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Quadratic relations between Bessel moments

Javier Fresan, Claude Sabbah and Jeng-Daw Yu

Motivated by the computation of some Feynman amplitudes, Broadhurst and Roberts recently conjectured
and checked numerically to high precision a set of remarkable quadratic relations between the Bessel
moments

/oo L) Ko@) ¥ e G, j=1,..., [(k—1)/2)),
0

where k > 1 is a fixed integer and Iy and K denote the modified Bessel functions. We interpret these
integrals and variants thereof as coefficients of the period pairing between middle de Rham cohomology
and twisted homology of symmetric powers of the Kloosterman connection. Building on the general
framework developed by Fresan, Sabbah and Yu (2020), this enables us to prove quadratic relations of the
form suggested by Broadhurst and Roberts, which conjecturally comprise all algebraic relations between
these numbers. We also make Deligne’s conjecture explicit, thus explaining many evaluations of critical
values of L-functions of symmetric power moments of Kloosterman sums in terms of determinants of
Bessel moments.
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1. Introduction

Let Io(¢) and K¢(¢) denote the modified Bessel functions of order zero, which are solutions to the ordinary
differential equation ((9;)> — t>)u = 0. Since this equation has an irregular singularity at infinity, it does
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not come from geometry in the usual sense of encoding how periods vary in a family of algebraic varieties.
However, certain integrals of monomials in Io(#) and Ko (#) called Bessel moments are themselves periods,
as shown for example by the identity (see [Vanhove 2014, (8.11)])

/OOI (O Ko(H) T rdr = l/ : l—[ il
0o 2 ez (1+Zf=1xi)(1+2f=1 1/xi) =1y X .

i=1

In a series of papers and conference talks Broadhurst and Roberts [Broadhurst 2016; 2017a; 2017b;
2018; Broadhurst and Roberts 2019; Roberts 2017] put forward a program to understand the motivic
origin of the Bessel moments

/oolo(t)“Ko(t)bt‘“dt. (1.1)
0

An important insight of theirs was to look at counterparts of these integrals over finite fields, pursuing the
analogy between the Bessel differential equation and the Kloosterman £-adic sheaf. Roughly speaking,
Iy(¢) and K(¢) correspond to the eigenvalues of Frobenius, and out of them one forms the k-th symmetric
power moments of Kloosterman sums. The generating series of these moments over finite extensions of
[, is a polynomial with integer coefficients. After removing some trivial factors and handling primes
of bad reduction, a global L-function L(s) is built with the reciprocals of these polynomials as local
factors. Back at the beginning, Broadhurst, partly in joint work with Mellit [Broadhurst and Mellit 2016]
and Roberts, Bloch, Kerr and Vanhove [Bloch et al. 2015], and Y. Zhou [2018a] proved or numerically
checked in many cases that the critical values of these L-functions agree up to rational factors and powers
of m with certain determinants of the Bessel moments (1.1).

For technical reasons, we shall make the change of variables z = ¢?/4 and consider the associated
rank-two vector bundle with connection on G,,, which is called the Kloosterman connection and denoted
by Kl,. Motives associated with symmetric powers of the Kloosterman connection were introduced
in [Fresan et al. 2022]. Namely, for each integer k > 1, we constructed a motive My, over the rational
numbers, which is pure of weight k + 1, has rank k" = [ (k — 1) /2] (resp. k' — 1) if k is not a multiple of 4
(resp. if k is a multiple of 4), and is endowed with a self-duality pairing

M, @ My — Q(—k—1) (1.2)

that is symplectic if k is even and orthogonal if k is odd. By design, the L-function of this motive
coincides with the above L-function Lk (s). The main result of that paper was the computation of the
Hodge numbers of My, which led to a proof that L (s) extends meromorphically to the complex plane
and satisfies the expected functional equation.

In this paper, we investigate the period realizations of the motives My. By design, the de Rham
realization of My is isomorphic to the middle de Rham cohomology of the k-th symmetric power
SymF Kl,, which is defined as the image

Hig mia(Gm, Sym* Klp) =im[Hlg (G, Sym* Klp) = Hig (G, Sym* K1p)]
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of compactly supported de Rham cohomology under the natural map to usual de Rham cohomology, and
comes with a perfect intersection pairing Srk’flid realizing (1.2). Extending a computation from [Fresén et al.
2022, Proposition 4.14], we exhibit a basis of middle de Rham cohomology in Section 3, which is natural
in that it is adapted to the Hodge filtration, and we present an explicit formula to compute the matrix of
S}c“id on this basis. If k is not a multiple of 4, the basis is simply given by the classes w; = [zivg dz/z] for
1 <i <K/, where vy is a specific section of Kl,.

Besides, we shall prove that the dual of the Betti realization of My, is isomorphic to the middle twisted
homology of Sym* Kl,, which is defined as the image

H"(Gp, Sym* Klp) = im[H{! (G, Sym* Kly) — H"*!(Gp, Sym* Kl)]

of rapid decay homology under the natural map to moderate growth homology. Elements of these
homology groups are represented by linear combinations of twisted chains ¢ ® e, where c is a path and e
is a horizontal section of Sym* K, that decays rapidly (resp. has moderate growth) on a neighborhood of
the support of c. These conditions ensure that de Rham (resp. compactly supported de Rham) cohomology
classes can be integrated along them, thus giving rise to a period pairing

PP H™ (G, Sym* K1) ® Hig mig (G, Sym* K) — C.

This middle homology comes with a natural (-structure and, likewise to middle de Rham cohomology, a
perfect intersection pairing B}cnid realizing the transpose of (1.2). By analyzing the asymptotic behaviors
of products of modified Bessel functions, we exhibit in Section 4 rapid decay homology classes «; for
0 < i <k’ whose images in middle homology are nonzero for i > 1.

Relying on the general results from the companion paper [Fresdn et al. 2023], in particular the
compatibility of the Betti and de Rham intersection pairings with the period pairing, we prove the
following theorem. For simplicity, we only state it here when k is not a multiple of 4, postponing the full
statements to Proposition 4.6, Theorems 3.17, 4.7, and 5.3, and Corollary 5.7.

Theorem 1.3. Assume k is not a multiple of 4:

(1) With respect to the basis {w;}1<i<k » the matrix of the de Rham intersection pairing Skmid is a lower-
right triangular matrix with coefficients in Q and (i, j) antidiagonal entries
1k
(-2 % ifk is odd,
(=D k=D
2K (j—i) (K'+1)!

(2) The middle homology classes {o;}1<i<k’ form a basis and the matrix of the Betti intersection pairing

if k is even.

Bkmid on this basis is given by

Bkmid: ((—l)ki (k_i)!(k_j)! Bk—i—j—&—l ) ’
1<i, j <k’

k! k—i—j+ 1!

where ‘B, denotes the n-th Bernoulli number.
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(3) With respect to the bases {a; }1<i<k and {w;}1< <k, the matrix of the period pairing P}(nid consists of

the Bessel moments

. . . . o0 . . .
P;{md — <(_1)k12k+12j (T[l)l / IO(I)ZKO(t)kfltZJfl dt)
0

I<i, j<K

(4) The following quadratic relations hold:
P;{nid X (S;cnid)_l X tp;cnid — (_2ni)k+185{nid.

Quadratic relations of the shape P}* - D* - 'P® = B® were conjectured by Broadhurst and Roberts
[2018]. As we explain in Section 5.3, their matrices P}* and B}® coincide with ours up to different
normalizations, but we were unfortunately unable to prove that, again up to normalization, the inverse of
Siid satisfies the recursive formulas defining their matrix DPX. Nevertheless, we checked numerically that
both matrices agree for k < 22, which is the limit for reasonable computation time with Maple.

Grothendieck’s period conjecture predicts that the transcendence degree of the field of periods of My
agrees with the dimension of its motivic Galois group. Since the Betti intersection pairing is motivic, this
is a subgroup of the general orthogonal group GOy if k is odd and of the general symplectic group GSp,
(resp. GSp;/_1) if k is even and not a multiple of 4 (resp. if k is a multiple of 4). Broadhurst and Roberts
conjecture that this inclusion is an equality, which would mean that for fixed k the quadratic relations
from Theorem 1.3 conjecturally exhaust all algebraic relations between the Bessel moments.

Finally, in Section 8 we make Deligne’s conjecture explicit for the critical values of L (s) by identifying
the periods that are expected to agree with them up to a rational factor with some determinants of Bessel
moments already considered by Broadhurst and Roberts. Prior to that, we identify in Section 7 the period
structure of the motive My with the period structure attached to the middle cohomology of Sym* K1, by
means of Theorem 1.3. For that purpose, the appendix develops the necessary tools in a general setting of
exponential mixed Hodge structures, complementing thereby the appendix of [Fresdn et al. 2022].

Notation 1.4. We refer the reader to [Fresan et al. 2023] for the general setting of de Rham cohomology
and twisted homology of vector bundles with connection, as well as the intersection forms and period
pairings on these spaces. Throughout this article, we use the following notation and conventions:

« Given an integer k > 1, we set
k'=|(k—-1/2)] (ie., k=2k'+1 forodd k and k = 2(k" + 1) for even k).

« Since the case where & is a multiple of 4 plays a special role throughout, we use the simplified common

notation
{1,...,k"} if 41k,

I K1 = {{1,...,k’}\{k/4} if 4|k,

so that
k' if 44k,

#[[l’k/]]:{k/—l if 4| k.
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We will consider square matrices indexed by i, j € [1, k'] that, when k is a multiple of 4, are obtained
from a k" x k" matrix by deleting the row and column of index k /4.
o For integers m < 0, the factorial m! and double factorial m!! are given the value 1.

o For each integer n > 0, we denote by B,, the n-th Bernoulli number, i.e., the n-th coefficient of the
power series expansion

o
Ceya
e —1 "n!’
n=0

o The base torus is denoted by Gy, ;, and is regarded as included in the affine line with coordinate z. The
coordinate 1/z is denoted by w. We also consider the degree two morphism p; : Gy, ; = Gy, ; Which, at
the ring level, is defined by z — r2/4.

2. Pairings on the Kl, connection and its moments

In this section, we explain the algebraic duality pairing on Sym* K1, that gives rise to the de Rham
intersection pairing. On the other hand, we endow the associated local system of flat sections Sym* K12v
with a (D-structure and a topological duality pairing that will give rise to the Betti intersection pairing.

2.1. The Kl; connection. We first recall the definition of the Kl, connection, referring the reader to
[Fresén et al. 2022, Section 4.1] for more details. We denote by Gy,  (resp. Gy, ;) the torus Gy, over the
complex numbers with coordinate x (resp. z), and we define f : Gy x X Gy ; = Al as fx,2)=x+7z/x.

Let 7 : Gy X G ; — Gy, denote the projection to the second factor and E/ the rank-one vector
bundle with connection (0g,, , x6,,., d+d f) on Gy X G, ;. We define Kl, as the pushforward (in the
sense of Z-modules) 7', E /. this is a free 0g,,-module of finite rank endowed with a connection
having a regular singularity at the origin and an irregular one at infinity. Since the varieties we work
with are all affine, it will be convenient to identify coherent sheaves with their global sections. To the
sheaf ' E' is then associated the module H! 77 E/ of global sections. Fixing the generator dx /x of
relative differentials and denoting by d, the partial derivative with respect to the variable x, we then have

Kl = H' 7, ES = coker[Clx, x ', z, 7] 2240/ opx, x 1, 2, 271,

It follows that Kl, is the free C[z, z~']-module generated by the class vy of dx/x and the class v; of dx.
The connection V on Kl satisfies

0z
zVy. (vo, v1) = (vo, V1) - <1 0) ,

so that vy is a solution to the differential equation ((z3,)> —2)v=0.
Let j : Gy <> P! denote the inclusion. We write j; for the adjoint by duality of the pushforward j,,
and similarly for 7. The same argument as in [Malgrange 1991, Appendix 2, Proposition (1.7) page 217]
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shows that the natural map (j x Id)+E/ — (j x Id); E/ is an isomorphism. Projecting to Gy, ., we
deduce that
H' 7 E/ - H'n Ef (2.1)

is an isomorphism as well. Let us make this explicit. We set x’ = 1/x. By an argument similar to that
of [Fresdn et al. 2023, Corollary 3.5], we can represent an element of H! 77+ E/ as a pair (f//\ ,ndx/x) =
(¥, —n dx’/x"), where

e neClx,x 1 z,z71],
* ¥ = (Yo, ¥oo), With
Yo €Clz, z IxNx~"1 and Yoo € Clz, 2~ I/ Tx"" 1],
are such that the following holds:
(0 + (x —z/xNYo =15, ¥y + @' — 1/x )P0 = —1507. 2.2)

Here, ¢ : C[x, x~ 1z, 2711 < Clz, z7 '1[x][x '] denotes the natural inclusion, and similarly for ts.
On these representatives, the natural morphism (2.1) is given by (1’} ,ndx/x) — ndx/x. Checking that
(2.1) is an isomorphism amounts to checking that, for any 5 as above, there exists a unique 1’/; such

that the (2.2) hold. Setting Yo = 3_,-,, Yo (Dx" and Yoo = Yo Yoo (@)X, g = X, no.nx",
L& =D, Noonx™, we determine Vo ,(z) and Yoo »(z) inductively by

Your1 =2 ko +Y0u-1=0.),  Voont1 = Woon +2Woon—1 + oo (2.3)
thus showing explicitly that (2.1) is an isomorphism.

Example 2.4. The element of H' i E ! corresponding to vy (resp. vy) is (@, dx /x) (resp. (fﬁ\ , dx)), where
the elements ¢ and 1’5 determined by (2.3) satisfy (note that n = 1 resp. n =x = 1/x’)

®0,<0 =0, Yo.<1 =0,
wo1=—2"", Yoo, <0 =0,
Yoo, <0 = 0, 1poo,O =1,
¥oo,1 =1, VYoo,1 = 0.

2.2. Algebraic duality on K1, and its moments. Set
D = {0, 00} = P!\ Gp,.
Starting from the tautological pairing E/ ® E~/ — (0, . x6,. d), we deduce a natural pairing
(«.-):H'mE' @H' n, E-/ — H? T4 06y X G ——2> Clz*'],

where the isomorphism resp stands for the residue along D as in [Fresan et al. 2023, Section 3.c] (see also
the proof of Lemma 2.5 below). Let ¢ : G, x X Gy ; = G x X Gy ; denote the involution (x, z) — (—x, 7).
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Then ¥ E~/ = E/, and this defines a canonical isomorphism 1 : H! 7, Ef = H' 7, E~/ since mot = .
Let us set

(v, vy) =" (vo, v1) = (dx/x, —dx),

that we consider as a basis of H! 7. E~/. Then the matrix of zVj, on H! 7. E~/ is equal to ((1) (Z)) and

the above isomorphism reads w(vo, v1) = (v, , v)).
Lemma 2.5. The induced pairing
(+.)ag :H'my Ef @H' m E/ — Clz*]
defined by (-, - )ag = (2.1)71-, ) satisfies
(v0, vo)alg = (v1, V1)alg =0, (vo, v1)aig = —(v1, Vo)ag = 1.
In other words, we get a skew-symmetric perfect pairing on Kl,:
(s Dag : (Klp, V) ® (Klp, V) = (GG, d), (2.6)

which amounts to a canonical isomorphism A, : Kl — Kl with the dual connection endowed with the
dual basis (v, v}), by setting
Kl, 245 K1;

(vo, v1) > (—=vy, vp).

Proof. We compute with the notation of Example 2.4. We find, on the one hand,

{0, v0)alg = ((@, v0), vy ) =Tesp a‘;—x = 00,0 — Poo,0 =0,
(V1 V)aig = (@, v1), vy ) = —tesp ¥ dx = =01 + Yoo 1 =0,
and, on the other hand,
(vo, V1)atg = ((@, v0), vy ) = —resp Pdx = —@o,_1 + Poo,1 = 1,
(v1, Vo)alg = (W, v1), vy ) =Tesp @i—x = Y0,0 — Voo,0 = —1. O

For each k > 1, let & be the symmetric group acting on the tensor power Kl?k by the natural
permutation action. Let Sym* K, be the symmetric power regarded as the Gy-invariant part of Klgz’k. We
consider the basis # = (u4)o<a<k of Symk Kl, given by

1
k—a Rk—a ®a
ug =v, v = o (v ® vy,

6
| k | Nk

20:ug = (k—a)ugr1 +azu,—1 (0<a <k)



548 Javier Fresan, Claude Sabbah and Jeng-Daw Yu

with the convention u;; = 0. The pairing (2.6) extends to Symk Kl,, which is thus endowed with the
following (—1)*-symmetric pairing (compatible with the connection):

(—1)0%’! ifa+b=k,

otherwise.

(Ug, up)alg = 2.7)

2.3. The Q-structure of KlzV and its moments.

The Q-structure for a fixed nonzero z. We start by considering the Q-structure on the fiber of the sheaf
of analytic flat sections K12V at some z € G, ;. We consider the function f, : Gy, — Al, defined as
d+df;). Let P! be the
projective closure of Gy, , and let P! be the real oriented blow-up along D = {0, oo}, which is topologically

f-(x) = x 4 z/x, where z is a fixed nonzero complex number, and E/- = (0G,,.
a closed annulus. We denote by j~ (G > P! the inclusion of the open annulus into the closed one.
On P!, the de Rham complexes with rapid decay DR™(E /) and with moderate growth DR™Y(E /) have
cohomology in degree zero only (see [Fresan et al. 2023, Theorem 2.30]), and the natural morphism
DR'Y(Ef) - DR™(ES) is a quasiisomorphism. Indeed, the function e~/ on G, has moderate
growth near a point of the boundary dP! if and only if it has rapid decay there. Above x =0, this amounts
to argx € argz + (—n /2, 7/2) mod 2. Above x = 00, this amounts to argx € (—n /2, 7/2) mod 27.
We denote by ﬁﬂd the open set which is the union of G, and these two boundary open intervals, so that

we have natural open inclusions

an a1 b 31
Gp, > Py—P.

Then multiplication by e~/= yields an isomorphism of sheaves of C-vector spaces
b.a; «Con ~> #°DRYE) = #°DR™(ET). (2.8)

Definition 2.9. The Q-subsheaf /#° DR"(E/)q C #° DR"(E) is the image of b 1a. .Qgu under
the above isomorphism.

The Betti Q-structure on HéR(Gm,x, E':) (see [Fresan et al. 2023, Section 2.d]) is defined by means of
(2.8) as

H(liR(Gm,x, Efz)@ = Hl(ﬁila bz,!az,*@ﬁ‘,‘,{x) = Hi (ﬁrlda az,*@G‘;‘T‘I{X)-
We denote by (recall that z # 0 is fixed):

* ¢; the unit circle in G starting at 1 and oriented counterclockwise.

an

e ¢} a smooth oriented path in G ,

starting in a direction arg x contained in argz + (—m /2, 7/2)
mod 27t at x = 0, intersecting ¢, transversally only once, so that the local intersection number
(Kronecker index) (¢}, ¢;) is equal to one, and abutting to x = oo in a direction of arg x contained in
(=m/2,7/2) mod 27. The precise choice of ¢ will be made later. We also consider the path ¢_*

obtained from ¢} by applying the involution ¢: x > —x.
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These paths define twisted cycles of = —c¥ ® ™/ and B} = ¢} ® e~ /= in rapid decay homology
Hrld(Gm,x, E2) (see e.g., [Fresan et al. 2023, Section 2.d]). Similarly, we set

(7)) =—c." ®e's and B =—cp Relr,

which define twisted cycles in Hrld(Gnm,x, E~'2). As for the de Rham cohomology, the involution ¢ induces
an isomorphism Hrld(Gm,x, Ef) — Hrld(Gm,x, E~/2) sending a rapid decay chain s > a(s) ® e~ /= to the
rapid decay chain s — —a(s) ® e+, and thus inducing the corresponding Betti intersection pairing

HY (G, EF) @ HY Gy, EF) = HY Gy, EF) @ H Gy, E™7) — Hp(Gpy, ©) =C

This pairing is easily computed and has matrix (), thus showing that (e, ) is a Q-basis of
HY(Gm.x, E')a

For applying [Fresan et al. 2023, Proposition 2.23], we use the topological duality pairing (-, - )iop
on Hrld (Gm.x» E'2), which preserves the Q-structure since it is induced by Poincaré—Verdier duality. The
following relation holds; see [loc. cit., (3.10)]:

(5 htop =27i(-, - alg-

We let (v, P — Ly, Y) denote the dual basis of (v;) with respect to (-, - )op-

— 2mi v;

Proposition 2.10. The Q-vector space HéR(Gm, v Ef)q is the Q-span of

1 _f 1 _fdx
eg=|— e Jedx ) vg— | — e Ji—)-vy and
271 Jex 2mi Jex X
1 1 dx
- | — _fd _fz_ . .
“ (Zni/c;e ) ””(2 ./ x) .

Proof. From [loc. cit., Proposition 2.23], we deduce that HéR(Gm,x, E f:)@ is the Q-span of

prAmed(BX e Py pg P (Y p Py and P (o, vy P g +PE M o v Py, (2.11)

z?

rd, mod

where P} : Hrld(Gm,x, EfH)® HéR(Gm’x, E’) — C denotes the period pairing from [loc. cit., Sec-

tion 2.d]. We conclude with the identification

v 1 v 1 1
vo’mp gvl_z -[dx] and v, -op —ﬁvoz—ﬁ[dx/x].

For example, the integral ﬁ /. x e~ /= dx is identified with the period

Prd mod('BZ , 5 tOp)' ]
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The Q-structure on K12V . We first recall some basic properties of the modified Bessel functions of order

) = ;?g "P(—z(”y))dyy

Ko =3 [ Te(=5(+ 1)L gt <72

ZE10

(2.12)

which are annihilated by the modified Bessel operator (13,)% — t. The function Io(7) is entire and satisfies
Io(t) = Ip(—1t). The function K((¢) extends analytically to a multivalued function on C* satisfying the
rule Ko(e™'t) = Ko(t) — mwily(t).

We have the following estimates as t — 0 in any bounded ramified sector, by taking the real determi-
nation of log(¢/2) when t € R.¢

I)=1+0(, Ko(t)=—(y +log(t/2))+ O(t*logt),
where y = 0.5772 ... is the Euler constant. As a consequence, in such sectors,

Io() Ko(t)*" = (=¥ (y 4+ 1og(1/2) " + O (t* logt " 1). (2.13)
On the other hand, we have the asymptotic expansions at infinity (see [Watson 1944, Section 7.23])

. (2n=1MN% 1

Io(t) ~ e \/z_mi_: R larg 7| < 7w/2
2n — 1IN?
Ko(t) ~ e~ [Z(— )"(( ”23n ‘) 2 0 largr| <3m/2 (2.14)

Z (2n =D 1

Io(1) Ko (1) ~ - S ETPTETE

2t =
The latter is the unique formal solution in 1/¢ of the second symmetric power (t3,)3 — 4t%(1d,) — 412 of
the modified Bessel operator up to a scalar. Let us also note that these asymptotic expansions can be
differentiated termwise. The Wronskian is given by In(t) K () — I5(1)Ko(t) = —1/1t.

We now assume that z varies in C \ R¢o and we choose a square root ¢/2 of z satisfying Re(r) > 0,
that is, argt € (—m /2, 7/2) mod 27. Due to formulas (2.11), since the integration paths can be made
to vary in a locally constant way, we conclude that e, e; are sections of K12V on this domain, and their
coefficients on the basis vg, v; are holomorphic there. We will express them in terms of the modified
Bessel functions. We set x = (¢/2)y. On the one hand, we have

[ = el D)= [0+ )
2mi Jo© X T 2w fpe T 2N T , P 2\ ty)) S = b

C;
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On the other hand, we now regard y as varying in R and set ¢] = (t/2)R., so that, for x € ¢}, both
arg(z/x) and arg(x) belong to (—mx /2, w/2) mod 27. Then, similarly,

1 _rdx 1 ( t( 1))dy 1
P Je— = — ——= —))—=—=—K .
27 Jox ¢ 270 Jr_, xp 2 Y+ y//y i 0(®)

By flatness of eg, 1, we obtain therefore

1
eo = (1/2)Iy(H)vo — Ip(t)vy and e = ;(—(l‘ﬂ)K{)(f)vo + Ko(t)vy). (2.15)

The pairing (-, - )op = 27i( -, - )aig being flat, it induces a nondegenerate pairing on the constant sheaf
KL o\r <o and we have there

(e0- e1hop = 2i((1/DI(0) - = Ko(0) = Io(6) - (1/2) - K§(0)) = 100 Ko(6) — To( Ky() =1,

according to the Wronskian relation. The other pairings are deduced from this one by skew-symmetry.
We also obtain

vo = 2Ko(t)eg + 2mily(t)er), vy :t(K(/)(t)eo—i—niIé(t)e]). (2.16)

In order to cross the cut z € R_(, we note that the coefficients of e, regarded as functions of z € C, are
entire, while those of e are multivalued holomorphic, and the monodromy operator 7' defined by analytic
continuation along the path 6 +— e’z (6 € [0, 27ri]) acts on e; as T'(e;) = e; + . This shows that the
Q-structure of K12V |C\R<, €Xtends to a Q-structure of K12v , which will be denoted by (K12V )o. Moreover,

(-2 Jop: (K)o ® (K)o — Q@
is a nondegenerate skew-symmetric pairing, and the multivalued flat sections e and ey satisfy (e, €1 )wp=1.

The Q-structure on Sym* Kl,. We naturally endow Sym* K1, with the pairing
(-5 op = D (-, Jang
and the Q-structure (Symk Klz)g = Symk((KIZV )o). The monomial sections

1
¢ = o ®e®) (0<a<k) (2.17)

k—a
e, el = —
0
1Skl

o EGk
®k
12

form a basis of multivalued flat sections of the subsheaf (Symk Klz)g of (K )B and satisfy

(—1)a%’f! ifa+b=k,

otherwise.

k—a a _k—b b
(ep “€j. ey €l)op=

(2.18)
Lemma 2.19. The coefficients of the flat sections elg_ae‘f on the meromorphic basis (up)p of Symk Kl,
have moderate growth at the origin. Moreover, they have moderate growth (resp. rapid decay) in a small
sector centered at infinity and containing R if and only if a < k/2 (resp. a < k/2).
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Proof. Since Ié (t) (resp. K(’) (#)) has an asymptotic expansion similar to that of Iy(¢) (resp. Ko(t)) at the
origin and at infinity in the specified domains, the first statement follows from (2.15) and the definition
(2.12) of Iy and Kj. Besides, the asymptotic expansion of Iy and Ky at infinity (2.14) implies the second
statement by calculating the power of e’ in the products of Iy and Kj. U
3. de Rham pairing for Sym* K1,
The main result of this section is the computation of the matrices of the de Rham pairings
Hlg (G, Sym* Klp) ® Hig (G, Sym* Kly) = €

| 3.1)
Hig mia (G Sym* Kl,) ® HtliR,mid(Gma Sym* K1,) Smid,

with respect to suitable bases, taking into account the self-duality pairing induced by (2.7). Since the latter
is (—1)k-symmetric, (3.1) is (—1)**!-symmetric. We first make clear the bases in which we compute the
matrices.

3.1. Bases of the de Rham cohomology. Let
e Symk Kl, — (Symk Kb); and (5 Symk Kl, — (Symk Kb)s

denote the formalization of Sym* Kl, at zero and infinity respectively, and V the induced connection. We
can represent elements of H(liR, (G, Symk K1) as pairs (1, 1) as (see [Fresan et al. 2023, Corollary 3.5])

o 7 = (M, Moo) is a pair of formal germs in (Sym* Kb)s® (Sym* Kby) s,

7 belongs to I' (G, Q}Gm ® Symk Kl,),
such that, denoting by 7 = (157, t&n) the formal germ of 7 in
(251 5® (Sym* Khh)gl © [241 5 ® (Sym* Ko,

i and 7 are related by Vi = 7.
We can regard HéRﬁmid(Gm, Symk Kl,) as the image of the natural morphism

Hlg (G, Sym* Klo) — Hlg (G, Sym* Kly)

sending a pair (71, n) to n. Recall that H(liR’mid(Gm, Sym* Kl,) has dimension k' if k is not a multiple
of 4, and k' — 1 otherwise; see [Fresan et al. 2022, Proposition 4.12]. According to [Fresan et al. 2023,
Remark 3.6], there exists a basis of HCIIR’ (G, Symk Kl,) consisting of

o pairs (m;, 0); where (m;); is a basis of ker V in (Sym* Kl); @ (Sym* K1), and

« a set of pairs (7, 1) j, of cardinality dim H(liR,mid(Gm’ Symk Kly), related as above such that (5;);
are linearly independent in H(ljR(Gm, Symk KD).
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Furthermore, such a family (n;); is a basis of HcllR,mid (G, Symk Kl).
We set (recall that ug = vg)

w;i = [z'updz/z] € Hig(Gp, SymF Klp), 0<i <K (3.2)
It was proved in [Fresan et al. 2022, Proposition 4.14] that
P ={wi |0<i <K}

is a basis of HéR(Gm, Sym* Kl,). This property also follows from the combination of Lemma 3.3,
Proposition 3.8, and Theorem 3.17 below (see Remark 3.22).

We first determine which linear combinations of elements of %; belong to HéR,mid(Gm’ Symk Kl,).
Foreachi =0, ..., k', we look for the existence of

m; = (0, Mi,00) € (Sym* Kly)5 @ (Sym* Kly) s,
such that Vi; = (i5(w;), ts (@;))-

Lemma 3.3 (solutions at z =0). (1) The subspace ker vVc (Symk Klb)g has dimension one and a basis
is given by oo = ef.
(2) There exists m;  if and only if i > 1 and, in such case, there exists a unique m;  belonging to
zCllz] - u.
In fact, for any j > 1, there exists a unique mj o € zC[[z]l - u with Vi j o = L@(zjuo dz/z).

Proof. Set (V,V) = (Sym" Klp, V). We first claim that C[[z]] - u is equal to V§, (the O-th step of the
formal Kashiwara—Malgrange filtration at the origin, similar to that considered in the proof of [Fresin
et al. 2023, Proposition 3.2]). Indeed, it is standard to show that there exists a formal (in fact convergent)
base change P(z) =1d+zP; + - - - such that the matrix of V in the basis u’ = u - P (z) is constant and
equal to a lower standard Jordan block with eigenvalue 0. It follows that u” is a C[[z]]-basis of V5 o, and
the claim follows, as well as the first point of the lemma.

Let us consider the second point. Setting Va’ 1=z Vﬁ,o’ we have recalled in [loc. cit.] that z0, : Va’_l —
V.1 is bijective. The “if” part and its supplement follow. It remains to check that 5(uo dz/z) does not
belong to the image of V. It amounts to the same to replace uo with u, defined above, and since uj, is the
primitive vector of the matrix of V, the assertion follows. g

We now look for the solutions of /Vﬁn'i,-,oo =g (w;) fori =1, ..., k". For this purpose, we introduce
the constants yx ; as follows. Let us assume that 4 | k. Recall that we have set w = 1/z on Gp,. Write the
asymptotic expansion as

o0
2 (Io() Kot ~ wh* >y jag jw?, (3.4)
j=0
so that we can define y; ; by the residue

24 (Io(1) Ko (1))"?
witl :

Vk,i = T€Sy=0 3.5)
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We have y; =0ifi <k/4, yxka=1,and y;; > O0foralli € k/4+N* e.g.,

k k(k +52) k(k? 4 156k + 13184)
VeItk/4 =S50 Ve2Hk/A= " o130 Vk3k/4 = 193 , (3.6)
For what follows, it will be convenient to set
Yi=0 (i €ek/4+7)if 4tk. (3.7)

Proposition 3.8 (solutions at z = 00). Letus fixi € {1, ...,k'}:
(1) For 41k, the equation /V\n’ii,oo = 15 (w;) has a unique solution.

(2) For4 |k andi # k/4, the equation
Vit oo = t&(@; — Vk.,i®Wk/4)

has a solution (in fact a one-dimensional affine space of solutions) where yy ; is given by (3.5).

Moreover, the subspace kerV C (Sym* Klh)s is generated by the formal expansion iy 400 Of

2K ()2 (eger) /.
In fact, for any j > 1, there exists m j o, satisfying 67)’5]-,00 =15z =y, jZMupdz/z.

The second assertion of 3.8(2) is easy to check from the formal structure at infinity of Sym* Kl; see
[Freséan et al. 2022, Proposition 4.6(3)]. We set
mo = (mo.0, 0) (i.e., Mo.0o = 0) for all &,
M4 = (0, Mi/4,00) (€., Myja0=0) if 4|k,

and (see Notation 1.4)

w;:{o ifi=0andi =k/4, (3.9)

i — yrioka i€ [1L K],
so that w; = w; if 4tk and 1 <i < k', orif 4|k and 1 <i < k/4. Once we know that % is a basis

of HcliR(Gm, Symk Kl;), using the convention (3.7) we derive the following from [Fresan et al. 2023,
Remark 3.6(4)]:

Corollary 3.10. The following set of k' + 1 elements

{(ﬁ0,0),(n/’E],wl),..., (mk’awk’) lf4+k,

B, =(n7',w{)0<<k’={ Y A - - X
¢ R {(fg, 0), (i1, @), ..., (igsa, 0), ..., (i, @) if 4]k,
is a basis ofHéR’C(Gm, Symk Kl).

Let us consider the subset % mid of the k' (resp. (k'— 1)) dimensional subspace H(liR,mid (G, Sym* Kly)
of Hl (G, Sym* Kly) if 4tk (resp. if 4 k):

{wi |i e[l KT} if 44k,
{w) i e[[1,kT} if4]|k.

Corollary 3.11. The set By mia is a basis of Hig 4(Gm, Sym* Kly).

B, mid = {
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Remark 3.12. Part of this result can also be proved as a consequence of [Fresan et al. 2022, Proposi-
tion 4.21(2) and Theorem 1.8]. However, the present proof does not rely on Hodge theory.

Proof of Proposition 3.8. Recall that ey, e; are defined by (2.15) and w; by (3.2). Let us set e; = mie;.
Then vg = 2(Kgeg + Ipe;) and

k kya pk—a
e\ 2KIOKE L dw
a==3 (o),

a=0

We have to examine if there exist &; , in some extension of C((w)) such that
Lk
Wiyki g = —w (2FICKE)  and Z(Cl)gi,ae’g—”éﬂf e (Sym‘ Kl if 41k,
a=0

and a similar property in the case 4 | k. Then one takes

k

N k e
mi oo = Z(a)si’aeo aET.

a=0

We write

2E[aKE [ﬁk_z“e“““)/ﬁwk/“-n a #k/2,
wt

_ 2n—D3 \K/2
wh (ZZO:O (« 25nn)' ) w”) @ =k/2,
with F,; € 1 + wQ[«/w]. When a # k/2 there exists a unique & , with the expansion
k—2a
b4 ‘
£, JT o~ 2k=2a) /W k[A—i+1/2 Gia (3.13)

@™ k= 2a)

for some G; , € —1 + /wQ[+/w]. Moreover, when expressed as a combination of monomials vg_bvi’ s

such ";‘,-,aeg_“éj‘ has no exponential factor and, if o denotes the action w!/* > jw!/* so that C(w)) =
C((w'*))?, one has U(E,-,ae’g*“é’f) = éi,k_aegé]f“. When 4 | (k +2) and a = k/2, the exponents of w in
the expansion of 2w =~! 1y Kg_a are in % + Z and one takes §; ;> satisfying

wk/A=i
(k/4—i)

with G; € —1 4+ wQ[w]). Then the factor &; ; >(epe 1)*/2 has no exponential part in its expression in terms

i

&ikj2 ™~

of vg, v and is invariant under o. Finally, when 4 | k, k > 8 and a = k/2, the residue
k 1k/2 k)2
Vi = resy_o 10 Ko
, = wit!
vanishes if and only if i < k/4. Therefore, for i > k/4 there exists &; 2> € Q((w)) such that
wdwéi k2 =—w™ —yew (T Ko)*? dw.

In this case, &; /2 (epe1)*/* has no exponential factor in combinations of vy, v and is invariant under o.

The proof is complete. 0
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Remark 3.14. In the case where 41k, the m;  are uniquely determined since there is no horizontal
formal section at z = co. When 4 | k, the /; , are unique up to adding a multiple of the formal horizontal
section 7y /4,00 defined in Proposition 3.8(2). To normalize the choice, we take the series &; /2 above to
have no constant term. This normalization then fixes the computations of periods below.

3.2. Computation of the de Rham pairing. We aim at computing the matrix Sg‘id of the pairing
Hig mia(Gm, Sym* K1) ® Hig 11ia(Gm, Sym* Kl) — C

induced by the self-duality pairing (2.7), with respect to the basis % mig- By [Fresan et al. 2023,
Proposition 3.12], the matrix S;nid is equal to the sum of the matrices having (i, j) entries respectively:

o Ifd4tkandi, j=1,...,k,
res,—o(Mi 0, 2/ u0dz/z)ale  and  —resy—o (i 00, w7 g dw/w)alg.
A similar formula following Proposition 3.8(2) if 4 | k.

Fori e{l,...,k'} we set

k
n’ii,oo = Zﬂa,i(w)uav Ma,i(w) = Z Ma,i,[we-
a=0 £>—00
We can already note that, according to Lemma 3.3, (m; , Zugdz/ Z)alg has no residue (and a similar
assertion if 4 | k) so S}c“id is determined by the residues at infinity. It follows from (2.7) that, if 41k,

we have

Spd =Dy, =1, K. (3.15)

If 4|k, S,rcnid is the (K’ — 1) x (k' — 1)-matrix given by the formula
4 y it i or j <k/4
Sty = (=D {’“"‘”*’ prors <t ek aae
(Mk,i,j — Vk,jMkik/4) ifiand j > k/4,

In other words, in the matrix given by (3.15) we delete the row i = k/4 and the column j = k/4 and we
add to it the matrix having entry (i, j) equal to (—1)*y;. jlk,iksa fori, j > k/4. According to [Fresdn
et al. 2023, Corollary 3.14] and (2.7), the matrix S is (—1)¥*!-symmetric.

Theorem 3.17. The matrix SkInid is lower-right triangular (i.e., the entries (i, j) are zero if i + j < k') and

the antidiagonal entry on the i-th row is equal to
Pk
(—¥ 5 ifk is odd,

(=D k=D
Wh+1—2i) (K+1)!

if k is even.
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Proof. We keep notation from the proof of Proposition 3.8. For odd k, the entries of Sfid are

k kb grk—b
S ky (k kaza 210Ky " kb
1e8y=0{Mi 0o, ®;)alg = — ( )( )res 0<§ ey ‘e, ————e¢, "e]dw
w i J/alg G;O a b w= i,a w1+1 0 g
k kb prk—b
1 kN rk 21K, _
2k Z (a><b>resw 0<$’“6k hef, 12j+? e](; be?dw>
a,b=0 top
k krk—a pra
1 ok 2kl
EP (a)resw:o(s,a—wj+ dw )
e
k
o () ’
=—— Y res,—o(W T Fy_y G dw)
k
2 = k—2a

where Fy_q, —Gi 4 € 1 + J/wQ[/w]. Clearly, the last residue vanishes if i + j <k'. If i + j =k’ + 1,
we find

(= 1)“
res,y— o(m,oo,a)j Z - 2a .

We conclude the case where k is odd with the next lemma.

Lemma 3.18. Forany k > 1, we have

3 (—D“()_{zk( 2)’<”;” if k is odd,

O<a<k k—2a 0 if k is even.

a#k/2

Proof. 1f k is even, replacing a with k — a in the sum shows that the sum is equal to its opposite, and
hence vanishes. We thus assume that k is odd and set

k k—2a

=3 ()2

a=0

Then fi(x) = [|'(x + 1/x)* dx/x. Besides, one has

log x log x
fe(x) = / (e + e Hkdr =2+ / cosh*rdr (x=e¢)
0

0
sinh cosh*~! ¢ k—1 [logx
=2k |:— +— / cosh*=2¢ dt}
k t=log x k 0

(D))
=—(x——)(x+- +4
k X X

By evaluating f (i) inductively, one obtains the desired equality. O

—1
fi—2(x).
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Assume 4| (k +2), so that k/2 = k' + 1 is odd. Then the entries of S are
re8y=0(Mi,c0, ;)
! ok 21y K k 2 (lgKo)/*
= _27[ Z (=D (a)reSw=o (Si,a £j+1 0 dw>—<k/2)resw=o (si,k/ZT dw)}
k
! —(_l)a . '—i—j 2(k 2) fs s
= —_k|: Z (k_2c(s) reSw:()(wk 2 J+1/2Fk—aGi,a dw)_(k/T/_zl-)resw=0(wk i JFG,‘ dw):|,

where

= (@n—Dd N\

n=0

Again, the residue is zero if i + j < k’. On the other hand, if i + j = k¥’ + 1, the first term in the above
expression is zero, according to the lemma above, and since F(0) =1 and G;(0) = —1, we have

~ k _ N
resw:0<mi,oo: w]):_<k/2)[2k l(k/+1—21)] 1.
The computation in the case where 4 | k is similar. O

Example 3.19 (k = 5). We have k¥’ =2 and

ama_( 0 8/15
: 8/15 pmspz2)

From the proof of the theorem above, one has

5 5
—1 & (=D dw
ps2= 30 22 50 ()
a=
A direct computation yields
5 5
(=1 256 2°-13
-3 S s~ e e o v

a=0

Therefore,

gmid _ (0 8/15
> 8/15 24.13/3%.53 )"

Example 3.20 (k = 6). We have k' =2 and i = 1, 2. Due to skew-symmetry, the antidiagonal entries are
enough to determine Sg‘id. Theorem 3.17 gives

md _ (0 —5/8
> _<5/8 0 )

Corollary 3.21. The ordered basis By mia of HéR’mid (G, Symk Kl,) is adapted to the Hodge filtration.
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Proof. For odd k, [Fresan et al. 2022, Proposition 4.21(2) and Theorem 1.8(1)] imply the claim. For
even k, [loc. cit.] only gives compatibility for half of the basis % miq. However, since the Poincaré pairing
respects the Hodge filtration, compatibility holds for the whole % miq by the above theorem. O

Remark 3.22 (the matrix S;). The matrix of the pairing
Sk : Hig o(Gm, Sym* Klp) ® Hig (G, Sym* K1) — C

in the basis % . ® %y is obtained with similar residue formulas as for S}(nid, due to [Fresan et al. 2023,
Proposition 3.12]:

(1) If 44k,
kii,j

o smid if 1 <, j <K,
WA ) ifi=0and j=1,...,k.

On the other hand, we have Sy.0 ¢ = reszzo(elé, ugdz/z)ag = 1. Last, for i > 1, we use the expressions
(2.15) and obtain

~ dz
Skii0 = resw:O<mi,o<>v up—
2 alg

k k—a~= dz
<a>resw:o &iaey ‘el up—
z alg

k t kar “dz
(a) feSw=0<§i,a [ilévo — IOUI] [—§K6v0 + K0U1i| , M07>
alg

I
S
=~ M»
o

a=0
k
k _ dz
= 07( ) resumo il KG
Z
a=0
Since 1
k+1)/2—i .
S Ik_aKa ~ 2k(k—2a)w( )/ lGl,a a ;é k/27
i,alo 0 1 k/2—i . _
F AW G, a=k/2

with G; 4, G; € Q[[,/w]], we conclude that Si.; o = 0. In other words, S; takes the form
1 0
0 Spd)

(= DFEHD2 K 1 /1K if k is odd,
(k= DI¥ /[ (' + DHF (K = D2 if 4] (k+2).

In particular, we get
detS; = detSP! = {

(2) If 4| k, the matrix S; is obtained from the matrix ( (1) Sgid) by adding a row i = k/4 and a column
k
Jj = k/4 that we compute now. For the row i = k/4, we note that

(k4,000 VG )ale = 25 (I Ko)*/* = wh/* Z Vikjasjw,
j=0
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so that
0 if j <O,

Sk =
SRS {—Vk,k/4+j if j > 0.

For the column j = k/4, we compute as above that S0 x4 = 0 and, for i > 1 and # k/4,
Skiik/4 = 1€8;—00 (M 00, Wk/4)alg-
In particular, by setting k” = [ (k — 1/4)] and recalling y /4 = 1, we get

detS; = —det S = —27F 1k — UK + DY) 2.

4. Betti intersection pairing for Sym* Kl,

(3.23)

In this section, we exhibit natural bases of the rapid decay, the moderate growth, and the middle homology

spaces denoted respectively by

HY(Gp, Sym* Kly), HIY(Gy, Sym*Kly), and HPM(G,, Sym* Kl,).

We then compute the Betti pairing By as introduced in [Fresan et al. 2023, Section 2.d]. Bear in mind

that the notation there keeps track of the degree of the homology spaces; as this degree is always equal

to 1 here, we omit it, but we remember the exponent k of the symmetric power. We keep the setting of

Section 2.3. While we used (-, - )aig 00 Symk KI, to compute the de Rham intersection matrix Sy, we will

use the topological pairing (-, - )top ON Sym* K12V to compute the Betti pairing By, which is thus defined

over Q.
We consider the following C*° chains on IP; diffeomorphic to their images:

R4+ =10, co], oriented from 0 to 400,
co = unit circle, starting at 1 and oriented counterclockwise,

c+ =1, oo], oriented from +1 to 4o0.

According to Lemma 2.19, the |k/2] + 1 twisted chains

Bi=R.®elei ™, 0<j<Ik/2],

have moderate growth and define |k/2] + 1 elements of HTOd(Gm, Symk K1), still denoted by B;.
Besides, the twisted chain ag = ¢y ® elg is a twisted cycle with compact support, and hence has rapid

decay, since eg is invariant by monodromy. We obtain other twisted chains with compact support as

follows. For each integer n > 1, let us set

(=D
na

C,(a) = (”) 1<a<n.



Quadratic relations between Bessel moments 561

Lemma 4.1. Let n > 1 be an integer:

(1) The sequence (C,(a)), is the unique solution to the linear relations

n n

1
E Cn(a)a=— and E Cha)a" =0 if2<r<n
a=1 n

a=1

(2) The sequence (Cy(a)), is the unique solution to the linear relations

Y Cu@a =(=1"""n=D! and Y Cyl@)a” =0 if2<r<n.

a=1
Proof. Direct simplification of Cramer’s rule in solving the systems of linear equations. U
Lemma 4.2. For integersn > 1 and r > 0, one has
—1)n .
n+r _(n+z' B, ifr=1

Z Coir(@) Z b" =

EB, + (-1 fr =0

Proof. Replacing Y ,_, b" with Bernoulli’s formula

b=1 £=0

we can rewrite the left-hand side as

n+r n+1 n—+r
3 Cuvrl@ Zb" = Z( D", )Be 2 Cosarat '™
Then Lemma 4.1(1) gives the assertion for » > 1 and, for r = 0, we use Lemma 4.1(2) instead. O

Since T%ey = e; +aeg for all a > 1, it follows from Lemma 4.1(1) that, for each 1 <i < k, the twisted
chain with compact support

k—i+1
Y Ceini(@cf ey e
a=1
has boundary {1} ® e6 . As a consequence, the following (k' + 1) twisted chains are twisted cycles,

whose classes are elements in Hrld(Gm, Sym Kly):

ozozco®eg

Dk (k—i)! k—i+1 .
o = — DD+ oL @ehey T+ Y Croini(@c @y el T (1< <K,

The natural map

HY(Gp, Sym* Klp) — HPY(Gyp, Sym* K1)
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is given on these twisted cycles by

0 ifi=
P , 4.5)
Bi if1<i<k
by shrinking the circle ¢y and extending the half-line c...
Proposition 4.6. If0 < j < |k/2], we have Bi(ap, Bj) = =80, j and, if 1 <i <Kk,
Lk=Dk— ) B
Bi(ei, Bj) = (=" .
k! (k—i—j+1D!

With a small abuse of notation, we also denote by By the matrix (By.; j)1<i,j,<x With
Br.i,j = Bi (i, Bj).

Proof. For the first assertion, since the intersection index (cg, R4) is equal to —1, we have by (2.18)
P k- e
(616,66 € J)top =0 ifj#0,

<e’5, ’f>mp ——1 ifj=0.

B (o, Bj) = {
Let us compute By («;, B;) if 1 <i <k’ and 0 < j < |k/2]. Fix some 6, € (0, ) and let x, = exp(i6,).
To achieve the computation, we move the ray c4 by adding the scalar (x, — 1) and let the circle ¢ start

at x,. Then the component ¢; ® ef) lelf *+1'in the deformed o; meets B ; physically a times at the same

point 1 € (DX with intersection index —1. At the b-th intersection (1 < b < a), the factor eé) lelf i+1
becomes e (e1 + beg) 1 and (2.18) gives
. » k—i+1IN /RN
(e (er+beo) T el Dyop = (=1 (T I (G) B
For j > 1, since By (o, B;) = 0, we obtain, by adding these contributions and taking into account the
intersection indices,

k i+1

Ba ) =0 (T () X G- 1+1<a)2bk i,

The asserted equality follows by applying Lemma 4.2 with r > 1
If j =0, then By (o;, B;) writes

_ . k—i+1
(=D (k—i)! — Bi—iv1
_ C b i+1 __ lk i
S S Z klﬂ(a)Z =D
after Lemma 4.2 with r = 0. O

Theorem 4.7. (1) The family (o;)o<i<k’ is a basis of Hrld(Gm, Symk Klp).
(2) The family (B;) with0< j <k’ (resp. with0< j <k'+1 and j #1) is a basis of HTOd(Gm, Symk Kly)
if 4tk (resp. if 4 | k).
(3) The family (B;) with 1 < j <k’ (resp. with 2 < j < k') is a basis of HM(Gy,, Sym* Klp) if 41k (resp.
if 4 k).
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Notation 4.8. If 4 | k, we shift the indices of the bases « and g as follows:

o ifi <k/4
S I RS
o; ifi >k/4,

and similarly for . We set B"® = (BJi); jegi vy with

mid _ Bk(ai»ﬁj) if4)(k,
SETT | Belaf, ) if 4 k.

In particular, B,‘{“id = By if 41k. Theorem 4.7(3) implies that Bkmid is an invertible matrix.
Theorem 4.7 is a straightforward consequence of Propositions 4.6 and 4.9 below.

Proposition 4.9. (1) Let By denote the matrix of size k' having entries By (a;, B;) with
o 1<, j <Kk ifdtk,
e 1<i<kKand2 < j<k/2if4|k.

Then /
[Ty ()] if'k is odd,
det By = [k + DT, ()] if4l ke +2),
[T ()] if4 k.

(2) If 4 |k, let B,/( denote the matrix of size k' — 1 having entries By (i, B;) with2 < i, j <k'. Then

det B] = [i—i(k/z)z ]k_[(’;)]
a=2

(Note that B = By if 4tk and B = B} if 4| k).

—1

Some determinants of Bernoulli numbers. We will make use of the following lemma:

Lemma 4.10. The following identities hold.:

et 2t __COmhRen+ DY @.11)
G+ D) 1<ijen  2"FDBUSH - Qn+ DI '
—1)"/? .
By (
det(%) :{2"(”“)[3”5!!~--(2n+1>!!]2 Y is even. .12)
G+Jj+DV < j<n 0 ifnis odd.

Proof. We follow the principle in [Krattenthaler 2005, Section 5.4]. Recall that, for each n > 0, the
Lommel polynomials 4,, ,(x) satisfy

Join(@) =l (@I = Bp 1001 DI -1(2),

where J, (z) is the Bessel function of the first kind of order v. Let

Ja(x) = n1/2(x) € Qx] (n = 0).

S —
Q2n+ 1!
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The following hold:

e fu(x) is monic of degree n with fy(x) =1, fi(x) = x, and { f,,(x)} satisfies the recursive relation

_ ! >1
T ont+hen+3) 7

e {fu(x)} forms an orthogonal family with respect to the linear functional

Jnr1(x) =xfn(x) = by fu—1(x), by

oo

L(fx)=)_

(mn)z(f(l/m”) + f(=1/mm)).

For the above; see [Koelink and Van Assche 1995, Section 1]. We have the moments u, = L(x") of the
linear functional

1 1 1 —1)r/2r+2R
Z _ (=D r+2 >0, r>0

Hr = 2 = r+2 + (_m)r+2 - (r +2)!

(in particular, o = %). With these data and by applying [Krattenthaler 2005, Theorem 29], one readily

obtains
Qn+1)l! (=12 i
n+1)! if n is even,
det(ptis+osi, j<n—1= 3y — 5 det(ui+j+1)0<i,j<ﬂ—1={[3!!5!!---(271-}-1)!!]2
(35t~ 2ntDY 0 if nis odd.
The asserted formulas follow immediately by a simple matrix manipulation. 0

Remark 4.13. Let

Boa+an—2 / Baa+ap
®n = _— N @n = .
Qa+2b—2)!) <y pen (2a+2b)! ) <q.p<n

By rearranging columns and rows, one has

( Bitj ) {@nﬂ@@;/z if n is even,
G+ D r<ijen Onp1p @0,y ifnisodd,

0 9 . .
(G+7+D 1< j<n singular if n is odd.
Therefore, (4.11) inductively implies the equalities

I , D"
det O, = 22311511 .. (4n — DI et O = Znenansi - (4n+ DI

and (4.12) is a consequence of (4.11). The evaluation of a variant of det ®,, is also considered in [Zhang
and Chen 2014, Corollary 2], although their formula does not seem to be correct. Both this approach and
that of [loc. cit.] use the orthogonal family of Lommel polynomials.
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Proof of Proposition 4.9. Let Ay, = (8,41(i + j))1<i,j<n- For integers m, n withm >n > 0, let
D;; , = diag((£D)"m!, (D)™ '(m — D!, ..., (£1)"n)).

(1) For k odd, we have

Bk = lD_ , Ak’( BH_j ) Ak/D+ ,
k! k—1,k'+1 (l+])' I<i.j <k’ k—1,k'+1

and by (4.11), one obtains

k' k'

k! k' +a) T N
detBk:zk’(k”r”(k!)k/H[(2a+l)!!] :[k!H(C’)] '

a=1 a=1

For 4| (k+2), we have

1 Bitj
— - Jjtl +
By = EDkfl,k%ZAk' Ak’Dkfl,k’+2
: 1<i, j<k'

(i+j+D!
and
1 T +1+a)!7 (9]
B . . /
det By = WD) (¥ Ul[ (2a + D! ] N [k!(k +1)1i[2<a)]
by (4.12).

For 4 | k, we have

B = LD~ Ap( Bt Av D
k_k! k—2,k'+1 22K i+ j)! o K1 k042
and
K 2 K -1
k—D!(k—D! (k' +a)! k
det By = —~ : — | k! ( ) .
et B 2’<<k+1)(k!)k(k/+1)!£[1 2a + D! Uz a
(2) We have
B/=1D_ Ay I(M) Ap_1DF
k k! k—2,k'+2 (l+]+1)' I<ij<ki—1 k—2,k'+2°
and
k' —1 2 k' -1
1 k' +1+a)! k k
detB, = ————— R ol sy Bae ) ( ) . O
T Ty U][ Qa+ D! } [4( e

5. Quadratic relations between periods and Bessel moments

In this section, we express the period pairing between rapid decay homology and de Rham cohomology
of Sym* K1, in terms of Bessel moments and we obtain quadratic relations between them by specializing
to our setting the general results from [Fresan et al. 2023].
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5.1. Quadratic relations between periods. We use the topological pairing (-, - ),p on Kl, which is
compatible with the Q-structure of K12V from Section 2.3. Recall that the induced pairing (-, - )iop ON
Sym* K1, is (—1)*-symmetric. The period pairing P! was defined in [Fresan et al. 2023], where the
index 1 referred to the degree of rapid decay homology and moderate growth de Rham cohomology. Here
we denote it by Pzd’m(’d, in order to emphasize that we are dealing with the k-th symmetric power and since
there are no other nontrivial (co)homological degrees at play. Recall the de Rham cohomology classes w;
from (3.2) and the rapid decay cycles «; from (4.4). Since (o;)o<i<k’ 1s a basis of Hrld(Gm, Symk Kl,) by
Theorem 4.7(1) and (w;)o<i<k 1S a basis of HéR(Gm, Sym" Kl,) by [Fresan et al. 2022, Proposition 4.14],
we deduce from the perfectness of the pairing P,rcd’mod (see [Fresan et al. 2023, Corollary 2.11]) that the

(K + 1) x (k' + 1) period matrix (Pf"*)o<; j<i defined by

rd,mod __ prd,mod, .
Pk;i,j —Pk (al$a)])

is invertible. Thanks to the identity (2.16) relating v to ¢p and the change of variables r = 2,/z, the first
row of this matrix reads

.dz i .dz .
P (a, w)) = / (ef. vehopz! — = f Qri)*Io(2y2) 2! = = Qri)*'s ;, (5.1)
o Z o Z
from which we immediately derive:

rd, mod

Proposition 5.2. The k' x k' period matrix P = (Pei. i )i<i, j<k IS invertible. O
The pure part of the pairing P,r(d’mod arises from the pairing between middle homology and middle

de Rham cohomology. According to (4.5) and Theorem 4.7(3), the elements (¢;); 1,47 map to a basis
of H‘lnid(Gm, Symk Kl,) whenever 41k. If 4 | k, we instead consider the images of the shifted elements
(ozlf )ieq1,47» as introduced in Notation 4.8. Regarding H}iR’mid(Gm, Symk Kl,), Corollary 3.11 gives the
basis (w;)ieq1 kg (resp. (@))ieiiy) if 41k (resp. if 4| k), where w is modified as in (3.9). With this
notation, the middle period matrix is defined as follows:

PE = (PR i jetnan = {(PEZZZ(ai’ “Pieniin T4k,
o (P o, w))ijenwy  if 41k

In particular, P4 = Py if 44k.

Recall the matrices S}("id from Section 3.2 and B}c“id from Notation 4.8. In the current setting, the general
method to express middle quadratic relations explained in [Fresdn et al. 2023, Section 3.f], namely (3.21)
therein yields the following result:

Theorem 5.3 (middle quadratic relations for Sym* Kl). The middle periods of Sym* Kl, satisfy the

following quadratic relations:
(_zni)k+1821id — P;{nid . (Sglid)—l . tPglid‘

In particular, the matrix Pkmid is invertible. O
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5.2. Bessel moments as periods. We consider the power moments of the modified Bessel functions I
and Ko defined by

o0

BM, (i, j) = (= D12k (i’ f Io(t) Ko()¢/ dt,
0

where the indices i and j are subject to the constraints

0<i<kandj>0 orifkiseven, i=5and0<j<k -1

For this range of indices, it results from the asymptotic expansion at infinity (2.14) that the improper
integral BM (i, j) converges. In what follows, such moments will occur only for odd j.

Proposition 5.4. Forall 1 <i, j < k', the following equality holds:

Pimt = BMy (i, 2j — 1).

Proof. In view of the definition (4.4) of the twisted cycles «;, we need to compute the integrals along c{j
of (ed™ ek Ky opz/ dz/z fora=1,...,k—i+1 and the integral along c of (¥, vE)iopz/ dz/z.
Let us first remark that, for ¢ € (0, 1], we can replace co and c with the scalings c¢o . and c4 ¢ by ¢

defined with the base point ¢ instead of 1, leading to a twisted cycle «; . equivalent to o; (1 <i <k’). We

will show
. a—1 _k—a+1 _k dz .
lim (e € , 0>t0pZ] =0, a=1,....k—i+1, (5.5)
e—0 J.a Z
. P k=i Lk ;dz A o
hH(l) (epe; s vo)tosz7 =BM;(,2j—1) forl<i,j<k. (5.6)
e—

Cte

We first show that the limits (5.5) are zero. According to (2.18), we only need to compute the coefficient

k—a+1 _a—1 Ia—lKk—a-H
0

of ”0 in e, e| ", which is equal to /; up to a constant (see (2.16)). It remains to check that

ami
/ IO ' Ko@)* 4142 =1dr — 0 when |7| =24/ and ¢ — 0.
argt=0

We can use the estimate (2.13) to compute the integral, and the assumption j > 1 implies that the absolute

value of the integral tends to zero with e.
For (5.6), recall that the coefficient of vO in eg ’e’l is equal to 2k (i)t (ll‘) Ié Kg_i, and thus (see (2.18))

k) 2k(m)< )IOK" = (— DRk iy IR

(ehel ", v)iop = (=D (}
The assertion (5.6) then follows from the relation z/ dz/z = 272/+12/=1 dz. 0O
Corollary 5.7. The matrix Pkmid satisfies, for i, j € [1, k'],

BM;(i,2j —1) if 41k,
Pkmlld] = 1BMi(i +1,2j — 1) =y i BM (i + 1, k') ifd|kandi <k/4,
BMi(i,2j — 1) — yi, j BMi (i, k) ifd|kandi > k/4.
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Example 5.8. Consider the case kK = 8. Taking the determinant of the quadratic relations from Theorem 5.3
and using the computation (3.23) and Proposition 4.9(2) yield

—527718

(det PP? = (27i)® det B! det ST¢ = i

On the other hand, by Corollary 5.7 and the equalities g 1 =0 and y3 3 =

mid __ (ﬂi)z 27
= (" ) ()

A /oo (10(f)2K0(l)6t 21o(t)> Ko ()01 — Io<r>21<o(r>6r3) .
= f.
0

% from (3.6), we explicitly have

with

Io(1)>Ko(t)°t 21o(t)>Ko(1)’t> — In(1)* Ko()°1

One can check numerically that det A is positive, and hence det A = 57%/(2!! - 3). Using the linear
relations BMg(1, r) +BMg(3, r) = 0 from Corollary 6.12 below for r = 1, 5, this verifies the numerical
evaluation made in [Broadhurst and Roberts 2018, (2.5)].

5.3. Relation to the conjecture of Broadhurst and Roberts. Broadhurst and Roberts [2018, Section 5]
use different normalizations to state their conjectural quadratic relations. Instead of the above matrices
Bk and Py, they consider matrices that we shall denote by Bi* and P}® (the notation By and Fy is used
in [loc. cit.], the index k being occupied by what is k’ here). To compare their matrices with ours, we
introduce auxiliary square matrices

Up = antidiag(l, ..., 1), Ry =antidiag(i, %, ...,{), Te=diag(—4, (=42, ..., (=H")

of size k', where the antidiagonal entries are listed down from the top corner. By Propositions 4.6 and 5.4,
the matrices B}* and P}® relate to ours as

k' i 1
Uk B Uy = W('(k+’+] V. Briji<ij<k and  UpPpt = Cadmpr (TP 1< jen
whence the identities
BR I(k+])k'l BR t
Bk = —W Rk/ . Bk . Rk/ and Pk = W Rk/ . Pk . Tk/. (59)
Besides, Broadhurst and Roberts [2018, page 7] define matrices DX = (Dii‘, j)lgi’ j<k with rational

coefficients and conjecture that, for all integers k > 1, the quadratic relation
PR-D* PR =BRR.

holds. In the direction of this conjecture, we obtain:

Corollary 5.10. If 41k, then the matrix Dy defined as

Dy = (=D k(T - SP¢ - Ty ™!
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satisfies

PE*. Dy - 'PRR = B~

Proof. Under the assumption on k, we have Py = Pgﬁd and B, = Bkmid. The statement then follows from

the quadratic relations of Theorem 5.3 and the equalities (5.9). O
If 4|k, we set
B/BR — I_(k+1)k' R/ . Bmld . R/ and P/BR _ 1 R/ . Pmld . T/
kT T T ok KT Pk k' k= —(—2ﬁ)k+1 KTk K

where we denote by R, (resp. T},) the matrix obtained from Ry (resp. Ty/) by deleting the row and
the column of index k/4, that we consider as indexed by [1, k']1>. We define the matrix D;, indexed by
[[1, k']? so that it satisfies the relation (see (3.16))

D}, = (=D k!(T}, - ST )~
Corollary 5.11. If 4|k, then the matrix D) satisfies
P;{BR . D;( . [P;{BR — B;(BR'

Remark 5.12. Numerical computations show that, for all integers k < 22 that are not multiples of 4, the
equality Dy = D}¥ holds. On the other hand, for k =8, 12, 16, 20, the matrix D; coincides with the matrix
D;*® obtained from D}® by deleting the row and the column of index k /4. These computations also seem
to suggest that k!(S}g‘id)_1 has integral coefficients. Is it true for all k£?

6. The full period matrices

In Theorem 5.3, we emphasized quadratic relations for the middle periods to make the link with the
conjecture of Broadhurst and Roberts. However, quadratic relations hold between the rapid-decay versus
moderate periods

pitmod . H(Gpy, Sym Klp) ® Hig (Gp, Sym* Klp) — €
and the moderate versus rapid-decay periods
P?Od’rd : HY(Gyy, Sym* Klb) ® HéR’C(Gm, Sym* K1) — C.
Namely, it follows from [Fresan et al. 2023, Remark 2.15] that

(—27Ti)k+led’mOd — Pzd,mod . (Sk)fl X thmod,rd7

where B,r(d’mod and Sy stand for the complete Betti and de Rham intersection pairings. In this section, we
consider the bases By ., %, and («;);, (B;); as defined in Section 3.1 and Theorem 4.7, and we compute

the entries of the matrices of Pi"™ and PJ"**™ which do not appear in P,
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6.1. The complete period matrix P*™°3, In order to finish the computation of the complete period

matrix (Pf;“}(’d)og,-’ j<k'» we are left, according to (5.1) and Proposition 5.4, with computing the terms
d, mod T

PZ;i,O

according to the expansions (2.13) and (2.14).

fori =1,...,k". In such a range, we consider regularized Bessel moments defined as follows,

Definition 6.1 (regularized Bessel moments). For all i such that 0 < i < k/, the functions

o0 ) .dt -1 k—i )
Gri(e) = / Io(e) Ko<+ &(y +log(e/2)) !

are holomorphic on small sectors containing ¢ € R and have finite limit as ¢ — 0". The regularized
Bessel moments are defined as

BM (i, —1) = (=) 2 (i)’ lim Gi(e).
E—>
Proposition 6.2. We have
pzd’m‘)d(ai, wo) =BM (i, —1), for1<i<Kk.

Proof. We argue as for (5.5) and (5.6). If 1 <i <K/, let

—D (k= i)!
P, (e, wp) = P (ai L eV a)o),

k—i+2
so that
Dk —i)!
Pzd’mOd((Xi, wo) = ch (otj, wo) — %Prd,mod((xo’ wp). (6.3)

On the one hand, by scaling the chains ¢ and c( by ¢ € R- and letting &’ = 2,/¢, we find

k—i+1

/ i ki ok 92 o1 k—itl k92
Pk(ais wo) = (e()el ) Uo)top_ + Z Ci—it1(a) (60 € s Uo)top_
Ct.e z a=1 Cg,e 2

= (=D 2y’ f Io(zﬁ))iKo(Z\/z)k_i¥
k—i+1

—i i i— _iy14z
FEDR T Y @ [ ey K@y
a=1 e

. . [® . dt

= (=D 2 (i) / lo(1) Ko~ =
‘ . kit ‘ ds
DY G [ o0 Kot

0,¢’

a=1
. . [0 . dt
= (=D 2 (i) / Io(r)’Komk—’T
‘ k—i+1 dt
+2H @) Y Ceeia(@) / L +1og(t/2) " + 0 log = H )=
CO,S/

a=1
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Lemma 4.1 yields

k—i+1 odt
> Chomt@ / (v +logt/2) 1L
1 k—i+1 . .
-5 D Ciint@I(y +log(e'/2) + mia)* "+ — (y +log(e /2)) 2]
a=1

Ti i (=D k=D
— 1 I 2 k—i+1 k l+2‘
g1y tloele/2) t i

Letting ¢ — 0, one obtains

(=D k=)

27T k+1‘
K—it2 T

P, (e, wo) = BM (i, —1) +

On the other hand, P,rcd’m(’d(ao, wo) = 2mi)**! as computed in (5.1), and (6.3) gives the desired formula.
O

mod,rd

6.2. The complete period matrix P;""". The period matrix podd is defined by

o o 0<i, j<K if 41k,
Pro = PRt (B, (i, ), {0<l<k/2 i#1
0<j<

if 4|k,

rd,mod

(see the notation of (3.9) for ', ) and is nondegenerate (argument similar to that for P, ). According

to [Fresan et al. 2023, Section 3.f], its middle part is equal to Pmld already computed:
o If 41k, we are left with computing Pmc.)d.’rcl fori, j €[0,k'and i or j =0.

mod rd

o If 4|k, we are left with computing P;. with

i=0,2,...,k/2,j=0,k/4,
i=0,k/2,j=1,....K,j#k/4

Definition 6.4 (regularized Bessel moments, continued). If4 | k and k/4 < j <K', the function € — Hy j(¢)
defined by (see (3.5))

1/e . )
(o) — k2 2j _ _Yei k2 Yk, j—n
Hi.j (@) _fo (o) Ko (1)) (t k22! ) r k- 2,+1 Zn(482)n

is holomorphic near R. with finite limit when ¢ — 0%. We set

BME(k/2,2j — 1) = 22 (k2 Tim Hy j(e).
e—~>0*

Proposition 6.5. (1) If 41k, we have:
@ PG = (=DFsj0.i=0,... k.
(b) P;{fgf‘fd:BMk(o, 2j—1,j=1,..., k.
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(2) If 4|k, we have:
@) PRoG =8i0.i=0,....k/2
. —1 .
(®) P}g;’ij‘j - _(2”')k/22k/2(k];2) Sik2,1=0,...,k/2.
© PE%‘?}fd =BMi(0,2j — 1) — yx,j BM (0, Ky, j=1,...,k,j#k/4
d) pmodrd _ BM(k/2,2j — 1) 1<j <k/4,
(d) kik/2,j — reg . ;
BMI(k/2,2) 1) k/d<j<K.
Proof. For (a) and (a), we note that

Protrd (g, (g, 0)) = (ehek 1, k) iop = (= 1) 810.

Similarly, for (b) (see Proposition 3.8 and [Fresan et al. 2023, Proposition 3.18]),
~ _ k-1
PE B s, 00) = —(epel ', 24 e even)* Phuop = =2Gri () Bk

For the rest, since the coefficients of the cycle §; in terms of {u,}, have logarithmic growth at 0, and 7 ¢
is holomorphic and vanishes (Lemma 3.3), the contribution limzﬁo(eéek_" mj, 0)top(2) of (Bi, m mj, 0)top 1N
[Fresan et al. 2023, Proposition 3.18] in the period pairing is zero. For i #k/2ori =k/2,1 < j <k/4,
the coefficient (— 1)~ (;ri)’ Ej,i of (B, mj,oo)top (see (3.13)) is holomorphic near R..¢ and vanishes at oo,
so the contribution of 71  is zero too. In this case, one therefore has

PRt (B, (i, @)op) = / (ehe ™", @ hop = BMi(i, 2j — 1) — v BMy (i, k)

R4
as in the proof of Proposition 5.4. This completes the cases (b), (c) and the first part of (d).
It remains to check the second part of (d), with k/4 < j < k'. Let

£ = (—4milyKp)*?z/71dz and 5= (—4wiloKo)"**/* 1 dz.
We have

((e0e1)*?, @ )iop = ((e0e1)*/?, (@] + 1€8:200 (@[ )0k /a) )10p = & + T€S:—00 (E)7.

Note that 71 j « is defined so that d((ege1) /%, 1 j 0o)iop = & + 18,200 (£)1 and ((ege1)*/?, il j oo )1op has no
constant term in the fractional Laurent series expansion in 1/z. We then obtain

T
P;“°d’fd(ak/2,(ﬁj,w;))ztlin&)/ & res,—oo(§)n — ((e0e)*/?, 1 j oo)iop(T) = BMF (K /2,2 = 1). O
- 0

Example 6.6. Respectively for k = 3, 4, the complete quadratic relations lead to the equalities of the
regularized Bessel moments

lim Io(t)KO(t)2 +1(y +loge/2)’ = / Ko(t)tdt - / Io(1) Ko (1)%t dt,
8—) 0 O
SOO jT
lim / K@Y Ly +loge/2)* =
e—s0+ J, 120°
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Remark 6.7 (determinant of P¢). A formula for the determinant of the matrix Py in Proposition 5.2, which
implies in particular its nonvanishing, was conjectured by Broadhurst and Mellit [2016] and Broadhurst
[2016, Conjecture 4 and 7] and proved by Zhou [2018b]. Since detS; is computed in Remark 3.22
and the determinant of the Betti intersection matrix is computed in Proposition 4.9 in order to prove its
nonvanishing, the quadratic relations also lead to a computation of det P, up to sign.

Remark 6.8 (dimension of the linear span of Bessel moments). Zhou [2019b, Theorem 1.2], shows
that, for each i such that 1 <i <k’ (resp. for i = 0), the Q-vector space E; spanned by the Bessel
moments BM (i, 2j — 1) for all j > 1 has dimension at most k" (resp. at most k' + 1). From the point
of view of the present paper, the upper bound dimg E; < k" when 1 <i < k' is a direct consequence
of the fact that the BMy (i, 2j — 1) result from pairing the fixed rapid decay cycle «; with the de Rham
cohomology classes w; = = [z/uodz/z]. Provided j > 1 and k is not a multiple of 4, all these w; ; lie in
the middle de Rham cohomology HdR,mid(Gm’ SymF Kl,), which has dimension &’. If k is a multiple
of 4, the periods Pmid(al, -) are generated by BMy(i,2j — 1) — yx j BMi (i, k') for j € [1, k], with
Yk.k/4 = 1. For each j > 1, the class (z/ — Vk. ]zk/4)uo dz/z lies in HdR mid (Gm, Sym Kl,) and has period
BMy (i, 2j — 1) — y,j BMk (i, k') when paired with «;. Therefore, dimg E; < &’ holds. In the case i =0,

mod,rd

the periods P, (o, -) are generated by

1 and BM(0,2j — 1) —yi, BMk(0, k) (1< j<K).
Again, for each j > 1, there exists 7 ; such that the class
(M, (@ =y 2" Huodz/2)
lies in H}iR’ (Gn, Symk Kl;) and has period
BM;(0,2j — 1) — y,; BMi (0, k)

when paired with 9. Hence, dimg E¢ < k&’ + 1, as this is the dimension of de Rham cohomology with
compact support.

6.3. Linear relations. When k is even, there is a unique nontrivial linear relation among the k" 4 2
classes (Bj)o<j<k/2 in Hrf“’d (G, Symk Kl,). We determine explicitly the moderate 2-chain that yields
this relation.
Lemma 6.9. For two integers n, r with 0 <r < 2n,
min{n,2n—r} .
> OOy
P )T <<

Proof. We provide two approaches; the second one has been provided by Hao-Yun Yao of NTU.
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Let a, be the sum in the left hand side. Then the polynomial f(x) = Zfio arx" is the coefficient of
y" in the expansion of

g, ) =—D"Y G+D™ 7Y =@+ D" -D"Y (x+ 1"yl
r=0 i=0

Thus one obtains
fO=x+D"((x+D-=D"=x"(x+1"

and the assertion follows.

Alternatively, let S be the set of subsets of {1, 2, ..., 2n} consisting of r elements and define 7T =
{AeS|{1,2,...,n} C A}. Members of T are obtained by choosing (» —n) elements from {n+1, ..., 2n}
so that the cardinality |7T'| equals 0if 0 <r < n or (rfn) ifn<r<2n. Let S, ={A € S|c¢A}. One has
S=Tu(SU---USy,) and [S;, N---NS, | = (zn;i) for 1 <c¢j < --- < ¢; <2n. The inclusion-exclusion

principle then gives the formula. U

Proposition 6.10. Let P! be the real oriented blow-up of P along {0, oo} as in Section 2.3, and consider

the simplicial 2-chain

o:{(x,y) € R? 10<x,y, x+y< 1} — @1, plx,y) = tanw exp(4i tan_l(y/x)),

which covers P! once. Ifk is even, the singular chain

k/2

(k/2N i ki
a=po Y 1 (M )eieh
i=0
is of moderate growth, and the relation
L(k—2)/4] k)2
Z <2i+1>:82i+1 =0

i=0
holds in H'(Gy,, Sym* Kly).

Proof. It follows as direct consequences of the monodromy relation and Lemma 6.9, which also imply
that
L(k—2)/4]
_ k/2
1
TaA: Z 2i+1 Bai+1- O
i=0
If 4| (k+2), choosing the principal determination of w'/? near R, we write, in a way similar to (3.4),

the asymptotic expansion

o
24 (L) Ko@) ~ wh*y "y g aw”
n=0
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As in Definition 6.4, one checks that, for j € [(k +2)/4, k], the difference

H (&) /1/8(1 () Ko(1))¥/212 dt 1 / J/k/,j—n—l/z
(g8) = —— . E
k,j 0 0 0 ¢ 2k=2j+1¢ —~ n + 1)(482);1

is holomorphic near R. o with finite limit as ¢ — 0. Set
BM#(k/2,2j — 1) = —2k=27+  (mi)k/2 lim Hy j (o).
o—>

In this case, one has
0 if j =0,
PR (B, (M, ) = { BMe(k/2.2j — 1) if 1 <j < (k—2)/4,
BM®(k/2,2j —1) if (k+2)/4<j <K

as in Proposition 6.5(2). To unify the situations, we introduce the compactly supported version of the
Bessel moments.

Definition 6.11. Assume k is even. We set
| =k/2
BME(k/2,2j — 1) i li =k
k/4] +1<j <K,
BMy(i,2j —1) —yij BMi (i, k') if 4|k, 0<i <K/,

BM;(i,2j —1) otherwise.

BMS(i,2j — 1) =

Corollary 6.12 (sum rule identities). Assume k is even and set k"' = | (k — 1/4)]. The linear relations
among Bessel moments

k//
Z(zllffl)BM,i(ziH,zj—l):o (6.13)
1=
hold for all j such that
1<j <2 if4) (k+2),
1< j<2K +1, j£k/4 if4|k.

Remark 6.14. For j € [1, k"], these sum rule identities were proved by Zhou by analytic means; see
[Zhou 2019a, (1.3)] for 4 | (k 4 2) and [loc. cit., (1.5)] for 4 | k, where the second argument of the Bessel
moments is also allowed to be even. Our proof, closer to the spirit of the Kontsevich—Zagier period
conjecture, produces the relation (6.13) simply from the Stokes formula.

7. Comparison of period structures

In [Fresan et al. 2022], we have introduced the Nori motives M; defined over Q, whose definition we
recall in Section 7.1, and we have explained how the Hodge filtration of their Hodge realization can be
computed in terms of symmetric powers of the Kloosterman connection on G, and their irregular Hodge
filtration. We aim at making Deligne’s conjecture on critical values explicit for them in Section 8. In this
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section as a preparation, we focus on the comparisons of various Q-structures. For that purpose, we only

retain from each Nori motive M

o its period realization (over Spec Q, see Section A4), that is, the (Q-vector spaces (My)qr (de Rham
realization) and (My)p (Betti realization), together with the comparison isomorphism comp : C ®g
(Mi)p >~ C ®g (Mg)dr, and

« the action F, on (My)p induced by geometric complex conjugation.

On the other hand, the computations of the previous sections lead us to define a (transposed) period
structure (over Spec Q) as follows:

e The de Rham Q-vector space H}iR’mid (G, Sym* Kl»)g is the @-vector space generated by the family
P mia of Corollary 3.11.

e The (dual) Betti Q-vector space Hrlnid (G, Sym* Kly)g is the @-vector space generated by the family
(B)) of twisted cycles of Theorem 4.7(3).

 The period pairing is the pairing P}cnid.
There is an obvious notion of morphism of period structures.

Theorem 7.1. The period structure (My)4ar, (Mg)B, comp) of the motive My, is isomorphic to the trans-
pose of (Hlg 1ia(Gm, Sym* Klp)g, H' (G, Sym* Kly)g, PRiY).

Furthermore, we will give an explicit description under this correspondence of the action F, on
HM(Gyy, Sym* Klp)g.

We proceed in two steps. Firstly in Section 7.1, in an analogous way to the method used in [Fresdn
et al. 2022], we realize the mixed Hodge structure corresponding to My together with its associated period
structure as the exponential mixed Hodge structure and the associated period structure attached to a
function on a smooth variety equipped with the action of a finite group. We also analyze the automorphism
of the Betti fiber of this exponential mixed Hodge structure induced by the complex conjugation on
the variety underlying My. In particular, we avoid computing periods directly on the variety underlying
the motive My. The tools for this part are developed in the appendix in which the period realization of
exponential mixed Hodge structures is investigated, extending the focus on the de Rham realization in the
appendix of [loc. cit.]. Then in Section 7.2, we compare these objects to those of the previous sections by
making explicit differential forms of higher degree and higher dimensional twisted cycles that correspond
to the bases obtained for Sym* Kl, there. The period matrix computed in Proposition 5.4 is thus a period
matrix for My, and the action of the conjugation is explicit since the Bessel moments we consider are
either real or purely imaginary.

7.1. The motives My. Let y = (yy, ..., yx) be the Cartesian coordinates of the torus an defined over Q.
Upon an, consider the action of & x u, where the symmetric group &y, acts by permuting the variables
y and the group uy = {1} acts as y; — £y;. Denote by g : GK — A! the regular function given by the
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Laurent polynomial

k
1

i=1
and let % = (gx) be the associated closed subvariety of an. Then %) is invariant under the action of
Gy x wo and hence the latter acts on various cohomology spaces, or on the (Nori) motives H* (%) and
H’C‘_1 () of degree k — 1 of #. Let sgn: & x uy — Q* be the product of the sign character on & and
the trivial one on w,. We define the pure motive My, of weight k£ 4 1 over Q) by taking the sgn-isotypic
part
My = gry [HE! () (= D] S0resen,

where W indicates the weight filtration; see [Fresan et al. 2022, (3.1)]. The Betti realization (My)g and the
de Rham realization (My)qr of My are the Q-vector spaces of dimension | (k — 1/2)| — 847(k) obtained
by replacing H. by the corresponding cohomology functors (with compact support).

Let 7 be the complex variety defined by the base change of J# to C. It is shown in [loc. cit.] that the
base change

C® Mp)ar = @i’y [Hig () (= 1] He

of the de Rham realization (My)q4r is identified with HdR,mid(Gm’ Symk Kl,) discussed in the previous
sections.
The pair (U, f~k). We consider the torus Uy = G,y X Gﬁl over (O with its C-extension U, endowed with

o the action of &; permuting the coordinates on an,

« the action of w, sending (¢, y) to (¢, y),

« the involution ¢ sending ¢ to ¢ and y; to —y; for each i,

« the antilinear involution conj on the analytic manifold U (C) induced by the conjugation of coordinates,
which commutes with all the above actions.

Let fi : Uy = Gm,r X G — Al denote the Laurent polynomial (¢/2) - gx, where g is defined above. Then
fk is left invariant by the action of &, u; and conj, and satisfies ¢* fk — fk

Conjugation acts on Q7 (U) by changing a p-form w(z, y) to w(Z, y). Therefore, conj*(d f) = d fi
and conj* induces an involution on Hﬁ;{ IC(U fk) Hk (U, fk) and Hﬁ;{}mid(U , fx) which commutes with
the action induced by &; x u, and ¢*.

According to [Fresan et al. 2022, Theorem 3.8], the associated mixed Hodge structure (My)y is

identified with the exponential mixed Hodge structure anﬂ (U, fp)®>#25¢ 1n particular, they have
isomorphic period realizations; see the Appendix.
The de Rham realization (My)qr. The pair (U, fk), together with the action of &, x u,, is the C-extension
of the pair (U, fk) defined over Q. As explained in Section A4, the de Rham cohomologies Hg;l?(U , fk)
(7=, ¢, mid) are also endowed with the Q-structure Hﬁi{l?(Uo, fk), and therefore so are the sgn-isotypic
components Hﬁ;l?(U , fr)BrxHasen with the Q-structure Hﬁ;{l?(Uo, fr)Grxua-sgn
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Lemma 7.2. The isomorphism gr}fﬁr] Hﬁit(%)(—l)ekxm’sg“ ~ Hﬁ;{lmid(U, fi)Sr¥H258 of [Fresdn et al.

2022, Theorem 3.8] identifies the Q-vector spaces (My)qr and Hﬁi{lmid(Uo, fk)GkX“?’Sg“.

Proof. We start from Example A.28, on noting that fr = tgk. We thus obtain isomorphisms (setting
Zo=A! x %)

HiR o(Z0) 70280 2 Hg (A x G /Q, fi) &80 = Hig (U, fi) 9728,

where the second isomorphism is obtained as in the proof of [Freséan et al. 2022, Theorem 3.8]. After
extension of scalars from Q to C, these isomorphisms become the de Rham part of the isomorphisms
considered in the proof of [loc. cit.]. Since the left-hand sides are defined from Nori motives, the weight
filtration is defined on them. We note that (My)4r =~ Hﬁ;lc(Zo)GkX’“’sg“ / Wy Hﬁ;lc(Zo)Gk XH12:58M pecause
this holds after extension of scalars. Furthermore, the composition

kL (Z)Bkxrasen ~y bl ANCIEER k1 NI
Hyg ((Zo) 7280 = H g (Up, fi) 7258 — Hig™ (Uo, fi) = e

whose image is Hﬁi{fmi 1o, fk)Gk *#H2.581 by definition, has kernel equal to Wy Hﬁi{glc(Zo)Gk XH12.581 pecause

this holds after extension of scalars. This proves the lemma. O

The Betti realization (My)g. We use the notation and apply the results of Section A3, more specifically
Formulas (A.19), (A.20) and (A.21), to the pair (U, fk). Since fk is invariant under the action of Sy x
on U, as well as under the action of complex conjugation conj : U(C) — U (C), the families of supports
®,q and P,,oq are also invariant under these actions. There is thus a natural action of &; X up on
H4 (Urg(D), @) and HAH (Upoa (D), Q). We thus have

(Mo)p = Hy' g (U, fi) Seresen
— lm[Hlé—j;l (U, f"k)GkXMz,Sgn N H]](;rl(U, ﬁ()kauz,sgn]
~ im[H{ ! (Una(D), @428 — HH (Unnoa (D), @) S48, (7.3)
Lemma 7.4. Under the identification (1.3), the action of the conjugation on (My)g coincides with that on
Hy (U, fo) S,
Proof. We start from the identification of Example A.31. Since the action of &; x up on Al x G
commutes with conj, we obtain an identification

(Mk)B =~ H]l;—j_rrlud(Atl X Gﬁl’ fk)Gk X 2,8gn

compatible with conj*. Since the isomorphism (see [Fresan et al. 2022, Proof of Theorem 3.8])

k+1 1 k  F\Grxuz,sgn ~ prk+1 F\Gr X ua,sgn
HB,mid(At Xvafk) kXH2.58 —HB,mid(U’ fk) kX H2.58

is clearly compatible with conj* the desired result follows. O

The Betti realization is also given by (see (A.22))

(M) 2 im[HE (U, fi) S r2sen — HPo(U, fi) O rasen]
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and carries the involution F, = conj,. Indeed, the expression (A.24) makes explicit the interpretation of

rd
the elements of Hy; +

closed subspace d;g gU of U(C), upon which exp(— fr) is sufficiently small, is invariant under both the

(W, fk) in terms of twisted cycles. It is moreover clear that, in this expression, the

action of & x w, and the complex conjugation on U (C), which thus provides the action of &y x u, and
Foo on HY (U, fo).

Self-duality and period pairing. The involution ¢ yields the identifications
pHTH WU, fy = HPNWU, - fo, 7=2¢,

compatible with the action of G x 2, and leads to the self-duality up to a Tate twist by (2(k + 1) of the
mixed Hodge structure (My)y =~ Hﬁ;“dl (U, fk)Gk X 2,580,

The nondegenerate period pairing

Prd,mod . Hrd

k+1(U, fk)kaMz,sgn(@chclEl(U’ ﬁ)Gquz,sgn N C,

is computed as follows. Given a twisted cycle
o € B (U, f) "> = Hiyy (U, 80, @)1,

we choose for each large enough R > 0 a representative ag € Hyy1 (U, 9:q rU, Q) sgn-invariant under
S x uo. We also represent a de Rham class in the space H’c‘lf{ YU, f)Brxm2sen by a top differential form
o on U which is sgn-invariant under &y x . Then

prdmody [»]) = lim e T .
R— o0 oR

7.2. Proof of Theorem 7.1. The goal of this section is to identify the period structure
(it g (Uo, S8 HELL (U, fi) S48, comp)
as defined from Sections A2 and A3 with the transpose of
(HiR mia(Gm., Sym* Kby)g, H" (G, Sym* Kly)g, PPY),
ending thereby the proof of Theorem 7.1, and to make explicit the action of Fi, on Hrlnid(Gm, Sym* Kly)q.
Summary of the proof.

Step 1 We consider the family (w;)o< <k in Hﬁi{l(Uo, fk)kam,sgn as defined in [Fresan et al. 2022,

proof of Proposition 4.21], which has been shown to form a (2-basis of this space.

Step 2 We construct a family of rapid decay cycles (t;) in szJrl(U , fr)BexH2:sen guch that the matrix

rd,mod

(prd:mod (7. w;))o<i, j<k is equal to (P )o<i, j<k obtained from Propositions 5.4 and 6.2. Since

kii,j h
this matrix is nondegenerate and (w) is a basis of H’c‘ig LU, fo)®masen we conclude that (z;) is
a basis of H’r‘jl(U, fro)Grxma-sgn,
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Step 3 According to Remark A.25, the period realization of H**!(Uy, fi)®**#2%¢" is isomorphic to

@ (). Q- (1), PIE™og; j<i),
hence to

@ (@)), Q- (@), (P o<i j<k),
that is,

(Hir (G, Sym* Kly)g, H (G, Sym* Klp)q, Pi™).

Step 4 Owing to the duality argument explained in [Fresan et al. 2023, Lemma 2.27], the same property
holds for the period realization of H]C€+1 (U, fk)e’kxf“’sg“ and

(Hig ¢ (G, Sym* Klp)g, H*!(Gun, Sym" Klo), P{*).
Step 5 That the same property holds true for the period realization of anTd] (Up, fr)Gr>H2sen and
(HIR mia(Gm, Sym* Klp)g, H" (G, Sym* K)q, P
dR,mid\®m> DY 2)Q, 0y m, DYyMm 2, Py )
needs a supplementary argument when k = 0 mod 4.

Step 6 Lastly, that conjugation is compatible with these identifications amounts to checking whether the
entries of the period matrix are real or purely imaginary.

A basis of Hﬁl'{ (Uo, fr)®#25e" Let us consider the class [@;] of

. d d
B =222 g A A A2
Y1 Yk
in Hﬁ;{l(UO, fk) and set
1 . -
wi=gn Y sen(@) ol € Hy! (WUo, oo, (1.5)
’ UEGkX[Lz

Through the isomorphism (see [Fresan et al. 2022, Proposition 2.13])
Hi{R(Gm, Symk Kl) ~ Hﬁi{"l (U, ﬁ()GkX,Mz,Sgn,

each class [z/ v’é dz/z] in the basis % corresponds to the class w; see [loc. cit., proof of Proposition 4.21].
As a consequence, (w;)o< <k forms a basis of Hﬁi{l (U, ka)GkX’“’Sg“ satisfying (*w; = w;.

A family of rapid decay cycles. For each i such that 0 <i < k', we define rapid decay cycles &; as follows.
First, let &g be the bounded cycle

k
oy = Hcp,
p=0
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Q 80:1/4
50:1/2 5021

Figure 1. The path s, — y,(so, s,) for 5o fixed and r < p <k.

where ¢y is the circle |¢| =1 and ¢, is the circle |y,|=1for p=1, ..., k, both oriented counterclockwise.
For the remaining unbounded cycles, we start with the chain

i

o?lf =1, +00) x (1_[ cp) X (R>0)kﬂ'

p=1

on U(C), where [1, 4+00) is relative to the variable ¢ and the open octant (R-)* is relative to the
variables y, for p =i +1, ..., k. The orientation is the natural one on each half-line, and given by the
order of the variables for &;. Since Re(y, +1/y,) > —2 on ¢, and > 2 on R.¢, by noting that k —i > i
for 1 <i <k/, one sees that e~/ has rapid decay along &;. The rapid decay chain &/ has boundary

i

9] = —{1} x <]_[ c,,) x (R-0)*™",

p=1

and hence is not a cycle. To kill the boundary, we mimic the construction of the cycles «; from
(4.4) by introducing, for each r such that 1 < r < k/, the chain y, defined as the image of the map
[0, 1] x (0, D*="*! — U(C) given by

t:e2nis0’

yp:e2nis,, lgpgr—l,
(SO,...,Sk)|—> eznis"-4sp 0<sp<1/4’

yp = e2rriso(2—4s,,) 1/4 < Sp < 3/4’ r<p< k.

e 50(1 +tanZ(4s, —3)) 3/4<s, <1,
(See Figure 1.) The chain y, decays rapidly for e~ with boundary

r—1 r—1

k
87 = {1} x (Hcp) x [ T®-0—2¢,) = {1} x (

p:] p=r p:l

Cp) X (R>0)k_r.
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For each integer m > 1, there is a unique sequence (6,,(r))o<r<m—1 Of rational numbers satisfying the
identity
m—1

Z O (H)a’ [(a+b)" " —b" "] = ab™! (7.6)
r=0

in the polynomial ring Q[a, b]. Explicitly, the first two values are 6,,(0) = 1/m and 6,,(1) = —1/2 and
the recursion

~

-1

m-—r
(m_£>9m(r) ) (1.7)
r=0
holdsif 1 < £ < m. Set
m—1

5 Om (1)
On = EE—
; m—r-+1

For each i such that 1 <i <K/, let

(k—i+1)!

k
B e ~ 1 ~ L .
& =—(-""fin@o+ —— Y o (a; + ) () T i — z)yr),
UGGk_i+] r=i

where the symmetric group & acts by permuting the last j components. We compute the boundary of
the terms involving y,. Since the average over the group action makes the positions of circles and lines
from 9y, equidistributed in the last k —i 4 1 components, for each fixed j such that 1 < j <k —i and any
o € Gk_i11, the coefficient in the boundary of the term a({l} X 1—[;4;]1—1 cp X ]_[l;:iﬂ- [R>0), resulting
from p, fori <r <i+j—1,isequal to

i+j—1 j—1 .
r_io (k+1—r iy i k—i+1-—2¢
E . (=2 1«9;(_1-+1(r—l)(i+j_r>(—2)’+] =(=2)/ 1;091(—141(5)( -t )
r=i =

1 ifj=1,
S0 ifl<j<k—i+]1,

where the last equality follows from (7.7). One concludes that the &; define rapid decay cycles.

Remark 7.8. In fact, 6,,(r) = (")B,/m if 0 < r < m, and 6,, = —B,,/m for all m > 1. To see this,

plugging a = 1 into (7.6) and summing the resulting equations for » =1, ..., n, one obtains
m—1 14 " —r n
m—~ - _ m—1
)LD D ATACED DA
= r=0 b=1

and hence by Bernoulli’s formula (4.3),

("M oner = C (MYm, o<
;(;n—z) m == (7)o 0<e<m
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Using (7.7) and the equalities 6,,(0) = Bo/m, 6,,(1) = B and B, ;1 =0 for p > 1, we obtain the identity
for 6,,(r). Therefore,

m—1 m—1

On = % 2. m_;FH(T)B = m (")

r=0 r=0

and the identity for 9~m follows from the recursive relation Zrm:o (m:rl)B ,=0forallm > 1.

Lemma 7.9. For any positive integer m, the following identity holds in Q|a, b]:

m—1

0 ~ b™
Zﬂar—l[(a_i_b)m—l’-‘rl _bm—r-‘rl] :Hmam+_ (710)
m—r+1 m
r=0
Proof. Integrating equation (7.6) with respect to » from 0 to b yields the formula. (|

Proposition 7.11. The period pairing
pramed . jid (U, f @ HiZ (U, fi) > C
is given on the rapid decay cycles a; and the differential forms w; by
22mi) s ifi =0,
Pamod(g, &) = 1 (= DI BMEG, —1)  ifj=0and 1 <i <K,
(— DFIBMiG, 25— 1) if1<i,j<Kk.
Proof. It is clear that P*™d (G, @;) = 2(27i)k+15y ;.
For the rest, as in the proof of Proposition 6.2, for ¢ € R, we let 5‘;, . = 8071{ and y, . = ey, be the
scalings of & and y,, which are homologous to & and y;,, respectively. Consider the case j = 0. By

the limiting behavior (2.13) and Definition 6.1 of the regularized Bessel moments, we have the limiting
behaviors

i~ ki [ i ki dt
ety = PARR €/ 1)) Ip(t) Ko(t) -
o &

. (_l)k—i+12k+1(n_i)i
k—i+1

7 dt
/ e_fkd‘)o — 2k+1(7Ti)r_1 / Io(t)r—lKO(t)k—r-i-lT
?rs |t|=€

(—l)k_r+12k+1(7'[i)r_l
k—r+2
Substituting m =k —i + 1, a =2mi, and b = y +log £/2 into the identity (7.10), one obtains

~emor (=DM TBMEEG, - 1) + (7 + log(e/2)F 1,

[@ri+y +1og(e/2)) 7 — (v +log(e/2) 2.

~e—0t

k
D= T e =iy | ey
r=i }7r,a ) ]
(_ l)k—tzk-i-l (Tl'i)l

~em0r = (DT @A) T G+

(v +log(e/2)) 1.
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Letting ¢ — 0% leads to P"™4(g;, @g) = (—1)*~ BM; (i, —1).
Finally, if 1 <i, j <K/, it is straightforward to verify that
lim e_f"cT)j =(=D*"BM(i,2j—1) and lim e i@ =0

+ [~ + ~
e—>0 &, e—0 Ve

(similar to the proof of Proposition 5.4), and the remaining case follows. U

Starting from the &;, we obtain the following cycles in HfJrl (U, fi)BrxHasen,;

1 -1 k—i
ro:a Z sgn(o) - o (dp), ri:( 2]; Z sen(o)-o @) (1<i<Kk).

T oeGrxun o €6 x o

For each i such that 1 <i < k/, let I'; denote the image of t; in Hkmf‘li(U , fk)GkX“Z’Sg“.

Corollary 7.12. (1) The family (t;)o<i<k forms a basis oindJrl (U, fk)GkXM’Sg“.

(2) The period realizations

o of H\(Gp, Sym* Kl,) and of H*+!(Uy, f;,)Skxrasen,
e as well as those Ole (G, Symk K1) and H* (U, fk)G"X“z’Sg“,

are isomorphic.

(3) If k is not a multiple of 4, the family (I';)1<i<k forms a basis of My)s. If k is a multiple of 4, the
Q-linear relation
[(k—2)/4] k)2

2i+1)r2i+1 =0
i=0
holds and (T';)a<i<i forms a basis of (My)g. In particular, the period realization of the motive My,
is isomorphic to

(Hgg mia(Gm. Sym* Klo)a, H™ (G, Sym* Klp)a. PF™).
(4) The involution Fo acts as Foo(T't) = (=1)'T; for all i such that 1 <i <K'

Proof. For each i such that 0 < i < k’, equation (5.1), Propositions 5.4, 6.2 and 7.11 yield the equality of
periods PT4mod (g, ;) = PZd’mOd(a,-, w;) for all j such that 0 < j <k’ (with w; defined by (7.5)), from
which (1) follows, as indicated in Step 2 of the summary. The proof of (2) has been explained in Step 3
and Step 4 of the summary.

In view of Theorem 4.7(3) and Proposition 6.10, to prove (3), it suffices to show that pmid(r; w j) =
P,‘{“id(,Bi, wj) for all i, j such that 1 < i, j < k'. Since I'; and B; are the images of the rapid decay
cycles 7; and «; respectively and the pairing P}C"id is induced by P*™°d  this amounts to P™%d(7;  w i) =

pid’m"d (¢, w;), which we just checked.
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Finally, the statement about F,, follows from the fact that the period pairing P™°¢ is compatible with
complex conjugation in that (recall that :*w; = w; and conj* w; = w),

Prd,mod(conj* ti? w]) ey /

e Ix wj = / conj* (e~ /* wj) = Prdmod(g; w;) foralli, j,
FooTi conj, T

along with the equality Prd-mod(g; w ;) = (=1)"P4mod(g; ) if 1 <, j <K, since BMy(i, 2j — 1) is
real for even i and purely imaginary for odd i. g

8. L-functions of Kloosterman sums and Bessel moments

In this section, we make precise the statement of Deligne’s conjecture for the motive M. Being a
classical motive, M; has an associated L-function L(My, s), which is identified in [Fresan et al. 2022,
Theorems 5.8 and 5.17] with the L-function L (s) of symmetric power moments of Kloosterman sums,
and its Betti realization (My)p carries a pure Hodge structure of weight k£ 4 1. The factor at infinity was
computed in [loc. cit., Corollary 5.30]:

m 5§ — .
Loo(Mkss):T[_mS/zl—[F< 2]>, (8.1)
j=1

where m =k’ if k is not a multiple of 4 and m =k’ — 1 otherwise. This also follows from Corollary 7.12(4):
indeed, according to [loc. cit., Theorem 1.8], the only nontrivial Hodge numbers of My, are

pPd — 1 forp=2,...,k—1ifkis odd
1 for min{p, g} =2,...,2[(k—1/4)] if k is even.

The ordered basis % miq is adapted to the Hodge filtration by Corollary 3.21, and F acts as —1 on
HP'? for k =3 mod 4, which is what we need for the conclusion.
By [loc. cit., Theorems 1.2 and 1.3], the L-function L (Mg, s) extends meromorphically to the complex

plane and the completed L-function
A (Mg, 5) = LMy, §) Loo (Mg, s)

satisfies a functional equation relating its values at s and k 4+ 2 — s. The critical integers are the integral
values of s at which neither Lo,(Mg, s) nor Lo (Mg, kK + 2 — s) has a pole and the critical values are the
values of L(My, s) at critical integers.

Deligne’s conjecture [1979, Section 1] predicts that critical values agree, up to a rational factor, with
the determinants of certain minors of the period matrix, which are defined as follows. Let a be an integer,
and let My, (a)fgr and My (a)p denote respectively the invariants and antiinvariants of Fo, acting on My (a)g.
As F exchanges the subspaces HP~497% and H77%?~% in the Hodge decomposition and acts as —1 on
pog P74 0r 30 o hP~497¢, and there

exists unique steps F + My (a)gr of the Hodge filtration with dim F * My (a)gr = dim My (a)fgt. Ifnisa

HP~*P~4 the eigenspaces for Fu, have dimensions either )
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k rank critical integers n Cn
2—2a 1
3 1 2a
2a+3 7 D3, 044
2r +1 ﬂir(rJrl)Dk,Odd
4)’ + 1 Zr 2}" + 2 ]Tir(ril)Dk’even
2r + 1 7DDy ven
4r+2  2r 2r 42 7" Dy oda
2r+3 JT_r(r_])Dk,even
2r+2 ﬂir(rJrl)Dk,even
4-r —+ 3 2}" —+ 1 2}” + 3 ]Tir(r+1)Dk’Odd
2r + 1 7T—r(r+3) Dli,even
2r+2 g3 D,’(YOdd
4r +4 2r 2r+3 71_"<"H)D,’c’even
2r +4 n_’("“)Dl’codd
2r+5 n_r(r_])Dl/(,even

Table 1. Critical integers n and values of ¢, (r > 1).

critical integer, Deligne defines
¢n = det(P(a;, 1)) € C*/Q

where o; runs through any basis of the Q-linear dual of My (k +1 — n)l;r and v; runs through any basis of
FT My (k+1—n)gR, see the paragraph before [Deligne 1979, Conjecture 1.8] taking the duality of pure
Hodge structures (My);; = (My)u(k+1) from [Fresdn et al. 2022, (3.4)] into account. He then conjectures
that L (Mg, n) is a rational multiple of c,.

Notation 8.2. For each k > 3, the determinants of Bessel moments Dy ogq and Dy even are defined by the
following formulas:

o.¢]
Dy odd = det( / Io()* ' Ko(r)k 17221 dt) .
Ooo I<i, j<L(k+1/4)] (8.3)
Di.even = det( / TIo(t)* Ko(t)< 242! dt)
0 I<i, j<|k/4]
In other words, Dk odd, resp. Dy even, 1S Obtained by extracting from P}(nid the entries that belong to odd,
resp. even, lines and to the first | (k + 1/4)], resp. [k/4], columns. If k is a multiple of 4, we let D,’C’ odd
and D,/{’mn be the determinants of the same matrices except that we remove the last row and column, i.e.,
those indexed by i = j = k/4.
Theorem 8.4. For k =3 or k > 5, the critical integers n for L(My, s) and the corresponding values c,
are given by Table 1.
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Proof. The case k = 3 is exceptional in that there exist infinitely many critical integers, namely all even
integers < 2 and all odd integers > 3. For each k > 5, a straightforward computation using (8.1) yields the
list of critical integers. To compute c,, we first exhibit a basis of the Q-linear dual of My (a)g by means
of Corollary 7.12. If k is not a multiple of 4, a basis is given by {(271) “I'y; }1<i<x'/2) if a is even and
by {2mi) ™ “Tai—1h<i<|w+1/2) if a is odd. If k is a multiple of 4, say k = 4r + 4, then the Q-linear dual
of My (a)};r has basis {(27i)7“I"2; }1<i<r if a is even and {(27i) " “I"2;4+1}1<i<r if @ 1s odd, which shows
that My (a)-g always has dimension r.

Let us treat the case kK = 4r 4 3 in detail. For n = 2r 4 2, the eigenspace My (2r + 2)§ has dimension r,
and hence F™ My (2r +2)qr is spanned by {w;}1<j<r. Therefore, cy,47 is the determinant of the matrix
with entries

o0
(2ni)—(2r+2)Prd,mod(F2i’ wj) ’\’@x 7_[2(1—7'—1)/ IO(Z,)ZI Ko(t)k—ZItZJ—l dt,
0

from which we get ¢, 42 = 71_’(”+1)Dk,even. For n = 2r + 3, the eigenspace My (2r + l)fg has dimension
r +1, and hence F* My (2r + 1)gr is spanned by {w;}1<j<r+1. With respect to these bases, the matrix
defining c,,4+3 has entries

o
(Zﬂi)_(Zr—H)Prd’mOd(in_l, wj) ~ox n2(l—r—1)f Io(t)21—1Ko(t)k+1—21t2j—l d[,
0

which gives ¢33 = 7"V Dy oqa. The cases k =4r + 1 and k = 4r + 2 are completely parallel.

For k = 4r + 4 and any critical value n, the eigenspace My (4r +5 — n)far has dimension r, and hence
FTMy(4r +5 — n)gr is spanned by {w;}i<j<r (note that r < k/4, so that we do not need to modify
the w). If n is odd, ¢, is the determinant of the matrix with entries

o0
(2ni)f(4r+57n)Prd,mod(FZi’ w]) "\’@x j.[21+n4r5/ Io(t)ZL Ko(t)k721t2j71 dt,
0

thus yielding
—r(r+3 / —r(r+l1 / —r(r—1 /
Cor+1 =T e )Dk,evew Cr43 =T o )Dk,even’ and Coyr45 =T e )Dk,even'
If n is even, the matrix has entries
(Zﬂi)_(4r+5_n) Prd,mod(l—w2i+1’ w])

Thanks to the linear relation from Corollary 7.12(3), the determinant of this matrix agrees up to a rational
number with that of

oo
n2!+n—4r—6/ Io(t)zz_lK()(l‘)k_H_thZ'l_l dt,
0
which gives the remaining values

—r(r+3) n/ —r(r+l /
crpr = ID] g and corp =T VD) g u
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Remark 8.5. Besides the case k = 3, in which L3(s) = L(x3, s — 2) is a shifted Dirichlet L-function,
Deligne’s conjecture holds for k = 5, 6, 8. In all three cases, Li(s) is the L-function of a modular form
evaluated at s — 2 (see [Fresan et al. 2022, Table 1]) and the matrices in (8.3) have size one. The critical
values have been expressed in terms of Bessel moments in [Bloch et al. 2015; Zhou 2018a; 2019b],
thus confirming the conjecture. The first case where a true determinant is expected to occur is L7(5),
which is a critical value of the L-function of the symmetric square of a modular form. Other numerical
confirmations of Deligne’s conjecture for k < 24 appear in [Broadhurst and Roberts 2019].

Remark 8.6. Broadhurst and Roberts conjecture that, for k > 12 a multiple of 4, the L-function L(My, s)
always vanishes at the central point s = % (k+2), even when the expected sign of the functional equation (see
[Fresan et al. 2022, below Theorem 1.3]) is positive. According to Beilinson’s conjecture, this vanishing
should be explained by the existence of certain nontrivial extension of My by Q(—k/2). It seems possible
to construct such an extension by considering the quotient of the cohomology with compact support of
Sym* K1, by its weight zero piece and to relate its nonsplitting to the shape of the full period matrix P,f‘ocl’rd
from Section 6, Indeed, suppose 4 | k. The Nori motive Mk = (HIC‘_1 ()] Wo)Skxrasen (1) where W
denotes the weight zero part, is an extension of M by a rank-one motive E of weight k. It has been
shown in the proof of [loc. cit., Theorem 5.17] (see especially the discussion of the terms (E Cl,ék_z)gp'x and
ker(8)%"* / W) that as a representation of Gal(Q »/Qp), the £-adic étale realization of E is isomorphic to
Q¢(—k/2) for all primes p > 3 and £ # p. Since the Frobenius elements of characteristic p > 3 are dense
in Gal(Q/Q), one obtains an isomorphism E ~ Q(—k/2). From the viewpoint of the period realization,
the nonsplitting of the extension M, amounts to the claim that the entries of the last row of the period
matrix P;(md’rd span a (D-space of dimension at least two in C by Proposition 6.5(2). Concretely, the latter
holds if and only if the moments BMy(k/2,2j — 1) and BM, *(k/2, k' +2), for 1 < j < k/4, are not all
mod, r

in (2771)*/?Q (rational multiples of the entry Pk /’21 / 4)- Such nonsplitting has been verified numerically
for the period matrix Py of MZ(—k — 1) by Broadhurst and Roberts; see [Roberts 2017, Section 2].

Appendix: Period realization of an exponential mixed Hodge structure
by Claude Sabbah
This appendix can be regarded as a complement, with respect to period structures, to the appendix in
[Fresan et al. 2022]. We consider the abelian category Per of period structures, whose objects consist

of pairs (VC, Vg) consisting of a finite dimensional C-vector space V', a finite dimensional Q-vector
space Vg, together with an isomorphism

comp: C®g Vg = V¢

and whose morphisms are the natural ones. There is a natural forgetful functor Per : MHS — Per from
the category of Q@-mixed Hodge structures to that of period structures.
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Al. The fiber period realization of an exponential mixed Hodge structure. Let X be a complex smooth
quasiprojective variety and let N" be an object of the abelian category MHM(X) of Q-mixed Hodge
modules on X. It consists of a triple ((N, F*N), (#q, W.%q), compy), where

e (N, F*N) is a holonomic Z2x-module endowed with a coherent filtration,

o (Fg, W.Zq) is a Q-perverse sheaf on X" endowed with an increasing filtration by Q-perverse
subsheaves,

« and the comparison isomorphism compy is an isomorphism C ®q -#g = "DR N, where "DR N is
the shifted de Rham complex DR N[dim X].

These data are subject to various compatibility relations that we do not make explicit here, referring to
[Saito 1990; 2017] for details. From the mixed Hodge module N* we only retain the triple Per(N") :=
(N, Zqg, compy) by forgetting the Hodge and weight filtrations.

For example, let us consider the pure Hodge module *Q', with underlying Zx-module equal to Oy
and underlying perverse sheaf PQx = Qx[dim X]. The comparison isomorphism is induced by the
isomorphism Cx = #°DR 0y => DR 0.

Let Aé be the affine line with coordinate 6. The Q-linear neutral Tannakian category EMHS (exponential
mixed Hodge structures), as defined in [Kontsevich and Soibelman 2011, Section 4], is the full subcategory
of MHM (Aé) consisting of objects N" whose underlying perverse sheaf has vanishing global cohomology,
with tensor structure given by the additive convolution x. Denoting by j : G, — A! the inclusion, one
defines a projector

IT: MHM(A') - EMHS,  N" > N"#,,j"Qf |

consisting in neglecting constant mixed Hodge modules on A!.
For an object N" in EMHS, its de Rham fiber is the C-vector space defined as

Hig(A), N®E?) =H’a, (N ® E),

where EY is the connection (Op), d+d0) and ay; denote the structure morphism of A This vector space
is endowed with a filtration, called the irregular Hodge filtration; see [Fresan et al. 2022, Section A.3].

In order to define the Betti fiber functor, we consider the real oriented blowing-up @ : P! — P! of P!
at oo and the open subset I]Af’rlmcl =Alany 8m0dﬁl in the neighborhood of which e~? has moderate growth,
equivalently rapid decay, i.e., defined by Re(6) > 0. Let us denote the open inclusions A" < ﬂlirln oq and
ﬁ}n od = P! respectively by @ and 8. The Betti fiber of N* is defined as

H'(P', BRa, Fg) = HY(PL ., R, F0).

mod>

Let us notice that these definitions can be extended to all objects N" of MHM(A&) and then the
corresponding vector spaces only depend on IT(N") since Hi (A}, E?) =0 for all r.

In order to define the comparison isomorphism, we first recall that the de Rham fiber HéR Al N®E?)
can be computed as the hypercohomology of the moderate de Rham complex DR™(N ® E?) on P!,
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that is there exists a canonical functorial isomorphism (see e.g., [Fresan et al. 2023, Section 2.e])
Hix (A}, N ® E?) ~ H)(P', 'DR™4(N @ E?)). (A.1)
Furthermore:
Lemma A.2. There exists a unique isomorphism
BiRa, DR*™(N) ~ DR™4(N ® E?)

extending the identity on the analytic complex line A",

Proof. Indeed, let us recall (see [loc. cit.]) that DRmOd(N ® E?) has cohomology in degree zero only.

1

Then one can easily show that its # is zero on the complement of @mod,

so that the natural morphism
B~ ' DR™Y(N ® E?) - DR™Y(N @ E?)
is an isomorphism. One then shows in the same way that
B'DR™N ® E?) = Raya ' B~ DR™Y(N @ E?).
Uniqueness follows from the adjunction formulas [Kashiwara and Schapira 1990, (2.3.6) and (3.0.1)]. U
On the other hand, termwise multiplication by e~ induces an isomorphism
"DR*(N) = "DR*(N ® E?).
As a consequence, there exists a unique isomorphism
compg: : BiRa,.Fc — "DR™(N @ EY)
extending e~? o compy .. This morphism is thus functorial with respect to N".
Definition A.3 (fiber period structure FPer(N")). Let N¥ = (N, Zg, compai.) be an object of EMHS:
(1) The fiber comparison isomorphism
comp : C @ H (P!, B R Fg) — Hlg (A}, N ® E?)
is the composition of Ho(ﬁl, compg: ) with that given by (A.1).

(2) The fiber period structure FPer(N") of an exponential mixed Hodge structure N is the following
object of the category Per:

FPer(N") = (Hg (A}, N ® E?), HO(P', iRw,.Zg), comp).
In the following, we also regard FPer as a functor defined on MHM(Aé) by factorizing through EMHS
by I1. The following lemma is then obvious.

Lemma A.4. The assignment FPer defines an exact functor MHM (Aé) — Per factoring through I1, and
there is an isomorphism of functors to the category Per:

FPer(N") =~ (H*(P', BiRa.’DR™(N ® E?)), H'(P', iR, 7q), H'(P', BiRa. (e~ o compyim))).
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On the other hand, let i : {0} < A! be the closed embedding. The abelian category MHS = MHM ({0})
of mixed Hodge structures is identified with a full subcategory of MHM(A'!) and of EMHS via the
pushforward i, of mixed Hodge modules and the composition IT o i, respectively.

Proposition A.5. There is a commutative diagram of functors:

Moyio

MHS ——— EMHS

PerJv %

Per

Proof. This follows from the tautological identification for a vector space V over either (2 or C

HOP! . Ra,RigV) =V,

mod>

which commutes with change of base field. O

A2. Computation of the fiber comparison isomorphism for a Gauss—Manin exponential mixed Hodge
Structure. Let f : X — Aé be a projective morphism from a smooth quasiprojective variety X to the
affine line Aé. We denote the pushforward functor D°(MHM(X)) — Db(MHM(Aé)) by u fi; see [Saito
1990, Theorem 4.3]. For each object N* of MHM(X) and each integer r, we consider the mixed Hodge
module 7"y f,, N" that we simply denote by ] N". We will compute its fiber period structure by means
of cohomology on a suitable real blow-up space.

For that purpose, consider a smooth projective compactification f : X — P! of X and f giving rise to
a commutative diagram

x !, x
1]

A) —— P!

such that the pole divisor P = f~!(c0) is a strict normal crossing divisor in X. We denote by o :
X (P) — X the real-oriented blowing-up of X along the irreducible components of P. Then f lifts
as a real-analytic morphism f : X(P) > P!. In this section, we set X = X (P). We define the open
subset Bmodi of 3X = ! (P) as consisting of points of @ ~1(P) in the neighborhood of which e/
has moderate growth — equivalently, rapid decay — so that dmod X = f1 (8m0dﬂ51). The subset

imod =XU amodg = f_l(lprlnod)
is open in X. We also denote by «, B the respective open inclusions

X< Xl X,
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As in Section 2.1, we set E/ = (0, d+d f) and, for a Zx-module N regarded as an &x-module with
flat connection V, we set N® E/ = (N, V+d f). To a mixed Hodge module N" on X we associate a
period structure in Per as follows. The vector spaces are (the perverse convention is used here)

"Hir (X, N® E/) :=H'(X,"DRx (N ® E/)),
"HE(X, Zo® EY) :=H' (X, iRet..Fa) = Hy(Xmod, Rt T0).

In order to make the comparison isomorphism explicit, we need the following proposition. We note
that termwise multiplication by the holomorphic function e~/ induces an isomorphism DR N =
"DRY(N ® E /). On the other hand, we endow X with the sheaf ga%)l(“"d of holomorphic functions on X
having moderate growth along d X. Then any Zx-module M has a (shifted) moderate de Rham complex
pDRBL(10d M on X ; see e.g., [Fresdn et al. 2023, Section 2.e]. We also denote by j : X — X the inclusion.

Proposition A.6. For a regular holonomic 9x-module N, the following two natural morphisms
pB~"DRE j (N ®E') - "DRE™ j (N ® E7),
B~""DRE™ j. (N ® E’) > Raa ™' B7"DRE™ jL(N @ E)
are quasiisomorphisms.

Sketch of proof. A similar result is proved in [Sabbah 1996] (proof of Theorem 5.1) but the definition of
the sheaf of functions with moderate growth used there is more restrictive than the one needed for our
purposes. Instead, one uses computations similar to those of [Hien 2007, Proposition 3.3] (see also [Hien
2009, Proposition 1]) together with [Mochizuki 2014, Corollary 4.7.3]. Il

We conclude that there is a natural isomorphism
BiRa,’'DRY(N ® E/) => "DRE™ j (N ® E/) (A7)

in the derived category DP(Cy), which is functorial with respect to N. Moreover, by the arguments of
adjunction already used in the proof of Lemma A.2, this is the unique isomorphism extending the identity
on X.

Corollary A.8. For a mixed Hodge module N* € MHM(X) there exists a unique isomorphism
compy : fiRa.Fc — PDR‘;?lOd j+(NQE”)
which extends e~/ o compy : Fc — "DR (N ® EY). We have
compy =(A.7)o ﬁ!Ra*(eff ocompy).
This morphism is functorial on MHM(X). O
In a way similar to (A.1), one shows that, for any r, there exists a canonical isomorphism
can, : H'(X,"DRE™ j, (N ® E/)) ~ H'(X,"DRy j (N ® E))
=H"(X,’DRx(N ® E/)) = "Hx (X, N @ E/).
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Definition A.9. Let N" be an object of MHM(X). For each r (the perverse convention is used here), the
fiber period structure FPer’ (N" ® E/) is defined as

FPer’ (N" ® Ef) = CHx (X, N ® E), Hy (X, Zg ® E7), can, o"H" (X, compy)).

Lemma A.10 (expression of FPer’ (N* ® E/) on the real blow-up). For each r, there is an isomorphism

in Per:
FPer’ (N"®E/)~ (H"(X, BiRa.,"DRY j (NQET)v), H (X, fiRa.Fq), H (X, BiRa. (e~  ocompy))).

Proof. The isomorphism is the identity on the middle term and the isomorphism on the left term is given
by can, o H' (X, (A.7)). O

We then deduce that the fiber period structure FPer” (N" ® E 7y is isomorphic to that attached to the

exponential mixed Hodge structure IT(y f] N"):
Proposition A.11. For each r, there is a functorial isomorphism of fiber period structures:
FPer(,, f/ N") ~ FPer (N" ® E”).

Proof. By definition, the comparison isomorphism compp for y f*j N" is obtained by taking the j-th
perverse cohomology of the composed isomorphism

Rf, T —SLCompx o p g )DR™ N =5 "DR™ £, N,

where the second morphism is the standard functorial isomorphism from Z-module theory. We also have

a commutative diagram:
Rf,'DR™ N ——— 5 "DR*" f. N
Rf.e™/ l le—‘*
Rf.’DR*™(N @ E/) —— "DR™((f.N)® E?)

We now take the models of Lemmas A.4 and A.10 and the desired isomorphism is obtained (after applying
RT(P', ) and taking cohomology) from the canonical isomorphism of functors

R fy 0 BiRas =~ BiRas Rf

from DP(Cy) to Db(Cﬁl ), that we recall now. We consider the two commutative squares:

X X s X
fl lfmod f

1 o 51 p 51

AG ¢ [FDmod ¢ P

Since f is proper, we have a canonical isomorphism of functors R f, o B = Bi o R fmod s, and on the other
hand we have Rfmod* oRa, >~ Ray 0 Rf*. O
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A3. Fiber period realization of a pair (U, f).

Application of the results of Section A2. Let U be a smooth complex quasiprojective variety of dimension d
andlet f: U — Aé be a regular function. Starting with the mixed Hodge module *Q};, we aim at giving
a formula for the fiber period structure of the exponential mixed Hodge structures associated with the
pushforward mixed Hodge modules y f/°Q}; and y, f/*Qy (r € Z). For that purpose, it is convenient to
choose a partial completion « : U < X of U as a smooth quasiprojective variety X so that H = X \ U is
a strict normal crossing divisor and that f extends as a projective morphism f : X — Aé. The result will
be independent of such a choice. The commutative diagram used in Section A2 is thus completed on the
left as follows:

vt xcl ¥

11

A} A} —— P!

We consider the objects N" of MHM(X) defined as N" = ,k,"Q};, or N" = y«,*Q},. Correspondingly,
we write N ® E/ as E/ (xH) or E/(\H) and we have .Zg = Rk,"Qy or Rk,"Qy . In this way, we are in
the setting of Section A2.
We denote respectively by H' (U, f) and H.,(U, f) the exponential mixed Hodge structure TT(y, f7 ¢ *Qy)
and H(Hf!r_dp@*[‘]), and
H,4(U, f)=im[H (U, f) — H (U, f)]. (A.12)

We denote respectively the associated de Rham fibers by Hyp (U, f) and Hyg (U, f), and the Betti fibers
by Hg (U, f) and Hg (U, f). We then have

Hiz (U, f) @H' (X, DR(E/ (xH))), Hir (U, f) ~H' (X, DR(E' (1H))).

Keeping the notation of Section A2 for «, 8 (and emphasizing now the divisor P), we have by
Proposition A.11

Hy (U, f) =H (X(P), BiRaRi.Qy), Hj (U, f) =H (X(P), BiRe RicQp).

We set ﬁmod(P) = fmod(P) \ @ ! (H) and we denote by ® the family of closed subsets of lNJmod(P)
whose closure in X is contained in the open subset X mod (P).

Proposition A.13. We have
Hy (U, f) = Hy(Unoa(P), @) and  Hy (U, f) = H(Unoa(P), Q),
and the natural morphism Hy (U, f) — Hy (U, f) is induced by the inclusion of the families of supports.

Remark A.14. Setting l7(P) = X(P) \ @ ~!(H) and denoting by aexpi(P), respectively Bexpﬁ(P), the
closed subset complement to )?mod(P) in X (P), respectively to ﬁmod(P) in U (P), the spaces Hy (U, f)
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and Hy (U, f) also read in terms of relative cohomology
Hy (U, f) = H (U(P), 3expU(P), @), Hy (U, f) = H (X(P), dexp X(P) Uer ' (H), D),

and the natural morphism between both is induced by the inclusion of pairs (ﬁ (P), aexpﬁ (P)) —

(X(P) 8epr(P)) so that Hy .4 (U, f) is the corresponding image, according to (A.12).

B, mi

Proof of Proposition A.13. In the proof, we simply set X=X (P). With the notation above, we consider
the commutative diagram

v Umod Ay PR LY W
k T
X Xmod X > Bexp X

where the first line is obtained from the second one by deleting = ~! (H).
For the identification of Hg (U, f), we need the next lemma.

Lemma A.15. For x = x or x =, there is an isomorphism in Db(i, Q)
Ri,.BuiRayQu >~ BiRa Rk, Qy .
Proof. We can replace Ro, Rk, with Rk, Ray . Furthermore, a local computation shows that
Ray,Qu =0y =p;'Qz and (RBy o Ray).Qy = Qy.

We are thus reduced to finding an isomorphism Rk, SyQg =~ ,B!RiZi@ﬁmod. Let us first construct a
morphism. There is a natural morphism

Ri.puiQg  — R&RPu.Qy  ~ RB.REQy

and this morphism can be lifted as a morphism to fiRk, Qg if and only if its restriction by y is zero.
Clearly, yflRE*ﬁUg@gmod is zero on aexpfj and we need to check that the same property holds true on
o ' (H)N Bexp)? . The question reduces to a local computation in the neighborhood of each point of
P N H in X. We thus work in an adapted coordinate neighborhood A? of such a point. We can write
A? =AY x A7t with PN AY = P’ x A~ defined by the vanishing of the product of coordinates in
A and HN A? = A x H” defined by the vanishing of the product of some coordinates in A?~¢. In this
model, the real blowing-up @ : At x A4t — A’ x A=t is induced by the real blowing-up of A‘ along

its coordinates hyperplanes. In restriction to this chart we have U = A¢ x (A9~¢\ H”) and
gmod = (Az)mod X Ad_[, ﬁmod = (Az)mod X (Ad_e \ H"), (A.16)
aexp)? = aexp(AZ) X Ad_z’ aexpi7 = 8exp(AZ) X (Ad_Z \ H//)' ‘

The assertion is then clear since the morphisms Sy and k act on disjoint sets of variables. With the same
local computation, one checks that the morphism thus obtained is an isomorphism. O
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We can now conclude the proof for Hg (U, f). From the previous lemma with = x we deduce
H' (X, iRet R, Qy) ~ H' (X, RR,fu1 Ray, Qu) =H (U, fuQp ).
and the assertion is then clear. On the other hand, the distinguished triangle in DU, Q)
BuBy'Qy — Qp — Ryuwy; ' Qp L

gives the expression of Hy (U, f) in terms of relative cohomology as asserted in Remark A.14.

For Hg (U, f), the previous lemma with x = ! gives similarly
H' (X, fiRaiQu) = H' (X, (& © fv) R Qu) = H (Unoa, Q). O

Remark A.17. Let Z C U be a divisor on which f vanishes, let az denote the structure morphism, let
iz:Z — U denote the closed inclusion and jz:U \ Z < U the complementary open inclusion. We set
*QY = Ha}@‘gpecc[dim Z1], so that there is an isomorphism

wiyP QY = A, QY ~ QY
and an exact sequence
0— HiZ*p@PZ[ - HjZ!Hj;p@}[{] - p@}[{] — 0,
giving rise to an exact sequence in EMHS, see [Fresan et al. 2022, (A.21)],
-1
<o —>HT(Z2) > H U\ Z, f) > H (U, ) > H(Z) > - .

IfH.(U\Z, f)=0for each r, the exponential mixed Hodge structure H(U, f) is isomorphic to the mixed
Hodge structure H{(Z) and, correspondingly, the fiber period structure FPer(H; (U, f)) is isomorphic
to Per(H;(Z)). We will make explicit this exact sequence for the Betti fibers. Since f:X—>Plisa
morphism, we have Z N P = @. We have a distinguished triangle

BiRasRiz. Q7 — BiRo jz1Qu\z — BiRa,Qu RN
and since the closure of Z in X (P) does not intersect X (P), we find
BiRoRizQz = piRauiRiz, Q7 and  BiRajzQu\z = B2 Qg )z
where B is the inclusion ﬁmod(P) \Z — X (P). The Betti exact sequence reduces then to
> HN(Z, Q) > H.(Unod(P)\ Z, Q) = H.(Unoa(P), @) = HL(Z, Q) = --- . (A.18)

Computation with the total real blow-up. In order to use results of [Fresan et al. 2023], we consider the
real blowing-up 7 : X(D) — X of the irreducible components of D = P U H in X. There is a natural
morphism @ : X(D)— X (P), so that 1 = w o . In a local chart where formulas (A.16) hold, @ is the
blowing-up map of the components of H” in A?~¢:

X(D) = Al x A7t - AL x ATt = X(P).
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We consider the open subsets ﬁmod(D) =Uu amod)N((D) and ﬁrd(D) =Uu ard)N((D), where:

. amod)? (D) is the open subset of 7~1(D) in the neighborhood of which e~/ has moderate growth
(it contains 7 ~!1(D \ P)).

. Brdi (D) is the open subset of 7~ 1(P) in the neighborhood of which e~/ has moderate growth,
equivalently, rapid decay.

In the local chart as above, these sets read
Unmod(D) = (A mea x A47E, Ura(D) = (A)moa x (A1E\ H”).

For the sake of simplicity, we denote by Q) the sheaf on X (D) which is the extension by zero of
the constant sheaf on ﬁmod(D) with stalk @ (notation of [Kashiwara and Schapira 1990]), and similarly
with rd. From the previous identifications with now o« : X < X mod(D) and B : X mod(D) — X (D), we
obtain

Rﬁ*@ﬁmod(D) = ﬂ!RO(*RK*QU, Rﬁ*@ﬁrd(D) = @ﬁmod(P)
(in fact @ : ﬁrd(D) — l~]m0d(P) is an isomorphism). Therefore,
Hy (U, f) ~H,(Unoa(D), @) and Hp (U, f) ~H.(Ug(D), Q). (A.19)

Let @4 (resp. Pmoq) denote the family of closed subsets F of U whose (compact) closure Fin X (D)
is contained in ﬁrd(D) (resp. (NJmod(D)). A closed set F of U belongs to .4 (resp. ®pnoq) if and only if
lexp(— f)I|r tends to zero faster than any positive power of dist(x, x,) (resp. is bounded by some negative
power of dist(x, x,)) when x € F tends to some x, € D. Then the right-hand sides in (A.19) read

H,(Umoa(D), @) =Hp, (U, @), HL(Uw(D), Q) =Hj (U, Q), (A.20)

Dmod

and, by considering the natural morphism induced by the inclusion of family of supports, we have
Hp (U, f) =im[Hg (U, Q) — Hy (U, Q)]. (A.21)

Rapid decay and moderate growth homology spaces for the pair (U, f). If 1 denotes the generator of
Ef = (0Oy,d+df), then exp(—f) - 1 is an analytic flat section of E/. The moderate growth and the
rapid decay homology spaces of the pair (U, f), as defined in [Fresan et al. 2023], are the homology of
the chain complexes consisting of singular chains in X (D) with boundary in 3X (D) twisted by the flat
section exp(— f) - 1, whose support is contained in ﬁmod(D) and ﬁrd(D), respectively. The flat section
being fixed, we get identifications with relative homology spaces

H™(U, f) = H, (Unoa(D), 8Umea(D), @) and H(U, f) ~H,(Ua(D), 3Uwa(D), Q). (A.22)

Notation A.23. For the sake of simplicity, we omit the flat section exp(— f) - 1 in the notation of such
twisted chains, that we simply call respectively rapid decay and moderate chains (we will not make use
of the latter).
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We have a more explicit expression of the rapid decay homology as follows. By suitably lifting to
X (D) the radial vector field of length one centered at oo € P! so that it remains tangent to 7 (D \ P),
and by following its flow, we obtain for every large enough R > 0 a deformation retraction of the pair
(Ura(D), 0gUra(D)) to the pair (Usq(D), 8U,qa(D)), where the thickened boundary 9z Uvq(D) is defined
as Ua(D)N{|f] = R}N{Re(f) > 0}. Setting

da rU = UNdRU(D) =UN{|f] = RIN{Re(f) >0}, R>0,
by excision of 8ﬁrd(D), we obtain (for R > 0)
HY(U, f) ~H, (Uw(D), 3Ura(D), Q) = H, (Ura(D), 3 Ura(D), Q) ~ H, (U, a.rU, Q).  (A.24)

Remark A.25 (period pairing and period realization). Working with the transposed period structures as
in [Fresan et al. 2023, Proposition 2.28], and considering rapid decay and moderate growth homology,
one can show that there exist isomorphisms of (the transposes of) period structures

FPerH (U, f) ~ (Hjx (U, f), H;d(U, ), Pid,mod)’
FPerH (U, f) ~ (Hyg (U, f), H;HOd(U, 1), Plrm)d’rd),
FPer Hy;iy (U, f) =~ (Hig mia(U, ), Hrrmd(U, ), P;"id).

Ad. Period structures over the category of varieties and morphisms defined over Q. In this section,
we denote by Uy a variety defined over Q and by U the variety defined over C after extension of scalars
from @ to C. When working over varieties and morphism defined over (D, that is, smooth separated
schemes of finite type over QQ and separated morphisms (e.g., Uy is A" or G[, and f is a polynomial or
a Laurent polynomial with rational coefficients), we are led to consider period structures over Spec Q.
Such a period structure consists of a pair of finite-dimensional Q-vector spaces (Vp, V) together with a
comparison isomorphism comp : C ®g Vg ~ C ®q Vo = V.

Q-structure on the de Rham cohomology. We fix a good compactification

j: o, )= (Xo, ),

that is, such that Dy = X \ Uy is a divisor with strict normal crossings (i.e., such that the irreducible
components over @ are smooth and intersect transversally). We work with the corresponding category
of 2-modules and functors; see, e.g., [Laumon 1983, Sections 4 and 5]. The de Rham cohomology
Hjjz (Uo, f) is defined in a standard way as the de Rham cohomology of the Z,-module (Oy;,, d+d f),
and the de Rham cohomology with compact support Hyg .(Up, f) is the de Rham cohomology of the
D%,-module j;(Oy,, d+df), with j; = Do ji oD and D is the duality functor of Z-modules. We
denote by (U, f) the corresponding object obtained by extension of scalars from (0 to C. We have:

Lemma A.26. Extension of scalars is compatible with taking de Rham cohomology, that is,

C®aHgrWo, /) xHg(WU, ), CQaHy (Vo f) ~Hy (U, f). O
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As an immediate consequence we obtain that the same result holds for the middle de Rham cohomology
H(r:iR,mid(UO’ -

Let us consider the setting of Remark A.17 and let us assume that the triple (U, f, Z) is defined over Q.
Let us set M = (Oy,, d4+d f). There is a natural exact sequence

0=RTz,M —> M — jz,1j3,M = M(xZo) > R'Tz,M — 0
which identifies the complex RI'z M with (Oy,(xZy)/Oy,, d+d f)[—1]. We note that

(Oy,(xZ0)/ Oy,, d+d f) = (Oy,(xZo) | Oy, ).

Indeed, this amounts to showing that the exponential function exp(% f) is well-defined on &y, (xZy)/ Oy,
and this follows from the nilpotency of multiplication by f on each local section of &y, (xZ¢)/0y,. The
long exact sequence in de Rham cohomology thus reads

-+ = Hig z,(Uo) = Hig (Uo, f) = Hig (U0 \ Zo, f) — Hi, (Vo) — -+ .
Dually (in the sense of 75 -modules, and up to changing f to — f), we obtain the exact sequence
-+ > Hig o (Zo) > Hig (Uo\ Zo, f) = Hig (Uo, f) = Hig (Zo) > -+ .

Corollary A.27. Assume moreover that the Q-vector spaces Hyg (U \ Zo, f) and Hyg .(Uo \ Zo, f) are
zero for all r. Then the Q-de Rham vector spaces Hyg (Uo, f) and Hyg 2, (U0), respectively Hir (Uo, f)
and Hyg (Zo), coincide. O

Example A.28. We consider the setting of [Fresan et al. 2022, Example A.27] where the assumptions of
Corollary A.27 hold. We thus assume that Uy = A,l x Vp for some smooth quasiprojective variety V and
f = tg for some regular function g on V. We set % = g_1 (0) and Zy = A,l x 4. Corollary A.27 gives
identifications of Q-vector spaces

HSR,ZO(UO) ~Hir (Uo, f) and H{;{R,C(ZO) = ﬁRyc(UOs ).

Action of complex conjugation. We denote by (U®, f®) (or simply UR, f®) the real-analytic space and
map associated with (U (C), f). Then the complex conjugation endows U® with a real analytic involution
conj which commutes with f R Furthermore, one can find a compactification (X0, Do) defined over Q
(since resolution of singularities holds in characteristic zero) so that conj extends in a unique way as a
real analytic involution of (X®, D®). Similarly, X(D)R, etc. belong to the semianalytic category and conj
can then be lifted in a unique way as a semianalytic involution cgﬁj of X (D)® that preserves X (D)R.
Lastly, since the moderate growth or rapid decay condition only involves Re(f®), the involution cfo\ﬁj
preserves the subsets ﬁmod(D)R and ﬁrd(D)R.

Corollary A.29. If (U, f) is obtained from (U, f) by extension of scalars, the Q-Betti fibers Hy (U, f)
and Hy (U, f) are naturally endowed with an involution conj*, which is compatible with the natural
morphism H%’C(U, f)— HyW, f).
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Proof. Indeed, conj* is induced by
conj” : H(Umoa(D)®, @) = H.(Umoa(D)®, @) or  conj” : H.(Tra(D)®, Q) — HL(Un(D)®, @). O

Corollary A.30. In the setting of Remark A.17, assume that (Uy, f, Zy) is defined over Q. Then c&j* is
compatible with the morphisms of the Betti exact sequence (A.18). In particular, if H,(U \ Z, f) =0 for
all r, then the involutions conj* on HE’C(U, f) and HZ(ZR, Q) coincide. O

Example A.31. Let us keep the setting of Example A.28, that is, [Fresan et al. 2022, Example A.27]. It
is proved in [loc. cit.] that, for all » € Z, we have a diagram of mixed Hodge structures

H{(A} x V, f) —= H2(Z)(=1)

l (A.32)
H (A x V, f) +——H, (Al x V)

where the vertical arrow is the natural one. Consider the case r = d, the dimension of A! x V. According
to [loc. cit., Proposition A.19], the upper line is mixed of weights < d and the lower line is mixed of
weights > d. Furthermore, denoting by Héid (Al x V, f) the image of the vertical arrow, we have induced
isomorphisms of pure Hodge structure:

gV HIA! x V, ) —— (gry_z HI2(Z))(-1)

|

HY G (A] x V. f) —— WaHUAl x V, f) +— Wy HS (A} x V)

We assume that V;, g are defined over @, making Uy, f also defined over @, as well as % = g~ (0)
and Zo = Al x ., so that #® and Z® are preserved by conj. It follows from Corollary A.30 that the
isomorphisms of (exponential) mixed Hodge structures (A.32) induce isomorphisms of Betti fibers which
are compatible with conj*.

Furthermore, the weight filtration W, H,(Z®, Q) is preserved by conj*, since it comes from a filtration
defined at the level of Nori motives; see [Huber and Miiller-Stach 2017, Theorem 10.2.5]. One can argue
that the weight filtration of Hy C(A,‘ x V, f) is also preserved by conj* by analyzing first the behavior of
conj* on R" fiQy . Nevertheless, it is enough for our purpose to check that conj* induces an action on
Hp nid (A} x V, f), a property that follows from interpreting the latter space as the image of the Betti
vertical arrow (A.32).
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Added in proof

Recently, Y. Zhou also obtained [2021] the existence of quadratic relations as conjectured by Broadhurst
and Roberts, with a different interpretation of the matrix D; however. The methods are completely
different from those of the present article and rely on the previous works of the author.
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