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Unipotent ¢-blocks for simply connected p-adic groups

Thomas Lanard

Let F be a nonarchimedean local field and G the F-points of a connected simply connected reductive
group over F. We study the unipotent £-blocks of G, for £ # p. To that end, we introduce the notion of
(d, 1)-series for finite reductive groups. These series form a partition of the irreducible representations and
are defined using Harish-Chandra theory and d-Harish-Chandra theory. The £-blocks are then constructed
using these (d, 1)-series, with d the order of ¢ modulo ¢, and consistent systems of idempotents on the
Bruhat-Tits building of G. We also describe the stable £-block decomposition of the depth zero category
of an unramified classical group.
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Introduction

Let F be a nonarchimedean local field and k its residue field. Let g be the cardinal of k£ and p its
characteristic. Let G be a connected reductive group over F and denote by G := G (F) the F-points of G.

Let Rep(G) be the category of smooth representations of G with complex coefficients. One way to
study this category is to decompose it in a minimal product of subcategories, called blocks, and describe
them. Bernstein [2] solved this problem by describing the blocks with inertial classes of cuspidal support.

Congruences between automorphic forms were used to solve remarkable problems of arithmetic-
geometry. Hence, it becomes natural to study the smooth representations of p-adic groups with coefficients
in Zy, for £ a prime number different from p. In the same way, we would like to have a decomposition of
their category Repzz (G) into £-blocks. However, we do not have a result like the Bernstein decomposition,
for the £-blocks. A decomposition of Rep[fF[ (GL,, (F)) into blocks was proved by Vignéras [28] (see also
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1534 Thomas Lanard

the work of Sécherre and Stevens [27] for inner forms of GL,,(F)). After that, Helm [14] reached a decom-
position into £-blocks of Repzl (GL,,(F)). He describes these £-blocks with the notion of mod £ inertial
supercuspidal support. Apart from GL,, and its inner forms, we don’t know much about the £-blocks.

The decomposition of Bernstein and Vignéras—Helm both use the “unicity of the supercuspidal support”,
which is true for GL,, and in the complex case, but not in general. Therefore, a new strategy to study the
£-blocks is needed. A new method, using consistent systems of idempotents on the Bruhat-Tits building,
was used in [9] to construct in depth zero the £-blocks for GL,. Then, this was used in [18] and [19] to
obtain decompositions of the depth zero category over Z, for a group which is split over an unramified
extension of F. These decompositions are constructed using Deligne-Lusztig theory. They present a lot
of interesting properties and links with the local Langlands correspondence, but they are not blocks in
general, just unions of blocks.

In this paper, we deal with two problems, the study of the unipotent £-blocks and the stable £-blocks
for unramified classical groups.

Let us start by the unipotent £-blocks. Let Repg[ (G) be the subcategory of unipotent representations.
Using [19] (with the system of conjugacy classes composed of the trivial representation for every
polysimplex), we also get a £-unipotent category over Zy: Rep%(G). The unipotent £-blocks are the
£-blocks of Rep% (G).

In [19], the idempotents are constructed using Deligne—Lusztig theory. A first difficulty for an £-
block decomposition is that Deligne—Lusztig theory does not produce primitives idempotents. Moreover,
replacing naively Deligne-Lusztig idempotents by primitive central ones won’t produce consistent systems
of idempotents for the p-adic group. This is why we introduce for G, a finite reductive group over k,
the notion of a (d, 1)-series. A (d, 1)-series will be a minimal set of irreducible characters with the
property that it is a union of Harish-Chandra series (in order to get p-adic blocks) and that the idempotent
associated has integer coefficients (to get a decomposition over Z,).

Let (G, F) be a connected reductive group over k. The ¢-blocks of G are then described using
d-cuspidal pairs; see [4] and [6]. For an integer d, a d-split Levi subgroup is the centralizer of a F stable
torus G, such that the cardinal of TF is a power of ®4(g), where ®, is the d-th cyclotomic polynomial.
The usual Harish-Chandra induction and restriction is then replaced by the Deligne-Lusztig induction
and restriction from these d-split Levi subgroups. An irreducible character x is said to be d-cuspidal if
and only if *Rfcp x = 0 for every proper d-split Levi subgroup L and every parabolic P admitting L as
Levi subgroup. Let d be the order of g modulo £. Then we get a bijection (with some restrictions on £)
between conjugacy classes of pairs (M, x), consisting of a d-split Levi M and a d-cuspidal character
of M, and ¢-blocks of GF.

We define a (d, 1)-set to be a subset of Irr(GF) which is both a union of Harish-Chandra series and
of d-series (that is a set of characters having the same d-cuspidal support). A (d, 1)-series is then a

(d, 1)-set with no proper nonempty (d, 1)-subset. In Theorem 3.6.1, we completely compute the unipotent
(d, 1)-series of GF.
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Let BT be the semisimple Bruhat—Tits building associated to G. For o € BT, we denote by G, the
reductive quotient of G at o, which is a connected reductive group over k. Let 7(G) be the set of
G-conjugacy classes of pairs (o, ), where o € BT and 7 is an irreducible cuspidal representation of G, .
The work of Morris [26] shows that to an element t € 7(G) we can associate Rep:je (G), a union of
blocks of depth zero. We define an equivalence relation ~ on 7 (G) (see Section 2.2 for more details)
such that RepgjlZ (G) = Repél (G) if and only if t ~ t'. Denote by [t] the equivalence class of t. Hence,
we get a decomposition of the depth zero category

Rep%l @@= ]] Repgz (G).
[t]leT(G)/~

Moreover, when G is semisimple and simply connected, the categories Rep%] (G) are blocks.
¢

We also denote by 7""(G) the subset of 7(G) of pairs (o, ) with 7 unipotent, and 7,""(G) the subset
of T(G) of pairs (o, w) with 7 in a Deligne—Lusztig series associated with a semisimple conjugacy class
in C}§ of order a power of £. The equivalence relation ~ is trivial on 7""(G) (see Remark 4.1.1). We have
Repgg(G) = HteT““(G) Rep%][ (G) and Rep%‘;(G) ﬂRep@lZ (G)= ]_[[t]enun(G)/N Rep%]e (G) (see the remark
below for the definition of the intersection).
Remark 0.0.1. Let B be a direct factor subcategory of Repz (G) and e € Z7 (G) be the corresponding
idempotent in the center of RepZZ (G). We then denote by BN Rep@ (G) the direct factor of Rep@ (G)

14 £

cut out by e € ZZZ(G) C Z@K (G).

Now, let us come back to the £-block.

Theorem. Let ¢ be a prime different from p. Assume that G is semisimple and simply connected. Let R
be an £-block of Rep% (G). Then R is characterized by the nonempty intersection RN Repg‘[ (G).

Thus, we need to describe the intersection of the £-blocks and the unipotent category. To achieve that,
we define an equivalence relation on 7" (G) in the following way. Let d be the order of ¢ modulo ¢. Let
t and t' be two elements of 7""(G) and w € BT. Then we say that t ~; ,, t' if and only if t =t or there
exist (o, ) and (7, ') such that t = [0, 7], t = [, ®’], @ is a face of o and 7, and the Harish-Chandra
series in Gw corresponding to the cuspidal pairs ((_3,,, ) and ((_3,, 7’) are both contained in the same
(d, 1)-series. Note that by our computation of the (d, 1)-series, for t and w fixed, we know explicitly the
set of ' € T""(G) such that t ~; , ¥. Now we define ~, an equivalence relation on 7""(G) by t ~, t’ if
and only if there exist w;, ..., w, € BT and t, ..., t,_; € T"(G) such that t ~; ,, t; ~p. 0, 2+~ ¥
We write [t], for the equivalence class of t.

Theorem. Let ¢ be an odd prime number, different from p, such that £ > 5 if a group of exceptional type
(D4, Go, Fy, Eg, >Es, E7) is involved in a reductive quotient and £ > 7 if Eg is involved in a reductive
quotient. To each equivalence class [t]; € T""(G)/~¢, we can associate Rep%‘ (G) a Serre subcategory
of Rep%(G), constructed with a consistent system of idempotents such that:
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(1) We have a decomposition

Repy(G) = I Rep[gf (G).
[tleeT™(G)/~¢

(2) Rep[t]‘(G) NRep (G) = [Tyery, Repy, (G).

(3) We also have a description of Rep[t “(G) NRep= a, (G). Let (o, x) € T,"(G). Let t be a semisimple
conjugacy class in G* of order a power of €, such that x is in the Deligne—Lusztig series associated
tot. Let G,(t) be a Levi in Gy dual to Cg (1)°, the connected centralizer of t, P be a parabolic
subgroup with Levi component G, (t), t beaa linear character of G, (1) associated to t by duality,
and x; be a umpotent character in G, (t) such that { x> R C (e P(t Xx:)) #Z 0. Let w be an irreducible

component of R G (x:). Let (G, 1) be the cuspidal support of 7w. Then

G, (HCP
(o,x) [(z.M)]e
Repg *(G) € Rep; ™" (G) NRepg (G).

(4) When G is semisimple and simply connected, the categories Rep%l (G) are £-blocks.
We also obtain results for the bad prime £ = 2 in some special cases (which include classical groups).

Theorem. Let G be a semisimple and simply connected group such that all the reductive quotients only
involve types among A, B, C and D, and p # 2. Then Rep%z(G) is a 2-block.

As mentioned before, we can compute explicitly the equivalence relation ~ ,,, S0 we can also know ~.
We work out a few examples here, where we make ~, explicit, hence also the unipotent £-blocks.

Theorem. Let G be a semisimple and simply connected group:

(1) If € is banal (see Definition 2.2.5), then the unipotent £-blocks are indexed by T""(G).

(2) If ¢ divides g — 1 and satisfies the conditions of the previous theorem, then ~y is the trivial relation
and the unipotent L-blocks are indexed by T""(G). Moreover, the intersection of an £-block with
Rep%;1 (G) is a Bernstein block.

1

(3) If G =SL,(F) then Rep%‘l1 (SL,(F)) is an £-block.

We also work out the case G = Sp,, (F'), but to do that we require a few more notations.

Let S™(G) :={(s,5) e N?, s(s + 1) +5'(s'+ 1) <n}. To (s, s') € S"(G) we can associate (s, s') =
(o(s,s), (s, s")) € T™(G), such that the reductive quotient at o (s, s) is GL; (k)" S6+D+s'"+D o
SPas(s+1) (k) X Spyy(sr41)(k) and 7 (s, s”) is the unique unipotent irreducible cuspidal representation in
this group. The map (s, s') — t(s, s”) gives a bijection between S""(G) and 7"*(G). Also denote by S,
the set

_ / un S(S+1)+S/(S/—1)>n—d/2
Sc—{(S,S)GS (G)’{S/(S/+1)+S(S—1)>n—d/2}}

Putting together the previous theorems and making the equivalence relation explicit, we obtain the
following description of the unipotent £-blocks of Sp,,, (F).
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Theorem. Let ¢ be prime not dividing q:

(1) If¢ =2 Rep%z(szn(F)) is a 2-block.
(2) If £ # 2. Let d be the order of g modulo £:

(a) Ifd is odd, ~y is the trivial equivalence relation giving the following decomposition into £-blocks

Repy’ (S, (F) =[] Repl" (Sp, (F)).
teT"™(G)

(b) If d is even, the equivalence classes of ~; are the singletons {t(s, s")} for (s, s’) € S. and
{t(s, s)), (s, s") € S"™(G) \ 8.} thus giving the L-block decomposition

Repy" (Spy, (F) = Replh® O (Spy, (F)) x T Repl™* " (Spy, (F)).
(s,s")eS,

Remark. (1) In the case d odd, or d even and (s, s’) € S., we see that the intersection of an £-block
with Rep%‘ (G) 1s a Bernstein block.
24
(2) If £ > n, in the case d even and (s, s') € S., then Rep[zt(s’s/)]@ (Spy, (F))N Repqu (G) is a Bernstein
£ ¢
block.

Let us now turn to the study of the stable £-blocks. Let G be a classical unramified group. In this
case we have the local Langlands correspondence [1; 13; 15; 17; 25]. The block decomposition is not
compatible with the local Langlands correspondence, two irreducible representations may have the same
Langlands parameter but may not be in the same block. However, we can look for the “stable” blocks,
which are the smallest direct factors subcategories stable by the local Langlands correspondence. These
categories correspond to the primitive idempotents in the stable Bernstein center, as defined in [12]. In
[19], the decomposition into stable blocks of the depth zero category is given by

0 _ (¢.0)
Repg, @ =[]  Repg” @)
¢.0)ed, (1 .LG)
where the set EIVDm(I?‘, LG) is defined in [19, Definition 4.4.2]. An analogous decomposition is given
over Z; and we prove here that this is the stable £-block decomposition.

Theorem. Let G be an unramified classical group and p % 2. Then the decomposition of [19]

Rep%@(G) = l_[ Rep%’o)(G).

(6.0)€®, (12 LG)

is the decomposition of Rep% (G) into stable £-blocks, that is, these categories correspond to primitive
£

integral idempotent in the stable Bernstein center.
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1. Notations

Let F be a nonarchimedean local field and k its residue field. Let g be the cardinal of k£ and p its
characteristic.

We will be interested in reductive groups over F and over k. In order not to confuse the two settings, we
will use the font G for a connected reductive group over F and G for a connected reductive group over k.

Let G be a connected reductive group over F'. We denote by G := G(F) the F-points of G. If A is a
ring where p is invertible, then we will write Rep , (G) for the abelian category of smooth representations
of G with coefficients in A. The full subcategory of representations of depth zero will be denoted by
Rep([)\(G) (see Definition 2.1.3).

In the same way, if G is a connected reductive group over k, we denote by G := G(k) the group of its
k-points. This group can be seen as G := G(k)", the group of fixed points of a Frobenius automorphism F.
If P is a parabolic subgroup admitting M a F-stable Levi subgroup, we will write RIC\;/ICP for the Deligne—
Lusztig induction from M to G; defined in [10]. It is a map between spaces of virtual representations
RE,,CP :Z Trr(M) — Z Trr(G). When P is also F-stable, since the Deligne—Lusztig induction is the same
as the Harish-Chandra induction, we will also use i ,\G,l cp and r|\G/|cp for the Harish-Chandra induction and
restriction. Let G* be in duality with G, a duality defined over k, with Frobenius F on G*.

In all this paper, £ will be a prime number not dividing g. We shall assume that choices have been
made, once and for all, of isomorphisms of k* with (Q/Z) p and of k* with the group of roots of unity of
order prime to p in Q.

2. Bernstein blocks

Let G be the F-points of a connected reductive group. When the field of coefficients is @ (or C), the
blocks of G are well known thanks to the theory of Bernstein [2]. In this paper, the £-blocks of G will be
constructed using consistent systems of idempotents on the Bruhat-Tits building of G. The purpose of
this section is to explain, in the case where G is semisimple and simply connected, how we can recover
Bernstein blocks using consistent systems of idempotents.

2.1. Consistent systems of idempotents. In this section, we recall the basic definitions and properties of
systems of idempotents.

Let BT be the semisimple Bruhat-Tits building associated to G. This is a polysimplicial complex and
we denote by BT the set of vertices, that is of polysimplices of dimension 0. We will usually use Latin
letters x, y, ... for vertices and Greek letters o, t, ... for polysimplices. We can define an order relation
on BT by o < 7 if ¢ is a face of t. Two vertices x and y are adjacent if there exists a polysimplex o
such thatx <o and y <o.

Let A be a ring where p is invertible. We fix a Haar measure on G and denote by H (G) the Hecke
algebra with coefficients in A, that is the algebra of functions from G to A locally constant with compact
support.
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Definition 2.1.1 [24, Definition 2.1]. A system of idempotents e = (ey),epT, Of 72 (G) is said to be
consistent if the following properties are satisfied:

(1) exey, =eye, when x and y are adjacent.
(2) eye.ey = exe, when z is adjacent to x and in the polysimplicial hull of x and y.
() egx = gecg ! forall x e BTy and g € G.

If e = (ex)reBT, iS @ consistent system of idempotent, then for o € BT we can define e, := [ x>
where the product is taken over the vertices x such that x <o.

Consistent systems of idempotents are very interesting because we have the following theorem due to
Meyer and Solleveld.

Theorem 2.1.2 [24, Theorem 3.1]. Let e = (ex)xeBT, @ consistent system of idempotents, then the full
subcategory Rep’, (G) of objects V of Rep, (G) such that V. =7, eBT, €x V' is a Serre subcategory.

It may not be easy to check the conditions of consistency. But, if we are working with the subcategory
of depth zero representations, we can find in [18] the notion of 0-consistent, which implies consistency,
and is easier to check.

Let o € BT. We denote by G¢ the parahoric subgroup at o and by G its pro- p-radical. The quotient,
Gy, is then the group of k-points of a connected reductive group G, defined over k.

If o € BT is a polysimplex, then G defines an idempotent e € Hz(1/,1(G) by ef = u(GH ™ xg:.
where p is our fixed Haar measure and x+ is the characteristic function of G7. The system of idempotents
(ej) xeBT, 15 consistent and cuts out the category of depth zero.

eV,

xeBTy “x

Definition 2.1.3. An object V of Rep, (G) has depth zero if V =

In other words, with the notations of Theorem 2.1.2, the depth zero category is Rep(l)\ (G)= Repi+ (G),
with et = (e;_)xeBTo-

Definition 2.1.4 [18, Definition 1.0.5]. We say that a system (e, ), epT is 0-consistent if:
(1) egr = gexg~! forall x e BTp and g € G.

(2) e = ele, = erel for x € BTy and o € BT such that x <o.

Proposition 2.1.5 [18, Proposition 1.0.6]. If (e;)seBT is a 0-consistent system of idempotents, then it is

consistent.

Let us give two examples of systems of idempotents which are O-consistent. Let o € BT. Let £(G,, 1)
be the Deligne—Lusztig series associated with the trivial conjugacy class, that is the set of unipotent
characters in G,. Let €1.G, be the central idempotent in Q/[G,] that cuts out £ (CJ, 1). Thanks to
the isomorphism G%/G} —> Gy, We can pull back e g, toan idempotent e} , € ”H@[(Gg). The
system e; = (€15 )seBT 1S then O-consistent; see [18, Proposition 2.3.2]. Thus it defines Repg‘l (G) the
full-subcategory of Rep@[(G) of unipotent representations.
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In the same way, let &3(@0, 1) be the union of the S(Cg, t), where t is a semisimple conjugacy class in
the dual of G, of order a power of £. By [3] Theorem A’ and Remark 11.3, the idempotent that cuts out
this series is in Zg[é ]. We can then pull it back to get e‘f PSS HZ(GO ). This system ef = (ef,U)C,eBT 18
also O-consistent and defines the ¢-unipotent subcategory Rep““(G)

2.2. Bernstein blocks with system of idempotents. In this section, we want to reinterpret the Bernstein
blocks of depth zero (that is the blocks over @, or C), in terms of consistent systems of idempotents. To
do that, we will construct a O-consistent system of idempotents from unrefined depth zero types, hence
subcategories of Rep%Z (G). When G is semisimple and simply connected, these categories will be blocks.

We define, as in [20], “unrefined depth zero types” to be the pairs (o, ), where 0 € BT and 7 is
an irreducible cuspidal representation of G,. Let 7(G) be the set of unrefined depth zero types, up to
G-conjugacy.

If o, T € BT are two polysimplices with T < o, we can see G, as a Levi subgroup of G,. Let tand ¥
be two elements of 7(G) and w € BT. Then we say that t ~,, t’ if and only if t = t' or there exist (o, )
and (t, 7’) such that t = [0, 7], t = [t, '], w is a face of o and 7, and the cuspidal pairs (Gy, 7) and
(G, ) are conjugated in G,,. Now we define ~, an equivalence relation on 7(G) by t ~ ¢ if and only
if there exist @y, ..., 0 € BT and t;, ..., t._1 € T(G) such that t ~,, t; ~,, t2--- ~,, t'. We write [t]
for the equivalence class of t.

If G is a connected reductive group over k, then the theory of Harish-Chandra allows us to partition
Irr(G) according to cuspidal support [M, ]:

Irr(G) = |_[Trrom ) (G).

Now we construct from [t] € 7(G)/~ a system of idempotents e in the following way. Let T € BT and
define e[ft] € Q[G,] the idempotent that cuts out the union of Irr(amn)(éf) for every [o, ] € [t] with
T < 0. We can then pull pack e[, to an idempotent ejy,; € Hg, (G7) S Hg, (G), giving us e[y a system
of idempotents.

Lemma 2.2.1. Let x € BTy, 0 € BT with x < a. We have the following properties:

(1) e: = Z[t]eT(G)/~ €[t],o-
(2) Forall t,t € T(G) with [t] # [V], epq.xej¢1.0 = 0.

Proof. (1) The partition Irr(Gy) = L Irr(M,n)(CU) and the fact that each Irr(M,ﬂ)(Cg) can be written as
Irr(M,,,)((_Sg) =Irg ﬂ)(Co) for a polysimplex T > o show the wanted equality.

(2) The group G, is a Levi quotient of a parabolic P, of G,, and we denote by U, the unipotent radical
of P,. The idempotent e[y}, € 7—[@ (Gg) < H@ (G3) gives us in Q[G,] the idempotent ey, e[t,], where
[t, =0 in
Q/[G,]. But Q,[G x]eua e[t, is the parabolic induction from Gy to G, of the module Q;[G, ]¢? el)- Since

ey, is the 1dempotent which averages along the group U,. We have to prove that e[t]eu e’

[t] # [t'] no representation in Irr(G (G ), with [, 7] € [t] can be in the induction of a representation in
Irr(é ,)(G ) with [t/, n'] € [t]. Hence €lyeu, e[t,] =0. O
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Proposition 2.2.2. The system of idempotents ey is O-consistent.

Proof. An element t € 7(G) is defined up to G-conjugacy, hence ej is G-equivariant. Let x € BTy
and o € BT such that x < 0. We have to prove that e;g, = efe,. By 1. in 2.2.1 we have that
ef =D et~ €ivlo- Hence, ey vef =3 1v1er(6y~ €ltlx€ltl,o- Now by 2. in 2.2.1, we have that
if [t] # [t'] then ey ce(v1.0 = 0. So epyxel = e.x€[y.0- In the same way, efy.ce(.0c = €l e.0. So,

e[.x€q = €[y.x€io = € e[.0 = €f € elt).0 = €5 €[]0 = [t O
Let t € T(G). We denote by Rep%] (G) the category associated with efy.
£

Proposition 2.2.3. We have the decomposition
0 _ [t]
Rep} (G) = I1 Repg (G).
[LIeT(G)/~
Proof. The proof is similar to the proof of [18, Proposition 2.3.5]. Property 2 in Lemma 2.2.1 shows

that these categories are pairwise orthogonal and property 1. in Lemma 2.2.1 shows that the product if
Rep% (G). O
£

Theorem 2.2.4. If G is semisimple and simply connected the category Rep%] (G) is a block.
£

Proof. When G is semisimple and simply connected, Theorem 4.9 of [26] shows that we have a

bijection between 7 (G)/~ and level zero Bernstein blocks. We then deduce from Proposition 2.2.3 that
0 _ [t] . .. 0 . .

Rep@‘Z (G) = ]_[[t] TG/~ Rep@ (G) is the decomposition of Repsz (G) into Bernstein blocks. U

We would like to do the same thing to construct £-blocks. The simplest case is when £ is banal.

Definition 2.2.5. We say that a prime number £ # p is banal when for every vertex x € BT, £ does not
divide the cardinal of G,.

Therefore, when ¢ is banal each idempotent ey is in Hz, (G). Thus we have a decomposition

Rep) (G)= [] Rep}'@)
[LIeT(G)/~

and the following theorem.

Theorem 2.2.6. If G is semisimple and simply connected, and £ is banal, the category Rep;] (G)isan
4
£-block.

In the general case, the idempotents do not have coefficients in Z,. The topic of the followings sections
will be to explain how to sum these idempotents to get idempotents with integral coefficients.
3. (d, 1)-theory

We have seen in Section 2.2 how to construct the Bernstein blocks with consistent systems of idempotents
when we have a simply connected group. To construct £-blocks, we need to produce central idempotents
for finite reductive groups with coefficients in Z,. In this section, we introduce the notion of a (d, 1)-set.
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This is a subset of Irr(G) which is a union of Harish-Chandra series and gives a central idempotent with
coefficients in Z,. These (d, 1)-sets will be used in the next sections to describe the unipotent £-blocks
for simply connected p-adic groups.

This section will only deal with finite reductive groups. Let us take (G, F) a connected reductive group
defined over k, and let G := (G)F. We recall that ¢ = |k|. We will define the (d, 1)-set and (d, 1)-series,
then explain how to compute them, and to finish, we will show that they behave well with respect to
Harish-Chandra induction and Deligne—Lusztig induction from particular Levi subgroups.

3.1. Unipotent €-blocks for finite reductive groups. We recall in this section the theory of £-blocks for
a finite connected reductive group. These blocks will be constructed using a modified Harish-Chandra
induction called d-Harish-Chandra induction, defined using Deligne—Lusztig theory.

For each connected reductive group (G, F) over k, there exists a unique polynomial Pg € Z[x] called
the polynomial order of G (see, for example, [4] section 1.A) with the property that there is a > 1 such
that |GF" | = Pg(¢™) for all m > 1 such that m = 1 (mod a). The prime factors of Pg distinct from x are
cyclotomic polynomials. Let d > 1 be an integer and ®, the corresponding cyclotomic polynomial. We
say that T is a ®;-subgroup if T is a F-stable torus of G whose polynomial order is a power of ®;. A
d-split Levi subgroups of G is the centralizer in G of some & -subgroup of G.

Let x € Irr(G) be an ordinary irreducible character. We say that x is d-cuspidal if and only if
*ngp x =0 for every proper d-split Levi subgroup L and every parabolic P admitting L as Levi subgroup.

A “unipotent d-pair” is a pair (L, 1) where L is a d-split Levi and A is a unipotent character of L. Such
a pair is said to be cuspidal if A is cuspidal. We define an order on unipotent d-pairs by (M, u) < (L, 1)
if M is a Levi subgroup of L and there is a parabolic subgroup P of L admitting M as a Levi such that
(A, Rk,,cp(,u)) # 0. For (L, 1) a unipotent d-cuspidal pair, let us define £(G, (L, 1)) to be the subset of
E(G, 1)_of characters y such that (L, 1) < (G, x). We call £(G, (L, L)) a d-series.

Theorem 3.1.1 [4, Theorem 3.2(1)]. For each d, the sets £(G, (L, L)) (where (L, L) runs over a complete
set of representatives of G-conjugacy classes of unipotent d-cuspidal pairs) partition £(G, 1).

An ¢-block is a primitive idempotent in the center Z (Z,[G)) of the group algebra 7,[G]. For b an
£-block, we denote by Irr(b) the subset of Irr(G) that is cuts out by the idempotent b. This defines a
partition Irr(G) = |_|, Irr(b). The £-unipotent series £ (G, 1), defined as the union of the £(G, r) with ¢
of order a power of ¢, defines a central idempotent in Z,[G] [3, Theorem A’ and Remark 11.3], hence it
is a union of £-blocks: & (G, 1) = | |, Irr(b). We will call these blocks the unipotent £-blocks.

Let £ be a prime number not diving g. We will say that £ satisfies the condition (x) if

¢ is odd, £ is good for G and ¢ # 3 if 3D, is involved in (G, F). (%)

Let us summarize the condition of being good and (x) in a table

TYPCS Ana 2An Bn’ Cn, Dna 2Dn 31)4 GZ, F4’ E6’ 2E6’ E7 ES

bad ¢ 1%} {2} {2} {2, 3} {2,3,5}
(*) >3 £>3 £>5 £>5 >
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Theorem 3.1.2 [5, Theorem 4.4]. We assume that £ satisfies (x) and let d be the order of ¢ modulo £.
Then there is a bijection
(L, 2) = b(L, 3),

between the set of G-conjugacy classes of unipotent d-cuspidal pairs of G and the set of unipotent £-blocks.
Moreover, we have that Irr(b(L, M) NE(G, 1) ={x, (L, 1) < (G, x)}.

If b is a unipotent £-block, then the knowledge of Irr(b) NE(G, 1) is enough to describe all the characters
in Irr(b). To explain this, we need a few more notations.

Let t € G* be a semisimple element of order a power of £. Let £ be a good prime for G. Then Cg=(1)°
is a Levi subgroup; see for example [5, Proposition 2.1]. Let G(¢) be a Levi subgroup in G in duality
with Cg+(¢)° over k and P be a parabolic subgroup with Levi component G(7).

Since ¢ is a central element of (Cg=(¢)°)F, by [11, Proposition 13.30], there exists a linear character
f € Irr(G(r)) such that the tensor product with 7 defines a bijection from £(G(t), 1) to £(G(z), t). Let
x € £(G, t). Then, by the Jordan decomposition in the case of nonconnected center (defined in [23])
there exists x, € £(G(1), 1) such that (x, RE, cp(@x:)) # 0.

Theorem 3.1.3 [5, Theorem 4.4]. Let £ be a prime good for G. Let x € £(G,t), for t a semisimple
conjugacy class in G* of order a power of £. Let b be the £-block such that y €Irr(b). Let G(t) be a F-stable
Leviin G dual to Cg+(t)°, P be a parabolic subgroup with Levi component G(t), and x; € £(G(t), 1) such
that (x, Rg(t)gp(fxt)) # 0. For any such (G(t), P, x;) associated to yx, all the irreducible components of
REcp(xs) are inIrr(h) N E(G, 1).

Let (L, A) be a unipotent d-cuspidal pair. Then we define the £-extension of the d-series £(G, (L, 1)) as
the subset £ (G, (L, 1)) C & (G, 1) of characters x € £,(G, 1) such that, with the notation of Theorem 3.1.3,
all the irreducible components of Rg ([)gp( x:) are in £(G, (L, 1)). Hence, if £ satisfies (x), then
Eo(G, (L, 1)) =Trr(b(L, 1)).

3.2. (d, 1)-series. We have seen in Section 2.2 that in order to construct Bernstein blocks we needed to
decompose Irr(G) as Harish-Chandra series. But to get £-blocks we need to decompose it as d-series, as
seen in Section 3.1. In this section, we will introduce (d, 1)-series, which will give a partition of Irr(G)
into subsets which are both a union of Harish-Chandra series and a union of d-series.

First, let us remark that 1-series are just Harish-Chandra series, so from now on we will speak of 1-split
Levi, 1-cuspidal pairs and 1-series when we want to talk about “normal” Levi subgroup, cuspidal pairs
and Harish-Chandra series.

Definition 3.2.1. We define a (d, 1)-set to be a subset of Irr(G) which is a union of 1-series and a union
of d-series. A (d, 1)-series is then a (d, 1)-set with no proper nonempty (d, 1)-subset.

A (d, 1)-set, respectively a (d, 1)-series, included in £(G, 1) will be called a unipotent (d, 1)-set,
respectively a unipotent (d, 1)-series.

Remark 3.2.2. (1) By Theorem 3.1.1 £(G, 1) isa (d, 1)-set, so the unipotent (d, 1)-series give a partition
of £(G, 1).
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(2) If &, does not divide Pg, then the only ®4-torus is the trivial one. Hence the (d, 1)-series are just
the 1-series.

Let & be a unipotent (d, 1)-series. Since £ can be written as a union of d-series £ =| |, &, we can

define the ¢-extension of a (d, 1)-series by
5[ = |_| Si,e.
i

We want to compute the unipotent (d, 1)-series. The first step is to reduce to the case of simple groups.

To every orbit w of F on the set of connected components of the Dynkin diagram of G there corresponds
a well defined F-stable subgroup G/, of [G, G] and a component G, = Z°(G)G,, of G. The finite group
(Gw/Z(Gy))F is characterized by its simple type {A,,?A,,, B,,Cy,,D,,>D,,’ D4, G, F4, E¢,”Eg, E;, Eg)
and an extension field F nw of F, of degree m(w) equal to the length of the orbit of w. Moreover, when
G = G4, where G, denotes the adjoint group of G, then it is a direct product of its components.

Let us begin, by showing how to reduce to G of adjoint type.

Proposition 3.2.3. Let 7w : G— G4 be the reduction map modulo Z(G). Then 1t induces a bijection be-
tween E(Guq, 1) and E(G, 1) which commutes with the Deligne—Lusztig induction and preserves unipotent

(d, 1)-series.
Proof. This follows from [4, Proposition 1.36] and [4, Remark 1.25]. U

Let a € N*, Denote by (G(“), F(@) the restriction of scalars (or Weil restriction) of (G, F) from Fya to
[, . This is a reductive group defined over [, characterized by the property: for any [F,-algebra A we
have G“)(A) = G(A ®f, Fye). In particular, (G)™ = G™ (that is G (F,) = G(F,«)). Moreover, the
isomorphism (G(“))F(a) ~ G “commutes” with the Deligne—Lusztig induction and map isomorphically
& ((G(“))F(a), 1) to £(GF, 1). Now a group of adjoint type is a direct product of restriction of scalars of
simple groups. Let us take a look at the behavior of (d, 1)-series with respect to restriction of scalars.

Proposition 3.2.4. Let a € N*. We have a bijection between the (d, 1)-series in € ((G(“))F(a), 1) and the
(d/ ged(d, a), 1)-series in E(G™, 1).

Proof. If p is a prime number, then

q)n(xp):{cbpn(x) ifpln,.
D,y (x)P,(x) otherwise.

From that we can deduce what is ®,(x%). We write a = a,a,,, with a), relatively prime with n and all the
prime numbers dividing a,, also divide n. Then we have

D, (x*) = [ | Prayn ().
k|aj,

Let us prove that ®4(x) divides ®,(x%) if and only if n =d/ ged(d, a).
First assume that n = d/ gcd(d, a). Hence, we want to prove that there exists k | a,, such that ka, =
ged(d, a). If p¢ | ay, then p|[n=d/gcd(d, a). So, v,(d) >v,(a), where v, is the p-adic valuation. Hence,
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vp(ged(d, a)) = vp(a) = vp(a,). Thus a, | ged(d, a). Let k = ged(d, a)/a,. It remains to prove that
k|a;,. We have that k | a and if p | k, then p {a, since it would imply that v, (gcd(d, a)) = v,(a) =v,(an)
and a contradiction. Hence k | a,.

Now, let us assume that there exist n and k, such that k | a), and ka,n = d. We want to prove that
n=d/ ged(d, a). It is enough to prove that ka, = gcd(d, a). First k | a,, and since a, and a,, are relatively
prime, k | a. We also have that ka, | d, thus ka, | gcd(d, a). Now, if p¢| gcd(d, a), then p° |a = a,a),. If
P | an, then p¢ | ka,. If not, p¢|aj,. Thus p tn. But since p° |d = ka,n, we have that p¢ | k and p° | ka,.
We conclude that ka,, = gcd(d, a).

We have just proved that ®,4(x) | ®,(x) if and only if n = d/ged(d, a). As a result, if T’ is a
torus in G, then T’ is a d-torus in G if and only if it is the maximal d-subtorus of T, for T a
d/ ged(d, a)-torus of G. Thus the d-split Levi subgroup of G are of the form L for L a d/ ged(d, a)-
split Levi subgroup of G. We then conclude the proof with the following commutative diagram of [4,
Proposition 1.37]:

ZEW(GYFY 1y = 7&(GF, 1)

G@ G
Riw T R T

ZEWLOYF? 1) = 7eLF, 1) O

To compute the (d, 1)-series of £(G, 1), Proposition 3.2.3 allows us to reduce to the case where G is
adjoint. Now, an adjoint group can be written as a product of restriction of scalars of simple groups. The
(d, 1)-series of a direct product is the product of the (d, 1)-series. Hence by Proposition 3.2.4, we can
compute the unipotent (d, 1)-series of G, if we know them for simple groups. This is what we do in the
following sections.

3.3. Computation of (d, 1)-series for type A, and *A,,. In this section, we want to compute the unipotent
(d, 1)-series for groups of type A, and >A,,.

Let us start by explaining what the d-series are. First, let G be of type A,. The unipotent characters
are in bijection with partitions of n + 1. On partitions, there is the well defined notion of d-hook and of
d-core; see for example [16, Chapter 2.7]. The proof of Theorem 3.2 in [4] then shows the following
proposition.

Proposition 3.3.1. The d-cuspidal unipotent characters are precisely those where the partition is itself a
d-core. Moreover, two characters are in the same d-series if and only if they have the same d-core.

In order to get the result for groups of type >A,, we will use an “Ennola”-duality. We use here the
notation of [4]. Let G = (I', W¢) be a generic finite reductive group [4, Section 1.A]. We can then define
G~ by

G = (T, W(—9)).
To G we can associate a finite set Uch((&) [4, Theorem 1.26] which is in bijection with the set of unipotent
characters of G = G(g).
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Theorem 3.3.2 [4, Theorem 3.3]. There exists a natural bijective isometry o© : Z Uch(G) — Z Uch(G ™)
such that whenever L is d-split for some d, the following diagram is commutative:

7 Uch(G) —— 7 Uch(G-)

RE’T RE T

7 Uch(l) —%— 7 Uch(L-)

Note that if (g) is of rational type (A,, ¢g) then G~ (g) is of rational type (’A,, ¢). In particular, we
see that the unipotent characters for 2A,, are still parametrized by partitions of n+ 1. If T is a generic torus
with polynomial order ®,(x), T~ has polynomial order ®,(—x). The map L — L is a bijection between
@4 (x)-subgroup of 2A, and ®4(—x)-subgroup of A,. Now, for d > 2, we have that ®;(—x) = $y4(x)
if d is odd, ®;4(—x) = ®y/2(x) if d is congruent to 2 modulo 4 and ®,(—x) = Oy (x) if d is divisible
by 4. Let d’ be the integer defined by

2d ifdis odd,
d =1d/2 ifd=2 (mod4),
d if d =0 (mod 4k).

By Theorem 3.3.2 the d-series of 2A,, correspond to d’-series of A,, which are given by Proposition 3.3.1.
Remark 3.3.3. If d is the order of ¢ modulo £ then d’ is the order of —g modulo ¢.

In both cases, it is very important to be able to compute hooks and cores of partitions. In order to
make the computation easier, and also to match with the following Section 3.4, we will use the notion of
a B-set instead of a partition.

A B-setis a subset A C N, and we will write A = (x; x - -+ x,) With x| < xp <--- < x,. We define the
rank of a B-set by rank(A) =Y _*_, x; —a(a — 1)/2. We define an equivalence relation on the B-sets by
(x1x2 -+ x4) ~Ox;+1x3+1 .- x,+1). The rank is invariant by this equivalence relation hence can
be extended to equivalence classes. Now, a partition a; < --- < aq; of n 4+ 1 can be sent to a 8-set of rank
n+1definedby A =(aja+1az+2 --- ar+ (k— 1)) and this gives us a bijection between partitions
of n + 1 and equivalence classes of §-set of rank n + 1.

Let 2 and A’ be two B-sets. We say that A is obtained from A by a d-hook if there exists x € A such
that x —d ¢ A and A" = A\ {x} U {x —d}. The d-core of A is then the B-set without d-hook obtained from
A by repetitively removing d-hooks.

Lemma 3.3.4 [16, Lemma 2.7.13]. Let A, )" be two B-sets and «, &' be two partitions corresponding
respectively to A, ). Then o is obtained from o by a d-hook if and only if ' is obtained from A by a
d-hook.

Now we have everything we need to compute the unipotent (d, 1)-series for type A, and %A,,.
For a group G of type A,, this is easy because there is no unipotent cuspidal representation. Hence,
there is only one unipotent 1-series £(G, 1) which is thus a (d, 1)-series.
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Proposition 3.3.5. If Gis of type A,,, E(G, 1) is a (d, 1)-series.

Now, we assume that G is of type 2A,. We saw previously that two S-sets are in the same d-series if
and only if they have the same d’-core and that they are in the same 1-series if and only if they have the
same 2-core.

Remark 3.3.6. As we will see below, there are two different behaviors of the (d, 1)-series depending on
the parity of d’. When we will apply these results to £-modular representations theory, d will be the order
of ¢ modulo ¢. The primes ¢ such that d’ is even are called linear and when d’ is odd they are called
unitary.

The first case to consider is when d’ is even (linear prime case). We then have the following result.

Proposition 3.3.7. Ifd’ is even (linear prime case) then the unipotent (d, 1)-series for type > A,, are the

unipotent 1-series.

Proof. If d’ is even, removing a d’-hook to a -set can be obtained by removing d’/2 2-hooks, hence the
unipotent (d, 1)-series are the unipotent 1-series. (Il

Now, let us assume that d’ is odd (unitary prime case).

Let A be a 8-set with finite cardinal. Let o be the number of odd numbers in A and e be the number of
even numbers. We define the defect of A by defect(A) =0 —eif o > e and e — o0 — 1 if 0 < e. The defect
is invariant under the equivalence relation and we extend it to equivalence classes.

The 2-core of a B-set is of the form (13--- 2k 4+ 1) (possibly &) which all have different defect.
Moreover, removing a 2-hook does not change the defect of a 8-set, so the defect of a 8-set determines its
2-core, hence it characterizes the 1-series. Adding a 2-hook increase the rank of a §-set by 2. Therefore,
we get the following lemma.

Lemma 3.3.8. There exists a B-set of rank m and defect k if and only if m — k(k + 1)/2 is even and

positive.

Let [1] be an equivalence class of B-sets. We define max([A]) to be O if (0) € [A] and max([A]) :=
max(A’) where A is the unique B-set in [A] such that O ¢ A if (0) ¢ [A]. Then max([A]) is the length of
the largest hook in [A].

Lemma 3.3.9. Let k > 0 and m > 1 such that m — k(k + 1)/2 is even and positive. We have
m—(k*>—=3k+2)/2 ifk>1,
m ifk=0.

Proof. A B-set of rank m and defect k is obtained by 1/2(m —k(k+1)/2) 2-hooks from (13 --- (2k—1)).

Each 2-hook increase the maximum of the coefficients by at most 2, giving us the result. (]

Definition 3.3.10. Let us define for G of type 2A,,

max{max([1]), defect(L) = k, rank(L) = m} =

k(G,d) :=max{k > 1, (k* =3k +2)/2<n+1—d}

if it exists and —1 otherwise.
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From Lemma 3.3.9, k(G, d) is the greatest integer k such that there exists A of defect k and rank n + 1
having a hook of length at least d. In particular, if A has defect k > k(G, d) and rank n + 1 then itis a
d-core.

Proposition 3.3.11. Assume that d' is odd (unitary prime case) and G is of type > A,,. Then, the unipotent
1-series with defect strictly greater than k(G,d") are (d, 1)-series, composed uniquely of d-cuspidal
representations, and the union of the unipotent 1-series with defect lower or equal to k(G,d’) is a
(d, 1)-series.

Proof. The B-sets of rank n + 1 and defect strictly greater than k(G, d’) are all d’-core. Therefore the
corresponding unipotent characters are d-cuspidal. Thus the unipotent 1-series with defect strictly greater
than k(G, d') are (d, 1)-series.

Since £(G, 1) isa (d, 1)-set, we have that the union of the unipotent 1-series with defect lower or equal to
k(G,d")isa(d, 1)-set. It remains to prove thatitis a (d, 1)-series. Let k <k (G, d’). Let us assume that k >
3. LetA:=(13--- 2k—3) (n+1 —(k2—3k—|—2)/2)) be a B-set of defect k and rank n+1. Let u be an odd
number, 1 <u <2k—3 such that u+d’ #n+1—(k*>—3k+2)/2—d’ (such a u exists since there are more than
two odd numbers between 1 and 2k —3). Let A/ := (13 --- u+d’ --- (2k—3) (n+1—(k*>*—3k+2)/2—d"))
(with a possible permutation of the coefficients so that they are written in the correct order). The S-set
A’ is obtain from A by removing a d’-hook and then adding a d’-hook. Hence A and A" are in the same
d-series. Since d’ is odd, if k > 4 then defect(A") = k —4 and if k = 3, defect(1”) = 0. Hence the unipotent
1-series with defect kK > 4 are in the same (d, 1)-series as the unipotent 1-series with defect k — 4. We
have the same result for defects 0 and 3. Thus to prove the result, we are left with the 1-series of defect 1
and 2. By Lemma 3.3.8, depending on the parity of n, we can only have simultaneously g-sets of rank
n + 1 and defects 0, 3 or defects 1, 2. Therefore, we need to prove that, if they exist, the -sets with
defects 1, 2 are in the same (d, 1)-series.

If there are B-sets of rank n + 1 with defects 1, 2. We start by assuming that n # 4. Either n # 2d’ or
n#4+2d . Ifn#2d thenwetake A= (1n+1)and A= (1+d'n+1—d’), with defect(1) =2 and
defect(\) =1. If n £4+2d’ then we take .= (3n—1) and A’ = (3+d' n—1—d’), with defect(r) =2 and
defect(A”) = 1 (we can note here that we can well assume that d’ < n — 1 because if not then d’ > (n + 1)
and we can use the previous case since n # 2d’). So we are left with n = 4. We can then have d’ =1, 3
or 5. If d’ = 1, every B-set has the same 1-core, so the result follows. If d’ = 3, we take A = (134) and
A= (1235). Finally, if d’ = 5 we take A = (5) and ' = (15). O

In the case d’ odd, We will write S{i(G) for the union of the unipotent 1-series of defect lower or
equal to k(G, d’). Thus, if it is not empty, 51‘1(G) is the unipotent (d, 1)-series containing the trivial
representation.

3.4. Computation of (d, 1)-series for classical groups. In this section we compute the unipotent (d, 1)-
series for groups of type B,, C,, D, and >D,,.
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Just as before, let us start by studying d-series. When G is a classical group we have a classification of
unipotent characters with the notion of symbols that we recall here. Furthermore, with these symbols, we
can describe the decomposition into d-series of Theorem 3.1.1.

A symbol is an unordered set {S, T'} of two subsets S, 7' C N. We write such a symbol in the following

E:(xl xa)
AJEEERN )

withx) < - <xg, y1<---<ypand S={x1,..., x4}, T ={y1, ..., y»}. Two symbols are said to be

way

equivalent if they can be transformed into each other by a sequence of steps
(m xa)~<o Al - xa+1)
it Vb Oym+1- »w+l
or by interchanging the rows.
We define the defect of X by defect(X) = |a — b| and its rank by

rank(E)_le—i—Zyl [(a+b_1) ]

These two notions can be defined on the equivalence classes of symbols.

If G is a group of type B,, C,, D, or 2D, Lusztig has shown that the unipotent characters may be
parametrized by these symbols; see [21]. The unipotent characters of groups of type B, or C, are in
bijection with the equivalence classes of symbols of rank n and odd defect. For the groups of type D,,, the
unipotent characters are parametrized by classes of symbols of rank n and defect divisible by 4 (except
that if the two rows are identical, two characters correspond to the same symbol). And the unipotent
characters of groups of type 2D, are in bijection with symbols of rank n and defect congruent 2 (mod 4).

Let {S, T} be a symbol and d > 1 an integer. If there exists x € S such that x +d ¢ S, or y € T with
y+d ¢ T, then the symbol {S\ {x}U{x+d}, T} or {S, T\ {y}U{y+d}}, is said to be obtained from
{S, T'} by adding a d-hook. We define the d-core of {S, T’} as the symbol {U, V'} without d-hook obtained
from {S, T'} by removing a sequence of d-hooks.

In the same way, if there exists x € S suchthat x +d ¢ T, or y € T with y+d ¢ S, then the symbol
{S\{x}, TU{x+d}} or {SU{y+d}, T\ {y}},is said to be obtained from {S, 7'} by adding a d-cohook.
And we define like previously the d-cocore of {S, T'}.

Proposition 3.4.1. (1) Ifd is odd, then the d-cuspidal unipotent characters are precisely those where ¥
is itself a d-core. Moreover, two characters are in the same d-series if and only if they have the same

d-core.

(2) Ifd is even, then the d-cuspidal unipotent characters are precisely those where X is itself a d /2-cocore.
Moreover, two characters are in the same d-series if and only if they have the same d /2-cocore.

Proof. This is proved in the proof of Theorem 3.2 in [4]. ]
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Now let us compute the unipotent (d, 1)-series. The first case is when d is odd (the linear prime case).
To obtain the d-series we need to take the d-core of the symbols by the Proposition 3.4.1. We also obtain
the 1-series by taking the 1-core. But two symbols which have the same d-core have the same 1-core, so
each unipotent 1-series is a (d, 1)-series.

Proposition 3.4.2. If d is odd (linear prime case), the unipotent (d, 1)-series are the unipotent 1-series.

Now, assume that d is even (unitary prime case). This case is a little bit more complicated because we
need to take the d/2-cocore for the d-series and the 1-core for the 1-series. We will do a proof similar to
the case of 2A,, done in Section 3.3.

Let ¥ be a symbol. We define max(X) to be max(X) :=0if ¥ ~ {&, &}, and otherwise max(X) :=
max(S U T) where {S, T} is the unique symbol equivalent to ¥ with 0 ¢ SN 7. Note that max(X) is the
longest length of a hook or cohook in X.

Lemma 3.4.3. Letk > 0 and n > 1 such that n > (k* — 1)/4. We have

n— (k> —4k+3)/4 ifkisodd,
max{max(X), defect(X) =k, rank(X) =n} = { n — (k> —4k +4) /4 ifk is even,k # 0,
n ifk=0.

Proof. Every symbol of defect k is obtained from Xy = (O ¥=1), for k > 1, and o = {&, &}, for k =0,
by adding 1-hooks. Each 1-hook increases the rank of 1. So in order to get a symbol of rank n, we need
to do m :=n —rank(X;) 1-hooks. Note that, for k > 1,

_ _ 2 2 . .
rank(Z;) = (k= Dk _ [(k 1) ] _ {(lg 1)/4 if k is odd,
k“/4

2 2 if k is even,

and rank(X) = 0. Remark also, that the hypothesis n > (k?> — 1)/4 is equivalent to m > 0. Each 1-hook
increases the maximum of the coefficients by at most one, so max{max(X), defect(X) =k} =k —1+m,
for k > 1, and m for k = 0 (we have equality by adding the 1-hooks on the last coefficient on the top
row). O

Let us define an integer k(G, d) in the following way.

Definition 3.4.4. If G is of type B, or C, we define
k(G, d) = max{k > 1, k odd, (k* —4k +3)/4 <n—d/2}

if it exists and k(G, d) = —1 otherwise.
If G is of type D, or 2D, then in the same way

k(G, d) = max{k > 2, k even, (k> —4k +4)/4 <n —d 2}

if it exists and k(G, d) = —1 otherwise.
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As in the case of A, by Lemma 3.4.3 we see that k(G, d) is the greatest integer k such that there
exists 3 of defect k and rank n having a cohook of length at least d. In particular, if defect(X) > k(G, d)
then X is a d-cocore.

Remark 3.4.5. Two symbols are in the same 1-series if and only if they have the same 1-core by
Proposition 3.4.1. But removing a 1-hook does not change the defect of a symbol. Hence, every symbol
in a 1-series has the same defect. Moreover, the 1-core of a symbol is of the form ( 0 k=l ) where k is
the defect of the symbol (or {&, @} when the defect is 0). Hence, two symbols are in the same 1-series
if and only if they have the same defect. And the defect associated with a 1-series is the defect of the
cuspidal representation associated to this 1-series.

We have the following partition of £(G, 1) into (d, 1)-series.

Proposition 3.4.6. If d is even (unitary prime case), the unipotent 1-series with defect strictly greater
than k(G, d) are (d, 1)-series, composed uniquely of d-cuspidal representations, and the union of the

unipotent 1-series with defect lower or equal to k(G, d) is a (d, 1)-series.

Proof. Let k > k(G, d) and a unipotent 1-series with defect k. Then by definition of k(G, d) and with
Lemma 3.4.3, d/2 is strictly greater than every coefficient in every symbol in the 1-series chosen. Hence,
this 1-series is composed of d-cuspidal representations, so is a (d, 1)-series.

We also deduce from that, that the union of the unipotent 1-series with defect lower or equal to k(G, d)
is a (d, 1)-set. It remains to prove that this is a (d, 1)-series. Let 3 < k < k(G, d) such that there is a
unipotent 1-series with defect k. We want to prove that the unipotent 1-series with defect k is in the
same (d, 1)-series as a unipotent 1-series with defect strictly less than k, which will finish the proof. Let
Ze=(0" k—l) and m = n —rank(XZy) as in the proof of Lemma 3.4.3. Then the symbol

E:(O s k—2 k—l—i—m)

has defect k and rank n so is in the 1-series chosen. Now by definition of k(G, d), d/2 <k — 14+ m, we
can then remove a d/2-cohook from X to get

- 0 k=2
E_(k—1+m—a’/2 )

Letve{0,...,k—2}suchthat v+d/2 #k —1+m —d/2. Then we can add a d/2-cohook to ' to

obtain
E”— 0 U_1U+1k—2
T \k—14+m—d/2 v+d/2

(we possibly have to swap the numbers in the lower row so that they are written in the good order). The
symbol £ is a symbol of defect k — 4 if k > 3 and k — 2 if k = 3, which has the same d /2-cocore as X.
Hence, X~ and X are in the same (d, 1)-series, and defect(X’) < defect(X). O

As before, when d is even, we write 5f (G) for the union of the 1-series of defect lower or equal to
k(G, d), which is, if not empty, the (d, 1)-series containing the trivial representation.
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3.5. Computation of (d, 1)-series for exceptional groups. We have computed the unipotent (d, 1)-series
for groups of type A and for classical groups. We are left with groups of exceptional type, that is of type
3Dy, Gy, Fy, Eg, *E, E7 and Eg.

Unfortunately, we do not have a nice classification with partitions or symbols like for groups of types
A, B, C and D. However, since we are working with groups with bounded rank, we can do a case by
case analysis. We will summarize the result in Tables 1 and 2. We need to explain the notations used. To
keep the notation as simple as possible, we are writing the unipotent (d, 1)-series in terms of 1-series. We
will write a 1-series by the corresponding 1-cuspidal representation of the 1-split Levi defining this series.
The notations for the cuspidal representations are the notations of [8, Section 13.9]. So for example for
F,, we have a (2,1)-series

{1, By, Fu[—1], Fuli], F,11]}.

This set is composed of the principal series (denoted by 1), the characters coming from the unipotent
cuspidal character of B, (denoted by B») and 3 cuspidal representations of Fjy:

F,[—1], Fy[i] and F![l].
Thus
{1, By, F4[—11, F4[i], F,[11}

denotes a set composed of 33 unipotent characters.
If a d does not appear in Tables 1 and 2, it means that the unipotent (d, 1)-series are the unipotent
1-series.

Proposition 3.5.1. The unipotent (d, 1)-series for groups of exceptional types are written in the Tables 1
and 2.

Proof. In [8, Section 13.9] we can find tables for the unipotent characters of groups of exceptional types
and the partitions into 1-series. So to compute the unipotent (d, 1)-series, we need to know about the
d-series. In [4], we find in Tables 1 and 2 a list of the d-series £(G, (L, 1)), where (L, A) is a unipotent
d-cuspidal pair and L is not a torus. So we are missing the cases of L a torus (hence X is trivial). However,
in the case L = T of a torus, the Deligne-Lusztig induction R$ is known by the work of Lusztig. Hence
combining all the computations, we prove the results of Tables 1 and 2. (I

3.6. Summary for unipotent (d, 1)-series. In this section, we summarize all the computations of the
unipotent (d, 1)-series.
First let us recall some definition. For an integer d we define d’ by

2d  if d is odd,
d=13d/2 ifd=2 (mod4),
d if d =0 (mod 4).
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Unipotent ¢-blocks for simply connected p-adic groups
group | d unipotent (d, 1)-series
G, |2 {1, G2[1], G2[—1]}, {G2[0]}, {G2[6%]}
3 {1, Ga2[1], G,[0], G1[6°]}, {G,[—1]}
6 {1, G2[—11, G2[6], G2[6°1}, {Ga[1]}
Dy | 2,6 {1,°Dy[1], > D4[—1]}
3 {1,°Dy[11}, P D4[-11}
12 {1,°Dy[—11}, P D411}
F, |2 {1, By, F[—11, Fyli], F{[11}, {Ful—i1}, {F4l01}, (Fal[6°1}, (F;[11)
3 {1, F4[0], F4l6°], Fi[11}, { B}, (Fal—il}, {Ful—11}, {Fulil}, {F}'[1]}
4 {1, By, Fy[—il, Fulil, F[1], F[11}, {Fa[—11}, {F4[01}, {F4[6%]}
6 {1, By, Fu—11, F4[6], F4[67], F;[11}, {Fal—il}, (Falil}, {F}[1]}
8 {1, Byl =11, Fal—i], Falil}, {Bo}, {F,111), {Ful01), (Fal671), (F{111}
12 {1, By, Ful—il, Fulil, F4[60], F4[671}, {Fu[—11}, {F;[11}, {F;[1]}
Ees |2,4,8 {1, D4}, {E6[01}, {E6[0°]}
3.9 {1, E6[0], E[0%]}, {D4}
5 {1}, (D4}, {E4l01), {E[07]}
6,12 {1, Dy, Ec[0], Ec[6°1}
E; | 2,10,14 | {1, Dy, Eq[£], E1[—£1}, {E6l01}, {E[0°]}
3,9 {1, E6[0], E[6%1}, { D4}, {E7[£]1}, {E7[—£1}
4,8 {1, D4}, {E6[01}, {E[60°1}. { E7[£]}. {E7[—£]}
5.7 {1}, {D4}, {E6[01}. {Es[6°1}, {E7[£]}. {E7[—£1}
6,18 {1, D4, Eq[6], E¢[6°], E7€], E7[—£]}
12 {1, D4, Eq[6]. Ec[6°1}, {E7[£]}, {E7[—§1}
Eg |2 {1, D4, E7l§], E7[—§], Es[—1], Eg[1], Eg[11}, {Eq[0], Es[—0], Es[01},
{Eq0°], Esl6°], Es[—6°1}, (Es[—il}, {Es[¢*1), {Es[£°]), {Esl£]), {Esl¢1), {Eslil)
3 {1, Es[0], E[6%], E[6°], Es[6], E4[11}, { D4, Eg[—1], Eg[—67], Es[—6]},
{E7[—€1}, (Eq[E1), (EZ111), {Es[—i1), (Es[C*1), (Es[E°1) (B[P} (EslC), {Eslil)
4 {1, Dy, Eg[—i], Esli], Eg[1], E{[11}, (E7[=&1}, {Eq1€1), {E6l01), {Es[0°1), {Esl¢*]),
{Es[¢°1), (Esl£?1), {Esl¢ 1), {Es[—11}, {Es[—61}, {Es[01}, {Es[6°1}, {Es[—6°])
5 {1, Es[¢*], Es[£°), Esl¢?), Es[¢), Eg[11}, {E7[—£1}, {E7[£1}, {Da}, {Ec[01}, {Ec[6°1},
{Es[—i1}, {Eslil}, {Eg[11}, {Es[—11}, {Es[—61}, (Es[61}, {Es[6°1}, {Es[—6°])
6 {1, E7[—§], E7[£], D4, Eq6], E¢[6°], Es[—1], Es[—6°], Es[—6], Es[67],
Ex[0], Eg[1], EZ[11}, (Es[—il}, (Es[¢*1}, {Es[¢°1), (Esl£1), {Esl¢), {Eslil}

Table 1. Unipotent (d, 1)-series for groups of exceptional types.

We also have defined k(G, d) by

k(G,d)=

max{k > 1, (k> =3k +2)/2<n+1—d)}
max{k > 1,k odd, (k> —4k +3)/4 <n—d/2)
max{k > 2, k even, (k? —4k+4)/4<n—d/2)}

if it exists and —1 otherwise.

for type A,
for types B, Cy,
for types D,,, ’D,,
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group | d | unipotent (d, 1)-series

Es |7 | {1}, {Ds}, {E7[—E1}, {E7E]}, {E6lO1}, {E6l6°1}, { Es[—i1}, {Esl[i1}, {E4[11}, {EZ[11},
{Es[¢* 1}, {Es[¢°1) (Es[C 1), {Es[¢ 1), (Es[—11}, {Es[—61}, {Es[01}, {Es[6°1}, {Es[—6°1)
8 | {1, Dy, Eg[—11, Es[—il, Es[i1}, {E;[—£1}, {E7[€1}, {E6l01}, {E6[6°1}, {Esl¢*1},
{Es[$°1), {Es[1), {Esl¢ 1), {EG[11}, {Es[—601}, {Es[01},

{Es[6°1}, {Es[—671}, {E{[11}

9 | {1, E6l0]1, E¢[0°1}, (D4}, {E7[—&1}, {E7[E1}, {Es[—i1}, { Esli1}, {E4[11}, {E{[11},
{Es[¢*1}, {Es[¢°1), (Es[¢?1), {Es[¢ 1), (Es[—1]},

{Es[—01}, {Es[01}, {Es[0%1}, {Es[—671}

10 | {1, E7[—€1, E7[£], D4, Es[—11, Es[¢*), Es[¢?], Es[¢?], Esl¢], EZ[11}, {Eq[6]},
{E6[0%1}, {Es[—il}, {Eslil}, {E4[11}, {Es[—01}, {Es[01}, {Es[0°1}, {Es[—6%1}

12 | {1, D4, Ec[0], Ec[6%], Es[—11, Es[—0%], Eg[—0], Es[—i], Es[0*], Es[0], Eslil,
E{[11}, {E7[—& 1), {EqE1} {Eg[ 11}, {Esl¢*1), {Esl¢31), {Es[¢1), (Es[C 1)

14 | {1, E7[—&], E7[€], D4}, {E6l01}, {Ec[0%1}, {Es[—il}, {Eslil}, {E4[11}, {E{[11},
{Es[¢*1) {Es[2°1), (Es[¢21), {Esl¢ ]}, {Es[—11},

{Es[—01}, {Es[01}, {Es[6°1}, {Es[—621}

15 | {1, E¢[0], Ec[6°], Esl[6°], Esl6]1, Esl¢*], Esl[¢°], Es[¢?], Es[¢1}, { D4}, {E7[—£]1},
{E7[€1), {Es[—il}, {Eslil}, {E4[11}, {ES[11}, {Es[—11}, {Es[—61}, {Es[—6%1}

18 | {1, E7[—&], E7[€]. Ds, E¢[0], E¢[6°], Es[—67], Es[—0], Es[0°], Es[01}, {Es[—il},
{Eslil}, {E{11}, (ES111), (Es[C*1), (Es[E31), {Esl¢ 21}, {EslC 1), {Es[—11}

20 | {1, D4, Eg[—il, Es[¢*], Es[¢®], Es[¢?], Esl¢], Eslil}, {E7[—&1}, {E7[£1}, {E6[01},
{Eo[6°1}, {EZ[11}, {ES[11}, {Es[— 11}, { Es[—01}, {Es[01}, {Es[6°1}, {Es[—67]}

24 | {1, D4, Eq[0], Ec[6°], Es[—62], Es[—0], Es[—i], Eslil}, {E-[—£1}, {E7[€]},
{E{[11}, {EZ 111}, {Es[¢*T), {Es[E31), { Es[E 21}, {Es[C 1), {Es[— 11}, {Es[01}, {Es[6°1}
30 | {1, E7[—£1, E7[€], D4, Eq[0], Ec[6%], Es[—62], Es[—0], Es[¢*], Es[¢°],

Es[¢?), Es[C1), (Es[—il}, {Eslil}, {E4[11}, {E{[11}, {Es[—11}, {Es[01}, {Es[6%]}

2Es |2 | {1,%As,2Ee[11}, {PE[01}, (*Es[6%1}
3 | {1,2Eq[11,2Eql0], >Ec[0%1}, {*As}

4 | {1,2Eq[11}, {*As}, PEq[01}, P Es[0%1}

6 | {1,2As,2Eg[1],2Ec[0], >Ec[6°]}

8 | {1}, (2As), (CEs[11}, (2E6[61}, P Eo[0°1)

10 | {1,245}, (2Es[11}, {*E6[01}, {*Eq[0°1)

12 | {1, 2E4[6], 2Es[6%1}, (> As), (PE6[11}

18 | {1,2As, 2E4[6], 2 Es[6°1}, {*Eq[11}

Table 2. Unipotent (d, 1)-series for groups of exceptional types.

Theorem 3.6.1. The unipotent (d, 1)-series are given by the following cases:
(1) Type A,: (G, 1) is a (d, 1)-series.
(2) Type *A,:

(a) d’ even (linear prime case): the unipotent (d, 1)-series are the unipotent 1-series.
(b) d’ odd (unitary prime case): the (d, 1)-series are,
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o the unipotent 1-series with defect strictly greater than k(G,d") (composed uniquely of
d-cuspidal representations);
o Eld(G), the union of the unipotent 1-series with defect lower or equal to k(G, d").
(3) Type B, C,, D, and*D,:
(a) d odd (linear prime case): the unipotent (d, 1)-series are the unipotent 1-series.
(b) d even (unitary prime case): the (d, 1)-series are:
o The unipotent 1-series with defect strictly greater than k(G, d) (composed uniquely of d-
cuspidal representations).
. Ef(G), the union of the unipotent 1-series with defect lower or equal to k(G, d).

(4) Type 3Ds4, Gy, Fy, Eg, *Es, E7 and Eg: the unipotent (d, 1)-series are given by Tables I and 2.

3.7. Induction and restriction of (d, 1)-series. Now that we know how to compute the unipotent (d, 1)-
series, we want to prove that they are compatible with Harish-Chandra induction and restriction. In
particular, it will be fundamental in order to construct unipotent £-blocks of p-adic groups, to prove that
Harish-Chandra restriction commutes with taking the £-extension of unipotent (d, 1)-series.

Let M be a F-stable Levi of G and £ a subset of Irr(M). We denote by R& (&) the set of irreducible
characters 7w of G such that there exists o € £ satisfying (r, Rﬁ,,cp(a)) = 0, for P a parabolic subgroup
admitting M as a Levi subgroup. When M is a 1-split Levi of G, we will simply use the notation i ,Sl (£). In
the same way, for any 1-split Levi M of G and &’ a subset of Irr(G), r,\G,I (&) denotes the set of characters
o such that there exists 7 € &' satisfying (o, I”l\GACp(JT)) #£ 0.

The (d, 1)-series are a union of 1-series and (;f d-series. We know that the Harish-Chandra induction
of a 1-series is included in a 1-series. But there is no nice result for the Harish-Chandra induction of
a d-series. The following results have for goal to prove that the (d, 1)-series behave well regarding
Harish-Chandra induction.

Lemma 3.7.1. Let M be a 1-split Levi of Gand € C E(M, 1) a (d, 1)-series. Then i,\Gﬂ(S) is included in a
(d, 1)-series.

Proof. By Propositions 3.2.3 and 3.2.4, we can assume that G is simple:
(1) If G is of type A,, then £(G, 1) is a (d, 1)-series so we have the result.

(2) If Gis of type B, C,, D,, or 2D,. The Levi M has type GL,, x - - - x GL,, xH where H as the same
type as G. We deduce that £ ~ E(GL,,(¢), 1) x - - - x E(GL,, (q), 1) x £, where E is a (d, 1)-series of
H. We need to differentiate the case d odd and d even.

If d is odd, then £y is a 1-series by Proposition 3.4.2 and so is £. The set i ,a(é’) is thus included in a
1-series and so in a (d, 1)-series.

If d is even, then by Proposition 3.4.6, £y is either a 1-series or £y = Ef(H), where 5]"(H) is the
union of the 1-series with defect lower or equal to k(H, d). If it is a 1-series, we have the result like
previously. And if £y = Ef(H), since k(H, d) < k(G, d) and the fact that the induction preserves the
defect, iﬁ(é‘) C Sld(G) which is a (d, 1)-series.
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(3) If Gis of type 2A,,. Using “Ennola”-duality, M corresponds to a 2-split Levi of GL,,, and the unipotent
(d, 1)-series correspond to (d’, 2)-series. The proof is then the same as in (2) regarding that d’ is odd or

even.

(4) If G is of exceptional type. The proof mainly consists of checking case by case the result using
Tables 1 and 2. We explain here the arguments to do so.

The first case to remark is when all the unipotent (d, 1)-series not containing the trivial representation
are composed uniquely of 1-cuspidal representations. In this case, we have directly the result. This
happens for approximately half the cases by looking at Tables 1 and 2 and deals completely with G, and
3D,. Now, when d is odd, and the Levi M has only component of types A,, B,, C,, D, or >D,, we
know that the unipotent (d, 1)-series are 1-series. Since the induction of a 1-series from a 1-split Levi
is included in a 1-series, we get the result. This is enough to deal with Eg. We also get the odd d for
E7, respectively Eg, by checking the compatibility from Eg, respectively E7, thanks to Tables 1 and 2.
The same argument works for 2E¢ but when d’ is even (we recall that d’ is defined in Section 3.3). To
finish E7 and Eg, we need to look when d is even. In all these cases, the 1-series corresponding to the
unipotent cuspidal representation of Dy is inside the (d, 1)-series containing the trivial representation.
So we just have to check with Tables 1 and 2 the compatibility with E¢ and E;. We are left with the
last case of F4 and d = 8. But in this case &g does not appear in any of the polynomial orders of the

1-split-Levi, which concludes the proof. (Il
Lemma 3.7.2. Let M be a 1-split Levi of Gand £ C £(G, 1) a (d, 1)-series. Then rﬁ,(é’) isa(d, 1)-set.

Proof. Let o € r,\G,I (€). There exists £ a unipotent (d, 1)-series in M such that o € £’. We need to prove
that &' C r(&).

Since o € r,\G,I (&), there exists € £ such that (o, r,\G,l (r)) # 0. By Frobenius reciprocity, (i ,\GA (0),m)#0,
thus 7 € i,a(é"). By Lemma 3.7.1, isl (&) is included in a (d, 1)-series, hence i,SI (&) C &. Again, by
Frobenius reciprocity, we have that £ C r,\G,I (£) and the result follows. (I

We have proved that the unipotent (d, 1)-series behave well with 1-induction. One may wonder if they
also behave well with d-induction? This is what we are going to prove next. Actually, we will go further.
We are going to check the compatibility with induction but from a d£“-split Levi, for certain £.

Lemma 3.7.3. Assume that £ satisfies (x) and let M be a d€*-split Levi of G for some a > 0. Let
ECEM, ) bea(d,1)-series. Then R,C\;,,(S) is included in a (d, 1)-series.

Proof. By Propositions 3.2.3 and 3.2.4, we can assume that G is simple (notice that if b is an integer then
dl®/ ged(dl®, b) = (d/ ged(d, b))1?, for some ¢’ with 0 < a’ < a):

(1) If Gis of type A, then £(G, 1) is a (d, 1)-series so we have the result.

(2) If Gis of type B, C,,, D, or 2D,,. Then, as stated is the proof of [4, Theorem 3.2], the Levi M has
type GLil‘fla) X oo X GL,(ffla) xH where H as the same type as G. Since £ is a (d, 1)-series of M we know
that £ = £(GL,, (q%""), 1) x - - x E(GL,, (¢¥"), 1) x Ey, where Eg is a (d, 1)-series of H.



Unipotent ¢-blocks for simply connected p-adic groups 1557

Let us first assume that d is odd. Thus £y is a 1-series in H by Proposition 3.4.2. Let 7 =711 ®
- ®m, @my € E. The representation wy corresponds to a symbol of H. Now, REA is the functor of
d{?-induction. Since d{“ is odd, the proof of Theorem 3.2 of [4] shows that the symbols in RE,, () are
the symbols obtained from the symbol of 7y by adding d£“-hooks. Thus all these symbols have the same
1-core which is the same as the 1-core of wy. But £y is a 1-series, so all the representations have the
same 1-core, hence this is also true for the representations in REA (). We have proved that Rf\;,, (&) is
included in a 1-series and thus in a (d, 1)-series.

Now, let us prove the case where d is even. If M = G there is nothing to do, so we can assume that M is
proper in G. The group M being a proper d¢“-split Levi of G, none of the representations in R& (&) are d ‘-
cuspidal. Since d¢? is even, by Proposition 3.4.6 we have that Rﬁ,, &) C EI‘W (G), the d£*-1-series of G con-
taining the trivial representation. But k(G, d£%) <k(G, d). Hence, Ef’eu (G) C 8{1 (G) and we have the result.

(3) If G is of type %A, the proof is similar as in (2) using “Ennola”-duality and the parity of d’ instead
of d (notice that (d£%)’ = (d’)£° since £ is odd).

(4) If G is of exceptional type, we will again use Tables 1 and 2.

Let us start with the case a = 0. So we are inducing (d, 1)-series from d-split Levis. If all the unipotent
(d, 1)-series not containing the trivial representation are composed uniquely of d-cuspidal representations
then we have the result. Tables 1 and 2 is written in terms of 1-series. However, we can look at Tables 1
and 2 from [4] to deduce the d-cuspidality. In these tables, the case where the d-split Levi is a torus
is not written, but all the induced representations from a torus of the trivial representation will be in
the (d, 1)-series containing the trivial. Hence, for a unipotent (d, 1)-series not containing the trivial
representation, it is composed uniquely of d-cuspidal representations if none of the representations appears
in Table 2 of [4]. This case deals with almost everyone except for (Eg, d = 3), (E7,d =2), (E7,d =3),
(Es,d =2) and (Eg, d = 3). We can then check by hand the remaining case with Tables 1 and 2. Now,
we need to do a > 0. There are only 8 cases which satisfies the hypotheses on ¢, and such that &, and
® 40« divide the order of G. In all these cases, all the unipotent (d, 1)-series not containing the trivial
representation are composed uniquely of d£“-cuspidal representations, and so we have the result. U

Remark 3.7.4. We need the hypothesis on £. For example, if £ = 3, the group is D4, d =1 and a = 1,
then 3 Dy4[1] is in the induction of the trivial representation from the maximal 3-torus but is not in the
same (d, 1)-series as the trivial.

We define, as in [6] E; ¢ :={e, £ | p.(q)} = {d, d¢, de?, ..., de*, ..}, where d is the order of ¢
modulo £. A E, ,-torus is a F-stable torus of G such that its polynomial order is a product of cyclotomic
polynomials in {¢., e € E, ¢}. A E, ¢-split Levi is then the centralizer of a E, ¢-torus.

For a F-stable Levi subgroup of G, let us denote by Z°(M) the connected center of M and by Z°(M)'g
the subgroup of Z°(M)F of ¢-elements.

Lemma 3.7.5. Assume that € satisfies (x). Let M be a E, ¢-split Levi of G such that M = CG((Z"(IVI)';)O.
Let € be a unipotent (d, 1)-series in M. Then R,(\;/,(E) is included in a (d, 1)-series.
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Proof. We will prove the result by induction on the semisimple rank of G.

If M = G nothing has to be done. Now, if M is a proper Levi in G, then Z°(M)'Z Z Z(G). Thus
there exist some a > 0 such that Z°(M)y,,. € Z(G), where Z°(M)y,,. is the maximal ®¢«-subgroup
of Z°(M). Let us denote by L := Cg(Z°(M)y,,.) which is then a proper d¢“-split Levi of G such that
M C L. By Lemma 3.7.3, we know that Rf preserves the unipotent (d, 1)-series. By the induction
hypothesis, RIM preserves the unipotent (d, 1)-series. Hence REA = RE o Rk,l preserves the unipotent
(d, 1)-series. O

Remark 3.7.6. Let M be a E, ¢-split Levi of G. If £ is good for G and (Z(G)/Z° (G))F is of order prime
to £, then M = Cc((Z"(M)'Z)O by [6, Proposition 3.2].

Let & be a subset of £ (G, 1). We denote by £ the smallest (d, 1)-set containing £. Thus Lemma 3.7.1
and 3.7.5 can be restated by Rs,, (&) is a (d, 1)-series if M is a 1-split Levi or a E, ¢-split Levi (satisfying

the conditions of Lemma 3.7.5) and £ is a unipotent (d, 1)-series of M.

Lemma 3.7.7. Let M, K, L, G be groups such that M is a 1-split Levi of K, L is a 1-split Levi of
G, Mis a E, ¢-split Levi of L and K is a E, ¢-split Levi of G. We also assume that £ satisfies (x)
and that the groups M and K satisfy the condition of Lemma 3.7.5. If £ is a (d, 1)-series of M then
RERM(E) = RERY(E)).

Proof. Be Lemma 3.7.5 and Lemma 3.7.1, we know that RE (’R,'\(,I (&)) is included in a (d, 1)-series and
RE (R',;,l (&)) isincluded in a (d, 1)-series. Now, since RS' = RE oR,'\(,l = RE oRk,l, these two (d, 1)-series
both contain Rf\;/, (&), hence they are equal. O

Remark 3.7.8. Note that this lemma does not follow directly from the transitivity of the Deligne—Lusztig
induction. Indeed, for a set £, the set RE (R,';,, (€)) might be larger that Rﬁ,, ).

Lemma 3.7.9. Let € be a good prime. Let L be a E ¢-split Levi of G such that L = CG((Z"(L)E)". Let
L* be a Levi in G* in duality with L. Then L™ is a E, ¢-split Levi of G* such that L* = C(;*((ZO(L*)E)O.

Proof. We adapt the proof of [5, Proposition 1.4]. Let L* be a Levi in G* in duality with L. Let
M* := Cg-((Z°(L*)F)°. We have that L* € M*, and since € is good, M* is a Levi subgroup by [5,
Proposition 2.1(ii)]. We have that Z°(L*)} = Z°(M*)].

Let M be a dual Levi such that L € M C G. We have that Z°(M)'g - Z°(L)l'f. But, by [8,
Proposition 4.4.5], |Z°(M)F| = |Z°(M*)F| and |Z°(L)F| = |Z°(L*)F], thus Z°(M)} = Z°(L). So,
MC Ce((Z°(L)f)>=Land M =L. O

Let £ be a good prime for G. Let r € G* a semisimple element of order a power of £. Then Cg=(¢)° is
a Levi subgroup, and denote by G(7) a Levi in G dual to Cg+(7)°.

Since ¢ is a central element of (Cg+(¢)°)", by [11, Proposition 13.30], there exist a linear character
f € Irr(G(t)) such that the tensor product with 7 defines a bijection from £(G(t), 1) to £(G(t), t).
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Let w € £(G, t). By the Jordan decomposition in the case of nonconnected center (defined in [23])
there exists 7; € £(G(¢), 1) such that

8G£G(t)R((3;(,)(f7Tt): Z 7',

n'eC-m

where 7’ runs over the orbit of 7 under the action of C := Cg+(¢)7/(Cg+(¢)°)F, and &g and £G(r) are signs
defined in [23, Proposition 5.1].

Remark 3.7.10. Let M be a 1-split Levi of G and ¢t € M*. Then there exists M(¢) a Levi in M dual to
Cwm+(2)° which is a 1-split Levi of G(¢) (the intersection of a 1-split Levi subgroup with a maximal rank
subgroup is a 1-split Levi of the subgroup by [11, Proposition 2.2]).

Lemma 3.7.11. Let M be a 1-split Levi subgroup of G. Let t be a semisimple element of M*, of order a
power of £,0 € E(M, t), and & € £(G, t) such that (i, Rﬁ,(a)) #0.
Let o, € E(M(t), 1) corresponding to o by the Jordan decomposition. Then, there exists m; € £(G(t), 1),

such that t, corresponds to w by the Jordan decomposition and (r;, R,c\;,;(’t)) (07)) # 0.

Proof. Let us write RSA((?) (fo,) as a sum of irreducible characters Rf,l((tt)) (toy) = > i nim;, with n; € N and

; irreducible (note that since M(¢) is a 1-split Levi subgroup of G(z), R,(\;,,((’t)) is the usual Harish-Chandra

induction, thus all the n; are positive). Then we have that Rg(t)(RS,((tt)) (foy)) = > niRg m(m). By the
“Jordan decomposition”, each Rg(t) (7r;) is, up to a sign independent of 7;, a sum of irreducible characters
of an orbit in £(G, ¢) under the action of Cg+(1)"/(Cg+(¢)°)". Hence, up to a sign, Rg(t)(Rf\;,l((tt)) (toy)) is
a sum with positive coefficients of irreducible characters of G.

G ~ ~ ~

Now, we have that R, (R, (01)) = Ry, (For) = RG(RM ) ({01)).

We have that SMeM(t)Rm(t)(IO}) =) sicc.o 0 Thus 8M8M(I)R&(Rm(1)(ta,)) =) veCo Rfﬂ(a/).
Like before, REA is the usual Harish-Chandra induction, so it is a positive sum of characters. By hypothesis,
(7, Ry (0)) # 0, thus (7, Ry, (fo,)) # 0.

Hence, there exists ig such that n;, # 0 and (7, Rg(;)(”io)> # 0. Take m;, such that 7, = 7, This 7

satisfies the conditions of the lemma. O
We remind the reader that for £ a subset of & (G, 1), the set £ denote the smallest (d, 1)-set containing £.

Proposition 3.7.12. We assume that € satisfies (x). Let M be a 1-split Levi of G and £ C E(M, 1) a
(d, 1)-series. Then i$(Ee) iH(E)e.

Proof. Letm € i,\G,| (€¢). By definition, there exists o € & such that (m, il\GA(o)) #0. Letr € M* be a
semisimple element of order a power of £, such that o € £(M, ). We also have, that & € £(G, 1).

By Lemma 3.7.11, we can take o; € E(M(¢), 1) and 7r; € £(G(¢), 1), such that o; corresponds to o by
the Jordan decomposition, 7r; corresponds to 7 by the Jordan decomposition and (7, Rsl((t[)) (0y)) #0. Let
o’ and 7’ be two irreducible characters in £(M, 1) and £(G, 1) respectively, such that (¢”, Rm 0 (01)) #0
and (7', RE () #0.
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By Theorem 3.1.3, ¢ and o are in the same £-block, and 77’ and 7 are also in the same £-block. Since,

o’ and o are in the same £-block and o € &, we have that ¢’ € £. In the same way, since 7’ and 7 are in

the same £-block, to prove that w € i ,\GA (&), it is enough to prove that 7’ € i ,\GA ).

Let & be the (d, 1)-series of M(¢) containing o;. The Levi G(¢) is the dual of Cg+(¢)°, hence by
Lemma 3.7.9, it is a E, ¢-split Levi of G such that G(1) = CG((ZO(G(I))E)". We have the same result for
the Levi M(¢) of M. Now M(¢) is a 1-split Levi of G(#) by Remark 3.7.10 and M is a 1-split Levi of G.

Let us summarize all the information about the Levis and the representations in a diagram:

G
n’ e Rg(t)(n,)

M G(n)
= RM(I)(Gt) - E T € REA(EI))(UZ)
E; ¢-Levi A
M)
O; € gt

We can apply Lemma 3.7.7 which says that

RE ) R (€0) = RG(RM, (€).

Now, because (7, Ryy)(07)) # 0, we have m, € R (&) and (', RE (1)) # 0, so ' €

Rg(t)(REA((tt)) (&)). Therefore, 7’ R& (RM(I)(&)) (note that the use of Lemma 3.7.7 is crucial here, as
7' may not lie in Ry, (£)). Since, {0/, R\, (01)) # 0, 0" € R\, (&), and thus R (&) = €. Hence,

'€ i,sl (£), and we have the result. U

Proposition 3.7.13. Let M be a 1-split Levi of Gand £ C £(G, 1) a (d, 1)-set. Then if £ satisfies (x), we
have r5(E0) = rH(E)e.

Proof. Leto € r,\G,I (&¢). There exists w € & such that (o, r,\G,I ()) #0. Now, let &' be a (d, 1)-series such
that o € £,. By Frobenius reciprocity, = € i,a(é’é). By Proposition 3.7.12, i,f’,l(Eé) - i,f’,l(g’)g. Now, by
Lemma 3.7.1, i$ (") is a (d, 1)-series, s0 i (") = €. Thus & C rG(€) and £, € rG(E),. We have that
(€0 S rg©)e.

Let us prove now the other inclusion. Let o € r,Sl (£)¢. There exists £ a (d, 1)-series such that
&' Cro(€) and o € . Now, iG(E) € &, 50iG(E7) = £. By Proposition 3.7.12, iG(E)) CiG(ENe = &.
Hence, Sé C r,\G,| (&¢), and we have the result. |
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4. Blocks over Z,

Now that we have introduced and studied the (d, 1)-series for finite reductive groups, we can come back
to the study of G a reductive group over F. The purpose of this section is to explain how to find the
unipotent £-blocks of G. To do that, we will combine the results of sections 2 and 3. We will sum the
0-consistent systems of idempotents of Section 2, following what we have learnt from the (d, 1)-theory,
so that the idempotents that we obtain have integer coefficients. This process will end up with £-blocks in
the case of a semisimple and simply connected group.

4.1. Unipotent £-blocks. In Section 2.2, we explain how to get Bernstein blocks from 0O-consistent
systems constructed with unrefined depth zero types. In this section, we explain how to group those in
order to get unipotent £-blocks.

Let 7""(G) be the subset of 7(G) of pairs (o, ) with 7 unipotent and 7,""(G) the subset of 7(G) of
pairs (o, m) with m € & (Gy, 1). We thus have that

Rep} (G) = I1 Rep[” (G) and RepY(G) NRepg (G) = I1 Rep%]z(G).
[HeT™(G)/~ [(eT,™(G)/~
Remark 4.1.1. Let G be a reductive group over a finite field and P be a parabolic subgroup of G with
Levi component L. Then if L admits a unipotent cuspidal representation, then the association class of P is
equal to its conjugation class; see for instance [22, (8.2.1)]. Hence, the equivalence relation ~ is trivial
on 7*(G). In particular, Repg' (G) = [[ic7w(c) Repg, (G)-

Let T be a subset of 7,"(G) which is ~-stable. We can associate to T a system of idempotents er
by e := Z[t]eT/N ery. We say that T is £-integral if for all 0 € BT, er , = Z[t]eT/~ €[]0 18 in Z4[Gy 1.
Thus, if T is £-integral we can form a category Rep£ (G).

If [t] € T(G)/~, we denote by e!!l the idempotent in the center of Rep— a, (G) associated to the category
Rep[t] (G). We define also e’ by e’ Z[tJeT/~ eltl,

Lemma 4.1.2. The idempotent e’ is (-integral if and only if T is {-integral.

Proof. Tt is clear that if T is ¢-integral then e’ is £-integral. Let us assume that e’ is ¢-integral. Every
¢-integral element in the center acts on smooth functions on G valued in Z, with compact support. In
T e” must be ¢-integral. Let us prove that for [t] € T(G)/~
we have el x el = e[y, which will end the proof.

particular, for every x € BT, the function e

Consider V =C2°(G, @g)e Since e} Z[t/] eT(G))~ El].x by Lemma 2 2.1, we have a decomposition
V = ®v1e7(G)/~ Vi) where Vgl = Vey).x. Now, Vg is an object in Rep (G) so eltl acts as the identity
on it, and if [t'] # [t], V|¢ is an object in Rep @](G) so is canceled by e["] which finish the proof. O
Proposition 4.1.3. If G is semisimple and simply connected the partition of T, (G) into minimal ~-stable
L-integral subsets gives us the decomposition of Rep‘m(G) into £-blocks.

Proof. Since G is semisimple and simply connected, Theorem 2.2.4 tells us that the idempotents el are
primitive idempotents in the center on @,. Thus, each £-block of Rep%‘; (G) is associated to a ~-stable
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subset T C 7,""(G) such that el is ¢-integral. Lemma 4.1.2 tells us that T is ¢-integral. So the £-block
decomposition of Rep‘i‘(G) gives us a partition of 7,""(G) into ~-stable {-integral subsets. But if T is
~-stable £-integral, we can construct a category from 7', so these subsets must be minimal. U

Definition 4.1.4. Let ¢ be a prime number not dividing ¢. We will say that £ satisfies the condition ()
if

For all o € BT, ¢ satisfies (x) for G,. (k)
In other words, ¢ satisfies (sx) if £ is an odd prime number not dividing ¢, such that £ > 5 if a group
of exceptional type (®Dy4, Gy, F4, Eg, *Eg, E7) is involved in a reductive quotient and £ > 7 if Eg is
involved in a reductive quotient.

Let £ be a prime number not dividing g, and d be the order of ¢ mod £. Let t and t’ be two unrefined
unipotent depth zero types.

Let w € BT. We define ~ ,,, an equivalence relation on 7""(G) by t~y ., t’ if and only if t =1 or there
exist (o, ) and (t, ') suchthat t=[o, 7], =[1,7'],w <0, w < 7, and Irr g )(Gw) Ulr g, n,)(Gw)
is contained in a (d, 1)-series.

Remark 4.1.5. (1) If x <w and t; ~;, {5, then t; ~; ; t, by Lemma 3.7.1.
(2) If £ does not divides |Gw|, then the (d, 1)-series in Cw are just the 1-series, so t ~¢ , t if and only if
t="+t.
(3) For t € T""(G) and w € BT fixed, the study of the (d, 1)-series summarized in Theorem 3.6.1 tells
us exactly the set of t' such that t ~ ,, t'.

Proposition 4.1.6. Assume that € satisfies (xx). Let t,t € T"(G) and @ € BT such that t ~ ., t'. Then t
and t' are contained in the same minimal ~-stable £-integral subset of T/"(G).

Proof. Let T be the minimal ~-stable ¢-integral subset of 7,""(G) containing t. We want to show that
t' e T. Since T is ¢-integral, et € Z¢[G,] and can be written as a sum of primitive central £-integral
idempotents. Since ¢ satisfies () for G,,, we have a description of them by Theorem 3.1.2. In particular, if
we denote by £ the subset of Irr(Cw) cut out by er ,, we have that ENE (Gw, 1) is a d-set. By construction
of ery, EN E(Gy, 1) is also a 1-set so it is a (d, 1)-set. Let (o, ) and (t, 7’) such that t = [o, 7],
t' = [r, '] and satisfying the conditions of t ~;, t'. Since, t e T, Irr(G n)(Gw) céEn S(Gw, 1). But
Irrg, ﬂ)(Gw)UIrr(G n,)(Gw) is contained in a (d, 1)-series so Irr g ﬂ,)(Gw) CENEGy, D,andt €T. O

For G a finite reductive group, we denote by £(G, £') the union of the Deligne—Lusztig series £(G, s)
with s of order prime to £. Let T (G) be the subset of 7(G) of pairs (m, o), such that o € E(Gy, ).

Proposition 4.1.7. If T C T(G) is ~-stable {-integral then T N T (G) # @.

Proof. Let o € BT such that er , # 0. Since T is £-integral, er , € Z[Gy]. So er.o 1s a sum of primitive
central idempotents in Zg[ég]. Let b be one of these primitive central idempotents. By [7, Theorem 9.12]
there exists 7 € £(Gy, £') such that bz # 0. In particular, e ;7 # 0. There exist a Levi M of G, and a
cuspidal representation 7" such that 7w € Irrps 7 (Gy) and " € E(M, £). Thus there exists t € 7% (G) such
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that e, 7# 0. Moreover, efq » acts as the identity on 7 so er sef,o 7 0. Now e, = Z[t/]eT/~ e[¢l.o»
SO erT,5€[t],0 = Z[t’]eT/~ el.o€t.o- Lemma 2.2.1 told us that if [t] # [t'] then ey sep.o = 0, thus
teT. U

Since we are interested in the unipotent blocks, we get the following corollary.

Corollary 4.1.8. If T C 7, (G) is ~-stable {-integral then T N T"(G) # @.

Proof. This is an immediate consequence of Proposition 4.1.7, since TY(G)N T(G) =T"(G). O
Expressed in terms of £-blocks of Rep%‘;(G) this gives:

Corollary 4.1.9. Assume that G is semisimple and simply connected. Let R be an £-block of Rep% (G).
Then R is characterized by the nonempty intersection RN Repa (G).

Proof. Since G is semisimple and simply connected, by Proposition 4.1.3 R is defined by 7' a minimal
~-stable £-integral subset of 7,""(G). Now, the minimal ~-stable £-integral subsets form a partition of
T, (G), so T is uniquely determined by any of its elements. Corollary 4.1.8 tells us that TN T"(G) # @,

so T is characterized by T N T""(G). O

4.2. Decomposition of Rep‘i‘(G). In this section, using the (d, 1)-theory for the reductive quotient in
the Bruhat-Tits building, we will define an equivalence relation on 7"*(G). When G is semisimple and
simply connected, an equivalence class will exactly correspond to T N 7" (G), for T a minimal ~-stable
£-integral set, and thus will give us a unipotent £-block of G.

Let £ be a prime number which satisfies (), and d be the order of ¢ modulo ¢.

We define ~, an equivalence relation on 7""(G) by t ~, t’ if and only if there exist wy, ..., w, € BT
and t;, ..., t,_1 € T""(G) such that t ~¢ ,, t| ~¢.w, t2- - ~0.0, t'. We write [t], for the equivalence class
of t.

Remark 4.2.1. By Remark 4.1.5 (1), we can take in the definition w; € BTj.
Let t € 7""(G) and w € BT. We define &y, , to be the subset of £(Gg, 1) cut out by Zue[t]z .-
Lemma 4.2.2. The set £,., is a (d, 1)-set in G,

Proof. By definition &y, , is a 1-set.

Let (0, A) € T""(G) such that v < ¢ and Irr(cmk)(éw) C &14,.0- By construction of &y, 4, We have
that (o, 1) € [t],.

Let &5 be the (d, 1)-series containing Irr g A)(Cw). Let us prove that &, C &,.0. Let (0', 1) €
T""(G) such that w < o’ and Irr(c ,,,\/)(Gw) C &;.,.. Then by definition, (o, A) ~¢, (0, 1"). Thus,
(o, )) ~p (06/,))) and (o/, \) € [t];. Therefore Irr(éa,’w)(@w) C &1gp.0 and &5 € Ey0-

Since, this is true for every (o, 1) € T""(G) such that w < o and Irr(@mk)((_;w) C &,.0> We get that
Ep.o 18 a (d, 1)-set. O

By Lemma4.2.2, £y, » isa (d, 1)-set, so we can form &y, ¢, the £-extension of &, , as in Section 3.2.
Let ey, be the idempotent in G,, that cuts out Etly.m.¢- Since £ satisfies (x) for G, Theorem 3.1.2 tells us
that efy, , is £-integral. Thus we just have defined efg, = (€[,,0)wepT an £-integral system of idempotents.
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Proposition 4.2.3. The (-integral system of idempotent ey, is O-consistent, thus defines Rep[zt]‘ (G)a
14
subcategory of Rep““(G)

Proof. Since the t € T""(G) are G-conjugacy classes, efg, is G-equivariant.

Let 7, w € BT such that w < 7. It remains to prove that e, e[y, .., = €[q,.7-

The idempotent ey, ,, is the idempotent that cuts out &y, ¢ and e; e[y, ., is the idempotents that cuts
out rf “(Etp.0.0)-

By Proposmon 3.7.13, rf (E[t], . g) = rf (S[t]g w)¢- But we know by definition of &, . that
rC, (E1p.0) = E,,z- Hence, we have rC, (é’mbw,g) = &rot- ]

Remark 4.2.4. By Propositions 3.7.12 and 3.7.13, &4,,0,¢ is a union of Harish-Chandra series. Hence
there exists a ~-stable subset 7 C 7,""(G) such that e[y, = er. Then Theorem 3.1.3 gives us a description
of T in the following way. Let (o, x) € 7,""(G). Let t be a semisimple conjugacy class in (_5* of order
a power of ¢, such that x € £(G,, ). Let G, (t) a Levi in G, dual to CG* (t)°, with P as a parabolic

subgroup, and x; € £ (G (t), 1) such that (y, RG (;)cp(t x:)) # 0. Let w be an irreducible component of

G,
& et
[(z, M)]e.

Theorem 4.2.5. Let £ be a prime number which satisfies (xx). Then we have a decomposition

Repf'(G)= []  Rep;(G).
[tleeT™(G)/~¢

). Let (G;, 1) be the cuspidal support of 7. Then (o, x) is in the subset T associated with

Proof. Let e1 (e1 U)UGBT be the 0O-consistent system of idempotent that cuts out Rep“"(G) (we have
recalled the definition of e{ at the end of Section 2.1). Then the systems of 1demp0tents ery,, for
[tle € T"™(G)/~, satisfy the following properties:

o For all o € BT, ef’g = Z[{]eeTun(G)/,\,l €ltle,o-

o If [t]; and [t']; are two elements of 7T""(G)/~, such that [t]; # [t']¢, and if o € BT, then

ert.o €l =0

With these properties, the same proof as in [18, Proposition 2.3.5] shows the desired result. O

Remark 4.2.6. (1) From the construction of the system of idempotents efy;,, we see that

Rep“]f(G)mRep '(G) = HRepae(G).

uelt]e
(2) We also have a description of Rep;]“ (G)N Rep@l (G) by Remark 4.2.4.
£

Theorem 4.2.7. When G is semisimple and simply connected and £ satisfies (xx), the decomposition
Repun(G) l_[ Rep[t]/é (G)
[tleeT™(G)/~e

is the decomposition of Rep%j(G) into £-blocks.
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Proof. Let t € T""(G), we want to prove that Rep;z‘Z (G) is an £-block. Let T be the ~-stable subset of
7, (G) which defines Rep%‘Z (G). We need to prove that 7" is a minimal £-integral set by Proposition 4.1.3.
We know that T is £-integral. By Corollary 4.1.8, it is enough to prove that T N7""(G) is contained
into a minimal £-integral set. By construction, we have that T N 7" (G) = {u € T"(G), u € [t]¢}.
Now, if u, u” are two element of 7""(G) such that u ~; , 1, then by Proposition 4.1.6, u and v’ are
contained in the same minimal ¢-integral set. Thus, if u ~, t, u and t are contained in the same minimal
£-integral set and we have the wanted result. ]

4.3. Case £ = 2 and groups of types A, B, C, D. In this section, we examine a case of a bad prime
£ = 2, but when the group is good, that is all the reductive quotients only involve types among A, B, C
and D. We will prove that the unipotent category is a 2-block.

Theorem 4.3.1. Let G be a semisimple and simply connected group such that all the reductive quotients
only involve types among A, B, C and D, and p # 2. Then Replzz(G) is a 2-block.

Proof. By Proposition 4.1.3, we want to prove that 7;1 (G) is a minimal ~-stable 2-integral set. Let
T C 7'2l (G) be a minimal ~-stable 2-integral set. Let us prove that 7'21 (G)CT.

Let o € BT such that er » # 0. Since T is 2-integral, er » is a sum of 2-blocks. By [7, Theorem 21.14],
the only unipotent 2-block of G, is the idempotent cutting out & (G, , 1). Hence, e, is this idempotent.
Therefore, we get from the definition of er , that for all t= (w, 7) € 7'21 (G), such that w < o, we have that
te T. In particular (C, 1) € T, where C is a chamber. So, for all o € BT, er, # 0 and 7’21 (Gycr. g

5. Some examples

Section 4 describes the £-blocks for a semisimple and simply connected group thanks to the equivalence
relation ~; on 7""(G). In this section, we examine some examples and make ~; explicit.

5.1. £divides ¢ —1. When ¢ divides ¢ — 1, hence d = 1, the (d, 1)-series are just the 1-series. In this
case, ~y is trivial on 7""(G). Thus Theorem 4.2.7 gives us:

Proposition 5.1.1. When G is semisimple and simply connected, ¢ satisfies (+x) and £ divides g — 1, we

have a decomposition into £-blocks
un _ t
Repy’(G)= [] Rep} (G).
teT"(G)

such that Reptzz (G)n Rep@Z (G) = Rep%lz (G) is a single Bernstein block.

5.2. Blocks of SL,. Let us make the £-blocks of SL,, explicit.
Theorem 5.2.1. Let £ be prime not dividing q, then Rep%“ (SL,(F)) is an £-block.
£

Proof. If £ # 2, then we can apply Theorem 4.2.7. In this case, 7""(G) is composed of only one element,

the conjugacy class of (C, 1) where C is a chamber. Hence Rep%n (SL, (F)) is an £-block.
4
If £ =2, we can apply Theorem 4.3.1 and ReplZz (SL, (F)) is a 2-block. ]
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5.3. Blocks of Sp,,. In this section, we have a look at G = Sp,,. We assume in all this section that ¢
does not divide g.

If £ =2, Theorem 4.3.1 gives us the result. So we can assume that £ # 2. Theorem 4.2.7 tells us that
to know the £-blocks of Sp,, we need to understand 7""(G)/~,. Let us start by describing 7""(G). The
group Sp,,, (k) has a unipotent cuspidal representation if and only if m = s(s 4 1) for some integer s, and
this representation is unique up to isomorphism. If o € BT, then G, ~ H x Spy; (k) x Sp,(k), where H is
a product of GL,, (k), and i 4+ j < n. Hence, we have a bijection between 7""(G) and the set S""(G) :=
{(s,5") e N2, s(s + 1)+ 5'(s'"+ 1) <n}. For (s, s') € S"™(G) we will write t(s, s') = (o (s, s"), (s, s"))
for the corresponding element of 7""(G).

Let d be the order of ¢ modulo £. The first case is when d is odd. Then Proposition 3.4.2 tells us
that for o € BT, the unipotent (d, 1)-series in G, are the unipotent 1-series. Hence, ~; is just the trivial
equivalence relation on 7" (G). Thus we get the decomposition of Rep%(SpZn(F )) into £-blocks

— [t]
Repz, Span (P = l‘[w) Rep} ) (Spy, (F)).
< un

Now, we assume that d is even. We want to make the equivalence relation ~, on 7"*(G) explicit.

Let us start by finding the t € 7""(G) such that [t]; = {t}. Let S, be the subset of S""(G) of couples
(s, s’) such that [t(s, s")]¢ = {t(s, s")}. There are n + 1 nonconjugate vertices in BT, that we denote
X0, -« - . » Xy, such that CX, 2 Sp,; (k) x sz(n_i)(k). Let (s, s") € S"(G). We may assume that all the x; and
o (s, s") are in a same chamber. Then x; <o (s, s) if and only if s(s +1) <i and s'(s’+1) <n —i. Hence

{xeBTg,x <o(s,s)})={xi,s(s+ D) <i<n—s'(s"+ 1D}

We denote by % the symbol corresponding to the unipotent cuspidal representation of Spy, 1y Thatis

ES:<O | 2s>'

ss+D)+s'(s"—1)>n—d/2
S+ D+sts—1)>n—d/2 |

Lemma 5.3.1. We have
S, = {(s, s') e S"™(G), {

Proof. By definition of ~,, we have that S, is the subset of S""(G) of couples (s, s”) such that for all
x; <o(s,s’), either

£41Spy; (k)| £41Spy; (k)1
{EJHS § - ’(k)l or 1 E11SPau—i (Kl or
P2(n—i) ’ defect(Xy) > k(SPZ(nfi)(k), d),
€1 1Spy; (K|,

L11Spy; (k)
defect(X;) > k(Spy; (k), d), or

¢f |Sp2(n7i) k)1,

defect(Zy) > k(Spy; (k), d),

C11ISpagu—iy (K1,
defect(Xy) > k(sz(n,l-)(k), d).
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We know that |Sp,; (k)| = q”2 ]_[‘J: 1 (¢%/ — 1) and d is the order of ¢ modulo ¢ (with d even), hence
€| [Spy; (k)| if and only if d < 2i. In the same way, £ | |Sp,(,_; (k)| if and only if d < 2(n —i).

By definition, k(Sp,;(k), d) = max{k > 0, k odd, (k* — 4k + 3)/4 <i—d/2}. So defect(X;) >
k(Sp,; (k), d), if and only if 2s+1 > k(Sp,; (k), d) if and only if ((2s+1)?—4(2s+1)+3)/4 >i—d /2. But
(2s+1)?=42s+1) +3)/4=s(s—1). Hence defect(X;) > k(Sp,; (k),d) ifandonly if s(s —1) > i —d /2
and defect(Xy) > k(Spy,_;)(k), d) if and only if s'(s" — 1) > n —i —d/2.

So, S, is the set of (s, s’) € S"(G) such that for all i € {s(s+1),...,n—s'(s' + 1)} either

. d > 2i,
d > 2i, )
i or d<2(n-—1i)), or
d>2n-—i), o .
s's'—1)>n—i—d/2,
) d <2i,
d <?2i, )
. s(s—1)>i—d/2,
s(s—1)>i—d/2, or )
. d <2(n—1i),
d>2n-—1i),

s's"=1)>n—i—d/2.

To make things clearer, let us rewrite these conditions on conditions on i

. i<d/2,

i<d/2, .

i or i<n—d/2, or

i>n—dJ/2, ) L
i>n—d/2—s'(s"—1),

: i>d/2,

i>d/2, .

i i<s(s—1)+d/2,

i<s(s—1)+d/2, or i

i i<n—d/2,

i>n—dJ/2,

i>n—d/2—s'(s'—1).
Now, since s'(s” — 1) is positive,the conditions
i<d)2,

or i<n-—d/2,

{i<d/2,
i>n—d/2—s'(s'—1),

i>n—d/2,

are equivalent to

i<d/2,
i>n—d/2—s'(s'—1).
‘We also have that the conditions
| >d/2

i>d)2, Pz d/2,
] i<s(s—1)4+d/2,
i<s(s—1)4+d/2, or .
] i<n-—d/2,
i>n—d/2,

i>n—d/2—5'(s'—1),
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are equivalent to
i>d/2,
i<s(s—1)4+4d/2,
i>n—d/2—s'(s'—1).

But now, since s(s — 1) is positive, the conditions

i>d)2,
or i<s(s—1)+d/2,

{i<d/2,
i>n—d/2—s'(s' —1),

i>n—d/2—s'(s'—1),

are equivalent to
i<s(s—1)4+d/2,
i>n—d/2—s'(s'—1).

Finally, we have that S, is the set of (s, s') € S"(G) such that foralli € {s(s+1),...,n—s'(s'+ 1)},
i<s(s—1)+d/2andi >n—d/2—s'(s'"— 1), that is, it is the set of (s, s”) such that n —s'(s' + 1) <
s(s—1)+d/2ands(s+1)>n—d/2—s'(s'—1). O

We now want to prove that [t(0, 0)], = {t(s, s'), (s, s') ¢ S.}.
Proposition 5.3.2. Let (s, s’) € S"™(G) \ S.. Then t(s, s") ~ t(0, 0).
Proof. By definition, since (s, s") ¢ S, there exists i such that
£]1Spy; ()1, or C11Spy iy (K1,
defect(X) < k(Spy; (k), d), defect(Xy) < k(Spy(u—i)(k), d).
Let us assume for example that
E | |Sp2(n—i)(k)|a
defect(Zy) < k(Spy,—i)(k), d),

(the other case is similar). Since defect(Xy) <k(Spy,—;)(k), d) Proposition 3.4.6 tells us that t(s, s") ~e.x;
(s, 0).

Let us have a look at x,. First, since s(s + 1) <i <n then x, <o (s, 0). Now since €| [Spy,_; (k)]
i <n—d/2 (like in the proof of Lemma 5.3.1). Hence, d/2 <nand s(s — 1) <s(s+1) <i <n—d/2.
This can be rewritten (like in the proof of Lemma 5.3.1) as £ | |Sp,,, (k)| and defect(X;) < k(Sp,, (k), d).
Again, by Proposition 3.4.6, t(s, 0) ~¢ x, t(0, 0).

Finally, t(s, s") ~¢ x, t(s, 0) ~¢., (0, 0), so t(s, s") ~¢ £(0, 0). (Il

Bringing together everything that has been done so far, we get by Theorems 4.2.7 and 4.3.1.

Theorem 5.3.3. Let ¢ be a prime not dividing q. Then we have the following decomposition of
Rep%’: (Sp,,, (F)) into £-blocks:

(1) Ife =2 Rep%z(SpZn(F)) is a 2-block.
(2) If £ # 2. Let d the order of ¢ modulo ¢:
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(a) Ifd is odd,

Repd' (Spy, (F) =[] Repng(spZH(F)).
' teT™(G)

(b) Ifd is even,

RepY’ (Spy, (F)) = Repl “ V¥ (Spy, (F) x ] Repf™ " (Spy, (F)).
(s,s")eS,

Remark. In the case d odd, or d even and (s, s') € S., we see that the intersection of an £-block with
Repg1 (G) is a Bernstein block.
?

If £ > n, in the case d even and (s, s') € S., we can say a bit more.

Lemma 5.34. If ¢ > n,d is even and (s, s') € S, then Rep[ztz(s’m‘ (Sp,, (F) N Rep@e (G) is a Bernstein
block.

Proof. First of all we have that [t(s, s")], = {t(s, s')}. Let x € BT such that x <o (s, s’). From the definition
of S, and Proposition 3.4.6 we get that & ) x is composed uniquely of d-cuspidal representations. We
use Theorem 3.1.3 to describe & ), x,¢. Let t be a semisimple conjugacy class in Cj of order a power of £.
Let Cx (t) aLeviin Gx dual to Cg. (¢)°. The Levi Cx (¢) is then a Ey ¢-split Levi of Cx. But, if £ > n, then
£ is large for G, in the sense of [4X, Definition 5.1] and therefore E, , = {d} by [4, Proposition 5.2]. Thus
Gy (t) is a d-split Levi. Hence, if an irreducible constituent of Rg(t)gP( X:), for a unipotent character x;, is
in Eys.5),x, then G, (t) = G. Moreover, Sp,; (k), doesn’t have any nontrivial character, so Theorem 3.1.3
tells us that E ¢y x,¢ = E(s,s7),x- The system of idempotent ey i) is therefore integral, and the proof is
done. Il

6. Stable £-blocks for classical groups

In this section, we want to find the stable depth zero £-blocks for classical unramified groups.

When G is a classical unramified group, we have the local Langlands correspondence [1; 13; 15; 17;
25]. The block decomposition is not compatible with the local Langlands correspondence, two irreducible
representations may have the same Langlands parameter but not be in the same block. However, we
can look for the “stable” blocks, which are the smallest direct factors subcategories stable by the local
Langlands correspondence. These categories correspond to the primitive idempotents in the stable
Bernstein center, as defined in [12]. In [19], there is a decomposition of the depth zero category

Repl, (G) = [ RepZ” @)
¢.0)ed, (12 LG)

indexed by the set CAISm(I}ED‘, LG) as defined in [19, Definition 4.4.2]. This decomposition satisfies the
following theorem.
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Theorem 6.0.1 [19, Theorem 4.7.5]. Let G be an unramified classical group, A = Q; and p # 2. Then
the decomposition

Repy @)= [][  Repd” (@)
(¢.0)€d, (Ir.1G)

is the decomposition of Rep% (G) into stable blocks.
€

Over Z;, an analogous decomposition is defined in [19]:

Rep) (G)= J]  Repg”(G).
6.0)€® (1111 G)

We would like to prove that for unramified classical groups, this is the decomposition of the depth zero
category into stable £-blocks, that is that these categories correspond to primitive integral idempotents in
the stable Bernstein center.

Let (¢,0) € ®,, Uy @“ L@G). The category Rep(¢ ) (G) is obtained by a consistent system of idempotents
€T, associated to Ty o) € T(G). These subsets T(¢,o) form a partition of 7(G). A subset T C T (G)
is said to be stable, if T is a union of T(y o) for (¢, o) € <I>m(I Q, ,LG).

Lemma 6.0.2. If G is an unramified classical group and p # 2, the stable £-blocks correspond to the
minimal €-integral stable subsets of T (G).

Proof. By Theorem 6.0.1, the primitive idempotents in the stable Bernstein center correspond to the
T(¢.0), hence every idempotent in the stable Bernstein center is associated with 7" a stable subset of 7(G).
Lemma 4.1.2 tells us that if the idempotent is integral then so is 7. (I

Let (¢,0) € 5 Uy Q ,LG). Then [19, Proposition 4.4.6] defines a bijection
r:d,0% L6y =G
where G* is the dual of G over k and GJ; is the set of semisimple rational conjugacy classes in G*.

Lemma 6.0.3. Let (¢, (r) € <I> (1@‘ LG). Then either Tp.0) € T (G) (if T'(¢, 0) is of order prime to
E) or T(¢’g) N T (G) ==

Proof. To (¢, 0) € ®,, Uy Q , L' G) is attached a system of conjugacy classes on the Bruhat-Tits building.
By [19, Section 4.3], if I'(¢, o) is of order prime to £, all of these conjugacy classes are of order prime
to £, and if I'(¢, o) is not of order prime to £, then none of them are. Thus we get the result. O

Corollary 6.0.4. If T is an {-integral stable set such that T N'TY (G) is a minimal stable set then T is a

minimal stable £-integral set.

Proof. If T is an {-integral stable set, then by Proposition 4.1.7 T N 7% (G) # @ and by Lemma 6.0.3
T NTY(G) is a stable set. Hence T N T (G) is an nonempty stable set, and we get the result. [l
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Theorem 6.0.5. Let G be an unramified classical group and p # 2. Then the decomposition

Rep%@(G) = l_[ Repg;’o)(G).
(6.0)€®, (I LG)

is the decomposition of RepQ (G) into stable £-blocks.

Proof. Let (¢,0) € d>m(l Z‘ LG). By construction, the category Rep )(G) is associated with an
{-integral subset T of 7(G). By [19, Proposition 4.5.1], T = Uy /)T(¢/ o, Where the union is taken
over the (¢’, o’) that are sent to (¢, o) by the natural map o, U Q LG) —> o, (I Z, ,LG), described
in [19, Section 4.5] (obtained by restriction from 1}9‘3 to IPZf). In particular, the set T is stable. So by
Lemma 6.0.2, it remains to prove that 7 is minimal among the stable ¢-integral sets.

By [19, Section 4.5], the inverse image of (¢, o) by the map ®,, (I@“ LG) —> ®,, (IZ“ LG) is all the
(¢', o) such that the ¢-regular part of I'(¢’, o) is given by I'(¢, o).

Hence exactly one (¢, o) is such that I'(¢, o) is of order prime to £. Hence by Lemma 6.0.3,
TNTY(G) = Tig).00)- Since T is an £-integral stable set such that 7 N 7Y (G) is a minimal stable set,
Corollary 6.0.4 tells us that 7' is a minimal stable £-integral set, and that completes the proof. (]
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Isotriviality, integral points, and primitive primes in
orbits in characteristic p

Alexander Carney, Wade Hindes and Thomas J. Tucker

We prove a characteristic p version of a theorem of Silverman on integral points in orbits over number
fields and establish a primitive prime divisor theorem for polynomials in this setting. In characteristic p,
the Thue—Siegel-Dyson—Roth theorem is false, so the proof requires new techniques from those used
by Silverman. The problem is largely that isotriviality can arise in subtle ways, and we define and
compare three different definitions of isotriviality for maps, sets, and curves. Using results of Favre and
Rivera-Letelier on the structure of Julia sets, we prove that if ¢ is a nonisotrivial rational function and
B is not exceptional for ¢, then ¢ ~"(8) is a nonisotrivial set for all sufficiently large n; we then apply
diophantine results of Voloch and Wang that apply for all nonisotrivial sets. When ¢ is a polynomial, we
use the nonisotriviality of ¢ =" (8) for large n along with a partial converse to a result of Grothendieck in
descent theory to deduce the nonisotriviality of the curve y¢ = ¢" (x) — B for large n and small primes
£ # p whenever f is not postcritical; this enables us to prove stronger results on Zsigmondy sets. We
provide some applications of these results, including a finite index theorem for arboreal representations
coming from quadratic polynomials over function fields of odd characteristic.

1. Introduction and Statement of Results

In [36, Theorem A], Silverman proved the following theorem.

Theorem 1.1 [36, Theorem A]. Let ¢ € Q(z) be rational function of degree at least 2, and let o € P'(Q).
If 9* ¢ Q[z], then the set {¢™(«) | n € Zt} contains only finitely many points in Z.

We prove that the analogous theorem holds for nonisotrivial rational functions in [, (#). Recall that
a rational function ¢ € [, (#)(z) is said to be isotrivial if there is a o € [,(¢)(z) of degree 1 such that
cogpoole [?p(z). We prove the following.

Theorem 1.2. Let ¢ € [, (t)(z) be a nonisotrivial rational function of degree at least 2, and let o €
[P’l([Fp (1)). If(p2 ¢ F,(D)z], then {¢"(a) | n € 7} contains only finitely many points in Fplzl.

Silverman [36] also proves Theorem 1.1 over number fields; see [36, Theorem B]. Likewise, our most
general form of Theorem 1.2 is stated in terms of S-integrality and isotriviality for rational functions
defined over finite extensions of [,(¢). We will define S-integrality in the next section (see Definition 2.1).
We give our more general definition of isotriviality for rational functions here.
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Definition 1.3. Let K be a finite extension of [,(7) and let ¢ be a rational function in K (z). We say that
@ is an isotrivial rational function if there exists o € K (z) of degree 1 such that c opoo ™! € F p(2).

Also recall that for a rational function ¢ € K (z), a point 8 € P!(K) is said to be exceptional for ¢ if
its total orbit (both forward and backward) is finite. However, for the maps that we consider, this amounts
to ¢~ 2(B) = {B} by Riemann—Hurwitz. In particular, since totally inseparable maps are isotrivial (which
may be seen by moving fixed points to 0 and co), we avoid the more exotic cases of exceptional points
arising in positive characteristic; see, for instance, [38]. With this in place, we state our general form of
Theorem 1.2.

Theorem 1.4. Let K be a finite extension of F (1), let ¢ € K(z) be a nonisotrivial rational function with
deg > 1, let S be a finite set of places of K, and let o, B € K where B is not exceptional for ¢. Then
{¢"(a0) | n € ZT} contains only finitely many points that are S-integral relative to B.

The main tools used in the proof of [36, Theorem A] are from diophantine approximation. Roughly,
one takes an inverse image ¢~ (0o) that contains at least three points and applies Siegel’s theorem on
integral points for the projective line with at least three points deleted to conclude that there only finitely
many 7z such that ¢" («) are integral relative to ¢~ (c0) and thus only finitely many n + i such that
@™+ () is an integer. Over function fields in characteristic p, the problem is more complicated since
Roth’s theorem is false; in fact, no improvement on Liouville’s theorem is possible in general. There
is, however, a weaker version of Siegel’s theorem, due to Wang [45, Theorem in P! (K), page 337] and
Voloch [44], which states that, for function fields in characteristic p, there are finitely many S-integral
points on the projective line with a nonisotrivial set of points deleted. (Note that this is strictly weaker
than Siegel’s theorem, since any set of three points is automatically isotrivial, and there are isotrivial sets
of every countable cardinality.) Basic functorial results on integral points thus imply that Theorem 1.4
will hold whenever ¢ " () is a nonisotrivial set. In Theorem 3.1, we show that ¢ " () is a nonisotrivial
set for large n whenever ¢ is a nonisotrivial rational function and 8 is not exceptional, using results of
Favre and Rivera-Letelier [14] on the structure of Julia sets at primes of genuinely bad reduction.

In the case where ¢ is a polynomial of separable degree greater than 1, we can prove a bit more than
Theorem 1.4. To describe our result we need a bit of terminology. For a sequence {b,}°2, of elements of
a global field K, we say that a place p of K is a primitive divisor of b, if

Vp(b,) > 0 and vy(by,) <0 forallm <n.
For a positive integer £, we say that p is a primitive £-divisor of b, if
p is a primitive divisor of b, and £{v,(b,).

Given a rational function ¢ € K (x) and points «, 8 € K, we obtain a sequence {¢" (o) — B}7° . We define
the Zsigmondy set Z(¢, «, B) (see [3; 47]) for ¢, o, and B as

Z(p,a, B) ={n | ¢"(a) — B has no primitive divisors}.
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Likewise, for a positive integer £ and «, 8, and ¢ as above, we define the ¢-Zsigmondy set Z(¢, «, 8, £)
for ¢, a, B, and £ as

Z(p,a, B,€) ={n|¢"(a) — B has no primitive £-divisors}.

We will also need a precise definition of critical points to state our next theorem. Let ¢ be a rational
function in K (z). We let deg, ¢ denote the degree of the maximal separable extension of K (¢(z)) in K (z)
and let deg; ¢ = (deg ¢)/(deg, ¢); note that deg; ¢ is also the largest power p” of p such that ¢ can be
written as ¢(z) = g(xpr) for some rational function g € K(z). For y € P!, there are degree one rational
functions o, 6 € K(z) such that 8(0) = y and o o ¢ 0 6(0) = 0. We may then write o o @ 00(z) = z°g(z)
for some rational function g such that g(z) # 0. We call e the ramification degree of ¢ at y denote it as
e, (v/9(y)). We say that y is a critical point of ¢ if e,(y /@(y)) > deg; ¢.

We let OJ («) denote the set {¢" («) | n € Z T}, called the forward orbit of o with respect to ¢. Moreover,
we say that a point 8 is postcritical if there is a critical point y of ¢ such that 8 € O (y).

With this terminology, we have the following two theorems for polynomials.

Theorem 1.5. Let K be a finite extension of F,(t), let f € K|[z] be a nonisotrivial polynomial with
deg f > 1, and let o and B be elements of K such that o is not preperiodic, 8 is not postcritical, and
B¢ 0; (). Then for any prime £ # p, the Zsigmondy set Z( f, «, B, £) is finite.

Theorem 1.6. Let K be a finite extension of F,(t), let f € K|[z] be a nonisotrivial polynomial with
deg f > 1, and let o and B be elements of K such that « is not preperiodic, 8 is not exceptional for f,
and B ¢ O}f(oz). Then the Zsigmondy set Z( f, o, B) is finite.

Theorem 1.4 is not true in general for isotrivial rational functions, and Theorems 1.5 and 1.6 are not true
not in general for isotrivial polynomials; see [30]. There are some results in the isotrivial case, however
(see [21]), and some of the techniques here do work for a wide class of isotrivial rational functions. We
may address these questions in a future paper.

Theorem 1.4 is proved by using two different notions of isotriviality. The first is our Definition 1.3 for
functions. We now define an isotrivial set. Here we use a simple, if inelegant, definition rather than a
slightly more technical one that generalizes to varieties other than P'. Below we regard an element of
K (z) as a map from K U oo to itself.

Definition 1.7. Let K be a finite extension of [, () and let S be a finite subset of K Uoo. We say that S
is a isotrivial set if there exists o € K (z) of degree 1 such that o(S) C F pUoo.

We note that if ¢ is a nonisotrivial rational function the set ¢! (8) may still be an isotrivial set; for
example any set of three or fewer elements is an isotrivial set, but there are nonisotrivial rational functions
of degree 2 and 3.

Theorem 1.5 is proved using a third notion of isotriviality, this time for curves.

Definition 1.8. Let K be a finite extension of [, (¢) and let C be a curve defined over K. We say that
C is an isotrivial curve if there is a curve C’ defined over a finite extension k' of K N F p and a finite



1576 Alexander Carney, Wade Hindes and Thomas J. Tucker

extension K’ of K such that

CXKK/EC/X/(/K/.

An outline of the paper is as follows. Throughout this paper, K is a finite extension of [, (¢) as in
Definitions 1.3 ,1.7, and 1.8. In Section 2, we introduce some basic facts about heights, integral points,
and cross ratios that are used throughout the paper. Following that, we prove Theorem 3.1, which says
that if ¢ is a nonisotrivial rational function of degree greater than 1 and 8 is not exceptional for ¢, then
@ "(B) is a nonisotrivial set for all sufficiently large n. The proof uses work of Baker [1] and Favre and
Rivera-Letelier [14] to produce elements in ¢ =" (8) whose v-adic cross ratio is not 1 at a place v of bad
reduction. We then apply work of [45] (see also [44]) to give a quick proof of Theorem 1.4 in Section 4.
In Section 5, we begin by proving Corollary 5.3, which states that if the roots of a polynomial F are
distinct and form a nonisotrivial set, then the curve C given by y* = F(x) is a nonisotrivial curve when
¢ # p is a prime that is small relative to the degree of F. The techniques we use to do this build upon work
in [19]; the idea is to use the adjunction formula to show that the projection map onto the x-coordinate is
the unique map @ : C — P! of degree £ up to change of coordinates on P! (see Lemma 5.1). We then use
Corollary 5.3 and Theorem 3.1 to show the nonisotriviality of curves associated to ¢ ~"*(8), where ¢ is a
nonisotrivial rational function of degree greater than 1 and g is not exceptional for ¢, in Theorem 5.5. In
Section 6, we prove Proposition 6.1, which immediately implies Theorems 1.5 and 1.6; the proof uses
Theorem 3.1 along with height bounds on nonisotrivial curves in characteristic p due to Szpiro [41] and
Kim [25] (see Theorem 6.3). Finally, in Section 7, we present some applications of our results to other
dynamical questions.

We note that the proof of Theorem 3.1 works the same for function fields in characteristic O as for
function fields in characteristic p. Theorems 1.4, 1.5, and 1.6 all hold in stronger forms for function
fields in characteristic 0, as proved in [16]; the main difference here is that Yamanoi [46] has proved the
full Vojta conjecture for algebraic points on curves over function fields of characteristic O (see [43; 42]),
whereas Theorem 6.3 is weaker than the full Vojta conjecture for algebraic points on curves over function
fields of characteristic p. Analogs of Theorems 1.5 and 1.6 have not yet been proved over number fields,
except in some very special cases (see [3; 47; 33; 31; 32]), but both theorems are implied by the abc
conjecture (see [16]).

2. Preliminaries

In this section we will review some terminology and results on heights, integral points, and dynamics.
For background on heights; see [20; 26; 6]. We set some notation below.

Throughout this paper, K will denote a finite extension of [, (#) and k will denote the intersection
KNF p- Equivalently, K is the function field of a smooth, projective curve B defined over k.

2A. Places, heights, and reduction. Let Mg be the set of places of K, which corresponds to the set of
closed points of B.
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Since K is a function field, we choose a place p of K, denote
og ={z€ K |vp(z) >0 for all p # po},
and let k, be the residue field ox /p. Also, define the local degree of p to be
Ny = [kp - k].

Likewise, for each p € Mg we let |-|, be a normalized absolute value such that the product formula

[] =1
peMg

holds for all z € K*. Moreover, we define K, to be the completion of K with respect to |-|, and define
C, to be the completion of the algebraic closure of K.

For z € K, let h(z) denote the logarithmic height of K. For ¢ € K(z) withdegg =d > 2, let hy(2)
denote the Call-Silverman canonical height of z relative to ¢ [13], defined by

h("(2)
ho(@) = i =G

We will often write sums indexed by primes that satisfy some condition. These are taken to be primes
of ox. As an example of our indexing convention, observe that

> wp@N, <h(2).
p(2)>0

We say that a rational function ¢ € K (z) has good reduction at a place p of K if the map it induces
on P! is nonconstant and well-defined modulo p. More precisely, we write ¢(x) = f/g, where all the
coefficients of f and g are in (0 )y, and either f or g has at least one coefficient in (o K);f. We let f, and
gp denote the reductions of f and g at p. We say that ¢ has good reduction at p if f, and g, have no
common root in the algebraic closure of the residue field of p and deg( f,/gp) = deg ¢. We say that ¢
has bad reduction at p if it does not have good reduction at p. This notion is dependent on our choice
of coordinates. We say that ¢ has potentially good reduction at p if there is a finite extension K’ of K,
a prime q of K’ lying over p, and a degree one rational function o € K’(z) such that o o ¢ o 0 ~! has
good reduction at q. We say that ¢ has genuinely bad reduction at p if ¢ does not have potentially good
reduction at p.

2B. Integral points. Let S be a nonempty finite subset of M. The ring of S-integers in K is defined to
be
ogs:={z€ K :|z]p < 1forall p ¢ S}.

Given a place p of K and two points & = [x; : y;] and B = [x2, y»] in P! (Cy), define the p-adic chordal
metric 8y by
lx1y2 — y1x2lp
max{|xi]p, |yilp} - max{|xalp, [y2lp}

Sp(a, ) =
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Note that we always have 0 < §,(a, B) < 1, and that é,(a, B) = 0 if and only if @ = B. Then the ring og s
is equivalent to the set which is maximally distant from oo outside of §, i.e., the set of z € K such that

8p(z,00) = 8,([z: 11, [1,0]) = 1

forall p ¢ S.
We can now extend our definition of S-integrality to any divisor D on P! that is defined over K.

Definition 2.1. Fix a nonempty finite set of places S C Mk. Let D be an effective divisor on P! that
is defined over K. Then a € P!(K) is S-integral relative to D provided that for all places p ¢ S, all
T € Gal(K /K), and all B € Supp D, we have

dp(a, T(B)) = 1.

For affine coordinates [« : 1] € P'(K) and a divisor D defined over K that does not contain the point
at infinity in its support, the statement that [« : 1] is S-integral relative to D is equivalent to

e —T(B)lp =1 if [t(B)l, <1, and
jaly <1 if [2(B)]p > 1

forall p ¢ S, all T € Gal(K/K), and all [1: 8] € Supp D.

Let 6 be a linear fractional change of coordinate on P! (K). Then « is S-integral relative to § if and
only if 6 (x) is S-integral relative to 6(8) provided we allow an enlargement of S depending only on 6.
We prove a variant of this statement for any 6 € K[x] later in the paper. The following is a simple and
standard consequence of our definition of S-integrality (see [39, Corollary 2.4], for example). Recall that
for a point o € P!(K), the divisor ¢*(«) is defined as Z(p(ﬁ):a ey(B/a)B.

Lemma 2.2. Let ¢ € K(x) and S be a set of primes containing all the primes of bad reduction for ¢.
Then, for any a, y € P'(K), we have that ¢(y) is S-integral relative to « if and only if y is S-integral
relative to ¢* ().

2C. The cross ratio. Let |-| be a non-Archimedean absolute value on a field L. For any distinct

X1, X2, Y1, y2 € L we define
|x1 — y2llx2 — y1l
|x1 — y1llx2 — y2l

We may extend this to points in xy, x2, y1, y2 € L U oo by eliminating the terms involving oco; for

(x1, x2; y1, y2) =

example,
|x2 — il
[x2 = yal

Importantly, for o € PGL,(L), we have (z1, 22; 23, z4) = (021, 022; 023, 0Z4). This is easily seen by

(00, x2; y1, y2) =

noting that an element of PGL;(L) is a composition of translations, scaling maps, and the map sending
every element to its multiplicative inverse, and that (z1, z2; z3, z4) is invariant under all these types of
maps.
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We will use the following two lemmas for points x1, x2, y1, y» € L. The first lemma is immediate.
Lemma 2.3. Suppose that |x1| < |y1]| < |x2| < |y2|. Then

[yallx2]
[y1lly2l

Lemma 2.4. Suppose that there are points ay, ay € L such that |x| — a1, |y1 — a1| < |a; — az| and

(X1, x2; y1, y2) = >

|x2 —asl, |y2 — a2| < |a1 — az|. Then

(x1,x2; y1, y2) > 1.

Proof. After a translation, we may assume that a; = 0. Then |x1|, |y1| < |az| and |x3|, |y2| = |az|. Thus,

we have
laz|laz|
(x1, X25 y1, y2) = > 1. 0
|x1 — y1llx2 — y2

Remark 2.5. The cross ratio of xy, x2, y1, ¥2 is often defined without taking absolute values, i.e., as
(x1 —y2)(x2 — y1)
(x1 —y1)(x2 —y2)

The advantage of the definition we use is that it extends to points in Berkovich space; see [14]. While we

do not use this extension, it can be used to give a quick proof of our Proposition 3.2. We give a slightly
longer proof that we think may be more accessible for some readers.

3. Nonisotriviality of inverse images
In this section, we will prove the following theorem.

Theorem 3.1. Let ¢ € K(z) have deg ¢ > 1. Suppose that ¢ is not isotrivial and that B is not exceptional
for @. Then for all sufficiently large n the set ¢ =" () is not an isotrivial set.

We will derive Theorem 3.1 from the following proposition.

Proposition 3.2. Suppose ¢ € K(z) has genuinely bad reduction at the prime p. Let |-| be an extension
of |-lp to Cy. Then for any nonexceptional o € K, and for all sufficiently large n, there are elements
21, 22, 23, 24 € @~ " (&) such that

(21, 22; 23, 24) > 1.

Proof. We work over the non-Archimedean complete field Cy, and consider the dynamical system induced
by ¢ on the Berkovich projective line P1¢”. We will use some basic facts about the topology of the
Berkovich projective line, including the classification of points as Type L, II, III, or IV; see [2] or [4] for a
detailed description of the topology of the Berkovich projective line.

By [14, Théoréme E] (see also [4, Theorem 8.15]), bad reduction implies that the equilibrium measure
Py is nonatomic. Thus, there are four or more points all of the same type (I, IL, III, or IV) in the support
of pg.
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Since p,, is nonatomic and the inverse images of a nonexceptional point equidistribute with respect to

P, we have the following fact.

Fact 3.3. For any y in the support of p,, any open subset U containing y, and any positive integer m,
there is an N such that U N¢~"*(B) contains m or more points for all n > N.

We also have the following basic facts about the topology of P!,

Fact 3.4. Let £(a, r), where a € K and r > 0, be a point of Type II or Type III corresponding to the disc
{x € K ||x —a| <r}. Then for any € > 0, there is an open set U C P1¢" with &(a, r) € U such that every
point x of Type I in U satisfies r —€ < |x —a| <r +e€.

Fact 3.5. Let a; and a, be any two points of the same type in P:4” | which are not concentric Type II or
III points. Then there exist open sets U and U, with a; € U; and a, € U, such that U N [FDI(CP) and
U,NP! (Cy) are disjoint open discs.

Proof. Since a; and a; are not concentric, a; A ap, the unique point such that [a;, co] N [a;, 00] =
[ai A ap, 00], is not equal to a; or ay; see [14]. Now let D; be the open disc corresponding to any
Type II point in the open interval (a;, a; A ay), for i = 1,2. Then there are open sets U; such that
U;NPY(C,) = D;. O

Now suppose that the support of p, contains two nonconcentric points z1, z> of the same type. Then,
by Facts 3.3 and 3.5, for all sufficiently large n there must be open discs D(ay, r1) and D(az, rp) with
|a; —az| > max{ry, 2} and points x1, x2, y1, y2 € ¢~ "(B) with x1, y; € D(ay, r1) and x2, y» € D(az, r7).
By Lemma 2.4, we have

(x1, x2; y1, y2) > 1,

proving the proposition.

Now suppose that p, contains four concentric points of Type II or Type III, corresponding to closed
discs D(a, r;), fori =1, 2, 3, 4, for some fixed a. We suppose that r; < rp < r3 < ry4, and after an affine
change of coordinates, we may suppose that a = 0. By Facts 3.3 and 3.4, for any € > 0, there must
be an n such that ¢ =" (8) contains points z1, z2, 23, 24 With |z;| within € of r; for each i. Choosing €
appropriately, we will then have |z1| < |z2| < |z3] < |z4|. Then (z1, z3; 22, z4) > 1 by Lemma 2.3. [

Proof of Theorem 3.1. By [1, Theorem 1.9], since ¢ is nonisotrivial, it must have genuine bad reduction
over some prime p. Then we may apply Proposition 3.2 to obtain four points in ¢ ~"(8) with cross ratio
greater than one for any sufficiently large n. Since the cross ratio of four points in F pUoois always 1
and the cross ratio is invariant under change of coordinate, we see then that ¢ =" () is a nonisotrivial set
for all sufficiently large n. O

4. Proof of Theorem 1.4

We will use the following theorem due to Wang [45, Theorem in P! (K), page 337] and Voloch [44].
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Theorem 4.1. Let D be an effective divisor on P! that is defined over K. If the points in Supp D form a
nonisotrivial set, then the set of points in P'(K) that are S-integral relative to D is finite.

The corollary below follows easily.

Corollary 4.2. Let ¢ € K(2), let B € K. Suppose that there is some i such that ¢~ (B) is not an isotrivial
set. Then for any a € K, the forward orbit 0; (&) contains only finitely many points that are S-integral

relative to B.

Proof. We may extend S to contain all the primes of bad reduction for ¢. The set of iterates ¢~/ () that
are S-integral relative to (¢')*(B) is finite by Theorem 4.1, so by Lemma 2.2, the set of points ¢" () that
are S-integral relative to 8 must be finite. (Il

The proof of Theorem 1.4 is now easy.

Proof of Theorem 1.4. By Theorem 3.1, there is some i such that ¢~/ () is not an isotrivial set. Applying
Corollary 4.2 then gives the desired conclusion. U

5. Nonisotriviality of certain curves

Let 7 : C — P! be a separable nonconstant morphism defined over K. We define the ramification locus
of 7 to be the support of (R, ), where R is the ramification divisor of 7. If the ramification locus of
is an isotrivial set, then it follows from descent theory (see [34], for example) that C must be isotrivial.
On the other hand, given any finite subset 2/ of P!, one can use interpolation to construct a nonconstant
separable morphism f : P! — P! such that the ramification locus of f contains I/; thus, there are isotrivial
curves that admit nonconstant separable morphisms 7 : C — P! such that the ramification locus of 7 is a
nonisotrivial set. We can show, however, that if the degree of 7 : C — P! is a prime £ # p that is small
relative to the genus of C and the ramification locus of 7 is a nonisotrivial set, then C must indeed be a
nonisotrivial curve. This enables us to prove Theorem 5.5, which gives rise to diophantine estimates used
in the proofs of Theorems 1.5 and 1.6. The technique here is similar to that of [19]. We begin with a
lemma about uniqueness of low prime degree maps on curves of high genus.

Lemma 5.1. Let C be a curve of genus g over K and let £ be a prime such that (£ — 1)*> < g and € # p.
Suppose there is morphism 0, : C — P! of degree £. Then for any morphism 6, : C — P! of degree ¢,
there is an automorphism A : P! — P! such that 6, = % 0 6;.

Proof. Suppose that g > (£ — 1) and that 6, : C — P! is another map of degree £ on C. Then we have a
map (61, 63) : C — P! x P!; let C be the image of this map. If (8, 6,) is injective, then C also has genus
g; see [17, Theorem 11.8.19]. On the other hand, C is a curve of bidegree (d;, d») in P! x P! for some
d; <. Hence, the Adjunction Formula implies that g < (d; — 1)(d, — 1) < (£ — 1)2, a contradiction; see
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[17, Example V.1.5.2]. Therefore, (8, 87) is not an injection. However, we have a commutative diagram

C
|
%@.,92) %
1
pl <™ ¢ 2 p!

where the m; are the restrictions of the natural projections 7; : P! x P! — P! to C. Therefore,

deg(mry) - deg((01, 62)) = deg(01) = £ = deg(62) = deg(mm2) - deg((61, 62)).

However, (01, 0;) is not injective, so that deg((6;, 6#,)) > 1. Therefore, deg((;, 0;)) = £, since £ is
prime. Hence, deg(mr;) = 1 = deg(sr), and both 7; are isomorphisms [35, Corollary 2.4.1]. In particular,
myom, "' — A is a linear fractional transformation, and 6, = A o 0y as claimed. O

Theorem 5.2. Let C be a curve of genus g over K and let £ be a prime such that (£ — 1)> < g and £ # p.
Suppose there is morphism 0 : C — P of degree £ such that the ramification locus of 0 is a nonisotrivial

set. Then C is a nonisotrivial curve.

Proof. Suppose that C is isotrivial; we will prove that this implies that the ramification locus of § must be
isotrivial. Then for some finite extensions K’ of K and k’ of k there is a model C for C x ¢ K’ over the
k’-curve X corresponding to the function field K’ such that for any place ¢ € X (k'), the curve C; Xk L
is isomorphic to C x g L, where k(¢) is the field of definition of ¢ and L = K’ - k(). Let P be a model
for P! over X. Then, for all but finitely many places ¢ € X (k’), the morphism 6 specializes to a degree
£ morphism 6; : C; — [P’,l{(t) defined over k(t). Let 6, = 6; x4y L. Since 6, : C — P! has degree ¢, and
—1?< g, thereisa A e PGL,(K) such that 6, = 106, by Lemma 5.1. But A must take the ramification
locus of 9 to the ramification locus of 8,, which is defined over k’. Hence, the ramification locus of 0
must be isotrivial. 0

Corollary 5.3. Let F be a polynomial over K without repeated roots such that the roots of F form a
nonisotrivial set. Let { be a prime number such that £ # p and £ — 1 < deg F /2 — 1. Then the curve C
given by y* = F(x) is not isotrivial.

Proof. Let 6 : C — P! be the map coming from projection onto the x-coordinate. Then deg6 = £. Since
the genus of C is at least (£ — 1)deg F/2 — (£ — 1) by Riemann—Hurwitz and the ramification locus of
0 includes the roots of F' (note: it will be larger than that if 6 also ramifies over the point at infinity),
applying Theorem 5.2 shows that C is not isotrivial. ([

As mentioned above, there are obvious examples of maps 7 : C — P!, where C is isotrivial but the
ramification locus of 7 is not, but we have not found examples of isotrivial curves of the specific form
y" = F(x), for F a polynomial with distinct roots that form a nonisotrivial set and m is an integer greater
than 1 that is not a power of p.
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Question 5.4. Does there exist an isotrivial curve of the form y™ = F(x), where F is a polynomial with
distinct roots that form a nonisotrivial set and m is an integer greater than 1 that is not a power of p?

Corollary 5.3 and the techniques of [18] can be used to show that when p is odd and m is even, the
answer to Question 5.4 is “no”; we cannot however rule out examples where m is odd or p = 2.

We are now ready to prove a theorem guaranteeing the nonisotriviality of certain curves obtained by
taking inverse images of points under iterates of a nonisotrivial rational function.

Theorem 5.5. Let ¢ € K(x) be a nonisotrivial rational function. Let B € K be nonexceptional for ¢.
Then for any prime £ # p, there is an n such that the curve given by

Y= 1] ¢=-»

yekK
" (y)=p

(where the product [ ] yek (x — y) is taken without multiplicities) is not an isotrivial curve.

9" (y)=p
Proof. If oo ¢ ¢~ (B) for any n, then this is immediate from Corollary 5.3 and Theorem 3.1. Otherwise,
since deg, ¢ > 1 (because purely inseparable rational functions are isotrivial) and f is not exceptional for
@, there is some m such that ¢~ (8) contains at least three points. Thus, there is some point 8’ € ¢~ (B)
such that oo ¢ ¢ " (B') for any n. Then there is some m’ such that ¢~ (8) is not isotrivial by Theorem 3.1,
and since the set of points other than oo in @~ (mtm) (B) contains (p_m/(,B/ ), this set is nonisotrivial as

Y= J] &-»

yek
/
@ (y)=B

well, so the curve given by

is not an isotrivial curve for all m large enough so that ¢~ ") (B) contains more than 2¢ + 1 points, by
Corollary 5.3. O

Hindes conjectured [18, Conjecture 3.1] that when ¢ is a nonisotrivial polynomial of degree prime to
p and B is not postcritical for ¢, then for some n and some ¢ prime to p, the curve

= I] ¢-»

yek
" (Y)=p

is not isotrivial. Theorem 5.5 answers this with many of the hypotheses removed. Note that by taking
the product without multiplicities, we essentially remove the issue of B being postcritical. We note that

Ferraguti and Pagano have proved Theorem 5.5 in the special case where ¢ is a quadratic polynomial,
¢ =2,and p #2; see [15, Theorem 2.4].

6. Proof of Theorems 1.5 and 1.6

Theorems 1.5 and 1.6 will both follow from the following more general statement.
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Proposition 6.1. Let f € K[x] be nonisotrivial with deg f > 1 and let £ # p be a prime number. Let
o, B € K where B ¢ OJ(a) and « is not preperiodic. Suppose that for some r, there isay € f~"(B)
such that y is neither postcritical nor periodic and such that ey (y /B) is prime to £. Then Z(f, o, B, £)

is finite.

We will prove Proposition 6.1 by combining effective forms of the Mordell Conjecture over func-
tion fields (see 6.3) with Theorem 5.5 and the following lemma from [10, Lemma 5.2]; see also [16,
Proposition 5.1]. Note that while this lemma is stated in characteristic O in [10], the proof is the same
word-for-word for finite extensions of [, ().

Lemma 6.2. Let f € K[x] withd =deg(f) > 2. Let o € K with hy(a) > 0. Let y1, y» € K such that
2 & Or(y1) and y1 ¢ Or(a). For n > 0, let X(n) denote the set of primes p of o such that

min(vp (" (&) — y1), v (f" (@) —2)) >0

Jor some 0 < m < n. Then for any € > 0, we have

D Ny <edhy(a)+ O(1).
peX(n)

for all n.

The next result we use follows from (any of the) effective forms of the Mordell Conjecture over
function fields [25; 27; 41]. To make this precise, we need some terminology. Let C be a curve over K
and let P € C be a point on C defined over some finite extension K (P)/K. Then we let hx.(P) denote
the logarithmic height of P with respect to the canonical divisor K¢ of C and let
i (py = BEP) =2

[K(P): K]
denote the logarithmic discriminant of P; here g(K(P)) is the genus of K(P). Then we have the
following height bounds for rational points on nonisotrivial curves due to Szpiro [41] and Kim [25].

Theorem 6.3. Let C be a nonisotrivial curve of genus at least two over a finite extension K of F,(t).
Then there are constants B) > 0 and B; (depending only on C) such that

hio(P) < Bidk(P) + B> (6.3.1)
holds for all P € C.

Remark 6.4. The first of these bounds (with explicit By and B; in the semistable case) are due to Szpiro
[41, Section 3], and the best possible bounds (i.e., with smallest possible B;) are due to Kim [25]. Strictly
speaking, the bound in [41, Section 3] is stated for semistable curves. However, one may always pass to a
finite extension L/K over which C is semistable [41, Section 1] and thus obtain bounds of the form in
(6.3.1). Likewise, the bound in [25] is stated for curves with nonzero Kodaira—Spencer class. However,
the general nonisotrivial case follows from this one as follows. Assuming that C/K is nonisotrivial and
char(K) = p, there is an inseparability degree r = p® and a separable extension L/K such that C is
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defined over L" and that the Kodaira—Spencer class of C over L” is nonzero; see [41, pages 51-53]. Now
apply Kim’s theorem to C/L". In either case, Castelnuovo’s inequality [40, Theorem 3.11.3] applied to
the composite extensions L(P) = LK (P) or L"(P) = L"K(P) may be used to appropriately alter B,
and B, to go from bounds with d; or dr- back to those with dg.

Before we apply the height bounds for points on curves from Theorem 6.3 to dynamics, we need the
following elementary observation about valuations and powers.

Lemma 6.5. Let K /[, () be finite extension and let £ # p be a prime. Then there is a finite extension L
of K such that if u is any element of K with the property that £ | vy(u) for all primes p of K, then u is an
L-th power in L.

Proof. Suppose that u € K is such that £ | v, () for all primes p of K. Then the divisor (u) = £D,, for
some divisor D, € Div’(K) of degree 0. Hence, the linear equivalence class of D, is an £-torsion class
in CI°(K), the group of divisor classes of degree 0. In particular, there are only finitely many possible
linear equivalence classes for D, by [40, Proposition 5.1.3]. Thus, there is a finite set S of u € K, each
satisfying () = €D, for some D, € Div’(K), such that for any u’ € K with (") = £D, for a divisor
D, e DiVO(K ), the divisor D, is linearly equivalent to D, for some u € S. Let L’ be the finite extension
of K generated by the £-th roots of the elements of S. Now if u and u’ are two such elements of K as
above such that D, and D, are linearly equivalent, then D, — D,, = (w,,) for some w, , € K. Hence,
u/u' = cu,urwﬁ L for some ¢, in the field of constants of K. In particular, there are only finitely many
possible such ¢, , since the field of constants of K is finite. Adjoining the £-th roots of these ¢, , to L’
gives a finite extension L of K. ]

Lemma 6.6. Let S be a finite set of primes of K, let F € ok slz] be a polynomial without repeated roots
and let £ # p be a prime such that C : y* = F(x) is a nonisotrivial curve of genus g(C) > 1. Then there
are constants r1 > 0 and ry (depending on F, £, K, and S) such that

> Ny=rih(a)+r (6.6.1)
vp (F(a))>0
L4vy (F(a))

holds for all a € ok s.

Proof. Suppose that C : y* = F(x) is a nonisotrivial curve of genus g(C) > 1. Then given a € 0g_s, we
let u, := F(a) and choose a corresponding point P, = (a, /u,) on C. From here, we proceed in cases.

Suppose first that € | vy (u,) for all primes p of K. Then by Lemma 6.5 there exists a finite extension
L/K (independent of a) such that u, is an £-th power in L. In particular, since we may assume that L
contains a primitive £-th root of unity, K (P,) € L. Therefore, (6.3.1) implies that /x.(P,) is absolutely
bounded. However, the canonical divisor class is ample in genus at least 2, so that the set of possible
points P, is finite in this case. Therefore, i (a) is bounded and (6.6.1) holds trivially (take »; = 1 and
choose r, to be sufficiently negative).
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Now suppose that there exists a prime p of K such that £{v,(u,). Then we may apply the genus
formula in [40, Corollary 3.7.4] to deduce that

dy (Pg) =28(K)—2+1 Z(z — ged(£, vy (1a))) Ny

_2g(K)—2—|-( ) > Np+( ) >N,

Vp (1tg)>0 vp (uq)<0
ZT’-’p(“a) ZT’-’p(“a)
<2g(K)—2+ -1 Y N+ -1 YN (6.6.2)
= z8 7 P 7 s .0.
Vp (1tg)>0 pes
Ltvp (ua)

since the only way that u, := F(a) can have negative valuation at p is if p € S. However, this is a finite
set of primes. Therefore, (6.6.2) implies that

-1
dx (Py) < <7> Y N+ Oks(D). (6.6.3)

vp (F(a))>0

£{vy (F(a))
On the other hand, if 7 : C — P! is the map given by projection onto the x-coordinate, then 7 pulls
back a degree one divisor on P! (yielding the Weil height on P') to a degree £ divisor on C. Hence, the
algebraic equivalence of divisors and [37, Theorem II1.10.2] (see also [26, Section 4.3]) together imply

that
h(z(P)) £

m =
hice (P)—00 hyc. (P) 2g(C) —

In particular, we may deduce that

(1+e)t
h(a) < mhlcc (Py) + Ok Fe(1) (6.6.4)

forall e > 0 and all @ € K (not just a € ok g). Finally, by choosing € = 1 and combining (6.3.1), (6.6.3),
and (6.6.4), we see that there are constants r; > 0 and r, (depending on F, £, K, and S) such that

Z Np >rih(a)+r;
vp(F(a))>0
Lvp (F(a)
holds for all a € ok s. In particular, after replacing r; and r, with the minimum of the corresponding
constants from the first and second cases above, we prove Lemma 6.6. U

Lemma 6.7. Let f € K|[z] be a nonisotrivial polynomial withdeg f =d > 1 and let a, y € K where y is
not postcritical. Then for any prime £ # p, there is a 5 > 0 such that for all sufficiently large n, we have

Y Ny z8dhy(w). (6.7.1)

vp (f" (@)=y)>0
L (f" (@) —y)
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Proof. Let S be finite set of primes such that «, y, and all the coefficients of f are in og s. Then
f"(a) € 0k s for all m. By Theorem 5.5, there is an m such that the curve given by

= I «-8

BekK
M=y

is not an isotrivial curve. There is an w € K (the leading term of f"(z) — y) and an e (coming from the
degree of inseparability of f*) such that

ff-ry=o0 [] @-p¥.
BekK
fmB)=y
Let

Fo= [] c-8.

Bek
fmB=y

Applying Lemma 6.6 with a = "~ («) we see that since £ # p, we have constants ry, r, such that

= ( 3 N,,) —h(@) = rh(f"" (@) + 72— h(@).
vp (f" () —y)>0 vp (F(a))>0
Loy (f"()—y) vy (F(a)

Since |hy —h| < O(1) and h ¢ (f" ™ (a)) =d""h (), we see that there is a constant r3 such that

Z Np > rld”_mhf(oz) +r3

vp (f" (@) —y)>0
Lrop (f"(@)—y)

for all n. Choosing a § such that 0 < § < r;/d™ then gives

> Nyz8dhy(w)
vp (f"(@)—y)>0
Lop (f" (@)—y)

for all sufficiently large n, as desired. ([
We are now ready to prove Proposition 6.1.

Proof of Proposition 6.1. We first note it suffices to prove this after passing to a finite extension of K
since £ # p. To see this, let L be a finite extension of K, let L* denote the separable closure of K in
L, and let q be a prime in L lying over a prime p of K. Then vg(f" (o) —B) =[L : L* vy (f" (o) — B)
unless p is in the finite set of primes of K that ramify in L*. We also note that / () > 0 since « is not
preperiodic and f is not isotrivial, by [1, Corollary 1.8].

We change coordinates so that 8 = 0. Let r be the smallest positive integer such that f"(y) = 0. After
passing to a finite extension we may assume that all the roots of f"(z) arein K. Let e = e (y/B) and
write

ff@=c-v)g®.
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Then for all but finitely many primes p of K we have

vp (S (@) = evp (f" (@) = y) (6.7.2)

for all n.
Since y is not postcritical, by Lemma 6.7, there exists § > 0 such that for all sufficiently large n, we
have
> Ny=8d"hs(w). (6.7.3)
vp (f"(@)—y)>0
Lo (f"(@)~y)

Let W be the roots of f"(z) that are not roots of f r (z) for any r’ < r. Let S; be the set of primes
of bad reduction for f and let S, be the set of primes such that v, (f” /(w)) > 0 for some r’ < r and
some w € WU {a}. Now, for each n, let Y(n) be the set of primes p such that v,(f" (@) —y) > 0
and vp(f”/(a)) >0 forsomen' <n+r. If p ¢ S US, for p € Y(n), then vy (f™(«)) — y’) > 0 for
some ¥’ € W and some m < n; this follows from the fact that if s > r is the smallest integer such that
vp(f* (@) > 0, then vy (f*~"(a) — y") > 0 for some y’ € W. Thus, since y is not in the forward orbit of
o (since B ¢ OJ (o) by assumption) or of any element of W (since it is not periodic) and the sets W, Si,
and S, are all finite, we may apply Lemma 6.2 to each element of WW. We obtain

8
> N < Sd"h (@) (6.7.4)
ped(n)

for all sufficiently large n. Combining (6.7.4) with (6.7.2) and (6.7.3), we see that for all sufficiently large
n, there is a prime p such that

vp (f" (@) —y) > 05

o (f" (@) = v);

vp(f”/(oz)) =0forall 0 <n' <n;and
vp (f"H (@) = evp (f" (@) — y).

Since e is prime to ¢, it follows that the Zsigmondy set Z( f, «, 8, £) is finite. (I

7. Applications

The original Zsigmondy theorem [3; 47] had to do with orders of algebraic numbers modulo primes. We
can treat a related dynamical problem; here we will not assume nonisotriviality. We begin with some
notation and terminology. If o € K is an integer at a prime p, we let o € k;, be its reduction at p. If
f € K[x], and all of the coefficients of f are integers at p, we let f, € ky[x] be the reduction of f at p
obtained by reducing each coefficient of f atp. If g : &/ — U is any map from a set to itself and u € Uf is
periodic under g, then the prime period of u for g is the smallest positive integer m such that g"” (1) = u.
We say that a polynomial f € K[x] is additive if f(a+8) = f(a)+ f(B) foralla, B € K.
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Theorem 7.1. Let f be a polynomial of degree greater than 1 and let « € K be a point that is not
preperiodic for f. If f is not both isotrivial and additive, then for all but finitely many positive integers
n, there is a prime p such that the prime period of oy, for f, is equal to n. If f is isotrivial and additive,
then for all but finitely many positive integers n that are not a power of p, there is a p such that the prime

period of ay, for f, is equal to n.

Proof. If f is not isotrivial, this follows immediately from Theorem 1.6 by letting « = 8. If f is isotrivial,
then after a change of coordinates, we may assume that f € k[x] and o € K \ k for some finite extension
k of IF,,. If f is not additive then for all but finitely many positive integers n, there exists 8, € k having
prime period n for f, by [30, Theorem]. For each such B, there exists p, such that o, = B,,, so we see
that for all but all but finitely many positive integers n, there exists p such that the prime period of ay, for
fp is equal to n. If f is additive, then for all but finitely many positive integers n that are not a power of
p, there exists B, € k having prime period n for f, by [30, Theorem]. Then, as in the nonadditive case,

we may choose p, such that oy, = B,,. (I

Theorem 1.4 allows one to prove characteristic p analogs of various results that rely on the results
of [36]. For example, the proofs of Theorems 4 and 5 of [5] extend easily to the case of nonisotrivial
rational functions over a function field in characteristic p, using Theorem 1.4. Similarly, one can use
Theorem 1.4 to prove Theorem 4 of [11] with the additional hypothesis that at least one of the wandering
critical points of ¢ has a ramification degree that is not a power of p.

We will now prove a few results about unicritical polynomials that rely on Theorem 1.5, which is not
available over number fields.

The following lemma is very similar to [9, Proposition 3.1]; we include the proof for a sake of

completeness.

Lemma 7.2. Let f(x) = x? + c where d is an integer greater than 1 that is not divisible by p, let f € K,
and let n be a positive integer. Let p be any prime of K such that

) lelp =1

(i) |Blp < 1; and
@ii) |f™O)—=Blp=1forall0 <m <n.
Then p does not ramify in K (f " (B)).

Proof. We proceed by induction. The case where n = 1 follows immediately from taking the discriminant
of x? + (¢ — B). Now, let p be a prime satisfying (i)—(iii) for some n > 2. Then it also satisfies them for
n — 1, so by the inductive hypothesis, the prime p does not ramify in K (£~ (8)). Now, K (f~"(B))
is obtained from K (f ="~ (B)) by adjoining elements of the form &/y; — ¢ for f"~!(y;) = B. For any
prime q in K(f~=D(B)) lying over p, we see that |y;|q < 1 by (i) and (ii). We also have |y;[q > 1
since otherwise y would be in the same residue class as 0, which contradicts (iii). Thus, each ¢ in
K(f~=Dp)) lying over p does not ramify in any K(f_(”_l)(ﬂ))(\d/m) = K(f7"(B)). Since each



1590 Alexander Carney, Wade Hindes and Thomas J. Tucker

such q does not ramify over p by the inductive hypothesis, it follows that p does not ramify in K (f~"(8)),
as desired. ]

The next lemma follows a proof that is similar to that of [9, Proposition 3.2] and [11, Theorem 5].

Lemma 7.3. Let f(x) = x4 +c where ¢ € K \ k where d is an integer greater than 1 that is not divisible
by p. Let B € K, let £ # p be a prime number, and let e be a positive integer such that £¢ divides d.
Suppose that p is a primitive £-divisor of f"(0) — B such that |c|, = |Bl, = 1. Then for any prime p' in
K (f~®=D(B)) that lies over p, there is a prime qin K(f~"(B)) such that £ divides e(q/p’).

Proof. Let p’ be a prime in K (f~"~D(B)) lying over p. By Lemma 7.2, the prime p does not ramify in
K(f~"7D(B)), 50 vy(z) = vp(z) for all z € K. Since f*(0) = B =[] ju-1,)—p (f (0) — y), We see that
there is some y € £~V (B) such that £{vy (c — ). Thus, if q is a prime of K (f~“~D(B8))(Hc—y)
lying over p’, we see that £¢ | e(q/p’). O

Using the Lemmas above, we can prove a result for separable nonisotrivial polynomials of the form
x4 +cthatis a special case of a characteristic p analog of [9, Theorem 1.1]. Note that if f(x) = x4+
and d is not divisible by p, then f is isotrivial if and only if ¢ € F p- To see this, note that & ¢ (0) = }% >0
when ¢ ¢ F p» as can be seen by simply considering the orbit of f at the places v where |c|, > 1. Therefore,
ifce¢fF p» then f has a critical point that is not preperiodic, and hence f cannot be isotrivial. We note
also that a polynomial of the form x? + ¢ is separable if and only if p{d.

Theorem 7.4. Let f(x) = x¢ + ¢ be a separable nonisotrivial polynomial of degree d > 1. Let B € K.
Then for all sufficiently large n, there is a prime p of K such that p ramifies in K(f~"(B)) but not in

K(f="=D ).

Proof. Since 0 is not periodic and every point in K other than 8 = ¢ has d > 1 distinct preimages under f,
we see that for any B # ¢, there is a y € f~!(B) meeting the conditions of Proposition 6.1. Furthermore,
we note that if 8 = ¢, then f~"(8) = f~"~D(0) for all n > 0, so it suffices to prove the result for g = 0;
thus, we need only treat the case where 8 # c.

Let £ # p be a prime dividing d. By Proposition 6.1, for all sufficiently large n, there is a prime p
such that v, (f"(0) — B) > 0 with £{v,(f"(0) — ) and vy (f™(0) — B) = 0 for all 0 < m < n. Since
lc|p = |Blp =1 for all but finitely many p we may also suppose that |c|, = |B], = 1. Then, by Lemma 7.2,
the prime p does not ramify in K (f~"~D(8)). By Lemma 7.3, it does ramify in K (f~"(8)). U

The next result is a characteristic p analog of a theorem of Pagano [29, Theorem 1.3] for number fields
(see also [8] for a similar result); the growth condition here is stronger than what Pagano obtains over
number fields.

Theorem 7.5. Let f(x) = x¢ + ¢ be a separable nonisotrivial polynomial of degree d > 1. Let p € K.
Then there is a constant C(n, B) > 0 such that [K (f~"(B8)) : K] > C(n, B)d" for all positive integers n.

Proof. It will suffice to show that d divides [K (f~"(B)) : K (f~"~V(B))] for all sufficiently large n. Let
£ be a prime such that £¢ | d for some e > 0. Applying Proposition 6.1 as in Theorem 7.4, we see that for
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all sufficiently large n, there is a prime p with the property |c|, = |B], = 1 such that v, (f"(0) — B) >0
with £{v,(f"(0) — B) and v, (f"(0) — B) = 0 for all 0 < m < n. Then Lemma 7.3 implies that for
any prime p’ in K (f~"~D(B)) that lies over p, there is a prime q in K (f"(8)) such that £¢ divides
e(q/y’). Hence £° | [K(f~"(B)) : K(f~"=D(B))]. Since this holds for any prime £ # p such that £¢ | d
for some e > 0, it follows that d | [K (f~"(B)) : K(f~"~D(B8))] for all sufficiently large n, and our proof
is complete. U

We can now prove a finite index result for iterated monodromy groups of quadratic polynomials. We
need a little terminology to state our result.

Let L be a field, let f be a quadratic polynomial, and let 8 € L. Forn e N, let L,,(f, B) = L(f~"(8))
be the field obtained by adjoining the n-th preimages of 8 under f to L(8), and let Loo(f, B) =
U:ozl L,(f, B). We let Go(B) = Gal(Lo(f, B)/L). The group G (B) embeds into Aut(Tozo), the
automorphism group of an infinite 2-ary rooted tree 7.2, (note that all of the definitions here generalize to
rational functions of any degree — see [28] or [23], for example). Boston and Jones [7] asked if Goo(B)
had finite index in Aut(7;2) whenever f is not postcritically finite in the case where L is a number field.
It was later shown [24] that this is true if the pair (f, 8) is eventually stable (see below), assuming the
abc conjecture. This was also shown to be true unconditionally for nonisotrivial quadratic polynomials
over function fields of characteristic 0 in [12].

For B € L and a polynomial f € L[x], the pair (f, B) is said to be eventually stable if the number
of irreducible factors of f"(x) — B over L(f) is bounded independently of n as n — oo (stability and
eventual stability can also be defined for rational functions as in [22]). We will prove a finite index
result for nonisotrivial quadratic polynomials over function fields of odd positive characteristic under an
eventual stability assumption.

The technique we use is the same as that used in [12]; see also [24; 10; 19]. We make use of [12,
Proposition 7.7], which is stated in characteristic O but is true with no changes in the proof in characteristic
p provided that K(f~"(B)) is separable over K for all n, which is automatic here when p > 2; the
following result is a strengthening of [18, Corollary 1].

Theorem 7.6. Let f be a nonisotrivial quadratic polynomial defined over a field K that is a finite extension
of F,(t). Suppose that p > 2 and that B is not postcritical or periodic for f. Suppose furthermore that
the pair (f, B) is eventually stable. Then G (B) has finite index in Aut(Tozo).

Proof. As in [12], it will suffice to show that for all sufficiently large N, we have
Gal(Ky/Ky-1) = C3",

where C» is the cyclic group with two elements. After a change of variables, we may assume that
f(x) =x%+c for some c € K \ k.

Since (f, B) is eventually stable, there is an m such that f(x) — = (x —y1) - - - (x — yon) for y; with
the property that f”(x) — y; is irreducible over K (y;) foralln fori =1, ..., 2", by [10, Proposition 4.2].
Let L=K(y1, ..., ym). It follows from [12, Proposition 7.7] and Lemma 7.3 (see Remark 7.7) that we
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must have Gal(Kim/Knsm—1) = [C2]*""" whenever there are primes p; of L, fori =1, ...,2™, such
that

(i) vy, () =vp,(y;)=0for j=1,...,2™";
(i) 24y, (f"(0) — 1)
(iii) vy, (" (0) —y;) =0 for all n’ < n;
(iv) vy, (f"/(O) —vyj)=0foralln” <nand j #i; and
(v) p; does not ramify over p; N K.

Note that conditions (i) clearly holds for all but finitely many primes ;. Likewise, (v) holds for all but
finitely many primes due to the separability of L over K, which follows from the fact that f is quadratics
and p # 2. Hence, we will be done if we can show that for all sufficiently large n, there are p;, for
i=1,...,2", that satisfy conditions (ii), (iii), and (iv).

Now, fix a y;. By Lemma 6.7, there exists § > 0 such that for all sufficiently large n, we have

> Ny=8d"hy(0). (7.6.1)
vp (f"(0)—y:)>0
24 (f"(O)—y1)
For any n, let X'(n) be the set of primes p such that v, (f"(0) —y;) > 0 and vp(f”/(O) —y;) > 0 for some
n' < n. Since y; is neither periodic nor postcritical and /4 £(0) > 0, we may apply Lemma 6.2. We see
then that for all sufficiently large n, we have

3
> Ny < 34" (0). (7.6.2)
peX(n)
For any n and j # i, we let J;(n) be the set of primes v, (f"(0) —y;) > 0 and vp(f”/(O) —v;) >0 for
some n’ < n. Since f"/(yj) # y; for all n’ and i # j, we may apply Lemma 6.2 again. Since in addition
we have vy (y; —y;) # 0 for all but finitely many p when i # j, we see that for all sufficiently large n, we
have 5
D= 24" (0). (7.6.3)
J#i peY;j(n)
Since 8h r(0) > 0, Equations (7.6.1), (7.6.2), and (7.6.3) imply that for any sufficiently large n, there is a
prime p; satisfying conditions (ii), (iii), and (iv), and our proof is complete. O

Remark 7.7. We note that while conditions (i) and (ii) above are weaker as stated than Condition R from
[12, Definition 7.2], they do imply that the prime p; ramifies in K (f~"(y;)) (by Lemma 7.3), which is
what [12, Proposition 7.7] requires.

It should also be possible to prove a finite index result along the lines of Theorem 7.6 more generally
for nonisotrivial polynomials of the form x + ¢, where d > 2 and p{d by modifying techniques in [12]
and combining them with our argument for Theorem 7.5 above.
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Operations in connective K-theory

Alexander Merkurjev and Alexander Vishik

We classify additive operations in connective K-theory with various torsion-free coefficients. We discover
that the answer for the integral case requires understanding of the Z case. Moreover, although integral
additive operations are topologically generated by Adams operations, these are not reduced to infinite
linear combinations of the latter ones. We describe a topological basis for stable operations and relate it to
a basis of stable operations in graded K-theory. We classify multiplicative operations in both theories
and show that homogeneous additive stable operations with Z-coefficients are topologically generated by
stable multiplicative operations. This is not true for integral operations.

1. Introduction

Let k be a field of characteristic 0. An oriented cohomology theory A* over k is a functor from the
category szp of smooth quasiprojective varieties over k to the category of Z-graded commutative
rings equipped with a push-forward structure and satisfying certain axioms. In this article, we study the,
so-called, small theories. For these, the appropriate choice is [Vishik 2019, Definition 2.1], which employs
a strong form of the localization axiom and is some breed of the axioms of Panin and Smirnov [Panin
2004, Definition 1.1.7] and that of Levine and Morel [2007, Definition 1.1.2]. In particular, every oriented
cohomology theory A* admits a theory of Chern classes ¢/ of vector bundles. Among such theories there
is the universal one — the algebraic cobordism of Levine and Morel * [2007]. We will work with the
free theories, i.e., theories obtained from Q* by a change of coefficients. These are exactly the theories of
rational type for which the results of Vishik [2019] apply.
Examples of free oriented cohomology theories are:

o Chow theory CH* that assigns to a smooth variety X over k the Chow ring CH*(X);

* Graded K-theory K, that takes X to the Laurent polynomial ring Ko(X)l[z, t~'1 (graded by the
powers of the Bott element t of degree —1) over the Grothendieck ring Ko (X);

o Connective K-theory that takes a smooth variety X to the ring CK*(X) of X (see [Cai 2008; Dai and
Levine 2014]).
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The connective K-theory is the “smallest” oriented cohomology theory “living” above Chow theory

and graded K-theory: there are natural graded morphisms

CK*(X)

"

CH*(X) K5 (X)
that yield graded isomorphisms
CK*(X)/t CK**'(X) = CH*(X) and CK*(X)[t"']— Kg*r(X).

Moreover, multiplication CK"1(x )i> CK"(X) by the Bott element ¢ € CK (k) is an isomorphism
if n < 0. The map CKO(X) — Kgr(X) = Ky(X) is also an isomorphism, so we can identify CK" (X) with
Ko(X) for all n <O0.

For any n > 0, the image of CK"(X)t—n> CK°(X) = Ko(X) is the subgroup Ké")(X) C Ko(X) generated
by the classes of coherent Oy-modules with codimension of support at least #. Note that the map ¢ may
not be injective in general if n > 1.

Let A* and B* be two oriented cohomology theories. An additive operation G : A* — B* is a morphism
between functors A* and B* considered as contravariant functors from Smy to the category of abelian
groups. Examples of additive operations are Adams operations in algebraic K-theory and Steenrod
operations in the Chow groups modulo a prime integer.

If A* is an oriented cohomology theory and R is a commutative ring, we write A’ (X) for A" (X) ®z R
and OP; " (A) for the R-module of R-linear operations A%, — A’%.

It is proved in [Vishik 2019, §6.3] that every free oriented cohomology theory A* admits the Adams
operations WA € OP" (A) for all n and m. The operation ¥ in OP IIQ’I(A) satisfies

Wi (e (L) = ¢ (LB
for a line bundle L. Moreover, there is an R-linear map
Ad, : R[x] — OPy"(A)

taking the power series (1 — x)™ to the Adams operation lD,fl‘ for all m € Z.
In general, the map Ad, is neither injective nor surjective — see below. But it is shown in [Vishik
2019, §6.1] that Ad,, is an isomorphism if A* is the graded K-theory, thus,

OP" (Kg) ~ RIx].

Since the power series (1 — x)™ generate R[x] as a topological R-module in the x-adic topology,
we can say that the R-module OP;’"(Kgr) is topologically generated by the Adams operations in the
graded K-theory. Moreover, since multiplication by the Bott element is an isomorphism in Kg*r, we have
OP;" (Kg) = R[[x] - "™

In the present paper, we study the groups OP;" := OP;" (CK) of operations in the connective
K-theory over R. We write, for simplicity, OP™" for OP’".
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The groups CK"(X) for n < 0 are identified with Ky(X), hence translating the above result on the
operations in graded K-theory, we see that Ad, : R[[x] — OPy" is an isomorphism for n < 0.

The Adams operation W is trivial on CK’ for n > 1, i.e., Ad, (1) =0, so we consider the restriction
Ad), : xR[[x] — OPR" of the map Ad,. The R-module CKL(X) is a canonical direct summand via
multiplication by ¢ of CK% (X) = Ko(X) g with the complement R - 1. This leads to a ring isomorphism
OPI(;’0 ~ R x OP}Q’]. Moreover, the map Ad] : x R[x]] — OPIIQ’] is an isomorphism.

The structure of the groups OP ™", with n > 1, is much more delicate and depends on the base ring R.
The homomorphisms Ad), : x R[x] — OPy™" for n > 2 are not surjective in general.

It came as a surprise to us that the structure of OP" is very simple over the ring of profinite integers
7 =lim(Z/nZ):

Theorem. The map Ad, : xZ[[x] — OP;*" is an isomorphism if n > 1. In particular, the Z-module OP;*"
is topologically generated by the Adams operations.

Over Z, the map Ad), is not surjective if n > 2.

Theorem. The group OP™" of integral operations is isomorphic, canonically, to a subgroup of OP%"".

Moreover, there is an exact sequence

Ad, n,n 2 n—1
0— xZ[x]—> OP"" — (Z/7) -0
ifn>1.

Thus, the group 7 also shows up in the computation of OP™" over Z. For example, OP?>? as a
subgroup of OPZZ’2 = x?l[x]] is generated by xZ[[x]] and the power series D _,_,((c —c;)/ i)x! forallce Vi
and integers c; such that ¢ — ¢; is divisible by i for all i > 0, i.e., ¢; in Z represents congruence class of ¢
modulo i.

We prove that the rings OP™" and OP%Z " are commutative. Moreover, the rings OP™" are “almost”
integral domains: the only zero divisors are the multiples of Wy £+ W_;.

An operation G : A* — B* is called multiplicative if G is a morphism of functors Sm; — Rings.
Examples are rwisted Adams operations W/, defined as follows: Let b € 7 and ¢ € 7. Then the
operation W; is homogeneous and equal to ¢™" - Wy, on CK% , Where Wy, is the (generalized) Adams
operation with the power series (1 — x)”¢. We classify all multiplicative operations on CK} in Section 5.

The notion of “stability” in topology can be considered in an algebraic setting as follows (see [Vishik
2019, §3.1]): Let SmOp be a category whose objects are pairs (X, U), where X € Smy and U is an open
subvariety of X. Any theory A* extends from Smy to SmOp by the rule

A*((X, U)) :=Ker(A*(X) — A*(U)),

and every additive operation A* — B* on Smy, extends uniquely to an operation on SmOp. There is an
identification
of 1 A* (X, U) = A*TH(Er (X, V),

where £7(X, U) := (X, U) A (P1,P'\0) = (X x P, X x P"\O)UU x P').



1598 Alexander Merkurjev and Alexander Vishik

For any additive operation G : A* — B*, we define its desuspension as the unique operation
»~1G : A* - B* such that
Goof =cfox7G.

A stable additive operation G : A* — B* is the collection {G™ | n > 0} of operations A* — B* such
that G™ = ~1GU+D.
In Section 6, we classify stable operations in connective K-theory over 7. We prove that under the
identification R
OP’}\’!,I’[ — qu]]’ %f
z xZ[x], if
the desuspension map is given by the formula
P (G), ifn <1,

>~ 4G) ={ .
®(G)— D(G)0), ifn>1,

where G € OP;” and ®(G) = (x — 1)(dG/dx). Thus, the desuspension map X! yields a tower of
injective maps
Z[x] = OP§’O - 01)/12’1 <. OP)

The group of homogeneous degree O stable operations CK} — CK} is canonically isomorphic to the
group
S :=()Im(®") C Z[x].
n

We identify this group in Section 6. In particular, we prove that S is the closure in the x-adic topology
of Z[[x]] of the set of all (finite) Z-linear combinations of the Adams power series A, for r € 7*. The
Z-module S and its integral version Sy appear to be of an uncountable rank. We describe a topological
basis for them.

We call a multiplicative operation G stable if the constant sequence (G, G, G, .. .) is stable. We prove
that stable multiplicative operations CK} — CK; are exactly operations W7, for c € 7*. Thus, we obtain:

Theorem. Homogeneous degree 0 stable additive operations on CK} are topologically generated by the
stable multiplicative operations on it.

Similarly, stable multiplicative operations on CK* are \IJI“—Ll. This time though, they don’t generate the
group of stable additive operations which is of uncountable rank.

Recall that additive operations in (graded) K-theory were determined in [Vishik 2019, §6.1]. In the
present paper, we determine stable and multiplicative operations in Kg.. We describe a basis of the group
of stable Kg-operations and relate it to the basis of stable CK-operations. The ring of stable operations is
dual to the Hopf algebra of co-operations defined over Z, and therefore, has the structure of a (topological)
Hopf algebra. The Hopf algebra of co-operations coincides with Kq(K) in topology and has been studied
in [Adams and Clarke 1977; Adams et al. 1971; Clarke et al. 2001; Johnson 1984; Strong and Whitehouse
2010]. The case of CK was investigated, in particular, in [Kane 1981].
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The main tool used in our proofs is the general result of Vishik [2019, Theorem 6.2] that asserts, when
applied to the connective K-theory, that an operation G € OPz™ for n > 1 is given by a sequence of
symmetric power series G; € R[xy, ..., x/]] for all [ > n satisfying certain conditions. In particular, G;
divisible by x1 - - - x; and — G| = 9(Gy), the partial derivative of G; (see Definition 2.1) forall/ > n, i.e.,
all power series G; are determined by G,,. We show that if R is torsion free, then G,, can be integrated over
K = R ® Q: there is a unique power series H € x K [[x]| such that G,, = 3"~'(H). Thus, the operation G
is determined by a power series H in one variable over K such that 8"~ (H) € R[[x, ..., x,].

The article is organized as follows: In Section 2, we prove general results which will permit us
to integrate the multivariate symmetric power series and reduce the classification of operations to the
description of power series in one variable with certain integrality properties. These properties are then
studied and the respective power series are classified in Section 3. In Section 4, we apply the obtained
results in combination with [Vishik 2019, Theorem 6.2] to produce a description of additive operations
in CK with integral and Z-coefficients. We describe the ring structure on the set of homogeneous
operations. The description of operations in Ky, comes as an easy by-product. In the latter case, we
also describe the dual bialgebra of co-operations. Multiplicative operations in CK and K, are studied
in Section 5. Finally, Section 6 is devoted to the computation of stable operations.

2. Symmetric power series

2A. Partial derivatives. Let F(x, y) be a (commutative) formal group law over a commutative ring R.
We write x*y := F(x, y).
Let G(xy,...,x,) € R[[x1, ..., x,]] be a power series in n > 1 variables.

Definition 2.1. The partial derivative of G (with respect to F) is the power series

(aG)(x17 -x27 LR ] x}’l+1)
=G(x1%x2,x3, ..., Xn41) — G(X1, X3, ..., X)) — G (X2, X3, ..., Xpg1) + G(0, X3, ..., Xpp1),

which lies in R[[x1, ..., Xp+1]-

Note that the partial derivative is always taken with respect to the first variable (in this case x1)

in the list of variables. Write 0™ for the iterated partial derivative. We also set B°G)(xq, ..., xy) =
Gxt,...,x,)— GO, x2,...,x,).

Forasubset I C[1,m+1]:={1, ..., m+ 1}, write x; for the x-sum of all x; with i € /. In particular,
xg = 0. Then

@"G)(x1, s Xmin) = Y (=DMG s, xmia, -, Xmyn) € RIXL X2, oo Xl (22)

where the sum is taken over all 2”71 subsets / C [1, m + 1]. In particular, 3" G is symmetric with respect
to the first m 4 1 variables.

Observation 2.3. If G € R[xy, ..., x,] is such that G is a symmetric power series, then 0™ G is
symmetric for all m > 1.
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Indeed, since 3G is symmetric, 3" G = 3"~ !(dG) is symmetric with respect to the last n variables.
But 0™ G is symmetric with respect to the first m + 1 variables, hence it is symmetric.

Notation 2.4. For any commutative (D-algebra K, write

Ig, (x) :=log(1 —x) = — le— € K[[x]
i1

and for any n > 0, |
(Ig,(x))" € K[x].

n!

lg, (x) :=
In particular, 1gy(x) = 1.

For the rest of this section, * denotes the multiplicative formal group law, i.e., xxy =x +y — xy.
The power series lg; (x) belongs to the kernel of 9. Moreover, we have the following statement:

Proposition 2.5. For any commutative Q-algebra K and any n > 0, the kernel of 3"~! : K[[x] —

Z K- lgr(x)

0<r<n

K[x1,...,x,] is equal to

Proof. We make the following change of variables:
yi =1g(x;) =log(1 — x;),

where x; = x. The multiplicative group law * translates to the additive one. In the new variables, the
partial derivative is homogeneous and lowers the degree in y; by 1. Therefore, the kernel of 9" is spanned
by l,yl,...,y’f_l. O

The following formula is very useful:

Proposition 2.6. Let K be a Q-algebra, G € K[[x] and n a positive integer. Then

o

1o d*G

(anG)(-xh X2, .. --xn—i-l) = Fan 1((1 —x)kW>(X1, X2y ens xn) .xl{(H—l'
k=1

Proof. Note that both sides don’t contain monomials ¥ := x}" x5 - - -xfffll

We prove that for every multiindex o with «; > 0 for all i, the x*- coefficients of both sides are equal.

if at least one «; is zero.

Setk =oy41.

By (2.2), the x*-coefficient of the left-hand side is the same as the x“-coefficient of G (xxxp%- - -%X;11).
To determine this coefficient, we differentiate (in the standard way) k times the series G (x*xp%- - -%X,41)
by Xx,+1, plug in x,+; = 0 and divide by k!. Since our formal group law is multiplicative, we have
1—x*y=(1—-x)(1—y), and so,

(xpxxp %k x,01) =1 —x)(I —x2)--- (1 —x,).

dxpy1
It follows that the x®-coefficient in the left-hand side is equal to the x{"x3? - - - x,," -coefficient of
1 d*G
a (=X (@ —x)f o (=) (e e x).
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On the other hand, the x*-coefficient of the right-hand side is equal to the x" x5 - - - x,;"-coefficient of

(1/kD" 1 ((1 = x)*(@* G /dx*))(x1, x2, ..., x,). This is the same as the x{"x5? - - - x;" -coefficient of

l(1 — X *xz*---*xn)kG(k)(xl *Xp ke kXy)

k!
k
L U =) (=) S (x5 oxxn). O
k! dxk
For a nonzero power series H € R[[xy, ..., x,]l, denote by v(H) the smallest degree of monomials

in H. Set also v(0) = oco.

Observation 2.7. Suppose that a commutative ring R is torsion free. A direct calculation shows that for
positive integers n and m, we have v(0" 1 (x™)) = m if m > n. It follows that v(3"~1(G)) = v(G) for
every G € R[[x] such that v(G) > n.

2B. Integration of symmetric power series.

Definition 2.8. A power series G € R[[xy, ..., x,] is called double-symmetric if G itself and G are
both symmetric.

In the following proposition, we prove that double-symmetric power series can be symmetrically
integrated over any commutative (D-algebra:

Proposition 2.9. Let K be a commutative Q-algebra and G € K [[x1, ..., x, 1, with n > 2, be a symmetric
power series divisible by x1 - - - x,. The following are equivalent:

(1) G is double-symmetric.

(2) All derivatives 0" (G), where m > 0, are symmetric power series.
(3) There is a power series L € K[[x]| such that G = "~ 1(L).

(4) Thereis H € K[[x1, ..., X,_1] such that 0(H) = G.

(5) There is a unique symmetric H € K[[x1, ..., x,—1], divisible by x1 - - - x,_1, with zero coefficient at
X1+ Xu—1 and such that 9(H) = G.

Proof. Note that (1) <= (2) by Observation 2.3. We will prove the equivalence of all statements by induc-
tion on n. The implication (3) => (2) is clear, and the implications (2) = (1) and (3) = (4) are trivial.

(5) = (3): Follows by induction applied to H.

(1) or (4) = (5): Over a commutative Q-algebra every formal group law is isomorphic to the additive
one. So we may assume that the group law is additive, i.e., the derivative is defined by

0G)(x,y,1)=Gx+y,1)—G(x,1)—G(y, 1)+ G(0,1).

We first prove uniqueness. Indeed if 0 H = 0, then H is linear in x;, and since H is symmetric and
divisible by xi - - - x,_1, we must have H = 0.
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Case n = 2: The implication (4) = (5) is obvious. We prove (1) = (5). We may assume that G is
a homogeneous polynomial of degree d > 1. The symmetry of the derivative of G (x, y) results in the

following cocycle condition:
Gx+y,20+Gx, y)=Gx+z,y)+Gx, 2).
In particular, we have the following equalities:
Gx+y, x+y)+G(x,y)=G2x+y,y)+G(x,x+y),
G2x+y, ) +G6Q2x,y) =G62x,2y) +G(y, y),
Gx, x+y)+Gx,y)=G2x,y)+ G(x, x).
It follows that
G, ), ) =CGx+y,x+y) =G, x) =Gy, y)
=G(2x,2y)—2G(x,y)
=2/ =2)(G(x, y),

hence G(x, y) = d(H), where H(x) = G(x, x)/(2d —2).

Case n = 3: Write G(x, y,z) = Zi>1 Gi(x, y)7'. By the very definition, if G satisfies (1), respec-
tively (4), then all G;(x, y) also satisfy (1), respectively (4). By induction, they satisfy (5). Integrating
each G,(x, y), we get a power series H = Zi,j>1 a; jx'y’ in two variables such that 9H = G.

Note that we can change H by any series ) c;xy' without changing 3 H. This way, we can make
H=3 . a; jx'y’ with a; | = a;; and a;,; = 0. We claim that H is symmetric. Indeed, from the

i+k Jj+k
( i )ai+k,j=< j )aj+k,i,

symmetry of d H, we have

for any i, j, kK > 1. This implies that
1 <i+l
i+I\ i
and so, a;; = a;;, for any i,/ > 2. This shows that H is symmetric. Observe that such symmetric

)ai+1—1,1 =da,

integration is unique provided a; ; =0.

Case n > 3: Write G = Zi>1 G; -x,i with G; € K[[x1, ..., x,—1]. Again, by the very definition, the
slices G; of G are double-symmetric. By the inductive assumption, these can be uniquely integrated to
symmetric power series H; € K[[xy, ..., x,—2] as in (5). Putting these power series together, we obtain

H=X:Hl~-x,’;_1 e Kllx1,...,xp,—11

i1

such that 0 H = G. Write

Modifying H by x - - - x,—1 L(x,—1) for an appropriate power series L, we may assume a; 1,1 =dai 1,...i
for all i.
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We claim that H is symmetric. The xil . -x,i," -coefficient of G = 9 H is equal to (’.':’.Z)aiﬁriz,i}win.
Therefore, since G is symmetric, H is symmetric with respect to x», ..., x,—1, if i > 1. Recall that H

is also symmetric in xy, ..., x,—2. Therefore, it suffices to show that the coefficient a; ;,, . does not

win—1
change if we interchange i,_; with iy for some k =2,...,n—2.

Suppose all indices iy, ..., i,—; but one are equal to 1. Then the statement follows from the equality
aii,..i=ai,.1=ai,.. 1 foralli. Otherwise, at least two indices, say iy = u and i; = v with k <!
are greater than 1.

Ifl <n—1,setw=1i,_1. We have (here and below, we indicate only the indices which are permuted,

hidden indices remain unchanged):

aluv,w = Quu,l,w = Qy,w,1,u = Al,w,v,u>

so we interchanged iy and i,_;. If | = n — 1, we can write

Al,uv = Ay, l,v = Ayl = Ayu, 1 = Ay, 1l,u = aAl,v,u>

i.e., we again interchanged iy and i,_;. O

3. The groups Q%

The formal group law is multiplicative in this section. Let R be a commutative ring and K = R @z Q.
We assume that R is torsion free (as an abelian group), i.e., R can be identified with a subring of K.

Definition 3.1. For any integer n > 1, let us denote by Q% the R-module of the power series G in x K [[x]],
for which 8"~1(G) € R[[xy, ..., x,]. For example, Q}e = xR[[x]. We also set Q% = R[[x] if n <O.

Note that, in view of Proposition 2.5, xR[[x]] and ) ,_,_, K - 1g,(x) are contained in Q. In
Theorem 4.12 below, we will see that the quotient of Q' by the second of these subspaces can be
identified with the space of additive operations on CKY%.

Lemma 3.2. Suppose R has no nontrivial Z-divisible elements. Then

xR[[x]]ﬂ( > K-lgr(x)> =0.

O<r<n

Proof. Consider the operator ® on K [[x]] mapping R[[x] to itself:
d
O(F(x)=x—1)- ax (F(x)).
X

Observe that ®(lg, (x)) =1g,_;(x). Suppose Y _,_, ¢ -1g,(x) € xR[[x]l, where g, € K, and let r be
the largest index such that ¢, # 0. Applying &~ ! to the sum, we see that qr—1+qr1g,(x) € R[[x]. Let
n € N be such that ng,_; € R and ng, € R. It follows that ng, € i R for every integer i > 0, i.e., ng, is a
nonzero Z-divisible element in R, a contradiction. |

Definition 3.3. Let n and m be integers. If n > 0, denote by Q" the submodule of Q' consisting of all
power series G such that v(8"~'G) > m. If n <0, set Q™ = xmax ©.m) . RlxT.
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Theorem 4.12 permits us to describe the R-module of operations OP;™" in terms of the modules Q7" .
Since v(3"~'G) > n for every G € Q"% with n > 0, we have Q3" = Q%" = Q’% if n > m. Note also
that Q" = x™ (M) . R[[x].

3A The groups Q" In this section, we determine the structure of the modules Q” over the ring
=1im(Z/nZ). We write @ for 7@ Q. Note that Q =7+ Q and Z =72 NQ in Q.

Lemma 3.4. Let by, by, ..., by € Z be such that b; = b; (mod j) for every i divisible by j. Then there is
b € Z such that b= b; (modi) foralli=1,...,m

Proof. Let py, pa, ..., ps be all primes that are < m. For every k, let g, = p,ik be the largest power of py
such that gy < m. By the Chinese remainder theorem, we can find b € Z such that b = b,, (mod gy ) for
all k. We claim that b works. Take any i < m. We prove that b = b; (modi). Write i as the product
i =[]4qy, where g, is a power of py. Clearly, g, divides gx. We have

by, = b; (mod g;), by assumption,
by, = by (modg;), by assumption,
b=b, (modg), by construction.
It follows that b = b; (mod q,/() for all k£, hence b =b; (modi). ]
Let G(x) = Y 2, a;x’, with a; € Q.

Lemma 3.5. For positive integers j < s, the x/ y*-coefficient of 3G is equal to

j j—i s+i s
g(_l) ( S )(j—i>as+i.

Proof. We have

00 .

1d°G Z s+1 i

sldxs — < s )aH_iXI'
i=0

The statement follows from Proposition 2.6. ]
Set b; =ia; foralli > 1.

Corollary 3.6. If0G € Z[[x, v, then b; — b € Zfor alli > 1. In particular, if a; € Z, then all b; are in 7.

Proof. The xy/-coefficient of 3G is equal to b j+1—bj. (I

Proposition 3.7. Let G € Q%, and let n > 1 be an integer such that a; € 2f0r alli <n. Let p' <nbea
power of a prime integer p such that p' divides n. Then p' divides b,,.

Proof. Take j = p' and s =n — p' > p'. By Lemma 3.5, the x/y*-coefficient of 3G is equal to

g(—l)ji(s—si-i)(js_i>as+i cl.

By assumption, all terms in the sum but the last one belong to 7, hence so does the last one: (I'; )a,, e’.
But ( ;’,)an = ( )b /p', hence ( )b is divisible by p’. As ( ) is prime to p, the coefficient b,



Operations in connective K-theory 1605

“+b) is relatively prime to p if and only if there is no shift of digits in the

is divisible by p' (recall that (
long addition of a and b written in the p-base). U

Proposition 3.8. We have
Q% =Q-1g,(x) ® xZ[[x].

Proof. Let G(x) = Z 1a,x € Q2 and set b; =1ia;, as before. Adding a;1g,(x) to G(x), we may assume
that a; = 0. By Corollary 3.6, we have b; € Z for all i.

We claim that for every positive integer i < n such that i divides n, we have b, = b; modulo i. We
prove this by induction on n. By Lemma 3.4 applied to m =n —1, there is b € Z such that b = b; modulo i
for all i < n. Subtracting b lg, (x) from G(x), we may assume that b; is divisible by i for all i < n, or
equivalently, a; € Z foralli <n. We prove that b, is divisible by i, for every i < n dividing n.

Case 1: Assume n = p¥ is a power of a prime p. Then i = p' is a smaller power of p. By Proposition 3.7,
we have that i divides b,,.

Case 2: Assume n is not power of a prime. Write n as a product of powers of distinct primes: n=¢q1q2 - - - g;.
By Proposition 3.7, gx divides b, for every k, hence n divides b,. In particular, i divides b,. The claim
is proved.

Let b € Z be such that b = b, (mod n) for all n. We have

bp—b , - ,
G=blg(x)+Y_ X" € 7-1g,(x) +x2[x]. O

n>1
Corollary 3.9. Let G(x) =ax+--- € sz be a power series with a € Z. Then G(x) e Z- g, (x) +xZ[[x]].

In analogy with partial derivative with respect to the first variable, Definition 2.1, we may define
the partial derivative with respect to any other variable. In the next statement, we will use such partial
derivatives for H(x, y). In particular,

(0yH)(x,y,2) =H(x,y*z) —H(x,y) — H(x,z) + H(x, 0).

Lemma 3.10. Let H(x, y) = Zl j>14ijX iyl e @[[x vl be a power series such that both d-partial deriva-
tives of H have coefficients in Z and ai.1,as well as ay ;, are in Z foralli. Then H(x,y) € Zﬂx y].

Proof. Consider some j-th row of H: y/-". >14i jx'. We know that Zl>1a, jxle Q2 By Corollary 3.9,
we have that ), a; jx' is equal to ¢;-1g; (x) modulo xZ[[x] for some cj € 2. Hence cj/z =a; ; (mod 7)
for all i. Applying the same considerations to the i-th column x’ - > j>14i,jy’, we obtain

d;
2 = — (mod Z)
i J
for certain d; € 7. Let us show that all ¢; (and d;) are zeros. Indeed, we have
jcj=id; (modij).

Hence, jc; is divisible by i, for any i and, hence ¢; = 0. This implies that g; ; € 7 for any i, j. ]
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Lemma 3.11. Suppose
i1yenns in>0

Proof. Induction on n. For n = 1, there is nothing to prove. For n = 2, this is Lemma 3.10. We can assume
that n > 3. Suppose we know the statement for r < n. Let L C [1, n] be some subset. Consider the sum
of monomials of H with i; = 1, for every j € L. Plugging x; =1 for all j € L, we obtain the power
series in variables x;, j ¢ L which we will call the L-cell H; of H. Similarly, considering the sum of the
monomials of H with the given i; and plugging x; =1 into it, we get the power series H;, (x2, ..., x,),
which we call the hyperslice of H. Note, that all the cells of H satisfy the conditions of the lemma. By
The hyperslice H;, satisfies the conditions of the lemma too (note that n > 3). Thus, H;, has coefficients
in Z and so does H. U

The following theorem is a generalization of Proposition 3.8:

Theorem 3.12. For everyn > 1,

Q% = ]_[ Q- lg, (x) & x7[[x].
O<r<n
Proof. The statement is clear if n < 0. Now assume that n > 1. It follows from Lemma 3.2 that
]_[0<r<n Q- lgr(x) NZ[x1=0.
We prove the rest by induction on n. For n = 1, this follows by definition, and for n = 2, this is given
by Proposition 3.8.

m=>n+1):LetGe Q%H. Consider the power series H(x1, ..., x,) = 0"~ (G). Let

HGy, .o, x,) = Z ai ... inxi‘ --‘x,i”.
iyeensin =1

Note that the degreewise smallest term of g1 (Ig,(x))is (—=1)"x; - - - x,. By subtracting an appropriate
@—multiple of g, (x) from G, we may assume thata;,_ | =0.

As 0(H) has coefficients in Z, the “ray” Zi> 1a,-’1,m’1xi is a power series with terms of degree > 2
whose 0-derivative is integral. By Corollary 3.9, up to a power series in Zlx11, it is equal to ¢ - 1g; (x1),
for some ¢ € Z.

Since

3" g, ) (xr, -y x) =gy (x1) - - - 1gy (),

subtracting from G (x) an appropriate multiple of 1g, (x), we may assume that the coefficients a; 1, 1 are
in Z, for all i > 1. Since H is symmetric, by Lemma 3.11, all coefficients of the power series H are in Z.
By the induction hypothesis, G(x) € Q" =[],_,_, Q- lg,. (x) + xZ[x]. O
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3B. The groups Q". Write Q" for Q7 C Q% .
We define a homomorphism
On Qn N @n—l

for n > 1 as the composition (see Theorem 3.12)

O<r<n O<r<n

We will show that the map p, is surjective.
Consider the power series

~ _ xir x" +1
B=c1 X 2 ot
O<iy<---<iy

For a sequence a = (a;);>1 in Z let us denote by a - lér x) e @[[x]] the power series
L yir
Y = ) S (meda .

i r
O<iy<--<iy 1 r

If all a; € Z, we have a ~1~gr(x) € Q1.

Lemma 3.13. For every sequence a, we have
d ~ ~
x—1)- a(a Ag.(x))=a-lg,_;(x).

Proof. Write (—1)"a - 1g,(x) = Y. bix' and (—=1)"'a -1g,_,(x) = Y ¢;x’. We need to prove that
(m+ )by —mb,, = ¢, for every m. We have
a;
(m+ Dby = Z —

l e l _ :
O<ij<---<ip—1<m+1 ! =1

The sum of the terms with i,_; < m is equal to mb,,. The sum of the terms with i,_; = m coincides

with ¢,,. O

In particular, CD(IE, (x)) = fg,_ 1 (x). Note that we also have ®(Ig,(x)) =1g,_,(x) and series 1:<;r, (x)
and lg, (x) have no constant terms for r > 1. Since the kernel of ® consists of constants only and
l’é 1 (x) =1g,(x), by definition, it follows by induction on r that ﬂgr (x) =1g,(x), for all r. In particular,
we can define the product a - 1g, (x) as above.

Lemma 3.14. For every c € 7 and every integer r > 0, there is a sequence ¢ = (¢;)i>1 of integers c; € Z
such that ¢; = ¢ (mod i) for all i and

(c —&)-1g;(x) € Z[[x]]

foralli=1,...,r, where c — C is the sequence (¢ — ¢;)i>1.
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Proof. Take any collection ¢ = (¢;);>; of integers. Note that for every i > 1 and k = 1,...,r, the
xitk=1_coefficient of ¢ - lg, (x) is a linear combination of cy, ..., ¢; with rational coefficients where the
ci-coefficient is equal to (—D)* /(i +1)--- (i +k —1)).

We will modify cy, ¢, ... inductively to make all coefficients of the power series

Gr=(c—0)-lg(x)

integral for all k =1, ..., r. Let c| be an integer congruent to ¢ modulo r!, so the x*-coefficient of Gy is
integer for every k = 1, ..., r. Suppose we have modified cy, ... c, so that the x/-coefficient of Gy, is
integral forallk=1,...,rand j <n+k—1.

By induction on k =1, ..., r, we will modify ¢, to make integral the x" K _coefficient of Gx. Note

that the integral x/-coefficients of G for j < n +k — 1 will not change. If k = 1, we don’t modify ¢, 1:
the power series G is already integral.

k= k+1: By Lemma 3.13,

dG
x—1) —H _ G,
dx
Hence, if G =) ;5 bix' and Gyq1 = D iskal a;x', then
-1
Apti4+1 = m(bk +.. 4 butr)

for all [.

By induction, by, ..., b, are integral. Recall that these are linear combinations of the cl’., where
c¢;=c—c; and ¢, appear only in b, . We modify c,+ by adding the integer t(n+1)(n+2) - - - (n+k)
to cp41 With some t € Z. Note that by, . .., b,+x—1 remain unchanged and b, changes to b, + ¢, so it

stays integral. Choose ¢ to make a, 4+ integral.
Note that c;l 41 comes with coefficient (=1 /(m+1)---(n+1)) in the x"H _coefficient of G;. Since
(n+1)---(n+1) divides (n + 1) --- (n + k) when | < k, the x"*-coefficient of G; remains integral

for [ <k. O
Now we prove that the map p, : Q" — Q1 s surjective. Since g -1g, € Q" for all ¢ € Q and

r=1,....,n—1, we have Q"' ¢ Im(p,). It suffices to show that Vi e Im(p,). Choose ¢, € 7 for

r=1,...,n—1. By Lemma 3.14, there are sequences of integers ¢, such that (¢, —¢,) -1g,(x) € Z[x]].
As

& g, (x) = ¢ g, (¥) — (¢, — &) -1g, (x),

we have p, (Zo<r<n ¢r-lg, (x)) = (¢;)r=1....n—1, proving that p, is surjective.
Note that the kernel of p, is equal to xZ[[x]] NQ[x] = xZ[x]. Thus, we have an exact sequence

0— xZ[x] — Q" 25 @' = 0. (3.15)

We have proved that if n > 1, the group Q" is generated by xZ[[x]] and the power series (¢ —¢) -1g, (x),
as in Lemma 3.14, where ¢ € Zandr = 1,...,n—1.
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The power series in Q" can be approximated by polynomials as follows:

Lemma 3.16. For every m > 0 and n, we have

Q" CZIxlem1+ ) Q-lg, (x) +x"Qlx]),

O<r<n

where Z|x]<m—1 is the group of integral polynomials of degree at most m — 1.

Proof. We may assume that n > 1. In view of (3.15), the group @" modulo

xZ[x1+ Z Q-lg,(x)
O<r<n
is generated by power series of the form ¢ -1g,(x), where r = 1,...,n — 1 and ¢ is the collection of
integers such that ¢; = ¢ (mod i) for all i for an element ¢ € Z as in Lemma 3.14.
Let d be an integer congruent to ¢ modulo the least common multiple of the denominators of the
x!-coefficients of lg,(x) foralli =1, ..., m— 1. Then the x™-truncation F of (¢ —d)-1g,(x) is contained
in Z[x]<m—1 and ¢ -1g,(x) is congruent to F modulo Z - 1g, (x) + x" Q[x]|. O

4. Operations

Let k be a field of characteristic 0, and write Sm; for the category of smooth quasiprojective varieties
over k. An oriented cohomology theory A* over k is a functor from szp to the category of Z-graded
commutative rings equipped with a push-forward structure and satisfying certain axioms (see [Vishik
2019, Definition 2.1]). We write
arx=[]a"0
neZ
for a variety X in Smy, and let A*(k) denote the coefficient ring A*(Spec k).
Let A* be an oriented cohomology theory. There is a (unique) associated formal group law

Falx,y) = Z afjxiyj =x+y+ay;-xy+higher terms € A*(k)[x, y]
i,j>0
that computes the first Chern class of the tensor product of two line bundles L and L’ (see, for example,
[Panin 2003, p. 3 and Section 3.9], [Panin 2004, Section 2.7], [Levine and Morel 2007, §1.1] or [Vishik
2019, §2.3]):
f(LOL) = Fa(ci (L), cf'(L)).

Example 4.1. The Chow theory CH* takes a smooth variety X to the Chow ring CH*(X) of X. We have
CH*(k) = Z and Fcyu(x, y) = x + y is the additive group law.

Example 4.2 (see [Levine and Morel 2007, Example 1.15]). The graded K-theory Kg*r takes X to the
Laurent polynomial ring Ko(X)[¢, ¢~'], graded by the powers of the Bott element t of degree —1, over
the Grothendieck ring Ko(X) of X. We have Kg*r(k) =Z[t,t~'] and Fg,(x,y) =x+y—txy is the
multiplicative group law.
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Example 4.3 (see [Cai 2008; Dai and Levine 2014]). The connective K-theory takes X to the ring CK*(X)
of X. We have CK*(k) = Z[t] and Fcg(x,y) =x+y—txy.

All cohomology theories in these examples are of rational type (see [Vishik 2019, §4.1] and [Levine
and Morel 2007]).

If A* is an oriented cohomology theory and R a commutative ring, the functor A% defined by
A%R(X) = A*(X) ®z R is also an oriented cohomology theory with values in the category of graded
R-algebras.

Definition 4.4. Let A* and B* be two oriented cohomology theories. An R-linear operation G : A}, — B}
is a morphism between functors A% and B} considered as contravariant functors from Smy, to the category
of R-modules (cf. [Vishik 2019, Definition 3.3]). Note that G may not respect the gradings on A} and B.

Letn,m € Z. A morphism G : A, — Bjy between contravariant functors from Smy to the category of
R-modules can be viewed as an R-linear operation via the obvious composition A} —> A%} — By < Bj.
All such operations form an R-module OP 3™ (A*, B*). The composition of operations yields an R-linear
pairing

OP;" (A%, B*) ®g OP%" (B*, C*) — OPy " (A*, C¥).
In particular, OP; " (A*) := OP" (A*, A*) has a structure of an R-algebra.
Example 4.5 (see [Cai 2008; Dai and Levine 2014]). Multiplication by ¢ yields an operation CK’};rl — CKY%
that is an isomorphism if n < 0. There are graded R-linear operations
CKi - CHy and CKj — (Kg)r.
The sequence
CK"*!(X) & CK"(X) — CH"(X) — 0
is exact for every n and X.
If n > 0, the image of the homomorphism
CK"(X) — Kg(X) = Ko(X)t™" =~ Ko(X)
is generated by the classes of coherent O x-modules with codimension of support at least n. If n < 0, this
map is an isomorphism.

The following fundamental theorem was proved in [Vishik 2019, Theorem 6.2]:

Theorem 4.6. Let A* be a cohomology theory of rational type and B* be any oriented cohomology theory

over k. Let R be a commutative ring. Then there is an R-isomorphism between the set OPy" (A*, B*) of
R-linear operations G : A’y — By and the set consisting of the following data {G,, | € Z>}:

G; € Homg (A" (k) ® R, B*(K)[x1, - .., x;m) ® R)
satisfying
(1) Gy(@) is a symmetric power series for all | and o € A" (k) @ R,
(2) Gy(@) is divisible by x1 - - - x; for all | and «,
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3) i@y +pz,x2, ., x) =2 ; Gigjp—1(a-al )y, 2, xa, ..., x1), for | > 0, where af; are

the coefficients of the formal group law of A* and the sum y +p 7z is taken with respect to the formal

group law of B* (here, t*! denotes i copies of t).

Here, B*(k)[[x1, ..., Xnllgn) is the subgroup in B*(k)[xy, ..., x,] consisting of all homogeneous
degree m power series (all the x; have degree 1).

The functions G, are determined by the operation G as follows (see [Vishik 2019, §5]): Write L; for
the pull-back of the canonical line bundle on P> with respect to the i-th projection (P>°)! — P>, Then

Gi()(cf(Ly), ..., e (L)) =G(a-cf (L) ... cf (L), 4.7
where ¢ is the first Chern class.

Remark 4.8. Theorem 4.6 was proved in [Vishik 2019, Theorem 6.2] in the case R = Z. The general
case readily follows. Indeed, multiplication by an element r € R yields operations r : A%, — A, and
r: BY — By. An additive operation G : Ay — Bjy is R-linear if and only if Gor =r o G forall r € R.
The latter is equivalent to the equality G; or =r o G, for all [, i.e., that all G; are R-linear.

Example 4.9 (see [Vishik 2019, §6.3]). Let A* be a cohomology theory of rational type and m € Z.
Consider the power series [m](x) := x 44 -+ +4 x € A*k)[x] (m times). The Adams operation
\IJ,;‘ € OP;’* is determined by (G);>0, where G; is multiplication by the power series [m](x1) - - - [m](x;)
(I factors), in particular, Gy is the identity. The Adams operations satisfy the relations

ilowA =yl —witoys

for all k and m.

4A. Operations in connective K-theory. We would like to determine the R-module OP 3™ of all R-linear
operations G : CK’% — CKY, for any pair of integers n and m. By Theorem 4.6, G is given by a collection
of power series G;(«) € R[t][[x1, ..., Xy ]l(n), where @ € CK’}{Z (k) and [ > 0, satisfying the conditions
of the theorem. The group CK’}{Z (k) is trivial if [ < n and CK’}{Z (k) = R - t'=" otherwise. (Recall that ¢
has degree —1.) In the first case, G;(«) = 0, and in the latter case, the power series G;(«) are uniquely
determined by G; ('), We will simply write G; for G (™).

If / > max(1, n), Theorem 4.6 (3) reads as follows (here zZ denotes z», ..., 2;):

Gix+y—txy,2) =Gi(x,2) + Gi(y,2) — Gi1(x, y, 2).
In other words,
Giy1 =—0,Gy, (4.10)

where the derivative 9; is taken with respect to Fcx (x, y) =x+4y—txy. Thus, G;4 is uniquely determined
by G[.

If n > 0, then the operation G yields the double-symmetric power series G, € R[t][x1, ..., Xy l(m)
that is divisible by x; - - - x,,. Conversely, if we have that H € R[t][[x1, ..., x4 ]l¢n) is a double-symmetric
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power series divisible by x; - - - x,,, then setting G,; := (—1)'9! (H) for all i > 0, we get a sequence of
power series that determines an R-linear operation G (see Observation 2.3).

If n <0, then the operation G is determined by G € R[¢],, and the power series G| € R[¢][x ], that
is uniquely determined by (G1)|;=1 € xmax (Lm) Ryl If m > 0, then G = 0, otherwise Gy € R -t~ and
we can combine G and G together into the power series H = (Go — G1)|;=1 € R[x].

If L e R[t]l[x1, ..., xn I (m). then v(L|;=1) = m. Conversely, forevery J € R[[x1, ..., x ]l withv(J) > m,
there is a unique homogeneous power series L € R[f][[x1, ..., x,] of degree m such that L|,—; = J. If L
is double-symmetric and divisible by x; - - - x,,, then so is L|,—; (with respect to the derivative d given by
the formal group law x + y — xy) and conversely.

We have proved the following statement:

Proposition 4.11. Let R be a commutative ring, and let n and m be two integers. An R-linear operation
G : CK} — CKY% is determined by:

(1) A power series H € x™* ©m) RIxT, if n <O0. In this case, Go = H(0) -t 7" and G1 € xR[t][[x]|on)
is a unique homogeneous power series such that H = (Go — G1)|;=1 and G; = (—1)’—135—1 (Gy) for
[>1,

(2) A double-symmetric power series J € R[[x1, ..., x,] divisible by x1 - - - x,, such that v(J) = m, if
n > 0. Inthis case Gy =0forl =0, ...,n—1and G, € R[t][[x1, ..., x,](m) is a unique homogeneous
power series such that G, |,—1 = J and G| = (—l)l_”atl_”(Gn)forl > n.

Let R be a commutative ring that is torsion free as an abelian group. Define an R-module homomorphism
Anm Qr;?,m - OP;’m,

see Definition 3.3, as follows: If n <0, then A, ,,(H) for H € Q"™ = x™& ©m) . R[[x] is the operation
given by Proposition 4.11(1). If n > 0O, then X, ,,(H) for H € Q™™ is the operation given by the
polynomial J = (=D"9""1(H) as in Proposition 4.11 (2).

The following theorem determines the R-module of operations OP™ in terms of the modules Q'™
of power series in one variable:

Theorem 4.12. Let R be a commutative ring that is torsion free as an abelian group and K = R @ Q.
The homomorphisms Ay » yield an R-linear isomorphism between OPg™ and the factor module of Q5"
by the K -subspace spanned by 1g;(x), where i =1, ..., n — 1. In particular, OP " ~ x™* ©m) . R[xT,
ifn <0, and OP}Q”" ~ xmax(Lm) - Rx]).

Proof. The surjectivity of A, ,, follows from Propositions 2.9 and 4.11. The kernel of %, ,, is determined
in Proposition 2.5. U
Corollary 4.13. The map Ay, , yields an isomorphism (see Definition 3.1)

Ql;? ) xMax 0,n,m) K[[x]] :) OP;’m )

Proof. The case m < n follows from the theorem. Otherwise, by Observation 2.7, v(3"~'x?) = i for
alli > n. O
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Let n,m € Z and i, j be nonnegative integers. We define an R-linear homomorphism
Ql}{’m N erle-‘ri,m—j
as follows: If n <0,m <0and n+i > 0, the map
Q3" = Rllx] — xR[x] = Q"™

takes H to 3°(H) = H — H(0). Otherwise, Q" C Q’,’;ri’m*j , and the map we define is the inclusion.
Multiplication by ¢* yields an operation CK}H‘ — CK}% and, therefore, yields the homomorphisms

OP;" — OPL™"" ™/ forall i, j > 0.

Proposition 4.14. The diagram

QM s QT

An.ml l)‘nJri,mj

n—+i,m—j
OP,;" —— OPR™"" ™/,
is commutative.

Proof. The case i = 0 follows directly from the definition. It remains to consider the case i = 1 and j = 0.

Suppose first that n > 0. Let H € Q™ C Q’};ri’m_j and G = A, ,(H) € OPR™. In particular,
Guli=1 = (=1)""19""1(H). Denote by G’ the image of G in OP,’éH’m. Write L; for the pull-back of the
canonical line bundle on P> with respect to the i-th projection (P>)"*! — P> The power series A
is determined by, see (4.7), the equality

Gii(ci(Ly), ..., c1(Lns1) =G (c1(L1) - c1(Lns1))
=G(ter(Ly) -+ - c1(Lnt))
= Gup1()(c1(LD), ..., c1(Lns1))
=Guti1(c1(L1), ..., c1(Lnt1)),
hence G, | = G41. It follows from (4.10) that
Griili=t = Guyili=1 = —=(3,Gn)li=1 = —=3(Gypli=1)
= —3((=1)"8"" (H)) = (=)""18" (H),

and therefore, G’ = Ay41.m (H).

If n <Oorifn=0and m > 0, we have Qrfgm C Q'}{H’m and the statement follows immediately
from the definitions. It remains to consider the case n = 0 and m < 0. Let H € Q%’" = R[[x]] and
G = hom(H) € OPY™. In particular, H = (Go — G1)|,=1. Denote by G’ the image of G in OP}". A
computation, as above, shows that G/1 = G. Hence,

G'li=t = Gili=1 = —(H — H(0)).

Therefore, G’ = Ay ,,(H — H(0)) and H — H(0) is the image of H in Q}e’m. [l
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Corollary 4.13 and Proposition 4.14 yield:
Corollary 4.15. If m < n then the map OPg" — OPZ"™ is an isomorphism.

In particular, there is a canonical ring homomorphism
Ln ~ 1Ln+1
OP;" — OPR " — QPR ",

Example 4.16. Note that the identification OP,%’0 = R[[x] is not a ring isomorphism. The corresponding
ring structure on R[[x]] will be described in Section 4E. The natural surjective homomorphism

Rx] =OPY’ - OP}' = xR[[x]

takes a power series G(x) to G(x) — G(0). Its kernel is generated by 1. The complementary operation
G(x) — G(0) on CK® = Ky is an idempotent that takes the class of a vector bundle E to rank(E) - 1,
where 1 is the identity in K. In particular, we get a natural R-algebra isomorphism OP,?,’O ~ R x OP ,le’l.

4B. Adams operations. Let R be a torsion free ring. We define the composition

n n

Ad, : R[x] — Q—> OPy",

where the first map is the identity if n < 0 and it is the composition of the projection 8% : R[x] — xR[x]]
and the inclusion of x R[[x] into Q. The image of Ad, is denoted oP; R Cl and called the submodule of
classical operations.

If n <0, we have OP’ 'c’l =O0P;" = R[x]l. If n > 1, it follows from Lemma 3.2 and Theorem 4.12
that in the case R has no nontrivial Z-divisible elements (for example, R = Z or Z), the restriction of Ad,
on x R[x] is injective and, therefore, OP}, R, 'c’l ~ xR[x].

Let m be an integer. In the notation of the Example 49, [ml(x) =1 -1 —tx)™)/t. In view of

Proposition 4.11, the Adams operations ¥,, € OP’ 1 are defined by
v, = Ad, (1 —x)™). 4.17)

Since the power series (1 — x)’" generate R[[x] as topological R-module in the x-adic topology, the group
of classical operations OPy’ 1 is topologically generated by the Adams operations.

By Proposition 4.14, we have that the operations W, are compatible with the canonical homomorphisms
OPz,n N OPIZ—H’H—H.

For every k > 0, consider the additive operations Y; = Zf:o(—l)i (/f) ;. Then Y = A, (x%) if k£ > 0.
Recall that Yo = 0 if n > 1. It follows that the R-module OP;:’ZI consists of all linear combinations
Z,@o oy - Y with o € R (cf. [Vishik 2019, Theorem 6.8]). If R has no nontrivial Z-divisible elements,
the coefficients oy, (where k > 0if n <0 and k > 1 if n > 1) are uniquely determined by the operation.

4C. Operations over Z. In Section 3, we determined the modules Q' over thering R = 7. Theorems 3.12
and 4.12 yield:
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Theorem 4.18. There are canonical isomorphisms

M xZ[x], ifn>1
n+1,n+1 -

In particular, the natural map OP " OP is an isomorphism for all n > 1. It follows from

Theorem 4.12 that for any two 1ntegers n and m,
{xmax O,m) | 2[[x]]’ if

oP." ~ . )
(G exZ[[x] | v(@"~YG)) = m}, if

VA

4D. Operations over Z. Now we turn to the case R = Z and, for simplicity, write OP™" for OP;".
Corollary 4.13 implies that the natural homomorphism OP"™" — OPA is injective. In particular, we
can identify OP™" with a subgroup of OP” M = xZ[x] forall n > 1, so we have a sequence of subgroups

OP"!' cOP*?C...Cc OP™" C--- C xZ[x].

Recall (Theorem 4.12) that OP™™ ~ x™*O.m . 7[x] if n < 0 and OP™™ ~ OP™" if m < n by
Corollary 4.15.

Let m > n > 1. By Theorem 4.12, we can identify OP™" with the factor group of Q™" by the
subgroup Zf;ll Q-1g, (x). It follows that the map p, in (3.15) yields a homomorphism

OP"" — (Q/Q)" ' = (2/z7)"".

By the proof of Lemma 3.16, this map is surjective. Its kernel is denoted OP;™ and called the subgroup of
classical operations. In the case n = m, this group coincides with the group of classical operation defined
earlier. In view of Corollary 4.13, OP;™ is identified with the group (]_[:’;; Q-lg, (x)+xZ[[x])Nx"Qx].
We view the group xZ[x]<,—1 of integral polynomials of degree at most m — 1 as a lattice in the
Q-space xQ[[x]I/(x™). Denote by L™ the intersection of xZ[x]<,,—1 with the image in xQ[[x]]/(x™) of
the space ]_[f;ll Q-1g,(x). Then £™™ is a subgroup of xZ[x]<;,—1 of rank n — 1.
We get the following description of the group of classical operations:

OP," =L"" & x"Z[x].
If m =n > 1, the map of Q-spaces is an isomorphism and £"" = xZ[x]<,—1. It follows that
OP/" =xZ[x].

Recall that OP);" = OP™" = Z[[x] if n < 0 and OP™" = OP™" if m < n.
We summarize our results in the following statement:

Theorem 4.19. The natural homomorphism OP™" — OP;'" is injective. For any integersm >n > 1,
there is an exact sequence

0— OP," — OP"" — (Z/27)"~" — 0,

where OP™ = L @ x" Z[[x]|. Moreover, OP" = xZ[[x].
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Remark 4.20. Similar arguments yield the following formula form >n > 1:
nm __ pn,m m%
OPz = Cz ®x"7[[x],
where E%’m =L Q7.

4E. Composition. The R-module homomorphism Ad, : R[[x]] — OP" is not a ring homomorphism.
In this section we introduce a new product on R[[x] so that Ad, becomes an R-algebra homomorphism.
Let H, H' € R[[x], write H' =}, a;x" and define the composition in H and H’ by the formula

HoH' =ay-HO)+ ) (=Dia;- (3" "H)(x).
i>1
The composition o is distributive in H and H’ with respect to addition. (Note that the usual substitution
of power series is only one-sided distributive.) The polynomial 1 — x is the identity for the composition
(1—x)oH=H=Ho(l—x)forall H. We view R[x] as an R-algebra with product given by the
composition.

Lemma 4.21. The maps Ad,, : R[x]] — OP™" are R-algebra homomorphisms.

Proof. In view of Proposition 4.14, it suffices to consider the case n = 0. Let H, H' € R[[x] and write
H = Zi>0 aix'. If Gy, Gy, ... € R[t][x] is the sequence of power series corresponding to Adg(H) (see
Proposition 4.11), then Go = H(0) € R, H = (Go — G1)|;=1 and G; = (—1)"—13;'—1(G1) fori > 1. Note
that G1(f,x) = —H(tx) + H(0).

Write L for the canonical line bundle on P*°. By (4.7) and (4.10),

Ado(H)(c1 (L)) = Gi(e1 (L)) = (=D 1@ G (e (L)) = (= 1) @ H) (ter (L)),
Therefore, we have

(Ado(H) o Ado(H")(c1 (L)) = — Ado<H>(Za,-c1<L>f> =—> a;i(Ady(H))(ci (L))
i1 i1
=Y (=D"a - (@ H) (e (L)),
i>1
On the other hand, write H o H' = (G; — GY)|;=1, where G = ap - H(0) and
G{ =) (=14 - @' H) ().
i1
It follows that

Adg(H o H')(er(L)) = Gi(e1(L) = Y (=1 ~'a; - (0" H) (te1 (L)) = (Ado(H) 0 Ado(H")(c1(L)).

i1
If r € R = CKY (k), then
Ado(Ho H')Y(r) =G -r =ap- H(0) -r = Ado(H)(ao - ) = (Ado(H) o Ado(H"))(r).
Overall, Ady(H o H') = Ady(H) o Adog(H'). O
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The polynomials A,, := (1 —x)" satisfy Ad,,(A,) = ¥, in OPz’". It follows from Lemma 4.21 and
Example 4.9 that
AroA, = A = Ao Ax

for all £ and m.
Proposition 4.22. Let R be a commutative ring and K a Q-algebra. Then

(1) The composition o in R[[x] is commutative.

(2) The power series 1g,.(x) € K[[x], r = 0, are orthogonal idempotents that partition the identity, that
is, 1g, (x) olg,, (x) = 8y m - 1g,(x) and 1 —x =} | .4 1g, (x).

Proof. (1) It follows from the definition that the power series x"* o G and G o x" are contained in x" R[[x]]
for all n and G. Let H, G € R[x]. Fix an integer n > 0 and write H = H; + H, and G = G| + G»,
where H; and G are linear combinations of the Adams polynomials A; and Hy, G, € x"R[[x]. As H;
and G| commute, the remark above yields H o G — G o H € x" R[[x]]. Since this holds for all n, we have
HoG=GoH.

(2) The iterated derivative 9’ (Ig,(x)) is zeroif i > n and

@ Mg (1, .., %) =] [log(1 - x).
i=1

It follows that 1g, (x) ox™ =0 if m > n and
Ig, (x) ox" = (=1)"(3" g, (") = (=1)"(log(1 — x))" = (—1)"n!Ig, (x).

This calculation together with the first part of the proposition and the fact that the lowest term of 1g, (x) is
x" /r! show that the power series lg, (x) are orthogonal idempotents.
Finally, Y-, 1g, (x) = '8 = (1 —x). O

Since 1g, (x) are orthogonal idempotents which form a topological basis of the power series ring, from
the continuity and distributivity of o, we obtain that our composition is associative.
Theorems 4.18 and 4.19 together with Proposition 4.22 yield the following corollary:

Corollary 4.23. The rings OP;" and OP™" are commutative.

Let K be a (-algebra. We view K[x] as a ring with respect to addition and composition. Let
G € K[[x]] and write G = Zi>0 a; lg; for (unique) a; € K. Denote as K[ the ring of K-sequences,
parametrized by integers > n under pointwise operations. It follows from Proposition 4.22 that the map

b:Klx] — K1, (4.24)
taking G to the sequence (a;);>0, is a ring isomorphism. It takes x" K[[x]] onto K [,90) for every n.

Example 4.25. The image of the polynomial A,,(x) = (1 —x)™ is equal to (1, m, m?, ...). Indeed, by
substituting y = log(1 — x) into the equality " = )", om'y'/il, we get A, (x) = Y5 om' 1g; (x).
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4F. Topology. In this section, we introduce three topologies on Z[x].
Proposition 4.26. Let G € OPy™" and m > n. The following conditions are equivalent:
(1) G € Im(OPR™ — OPR™);
(2) G is zero on every smooth variety of dimension < m.
Proof. (1) = (2): Since CK'; (X) =0, for any variety X of dimension < m, the operation G is zero on X.

(2) = (1): Let n > 1. By Proposition 4.11 (2), the operation G is given by a double-symmetric power
series H(x1,...,x,) € R[[x1, ..., xpll(n) such that H = (G,,)|;=1. We need to prove that v(H) > m. We
will show that any monomial X = x{' .o.x;m of H with Zi r; < m 1S zero.

Consider X;:=[[; P". This is a variety of dimension < m. Write x; for the first Chern class in CK}e (X7)
of the pull-back of the canonical line bundle on P with respect to the i-th projection X7 — P'i. By (4.7),

0=G(x1--xp) =Gu(xy, ..., x,) € CKR(X5).
By the projective bundle theorem,
CK'%(X7) = Rl[x1, ..., x I/ xith,

Therefore, the monomial X" of H is trivial.
The case n < 0 follows similarly (and easier) from Proposition 4.11 (1). U

Corollary 4.27. Let d > 0 be an integer and G € OP™". Then there is a Z-linear combination G' € OP™"
of the Adams operations Yy, with k =0, ..., d such that G and G' agree on CK"(X) for all smooth
varieties X of dimension < d.

Proof. By Lemma 3.16 applied to m = d + 1, there is a polynomial G’ € Z[x] of degree at most d
such that G — G’ € Y ,_,_, @-1g,(x) + x?*1Q[x]l. Let X be a smooth variety of dimension < d. As
v(8"~ (G — G')) > d + 1, in view of Theorem 4.12, we have G — G’ € Im(OP"" — OP""). Therefore,
by Proposition 4.26, it follows that G — G’ is trivial on X. Finally, G’ is a linear combination of the
Adams polynomials Ay with k=0, ...,d. ]

Definition 4.28. We introduce three topologies on ZIx1:

e 7, is generated by the neighborhoods of zero U, consisting of power series divisible by x", for
some m > 0, i.e., T, is the x-adic topology.
» T, is generated by the neighborhoods of zero U,, + Vy, where Vi consists of all power series

divisible by some N € N.

* 7, is generated by the neighborhoods of zero W,, consisting of power series, where the respective
operation acts trivially on varieties of dimension < m.

Recall, that a topology ¢ is coarser than the topology ¥, denoted ¢ < ¥, if any set open with respect
to ¢ is also open with respect to V.
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Proposition 4.29. Tw S T S T

Proof. The inequality v(G(x)) > m implies v(3"~'G(x)) > m, and therefore, by Theorem 4.12,
Ge Im(OP’f "_s OP@ ™). Therefore, it follows from Proposition 4.26 that 7, < T;.

Note that the topology Ty 1S generated by the neighborhoods of zero Uy , = (N, x™) C Z[[x], and
the topology 7, is generated by the neighborhoods of zero Wy = {G € Z[[x]] | v(3"1(G)) > k) by
Proposition 4.26. We need to show that for every N and m there is k with Wy C Uy .

We have similar compact (Hausdorff) topology 7,, on z[[xl, ..., X, ]| so that the map 9"~ is continuous
in 7,,. Note that the map 8"~ ! : Z[[x]] — 2[[x1, ..., X, ] is injective and the induced map from Z[[x]] to the
image of 3"~! is a homeomorphism (since the image of every closed subset is closed as Zlx1 is compact
and the target is Hausdorff). In particular, if G, € 2[[x]] is a sequence such that the sequence 3" ~!(Gy)
converges to 0, then the sequence G converges to 0 in Zlx1.

Now we prove that for every N and m there is k with Wy C Uy ;. Assume on the contrary that for
every k we can find Gy € Wy, but G ¢ Uy ;,,. Then 3" 1(Gyp) converges to 0, but G, does not converge
to 0 in z[[x]], a contradiction. (|

Observation 4.30. (1) For n = 1, we have 7, = 1.

(2) For n > 1, we have 1, # 1, # Ts.

Proof. (1) This follows from Proposition 4.26, since n = 1.

(2) For n > 1, W,, contains, in particular, all power series ), aix' e Z[[x]], where a; = ia;, for all
0 < i < m, which is not contained in any U, for [ > 1. Thus, t, # 1.

Form >n>1, W, /U, is a free Z-module of rank (n—1), while (U, + Vy)/ U, is a free Z-module
of rank (m — 1). Hence, 7, # 7,. O

We view OP™" and OPi’ " as the topological rings for the topologies 7, T, and T, respectively,
via the inclusions OP™" — OP" s Z[[x]]

Note that the x-adic topology 7, can be defined on R[[x] for every R.

Consider the restriction b : R[x] — K% of the map (4.24). We view K[> as a topological ring
with the basis of neighborhoods of zero given by the ideals K> for all n > 0, so that the map is
continuous.

Proposition 4.31. The image of the map b : R[[x]] = K©° is contained in R1*>.

Proof. By Example 4.25, the image of the Adams polynomial A,, under the map (4.24) is contained
in RI%-°)_ But the set of all linear combinations of Adams polynomials is dense in R[[x] in the topology ;.
The statement follows since R[*> is closed in K[0:°, O

Proposition 4.31 identifies the ring OP." C Z[[x] with a subring of Z">) and OP™" with a subring
of Z!"> if n > 0. Indeed, if n > 1, the kernel of the composition

n n

Q) % OPL" 25 210090 . 0
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is generated by lg,, with O < r < n, and all these logarithms are contained in the kernel of A, ,.
The ring OP™" is not a domain: we have (¥; +W¥_1)(¥; —W¥_;) =0. Let

er =1(U £ W_1) e OP""[1],
so ey and e_ are orthogonal idempotents and e; 4+ e_ = 1. There is an embedding
OP™" — OP™"[1] = OP™"[}]es x OP™"[§]e—.

Proposition 4.32. Ifn > 1, the rings OP™" [%]ei are domains.

Proof. Recall that there is an injective ring homomorphism

b:OP™" < 71129
such that b(¥,,) = (m, m?, m3, ...) for all m. In particular,
b(ey)=(0,1,0,1,...) and b(e-)=(1,0,1,0,...).

Lemma 4.33. Let (a1, a2, ...) € Im(b). Then for any prime integer p, we have that a; = a; modulo p
ifi = j modulo p — 1.

Proof. It suffices to prove the statement for b(W,,). We have a; —a; = m—mi =mI(m'=I —1). If m is
not divisible by p, then m'~/ — 1 is divisible by p. O

Let G- H=0in OP™". Set (ay,az,...) =b(G) and (b1, by, ...) =b(H). We have a;b; =0 for all ;.
To prove the statement, it suffices to show that if a; # 0 for some i, then b; = 0 for all j =i modulo 2.

Choose an odd prime p that does not divide a;. By Lemma 4.33, a; is not divisible by p for all j such
that i = j modulo p — 1. In particular, a; # 0, hence b; = 0. Thus, we have proved that b; = 0 for all
j =i modulo p — 1.

Lemma 4.34. There are infinitely many primes q such that gcd(q — 1, p — 1) = 2.

Proof. Let ¢ be the odd part of p — 1 (thatis, (p — 1)/c is a 2-power). By Dirichlet, there are infinitely
many primes g such that ¢ = 3 modulo 4 and ¢ = 2 modulo ¢. Clearly, gcd(¢ — 1, p — 1) = 2 for
such ¢. [l

Let j be such that j =i modulo 2. We need to prove that b; = 0. Take any prime g as in Lemma 4.34.

There are positive integers k and m such that
t=i+(p—Dk=j+(@—1)m.

We have proved that b; = 0 since t =i modulo p — 1. By Lemma 4.33, 0 = b, = b; modulo ¢, i.e., b; is
divisible by g. We have proved that b; is divisible by infinitely many primes ¢, hence b; = 0. ]
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4G. Operations in graded K-theory. In this section, we will determine the R-module of all R-linear

operations G : K gr r— K g’r z for any pair of integers n and m denoted by OP,’é’m(Kgr). Recall that

Kop = KgrR -t7" = CKY% 7", hence by Theorem 4.12, we get:
Corollary 4.35. OP}"(K}) = OPY (K - 1"~ = OPR’(CK") - 1"~ = R[x] - " ",

Recall that the product operation in the ring OP;”" (Kg*r) = R[[x] is the composition o (see Section 4E).
Moreover, R[[x] is a (topological) bialgebra over R with coproduct defined by the rule

1-x)"->0-x)"®0—-x)"

for all n > O that reads ¥ — W ® W in the language of operations.

Let us describe the dual bialgebra A (over Z) of co-operations as follows: Let A be the subring of
the polynomial ring Q[s] consisting of all polynomials f such that f(a) € Z for all a € Z. In particular,
Z[s] C A. The polynomials

en = % (=) =5)-=1=5)=(1"(])ea
for all n > 0 form a basis of A as an abelian group. Consider a pairing
AQR[[xI— R, a®Gr {(a,G) e R,
such that (e,, x™) =, ,,. This pairing identifies R[[x]] with the dual coalgebra for A via the isomorphism
Homy(A, R) = R[x],

taking a homomorphism « : A — R to the power series 2@0 a(ey)x".
Lemma 4.36. For every polynomial f € A, we have (f, (1 —x)") = f(m).
Proof. We may assume that f = e, for some n. Then

(=2 = (en, (1 =20 = (=1 (")) = enm) = fm). 0

The lemma shows that a co-operation f evaluated at the Adams operation W,, is equal to f(m).
It follows from Lemma 4.36 that

(", (1 =) = (km)" = k" -m" = (s", (1 —x)*) - (s", (1 —x)™).

As the composition in R[[x] satisfies (1 — ko (1=x)" = (1—x)", the composition in R[[x] is dual to
the coproduct of A taking s” to s" ® s" in A® A.
The equality

A=)y =mt =mtmd = (s, (1= x)™) (s, (1 —x)™)

shows that the product in A is dual to the coproduct in R[[x]]. Thus, the bialgebra R[[x]] of operations is
dual to the bialgebra A of co-operations.
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Remark 4.37. The polynomial ring Z[s] is a bialgebra with respect to the coproduct s — s ® s. The dual
bialgebra over R is R, The dual of the embedding Z[s] — A is the homomorphism b : R[x] — R!*:>)
defined in Proposition 4.31, since by Lemma 4.36,

(", (1=x)")y =m" =(s", b((1 —x)™))

as b(1—x)™) = (1,m, ..., m",...).

5. Multiplicative operations

Definition 5.1. A multiplicative operation G : A* — B* is a morphism of functors from Sm; to the
category of rings. That is, the ring structure is respected. (We don’t assume that G is a graded ring
homomorphism.)

As was noticed in topology and then in the algebrogeometric context in [Panin 2004, §2.7.5] there is
a functor from the category of oriented cohomology theories and their multiplicative operations to the
category of formal group laws. Let us briefly describe this functor.

If A* and B* are oriented cohomology theories over k, to any multiplicative operation G : A* — B*
one can assign the morphism

(¢G. vG) : (A*(k), Fa) = (B*(k), Fp)

of the respective formal group laws, where ¢¢g : A*(k) — B*(k) is the restriction of G to Spec(k) and
yc(x) € x B*(k)[[x] is defined by the condition

G(ci(0(1)) = y6(cT (0(1))) € B*(P®) = B*(k)[x].

In the algebrogeometric context, the power series y (x)/x was introduced in this generality in [Panin
2004, Definition 2.5.1] and [Smirnov 2006] in order to state and prove Riemann—Roch type theorems
[Panin 2004, Theorems 2.5.3 and 2.5.4] for a multiplicative operation G. This series is called the inverse
Todd genus of G.

The following theorem permits us to reduce the classification of multiplicative operations to algebra.

Theorem 5.2 [Vishik 2019, Theorem 6.9]. Let A* be a theory of rational type and B* be any oriented
cohomology theory. Then the assignment G — (¢g, Yg) is a bijection between the set of multiplicative
operations G : A* — B* and the set of morphisms of formal group laws.

Example 5.3. Let R be either Z, Z,, or Z and b € R. The Adams operation W), : CKl — CK3% is
homogeneous and multiplicative. The corresponding map ¢ is the identity and y = (1 — (1 —tx)?)/t.
If ¢ € R*, write W for the homogeneous multiplicative twisted Adams operation with ¢(¢) = ct and
y =0 — (1 —1x)")/ct (in particular, \Illl = W,,). It follows from the equality

WE(tx) = WS (OWE(x) =ct-y(x) =1 — (1 —1x)%
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that on CK’; the operation W} is equal to ¢ ™" -Wp,.. For any ¢ € R, let Wj be the homogeneous multiplicative
operation with ¢(¢) = ct and y = 0. This operation is zero in positive degrees and is equal to ¢” - rank on
CKy" = (Ko)g forn > 0.

Write © for the multiplicative operation CK} — CK}% which is the identity on CKY, multiplication by
t" : CK"% — CKY if n > 0 and the canonical isomorphism CK", — CKY (inverse to multiplication by ¢ ")
if n <0. This operation is not homogeneous and its image is CK%. Set @g :=®oW;. Thisis a multiplicative
operation with image in CK%. The corresponding function ¢(f) = ¢ and y = (1 — (1 — tx)*)/c.

The introduced operations satisfy the following relations (use Theorem 5.2): \118 = lAffg and

c e __\ysce c _Te _ Je TrC e __ \yce TC qre _ Jye
VpoWy =Wy, WoWy=Wyy W,oW;=Wy, W,ol;=V,,

Over Q, every formal group law is isomorphic to the additive one. Hence, for every theory C*, we
have isomorphisms of formal group laws.

. % ? * .
(id, expc) : (C* ®z Q, Fc) (C*®zQ, Faa) - (id, logc)
“«—

Suppose that (in the context of Definition 5.1) the coefficient ring B*(k) of the target theory has
no torsion. Then the composition (id, expg) o (¢g, yc) o (id, log,) identifies the set of multiplicative
operations A* — B* with a subset of morphisms of formal group laws

(A*®7 Q, Faa) =~ (B* ®7 Q, Faaa)-

The latter morphism is defined by (v, y), where, in our case, ¥ = ¢ ®z Q, for some ring homomorphism
¢ =@ : A*(k) > B*(k) and y(x) = b - x, for some b € B*(k). In other words,
(9, vc) = (id, logg) o (¢g, ) o (id, exp,).
Then
Y6 (x) = @G (expy) (b -logp(x)).

5A. Multiplicative operations in CK. For A* = B* = CK;, wehave A=B=Z7[t], F1=Fpg =x+y—txy
and

log(1 —tx) 1—e¥

logeg (x) = f’ expci (z2) = :

Note that a ring homomorphism ¢ from Z[t]toa ring T such that (1),_,nT = 0 is uniquely determined
by ¢(¢) in T (such a choice is realized by a homomorphism, if 7 can be mapped to T'). Indeed, suppose
that ¢ and i satisfy ¢(t) = ¢ (¢). For any f € 2[t] and n > 0, write f = g+ nh for some g € Z[¢] and
he Z[t]. Then ¢(g) = ¥ (g) and hence ¢(f) — ¥ (f) € nT. Since this holds for all n > 0, we have
¢(f) =y (f)=0forall f. R A

Thus, the map ¢ : Z[t] — Z[t] is determined by ¢ (t) = c(t) € Z[t]. Let b = b(t) € Z[t]. Note
that any choice of b(¢) and c(¢) gives a morphism of rational formal group laws and so, a multiplicative
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operation G : CK} Q70 — CK} ®7Q with

1— (1 _ tx)b(t)c(t)/t

— n—1
yG(t, x) = 0 ;( D" ()"

(b(t)c(t)/t)
c(t)

El

which lifts to an operation CK} — CK% if and only if the coefficients of our power series belong to Z.
The coefficient at x" is

w1 BO TS (b)) — ki)

n!

an = (~1)

(5.4)

Denote by b, () and c,(¢) the Z,-components of our polynomials. If we have deg(b,(t)c,(t)) > 1 for
some p, the leading term of our 7-polynomial will be clearly nonintegral (for some #n). Similarly, if for
some p, the constant term of b, (t)c, () is nonzero, then the smallest term of the p-component of our
t-polynomial will be nonintegral, for some n. Hence, the polynomial b(¢)c(¢) is linear. Then, for a given
prime p, either b, (t) = b, and c,(t) = cpt, or b,(t) = b,t and c,(t) = cp, for some b, c, € Z,. Then
the Z,- component of our coefficient is:
(b,,c,,—l)
(an), = (—1)"—1zmb,,”n;‘, where m =n — 1 orm = n.

If b, #0, then this will be integral for all n if and only if ¢, € Z}, while if b, =0, then ¢, can be an arbitrary
element from Z,. Let us denote the (Z,-components of ) operations with m =n — 1 as lI’b , while the
ones with m =n as \IJ 7 (see Example 5.3; we suppress p from notations). Here, \Ilb respects the grading
on CKZ , while \If or maps CKZ to CK0 The pairs (b,, c,) run over the set (ZP\O) X ZX U{0} x 2,
and, in addltlon we have that \IJO \IIO

Thus, any multiplicative operation G on CK* splits into the product x , G ) of operations on CKZ ,
where each G,y is one of the \Ifb” or \I! .. Let 79 be the set of prime numbers and J C P be the subset of
those prlmes for which (b,, c,) # (0, 0) and G ) is 0. Then the data (J, b, ¢), where the p-components
of b,c e 7 are by and ¢, determines our operation G. Let us call it J W, . Here, (J, b, ¢) runs over all
possible triples satisfying (1) b, #0 = ¢, € Z; and (2) (bp,cp)=(0,00=p¢J.

The operations © \IJb1 are (nontwisted) Adams operations with ¢ = id, which naturally form a ring
isomorphic to Z. These operations commute with every other operation. The operations ©W{ are invertible
and form a group isomorphic to 7*. Below we will suppress J = & from the notation and will denote
the respective operations simply as ;.

The formulas in Example 5.3 show that the monoid of multiplicative operations is noncommutative.
5B. Multiplicative operations in Ky over 7. For A* = B* = K, we have A = B = /71,1~ 1 and
F4 = Fp =x +y —txy. Similar calculations, as in the previous section, show that the coefficient a,
in (5.4) will belong to Z[t, t~'] for every n if and only if b(¢)c(¢) is linear in t. Thus, c(t) = ct!, for
c==land! eZ, and b(t) = bt'*, for some b € Z.
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Then the coefficient a,, is
bc)
-1 n—ltn—l(L‘
(=D .
Denote this operation as ’ W, It scales the grading on K, by the coefficient /. So, only the operations llI’g
are homogeneous.

The case ¢(t) =t and b(t) = b, that is, 1\IJb1 corresponds to the Adams operation Wy, see [Vishik 2019,
§6.3]. In this case, ¢ = id. The operation —14,11 is an automorphism of order 2 acting identically on K gr
and mapping ¢ to ¢!,

We will omit / and ¢ from the notation I\Ifg when these will be equal to 1.

6. Stable operations

The purpose of this section is to describe stable operations in CK and K, with integral and Z-coefficients.
The spaces of such operations appear to have countable topological bases, which we describe in Theorems
6.25 and 6.34. We also describe stable multiplicative operations and show that these generate additive
ones only in the case of Z-coefficients.

To be able to discuss stability of operations, we need the notion of a suspension. Following Voevodsky,
Panin [2003] and Smirnov [2006] we can introduce the category of pairs SmOp whose objects are pairs
(X, U), where X € Smy and U is an open subvariety of X, see [Vishik 2019, Definition 3.1], with the
smash product

X, UO)AY, V) =X xY,XxVUUXxY)

and the natural functor Smy — SmOp given by X — (X, &). Then suspension can be defined as
(X, U) = (X, U) A (P, PN0).
Any theory A* extends from Smy to SmOp by the rule
A*((X,U)) :=Ker(A*(X) —> A*(U)).

Any additive operation A* — B* on Sm; extends uniquely to an operation on SmOp.
An element ¢4 = clA(O(l)) e A*((P!, [P)l\O)) defines an identification

of L AR(X, U) =A™ (31 (X, U)),
given by x > x A g4,

Definition 6.1. For any additive operation G : A* — B*, we define its desuspension as the unique
operation X ~!G : A* — B* such that

Gocrfx :afoE_lG.

Definition 6.2. A stable additive operation G : A* — B* is the collection {G" | n > 0} of operations
A* — B* such that G = x~1G@+D),
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Proposition 6.3. Suppose that G : A* — B* is a multiplicative operation with yg(x) = bx modulo x? for
some b € B*(k). Then T~'G =b-G.

Proof. We have
Glof W) =Gune’ )=Gu)AGEMH=Gu)A(b-e¥)=cf(b-Gw)). O

We call a multiplicative operation G stable if the constant sequence (G, G, G, ...) is stable. By
Proposition 6.3, G is stable if and only if the linear coefficient of y is equal to 1 (see [Vishik 2019,
Proposition 3.8]).

For a commutative ring R, define the operator

® = dg: Rx] — R[x], ®(G)=(x— 1)i11_f,

6A. Stable operations in CK over 7. Recall that when A* = B* = CK}, the group of additive operations
OP; " forn < 0and n > 1, can be identified with Z[[x]), respectively, xZ[[x]).

Proposition 6.4. The desuspension operator £~ OP;" — OP'{I’"*1 is given by the rule

{CD(G), ifn<l,

NG = 50 :
(®(G)) = ©(G) = 2(G)(0), ifn>1.

Proof. The Adams operation W is identified with the power series Ay (x) = (1 —x)* if n < 0 and with
(1— x)k — 1 if n > 0. By Proposition 6.3, we have >, = kW, so the formula holds for G = ;.
The map X! is continuous in 7,, and the map @ is continuous in 7,. Hence, both maps are continuous
as the maps 7, — 7,,. Since 7, is Hausdorff (as 7,, is), it follows that the set of power series, where %!
and ® coincide, is closed in ;. But the set of linear combinations of Adams operations is everywhere
dense in . ]
It follows from Proposition 6.4 that the desuspension map X! is injective and yields a tower of

injective maps in the other direction:

A -1 —1 -1 -1
ZIx]=OP)" <— OPL' <— ... & OPL" <— ... (6.5)

Moreover, the group OP%t of homogeneous degree 0 stable operations CKE — CKE that is the limit of
the sequence (6.5) is naturally isomorphic to the group

S =N, Im(@") =N, Im((Z~"") € Z[[x].

Indeed, if {G"™ | n >0} is a stable operation, then G@ = &"(G™) for every n, hence G? € S. Conversely,
given G € S, write G = ®"(H"™) for every n. Since Ker(®") consists of constant power series only, the
sequence G = & (H"*Y) is a stable operation.

Lemma 6.6. Let G € xZ[[x]] andn > 1. Then
(1) 8"(G) has coefficients in Z if and only if 3"~ (®(G)) has coefficients in Z.
(2) v(3"(G)) = m for some m if and only if v(3" " (®(G))) > m — 1.
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Proof. (=): Follows from Proposition 2.6 for both (1) and (2).

(«): Simply write H, for (x — 1)¥(d*G /dx*). We claim that 3"~!(H}) has coefficients in Z in case (1)
and v(3"~'(Hy)) > m — k in case (2) for every k > 1. We prove the statements by induction on k. To
show (k = k + 1): We have Hy4 = ©(Hy) — kHg, hence

0" (Hy1) = 8"~ (@ (HY)) — kd" ' (Hy).

Then k8" ~!(H,) has coefficients in Z in case (1) and v(k3" ' (Hy)) > m —k in case (2) by the induction
hypothesis. As the derivative 0" (Hy) has coefficients in Z in case (1) and v(0"(Hy)) > m — k in case (2),
it follows from Proposition 2.6, applied to the power series Hj, that 8"~ (® (Hy)) also has coefficients
in Z in case (1) and U(B"_I(CI>(Hk))) >m —k—1 in case (2). It follows that 8”_1(Hk+1) has coefficients
in Z in case (1) and U(B"_l(Hk+1)) > m —k — 1 1in case (2). The claim is proved.

Note that all coefficients of Hj are divisible by k! in Z. Tt follows that the power series (1/k!)d" ! (Hy)
have coefficients in Z in case (1). By Proposition 2.6, 0" (G) has coefficients in Z in case (1) and
v(9"(G)) > m in case (2). O

In particular, we can describe the integral operations OP™" as follows:

Proposition 6.7. Let G € xz[[x]] andm > n > 1. Then G € OP™™ if and only if ®"(G) € Z[x]| and
v(®*(G)) > m—n.

Proof. Theorem 4.12 and iterated applications of Lemma 6.6 show that G € OP™" if and only if
3%(d"~1(G)) € Z[[x] and v(3°(®"~'(G))) = m —n + 1. Thus, it suffices to prove the following for a
power series H € Z[[x]] and integer k > 0:

(1) 3%H) € Z[x] <= P(H) € Z[ x],
(2) v(3°(H)) > k+1 < v(P(H)) > k.
If 3°(H) € Z[[x]], then clearly ®(H) € Z[[x]. Conversely, if ®(H) € Z[[x]], then
9°(H) € Qx1 N Z[[x] = Z[[x].
The second statement follows from the obvious equality v(3°(H)) = v(®(H)) + 1. [l
Let m a positive integer. It follows from Lemma 6.6 (2) that there is a tower of inclusions as in (6.5):
x"Z[x] = OPY" = OPL" ! . = OPL"" <=, (6.8)

Additionally, for every n, we have OP;"J”" N OP;JH’"H in OP;" coincides with OP;H’"J”"H. There-

fore, we obtain:

Proposition 6.9. The group of homogeneous degree m stable operations CKE — CK;’" is naturally

isomorphic to the intersection xmaX(O”")Z[[x]] nsS.
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The map @ : Z[[x]] — Zﬂx]] is continuous in t,,, and the space zllx]] is compact Hausdorff. Hence,
Im(®") is closed in Z[[x]] for any n. It follows that the set S is also closed in Z[[x]] in the topology t,,
and hence in 1, and ;.

It follow from Proposition 4.26 and Lemma 6.6 that the topology on OP%t induced by 7, is generated
by the neighborhoods of zero W, consisting of all collections {G™ | n > 0} such that G acts trivially
on varieties of dimension < n 4+ m. We still denote this topology by z,,.

LetA,(x)=(1—x)" € Z[[x]] for r € Z. Note that ®(A,) =r-A,. In particular, if r is invertible in Z
then A, € S.

We can describe the set S via divisibility conditions on the coefficients of the power series.

Theorem 6.10. The set S = N, Im(®") C Z[[x] consists of all power series G = Zi>0 a;x" satisfying the
following property: for every prime p and every positive integers n and m such that m is divisible by p",

for every nonnegative j < m divisible by p, the sum Z;":_jl (;.)ai is divisible by p".

Proof. Let n be a positive integer, G € S and write G = ®"(H) for some H € Z[[x]]. Consider the ideal
I=(p"x"C 2|Ix]], where m is divisible by p”. Note that ® (/) C I since p” divides m.

Let G’ be the x™-truncation of G and H’ the x"-truncation of H. AsG—G' €l and H—H' €I, we
have G’ — ®"(H') € I. Since G’ and ®"(H’) are polynomials of degree less than m, we conclude that
G’ and ®"(H’) are congruent modulo p”.

We write G’ and H’ as polynomials in y = x — 1. Since ®"(y’) = i"y', the y’-coefficients of ®"(H’)
are divisible by p" for all i divisible by p. It follows that the same property holds for G’. As

m—1 . m—1 - m—1 i ; . m—1 ‘m—l ;
o=Fut=Fe0 s =Fa T () =S E (o
i=0 i=0 i=0 j=0 j=0 i=j

the divisibility condition holds.

Conversely, as 7 = [1Z,. it suffices to prove the statement over Z,. Let G € Z,[[x] satisfy the
divisibility condition in the theorem. Choose n and m such that m is divisible by p" and set [ =
(p",x™) C Z,llx] as above. Recall that (1) C I. Let F be the x™-truncation of G. By assumption, we
can write F =Y b;y' modulo p”, where the sum is taken over i < m that are prime to p. In particular,
G =) b;y" modulo I.

Choose r > 0 and set F’ = Y (b;/i")y'. Then ® (F') =Y b;y' = G modulo I, i.e., G is in the
image of ®" modulo /. As Im(®") is closed in Z,[[x]] in the topology t,,, we have G € Im(®") for all r,
ie., G eS. ]

6B. Stable operations in CK over Z. Now we turn to the study of stable operations over Z.

Proposition 6.11. The preimage of OP™" under £~ : OP;’I’"Jrl — OP;" is equal to OP" 1"+ for

everyn = 0.

Proof. As > 1=8%®, forn>1,and T~! = ®, for n = 0, this follows from Proposition 6.7. |
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Thus, we have a tower
Z[x]=OP% > QP! «=...  OP"" «>...

given by the desuspension and the group OP*' of stable homogeneous degree 0 integral operations is
identified with Sy := SN Z[[x]], where § is described by Theorem 6.10. Applying Proposition 6.7 again,
we get:

Proposition 6.12. The group of homogeneous degree m stable operations CK* — CK**™ is naturally

isomorphic to the intersection x™ O™ 7[x] N So.
We would like to determine the structure of Sy.
Lemma 6.13. For every n > 0, there is a positive integer d such that dx" € S + x" M 7[x].

Proof. Choose distinct elements rg, ..., 7, € 7 such that ri—r;j € Zforalli and j. The x!-coefficients
withi =0, 1, ..., n of the power series A, (x) = (1 —x)"/ € § form an (n+ 1) x (n+1) Van der Monde
type matrix [(—l)i (rl J )] Its determinant d is a nonzero integer since all r; — r; are integers. It follows
that there is a Z-linear combination of the Ay, that is equal to dx” modulo xntL O

Note that any ideal in 7 that contains a nonzero integer is generated by a positive integer (the smallest
positive integer in the ideal). It follows from Lemma 6.13 that for every n > 0, there exists a unique
positive integer d, such that the ideal of all a € 7 with the property ax” € S + x"H7[x] s generated
by d,. We will determine the integers d,, below.

For every n > 0, choose a power series G, € S such that G, = d,,x" modulo x"*!.

Lemma 6.14. Let G = Zi>0 a;x' € S be such that ay, . . ., a,_; € Z. Then there exist b; € 2]‘01’ alli >n
such that G — ) _;~,b;G; € .

Proof. Find an integer a,, such that a, —a/, is divisible by d,, thus, a, = a;, + d,b, for some b, € 7. Then
the x’-coefficients of G — b, G,, are integer for i =0, ..., n. Continuing this procedure, we determine
all b; for i > n, so that all coefficients of G — Zi>n b;G; are integers. U

Theorem 6.15. For all n > 0, there are power series F, € Sy such that F, = d,,x" modulo x" 1. Moreover:
(1) The group So consists of all infinite linear combinations Z@O a, F, with a,, € 7.

(2) The group of homogeneous degree m stable operations CK* — CK*™™ is naturally isomorphic to
the group of all infinite linear combinations 3, - ... o.my@n Fn with a, € Z.

Proof. Fix n > 0. The coefficient d, of G, is an integer. Applying Lemma 6.14, we find b; € 7 for
i >2n+1 suchthat F,, := G, — Zi%H b;G; € Sp. Statements (1) and (2) are clear. O

6C. The integers d,. Our next goal is to determine the integers d,,. Let n > O be an integer. For an
integer r write L, for the n-tuple of binomial coefficients

() (D) () =t vez
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For an n-sequence a = (ay, .. ., a,) of positive integers, let d(a) be the determinant of the n x n matrix
with columns L,,, Lg,, ..., L, . We have
n—1
d(a) = <1_[(as — a,)) [Tk ez (6.16)
s>t k=1

Let p be a prime integer. An n-sequence a is called p-prime if all its terms are prime to p. Let Ezl(l'fiil be

the “smallest” strictly increasing p-prime n-sequence

1,2,...,p=1,p+1,...).
(n)

Lemma 6.17. Let a be a p-prime n-sequence that differs from a_; at one term only. Then d (&I(I:li)n) divides

d(a) in the ring of p-adic integers Z .

(n)

Proof. Suppose a is obtained from a_ . by replacing a term a by b. It follows from (6.16) that

d@ _[lb-a)
d@®y Ila—-a)

where the products are taken over all terms a’ of apiy, except a. Since a is prime to p, the product
[[(a —a’) generates the same ideal in Z p asal(c—a)!, where c is the last term of ap;,. Similarly, as b is
prime to p, the product [ [(b — a’) generates the same ideal in Z,, as

blo—1)--(b—atl)-(—a—1)-b-ctDhb-0=Dae-a)((T)). O

c—a
Corollary 6.18. The integer d(a\")) divides d(@"") in z,,.

Proof. In the cofactor expansion (Laplace’s formula) of the determinant d (Elr(r'fi;rl)) along the last row, all
(n)

minors are divisible by d(a, ;) in view of Lemma 6.17. (]

Let M, be the Z,-submodule of (Z,)" that is generated by the tuples L, Ly, ..., L,,, where
()

(alv az, ..., an) = (’_lmln
Lemma 6.19. Let b be an integer prime to p. Then the n-tuple Ly, is contained in M. In others words,

the Z ,-submodule of (Z,)" generated by Ly, for all integers b > O prime to p coincides with M,,.

Proof. By Cramer’s rule, the solutions of the equation L, = x1L,, +- - - +x,L,, are given by the formula
xi =d(ag)/d (C_lr(:i)n), where the sequence a; is obtained from Elr(;’i)n by replacing the i-th term with b. By

Lemma 6.17, we have x; € Z,,. O
The following statement is a generalization of Lemma 6.17:
Corollary 6.20. Let a be any p-prime n-sequence. Then d (Elr(r'fizl) divides d(a) in Z,,.

Set
min

min

By Corollary 6.18, we have d,, € Z,,.
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Write n in the form n = (p — Dk +i, where i =0,1..., p—2and k = |n/(p — 1) |. Then it follows
from (6.16) that

k. ko
d,Z, = pn—!'z,,, or, equivalently, v, (dy) = k + v, (k!) — v, (n)), 6.21)
where v, is the p-adic discrete valuation.
Note that v, ((n+k)!) =v,((pk+i)!) =v,((pk)!) =k+v,(k!), hence d,Z, = (n+k)!/n!Z,. Observe

that the function n +— v, (d,) is not monotonic.

Proposition 6.22. An (n+ 1)-tuple (0,0, ..., 0, d) is contained in M+ if and only if d is divisible by d,
inZp.

Proof. As in the proof of Lemma 6.19, (0,0, ...,0,d) € M, if and only if d - d(a ;) is divisible by

d(a I(I'I'IIU) in Z, for all i, where the sequence a;) is obtained from a(") by deleting the i-th term in ar(:l:l)
We have d(ag)) =d (ar(mil) if i =n+1, and by Corollary 6.20, all d(a;)) are divisible by d (al(m)n) whence
the result. (I

For an integer r, let as before A, (x) = (1 — x)". Note that the n-tuple L, is the tuple of coefficients
(after appropriate change of signs) of the x”-truncation of the polynomial A,. Denote by NP the
Z ,-submodule of Z ,[x] generated by A, for all integers » > 0 prime to p. We get an immediate corollary
from Lemma 6.19 and Proposition 6.22.

Proposition 6.23. Letd € Z, andn > 0. Then dx" € N P) 4 xn+l7 plx1if and only if d is divisible by d,,.
Moreover, there is a Z y-linear combination G, of the Adams polynomials A, , Ag,, ..., A

(ar,az, ..., ay41) = al(m:l) such that G, = d,x" (mod x"1).

any1» Where

Proposition 6.24. The set Sz, = (), Im(CDVZp) contains a power series = dx" (mod x"*1) if and only if
d is divisible by d,, in Z .

Proof. Suppose that G € Sz, and G = dx" modulo x"*t1. Choose integers k > 0 such that p* is divisible
by d(d('1.+l)) and m > n is divisible by p*, and consider the ideal I = (p*, x™) C Z,l[x]l. We have

min

G = ®*(G") for some G’ € Z,[[x] and write

m—1
G'=) biA; modulo x"Z,[x]
i=0

for some b; € Z,,. Applying ®* and taking into account ®*(A;) = i*A;, we get G = ®X(G') e NP + 1.

n+1

Taking the x"*"" -truncations, we see that

dx" e NP +x”+IZp[x] + kap[x].

As p is divisible by d (a("H)) we conclude that ka p[xXICN (P) 4 xntlz plx]. Therefore, we have

min

dx" € NP + x"t17 ,[x]. By Proposition 6.23, d is divisible by d,. O
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Now we turn to the ring 7. The integers d,, defined before Lemma 6.14 are the products of primary
parts of d, = d,(lp ) determined as above for every prime p. In view of (6.21), we have

v, (dy) = LpflJ + vp(L#J!) —v,(n)

for every prime p. For example, dy=1,d; =2,d>» =2%-3,d3 =23,d; =2%-3-5,d5 =2>-3,dg =2°.3%.7
and d; =27 - 3%,
Propositions 6.23 and 6.24 yield:

Theorem 6.25. Let n > 0 be an integer. Then:
(1) There exists a Z-linear combination G, of the Adams polynomials A, A, , ..., Aq,,, for some
a,a,...,ay4] € 7% such that G, = d,x" modulo x"*!.

(2) The set S =), Im(CD’Z) contains a power series = dx" (mod x" 1) if and only if d is divisible by d,,
in 7. It consists of all (infinite) linear combinations of G,,.

Remark 6.26. It follows from Proposition 6.23 that a;, ap, ..., ay+1 € 7% can be chosen so that for
every prime p, we have ((a1)p, (@2)p, ..., (@ny1)p) = Ezlg:lijl) with respect to p. In particular, a; = 1.

Proposition 6.27. The set S = N, Im(d") is the closure in the topology T4, and hence, in the topologies t,
and Ty, of the set of all (finite) 7-linear combinations of the power series A, forr € z*.

Proof. Denote as T, T, T, the closures of the mentioned set of linear combinations in our three topologies.
As S is closed in 1, we have T, C T, C T, C S.

LetG e xkz[[x]] NS. Then by Theorem 6.25, G = dx* (mod x**1), where d = di -, for some ¢ € 7. We
know that there exists a Z-linear combination G of the power series A,,, Ag,, . .., Ag, (With invertible ;)
such that Gy = dyx* (mod x**1). Hence, G — ¢ - Gy € x*t!1Z[[x] N S. Applying this inductively, we
obtain that, for any G € S and any positive integer m, there exists a finite Z-linear combination H of
invertible A,, such that G — H € x’”Z[[x]] N S. Therefore, Ty, = S, and hence T, =7, =T, = S. U

6D. Stable operations in K. In Section 4G, we defined the bialgebra A of co-operations in K
with a canonical element s € A. Recall that for a commutative ring R, the bialgebra of operations
OP;" (Ky) = OP%O(CK) = R[[x] is dual to A. The same proof as in Proposition 6.4 shows that the
desuspension operator

71 RIx] = OPY" (Kg) — OP% "' (Ky) = RIx]
coincides with ®. It follows that
OPS\(Ky) = lim(R[[x] < R[x] < Rl[x] < ---).
Lemma 6.28. The desuspension operator ® is dual to the multiplication by s in A.
Proof. As ®((1 —x)™) =m(1 —x)™, in view of Lemma 4.36, we have

(en, @((1 = x)™)) = (&g, m(1 = x)™) =m - ey (m) = (sen, (1 —x)™). O
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The localization A[1/s] can be identified with colim(Ai>Ai> - - +). Therefore,
P (Ky) = Hom(AE], R),
i.e., the bialgebra OP%(Kgr) of stable operations is dual to A[1/s].

The bialgebra A[1/s] coincides with the algebra of degree O stable operations Ko(K) in topology (see
[Johnson 1984, Proposition 3] and [Adams et al. 1971]). Moreover, A[1/s] is a free abelian group of
countable rank [Adams and Clarke 1977, Theorem 2.2] and can be described as the set of all Laurent
polynomials f € Q[s, s~'] such that f(a/b) € Z[1/(ab)] for all integers a and b # 0.

It follows that the bialgebra A[1/s] admits an antipode s — s~! that makes A[1/s] a Hopf algebra. It
follows that OP%(Kgr) is a (topological) Hopf algebra.

Remark 6.29. We have a diagram of homomorphisms of bialgebras and its dual:

Z[s] —— A R0 " RIx]
Z[s, s_l] i A[%] RZ OP%(Kgr)

The bottom maps are homomorphisms of Hopf algebras. The antipode of RZ takes a sequence r; to r_;.

The group of degree 0 stable operations OPSt(Kgr) coincides with OPSt(CK) =S, whose structure was
described in Theorem 6.25. Our nearest goal is to determine the structure of OP3 (Kgr) We remark that
this group is different from OP5(CK) = S NZ[[x].

Let R be one of the following rings: Z, Z,, or 7. Recall that we have an injective homomorphism

- R[x] — R0 taking (1 — x)™ to the sequence (1, m, m?,...). The operation ® on R[x]
corresponds to the shift operation IT on R!%> defined by IT(a); = aj,1.

An n-interval of a sequence a in R[0-%) or RZ is the n-tuple (a;, aj+1, ..., a;+n—1) for some i. We
say that this interval starts at i.

For every n > 1, let M,, be the R-submodule of R" generated by the n-tuples 7 := (1, r, 72, ..., r"" 1)
for all integers r > 0. Note that M, is of finite index in R".

Lemma 6.30. A sequence a € R'%%) belongs to the image of bg if and only if for every n > 0, the

n-interval of a starting at 0 is contained in M,,.

Proof. (=): This is clear.

(<): Note that by assumption a is contained in the closure of Im(bg). On the other hand, if R =Z, or Z
the space R[[x] is compact in 7,, and RI?:°® is Hausdorff, hence Im(by) is closed, i.e., a € Im(bg). If
R = 7, it follows from the case R = 7 that a = b4(G) for some G € lex]]. Since at the same time
G € Q[[x]l, we have G € Z[[x]. O

Let Tk C R” be the R-submodule of all sequences a € RZ such that every n-interval of a is contained
in M, foralln > 1. If a € Tg, by Lemma 6.30, for every n > 0, there is G,, € R[[x]] such that b (G,) =
(a—n, @—p+1, ...). Since (G, +1) = G, the sequence (G,),>o determines an element in oP3! r (Kgr). This
construction establishes an isomorphism OP% g (Kgr) >~ Tg. Note that T = OP%t (CK) =S =), Im(®").
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For every n > 1, let N, be the R-submodule of R" generated by the n-tuples 7 for all r € R*. Then
N, is of finite index in R" if R=7, or 7.
Note that every n-tuple 7, with » € R, extends to the sequence a with a; = r' that is contained in Tk.

Lemma 6.31. The module N,, C M,, foralln > 1.

Proof. It suffices to consider the case R =Z,,. Choose an integer m > 0 such that p™ -7, C M,. Letr € Z;.
Find an integer r’ > 0 congruent to r modulo p™. Then the tuple 7 = (1, r, r2 s congruent
to 7/ modulo p™. Hence, 7 =7'+ (r — ') e M,, + p"Z, C M. O

It follows from Lemma 6.31 that every element in N, is an n-interval of a sequence in Tk.

Proposition 6.32. If R =7, or Z, the R-module Tg consists of all sequences a € R” such that every

n-interval of a is contained in N, for alln > 1.

Proof. We may assume that R = Z,,. Let a € Tg. In view of Lemma 6.31, it suffices to show that every
n-interval v of a starting at i is contained in N, for all n > 1. Take an integer m > 0 and consider the
(n + m)-interval w of I17"(a) starting at i, so that v is the part of w on the right. Write w as a (finite)
linear combination ) _ 7.7 over positive integers r, where ¢, € Z pandr=(1,r, r2, .ty e M.
Applying TT" to T1™"(a), we see that v = Y t,7"7, where 7 = (1,r,7%,...,r" ') € M,. As r™ is
divisible by p™ if r is divisible by p, it follows from the definition of N, that v € N,, + p™M,,. Since N,
is of finite index in M,,, we can choose m such that p™ M, C N,, hence a € N,,. O
Denote by 0 : RZ — R the reflection operation taking a sequence a to the sequence 0 (a); = a_;.

Corollary 6.33. The module Ty is invariant under 6.
Proof. In the case R =27, or 7, it suffice to notice that if r € R*, the symmetric n-tuple
L D= (L e e
is contained in N,. If R = Z, the statement follows from the equality 77 = T N 77, ]
Now let R =7 and n > 0. The ideal of all ¢ € 7 such that ©,...,0,1) € N, is generated by a (unique)

positive integer d, = n!-d,, where the integers d, were introduced in Section 6C. We know that

vy (dy) = v, ((n+kp)!)

for all primes p, where k, = [n/(p — 1)|. By Theorem 6.15, there are power series F,, € So = SNZ[[x]|
such that F,, = d,x" modulo x"t1!.
Let f™ € T; be the image of F, under the map § = OP;(Kgr) — 7%, Thus, (0, ...,0,d,) is the
n-interval of £ starting at 0. For example, we can choose
FO=c. .. 1,1,1,1,...),
O =(...,0,2,02...).

As in the proof of Theorem 6.15, modifying £ by adding multiples of the shifts of £ for m > n and
their reflections, we can obtain f™ e ZZ for all n.
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Theorem 6.34. Every sequence a € Ty >~ OP3 (Kgy) can be written in the form
o
a=Y [baTT70(f) + by T (f & HD)]
i=0

for unique by, by, ... € Z.

Proof. We determine the integers by, by, ... inductively so that for every m > 0 the sum ) ; of the
terms in the right-hand side and the sequence a have the same (2m + 2)-intervals starting at —m. U

Remark 6.35. Observe that {TT~70(f D), TT' (f@*D) |i € Zs} is also a topological basis of OP;(Kgr).
Note that, at the same time, {f) | j € Z 0} forms a topological basis for OP%t (CK) and OP%t (CK). This
shows the relation between operations in CK and those in K. In particular, there are substantially more
operations in the former theory.

6E. Stable multiplicative operations. We first consider stable multiplicative operations on CK}. From
Proposition 6.3, we obtain:

Proposition 6.36. Stable multiplicative operations CK} — CK; are exactly operations V¢, for ¢ € 7*.
These operations are invertible and form a group isomorphic to z*. Similarly, stable multiplicative

operations on CK* form a group isomorphic to 7*.

Restricted to CKOZ, the operation W is given by Go =1 (as it is multiplicative and so, maps 1 to 1),
while G(tx) = G(t)G(x) =ct - yg(x) = 1 — (1 — tx)¢ and so, our operation corresponds to the power
series A. = (1 — x)¢. In other words, on CK%, the operation W{ coincides with the Adams operation W..
Then on CK’ZI, it is equal to ¢ - V..

Proposition 6.27 gives:

Corollary 6.37. The set of homogeneous stable additive operations on CKE is the closure in the topology
T, of the set of (finite) Z-linear combinations of stable multiplicative operations.

Remark 6.38. Note that the respective statement for Z-coefficients is not true, as there are only two stable
multiplicative operations on CK*, namely, \1111 and W~ !, while the group of stable additive operations
there has infinite (uncountable) rank.

Now we consider stable multiplicative operations on K, over Z.

Proposition 6.39. Stable multiplicative operations Ky — K. are exactly operations Vi, for ¢ = £1.
These are invertible and form a group isomorphic to 7> = 7/24.

Proof. The linear coefficient of y for the operation l\Ilg is t'~'b, see Section 5B. This will be equal to 1
exactly when/ =1and b = 1. (I

As above, the operation W{ corresponds to the power series A, = (1 — x)°. On Ké’r it coincides
with ¢ . Wl
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The structure of Frobenius kernels for
automorphism group schemes

Stefan Schroer and Nikolaos Tziolas

We establish structure results for Frobenius kernels of automorphism group schemes for surfaces of
general type in positive characteristic. It turns out that there are surprisingly few possibilities. This
relies on properties of the famous Witt algebra, which is a simple Lie algebra without finite-dimensional
counterpart over the complex numbers, together with its twisted forms. The result actually holds true for
arbitrary proper integral schemes under the assumption that the Frobenius kernel has large isotropy group
at the generic point. This property is measured by a new numerical invariant called the foliation rank.
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Introduction

Let k be an algebraically closed ground field of characteristic p > 0 and X be a proper scheme. Then
the automorphism group scheme Auty . is locally of finite type, and the connected component Aut?( Jk
is of finite type. The corresponding Lie algebra h = H(X, © x/k) 1s the space of global vector fields.
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If X is smooth and of general type, then the group Aut(X) is actually finite, according to a general result
of Martin-Deschamps and Lewin-Ménégaux [1978].

Throughout this paper, we are mainly interested in characteristic p > 0. Then the group scheme Auty
comes with a relative Frobenius map, and the resulting Frobenius kernel H = Auty /[ F'] is a height-one
group scheme. The group of rational points is trivial, but the coordinate ring may contain nilpotent
elements. The Lie algebra h = H(X, Oy /&) remains the space of global vector fields or, equivalently,
the space of k-linear derivations D : 0y — Ox. The p-fold composition in the associative ring of k-linear
differential operators endows the Lie algebra with an additional structure, the so-called p-map D +> D',
which turns b into a restricted Lie algebra. By the Demazure—Gabriel correspondence, height-one group
schemes and restricted Lie algebras determine each other.

Our goal is to uncover the structural properties of the height-one group scheme H = Auty [ F] or,
equivalently, the restricted Lie algebra h = H (X, 0x /k), and our initial motivation was to understand
the case of surfaces of general type. Such surfaces with §) #= 0 were first constructed by Russell [1984]
and Lang [1983]. These constructions rely on Tango curves [1972], and come with a purely inseparable
covering by a ruled surface. By a similar construction with abelian surfaces, Shepherd-Barron [1996,
Theorem 5.3] produced examples in characteristic p = 2 that are non-uniruled. Ekedahl [1987, pp. 145—
146] already had examples with rational double points for arbitrary p > 0; the vector fields, however,
do not extend to a resolution of singularities. Recently, Martin [2022a; 2022b] studied infinitesimal
automorphism group schemes of elliptic and quasielliptic surfaces.

However, almost nothing seems to be known about the general structure of the height-one group
schemes H = Auty,[F'], and one would expect little restrictions in this respect. The main result of this
paper asserts that under certain assumptions, quite the opposite is true:

Theorem 12.1. Let X be a proper integral scheme with foliation rank r < 1. Then the Frobenius kernel
H = Auty [ F] is isomorphic to the Frobenius kernel of one of the following three basic types of group
schemes:

SL,, fo” or Gf?” X Gy,

for some integer n > Q.

Dn
p

The foliation rank is a new invariant that can be defined as follows: Forming the quotient Y = X/H by

In the latter two cases, the respective Frobenius kernels are «'®" and the semidirect product a;?" X p.
the Frobenius kernel of the automorphism group scheme, the canonical map X — Y induces a height-one
extension £ = k(Y) C k(X) = F of function fields, and the foliation rank r > 0 is given by [F : E] = p".
Via the Jacobson correspondence, this can also be expressed in terms of the inertia subgroup scheme for
the induced action of the base-change Hr on F ®g F. This geometric interpretation of the Jacobson
correspondence seems to be of independent interest (see Section 5).

If X is a proper normal surface with ho(w)v() = 0, for example, a surface of general type or a properly
elliptic surface, the foliation rank is automatically < 1, and the above result applies (see Corollary 12.2).
Indeed, our initial motivation was to find restrictions on the Frobenius kernels for surfaces of general type.
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The key idea in the proof is to relate our geometric problem to algebraic properties of the famous Witt
algebra gy = Derg (Fp), formed with the truncated polynomial ring Fy = E[t]/(t”) over certain function
fields E. This algebra was indeed introduced by Ernst Witt, see the discussion in [Strade 1993]. It is
one of the simple algebras in odd characteristic p > 0 having no finite-dimensional counterpart over
the complex numbers. Note that it has nothing to do with the ring of Witt vectors, or Witt groups for
quadratic forms.

The foliation rank is » = 1 if and only if deg(X/Y) = p. This situation is paradoxical, because it may
hold even with large Frobenius kernels. We now compare H = Auty [ F] with the generic fiber of the
relative group scheme G = Auty/,y. In other words, we relate the restricted Lie algebra h = H (X, Oy k)
over k with the restricted Lie algebra g = Derg (F') over the function field £ = k(Y). The latter is a
twisted form of the Witt algebra go = Derg (Fy). The classification of its subalgebras due to Premet and
Stewart [2019] is one key ingredient for our proof. Among other surprising features, go contains Cartan
algebras of different dimensions. A crucial observations is that the bigger Cartan algebras disappear after
passing to twisted forms like g, leaving few possibilities for subalgebras. This is an algebraic incarnation
for the fact that the reduced part of a group scheme may not be a subgroup scheme, and if it is, it may not
be normal.

The semidirect products oc;?” X [ p, indeed, occur as Frobenius kernels of automorphism group schemes.
In Section 14, we construct examples of surfaces as coverings X — P? of degree p or divisors X C P3 of
degree 2p + 1, such that b = k" x gl (k), for certain integers n > 0. So far, we do not know if h = sl, (k)
may also occur. In our examples, the minimal resolutions are surfaces S of general type, and X are their
canonical models.

Such X are also called canonically polarized surface. They come with two Chern numbers c% =
c%(LS( / O = K)Z( and c; = c2(L% / ). This was introduced by Ekedahl, Hyland and Shepherd-Barron
[Ekedahl et al. 2012] for general proper surfaces whose local rings are complete intersections, such that
the cotangent complex is perfect. Using Noether’s inequality and results from Ekedahl [1988], we show
with more classical methods:

Theorem 13.2. Let X be a canonically polarized surface, with Chern numbers c% and cp. Then the Lie
algebra h = HO(X, Ox i) for the Frobenius kernel H = Auty [ F] has the property dim(h) < @(c%, c2)
for the polynomial

m(MBx+y)?P—1,  ifcl>2,

Q(x,y) = {
Y m(Rlx+y)? =1, ifd=1.
With Noether’s inequality, this also gives the weaker bound dim(h) < \If(c%) with the polynomial

19x2+39x +8, ifcf >2,
V) =141 02
X +63x+8, ifcy=1.

Note that Xiao [1995] proved | Aut(X)| < 17640% over the complex numbers.
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The paper is organized as follows: Section 1 contains general facts on restricted Lie algebras and
their semidirect products. In Section 2, we examine multiplicative and additive vectors and the toral
rank. In Section 3, we collect general facts on automorphism group schemes for proper schemes and
the quotient by height-one group schemes, and we discuss twisted forms of some relevant restricted Lie
algebras. Section 5 contains a geometric interpretation of the Jacobson correspondence, in terms of inertia
group schemes at generic points. We introduce the foliation rank and establish its basic properties in
Section 6. In Section 7, we analyze the removal of subvector spaces under certain twists. Then we make a
detailed analysis of the automorphism group scheme for radical extensions of prime degree in Section 8,
followed by an examination of the corresponding Witt algebras in Section 9. In Section 10, we show
how structural properties of restricted Lie algebras over different fields are inherited. Our main result on
the structure of the Frobenius kernel for automorphism groups is contained in Section 11. Section 13
contains the bound for surfaces of general type. In the final Section 14, we construct examples.

1. Restricted Lie algebras

In this section, we review some standard results on restricted Lie algebras and height-one group schemes
that are relevant for the applications we have in mind. Let k be a ground field of characteristic p > 0.
For each ring R, not necessarily commutative or associative, the vector space Dery (R) of k-derivations
D : R — R is closed under forming commutators [D, D’] and p-fold compositions D? in the associative
ring Endg (R). One now views Dery (R) as a Lie algebra, endowed with the map D +— DP? as an additional
structure.

This leads to the following abstraction: A restricted Lie algebra is a Lie algebra g, together with a
map g — g, x — xP!, called the p-map, subject to the following three axioms:

(R1) We have ad,i, = (ad,)? for all vectors x € g.
(R2) Moreover (A - x)IP) = A7 . xIP! for all vectors x € g and scalars A € k.

(R3) The formula (x + y)P1 = x[P1 4 ylPl 4 er:_lls, (x, y) holds for all x, y € g.

Here, the summands s, (x, y) are universal expressions defined by
1
$r(to, 1) = =~ > (ady,, oady,, o...0ady,, ) (),
u

where ad, (x) = [a, x] denotes the adjoint representation and the index runs over all maps
u:{l,...,p—1}— {0, 1}

taking the value zero exactly r times. For p = 2, the expression simplifies to s; = [tg, #1], whereas p =3
gives s; = [t1, [to, t1]] and s» = [10, [f0, t1]]. Restricted Lie algebras were introduced and studied by
Jacobson [1937], and also go under the name p-Lie algebras. We refer to the monographs of Demazure
and Gabriel [1970], in particular, Chapter II, §7, or Strade and Farnsteiner [1988] for more details.
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Throughout the paper, terms like homomorphisms, subalgebras, ideals, extensions etc. are understood
in the restricted sense, if not said otherwise. For example, an ideal a C g is a vector subspace such that
[x, y], x'! € a whenever x € a and y € g. Note that this holds for the center

C(g)={aeg]|la,x]=0forall x € g},

because [al?!, x] = (ad,)” (x) = (ad,)? " ([a, x]) = 0.

For abelian g, the p-map becomes semilinear, which means that it corresponds to a linear map g — ¢
when the scalar multiplication in the range is redefined via Frobenius. In turn, those g correspond to
modules over the associative polynomial ring k[ '], in which the relation FA = AP F holds. Every right
ideal is principal; this also holds for left ideals, provided that & is perfect, and then the structure theory
developed by Jacobson [1943, Chapter 3] applies.

In contrast, for nonabelian g, the p-map fails to be additive, and it is challenging to understand its struc-
ture. However, by (R1) it is determined by the bracket up to central elements, because [a'?!, x]= (ad,)? (x).
In particular, if the center is trivial, the p-map is unique, once it exists. This also explains the terminology
restricted.

Recall that for each group scheme G, the Lie algebra g = Lie(G) is defined by the short exact sequence

0 — Lie(G) — G(k[e]) = G(k) — O,

where k[e] is the ring of dual numbers, and the map is the restriction with respect to the inclusion k C k[€].
As explained in [Demazure and Gabriel 1970, Chapter 11, §7], it carries the structure of a restricted
Lie algebra, in a functorial way. Also recall that the relative Frobenius morphism F : G — G is a
homomorphism. The resulting Frobenius kernel G[F] is a group scheme whose underlying topological
space is a singleton.

Let us call G of height one if it is of finite type and annihilated by the relative Frobenius map. We then
also say that G is a height-one group scheme. According to [Demazure and Gabriel 1970, Chapter 11, §7,
Theorem 3.5], the canonical map

Hom(G, H) — Hom(Lie(G), Lie(H))

is bijective whenever G has height one. In particular, the functor G +— Lie(G) is an equivalence between
the category of height-one group schemes and the category of finite-dimensional restricted Lie algebras.
We call this the Demazure—Gabriel correspondence. The inverse functor sends g to the spectrum of
the dual for the Hopf algebra U!P!(g), which is the universal enveloping algebra U (g) modulo the ideal
generated by the elements x” — x!71, for x € g. From this, one deduces

1G] =h°(0g) = pi™@  and edim(g..) = dim(g).

As customary, we write gl,, (k) for the restricted Lie algebra of n x n-matrices, where bracket and p-map
are given by commutators and p-powers, and sl, (k) for the ideal of trace zero matrices. Furthermore, k"
denotes the standard vector space, endowed with trivial bracket and p-map.
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Let a C g be an ideal, and consider the vector space Dery(a) of all k-linear derivations. Then
Dery (a) C gl(a) is a subalgebra. Derivations D : g — g satisfying the additional condition D(a'?!) =
(ad,)?~Y(D(a)) for all a € a are called restricted derivations. Write Der;, (a) for the vector space of all
restricted k-derivations. According to [Jacobson 1941, Theorem 4], the inclusion Der}c (a) C Derg(a) is
a subalgebra. By the Jacobi identity and (R1), the adjoint map defines a homomorphism

g — Der,(a), x> (a+>[x,al]). (1)
Given restricted Lie algebras § and a, we are now interested in extensions
0—>a—>g—>hHh—0,

such that a C g becomes an ideal with quotient g/a = . The extension splits if the ideal a C g admits
a complementary subalgebra i’ C g. Composing the inverse for the projection )’ — h with (1), we obtain
a homomorphism ¢ : h — Der) (a). Conversely, suppose we have such a homomorphism, written as
h +—— (a +— @p(a)). On the vector space sum a @ b, we now define bracket and p-map by

la+h,a +h1=la,adl+[h, h'1+ @) — gw(a),

p—1
2
(a—i—h)[p]za[”]—l—h[p]—i—Zs,(a,h), (2)

r=1
Lemma 1.1. The above endows the vector space g = a @ b with the structure of a restricted Lie algebra,

such that a and Y is an ideal and subalgebra, respectively.

Proof. As explained in [Bourbaki 1989, Chapter I, §1.8], the bracket turns g = a @ b into a Lie algebra,
having a as an ideal and b as a subalgebra. Now choose bases a; € a and h; € b, such that a;, h; form a
basis for g. We claim that

(adg)? =adm and (ady,)? =ad, ) 3)

as k-linear endomorphisms of g. Indeed, since a and § are restricted, and by the definition of the bracket
in g, itis enough to verify that (ad,,)? (h) = —¢, ((ap)'P)) for every vector /1 € h and (adhj)P(a) =@l (a)
for every a € a. Since the derivations ¢, are restricted, we have

—on((a)'")) = —ad? (g4 (a)) = —ad?~ ' ([, a;]) = (ad,,)? ().

The argument for (ady;)?(a) is similar. Thus, (3) holds. According to [Strade and Farnsteiner 1988,
Theorem 2.3], there is a unique p-map satisfying (3) and the (R1)—(R3). By construction, this p-map
on g coincides with the given p-map on a and . It thus coincides with (2), in light of (R3). (]

In the above situation, the restricted Lie algebras g = a X, b are called semidirect products. Obviously,
every split extension of ) by a is of this form. Of particular importance for us is the case a = k" and
b = gl; (k), where the homomorphism ¢ : gl; (k) — gl(k"") = Dery (k") sends scalars to scalar matrices.



The structure of Frobenius kernels for automorphism group schemes 1643

The resulting restricted Lie algebra is written as k" x gl (k). Here, bracket and p-map are given by the
formulas

[v+re, v +1el=2"—2v and (v+2re)P! =177 1(v+2e), 4)

where e € gl; (k) is the unit element, v,v’ € k" are vectors and A, A’ € k are scalars.

2. Toral rank and p-closed vectors

Let g be a finite-dimensional restricted Lie algebra over a ground field k of characteristic p > 0 and G be
the corresponding height-one group scheme such that Lie(G) = g. Recall that x € g is called p-closed
if x!P1 € kx. Such vectors are called multiplicative if x'P! £ 0, and additive if x'P) = 0. If the vector is
nonzero, h = kx is a one-dimensional subalgebra, hence corresponds to a subgroup scheme H C G of
order p. For multiplicative vectors, this is a twisted form of the diagonalizable group scheme 1, = G, [ F].
In the additive case, it is isomorphic to the unipotent group scheme o, = G,[F]. This basic fact has many
geometric applications: For results concerning K3 surfaces, Enriques surfaces and Kummer surfaces, see
[Schroer 2007; 2021; Kondo and Schroer 2021].

Proposition 2.1. Every vector in g = k" x gl, (k) is p-closed. The same holds for g = sl (k) in character-

istic p > 3.

Proof. The first assertion immediately follows from (4). Recall that sl, (k) is the restricted Lie algebra
comprising the traceless matrices A = (“ b ) € Mat, (k). The characteristic polynomial x4(T) = T?+d

c —a
depends only on the determinant d = —a” — bc, so the possible Jordan normal forms over k¢ are
vd 0 g (00
0 —d 10)°
Computing p-powers via the above normal forms, we see that APl = 4(P=D/2 4, (I

The traceless matrices h = () °;) and x = (3 1) and y = (9 §) form a basis of sl,(k), and the structural

constants are given by
[h,x]1=2x, [h,y]l=2y, [x,y]=h"P'=h, xW=yPl=o.

One also says that (h, x, y) is an sl (k)-triple. For p > 3, it follows that for each nonzero a € sl (k), the
adjoint map ad, is bijective, hence sl, (k) is simple. In contrast, for p =2 we have a central extension
0— glj(k) > slh(k) — k* — 0, where the kernel corresponds to scalar matrices. The extension does not
split, because A!?! # 0 for all matrices not contained in the kernel.

If k is algebraically closed, the toral rank for a restricted Lie algebra g is the maximal integer > 0 for
which there is an embedding gl (k)®" C g. In terms of vectors, the condition means that there are linearly
independent x1, ..., x, € g, with [x;, x;] =0 and xl.[f’] = x;. For general fields k, we define the toral rank as
the toral rank of the base-change g ®; k. Following the notation in [Demazure and Grothendieck 1970,
Exposé XII, Section 2], we denote this integer by p;(g) > 0. By Hilbert’s Nullstellensatz, the toral rank
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does not change under field extensions. According to [Block and Wilson 1988, Lemma 1.7.2], it satisfies
0:(8) = ps(n) + p;(g/n) for each ideal a C g. In other words, it is additive in extensions. Obviously,

0 < p:(g) =< dim(g).
Proposition 2.2. The following are equivalent:
(i) The restricted Lie algebra g has maximal toral rank p,(g) = dim(g).
(i1) The group scheme G is a twisted form of some ,u?’ .
(iii) The group scheme G is multiplicative.

Proof. It suffices to treat the case that k is algebraically closed. The implications (i) <= (ii) = (iii) are
obvious. Now suppose that (iii) holds. Since k = k¢, the group scheme G is diagonalizable, whence is
the spectrum of the Hopf algebra k[ A] for some finitely generated abelian group A. We have pA =0,
because G has height one. Choosing an [ ,-basis for A gives G = ,u;‘f’, thus (ii) holds. U

The other extreme is somewhat more involved:
Proposition 2.3. The following are equivalent:
(i) The restricted Lie algebra g has minimal toral rank p,(g) = 0.
(ii) There is some exponent v > 0 with x'P"1 = 0 for all vectors x € g.
(iii) There are ideals 0 = ay C --- C a, = g inside g with quotients a;/a;_1 = k.
(iv) There are normal subgroup schemes 0 = No C - -- C N, = G inside G with quotients N;/N;_1 >~ a,,.
(v) The group scheme G is unipotent.

Proof. The implications (iv) = (v) and (iii) = (ii) and (ii) = (i) are trivial, whereas (iv) <= (iii) follows
from the Demazure—Gabriel correspondence.

We next verify (v) = (i). Without loss of generality, we may assume that k is algebraically closed.
Then there is a composition series G ; inside G such that G ;/G j_; is isomorphic to a subgroup scheme of
the additive group G,,. This already lies in o), = G,[F'], because G has height one. For the corresponding
subalgebras b; inside g, this means b; /b;_; C k. The additivity of toral rank implies p;(g) = 0.

To see (i) = (ii), we may assume that k is algebraically closed, and then the implication follows from
[Premet 1989, Corollary 2]. For (ii) = (iii), we use (ady)?" = ad,,»1 = 0, and conclude with Engel’s
theorem [Bourbaki 1989, Chapter I, §4.2], that the underlying Lie algebra g is nilpotent. Now, recall
that the center €(g) is invariant under the p-map. In turn, the upper central series, which is recursively
defined by g;+1/9; = €(g/g;), yields a sequence of ideals 0 = gg C - - - C g, = g having abelian quotients.
This reduces our problem to the case that g itself is abelian. We proceed by induction on n = dim(g).
The case n = 0 is trivial. Suppose now that n > 0 and that (iii) holds for n — 1. Fix some x # 0, and
consider the largest exponent d > 1 such that x!7*! £ 0. Replacing x with x[?], we may assume that
x[P1 = 0. Then a; = kx is a one-dimensional ideal. The quotient g’ = g/a has dimension n’ =n — 1, and
furthermore p;(g’) = 0 by additivity of toral rank. Applying the induction hypothesis to g’ = g/a and
using the isomorphism theorem gives the desired ideals in g. U
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3. Automorphism group schemes

Let k be a ground field. Write (Aff/ k) for the category of affine k-schemes, which we usually write as
T = Spec(R). Recall that an algebraic space is a contravariant functor X : (Aff/k) — (Set) satisfying the
sheaf axiom with respect to the étale topology, such that the diagonal X — X x X is relatively representable
by schemes, and that there is an étale surjection U — X from some scheme U. According to [Stacks
2005—, Lemma 076M], the sheaf axiom already holds with respect to the fppf topology. Throughout, we
use the fppf topology if not stated otherwise. Algebraic spaces are important generalizations of schemes,
because modifications, quotients, families, or moduli spaces of schemes are frequently algebraic spaces
rather than schemes. We refer to the monographs of Olsson [2016], Laumon and Moret-Bailly [2000],
Artin [1971], Knutson [1971], and to the stacks project [Stacks 2005—, Part 4].

Let X be a scheme, or more generally an algebraic space, that is separated and of finite type. Recall
that the R-valued points of the Hilbert functor Hilby, are the closed subschemes Z C X ® R such that
the projection Z — Spec(R) is proper and flat. Regarding automorphisms f : X ® R — X ® R as graphs,
we see that Auty, is an open subfunctor. According to [Artin 1969, Theorem 6.1], the Hilbert functor is
representable by an algebraic space that is separated and locally of finite type. In turn, the same holds for
Auty/«, which additionally carries a group structure. Using descent and translations, one sees that it must
be schematic. The Lie algebra for the automorphism group scheme is given by

Lie(Auty,) = HO(X, Ox/1),

where O/, = Hin(fz}( /K> Ox) is the coherent sheaf dual to the sheaf of Kihler differentials.

We now assume that X is proper, and that the ground field has characteristic p > 0. Then g= H%(X, ©x)
is a restricted Lie algebra of finite dimension, which corresponds to the Frobenius kernel G[F'] for the
automorphism group scheme G = Auty . Note that G[F] is a height-one group scheme, of order p",
where n = hO(®X/k)-

Let H be a group scheme that is separated and locally of finite type, f : H — G be a homomorphism
and P be a H-torsor. The latter is an algebraic space, endowed with a free and transitive H-action. The
set of isomorphism classes comprise the nonabelian cohomology H'(k, H), formed with respect to the
fppf topology. On the product P x X, we get a diagonal action. This action is free, because it is free on
the first factor. It follows that the quotient °X = H\ (P x X) exists as an algebraic space (see, for example,
[Laurent and Schroer 2021, Lemma 1.1]). We have X ~ X provided that P is trivial, that is, contains
a rational point. In any case, there is an étale surjection U — P from some scheme U. According to
Hilbert’s Nullstellensatz, every closed point a € U defines a finite field extension k" = k (a), and we see
that PX ® k' ~ X @ k’. We, therefore, say that X is a twisted form of X. Indeed, every algebraic space ¥
that becomes isomorphic to X after some field extension is of this form, with H = Auty .

Our f: H— G = Auty/,, induces a homomorphism ¢ : H — Autg , which sends & € H(R) to the
inner automorphism g — f(h)gf(h)~!. This gives a twisted form G of G, and its Lie algebra g is a
twisted form of g. In fact, one may view g as a vector scheme as in Section 7, regard bracket and p-map
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as morphisms of schemes and obtain “g by taking the rational points on the twisted form of the vector

scheme, formed via the derivative ¢’ : H — Autg /.

Lemma 3.1. There is a canonical identification PAuty /k = Autry i, where on the left we take the twist
with respect to ¢ : H — Autg . The restricted Lie algebra for this group scheme is Pg, where we twist

with respect to ¢’ : H — Autgy.

Proof. This follows from very general considerations in [Giraud 1971, Chapter III], which can be made

explicit as follows: Consider the canonical morphism
P x Autx/r —> Autry, (p, V) +—> (H-(p,x) > H-(p, ¥ (x))),

where the description on the right is viewed as a natural transformation for R-valued points. This is well-
defined, because in the presence of p € P(R) the projection {p} x X (R) — (*X)(R) is bijective. For each
h € H(R), the element (hp, hyrh~") sends the orbit H-(p, x) = H-(hp, hx) to the orbit H - (hp, hiy (x)) =
H - (p, ¥(x)). Thus, the above transformation descends to a morphism PAuty /k — Autry, where H acts
via conjugacy on Auty,. The same argument applies for the Frobenius kernel, and equivalently to the
restricted Lie algebra. O

We now change notation. Suppose that G = X is a height-one group scheme, and write g = Lie(G).
One easily checks that Autg/ is a closed subgroup scheme of the general linear group GLy , where
V = H%G, 65). By the Demazure—Gabriel correspondence, used in the relative form, we get an
identification Autg,r = Auty/,. The latter can be constructed directly: Choose a basis ey, ..., e, € g.
Then Auty, is the closed subgroup scheme inside GLy , respecting the structural equations

ler, es] = Z)\r,s,iei and e;[»p] = Zﬂr,jej-
For later use, we compute some automorphism group schemes Autgy:

Proposition 3.2. The following table lists the automorphism group schemes and the resulting cohomology
groups or sets for the restricted Lie algebras k, gl;(k), k x gl (k) and sl (k), where the last column is
only valid for p > 3:

g k gli(k)  k>xgl(k) sl (k)

Autg/k Gn Kp—1 G, x G, PGL,
H'(k, Autg/) | {1} k*/k* P~V singleton  subset of Br(k)[2]

Here, Br(k)[2] is the kernel of multiplication by two on the Brauer group.

Proof. For the first case g = k, we immediately get Auty/x = GL; = G,,, and Hilbert 90 gives
H'(k, G,) = {1}, at least for the étale topology. See the discussion at the beginning of Section 7
for the fppf topology.

In the second case, the restricted Lie algebra g = gl (k) is generated by one element A, which gives
an embedding Autg/x C Gy,. The structure for g is given by A[ll’] = A;. For each k-algebra R and each
invertible scalar A € R*, we have AP APl = 1A, and thus AP~ = 1. Conversely, each such A gives an
automorphism, hence Autg/; = u,—1. The Kummer sequence yields H Yk, Autg/p) =k*/ kx =D,
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The restricted Lie algebra g = k X gl; (k) is generated inside gl,(k) by the matrices A| = (8 (1)) and
Ay = ( (1) 8), which gives an embedding Auty/x C GL,. For each R-valued point ¢ = (Z Z) from the
automorphism group scheme, the condition [¢ (A1), ¢(A2)] = ¢ (A1) implies c =0 and a = ad. It follows
thata € R* and d = 1, and we obtain Auty/x C G, % G,,. Conversely, one easily sees that each matrix
with ¢ = 0 and d = 1 yields an automorphism of the restricted Lie algebra. Now, let T be a torsor over k
with respect to G, X G,,. The induced G,,-torsor has a rational point, by Hilbert 90. Its preimage 7" C T
is a torsor for G,. Over any affine scheme, the higher cohomology of G, vanishes, so T’ also contains a
rational point, and the torsor T is trivial.

We come to the last case g = sl,(k), which is freely generated by the matrices A = ( (1) _01) and
Ay = (J}) and A3 = (99). This gives an inclusion Autg/x C GL3. Conjugacy, A > SAS™!, yields
PGL, C Autg/x. We already saw in the proof for Proposition 2.1 that APl = det(A)P=D/2 A for all
A= (g _ba). Moreover, det(A) = —a? — bc defines, up to sign, the standard smooth quadratic form
on sly(k) viewed as the affine space A3, which gives Autg/r C O(3). We have PGL, C SO(3), because
the former is connected, and this inclusion is an equality because both are smooth and three-dimensional.
This shows SO(3) C Autg/x C O(3). From [—Ay, —A3] = [A2, A3] = A # —Aj, we conclude that
A+ —A is not an automorphism of g, so PGL; = SO(3) C Autg/x must be an equality.

Finally, we have a central extension 0 — G,, - GL; — PGL,; — 1, and get maps in nonabelian
cohomology

H'(k,GLy) — H'(k, PGLy) — H*(k, Gy,).

The term on the left is a singleton, by Hilbert 90, whereas the term on the right equals the Brauer
group Br(k). It follows that the coboundary map is injective [Giraud 1971, Chapter IV, Proposition 4.2.8],
and its image is contained in the 2-torsion part of the Brauer group [Grothendieck 1968a, Proposition 1.4].
Thus, H'(k, Autg/ ) is a certain subset inside the group Br(k)[2]. U

Note that according to the theorem of Merkurjev [1981], the group Br(k)[2] is generated by classes
from H'(k, PGL,). This set of generators, however, is not a subgroup in general (see [Gille and Szamuely
2006, Example 1.5.7]).

4. Quotients by height-one group schemes

Let k£ be a ground field of characteristic p > 0, and G a height-one group scheme, with restricted
Lie algebra g. Suppose X is a scheme endowed with a G-action. Taking derivatives, we obtain a
homomorphism g — H(X, Oy /i) of restricted Lie algebras. According to [Demazure and Gabriel 1970,
Chapter II, §7, Proposition 3.10], any such homomorphism comes from a unique G-action. Note that this
does not require any finiteness assumption for the scheme X.

We now show that such actions admit a categorical quotient in the category (Sch/k) [Mumford et al.
1994, Definition 0.5]. To this end we temporarily change notation and write the schemes in question
as pairs, comprising a topological space and a structure sheaf. Our task is to construct the categorical
quotient (Y, Oy) for the action on (X, Ox). First, recall that the image ﬁ)’; of the homomorphism &y — Oy,
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where f +— f7,is a quasicoherent Ux-algebra, with algebra structure f - g” = (fg)?. In turn, the ringed
space (X, ﬁ’g) is a [F,-scheme. Choose a vector space basis D1, ..., D, € g. The canonical inclusion
ﬁ§ C Ox turns COx into a quasicoherent ﬁf}—algebra, and yields the absolute Frobenius morphism
(X, 0x) — (X, ﬁ)’?). The derivations D; : Ox — Ox are ﬁ’)’?—linear, and we write ﬁ)g( = ﬂle Ker(D;) for
the intersection of kernels. This is another quasicoherent ﬁ)’;—algebra. Setting ¥ = X and Oy = ﬁ)g(, we
obtain a scheme (Y, Oy) that is affine over (X, ﬁ)’;). The identity id : X — Y and the canonical inclusion
t: Oy C Ox define a morphism of [ ,-schemes

(id, v : (X, Ox) — (¥, Oy).
The following should be well known:

Lemma 4.1. The above morphism of schemes is a categorical quotient in (Sch/k). Moreover, the
formation of the quotient is compatible with flat base-change in the scheme (Y, Oy).

Proof. First, note that the inclusion 0y C O is invariant with respect to multiplication of scalars A € k,
so the morphism belongs to the category (Sch/k). Furthermore, the formation of kernels and finite
intersections for maps between quasicoherent sheaves on schemes is compatible with flat base-change,
and, in particular, the formation of (Y, &y) is compatible with flat base-change.

We now verify the universal property. Let (T, &) be scheme endowed with the trivial G-action, and
(f,9): (X, Ox) — (T, Or) be an equivariant morphism. Obviously, there is a unique continuous map
g:Y — T with f = goid. The trivial G-action on (T, &r) corresponds to the zero map g — H(T, Or),
and equivariance ensures that f —1(07) — Oy factors over the injection Oy C Ox. This gives a unique
morphism (g, ¥) : (Y, Oy) — (T, Or) of ringed spaces that factors (f, ¢). For each point a € X, the
local map 07 ) — Ox,q factors over Oy ,, and it follows that ¥ : Or 4) — Oy,q is local. Thus, (g, ¥)
is a morphism in the category (Sch/k), which shows the universal property. ]

We now revert back to the usual notation, and write ¥ = X/G for the quotient of the action
u:G x X — X, with quotient map ¢ : X — Y. Clearly, this map is surjective, Y carries the quotient
topology, and the set-theoretical image of u x pr, : G x X — X x X equals the fiber product X xy X. By
construction, for each open set U C Y and each local section f € I'(U, g«(Ox)), we have f € I'(U, Oy)
if and only if f o u = f opr, as morphisms G x ¢~'(U) — A!. Summing up, our categorical quotient
is also a uniform geometric quotient, in the sense of [Mumford et al. 1994, Definition 0.7]. The following
observation will be useful:

Proposition 4.2. Suppose that X is integral, with function field F = Ox ;. Then Oy, = Ox , N (F?) for
each point a € X. Moreover, the scheme Y is normal provided this holds for X.
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Proof. Set R = Ox 4, such that R% = 0y ,. Choose a basis Dy, ..., D, € g, and consider the resulting
commutative diagram with exact rows:

0 RY R R®"

0 F9 F Fon
where the horizontal maps on the right are given by s — (D1 (s), ..., D,(s)). The commutativity of the

left square gives R% C RN F9, and the injectivity of the vertical map on the right ensures the reverse
inclusion, by a diagram chase. Now suppose that R is normal and f € F? satisfies an integral equation
over the subring R®. This is also an integral equation over R, hence f € RN F% = RY. ]

5. Inertia and Jacobson correspondence

The goal of this section is provide a new, more geometric interpretation of the Jacobson correspon-
dence [1937; 1944]. We start by recalling this correspondence, which relates certain subfields and
restricted Lie algebras, in Bourbaki’s formulation [Bourbaki 1990, Chapter V, §13, No. 3, Theorem 3]:

Let F be a field of characteristic p > 0. It comes with a subfield F'” and a restricted Lie algebra
g = Der(F) over F? that is also endowed with the structure of an F-vector space. Note that the bracket
is FP-linear, but, in general, not F-bilinear. Rather, we have the formula

(AD,\'D'1=A\"-[D,D'1+AD(M)-D" — X D'(A) - D. 5)

Throughout, a subgroup h C g is called an FP-subalgebra with F-multiplication if it is stable under
bracket, p-map, and multiplication by scalars A € F. It is thus a restricted Lie algebra over F”, endowed
with the F-multiplication as an additional structure. Consider the ordered sets

® = {E | F” C E C F is an intermediate field},

W ={h|bhCgisan FP-subalgebra with F-multiplication}.

Similar to classical Galois theory for separable algebraic extensions, one has inclusion-reversing maps
® — ¥ and V — O given by

E > Derg(F) and b FP,

respectively. Here, FY denotes the intersection of the kernels for D : F — F, where D € b runs over
all elements. Then the Jacobson correspondence asserts that the above maps induce a bijection between
the intermediate fields F” C E C F having [F : E] < oo and the F?-subalgebras with F-multiplication
h C g having dimf(h) < co. Moreover, under this bijection [F : E] = p4im#® holds.

In particular, if F has finite p-degree, which means that F? C F is finite, we get an unconditional
identification

{intermediate fields E} = {F”-subalgebras h with F-multiplication}.
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Forgetting the F-multiplication, the restricted Lie algebra h = Derg(F) corresponds to a height-one
group scheme H, with h = Lie(H). By construction, this coincides with the Frobenius kernel of the
affine group scheme Autrf.

We now consider the following set-up geared towards geometric applications: Let k£ be a ground field
of characteristic p > 0 and F be some extension field; one should think of the function field of some
proper integral scheme. Let H be a height-one group scheme over k, with corresponding restricted Lie
algebra h = Lie(H). Suppose we have a faithful action of the group scheme H on the scheme Spec(F),
in other words, a homomorphism b — Dery (F') that is k-linear and injective. Throughout, we regard this
homomorphisms also as an inclusion.

Let E = FY, such that h C Derg (F). Then the field E contains the composite k - F?, and its spectrum
is the categorical quotient Spec(F)/H, according to Lemma 4.1. Moreover, we obtain the subspace
hCh-ECh-F inside Derg (F). These are subvector spaces over k and E and F, respectively. Obviously,

dimp(h - F) <dimg(h - E) < dimg(h).
Let us unravel how these various fields and vector spaces are related:
Proposition 5.1. In the above situation, the following holds:

(1) The subspace b C Derg (F) contains an F-basis, such that by - F = Derg (F).
(ii) The canonical inclusions E = FY C FY"E ¢ FYF are equalities.
(iii) The subspace §y - E C Derg(F) is stable with respect to bracket and p-map.

(iv) The extension E C F is finite, of degree [F : E] = pdimr®-F),

Proof. To see (ii), choose a k-generating set Dy, ..., D, € . Clearly, F b coincides with the intersection
of the Ker(D; : F — F). Since Dy,..., D, € h- F is an F-generating set as well, this intersection
coincides with F7F and the equalities F" = F"F = FYF follow.

We next verify that the F-vector subspace - F C Derg (F) is stable under bracket and p-map. The
former follows from (5). The latter is then a consequence of the Hochschild formula [1955, Lemma 1]

(vu)? = vPu?f —i—adgu_l(v)u,

which holds for any u from an associative [ ,-algebra U and v from an ad,-stable commutative subalge-
bra V. Inturn, h-F CDerg (F) is an F'P-subalgebra with F-multiplication, obviously of finite -dimension.
Now the Jacobson correspondence applied to E = F"F shows (iv). Applying the correspondence once
more reveals - F = Derg(F), and (i) follows. The above reasoning likewise shows that the E-vector
subspace b - E C Derg (F) is stable under bracket and p-map, which reveals (iii). O

We now seek a more geometric understanding of the above facts. Set hg = § ®; E, and consider the
E-linearization h g — Derg (F) of our inclusion fh C Derg (F). Write f]t,?v C hg for the kernel. This is an
ideal, giving an inclusion hg/ htg" C Derg (F). Now recall that H denotes the height-one group scheme
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with Lie(H) =Hh. Write Hg = H ®; E for its base-change, and Hgi" C Hg for the normal subgroup scheme
corresponding to h‘gv. This acts trivially on Spec(F'), whereas the quotient Hg / Hgiv acts faithfully.

Proposition 5.2. The action of the group scheme Hg on Spec(F) is transitive.

Proof. Recall that for any site C, the action of a group-valued sheaf G on a sheaf Z is called transitive if
the morphism u x pr, : G X Z — Z x Z is an epimorphism, where i : G x Z — Z denotes the action.

In our situation the site is (Aff/ E), endowed with the fppf topology. Set G = Hg/ Hgi" and Z =Spec(F).
We have to check that for any R-valued points a, b € Z(R), there is an fppf extension R C R’ and some
o € G(R') that sends the base-change a ® R’ to b ® R’. Replacing R by R ®p F, we may assume that R
is an F-algebra. Choose a p-basis for the extension £ C F, such that

F=E[T,....,T.1/(T/ —pu1,.... TP — )
for some scalars u; € E. Then
FQgR=RIsi,....s:1/(s],....sP)

for the elements s; = T; ® 1 — 1 ® T;. The R-valued points of Z thus correspond to s; — A;, where A; € R
satisfy Af’ = 0. It suffices to treat the case that a, b € Z(R) is given by s; — 0 and s; — A;, respectively.

The differentials dT; € QIF JE form an F'-basis. The dual basis inside Derg (F) = Hom(QlF JE> F) are
the partial derivatives d/97;. Clearly, we have

o (a2 \'_,
or; oT; |~ \oT; )

Consequently, the linear combination D = Y_ A;3/0T; satisfies D!P! = 0, thus D is an additive element
inside Derg (F ® g R). Note that this would fail with coefficients from F ®g R rather than R. By the
Demazure—Gabriel correspondence, it yields a homomorphism of group schemes o, g — Autr/g ®gR.

According to Proposition 5.1 we have Derg (F')=0h- F, so there are elements Dy, ..., D, eh-E=hg/ htg"
that form an F-basis of Derg (F). In particular, we may write Y 1;0/97; = Y o; D; for some ; € R. In
turn, we get an additive element D € (hg/ htgv) ®E R, so our homomorphism of group schemes has a
factorization o, g — Gg. For R’ = R[o]/(c7), we get a canonical element o € « p, k> Whose image is
likewise denoted by o € G(R’). By construction, we have

3T,
o*(s;) = D(sj) = Zx,-a—Tf =Aj.
. 1

for all 1 < j <n, and the desired property o - a = b follows. ([

Note that the E-scheme Z = Spec(F') does not contain a rational point, except for ) = 0. The existence
of such a point would allow us to form the inertia subgroup scheme and view Z as a homogeneous space.
However, we can achieve this after further base-change:

Regard A = F @ F as an F-algebra via A — 1 ® A. Then the multiplication map A ® u +— Au yields
a canonical retraction. Indeed, A is a local Artin ring with residue field A/ms =F. Inturn, Zp =ZQ F
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has a unique rational point zg € Zr. Write H};‘ert = [ (zp) for the resulting inertia subgroup scheme
inside Hr = H ®; F. By the Demazure—Gabriel correspondence, it is given by a Lie subalgebra biﬁe“
inside hr = h ®; F, which we call the inertia Lie algebra. We now interpret the base change Zr as a
homogeneous space:

Proposition 5.3. The orbit morphism Hr-{zo} — ZF induces an identification Hr / Hlipnert =Spec(FQEgF).
Moreover, the inertia Lie algebra hi;,‘ert is the kernel for the canonical surjection

bRr F — b F =Derg(F).

Finally, the degree of the field extension E C F can be expressed as [F : E] = p°, where ¢ > 0 is the

codimension of the inertia Lie algebra i}lert Chr.

Proof. According to Proposition 5.2, the Hp-action on ZF is transitive, and it follows that the or-
bit Hp - {z0} — ZF is an epimorphism. By definition of the inertia subgroup scheme, the induced
Hp/ ij“e“ — Zr is a monomorphism. Hence, the latter is an isomorphism. This is a finite scheme, and
the F-dimension for the ring of global sections for the homogeneous space is given by p€. It follows
that [F : E]= p°.

It remains to see that the inertia Lie algebra bi;le“ coincides with the kernel K of the canonical surjection
br — b - F. We saw in Proposition 5.1 and the preceding paragraph that

pdimF(b~F) — [F : E] — ho(ﬁz ®E F) — pdim(hF/hiI{_lert)‘

It thus suffices to verify that the canonical map i;le“ — Derg (F) is zero. Suppose this is not the case,

and fix some nonzero D € hi}‘ert with nonzero image. Choose a p-basis for E C F and write

F=E[T,....T.1/(T —w1,.... TP — )

for some scalars u; € E*. The partial derivatives 0/37; € Derg(F) form another F-basis, and D =
> %;0/9T;. Without restriction, we may assume A; # 0. Now make a base-change to R = F, such that

A=F®gF=R[s1,...,51/(s],....s")

as in the proof for Proposition 5.2. Then D(s;) = A ® 1 € m4. But this implies that H}}‘e“ does not fix
the closed point zo € Zr = Spec(A), a contradiction. ]

6. Foliation rank

Throughout this section, k is a ground field of characteristic p > 0 and X is a proper scheme. Note
that everything carries over verbatim to proper algebraic spaces. Let H = Auty,[F] be the resulting
height-one group scheme, whose restricted Lie algebra is h = H(X, Oy /k)- To simplify exposition, we
also assume that X is integral. Let n € X be the generic point and F = k(X) be the function field. The
quotient Y = X/ H is integral as well, and we denote its function field by £ = k(Y). This field extension
E C F is finite and purely inseparable. This yields a numerical invariant:
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Definition 6.1. The foliation rank of the proper integral scheme X is the integer > 0 defined by the
formula deg(X/Y) = p”.

In other words, we have [F : E] = p”. Since the field extension £ C F has height one, the foliation
rank 7 > 0 is also given by r = dimp (QL /£)» Which can also be seen as the rank of the coherent sheaf QL Nz
Dualizing the surjection €2 & e Q}( Y gives an inclusion .# = O,y C Ox/. The subsheaf .7 is closed
under Lie brackets and p-maps, hence constitutes a foliation, where the integer rank(.#) = rank(2 §( /Y)
coincides with our foliation rank » > 0.

To obtain an interpretation of the foliation rank in terms of group schemes, consider the restricted Lie
algebras

h=Lie(H) = H'(X,®x/;) and g=Derg(F)=0yx,y.,.

The former is finite-dimensional over the ground field k. The latter is finite-dimensional over the function
field E, and can be seen as the Lie algebra for the automorphism group scheme for Spec(F) viewed as a
finite E-scheme. The localization map h = H (X, Oy /k) = Ox/k n respects brackets and p-powers, and
factors over the subalgebra g = ®x,y ;. This gives a k-linear map b — g, together with its E-linearization

b&E —g, @A (f > A8,())).

The latter is a homomorphism of restricted Lie algebras over E. The map ) — g is injective, because the
coherent sheaf ®y/ is torsion free, and we often view it as an inclusion ) C g. Note, however, that its
E-linearization in general is neither injective nor surjective. This is perhaps the main difference to the
classical situation of group actions rather than group scheme actions.

We are now in the situation studied in Section 5. Let hi,f-‘e“ be the inertia Lie algebra inside the
base-change hr = § ®; F, corresponding to the inertia group scheme with respect to the F-rational point
in Spec(F ®g F). From Proposition 5.3, we obtain:

Proposition 6.2. The foliation rank r > 0 of the scheme X coincides with the codimension of hi,?e” Chr.

In some sense, this measures how free the Frobenius kernel of the automorphism group scheme acts
generically.

Proposition 6.3. The foliation rank of the scheme X satisfies 0 <r < h°(®y /k). We have r =0 if and
only if the Frobenius kernel H = Auty [ F] vanishes. The condition r = hO(G)X/k) holds if and only if
H acts freely on some dense open set U C X.

Proof. The inequality r < h®(© /i) follows from Proposition 6.2. If the group scheme H is trivial
we have 70Oy /k) =0, and hence r = 0. Conversely, if H is nontrivial there is a nonzero derivation
D : O0x — 0. Since the structure sheaf is torsion-free, the derivation remains nonzero at the generic
point, which implies that E = F" does not coincide with F, and thus r > 0.

If H acts freely on some dense open set, the projection € : X — Y to the quotient ¥ = X/ H is a principal
homogeneous H-space over the dense open set V C Y corresponding to U. In turn [F : E] = h%(0y),
and thus r = dim(h) = K°(Ox ).
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Finally, suppose the foliation rank takes the maximal possible value r = h°(@x /k)- Then the inertia
Lie algebra hiﬁe“ C br has codimension r = dim(hr), thus is trivial. It follows that the group scheme
Hp acts freely on Spec(F) viewed as an E-scheme. Thus, there is an open dense set V C Y over which
the projection € : X — Y becomes a principal homogeneous H-space, and the H-action on U = ¢~ (V)
is free. ]

We next describe how the foliation rank behaves under birational maps.

Proposition 6.4. Let f : X — X' be a birational morphism to another proper integral scheme X', with
the property Ox' = f+(Ox). Then the respective foliation ranks satisfy r <r’.

Proof. According to Blanchard’s lemma, there is a unique homomorphism
Se Aut())(/k — Aut())(//k

of group schemes making the morphism f : X — X’ equivariant. Indeed, the original form of the lemma
for complex-analytic spaces [Blanchard 1956, Proposition I.1] was extended to schemes by Brion, Samuel
and Uma [Brion et al. 2013, Proposition 4.2.1].

The homomorphism of group schemes is a monomorphism, because f is birational, and the schemes
in question are integral. In particular, the induced homomorphism on Frobenius kernel gives a closed
embedding H C H’, and an injection  C b’ of restricted Lie algebras. For the common function field
F =k(X)=k(X"), we get F" > FY and r <1’ follows. O

The following gives an upper bound on the foliation rank:

Proposition 6.5. Let i > 0 be some integer, and suppose that the coherent sheaf F = Hom(Q"X /i Ox)
satisfies h°(F) = 0. Then X has foliation rank r < i.

Proof. We have to show that the vector space h - F = Derg (F) has dimension at most i — 1. Seeking
a contradiction, we suppose that there are k-derivations D1, ..., D; : Ox — Ox that are F-linearly
independent. Then the same holds for the corresponding Ox-linear maps s1,...,s; : Ox — Ox/i.
Consequently, their wedge product sy A --- As; : Ox — A(Oy /k) 1s generically nonzero. The universal
property of exterior powers gives a canonical map A’ (@ /) = Hin(QiX /0 O x) =%, which is generically
bijective. Thus s; A --- A's; yield a nonzero global section of %, a contradiction. (I

Recall that our proper integral X comes with a dualizing sheaf wx and a trace map H" (X, wx) — k,
such that the ensuing pairing Hom(.%, wyx) x H" (X, %) — k is nondegenerate. Here, n = dim(X) and
Z 1s coherent.

Corollary 6.6. Let X be a geometrically normal surface with ho(a))vf) = 0. Then the foliation rank is r < 1.

Proof. Replacing the ground field k by the field HO(X, 0), it suffices to treat the case h°(0x) = 1. By
Serre’s criterion, the scheme X is regular in codimension one, so the locus of nonsmoothness Sing(X/k)
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is finite. Let f : § — X be a resolution of singularities. Suppose for the moment that the regular surface
S is smooth. Then wg = Q% Ik Consider the chain of canonical maps

Q% = FofF( Q%0 = [u(Q50) = fulws) > oy,

where to the right is the trace map. All these maps are bijective on the complement U = X \ Sing(X/k),
so the same holds for the dual map

¢ wy —> Hom(Q% . Ox) = 7.

According to [Hartshorne 1994, Corollary 1.8 and Theorem 1.9], these rank-one sheaves are reflexive and
satisfy the Serre condition (S;). Since ¢|U is bijective, already ¢ is bijective, by loc. cit. Theorem 1.12.
The assertion thus follows from the theorem.

It remains to treat the case that the ground field k is imperfect. Choose a perfect closure k’. The base-
change X' = X ®; k' is normal, and the above reasoning applies to any resolution of singularities §" — X'.
It follows that wy and .# become isomorphic after base-changing to k’. If follows that Hom(wy, .%) is
one-dimensional. Choose a nonzero element ¢ : wx — .%. Then ¢ ® k' must be bijective, and by descent
the same holds for . U

This applies in particular to smooth surfaces S of Kodaira dimension kod(S) > 1, which comprise
surfaces of general type, and the properly elliptic surfaces, including those with quasielliptic fibration. It
also applies to surfaces S with Kodaira dimension zero, provided that the dualizing sheaf of the minimal
model X is nontrivial.

Let S be a smooth surface of general type, and X be its canonical model. This is the homogeneous
spectrum P (S, ws) of the graded ring R(S, ws) = ®H 0¢s, a)?t ). Then X is normal, the singularities are
at most rational double points and the dualizing sheaf wy is ample. We also say that X is a canonically
polarized surfaces. Obviously ho(a)g_l) =0, and X has foliation rank » < 1. According to Proposition 6.4,
the same holds for S.

Proposition 6.7. Suppose that X has foliation rank r = 1, and let D € H*(X, Oy /k) be any nonzero
global section. Then for each point x € X, the local ring Oy ¢(x) is the kernel for the additive map
D: ﬁxyx — ﬁX,x-

Proof. Set y = €(x). The local ring is given by Oy, , = ﬁ?(,x, which is contained in the kernel ﬁ)? . of
the derivation D. Let f € ﬁD, .»and D’ € b be another derivation. Then D’ = AD for some element A
from the function field F = Frac(0x ), and thus D'(f) =AD(f) =0 inside F. Since the localization
map Oy — F is injective, we already have D'(f) = 0 inside O . This shows f € Oy,y. In turn, the

inclusion Oy,, C ﬁ}? . 1s an equality. O

We will later see that for r = 1, each vector in g is p-closed. Thus the nonzero elements D € h indeed
yield height-one group schemes N C H of order |N| = p, such that Y = X/N.
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7. Invariant subspaces

Let k be a ground field of characteristic p > 0 and V be a finite-dimensional vector space of dimension
n > 0. Let us write GLy/, for the group-valued functor on the category (Aff/k) of affine k-schemes
T = Spec(R) defined by

GLy/k(R) = Autg(V Q¢ R).

This satisfies the sheaf axiom with respect to the fppf topology. In fact, it is representable by an affine
group scheme, and the choice of a basis ey, ..., e, € V yields GLy,; ~ GL,, .

Let us write V for the abelian functor whose group of R-valued points is V(R) =V ®; R. As explained
in [Grothendieck 1960, Chapter I, Section 9.6], this is represented by an affine scheme, namely the
spectrum of the symmetric algebra on the dual vector space V*. Moreover, the structure morphism
V — Spec(k) carries the structure of a vector bundle of rank n with V (k) = V, and the canonical
homomorphism GLy/x — Auty; of group schemes is bijective. Combining [Grothendieck 1968b,
Theorem 11.7] with [Artin et al. 1972, Exposé VIII, Corollary 2.3], and [Bourbaki 1990, Chapter V,
§10, No. 5, Proposition 9], one sees that each GLy /-torsor is trivial, that is, the nonabelian cohomology
set H'(k, GLy/«) with respect to the fppf topology is a singleton. In other words, all vector bundles
E — Spec(k) of rank n are isomorphic to V.

Now, let H C GLy/ be a subgroup scheme and T — Spec(k) be a H-torsor. Then the quotient

'W=H\TxV)=TA"V

with respect to the diagonal action o - (¢, v) = (ot, ov) is another vector bundle called the T -twist.
Note that under the identification of left and right action, the above action can also be viewed as
o - (t,v) = (to~!, ov), which explains the notation 7 A V. We now consider the following general
problem: What subbundles exist in the T -twist whose pull-back to T are contained in the pullback of a
fixed subbundle V' C V? By fppf descent, these pullbacks correspond to subbundles inside the induced
bundle V x T — T whose total space is invariant with respect to the diagonal H-action.

The n-dimensional vector space 7V = (TV) (k) of k-rational points is likewise called the T-twist of V.
If H is finite and T = Spec(L) is the spectrum of a field, we are thus looking for k-vector subspaces
U c TV such that U ®, L is contained in the base-change V' ®; L, or equivalently to L-vector subspaces
in V' ® L that are invariant for the diagonal H -action.

Suppose that p>0, and that H =, is the infinitesimal group scheme defined by H(R) ={a € R |a? =0},
where the group law is given by addition. Recall that the Lie algebra of GLy/ is the vector space
gl(V) = Endg(V), where the Lie bracket is given by commutators [ f, g] = fg — gf and the p-map
Pl = £P is the p-fold composition. The inclusion homomorphism H — GLy /k corresponds to a vector
f € gl(V) that is nilpotent, with all Jordan blocks of size < p. On R-valued points, the map becomes

& @)
H(R) — GLy/t(R), ar> ; =
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Set e/ = Zf:ol (eef)'/i! to simplify notation. By naturality, the above maps are determined by the single
matrix e’/ with entries in the truncated polynomial ring R = k[¢]/(t”). The following is well known:

Lemma 7.1. Each torsor T for the infinitesimal group scheme H = a, is isomorphic to the spectrum of
L =k[s]/(s? — w) for some w € k, where the group elements « € H(R) act via s — s + «. The torsor T
is nontrivial if and only if L is a field. Moreover, for each purely inseparable field extension k C L of
degree p, the spectrum Spec(L) admits the structure of a H-torsor.

Proof. Consider the relative Frobenius map F : G, — G, on the additive group, which comes from
the k-linear map k[r] — k(] given by ¢ — t”. Then H = «,, is the kernel. The short exact sequence
0— H— GuiGa — 0 yields a long exact sequence

k—k— H'(k, H) —> H'(k, G,) — H'(k, G,).

The terms on the right vanish. It follows that each H-torsor T arises as the fiber for F : G, — G, over
some rational point w € G, (k). Thus T is equivariantly isomorphic to the spectrum of k[s]/(s? — w),
where the group elements @ € H(R) act via s — s + «. If T is nontrivial, the polynomial s” — w € k[s]
has no root in k. We infer that it is irreducible, because the algebra L = k[s]/(s” — w) has prime degree p.
Thus L is a field, which is purely inseparable over k. Conversely, if L is a field, then T has no rational
point, and the torsor is nontrivial.

Finally, let K C L be a purely inseparable extension of degree p. For each element in L not contained
in k, we get an identification L = k[s]/(s? — w). Thus, Spec(L) arises as fiber of the relative Frobenius
map, and hence admits the structure of a H-torsor. (]

For the applications we have in mind, we now consider the particular situation that V = k[¢]/(¢?)
is the underlying vector space of dimension n = p coming from the truncated polynomial ring, and
V' = tk[t]/(¢?) is given by the maximal ideal. Each vector can be uniquely written as a polynomial
f@)= Zf:ol)»iti , with coefficients A; € k. This vector space comes with a canonical action of the additive
group G,, where the elements @ € G,(R) = R act via f(¢) — f(t + «). With respect to the canonical
basis 12, ..., 1P~ € V ®; R, this automorphism is given by a — (a;;), where the matrix entries are
a;j = (;7,)@/~". In turn, we get an induced action of the Frobenius kernel H = a,,. Note that V' C V is
not H-invariant, because some a; = o/ are nonzero for o # 0.

Now, let T = Spec(L) be a H-torsor. The resulting twist 7V is another vector space of dimension
n = p. Note that both V and 7V are isomorphic to k®”, but there is no canonical isomorphism. The
following observation will be crucial for later applications:

Proposition 7.2. In the above situation, there is no vector x # 0 inside the twist TV such that the induced
element x @ 1 inside TV @x L = V @y L is contained in the base change V' ®y L.

Proof. Seeking a contradiction, we assume that such an element exists. Its image x ® 1 inside 7V ®;
L =V ® L takes the form f(t) = Zf;llkiti, with coefficients A; € L. According to Lemma 7.1,
we have L = k[s]/(s” — w) for some w € k, and the group elements « € H(R) act via s — s + «.
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Write A; = Zf;éki jsj , with coefficients A;; € k. The H-invariance of the vector f(¢) € V ®; L with
respect to the diagonal H -action means

p—1p-1 p—1p—1
MY kst +ay =Y sl ©)
i=1j=0 i=1 j=0

for each @ € H(R). Our task is to infer A;; = 0. We now consider the universal situation, where « is the
class of the indeterminate in the truncated polynomial ring R = k[u]/(u”). Then (6) becomes an equation
in the residue class ring k[¢, s, u]/(t?, s — w, u?). Writing

Ha)yt+a) =s/t +a(s/ " +is/t T+ a? (o)
as a polynomial in @ and comparing coefficients in (6) at the linear terms, we get

p=lp-1
DO hijGs T +isdTh =o0. (7)
i=1 j=0
The following argument, more elegant than our original reasoning, was indicated by the referee: To see
that A;; vanishes, it suffices to check that the polynomial

p—1p—1

F = Z Z)\ijsjl‘i
i=1 j=0
is divisible by #" for 1 < i < p inside the factorial ring k[s, ¢]. This is obvious for & = 1. Suppose now

that 2 < h < p, and that F = t"~1G for some polynomial G. Then

OF _ 1m19G OF _ 119G i _qyi2

5 = t 3 and o = t o + (h—Dt"*G.
Equation (7) means that 0 F'/ds + 0 F /0t = 0. Together with the above computation, this gives ¢ | G, and
hence ¢ | F. O

8. Automorphisms for prime-degree radical extensions
Let k£ be a ground field of characteristic p > 0. For each scalar w € k, write
L=L,=k[t]/(t" — w)

for the resulting finite algebra of rank p. Each element can be uniquely written as Zf’;olkiti, and we
call such expressions truncated polynomials. Write Auty /. for the group-valued functor on the category
(Aff/ k) whose R-valued points are the R-linear automorphisms of L ® R. This functor is representable
by an affine group scheme. In this section, we make a detailed study of the opposite group scheme

G = G, = Autgpec(r,)/k = (Autg, k)P,

which comprises the automorphisms of the affine scheme Spec(L). We shall see that G is nonsmooth, so
understanding the scheme structure is of paramount importance. Note that the Lie algebras g = Lie(G)
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were discovered by Witt, compare the discussions in [Chang 1941, Introduction] and also [Zassenhaus
1939, footnote on p. 3]. These so-called Witt algebras will be studied in the next section.

Any automorphism g : L ®; R — L ®; R is determined by the image of the generator ¢, which is some
truncated polynomial ¢, (1) = Zf:_o] a;t'. The multiplication gh € G(R) of group elements corresponds
to the substitution ¢y, (¢, (1)) of truncated polynomials.

The inverse group element g ! defines another truncated polynomial ¢ -1 = Z,P:_ol Bit', such that
Yai(XBit)) =t =3 Bi(> o t/)". Note, however, that the truncated polynomials attached to group
elements are never units in the polynomial ring R[¢], unless R = 0. To avoid this ambiguity in notation
we use the additional symbol ¢, (7) to denote the image of the indeterminate under g € G(R).

The coefficients in the truncated polynomials ¢, (¢) = Zf’;olkiti for the group elements g € G(R)
define a monomorphism G — AP.

Proposition 8.1. The monomorphism G — AP is an embedding, and its image is the intersection of the
closed set defined by the Fermat equation

M+ —DPo+abo’+. . 410 0" =0, ®)

with the open set given by det(a;;) # 0. Here the matrix entries come from the truncated polynomials
(X nit") =Yyt with0 <i,j <p—1.

Proof. For each g € G(R), with truncated polynomial ¢, (f) =} A:t', the images (Z Aiti)J of the basis
vectors ¢/ form a R-basis of L ® R, thus G — AP factors over the open set U C AP given by det(«; ) #O.
Since t? = w, we also have (Z Aiti)p = w, so the monomorphism also factors over the closed set Z C AP
defined by (8). Any tuple (Ao, ..., A,—1) € AP(R) lying in U N Z gives, via the truncated polynomial
3" aitt, some group element g € G(R). It follows that the monomorphism G — AP is an embedding,
with image U N Z. U

Note that throughout, we regard the coefficients A; either as scalars or as indeterminates, depending on
the context. This abuse of notation simplifies exposition and should not cause confusion.

Proposition 8.2. The neutral element e € G has coordinates (0, 1,0, . .., 0) with respect to the embedding
G C AP, If the scalar w € k is not a p-power, then the group of rational points is G (k) = {e}.

Proof. The truncated polynomial of the neutral element is ¢.(¢) = ¢, which gives the coordinates of
e € G. Now suppose that w & k”. By Proposition 8.1, it suffices to verify that the polynomial equation
a)OTop +o! Tlp +.. 4ol ! T;:l = 0 has no nontrivial solution. The latter means that 1, @, ..., w?" ' €k
are linearly independent over k. This indeed holds, because k¥ C k is an extension of height < 1, hence
the minimal polynomial of any XA € k not contained in k” is of the form 77 — A”. ]

We now consider the Frobenius pullback G?) and its reduced part fod) = (GP))eq. Note that over
imperfect fields, reduced parts of group schemes may fail to be subgroup schemes, see [Fanelli and
Schréer 2020, Proposition 1.6] for an example. The following shows that even if it is a subgroup scheme,
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it might be nonnormal. Note that this phenomenon seems to be the crucial ingredient for the main results
of this paper.

(P) ~

Proposition 8.3. The reduced part ng) C GV is a nonnormal subgroup scheme. Moreover, Grog =

U x Gy, where U has a composition series of length p — 2 whose quotients are isomorphic to the additive

group Gg. In particular, G is affine, irreducible, and of dimension p — 1.

Proof. Recall that GP is defined as the base-change of G with respect to the absolute Frobenius map
on Spec(k). Clearly, the Frobenius pullback of L, = k[t]/(t” — w) is isomorphic to Ly = k[¢]/(¢"), and
for our automorphism group schemes this means G» ~ G. Thus, we may assume » = 0, and work
with G = GP).

The embedding G C A? in Proposition 8.1 is now given by the conditions A” = 0 and det(«; i) #0.
View the entries of the matrix (c;;) as elements from the ring A = k[Ag, ..., Ap—_1]/ (Ag ). Taken modulo
the radical Rad(A) = (Ag), the matrix takes lower triangular form, with diagonal entries 1, A1, ..., Af -1
In turn, the embedding G C A” is given by X =0 and A; # 0. Consequently, the reduced part G eq is
defined by 19 = 0 and 1| # O, which is smooth. Moreover, we see that G is affine, irreducible and of
dimension p — 1.

Given two truncated polynomials ¢, = > a;t’ and @), = > Bit' with constant terms g = By = 0, the
substitution ¢, (¢, (¢)) also has constant term zero, so the subsets Greqd(R) C G(R) are subgroups. Over
R =k[u, v, €]/(uv — 1, €), the truncated polynomials ¢y =€+t and @, = ut yield

Pe-1() =—e+1 and @1 (@n(pg (1)) = €(u —1) +ut,

so the subgroup Gq(R) C G(R) fails to be normal.
Summing up, Geg C G is a smooth nonnormal subgroup scheme. The map Zfz_llkiti > A defines a
short exact sequence
00— U — Giwq— G,, — 0.

The inclusion U C AP is given by Ao = 0 and A; = 1, hence the underlying scheme of U is a copy of
the affine space AP~2, By Lazard’s theorem [Demazure and Gabriel 1970, Chapter IV, §4, 4.1], the
group scheme U admits a composition series whose quotients are isomorphic to the additive group G,,.
Moreover, the projection G — G, has a section via 1| — A;¢. This is a homomorphism, hence G4 is
a semidirect product. U

Clearly, the group elements g € G(R) with linear truncated polynomial ¢, = A9 + A form a closed
subgroup scheme B C G. It sits in a short exact sequence

0—a,—>B—G,—0, )

where the map on the left is given by Ag — A+ ¢ and the map on the right comes from Ao + A1 — A;.
In particular, B is a connected solvable group scheme. We see later that B is maximal with respect to this
property, so one may regard it as a Borel group. However, we want to stress that this lies in a nonsmooth
group scheme, and B itself is nonreduced. We, therefore, call B C G a nonreduced Borel group.
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An element A; € G, (R) lies in the image if and only if Ag = (1 — A)w'/P exists in R. It follows
that the extension (9) splits if and only if @ € k is a p-power. Moreover, we see that the canonical
map G, — Auty,/x = Gy, is the identity. Note that the group of all such extension of G, by «,, with
nontrivial G,,-action, is identified with k/k?, according to [Demazure and Gabriel 1970, Chapter 111,
§6, Corollary 6.4]. Note that for p =2, the inclusion B C G is an equality. In any case, the pullback of
the extension (9) along the inclusion u, C G,, admits a splitting given by A; > A, and one sees that
B XgG, tp =0op X [Lp.

Write G[F] for the kernel of the relative Frobenius map G — G'7), which is a normal subgroup
scheme of height one. We now consider the resulting G/G[F] C G'P).

Proposition 8.4. The group scheme G /G| F] is smooth and coincides with the reduced part Gié’d) inside
the Frobenius pullback G'P).

Proof. We may assume that k is algebraically closed. We first verify that G/G[F] is reduced. The
short exact sequence (9) yields an inclusion @, C G. This is not normal, but contained in the Frobenius
kernel G[F]. The resulting projection G/, — G/G[F] is faithfully flat, and it suffices to check that
the homogeneous space G/« is reduced. Since G acts transitively, it is enough to verify that the local
ring at the image in G/«, of the origin e € G is regular. According to [Schroer 2007, Proposition 2.2],
it is enough to check that in the local ring 0 ., the ideal a corresponding to the subgroup scheme
o, C G has finite projective dimension. But this is clear, because it is given by the complete intersection
AM=-=2x,1=0.

Thus G/G[F] is reduced. The reduced closed subschemes G/G|[F] and Gfgg inside the Frobenius
pullback have the same underlying set, whence G/G[F] = G\

red”

The latter is smooth by Proposition 8.3,
thus the same holds for the former. |

Now consider the conjugacy map ¢ : G — Autg g, sending g € G(R) to the automorphism x — gx g L

In terms of truncated polynomials, gxg ™!

is given by the triple substitution @,-1(¢x (@g(2)))-
Proposition 8.5. The conjugacy map c : G — Autg/ is an isomorphism.

Proof. For w = 0, this holds by [Sancho de Salas 2000, Theorem 4.13]. The general case follows by
base-changing to k¢ and using descent. ]

In other words, the center and the scheme of outer automorphisms are trivial. One also says the group
scheme G is complete. Now recall that G = G, depends on a scalar w € k.

Proposition 8.6. For each pair of scalars w, o' € k™, the following are equivalent:

(1) The k-algebras L, and L.y are isomorphic.
(i1) The group schemes G, and Gy are isomorphic.

(iii) We have kP (w) = kP (') as subfields inside k.
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Proof. According to [Giraud 1971, Chapter III, Corollary 2.5.2], the category of twisted forms for L, and
the category of twisted forms of G, are both equivalent to the category of G-torsors. This implies the
equivalence of (i) and (ii).

It remains to check (i) <= (iii). Write L, = k[t]/(t”? — w) and L., = k[t']/(t'? — @'). Suppose first
that these algebras are isomorphic. Choose an isomorphism and regard it as an identification L, = L.
Then ¢ = Zfz_olkiti , and consequently o’ = Y~ A/ w'. Hence, k? (') C k”(w). By symmetry, the reverse
implication holds as well.

Conversely, suppose that k” (w) = k” («'). If this subfield coincides with k?, then both w, @ € k are
p-powers, hence both algebras L, L, are isomorphic to k[t]/(t?). Suppose now that the subfield is
different from k”. Taking p-th roots we get k(w'/P) = k(w''/?) inside some perfect closure kP°f. These
fields are isomorphic to L,, and Ly, because both scalars w, o’ € k are not p-powers. ]

In particular, each L = L, is a twisted form of L, and each G = G, is a twisted form of Gg. Up to
isomorphism, these twisted forms correspond to classes in nonabelian cohomology set H'(k, Go). We
will use this throughout to gain insight into G, by using facts on Gg. For example, from Proposition 8.1,
we see that the locus of nonsmoothness Sing(Go/ k), defined as in [Fanelli and Schréer 2020, Section 2],
equals the whole scheme G. Hence the same holds for G, because it is a twisted form of Gy.

We now write Sing(G) for the singular locus of G, which comprise all points a € G where the local
ring O , is singular. Note that the formation of such loci commutes with base-changes along separable
extension, but usually not with inseparable extensions.

Proposition 8.7. The local ring at the origin is singular, with embedding dimension edim(&g ) = p.
Moreover, the inclusion Sing(G) C G is not an equality if and only if o € k is not a p-power. In this case,
the singular locus has codimension one in G.

Proof. Since e € G is a rational point, the embedding dimension of ¢ , does not change under ground
field extensions. If w € k?, we have G =~ G, and thus for every point a € G the local ring & , is singular.
Now suppose that e is not a p-power, and consider the p-Fermat hypersurface X C P?~! defined by the
homogeneous polynomial AgT) + - -+ Ap_1 T;’_l, with coefficient A; = w'. The field extension k” C E
generated by A; /A9 = @' is nothing but k”(w). It has degree [E : k] = p, hence its p-degree is d = 1.
According to [Schroer 2010, Theorem 3.3], the singular locus Sing(X) C X has codimension d = 1. It
follows that Sing(G) C G is not an equality.

Seeking a contradiction, we now assume that Z = Sing(G) has codimension > 2. Then the scheme G is
normal, by Serre’s criterion. Choose a normal compactification ¥ = G. The canonical map k — HO(Y, 0y)
is bijective, because we have the rational point e € G. According to [Schroer 2010, Lemma 1.3], the
base-change Y ®xk(w'/?) remains integral. On the other hand, we just saw that G ®k(w'/P) is nonreduced,
a contradiction. U
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9. Witt algebras

We keep the notation from the previous section. Our goal now is to understand the restricted Lie algebra
g = gw, or equivalently, the Frobenius kernel, attached to the automorphism group scheme G = G, of
the spectrum of the ring L = L, = k[t]/(t? — w).

From G = Autspec(z)/x, We get an identification g = Dery(L). Any k-derivation § : L — L can be
seen as an L-linear map QlL k™ L,,. The module of Kihler differentials is a free L-module of rank
one, generated by dt. Let d € g be the dual basis vector. In turn, we get the canonical k-basis #' 9, with
0 <i < p —1, and the Lie bracket is given by

[t'9,t791=(j — i)'t/ 19.

Using this relation with i = 0, and also with j = 0, together with [1P~19,10] = (2 — p)t”_l, one easily
sees that g is simple, provided p # 2.

The p-map (f NPl = (£9)P is the p-fold composition in Endg (L). It can be made explicit as follows:
For each truncated polynomial f = Y7~ ¢, we write f7~' = Y""_'C;#/, where the C; € k are certain
polynomial expressions in the coefficients Ag, ..., A,_1 and w, which also depend on the prime p > 0.
Set C = Cj,_;. For example, with p =5, the polynomial C becomes

(Agha 4203015+ A3A3 4 2h02 00 + A1) + @ (2hoA1 AT + 4horakahg + 403
+ 203 A3Ag + 201 A3Aa + 201 A003 H4A3A3) + 0P (4har] + A3AT).

Proposition 9.1. We have (f0)\P! = C - f9 for every element fd € g. Moreover, the factor C is
homogeneous of degree p — 1 in the coefficients of f = > Ait'.

Proof. Clearly, we have 0”7 = 0. According to Hochschild’s formula [1955, Lemma 1], the p-fold
composition of fd is given by
(fO)P = froP+gd =g,

where g = (f3)?~'(f). Consider the differential operator D =319 - - - £9, where the number of d-factors
is p — 1, such that g = fD(f). According to [Evans and Fuchs 2002, Theorem 2], we have D(f) =
—3P~1(fP~1). Note that this result is purely formal and holds in any F p-algebra with a chosen element f
and some derivation 9. Clearly, 3”~' (') =0 for 0 <i < p — 2, whereas 3” "' (1) = (p — ) = —1.
Summing up, we have D(f) = C, and hence g = fC = Cf. Then the statement on the p-map follows.
From (}° )»,-t")p_1 =Y C;t' one immediately sees that each C; = C;(Ao, ..., ~p—1) is homogeneous of
degree p — 1. ]

This has a remarkable consequence:
Corollary 9.2. Every vector in the restricted Lie algebra g is p-closed.

So each nonzero vector fd € g defines a subgroup scheme H C G of order p. Note that the
additive vectors might be viewed as rational points on the hypersurface of degree p — 1 defined by the
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homogeneous equation C (A, ..., A,—1) =0. For the primes p =2 and p =3, we get C(Ag+ A1) =Xy
and C(Ag, A1, Ap) = )»% — Aohp, respectively, which then reveals the structure of g.

Corollary 9.3. For p =2, we have g >~ k x gl (k). For p =3, we have g > sl, (k).

Proof. In the first case, one easily checks that the linear bijection g — k x gl (k) given by (a+bt)0 +> (a, b)
respects bracket and p-map. In the second case, the linear bijection

g — shk), (a+bt+ct2)8 — (_bc —ab>

likewise respects bracket and p-map. O

Consider the adjoint representation Ad : G — Autg,, which sends each g € G(R) to the derivative of
the conjugacy map ¢, given by x > gx g~ !. From [Waterhouse 1971, Theorem in Section 5.2], we get:

Proposition 9.4. For p > 5 the adjoint representation Ad : G — Auty,i is an isomorphism of group
schemes.

So for p > 5 our G can be seen as the automorphism group scheme for the ring L, the group scheme G
and the restricted Lie algebra g. Consequently, the three conditions in Proposition 8.6 are also equivalent to
9w > 9o’ For p =2, 3, the adjoint representation G — Autg . is not bijective, according to Proposition 3.2.

We now come to the crucial result of this paper.

Theorem 9.5. Suppose that the scalar o € k is not a p-power, that k* = k*?~V and that the Brauer
group Br(k) contains no element of order two. Then each subalgebra g’ C g of dimension 1 <n < p —1
is isomorphic to either k or gl, (k) or k x gl (k) or sl (k).

Proof. In the special case p = 2, the dimension of g’ must be n = 1, and it follows that g’ is a twisted
form of k or gl;(k). According to Proposition 3.2, all such twisted forms are trivial, so our assertion
indeed holds.

From now on, we assume p > 3. Recall that g = Lie(G) is a twisted form of gg = Lie(Gy), where
Gy is the automorphism group scheme for the spectrum of Lo = k[t]/(¢7). Let go req be the subalgebra
corresponding to the reduced part G req. According to Proposition 10.3 below, there is no vector x # 0 in
g such that x ® 1 € g ® k(w!/P) is contained in go req ® k(w'/P). In particular, the latter does not contain
the base-change g’ ® k(w'/?).

It follows that the further base-change g’ ® k%2 is not contained in 90.red ® k2. Such subalgebras
were studied by Premet and Stewart [2019, Section 2.2]. They remark on page 971 that a subalgebra
in go ® k%% is not contained in go req ® k¥'2 if and only if it does not preserve any proper nonzero ideal,
and they call such subalgebras transitive. We, thus, may apply loc. cit. Lemma 2.2 and infer that g’ is a
twisted form of k or gl (k) or k x gl (k) or s[(k). By assumption, the groups k> kP~ and Br(k)[2]
vanish. According to Proposition 3.2, the four restricted Lie algebras in question have no twisted forms
over our field k, thus g’ is isomorphic to one of them. (I

Consequently, for every g’ C g as above over any ground field k, one finds a finite separable extension,
so that the base-change of g’ belongs to the given list.
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10. Twisting adjoint representations

We keep the assumption of the preceding section and establish the crucial ingredients for the proof of
Theorem 9.5. Recall that we are in characteristic p > 0 and that G = G, is the automorphism group
scheme of the spectrum of L = L, = k[t]/(t” — w), for some scalar w € k. The resulting restricted Lie
algebra g = Lie(G) is the p-dimensional vector space Dery (L), which comprises the derivations f ()0,
where f = Zf;oluiti is a truncated polynomial. Moreover, the group elements g € G(R) act from the
left on the spectrum of L ®; R, and from the right on the coordinate ring L ®; R via the substitution
t > @, (1), for the corresponding truncated polynomial ¢, (t) = Zf’;olkiti . The coefficients define an
embedding G C A? of the underlying scheme. For each g € G(R), write ¢, for the induced inner
automorphism x — gxg~!. The resulting conjugacy map ¢ : G — Autg /k 1s given in terms of truncated

polynomials by the formula
Poxg-! (1) = Pg-1 ((Px (QDg (t))) .

By functoriality, the elements ¢, € Autg/(R) induce an automorphism Ad, = Lie(cg) of g ®¢ R, which
defines the adjoint representation Ad : G — Autg.

Proposition 10.1. Let g € G(R), and write ¢(t) = @ -1 (1) for the truncated polynomial of the inverse g L

Then the formal derivative ¢'(t) is a unit in the ring L Qi R, and for each f(t)0 € g ®x R, we have

Sfp())
@' (1)
Proof. By definition, the element f(¢)d € g ®x R C G(R[¢€]) acts on the algebra L ® R[e] via

Ad,(f(1)0) = 0.

h(t) = h(t) +ef()d(h) = h(t) +€f (DR (1).
Thus, the adjoint Ad, (f(¢)0) = g 1o f(t)d o g is given by the following composition:

t > @o(t) > @g (1) +€f (D, (1) > 9o (91 (1)) +€f (g1 (1)) (@1 (1)). (10)

For a moment, let us regard the truncated polynomials ¢, (¢) and ¢,-1(7) as elements in the polynomial
ring R[z]. Then t = @g(¢4-1(7)) + (t7 — w)h(¢) for some polynomial 4 (z). Taking formal derivatives and
applying the chain rule, we obtain

1= @ (@g-1(1)) - @1 (1) + (17 — ) (0).

This gives 1 = gog, (pg-1(1)) -goé_l (t) in the truncated polynomial ring L ®; R = R[t]/(¢?). It follows that
o) = ‘/’; _, () is a unit, with inverse (pfg (¢g-1(t)). Substituting for the term on the right in (10) gives the
desired formula for Ad, (f(¢)d). O

Now consider the additive vector d € g, which corresponds to an inclusion of the infinitesimal group
scheme H =, into the group scheme G. The R-valued points 7 € H(R) ={A € R | A? =0} correspond to
truncated polynomials ¢y, () = ¢ + A. The inverse R-valued point has ¢,-1 = — A, with formal derivative
@,-1 (1) = 1. This immediately gives:
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Corollary 10.2. With the above notation, we have Ad,(f(¢)9) = f(t—A)0 for every element f(t)0 € gQiR.

Recall that G = G, depends on some scalar w € k, and is a twisted form of G(. The latter coincides
with its own Frobenius pullback. By Proposition 8.3, the reduced part G req iS @ nonnormal subgroup
scheme. Recall that the embedding Go C A? is given by Ag =0 and A # 0, such that G req is defined
by Lo =0 and A; # 0. Write go rea C go for the resulting subalgebra, which comprises the derivations fd,
where the truncated polynomial f = Zf:_olkiti has 1o = 0. Write Hy C G for the copy of «, given by
the additive vector 9 € go.

Now suppose that our ground field k is imperfect, that our scalar w € k is not a p-power and consider
the resulting field extension k(w!/?). In light of Lemma 7.1, we may endow its spectrum T with
the structure of an Hp-torsor. Lemma 3.1 gives an identification gy = g,,, and thus an identification

g0 R k(w'/P) = g, @ k(w'/?). The following fact was a crucial ingredient for the proof of Theorem 9.5:

Proposition 10.3. The twisted form g,, contains no vector x # 0 such that the induced vector x @ 1 inside
go Rk k(w'/P) = I Ok k(w'/P) is contained in the base-change g red ®k k(w!/P).

Proof. Setting V = go and V' = g req, We see that action of Hy = «, via the adjoint representation
Go — Auty,/, is exactly as described in Proposition 7.2, and the assertion follows. O

11. Subalgebras

Throughout this section, k is a field of characteristic p > 0 and k C E is a field extension. Suppose we
have a group scheme H of finite type over k, a group scheme G of finite type over £ and a homomorphism
f: H® E — G. We shall see that in certain circumstances, important structural properties of the
Frobenius kernel G[F'] are inherited to H[F].

Consider the finite-dimensional restricted Lie algebra hh = Lie(H) over k and g = Lie(G) over E. Our
homomorphism of group schemes induces an E-linear homomorphism

Lie(f):h QR E—> g, xQat> ax,

of restricted Lie algebras which corresponds to a k-linear homomorphism h — g of restricted Lie algebras.
We are mainly interested in the case that E is the function field of an integral k-scheme X of finite type,
such that g is an infinite-dimensional k-vector space. Set N = Ker( f), with Lie algebra n = Ker(Lie( f)).

Proposition 11.1. The following are equivalent:
(1) The k-linear homomorphism ) — g is injective.

(ii) For every nontrivial subgroup scheme H' C H that is minimal with respect to inclusion, the base-
change H' ®y E is not contained in the kernel N C H Q; E.

Proof. We prove the contrapositive: Suppose h) — g is not injective. Inside the kernel, choose a subalgebra
b’ #£ 0 that is minimal with respect to inclusion. Then the induced E-linear map b’ ®; E — g is zero. By
the Demazure—Gabriel correspondence, the corresponding subgroup scheme H’ C H of height one is
minimal with respect to inclusion, and H' ®; E C N. Conversely, suppose H' ®; E C N for some H’
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as in (ii). Choose some nonzero vector x from ' = Lie(H’). By construction, it lies in the kernel
for h — g. (]

We now suppose that the above equivalent conditions hold, and regard the injective map as an inclusion
h C g. To simplify exposition, we also assume that k is algebraically closed and that h contains an E-basis
for g. In other words, the induced linear map h ®; E — g is surjective. Note that this E-linear map is
usually not injective. However, we shall see that important structural properties of g transfer to fj. We
start with a series of three elementary but useful observations.

Lemma 11.2. [f every vector in g is p-closed, the same holds for every vector in b.

Proof. Fix some nonzero x € . By assumption, we have x!?! = ax for some « € E, and our task is
to verify that this scalar already lies in k. Since the latter is algebraically closed, it is enough to verify
that « is algebraic over k. By induction on i > 0, we get xIP'l = @i x for some strictly increasing
sequence 0 =ng <n| < --- of integers. Since dimg(h) < oo, there is a nontrivial relation Z;:O Aix[pi]
for some r > 0 and some coefficients A; € k. This gives Y_ A;a"x = 0. Since x # 0, we must have
> xja™ =0, hence o € E is algebraic over k. ]

Lemma 11.3. The restricted Lie algebras g and § have the same toral rank, and the kernel n for
b ®x E — g has toral rank p;(n) = 0.

Proof. 1t follows from [Block and Wilson 1988, Lemma 1.7.2] that p;(h) = p,(g) + p:(n), and in particular
0:(9) < p:(h). For the reverse inequality, suppose there are k-linearly independent vectors xp, ..., x, € b
with [x;, x;] =0 and xi[”] = x;. We have to check that the vectors are E-linearly independent. Suppose
there is a nontrivial relation. Without loss of generality, we may assume that x1, ..., x,_; are E-linearly
independent and that x, = er;ll A x; for some coefficients A; € E. From the axioms of the p-map, we get

Z)\ixi =x, =xP = <Z )»ixi)[p] = Zkfxi[p] = Z)fol-.

Comparing coefficients gives A/ = ;. Thus, A; lie in the prime field, in particular in k. In turn, the
vectors are k-linearly dependent, contradiction. O

Let us call the restricted Lie algebra § simple if it is nonzero and contains no ideal besides a = 0
and a = 0.

Lemma 11.4. Suppose there is a restricted Lie algebra b/ over k such that g is a twisted form of the
base-change i ®y E. If Yy is simple of dimension n’ > 2, we must have h >~ b’ and g ~ ' ®; E.

Proof. Let H and H' be the finite group schemes of height one corresponding to the restricted Lie
algebras b and b/, respectively. Consider the Hom scheme X C Hilby « 5 of surjective homomorphisms
H — H'. By assumption, this scheme contains a point with values in the algebraic closure E¥2. By
Hilbert’s Nullstellensatz, there must be a point with values in k, hence there is a surjective homomorphism
H — H'. Tt corresponds to a short exact sequence of restricted Lie algebras

0—>a—=>h—>H—=0.
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We claim that the ideal a vanishes. Suppose this is not the case. Clearly, h” and g have the same toral
rank. By Lemma 11.3, g and h also have the same toral rank. According to [Block and Wilson 1988,
Lemma 1.7.2], we have p;(a) = 0, so the p-map on a is nilpotent. On the other hand, the p-map on b’ is
not nilpotent, because the Lie algebra is simple of dimension dim(h’) > 2. The same holds for g, and we
infer that the induced map a ®, E — g is not surjective. Its image b C g is nonzero, because ) C g. Since
g is simple, there are elements x € b and y € g with [x, y] € b. Such vectors may be chosen with x € a
and y € h, because a C b and ) C g contain E-bases. Consequently, a C b is not an ideal, contradiction.

This shows that h = ’. In particular, h and g have the same dimension as vector spaces, so our
surjection h ®; E — g must be bijective. Our assertions follow. ]

For each a € b, the Lie bracket ad,(x) = [a, x] defines a k-linear endomorphism of f, but also an
E-linear endomorphism of g. Write ady , and ady, for the respective maps, and uy ,(f) € k[t] and
Wg.a(t) € E[t] for the resulting minimal polynomials.

Lemma 11.5. We have iy o(t) = j1g,4(t). In particular, the endomorphism ady , is trigonalizable, and its
eigenvalues coincide with those of ady 4. Moreover, the former is diagonalizable if and only if this holds
for the latter.

Proof. The surjection h ®; E — g already reveals that 14 ,(¢) divides uy (7). The latter decomposes
into linear factors over k, because this field is algebraically closed. We conclude that j1g () = At
actually lies in k[¢], and decomposes into linear factors over k. Moreover, for each vector x from h C g,
we have > A; ad! ’ +(x) =0, hence w4 (¢) divides g (7). In turn, the two minimal polynomials coincide.

The remaining assertions follow immediately. (]

We now consider some special cases for g, and deduce structure results for h. Recall that k" denotes the
n-dimensional restricted Lie algebra over k with trivial bracket and p-map. The following fact is obvious:

Proposition 11.6. If g is isomorphic to E™, then the restricted Lie algebra Yy is isomorphic to k" for some
integer n > m.

Recall that k" 1, gl; (k) denotes the semidirect product formed with respect to the homomorphism
¢ : gly (k) — gl(k") = Der) (k") that sends scalars to scalar matrices.
Proposition 11.7. If g is isomorphic to E™ x gl,(E), then the restricted Lie algebra Yy is isomorphic to
k™ x gly (k) for some n > m.

Proof. Without loss of generality, we may assume g = E™ x gl; (E). First, recall that bracket and p-map
are given by the formulas

[v+ie, v +1el=a"—Av and (v+re)? =171+ re), (11)

where v € E", and e € gl (E) denotes the unit. In particular, each vector is p-closed. Moreover, a = v+ Aie
is multiplicative if and only if A # 0, and a'?! = a if and only if A € u p—1(E). For any such vector, we
see that the endomorphism ad, (x) = [a, x] is diagonalizable, and E" C g is the eigenspace with respect
to the eigenvalue o = A, whereas the line Ea C g is the eigenspace for o = 0.
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From the extension 0 — E” — g — gl,(E) — 0, one sees that g has toral rank one. According to
Lemma 11.3, the same holds for h. Choose some nonzero vector a € b with a!?! =a. Then a = v+ Ae
for some A € p,_1(E) C k™. Replacing a by 2"'a, we may assume A = 1. By Lemma 11.5, the adjoint
representation ady , is diagonalizable, with eigenvalues « = 0 and o = 1. Let h = Uy @ U, be the
corresponding eigenspace decomposition. Then Uy lies in the corresponding eigenspace for adg ,, which
is E™ C g. It follows that Uy has trivial Lie bracket and p-map. The choice of a k-basis gives Uy = k"* for
some n > 0. Likewise, U] is contained in Ea. Thus the bracket vanishes on Uy, and the p-map is injective.
Using Lemma 11.3, we infer that U; = ka. The vector space decomposition fj = Uy & U, thus becomes a
semidirect product h = k" x gl; (k). We must have m > n, because the map h ®; E — g is surjective. [

Recall that sl (E) is simple for p > 3. Using Lemma 11.4, we immediately obtain:

Proposition 11.8. Suppose p > 3. If g is isomorphic to a twisted form of sl (E), then the restricted Lie
algebra by is isomorphic to sl (k).

12. Structure results for Frobenius kernels

We now come to our main result. Let k be an algebraically closed field of characteristic p > 0, and
let X be a proper integral scheme or more generally a proper integral algebraic space, H = Auty [ F]
be the Frobenius kernel for the automorphism group scheme and h = H(X, ©x /k) the corresponding
restricted Lie algebra over k. Let Hr = H ®; F be the base-change to the function field F = k(X),
and H}“ert C Hp the inertia subgroup scheme for the rational point in the spectrum of F ® F, with

corresponding restricted Lie algebra i}’ert C br. Recall that the foliation rank r > 0 is given by

r=dim(hr/hF") =dim(Qp,z) and [Hp: HP*'|=[F:E]=p’,

where E = F" is the kernel for all derivations D : F — F from the Lie algebra b. This is nothing but the
function field £ = k(Y) of the quotient Y = X/H.

Theorem 12.1. Suppose that the proper integral scheme X has foliation rank r < 1. Then the Frobenius
kernel H = Auty [ F] is isomorphic to the Frobenius kernel of one of the following three basic types of
group schemes:

SL, and G and GZ2"xG,,
for some integer n > Q.

Proof. The case r = 0 is trivial, so we assume r = 1 such that b # 0. By assumption the subfield E = F"
has [F : E] = p, and we thus have F = E[T]/(T? — w) for some w € E. Thus, the restricted Lie algebra
g=Derg(F) is a twisted form of the Witt algebra gy over E. By construction, we have an inclusion f C g.

Suppose first that the induced homomorphism h® E — g is surjective, such that the results of Section 11
apply. Suppose first p <3. Then g is isomorphic to either E x gl;(E) or sly(E), by Corollary 9.3, and our
assertion follows from Propositions 11.7 and 11.8. The case p > 5 actually does not occur: Then the Witt
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algebra )’ = Dery (k[t]/(¢?)) is simple, as remarked at the beginning of Section 9, and g is a twisted form
of b’ @ E. It follows from Lemma 11.4 that g >~ h’ ®; E. Combining Propositions 9.4 and 8.6, we get

E[T]/(T? —w) = E[T]/(T"),
a contradiction.

It remains to treat the case that h ® E — g is not surjective. Then g’ = h - E is a restricted subalgebra
of dimension 1 <n < p — 1. We now replace the field E by some separable closure E*P, and likewise
F by F ®g E*P. According to Theorem 9.5, the restricted Lie algebra g’ is isomorphic to either sl (FE)
or E or gl;(E) or E x gl;(E). By the results in Section 11, this ensures that f is isomorphic to sl (k)
or k" or k" x gl; (k) for some n > 0. These are the Frobenius kernels for the group schemes in question,
and our assertion follows. O

In the former case, the Frobenius kernel is sl, (k). This indeed occurs for X = P!. In the latter two

®n

cases, the respective Frobenius kernels are o »

and a;‘?” X pp. With Corollary 6.6, we immediately get
the following consequence:

Corollary 12.2. Suppose that X is a proper normal surface with ho(a)}) =0. Then H = Autyx [ F] is

isomorphic to the Frobenius kernel of one of the three basic types of group schemes in Theorem 12.1.

This applies, in particular, to smooth surfaces S of Kodaira dimension kod(S) > 1, to surfaces of
general type and their minimal models or normal surfaces X with ¢; =0 and wy # Ox having at most

rational double points.

13. Canonically polarized surfaces

Let k be a ground field of characteristic p > 0 and X be a proper normal surface with 2°(&y) = 1 whose
complete local rings ﬁf(’a are complete intersections. Then the cotangent complex L5 Jk is perfect, and

we obtain two Chern numbers
i =ci(Ly;p) and ¢y =ca(Ly ).

as explained by Ekedahl, Hyland and Shepherd-Barron [Ekedahl et al. 2012, Section 3]. In some sense,
these integers are the most fundamental numerical invariants of the surface X. Note that c% is nothing but
the self-intersection number K )2( = (wx - wyx) of the dualizing sheaf. If the singularities are also rational,
hence rational double points, the Chern numbers of X coincide with the Chern numbers of the minimal
resolution of singularities S, according to loc. cit. Proposition 3.12 and Corollary 3.13. For more details
on rational double points, we refer to [Lipman 1969; Artin 1977].

Recall that a canonically polarized surface is the canonical model X of a smooth surface S of general
type. Then wy is ample, all local rings Ox , are either regular or rational double points, and the above
applies. Let us record the following facts:

Lemma 13.1. Suppose that X is canonically polarized. Then

x(O0x) = 5(ci+c) and h%(ox) <3(ci+4) and ¢ <5ci+36.
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Proof. Let f: S — X be the minimal resolution of singularities. Then S is a smooth minimal surface of
general type, and the first formula holds for § instead of X by Hirzebruch—Riemann—Roch. We already
observed that the surfaces X and S have the same Chern numbers, and the structure sheaves have the
same cohomology. Thus the formula also holds for X. In particular, we have

" (wx) = h*(Ox) = h*(Os) = h°(ws),

and Noether’s inequality (for example, [Liedtke 2013a, Section 8.3]) for the minimal surface of general
type S gives the second formula. This ensures

2
6
1(Ox) = 1= B (@x) + 10(wx) < 1 +10wx) = 1+ hws) < T2

Combining with x (Ox) = (c% +¢2)/12 we get the third inequality. U

Theorem 13.2. Let X be canonically polarized surface, with Chern numbers c%, cy. Then the Lie algebra
h= HO(X, Ox i) for the Frobenius kernel H = Auty [ F'] has the property dim(h) < d>(c%, cy) for the
polynomial

(MBx+y)2—1, ifd>2,

D(x,y) ={ .
(R2lx+y)? =1, ifcd=1.

Moreover, we also have the weaker bound dim(h) < ‘IJ(C%) with the polynomial

19x2+39x +8, ifcl=>2,
V) =141 2
TXT+63x+8, ifey=1.
Proof. Fix some m > 3. Serre Duality gives hi(a)%m) = h> (a);‘?l_’”). This vanishes for i = 2,
because wy is ample, and also for i = 1 by [Ekedahl 1988, Chapter II, Theorem 1.7]. Thus, we have
ho(a);‘?’”) = X(w%”’), and Riemann—Roch gives

W (@F"™) = x(0x) + 5(m* —m)ct. (12)

According to [Ekedahl 1988, Chapter III, Theorem 1.20], the invertible sheaf w()g(’m is very ample for
cl2 >2and m =4, or c% =1 and m = 5. It then defines a closed embedding X C P" with wx = 0x (1)
and n+ 1= h%$").

The following argument, which gives a better estimate than our original reasoning, was kindly commu-
nicated by the referee: The canonical linearization of wx and its power a)ﬁ?m yields a homomorphism
Auty/r — Autpn/x = PGL, 11 such that the inclusion X C P is equivariant with respect to the action of
G = Auty/«. In particular, the homomorphism of group schemes is a closed embedding, and the resulting
inclusion of tangent spaces HO(X, Ox/k) C HO(P", Opn /i) gives the estimate h0(®x/k) < ho(a)fﬁm)2 —1.
Substituting (12) and using x (€x) = (c% +¢2)/12, we get
C% +c  (m?—m) 2

2
1 2 2 2
0 5 cl) —1=m((6m —6m+1)ci+c2)" — 1.

h’(©@yx) < (
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By setting m = 4 and m = 5, we get the desired bound dim(h) < CD(C%, cz). Finally, the inequality
c < SC% 4+ 36 from Lemma 13.1 yields the weaker bound dim(h) < \Il(c%). O

14. Examples

Let k be a ground field of characteristic p > 0. In this section, we give examples of canonically polarized
surfaces X where the Frobenius kernel of the automorphism group scheme is isomorphic to a;‘f” X p
and a;?m. Note that we do not have examples where SL;[ F] occurs.

To start with, view P2 as the homogeneous spectrum of k[Ty, T, T7]. Fix some d > 1, set £ = Op2(d)
and consider the section

s=TonO T P+ VLT 7+ Tl TP 2 e T(P?, 2%7). (13)
Regarded as #®~P — Op, this endows the coherent sheaf o/ = EBf:Ol %=1 with the structure of a
Z/pZ-graded Op2-algebra, and we define X = Spec(«/) as the relative spectrum.
Proposition 14.1. In the above setting, suppose p # 3 and d > 4. Then
h=k"xgli(k) and Autx;[F]=a3" X up,
where n = (d + 1)(d + 2)/2. Moreover, X is a canonically polarized surface with Chern invariants
¢t =p(pd—d—3)* and c; =3p +dp(p — 1)(pd — 3).

Proof. Being locally a hypersurface in affine three-space, the scheme X is Gorenstein. According to
[Ekedahl 1988, Chapter I, Proposition 1.7], the dualizing sheaf is given by wy = 7* (wp2 ® £7~1), which
equals the pullback of Op2(pd —d — 3). The statement on c% follows. Usingd(p—1)—3>d —-3>1,
we see that wy is ample. Since 7 : X — [P? is finite, the Euler characteristic x (Ox) equals

”i(z—id) _12p—9d(p—Dp+d*(p—Dp2p—1)

p—1
; X (Op2(—id)) = 5 >

i=0

Now suppose for the moment that we already know that X is geometrically normal, with only rational

double points. Then X is a canonically polarized surface, and Lemma 13.1 yields the statement on c;.
We proceed by computing h = H(X, Oy /k) as a vector space. The grading of the structure sheaf

o = EBI.‘:OIDS,”@_" corresponds to an action of G = , on the scheme X, with quotient P2, Let

D : Ox — Ox/y be the corresponding multiplicative vector field, and Oy (A) C O/ the saturation of

the image, for some effective Weil divisor A C X. Lemma 14.5 below gives an exact sequence

0 Ox(A)20x/k > 02 (—A).

The term on the right has no nonzero global sections, because wy is ample, and consequently, we get
HO(X, 0x(A)) = HY(X, Ox/r). We have wy = m*(wp2) ® Ox ((p —1)A) by [Rudakov and Shafarevich
1976, Proposition 2 combined with Proposition 3], which gives Oy (A) = 7*(.Z). Consequently,

H(X, 0x(A) = H'(P?, # @ ) = HO(P?, ¥) ® H'(P?, Op2) = K" x k,
with the integer n = (d + 1)(d + 2)/2, as desired.
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It is not difficult to compute bracket and p-map for h = H(X, Ox /k)- The coordinate rings for the
affine open sets U; = D4 (T;) of P2 are the homogeneous localizations R; = k[To, T1, T>](r;), and the
preimages 7~ 1(U;) are the spectra of A; = R;[t;]/ (ti’7 —s;). Here, s; denotes the dehomogenization
of (13) with respect to 7;. We have @4, g, = A;0/0t;, and our multiplicative vector field restricts becomes
D =1;0/0¢;. For any b;, b; € R;, one immediately calculates

[r]
9 d]_, a8 3 9] 0 _
[b T t,al]—b, TR [b atl’b’ 8tl:|_0 and (b, 8t,~) =0.

Choosing a basis for H O(P?, ), we infer that the vector space decomposition h=H OP2, 2)e HO(P?, Op2)
becomes a semidirect product structure f) = k" x gl; (k) for the restricted Lie algebra.

It remains to check that Sing(X/k) is finite, and that all singularities are rational double points. For
this, we may assume that k is algebraically closed. In light of the symmetry in (13), it suffices to verify
this on the preimage V = 7~ 1(U) of the open set U = D (Tp). Setting x =T/ Ty and y = T/ Ty, we
see that V has coordinate ring A = k[x, y, t]/(f) with

f=tr —xy—xPI72y — xyrd=2,

The singular locus comprises the common zeros of f and the partial derivatives

d

% =—y+2xP Py —yri2 =0,

ad

B_f = —x —xPI72 4 2xyPd=3 = .
y

Clearly there are only finitely many singularities with x = 0 or y = 0. For the remaining part of Sing(X),
it suffices to examine the system of polynomial equations

—142xPd3 _ypd=3 —0 and —1—xPI3 4 2yrd3 =, (14)

This is a system of linear equations in the powers x?¢~3 and y”?=3, and one solution is x4 =3 = yP4=3 =1,
Using p # 3 we see that there are no other solutions.

It remains to verify that all singularities are rational double points. It would be tedious and cumbersome
to do this explicitly. We resort to a trick of independent interest, where we actually show that there are
only rational double points of A-type: By Lemma 14.3 and Proposition 14.4, it suffices to verify that no
singular point is a zero for the polynomial

82f 2 Zf aZf
(axay) dx2 8y

| 4 4x2P4=6 4 4 2pd=6 _ 4xcpd=3 _ 4ypd=3 _0g(yy)Pd=3 = 0, (15)

which gives the additional equation

Substituting x7¢~3 = yP4=3 = 1, the left side becomes 1 +4 +4 —4 — 4 — 28 = —27, which is indeed
nonzero because p # 3. U
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Note that 7 : X — P? is a universal homeomorphism, so the geometric fundamental group of X is
trivial, and by =0 and b, = 1. Let xy, ..., x, be the geometric singularities on X. We saw above that they
are rational double points of certain A,,. One referee pointed out that they all have n; = p — 1, which
can be seen by considering the action of the Frobenius on the local class group, which is multiplication
by p on a cyclic of order n; + 1. Since the Frobenius factors over the projective plane, one infers that
n;+ 1| p, hence n; +1 = p. As discussed in Section 13, the Chern number c; is the alternating sum of
the Betti numbers on the minimal resolution of X, which yields the formula ¢; —3=r(p —1).

One referee also pointed out that the arguments in the proof for Proposition 14.1 hold true for general
polynomials s € I'(P?, £®P) of degree pd, provided that pd —d —2 > 0 and d > 2, by using the result
of Liedtke [Liedtke 2013b, Theorem 3.4], which ensures that all occurring singularities must be rational
double points of type A,_j.

Let us remark that the surface X C P? defined by the homogeneous polynomial

s=ToN T, = O T+ T T+ T Ty + T, 4 137

is a canonically polarized surface with
A=02p-322p+1) and c;=8p>—4p*+2p+3,

such that h = H 0(X, Oy /k) 1s isomorphic to gl; (k). We leave the details to the reader.

Next, we construct examples of smooth surfaces of general type X where the restricted Lie algebra
h=HX, Oy /k) 18 isomorphic to k™. The possibility of the following construction was suggested by one
of the referees: Let C be a smooth curve with h%(&¢) = 1, together with an isomorphism ¢ : Z®P! — Q}; /k
that is locally exact, for some invertible sheaf .# of degree d > 1, and some integer / > 1 prime to the
characteristic p > 0. This datum is called a generalized Tango curve of index .

We are mainly interested in the case [ = —1 modulo p, and then write [ = pn — 1. Lang [1983] used
this situation to construct smooth surfaces X endowed with a fibration f : X — C with O¢ = f,(O%),
where all geometric fibers are singular rational curves with a unique cuspidal singularity. One also says
that (C, %, ¢) is a generalized Tango curve of type (p, n, d), and X is the resulting generalized Raynaud
surface of type (p, n, d).

Proposition 14.2. In the above setting, suppose that p > 3 and n > 2. Then X is a minimal surface of
general type with
h=k" and Autyx,[F]= a;‘?’",

withm =h°(Z). Further, the Chern invariants are given by c% =d(p*n*+4p+2np—n’p*>—4np>—2np?)
and co =2pd(1 —np).

Proof. We may assume that k is algebraically closed. Since we assume that our Tango curve has index
[ = —1 modulo p, and the characteristic is p > 3, we have m = ho(f), according to [Takeda 1992,
Theorem 2.1]. Lang computed the Chern invariants, and observed that X is minimal and of general type
[Lang 1983, Theorem 2 and beginning of Section 2].
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Both restricted Lie algebras k™ x gl; (k) and sl (k) contain nonzero multiplicative elements. In light
of Theorem 12.1, our task is to verify that nonzero multiplicative vector fields do not exist on X. Seeking
a contradiction, we suppose that § € H %X, ® x/k) 1s such a vector field. The saturation &y (A) for
the injection § : Oy — Oy, defines an effective Cartier divisor A C X. It follows from [Rudakov
and Shafarevich 1976, Theorem 2], that every connected component is smooth. Hence, the irreducible
components are pairwise disjoint, and horizontal for the fibration f : X — C, because all closed fibers
are singular.

To reach a contradiction we examine various curves on X and their intersection numbers. Write F C X
for a closed fiber, D C X for reduced support of 2 §( sc»and § C X for the canonical section constructed
in [Lang 1983, Section 2]. Note that D is also called the curve of cusps. According to loc. cit., one has

S?=d, F?’=0, (F-S)=1 and D= —pdF + pS.

Consequently D? = —p?d. For the curve G =dF + nD, we get G> = dnp(2 — np) < 0. According to
loc. cit., Theorem 1, there is an exact sequence

0— 0x(G) = Ox/x — 0¥ (=G) — 0,

giving an identification H (X, 0x(G)) = H (X, Ox/). Our global vector field § factors over the
inclusion Ox (G), which gives an equality 0x(A) = Ox(G) as subsheaves of ®x/. In particular, the
curves A and G are linearly equivalent. Decompose the smooth curve A = Aj +- - -+ A, into irreducible
components. We already observed that each A; is horizontal. From A - (dF +nD) = G? < 0, we infer
that D C A. Now consider A’ = A — D, which contains neither D nor F, and is linearly equivalent to
G'=dF + (n—1)D. Then

pdin—1)2—m—1p)= (G/)2 =dF+m—-1D)-A">0.
By our assumptions, we have p > 3 and n > 2, hence the left side is strictly negative, a contradiction. [

There are indeed generalized Tango curves C of type (p, n, d) with nonzero m = h°(.2), for instance
the curve C with affine equation y”” — y = x/P?~!, where we set I = pn — 1, according to [Takeda 1992,
Example 1.2].

It remains to verify some technical results used throughout this section. The following results are well
known over the field of complex numbers (compare, for example, [Kolldr and Mori 1998, Section 4.2]
and [Arnold et al. 1985, Part II]). The arguments apparently work in all characteristics except p = 2. For
the convenience of the reader, we give self-contained and characteristic-free proofs.

Let A be a complete local k-algebra that is regular of dimension three, with maximal ideal m4 and
residue field kK = A/m4. Note that for each choice of regular system of parameters x, y,z € A, one
obtains an identification A = k[[x, y, z]].

Lemma 14.3. Let f € A be an irreducible element such that f = xgyo +kzg modulo mi‘ for some regular
system of parameters xo, Yo, zo and some A € k. Then there exists another regular system of parameters
x,y,zsuchthat (f)=xy+7"), for somen>?2. Hence, B= A/(f) is a rational double point of type A, 1.
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Proof. We construct, by induction on n > 0, certain regular system of parameters x,,, y,, 2z, € A such that
Xp = X,—1 and y, = y,—1 modulo m’}, z, = zo and

[ =Xuyn +X0Pn + yu¥n + hy (16)
n+2

for some ¢,, ¥, e m,"~ and h, € z,zlk[[z,,]]. For n =0, we take xg, yo, zo as in our assumptions. If we
already have defined x,, y,, z, € A, we set

Xpl =X +Vn, Ynp1=Yn+ @, and z,41 = 2z,. (17)
Clearly x,+1 = x, and y,41 = y, modulo m’fl, and z,4+1 = zo. In particular the above is a regular system

of parameters. Since ¢, Y, € mi”“, we may write

—On¥n = Xnt1Pn+1 + Ynt1¥n+1 + 0O,

with @1, Vg1 € m3 and o, € 22 *k[[24+1]]. Combining (16) and (17), we get

S =X 1Yn+1 + X0 1Png1 + Ynt1¥ng1 +hnga,

where h,,1 = h, + 0, belongs to zfl +1k[[Zn+1]]- This completes our inductive definition. Note that
hyu+1 = h, modulo mi"“.

By construction, the x,, y,, z, are convergent sequences in A with respect to the m4-adic topology.
The limits x, y, z € A give the desired regular system of parameters: Since the ¢, ¥, converge to zero, we
have f = xy-+h(z), where h is the limit of the &, € k[[z]]. We must have & £ 0, because f is irreducible.
Ix, we finally get (f) = (xy — 7").
Summing up, B = A/(f) is a rational double point of type A,_1. (]

Hence, h = uz" with u € k[[z]]* and n > 2. Replacing x by u~

The condition in the proposition can be checked with partial derivatives, at least if k is algebraically
closed. This makes the criterion applicable for computations:

Proposition 14.4. Let f € mi. Suppose that k is algebraically closed and that

°f N (N (S
(uvsas) - (a—u%) ' (a_ug> 7 ma e

for some system of parameters uy, uy, u3 € A. Then there exists another system of parameters x, y, z such

that f = xy + Az*> modulo mi‘,for some A € k.

Proof. Write f =q+ g, where g = q(u1, ua, u3) is a homogeneous polynomial of degree two and g € mi.
Write g = q1 4+ u3l, where [ =1(uy, us, u3) is homogeneous of degree one and q; = q(u1, us). If g; is a
square, a straightforward computation with partial derivatives produces a contradiction to (18). Since k is
algebraically closed, we have a factorization g = L - L, where L; = L{(uy, up) and Ly = L (uy, us)
are independent homogeneous polynomials of degree one. Then w; = L, wy = L, and w3z form another
regular system of parameters of A, and we have

2
q = wiwy + w3l = wiws +awzwi + bwzws + cws,

with a, b, ¢ € k. We finally set x = w; + bws, y = wy +aws and z = ws. This is a further regular system
of parameters, with ¢ = xy + Az%, where A = ¢ —ab. Therefore, f = xy + Az modulo mz, as claimed. [
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We also used a general fact on coherent sheaves: Let X be a noetherian scheme that is integral and
normal, & be a coherent sheaf of rank two, s : Ox — &V is a nonzero global section. The double
dual Ox(—A) for the image of the dual map s : &Y — Ox defines an effective Weil divisor A C X.
By [Hartshorne 1994, Corollary 1.8], the duals of coherent sheaves on X are reflexive. Dualizing
&YV — Ox(—A) C Ox, we see that the homomorphism s factors over an inclusion 0x (A) C &Y. The
latter is called the saturation of the section s € I'(X, &V).

Lemma 14.5. In the above setting there is a four-term exact sequence
0— Ox(A) = &Y — L(—AN) - & =0,

where ¥ = Hom(A*(&), Ox) and . is a coherent sheaf whose support has codimension at least two.

Proof. According to [Hartshorne 1994, Theorem 1.12], it suffices to construct a short exact sequence
0— Ox(A) —> &Y — Z(—A) — 0 on the complement of some closed set Z C X of codimension at
least two. Let &) be the quotient of & by its torsion subsheaf. The surjection & — & induces an equality

oy =&, so we may assume that & is torsion free. It is then locally free in codimension one, so it suffices
to treat the case that & is locally free. By construction, the cokernel .% for 0'x (A) C &V is torsion-free of
rank one, so we may assume that it is invertible. Taking determinants shows .# >~ .Z(—A). (]
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