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On Tamagawa numbers of CM tori

Pei-Xin Liang, Yasuhiro Oki, Hsin-Yi Yang and Chia-Fu Yu
Appendix by Jianing Li and Chia-Fu Yu

We investigate the problem of computing Tamagawa numbers of CM tori. This problem arises naturally
from the problem of counting polarized abelian varieties with commutative endomorphism algebras over
finite fields, and polarized CM abelian varieties and components of unitary Shimura varieties in the works
of Achter, Altug, Garcia and Gordon and of Guo, Sheu and Yu, respectively. We make a systematic study
on Galois cohomology groups in a more general setting and compute the Tamagawa numbers of CM tori
associated to various Galois CM fields. Furthermore, we show that every (positive or negative) power of 2
is the Tamagawa number of a CM tori, proving the analogous conjecture of Ono for CM tori.

1. Introduction

In his two fundamental papers Takashi Ono [1961; 1963b] investigated the arithmetic of algebraic tori.
He introduced and explored the class number and Tamagawa number of 7', which will be denoted by
h(T) and t(T) respectively (also see Section 2 for the definitions). One arithmetic significance of these
invariants is that the class number /(G ¢) is equal to the class number /i of the number field &, and the
analytic class number formula for k can be reformulated by the simple statement 7(Gp, ) = 1. Thus, the
class numbers of algebraic tori can be viewed as generalizations of class numbers of number fields, while
Tamagawa numbers play a key role in the extension of analytic class number formulas.

Ono [1963b] showed that 7(T) = |H ' (k, X(T))l/lIHl(k, T)|, where X (T) is the group of characters
of T and III'(k, T) is the Tate—Shafarevich group of T. Kottwitz [1984] generalized Ono’s formula
to reductive groups and proved [Kottwitz 1988] the celebrated conjecture of Weil for the Tamagawa
number of semisimple simply connected groups. Ono constructed a 15-dimensional algebraic torus with
Tamagawa number %, showing that 7(7") can be nonintegral and conjectured in [Ono 1963a] that every
positive rational number is equal to 7(7") for some torus 7. Ono’s conjecture was proved by S. Katayama
[1985] for the number field case. For some later studies of class numbers and Tamagawa numbers of
algebraic tori we refer to the works of J.-M. Shyr [1977, Theorem 1], S. Katayama [1991], M. Morishita
[1991], C. Gonzalez-Avilés [2008; 2010] and M.-H. Tran [2017].

In this article we are mainly concerned with the problem of computing the Tamagawa numbers of
complex multiplication (CM) algebraic tori. CM tori are closely related to the arithmetic of CM abelian
varieties and computing their Tamagawa numbers itself is a way of exploring the structure of CM fields.
MSC2020: primary 14K22; secondary 11R29.
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This problem directly contributes to recent works of Achter, Altug, Garcia and Gordon [Achter et al.
2023] and of J. Guo, N. Sheu and the fourth named author [Guo et al. 2022]. In the former one the authors
computed the size of an isogeny class of principally polarized abelian varieties over a finite field with
commutative endomorphism algebra, and express the number in terms of a discriminant, the Tamagawa
number, and the product of Frobenius local densities. In the latter one the authors computed formulas for
certain CM abelian varieties and certain polarized abelian varieties over finite fields with commutative
endomorphism algebras upon the results of [Xue and Yu 2021]. Using the class number formula for CM
tori, they also computed the numbers of connected components of complex unitary Shimura varieties.
In the appendix of [Achter et al. 2023], W.-W. Li and T. Riid have obtained several initial results of the
values of 7 (7). Our goals are to prove more cases of CM tori and to determine the range of the values
of Tamagawa numbers of all CM tori. With a similar goal but using different methods, T. Riid [2022]
obtains several results along this direction. He provides an algorithm, among others, for giving precise
lower bounds and determining possible Tamagawa numbers, and obtains the values t(7T') for several other
CM tori of lower dimension.

We shall describe our results towards computing Tamagawa numbers for a more general class of
algebraic tori which include CM tori and then give more detailed results of CM tori. Let k be a global field
and K :=[];_, K; be the product of finite separable field extensions K; of k. Let E :=[];_, E;, where
each E; C K; is a subextension of K;. Denote by TX =[], TXi and TZ =[], T% the algebraic k-tori
associated to the multiplicative groups of K and E, respectively, and let Nx,g = [[; Nk, /E, : TK - TE
be the norm map. Note that the norm map is surjective; one can check this easily by showing the
surjectivity on their k-rational points (or combining [Morishita 1991, Section 3] with [Conrad et al.
2010, Corollary A.5.4(1), page 507]). Let Gy — T E be the closed immersion induced by the diagonal
embedding k — E; see [Conrad et al. 2010, Proposition A.5.7, page 510]. We regard G, 4 as a k-subtorus
of T by identifying Gy, ; with its image in TE. We write TX/E! for the kernel of N /£ and

TR/, = Nl Gmr) :=T5 X175 Gk

for the preimage of the k-subtorus G, x C TE. The tori TX/EX TK/E1 and Gm.x fit into the following
short exact sequence:

TK/E,l t TK/E,k

N
1—> — —LE G — 1.

Let L be the smallest splitting field of 7X/E-* and let G = Gal(L/k). We let A := X(TX/E:¥) and
Al := X (TX/E-1) be the character groups of TX/E-* and TX/E-1  respectively. Taking the characters, we
have the following exact sequence of G-lattices:

0>7Z—>A—> A —0. (1-1)

Write H; := Gal(L/K;), ﬁi := Gal(L/E;), and Nl.ab = ﬁi/D(ﬁi)Hi, where D(ﬁi) denotes the com-
mutator group of ﬁi (If H; is normal in ﬁ,- and one puts N; := ﬁ,-/ H;, then le“lb coincides with the
abelianization of the group N;). When there is no confusion, for brevity we shall write H?(A) for
H9(G, A) for any G-module A.
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Let Verg v, :G— N l."lb denote the transfer from G into N, f‘b; see Definition 3.6. For any abelian group H,
the Pontryagin dual of H is denoted by HY. By Ono’s formula (2-3) and the Poitou-Tate duality, we
have 7(T) = |H' (G, X(T))|/|1II*(G, X (T))|, where III! (G, X (T)) is the i-th Tate—Shafarevich group
of X(T).

Let D be the set of all decomposition groups of G. Denote by

rpa:H' (G, A)— H' (D, A), where DeD (1-2)
the restriction map for G-module A, and let
riy 4t H'(G, A) — @D H'(D, A) (1-3)
DeD

be the restriction map for each G-module A by sending & — (r"D’ 1&))pep. Put
H*(Z) :={x € H(G,Z) : r}, ;(x) € Im(8p)}, (1-4)

where 81 : D pep HI(D, A) — @ poqy H*(D, Z) is the connecting homomorphism induced from (1-1).
The group H?(Z)' plays a similar role of a Selmer group.

Theorem 1.1. Let the notation be as above:

(1) There is a canonical isomorphism H' (G, A") ~ b, Nl.ab’v.

(2) There is a canonical isomorphism
H' (G, A)~ Ker(z Verg y. @Nfb'v N Gab,\/>’
i

where Verg n, : G — Nf‘b is the transfer map.
(3) Assume that K;/ E; is cyclic with Galois group N; for all i. Then 1% (A) ~ HZ(Z)’/ Im(8) and

r(TK/Ek) = [T=i Nl

: 1-5
|H>(Z)'| (-

(4) If we further assume that the subgroups ﬁi and H; are all normal in G, and let
Verg n = (Verg n,)i : G® - l_[ N; and Verp = (Verp p.)i : D™ — l_[ D,
i i
denote the corresponding transfer maps, where D; := D N ﬁ,- and D; = D;/(D; N H;) C N;,
respectively, then
H*(Z) ={f € G*": f|pw € Im(Ver], ;)VD € D},

and
{f €G™Y: flpm € Im(Ver] -)¥VD € D)

1% (A) ~
(A) Im(Verg y)
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A certain case of Theorem 1.1(1) was obtained by Riid [2022, Proposition 2.5] and he also computed
the group H'(G, A) explicitly; see Section 3.2 of [loc. cit.].

Using Theorem 1.1(2), we give a different proof of a result of Li and Riid [Achter et al. 2023,
Proposition A.11] which does not rely on Kottwitz’s formula; see Corollary 7.2. By (1-5), the ratio
(TT;Z;IN:1) /= (TX/E*) is a positive integer; this gives a simple upper bound of t(TX/E-F).

Observe that TX/E-* is a k-subtorus of [T, TXi/Ei-k and is not equal to [T, TKi/Eik when r > 1
by the dimension counting. The following theorem gives a sufficient condition for 7 (T X/E-%) being equal
to [/, (T Ki/Eiky,

Theorem 1.2. Suppose the following conditions hold: (a) for each 1 <i <r, the extension K;/k is Galois
with Galois group G;, N; = Gal(K;/E;) is cyclic and every decomposition group of G; is cyclic; and (D)
G~ G x --- X G,. Then we have t(TX/EXy =T]I_, ¢ (TKi/Eik),

Now let K =[];_, K; be a CM algebra over @ and E := K the Q-subalgebra fixed by the canonical
involution ¢, and let T = T X/£:@ be the associated CM torus over Q.

Theorem 1.3. For any integer n, there exists a CM torus T over Q such that ©(T) =2".
Finally, we give a number of results of t(7") for Galois CM fields.

Theorem 1.4. Suppose that K is a Galois CM field with Galois group G = Gal(K /Q). Let g :=[K ' : Q],
Gt =Gal(K*/Q) and T = TX/X"-Q pe the associated CM torus:

(1) If K = Q(¢&n) # Q is the n-th cyclotomic field with either 4 | n or odd n, then:
(a) If n is either a power of an odd prime p or n =4, then ©(T) = 1.
(b) In other cases, we have t(T) = 2.

(2) If G is abelian, then t(T) € {1, 2}. Moreover, the following statements hold:
(a) If g is odd, then T(T) = 1.
(b) If g is even and the exact sequence

l-)>G—>Gr—1 (1-6)

splits, then ©(T) = 2.
(3) Let G be possibly nonabelian and suppose that the short exact sequence (1-6) splits. Then ©(T) €
{1, 2} and the following statements hold:
(a) When g isodd, ©(T) = 1.
(b) Suppose g is even and let g*® := |G|, the cardinality of the abelianization of G
() If g is even, then T(T) = 2.
(i) If g* is odd, then there is a unique nonzero element & in the 2-torsion subgroup H*(A)[2]
of H2(A). Moreover, t(T) = 1 if and only if its restriction rp(§) =0 in H*(D, A) for all
D € D where rp as defined in (1-2).
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(4) Let P and Q be two odd nonsquare positive integers such that P — 1 = a®> and Q — 1 = Pb? for
some integers a, b € N. Let K := Q(\/o) with o := —(P + VP)(Q+/O). Then K is a Galois CM
field with Galois group Qg and

(T = {% if(g) =1 for all prime q | Q;

2 otherwise.

(5) Suppose the Galois extension K /Q has Galois group D, of order 2n. Then n is even and t(T) = 2.

We mention that some cases of Theorem 1.4 where G is abelian, dihedral or quaternionic were also
obtained by Riid; he also obtained complete results when the degree of (possibly non-Galois) K is less
than or equal to 8; see [Riid 2022, Theorem 1.3, Proposition 1.5 and Examples 5.7 and 5.19]. The
overlapping results are obtained by different approaches.

We explain the idea of the proof of Theorem 1.3. First of all, it is rather difficult to construct a CM
field such that the Tamagawa number 7(7") of the associated algebraic torus 7" is small. Suppose that
K /Q is Galois with Galois group G. T. Riid [2022] implements a SageMath algorithm for computing
t(T) and computed the groups HI%(G, A) for all 2-groups G of order < 256,' where HI%(G, A) =
Ker(H*(G, A) — ]_[C H?(C, A)) and C runs through all cyclic subgroups of G. Based on Riid’s result
there is at most one case such that 7(7") = zlﬁ see [loc. cit., Proposition 5.26]. To get around this, we
construct an infinite family of “totally” linearly disjoint Qg-CM fields {K;} for i > 1 with 7(7;) = %, that
is, the Galois group of the compositum of any finitely many of these Qg-CM fields K; is the product of the
Galois groups Gal(K;/Q). The CM algebra K :=[]'_, K; then satisfies the conditions in Theorem 1.2
and it follows that the CM torus T associated to K satisfies 7(T') = 21—,

We point out that the proof of Theorem 1.3 is actually quite tricky. First of all, it follows from [loc. cit.]
or Theorem 1.4 that Qg-CM fields are the simplest ones so that the associated CM tori 7' can have
o(T) = % On the other hand, Theorem 1.2 requires a condition that every decomposition group of
each CM field extension K;/Q is cyclic. Fortunately, for any Qg-CM field K; with CM torus T;, one
has ©(T;) = % if and only if this condition for K;/Q holds (see Proposition 6.7), so that we can apply
Theorem 1.2 to the product of them. On the other hand, one may be wondering whether this condition is
superfluous. For this question, we construct linearly disjoint Galois CM fields K| and K3 such that

(T)=2, (Nh)=1, (T)=1, (1-7)

where T}, T, and T are CM tori associated to Ky, K> and K| x K3, respectively. This example shows
that the cyclicity of decomposition groups of every K;/Q is not superfluous.

Theorem 1.3 proves an analogous but more involved conjecture of Ono for CM tori. In the Appendix
Jianing Li and the fourth named author show that for any global field k and any positive rational number
o, there exists an algebraic torus T over k with t(T) = «; see Theorem A.8. This extends the result of
Katayama [1985] and proves Ono’s conjecture for global fields.

ISee https://toadrush.github.io/tamagawa-cmtori/.
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Though our original motivation of investigating Tamagawa numbers of CM tori comes from counting
certain abelian varieties and exploring the structure of CM fields, the main part of the problem itself
was to compute or investigate their Tate—Shafarevich groups. We explain in Remark 7.10 how the Tate—
Shafarevich group of a CM torus also comes into play in the theory of Shimura varieties of PEL-type.
Tate—Shafarevich groups measure the failure of the local-global principle for various objects, which is one
of main interests in number theory and has been actively studied. For the interested reader’s reference, we
mention some development on the Tate—Shafarevich group of multinorm one tori, which are different type
of tori from the CM tori studied in the present paper. Hiirlimann [1984] proved that the multiple norm prin-
ciple holds for any commutative etale k-algebra of the form K x K5 in which one component is cyclic and
the other one is Galois. Prasad and Rapinchuk [2010] settled the problem of the local-global principle for
embeddings of fields with involution into simple algebras with involution, where they also investigated the
multiple norm principle. The multiple norm principle has been investigated further by Pollio and Rapinchuk
[2013; 2014], Demarche and D. Wei [2014] and D. Wei and F. Xu [2012]. Bayer-Fluckiger, T.-Y. Lee and
Parimala [Bayer-Fluckiger et al. 2019] studied the Tate—Shafarevich group of general multinorm one tori
in which one of factors is a cyclic extension. They give a simple rule for determining the Tate—Shafarevich
group in the case of products of extensions of prime degree p. T.-Y. Lee [2022] computes explicitly the
Tate—Shafarevich group for the cases where every factor is a cyclic extension of degree p-power.

This article is organized as follows. Section 2 includes preliminaries and background on Tamagawa
numbers of algebraic tori, and some known results of those of CM tori due to Li—Riid and Guo—Sheu-Yu.
Section 3 discusses transfer maps, their extensions and connection with class field theory. In Sections 4
and 5 we compute the Galois cohomology groups of character groups of a class of algebraic tori TX/£:*
and TX/E-1, Section 6 treats Galois CM tori and in Sections 7 ans 8 we determine the precise ranges of
Tamagawa numbers of CM tori. In Section 9 we show there are infinitely many pairs of linearly disjoint
Galois CM fields K| and K satisfying (1-7). In the Appendix Jianing Li and the fourth author prove
Ono’s conjecture for global fields.

2. Preliminaries, background and some known results

2A. Class numbers and Tamagawa numbers of algebraic tori. The cardinality of a set S will be denoted
by |S|. For any field k, let k be a fixed algebraic closure of k, let k%P be the separable closure of k in k and
denote by T'; := Gal(k*P/ k) the Galois group of k. Let Gy, & := Spec k[ X, X '] denote the multiplicative
group associated to k with the usual multiplicative group law.

Definition 2.1. (1) A connected linear algebraic group T over a field k is said to be an algebraic torus
over k if there exists a finite field extension K /k such that there exists an isomorphism 7" ®; K =~ an’ K
of algebraic groups over K for some positive integer d. Then d is equal to the dimension of 7. If T is
an algebraic k-torus and K is a field extension of k that satisfies the above property, then K is called
a splitting field of T. The smallest splitting field (which is unique and Galois, see below) is called the
minimal splitting field of T .
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(2) For any algebraic torus T over k, denote by X (T) := Homyseo (T ®j k*P, Gy 4ser) the group of
characters of T'. It is a finite free Z-module of rank d together with a continuous action of the Galois
group I’y of k.

It is shown in [Ono 1961, Proposition 1.2.1] (also see [Yu 2019] for other proofs) that every algebraic
k-torus splits over a finite separable field extension K /k. The action of I'y on X (T') gives a continuous
representation

rr: Ty — Aut(X(T))

which factors through a faithful representation of a finite quotient Gal(L/k) of I'y. Here L is the fixed
field of the kernel of rr and is the smallest splitting field of 7. In particular, L is a finite Galois extension
of k and X (T') can be also regarded as a Gal(L/k)-module.

In the remainder of this article, k denotes a global field. We only discuss finite separable field extensions
in this paper. For each place v of k, denote by k, the completion of k at v, and O, the ring of integers
of k, if v is finite. For each finite place v, the group T (k,) of k,-valued points of T contains a unique
maximal open compact subgroup, which is denoted by 7'(0O,). Let A; be the adele ring of k, and let S be a
nonempty finite set S of places of k£ containing all non-Archimedean places if & is a number field. Denote
by Ur,s =[] s T (ky) X Hu¢s T (0O,) the unit group with respect to S and let Clg(7) :=T (Ag)/ T (k)Ur.s
be the S-class group of T. By a finiteness theorem of Borel [1963], Clg(T) is a finite group and its
cardinality is denoted by hg(T), called the S-class number of T. If k is a number field and S = oo
consists of all non-Archimedean places, we write Ur := U7, CI(T) := T (Ax)/ T (k)Ur the class group
of T and call h(T) := |CI(T)| the class number of T.

It follows immediately from the definition that if K /k is a finite extension and Tk is an algebraic
K -torus, then h(Rg /xTx) = h(Tx ), where R/ denotes the Weil restriction of scalars from K to k. Note
that dim Rk /Ty = dim Tk - [K : k]. It is well known [Ono 1961; 1963b] that

X (Rx i Tg) ~ Ind X (Tx) = Indgy/ ) X (Tk).
as Gal(L/k)-modules, where L is any finite Galois extension of k over which the algebraic k-torus
Rk ik Tk splits.
We recall the definition of the Tamagawa number of an algebraic k-torus 7. Fix a finite Galois splitting
field extension K /k of T with Galois group G. Let yr be the character of representation (X (T) ® C, rr)
of G over C, thatis, xr : G — C, xr(g) :=tr(rr(g)) for all g € G. Let

L(s, K/k, xr) := [ | Lo(s, K/k, x1)

vfoo

be the Artin L-function of the character 7, where L, (s, K/k, xr) is the local Artin L-factor at v. It
follows from Brauer’s induction theorem (see [Serre 1977, Section 10.5]) that L(s, K /k, x7) has a pole
of order a at s = 1, where a is the rank of the G-invariant sublattice X (7).
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Let w be a nonzero invariant differential form on 7T of highest degree defined over k. To each place v,
one associates a Haar measure w, on 7 (k,). Then the product of the Haar measures

[Teo [T@ . K/k x1) - @0)
v|oo v{oo
converges absolutely and defines a Haar measure on 7' (A).
Write (N) for the number field case and (F) for the function field case. For (N), let dj, be the discriminant
of k. For (F), k = [F,(C) is the function field of a smooth projective geometrically connected curve over
[, and let g(C) be the genus of C.

Definition 2.2. Let T be an algebraic torus over a global field £ and w be a nonzero invariant differential
form on T defined over k of highest degree. Then

Hvloo Wy * l—[UJ(OO(Lv(L K/k, xT) - wy)

Q)A,can = (dlm T) ’
k - PT

defines a Haar measure on 7T (A), which is called the Tamagawa measure on T (A;), where

) {|dk|1/2 for (N);
k=

I _1\a
qg(c) for (F), and ’OT T }E}I}(S 1) L(S’ K/k’ XT)»
and a is the order of the pole of the Artin L-function L(s, K /k, xr) ats = 1.

Let &, ..., &, be a basis of X (7). Define

§:TAY —>RL, x> (&I, .... 18D,

where R, := {x € R* : x > 0} C R* is the connected open subgroup. Let T'(A;)' denote the kernel of £;
one has an isomorphism
T(A/T A ~Imé.

For (N), Im& = R and let d*t :=[[;_, dt;/1; be the canonical measure on R .
For (F), the image Im & C (¢%)“ is a subgroup of finite index and let ¢ be the counting measure on

Im & with measure (log q)“[(qz)” :Im&] on each point; see [Oesterlé 1984, Definition 5.9, page 24].

Remark 2.3. For (F), incorrectly stating in [Ono 1963b, page 56], the image Im &, as pointed out by Tate,

Zva
)

is actually not equal to (g in general (see [Oesterlé 1984, page 25]), so the modification by the index

[(g9)* : Im&] is needed. We thank the referee for pointing out this to us.

Let wl\’ can DE the unique Haar measure on T (Ay)! such that
=) A -1
WA can = WA can t, 2-1)

that is, for any measurable function F on 7T (A;) one has

/ / F(xt)a)A’can d*t = / F (x)®a can-
T(A)/TA)' JT(A! T (Ax)



On Tamagawa numbers of CM tori 591

By a well-known theorem of Borel and Harish-Chandra [Platonov and Rapinchuk 1994, Theorem 5.6], the
quotient space T (Ap)! /T (k) has finite volume with respect to every Haar measure. In fact T(Ak)l/T(k)
is the unique maximal compact subgroup of T (Ay)/ T (k), because the group R4 has no nontrivial compact
subgroup.

Definition 2.4. Let 7 be an algebraic torus over a global field k. The Tamagawa number t;,(T) of T is

defined by
w(T) == f DN can» (2-2)
T(A0)' /T (k)

the volume of T (Ay)'/ T (k) with respect to a)}& can» Where a)}A, can 18 the Haar measure on T (Ar)! defined
in (2-1).

One has the following properties ([Ono 1961, Theorem 3.5.1] also see [Ono 1963b, Section 3.2,
page 57]):
(i) For any two algebraic k-tori T and T’, one has 14 (T xx T') =t (T) - e (T").
(ii) For any finite extension k’/k and any algebraic k’-torus T’, one has t (R /xT") = t(T").
(iii) One has 74 (G x) = 1.
Note that in the number field case, the last statement (iii) is equivalent to the analytic class number
formula [Lang 1994, VIII, Section 2, Theorem 5, page 161].
2B. Values of Tamagawa numbers.

Theorem 2.5 (Ono’s formula). Let K /k be a finite Galois extension with Galois group ", and T be an
algebraic torus over k with splitting field K. Then

CH\T, X(TY)

w(T) = 2-3
k(T) T (C. 7| (2-3)
where
(T, T) := Ker(H"(K/k, T) — ]_[ H (Ky/ky, T))
v
is the Tate—Shafarevich group associated to H (', T) for i > 0 and w is a place of K over v.
Proof. See [Oesterlé 1984, Chapter IV, Corollary 3.3, page 56]. O

Remark 2.6. The cohomology groups H! (T, X (T)) and III' (", T') are independent of the choice of the
splitting field K; see [Ono 1963b, Sections 3.3 and 3.4].

According to Ono’s formula, the Tamagawa number of any algebraic k-torus is a positive rational
number. Ono constructed an infinite family of algebraic Q-tori T with ©(T) = 7g(T) = 1/4, which
particularly shows that t(7") needs not to be an integer. Ono [1963a] conjectured that every positive
rational number can be realized as 7 (T') for some algebraic k-torus 7. Ono’s conjecture was proved by
S. Katayama [1985] for the number field case.
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For any finite abelian group G, the Pontryagin dual of G is defined to be
G" :=Hom(G, Q/7).
The Poitou—Tate duality [Platonov and Rapinchuk 1994, Theorem 6.10; Neukirch et al. 2000, Theo-
rem 8.6.8] says that there is a natural isomorphism II1'(T", T)V ~ I12(T, X(T)). Thus,

_|H'(T, X(T))]

@ X))
To simplify the notation we shall often suppress the Galois group from Galois cohomology groups and

write H' (X (T)) and III2(X (T)) for H' (", X (T)) and II3(T", X (T)) etc., if there is no risk of confusion.

w(T) (2-4)

2C. Some known results for CM tori. For the convenience of later generalization and investigation, we
define here a more general class of k-tori as mentioned in the Introduction.
For every commutative etale k-algebra K, denote by TX the algebraic k-torus whose group of R-valued

points of TX for any commutative k-algebra R, is
TX(R) = (K & R)*.

Explicitly, if K =[]:_, K; is a product of finite separable field extensions K; of k, then

r r
X =[]17% =[] Re:/x G k),
i=1 i=1

where Ry, /i is the Weil restriction of scalars from K; to k. Let E = ]_[f:1 E; be a product of finite subfield
extensions E; C K; over k. Let Nk, /g, : TXi — T%i be the norm map and put N =[[;_; Nk, /g, : TX - TE.
Define TX/E-1 .= Ker N, the kernel of the norm map N, and

TKIEK .= (x e TK . N(x) € Gyl

the preimage of G, 4 in TX under N, where G, y < T* is viewed as a subtorus of 7% via the diagonal
embedding. Then we have the following commutative diagram of algebraic k-tori in which each row is

an exact sequence:

| — S Tk/EN 1 gk _ N TE . 1

H jT] AT (2-5)

| —— TK/EN Ly 7K/ER NG o —— 1

For the rest of this subsection we let k =@ and K =[];_, K; be a CM algebra, where each K; is a CM
field, with the canonical involution ¢. The subalgebra K™ C K fixed by ¢ is the product K™ =[];_, K i+
of the maximal totally real subfields K~ of K;. Let TX! := TK/K".1 — Ker N x+ be the associated
norm one CM torus and the associated CM torus

TKQ .= 7KK Q. (2-6)



On Tamagawa numbers of CM tori 593

As before, we have the following exact sequence of algebraic tori over Q
1 T80 & 7K N, 7K
and a commutative diagram similar to (2-5).
Proposition 2.7. Let K be a CM algebra and T = T*2 the associated CM torus over Q:

(1) We have

r

2
o(T)=—,
ng

where r is the number of components of K and

ng = [A*: N(T(A)) - Q%]

is the global norm index associated to T.

(2) We have
ng | 1_[ er.ps

pESK/KJr

where Sk k+ is the finite set of rational primes p with some place v | p of K™ ramified in K, and
er,p = [Z; :N(T(Zp))). Here T(Z,) denotes the unique maximal open compact subgroup of
T(Qp).

Proof. (1) This is [Guo et al. 2022, Theorem 1.1(1)]. (2) This is [loc. cit., Lemma 4.6(2)]. O
Lemma 2.8. Let K and T be as in Proposition 2.7:

(1) If K contains an imaginary quadratic field, then nx € {1, 2} and ©(T) € {2"7',2"}.

(2) If K contains two distinct imaginary quadratic fields, then ng =1 and t(T) =2".

Proof. This is proved in [Guo et al. 2022, Lemma 4.7] (also see [loc. cit., Section 5.1]) in the case where
K is a CM field. The same proof using class field theory also proves the CM algebra case. (|

Proposition 2.9. Let K be a CM field and T = TX ‘Q the associated CM torus over Q. Put g=[KT:Q]
and let K% be the Galois closure of K over Q with Galois group Gal(K ¥ /Q) = G:

(1) If g is odd, then H (X (T)) = 0.

(2) If K/Q is Galois and g is odd, then ©(T) = 1.

(3) If K/Q s cyclic, then t(T) = 1.

4) If K /Q is Galois of degree 4, then ©(T) € {1, 2}. Moreover, T(T) =2 if and only if G ~ (Z/27)>.
Proof. See Propositions A.2 and A.12 of [Achter et al. 2023]. Il

Note that Proposition 2.9(4) also follows from Proposition 2.9(3) and Lemma 2.8(2).
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3. Transfer maps, corestriction maps and extensions

3A. Transfer maps. Let G be a group and let H be a subgroup of G of finite index. Let X := G/H,
and let ¢ : X — G be a section. If g € G and x € X, the elements ¢(gx) and g¢(x) belong to the
same class of mod H; hence there exists a unique element hg x € H such that go(x) = (p(gx)hg, x- Let
Verg. 1 (g) € H® be defined by

Verg.u(g) := [ | h%., mod D(H),
xeX

where D(H) = [H, H] is the commutator group of H and the product is computed in H ab — g /D(H).

By [Serre 2016, Theorem 7.1], the map Verg.p : G — H® is a group homomorphism and it does not
depend on the choice of the section ¢. This homomorphism is called the transfer of G into H®® (originally
from the term “Verlagerung” in German). One may also view it as a homomorphism Verg_ g : G — H@®.

In the literature one also uses the right coset space X' := H\G but this does not effect the result. One
can easily show that if Very; ; is the transfer map defined using X', then Verg; ;; = Verg, u. One has the
following functorial property; see [loc. cit., page 89].

Lemma 3.1. Let H C G and H' C G’ be subgroups of finite index. If o be a group homomorphism
from the pair (G, H) to (G', H') which induces a bijection G/H = G'/H’, then the following diagram
commutes:
Gab G "ab
J/VCI‘G, H lVCFG/.H/
Hab 9 H/ab
Lemma 3.2. Let G| and G, be groups, and let H; C G; be a subgroup of finite index for i =1, 2. Then

:H. ‘H
VerGlez,HIXHl (gl’ 82) = VerGl,Hl (gl)[Gz 2] . Veer,Hz (gZ)[Gl l]'

Proof. PutG =G xGy, H=H\x Hy, X; :=G;/H; and X =G/H = X| x X». Fix asection ¢; : X; — G;
for each i and let ¢ = (g1, ¢2) : X — G. For g = (g1, g2) and x = (x1, x2), we have h% , = (h%) 1., h¥: ).
Then in H? = H; ab Hab we have

VerG,H(g)=1_[h§ = l_[ l_l(hglm’hgxz

xeX x1€X| x2€X5
- 1_[ ((hgll xl)lxz" Verg, n,(82)) = (Verg, ., (gl)lxz‘, Veer,Hz(gZ)IX”)- O
x1€X

If G is a finite group and p is a prime, G, denotes a p-Sylow subgroup of G.

Proposition 3.3. Let G be a finite group and N < G be a cyclic central subgroup of prime order p. Then
the transfer Verg.y : G — N b js surjective if and only if G p is cyclic.

Proof. See Proposition 3.8 of [Riid 2022]. O
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3B. Connection of transfer maps with corestriction maps. Let H C G be a subgroup of finite index,
and let A be a G-module. Let

f:Ind% A=7[G1®zmA— A, gRar> ga
be the natural map of G-modules. Applying Galois cohomology H' (G, —) to the map f and by Shapiro’s
lemma, we obtain for each i > 0 a morphism

Cor: H'(H, A) — H'(G, A),

called the corestriction form H to G.
Applying H' (G, —) to the short exact sequence 0 — Z — @ — Q/Z — 0, one obtains an isomorphism
H(G,7Z)~ H'~'(G,Q/Z) for all i > 2. When i = 2, this gives the isomorphism

H*(G,7Z) ~Hom(G™, Q/7). (3-1)
Proposition 3.4. Let H C G be a subgroup of finite index. Through the isomorphism (3-1) we have the

following commutative diagram

H*(H,7) —— Hom(H®, Q/7)

lCor lver(v;, H

H?*(G,7) —— Hom(G™, Q/7),

where Vet ,, is dual of the transfer Verg p : G® — H™. Moreover, if H is normal in G, the composition
H® — G® — H®™ js the norm NG u. Here H® is viewed as a G-module by conjugation and also as a
G/ H-module, since H acts trivially on H®.

Proof. See [Neukirch et al. 2000, Proposition 1.5.9]. Il

3C. Connection of transfer maps with class field theory. Let k C K C L be three global fields such that
the extension L/k is Galois. Put G = Gal(L/k) and H = Gal(L/K) C G. Denote by Cy and Ck the idele
class groups of k and K, respectively. The Artin map is a surjective homomorphism Art; /. : Cy — G,
similarly we have Art; /x : Cx — H ab By class field theory we have the following commutative diagrams:

ArtL/k . ArtL/k ;
Cy —— G® Cy —— G®
funcl Verg. n NK/AI func (3-2)
Al‘tL/k ArtL/k
C,— H&b C,—— Hb

where func denotes the natural map induced from the inclusion A < A or H < G. When K /k is

Galois and L = K, the second diagram of (3-2) induces a homomorphism
Artgy : Ci/ Nk (Ck) — Gal(K / k)™,

which is an isomorphism by class field theory.
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3D. Relative transfer maps. Let H C N C G be two subgroups of G of finite index. Let X:=G/H
and X := G/N with natural G-equivariant projections ¢: G — X and ¢ : X - X. Let 9:X—>Gbea
section, which induces a section ¢ : X — X. For each g € G and x € X, let ng,x be the unique element
in N such that gg(x) = &(gx)nf,x. Since H is a possibly nonnormal subgroup of N, let (N/H)® :=
Coker[D(N)H/D(N) — N/D(N)]~ N/D(N)H. Note that (N/H)Zlb is an abelian group which agrees
with the abelianization of the group N/H when H is normal in N. Let Verg y/n(g) € (N/H )2 be the
element defined by

Verg,nyu(g) = [ [ n% mod D(N)H. (3-3)
xeX

Proposition 3.5. (1) The map Verg y/u: G— (N/H )2 does not depend on the choice of the section
and it is a group homomorphism.

(2) One has Verg /g = my o Ver, where wy N2b (N/H)ab is the morphism mod H.

Proof. Clearly, the statement (1) follows from (2), because Ver does not depend on the choice of ¢ and is a

group homomorphism. (2) By definition Ver(g) =[] ng, x mod D(N), thus Verg y/g =g o Ver. U

xeX

Definition 3.6. Let H C N be two subgroups of G of finite index. The group homomorphism Verg v/ g :
G — (N/H)™ defined in (3-3) is called the transfer of G into (N/H)® relative to H. By abuse of
notation, we denote the induced map by Verg n/p : G - (N JH)™.

One can check directly that the map Verg, y,p : G*® — (N /H)™ factors through 7 : G* — (G/H)™,
the map modulo H. We denote the induced map by

Verg,un/m 2 (G/H)® — (N/H)™. (3-4)

Remark 3.7. If H <G is a normal subgroup, then the induced map Verg, g, v,y is the transfer map from
G/H to N/H associated to the subgroup N/H C G/H of finite index.

Lemma 3.8. Let H < N be two subgroups of finite index in G with H normal in N and cyclic quotient
N =N/H = (o) of order n. Fixalift 5 € N of o.

(1) Foreach g € G, let {xy, ...x,} be a complete set of double coset representatives for (g)\G/ N and
setd; :==d;(g) =|(g)xiH/H|, where 1 <i <r. Then

VerG,N(g) = O'Z;‘.:1 m(g,x;)’

where 0 <m(g, x;) <n — 1 is the unique integer such that g% x; H = x;5™ &) H.

(2) Let 0* € NY := Hom(N, Q/Z) be the element defined by c*(c) = 1/n mod Z, Ver(V;’N :NY —
Hom(G, Q/Z) the induced map, and f = Ver§ y(o*). Then f(g) = (Zle m(g, x;))/n mod Z.
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Proof. (1) We choose the set of representatives S = {gjx,' i=1,...,r, j=0,..., fi—1}of X = G/]V,
which defines a section ¢ of the natural projection G — G/ N. Then the image of the element n§ . in H

is given by
nax mod H = Ufn(g,xi) ifx:(.gdi_lxiH fOrSOmelSZEF,
¢ 1 otherwise.
(2) By definition, f(g) = o*(Verg,n(g)) = 0™ (021 "&*)) = (3_; m(g, x;)) /n mod Z. O

One can show that the integer m (g, x;) is independent of the choice of double coset representative in
(g)xiH.
The following lemma will be used in Lemma 5.1.

Lemma 3.9. Let G = [[._, G; be a product of groups G; and let N; C G;, foreach 1 <i <r, be a
subgroup of finite index. Put

Hi:=Gx - xGi_y x {1} xGjy1 X x Gy, Ni:=Gyx--xGi_1 x Ny x Gjy1 X x Gy.

Then the map
,
[ [ Vet s/m : G = (Ni/H)™ x -+ x (N, /Hp)™ = Ni® x -+ x NI (3-5)
i=1

is given by the product of the maps

r r r

. ab
HVCrGi,N[ . l_[Gi — l_INi .
i=1 i=1 i=1

Proof. Let pr; : G — G; be the i-th projection. Then
Verg §./u, = Verg, u, §./u, © Pr; = Verg, w, o pr;,

see Remark 3.7. Thus, the map (3-5) is equal to [ [, Verg, n, o(pr;);. Since the map (pr;); : G — []; Gi
is the identity, we show that the map (3-5) is equal to [ [, Verg, v;. U

3E. Connection of relative transfer maps with class field theory. Let k C E C K be three global
fields. Let L/k be a finite Galois extension containing K with Galois group G = Gal(L/k). Let
H =Gal(L/K) C N =Gal(L/E) be subgroups of G.

The Artin map produces the following isomorphisms (3-2)

Cr/Nijk(CL) ~ G™,  Cr/Nk/k(Ck) ~ (G/H)™,
Ce/Nijg(CL) =~ N*™, Cg/Ng/p(Cx)~ (N/H)™.
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We obtain the following commutative diagrams:

Ci/Npk(Cr) —— Cx/Nki(Ck) G % (G/H)®
l J/ Verl lverG/H,N/H (3-6)
Cr/N1yE(Cr) — Cg/Nk£(Ck) N® 5 (N/H)®

From this we see that Verg,ny n/n : (G/H yab 5 (N /H )2 does not depend on the choice of the Galois
extension L/k.

4. Cohomology groups of algebraic tori

4A. HY(A') and H'(A). Let K = [[/_, K; be a commutative etale k-algebra and E = [[/_, E; a
k-subalgebra. Let TX/E-* and TX/E-! be the k-tori defined in Section 2C. Let L/k be a splitting Galois
field extension for 7X, and let G = Gal(L/k). Put

A=XT*E* and A= X(TKED,

which are G-modules. For 1 <i <r, put

H; .= Gal(L/K;), 4-1)
N; :=Gal(L/E;), (4-2)
N® = (N;/H)™ := N;/H; D(N)). (4-3)
In the case that K; is Galois over E;, we let
N; := Ni/H; = Gal(K; / E;) (4-4)

and then Nl.ab coincides with the abelianization of the group N;, which justifies our notation.
From the diagram (2-5), we obtain the commutative diagram of G-modules:

J

0 —— x(TF) - x(7K) —L5 A! > 0
B
0 s 7 Ny A L Al > 0
We have
r r
X = @z wma X1~ Py 2 o
i=1 i=1
and
r r
TK/E’] = l—[ REi/kRgi)/EiGmsKi and Al = @Indl% AlE"’ @7
i=1 i=l
where

AL?, = X(Rg(li)/EiGm,K,-)- (4-8)



On Tamagawa numbers of CM tori 599

By Shapiro’s lemma, one has

r r
HY(G, A" =@ HU(G, nd§ AL) =ED HI(N;, Ap,), Vq=0. (4-9)
i=1 i=1
Note that if K;/E; is Galois, then H'(N;, AL) = H'(N;, A},) (Remark 2.6).
Since the torus Rgi)/E,-Gm,Ki is anisotropic, one has H(G, A" = @;:1 Ho(ﬁ,-, A}E,-) =0.
Taking Galois cohomology to the lower exact sequence of (4-5), we have an exact sequence

0— H'(G,A) > H'(G, A" 2> H*(G, 7). (4-10)
Proposition 4.1. Let the notation be as above:

(1) There is a canonical isomorphism HY (G, A ~ @i Niab’v (see (4-3) for the definition ole.ab).

(2) Under the canonical isomorphisms H' (G, A') ~ b, Nl.ab’v and H*(G,7) ~ G™® (3-1), the map
§: HY(G, A" > H*(G, 7) expresses as

Z Ver y. : @ NV — GV, (4-11)
i=1 i=1

where Verg N, : G — Nl.ab is the transfer map. In particular, H'(G, A) ~ Ker(z Veré’ Ni)' Further-

more, the map in (4-11) factors as

r Vv r r \2
P vt S, @Gy EE T G, (+12)
i=1 i=1

where G — (G/H,-)ab is the map mod H;.

Proof. (1) Taking Galois cohomology of the upper exact sequence of (4-5), we have a long exact sequence
of abelian groups

HY(G, X(T¥)) = H'(G, AY) 25 HX(G, X(TE)Y) LR H*(G, X(T%)). (4-13)

By (4-6), the first term HY(G, X(TX)) = ) HY\(H;,7)=0. Using the relations (4-6) and by Shapiro’s
lemma, we have H' (G, A!) = b, H ! (ﬁi, A}Ei) and the exact sequence (4-13) becomes

r ~ r r
0~ P H' N, AL) > P H N, 2) = P H*(H;, ). (4-14)
i=1 i=1 i=1
It is clear that the following sequence

0 — Hom(N*, @/7) 22 Hom(N;, @/7) 2% Hom(H;, @/2Z) (4-15)

is exact. Using the canonical isomorphism H 2(H,Z)~Hom(H, Q /Z) (3-1) for any group H, we rewrite

(4-15) as follows:

0— HX(N® 7) 25 HX(N:, 2) 2 H2(H;, 7). (4-16)
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Comparing (4-16) and (4-14), there is a unique isomorphism

HY(G, A= H'(N:. Ap) ~ P H* (N, 2) 4-17)

i=1 i=1

which fits into the following commutative diagram:

0 —— @_, HA(N®, 7) s @_, HX (N, 7) 2= @_, H2(H;, 7)
H H H @19)

0 —— @i_ H'(Ni, AL) —— @i_ HX(N:,2) == @/_, H*(H;.2)

This shows the first statement.

(2) The map A in (4-5) is induced from the restriction of X (T %) to the subtorus Gm . and therefore is
given by

r r
K:Z&:@Ind%l%l, Z,(g@n):n, VgeG,nel.
i=1 i=1

Thus, by definition, the induced map /A\f on HX(G, —) is nothing but the corestriction Cor: H 2(&-, 7)) —
H?*(G, 7); see Section 3B.
From the diagram (4-5), we obtain the following commutative diagram:

0 ————— @ H'(Ni, Ay) —— @i_ H*(N;. Z) == @'_, H*(H;,2)

| | o | ww

0— H'(G,A) —— H' (G, A"y —2  H>(G,7) ————— H*(G, )

With the identification (4-17), we have § = Cor o8 = Cor o Inf and the lower long exact sequence of
(4-19) becomes

Cor o Inf
—_

0> H'(G.A) - P HN". 2) H* G, ) X5 H2(G, ). (4-20)

i=1

By Propositions 3.5 and 3.4, under the isomorphism (3-1) the map Cor o Inf: H2(Niab, 7) — H?*(G, Z)
corresponds to Veré’ N N f‘b’v — G®V where Veré’ N; is the dual of the transfer Verg y; : G® > N l.ab
relative to H;. This proves (4-11). Then it follows from (4-20) that H'(A) ~ Ker(}_j_, Ver{, y ). As the
map Verg,y; : G 5 N If“b factors as

G TH; (G/Hi)ab VBI'G/HI-,]VI-/H,- Niab’

the last assertion (4-12) follows. O
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Remark 4.2. In terms of class field theory, we have Cg, /N, /g, (Cg,) >~ Niab, Ci/Nk, k(Ck,) = (G/Hi)ab
and Cy /Ny 1 (Cp) =~ G Let Lo be the compositum of all Galois closures of K; over k; this is the minimal
splitting field of the algebraic torus 7% /E-k One has Ly C L and its Galois group Gg := Gal(Lg/k) is a
quotient of G. Thus, we have the following commutative diagram:

Cx Ci Cy Cr;

Nipjk(Cp) Nio/k(Cry) I; Nk, /k(Ck;) I; Nk, /E; (Ck;)
A N
G Gy’ [:(G/H)™® ———TT; N®

Taking the Pontryagin dual, the lower row gives

1_[Niab,\/ N l_[(G/Hl)ab,\/ — ng,\/ C Gab,\/.
i i

From this, we see that the map ) _ Verz;’ Ni in (4-11) has image contained in ng’v. It follows from (4-21)
that this map is independent of the choice of the splitting field L; also see Remark 2.6.

4B. II12(A). Let D be the set of all decomposition groups of G. For any G-module A, denote by

H(A) = ]_[ HL(A), HL(A):=H' (D, A)
DeD
and

rip 4 = (rp a)pen : H' (G, A) = Hi(A)
the restriction map to subgroups D in D defined in (1-3). By definition, III’ (A) = Ker rél 4+ We shall
write rp and rp for r}')’ 4 (1-2) and rél 4 (1-3), respectively, if it is clear from the content.

For the remainder of this section, we assume that the extension K;/E; is cyclic with Galois group N;
for all i. Consider the following commutative diagram

H'aY) 2 w2 @ - m2 ) —L s HA(A
lr'lD,Al lr%,z lr%,A erD"Al (4-22)
5 N J
HL(AY —"— H2(Z) —— HZ(A) —— HZ(A").
Define
H*(Z) :={x € H*(Z) : N(x) e II*(A)} = {x € H*(Z) : 13 5(x) € Im(8)}. (4-23)
Proposition 4.3. Assume that K;/E; is cyclic with Galois group N; for all i. Then III*(A') = 0,
IIT2(A) ~ H*(Z)' ) Im(8) and
_L,k(TK/E,k) _ H;=1|Ni|
|H2(2)'|
where H*(Z)' is the group defined in (4-23) and 8 is the labeled map in (4-22).
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Proof. It is obvious that }'\(HIZ(A)) C II>(A") and then we have a long exact sequence
0 H'(A) = H'(AY 25 B2 25 i2(A) L5 %A,
One has
> (Al = @ 1%(G, Ind% Ap)= @ 2 (N;, A) = EB II*(N;, AL)
i i i

because I1%(X (7)) does not depend on the choice of the splitting field. Since K;/E; is cyclic, by
Chebotarev’s density theorem, we have III2(N;, A}E,-) =0 for all i and IIT>(A') = 0. Therefore, one gets

the 4-term exact sequence

-~

0— H'(A) = H'(AY) 2 B2 25 m12(A) — 0. (4-24)
From this we obtain I11?(A) ~ H?(Z)'/Im(8) and

IH'(W)]  [H'AD] [T IN

TK/Eky _ _ _ ‘
w0 = ey T Ry @)

O

Remark 4.4. Ono [1963b] showed that r(R%} «Gm, k) = [K : k] for any cyclic extension K /k. Since
|H'(K /k. X(RY), G x))| = [K : k], it follows that II2(K /k, X (RY)Gm.x)) = 0. This gives an
alternative proof of the first statement I2(AY) =0 of Proposition 4.3.

In order to compute the groups H?(Z)' and IIT?(A), we describe the maps & and 8y in the first
commutative square of diagram (4-22). Since Al = GaiAl.l, where Ai1 = X(TK/Ely = Ind% A}Ei, it

suffices to describe the following commutative diagram:
H'(AH) —— H* @)
]
HL(AD =2 HE(Z)

Using the commutative diagram (4-19), the preceding diagram decomposes into two squares:

v N2
H'(Ind§ AL) —— H2(Ind§ 7) =— H*(2)

lm lm l 425)
) N

8
H}(Ind§ A}) —— H}(Ind§ 2) —— H}(2)

Proposition 4.5. Assume that the extension K;/ E; is cyclic and both the subgroups ]\Nl,- =Gal(L/E;) (4-2)
and H; = Gal(L/K;) (4-1) are normal in G (that is, E; / k and K;/k are Galois) for all i. There are

natural isomorphisms

H' (A ~@ H*N..2) and HY(A") =P @D HA(D:, )19,
i D i
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where D; = DN ﬁi and D; is its image in N;. Under these identifications the first commutative square of
diagram (4-22) decomposes as the following:

Inf Cor

@_, HAX(N;, 2) @_, HX(N;, 7) H2(Z)

l@ l,,D l@ (4-26)

. : C
®p @i HAD;. PN 20 @, @, 12D, 1) PN 5 B, (@)

—1

Proof. For any element g € G and any N;-module X, let X$ be the set X equipped with the gﬁ,- g~ -module

structure defined by
Wx:=(g 'Wgx, forxeX$=Xandh' egNig"

Recall that Mackey’s formula [Serre 1977, Section 7.3 Proposition 22, page 58] says that as D-modules
one has

nd x= @5 Ind} X, (4-27)

geD\G/N;

where g runs through double coset representatives for D\ G/ Ni. Putting X = A}E’_ or X =7, we have

Ind]%_AlEi: @ Indgl_(A}E[)g, Ind%_zz @ IndgiZ
¢€G/DN; ¢€G/DN;

as ﬁi is normal in G.
We first show (A}Z,-)g o~ A}z as N;-modules. From the exact sequence of algebraic E;-tori

j Nk, /E;
1= Ry 1 G k) = Ri /g, (G k) — 5 G, — 1, (4-28)

one has an exact sequence of N;-modules
0—Z % X(Rk, /£, (Gm k) > Al — 0. (4-29)

Since K;/E; is Galois, all E;-tori in (4- 28) split over K; and hence (4-29) becomes an exact sequence of N;-
modules and X (Rk, /g, (Gm,k,)) = Ind "7 is an induced module. Thus, A = Coker(Z — IndN ' Z) and
Ind Z = IndN’ Z. So it suffices to show that (IndN’ 7)8 ~ Ind 17 as N; modules Let {n® =g~ ng}neN

be a Z basis of (Ind 1 7Z)8. The new action of N; on (Ind 1 7)8 is given by h - né := h8n8 = (hn)$ for
h,n € N;. So the map n — né gives an isomorphism Indllvi 7 —=> (Indllv" Z)8 of N;-modules, and hence
(Ap)$ =~ Ap.
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By Mackay’s formula (4-27) and Shapiro’s lemma, we obtain the following commutative diagram
from (4-25):

H'(N;, AL) HX(N;,. 2) - H@)

Jr[, lm lru (4-30)

@, H' (D, (AL)®) —2 @, HX(D, 7) - HE(2)

Since (A}Ei)g ~ A}Ei, the bottom row of (4-30) can be expressed as
H'(D;, AL)OPNI 3oy 2(p, 7)G:081 €8 2 7 (4-31)
Taking the Galois cohomology H*(D;, —) to (4-29), we get an exact sequence
0— H'(D;, Ap) o, g2y X B2 (D, Indf,?,j, 7) ~ H2(D; N H;, 7)!N:Dif)
as one has

HX(D;.Ind} 2) = H*Di, @ d} ., 2) ~ H*(D; 0 H;, 7)!N:PiH,
N;/D;H;

Similar to (4-16) and (4-17), using the inflation-restriction exact sequence, we make the following
identification H'(D;, A}Ei) = H*(D;,7Z) and (4-31) becomes

HA(D;, 2)\9PN1 1 g2, 7)l0:0 €5 g2 (7,
This proves the proposition. O
The following proposition gives a group-theoretic description of ITI>(A).
Proposition 4.6. Let the notation and assumptions be as in Proposition 4.5. Let

Verg.y = (Verg.y,)i : G — l_[ N; and Verp 5= (Verp 5.)i: D* — 1_[ D;

] 1

denote the corresponding transfer maps, respectively. Then

H*(G,7) ={f € G®V: flpw € Im(Ver}, 5)VD € D}, (4-32)

and

, {f €G™Y: flpm € Im(Ver] -)¥VD € D)
% (A) >~ * ) 4-33
(A) Im(Verg y) (4-33)
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Proof. We translate the commutative diagram (4-26) in terms of group theory. For each decomposition
group D € D, we have the following corresponding commutative diagram:

Ta=(TH;) ~ . Verg n=(Verg y.)
r i r ab ’ N
[Tz Ni [lici N

Tfunc /‘\func Tﬁmc

—  wpnu=(p;nH;) Verp, p=(Verp p,)
r . r ab ) T ab
1_[1:1 l l_[tzl i

Gab

Here we ignore the multiplicity [G : DN;] because we are only concerned with the image of the map
Cor o Inf in (4-26) and this does not affect the result. Then Verg y : G** — []; N; and Ver, j : D** —
I D; are the respective compositions. By Proposition 4.5, the map 8p corresponds to Verz)’ p- From the
second description of H 2(Z) in (4-23), we obtain (4-32).

By Propositions 4.5 and 4.1, the map & : H'(A') — H*(Z)' C H*(Z) (4-24) corresponds to Ver; y
[ N — GV Thus, by Proposition 4.3, we obtain (4-33). This proves the proposition. |

5. Computations of some product cases

We keep the notation in the previous section. In this section we consider the case where the extensions
K;/k are all Galois with Galois group G; = Gal(K;/k). Let L = K| K> - - - K, be the compositum of all
K; over k with Galois group G = Gal(L/k). Assume that:

(i) The canonical map monomorphism G — G X - - - X G, is an isomorphism. 5.1)

(i1) K;/E; is cyclic with Galois group N; := Gal(K;/E;) for all i.
As before, we put T = TK/EKk A .= X(T), T' =TK/E1 and A := X(T"). Foreach 1 <i <r, let
T;:=TK/Ek and  A; = X(T) (5-2)

be the character group of 7;.

5A. H'(A) and H*(A").
Lemma 5.1. Let A; := X(T;) as in (5-2). We have H'(A) ~ @/_ H'(A;).

Proof. By Proposition 4.1, H'(A) is isomorphic to the kernel of the dual of the map [I; Vergn, : G —
[1; N®. By Lemma 3.9, []; Verg,n; = [[; Verg, v, : [[;=; Gi — []; N®, and therefore the kernel of its
dual is equal to the product of abelian groups H'(A;) fori =1, ..., r, by Proposition 4.1. This proves
the lemma. U

We remark that condition (ii) in (5-1) is not needed in the proof of Lemma 5.1.

Proposition 5.2. Let H C G be a normal subgroup of a finite group G, let A be a G-module, and let

n > 1 be a positive integer. If H1(H, A) =0 for all 0 < g < n, then we have a 5-term long exact sequence

0— H"(G/H, A"y > H"(G, A) — H"(H, A)°/" s g\ (G/H, A¥) — H"T (G, A).
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Proof. This follows from the Hochschild—Serre spectral sequence
EY®:= HP(G/H, HY(H, A™)) = H'(G, A);
see [Neukirch et al. 2000, Theorem 2.1.5, page 82 and Proposition 2.1.3, page 81]. (|

Proposition 5.3. Let K =[[._, K; and E =[];_, E; be as before. Suppose that each K;/k is Galois
with group G;, and that conditions (i) and (ii) in (5-1) are satisfied. Then
H*(G, A") = @[_ H*(N;, AL),

where AlEi is defined in (4-8), and there is a natural homomorphism v; : N; — (Hl.ab)“\/"‘_1 such that
Hz(ﬁi, AL?,') ~ Ker(viv). Ifr =1, that is K / k is a Galois field extension, then H*(AY) =0.
Proof. By (4-9), we have

HY(G, A" =@ HI(Ni, A). V¥q=0.

i=1

By (4-29), we get the long exact sequence
HY(N;, Ind} 7) — HI(N;, AL) — HTPY(N;, 2) — HOYY(N;, nd)) 7). (5-3)
Since IndZi 7= Indiv" Z is an induced module, it follows from (5-3) that
H*(N;, Ap) => H*(N;,Z) = H'(N;, Z) = 0. (5-4)

Since the algebraic torus TKi splits over K;, the H;-module AlEi ~ 7Vil=1 5 trivial and H'(H;, A}Ei) =
H'(H;, Z'ViI=1y = 0. By Proposition 5.2 with (G, H) = (N;, H;), we have the exact sequence

0— H2(Ni, AL) — H*(Hi, AN 25 HA(N;, AL).
Using the same argument as (5-4), we get H3(N;, AlEi) ~ Hom(N;, @/Z). On the other hand,
H?(H;, Ap) ~ H*(H;, 7)'M'~' ~ Hom(H;, Q/2)!™'~".

We now observe that the conjugation action of the group N; = N; /H on Hom(H;, @/Z)Ni1=1 is trivial.
Consequently, we obtain an exact sequence

0— H2(N;, AL) — Hom((HM1=!, @/Z) %> Hom(N;, @/2).
Letv; : N; — (Hiab)”\""_1 be the Pontryagin dual of d;. Then Hz(ﬁ,-, AIIE,-) = Ker(viv). O
Corollary 5.4. Let the notation and assumptions be as in Proposition 5.3. Assume further that the orders

of groups G; are pairwise coprime. Then

,
H*(A") ~ @D Hom(H;, Q/z)!K 501,
i=1

(In our notation the group Hy = {1} ifr = 1.)
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Proof. In this case, the maps d; are all zero. |

Remark 5.5. It would be interesting to describe the map v; : N; — (Hl.ab)[K" /EI=1 explicitly.

5B. t(T). In this subsection we shall further assume that each subgroup N;, besides being cyclic, is
also normal in G;. This assumption simplifies the description of the group H?(Z)' through Mackey’s
formula. Let D; be the decomposition subgroups of G; for each i.

Lemma 5.6. (1) The inclusion [['_, H*(G;, Z) C H*(Z)' holds.

(2) Assume that for any 1 <i <r and D] € D;, there exists a member D € D such that pr;(D) = D! and
a section s; - le — D ofpr;: D — le such that the composition pry os; : le — D — Gy is trivial

fork #i. Then [[;_; H*(G;, 2)' = H*(Z)'.

Proof. (1) For each f = (fi,..., f;) € Hom(G, Q/Z) = [];_, Hom(G;, Q/Z), consider the following
two conditions:

(a) For each D € D, the restriction f|p of f to D lies in the image of the map > ;_, Ver;) 5.

Vv

(b) For each 1 <i <r and D] € D;, the restriction f;| p; to D! lies in the image of the map Ver D!.DIAN; "

By Proposition 4.6, we have
H*(G,Z) ={f € G*": flp» € Im(Ver}, ;)VD € D}

and it is equivalent to show that the condition (b) implies (a).

Let D = Dy € D be a decomposition group associated to a prime 3 of L. By definition D; = D NN; and
D; = D;/D; N H;. The projection map pr; : G — G; sends each element o to its restriction o | g, to K;. Let
B denote the prime of K; below B3 and we have pr; (Dyz) = Dy, We show that pr; (DN I\NIi) = Dy, NN;.
The inclusion C is obvious because pr; (DqgﬂI\NI,-) C pr; (Dgs;)Npr; (ﬁ,-) = Dy, N N;. For the other inclusion,
since pr; : Dz — Dy, is surjective, for each y € Dy, N N; there exists an element x = (x;) € Dy such
that x; = y. Since x; € N;, x also lies in ﬁ[. This proves the other inclusion. Therefore, D; = Dg, N N;.

The map Y ;_, Veré’ 5, is dual to the map

i

l_lverD’D‘BimNi :D— H(Dspl ﬂNl').

i=1 i=1
Since each Verp, Dy, NN; = VerDmi, Dy, NN; © PI; (3-4), the above map factorizes into the following compo-
sition
()i i [l Verpy, ,py; nN; L
D 2 T'] Dy, ——225 [0 N N).
i=1 i=1

Consider the restriction f T Dy, = (fil Dmi) of f to [[; Dg,, and put D} := Dg,. By condition (b), there
exists an element 1; € Hom(Dg, N N;, Q/Z) such that f; |Dq3’_ = Veer%’D%mNi (h;). Then

FIM, = (Verpy, by i, (i)
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Restricting this function to D, we obtain f|p = Z;Zl Ver\g b (h;). This shows that f|p lies in the image
of )i, Verz)’ B,

(2) By (1), we have ]—[f:1 H*(G;,7) c H*(Z)'. To prove the other inclusion, we must show that each f;
satisfies condition (b) provided f satisfies condition (a), which we assume from now on. For 1 <i <r,

let D € D be a decomposition group of G over D] and s; : D; — D be a section such that pry, os; is trivial
for k #i. Then (a) implies

flo=")_ Ver} 5 (h)
k=1

for some hy € Hom(Dy, Q /Z). Pulling back to le via s;, we have

filpy=s{flp= Zsl* Verz)jk(hk) = Zsl* pry Verz)],(ﬁk (hy),
k=1 k=1
where D, :=pr; (D) if k #i. Since s pry =1 if k =i and 5] prj; =0 otherwise, we get f; lp; = VerZ){ 5. (hi).
i |:|

Proposition 5.7. With the notation and assumptions be as above. Suppose further that for each 1 <i <r,
every decomposition group of G; is cyclic. Then we have ©(T) = [[;_, t(T;), where T; = TKi/Eik
(see (5-2)).

Proof. We shall show that the assumption in Lemma 5.6(2) holds. Let D] € D; be a decomposition
group of G;; by our assumption D is cyclic and let a; be a generator. Let D be a cyclic subgroup of G
generated by a; = (1, ..., 1,a;, 1,...,1) with g; at the i-th place. Clearly D is the decomposition group
of some prime and let s; : D] — D be the section sending a; to a;. Clearly for k # i, prj os; : D, — D is
trivial. By Lemma 5.6, we have H*(G, Z)' =[[;_; H*(G;, 2)
By Proposition 4.3, we have
[Tz Nl |Nil

D=y ™ T =6

Therefore, 7(T) = [];_, ©(T}). O

6. Galois CM fields

We return to the case of CM tori and keep the notation of Section 2C. In this section, we assume that
K is a Galois CM field. Let G = Gal(K/Q), G := Gal(K+/Q) and g := [K ™ : Q]. Then one has the
short exact sequence

1> ()—>G— Gt —1. (6-1)

Recall the Q-torus 7X@ (2-6) is the CM torus over Q associated to the CM field K. We set 7 := TX-Q,
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6A. Cyclotomic extensions.

Proposition 6.1. Let K = Q(¢,) # Q be the n-th cyclotomic field with n odd or 4 | n, and T the associated
CM torus over Q:

(1) If n is either a power of an odd prime p orn =4, then t(T) = 1.
(2) In other cases, T(T) = 2.

Proof. (1) In this case the Galois group G = Gal(K/Q) is cyclic and Proposition 2.9(3) shows that
o(T)=1.

(2) Suppose first that n is not a power of a prime. By Proposition 2.7(2) the global norm index ng divides
I1 pes i+ €Top- By [Washington 1997, Proposition 2.15], the quadratic extension K /K is unramified at
all finite places of K. It follows that Sk /k+ = @, and hence that ng = 1. Proposition 2.7(1) then shows
7(T) = 2. Now suppose the other case that n = 2" with v > 3. Then K contains Q(¢g) = @(«/i, V-1,
which contains two distinct imaginary quadratic fields. Thus, by Lemma 2.8, we have ng = 1 and hence
t(T) = 2 by Proposition 2.7(1). This completes the proof. U

6B. Abelian extensions.
Proposition 6.2. Assume that G = Gal(K /Q) is abelian:
(1) We have t(T) € {1, 2}.
(2) If gis odd, then t(T) = 1.
(3) If g is even and (6-1) splits, then T(T) = 2.
Proof. (1) Write G = ]—[f:1 G as a product of cyclic subgroups G;. Then there exists i such that the image
of ¢ in the projection G — G; is nontrivial, say i = 1. Let K| be a subfield of K with Gal(K;/Q) = Gy,

which is a cyclic CM field. Then we have T(TK:@) =1 by Proposition 2.9(3), that is, ng, = 2. Since
K D K, we have ng |ng, and ng € {1, 2}. Therefore, 7(T) € {1, 2}.

(2) This follows from Proposition 2.9.
(3) Since (6-1) splits, G >~ (1) x GT. As g is even, there is an epimorphism

(1) x Gt = (1) xZ/)27. (6-2)

In particular, K contains two distinct imaginary quadratic fields; therefore, nx = 1 and 7(T) = 2 by
Lemma 2.8. g

6C. Certain Galois extensions.

Proposition 6.3. Assume the short exact sequence (6-1) splits. Let g*® := |G| and A := X (T). Then
©(T) € {1, 2}. Moreover, the following statements hold:
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(1) When g is odd, t(T) = 1.
(2) When g is even:
() If g is even, then ©(T) = 2.
ai) If gab is odd, then there is a unique nonzero element & in the 2-torsion subgroup H 2(A)[2] of

H?(A). Moreover, T(T) = 1 if and only if its restriction rp(§) = 0 in H>(D, A) for all D € D.

Proof. Since (6-1) splits, G 2~ (1) x G™. It follows that K contains an imaginary quadratic field E. Since
ng =2,o0ne has ng € {1,2} and t(7T) € {1, 2}. The statement (1) follows from Proposition 2.9(2).

(2) We have G =~ (1) x Gt and G™ ~ (1) x G, (i) Suppose g is even. As (6-2), K contains two distinct
imaginary quadratic fields. Thus, ng = 1 and 7(T) = 2. (ii) Suppose g?® is odd. Put A! = X(TX-!) and
we have the following exact sequence

0—> H'(A) » H' (A" > H*(Z) > H*(A) —> H*(AY).

We have H'(A') ~ Z/27Z by Proposition 4.1(1), H*(A') = 0 by Proposition 5.3, and H'(A) ~ 7 /27 by
[Achter et al. 2023, Proposition A.6]. This gives H>(Z) = H?(A). The proof of [loc. cit., Lemma A.7]
shows that H!(G, T) is a 2-torsion group. It follows that ITI>(A) is also a 2-torsion group. Therefore,
II12(A) C H*(A)[2]. Since g is odd,

H*(A)[2] ~ H*(Z)[2] = Hom(G®, Q/7)[2] = Hom({t) x GT®, Q/2)[21= 7/27.
Let £ € H>(A)[2] be the unique nonzero element. Then
T(T)=1<=M*(A) ~Z/27 < & e III*(A) <> rp(§) =0 forall D € D.
This completes the proof of the proposition. O

Remark 6.4. When G is nonabelian and the short exact sequence (6-1) does not split, we do not know
the value of t(7') in general. However, if the involution ¢ is nontrivial on the maximal abelian extension
Kap over Q in K, then K, is a CM abelian field and it follows from Proposition 6.2 that 7(7T') € {1, 2}.

It remains to determine the Tamagawa number when G is nonabelian, (6-1) is nonsplit, and Ky, is
totally real. This includes the cases of G = Qg and the dihedral groups, for which we treat in the next
subsections.

6D. Qg-extensions. The quaternion group Qg = {£1, i, =, =k} is the group of 8 elements generated
by i, j with usual relations i> = j2 = —1and ij = —ji = k. We have the following well-known properties
of Qg.

Lemma 6.5. (1) The group Qg contains 6 elements of order 4, one element of order 2, and the identity.
It does not have a subgroup isomorphic to 7 /27 x 7 /27. Thus, every proper subgroup is cyclic.

(2) Every nontrivial subgroup contains {x1}, and only subgroup which maps onto Qg/{£1} is QOs.
(3) The center Z(Qg) = {£1} = D(Qs), where D(Qg) = [Qs, Qs].
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Proposition 6.6. Let P and Q be two odd positive integers such that
P—-1=d* Q-1=Pb

for some integers a, b € N. Assume that Q is not a square. Let K := Q(B) be the simple extension of
Q generated by B which satisfies B> = o := —(P +~/P)(Q ++/Q). Then K is a Galois CM field with
Galois group Qg with maximal totally real field K+ = Q(v/P, \/Q). The Galois group Gal(K /Q) is
generated by t| and T, given by

P-1 —1
n(B) = Qﬂ, n(f) = WE_—Pa)

Moreover, for each prime £, the decomposition group Dy is cyclic except when £ | Q. For £ | Q, one has
z/a7 if (%) =1,
D= : Az (7)) =1
OF if (£)=-1.
Proof. Note that gcd(P, Q) =1 and P is not a square. Then @(\/F ,+/0) is a totally real biquadratic
field and its Galois group is generated by o7 and o,, where

(VP VP (VPP
o {@H ve. ™ {@H ~V0.
It is clear that « is a totally negative, and hence K is a CM field. The maximal totally real subfield K ™ =
Q(x) C Q(WP, +/0). Since the minimal polynomial of « is of degree 4, one has K™ = Q(~/P, V/O).
Lett; € Gal(@/ Q), i =1, 2, be elements such that 7;| g+ = ;. One computes

1(B)?  tn@ —oi(P+~P)oi(Q+/0) (P—vP)? (P-1? (VP-1)>
B2« —(P+VPQ+VO ~ PP-P  P-1 &

and obtains

B- (6-3)

71(B) = i(*/i—_l)ﬁ and 7(K)CK.
Similarly, one computes 72(8)%/8? = (+/Q — 1)>/Pb?* and obtains
»(B) = i(‘/\/@_—P;l)ﬂ and ©(K)CK.

It follows that K /Q is Galois. Let 71, 7o € Gal(K/Q) be defined as in (6-3). One easily computes
rlz(,B) = —8, 122(;6) = —B, 11172(B) = t1271(B) and obtains the relations

114 = rg =1, r12 = 122, flrzrl_l = 72_1,
showing that K is a Qg-CM field.
Denote by DZ the decomposition group at £ in GT = Gal(K"/Q). Then Dy = Qg if and only if
DZ’ =G*. If ¢4 P Q, then ¢ is unramified in K and D[ is cyclic. Thus, DZ cannot be GT, Dy # Qg
and Dy is cyclic. If €| P, then (£) = () = 1. So ¢ is ramified in @(+/P) and splits in Q(/Q). Thus,
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D/ # G and hence Dy is cyclic. It remains to treat the case £| Q. If (£) = 1, then D} ~7/27 and
hence D, >~ Z/4Z. Otherwise, £ is ramified in Q(,/Q) and inert in @(«/F). One has DZ = G* and
D, = Qs. O

Proposition 6.7. Let K be a CM field which is Galois over Q with Galois group Qg. Then

(TKQ) = % ifevery. decomposition group of K /Q is cyclic; (6-4)
2 otherwise.
Proof. Put G = Gal(K /Q) >~ Qg and N = (t). We shall show that
H' (A =HY G, N =27)27 (6-5)
and
M2(A) = :Z/ZZ ®72/27 if ever}./ decomposition group of K /Q is cyclic; (6-6)
0 otherwise.
Then (6-4) follows from (6-5) and (6-6).
By Proposition 4.1 and (4-20), we have an exact sequence
0— H'(A) — H'(A) = NV 6, 527) = GV — H?(A) — 0, (6-7)

noting that H2(G, A') =0 when K /Q is a Galois CM field. Since the 2-Sylow subgroup of Qg is not
cyclic, the transfer Verg, y is not surjective by Proposition 3.3. Therefore, Ver(v;’ 18 not injective and is
zero. This proves H'(A) ~ Z/27 and H*(Z)' ~ IIT>(A) from (4-24).

If there is a finite place of K whose decomposition group is not cyclic, then we have III*(A) = 0.
Therefore, 7(T%'®) = 2. On the other hand, suppose that every decomposition group of K /@ is cyclic.
One has G = G/N ~7/27 x 7 /27. Recall

H(Z) = {f e Hom(G, Q/Z) : (+) flp € Im Ver}, py, VD € D).

Note that f|y =0, so the restriction to D map f|p is contained in Hom(D/N, Q/Z) whenever N C D
(also noting that N C D if D is not trivial). Soif D =0or D >~ Z/27Z, then f|p = 0 and condition
(x) above is satisfied automatically. Suppose D >~ Z/4Z. Since the 2-Sylow subgroup of D is cyclic,
the map Verj, 5 : NV — DV is injective and Im Ver}, 5, the unique subgroup of D" of order 2. Then
flp € Hom(D/N,Q/Z) = Im Verlv)’ » and condition (x) is also satisfied automatically. Therefore,
IIT2(A) ~ H*(Z) = H*(Z) ~ 727 & Z/2Z. This proves the proposition. O
Corollary 6.8. Let P and Q be two odd positive integers, let « := —(P 4+ ~/P)(Q + /Q) and let
K = Q(/«) be the Galois CM with group Qg as in Proposition 6.6. Then
H(TK?) = {% if(g) = 1 for all primes q | Q;
2 otherwise.

Proof. By Proposition 6.6, the cyclicity of all decomposition groups of K /Q is equivalent to the condition
(5) =1 for all primes ¢ | Q. Hence the assertion follows from Proposition 6.7. O
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6E. The dihedral case. Let D, denote the dihedral group of order 2n.

Lemma 6.9. Suppose the CM-field K is Galois over Q with Galois group G, and let
S:={ceG:1&(o)}.
If |S| > 1G|/2, then ng < 2. If the inequality is strict, then ng = 1.

Proof. This is due to Jiangwei Xue. Let L/Q be the class field corresponding to the open subgroup
Q*N(T(A)) C A* by class field theory. Then ng = [A* : Q*Np,o(A/)] = [L : Q]. Suppose p is
a rational prime unramified in K/Q such that the Artin symbol (p, K/Q) lies in S. Since p splits
completely in the fixed field E = K”» of the decomposition group D, = {(p,K/Q)) of G at p and
() N D, = {1} (by the definition of S), one has K = K *E and that every prime v of KT lying above
p splits in K, and therefore @; C N(T(A)) C Q*Nr,a(A)). It follows from class field theory that p
splits completely in L. Thus, the density of S is less than or equal to that of primes splitting completely
in L. By the Chebotarev density theorem, we obtain |S|/|G| < 1/[L : Q]. Therefore, ng < |G|/|S| and
the assertions then follow immediately. O

Proposition 6.10. Let K be a Galois CM field with group G = D,, and T the associated CM torus over Q.
Then n is even and t(T) = 2.

Proof Write D, = (t, s :t" =s>=1, sts=t"'). One easily sees that the center Z(D,,) = {x € (¢) x2=1)
contains an element of order 2 if and only if n = 2m is even. Since ¢ is central of order 2 in D, n is even.
In this case |S| =2m + 1 and ng = 1 by Lemma 6.9. Therefore, t(T) = 2. Il

Remark 6.11. The criterion in Lemma 6.9 does not help to compute t(7') for the case G = Qg or
G = Z/2"Z. However, these cases have been treated in Propositions 6.7 and 2.9, respectively.

7. Some nonsimple CM cases

Keep the notation in Section 2C. Write N; := Gal(K;/K l.+) = (1;) with involution ¢; on K;/K [.+ and
tf € Ny =Hom(N;, Q/Z) for the unique nontrivial element, that is ¢} (1) = % mod Z. Fix a Galois splitting
field L of T = 7X@ and put G = Gal(L/Q). For a number field F, denote by X := Homg(F, C) =
Homg(F, Q) the set of embeddings of F into C. The Galois group Gg := Gal(Q/Q) acts on X5 by
o-¢p=0co¢foro € Ggand ¢ € Xf. Let ; be a CM type of Ki/Kl.Jr, that is, ®; N (P; o(;) = & and
®; U(P; 01;) = Xg,, and for each g € G, set ®;(g) :={p € D; : g¢p & P;}.

Lemma 7.1. Let K be a CM algebra and T = T*XQ the associated CM torus over Q. Then the map
P Verg; . : DN > G™Y =Hom(G. Q/2)
i=1 i=1

sends each element y_;_, a;t}, for a; € Z, to the element f =Y., a; f;, where f; € Hom(G, Q/Z) is the
function on G given by fi(g) = |®;(g)|/2 mod Z.
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Proof. We first describe the transfer map Verg y, : G — N;. We may regard the CM fields K; as subfields
of @, and put Xl = G/H = Yk, and X; 1= G/N = EK+ Fix a section ¢ : X; — G such that the
induced section ¢ : X; — X, has i image ®;. Since N; = N, / H; is abelian, modulo D(N )H; is the same
as modulo H;. Following the definition of Verg_y,, for each g € G,

Verg,n, (8) = [ | n%, mod H; =1{"® e N,

xeX;

where the element ng,x € IV,- is defined in Section 3D and n;(g) := [{x € X; : ng,x ¢ H;}|. Let f; :=
Ver(; y. (7). Then (Lemma 3.8)

fi(g) =t (Verg.y, () = (1) = ni(g)/2 € Q/Z.

Thus, it remains to show #; (g) =|®P;(g)|. Let <I> = <p(EK+) Then we have bijections <I> = o, = ZK+.
Letx € EK+, and let ¢ € d> and ¢ € ®; be the corresponding elements. Put ¢/ = ga(gx) and ¢’ = ¢(gx),
the image of ¢ Then g¢ and ¢> are elements lying over gx and we have g¢ ¢> ng x- Sogp=¢ if
and only if n¥ ¢.x € H;. On the other hand, since ¢’ € ®; and two elements g¢ and ¢’ are lying over the
same element gx, we have

8 & ;< gp # ¢ <> n? ¢ Hi.

Therefore, the bijection ®; — X+ gives the bijection of subsets

(pediigp g} => (xeZgr:n? ¢H).
This shows the desired equality |D;(g)| = n;(g). Il

By Proposition 4.1 and Lemma 7.1, we give an independent proof of the following result of Li and
Riid [Achter et al. 2023, Proposition A.11].

Corollary 7.2. Let K and T be as in Lemma 7.1 and A = X (T') be the character group of T. Then

Hl(A):{(a,-)e{:l:l}r: 3 |<I>[(g)|EZZ,Vg€G}. (7-1)

I<i<rai=—1
Proof. Indeed, after making the identity @/_, N,¥ >~ (Z/27)" with {£1}", by Lemma 7.1 the map
®;_; Verg y.: ®;_; N/ ={£1}" — Hom(G, Q/Z)
sends (a;) to the function f with
f@= Y [9:i(g)l/2 modZ.
I<i<r,a;=—1

Thus, f = 0 precisely when
Y. |Pi(®)l€2Z, Vgeg,

1<i<r,ai=—1

and (7-1) follows from Proposition 4.1. Il
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Proposition 7.3. Let K be a CM algebra and T the associated CM torus over Q. Then there is an
isomorphism A* JQ* N (T (A)) ~ H*(2)".
Proof. By [Rosengarten 2018, Theorem 1.2.9], we have the following commutative diagram with row

exact sequence:

0 —— T(Q)pro —— T (A)pro —— HX(Q, T)Y —— T (T) —— 0

e
O — (@X)pm — (Ax)pro — Hz(@, Z)V E— 0

where Ay, denotes the profinite completion of an abelian group A. It follows from the Poitou—Tate
duality and class field theory that:

(T(A)/T(Q))po — (H2(@Q, T)/11%(@, T))¥

I I

(A /Q*)prg ————— H*(Q, Z)V
By definition H2(Q, Z)' = Ker(N : H*(Q, Z) — H*(Q, T)/I12(Q, T)), so we have
Coker N = (T'(A)/T(Q)N(T (A)))pro —> Coker NV = H>(Q, 7)".
Since T (A)/ T (Q)N (T (A)) is finite, it is equal to its profinite completion. This proves the proposition. [

Remark 7.4. Proposition 7.3 gives a cohomological interpretation of the group A* /Q* N (T (A)). This
is reminiscent of the main theorem A /Ng /i (Ag)k* >~ H 2(G, Z)V of class field theory, where K /k is
Galois with Galois group G.

Lemma 7.5. Let K| be a CM field and K := K7 be the r-copies of K. Then T(TKQ) =2r—1. ¢(7K1Q),

Proof. This is first proved in [Riid 2022, Example 8.4, page 2897]; here we give an independent proof.
Observe that N(TX-Q(A)) = N (A;é) NA*, where N = Nk, g+. To see this, the inclusion C is clear. If
x € N(Ag) NA*, then x = N(y) for some y € Ag. By definition y € T (A), and hence x € N (T (A)).
This verifies the other inclusion. It follows that if K = [];_, K; is a product of CM fields K;, then

N(TEQ@A) = A [\ Ny, e+ (AF)
i=1
in the sense that the right hand side consists of all elements x € A* which are contained in N ¢+ (A}éi) via
the embeddings A — A;Jr for all i. Thus, if K; = K for all i, then N(TK’@(A)) =A% ﬂNKl/Kr (AIX{I) =
N(TX1-Q(A)) and hence ng =n,. By Proposition 2.7, T (TX-Q) =27 /ng =2""1.2/ng, =27 1.7 (TK1).
O
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Corollary 7.6. For any integer n > 0, there exists a CM torus T over Q such that ©(T) = 2".

Proof. Take K = E” with r =n + 1 > 1, where E is an imaginary quadratic field. Then 7(TX2) =
2=t (TE9) =2n. O

Proposition 7.7. Suppose that CM fields K1, . . ., K, satisfy the following:

(a) K; is Galois over Q with group G; ~ Qg for any i.

(b) The Galois group G = Gal(L/Q) of the compositum L = K --- K, over Q is isomorphic to
Gy x--xG,.

(c) Every decomposition group of G; is cyclic forall 1 <i <r.
Then t(T*9) = (3)".
Proof. By condition (c) and Proposition 6.7, one has
(15 =1 (7-2)

for all 1 <i <r. Moreover, the equality [K; : Kl.+] = 2 and the conditions (a), (b) and (c) imply that the
CM fields K1, ..., K, satisfies the assumptions in Proposition 5.7. See also the conditions (i) and (ii) in
Section 5 and the beginning of Section 5B. Hence the assertion follows from Proposition 5.7 and (7-2). U

Theorem 7.8. For any positive integer r, there exist Qs-CM fields K; for 1 < i < r that satisfy the
conditions (a), (b) and (c) in Proposition 7.7.

We will give the proof in the next section. From Proposition 7.7 and Theorem 7.8, we immediately
obtain

Corollary 7.9. For any integer n, there exists a CM torus T over Q such that ©(T) =2".

Remark 7.10. Kottwitz [1992] computed the Hasse—Weil zeta function of the moduli spaces Sg» of
PEL-type. Using the notation there, it is shown in Section 8 that the algebraic variety Sx» over the reflex
field E is a finite disjoint union of the canonical model of Shimura varieties associated to the Shimura
datum (G, h~', K?) indexed by ker' (Q, G) := ker(H'(Q, G) — I1 H'(Q,, G)). In Case C and
Case A with n even, the set ker! (@, G) is trivial and there is no difference between the moduli space Sk »

V<00

and the canonical model of the Shimura variety in question. In Case A with n odd, the set ker! (Q, G)
is canonically isomorphic to ker! (@, Z), where Z is the kernel of the map F* x Q* — FOX sending
(x,1) to Np/F, (x)t~! and F is the center of the central simple Q-algebra B in the input PEL-datum. The
Q-torus Z is exactly the CM torus associated to the CM field F and ker' (Q, Z) is its Tate—Shafarevich

group.

Question 7.11. Is Proposition 2.9(2) still true if one drops the condition that K /Q is Galois?
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8. Construction of an effective family of 0-CM fields

8A. Existence of Qg-extensions of fields. Let k be a field of characteristic different from 2, and denote
by Br(k) the Brauer group of k. Then we define a pairing

(o) s kK x k= Br(k)
by sending (a, b) € k* x k* to the Brauer class of the quaternion algebra

a,b

(T) =k ®ka ® kB @ kap,

where o? = a, %> = b and Ba = —af. By definition, the pairing (-, - ); is symmetric, and the image of
(-, ) is contained in the 2-torsion group of Br(k).
For a € k*, put

ko :=k[T1/(T? —a).
We denote by Ny, /i : ks — k the norm map of k,/ k.

Proposition 8.1 [Gille and Szamuely 2017, Proposition 1.1.7]. Let a, b € k*. Then the following are
equivalent:

(1) (a,b)=1.
(2) a € Ny i (k).
(3) b € Ny, sk (k).
The following is one of the most important key to prove Theorem 7.8.

Theorem 8.2 [Kiming 1990, Theorem 4]. Let E = k(\/a, \/Z) be a biquadratic extension of k, where
a, b e k*. Then the following are equivalent:

(1) There is a quadratic extension of K /E such that K / k is a Qg-extension.
(2) (a,a)r(b, b)i(a, b); = 1.

8B. Proof of Theorem 7.8. First, we recall the properties on the pairings (-, - )o:=(-,-)gand (-, -)y:=
(-, -)q, for all places v of Q.

Proposition 8.3. Let v be a place of Q, a, b € Q) and let Q, , := @U[T]/(T2 —a):
(1) If v is infinite, then we have (a, b), = 1 if and only if either a or b is positive.
(2) Assume that v = { is a nondyadic finite place. If a, b € 7, then (a, b), = 1.
(3) Under the assumption on v in (2), ifa =€ and b € Z, then we have (a, b); = (%).

@4) Ifv=2anda,b €1+447,, then one has (a, b), = 1.
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Proof. (1) This follows from Proposition 8.1 and the equality Nc/r(C*) = R.o.
(2) Since £ #2and a € Z,, we have

@e X @g ifae (ZZ)Z,

Qea = {@gz ifa ¢ (27,

where Q2 denotes the unramified quadratic extension of Q. Hence Ng,,/0,(Q,,) contains Z;. Hence
the assertion follows from Proposition 8.1 and the assumption b € Z;.

(3) Since ¢ is not equal to 2, we have
Ng, o0 @e(VE) = (=) x Z})*.

Therefore the assertion follows from Proposition 8.1.
(4) Since 1487, = (sz)z, there is an isomorphism

QyxQ, ifae (Z;)z,

D20 = )
> {@4 if a ¢ (Z7)2.

In particular, Ng, ,/0,(Q5 ,) contains Z5 . Hence the assertion follows from b € 14475 and Proposition 8.1.
O

The following two lemmas will be used later.
Lemma 8.4. Let E be a totally real field which is Galois over Q:

(1) Let K/E be a quadratic extension such that K /Q is Galois. Then K is either totally real or CM.

(2) If there is a quadratic extension K /E such that K /Q is Galois, then there is a totally imaginary
quadratic extension K'/E such that K'/Q is Galois and

Gal(K'/Q) = Gal(K /Q).

Proof. (1) If K is not totally real, then it is totally complex since K /Q is Galois. Fix an embedding
e: K — C, and let ¢ be the element of Gal(K /Q) induced by the complex conjugation and ¢. Then ¢ is
the unique nontrivial element of Gal(K /E) C Gal(K /Q) since E is totally real. On the other hand, the
assumption that £ is Galois implies that Gal(K /E) is central in Gal(K /Q). Hence ¢ is contained in the
center of Gal(K /@), which implies that K is a CM field.

(2) By (1), we may assume that K is totally real. Write K = E(y/a), where @ € E*, and put K’ :=
E(/—a). Note that K’ corresponds to ((g, ¢)) under the isomorphism

Gal(K (v—1)/Q) = Gal(K /Q) x Gal(Q(~/—1)/Q).

Here ¢ is the unique nontrivial element of Gal(K/E), and ¢ is the complex conjugation on Q(+/—1).
Note that ¢ is central in Gal(K /Q). Then K is not totally real K’ is Galois over Q, and hence it is CM
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by (1). Moreover, the composite

> (8.1dg(y=m)

Gal(K /@) - i Gal(K /Q) x Gal(Q(+/—1)/Q) = Gal(K (v—1)/Q) — Gal(K'/Q)

is an isomorphism by the definition of K. g

For a number field E which is finite Galois over Q, we write for Ram(E) the set of prime numbers

which ramify in E.

Lemma 8.5. Let r be a positive integer, and K1, . .., K, be number fields which are Galois over Q. For
each i, we denote by E; the maximal abelian subfield of K;. Assume the following:

(1) [K; : E;] is a prime number for any i > 1.
(i) Ram(E;) "NRam(E;) =@ ifi # j.

Let L be the compositum of K1, ..., K,. Then there is an isomorphism

Gal(L/@) = | [ Gal(K;/Q).

i=1
Proof. We give a proof by induction on r. It is trivial if » = 1. Next, assume that the assertion holds for

r — 1, that is, there is an isomorphism

r—1
Gal(L'/@) = [ | Gal(K;/@). (8-1)

i=1

where L' := K, - - - K,_1. We first prove the equality
E.NL =Q. (8-2)

Since E, is abelian over @, it is contained in the maximal abelian subfield E’ of L’. On the other hand,
the induction hypothesis (8-1) implies the equality E’ = E| --- E,_;. Hence E, N L’ is contained in
E.N(Ey---E,_1). However, we have E, N (E; - -- E,_1) = Q by the assumption (ii) and the global class
field theory, and hence (8-2) holds.

Now we prove the equality K, N L" = Q, which gives the desired assertion. If K, N L’ # Q, then we
have E,N(K,NL)Y=Qand E, C E,- (K,NL") C K, by (8-2). Therefore K, is equal to the compositum
of E, and K, N L’ by the assumption (i). Consequently, there is an isomorphism

Gal(K,/Q) = Gal(E, /@) x Gal(K, N L' /Q).

In particular, [K, N L' : Q] = [K, : E,] is a prime number, and hence K,/Q is abelian. This contradicts
the assumption (i), which implies the desired equality K, N L' = Q. O

Let L be the set of unordered pairs of prime numbers {£, £’} satisfying the following:

g/
¢={¢ =1 mod4, (Z) =1.
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Proposition 8.6. For any positive integer r, there are r-pairs {1, E/l Yoo oy {€r, €.} in L such that

Hlr, ..o e O, 0} =2

Proof. By the Dirichlet prime number theorem, there are r distinct prime numbers £1, ..., £, which are
congruent to 1 modulo 4. Moreover, the Dirichlet prime number theorem implies the existence of prime
numbers £, ..., £, satisfying the following:

¢ =1mod4, (;)=1 ifi=1,

G=1mod4, (¢)=1.6¢{E).....0_) ifi=2.
Therefore the assertion holds. Il
For A :={¢,¢'} € L, put K;L = QK V).
Lemma 8.7. For any A € L, the decomposition groups of K f /Q at all finite places are cyclic.

Proof. Write .. = {£, £'}. Let v be a finite place of K ; which lies above a prime number £y. If £y ¢ {€, £'},

then K ;r /Q is unramified at v, and hence the assertion holds for v. The assertion for £y = £ follows
e/

from the assumption (7) = 1. Finally, in the case £, = ¢/, the statement is a consequence of the equality
(5)=(5)=1 =
v)=\¢) =+
Proposition 8.8. For any A € L, there is a CM field K containing K ; such that K /Q is a Qg-extension.
Proof. By Lemma 8.4(2), it suffices to prove the existence of Qg-extension K of @ containing K ;“ . Write
A ={¢, ¢'}. Tt is equivalent to the equality
(&, Do, ), £ =1,

which is a consequence of Theorem 8.2. Since the image of the class (£, £)o(£', £)o(€, £')¢ in Br(Q,) is
equal to (¢, £),(¢', €), (¢, £'),, by the Albert—Brauer—-Hasse—Noether theorem [Lang 1994, Chapter IX,
Section 6, page 195] it is equivalent to prove the following for any place v of Q:

(€, 0 (€, )y (L, £)y = 1. (8-3)

Case 1. v is infinite. In this case, (8-3) follows from Proposition 8.3(1) since £ and ¢’ are positive.

Case 2. v ={y ¢ {2, ¢, £'}. The condition ¢¢ ¢ {¢, ¢} implies that £ and ¢’ are units in Z,,. Hence, since
£y # 2, one has
(€, 0) =, )=, L) =1

by Proposition 8.3(2). This implies the equality (8-3).
Case 3. v = 2. Since £ ={¢' =1 mod 4, Proposition 8.3(4) implies

(0, 0= )= L)n=1.

Hence (8-3) holds.
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Case 4. v = ¢. The assumption £ = 1 mod 4 is equivalent to the equality (') = 1. Hence
€, O¢=(E D=1

On the other hand, the assumption (%) = 1 implies
)=, ) =1,

which is a consequence of Proposition 8.3(2) and (3). Therefore we obtain the desired equality (8-3).
Case 5. v=1/{. Since £'=1 mod 4 and
14 A
— = —_ = 1,
(#)-(7)

the assertion (8-3) follows from the same argument as Case 4. U

In the following, we give a proof of Theorem 7.8. By Corollary 7.6, we may assume n = —r < 0. Take
M=1{,0}}, ..., A ={£,, £,} € L satistying

|{Elv~"a€r’gllv~~'a€;}|:2r? (8_4)

which is possible by Proposition 8.6. Then, Proposition 8.8 implies that there is a Qg-CM field containing
K: forany 1 <i <r.

The following immediately implies the desired assertion.

Theorem 8.9. Under the above notations, let K, be a Qg-CM field containing K fl foreach1 <i<r.
Then the CM fields K, .. ., K,, satisfy the conditions (a), (b) and (c) in Proposition 7.7.

Proof. From the definition of K, for 1 <i <r, condition (a) in Proposition 7.7 holds.

We shall show that the assumptions (i) and (ii) in Lemma 8.5 hold. By Lemma 6.5(3), forany 1 <i <r,
K /{t is the maximal abelian subfield of K, and [K,, : K Z ] = 2. In particular, assumption (i) holds.
On the other hand, since Ram(K ; ) = A; for any 1 < i < r, the condition (8-4) implies the equality
Ram(K;") NRam(K A+, ) = @ for i # j. Hence we obtain the assumption (ii), which verifies condition (b)
in Proposition 7.7.

Take a finite places w of K, and v of K I satisfying w | v. Then Lemma 8.7 implies the cyclicity of
the decomposition group of Gal(K /{f /Q) at v. Since K,,/Q is a Qg-extension, the decomposition group
at w is cyclic by Lemma 6.5(2). Therefore condition (c) in Proposition 7.7 holds. 0

9. Products of two linearly disjoint Galois CM fields

In this section we show the following result.

Theorem 9.1. There are infinitely many CM algebras K = K| x K, with linearly disjoint Galois CM
fields K| and K, such that

2
(T8 = [ [r(@®9). (9-1)
i=1
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This theorem shows that the conclusion of Proposition 5.7 is no longer true if one drops the cyclicity of
decomposition groups of G; for all i. We shall use the notations in Section 5B. In particular, L = K| K>,
G := Gal(L/Q), G; := Gal(K,/Q), H; := Gal(L/K;), N; := Gal(L/K;") and N; = Gal(K;/K;") for
i=1,2.

First, we give a sufficient condition on K = K| x K, for which Theorem 9.1 holds. Let C and C; be
the sets of cyclic subgroups of G and G; respectively. Then put

H*(2)":={f € G": flp € Im(Ver] ;) forall D € €},
H*(G;,7)" :={f €G): flp € Im(Very, ) forall D" € €;}.
Lemma 9.2. If G = G| x Gy, then H*(Z)" = H*(G1,2)" x H*(G»,27)".
Proof. The proof is the same as Lemma 5.6. (|

We define a subgroup Dy of (Z/4Z x Z/27) x Z 27 as follows:

Dy :=((1,0, 1), (0, 1, 0)).
Here we denote by (a, b, ¢) the element (¢ mod 4, b mod 2, c mod?2) in Z/4Z x Z/2 x 727 for
a,b,cel.
Proposition 9.3. Assume that Galois CM fields K| and K, satisfy the following:
() G\ X Z/AZ x 7)27Z, N, = ((2,0)) C G and G, = 7/27.
(i) G =G x Gy, that is, Ky and K, are linearly disjoint.
(iii) D = CU{Dy}.
Put K := K| x K,. Then we have the following:
1Tk =2, (1529 =1, (T¥H=1.
In particular, the equality (9-1) holds.

Proof. By definition, we obtain the following:
Ny = (QZ/4Z x {0}) x Z/2Z, H, ={(0,0)} xZ/2Z, N>=G, H,= (Z/AZ xZ/2Z) x {0}.

Moreover, Proposition 4.3 implies

4

TKIXKZ!@ — .
o )=

Ki,Qy _
" =G o
Since G is Dy modulo G», by (iii) G itself is a decomposition group of G. By this and that G is not
cyclic, one computes that H2(G1, Z)' = 0, which implies 7(TX1®) =2/1 = 2. Moreover, the equality
T(TX2@) = 1 follows from Proposition 2.9(2) as [K» : @] = 2. In particular, we obtain |H?(G», Z)'| = 2,
that is,

H*(G1,2) = H*(G»,7)" = GY. (9-2)
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On the other hand, for the equality 7(7%@) = 1, it suffices to prove
H*(Z) ={f € G": f((QZJAZ x Z]27) x {0}) = 0}.
By direct computation, we have
H*(G1,2)" ={f € G\ : fQ2Z/AZ x 7/27) = 0}.
Combining this equality, (9-2) and Lemma 9.2, one has
H*(Z) c HX(2)" = HX(G1,2)" x H*(G»,Z)" ={f € GV : f((2Z/AZ x Z]2Z) x {0}) = 0}.

For the reverse inclusion, it suffices to prove

Im(Verf)Ojo) ={feDy: f((2Z/4Z x 7/27) x {0}) = 0}. (9-3)
Recall that VerDof,0 = (VerDOﬁOJ)lf,-iz and

VerDo,Eo,i = VerDo/DoﬂHi,ﬁo,i o7,
where m; : Dy — Do/ Do N H; is the canonical surjection. Since one has
Do.1 = DyN ﬁl =27/47 x {0} x 7]27, DyNH; ={0},

we obtain that Do/ Doy N H; is not cyclic and 50,1 :=Dy,1/DoN H| = Z/2. Hence Proposition 3.3 implies

Verp, p,, = 0. On the other hand, we have Ver, 5 . = m2 by Do := DN N, = Dy. Consequently, the

0,1
homomorphism Ver, 5 can be written as the composite
Do,Dg

Dy 2, Dy/DoN Hy = 50’2 M) 50’1 X 50’2.
Therefore, (9-3) follows from the equality Do N Hy = (2Z/4Z x Z]27) x {()}. O
Now we construct pairs of CM fields K, K> satisfying Proposition 9.3.

Lemma 9.4. Let ¢ be a prime number which is congruent to 1 modulo 4, and denote by K ) the unique
quartic subfield of Q(&e):

(1) The field K oy is CM if and only if £ = 5 mod 8.
(2) We have Ram(K )/ Q) = {£}, and £ is totally ramified in K ).
Proof. (1) Recall that Q(¢,) is a CM field which is cyclic of degree £ — 1 over Q. Since Ky corresponds

to the unique subgroup of Gal(Q(¢,)/Q) of order (£ — 1)/4, it is CM if and only if (£ — 1)/4 is an odd
number. Finally, the condition (¢ — 1)/4 ¢ 27 is equivalent to the desired congruence £ =5 mod 8.

(2) This follows from the equality Ram(Q(¢,)/@Q) = {¢} and that £ is totally ramified in Q(&;). O
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Lemma 9.5. There are infinitely many ordered triples of prime numbers (£1, £, £3) for which the following

are satisfied:
(a) £ =5 mod 8.
(b) £ =1mod4 and (#) =—1.
(c) £3 =3 mod 4, (g—;) = 1 and {3 splits completely in K y,).
Proof. This follows from Dirichlet’s prime number theorem. O

For a finite abelian extension E/Q and a prime number ¢, we write Dy(E/Q) and I,(E/Q) for
the decomposition group and the inertia group of Gal(E/Q) at £ respectively. Observe that if E’
is a subextension of E/Q and let 7z : Gal(E/Q) — Gal(E’/Q) denote the natural projection, then
7 (De(E/Q)) = D¢(E'/Q) and 7p (1, (E/Q)) = I, (E'/Q).

Theorem 9.1 is a consequence of Proposition 9.6 and Lemma 9.7.

Proposition 9.6. Let (£1, {3, £3) be an ordered triple of prime numbers as in Lemma 9.5, and set

Ki:=Ku) (), Kri=QK 3.
Then the fields K|, K, are CM and they satisfy the conditions (i)—(iii) in Proposition 9.3.

Proof. By definition, K, is an imaginary quadratic field, and hence CM. Moreover, condition (a) in
Lemma 9.5 and Lemma 9.4(1) imply that K is also CM.

In the following, we shall prove that the statements (i), (ii) and (iii) in Proposition 9.3 hold. State-
ment (i) in Proposition 9.3 follows directly from the definitions of K| and K». To prove statement (ii)
in Proposition 9.3, it suffices to prove the equality K; N K, = Q. However, this follows from the fact
that £3 is unramified in K; and is totally ramified in K,. We now show (iii) in Proposition 9.3. It is
clear that L := KK, is unramified outside 2, ¢1, £, and ¢3. Hence it suffices to compute D,(L/Q)
for £ € {2, £1, €2, £3}. First, suppose £ = 2. Then Lemma 9.4(2) implies that 2 is unramified in Ky,).
Moreover, by (b) and (c) in Lemma 9.5, we have £ = £, = —¢£3 = 1 mod 4. Hence L/Q is unramified
at 2, which implies that D,(L/Q) is cyclic. Second, assume £ = £;. By assumptions (b) and (c) in
Lemma 9.5, we have the following:

Dy, (K1/Q) =Gy, I (Ki/Q)=7Z/4Z x {0}, Dy, (K»/Q) = I;,(K2/Q) = Go.

Since ¢; # 2, by local class field theory I, (L/Q) is a finite quotient of Z; and is cyclic. Since
I;,(K>/Q) = G,, we have

Ie, (L/@) = ((1,0, 1)).
The fixed subfield of I;, (L/Q) in L is L' := Q(+/€2, /—¥3). Indeed, one has

LYQ00) — @ /e1, Vo, V/—0183) and  Q(/C1, V2, V—E163) 0D = Q(/lr, /—13).
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By (c) in Lemma 9.5, we have Dy, (L'/Q) = Gal(L'/Q(/—{3)) >~ Gal(Q(4/¢3)/Q), and hence
Dy, (L/Q)/I,(L/Q) is generated by the image of (0,1,0) in G/I,(L/Q). Therefore we obtain
Dy, (L/Q) = Dg. Third, if £ = £,, then by (b) in Lemma 9.5 we have

Dy, (K1/Q) =Gy, 1,(K1/Q) ={0} x Z/27.
One computes (#‘2@) = —1 and then
Dy, (K2/Q) = G2,  1,(K2/Q) = {0}.

Since 1;,(K2/Q) = {0}, one has I, (K2/Q) = ((0, 1, 0)). By D¢, (K1/Q) = Gy, one sees Dy, (L/Q) =
((0,1,0),(1, 0, ¢)) for some ¢ € Z/2Z. Because Dy, (K2/Q)=G,, weseec= 1 and hence Dy, (L/Q)=Dy.
Finally, suppose i = 3. Since ¢3 splits completely in K, then

Dy, (L/Q) = Dy (K2/Q) = Go,
and hence it is cyclic. This completes the proof of condition (iii) in Proposition 9.3. U

Lemma 9.7. Let (L1, £2, £3) and (£}, £}, £%) be ordered triples of prime numbers satisfying (a), (b) and (c)
in Lemma 9.5. Put

K = Ky (Vi) x Q(/=66), K= K (/15) x (/= ,5).
Then we have K >~ K" if and only if ; = €. for every 1 <i <3.

Proof. 1t suffices to prove that K ~ K’ implies ¢; = £; for any 1 <i < 3. Assume K >~ K’, which is

equivalent to K ¢,)(+v/€2) = K(g])(\/@) and Q(v/—£1£3) >~ Q(,/—¢|£5). Then, by Lemma 9.4(2), one
has

{1, £2} = Ram(K ¢,) (v/2)) = Ram(K (¢, () €))) = {£. £5)}.

Moreover, the following holds:

1, (K o) (V€2) Q)| = [T (K 01 (,/ £5) /@) = 4,
1, (K (6,)(/€2)/ Q)| = [T, (K ) (V€2) / Q)| =2.

Hence we must have ¢; = £} and £, = £,. On the other hand, Q(v/—¢1£3) =~ Q(,/—¢|£}) implies
€143 = £ since they are square-free integers. Combining this equality with £; = £}, we obtain £3 = £}.
This completes the proof. U

Appendix: Ono’s conjecture on Tamagawa numbers of algebraic tori
by Jianing Li and Chia-Fu Yu

Theorem A.8. For any global field k and any positive rational number r, there exists a k-torus T such
that t(T) =r.
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Proof. 1t suffices to construct for each prime £: (a) a k-torus T; with 7(77) = £ and (b) a k-torus T,
with 7(75) = £72. Indeed, the torus 73 = T} x4 T» has Tamagawa number 7(73) = ¢~!. Then for an
appropriate product 7' of tori as T} or T3 for different primes £, the Tamagawa number t(7') can be equal
to any given positive rational number r.

Take a cyclic extension K/k of degree ¢ with Galois group G and let T} = Rﬁ(ljk@m, k. Then
H'(G, X(T\)) ~ H*(G,Z) ~ 7Z/£Z and 111*(K / k, X (T})) = 0 by Chebotarev’s density theorem. Thus,
7(T1) = £ and (a) is done.

For (b), we follow the idea of Ono; see [Ono 1963b, Section 6.2]. We take an abelian extension K /k
with Galois group G ~ (Z/£Z)* such that every decomposition group is cyclic. In the number field case,
such an extension was constructed by Katayama [1985]. In the function field case, we construct such an
extension in Theorem A.9 below. Granting the existence of this extensions K /k in both the number field
and function field cases, we consider the k-torus 7; := RE(I} «Gm, k. Since every decomposition group
of G is cyclic, II*(G, X (T»)) = H*(G, X(T»)) ~ H3(G, Z). By Lyndon’s formula [1948, Theorem 6],
H3(G,7) ~ (Z/¢Z)5. On the other hand, H' (G, X(T)) ~ H*(G, Z) ~ (Z/£Z)*. Thus, t(T>) = £~% and
(b) is done. Il

Theorem A.9. Let k be a global function field of char p > 0. For any prime £ and any positive integer n,
there exists an abelian extension of k with Galois group G >~ (Z/£Z)" in which every decomposition group

is cyclic.

We shall use the cyclotomic function field and we recall the basic facts following from class field theory.
For an explicit construction of these fields by Drinfeld modules, we refer to [Rosen 2002, Chapter 12].
Let k = [, (¢) be the function field of the projective line over [, and let A = [,[]. In what follows P, P;
always denote monic irreducible polynomials of A. Let oo denote the place of the infinite point and set
Voo = (2, 1 —{—t‘ll]:pllt_l]]) Ckl = IF[,((t_l))X. For a monic polynomial M =[T;_, Pl."" €A, let K(M) be
the finite abelian extension of k corresponding to the following open subgroup (with finite index) of A;*

I 0;).

vtMoo

UM)=k* (]_[(1 + P Op,) x Voo X
i=1

(The field K (M) is called the cyclotomic function field for M.) Thus, we have Akx JUM)=Gal(K(M)/k)
via the Artin map. Clearly, P is unramified in K (M) if P{M. The decomposition group of co in K (M)
is isomorphic to [, which is cyclic. There is an isomorphism (A/M)* = A /U (M) induced by
PmodM +— (1,...,P,...,1) mod U(M) (P sitting on the place P) for P{M, and a mod M +>
1,...,1,...,a) modU(M) fora € [F; C (A/M)* (a sitting on the place co). So we have the following
isomorphism which maps P mod M (P{M) to its Frobenius element in Gal(K (M)/ k)

(A/M)* ~ Gal(K (M) /).

We will primarily be concerned with the fields K (P) and K (P?), in which P is totally ramified. If £
divides |(A/P)*|, let F (P) denote the subfield of K (P) fixed by ((A/P)*)¢ so that Gal(F(P)/k)~Z/¢Z.
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If a € A/P, then 1 +aP mod P> € (A/P?)* is well defined and it generates the subgroup H(a) =
{1 4+aiP mod P2:i=0,1,..., p — 1} of order p when a # 0. We let F (P, a) denote the subfield of
K (P?) fixed by {x € (A/P?>* : x4~ € H(a)} where g = p%e? =|A/P|. This group is isomorphic to
H(a) x (A/P)*; since (A/P?)* ~ A/P x (A/P)*, we have Gal(F (P, a)/k) ~ (Z/pZ)% "~! when
a #0.

Proof. We first prove the theorem when k =, (¢) and £ # p. The argument of this case is entirely similar
to the case of number fields given in [Katayama 1985]. Choose P; such that it splits in k(1¢) where p is
the group of £-th roots of unity. We inductively choose P, (1 <r <n) such that P, splits completely in the
composite field k(ig, /Py, ...,/ Pr_1)F(Py)--- F(P,_y). Clearly, each P; has infinitely many ways to
choose by density theorems. Now let K be the composite field F(P;) - - - F(P,). The decomposition group
of oo in K/ k is cyclic, since K is a subfield of the cyclotomic function field K (P; - - - P,). Moreover, if P
is not one of the P;, P is unramified and hence its decomposition group is cyclic. Therefore, to show that
K/ k is the desired extension, it suffices to show that P; splits in F'(P;) whenever i # j. Assumei < j.
Then P; splits in F(P;) by the construction. Conversely, since P; splits in k(~/P;), P; is an £-power
in the completion kp, which implies that P; € ((A/Pj)x)i; hence P; splits in F'(P;). This proves the
theorem when k = [ ,(¢) and £ # p.

Assume next k = [, () and £ = p. Take an arbitrary Py € A with a; =0 € A/P;. Let k| be a subfield
of F(Py, ay) with [k : k] = p. We inductively choose (P,, a,, k) (1 <r <n) with a, € A/ P, such that
deg P, > r and

P~ '=14a;P, mod P? fori=1,...,r—1, where ¢; =|A/Pi|.

Leta,; e A/P. (i=1,...,r —1) such that

qr_l
Pi

=1+a,;P modP,2 fori=1,...,r—1.

Let a, := a,;, and let k, be a subfield of ﬂl’;ll F(P,,a;;) with [k, : k] = p. Put K :=k; - - - k, and let us
show that K /k is the desired extension. We have Gal(K /k) >~ (Z/pZ)" by considering the ramification.
Assume i < j. Then P; splits completely in F(P;, a;) by the first congruences and hence splits in k;;
conversely, P; splits completely in F'(P;, a;;) by the second congruences and hence also splits in its
subfield k;. It follows that the decomposition subgroup of P; (i =1,...,n) in K/k is cyclic. This
property also holds for the place oo, since K C K (P12 -+ P2). This proves the theorem when k = [ (1)
and £ = p.

Now assume that k is any finite extension of [,(¢) and £ is any prime. Choose P, ..., P, as above
but we additionally require that P; is unramified in k/[,(7), and we define K /[F,(7) as above. Then
Gal(Kk/k) >~ (Z/£Z)". Since each decomposition subgroup for Kk/k is a subgroup of that of K /[F,(t),
the field Kk is the desired extension. This completes the proof of Theorem A.9. O
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