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Infinitesimal dilogarithm on curves over truncated
polynomial rings

Sinan Unver

We construct infinitesimal invariants of thickened one dimensional cycles in three dimensional space,
which are the simplest cycles that are not in the Milnor range. This generalizes Park’s work on the
regulators of additive cycles. The construction also allows us to prove the infinitesimal version of the
strong reciprocity conjecture for thickenings of all orders. Classical analogs of our invariants are based
on the dilogarithm function and our invariant could be seen as their infinitesimal version. Despite this
analogy, the infinitesimal version cannot be obtained from their classical counterparts through a limiting
process.

1. Introduction

1.1. Statement of the main technical result. For a scheme X, one expects an abelian category My of
mixed motivic Q-sheaves on X, such that the extensions groups H’M (X, Q) := Extﬂ\/lx (Q(0), Q(n))
of the Tate sheaves are computed in terms of the K-groups as Ky,_; (X )g ). We emphasize that we do
not assume that X is smooth over a field or even reduced. At present, such a category has not been
constructed. When X is a smooth and projective curve over a base scheme S, which in our context will
be the spectrum of an artin ring, the conjectural Leray—Serre spectral sequence would give a map

K3(X)§ =H3, (X, Q(3)) — H\ (S, Q(2) = K3(5)T.

In certain cases, there are regulator maps from K3(S)g) to an abelian group A. The composition
with the above map would induce a map from K3(X )S) to A. In case S = Speck[¢]/(t"), such a map
K 3(5)8) — @m<r<2m k was constructed in [Hesselholt 2005]. One of our aims in this paper is to give

an analog of the induced map

H,(X.Q03) =K:(X)g' — P *
m<r<2m
which does not depend on the conjectural category of motives. This map is an infinitesimal analog of a
real analytic regulator as we will describe in Section 2.2. This makes this paper a continuation of our
project started in [Unver 2021] and followed up in [Unver 2020], which aim to give infinitesimal analogs
of real analytic regulators.
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First, let us state the main technical result on which all the applications are based. Let k be a field of
characteristic 0, k,,, :== k[t]/(t™), for m > 2, and C/k,, be a smooth and projective curve. We denote the
underlying reduced scheme of C by C. We will need a variant of the Bloch complex; see [Goncharov
1995, Sections 1.8 and 1.9] and Section 2.1. If X/k is a smooth and projective curve, then the part of the
classical Bloch complex relevant for us is

By(k(X)) ®k(X)* > @D Bak(x)) ® A*k(X)* - ) A%k(x)*. (1.1.1)
xelX| xelX|

Here the summations are over the set closed points | X | of X and B, denotes the Bloch group (Section 2.1.A).
In order to define a variant of the above complex for C, we first need to make a choice of smooth
liftings. By a smooth lifting ¢ of a closed point ¢ € |C|, we mean a closed subscheme ¢ of C, which
is supported on ¢ and is smooth over k,, (see Section 7). For each point ¢ € |C|, fix once and for all a
smooth lifting ¢ and let &2 denote the set of all of these liftings. Let  be the generic point of C, for
a function f € Oé,n and ¢ € &, we define a notion of f being good with respect to ¢ or equivalently
of being c-good in Section 7. We then define the sheaf (O¢, £)* in Section 8.1, by requiring that its
sections on an open set U to be those f € (’)én which are ¢-good for all ¢ € &2 with ¢ :=|c] € U. We
similarly define a sheaf B,(O¢, &) in Section 8.1, which is a generalization of the Bloch group but which
also encodes the notion of goodness with respect to elements of &2. This gives us a complex € (C, &) of

sheaves on C which are concentrated in degrees 2 and 3:

By(Oc. 2) @ (Oc, 2)* = @ iex(Bok(c)) & A*(Oc, 2)*. (1.12)
e

Here k(c) denotes the artin ring which is the ring of regular functions on the affine scheme ¢, and i,
denotes the imbedding from ¢ to C. Since we fixed a single lifting ¢ € &2 for each point ¢ in |C|, the sum
above can also be thought of as a sum over |C|. The main technical result is the following construction of
infinitesimal Chow dilogarithms:

Theorem 8.1.1. Let k be a field of characteristic 0, C be a smooth and projective curve over ky,, :=
k[t]/(t™), with m > 2 and & be a choice of a smooth lifting for each closed point of C. For each

m <r < 2m, there is an infinitesimal regulator
omr H(€(C, 2)) — k. (1.1.3)

Specializing to the case when C is the projective line le, with coordinate function z, we fix an a € k,,
such that 1 —a € k,,. If we choose & such that z, 1 — z and z — a are all good with respect to 2, then
(1—2)AzA(z—a) e T(A*(Op1, 2)X) and

Pm,r (L =2) Nz A (z—a)) = Lin,([a]),
where Liy, , : By(ky) — k is the additive dilogarithm defined in [Unver 2009] (see Section 3).

The notation of the theorem in the main body of the paper is slightly different but equivalent.
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This generalizes the construction in [Unver 2021] in two different ways: we sheafify the previous
construction and we construct the regulator for any m < r < 2m, rather than only for m = 2. More precisely,
if we let k(C, 22)* denote the set of global sections I'(C, (O¢, £)*) of (O¢, &)*, the construction of
[loc. cit.] only gives a map from A*k(C, 2)* and only in the case when m =2 and r = 3. We will sketch
the main idea of the construction in the section below, but let us mention here that the construction of a
map Pm.m+1 from A3k(C, Z)* to k can be done by the methods of [loc. cit.]. On the other hand, the
construction of p,, , for m 4+ 1 < r < 2m requires the new methods that we introduce in this paper.

1.2. Applications. As we described above, specializing to triples of functions gives us the infinitesimal
Chow dilogarithm
omr i Nk(C, 2)¢ — k. (1.2.1)

which we will denote by the same symbol.

1.2.A. Infinitesimal strong reciprocity conjecture. The first application of this construction will be to an
infinitesimal analog of the strong reciprocity conjecture of Goncharov [2005]. If X/k is a smooth and
projective curve over an algebraically closed field &, the Suslin reciprocity theorem states that the sum of
the residue maps
> res, : K (k(X)) — K (k) (1.2.2)
xelX|

at all the closed points of X is equal to 0. Goncharov [2005] conjectured that the map of complexes

By (k(X)) @ k(X)* —— A3k(X)*

| |

By(k) —————— A%k~

obtained from (1.1.1) by taking sums of the maps B, (k(x)) — By (k) and A2k(x)* — A%k* is homotopic
to 0. More precisely, he conjectures that there is a canonical map & : A3k(X)* — B,(k) which makes

the diagram
By (k(X)) @ k(X)* —— Ak(X)*

By(k) ———— A%k™
commute and has the property that A(AA f A g) =0, if A € kX and f, g € k(X)*. Note that this is a
stronger version of the Suslin reciprocity theorem since the cokernel of the horizontal maps in the diagram
above are K é” (k(X)) and K é"’ (k). This original version of the conjecture is proved by Rudenko [2021],
by using homotopy invariance.

We prove an infinitesimal version of this conjecture using the infinitesimal Chow dilogarithm above and
the determination of the structure of the Bloch group over &, which was done in [Unver 2009]. Our method
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is entirely different from Rudenko’s, since homotopy invariance is no longer true in the infinitesimal
world. Let B> (k(C, £2)) denote the set of global sections of B>(O¢, &), then the infinitesimal version of
the strong reciprocity conjecture states:

Theorem 9.1.1. There is a map h : A3k(C, 2)* — By (ky,), which makes the diagram

By(k(C, 2)) ®k(C, 2)* —— Nk(C, 2)*

Bo(ky) A2k
2( m) m

commute and has the property that h(k,, N A%k(C, 2)*) =0.

1.2.B. Application to algebraic cycles. As another application of the infinitesimal Chow dilogarithm,
we construct invariants of higher algebraic cycles up to rational equivalence. In principle the group of
algebraic cycles that we are interested in should be denoted by CH? (kn, 3). However, since k&, is far from
being smooth over k, such a group of cycles which can be expressed in terms of K-theory is not defined.

One way to overcome this problem is to use the additive Chow groups of Bloch and Esnault [2003].
Additive Chow groups were defined in order to give a cycle theoretic interpretation of the motivic
cohomology groups of k,,. One can think of additive Chow cycles as those cycles which are very close to
the O cycle, the closeness to 0 being defined via the modulus (¢™). A regulator on this group was defined
by Park [2009] for r = m + 1. We think that additive Chow groups tell only part of the story when we try
to understand higher cycles on k,,. For this reason we define a somewhat bigger class of higher cycles
over k,,. We do this by defining a group ng (koo, 3) of codimension 2 cycles on A3OO, where koo :=k[[2]].

The main theorem is then a reciprocity theorem.

Theorem 9.4.2. For m <r < 2m, we define a regulator py, , : g%c (koo»3) = k. If Z,, witha, 1 —a € k
is the dilogarithmic cycle given by the parametric equation (1 — z, z, 7 — a) then

pm,r(za) =Liy,r([a]).

IfZ; € g? (keo, 3), for i =1, 2, satisfy the condition (M,,), then they have the same infinitesimal regulator

value

Pm,r (Zl) = Pm,r (ZZ)

This essentially states that if two cycles are the same modulo (#") then they have the same value under
the regulator. Note the similarity of this to the definition of de Rham cohomology on singular schemes by
first imbedding them in a smooth scheme. The precise definition of g? (koo, 3) and the condition (M,,)
can be found in Section 9.4. After the category of motives over nonreduced rings is constructed, we

expect these invariants to induce the regulators in this category.
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1.3. Main ideas behind the construction. In this section, we will try to illustrate the ideas behind the
construction in Theorem 8.1.1. For each 2 <m < r < 2m, we will construct a regulator whose source is
the degree 3 cohomology of the complex of sheaves

By(Oc. 2) ® (Oc, 2)* > (P icx(Ba(k(c)) ® A* (O, 2)*
e
concentrated in the degrees [2, 3]. Suppose that we are given a Zariski open cover {U;};c; of C and a
corresponding cocyle y, given by the following data: y; € A3(Oc, 2)*(Uy), €i.c € Ba(k(c)) for every
c € U; and B;j € (B2(Oc, Z) ® (Oc, £)*)(U;j). We will define p,, ,(y) € k, by first making many
choices and then showing that the construction is independent of all the choices:

(1) Let An be a lifting of O¢ ; to a smooth k..-algebra and for every c € |C|, let A_ be a lifting of the
completion @C,C of the local ring of C at ¢, to a smooth k-algebra, together with a smooth lifting ¢
of c.

(ii) Let ani € I be arbitrary and for each ¢ choose a j. € I such that ¢ € U;,.

(iii) Choose an arbitrary lifting y;, € A3.,éf,>7< of the germ y;,, € A3Oé’n.

(iv) Choose a good lifting y;, € A3(A., ©)* of the image Vjo,c of yj, in A3((A9c,c, 0)*, for every c € |C]|.
(v) Choose an arbitrary lifting ch,-,,, € Bz(/{n) ® /In of the image B, , € B2(Oc,;) ® Oé,n of B;,, for

every ¢ € |C]|.

We then define the value of the regulator p,, , on the above element by the expression

P ) =Y Tri (G (1885 77.) = L () + 1€5¢ @ (Fig — 8Bjiion). 71)). (1.3.1)
celC]
We continue with the description of this expression.

The starting point for the above definition is our construction of the additive dilogarithm in [Unver 2009].
For a regular local Q-algebra R, letting R, := R[t]/(t™), for every 2 <m < r < 2m, we have an additive
dilogarithm map ¢i,, , : B2(R,;) — R that satisfies all the analogous properties of the Bloch—Wigner
dilogarithm function. Most importantly, the direct sums of these maps over all the possible r give an
isomorphism between the infinitesimal part of the K -group K3(Rm)g) and 6, _, _,,, R. We explain this
in detail in Section 3 and give explicit formulas for these functions £i,, .. The function £i,, , can also
be described in terms of the differential § in the Bloch complex of By(R~), with R := R[], by the
following commutative diagram:

By(Ros) ——+ AZRX,

j« J/em,r
eim.r

By(R,) —— R

Where ¢,, , is given explicitly in Definition 3.0.2 below.
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We can then describe the first two terms in (1.3.1) as follows. For a connected, étale k,,-algebra (resp.
koo-algebra) A, there is a canonical isomorphism A >k, (resp. A >~ k). Using this isomorphism for k(c),
we get a canonical identification B;(k(c)) = Ba(k(c),). Therefore, £i,, ,(¢; ) € k(c) is unambiguously
defined using the map £i,, , : Ba(k(c),) — k(c). Since the element y;, € A3(A,, ©)* is assumed to be
¢-good, the residue res; y;. is defined as an element of A%k(¢)* in the beginning of Section 7. Using
the identification A%k (¢)* = Azk(c)jjo and the map ¢, , : Azk(c)go — k(c), we define the element
L, (resz yj,) € k(c). Defining the last term res. w,, , and proving its properties will constitute a large
proportion of the paper. If R is smooth of relative dimension 1 over k, we construct a map wy, , :
A3(R,, (1"™)* — Q}e/k. Here (R,, (t™))* denotes {(a, b) | a,b € R*,ab~! € 1+ (+™)}. Since we do
not fix a lifting of our curve in the construction of p,, , defining w,, , on this group is not enough. More
precisely, we need to extend w,, , to the following context. Suppose that R and R’ are smooth of relative
dimension 1 over k, together with a fixed isomorphism

X R/ = R/@™),
of k,,-algebras between their reductions modulo (#). Let
R, R, x) :={a,b)|lacR*,beR™, x(a+ (") =b+(t")in R /(t™)}.

Ideally, we would like to extend the definition of wy, , to a map from AR, R, x)* to Q;& Ik This can
be done when r =m + 1 butitis not trueif m+1 < r.

However, it turns out that for us purposes, we do not need these 1-forms themselves but only their
residues and we can construct these residues independently of all the choices. Suppose that S is a smooth
k,-algebra of relative dimension 1, with x a closed point and 5 the generic point of its spectrum. Suppose
that R, R’ are liftings of S, to k., with x the corresponding isomorphism from R/(t") to R'/(¢™). We
construct a map

IeSy Wm,r : A3(Rv R/’ X)X - k/’

where k' is the residue field of x, which is functorial and independent of all the choices. Let y : R — R’
be an isomorphism of k,-algebras which is a lifting of x. Choosing also an isomorphism R, >~ R of
k--algebras, provides us with an identification

R.R, ) L5 (R, (™).

Let yr denote the isomorphism R — S, induced by the one from R/(¢") to S,,. Then we define res, w,, ,
by the composition

.

3o%
ARR 0 A R, ") 20 @l s Qb T K

We prove that this composition is independent of all the choices. Applying this construction in the above
context, we see that y;, — 8(B ;i) and y;_are two liftings of the same object y;, to two different generic
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liftings of O .. Therefore, the expression

rese W, Fin — 8(Bjuin), Vi) € k(c)

is defined.

Applying traces and taking the sum over all the closed points, we obtain the expression in (1.3.1).
Next we show that the sum is in fact a finite sum. The above construction involves many choices and
would be completely useless if it depended on anything other than the initial data. This is the content of
Theorem 8.1.1, our main theorem. Because of its basic properties that we prove below, p,, , deserves to
be called a regulator.

Finally, let us mention that in [Unver 2021], where the case m = 2 was handled, the only possible r is 3
and hence satisfies r = m + 1. In this case, the map w» 3 can be defined as a map from AR, R/, X)) —
Q%i Ik This is not true in general and this is why we have to pursue a different approach in this paper
which is based on defining only the residue of the differential rather than the differential itself.

1.4. Outline. We give an outline of the paper. In Section 2, we describe the complex analytic version of
our construction for motivation. In Section 3, we give a review of the construction in [Unver 2009] of
the additive dilogarithm on the Bloch group of a truncated polynomial ring. In Section 4, we describe
the infinitesimal part of the Milnor K -theory of a local Q-algebra endowed with a nilpotent ideal, which
is split, in terms of Kihler differentials. Without any doubt the results in this section are known to the
experts and we do not claim originality. The reason for our inclusion of this section is first that we could
not find an easily quotable statement in the full generality which we will need in our later work, and
second that we found a short argument which is in line with the general set-up of this paper. In Section 5,
for a regular local Q-algebra R, we define regulators B>(R,,) ® R,; to Q}e for every m < r < 2m, which
vanishes on boundaries. This construction depends on the splitting of R, in an essential way. In Section 6,
we introduce the main object of this paper: for a smooth algebra R of relative dimension 1 over k, we
define regulators w,, , : A3(R,, (™) — Q}?/k’ for each m < r < 2m. In Section 7, we compute the
residues of the value of w,, , on good liftings. In Section 8, we use the results of the previous sections to
construct the regulator from H3B (C, Q(3)) and specializing to triples of rational functions we obtain the
infinitesimal Chow dilogarithm of higher modulus. In Section 9, we give examples of the infinitesimal
Chow dilogarithm in the cases of the projective curve and elliptic curves and also give the applications to
the strong reciprocity conjecture and the invariants of cycles.

Conventions and notation. We are interested in everything modulo torsion. Therefore, we tensor all
abelian groups under consideration with Q without explicitly signifying this in the notation. For example,
K ,{"’ (A) denotes Milnor K -theory of A tensored with ( etc.

For aring R, we let Ry := R[[t]] (resp. R((¢))) be the formal power series (resp. the formal Laurent
series) ring over R. For m > 1, we let R, := R[t]/(t™), be the truncated polynomial ring over R of
modulus m. If R is a Q-algebra then we write exp(«) := ZOS” (o /n!) for @ € (t) € Ry. The same
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formula is used for @ € (t) C R,,. For an appropriate functor F, we let F(Rs)° :=ker(F(Rs) = F(R))
(resp. F(R;,)° :=ker(F(R,) — F(R))), denote the infinitesimal part of F(Rs) (resp. F(R,,)).

For any set X, let Q[X] denote the vector space over (2 with basis {[x] | x € X}. We denote both the
differential B»(A) — A%A* in the Bloch complex of weight 2 (see Section 2.1.A) and the differential
By(A) ® A — A3A* in the Bloch complex of weight 3 (see Section 2.1.B) by §. Since the sources of
the maps are different, this will not cause any confusion. When we use these maps in the case when
A = R, and we want to emphasize dependence on r in the notation, we denote both of these differentials
by &,

2. The analogy with the complex case

In this section we will describe the analogy with the complex case after recalling some of the standard
definitions. Our aim is to give a flavor of the concepts before going into the technical details.

2.1. Basic definitions. Here we collect some of the basic definitions that are standard in the literature.
We will use these definitions in this section and generalize them in the later sections.

2.1.A. The Bloch group B, and the Bloch complex of weight 2. For any ring A, we let A” :={a € A |
a(l —a) e A*}. For alocal Q-algebra R, the Bloch group B, (R) is the quotient of Q[R"] by the subspace
generated by

[x]— [y + [y /x] = [ —x~ /A =y HI+ 10 —x) /A=y,

for all x, y € R” such that x — y € R*. There is a map 8 : B>(R) — A%R*, which is defined on the
generators by letting §([x]) := (1 —x) A x. The corresponding complex obtained by putting B>(R) in
degree 1 and A2R* is degree 2 is called the Bloch complex of weight 2. This complex computes the
weight 2 motivic cohomology of R, when R is a field. We refer to [Unver 2009] for details about the Bloch
group and the Bloch complex of weight 2. We denote the cohomology of this complex with H (R, @(2)).

2.1.B. The pre-Bloch complex of weight 3. Continuing with the notation above, we have a complex
Q[R’] = B>(R) ® R* — AR, Q.1.1)

concentrated in degrees [1, 3], where the first map sends a basis element [x] to [x] ® x and the second
one sends [x] ® y to §(x) A y. Abusing the notation, we denote all the differentials in this complex by §.
This complex and its variants are defined and studied in detail in [Goncharov 1995]. We will call this
complex the pre-Bloch complex of weight 3.

The first group Q[R"] when divided by the appropriate relations is denoted by B3(R). At this stage of
this theory, the exact type of these relations are not clear. There are several different candidates and it is
not known that they give the same answer [Goncharov 1995]. The corresponding sequence obtained is
a candidate for the weight 3 motivic cohomology complex [loc. cit.]. Since we will only deal with the
cohomology groups in degrees 2 and 3, we will only work with the pre-Bloch complex (2.1.1) above and
the precise relations in order to define B3(R) will not be important for us. The reason that we do not
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call this complex the Bloch complex is that we do not use a version of the group B3(R) and instead use
Q[R"]. For R equal to the dual numbers of a field, this complex and its higher weight analogs were used
in [Unver 2010] to construct the additive polylogarithms.

For the degrees i =2 and 3, we will denote the cohomology of the pre-Bloch complex in (2.1.1) by
H' (R, @(3)).

2.1.C. Residue map between the Bloch complexes. Suppose that R is a discrete valuation ring with residue
field k and with field of fractions K. There is a canonical residue homomorphism K ,Il” (K)— K ,i”_ 1 (k)
constructed by Milnor [1970] between the Milnor K -groups. Goncharov [1995, Section 1.14] generalized
to a map between the Bloch complexes.

For us, the only parts of this construction that will be relevant are

res: A"K* — A" 'k* and res: Bo(K)® K* — By(k).

To describe these maps, let us fix a uniformizer = of R. The map will turn out to be independent of the
choice of the uniformizer.
The first map is determined by the following formula

res(uot™ AUy AUg A AUy 1) =M UL AUI A AUy,

where m € Z, u;, for 1 <i < n are units in R and u; for 1 <i < n are the images of u; in k. The second

map is determined by the formulas that
res([a] ® b) =0,
ifae K"\ R” orbe R*, and
res([u] @ ) = [ul,

if u € R” and u is the image of u in k”. These maps give a commutative diagram

By(K)® K* —— A3K™

lres lres

By (k) ——— A%k~
and hence a sequence

By(K)® K* — Ba(k) ® APK* — A%k*.

If we start with a smooth curve X/ k, then taking residues at all the closed points and summing them
will give a sequence

By(k(X)) ®k(X)* - @ Bak(x)) ® A*k(X)* - 5 A%k(x)*.
x€|X| xelX|

This is part of the motivic complex of weight 3 of the curve X [Goncharov 1995], whose middle
cohomology receives a map from the motivic cohomology Hf\/l(X , Q(3)) of X.
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2.2. Complex analog of the main construction. Here we briefly explain the complex analog of our
construction, which is one of our main motivations for the infinitesimal case. If X/C is a smooth projective
curve, then as above one expects a map

K3(X)Y = H, (X, Q(3)) - Hl(C, Q2)) = K3(©)3.

Composing with the Borel regulator K3 (@)g) — C/(27i)*Q and taking the imaginary part would give
a map K3(X )8) — R. Up to normalization, this map can be constructed as follows [Goncharov 2005,
Section 6]. For fi, f2, and f3 € C(X)*, let

r2(f1. fo. f3) = Alts(¢ log| fi] - d log| 2| Ad log| f3] — 5 log| 1] - d arg f> Ad arg f3),

(such that dro(f1, f2, f3) = Re(dlog(f1) A dlog(f2) A dlog(f3))). The Chow dilogarithm map p :
A3C(X)* — R is given in terms of this by

P(fin 2N f3) 2=/ r(f1. f2. f3)- 2.2.1)

X(©)

In the special case when X = P!, we have
p((1=2) AzA(z—a)) = Da(a), (2.2.2)

where D;(z) := Im(£iz(z)) + arg(1 — z) - log(|z]) is the Bloch—Wigner dilogarithm, with £i;(z) the
(multivalued) analytic continuation of ), _, z" /n?. The middle cohomology of

— Ba(C(X)) @ C(X)g, — (EB BQ(C)) & AC(X)y —> P a*cy— (2.2.3)

xeX xeX

receives a map from Hf\,l(X, Q@3)) @ K; (X)S). Combining D; and p, if we let

Px = —<EB Dz) Dpo: (@ Bz(C)) ®A3C(X)a — R,

xeX xeX

then px vanishes on the image of BZ(C(X))@)(D(X)a and induces the map K3 (X)S) — R, we were looking
for above. If one assumes a theory of motivic sheaves then this is the composition of Hf\A(X ,Q03)) —
Ext}\,lC (Q(0), H*(X/C)(3)) = H}Vl (C, Q(2)) = B»(C) and the Bloch—Wigner dilogarithm D5 : B(C) — R.
Here M¢ denotes the category of motives over C and H2(X /C) = Q(—1) denotes the relative motivic
cohomology of X/C. In the special case of X = P! the map p can be made even more explicit [Goncharov
2005, Section 6.3]. Suppose that fi, f>, and f3 are arbitrary rational functions on P!. By the linearity of
p and the fact that p vanishes on elements of the form A A f A g, if A € C*, we notice that in order to
determine p(f; A fo A f3), it is enough to determine its value for f; = z — «;, for pairwise distinct «;.
Using functoriality with respect to automorphisms of P! fixing co, and the formula (2.2.2), we determine
that

o3 — o)
p(Z—a)A@EZ—a) Az —a3) = Dz( ) (22.4)
o1 — o)
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3. Additive dilogarithm of higher modulus

In this section, we review and rephrase the theory of the additive dilogarithm over truncated polynomial
rings in a manner which we will need in the remainder of the paper. Further results for this function can
be found in [Unver 2009].

For a (Q-algebra R, let Ry := R[t]], denote the formal power series over R and R, := R../(t™)
the truncated polynomial ring of modulus m over R. Since R is a (D-algebra we have the logarithm
log: (14+tRx)™ — Roo given by log(14-z) := len(—l)”“z"/n, for z €t R. Letlog®: R, — R, be
the branch of the logarithm associated to the splitting of R, —» R corresponding to the inclusion R < R,
defined as log® () :=log(a/a(0)). If ¢ =Y ., git' € Roo and 1 <a then let ql, := Y g-;_, git' € Roos
denote the truncation of ¢ to the sum of the first a-terms, and 7,(q) := q,, the coefficient of 7% in q. If
u€tRy and s(1 —s) € R*, we let

Cip,r (s exp()) :=t,1 (log°(1 — s exp(ulm)) - $1r—m), (3.0.1)

for m <r < 2m. Here, and everywhere in the paper, exp(z) denotes the formal power series ) ,_, z"/n!.
Also note that (du/0dt)|,—, denotes the truncation of the derivative of u# with respect to ¢, to thg sum of
its first (r — m)-terms. Fixing m > 2, these {i,, ., for m < r < 2m together constitute a regulator from
ker(K3(R,)® — K3(R)?®) to R®™=D_ This is exactly analogous to the Bloch—Wigner dilogarithm in
the complex case [Bloch 2000; Suslin 1991; Unver 2009].

Since every element of Rgo can be written in the form s exp(u) as the above, we can linearly extend
Liy , to obtain a map from the vector space @[Rgo] with basis Rgo. We denote this map by the same
symbol.

When we would like to specify the § defined on B;(Rs) (resp. B2(R,,)), as given in Section 2.1.A,
we denote it by o (resp. ;).

Let V be a free R module with basis {e; };c; and {e;"};<; the dual basis of V. Givenvanda =)
in V, we let

iel Gi€i

) ==Y aie/ (v) € R.
iel
If there is an ordering on I, we let {e; A e;};~; be the corresponding basis of A?V. Then, with the
above notation, the expression (w|g), for w, 8 € A2V, is defined. We consider # Roo, as a free R-module

with basis {t'}; <i. Let us denote the composition of B>(Rx) LN AZROXO with the canonical projection
@[Rgo] — B3(Rs) also by §. Also denote the map

A’RX — A’tRy — A%t R
induced by A%log®: A’R%, — At Ro, by the same symbol.

Proposition 3.0.1. With the notation above, for o € @[Rgo] and?2 <m <r <2m, we have

Eim,r(a)=<Azlog°(6(a))‘ > it"iAzi), (3.0.2)

1<i<r-m
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and this function descends through the canonical projections
Q[R5 — B2(Ros) = Ba2(Rp),

to define a map from By(Ry,) to R, denoted by the same notation.

Proof. We proved in [Unver 2009, Proposition 2.2.1] that the function defined by the right-hand side

*
m,r?

tion 2.2.2] that it descends to give a map from B,(R,,). Therefore it only remains to prove the equality
(3.0.2).
With the notation ¢; () := t;(log°(«)), £iy, , can be rewritten as

bt = ( > it /\ei) 08.

1<i<r—m

of (3.0.2), temporarily denote it by £i descends to give a map from @[R,i] and in [loc. cit., Proposi-

Then we have iy, (s exp(u)) = iy, (s exp(uln)), since we know that £i, . descends to @[Rf,,]. We
have ¢; (s exp(u|m)) = u;, for 1 <i < m and ¢; (s exp(u|,;,)) = 0, for m <i. Using this we obtain that
Gy (5 €xPQUli)) = 31 i<y i+ Lr—i (1= 5 €XP(ul)) -y = Ly r (5 eXP(W)). O
Let us give a name to the essential map which constitute £i, ,.
Definition 3.0.2. We denote the map from A?RX to R which sends @ A B to
<A2 log®(@ A B) ’ 3 A ﬂ')
1<i<r—m

by £ . It is clear that £,, , : A>R% — R factors through the projection A2RX — A2RX. The additive
dilogarithm above is given in terms of this function as

Limr =Ly 0800 =4 0b.

We will use the main result from [Unver 2009], there it was stated in the case when R is a field of
characteristic 0, but the same proof works when R is a regular, local (D-algebra. Let B(R,,;)° denote the
kernel of the natural map from B,(R,,) to B2(R), consistent with the notation in the introduction.

Theorem 3.0.3. The complex By(R,,)° LN (Asz)O computes the infinitesimal part of the weight two

motivic cohomology of Ry, and the map &P Liy, r induces an isomorphism

m<r<2m

HC;(Rm)(]) ~ K;(Rm)(z) ~ ker(ao) ~ R@(m_l)

from the relative cyclic homology group HC;(Rm)(l) to R®m=D,

4. Infinitesimal Milnor K -theory of local rings

Suppose that R is a local Q-algebra and A is an R-algebra, together with a nilpotent ideal / such that
the natural map R — A/I is an isomorphism. Then the Milnor K -theory K (A) of A, naturally splits
into a direct sum KM (A) = KM(R) ® KM (A)°. In this section, we will describe this infinitesimal part
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K,f’[ (A)° in terms of Kihler differentials. It is easy to find such an isomorphism using Goodwillie’s
theorem [1986], and standard computations in cyclic homology. However, in the next section, we need an
explicit description of this isomorphism in order to determine which symbols vanish in the corresponding
Milnor K-group. Fortunately, determining what this isomorphism turns out to be quite easy. By the
functoriality and the multiplicativity of the isomorphism, we reduce the computation to the case of K é”
of the dual numbers over R where the computation is easy.

There is no doubt that the results in this section are well-known and we do not claim any originality.
We simply have not been able to find a description of the map ¢ below which is easily quotable in the
literature. Since our discussion is quite short we did not refrain from including it in the present paper. We
will only need the result below for A = R,,. On the other hand, in a future work we will need this result
in full generality which justifies our somewhat more general discussion.

Proposition 4.0.1. There exists a unique map ¢ : KM (A)° — Q’Z‘_l /(d Q’}_‘_Z + Q';{l) such that

d dg,—
0 Brs s Bor}) =log(e) PL oo p Dot
:31 ,Bn—l

(4.0.1)

forael+1and By, ..., Bu—1 € A*, and this map is an isomorphism.

Proof. The uniqueness follows from the fact that the infinitesimal part of Milnor K -theory is generated
by terms {«, B1, ..., Ba—1} as in the statement. In order to see this, let : : R — A denote the structure
map. Since R - A — A/l is an isomorphism, every element in A* can be uniquely written as
t(r)a with r € R* and @ € 1 + I. This implies that K,{VI (A) is generated by elements of the form
{ay, ...,a;,u(r), ..., t(rp—p}, withO <i <nandr; € R, a; € 1 + 1. The terms with 1 <i are in
K,’l"I(A)O = ker(K,f”(A) — K,f”(A/I)). They are also of the form {«, B, ..., B,—1}. In order to prove
the statement, we only need to show that if a linear combination of terms of the form {¢(r1), ..., t(ry)}
are in ker(K ,’l"’ (A) > K,’l” (A/I)) then it is in fact 0. This again follows from the fact that the natural map
from R to A/I is an isomorphism.
We define a functorial map ¢ by the following composition:

KM(A)° — KM (A)° = HC! P(A)° = (@7 /d7)° = 7 /@72 + Q). (4.02)

The first map is the multiplicative map induced by the isomorphism when n = 1, the second one is the
Goodwillie isomorphism [1986], and the last one is given by [Loday 1992, Theorem 4.6.8].

By Nesterenko and Suslin’s theorem [1989], Milnor K -theory is the first obstruction to the stability of
the homology of general linear groups

KM (A) ~H,(GL,(A), @)/H,(GL,_ (4), Q).
Moreover, the composition

KM(A)° - K™ (A)° — Prim(H, (GL(A), Q)) - H,(GL(A), Q) ~ H,(GL,(A), Q) — KM (A)
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is multiplication by (n — 1)! by [Nesterenko and Suslin 1989]. This implies the injectivity of ¢. It only
remains to prove the property (4.0.1), since then the surjectivity of ¢ also follows.

The multiplicativity of ¢ takes the following form: for a, b € K ,1,‘1’1 (A)°, p(a-b) =¢(a) Nd(p((D)). We
do induction on n. The statement is clear for n = 1. We show that we may assume that 8; € R*.

Lemma 4.0.2. Suppose that we have the formula (4.0.1) fora € 1 +1 and ; € R*,for1 <i <n—1,
then we have the same formula foroa € 1 +1 and B; € A*,for 1 <i <n—1.

Proof. We do induction on the number of §; which are not in R*. If all of them are in R*, the hypothesis
of the lemma gives the expression. If there is at least one f; which is not in R*, without loss of generality
assume that 8,1 ¢ R*. Let us write 8,,_1 :=A-f, withL € R* and § € 1 4+ 1. Then

e(a, Br, ..., Bu1}) = oo, By ..., B2, A +o({a, Bi, ..., Bu—2. B}).

By the multiplicativity of ¢, the formula for n = 1, and the induction hypothesis on n, we have

dpi dfpn—> dp
o{a, B, ..., Bu2, BY) = (e, B1, ..., Bu2}) Ad(log(B)) =log(a)—— A+ A ——— A —-.
181 ﬂn—Z :B
By the induction hypothesis on the number of §; not in R*, we have
d dBm—1 dA
oo, Brs .-, Bm—1, A} =10g(a)ﬂA--'AMA—-
:31 18"171 A
Adding these two expressions, we obtain the expression we were looking for. O

The above lemma shows that we may without loss of generality assume that the §; € R*. The next
lemma shows that we may also assume that A = R, and o = 1 +¢.

Lemma 4.0.3. Suppose that we have the formula (4.0.1) fora =1+t and B; € R* for 1 <i <n—1, for
the ring R, := R[t]/(t"). Then we have the same formula for any A as above.

Proof. Givena € 1 +1 € A* and B; € R*. Since « — 1 is nilpotent, we have an R-algebra morphism
¥ R, — A, for some r, such that ¥/ () = o« — 1. The result then follows by the functoriality of ¢ since
the map induced by ¥ maps {1 +¢, B1,..., Bo—1} to {&, B1, ..., Bn=1}. O

Next we will show that we can also assume that r = 2. Note that for each A € Q*, we obtain an
R-automorphism ¢, of R, which sends 7 to A -¢. If F is any functor from the category rings to the
category of Q-vector spaces, this gives us an action of Q> on F(R,), which we call the x-action of Q*
and denote F (¥,)(v) by Axv. For m € Z, we let F(R,)"™ denote the subspace of elements v € F(R,)
such that Axv = A" v, for every A € @*. An element v € F(R,)"" is said to be an element of x-weight m.

Lemma 4.0.4. Suppose that we have the formula (4.0.1) forco =1+t and ; € R* for 1 <i <n —1, for

the ring Ry. Then we have the same formula for any A as above.

Proof. We need to prove the result for 1 +¢ € R,, and 8; € R*. Since 1 4+t = exp(log(l +1¢)), itis a
product of elements of the form exp(at™), for 1 <m < r, and a € Q. Therefore it is enough to prove
the formula for elements as above with o = exp(at™). Since {exp(at™), B1, ..., Bn—1} is of x»-weight m,
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its image under ¢ is in (Q’}gl /d Q’}er_z)[’"], the x-weight m part of Q’I‘{l /d Q'I’gz. On the other hand the
natural surjection R, — R4+ induces an isomorphism

(Q’}g‘ /dsz'}gz)[m] ~ (Q’};L /dgg;il)[m].

Therefore, without loss of generality, we will assume that r = m + 1. Then we use the map from R,

to Ry,+1 that sends ¢ to at™. This map sends 1 4 ¢ to exp(at™) and hence maps {1 +¢, B1, ..., Bn—-1}
to {exp(at™), B1, ..., Bu—1}. Therefore, again by the functoriality of ¢, the result follows from the
assumption on R;. O

To finish the proof, we will need a special identity in Ké” (R3).

Lemma 4.0.5. We have the following relation in K é"[ (R3):
21+ 5,0} = {145, 1+2),
forany A € R*.

Proof. 1t is possible to give a direct computational proof of this statement. We choose to give a proof
which is based on the ideas in this section.

First suppose that R is a field. We know that both sides are in Ké” (R3)°. We know from [Graham
1973] that the map Ké”(R3)° — (Q}h/dR3)° which sends {«, 8} to log(a)dB/B, where o — 1 € (¢), is
an isomorphism.

The left-hand side goes to t2dA /A, whereas the right-hand side goes to

t di di di
—d) =t>— +tdt =t>— + Lqr* = ?==
2400 x x e A

in (Q}Q3 /d R3)°. This proves the statement when R is a field.

In general, the statement for Q[x, x '] implies the one for a general R by sending x to A. Finally,
if we can show that Ké”(@[x, x"13)° — Ké” (Q(x)3)° is an injection, the known statement for Q(x)
implies the one for @[x, x~!]. This injectivity follows from the commutative diagram:

_ ° @ — o
K @QLx, x 71132 (R, 1y, /d@Lx, x7 1)) = 1920, © PR,

| |

K3 (@(x)3)° s (), /d(Q(0)3))° ¢ 19}, DR,

Where the injectivity of ¢ was proven above. This finishes the proof of the lemma. O
Finally, we prove the result for R;.

Proposition 4.0.6. Letax =1+t € R2X and B; € R*,for1 <i <n—1, then p({c, B1, ..., Bn—1) is given
by (4.0.1).
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Proof. Note the map ¥ from R; to Rj that sends ¢ to #2/2. This map induces an isomorphism
QL l/dQn 2011 ~ QL l/dQn 29021
Therefore we only need to compute the image of
(145,81, Bt 4.0.3)
in (Q’}g1 /d Q’}g2)[2]. By the previous lemma, we know that
(1+5.a =1+ L 1+p1),
which implies that (4.0.3) is equal to
%{I—Fé,1+;31t,,82,...,;3n_1}. (4.0.4)
This last expression is the 5 times the product of {1 +17/8} € K M (R3)° and
(L+Bit, Ba - Buct) € KL (R3)°.

By the induction hypothesis on #,

dp dBn-
oL+ Bt By, Bumr) =log(L+ BN A A =2
ﬁ :811—1
Since ¢ is multiplicative, this implies that (4.0.4) is sent by ¢ to
1 t ) :32 dﬂn—l ,81 dﬂn—l
—log<1—|— dlog(1+Bit)—=A-- =log 1+ ARERWA . OJ
2 pi B2 ,Bn—l B Bn—1
This finishes the proof of Proposition 4.0.1. U

In the case of truncated polynomial rings, we can also describe this isomorphism as follows:

Corollary 4.0.7. The map A; : A"R, — Q’;{l given by
M@ A~ Ady) = res;— tlidlog(al) A Adloglay) €

for 1 <i <r,descends to give a map K ,f’[ (R,)° — Q’I’Q_l. Their sums induce an isomorphism

KY(®R) — @ "

I<i<r

Proof. For 1 <i <r, welet u; : /d(Q ))° — Q" ! be given by pu;(w) := res;—o tl—,-dw. The
induced map
(@ /d@ )~ P ;!
1<i<r

is an isomorphism.
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The surjectivity can be seen as follows. Given w € Q’}Q_l, and 1 <i, j <,
i 1 i .
. i — 0 — L — . .
wj(t'w) =res;—o ﬂ,d(t w) =06 -w

To prove injectivity, using the notation in the proof of Lemma 4.0.3, we note that (Q’}Qr_l /d (Q'I’er_z))o
is the direct sum of its subspaces ((Q’;er_l/d(Q’;gz))")[” of »-weight i, for 1 <i < r. The subspace
(@' /d Q%)) consists of elements of the form t'a + 11~ dt, with @ € Q" and B € Q. For
1 <j <r,wehave

pitta+pt=ldey =8 -a+ (=1)""1dp).
Therefore, if p; (t'a + B~ 'dt) =0, then o = ((—1)"/i)dp and hence
foa+ Bt ldr = d(ﬂt’).
i
This proves the injectivity of the map
(@ ' /d @) = D (@ /d @) > P i
I<i<r I<i<r

The corollary then follows from Proposition 4.0.1. |

5. Construction of maps from B,(R,,) ® R, to SZ}e

In this section, we assume that R is a regular, local (D-algebra.

5.1. Preliminaries on the construction. In this section, we fix m and r such that 2 <m <r < 2m. We
let f(s,u) :=1log°(1 —sexp(u)) =log((1 —sexp(u))/(1 —s)). As in the proof of Proposition 3.0.1,
we define ¢; : RX, — R, by the formula ¢;(a) :=t;(log°(a)). Note that #; is defined in the beginning of
Section 3. Let us consider the expression

wji= Y idli_iAli= Y bdly ALy, (5.1.1)

I<i<j-1 a+b=j
- 1<a,b

for m < j < r, which defines a map from A2RX to Q}e- We will use this expression to define a map from

Lemma 5.1.1. Fors € R®, and u := Y 0<i u;t' € tRu, letting fy == % and u; ;= g—‘t‘ =) 0-i iuit'=", we

have

9 log°(1 — Gl
aj(8(sexp(u))) =tj—1(fsu)ds = tj—l( = 8ss — '3_j)ds'

Proof. Let us write f(s,u) =: f =) ,_; fit'. The expression id{;_; A {; evaluated on §(s exp(u)) is
equal to

d(fj-Dui —ifiduj—; =1d(fj-Dui + (j — i) fiduj—; — jfiduj—;.
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Summing these, we find that

aj((sexp@)) = Y Gd(fj-dui+ (=i fiduj)—j Y fiduj.

1<i<j—1 1<i<j—1

Let Du := Z]<i du;t' and u, := ?TL; Then the last expression can be rewritten as

tj-1(D(fu)) — jtj(fDu) =t; 1 (D(fu;) — (f Du);) = tj 1 (Dfu; — fi Du). (5.1.2)

We would like to see that the coefficient of du; in (5.1.2) is equal to 0. The coefficient of du; in
Df = Dlog((1 —sexp(u))/(1 —s)) is equal to (—s exp(u))/(1 — s exp(u))t’. Therefore, the coefficient
of du; in (5.1.2) is

Since f; = %(log(l —sexp(u))) = (—sexp(u))/(1 —sexp(u))u,, the last expression is 0.
Therefore aj(§(s exp(u))) does not depend on the du;, and we can rewrite (5.1.2) as

aj(8(sexp())) =tj—1(Dfu, — fiDu) =t;_1(fsus)ds,
where f; = % 4

Lemma 5.1.2. Ifu = u|,, and m < j <r, we have

Jti(f) =stj_1(fsuy).

Proof. The expression jt;(f) —stj_1(fsu,) is equal to

0 0 1 —sexp(u)
ti—1(fr —s(fsur)) =1t (E log(1 —sexp(u)) — Sa log(?) 'Mz)-

Since

d —sexp(u) d

—log(l —sexp(u)) = — -u; = s— log(1 — s exp(u)) - uy,

at 1 —sexp(u) as
the above expression is equal to #;_1((s/(s — 1))u;), which is 0, under the assumption that u = u7 +
Uy ] and m < j. ]

Letdlop: Ry — Q}e be defined as d€o(«) :=d log(x(0)). Note that £ itself is not defined, even though
£; are defined for i > 0.

Proposition 5.1.3. The map M,, , defined as
, r—Jj
My = Lin, ®dlg— Y —>(a;08) @
m<j<r

gives a map from B2(R«) ® R to Q}e’ of x-weight r, which vanishes on the image under § of those
[se*] e @[Rgo], with u = ul,,. The map M, 41 descends to a map from By(R,,) @ R;;.
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Proof. That M, , is of x-weight r follows immediately from the expression for o;(d(s exp(u))) in
Lemma 5.1.1, which shows that «; (§ (s exp(u))) is of x-weight j. Let us now show that M, , evaluated
on [sexp(u)] ® s exp(u), with u = ul,,, is equal to 0. By Lemma 5.1.1, o;(§(s exp(u))) is equal to
tj—1(fsu;)ds. This implies that ngjq (r—j/j)(ajod) ®L,_; evaluated on [s exp(u)] @ s exp(u) is
equal to

> i fuurgds =137 (= Dty (Furyds.

m<j<r m<j<r

by Lemma 5.1.2, since u = u|,,. The final expression can be rewritten as
d ; d .
tr—1(f - us |r—m)?s = Lim,r (s eXp(u))?s = (liym,r @ dlo)([s exp(u)] ® s exp(u))

since u = u|,,. This proves the first part of the proposition.
When r =m + 1, My, , takes the form

Limmpt ® ALy — L (dly_y AN +2dly 2 Ao+ -+ (m—1)dl Aly_1)08) @ L.

Since all the functions in this expression depend on the classes of the elements in R,,, the statement easily
follows. O

5.2. The regulator maps from H2(R,,, Q(3)) to Sl}e. We would like to define maps
Ly, : H(Rp, Q(3)) - Qp

based on the maps M,, , in Proposition 5.1.3. The problem with M,, , is that it does not descend to a map
on By(R,) ® R, if r #m 4 1. We will modify M, , slightly to correct this defect but keep the other
properties to obtain L,, ,. In order to simplify the notation from now on we are going to let £i,, ,, := 0.
Note that £i,, , was previously defined only when m +1 <r <2m —1 so this will not cause any confusion.
We define 8,,(j), form < j <2m — 1, by

Bu(j) i=dlin j+ Y bdlyAlp)os= Y bd(taAlp)os+ Y  bdlyAty)os

a+b=j a+b=j a+b=j
1<a,b<m m=<a,1<b 1<a,b<m

=dlinj+ajos— Y  ((j—a)dlaAlj_q+adli_qAls)os
1<a<j—m
and

Lm,r = eim,r ®d£0 - Z (r;j IBm(.]) ®£r—j - Eim,j ®d€r—j)- (521)

m<j<r

We would like to emphasize that, because of our conventions, the summand that corresponds to j = m is
equal to ((r —m)/m)oy, ® £,_,, exactly as in the case of My, ,, the terms corresponding to m < j are
modified however.

Lemma 5.2.1. With the above definition, L,, , defines a map from B>(R,,) ® R, to Q}e of x-weight r.
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Proof. Since all the terms in the definition of L,, , depend on the variables modulo ¢, we obtain a map
from B>(R,,) @ R, to Q}Q.

Since we know that M,, , is of x-weight r, in order to prove that L,, , is of x-weight r, it suffices to
prove the same for L, , — M, .. This difference is equal to the sum of

= D (Fldbin @b —tin j®dL,)) (5.2.2)
m<j<r
and
> %]( > ((J'—a)dfan—aJradﬂj—aMa))oé@er_,-. (5.2.3)
m<j<r 1<a<j—m

Let us first look at the term (j —a)dl, A€o +adlj_4 AL, Forany u Av € A%tRy and A € R%,

((j —a)dly ALj—q+adli_q ALy)(hx (uAv))
= ((j —@)d (AU ANV " +ad (W 7 0) AXLa) (1 A))
=(M((j—a)dla Alj—g+adli_g ANo)+ (j—a)a(ly Aj—g+Lj—a ALHA ' AL) (u Av)
=M ((j—a)dly Aj—g+adl;_q Ay)(u AV).

Therefore the term (5.2.3) is of x-weight r.
Similarly, (r — j)d{liy, ; @ £,r—; — jlip, j ®dL,_; evaluated on A x (u ® v) is equal to

(r— AW Liyg, ) @N Ty — jA iy ; @AW L, )
=1 ((r — dlim ;@ Lr—j — jlip j @dlr_j)+ (r — j)jQim ; ®Lr—j—Linm; ® L)X " dA
=A((r—j)dlin @L—j— jlin; @dl,_j).

evaluated on # ® v. This implies that the term (5.2.2) is of x-weight r and finishes the proof of the

lemma. O

Proposition 5.2.2. The map L,, , : B2(Ry,) @ R,; — Q}e vanishes on the boundaries of the elements in

@[R,bn] and hence induces a map
(B2(Rp) ® R))/im(8) — Q,

which by restriction gives the regulator map H*(R,,, Q(3)) — Q}Q of x-weight r we were looking for. We
continue to denote these two induced maps by the same notation L, ;.

Proof. We know that M,, , vanishes on the boundary (s exp(u)) of elements s exp(u) € Q[R], with
u = ul,,, by Proposition 5.1.3. We also know by the previous lemma that L,, , descends to a map on
B>(R,,) ® R,;. Therefore, in order to prove the statement, we only need to prove that

L (8(s exp(u))) = My, (8(s exp(u))),
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for u = ul,,. We first rewrite L,, , as the composition of § ® id with

Y btanty®dty— Y ﬁb-dﬂu/\&@ﬁc

a+b=r a+b+c=r
m=<a,1<b m=<a+b,
1<a,b,c<m

C
- —bd(ty Al ® L, bty ALy ®dL..
D aptdtantnett ) b ®

a+b+c=r a+b+c=r
m=a,1<b,c m=a,1<b,c

On the other hand, recall that M,, , is the composition of § ® id with

C
E b-lyNlpy®dly— E a+bb-dﬁa/\ﬂb®ﬂc.
a+b=r a+b+c=r
T

If we compare the two expressions we see that all of the terms match above except possibly the ones that
correspond to the triples (a, b, ¢) with 1 <a,b,c,a+b+c=r,and m <a or m < b. By antisymmetry,
we may assume without loss of generality that m < a. We need to compare the coefficients of the terms
dly Ny @ Loy £y ANdly @ L, and £, A Ly @ dl., subject to the above constraints, in L,, , and My, ,.
The coefficient of d¢, A€y ® £, in L,, , and M,, , are both equal to —cb/(a + b). The coefficient of
LayNdlp®L.in Ly, , is —cb/(a+b) and in M, ,, it is ca/(a+b). Finally, the coefficient of £, A€, @ dL,
in Ly, , is b, whereas in M,, , itis 0.

We finally note that the values of £, Ad¥l, ® £, and £, A €. @ d{l;, on §(s exp(u)) ® s exp(u) are the
same when u = u|,,. Then the equality —cb/(a + b) + ¢ = ca/(a + b) finishes the proof. (|

We can restate Lemma 5.2.1 as follows. First, let

Ym(J) = dgm,j + Z b(dl, N Lp).

a+b=j
1<a,b<m

Note that since {iy,, j = £, j 0§ by Definition 3.0.2, we have B,,(j) = yn(j) o 4. Finally, if we let
Nm,r = Em,r ® deO - Z (r%]ym(]) ® Er—j - Em,j ® dzr—j)’
m<j<r
then by (5.2.1), we have the following.
Corollary 5.2.3. For2 <m <r < 2m, we have a commutative diagram:

By(R,) ® RX 224 A2R* ® R*

.

Lm.r
By(Ry) ® R ————— Qb

We expect that the above maps combine to give an isomorphism between the infinitesimal part of
the cohomology of R, and the direct sum of the module of K#hler differentials, justifying the name of
the regulator; see [Goncharov 1995, Conjecture 1.15]. However, at this point, we can only prove the

surjectivity.
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Proposition 5.2.4. Suppose that R is a regular local Q-algebra and 2 < m as the above. The direct sum

of the Ly, , induces a surjection

D Lur HR QO P

m<r<2m m<r<2m

Proof. Suppose that o € B2(R,,)° is in the part of kernel of the §° which is of x-weight . By Theorem 3.0.3,
this part is isomorphic to R via the restriction of the map £i,, .. Computing the value of L,, , on o ® b,
for b € R*, we see that L,, (o ® b) = li,, - (2)db/b. Since a ® b is in the kernel of §, we see that the
image of L,, . above is the additive group generated by the set Rd log(R*). Since R is local this is equal
to Q}e- This implies the surjectivity. O

Conjecture 5.2.5. We conjecture that the map &P L., » in Proposition 5.2.4 is injective and hence

m<r<2m

is an isomorphism.

6. Construction of the maps from A3(Ram—1, (™))* to Sl}e Jk

For a ring A and ideal 7, let (A, I)* :={(a,b) |a,b € A*,a—b e l},and letw; : (A,[)* - A%,
for i = 1,2 denote the two projections. If R is a k-algebra, in this section we will define a map
W, r - A3(Rr, (") — Q}g//{

6.1. Definition of R,,,,. Assume that R is Q-algebra and 2 <m < r < 2m. Let us put 1, , :=im((1 +
(t™) ® A’RX) C (A3RX)°.
Definition 6.1.1. We define the map 2, , : I, , — Q2g by the following formulae:
G fx>m,x+y+z=r,y,z>1anda, b, c € R then
Q. (exp(at™) Aexp(bt”) Aexp(ct®)) :=a(yb-dc — zc-db).

@) Ifx>m,x+y=r,y>1,a,be€ Rand y € R* then
x : dy
Q. (explat™) Anexp(bt”) Ay) :=al| yb-— ).
Y

(i) f x >m,x+z=r,z>1,a,c€ R and 8 € R* then

dp
Q. r(explat™) A B Aexp(ct?)) :==a (—zc . F)

@iv) If x =r and B, y € R* then
Q. r(explat®) ABAy) :=0.

Remark 6.1.2. Notice that in case (ii) of the above definition, using the notation exp(ct*) with z =0
instead of y would not make sense. This is because in order for exp(ct?) to be well-defined, we need
ct* € (t) € R,. However, if we continue to use this notation exp(c), without specifying what c is
and without the notation making actual sense, we note that the formula (ii) becomes a special case of
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formula (i) in the following sense. If we formally put y = exp(c) then again formally log(y) = ¢ and
‘%’ =d log(y) = dc. This makes formula (ii) exactly the same as formula (i) if we also note that since we
put z = 0 the term involving zc.db disappears in (i). We will be using these notations and conventions in
order to shorten the expressions in the remaining of the paper. However, we would like to emphasize that
when proving the statements under consideration we are always using the Definition 6.1.1 since these
notations are only formal and do not make actual sense. Similar comments apply to (iii) when y = 0 and

to (iv) when y = z = 0. To sum up we will write that, if x > m, x +y+z=r and y, z > 0 then
Q. (explat™) Aexp(bt”) Aexp(ct®)) =a(yb-dc —zc-db). (6.1.1)

In the proof of the next proposition, we will use the following notation. Recall that Q, = Q[¢]/(¢").
Since we assume that R contains Q, R, is a Q,-algebra. Letd : R, — Q}e, /Q, denote the canonical
differential. Note that d has the property that d(#) = 0. There is a natural isomorphism

@ 1Qh — Q}e,_/@r.

O<i<r

Proposition 6.1.3. Suppose that f . fe Rrb and g, § € R have the same reductions modulo (t"™), with

2<m <r <?2m. Then we have

QurGUDAE=8UDAY =0 and R, SUfDAE—8UFDAE) =0.

Proof. By the assumptions g/g is a product of terms of the form exp(at*) witha € Rand m <x <.

Hence, in order to prove the first equality we need to prove that €2, , vanishes on §([ f]) A exp(at*). By
the definition of €2,, , above, we have

~ 1 ~ ~
s B(LFD Aexplat®)) = —a-res,—0 —— (d log Ad log) (1 = f) n f) =0.

since (d log Ad log)((1 — f YA f ) = 0. In order to prove the second equality, note that g is a product of
terms of type exp(ct*) with 0 < z, where for z = 0, we use the notation in Remark 6.1.2. Then using the
first equality, we only need to prove that

QS Aexpler’) — 81 Aexp(er?)) =0, 6.12)

for 0 < z < m. On the other hand, since f and f are equal modulo (), we see that (6.1.2) holds when
r —z < m. Therefore from now on we assume that m <r — z. If we knew (6.1.2) in the special case when
f = f +at* with m < x, then by successively using this information we obtain (6.1.2) for any f and
f which have the same reduction modulo (#). Therefore, from now on we assume that f = f +ar*,
and f =5+ bt +byt?> + - --. The left-hand side of (6.1.2)) is a sum of two terms: one containing the
term dc and the other one containing the term c. Let us first consider the term containing dc. The term
containing dc is 0 when r — z = m since m < x. Therefore we assume that m < r — z. In this case, we
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compute that this term containing dc is equal to

(( > i-ﬁpq—wN&)05)ﬂf]—[fD-da (6.1.3)

1<i<r—z—m
We have ((leisrfzfm i lp_pei A E,-) o 5)([h]) =YLiy r—;([1]|m]), by the definition of £i,, ,_,, for any
h e RE. This implies that (6.1.3) is equal to (Eim,,_z([fhm]) — Zim,r_z([ﬂ,m])) -dc = 0. Finally, we
consider summand of (6.1.2) which contain the term c. Letting 8 := byt + byt> + - - -, this term is equal
to —z - ¢ - a times the coefficient of " 7*7* in

i1 BT <(1V‘ﬁV) ( ,1ﬁ" («4v—1 B/ ))
2 O ) (e joo =1y

0<i,j
o 1 ﬁl 1 d_S B i 1[31 1 ds )
+) (=1 Q 1) )

0<i

Let us rewrite the last expression as

i+jpi+j—2 1 _ 1 )
2 (DB dm)( “1)isi si(s—1)

0<i,j

i+j—1pit+j—1 ! :
+Z(—1)H B ds((s—l)’ﬂ“_Si(S—l)jJrl)

0<i,j
_\i—lgi—1 1
DT ‘“(@—nw w@—h)'

0<i

In this expression, the first sum is equal to 0. In the second sum only the terms with i = 1 survive, to

> = 1)/,3/ds< L L )
—sitl  s(s —1)Jit!

0<j

make the sum equal to

This is precisely the negative of the third sum above. This finishes the proof. U

Lets: A3(R,, (1"™))* — A3Rrx, be given by s := A3m; — A’m,. The group A3(R,, (t™))* is generated
by elements of the form (a, a’) A (b, b') A (c, ¢’) witha—a',b—b', c—c" e (t")and a,a’, b, b, c,c’ € R).
Ifweleta=aa’,b=p8b,and c =y, thena, B, y € 1 + (™). We have

s((a,a )N, bYN(c,c)) =aad ABY' Nyc —a AV ANC € Ly,

since the last expression is a sum of elements of the form 6 Ad Ae with § € 1+ (") and d, e € R)*. This
implies that s factors through 7, , C (A3Rrx)°.

Definition 6.1.4. Suppose that R is a k-algebra. We let ,, , denote the composition of €2, , with the
canonical projection Q — QR/k We define wy, , : A3(R,, (™))" — Q}?/k as the composition 2, , 0§
of s : A3(R,, (") — Ly,,and Q. : Iy, — Q}e/k.
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6.2. Relation of R, , to L, ,. In this section, we assume that R is a smooth local k-algebra of relative
dimension 1. We will relate the construction €2, , to L,, ,, assuming Conjecture 5.2.5. Even though the
results in this section will not be used in the rest of the paper, we include this section since it gives a more
conceptual description of €2,, , and it will be referred to in future work. Let us denote the composition of
L,, » with the canonical projection Q}e — Q}e Jk by L, ». Given « € I, ,, we will show that there exists

e eim((1+ (™) k" @ RY) S (A’R))°,
such that « —e =4, (y) for some y € (B2(R,) ® RX)°. Assuming Conjecture 5.2.5, we will then show that

Qun (@) = Lin s (7 im) € Qg 1.
Lemma 6.2.1. Forany o € (A3Rrx)°, there exists € € im(AzR,X ®k*) C (A3R,X)° such that o — ¢ lies in
the image of (B2(R,) ® R))° in (A3Rrx)°. Moreover, if
a eim((1+1"R,)* ® A*R)) C (A’R))°
then we can choose
eeim((1+1"R)* @ RX ®k™) C (A’RY)°
such that o — ¢ lies in the image of (B2(R,) ® R)° in (A3Rrx)°.
Proof. The infinitesimal part of the cokernel of the map
By(R)® R* — A’R”

is K{(R,)° which is isomorphic to @), _;_, ' Q% via the map from A?R, whose i-th coordinate is
given by
1
res;—o t—id log(y1) Adlog(y2) Adlog(ys), (6.2.1)

by Corollary 4.0.7. Further, by the assumption on smoothness of dimension 1, we conclude that the
natural map
Qf ®r Q) — Q5

is surjective. Since we assume that R is local, the map
R®z R* — Qf,

which sends a ® b to a - d log b, is surjective.

Note that the image of exp(t'u) Av AL, withu € R, v e R* and A € k* under the i-th map in (6.2.1) is
i-u-dlog(v) Adlog(A) and under the coordinate j maps in (6.2.1) with j # i, the image is 0. Together
with the above, this shows that the map

(A’RX @Kk*)° — (A°RX)° - @ 195
I<i<r

is surjective and hence proves the first statement.
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For the second statement, note that if « € im((1 +t"R,)* ® A2Rrx) - (A3Rrx)° then its image in

Diios t Q%Q lands in the summand € t Q%e- Since by the above discussion, we also see that the

m<i<r
composition
(1+"R)* @R ®k* — (AR > P 1'%
m<i<r
is surjective, the second statement similarly follows. U

The next lemma is crucial in relating €2, » to Ly, ,.

Lemma 6.2.2. Let A(r) denote the kernel of the differential By(R,)QR) — A3 R. Then Conjecture 5.2.5

implies that the composition

is 0.

Proof. By Proposition 5.2.2, we know that L, , induces a map from H*(R,,, Q(3)) to Q}e of weight r.
The composition of the maps in the statement of the lemma can be rewritten as the composition

A(r) > HA(R,, Q(3)) 12 H2(R,,, Q(3)) 225> Qb

By Conjecture 5.2.5 the x-weights of H2(R,, Q(3)) are between r + 1 and 2r — 1. This implies that the
map from H2(R,, Q(3)) — QL. which is of weight 7, is in fact the zero map and finishes the proof. [l

Remark 6.2.3. We emphasize that, in the above lemma, we prove that L, ,(y|») =0fory € A(r). If y
is only assumed to be in the kernel of the map B>(R,,) ® R, — A3R2 then L,, ,(y) need not be equal
to 0.

Lemma 6.2.4. Assuming Conjecture 5.2.5, suppose that y € Bo(R,) @ R such that

8 (y) € im(( P a+rrR)* 0 +t”R,)X) @k*) C A3R)

0<s<r
then Lm,r(ylt’”) =0.

Proof. First let a := exp(ut’) Aexp(vt/) A X € A3RrX withu,ve Rand A € k™ and r <i+ j. We have
exp(ut’) Aexp(vt/) e (AZR,X)0 and

res; tlad log(exp(ut’)) A d log(exp(vt’)) = res, tlad(mi) Ad(vt') =0 e QL,

forall 1 <a <r, since r <i+ j. This implies that there is ag € B2(R,) such that §,(cg) = exp(uti) A
exp(vt/), and hence 8, (0g ® 1) = «. Let us compute Ly r((0g®A)|em). Since £;(A) =0, for 0 < i by the
formula for L,, , we see that

L.y (g ® X)) = Liyy - (g|m) - d log(R) € Q.
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This expression vanishes in Q}e Jk and therefore L, ,((ep ® A)|;) = 0. Taking the sum of expressions
such as above, we deduce that if

o€ im(( P a+rry*ed +tHR,)X) ®k*> C A’R*

O0<s<r

then there is a & € B2(R,) ® R such that 6, (@) =« and L, ,(a|m) =0.
Applying this to o := 6, (y) we deduce that there exists @ € B2(R,) ® R such that §, (&) = 6,(y) and
Ly .r(a|m) =0. Then we have

Loy (Vlem) = L, r @lim) + Ly (v — @) |m) = L, ((y — &) |im).
Since §,(y — &) = 0, the last expression is 0 by Lemma 6.2.2. (|
Lemma 6.2.5. Assuming Conjecture 5.2.5,if y € B2(R,) ® R such that
8:(y) € im((A*R})° @ k™) S A’R)
then Ly, »(y|m) =0.

Proof. Suppose that y is as in the statement of the lemma. Fix some a € Z- ;. We inductively define y!’!

as follows. Let y[=!1 =y, and

1= gy i1 gy i1,

for 0 <i <r. Since L, , is of weight r, Lm,,(y["]|tm) =(a" —a")Lm,r(y["_”bnz). Therefore proving that
L. (y|m) =0 is equivalent to proving that L,, ,(y"~!|;») = 0. On the other hand,

sy c im<< P a+rry)*e0 +t”Rr)X> ®kx>,

0<s<r
and therefore the previous lemma implies that L, ,(y"~"|m) =0. 0O

Assuming Conjecture 5.2.5, we construct a map Qm,r D, — Qgyk, using Ly, , as follows. Starting
with o € I,,, ,, we know, by Lemma 6.2.1, that there exists

eeim((1+ (™) @k* ® RX) S (A*RY)°,
such that « — & = 6,(y) for some y € (B2(R,) ® R)°. We then define
Q. r (@) = Lin (v |m) € Qg - (6.2.2)
In order to see that Qm,,(a) =Ly, (y|m) € Q}e/k is well-defined, suppose that
¢ eim((1+ (™) ®k* @ RY) S (A’RX)°
and y’ € (B2(R,) ® R))° are other such choices. Then

8 (' —y)=e—¢ eim((A’R*)°®@k*) C A’R*
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and hence L, ,((y' — y)|m) = 0 by Lemma 6.2.5. The following proposition is the statement which we
were looking for, that relates £2,, , to Qm,r and hence to L, ,.

Proposition 6.2.6. Assuming Conjecture 5.2.5, we have Q,,, , = Qm,r.

Proof. Suppose that x > m and x +y+z =r, with y, z > 0. We need to check that
Q- (explat™) nexp(bt”) Aexp(ct®)) = a(yb - dc — zc - db).

(i) Case when y =z =0. In this case, we need to compute the image of exp(at”) A8 Ay under Qm,,, where
B,y € R*. The image of exp(at”") A B in @1§igr—1 t"Q}e is equal to 0. Therefore, there is o € B3 (R;)
such that §, (o) = exp(at”) A B. Then, by definition,

Q- (expat”y ABAY) = L, (@@ y)|m). (6.2.3)

On the other hand, by (5.2.1), L, (| @ y) = Eim,r(a|,m)d7y. By the expression (3.0.2) for £i,, ,, we
have

iy o (at]) = <A210g°(5,(a)) ) Z it Az") =0,
1<i<r—m
since A2 log® (8, (@)) = A2 log®(exp(at”) A B) = 0. By the above formula (6.2.3), this implies that
Qm,r(exp(at’) A B A y) =0 as we wanted to show.
(i1) Case when y # 0 and z = 0. In this case we try to compute the image of exp(at*) Aexp(bt”) Ay
under Qm . Here we assume that y € R* and x 4+ y = r, with x > m. By exactly the same argument as
above, we deduce that there exists « € B3 (R,) such that §,(«) = exp(at”*) A exp(bt”) and we have

- . dy
@y, (explat™) Aexp(bt’) Ay) =Ly (@ @ y)|m) = sz,r(alzm)7.

Since §, (o) = exp(at*) A exp(bt”)

Cipy r(at;,) = <A210g°(5,(a)) ‘ Z it /\f‘> = yab.

1<i<r—m
This exactly coincides with the expression in the statement of the proposition.

(iii) Case when y # 0 and z # 0. Note that, by localizing, we may assume that R is local. Moreover,
since both sides of the expression are linear in a, b and ¢, we may assume without loss of generality that
a, b, c € R*. Since any element in a local ring can be written as a sum of units.

If 6 :=exp(at*) A exp(bt”) then its image in @1§i§r_1 t"Q}Ye is equal to

@ res; t—li(Azd log(exp(at™) A exp(bt?))),
1<i<r—1
which only has a nonzero component in degree x + y equal to yb -da — xa - db. If we compute the image
of o ;= (x/(x+y)) expabt* ™) Ab—(y/(x +y)) exp(abt* ™) Aa in the same group, we obtain the same
element. Therefore 6 — ¢ lies in the image of B(R,). Suppose that yy € B2(R,) such that §(yp) =6 — ¢.
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Since exp(abt* ™) Aexp(ct®) has weight r, there is &9 € By(R,) such that §(g9) = exp(abt* ) Aexp(ct?).
We now write

exp(at™) Aexp(bt?) Aexp(ct®) = (0 — @) Aexp(ct?) + @ Aexp(ct®)
X
= 8(ro ®exp(cr?) — ——3(e0®b) + ——d(eg @ a).
x+y x+y

By the definition of Qm,r, we have
Q.- (exp(at™) Aexp(bt”) Aexp(ct?))
X y
= L r(yolm ®exp(ct®)) — —— Ly r(0lim @ b) + ——— Ly s (0lm ® a).
x+y xX+y

By definition,
l:m,r(80|tm X b) = eim,r(50|t’")d log(b)
= (A210g°8(80) ‘ Z (r—i)t Atr_i)dlog(b)

m<i<r
= zabc - d log(b)
=azc-db.

By the same argument, L,, (ol ® a) = bzc - da.
In order to compute L, (ol ® exp(ct?)), first note that, by the definition of L,, ,, we have

Z . .
I:r?l,r(VOltm ® CXP(CI‘Z)) = _md&m,x-ﬁ-y (VOII’”) ¢+ Elm,x-‘,—y(VOIt’") -dc.

Since Liy x4y (Yolm) = (A2 log® 6 (o) | stiqﬂ (x+y—it' A txﬂ’_i) = yab, we have

24 c-d(ab)+ yab-dc.
+y

L, (ol ® exp(et)) = ——

Combining all of these gives,

~ b
Q. r(exp(at™) Anexp(bt?) Aexp(ct?)) = — 2 c-d(ab)+yab-dc— reac -db+ yaoe da
X +y X +y x+y
=a(yb-dc—zc-db).
This finishes the proof of the proposition. U

6.3. Behavior of wy, , with respect to automorphisms of Ry, _1 which are identity modulo (t"). In
this section, we continue to assume that R is smooth of relative dimension 1 over k. We will show the
invariance of §,, , with respect to reparametrizations of R, that are identity on the reduction to R,,. In
order to do this, we will need to make an explicit computation on k' ((s)), Where k' is a finite extension
on k. In order to make the formulas concise and intuitive, we will use several notational conventions as
follows. If a € k'((s)), we let a’ = a'V € k’((s)) denote its derivative with respect to s and a"*1 = (@™’

Similarly, we let exp(a) denote an arbitrary nonzero element in k' ((s)) and a’ = aV := (exp(a))’ /exp(a)
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and a”*tD = (¢™)’. This notation is intuitive in the sense that, if one thinks of a as log(exp(a)) then a’
is the logarithmic derivative of exp(a). With these conventions, we will state the following basic lemma.

Lemma 6.3.1. Let o be the automorphism of the koo algebra k' ((s)) o0, Which is the identity automorphism
modulo (t) and has the property that o (s) = s +at®, with w > 1 and o € k((s)), then o (exp(at*)) =

i ) i
eXP(Zog ot w).
Proof. Assume that o is such an automorphism of k'((s))co. Leti : K" — k’((s)) be the standard inclusion,

which sends an element of k’ to a constant series in s and 7. In other words, i is the k’-algebra structure
map. Let

7k () oo = K (($))oo/ (1) =K' ((5))

denote the canonical projection. By the assumptions, the restriction of o o1 to k, is the standard inclusion
k — k' ((5))oo. Similarly, by the assumptions, 7 o o o is the standard inclusion of k" into k"((s)). Since k’
is étale over k, these two statements above imply that o oi is the same as the inclusion i. Together with
the assumption that o (r) = ¢, this implies that o is an automorphism of k/_-algebras.

The rest proof is then separated into two cases, when x = 0 and when x # 0. In both cases, the
statement follows from the Taylor expansion formula. O

Lemma 6.3.2. Let o be the automorphism of the ks, algebra k' ((s)) oo, which is the identity automorphism
modulo (t) and has the property that o (s) = s + at®, with m < w. Then we have,

o (o(exp(ati) Aexp(bt!) A exp(ctk))) _
" exp(at’) Aexp(bti) Aexp(ctd) )

forO<i+ j+k.
Proof. Since m <w, 0 <i+ j+k and m <r < 2m, the weight r terms of

o (exp(at’) Aexp(bt/) A exp(ct"))
exp(at’) Aexp(bti) Aexp(ctk)

are possibly nonzero only when i 4+ j + k + w = r and in this case they are given by

exp(aa’t’ ™) Aexp(bt!) Aexp(ct’) +explat’) Aexp(ab't/ ) Aexp(ct*)
+exp(at’) Aexp(bt’) Aexp(actT).

By the definition of 2,, ,, the above sum is sent to
a(a (jbc' —keb"y —b'(iac’ — kea') +c'(iab’ — jba'))ds = 0. O

Corollary 6.3.3. Let o be any automorphism of R, as a k.-algebra, which reduces to identity on R,,, then

W © Ao = W r-

Proof. This follows by the corresponding statement for €2,, . This in turn reduces to Lemma 6.3.2 after
localizing and completing. O
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Definition 6.3.4. If R/k, is a smooth k,-algebra of relative dimension 1. We defined the map
O A (R, (™) — Qi

as the composition €2, , os, where R is the reduction of R modulo (t) and R, :=R xyk,. Lett: R, > R
be a splitting, that is an isomorphism of k,-algebras which is the identity map modulo (¢). By transport
of structure, this gives a map
Om et AR, (™) = Qi

Suppose that 7’ is another such splitting which agrees with ¢ modulo (). Applying Corollary 6.3.3 to
1o 7, we deduce that w,, ,; = Wy . Therefore, if o : R, — R/(t") is a splitting of the reduction
R/(t™) of R then wy, ., is unambiguously defined as wy, ., where T is any splitting of R that reduces
to o modulo ().

Recall the relative version of the Bloch group from [Unver 2021, Section 2.4.8]. If A is a ring with
ideal 7,let (A, I)° :={(a, a) € (A, )* | (1—a, 1 —a) € (A, I)*}. Then the relative Bloch group B>(A, I)
is defined as the abelian group generated by the symbols [(a, a)] for every (@, @) € (A, I)°, modulo the
relations generated by the analog of the five term relation for the dilogarithm:

. - 1—x7t 1—3%7" 1-% 1-%
[, O] =[G, DI+HIG/x, y/0)] = — )|t -
l=y=" 1-y l—y 1=y
for every (X, %), (7, 9) € (A, I)° such that (X — y, X — §) € (A, I)*. As in the classical case, we obtain
a complex 8 : Bo(A, I) — A*(A, I)*, which sends (@, a) to (1 —a, 1 —a) A (@, ). As usual, abusing
the notation, we will denote the induced map § ® id : Bo(A, ) ® (A, [)* — A3(A, I)*, also by §. With
these definitions, we have the following expected property of the map w, , .

Proposition 6.3.5. For a splitting o of R/(t™), the above map wy, ,, vanishes on the image of
By(R, (t"™) ® (R, (™)) in A>(R, (t"™))* under 8.

Proof. By the definition of w,, ,,, we easily reduce to the split case where R = R,. It suffices to prove
that €2,, , vanishes on the following two types of elements:

§([f108) =8 (f1®8) and §(f1®8) -8 (f1®3),

where f , f €R” have the same reduction modulo (") and g, § € R* have the same reduction modulo ().
This precisely the statement of Proposition 6.1.3. O

6.4. Behavior of res(wn, o) with respect to automorphisms of R,,. In order to proceed with our
construction, we need an object such as the 1-form in [Unver 2021] which controls the effect of changing
splittings. This object in x-weight r will be constructed below by using w,, ,. On the other hand, this
objects does depend on the choice of splittings if these splittings are different modulo (¢"), when r > m+1.
In the modulus m = 2 case the only possible r is 3 so this situation does not occur in [loc. cit.]. In the
current case of higher modulus, we will see that the residues of the 1-form w,, , is invariant under the
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automorphisms of R, which are identity modulo (¢), which will imply that the residue can be defined
independent of various choices. We will see that this will be enough for constructing the Chow dilogarithm
of higher modulus. We will again start with an explicit computation on k’((s)) sc.

Proposition 6.4.1. Suppose that o is the automorphism of k' ((s)) 0o as a keo-algebra such that o (s) =
s +at”, withw > 1 and a € k'((s)), and which is identity modulo (t). Consider the element exp(at™) A
exp(bt?) Aexp(ct?), withm < x. Ifr —(x +y+2z) > 0, and is divisible by w, let g = (r — (x +y+2))/w.
Then @, »((o (exp(at®) Aexp(btY) Aexp(ct?)))/(exp(at*) Aexp(bt?) Aexp(ct?))) is equal to

al -1 —k—1 N (i —k—1 N (i

- (4 q e _ (4 (@) ()

d(q! Z a ( X ) Z (( ; >yb c ( j )zb c )) (6.4.1)
0<k<q-—1 i+j=q—k

Otherwise, Q,, »((o (exp(at™) Aexp(bt”) Aexp(ct?)))/(exp(at™) Aexp(bt?) Aexp(ct?))) =0.

Proof. First note that by Lemma 6.3.1

. o (exp(at®) nexp(bt”) Aexp(ct?))
B exp(at®) Aexp(bt?) Aexp(ct?)
exp(P o< %tﬁiw) A exp(Pox %()t YY) Aexp(Po<i %tmw)

exp(at*) A exp(btY) A exp(ct?)

and hence if r — (x +y +2) <0 or wir — (x + y+z) then Q does not have a component of weight r and

Qm,r(Q) =0.
Suppose thenthatr —(x +y+2) >0, w|(r—(x+y+z)) andletg := (r — (x +y +z))/w as in the
statement of the proposition. In this case the weight r term of Q is given as

k (k) i) )]
ata a'b ; alc ;
E exp| —— " ) Aexp( ——2 Y ) Aexp —— Y ).
k! i! Jj!

i+j+k=q
This implies that £, -(Q) is equal to

akq®

NN DN i W)
(y+iw)— . — @+ jw)| — —— | ds.
k! i! Jj! i! Jj!

We first claim that the expression above does not depend on w. The coefficient of w - (a® /kD)a? ' da
in this expression is >, ;_, (b /i(jcV/j) — j@bD/il)(cV/j!) = 0. The coefficient of w -
(a® /k)alds in the same expression is

i+j+k=q

5 (b@ cUHD  pltD C(j)) 5 pD e 5 JXORENG)
=] | = ; ; - ; - =0.
! ! ! ! — D=1 — D (=1
=gk T S =gkt (@ — D —=D! izt (—-DIG—-D!
<i,j =i,j
Therefore 2, -(Q) can be rewritten as
aka® 7 b D [ DN RO NG
m y— 3 -z 5 3 ds. (6.4.2)
! i! Jj! i! Jj!

i+j+k=q
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The coefficient of o’a?~!ds in the above expression is equal to
a® ib@® )

pi) i)
2 w2 (yTJC~ ‘ZTf)

| |
O<k=q—1 "~ i+j=q—k J: J:

which agrees with the coefficient of o’a?~'ds in (6.4.1).
Fix io, jo, and kg such that ig + jo + ko = g. Then the coefficient of ya?aq*0pi0)co+D in (6.4.1) is

equal to

1( 1 1 1+1 1 1 +1 1 1) 1 11
q \ (ko — D!lio! jo!  kolio! Go— 1! ko! (io — D! jo!

which is exactly the same as the coefficient of the same term in (6.4.2). By symmetry, we deduce the

=TT
ko! ip! jo!

same statement for the coefficients of za?a*pto+D (o) This finishes the proof of the proposition. [J

Corollary 6.4.2. Suppose that o and exp(at™) A exp(bt”) Aexp(ct®) are as above. If r = m + 1, then
Q. r((o(explar®) Anexp(bt”) Aexp(ct®)))/(explat™) Aexp(bt”) Aexp(ct®))) =0.

Proof. In this case in order to have m <xand im+1)— (x+y+2z)=r —(x +y+2z) > 0, we have to
have x =m and y = z = 0. In this case, (6.4.1) is equal to 0. (|

Corollary 6.4.3. If R is a smooth k,,11-algebra of relative dimension 1 as above, then forr =m + 1, we
have a well-defined map
Ommi1 P AR, (™) — Qp

as in Definition 6.3.4, which does not depend on the choice of a splitting of R/(t™).

Proof. This follows immediately from Corollary 6.4.2, by reducing to the case R = k'((s5))m+1, after
localizing and completing. O

For a general r between m and 2m, the following corollary will be essential.

Corollary 6.4.4. Fix m <r < 2m, and let R be a smooth k.-algebra of relative dimension 1 as above.
Let x be a closed point of the spectrum of R, k' its residue field, and let n be the generic point of R. Then
for any two splittings o and o' of R,/ (t"™), the reduction modulo (") of the local ring of R at n, and for
any o € A3(R,7, (™)), the residues of wy ro () and wpy, o () € Q;jn/k at x are the same:

€Sy Wy, o' (A1) = I€Syx Wpy r,6 () € k'

Proof. Again by localizing and completing we reduce to the case of k’((s)),. By Proposition 6.4.1, we see
that the difference wy, o (&) — @p.r.o (@) is the differential of an element in k’((s)) and hence has zero
residue. 4

Remark 6.4.5. Let R/k, be as above. Suppose that T and o are two splittings R,, — R/(¢"). In this
case, there should be a map
howr(1,0) 1 AR, (") - R
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such that

d(ha)m,r(fv 0)) = Wm,r,t — Wm,r,o-

Moreover, hw,y, (7, o) should vanish on the image of By(R, (")) ® (R, (t"))*. Incase r =m + 1,
hwm m+1 = 0 does satisfy the properties above. Let us look at the first nontrivial case when m = 3 and
r = 5. Note that the reduction modulo (z2) of the automorphism 1 ' o0 : R3 — R3, which lifts the
identity map on R, is determined by a k-derivation 6 : R — R. Define h235(0) : I35 C (A37_2§<)0 — R,

as
3 (dc)
hQ3 5(0)(exp(at”) Nexp(bt) Ac) =abb| — |,

C

where a, b, € R and c € R*. Let h23 5(6) be defined as 0 on all the other type of elements in /3 5. Then
hws s(t,0) : A3(R, (1)) — R defined by

hos 5(, o) (@) = —hQ3 50)(s(0 " (@)))

satisfies the desired properties above. An analog of this construction is one of the main tools in defining
an infinitesimal version of the Bloch regulator in [Unver 2020].

Definition 6.4.6. Let R be a smooth k,-algebra of relative dimension 1 as above. Let n be the generic
point and x be a closed point of the spectrum of R. Then we have a canonical map

resy Wy i A3 (Ry, (™) — K,

where &’ is the residue field of x. The map is defined by choosing any splitting o of R, /(t"") and letting
resy Wy, r ‘= ISy Wy ro. Lhis is independent of the choice of the splitting o, by Corollary 6.4.4.

6.5. Variant of the residue map for different liftings. For the construction of the infinitesimal Chow
dilogarithm, we need a variant of Definition 6.4.6. Fortunately, we do not need to do extra work,
Corollary 6.3.3 and Proposition 6.4.1 will still be sufficient to give us what we are looking for.

Suppose that A is a ring with an ideal I and B and B’ are two A-algebras together with an isomorphism
X : B/IB ~ B'/IB’ of A-algebras. We let

(B,B', x)*:={(p, p) | pe B* and p" € B” such that x(p|;) = p'l;},

where p|; denotes the image of p in (B/I B)*. Similarly, we define (B, B’, x)” and B,(B, B’, x) and
obtain maps, By(B, B’, x) — A*(B, B, x)* and By(B, B’, x) ® (B, B', x)* — A*(B, B, x)*. We
will use these definitions below with A = ko, and I = (¢*). In fact the following variant will be essential
in what follows.

Suppose that S/ k,, is a smooth algebra of relative dimension 1, with x a closed point and 1 the generic
point of its spectrum. Suppose that R, R'/k, are liftings of S, to k.. In other words, we have fixed
isomorphisms

Vv :R/")—> S, and ¢ R/ =S,
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Letting x := ¢’ 1o ¥, we would like to construct a map
resy W, AR, R/, x)* = K,

where k' is the residue field of x. Note that (R, R’, x)* consists of pairs of (p, p’) with p € R* and
p' € R such that ¥ (p|m) = ¥'(p’|;m). In other words, it consists of different liftings of elements of
Snx. We sometimes use the notation (R, R’, ¥, ¥')* to denote the same set.

In order to construct this map, let

X :R—>TR
be an isomorphism of k,-algebras which is a lifting of x. This provides us with a map
(R, R, ) = (R, (")~

Choosing a splitting o : R,, — R/(t™), by Definition 6.3.4 we obtain the map w,, », composing this
with the map induced by the reduction ¥ of ¥, we obtain

4y

3%
A3(R, R,, X))( A X A3(R, (l,m))X Dm,r,o. Q;;\J'/k Qisn/k resy k/. (651)

Proposition 6.5.1. The map (6.5.1) above is independent of the choices of the lifting x of x and the choice
of the splitting o of R/ (™).

Proof. That the composition is independent of the choice of x follows from Corollary 6.3.3 and
Definition 6.3.4. That it is independent of the choice of the splitting o follows from Proposition 6.4.1. [J

Definition 6.5.2. We denote the composition (6.5.1) above by

resy W (W, ¥ : AX(R, R, ¥, ¥/)* — K.

If ¢ and ¢’ are clear from the context, we denote this map by res, @, ,, and (R, R, ¥, ¥')* by
(R, R, (t™))*. Depending on the context, we also use the notation res, @, ,(x) : A*(R, R/, x) — k'
for the same map, with y = ¥/~ o .

With these definitions, we have the following corollary.

Corollary 6.5.3. Suppose that R and R’ are smooth k,-algebras of dimension 1 as above which are liftings
of the generic local ring S, of a smooth ky-algebra S. Let x : R/(t™) — R'/(t™) be the corresponding
isomorphism of k,,,-algebras. Let x be a closed point of S. Then the map

resy W (X) : AR, R/, x)* — k'
vanishes on the image of Bo(R, R, x) ® (R, R/, x)*.

Proof. Follows from Proposition 6.3.5. O
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7. The residue of ®,,,, on good liftings

Suppose that R/k, is as above. Moreover, we assume that the reduction R of R modulo (¢) is a discrete
valuation ring with x being the closed point. We let X/ k, be a lifting of x to R. By this what we mean is
as follows. Let s be a uniformizer at x, and let § be any lifting of s to R, we call § also a uniformizer at x
on R. The associated scheme X, which is smooth over k,, is what we call a lifting of x. In other words
a lifting of x is a O-dimensional closed subscheme x of R such that its ideal is generated by a single
element which reduces to a uniformizer on R. Note that if we are given X, then § is determined up to a
unit in R. Sometimes we will abuse the notation and write (s5) instead of x. Let n denote the generic
point of R. We let

(R, %) =« ER; | ¢ = us", for some u € R* and n € Z}.

We say that an element o € R, is good with respect to X, if o € (R, X)*. Note that this property depends
only on X, and not on §. The importance of this notion for us is that for wedge products of good liftings,
we can define their residue along (s) as in [Unver 2021, Section 2.4.5]. Namely, there is a map

resg : A"(R, %)% — A" N (R/(5))%,

with the properties that it vanishes on A"R* and s Aoy A--- Aay,— is mapped to o A -+ Ay, if
a; € R™ and «; denotes the image of «; in (R/(s))*, for 1 <i <n—1. Suppose that R’/ k, is another such
ring, and X’ a lifting of the closed point of R'. Suppose that there is an isomorphism x : R /(") — R’/ (™)
which identifies the reduction of X modulo (™) with the reduction of X" modulo (™). Then we let

R, R, %, %, 00 =={(p, p) | p€ (R, %) and p’ € (R, ') such that x (p|im) = p'l;m}.

Note that clearly (R, R/, X, %', x)* € (R, R/, x)*. In case R’ = R with yx the identity map, we denote
the corresponding group by (R, X, (#™*))*. Denote the natural maps (R, R, X, X', x)* — (R, X)* and
(R, R, X, X', x)* = (R, X')* by m; and 5. In this section, we would like to compute res, @, »(x)(c)
fora € A3(R, R/, %, X', x)* in terms of the value of £ on the residue of «. The main result of this
section is Proposition 7.0.3. We will first start with certain explicit computations on the formal power
series rings and then finally reduce our general statement to these special cases. Let us immediately
remark that in order to compute the residues, we immediately reduce to the case when R and R’ are
complete with respect to the ideal which correspond to their closed points.

We will first consider the case of R = k’[s]] and that of the same uniformizer on both of the liftings as
follows.

Note that

res (s AaAB)=anp ek,

where  and B are the images of « and B under the natural projection R — (R/(s))* = k.. Similarly
for p’.
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Lemma 7.0.1. Suppose that R =k'[[s], and R := R, =k'[s, t1/(t"). Suppose that o, o', and B € R* such
that &' |;m = at|m € R/(t™). Let p' :=s Ao’ AB, p:=sAaABand (p, p):=(s,s)A(a,a’) A (B, B) €
A3(R, (s), (1"™))* C AS(Rn, (t™))*. Then the residue of wy r(p, p') at the closed point of R = k'[[s] is
given by
188520 W (D5 P') = Lin.r (1€3(5) (D)) — L. (r€3(5) (P)).

Proof. By Definition 6.1.4, we see that wy, (p, p') = Qu.(p — p') = Q. (s A (a¢/a’) A B). Let us
compute the residue at s = 0 of an expression of the type £, ,(s Aexp(at’) Aexp(bt/)), with a, b € k[[s]]
and i > m, such that if j = 0. We use the notation in Remark 6.1.2. Since

‘ . d
Q. (s ANexplat') Aexp(bt!)) = jab—s,
s

when i 4+ j = r and is O otherwise, we conclude that its residue is equal to ja(0)b(0) if i + j =r, and is
0 otherwise. Since, for i > m,

Cn.r (tess) (s Aexplat’) Aexp(bt!))) = €., (exp(a(0)t)) Aexp(b(0)t/))
is equal to ja(0)b(0) if i + j = r, and is 0 otherwise, we conclude that
res;—0 (2., (s Aexplat’) Aexp(bt’))) = L., (res() (s Aexplat’) Aexp(bt!))). (7.0.1)

On the other hand, since &'|;m = |, s A (a/a’) A B is a sum of terms of the above type, and the linearity
of both sides of (7.0.1) imply that (7.0.1) is also valid for s A («/a’) A B. By linearity of £,, , and res),
we have

s <res(s) (s AEA ﬁ)) = Uy (€5(5) (S A&t A B)) — Ly (rES(s) (5 At A B)),
which together with the above proves the lemma. O

Let us now try to prove the same formula when the choice of the uniformizer is not the same. In other
words, with notation as above let s € R such that s’|;» = s|». For simplicity, let us temporarily use
the notation (R, (s), (s'), (")) :== (R, R, (s), (s),idg @) *. Let p ;=5 Aa A B, p:=s Aa A B and
(P, p) = (5. 5") A, @) A (B, B) € A (R, (s), (s), (™).

Lemma 7.0.2. With notation as above, the residue of wy, ,(p, p') at the closed point of k'[[s] is given by
the following formula:

168520 W, (P, P') = L r (1€8(5) (D)) — Ly (re8(5 (P)).

Proof. If 5" is another lift of the uniformizer s, in other words s” € R with s”|;m = s|m then

1€S5—=0 Wi+ (P, P") = 18520 W (P, P') + 1850 Wi, (P, P")
and
Em,r (res(s) (P)) - Em,r (res(s”) (P//))
= U, (1€S(5)(P)) = L, (re8(57) (P))) + (Ui, (reS(57)(P")) = L, (reS (s (P))).
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Therefore in order to prove the lemma we may assume without loss of generality that s’ = s + at’, with
a € k'[s] and m <i. Note that in R, we have s +at! =s exp((a/s)ti), since r < 2m. Letting o = exp(btj)
and g = exp(ctk), we can rewrite wy, ,(p, p’) as

Qunr(p =) =Qun.r <6Xp(—gl‘i) Aexp(bt!) A exp(ctk)> =—%(jb-dc—kc-db),
s S
if i + j +k =r and O otherwise. Its residue is
—a(0)(jb(0)c'(0) — kc(0)b'(0)) (7.0.2)

if i + j + k = r and 0 otherwise, with the usual conventions if j or k is 0.
On the other hand, res¢)(p) = exp(b(0)t/) A exp(c(O)t") and

res(yy (p) = exp(b(0)t! — a(0)b' (0)¢'7) Aexp(c(0)t* —a(0)c'(0)' ) e A%k ™.

By the linearity of £, ,, the right-hand side of the expression in the statement of the lemma is then equal
to

— i (exp(b(0)t7) A exp(—a(0)c’ (0)1"5)) — £, - (exp(—a(0)b'(0)"H) A exp(c(0)F))
_ Em,r(eXp(—a(O)b/(O)tiﬂ) A eXp(—a(O)c/(O)tiJrk)).

The last summand is equal to O since ¢, , is of weight » and i + j +i +k > 2i > 2m > r. For the same
reason, the first two summands are 0 if i + j +k # r and if i + j + k = r, then the total expression is
equal to —a(0)c’(0) jb(0) +a(0)b'(0)kc(0), which agrees with the formula (7.0.2) for the residue of 2, ;.
Since o and B are sums of the terms of the above type, this proves the lemma. O

Proposition 7.0.3. Suppose that R, R’ are local algebras which are smooth of relative dimension 1 over
k,, together with liftings X, X' of their closed points and a ky,-isomorphism x : R/(t™) — R’ /(™) which
maps the reductions of X and X' to each other. Then for g € A>(R, R, %, X', x)*, we have the following

formula for the closed point x,

resy O r(q) = L, (tes; (A 11)(q)) — L r (resz (A’ 72)(q)).

Proof. In order to prove the statement, we can replace R and R’ with their completions at their closed
points. Let k” be the residue field at the closed point x. Without loss of generality, we will assume that
R =R =k'[s],, X is given by s = 0 and X’ is given by s’ = 0 for some s’ € k'[s]], with §'|;m = 5]|m,
and x is the map which is identity on k'[s],.

In order to make the computations we need to choose a lifting ¥ of x from R to R’. We choose this
lifting to be the one that sends s to s” and is identity on k. Note that ¥ being a map of k, algebras has to
satisfy x (#) =t. The statement above then reduces to the following: suppose that «, 8, y € (K'[[s1,, (s))*
and o', B', ¥’ € (K'[s]1, (s"))* such that a|m = a&|m, Blm = B|;m, and y|m = y'|m, and p=a AB Ay,
p'=d' AB Ay and (p, p') = (a,a') A (B, B') A(y, ¥'), then

1e85-0 Qs (P — P') = Ly r (1€5(5)(P)) — L. (res(sy (P)).
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By assumption « is of the form us” for some u € k'[s] and n € Z. Similarly, o’ is of the form u's™,
with u’ € k'[s]*. The condition that &|,» = o|,» implies that n = n’. The same is true for B, #’, and y, y’.
By multilinearity and antisymmetry, we reduce to checking the above identity in the following two cases:
in the first case where «, 8, y € k’[[s]* and in the second case where @ = s, o’ =s" and B, y € k'[s]*.
If o, B,y € K'[[sT*, then o', B/, " € kK'[[s]*. This implies on the one hand that res.)(p) = 0 and
res(y)(p') =0, and on the other that p—p’ € I,, , = (1+ (") ® Azk’[[s]]rx) C (A3k’|[s]];<)°, which implies
that @, ,(p—p) € Q}{,M/k. Therefore ress—o Q. (p — p') = 0= L€, (res(5)(p)) — €. (res(s(p’)) in
this case.

Let us now consider the more interesting case of « = s, ' = s’ and B, y, B/, ' € kK'[[s]*, with
Blym = B'|m and y|m = y'|;m. Applying Lemma 7.0.1 first with p = (s, «, B) and p’ = (s, &/, B)
then with p = (s, «’, B) and p’ = (s, @', ') and then applying Lemma 7.0.2 with p = (s, &/, 8’) and
p = (s',a’, B') and adding all the equalities finishes the proof of the proposition. O

8. Construction of p and a regulator on curves

8.1. Regulators on curves. Let R/k, be smooth of relative dimension 1, as in the previous section but
without the assumption that R is a discrete valuation ring. Choose and fix a lifting ¢ of ¢ to R for every
closed point ¢ of R as in the previous section. We denote the set of these liftings by &2. We let k(c)
denote the residue field of ¢ and k(c) denote the artin ring which is the ring of regular functions on the
affine scheme ¢. Let |R| = |R| denote the set of closed points of R, or equivalently of R. Note that the
reductions of the localizations R, of R are discrete valuation rings. We let

(R, 2)* =[] (Re. )
celR|
and (R, 2)" :={f € (R, 2)* | 1 — f € (R, #)*}. We define B»(R, &) to be the vector space
over @ generated by the symbols [ f] with f € (R, 2)" modulo the five term relations associated to
pairs f and g in (R, 2)" which have the property that f — g € (R, 2)*. As usual we have maps
By(R, 22) — A*(R, 2)* and By(R, 2) @ (R, 2)* — A3(R, 2)*. We also have a residue map
resc : Bo(R, 2) ® (R, #)* — B(k(c)) that is defined exactly as in [Unver 2021, Section 3.3.1] and
which gives a commutative diagram:

By(R, 2)® (R, 2)* —2— A3(R, )~

lresc lresc

Ba(k(c)) ——2—— A% (0)*

Suppose that C/k,, is a smooth and projective curve. For every closed point ¢ of C, choose and fix a
smooth lifting of ¢ of ¢ to C. We denote & to be the set of these liftings. We let (Oc, &) denote the
sheaf on C which associates to an open set U of C, the group (O¢c(U), £|y)*. Similarly, B,(O¢, &) is
the sheaf associated to the presheaf, which associates to U the group B,(Oc¢(U), P|y). For each ¢ € |C],
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let i denote the imbedding of ¢ in C. The commutative diagram above gives us a complex I'); (C, 2, 3)
of sheaves

By(Oc, 2)® (Oc, 2)* — P icx(Bak(©))) ® A*(Oc, 2)* — P ica(A°k(0)%),

celC| celC|
concentrated in degrees [2, 4]. We use the following sign conventions in the above complex: the first map
is (8, res) and the second one is —§ 4 res. We will be interested in the infinitesimal part of the degree
3 cohomology H3,(C, Q(3)) := H}(C, I, (C, 2, 3)) of the complex [',(C, 2, 3). More precisely, we
will be interested in defining regulator maps from HSB(C , Q(3)) to k for every m < r < 2m. The above
cohomology group is a candidate for the motivic cohomology group H?Vl (C, Q(3)). To be more precise,
we would expect a sheaf B3(O¢, &) of Bloch groups of weight 3 as in [Goncharov 1995], which would
fit into a complex ' (C, &2, 3) of sheaves on C

B3(Oc, 2) — By(Oc, 2) ® (Oc, 2)* — @iex(Ba(k(¢)) ® A (Oc, 2)* — @iex(A*h()7),

and which would compute motivic cohomology of weight 3. Since we are only interested in
H3 (C,I'p(C, £,3)) and since on a curve, by Grothendieck’s vanishing theorem, the cohomology
of any sheaf vanishes in degree greater than 1, we have an isomorphism

H(C, T(C, 2,3)) ~H(C,T5(C, 2,3)).

For a sheaf of complexes .%#,, let H'((_f , .%.) denote the colimit of all the Cech cohomology groups over
all Zariski covers of C. For a sheaf .%, the natural map H' (C, %) — H!(C, .%) is an isomorphism for
i =0, 1. By the same argument, it follows that the same is true for a complex of sheaves .#, which is
concentrated in degrees 0 and 1. This applied to the complex above implies that the natural map

H?(C, L'(C, 2.3)) ~H(C, [5(C. 2.3))

is an isomorphism. Therefore, it is enough to construct the map H3 (C, ["B(C , 2,3)) = k. We will in
fact construct the map as the composition

H(C. T(C, 2,3)) = HY(C,T}(C, 2,3)) > k,
where ', (C, 2, 3) is the quotient complex
By(Oc, 2) ® (Oc, 2)* = P icx(Ba(k(c))) ® A*(Oc, 2)
ce|C|

of ' (C, 2,3).

Suppose that we are given a Zariski open cover U, of C, we will define a map from the corresponding
cocycle group 23(U,, [‘};(C , Z,3)) to k, which will vanish on the coboundaries and hence induce the
map in the cohomology group that we are looking for. Suppose that we start with a cocyle as above,
given by the data:



Infinitesimal dilogarithm on curves over truncated polynomial rings 725

() v € A3(Oc, 2)<(U;), foralli el.
(1) & € Ba(k(c)) for every c € U; all but finitely many of which are O, for all i € /.
(iii) Bij € (B2(Oc, ) ® (Oc, 2)*)(Ujj), for all i, j € I.
These data are supposed to satisfy the following properties:
1) 8(Bij) = vjlu,; —vilu,-
(i1) resc(Bij) = €j,c — &i,c, for c € U;;.
(1) Bjkluy — Bikluy + Bijluiyx = 0.
We will construct the image of the above element by making several choices and then proving that the
construction is independent of all the choices:

(1) Let An / koo be a smooth lifting of O¢ , and for every ¢ € |C], let ﬂc / ko be a smooth lifting of the
completion @C,C of the local ring of C at ¢, together with a smooth lifting ¢ of ¢ as in the previous
section.

Moreover, choose:

(i) an arbitrary i € I and for each ¢ choose a j. € I such that ¢ € U;,.

(iii) An arbitrary lifting y;, € A3/f; of the germ y;,, € A3Oé’ . of y; at the generic point 7.

(iv) A good lifting 7;, € A3 (A, ©)* of the image 7j, . of y;, in A*(Oc., ©)*, for every ¢ € |C]|.

(v) An arbitrary lifting B;,;., € Ba(A,) ® A, of the image Bj,i; € B2(Oc.,) ® OF , of i, for every
celC|.

Note that it does not make sense to require that y;, be a good lifting since in this context there is no a
fixed specialization of the generic point. Similarly, we cannot require that J.i,n be a good lifting, since
we know that S(B J.i.n) 18 a lifting of §(B;.;.,) = ¥i — v,. and even this last expression need not be good
at ¢ as y; need not be good at c. We define the value of the regulator p,, » on the above element by the
expression

> T (b (€52 73,) = L r (8.c) + 168 O (Fig — 8 Bliin). 7)) 8.1.1)

c€|C]
Let us first explain what we mean by the above expression. Since y;, is ¢-good, the residue res; y;, along
¢ is defined as an element of A%k(c)*. The étaleness of ¢ over koo, implies that we have a canonical
isomorphism k(¢) > k(c)o of koo-algebras. Using this isomorphism and the map ¢, , : A2%k(c) 2o = k(o)
in Definition 3.0.2, we obtain £,, ,(res; y;.) € k(c). For the second term, note that, as above, there
is a canonical isomorphism k(¢) =~ k(c),, of k,, algebras using which we can view ¢ . € By(k(c)n).
Applying £i,, , : Ba(k(c),) — k(c) to this element gives £iy, , (¢}, ) € k(c). For the last term, note that
Yin — 5(Bjci.n) is a lifting of y;;, —8(Bj.i.y) = vj. tO A%i; and so is y;, a lifting of y; to A%i:. Using
the theory of Section 6.5, we see that the last term res. @y, (Vin — 8(Bj.i.n), ¥j.) € k(c) is unambiguously
defined. Letting Tr; denote the normalized trace to k, the summands above are defined.
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In order to show that the sum makes sense, we also need to show that the sum is finite. Below we will
show that the sum is independent of all the choices, therefore it will be enough to show that the sum is
finite for a particular choice. First by shrinking U; if necessary, and choosing a refinement of the cover, we
will assume that y; € A3(’)é (U;). Similarly, by shrinking U; even further, we will assume that the lifting
Yi is good on U;. Therefore, for ¢ € U;, we can choose j. =i and y;, = y;. Since for these ¢, 8;; =0
we can choose ,5 j.i =0. In order to show that the sum in (8.1.1) is finite, we can concentrate on ¢ € Uj,
as |C|\ |U;] is finite. For ¢ € U;, res. y;, =res. y; =0, since y; is invertible on U; by assumption. Also
for the residues we have res. wy, (Viy — S(Bjci,n), Yj.) =reSc W (¥, ¥i) =0 since i = j., y;. = y; and
B.,-c[ = 0. Therefore the summand, for ¢ € U;, is equal to Try(—¥iy, (€. .c)) = Tri(—Lin - (gi ). Since
gi.c =0, for all but a finite number of ¢ € U;, we are done.

We now show that the expression makes sense and is independent of all the choices. Note that there
are many of them.

Theorem 8.1.1. For every m < r < 2m, the above formula (8.1.1) gives a well-defined regulator map
Pm.r 23(U., f%(C, P, 3)) — k, independent of all the choices. This map vanishes on the coboundaries
and hence induces the regulator map

om.r Hy(C, Q(3)) — k
of x-weight r.

Specializing to the case when C is the projective line I]j’lm, with coordinate function z, we fix an a € k,b,,.
If we choose &2 such that z, 1 — z and 7 — a are all good with respect to 2, then (1 —2) AzA(z—a) €
(A (Op1, 2)*) and

Pmr (1 =2) ANz A (2 —a)) = Lliy, r([a]).

Proof. We first show the independence of the definition from the various choices. For readability, we
separate these into parts.

Independence of the choice of j. and the liftings B i and y;j.. Suppose that we choose a different j. with
¢ € Uy, a different lifting /f/ of Oc.., together with ¢ as above, a ¢-good lifting )7/ of yjr to /I/ and
a lifting ﬂ i of B , to A Since A >~ k(c)[5]ls0, Where § is a choice of a umformlzer associated to ¢
and s1m11ar1y for A we choose and fix a ko-algebra isomorphism between A, and A which is identity
modulo (#*) and which sends § to §". This last condition is possible to impose since both § and §’ lift s
by assumption. Below we identify these two algebras using this isomorphism.

We need to compare the two expressions

b (1e5z 7.) — Lim (8 ..c) +1€8¢ W (Fin — 8(B i)y 75) (8.1.2)
and
Em,r(rCSE/ )7]/(/) — Zim,r(ejé,c) +res. Cl)m,r(J;in - 5(,3/1'(/1'), )71/5/) (813)

By linearity we have

IesSe a)m,r();in - B(B/j({i)7 J;j/(/) — IS, a)m,r();in - 8(5}}1’)» fjc) = TICS, a)m,r();jf - J;-/{z/r’ B(B/j({i - Iéjci))'
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Let 8 jvj. be at-good lifting of Bj; ;. to A.. Since jzjc itself is c-good such a lifting exists. We have the
identity B;:;. = Bj:i — Bj.i on Ujj,j;, which might not contain ¢, but does of course contain the generic
point . We deduce that B j2jen and ,5/ Fi% B joi.n have the same reduction B, ,. Now by Corollary 6.5.3,
we conclude that

rese O, (8 (Bjzjon) 8B jriy — Biiin)) = 0.
This implies that, using transitivity and linearity, we have:
rese O r (Vj. = Vjps 8B jri — Bjai)) = 188¢ O r (7). = Vi1 8Bjtjen)) = 1€Sc O r (P = 8 (Bjrjon)s 771)-

In this expression, y; — 5(,3/4.,-0) is a t-good lifting to A. and )71’.{ is a ¢’-good lifting to ff: Then
Proposition 7.0.3 implies that

tese O r (7j. = 8(Bj1j) Vi) = b, r (tese(7j, — 8(Bj1))) — b (€52 (7],)). (8.1.4)
On the other hand,
em,r(reSE (8 (Bj[‘jc))) = Em,r((S (reSE(Bjéjc))) = Eim,r(resc (ﬁjéjc))a

by the definition of £iy, ,. Since by assumption res.(8;:;,) = €j..c — €j:.c, we can rewrite the right-hand
side of (8.1.4) as

Zm,r (reSE(J;jC)) - Em,r(resﬁ’ ()7]:’)) - Zim,r (8jc,c) + Zl'm,r(gjé,c)-
Combining all of the above, we see that the last expression is equal to the difference
rese a)m,r(?in - S(B/jéi)’ )7,:/) — IS, a)m,r(?in - 8(/§j5i)’ 7;]}),

which implies the equality of the two expressions (8.1.2) and (8.1.3) and thus proves the independence
we were looking for.

Independence of the choice of i and the liftings i, and B ;.i- Letus choose an i’, a lifting A; of Oc,, and
liftings )71.’,,7 and B}Ci’ to /l;, for each ¢ € |C|. We need to compare

Z Tl'k(ﬁm’r(I'eSE )7jc) - Eim,r(gj(,c) +res. a)m,r();in - S(Bjci)’ ?jc)) (8.1.5)
celC|
and
Z Try (. (t€5¢ Pj,) — Lim.r (€], .c) +1€S¢ O r (Pr) — 3(5}6,'/)’ 7i))- (8.1.6)
celC|

The difference between the above expressions is

D Trirese o (7l — 8B i), iy — 8(Bji)-
ce|C|
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Choosing an isomorphism A,, o~ A; of k-algebras which lifts the given one modulo (), we identify

~ ~ .
A, and An' The above sum can then be rewritten as

> Trirese O (7, = Tins 8Bl — Bju))-

ce|C|
As in the above afgumerit since ~;§,~,~/ has the same reduction modulo (") as B;C i ,5 i for any j., we
have res; @y, (8 (ﬁ}ci, — B,.i), 8(Biir)) =0 by Corollary 6.5.3. So we can rewrite the above sum as

D Trgrese o r (7 — ins 8(Biir)-
ce|C|

Choosing a splitting of fi,,, we identify this algebra with (,i{,,)OO = (Oc,y) 0. Using this identification,
the last expression is the sum of residues of the meromorphic 1-form Qm»r(%n — Vin — S(Bl-i/)) on C and
therefore is equal to 0.

Vanishing on coboundaries. Suppose that we start with sections
a; € (B2(Oc, 2) ® (Oc, 2))(U)),
for all i € I. Then we need to show that the value of the regulator on the data

itiers {eicli€el, ce U}, {Bijlijer)

is 0. Here y; := 8(a), &i.c :=resc(;) and By := aj|u,; — oilu,;-

We fix ani € I and j. € I, with ¢ € U, for every ¢ € |C|, and local and generic liftings A., and A, of
the curve, as above, together with liftings ¢ of ¢ to ... We need to choose liftings of the data in order to
compute the value of the regulator on the above element.

We choose a lifting @;,, of «;, to “‘In and let y;, := 8(a;y). For each ¢ € |C|, we choose a ¢-good lifting
;. of o, and let 7;, := 8(&;,). Finally, we choose an arbitrary lifting & ;,, of ., to A,, for every ¢ € |C]|,
and let 5 jein =iy — ajy. Then the value of the regulator (8.1.1) is the sum of traces of the terms

Em,r(resi )7j6) - Kim,r(f;jc,c) +res. wm,r();in - 8(5}}-1‘,7])’ )7]'0)
= Em,r(reSE 5(&1'(,)) - Zim,r(gjc,c) =+ res, Q)m,r(‘s (&j(,n)’ 8(&jc))
=L, r(resz 6(aj,)) — lim,r(8..c)

by Corollary 6.5.3. Since res; §(«,) = d(resz @, ), we have £, ,(res; 6(&;.)) = £y, -(8(resz @;.)). By the
definition of ¢i,, ., we have £,, ,(8(resz j,)) = liy, r(resc ) = Liy (€, ). This implies that all the
summands in the formula for the regulator (8.1.1) are O finishing the proof of the first part of the theorem.

For the proof of the second part of the theorem, we note that a more general version of the computation
for P will be done in Section 9.2. O

8.2. Infinitesimal Chow dilogarithm. Specializing the above construction to global sections of A*(O¢, 22)*
gives us the generalization of the infinitesimal Chow dilogarithm in [Unver 2021] to higher moduli.
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Let us denote the global sections I'(C, (O¢, £)*) of (O¢, 22)* by k(C, &)*. Suppose that we start
with y € A3k(C, 2)*. Specializing the construction in the previous section, we have p,, ,(y) € k, which
can be computed as follows.

Choose a lifting ,éf,] / koo of Oc ;, and local liftings A, of @c,c, for every c € |C|, together with liftings
¢ of ¢. Choose an arbitrary lifting y, of y, to An and ¢-good liftings 7. of the germ of y at ¢ to A_, for
every c¢ € |C|. By the definition in the previous section, we have

,Om,r(y) = Z Trk(em,r(resﬁ();c)) + res. wm,r();nv )70))’ (821)
ce|C|

for every m < r < 2m.

Corollary 8.2.1. The definition in (8.2.1) of the infinitesimal Chow dilogarithm of modulus m and x-weight
r gives a map

Pmr i Ak(C, 2)* — &,
independent of all the choices and generalizing the construction in [Unver 2021] to arbitrary m and r
with2 <m <r <2m.
9. Applications and examples

9.1. Strong reciprocity conjecture. The infinitesimal Chow dilogarithm can be used to give a proof of
an infinitesimal version of Goncharov’s strong reciprocity conjecture for the curve C/k,,, exactly as in
[Unver 2021, Theorem 3.4.4]. In this section, in addition to our previous hypotheses, we assume that k is
algebraically closed.

Taking the infinitesimal part of the sum of the residues at all closed points of C, we have a map:

resc : A°k(C, 2)* — (A*k))°.
Similarly, letting B, (k(C, £2)) denote the set of global sections of B> (O¢, &), we have a map
resc : Ba(k(C, 2)) ®k(C, 2)* — Ba(km)°.

The explicit version of the strong reciprocity conjecture expresses both of these maps in terms of a single
map h.

Theorem 9.1.1. There is a map h : A3k (C, 22)* — By (kn)°, which makes the diagram

By(k(C, 2)) ® k(C, 2)* —— A3k(C, 2)*

JreSc h lresc

. 5
By (kim)° (Akye)°

commute and has the property that h(k,; A A%k(C, 2)*) =0.
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Proof. The proof, using the maps p,, , constructed above, is exactly the same as that of [Unver 2021,
Theorem 3.4.4] and is omitted. O

The theorem above, in essence, states that the residue map from the Bloch complex of weight 3 on C
to the Bloch complex of weight 2 on k,, is homotopic to 0; see [Unver 2021, Section 3.4].

9.2. The special case of the projective line. As a first example, let us look at the infinitesimal Chow
dilogarithm in the case of the projective line P! over &, with k algebraically closed.

For each point ¢ € IP’,I( let us choose a smooth lifting ¢ € P!(k,,). Considering a lifting as a map
Spec(k,) — le’ if the projection Spec(k,,) — [F"}( factors through the structure map Spec(k,,) — Spec(k),
we call that lifting a constant lifting. In the following, we will always choose the constant liftings of the
points 0, 1 and oo, for the other points in IP’}( the choices will be arbitrary. We denote the set of these
liftings by & as usual.

Letting a € 2 be the chosen lifting of an element in k°, the element (1 — z) A z A (z — a) satisfies our
goodness hypothesis. We will compute the value of p,, , on this element.

We will use the formula (1.3.1) directly. In order to do this first let us choose a set & of liftings to I]j’}coo
of elements in &2. Again for the elements 0, 1, and oo, we choose the constant liftings. Let us denote the
lifting of a € # by a € 2. Then the functions z, 1 — z, and z — & are liftings of z, 1 —z, and z —a to
functions on IP’,&OO, which are good with respect to . Using the definition of p,, ., we obtain

pmr((I=2)A2A(z—a)) = Zﬁm,r(reSz((l —2)NZA(z—a)).

ey

The only contribution to the sum above comes from the residue at a. Therefore the last expression is equal
to £, »((1 —a) Aa). Using the definition of £i,, , we can rewrite this as €, ,((1 —a) Aa) =€, ,(8[a]) =
Liy, r([a]). Let f, g and h be arbitrary functions on [P’}(m which are good with respect to 2. Then we can
write
f=r] G- g=pn [] @=8p%. and h=v [] G—wn™
1<i<l 1<j<m 1<k<n

for some «;, B, vk € &, A, u, v €k, and §;, €, N € Z. Using exactly the same argument at the end of
Section 2.2, we find that p,, -(f A g A h) is equal to

> siejm -Eim,r([yl‘_ﬁjD 9.2.1)

ijk o = Bj

where the summationison 1 <i <[, 1 < j <m and 1 < k < n. In this notation, we use the convention
that £i,, , ([(yx — Bj)/(a; — B;)]) =0, if at least two of «;, B; and y; are the same. Note that because of
the goodness with respect to &2 hypothesis, if «;, B; and y; are pairwise distinct then their reductions to
k have to be distinct as well. This, then, implies that (yx — B;)/(a; — B;) € k,bn and the expression (9.2.1)
is well-defined.
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9.3. The special case of elliptic curves. As a second example, we will consider the infinitesimal Chow
dilogarithm in the case of an elliptic curve. Again, for simplicity, we assume that k is algebraically
closed. Suppose that E/k,, is an elliptic curve. Suppose that E C I]J’,%m is given by a Weierstrass equation
y2 = x>+ Ax + B, with A, B € k,,, in the affine coordinates with x = X/Z and y=Y/Z, where X, 7Y,
and Z are the homogeneous coordinates on [P2. Suppose further that we have a lifting E C [P’,%Oo which is
also given by a Weierstrass equation y? = x> + Ax 4+ B, with A, B € ko,. Note that these hypotheses are
satisfied when E is constant curve, in other words E = E Xy k,,, for some elliptic curve E/k. In this
case, we can of course choose the lifting as E Xy koo. In the following, we will not assume that our curve
is a constant curve. Suppose we fix a choice of smooth liftings &2 as above for each point in E (k) such
that the lifting of the origin in E (k) is the origin in E (k,).

Let Iy be the line which intersects the curve at the origin O with multiplicity 3. It is the line given by
the equation Z = 0. For each 1 <i <3 let/; be the line given by ¢; X +b;Y +c¢; Z =0, with a;, b;, ¢; € k.
Denote the intersection points of the line /; with the elliptic curve by «;1, @2 and «;3. Note that the group
law on E gives that o;1 + o + a;3 = 0. Suppose that the intersection points ¢, o2, ;3 lie in the chosen
set of liftings £2. Let f; denote the function on E given by /;/ly. For a generic choice of the lines, let
us compute o, (f1 A fa A f3). Let io be the line in I]:D,%oo given by Z = 0 and i, be the line given by
a; X +b;Y +¢Z =0 for some liftings a;, 15,-, ¢; €k of a;, b;, c; € k,,. Then the functions fl = l~i/l~0 are
liftings of f;. If &1, &2, @;3 are the intersections of fl with E, then we can compute the above regulator
as follows. Choose a smooth lifting to E of each element in 2, such that:

(1) The origin in E (kso) is the lifting of the origin in E (k).
(ii) The elements &;;, &;2, &;3 are the liftings of o1, a2, o3 for 1 <i < 3.
Denote the set of these liftings by 2. By our formula, we have
pmr(FIAFaAF3) =Y nr(ess(fi A fa A f5)).
tes

Since we assume that the lines are generic, there are no common zeros of the functions f;. On the other
hand,
reso (fi A faN f3) = =3(ba Ab3 — b1 Ab3+ Dy A b2).

Combining these, we obtain that the value p,, -(f1 A f2 A f3) is equal to

zm,r( > (=nP! (—3150(2) Nbooay+ Y fo) @) A fom) @) ,-))), (9.3.1)
0eCs 1<j<3
where C3 is the subgroup of S3 generated by the 3-cycle (123).

In fact, the above expression gives an explicit computation for p,, ,(f1 A f2 A f3) for any generic
choice of functions fi, f>, f3 which are good with respect to &2. The group law on the elliptic curve has
the property that a divisor of degree 0 is the divisor of a rational function if and only if the divisor adds to
0 under the group law. This implies that the functions f; can be written as products of functions of the
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form [/ Iy, where [ is a line, and an element in k,;. Since p,, , vanishes on elements of the form A A f A g,
with A € k¢, using the additivity of p,, , we obtain the expression for p,, (fi A f2 A f3) using the one
for pym((I1/1o) A U2/ 1p) A (I3/1p)). Our main theorem implies that the expression (9.3.1) is independent
of the choices of the liftings of both E and the f;’s. When such global liftings of either the elliptic curve
or the functions do not exist, we need to choose local liftings and add the defect for choosing different
liftings on the intersections as in the formula (1.3.1).

9.4. Invariants of cycles on k,,. As in [Unver 2021], this construction gives us an invariant of cycles.
For a cycle of modulus m we expect the combination of p,, , for all m < r < 2m to be a complete set
of invariants for the rational equivalence class of a cycle. For the appropriate, yet to be defined, Chow
group CH?(k,,, 3), we expect that our regulators p,, , to give complete invariants for the infinitesimal
part CH? (ki , 3)°. This section also generalizes Park’s [2009] construction of regulators where the case
of r =m + 1 is dealt with. Since this section is more or less a generalization of [Unver 2021, Section 4],
we do not go into the details and explain certain constructions in a slightly alternate way.

First, let us recall the definition of cubical higher Chow groups over a smooth k-scheme X /k [Bloch
1986]. Let L := IP’}( \ {1} and [} the n-fold product of [J; with itself over k, with the coordinate functions
Y1, ..., Yp- For a smooth k-scheme X, we let [T} := X x; [J}. A codimension 1 face of [1% is a divisor
F{ of the form y; = a, for 1 <i <n, and a € {0, co}. A face of LI} is either the whole scheme [} or
an arbitrary intersection of codimension 1 faces. Let z7(X, n) be the free abelian group on the set of
codimension ¢, integral, closed subschemes Z C [}, which are admissible, i.e., which intersect each
face properly on [1§. For each codimension one face F{, and irreducible Z € z7(X, n), we let 9/ (Z)
be the cycle associated to the scheme Z N F. We let 9 := Zj.;l(—n"(afo — 8?) on z7(X, n), which
gives a complex (z7(X, -), 9). Dividing this complex by the subcomplex of degenerate cycles, we obtain
Bloch’s higher Chow group complex whose homology CH? (X, n) := H,(z?(X, -)) is the higher Chow
group of X.

In order to work with a candidate for Chow groups of cycles on k,,, we need to work with cycles over
koo Which have a certain finite reduction property. The following definitions are essentially from [Unver
2021, Section 4.2]. Let O := P!, EZ, the n-fold product of O, with itself over k, and izm = iz X koo
We define a subcomplex g‘} (kso, - ) € z%(koo, - ), as the subgroup generated by integral, closed subschemes
ZC DZOO which are admissible in the above sense and have finite reduction, i.e., Z intersects each s x F
properly on i"w, for every face F of L]} . Here s denotes the closed point of the spectrum of ko and
for a subscheme ¥ € LI}, Y denotes its closure in EZOO. Modding out by degenerate cycles, we have
a complex z‘} (koo, - ). Fix 2 <m < r < 2m. Let n denote the generic point of the spectrum of k. An
irreducible cycle p in 52’( (keo, 2) is given by a closed point p, of Df) whose closure p in ﬁ%@o does not
meet ({0, oo} x U ) U (k. x {0, 00}). Let p denote the normalization of p and T denote the underlying
set of the closed fiber p x4 s of p. Forevery s’ € T, and 1 <, define €5 ¢ ; : (A9>fs, — k(s') by the

D,
formula

1
-dlog(y).

1
Z;3,3/,1'())) = 7 Iesp s l_
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Let
b (p)i=Y Tre Y i+ Upgri ALy )31 AY2). 94.1)

s'eT 1<i<r—m
Note the similarity with Definition 3.0.2.
Definition 9.4.1. We define the regulator p,, , : g? (kso, 3) = k as the composition /,, , 0 3.

Exactly as in [Unver 2021], one proves that the regulator above vanishes on boundaries and products,
is alternating and has the same value on cycles which are congruent modulo (). We state only this last
property, which is the most important one, in detail.

Suppose that Z; for i = 1, 2 are two irreducible cycles in g? (koo, 3). We say that Z; and Z, are
equivalent modulo " if the following conditions (M,,) hold:

@) Zi/kOo are smooth with (Z;); U (ija|a;? Z; |) a strict normal crossings divisor on Zi.
(i) Zilm = Za|pm.
Then we have:

Theorem 9.4.2. For m <r < 2m, we define a regulator py, ; g? koo, 3) = k. If Z,, fora € kcb,o, is the

dilogarithmic cycle given by the parametric equation (1 — z, z, 7 — a) then

/Om,r(Za) = gim,r([a])-

IfZ; e 535 (koo, 3), for i =1, 2, satisfy the condition (M,,), then they have the same infinitesimal regulator

value
Pm,r (Zl) = Pm,r (ZZ)-

Proof. The second part of the proof is exactly as in [Unver 2021] and is based on Corollary 8.2.1.
In order to compute p,, (Z,), we note that 9(Z,) = (1 —a, a) and

o (Za) = (Um0 (Za) =ln,(A—a, @)= Y illr_i AL)(1=a,a)=(ln,r08)(a)=Liy (a]). O
1<i<r-m
As we remarked above, we expect the invariants p,, , for m <r < 2m to give a full set of invariants in
the infinitesimal part of a yet to be defined Chow group CH?(k,,, 3).
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