; r/
��! ��rR�.GR;Zp.r//;

˛0r;n W ��r Syn.RCcris; r/n
��! ��rR�.GR;Z=p

n.r//;

où N est une constante qui ne dépend que de r .

Remarque 2.5. On verra plus loin que ce résultat implique le théorème global 1.1. Dans le cas où
XOC WD Spf.R/ n’a pas de diviseur horizontal, la cohomologie de Galois R�.GR;Z=pnZ.r// calcule
la cohomologie étale R�ét.Sp.RŒ1=p�/;Z=pnZ/, car l’affinoïde Spa.RŒ1=p�; R/ est un espace K.�; 1/
pour les coefficients de torsion (voir [Scholze 2013, Theorem 4.9]). Quand le diviseur horizontal n’est pas
trivial, le résultat a été prouvé par Colmez et Nizioł [2017, §5.1.4] dans le cas arithmétique. La preuve
est identique pour le cas géométrique et on obtient

R�.GR;Z=p
n.r//ŠR�ét

�
Sp
�
R
h
1

p

i�
nDC ;Z=p

nZ.r/
�
:

3. Anneaux de périodes

Dans cette partie, R est un anneau comme à la section 2B2 et on suppose de plus que Spf.R/ est
connexe. Pour la preuve du théorème 2.4, on a besoin de définir une notion d’anneaux de périodes (Ainf,
Acris, : : :) sur xR et R. Les suites exactes prouvées dans les sections suivantes joueront notamment un rôle
important dans la suite.

3A. Définitions des anneaux. On reprend ici la construction des anneaux de périodes donnée dans
[Colmez et Nizioł 2017, §2.4].

3A1. Les anneaux E xR, A xR et Acris. xR/. La complétion p-adique yxR de xR est une algèbre perfectoïde et
on peut définir les anneaux

EC
xR
WD lim

 ��
x 7!'.x/

. yxR=p/; AC
xR
WDW.EC

xR
/; E xR D EC

xR

h
1

Œp[�

i
; A xR DW.E xR/:

On rappelle qu’on a les éléments

"D .1; �p; �p2 ; : : : / 2 EC
xR
; �D Œ"�� 1 2 AC

xR
; � D

�

'�1.�/
2 AC

xR
:
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On définit vE W E xR!Q[f1g par vE.x0; x1; x2; : : : /D vp.x0/. On a (voir [Andreatta et Iovita 2008,
§2.4]) :

(1) vE.x/DC1 si et seulement si x D 0.

(2) vE.xy/� vE.x/C vE.y/.

(3) vE.xCy/�min.vE.x/; vE.y// avec égalité si vE.x/¤ vE.y/.

(4) vE.'.x//D pvE.x/.

On définit un morphisme surjectif

� W AC
xR
!
yxR;

X
k2N

pkŒxk� 7!
X
k2N

pkx
.0/

k
;

où Œ : � W E xR ! A xR est le morphisme de relèvement et xk D .x
.0/

k
; : : : ; x

.n/

k
; : : : /. On a de plus que le

noyau de � est principal et engendré par � (ou par �0 WD p� Œp[�).
On peut aussi munir A xR de la topologie faible dont un système fondamental de voisinages de 0 est

donné par les Un;h WD pnA xRC�
hA xR.

On définit Acris. xR/ comme la complétion p-adique de AC
xR
Œ�k=kŠ; k 2N� et on le munit de la filtration

F � Acris. xR/ où F r Acris. xR/ est l’idéal de Acris. xR/ engendré par les �k=kŠ pour k � r . Posons

t D log.1C�/ 2 Acris. xR/:

On définit BCcris.
xR/ D Acris. xR/Œ1=p� et Bcris. xR/ D BCcris.

xR/Œ1=t� et on les munit de la filtration induite
de celle de Acris. Soient BCdR.

xR/D lim
 ��r

BCcris.
xR/=F rBCcris.

xR/ et BdR. xR/D BCdR.
xR/Œ1=t�. On munit ces

anneaux de la filtration donnée par les puissances de �. On note ensuite BCst . xR/ WD BCcris.
xR/Œu� où u

est une variable. On étend l’action du Frobenius ' en posant '.u/ D pu. On définit une application
de monodromie N W BCst . xR/ ! BCst . xR/ par N D �d=du. On a un plongement BCst . xR/ ,! BCdR.

xR/

donné par u 7! u$ WD log.Œ$[�=$/ et qui permet d’induire l’action de GK à BCst . xR/. Enfin, on note
Bst. xR/D Bcris. xR/Œu$ �, l’anneau de périodes semi-stable.

3A2. Les anneaux A
.0;v�
xR

, A
Œu�
xR

et A
Œu;v�
xR

. Pour 0 < u� v, on définit les anneaux suivants :

� A
Œu�
xR

, la complétion p-adique de AC
xR
ŒŒˇ�=p� pour ˇ un élément de EC

xR
avec vE.ˇ/D 1=u.

� A
Œu;v�
xR

, la complétion p-adique de AC
xR
Œp=Œ˛�; Œˇ�=p� pour ˛ et ˇ des éléments de EC

xR
avec vE.˛/D

1=v et vE.ˇ/D 1=u.

� A
.0;v�
xR
WD fx D

P
n2NŒxn�p

n 2 A xR j xn 2 E xR; vE.xn/Cn=v!C1 quand n!1g.

On définit une application wv W A
.0;v�
xR
! R[f1g par

wv.x/D

�
1 si x D 0;

infn2N.vvE.xn/Cn/ sinon:
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On note ensuite A
.0;v�C
xR

l’ensemble des éléments x de A
.0;v�
xR

tels que wv.x/ � 0. L’anneau A
.0;v�
xR

est
séparé et complet pour la topologie induite par wv ; la preuve est identique à celle d’[Andreatta et Brinon
2008, proposition 4.2].

Si v � 1� u, on a des injections

A
Œu�
xR
,! BCdR.

xR/; A
Œu;v�
xR

,! BCdR.
xR/; A

.0;v�
xR

,! BCdR.
xR/;

ce qui nous permet de définir des filtrations sur ces trois anneaux.
On note AŒu�, AŒu;v� et A.0;v� les anneaux précédents obtenus pour RDOC .

Proposition 3.1. Supposons u � 1 � v. L’idéal prF rAŒu;v� est inclus dans �rAŒu;v� D �r0AŒu;v� où
�0 WD p� Œp

[�.

Démonstration. On rappelle d’abord (voir [Tsuji 1999, Lemma A2.13]) qu’on a

Ainf\ .�
r BCdR/D �

rAinf D �
r
0Ainf: (13)

Soit maintenant x dans F rAŒu;v� D .�r BCdR/\AŒu;v�. Par définition de AŒu;v�, on peut écrire

x D
X
n�0

an
pn

Œ˛n�
C

X
n�0

bn
Œˇn�

pn

avec vE.˛/D
1
v

et vE.ˇ/D
1
u

et .an/ et .bn/ des suites de Ainf qui tendent vers 0. Pour simplifier, on note

A WD
X
n�0

an
pn

Œ˛n�
et B WD

X
n�0

bn
Œˇn�

pn
:

On montre d’abord que prA est dans AinfC �
rAŒu;v�. On a p

Œ˛�
D

1

1C �0
p

Œ˛0� avec vE.˛
0/D 1� 1

v
� 0.

D’où, dans BCdR,

pr
p

Œ˛�
D pr �

�X
n�0

.�1/n
�n0
pn

�
� Œ˛0�D

� X
0�n<r

.�1/n�n0p
r�n

�
� Œ˛0�C �r0 �

�X
n�0

.�1/nCr
�n0
pn

�
� Œ˛0�;

c’est-à-dire

pr
p

Œ˛�
D aC �r0

.�1/r

1C �0
p

Œ˛0�D aC �r0 � .�1/
r
�
p

Œ˛�
avec a 2 Ainf:

On en déduit le résultat.
Montrons ensuite que prB est dans �rAŒu;v�. Comme pour le point précédent, on a Œˇ�

p
D
�
1C �0

p

�
Œˇ0�

avec vE.ˇ
0/D 1

u
� 1� 0. On peut alors écrire

B D
X
n�0

b0nŒ.ˇ
0/n�

�n0
pn

avec b0n 2 Ainf;

et on peut supposer que �0 ne divise pas b0n dans Ainf.
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Mais BCdR est un anneau de valuation discrète dont l’idéal maximal est donné par � : on note v� sa
valuation. Par hypothèse, on a v�.B/� r . De plus, en utilisant (13), on voit que

v�

�
b0nŒ.ˇ

0/n�
�n0
pn

�
D n;

et donc b0n D 0 pour tout n < r . On a alors

prB D pr �

�X
n�r

b0nŒ.ˇ
0/n�

�n0
pn

�
D �r0 �

�X
n�0

b0nCr Œ.ˇ
0/nCr �

�n0
pn

�
2 �rAŒu;v�:

On obtient que prx D prACprB est dans AinfC �
rAŒu;v�, écrivons-le x0C �r Qx avec x0 2 Ainf et

Qx 2 AŒu;v�. On a x0 D prx � �r Qx est dans �rBCdR et comme x0 est aussi dans Ainf, via (13), on obtient
que x0 est dans �rAinf.

Finalement, on obtient que prx est dans �rAŒu;v� et donc prF rAŒu;v� � �rAŒu;v�. �

On utilisera plus loin le résultat suivant :

Proposition 3.2 [Colmez et Nizioł 2017, §2.4.2]. On a les inclusions suivantes :

(1) Acris. xR/� A
Œu�
xR

si u� 1
p�1

.

(2) Acris. xR/� A
Œu�
xR

si u� 1
p

.

3B. Suites exactes fondamentales. On rappelle ici les différentes suites exactes fondamentales vérifiées
par les anneaux de périodes définis précédemment.

3B1. Suites exactes pour les anneaux A xR et A
.0;v�C
xR

.

Théorème 3.3 [Andreatta et Iovita 2008, Proposition B.1]. On a les suites exactes

0! Zp! A xR
1�'
��! A xR! 0; (14)

0! Zp! A
.0;v�C
xR

1�'
��! A

.0;v=p�C
xR

! 0: (15)

Remarque 3.4. De la même façon on a une suite exacte 0! Zp! AC
xR

1�'
��! AC

xR
! 0.

3B2. Suite exacte pour l’anneau Acris. Pour r dans N, on écrit rDa.r/.p�1/Cb.r/ avec 0�b.r/�p�2
et on note t frg WD tr=.a.r/Špa.r//. Alors, comme on a

tr

a.r/Špa.r/
D tb.r/

�
tp�1

p

�Œa.r/�
et que tp�1=p est dans Acris. xR/, on obtient que t frg est dans Acris. xR/.

Théorème 3.5 [Tsuji 1999, Theorem A3.26]. Pour tout r � 0, on a la suite exacte

0! Zpt
frg
! F r Acris. xR/

1�'=pr
����! Acris. xR/! 0: (16)
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3B3. Suites exactes pour les anneaux A
Œu;v�
xR

et A
Œu�
xR

. Colmez et Nizioł [2017] ont montré que des résultats
similaires sont vérifiés par les anneaux A

Œu;v�
xR

et A
Œu�
xR

.

Théorème 3.6 [Colmez et Nizioł 2017, Lemma 2.23]. Soit u tel que p�1
p
� u� 1.

(1) On a une suite p2r -exacte si p > 2 (ou p3r -exacte si p D 2)

0! Zp.r/! .A
Œu�
xR
/'Dp

r

! A
Œu�
xR
=F r ! 0: (17)

(2) On a une suite p2r -exacte

0! .A
Œu�
xR
/'Dp

r

! A
Œu�
xR

pr�'
��! A

Œu�
xR
! 0: (18)

(3) On a une suite p4r -exacte si p > 2 (ou p5r -exacte si p D 2)

0! Zp.r/! F rA
Œu�
xR

pr�'
��! A

Œu�
xR
! 0: (19)

Théorème 3.7 [Colmez et Nizioł 2017, Lemma 2.23]. Soient u et v tels que p�1
p
� u� 1� v.

(1) On a une suite p3r -exacte si p > 2 (ou p4r -exacte si p D 2)

0! Zp.r/! .A
Œu;v�
xR

/'Dp
r

! A
Œu;v�
xR

=F r ! 0: (20)

(2) On a une suite p2r -exacte

0! .A
Œu;v�
xR

/'Dp
r

! A
Œu;v�
xR

pr�'
��! A

Œu;v=p�
xR

! 0: (21)

(3) On a une suite p5r -exacte si p > 2 (ou p6r -exacte si p D 2)

0! Zp.r/! F rA
Œu;v�
xR

pr�'
��! A

Œu;v=p�
xR

! 0: (22)

3C. Anneaux de convergence et morphisme de Frobenius. On considère les anneaux

RŒu� WD AŒu� y̋ AinfR
C
inf; RŒu;v� WD AŒu;v� y̋ AinfR

C
inf; R.0;v�C WD A.0;v�C y̋ AinfR

C
inf

où les produits tensoriels sont complétés pour la topologie .p; �/-adique. On définit les filtrations

RŒu� WD F rAŒu� y̋ AinfR
C
inf; RŒu;v� WD F rAŒu;v� y̋ AinfR

C
inf; R.0;v�C WD F rA.0;v�C y̋ AinfR

C
inf:

On rappelle qu’on avait

RCcris;� WD Acris

�
X;

1

X1 � � �Xa
;

Œ$[�

XaC1 � � �XaCb

�
et RCcris WD Acris y̋ AinfR

C
inf

et que Rinf et Rcris sont les complétions p-adiques de RCinfŒ1=Œ$
[�� et RCcrisŒ1=Œ$

[��.
Si ' est le Frobenius sur Ainf, on étend ' à RCinf;� en posant '.Xi /DX

p
i pour i dans f1; : : : ; dg. On

utilise ensuite la proposition 2.2 pour l’étendre à RCinf (prendre ƒ1DRCinf;�, ƒ2Dƒ01DR
C
inf, Z' DZ

p

et I D .p/).
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On définit ' sur AŒu�, AŒu;v� et A.0;v�C par

'

�
p

Œ˛�

�
D

p

Œ˛p�
; '

�
Œˇ�

p

�
D
Œˇp�

p
; '

�X
n2N

Œxn�p
n

�
D

X
n2N

Œxpn �p
n

et on étend ' à RŒu�, RŒu;v�, R.0;v�C et RCcris. On a alors

'.RŒu�/DRŒu=p�; '.RŒu;v�/DRŒu=p;v=p�; '.R.0;v�C/DR.0;v=p�C:

On note  l’inverse de ' sur Ainf. On va étendre  aux anneaux Rinf, RCinf, Rcris, RCcris, R
Œu�, RŒu;v�

et R.0;v�C.
Pour ˛ D .˛1; : : : ; ˛d / avec ˛i dans f0; : : : ; p� 1g, on note

u˛ DX
˛1
1 � � �X

˛d
d

et pour j dans f1; : : : ; dg,

@j DXj
@

@Xj
:

La même preuve que [Colmez et Nizioł 2017, §2.2.7] donne le lemme et le corollaire suivants :

Lemme 3.8 [Colmez et Nizioł 2017, Lemma 2.7]. Tout élément x de Rinf=p s’écrit de manière unique
sous la forme

P
˛ c˛.x/ avec c˛.x/D x

p
˛ u˛ pour un x˛ dans Rinf=p.

De plus, si x est dans RCinf=p alors c˛.x/ et x0 sont dans RCinf=p.

Corollaire 3.9 [Colmez et Nizioł 2017, Corollary 2.8]. Tout élément x de Rinf s’écrit de manière unique
sous la forme

P
˛ c˛.x/ avec c˛.x/D '.x˛/u˛ pour un x˛ dans Rinf.

De plus, si x est dans RCinf alors x0 est dans RCinf et @j c˛.x/� j̨ c˛.x/ 2 pR
C
inf:

On définit alors  surRCinf par  .x/D'�1.c0.x//. L’application  n’est pas un morphisme d’anneaux,
mais on a  ı'.x/D x et plus généralement,  .'.x/y/D x .y/ pour x et y dans RCinf.

On étend ensuite àRinf, Rcris, RCcris, R
Œu�, RŒu;v� etR.0;v�C et on obtient des applications surjectives

 WRŒu�!RŒpu�; RŒu;v�!RŒpu;pv�; R.0;v�C!R.0;pv�C:

Remarque 3.10. Comme dans [Colmez et Nizioł 2017], on peut voir que les applications x 7! c˛.x/

donnent des décompositions
S D˚˛S˛ et S D0 D˚˛¤0S˛

pour S 2 fRinf; R
C
inf; Rcris; R

C
cris; R

Œu�; RŒu;v�; R.0;v�Cg. On a de plus @j D j̨ sur S˛=pS˛.

4. Passage de RC

cris à RŒu;v�

Soit R comme dans la section précédente. La première étape dans la preuve du théorème 2.4 est de
construire un quasi-isomorphisme entre le complexe Syn.RCcris; r/ et un complexe C.RŒu;v�; r/ défini à
partir de l’anneau RŒu;v�.
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Dans cette partie, on suppose u � 1=.p � 1/ de telle sorte que Acris � AŒu� � AŒu;v�. Si S D RŒu�

(respectivement RŒu;v�), on écrit S 0 D RŒu� (respectivement RŒu;v=p�) et S 00 D RŒpu� (respectivement
RŒpu;v�) et on note ��S le complexe des log-différentielles de S sur AŒu� (respectivement AŒu;v�). Pour i
dans f1; : : : ; dg, on note Ji Df.j1; : : : ; ji / j 1� j1 � � � � � ji � dg et !i D dXi=Xi . Si j est dans Ji , on
écrit !j D !j1 ^ � � � ^!ji . La filtration F r�iS est le sous-S -module de �iS engendré par F rS:�iS , soit

F r�iS D
M
j2Ji

F rS:!j :

On étend ' à �iS par

'

� X
j2Ji

fj!j

�
D

X
j2Ji

'.fj /!j :

On définit ensuite le complexe C.S; r/ WD ŒF r��S
pr�p�'
����! ��S 0 �: Enfin, on étend  à �iS en posant

 
�P

j2Ji
fj!j

�
D
P

j2Ji
 .fj /!j et on note C .S; r/ WD ŒF r��S

pr �p�
����!��S 00 �.

Le p10r -quasi-isomorphisme ��rC.RCcris; r/! ��rC.R
Œu;v�; r/ (voir (23) ci-dessous) s’obtient de

manière similaire à son analogue arithmétique [Colmez et Nizioł 2017, Section 3.2]. Les principales
différences viennent du fait qu’on ne dispose pas de la variable arithmétique X0 qui permet de donner une
interprétation des anneaux considérés en termes de séries de Laurent (sur l’anneau W.k/) ou de définir
 de telle sorte à ce qu’il soit « suffisamment » topologiquement nilpotent. La démonstration se fait en
trois parties. On montre dans un premier temps qu’on a un p8r -quasi-isomorphisme Syn.RCcris; r/

��!

C.RŒu�; r/. Contrairement au cas arithmétique, si f est un élément de RŒu�, on n’a pas, a priori, une
décomposition f D f1Cf2 avec f1 dans F rRŒu� et f2 tel que prf2 est dans RCinf (voir [Colmez et Nizioł
2017, Remark 2.6]) : au lieu de cela, on utilise ici la p2r -exactitude de la suite (17) (voir lemme 4.2).
L’étape suivante consiste à passer du complexe C.RŒu�; r/ au complexe C .RŒu�; r/. Enfin, on montre que
l’inclusion RŒu� ,!RŒu;v� induit un p2r -quasi-isomorphisme sur les complexes tronqués ��rC .S; r/.
La preuve diffère ici de celle de [Colmez et Nizioł 2017] dans la mesure où la série

P
n�1  

n.x/ pour
x dans RŒu;v�=RŒu� ne converge pas nécessairement pour notre définition de  . Il reste vrai, cependant,
 � 1 est surjective sur A.0;v�C, ce qui permet de conclure (voir lemme 4.7).

4A. Disque de convergence. On commence par montrer qu’il existe un p10r -quasi-isomorphisme
Syn.RCcris; r/

��! C.RŒu�; r/. La preuve du lemme suivant est identique à celle du cas arithmétique.

Lemme 4.1 [Colmez et Nizioł 2017, Lemma 3.1]. Soit f dans RŒu� tel que f D
P
n�N xnŒˇ�

n=pn pour
un N dans N et soit s dans Z. Si N � s=.p� 1/, alors il existe g dans RŒu� tel que f D .1�p�s'/.g/.

Comme dans [Colmez et Nizioł 2017, Lemma 3.2], on utilise le lemme ci-dessus pour montrer les
isomorphismes suivants :

Lemme 4.2. Soient r dans N et u et u0 des réels tels que 1=.p� 1/� u� 1 et u0 � u� pu0. Alors :

(1) L’application pr �pi' induit un p5r -isomorphisme F r�i
RŒu�

=F r�i
R
C
cris

��!�i
RŒu�

=�i
R
C
cris

.

(2) L’application pr �pi' induit un p5r -isomorphisme F r�i
RŒu�

=F r�i
RŒu
0�

��!�i
RŒu�

=�i
RŒu
0�

.
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Démonstration. Comme on a '.!j /D !j pour j dans Ji , il suffit de montrer que pr �pi' induit un
p4r -isomorphisme F rRŒu�=F rRCcris

��! RŒu�=RCcris (respectivement F rRŒu�=F rRŒu
0� ��! RŒu�=RŒu

0�).
On note ADRŒu

0� ou RCcris et B DRŒu�.
On montre d’abord la pr -injectivité. Soit f dans F rB tel que .pr �pi'/.f / est dans A. Il suffit de

voir que prf est dans A : c’est bien le cas, car prf D .pr �pi'/.f /Cpi'.f / et '.B/� A.
Il reste à voir que l’application est p5r -surjective. Soit f dans B . On peut écrire f D f1Cf2 avec

f1 D
X
n<N

xn
Œˇ�n

pn
et f2 D

X
n�N

xn
Œˇ�n

pn

où N D b.r � i/=.p � 1/c et xn 2 RCinf tend vers 0 à l’infini. On a alors que prf1 est dans A. Par le
lemme précédent, il existe g dans B tel que f2 D .1�pi�r'/.g/. En utilisant la suite p3r -exacte (17),
c’est-à-dire

0! Zp.r/! .AŒu�/'Dp
r

! AŒu�=F r ! 0;

on remarque que pour tout élément y de AŒu� on a p3ry D y1Cy2 avec y1 dans .AŒu�/'Dp
r

et y2 dans
F rAŒu�. Mais on a un pr -isomorphisme

.Acris/
'Dpr ��! .AŒu�/'Dp

r

;

et donc pry1 est dans Acris (respectivement dans AŒu
0�).

Comme RŒu�DAŒu� y̋ AinfR
C
inf, on peut donc écrire p3rgD g1Cg2 avec prg1 dans A et g2 dans F rB .

On obtient

p5rf D p5rf1C .p
r
�pi'/.prg1Cp

rg2/;

et donc, modulo A, on a p4rf D .pr �pi'/.prg2/, ce qui termine la démonstration. �

Corollaire 4.3. Pour u et u0 comme précédemment, on a :

(1) L’injection RCcris �R
Œu� induit un p10r -quasi-isomorphisme C.RCcris; r/

��! C.RŒu�; r/.

(2) L’injection RŒu
0� �RŒu� induit un p10r -quasi-isomorphisme C.RŒu

0�; r/ ��! C.RŒu�; r/.

4B. Passage de ' à  . On rappelle qu’on a C .RŒu�; r/ WD ŒF r��
RŒu�

pr �p�
����!��

RŒpu�
�.

Lemme 4.4 [Colmez et Nizioł 2017, Lemma 3.4]. On a un quasi-isomorphismeC.RŒu�; r/ ��!C .RŒu�; r/

donné par le diagramme commutatif

F r��
RŒu�

pr�p�'
//

Id
��

��
RŒu�

 

��

F r��
RŒu�

pr �p�
// ��
RŒpu�
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Remarque 4.5. La preuve du lemme est identique à celle donnée dans [Colmez et Nizioł 2017]. On
montre de la même façon que le diagramme commutatif

F r��
RŒu;v�

pr�p�'
//

Id
��

��
RŒu;v=p�

 

��

F r��
RŒu;v�

pr �p�
// ��
RŒpu;v�

induit un quasi-isomorphisme C.RŒu;v�; r/ ��! C .RŒu;v�; r/.

4C. Anneaux de convergence. On passe maintenant de l’anneau RŒu� à RŒu;v�.

Lemme 4.6. Soient u et v tels que 1=.p� 1/� u� 1� v. Alors on a un pr -isomorphisme

F rRŒu;v�=F rRŒu� ��!RŒu;v�=RŒu�:

Démonstration. Comme on a, pour tout n� 1,

fx 2 AŒu;v�=AŒu� j pnx D 0g D fx 2 A.0;v�C=Ainf j p
nx D 0g D 0;

on obtient une suite exacte

0! AŒu�=pn! AŒu;v�=pn! .AŒu;v�=AŒu�/=pn! 0:

Pour tout m� 1, on a de plus que RCinf=p
m est plat sur Ainf=p

m et donc la suite

0!AŒu�=pn˝Ainf=pmR
C
inf=p

m
!AŒu;v�=pn˝Ainf=pmR

C
inf=p

m
! .AŒu;v�=AŒu�/=pn˝Ainf=pmR

C
inf=p

m
!0

est exacte (on peut supposer m� n). On obtient finalement que, pour tout n et m, la suite

0! AŒu�=pn˝Ainf R
C
inf=p

m
! AŒu;v�=pn˝Ainf R

C
inf=p

m
! .AŒu;v�=AŒu�/=pn˝Ainf R

C
inf=p

m
! 0

est exacte. En prenant la limite sur .n;m/ et en utilisant que les systèmes projectifs vérifient la condition
de Mittag-Leffler, on obtient une suite exacte

0!RŒu�!RŒu;v�! AŒu;v�=AŒu� y̋ AinfR
C
inf! 0:

Comme F rR‹ D F rA‹ y̋ AinfR
C
inf pour ‹ 2 fŒu�; Œu; v�g, le même raisonnement donne une suite exacte

0! F rRŒu�! F rRŒu;v�! F rAŒu;v�=F rAŒu� y̋ AinfR
C
inf! 0:

On obtient

F rRŒu;v�=F rRŒu� Š F rAŒu;v�=F rAŒu� y̋ AinfR
C
inf et RŒu;v�=RŒu� Š AŒu;v�=AŒu� y̋ AinfR

C
inf

et il suffit de montrer le résultat pour RDOC .
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Comme AŒu;v� est la complétion de AinfŒp=Œ˛�; Œˇ�=p� et AŒu� est celle de AinfŒŒˇ�=p�, il suffit de
montrer que pr.p=Œ˛�/ est dans l’image : c’est le cas (voir la preuve de la proposition 3.1) puisqu’on a

p

Œ˛�
D

�
1C

Œp[��p

p

��1
Œ˛0� avec vp.˛0/D 1�

1

v
: �

On peut maintenant montrer la version géométrique du lemme 3.6 de [Colmez et Nizioł 2017].

Lemme 4.7. L’inclusion RŒu� ,!RŒu;v� induit un p2r -quasi-isomorphisme

��rC
 .RŒu�; r/ ��! ��rC

 .RŒu;v�; r/:

Démonstration. L’application est induite par

F r��
RŒu�

��

pr �p�
// ��
RŒpu�

��

F r��
RŒu;v�

pr �p�
// ��
RŒpu;v�

Pour montrer qu’on a un p2r -quasi-isomorphisme ��rC .RŒu�; r/ ��! ��rC
 .RŒu;v�; r/, il suffit de

voir qu’on a un p2r -quasi-isomorphisme

��r.F
r��

RŒu;v�
=F r��

RŒu�
/
pr �p�
����! ��r.�

�

RŒpu;v�
=��

RŒpu�
/:

On va prouver :

(1) Pour tout i � r , F r�i
RŒu;v�

=F r�i
RŒu�

pr �pi
����!�i

RŒpu;v�
=�i

RŒpu�
est un p2r -isomorphisme.

(2) Pour i D r C 1, le morphisme pr � prC1 W F r�rC1
RŒu;v�

=F r�rC1
RŒu�
! �rC1

RŒpu;v�
=�rC1

RŒpu�
est p2r -

injectif.

Prouvons le point (1). Soit i � r . Comme on a  
�P

j2Ji
fj!j

�
D
P

j2Ji
 .fj /!j , on se ramène

à prouver que pr �pi W F rRŒu;v�=F rRŒu�! RŒpu;v�=RŒpu� est un pr -isomorphisme. Par le lemme
précédent, il suffit de montrer que pr �pi WRŒu;v�=RŒu�!RŒpu;v�=RŒpu� est un pr -isomorphisme.

Pour i <r ,ps �1 avec sDr�i est inversible d’inverse�.1Cps Cp2s 2C� � � / et doncpr �pi est
un pr -isomorphisme. Il reste à voir le cas iD r : on va montrer que . �1/ WRŒu;v�=RŒu�!RŒpu;v�=RŒpu�

est un isomorphisme.
Comme dans la preuve du lemme 4.6, on peut écrire

RŒu;v�=RŒu� D AŒu;v�=AŒu� y̋ AinfR
C
inf Š A.0;v�C=Ainf y̋ AinfR

C
inf:

Si x est un monôme aX˛11 � � �X
˛d
d

de RCinf avec a 2 Ainf et ˛ D .˛1; : : : ; ˛d /¤ 0 alors, par construction
de  , . k.x//k tend vers 0 et la série xC .x/C 2.x/C � � � converge. Il suffit donc de vérifier que
 � 1 est un isomorphisme de A.0;v�C=Ainf dans lui-même.

L’injectivité se déduit des suites exactes

0! Zp! Ainf
 �1
�! Ainf! 0 et 0! Zp! A.0;v=p�C

 �1
�! A.0;v�C! 0
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obtenues à partir des suites exactes (14) et (15).
Montrons la surjectivité. Soit x dans A.0;v�C. Comme .1� / est surjective de A dans A, il existe y

dans A tel que x D .1� /.y/. On va montrer que  .y/ est dans A.0;v�C (et on aura en particulier que
y D xC .y/ est dans A.0;v�C).

Écrivons x D
P
n2NŒxn�p

n et y D
P
n2NŒyn�p

n. On a l’égalitéX
n2N

Œxn�p
n
D

X
n2N

.Œyn�� Œy
1=p
n �/pn:

On veut monter que v.vE.yn/=p/C n tend vers l’infini et que vE.yn/ � �pn=v. Il suffit de vérifier
que vE.yn/� �n=v pour tout n 2 N : on aura alors

vE.yn/�
�n

v
>
�pn

v
et v

vE.yn/

p
Cn�

p� 1

p
n
n!1
���!1:

Pour nD 0, on a x0 D y0�y
1=p
0 . Si vE.y0/ < 0 alors vE.y0/ < vE.y

1=p
0 / et vE.y0/D vE.x0/� 0, ce

qui est une contradiction. Donc vE.y0/� 0.
Soit n dans N. Supposons que pour tout i � n, vE.yn/� �n=v. Dans A, on a

�.ŒxnC1�� ŒynC1�C Œy
1=p
nC1�/p

nC1

D

�X
i�n

.Œxi �� Œyi �C Œy
1=p
i �/pi

�
CpnC2

� X
i�nC2

.Œxi �� Œyi �C Œy
1=p
i �/pi�.nC2/

�
:

En divisant par pnC1 et en projetant dans C [, on obtient que xnC1�ynC1Cy
1=p
nC1 est l’image de

1

pnC1

X
i�n

.Œxi �� Œyi �C Œy
1=p
i �/pi

dansC [. Mais par hypothèse de récurrence, Œ˛n�
�P

i�n.Œxi ��Œyi �CŒy
1=p
i �/pi

�
2AC\pnC1ADpnC1AC,

donc ˛n.xnC1�ynC1Cy
1=p
nC1/ est dans O[. On obtient

vE.xnC1�ynC1Cy
1=p
nC1/�

�n

v
:

Si vE.ynC1/� vE.xnC1/ ou vE.ynC1/� 0, on a fini. Si vE.ynC1/ < vE.xnC1/ et vE.ynC1/ < 0, alors

vE.ynC1/D vE.xnC1�ynC1Cy
1=p
nC1/�

�n

v
�
�.nC1/

v
:

On obtient finalement que  � 1 est un isomorphisme.
Montrons maintenant le point (2). Par le lemme précédent, il suffit de montrer que pr � prC1 W

RŒu;v�=RŒu�!RŒpu;v�=RŒpu� est pr -injectif. On va montrer que  �p WRŒu;v�=RŒu�!RŒpu;v�=RŒpu�

est injectif et par le même argument que ci-dessus, cela revient à montrer que

 �p W A.0;v�
C

=Ainf! A.0;v�
C

=Ainf

est aussi injectif.
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Comme ' ı . �p/D 1�p' et que 1�p' est bijectif sur Ainf (d’inverse 1Cp'Cp2'2C � � � ), il
suffit de vérifier que

1�p' W A.0;v�
C

! A.0;v=p�
C

est injectif.
Soit x dans A.0;v�

C

tel que .1�p'/.x/D 0. Alors, pour tout entier k,�X
n�k

pn'n
�
.1�p'/.x/D 0

et on obtient

x D pkC1'kC1.x/ 2 .pkC1A.0;v=p
kC1�C/� pkC1A:

Donc

x 2
\
k�0

.pkA/D 0: �

Ceci termine la démonstration.

Le résultat suivant se déduit des quasi-isomorphismes des lemmes 4.4, 4.7 et de la remarque 4.5.

Corollaire 4.8. Si pu� v, on a un p2r -quasi-isomorphisme

��rC.R
Œu�; r/ ��! ��rC.R

Œu;v�; r/:

En combinant les résultats de ces deux sections, on obtient un p12r -quasi-isomorphisme

��rC.R
C
cris; r/! ��rC.R

Œu;v�; r/: (23)

5. Utilisation des .'; �/-modules

On suppose toujours R comme à la section 2B2, avec Spf.R/ connexe. Dans cette section, on définit un
isomorphisme RŒu;v� Š A

Œu;v�
R , où A

Œu;v�
R est un anneau muni d’une action du groupe de Galois GR. Cela

va permettre de construire un quasi-isomorphisme entre le complexe C.RŒu;v�; r/ de la section précédente
et un complexe de .'; �/-modules Kos.'; �R;A

Œu;v�
R / qui intervient dans le calcul de la cohomologie de

Galois.
Comme dans [Colmez et Nizioł 2017, §4], la preuve se fait en deux étapes. Premièrement, en divisant

par des puissances de t , on transforme l’action des différentielles @i en une action d’une algèbre de Lie,
Lie�R : cela permet de se débarrasser de la filtration (c’est possible par le lemme 5.3 ci-dessous). On
utilise ensuite que les opérateurs �i qui sont définis dans le paragraphe suivant et qui traduisent l’action
du groupe �R sur l’anneau A

Œu;v�
R sont topologiquement nilpotents (pour la topologie �-adique) pour

passer de Lie�R à �R.
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Remarque 5.1. (1) Colmez et Nizioł [2017] ne travaillent pas ici avec leur complexe original, soit
Kum.RŒu;v�$ ; r/, mais avec un complexe quasi-isomorphe Cycl.RŒu;v�$ ; r/. Ce changement de com-
plexe correspond à un changement de la variable arithmétique X0 par une variable cyclotomique T
sur laquelle on peut définir une action de �R. Dans notre cas, les deux complexes sont confondus.

(2) Dans [Colmez et Nizioł 2017], du fait de la variable supplémentaire T , l’algèbre de Lie obtenue
n’est pas commutative. Ce n’est pas le cas ici.

5A. Plongement dans les anneaux de périodes. Pour chaque i de f1; : : : ; dg, on choisit un élément
X[i D .Xi ; X

1=p
i ; : : : / dans E xR et on définit un plongement de RCinf;� dans AC

xR
en envoyant Xi sur ŒX[i �.

On étend le plongement à

RCinf! AC
xR
; RCcris! Acris. xR/; RŒu�! A

Œu�
xR
; RŒu;v�! A

Œu;v�
xR

; R.0;v�C! A
.0;v�C
xR

:

On note AR (respectivement ACR , Acris.R/, A?R) l’image de Rinf (respectivement RCinf, R
C
cris, R

? pour
? 2 fŒu�; Œu; v�; .0; v�Cg) par ce plongement. On peut alors définir une action du groupe GR sur ces
anneaux.

On considère

R�
m WDOC

�
X1=p

m

;
1

.X1 � � �Xa/1=p
m
;

$1=pm

.XaC1 � � �XaCb/
1=pm

�
et on note R�

1 la complétion p-adique de lim
��!

R�
m . Soient Rm et R1 les complétés p-adiques R�

m
y̋OCR

et R�
1
y̋OCR.

On rappelle que GR WD Gal. xRŒ1=p�=RŒ1=p�/. On note

�R WD Gal
�
R�
1

h
1

p

i ı
R�

h
1

p

i�
D Gal

�
R1

h
1

p

i ı
R
h 1
p

i�
le groupe des automorphismes de R1Œ1=p� qui fixent RŒ1=p�. On a �R Š Zdp .

De plus, comme GR agit sur A xR (resp. Acris. xR/ et A?
xR
), il agit sur AR (resp. Acris.R/ et A?R) via �R.

Si on choisit des générateurs topologiques 
1; : : : ; 
d de �R, cette action est donnée par


k.ŒX
[
k�/D Œ"�ŒX

[
k� et 
j .ŒX

[
k�/D ŒX

[
k� si j ¤ k:

Remarque 5.2. On note �j WD
j�1. Précisons l’action des �j sur ACR . Comme les 
j agissent trivialement
sur Ainf, on obtient que �j .RCinf;�/ � �R

C

inf;�. En utilisant la proposition 2.2 pour � D 
j , I D .�/ et
Z� DZ, on obtient que 
j .Z/ est dans ZC .�/ et en utilisant l’isomorphisme ACR ŠR

C
inf, on en déduit

que �j .ACR /� �ACR .
Comme on a RŒu;v� D AŒu;v� y̋ AinfR

C
inf, on a le même résultat pour A

Œu;v�
R .

5B. Passage des .'; @/-modules aux .'; �/-modules. On commence par montrer le lemme suivant.
Comme pour les preuves précédentes, on ne dispose pas ici de l’interprétation des anneaux RŒu� et RŒu;v�

en anneaux de séries de Laurent. La démonstration se fait en travaillant directement avec les anneaux de
périodes et en utilisant la description de la filtration F rAŒu;v� donnée à la proposition 3.1.
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Lemme 5.3. Soit v=p < 1 < v et u � 1=.p � 1/. Alors, l’application 10 f 7! trf induit des p3r -
isomorphismes A

Œu;v�
xR
! F rA

Œu;v�
xR

et A
Œu;v=p�
xR

! A
Œu;v=p�
xR

.

Démonstration. Montrons d’abord la p3r -surjectivité de tr WAŒu;v�
xR
!F rA

Œu;v�
xR

. D’après la proposition 3.1,
si y est un élément de F rA

Œu;v�
xR

, pry s’écrit �rx avec x dans A
Œu;v�
xR

: il suffit donc de voir que t divise
p2� dans A

Œu;v�
xR

. On écrit

�D zu0t avec zu0 D
X
n�1

a.n/Šp Qa.n/

nŠ
t fn�1g où

�
Qa.n/D a.n/ si b.n/¤ 0;
Qa.n/D a.n/� 1 si b.n/D 0;

et on en déduit que � et t engendrent les mêmes idéaux dans Acris (voir [Fontaine 1994, §5.2.4]). Il suffit
alors de vérifier que � divise p2�. Mais, par définition, � D �=�1 avec �1 D '�1.�/ : on va montrer
que p2=�1 est dans AŒu;v�.

Pour cela, on montre d’abord que �D u0Œ N�� avec u0 unité de A
.0;v=p�C
xR

. On suit la preuve d’Andreatta
et Brinon [2008, proposition 4.2 (d)]. En utilisant que '.�/D .�C 1/p � 1, on vérifie qu’on a

�D Œ"�� 1D Œ N��CpŒ˛1�Cp
2Œ˛2�C � � � avec vE.˛n/� vE."

1=pn
� 1/D

1

pn�1.p� 1/
:

Si on écrit ˛n D N�an avec an dans E, on a

vE.an/�
1�pn

pn�1.p� 1/
D�

n�1X
kD0

pk�nC1:

Donc, pour tout n � 1, .v=p/vE.an/C n � 0. En notant u0 D 1C pŒa1�C p2Œa2�C : : : , on obtient
wv=p.u0� 1/ > 0, donc wv=p.u0/D 0 et u0 est une unité de A

.0;v=p�C
xR

.

On montre de même que �1 D u1Œ N�1� avec u1 unité de A
.0;v�C
xR

(et donc aussi de A
.0;v=p�C
xR

). On en
déduit

p2

�1
D

p2

Œ N�1�
u�11 avec wv

�
p2

Œ N�1�

�
D
�v

.p� 1/
C 2 >

�p

p� 1
C 2� 0;

et on obtient le résultat voulu.
La p3r -surjectivité de A

Œu;v=p�
xR

! A
Œu;v=p�
xR

s’obtient de la même façon.
On vérifie ensuite la p3r -injectivité. Soit f dans A

Œu;v�
xR

tel que trf D 0, on veut montrer p3rf D 0.
Par ce qu’on a vu plus haut, �rf D 0D Œ N��rur0f avec u0 unité de A

.0;v=p�C
xR

, donc Œ N��rf D 0. Enfin,
on peut écrire p2 D Œ N�� � x avec x dans A

.0;v=p�C
xR

: on a donc

p3rf D .pxŒ N��/rf D 0: �

Remarque 5.4. On suppose v=p < 1 < v et u� 1=.p� 1/.

(1) On en déduit qu’on a un p3r -isomorphisme A
Œu;v�
R

��! F rA
Œu;v�
R (et A

Œu;v=p�
R

��! A
Œu;v=p�
R ).

10. Bien définie, car on a t 2 Acris. xR/� A
Œu�
xR

.
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(2) La même preuve montre que le morphisme f 7! trC1f de A
Œu;v�
xR
! F rA

Œu;v�
xR

et A
Œu;v=p�
xR

!

A
Œu;v=p�
xR

est p2.rC1/-injectif.

(3) On va montrer que les applications précédentes induisent des p6r -isomorphismes

A
Œu;v�
xR

=pn! F rA
Œu;v�
xR

=pn et A
Œu;v=p�
xR

=pn! A
Œu;v=p�
xR

=pn:

Pour cela, notons ADA
Œu;v�
xR

(respectivement A
Œu;v=p�
xR

) et B D F rA
Œu;v�
xR

(respectivement A
Œu;v=p�
xR

)
et montrons que x 7! trx induit un p6r -isomorphisme de A=pn dans B=pn. La surjectivité
découle du lemme précédent de manière évidente. Montrons la p6r -injectivité : soit x dans A tel
que trx D pny pour y dans B . On a ensuite p3r trx D pn.p3ry/D pn.trz/ avec z dans A (on
utilise ici la p3r -surjectivité). Ainsi tr.p3rx�pnz/ est nul et on déduit que p3r.p3rx�pnz/D 0.
On obtient que p6rx est nul modulo pnA et donc que tr est p6r -injective modulo pn.

Dans la suite, pour simplifier, on note SDA
Œu;v�
R et S 0DA

Œu;v=p�
R . On rappelle qu’on a choisi .
j /1�j�d

des générateurs topologiques de �R Š Zdp et, pour 1 � i � d , on définit @i WD Xi .@=@Xi / et Ji WD
f.j1; : : : ; ji / j 1� j1 � � � � � ji � dg.

On note � WGK ! Z�p le caractère cyclotomique. Pour tout g de GK , on a g � t D �.g/t . Si on note
S.r/ l’anneau S muni de l’action de GK tordue par �r , on obtient que la multiplication par tr induit une
application Galois-invariante S.r/! S .

On définit les complexes

Kos.�R; S.r// WD S.r/
.
j�1/
���! S.r/J1 ! � � � ! S.r/Jd ;

Kos.'; �R; S.r// WD ŒKos.�R; S.r//
1�'
�! Kos.�R; S 0.r//�;

Kos.@; F rS/ WD F rS .@j /�! .F r�1S/J1 ! � � � ! .F r�dS/Jd ;

Kos.'; @; F rS/ WD ŒKos.@; F rS/ p
r�p�'
����! Kos.@; S 0/�:

On aC.S; r/ ��! Kos.'; @; S/, et en utilisant l’isomorphismeRŒu;v� ��!A
Œu;v�
R , on obtientC.S; r/ ��!

Kos.'; @; F rS/.
Le but est maintenant de prouver la proposition suivante (voir [Colmez et Nizioł 2017, Proposition 4.2]

pour l’analogue arithmétique) :

Proposition 5.5. (1) Il existe un p30r -quasi-isomorphisme

��r Kos.'; �R; S.r// ��! ��r Kos.'; @; F rS/:

(2) Il existe un p58r -quasi-isomorphisme

��r Kos.'; �R; S.r//n ��! ��r Kos.'; @; F rS/n;

où . � /n désigne la réduction modulo pn.
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Pour montrer cela, on définit rj WD t@j et on considère l’algèbre de Lie associée au groupe �R, Lie�R.
Alors Lie�R est un Zp-module libre de rang d , engendré par les rj pour 1� j � d . On note

Kos.Lie�R; S.r// WD S.r/
.rj /
�! S.r/J1 ! � � � ! S.r/Jd ;

Kos.';Lie�R; S.r// WD ŒKos.Lie�R; S.r//
1�'
�! Kos.Lie�R; S 0.r//�:

Lemme 5.6. (1) Il existe un p30r -quasi-isomorphisme

��r Kos.';Lie�R; S.r// ��! ��r Kos.'; @; F rS/:

(2) De même, il existe un p58r -quasi-isomorphisme

��r Kos.';Lie�R; S.r//n ��! ��r Kos.'; @; F rS/n:

Démonstration. On rappelle qu’on note S D A
Œu;v�
R et S 0 D A

Œu;v=p�
R . Comme dans [Colmez et Nizioł

2017, Lemma 4.4], on déduit du lemme 5.3 et des diagrammes

S.r/

tr

��

.rj /
// S.r/J1

tr

��

// � � � // S.r/Jr

tr

��

// S.r/JrC1

tr

��

// � � �

F rS
.rj /
// .F rS/J1 // � � � // .F rS/Jr // .F rS/JrC1 // � � �

F rS

t0

OO

.@j /
// .F r�1S/J1

t1

OO

// � � � // SJr

tr

OO

// SJrC1

trC1

OO

// � � �

et

S 0.r/

tr

��

.rj /
// S 0.r/J1

tr

��

// � � � // S 0.r/Jr

tr

��

// S 0.r/JrC1

tr

��

// � � �

S 0
.rj /

// .S 0/J1 // � � � // .S 0/Jr // .S 0/JrC1 // � � �

S 0

t0

OO

.@j /
// .S 0/J1

t1

OO

// � � � // .S 0/Jr

tr

OO

// .S 0/JrC1

trC1

OO

// � � �

qu’on a des p14r -quasi-isomorphismes

��r Kos.Lie�R; S.r// ��! ��r Kos.@; F rS/ et ��r Kos.Lie�R; S 0.r// ��! ��r Kos.@; S 0/:

En effet, par le lemme, les flèches verticales du haut sont des p3r -isomorphismes et on obtient donc un
p6r -quasi-isomorphisme entre les deux premiers complexes. De la même façon, les flèches du bas sont
des p3r -isomorphismes en degré inférieur à r . En degré .r C 1/, d’après la remarque 5.4, le morphisme
S trC1
��! F rS est p4r -injectif et on en déduit le p8r -quasi-isomorphisme entre les complexes tronqués.
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Comme on a

Kos.';Lie�R; S.r// WD ŒKos.Lie�R; S.r//
1�'
�! Kos.Lie�R; S 0.r//�;

Kos.'; @; F rS/ WD ŒKos.@; F rS/ p
r�p�'
����! Kos.@; S 0/�;

on obtient un p30r -quasi-isomorphisme

��r Kos.';Lie�R; S.r// ��! ��r Kos.'; @; F rS/

induit par le diagramme commutatif

Kos.Lie�R; S.r//
1�'

//

��

Kos.Lie�R; S 0.r//

pr

��

Kos.Lie�R; S.r//
pr .1�'/

//

tr

��

Kos.Lie�R; S 0.r//

tr

��

Kos.Lie�R; F rS/
pr�'

// Kos.Lie�R; S 0/

Kos.@; F rS/

t�

OO

pr�p�'
// Kos.@; S 0/

t�

OO

(24)

Le résultat modulo pn s’obtient de la même façon, en utilisant le dernier point de la remarque 5.4. �

Remarque 5.7. En degré supérieur à r C 1, les flèches du bas dans le diagramme ci-dessus ne sont plus
surjectives et, sans la troncation, on perd le quasi-isomorphisme entre la deuxième et la troisième ligne.

Lemme 5.8. Il existe un quasi-isomorphisme

Kos.'; �R; S.r// ��! Kos.';Lie�R; S.r//:

Démonstration. La preuve est semblable à celle de [Colmez et Nizioł 2017, Proposition 4.5]. On va
construire une application ˇ W Kos.�R; S.r//! Kos.Lie�R; S.r// telle que le diagramme

S.r/
.
j�1/

//

Id
��

S.r/J1 //

ˇ1
��

S.r/J2 //

ˇ2
��

� � �

S.r/
.rj /

// S.r/J1 // S.r/J2 // � � �

soit commutatif, et qui induit le quasi-isomorphisme voulu.
On rappelle qu’on a noté �j WD 
j � 1.
Soient .an/n�1 et .bn/n�1 les coefficients des séries formelles

log.1CX/
X

D 1C a1X C a2X
2
C � � � et

X

log.1CX/
D 1C b1X C b2X

2
C � � � :
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Pour tout j 2 f1; : : : ; dg, on pose

sj WD 1C a1�j C a2�
2
j C � � � et s�1j WD 1C b1�j C b2�

2
j C � � � :

En utilisant la remarque 5.2, on voit que pour x dans A
Œu;v�
R , les séries sj .x/ et s�1j .x/ convergent

dans A
Œu;v�
R .

Considérons maintenant les applications ˇi WS.r/Ji!S.r/Ji avec ˇi ..aj /j2Ji /D .sj1 � � � sji .aj //j2Ji .
Par ce qu’on vient de voir, les ˇi sont bien définies et sont des isomorphismes.

Il reste à voir que le diagramme commute. Mais on a

.sj1 � � � sji �ji � � � �j1/D .sj1 � � � sji�1rji �ji�1 � � � �j1/D � � � D .rj1 � � � rji /

car rj et �j commutent (comme on a tordu l’action par �).
Enfin, en remarquant que ˇ ı ' D ' ı ˇ, on obtient que l’application ˇ nous donne bien le quasi-

isomorphisme cherché. �

Remarque 5.9. La convergence des séries sj et s�1j se déduit ici directement de la définition de l’action
des �j sur A

Œu;v�
R . Dans [Colmez et Nizioł 2017], du fait de la variable supplémentaire T , la preuve de cette

convergence est plus technique et s’obtient, là encore, par des considérations sur des séries de Laurent ;
voir [Colmez et Nizioł 2017, §2.5.3].

La proposition 5.5 se déduit ensuite des deux précédents lemmes.

5C. Changement d’anneau. Pour terminer, on passe de l’anneau A
Œu;v�
R à AR.

Lemme 5.10. L’inclusion A
.0;v�C
R ,! A

Œu;v�
R induit un quasi-isomorphisme

Kos.'; �R;A
.0;v�C
R .r// ��! Kos.'; �R;A

Œu;v�
R .r//:

Démonstration. L’idée est la même que dans [Colmez et Nizioł 2017, Lemma 4.8] : on vérifie que
1�' W A

Œu;v�
R =A

.0;v�C
R ! A

Œu;v=p�
R =A

.0;v=p�C
R est un isomorphisme. Comme on a un isomorphisme entre

A
Œu;v�
R =A

.0;v�C
R et A

Œu;v=p�
R =A

.0;v=p�C
R , on peut voir 1�' comme un endomorphisme de A

Œu;v�
R =A

.0;v�C
R .

On a de plus

'

�
Œˇ�n

pn

�
D
Œˇ�pn

pn
D p.p�1/n

Œˇ�pn

ppn
:

On en déduit que '.AŒu;v�R =A
.0;v�C
R /� p � .A

Œu;v�
R =A

.0;v�C
R / et par itération,

'k.A
Œu;v�
R =A

.0;v�C
R /� pk � .A

Œu;v�
R =A

.0;v�C
R /:

On obtient que ' est topologiquement nilpotent et .1�'/ inversible. �

Pour S D AR;A
.0;v�C
R , on note Kos. ; �R; S/ WD ŒKos.�R; S/

 �1
�! Kos.�R; S/�.

Remarque 5.11. Dans [Colmez et Nizioł 2017], l’anneau A
.0;v�C
R n’est pas stable par  et il est nécessaire

de multiplier A
.0;v�C
R par une constante ��li dans la définition de Kos. ; �R;A

.0;v�C
R /.
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Lemme 5.12. L’application

Kos.�R;A
.0;v�C
R /

1�'
//

Id
��

Kos.�R;A
.0;v=p�C
R /

 
��

Kos.�R;A
.0;v�C
R /

 �1
// Kos.�R;A

.0;v�C
R /

induit un quasi-isomorphisme Kos.'; �R; S/ ��! Kos. ; �R; S/.

Démonstration. Le raisonnement est semblable à celui de la preuve du lemme 4.4 : comme  est
surjective, il suffit de vérifier que Kos.�R;A

.0;v=p�C
R / D0 est acyclique. On utilise la décomposition

de la remarque 3.10 et on est ramené à prouver que Kos.�R; '.A
.0;v=p�C
R /u˛/ est acyclique pour tout

˛ D .˛1; : : : ; ˛d /¤ 0.
Soit alors k tel que ˛k ¤ 0. On peut supposer que kD d . Pour simplifier, on pose M˛ D '.A

.0;v�C
R /u˛ .

On note J 0i WD f.j1; : : : ; ji / j 1� j1 < � � �< ji � d � 1g et on écrit Kos.�R;M˛/ comme le complexe

M˛

.�j /j¤d
//

�d

��

.M˛/
J 01 //

�d
��

.M˛/
J 02 //

�d
��

� � �

M˛

.�j /j¤d
// .M˛/

J 01 // .M˛/
J 02 // � � �

On va montrer que �d est bijective sur M˛ . Comme M˛ est p-adiquement complet, il suffit de montrer la
surjectivité modulo p.

On a 
d �u˛ D . N�C 1/˛du˛ et donc, pour y dans .A.0;v�CR =p/,

.
d � 1/ � .'.y/u˛/D '. N�1G.y//u˛

avec N�1 D '�1. N�/ et G.y/ D .1C N�1/˛d N��11 .
d � 1/y C N�
�1
1 ..1C N�1/

˛d � 1/y. Mais l’action de
.
d � 1/ est triviale modulo N� (car, modulo N�, "D 1) et comme N�D N�p1 , on obtient que, modulo N�1,
G.y/D ˛dy. On a alors que l’application ' ıG W .A.0;v�CR =p/! .A

.0;v=p�C
R =p/ est surjective modulo N�

et comme .A.0;v�CR =p/ est N�-complet, on en déduit que ' ıG est surjective et que .
d � 1/ est surjective
sur M˛. �

Lemme 5.13. L’inclusion A
.0;v�C
R ,! AR induit un quasi-isomorphisme

Kos. ; �R;A
.0;v�C
R / ��! Kos. ; �R;AR/:

Démonstration. Comme dans [Colmez et Nizioł 2017, Lemma 4.12], il suffit de voir que 1 �  W
AR=A

.0;v�C
R ! AR=A

.0;v�C
R est un isomorphisme. De la même façon que dans la preuve du lemme 4.7,

en remarquant que 1C C 2C � � � converge sur les monômes, on se ramène à montrer le résultat pour
l’anneau A=A.0;v�C. Mais on a montré au lemme 4.7 que 1� était surjective de A.0;v�C dans lui-même
et on obtient donc que 1� est un isomorphisme sur le quotient. �

On en déduit la proposition suivante :



636 Sally Gilles

Proposition 5.14. On a un quasi-isomorphisme

Kos.'; �R;A
.0;v�C
R / ��! Kos.'; �R;AR/:

Enfin, en combinant tous les résultats de cette section, on obtient :

Proposition 5.15. Il existe un quasi-isomorphisme

Kos.'; �R;A
Œu;v�
R .r// ��! Kos.'; �R;AR.r//:

Remarque 5.16. On peut montrer également que l’inclusion ACR ,!A
Œu;v�
R induit un quasi-isomorphisme

Kos.'; �R;ACR .r//
��! Kos.'; �R;A

Œu;v�
R .r//. En effet, par ce qu’on vient de voir, il reste à vérifier

que l’inclusion ACR ,!A
.0;v�C
R donne un quasi-isomorphisme Kos. ; �R;ACR /

��! Kos. ; �R;A
.0;v�C
R /.

Pour cela, il suffit de prouver que 1� W A.0;v�CR =ACR ! A
.0;v�C
R =ACR est un isomorphisme, ce qui est

montré dans la preuve du lemme 4.7.

6. Cohomologie de Galois

Soit R comme dans les sections précédentes. Pour terminer la preuve du théorème de comparaison
locale 2.4, il reste à voir qu’on a un quasi-isomorphisme R�.�R;AR/ Š R�.GR;A xR/. Ce résultat
s’obtient via des arguments classiques de descente presque étale et de décomplétion.

6A. Calcul de la cohomologie de Galois. Le but de cette partie est de montrer qu’on a un quasi-
isomorphisme

ŒR�.�R;AR.r//
1�'
�!R�.�R;AR.r//�

� �R�.GR;Zp.r//: (25)

Comme la suite exacte
0! Zp! A xR

1�'
�! A xR! 0

donne un quasi-isomorphisme

R�.GR;Zp.r//
��! ŒR�.GR;A xR.r//

1�'
�!R�.GR;A xR.r//�;

il suffit de vérifier qu’on a un quasi-isomorphisme

R�.�R;AR.r//
��!R�.GR;A xR.r//:

Soit zR1 la clôture intégrale de R dans la sous-RŒ1=p�-algèbre de xRŒ1=p� engendrée pour m� 1 par
les X1=m

aCbC1
; : : : ; X

1=m

d
et pour n� 1 par les X1=p

n

1 ; : : : ; X
1=pn

d
. La même preuve que dans [Colmez et

Nizioł 2017, Lemma 5.8] donne :

Proposition 6.1. xR est l’extension maximale de zR1 telle que xRŒ1=p�= zR1Œ1=p� est étale.

On note E zR1
le tilt de la complétion de zR1, A zR1

DW.E zR1
/ et z�R WDGal. yzR1Œ1=p�=RŒ1=p�/. Enfin,

soit HR WD ker.GR! z�R/. On déduit de la proposition précédente le résultat suivant, le raisonnement
étant identique à celui de [Andreatta et Brinon 2008, §2; Andreatta et Iovita 2008, Appendix A; Colmez
2003] :
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Proposition 6.2 [Colmez et Nizioł 2017, Proposition 4.13]. (1) Pour tout i � 1, on aH i .HR;A xR/D 0.
En particulier, on a un quasi-isomorphisme

R�.z�R;A zR1
.r// ��!R�.GR;A xR.r//:

(2) Il existe un quasi-isomorphisme

R�.�R;AR1.r//
��!R�.z�R;A zR1

.r//:

Dans la suite, on note �H le morphisme R�.�R;AR1.r//!R�.GR;A xR.r//: On passe de l’anneau
AR1 à AR via un argument de décomplétion (voir [Andreatta et Iovita 2008, Theorem A.14; Kedlaya et
Liu 2016]) :

Proposition 6.3 [Colmez et Nizioł 2017, Proposition 4.13]. On a un quasi-isomorphisme

�1 WR�.�R;AR.r//
��!R�.�R;AR1.r//:

6B. Comparaison avec le complexe syntomique. On peut maintenant montrer le théorème suivant :

Théorème 6.4. Il existe une constante N indépendante de R telle qu’on a des pNr -quasi-isomorphismes

˛r W ��r Syn.R; r/! ��rR�.GR;Zp.r//;

˛r;n W ��r Syn.R; r/n! ��rR�.GR;Z=p
n.r//:

Démonstration. On vient de voir qu’on avait un quasi-isomorphisme

ŒR�.�R;AR.r//
1�'
�!R�.�R;AR.r//�

� �R�.GR;Zp.r//:

Mais R�.�R;AR.r// est calculé par le complexe Kos.�R;AR.r// et on a un quasi-isomorphisme naturel

R�.GR;Zp.r//
��! Kos.'; �R;AR.r//:

D’après la proposition 5.5, on a un p30r -quasi-isomorphisme

��r Kos.'; �R;A
Œu;v�
R .r// ��! ��r Kos.'; @; F rA

Œu;v�
R /;

et en utilisant le quasi-isomorphisme de la proposition 5.15,

Kos.'; �R;A
Œu;v�
R .r// ��! Kos.'; �R;AR.r//;

on en déduit un p30r -quasi-isomorphisme

��rR�.GR;Zp.r//
��! ��r Kos.'; @; F rA

Œu;v�
R /:

Enfin, en utilisant l’isomorphisme naturel A
Œu;v�
R ŠRŒu;v� et le p12r -quasi-isomorphisme Syn.RCcris; r/

��!

C.RŒu;v�; r/ établi dans la section 4, on obtient le pNr -quasi-isomorphisme ˛r (avec N D 42). La même
démonstration donne un pNr -quasi-isomorphisme ˛r;n pour N D 70. �
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7. Comparaison locale avec l’application de Fontaine–Messing

Dans cette partie, on montre que le morphisme de périodes local construit dans la section précédente
est égal à l’application de Fontaine–Messing modulo une certaine puissance de p. Une fois la construction
du morphisme établie, la preuve est très similaire à celle du cas arithmétique [Colmez et Nizioł 2017,
§4.7]. On suppose toujours XD Spf.R/ connexe.

7A. Anneaux E
Œu;v�

xR
et EPD

xR
et lemmes de Poincaré. On rappelle ici la définition de E

Œu;v�
xR

et EPD
xR

donnée
dans [Colmez et Nizioł 2017, §2.6] et les lemmes de Poincaré vérifiés par ces anneaux.

7A1. Définition des anneaux SA. Dans cette section, S désignera l’anneau RCcris (respectivement RŒu;v�)
et A désignera Acris. xR/ ou Acris.R/ (respectivement A

Œu;v�
xR

ou A
Œu;v�
R ). On a donc un morphisme injectif

continu � W S ! A et, si B désigne l’anneau Acris (respectivement AŒu;v�), on note f W S ˝B A! A le
morphisme tel que f .x˝y/D �.x/y.

On note SA la log-PD-enveloppe complétée de S ˝B A!A par rapport à ker.f /. Plus explicitement,
si Vj D .Xj ˝1/=.1˝ �.Xj // pour 1� j � d , alors SA est la complétion p-adique de S˝B A à laquelle
on ajoute tous les .x˝ 1� 1˝ �.x//Œk� pour x dans S et les .Vj � 1/Œk�. On munit SA d’une filtration en
définissant F rSA comme l’adhérence de l’idéal engendré par les éléments de la forme

x1x2
Y

1�j�d

.Vj � 1/
Œkj �;

où x1 est dans F r1S , x2 est dans F r2A et r1C r2C
Pd
jD1 kj � r .

Proposition 7.1 [Colmez et Nizioł 2017, Lemma 2.36]. (1) Tout x de SA s’écrit de manière unique
sous la forme

x D
X

kD.k1;:::;kd /2Nd

xk

dY
jD1

.1�Vj /
Œkj �; (26)

avec xk dans A qui tend vers 0 quand k tend vers l’infini.

(2) De plus,

x D
X

k2Nd

xk

dY
jD1

.1�Vj /
Œkj � 2 F rSA si et seulement si xk 2 F

r�jkjA pour tout k:

On définit les anneaux suivants :
— EPDR D SA (resp. E

Œu;v�
R ) pour S DRCcris (resp. RŒu;v�) et AD Acris.R/ (resp. A

Œu;v�
R ).

— EPDR1
D SA (resp. E

Œu;v�
R1

) pour S DRCcris (resp. RŒu;v�) et AD Acris.R1/ (resp. A
Œu;v�
R1

).

— EPD
xR
D SA (resp. E

Œu;v�
xR

) pour S DRCcris (resp. RŒu;v�) et AD Acris. xR/ (resp. A
Œu;v�
xR

).
On déduit de la proposition 7.1 les inclusions EPDR � EPDR1

� EPD
xR

(et de même avec l’exposant Œu; v�).
On peut maintenant étendre les actions de GR et de ' à ces anneaux :
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Proposition 7.2 [Colmez et Nizioł 2017, Lemma 2.40]. Si SA D EPDM (respectivement E
Œu;v�
M ) pour

M 2 fR;R1; xRg, on note SA0 D EPDM (respectivement E
Œu;v=p�
M ). Alors :

(1) ' s’étend de manière unique en un morphisme continu SA! SA0.

(2) L’action de GR s’étend de manière unique à une action continue sur SA qui commute avec ', et
E?R1

(pour ? 2 fPD; Œu; v�g) est l’ensemble des points fixes de E?
xR

par le sous-groupe �R �GR.

7A2. Lemmes de Poincaré. On considère maintenant le complexe

F r��SA=A WD F
rSA! F r�1SA˝SA�

1
SA=A! F r�2SA˝SA�

2
SA=A! � � � :

Proposition 7.3 [Colmez et Nizioł 2017, Lemma 2.37]. Le morphisme F rA! F r��
SA=A

est un quasi-
isomorphisme.

Démonstration. La preuve est identique à celle de Colmez et Nizioł. �

Pour simplifier les notations, on noteR1 WDRŒu;v� etR2 WDA
Œu;v�
R . On a des plongements �i WRŒu;v�!Ri

pour i 2f1; 2g. On note ensuiteR3 la log-PD-enveloppe complétée deR1˝AŒu;v�R2 pour �2ı��11 WR1!R2

(et donc R3 D E
Œu;v�
R ). On pose Xij WD �i .Xj / pour i 2 f1; 2g et j 2 f1; : : : ; dg. Soient

�1i D

dM
jD1

Z
dXij

Xij
; �13 D�

1
1˚�

1
2; �ni D

n̂

�1i ;

et

F r��Ri WD F
rRi ! F r�1Ri ˝Z�

1
i ! F r�2Ri ˝Z�

2
i ! � � � :

Lemme 7.4 [Colmez et Nizioł 2017, Lemma 3.11]. Les applications F r��R1 ! F r��R3 et F r��R2 !
F r��R3 sont des quasi-isomorphismes.

7B. Application de Fontaine–Messing. On note EPD
xR;n

la réduction modulo pn de EPD
xR

, et alors EPD
xR;n

est
la log-PD-enveloppe de Spec. xRn/! Spec.Acris. xR/n˝Acris;n R

C
cris/.

On a le diagramme commutatif suivant :

Spf.EPD
xR;n
/

((

Spf. xRn/
� � //

+ �

99

��

Spf.Acris. xR/n˝Acris R
C
cris/

��

Spf.Rn/
� � //

��

Spf.RCcris;n/

��

Spf.OC;n/ �
�

// Spf.Acris;n/
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On définit le complexe syntomique Syn. xR; r/n WD ŒF r��
EPD
xR;n

pr�'
��!��

EPD
xR;n

�.

La suite pr -exacte

0! Z=pn.r/0! F r Acris. xR/n
pr�'
��! Acris. xR/n! 0

donne un pr -quasi-isomorphisme

R�.GR;Z=p
n.r/0/ ��!R�.GR; ŒF

r Acris. xR/n
pr�'
��! Acris. xR/n�/

et, par la proposition 7.3, on a

R�.GR; ŒF
r Acris. xR/n

pr�'
��! Acris. xR/n�/

��!R�.GR; ŒF
r��

EPD
xR;n

pr�'
��!��

EPD
xR;n

�/:

On peut alors définir l’application de Fontaine–Messing

˛FM
r;n W Syn.R; r/n!R�.GR;Z=p

n.r/0/:

On dit que deux morphismes f et g sont pN -égaux (avec N une constante) si le morphisme induit par
f �g sur les groupes de cohomologie est tué par pN . On obtient la version géométrique du théorème 4.16
de [Colmez et Nizioł 2017].

Théorème 7.5. Il existe une constante N qui ne dépend que de p et de r telle que l’application de
Fontaine–Messing ˛FM

r (respectivement ˛FM
r;n ) est pN -égale à l’application ˛0r (respectivement ˛0r;n)

donnée par le théorème 6.4.

Démonstration. On reprend les mêmes notations que dans [Colmez et Nizioł 2017, Theorem 4.16],
c’est-à-dire :

� CG et C� désignent respectivement les complexes de cochaînes continues de G et de � .

� K'.F
rS/ WD ŒF rS

pr�'
��! S 0� (et donc K'.S/ WD ŒS

1�'
��! S 0�).

� K';@.F
rS/ WD Kos.'; @; F rS/D ŒKos.@; F rS/ p

r�p�'
����! Kos.@; S 0/�.

� K';�.F
rS/ WD Kos.'; �; F rS/D ŒKos.�; F rS/ p

r�'
��! Kos.�; S 0/�.

� K';�;@.F
rS/ WD ŒKos.�; F r��S /

pr�'
��! Kos.�;��S 0/�.

� K';Lie�.F
rS/ WD ŒKos.Lie�; F rS/ p

r�'
��! Kos.Lie�; S 0/�.

� K';Lie�;@.F
rS/ WD ŒKos.Lie�; F r��S /

pr�'
��! Kos.Lie�;��S 0/�.

Le théorème se déduit alors du diagramme commutatif
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K';@.F
rRCcris/

���r

��

// CG.K';@.F
rEPD
xR
//

��

CG
�
K'.F

r Acris. xR//
��

7:3
oo

��

CG.Zp.r//
�

(16)
oo

�(15)

��

�

(14)

%%

�

(22)

xx

K';@.F
rRŒu;v�/

�
lemme 7.4

##

// CG.K';@.F
rE
Œu;v�
xR

// CG.K'.F
rA
Œu;v�
xR

//
�

7:3
oo CG

�
K'.A

.0;v�C
xR

.r//
�

tr
oo // CG

�
K'.A xR.r//

�

C� .K';@.F
rE
Œu;v�
R1

//

�H

OO

C� .K'.F
rA
Œu;v�
R1

//
�

7:3
oo

�H

OO

C�
�
K'.A

.0;v�C
R1

.r//
�

tr
oo //

�H

OO

C�
�
K'.AR1.r//

�
proposition 6.2 �

OO

C� .K';@.F
rE
Œu;v�
R

//

�1

OO

C� .K'.F
rA
Œu;v�
R

//
�

7:3
oo

�1

OO

C�
�
K'.A

.0;v�C
R

.r//
�

tr
oo //

�1

OO

C�
�
K'.AR.r//

�
proposition 6.3 �

OO

K';�;@.F
rE
Œu;v�
R

/

�

OO

�

��

K';� .F
rA
Œu;v�
R

/
�

7:3
oo

�
OO

�

��

K';� .A
.0;v�C
R

.r//
tr
oo

�

OO

�

5:14
//

�5:8

��

K';� .AR.r//

�

OO

K';Lie�;@.F
rE
Œu;v�
R

/ K';Lie� .F
rA
Œu;v�
R

/
�

7:3
oo K';Lie� .A

Œu;v�
R

.r//
5:3

�
oo

K';@.F
rE
Œu;v�
R

/

t�

OO

K';@.F
rA
Œu;v�
R

/
�

7:4
oo

�t�;��r ;5:6

OO

Les flèches horizontales de la quatrième colonne vers la troisième sont données par les compositions
d’applications

Kos.�R; S.r//
1�'

//

��

Kos.�R; S 0.r//

pr

��

Kos.�R; S.r//
pr .1�'/

//

tr

��

Kos.�R; S 0.r//

tr

��

Kos.�R; F rS/
pr�'

// Kos.�R; S 0/

et

Kos.Lie�R; S.r//
1�'

//

��

Kos.Lie�R; S 0.r//

pr

��

Kos.Lie�R; S.r//
pr .1�'/

//

tr

��

Kos.Lie�R; S 0.r//

tr

��

Kos.Lie�R; F rS/
pr�'

// Kos.Lie�R; S 0/

Le passage de la troisième à la quatrième ligne se fait en utilisant le quasi-isomorphisme entre les
complexes de Koszul et la cohomologie de groupe. �
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8. Résultat global

À partir de maintenant, on se place dans le cas où il n’y a plus de diviseur à l’infini. Plus précisément,
on suppose que localement X s’écrit Spf.R0/ avec R�

0 !R0 la complétion d’un morphisme étale et

R�
0 WDOK

�
X1; : : : ; Xd ;

1

X1 � � �Xa
;

$

XaC1 � � �Xd

�
(pour a, d 2 N). On suppose Spf.R0/ connexe. On rappelle que Spf.OK/ est muni de la log-structure
donnée par son point fermé et X de celle donnée par OX\ .OXŒ1=p�/

� ,!OX.
Le but de cette section est de montrer le théorème suivant :

Théorème 8.1. Les applications locales du théorème 6.4 se globalisent en des morphismes

˛0r W ��rR�syn.XOC ; r/! ��rR�ét.XC ;Zp.r/
0/;

˛0r;n W ��rR�syn.XOC ; r/n! ��rR�ét.XC ;Z=p
nZ.r/0/:

De plus, ces morphismes sont des pNr -isomorphismes pour une constante N universelle.

En particulier, on a le résultat suivant ([Colmez et Nizioł 2017, Corollary 5.12]) :

Corollaire 8.2. Si X est un log-schéma formel propre à réduction semi-stable sur OK , alors pour k � r ,
le pNr -isomorphisme ci-dessus induit un isomorphisme

˛0r;k WH
k
syn.XOC ; r/Q

��!Hk
ét .XC ;Qp.r//:

Démonstration. Par définition de la limite homotopique, si A� désigne le complexe R�syn.XOC ; r/

(respectivementR�ét.XC ;Qp.r//) etA�n sa réduction modulopn (respectivementR�ét.XC ;Z=p
nZ.r/0/),

alors on a un triangle distingué

A�!
Y
n

A�n!
Y
n

A�n! A�Œ1�

où l’application
Q
nA
�

n!
Q
nA
�

n est donnée par .kn/ 7! .kn� nC1.knC1// (où  nC1 W A�nC1! A�n
sont les morphismes associés au système projectif .A�n/).

Par le théorème 8.1, pour tout n et k � r , on a un pNr -isomorphisme HkR�syn.XOC ; r/n
��!

HkR�ét.XC ;Z=p
nZ.r/0/. En écrivant la suite exacte longue associée au triangle distingué ci-dessus, on

obtient un diagramme commutatif

� � � //
Q
nH

k�1
syn .r/n

�

��

// Hk
syn.r/

//

��

Q
nH

k
syn.r/n

//

�

��

Q
nH

k
syn.r/n

//

�

��

� � �

� � � //
Q
nH

k�1
ét .r/n // Hk

ét .r/
//
Q
nH

k
ét .r/n

//
Q
nH

k
ét .r/n

// � � �
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où pour simplifier on a notéHk
syn.r/n WDH

kR�syn.XOC ; r/n,Hk
syn.r/ WDH

kR�syn.XOC ; r/ et de même
pour la cohomologie étale. On tensorise ensuite par Qp pour obtenir, pour tout k � r , un isomorphisme

˛0r;k WH
k
syn.XOC ; r/Q

��!Hk
ét .XC ;Qp.r//: �

Remarque 8.3. Dans [Tsuji 1999], pour obtenir un morphisme compatible avec les applications symboles,
une normalisation par un facteur p�r est nécessaire (voir (3.1.12) et la proposition 3.2.4 (3) de cet article
pour la compatibilité avec les applications symboles). Cette normalisation n’apparait pas ici car le
morphisme au niveau entier qu’on utilise n’est pas exactement égal à celui de Tsuji, mais est obtenu en
tordant celui-ci par un facteur pr .

Revenons à la preuve du théorème 8.1. On a construit le morphisme ˛0r localement, il suffit de montrer
qu’on peut le globaliser. Pour cela on utilise la méthode de Česnavičius et Koshikawa [2019, §5] (qui
généralise celle de [Bhatt et al. 2018]).

On se place dans le cas où XOC D Spf.R/. On suppose que les intersections de deux composants
irréductibles de la fibre spéciale Spec.R˝OC k/ sont non vides (en particulier, Spf.R/ est connexe) et
qu’il existe une immersion fermée

XOC ! Spf.R�
† /�OC

Y
�2ƒ

SpfR�

� (27)

telle que :

(i) R�
† WDOC fX˙1� j � 2†g avec † un ensemble fini.

(ii) R�

�
WDOC fX�;1; : : : ; X�;d ; 1=.X�;1 � � �X�;a�/;$=.X�;a�C1 � � �X�;d /g où � 2ƒ avec ƒ fini.

(iii) Spf.R/! Spf.R�
† / est une immersion fermée.

(iv) Spf.R/! Spf.R�

�
/ est étale pour tout � dans ƒ.

En particulier, pour tout � dans ƒ, chaque composante irréductible de la fibre spéciale Spec.R˝ k/ est
donnée par un unique .t�;i / pour a�C 1� i � d .

On choisit des éléments fu�g�2† (respectivement fu�;ig1�i�d avec � 2ƒ) tels qu’on ait une applica-
tion X� 7! u� de R�

† dans R (respectivement X�;i 7! u�;i de R�

�
dans R).

Dans la suite on note Spf.R�
†;ƒ/ le produit Spf.R�

† /�OC
Q
�2ƒ Spf.R�

�
/.

Comme dans la section 2B2, on munit chaque Spf.R�

�
/ de la log-structure donnée par la fibre spéciale

et on munit Spf.R�
†;ƒ/ et Spf.R/ des log-structures induites.

Remarque 8.4. On peut toujours trouver une base de Xét telle qu’on ait de telles immersions. Soit x un
point de X. Si x est dans le lieu lisse de X alors localement XOC s’écrit Spf. yA/ avec A de type fini sur
OC et donc il existe une immersion fermée Spec.A/ ,! Spec.OC ŒX1; : : : ; Xn�/. On recouvre ensuite
Spec.OC ŒX1; : : : ; Xn�/ par une union de tores et on obtient que localement XOC s’écrit Spf.R/ tel qu’il
existe une immersion fermée Spf.R/ ,! Spf.R�

† / avec † un ensemble fini.
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Si maintenant x n’est plus dans le lieu lisse de X, alors XOC s’écrit localement Spf.R�/ pour une
OC -algèbre R� telle qu’on ait une application étale R�

�
!R� avec

R�

� WDOC
�
X�;1; : : : ; X�;d ;

1

X�;1 � � �X�;a�
;

$

X�;a�C1 � � �X�;d

�
et telle que x est donné par .X�;a�C1 � � �X�;d /. Si on localise en x, on obtient une immersion fermée
dans un tore formel Spf.R�

† /.

Remarque 8.5. (1) Pour un tel R, si R�
†1;ƒ1

et R�
†2;ƒ2

vérifient les conditions ci-dessus avec †1 �†2
et ƒ1 �ƒ2, on note f 21 W R

�
†1;ƒ1

! R�
†2;ƒ2

l’application induite par X� 7! X� et X�;i 7! X�;i pour
� dans †1, � dans ƒ1 et i dans f1; : : : ; dg. L’ensemble des R�

†;ƒ muni des applications ainsi définies
forme alors un système inductif filtrant. Il est inductif, car si †1 � †2 � †3 et ƒ1 � ƒ2 � ƒ3, on a
f 31 D f

3
2 ıf

2
1 : Vérifions qu’il est filtrant. Par définition du système, pour †1 �†2 et ƒ1 �ƒ2, f 21 est

la seule application de R�
†1;ƒ1

dans R�
†2;ƒ2

. Considérons à présent deux anneaux R�
†1;ƒ1

et R�
†2;ƒ2

vérifiant (27) pour R. On note †3 WD†1 t†2 et ƒ3 Dƒ1 tƒ2. Alors .†3; ƒ3/ vérifie les conditions
(27) pour R et les deux morphismes f 31 et f 32 sont bien définis.

(2) Maintenant si f W R! R0 est un morphisme étale tel qu’on ait une immersion fermée Spf.R0/!
Spf.R�

†0;ƒ0/, on note z† WD †t†0 et zƒ D ƒtƒ0. Alors .z†; zƒ/ vérifie les conditions (27) pour R0 :
comme R! R0 est étale, R�

�
! R0 est étale pour tout � de zƒ. On a de plus une surjection R�

z†
! R0

donnée par �
X� 7! f .u� / pour � 2†;
X� 0 7! u� 0 pour � 0 2†0;

et telle qu’on ait un diagramme commutatif

R
f
// R0

R�
†0

//

OO

R�

z†

OO

On obtient alors un morphisme de R�
†;ƒ ! R�

z†; zƒ
et de lim

��!.†;ƒ/
R�
†;ƒ ! lim

��!.†0;ƒ0/
R�
†0;ƒ0 (où la

première limite est prise sur l’ensemble des .†;ƒ/ qui vérifient (27) pour R, et la seconde limite sur
l’ensemble des .†0; ƒ0/ qui vérifient (27) pour R0).

8A. Construction du quasi-isomorphisme ˛r;†;ƒ. On travaille localement. Supposons que XOC D

Spf.R/ avec R tel qu’il existe des immersions comme en (27).
On va définir un anneau RPD

†;ƒ en suivant la construction de [Česnavičius et Koshikawa 2019, §5.22].
Notons Spf.Ainf.R

�
†;ƒ// le produit des

Spf.Ainf.R
�

� // WD Spf
�

Ainf

�
X�;1; � � � ; X�;d ;

1

X�;1 � � �X�;a�
;

Œ$[�

X�;a�C1 � � �X�;d

��
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et de Spf.Ainf.R
�
† // WD Spf.AinffX

˙1
� j � 2†g/. Comme précédemment, Ainf est muni de la log-structure

induite par x 7! Œx� de O[ n f0g ! Ainf. Les Spf.Ainf.R
�

�
// sont munis de la log-structure associée à

Nd�a� tN .O[ n f0g/! Ainf.R
�
†;ƒ/

qui envoie .ni / sur
Q
a�C1�i�d

X
ni
i et x 2O[ sur Œx� 2Ainf, le morphisme N!Nd�a� est l’application

diagonale et N!O[ n f0g est donnée par m 7! Œ$[�m. Comme dans la remarque 2.3, on peut se ramener
à des log-structures fines par changement de base [Česnavičius et Koshikawa 2019, §5.9] et de cette
façon Ainf.R

�
†;ƒ/ est log-lisse sur Ainf.

On a une immersion fermée

Spec.R=p/ ,! Spf.Ainf.R
�
†;ƒ//

et pour m; n � 1, on peut construire une log-PD-enveloppe [Česnavičius et Koshikawa 2019, §5.22;
Beilinson 2013, §1.3] :

Spec.RPD
†;ƒ;n;m/

))

Spec.R=p/
* 


77

// Spec.Ainf.R
�
†;ƒ/=.p

n; �m//

En fait, pourm suffisamment grand (tel que �m 2pn Acris), RPD
†;ƒ;n;m s’identifie à la log-PD-enveloppe de

Spec.R=p/ ,! Spec.Acris.R
�
†;ƒ/=p

n/ sur Spec.OC =p/ ,! Spec.Acris =p
n/:

Notons RPD
†;ƒ;n cette log-PD-enveloppe (indépendante de m). On a RPD

†;ƒ;n=p
n�1 D RPD

†;ƒ;n�1 et on
obtient un schéma formel p-adique Spf.RPD

†;ƒ/ tel qu’on ait une factorisation

Spf.RPD
†;ƒ/

''

Spec.R=p/
+ �

88

// Spf.Acris.R
�
†;ƒ//

où Acris.R
�
†;ƒ/ WD Acris y̋ Ainf Ainf.R

�
†;ƒ/ (le produit tensoriel est complété pour la topologie p-adique).

On a un morphisme de Frobenius sur RPD
†;ƒ venant de celui de R=p. On étend de même les applications

différentielles @� D d=.d log.X� // et @�;i D d=.d log.X�;i // à RPD
†;ƒ. On a de plus une factorisation

Spec.R=p/ ,! Spf.R/ ,! Spf.RPD
†;ƒ/:

Le but de cette partie est de construire un pNr -quasi-isomorphisme

˛r;†;ƒ W ��r Kos.'; @; F rRPD†;ƒ/! ��rR�.GR;Zp.r//

avec N qui ne dépend ni de †, ƒ, ni de R.
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On considère les anneaux

R
Œu�
†;ƒ D AŒu� y̋ AcrisR

PD
†;ƒ; R

Œu;v�
†;ƒ D AŒu;v� y̋ AcrisR

PD
†;ƒ; R

.0;v�C
†;ƒ D A.0;v�C y̋ AcrisR

PD
†;ƒ

où les produits tensoriels sont complétés pour la topologie p-adique.
L’application RPD†;ƒ!R

Œu;v�
†;ƒ induit alors un morphisme sur les complexes de Koszul

Kos.'; @; F rRPD†;ƒ/! Kos.'; @; F rRŒu;v�†;ƒ /: (28)

Soient R�
†;1 et R�

�;1
les complétions p-adiques des anneaux

lim
��!
n

OC fX˙1=p
n

� j� 2†g et lim
��!
n

OC
�
X
1=pn

�;1
;:::;X

1=pn

�;d
;

1

.X�;1 ���X�;a�/
1=pn

;
$1=pn

.X�;a�C1 ���X�;d /
1=pn

�
:

On note R�
†;ƒ;1 le produit tensoriel des anneaux précédents, R†;ƒ;1 WDR�

†;ƒ;1
y̋
R�
†;ƒ

R, et on note
Acris.R†;ƒ;1/, A

Œu;v�
R†;ƒ;1

, A
Œu�
R†;ƒ;1

les anneaux associés. Enfin, on considère les groupes

�† WD Gal
�
R�
†;1

h
1

p

i ı
R�
†

h
1

p

i�
Š Z†p ; �� WD Gal

�
R�

�;1

h
1

p

i ı
R�

�

h
1

p

i�
Š Zdp ;

et
�†;ƒ WD �† �

Y
�2ƒ

��:

Si .
� /� et .
�;i /1�i�d sont des générateurs topologiques de �† et de ��, les actions de �† et ��
sur R�

† et R�

�
sont données par


� .X� /D Œ"�X� et 
� .X� 0/DX� 0 si � 0 ¤ �;


�;i .X�;i /D Œ"�X�;i et 
�;i .X�;j /DX�;j si i ¤ j:

On en déduit une action de �†;ƒ sur RPD†;ƒ, A
Œu�
†;ƒ, A

Œu;v�
†;ƒ .

Enfin, pour 1 � i � j†j C d jƒj, on écrit Ji WD f.j1; : : : ; ji / j 1 � j1 < � � � < ji � j†j C d jƒjg. Les
mêmes preuves que celles des lemmes 5.6 et 5.8 donnent :

Proposition 8.6. Il existe un p30r -quasi-isomorphisme

��r Kos.'; @; F rRŒu;v�†;ƒ /
t�
�! ��r Kos.';Lie�†;ƒ; F rR

Œu;v�
†;ƒ /

tr
 � ��r Kos.';Lie�†;ƒ; R

Œu;v�
†;ƒ .r//

ˇ
 � ��r Kos.'; �†;ƒ; R

Œu;v�
†;ƒ .r//: (29)

Remarque 8.7. Modulo pn, on obtient de la même façon un p58r -quasi-isomorphisme.

Le morphismeRPD†;ƒ!Acris.R†;ƒ;1/ [Česnavičius et Koshikawa 2019, (5.38.1)] induit un morphisme

R�.�†;ƒ; R
Œu;v�
†;ƒ .r//!R�.�†;ƒ; A

Œu;v�
R†;ƒ;1

.r//: (30)

On considère ensuite la flèche

R�.�†;ƒ; A
Œu;v�
R†;ƒ;1

.r//!R�proét.R;A
Œu;v�
xR

.r// (31)
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induite par le morphisme de bord associé au torseur

Spf.R†;ƒ;1/! Spf.R/

(voir [Stacks 2005–, tag 01GY; Česnavičius et Koshikawa 2019, (3.15.1)]), et par le lemme K.�; 1/ de
Scholze, le terme de droite dans (31) est calculé par la cohomologie de Galois R�.GR;A

Œu;v�
xR

.r//.
On rappelle qu’on a également un quasi-isomorphisme

R�.GR;Zp.r//Š ŒR�cont.GR; F
rA
Œu;v�
xR

/
pr�'
��!R�.GR;A

Œu;v�
xR

/�: (32)

En composant les morphismes précédents, on obtient une application

˛r;†;ƒ W ��r Kos.'; @; F rRPD†;ƒ/! ��rR�.GR;Zp.r//:

Proposition 8.8. Il existe une constante N indépendante de R, † et ƒ telle que l’application ˛r;†;ƒ
ci-dessus est un pNr -quasi-isomorphisme.

Démonstration. On fixe un � dans ƒ. On note

RCcris;�;� WD Acris

�
X�;1; : : : ; X�;d ;

1

X�;1 � � �X�;a�
;

Œ$[�

X�;a�C1 � � �X�;d

�
et RCcris;�;�!RCcris;� un relevé étale de R�;�!R. On construit les anneaux RŒu;v�

�
et A

Œu;v�

R1;�
associés

et on a alors (par ce qui a été fait plus haut) un pNr -quasi-isomorphisme

˛r;� W ��r Kos.'; @; F rRCcris;�/
��! ��rR�.GR;Zp.r//:

On a un diagramme commutatif

Spf.RPD
†;ƒ/

''

Spec.R=p/
+ �

88

//

��

Spf.Acris.R
�
†;ƒ//

��

Spf.RCcris;�/
// Spf.RCcris;�;�/

Pour tout n, l’idéal associé au morphisme RPD
†;ƒ;n!R=p est localement nilpotent. Comme RCcris;�;�!

RCcris;� est étale, on peut relever la flèche RCcris;�;�!RPD
†;ƒ;n en une unique application RCcris;�!RPD

†;ƒ;n

qui fait commuter le diagramme

R=p RCcris;�
oo

zz

RPD
†;ƒ;n

OO

RCcris;�;�
oo

OO
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Comme ces applications sont compatibles avec les projections RPD
†;ƒ;n ! RPD

†;ƒ;n�1, on obtient un
morphisme RCcris;�!RPD

†;ƒ tel que le diagramme

R=p RCcris;�
oo

{{

RPD
†;ƒ

OO

RCcris;�;�
oo

OO

est commutatif. On a alors un diagramme commutatif

RCcris;�
//

��

R
Œu;v�

�
//

��

A
Œu;v�

R1;�

��

RPD
†;ƒ

// R
Œu;v�
†;ƒ

// A
Œu;v�
R†;ƒ;1

et le résultat se déduit du diagramme commutatif suivant :

��rR�syn.R; r/ ��r Kos.'; @; F rRCcris;�/
�
oo

˛r;�

�
//

��

��rR�.GR;Zp.r//

��rR�syn.R; r/ ��r Kos.'; @; F rRPD†;ƒ/
�
oo

˛r;†;ƒ
// ��rR�.GR;Zp.r// �

8B. Preuve du théorème 8.1. On rappelle qu’on cherche à montrer le théorème suivant :

Théorème 8.9. Il existe un morphisme de périodes

˛0r;n W ��rR�syn.XOC ; r/n! ��rR�ét.XC ;Z=p
nZ.r/0/:

De plus, ce morphisme est un pNr -isomorphisme pour une constante N qui ne dépend que de K, p et r .

Démonstration. Soit U�!X un hyper-recouvrement affine. On note Rk l’anneau tel que UkOC WDSpf.Rk/.
Pour chaque k, on considère .†k; ƒk/ tel qu’on ait comme en (27) une immersion fermée

UkOC ,! Spf.R�
†k
/�OC

Y
�k2ƒk

Spf.R�

�k
/

On note ensuite Spf.RPD†k ;ƒk / la log-PD-enveloppe complétée de Spf.Rk/! Spf.Acris.R
�
†k ;ƒk

//, et

Syn.UkOC ;Acris.R
�
†k ;ƒk

/; r/n WD ŒF
r��

RPD†k;ƒk

pr�'
��!��

RPD†k;ƒk

�n:

L’application canonique Syn.UkOC ;Acris.R
�
†k ;ƒk

/;r/n!R�syn.U
k
OC ;r/n est alors un quasi-isomorphisme.

De plus, on a vu que l’ensemble des R�
†k ;ƒk

pour .†k; ƒk/ comme en (27) forme un système inductif
filtrant. Le système des Syn.UkOC ;Acris.R

�
†k ;ƒk

/; r/n est donc lui-même inductif filtrant. On en déduit
un quasi-isomorphisme

lim
��!

.†k ;ƒk/

Syn.UkOC ;Acris.R
�
†k ;ƒk

/; r/n
��!R�syn.U

k
OC ; r/n: (33)
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Mais on a un quasi-isomorphisme Syn.UkOC ;Acris.R
�
†k ;ƒk

/; r/n Š Kos.'; @; RPD†k ;ƒk /n pour chaque
.†k; ƒk/. On vérifie que ce morphisme est fonctoriel. En effet, pour R!R0 une application étale, soit
.†;ƒ/ associé à R et .†0; ƒ0/ associé à R0. Alors si on note z†D†[†0 et zƒDƒ[ƒ0, le morphisme
R�
†;ƒ!R�

z†; zƒ
décrit plus haut induit un diagramme commutatif

��
RPD
†;ƒ

��

�
// Kos.@; RPD†;ƒ/

��

��
RPD
z†;zƒ

�
// Kos.@; RPD

z†; zƒ
/

Comme les systèmes sont filtrants, on a, pour tout i ,

H i . lim
��!

.†k ;ƒk/

Kos.'; @; RPD†k ;ƒk /n/
��! lim

��!
.†k ;ƒk/

H i .Kos.'; @; RPD†k ;ƒk /n/;

et de même pour les complexes Syn.UkOC ;Acris.R
�
†k ;ƒk

/; r/n. On en déduit un quasi-isomorphisme
fonctoriel

lim
��!

.†k ;ƒk/

Syn.Uk;Acris.R
�
†k ;ƒk

/; r/n
��! lim

��!
.†k ;ƒk/

Kos.'; @; RPD†k ;ƒk /n:

Par ailleurs, on a construit un pNr -quasi-isomorphisme ˛kr;†;ƒ fonctoriel de ��r Kos.'; @; RPD†k ;ƒk /n
dans ��rR�.GRk ;Z=p

nZ.r/0/, qui donne

lim
��!

.†k ;ƒk/

��r Kos.'; @; RPD†k ;ƒk /n
��! ��rR�.GRk ;Z=p

nZ.r/0/:

On obtient un quasi-isomorphisme fonctoriel

lim
��!

.†k ;ƒk/

��r Syn.UkOC ;Acris.R
�
†k ;ƒk

/; r/n
��! ��rR�.GRk ;Z=p

nZ.r/0/: (34)

En combinant les deux quasi-isomorphismes précédents, on a

��rR�syn.U
k
OC ; r/n

�

(33)
 � lim

��!
.†k ;ƒk/

��r Syn.UkOC ;Acris.R
�
†k ;ƒk

/; r/n
�

(34)
�! ��rR�.GRk ;Z=p

nZ.r/0/

et ce quasi-isomorphisme est fonctoriel. On en déduit un quasi-isomorphisme

��rR�syn.U
�

OC ; r/n
��! ��rR�.GR� ;Z=p

nZ.r/0/:

On définit ˛0r;n W ��rR�syn.XOC ; r/n! ��rR�ét.XC ;Z=p
nZ.r/0/ comme la composée

��rR�syn.XOC ; r/n! hocolim
HRF

��rR�syn.U
�

OC ; r/n! hocolim
HRF

��rR�.GR� ;Z=p
nZ.r/0/

! ��r hocolim
HRF

R�ét.U
�

C ;Z=p
nZ.r/0/ ��rR�ét.XC ;Z=p

nZ.r/0/: (35)
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On va montrer qu’il s’agit d’un pNr -quasi-isomorphisme. La première et dernière flèches sont des
quasi-isomorphismes par descente cohomologique (voir (11) pour la cohomologie syntomique ; le
même argument donne le résultat pour la cohomologie étale). La deuxième flèche est un pNr -quasi-
isomorphisme par ce qu’on vient de faire. Il reste à voir que, pour tout k, on a un quasi-isomorphisme
R�.GRk ;Z=p

nZ.r/0/ ��!R�ét.Sp.RkŒ1=p�/;Z=pnZ.r/0/. Mais cela découle du fait que Sp.RkŒ1=p�/
est K.�; 1/ pour Z=pnZ (voir remarque 2.5). �

On peut maintenant considérer les faisceaux Hk.Sn.r/xX/ et N{�Rk N|�Z=pn.r/0XC;tr associés aux préfais-
ceaux U 7!Hk.U;Sn.r/xX/ et U 7!Hk.U; N{�R N|�Z=pn.r/0XC;tr/. En utilisant l’équivalence de catégorie
entre Fsc.. xY /ét;D.Z=pn// et DC.. xY /ét;Z=p

n/, le morphisme ci-dessus peut être vu comme un mor-
phisme dans DC.. xY /ét;Z=p

n/ et on en déduit le théorème suivant :

Théorème 8.10. Pour tout 0� k � r , il existe un pN -isomorphisme

˛0r;n WH
k.Sn.r/xX/! N{

�Rk N|�Z=pn.r/0XC;tr

où N est un entier qui dépend de p et de r , mais pas de X ni de n.

8C. Conjecture semi-stable. On suppose toujours que X est propre à réduction semi-stable sur OK , sans
diviseur à l’infini. On rappelle qu’on a la cohomologie de Hyodo–KatoR�HK.X/ WDR�cris.Xk=W.k/

0/Q

et siD est un .';N /-module filtré,Dfrg désigne le moduleD muni du Frobenius pr' etDK est muni de
la filtration .F �CrDK/. Le but de cette partie est de prouver la conjecture semi-stable de Fontaine–Jannsen.

Théorème 8.11. Soit X un schéma formel propre semi-stable sur OK . On a un isomorphisme Bst-linéaire,
Galois équivariant

z̨
0
WH i

ét.XC ;Qp/˝Qp Bst
��!H i

HK.X/˝F Bst: (36)

De plus, cet isomorphisme préserve l’action du Frobenius et celle de l’opérateur de monodromie et après
tensorisation par BdR, il induit un isomorphisme filtré

H i
ét.XC ;Qp/˝Qp BdR

��!H i
dR.XK/˝K BdR: (37)

Pour cela, commençons par rappeler les lemmes suivants [Colmez et Nizioł 2017, Propositions 5.20 et
5.22] :

Lemme 8.12. Il existe un quasi-isomorphisme naturel

R�syn.XOC ; r/Q
��! ŒŒR�HK.X/˝F BCst �

'Dpr ;ND0 �HK
�! .R�dR.XK/˝K BCdR/=F

r �

où �HK est induit par le quasi-isomorphisme de Hyodo–Kato �HK WR�HK.X/˝F K
��!R�dR.XK/. De

plus, pour tout i , H i ŒR�HK.X/˝F BCst �
'Dpr ;ND0 Š .H i

HK.X/˝F BCst /
'Dpr ;ND0 et si i < r , la suite

exacte longue associée induit une suite exacte courte

0!H i
syn.XOC ; r/Q! .H i

HK.X/˝F BCst /
'Dpr ;ND0

! .H i
dR.XK/˝K BCdR/=F

r
! 0:
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Lemme 8.13. Le .';N /-module filtré .H i
HK.X/;H

i
dR.XK/; �HK/ est faiblement admissible, et pour i � r

on a un isomorphisme (Frobenius-équivariant)

H i
syn.XOC ; r/Q˝Qp Bst

��!H i
HK.X/˝F Bstf�rg:

Remarque 8.14. Le résultat de ce lemme reste vrai pour tout ensemble de triplets Di D .Dist;D
i
dR; �

i /

où, pour tout i , les conditions suivantes sont vérifiées :

(1) Dist est un F -espace vectoriel de dimension finie muni d’un endomorphisme de Frobenius ' bijectif
semi-linéaire et d’un opérateur de monodromie N tels que N' D p'N .

(2) DidR est un K-espace vectoriel de dimension finie muni d’une filtration décroissante, séparée et
exhaustive.

(3) �i WDist!DidR est F -linéaire.

Il faut de plus que F iC1DidR D 0 et qu’on ait une suite exacte longue

� � � !H i .r/!Xrst.D
i /!XrdR.D

i /!H iC1.r/! � � �

avec Xrst.D
i /D .t�rBCst ˝F Dst/

'D1;ND0, XrdR.D
i /D .t�rBCdR˝K DdR/=F

0 et où dimQp H
i .r/ est

finie pour i � r . La preuve utilise la théorie des espaces de Banach–Colmez ; voir [Colmez 2002; Colmez
et Nizioł 2017, §5.2.2].

Démonstration du théorème 8.11. En vertu du corollaire 8.2, pour tout i � r , on a un isomorphisme
˛0r WH

i
syn.XOC ; r/Q

��!H i
ét.XC ;Qp.r//, et en utilisant le lemme 8.12, on obtient un morphisme

H i
ét.XC ;Qp.r//

� �H i
syn.XOC ; r/Q! .H i

HK.X/˝F Bst/
'Dpr ;ND0:

Le morphisme de périodes z̨0 est alors donné par

H i
ét.XC ;Qp/˝Qp Bst

tr

�
 �H i

ét.XC ;Qp.r//˝Qp Bstfrg
˛0r
�
 �H i

syn.XOC ; r/Q˝Qp Bstfrg

!H i
HK.X/˝F Bst (38)

et la flèche H i
syn.XOC ; r/Q˝Qp Bstfrg !H i

HK.X/˝F Bst est un isomorphisme par le lemme 8.13. On
obtient l’isomorphisme (36). Enfin, par construction de ˛0r , l’application ci-dessus est Galois-équivariante,
elle est compatible avec l’action de ' et de N et avec la filtration après tensorisation par BdR. �

9. Comparaison des morphismes de périodes

On suppose que X est un schéma formel propre à réduction semi-stable sur OK , sans diviseur à l’infini.
On a construit, dans la section précédente, un isomorphisme

z̨
0
W H i

ét.XC ;Qp/˝Qp Bst
��!H i

HK.X/˝F Bst;

z̨
0
dR WH

i
ét.XC ;Qp/˝Qp BdR

��!H i
dR.XK/˝K BdR:
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D’autres démonstrations de la conjecture de Fontaine–Jannsen ont également été données par Česnavičius
et Koshikawa [2019] et par Tsuji [1999]. Le morphisme de périodes utilisé par Tsuji est l’application de
Fontaine–Messing, z̨FM définie ci-dessous. Česnavičius et Koshikawa définissent, eux, un morphisme de
périodes z̨CK en généralisant la construction de Bhatt et al. [2018] et dont on rappelle la construction
plus loin. Le but de cette section est d’utiliser z̨0 pour montrer que ces deux morphismes de périodes
z̨CK et z̨FM coïncident.

9A. Comparaison de z̨FM et z̨0. On commence par comparer l’application de Fontaine–Messing avec
le morphisme construit dans le chapitre précédent.

Théorème 9.1. Soit X un schéma formel propre semi-stable sur OK . Les isomorphismes ˛FM
r et ˛0r de

H i
ét.XC ;Qp.r// dans H i

syn.XOC ; r/Q sont égaux. En particulier, les morphismes de périodes

z̨
FM; z̨0 W H i

ét.XC ;Qp/˝Qp Bst !H i
HK.X/˝F Bst;

z̨
FM
dR ; z̨

0
dR WH

i
ét.XC ;Qp/˝Qp BdR!H i

HK.X/˝F BdR

sont égaux.

Il suffit de montrer que les applications entières sont pN -égales pour une certaine constante N . Le
théorème 7.5 donne l’égalité locale. Pour obtenir l’égalité entre les morphismes globaux, on va commencer
par construire des applications ˛FM

r;†;ƒ et les comparer au ˛0r;†;ƒ définis plus haut.
On définit les anneaux suivants :
— EPDR†;ƒ

D SA (resp. E
Œu;v�
R†;ƒ

) pour S D ADRPD†;ƒ (resp. RŒu;v�†;ƒ ).

— EPDR†;ƒ;1
DSA (resp. E

Œu;v�
R†;1

) pour SDRPD†;ƒ (resp.RŒu;v�†;ƒ ) etADAcris.R†;ƒ;1/ (resp. A
Œu;v�
R†;ƒ;1

).

— EPD
xR†;ƒ
D SA (resp. E

Œu;v�
xR†;ƒ

) pour S DRPD†;ƒ (resp. RŒu;v�†;ƒ ) et AD Acris. xR/ (resp. A
Œu;v�
xR

).
On ne dispose plus ici des lemmes de Poincaré mais on peut montrer qu’on a un quasi-isomorphisme

��r Kos.'; @; F rEPDxR†;ƒ
/ � � ��r Kos.'; @; F r Acris. xR//

en se ramenant au cas où on ne travaille qu’avec une seule coordonnée � 2ƒ. En effet, si on fixe un tel �,
l’application RCcris;�!RPD†;ƒ induit un diagramme commutatif

��r Kos.'; @; F rEPD
xR�
/

�

��

��r Kos.'; @; F r Acris. xR//�
oo

��r Kos.'; @; F rEPD
xR†;ƒ

/ ��r Kos.'; @; F r Acris. xR//oo

où EPD
xR�

est l’anneau SA pour A D Acris. xR/ et S D RCcris;�. La première flèche verticale est un quasi-
isomorphisme car les complexes Kos.'; @; F rEPD

xR�
/ et Kos.'; @; F rEPD

xR†;ƒ
/ calculent tous les deux la

cohomologie syntomique Syn. xR; r/. On en déduit que la flèche horizontale de la ligne du bas est un
quasi-isomorphisme.
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On montre de la même façon qu’on a un quasi-isomorphisme

��r Kos.'; @; F rE
Œu;v�
xR†;ƒ

/ � � ��r Kos.'; @; F rA
Œu;v�
xR

/:

L’application de Fontaine–Messing ˛FM
†;ƒ est donnée par la composée

��r Kos.'; @; F rRPD†;ƒ/! ��rC.GR;Kos.'; @; F rEPDxR†;ƒ
// � � ��rC

�
GR;Kos.'; F r Acris. xR//

�
� � ��rC.GR;Zp.r/

0/:

On a le lemme suivant :

Lemme 9.2. Il existe N qui ne dépend ni de R, ni de † et ƒ telle que l’application de Fontaine–Messing
˛FM
r;†;ƒ est pNr -égale à l’application ˛0r;†;ƒ.

Démonstration. Le résultat se déduit d’un diagramme similaire à celui de la preuve du théorème 7.5. La
différence principale est que les flèches qui vont de la troisième vers la deuxième ligne sont maintenant
des morphismes de bord. Il est aussi à noter que les flèches horizontales qui vont de la troisième colonne
vers la deuxième ne sont (a priori) plus des quasi-isomorphismes dans ce cas, à l’exception de celles de la
première, deuxième et dernière lignes. �

Démonstration du théorème 9.1. L’application globale

˛FM
r W ��rR�syn.XOC ; r/! ��rR�ét.XC ;Zp.r/

0/

s’obtient de la même façon que dans la preuve du théorème 8.1 : elle est donnée par la composée

��rR�syn.XOC ; r/n! hocolim
HRF

��rR�syn.U
�

OC ; r/! hocolim
HRF

��rR�.GR� ;Zp.r/
0/

! ��r hocolim
HRF

R�ét.U
�

C ;Zp.r/
0/ ��rR�ét.XC ;Zp.r/

0/: (39)

où le quasi-isomorphisme (fonctoriel) ��rR�syn.U
�

OC ; r/! ��rR�.GR� ;Zp.r/
0/ pour un hyper-recou-

vrement affine U� D Spf.R�/! X est induit par

��rR�syn.U
k
OC ; r/

�

(33)
 � lim

��!
.†k ;ƒk/

��r Syn.UkOC ;Acris.R
�
†k ;ƒk

/; r/ �

lim
�!
˛FM
r;†k;ƒk

������! ��rR�.GRk ;Zp.r/
0/: (40)

Le lemme 9.2 donne la pNr -égalité entre les morphismes lim
��!

˛FM
r;†k ;ƒk

et lim
��!

˛0r;†k ;ƒk
et donc entre

les morphismes induits (40). On en déduit que ˛FM
r W ��rR�syn.XOC ; r/ ! ��rR�ét.XC ;Zp.r/

0/ et
˛0r W ��rR�syn.XOC ; r/! ��rR�ét.XC ;Zp.r/

0/ sont pNr -égales. En inversant p, on obtient l’égalité
entre les morphismes rationnels et on en déduit finalement z̨FM D z̨0. �

9B. Comparaison de z̨CK et z̨0. On considère maintenant le morphisme de périodes

z̨
CK
WH i

ét.XC ;Qp/˝Qp Bst
��!H i

HK.X/˝F Bst

défini par Bhatt et al. [2018] dans le cas où X est à bonne réduction et par Česnavičius et Koshikawa
[2019] pour X à réduction semi-stable. On rappelle rapidement sa définition locale dans la section qui
suit. On montre ensuite qu’il est égal à z̨0.
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9B1. Définition de l’application locale 
CK.

Définition 9.3. [Bhatt et al. 2018, §6] Soit A un anneau et K un complexe de A-modules, sans f -torsion.
On note �f .K/ le sous-complexe de KŒ1=f � dont le i -ième terme est donné par

.�fK/
i
WD fx 2 f iKi W dx 2 f iC1KiC1g:

L’application Ki ! .�fK/
i ; x 7! f ix induit un isomorphisme H i .K/=H i .K/Œf �ŠH i .�fK/ (où

H i .K/Œf � désigne la f -torsion de H i .K/) et on en déduit que si K!K 0 est un quasi-isomorphisme
alors �fK ! �fK

0 l’est aussi. On définit le foncteur L�f de D.A/ dans D.A/ de la façon suivante :
pour K dans D.A/ on choisit un complexe C quasi-isomorphe à K et dont les termes sont sans f -torsion
et on pose L�fK WD �f C:

Soit X un schéma formel sur OK , à réduction semi-stable et soit X WD XC la fibre générique de XOC ,
vue comme une variété analytique rigide. On note OX le faisceau structural du site pro-étale Xproét, OCX
le faisceau intégral associé et yOCX sa complétion. On définit le complexe de faisceaux Ainf;X comme la
complétion p-adique dérivée 11 de W. yOC;[X /. On considère alors le complexe de faisceaux

A�XOC
WD L��.R��.Ainf;X// 2 D.XOC ;ét;Ainf/;

où � WXproét!XOC ;ét est la projection. Dans [Bhatt et al. 2018, Lemma 5.6], il est montré que l’application
naturelle Ainf! Ainf;X induit un morphisme

R�.Xét;Zp/˝
L
Zp

Ainf ŠR�.Xproét;Zp/˝
L
Zp

Ainf!R�proét.X;Ainf;X /

tel que la cohomologie de son cône est tuée par W.m[C / (où mC est l’idéal maximal de OC ). Comme
�D Œ"�� 1 est dans W.m[C /, on en déduit le résultat suivant :

Théorème 9.4 [Česnavičius et Koshikawa 2019, Theorem 2.3]. Si X est propre sur OK , il existe un
quasi-isomorphisme

R�.Xét;Zp/˝
L
Zp

Ainf

h
1

�

i
��!R�ét.XOC ; A�XOC

/˝LAinf
Ainf

h
1

�

i
: (41)

On suppose maintenant que XOC D Spf.R/ avec R étale sur R�. On reprend les notations RCinf, R
C
cris

de la section 2B2 et ACR , Acris.R/ de la section 5A (on rappelle que RCinf Š ACR et RCcris Š Acris.R/). On
définit R1 comme avant. On a alors que R1 est perfectoïde et muni d’une action de �R. Ainsi, la tour
notée par abus de notation X1 WD lim

 ��
Spa.RmŒ1=p�; Rm/ est un recouvrement affinoïde perfectoïde

de XOC .

Théorème 9.5 [Česnavičius et Koshikawa 2019, §3.3]. (1) On a des quasi-isomorphismes

L�.�p�1/.R�.�R; R1//
��! L�.�p�1/.R�proét.X; yO

C

X //;

L��.R�.�R;Ainf.R1///
��! L��.R�proét.X;Ainf;X //:

(42)

11. La complétion p-adique dérivée yK d’un complexe K 2D.Xproét;Zp/ est définie localement par yKjU D holimn.KjU ˝LZ
Z=pn/.
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(2) Plus généralement, si R01 définit un recouvrement affinoïde perfectoïde de R muni d’une action
d’un groupe � 0 et tel que R01 est un raffinement de R1, alors on a des quasi-isomorphismes

L�.�p�1/.R�.�
0; R01//

��! L�.�p�1/.R�proét.X; yO
C

X //;

L��.R�.�
0;Ainf.R

0
1///

��! L��.R�proét.X;Ainf;X //:
(43)

Le but est de construire un quasi-isomorphisme entre R�cris..R=p/=Acris/ et R�.Xét;Zp/˝
L
Zp

Acris.
L’application va être induite par la composée

Kos.@;Acris.R//
Q̌
! �� Kos.�R;Acris.R//! �� Kos.�R;Acris.R1//

où Q̌ est construit ci-dessous. Le problème est que l’anneau Acris vient de la complétion d’un anneau
qui n’est pas de type fini sur Ainf et en particulier, Acris =� n’est pas p-adiquement séparé. Notamment,
�� Kos.�R;Acris.R1// ne calcule pas nécessairement R�.Xét;Zp/˝

L
Zp

Acris. Pour contourner cette
difficulté, Bhatt et al. passent par l’anneau A

.m/
cris , construit à partir du même anneau que Acris mais tronqué

en degré m.
Plus précisément, pour m dans N, on note A

.m/
cris la complétion p-adique de AinfŒ�

k=kŠ; k �m�. On a
toujours une surjection � WA.m/cris !OC et on étend le Frobenius de Ainf en ' WA.m/cris !A

.m/
cris . Remarquons

que pour m < p, on a A
.m/
cris D Ainf et pour m � p, les topologies p-adique et .p; �/-adique sur A

.m/
cris

coïncident. On peut de plus identifier Acris à la complétion p-adique de lim
��!

A
.m/
cris . On définit de la même

façon A
.m/
cris .
xR/ et A

.m/
cris .R1/. Enfin, soit A

.m/
cris .R/ WD ACR

y̋ AinfA
.m/
cris .

On a (voir [Bhatt et al. 2018, Corollary 12.7]) des isomorphismes

R�.�R;Ainf.R1// y̋
L
Ainf

A
.m/
cris

��!R�.�R;A
.m/
cris .R1//;

L��.R�.�R;Ainf.R1/// y̋
L
Ainf

A
.m/
cris

��! L��.R�.�R;A
.m/
cris .R1///:

(44)

En combinant les résultats (42) et (44), on obtient :

Corollaire 9.6. Il existe un quasi-isomorphisme naturel

R�ét.XOC ; A�XOC
/ y̋

L
Ainf

Acris
��!

�
lim
��!
m

.��.Kos.�R;A
.m/
cris .R1///

�b
:

On a alors le théorème suivant (voir [Bhatt et al. 2018, Theorem 12.1; Česnavičius et Koshikawa 2019,
Theorem 5.4]) :

Théorème 9.7. Il existe un quasi-isomorphisme Frobenius-équivariant


CK
WR�cris..XOC =p/=Acris/

��!R�ét.XOC ; A�XOC
/ y̋

L
Ainf

Acris: (45)

Démonstration. Les détails de la preuve sont donnés dans [Česnavičius et Koshikawa 2019, §5.5–5.16].
On rappelle ici rapidement la construction de 
CK. Pour m� p2, on définit Q̌.m/ W Kos.@;A.m/cris .R//!
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�� Kos.�R;A
.m/
cris .R// par

A
.m/
cris .R/

.@j /
//

Id
��

.A
.m/
cris .R//

J1 //

. Q̌j /
��

� � � // .A
.m/
cris .R//

Jn //

. Q̌j1 ���
Q̌
jn /

��

� � �

A
.m/
cris .R/

.
j�1/
// .�A

.m/
cris .R//

J1 // � � � // .�nA
.m/
cris .R//

Jn // � � �

avec Q̌j WD
P
n�1.t

n=nŠ/@n�1j . L’application Q̌.m/ est bien définie puisqu’elle est induite par le morphisme
de complexes

A
.m/
cris .R/

@j
//

Id
��

A
.m/
cris .R/

Q̌
j
��

A
.m/
cris .R/


j�1
// A
.m/
cris .R/

et Q̌j @j D 
j � 1 (en utilisant Kos.@;A.m/cris .R//D
Nd
jD1.A

.m/
cris .R/

@j
�! A

.m/
cris .R//). Ce sont des isomor-

phismes par le lemme 5.15 de [Česnavičius et Koshikawa 2019]. Pour obtenir le résultat, il suffit ensuite
de montrer que l’inclusion A

.m/
cris .R/ ,! A

.m/
cris .R1/ induit un isomorphisme

�� Kos.�R;A
.m/
cris .R//

��! �� Kos.�R;A
.m/
cris .R1//: (46)

Pour cela, on écrit A
.m/
cris .R1/ comme une somme A

.m/
cris .R/˚ .N1 y̋ AinfA

.m/
cris / (voir [Česnavičius et

Koshikawa 2019, (3.14.5)]) avec � �H i .�R; N1 y̋ AinfA
.m/
cris /D 0 (voir [Česnavičius et Koshikawa 2019,

Proposition 3.32]).
Finalement, le quasi-isomorphisme 
CK est donné par la composée

R�cris..XOC =p/=Acris/
��!

�
lim
��!
m

Kos.@;A.m/cris .R//
�b

Q̌

�
�!

�
lim
��!
m

�� Kos.�R;A
.m/
cris .R//

�b
��!

�
lim
��!
m

�� Kos.�R;A
.m/
cris .R1//

�b
9:6

�
 �R�ét.XOC ; A�XOC

/ y̋
L
Ainf

Acris: �

9B2. Application globale. Comme précédemment, on va écrire les complexes du théorème 9.7 de manière
fonctorielle. On commence par le complexe de droite. On prend .†;ƒ/ comme en (27) et on définit
�†;ƒ, R�

†;ƒ;1 et R†;ƒ;1 comme avant. On a alors un recouvrement pro-étale affinoïde perfectoïde

Spa
�
R†;ƒ;1

h
1

p

i
; R†;ƒ;1

�
! Spa

�
R
h
1

p

i
; R
�
: (47)
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Le raisonnement précédent (et en particulier l’isomorphisme (43)) donne un quasi-isomorphisme

R�ét.XOC ; A�XOC
/ y̋

L
Ainf

Acris
��!

�
lim
��!
m

�� Kos.�R;A
.m/
cris .R†;ƒ;1//

�b
: (48)

On va maintenant écrire le complexe ��RPD†;ƒ=Acris
sous une forme semblable à celle de (48). On considère

l’exactification de l’immersion Spec.R=p/ ,! Spf.Acris.R
�
†;ƒ//,

Spec.R=p/ j,! Y q
�! Spf.Acris.R

�
†;ƒ//;

avec j immersion fermée exacte et q log-étale ; voir [Česnavičius et Koshikawa 2019, §5.25–5.31]. Si on
note Dj la log-PD-enveloppe associée à j , on a alors un isomorphisme RPD†;ƒ

��! cDj . On note D.m/j

l’anneau des puissances divisées de degré inférieur à m et RPD;.m/†;ƒ la complétion de l’image de D.m/j

par cet isomorphisme.
LesRPD;.m/†;ƒ sont alors des A

.m/
cris -algèbres munies d’une action continue de �†;ƒ et d’un Frobenius. On

a de plus un Acris-isomorphisme RPD†;ƒŠ .lim��!mR
PD;.m/
†;ƒ /b, qui est équivariant pour l’action du Frobenius

et de �†;ƒ. On obtient

R�cris..XOC =p/=Acris/
��! .lim

��!
m

Kos.@; RPD;.m/†;ƒ //b: (49)

Enfin, en se ramenant au cas où on ne considère qu’une seule coordonnée � (donnée par le théorème 9.7),
on construit un isomorphisme fonctoriel

Q̌
†;ƒ W .lim��!

m

Kos.@; RPD;.m/†;ƒ //b ��! �
lim
��!
m

�� Kos.�†;ƒ;A
.m/
cris .R†;ƒ;1//

�b
; (50)

voir [Česnavičius et Koshikawa 2019, §5.38–5.39].
On peut maintenant prouver la version globale du théorème 9.7 :

Théorème 9.8 [Česnavičius et Koshikawa 2019, Corollary 5.43]. Soit X un schéma formel propre sur
OK à réduction semi-stable. Il existe un quasi-isomorphisme compatible avec le morphisme de Frobenius


CK
WR�cris..XOC =p/=Acris/

��!R�ét.XOC ; A�XOC
/ y̋

L
Ainf

Acris:

Démonstration. La preuve est similaire à celle du théorème 8.1. Le morphisme global 
CK est donné par
la composée

R�cris..XOC =p/=Acris/
��! hocolim

HRF
R�cris..U

�

OC =p/=Acris/

��! hocolim
HRF

R�ét.U
�

OC ; A�U�OC
/

� �R�ét.XOC ; A�XOC
/;
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où, si U� ! X est un hyper-recouvrement affine de X avec UkOC WD Spf.Rk/, le quasi-isomorphisme
R�cris..U

�

OC =p/=Acris/
��!R�ét.U

�

OC ; A�U�OC
/ est induit par

R�cris..R
k=p/=Acris/

�

(49)
�! lim

��!
.†k ;ƒk/

.lim
��!
m

Kos.@; RPD;.m/†k ;ƒk
//b

�

(50)
�! lim

��!
.†k ;ƒk/

�
lim
��!
m

�� Kos.�†;ƒ;A
.m/
cris .R†;ƒ;1//

�b
�

(48)
 �R�ét.XOC ; A�XOC

/ y̋
L
Ainf

Acris: �

On a un quasi-isomorphisme qui dépend du choix de $ et est compatible avec les actions du Frobenius
et de l’opérateur de monodromie [Česnavičius et Koshikawa 2019, Proposition 9.2],

�Bcris;$ WR�cris.Xk=W.k/
0/˝LW.k/ BCst

��!R�cris..XOC =p/=Acris/˝
L
Acris

BCst ; (51)

et on en déduit l’isomorphisme de périodes z̨CK :

Théorème 9.9 [Česnavičius et Koshikawa 2019, Theorem 9.5]. Soit X un schéma formel propre sur OK
à réduction semi-stable. Il existe un quasi-isomorphisme

z̨
CK
WR�ét.XC ;Zp/˝

L
Zp

Bst
��!R�cris.Xk=W.k/

0/˝LW.k/ Bst:

De plus, z̨CK est compatible avec les actions du morphisme de Frobenius, du groupe de Galois et de
l’opérateur de monodromie et il induit un isomorphisme filtré après tensorisation par BdR.

Démonstration. Le morphisme z̨CK est donné par la composée

R�ét.XC ;Zp/˝
L
Zp

Bst
9:4

�
�!R�ét.XOC ; A�XOC

/˝LAinf
Bst


CK

�
 �R�cris..XOC =p/=Acris/˝

L
Acris

Bst

�Bcris;$

�
 ��R�cris.Xk=W.k/

0/˝LW.k/ Bst: �

En inversant p, on obtient un quasi-isomorphisme rationnel

z̨
CK
WR�ét.XC ;Qp/˝

L
Qp

Bst
��!R�HK.X/˝

L
F Bst:

9B3. Comparaison avec z̨0. Soit X un schéma formel propre sur OK à réduction semi-stable. Le but de
cette section est de prouver le théorème suivant :

Théorème 9.10. Les morphismes de périodes

z̨
CK; z̨0 W H i

ét.XC ;Qp/˝Qp Bst !H i
HK.X/˝F Bst;

z̨
CK
dR ; z̨

0
dR WH

i
ét.XC ;Qp/˝Qp BdR!H i

HK.X/˝F BdR

sont égaux. En particulier, on a z̨CK D z̨FM et z̨CK
dR D z̨

FM
dR .
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Démonstration. Soit r � 0. On rappelle (voir (38)) que le morphisme z̨0 est donné par la composée

��rR�ét.XC ;Qp/˝
L
Qp

Bst
tr

�
 � ��rR�ét.XC ;Qp.r//˝

L
Qp

Bstfrg
�

˛0r
 � ��rR�syn.XOC ; r/Q˝

L
Qp

Bstfrg

can
�!R�cris..XOC =p/=Acris/Q˝

L
AcrisŒ1=p�

Bst
�Bcris;$

�
 �� ��rR�HK.X/˝

L
F Bst

et z̨CK par

R�ét.XC ;Qp/˝
L
Qp

Bst
9:4

�
�!R�ét.XOC ; A�XOC

/Q˝
L
AinfŒ1=p�

Bst


CK

�
 �R�cris..XOC =p/=Acris/Q˝

L
AcrisŒ1=p�

Bst
�Bcris;$

�
 ��R�HK.X/˝

L
F Bst:

Pour prouver le théorème, il suffit de montrer que pour r � 2d où d D dim.X/, le rectangle extérieur
du diagramme suivant commute (au moins au niveau des cohomologies) :

��rR�ét.XC ;Qp/˝
L
Qp

Bst

�9:4

��

��rR�ét.XC ;Qp.r//˝
L
Qp

Bstfrg
�

tr
oo

fr

tt

��rR�syn.XOC ;r/Q˝
L
Qp

Bstfrg
˛0r

�
oo

��

can

tt

��rR�ét.XOC ;A�XOC
/Q˝

L

Ainf

�
1
p

�Bst ��rR�cris..XOC =p/=Acris/Q˝
L

Acris

�
1
p

�Bst�


CK
oo ��rR�HK.X/˝

L
F

Bst�

�Bcris;$
oo

L’application fr est définie de façon à ce que le triangle de gauche soit commutatif. Le triangle de droite
est commutatif par [Nekovář et Nizioł 2016, §3.1], il suffit donc de montrer que le trapèze intérieur
commute. Il est suffisant de le montrer au niveau des cohomologies et c’est le résultat du lemme 9.11
ci-dessous. �

Lemme 9.11. Soit i � r . Le diagramme suivant est commutatif :

H i
ét.XOC ; A�XOC

/Q˝
L

Ainf

�
1
p

� Bst H i
cris..XOC =p/=Acris/Q˝

L

Acris

�
1
p

� Bst

CK

�
oo

H i
ét.XC ;Qp.r//˝

L
Qp

Bstfrg

fr

OO

H i
syn.XOC ; r/Q˝

L
Qp

Bstfrg

can
OO

˛0r

�
oo

Démonstration. (i) Réduction. Pour prouver le lemme, par BCcrisŒ1=��-linéarité, il suffit de voir que le
diagramme suivant est commutatif :

H i
ét.XOC ; A�XOC

/Q˝
L

Ainf

�
1
p

� BCcris

�
1
�

�
H i

cris..XOC =p/=Acris/Q˝
L

Acris

�
1
p

� BCcris

�
1
�

�

CK

�
oo

H i
ét.XC ;Qp.r//

fr

OO

H i
syn.XOC ; r/Q

can
OO

˛0r

�
oo
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Considérons le diagramme

H i
ét.XOC ; A�XOC

/Q˝
L

Ainf

�
1
p

�AŒu;v�
�
1
p
; 1
�

�
H i

cris..XOC =p/=Acris/Q˝
L

Acris

�
1
p

�AŒu;v�
�
1
p
; 1
�

�

CK
Œu;v�

�
oo

H i
ét.XOC ; A�XOC

/Q˝
L

Ainf

�
1
p

�Acris
�
1
p
; 1
�

�Id˝can
OO

H i
cris..XOC =p/=Acris/Q˝

L

Acris

�
1
p

�Acris
�
1
p
; 1
�

�

CK

�
oo

Id˝can
OO

H i
ét.XC ;Qp.r//

fr

OO

H i
syn.XOC ; r/Q

can
OO

˛0r

�
oo

(52)

La flèche verticale de gauche ˇ1 WD Id˝ can est injective. En effet, par le théorème 9.4, on a

H i
ét.XOC ; A�XOC

/Q˝
L
AinfŒ1=p�

Ainf

h
1

p
;
1

�

i
� �H i

ét.XC ;Qp.r//˝
L
Qp

Ainf

h
1

p
;
1

�

i
;

et on en déduit les isomorphismes

H i
ét.XOC ; A�XOC

/Q˝
L
AinfŒ1=p�

AŒu;v�
h
1

p
;
1

�

i
� �H i

ét.XC ;Qp.r//˝
L
Qp

AŒu;v�
h
1

p
;
1

�

i
;

H i
ét.XOC ; A�XOC

/Q˝
L
AinfŒ1=p�

Acris

h
1

p
;
1

�

i
� �H i

ét.XC ;Qp.r//˝
L
Qp

Acris

h
1

p
;
1

�

i
:

En utilisant que l’application canonique AcrisŒ1=p;1=��!AŒu;v�Œ1=p;1=�� est injective etH i
ét.XC ;Qp.r//

est de rang fini sur Qp, on obtient que ˇ1 est injective.
On en déduit que pour prouver le lemme, il suffit de montrer que le carré extérieur du diagramme (52)

commute. Mais en utilisant une nouvelle fois le théorème 9.4 puis le théorème 9.8 (et queH i
ét.XC ;Qp.r//

est de Qp-rang fini), on a

H i
ét.XOC ; A�XOC

/Q˝
L
AinfŒ1=p�

AŒu;v�
h
1

p
;
1

�

i
��!H i

ét

�
R�.XOC ; A�XOC

/˝L
AinfŒ1=p�

AŒu;v�
h
1

p
;
1

�

i�
;

H i
cris..XOC =p/=Acris/Q˝

L
AcrisŒ1=p�

AŒu;v�
h
1

p
;
1

�

i
��!H i

�
R�cris..XOC =p/=Acris/Q˝

L
AcrisŒ1=p�

AŒu;v�
h
1

p
;
1

�

i�
;

et il suffit donc de montrer que le diagramme

��rR�ét.XOC ; A�XOC
/Q˝

L

Ainf

�
1
p

� AŒu;v�
�
1
p
; 1
�

�
��rR�cris..XOC =p/=Acris/Q˝

L

Acris

�
1
p

� AŒu;v�
�
1
p
; 1
�

�

CK
Œu;v�

�
oo

��rR�ét.XC ;Qp.r//

fr

OO

��rR�syn.XOC ; r/Q

can
OO

˛0r

�
oo

(53)

commute.
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Pour cela, on va montrer que le diagramme suivant est pN -commutatif (pour un N 2 N) :

��rR�ét.XOC ; A�XOC
/ y̋

L
Ainf

AŒu;v�
�
1
�

�
��rR�cris..XOC =p/=Acris/ y̋

L
Acris

AŒu;v�
�
1
�

�

CK
Œu;v�

�
oo

��rR�ét.XC ;Zp.r//

fr

OO

��rR�syn.XOC ; r/

can

OO

˛0r

�
oo

(54)

(ii) Calcul local. On suppose dans un premier temps que XD Spf.R/ avec R la complétion d’une algèbre
étale sur R�. On va voir que la principale différence entre la construction du morphisme de [Česnavičius
et Koshikawa 2019] et celle de ˛0r est que l’application Q̌ utilisée par Bhatt et al. est égale à l’inverse de
l’application ˇ construite plus haut, tordue par t . Plus précisément, on va montrer qu’on a un diagramme
pc.r/-commutatif (pour une certaine constante c.r/ 2 N) :

K';@.F
r Acris.R//

o

��

��

K@.Acris.R//
Œu;v�


CK
Œu;v�

**
Q̌

�
//

��

�
�� zK�.Acris.R//

�Œu;v�
�

(46)
//

��

�
�� zK�.Acris.R1//

�Œu;v�
��

��.K�.A
C

R1
/Œu;v�/

�

(44)
oo

o

��
�

vv

z�H

�
// ��.CG.A

C

xR
/Œu;v�/

�
ww

K@.A
Œu;v�
R /

Q̌
// ��K�.A

Œu;v�
R / // ��K�.A

Œu;v�
R1

/
z�H

�
// ��CG.A

Œu;v�
xR

/

K@.F
rA
Œu;v�
R /

ˇ01

�
//

OO

K�.A
Œu;v�
R .r// //

tr

OO

K�.A
Œu;v�
R1

.r//

tr

OO

z�H
// CG.A

Œu;v�
xR

.r//

tr

OO

K';@.F
rA
Œu;v�
R /

ˇ0

�
//

OO

K';�.A
Œu;v�
R .r// //

OO

K';�.A
Œu;v�
R1

.r//

OO

z�H
// CG;'.A

Œu;v�
xR

.r//

OO

K';�.A
.0;v�C
R .r//

�5:10

OO

�5:14

��

// K';�.A
.0;v�C
R1

.r//

OO

��

z�H
// CG;'.A

.0;v�C
xR

.r//

o

��

o

OO

K';�.AR.r// �

6:3
// K';�.AR1 .r// �

6:2
// CG;'.A xR.r// CG.Zp.r//�

oo

�

hh

�

``

fr

OO

(55)

Tous les complexes sont tronqués par ��r . L’exposant Œu; v� sur la deuxième ligne sert à désigner
.�/ y̋

L
Ainf

AŒu;v�. On pose K�.�/ WD Kos.�;�/, K@.�/ WD Kos.@;�/ et CG.�/ désigne le complexe
de cochaînes continues de G. Les notations K';� et CG;'.�/ sont celles du théorème 7.5. On écrit
�� zK�.Acris.R// WD lim

��!
��K�.A

.m/
cris .R// et �� zK�.Acris.R1// WD lim

��!
��K�.A

.m/
cris .R1//. Enfin, les mor-

phismes Q�H sont ceux induits par les morphismes

Kos.�R;A‹R1/! C.�R;A
‹
R1

/! C.GR;A
‹
xR
/

pour ‹ 2 f.0; v�C; Œu; v�g, où la deuxième flèche est le morphisme de bord du recouvrement de Galois
R1 de R.
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L’application ˇ0 est donnée par la composée

��r Kos.@; '; F rA
Œu;v�
R /

t�
�! ��r Kos.Lie�; '; F rA

Œu;v�
R / ��r Kos.Lie�; ';AŒu;v�R .r//

ˇ
 � ��r Kos.�; ';AŒu;v�R .r//

où la seconde flèche est donnée par

Kos.Lie�R;A
Œu;v�
R .r//

1�'
//

��

Kos.Lie�R;A
Œu;v=p�
R .r//

pr

��

Kos.Lie�R;A
Œu;v�
R .r//

pr .1�'/
//

tr

��

Kos.Lie�R;A
Œu;v=p�
R .r//

tr

��

Kos.Lie�R; F rA
Œu;v�
R /

pr�'
// Kos.Lie�R;A

Œu;v=p�
R /

et où

ˇ W A
Œu;v�
R .r/Jj ! A

Œu;v�
R .r/Jj ; .ai1:::ij / 7! .ˇij : : : ˇi1.ai1:::ij // avec ˇk WD

X
n�1

.�1/n�1

n
�n�1k :

En particulier, sur le premier terme, ˇ0 induit

ˇ01 W ��r Kos.@; F rA
Œu;v�
R /

t�
�! ��r Kos.Lie�; F rA

Œu;v�
R /

tr
 � ��r Kos.Lie�;AŒu;v�R .r//

ˇ
 � ��r Kos.�;AŒu;v�R .r//: (56)

Les deux premières flèches sont des pc.r/-quasi-isomorphismes (pour certaines constantes c.r/) et
l’application ˇ est un isomorphisme.

L’application Q̌.m/ W .A.m/cris .R//
Ji ! .A

.m/
cris .R//

Ji est donnée par les Q̌k D
P
n�1.t

n=nŠ/@n�1
k

: Soit
.ai1:::ij / dans .F r�jA

Œu;v�
R /Jj , on a alors

trˇ0..ai1���ij //D .t
rˇ�1i1 � � �ˇ

�1
ij
.tj�rai1���ij //D ..ˇ

�1
i1
t / � � � .ˇ�1ij t /.ai1���ij //

et .ˇ�1ik t /D
�P

n�0 bn�
n
ik

�
t où les bn sont les coefficients de la série X=log.1CX/. Comme

Q̌
ik D

X
n�1

tn

nŠ
@n�1ik

D

�X
n�1

1

nŠ
.t@ik /

n�1

�
t

avec .t@ik /D log.
ik /, on obtient ˇ�1ik t D
Q̌
ik et on en déduit que le carré

K@.A
Œu;v�
R /

Q̌
// ��K�.A

Œu;v�
R /

K@.F
rA
Œu;v�
R /

ˇ 01
//

OO

K�.A
Œu;v�
R .r//

tr

OO

(57)
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commute, où ˇ01 est l’application donnée par (56). On obtient finalement que le diagramme (55) est
pc.r/-commutatif (pour un certain c.r/ 2 N).

Montrons que le trapèze dans le coin supérieur droit

��K�.A
C

R1
/Œu;v�

�

((

o

��

Q�H

�
// ��CG.A

C

xR
/Œu;v�

o

��

��K�.A
Œu;v�
R1

/
Q�H

�
// ��CG.A

Œu;v�
xR

/

(58)

est constitué de quasi-isomorphismes.
La flèche verticale de gauche est un isomorphisme de complexes. La flèche horizontale du haut est un

quasi-isomorphisme par (42). Montrons que la flèche verticale de droite est un quasi-isomorphisme. Par
définition, le complexe CG.ACxR /

Œu;v� est égal à

holim
n
..R�.G;AC

xR
/˝LAinf

AŒu;v�/˝LAinf
Ainf =.�; p/

n/:

Mais R�.G;AC
xR
/ est calculé par le complexe borné Kos.�R;ACR1/ dont les termes sont plats sur Ainf.

On a donc

R�.G;AC
xR
/˝LAinf

AŒu;v� ŠR�.G;AC
xR
/˝Ainf AŒu;v�:

Pour n suffisamment grand (tel que �n 2 pAŒu;v�), on a

Tor1Ainf
.AŒu;v�;Ainf =.�; p/

n/ ,! Tor1Ainf
.AŒu;v�;Ainf =p/D 0

et donc

.R�.G;AC
xR
/˝LAinf

AŒu;v�/˝LAinf
Ainf =.�; p/

n
ŠR�.G;AC

xR
/˝Ainf AŒu;v�=.�; p/n:

Les termes du complexes ci-dessus sont donnés par

Mapcont.G
m;AC

xR
/˝Ainf AŒu;v�=.p; �/n;

qui est isomorphe à

Mapcont.G
m;AC

xR
˝Ainf AŒu;v�=.p; �/n/;

car G est profini. En prenant la limite sur n, on obtient finalement le quasi-isomorphisme

CG.A
C

xR
/Œu;v� ��! CG.A

Œu;v�
xR

/:

On en déduit que les autres flèches de (58) sont elles aussi des quasi-isomorphismes. Finalement, une
chasse au diagramme (dans (55)) montre que (54) et donc (53) commute dans le cas où X WD Spf.R/. Il
reste à voir que le résultat reste vrai pour X global.
(iii) Cas global. Dans un premier temps, on suppose toujours X D Spf.R/. Si .†;ƒ/ sont tels qu’on
ait une immersion (27), en définissant RPD†;ƒ, R1;†;ƒ, etc. comme précédemment, on peut réécrire le
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diagramme (55) en utilisant les versions .†;ƒ/ des anneaux. On prend ensuite la limite sur l’ensemble
des .†;ƒ/ et on obtient un diagramme commutatif fonctoriel

lim
�!†;ƒ

��r
�
Kos.@; RPD

†;ƒ
/Q y̋

L

Acris

�
1
p

�AŒu;v�� 1p ; 1� �� �
// lim
�!†;ƒ

��r
�
��CG.A

C
xR†;ƒ

/Q y̋
L

Ainf

�
1
p

�AŒu;v�� 1p ; 1� ��

lim
�!†;ƒ

��r Kos.@; '; F rRPD
†;ƒ

/Q
�
//

OO

��rCG
�
Kos.';A xR.r//

�
Q

��rCG.Zp.r//Q
�

oo

tr

OO

Soit X global. En considérant des hyper-recouvrements affines U� ! X comme précédemment et en
remarquant que les deux complexes de la ligne du haut du diagramme ci-dessus calculent respectivement

��rR�cris..U
k
OC =p/=Acris/Q y̋

L
AcrisŒ1=p�

AŒu;v�
h
1

p
;
1

�

i
et

��rR�ét.U
k
OC ; A�XOC

/Q y̋
L
AinfŒ1=p�

AŒu;v�
h
1

p
;
1

�

i
;

on en déduit que le diagramme suivant commute :

��rR�cris.X/
Œu;v�
Q

�
// ��r hocolimR�cris.U

�/
Œu;v�
Q

�
// ��r hocolimR�ét.A�U�/

Œu;v�
Q

��rR�ét.A�X/
Œu;v�
Q

�
oo

��rR�syn.XOC ; r/Q
�
//

OO

��r hocolimR�syn.U
�

OC ; r/Q

OO

�
// ��r hocolimR�ét.U

�

C
;Qp.r//

tr

OO

��rR�ét.XC ;Qp.r//
�
oo

tr

OO

On a ici noté R�cris.�/ WD R�cris
�
..�/OC =p/=Acris

�
et R�ét.A�.�/OC

/ WD R�ét..�/OC ; A�.�/OC
/.

On obtient le résultat du lemme. �
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Maximizing Sudler products via
Ostrowski expansions and cotangent sums

Christoph Aistleitner and Bence Borda

There is an extensive literature on the asymptotic order of Sudler’s trigonometric product PN (α) =∏N
n=1|2 sin(πnα)| for fixed or for “typical” values of α. We establish a structural result which for a

given α characterizes those N for which PN (α) attains particularly large values. This characterization
relies on the coefficients of N in its Ostrowski expansion with respect to α, and allows us to obtain very
precise estimates for max1≤N≤M PN (α) and for

∑M
N=1 PN (α)

c in terms of M , for any c> 0. Furthermore,
our arguments give a natural explanation of the fact that the value of the hyperbolic volume of the
complement of the figure-eight knot appears generically in results on the asymptotic order of the Sudler
product and of the Kashaev invariant.

1. Introduction and statement of results

During the last decades many authors have studied the asymptotic order of the so-called Sudler product

PN (α)=

N∏
n=1

|2 sin(πnα)|, (1)

either on average (with respect to α) or for particular values of α. It is known that the order of (1) for a
fixed value of α depends sensitively on the Diophantine approximation properties of α, and in particular
on the continued fraction expansion of α. If α ∈ Q, then clearly the product (1) vanishes for all sufficiently
large N , so for the asymptotic analysis we can restrict ourselves to the case when α is irrational.

Of particular interest is the case when α is a quadratic irrational, which means that the continued
fraction expansion of α is eventually periodic. A remarkable result was recently obtained by Grepstad,
Kaltenböck and Neumüller [Grepstad et al. 2019], who proved that for the golden mean φ =

1
2(1 +

√
5),

0< lim inf
N→∞

PN (φ) <∞,

thereby solving a long-standing problem of Erdős and Szekeres [1959]. In [Aistleitner et al. 2020] this
result was complemented by

0< lim sup
N→∞

PN (φ)

N
<∞,
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so the asymptotic order of PN (φ) is completely understood. Interestingly, there is a transition in
the behavior of quadratic irrationals whose continued fraction expansion is of the particularly simple
form α = [0; ā] as the value of a increases (here and in the sequel, the overline denotes period): it turns
out that lim infN→∞ PN (α) > 0 as long as a ≤ 5, while lim infN→∞ PN (α)= 0 when a ≥ 6. A similar
characterization applies to lim supN→∞ PN (α)/N < ∞. A generalization of such a criterion to more
general quadratic irrationals can be found in [Grepstad et al. 2022].

Lubinsky [1999] proved that for any badly approximable α,

N−c1 ≪α PN (α)≪α N c2

with some c1, c2 ≥ 0, and asked for the smallest possible constants c1 = c1(α) and c2 = c2(α) for
which this holds.1 As noted in [Aistleitner and Borda 2022], for any badly approximable α, we have
that c2(α) = c1(α)+ 1. From what was said above for α = [0; ā], we have c1(α) = 0 and c2(α) = 1
for a ∈ {1, 2, 3, 4, 5}, but in general it seems to be very difficult to calculate the values of these two
constants. In [Aistleitner and Borda 2022] it was shown that for any quadratic irrational α,

c2(α)= c1(α)+ 1 =
1

4π
Vol(41) ·

aavg(α)

log λ(α)
+ O

(
1 + log A(α)

log λ(α)

)
. (2)

Here

Vol(41)= 4π
∫ 5

6

0
log(2 sin(πx)) dx ≈ 2.02988 (3)

is the hyperbolic volume of the complement of the figure-eight knot (more on this below; here and in the
sequel, “41” is the Alexander–Briggs notation for the figure-eight knot), aavg(α)= limk→∞(a1+· · ·+ak)/k
denotes the average of the partial quotients within a period, λ(α) is the (easily computable) number
for which the convergents pk/qk = [a0; a1, a2, . . . , ak] satisfy log qk ∼ (log λ(α))k as k → ∞, and
A(α)= maxk≥1 ak is the maximum of the partial quotients. The key purpose of the present paper is to
obtain a significantly improved version of (2), and to give a structural description of those values of N for
which PN (α) attains particularly large resp. small values. These two aims are very closely related; roughly
speaking, knowing the particular structure of those N which lead to extreme values of PN (α) allows us to
obtain improved estimates on c1(α) and c2(α), since the structural information allows a refined analysis
of the terms that control c1(α) and c2(α). The “structure” of N which is alluded to here is a particular
structure of the coefficients in its Ostrowski representation, which is a numeration system for integers
based on the continued fraction denominators of α. Very roughly speaking, it turns out that PN (α) is
particularly large resp. small if the Ostrowski coefficients of N are all 5

6 resp. 1
6 of their maximal possible

size; this fact will also give a natural explanation for the appearance of the constant Vol(41) in formula (2)
above, as well as in many other related formulas, such as those in [Bettin and Drappeau 2022b].

1Throughout the paper we write xN ≪ yN or xN = O(yN ) when |xN | ≤ CyN with some appropriate constant C > 0. All
implied constants are universal unless the opposite is explicitly indicated by a subscript; e.g., xN ≪α yN and xN = Oα(yN )
mean that the implied constant may depend on α.
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Before presenting our results, we note some connections to other areas of mathematics. Early in-
vestigations of the Sudler product were carried out by Erdős and Szekeres [1959] and Sudler [1964].
Since then such products have appeared in various contexts, including partition functions, KAM theory,
q-series, Padé approximations, and the analytic continuation of Dirichlet series. In particular, pointwise
upper bounds for Sudler products at quadratic irrationals played a crucial role in the counterexample
of Lubinsky [2003] to the Baker–Gammel–Wills conjecture, where they were used to bound the Taylor
series coefficients of the Rogers–Ramanujan function. Pointwise upper bounds for Sudler products also
played a key role in the solution of the “ten martini problem” by Avila and Jitomirskaya [2009]. For a
more detailed exposition of the connection between the Sudler product and other mathematical subjects
we refer the reader to [Aistleitner et al. 2018; Knill and Tangerman 2011; Verschueren and Mestel 2016].
Note that the Sudler product can be written using the q-Pochhammer symbol as

PN (α)= |(q; q)N | = |(1 − q)(1 − q2) · · · (1 − q N )| with q = e2π iα.

Compare this with the definition of the so-called Kashaev invariant of the figure-eight knot, given by

J41,0(q)=

∞∑
N=0

|(q; q)N |
2. (4)

This series is convergent if and only if α is rational (i.e., q is a root of unity). The Kashaev invariant is a
quantum knot invariant arising from the colored Jones polynomial, and the figure-eight knot is the simplest
hyperbolic knot. For more background, we refer the reader to [Bettin and Drappeau 2022b; Murakami
and Murakami 2001; Murakami 2011]. Here we only note that the Kashaev invariant can be written as
a sum of squares of Sudler products; however, by its very nature the Kashaev invariant is only interesting
when α is rational (since otherwise the series diverges), while the asymptotic order of the Sudler product
is only interesting when α is irrational (since otherwise the product vanishes for all sufficiently large
indices). However, it is possible to approximate the value of the Sudler product at an irrational α by the
value at a rational number close to α (such as a continued fraction approximation to α), thereby switching
from Kashaev invariants to Sudler products and vice versa; see [Aistleitner and Borda 2022] for a precise
statement. Generally, this connection suggests studying the asymptotic order of expressions of the form( M∑

N=1

PN (α)
2
)1

2

or, more generally, ( M∑
N=1

PN (α)
c
)1/c

for some c > 0,

which can be seen as describing the average order of PN (α) with respect to N . With this notation the
problem concerning the upper asymptotic order of PN (α) corresponds to the maximum norm, that is, to
the case c = ∞. In connection with a problem posed by Bettin and Drappeau [2022b], we [Aistleitner and
Borda 2022] settled the case when α is a quadratic irrational, showing that in this case for any real c > 0
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and any k ≥ 1,

log
( qk−1∑

N=0

PN (α)
c
)1/c

= Kc(α)k + Oα

(
max

{
1, 1

c

})
, (5)

and

log max
0≤N<qk

PN (α)= K∞(α)k + Oα(1)

with some constants Kc(α), K∞(α) > 0. We repeat that K2(α) in (5) is closely related to the Kashaev
invariant as defined in (4). Note also that the constants in the question of Lubinsky can be expressed as
c2(α)= c1(α)+ 1 = K∞(α)/ log λ(α), where λ(α) > 1 is the same easily computable constant as in (2).
However, in [Aistleitner and Borda 2022] it remained open whether Kc(α) actually depends on c or not.
This is related to the question whether PN (α) is exceptionally large only for a very small number of
indices N causing the sum in (5) to be essentially dominated by a small number of summands which
are of extremal size. In this paper we prove that this is not the case, and that (under certain technical
assumptions) the overall order of the sum

∑qk−1
N=0 PN (α)

c is not caused by a small number of exceptionally
large summands. In particular, Kc(α) does indeed depend on c.

We close this discussion by noting that the Kashaev invariant features prominently in the seminal
paper of Zagier [2010] on quantum modular forms, where it is introduced as being “the most mysterious
and in many ways the most interesting” example. Zagier records certain modularity properties of the
function J41,0, and suggests that the function h(α)= log(J41,0(e

2π iα)/J41,0(e
2π i/α)), relating the value

of the Kashaev invariant at α to its value at 1/α, appears to be continuous at irrationals. This continuity
hypothesis has been driving much of the recent research in this area, but as a whole it is still wide open.
See [Aistleitner and Borda 2022; Bettin and Drappeau 2022a; 2022b].

We now state our main results. For the rest of the paper, we fix an irrational α = [a0; a1, a2, . . . ] with
convergents pk/qk = [a0; a1, . . . , ak].

Theorem 1. Assume that
log ak

ak+1
≤ T for all k ≥ k0 (6)

with some constants k0, T ≥ 1. Let N =
∑K−1

k=0 bkqk be the Ostrowski expansion of a nonnegative integer,
and set

N ∗
=

K−1∑
k=0

b∗

k qk, with b∗

k =
⌊ 5

6ak+1
⌋
. (7)

Then

log PN (α)= log PN∗(α)−

K−1∑
k=0

dk(N )+ OT

( K∑
k=1

1
ak

)
+ Oα(1)

with some dk(N ) satisfying the following for all 0 ≤ k ≤ K − 1:

(i) dk(N )≥ 0.2326(bk − b∗

k )
2/ak+1, with equality if bk = b∗

k .
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(ii) If bk ≤ 0.99ak+1, then

dk(N )= ak+1

∫ b∗

k/ak+1

bk/ak+1

log|2 sin(πx)| dx + OT

(
|bk − b∗

k |

ak+1
+ I{bk≤0.01ak+1} log ak+1

)
. (8)

Remark. In the formula above I{bk≤0.01ak+1} denotes the indicator of bk ≤ 0.01ak+1. Formula (8) gives
the precise asymptotics of dk(N ) in the regime bk − b∗

k ≈ ak+1. Using a first-order Taylor approximation
of log|2 sin(πx)| around x =

5
6 , we immediately deduce from (8) that

dk(N )=
π

√
3

2
·
(bk − b∗

k )
2

ak+1
+ OT

(
|bk − b∗

k |

ak+1
+

|bk − b∗

k |
3

a2
k+1

)
, (9)

yielding the precise asymptotics in the regime bk − b∗

k = o(ak+1).

Theorem 1 asserts that PN (α) is particularly large when N = N ∗, and that an integer N whose Ostrowski
expansion deviates significantly from that of N ∗ will lead to much smaller values of PN (α). The magnitude
of PN (α)/PN∗(α) is quantified in terms of the “distance” between the Ostrowski expansions of N and N ∗.
As simple illustrative examples we mention that Theorem 1 with T = 1 applies to α = [0; ā], and also to
well-approximable irrationals with a1 ≤ a2 ≤ · · · ≤ ak → ∞. Note that we do not claim that the maximum
is attained at precisely N ∗; however, for example, for α = [0; ā] it follows that the Ostrowski coefficients
of the integer at which the maximum max0≤N<qK PN (α) is attained satisfy bk =

5
6a + O(1/ε) for all

but ≤ εK indices 0 ≤ k ≤ K − 1.
The significance of the value 5

6 in our definition of N ∗ in (7) is that it is a solution of the equation
|2 sin(πx)| = 1. From the proofs it will become visible that choosing a value of bk smaller than 5

6ak+1

essentially means missing out on potential factors which exceed 1, while choosing bk larger than 5
6ak+1

essentially leads to extra factors which are smaller than 1; clearly both effects are counterproductive if
our aim is to maximize PN (α). The heuristic reasoning underpinning all the constructions and results in
the present paper will be described in some detail in Section 2.1 below. The value 0.2326 in property (i)
is explained by

1
(5/6)2

∫ 5
6

0
log|2 sin(πx)| dx =

9 Vol(41)

25π
= 0.23260748 . . .

Any constant less than 9 Vol(41)/(25π) would work; the sharpness of this value is easily seen by letting
bk/ak+1 → 0 in (8). The values 0.99 resp. 0.01 in property (ii), on the other hand, are basically accidental;
any constants C < 1 resp. C > 0 would work, with the implied constants depending also on the choice
of C . The reason why we have to stay away from x = 0 and x = 1 is that the function log|2 sin(πx)| has
singularities there.

Condition (6) is related to the behavior of a cotangent sum; see Section 3.2. Probably this condition
could be relaxed in some way, but it seems very difficult to obtain a version of Theorem 1 without any
regularity assumption on the relative size of the partial quotients, since for a number α whose partial
quotients are of very different orders of magnitude the “optimal” Ostrowski coefficients b∗

k should depend
on a1, a2, . . . , ak+1 in a more complicated way than the one suggested by (7); see also Figure 2 below.
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Formulas (8) and (9) allow us to give precise estimates for the number of integers 0 ≤ N < qK for
which PN (α) is particularly large. This is stated in Theorem 2 below. The value 0.01 in the statement of
the theorem could of course again be replaced by any C > 0, with the implied constants depending also
on C > 0.

Theorem 2. Assume that (6) holds and let N ∗ be defined as in (7). Then for any real c ≥ 0.01,

log
( qK −1∑

N=0

PN (α)
c
)1/c

= log PN∗(α)+
1
2c

K∑
k=1

log
2ak
√

3c
+OT

( K∑
k=1

(
log1/2(ak/c + 2)

c1/2a1/2
k

+
log3/2(ak/c + 2)

c3/2a1/2
k

+
1
ak

))
+Oα(1), (10)

and

log max
0≤N<qK

PN (α)= log PN∗(α)+ OT

( K∑
k=1

1
ak

)
+ Oα(1). (11)

Our third result shows that because of the particular structure of N ∗, we can calculate the value
of PN∗(α) up to a very high precision.

Theorem 3. Assume that (6) holds, and let N ∗ be defined as in (7). Then

log PN∗(α)=
1

4π
Vol(41)

K∑
k=1

ak +
1
2

K∑
k=1

log ak + OT

( K∑
k=1

1 + log(akak+1)

ak+1

)
+ Oα(1).

Let us now compare the results obtained here with the previously known best results. Consider first
α= [0; ā]. In [Aistleitner and Borda 2022] we proved that for any 0< c ≤ ∞, the constant Kc(α) defined
in (5) satisfies

Kc(α)=
1

4π
Vol(41)a + O

(
max

{
1, 1

c

}
(1 + log a)

)
,

with the dependence on c hidden in the error term. Taking the asymptotics as K → ∞ in Theorems 2
and 3, we immediately obtain the improvement

Kc(α)=
1

4π
Vol(41)a +

1
2

log a +
1
2c

log 2a
√

3c

+ O
(

log1/2(a/c + 2)
c1/2a1/2 +

log3/2(a/c + 2)
c3/2a1/2 +

1 + log a
a

)
, 0.01 ≤ c ≤ ∞.

Note that the dependence on c is visible in the regime c ≪ (a log log(a + 2))/ log(a + 2); above
this threshold, the term (1/(2c)) log(2a/

√
3c) is negligible compared to the error term (1 + log a)/a,

and Kc(α) becomes indistinguishable from

K∞(α)=
1

4π
Vol(41)a +

1
2

log a + O
(

1 + log a
a

)
.



Maximizing Sudler products via Ostrowski expansions and cotangent sums 673

As for the question of Lubinsky, the previously known best result (from [Aistleitner and Borda 2022]),
c2(α)= c1(α)+ 1 =

1
4π Vol(41) · (a/ log a)+ O(1), is improved to

c2(α)= c1(α)+ 1 =
1

4π
Vol(41) ·

a
log a

+
1
2

+ O
(1

a

)
, a ≥ 2.

Theorems 2 and 3 give similar improvements for more general badly approximable irrationals whose
partial quotients are roughly of the same order of magnitude; this is measured by the parameter T ≥ 1
in (6).

We also obtain improvements for certain well-approximable irrationals. It is known [Aistleitner and
Borda 2022; Bettin and Drappeau 2022b] that if the average partial quotient (a1 +· · ·+ak)/k diverges to
infinity, then under some mild additional assumptions on α for any real c > 0 we have

log
( qk−1∑

N=0

PN (α)
c
)1/c

∼
1

4π
Vol(41)(a1 + · · · + ak) as k → ∞,

and
log max

0≤N<qk
PN (α)∼

1
4π

Vol(41)(a1 + · · · + ak) as k → ∞.

Theorems 2 and 3 improve these under condition (6) by identifying logarithmic correction terms.
While the main focus of this paper is maximizing the value of Sudler products, we mention that

our results also shed light on minimal values. These two problems are closely related: we observed in
[Aistleitner and Borda 2022] that for an arbitrary irrational α and any 0 ≤ N < qK we have

log PN (α)+ log PqK −N−1(α)= log qK + O
(

1 + log max1≤k≤K ak

aK+1

)
,

and, in particular,

log max
0≤N<qK

PN (α)+ log min
0≤N<qK

PN (α)= log qK + O
(

1 + log max1≤k≤K ak

aK+1

)
.

Therefore PN (α) is particularly small when PqK −N−1(α) is particularly large, and vice versa. More
precisely, by following the steps in the proof of Theorem 3 we deduce that under assumption (6),
N∗ :=

∑K−1
k=0

⌊1
6ak+1

⌋
qk satisfies

log PN∗
(α)= −

1
4π

Vol(41)

K∑
k=1

ak +
1
2

K∑
k=1

log ak + OT

( K∑
k=1

1 + log(akak+1)

ak+1

)
+ Oα(1).

The negative coefficient is explained by
∫ 1

6
0 log(2 sin(πx)) dx = − Vol(41)/(4π); see (3). The previous

two formulas, Theorem 2 and the fact log qK =
∑K

k=1 log ak + O(
∑K

k=1 1/ak) yield

log min
0≤N<qK

PN (α)= log PN∗
(α)+ O

(
1 + log max1≤k≤K ak

aK+1

)
+ OT

( K∑
k=1

1 + log(akak+1)

ak+1

)
+ Oα(1),

a perfect analogue of (11).
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Before coming to the more technical parts, we briefly lay out the further content of this paper. In
Section 2 we introduce a perturbed version of the Sudler product, which allows a decomposition of a full
product PN (α) into subproducts whose number of factors is always a continued fraction denominator
of α, thereby naturally bringing into play the Ostrowski expansion of N . In Section 2.1 we give a detailed
heuristic sketch of how this decomposition leads to Theorems 1, 2 and 3. In particular it will become
clear how the constant 5

6 in the definition of N ∗ and how the constant Vol(41) in the conclusion of the
theorems arise. A key ingredient (in the heuristic as well as in the actual proofs) is the fact that the
shifted products Pqk have a limiting behavior, in an appropriate sense. This has been experimentally
observed in [Aistleitner et al. 2020], and in the present paper we give proofs for this fact, which is stated as
Theorems 4 and 5 in Section 2.2. Section 3 contains approximation formulas for shifted Sudler products
and in particular Proposition 12, which plays a central role in the proofs of the theorems. To obtain our
approximation formula we introduce a certain cotangent sum which controls an important part of the
behavior of the shifted Sudler product. Such cotangent sums have a rich arithmetic structure, and we
make crucial use of a reciprocity formula of Bettin and Conrey [2013]. Sections 4–6 contain the proofs
of Theorems 1–3, respectively, and finally Section 7 contains the proofs of Theorems 4 and 5.

2. Shifted Sudler products

Let

PN (α, x) :=

N∏
n=1

|2 sin(π(nα+ x))|, α, x ∈ R

denote a shifted form of the Sudler product. Given a nonnegative integer with Ostrowski expansion
N =

∑K−1
k=0 bkqk , let us also introduce the notation

εk(N ) := qk

K−1∑
ℓ=k+1

(−1)k+ℓbℓ∥qℓα∥. (12)

It is then easy to see that

PN (α)=

K−1∏
k=0

bk−1∏
b=0

Pqk

(
α, (−1)k(bqk∥qkα∥ + εk(N ))/qk

)
, (13)

which will serve as a fundamental tool in the proof of our results. This product form of PN (α) was
first used by Grepstad, Kaltenböck and Neumüller [Grepstad et al. 2019], and later also in [Aistleitner
et al. 2020; Grepstad et al. 2020; 2022]; for a detailed proof of (13) see [Aistleitner and Borda 2022,
Lemma 2]. As we will see, here −1< bqk∥qkα∥ + εk(N ) < 1, and therefore understanding the behavior
of the function Pqk (α, (−1)k x/qk) on the interval (−1, 1) will play a crucial role.

2.1. The heuristic picture. Before we give the details of how to estimate the components of the product
in (13), we present a heuristic picture of how the factors in this product formula behave, what the
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Figure 1. The function Pqk (α, (−1)k x/qk) for k = 4 and α = [0; ā], with a = 5 (dotted),
a = 15 (dashed) and a = 50 (solid line). The picture remains virtually identical for a
larger choice of k. Note how the functions in the plot approach |2 sin(πx)| (light gray)
as the value of a increases. Details are given in Section 2.2 below.

significance of the Ostrowski coefficients of N is, why the Sudler product is essentially maximized
at numbers N having all the Ostrowski coefficients at 5

6 of their maximal possible size, and how the
hyperbolic volume of the complement of the figure-eight knot as defined in (3) appears. Assume
that 0 ≤ N < qK , so that N has Ostrowski expansion N =

∑K−1
k=0 bkqk . Recall that 0 ≤ bk ≤ ak+1. Very

roughly, we have qk∥qkα∥ ≈ 1/ak+1. It turns out that Pqk (α, (−1)k x/qk)≈ |2 sin(πx)|. This observation
is formalized in a precise form in Proposition 12 below; see also Figure 1 and Theorems 4 and 5. Thus,
ignoring the numbers εk(N ) in (13) for the moment, we have

Pqk

(
α, (−1)k(bqk∥qkα∥ + εk(N ))/qk

)
≈ |2 sin(πb/ak+1)|,

and so, offhandedly discarding the factor corresponding to b = 0, we have

bk−1∏
b=0

Pqk

(
α, (−1)k(bqk∥qkα∥ + εk(N ))/qk

)
≈

bk−1∏
b=1

|2 sin(πb/ak+1)|. (14)

Note that b/ak+1 ∈[0, 1]. We have 2 sin(πx)≥1 for x ∈
[ 1

6 ,
5
6

]
, and 2 sin(πx)≤1 for x ∈

[
0, 1

6

]
∪

[5
6 , 1

]
.

This suggests that in order to maximize the product in (14), we should choose bk ≈
5
6ak+1, since by

doing so we catch as many factors exceeding 1 while avoiding unnecessary factors smaller than 1; in
other words, PN (α) is essentially maximized when N = N ∗. This heuristic also gives us a rough general
approximation for the value of PN (α). Using (13) and assuming that all ak’s are “large”, we roughly have

PN (α)≈

K−1∏
k=0

exp
( bk−1∑

b=1

log(2 sin(πb/ak+1))

)
≈ exp

( K−1∑
k=0

ak+1

∫ bk/ak+1

0
log(2 sin(πx)) dx

)
.
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In particular, for N = N ∗ when bk/ak+1 ≈
5
6 , the hyperbolic volume of the complement of the figure-eight

knot naturally appears, and we have

PN∗(α)≈ exp
( K−1∑

k=0

ak+1

∫ 5
6

0
log(2 sin(πx)) dx

)
= exp

(
1

4π
Vol(41)

K∑
k=1

ak

)
;

recall the definition of Vol(41) in (3). If we want to minimize PN (α) instead, the same reasoning suggests
that we should choose bk ≈

1
6ak+1 to catch as many factors smaller than 1 as possible. While this heuristic

serves as a good basic illustration of the behavior of the Sudler product, the actual situation clearly is
much more delicate; in particular, the function log(2 sin(πx)) has singularities at x = 0 and x = 1, which
carefully have to be taken care of.

Now let us come back to the influence of the numbers εk(N ). As sketched above, the term bqk∥qkα∥

in (14) is of order roughly b/ak+1. By (12) we roughly have |εk(N )| ≤ 1/ak+1, so typically the εk(N )’s
are small in comparison with bqk∥qkα∥. We also see in the definition given in (12) that the number εk(N )
depends on the Ostrowski coefficients bk+1, bk+2, . . . . It turns out that we cannot simply ignore the
influence of the εk(N )’s; quite on the contrary, controlling the influence of these numbers has been a
key ingredient in recent work such as [Aistleitner et al. 2020; Grepstad et al. 2019], and they also play a
crucial role in the present paper. In particular, the influence of the εk(N )’s is crucial for all those factors
in Pqk

(
α, (−1)k(bqk∥qkα∥+ εk(N ))/qk

)
for which b is such that b/ak+1 is either very close to 0 or very

close to 1. The punchline is the following. If a number N has an Ostrowski representation which is
very different from the one of N ∗, then by the coarse argument sketched above we know that PN (α)

is much smaller than PN∗(α). On the other hand, if N has an Ostrowski representation which is very
similar to that of N ∗ (or in particular if N = N ∗), then we know what the values of the εk(N )’s are, since
they depend on the Ostrowski coefficients of N . In other words, once we have established a structural
result which controls the Ostrowski expansion of those N for which PN (α) is large (Theorem 1), we can
obtain a very precise result on the maximal asymptotic order of PN (α) (combining (11) of Theorem 2
and Theorem 3), since control of the Ostrowski coefficients of N allows us to control the numbers εk(N ),
which in turn gives us exact control of the order of PN (α).

There is a further important effect, which is particularly strong when α has some partial quotients
which are very much larger than others. As Lemma 8 and Proposition 12 below will show, a more precise
approximation for Pqk is

Pqk (α, (−1)k x/qk)≈ |2 sin(πx)|e(log ak)/ak+1,

where the exponential factor comes from a cotangent sum; see also Figure 2 and Sections 2.2 and 3.2.
If ak and ak+1 are of similar size, then the factor e(log ak)/ak+1 is negligible. However, if ak is much larger
than ak+1, then this factor plays a significant role.

The heuristic sketched above suggests that in such a case the corresponding Ostrowski coefficients
should be chosen significantly larger than 5

6ak+1, since there is a wider range of values of x for which
Pqk (α, (−1)k x/qk) exceeds 1. However, very remarkably, this line of reasoning turns out to be wrong,
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Figure 2. The function Pq4(α, x/q4) for α=[0; 2, 50] (solid line). Note that this function
is much larger than |2 sin(πx)| (light gray), which reflects the fact that a4 = 50 is much
larger than a3 = 2. In contrast, Pq5(α,−x/q5) (dotted line) is virtually indistinguishable
from |2 sin(πx)|. Note that Pq5(α,−x/q5) crosses the line at height 1 (dashed line)
near x =

5
6 , as the initial heuristics suggested, but Pq4(α, x/q4) crosses this line at a

much larger value of x near x = 0.95, misleadingly suggesting a larger choice of the
corresponding Ostrowski coefficient in order to maximize the Sudler product.

and the Ostrowski coefficient maximizing the Sudler product remains at 5
6ak+1. The reason is that while

a larger choice of bk leads to a larger value of the k-th factor of the Sudler product in (13), a larger
choice of bk also leads to a larger negative value of εk−1, which in turn leads to a smaller value of
the (k−1)-st factor. If we try to choose a larger value of bk for some k for which (log ak)/ak+1 is large,
then, astonishingly, the magnifying effect that this has on the k-th factor in (13) is exactly canceled out by
the corresponding demagnifying effect on the (k−1)-st factor, so that overall it turns out to be better to
stick with bk ≈

5
6ak+1. This is a very surprising effect, which is mentioned as a “remarkable cancellation”

in the proof of Proposition 15(ii). We note in passing that there is a second unexpected cancellation in
this paper, when the additive constant in the conclusion of Theorem 3 turns out to be zero in formula (59).
In both cases, we cannot give a convincing heuristic explanation of why these cancellations occur.

2.2. Limit functions of shifted Sudler products. Aistleitner, Technau and Zafeiropoulos [Aistleitner et al.
2020] proved that for α = [0; ā] the function Pqk (α, (−1)k x/qk) converges pointwise on R as k → ∞,
and gave an explicit formula for the limit function Gα(x) in the form of an infinite product. They also
observed experimentally that as the value of a increases the graph of Gα(x) starts to resemble that
of |2 sin(πx)|. The speed of convergence of Pqk (α, (−1)k x/qk)→ Gα(x) as k → ∞ is very fast, so the
graphs depicted in Figure 1 for k = 4 are practically indistinguishable from those of the corresponding limit
functions Gα(x). In the present paper we develop a general framework to estimate Pqk (α, (−1)k x/qk)

in terms of a cotangent sum; see Proposition 12. This in particular allows us to quantify the deviation
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Figure 3. Left: The function Pqk (α, (−1)k x/qk) for k = 4 and α = [0; 15], which
virtually equals the corresponding limit function Gα(x). Right: We obtain an excellent
approximation from the right-hand side of (15), leaving out the O-term. The difference is
so small that it would be invisible on a full-scale plot as on the left, so we have zoomed
into the small box indicated there to show the deviation between the two functions.
The actual value of Pqk (α, x/qk) is plotted as a solid line, the approximation from (15)
as a dotted line. Obviously we obtain a much better approximation than the crude
Pqk (α, (−1)k x/qk)≈ |2 sin(πx)| of Figure 1.

of Pqk (α, (−1)k x/qk) from |2 sin(πx)|. For the particular case of α = [0; ā], when passing to the limit
functions Gα(x) by letting k → ∞, we obtain

Gα(x)= |2 sin(πx)| ·
∣∣∣∣1 +

C − D
x + 1

∣∣∣∣ · ∣∣∣∣1 +
C
x

∣∣∣∣ · ∣∣∣∣1 +
D

x − 1

∣∣∣∣
× exp

(
C

(
log

a
2π

−
0′(2 + x)
0(2 + x)

)
+ O

(
1 + log a
(2 − |x |)2a2

))
(15)

in the range |x | ≤ 2 − 2/a, where 0 is the gamma function,

C =
1

√
a2 + 4

and D =

√
a2 + 4 − a

2
√

a2 + 4
.

In particular, we roughly have

Gα(x)= |2 sin(πx)|e(log a)/a
+ O

(
1
a

)
= |2 sin(πx)| + O

(
1 + log a

a

)
, |x | ≤ 1.99, (16)

but (15) is of course more precise. Observe that the effect of the factors 1 + (C − D)/(x + 1), 1 + C/x ,
1 + D/(x − 1) is that they shift the zeroes −1, 0, 1 of |2 sin(πx)| by roughly (C − D)∼ 1/a, C ∼ 1/a,
D ∼ 1/a2 to the left, respectively. The admissible range of x in the approximations (15) and (16) could
be extended by the inclusion of more correction factors; however, in the context of Sudler products only
shifts x in the range x ∈ (−1, 1) can occur, so from our perspective there is no reason to aim at a wider
range for x .
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In a recent paper [Grepstad et al. 2022] the remarkable convergence property of Pqk (α, (−1)k x/qk) was
generalized to arbitrary quadratic irrationals α = [a0; a1, . . . , ak0, ak0+1, . . . , ak0+p]; we recall that the
overline denotes period. The only difference is that in general we have p different limit functions Gα,r (x),
1 ≤ r ≤ p, and Pqk (α, (−1)k x/qk) → Gα,r (x) holds pointwise on R as k → ∞ along the arithmetic
progression k ∈ pN + k0 + r . Generalizing (15), the following result states that all these limit functions
are close to |2 sin(πx)| whenever the partial quotients of α are all large, and are roughly of similar order
of magnitude; the latter property is measured by the parameter T .

Theorem 4. Let α = [a0; a1, . . . , ak0, ak0+1, . . . , ak0+p] be a quadratic irrational, and assume that

max
1≤r≤p

(log ak0+r )/ak0+r+1 ≤ T with some constant T ≥ 1.

For any 1 ≤ r ≤ p and any |x | ≤ max{1, 2 − 2/ak0+r+1},

Gα,r (x)= |2 sin(πx)| ·
∣∣∣∣1 +

Cr − Dr

x + 1

∣∣∣∣ · ∣∣∣∣1 +
Cr

x

∣∣∣∣ · ∣∣∣∣1 +
Dr

x − 1

∣∣∣∣
× exp

(
Cr

(
log

ak0+r

2π
−
0′(2 + x)
0(2 + x)

)
+ O

(
T + log(ak0+r−1ak0+r )

(2 − |x |)ak0+r ak0+r+1
+

T
(2 − |x |)2a2

k0+r+1

))
,

where 0 is the gamma function,

Cr = lim
m→∞

qk0+r+mp∥qk0+r+mpα∥ and Dr = lim
m→∞

qk0+r−1+mp∥qk0+r+mpα∥.

Based on these results for quadratic irrationals with large partial quotients, it is not difficult to come up
with the intuition that for a well-approximable irrational the corresponding limit function is precisely
|2 sin(πx)|.

Theorem 5. Assume that supk≥1 ak = ∞. Then

Pqkm
(α, (−1)km x/qkm )→ |2 sin(πx)| as m → ∞

locally uniformly on R for any increasing sequence of positive integers km such that

1 + log max1≤ℓ≤km aℓ
akm+1

→ 0 as m → ∞.

If in addition limk→∞(1 + log ak)/ak+1 = 0, then the same holds along the full sequence km = m.

3. Approximation of shifted Sudler products

The main result of this section is Proposition 12 in Section 3.5 below, which is an approximation formula
for the inner product over 0≤b ≤bk −1 in the decomposition formula (13). As we will see, lower estimates
are much more difficult to prove than upper estimates, especially when the points bqk∥qkα∥+ εk(N ) are
close to 0 or 1, requiring a somewhat tedious case analysis throughout the paper. This is explained by the
fact that log|2 sin(πx)| is bounded above but not below, and has singularities at x = 0 and x = 1.
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3.1. Continued fractions. We start by recalling some basic facts about continued fractions; see [Allouche
and Shallit 2003; Rockett and Szüsz 1992; Schmidt 1980] for background. The convergents satisfy the
recursion qk+1 = ak+1qk + qk−1 with initial conditions q0 = 1, q1 = a1, and pk+1 = ak+1 pk + pk−1 with
initial conditions p0 = a0, p1 = a0a1 + 1. If either k ≥ 1, or k = 0 and a1 > 1, then the following hold:

(i) By the best rational approximation property, ∥nα∥ ≥ ∥qkα∥ for all 1 ≤ n < qk+1.

(ii) The integer closest to qkα is pk , and (−1)k(qkα− pk)= ∥qkα∥.

(iii) 1/(qk∥qkα∥)= [ak+1; ak+2, ak+3, . . . ] + [0; ak, ak−1, . . . , a1].

Note that (iii) follows easily from the well-known algebraic identity

[a0; a1, . . . , ak, x] =
pk x + pk−1

qk x + qk−1

with x = [ak+1; ak+2, ak+3, . . . ], and the fact that qk−1/qk = [0; ak, ak−1, . . . , a1]. In particular, (iii)
implies that 1/(ak+1 + 2)≤ qk∥qkα∥ ≤ 1/ak+1.

The recursion ∥qk+1α∥ = −ak+1∥qkα∥ +∥qk−1α∥ and the identity |α− pk/qk | + |α− pk+1/qk+1| =

1/(qkqk+1), in other words, qk+1∥qkα∥ + qk∥qk+1α∥ = 1, are also classical. Finally, recall the identity

qk+1 pk − qk pk+1 = (−1)k+1, k ≥ 0. (17)

The Ostrowski expansion of a nonnegative integer N is the unique representation N =
∑K−1

k=0 bkqk , where
0 ≤ b0 < a1 and 0 ≤ bk ≤ ak+1 are integers which satisfy the rule that bk−1 = 0 whenever bk = ak+1.

We first prove a useful estimate for εk(N ), as defined in (12). Note that in the product formula (13)
only those indices k appear for which bk ≥ 1; otherwise the inner product is empty, and by convention
equals 1. For all intents and purposes, εk(N ) is thus only defined for those k for which bk ≥ 1.

Lemma 6. Let N =
∑K−1

k=0 bkqk be the Ostrowski expansion of a nonnegative integer. For any k ≥ 0 such
that bk ≥ 1,

−1<−qk∥qkα∥ + qk∥qk+1α∥ ≤ εk(N )≤ qk∥qk+1α∥< 1
2 . (18)

If bk+1 ≤ (1 − δ)ak+2 with some δ > 0, then εk(N ) ≥ −
(
1 −

1
3δ

)
qk∥qkα∥. If condition (6) holds, then

εk(N )≥ −(1 − 1/(eT
+ 2)) for any k ≥ k0 such that bk ≥ 1.

Proof. The estimate (18) was already observed in [Aistleitner and Borda 2022, Lemma 3]. To see the
second claim, assume that bk+1 ≤ (1 − δ)ak+2. Then

εk(N )≥ −qk(bk+1∥qk+1α∥ + bk+3∥qk+3α∥ + · · · )

≥ −qk
(
(1 − δ)ak+2∥qk+1α∥ + ak+4∥qk+3α∥ + · · ·

)
= −qk

(
(1 − δ)(∥qkα∥ −∥qk+2α∥)+ (∥qk+2α∥ −∥qk+4α∥)+ · · ·

)
= −qk

(
(1 − δ)∥qkα∥ + δ∥qk+2α∥

)
.
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It is not difficult to see that ∥qk+2α∥ ≤
2
3∥qkα∥. In particular, we have εk(N )≥ −

(
1 −

1
3δ

)
qk∥qkα∥, as

claimed.
To see the last claim, assume that (6) holds. We then have qk∥qkα∥≤1−1/(eT

+2) for all k ≥k0. Indeed,
this trivially follows from qk∥qkα∥ ≤ 1/ak+1 if ak+1 ≥ 2. If ak+1 = 1, then property (iii) of continued
fractions above gives the more precise bound 1/(qk∥qkα∥)≥1+1/(ak +1). By condition (6), here ak ≤ eT ,
and qk∥qkα∥ ≤ 1−1/(eT

+2) follows. Formula (18) thus gives εk(N )≥ −qk∥qkα∥ ≥ −(1−1/(eT
+2)),

as claimed. □

3.2. A cotangent sum. The cotangent sum

qk−1∑
n=1

n
qk

cot
(
π

npk

qk

)
(19)

will play an important role in our estimates for the shifted Sudler products. This sum is called the
“Vasyunin sum” after the foundational work of Vasyunin [1995]. It is related to the Báez-Duarte–Nyman–
Beurling criterion for the Riemann hypothesis; see in particular [Maier and Rassias 2019]. As we already
observed in [Aistleitner and Borda 2022], a general result of Lubinsky [1999, Theorem 4.1] implies that
for an arbitrary irrational α, ∣∣∣∣qk−1∑

n=1

n
qk

cot
(
π

npk

qk

)∣∣∣∣ ≪ (1 + log max
1≤ℓ≤k

aℓ)qk . (20)

A reciprocity formula of Bettin and Conrey [2013] provides a precise evaluation of (19). In particular,
under assumption (6) we can isolate a main term; this main term is responsible for the exponential
correction factor in Theorem 4. We now give an approximate evaluation of a shifted version of (19).

Lemma 7. Assume (6). For any k ≥ 4 and any x ∈ (−1, 1),

qk−1∑
n=1

n
qk

cot
(
π

npk + (−1)k x
qk

)
=
(−1)kqk

π

(
log

ak

2π
−
0′(1 + x)
0(1 + x)

+ O
(

T + log(ak−1ak)

(1 − |x |)ak

))
+ Oα(1),

where 0 is the gamma function.

Proof. Let

Ck(x)=

qk−1∑
n=1

n
qk

cot
(
π

npk + (−1)k x
qk

)
denote the shifted cotangent sum in the statement of the lemma. We first prove the claim for x = 0, and
then extend it to x ∈ (−1, 1).

It follows from the identity (17) that the multiplicative inverse of (−1)k+1 pk modulo qk is qk−1. We
also have the continued fraction expansion qk−1/qk = [0; ak, ak−1, . . . , a1]. By a reciprocity formula
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of Bettin and Conrey [2013] (see also [Bettin 2015, Proposition 1]), we have

qk−1∑
n=1

n
qk

cot
(
π

npk

qk

)
= (−1)k+1

qk−1∑
n=1

n
qk

cot
(
π

nqk−1

qk

)

= (−1)k+1qk

k∑
ℓ=1

(−1)ℓ

vℓ

(
1
πvℓ

+ψ

(
vℓ−1

vℓ

))
, (21)

where qk−1 is the multiplicative inverse of qk−1 modulo qk , the fractions uℓ/vℓ=[0; ak, ak−1, . . . , ak−ℓ+1]

are the convergents of qk−1/qk (with the convention v0 = 1), and ψ : C\(−∞, 0] → C is an analytic
function with asymptotics

ψ(x)=
log(1/(2πx))+ γ

πx
+ O(log(1/x))

as x → 0 along the positive reals, with γ denoting the Euler–Mascheroni constant. The ℓ= 1 term is

−
1
v1

(
1
πv1

+ψ

(
v0

v1

))
= −

1
ak

(
log(ak/(2π))+ γ

π/ak
+ O(1 + log ak)

)
= −

1
π

(
log

ak

2π
+ γ + O

(
1 + log ak

ak

))
.

The terms 2 ≤ ℓ≤ k − k0 are negligible due to the assumption (log ak)/ak+1 ≤ T :

k−k0∑
ℓ=2

1
vℓ

∣∣∣∣ 1
πvℓ

+ψ

(
vℓ−1

vℓ

)∣∣∣∣ ≪

k−k0∑
ℓ=2

1
vℓ

·
1 + log(vℓ/vℓ−1)

vℓ−1/vℓ

≪

k−k0∑
ℓ=2

1 + log ak−ℓ+1

vℓ−1

≪
1 + log ak−1

ak
+

k−k0∑
ℓ=3

T
vℓ−2

≪
1 + log ak−1

ak
+

T
ak
.

Finally, the terms k − k0 + 1 ≤ ℓ≤ k satisfy

k∑
ℓ=k−k0+1

1
vℓ

∣∣∣∣ 1
πvℓ

+ψ

(
vℓ−1

vℓ

)∣∣∣∣ ≪

k∑
ℓ=k−k0+1

1 + log ak−ℓ+1

vℓ−1
≪α

1
vk

=
1
qk
.

Using the previous three formulas in (21), we get

Ck(0)=
(−1)kqk

π

(
log

ak

2π
+ γ + O

(
T + log(ak−1ak)

ak

))
+ Oα(1). (22)

This proves the claim when x = 0; note that −0′(1)/0(1)= γ .
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Next, let x ∈ (−1, 1), and consider the derivative

C ′

k(x)=

qk−1∑
n=1

(−1)k+1πn

q2
k sin2(π((npk + (−1)k x)/qk)

)=

qk−1∑
n=1

(−1)k+1n
πq2

k ∥(n(−1)k pk + x)/qk∥
2

+ O(1). (23)

In the second step we used the general estimate π/sin2(πy)= 1/(π∥y∥
2)+ O(1). We now isolate a small

number of integers n which give the main contribution in (23). Recall once again that qk−1 pk ≡ (−1)k+1

(mod qk). Let 0< |a| ≤ ak be an integer. Then the solution of the congruence n(−1)k pk ≡ a (mod qk) is
n ≡ −aqk−1 (mod qk); the unique representative of this residue class in 1 ≤ n ≤ qk −1 is n = qk −aqk−1

if 1 ≤ a ≤ ak , and n = −aqk−1 if −ak ≤ a ≤ −1. The contribution of these 2ak integers n in (23) is

(−1)k+1

π

( ak∑
a=1

qk − aqk−1

q2
k ∥a/qk + x/qk∥

2
+

−1∑
a=−ak

−aqk−1

q2
k ∥a/qk + x/qk∥

2

)

=
(−1)k+1

π

( ak∑
a=1

qk

(a + x)2
+

ak∑
a=1

(
aqk−1

(a − x)2
−

aqk−1

(a + x)2

))

=
(−1)k+1qk

π

∞∑
a=1

1
(a + x)2

+ O
(

qk(1 + log ak)

(1 − |x |)2ak

)
.

Note that we used the assumption k ≥ 4 to ensure that (ak +1)/qk ≤
1
2 . Since the contribution of all other

integers n in (23) is

≪

∑
ak<|a|≤

1
2 qk

1
qk(1 − |x |)2∥a/qk∥

2 ≪
qk

(1 − |x |)2ak
,

we get

C ′

k(x)=
(−1)k+1qk

π

∞∑
a=1

1
(a + x)2

+ O
(

qk(1 + log ak)

(1 − |x |)2ak

)
.

By integrating and identifying the resulting infinite series as a special function we get

Ck(x)− Ck(0)=
(−1)k+1qk

π

∞∑
a=1

(
1
a

−
1

a + x

)
+ O

(
qk(1 + log ak)

(1 − |x |)ak

)

=
(−1)k+1qk

π

(
γ +

0′(1 + x)
0(1 + x)

+ O
(

1 + log ak

(1 − |x |)ak

))
,

and the claim for general x ∈ (−1, 1) follows from the special case (22). □

3.3. A modified cotangent sum. We will actually need a slightly modified version of the cotangent sum
in Lemma 7, defined as

Vk(x) :=

qk−1∑
n=1

sin(πn∥qkα∥/qk) cot
(
π

n(−1)k pk + x
qk

)
. (24)
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Lemma 8. (i) For any k ≥ 1, the derivative of Vk(x) on the interval (−1, 1) satisfies

V ′

k(x) < 0 and |V ′

k(x)| ≪
1

(1 − |x |)2ak+1
.

(ii) For any k ≥ 1,

|Vk(0)| ≪
1 + log max1≤ℓ≤k aℓ

ak+1
.

(iii) Assume (6). For any k ≥ 4 and any x ∈ (−1, 1),

Vk(x)
qk∥qkα∥

= log
ak

2π
−
0′(1 + x)
0(1 + x)

+ O
(

T + log(ak−1ak)

(1 − |x |)ak

)
+ Oα

(
1
qk

)
.

In particular,

Vk(x)=
log ak

ak+1
+ O

(
T

(1 − |x |)ak+1

)
+ Oα

(
1

qk+1

)
.

Proof. Let x ∈ (−1, 1). Clearly,

V ′

k(x)=

qk−1∑
n=1

sin(πn∥qkα∥/qk)
−π

qk sin2(π(n(−1)k pk/qk + x/qk)
) < 0.

By the general inequality |sin(πy)| ≥ 2∥y∥ and

∥n(−1)k pk/qk + x/qk∥ ≥ (1 − |x |)∥npk/qk∥,

we also have

|V ′

k(x)| ≪

qk−1∑
n=1

∥qkα∥

qk(1 − |x |)2∥npk/qk∥
2 ≪

qk∥qkα∥

(1 − |x |)2
≪

1
(1 − |x |)2ak+1

.

In the second step we used the fact that as n runs in the interval 1 ≤ n ≤ qk − 1, the integers npk attain
each nonzero residue class modulo qk exactly once. This finishes the proof of (i).

Next, note that the general estimate sin y = y+O(|y|
3) implies the error of replacing sin(πn∥qkα∥/qk)

by πn∥qkα∥/qk in the definition of Vk(x) is

≪

qk−1∑
n=1

n3
∥qkα∥

3

q3
k

∣∣∣∣cot
(
π

n(−1)k pk + x
qk

)∣∣∣∣ ≪

qk−1∑
n=1

∥qkα∥
3

(1 − |x |)∥npk/qk∥
≪

∥qkα∥
3qk log qk

1 − |x |
,

and hence

Vk(x)= π∥qkα∥

qk−1∑
n=1

n
qk

cot
(
π

n(−1)k pk + x
qk

)
+ O

(
∥qkα∥

3qk log qk

1 − |x |

)
.

Claims (ii) and (iii) thus follow from (20) and Lemma 7, respectively. □
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3.4. The reflection and transfer principles. In our previous paper [Aistleitner and Borda 2022] we
showed the useful identity

PN (p/q) · Pq−N−1(p/q)= q

for any reduced fraction p/q and any integer 0 ≤ N < q . We also proved that

|log PN (pk/qk)− log PN (α)| ≪
1 + log max1≤ℓ≤k aℓ

ak+1

for an arbitrary irrational α and all 0 ≤ N < qk . We called these results the reflection and transfer
principles, respectively; the latter terminology comes from the fact that it helps transfer results between
rational and irrational settings. In this section we establish similar principles for shifted Sudler products.

Proposition 9. Let p/q be a reduced fraction. For any 0 ≤ N < q and any x ∈ R,

PN (p/q, x) · Pq−N−1(p/q,−x)=

{
|sin(πqx)|/|sin(πx)| if x ̸∈ Z,

q if x ∈ Z.
(25)

In particular, for any x ∈ R,

Pq−1(p/q, x)=

{
|sin(πqx)|/|sin(πx)| if x ̸∈ Z,

q if x ∈ Z.
(26)

Proof. For a given x ∈ R consider the factorization

tq
− e2π iqx

= (t − e2π i x)

q−1∏
j=1

(t − e2π i( j/q+x)).

Dividing both sides by (t − e2π i x) and letting t → 1, we get
q−1∏
j=1

(1 − e2π i( j/q+x))=

{
(1 − e2π iqx)/(1 − e2π i x) if x ̸∈ Z,

q if x ∈ Z.

Therefore

Pq−1(p/q, x)=

q−1∏
n=1

|1 − e2π i(np/q+x)
| =

q−1∏
j=1

|1 − e2π i( j/q+x)
| =

{
|sin(πqx)|/|sin(πx)| if x ̸∈ Z,

q if x ∈ Z,

as claimed in (26). Next, let 0 ≤ N < q. By the definition of shifted Sudler products and the previous
formula,

PN (p/q, x) ·
q−1∏

n=N+1

|2 sin(π(np/q + x))| = Pq−1(p/q, x)=

{
|sin(πqx)|/|sin(πx)| if x ̸∈ Z,

q if x ∈ Z.

A simple reindexing shows that here
q−1∏

n=N+1

|2 sin(π(np/q + x))| =

q−N−1∏
j=1

∣∣2 sin
(
π((q − j)p/q + x)

)∣∣ = Pq−N−1(p/q,−x),

which proves (25). □
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Corollary 10. Let k ≥ 1 and 0 ≤ M < qk be integers, and define

Bk,M(x) := log
PM(α, (−1)k x/qk)

PM(pk/qk, (−1)k x/qk)
−

M∑
n=1

sin(πn∥qkα∥/qk) cot
(
π

n(−1)k pk + x
qk

)
. (27)

Then

log Pqk (α, (−1)k x/qk)= log
(

|2 sin(π(∥qkα∥ + x/qk))|
|sin(πx)|

|sin(πx/qk)|

)
+ Vk(x)+ Bk,qk−1(x),

with the convention |sin(πx)|/|sin(πx/qk)| = qk when x/qk ∈ Z.

Proof. By the definitions (27) of Bk,M(x) and (24) of Vk(x),

log Pqk−1(α, (−1)k x/qk)= log Pqk−1(pk/qk, (−1)k x/qk)+ Vk(x)+ Bk,qk−1(x). (28)

Using the identity (26), here

log Pqk−1(pk/qk, (−1)k x/qk)= log
|sin(πx)|

|sin(πx/qk)|
.

Adding log
∣∣2 sin

(
π(qkα+ (−1)k x/qk)

)∣∣ = log|2 sin(π(∥qkα∥ + x/qk))| to both sides of (28), the claim
follows. □

In the claim of Corollary 10 we consider Vk(x) to be a first-order correction term, and Bk,qk−1(x) to
be an error term. The following proposition gives estimates for Bk,M(x); we call it the transfer principle
for shifted Sudler products. In fact, in the present paper we will only use it with M = qk − 1.

Proposition 11. (i) Let k ≥ 1 and 0 ≤ M < qk be integers, and assume that qk∥qkα∥ ≤ 1 − ck and
−1< x ≤ 1 − qk∥qkα∥/(1 − ck) for some ck such that 10/q2

k ≤ ck < 1. Then

−C
log(4/ck)

(1 − |x |)2a2
k+1

≤ Bk,M(x)≤ C
1

a2
k+1qk

with a universal constant C > 0.

(ii) Let N =
∑K−1

k=0 bkqk be the Ostrowski expansion of a nonnegative integer. For any 1 ≤ k ≤ K − 1,
any 0 ≤ M < qk and any 0 ≤ b ≤ bk − 1, we have

Bk,M(bqk∥qkα∥ + εk(N ))≤ C
1

a2
k+1qk

with a universal constant C > 0.

Proof of Proposition 11 (i). Using trigonometric identities we can write

PM(α, (−1)k x/qk)

PM(pk/qk, (−1)k x/qk)
=

∣∣∣∣ M∏
n=1

sin
(
π(nα+ (−1)k x/qk)

)
sin

(
π(npk/qk + (−1)k x/qk)

) ∣∣∣∣ =

∣∣∣∣ M∏
n=1

(1 + xn + yn)

∣∣∣∣, (29)

where
xn := cos(πn(α− pk/qk))− 1 = cos(πn∥qkα∥/qk)− 1
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and
yn := sin(πn(α− pk/qk)) cot

(
π(npk/qk + (−1)k x/qk)

)
= sin(πn∥qkα∥/qk) cot

(
π(n(−1)k pk/qk + x/qk)

)
.

Assume first that 0 ≤ x ≤ 1 − qk∥qkα∥/(1 − ck). From the Taylor expansions of sine and cosine, and the
estimate

∥n(−1)k pk/qk + x/qk∥ ≥ (1 − x)∥npk/qk∥ ≥ (1 − x)/qk, (30)

we get that for any 0< n < qk ,

|xn| ≤
π2n2

∥qkα∥
2

2q2
k

≤
1
2

ck (31)

and

|yn| ≤
sin(πn∥qkα∥/qk)∣∣sin

(
π(n(−1)k pk/qk + x/qk)

)∣∣ ≤
π∥qkα∥

π(1 − x)/qk −π3(1 − x)3/(6q3
k )

≤
qk∥qkα∥

1 − x
·

1
1 −π2/(6q2

k )

≤ (1 − ck)
1

1 −π2/(6q2
k )

≤ 1 −
3
4

ck .

The point is that each factor in (29) is bounded away from zero, as 1 + xn + yn ≥
1
4 ck ; in particular, the

absolute values in (29) can be removed. Since yn is a decreasing function of x ∈ (−1, 1), the same holds
if −1< x < 0.

Observe that for any t ≥ −1 +
1
4 ck ,

et−2t2 log(4/ck) ≤ 1 + t ≤ et .

Indeed, one readily verifies that the function e−t+2t2 log(4/ck)(1 + t) attains its minimum on the interval[
−1 +

1
4 ck,∞

)
at t = 0. Applying this estimate with t = xn + yn in each factor of (29), we obtain

exp
( M∑

n=1

(xn + yn)− 2
M∑

n=1

(xn + yn)
2 log(4/ck)

)
≤

PM(α, (−1)k x/qk)

PM(pk/qk, (−1)k x/qk)

≤ exp
( M∑

n=1

(xn + yn)

)
. (32)

By (31), we have
M∑

n=1

|xn| ≪

M∑
n=1

1
a2

k+1q2
k

≪
1

a2
k+1qk

and
M∑

n=1

x2
n log(4/ck)≪

M∑
n=1

log(4/ck)

a4
k+1q4

k
≪

log(4/ck)

a4
k+1q3

k

.

From (30) we get

|yn| ≤
sin(πn∥qkα∥/qk)∣∣sin

(
π(n(−1)k pk/qk + x/qk)

)∣∣ ≪
∥qkα∥

(1 − |x |)∥npk/qk∥
,
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and hence
M∑

n=1

y2
n log(4/ck)≪

M∑
n=1

∥qkα∥
2 log(4/ck)

(1 − |x |)2∥npk/qk∥
2 ≪

log(4/ck)

(1 − |x |)2a2
k+1

.

The estimate (32) thus simplifies as

−C
log(4/ck)

(1 − |x |)2a2
k+1

≤ log
PM(α, (−1)k x/qk)

PM(pk/qk, (−1)k x/qk)
−

M∑
n=1

yn ≤ C
1

a2
k+1qk

with some universal constant C > 0, which proves the claim. □

Proof of Proposition 11 (ii). We argue as in the previous proof. First, we claim that in (29) the absolute
values can be removed at the point x = bqk∥qkα∥ + εk(N ). To see this, note that

nα+ (−1)k x/qk = (−1)k
(
(n + bqk)∥qkα∥ + εk(N )

)
/qk + npk/qk .

By Lemma 6, here

(n + bqk)∥qkα∥ + εk(N )≤ (b + 1)qk∥qkα∥ + qk∥qk+1α∥< qk+1∥qkα∥ + qk∥qk+1α∥ = 1,

and also

(n + bqk)∥qkα∥ + εk(N )≥ εk(N ) >−1.

Consequently, |nα + (−1)k x/qk − npk/qk | < 1/qk . We clearly also have |x | < 1, and therefore the
points nα+ (−1)k x/qk and npk/qk + (−1)k x/qk both lie in the open interval centered at npk/qk ̸∈ Z of
radius 1/qk . Since the function sin(πy) does not have a zero in this interval, we have

sin(π(nα+ (−1)k x/qk))

sin(π(npk/qk + (−1)k x/qk))
> 0.

Hence (29) indeed holds without the absolute values; that is,

PM(α, (−1)k x/qk)

PM(pk/qk, (−1)k x/qk)
=

M∏
n=1

sin(π(nα+ (−1)k x/qk))

sin(π(npk/qk + (−1)k x/qk))
=

M∏
n=1

(1 + xn + yn)

with xn , yn as in the previous proof. The upper bound

PM(α, (−1)k x/qk)

PM(pk/qk, (−1)k x/qk)
exp

(
−

M∑
n=1

yn

)
≤ exp

( M∑
n=1

xn

)
≤ exp

(
C

1
a2

k+1qk

)
immediately follows, as claimed. □

3.5. Key estimate for shifted Sudler products. We emphasize that in the following proposition we do
not assume condition (6), so it could serve as a starting point for various generalizations of the results in
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this paper. In the proofs of our theorems, condition (6) will ensure that in the claim of the proposition the
contribution of the cotangent sum (the sum expressed in terms of Vk(x)) is negligible compared to the
sum which is expressed in terms of log|2 sin(πx)|.

Proposition 12. Let N =
∑K−1

k=0 bkqk be the Ostrowski expansion of a nonnegative integer. For any k ≥ 1
such that bk ≥ 1,

bk−1∑
b=0

log Pqk

(
α, (−1)k(bqk∥qkα∥ + εk(N ))/qk

)
=

bk−1∑
b=1

log
∣∣2 sin

(
π(bqk∥qkα∥ + εk(N ))

)∣∣ + bk−1∑
b=0

Vk(bqk∥qkα∥ + εk(N ))

+ log
(
2π(bkqk∥qkα∥ + εk(N ))

)
+ Ek(N ),

where Ek(N ) ≤ C/(ak+1qk) with a universal constant C > 0. If in addition k ≥ 20 log(20/δ), bk ≤

(1− δ)ak+1 and qk∥qkα∥ ≤ 1− δ with some δ > 0, then Ek(N )≥ −C(log(2/δ)/δ2)(1/ak+1 +1/q2
k ) with

a universal constant C > 0.

Proof. For the sake of readability, put f (x) = |2 sin(πx)| and εk = εk(N ). Applying Corollary 10 at
x = bqk∥qkα∥ + εk and summing over 0 ≤ b ≤ bk − 1, we get

bk−1∑
b=0

log Pqk

(
α, (−1)k(bqk∥qkα∥ + εk)/qk

)
=

bk−1∑
b=0

log
(

f ((b + 1)∥qkα∥ + εk/qk)
f (bqk∥qkα∥ + εk)

f (b∥qkα∥ + εk/qk)

)
+

bk−1∑
b=0

Vk(bqk∥qkα∥ + εk)

+

bk−1∑
b=0

Bk,qk−1(bqk∥qkα∥ + εk).

Observe that the first sum on the right-hand side has a telescoping part. Peeling off the b=0 term, we obtain

bk−1∑
b=0

log Pqk

(
α, (−1)k(bqk∥qkα∥ + εk)/qk

)
=

bk−1∑
b=1

log f (bqk∥qkα∥ + εk)+

bk−1∑
b=0

Vk(bqk∥qkα∥ + εk)+ log
(

f (bk∥qkα∥ + εk/qk)
f (εk)

f (εk/qk)

)

+

bk−1∑
b=0

Bk,qk−1(bqk∥qkα∥ + εk),

with the convention that f (εk)/ f (εk/qk)= qk if εk = 0. It remains to estimate the error term

Ek(N ) := log
(

f (bk∥qkα∥ + εk/qk)

2π(bkqk∥qkα∥ + εk)
·

f (εk)

f (εk/qk)

)
+

bk−1∑
b=0

Bk,qk−1(bqk∥qkα∥ + εk).
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First, we prove the upper bound for Ek(N ). Using Bk,qk−1(bqk∥qkα∥ + εk) ≤ C/(a2
k+1qk) from

Proposition 11(ii) and elementary estimates for the sine function,

Ek(N )≤ log
(

f (bk∥qkα∥ + εk/qk)

2π(bkqk∥qkα∥ + εk)
· qk

)
+

bk−1∑
b=0

C
a2

k+1qk
≤

C
ak+1qk

,

as claimed.
Next, assume, in addition, that k ≥ 20 log(20/δ), bk ≤ (1− δ)ak+1 and qk∥qkα∥ ≤ 1− δ. By Lemma 6,

for any 0 ≤ b ≤ bk − 1, the point x = bqk∥qkα∥ + εk satisfies

x ≤ ((1 − δ)ak+1 − 1)qk∥qkα∥ + qk∥qk+1α∥

= ((1 − δ)ak+1 − 1)qk∥qkα∥ + 1 − qk+1∥qkα∥

≤ 1 − (1 + δ)qk∥qkα∥,

and also

x ≥ εk ≥ −qk∥qkα∥ ≥ −(1 − δ).

Hence we can apply Proposition 11(i) with ck = δ/(1 + δ). Note that the assumption k ≥ 20 log(20/δ)
ensures that ck ≥ 10/q2

k . Since we also have |x | ≤ 1 − δ, we obtain

bk−1∑
b=0

Bk,qk−1(bqk∥qkα∥ + εk)≥

bk−1∑
b=0

(
−

C log(4/ck)

δ2a2
k+1

)
≥ −

C log(2/δ)
δ2ak+1

.

Finally, using the general estimate sin y = y(1 + O(y2)) we get

f (bk∥qkα∥ + εk/qk)= 2π(bk∥qkα∥ + εk/qk)(1 + O(1/q2
k ))

and
f (εk)

f (εk/qk)
= qk(1 + O(ε2

k ))= qk(1 + O(1/a2
k+1)).

Therefore

log
(

f (bk∥qkα∥ + εk/qk)

2π(bkqk∥qkα∥ + εk)
·

f (εk)

f (εk/qk)

)
= log(1 + O(1/a2

k+1 + 1/q2
k ))= O(1/a2

k+1 + 1/q2
k ).

Altogether we get Ek(N )≥ −C(log(2/δ)/δ2)(1/ak+1 + 1/q2
k ), as claimed. □

4. Proof of Theorem 1

Throughout this section we assume that (6) holds with some k0, T ≥ 1. Let δT > 0 be a small enough con-
stant depending only on T ; for the convenience of the reader we mention that δT = min

{
1/(4πe2T ), 1

100

}
is a suitable choice. We may assume that k0 ≥ 20 log(20/δT ). Let us now introduce a sequence which
will play a key role in the proof of Theorem 1.
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Definition. Let N be a nonnegative integer with Ostrowski expansion N =
∑K−1

k=0 bkqk . For any k0 ≤

k ≤ K − 1, let uk(N )= 1 if bk = 0, and let

uk(N )=

( bk−1∏
b=1

∣∣2 sin
(
π(bqk∥qkα∥ + εk(N ))

)∣∣) exp
( bk−1∑

b=0

Vk(bqk∥qkα∥ + εk(N ))
)

× 2π(bkqk∥qkα∥ + εk(N ))

if bk ≥ 1. Finally, let UN =
∏K−1

k=k0
uk(N ).

Summarizing the results of the previous section, we can rephrase Proposition 12 in terms of UN .

Proposition 13. For any nonnegative integer with Ostrowski expansion N =
∑K−1

k=0 bkqk , we have

log PN (α)= log UN −

K−1∑
k=k0

Fk(N )+ OT

( K∑
k=1

1
ak

)
+ Oα(1)

with some Fk(N ) satisfying Fk(N ) ≥ 0 for all k0 ≤ k ≤ K − 1, and Fk(N ) = 0 for all k0 ≤ k ≤ K − 1
such that bk ≤ (1 − δT )ak+1.

We have thus reduced the problem of estimating PN (α) to UN , and the rest of the section is devoted
to studying the latter sequence. Our main strategy will be to start with an arbitrary nonnegative integer
N =

∑K−1
k=0 bkqk , and to change its Ostrowski coefficients one by one; we call such a transformation

a projection. After finitely many projections we will transform all Ostrowski coefficients bk with
k0 ≤ k ≤ K − 1 to b∗

k =
⌊5

6ak+1
⌋
. Keeping track of the effect of each projection, we will be able to

compare UN to UN∗ .

Proof of Proposition 13. Let Ek(N ) be as in Proposition 12 if bk ≥ 1, and Ek(N )= 0 if bk = 0. By the
definition earlier in this section, for any k0 ≤ k ≤ K − 1 we have

bk−1∏
b=0

Pqk

(
α, (−1)k(bqk∥qkα∥ + εk(N ))/qk

)
= uk(N )eEk(N ),

and hence from the factorization (13) we get

PN (α)=

( k0−1∏
k=0

bk−1∏
b=0

Pqk

(
α, (−1)k(bqk∥qkα∥ + εk(N ))/qk

))
UN

K−1∏
k=k0

eEk(N ). (33)

We start by finding upper and lower bounds for the first factor independent of N . For an upper bound,
simply use Pqk (α, x)≤ 2qk to get

k0−1∏
k=0

bk−1∏
b=0

Pqk

(
α, (−1)k(bqk∥qkα∥ + εk(N ))/qk

)
≤ 2q1+···+qk0 ≪α 1.
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To see a lower bound, let 0 ≤ k ≤ k0 − 1 and 0 ≤ b ≤ bk − 1. Then

Pqk

(
α, (−1)k(bqk∥qkα∥ + εk(N ))/qk

)
=

qk∏
n=1

∣∣2 sin
(
π((n + bqk)α+ (−1)kεk(N )/qk)

)∣∣.
Here (n + bqk) ≤ qk + (ak+1 − 1)qk < qk+1, and thus by the best rational approximation property and
Lemma 6,

∥(n + bqk)α+ (−1)kεk(N )/qk∥ ≥ ∥(n + bqk)α∥ − |εk(N )|/qk ≥ ∥qkα∥ −∥qk+1α∥.

It follows that ∥(n + bqk)α+ (−1)kεk(N )/qk∥ ≫α 1, and hence

Pqk

(
α, (−1)k(bqk∥qkα∥ + εk(N ))/qk

)
≫α 1.

The first factor in (33) is thus both ≪α 1 and ≫α 1, so

log PN (α)= log UN +

K−1∑
k=k0

Ek(N )+ Oα(1).

By Proposition 12, here Ek(N )≤ C/(ak+1qk) for all k0 ≤ k ≤ K −1, and Ek(N )≥ −C(log(2/δT )/δ
2
T )×

(1/ak+1 + 1/q2
k ) for all k0 ≤ k ≤ K − 1 such that bk ≤ (1 − δT )ak+1 with a universal constant C > 0. Let

Fk(N )= max{−Ek(N ), 0} if bk > (1 − δT )ak+1, and Fk(N )= 0 otherwise. Then

Fk(N )= −Ek(N )+ OT

(
1

ak+1
+

1
q2

k

)
for all k0 ≤ k ≤ K − 1, and the claim follows. □

4.1. Key estimate for projections. We now introduce the main technical tool in the proof of Theorem 1,
and establish its key property.

Definition. Let N =
∑K−1

k=0 bkqk be the Ostrowski expansion of a nonnegative integer, and let k0 ≤ m ≤

K − 1 and 0 ≤ B ≤ (1 − δT )am+1 be integers. The projection of N with respect to the index m and the
integer B is projm,B(N ) := N ′

=
∑K−1

k=0 b′

kqk , where b′

k = bk for all k ̸= m, and b′
m = B.

Proposition 14. Let N =
∑K−1

k=0 bkqk be the Ostrowski expansion of a nonnegative integer, and let
k0 ≤ m ≤ K −1 and 0 ≤ B ≤ (1−δT )am+1 be integers. Assume that bk ≤ (1−δT )ak+1 for all k0 ≤ k <m.
If m > k0, then projm,B(N )= N ′ satisfies

log UN ′ − log UN ≥ log um(N ′)− log um(N )− (log(bm−1 + 1))
b′

m − bm

am+1
− OT

(
|b′

m − bm |

am+1

)
. (34)

If m > k0 and bm ≤ (1 − δT )am+1, then (34) holds with equality. If m = k0, then (34) with the term
−(log(bm−1 + 1))(b′

m − bm)/(am−1) removed holds with equality.

Proof. For the sake of readability, let f (x)= |2 sin(πx)|. By definition (12), we have

εk(N ′)− εk(N )= (−1)k+m(b′

m − bm)qk∥qmα∥ for all k0 ≤ k < m, (35)
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and εk(N ′) = εk(N ) for all m ≤ k ≤ K − 1. Recalling the definition on page 691, it follows that
uk(N ′)= uk(N ) for all m < k ≤ K − 1, and hence

log UN ′ − log UN = log um(N ′)− log um(N )+
m−1∑
k=k0

(log uk(N ′)− log uk(N )). (36)

Let k0 ≤ k ≤ m − 1, and consider the corresponding term in the sum on the right-hand side of (36).
If b′

k = bk = 0, then log uk(N ′)= log uk(N )= 0. Otherwise,

log uk(N ′)− log uk(N )=

bk−1∑
b=1

log
f (bqk∥qkα∥ + εk(N ′))

f (bqk∥qkα∥ + εk(N ))

+

bk−1∑
b=0

(
Vk(bqk∥qkα∥ + εk(N ′))− Vk(bqk∥qkα∥ + εk(N ))

)
+ log

bkqk∥qkα∥ + εk(N ′)

bkqk∥qkα∥ + εk(N )
. (37)

To estimate the second term in (37), note that by Lemma 6 we have

bqk∥qkα∥ + εk(N )≥ −(1 − δT ),

and that by the assumption bk ≤ (1 − δT )ak+1,

bqk∥qkα∥ + εk(N )≤ bkqk∥qkα∥ ≤ 1 − δT .

Lemma 8(i) implies that |V ′

k(x)| ≪T 1/ak+1 on the interval [−(1 − δT ), 1 − δT ], and therefore∣∣∣∣ bk−1∑
b=0

(
Vk(bqk∥qkα∥ + εk(N ′))− Vk(bqk∥qkα∥ + εk(N ))

)∣∣∣∣ ≪T |εk(N ′)− εk(N )|.

Using (35),

m−1∑
k=k0

|εk(N ′)− εk(N )| ≤ |b′

m − bm | · ∥qmα∥

m−1∑
k=k0

qk ≪ |b′

m − bm | · ∥qmα∥qm−1 ≤
|b′

m − bm |

am+1
,

consequently from (36) and (37) we get

log UN ′ − log UN = log um(N ′)− log um(N )

+

m−1∑
k=k0,
bk≥1

( bk−1∑
b=1

log
f (bqk∥qkα∥ + εk(N ′))

f (bqk∥qkα∥ + εk(N ))
+ log

bkqk∥qkα∥ + εk(N ′)

bkqk∥qkα∥ + εk(N )

)

+ OT

(
|b′

m − bm |

am+1

)
. (38)

Next, we show that the sum over k0 ≤k ≤m−2 in the previous formula is negligible. Let k0 ≤k ≤m−2. By
assumption, bk+1 ≤ (1−δT )ak+2, and so εk(N )≥ −

(
1−

1
3δT

)
qk∥qkα∥ and εk(N ′)≥ −

(
1−

1
3δT

)
qk∥qkα∥
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follow from Lemma 6. In particular, bqk∥qkα∥ + εk(N ) and bqk∥qkα∥ + εk(N ′) both lie in the interval[(
b−1+

1
3δT

)
qk∥qkα∥, 1−δT

]
for all 1 ≤ b ≤ bk −1. Since |(log f (x))′| ≪T 1/

((
b − 1 +

1
3δT

)
qk∥qkα∥

)
on this interval, we have

bk−1∑
b=1

∣∣∣∣log
f (bqk∥qkα∥ + εk(N ′))

f (bqk∥qkα∥ + εk(N ))

∣∣∣∣ ≪T

bk−1∑
b=1

|εk(N ′)− εk(N )|(
b − 1 +

1
3δT

)
qk∥qkα∥

≪T ak+1(log ak+1)|εk(N ′)− εk(N )|

≪T ak+1ak+2qk |b′

m − bm | · ∥qmα∥

≤ qk+2|b′

m − bm | · ∥qmα∥,

where we used (35) and condition (6). Since bkqk∥qkα∥+ εk(N ) and bkqk∥qkα∥+ εk(N ′) both lie in the
interval

[1
3δT qk∥qkα∥, 2

]
, and |(log x)′| ≪T ak+1 on this interval, we similarly get∣∣∣∣log

bkqk∥qkα∥ + εk(N ′)

bkqk∥qkα∥ + εk(N )

∣∣∣∣ ≪T ak+1|εk(N ′)− εk(N )| ≪ qk+1|b′

m − bm | · ∥qmα∥.

From the previous two formulas and
∑m−2

k=k0
qk+2 ≪ qm we get

m−2∑
k=k0,
bk≥1

∣∣∣∣ bk−1∑
b=1

log
f (bqk∥qkα∥ + εk(N ′))

f (bqk∥qkα∥ + εk(N ))
+ log

bkqk∥qkα∥ + εk(N ′)

bkqk∥qkα∥ + εk(N )

∣∣∣∣ ≪T
|b′

m − bm |

am+1
,

and hence if m > k0, (38) simplifies as

log UN ′ − log UN = log um(N ′)− log um(N )

+

bm−1−1∑
b=1

log
f (bqm−1∥qm−1α∥ + εm−1(N ′))

f (bqm−1∥qm−1α∥ + εm−1(N ))

+ I{bm−1≥1} log
bm−1qm−1∥qm−1α∥ + εm−1(N ′)

bm−1qm−1∥qm−1α∥ + εm−1(N )
+ OT

(
|b′

m − bm |

am+1

)
. (39)

If m = k0, then (39) holds with the second and third terms on the right-hand side removed, and the claim
for m = k0 follows.

Let m> k0. To proceed, we distinguish between two cases: Case 1 is εm−1(N ) <−
(
1−

1
3δT

)
qm∥qmα∥,

and Case 2 is εm−1(N ) ≥ −
(
1 −

1
3δT

)
qm∥qmα∥. We will show that (34) holds in Case 1, and that (34)

holds with equality in Case 2. Note that this will prove the proposition; indeed, (34) follows in either
case, whereas by Lemma 6 the additional assumption bm ≤ (1 − δT )am+1 ensures that we are in Case 2.

Case 1: Assume that εm−1(N ) <−
(
1 −

1
3δT

)
qm∥qmα∥. By assumption, b′

m ≤ (1 − δT )am+1, and hence
εm−1(N ′)≥ −

(
1−

1
3δT

)
qm∥qmα∥ follows from Lemma 6. In particular, εm−1(N ) < εm−1(N ′), and hence

I{bm−1≥1} log
bm−1qm−1∥qm−1α∥ + εm−1(N ′)

bm−1qm−1∥qm−1α∥ + εm−1(N )
≥ 0. (40)
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If bm−1 = 0 or 1, then (34) follows from (39); therefore we may assume that bm−1 ≥ 2. Since (log f (x))′ =
π cot(πx), for any 1 ≤ b ≤ bm−1 − 1 we have

log
f (bqm−1∥qm−1α∥ + εm−1(N ′))

f (bqm−1∥qm−1α∥ + εm−1(N ))
=

∫ bqm−1∥qm−1α∥+εm−1(N ′)

bqm−1∥qm−1α∥+εm−1(N )
π cot(πx) dx

≥ π cot
(
π(bqm−1∥qm−1α∥ + εm−1(N ′))

)
· (εm−1(N ′)− εm−1(N )).

Using |π cot(πx)− 1/x | ≪T 1 for all |x | ≤ 1 − δT , we get

bm−1−1∑
b=1

π cot
(
π(bqm−1∥qm−1α∥ + εm−1(N ′))

)
=

bm−1−1∑
b=1

1
bqm−1∥qm−1α∥ + εm−1(N ′)

+ OT (am)

= am log(bm−1 + 1)+ OT (am).

The previous two formulas give

bm−1−1∑
b=1

log
f (bqm−1∥qm−1α∥ + εm−1(N ′))

f (bqm−1∥qm−1α∥ + εm−1(N ))

≥ am(log(bm−1 + 1))(εm−1(N ′)− εm−1(N ))+ OT
(
am |εm−1(N ′)− εm−1(N )|

)
= −(log(bm−1 + 1))

b′
m − bm

am+1
+ OT

(
|b′

m − bm |

am+1

)
,

and therefore (39) and (40) imply the desired inequality (34). This concludes the proof of Case 1.

Case 2: Assume that εm−1(N )≥ −
(
1 −

1
3δT

)
qm∥qmα∥. Repeating arguments from above, we now have

I{bm−1≥1} log
bm−1qm−1∥qm−1α∥ + εm−1(N ′)

bm−1qm−1∥qm−1α∥ + εm−1(N )
= OT

(
|b′

m − bm |

am+1

)
. (41)

If bm−1 = 0 or 1, then the sum in (39) is empty, and it follows that (34) holds with equality; thus
we may again assume that bm−1 ≥ 2. Since we are in Case 2, for any 1 ≤ b ≤ bm−1 − 1 the points
bqm−1∥qm−1α∥ + εm−1(N ) and bqm−1∥qm−1α∥ + εm−1(N ′) lie in the interval[(

b − 1 +
1
3δT

)
qm−1∥qm−1α∥, (b + 1)qm−1∥qm−1α∥

]
.

Note that here (b + 1)qm−1∥qm−1α∥ ≤ 1 − δT . We have (log f (x))′ = π cot(πx), and |(log f (x))′′| =

|π/sin2(πx)| ≪T 1/(b2q2
m−1∥qm−1α∥

2) on the same interval. Applying a second-order Taylor formula,
we thus get

log
f (bqm−1∥qm−1α∥ + εm−1(N ′))

f (bqm−1∥qm−1α∥ + εm−1(N ))
= π cot

(
π(bqm−1∥qm−1α∥ + εm−1(N ′))

)
(εm−1(N ′)− εm−1(N ))

+ OT

(
(εm−1(N ′)− εm−1(N ))2

b2q2
m−1∥qm−1α∥2

)
.
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The contribution of the error term is negligible:

bm−1−1∑
b=1

(εm−1(N ′)− εm−1(N ))2

b2q2
m−1∥qm−1α∥2

≪ a2
m(εm−1(N ′)−εm−1(N ))2 = a2

mq2
m−1(b

′

m −bm)
2
∥qmα∥

2
≤

|b′
m − bm |

am+1
.

Arguing as in Case 1, the previous two formulas yield

bm−1−1∑
b=1

log
f (bqm−1∥qm−1α∥ + εm−1(N ′))

f (bqm−1∥qm−1α∥ + εm−1(N ))
= −(log(bm−1 + 1))

b′
m − bm

am+1
+ OT

(
|b′

m − bm |

am+1

)
,

and therefore (39) and (41) imply that (34) holds with equality. This concludes the proof of Case 2. □

4.2. Regularizing and optimizing projections. We introduced the concept of a projection in the definition
on page 692. Starting with a nonnegative integer with Ostrowski expansion N =

∑K−1
k=0 bkqk , our strategy

is to apply projections to N in two rounds. In the first, we project the coefficients with bk >(1−δT )ak+1 to

b∗∗

k :=

{
0 if ak+1 = 2,

⌊(1 − δT )ak+1⌋ if ak+1 ̸= 2
(42)

in increasing order of the indices k0 ≤ k ≤ K −1. We call such a transformation a regularizing projection;
its aim is to get away from the singularity of log|2 sin(πx)| at x = 1. We note that the special value
of b∗∗

k in the case ak+1 = 2 (0 instead of 1) serves a technical purpose, and will not cause difficulties
in the end. After the first round of projections N is transformed into an integer whose k-th Ostrowski
coefficient is ≤ (1 − δT )ak+1 for all k0 ≤ k ≤ K − 1. As we will see, the value of UN does not decrease
up to a small error during the first round.

In the second round we project each Ostrowski coefficient to b∗

k =
⌊5

6ak+1
⌋

, in increasing order of the
indices k0 ≤ k ≤ K − 1. We call such a transformation an optimizing projection. We now estimate the
effect of a projection on the value of UN based on its type.

Proposition 15. Let N =
∑K−1

k=0 bkqk be the Ostrowski expansion of a nonnegative integer, and let
k0 ≤ m ≤ K − 1.

(i) Regularizing projection: Assume that bk ≤ (1−δT )ak+1 for all k0 ≤k<m, and that bm>(1−δT )am+1.
Then projm,b∗∗

m
(N )= N ′ satisfies

log UN ′ − log UN ≥ −OT (1/am+1)− Oα(1/qm).

(ii) Optimizing projection: Assume that bk ≤ (1 − δT )ak+1 for all k0 ≤ k ≤ K − 1, and that bk = b∗

k for
all k0 ≤ k < m. Then projm,b∗

m
(N )= N ′ satisfies

log UN ′ − log UN

= am+1

∫ b′
m/am+1

bm/am+1

log|2 sin(πx)| dx+OT

(
|b′

m−bm |

am+1
+I{bm≤0.01am+1} log am+1

)
+Oα(1/qm), (43)
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and also

log UN ′ − log UN ≥ 0.2326
(b′

m−bm)
2

am+1
− OT (1/am+1)− Oα(1/qm). (44)

We first prove a lemma that will help in the case am+1 ≪ 1 and then give the proofs of parts (i) and (ii)
of Proposition 15.

Lemma 16. Let N =
∑K−1

k=0 bkqk be the Ostrowski expansion of a nonnegative integer. Let k0 ≤ m ≤ K −1.
If am+1 ≤ A with some constant A ≥ 1, then

log um(N )≤ OT,A(1)+ Oα(1/qm). (45)

If in addition bm ≤ (1 − δT )am+1 and bm+1 ≤ (1 − δT )am+2, then (45) holds with |log um(N )| instead
of log um(N ) on the left-hand side.

Proof. Recall the definition on page 691. If bm = 0, then um(N )= 1, and we are done. So assume bm ≥ 1.
First, we prove the upper bound. From the definition of um(N ) we immediately see that

um(N )≤ 2A exp
( bm−1∑

b=0

Vm(bqm∥qmα∥ + εm(N ))
)

4π.

Lemma 8(i) implies that Vm is decreasing on (−1, 1), and |V ′
m(x)| ≪T 1/am+1 on [−(1 − δT ), 0]. It is

then readily seen that
bm−1∑
b=0

Vm(bqm∥qmα∥ + εm(N ))≤ bm Vm(0)+ OT (1)= OT,A(1)+ Oα(1/qm),

and the claim log um(N )≤ OT,A(1)+ Oα(1/qm) follows.
Next, assume in addition, that bm ≤ (1 − δT )am+1 and bm+1 ≤ (1 − δT )am+2. By Lemma 6 we then

have εm(N ) ≥ −
(
1 −

1
3δT

)
qm∥qmα∥. Therefore the points bqm∥qmα∥ + εm(N ) for 1 ≤ b ≤ bm − 1 are

bounded away from 0 and 1, and hence

bm−1∏
b=1

∣∣2 sin
(
π(bqm∥qmα∥ + εm(N ))

)∣∣ ≫T,A 1.

Similarly, since the points bqm∥qmα∥+ εm(N ) for 0 ≤ b ≤ bm − 1 lie in the interval [−(1 − δT ), 1 − δT ]

and |V ′
m(x)| ≪T 1/am+1 on this interval by Lemma 8(i), we have∣∣∣∣ bm−1∑

b=0

Vm(bqm∥qmα∥ + εm(N ))
∣∣∣∣ = bm |Vm(0)| + OT (1)= OT,A(1)+ Oα(1/qm).

Finally, note that
2π(bmqm∥qmα∥ + εm(N ))≥ 2π ·

1
3δT qm∥qmα∥ ≫T,A 1.

The previous three estimates and the definition of um(N ) show that log um(N )≥ −OT,A(1)− Oα(1/qm),
as claimed. □
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Proof of Proposition 15 (i). For the sake of readability, let f (x)= |2 sin(πx)| and εm = εm(N )= εm(N ′).
Since bm > b′

m , and in particular −(log(bm−1 + 1))(b′
m − bm)/(am+1)≥ 0, Proposition 14 gives

log UN ′ − log UN ≥ log um(N ′)− log um(N )− OT

(
|b′

m − bm |

am+1

)
. (46)

Let A ≥ 1 be a large constant depending only on T (and δT ), to be chosen. We will distinguish between
three cases depending on the size of am+1.

Case 1: Assume that am+1 = 1 or 2. Then, by construction, b′
m = b∗∗

m = 0, and hence um(N ′) = 1.
From (46) and Lemma 16 we thus get log UN ′ − log UN ≥ −OT (1)− Oα(1/qm), and the claim follows.

Case 2: Assume that 3 ≤ am+1 ≤ A. Then, by construction, b′
m = b∗∗

m ≥ 2. Recalling the definition on
page 691, we have

log um(N ′)− log um(N )

= −

bm−1∑
b=b′

m

log f (bqm∥qmα∥ + εm)−

bm−1∑
b=b′

m

Vm(bqm∥qmα∥ + εm)+ log
b′

mqm∥qmα∥ + εm

bmqm∥qmα∥ + εm
.

Since −log f (x) is bounded from below, the first term is ≥ −OA(1). Similar to the proof of Lemma 16,
it is easy to see that the second term is ≥ −OT,A(1)− Oα(1/qm). Finally, the last term is

log
b′

mqm∥qmα∥ + εm

bmqm∥qmα∥ + εm
≥ log

b′
m − 1

bm + 1
≥ −OT (1).

Hence log um(N ′)− log um(N )≥ −OT,A(1)− Oα(1/qm), and the claim follows from (46).

Case 3: Assume that am+1 > A. By the definition on page 691, we again have

log um(N ′)− log um(N )

= −

bm−1∑
b=b′

m

log f (bqm∥qmα∥ + εm)−

bm−1∑
b=b′

m

Vm(bqm∥qmα∥ + εm)+ log
b′

mqm∥qmα∥ + εm

bmqm∥qmα∥ + εm
.

From Lemma 8, in particular from the fact that Vm(x) is decreasing, we get

−

bm−1∑
b=b′

m

Vm(bqm∥qmα∥ + εm)≥ −(bm − b′

m)Vm(0)

= −(bm − b′

m)
log am

am+1
− OT

(
|b′

m − bm |

am+1

)
− Oα

(
|b′

m − bm |

qm+1

)
≥ −T (bm − b′

m)− OT

(
|b′

m − bm |

am+1

)
− Oα(1/qm).

Since bmqm∥qmα∥ + εk and b′
mqm∥qmα∥ + εk are bounded away from zero, we also have

log
b′

mqm∥qmα∥ + εm

bmqm∥qmα∥ + εm
≪

|bm − b′
m |

am+1
.
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By the previous two formulas, (46) simplifies to

log UN ′ − log UN ≥ −

bm−1∑
b=b′

m

log f (bqm∥qmα∥+εm)−T (bm −b′

m)− OT

(
|b′

m − bm |

am+1

)
− Oα(1/qm). (47)

For all b′
m ≤ b ≤ bm − 1,

bqm∥qmα∥ + εk(N )≥ (⌊(1 − δT )am+1⌋ − 1)qm∥qmα∥ ≥ 1 − 2δT

provided that A is large enough in terms of T and δT . Choosing δT ≤ 1/(4πe2T ) ensures log f (x)≤ −2T
on the interval [1 − 2δT , 1). Hence every term in the sum in (47) is ≤ −2T , and we get

log UN ′ − log UN ≥ T (bm − b′

m)− OT

(
|b′

m − bm |

am+1

)
− Oα(1/qm).

Choosing A large enough in terms of T and δT , the second error term is negligible compared to T (bm −b′
m).

Hence log UN ′ − log UN ≥ −Oα(1/qm), and the claim follows. □

Proof of Proposition 15 (ii). Again, let f (x) = |2 sin(πx)| and εm = εm(N ) = εm(N ′). If m = k0, then
both sides of (43) and (44) are Oα(1), and we are done. We may thus assume that m > k0. By the
assumption bm−1 = b∗

m−1 =
⌊ 5

6am
⌋

we have

−(log(bm−1 + 1))
b′

m − bm

am+1
= −(b′

m − bm)
log am

am+1
+ O

(
|b′

m − bm |

am+1

)
,

so Proposition 14 now gives

log UN ′ − log UN = log um(N ′)− log um(N )− (b′

m − bm)
log am

am+1
− OT

(
|b′

m − bm |

am+1

)
. (48)

Let A ≥ 1 be a large constant depending only on T , to be chosen. We distinguish between four cases.

Case 1: Assume that am+1 ≤ A. By Lemma 16, both log um(N ′) and log um(N ) are OT,A(1)+ Oα(1/qm).
Since |b′

m − bm |(log am/am+1)≪T,A 1, from (48) we get

log UN ′ − log UN = OT,A(1)+ Oα(1/qm),

and the claims (43) and (44) follow.

Case 2: Assume that am+1 > A and 1 ≤ bm ≤ b′
m . From the definition on page 691 we now get

log um(N ′)− log um(N )

=

b′
m−1∑

b=bm

log f (bqm∥qmα∥ + εm)+

b′
m−1∑

b=bm

Vm(bqm∥qmα∥ + εm)+ log
b′

mqm∥qmα∥ + εm

bmqm∥qmα∥ + εm
.

The assumption bk ≤ (1−δT )ak+1 for all k0 ≤k ≤ K −1 and Lemma 6 imply that εm ≥−
(
1−

1
3δT

)
qm∥qmα∥.
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We claim that the last term satisfies

log
b′

mqm∥qmα∥ + εm

bmqm∥qmα∥ + εm
≪T

|b′
m − bm |

am+1
+ I{bm≤0.01am+1} log am+1.

Indeed, if bm > 0.01am+1, then the points bmqm∥qmα∥ + εm and b′
mqm∥qmα∥ + εm lie in an interval

bounded away from zero, and |(log x)′| ≪T 1 on such an interval; the upper bound |b′
m − bm |/am+1

follows. If bm ≤ 0.01am+1, then

0 ≤ log
b′

mqm∥qmα∥ + εm

bmqm∥qmα∥ + εm
≤ log

2( 1
3δT

)
qm∥qmα∥

≪T log am+1,

and the claimed upper bound follows once again.
Observe also that for all bm ≤ b ≤ b′

m −1, the point bqm∥qmα∥+εm lies in
[
0, 5

6

]
. Using Lemma 8(iii)

we thus deduce
b′

m−1∑
b=bm

Vm(bqm∥qmα∥ + εm)= (b′

m − bm)
log am

am+1
+ OT

(
|b′

m − bm |

am+1

)
+ Oα(1/qm),

and hence

log um(N ′)− log um(N )=

b′
m−1∑

b=bm

log f (bqm∥qmα∥ + εm)+ (b′

m − bm)
log am

am+1

+ OT

(
|b′

m − bm |

am+1
+ I{bm≤0.01am+1} log am+1

)
+ Oα(1/qm).

With a remarkable cancellation of (b′
m − bm)(log am/am+1), Equation (48) thus simplifies to

log UN ′ −log UN =

b′
m−1∑

b=bm

log f (bqm∥qmα∥+εm)+OT

(
|b′

m − bm |

am+1
+ I{bm≤0.01am+1} log am+1

)
+Oα(1/qm).

We now prove (43). Assume first that bm > 0.01am+1. Then for all bm ≤ b ≤ b′
m − 1, the point

bqm∥qmα∥+εm lies in an interval bounded away from 0 and 1. Using qm∥qmα∥ = 1/am+1 + O(1/a2
m+1)

and |εm | ≤ 1/am+1 we deduce

|log f (bqm∥qmα∥ + εm)− log f (b/am+1)| ≪ 1/am+1,

and hence
b′

m−1∑
b=bm

log f (bqm∥qmα∥ + εm)=

b′
m−1∑

b=bm

log f (b/am+1)+ O
(

|b′
m − bm |

am+1

)
.

Since |log f (x)| ≪
∣∣x −

5
6

∣∣ on our interval bounded away from 0 and 1, each term in the previous sum
is ≪ |bm − b′

m |/am+1. Therefore, by interpreting the sum as a Riemann sum,

b′
m−1∑

b=bm

log f (b/am+1)= am+1

∫ b′
m/am+1

bm/am+1

log f (x) dx + O
(

|b′
m − bm |

am+1

)
,
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and (43) follows provided that bm > 0.01am+1. If bm ≤ 0.01am+1, then for any bm ≤ b ≤ b′
m − 1, the

point bqm∥qmα∥+εm lies in
[(

b −1+
1
3δT

)
qm∥qmα∥, 5

6

]
. Since |(log f (x))′| = |π cot(πx)| ≪T am+1/b

on this interval, we now have

b′
m−1∑

b=bm

|log f (bqm∥qmα∥ + εm)− log f (b/am+1)| ≪T

b′
m−1∑

b=bm

1
b

≪ log am+1.

Note that |log f (b/am+1)| ≪ log am+1, so by interpreting the sum as a Riemann sum, we now have

b′
m−1∑

b=bm

log f (b/am+1)= am+1

∫ b′
m/am+1

bm/am+1

log f (x) dx + OT (log am+1),

and (43) follows in the case bm ≤ 0.01am+1 as well.
Next, we deduce (44) from (43). Choosing A large enough in terms of T , the error term in (43) is

negligible compared to the main term (in both cases bm ≤ 0.01am+1 and bm > 0.01am+1). Elementary
calculations show that

min
y∈[0,5/6)

1
(5/6 − y)2

∫ 5
6

y
log f (x) dx =

1
(5/6)2

∫ 5
6

0
log f (x) dx = 0.23260748 . . .

Indeed, the left-hand side is an increasing function of y on
[
0, 5

6

)
; to see that its derivative is nonnegative,

it is enough to check that

1
5/6 − y

∫ 5
6

y
log f (x) dx ≥

1
2 log f (y),

and this follows from the concavity of log f (x). Therefore, up to a negligible O(1/am+1) error in the
numerical constants,

am+1

∫ b′
m/am+1

bm/am+1

log f (x) dx ≥ am+1 · 0.2326
(
bm/am+1 −

5
6

)2
≥ 0.2326

(b′
m − bm)

2

am+1
.

This finishes the proof of (43) and (44) in Case 2.

Case 3: Assume that am+1 > A and bm = 0. Then log um(N )= 0, and

log um(N ′)− log um(N )

=

b′
m−1∑
b=1

log f (bqm∥qmα∥ + εm)+

b′
m−1∑
b=0

Vm(bqm∥qmα∥ + εm)+ log(b′

mqm∥qmα∥ + εm).

Following the steps of Case 2 (observe that in the first sum the summation now starts at b = 1 instead
of b = bm = 0), we get

log UN ′ − log UN = am+1

∫ b′
m/am+1

1/am+1

log f (x) dx + OT (log am+1)+ Oα(1/qm).
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The error of replacing the lower limit of integration by zero is negligible:

am+1

∫ 1/am+1

0
log f (x) dx ≪ log am+1,

and (43) follows. We deduce (44) from (43) as in Case 2.

Case 4: Assume that am+1 > A and b′
m ≤ bm ≤ (1−δT )am+1. Working on the interval

[ 5
6 , 1−δT

]
instead

of
[
0, 5

6

]
, the proof of (43) is entirely analogous to that in Case 2. Deducing (44) from (43) is even

simpler. Indeed, note that by concavity, log f (x)≤ −π
√

3
(
x −

5
6

)
, the right-hand side being a tangent

line. Hence up to a negligible O(1/am+1) error in the numerical constants,

am+1

∫ b′
m/am+1

bm/am+1

log f (x) dx ≥ am+1

∫ bm/am+1

b′
m/am+1

π
√

3
(
x −

5
6

)
dx ≥

π
√

3
2

·
(b′

m − bm)
2

am+1
.

The lower bound (44) thus follows, in fact with the better numerical constant π
√

3
2 ≈ 2.72. □

4.3. Completing the proof.

Proof of Theorem 1. Let N =
∑K−1

k=0 bkqk be the Ostrowski expansion of a nonnegative integer, and let
N ∗

=
∑K−1

k=0 b∗

k qk with b∗

k =
⌊ 5

6ak+1
⌋

. Noting that Fk(N ∗)= 0 for all k, from Proposition 13 we get

log PN (α)− log PN∗(α)= log UN − log UN∗ −

K−1∑
k=k0

Fk(N )+ OT

( K∑
k=1

1
ak

)
+ Oα(1),

where Fk(N )≥ 0 for all k, and Fk(N )= 0 for all k such that bk ≤ (1 − δT )ak+1.
Let us now successively apply projections to N in two rounds, as described in Section 4.2: the first

round consists of regularizing projections in increasing order of the indices k0 ≤ k ≤ K −1, and the second
round consists of optimizing projections in increasing order of the indices. This way N is transformed into
the integer

∑k0−1
k=0 bkqk +

∑K−1
k=k0

b∗

k qk . Since UN does not depend on the first k0 Ostrowski coefficients,
Proposition 15 allows us to write log UN∗ − log UN =

∑K−1
k=k0

(d reg
k (N )+ dopt

k (N )), and hence

log PN (α)− log PN∗(α)= −

K−1∑
k=k0

(d reg
k (N )+ dopt

k (N )+ Fk(N ))+ OT

( K∑
k=1

1
ak

)
+ Oα(1).

Here d reg
k (N ) resp. dopt

k (N ) describe the effect of the regularizing resp. optimizing projection with respect
to the index k, and by Proposition 15, they satisfy the following for all k0 ≤ k ≤ K − 1:

(i) If bk ≤ (1 − δT )ak+1, then d reg
k (N )= 0.

(ii) If bk > (1 − δT )ak+1, then d reg
k (N )≥ −OT (1/ak+1)− Oα(1/qk).

(iii) If bk ≤ (1 − δT )ak+1, then

dopt
k = ak+1

∫ b∗

k/ak+1

bk/ak+1

log|2 sin(πx)| dx + OT

(
|bk − b∗

k |

ak+1
+ I{bk≤0.01ak+1} log ak+1

)
+ Oα(1/qk).
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(iv) dopt
k (N )≥ 0.2326

(bk − b∗

k )
2

ak+1
− OT (1/ak+1)− Oα(1/qk).

(v) If bk = b∗

k , then dopt
k (N )= 0.

Note that if bk > (1 − δT )ak+1, then bk is first projected to b∗∗

k as defined in (42), and then to b∗

k .
Proposition 15(ii) thus yields property (iv) with b∗∗

k in place of bk . Choosing δT small enough, property (iv)
also holds as stated with an arbitrarily smaller numerical constant. Observe also that the special value
of b∗∗

k in the case ak+1 = 2 does not cause any problem.
It follows that we can introduce small error terms ξk(N )= OT (1/ak+1)+ Oα(1/qk) such that dk(N ) :=

d reg
k (N )+dopt

k (N )+ Fk(N )+ξk(N ) satisfies dk(N )≥ 0.2326(bk −b∗

k )
2/ak+1 for all k0 ≤ k ≤ K −1 with

equality if bk = b∗

k , and also

dk(N )= ak+1

∫ b∗

k/ak+1

bk/ak+1

log|2 sin(πx)| dx + OT

(
|bk − b∗

k |

ak+1
+ I{bk≤0.01ak+1} log ak+1

)
for all k0 ≤ k ≤ K − 1 such that bk ≤ (1 − δT )ak+1. Since the contribution of the error terms ξk(N ) is
negligible, we also have

log PN (α)− log PN∗(α)= −

K−1∑
k=k0

dk(N )+ O
( K∑

k=1

1
ak

)
+ Oα(1).

Finally, introduce dk(N ), 0 ≤ k < k0, in any way which satisfies the desired properties, and observe that∑k0−1
k=0 dk(N )= Oα(1). This concludes the proof of Theorem 1. □

5. Proof of Theorem 2

Note that (11) follows directly from Theorem 1, in particular from dk(N )≥ 0; alternatively, it also follows
from taking the limit in (10) as c → ∞. It will thus be enough to prove (10).

The main idea of the proof is that if we choose an integer N randomly from the interval 0 ≤ N < qK ,
then its Ostrowski coefficients bk , 0 ≤ k ≤ K − 1, are almost independent random variables, close to
being uniformly distributed on {0, 1, . . . , ak+1}. As a Gaussian tail estimate will show, the coefficients
|bk −b∗

k |≫
√

ak+1 log ak+1 have negligible contribution. By Theorem 1, and in particular (9), we thus have

qK −1∑
N=0

PN (α)
c
≈

a1∑
b0=0

a2∑
b1=0

· · ·

aK∑
bK−1=0

PN∗(α)c exp
(

−

K−1∑
k=0

π
√

3c
2

·
(bk − b∗

k )
2

ak+1

)

≈ PN∗(α)c
K−1∏
k=0

∑
n∈Z

exp
(

−
π

√
3cn2

2ak+1

)

≈ PN∗(α)c
K−1∏
k=0

√
2ak+1
√

3c
,

which explains the main term in (10). We now give the formal proof.
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Proof of Theorem 2. Let c ≥ 0.01, and consider the intervals

Jk = [0, 0.99ak+1] ∩ [b∗

k − rk, b∗

k + rk] ∩ Z,

where

rk = 10

√
ak+1

c
log

(
ak+1

c
+ 2

)
.

First, we prove the lower bound in (10). Note that for any b = (b0, b1, . . . , bK−1)∈ J0× J1×· · ·× JK−1,
the expression Nb =

∑K−1
k=0 bkqk is the Ostrowski expansion of an integer 0 ≤ Nb < qK ; moreover, we

obtain each integer at most once. We wish to apply Theorem 1 to Nb, and simply discard all other integers
in [0, qK ) not of this form. Since for all bk ∈ Jk we have

|bk − b∗

k |

ak+1
+

|bk − b∗

k |
3

a2
k+1

≪ Ek,c :=
log1/2(ak+1/c + 2)

c1/2a1/2
k+1

+
log3/2(ak+1/c + 2)

c3/2a1/2
k+1

,

Theorem 1 and (9) yield

PNb(α)= PN∗(α) exp
(

−

K−1∑
k=0

π
√

3
2

·
(bk − b∗

k )
2

ak+1

)
exp

(
OT

( K∑
k=1

(
Ek,c +

1
ak

))
+ Oα(1)

)
.

Consequently,

log
( qK −1∑

N=0

PN (α)
c
)1/c

≥ log
( ∑

b∈J0×J1×···×JK−1

PNb(α)
c
)1/c

≥ log PN∗(α)+
1
c

log
∑

b∈J0×J1×···×JK−1

exp
(

−

K−1∑
k=0

π
√

3c
2

·
(bk − b∗

k )
2

ak+1

)

− OT

( K∑
k=1

(
Ek,c +

1
ak

))
− Oα(1).

The sum over b factors:

∑
b∈J0×J1×···×JK−1

exp
(

−

K−1∑
k=0

π
√

3c
2

·
(bk − b∗

k )
2

ak+1

)
=

K−1∏
k=0

∑
bk∈Jk

exp
(

−
π

√
3c

2
·
(bk − b∗

k )
2

ak+1

)
.

Now let A > 0 be a large universal constant, to be chosen. We establish a lower bound in each of the
cases ak+1/c > A and ak+1/c ≤ A separately. First, assume that ak+1/c > A. We then have

rk = 10

√
ak+1

c
log

(
ak+1

c
+ 2

)
≤

ak+1

10000c
≤

ak+1

100
,
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provided that A > 0 is large enough. In particular, [b∗

k − rk, b∗

k + rk] ⊂ [0, 0.99ak+1]. It is now easy to
see that ∑

bk∈Jk

exp
(

−
π

√
3c

2
·
(bk − b∗

k )
2

ak+1

)
≥

∑
−rk≤n≤rk

exp
(

−π
√

3cn2

2ak+1

)

=

∫ rk

−rk

exp
(

−π
√

3cx2

2ak+1

)
dx + O(1)

=

√
2ak+1
√

3c
+ O(1),

and so
1
c

log
∑

bk∈Jk

exp
(

−
π

√
3c

2
·
(bk − b∗

k )
2

ak+1

)
≥

1
2c

log
2ak+1
√

3c
− O

(
1

ak+1

)

in the case ak+1/c > A. If ak+1/c ≤ A, then by noting that b∗

k ∈ Jk , the left-hand side of the previous
formula is nonnegative, and thus the previous formula remains true. Altogether we obtain the lower bound

log
( qK −1∑

N=0

PN (α)
c
)1/c

≥ log PN∗(α)+
1
2c

K∑
k=1

log
2ak
√

3c
− OT

( K∑
k=1

(
Ek,c +

1
ak

))
− Oα(1).

Next, we prove the upper bound in (10). Applying Theorem 1 to all 0 ≤ N < qK , we get

log
( qK −1∑

N=0

PN (α)
c
)1/c

= log PN∗ +
1
c

log
qK −1∑
N=0

exp
(

−c
K−1∑
k=0

dk(N )
)

+ OT

( K∑
k=1

1
ak

)
+ Oα(1).

For the sake of readability, note that 0.2326> 1
5 . Letting

gk(x)=


π

√
3

2
·
(x − b∗

k )
2

ak+1
if x ∈ Jk,

(x − b∗

k )
2

5ak+1
if x ̸∈ Jk,

we have dk(N )≥ gk(bk)− OT (Ek,c). Hence, by extending the range of summation,

log
( qK −1∑

N=0

PN (α)
c
)1/c

≤ log PN∗ +
1
c

log
∑

b∈ZK

exp
(

−c
K−1∑
k=0

gk(bk)

)
+ OT

( K∑
k=1

(
Ek,c +

1
ak

))
+ Oα(1).

The sum over b factors again:

1
c

log
∑

b∈ZK

exp
(

−c
K−1∑
k=0

gk(bk)

)
=

1
c

K−1∑
k=0

log
∑
bk∈Z

exp
(

−cgk(bk)

)
.
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Now let B > 0 be a large universal constant, to be chosen. Assume first that ak+1/c> B. Then, as before,
[b∗

k − rk, b∗

k + rk] ⊂ [0, 0.99ak+1] provided that B > 0 is large enough. Therefore∑
bk∈Z

exp(−cgk(bk))≤

∑
|bk−b∗

k |≤rk

exp
(

−
π

√
3c

2
·
(bk − b∗

k )
2

ak+1

)
+

∑
|bk−b∗

k |>rk

exp
(

−c
(bk − b∗

k )
2

5ak+1

)

≤

∫
∞

−∞

exp
(

−π
√

3cx2

2ak+1

)
dx +

∫
(−∞,−rk)∪(rk ,∞)

exp
(

−cx2

5ak+1

)
dx + O(1)

=

√
2ak+1
√

3c
+ O(1),

and consequently
1
c

log
∑
bk∈Z

exp(−cgk(bk))≤
1
2c

log
2ak+1
√

3c
+ O

(
1

ak+1

)
.

If ak+1/c ≤ B, then simply using gk(bk)≥ (bk −b∗

k )
2/(5ak+1) we similarly deduce that the left-hand side

of the previous formula is ≤ O(1/c); consequently, the previous formula remains true. Altogether we
obtain the upper bound

log
( qK −1∑

N=0

PN (α)
c
)1/c

≤ log PN∗(α)+
1
2c

K∑
k=1

log
2ak
√

3c
+ OT

( K∑
k=1

(
Ek,c +

1
ak

))
+ Oα(1).

This concludes the proof of (10). □

6. Proof of Theorem 3

In this section we estimate PN∗(α). By Proposition 13 it is enough to consider UN∗ ; in particular, we will
need to estimate

log uk(N ∗)=

b∗

k −1∑
b=1

log
∣∣2 sin

(
π(bqk∥qkα∥ + εk(N ∗))

)∣∣ + b∗

k −1∑
b=0

Vk(bqk∥qkα∥ + εk(N ∗))

+ log
(
2π(b∗

k qk∥qkα∥ + εk(N ∗))
)
.

The first sum can be handled with a straightforward application of a second-order Euler–Maclaurin
formula. Since it provides an elementary explanation for the appearance of the constant Vol(41), we
include a detailed proof in Lemma 17 below. An estimate for the second sum follows from Lemma 8(iii);
Theorem 3 will then be an immediate corollary.

We now give a formal proof. We will need the value of the integrals∫
∞

1

B2({x})

(x − 5/6)2
dx =

1
3

− log
0

( 1
6

)
25/631/3π1/2 (49)

and ∫
∞

1

B2({x})

x2 dx = −
11
12

+ log(21/2π1/2), (50)
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where B2(x)=
1
2 x2

−
1
2 x +

1
12 is the second Bernoulli polynomial, and 0 is the gamma function. Indeed,

by Stirling’s formula for the gamma function,

n∑
k=1

log
(
k −

5
6

)
= log

0
(
n +

1
6

)
0

( 1
6

) =
(
n −

5
6

)
log

(
n −

5
6

)
−

(
n −

5
6

)
+ log

√
2π

(
n −

5
6

)
− log0

( 1
6

)
+ o(1).

On the other hand, applying a second-order Euler–Maclaurin formula we get

n∑
k=1

log
(
k −

5
6

)
=

∫ n

1
log

(
x −

5
6

)
dx +

1
2

(
log

(
n −

5
6

)
+ log

( 1
6

))
+

1
12

(
1/

(
n −

5
6

)
− 6

)
+

∫ n

1

B2({x})(
x −

5
6

)2 dx,

and by comparing the asymptotics as n → ∞ in the previous formulas, (49) follows; the proof of (50) is
analogous.

Lemma 17. Let N ∗
=

∑K−1
k=0 b∗

k qk with b∗

k =
⌊ 5

6ak+1
⌋

. For any 0 ≤ k ≤ K − 2,

b∗

k −1∑
b=1

log
∣∣2 sin

(
π(bqk∥qkα∥ + εk(N ∗))

)∣∣
=

Vol(41)

4πqk∥qkα∥
−

1
3

log ak+1 − log
0( 1

6)

(2π)5/6
+ O

(
1

ak+1
+

1 + log ak+1

ak+2

)
,

whereas for k = K − 1,

b∗

k −1∑
b=1

log
∣∣2 sin

(
π(bqk∥qkα∥ + εk(N ∗))

)∣∣ =
Vol(41)

4πqK−1∥qK−1α∥
+

1
2

log aK + O
(

1
aK

)
.

Proof. For the sake of readability, let f (x)= |2 sin(πx)| and εk = εk(N ∗). By the definition (12) of εk

and the construction of b∗

k , for all 0 ≤ k ≤ K − 2, we have

εk = qk

K−1∑
ℓ=k+1

(−1)k+ℓ 5
6aℓ+1∥qℓα∥ + O

(
qk

K−1∑
ℓ=k+1

∥qℓα∥

)
= −

5
6qk∥qkα∥ + O(qk∥qk+1α∥),

and, in particular,
εk

qk∥qkα∥
= −

5
6

+ O
(

1
ak+2

)
, (51)

whereas εK−1 = 0. Since b∗

k+1 ≤
5
6ak+2, Lemma 6 also gives qk∥qkα∥ + εk ≥ 1/(18ak+1).

Consider the following function F , along with its first and second derivatives:

F(x)= log f (xqk∥qkα∥ + εk),

F ′(x)= π cot(π(xqk∥qkα∥ + εk))qk∥qkα∥,

F ′′(x)= −
π2q2

k ∥qkα∥
2

sin2(π(xqk∥qkα∥ + εk))
.
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Applying a second-order Euler–Maclaurin formula, we get

b∗

k −1∑
b=1

F(b)=
∫ b∗

k −1

1
F(x) dx +

F(b∗

k − 1)+ F(1)
2

+
F ′(b∗

k − 1)− F ′(1)
12

−

∫ b∗

k −1

1
F ′′(x)B2({x}) dx . (52)

First, we estimate the main term∫ b∗

k −1

1
F(x) dx =

1
qk∥qkα∥

∫ (b∗

k −1)qk∥qkα∥+εk

qk∥qkα∥+εk

log f (y) dy.

Here by construction (b∗

k − 1)qk∥qkα∥+ εk =
5
6 + O(1/ak+1). Since log f

( 5
6

)
= 0, the error of replacing

the upper limit of integration by 5
6 is negligible:

1
qk∥qkα∥

∣∣∣∣ ∫ 5
6

(b∗

k −1)qk∥qkα∥+εk

log f (y) dy
∣∣∣∣ ≪

1
ak+1

.

The effect of replacing the lower limit of integration by 0 is

1
qk∥qkα∥

∫ qk∥qkα∥+εk

0
log f (y) dy =

1
qk∥qkα∥

∫ qk∥qkα∥+εk

0
log(2πy) dy + O

(
1

a2
k+1

)
=

(
1 +

εk

qk∥qkα∥

)(
log(2π(qk∥qkα∥ + εk))− 1

)
+ O

(
1

a2
k+1

)
.

From the previous three formulas and (51) it follows that the main term in (52) is, for all 0 ≤ k ≤ K − 2,∫ b∗

k −1

1
F(x) dx =

1
qk∥qkα∥

∫ 5
6

0
log f (y) dy +

1
6

+
1
6

log
3ak+1

π
+ O

(
1

ak+1
+

1 + log ak+1

ak+2

)
, (53)

whereas for k = K − 1,∫ b∗

K−1−1

1
F(x) dx =

1
qK−1∥qK−1α∥

∫ 5
6

0
log f (y) dy + 1 + log

aK

2π
+ O

(
1

aK

)
. (54)

Next, consider the second and third terms in (52). It is easy to see that F(b∗

k − 1) ≪ 1/ak+1 and
F ′(b∗

k − 1)≪ 1/ak+1. Further,

F(1)= log f (qk∥qkα∥ + εk)= log(2π(qk∥qkα∥ + εk))+ O
(

1
a2

k+1

)
,

and using π cot(πy)= 1/y + O(|y|) on
(
0, 5

6

]
,

F ′(1)= π cot(π(qk∥qkα∥ + εk))qk∥qkα∥ =
qk∥qkα∥

qk∥qkα∥ + εk
+ O

(
1

a2
k+1

)
.

Hence, by (51), for 0 ≤ k ≤ K − 2 we have

F(b∗

k − 1)+ F(1)
2

+
F ′(b∗

k − 1)− F ′(1)
12

= −
1
2

−
1
2

log
3ak+1

π
+ O

(
1

ak+1
+

1
ak+2

)
, (55)
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whereas for k = K − 1,

F(b∗

K−1 − 1)+ F(1)
2

+
F ′(b∗

K−1 − 1)− F ′(1)
12

= −
1

12
−

1
2

log
aK

2π
+ O

(
1

aK

)
. (56)

Finally, consider the last term in (52). Using π2/sin2(πy)= 1/y2
+ O(1) on

(
0, 5

6

]
,

−

∫ b∗

k −1

1
F ′′(x)B2({x}) dx =

∫ b∗

k −1

1

B2({x})

(x + εk/(qk∥qkα∥))2
dx + O

(
1

ak+1

)
.

Therefore, by (51) and the improper integrals (49) and (50), for all 0 ≤ k ≤ K − 2 we have

−

∫ b∗

k −1

1
F ′′(x)B2({x}) dx =

1
3

− log
0(1

6)

25/631/3π1/2 + O
(

1
ak+1

+
1

ak+2

)
, (57)

whereas for k = K − 1,

−

∫ b∗

K−1−1

1
F ′′(x)B2({x}) dx = −

11
12

+ log(21/2π1/2)+ O
(

1
aK

)
. (58)

We have thus estimated all terms in (52). The claim for 0 ≤ k ≤ K −2 follows from (53), (55) and (57),
whereas the claim for k = K − 1 follows from (54), (56) and (58). □

Proof of Theorem 3. Let εk = εk(N ∗). Applying Proposition 13 and noting that Fk(N ∗)= 0 for all k we get

log PN∗(α)=

K−1∑
k=0

b∗

k −1∑
b=1

log|2 sin(π(bqk∥qkα∥ + εk))| +

K−1∑
k=0

b∗

k −1∑
b=0

Vk(bqk∥qkα∥ + εk)

+

K−1∑
k=0

I{b∗

k ≥1} log(2π(b∗

k qk∥qkα∥ + εk))+ OT

( K∑
k=1

1
ak

)
+ Oα(1).

Note that I{b∗

k ≥1} = I{ak+1≥2}. The first sum was evaluated in Lemma 17. We can estimate the second sum
by interpreting it as a Riemann sum and using Lemma 8(iii). Note that the endpoints are εk = O(1/ak+1)

and (b∗

k − 1)qk∥qkα∥+ εk =
5
6 + O(1/ak+1). Since the points bqk∥qkα∥+ εk for b = 0, 1, . . . , b∗

k − 1 lie
in the interval

[
−(1−1/(eT

+2)), 5
6

]
, and since by Lemma 8 the function Vk is monotonically decreasing

and satisfies |Vk(x)| ≪T (1 + log ak)/ak+1 on this interval, we have

b∗

k −1∑
b=0

Vk(bqk∥qkα∥ + εk)

=
1

qk∥qkα∥

∫ 5
6

0
Vk(x) dx + OT

(
1 + log ak

ak+1

)
=

∫ 5
6

0

(
log

ak

2π
−
0′(1 + x)
0(1 + x)

)
dx + OT

(
1 + log(ak−1ak)

ak
+

1 + log ak

ak+1

)
+ Oα

(
1

qk+1

)
=

5
6

log
ak

2π
− log0

(
1 +

5
6

)
+ OT

(
1 + log(ak−1ak)

ak
+

1 + log ak

ak+1

)
+ Oα

(
1

qk+1

)
.
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Clearly,

I{b∗

k ≥1} log(2π(b∗

k qk∥qkα∥ + εk))= log
(5

6
· 2π

)
+ OT

(
1

ak+1

)
.

Summing over 0 ≤ k ≤ K − 1, from the previous two formulas and Lemma 17 we get

log PN∗(α)=
1

4π
Vol(41)

K−1∑
k=0

1
qk∥qkα∥

−
1
3

K−2∑
k=0

log ak+1 +
1
2

log aK −K log
0

( 1
6

)
(2π)5/6

+
5
6

K−1∑
k=0

log ak

+K
(
−

5
6

log(2π)− log0
(

1+
5
6

)
+log

(5
6

·2π
))

+OT

( K−1∑
k=1

1+ log(akak+1)

ak+1

)
+Oα(1).

Observe that with a remarkable cancellation the coefficient of K vanishes. Indeed, by Euler’s reflection
formula 0(x)0(1 − x)= π/sin(πx) we have 0

( 1
6

)
0

( 5
6

)
= 2π , and hence

− log
0( 1

6)

(2π)5/6
−

5
6

log(2π)− log0
(

1 +
5
6

)
+ log

(5
6

· 2π
)

= 0. (59)

The previous formula for log PN∗(α) thus simplifies to

log PN∗(α)=
1

4π
Vol(41)

K−1∑
k=0

1
qk∥qkα∥

+
1
2

K∑
k=1

log ak + OT

( K−1∑
k=1

1 + log(akak+1)

ak+1

)
+ Oα(1).

Using, for example, property (iii) of continued fractions in Section 3.1, we see that here 1/(qk∥qkα∥)=

ak+1 + O(1/ak + 1/ak+2), and the claim follows. □

7. Proof of Theorems 4 and 5

7.1. Quadratic irrationals. In this section we estimate the limit functions of Pqk (α, (−1)k x/qk) for a
given quadratic irrational α. In order to make our estimates uniform on the interval of interest (−1, 1),
we isolate the singularities at x = −1 and 1. To this end, let us introduce the modified cotangent sum

V ∗

k (x) :=

∑
1≤n≤qk−1,

n ̸=qk−1,qk−qk−1

sin(πn∥qkα∥/qk) cot
(
π

n(−1)k pk + x
qk

)
.

Observe that by excluding n = qk−1 resp. n = qk − qk−1, we avoid n(−1)k pk ≡ −1 (mod qk) resp.
n(−1)k pk ≡ 1 (mod qk). In particular, V ∗

k (x) does not have a singularity on (−2, 2). The evaluation in
Lemma 8(iii) has a perfect analogue for V ∗

k (x).

Lemma 18. Assume (6). For any k ≥ 4 and any x ∈ (−2, 2),

V ∗

k (x)
qk∥qkα∥

= log
ak

2π
−
0′(2 + x)
0(2 + x)

+ O
(

T + log(ak−1ak)

(2 − |x |)ak

)
+ Oα(1/qk).
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Proof. Following the proof of Lemma 8 with obvious modifications, we get

V ∗

k (x)= π∥qkα∥

∑
1≤n≤qk−1,

n ̸=qk−1,qk−qk−1

n
qk

cot
(
π

n(−1)k pk + x
qk

)
+ O

(
∥qkα∥

3qk log qk

2 − |x |

)
.

It remains to prove

C∗

k (x) :=

∑
1≤n≤qk−1,

n ̸=qk−1,qk−qk−1

n
qk

cot
(
π

npk + (−1)k x
qk

)

=
(−1)kqk

π

(
log

ak

2π
−
0′(2 + x)
0(2 + x)

+ O
(

T + log(ak−1ak)

(2 − |x |)ak

))
+ Oα(1). (60)

From Lemma 7 we obtain

C∗

k (0)=

qk−1∑
n=1

n
qk

cot
(
π

npk

qk

)
−

qk−1

qk
cot

(
π
(−1)k+1

qk

)
−

qk − qk−1

qk
cot

(
π
(−1)k

qk

)

=
(−1)kqk

π

(
log

ak

2π
+ γ − 1 + O

(
T + log(ak−1ak)

ak

))
+ Oα(1),

where γ = −0′(1)/0(1) is the Euler–Mascheroni constant. Note that we used cot(π/qk)= qk/π + O(1)
and that qk−1/qk ≪ 1/ak is negligible. Following the proof of Lemma 7 with obvious modifications (note
that excluding n = qk−1 and n = qk − qk−1 corresponds to excluding a = ±1), we get that the derivative
of C∗

k (x) satisfies

C∗

k
′
(x)=

(−1)k+1qk

π

∞∑
a=2

1
(a + x)2

+ O
(

qk(1 + log ak)

(2 − |x |)2ak

)
.

By integrating,

C∗

k (x)− C∗

k (0)=
(−1)k+1qk

π

∞∑
a=2

(
1
a

−
1

a + x

)
+ O

(
qk(1 + log ak)

(2 − |x |)ak

)

=
(−1)k+1qk

π

(
γ − 1 +

0′(2 + x)
0(2 + x)

+ O
(

1 + log ak

(2 − |x |)ak

))
,

and (60) for general x ∈ (−2, 2) follows. □

Next, let us introduce the appropriately modified version of Bk,M(x) from (27): for any integers k ≥ 1
and 0 ≤ M < qk , let

B∗

k,M(x) := log
P∗

M(α, (−1)k x/qk)

P∗

M(pk/qk, (−1)k x/qk)
−

∑
1≤n≤M,

n ̸=qk−1,qk−qk−1

sin(π∥qkα∥/qk) cot
(
π

n(−1)k pk + x
qk

)
,
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where

P∗

M(α, (−1)k x/qk) :=

∏
1≤n≤M,

n ̸=qk−1,qk−qk−1

∣∣2 sin
(
π(nα+ (−1)k x/qk)

)∣∣,
and P∗

M(pk/qk, (−1)k x/qk) is defined analogously.

Proposition 19. Let k ≥ 1 and 0 ≤ M < qk be integers, and assume that qk∥qkα∥ ≤ 2(1 − ck) and
−2< x ≤ 2 − qk∥qkα∥/(1 − ck) with some 100/q2

k ≤ ck < 1. Then

−C
log(4/ck)

(2 − |x |)2a2
k+1

≤ B∗

k,M(x)≤ C
1

a2
k+1qk

with a universal constant C > 0.

Proof. This is an obvious modification of the proof of Proposition 11(i). □

Proof of Theorem 4. Let α = [a0; a1, . . . , ak0, ak0+1, . . . , ak0+p] be a quadratic irrational, and assume that
max1≤r≤p(log ak0+r )/ak0+r+1 ≤ T with some constant T ≥ 1. From Corollary 10 we deduce

log Pqk (α, (−1)k x/qk)

= log
(

|2 sin(π(∥qkα∥ + x/qk))|
|sin(πx)|

|sin(πx/qk)|

)
+

∑
n∈{qk−1,qk−qk−1}

log

∣∣sin(π(nα+ (−1)k x/qk))
∣∣∣∣sin(π(npk/qk + (−1)k x/qk))

∣∣ + V ∗

k (x)+ B∗

k,qk−1(x). (61)

Recall from the proof of Lemma 6 that qk∥qkα∥ ≤ 1 − 1/(eT
+ 2). Applying Proposition 19 with ck =

1/(eT
+2)≤ 1

2 we thus obtain that for all |x | ≤ max{1, 2−2/ak+1} and all large enough k (in terms of T ),

|B∗

k,qk−1(x)| ≪
T

(2 − |x |)2a2
k+1

.

Applying Lemma 18, formula (61) thus simplifies to

log Pqk (α, (−1)k x/qk)

= log
(

|2 sin(π(∥qkα∥ + x/qk))|
|sin(πx)|

|sin(πx/qk)|

)
+

∑
n∈{qk−1,qk−qk−1}

log

∣∣sin(π(nα+ (−1)k x/qk))
∣∣∣∣sin(π(npk/qk + (−1)k x/qk))

∣∣ + qk∥qkα∥

(
log

ak

2π
−
0′(2 + x)
0(2 + x)

)

+ O
(

T + log(ak−1ak)

(2 − |x |)akak+1
+

T
(2 − |x |)2a2

k+1

)
+ Oα(1/qk). (62)

We now let k → ∞ along the arithmetic progression pN + k0 + r , and claim that every term in (62)
(except the first error term) converges. Indeed, we clearly have qk∥qkα∥ → Cr and qk−1∥qkα∥ → Dr
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with some constants Cr , Dr > 0 depending on α. The limit of the first term in (62) is

log
(

|2 sin(π(∥qkα∥ + x/qk))|
|sin(πx)|

|sin(πx/qk)|

)
→ log

(
|2 sin(πx)| ·

∣∣∣∣1 +
Cr

x

∣∣∣∣).
Using trigonometric identities, we once again write∣∣sin

(
π(nα+ (−1)k x/qk)

)∣∣∣∣sin
(
π(npk/qk + (−1)k x/qk)

)∣∣ = |1 + xn + yn|

with
xn := cos(πn(α− pk/qk))− 1 = cos(πn∥qkα∥/qk)− 1

and
yn := sin(πn∥qkα∥/qk) cot

(
π(n(−1)k pk/qk + x/qk)

)
.

For both n = qk−1 and n = qk − qk−1 we have xn → 0. For n = qk−1,

yqk−1 = sin(πqk−1∥qkα∥/qk) cot(π(x − 1)/qk)→
Dr

x − 1
,

whereas for n = qk − qk−1,

yqk−qk−1 = sin(π(qk − qk−1)∥qkα∥/qk) cot(π(x + 1)/qk)→
Cr − Dr

x + 1
.

Note that we used cot(πy)= 1/(πy)+ O(1) as y → 0. Therefore the limit of the second term in (62) is∑
n∈{qk−1,qk−qk−1}

log

∣∣sin
(
π(nα+ (−1)k x/qk)

)∣∣∣∣sin
(
π(npk/qk + (−1)k x/qk)

)∣∣ → log
∣∣∣∣1 +

Dr

x − 1

∣∣∣∣ + log
∣∣∣∣1 +

Cr − Dr

x + 1

∣∣∣∣.
From (62) we thus get that for all |x | ≤ max{1, 2 − 2/ak0+r+1},

log Gα,r (x)= log
(

|2 sin(πx)| ·
∣∣∣∣1 +

Cr

x

∣∣∣∣) + log
∣∣∣∣1 +

Dr

x − 1

∣∣∣∣ + log
∣∣∣∣1 +

Cr − Dr

x + 1

∣∣∣∣
+ Cr

(
log

ak0+r

2π
−
0′(2 + x)
0(2 + x)

)
+ O

(
T + log(ak0+r−1ak0+r )

(2 − |x |)ak0+r ak0+r+1
+

T
(2 − |x |)2a2

k0+r+1

)
,

as claimed. □

7.2. Well approximable irrationals.

Proof of Theorem 5. Let α be such that supk≥1 ak = ∞. It will be enough to prove that

Pqkm
(α, (−1)km x/qkm )e

−Vkm (0) → |2 sin(πx)| locally uniformly on R (63)

for any increasing sequence of positive integers km such that akm+1 → ∞ as m → ∞; recall that Vk(x)
was defined in (24). Indeed, under the stronger assumption

1 + log max1≤ℓ≤km aℓ
akm+1

→ 0 as m → ∞,
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we have Vkm (0)→ 0 by Lemma 8(ii), and thus (63) holds without the factor e−Vkm (0), as claimed. If in
addition (1 + log ak)/ak+1 → 0 (in particular, ak+1 → ∞), then Vk(0)→ 0 by Lemma 8(iii), and (63)
follows without the factor e−Vkm (0) along the full sequence km = m, as claimed.

Fix a large integer A > 0, and let us prove that the convergence in (63) is uniform on [−A, A]. Let

S = Sk = {1 ≤ n ≤ qk − 1 : npk ≡ a (mod qk) with some integer 0< |a| ≤ A},

and let us introduce the modified cotangent sum

V ∗∗

k (x)=

∑
1≤n≤qk−1,

n ̸∈S

sin(πn∥qkα∥/qk) cot
(
π

n(−1)k pk + x
qk

)
.

Note that V ∗∗

k (x) does not have a singularity on (−A −1, A +1). Following the steps in Section 7.1 with
obvious modifications (see (61)), we get

log Pqk (α, (−1)k x/qk)

= log
(

|2 sin
(
π(∥qkα∥ + x/qk)

)
|

|sin(πx)|
|sin(πx/qk)|

)
+

∑
n∈S

log

∣∣sin
(
π(nα+ (−1)k x/qk)

)∣∣∣∣sin
(
π(npk/qk + (−1)k x/qk)

)∣∣
+ V ∗∗

k (x)+ B∗∗

k,qk−1(x).

Here B∗∗

k,qk−1(x) is the perfect analogue of B∗

k,qk−1(x) in (61), and satisfies

|B∗∗

k,qk−1(x)| ≪
1

a2
k+1

, x ∈ [−A, A],

by an obviously modified form of Proposition 19 with ck =
1
2 . Following the steps in the proof of Lemma 8,

it is easy to see that the derivative of V ∗∗

k (x) satisfies |V ∗∗

k
′(x)| ≪ 1/ak+1 on [−A, A]. Therefore for

any x ∈ [−A, A],

V ∗∗

k (x)= V ∗∗

k (0)+ O
(

A
ak+1

)
= Vk(0)−

∑
n∈S

sin(πn∥qkα∥/qk) cot
(
π

n(−1)k pk

qk

)
+ O

(
A

ak+1

)
= Vk(0)+ O

( ∑
0<|a|≤A

∥qkα∥

∣∣∣∣cot
(
π

a
qk

)∣∣∣∣ + A
ak+1

)

= Vk(0)+ O
(

A
ak+1

)
.

By the previous three formulas and the usual trigonometric identities,

Pqk (α, (−1)k x/qk)e−Vk(0) = |2 sin(πx)|
|sin(π(∥qkα∥ + x/qk))|

|sin(πx/qk)|

( ∏
n∈S

|1 + xn + yn|

)
eO(A/ak+1)
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uniformly on [−A, A], where

xn := cos(πn(α− pk/qk))− 1 = cos(πn∥qkα∥/qk)− 1

and

yn := sin(πn∥qkα∥/qk) cot
(
π(n(−1)k pk/qk + x/qk)

)
.

To see (63), it will thus be enough to prove that

|2 sin(πx)|
|sin(π(∥qkα∥ + x/qk))|

|sin(πx/qk)|

∏
n∈S

|1 + xn + yn| → |2 sin(πx)| uniformly on [−A, A] (64)

along any subsequence k = km such that akm+1 → ∞.
First, let x ∈ [−A, A]\

⋃A
a=−A

(
a −

1
100 , a +

1
100

)
. Then

|sin(π(∥qkα∥ + x/qk))|

|sin(πx/qk)|
∼ 1 +

qk∥qkα∥

x
,

as well as

|xn| ≪ ∥qkα∥
2
≪ 1/ak+1 and |yn| ≪A 1/ak+1,

all uniformly in x . Hence

|sin(π(∥qkα∥ + x/qk))|

|sin(πx/qk)|

∏
n∈S

|1 + xn + yn| ∼

(
1 + O

(
1

ak+1

)) ∏
0<|a|≤A

∣∣∣∣1 + OA

(
1

ak+1

)∣∣∣∣
= 1 + OA

(
1

ak+1

)
,

uniformly in x . Thus the convergence in (64) is indeed uniform on [−A, A]\
⋃A

a=−A

(
a −

1
100 , a +

1
100

)
.

Next, let x ∈
(
a −

1
100 , a +

1
100

)
with some 0< |a| ≤ A. Then

|2 sin(πx)|
∏
n∈S

|1 + xn + yn| = |2 sin(πx)| ·
∣∣∣∣1 + O

(
1

|x − a|ak+1

)∣∣∣∣ ∏
0<|a′

|≤A
a′

̸=a

(
1 + OA

(
1

ak+1

))

= |2 sin(πx)| + OA

(
1

ak+1

)
,

uniformly in x ∈
(
a −

1
100 , a +

1
100

)
; indeed, |sin(πx)|/|x −a| ≪ 1 follows from the fact that |sin(πx)| has

a zero at every integer. Therefore the convergence in (64) is also uniform on
(
a −

1
100 , a +

1
100

)
. Finally,

let x ∈
(
−

1
100 ,

1
100

)
. Then

|2 sin(πx)|
|sin(π(∥qkα∥ + x/qk))|

|sin(πx/qk)|
∼ |2 sin(πx)|

(
1 +

qk∥qkα∥

x

)
= |2 sin(πx)| + O

(
1

ak+1

)
,

uniformly in x ∈
(
−

1
100 ,

1
100

)
. Therefore the convergence in (64) is uniform on

(
−

1
100 ,

1
100

)
. This finishes

the proof of (64). □
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[Erdős and Szekeres 1959] P. Erdős and G. Szekeres, “On the product
∏n

k=1(1 − zak)”, Acad. Serbe Sci. Publ. Inst. Math. 13
(1959), 29–34. MR Zbl

[Grepstad et al. 2019] S. Grepstad, L. Kaltenböck, and M. Neumüller, “A positive lower bound for lim infN→∞

∏N
r=1 |2 sinπrϕ|”,

Proc. Amer. Math. Soc. 147:11 (2019), 4863–4876. MR Zbl

[Grepstad et al. 2020] S. Grepstad, L. Kaltenböck, and M. Neumüller, “On the asymptotic behavior of the sine product∏n
1=1 |2 sinπrα|”, pp. 103–115 in Discrepancy theory, edited by D. Bilyk et al., Radon Ser. Comput. Appl. Math. 26,

De Gruyter, Berlin, 2020. MR Zbl

[Grepstad et al. 2022] S. Grepstad, M. Neumüller, and A. Zafeiropoulos, “On the order of magnitude of Sudler products II”,
(online publication October 2022). To appear in Int. J. Number Theory.

[Knill and Tangerman 2011] O. Knill and F. Tangerman, “Self-similarity and growth in Birkhoff sums for the golden rotation”,
Nonlinearity 24:11 (2011), 3115–3127. MR Zbl

[Lubinsky 1999] D. S. Lubinsky, “The size of (q; q)n for q on the unit circle”, J. Number Theory 76:2 (1999), 217–247. MR
Zbl

[Lubinsky 2003] D. S. Lubinsky, “Rogers–Ramanujan and the Baker–Gammel–Wills (Padé) conjecture”, Ann. of Math. (2)
157:3 (2003), 847–889. MR Zbl

[Maier and Rassias 2019] H. Maier and M. T. Rassias, “Explicit estimates of sums related to the Nyman-Beurling criterion for
the Riemann hypothesis”, J. Funct. Anal. 276:12 (2019), 3832–3857. MR Zbl

[Murakami 2011] H. Murakami, “An introduction to the volume conjecture”, pp. 1–40 in Interactions between hyperbolic
geometry, quantum topology and number theory, edited by A. Champanerkar et al., Contemp. Math. 541, Amer. Math. Soc.,
Providence, RI, 2011. MR Zbl

[Murakami and Murakami 2001] H. Murakami and J. Murakami, “The colored Jones polynomials and the simplicial volume of
a knot”, Acta Math. 186:1 (2001), 85–104. MR Zbl

http://dx.doi.org/10.1007/s00209-022-03086-5
http://dx.doi.org/10.1007/s00209-022-03086-5
http://msp.org/idx/mr/4480210
http://msp.org/idx/zbl/07585676
http://dx.doi.org/10.1007/s00605-017-1100-8
http://dx.doi.org/10.1007/s00605-017-1100-8
http://msp.org/idx/mr/3767725
http://msp.org/idx/zbl/1410.11106
http://msp.org/idx/arx/2002.06602
http://dx.doi.org/10.1017/CBO9780511546563
http://msp.org/idx/mr/1997038
http://msp.org/idx/zbl/1086.11015
http://dx.doi.org/10.4007/annals.2009.170.303
http://msp.org/idx/mr/2521117
http://msp.org/idx/zbl/1166.47031
http://dx.doi.org/10.1093/imrn/rnv036
http://msp.org/idx/mr/3456049
http://msp.org/idx/zbl/1370.11098
http://dx.doi.org/10.1093/imrn/rns211
http://msp.org/idx/mr/3144177
http://msp.org/idx/zbl/1293.30078
http://dx.doi.org/10.1112/plms.12485
http://dx.doi.org/10.1112/plms.12485
http://msp.org/idx/mr/4524220
http://dx.doi.org/10.1007/s00208-021-02288-2
http://dx.doi.org/10.1007/s00208-021-02288-2
http://msp.org/idx/mr/4403231
http://msp.org/idx/zbl/07503465
http://msp.org/idx/mr/126425
http://msp.org/idx/zbl/0097.03302
http://dx.doi.org/10.1090/proc/14611
http://msp.org/idx/mr/4011519
http://msp.org/idx/zbl/1448.11138
http://dx.doi.org/10.1515/9783110652581-005
http://dx.doi.org/10.1515/9783110652581-005
http://msp.org/idx/mr/4391427
http://msp.org/idx/zbl/1459.11017
http://dx.doi.org/https://doi.org/10.1142/S1793042123500483
http://dx.doi.org/10.1088/0951-7715/24/11/006
http://msp.org/idx/mr/2844830
http://msp.org/idx/zbl/1254.11074
http://dx.doi.org/10.1006/jnth.1998.2365
http://msp.org/idx/mr/1684685
http://msp.org/idx/zbl/0940.11007
http://dx.doi.org/10.4007/annals.2003.157.847
http://msp.org/idx/mr/1983783
http://msp.org/idx/zbl/1068.41033
http://dx.doi.org/10.1016/j.jfa.2018.06.022
http://dx.doi.org/10.1016/j.jfa.2018.06.022
http://msp.org/idx/mr/3958000
http://msp.org/idx/zbl/1426.30005
http://dx.doi.org/10.1090/conm/541/10677
http://msp.org/idx/mr/2796626
http://msp.org/idx/zbl/1236.57005
http://dx.doi.org/10.1007/BF02392716
http://dx.doi.org/10.1007/BF02392716
http://msp.org/idx/mr/1828373
http://msp.org/idx/zbl/0983.57009


Maximizing Sudler products via Ostrowski expansions and cotangent sums 717

[Rockett and Szüsz 1992] A. M. Rockett and P. Szüsz, Continued fractions, World Sci., River Edge, NJ, 1992. MR Zbl

[Schmidt 1980] W. M. Schmidt, Diophantine approximation, Lecture Notes in Mathematics 785, Springer, 1980. MR Zbl

[Sudler 1964] C. Sudler, Jr., “An estimate for a restricted partition function”, Quart. J. Math. Oxford Ser. (2) 15 (1964), 1–10.
MR Zbl

[Vasyunin 1995] V. I. Vasyunin, “On a biorthogonal system associated with the Riemann hypothesis”, Algebra i Analiz 7:3
(1995), 118–135. In Russian; translated in St. Petersburg Math. J. 7:3 (1996), 405–419. MR Zbl

[Verschueren and Mestel 2016] P. Verschueren and B. Mestel, “Growth of the Sudler product of sines at the golden rotation
number”, J. Math. Anal. Appl. 433:1 (2016), 200–226. MR Zbl

[Zagier 2010] D. Zagier, “Quantum modular forms”, pp. 659–675 in Quanta of maths, edited by E. Blanchard et al., Clay Math.
Proc. 11, Amer. Math. Soc., Providence, RI, 2010. MR Zbl

Communicated by Peter Sarnak
Received 2021-03-18 Revised 2022-01-18 Accepted 2022-05-10

aistleitner@math.tugraz.at Institute of Analysis and Number Theory, Graz University of Technology,
Graz, Austria

borda@math.tugraz.at Institute of Analysis and Number Theory, Graz University of Technology,
Graz, Austria

Alfréd Rényi Institute of Mathematics, Budapest, Hungary

mathematical sciences publishers msp

http://dx.doi.org/10.1142/1725
http://msp.org/idx/mr/1188878
http://msp.org/idx/zbl/0925.11038
https://doi.org/10.1007/978-3-540-38645-2
http://msp.org/idx/mr/568710
http://msp.org/idx/zbl/0421.10019
http://dx.doi.org/10.1093/qmath/15.1.1
http://msp.org/idx/mr/163890
http://msp.org/idx/zbl/0151.01402
https://www.mathnet.ru/eng/aa/v7/i3/p118
http://msp.org/idx/mr/1353492
http://msp.org/idx/zbl/0851.11051
http://dx.doi.org/10.1016/j.jmaa.2015.06.014
http://dx.doi.org/10.1016/j.jmaa.2015.06.014
http://msp.org/idx/mr/3388787
http://msp.org/idx/zbl/1335.11018
http://msp.org/idx/mr/2757599
http://msp.org/idx/zbl/1294.11084
mailto:aistleitner@math.tugraz.at
mailto:borda@math.tugraz.at
http://msp.org




msp
ALGEBRA AND NUMBER THEORY 17:3 (2023)

https://doi.org/10.2140/ant.2023.17.719

Free rational curves on low degree hypersurfaces
and the circle method

Tim Browning and Will Sawin

We use a function field version of the Hardy–Littlewood circle method to study the locus of free rational
curves on an arbitrary smooth projective hypersurface of sufficiently low degree. On the one hand this
allows us to bound the dimension of the singular locus of the moduli space of rational curves on such
hypersurfaces and, on the other hand, it sheds light on Peyre’s reformulation of the Batyrev–Manin
conjecture in terms of slopes with respect to the tangent bundle.
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1. Introduction

Let X ⊂ Pn−1 be a smooth hypersurface of degree d ⩾ 3, over a field K whose characteristic exceeds d if
it is positive. This paper has two aspects. On the one hand, motivated by questions in algebraic geometry,
we shall be interested in the locus of points corresponding to free rational curves inside the moduli space
M0,0(X, e) of degree e rational curves on X . On the other hand, by working over a finite field, we shall
establish a function field analogue of a recent conjecture due to Peyre [2017] about the distribution of
“sufficiently free” rational points of bounded height on Fano varieties.

1A. Geometry. The expected dimension of M0,0(X, e) is (n − d)e + n − 5, a fact that is known to hold
for generic X if n ⩾ d +3, thanks to Riedl and Yang [2019]. It follows from work of Browning and Vishe
[2017] that M0,0(X, e) is irreducible and has the expected dimension for any smooth X , provided that
n > (5d − 4)2d−1. Our first result strengthens this.

Theorem 1.1. Let d ⩾ 3, let e ⩾ 1 and let n > (2d − 1)2d−1. Then M0,0(X, e) is an irreducible locally
complete intersection of the expected dimension.
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We can also bound the dimension of the singular locus of M0,0(X, e), as follows.

Theorem 1.2. Let d ⩾ 3, let e ⩾ 1 and let n > 3(d −1)2d−1. Then the space M0,0(X, e) is smooth outside
a set of codimension at least (

n
2d−2 − 6(d − 1)

)(
1 +

⌊
e + 1
d − 1

⌋)
.

In particular, whenever these inequalities are satisfied, it is generically smooth and reduced.

For n ⩾ 2d + 1 and generic X of degree d ⩾ 3, Harris, Roth and Starr [Harris et al. 2004] have also
shown that M0,0(X, e) is generically smooth. Note that, provided n > 3(d − 1)2d−1, the codimension
goes to ∞ in Theorem 1.2 when either e or n does, with d fixed. Moreover, when both e and n are large
with respect to d, the codimension is at least approximately 1/(2d−2(d − 1)) of the total dimension.

Our work addresses some questions of Eisenbud and Harris [2016, Section 6.8.1] concerning the
Fano variety of lines F1(X)= M0,0(X, 1) associated to a smooth hypersurface X ⊂ Pn−1 of degree d.
Specifically, their question (a) asks whether F1(X) is reduced and irreducible if n > d + 1 and (b) asks
whether the dimension of the singular locus of F1(X) can be bounded in terms of d alone. Theorems 1.1
and 1.2 answer the first question affirmatively for n > 3(d − 1)2d−1 and give some weak evidence in
support of the second question, by showing that it grows with n more slowly than the dimension of the
whole space. Furthermore, we handle the analogous conjectures with higher degree curves, with no loss
in the dependence on n, meaning that for large enough e we do better than their predicted bound d ⩽ n/e.

By comparison, Starr [2003] has proved that if n ⩾ d + e and X is generic, then M0,0(X, e) has
canonical singularities, which implies in particular that it is smooth outside a set of codimension at least 2.
It does not seem possible that our method will prove that M0,0(X, e) has canonical singularities. By
[Mustat,ǎ 2001] and [Lang and Weil 1954] this is equivalent to the conjunction of an infinite sequence of
Diophantine estimates (in the spirit of Definition 3.7), but for fixed n, d and e it seems unlikely that the
circle method is able to handle more than finitely many of them. In unpublished work, Starr and Tian use
a bend-and-break approach to produce a less restrictive lower bound for the codimension of the singular
locus for a general hypersurface X ⊂ Pn−1 of degree d. However, their method never proves a lower
bound for the codimension greater than n, whereas our work achieves this if e is sufficiently large.

Comparing the various results, we see that Theorem 1.2 holds for a much more restricted range of n
(unless e is very large relative to d) but it is valid for an arbitrary smooth hypersurface, rather than just a
general one.

It should be possible to adapt our strategy to prove results about moduli spaces of genus g curves on X .
However, the codimension we obtain for the whole moduli space will not be any better than the codimension
we can prove for the space of maps from a fixed genus g curve to X . In particular the codimension will
shrink as g grows, so the bound obtained would only be suitable for e sufficiently large with respect to g.

Let TX be the tangent bundle associated to the smooth hypersurface X ⊂Pn−1 (as defined in [Hartshorne
1977, page 180], for example). Our remaining result deals specifically with free curves and so we recall
the definition here.
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Definition 1.3. Let c : P1
→ X be a rational curve and let ϱ∈ Z. We say that c is ϱ-free if c∗TX ⊗OP1(−ϱ)

is globally generated.

We shall follow common convention and say that c is free if it is 0-free, and very free if it is 1-free.
One easily checks that this agrees with the standard definition that c is free if c∗TX is globally generated
and very free if c∗TX is ample. The definition of free curves goes back to pioneering work of Kollár,
Miyaoka and Mori [Kollár et al. 1992a, Section 1] on rational connectedness for Fano varieties, and
they feature heavily in work of Kollár [1996, Section II.3]. We have taken Definition 1.3 from work of
Debarre [2001, Definition 4.5], which appears to be the first time that the notion of being ϱ-free occurs,
for varying ϱ ∈ Z.

Remark 1.4. If c is a ϱ-free rational curve on X then it follows from Definition 1.3 that deg(c∗TX )⩾

rank(c∗TX )ϱ. In general, the pull-back of the tangent bundle has rank n − 2 and degree e(n − d). In this
way we see that no degree e rational curve on X is ever (⌊e(n − d)/(n − 2)⌋ + 1)-free. If d ⩾ 2 then this
implies that ϱ ⩽ e, for any ϱ-free rational curve P1

→ X .

We let Uϱ ⊂ M0,0(X, e) be the Zariski open set that parametrizes degree e maps from P1 to X that are
ϱ-free. We write Zϱ = M0,0(X, e)\Uϱ for the complement. This is the closed set parametrizing degree e
maps P1

→ X that are not ϱ-free. We shall prove the following bound for its dimension.

Theorem 1.5. Let d ⩾ 3 and n > 3(d − 1)2d−1. Assume that ϱ ⩾ −1 and

e ⩾ (ϱ+ 1)
(

2 +
1

d − 2

)
. (1-1)

Then

dim Zϱ ⩽ (n −d)e+n −5+2(d −1)
⌊
ϱ+ 1

2

⌋
−

(
n

2d−2 −6(d −1)
)(

1+

⌊
e − ϱ

d − 1

⌋
−

⌊
ϱ+ 1

2

⌋)
. (1-2)

The notion of free rational curves was originally introduced as a tool to study uniruled and rational
connectedness properties of varieties. Taking ϱ= 1 it follows from Theorems 1.1 and 1.5 that U1 ̸=∅ if K
is algebraically closed and e is sufficiently large. Hence, by appealing to [Debarre 2001, Corollary 4.17],
we deduce that any smooth hypersurface X ⊂ Pn−1 of degree d is rationally connected if d ⩾ 3 and
n > 3(d − 1)2d−1. This recovers a weak form of the well-known result, independently due to Campana
[1992] and Kollár, Miyaoka and Mori [Kollár et al. 1992b] that Fano varieties are rationally connected.
In fact both proofs use reduction to characteristic p, but they use different properties of characteristic p
varieties, with [Kollár et al. 1992b] relying on Frobenius pull-back and our work using the Lang–Weil
estimates.

Theorem 1.2 is derived from Theorem 1.5, which is proved using analytic number theory and builds on
an approach employed by Browning and Vishe [2017]. (Theorem 1.1 uses essentially the same approach
as [loc. cit.], with one improvement to a key lemma.) One begins by working over a finite field K = Fq

of characteristic > d. We bound the dimension of Zϱ by counting the number of points defined over a
finite extension of Fq that lie in it. In Section 3, we will give an explicit description of this locus in terms
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of a system of two Diophantine equations defined over the function field Fq(T ). Let f ∈ Fq [x1, . . . , xn]

be a nonsingular form of degree d that defines the hypersurface X ⊂ Pn−1. Given ϱ ∈ Z, we shall see
that the primary counting function of interest to us, denoted Nϱ(q, e, f ), is the one that counts vectors
(g, h) ∈ Fq [T ]

2n , where g1, . . . , gn have degree at most e and no common zero, with at least one of
degree exactly e, and where h1, . . . , hn have degree at most e − 1 − ϱ, such that

f (g1, . . . , gn)= 0 and
n∑

i=1

hi
∂ f
∂xi

(g1, . . . , gn)= 0. (1-3)

Since each partial derivative of f is a degree d −1 polynomial, we obtain a linear equation for h ∈ Fq [T ]
n

where the coefficients have degree at most (d − 1)e in T . Standard heuristics lead us to expect that,
for typical g, the number of available h is q(e−ϱ)(n−1)−(d−1)e

= qe(n−d)−ϱ(n−1). (In fact, we shall see in
Lemmas 3.4 and 3.5 that this is true only if the map P1

→ X represented by g is ϱ-free.) Thus we expect
that Nϱ(q, e, f ) is approximated by qe(n−d)−ϱ(n−1)N (q, e, f ), where N (q, e, f ) is the number of vectors
g ∈ Fq [T ]

n such that f (g)= 0, where g1, . . . , gn have degree at most e and no common zero, with at
least one of degree exactly e.

In Section 4, we apply the function field version of the Hardy–Littlewood circle method to study the
system of degree d equations (1-3), expressing the number of solutions as an integral of an exponential
sum. We shall show that the major arc contribution to this integral cancels almost exactly with the
expected approximation qe(n−d)−ϱ(n−1)N (q, e, f ). In Section 5, we prove an upper bound on all other
arcs, taking special care to make all of our implied constants depend explicitly on the size of the finite
field q . The standard way of proceeding involves d − 1 applications of Weyl differencing, a process that
would ultimately require n > 3(d − 1)2d variables overall. We shall gain a 50% reduction in the number
of variables by exploiting the special shape of the Diophantine system (1-3). Finally, we bring everything
together and apply the Lang–Weil estimates [Lang and Weil 1954] to turn the bound for #Zϱ(Fq) into a
bound for the dimension of Zϱ. An application of spreading-out shows that the dimension bound holds
over an arbitrary base field K such that char(K ) > d if it is positive.

1B. Arithmetic. In our geometric investigation of Zϱ we take the point of view that e and ϱ are fixed
and q → ∞. In this subsection we assume that the finite field is fixed, but we allow the parameters e and
ϱ to tend to infinity appropriately.

Suppose that V is a smooth projective geometrically integral Fano variety defined over a number
field K . For suitable Zariski open subsets U ⊂ V the Batyrev–Manin conjecture [Franke et al. 1989]
makes a precise prediction about the asymptotic behavior of the counting function

NU (B)= #{x ∈ U (K ) : Hω−1
V
(x)⩽ B},

as B → ∞, where Hω−1
V

: V (K )→ R is an anticanonical height function. These conjectures are flawed,
however, since it has been discovered that the presence of Zariski dense thin sets in V (K ) may skew
the expected asymptotics. Recently, Peyre [2017] has embarked on an ambitious program to repair the
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conjecture by associating a measure of “freeness” ℓ(x) ∈ [0, 1] to any x ∈ V (K ) and only counting those
rational points for which ℓ(x)⩾ εB , where εB is a function of B decreasing to zero sufficiently slowly;
see [loc. cit., Definition 6.11] for a precise statement. Peyre’s function ℓ(x) is defined using Arakelov
geometry and the theory of slopes associated to the tangent bundle TV .

We can lend support to Peyre’s freedom prediction [loc. cit., Section 6] by studying smooth hypersur-
faces of low degree in the setting of global fields of positive characteristic. Let X ⊂ Pn−1 be a smooth
hypersurface of degree d defined over a finite field Fq whose characteristic exceeds d . We put

N ε-free
X (B)= #{x ∈ X (K ) : ℓ(x)⩾ ε, H−ωX (x)⩽ q B

}, (1-4)

where K = Fq(T ) is the rational function field and ℓ(x) will be defined in Section 6. The expectation is
that for a suitable range of ε, N ε-free

X (B) should have the same asymptotic behavior as the usual counting
function NX (B), as B → ∞. The following result confirms this and will be proved in Section 6.

Theorem 1.6. Let d ⩾ 3, let n > 3(d − 1)2d−1 and let

0 ⩽ ε <
n − 1

(n − d)(d − 1)22d−1 .

Then there exists δ > 0 such that

N ε-free
X (B)= cX q B

+ O(q(1−δ)B),

as B →∞, where cX is the function field analogue of the constant predicted by Peyre [1995]. Furthermore,
the implied constant only depends on q and f .

Note that this result does not require εB to decrease to zero, but only to stay below some fixed constant.
This may be because the hypersurface X has Picard rank one, since Peyre [2017, Section 7.2] has shown
that for the product P1

× P1 one requires εB → 0 for the asymptotic formula to be true. Finally, one can
see from the arguments in Theorem 1.6 that we can take the upper bound for ε to be significantly greater
than (n − 1)/((n − d)(d − 1)22d−1) when n is large. (In fact, the cutoff is allowed to approach 1/(d + 1)
as n → ∞.)

With appropriate adjustments to the proof of Theorem 1.6, it is also possible to handle the corresponding
result for smooth hypersurfaces of low degree defined over Q, with Poisson summation taking the place of
the Riemann–Roch arguments that feature in Section 3. This is the object of our concurrent work [Browning
and Sawin 2020a].

2. Examples

As usual, X ⊂ Pn−1 is assumed to be a smooth hypersurface of degree d ⩾ 3, over a field K whose
characteristic is either 0 or > d. While the latter condition arises very naturally in our argument (as
explained in Remark 5.5), the following result shows that the statement of Theorem 1.5 is actually false
when it is dropped.
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Lemma 2.1. Let K = Fp for a prime p and let X ⊂ Pn−1 be the Fermat hypersurface

xd
1 + · · · + xd

n = 0.

Assume that p ∤d and d ̸= apr
− 1 for any r ∈ N and a ∈ {0, . . . , p − 1}. Then X is smooth, none of the

curves in M0,0(X, 1) are (−1)-free, and dim M0,0(X, 1) > 2n − d − 5.

Proof. The moduli space of n-tuples of polynomials of degree ⩽ 1 satisfying the equation xd
1 +· · ·+xd

n = 0
is a GL2-bundle over the moduli stack M0,0(X, 1) parametrizing lines in X , because for each line we
can choose any basis of the corresponding two-dimensional vector space. Thus its dimension is equal
to 4 + dim M0,0(X, 1). This space is cut out by d + 1 equations in 2n variables, where

(d
i

)
divides all

coefficients of the i-th equation, for 0 ⩽ i ⩽ d . By Lucas’ theorem it follows that p |
(d

i

)
if and only if at

least one of the base p digits of i is greater than the corresponding base p digit of d . In this way we see
that p |

(d
i

)
for some 0 ⩽ i ⩽ d if and only if d does not take the form apr

−1 for some a ∈ {0, . . . , p −1}.
But then the space is cut out by fewer than d + 1 equations in 2n variables. This implies that it has
dimension greater than 2n−d−1, whence dim M0,0(X, 1)> 2n−d−5. Furthermore, since the dimension
near each curve is greater than the expected dimension, it follows from Lemma 3.1 that they are not
(−1)-free. Finally, the Fermat hypersurface is smooth over K if and only if p ∤d . □

This example generalizes a discussion of Debarre [2001, Section 2.15]. It shows that for typical p < d
the statements of Theorems 1.1 and 1.5 are false for fields of characteristic p.

Returning to the general setting, the following result provides examples of curves that are not ϱ-free.

Lemma 2.2. Let d,m, n ∈ N with d ⩾3 and m ⩽n/2. Let K be an infinite field. There exists a nonsingular
form f (x1, . . . , xn) over K of degree d, such that

f (x1, . . . , xm, 0, . . . , 0)=
∂ f
∂x j

(x1, . . . , xm, 0 . . . , 0)= 0

for all x1, . . . , xm and all j ⩽ n − m. For such a polynomial, every map c : P1
→ X of degree e that

factors through Pm−1
⊆ X ⊆ Pn−1 fails to be (⌊e(m − d)/(m − 1)⌋+ 1)-free. The moduli space of such

rational curves has dimension m(e + 1)− 4.

Let X ⊂ Pn−1 be a smooth hypersurface with underlying polynomial f , as in the lemma. Taking
m = d and ϱ = 0, we see that when n > 2d the space Z1 of non-very-free rational curves P1

→ X of
degree e has dimension at least d(e + 1)− 4.

Proof of Lemma 2.2. Without the nonsingularity condition, the space of such polynomials is linear. The
singular polynomials form a closed subset. To prove the existence, it is sufficient to show that this subset
has codimension 1. The set of singular polynomials is the projection from the product of this linear
space with Pn−1 of the set of pairs of a point and a polynomial singular at that point. For elements in
Pm−1

⊆ Pn−1, the space of polynomials singular at that point has codimension m, as it is defined by the
m independent conditions ∂ f

∂x j
(x1, . . . , xm, 0 . . . , 0)= 0 for n − m + 1 ⩽ j ⩽ n. For all other elements,

we claim that the n conditions ∂ f
∂x j
(x1, . . . , xn)= 0 for 1 ⩽ j ⩽ n define a codimension n subspace. To
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see this we may take a linear form l in the last n − m coordinates that is nonzero at that point. Then the
n-dimensional space of polynomials generated by x j ld−1 for 1 ⩽ j ⩽ n lie in the linear subspace, since
d −1 ⩾ 2. But only the zero element in that subspace satisfies all n conditions. It follows that the singular
locus is the union of the projection of a codimension m bundle on Pm−1 and a codimension n bundle on
its complement in Pn−1. Thus the singular locus has codimension at least one, as desired.

For the freeness, we use the Euler exact sequence

0 → OPn−1 → OPn−1(1)n → TPn−1 → 0. (2-1)

Consider the map OPn−1(1)n → OPn−1(1)m given by projection onto the last m factors. Because m ⩽ n/2
the composition of this projection with the map OPn−1 → OPn−1(1)n vanishes on Pm−1. So over Pm−1,
we obtain a map TPn−1 → OPn−1(1)m .

Next consider the exact sequence 0 → TPn−1 → TX → OX (d)→ 0 on X . The second map of this
sequence is the dot product with the derivative of f . By assumption on f , restricted to Pm−1, this map
factors through the projection onto the last m vectors. Hence we obtain an exact sequence

0 → V → OPm−1(1)m → OPm−1(d)→ 0

whose kernel V is a vector bundle on Pm−1 of degree m − d , which arises as a quotient of TX .
For c : P1

→ X a map of degree e whose image lies in Pm−1, c∗V is a vector bundle of degree e(m −d)
on P1 which arises as a quotient of c∗TX . Because c∗V splits as a direct sum of m − 1 line bundles, it
must contain some line bundle summand of degree at most e(m − d)/(m − 1), and we can round down to
the nearest integer. Hence c∗TX has some line bundle summand of degree at most ⌊e(m − d)/(m − 1)⌋
and hence c is not (⌊e(m − d)/(m − 1)⌋ + 1)-free.

The dimension estimate is the standard calculation for the moduli space of rational curves in projective
space. □

Even for a general hypersurface there are some non-very-free curves. Indeed, for such a variety, the
moduli space of lines has dimension 2n − d − 5, and each line admits a (2e + 1)-dimensional moduli
space of degree e maps from P1 to that line. Because the pull-back of the tangent bundle to a line has
rank n − 2 and degree n − d, it contains some summand of degree at most 0 as soon as d ⩾ 2, and so
every pull-back of it has a summand of the same degree, and so these degree e coverings of lines fail to
be 1-free. Hence, for a general hypersurface X ⊂ Pn−1 of degree d , we have dim Z1 ⩾ 2(n + e)− d − 7.

These examples show that the dimension of the moduli space of non-very-free curves can grow linearly
in n and it can grow linearly in e. We do not know if it can grow linearly in ne, as the dimension of
M0,0(X, e) does.

3. Vector bundles on P1

Let f be a homogeneous polynomial of degree d in n variables over a field K and let X ⊂ Pn−1 be its
projective zero locus. Assume that X is smooth and let TX be its tangent bundle. In this section we
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investigate the geometry of ϱ-free rational curves c : P1
→ X , in the sense of Definition 1.3. It turns out

that there is a natural characterization of the (−1)-free curves, which we recall here.

Lemma 3.1. A rational curve c : P1
→ X of degree e is (−1)-free if and only if , in a neighborhood of c,

the moduli space of rational curves on X is smooth of dimension (n − d)e + n − 5.

Under the assumptions of Theorem 1.1 or [Riedl and Yang 2019], M0,0(X, e) has dimension
(n − d)e + n − 5, so this is simply equivalent to M0,0(X, e) being smooth at c.

Proof of Lemma 3.1. The tangent space of the moduli space of rational curves at c is

H 0(P1, c∗TX )/H 0(P1,TP1).

Note that H 0(P1,TP1) has dimension 3. By Riemann–Roch,

dim H 0(P1, c∗TX )− dim H 1(P1, c∗TX )= dim(c∗TX )+ deg(c∗TX )= n − 2 + e(n − d).

Hence if c is a smooth point on a component of dimension n − 5 + e(n − d) then H 0(P1, c∗TX ) has
dimension n − 2 + e(n − d) and so H 1(P1, c∗TX ) vanishes. Thus [Debarre 2001, Remark 4.6] implies
that c is (−1)-free.

Conversely if c is (−1)-free then H 1(P1, c∗TX ) vanishes by [loc. cit., Remark 4.6], so deformations
are unobstructed. Thus the moduli space is smooth at c, and the dimension of the tangent space to the
moduli space is n − 5 + e(n − d). □

Let T̂X be the inverse image of TX ⊆ TPn−1 under the map OPn−1(1)n → TPn−1 in the Euler sequence
(2-1). This yields

0 → OX → T̂X → TX → 0,

so that in particular T̂X is a vector bundle of rank n − 1 on X . With this in mind, we refine Definition 1.3
as follows.

Definition 3.2. We say that c : P1
→ X is strongly ϱ-free if c∗T̂X ⊗ OP1(−ϱ) is globally generated.

We thank Paul Nelson for asking a question that suggested the above definition, and which turns out to
simplify our argument compared to studying the tangent bundle directly.

Lemma 3.3. If c is strongly ϱ-free, then it is ϱ-free.

Proof. This follows from the fact that TX is a quotient of T̂X and if a vector bundle is globally generated
then every quotient is globally generated. □

Lemma 3.4. We have

dim H 0(P1, c∗T̂X ⊗ OP1(−1 − ϱ))⩾ e(n − d)− ϱ(n − 1)

with equality if and only if c is strongly ϱ-free.
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Proof. Because TX is the kernel of the map d f :TPn−1 →OPn−1(d), T̂X is the kernel of a map OPn−1(1)n →

OPn−1(d) and hence has degree n − d. Thus c∗T̂X has degree e(n − d). Because it has rank n − 1, its
tensor product with OP1(−1 − ϱ) has degree e(n − d)− ϱ(n − 1)− (n − 1). Hence by Riemann–Roch,
the dimension of its space of global sections is

dim H 0(P1, c∗T̂X ⊗ OP1(−1 − ϱ))= e(n − d)− ϱ(n − 1)+ dim H 1(P1, c∗T̂X ⊗ OP1(−1 − ϱ)).

It now suffices to show that H 1(P1, c∗T̂X ⊗ OP1(−1 − ϱ) vanishes if and only if c∗T̂X ⊗ OP1(−ϱ) is
globally generated. We can assume that

c∗T̂X =

n−1⊕
i=1

OP1(ki ).

Then H 1(P1, c∗T̂X ⊗ OP1(−1 − ϱ))= 0 if and only if ki − 1 − ϱ ⩾ −1 for all i , which happens if and
only if ki − ϱ ⩾ 0 for all i , which occurs if and only if c∗T̂X ⊗ OP1(−ϱ) is globally generated. □

Vector notation such as g or h will denote n-tuples of polynomials in T . Let g be an n-tuple of
polynomials in T of degree at most e, at least one of degree e, with no common zero, and such that
f (g)= 0. These conditions ensure that (g1 : · · · : gn) defines a degree e map c : P1

→ X .

Lemma 3.5. H 0(P1, c∗T̂X ⊗OP1(−1 −ϱ)) is isomorphic to the space of n- tuples h of polynomials in T
of degree ⩽ e − 1 − ϱ, such that ∇ f (g) · h = 0.

Proof. In this proof it will be convenient to set B = c∗T̂X ⊗ OP1(−1 − ϱ). We have an exact sequence
0 → T̂X → OPn−1(1)n → OPn−1(d)→ 0, with the last map given by multiplication by the gradient of f .
Thus we obtain an exact sequence

0 → B → c∗OPn−1(1)n ⊗ OP1(−1 − ϱ)→ c∗OPn−1(d)⊗ OP1(−1 − ϱ)→ 0

which simplifies to

0 → B → OP1(e − 1 − ϱ)n → OP1(de − 1 − ϱ)→ 0,

because c has degree e. Applying the cohomology long exact sequence, we see that H 0(P1,B) is the
kernel of the natural map

H 0(P1,OP1(e − 1 − ϱ)n)→ H 0(P1,OP1(de − 1 − ϱ)),

given by multiplication by the gradient of f . Since H 0(P1,OP1(e −1−ϱ)n)= H 0(P1,OP1(e −1−ϱ))n

is the space of n-tuples of polynomials of degree at most e − 1 − ϱ, this is exactly the stated space. □

We now assume K = Fq is a finite field. Thus f ∈ Fq [x1, . . . , xn] is a nonsingular form of degree d ⩾ 3.
We assume throughout that char(Fq) > d .

Definition 3.6. Let N (q, e, f ) be the number of tuples of n polynomials g1, . . . , gn over Fq , of degree at
most e, at least one of degree exactly e, with no common zero, such that f (g1, . . . , gn)= 0.
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Definition 3.7. For each integer ϱ, let Nϱ(q, e, f ) be the number of pairs of a tuple of polynomials
g1, . . . , gn over Fq , of degree at most e, at least one of degree exactly e, with no common zero and a
tuple of polynomials h1, . . . , hn over Fq , of degree at most e − 1 − ϱ, such that (1-3) holds.

Proposition 3.8. (1) The number of Fq -points on M0,0(X, e) is

N (q, e, f )
(q − 1)(q3 − q)

.

(2) The number of Fq -points on Zϱ is at most

Nϱ(q, e, f )qϱ(n−1)−e(n−d)
− N (q, e, f )

(q − 1)2(q3 − q)
.

Proof. Each point of M0,0(X, e) corresponds to |PGL2(Fq)| = q3
− q distinct maps P1

→ X . Thus in (1)
we will count the number of maps P1

→ X , and in (2) we will count the number of maps P1
→ X that

are not ϱ-free, and in each case then divide by q3
− q .

For (1), it is sufficient to note that for any such tuple g, (g1 : · · · : gn) are the projective coordinates of
a degree e map P1

→ X . All such maps arise this way, and two tuples define the same map if and only if
one is the multiple of the other by a nonzero scalar.

For (2), it follows from Lemma 3.3 that it suffices to consider the space of degree e maps c : P1
→ X

that are not strongly ϱ-free. Note that Nϱ(q, e, f ) is the sum over tuples of polynomials (g1, . . . , gn),
defining maps c, of q raised to the dimension of the vector space of possible h1, . . . , hn . By Lemma 3.5
this exponent is

dim H 0(P1, c∗T̂X ⊗ OP1(−1 − ϱ)).

By Lemma 3.4, q to the power of this dimension is equal to qe(n−d)−ϱ(n−1) if c is strongly ϱ-free and is
at least qe(n−d)−ϱ(n−1)+1 otherwise. Hence

Nϱ(q, e, f )qϱ(n−1)−e(n−d) ⩾
∑

g∈Fq [T ]
n

|g|=e
c not strongly ϱ-free

q +

∑
g∈Fq [T ]

n

|g|=e
c strongly ϱ-free

1 = N (q, e, f )+ (q − 1)
∑

g∈Fq [T ]
n

|g|=e
c not strongly ϱ-free

1.

The proposition follows on noting that there are (q − 1) tuples g for each map c : P1
→ X . □

4. The circle method: identification of major arcs

For e ⩾ 1 we have

N (q, e, f )= #{g ∈ Fq [T ]
n

: |g| = qe, f (g)= 0, gcd(g1, . . . , gn)= 1},
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where g = (g1, . . . , gn) and |g| = max1⩽i⩽n|gi |. In particular only nonzero vectors g occur. Similarly,
we may write

Nϱ(q, e, f )=

∑
g∈Fq [T ]

n

|g|=qe

f (g)=0
gcd(g1,...,gn)=1

∑
h∈Fq [T ]

n

|h|<qe−ϱ

h.∇ f (g)=0

1,

where once again we note that only nonzero vectors g occur. We may use the function field analogue of
the Möbius function µ : Fq [T ] → {0,±1} to detect the coprimality condition gcd(g1, . . . , gn)= 1. This
gives

Nϱ(q, e, f )=

∑
k∈Fq [T ]

k monic

µ(k)
∑

g∈Fq [T ]
n

0<|g|=qe/|k|

f (g)=0

∑
h∈Fq [T ]

n

|h|<qe−ϱ

h.∇ f (g)=0

1 =

∑
j⩾0

∑
k∈Fq [T ]

|k|=q j

k monic

µ(k)
∑

g∈Fq [T ]
n

0<|g|=qe− j

f (g)=0

∑
h∈Fq [T ]

n

|h|<qe−ϱ

h.∇ f (g)=0

1.

In view of the elementary identity

∑
k∈Fq [T ]

|k|=q j

k monic

µ(k)=


1 if j = 0,
−q if j = 1,
0 if j > 1,

(4-1)

it readily follows that
Nϱ(q, e, f )=

∑
j⩾0

c j N (e − j + 1, e − ϱ),

where

c j =


1 if j = 0,
−(q + 1) if j = 1,
q if j = 2,
0 if j > 2

(4-2)

and
N (u, v)=

∑
g∈Fq [T ]

n

0<|g|<qu

f (g)=0

∑
h∈Fq [T ]

n

|h|<qv
h.∇ f (g)=0

1,

for any integers u, v ⩾ 1.
We have ∑

h∈Fq [T ]
n

|h|<qe−ϱ

h.∇ f (g)=0

1 =

∫
T

S(β)dβ,

where
S(β)=

∑
h∈Fq [T ]

n

|h|<qe−ϱ

ψ(βh.∇ f (g)).
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Here the integral is over the space T of formal Laurent series in T −1 of degree less than 0, against the
Haar measure with total mass 1, and ψ is the additive character of Fq((T −1)) that sends a formal Laurent
series in T −1 to a fixed nontrivial additive character of Fq applied to the coefficient of T −1. With this
notation we now have

Nϱ(q, e, f )=

∑
j⩾0

c j

∑
g∈Fq [T ]

n

0<|g|<qe− j+1

f (g)=0

∫
T

S(β)dβ. (4-3)

Our plan will be to define a set of major arcs whose total contribution to qϱ(n−1)−e(n−d)Nϱ(q, e, f ) is
matched by N (q, e, f ). We note that the sum over g is empty unless e ⩾ j , so we will be able to assume
this whenever dealing with this sum.

In what follows we shall frequently make use of the basic orthogonality property∑
b∈Fq [T ]

|b|<q B

ψ(γ b)=

{
q B if ∥γ ∥< q−B ,
0 otherwise,

(4-4)

which is valid for any integer B ⩾ 0 and any γ ∈ Fq((T −1)). Here we recall that ∥γ ∥ =
∣∣∑

i⩽−1 bi T i
∣∣ for

any γ =
∑

i⩽N bi T i
∈ Fq((T −1)).

Let g ∈ Fq [T ]
n be a nonzero vector such that f (g)= 0. The next result is the first step towards defining

the relevant set of major arcs for our problem.

Lemma 4.1. Suppose that β = a/r + θ for coprime polynomials a, r ∈ Fq [T ] such that |a|< |r | ⩽ qe−ϱ.
Assume that |rθ |< q−(d−1)(e− j). Then

S(β)=

{
qn(e−ϱ) if r | gcd(g1, . . . , gn)

d−1 and |θ |< qϱ−e/|g|
d−1,

0 otherwise.

Proof. We break the sum into residue classes modulo r , by writing h = u + rv for |u| < |r | and
|v|< qe−ϱ/|r |. Then

S(β)=

∑
u∈Fq [T ]

n

|u|<|r |

ψ(βu.∇ f (g))
∑

v∈Fq [T ]
n

|v|<qe−ϱ/|r |

ψ(rθv.∇ f (g))

Since |rθ | < q−(d−1)(e− j) we have |rθ∇ f (g)| ⩽ |rθ |q(d−1)(e− j) < 1. Thus ∥rθ∇ f (g)∥ = |rθ∇ f (g)|
and it follows from (4-4) that∑

v∈Fq [T ]
n

|v|<qe−ϱ/|r |

ψ(rθv.∇ f (g))=

{
|r |

−nqn(e−ϱ) if |θ∇ f (g)|< qϱ−e,
0 otherwise.

We claim that |∇ f (g)| = |g|
d−1. To see this suppose that |g| = qm for a nonnegative integer m and let

g∗
∈ Fn

q be the (nonzero) leading coefficient of g. In particular f (g∗)= 0 since f (g)= 0. Since f has
degree d it follows that the coefficient of T m(d−1) in ∇ f (g) is ∇ f (g∗) ̸= 0, since f is nonsingular.
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Our argument so far shows that

S(β)=

{
|r |

−nqn(e−ϱ)T (β) if |θ |< qϱ−e/|g|
d−1,

0 otherwise,
where

T (β)=

∑
u∈Fq [T ]

n

|u|<|r |

ψ(βu.∇ f (g)).

When |θ |< qϱ−e/|g|
d−1 it follows that

|θu.∇ f (g)| ⩽ q−1
|θr∇ f (g)| ⩽ q−2+ϱ−e

|r | ⩽ q−2,

since |r | ⩽ qe−ϱ. Hence, since a and r are coprime, we deduce that

T (β)=

∑
u∈Fq [T ]

n

|u|<|r |

ψ

(
au.∇ f (g)

r

)
=

{
|r |

n if r |∇ f (g),
0 otherwise,

Since f is a nonsingular form, the statement of the lemma follows on noting that r |∇ f (g) if and only if
r | gcd(g1, . . . , gn)

d−1. □

Lemma 4.2. Suppose that e ⩾ ϱ and
a1

r1
+ θ1 =

a2

r2
+ θ2,

with r1, r2 | gcd(g1, . . . , gn)
d−1 and |θ1|, |θ2|< qϱ−e/|g|

d−1. Then in fact a1
r1

=
a2
r2

(and so θ1 = θ2).

Proof. By clearing denominators, we may assume r1 = r2 = gcd(g1, . . . , gn)
d−1. Then a1 − a2 =

gcd(g1, . . . , gn)
d−1(θ2 − θ1), so that

|a1 − a2|< qϱ−e gcd(g1, . . . , gn)
d−1

|g|d−1 ⩽ qϱ−e ⩽ 1.

This implies that a1 = a2, as required. □

We take as major arcs the union

N j =

⋃
r∈Fq [T ] monic

|r |⩽qe−ϱ

⋃
|a|<|r |

gcd(a,r)=1

{β ∈ Fq((T −1)) : |rβ − a|< q−(d−1)(e− j)
}, (4-5)

for j ⩾ 0. It follows from Lemma 4.1 that S(β) is nonzero for β ∈ N j if and only if there is some pair
(a/r, θ) such that β = a/r + θ and all the conditions

|r | ⩽ qe−ϱ, |θ |< |r |
−1q−(d−1)(e− j), |a|< |r |, gcd(a, r)= 1,

and

r | gcd(g1, . . . , gn)
d−1, |θ |< qϱ−e/|g|

d−1
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are satisfied. By Lemma 4.2, pairs satisfying these conditions (or even the last three conditions) are
unique. Hence we can rewrite the integral over the major arcs as∫

N j

S(β)dβ = qn(e−ϱ)
∑

|r |⩽qe−ϱ

r monic
r | gcd(g1,...,gn)

d−1

∑
|a|<|r |

gcd(a,r)=1

∫
|θ |<min{qϱ−e/|g|d−1,|r |−1q−(d−1)(e− j)}

dθ

= qn(e−ϱ)
∑

|r |⩽qe−ϱ

r monic
r | gcd(g1,...,gn)

d−1

ϕ(r)
∫

|θ |<min{qϱ−e/|g|d−1,|r |−1q−(d−1)(e− j)}

dθ,

for any nonzero vector g ∈ Fq [T ]
n such that f (g)= 0, where ϕ(r) is the function field analogue of the

Euler totient function. We want to replace the integral over θ by∫
|θ |<qϱ−e/|g|d−1

dθ =
qϱ−e

|g|d−1 .

The error in doing this is at most this volume multiplied by the indicator function for the inequality

|r |
−1q−(d−1)(e− j) < qϱ−e/|g|

d−1.

Since r | gcd(g1, . . . , gn)
d−1 this inequality implies that

q j+D+1
|g| ⩽ |gcd(g1, . . . , gn)|qe, (4-6)

where

D =

⌊
e − ϱ

d − 1

⌋
. (4-7)

At this point we observe that ∑
r ∈ Fq [T ] monic

r | gcd(g1,...,gn)
d−1

ϕ(r)= |gcd(g1, . . . , gn)|
d−1,

since g ̸= 0. Note that when r | gcd(g1, . . . , gn)
d−1 and |r |> qe−ϱ we must have

|gcd(g1, . . . , gn)| ⩾ q D+1, (4-8)

with D as above. Putting everything together it follows that∫
N j

S(β)dβ =
q(n−1)(e−ϱ)

|gcd(g1, . . . , gn)|
d−1

|g|d−1 (1 + ϵ j 1 j (g)) (4-9)

for ϵ j ∈ [−1, 1], where

1 j (g)=

{
1 if (4-6) or (4-8) hold,
0 otherwise.
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Let N major
ϱ (q, e, f ) denote the contribution to the right-hand side of (4-3) from (4-9) for each j . We

now see that

N major
ϱ (q, e, f )= q(n−1)(e−ϱ)

∑
j⩾0

c j

∑
g∈Fq [T ]

n

0<|g|<qe− j+1

f (g)=0

|gcd(g1, . . . , gn)|
d−1

|g|d−1 (1 + ϵ j 1 j (g)).

On noting that (n − 1)(e − ϱ)− e(d − 1)= e(n − d)− ϱ(n − 1), the main term is seen to be

qe(n−d)−ϱ(n−1)(Ñ (e)− qd Ñ (e − 1)),

where for u ⩾ 0 we set

Ñ (u)=

∑
g∈Fq [T ]

n

|g|=qu

f (g)=0

|gcd(g1, . . . , gn)|
d−1

=

∑
k∈Fq [T ]

|k|⩽qu

k monic

|k|
d−1 N (q, u − deg(k), f )=

u∑
ℓ=0

qdℓN (q, u − ℓ, f ),

in the notation of Definition 3.6. Hence

Ñ (e)− qd Ñ (e − 1)=

e∑
ℓ=0

qdℓN (q, e − ℓ, f )−
e−1∑
ℓ=0

qd(ℓ+1)N (q, e − 1 − ℓ, f )= N (q, e, f ).

Remark 4.3. The cancellation here is not miraculous. The terms corresponding to g with |g|< qe or
|gcd(g1, . . . , gn)|> 1 disappear precisely because c j were the coefficients defined in (4-2) to sieve out
these terms in the first place.

Turning to the error term we can combine (4-6) and (4-8) to deduce that

gcd(g1, . . . , gn)⩾ q D+1 min(1, q j−e
|g|)= q D+1+ j−e

|g|

whenever 1 j (g)= 1. Hence

N major
ϱ (q, e, f )− qe(n−d)−ϱ(n−1)N (q, e, f )⩽ q(n−1)(e−ϱ)

∑
j⩾0

|c j |E j ,

where

E j =

∑
0⩽u⩽e− j

∑
k∈Fq [T ] monic

|k|⩾q D+1+ j−e+u

|k|
d−1

qu(d−1) #{g ∈ Fq [T ]
n

: |g| = qu, f (g)= 0, k = gcd(g1 . . . , gn)}

=

∑
0⩽u⩽e− j

∑
ℓ⩾D+1+ j−e+u

qℓ

q(u−ℓ)(d−1) N (q, u − ℓ, f ).

Invoking [Browning and Vishe 2015, Lemma 2.8], we deduce that N (q, e, f )= O f (q(e+1)(n−1)) for any
n ⩾ 3, where the implied constant depends at most on f . Hence, since we may clearly assume that
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n > d + 1, it follows that

E j ≪ f

∑
0⩽u⩽e− j

qu(n−d)+n−1
∑

ℓ⩾D+1+ j−e+u

q−ℓ(n−d−1)

≪ f q−(D+1)(n−d−1)
∑

0⩽u⩽e− j

qu(n−d)+n−1

q(u−e+ j)(n−d−1)

≪ f q(e− j)(n−d)+n−1−(D+1)(n−d−1). (4-10)

The implied constant in this estimate depends only on f and not on q . Thus

q(n−1)(e−ϱ)
∑
j⩾0

|c j |E j ≪ f q2e(n−d)−ϱ(n−1)+de−e+n−1−(D+1)(n−d−1).

Putting everything together, we may conclude as follows.

Lemma 4.4. Let ϱ ∈ Z and assume that e ⩾ ϱ. Then

N major
ϱ (q, e, f )= qe(n−d)−ϱ(n−1)(N (q, e, f )+ O f (q(e+1)(n−1)−(D+1)(n−d−1))),

where D is given by (4-7).

5. The circle method: minor arcs

It remains to study the quantity

N minor
ϱ (q, e, f )=

∑
j⩾0

c j

∑
g∈Fq [T ]

n

0<|g|<qe− j+1

f (g)=0

∫
n j

S(β)dβ, (5-1)

where n j is the complement in T = {β ∈ Fq((T −1)) : |β| < 1} of the major arcs N j that we defined
in (4-5). Indeed, in view of Proposition 3.8(2), the following result is now a direct consequence of (4-3)
and Lemma 4.4.

Lemma 5.1. Assume that d ⩾ 3 and e ⩾ ϱ. Then

#Zϱ(Fq)⩽
qϱ(n−1)−e(n−d)

(q − 1)2(q3 − q)
N minor
ϱ (q, e, f )+ O f (q(e+1)(n−1)−5−(D+1)(n−d−1)),

where D is given by (4-7).

We have ∑
g∈Fq [T ]

n

0<|g|<qe− j+1

f (g)=0

∫
n j

S(β)dβ =

∫
T

∫
n j

(S(α, β)− qn(e−ϱ))dαdβ, (5-2)
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where

S(α, β)=

∑
g∈Fq [T ]

n

|g|<qe− j+1

∑
h∈Fq [T ]

n

|h|<qe−ϱ

ψ(α f (g)+βh.∇ f (g)). (5-3)

Viewed as polynomials in the 2n variables (g, h) the pair of polynomials f (g) and h.∇ f (g) are homo-
geneous of degree d. The obvious thing to do at this point is to apply Weyl differencing d − 1 times in
the spirit of Birch. This requires one to work with a simultaneous Diophantine approximation of α and β,
which is somewhat wasteful. It bears fruit provided that

2n − dim V ∗ > 3(d − 1)2d ,

where V ∗ is the (affine) “Birch singular locus”. In this setting V ∗ is the locus of (g, h) ∈ A2n such
that the pair of vectors (∇ f (g), 0) and (h.∇2 f (g),∇ f (g)) are proportional. Since f is nonsingular, it
follows that V ∗ is the set of (g, h) ∈ A2n such that g = 0, so that dim V ∗

= n. In this way we see that the
standard approach would require n> 3(d −1)2d variables overall, although there are additional difficulties
associated to having lopsided boxes. In our work we shall exploit the special shape of our polynomials in
such a way that our estimates are only sensitive to the Diophantine approximation properties of α or β
independently. This allows us to handle half the number of variables when dealing with the sum S(α, β).

In what follows it will be convenient to define the monomials

P0(T )= T e− j , P(T )= T e− j+1 and Q(T )= T e−ϱ.

Let

M(J )=

⋃
r∈Fq [T ] monic

|r |⩽q J

⋃
absa<|r |

gcd(a,r)=1

{α ∈ Fq((T −1)) : |rα− a|< q J
|P0|

−d
}, (5-4)

for any integer J . Note that M(−1)= ∅. Let

M =

⌈
d(e − j)

2

⌉
. (5-5)

According to the function field version of Dirichlet’s approximation theorem any element of T has a
representation a/r + θ with absa < |r | ⩽ q M and |rθ |< q−M . Hence we can cover T by a union of arcs
M(J + 1) \M(J ) for integers J such that −1 ⩽ J ⩽ M − 1.

Next, let

N(K )=

⋃
r∈Fq [T ] monic

|r |⩽q K

⋃
absa<|r |

gcd(a,r)=1

{
β ∈ Fq((T −1)) : |rβ − a|<

q K

|P0|d−1|Q|

}
, (5-6)

for any integer K . We note that N(e − ϱ)= N j , in the notation of (4-5). Let

N =

⌈
(e − j)(d − 1)+ e − ϱ

2

⌉
. (5-7)
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It now follows from Dirichlet’s approximation theorem that the minor arcs n j can be covered by the
union of arcs N(K + 1) \N(K ) for integers K such that e − ϱ ⩽ K ⩽ N − 1.

Observe in particular that if any minor arcs exist then e − ϱ < N so

(d − 1)(e − j) > e − ϱ. (5-8)

We may thus assume (5-8) when dealing with the minor arcs. Keeping the assumptions d ⩾ 3 and e ⩾ ϱ,
we see in particular that

|P|, |Q| ⩾ 1.

Our plan is to produce two estimates for S(α, β): one for when α belongs to M(J + 1) \M(J ) and
one for when β belongs to N(K + 1) \N(K ). Before proceeding further we note that

meas(M(J ))⩽ q2J
|P0|

−d (5-9)

and
meas(N(K ))⩽ q2K

|P0|
−d+1

|Q|
−1, (5-10)

for any integers J, K ⩾ 0.
Suppose that

f (x)=

n∑
i1,...,id=1

ci1,...,id xi1 . . . xid ,

with symmetric coefficients ci1,...,id ∈ Fq . Associated to f are the multilinear forms

9i (x(1), . . . , x(d−1))= d!

n∑
i1,...,id−1=1

ci1,...,id−1,i x
(1)
i1
. . . x (d−1)

id−1
, (5-11)

for 1 ⩽ i ⩽ n. Our first estimate for S(α, β) involves summing trivially over h and then applying Weyl
differencing d −1 times to the sum over g. This eliminates the effect of the lower degree term βh.∇ f (g)
and leads one to a family of linear exponential sums with phase vectors (α91(g), . . . , α9n(g)), for
g = (g1, . . . , gd−1) ∈ Fq [T ]

(d−1)n . This approach closely parallels [Browning and Vishe 2017].
An alternative estimate for S(α, β) is obtained by applying Weyl differencing d − 2 times to the sum

over g. After a further application of Cauchy–Schwarz one then brings the h-sum inside, giving a family
of linear exponential sums with phase vectors (β91(g), . . . , β9n(g)), for g ∈ Fq [T ]

(d−1)n . This brings
the Diophantine properties of β into play but extra difficulties arise from the fact that P and Q need not
have the same degree.

5A. Geometry-of-numbers redux. We shall need to begin by revisiting a function field lattice point
counting result that played a key role in [Browning and Vishe 2017]. A lattice in Fq((T −1))N is a set
of points of the form x = 3u where 3 is an N × N invertible matrix over Fq((T −1)) and u runs over
elements of Fq [T ]

n . Given a lattice 3, the adjoint lattice is defined as the lattice associated to the inverse
transpose matrix 3−T .



Free rational curves on low degree hypersurfaces and the circle method 737

Remark 5.2. We can view lattices as vector bundles on P1 by viewing the matrix 3 as giving gluing
data for gluing the trivial vector bundle on A1 and the trivial vector bundle on a formal neighborhood
of ∞, using the Beauville–Laszlo theorem. The adjoint lattice corresponds to the dual vector bundle, and
the geometry-of-numbers computations in this section could instead be stated in this language.

Bearing our notation in mind we recall a version of the “shrinking lemma” that is proved in [Browning
and Sawin 2020b, Lemma 6.4].

Lemma 5.3. Let γ be a symmetric n × n matrix with entries in Fq((T −1)). Let a, c, s ∈ Z such that c > 0
and s ⩾ 0. Let Nγ,a,c be the number of x ∈ Fq [T ]

n such that |x|< qa and ∥γ x∥< q−c. Then

Nγ,a,c
Nγ,a−s,c+s

⩽ qns+n max(⌊(a−c)/2⌋,0).

For any α ∈ Fq((T −1)) and any r > 0, we set

N (α; r)= #{g ∈ Fq [T ]
(d−1)n

: |g1|, . . . , |gd−1|< |P|, ∥α9i (g)∥< q−r (∀i ⩽ n)}. (5-12)

Furthermore, for an integer s ⩾ 0, we put

Ns(α; r)= #{g ∈ Fq [T ]
(d−1)n

: |g1|, . . . , |gd−1|< |P|/qs, ∥α9i (g)∥< q−r−(d−1)s(∀i ⩽ n)}.

We can use the shrinking lemma to bound the ratio of these two quantities as follows.

Lemma 5.4. For r > 0 and s ⩾ max(0, e − j + 1 − r), we have

N (α, r)
Ns(α, r)

⩽ q(d−1)ns+n max(0,⌊(e− j+1−r)/2⌋).

Proof. For each v ∈ {0, . . . , d − 1}, let N (v)(α, r) be the number of vectors g ∈ Fq [T ]
(d−1)n such that

|g1|, . . . , |gv|< |P|/qs, |gv+1|, . . . , |gd−1|< |P| (5-13)

and ∥α9i (g)∥< q−r−v, for 1 ⩽ i ⩽ n. Thus we have N (0)(α, r)= N (α, r) and N (d−1)(α, r)= Ns(α, r).
Fix a choice of v ∈ {1, . . . , d − 1} and let g1, . . . , gv−1, gv+1, . . . , gd−1 ∈ Fq [T ]

n such that (5-13)
holds. We consider the linear forms

L i (g)= α9i (g1, . . . , gv−1, g, gv+1, . . . , gd−1),

for 1 ⩽ i ⩽ n. These form an n × n matrix. Because 9i is the dualization in one variable of a symmetric
d-linear form, this n × n matrix is symmetric. The contribution to N (v−1)(α, r) from tuples with the
chosen g1, . . . , gv−1, gv+1, . . . , gd−1 ∈ Fq [T ]

n is Nγ,e− j+1,r+(v−1)s while the contribution to N (v)(α, r)
from tuples of the same form is Nγ,e− j+1−s,r+vs . Note that r + (v − 1)s ⩾ r > 0 for v ⩾ 1 and so
Lemma 5.3 is applicable. We deduce that

N (v−1)(α, r)
N (v)(α, r)

⩽ qns+n max(⌊(e− j+1−r−(v−1)s)/2⌋,0)

for 1 ⩽ v ⩽ d − 1.
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We take the product of this inequality over all v from 1 to d − 1. The first term in the exponent
contributes (d − 1)ns. The second contributes n max(⌊(e − j + 1 − r)/2⌋, 0) for v = 1 and 0 for all other
values of v, on assuming that s ⩾ e − j + 1 − r . Thus we get the stated bound. □

5B. Weyl differencing. Our fundamental tool for estimating S(α, β) is Weyl differencing. We recall first
that |P|, |Q| ⩾ 1 in this exponential sum. Appealing to [Browning and Vishe 2017, Equation (5.2)] first,
Weyl differencing d − 1 times gives

|S(α, β)| ⩽ |P|
n
|Q|

n(|P|
−(d−1)n N (α, e − j + 1))1/2

d−1
,

in the notation of (5-12). Note that as N (α, e − j + 1)⩾ 1 and 2d−1 ⩾ (d − 1), the right side is ⩾ |Q|
n .

Thus we have

|S(α, β)− qn(e−ϱ)
| ⩽ 2|P|

n
|Q|

n(|P|
−(d−1)n N (α, e − j + 1))1/2

d−1
, (5-14)

We can also obtain an upper bound for S(α, β) that only uses information about β. Let us put

T (h)=

∑
|g|<|P|

ψ(α f (g)+βh.∇ f (g)),

so that
S(α, β)=

∑
|h|<|Q|

T (h),

with P, Q are as before. It follows from Cauchy–Schwarz that

|S(α, β)|2
d−2

⩽ |Q|
(2d−2

−1)n
∑

|h|<|Q|

|T (h)|2
d−2
. (5-15)

After d−3 applications of Weyl differencing we obtain

|T (h)|2
d−3

⩽ |P|
(2d−3

−d+2)n
∑

g1,...,gd−3

∣∣∣∣∑
g
ψ(D(g))

∣∣∣∣,
where D(g)= Dg1,...,gd−3(α f (g)+βh.∇ f (g)) and Dg1,...,gd−3 is the usual differencing operator. Here
g1, . . . , gd−3, g each run over vectors in Fq [T ]

n formed from polynomials of degree less than e − j + 1.
A further application of Cauchy–Schwarz now yields

|T (h)|2
d−2

⩽ |P|
(2d−2

−d+1)n
∑

g1,...,gd−3

∣∣∣∣∑
g
ψ(D(g))

∣∣∣∣2

.

Differencing once more therefore leads to the expression∣∣∣∣∑
g
ψ(D(g))

∣∣∣∣2

=

∑
gd−2,gd−1

ψ(Dg1,...,gd−2(α f (gd−1)+βh.∇ f (gd−1))),

where

Dg1,...,gd−2(h.∇ f (gd−1)=

n∑
i=1

hi9i (g1, . . . , gd−1),
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in the notation of (5-11). Returning to (5-15) we ignore the Diophantine approximation properties of α
and instead execute the linear exponential sum over h. This leads to the expression

|S(α, β)| ⩽ |P|
n
|Q|

n(|P|
−(d−1)n N (β, e − ϱ))1/2

d−2
,

in the notation of (5-12). Again, N (β, e −ϱ)⩾ 1 and 2d−2 ⩾ (d −1) so the right side is ⩾ |Q|
n , whence

|S(α, β)− qn(e−ϱ)
| ⩽ 2|P|

n
|Q|

n(|P|
−(d−1)n N (β, e − ϱ))1/2

d−2
. (5-16)

Remark 5.5. When char(Fq)⩽ d the polynomials 9i are identically zero for 1 ⩽ i ⩽ n, so that (5-14)
and (5-16) give nothing beyond the trivial bound for the exponential sum S(α, β).

Recall the definitions (5-4) and (5-6) of M(J ) and N(K ), respectively. We want to bound the size of
S(α, β) when α ̸∈ M(J ) and β ̸∈ N(K ). To do this it will be convenient to introduce two parameters s1

and s2. Associated to these are the quantities

l1 = e − j + 1 − s1 and l2 = e − j + 1 − s2.

We can use our geometry-of-numbers shrinking result to establishing the following pair of estimates.

Lemma 5.6. Let α ̸∈ M(J ) and let l1 ∈ Z be such that

l1 ⩽ 1 +
J

d − 1
and l1 ⩽ e − j + 1.

Then there exists a constant cd,n > 0 such that.

N (α, e − j + 1)⩽ cd,nq−nl1 |P|
(d−1)n.

Proof. It follows from Lemma 5.4 that N (α, e − j + 1) is at most

q(d−1)ns1#{g ∈ Fq [T ]
(d−1)n

: |g1|, . . . , |gd−1|< |P|/qs1, ∥α9i (g)∥< |P|
−1q−(d−1)s1(∀i ⩽ n)},

for any s1 ⩾ 0. Note that |P|/qs1 = ql1 and qs1 = |P0|/ql1−1. Suppose that

|g1|, . . . , |gd−1|< |P|/qs1

and ∥α9i (g)∥< |P|
−1q−(d−1)s1 but 9i (g) ̸= 0. Let r =9i (g) and let a be the integer part of α9i (g),

each divided through by any common factors that they might share. Then |r | ⩽ q(d−1)(l1−1) and

|rα− a|< |P|
−1q−(d−1)s1 = q(d−1)(l1−1)−1

|P|
−d
0 .

This contradicts the assumption that α ̸∈ M(J ), if J ⩾ (d − 1)(l1 − 1). Hence, if J ⩾ (d − 1)(l1 − 1) and
α ̸∈ M(J ), we have

N (α, e − j + 1)⩽ q(d−1)ns1#{g ∈ Fq [T ]
(d−1)n

: |g1|, . . . , |gd−1|< ql1, 9i (g)= 0(∀i ⩽ n)}.

The statement of the lemma follows on noting that the remaining cardinality is O(q(d−2)nl1) for dimen-
sionality reasons, where the implied constant depends only on d and n. □
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Lemma 5.7. Let β ̸∈ N(K ) and let l2 ∈ Z be such that

l2 ⩽ 1 +
K

d − 1
and l2 ⩽ e − j + 1 − max(0, ϱ− j + 1).

Then there exists a constant cd,n > 0 such that.

N (β, e − ϱ)⩽ cd,nq−nl2+n max(0,⌊(ϱ− j+1)/2⌋)
|P|

(d−1)n.

Proof. This time we take r = e − ϱ in Lemma 5.4 and deduce that

N (β, e − ϱ)⩽ q(d−1)ns2+n max(0,⌊(ϱ− j+1)/2⌋)

× #{g ∈ Fq [T ]
(d−1)n

: |g1|, . . . , |gd−1|< ql2, ∥β9i (g)∥< |Q|
−1q−(d−1)s2(∀i ⩽ n)},

for any s2 ⩾ max(0, ϱ− j + 1). Arguing as in the previous result it is simple to check that we must in
fact have 9i (g)= 0 for all 1 ⩽ i ⩽ n whenever β ̸∈ N(K ) and K ⩾ (d − 1)(l2 − 1). But then there are
O(q(d−2)nl2) possible vectors g ∈ Fq [T ]

(d−1)n that contribute. The statement of the lemma follows. □

In our work we shall take

l1 = 1 +

⌊
J

d − 1

⌋
, l2 = 1 +

⌊
K

d − 1

⌋
. (5-17)

We need to check that the remaining conditions on l1 and l2 are satisfied in Lemmas 5.6 and 5.7. To begin
with we note that

J ⩽

⌈
d(e − j)

2

⌉
− 1 ⩽

d(e − j)
2

−
1
2
.

Hence for Lemma 5.6 to be applicable it suffices to have

d(e − j)− 1 ⩽ 2(d − 1)(e − j).

But this is equivalent to 0 ⩽ 1 + (d − 2)(e − j) which follows from (5-8). Next, we note that

K ⩽

⌈
(e − j)(d − 1)+ e − ϱ

2

⌉
− 1 ⩽

(e − j)(d − 1)+ e − ϱ

2
−

1
2
,

so that Lemma 5.7 is applicable if

e − ϱ− 1 ⩽ (d − 1)(e − j − 2 max(0, ϱ− j + 1)).

Thus it suffices to have

e − ϱ− 1 ⩽ (d − 1)(e − j) (5-18)

and

e − ϱ− 1 ⩽ (d − 1)(e + j − 2ϱ− 2). (5-19)

However, (5-18) follows from (5-8), so it suffices to assume that (5-19) holds.
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Inserting Lemmas 5.6 and 5.7 into our Weyl differencing bounds (5-14) and (5-16), we deduce that
there exists a constant cd,n > 0 such that

|S(α, β)− qn(e−ϱ)
| ⩽ cd,n|P|

n
|Q|

n min(q−nl1/2d−1
, q−n(l2−n max(0,⌊(ϱ− j+1)/2⌋))/2d−2

)

= cd,n|P|
n
|Q|

n/max(ql1, q2l2−2 max(0,⌊(ϱ− j+1)/2⌋))n/2
d−1
,

whenever (α, β) ∈ M(J + 1) \M(J )×N(K + 1) \N(K ) and (5-19) holds. We shall proceed under the
assumption that the parameter l2 satisfies

l2 − max
(

0,
⌊
ϱ− j + 1

2

⌋)
⩾ 0. (5-20)

This is precisely the circumstance under which our β-treatment is nontrivial. Assume that n>(d−1)2d , so
that 2d(d − 1)/n < 1. If (5-20) holds we can invoke the inequality max(A, B)⩾ A2d (d−1)/n B1−2d (d−1)/n ,
which is valid for any A, B ⩾ 1. Thus it follows that

|S(α, β)− qn(e−ϱ)
| ⩽ cd,n

q2(d−1)(2l2−l1)−4(d−1)max(0,⌊(ϱ− j+1)/2⌋)
|P|

n
|Q|

n

q(l2−max(0,⌊(ϱ− j+1)/2⌋))n/2d−2 .

Returning to (5-2) we see that

∑
g∈Fq [T ]

n

0<|g|<qe− j+1

f (g)=0

∫
n j

S(β)dβ ⩽
M−1∑
J=−1

N−1∑
K=e−ϱ

E(J, K )

where we recall from (5-5) and (5-7) that

M =

⌈
d(e − j)

2

⌉
, N =

⌈
(e − j)(d − 1)+ e − ϱ

2

⌉
,

and
E(J, K )=

∫
M(J+1)\M(J )

∫
N(K+1)\N(K )

|S(α, β)− qn(e−ϱ)
|dαdβ.

The measure of all (α, β) in the integral is at most q4+2J+2K
|P0|

−2d+1
|Q|

−1, by (5-9) and (5-10). Let us
consider the total contribution

El1,l2 =

(d−1)l1−1∑
J=max((d−1)(l1−1),−1)

(d−1)l2−1∑
K=max((d−1)(l2−1),e−ϱ)

E J,K ,

from J, K associated to integers l1 ⩾ 0 and l2 ⩾ 1 via (5-17). Then

El1,l2 ≪
q6(d−1)l2 |P|

n
|Q|

n−1
|P0|

−2d+1q−4(d−1)max(0,⌊(ϱ− j+1)/2⌋)

q(l2−max(0,⌊(ϱ− j+1)/2⌋))n/2d−2

= q1 j −l2(n/2d−2
−6(d−1))+max(0,⌊(ϱ− j+1)/2⌋)(n/2d−2

−4(d−1)),

where we have put
1 j = (e − j)(n − 2d + 1)+ (e − ϱ)(n − 1)+ n.
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Because K ⩾ e − ϱ, we have

l2 ⩾ 1 +

⌊
e − ϱ

d − 1

⌋
.

In particular our condition (5-20) is satisfied when

1 +

⌊
e − ϱ

d − 1

⌋
⩾ max

(
0,

⌊
ϱ− j + 1

2

⌋)
. (5-21)

Furthermore, assuming n > 3(d − 1)2d−1, the bound is decreasing in l2, so the dominant contribution
occurs when

l2 = 1 +

⌊
e − ϱ

d − 1

⌋
.

Since there are O(e) choices for l1, our work has therefore shown that∑
g∈Fq [T ]

n

0<|g|<qe− j+1

f (g)=0

∫
n j

S(β)dβ ≪ eq1 j −0 j ,

where

0 j =

(
n

2d−2 −6(d−1)
)(

1+

⌊
e−ϱ
d−1

⌋)
−

(
n

2d−2 −4(d−1)
)

max
(

0,
⌊
ϱ− j+1

2

⌋)
=

(
n

2d−2 −6(d−1)
)(

1+

⌊
e−ϱ
d−1

⌋
−max

(
0,

⌊
ϱ− j+1

2

⌋))
−2(d−1)max

(
0,

⌊
ϱ− j+1

2

⌋)
.

Thus we certainly require (5-21) to hold in order to expect any saving in our minor arc estimate.
We summarize our argument in the following result.

Lemma 5.8. Let d ⩾ 3 and n > 3(d − 1)2d−1. Assume that ϱ ⩾ −1 and

e ⩾ max
(
ϱ+ (d − 1)

⌊
ϱ+ 1

2

⌋
, (ϱ+ 1)

(
2 +

1
d − 2

))
. (5-22)

Then

N minor
ϱ (q, e, f )≪ eq10−00

where

10 = 2e(n − d)− ϱ(n − 1)+ n

and

00 =

(
n

2d−2 − 6(d − 1)
)(

1 +

⌊
e − ϱ

d − 1

⌋
−

⌊
ϱ+ 1

2

⌋)
− 2(d − 1)

⌊
ϱ+ 1

2

⌋
.

Proof. Recall (5-1) and note that 1 j =10 − j (n − 2d + 1). Hence for the range of n in which we are
interested we deduce from (4-2) that

|c j |q1 j −0 j ≪ q10−00,
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for all j ⩾ 0. Moreover, 00 takes the value recorded in the statement of the lemma when ϱ ⩾ −1 and the
condition (5-22) on e is enough to ensure that (5-19) and (5-21) both hold for every j ∈ {0, 1, 2}. (For
(5-19) we note that it suffices to have e(d − 2)⩾ (ϱ+ 1)(2d − 3).) This completes the proof. □

5C. Deduction of Theorem 1.1. We assume that n > (2d − 1)2d−1. We revisit the argument deployed in
[Browning and Vishe 2015] to establish the irreducibility and dimension of M0,0(X, e). This is based
on a counting argument over a finite field Fq whose characteristic is greater than the degree d of the
nonsingular form f ∈ Fq [x1, . . . , xn] that defines X . According to [loc. cit., Equation (3.3)], in order to
deduce that M0,0(X, e) is irreducible and of the expected dimension it suffices to show that

lim
q→∞

q−(n−d)e−n+1 N̂ (q, e, f )⩽ 1, (5-23)

where N̂ (q, e, f ) is the number of g ∈ Fq [T ]
n such that |g|< qe+1 and f (g)= 0.

We have

N̂ (q, e, f )=

∫
T

SBV(α)dα,

where

SBV(α)=

∑
g∈Fq [T ]

n

|g|<qe+1

ψ(α f (g))= q−n(e−ϱ)S(α, 0),

in the notation of (5-3), with j = 0. Take j = 0 in the major arcs M(J ) that were defined in (5-4). A
straightforward calculation shows that the contribution from the major arc around 0 is∫

M(0)
SBV(α)dα =

∑
g∈Fq [T ]

n

|g|<qe+1

∫
|θ |<q−de

ψ(θ f (g))dθ = qne−de(qn−1
+ O(qn/2)).

In order to complete the proof of (5-23) it therefore suffices to show that

lim
q→∞

q−(n−d)e−n+1
M−1∑
J=0

∫
M(J+1)\M(J )

|SBV(α)|dα < 1

where M = ⌈de/2⌉ is given by (5-5). To do this we may apply our previous work. Thus it follows from
(5-14) and Lemma 5.6 that

SBV(α)≪ |P|
nq−nl1/2d−1

,

if α ̸∈M(J ) and l1 is any integer such that l1 ⩽1+ J/(d−1) and l1 ⩽ e+1. The choice l1 =1+⌊J/(d−1)⌋
is acceptable since J ⩽ ⌈de/2⌉ − 1 ⩽ (de − 1)/2, whence

l1 ⩽ 1 +
de − 1

2(d − 1)
= 1 + e,
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for d ⩾ 3. Since J ⩾ 0 we are clearly only interested in integers l1 ⩾ 1. Appealing to (5-9) to estimate
the volume of M(J + 1), we deduce that for given l1 ⩾ 1 the total associated contribution is

(d−1)l1−1∑
J=(d−1)(l1−1)

∫
M(J+1)\M(J )

|SBV(α)|dα ≪

(d−1)l1−1∑
J=(d−1)(l1−1)

q2J+2−de.|P|
nq−nl1/2d−1

≪ q−de+n(e+1)+(2(d−1)−n/2d−1)l1 .

This is decreasing with l1 if n > (d − 1)2d and we may therefore sum over l1 ⩾ 1 to finally deduce that

q−(n−d)e−n+1
M−1∑
J=0

∫
M(J+1)\M(J )

|SBV(α)|dα ≪ q1+2(d−1)−n/2d−1
.

The exponent of q is negative if n > (2d − 1)2d−1, which thereby concludes the proof of (5-23), whence
M0,0(X, e) is indeed irreducible and of the expected dimension. It follows from the same method used in
[Harris et al. 2004, page 2] that M0,0(X, e) is locally a complete intersection. Indeed, since M0,0(X, e)
is locally the intersection of de + 1 equations in M0,0(P

n−1, e), a smooth stack of dimension ne − 4, it is
a locally complete intersection if and only if its dimension is (n − d)e + n − 5.

5D. Deduction of Theorem 1.5. Assume that d⩾3, n>3(d−1)2d−1, ϱ⩾−1, and e⩾(ϱ+1)(2+(1)/d−2).
In particular, this implies that e ⩾ ϱ, which is needed for Lemma 5.1. In view of Theorem 1.1,
the stated bound is trivial unless 1 + ⌊(e − ϱ)/(d − 1)⌋ − ⌊(ϱ + 1)/2⌋ > 0, so we may assume that
⌊(e − ϱ)/(d − 1)⌋− ⌊(ϱ+ 1)/2⌋ ⩾ 0 and thus e ⩾ ϱ+ (d − 1)⌊(ϱ+ 1)/2⌋. Hence we may assume that
(5-22) holds.

Combining Lemmas 5.1 and 5.8 we deduce that

#Zϱ(Fq)≪ eqe(n−d)+n−5−min(µ1(n),µ2(n)), (5-24)

with

µ1(n)=

(
n

2d−2 − 6(d − 1)
)(

1 + D −

⌊
ϱ+ 1

2

⌋)
− 2(d − 1)

⌊
ϱ+ 1

2

⌋
and

µ2(n)= (1 + D)(n − d − 1)− de + e + 1.

Here we recall that D is given by (4-7) as ⌊(e − ϱ)/(d − 1)⌋.
We claim that µ1(n) ⩽ µ2(n). They are both increasing affine functions of n, with µ1(n) of lesser

slope than µ2(n). Hence to check that µ1(n) is the minimum, it suffices to check that µ2(n) ⩾ 0 and
µ1(n)⩽ 0 when n = 3(d − 1)2d−1. In other words, we must show that

3(d − 1)2d−1 ⩾ d + 1 +
e(d − 1)− 1

1 + D
.

To do this, observe that because e ⩾ ϱ+ (d − 1)⌊(ϱ+ 1)/2⌋ we have e ⩾ ((d + 1)/2)ϱ, so that

1 + D ⩾
e + 1 − ϱ

d − 1
⩾

e + 1 − (2/(d + 1))e
d − 1

⩾
e

d + 1
.
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Thus

d + 1 +
e(d − 1)− 1

1 + D
⩽ d + 1 +

e(d − 1)
e/(d + 1)

= d(d + 1),

so it suffices to check

3(d − 1)2d−1 ⩾ d(d + 1).

But it is clear that this holds for all d ⩾ 3, whence µ2(n)⩾ µ1(n).
By [Lang and Weil 1954], it now follows from (5-24) that

dim Zϱ ⩽ e(n − d)+ n − 5 −µ1(n)

for any smooth hypersurface defined over a finite field. For a general hypersurface, we can spread it out
to a family defined over a ring finitely generated over Z. The dimension of Zϱ in this family is manifestly
constant on some open subset of the spectrum of this ring, which must contain a finite-field valued point,
so dim Zϱ is at most e(n −d)+n −5−µ1(n) for the generic point and thus for the original hypersurface.
This completes the proof of Theorem 1.5.

5E. Deduction of Theorem 1.2. We consider the effect of taking ϱ= −1 in Theorem 1.5. Clearly (1-1) is
equivalent to e⩾0 and can be ignored. Note that Z−1 contains the singular locus of M0,0(X, e) by [Debarre
2001, Theorem 2.6]. Thus the codimension of the singular locus is at least dim M0,0(X, e)− dim Z−1.
Theorem 1.2 therefore follows from applying Theorem 1.1 to calculate dim M0,0(X, e) and Theorem 1.5
to bound dim Z−1.

Because the lower bound for the codimension of the singular locus is strictly positive, the moduli space
is generically smooth. Any generically smooth locally complete intersection scheme is reduced, which
thereby completes the proof of Theorem 1.1.

6. Peyre’s freedom counting function

In this section we prove the asymptotic formula in Theorem 1.6 for the counting function (1-4), by piecing
together our work above and the main results in Lee’s thesis [2013]. We have

N ε-free
X (B)= NX (B)− Eε(B), (6-1)

where Eε(B) counts the number of x ∈ X (Fq(T )) with Hω−1
V
(x)⩽ q B such that ℓ(x) < ε.

Let us begin by studying NX (B). As usual we suppose that X is defined by a nonsingular form
f ∈ Fq [x1, . . . , xn] of degree d ⩾ 3. It follows from the proof of part (1) of Proposition 3.8 that

NX (B)=
1

q − 1
#{g ∈ Fq [T ]

n
: gcd(g1, . . . , gn)= 1|g|

n−d < q B+1, f (g)= 0}.
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Using the Möbius function to detect the coprimality condition we obtain

NX (B)=
1

q − 1

∑
k∈Fq [T ]

k monic

µ(k)#{g ∈ Fq [T ]
n

: 0< |k g|
n−d < q B+1, f (g)= 0}

=
1

q − 1

∑
j⩾0

∑
k∈Fq [T ]

|k|=q j

k monic

µ(k)#{g ∈ Fq [T ]
n

: 0< |g|
n−d < q B+1− j (n−d), f (g)= 0}.

Put m = n − (d − 1)2d and assume that m > 0. Then, on appealing to Lee’s thesis [2013, Theorem 4.1.1],
it follows that

#{g ∈ Fq [T ]
n

: 0< |g|
n−d < q R+1, f (g)= 0} = q R(c f + O(q−m R/(2d+1(d−1)(n−d)))), (6-2)

for any R > 0, where c f is the usual product of singular series and singular integral. Using (4-1) to handle
the sum over j and k, it now follows from (6-2) that there exists δ > 0 such that

NX (B)=
c f

(q − 1)ζFq (T )(n − d)
q B

+ O(q(1−δ)B),

where ζFq (T )(s)= (1 − q1−s)−1 is the rational zeta function. Arguing along standard lines (as in Peyre
[Peyre 1995, Section 5.4], for example), one readily confirms that this agrees with the Batyrev–Manin–
Peyre prediction for the hypersurface X .

It remains to produce an upper bound for the quantity Eε(B) in (6-1). Let x ∈ X (Fq(T )) and suppose
that it defines a map c : P1

→ X of degree e. Then it follows from [Peyre 2017, Notation 5.7] that

ℓ(x)=
(n − 1)ϱ
e(n − d)

if and only if c is ϱ-free but not (ϱ+1)-free. (In particular, Remark 1.4 implies that ℓ(x) ∈ [0, 1].) We
deduce that Eε(B) is at most the number of rational maps from P1

→ X with degree at most B/(n − d)
which are not ϱ-free, with

ϱ =

⌊
εB

n − 1

⌋
+ 2. (6-3)

We may therefore appeal to the proof of Proposition 3.8(2) to estimate this quantity, finding that

Eε(B)⩽
Nϱ(q, B/(n − d), f )qϱ(n−1)−B

− N (q, B/(n − d), f )
(q − 1)2

,

with ϱ given by (6-3). In what follows it will be convenient to set e = B/(n − d) and to assume
that e ∈ N. All of the implied constants that follow are allowed to depend on q and f , but not on e
or ϱ. We seek conditions on n and ϱ under which we can deduce that there exists δ > 0 such that
Eε(B)= O(q(1−δ)e(n−d)).

First we improve our treatment of Lemma 4.4 slightly by revisiting the argument (4-10). Since we
no longer care about a dependence on the finite field, rather than invoking a trivial bound we may apply
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(6-2) to deduce that N (q, u − ℓ, f )≪ q(u−ℓ)(n−d) if n > (d − 1)2d . But then (4-10) can be replaced by
the bound

E j ≪ f

∑
0⩽u⩽e− j

qu(n−2d+1)
∑

ℓ⩾D+1+ j−e+u

q−ℓ(n−2d)
≪ f q(e− j)(n−2d+1)−(D+1)(n−2d),

where D is given by (4-7), whence

q(n−1)(e−ϱ)
∑
j⩾0

|c j |E j ≪ f q2e(n−d)−ϱ(n−1)−(D+1)(n−2d)
≪ f q2e(n−d)−ϱ(n−1)−(e−ϱ)(n−2d)/(d−1).

It now follows from (4-3) and our modified version of Lemma 4.4 that

Eε(B)≪ qe(n−d)−(e−ϱ)(n−2d)/(d−1)
+ q−e(n−d)+ϱ(n−1)N minor

ϱ (q, e, f ),

provided that e ⩾ ϱ. Note that 00 = γ0 + Od,n(1), with

γ0 =

(
n

2d−2 − 6(d − 1)
)(

e − ϱ

d − 1
−
ϱ

2

)
− (d − 1)ϱ.

Appealing now to Lemma 5.8 we therefore deduce that

Eε(B)≪ qe(n−d)−(e−ϱ)(n−2d)/(d−1)
+ eqe(n−d)−γ0

if (5-22) holds.
Recall that n > 3(d − 1)2d−1. Then n/2d−2

− 6(d − 1)⩾ 2−d+2 and we can ensure that γ0 ⩾ δe for a
small parameter δ > 0 (that depends only on d) provided that

e ⩾ (d − 1)22d−1ϱ. (6-4)

This is also enough to ensure that (e −ϱ)(n − 2d)/(d − 1)⩾ δe. This inequality is clearly much stronger
than (5-22). The statement of Theorem 1.6 now follows on taking e = B/(n − d) and noting that the
hypothesis on ε in the theorem is enough to ensure that (6-4) holds when ϱ is given by (6-3) and B is
sufficiently large.
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Optimal lifting for the projective action of SL3(Z)

Amitay Kamber and Hagai Lavner

Let ϵ > 0 and let q → ∞ be a prime. We prove that with high probability, given x , y in the projective
plane over Fq , there exists γ ∈ SL3(Z), with coordinates bounded by q1/3+ϵ , whose projection to SL3(Fq)

sends x to y. The exponent 1
3 is optimal and the result is a high rank generalization of Sarnak’s optimal

strong approximation theorem for SL2(Z).

1. Introduction

In a letter to Miller and Talebizadeh, Sarnak [2015] proved the following lifting theorem, which he called
optimal strong approximation.

Theorem 1.1. Let 0 = SL2(Z), q ∈ Z>0, Gq = SL2(Z/qZ) and let πq : 0 → Gq be the quotient map.
Then for every ϵ > 0, as q → ∞, there exists a set Y ⊂ Gq of size |Y | ≥ |Gq |(1 − oϵ(1)), such that for
every y ∈ Y there exists γ ∈ 0 of norm ∥γ ∥∞ ≤ q3/2+ϵ , with πq(γ )= y, where ∥ · ∥∞ is the infinity norm
on the coordinates of the matrix.

The exponent 3
2 in Theorem 1.1 is optimal, as the size of Gq is asymptotic to q3, while the number of

γ ∈ SL2(Z) satisfying ∥γ ∥∞ ≤ T grows asymptotically like the Haar measure of the ball BT of radius T
in SL2(R) [Duke et al. 1993; Maucourant 2007], i.e., µ(BT )≍ T 2.

We use the standard notation x ≪z y to say that there is a constant C depending only on z such that
x ≤ Cy, and x ≍z y means that x ≪z y and y ≪z x .

We wish to discuss extensions of this theorem to SL3, with a view towards general SLN . If 0= SLN (Z),
then the number of γ ∈0 of satisfying ∥γ ∥∞ ≤ T also grows like the Haar measure of the ball of radius T in
SLN (R), i.e., µ(BT )≍ T N 2

−N [Duke et al. 1993; Maucourant 2007], while the size of Gq = SLN (Z/qZ)

is |Gq | ≍ q N 2
−1. One is therefore led to the following:

Conjecture 1.2. Let 0 = SLN (Z), q ∈ Z>0, Gq = SLN (Z/qZ) and let πq : 0 → Gq be the quotient map.
Then for every ϵ > 0, as q → ∞, there exists a set Y ⊂ Gq of size |Y | ≥ |Gq |(1 − oϵ(1)), such that for
every y ∈ Y there exists γ ∈ 0 of norm ∥γ ∥∞ ≤ q(N

2
−1)/(N 2

−N )+ϵ , with πq(γ ) = y, where ∥ · ∥∞ is the
infinity norm on the coordinates of the matrix.

While we were unable to prove Conjecture 1.2 even for N = 3, we prove a similar theorem for a
nonprincipal congruence subgroup of SL3(Z). For a prime q, let Fq be the field with q elements, let
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Pq = P2(Fq) be the 2-dimensional projective space over Fq , i.e., the set of vectors
( a

b
c

)
, a, b, c ∈ Fq not

all 0, modulo the equivalence relation
( a

b
c

)
∼

(
αa
αb
αc

)
for α ∈ F×

q . The group SL3(Fq) acts naturally on Pq ,
and by composing this action with πq we have an action 8q : SL3(Z)→ Sym(Pq).

Theorem 1.3. Let 0 = SL3(Z), and for a prime q let Pq = P2(Fq) and 8q : SL3(Z) → Sym(Pq) as
above. Then for every ϵ > 0, as q → ∞, there exists a set Y ⊂ Pq of size |Y | ≥ (1 − oϵ(1))|Pq |, such that
for every x ∈ Y , there exists a set Zx ⊂ Pq of size |Zx | ≥ (1−oϵ(1))|Pq |, such that for every y ∈ Zx , there
exists an element γ ∈ 0 satisfying ∥γ ∥∞ ≤ q1/3+ϵ , such that 8q(γ )x = y.

The exponent 1
3 is optimal, since the size of Pq is |Pq | ≍ q2, while the number of elements γ ∈ SL3(Z)

satisfying ∥γ ∥∞ ≤ T is ≍ T 6.
An alternative formulation of Theorem 1.3 is that for all but oϵ(|Pq |

2) of pairs (x, y) ∈ Pq × Pq , there
exists an element γ ∈ 0 satisfying ∥γ ∥∞ ≤ q1/3+ϵ such that 8q(γ )x = y. However, in this formulation
it is a bit harder to see why the exponent 1/3 is optimal, and our proof actually uses the formulation of
Theorem 1.3 as stated.

An important observation is that the premise of Theorem 1.3 actually fails for the point x =1=

(
0
0
1

)
∈ Pq .

Elements sending 1 to
( a

b
c

)
∈ Pq necessarily have the third column modulo q equivalent to

( a
b
c

)
(modulo

the action of F×
q ). Since there are only ≍ T 3 possibilities for the third column, we need to consider

matrices of infinity norm at least q2/3 in order to reach from x = 1 to almost all of y ∈ Pq . As a matter of
fact, one may use the explicit property (T) of SL3(R) from [Oh 2002] together with ideas from [Ghosh
et al. 2018] to deduce that if we allow the size of the matrices to reach q2/3+ϵ we may replace the set Y
in Theorem 1.3 by the entire set Pq .

We deduce Theorem 1.3 from a lattice point counting argument, in the spirit of the work of Sarnak and
Xue [1991]. To state it, we first define a different gauge of largeness on SL3(Z) by ∥γ ∥∞∥γ−1

∥∞. The
number of γ ∈ SL3(Z) satisfying ∥γ ∥∞∥γ−1

∥∞ ≤ T grows asymptotically like T 2 log T [Maucourant
2007]. Note that if ∥γ ∥∞ ≤ T then ∥γ−1

∥∞ ≤ 2T 2. In particular, the ball of radius 2T relatively to
∥ · ∥∞∥ ·

−1
∥∞ contains the ball of radius T 1/3 relatively to ∥ · ∥∞, and their volume is asymptotically the

same up to T o(1). The counting result is as follows:

Theorem 1.4. Let 0 = SL3(Z), and for a prime q let Pq = P2(Fq) and 8q : SL3(Z) → Sym(Pq) as
above. Then there exists a constant C > 0 such that for every prime q, T ≤ Cq2 and ϵ > 0 it holds that

|{(γ, x) ∈ SL3(Z)× P2(Fq) : ∥γ ∥∞∥γ−1
∥∞ ≤ T,8q(γ )(x)= x}| ≪ϵ q2+ϵT .

Underlying Conjecture 1.2 is the principal congruence subgroup 0(q) = kerπq . Let 1 =

(
0
0
1

)
∈ Pq .

Then the group

0′

0(q)=
{
γ ∈ SL3(Z) :8q(γ )(1)= 1

}
=

{(
∗ ∗ a
∗ ∗ b
∗ ∗ ∗

)
∈ SL3(Z) : a = b = 0 mod q

}
is a nonprincipal congruence subgroup of SL3(Z). Theorem 1.3 says that Conjecture 1.2 holds “on
average” for the nonprincipal congruence subgroup 0′

0(q).
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Conjecturally, such “optimal lifting on average” should hold for every sequence of congruence subgroups
of 0 = SLN (Z), i.e., subgroups of some 0(q), q > 1 an integer. We provide a further example of this
phenomenon for the action of SL3(Z) on flags of F3

q in Theorem 5.1.
Let us provide a spectral context for our results, namely Sarnak’s density conjecture for exceptional

eigenvalues. See also [Golubev and Kamber 2020] for a more detailed discussion.
Theorem 1.1 follows from Selberg’s conjecture about the smallest nontrivial eigenvalue of the Laplacian

of the hyperbolic surfaces 0(q)\H, where H is the hyperbolic plane and 0(q) is the q-th principal
congruence subgroup of 0 = SL2(Z). While Selberg’s conjecture remains widely open, Sarnak proved
Theorem 1.1 using density estimates on exceptional eigenvalues of the Laplacian, which are due to
Huxley [1986]. Similar density results were proved by Sarnak and Xue [1991] using lattice point counting
arguments, but only for arithmetic quotients which are compact. The compactness assumption was
removed in [Huntley and Katznelson 1993; Gamburd 2002] (and the results were moreover extended to
some thin subgroups of SL2(Z)). As a matter of fact, in rank 1 the density property is equivalent to the
lattice point counting property [Golubev and Kamber 2020].

In higher rank, Conjecture 1.2 would similarly follow from a naive Ramanujan conjecture for
0(q)\SLN (R), 0=SLN (Z), which says (falsely!) that the representation of SLN (R) on L2(0(q)\SLN (R))

decomposes into a trivial representation and a tempered representation. Burger, Li and Sarnak’s explanation
of the failure of the naive Ramanujan conjecture [Burger et al. 1992] is closely related to the behavior of
the point x0 = 1 ∈ Pq . As in rank 1, Theorem 1.4 should be equivalent to density estimates for 0′

0(q),
but there are some technical problems coming from the fact that SL3(Z) is not cocompact [Golubev and
Kamber 2020]. Closely related density results were recently proven by Blomer, Buttcane and Maga for
N = 3 in [Blomer et al. 2017], and for general N by [Blomer 2019], using the Kuznetsov trace formula,
and it is very likely that Theorem 1.3 can also be proven (and generalized to N > 3) using those density
arguments. There are some technical problems with the implementation of this approach, for example,
the results of [Blomer et al. 2017] and [Blomer 2019] concern cusp forms, and one has to deal with the
presence of nontempered Eisenstein representations and some other technical issues. Moreover, those
results are limited to subgroups similar to 0′

0(q), and are not available in the context of Theorem 5.1.
Our counting approach is more elementary, and is easier to generalize to other contexts.

The approach of this article can be carried far more generally. We refer to [Golubev and Kamber 2020]
where the approach is studied in detail and in great generality. In particular, counting results such as
Theorem 1.4 (called the weak injective radius property by Golubev and Kamber), imply optimal lifting
results such as Theorem 1.3; see [loc. cit., Theorem 1.5]. In particular, the right counting theorem will imply
Conjecture 1.2. Our restriction to N = 3 and the cases considered in Theorems 1.3 and 5.1 follows from the
fact that in those cases we can prove the relevant counting theorems, namely Theorems 1.4 and 5.2. Such
counting results are available in rank 1 following [Sarnak and Xue 1991], but as far as we know are new in
rank greater than 1. As explained in [Golubev and Kamber 2020], the counting theorems are closely related
to some spectral questions as in the rank 1 case discussed above, but the fact that the space is not compact
significantly complicates matters. We refer again to [Sarnak and Xue 1991] for a more complete discussion.
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Structure of the article. We provide a proof of Theorem 1.1 in Section 2, which serves as a guideline for
the harder case of SL3. The main difference between our proof and the proof in [Sarnak 2015] is that we
avoid using spectral decomposition, which is far harder in SL3.

In Section 3 we prove Theorem 1.4. The proof uses basic number theory and linear algebra.
In Section 4 we deduce Theorem 1.3 from Theorem 1.4. The argument is analytic, and uses various

tools from spectral analysis and representation theory, which include property (T), the pretrace formula
(in a disguised form), and bounds on Harish-Chandra’s 4 function. This section is based on a general
framework developed by the first author with Konstantin Golubev surrounding similar questions [Golubev
and Kamber 2020].

Finally, in Section 5 we prove Theorem 5.1 which is a variant of Theorem 1.3 for the action of SL3(Z)

on flags of F3
q .

2. Proof of Theorem 1.1

The basic input for the proof of Theorem 1.1 is the following counting result, proved in [Gamburd 2002,
Lemma 5.3]; it also appeared earlier, e.g., in [Huxley 1986].

Lemma 2.1. Let ϵ > 0. Then for every q ∈ N, the size of the set

{γ ∈ SL2(Z) : γ = I mod q, ∥γ ∥∞ ≤ T }

is bounded by ≪ϵ T ϵ(T 2/q3
+ T/q + 1).

Proof. Let γ =
(a

c
b
d

)
∈ SL2(Z) be in the set. It holds that γ − I ∈ q Mn(Z), so det(γ − I )= 0 mod q2, or

explicitly

(a − 1)(d − 1)− bc = 0 mod q2.

Since ad − bc = 1, we have a + d = 2 mod q2. Since both a and d are bounded in absolute value by T ,
the number of options for a + d is at most 4T/q2

+ 1. Similarly, the number of options for a is at most
2T/q + 1. Therefore, the number of options for (a, d) is ≪ (T/q2

+ 1)(T/q + 1).
To determine b, c, note that if ad ̸= 1, then bc = 1−ad ̸= 0, and by standard divisor bounds this gives

≪ϵ T ϵ options for (b, c). Otherwise, assuming q > 2, a = d = 1, and then b = 0 or c = 0 (or both). If
b = 0 then c has at most 2T/q + 1 options, while if c = 0, then b has at most 2T/q + 1 options.

All in all, the number of solution is bounded by

≪ϵ (T/q2
+ 1)(T/q + 1)T ϵ

+ T/q + 1 ≪ T ϵ(T 2/q3
+ T/q + 1). □

Our proof of Theorem 1.1 proceeds with some spectral analysis of hyperbolic surfaces associated to
SL2(Z) and its congruence subgroups, which will require some preliminaries. Let H be the hyperbolic
plane, with the model H = {z = x + iy ∈ C : y > 0}. The space H is equipped with the metric defined by
d(x + iy, x ′

+ iy′)= arccosh(1 + ((x − x ′)2 + (y − y′)2)/(2yy′)) and a measure defined by dx dy/y2. It
also has a natural SL2(R) action by Möbius transformation, i.e.,

(a
c

b
d

)
z = (az + b)/(cz + d).
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This action allows us to identify H with G/K , where G = SL2(R), and K = SO(2) is the stabilizer of
the point i ∈ H. We also assume that the Haar measure on G is normalized to agree with the measure on
H on right K-invariant measurable sets.

When using spectral arguments, it will be useful to use a bi-K-invariant (i.e., left and right K-invariant)
gauge of largeness of an element. We therefore define ∥g∥H = ed(i,gi)/2. Explicitly, by the Cartan
decomposition of G, g can be written as

g = k1

(
er/2

e−r/2

)
k2,

with k1, k2 ∈ K = SO(2), and r ∈ R≥0 unique. Then ∥g∥H = er/2. As the L2-norm of the coordinates
of γ is

√
er + e−r , ∥g∥H is closely related to the infinity norm on the coordinates, namely, there exists

a constant C > 0 such that C−1
∥g∥∞ ≤ ∥g∥H ≤ C∥g∥∞. We may therefore prove Theorem 1.1 using

the gauge ∥ · ∥H instead of ∥ · ∥∞. Two important properties of ∥ · ∥H are symmetry ∥g∥H = ∥g−1
∥H, and

submultiplicativity ∥g1g2∥H ≤ ∥g1∥H∥g2∥H. The submultiplicativity follows from the fact that d is a
G-invariant metric on H.

We define the function χT ∈ L1(K\G/K ) as the normalized probability characteristic function of the
set {g ∈ G : ∥g∥H ≤ T }, i.e.,

χT (g)=
1

2π(cosh(2 log T )− 1)

{
1 if ∥g∥H ≤ T,
0 if ∥g∥H > T .

Notice that 2π(cosh r −1) is the volume of the hyperbolic ball of radius r . Here and later by a probability
function we mean a nonnegative function with integral 1.

We also define ψT ∈ L1(K\G/K ) as the function

ψT (g)=
1
T

{
∥g∥

−1
H if ∥g∥H ≤ T,

0 if ∥g∥H > T .

There is a convolution of f ∈ L∞(G/K ) ∼= L∞(H) and χ ∈ L1(K\G/K ), which we usually think
as an action of χ on f . It is simply the convolution of the two functions, when both are considered as
invariant functions on G:

f ∗χ(x)=

∫
g∈G

f (xg−1)χ(g) dg =

∫
g∈G

f (g−1)χ(gx) dg.

It holds that f ∗χ ∈ L∞(H). For example, the value of f ∗χT at g0, is the average of f over the ball
{g0g ∈ G : ∥g∥H ≤ T }.

Lemma 2.2 (convolution lemma). For every g ∈ G, (χT ∗χT )(g)≪ ψT 2(g).

We refer to [Sarnak and Xue 1991, Lemma 2.1] or [Gamburd 2002, Proposition 5.1] for a proof.
Geometrically, the proof calculates the volume of an intersection of two hyperbolic balls. In Lemma 4.2
we give a spectral proof of a similar statement for SL3(R), which also works for SL2(R), but adds a factor
that is logarithmic in T .
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As in the statement Theorem 1.1, let q ∈ Z>0, 0 = SL2(Z), Gq = SL2(Z/qZ) and let πq : 0→ Gq be
the quotient map. Let 0(q)= kerπq .

We look at the locally symmetric space Xq := 0(q)\H ∼= 0\G/K . This space is a hyperbolic orbifold
of finite volume. By L2(Xq) we mean the Hilbert space of measurable functions on Xq with bounded
L2-norm relative to the finite measure on Xq , with the obvious inner-product. We still consider a function
on Xq = 0(q)\H = 0(q)\G/K as a left 0(q)-invariant function on H or on G. Right convolution
by functions from L1(K\G/K ) is defined for bounded functions on Xq , and extends to functions in
L2(Xq) as the convolution defines a bounded operator. In particular, we will consider right convolution
of f ∈ L2(Xq) with χT .

For x0 ∈ Xq , denote bT,x0(x) :=
∑

γ∈0(q) χT (x̃
−1
0 γ x), when x̃0 is any lift of x0 to G. It holds that

bT,x0 ∈ L2(Xq), and
∫

Xq
bT,x0(x) dx = 1.

In particular bT,e corresponds to the point 0(q)eK ∈ 0(q)\H, where e is the identity matrix in G.

Lemma 2.3. For f ∈ L2(Xq) bounded,

⟨ f, bT,x0⟩ = f ∗χT (x0).

Proof. By unfolding,

⟨ f, bT,x0⟩ =

∫
x∈0(q)\H

f (x)
∑
γ∈0(q)

χT (x
−1
0 γ x) dx

=

∫
x∈0(q)\H

∑
γ∈0(q)

f (γ x)χT (x
−1
0 γ x) dx

=

∫
x∈H

f (x)χT (x
−1
0 x) dx

=

∫
x∈H

f (x)χT (x
−1x0) dx

= f ∗χT (x0).

Notice that we used the fact that χT (g)= χT (g
−1), which is a simplification that will not occur in SL3. □

The following lemma uses the combinatorial Lemma 2.1 to get analytic information:

Lemma 2.4. It holds that

∥bT,e∥
2
2 ≪ϵ T ϵ

(
1
q3 +

1
T 2

)
.

In particular, for T = q3/2,

∥bT,e∥
2
2 ≪ϵ

T ϵ

q3 .

Proof. By Lemmas 2.3 and 2.2,

∥bT,e∥
2
2 = bT,e ∗χT (e)=

∑
γ∈0(q)

(χT ∗χT )(γ )≪

∑
γ∈0(q)

ψT 2(γ )=
1

T 2

∑
γ∈0(q) : ∥γ ∥H≤T 2

∥γ ∥
−1
H .
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We next apply discrete partial summation [Hardy and Wright 1979, Theorem 421] which says that for
g : 0(q)→ [1,∞], f : [1,∞] → R nice enough it holds that∑

γ :1≤g(γ )≤Y

f (g(γ ))= f (Y )
∣∣{γ : 1 ≤ g(γ )≤ Y }

∣∣ − ∫ Y

1

∣∣{γ : g(γ )≤ S}
∣∣ d f

d S
(S) d S. (2-1)

Apply this to g(γ )= ∥γ ∥H, f (x)= x−1 and Y = T 2,

1
T 2

∑
γ∈0(q) : ∥γ ∥H≤T 2

∥γ ∥
−1
H =

1
T 2

(
1

T 2 |{γ ∈ 0(q) : ∥γ ∥H ≤ T 2
}| +

∫ T 2

1
|{γ ∈ 0(q) : ∥γ ∥H ≤ S}|S−2 d S

)
≪ϵ T ϵ 1

T 2

(
1

T 2

(
T 4

q3 +
T 2

q
+ 1

)
+

∫ T 2

1

1
S2

(
S2

q3 +
S
q

+ 1
)

d S
)

≪ϵ T ϵ 1
T 2

(
T 2

q3 +
1
q

+
1

T 2 + 1
)

≪ T ϵ

(
1
q3 +

1
T 2

)
.

The first inequality follows from Lemma 2.1. □

Let π ∈ L2(Xq) be the constant probability function on Xq (recall that the space has finite volume).
Denote by L2

0(Xq) the set of functions of integral 0, or alternatively the set of functions orthogonal to π .
The deepest input to the proof is the following celebrated theorem of Selberg:

Theorem 2.5 (Selberg’s spectral gap theorem). There is an explicit τ > 0 such that for every f ∈ L2
0(Xq)

and T > 0 is holds that ∥ f ∗χT η∥2 ≪ T −ητ
∥ f ∥2.

Selberg’s theorem is usually stated as a lower bound on the spectrum of the Laplacian. However, it is
well known that it can be translated to a spectral gap of the convolution operators by large balls. The
statement is true in great generality (see, e.g., [Ghosh et al. 2013, Section 4]), but for the benefit of the
reader we give a sketch of the proof, based on [Golubev and Kamber 2019]. For r ≥ 0 we define an
operator

Ar : L2(Xq)→ L2(Xq),

by

Ar f (x)=

∫
K

∫
K

f
(

xk1

(
er/2 0

0 e−r/2

)
k2

)
dk1 dk2.

By [Golubev and Kamber 2019, Proposition 7.2] (or alternatively, by bounds on Harish-Chandra’s function
for SL2(R)), if the smallest nonzero eigenvalue of the Laplacian1 on L2(Xq) is larger than 1

4 −
( 1

2 − p−1
)2,

then for every f ∈ L2
0(Xq) it holds that

∥Ar f ∥2 ≤ (r + 1)e−r/p
∥ f ∥2.

Selberg’s spectral gap theorem says that the smallest nontrivial eigenvalue of the Laplacian is at
least 3

16 , so the above holds with p = 4. There are various results improving the value of p in Selberg’s
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theorem (see [Sarnak 2005]), and the best one is due to Kim and Sarnak, giving p =
64
25 . However, those

improvements are inconsequential for us. In any case, by comparing the definition, we see that

f ∗χT (x)=
1

2π cosh(2 log T )− 1

∫ 2 log T

0
2π sinh r(Ar f )(x) dr,

and therefore

∥ f ∗χT ∥2 ≤
1

2π cosh(2 log T )− 1

∫ 2 log T

0
2π sinh r∥Ar f ∥2 dr

≤
∥ f ∥2

cosh(2 log T )− 1

∫ 2 log T

0
(r + 1)er(1−1/4) dr

≤
2(log T + 1)2T 2(1−1/4)

∥ f ∥2

cosh(2 log T )− 1
.

For T large enough the above is

≪ T −2/5
∥ f ∥2,

which give us the needed result, with τ =
2
5 . The Kim–Sarnak bounds allows us to take τ =

32
25 + ϵ for

any ϵ > 0.
The important part of the theorem is the independence of τ from q. We fix this τ > 0 for the rest of

this section.
From Selberg’s theorem we deduce:

Lemma 2.6. For T = q3/2, and every ϵ > 0

∥bT,e ∗χT η −π∥2 ≪ϵ q−3/2−ητ+ϵ .

Proof. We have bT,e −π ∈ L2
0(Xq) and π ∗χT = π (as an average of the constant function is the constant

function).
Therefore,

∥bT,e ∗χT η −π∥2 = ∥(bT,e −π) ∗χT η∥2 ≪ T −ητ
∥bT,e −π∥2 ≪ϵ q−3/2−ητ+ϵ,

where in the first inequality we applied Theorem 2.5, and in the second inequality we applied ∥bT,e−π∥2 ≤

∥bT,e∥2 (bT,e −π is the orthogonal projection of bT,e onto L2
0(Xq)) and Lemma 2.4. □

The last lemma implies that the function bT,e ∗χT η is very close to the constant probability function π .
Let us show how this implies Theorem 1.1.

We have a map ι : Gq ∼= 0(q)\0 → Xq ∼= 0(q)\G/K , defined as ι(0(q)γ )= 0(q)γ K . For y ∈ Gq ,
we may consider the function bT0,ι(y). We choose T0 small enough (independently of q), so that the
functions bT0,ι(y) will have disjoint supports for ι(y) ̸= ι(y′). Specifically, it is enough to choose T0 such
that the ball of radius 2 log T0 around i and around γ i ̸= i for γ ∈ SL2(Z) are disjoint. We also notice
that ι has fibers of bounded size, specifically |SL2(Z)∩ K | = 4. This implies that for every ι(y), x ∈ Xq ,
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identified with some lifts ỹ, x̃ to SL2(R), there are at most 4 element γ ∈ 0(q) such that χT0
(ỹ−1γ x̃) ̸= 0.

Therefore,

∥bT0,ι(y)∥
2
2 ≤ 16∥χT0

∥
2
2.

In particular, ∥bT0,ι(y)∥2 is bounded uniformly in q .

Lemma 2.7. Assume that ⟨bT,e ∗ χT η , bT0,ι(y)⟩ > 0. Then there exists γ ∈ 0 such that πq(γ ) = y, and
∥γ ∥H ≤ T0T 1+η.

Proof. By Lemma 2.3, the condition implies that

(bT,e ∗χT η ∗χT0
)(ι(y)) > 0.

Treat the function as a left 0(q)-invariant and right K-invariant function on G. Let γy be a lift of y
to 0, i.e., πq(γy)= y. Therefore, bT,e ∗χT η ∗χT0

(γy) > 0.
By the definition of convolution, there are g′

1, g2, g3 ∈ G, such that g′

1 ∈ supp(bT,e), g2 ∈ supp(χT η),
g3 ∈ supp(χT0

), and such that g′

1g2g3 =γy . Looking at the definition of bT,e and g′

1, there are g1 ∈ supp(χT ),
γ ∈ 0(q) such that e−1γ g′

1 = g1 (we write e for the identity element instead of discarding it, anticipating
the case of SL3 below). Therefore γ−1eg1g2g3 = γy .

Write g = g1g2g3. By the above, ∥g∥H ≤ ∥g1∥H∥g2∥H∥g3∥H ≤ T0T 1+η. In addition, eg = γ γy , so
that g ∈ 0(q)γy . Therefore g ∈ 0 and πq(g)= y, as needed. □

We may now finish the proof of Theorem 1.1. Let η > 0 and write T = q3/2. Assume that Z ⊂ Gq is
the set of y ∈ Gq such that there is no γy ∈ 0 with ∥γy∥H ≤ T0T 1+η and πq(γy)= y. It suffices to prove
that for a fixed η > 0 it holds that |Z | = oη(q3).

By Lemma 2.7, for every y ∈ Z ,

⟨bT,e ∗χT η , bT0,ι(y)⟩ = 0.

Let B =
∑

y∈Z bT0,ι(y). Then by the above and the fact that ⟨π, bT0,ι(y)⟩ = 1/Vol(0(q)\H)≫ 1/q3,

|⟨bT,e ∗χT η −π, B⟩| ≫
|Z |

q3 .

On the other hand, by the choice of T0 and the remarks following it, ∥B∥
2
2 ≪ |Z |. Therefore, using

Lemma 2.6 and Cauchy-Schwarz,

|⟨bT,e ∗χT η −π, B⟩| ≪ ∥B∥2∥bT,e ∗χT η −π∥2 ≪ϵ

√
|Z |q−3/2−ητ+ϵ .

Combining the two estimates and taking ϵ = ητ/2 gives

|Z | ≪η q3−ητ
= oη(q3),

as needed.
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3. Proof of Theorem 1.4

Our goal is to prove that there exists a constant C > 0 such that for every prime q, ϵ > 0 and T ≤ Cq2,
we have ∣∣{(γ, x) ∈ SL3(Z)× P2(Fq) : ∥γ ∥∞∥γ−1

∥∞ ≤ T,8q(γ )x = x
}∣∣ ≪ϵ T q2+ϵ .

If γ mod q has no eigenspace of dimension 2 or 3, then it has at most 3 eigenvectors in P2(Fq). Call
such a γ good mod q and otherwise call it bad mod q. Recall that the number of γ ∈ SL3(Z) such
that ∥γ ∥∞∥γ−1

∥∞ ≤ T is bounded up to a constant by the measure of the corresponding set in SL3(R)

[Duke et al. 1993; Maucourant 2007], which is bounded for every ϵ > 0 by T 2+ϵ [Maucourant 2007]; see
also (4-3). Therefore, for T ≤ q2,∣∣{(γ, x) ∈ SL3(Z)× P2(Fq) : ∥γ ∥∞∥γ−1

∥∞ ≤ T,8q(γ )x = x, γ good mod q
}∣∣

≪
∣∣{γ ∈ SL3(Z) : ∥γ ∥∞∥γ−1

∥∞ ≤ T
}∣∣ ≪ T 2+ϵ

≪ T q2+ϵ .

We therefore restrict to the case of bad γ -s. Notice that bad elements do exist and may have a lot of
fixed points: e.g., the element I ∈ SL3(Z) is bad mod q and 8q(I ) fixes all of P2(Fq). There are two
types of bad elements:

• Elements γ ∈ SL3(Z) such that 8q(γ )= α ISL3(Fq ), for α ∈ Fq , α3
= 1. Such elements will fix the

entire space P2(Fq).

• In any other case, 8q(γ ) will have one eigenspace of dimension 2, and possibly another eigenspace
of dimension 1. Thus 8q(γ ) fixes at most q + 1 + 1 elements in P2(Fq).

Assuming that we choose C < 1
4 , it will hold that either ∥γ ∥∞ < q/2 or ∥γ−1

∥∞ < q/2. On the other
hand, if γ ̸= I and 8q(γ )= α ISL3(Fq ), then γ and γ−1 will have a nonzero entry divisible by q , which is
a contradiction. Therefore, we may assume that for each bad γ , 8q(γ ) will fix at most q + 1 elements
in P2(Fq).

It thus suffices to prove that for some C > 0, and T ≤ Cq2,∣∣{γ ∈ SL3(Z) : ∥γ ∥∞∥γ−1
∥∞ ≤ T, γ bad mod q

}∣∣ ≪ϵ T q1+ϵ .

Assume that γ is bad mod q and ∥γ ∥∞∥γ−1
∥∞ ≤ T . Without loss of generality assume that ∥γ ∥∞ ≤

∥γ−1
∥∞ ≤ T 1/2 < q/2. We identify elements of Fq with integers of absolute value at most q/2. Thus,

once we know the value of an entry of γ mod q we know the same entry in γ .
We divide the range of ∥γ ∥∞ into O(log T ) dyadic subintervals. Denote by S the bound on ∥γ ∥∞

and by R the bound on ∥γ−1
∥∞. Then it is enough to prove that there exists C > 0 such that for every

RS ≤ Cq2 and S ≤ R it holds that∣∣{γ ∈ SL3(Z) : ∥γ ∥∞ ≤ S, ∥γ−1
∥∞ ≤ R, γ bad mod q

}∣∣ ≪ϵ RSq1+ϵ .

It will be useful to understand the behavior of bad γ . Let α ∈ Fq\{0} be the eigenvalue of γ mod q
with an eigenspace of dimension 2. Then the third eigenvalue is α−2 mod q.
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From this it follows that (γ −α I )(γ −α−2 I )= 0 mod q , or,

γ +α−1γ−1
= α+α−2 mod q. (3-1)

By considering the trace of γ and γ−1 we have that

tr γ = α+ 2α−2 mod q, tr γ−1
= α−1

+ 2α2 mod q. (3-2)

Finally, identify α with some lift of it in Z. Then γ − α I mod q is of rank 1, which means that
det(γ −α I )= 0 mod q2. Since det γ = 1, we have

det(γ − x I )= 1 − tr γ−1x + tr γ x2
− x3,

and hence
α2 tr γ −α tr γ−1

= α3
− 1 mod q2. (3-3)

Denote the entries of γ by ai j , 1 ≤ i, j ≤ 3 and the entries of γ−1 by bi j , 1 ≤ i, j ≤ 3.
There are ≤ (2S +1)3 options for choosing the diagonal a11, a22, a33 of γ , and once we know them, we

know tr γ . By (3-2) α (when considered as an element of Fq ) is a root of a known third degree polynomial,
so there are at most 3 options for α. By (3-3) we know tr γ−1 mod q2. Since R ≤ RS ≤ Cq2 < q2/4, we
may assume that |tr γ−1

|< q2/2, so now we know tr γ−1.
By (3-1) we now know the diagonal b11, b22, b33 mod q of γ−1 mod q . Since the entries b11, b22, b33

are bounded in absolute value by R, we have at most 2R/q + 1 options for each of them. We may guess
b11, b22 and get b33 since we know tr γ−1.

In total, we had ≪ S3(R/q + 1)2 options so far. We call the case where ai i a j j = bkk for some
{i, j, k} = {1, 2, 3} exceptional. We will deal with it later and assume for now that we are in the
nonexceptional case.

Notice that a11a22 − a12a21 = b33, or

a12a21 = a11a22 − b33.

Since we are in the nonexceptional case, the right hand side is not 0. By the divisor bound there are
at most ≪ϵ qϵ options for a12, a21. Similarly, all the other entries a13, a31, a23, a32 have at most ≪ϵ qϵ

options.
In total, we counted ≪ϵ qϵS3(R/q + 1)2 bad γ -s in the nonexceptional case. We postpone the

exceptional case to the end of the proof. The same (and better) bounds hold for it as well.
It remains to show that

S3(R/q + 1)2 ≪ RSq,

assuming S ≤ R, RS ≤ Cq2.
If R ≤ q , then we need to show that S3

≪ RSq, or S2
≪ Rq, which is obvious since S ≤ R ≤ q .

If R > q then we need to show that S3 R2/q2
≪ RSq , or S2 R ≪ q3. Since RS ≤ Cq2, this reduces to

showing that S ≪ q , which is obvious since S2
≤ RS ≤ Cq2.
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Exceptional cases. Recall that the exceptional case is when ai i a j j = bkk for some {i, j, k} = {1, 2, 3}.
Assume without loss of generality that a11a22 = b33. Therefore a12a21 = a11a22 − b33 = 0.

We know that γ −α I mod q is of rank 1, so each determinant of a 2×2 submatrix of γ equals 0 mod q .
Therefore

(a11 −α)(a22 −α)− a12a21 = 0 mod q,

so
(a11 −α)(a22 −α)= 0 mod q.

Without loss of generality again, we may assume that a11 = α mod q . By our assumptions on the size
of the matrix, we may lift α to some fixed element in Z of absolute value ≤ q/2 and let a11 = α. By the
above, a12a21 = 0, and by symmetry again, we may assume that a21 = 0. Some more minors give:

a31(a22 −α)= a21a32 = 0 mod q. (3-4)

a31a23 = a21(a33 −α)= 0 mod q. (3-5)

We now divide into two cases according to whether a31 = 0:

Case 1 a11 = α, a21 = 0, a31 = 0. In this case, the matrix is of the form

γ =

α a12 a13

0 a22 a23

0 a32 a33

 .

Denote A =
(a22

a32

a23
a33

)
. It holds that α det A = 1. Therefore α= ±1 and det A = ±1. We also know that the

eigenvalues of A mod q are either ±1 (if α = −1) or 1 with multiplicity 2 (if α = 1). Therefore the trace
of A is either 0 or 2. We now separate into two further cases. In the first case a22 ̸= α and a33 ̸= α, or
equivalently a22a33 ̸= det A. In the second case we may assume without loss of generality that a22 = α.

Case 1a a11 = α, a21 = 0, a31 = 0, a22 ̸= α, a33 ̸= α. The entry a22 has 2S + 1 options, and it
determines the value of a33 since we know the trace of A. In this subcase it holds that
a23a32 = det A − a22a33 ̸= 0. By the divisor bound there are ≪ϵ Sϵ options for a23, a32 and
both are nonzero. We also know that the third column of γ −α I mod q is a multiple of the
second column, and now we know the ratio. This means that after we choose a12 in 2S + 1
ways it sets a13 uniquely. Therefore there are ≪ϵ S2+ϵ

≤ RSqϵ options in this case.

Case 1b a11 = α, a21 = 0, a31 = 0, a22 = α, a33 = 1. In this case a23a32 = det A − a22a33 = 0. If
a23 ̸= 0 then a32 = a12 = 0 and there are ≤ (2S +1)2 options for a23, a13. Similarly, if a32 ̸= 0
then a23 = 0 and once we know a12 we also know a13. Therefore there are ≪ S2

≤ RS option
in this case.

Case 2 a11 = α, a21 = 0, a31 ̸= 0. By (3-4), (3-5) we have a22 = α, a23 = 0, and hence

γ −α I =

 0 a12 a13

0 0 0
a31 a32 a33−α


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Since its rank mod q is 1 and a31 ̸= 0 the second and third columns are scalar multiples of the first, thus
a12 = a13 = 0. Therefore γ is of the form

γ =

 α 0 0
0 α 0

a31 a32 a33

 .

Since det γ = 1 it holds that α = ±1, a33 = 1 and there are ≪ S2
≤ RS options for γ .

4. Proof of Theorem 1.3

As in the proof of Theorem 1.1, the proof of Theorem 1.3 is analytic, and employs the combinatorial
Theorem 1.4 as an input. Since we wish to use the usual notations of dividing SL3(R) by SL3(Z) from
the left, we apply a transpose to the question as stated in Theorem 1.3.

Let

00(q)=


∗ ∗ ∗

∗ ∗ ∗

a b ∗

 ∈ SL3(Z) : a = b = 0 mod q

 .
We have a right action of 0 = SL3(Z) on 00(q). We let P tr

q = 00(q)\0 (it is obviously isomorphic to Pq

as a set with a 0 action). Then Theorem 1.3 can be stated in the following equivalent formulation:

Theorem 4.1. As q → ∞ among primes, for every ϵ > 0 there exists a set Y ⊂ 00(q)\0 = P tr
q of size

|Y |≥ (1−oϵ(1))|P tr
q |, such that for every x0 ∈Y , there exists a set Zx0 ⊂ P tr

q of size |Zx0 |≥ (1−oϵ(1))|P tr
q |,

such that for every y ∈ Zx0 , there exists an element γ ∈ 0 satisfying ∥γ ∥∞ ≤ q1/3+ϵ , such that x0γ = y.

Let K = SO(3) be the maximal compact subgroup of G = SL3(R). By the Cartan decomposition each
element g ∈ G can be written as

g = k1

a1

a2

a3

 k2,

with k1, k2 ∈ SO(3), and unique a1, a2, a3 ∈ R>0, satisfying a1 ≥ a2 ≥ a3 > 0 and a1a2a3 = 1. Define
∥g∥K = a1. Since K = SO(3) is compact there exists a constant C > 0 such that

C−1
∥g∥∞ ≤ ∥g∥K ≤ C∥g∥∞.

We may therefore prove Theorem 4.1 using ∥ · ∥K instead of ∥ · ∥∞.
The size ∥ · ∥K will play the same role as ∥ · ∥H in the SL2 case. Let us note some of its properties.

There is a constant C > 0 such that ∥g1g2∥K ≤ C∥g1∥K ∥g2∥K (actually, one may take C = 1, but this
detail will not influence us). A big difference from the SL2 case comes from the fact that ∥γ ∥K and
∥γ−1

∥K can be quite different. However, it does hold that ∥γ ∥K ≪ ∥γ−1
∥

2
K .
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It will also be useful to define another bi-K invariant gauge of largeness, by ∥g∥δ = a1a−1
3 , where

a1, a3 are as in the Cartan decomposition. It holds that there is a constant C > 0 such that

C−1
∥g∥∞∥g−1

∥∞ ≤ ∥g∥δ ≤ C∥g∥∞∥g−1
∥∞. (4-1)

Now we have ∥g∥δ = ∥g−1
∥δ , and there is C > 0 (which may be chosen to be C = 1 by extra analysis)

such that ∥g1g2∥δ ≤ C∥g1∥δ∥g2∥δ.
The relation between the two sizes is that ∥g∥δ ≤ ∥g∥

3
K , which follows from the fact that in the Cartan

decomposition a−1
3 = a1a2 ≤ a2

1 , so a1a−1
3 ≤ a3

1 .
We will want to estimate the size of balls relative to ∥ · ∥K and ∥ · ∥δ. For this, we use the following

formula for the Haar measure µ of G [Knapp 1986, Proposition 5.28], which holds up to multiplication
by a scalar C > 0: ∫

G
f (g) dµ= C

∫
K

∫
K

∫
a+

f (k exp(a)k ′)S(a) dk dk ′ da,

where

a+ =

a =

α1

α2

α3

 ∈ M3(R) : α1 ≥ α2 ≥ α3, α1 +α2 +α3 = 0

 ,
and

S(a)= sinh(α1 −α2) sinh(α2 −α3) sinh(α3 −α1).

Notice that for α1 −α2 ≥ 1, α2 −α3 ≥ 1, S(a) behaves like ∥a∥
2
δ . This implies that

µ({g ∈ G : ∥g∥K ≤ T })≍ T 6, (4-2)

and
µ({g ∈ G : ∥g∥δ ≤ T })≍ log(T)T 2. (4-3)

For completeness let us explain the calculation of (4-3), the calculation for (4-2) is similar; see
[Maucourant 2007; Gorodnik and Weiss 2007] for more accurate and general statements. To simplify
notations we identify a ∈ a+ with a = (α1, α2, α3) ∈ R3. The condition a1a−1

3 ≤ T translates under the
inverse of the exponential map and the Cartan decomposition to α1 −α3 ≤ log T . Denote

B(T )= {a ∈ a+ : α1 −α3 ≤ log T }

Since {g ∈ G : ∥g∥δ ≤ T } = K exp(B(T ))K ,

µ({g ∈ G : ∥g∥δ ≤ T })=

∫
a∈B(T )

S(a) da.

Let us parametrize the set B(T ) by looking at the vectors v1 = (1,−1, 0), v2 = (−1, 2,−1). Then
B(T )=

{
sv1 + tv2 : 0 ≤ s ≤

1
2 log T, 0 ≤ t ≤ s/2

}
. We therefore get

µ({g ∈ G : ∥g∥δ ≤ T })=

∫ 1
2 log T

0

∫ s/2

0
sinh(2s − 3t) sinh(3t) sinh(2s) dt ds.
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Using the upper bound sinh x ≤ ex , the above is upper bounded by

≤

∫ 1
2 log T

0

∫ s/2

0
e4s dt ds ≤

∫ 1
2 log T

0
se4s/2 ds ≪ log(T)T 2.

Using the lower bound sinh x ≥ ex/4 for x ≥ 1, we get the lower bound

≥

∫ 1
2 log T

1
2 log T −1

∫ s/2−1

1
e4s dt ds ≫ log(T)T 2.

Let χT , χT,δ ∈ L1(K\G/K ) be

χT (g)=
1

µ({g ∈ G : ∥g∥K ≤ T })

{
1 ∥g∥K ≤ T,
0 else,

χT,δ(g)=
1

µ({g ∈ G : ∥g∥δ ≤ T })

{
1 ∥g∥δ ≤ T,
0 else.

The functions χT , χT,δ are simply the probability characteristic functions of the balls according to ∥ · ∥K

and ∥ · ∥δ.
By (4-2), (4-3) and the definition of ∥ · ∥K , ∥ · ∥δ, for every g ∈ G,

χT (g)≫ log TχT 3,δ
(g).

Let ψT : G → R be

ψT (g)=
1
T

{
∥g∥

−1
δ ∥g∥δ ≤ T,

0 else.

For f : G → C, we let f ∗
: G → C be the function f ∗(g)= f (g−1).

Now we have the following version of Lemma 2.2:

Lemma 4.2 (convolution lemma). There exists a constant C > 0 such that for T ≥ 1

χT,δ ∗χT,δ(g)≤ (log T + 2)CψCT 2(g).

As a result, there exist a constant C ′ > 0 such that for T ≥ 1

χT ∗χ∗

T ≤ (log T + 2)C
′

ψC ′T 6(g).

Proof. Normalize K to have measure 1. Let 4 : G → R+ be Harish-Chandra’s function, defined as

4(g)=

∫
K
δ−1/2(gk) dk,

where δ : G → R>0 is defined, using the Iwasawa decomposition G = K P , as

δ

k

a1 ∗ ∗

0 a2 ∗

0 0 a3

 = a2
1a−2

3 .

(When restricted to P , δ is the modular function of P . Notice the similarity between δ(g) and ∥g∥
2
δ ,

hence the notation.)
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There are standard bounds on 4, given by (see, e.g., [Trombi and Varadarajan 1972, 2.1])

∥g∥
−1
δ ≤4(g)≪ (log∥g∥ + 1)C0∥g∥

−1
δ (4-4)

for some C0 > 0. Using these upper bounds, we find that for some C2 > 0,∫
G
χT,δ4(g) dg =

1
µ({g ∈ G : ∥g∥δ ≤ T })

∫
g:∥g∥δ≤T

4(g) dg ≪ (log T + 1)C2 T −1.

Harish-Chandra’s function 4 arises as follows; see, e.g., [Ghosh et al. 2013, Section 3]. Let (π, V )
be the spherical representation of G unitarily induced from the trivial character of P . It holds that if
f ∈ L1(K\G/K ) and v ∈ V is K-invariant, then

π( f )v =

∫
G

f (g)π(g)v dg =

(∫
G

f (g)4(g) dg
)
v.

Since π( f1 ∗ f2)v = π( f1)π( f2)v,∫
G
(χT,δ ∗χT,δ)(g)4(g) dg =

(∫
G
χT,δ(g)4(g) dg

)(∫
G
χT,δ(g)4(g) dg

)
≪ (log T + 1)2C2 T −2.

To show pointwise bounds, we notice that if χT,δ ∗ χT,δ(g) = R, then χT +1,δ ∗ χT +1,δ(g
′)≫ R, for

g′ in an annulus of size similar to that of g, i.e., for C−1
∥g∥δ ≤ ∥g′

∥δ ≤ C∥g∥δ for some C > 1. This
annulus is of measure ≍ ∥g∥

2
δ . Therefore,

χT,δ ∗χT,δ(g)∥g∥
2
δ4(g)≪

∫
G
(χT +1,δ ∗χT +1,δ)(g

′)4(g′) dg′
≪ (log T + 1)2C2 T −2,

and the first bound follows by applying the lower bound of (4-4).
The bound on χT follows from the bound on χT,δ and the relation between them. □

Now consider the locally symmetric space Xq =00(q)\G/K . As in the SL2 case, it has finite measure,
and we will consider the space L2(Xq), with the natural L2-norm.

We first discuss the spectral gap. We denote by L2
0(Xq) the functions in L2(Xq) of integral 0. Since χT

is bi-K-invariant and sufficiently nice, the function χT acts by convolution from the right on f ∈ L2(Xq),
and the resulting function is well defined pointwise if f is bounded. The operation sends L0(Xq) to itself.

Theorem 4.3 (spectral gap). There exists τ > 0 such that for T > 0 the operator χT satisfies for every
f ∈ L2

0(Xq),
∥ f ∗χT ∥2 ≪ T −τ

∥ f ∥2.

The theorem follows from explicit versions of property (T), or explicit versions of the mean ergodic
theorem (e.g., [Ghosh et al. 2013, Section 4]) which are actually true for all lattices in G = SL3(R)

uniformly in T and the lattice. It is remarkable that the proof of Theorem 4.3 is much simpler than the
proof of Theorem 2.5.

As in the SL2 case, we define for x0 ∈ Xq the function bT,x0(x)=
∑

γ∈00(q) χT (x̃
−1
0 γ x), where x̃0 is

any lift of x0 to G.
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We have a map ι : 00(q)\0→ Xq defined by ι(00(q)x0)= 00x0K ∈ Xq . By a slight abuse of notation
we write ι(00(q)x0)= ι(x0).

The map ι has fibers of bounded size (independently of q), and we may choose T0 small enough so
that ι(y) ̸= ι(y′) implies that bT0,ι(y) and bT0,ι(y′) have disjoint supports. In addition, bT0,ι(y) will have a
bounded L2-norm as a function in L2(Xq).

Lemma 4.4. For f ∈ L2(Xq) bounded,

⟨ f, bT,x0⟩ = ( f ∗χ∗

T )(x0).

The proof is the same as the proof of Lemma 2.3.

Lemma 4.5. Let C > 0, ϵ0 > 0 fixed. Let x0 ∈ 00(q)\0 and assume for T ′
≤ Cq2,

|{γ ∈ 0 : ∥γ ∥δ ≤ T ′, x0γ = x0}| ≪ϵ0 qϵ0 T ′.

Then there exists C ′ > 0 depending only on C such that for T = C ′q1/3 it holds that for every ϵ > 0,

∥bT,ι(x0)∥2 ≪ϵ0,ϵ q−1+ϵ0+ϵ .

Proof. Notice that γ ∈ 0 satisfies 00(q)x0γ = 00(q)x0 if and only if γ ∈ x−1
0 00(q)x0 (the last group is a

well defined subgroup of 0). Therefore we may rewrite the assumption in the following manner: For
every T ′

≤ Cq2,

|{γ ∈ 00(q) : ∥x−1
0 γ x0∥δ ≤ T ′

}| ≪ϵ0 qϵ0 T ′, (4-5)

where we identify x0 with a fixed element of 0 ≤ G.
Write using Lemma 4.4,

∥bT,ι(x0)∥
2
2 = ⟨bT,ι(x0), bT,ι(x0)⟩ = bT,ι(x0) ∗χ

∗

T (ι(x0))=
∑

γ∈00(q)

(χT ∗χ∗

T )(x
−1
0 γ x0)≪ϵ T ϵψC1T 6(x−1

0 γ x0),

where in the last inequality we used Lemma 4.2.
Therefore, the lemma will follow if we will prove that for T = C ′q1/3,∑

γ∈00

ψC1T 6(x−1
0 γ x0)= T −6

∑
γ∈00(q):∥x−1

0 γ x0∥δ≤C1T 6

∥x−1
0 γ x0∥

−1
δ

≪ q−2
∑

γ∈00(q):∥x−1
0 γ x0∥δ≤C2q2

∥x−1
0 γ x0∥

−1
δ

!
≪ϵ q−2+ϵ0+ϵ,

where C2 = C1C ′6.
So it suffices to show that ∑

γ∈00(q):∥x−1
0 γ x0∥

−1
δ ≤C2q2

∥x−1
0 γ x0∥δ

!
≪ϵ,ϵ0 qϵ+ϵ0 .
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Applying (2-1) (discrete partial summation), with g(γ )= ∥γ ∥δ, f (x)= x−1 and Y = C2q2, we have∑
γ∈00(q)

∥x−1
0 γ x0∥δ≤C2q2

∥x−1
0 γ x0∥

−1
δ ≪

∣∣{γ : ∥x−1
0 γ x0∥δ ≤ C2q2}∣∣ q−2

+

∫ C2q2

1

∣∣{γ : ∥x−1
0 γ x0∥δ ≤ S

}∣∣ S−2 d S.

Choosing C ′ small enough so that C2 = C1C ′6
≤ C and applying (4-5) we obtain the desired bound

for the last value:

≪ϵ,ϵ0 qϵ+ϵ0 + qϵ+ϵ0

∫ C3q2

1
S−1 d S ≪ϵ q2ϵ+ϵ0 . □

We denote by π ∈ L2(Xq) the constant probability function on Xq .
Using the counting result Theorem 1.4 we will now show that for many points x0 ∈ 00(q)\0 the

condition of Lemma 4.5 holds, and thus obtain:

Lemma 4.6. There exists C > 0, τ > 0, such that for every ϵ0 > 0, as q → ∞ among primes, there exists
a set Y ⊂ 00(q)\0 = P tr

q of size |Y | ≥ (1 − oϵ0(1))|00(q)\0|, such that for every 00x0 ∈ Y , it holds for
T = Cq1/3 that

∥bT,ι(x0) ∗χT η −π∥2 ≪ϵ0 q−1−ητ+ϵ0 .

Proof. By Theorem 1.4 and (4-1) it holds that for some C > 0, for all T ≤ Cq2 and ϵ > 0∑
x0∈00(q)\0

|{γ ∈ 0 : ∥γ ∥δ ≤ T, x0γ = x0}| ≪ϵ q2+ϵT .

Since |00(q)\0| = (1 + o(1))q2, we may choose a subset Y ⊂ 00(q)\0 of size

|Y | ≥ (1 − oϵ0(1))|00(q)\0|,

such that for every x0 ∈ Y ,

|{γ ∈ 0 : ∥γ ∥δ ≤ T, x0γ = x0}| ≪ϵ0 qϵ0 T .

We now apply Lemma 4.5 to every x0 ∈ Y to obtain

∥bT,ι(x0)∥2 ≪ϵ0 q−1+ϵ0 .

Next, we apply Theorem 4.3 as in Lemma 2.6 to deduce the final result. □

We may now finish the proof of Theorem 4.1, similar to the SL2 case.

Lemma 4.7. There is C ′ > 0 such that for x0, y ∈ 00(q)\0, if ⟨bT,ι(x0) ∗χT η , bT0,ι(y)⟩> 0, then there is
γ ∈ 0 such that x0γ = y, and ∥γ ∥K ≤ C ′T 1+η.

Proof. The proof is essentially the same as Lemma 2.7. We have by Lemma 4.4

bT,ι(x0) ∗χT η ∗χ∗

T0
(ι(y0)) > 0.
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Denote by x̃0, ỹ as some lifts of x0, y to 0. We get g1, g2, g3 ∈ G, γ ∈00(q) such that γ−1 x̃0g1g2g3 = ỹ,
with g1 ∈ supp(χT ), g2 ∈ supp(χT η), g3 ∈ supp(χ∗

T0
). Writing g = g1g2g3, we have that

∥g∥K ≪ ∥g1∥K ∥g2∥K ∥g3∥K ≪ T 1+η.

In addition g = x̃−1
0 γ ỹ ∈ x−1

0 00(q)y ⊂ 0, which says that x0γ = y, as needed. □

To complete the proof, fix ϵ > 0. Let x0 ∈ 00(q)\0 be in the set Y of Lemma 4.6. Denote by Z̃x0 the
set of elements y ∈ 00(q)\0 for which there is no γ ∈ 0 with ∥γ ∥K ≤ q1/3+ϵ

K such that x0γ = y. It is
enough to prove that Z̃x0 = o(|00(q)\0|)= o(q2).

Choose T = Cq1/3, and η small enough so that C ′T 1+η < q1/3+ϵ , with C as in Lemma 4.6 and C ′ as
in Lemma 4.7.

We denote B =
∑

y∈Z̃x0
bT,ι(y) ∈ L2(Xq). Then by Lemma 4.7

⟨bT,x0 ∗χT η −π, B⟩ =
|Z̃x0 |

Vol(Xq)
≫

|Z̃x0 |

q2 .

On the other hand, by the choice of x0 and Lemma 4.6,

⟨bT,x0 ∗χT η −π, B⟩ ≪ ∥B∥2∥bT,x0 ∗χT η −π∥2 ≪ϵ0

√
|Z̃x0 |q

−1−ητ+ϵ0 .

By combining the two estimates and choosing ϵ0 small enough, we get the desired result

|Z̃x0 | ≪ϵ0 q2−2ητ−2ϵ0 = o(q2).

5. Optimal lifting for the action on flags

In this section we prove optimal lifting for another action of SL3(Z). Let Bq be the set of complete flags
in F3

q , i.e.,

Bq = {(V1, V2) : 0< V1 < V2 < F3
q},

i.e., V1 ⊂ V2 are subspaces of F3
q , such that dim V1 = 1, dim V2 = 2.

There is a natural action 8q : SL3(Z)→ Sym(Bq). It gives rise to a nonprincipal congruence subgroup

0′

2(q)=


∗ a b

∗ ∗ c
∗ ∗ ∗

 ∈ SL3(Z) : a = b = c = 0 mod q

 .
Concretely,

0′

2(q)= {γ ∈ SL3(Z) :8q(γ )(1)= 1},

where

1 =

(
span

{(
0
0
1

)}
, span

{(
0
0
1

)
,
(

0
1
0

)})
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The result reads as follows:

Theorem 5.1. Let 0 = SL3(Z), and for a prime q let Bq and 8q : SL3(Z)→ Sym(Bq) as above. Then
for every ϵ > 0, as q → ∞, there exists a set Y ⊂ Bq of size |Y | ≥ (1 − oϵ(1))|Bq |, such that for every
x ∈ Y , there exists a set Zx ⊂ Bq of size |Zx | ≥ (1 − oϵ(1))|Bq |, such that for every y ∈ Zx , there exists
an element γ ∈ 0 satisfying ∥γ ∥∞ ≤ q1/2+ϵ , such that 8q(γ )x = y.

The exponent 1
2 is optimal, since the size of Bq is |Bq | ≍ q3, while the number of elements γ ∈ SL3(Z)

satisfying ∥γ ∥∞ ≤ T is ≍ T 6. This also hints why handling flags is harder than handling the projective
plane: The volume of the homogenous space is larger (q3 instead of q2). In comparison, the principal
congruence subgroup gives the much larger volume q8, and optimal lifting for it is still open.

The proof of Theorem 5.1 is very similar to the proof of Theorem 1.3. The analytic part is essentially
identical to Section 4, with some minor modifications coming from the fact that the size |Pq | ≍ q2 is
replaced by |Bq | ≍ q3. We therefore leave it to the reader.

The counting part needs a slightly more delicate argument. The needed result is an analog of
Theorem 1.4, as follows:

Theorem 5.2. There exists a constant C > 0 such that for every prime q , T ≤ Cq3 and ϵ > 0 it holds that

|{(γ, x) ∈ SL3(Z)× Bq : ∥γ ∥∞∥γ−1
∥∞ ≤ T,8q(γ )(x)= x}| ≪ϵ q3+ϵT .

We prove Theorem 5.2 in the rest of this section.
By dyadically dividing the range of ∥γ ∥∞ into O(log T ) subintervals, it is enough to prove that there

exists C > 0 such that for every S ≤ R and RS ≤ Cq3:

|{(γ, x) ∈ SL3(Z)× Bq : ∥γ ∥∞ ≤ S, ∥γ−1
∥∞ ≤ R,8q(γ )(x)= x}| ≪ϵ q3+ϵRS.

We identify 8q(γ ) ∈ SL3(Fq), and let P(t) ∈ Fq [t] be the characteristic polynomial of 8q(γ ).
We first notice that if x = (V1, V2)∈ Bq is a fixed point of8q(γ ), then V1 defines a projective eigenvector

of 8q(γ ), so 8q(γ ) has an eigenvector and P(t) has a root. Similarly, V2 is a two-dimensional invariant
subspace containing an eigenvector, so P(t) has at least two roots. We deduce that if 8q(γ ) has a fixed
point x ∈ Bq , then the polynomial P(t) splits. Assuming P(t) splits, we divide into several subcases:

(1) Assume that P(t) has three different roots, 8q(γ ) is diagonalizable, with eigenvectors v1, v2, v3.
Then 8q(γ ) fixes the points of the form (V1, V2), V1 = span{vi }, V2 = span{vi , v j }, for 1 ≤ i ̸= j ≤ 3.
So 8q(γ ) has 6 fixed points in Bq .

(2) Assume that P(t) has the roots (α, α, α−2), α3
̸= 1, and the eigenspace ker(8q(γ )−α I ) of eigenvalue

α eigenvalue α is of dimension 1. Then let v1 be an eigenvector of eigenvalue α, v2 an eigenvector of
eigenvalue α−2, and U = ker(8q(γ )−α I )2 the two-dimensional generalized eigenspace of eigenvalue α.
Then the fixed points of 8q(γ ) are of the form V1 = span{vi }, V2 = span{v1, v2} for 1 ≤ i ̸= j ≤ 2, or of
the form V1 = span{v1}, V2 = U . So 8q(γ ) has 3 fixed points in Bq .
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(3) Assume that P(t) has a triple root α ∈ Fq (with α3
= 1), and the eigenspace ker(8q(γ )−α I ) is one

dimensional, then the only fixed point is of the form V1 = ker(8q(γ )−α I ), V2 = ker(8q(γ )−α I )2. So
8q(γ ) has a unique fixed point in Bq .

(4) Assume that P(t) has roots (α, α, α−2), α3
̸= 1, and the eigenspace U = ker(8q(γ ) − α I ) of

eigenvalue α is of dimension 2, i.e., the Jordan form of 8q(γ ) isα 0 0
0 α 0
0 0 α−2

 , α3
̸= 1.

Let v1 ∈ U denote an eigenvector of eigenvalue α, and let v2 be an eigenvector of eigenvalue α−2. Then all
fixed points of 8q(γ ) are of the form V1 = span{vi }, v2 = span{vi , v j }, 1 ≤ i ̸= j ≤ 2, or V1 = span{v1},
V2 = U (for different choices of v1). There are (q +1) options for span{v1}, so in total8q(γ ) has 3(q +1)
fixed points in Bq .

(5) If P(t) has a unique root α ∈ Fq , α3
= 1, and the eigenspace U = ker(8q(γ )−α I ) of eigenvalue α

is of dimension 2, then the Jordan form of 8q(γ ) is of the formα 1 0
0 α 0
0 0 α

 α3
= 1.

In this case, the operator 8q(γ )−α is nilpotent, with dim Im(8q(γ )−α)= 1, dim ker(8q(γ )−α)= 2.
If x = (V1, V2) is a fixed point of 8q(γ ), then U = V2 ∩ ker(8q(γ )− α) satisfies either dim U = 2 or
dim U = 1:

• If dim U = 1, we must choose V1 = U , and V1 = (8q(γ )− α)V2, and by dimension counting
V1 = Im(8q(γ )− α). Therefore, V1 is uniquely defined and V2 can be chosen as any subspace
containing V1, in q + 1 ways.

• If dim U = 2, then V2 = ker(8q(γ )−α I ) is uniquely defined, and V1 can be chosen in q + 1 ways
as a subspace of V2.

We conclude that 8q(γ ) has 2(q + 1) fixed points in Bq .

(6) If P(t) has a unique root α ∈ Fq , α3
= 1 and 8q(γ )= α ISL3(Fq ), then every x ∈ Bq is a fixed point

of 8q(γ ).

As in Section 3, we call γ ∈ SL3(Z) bad mod q if 8q(γ ) has an eigenspace of dimension at least 2, i.e.,
corresponds to one of the last three cases above.

Theorem 5.2 will therefore follow from the following two lemmas:

Lemma 5.3. There exists C > 0 such that for every α ∈ Fq , α3
= 1, S ≤ R and RS ≤ Cq3

|{γ ∈ SL3(Z) : ∥γ ∥∞ ≤ S, ∥γ−1
∥∞ ≤ R, γ = α I mod q}| ≪ϵ qϵRS.
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Lemma 5.4. There exists C > 0 such that for every S ≤ R and RS ≤ Cq3

|{γ ∈ SL3(Z) : ∥γ ∥∞ ≤ S, ∥γ−1
∥∞ ≤ R, γ bad mod q}| ≪ϵ q2+ϵRS.

Proof of Lemma 5.3. We will give a short and nonefficient estimate, which may be improved significantly,
at least when α = 1 ∈ Fq .

Fix some lift of α to Z, such that α3
= 1 mod q2. Then (γ −α I )2 = 0 mod q2, so γ 2

− 2αγ +α2 I =

0 mod q2. Multiply by αγ−1 and we get that

γ−1
= 2α2

−αγ mod q2. (5-1)

By the inversion formula, it holds that ∥γ−1
∥∞ ≤ 2∥γ ∥

2
∞

. We may therefore assume that R ≤ 2S2, so
R3

≤ 2R2S2
≤ 2C2q6. By adjusting the constant C we may assume that ∥γ−1

∥∞ ≤ R ≤ q2/4, and (5-1)
then implies that given an entry of γ , we know the corresponding entry of γ−1.

As in Section 3, we denote the entries of γ by ai j and the entries of γ−1 by bi j .
Since γ = α I mod q, we may choose the diagonal of γ using ≪ (S/q + 1)3 options. By (5-1) we

know the diagonal of γ−1. We can write a12a21 = a11a22 − b33, and the right hand side is known. If
a11a22 −b33 ̸= 0 then there are ≪ Sϵ options for a12, a21. If a11a22 −b33 = 0 then there are ≪ (S/q +1)
options for a12, a21. The same is true for the other nondiagonal elements.

All in all, there are

≪ϵ (S/q + 1)3(S/q + 1 + Sϵ)3

options for γ . If S ≤ q this is obviously smaller than qϵRS. If S ≥ q , then we need to show that

(S/q)6 ≪ qϵRS

or S5/R ≪ q6+ϵ , which is true since

S5/R ≤ S4
≤ (RS)2 ≤ q6.

□

For the proof of Lemma 5.4 we will need the following:

Lemma 5.5. The number of solutions for (3-2), (3-3) in tr γ, tr γ−1
∈ Z, α ∈ Fq , |tr γ | ≤ S, |tr γ−1

| ≤ R
is bounded by ≪ (S/q + 1)(R/q + 1)+ q.

Proof. Assume that (x1, y1, α), (x2, y2, α) are solutions. Then by (3-2), x1 − x2 = y1 − y2 = 0 mod q.
Denote z = (x1 − y1)/q, w = (x2 − y2)/q. Notice that |z| ≤ 2S/q, |w| ≤ 2R/q. By (3-3) (z, w, α) is a
solution to αqz − qw = 0 mod q2, or

αz −w = 0 mod q. (5-2)

Therefore, A solutions with the same α∈Fq for (3-2),(3-3) give A solutions to (5-2) with the same α∈Fq .
So the total number of solutions is bounded by the number of solutions of (5-2) with |z|≤2S/q ,|w|≤2R/q ,
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α ∈ Fq . The last number is bounded by ≪ (S/q + 1)(R/q + 1)+ q, since every choice of z, w sets α
uniquely, unless z = w = 0. □

Proof of Lemma 5.4. Since our definition of a bad element mod q agrees with the definition in Section 4,
by Lemma 5.5 there are ≪ (S/q +1)(R/q +1)+q options for tr γ, tr γ−1, α. In our range of parameters
it holds that RS ≤ Cq3 and since ∥γ−1

∥∞ ≤ 2∥γ ∥
2
∞

, we may assume that R ≤ 2S2, so R ≪ q2, and
therefore (S/q + 1)(R/q + 1)+ q ≪ q .

There are at most S2 options for a11, a22, and knowing tr γ , we have now all of the diagonal of γ . By
(3-1), the diagonal of γ determines the diagonal of γ−1 mod q . Lifting, the first two entries b11, b22 have
just (R/q + 1)2 options, giving b33 for free. Thus there are at most ≪ q S2(R/q + 1)2 options.

In the nonexceptional case when the nondiagonal entries are nonzero, the rest of the matrix has ≪ϵ qϵ

options. So we should show that
q S2(R/q + 1)2 ≪ RSq2,

or S(R/q + 1)2 ≪ Rq . For R < q , this reduces to S ≪ Rq , which is obvious. For R > q , this reduces to
RS ≪ q3, which is again true.

Let us deal with the exceptional case. Without loss of generality we may assume that a11a22 = b33 and
a21 = 0. We further separate into cases:

(1) If all other nondiagonal entries besides a21 and a12 are nonzero, then we may guess the diagonal of γ
and γ−1 as before, and get the other nondiagonal entries using divisor bounds. The matrix γ is then of
the form ∗ ? ×

0 ∗ ×

× × ∗

 ,

with a12 the only unknown and where × denotes a nonzero value. Then we get that det γ = Ea12 + F ,
with E = a23a31 ̸= 0, F known, so a12 is determined uniquely from det γ = 1.

(2) If a31 = 0, then a11 = α = ±1, and the matrix is of the form±1 ∗ ∗

0 ∗ ∗

0 ∗ ∗

 .

As in the first exceptional case of Section 3, denote A =
(a22

a32

a23
a33

)
. We know that det A = α = ±1, and

either tr A = 0 mod q or tr A = 2 mod q. Therefore, a22, a33 have at most ≪ S(S/q + 1) options. If
a22a33 ̸= det A = ±1 then we get qϵ options for a23, a32 by the divisor bound. If a22a33 = det A = ±1,
then they are both ±1, and a23a32 = 0, so there are ≪ S options for A. So in any case A has at most
qϵS(S/q+1) options. The remaining two entries have at most S2 options, so all in all there are S3(S/q+1)
options. It remains to prove that

S3(S/q + 1)≪ RSq2,

which is a simple verification.
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(3) If a23 = 0 then a22 = α = ±1, and the matrix is of the form∗ ∗ ∗

0 ±1 0
∗ ∗ ∗

 .

We reduce to the previous case (after permuting indices and transposing).

(4) We may now assume a31 ̸= 0, a23 ̸= 0. If a13 = 0, we may assume a12 ̸= 0, otherwise we reduce to a
previous case. We now guess the diagonals as before, and further diverge into subcases:

(a) If a32 ̸= 0: Then since a23 ̸= 0 we have a23a32 = a22a33 −b11, so we have ≪ϵ qϵ options for a23, a32

by the divisor bound. Then the matrix is of the form∗ ? 0
0 ∗ ×

? × ∗

 .

From det γ = 1 we get a12a31, which is nonzero. By the divisor bound we are done.

(b) If a32 = 0, the matrix is of the form ∗ ? 0
0 ∗ ?
? 0 ∗

 .

From det γ = 1 we get a12a23a31, which is again nonzero, and by the divisor bound we are done.

(5) If a13 ̸= 0, a23 ̸= 0, a31 ̸= 0, a32 = 0. We may assume that a12 ̸= 0 otherwise we reduce to a previous
case. Then we guess the diagonals as usual, and since a31a13 ̸= 0 we know them in ≪ϵ qϵ ways by the
divisor bound. Then the matrix is of the form∗ ? ×

0 ∗ ?
× 0 α−2

 .

From det γ = 1 we get a12a23 which is nonzero, and by the divisor bound we are done. □
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Added in proof

In a recent preprint Jana and Kamber [2022, Theorem 6], following a breakthrough of Assing and Blomer
[2022], proved Conjecture 1.2 for q square-free.
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Sums of two squares are strongly biased towards
quadratic residues

Ofir Gorodetsky

Chebyshev famously observed empirically that more often than not, there are more primes of the form
3 mod 4 up to x than of the form 1 mod 4. This was confirmed theoretically much later by Rubinstein
and Sarnak in a logarithmic density sense. Our understanding of this is conditional on the generalized
Riemann hypothesis as well as on the linear independence of the zeros of L-functions.

We investigate similar questions for sums of two squares in arithmetic progressions. We find a
significantly stronger bias than in primes, which happens for almost all integers in a natural density sense.
Because the bias is more pronounced, we do not need to assume linear independence of zeros, only a
Chowla-type conjecture on nonvanishing of L-functions at 1

2 . To illustrate, we have under GRH that the
number of sums of two squares up to x that are 1 mod 3 is greater than those that are 2 mod 3 100% of
the time in natural density sense.

1. Introduction

1A. Review of sums of two squares in arithmetic progressions. Let S be the set of positive integers
expressible as a sum of two perfect squares. We denote by 1S the indicator function of S. It is multiplicative
and for a prime p we have

1S(pk)= 0 if and only if p ≡ 3 mod 4 and 2∤k. (1-1)

Landau [1908] proved that

#(S ∩ [1, x])∼
K x√
log x

where K =
∏

p≡3 mod 4(1 − p−2)−1/2/
√

2 ≈ 0.764 is the Landau–Ramanujan constant; see [Hardy
1940, Lecture IV] for Hardy’s account of Ramanujan’s unpublished work on this problem. Landau’s
method yields an asymptotic expansion in descending powers of log x , which gives an error term
Ok(x/(log x)k+1/2) for each k ≥ 1.1 Prachar [1953] proved that sums of two squares are equidistributed

MSC2020: primary 11N37; secondary 11M06.
Keywords: Chebyshev’s bias, sums of two squares, omega function, prime divisor function.

1A more complicated main term, leading to a significantly better error term (conjecturally Oε(x1/2+ε), but no better than
that), is described e.g., in [Gorodetsky and Rodgers 2021, Appendix B]; compare [Ramachandra 1976; Montgomery and Vaughan
2007, page 187; David et al. 2022, Theorem 2.1].
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in arithmetic progressions, in the following sense. If (a, q)= 1 then

S(x; q, a) := #{n ∈ S : n ≤ x, n ≡ a mod q} ∼
(4, q)
(2, q)q

∏
p | q

p≡3 mod 4

(
1 +

1
p

) K x√
log x

as x → ∞ as long as a ≡ 1 mod (4, q); see Iwaniec’s work [1976] on the half-dimensional sieve for
results allowing q to vary with x . The condition a ≡ 1 mod (4, q) is necessary: otherwise (a, q)= 1 and
a ̸≡ 1 mod (4, q) imply a ≡ 3 mod 4. However, S is disjoint from 3 mod 4.

1B. Main theorem and corollary. Here we consider a Chebyshev’s bias phenomenon for S. We ask,
what can be said about the size of the set

{n ≤ x : S(n; q, a) > S(n; q, b)} (1-2)

for distinct a, b mod q with a ≡ b ≡ 1 mod (4, q) and (a, q)= (b, q)= 1? These conditions guarantee
that S(n; q, a)∼ S(n; q, b)→ ∞ as n → ∞, so it is sensible to study (1-2). We let χ−4 be the unique
nonprincipal Dirichlet character modulo 4. Motivated by numerical evidence (based on n ≤ 108) showing
S(n; 3, 1)− S(n; 3, 2) and S(n; 5, 1)− S(n; 5, 3) are positive much more frequently than not, we were
led to discover and prove the following.

Theorem 1.1. Fix a positive integer q. Assume that the generalized Riemann hypothesis (GRH) holds for
the Dirichlet L-functions L(s, χ) and L(s, χχ−4) for all Dirichlet character χ modulo q. Then, whenever
a, b satisfy a ≡ b ≡ 1 mod (4, q), (a, q)= (b, q)= 1 and

Cq,a,b :=

∑
χ mod q
χ2

=χ0

(χ(a)−χ(b))
(

1 −
χ(2)
√

2

)−1/2√
L
( 1

2 , χ
)
L
( 1

2 , χχ−4
)
> 0 (1-3)

we have, as x → ∞,
#{n ≤ x : S(n; q, a) > S(n; q, b)} = x(1 + o(1)).

Here (and later) χ0 is the principal character modulo q. Observe that χ(a) = χ(b) = 1 for χ = χ0

as well as for χ = χ0χ−4 (if 4 | q), so these two characters may be omitted from the sum (1-3). As we
explain in Remark 1.2 below, L

( 1
2 , χ

)
L
( 1

2 , χχ−4
)

is nonnegative under the conditions of Theorem 1.1;
the square root we take in (1-3) is the nonnegative one.

Remark 1.2. Under GRH for (nonprincipal) real χ , we have L
( 1

2 , χ
)

≥ 0 since otherwise there is a
zero of L(s, χ) in

( 1
2 , 1

)
by the intermediate value theorem. Similarly, L

( 1
2 , χχ−4

)
≥ 0 if χ ̸= χ0χ−4.

Conrey and Soundararajan [2002], proved, unconditionally, that for a positive proportion of quadratic
characters χ we have L(s, χ) > 0 on

( 1
2 , 1

)
implying L

( 1
2 , χ

)
≥ 0. Chowla’s conjecture [1965] states that

L
( 1

2 , χ
)
̸= 0 for all real Dirichlet characters. It was studied extensively; see e.g., Soundararajan [2000].

If χ(a)= 1 for all real characters modulo q then a is a quadratic residue modulo q , and vice versa. Let
us specialize a to be a quadratic residue modulo q and b to be a nonquadratic residue. We observe that
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(on GRH) (χ(a)− χ(b))
√

L
( 1

2 , χ
)
L
( 1

2 , χχ−4
)

is nonnegative for each real χ mod q that is not χ0 or
χ0χ−4. Hence, under GRH and our assumptions on a and b, a necessary and sufficient condition for (1-3)
to hold is that L

( 1
2 , χ

)
L
( 1

2 , χχ−4
)
̸= 0 for some real χ mod q with χ(b)= −1. One way to guarantee

this is to assume Chowla’s conjecture. We state this as the following corollary.

Corollary 1.3. Suppose that G RH holds for χ and χχ−4 as χ varies over all Dirichlet characters
modulo q. Let a and b be quadratic and nonquadratic residues modulo q, respectively, with (a, q) =

(b, q)= 1 and a ≡ b ≡ 1 mod (4, q). If L
( 1

2 , χ
)
L
( 1

2 , χχ−4
)
̸= 0 for some χ mod q with χ(b)= −1 then

S(n; q, a) > S(n; q, b) (1-4)

holds for a density-1 set of integers. In particular, if Chowla’s conjecture holds then (1-4) holds for a
density-1 set of integers.

It would be interesting to try and establish the positivity of (1-3), possibly in a statistical sense, without
hypotheses like Chowla’s conjecture.

For a given Dirichlet character χ , one can computationally verify that L
( 1

2 , χ
)

is nonzero, and in
fact compute all zeros of L(s, χ) up to a certain height; see Rumely [1993] which in particular shows
L
( 1

2 , χ
)
̸= 0 for characters of conductor ≤ 72. Nowadays computing L

( 1
2 , χ

)
is a one-line command in

Mathematica, and so the verification of (1-3) is practical for fixed q , a and b.
We expect the expression in (1-3) to be nonzero as long as χ(a) ̸= χ(b) for some real character, or

equivalently, if a/b is nonquadratic residue modulo q. It is instructive to consider the following two
possibilities for a and b separately:

• Suppose a, b and a/b are all nonquadratic residues, a situation that could occur only if the modulus
q is composite. Although the expression Cq,a,b should be nonzero and give rise to a bias, it seems
the sign is very difficult to predict. Interestingly, for primes, as we shall review below, there is no
bias in this case.

• If exactly one of a and b is a quadratic residue then Corollary 1.3 tells us the direction of the bias (if
it exists) is towards the quadratic residue. A sufficient condition for the bias to exist is Chowla’s
conjecture.

1C. Comparison with primes. Chebyshev’s bias was originally studied in the case of primes, that is,
replacing S by the set of primes. Letting π(x; q, a) be the numbers of primes up to x lying in the arithmetic
progression a mod q , Chebyshev [1853, pages 697–698] famously observed that π(x; 4, 3) > π(x; 4, 1)
happens more often than not.

Littlewood [1914] showed that π(x; 4, 3) − π(x; 4, 1) changes sign infinitely often. Knapowski
and Turán [1962] conjectured that π(x; 4, 3) > π(x; 4, 1) holds 100% of the time in natural density
sense. This was refuted, under GRH, by Kaczorowski [1992; 1995], who showed (conditionally) that
{x : π(x; 4, 3) > π(x; 4, 1)} does not have a natural density, and that its upper natural density is strictly
less than 1.
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Rubinstein and Sarnak [1994] studied the set

{x : π(x; q, a) > π(x; q, b)} where a ̸≡ b mod q and (a, q)= (b, q)= 1.

They showed, under GRH and the grand simplicity hypothesis (GSH) that this set has logarithmic density
strictly between 0 and 1. Additionally, the logarithmic density is greater than 1

2 if and only if a is a
nonquadratic residue and b is a quadratic residue. In particular, no bias is present at all if both a and b
are nonquadratic residues, as opposed to the sums of two squares analogue.

GSH asserts that the multiset of γ ≥ 0 such that L
( 1

2 + iγ, χ
)

= 0, for χ running over primitive
Dirichlet characters, is linearly independent over Q; here γ are counted with multiplicity. It implies
Chowla’s conjecture (since 0 is linearly dependent) and that zeros of L(s, χ) are simple. As opposed to
Chowla, it is very hard to gather evidence for GSH, even for individual L-functions. However, see [Best
and Trudgian 2015] for such evidence in the case of ζ . In the literature, this hypothesis also goes under
the name linear independence (LI).

1D. Strong biases. Chebyshev’s bias was studied in various settings and for various sets, e.g., [Ng 2000;
Moree 2004; Fiorilli 2014a; 2014b; Devin 2020; 2021; Bailleul 2021], in particular for products of a
fixed number of primes [Dummit et al. 2016; Ford and Sneed 2010; Meng 2018; Devin and Meng 2021].

As far as we are aware, Theorem 1.1 is the first instance where a set of integers of arithmetic interest —
in this case sums of two squares — is shown to exhibit a complete Chebyshev’s bias, that is, a bias that
holds for a natural density-1 set of integers:

#{n ≤ x : M(n; q, a) > M(n; q, b)} = x(1 + o(1))

where M(n; q, a) counts elements up to n in a set M ⊆ N that are congruent to a modulo q . A key issue
here is the natural density: Meng [2020] has a related work about a bias that holds for a logarithmic
density-1 set of integers (see Section 2E). Recently, Devin proposed a conjecture [2021, Conjecture 1.2]
on a bias in logarithmic density 1. See Fiorilli [2014b; 2014a] for biases, in logarithmic density, that come
arbitrarily close to 1, and Fiorilli and Jouve [2022] for complete biases in “Frobenius sets” of primes
(that generalize arithmetic progressions).

We also mention a very strong bias was proved by Dummit, Granville and Kisilevsky [Dummit et al.
2016] who take Chebyshev’s observation to a different direction. They show that substantially more than
a quarter of the odd integers of the form pq up to x , with p, q both prime, satisfy p ≡ q ≡ 3 mod 4.

In the function field setting, complete biases were established in various special situations (e.g., for
low degree moduli) [Cha 2008, Corollary 4.4; Cha et al. 2016, Theorem 1.5; Devin and Meng 2021,
Example 6]. See also the work of Porritt [2020] on which we elaborate in Section 2B.

2. Origin of the bias, computational evidence and a variation

2A. Review of the original bias. Fix a modulus q . All the constants below might depend on q . We give
an informal explanation for the origin of the bias. It is instructive to start with the case of primes. By
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orthogonality of characters,

π(x; q, a)−π(x; q, b)=
1

φ(q)

∑
χ0 ̸=χ mod q

(χ(a)−χ(b))
∑
n≤x

1n is a primeχ(n).

The generating function of primes was studied by Riemann [2013], who showed that∑
n≥1

1n is a prime

ns =

∑
k≥1

µ(k)
k

log ζ(sk)

for ℜs > 1. Here µ is the Möbius function, ζ is the Riemann zeta function and the logarithm is chosen so
that log ζ(s) is real if s is real and greater than 1. More generally, given a Dirichlet character χ we have∑

n≥1

1n is a primeχ(n)
ns =

∑
k≥1

µ(k)
k

log L(sk, χ k).

We may also write this L-function identity in terms of arithmetic functions

1n is a primeχ(n)=
3(n)χ(n)

log n
+

∑
k≥2

µ(k)3(n1/k)χ(n)
log n

1n is a k-th power (2-1)

=
3(n)χ(n)

log n
−

1
2 1n=p2,p primeχ

2(p)+α(n)χ(n), (2-2)

where 3 is the von Mangoldt function and α is supported only on cubes and higher powers and its sum is
negligible for all practical purposes. Under GRH we can show that (see [Rubinstein and Sarnak 1994,
Lemma 2.1]) ∑

n≤x

χ(n)3(n)
log n

=

∑
n≤x χ(n)3(n)

log x
+ O

( √
x

(log x)2

)
and (still under GRH) we can use the explicit formula to show that

∑
n≤x χ(n)3(n) is typically of order

≍
√

x , in the sense that
1
X

∫ 2X

X

∣∣∣∣
∑

n≤x χ(n)3(n)
√

x

∣∣∣∣2

dx ≪ 1; (2-3)

see [Montgomery and Vaughan 2007, Theorem 13.5]. Under linear independence, one can show that the
random variable

e−y/2
∑
n≤ey

χ(n)3(n)

has a limiting distribution with expected value 0 (here y is chosen uniformly at random between 0
and Y , and Y → ∞). The exponential change of variables leads to the appearance of logarithmic
density. To summarize, (log x/

√
x)

∑
n≤x χ(n)3(n)/ log n (with x = ey) has expectation 0 and order of

magnitude ≍ 1. The bias comes from the term −1n=p2,p primeχ
2(p)/2. Indeed,

−
1
2

∑
n≤x

1n=p2,p primeχ
2(p)= −

1
2

∑
p≤

√
x

χ2(p).
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If χ is a nonreal character, χ2 is nonprincipal and GRH guarantees this sum is o(
√

x/ log x). However, if
χ is real, this sum is of the same order of magnitude as

∑
n≤x χ(n)3(n)/ log n, namely it is

−
1
2

∑
n≤x

1n=p2,p primeχ
2(p)= −

1
2(π(

√
x)+ O(1))∼ −

√
x

log x

using the prime number theorem.
Rubinstein and Sarnak replaced

∑
n≤x χ(n)3(n)/ log n with

∑
n≤x χ(n)3(n)/ log x using partial

summation. This is advantageous as we have a nice explicit formula for the sum of χ(n)3(n). However,
one can work directly with χ(n)3(n)/ log n, whose generating function is log L(s, χ), and this was done
by Meng [2018] in his work on Chebyshev’s bias for products of k primes. Meng’s approach is more
flexible because it works even when the generating function has singularities which are not poles. So while
−L ′(s, χ)/L(s, χ)=

∑
n≥13(n)χ(n)/ns is meromorphic with simple poles at zeros of L(s, χ), which

leads to the explicit formula by using the residue theorem, Meng’s approach can deal with − log L(s, χ)
directly although it does not have poles, rather it has essential singularities. Meng’s work applies in
particular to k = 1 and k = 2, thus generalizing Rubinstein and Sarnak as well as Ford and Sneed [2010].

2B. The generating function of sums of two squares. Let us now return to sums of two squares. Let a, b
be residues modulo q with (a, q)= (b, q)=1 and a ≡b≡1 mod (4, q). Orthogonality of characters shows

S(x; q, a)− S(x; q, b)=
1

φ(q)

∑
χ0 ̸=χ mod q

(χ(a)−χ(b))
∑
n≤x

1S(n)χ(n). (2-4)

We want to relate
∑

n≤x 1S(n)χ(n) to L-functions and their zeros, and obtain an analogue of the explicit
formula for primes. The generating function of sums of two squares was studied by Landau [1908], who
showed that for ℜs > 1, ∑

n≥1

1S(n)
ns =

√
ζ(s)L(s, χ−4)H(s) (2-5)

where H has analytic continuation to ℜs> 1
2 . Here the square root is chosen so that

√
ζ(s) and

√
L(s, χ−4)

are real and positive for s real and greater than 1. This representation of the generating function plays a
crucial role in the study of the distribution of sums of two squares; see e.g., [Gorodetsky and Rodgers 2021].

Later, Shanks [1964, page 78] and Flajolet and Vardi [1996, pages 7–9] (compare [Radziejewski 2014,
equation (3); Gorodetsky and Rodgers 2021, Lemma 2.2]) proved independently the identity

∑
n≥1

1S(n)
ns =

√
ζ(s)L(s, χ−4)(1 − 2−s)−1

∏
k≥1

(
(1 − 2−2ks)ζ(2ks)

L(2ks, χ−4)

)2−k−1

, (2-6)

and their proof can yield an analogue of (2-6) with a twist by χ(n). Shanks and Flajolet and Vardi were
interested in efficient computation of the constant K , and this identity leads to

K =
1

√
2

∏
k≥1

(
ζ(2k)(1 − 2−2k

)

L(2k, χ−4)

)2−k−1

.
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Since both sides of (2-6) enjoy Euler products, this identity can be verified by checking it locally at each
prime; one needs to check p = 2, p ≡ 1 mod 4 and p ≡ 3 mod 4 separately using (1-1). For the purpose
of this paper we do not need the terms corresponding to k > 1 in (2-6). What we need is stated and proved
in Lemma 3.5, namely that

F(s, χ) :=

∑
n≥1

1S(n)χ(n)
ns =

√
L(s, χ)L(s, χχ−4)

4

√
L(2s, χ2)

L(2s, χ2χ−4)
G(s, χ) (2-7)

for G which is analytic and nonvanishing in ℜs > 1
4 and bounded in ℜs ≥

1
4 + ε for each ε > 0. The

important feature of this formula is that it allows us to analytically continue F(s, χ) to the left of ℜs =
1
2

(once we remove certain line segments), as opposed to (2-5) whose limit is ℜs > 1
2 . See the discussion at

the end Section 3B.
Recently, a formula very similar to (2-7) was used by Porritt [2020] in his study of character sums

over polynomials with k prime factors, and k tending to ∞. We state his formula in the integer setting.
Let � be the additive function counting prime divisors with multiplicity. He showed that, for complex z
with |z|< 2, we have [Porritt 2020, (4)]∑

n≥1

z�(n)χ(n)
ns = L(s, χ)z L(2s, χ2)(z

2
−z)/2 Ez(s, χ)

for Ez(s, χ) which is analytic in ℜs >max
{1

3 , log2|z|
}
. He then proceeds to apply a Selberg–Delange

type analysis, leading to an explicit formula for a polynomial analogue of
∑

n≤x,�(n)=k χ(n) where k
grows like a log log x for a ∈ (0, 21/2) (in the polynomial world, q and q1/2 replace 2 and 21/2, where q
is the size of the underlying finite field). His results show a strong Chebyshev’s bias once a > 1.2021 . . .
[Porritt 2020, Theorem 4].

2C. Analyzing singularities. We shall analyze each of the sums in (2-4). We first observe that we do not
need to analyze the sums corresponding to χ or χχ−4 being principal, because these characters do not
contribute to (2-4) (as χ0(a)= χ0(b)).

Assume GRH and let χ be a nonprincipal character such that χχ−4 is also nonprincipal. We apply
a truncated Perron’s formula to

∑
n≤x 1S(n)χ(n) (Corollary 3.3). We then want to shift the contour

to ℜs =
1
2 − c

(
c =

1
10 , say

)
and apply the residue theorem. We cannot do it, because L(s, χ) and

L(s, χχ−4) have zeros on ℜs =
1
2 so F(s, χ), which involves the square root of L(s, χ)L(s, χχ−4),

cannot be analytically continued to ℜs ≥
1
2 − c. Let us analyze the zeros and poles, in the half-plane

ℜs > 1
4 , of L(s, χ), L(s, χχ−4), L(2s, χ2) and L(2s, χ2χ−4). These are the functions which appear in

(2-7) and dictate the region to which we may analytically continue F(s, χ):

• We have zeros of L(s, χ), L(s, χχ−4) on ℜs =
1
2 (only) by GRH. We do not have poles at s = 1

because we assume χ , χχ−4 are nonprincipal.

• Under GRH, L(2s, χ2) and L(2s, χ2χ−4) have no zeros in ℜs > 1
4 .
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Figure 1. Contour of integration.

• If χ2 is principal then L(2s, χ2) has a simple pole at s =
1
2 . Similarly, if χ2χ−4 is principal then

L(2s, χ2χ−4) has a simple pole at s =
1
2 . If χ2 and χ2χ−4 are nonprincipal then these L-functions

have no poles.

We call these zeros and poles “singularities of F”. They all lie on ℜs =
1
2 . We construct an open set Aχ

by taking the half-plane ℜs > 1
4 are removing the segments

{
σ + i t :

1
4 < σ ≤

1
2

}
for every singularity

1
2 + i t . This domain is simply connected and L(s, χ), L(s, χχ−4), L(2s, χ2) and L(2s, χ2χ−4) have no
poles or zeros there. Hence, they have well-defined logarithms there and we may analytically continue
F(s, χ) to Aχ .

Although we cannot literally shift the contour to the left of ℜs =
1
2 , we can move to a contour which

stays in Aχ and is to the left of ℜs =
1
2 “most of the time”. Specifically, we shall use truncated Hankel

loop contours going around the singularities, joined to each other vertically on ℜs =
1
2 − c, as in Meng

[2018; 2020]. The precise contour is described in Section 3D. See Figure 1 for depiction. A truncated
Hankel loop contour around a singularity ρ of F(s, χ) is a contour Hρ traversing the path depicted in
Figure 2. It is parametrized in (3-13).

Given a character χ and a singularity ρ of F(s, χ) we let

f (ρ, χ, x) :=
1

2π i

∫
Hρ

F(s, χ)x s ds
s
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ρ

r

Figure 2. Truncated Hankel loop contour around ρ with radius r .

be the Hankel contour integral around ρ. By analyticity, the value of f (ρ, χ, x) is independent of r (once
r is small enough) and for our purposes we choose r = o(1/ log x). We end up obtaining∑

n≤x

1S(n)χ(n)≈

∑
ρ:L(ρ,χ)L(ρ,χχ−4)=0

or ρ=1/2

f (ρ, χ, x). (2-8)

See Lemma 3.10 for a statement formalizing (2-8) (in practice we sum only over zeros up to a certain
height). If F(s, χ)∼ C(s − ρ)m asymptotically as s → ρ+ (i.e., as s − ρ tends to 0 along the positive
part of the real line) for one of the singularities ρ, it can be shown that

f (ρ, χ, x)∼
C

0(−m)
xρ

ρ
(log x)−1−m (2-9)

as x → ∞. An informal way to see this is∫
Hρ

F(s, χ)x s ds
s

≈
C
ρ

∫
Hρ

(s − ρ)m x s ds =
Cxρ

ρ
(log x)−1−m

∫
(log x)(Hρ−ρ)

zmez dz

and the last integral gives (2-9) by Hankel’s original computation [Tenenbaum 2015, Theorem II.0.17].2

In particular, from analyzing
√

L(s, χ)L(s, χχ−4) we have

f (ρ, χ, x)∼ cρ
xρ

ρ
(log x)−1−mρ/2, cρ =

lims→ρ+ F(s, χ)(s − ρ)−mρ/2

0(−mρ/2)
,

for any given ρ ̸=
1
2 where mρ is the multiplicity of ρ in L(s, χ)L(s, χχ−4). As mρ ≥ 1, we are led to

think of
∑

ρ ̸=1/2 f (ρ, χ, x) as a quantity of order ≍
√

x(log x)−3/2. However, we are not able to use
(2-9) in order to bound

∑
ρ ̸=1/2 f (ρ, χ, x) efficiently. We proceed via a different route and show

1
X

∫ 2X

X

∣∣∣∣
∑

ρ ̸=1/2 f (ρ, χ, x)
√

x(log x)−3/2

∣∣∣∣2

dx ≪ 1 (2-10)

without making use of (2-9). It follows that
∑

ρ ̸=1/2 f (ρ, χ, x)≪
√

x(log x)−3/2 most of the time. This
estimate is analogous to (2-3) and its proof is similar too. We believe this sum is ≪ε

√
x(log x)ε−3/2

always but are not able to show this. This is similar to how GRH can show
∑

n≤x 3(n)χ(n)≪
√

x(log x)2,

2To justify the first passage it suffices to show
∫
Hρ

|G(s)xs
| |ds|= o(xℜρ(log x)−1−m) for G(s)= F(s, χ)/s−C(s−ρ)m/ρ,

which is possible in our case.
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Figure 3. Graph of S(x; 3, 1)− S(x; 3, 2) up to 107.

but the true size in this question is expected to be ≪ε

√
x(log x)ε. Here one should think of f (ρ, χ, x)

as an analogue of the expression −xρ/ρ from the explicit formula.
Finally, let us analyze the contribution of the (possible) singularity at 1

2 . If L
( 1

2 , χ
)
L
( 1

2 , χχ−4
)
= 0 or

if χ2χ−4 is principal we can show (e.g., using (2-9)) that f
( 1

2 , χ, x
)
≪

√
x(log x)−5/4; see Lemma 4.4.

The constant 5
4 arises from analyzing

√
L(s, χ)L(s, χχ−4) and 4

√
L(2s, χ2)/L(2s, χ2χ−4) and applying

(2-9) with m ≥
1
4 . It follows from (2-8) and (2-10) that

1
X

∫ 2X

X

∣∣∣∣
∑

n≤x 1S(n)χ(n)
√

x(log x)−5/4

∣∣∣∣2

dx ≪ 1

unless χ2 is principal and L
( 1

2 , χ
)
L
(1

2 , χχ−4
)
̸= 0. This remaining case leads to the bias. Indeed, we

have

F(s, χ)∼ C
(
s −

1
2

)−1/4

as s →
1
2
+

because of the fourth root in 4
√

L(2s, χ2), and this allows us to show (Lemma 4.5) that

f
( 1

2 , χ, x
)
≍

√
x(log x)−3/4.

This is bigger than the typical contribution of all the other singularities by (log x)1/2. In one line, the
bias comes from the fact that the value of m in the asymptotic relation F(s, χ)∼ C(s − ρ)m (s → ρ+,
ρ a singularity) is minimized when χ2 is principal, ρ =

1
2 and L

( 1
2 , χ

)
L
( 1

2 , χχ−4
)
̸= 0, in which case

m = −
1
4 .
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b
1 4 2 7 8 11 13 14

1 1.427 9.698 1.427 9.931 9.698 9.931
4 1.427 9.698 1.427 9.931 9.698 9.931
2 8.271 8.504 8.271 8.504

a 7 -8.271 0.233 0.233
11 -0.233
13 0.233

Table 1. Values of C15,a,b.

b
1 4 2 7 8 11 13 14

1 93.99 99.99 86.12 99.98 99.99 99.99
4 96.28 99.97 90.72 99.99 99.99 99.96
2 99.90 99.85 99.93 99.90

a 7 0.03 57.99 57.99
8 99.52 99.96 99.99

11 40.19
13 59.23

Table 2. Percentage of n ≤ 107 with S(n; 15, a) > S(n; 15, b).

2D. Computational evidence. We examine the bias for q ∈{3, 5, 15}. For q =3 we only have two relevant
residues modulo q , namely 1 mod 3 (quadratic), and 2 mod 3 (nonquadratic). We have L

( 1
2 , χ

)
≈0.480 for

the unique nonprincipal Dirichlet character modulo 3 and L
( 1

2 , χχ−4
)
≈ 0.498. Under GRH, Corollary 1.3

predicts S(x; 3, 1) > S(x; 3, 2) for almost all x . Up to 108, 96.8% of the time S(x; 3, 1) > S(x; 3, 2).
See Figure 3 for the (quite oscillatory) graph of S(x; 3, 1)− S(x; 3, 2) up to 107.

For q = 5 we have 4 possible residues: 1 and 4 mod 5, both quadratic, and 2 and 3 mod 5, non-
quadratic. We have L

( 1
2 , χ

)
≈ 0.231 and L

( 1
2 , χχ−4

)
≈ 1.679 for χ , the unique nonprincipal qua-

dratic character modulo 5. Corollary 1.3 predicts, under GRH, that S(x; 5, 1) and S(x; 5, 4) are al-
most always greater than S(x; 5, 2) and S(x; 5, 3). The value of C5,a,b is simply χ(a)− χ(b) times
(1 + 1/

√
2)−1/2

√
L
( 1

2 , χ
)
L
( 1

2 , χχ−4
)
. For (a, b) ∈ {(1, 2), (1, 3), (4, 2), (4, 3)} its value is ≈ 0.7309,

since χ(a)= 1 and χ(b)= −1. For (a, b) ∈ {(1, 2), (1, 3), (4, 2), (4, 3)}, we find that the percentage of
integers n ≤ 107 with S(n; 5, a) > S(n; 5, b) are 96.1%, 95.2%, 95.3% and 94.6%, respectively.

For q = 15 we have the quadratic residues 1, 4 and the nonquadratic residues 2, 7, 8, 11, 13, 14. We
expect S(x; 5, a)− S(x; 5, b) to be positively biased for a ∈ {1, 4} and b ∈ {2, 7, 8, 11, 13, 14}. Moreover,
we expect a bias also for S(x; 5, a)−S(x; 5, b)whenever a ̸=b ∈{2, 7, 8, 11, 13, 14} and a/b ̸≡4 mod 15,
which means (a, b) ̸= (2, 8), (7, 13), (11, 14). The direction of the bias in this case is harder to predict. See
Table 1 for a table of the values of C15,a,b and Table 2 for #{n ≤ 107

: S(n; 15, a) > S(n; 15, b)}/107 (in
percentages). We omit pairs with a ≥ b due to symmetry and pairs a, b with a/b being a quadratic residue.
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We see that the two tables are correlated. This is not a coincidence: the proof of Theorem 1.1 actually
shows that S(x; q, a)− S(x; q, b)= φ(q)−1CqCq,a,b

√
x/(log x)3/4 + E(x) where Cq is positive constant

depending only on q and E(x) is a function which, on average, is smaller than
√

x/(log x)3/4. Concretely,
(1/X)

∫ 2X
X |E(x)|2 dx ≪ X/(log X)5/2. So, for most values of x , S(x; q, a)− S(x; q, b) is proportional

to Cq,a,b.

2E. Martin’s conjecture. Let ω be the additive function counting prime divisors (without multiplicity).
Meng [2020] states a conjecture of Greg Martin, motivated by numerical data, saying that{

x :

∑
n≤x

n≡1 mod 4

ω(n) <
∑
n≤x

n≡3 mod 4

ω(n)
}

contains all sufficiently large x . Meng assumed GRH and GSH to prove that this set has logarithmic
density 1. He also obtains results for other moduli under Chowla’s conjecture, and studies an analogous
problem with the completely additive function �. Meng [2020, Remark 4] writes: “In order to prove the
full conjecture, one may need to formulate new ideas and introduce more powerful tools to bound the
error terms of the summatory functions”. We are able to prove a natural density version of Meng’s result,
making progress towards Martin’s conjecture. We do not assume GSH.

Theorem 2.1. Fix a positive integer q. Assume that GRH holds for the Dirichlet L-functions L(s, χ) for
all Dirichlet character χ modulo q. Then, whenever a, b satisfy (a, q)= (b, q)= 1 and

Dq,a,b :=

∑
χ mod q
χ2

=χ0

(χ(a)−χ(b))L
( 1

2 , χ
)
> 0 (2-11)

we have, as x → ∞,

#
{

n ≤ x :

∑
m≤n

m≡a mod q

ω(m) <
∑
m≤n

m≡b mod q

ω(m)
}

= x(1 + o(1))

and

#
{

n ≤ x :

∑
m≤n

m≡a mod q

�(m) >
∑
m≤n

m≡b mod q

�(m)
}

= x(1 + o(1))

The proof is given in Section 6. If a is a quadratic residue modulo q and b is not, a sufficient condition
for Dq,a,b to be positive is Chowla’s Conjecture.

3. Preparatory lemmas

Given a Dirichlet character χ modulo q we write

F(s, χ)=

∑
n∈S

χ(n)
ns =

∏
p ̸≡3 mod 4

(1 −χ(p)p−s)−1
∏

p≡3 mod 4

(1 −χ2(p)p−2s)−1.
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This converges absolutely for ℜs > 1. For ℜs = 1 (or smaller) it does not, because such convergence
implies

∑
p ̸≡3 mod 4,p ∤q 1/p converges. Observe that F(s, χ) does not vanish for ℜs > 1.

We shall use the convention where σ and t denote the real and complex parts of s ∈ C.

3A. Perron.

Lemma 3.1 (effective Perron’s formula [Tenenbaum 2015, Theorem II.2.3]). Let F(s)=
∑

n≥1 an/ns be
a Dirichlet series with abscissa of absolute convergence σa <∞. For κ >max{0, σa}, T ≥ 1 and x ≥ 1
we have ∑

n≤x

an =
1

2π i

∫ κ+iT

κ−iT
F(s)x s ds

s
+ O

(
xκ

∑
n≥1

|an|

nκ(1 + T |log(x/n)|)

)
, (3-1)

with an absolute implied constant.

This lemma leads to the following, which is a variation on [Tenenbaum 2015, Corollary II.2.4].

Corollary 3.2. Suppose |an| ≤ 1. Let F(s)=
∑

n≥1 an/ns . Then, for x, T ≫ 1,∑
n≤x

an =
1

2π i

∫ 1+1/log x+iT

1+1/log x−iT
F(s)x s ds

s
+ O

(
1 +

x log x
T

)
, (3-2)

with an absolute implied constant.

Proof. Since |an| ≤ 1 we have σa ≤ 1 so that we may apply Lemma 3.1 with κ = 1 + 1/ log x . The
contribution of n ≤ x/2 to the error term is

≪ x
∑

n≤x/2

1
T n

≪
x log x

T
.

The contribution of n ≥ 2x to the error is

≪ x
∑
k≥1

∑
n∈[2k x,2k+1x)

1
nκT k

≪ x
∑
k≥1

2−k/log x

T
≪

x log x
T

.

Finally, if n ∈ (x/2, 2x), the contribution is

≪

∑
n∈(x/2,2x)

1
1 + T |log(x/n)|

≪ 1 +
x log x

T

where the second inequality follows e.g., by the argument in [Tenenbaum 2015, Corollary II.2.4]. □

As a special case of this corollary we have

Corollary 3.3. Let χ be a Dirichlet character. We have

∑
n≤x
n∈S

χ(n)=
1

2π i

∫ 1+1/log x+iT

1+1/log x−iT
F(s, χ)x s ds

s
+ O

(
1 +

x log x
T

)
. (3-3)
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Remark 3.4. Since |F(s, χ)| ≤
∑

n≥1 n−1−1/ log x
≪ log x when ℜs = 1+1/ log x , we see that perturbing

the parameter T (appearing in the range of integration) by O(1) incurs an error of O(x log x/T ) which
is absorbed in the existing error term.

3B. Analytic continuation. Given a Dirichlet series G(s) associated with a multiplicative function g(n),
which converges absolutely for ℜs > 1 and does not vanish there, we define the k-th root of G as

G1/k(s)= exp
(

log G(s)
k

)
for each positive integer k, where the logarithm is chosen so that arg G(s)→ 0 as s → ∞. The function
G1/k is also a Dirichlet series, since

G1/k(s)=

∏
p

exp
(

log
∑

i≥0 g(pi )/pis

k

)
.

Lemma 3.5. Let χ be a Dirichlet character modulo q. We have, for ℜs > 1,

F(s, χ)=
√

L(s, χ)L(s, χχ−4)
4

√
L(2s, χ2)

L(2s, χ2χ−4)
G(s, χ)

for G which is analytic and nonvanishing in ℜs > 1
4 and bounded in ℜs ≥

1
4 + ε. If χ is real then

G
(

1
2
, χ

)
=

(
1 −

χ(2)
√

2

)−1/2(
1 −

12 ∤q

2

)1/4 ∏
p≡3 mod 4

p ∤q

(
1 −

1
p2

)−1/4

. (3-4)

Proof. We have, for ℜs > 1,

log G(s, χ)= log F(s, χ)−
log L(s, χ)

2
−

log L(s, χχ−4)

2
+

log L(2s, χ2χ−4)

4
−

log L(2s, χ2)

4
(3-5)

=
− log(1 −χ(2)2−s)

2
+

log(1 −χ2(2)2−2s)

4
+

∑
p≡3 mod 4

gp(s, χ) (3-6)

for

gp(s, χ)=
− log(1 −χ2(p)p−2s)

2
+

log(1 −χ2(p)p−2s)− log(1 +χ2(p)p−2s)

4
.

Each gp is analytic in ℜs > 0. Fix c > 0. For ℜs ≥ c we have

gp(s, χ)=
χ4(p)

4
p−4s

+ Oc(p−6c)= Oc(p−4c)

by Taylor expanding log(1 + x). In particular, if c =
1
4 + ε we have∣∣∣∣ ∑

p≡3 mod 4

gp(s, χ)
∣∣∣∣ ≪

∑
p≡3 mod 4

p−4c
≪

∑
n≥1

n−1−4ε <∞
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and so G may be extended to ℜs> 1
4 via (3-6). As each gp is analytic in ℜs> 1

4 , and
∑

p≡3 mod 4 gp(s, χ)
converges uniformly in ℜs ≥

1
4 + ε for every choice of ε > 0, it follows that log G is analytic in ℜs > 1

4
and so is G. The formula for G

( 1
2 , χ

)
for real χ follows from evaluating gp at s =

1
2 and observing

χ2
= χ0. □

Assuming GRH for L(s, χ) where χ is nonprincipal, L(s, χ)1/k may be analytically continued to the
region

C \
({
σ + i t : L

( 1
2 + i t, χ

)
= 0 and σ ≤

1
2

}
∪ {σ : σ ≤ −1}

)
(3-7)

and is nonzero there (because of trivial zeros of L(s, χ) we have to remove {σ : σ ≤ −1}). For χ principal
we have a singularity at s = 1 and so L(s, χ)1/k may be analytically continued to

C \
({
σ + i t : L

( 1
2 + i t, χ

)
= 0 and σ ≤

1
2

}
∪ {σ : σ ≤ 1}

)
. (3-8)

Hence, given χ which is nonprincipal and such that χχ−4 is nonprincipal, we have the following. Under
GRH for χ , χχ−4, χ2 and χ2χ−4, we may continue F(s, χ) analytically to{

s ∈ C : ℜs > 1
4

}
\
{
σ + i t : L

( 1
2 + i t, χ

)
L
(1

2 + i t, χχ−4
)
= 0 and σ ≤

1
2

}
(3-9)

if both χ2 and χ2χ−4 are nonprincipal; otherwise we may continue it to{
s ∈ C : ℜs > 1

4

}
\
({
σ + i t : L

( 1
2 + i t, χ

)
L
( 1

2 + i t, χχ−4
)
= 0 and σ ≤

1
2

}
∪

{
σ : σ ≤

1
2

})
. (3-10)

3C. L-function estimates. We quote three classical bounds on L-functions from the book of Montgomery
and Vaughan [2007].

Lemma 3.6 [Montgomery and Vaughan 2007, Theorem 13.18 and Example 8 in Section 13.2.1]. Let χ
be a Dirichlet character. Under GRH for L(s, χ), there exists a constant A depending only on χ such that
the following holds. Uniformly for σ ≥

1
2 and |t | ≥ 1,

|L(s, χ)| ≤ exp
(

A
log(|t | + 4)

log log(|t | + 4)

)
.

Lemma 3.7 [Montgomery and Vaughan 2007, Theorem 13.23]. Let χ be a Dirichlet character. Suppose
|t | ≫ 1. Under GRH for L(s, χ), there exists a constant A depending only on χ such that the following
holds. Uniformly for σ ≥

1
2 + 1/ log log(|t | + 4) and |t | ≥ 1,∣∣∣∣ 1

L(s, χ)

∣∣∣∣ ≤ exp
(

A
log(|t | + 4)

log log(|t | + 4)

)
.

Lemma 3.8 [Montgomery and Vaughan 2007, Corollary 13.16 and Example 6(c) in Section 13.2.1]. Let
σ ∈

( 1
2 , 1

)
be fixed. Let χ be a primitive Dirichlet character. We have, as |t | → ∞,

|log L(s, χ)| ≪σ

(log(|t | + 4))2−2σ

log log(|t | + 4)
.

The following is a consequence of the functional equation.
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Lemma 3.9 [Montgomery and Vaughan 2007, Corollary 10.10]. Let χ be a Dirichlet character and
ε ∈ (0, 1). We have |L(s, χ)| ≍ |L(1 − s, χ)|(|t | + 4)1/2−σ uniformly for ε ≤ σ ≤

1
2 and |t | ≥ 1, where

the implied constants depend only on χ and ε.

These four lemmas are originally stated for primitive characters. However, if χ is induced from a
primitive character ψ , then in ℜs > 0 the ratio L(s, χ)/L(s, ψ) is equal to the finite Euler product∏

p:χ(p)=0(1 −ψ(p)/ps). This product is bounded away from 0 and from ∞ when ℜs ≥ ε, so we can
convert results for L(s, ψ) to results for L(s, χ) as long as we restrict our attention to σ ≥ ε.

3D. Contour choice. Let χ be a nonprincipal Dirichlet character modulo q . Fix c ∈
(
0, 1

8

) (
say, c =

1
10

)
.

Let T ≫ 1.
We want to use Cauchy’s integral theorem to shift the vertical contour appearing in (3-3) to the left of

ℜs =
1
2

(
namely to ℜs =

1
2 − c

)
, at the “cost” of certain horizontal contributions. As we want to avoid

zeros of L(s, χ)L(s, χχ−4) and poles and zeros of L(2s, χ2)/L(2s, χ2χ−4)
(
which by GRH can only

occur at s =
1
2

)
, we will use (truncated) Hankel loop contours to go around the relevant zeros and poles;

the integrals over these loops will be the main contribution to our sum. It will also be convenient for
1
2 − iT and 1

2 + iT to avoid zeros of L(s, χ)L(s, χχ−4); this is easy due to Remark 3.4, showing that
changing T by O(1) does not increase the error term arising from applying Perron’s (truncated) formula.
We replace the range [1 + 1/ log x − iT, 1 + 1/ log x + iT ] with [1 + 1/ log x − iT ′′, 1 + 1/ log x + iT ′

]

where T − 1 ≤ T ′, T ′′
≤ T and

L
(1

2 + i t, χ
)
L
( 1

2 + i t, χχ−4
)
̸= 0

for every t ∈ [T ′, T )∪ (−T,−T ′′
]. Let

γ1 < γ2 < · · ·< γm (3-11)

be the imaginary parts of the zeros of L(s, χ)L(s, χχ−4) on σ =
1
2 with t ∈ (−T, T ) (without multiplic-

ities), and, if either χ2 or χ2χ−4 is principal, we include the number 0 (if it is not there already). Let
r ∈ (0, 1) be a parameter that will tend to 0 later. Consider the contour

I1 ∪

m⋃
j=1

(J j ∪H1/2+iγ j )∪ Jm+1 ∪ I2 (3-12)

where I1 traverses the horizontal segment

I1 =

{
σ − iT ′′

:
1
2 − c ≤ σ ≤ 1 +

1
log x

}
from right to left, I2 traverses the horizontal segment

I2 =

{
σ + iT ′

:
1
2 − c ≤ σ ≤ 1 +

1
log x

}



Sums of two squares are strongly biased towards quadratic residues 791

from left to right, J j traverses the following vertical segment from its bottom point to the top:

J j =
{1

2 − c + i t : γ j−1 ≤ t ≤ γ j
}

where
γ0 := −T ′′, γm+1 := T ′,

and finally each Hρ traverses the following truncated Hankel loop contour in an anticlockwise fashion:{
s ∈ C :

1
2 − c ≤ ℜs ≤

1
2 − r,ℑs = ℑρ, arg(s − ρ)= −π

}
∪

{
s ∈ C : |s − ρ| = r,−π < arg(s − ρ) < π

}
∪

{ 1
2 − c ≤ ℜs ≤

1
2 − r,ℑs = ℑρ, arg(s − ρ)= π

}
(3-13)

where in our case c =
1
10 and r = o(1/ log x). We refer the reader to [Tenenbaum 2015, pages 179–180]

for background on the Hankel contour and its truncated version. If r is small enough, the contour in
(3-12) does not intersect itself.

If both χ2 and χ2χ−4 are nonprincipal characters and the corresponding L-functions satisfy GRH
observe 4

√
L(2s, χ2)/L(2s, χ2χ−4) is analytic in ℜs > 1

2 − 2c > 1
4 and so is F(s, χ) by Lemma 3.5.

If χ2 is principal then χ2χ−4 cannot be principal. Similarly, if χ2χ−4 is principal then χ is a nonreal
Dirichlet character of order 4 and χ2 cannot be principal. In both cases, 4

√
L(2s, χ2)/L(2s, χ2χ−4) has

an algebraic singularity at s =
1
2 , which we avoid already as we inserted 0 to the list (3-11) if it is not

there already.
In any case, by Cauchy’s integral theorem,

1
2π i

∫ 1+1/log x+iT ′

1+1/log x−iT ′′

F(s, χ)x s ds
s

=
1

2π i

(∫
I1

+

m∑
j=1

(∫
J j

+

∫
H1/2+iγ j

)
+

∫
Jm+1

+

∫
I2

)
F(s, χ)x s ds

s
. (3-14)

Lemma 3.10. Let χ be a nonprincipal Dirichlet character. Assume GRH holds for the four characters

χ, χχ−4, χ2, χ2χ−4. (3-15)

Let c ∈
(
0, 1

8

)
be a fixed constant. Let T ≫ 1. We have

∑
n≤x
n∈S

χ(n)=
m∑

j=1

1
2π i

∫
H1/2+iγ j

F(s,χ)x s ds
s

+O
(

1+
x log x

T
+

(x+max{x,T }
1/2

+x1/2−cT c+1)exp A log T
log log T

T

)
. (3-16)

The implied constant and A depend only on χ and c.

Proof. By (3-3), Remark 3.4 and (3-14), it suffices to upper bound
∫

I j
|F(s, χ)||x s

||ds|/|s| and∫
J j

|F(s, χ)||x s
||ds|/|s|. We first treat I j , and concentrate on I2 as the argument for I1 is analogous. We
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have, using Lemma 3.5,∫
I2

|F(s, χ)||x s
|
|ds|
|s|

≪
1
T

∫ 1+1/log x

1/2−c

√
|L(σ + iT ′, χ)L(σ + iT ′, χχ−4)|

4

√
|L(2σ + 2iT ′, χ2)|

|L(2σ + 2iT ′, χ2χ−4)|
xσ dσ (3-17)

≪
1
T

∫ 1+1/log x

1/2−c

√
|L(σ + iT ′, χ)L(σ + iT ′, χχ−4)|

4

√
|L(2σ + 2iT ′, χ2)|

|L(2σ + 2iT ′, χ2χ−4)|
xσ dσ. (3-18)

It is now convenient to consider σ ≥
1
2 and σ ≤

1
2 separately.

If σ ≥
1
2 we bound all the relevant L-functions using Lemmas 3.6 and 3.7, obtaining that this part of

the integral contributes

≪

exp A log T
log log T

T

∫ 1+1/log x

1/2
xσdσ ≪

x exp A log T
log log T

T

where A is a constant large enough depending on χ . For σ below 1
2 we first apply Lemma 3.9 to the

L-functions of χ and χχ−4 to reduce to the situation where the real parts of the variables inside the
L-functions are ≥

1
2 . Then we apply Lemmas 3.6 and 3.7 as before, obtaining that this part of the integral

contributes

≪

exp A log T
log log T

T

∫ 1/2

1/2−c
T 1/2−σ xσdσ ≪

max{x, T }
1/2 exp A log T

log log T

T
.

It follows that (∫
I1

+

∫
I2

)
|F(s, χ)||x s

|
|ds|
|s|

≪

(x + max{x, T }
1/2) exp A log T

log log T

T
.

We turn to the contribution of J j . We have

m+1∑
j=1

∫
J j

|F(s, χ)||x s
|
|ds|
|s|

≪ x1/2−c
∫ T +1

−T −1

∣∣F( 1
2 − c + i t, χ

)∣∣ dt
|t | + 1

(3-19)

≪ x1/2−c
(

1 +

∑
2k≤2T

2−k
(∫ 2k

2k−1
+

∫
−2k−1

−2k

)∣∣F( 1
2 − c + i t, χ

)∣∣ dt
)

(3-20)

where

∣∣F( 1
2 − c + i t, χ

)∣∣ =

√∣∣L( 1
2 − c + i t, χ

)
L
( 1

2 − c + i t, χχ−4
)∣∣ 4

√
|L(1 − 2c + 2i t, χ2)|

|L(1 − 2c + 2i t, χ2χ−4)|
(3-21)

≪ (|t | + 4)c exp
(

A
log(|t | + 4)

log log(|t | + 4)

)
≪ T c exp

(
A log T

log log T

)
, (3-22)
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where we used Lemmas 3.6 and 3.9 to bound the L-functions of χ and χχ−4 and Lemma 3.8 for the
other two L-functions. This leads to

m+1∑
j=1

∫
J j

|F(s, χ)||x s
|
|ds|
|s|

≪ x1/2−cT c exp
(

A log T
log log T

)
and concludes the proof. □

4. Hankel calculus

In this section, Hρ is the Hankel contour described in (3-13), going around ρ in an anticlockwise fashion.

Lemma 4.1. Let χ be a Dirichlet character. Assume GRH for L(s, χ). Given a nontrivial zero ρ =
1
2 + iγ

of L(s, χ) we have

max
s∈Hρ

∣∣∣∣ L(s, χ)
s − ρ

∣∣∣∣ ≪ (|γ | + 1)c+o(1).

Here the o(1) exponent goes to 0 as γ goes to ∞ (and it might depend on χ ), and the implied constant is
absolute.

Proof. Since we can write L(s, χ) as L(ρ, χ) plus an integral of L ′(z, χ) over a line segment connecting
s and ρ, it follows that the maximum we try to bound is

≪ max
|s−ρ|≤r, or

s=σ+iγ with
1/2−c≤σ≤1/2

|L ′(s, χ)|.

By Cauchy’s integral formula, and Lemmas 3.6 and 3.9,

|L ′(s, χ)| ≪

∫
|z−s|=1/log(|γ |+1)

|L(z, χ)|
|z − s|

|dz| ≪ (|γ | + 1)max{0,1/2−ℜs}+o(1),

implying the desired bound. □

Lemma 4.2. Let χ be a nonprincipal Dirichlet character. Assume GRH for the characters in (3-15).
Given a nontrivial zero ρ =

1
2 + iγ ̸=

1
2 of L(s, χ)L(s, χχ−4) we have∫

Hρ

|F(s, χ)||x s
| |ds| ≪

√
x(|γ | + 1)c+o(1)((log x)−3/2

+ r3/2xr ).

Here the o(1) exponent goes to 0 as γ goes to ∞ (and might depend on χ ), and the implied constant
depends only on χ (it is independent of r ).

Proof. We have, for s on the contour,

|F(s, χ)| ≪
√

|L(s, χ)L(s, χχ−4)|(|γ | + 1)o(1)

by Lemmas 3.5, 3.6 and 3.7. Integrating
√

|L(s, χ)L(s, χχ−4)||x s
| over the circle part of the contour

contributes
≪ r x1/2+r

∫ π

−π

√
|L(ρ+ reiθ , χ)L(ρ+ reiθ , χχ−4)| dθ.
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Writing L(s, χ)L(s, χχ−4) as L(s, χ)L(s, χχ−4)/(s −ρ) times s −ρ and appealing to Lemmas 4.1, 3.6
and 3.9, we find that this is

≪ r x1/2+r (|γ | + 1)c+o(1)
∫ π

−π

√
|reiθ | dθ ≪ r3/2x1/2+r (|γ | + 1)c+o(1).

Integrating
√

|L(s, χ)L(s, χχ−4)||x s
| over one of the segment parts of the contour contributes

≪
√

x
∫ 0

−c

√
|L(ρ+ t, χ)L(ρ+ t, χχ−4)|x t dt.

Again writing L(s, χ)L(s, χχ−4) as L(s, χ)L(s, χχ−4)/(s −ρ) times s −ρ and appealing to Lemma 4.1,
we can bound this contribution by

≪
√

x(|γ | + 1)c+o(1)
∫ 0

−∞

√
|t |x t dt ≪

√
x(|γ | + 1)c+o(1)(log x)−3/2, (4-1)

concluding the proof. □

Lemma 4.3. Let χ be a nonprincipal Dirichlet character. Assume GRH for the characters in (3-15). For
any pair ρ1 =

1
2 + iγ1, ρ2 =

1
2 + iγ2 of nontrivial zeros different from 1

2 we have

1
X

∫ 2X

X

∫
Hρ1

∫
Hρ2

F(s1, χ)F(s2, χ)
x s1

s1

x s2

s2
ds1 ds2 dx

≪
X ((log X)−3/2

+ r3/2 X r )2

((|γ1| + 1)(|γ2| + 1))1−c+o(1)(1 + |γ1 − γ2|)
(4-2)

where implied constants depend only on χ .

Proof. We first integrate by the x-variable and then take absolute values, obtaining that the integral is

≪

∫
Hρ1

∫
Hρ2

|F(s1, χ)||F(s2, χ)|
Xℜ(s1+s2)

|s1||s2||s1 + s2 + 1|
|ds1| |ds2| (4-3)

≪
1

|ρ1ρ2|(1 + |γ1 − γ2|)

∫
Hρ1

∫
Hρ2

|F(s1, χ)||F(s2, χ)|Xℜ(s1+s2) |ds1| |ds2| (4-4)

=
1

|ρ1ρ2|(1 + |γ1 − γ2|)

(∫
Hρ1

|F(s1, χ)|Xℜ(s1) |ds1|

)(∫
Hρ2

|F(s2, χ)|Xℜ(s2) |ds2|

)
. (4-5)

The result now follows from Lemma 4.2. □

Lemma 4.4. Let χ be a nonprincipal Dirichlet character. Assume GRH for the characters in (3-15). If
χ2χ−4 is principal, or if χ2 is principal as well as L

(1
2 , χ

)
L
( 1

2 , χχ−4
)
= 0 then∫

H1/2

F(s, χ)
x s

s
ds ≪

√
x
(

xrr5/4
+

1
(log x)5/4

)
.

The implied constant depends only on χ (it is independent of r ).
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Proof. This is a variation on Lemma 4.2. If χ2χ−4 is principal we have

|F(s, χ)| ≪
4
√

|2s − 1|

on H1/2, where the implied constant depends only on χ . Similarly, if L
( 1

2 , χ
)
L
( 1

2 , χχ−4
)
= 0 and χ2 is

principal then

|F(s, χ)| ≪

√∣∣s −
1
2

∣∣ 4

√
1

|2s − 1|
≤

4
√

|2s − 1|

by Lemma 4.1. In both cases the integral is

≪
√

x
∫
H1/2

4
√∣∣s −

1
2

∣∣xmax{ℜs−1/2,0}
|ds|.

The contribution of ℜs ≥
1
2 is ≪

√
xxrr5/4, while the contribution of ℜs ≤

1
2 is

≪
√

x
∫ 0

−∞

4
√

|t |x t dt ≪

√
x

(log x)5/4
,

concluding the proof. □

Let Cq be the following positive constant, depending only on q:

Cq =
2π−1/4

0
( 1

4

) ∏
p≡3 mod 4

(
1 −

1
p2

)−1/4 ∏
p | q

p≡3 mod 4

(
1 −

1
p

)1/2

. (4-6)

Lemma 4.5. Let χ be a nonprincipal Dirichlet character modulo q. Assume GRH for the characters in
(3-15). If χ2 is principal and L

( 1
2 , χ

)
L
( 1

2 , χχ−4
)
̸= 0 then

1
2π i

∫
H1/2

F(s, χ)
x s

s
ds =Cq

√
x

(log x)3/4

(
1−

χ(2)
√

2

)−1/2√
L
( 1

2 , χ
)
L
( 1

2 , χχ−4
)(

1+O
(

x−c/2
))

+ O
(

√
x
(

xrr7/4
+

1
(log x)7/4

))
(4-7)

where the implied constants depend only on χ .

Proof. Let M(s, χ) =
√

L(s, χ)L(s, χχ−4)
4
√

L(2s, χ2)(2s − 1)/L(2s, χ2χ−4)G(s, χ)/s where G is
defined in Lemma 3.5. On H1/2 we have F(s, χ)/s = M(s, χ)(2s − 1)−1/4. We define M at s =

1
2 by

its limit there, which exists as L(s, χ0)= ζ(s)
∏

p | q(1 − p−s) has a simple pole at s = 1. In fact, M is
analytic in a neighborhood of s =

1
2 by our assumption on χ and χ−4. We have

M
( 1

2 , χ
)
= 2

√
L
( 1

2 , χ
)
L
( 1

2 , χχ−4
) ∏

p | q

(
1 −

1
p

)1/4L(1, χ0χ−4)
−1/4G

( 1
2 , χ

)
.

The expression L(1, χ0χ−4) may be simplified as

L(1, χ−4)
∏
p | q

(1 −χ−4(p)/p)=

∏
p | q

(1 −χ−4(p)/p)
π

4
.
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Our integral is

1
2π i

(
M

( 1
2 , χ

) ∫
H1/2

(2s − 1)−1/4x s ds +

∫
H1/2

(2s − 1)−1/4x s(M(s, χ)− M
(1

2 , χ
))

ds
)
.

The second integral here is small, namely ≪
√

x(xrr7/4
+ (log x)−7/4), by an argument parallel to

Lemma 4.4. It suffices to show that

1
2π i

∫
H1/2

(
s −

1
2

)−1/4x s ds =
1

0
(1

4

) √
x

log x)3/4
(1 + O(x−c/2)).

Making the change of variables
(
s −

1
2

)
log x = y, this boils down to Hankel’s 0-function representation;

see, e.g., [Tenenbaum 2015, Corollary II.0.18]. □

5. Proof of Theorem 1.1

5A. Character sum estimates.

Proposition 5.1. Let χ be a nonprincipal Dirichlet character modulo q. Assume GRH for the characters
in (3-15). If χ2

̸= χ0 we have

1
X

∫ 2X

X

∣∣∣∣∑
n≤x
n∈S

χ(n)
∣∣∣∣2

dx ≪
X

(log X)3
,

while if χ2
= χ0 we have

1
X

∫ 2X

X

∣∣∣∣∑
n≤x
n∈S

χ(n)− Cq

√
x

(log x)3/4

(
1 −

χ(2)
√

2

)−1/2√
L
( 1

2 , χ
)
L
( 1

2 , χχ−4
)∣∣∣∣2

dx ≪
X

(log X)5/2
,

where Cq is defined in (4-6). The implied constants depend only on q.

Proof. By Lemma 3.10 with T = X3/4
≍ x3/4 and c =

1
10 we have, uniformly for x ∈ [X, 2X ],

∑
n≤x
n∈S

χ(n)=

m∑
j=1

1
2π i

∫
H1/2+iγ j

F(s, χ)x s ds
s

+ O(x1/2−1/100)

for any nonprincipal χ . The function F is defined in the first line of Section 3 and is analytic in the set (3-7)
or in the set (3-8), depending on χ . The m = mχ contours H1/2+iγ j =H1/2+iγ j ,χ are defined in Section 3D.
They are Hankel loop contours going anticlockwise around zeros 1

2 + iγ j of L(s, χ)L(s, χχ−4) up to
height T (exclusive), as well as around s =

1
2 in case χ2 or χ2χ−4 is principal. Let us write∑

n≤x
n∈S

χ(n)= S1(x)+ S2(x)+ O(x1/2−1/100)



Sums of two squares are strongly biased towards quadratic residues 797

where S1(x) is the contribution of Hankel loops not going around 1
2 :

S1(x)=

∑
1≤ j≤m
γ j ̸=0

1
2π i

∫
H1/2+iγ j

F(s, χ)x s ds
s
,

and S2 is the contribution of the loop around s =
1
2 , in case such a loop exists:

S2(x)=

{ 1
2π i

∫
H1/2

F(s, χ)x s ds
s if L

( 1
2 , χ

)
L
(1

2 , χχ−4
)
= 0 or χ0 ∈ {χ2χ−4, χ

2
},

0 otherwise.

We shall take r = o(1/ log X) in all the definitions of the loops. If L
( 1

2 , χ
)
L
( 1

2 , χχ−4
)
= 0 or χ2χ−4 =χ0

we have, by Lemma 4.4, the pointwise bound

S2(x)≪

√
x

(log x)5/4
.

If χ2
= χ0 and L

( 1
2 , χ

)
L
( 1

2 , χχ−4
)
̸= 0, we have by Lemma 4.5 the following asymptotic relation:

S2(x)= Cq

√
x

(log x)3/4

(
1 −

χ(2)
√

2

)−1/2√
L
(1

2 , χ
)
L
( 1

2 , χχ−4
)
+ O

( √
x

(log x)7/4

)
.

In all cases,

S2(x)= 1χ2=χ0Cq

√
x

(log x)3/4

(
1 −

χ(2)
√

2

)−1/2√
L
( 1

2 , χ
)
L
(1

2 , χχ−4
)
+ O

( √
x

(log x)5/4

)
.

It now suffices to show that (1/X)
∫ 2X

X |S1(x)|2 dx ≪ X/(log X)3. We have, by Lemma 4.3,

1
X

∫ 2X

X
|S1(x)|2 dx ≪

1
X

∫ 2X

X

∣∣∣∣ ∑
1≤ j≤m
γ j ̸=0

∫
H1/2+iγ j

F(s, χ)x s ds
s

∣∣∣∣2

(5-1)

≪
X

(log X)3
∑

γ1,γ2 ̸=0:

L(1/2+iγ j ,χ)=0 or
L(1/2+iγ j ,χχ−4)=0

1
|γ1γ2|1−1/5(1 + |γ1 − γ2|)

. (5-2)

The sum over zeros converges by a standard argument; see [Montgomery and Vaughan 2007, Theorem 13.5]
where this is proved in the case of zeros of the Riemann zeta function. The only input needed is that
between height T and T + 1 there are ≪ log T zeros, which is true for any Dirichlet L-function; see
[loc. cit., Theorem 10.17]. □

5B. Conclusion of proof. Suppose a, b satisfy a ≡ b ≡ 1 mod (4, q) and (a, q)= (b, q)= 1. Suppose
the constant Cq,a,b appearing in (1-3) is positive. Consider X ≫ 1 which will tend to ∞. By orthogonality
of characters we write

S(x; q, a)− S(x; q, b)=
1

φ(q)

∑
χ0 ̸=χ mod q

(χ(a)−χ(b))
∑
n≤x
n∈S

χ(n) (5-3)
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for each x ∈ [X, 2X ]. By Proposition 5.1 and Cauchy–Schwarz, we can write

S(x; q, a)− S(x; q, b)=
Cq

φ(q)

√
x

(log x)3/4
Cq,a,b + T (x) (5-4)

where
1
X

∫ 2X

X
|T (x)|2 dx ≪

X
(log X)5/2

.

We see that in an L2-sense, T (x) is smaller (by a power of log x) than the term of order
√

x/(log x)3/4 in
(5-4). To make this precise, we use Chebyshev’s inequality:

Px∈[X,2X ]

(
|T (x)| ≥

√
X

9(X)(log X)3/4

)
≪
92(X)
log X

= o(1)

for any function 9 tending to ∞ slower than (log X)1/2. Here x is a number chosen uniformly at random
between X and 2X . It follows that Px∈[X,2X ](S(x; q, a)> S(x; q, b))∼ 1 which finishes the proof. □

6. Martin’s conjecture

6A. Preparation. Let Fω(s, χ)=
∑

n≥1 χ(n)ω(n)/ns for ℜs > 1. By Lemma 3.1 with κ = 1 + 1/ log x
and ω(n)≪ log n,∑

n≤x

χ(n)ω(n)=
1

2π i

∫ 1+1/log x+iT

1+1/log x−iT
Fω(s, χ)x s ds

s
+ O

(
log x +

x log2 x
T

)
(6-1)

for all T ≫ 1. We have ω = 1 ∗ 1Primes. For ℜs > 1 this identity leads to

Fω(s, χ)= L(s, χ)
(
log L(s, χ)− 1

2 log L(2s, χ2)+ Gω(s, χ)
)

(6-2)

where Gω may be analytically continued to ℜs > 1
3 , and is bounded in ℜs ≥

1
3 + ε; see [Meng 2020,

(2.3)]. If χ is nonprincipal, GRH for χ and χ2 implies that Fω can be analytically continued to{
s ∈ C : ℜs > 1

3

}
\
{
σ + i t : L

( 1
2 + i t, χ

)
= 0 and σ ≤

1
2

}
(6-3)

if χ2 is nonprincipal, and{
s ∈ C : ℜs > 1

3

}
\
({
σ + i t : L

( 1
2 + i t, χ

)
= 0 and σ ≤

1
2

}
∪

{
σ : σ ≤

1
2

})
(6-4)

if χ2 is principal. Almost the same analysis applies for F�(s, χ)=
∑

n≥1 χ(n)�(n)/ns , with the only
change being the following variation on (6-2):

F�(s, χ)= L(s, χ)
(
log L(s, χ)+ 1

2 log L(2s, χ2)+ G�(s, χ)
)

where G� may be analytically continued to ℜs > 1
3 and is bounded in ℜs ≥

1
3 + ε. This is a consequence

of � = 1 ∗ 1prime powers. The following lemma is essentially [Meng 2020, Lemma 3], and its proof is
similar to the proof of Lemma 3.10.
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Lemma 6.1. Let χ be a nonprincipal character. Assume GRH holds for χ and χ2. Let c ∈
(
0, 1

6

)
be a

fixed constant. Let T ≫ 1. We have∑
n≤x

χ(n)ω(n)=
m∑

j=1

1
2π i

∫
H1/2+iγ j

Fω(s,χ)x s ds
s

+O
(

log x+
x log2 x

T
+

(x+max{x,T }
1/2

+x1/2−cT c+1)exp A log T
log log T

T

)
(6-5)

where the list
{ 1

2 + iγ j
}m

j=1 consists of the distinct nontrivial zeros of L(s, χ) with −T ′′
≤ t ≤ T ′ where

T ′, T ′′ depend only on T and χ are satisfy T ′, T ′′
= T + O(1). If χ2 is principal we include 1

2 in the list.
Here Hρ is the truncated Hankel loop contour defined in (3-13), and it has radius r which is chosen to

be sufficiently small (in terms of T , x and the list of γ j s). The implied constant and A depend only on χ
and c.

Proof. The proof is similar to that of Lemma 3.10, the main difference being the appearance of the
factor log L(s, χ) because of (6-2). We need to be careful because log L(s, χ) may be large even
if L(s, χ) is small. We need to explain why the contribution of log L(s, χ) may be absorbed into
exp(A log T/ log log T ). We shall show that log L(s, χ) = O(log T ) holds on the relevant contour.
Recall that arg L(s, χ) is defined via log L(s, χ)= log|L(s, χ)| + i arg L(s, χ). We have arg L(s, χ)=

O(log(|t | + 4)) uniformly in t and σ ∈
[ 1

6 , 2
]
; see [Montgomery and Vaughan 2007, Lemma 12.8].

Hence our focus will be on bounding log|L(s, χ)|. By Lemmas 3.6 and 3.9 we have log|L(σ + i t, χ)| ≤

C log(|t | + 4) for |t | ≫ 1 and σ ∈
[1

6 , 2
]
, so that we have an easy upper bound on log|L(s, χ)|, and the

focus is truly on lower bounding log|L(s, χ)|.
We want to shift the contour in (6-1) to ℜs =

1
2 −c and avoid logarithmic singularities using Hankel loops.

Before we do so, we replace the endpoints of the integral, namely 1+1/ log x ±iT , with 1+1/ log x +iT ′

and 1 + 1/ log x − iT ′′, where T ′, T ′′
= T + O(1) and the bound log|L(s, χ)| ≥ −C log(|t | + 4)) holds

uniformly on ℑs = T ′ and ℑs = −T ′′ with σ ∈
[1

6 , 2
]
. Changing the endpoints does not affect the error

term in (6-1) due to a simple variation on Remark 3.4. The existence of such T ′ and T ′′ is exactly the
content of [Montgomery and Vaughan 2007, Theorem 13.22].

Lemmas 3.6–3.9 allow us to bound both the vertical and horizontal contributions of L(s, χ) and
log L(2s, χ2). The horizontal contribution of log L(s, χ) is small due to the choice of T ′ and T ′′. To
bound the vertical contribution of log L(s, χ) we use [Montgomery and Vaughan 2007, Example 1 in
Section 12.1.1] which says that for ℜs ≥

1
6 ,

log L(s, χ)=

∑
ρ:|γ−t |≤1

log(s − ρ)+ O(log(|t | + 4))

unconditionally. Applying this with ρ=
1
2 −c+i t this is Oc(log|t |) since all the zeros satisfying |γ−t |≤ 1

are nontrivial and lie on ℜs =
1
2 , and there are ≪ log|t | zeros between height t − 1 and t + 1. □

The following lemma is implicit in [Meng 2020, pages 110–111].



800 Ofir Gorodetsky

Lemma 6.2. Let χ be a nonprincipal character and suppose GRH holds for χ and χ2. Let ρ=
1
2 +iγ ̸=

1
2

be a nontrivial zero of L(s, χ). Let mρ,χ be the multiplicity of ρ in L(s, χ). We have∫
Hρ

Fω(s, χ)x s ds
s

= mρ,χ

∫
Hρ

L(s, χ) log(s − ρ)x s ds
s
.

Proof. Since

Fω(s, χ)= L(s, χ) log L(s, χ)− 1
2 L(s, χ) log L(2s, χ2)+ L(s, χ)Gω(s, χ)

and L(s, χ) log L(2s, χ2), L(s, χ)Gω(s, χ) are analytic in an open set containing Hρ , it follows that∫
Hρ

Fω(s, χ)x s ds
s

=

∫
Hρ

L(s, χ) log L(s, χ)x s ds
s

by Cauchy’s integral theorem. We may write log L(s, χ) as

log L(s, χ)= mρ,χ log(s − ρ)+ Hρ(s, χ)

for a function Hρ which is analytic in an open set containing the loop, since L(s, χ)/(s − ρ)mρ,χ has
a removable singularity at s = ρ.3 By Cauchy’s integral theorem, Hρ(s, χ) does not contribute to the
Hankel contour integral, giving the conclusion. □

Lemmas 6.1 and 6.2 hold as stated for � in place of ω as well. We have the following lemma, a
“logarithmic” analogue of Lemma 4.2.

Lemma 6.3. Let χ be a nonprincipal character and suppose GRH holds for χ . Let ρ =
1
2 + iγ be a

nontrivial zero of L(s, χ). Let

Iρ :=

∫
Hρ

|L(s, χ)||log(s − ρ)|xℜs
|ds|.

Then

Iρ ≪
√

x(|γ | + 1)c+o(1)
(

log log x

log2 x
+ log(r−1)r2xr

)
.

Proof. We write L(s, χ) as L(s, χ)/(s −ρ) times (s −ρ), and use Lemma 4.1 to bound L(s, χ)/(s −ρ)

by (|γ | + 1)c+o(1). We now consider separately |s − ρ| = r and s = ρ+ t , −c ≤ t ≤ −r . □

The following is an ω-analogue of Lemmas 4.4 and 4.5.

Lemma 6.4. Let χ be a nonprincipal Dirichlet character. Assume GRH holds for χ and χ2:

(1) If L
( 1

2 , χ
)
= 0 then∫

H1/2

Fω(s, χ)
x s

s
ds ≪

√
x
(

log log x

log2 x
+ log(r−1)r2xr

)
.

3An estimate for Hρ(s, χ) on Hρ may be obtained; see [Meng 2020, (2.15)].
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(2) If χ2 is principal and L
( 1

2 , χ
)
̸= 0 then

1
2π i

∫
H1/2

Fω(s, χ)
x s

s
ds = −L

( 1
2 , χ

) √
x

log x
+ O

( √
x

(log x)2

)
. (6-6)

The implied constants depend only on χ .

Proof. The first part is a minor modification of the proof of Lemma 6.3. The second part is [Meng 2020,
(2.28)]. □

Lemma 6.4 holds for � in place of ω, with the only difference being a sign change in (6-6).

6B. Proof of Theorem 2.1. We shall prove the theorem in the case of ω; the proof for � is analogous.
Suppose a, b satisfy (a, q) = (b, q) = 1. Suppose the constant Dq,a,b appearing in (2-11) is positive.
Consider X ≫ 1 which will tend to ∞. By orthogonality of characters we write∑

n≤x
n≡a mod q

ω(n)−
∑
n≤x

n≡b mod q

ω(n)=
1

φ(q)

∑
χ0 ̸=χ mod q

(χ(a)−χ(b))
∑
n≤x

χ(n)ω(n) (6-7)

for each x ∈ [X, 2X ]. By (6-5) with T = X3/4
≍ x3/4 and c =

1
10 we have, uniformly for x ∈ [X, 2X ],

∑
n≤x

χ(n)ω(n)=

m∑
j=1

1
2π i

∫
H1/2+iγ j

Fω(s, χ)x s ds
s

+ O(x1/2−1/100)

for any nonprincipal χ . For any pair ρ1 =
1
2 + iγ1, ρ2 =

1
2 + iγ2 of nontrivial zeros of L(s, χ) different

from 1
2 we have, from Lemmas 6.2 and 6.3,

1
X

∫ 2X

X

∫
Hρ1

Fω(s1, χ)x s1
ds1

s1

∫
Hρ2

Fω(s2, χ)x s2
ds2

s2

≪
mρ1,χmρ2,χ

|γ1γ2|1−c+o(1)(1 + |γ1 − γ2|)
X

(
log log X

log2 X
+ log r−1r2xr

)2

(6-8)

in analogy with Lemma 4.3. We take r = o(1/ log X). Since mρ = O(log(|ρ| + 1)) [Montgomery and
Vaughan 2007, Theorem 10.17] and ∑

γ1,γ2 ̸=0:

L(1/2+iγ j ,χ)=0

1
|γ1γ2|1−1/5(1 + |γ1 − γ2|)

converges [Montgomery and Vaughan 2007, Theorem 13.5], it follows that in an L2-sense, the contribution
of ρ ̸=

1
2 to (6-7) is O(

√
x log log x/(log x)2); this step corresponds to (5-1). By Lemma 6.4, the

contribution of loops around s =
1
2 is

−

√
x

log x
1

φ(q)

∑
χ mod q
χ2

=χ0

χ(a)−χ(b)L
(1

2 , χ
)
+ O

(√
x log log x

log2 x

)
= −

√
x

log x

(
Dq,a,b

φ(q)
+ o(1)

)
.
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As in the proof of Theorem 1.1, Chebyshev’s inequality allows us to conclude the following. The
probability that for a number x chosen uniformly at random from [X, 2X ],

∑
n≤x,n≡a mod q ω(n) <∑

n≤x,n≡b mod q ω(n) tends to 1 with X . This finishes the proof. □
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