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Spectral reciprocity via integral representations

Ramon M. Nunes

We prove a spectral reciprocity formula for automorphic forms on GL(2) over a number field that is
reminiscent of one found by Blomer and Khan. Our approach uses period representations of L-functions
and the language of automorphic representations.

1. Introduction

In the past few years, some attention has been given to spectral reciprocity formulae. By this we mean
identities of the shape
> LHE) =Y Lm)H(T), (1)
TEF neF
where F and F are families of automorphic representations, £(r) and £(7) are certain L-values associated
to 7z, and H and H are some weight functions.

The term spectral reciprocity first appeared in this context in a paper by Blomer, Li and Miller [Blomer
et al. 2019] but such identities have been around at least since Motohashi’s formula [1993] connecting the
fourth moment of the Riemann zeta-function to the cubic moment of L-functions of cusp forms for GL(2).

The more recent results concern the cases where the families 7 and F are the same or nearly the same.
Most commonly, these families are taken to be formed by automorphic representations of GL(2).

There are at least two reasons that help understand the appeal of such formulae. The first one is that
they give a somewhat conceptual way of summarizing a technique often used in dealing with problems
on families of GL(2) L-functions in which one uses the Kuznetsov formula on both directions in order
to estimate a moment of L-values. The second one comes from their satisfying intrinsic nature relating
objects that have no a priori reason to be linked.

The first versions of these GL(2) spectral reciprocity formulae [Blomer and Khan 2019a; 2019b;
Andersen and Kiral 2018] used classical techniques such as the Voronoi summation formula and the
Kuznetsov formula. Starting from [Zacharias 2021], it became clear that an adelic approach could be of
interest. Not only does this render generalization to number fields almost immediate, it can also avoid
some of the combinatorial difficulties that arise when applying the Voronoi formula.
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Blomer and Khan [2019a] have shown a reciprocity formula which is the main inspiration for the
present work: Let IT be a fixed automorphic representation of GL(3) over Q. Let g and £ be coprime
integers. We write
L(3 T xm)L(3.7) hx ()

LaAdn) gz M)+,

Mg.t:hy=1 3

cond()=q

where

e 7 runs over cuspidal automorphic representations of PGL(2),
e An () is the eigenvalue of the Hecke operator 7y on ,

e 1. is the spectral parameter,

e )i is a fairly general smooth function, and

e (---) denotes the contribution of the Eisenstein part, the terms of lower conductor and some
degenerate terms.

Blomer and Khan have showed that
M(q. 0. h) = M, q.h).

where /i — h is given by an explicit integral transformation. When IT corresponds to an Eisenstein series,
this has an application to subconvexity: Let 7 be a cuspidal automorphic representation for GL(2) over Q
of squarefree conductor. Then

L(% 7) Ke (COnd(n))%_ﬁ(l—zﬁ)_,_E’ o

where ¢ is an admissible exponent towards the Ramanujan conjecture (we know that 6—74 is admissible
and ¥ = 0 corresponds to the conjecture). This was then the best-known bound of its kind but it was later
superseded by the one in [Blomer et al. 2020].

In this article we use the theory of adelic automorphic representations and integral representations of
Rankin—Selberg L-functions to deduce a result on number fields of similar flavor to that of [Blomer and
Khan 2019a, Theorem 1].

With respect to Blomer and Khan’s result, our result has the advantage of being valid for any number
field. On the other hand we need to make some technical restrictions that prevent us from having a full
generalization of their reciprocity formula. For the moment our results only work when the fixed GL(3)
form is cuspidal and our formula only contemplates forms that are spherical at every infinity place. The
first restriction is made for analytic reasons and is due to the fact that unlike cusp forms, the Eisenstein
series are not of rapid decay. This can probably be resolved by means of a suitable notion of regularized
integrals. As for the second restriction, this seems to be of a more representation-theoretic nature. It
requires showing analyticity of certain local factors for nonunitary representations of GL(2). We hope to
address both of these technical issues in future work.
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1A. Statement of results. Let F be a number field, with ring of integers of. Let I1 be a cuspidal
automorphic representation of GL(3) over F. For each automorphic representation 7 of GL(2), we
consider the completed L-functions

A(s,m), A(s,Ad,7) and A(s, IIxm).

These are, respectively, the Hecke L-function and the adjoint L-function of m, and the Rankin—Selberg
L-function of IT x 7, where for the Rankin—Selberg L-functions we take the naive definition (20). These
coincide with the local L-functions & la Langlands at all the unramified places but might differ at the
ramified ones. Notice that this might also affect the values of L (s, Ad, 7).

Let £ denote the completed Dedekind zeta function of F, and let £5(1) denote its residue at 1. Let
® ~ ), Dy be a vector in the representation space of IT. Let s and w be complex numbers, and let H
denote the weight function given by (29). We consider the sums

Cy () 1= Z A(s, IT xm)A(w, ) H(r)

A(1, Ad, 77)

and

(@)= Y /°° A, TTx (@, i) AW, 7 (@, i1))

ot
A (1, Ad, 7(, 1)) Him(@,it) 2=, ©)

weE(S) ™
where S is any finite set of places containing all the archimedean ones and those for which &, is ramified,
C(S) (resp. E(S)) denotes the collection of cuspidal automorphic representations of GL(2) (resp. unitary
normalized idele characters) over F that are unramified everywhere outside S. Finally, 7 (w, i) denotes a
normalized induced representation as in Section 3A1 and A*(1, Ad, ) denotes the first nonzero Laurent

coefficient of A(s, Ad, ) at s = 1. The main object of study in this work is the following “moment”:
Ms,w(cb) = Cs,w(q)) + Ss,w(q>)~ (4)
We remark that the values of A(s, IT X w(w,it)), A(w,n(w,it)) and A*(1,Ad, w(w,it)) can be

given in terms of simpler L-functions as follows:
A, I xm(w,it)) =As+it, I xw)A(s—it, 1 xw),
Aw,m(w,it))=Aw+it,w)A(w—it,»),
A*(1,Ad, n(w,i1)) = Resg—1[A(s + 2it, 0*)A(s — 2i 1, ®)ER(s)]
= A(1+2it,0)A(1 —-2it,5*)Ex(1) (t #0),

where A(s, IT x w) and A(s, w) are the (completed) Rankin—Selberg L-function of IT x w and Dirichlet

L-function of w, respectively.
We start with the following result which can be seen as a preliminary reciprocity formula.

Theorem 1.1. Let s, w € C and define

" w)=3R0+w—s),3Gs+w-1)). (5)
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Let H be as in (29) and H be given by (31). Suppose the real parts of s, w, s" and w’ are sufficiently
large. Then we have the relation

Ms,w(q)) + Ds,w(q)) = Ms’,w’(&/)) + ’Ds’,w’(&s)’
where Dy 4, (P) is given by (30).

Theorem 1.1 is a completely symmetrical formula but only holds when the real part of the parameters
s, w, s" and w’ are sufficiently large. In order to obtain a formula that also holds at the central point
s=w=s"=uw'= % we need to analytically continue the term &, (P). This is done in Section 9 under

a technical condition enclosed in Hypothesis 1.

Spectral reciprocity at the central point. Let I1 be an everywhere unramified cuspidal automorphic
representation for GL(3) over F. This means that IT =~ ®’v IT,, where for each v, II, is isomorphic to
the isobaric sum

it it it
|'|vl'v EE|'|v2'UEE||'|v3'v-

We say that IT is 0-tempered if for all v and i =1, 2, 3, we have |Re(#; 5, )| < 6. It follows from a result of
Luo, Rudnick and Sarnak [Luo et al. 1999] that every automorphic representation of GL(#) is 6-tempered
for some 6 < % Therefore we can, and will, let 6 = 6(I1) < % be such that IT is O-tempered.

Suppose that ®,, is spherical for every archimedean place v. The reason for this restriction is twofold.
The first and main reason is that this leads to weight functions satisfying Hypothesis 1. The second is
that this trivializes the transformation H;, — flv on the local archimedean weights. It would be very
interesting to have a better understanding of this transformation. In particular it would be interesting to
have an understanding of H, when H, is taken to be a bump function selecting spectral parameters of a
certain size.

Let s,w € C, let q and [ be coprime ideals with absolute norms ¢ and ¢, respectively, and write
Uso := ]_[v|oo{y € F):|yy| = 1}. Suppose that ® = ®%! is the vector given in Section 7. It follows
from (34) and Propositions 7.1 and 7.2 that

hr (1 w) (q)
NDpv g2

where 8o (77) is the characteristic function of representations that are unramified at every archimedean

H(mw) = 600 (m) hq(s, w; I, 1),

place, A ([, w) are modified Hecke eigenvalues given by

~ ha (")
)wr([, U}) = l_[ ()»n(lﬂn”) - —w)v (6)
o (Np)

¢ is the Euler function, and finally, iq(s, w; I, 7) = 1 if cond(w) = q, hq(s, w; I, 7) <K gfteif
cond(r) | q, and it vanishes otherwise. Thus, choosing ® as above, we get

Ms,w(®) = Mo(IL s, w, q.D),
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where
Mo(IT, s, w, q,1) :==Co(T1, s, w, q,[) + E(I1, 5, w, q, ),
with
B o(q) AQ, I xm)A(w, ) Az (I, w) )
Co(Il, s, w,q,l) = q_2 Z AL Ad7) 7w hq(s,w; I1, )

T cusp

cond(7r)|q
and

0(q) % A(s, T x 7(w. i) A(w, 7(. i1))
gO(Hassw’qa[):_z Z / * .
q L — —0o0 A (lvAd7n(w’lZ))
WEF* Uso\A(]) R
i Antwiny ()
X ew

The notation cusp® denotes that we are restricting to forms that are unramified at every archimedean place

dt
he(s, w; IT, m(w,it)) —.
2w

and the analogous role in the Eisenstein part is played by quotienting by Uy. Finally, we let
NO(H, s, w,(q, [) = Ds’,w’(&s) + Rs’,w’(&s) - Ds,w(cb) - Rs,w(q))a
where D is given by (30) and R is given by (53).

Theorem 1.2. Let I1 be an everywhere unramified cuspidal automorphic representation of GL(3) over F.
Suppose q and | are coprime ideals with absolute norms q and £, respectively, and that % < Re(s) <
Re(w) < %. Then we have

Mo(IT, s, w, q, 1) = No(I1, s, w, q, [) + Mo (I, 5", w', [, q),
where s’ and w' are as in (5). Moreover, in this same region, Ny satisfies
No(TT, 5, w, 4, 1) s, min(g, )71, )

As an application, we may deduce a nonvanishing result which is similar in spirit to [Khan 2012,
Theorem 1.2]: we prove an asymptotic formula for a family of forms of prime level p, and let Np tend
to infinity. It may be worth mentioning that although the results are similar, Khan’s result concerns
modular forms of sufficiently large weight k for GL(2) over the field of rationals, while our result holds
for everywhere unramified forms for GL(2) over an arbitrary number field.

Corollary 1.3. Let I1 be an unramified cuspidal automorphic representation of GL(3) over F, and let p
be a prime ideal of o with absolute norm q. Then, for every € > 0,

¢ 5 A(3. T xm)A(z. ) _ 4A(1, DA, TT)

19—%-‘1-6
ALAdT) & O T

7T cusp
cond(m)=p

In particular, for q sufficiently large, there is at least one automorphic representation w of conductor p,
unramified for every archimedean place and such that A (% IT x n) and A (% Jr) are both nonzero.
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Plan of the paper. In Section 2 we lay down our first conventions on number fields and local fields. In
Section 3 we recall the notion of automorphic representations for GL(n) over F and some of its properties.
Special attention is given to the case n = 2 where, in particular, we recall the construction of Eisenstein
series and write down an explicit spectral decomposition. In Section 4, we introduce the Whittaker models
and their relation to periods of Rankin—Selberg L-functions for GL(n + 1) x GL(n). We work in complete
generality but only use the results in the cases n = 1 and n = 2.

In Section 5 we prove an identity between periods which we call abstract reciprocity. This is connected
to the actual reciprocity via a spectral decomposition which is performed in Section 6. In Section 7 we
make some explicit computation for the local weights. Section 8 is dedicated to analyzing the degenerate
term Dy 4, (P) and we show the meromorphic continuation of the spectral moment in Section 9, thus
introducing the term Ry, (®). Theorem 1.1 only uses the results up to Section 6 and a few observations
from Section 8. On the other hand, Theorem 1.2 requires the full power of the results in Sections 7, 8 and 9
and its proof is given in Section 10 along with that of Corollary 1.3.

2. Notation

Number fields and completions. Throughout the paper, F will denote a fixed number field with ring of
integers o and discriminant dr. For v a place of F, we let Fy be the completion of F at the place v.
If v is nonarchimedean, we write o, for the ring of integers in Fy, m, for its maximal ideal and =, for
its uniformizer. The adele ring of F is denoted by A, its unit group is denoted by A*, and finally, AE(I)
denotes the ideles of norm 1. We also fix, once and for all, an isomorphism A* ~ AZ(I) X Rsg.

Additive characters. We let = Q,, ¥, be the additive character ¥ = ¥q o Trg,q, where Trg/q is the
trace map and Vg is the additive character on Ag which is trivial on @ and such that ¥ (x) = 27X
for x € R. Let d, be the conductor of ¥, i.e., the smallest nonnegative integer such that v, is trivial
on m;d”. Notice that dy, = 0 for every finite place not dividing the discriminant and we have the relation

dr =11, pglu’ where py 1= [0y /my].

Measures. In the group A we use a product measure dx = [ [, dx,, where for real v, dx, is the Lebesgue
measure on R, for complex v, dx, is twice the Lebesgue measure on C and for each finite v, dx, is
a Haar measure on F, giving measure p,, 28 1o the compact subgroup o0,. As for the multiplicative
group A*, we also take a product measure d*x = [[d*x, where d*xy, = {,(1)(dxy/|xy]|) for infinite or
unramified v and we take d*x, := p? dv &F, (1)(dxy/|xy|) for ramified v so that for any finite v, we are
giving measure 1 to 0. Such measures can naturally give rise to measures on the quotient spaces F\A
and F X\Aé) such that
1
vol(F\A) =1 and Vol(FX\AE(l)) =dgEp(1).

The ﬁlrst can be found in Tate’s thesis [1950] and the second is [Lang 1994, Proposition XIV.13] (the

factor d% comes from our different normalization of the multiplicative measure).
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3. Preliminaries on automorphic representations

In the course of studying automorphic forms in GL(#), it will be important to distinguish a few of its
subgroups. For any unitary ring R with group of invertible elements given by R*, we let Z,(R) denote
the group of central matrices (i.e., nontrivial multiples of the identity) and N,(R) denote the maximal
unipotent group formed by matrices with entries 1 on the diagonal and 0 below the diagonal, and we
let A, (R) denote the diagonal matrices with lower-right entry 1.
We extend our additives character to N, in the following way: If n = (x; j)1<;,j<n € Np(A), then
Y (n) =Y (x; 24+ xp—1,) and similarly for y,. We can extend the measures on the local fields F
and their unit groups F, to measures on the groups Z,(Fy), N,(Fy) and A, (Fy) using the obvious
isomorphisms Z,(R) ~ RX, Nu(R) ~ R2""=1 and A,(R) ~ (R¥)""!.
Moreover, let K, denote a maximal compact subgroup of GL,(F,) given by
O(n) if Fy =R,
Ky :=qU(n) if Fy,=C¢C,
GL;(0y) for v < oo.

We can now define a Haar measure on GL, (F}) by appealing to the Iwasawa decomposition. Let dk
be a Haar probability measure on K, and consider the surjective map

Zn(Fy) X Ny(Fy) x Ap(Fy) X Ky — GL,(Fy), (z,n,a,k) v~ znak,

and let dg, be the pullback by this map of the measure

n—1
Aa)™! l_[ y,:k("_k) x dz x dn x da x dk,
k=1
where
34|

n—1
A .. _ nt1-2j
Vne1 jljl il

1

In particular, for GL,,

/G o s = /K U / . /F v /F S na k) d*uds Tyly

Zu) = (” u) n(x) = (1 f), a(y) = (y 1).

Similarly, we shall consider measures on the quotients

dk,

where

Nu(Fy)\GLy(Fy) and PGL,(Fy):= Zy(Fy)\GLy(Fy)

by omitting the terms drn and dz respectively. Now, given a group G for which we have attached Haar
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measures dg, to G(Fy), we attach to G(A) the product measure dg = [[, dgy. Since PGL,(F) —
PGL;(A) discretely, we may use the measure of PGL,(A) to define one on

X :=PGLy(F)\PGL2(A) = Z,(A)GL, (F)\GL2(A),
which turns out to have finite total measure vol(X) < 4oc.

3A. Automorphic representations for GL(2). Consider the Hilbert space L2(X) with an action of
GL, (A) given by right multiplication and a GL, (A)-invariant inner product given by

10201200 = [ 010320 de. ®
It is well known that this space decomposes as
L3 (X) = L3yy(X) @ Ly (X) @ Ly (X), )
where qusp (X)) denotes the closed subspace of cuspidal functions given by the functions satisfying the
relation
/ $(ng) dn =0,
N2 (F)\N2(A)

eres (X) is the residual spectrum consisting of all the one-dimensional subrepresentations of L?(X),
and L2 (X) is expressed in terms of Eisenstein series which we discuss further below. Moreover,
Lgusp(X ) decomposes as a direct sum of irreducible representations, which are called the cuspidal
automorphic representations.

3A1. Induced representations and Eisenstein series. Given a character @ : F*\A* — C* (not necessarily
unitary), we denote by 7 (w) the isobaric sum w Hw™!, i.e., the space of measurable functions f on
GL;(A) such that

ab 1 _
/(" 5) ) =larato@o™ @@, £ S <+
where | - | denotes the adelic norm, K :=[[, Ky, and (f1, f2)md < 00, where we put

Ui fdai= [ fi@()0 BGOTE ¢y dk

Ay <K
= vol(F\AG) [ AT dk (10

Given such w and f € w(w), we define an Eisenstein series by a process of analytic continuation. It is
given by the following series, as long as it converges:

Eis(f)(g) := Y. [,

y€ B (F)\GL2(F)

By(R) := {(" Z) :a,deRX,beR}.

where for a ring R,
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Suppose w # 1. We define further the normalized Eisenstein series by taking

Eis(f) := L(1,»?) Eis(f).

It will be convenient to define the inner product of two normalized Eisenstein series in terms of the inner
product in the induced model of the functions used for generating it. In other words, for fi, f> € ()
and ¢; = Eis(f;), where i = 1, 2, we write

(01.62) = |L(L )P fo)ma = dEA* (1 Ad () /K 110 7o) d. (11

Finally, for a complex parameter s, we use the notation 7 (w, s) := w(w x | -|*). For a character w,
of F, we can similarly define the induced representation 7y (wy, s) so that if @ ~ (X); wy, We have

m(w,s) ~ Q. my(@y, ).

3A2. Spectral decomposition for smooth functions. We already encountered a decomposition of L2 (X))
in (9), but in practice we will encounter functions in L2(X') which are right-invariant by a large compact
subgroup K¢ C GL,(A) and moreover we will need more uniformity than simply L2-convergence. In the
following, we write down a more precise form of this decomposition for functions in C>(X /K*), where
for a finite set S of places of F containing the archimedean ones, K is the compact group given by

KS = l_[ K.
veS

The only intervening representations are those that are unramified outside S. That means 7 € C(S),
m=mn(w,it) forw e B(S) or 1 =wodet for w € E(S). For each cuspidal automorphic representation 7,
we let B¢ () denote an orthonormal basis of the realization of 7 in L?(X) with respect to the inner
product (-, -)r2(x). Similarly, for an induced representation = = (), we define Be () to be a basis
of normalized Eisenstein series (not vectors in the induced models!) with respect to (-, -)5;. We may
therefore state the following version of the spectral theorem:

Proposition 3.1. Let F € C®°(X /KS) be of rapid decay. Then

F@)= > Y (F.¢)p(g)+vol(X)™' Y  (F.wodet)o(detg)

7eC(S) peBe (1) weE(S)

1 ['9)
o 2 /Oo Y. (Fe)@ad.
w€eEB(S) PEBe ((w,it))

where (-, -) denotes the same integral as in the definition of (-, )y 2(x) and convergence is absolute and

uniform for g on any compact subset of X.

The result, for pseudo-Eisenstein series, follows from (4.21) and (4.25) in [Gelbart and Jacquet 1979] and
by extending the inner product (a;(iy), a»(iy)) with respect to an orthogonal basis of L?(F X\AE(I) x K).
The general result is a consequence of the fact that the space of cusp forms decomposes discretely and
spans the orthogonal complement to the space of pseudo-Eisenstein series.
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4. Whittaker models and periods

In this section, we consider irreducible automorphic representations 7 of GL, (A) and the period integrals
related to some Rankin—Selberg L-functions. We will only be concerned with the generic representations,
which are those admitting a Whittaker model. This is done for arbitrary » but only the cases n = 2
and n = 1 are used in the sequel. Finally, we shall not distinguish between a representation 7 and its space
of smooth vectors V.>°. An automorphic form ¢ will always denote a smooth vector in an irreducible
automorphic representation.

4A. Whittaker functions. Let 7 be a generic automorphic representation of GL,(A), and let ¢ € 7 be
an automorphic form. Let Wy : GL,(A) — C be the Whittaker function of ¢ given by

Wy(g) = / ¢(ng)y (n)dn. (12)
Nu(F)\Ny(A)

It satisfies Wy (ng) = ¥ (n) Wy (g) for all n € N, (A).

Given a cuspidal automorphic representation of GL,(A), we might write down an isomorphism
T~ ®; 1, where for each v, 7, is a local generic admissible representation of GL, (£ ), and we might
define Whittaker functions for each local representation such that for every ¢ € w with ¢ = ®; o)
through the above isomorphism, we have

Wy (g) = [ Wp,(gv). &= (gu)v € GLa(A). (13)

In fact, the map ¢ — Wy is an intertwiner between 7 and its image, denoted by W(z, ), the so-called
Whittaker model of . We similarly define the local Whittaker models W(ry, ¥ ). Later on, it will be
convenient to exchange freely between a representation and its associated Whittaker model. The importance
of the latter comes from its close relation to local Rankin—Selberg L-functions, as we will see in Section 4B.

There is a similar story for noncuspidal forms but in this case it is better to work with normalized
Eisenstein series. As we will only need this for n = 2, we shall restrict to this case. Let f € n(w) and
suppose that f is factorable, i.e., /' = &, f» with f, € 7y (wy). Then it follows by analytic continuation
and Bruhat decomposition that

Weripy(© = L0607 [ flwngypm dn = [TW/ (o).
N> (A) v
where Wfi is the normalized Jacquet integral, given by

Wl(e) =00} [ fung) il dn.
NZ(FU)

By putting ¢ = lfi\i/s(f) and Wy, = Wfi, we see that (13) also holds in this case.
It is also important to consider Whittaker functions with respect to the inverse character ¥’ = 1;, SO we
analogously define qu and Wq;v by replacing ¥, by ¥, = ¥r, and ¥ by ¥' =[], v/ in all the previous
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definitions. It follows from uniqueness of local Whittaker functions that we may take

W, = W,, forall places v of F. (14)

If a local generic admissible representation my, is unramified for some finite place v, this mean that
in 7T, there exists a vector which is right-invariant by the action of GL,(0y). Such a vector is called
spherical and spherical vectors are unique up to multiplication by scalars. Among the spherical vectors
we shall distinguish a certain one which we call normalized spherical. If v is unramified, the normalized
spherical vector will be the one for which Wy, (e) = 1, where e € GL, (Fy) denotes the identity element.
For the finite ramified places we simply define it to be the newform (defined in Section 4C). This avoids
repetition and is justified by the fact that the two notions also coincide for unramified primes.

4B. Integral representations of GL, 1 x GL, L-functions. This theory is an outgrowth of Hecke’s
theory of L-functions for GL, and has been developed by Jacquet, Piatetski-Shapiro and Shalika. We
start with IT and 7 irreducible automorphic representations of GL, 11 (A) and GL,(A), respectively, and
let ® € IT and ¢ € & be automorphic forms. Suppose momentarily that ® is a cusp form and hence
rapidly decreasing. We can thus consider for every s € C the integral

I(s, D, ) ::/

GLy (F)\GLy (R)

cp(h 1)¢(h)|deth|s—% dh.

It follows from the Whittaker decomposition of cusp forms (see [Cogdell 2007, Theorem 1.1]) that if ®
is a cuspidal function, then
I(s, ®,¢) = V(s, We, de) (Re(s) > 1), (15)

where

(s, W, W) ::/

W(h )W’(h)|deth|s—% dh. (16)
Ny (M)\GLy, (8) 1

Our next result gives some of the good properties of W(s, W, W), namely, convergence and the fact that
it factors into local integrals whenever ® and ¢ also factor.

Proposition 4.1. Let I1 and 7w be automorphic representations of GL(n + 1) and GL(n) over F, respec-
tively. Let ® = (X):) O, eIl and ¢p = ®; ¢y € w be automorphic forms. Let Wg, and Wd:u be as in
Section 4A. Then, for Re(s) > 1, (s, W, Wq,;) converges and we have the factorization

W(s, Wo, Wp) = [ [ Wuls. Wa,. Wj,).
v

where

W, (s, W,W') = /

W(h“ 1) W' (hy)|det iy |2 dy. (17)
Nu (Fy)\GLy (Fy)

Moreover, if v is finite and both 11, and m, are unramified and ®,, and ¢, are normalized spherical,

Wy (s, W, Wy ) = pdt" O L(s. Ty x 1), where Iy(s) = gn(n+ 1)s — {5n(n + 1)(2n + 1).



1392 Ramon M. Nunes

Proof. The first part follows from gauge estimates for Whittaker functions (see [Jacquet et al. 1979, §2]). It
is an important fact that this part does not require the representations to be cuspidal. The reason is that, in
some sense, the integral representation using Whittaker functions only sees the nonconstant terms. For the
local computation this is well known when p,, is unramified (see, e.g., [Cogdell 2007, Theorem 3.3]). In
general we may restrict to the unramified situation by following the computation in the proof of [Cogdell
and Piatetski-Shapiro 1994, Lemma 2.1]. O

Remark. When n = 1, we write I(s, ¢), W(s, Wy) and Wy (s, Wy, ) instead of I(s, ¢, 1), W(s, Wy, Wy,)
and Wy (s, Wy, , W1), where 1 and 1, denote the constant functions on GL;(A) and GL (Fy) respectively.

4C. Newforms and ramified L-factors. For a finite place v and any admissible irreducible generic
representation of GL, (Fy), not necessarily unramified, we define a distinguished vector in its Whittaker
model, called newform. This was first introduced by Casselman [1973] when n = 2 by translating the
results of Atkin and Lehner to the representation-theoretic language. This was later generalized by Jacquet,
Piatetski-Shapiro and Shalika [Jacquet et al. 1981] for general n by requiring that they are good test
vectors for representing L-functions via Rankin—Selberg periods as in Section 4B. Moreover, when 7 is
unramified, these coincide with normalized spherical vectors.

The fact that these newvectors are test vectors for Rankin—Selberg L-functions can be rephrased
by relating their values to the Langlands parameters of the representation. This was carefully car-
ried out in [Miyauchi 2014]. In order to quote these results we introduce the following notation: for

vV=W1,....0p—1) €Z" L lets(v) = 27;11 %i(n —i)vj, and for y € F\, we write
Uit
o) = w;2+-~-+vn—1
' 1

The main result of [Miyauchi 2014] states that if v, is unramified, then Wy, (a(v)) = p* M (v), where
Ar,(v) =0 unless vy,...,v—1 =0, (18)

and the A, (v) are in general given by Schur polynomials evaluated on the Langlands parameters of
(see [Miyauchi 2014] for details).

When v, is ramified, this has to be modified. First, we write ¥, (x) = ¥, (Ax) for some A € F,*, where
V¥ F, is an unramified additive character of Fy, and let d = v(A). We then define the newvector by taking

Wr, (&) = W (a(tn(d))g).

where t,(d) =(d.d,...,d) € 7"~ ! and Wz denotes the newvector for the unramified character Y, .
The term a(t,(d)) is responsible for the change in the additive character.

In addition to Proposition 4.1, we shall also need to compute L-functions for certain ramified local
representations. In particular, we require the following computation that appears, for instance, in the
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work of Booker, Krishnamurthy and Lee [Booker et al. 2020, proof of Lemma 3.1]: Let n > m, and

let IT, (resp. 7ry) be an irreducible admissible generic representation of GL,(Fy) (resp. GL, (Fy)) with

n

Langlands parameters (ygz i (resp. (y,%)) =1 ). Supposing further that , is ramified, one then has

A, (v,0,...,0)Ar, (V)
Z 122+ m—1)vp1)s L(s. Iy x 70), (19)
Eezm—l v
VseeosVin—1=0
where

Ls.Myxm) =[] A=rPvdpy9H7". (20)
1<i<n
1Sj<m

This coincides with Langlands local L-function when IT, is unramified, which we shall suppose.

4D. Relation between inner products on GL(2). Let r be a generic automorphic representation of GL(2)
over F with trivial central character. We define a GL, (A)-invariant inner product on the representation
space of 7 as follows: If 7 is cuspidal, then we may see V, embedded in L2(X) and therefore 7 may
inherit the inner product from L?(X) given by (8). If 7 is Eisenstein we cannot see the representation
space of 7 inside L?(X) and hence we equip it with the inner product given by (11).

There is however another way of defining an inner product for factorable vectors in these representations
which is independent of whether 7 is cuspidal or Eisenstein. This is done by using the Whittaker model
as follows: For each place v, we have a GL, (£} )-invariant inner form on W(ry, ¥ ) by letting

JEzx Wila(yp)) Wala(yy)) d* py,
Su(D)Ly(1,Ad )/ Eu(2)

The fact that the numerator of (21) is indeed right GL; (Fy)-invariant follows from the theory of the
Kirillov model and the inclusion of the denominator is to ensure the following property: Whenever

Vy(W1, W) = (21)

7y and Y, are unramified and W is normalized spherical, we have ¢, (W, W) = 1. Finally, letting
¢ = ®¢1,v and ¢, = ®¢2,v be either cusp forms or normalized Eisenstein series, we define the
canonical inner product by the formula

1
(B1.62)can = 2dZA* (1 Ad ) x [ [ 80 (W, . Wy, (22)
v

Since every two GL; (A)-invariant inner products in 7 must be equal up to multiplication by some scalar, it
follows that we can compare the canonical inner product with the ones introduced earlier for cuspidal and
Eisenstein representations. Indeed, Rankin—Selberg theory in the cuspidal case and a direct computation
in the Eisenstein case gives us the following relation:

(¢1,92)2(x) if 7 is cuspidal,
2(¢1. ¢2)Eis if 7 is Eisenstein.

(¢1’¢2>can = { (23)
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The computation in the Eisenstein case follows from [Wu 2014, Lemma 2.8]. For the cusp forms we
combine the proof of [Wu 2014, Proposition 2.13] with the value of the residue of an Eisenstein series
computed in [Michel and Venkatesh 2010, (4.6)].!1

5. Abstract reciprocity

In this section we show an identity between two periods. At this point we make no attempt to relate them
to moments of L-functions. The proof is a rather simple matrix computation.
Suppose ® € C*°(Z3(A)GL3(F)\GL3(A)) is such that for every h € GL,(A\), the integral

As®(h) = |deth|s—é/ @(Z(“)h 1)|u|2S—1arXu (24)
X\AX

F
converges and such that y > A;®((” | )4) is of rapid decay as | y| — 0 or +o0.

Proposition 5.1. Let ® be as above, and let I1(w, -) be as in the remark on page 1392. Then, for every

s, w € C, we have the reciprocity relation
I(w, A;®) = I(w', Ay ®),

where (s',w’) are as in (5) and

1
D(g) := P(gwr3), was3 =< 1 1). (25)

Proof. By definition,

I(w, As®) :[ [ @(Z(”)"(y) )|u|23—1|y|s+w—1 d*ud”y. (26)
X\AX X\AX 1
Now, since @ is left-invariant by Z3(A)GL3(F), we see that for every u, y € A%, one has

uy u y Y y

) u = u W3 u wy3 | =@ ul wy3 | =@ u

1 u 1 1 1

-1

Applying this to (26) and making the change of variables (1, y) = (u’~',u’y’) gives the result. [

6. Spectral expansion of the period

In this section we will give a spectral decomposition of the period I(w, A;®P). Let IT be an automorphic
cuspidal representation for GL(3) over F, and let ® = ), &, € II be a cusp form. Let S be a finite set
of places containing all archimedean places and all the places for which ® is not normalized spherical.
Since @ is of rapid decay, then the same holds for .A;®. More precisely this follows by combining the

1
UIn [Wu 20141, a factor d I%" seems to be missing in the computation of this residue.
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rapid decay of Whittaker functions with the action of the Weyl group of GL(3). We can thus spectrally
decompose it as in Proposition 3.1:

As®() = Y Y (A@.p)p(h) +vol(X)™" D" (AP, wodet)w(det g)

weC(S) peB. () weB(S)
00

Ly /Oo S (A0, @)p(h) d.

WeE(S) " 7" peBe(m(w,it))

By integrating both sides of the above expression against an additive character and over the compact
set No(F)\ N2 (A), we get the following relation for Whittaker functions:

Wao= > Y AoaWmi > [ Y aoawme

weC(S) peB. () TeE(S) PEB. (7w (w,it))

Notice that since the one-dimensional representations are not generic, they do not contribute to the above
expression. Now, because of rapid decay of the Whittaker functions Wy as |y| — +o0, if we take Re(w)
sufficiently large, we get

W(w, A;P)
1 o0
= > D (ALY W)+ Y / D (AP, Wy)dr. 27)
7eC(S) peBe (1) weB(S) Y TP peBe(n(w,it))

By using the Fourier decomposition of A;®, we see that

[ Waotatly " a7 = 10, A4:0) ~ 1, (A:0)o).

where for any ¢ on C*°(X), ¢y is given by
do = [ g ax.
F\A

The next step is to realize the terms (A;P, ¢) and W(w, Wy) as a product of local integrals. First, it
follows from Proposition 4.1 that if ¢ = ), ¢, is decomposable,

W(w, W) = [ Wo(w. Wy,).

Moreover, from the definition of A;®, we deduce, after changing variables, that
(A D, p) = I(s, D, p).

Since @ is a cusp form on GL(3), it follows from (15) and Proposition 4.1 that for Re(s) sufficiently
large and factorable ¢,

I(s, . ¢) = W(s, We. W) = [ | ¥ols. Wa,. Wy,).
v
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where W, (s, W, W’) is given by (17). As a consequence, we have

Iw, Wae) =Tw, (AP)o)+ Y Y []%ls We, W3,) ]‘[\p (s, Wg,)

weC(S) peB () Vv

i 2 / > [Tt Wa, W) [ ] Wols. Wy,) di. (28)

we B(S) "~ ¢eBe(n(w,it)) v

For each generic automorphic representation 7w we will now construct an orthonormal basis for V;
which is formed exclusively by factorable vectors: We start by choosing for each place v, an orthogonal
basis BY () of the space W(my, ¥y). Consider now the elements ¢ = ), ¢, such that for every
finite v, Wy, lies in B W (1), and for all but finitely many v, Wy, is normalized spherical. This provides
us with an orthogonal basis for V. In order to get an orthonormal basis we multiply these vectors by
the correcting factors coming from (23). Applying these steps to (28) leads to the following (the slightly
awkward normalization is justified by the last part of Proposition 4.1):

Proposition 6.1. Let I1 be a cuspidal automorphic representation, and let ® = @), ®, € Il be a cusp
Sform. Then, for complex numbers s and w with sufficiently large real parts, we have

—3s—w

2d2 I(U)»Asq)) = Ms,w(q)) +,Ds,w(q>),
where

Wy (s, We,, W)Wy (w, W)
L(S’ HU X ﬂv)L(wa T[U) ’

H(rm) = 1_[ Hy(my), Hy(my) = Pl‘f”o_“_w) Z (29)

WeBW (ry)
M (D) is as in (4), and

1_3 _ _ _
Dy (®) = 2037 wLX\AX L\ALX\AX©(Z(u)n(x)a(y) 1)|u|2s s tu=1 ¢y dy d¥y.  (30)

We will refer to the function H given by (29) where ® = ) ®,, € IT as the (s, w)-weight function of
kernel ®. If s and w and ® are clear from the context, we shall refer to it simply as the weight function
of kernel ®.

Finally, given s, w € C, if H is the (s, w)-weight function with kernel ®, we let H be the (s, w')-weight
function associated to &), where s and w’ are as in (5) and ® is as in (25). In other words,

/ !
H(x) =[] Hom),  Hylr) = plo@=3=w) 3 Wy (s, W, W)Wy (w', W)' 3D
v

WGBW(T[ ) L(S/a Hv X HU)L(U}/’ T[U)

7. Local computations

Let IT be an unramified cuspidal automorphic representation of PGL(3) over F. For all v, we let CIDS
correspond to the normalized spherical vector in the Whittaker model, that is, Wq,g = Wn,. Letq and [
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be two coprime integral ideals of F. Finally, let %' = ®, %', where, for all vql, we put ®}' = &0,

for v|q,
[ 1 0 b s
V(g =— Y  oplg| 1 : (32)
v Bemy" /oy 1
where n = v(q), and, for v |,
[ 1 0 Le
Py(g) = —, Z N A :
Py Bemy /oy 1

with m = v(l).

We will now proceed to the calculation of H, for ® = ®%'. First notice that if, for some compact group
K of GL,(Fy), we have that ®,, is invariant on the right by matrices of the shape (k 1), where k € K},
then we may restrict the sum over the basis B” (i) to a sum over a basis of the right K -invariant
vectors. In particular, if v < co and v{ql, this basis will have only one element, which can be taken to be
normalized spherical. Thus, by Proposition 4.1, we see that Hy(77,) = 1 in those cases. We divide the
remaining cases in three subcategories: v | [, v|q and v | oo and treat them in that order.

7A. Nonarchimedean case I: v | I. Even though this is not obvious at first glance, we will show that
H, vanishes unless 7, is unramified. First, notice that by right GL(2)-invariance of the Whittaker norm,
we have that for every orthonormal basis B of W(my, ¥yy), one may construct another one by taking
B := {m,(h)W,W € B}. Applying this for s = (" f) for B € m,;™ /oy, changing variables in the
GL(3) x GL(2) Rankin—Selberg integral and summing over 3, we deduce that

dy(3—35—w) Z Wy (s, Wit W)Wy (w, W)
v

Hy(my) =p
WGBW(HU) L(S’HU XT[U)L(w’]TU)
where
_ 1 -8
(m) o m
W™ (k)= p > W(h( 1))
Bemy "™ [oy

Now, since Wy, is spherical, we may restrict the sum over BY () to only one term for which W is the
normalized spherical vector. Now, by Proposition 4.1, Wy (s, Wi, an) = p,‘fv(“ _%)L(s, IT, x y) and

_1
Wy (w, Wzgjn)) = / « SU(J’)Em—deu (J/ )|y|w 2 dx)’»

= plow=2) > k”v(“)_ ,j’"“’( 7, (M )—%)p?(“’_%)uw,m). (33)

v

u=m ’

Hence we have that

w) ) (34)

Hy(my) = pv—mw ()\nu (m) — i v

v
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7B. Nonarchimedean case II: v | q. We will show that H,(mr,) vanishes unless c¢(my) < n and that
Hy(my) e pﬁ(9—1+e)’ and if ¢(my) = n, then Hy(my) = Qp(pg)l)ljzn'
We first notice that by a result of Casselman [1973], if we let Wy = W, be the newvector and for
each j > 0, we let
W;:=m, (1 j) Wy. (35)
wy
Then, for each j > 0, {Wy, W, ..., W;} is a basis for the Ky[no+ j]-invariant vectors in W(rmy, ¥y),
where n¢ = ¢(y). We now construct an orthonormal basis by employing the Gram—Schmidt process.
This is the local counterpart of the method in [Blomer and Miliéevi¢ 2015].
Let Az, = Az, (1) be as in Section 4C and 8, = §,,—=0, and take oz, := Az, /(/Po(1 + 85,/ Pv)).
We put
1

V1—a2 ’

v

Enn(0.0) =1, £ (1.1)= Ern(1.0) = —tm, pi by (1. 1),

and

Sﬂv(j’j)= ) éﬂu(j’j_l)z_)‘ﬂvsn'u(j’j)v Eﬂu(jvj_z):(sn’ugﬂu(j?j)’

1
\/1 _O{JZTU \/1 - Sﬂv/pg
and &, (j,k) =0 for k < j —2. If one assumes any nontrivial bound towards the Ramanujan conjecture
Ar, K pg , with ¥ < %, one has that |ox, | is uniformly bounded by some constant Cy < 1 and therefore

En, (. ) < pl< P (36)
More importantly, for j > 0, {I/IA/:), Wl e ﬁ/;} is an orthonormal basis for the space of Ky[ng+j]-
vectors in W(my, V), Where
= 1 d o 3 k=))
W= Y En, G kpe W (37)

(Wo, Wo)'/2 =~

To see this we first compute (W, , W, ), which, by (35) and the definition of A, , equals

—Liky—k
p 5 lka 1|S|k2—k1|7
where, for ¢t > 0,

St:

$v(2) Ay WAz, (v +1)
2

Lv(l,ﬁvXﬁv)v Dy
It follows from the Hecke relations for A, (v) that
1
St =)\.JTUSt_1—8nvSt_2 for t > 2 and Sl =Olnvp5S0,

from which the claim follows.
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By definition, we have

ab 1 ab ab
Weo,lcd |== > v@BoWn,|cd |=buyzn—aWn,|cd
1 Y Bemy" /o, 1 1

Hence, if we write & = z(u)n(x)a(y)k, with x € Fy, u,y € Ff and k = (k;j) € Ky, then W,
vanishes unless v(uk,1) > n —d,. Letting d := min(n, v(u) + dy) and d, := n —d;, we see that this is
equivalent to k belonging to K;[d]. This allows us to write

— _ _ _1
Uy (s, Wa,, W) = pr@=D 3= 3" pp21672w, 4, (W), (38)
di+dr=nmin(v{,n)=d;
where
— = _3
b= [ o W ) WOy dk
v vild2

Now, if W = ﬁ/; is an element of our basis, given by (37), then it follows that

f W(hk)dk:{voum[f])ﬁv}(h) if j+no < . 9)
Kyl f] / 0 otherwise.

We reason as follows: On the one hand, for every j, WJ is Ky[no—+ j]-invariant and is orthogonal to
W (rty, Yrp) Kolr0+7=11_0On the other, the operator

—_— v (KW dk
~ vol(Ky[ f]) Kv[f]ﬂ ®)

is the orthogonal projection into the space of K[ f]-invariant vectors.
Applying (38) and (39) to the definition of Hy () and changing order of summation, we are led to

dy(2—s—w)

Hv(ﬂv) = Py Z VOl(Kv[dz]) Z Z pv—2v1(s—%)

L(s, Iy x wy) L(w, my) di+dr=n j<d>—ngo min(vy,n)=d,

2@y ) i =3 g W
<[ wn, (7 )T @ @y w. 7). @0

By letting A, j (1) = I)T/;(a(w#_d”))p%“ and using (18), we see that

vi—dy — 3
| v, (Z(w” ) 1) W @)y

dy _3 —_ _ _
= 0T N A 02 ) )Py Py (A1)

v =0
and also

= dy(w—%) -
Wy(w, W) = py" " 2D Ay (WM (42)
n=0
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Inserting (41) and (42) in (40), we deduce that

1
L(Sv H'U X HU)L(w7 T[U)

x> vol(Kylda) Y ) ZZAHU(Vz,lzlz?j?zz;j;s(vginv,j(u)‘
Do DPv

di+dr=n j<dr—ny min(vq,n)=d; v2=0 u>0

Hy(my) =

Combining (35) and (37), we get
. min(j,k)

Ay j () = (Wo. Wo)™2 Y &n,(J. K e 0= )8k
k=1

As a consequence, we deduce, after changing variables, that

(Wo, Wo) ™1
L(S’ IT, x ﬂv)L(w» 7Tv)

< 3 vol(Kulda) Y byl S ok, (k) plt ) pha(1=) p2dis

Hy(my) =

di+d>=n j=<d>—ny ki,ka<j
A, (v2 + ko, v1 + dp) A, (V2) }\'ﬂv (IL)
X Z Z (2vi+vo)s Z P :
min(vy,d2)=0 v2>0 Py w=0 b

We recognize the last sum as L(w, 7y), so that

—1
Hy(my) = -0 05~ k) Y 0 Y e (Gok)En (k)

L(s, Ty, xm
( v v) di+d>=n Jj=<d>—ng kik2<j

)\. I1 (\) 4+ k ,V + d ))\.;-[ (U )
ki(1—w k>(1 2d § § v 2 2 1 1 v 2 1
X pvl( )pUZ( S)pv 1 (2v1+v2)s : ( 3)
min(vy,ds)=0v2>0 Pv

We are now ready to prove the lollowing

Proposition 7.1. Let ©, = @?j[ be as in (32), and let n = v(q). Then for every € > 0 there exists § > 0
such that

(1) Hy(my) vanishes if c(my) > n,

(i) Hy(my) = ¢(py) Py 2n if c(my) = n,

(i) Hy(my) K¢ pn(e 149 iy general for Re(s), Re(w) > % — 6 and § > 0 sufficiently small.

The first assertion follows by observing that if ng = ¢(;ry) > n then the sum over j in (43) will vanish
independently of the value of d,.

The second one holds because if 7y = n, we automatically have d, =nand dy = j =ky =k, =0
and moreover

(Wo, Wo) = & (2) Z |)“ﬂv(n)|2 { 1 if ng =0,

Ly(1,my % m)) £y(2) otherwise.
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Hence,

n\ ,—2n
Hy(my) = 222§ 5y 0)imy (v2).
>0

L(Sa H‘l) an}) Vs

and we conclude by (19).
Finally, in order to show (iii), we apply the estimate in (36) and the bounds

i, (v, v2) < Y () < py?
to (43), which gives

25N & kitee2)(G-)
Hy(my) <o pg(—1+e) Z pz(d1+1)8 Z Z plathk 3 pf,d1+k2)9
di+dy=n j=0 ki,kr=0

for N(s) > %Q, 0 + ¥ and it follows from the results in [Luo et al. 1999] and the Kim—Sarnak bound
[2003, Appendix 2] that one has 6 + ¢ < % We conclude by taking & sufficiently small.

7C. Local computations, the archimedean case. The analysis of the archimedean weight functions is
of a somewhat different nature from the nonarchimedean case. For those places, we make the simplest
choice imaginable. Namely we impose that I1, is unramified and &, is normalized spherical for
every archimedean place v. As a consequence it easily follows that H, () vanishes unless 7y is itself
unramified, in which case we may choose a basis of B (r,) such that each term corresponds to a different
K-type, and then there will be at most one element W of B (1) for which the period W, (s, We,. W)
is nonvanishing, and it must be a spherical vector for 7. Moreover, it follows from Stade’s formula
[2001, Theorem 3.4] that

Wy (s, We, ., W) = Ly(s, Iy xmy), Wy(w, W) = Ly(w, my).

where W = Wy, € W(my, Yp) is spherical and such that ¢, (W, W) = 1. In particular, the following
holds:

Proposition 7.2. Let v be an archimedean place of F. Let I1, be an irreducible admissible generic
representation for GL3 (Fy). Then there exists a vector Oy, € 1y, such that for every irreducible admissible

generic representation for GL, (Fy), we have

1 i . .
Hmy) = { if 7y is unramified,

0 otherwise.

7D. Meromorphic continuation with respect to the spectral parameter. Let ®%' be as in (32), and
let H be the (s, w)-weight function of kernel %', Our goal in this section is to find that for any unitary
character @ of F)* there is a domain of C* on which the function

(s, w,t) — Hy(my)

is meromorphic with respect to all three variables with only finitely many polar divisors, where 7, =
7y (wy, i 1) (see Section 3A1).
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From our computations so far, we know that H, () = 1 unless v | [ or v | q. Moreover, in the first of
these cases, we saw that

Hy(y) = (Am, (m)— %) m = v(0).

v

which is clearly an entire function with respect to s, w and ¢, since it is a combination of terms of the
shape pffwﬂgl, where «, B € C.
We are now left with the case where v | q. It follows from the proof of Proposition 7.1 that given n < %

there exists § > 0 such that the right-hand side of (43) converges in the region
1
Im(z)| <n, Re(s),Re(w) > 5 -4,

and defines in it a holomorphic function in the variables s and w. We observe that Hy () is a linear
combination of terms of the shape

1 Z Z A, (V2 + ko, vy +di)Ag, (V2)

Loy 201 i= Lo s pEm

9

min(vy,dz)=0v2>0

with coefficients given by meromorphic functions in the variables s, w and ¢. The only possible polar
divisors occur for ¢ satisfying w(wy)? pgi’ = pffl, due to the term (1 — af,v)_l appearing as a factor
of £,(j.k1)éx,(Jj.k2). Moreover, it follows from [Blomer and Khan 2019a, Lemma 14], applied to
the tuple (M, d, g1.82.9) = (p{fz,pgl, 1,p52,pﬁ), that for any € > 0, there exists § > 0 such that

Ly ky.d,.d, (s, 1) admits a holomorphic continuation to the region

Re(s) > % -6, Re(s)£Im(z) > 6. (44)
Moreover, using again the Ramanujan bound for A, (v2, v2) and recalling that 7y = 7y (wy, i 1), so that
Ar, (V) < py Im()l+€ e see that in the region (44) we have

Lo kydy,dr (S, w, 1) K p,(,“'l tha)(O+e) (45)

As a consequence, H, () admits meromorphic continuation to (44). Now, suppose w = 1 is the trivial
character, and let

Dy(s,w) := Hv(”v)ltz(l—w)/i- (46)

From what we have just seen, Dy (s, w) =1 unless v | [ or v | q. In the first case, it is clear that Dy (s, w) is

entire with respect to both s and w. Also, when % <Re(s),Re(w) < 1, we have A, (m) <K pvm(l_Re(w)),

and thus by (34), we see that
Dy(s,w) < 1.

Finally, if v | g, then for sufficiently small § > 0, D, is meromorphic in the region

1 —8 <Re(s),Re(w) <1, (47)
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where the only possible polar divisors are at the values of w such that pg—zw = py. We will now show
that such poles cannot occur. To see this, let

J
Ej () = §m, (. Kk2) ) Em k) pg? 7).

k1=0
An easy computation shows that
1 if j =0,
Ej k(W) =4 g, (W)/(1=pg»7%) if j =1,
0 otherwise,

where #; i, is an entire function. This and the fact that L, x 4, 4, (s, w, (1 —w)/ i) is holomorphic in (47)
are enough to guarantee that H,(;y) is holomorphic in the same region. Moreover, we may argue
analogously to Proposition 7.1(iii), appealing to (45), to deduce that for % <Re(s),Re(w) < 1, we have
the inequality

dr—ng
Dv(s,w) <<s,w,€ pz(—1+0+e) Z Z pij)(l—ZRe(w))+pi(1—Re(s)—Re(w)) e pg(—l+0+e).
di+d=n j=0

We now summarize what we obtained in this subsection as follows:

Proposition 7.3. Let w = Q) w, be an unitary character of F*\A*, and let H,, be given by (29) with
o, = dD?,’[, with CD?," given by (32). Then (s, w, t) — Hy(my(wy, i 1)) admits meromorphic continuation to
the region (44) with possible polar divisor of the form t = ty, where ty is a solution to a)(wv)ngito = pf,tl.
Moreover, if D, is given by (46), then it admits a holomorphic continuation to the region (47) and
if % <Re(s),Re(w) < 1, it satisfies Dy(s,w) = 1 unless v | ql, in which case

Pye ifvll,
Dy(s,w) K _
o5 W) s {pL’( 0D i),

8. The degenerate term

In this section we study the term Dy ,,(P) given by (30) and its companion Ds/,w/(Cf)). First, by rapid
decay of Whittaker functions and the action of the Weyl group of GL(3), we may see that both converge
for any values of s, w € C. This is all that is needed to know with respect to these terms for Theorem 1.1.

Let us now turn to their use in Theorem 1.2. Here we make the specialization to ® = ®%. It turns out
that is easier to study first the term Ds/,w/(é), so we start with this one and later deduce an analogous
result for the other by using their symmetry. First, we recall that

~ 7_3¢ —w’ ~ ’ / 4
Dy (@) =243 w/XW /F\A/xv\x@(Z(u)n(X)a(y) 1)|u|2s_1|y|s F-1 gy dedYy. (48)

We will show that, in the region
Re(3s+w) > 1, Re(s+w), Re(2s)>0, (49)

Ds/,w’((\f)) Ly, LOTREGReWIFe where £ is the absolute norm of [.
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We begin by noticing that, using the definition of P, reversing the change of variables used in the proof
of Proposition 5.1 and changing the order of summation, we see that the integral in (48) equals

1

Y\ (zwa(y)
/ / ® 1 ( y ) dx |u|2s—l|yls+w—1 dxudxy.
(F*\A>)?2 F\A 1 1

By the Whittaker expansion of @, the inner integral is
1

X
14 z(u)a(y)
/F\/.\ 2 We ( 1) 1 | ( 1) .

Yy €N2(F)\GL2(F)
which, by elementary manipulations and changing the order of summation and integration, becomes
z(u)a
> ch(y w)ay) 1)/ ¥ (y21x) dx,
F\A
YEN2(F)\GL2(F)

where y,1 is the lower left entry of y. Since y,; € F, the inner integral vanishes unless y,; = 0, in
which case, it equals one. In other words, we may change the sum over N, (F)\GL,(F) into a sum over
N, (F)\ By(F), which can be parametrized by Z,(F)A,(F). Altogether, this implies that

~ T2y
,Ds/,w/(qD) _ 2d1%~ 3s’'—w / Z Wq)()/Z(u)a(J’) 1)|u|2s—l|y|s+w—l dxudxy
(F>*\AX)2
VY€Z2(F)A2(F)
T e ap/
_ 2d1%- 3s'—w /(AX)Z We (Z(H)G(J/) 1)|u|2s—1|y|s+w—1 dxudxy. (50)

Suppose that Re(s) and Re(w) are sufficiently large. We are now in a fairly advantageous position, as
the integral above can be factored into local ones. These local integrals are

jv :/ WCDU (Z(u)a(y) ) |u|2s—1|yls+w—l dXMde.
(F5)? 1

We notice that for a finite place v for which IT, is unramified, this equals

doGsto=) A0 V)
Py vi(s+w)+2vys’
v1,0220 £V

whose inner sum we recognize as being the local factor of Bump’s double Dirichlet series (see, e.g.,
[Goldfeld 2006, §6.6]). In particular, it follows that for Re(s + w),Re(2s) > 6 (recall the bound
A, (v, v2) K p,()v1+”2)6) the above equals
oy L(s +w,T,)L(2s,TI,)
0._ ,dv(3s+w—2) v v 51
Ty Py Co(3s + w) s,w (51

As for the remaining places, we first observe that for v | q, the unipotent averaging has no effect on the

values of the Whittaker function at diagonal element. Thus, it follows that the local integral 7, will
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also coincide with (51). Furthermore, (51) also holds for archimedean v. For real places this is done in
[Bump 1984] and for the complex places this is [Bump and Friedberg 1989, Theorem 1]. Finally, for v | [,

W, (Z(u)a(y) 1) = Su(y)=m—d, Wi, (Z(u)a(y) 1) |

where m = v(l). Hence, in this case, the local factor is

Jy= plGsto=d 3 ALY
v Py vi(s+w)+2vys’
vi=m,w>0 £V

which, by using yet again the Ramanujan bound for Ay, (v1, v2), we may see converges in the region
Re(s + w), Re(2s) > 0, where it satisfies

T Ko pT(Q—Re(s)—Re(w)-i-e) )

In particular, if [ =1,

< IA(LIDA(LTT
1y (3) =2} 2L DALTD
22 Er(2)

Now, notice that Dy 4, (P) is the same as Ds/,w/(CT)) but with (q, [, s, w) replaced by ([, q,s’, w’). This
allows us to immediately reuse our efforts in this section to study the latter function as well. We record

D (52)

the results for both these functions in a weaker form in the following proposition.

Proposition 8.1. Let Dy 4, (®) and Dy, (P) be as defined in (30) with ® = &' and o given by (25).

Then they are entire functions of s and w, and in the region
Re(s), Re(w), Re(s'), Re(w’) > 1,
they satisfy

Ds,w(q)) <<S,w’€ qe—Re(S-i-w)-i—G and ,DS’,w/(EIS) <<s,w,e Z@—Re(s—i—w)—i—e‘

9. Analytic continuation of the Eisenstein part

The conclusion of our next proposition will be subject to the following hypothesis, whose verification
when ® = ®%' follows from the main results of Section 7:

Hypothesis 1. There exists § > 0 such that for every idele character w, the function
(s,w,t) > H(w(w,it))
is holomorphic in the region
Re(s),Re(w) > %—5, [Im(z)| < 6.
Moreover, H (7 (w, (1 —w)) admits a holomorphic continuation to the region

%—5 < Re(s),Re(w) < 1.



1406 Ramon M. Nunes

We will show that the term & ) (P) admits meromorphic continuation for values of s and w with real
parts smaller than 1. The proof follows the same lines as those of Blomer and Khan [2019a, Lemma 16;
2019b, Lemma 3].

Proposition 9.1. Suppose that 11 is a cuspidal automorphic representation, and let ® € Il be an
automorphic form such that the associated weight function H satisfies Hypothesis 1 for some § > 0. Let
Es,w(®) be given by (3), defined initially for Re(s), Re(w) > 1. It admits a meromorphic continuation
to Re(s),Re(w) > %—efor some € > 0 with at most finitely many polar divisors. If % <Re(s),Re(w) <1,
its analytic continuation is given by E 1, (®) + R, (P), where

A+, DA —it, IDEp(w+it)ép(w—it)

Row ()= gt:i(rlefw)/i(il) §p(EF(1+2iNép(1-2i1)

H(z(1,it)). (53)

Proof. Let § > 0 to be chosen later. We use nonvanishing of completed Dirichlet L-functions A(s, w) at
Re(s) = 1 and continuity to define a continuous function o : R (0, §) so that neither A(1—20 —2it, w?)
nor H(m(w,it 4 o)) have poles for 0 <o < o (2).

We start by noticing that we can analytically continue & ,,(®P) to Re(s), Re(w) > 1, since in that
region, one does not encounter any poles of A(w, (1,it)). Now, suppose that

1 <Re(s) <1+o0o(m(s)) and 1 <Re(w) <14 o(Im(w)).

We shift the contour of the integral defining & 4, (P) down to Im# = —o (Re(#)). We pick up a pole of
A(w —it, w) when w is the trivial character and w —it = 1.

We observe that in view of our choice for o, the resulting integral defines a holomorphic function in

the region
1 —o(Im(s)) < Re(s) < 1+ o(Imf(s)),
{1 —o(Im(z)) <Re(w) < 1+ o(Im(w)).

Take now s and w satisfying 1 —o (Im(s)) < Re(s) <1 and 1 —o(Im(¢)) < Re(w) < 1. We may shift
the contour back to the real line and pick a new pole when o is trivial and at w +1i¢ = 1. This proves the
desired formula for 1 — o (Im(s)) < Re(s) < 1 and 1 —o(Im(¢)) < Re(w) and it follows in general by
analytic continuation to all s, w such that % — & < Re(s),Re(w) < 1 by Proposition 7.3. O

10. Conclusion

In this section we put together the results of the last three sections and deduce Theorem 1.2. We have
seen in Proposition 6.1 that for sufficiently large values of Re(s) and Re(w), we have the relation

7 _3¢_
5—3s—w

2dF I(w, A;®) = Ms,w(q)) + Ds,w(cb)-

If we assume that H satisfies Hypothesis 1, then we may apply Proposition 9.1, and deduce that, for
% —§ <Re(s),Re(w) < 1,

7_3¢_
242757 I(w, As®) = My (@) + Dy (®) + Rip (D). (54)



Spectral reciprocity via integral representations 1407

Now suppose that H also satisfies Hypothesis 1 and that % <Re(s) <Re(w) < %. The last assertion
implies that
7 <Re(s),Re(w’) < 1.

Thus, we may deduce that (54) also holds with H, s and w replaced by H, s’ and w’, respectively.
The main equality in Theorem 1.2 is now a direct consequence of Proposition 5.1 and the description
of the local weights Hy () from Section 7. In particular, we showed in Section 7D that the weight
function associated to ®%' satisfies Hypothesis 1. As for the inequality (7), it follows from (53) and
Propositions 7.3 and 8.1.

10A. Proof of Corollary 1.3. We use Theorem 1.2 with s = w = %, [=o0F and q = p, a prime ideal.
We obtain that

M(®) = D(®) + R(D) — D(®) — R(D) + M(D),

where we dropped the % % from the index for brevity. It follows from Proposition 9.1 and the fact that

~

)‘n(l,i%)(%’ q) = 1 for any ideal g that
A1, IT)A(0, IT)

R(P) =2
(®) £ ()
Furthermore, we have from (52) that
o 3A(LTDA(LTI A(1, TDHA(0, IT
D@) = 2d} (1, TT) A( ):2 (1, IT)A (0, IT)

§r(2) Er(2)

Moreover, in view of Propositions 7.1 and 8.1, we may obtain that

R(®), D(®) < (Np)?~1Te

and
_ o(q) A(z. Txm)A (5. 7) -1,
M@ =5 ). Al adx)  TO@TIM.
T cusp
cond(r)=p
where
M Z ‘A(%,Hxn)A(%,n)‘+ Z /Oo ‘A(%,Hxn(a),it))A(%,n(a),it))}ﬁ
o . |A(1,Ad, )| = | |IA*(1,Ad, (w,it))] 27"
JT cusp a)EFXUoo\/-\X

(1)

cond(m)=oF cond(@)=0

Finally, it is easy to see that we also have the bound
M(®) < ¢~ I M*.

Corollary 1.3 will follow provided that one is able to show M* « 1. In other words, we just need
to ensure that it converges since it is clearly independent of p. To see that, we notice that the finite part
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of A(3.TT x 7)A(3.7)/A(1,Ad. ) is bounded polynomially in terms of the eigenvalues of 7, for
archimedean v and that, by Stirling’s formula, we have, for archimedean v,

L3Iy xm) L ()

C —2CF, |ty
t e v v
L(1,Ad, my) L e, |

for my = my(1,ity,), where

1 if F, =R,
CF, = .
! 2 if Fy, =C.

This implies that the factor A(%, IT x n)A(%, )/ A(1, Ad, ) decays exponentially as the z,, grow
and the convergence of M™* follows by appealing to the Weyl law for GL(2) over number fields (see
[Palm 2012, Theorem 3.2.1]).
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