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VANISHING VISCOSITY PLANE PARALLEL CHANNEL FLOW
AND RELATED SINGULAR PERTURBATION PROBLEMS

ANNA MAZZUCATO AND MICHAEL TAYLOR

We study a special class of solutions to the three-dimensional Navier—Stokes equations d,u” + V,vu" +
VpY = vAu", with no-slip boundary condition, on a domain of the form Q = {(x, y,2) : 0 <z < 1},
dealing with velocity fields of the form u" (¢, x, y, z) = (v" (¢, 2), w"(¢, x, 2), 0), describing plane-parallel
channel flows. We establish results on convergence u” — u® as v — 0, where u° solves the associated
Euler equations. These results go well beyond previously established L>-norm convergence, and provide
a much more detailed picture of the nature of this convergence. Carrying out this analysis also leads
naturally to consideration of related singular perturbation problems on bounded domains.

1. Introduction

We look at a special class of solutions to the three-dimensional Navier—Stokes equations on a region
Q c R? with boundary:

o’ +Vpu'+Vp' =vAu'+F, divu’ =0, (1.0.1)

with no-slip boundary data
u’(t,q) = B(t,q), qe€iR, (1.0.2)

given B(t, g) a vector field tangent to dS2. This class consists of what are called plane parallel channel
flows. They involve a domain of the form

Q={(x,y,2):0<z<1}, (1.0.3)
velocity fields of the form
u"(t,x,y,z) =", z2),w"(,x, z),0), (1.0.4)
and external forces of the form
F=(f(t2),8( x,2),0). (1.0.5)

This class is mentioned by X. Wang [2001] as a class to which his main theorem on L?(2)-convergence
as v — 0 (itself a refinement of earlier work of T. Kato [1984]) applies.

There is substantial motivation to obtain a much more detailed picture of the behavior as v — 0,
including convergence in much stronger topologies, especially away from the boundary, if the initial
data and forces satisfy appropriate smoothness hypotheses, and also an analysis of the boundary layer
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on which the solution can make an abrupt transition. The goal of this paper is to establish such stronger
results for this class of fluid flows, and to explore some related singular perturbation problems that arise
in the course of the analysis.

To begin the analysis, we note that if #” has the form (1.0.4) then divu#” = 0 and

Viu” = (0, v"(t, 2)9,w"(t, x, 2), 0), (1.0.6)
and hence
divV,pu' =0. (1.0.7)
Thus we can take p” =0 in (1.0.1) and rewrite the system (1.0.1) as
ov’ 8%V +f2)
— =V ) )
ot 072 ¢
5 5 (1.0.8)
8w”+ ,ow” <8 w”+8 w")+ « )
v =v ,X,2).
o1 ox ax2 a2 ) T8

(Note: The equations stated on p. 228 of [Wang 2001] have two misprints.) The boundary conditions

take the form
v'(t,z) =alt, 2), z=0,1,

(1.0.9)
w'(t,x,2) =b(t,x,2), z=0,1.
We take initial data independent of v:
v"(0,2) =V (2),
(1.0.10)
w" (0, x,z) = W(x, 2).
One wants to establish convergence of u" to u°, the solution to the Euler equation
dul +V,ou’ +vp'=F, divu’=0, (1.0.11)
with boundary condition
(1, p) |02, (1.0.12)
for p € 9€2, and initial condition
u’0,x,y,2) = (V(2), W(x, 2), 0). (1.0.13)
We have
Wt x,y,2) = (00, 2), w'(t, x, 2), 0), (1.0.14)
satisfying
v’ dw? 0 dw?
- = t’ , [ _— t, s . 1015
a7 f(t,2) or TV ox g, x,2) ( )

Initial data are as in (1.0.10).
We begin the analysis of the convergence of v" to v* and of w" to w® in Chapter 2. For simplicity we
take vanishing forces and boundary velocity. We also take functions to be periodic in x and work on

0={(x,z):x eR/Z, z €0, 1]}. (1.0.16)
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In Section 2.1 we take the particular case V =1 in (1.0.10) and in Section 2.2 we consider general initial
velocities of the form (1.0.10). We see that while the convergence of v” to v° has a simple nature, with
a boundary layer phenomenon easily treatable via the method of images, the nature of the convergence
of w” to w® is much more subtle. One tool we use to analyze w" is to compare it with the solution
to the analogue of the second equation in (1.0.8) with v¥ replaced by V (z). To state the strategy more
abstractly, we analyze the solution to

v

_ v v v _
o7 =vAw X,w"', w |RX3@—

0, (1.0.17)

where A = 8)% + 8Z2 and X, = v¥(¢, z)0y, by considering the solution to

v

Jw
ar vAw’ — Xw” +g", wv‘n‘\ewa@ =

0, (1.0.18)

where X = V(z)dy and g”" = (X — X,)w". To tackle (1.0.17), we use Duhamel’s formula, which gives

t
w' (1) = ' VAW 4 / eU=OWVA=X) oV (5) ds. (1.0.19)
0

This leads to some successful estimates, produced in §Section 2.1-2.2, on the difference R" (¢, x, z) =
wV (1) — e' VA=Y W . We show that for each p € [1, 00), t € (0, T,
IRV (t, Loy < Cpv'/2Pe1H1/2P, (1.0.20)

and that, as v — 0,

R"(t,x,z) — 0, uniformly for 7 € [0, T1], (x,z,v) €0,, (1.0.21)

172 5 soas v — 0.

where 0, = {(x, z, v) : dist(x, z), d0) > n(v)}, for each n(v) satisfying n(v)/v
Thus much information about w" is revealed by the behavior of ¢/A~)W. In case V = 1, the
operators X and A commute, and the behavior of ¢’ VA=W = ¢~'X¢!"AW is also quite accessible via
the method of images. For general V (z), the behavior of e/ "2=X) requires further study.
Chapter 3 is devoted to the study of e/VA=%)_ It is natural to work in a more general setting than in
Chapter 2. In place of (1.0.16), we take O to be a compact Riemannian manifold with smooth boundary,

with Laplace-Beltrami operator A, and we take a smooth vector field X on O satisfying
X |00, divX =0. (1.0.22)

We obtain convergence results
VAT s (1.0.23)

as v — 0, in a number of function spaces, including L?-Sobolev spaces H?9(0), for g € [2, 0), o €
[0, 1/g), and also spaces

VKO)={feL*0):Y,---Y;f e L*(0), Vj <k, YoeX'}, (1.0.24)

where X! consists of smooth vector fields on O that are tangent to 30.
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We also produce a layer potential analysis of e/"A=%) £ which provides a detailed picture of the
boundary layer behavior as v — 0. To do this, we find it convenient to work with

V(1) = X! VAN £, (1.0.25)
One of the main results is given in Proposition 3.7.4, that for / = [0, T'], § > 0,
" = (f =290 ) L xe) < CUNW N fll s ), (1.0.26)
where f?(t, y) = xr+(t) f(y) and 9? is a certain layer potential operator:

dH)y
(v, s,t,x,y)dSs(y)ds. (1.0.27)
ong,y

t
Wran=v [ [ o
0 Jo0

See Section 3.7 for more details, including the definitions of dS;(y), d/0ny y, and the Gaussian-type
integral kernel Hy(v, s, ¢, x, y).

In Chapter 4 we again consider solutions to (1.0.17). Here we work on a compact Riemannian manifold
with boundary O as in Chapter 3. We take X, to be a family of time dependent vector fields, suitably
generalizing the class X, = v"(¢, z)d, that arose in Chapter 2, converging to X in a similar way as
vY(t, z)0; converges to V(z)d,. The main results are given in Propositions 4.2.1-4.2.4. We obtain
convergence results

w' (1) —> e X f (1.0.28)

as v — 0, in V*(0), and in L?(0), for 1 < p < 0o. Analogues of (1.0.19) play a role in the analysis, and
we make strong use of results of Chapter 3.

In Chapter 5 we return to the specific setting of plane parallel channel flow and draw further conclu-
sions about the convergence of v" to v” and of w" to w’. We extend the scope of Chapter 2 by allowing
for some nonzero boundary velocity, arising from rigidly translating the flat boundary faces. We take
boundary data B(¢, g¢) of the form

B(t,x,z) = (aj(1), Bj(1),0), z=je{0,1}, (1.0.29)

and allow o (¢) and B;(¢) to be fairly rough. We start with the special case («;(?), 0, 0), giving motions
of the boundary parallel to the x-axis.

The spaces V% (0) in (1.0.24) are special cases of “weighted b-Sobolev spaces,” introduced and studied
in [Melrose 1993]. In Appendix A we discuss this point and use it to establish some complex interpolation
results for these spaces, which are of use in Sections 3.3 and 4.2.

This paper is a companion to [Lopes Filho et al. 2007], whose goal was to give a precise analysis
of the convergence of the solution of the Navier—Stokes equation, as the vorticity tends to zero, to a
steady solution of the Euler equation for 2D circularly symmetric flow in a disk or annulus, sharpening
L? analyses done in [Matsui 1994], [Bona and Wu 2002], and [Lopes Filho et al. 2008].

2. First results on plane parallel channel flows

Here we start our investigation of the convergence of v" and w” as v — 0, when these functions are
solutions to (1.0.8) (with f = g =0 and vanishing boundary condition). The main result of this chapter
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is the estimate (2.2.11) on
w'(t, x,2) —e'"ATOW(x, 2), (2.0.1)

together with some of its consequences. To carry on, we need to understand the second term in (2.0.1).
This motivates the work of Chapter 3.

2.1. Particular case. Let us take f = g =0in (1.0.8) and in (1.0.15), and
V=1, W=W(kx,2) (2.1.1)
in (1.0.10). Consequently we have
Vi, =1, wlt,x,2)=Wx—t,2) (2.1.2)
as the solution to the Euler equations. Let us also take a = b =0 in (1.0.9), i.e., boundary conditions
vVWit,z2) =w"(t,x,2) =0, z=0,1. (2.1.3)
Consequently, for the solution (v”, w”, 0) to the Navier—Stokes equation, we have first of all that
v"(t, 2) = e up(2) = e 1(2), (2.1.4)
where A is the self-adjoint operator on L2([0, 1]) defined by
PD(A) = H*([0, 1) N Hy ([0, 1]), A =3 on B(A). (2.1.5)

One can analyze (2.1.4) via the method of images to get a good picture of the boundary layer near
7 =20, 1. Then the equation for w"” becomes

ow" N ,ow” (82w” n 82w”> 2.1.6)
v = , 1.
ot 0x 0x2 072
with initial condition given in (2.1.1) and boundary condition given in (2.1.3).
Let us assume W (x, z) in (2.1.1) is smooth and periodic of period 1 in x, so
WeC®0), 0=({(x,2):xeR/Z, z]0,1]}. (2.1.7)
Elementary estimates imply
lw”OllLr@) < IWlLr@), 1= p=<oo. (2.1.8)
Note that for k € Z ™,
wy = *w” (2.1.9)
satisfies 5P -
T 0% — yAw), (2.1.10)
ot 0x
where we have set
GRS
A=—+—. 2.1.11
0x?2 + 072 ( )

Also
wp(t,x,z)=0, z=0, 1. (2.1.12)
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Hence, parallel to (2.1.8), we have
lw{ O llLro) 195 WllLrey, 1< p<oc. (2.1.13)

To obtain a finer analysis of w" (¢, x, z), let us rewrite (2.1.6) as

ow" ; ) b ow”
=—0,w’ +vAw" + (1 —v") (2.1.14)
ot ox
Then Duhamel’s formula gives
t awv
w'(t,x,7) = VAW (x, 2) +/ e<f—S><”A—3x>[(1 —"(s, 2)) 3 (s, x, z)] ds. (2.1.15)
0 by
Here A stands for the self adjoint operator given by (2.1.11), with
@(A):Hz(@)ﬂHol(@). (2.1.16)

Note that /"2 and =% are commuting semigroups, with e "% f(x, z) = f(x —t, z). Hence we have
t
w’(t, x,z) =" W(x —1,2) +/ eUTA[(1—v¥(s, 2)wi (s, x — 1 +5,2)] ds, (2.1.17)
0

where, as in (2.1.9), we have w| = d,w". Let us write (2.1.16) as
w’(t,x,z) =AW (x —t,2) + R"(t, x, 2). (2.1.18)

By the method of images (or otherwise) we have a clear picture of the first term on the right side of
(2.1.18). Let us estimate the remainder, R" (¢, x, z). By (2.1.13) and the positivity of e~V we have

t
IR"(t, x, 2)| 5cf eUTIVAIL — (s, 2)| ds, (2.1.19)
0

since d, W € L°°(0). The analysis of (2.1.4) via the method of images gives
I1—2"(s,2)| < Cro((sv)~%8(2)), (2.1.20)
for s € [0, T], where §(z) = dist(z, {0, 1}) and ¢(¢) is rapidly decreasing as { — oco. Hence, for
p €1, 00),
t 1 1/p
IRV (t, )lLr) < c/ (/ 11 —v"(s, 2)|? dz> ds < C,v'/2PeH1/2r, (2.1.21)
0 \Jo

Furthermore we have, as v — 0,
R"(t,x,z) — 0, uniformly for ¢ € [0, T], §(z) > o, (2.1.22)
given §p > 0. Indeed, given n(v) such that

%aoo as v— 0, (2.1.23)
v
and

0, = {(x.2.v) 1 x €R/Z, §(z) = n(v)}, (2.1.24)
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we have
R"(t,x,z) — 0, uniformly for 7 € [0, T], (x,z,v) € 0,. (2.1.25)

However, (2.1.15)—(2.1.19) do not reveal the fine structure of wV(¢, x, z) on the boundary layer. Some
other approach will be required for this.

2.2. More general case. As in Section 2.1, we take f = g =0 in (1.0.8), but now we extend (2.1.1) to
the more general case

v(0,2) =V(z) € C¥(I), w"(0,x,2)=W(x,z) e C®0), (2.2.1)

with O as in (2.1.7). Then (2.1.2) is modified to
V() =V@), wt,x,2)=Wx—1V({),2). (22.2)

We retain the boundary conditions (2.1.3), i.e.,
vW(t,z)=w"({t,x,z2)=0, z=0,1. (2.2.3)

Thus, in place of (2.1.4), we have
v (t, 2) =MV (2), (2.2.4)

again with A asin (2.1.5). With these modifications, one still has the Equation (2.1.6) for w". We continue
to have the estimates (2.1.8) on [|w"(#) |z ). We also have the estimates (2.1.13) on [|w;(?)||.», where

wy = kw".
To obtain a finer analysis of w" (¢, x, z), we use the following modification of (2.1.14):
ow” ; ) b ow”
=—V(@)oyw’'+vAw" +(V —v") . (2.2.5)
at ax
Then Duhamel’s formula gives the following variant of (2.1.15):
t . awv
w'(t, x,2) = ' VATVIW(x, 2) + f elImIWAZY) [(V — ') (s)] ds. (2.2.6)
0 X
Here vA — V3, generates a contraction semigroup on L?(0) with domain
D(vA —Vd,) = Hy(0)N H?(0). 2.2.7)

It also generates a contraction semigroup on L”(0) for 1 < p < oo, strongly continuous for p € [1, 0c0),
but not for p = co. We mention that the Trotter product formula— for which see [Trotter 1959] or
[Taylor 1996, Chapter 11, Appendix A]— holds here. Given p € [1, c0) and f € L?(0), we have

e VATV £ — Jim (el/MVAemW/mVENT £ in LP-norm. (2.2.8)
n—oo
Of course,
eV fx,2) = f(x —sV(2), 2). (2.2.9)

To proceed, we have, parallel to (2.1.18)—(2.1.19),
w’(t,x,2) = VAV W(x, 2) + R"(¢, x, 2), (2.2.10)
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t t
IR"(t, x,2)| < c/ UTOWVAZVII Yy v (s) | ds = c/ TRV () —v (s, 2)|ds,  (2.2.11)
0 0

since 9, W € L*°(0). Again, to get this, one uses the estimate (2.1.13) with k = 1, and the positivity of
=)A=V For the last identity in (2.2.11), one uses the fact that V (z) — v" (s, z) is independent of
x. Once we have (2.2.11), we can again apply the method of images to estimate

[V (2) —v"(s. 2)| < Cro((s1)7%8(2)). (2.2.12)

as in (2.1.20), except now we have only ¢(¢) < C(1+ £?)~!. This is enough for the estimates (2.1.21)-
(2.1.25) on RY(t, x, z) continue to hold.

In the current setting, the term e’ V2~V %)W requires a more vigorous investigation for general smooth
V(z) on [0, 1] than it did in the case V = 1, considered in Section 2.1. We want to establish results of
the form

VAT s e X f as v — 0, (2.2.13)
in L?-norm, for all f € L?(0), where
X =V (z)0,. (2.2.14)

We also want to investigate such convergence in other function spaces. We will obtain such results, in a
more general context, in the chapters that follow.

3. Analysis of solutions to u; = vAu — Xu

We examine the solution operator e/ VA=%) f = y(¢), given by

ad
8—?:vAu—Xu, u©)=f, u(,x)=0 for x € 90. 3.0.1)
We work in a more general context than in Section 2.2. Assume O is a compact Riemannian manifold,
with smooth boundary 90, and with Laplace-Beltrami operator A, and X is a smooth, real vector field
on 0, satisfying

X || 00, divX=0. (3.0.2)

Under such hypotheses, for each v € (0, 00), e'"»~%) is a strongly continuous contraction semigroup on
L?(0) foreach p €[1, 0o). Furthermore, the Trotter product formula holds; given p €[1, c0), f € L?(0),

&%) £ — Jim (e(t/")”Ae_(t/")X)n £, in LP-norm. (3.0.3)

n—oo
Our goal is to obtain precise results on convergence

e (3.0.4)

as v \( 0. In particular, we establish convergence in a variety of function spaces. In Section 3.1 we
establish such convergence in the L7-Sobolev space H*9(0) for g € [2,00) and s € [0,1/g). In
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Section 3.2 we study local convergence. For this, it is convenient to work with

V(1) = X! VA 7, (3.0.5)

which solves
v

ot
with boundary condition v’ = 0 on R™ x 80, where L(¢) is the smooth family of strongly elliptic
differential operators given by L(t) = ¢/X Ae™X. Given Q| € Q¢ CC 0, we show that if f € L?(0) and
f € H (Qo), then v”(f) — f in H*(2). In Section 3.3 we establish convergence in the space

=vL(t)v", v'(0) =/, (3.0.6)

VKO)={f e L*(©0):Y,---Y;f e L*(0), Yj <k, Y, eX'}, (3.0.7)

where X! consists of all smooth vector fields on O that are tangent to 90. In Section 3.4 we show that
the Laplace operator, with Dirichlet boundary condition, generates a holomorphic semigroup on V¥ (0).
This result is peripheral to the other results of this chapter, but it will prove useful in Section 4.1.

In Section 3.5 we extend the results of Section 3.1 to convergence in H% 4 for all g € [2, 00), 0 >0, in
case O is replaced by a compact manifold without boundary, M. These results are relatively easy, since
it is only the presence of a boundary that causes a problem. They are recorded here to lay a foundation
for the work in §Section 3.6-3.7. Section 3.6 is devoted to constructing a parametrix for the solution
of (3.0.6) on R™ x M, valid uniformly for v € (0, 1], and with increased precision as v N\, 0. The
construction here is parallel to, but somewhat more elaborate than the construction of a parametrix for
the heat equation (9, — A)u =0 on R™ x M, yielding short time asymptotics. The parametrix constructed
in Section 3.6 is used in Section 3.7 to produce a layer potential attack on solutions to (3.0.6) on R™ x O,
yielding sharp results on convergence in (3.0.4), including a picture of the boundary layer behavior.

3.1. Li-Sobolev estimates on ¢! "A=X),

g = 2. We have, for each v > 0,

This section is devoted to L?-Sobolev estimates. To begin, take

BWA —X)={f € H*©O) : flso = O}, (3.1.1)
B((wA=X)P)={f € H*O): flao =0, vAf — Xflse = O}, (3.1.2)

and, for k > 3,
B((vA =X ={f e H*O): flao =0, WA —X)! flyo =0 for j <k}. (3.1.3)

Comparison with analogous formulas for % (A*) yields the following.
Proposition 3.1.1. We have, for each v > 0,
GB((vA — X)) =3(A,  for k=1,2. (3.1.4)

Proof. The case k = 1 is immediate from (3.1.1). As for k = 2, note that if f € H*(0) and flaso =0,
then also X |30 = 0 (since X || 00), and hence Af |36 =0 < (VA — X) fls0 = 0. O

As stated in Section 2.2, we want to establish results of the form

VAT 5 e X £ as v— 0, in LP-norm, (3.1.5)
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forall f € LP(0), p €[l, 00). Since we know ¢’ "2~ is a contraction semigroup on L?(0), if we can
establish (3.1.5) for f in a dense linear subspace V" of L?(0), we will have it for all f € L?(0). This is
the approach we will take for p € [1, 2], using

V' =%(A%) = D((vA — X)?), given by (3.1.2). (3.1.6)

Given such f, u(t) = 'A% f satisfies

ou

E:—Xu-l—vAu, u(0) = f, (3.1.7)
and belongs to C([0, c0), FB(A2) N CL(0, 00), B(A)). Duhamel’s formula yields
uy=e X f4v /Ote_(t_s)XAu(s) ds. (3.1.8)
Thus .
I/ 1 =X flu < [ 18U s ds, (3.19)

so we have (3.1.5) whenever we can obtain a favorable estimate on the right side of (3.1.9). The following
lemma provides a key, first for p = 2.

Lemma 3.1.2. Take f € V', given by (3.1.6), and set u(t) = ¢'V2=% £ with v > 0. Then there exists
K € (0, 00), independent of v, such that

lAu®)l7, <X NAfI. (3.1.10)
Proof. We have
d
E||Au(t)||i2 =2Re (Adu, Au);2 =2Re (WA%u, Au) 2 —2Re (AXu, Au);»
< —2Re (AXu, Au);2 = —2Re (XAu, Au);2 —2Re ([A, Xu, Au);»

<2K||Aul?,, (3.1.11)
with K independent of v. The last estimate holds because
ge(A) = |(Xg, &)r2| < Kilgll72, (3.1.12)
and
u(t) € (A% = [A, XJu(t) € L*(0) and
A, XTu@®)ll 2 < Kallu@®)ll g2 < K2l Au(@)]] 2. (3.1.13)
The asserted estimate (3.1.10) follows. U

Proposition 3.1.3. Given p € [1, 00) and f € L?(0), we have (3.1.5), with convergence in L?-norm.

Proof. For p € [1, 2], this follows from the operator bound ||e'"A~%) l¢Lry < 1, the denseness of ¥ in
L?(0), and the application of (3.1.10) to (3.1.9), which gives convergence in L?-norm, and a fortiori in
L?-norm, for each f € V.

Suppose now that p € (2, oo), with dual exponent p’ € (1, 2). All considerations above apply with X
replaced by —X, so we have

VAo 5 o Xe  as v 0, (3.1.14)
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in L” -norm, for each g€ L”. This implies that for each f € L?(0), convergence in (3.1.5) holds in the

weak* topology of L”(0). Now, since e ' is an isometry on LP(0), we have

le™™ fllzr = limsup |47 £, (3.1.15)

v—>0

for each f € L?(0). Since L?(0) is a uniformly convex Banach space for such p, this yields L”-norm
convergence in (3.1.5). U

To continue, we have from (3.1.10) the estimate
1e" 275 Fllacay < 11 fllonca). (3.1.16)
first for each f € ¥, hence for each f € %(A). Interpolation with the L2- estimate then yields
e 270 Fllg—ary < €IS oy, (3.1.17)
for each s € [0, 2], f € D((—A)*/?). Now
B((—A)/?) = H*(0), for se[0,4). (3.1.18)

so we have

le" 270 flli o) < CeX I ey s €[0,5), (3.1.19)
where the factor of C might arise due to the choice of H*-norm; the important fact is that C and K are
independent of v € (0, co). We can interpolate the estimate (3.1.19) with

1" fllzoey < Il 1< p <o (3120
Using
1 1-0 0
[H(0), L7 (0))g = H'="1D(©),  ——=——+—. (3.1.21)
q@® 2 p
we have
1270 fllaea) < Cog eI 1 1ms(0), (3.1.22)
valid for
2<g<oo, oqel0]l). (3.1.23)

X

X and also on e'X.

We mention that similar arguments give analogous operator bounds on e~

Remark. In the absence of further compatibility conditions between X and A, one does not have

e X (A% > B(A?). (3.1.24)
Hence, typically, for f € @(A?),
sup e’ A7) fllgaz) = oo. (3.1.25)
ve(0,1]
twA—X) _

In some cases one does have (3.1.24), for example when X and A commute. In such a case, e
e""2eX Tt is our goal here to analyze ¢/ "2~%) when one does not have this extra compatibility.

From (3.1.22), we have the following convergence result.
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Proposition 3.1.4. Let g, o satisfy (3.1.23). Then, for each t € (0, 00),

feH™0) = lim VAT ot (3.1.26)
v—>

in H>9-norm.
Proof. Given f € H%1(0), (3.1.22) implies {e!@A=%) £y € (0, 1]} is bounded in H*4(0), for each
t € (0, 00), so there are weak* limit points. But Proposition 3.1.3 yields convergence to e X f in L9-
norm, so e ~'X f is the only possible weak* limit point. Norm convergence in H%9(0), for each 7 < o,
then follows from the compactness of the inclusion H?4(0) < H"4(0). Now we can pick o’ > o so
that o’q < 1, and take f; € H?4(0) so that fy — f in H%9-norm. We deduce from the argument just

made that as v — 0, ¢/V2=%) fi — ¢7'X f; in H%%-norm, for each k. Application of (3.1.22) with f
replaced by f — f; then finishes the proof. ([

We move on to some convergence results for classes of data f that vanish on 90.

Proposition 3.1.5. For eacht € (0, 00),

feD@d) = lim JVAT X (3.1.27)

weak* in B(A) = H>(0) N HO1 (0), hence in H®-norm for each s < 2.

Proof. Lemma 3.1.2 gives {e!A=X) £y € (0, 1]} bounded in B(A) for each f € ¥, hence for each
f €(A), as noted in (3.1.16). Since we have convergence to e~'X f in L2-norm, the weak* convergence
in @(A) follows. The norm convergence in H*(0) for each s < 2 then follows from compactness of the
inclusion H2(0) < H*(0). O

Proposition 3.1.6. Let C,(0) = {f € C(0) : fl|so = 0}. Then for each t € (0, 00),
feCp(0) = 1in% VAT o1 X (3.1.28)
v—
in the supremum norm, provided dim 0 < 3.

Proof. For dim0 < 3, %(A) C C(0), and it is dense in C,(0). Since ¢'’2~%) is a contraction on C;(0),
a standard argument yields (3.1.28) from (3.1.27). O

If the hypothesis in (3.1.28) is weakened to f € C(0), results obtained above yield convergence, weak*
in L°°(0), but of course one does not have L°°-norm convergence if f does not vanish on 90. In Section
3.2 we will show that convergence does hold uniformly on compact subsets of O.

3.2. Local regularity and convergence results for e'»~%), Given a function f on 0, consider
v(t) = X! VA X £, (3.2.1)
We have
8—;’ = ¢! X[X +vA — X]e! VAN f =yl X A VAN £ (32.2)
Now

L(t) =eXAe X (3.2.3)
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is a one-parameter family of strongly elliptic differential operators on O, depending smoothly on ¢, and
(3.2.2) yields

9
8—’; — vL(1)e X! AN 7, (3.2.4)

so v(t) is uniquely characterized by

8v_ L 0) —
a7 =" ®v, v0) =1,

We now prove the following local regularity result.

V| g+ a0 =0 (32.5)

Proposition 3.2.1. Let f € L?(0) and assume Q j are smoothly bounded domains satisfying 21 € Q¢ € 0.
Assume k € N and f € H*(Qq). Then the solution v = v" to (3.2.5) belongs to C([0, 00), HX(2))), and
foreach T € (0, c0) we have

t
" O35 ) +CTaV / 10" ) 3ee1 ) 45 < Cra(l f a1 £ 172q)s 0<t<T, (3.2.6)
0

with cti, Cri € (0, 00), independent of v € RT.

Proof. To start, note that
d
JovlEe =20(L (0w, v)le = Cv[[ Vol + Cvllvl; (32.7)
hence, for0 <t <T,
t
@30, +€Tov /0 IVV($) 1726, 45 < Croll 1172y (3.2.8)

which contains (3.2.6) for k = 0. To proceed, take ¢ € C5°(€20) such that ¢ = 1 on a neighborhood of
Q. Then w = @v" satisfies

oow=vL@®)w+vY(@)v, w(0)=ef, (3.2.9)
with
Y(t) =g, L()]. (3.2.10)
Note that Y (¢) is a smooth family of differential operators of order 1. Now pick m € {1, ..., k}. We
have, for | D" w7, =3 4 < 1D w7,

d
J D"l =20(D"[L(Hw +Y (1)v], D" w),»

=2v(L(t)D™w, D™ w) + 2v([D™, L(t)]Jw, D™ w) 4+ 2v(D™Y (t)v, D™ w)
< —C[ D" w7, + Cov| D" w7, + C3vl| D" 'Y (1)l 7 (3.2.11)

(To get from the second line to the third, integrate by parts to put the term 2v(D™Y (¢)v, D™ w)) in the
form 2v(D™~'Y (t)v, D"™*'w).) Hence we obtain, for ¢ € [0, T,

t t
ID"™ w(®) |72 +cTmy / ||Dm+‘w(s>||izdsfcfm[nD'"w(O)uiﬁv / ||D'"v<s)||iz(90)ds], (3.2.12)
0 0

from which (3.2.6) follows inductively. U
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We can deduce local convergence results from Proposition 3.2.1. Since

VW) — f = v/ot L(s)v(s)ds, (3.2.13)
we see that under the hypotheses of Proposition 3.2.1,
" @) = fllar2@y < Cv2 (L Lk + 1 ll2)- (3.2.14)
Interpolation with the bound on [[v”(2) || gx(q,) in (3.2.6) then gives
") = Fllax2 @y < OV (1 Targe + £ 112@)s (3.2.15)

for 6 € (0, 1]. Now if we take f; € L?(0) such that f; € H**1(Q¢) and f; — f in L*(0)-norm and in
H*(Q0)-norm, an argument such as used at the end of the proof of Proposition 3.1.4 gives:

Proposition 3.2.2. Under the hypotheses of Proposition 3.2.1, as v — 0,
V() — f in HYQ)), (3.2.16)
foreacht > 0.

We can pass from Proposition 3.2.2 to other local convergence results. Here is one.

Proposition 3.2.3. Let f € C(0), and take j as in Proposition 3.2.1. Then the solution v" to (3.2.5)
satisfies

v'(t) — f, uniformly on i, (3.2.17)
as v — 0. This holds uniformly int € [0, T'].

Proof. Take k > n/2 (n = dim0), and take ¢ > 0. Take g, € H*(0) such that || f — 8ellL~@) < €. Letv}
satisfy

v

0
YL, vY(0) = g,

o V|t a0 = 0- (3.2.18)
We have, by the maximum principle,
vy (®) =" )l < If — gllL=©) <e&. (3.2.19)
Meanwhile, Proposition 3.2.2 gives
v (1) = g in HY(Q)) Cc C(Q)), (3.2.20)
as v — 0, so (3.2.17) holds. U

3.3. Conormal type estimates on e'"A~%), Here we aim to show that {e/"2~%) 1y € (0, 1]} is a strongly

continuous semigroup, with norm bounds independent of v € (0, 1], on spaces of the following form:
VKO)={ueL*©):Y,---Y;jue L*©0), Vj<k Y, €X'}, (3.3.1)
forkeZt=1{0,1,2,...}, where
x!l= {Y smooth vector field on 0 : ¥ || 90}. 3.3.2)

See the Remark on page for a discussion of why ¥ (0)-norm estimates are called conormal estimates.
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Before starting to produce estimates, we develop some notation and preliminary material.
Lemma 3.3.1. There exists a finite set
{Yj:1<j<M)cx (3.3.3)
with the property that each element of X' is a linear combination, with coefficients in C*(0), of these
vector fields Y ;.
Proof. Routine. [l
From here, take Y; as in (3.3.3), let

J=GUs s Ji)s (3.3.4)
and set
Y =YY, =k (3.3.5)
Also set
X*=Span{z,---Z;:j<k, Z,eX"}. (3.3.6)
We have
x* = Span over C®(0) of (Y’ : |J| <k}, (3.3.7)
and

YkO©)={u e L*(©): Y u e L*0), V|J| <k}
={uel*0): LuelL?*0), VLex". (3.3.8)

We have the following square-norm and norm on V*(0):

NZw) =Y 1Y ulZs. NeGw) = NZw)'2. (33.9)
[J|<k
Also set
Py =Y 1Y ull},. (3.3.10)
|J|=k

We now estimate the rate of change of sz (u(t)) for
u(t)y=e' "0 f eVH0), (3.3.11)

starting with the case k = 0:

d
Euuniz =2(u;, u)2 = 2v(Au, )2 — 2(Xu, u) g2 = —2v|| V|7, (3.3.12)

since, for t > 0, u(t) €e D((vA — X)™) for all m, and hence u(t) € Hz’”(@)ﬂHO1 (0). Movingonto k=1,
we have
d 2
E”Yju”LZ =2(Yju;, Yju) 2
= 2v(YjAu, Yju)Lz — 2(Yle/t, Yju)Lz
= ZV(AYJ'M, YjM)LZ +2V([Yj, A]u, Yju)Lz - 2(XYjL£, Yju)Lz - 2([Yj, X]M, YjM)L2
= —21)||VYJ~u||i2 +2v([Y;, Alu, Yju)p2 —2([Y;, Xu, Yju);2. (3.3.13)
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Of the three terms in the last line, the first has a clear significance. For the third, we have [Y;, X] € X L
and hence

2(Y;, X1u, Yju) > < CP{(u). (3.3.14)

It remains to estimate the second term. For this, write
[Y.Al=)_ A¢B, (3.3.15)

¢

with Ag, B, smooth vector fields on 0. We have

20([Yj, Alu, Yju) 2 =2v Y (Bou, AjYju) 2 < vlIVYjulf, +v|[Yjul}, + Kiv|Vul7..  (3.3.16)
14

Plugging (3.3.14) and (3.3.16) into (3.3.13) and summing over j gives
d
EPf(u) <—v Z IVY;ull3, + (MC +v)PE(u) + MKv||Vu|*. (3.3.17)
J

The term M K v||Vu|?, is tamed by bringing in (3.3.12), to obtain

—(Pl (u) +

i Po2(u)) S—VZIIVYjulliz+(MC+v)Pf(u). (3.3.18)
J

Proceeding to general k, we take |J| = k and look at

%nmniz =2V u,, Y'u),»

=20(Y' Au, Y u) o —2(Y" Xu, Y/ u),»

=20(AY u, Y u) o +2v((Y7, Alu, YV u) o —2(XY u, Y2V u) o —2(0Y 7, Xu, YV u) 2

= —20|VY ullZ, +2v((Y7, Alu, Y7 u) 2 —2(0Y7, Xlu, Y/ u) 2. (3.3.19)
As with (3.3.13), of the three terms in the last line of (3.3.19), the first has a clear significance. For the
third, we have

(X, Y/ 1=[X, V1Y), - Yj 4+ Y- ¥ [X, V] e XK, (3.3.20)

and hence
(Y7, Xu, Y/ u) 2| < Cp PE(u). (3.3.21)

It remains to estimate the second term in the last line of (3.3.19). For this, write

J
[A, Y ]_Z oY (AL Y] jz+1"'ij:Zle"'sz—leijz+1"'ij’ (3.3.22)
=1
where L;, =[A,Y},]is a second order differential operator that annihilates constants. We say a product

of k factors

Yj oo Yj  LjYj,, - Y, (3.3.23)

is of type (k, £), meaning it is a product of k factors, all being vector fields in X! except one, in position ¢,
which is a second order differential operator that annihilates constants. If £ > 2, we can write (3.3.23) as

Yj---YjoLj - Yy +Yj - Y Y, Ljl--- Y, (3.3.24)
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a sum of terms of type (k, £ — 1) and of type (k — 1, £ — 1). Repeating this process, we convert (3.3.23)

into a sum of terms of type (j, 1), for j < k. Hence we have

Y7, Alu, Yy = Y (LY u, Y u)pe,
[I<k—1

where the L; are differential operators of order 2, annihilating constants; hence
L= Z AjjByj,
J

where Aj; are first order differential operators and B;; are vector fields. We then have

2w((Y!, Alu, Y u) e =20 Y > (BY'u, A} Y )

[|<k—=1 j

<Cv > VY ulle - (1YY ull g + 1Y ull2)
[T|<k—1

<vIVY ullf vl Y ullf + Cov D IV ).,

[1|<k—1
Inserting (3.3.21) and (3.3.27) into (3.3.19), we get

Y ull}, < = VY ulf + (Co+v)PE@) + Cev Y VY a3,

d |
dt -
|11<k—1

hence, for v € (0, 1], and with C; + 1 re-notated as Cy,
d T2 2 1,2
Pl = —v ”Z_k IVY7ull}. + MCy PE(u) +Mckvm<zk_l||w ulja

It follows that there exist Ag; € (0, 00) and By € (0, 00) such that if we set

k—1
NP )= P+ ) Ay P} (w),
j=0
then

d ~ ~
TNE@) < —v D0 IVY ulf + 2BV ),
|J|=k

when u = u(t) is given by (3.3.11). In particular, taking
el = NZ (),

we obtain
(@)l < e B us) .,

for 0 < s <t < oco. The next result will allow us to pass to the limit s \ 0 for f € V*.

Lemma 3.3.2. Foreachk € Z™, C;°(0) is dense in VE(0).

(3.3.25)

(3.3.26)

(3.3.27)

(3.3.28)

(3.3.29)

(3.3.30)

(3.3.31)

(3.3.32)

(3.3.33)
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Proof. Let € C*°(R) satisfy

Y(s)=0 for s <1,
2 (3.3.34)
1 for s>1,
and set
@5 (x)(x) = ¥ (87" dist(x, 30)). (3.3.35)
There exists 8o > 0 such that s € C;°(0) for § € (0, §p). Given f € V*(0) and |J| < k, we have
Y ps =gV [+ D (Yo f), (3.3.36)
(h,h)
where (I, I) runs over the partitions of the ordered set {ji, ... jx} into two subsets, such that |/;| > 1

(hence |I;| < k —1). It is clear from (3.3.35) that (p(;YJf — YJf in L?-norm as 8 N\, 0. Meanwhile
Y!1'ps =0 on {x € O0: dist(x, 30) > 8}, and

Y; e X' = ||Y"s)l1~ < Cy,, independent of § € (0, 89/2), (3.3.37)
so the sum over (I, I>) in (3.3.36) tends to 0 in L?-norm as § \, 0. Hence, whenever f e Vk(0),
gsf — f in ¥*-norm. (3.3.38)

From here the density of C5°(0) in V*(0) follows by a standard mollifier argument. U

Since C3°(0) C D((vA — X)™) for all m, we have u € C*([0, 00) x 0) whenever f € C§°(0), and
hence (3.3.31) holds for # > 0 and (3.3.33) holds for s = 0. That is to say, we have

"4 Fllys < & B f e, (3:3:39)

for all f in the dense linear subspace C;°(0) of *(0), and hence for all f € ¥*. Also this density
implies:

Proposition 3.3.3. Foreachk e 7+, v >0, V2% is a strongly continuous semigroup on V*(0), and
(3.3.39) holds for each f € V*(0).

We emphasize that (3.3.39) holds with B independent of v € (0, 1]. From here we can obtain con-
vergence results as v N\ 0.

Proposition 3.3.4. In the setting of Proposition 3.3.3,
ferko) = y{% e VATX) o1 X g (3.3.40)

in norm, in V*(0).

Proof. The estimate (3.3.39) implies {e'VA=X) £y € (0, 1]} has weak® limit points as v N\ 0. By
Proposition 3.1.3, (with p = 2), e X f is the only possible such limit point. This gives convergence in
(3.3.40), weak® in ¥*(0). We next aim to improve this to norm convergence. In view of the uniform
bounds in (3.3.39), it suffices to establish norm convergence on a dense linear subspace of V*(0). Take
f € C5°(0). We use the complex interpolation identity

V*(0) = [L*(0), ¥ 2. (3.3.41)
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See Proposition A.1.1 in the Appendix for a proof. This implies

1/2 1/2
gl < Igl,5 lgllys (3.3.42)

for g € %2k(0). Hence, for f € Y2k(0),

172

Vo (3.3.43)

” (et(vA—X) _ e—zx)wa < ” (et(vA—X) _ e—tX)f” lL/22 H (et(vA—X) _e—zx)fH

The first factor on the right side tends to zero as v N\ 0, by Proposition 3.1.3, and the last factor is
uniformly bounded as v \{ 0, by (3.3.39), with k replaced by 2k. This completes the proof. ([

Remark. The class of differential operators X*, k > 1, together with multiplications by smooth func-
tions on O, is what is called the algebra of totally characteristic differential operators in [Melrose 1981;
1993]. These works also develop a related class of pseudodifferential operators; see also [Melrose 1996]
and [Hormander 1985, §18.3]. The spaces V¥ (0) are special cases of “weighted b-Sobolev spaces,”
introduced in [Melrose 1993]. This is discussed further in Appendix A.

We briefly comment on why we call V% (0)-norm estimates “conormal estimates.” The term “conormal
distribution” was introduced in [Hormander 1971]. In essence, if M is a smooth manifold, X a smooth
submanifold and & a given Banach space of distributions on M (such as L*>(M))andif fand X, --- Xi f
belong to & for all k and all smooth vector fields X; on M that are tangent to X, then f is said to be
conormal distribution with respect to X. See also [Hormander 1985, §18.2] for a detailed treatment.

3.4. Holomorphy of the semigroup e*® on V*(0). As usual, take B(A) = H*(0) N HO1 (0). The semi-
group %2 is a holomorphic semigroup on L?(0), for Re ¢ > 0. Here we show it has a bound

€52 fllyx < BN Fllope, (3.4.1)

uniformly for ¢ in a wedge
Wg={t+is:t>0, |s] < Kt}, (3.4.2)

with B = B(k, K). We then derive some useful consequences from this.
To start, take 6 € R and set s = ¢ and consider

u(t) = HOA ¢ (3.4.3)

supressing 6 in the notation on the left side of (3.4.3). We have

d .

E||u||%2 =2Re (u;, u)2 = 2Re (1 +i60) Au, u) ;2 = —2||Vu| 7. (3.4.4)
This is the standard result for ¥°(0) = L?(0). Moving on to V¥ (0) with k = 1, we have

%anuniz =2Re (Yjuy, Yju) 2
=2Re (14i0)(Y;Au, Yju),»
=2Re(1+i0)(AYju,Yju);2+2Re (1 +i60)([Y;, Alu, Yju) ;>
< =2|VY;ull3, +20|(Y;, Alu, Y;u) |, (3.4.5)
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where we have set ® = +/1+62. As in (3.3.15)—(3.3.16), we have
20((LY;, Alu, Yju) 2| < |VYjull, + 1Y ull7. + Kil| Va7, (3.4.6)
and hence, parallel to (3.3.17),

—Plw) ==Y _IVY;ul}, + K[ Vul].. (34.7)
J
Then, parallel to (3.3.18), we have

d
wr —(PE(u) + K2 P (w)) < Z IVYull?,, (3.4.8)
giving (3.4.1) for k = 1, first for f € C§°(0), which is dense in ¥'1(0), then for general f € V'1(0).

The passage to general k proceeds along the same lines, in parallel with estimates done in (3.3.19)—
(3.3.31), but with the simplification that X is not involved.

We record some standard but significant consequences of the holomorphy of ¢2 and the estimates
(3.4.1). First,

—EAfI < Clel T e BN I, (3.4.9)

H dt vk
for ¢ € Wk 2, as follows from the Cauchy integral formula applied to a circle of radius ~ c|¢| centered
about ¢. This estimate implies

186" flls = <™ Flle. (3.4.10)
for t > 0, and hence
Y7 Ae® £l < geBtIIfllw, | =k. (3.4.11)
Using this, we will establish the following.
Proposition 3.4.1. Take Ty € (0, 00). Then, fort € [0, Tp], we have
tY7e'® V% (0) - H?*(0) bounded, for |J| =k. (3.4.12)

Proof. We use induction on k. For k =0, (3.4.12) follows from the & = 0 case of (3.4.10). To establish
(3.4.12) for k > 1, it suffices to show that

tAY’ e V*(0) — L%*(0) is bounded, for |J| = k. (3.4.13)
Using (3.3.22)—(3.3.25), we have

tAY et =ty A +1 > LiY'e', (3.4.14)
=<k—1
where each L; is a second order differential operator. The bound on the first term on the right side of

(3.4.14) in L(V*(0), L?(0)) follows from (3.4.11). The bound on the sum over |I| < k — 1 follows by
the induction hypothesis. This proves (3.4.12). U

We can interpolate the bound c
1Y 7€' Fllr) < 11 Fllvs (3.4.15)
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with the bound

Y7 fll 20y < CILf e (3.4.16)
valid for ¢ € [0, Tp] by (3.4.1), using
IF g < CIUF IS IFI LS, (3.4.17)

to obtain:

Corollary 3.4.2. In the setting of Proposition 3.4.1,

C
17 flley < 70 fllves 1=k, (3.4.18)
Consequently
C
€' Fllpeer = 1L llye. (3.4.19)

3.5. Estimates on ¢'"2~% in case of empty boundary. Here we consider the family of semigroups
¢'"A=X) acting on functions on M, a compact, n-dimensional, Riemannian manifold without boundary.
Again A is the Laplace-Beltrami operator. We assume X is a smooth vector field on M. This time we
will not assume that div X = 0. We will show that in this setting we have much stronger convergence
results than obtained in Section 3.1. Ultimately it will be our goal to use the results obtained here to
strengthen the results of Section 3.1.

To begin, let us note that in the current context, (3.1.4) is strengthened to

B((vA — X)) =A% = H* (M), VkeN, (3.5.1)
whenever v > (. Because of this, we can improve Lemma 3.1.2 to the following.

Lemma 3.5.1. Take f € C®(M), and set u(t) = ¢'V2=% £ with v > 0. For each k € 7, there exists
K = K (k) € (0, 00), independent of v, such that

11 =AY u®2, < X1 = A FI3,. (3.5.2)

Proof. Straightforward analogue of the proof of Lemma 3.1.2. U
Corollary 3.5.2. We have, for eachk € 7™,

e 27 Fllaary < € 1L f lancar)s (3.5.3)
for each f € C*® (M), hence for each f € B(AF).
Remark. This contrasts with the possibility of (3.1.25), which can occur in case of nonempty boundary.

Note that the maximum principle holds, so, for each v > 0,
le" A% Fll oo < 11|z (3.5.4)
Interpolation with the case k = 0 of (3.5.3) implies

e A% £l <X fllLe, (3.5.5)
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for f € LP(M), p €[2, 00). We could also get this for p € [1, 2), but we will not take the space to do
this. We can further apply interpolation to (3.5.5) and the estimates

" VAX Fllyu < CeXM| flly, keZt, (3.5.6)
which follow from (3.5.3) and (3.5.1). First, we have
le'A=%) fligs < CeX || fllps, s €RT, (3.5.7)

with C = C;, K = K, independent of v. Then, in place of (3.1.21), we have

1 1—-6 0
[H(M), L"(M)]g = HI™D% 9D (py,  —— = —— 4 —, (3.5.8)
q(@0) 2 p
and hence
le' A=) £l goaiary < Cog€® Il f Nl o carys (3.5.9)

valid for g € [2, 00), o > 0.
We next consider convergence results, as v — 0. As in (3.1.8), we have for u(¢) = e’(”A_X)f the
identity

t
uty=e X f4v / e"IX Au(s) ds, (3.5.10)
0

hence ;
(@) =™ fllgaky < v /0 1% Au(s) gty ds. (3.5.11)
We use (3.5.3) plus the analogous estimate on e~ to deduce that
le' A0 f — e fllgany < CVILf s, (35.12)
for f € C*°(M). We hence have
e N a4 (3.5.13)

in @(A*)-norm (hence in H**-norm), for each f € C®(M), hence, via (3.5.3), for each f € B(AX).
Then, using (3.5.9) and (3.5.4), and standard density arguments, we have:

Proposition 3.5.3. Given f e H>9(M), 0 >0, g €2, 00), convergence in (3.5.13) holds in H*9-norm,
asv — 0. Given f € C(M), convergence in (3.5.13) holds uniformly, as v — 0.

3.6. Parametrix for 3; — vL(t) on Rt x M. As in Section 3.5, let M be a compact, n-dimensional,
Riemannian manifold without boundary, with Laplace-Beltrami operator A, and let X be a smooth vector
field on M. As in Section 3.2, let L(t) = !X Ae™'¥, so, for f € @'(M),

v(r) = X! VA (3.6.1)
solves

?3—;’ =vL(Hv, v(0)=f. (3.6.2)

We denote the solution operator by S :

St = !X VATX), (3.6.3)
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Parallel to results of Section 3.5, we have
IS5 f Nl sr < CeX I f Nl sr (3.6.4)

for f € H*P(M), with C = C, ,, K = K , independent of v > 0, given p > 2, s > 0. (With a little
more work, we could take any p € (1, 00), s € R.) Our goal here is to construct a parametrix, revealing
the fine structure of S) as v — 0.

Preparatory to beginning this parametrix construction, it is also useful to note that Proposition 3.2.1
continues to hold in the current setting. In particular, given Q) € Qo C M, k € N,

1S5 £ 13k gy < Cra(IF Wk gy + 1 W 72apy)s 02T, (3.6.5)

with Crj independent of v > 0. Applying this and a partition of unity argument, we see it suffices to
construct a parametrix for S f when f is supported on a coordinate patch € C M, and it suffices to
analyze this approximation to S’ f(x) for (¢, x) € [0, T] x , uniformly in v € (0, 1].

On a coordinate patch €2, we have

Lityu= > La(t, )3 (3.6.6)
(Note that L(¢)1 =0.) Let us set =lal=2
Le(t.x.6)= ) La(t. 0)(£)" k=1,2. (3.6.7)
lo|=k
Note that -
Lyt x,§) =—G(t.x.§) = — Y _ g/ (t. 0)&E;. (3.6.8)

ij
where (g;;(t, x)) = (g" (¢, x))~! is the metric tensor on M, pulled back via the flow generated by X.
We write our approximate solution to (3.6.2) on R* x  as

S f(x) = Qm)™"/? / a(v, t, x,£)e™ f(&) d, (3.6.9)
where f (&) is the Fourier transform of f, given by

Fer =@ [ peoetvx,
and the amplitude a(v, t, x, §) will take the form of an asymptotic series
a(v.1,x,§)~ ) ajv.1,x,8), (3.6.10)
Jj=0

whose terms a; will be constructed below. In outline this construction is similar to that done in [Tay-
lor 1996, Chapter 7, §13], constructing a parametrix for e'® for small ¢, but here the set-up is more
complicated.

We start with the following consequence of the Leibniz identity:

2
vL(t)(aeix"E) = [ng(t, x,8a,t,x, &) +v Z By _¢(t,x,&, Dy)a(v,t, x, S)]e"x"g, (3.6.11)
=1
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where By_,(t, x, &, D,) is a differential operator of order £, whose coefficients are polynomials of degree
2 — ¢ in &, and smooth in (¢, x). To satisfy (3.6.2) formally, we require

da 2
o vLy(t,x,8)a+v Z By ¢(t,x,&, Dy)a, a(v,0,x,8)=1. (3.6.12)
=1

This tells us how to construct the terms a;. For starters, ag is defined by

9
=G x Har, a.0,.x.§) =1. (3.6.13)
SO
1 t
ao(v, 1, x, &) = e VHEXE) H(t,x,é):;f G(s,x,&)ds. (3.6.14)
0

Note that H (¢, x, &) is a polynomial in £, homogeneous of degree 2, with coefficients smooth in (z, x),
and

H(t,x,8) = Cl )%, (3.6.15)
for some C > 0. For j > 1, a; solves
da;j
Frie —vG(t,x,8)a;+Q;v,t,x,8), aj(v,0,x,§)=0, (3.6.16)
where )
Qi(w, t,x,8)=v Z By_¢(t,x,&, D)aj_¢(v,t,x,8), (3.6.17)
=1

with the convention (operative for j =1, £ =2) that a_; = 0. We hence have
t
aj(v,t,x, &) =e VHEXE /0 e"HEXOQ (1,5, x, &) ds. (3.6.18)

Another way to display these terms in the amplitude is to set

aj,t,x, &) =A;(v,t,x,&)e VHENE, (3.6.19)
Also set
Qjw,t,x,6) =T;(v,t,x,8)e "HEH, (3.6.20)
so (3.6.17) becomes ,
Ljw.t.x,§) =ve" DN "By (., x, &, D) (Aj_pe " HEXD), (3.6.21)
and (3.6.18) becomes =
Ai(v,t,x,8) = /Ot T;(v,s,x,&)ds. (3.6.22)

We next take an explicit look at the case j = 1. In that case, (3.6.17) gives

Qi =vBi(t, x, & Dy)e "HEXED = 2o vtHUOXE B (1 x & DOH(L, X, £), (3.6.23)
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and recall that B is a differential operator of order 1, whose coefficients are polynomials of degree 1 in
&. A formula equivalent to (3.6.23) is

I =—vB(t,x,& DOH@, x,£) = —v*t Z C¥(t, x)E%, (3.6.24)

lee] <3
with C{ (¢, x) smooth. Then, by (3.6.22),
t
Al 1, x,6) =" Y (/ sCY(s, x)ds>g“ ——? Y DY, Y, (3.6.25)
lal<3 70 jl<3

with D (¢, x) smooth, and we have

a(v,t,x,&) =—n)* Y DY (t, x)E% e HERD), (3.6.26)

lor] <3

Let us now recall the definition of a symbol class, important in the theory of pseudodifferential oper-
ators. Given m € R, we say

p(x,€) € 87y <= IDI D p(x. &) < Cap(1+ €)D", (3.6.27)

and we say a family {p(v,f,x,&) :t € [0,T], v € (0, 1]} is bounded in S{'fo provided such estimates
hold with Cyg independent of v and ¢. In follows from (3.6.14) that

{ap(v,t,x,&):t€[0,T],v e (0, 1]} is bounded in S?,o’ (3.6.28)
or as we say for short, ap(v, ¢, x, §) is bounded in S?,o- Similarly, from (3.6.26) we have
ay(v,t,x,£) bounded in S, and O((vt)'/?)in 87, (3.6.29)

the latter property meaning that (vt)~'/2a; (v, t, x, ) is bounded in S?,o-
To extend (3.6.28)—(3.6.29) to a; for larger j, it is convenient to have another presentation. Set

c=0wn'"?E, w=vrt. (3.6.30)

Now (3.6.14) and (3.6.26) give

ag(v, 1, x, &) = e HEXE),

ar(v,t,x,&) =vesd (vt t, x, €, L)e” HEXO, (3.6.31)
where (7, ¢, x, &, {) is a polynomial in 7 of degree 1, in & of degree 1 and in ¢ of degree 2, with
coefficients smooth in (¢, x). It will be useful to have the following:
Definition. The space %y, is characterized by

F(vt, t,x,§,¢,w) € Py <= F is apolynomial in v¢, ¢, @, and &, evenin ¢,

of degree < k in &, withcoefficients smooth in (¢, x). (3.6.32)

Without loss of generality, we can assume the degree in w is < 1.
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Then a, satisfies (3.6.31) with
Aj(vt, t,x,E,¢) € Py. (3.6.33)
(Actually s is independent of w, but other amplitudes will have @ dependence.)
Theorem 3.6.1. Foreachk =0,1,2, ..., we have
(v, 1,x, §) = (1) sloge™ MO sl € Py,
pr1 (v, 1, %, §) = WD by 1M sl € Py (3.6.34)

Proof. The results in (3.6.31) give (3.6.34) for k = 0. We proceed by induction on k. To set this up, let
us assume

aj =) dje 10D o ePp, (3.6.35)
for j <2k + 1, with indices «; and B; consistent with (3.6.34). Then (3.6.17) gives
Qi =9, +9Q%,, (3.6.36)
with
Q. =vD)YB(t,x, & Dy)(sdje”00)
=vNURB] e OO Bl e Py, (3.6.37)
o) F}+1 = v(vt)“/%;.H and
t
Aj (0,1, x, &) =/0 Tj (s, x,&)ds e )T Py 4, (3.6.38)

and furthermore

QY| =v(n)* ' By(t, x, Dy) (sl j1e”HE00)
=N R e OO RYedy (3.6.39)

SO F?H = v(vt)"lf*l%%rl and

t
A%, t,x,g)zfo T (v.s,x,E)ds € )19y (3.6.40)

We are now ready to verify the induction step in the proof of Theorem 3.6.1. Suppose (3.6.34) holds
foragivenk € 77, i.e.,
A € (VDX - Py, Apkyr € W)y (3.6.41)

(If £ > 1, assume also the counterpart of (3.6.41) with k replaced by k£ — 1.) Then, using the fact that
(3.6.35) implies (3.6.38) and (3.6.40), we obtain

Aksr = Abin + AN n € D2y + () . 2g € (v)* T 9, (3.6.42)
(upon noting that (vt) - P, C Py), and furthermore
Askys = Ay + A5 € 0D 2.9y (3.6.43)

This completes the proof. O
We can use Theorem 3.6.1 to extend (3.6.28)—(3.6.29), as follows.
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Corollary 3.6.2. In the setting of Theorem 3.6.1, we have

ay(v,t,x,6) = 0(wn)*) in S, bounded in S 3", (3.6.44)
and
ax1(v, 1, x,8) = O((w)**) in S} ;. bounded in S;5~", (3.6.45)
hence, for j > 0, .
aj(v.t,x,&)=0(wt)?)in S} . boundedin S . (3.6.46)

Proof. The result (3.6.34) directly gives (3.6.44)—(3.6.45), and (3.6.46) follows from this plus the obser-
vation that the condition

p(v,t,x,6) = (w)de HEXO o e P (3.6.47)
implies p(v, 7, x, &) = O((v)'/?) in 7 . O
Returning to (3.6.9)—(3.6.10), let us fix N € N and set
N
a(.t,x,.8)=Y aj(v.t,x,§). (3.6.48)
j=0

We use this to define &/ f in (3.6.9). Then we have

(0 —vL(1))S, f(x) = 2m)™"? f Ry(v.t,x, )™ f(£) dE, (3.6.49)
with
Ry(v,t,x, )
=VB(t,x,& Dy)ay(v,t,x,6)+vBo(t, x, D)[ay—1(v, t,x,&) +anv,1,x,8)]. (3.6.50)
Arguments used in the proof of (3.6.34) and (3.6.45) give
VB (t,x, &, Dy)ay(v, t,x,&) = 0(wv(w)"'?) in S,
O™~y in 87,
o) in S ¢ 7Y, (3.6.51)

and
vBy(t, x, Dy)lay—1 +an]= 0™ D) in S,

o) in S "V (3.6.52)
In conclusion:
Proposition 3.6.3. If N € N is given, a is defined as in (3.6.48), and &', as in (3.6.9), then
u’(t)y=6.f (3.6.53)

solves
v

at

=vL@®Ou+g", u'0) ="/, (3.6.54)
with

g'(t,x) = (271)—"/2/ Ry(v, 1, x, €)™ £ (&) de, (3.6.55)
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where
Ry, t,x,8) = 00N V2 in s

o) in S;¢" Y. (3.6.56)
Using standard pseudodifferential operator estimates, we obtain:

Corollary 3.6.4. In the setting of Proposition 3.6.3, if p € (1, 00), s € R, then, fort €[0, T], v € (0, 1],

g Ol aseany < Crv ™D £l s ays (3.6.57)

and
lg” Ol asenv-10ary < Crvll f s, (3.6.58)
with Cr independent of v.

We can compare the approximate solution &/ f with the exact solution S} f to (3.6.2) by applying the
Duhamel formula to (3.6.54), which gives

t
G f= S£f+/ S3'g"(s)ds, (3.6.59)
0

where, for 0 <s <1, S3' is the solution operator to (3.6.2) defined by
v(t) = S5'u(s), equivalently, S = ¢'X(™HVATX) X, (3.6.60)
A straightforward analogue of (3.6.4) is
1S3 f Nl o < CeXCN f o, (3.6.61)
valid for p € [2, 00), o € [0, 00), with C = C,;, and K = K, , independent of v € (0, 1]. This gives:
Corollary 3.6.5. In the setting of Proposition 3.6.3, if p € [2, 00), o >0, then fort € [0, T], v € (0, 1],

6% f = St fllaerary < Cov ™2 £l oy, (3.6.62)
and
16, f — Slt;f”H"JrN*LP(M) < Crvlfllaerm), (3.6.63)
with Ct independent of v.
Remark. Applying Corollary 3.6.5 with N replaced by N 4 2 and taking into account the fact that this

just adds ay+1 + ay+2 to the amplitude in the formula for &, we obtain a complement to (3.6.62)—
(3.6.63), namely

165 f — S, fll gosv+ioany < Crll Il Howr (- (3.6.64)

The family of operators S5’ is as important as the family S’, and it is also of interest to have a
parametrix for this family. This is obtained by a slight modification of the previous construction. Parallel
to (3.6.9)—(3.6.10), this parametrix has the form

G5 f(x) = 2m) ™2 / a(, s, t,x, &)™ £ (&) dt, (3.6.65)
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with
a(v,s,t,%,6)~ Y a;j(v,s,1,x,8), (3.6.66)

Jj=0
given by equations similar to (3.6.12), except that the initial condition is
a(v,s,s,x,&)=1. (3.6.67)
Thus, in place of (3.6.14) we have

ao(v, s, 1, x E):e—v(t—s)H(s,t,x,E)

1 (3.6.68)
H(s,t,x,&) = [—/ G(o,x,&)do,
—_— s S
and in place of (3.6.31) we have
aj(v, s, 1, x,8) =v(t —)A1(v(t —5), 5,1, x,& e LD, (3.6.69)
this time with
=Wt —s)N'"%, w=v@t-—s)E o P, (3.6.70)

where now % is defined to consist of functions F(v(t —s), s, t, x, &, {, ®), polynomials in v(t —s), ¢,
w, and &, even in ¢, of degree < k in £ and of degree < 1 in w, with coefficients smooth in (s, #, x), the
obvious variant of (3.6.32). (As in (3.6.31), s; does not actually depend on w.) More generally, parallel
to (3.6.34), we have

an (v, 5,1, %, ) = (v(t — ) sy =150, sy € Po,

(3.6.71)
a1 (v, 8,1, %,8) = (0(t — ) slgp g e A0 1y € Py,

except now with ¢ = (v(t —5))/2¢ (as in (3.6.70)), with sd; = o ; (v(t —s), 5, 1, X, €, {, ), and with Py
as redefined above. In place of (3.6.46), we have

aj(v,s,t,x,€)=0(w(t—s))* in S{, bounded in s;g. (3.6.72)
The estimates recorded in Corollary 3.6.5 readily extend, to yield:

Proposition 3.6.6. Given N € N, take
N

a(,s.t,x,8) =Y a;j(v,s.t,x,§), (3.6.73)

Jj=0
and define &% f by (3.6.65). Then for p € [2,00), 0 >0, 0<s <t <T,andv € (0, 1], we have

1S5 £ =S5 Flluewany < Cv T2 £l oy,

St s (3.6.74)
165" f =S fllaorn+rrany < Crll f oo (01) s

with Cr independent of v.
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The formula (3.6.65) represents the parametrix &% in Fourier integral form. We next obtain a more
explicit representation of its integral kernel. We examine the individual terms

&, f(x) = @m)™"? / aj(v.s,1,x,6)e™ f(6)ds = / Kijw s, t,x,x=y)f()dy, (3675

where

Kiw,s, t,x,2) = (27'1')_"/aj~(1j,s,t,)c,§)eiz'S dé, z=x-y. (3.6.76)
In case j =0, let us rewrite ag as
ag(v, s, t, x, &) = e VITOHELNEE (3.6.77)

where (s, t, x) is a positive-definite n x n matrix. We have a standard Gaussian integral:

Ko, s, t,x,2)=Qm)™" / e VUmOHELDEE pizE g g

= (4mv(r —5)) " detG(s, 1, x)1/2 =S 10L ) (3.6.78)
where
G(s, t,x) =H(s, t,x)" " (3.6.79)
Note from (3.6.8) that ] ;
K (s, 1, x) = — f g (o, x) do, (3.6.80)

where (g'/) = (gij)_l, so in particular %/ (s, s, x) = g' (s, x) and
Gij(s,s,x)=gij(s, x). (3.6.81)

To compute K; more generally, we use (3.6.71), which we restate as follows:

ax(v,s,t,x,8) = W(t—9)* Y Fap(v(t—s),s,1,x)

o even

=1 < ((0(t—5)"26)" (v(t—s)&) e IHEE (3.6.82)
and
i1 (v, 5,1,%,8) = (Wt =N Y Fape(w(t —5), 5,1, %)
BIELE g (0t = 90)28) (vt — )E) P eEE

+ =) Y Flwt—s),s.1.x)

BI<1 x ((v(t — $)'/26)" (vt — $)E) e HEE (3,6.83)

Here 3 = (s, t, x) is as in (3.6.77), and Fyg, Fop¢, and Fa?,s are smooth functions of their arguments.
All the sums are finite. To compute the integrals in (3.6.76), we use the following result:

Qr)~" f g%eMEE iTE g = (det@nd0) TP DT = p (3, 2)e” A, (3.6.84)
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where the last identity defines p, (¥, z), which is a polynomial of degree || whose coefficients depend
smoothly on ¥, and 4 = %~!. We note that

Pa(¥, —2) = (=) p (%, 2). (3.6.85)

Taking
w=v(t—s), (3.6.86)

we go from (3.6.82)—(3.6.83) to formulas for K; (v, s, ¢, x, z) via the identities
@)™ f (! 26)* (u§)Pe M5! d = TPV py g (G, pT 22)eT A (3.6.87)

and

@2r)™" f Eo(128) () e HEE it g — IR L G TPy M (3.6.88)

We obtain
Ko (v, s,1,%,2) = w(t =) "2 " (0(t = )PP Fop(u(t = 5), 5,1, %)

Tpi<t X Parp(H, (0t — 5))"V22)e % /M=) (3 6.89)
hence

1
Ko (v, 5,1, %,2) = (0(t =) " "0 =) POy p (0t = 5), 5,1, x, (0t =) 7/?2)
b=0 X e—‘@(s,t,x)z-z/4v(t—s), (3690)

172

where @y 5, 1s a polynomial in (v(# —s))~ /“z = Z, with coefficients smooth in v(t —s), s, £, x, satisfying

Qo p(V(t —8), 8,1, %, —Z) = (—=1)P Doy, (V(t —9), 5, 1, X, Z). (3.6.91)
Similarly,

Ko1(v, 5,1, x,2) = (v(t — 5)) /2HH12 Z Wt — NP2 Fope (it = 5), 5,1, x)

I%\esvf?ﬁ X Dot Bte (¥, (v(t — s))—1/2 —Gz-z/4v(t—s)

+ @t — )TN (e = )PP FD (u(t = 5), 5,1, x)

TIT X parp(I, 0t —5)"29)e /4= (3.6.92)

z)e

hence

1
K1 (v, s, 1, x,2) = (vt —s)) /22 Z(V(f—S))b/2q32k+1,b(v(t—s), s, 1, x, (v(t—s))"1?z)
b=0 % ¢80, 1,2)z:2/4v(1—5)

1
+ =) Y =) PGy =8 1x, (0 —s) )
b=0 % e—(g(S,t,x)Z~z/4v(t—s)’ (3.6.93)
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where @441, is a polynomial in (v(t — 5))~1/2

satisfying

z = Z, with coefficients smooth in v(r — ), s, ¢, X,

Dot s (V(t —8), 5,1, x, —Z) = (DT Doy, (0t = 5), 5,1, x, 2), (3.6.94)

172

and d>gk+l » 18 @ polynomial in (v(¢ —s))™"/“z with coefficients smooth in v(r —s), s, 7, x, satisfying

DY, 0t —5), 5,8, x,—2) = (=D’ , (vt —5),5,1,x, Z). (3.6.95)

While the formulas (3.6.89)—(3.6.90) and (3.6.92)—(3.6.93) for the functions K ; (v, s, t, x, z) are rather
lengthy, they are not difficult to comprehend. The basic result to be gleaned from these calculations is
that for j > 1, K;(v, s, t, x, z) is smaller and smoother than the dominant term Ko(v, s, 1, x, z), given
by the comparatively simple formula (3.6.78).

3.7. Boundary layer analysis of ¢! ®2=%). 1In this section we examine the fine behavior near 30 as v \ 0
of ¢!"A=%) £ with emphasis on the cases f € C(0) and f € C*(0). As in Section 3.2, we work with

solutions to
v

_ v v _
Y =vLOV’,  0[gi 0=

0, v'(0) =, 3.7.1)
where

L(t) =eXAe X (3.7.2)

is a smooth family of strongly elliptic operators, as in (3.2.3) and (3.6.6). From this, the behavior of
VAT £ — o Xy (1) (3.7.3)

is easily deduced.

We assume O is a smoothly bounded open subset of a compact Riemannian manifold M without
boundary. To begin the analysis of (3.7.1), we extend f to f on M, having the same degree of smoothness
as f,e.g.,

feC@ = feCM), feC®0) = feC®M), et. (3.7.4)

We also extend X to be a smooth vector field on M (we need not assume div X = 0 on M), and define
VY on RT x M by
v
ot
Here L(¢) is given by (3.7.2). The solution to (3.7.5) has the form

=vL@®)V' on R x M, V"(0,x)= f(x). (3.7.5)

Vi = [ FOH.0.1x5)av0), (376
M
where dV is the Riemannian volume element on M. More generally, for 0 <s < ¢,
V”(t,X)=/ VP(s, MH W, s,t,x,y)dVs(y), (3.7.7)
M

where dV; is the pull-back of dV via the flow generated by X, or equivalently the Riemannian volume
element for g, the metric tensor g of O pulled back by this flow. In local coordinates, we have

H©,s,t,x,y)=g(s, ) KW, s, t,x,x —y), (3.7.8)
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where K (v, s, ¢, x, x — y) has the form

N
K(,s,1,x,2)= Z Kj(v,s,t,x,2)+ Ry (v, 5,1, x,2), (3.7.9)
j=0

with Ry the kernel of an operator satisfying the results given in Proposition 3.6.6, i.e., negligible for N
large. As seen in (3.6.78),

Ko(v, s, 1, x,7) = (vt —s))7* det4(s, t, x) /29 1:02:2/4vt=9) (3.7.10)

and for j > 1, K;(v, s, t, x, z) are given by (3.6.90) and (3.6.93), as integral kernels that are smaller and
smoother then Ky(v, s, t, x, 7). As before, n =dim M = dimO.
Having V", we can write the solution to (3.7.1) as

vVW(t,x)=V '@, x)—u(t,x), t>0, xeO, (3.7.11)

where u" (¢, x) is defined by

v

=vL(")u” on RxO,

ot
u' =g’ on R x 90,
u' =0 on (—00,0)x0, (3.7.12)
where
g'(t,x) = xp+(t) VV(t,x), x€0d0. (3.7.13)

We now describe how to use the method of layer potentials to solve (3.7.12).
We start with the case v = 1 and then explain the modifications that work for v € (0, 1]. With H as in
(3.7.7)-(3.7.8), we set

@1h<r,x)=// s, )
0 JoO

Here dS; is the area element on 00 induced by the metric tensor g, described as below (3.7.7), and
0/0n,y is the outward unit normal to 00 at y € 30, determined by this metric tensor. The boundary trace
relation for 9; is

oH
1,s,t,x,y)dS;(y)ds, t=>0, xeO. (3.7.14)
ong,y

Dih|g, 50 = (31 +N1)h, (3.7.15)
assuming A (s, y) =0 for s < 0, where
! OH
Nih(t, x) = hs, y)5—(1,5,1,%,y)dS(y)ds, 120, x €90. (3.7.16)
0 Jao ans,y

The integral formula on the right sides of (3.7.14) and (3.7.16) have an identical appearance, but in the
former case x € O and in the latter case x € 90. It follows that we can solve (3.7.12), in the case v =1, as

u' =a@h!, (3.7.17)

provided A! solves
(31+N)h' =g (3.7.18)
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For general v > 0, we have essentially the same situation, except that vL(¢) is the Laplace operator for
the metric tensor v~'g,. One has the analogue of (3.7.16), with this scaled metric tensor. This rescaling
requires that 9/9n,,, be replaced by v'/29/dn; , and that dS; be replaced by v="=D/24S,. Also dV is

replaced by v/ dV, so we need to replace H(1, s, ¢, x,y) by v/2H (v, s, t, x, ). Since
pl/2y==D/2y,n/2 — (3.7.19)
we obtain
d oH
Dyh(t,x)=v h(s,y) (v, s,t,x,y)dS;(y)ds. (3.7.20)
0 Ja0o ans,y
The boundary trace result (3.7.15) becomes
Doh|g, 00 = (31 + VN, )h, (3.7.21)
for supp h C R* x 90, where
! oH
Nyh(t, x) = h(s, y) (v,s,1,x,y)dSs(y) ds. (3.7.22)
0 Jao ang, y
Hence the solution to (3.7.12) has the form
u’(t,x) =9,h"(t, x), (3.7.23)
provided H" solves
(31+vN,)h" =g, (3.7.24)

with gV (¢, x) given by (3.7.13).
We now tackle the problem of inverting ((1/2)I 4+ vN,) in (3.7.24). The results (3.7.8)—(3.7.10) on
H and related estimates on K ; established in Section 3.6 imply

OH
H (5. hx, -)‘ ey S €00 )12, xeado, (3.7.25)
S’y
and
OH B
H W, s, 1, x, -)| <CWw@i—s)"", xeo, (3.7.26)
ong,y L'(30)

uniformly for 0 <s < ¢ < Tj. For the present analysis, the focus is on (3.7.25). It implies for I = [0, Tp]
Ny Al x00) < C(To) v'72. (3.7.27)

Hence, given Ty € (0, 00), as long as v is so small that C(Ty)v'/? < 1/2,if g¥ € L°°(I x 90), Equation
(3.7.24) is solved by

h’ =2(I +2vN,)"'g" =2(I —2vN, +4v° N> —...)g". (3.7.28)

Note that
17" — 28" | o1 xa0) < Cv2|1g" Il L1 xa0)- (3.7.29)

We are motivated to estimate 9, (h" — 2g"). The estimate (3.7.26) is not adequate for this; instead we
argue as follows. Denote the solution to (3.7.12) by

u' =Pl,g". (3.7.30)
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The content of (3.7.21) and (3.7.28) is that

PLg" =@,h", (31+vNy)h" =g". (3.7.31)
Hence
%, (h" —2g") =PL,(31 +vN,)(h" —2g"). (3.7.32)
Now the maximum principle gives
IPL A L= x0) < 1hllL=1xa0), (3.7.33)
so we have the general estimate
1Dyhll Lo xoy < CllAllL=1x80), (3.7.34)

with C independent of v € (0, 1], and in particular
1D (" = 28") | Lo xoy < CllhY = 28" | L= xae) < Cv'* 118" | L= xa0). (3.7.35)
the last inequality by (3.7.29).
Proposition 3.7.1. The solution u” to (3.7.12) has the property
¥ —2%,8" (1 x0) < CAWV2lIg" I Larxaey < €DV FllLquy- (3.7.36)

Proof. The first inequality in (3.7.36) follows from (3.7.35) and the fact that u” = %,h". The second
follows from the identification of g" in (3.7.13) and the maximum principle, applied to (3.7.5). (]

Recalling (3.7.11), we have:
Corollary 3.7.2. The solution v to (3.7.1) has the property

" — (V" =29, ") | Loorxy < CAWY? | Fll Ly (3.7.37)

We can obtain simpler approximations to #” and v” if we assume more regularity on f. Using (3.5.9),
we have, for g € [2, 00), o > 0,

IV @, llsosny < Clflaraon,  0<t<Tp, (3.7.38)
with C independent of v € (0, 1]. Taking 0 =2 4 ¢ and ¢ sufficiently large, we obtain
VY@, ezany < ClFlgzrean, 0=t < T, (3.7.39)

for each ¢ > 0, g > n/e, with C independent of v. Hence the solution V" to (3.7.5) satisfies

IV @) = flliLean < Cll fllgzreany, 0=t < T. (3.7.40)
Interpolation with
IVY(@#) — flleooany <2l f ey < CNf | Hea (3.7.41)
gives
IV @) = fllieean < CVY2 Fllgreeary < CVY21 Fllers s (3.7.42)

the last inequality holding provided § > . We hence have the following.
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Proposition 3.7.3. In the setting of Proposition 3.7.1 and Corollary 3.7.2, we have, for each § > 0,

¥ =29, £\l Lo x0y < CAOV2 Fllcrs (3.7.43)
and
0" = (f = 2%y D)l x0) < COVY2 Fllcrsan. (3.7.44)
where
FP=xme () £, (3.7.45)

Proof. From (3.7.42) we have

18" — £2 =i xaey < CV21 Fllcrs ans (3.7.46)

and then the estimate (3.7.34) applied to h = g" — fb gives (3.7.43) from (3.7.36). The proof of (3.7.44)
is similar. [l

For a further simplification, we compare %,, with 3%, defined by

0 _ ! 8H0
Dyh(t, x)=v h(s, y) (v,s,1,x,y)dSs(y)ds, (3.7.47)
0 Jao ans,y

where, parallel to (3.7.8), we set

Ho(v,s,t,x,y) =g(s,y) ' ?Ko(v, 5.1, x,x — ), (3.7.48)
with Kg given by (3.7.10). By (3.7.9) we have
N
K—Ko=) K;+Ry. (3.7.49)
j=1
Parallel to (3.7.26) we have
H v, 5,1, x, )H <COwit—s)"12, xeo, (3.7.50)
ong,y L'(20)

with better estimates on 0K ;/dn,,, for j > 2 and on 9 Ry /dny, y. This leads to:
Proposition 3.7.4. With ng defined by (3.7.47)—(3.7.48), we have

190k = DR L (1x0) < CADWY 2[Rl L1 x50 (3.7.51)
Hence, in the setting of Proposition 3.7.3, we have, for each § > 0,

lu” =290 f2 | x0y < CAW2N Fllcrsan (3.7.52)
and

10" — (f =295 ) |2 x0y < CAWY2 N Flleron- (3.7.53)
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4. Analysis of solutions to u; = vAu — X,u

In this chapter, we extend some of the results of Chapter 3 from the setting of solutions to u;, = vAu — Xu
to the more subtle setting of solutions to u; = vAu — X, u, directly relevant to the equation for w" in
(1.0.8). As in that chapter, we assume Oisa compact Riemannian manifold with boundary 00, and with
Laplace Beltrami operator A. We take X, for v € (0, 1], to be a family of (time dependent) vector fields
on O having certain properties that we will specify below, and take u = u" to solve

ou

§=UAM_XUM’ 0, u@)="+f. (4.0.1)

”|R+xa©:

In Section 4.1 we estimate u"(¢) in the spaces V% (0), introduced in Section 3.3, given f € Vk(0),
extending the scope of the uniform boundedness results of Section 3.3. In Section 4.2 we establish
convergence of u”(¢) to e~'X f in Yk (0), for such f,when v\ 0 and X, — X in an appropriate sense,
specified there. We also obtain L”-norm convergence results, for p € [1, 00).

4.1. Conormal type estimates. We will find it useful to extend the class of function spaces ¥’ (0). Given
keZt={0,1,2,...}, p€[l, o], we define

VEP(O) ={ue LP(0):Y,---Y;ueLP(0), Yj <k, Y, €X'}, 4.1.1)

with
x!'= {Y smooth vector field on O : ¥ || 90}. 4.1.2)
Recall that the case p =2 is defined in (3.3.1). As in (3.3.3), there exists a finite set

{Yi:1<j<Mycx! (4.1.3)

with the property that each element of X! is a linear combination, with coefficients in C°°(0) of these
vector fields Y;. We recall and generalize some further useful notation from Section 3.3. With ¥; as in
4.1.3),let J = (j1, ..., jr) and set

Y'=v;---v,, =k 4.1.4)
Also set
Xk =Span{z,---Z;:j <k, Z,eX"}. (4.1.5)
We have
%k=Span over C®(0) of (Y’ : |J| <k}, (4.1.6)
and
YkP () ={u e LP): Y u e LP(0), V|J| <k}
={ueLP©):LueLP©):VL e*x"). 4.1.7)
Let us also set
YO P(0) = ﬂvkyp(@). (4.1.8)
k

We now discuss conditions on X,. We require

X, e X!, (4.1.9)
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a space of ¢-dependent vector fields on 0, depending on the parameter v € (0, 1], which we proceed to
define. We want to include the example arising in (2.2.4)—(2.2.5), i.e.,

X, =v"(t, Z)aix’ vW(t,2) ="V (2). (4.1.10)
In this case we have O =T x I, T =R/Z, I =[0, 1], and A is given by (2.1.5).
Lemma 4.1.1. Given Ty € (0, 00), we have
v(t, ) € V(0), (4.1.11)

with bounds independent of t € [0, To], v € (0, 1].

Proof. Straightforward from the construction of ¢"’4V (z) via the method of images. There is no x-
dependence, so the result is actually v"(¢,-) € V°>°°(I), with uniform bounds. In this setting, we
mention that X!(7) consists of smooth vector fields on 7 that vanish at the endpoints. O

To define X! in general, we first specify that, on any compact Q € O, an element X, (¢) has uni-
form bounds in C*() for all k. To complete the definition, we take a collar neighborhood U of 90,
diffeomorphic to 00 x I, take coordinates (x, z) € 90 x I, and write

0 0
X, =v"(t,x,2)— +w"(t, x, 2)B(x, 2)—. (4.1.12)

ox 0z
Here v"9/0x is shorthand for Zj v;.’a/axj. We require (with bounds uniform in ¢ € [0, Tp], v € (0, 1)),
v w’ eV®0), BeC>0), B, =0. (4.1.13)

These conditions define %1.

Lemma 4.1.2. We have
X, eX, vex! = [Xx,,Y]eX". (4.1.14)

Proof. The bounds on [X,, Y] on any Q € O are clear. Near 90, we represent X, as in (4.1.12) and set

0 0 _
Y=a(x,z)— +b(x,2)—, a,beC®0), b‘a@ =0. (4.1.15)
ax 0z
Then
vV 8 v a
[X),Y]=&"(,x,2)—+n (1, x,2)—, (4.1.16)
ox 0z
with
§" =v"(0ya) + w"B(9:a) —a(d:v") —b(d;v"), @117
n" =" (3:b) + w" B(d:b) — ady (w'B) — bd (" B). h
Comparison with the defining conditions in (4.1.12)-(4.1.13) gives [X,, Y] € Xl [l

Next we define
Xk =Span{X,Y’: X, X', Y/ e x* ). (4.1.18)
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Lemma 4.1.3. We have

P, eX vyex' = vP, e X, (4.1.19)
hence

PeXxf v ext = v'p, e X" (4.1.20)
Proof. To prove (4.1.19), note that for X, € X!, ¥’ e xk-1,

YX, vy’ =x, vy’ +[v, x,1v’, (4.1.21)
and apply Lemma 4.1.2 to the second term on the right side of (4.1.21). The result (4.1.20) follows
directly from (4.1.19). [l

Lemma 4.1.3 will prove useful in connection with the following. With Y; as in (4.1.3), let us set
laellir = Y 1Y ullLo. (4.1.22)
[J1<k

From the representation (4.1.12), we have
X, €X' = X, =) al,¥;. al, eL®0), (4.1.23)

with bounds independent of v € (0, 1], ¢ € [0, Ty], hence, given X, € %1,

| XvullLr < Cllullyrr, (4.1.24)
and, by (4.1.20),
| Xvullyer < Clluflyesrp. (4.1.25)
We also set
PR )= Y 1Y ull}, (4.1.26)
|J =k
SO
Il ) PFw). (4.1.27)
J=<k

We also denote V%2 by V*.
We now estimate the rate of change of sz (u(t)) for u(r) satistying (4.0.1). We assume

X,eX!, divx,=0. (4.1.28)

We also assume u is sufficiently smooth on (0, co) x 0 for the calculations made below to work. We will
comment on how to verify this assumption later in this section.
We start with the case k = 0:

d
Sl =200, )2 =20 (Au, 1) 2 = 2(Xu, 1) 2 = =20]|Vurll, (4.1.29)
Moving on to k = 1, we have
d
E”ijt”iz = Z(le/t[, le/t)Lz = 2U(YjAI/£, Yju)Lz—2(Yiju, ijt)Lz
=2v(AYju, Yju) 2 +2v([Y;, Alu, Yju) 2 —=2(X, Y u, Yiu) 2 =2([Y;, X, ]u, Yju)L2
= —2v||VYju||i2—|—2v([Yj, Alu, Yju)2—=2([Y;, XoJu, Yju) . (4.1.30)
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Of the three terms in the last line, the first has a clear significance. For the third, we have [Y;, X, ] € X! s
by Lemma 4.1.2, and hence, by (4.1.23),
2([Y;, Xolu, Yju) 2 §CP12(u). (4.1.31)
It remains to estimate the second term. For this, write
[Y,Al=) A(By, (4.1.32)
with Ay, B, smooth vector fields on 0. We have ‘

20([Yj, Alu, Yju)p2 = 20 Y (B, AjYju) 2 < vl[VYjulf, +v|Yjul}, + Kiv|Vul7.. (4.1.33)
L

Plugging (4.1.31) and (4.1.33) into (4.1.30) and summing over j gives

d
EPf(u) <= Y IVYjul2, + (MC +v) PE() + MK v||Vul. (4.1.34)

j
The term M K v||Vul|7, is tamed by bringing in (4.1.29), to obtain

%(Pf(u) + MK, Poz(u)) <=0 ) IIVYjuli. + (MC +v) PEu). (4.1.35)
j

Proceeding to general k, we take |J| = k and look at

d
EIIY’ulliz =2V u, Y/u) o =20(Y Au, Y/ u) 2o —2(Y! Xou, Y u), 2
=2(AY u, Y u) o+ 2077, Alu, Y/ u) o —2X Y u, YV u) o —2(0Y 7, X Ju, YV u) g
= —20[|VY ull7, +2v (Y7, Alu, Y u) 2 —2(1Y 7, X\ Ju, YV u) o (4.1.36)
As with (4.1.30), of the three terms in the last line of (4.1.36), the first has a clear significance. For the
third, we have, by Lemmas 4.1.2-4.1.3,
[X,, Y/ 1=[X,, Y;,1Y}, - Y4 4Y - Y [X,, Y] € X, (4.1.37)
and hence, by (4.1.25),
Y7, XoJu, Y u) 2 < Cellull3s. (4.1.38)

It remains to estimate the second term in the last line of (4.1.36). For this, write
k k
J
[A, Y] = Z Yjj oo Y [A Y dY oo Y = Z Yji oo X LjYj - Y, (4.1.39)
=1 =1

where L;, =[A, Y;,]is a second order differential operator that annihilates constants.. We say a product
of k factors
Yj - Yj LY

Jet1”

Y, (4.1.40)

is of type (k, £), meaning it is a product of k factors, all being vector fields in X' except one, in position £,
which is a second order differential operator that annihilates constants. If £ > 2, we can write (4.1.40) as

Yj oo XYjoLj - Y+ Y- Yj 1Y Lj - Y, (4.1.41)
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a sum of terms of type (k, £ — 1) and of type (k — 1, £ — 1). Repeating this process, we convert (4.1.40)

into a sum of terms of type (j, 1), for j < k. Hence we have

v Al Yy = Y (LY u Y u)e,
[I|<k—1

where the L; are differential operators of order 2, annihilating constants; hence
L= Z AjjByj,
J
where Aj; are first order differential operators and B;; are vector fields. We then have

(Y, Alu, Y u)yp =20 Y > (BY'u, A} Y )

|<k—1 j

<Cv ) IVYTull2- (I9Y ull g2 + 1Y ul12)
|<k—1

<VIVY ullf vl Y ullf + Ceov D IV ).,

[|<k—1
Inserting (4.1.38) and (4.1.44) into (4.1.36), we get

d
IVl < —vIVY ulz + (Co+ )l +Cov D IVY iz
[I1<k—1
hence, for v € (0, 1], and with C; + 1 re-notated as Cy,

d
TP < v Y IVY ul}e + MOl + MG Y VY ul.
|J1=k [I<k—1

It follows that there exist Ay; € (0, 00) and By € (0, 00) such that if we set

k—1

NZ ()= Plu)+ ) A Pr(w),

j=0

then

d NV J 2 72
T NEa) = —v l;k IVYTul2, + 2B NE(w),

when u = u(t) is given by (4.0.1). In particular, redefining ||u||02Vk as
lulfs = N ),

we obtain
() [l < e Bu u(s) [|op,

forO<s <t < o0.

(4.1.42)

(4.1.43)

(4.1.44)

(4.1.45)

(4.1.46)

(4.1.47)

(4.1.48)

(4.1.49)

(4.1.50)

The estimates (4.1.48)—(4.1.50) have been established under the assumption that u(t) = u"(¢) is suf-

ficiently smooth on O for # > 0. For example, if we add the assumption

X, € C*®((0, 00) x 0)

(4.1.51)
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for each v € (0, 1], we have such estimates, since well known parabolic regularity results give u €
C*((0, 00) x 6). (We emphasize that we do not assume X, € C([0, 00) X 6).) Let us record this result.

Proposition 4.1.4. Let u = u” solve (4.0.1). Assume X, satisfies (4.1.9) and (4.1.51). Then the estimate
(4.1.50) holds, for 0 <s <t < 0o, with By and the VK -norm independent of v € (0, 1].

Next we want to pass to the limit s = 0 in (4.1.50), obtaining
(@) Mt < € PILf e (4.1.52)
It is clear that we can do this in the context of Proposition 4.1.4 if we also know that
u € C([0, 00), V*(0)). (4.1.53)

In turn, since the hypotheses of Proposition 4.1.4 already imply the result u € C*°((0, o0) x 0), it remains
to establish that

f eV (0) = ueC(0.T,],7*(©0)), (4.1.54)
for some T, > 0 (possibly depending on v). We turn to this task.
We set
% = C([0, T,], 7*(0)), (4.1.55)
and seek u € ¥ as a unique solution to
t
u(t) =e"2f — / eTTIVAX (9)u(s) ds, (4.1.56)
0

i.e., as a fixed point of @ : ¥ — %, defined by
t
Qu(t) =" f — / eTTVAX () u(s) ds. (4.1.57)
0

This will work if we are able to show & : ¥ — % is a contraction map for 7, > 0O sufficiently small. We
have

t
du(r) — dv(r) = — f eTTIVAX () (u(s) — v(s)) ds. (4.1.58)
0
Note that, by (4.1.25),
| X0 () (@(s) — v(s)) Iy < Cllu(s) —v(s) ||y (4.1.59)
Meanwhile, it follows from (3.4.19) that
C
(t—$)vA
e 2 gllyn < m”g”w*% (4.1.60)
Hence
112
| @u(t) — Pv(t)lyx < Cm sup [[u(s) —v(s) |« (4.1.61)
0<s<t

A similar estimate works on (4.1.57), and we deduce that & is a contraction map on # provided T, <
v/2C2.
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We summarize what has been accomplished.

Proposition 4.1.5. In the setting of Proposition 4.1.4, given f € V*(0), there is a unique solution u = u"
to (4.0.1), satisfying
u € C([0, 00), V*(0)) N C*((0, 00) x 0), (4.1.62)
and we have
@)l < P41 f Nl (4.1.63)

4.2. Vanishing v limits. As in Section 4.1, we assume u = u" solves

ou”
o = vau—Xuu', s 00 =0, u(0) =1, (4.2.1)
with f € V% (0). We assume, as in (4.1.28), that
X, eX!, divx,=0, (4.2.2)
and as in (4.1.51) that B
X, € C*((0, 00) x 0). (4.2.3)
We also assume
Xex!, divx=0. 4.2.4)
Here is our first convergence result.
Proposition 4.2.1. Under these hypotheses, we have, as v \{ 0,
u’ @) — e "X, weak* inV*(0), (4.2.5)
provided X, also satisfies the following: we can write
X, =) alt.0Y, X=)Y a;x)Y; (4.2.6)
J J

where, as in (4.1.3), the set {Y; : 1 < j <M} C X! spans X' over C*(0), and we have ||aj”.(t, =),
lajllL=@©) < K, and

li\rj(l) [aJ”» (t,x)—a;j(x)] =0, uniformly on compact subsets of 0. 4.2.7)
1%

Remark. Looking at (4.1.10), we see that (4.2.6)—(4.2.7) hold when X, is the family arising in the
plane-parallel chanel flow problem.

Proof. Rewrite (4.2.1) as
ou"

o = WA = X)u’ + (X - X )u", (4.2.8)
SO .
u' ()= V2% 4 / ITIVA=X) (X X ())u(s) ds. (4.2.9)
0
We have

(X =X,(s)u’(s) = Z[aj(x) — a;(s, 1Y ju’(s), (4.2.10)

J
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and u"(s) is bounded in V*(0). As long as k > 1, Y;u"(s) is bounded in L?(0), and the hypotheses on
aj give
(X —Xu(s)u’($)lr@y— 0, as v\ 0, Vp<2, 4.2.11)

with uniform bounds in L?(0). Now e'"2=%) is a contraction semigroup on each space L?(0), so from
(4.2.9) we obtain
12% lu”(t) — e V20 fllr =0, Vp<2. (4.2.12)
%

This result together with the uniform bounds on ©”(¢) and on e'WA=X) in Yk (0), and in concert with the
result that
VAT £ o7 X f weak® in VF(0), (4.2.13)

given in Proposition 3.3.4, yield the asserted convergence (4.2.5), for k > 1. The case k = 0 then follows
since V1 (0) is dense in ¥°(0) = L2(0). O

We will improve weak™ convergence in (4.2.5) to norm convergence. Here is a first step.

Proposition 4.2.2. In the setting of Proposition 4.2.1,
fel*0) = u’(t) = e X f, in L*-norm, asv\ 0. (4.2.14)

Proof. We already have weak* convergence in L?(0). Also, results of Section 4.1, involving (4.1.29),
imply
lu” Ol 2 = 1 fll2@),  Yv,t>0. (4.2.15)

Since for X € X! such that div X = 0 we have |le="* f||,2 = || f |l ;2, the conclusion in (4.2.14) follows
from the weak™ convergence. U

An alternative proof of a generalization of Proposition 4.2.2 will be provided in Proposition 4.2.3
below. We begin with the elementary inequality

lu"OOllr <N fller, 1< p=<o00, (4.2.16)

for solutions to (4.2.1) with f € L?(0). If also f € ¥*(0) with k > n/2, the result that u" (1) — e~'X f
weak* in V*(0), proven in Proposition 4.2.1, implies
u’(t) — e X f locally uniformly on O. (4.2.17)
In particular,
feC®0) = u'(t) —> e "™ f, boundedly and locally uniformly. (4.2.18)
Combining (4.2.16) and (4.2.18) and using standard approximation arguments, we have:

Proposition 4.2.3. In the setting of Proposition 4.2.1,
feCO) = u"(t) » e "X f, boundedly and locally uniformly on O, (4.2.19)

and, for 1 < p < 00,
feLlP©) = u’(t)— e 'Xf in LP-norm. (4.2.20)

We now sharpen Proposition 4.2.1.
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Proposition 4.2.4. In the setting of Proposition 4.2.1, (4.2.5) can be sharpened to
u’t) — e "X, in V*-norm. (4.2.21)

Proof. In view of uniform bounds on |lu”(¢)]4+ in (4.1.63), it suffices to establish (4.2.21) for f in a
dense subspace of ¥*(0), so take f € C°(0). As in the proof of Proposition 3.3.4, we use the complex
interpolation identity

VH(©O) = [L*©), V* (Ol 2. (4.2.22)
established in Proposition A.1.1 of the Appendix, which yields, for f € ¥2%(0),
" 6) = X Fllys < () — e X 11,27 Nt () = e FlIx (4.2.23)

The first factor on the right side tends to zero as v \ 0, by Proposition 4.2.2 (or Proposition 4.2.3), and
the last factor is uniformly bounded as v N\ 0 by (4.1.63) (with k replaced by 2k). This completes the
proof. O

Let us tie these results more closely to estimates obtained in Section 2.2. In such a case we had addi-
tional structure to exploit. Namely, X and X, were given in (2.2.5) as V (z)d, and v” (¢, z)dy, respectively,
where v'(t, z7) = V102 V(2) (see also (4.1.10)). To generalize a bit to our present context, we assume in
addition to (4.2.2)—(4.2.4) that

X=vZ, X,=vZ, Zc¢ x!,  Z commutes with A and with X and X,. (4.2.24)

The last two conditions are equivalent to

Zv=27v"=0. (4.2.25)
In such a case, (4.2.9) becomes
u’(t) =V f 4 / te“—”(”A—X)((v —v")Zu"(s)) ds. (4.2.26)
The commutation properties yield '
w’'(t)=Zu"(t) = (dw’ =@wA-X)w", w'|g =0, w'0) =Zf). (4.2.27)
Then the maximum principle gives
1Zu" ()l Loe < NZfLoe- (4.2.28)

Let us assume Zf € L°°(0) and set || Zf |1~ = K. Since e~92=X) 5 positivity preserving, we have
from (4.2.26) that

t
¥t x) —e' V40 f(0)| <K / TTOWVA=X 1y _yV(s)| ds. (4.2.29)
0

Now (4.2.24)—(4.2.25) imply Ze=VA=X)|y — ¥ (s)| = 0, and hence

UTOVA=X 1y Y (s)| = eIV v — vV (s)], (4.2.30)

so we have ;
u’(t,x) — ' V20 f(0)| <K / TV Y — vV (s)| ds, (4.2.31)

0
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which can be compared to (2.2.10)—(2.2.11). To be sure, results of Chapter 3 apply to the right side of
(4.2.29), as we have seen in the analysis of (4.2.9), but the analysis of the right side of (4.2.31) is more
elementary.

5. Further conclusions on plane parallel flows

This chapter contains further results pertaining to plane parallel flows in a channel. In Section 5.1 we
generalize the analysis of the vanishing viscosity limit for plane parallel flows to include flows sheared
by a moving boundary, translated at varying speed parallel to the x-axis. In Section 5.2 we consider more
general boundary motions, parallel to the x-y-plane. We continue to assume (1.0.1)—(1.0.4) and we take
the forcing F = 0.

5.1. Moving boundary, parallel to x-axis. We begin with the case in which both channel walls move
with the same velocity « (), that is, we take the vector field B in (1.0.2) of the form:

B(t, p) = (a(1),0,0), p e do. 5.1.1)

Recall 0=R/Z x [0, 1]. Since « is spatially constant, this is consistent with the assumption of periodicity
in x. Later we extend the analysis to independent motion of the walls, in (5.1.47), and then extend it
further in (5.2.1).

The goal is again to study the limit of vanishing viscosity and the corresponding boundary layer,
assuming a rough boundary velocity «. The case of circularly symmetric flows in a rotating circle or
annulus was studied in [Lopes Filho et al. 2007]. We follow the notation used there.

It is convenient to assume « is defined on the whole R but supported in [0, 0o). If X is a space of
distributions on R, we indicate with X, the space of elements of X supported on [0, c0). We then take
o € BV,(R) or even o € L,f([R{). Since C;°(R) is dense in these spaces (p < 00), we can first pick
a € C;° and then use limiting arguments.

In order to highlight the effect of the moving boundary, we again take smooth initial data compatible
with (1.0.4) and independent of v, that is,

1w 0,x,y,2)=V(), W, 2),0), (5.1.2)

with V € C*°([0, 1]) and W € C*°(0). Here u" satisfies the system (1.0.8) with f = g = 0, which we
repeat here for convenience:

avY 9%vY
=v— 5.1.3
ot " 072 ( )
ow’ n yow” (82w" n 82w”) (5.1.4)
v =v . 1.
ot x ax2 072

At the same time, since the inviscid flow does not see the moving boundary due to slip boundary con-
ditions (see below), we do not impose compatibility of the initial data with the motion of the boundary,
(i.e., in this context, we do not assume that V (z) = «(0) for z = 0, 1). Consequently, the viscous flow
has an initial layer at t = 0.

As we will demonstrate, the vanishing viscosity limit in this context takes the form u” — u°, where

u®t, x,v,2) = (0@, 2), w'@, x, 2), 0), (5.1.5)
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is the solution of the Euler equations (1.0.15) again with f = g =0, that is,

a0 aw’ ow’
B_UIZ IW- L 0% . (5.1.6)

Initial data are as in (5.1.2), so that

’

1’0, x, y,2) = (V(2), W(x, 2), 0), (5.1.7)

and the boundary conditions (1.0.12) are automatically satisfied in this case. In particular, the Euler flow
is independent of the moving boundary and there is a boundary layer in the limit v — 0.

As in [Lopes Filho et al. 2008; 2007], we pass to a frame moving with the boundary. Equivalently,
we set

vV(t,2) =v'(t, 2) —alr), ' =", w", 0). (5.1.8)
We still assume o € C;°(R), in particular «(0) = 0. Then " must solve the following problem in O:
v’ %
=v—— —0ad'(1), 5.1.9
ot Y 072 @ ® ( )
ow” w" ow” ’w’ 9w’
% 2"+l = V)= = ). 5.1.10
ot + dx O Fe®) )ax a2 + 972 ( )
i’ (t,x,z) =0 on 90, (5.1.11)
1"(0,x,2) = (V(z), W(x, 2), 0). (5.1.12)
By Duhamel’s principle, the system above is equivalent to:
t
1’ =e" 4V (2) —f [e" ™4 1] da(s), (5.1.13)
0
t
w’ = VAW +f TV A=XNY — 5 —a(s)) d,w"] ds. (5.1.14)
0
The solution to the Euler system is given by
W, 2) =V (2), t>0, ze€[0,1], (5.1.15)
w'(t, x,2) =X Wy(x, z)
=Wkx-tV(@),z2), t>0,xeR/Z z€]0,1], (5.1.16)

as long as V and W are smooth enough.
We separate the contribution of the boundary conditions by writing (5.1.13) as

t
V() =0"(t) +alt) =" V() + S a(r), where ¥’ a(r) == / (I —e" "9 11da(s), (5.1.17)
0
with the integral defined as a Bochner integral. As long as v > 0, we have

9 CRR) — CA[R, C([0, 1)),

and in particular the boundary conditions are satisfied pointwise, since e”*4 1 «(s) is continuous in s and
vanishes at z =0, 1 for s > 0. The trace at the boundary takes value in two copies of C bl (R).
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To treat less regular o, we observe that for o smooth (5.1.9) is equivalent to (5.1.3), so that '« is a
classical solution of (5.1.3) with V = 0. Therefore, the maximum principle for the heat equation gives

Y Cp(R) — Cp(R, C([0, 1)) C L} 1oc (R, C([0, 1])). (5.1.18)

Next, we observe that if 8 € C;°(R) then
a=p = a=09"B.
so that
P9 = %" : CP(R) — Cyp(R, C=([0, 1])).
From (5.1.18) it follows that
S0, = 0,9 : Cp(R) — H};ILC([R{, c(o, 1])). (5.1.19)

But each @ € L{;/(R), p’ > 1, has the form a = B’ with 8 € C,(R), namely B(¢) = fioo a(s)ds. Hence

9" LY ®) — H L (R, C([0, 1])), (5.1.20)

,loc

for each p’ > 1. Consequently we have the continuous linear map
TroY” : L} (R) — (H, .. (R) @ H, \ (R)), (5.1.21)

By density, then, the boundary condition v" (¢)|30 = « in H, lloc(R) holds for any « € L{;/([R), p’ >1and
also ¢ € BV, (R) C L}y([R{). The vanishing viscosity limit cannot hold in these spaces, which have good
trace properties; in fact, we seek convergence as v — 0 in H? (0), 0 < o < 1/2, locally uniformly in
t. Note that L%(0) is the energy space for solutions to the Euler system, but convergence in LZ-norm is
relatively weak compared to the convergence results we are in a position to establish.

We first consider @ € BV, (R). Let X be a Banach space of functions on [0, 1] such that 1 € X and
{e'4 1t > 0} is a strongly continuous semigroup on X. For example, X = L”([0,1]), 1 < p < oo.
More generally, we could take X = H*?([0, 1]), with p € (1, c0) and s € [0, 1/p). Recall that $'« is
given explicitly in (5.1.17) for « smooth. By an approximation argument using mollifiers with support
in (0, 1/k), we can extend the validity of that expression to more singular «’s (for details, we refer to
[Lopes Filho et al. 2007], Proposition 2.1). We observe that the integral in (5.1.17) can be taken over
[0, t) or [0, ], since the integrand vanishes at s = ¢.

Lemma 5.1.1. If X is a space such as described in the previous paragraph, we have
F" BV, (R) — Cp(R, X),
given by
Pat) = f [(1 =" ]da(s), 1(t)=]0,1], (5.1.22)
1(t)
where the integral is a Lebesgue-Stieltjes-Bochner integral.

Formula (5.1.22) also implies the estimate

19 a(®)|x < llallBvao.y sup lle”** fi— fillx, (5.1.23)
5€[0,1]
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and, if v(0) = V € X,
v (@#) = Vix < "4V = Vlix + |9 a(t) | x—0, (5.1.24)

as v — 0, which shows the zero-viscosity limit holds in the X-norm, for the v component of the velocity,
in view of (5.1.15).

We next consider some rougher o, namely « € L”', for a certain range of p’. To begin, take « € C S (R),
in particular «(0) = 0, and integrate by parts in formula (5.1.22):

t—e

t
f [ev(t—S)A_l]da(s)=a(t)_evtAa(O)_lin,(l) U(Aev(t_s)Al)Ol(S)dS,
0 > Jo

v(t—s) A

using that e 1 € B(A), whenever s < ¢. The limit € — 0 exists at least in L2([0, 1]) and we write

t—e

t
lim v(Ae" VA1) a(s) ds=/ V(A" VA ) a(s) ds.
=0 Jo 0

Equation (5.1.13) then becomes
t
" =e"" AV (z) —a(t) +/ WA""DA D) a(s)ds, (5.1.25)
0

and ,
v ="V (2) +/ WA "I D) a(s) ds. (5.1.26)
0

Consequently, to establish convergence of the v component of the velocity to the corresponding Euler
solution in the limit v — 0 it is enough to prove the last integral vanishes in the limit.

We observe that e 41 and vA "' 41 can be explicitly computed using Fourier series. However, it is
preferable to use Green’s function methods as we are interested in the limit v — 0. To this end, we bring
in the Sobolev spaces H? ([0, 1]) with 0 <o < 1/2. We recall the well-known interpolation estimate

) | HJ (M) ifi<o <1,
[L~(M), Hy(M)], = (5.1.27)
H°(M) if0<o <3,
where M = [0, 1] or M = O here, which gives
B((—A)*) = H([0,1]) for o €0, ). (5.1.28)
Hence, we first have uniformly in ¢ € [0, T] for any 0 < T < o0,
e"'4 V—V strongly in H° ([0, 1]), as v — 0. (5.1.29)

We next observe as in [Lopes Filho et al. 2007, Equations 3.8-3.11] that

lvAe™* 1l go 0,17 < Cllv(—=A) 72" 1| 120.1))
— C”v(_A)lf(rfo)/ZevsA(_A)r/Z 1”L2([0,1])
— CV(‘[—G)/ZS(T—O')/Z—I ”(_VSA)I_(T_U)/ZeVSA(_A)T/z 1 ”LZ([O i

< Cv 25211 e oy
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for 0 <o <t < 1/2, so that by Holder’s inequality we have, with p’ the conjugate exponent to p,

t t 1/p
/ VA" 94 1 a(s) | oy ds < ||a||Lp/([0,,D( / IvAeSA 112, ) ds)
0 0
< Cpor p(T=0)/2 t(r_a)/z_H_l/pHaHLP’([O,t])“ U ey, (5.1.30)

provided 1 < p <2/(2 — (t — 0)). For example, it is enough to have p’ > 4. The same estimate holds
fora € Lg /(IR) using a smooth approximation by convolutions.

Combining the estimates in (5.1.29) and (5.1.30), we obtain convergence of the v component of the
velocity in the limit v — 0 in the Sobolev space H? ([0, 1]). We record this result in a proposition.

p A
1 and1 <p< 7 (t—0)

Proposition 5.1.2. Let0 <o <t < 1/2 and assume o € Lf/([R) with p' =
Then S a(t) = fot(v A e’ A1) a(s)ds defines a map

S A LZ/(R) — Cp(R, H? ([0, 1])),
satisfying estimate (5.1.30). Furthermore, uniformly int € [0, T] for any 0 < T < 00,
v’ —° strongly in H° ([0, 1]), as v — 0. (5.1.31)

Having settled the analysis of the first Equation (5.1.3), we now turn to Equation (5.1.4) in its mild
fomulation (5.1.14), which we solve as a fixed-point problem, but first we record some useful a priori
estimates.

We denote again 9¥w" by wy, k € Z. Since o depends only on ¢ and v” depend only on ¢, z, the same
arguments as in (2.1.9) — (2.1.12) gives that w; also solves (5.1.4). Integrating by parts in that equation,
we obtain

ld, o o o 2 |w'@, x, 7)I
EE”UJ ||L2(@)+/0 '/0 [(U (t, Z)+Ol(t))£f]dxdz

- %%nw”niz(@) + /0 1 Ozn@”(r, 2) +a<r>>[M]§” dz
= %%nw“uiz(@) = —v[[Vw' (|2, <0,
using periodicity in x. Therefore
lwg Ol 20) < 13 Wl L20)- (5.1.32)
On the other hand the maximum principle gives
lwi O llz=© < 13 Wll< ). (5.1.33)

These estimates continue to hold for @ € BV or L? (1 < p’ < 400) by approximation with smooth
functions.
We write (5.1.14) as w(¢) = &' VA0 W (r) + F¥(w")(t), where

t
5V, V, o, v)(w) =F (w)@) :f IOV A=X (Y _ 5V —(s)) dyw(s)] ds. (5.1.34)
0
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To establish the existence of a unique solution to (5.1.14), it is enough to prove that §” is a contraction
in L>®([0, T1, L?(0)), T small enough, since then continuation of the solution follows from the uniform
estimate (5.1.32).

We observe first that Proposition 5.1.2 and the Sobolev embedding implies that

V—tv—aeLP([0,T], L0, 1])

for any 1 < g < oo. Furthermore, at fixed viscosity, given that V is smooth and bounded on [0, 1] with
all its derivatives, a scaling argument gives

le" 87 fllgi ey < Coy VYDV £l ey, (5.1.35)

if 1 <r<2,0<t<1. We apply this estimate below with 1/r = 1/qg + 1/2, g large, so that r > 1.
Let |||w||| = ”w”L”o([O,T],LZ(@))' Then, from (5135),

T
IIF(w) —FHIl < Cuv fo t =) VIV = 0"(s) — a(s)) (w(s) — w'(s) | (o) ds

T
e 5.1.36
<Cuy /0 (0 =) VIV = () — () Lo oy w(s) — w2y ds O30

1/p—1 =
<CyyT /P /r”V —v-= a||Lp/([07T],Lq([o,1]) lIlw — w'lll,

using that V — v” — « commutes with 9d,. This estimate holds provided p < r, where p is the conjugate
exponent to p’ and 1/r =1/ + 1/2. If p’ > 4, we can find such an r > p > 4/3 by choosing ¢ > 4 in
(5.1.35). The estimate above gives that § is a strict contraction on L*°([0, T], L?(0)) if T is sufficiently
small. We therefore have existence and uniqueness of solutions to (5.1.4) in L*°([0, T], L?(0)), and
hence in L*([0, 0o), L?(0)) thanks to (5.1.32). Furthermore, since wy satisfies the same equation for
all k € Z, wy is the unique solution to (5.1.14) in L*°([0, 00), L?(0)) and we conclude that w" €
L>®([0, 00), ¥*(0)) for all k € Z,. Also w” is smooth in x, z for r > 0, and satifies the boundary
condition w’ = 0 on 00 pointwise.

We now turn to the analysis of the vanishing viscosity limit w’ — w®

as v — 0. For this analysis,
we rely on the results in Section 3.1 on the behavior of the semigroup e/VA~*) as v — 0. In view of
(5.1.16), we can write

W’ —w')(t, x,2) = [ — e XIW(x, 2) + R"(t, x, 2),
where
t
R'(t,x,2) = / e ICATONV (2) — 5% (s, 2) — a(s)) dyw” (s, x, 2)] ds.
0
We estimate the easier term R" (¢, x, z) first. This can be done exactly as in (2.2.11), using (5.1.33) and

the positivity of the kernel of ¢/ "A=%):

t
IRV(t,x,2)| < C|ox W= (0) / U=IVA=X) 1y () —5V(s, 2) —a(s)|ds
° (5.1.37)
=C ”axW”LOO(@)f eIV (2) —vV(s, 2)| ds,
0
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where the equality follows since V — v” is independent of x. Next, since V — v¥ — 0 strongly in
L9([0, 1]), 1 <g < oo, uniformly in ¢ € [0, T] from (5.1.30), and eVU=9)A g uniformly bounded in ¢ and
v on L79(0), we conclude

R"(x, z, t)— 0 strongly in LY (0) uniformly in 7 € [0, T], as v — O. (5.1.38)
In fact, when ¢ =2 and V =0, the estimate (5.1.30) gives also an upper bound for the rate of convergence:

sup IR (-, D)l 20y < Cv v/ T2 1 e oy el Lo o1, (5.1.39)
0<t<T
with again p = p’/(p’ — 1), 0 < © < 1/2. In the case p = 0o, we get a rate consistent with estimate
(2.1.21) for &« = 0. We now turn to the more delicate term [’ VA~%X) — ¢~ " XTW (x, z) for which we
directly use Proposition 4.3 to conclude:

[e'VAX) _ =" X1W 0 strongly in L?(0) uniformly in ¢ € [0, T, (5.1.40)

as v — 0. Putting together (5.1.40) and (5.1.38) we obtain convergence in L?(0) of the w component
of the velocity in the vanishing viscosity limit, and hence of the Navier—Stokes solution to the Euler
solution.

Proposition 5.1.3. Leta € Lf/([R{), p' >4. Letu” = (v’, w") be the solution of the Navier—Stokes system
(5.1.3)—(5.1.4) with initial condition (5.1.2) and boundary conditions (5.1.1). Let u® be the solution of
the Euler system (5.1.6) with the same initial condition, given by formulas (5.1.15)-(5.1.16). Then, as
v—0,

u’(t) — u®(1) strongly in L1(0), Vg ell,c0),

locally uniformly in t € [0, 00).

Exploiting the analysis of Section 3.2 yields convergence in higher norms in the interior. Recall that
v” is given by formula (5.1.25), and w” by formula (5.1.14) respectively. Below, v° and w® are the
components of the Euler solution, given respectively by (5.1.15) and (5.1.16). Let the set €2; be defined
as in Proposition 3.2.1, i.e., 2] € ¢ € O. Projecting along the z-direction we then have two maximal
intervals I} CC Iy € [0, 1].

Lemma 5.1.4. Letk e N and fix 0 < T < oo. Then v" defined in (5.1.25) belongs to C*°([0, T1, H*(I}))

and
vW = V=" in L2(0, T, H*(1})), as v— 0. (5.1.41)

Proof. The limit e’ A f — fast — 0in H k()N L2([0, 1]) follows easily from the explicit formula for
the Green’s function. Since V € C*°(0), we immediately have "4V — Vasv— 0in H*(I}), Vk e N.
We also have ¢"'41 — 1 in L*®([0, T], H*(I})) as v — 0, so that

lim #"(a) =0, in L®([0, T1, H*(I})),

v—>0

1
since $’a(r) = / WAe" " DA a(s)ds. O
0

From the Lemma, proceeding as in the proof of Proposition 3.2.3, we obtain

0

vW— V=0 as v — 0, uniformly on /; for ¢ € [0, T']. (5.1.42)
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The method of images yields more precise estimates. In fact, from (2.1.20), when « € BV, (R)
t
o] =| [ 1= 1da)| < CT lalrvon swp o(097P5@).  6.143)
0 0<s<t

for t € [0, T], where 8(z) = dist(z, {0, 1}) and ¢(¢) is rapidly decreasing as { — oo. Similarly, if
aeLl(R),1<p<oo,

t
| ez, t)|=‘/ (VA A l)a(s)ds‘fCT leli iy sup ¥ ((sv)~'28(2)), (5.1.44)
0 0<s<t

where v/ (¢) vanishes at 0 and is rapidly decreasing as { — o0.
Next, we address convergence of w".

Lemma 5.1.5. Fix0 < T < o0. Then w' defined in (5.1.14) belongs to C*([0, T], C(21)) and

w’ - w' asv— 0, uniformly on Q2 fort € [0, T]. (5.1.45)

Proof. We first observe that, since "’ # is uniformly bounded in L (0) (though not strongly continuous),

estimate (5.1.37) together with (5.1.42) implies

R"(t,x,z) > 0 asv— 0, uniformly on Q; forr € [0, T]. (5.1.46)

Therefore, it is enough to show that [¢/"A7%) — =1 X]

equivalent to show

W(x, z) — 0 uniformly as v — 0. In fact, it is

e AW (x, 2) > W(x, 2),
given that ¢’ Xis an isometry. This result then follows from Proposition 3.2.3 (via (3.2.1)). U
We combine the two lemmas in a proposition (see also Proposition 4.2.3).
Proposition 5.1.6. In the setting of Proposition 5.1.3 , let Q1 € Q¢ € O. Then, as v — 0,
u'(t, x, z)—)uo(t, x,z) uniformlyin(x,z) € Qi, tel0,T].

If « is sufficiently regular, then it follows from (2.1.20) and (5.1.25) that X, = v"(¢, 2)0y € /36\1 and
hence the results in § 3.7 can be applied to w, to obtain a more detailed analysis in the boundary layer.

We now generalize the setting to allow for the two channel walls to move with different velocities,
that is, we replace the boundary condition (5.1.1) with:

(¢, j), w'(t, x, j),0) = (@;(1),0,0), x eR/Z, t >0, je{0,1}. (5.1.47)
It is straightforward to extend the results derived above to this case. We begin by replacing (5.1.8) with
v(t,2) =v"(t,2) — D, 2), u" =", w" 0), (5.1.48)

where @ is given by
@ (1, 2) = [o1 (1) — ao(t) ]z + ap(1). (5.1.49)
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Note that & solves
ZD(t,-)=0 on [0, 1],

@, 0)=ao(r), >0,
o, 1) =ai(t), t=>0.
Formula (5.1.17) is then replaced by

v (1) = " AV + FV (g, 1) (1),

v _ _ u(t—=s)A
S (ao,al)(t,Z)—/[o’t][(I e )0s P (s, 2)]ds (5.1.50)

= / [(1 — "1 — )] dao(s) + / (1 — "9 2] da (s).
[0,7] [0,¢]

Integrating by parts we can obtain the analog of (5.1.25). Estimates analogous to those done above on
P a(t) are readily verified.

5.2. Moving boundary, parallel to the x-y-plane. In this section, we take a look at the following more
general motion of 90, namely

B(t,x,2) = (aj(®), B;(®),0), z=je€{0,1}. (5.2.1)

Most of the techniques have been developed in Section 5.1, so we will be brief. First note that allowing
B; to be nonzero has no effect on the component v" (¢, z), and (5.1.50) continues to hold.

Let us analyze the effect on w" (¢, x, z). Take B; € C;°(R) to start (though later we can extend to
B;j € BV,(R)). Set

W(t,2) =[B1(t) — Po(H)]z + Bo(D). (5.2.2)
We see that
w'(t,x,z) =w"(t,x,z2) — V() (5.2.3)
vanishes on 00 and satisfies
ow’ +v'o,w’ =vAw' —o,¥, w"(0,x,z)=W(x,2). (5.24)

Hence, with X = Va,,
t
w'(t,x,2) = VAW, )+ / eU™IOAX (v ¥ (s, 2))3,w" (s, x, 2) ds
0
t
- f IIVA=X8 U (s, 7)ds, (5.2.5)
0

so, making use of the fact that W (s, z) is independent of x, we obtain

t
w’(t, x,z) = "2 OW(x, 2) +/ ITOVA=X) (y (s, 2))0,w" (s, X, 2) ds
0

t
+ / (I — ="MW (s, 2)ds. (5.2.6)
0
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One can write the last integral as

[a=emma—aaper+ [ -ezapo
0 0

Previously developed techniques apply to (5.2.6)—(5.2.7).
Finally, we draw further conclusions when (5.2.1) is specialized to

B(t,x,z) =(0,8;(®),0), z=je{0,1}
In such a case, v' (¢, z) is as in Chapters 3—4. Consequently, (5.2.4) is

hw” =(wvA—X,)w" — oV,
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(5.2.7)

(5.2.8)

(5.2.9)

with initial data w" (0, x, z) = W(x, z), boundary data 0 on 00, and with X, exactly as in Section 2.2.

Hence the results of Chapter 4 apply. We have
t
W (t, x,2) = ZHW(x, 2) —/ =310, W (s, 2) ds,
0
where X9 is the solution operator to

qu=wWA—-X))u, 0,

”|R+xa@ =
ie., u(t) =X'u(s) for 0 <s <. Hence

t
w'(t, x,2) = ES”W(x, 7) +/ (I —%5M3,W (s, z)ds,
0
and we can write the last integral as
t t
f (I =23 (1 —2)dBo(s) +/ (I —23)zdi(s).
0 0
Results of Chapter 4 then give convergence
w (1) = w(t)

in various function spaces, including V*(0).

(5.2.10)

(5.2.11)

(5.2.12)

(5.2.13)

(5.2.14)

Obtaining such convergence in the context of (5.2.1) would require some extra hypotheses on o (z),

which we will not pursue here.

Appendix A. *(0) and b-Sobolev spaces

We take O to be a compact Riemannian manifold with smooth boundary. Recall from (3.3.1) the definition

VKO)={ueL*©):Y,---Y;jue L*©0), Vj<k Y €X'},

fork €{0,1,2,...}, where

x!'= {Y smooth vector field on O : Y || 90}.

(A.0.1)

(A.0.2)
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These spaces are special cases of weighted b-Sobolev spaces, introduced and studied in [Melrose 1993]
(see also [Melrose 1996]). Here we discuss this matter and draw some conclusions that are useful in
Sections 3.3 and 4.2.
The manifold O carries a complete Riemannian metric, called a “b-metric,” which on a collar neigh-
borhood of 90, identified with [0, 1) x 90 (with {0} x 00 identified with 00 C 0) has the form
g= (%)2 +h, (A.0.3)

where £ is a smooth metric tensor on d0 and y the parameter on [0, 1). We use the symbol 0 to denote O
as a Riemannian manifold with such a Riemannian metric. The b-Sobolev spaces H If (0) are defined by

HF @) ={ueL}©):Y,---YjueL)0), Vj<k Y eX'}, (A.0.4)
where X! is as in (A.0.2) and
L2(0) = L*(0). (A.0.5)

Different choices of b-metrics on O give the same spaces, with equivalent norms. To define weighted
b-Sobolev spaces, take a defining function p for 40, i.e., p € C>®(0), p>00n0, p=00nd0, Vp(x) *
0, Vx € 90. Thus, for s € R, set

0° HF(0) = {p*u : u € Hf (0)}. (A.0.6)
An inductive argument shows that
P HEO) ={u e pL2(0): Y, ---Yjue p’L20), ¥j<k Y, €X'} (A.0.7)
We also have
L*(0) = p~'2L2(0). (A.0.8)
Hence
V*(0) = p~ V2 Hf (0). (A.0.9)

Remark. The use of “b” as a subscript in names of function spaces is different in this appendix than it
was in Chapter 5. We trust this warning will forestall confusion.

A.1. Interpolation identities. This identity (A.0.9) is of use in establishing the following result, which
is valuable in §Section 3.3 and 4.2.

Proposition A.1.1. If0 <k < € and k = €0, then
[L2(0), V(©)]s = V¥(0), (A.L1)
where the left side is the complex interpolation space.

In light of (A.0.9), this follows straight away from:
Proposition A.1.2. If0 <k < £ and k = €0, then

[L7(0), HL(0)]g = Hf(0). (A.1.2)
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In turn, Proposition A.1.2 can be proven by identifying Hlf (0) with a regular Sobolev space of func-
tions on the complete Riemannian manifold 0. (Thanks to R. Mazzeo for pointing this out.) In detail,
we set

HY©) = {u e L*©): Viu e L*©), Vj <k}, (A.1.3)
where a priori V/u is a distributional section of ®/ T*0, whose fiber @’ Tx*6 inherits an inner prod-
uct from that of 7,0 given by the complete Riemannian metric tensor on 0 described above. Since
the Riemannian manifold O considered here, arising from O via a b-metric, has special structure as a
Riemannian manifold with bounded geometry, we can give a convenient alternative characterization of
H* (6), as follows. There exist K € N and smooth maps from the closed unit ball B; C R” into 0
(n = dim 0)

¢, : B — 0, (A.14)
with the following properties:

@, is a diffeomorphism of B; onto its image;

{pkg} is a C™ bounded family of metric tensors on B;

- (A.1.5)
{¢v(B1/2)} covers O;
each p € 0 is contained in at most K sets Oy (B)).
Given a function u € Llloc (6), set
u, =g¢u e L' (B)). (A.1.6)
Then
H*(©) = {u e L2©): 3 Y 1Dl g, < oo}. (A.17)
v a|<k
Note also that
ue H'\@ & ) Y 1D%uula g, ,, < (A.1.8)
Vo |a|<k

An examination of the behavior of elements of X! when pushed forward to B; via ¢, establishes:

Proposition A.1.3. Forke 7™,
Hf(0) = H*(0). (A.1.9)

Hence (A.1.2) follows from the result that
[L*(©0), H' ()]s = H* (D). (A.1.10)

To establish this, it is convenient to bring in the Laplace-Beltrami operator of 0, which we denote L.
This is defined as an unbounded operator on L?(0) via the Friedrichs construction:

ued(L) and Lu=f <= ue H'©)and (Vu,Vg), 2 = —(f. &) 12 Vg€ H' (©). (ALl

The fact that O is complete implies L is a negative self adjoint operator and C3° (6) is dense in the domain
of all powers of L, defined inductively by

ueP(LY = ueB(L)and Lu € B(L"). (A.1.12)
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Compare [Chernoff 1973]. More generally, for each s € [0, 00), (—L)* is defined via the spectral theorem
as a positive self adjoint operator, and one has the classical interpolation identity

[L2(©), D((—L)")]o = D(~L)*). (A.1.13)
Hence the identity (A.1.10) is a consequence of:

Proposition A.1.4. Fork € N,
H*(0) = B((—L)?). (A.1.14)

Proof. That
B((—L)'/*) = H'(0) (A.1.15)

is a fundamental property of the Friedrichs construction. Next, from (A.1.11) we have
B(L) ={u e H(©0): Lu e L*(0)}, (A.1.16)
where Lu is a priori a distribution on 0. Clearly H 2(6) C 9(L). We can use the interior elliptic estimates

> D uls 5,y = € (0l + vt ) (A.117)

la|<2
with L, the image of L on By via ¢,,. The estimate (A.1.17) holds with C independent of v. We use this
together with the equivalence of (A.1.7) and (A.1.8), to obtain the reverse inclusion, hence

@(L) = H*(0). (A.1.18)
To continue, we note that (A.1.17) extends to
> U0 uls = Cr(Nutlspy + NLE U2 ) (A.1.19)
loe| <2k

again with Cy independent of v, and this together with (A.1.7)—(A.1.8) gives

{ue H'(©): L*u e L*(©0)} c H*(0). (A.1.20)
By comparison, the definition (A.1.12) says

DL ={ue H ©): Lu e (L* ). (A.1.21)

The right side of (A.1.21) is contained in the left side of (A.1.20). On the other hand, if we know that
G (LK1 = H%*72(0), it readily follows that H*(0) c @(L¥). Hence it follows inductively that

B(L*) = H*(0). (A.1.22)
To complete the proof of (A.1.14), we use
D~ = u e (LY : L'u e d((—L)*)} = {u € H*(©) : L*u € H'(0)}, (A.1.23)

and the interior regularity estimate

> DUl = Gl + LRI s, )- (A.124)
Jo| <2k+1
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This proves Proposition A.1.4, and hence Propositions A.1.1-A.1.3. U
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