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THE PSEUDOSPECTRUM OF SYSTEMS OF SEMICLASSICAL OPERATORS

NILS DENCKER

The pseudospectrum (or spectral instability) of non-self-adjoint operators is a topic of current interest in
applied mathematics. In fact, for non-self-adjoint operators the resolvent could be very large outside the
spectrum, making numerical computation of the complex eigenvalues very hard. This has importance,
for example, in quantum mechanics, random matrix theory and fluid dynamics.

The occurrence of false eigenvalues (or pseudospectrum) of non-self-adjoint semiclassical differential
operators is due to the existence of quasimodes, that is, approximate local solutions to the eigenvalue
problem. For scalar operators, the quasimodes appear generically since the bracket condition on the
principal symbol is not satisfied for topological reasons.

In this paper we shall investigate how these results can be generalized to square systems of semiclas-
sical differential operators of principal type. These are the systems whose principal symbol vanishes of
first order on its kernel. We show that the resolvent blows up as in the scalar case, except in a nowhere
dense set of degenerate values. We also define quasisymmetrizable systems and systems of subelliptic
type, for which we prove estimates on the resolvent.

1. Introduction

In this paper we shall study the pseudospectrum or spectral instability of square non-self-adjoint semi-
classical systems of principal type. Spectral instability of non-self-adjoint operators is currently a topic
of interest in applied mathematics; see [Davies 2002] and [Trefethen and Embree 2005]. It arises from
the fact that, for non-self-adjoint operators, the resolvent could be very large in an open set containing the
spectrum. For semiclassical differential operators, this is due to the bracket condition and is connected
to the problem of solvability. In applications where one needs to compute the spectrum, the spectral
instability has the consequence that discretization and round-off errors give false spectral values, so-
called pseudospectra; see [Trefethen and Embree 2005] and references there.

We shall consider bounded systems P(h) of semiclassical operators given by (2.2), and we shall
generalize the results of the scalar case in [Dencker et al. 2004]. Actually, the study of unbounded
operators can in many cases be reduced to the bounded case; see Proposition 2.20 and Remark 2.21.
We shall also study semiclassical operators with analytic symbols in the case when the symbols can be
extended analytically to a tubular neighborhood of the phase space satisfying (2.3). The operators we
study will be of principal type, which means that the principal symbol vanishes of first order on the
kernel; see Definition 3.1.

The definition of semiclassical pseudospectrum in [Dencker et al. 2004] is essentially the bracket
condition, which is suitable for symbols of principal type. By instead using the definition of (injectivity)
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pseudospectrum in [Pravda-Starov 2006a] we obtain a more refined view of the spectral instability; see
Definition 2.27. For example, z is in the pseudospectrum of infinite index for P(h) if for any N the
resolvent norm blows up faster than any power of the semiclassical parameter:

I(P(h) —zId) ' =Cyh™  0<h<«1 (1.1)

In [Dencker et al. 2004] it was proved that (1.1) holds almost everywhere in the semiclassical pseu-
dospectrum. We shall generalize this to systems and prove that for systems of principal type, except
for a nowhere dense set of degenerate values, the resolvent blows up as in the scalar case; see Theorem
3.10. The complication is that the eigenvalues don’t have constant multiplicity in general, only almost
everywhere.

At the boundary of the semiclassical pseudospectrum, we obtained in [Dencker et al. 2004] a bound
on the norm of the semiclassical resolvent, under the additional condition of having no unbounded (or
closed) bicharacteristics. In the systems case, the picture is more complicated and it seems to be difficult
to get an estimate on the norm of the resolvent using only information about the eigenvalues, even in the
principal type case; see Example 4.1. In fact, the norm is essentially preserved under multiplication with
elliptic systems, but the eigenvalues are changed. Also, the multiplicities of the eigenvalues could be
changing at all points on the boundary of the eigenvalues; see Example 3.9. We shall instead introduce
quasisymmetrizable systems, which generalize the normal forms of the scalar symbols at the boundary
of the eigenvalues; see Definition 4.5. Quasisymmetrizable systems are of principal type and we obtain
estimates on the resolvent as in the scalar case; see Theorem 4.15.

For boundary points of finite type, we obtained in [Dencker et al. 2004] subelliptic types of estimates
on the semiclassical resolvent. This is the case when one has nonvanishing higher order brackets. For
systems the situation is less clear; there seems to be no general results on the subellipticity for systems. In
fact, the real and imaginary parts do not commute in general, making the bracket condition meaningless.
Even when they do, Example 5.2 shows that the bracket condition is not sufficient for subelliptic types of
estimates. Instead we shall introduce invariant conditions on the order of vanishing of the symbol along
the bicharacteristics of the eigenvalues. For systems, there could be several (limit) bicharacteristics of the
eigenvalues going through a characteristic point; see Example 5.9. Therefore we introduce the approx-
imation property in Definition 5.10 which gives that the all (limit) bicharacteristics of the eigenvalues
are parallel at the characteristics; see Remark 5.11. The general case presently looks too complicated
to handle. We shall generalize the property of being of finite type to systems, introducing systems of
subelliptic type. These are quasisymmetrizable systems satisfying the approximation property, such that
the imaginary part on the kernel vanishes of finite order along the bicharacteristics of the real part of the
eigenvalues. This definition is invariant under multiplication with invertible systems and taking adjoints,
and for these systems we obtain subelliptic types of estimates on the resolvent; see Theorem 5.20.

As an example, we may look at

P(h) = h’Aldy +i K (x)

where A = — Z;‘: 1 afj is the positive Laplacian, and K (x) € C*°(R") is a symmetric N x N system.
If we assume some conditions of ellipticity at infinity for K (x), we may reduce to the case of bounded
symbols by Proposition 2.20 and Remark 2.21; see Example 2.22. Then we obtain that P () has discrete
spectrum in the right half plane {z : Re z > 0}, and in the first quadrant if K (x) > 0, by Proposition 2.19.
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We obtain from Theorem 3.10 that the L? operator norm of the resolvent grows faster than any power
of h as h — 0, thus (1.1) holds for almost all values z such that Re z > 0 and Im z is an eigenvalue of K;
see Example 3.12.

For Re z = 0 and almost all eigenvalues Im z of K, we find from Theorem 5.20 that the norm of the
resolvent is bounded by Ch=2/3; see Example 5.22. In the case K(x) > 0 and K (x) is invertible at
infinity, we find from Theorem 4.15 that the norm of the resolvent is bounded by Ci~! for Re z > 0 and
Imz = 0 by Example 4.17. The results in this paper are formulated for operators acting on the trivial
bundle over R”. But since our results are mainly local, they can be applied to operators on sections of
fiber bundles.

2. The definitions

We shall consider N x N systems of semiclassical pseudo-differential operators, and use the Weyl quan-
tization:

1 ‘
PY(x, hD,)u = // P<x+y,hs)e'<x—>’f>u(y) dy dg @2.1)
(27'[)” T*Rn 2
for matrix valued P € C®(T*R", £(C", C")). We shall also consider the semiclassical operators
(e8]
P(h)~ " h/ P (x, hD) (2.2)
j=0

with P; € C{°(T*R", £(CN, CN)). Here Cp° is the set of C* functions having all derivatives in L
and Py = o (P(h)) is the principal symbol of P (/). The operator is said to be elliptic if the principal
symbol Py is invertible, and of principal type if Py vanishes of first order on the kernel; see Definition
3.1. Since the results in the paper only depend on the principal symbol, one could also have used the
Kohn—Nirenberg quantization because the different quantizations only differ in the lower order terms.
We shall also consider operators with analytic symbols; then we shall assume that P;(w) are bounded
and holomorphic in a tubular neighborhood of T*R”" satisfying

IPj(z, )l < CoCj! [m(z, ) <1/C Vj>0 (2.3)

which will give exponentially small errors in the calculus, here || A| is the norm of the matrix A. But the
results hold for more general analytic symbols; see Remarks 3.11 and 4.19. In the following, we shall
use the notation w = (x, &) € T*R".

We shall consider the spectrum Spec P () which is the set of values A such that the resolvent (P (h) —
A1dy)~! is a bounded operator, here Idy is the identity in CV. The spectrum of P(h) is essentially
contained in the spectrum of the principal symbol P (w), which is given by

|P(w) —Aldy| =0

where |A| is the determinant of the matrix A. For example, if P(w) = o (P (h)) is bounded and z; is
not an eigenvalue of P(w) for any w = (x, &) (or a limit eigenvalue at infinity) then P(h) — z; Idy is
invertible by Proposition 2.19. When P (w) is an unbounded symbol one needs additional conditions;
see for example Proposition 2.20. We shall mostly restrict our study to bounded symbols, but we can
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reduce to this case if P(h) — z; Idy is invertible, by considering
(P(h)—z11dy) " (P() —221dy) 22 # 21

see Remark 2.21. But unless we have conditions on the eigenvalues at infinity, this does not always give
a bounded operator.

Example 2.1. Let
0
ro=(0g) eem

Then O is the only eigenvalue of P (&) but

(PE) —zldy)~! = —1/2 (é ${Z>

and (P —zIdy)~'P¥ = —z~! P¥ is unbounded for any z # 0.

Definition 2.2. Let P € C*°(T*R") be an N x N system. We denote the closure of the set of eigenvalues
of P by

Y(P)={reC:qweT*R", |P(w)—Xrldy| =0}
and the eigenvalues at infinity:
Too(P)={reC:Iw; > 00 Ju; e CV\0; |P(wj)u;—ujl|/|uj| — 0, j— oo}
which is closed in C.

In fact, that £, (P) is closed follows by taking a suitable diagonal sequence. Observe that as in the
scalar case, we could have X, (P) = X (P), for example if P(w) is constant in one direction. It follows
from the definition that A ¢ ¥, (P) if and only if the resolvent is defined and bounded when |w| is large
enough:

[(P(w)—21dy) ' <C  |w|>1 (2.4)

In fact, if (2.4) does not hold there would exist w; — oo such that || (P(w;) — A Idy)~ ! — o0, j — o0.
Thus, there would exist u; € CV such that |uj| =1and P(w;)u; — Au; — 0. On the contrary, if (2.4)
holds then | P (w)u — Au| > |u|/C for any u € CV and |w| > 1.

It is clear from the definition that X, (P) contains all finite limits of eigenvalues of P at infinity. In
fact, if P(wj)uj =Ajuj, lu;j|=1, w; — oo and A; — A then

P(wj)uj —)»l/lj = ()‘j —A)uj — 0.
Example 2.1 shows that in general ¥, (P) could be a larger set.

Example 2.3. Let P (&) be given by Example 2.1; then X (P) = {0} but X, (P) = C. In fact, for any
A € C we find

|P(&)ug — Aug| =A% when ug ="(&,1).
We have that |ug| = /|A|?> 4+ &2 — 00 50 | P(§)ug — Aug|/|ug| — 0 when |§| — oo.
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For bounded symbols we get equality according to the following proposition.

Proposition 2.4. If P € C;°(T*R") is an N x N system then Lo (P) is the set of all limits of the
eigenvalues of P at infinity.

Proof. Since ¥, (P) contains all limits of eigenvalues of P at infinity, we only have to prove the
opposite inclusion. Let A € X (P) then by the definition there exist w; — oo and u; € C" such that
luj| =1and |P(w;)u;j —Au;| =&; — 0. Then we may choose N x N matrix A; such that [|A;[ =¢;
and P(w;)u; = Auj + Aju; thus A is an eigenvalue of P(w;) — A;. Now if A and B are N x N
matrices and d(Eig(A), Eig(B)) is the minimal distance between the sets of eigenvalues of A and B
under permutations, then we have that d(Eig(A), Eig(B)) — 0 when ||A — B|| — 0. In fact, a theorem
of Elsner [1985] gives

d(Eig(A), Eig(B)) < NQmax(||A[, | BI)'"/NjAa - B/,

Since the matrices P(w;) are uniformly bounded we find that they have an eigenvalue p; such that
lwj—Al < CNS}/N — 0as j — oo, thus A =1lim;_, » p; is a limit of eigenvalues of P(w) at infinity. []

One problem with studying systems P (w), is that the eigenvalues are not very regular in the parame-
ter w, generally they depend only continuously (and eigenvectors measurably) on w.

Definition 2.5. For an N x N system P € C*°(T*R") we define
kp(w, A) =Dim Ker(P(w) — AIdy)
Kp(w, ) = max {k : 3/ p(w, 1) = 0 for j <k}

where p(w, A) = | P(w) — Aldy]| is the characteristic polynomial. We have kp < Kp with equality for
symmetric systems but in general we need not have equality; see Example 2.7. If

Q(P)={(w, ) eT'R"xC: Kp(w, ) =k}  k=>1,
then @ = Qn41(P) C Qy(P) C--- C Qp(P) and we may define

2(P)=|_JoQ;P)

j>1
where 9€2;(P) is the boundary of €2;(P) in the relative topology of €2;(P).

Clearly, 2;(P) is a closed set for any j > 1. By definition we find that the multiplicity Kp of
the zeros of |P(w) — Aldy| is locally constant on Q;(P) \ E(P). If P(w) is symmetric then kp =
Dim Ker(P (w) — A Idy) also is constant on 21 (P) \ E(P). This is not true in general; see Example 3.9.

Remark 2.6. We find that E (P) is closed and nowhere dense in 21 (P) since it is the union of boundaries
of closed sets. We also find that

(w, 1) € B(P) & (w, A) € E(PY)

since |P* —Aldy| = |P — Aldy]|.
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(a1
d (“’)_< 0 xz(w>)

Qi(P)={(w, M) :A=21;w), j=1,2}
(P) ={(w, 1) : 2 = A1 (w) = Aa(w)},

Example 2.7. If

where A j(w) € C*, j =1, 2, then

but kp =1 on Q(P).
Example 2.8. Let

P(t) = <? é) teR.

Then P () has the eigenvalues +./t,and kp =1 on Q(P).

Example 2.9. If
p— (wl + wy w3 )
w3 wWp— w2

QP ={(w; 1)) h;=wi +(-DVwi+wi, j=1, 2}
We have that 2,(P) = {(w1,0,0; wy) : w; € R} and kp =2 on 2,(P).

then

Definition 2.10. Let 7r; be the projections
mi(w,A)=w and m(w, L) =A\.
Then we define for A € C the closed sets
Su(P) = (Qu(P) N7y ' (V) = {w : | P(w) — A1dy| =0}
X(P)=m (E(P)) CT*R".

Remark 2.11. Observe that X (P) is nowhere dense in T*R" and P(w) has constant characteristics
near wo ¢ X (P). This means that |P(w) —AIdy| = 0if and only if A = A ;(w) for j =1, ...k, where
the eigenvalues A ;(w) # Ax(w) for j # k when |w — wo| < 1.

In fact, '(w) is a finite set for any w € T*R" and since the eigenvalues are continuous functions of
the parameters, the relative topology on €2 (P) is generated by 7, Y w)NQ (P) for open sets w C T*R".

Definition 2.12. For an N x N system P € C*°(T*R") we define the weakly singular eigenvalue set

Yws(P) =m (E(P)) C C
and the strongly singular eigenvalue set

Zs(P) = {h:my ') NQIP) S EMP)).

Remark 2.13. It is clear from the definition that X4 (P) C Xys(P). We have that Xys(P)U X (P) and
Ys(P) U X (P) are closed, and X (P) is nowhere dense.
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In fact, if A; — A ¢ X (P), then nz_l (Aj) N 21 (P) is contained in a compact set for j > 1, which
then either intersects E (P) or is contained in E(P). Since E (P) is closed, these properties are preserved
in the limit.

Also, if A € X (P), then there exists (w;, A;) € E(P) such that A; — A as j — o0o. Since E(P)
is nowhere dense in 1 (P), there exists (w i, Ajx) € Q1(P) \ E(P) converging to (w;, A;) as k — oo.
Then X(P) \ Zgs(P) 3 Xj; — A, s0 Zg(P) is nowhere dense. On the other hand, it is possible that
Yws(P) = X (P) by the following example.

Example 2.14. Let P(w) be the system in Example 2.9; then we have
Yws(P)=%(P)=R

and X (P) = @. In fact, the eigenvalues coincide only when w, = w3 = 0 and the eigenvalue A = w;
is also attained at some point where w, # 0. If we multiply P(w) with w4 + iws, we obtain that
Yws(P) =X (P) =C. If we set P(w;, wy) = P(0, wy, wy) we find that X (P) = Xy (P) = {0}.
Lemma 2.15. Let P € C®°(T*R") be an N x N system. If (wo, Lo) € Q1(P) \ E(P) then there exists a
unique C* function M(w) so that (w, A) € Q(P) if and only if A = A(w) in a neighborhood of (wg, Ao).
If Mg € Z(P)\ (Zws(P) U X (P)) then there is A(w) € C* such that (w, L) € Q(P) if and only if
A = A(w) in a neighborhood of ¥,(P).

We find from Lemma 2.15 that Q;(P) \ E(P) is locally given as a C* manifold over T*R", and that

the eigenvalues A ;(w) € C* outside X (P). This is not true if we instead assume that « p is constant on
Q1(P); see Example 2.8.

Proof. If (wq, Lg) € 21(P)\ E(P), then
A— |P(w) —Aldy]|
vanishes of exactly order k£ > 0 on 2;(P) in a neighborhood of (wg, Ag), so
| P(wo) —ATdy| £0  for A = Ao.

Thus A = A(w) is the unique solution to 8§*1|P(w) — Aldy| = 0 near wy which is C*° by the Implicit
Function Theorem.

If Jo € Z(P)\ (Zws(P)UZ(P)) then we obtain this in a neighborhood of any wg € ¥;,(P) € T*R".
Using a C* partition of unity we find by uniqueness that A(w) € C* in a neighborhood of X, (P). [

Remark 2.16. Observe that if 1o € X (P) \ (Zws(P) U oo (P)) and A(w) € C* satisfies |P(w) —
A(w) Idy| = 0 near X,,(P) and Mzko(p) = Mg, then we find by Sard’s Theorem that d Re A and d Im A
are linearly independent on the codimension 2 manifold X, (P) for almost all values p close to A¢. Thus
for n =1 we find that X, (P) is a discrete set for almost all values u close to A.

In fact, since Ao ¢ X (P) we find that X, (P) — X,,(P) when u — Ag so X, (P) ={w : AM(w) = u}
for |u — Ao K 1.
Definition 2.17. A C* function A(w) is called a germ of eigenvalues at w for the N x N system P €
C®(T*R™) if
[P(w)—A(w)Idy| =0 in a neighborhood of wy.
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If this holds in a neighborhood of every point in w € T*R" then we say that A(w) is a germ of eigenvalues
for P on w.

Remark 2.18. If 1p € Z(P) \ (Ess(P) U oo (P)) then there exists wg € Xy,(P) so that (wo, Ag) €
Q(P)\ E(P). By Lemma 2.15 there exists a C*® germ A(w) of eigenvalues at wg for P such that
AMwg) = Ag. If Ao € Z(P) \ (Bws(P) U T (P)) then there exists a C*° germ A(w) of eigenvalues
on X, (P).

As in the scalar case we obtain that the spectrum is essentially discrete outside X (P).

Proposition 2.19. Assume that the N x N system P(h) is given by (2.2) with principal symbol P €
Coo(T*R™). Let 2 be an open connected set, satisfying

QNI(P)=@ and QNCX(P) +# @.

Then (P(h) —zIdy)~!, 0 < h « 1, z € Q, is a meromorphic family of operators with poles of finite
rank. In particular, for h sufficiently small, the spectrum of P(h) is discrete in any such set. When
QN X (P) = D we find that Q contains no spectrum of P* (x, hD).

Proof. We shall follow the proof of Proposition 3.3 in [Dencker et al. 2004]. If €2 satisfies the assumptions
of the proposition then there exists C > 0 such that

(P(w) —zIdy)~ < C ifzeQand lw|>C. (2.5)

In fact, otherwise there would exist w; — oo and z; € €2 such that [(P(w;) —z; Idy)~ ! — oo, j — oo.
Thus, there exists u ; € C" such that luj|=1and P(w;)u;—zju; — 0. Since X (P) € C we obtain after
picking a subsequence that z; — z € QN X0 (P) = @. The assumption that QNCE (p) # @ implies that
for some z( €  we have (P(w) —zoldy)~! € Ceo. Let x e CP(T*R"), 0 < x(w) <land x(w) =1
when |w| < C, where C is given by (2.5). Let

R(w, z) = x(w)(P(w) —zoldy) ™" + (1 = x (w))(P(w) —z1dy) " € C3°

for z € 2. The symbolic calculus then gives

RY(x,hD,z)(P(h) —zIdy) =1+ hBi(h,2) + K (h, 2)
(P(h) —zIdNy)RY(x,hD,z) =1+ hBy(h,z) + Kx(h, 2)

where K ;(h, z) are compact operators on L?(R") depending holomorphically on z, vanishing for z = z,
and Bj(h, z) are bounded on L*(R"), j = 1,2. By the analytic Fredholm theory we conclude that
(P(h) —zIdy)~! is meromorphic in z € Q for A sufficiently small. When QN X (P) = @ we can choose
R(w, z) = (P(w)—zIdy)~!, then K;=0for j=1,2,and P(h)—zIdy is invertible for small enough 4.

(|

We shall show how the reduction to the case of bounded operator can be done in the systems case,
following [Dencker et al. 2004]. Let m(w) be a positive function on 7*R” satisfying
WV

1 <m(w) < C{w—wy)" m(wp) , Yw, wye T*R"
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for some fixed C and N, where (w) = 1 4+ |w|. Then m is an admissible weight function and we can
define the symbol classes P € S(m) by

19, P(w)|l < Com(w)  Va.

Following [Dimassi and Sjostrand 1999] we then define the semiclassical operator P(h) = P"¥(x, hD).
In the analytic case we require that the symbol estimates hold in a tubular neighborhood of T*R":

0% P(w)|| < ComRew)  for [Imw|<1/C  Va (2.6)

One typical example of an admissible weight function is m(x, &) = ((£)> + (x)P).
Now we make the ellipticity assumption

P w)| < Com™ (w)  |w|>1 (2.7)

and in the analytic case we assume this in a tubular neighborhood of 7*R" as in (2.6). By Leibniz’ rule
we obtain that P! € S(m~!) at infinity, that is,

2P~ (w)| < Clm™'(w)  |w|> 1.
When z € X (P) U X (P) we find as before that
[(P(w)—zIdy) ' <C  Vuw

since the resolvent is uniformly bounded at infinity. This implies that P(w)(P(w) — zIdy)~! and
(P(w) —z1dy)~ ' P(w) are bounded. Again by Leibniz’ rule, (2.7) holds with P replaced by P —zIdy
thus (P (w)—zIdy) ' € SGm~") and we may define the semiclassical operator ((P —z Idy) Y% (x, hD).
Since m > 1 we find that P(w) — zIdy € S(m), so by using the calculus we obtain that

(P" —zIdy)((P —zIdy) )" = 1 +hRY
(P —zIdy) )" (P” —zI1dy) =1+ hRY
where R; € S(1), j =1, 2. For small enough /2 we get invertibility and the following result.

Proposition 2.20. Assume that P € S(m) is an N x N system satisfying (2.7) and that z ¢ Z(P)UX  (P).
Then we find that P — z1dy is invertible for small enough h.

This makes it possible to reduce to the case of operators with bounded symbols.
Remark 2.21. If z; ¢ Spec(P) we may define the operator
Q=P —zld) ' (P—nldy)  n#z.

The resolvents of Q and P are related by

— —1
(Q 1y~ =1 -0 (P~ Tdy) (P~ Ziay) £l

when ($z1 —22)/(¢ — 1) ¢ Spec(P).
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Example 2.22. Let
P(x,§) =[5 1dy +iK (x)
where 0 < K (x) € C2°; then we find that P € S(m) with m(x, &) = |£]>+ 1. If 0 ¢ Too(K) then K (x) is
invertible for |x| > 1,s0 P~ e S(m™") at infinity. Since Re z > 0in X (P) we find from Proposition 2.20
that P (x, hD) +1dy is invertible for small enough 4 and P (x, hD)(P" (x, hD) +1Idy)~ " is bounded
in L? with principal symbol P(w)(P(w) +1dy)~! € C°.
In order to measure the singularities of the solutions, we shall introduce the semiclassical wave front

sets.

Definition 2.23. For u € L?>(R") we say that wy ¢ WF,,(u) if there exists a € Cy°(T*R") such that
a(wg) # 0 and the L? norm

la” (x, hD)u|l < Ckh* V. (2.8)
We call WF, (1) the semiclassical wave front set of u.

Observe that this definition is equivalent to Definition (2.5) in [Dencker et al. 2004] which use the FBI
transform 7" given by (4.26): wo ¢ WF;,(u) if || Tu(w)|| =O0(h*°) when |w —wg| < 1. We may also define
the analytic semiclassical wave front set by the condition that ||Tu(w)| = O(e~“/") in a neighborhood
of wq for some ¢ > 0; see (2.6) in [Dencker et al. 2004].

Observe that if u = (u;, ..., uy) € L2 (R", CV) we may define WF, (u) = ﬂj WEF), (u;) but this gives no
information about which components of u that are singular. Therefore we shall define the corresponding
vector valued polarization sets.

Definition 2.24. For u € L2(R", CV), we say that (wo, z0) ¢ WE* (u) C T*R" x CV if there exists A(h)
given by (2.2) with principal symbol A(w) such that A(wg)zo # 0 and A(h)u satisfies (2.8). We call
WFEOI(M) the semiclassical polarization set of u.

We could similarly define the analytic semiclassical polarization set by using the FBI transform and
analytic pseudodifferential operators.

Remark 2.25. The semiclassical polarization sets are closed, linear in the fiber and has the functorial
properties of the C*° polarization sets in [Dencker 1982]. In particular, we find that

7T (WF 1)\ 0) = WFy (u) = |_J WFy (u))
J
if 77 is the projection along the fiber variables: 7 : T*R" x CV — T*R". We also find that
AWE () = {(w, Aw)2) : (w, 2) € WE ()} € W' (A(h)u)
if A(w) is the principal symbol of A (%), which implies that WFZOl(Au) = A(WFg"l(u)) when A(h) is
elliptic.
This follows from the proofs of Propositions 2.5 and 2.7 in [Dencker 1982].

Example 2.26. Let u = (uy, ..., uy) € L>(T*R", CV) where WF;, (1) = {wo} and WEF;,(u;) = @ for
j > 1. Then
WE () = {(wo, (2,0,...)) : z€ C)
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since [|AY (x, hD)u| = 0(h*®) if Au =)
E we obtain

=1 A;f’u ; and wg € WF;,(u). By taking a suitable invertible

WFEOI(EM) = {(wo, zv) : z € C}
for any v € CV.

We shall use the following definitions from [Pravda-Starov 2006a], here and in the following || P (k)|
will denote the L2 operator norm of P (h).

Definition 2.27. Let P(h), 0 < h <1, be a semiclassical family of operators on L*(R") with domain D.
For i > 0 we define the pseudospectrum of index  as the set

AX(P(h) ={z€C:VC >0, Vhg>0,30 <h < ho, [(P(h) —z1dy)""[| = Ch™"}

and the injectivity pseudospectrum of index u as

AL (P(h) ={z€C:VC >0, Yhg>0,30<h <ho, JueD, |lul=1, |(P(h)—zldy)ul < Ch"}.
We define the pseudospectrum of infinite index as ASS (P (h)) =) M Aff(P(h)) and correspondingly the
injectivity pseudospectrum of infinite index.

Here we use the convention that ||(P(h) — AIdy)~'|| = oo when A is in the spectrum Spec(P (h)).
Observe that we have the obvious inclusion Aff(P(h)) - Aif(P(h)) for all u. We get equality if, for
example, P (h) is Fredholm of index > 0.

3. The interior case

Recall that the scalar symbol p(x, &) € C*°(T*R") is of principal type if dp # 0 when p = 0. In the
following we let 3, P(w) = (v, d P(w)) for P € C'(T*R") and v € T*R". We shall use the following
definition of systems of principal type, in fact, most of the systems we consider will be of this type. We
shall denote Ker P and Ran P the kernel and range of P.

Definition 3.1. The N x N system P(w) € C*(T*R") is of principal type at wq if
Ker P(wqg) > u +— 9, P(wgy)u € Coker P(wgy) = (DN/Ran P (wgp) 3.1

is bijective for some v € T,,,(T*R"). The operator P (h) given by (2.2) is of principal type if the principal
symbol P = o (P (h)) is of principal type.

Remark 3.2. If P(w) € C* is of principal type and A(w), B(w) € C* are invertible then AP B is of
principal type. We have that P (w) is of principal type if and only if the adjoint P* is of principal type.

In fact, by Leibniz’ rule we have
d(APB)=(0A)PB+A(OP)B+ APdB (3.2)

and Ran(APB) = A(Ran P) and Ker(APB) = B~'(Ker P) when A and B are invertible, which gives
the invariance under left and right multiplication. Since Ker P*(wg) = Ran P(wp)™ we find that P
satisfies (3.1) if and only if

Ker P(wp) x Ker P*(wg) > (u, v) — (3, P(wo)u, v)



334 NILS DENCKER

is a nondegenerate bilinear form. Since (3, P*v, u) = (9, Pu, v) we find that P* is of principal type if
and only if P is.

Observe that if P only has one vanishing eigenvalue A (with multiplicity one) then the condition that
P is of principal type reduces to the condition in the scalar case: d # 0. In fact, by using the spectral
projection one can find invertible systems A and B so that

A0
arn= (1)

with E invertible (N — 1) x (N — 1) system, and this system is obviously of principal type.
Example 3.3. Consider the system in Example 2.7

(@) 1
d (w)_( 0 xz(w>)

where A j(w) € C*°, j =1, 2. We find that P(w) — A Id; is not of principal type when A = A1 (w) = A2 (w)
since Ker(P(w) — X 1dy) = Ran(P (w) — A Idy) = C x {0} is preserved by o P.

Observe that the property of being of principal type is not stable under C! perturbation, not even when
P = P* is symmetric, by the following example.
Example 3.4. The system
P(w) = (““ " ) =P'w)  w=(wi,w)
wy —w| — Wy

is of principal type when w; = w, = 0, but not of principal type when w; # 0 and w; = 0. In fact,

1 0
a"“P:(o —1)

is invertible, and when w, # 0 we have that
Ker P (0, wy) = Ker d,,, P(0, wp) = {z(1, 1) : z € C}
which is mapped to Ran P (0, wy) = {z(1, —1) : z € C} by 9, P.

We shall obtain a simple characterization of systems of principal type. Recall kp, Kp and E(P) given
by Definition 2.5.

Proposition 3.5. Assume P(w) € C* is an N x N system and that (wg, Ao) € Q1 (P) \ E(P); then
P(w) — xoIdy is of principal type at wq if and only if kp = K p at (wg, Ao) and dx(wg) # 0 for the C*
germ of eigenvalues A(w) for P at wy satisfying A(wg) = Ao.

Thus, in the case Ap = 0 ¢ Xys(P) we find that P(w) is of principal type if and only if A is of
principal type and we have no nontrivial Jordan boxes in the normal form. Observe that by the proof of
Lemma 2.15 the C* germ A(w) is the unique solution to afp(w, A) =0 for k = Kp(w, A) — 1 where
p(w, A) = |P(w) — Aldy| is the characteristic equation. Thus we find that dA(w) # 0 if and only if
Oy Bi‘ p(w, X)) # 0. For symmetric operators we have kp = Kp and we only need this condition when
(wo, Ao) & E(P).
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Example 3.6. The system P(w) in Example 3.4 has eigenvalues —w; & v wf + w% which are equal
if and only if w; = wy = 0, so {0} = Zys(P). When wy 7# 0 and w; =~ 0 the eigenvalue close to
zZero is w% /2wy 4+ 0 (w‘f) which has vanishing differential at w; = 0. The characteristic equation is
p(w, L) =A2+2kw2—w%, so dyp =0 when w; = A =0.

Proof of Proposition 3.5. Of course, it is no restriction to assume Ay = 0. First we note that P(w) is of
principal type at wy if and only if
1P (wo)| #0  k=uxp(wy,0) (33)

for some v € T (T*R"). Observe that 3/ | P(wg)| = 0 for j < k. In fact, by choosing bases for Ker P (wq)
and Im P (wy) respectively, and extending to bases of CV, we obtain matrices A and B so that

Pyi(w) Plz(w)>
Pri(w) Pxn(w)

where | Py (wo)| # 0 and Pj1, Pip and Pp; all vanish at wy. By the invariance, P is of principal type if
and only if 9, Py is invertible for some v, so by expanding the determinant we obtain (3.3).

Since (wop, 0) € Q1(P) \ E(P) we find from Lemma 2.15 that we may choose a neighborhood w of
(wp, 0) such that (w, A) € Q1(P) Nw if and only if A = A(w) € C*°. Then

AP(w)B :(

|[P(w) —AIdy| = (A(w) — )" e(w, 1)

near wy, where e(w, A) Z0 and m = K p(wg, 0) > kp(wq, 0). Letting A =0 we obtain that 8,{ | P(wo)|=0
if j <m and 9| P(wo)| = (d,A(wp))"e(wp, 0). O
Remark 3.7. Proposition 3.5 shows that for a symmetric system the property to be of principal type is
stable outside Z (P): if the symmetric system P (w)—A Idy is of principal type at a point (wg, Ag) ¢ E(P)
then it is in a neighborhood. It follows from Sard’s Theorem that symmetric systems P(w) — A Idy are
of principal type almost everywhere on 2 (P).

In fact, for symmetric systems we have kp = Kp and the differential dA # 0 almost everywhere on
Q(P)\ E(P). For C* germs of eigenvalues we can define the following bracket condition.

Definition 3.8. Let P € C*°(T*R") be an N x N system; then we define

A(P)=A_(P)UAL(P)
where A4 (P) is the set of g € X (P) such that there exists wg € X,,(P) so that (wo, Ag) ¢ E(P) and
+{Re A, ImA} (wy) >0 (3.4)
for the unique C* germ A(w) of eigenvalues at wg for P such that A(wg) = Ag.

Observe that A (P) N Xg(P) = &, and it follows from Proposition 3.5 that P(w) — Ao Idy is of
principal type at wg € AL (P) if and only if kp = Kp at (wog, Ag), since dA(wp) # 0 when (3.4) holds.
Because of the bracket condition (3.4) we find that A (P) is contained in the interior of the values X (P).

Example 3.9. Let

(4 () .
mm@—( ) ﬁm&) (x.6) € TR
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where g(x,£&) = & + ix? and 0 < x(x) € C®(R) such that x(x) = 0 when x < 0 and x(x) > 0
when x > 0. Then X(P) = {Imz >0}, AL(P) = {Imz >0} and E(P) = &. For ImXA > 0 we find
2 (P) ={(£+ImA, ReA)} and P — X 1d; is of principal type at 3, (P) only when x < 0.

Theorem 3.10. Let P € C*°(T*R") be an N x N system; then we have that
A(P)\ (Sws(P)UZs(P)) S A_(P) (3.5)

when n > 2. Assume that P(h) is given by (2.2) with principal symbol P € C.;°(T*R"), and that Lo €
A_(P), 0 # ug € Ker(P(wo) — Agldy) and P(w) — Aldy is of principal type on %, (P) near wy for
A — Aol < 1, for the wy € X,,(P) in Definition 3.8. Then there exists hy > 0 and u(h) € L*(R™),
0 < h < hg, so that |lu(h)| <1,

[(P(h) —holdp)u(h)|| <CyhY YN 0<h<hg (3.6)
and WFZOI(M (h)) = {(wg, ug)}. There also exists a dense subset of values Ay € A(P) so that
[(P(h) —roldy) I > Cyh™ VY N. (3.7)

If all the terms P; in the expansion (2.2) are analytic satisfying (2.3) then hEN

exp(Fc/h) in (3.6)—(3.7).

may be replaced by

Here we use the convention that ||(P(h) — AIdy)~'|| = oo when A is in the spectrum Spec(P (h)).
Condition (3.6) means that Aq is in the injectivity pseudospectrum A (P), and (3.7) means that A¢ is in
the pseudospectrum A (P).

Remark 3.11. If P(h) is Fredholm of nonnegative index then (3.6) holds for Ag in a dense subset of
A(P). In the analytic case, it follows from the proof that it suffices that P;(w) is analytic satisfying (2.3)
in a fixed complex neighborhood of wy € X, (P) for all j.

In fact, if P(h) is Fredholm of nonnegative index and Ag € Spec(P(h)) then the dimension of
Ker(P (h) — Ao Idy) is positive and (3.6) holds.

Example 3.12. Let
P(x,&) =P Id+iK(x)  (x,&)eT'R"

where K (x) € C*°(R") is symmetric for all x. Then we find that

A_(P)=A(P)={Rez>0AImz e Z(K)\ (Zx(K)U S (K))}.

In fact, for any Imz € Z(K) \ (Zss(K) | Too(K)) there exists a germ of eigenvalues A(x) € C*(w) for
K (x) in an open set w C R" so that A(xg) = Im z for some xg € w. By Sard’s Theorem, we find that
almost all values of A(x) in w are nonsingular, and if dA # 0 and Re z > 0 we may choose &) € R" so
that |£0|> = Re z and (&g, d,A) < 0. Then the C™ germ of eigenvalues |£|> + i\ (x) for P satisfies (3.4)
at (xo, &o) with the minus sign. Since K (x) is symmetric, we find that P(w) — z Idy is of principal type.

Proof of Theorem 3.10. First we are going to prove (3.5) in the case n > 2. Let

W= EWS(P) U EOO(P)
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which is a closed set by Remark 2.13; then we find that every point in A(P) \ W is a limit point of
(A_(PYUAL(P)\W =(A_(P)\W)U(A(P)\W).
Thus, we only have to show that Ag € A_(P) if
M EAL(PY\W=AL(P)\ (Zws(P)U ZOO(P)). (3.8)

By Lemma 2.15 and Remark 2.16 we find from (3.8) that there exists a C* germ of eigenvalues A(w) €
C* so that X, (P) is equal to the level sets {w : A(w) = u} for |u — A9| < 1. By definition we find that
the Poisson bracket {Re A, Im A} does not vanish identically on X,,(P). Now by Remark 2.16, d Re A
and d Im A are linearly independent on X, (P) for almost all x close to Ag, and then X, (P) is a C*
manifold of codimension 2. By using Lemma 3.1 of [Dencker et al. 2004] we obtain that {Re A, Im A}
changes sign on X, (P) for almost all values  near Ao, so we find that those values also are in A_(P).
By taking the closure we obtain (3.5).

Next, assume that . € A_(P), itis no restriction to assume A =0. By the assumptions there exists wg €
¥0(P) and A(w) € C* such that L (wg) =0, {Re A, Im A} < 0 at wg, (wg, 0) ¢ E(P), and P(w)—AIdy is
of principal type on X, (P) near wy when |A| < 1. Then Proposition 3.5 gives that kp = K p is constant
on Q2 (P) near (wg, Ag), SO

Dim Ker(P(w) —A(w)Idy) =K >0

in a neighborhood of wy. Since the dimension is constant we can construct a base {u|(w), ..., ug(w)} €
C*° for Ker(P (w) — A(w) Idy) in a neighborhood of wg. By orthonormalizing it and extending to cN
we obtain orthogonal E(w) € C* so that

)\(w) IdK P12

E*(w)P(w)E(w) = ( 0 Py

) = Py(w). (3.9
If P(w) is analytic in a tubular neighborhood of T*R" then E(w) can be chosen analytic in that neigh-
borhood. Since Py is of principal type at wg by Remark 3.2 and 9 Py(wg) maps Ker Py(wp) into itself,
we find that Ran Py(wg) N Ker Py(wg) = {0} and thus | P>y (wg)| # 0. In fact, if there exists u” # 0 such
that Py (wo)u”” = 0, then by applying P (wo) on u = (0, u”) ¢ Ker Py(wo) we obtain

0 # Po(wo)u = (Pr2(wo)u”, 0) € Ker Py(wo) NRan Py(wp)

which gives a contradiction. Clearly, the norm of the resolvent P()~! only changes with a multiplica-
tive constant under left and right multiplication of P (%) by invertible systems. Now EY(x, D) and
(E*)”(x, hD) are invertible in L? for small enough #, and

Py Plz)
EHYP(h)EY =
(E*)"P(h) <P21 Py

where o (P11) = Aldy, P»1 =0(h) and Py (h) is invertible for small 4. By multiplying from the right by

( Idg 0 )
— Py (h)~ Py (h) Tdy—_k
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for small &, we obtain that P>;(h) = 0 and this only changes lower order terms in P;;(h). Then by
multiplying from the left by
<Id1< —P12<h>Pzz<h>—1>
0 Idy_x

we obtain that Py (h) = 0 without changing P (h) or Py (h).

Thus, in order to prove (3.6) we may assume N = K and P(w) = A(w) Idx. By conjugating similarly
as in the scalar case (see the proof of Proposition 26.3.1 in Volume IV of [Hormander 1983-1985]), we
can reduce to the case when P (h) = A% (x, hD)Idg. In fact, let

P(h)=2"(x,hD)1dg + Y k' P(x, hD) (3.10)
j=1

A(h) =3 ;20! AV (x, hD) and B(h) =}~ ;. h’/ BY (x, hD) with By(w) = Ag(w). Then the calculus
gives
P(h)A(h) — B(hW)A"(x,hD) = ZhjE}”(x, hD)
izl
with
Ek:%HA(Ak—l+Bk—l)+P1Ak—1+)L(Ak_Bk)+Rk k>1.

Here H), is the Hamilton vector field of A, Ry only depends on A; and B; for j <k—1and R; =0. Now
we can choose Ag so that Ag =Idg on Vy = {w : ImA(w) =0} and %HAAO + P Ay vanishes of infinite
order on Vj near wy. In fact, since {Re A, Im A} £ 0 we find d Im A 7 0 on Vj, and V) is noncharacteristic
for Hge . Thus, the equation determines all derivatives of Ag on Vj, and we may use the Borel Theorem
to obtain a solution. Then, by taking

B —A = <%HAA0+ PIA()))\,_l e C®

we obtain Eg = 0. Lower order terms are eliminated similarly, by making

%HA(qu +Bj_1)+PlAj_1 +R;
vanish of infinite order on Vj. Observe that only the difference A;_; —B;_; is determined in the previous
step. Thus we can reduce to the case P = A" (x, 2 D) Id and then the C* result follows from the scalar
case (see Theorem 1.2 in [Dencker et al. 2004]) by using Remark 2.25 and Example 2.26.
The analytic case follows as in the proof of Theorem 1.2’ in [Dencker et al. 2004] by applying a
holomorphic WKB construction to P = P;; on the form

o]
u(@ )~ @MY A z=xtiyel”
j=0

which will be an approximate solution to P(h)u(z, h) = 0. Here P(h) is given by (2.2) with Py(w) =
AMw)1d, P; satisfying (2.3) and PJW (z, hD;) given by the formula (2.1) where the integration may be
deformed to a suitable chosen contour instead of T*R" (see [Sjostrand 1982, Section 4]). The holo-
morphic phase function ¢ (z) satisfying A(z, d;¢) = 0 is constructed as in [Dencker et al. 2004] so that
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d.p(xg) = & and Im @ (x) > c|x — x0|%, ¢ > 0, and wg = (xo, &). The holomorphic amplitude Ag(z)
satisfies the transport equation

30,z do(2)) D, Ao(2) + Pi(z, dep(2)) Ao(2) = 0
J

with Ag(xp) # 0. The lower order terms in the expansion solve

Z 9g; Mz, d:(2))D:; Ag(2) + Pi(z, d-¢(2)) Ak (2) = Si(2)
J

where S;(z) only depends on A; and P;; for j < k. As in the scalar case, we find from (2.3) that the
solutions satisfy ||Ax(z)|| < CoC*k* see Theorem 9.3 in [Sjdstrand 1982]. By solving up to k < ¢/ h,
cutting of near xg and restricting to R" we obtain that P(h)u = O(e~¢/"). The details are left to the
reader; see the proof of Theorem 1.2 in [Dencker et al. 2004].

For the last result, we observe that {Re)_\, ImX} = —{ReA,ImA}, A € Z(P) & A € T(P*), P*is
of principal type if and only if P is, and Remark 2.6 gives (w, A) € E(P) < (w, 1) € E(P*). Thus,
A € AL(P) if and only if A € A_(P*) and

1P () = ATdw) ™ = I(P*(h) — A 1dy) ™.

From the definition, we find that any A9 € A(P) is an accumulation point of A4 (P), so we obtain the
result from (3.6). O

Remark 3.13. In order to get the estimate (3.6) it suffices that there exists a semibicharacteristic I
of A — Ao through wy such that I' x {Xo} N E(P) = &, P(w) — Aldy is of principal type near I' for
A near Ay and that condition (\f) is not satisfied on I'; see [Hormander 1983—-1985, Definition 26.4.6,
Volume IV]. This means that there exists 0 # g € C* such that I' is a bicharacteristic of Re g(A — A¢)
through wg and Im g (A — Ag) changes sign from + to — when going in the positive direction on I'.

In fact, once we have reduced to the normal form (3.10), the construction of approximate local solu-
tions in the proof of [Hormander 1983-1985, Theorem 26.4.7, Volume IV] can be adapted to this case,
since the principal part is scalar. See also Theorem 1.3 in [Pravda-Starov 2006b, Section 3.2] for a similar
scalar semiclassical estimate.

When P (w) is not of principal type, the reduction in the proof of Theorem 3.10 may not be possible
since P»; in (3.9) needs not be invertible by the following example.

Example 3.14. Let

_ (A¥(x,hD) 1
P _< h Aw(x,hD))

where A € C™ satisfies the bracket condition (3.4). The principal symbol is

[ Aw) 1
P(w)_< 0 k(w))

Ker(P(w) — A(w) Idy) =Ran(P(w) — A(w)Idy) ={(z,0): z € C} Y w.

with eigenvalue A(w) and we have
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We find that P is not of principal type since d P = dA Id,. Observe that E(P) = & since K p is constant
on 21(P).

When the dimension is equal to one, we have to add some conditions in order to get the inclusion (3.5).

Lemma 3.15. Let P(w) € C*°(T*R) be an N x N system. Then for every component Q of C\ (Zws(P)U
Yoo (P)) which has nonempty intersection with CX (P) we find that

QCA_(P). (3.11)

The condition of having nonempty intersection with the complement is necessary even in the scalar
case; see the remark and Lemma 3.2’ on page 394 in [Dencker et al. 2004].

Proof. If u ¢ Yoo (P) we find that the index
i =vararg, |P(w) — pldy| (3.12)

is well-defined and continuous when y is a positively oriented circle {w : |lw| = R} for R > 1. If ¢ ¢
Yws(P) U X (P) then we find from Lemma 2.15 that the characteristic polynomial is equal to

|P(w) — pldy| = (M(w) — w)*e(w, )

near wo € X,,(P), here A, e € C*, e # 0 and k = Kp(wp). By Remark 2.16 we find for almost all n
close to Ao that d Re AAdImA £ 0 on A~ () = X, (P), which is then a finite set of points on which the
Poisson bracket is nonvanishing. If i ¢ 3 (P) we find that the index (3.12) vanishes, since one can then
let R — 0. Thus, if a component © of C\ (Zys(P) U T4 (P)) has nonempty intersection with 0 (P),
we obtain that i = 0 in Q. When pg € 2N A(P) we find from the definition that the Poisson bracket
{Re A, Im A} cannot vanish identically on X, (P) for all x close to . Since the index is equal to the
sum of positive multiples of the values of the Poisson brackets at X, (P), we find that the bracket must
be negative at some point wg € X, (P), for almost all x near Ao, which gives (3.11). O

4. The quasisymmetrizable case

First we note that if the system P(w) — z Idy is of principal type near X,(P) for z close to A € X (P) \
(Zws(P)U X (P)) and X, (P) has no closed semibicharacteristics, then one can generalize Theorem 1.3
in [Dencker et al. 2004] to obtain

[(P(h) —A1dy) "' < C/h h— 0. 4.1)

In fact, by using the reduction in the proof of Theorem 3.10 this follows from the scalar case; see Example
4.12. But then the eigenvalues close to A have constant multiplicity.

Generically, we have that the eigenvalues of the principal symbol P have constant multiplicity almost
everywhere since E(P) is nowhere dense. But at the boundary 0 X (P) this needs not be the case. For
example, if

P(t,t)=tId+iK(¢)

where C*° 5 K > 0 is unbounded and 0 € X (K), then R=0X(P) C X (P).
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When the multiplicity of the eigenvalues of the principal symbol is not constant the situation is more
complicated. The following example shows that then it is not sufficient to have conditions only on the
eigenvalues in order to obtain the estimate (4.1), not even in the principal type case.

Example 4.1. Let a;(t), a>(t) € C*°(R) be real valued, a>(0) = 0, a5(0) > 0 and let

hD; +ai(t) ax(t) —iai(t)

Pw(t, hD,) = (az(t) +ia (t) —hD;+a;(t)

) - Pw(t, th)*

Then the eigenvalues of P (¢, T) are

r=ai(t) VTP +ak (1) +dd(t) € R

which coincide if and only if T = a;(¢) = a(¢) = 0. We have that

1/1 i 1 1Y\ _ (hD;+iax(t) 0 -

2 (1 —i> d (i —i) - ( 2ai(t)  hD, —iax()) = T
Thus we can construct uy () = (0, u»(¢)) so that ||u,|| = 1 and ﬁ(h)uh = O(hV) for h — 0; see
Theorem 1.2 in [Dencker et al. 2004]. When a; is analytic we may obtain that P (h)u;, = O(exp(—c/h))
by Theorem 1.2" in [Dencker et al. 2004]. By the invariance, we see that P is of principal type atz =1 =0
if and only if a; (0) =0. If a; (0) =0 then Xys(P) ={0} and when a; # 0 we have that P¥ is a self-adjoint

diagonalizable system. In the case a;(t) = 0 and a,(¢) = ¢ the eigenvalues of P(¢, hD;) are ++/2nh,
n € N; see the proof of Proposition 3.6.1 in [Helffer and Sjostrand 1990].

Of course, the problem is that the eigenvalues are not invariant under multiplication with elliptic
systems. To obtain the estimate (4.1) for operators that are nor of principal type, it is not even sufficient
that the eigenvalues are real having constant multiplicity.

Example 4.2. Let a(t) € C*°(R) be real valued, a(0) =0, a’(0) > 0 and

hD;, a(t)
—ha(t) hD;) "

P, 1) = <6 “i”)

so the only eigenvalue is . Thus E(P) = & but the principal symbol is not diagonalizable, and when
a(t) # 0 the system is not of principal type. We have

1/2 -1/2
W72 00N (h ozﬂﬁD,a(t)
0 —1 0 1 a(t) —</hD,
thus we obtain that || P* (¢, hD,)~!|| > Cyh~" for all N, when i — 0 by using Example 4.1 with a; =0
and a; = a. When a is analytic we obtain || P (t, hD)7 Y| > exp(c/\/ﬁ).

Pw(t,hD[) - (

Then the principal symbol is

For nonprincipal type operators, to obtain the estimate (4.1) it is not even sufficient that the principal
symbol has real eigenvalues of multiplicity one.
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Example 4.3. Let a(t) € C*°(R), a(0) =0, a’(0) > 0 and

1 hD,
P = (h iha(t))

(b0)

thus the eigenvalues are 0 and 1, so E(P) = &. Since

10 1 —aD;\ _ (1 01 0
<—h 1) P) (o 1 )_ (0 —h) <o hD,—ia(t))

we obtain as in Example 4.1 that ||P(h)~!|| > Cyh™" when h — 0 for all N, and for analytic a(t)
we obtain ||P(h)~!|| > Ce’", h — 0. Now 3, P maps Ker P(0) into Ran P (0) so the system is not
of principal type. Observe that this property is not preserved under the multiplications above, since the
systems are not elliptic.

with principal symbol

Instead of using properties of the eigenvalues of the principal symbol, we shall use properties that
are invariant under multiplication with invertible systems. First we consider the scalar case, recall that a
scalar p € C* is of principal type if dp # 0 when p = 0. We have the following normal form for scalar
principal type operators near the boundary d X (P). Recall that a semibicharacteristic of p is a nontrivial
bicharacteristic of Re gp, for g # 0.

Example 4.4. Assume that p(x, £) € C°°(T*R") is of principal type and 0 € 90X (p) \ o (p). Then we
find from the proof of Lemma 4.1 in [Dencker et al. 2004] that there exists 0 # g € C* so that

Imgp>0 and dRegp #0

in a neighborhood of wg € X¢(p). In fact, condition (1.7) in that lemma is not needed to obtain a local
preparation. By making a symplectic change of variables and using the Malgrange preparation theorem
we then find that

px.&) =e(x, &) +if(x, &) E=(61.8) (4.2)

in a neighborhood of wy € Xo(p), where e £ 0 and f > 0. If there are no closed semibicharacteristics
of p then we obtain this in a neighborhood of X((p) by a partition of unity.

This normal form in the scalar case motivates the following definition.

Definition 4.5. We say that the N x N system P(w) € C*°(T*R") is quasisymmetrizable with respect
to the real C* vector field V in Q C T*R" if 3 N x N system M (w) € C*(T*R") so that in  we have

Re(M(V P)u,u) > cl|lul®> = C|Pu|®> ¢>0 (4.3)
Im(M Pu, u) > —C|| Pu|? (4.4)

for any u € CV, the system M is called a symmetrizer for P.
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The definition is clearly independent of the choice of coordinates in 7*R" and choice of base in CV.
When P is elliptic, we may take M = i P* as multiplier; then P is quasisymmetrizable with respect to
any vector field because || Pu| = |ju||. Observe that for a fixed vector field V the set of multipliers M
satisfying (4.3)-(4.4) is a convex cone, a sum of two multipliers is also a multiplier. Thus, given a vector
field V it suffices to make a local choice of multiplier M and then use a partition of unity to get a global
one.

Taylor has studied symmetrizable systems of the type D, Id +i K, for which there exists R > 0 making
RK symmetric (see Definition 4.3.2 in [Taylor 1981]). These systems are quasisymmetrizable with
respect to d; with symmetrizer R. We see from Example 4.4 that the scalar symbol p of principal type
is quasisymmetrizable in neighborhood of any point at dX (p) \ Lo (p).

The invariance properties of quasisymmetrizable systems are partly due to the following simple and
probably well-known result on semibounded matrices. In the following, we shall denote Re A = %(A +
A*)andilmA = %(A — A*) the symmetric and antisymmetric parts of the matrix A. Also, if U and V
are linear subspaces of CV, thenwelet U+ V ={u+v:uclU A ve V).

Lemma 4.6. Assume that Q is an N x N matrix such that ImzQ > 0 for some 0 £ z € C. Then we find
Ker O = Ker 0* = Ker(Re Q) NKer(Im Q) 4.5)
and Ran Q = Ran(Re Q) 4+ Ran(Im Q) is orthogonal to Ker Q.

Proof. By multiplying with z we may assume that Im Q > 0, clearly the conclusions are invariant under
multiplication with complex numbers. If u € Ker Q, then we have (Im Qu, u) =Im(Qu, u) =0. By using
the Cauchy—Schwarz inequality on Im Q > 0 we find that (Im Qu, v) =0 for any v. Thus u € Ker(Im Q)
so Ker Q C Ker Q*. We get equality and (4.5) by the rank theorem, since Ker Q* = Ran Q.

For the last statement we observe that Ran Q € Ran(Re Q) + Ran(Im Q) = (Ker Q) by (4.5) where
we also get equality by the rank theorem. O

Proposition 4.7. Assume that P(w) € C®°(T*R") is a quasisymmetrizable system; then we find that P
is of principal type. Also, the symmetrizer M is invertible if Im M P > ¢ P* P for some ¢ > Q.

Observe that by adding io P* to M we may assume that Q = M P satisfies
ImQ>(@—-C)P*P>P*P>cQ*Q c>0 (4.6)
for o > C 4 1, and then the symmetrizer is invertible by Proposition 4.7.

Proof. Assume that (4.3)—(4.4) hold at wy, Ker P (wg) # {0} but (3.1) is not a bijection. Then there exists
0 # u € Ker P(wg) and v € CV such that V P(wq)u = P (wq)v, so (4.3) gives

Re(M P(wo)v, u) = Re(MV P(wo)u, u) > c|lu|® > 0.

This means that
Ran M P (wo) € Ker P(wo)™*. (4.7)

Let M, = M +ioP* then we have that

Im{M, Pu, u) = (¢ — C)| Pul®
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so for large enough ¢ we have Im M, P > 0. By Lemma 4.6 we find
Ran M, P 1 Ker M, P.

Since Ker P C Ker M, P and Ran P*P C Ran P*1 Ker P we find that Ran M P L Ker P for any g. This
gives a contradiction to (4.7), thus P is of principal type.

Next, we shall show that M is invertible at wg if InMP > ¢P*P at wg for some ¢ > 0. Then we
find as before from Lemma 4.6 that Ran M P (wg) L Ker M P (wg). By choosing a base for Ker P (wg)
and completing it to a base of C we may assume that

0 P12(w0)>

Plwo) = <0 Pas(wo)

where Py is (N — K) x (N — K) system, K = Dim Ker P(wg). Now, by multiplying P from the left
with an orthogonal matrix £ we may assume that Pj;(wg) = 0. In fact, this only amounts to choosing an
orthonormal base for Ran P (wg)* and completing to an orthonormal base for CV. Observe that M P is
unchanged if we replace M with M E~!, which is invertible if and only if M is. Since Dim Ker P (wg) = K

we obtain | Py (wq)| # 0. Letting
My M 12)
M= ,
(le M»;

0 0
MP = at wg.
<0 Mzszz) 0

we find

In fact, (M P)12(wg) = Mja2(wo) Pra(wo) = 0 since Ran M P(wy) = Ker M P(wg)*. We obtain that
Mi2(wp) = 0, and by assumption

Im My Py > CP2*2 P> at wo,
which gives | M2 (wg)| # 0. Since Py, P and My, vanish at wg we find
Re V(M P)11(wo) = Re M11(wo)V Pr1(wp) > ¢

which gives |M11(wg)| # 0. Since M1, (wg) =0 and | M3, (wg)| # 0 we obtain that M (wy) is invertible. [

Remark 4.8. The N x N system P € C*°(T*R") is quasisymmetrizable with respect to V if and only
if there exists an invertible symmetrizer M such that Q = M P satisfies

Re((VQ)u,u) > cllul* = Cl|QulI*  ¢>0 (4.8)
Im(Qu, u) >0 4.9)

for any u € CV.
In fact, by the Cauchy—Schwarz inequality we find
(VM) Pu,u)| <elull>+ Cs||Pul> Ve>0 VueCV.

Since M is invertible, we also have that || Pul| = || Qu]||.
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Definition 4.9. If the N x N system Q € C*°(T*R") satisfies (4.8)—(4.9) then Q is quasisymmetric with
respect to the real C* vector field V.

Proposition 4.10. Let P(w) € C®°(T*R") be an N x N quasisymmetrizable system; then P* is qua-
sisymmetrizable. If A(w) and B(w) € C*°(T*R") are invertible N x N systems then BP A is quasisym-
metrizable.

Proof. Clearly (4.8)—(4.9) are invariant under left multiplication of P with invertible systems E, just
replace M with ME~'. Since we may write BPA = B(A*)"'A*PA it suffices to show that E*PE is
quasisymmetrizable if E is invertible. By Remark 4.8 there exists a symmetrizer M so that Q = M P is
quasisymmetric, that is, satisfies (4.8)—(4.9). It then follows from Proposition 4.11 that

Qp=E*QE =E*M(E") 'E*PE

also satisfies (4.8) and (4.9), so E* P E is quasisymmetrizable.

Finally, we shall prove that P* is quasisymmetrizable if P is. Since Q = M P is quasisymmetric, we
find from Proposition 4.11 that Q* = P*M* is quasisymmetric. By multiplying with (M*)~! from the
right, we find from the first part of the proof that P* is quasisymmetrizable. (|

Proposition 4.11. If Q € C*°(T*R") is quasisymmetric, then Q* is quasisymmetric. If E € C*°(T*R")
is invertible, then E* Q E are quasisymmetric.

Proof. First we note that (4.8) holds if and only if
Re((V Q)u, u) > c|lul? VYu e Ker Q (4.10)
for some ¢ > 0. In fact, Q*Q has a positive lower bound on the orthogonal complement Ker O+ so that
lull < CllQull  foru € Ker Q*.
Thus, if u = u’ 4+ u” with u’ € Ker Q and u” € Ker O we find that Qu = Qu”,
Re((VQ)u', u"y = —el|u'||* — Cellu” > = —el|lu'|* = CLI Qul* Ve >0

and Re((VQ)u", u")y > —C|lu”||> = —C'||Qu||*>. By choosing & small enough we obtain (4.8) by us-
ing (4.10) on u’.

Next, we note that Im O* = —Im Q and Re Q* = Re Q, so — Q™ satisfies (4.9) and (4.10) with V re-
placed by —V, and thus it is quasisymmetric. Finally, we shall show that Q p = E* Q E is quasisymmetric
when E is invertible. We obtain from (4.9) that

Im(Qgu, u) =Im(QEu, Eu) >0  VueCV.

Next, we shall show that Qf satisfies (4.10) on Ker Oz = E~! Ker Q, which will give (4.8). We find
from Leibniz’ rule that VQg = (VE*)QE + E*(VQ)E + E*Q(V E) where (4.10) gives

Re(E*(VQ)Eu,u) > c|Eul* > '|ul®>  ueKer Qf

since then Eu € Ker Q. Similarly we obtain that ((VE*)QFEu,u) = 0 when u € Ker Q. Now since
Im QO > 0 we find from Lemma 4.6 that

Ker Q07 =Ker Qg
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which gives (E*Q(V E)u, u) = (E""(VE)u, Q%u) =0 when u € Ker Qp = Ker Q}. Thus Qf satis-
fies (4.10) so it is quasisymmetric. (|
Example 4.12. Assume that P(w) € C*° is an N x N system such that z € X (P) \ (Zws(P) N X (P))
and that P(w) — A Idy is of principal type when |A —z| < 1. By Lemma 2.15 and Proposition 3.5 there
exists a C* germ of eigenvalues A(w) € C*™ for P so that Dim Ker(P (w) — A(w) Idy) is constant near
X¥.(P). By using the spectral projection as in the proof of Proposition 3.5 and making a base change
B(w) € C* we obtain

Mw)ldg 0 )B(w) (4.11)

P(w) =B '(w) ( 0 Pro(w)

in a neighborhood of X,(P), here | P», — A(w) Id| # 0. We find from Proposition 3.5 that dA # 0 when

A =z, so A — z is of principal type. Proposition 4.10 gives that P — z Idy is quasisymmetrizable near
any wg € X,(P) if z € 39X (A). In fact, by Example 4.4 there exists g(w) € C* so that

|[dReg(A—2)| #0 (4.12)

Img(A—2z)>0 (4.13)

and we get the normal form (4.2) for A near X,(P) = {A(w) = z}. One can then take V normal to
¥ ={Reg(A —z) =0} at X,(P) and use

ldg 0
M=pB(4 B
( 0 Mzz)

with Moy (w) = (Py(w) — zId)~! for example. Then

q()\,—Z)IdK 0 )B

0 ldy_x (4.14)

Q:M(P—zIdN):B*(

If there are no closed semibicharacteristics of A —z then we also find from Example 4.4 that P —z Idy is
quasisymmetrizable in a neighborhood of X, (P); see the proof of Lemma 4.1 in [Dencker et al. 2004].

Example 4.13. Let
P(x,8) =& Idy +i K (x)

where 0 < K (x) € C*°. When z > 0 we find that P — zIdy is quasisymmetric in a neighborhood of
3, (P) with respect to the exterior normal (§, 0¢) to X (P) = {|§|2 = z}.

For scalar symbols, we find that 0 € X (p) if and only if p is quasisymmetrizable, see Example 4.4.
But in the system case, this needs not be the case according to the following example.

Example 4.14. Let

wy +iw w
P(w>=( 2T y ) w = (w1, wa, w3),
w1 wy —1lw3

which is quasisymmetrizable with respect to d,,, with symmetrizer

M:(? é)
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In fact, 9, M P =1d; and

wi wy — w3
wy +iws w1

MP(w)=( >=(MP(w))*
so Im M P = 0. Since eigenvalues of P(w) are wy &= v w% — w% we find that X(P) =Cso0e X(P) is
not a boundary point of the eigenvalues.

For quasisymmetrizable systems we have the following result.

Theorem 4.15. Let the N x N system P (h) be given by (2.2) with principal symbol P € CZ°(T*R").
Assume that 7 ¢ Yoo (P) and there exists a real valued function T (w) € C*™ such that P(w) — zIdy is
quasisymmetrizable with respect to the Hamilton vector field Hr (w) in a neighborhood of ¥,(P). Then
forany K > 0 we have

{¢eC: |t —z| < Khlog(1/h)} NSpec(P(h)) =& 4.15)

for0<h <« 1, and
(P(h)—2)"'|<C/h 0<h<«k1. (4.16)

If P is analytic in a tubular neighborhood of T*R" then there exists co > 0 such that
{¢eC: ¢ —z| <co} NSpec(P(h) = 2.

Condition (4.16) means that A ¢ A°(P), which is the pseudospectrum of index 1 by Definition 2.27.
The reason for the difference between (4.15) and (4.16) is that we make a change of norm in the proof
that is not uniform in 4. The conditions in Theorem 4.15 give some geometrical information on the
bicharacteristic flow of the eigenvalues according to the following result.

Remark 4.16. The conditions in Theorem 4.15 imply that the limit set at X,(P) of the nontrivial
semibicharacteristics of the eigenvalues close to zero of Q = M(P — zIdy) is a union of compact
curves on which T is strictly monotone, thus they cannot form closed orbits.

In fact, locally (w, 1) € {(P)\ E(P) if and only if L = A(w) € C* by Lemma 2.15. Since P(w) —
Aldy is of principal type by Proposition 4.7, we find that Dim Ker(P (w) — A(w) Idy) is constant by
Proposition 3.5. Thus we obtain the normal form (4.14) as in Example 4.12. This shows that the Hamilton
vector field H, of an eigenvalue is determined by (d Qu, u) with 0 # u € Ker(P — vIdy) for v close to
z=A(w) by the invariance property given by (3.2). Now ((Hr Re Q)u, u) > 0 for 0 #u € Ker(P —z Idy),
and d(Im Qu, u) = 0 for u € Ker M(P — z1Idy) by (4.9). Thus by picking subsequences we find that
the limits of nontrivial semibicharacteristics of eigenvalues A of Q close to O give curves on which T is
strictly monotone. Since z ¢ X, (P) these limit bicharacteristics are compact and cannot form closed
orbits.

Example 4.17. Consider the system in Example 4.13
P(x,§) = £ Idy +iK (x)

where 0 < K (x) € C*. Then for z > 0 we find that P — zIdy is quasisymmetric in a neighborhood of
%, (P) with respect to V = Hr, for T'(x, &) = — (&, x). If K(x) € C{° and 0 ¢ X,(K) then we obtain
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from Proposition 2.20, Remark 2.21, Example 2.22 and Theorem 4.15 that
I(P"(x,hD)—2)'|<C/h  0<h<1
since z ¢ Xoo(P).

Proof of Theorem 4.15. We shall first consider the Cy° case. We may assume without loss of generality
that z =0, and we shall follow the proof of Theorem 1.3 in [Dencker et al. 2004]. By the conditions, we
find from Definition 4.5, Remark 4.8 and (4.6) that there exists a function 7'(w) € Cg® and a multiplier
M(w) € C3°(T*R") so that Q = M P satisfies

ReHrQ>c—CImQ (4.17)
ImQ>cQ*0 (4.18)

for some ¢ > 0 and then M is invertible by Proposition 4.7. In fact, outside a neighborhood of X¢(P)
we have P*P > ¢o; then we may choose M =i P* so that Q =i P* P and use a partition of unity to get
a global multiplier. Let

Cih<eg<(Ch log% 4.19)
where C; > 1 will be chosen large. Let T = T%(x, hD)
Q) =M"(x,hD)P(h) = Q¥(x, hD)+0(h) (4.20)
© &
_ £ &
Q4m=w”Mka€”h=e”“QM)~g:E@ﬂMﬂWQMD
=0

where ad7 Q(h) = [T (h), Q(h)] =0O(h). By the assumption on ¢ and the boundedness of adr /& we find
that the asymptotic expansion makes sense. Since &> = O(h) we see that the symbol of Q, (%) is equal to

Q.= 0 +ielT, O} +0(h).
Since T is a scalar function, we obtain
Im Q. =Im Q +¢Re Hr Q + O(h). 4.21)

Now to simplify notation, we drop the parameter % in the operators Q (k) and P (h), and we shall use the
same letters for operators and the corresponding symbols. Using (4.17) and (4.18) in (4.21), we obtain
for small enough ¢ that

ImQ,>(1—-Ce)ImQ+ce—Ch>ce—Ch (4.22)

Since the symbol of %(Qa — (Q¢)") is equal to the expression (4.22) modulo O(h), the sharp Garding
inequality for systems in Proposition A.5 gives

Im(Qeu, u) = (ce — Com) ull* = 5 ull”
for h <« ¢ < 1. By using the Cauchy—Schwarz inequality, we obtain
e
S llull < 1Qeull. (4.23)
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Since Q = M P the calculus gives

Qe =M.P.+0(h) (4.24)
where P, = e ¢T/hPefT/h and M, = e~ ¢T/" MefT/h = M + O(e) is bounded and invertible for small
enough ¢. For h << & we obtain from (4.23)—(4.24) that

lull < pu (425)

so P, is injective with closed range. Now — Q* satisfies the conditions (4.3)—(4.4), with T replaced
by —T'. Thus we also obtain the estimate (4.23) for Q} = P M} +0O(h). Since M} is invertible for small
enough  we obtain the estimate (4.25) for P, thus P, is surjective. Because the conjugation by e/ h
is uniformly bounded on L? when ¢ < Ch we obtain the estimate (4.16) from (4.25).

Now conjugation with e*7/" is bounded in L? (but not uniformly) also when (4.19) holds. By taking C»
arbitrarily large in (4.19) we find from the estimate (4.25) for P, and P} that

D (0, Khlog %) NSpec(P) = &

for any K > 0 when A > 0 is sufficiently small.

The analytic case. We assume as before that z = 0 and
P(h) ~ Zth]'-”(x, hD)  Py=P
j=0
where the P; are bounded and holomorphic in a tubular neighborhood of T*R", satisfy (2.3), and
P;-” (z, hD;) is defined by the formula (2.1), where we may change the integration to a suitable chosen
contour instead of T*R”" (see [Sjostrand 1982, Section 4]). As before, we shall follow the proof of
Theorem 1.3 in [Dencker et al. 2004] and use the theory of the weighted spaces H(A,7) developed in
[Helffer and Sjostrand 1990] (see also [Martinez 2002]).

The complexification 7*C" of the symplectic manifold 7*R" is equipped with a complex symplectic
form we giving two natural real symplectic forms Im wc and Re we. We find that T*R" is Lagrangian
with respect to the first form and symplectic with respect to the second. In general, a submanifold
satisfying these two conditions is called an IR-manifold.

Assume that T € C{°(T*R"); then we may associate to it a natural family of IR-manifolds:

Aor ={w+ioHr(w): we T*R"} C T*C" with 0 € R and |o| small

where as before we identify T (T*R") with T*R"; see [Dencker et al. 2004, page 391]. Since Im(¢dz)
is closed on A,7,we find that there exists a function G, on A,r such that

dGy=—Im(£dz)|n,;
In fact, we can write it down explicitly by parametrizing A,7 by T*R":
Go(z,0) =—(§,0VeT(x,8))+ 0T (x,§) for (z,0)=(x,§)+ioHr(x,§)
The associated spaces H(A,7) are going to be defined by using the FBI transform:
T:L*(R") — L*(T*R")
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given by

Tu(x,&) = cnh_3”/4f ei(<x_"’5>+ilx_ylz)/(y’)u(y) dy. (4.26)

n

The FBI transform may be continued analytically to A,7 so that T o €C (Agr). Since A,r differs
from T*R" on a compact set only, we find that Ts, u is square integrable on A,7. The FBI transform
can of course also be defined on u € L%(R") having values in CV, and the spaces H (Apr) are defined
by putting  dependent norms on L(R"):

2 2 —2G,(z,¢)/h 2
et a g7y = /A | Tagrtt(z, )P 20 C M@l p )" [0t = ITa gl
oT

Suppose that P; and P, are bounded and holomorphic N x N systems in a neighbourhood of T*R"
in 7*C" and that u € L>(R", CV). Then we find for ¢ > 0 small enough

<P]w(x’ hD)l/[, Pzw(xa hD)v>H(AQT)
= ((Pilagr) Tayrtts (P2l a,r ) Tayr V) 120,n) + O Nl a1V H (A L) -
By taking Py = P, = P and u = v we obtain
1Y (e, RDYu Fn ) = NP LA ) Ta gt gy + O Nty a ) (4.27)

as in the scalar case; see [Helffer and Sjostrand 1990] or [Martinez 2002].
By Remark 4.8 we may assume that M P = Q satisfies (4.8)—(4.9), with invertible M. The analyticity
of P gives

P(w+igHr) = P(w)+ioHr P(w)+ 00> ol <1
by Taylor’s formula; thus

Im M(w) P(w+ioHr(w)) =Im Q(w) + o Re M(w)Hr P(w) +@(Q2).

Since we have Re M Hr P > c—C Im Q, ¢ > 0, by (4.8) and Im Q > 0 by (4.9), we obtain for sufficiently
small o > O that

Im M (w) P(w +igHr (w)) = (1—Co)Im Q(w) + co +0(0%) = co/2 (4.28)
which gives by the Cauchy—Schwarz inequality that || P [4,, ull > ¢’o|lu||. Thus
1P~ [, I <C/e. (4.29)

Now recall that H (A7) is equal to L? as a space and that the norms are equivalent for every fixed 4 (but
not uniformly). Thus the spectrum of P (k) does not depend on whether the operator is realized on L?
or on H(A,7). We conclude from (4.27) and (4.29) that 0 has an h-independent neighbourhood which
is disjoint from the spectrum of P (%), when h is small enough. O



THE PSEUDOSPECTRUM OF SYSTEMS OF SEMICLASSICAL OPERATORS 351

Summing up, we have proved the following result.

Proposition 4.18. Assume that P(h) is an N x N system on the form given by (2.2) with analytic princi-
pal symbol P(w), and that there exists a real valued function T (w) € C*°(T*R") such that P(w) —z Idy
is quasisymmetrizable with respect to Hr in a neighborhood of ¥ ,(P). Define the IR-manifold

Aor ={w+ioHr(w); we T*R"}
for o0 > 0 small enough. Then
P(h)—z: H(Aor) —> H(A,r)

has a bounded inverse for h small enough, which gives

Spec(P(h)) N D(z,8) =9 0<h<hy
for § small enough.

Remark 4.19. It is clear from the proof of Theorem 4.15 that in the analytic case it suffices that P; is
analytic in a fixed complex neighborhood of X,(P) € T*R", j > 0.

5. The subelliptic case

We shall investigate when we have an estimate of the resolvent which is better than the quasisymmetric
estimate, for example the subelliptic type of estimate

I(P(h) —21dy)~ "I <Ch™*  h—0
with ¢ < 1, which we obtain in the scalar case under the bracket condition; see Theorem 1.4 in [Dencker
et al. 2004].

Example 5.1. Consider the scalar operator p¥ = hD; +if" (¢, x, hD,) where 0 < f(t,x,&) € C°,
(t,x) e RxR"* and 0 € 92 (f). Then we obtain from Theorem 1.4 in [Dencker et al. 2004] the estimate

R < ClpPull Rkl YueC (5.1)
if 0 ¢ Zoo(f) and _
> 187 f1#0. (5.2)
Jj<k

These conditions are also necessary. For example, if | f(r)] < C|¢|* then an easy computation gives
IhDeu +ifull/ull < ch**Vif u(t) = p(th="*1) with 0 £ ¢ (1) € CC(R).

The following example shows that condition (5.2) is not sufficient for systems.

Example 5.2. Let P = hD; 1d; +i F (t) where
>
F@) = .
0=} 1)

(2

Then we have
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which gives that
() Ker F(0) = {0} .

J=3
But by taking u () = x (¢)(¢, —1)" with0# x (¢) € Cy°(R), we obtain F(#)u(t) =0so we find || Pul|/|lull <

ch. Observe that
1 =\ [(t20\ /1 ¢
Fm_(r 1)(0 0) (—z 1)'

Thus F(¢) = t2B*(¢)I1(¢) B(t) where B(t) is invertible and T1(¢) is a projection of rank one.
Example 5.3. Let P = h D, 1d; +i F(t) where

2418 3 —+¢7 1 =2\ [t 0 1t
F(t)_(ﬂ—ﬂ t4+1%) "\t 1)\0 8]\~ 1)"
Then we have that

_ g1 (1 =t\ (hD; +i(t* +1t% 0 1t
P=d+1) (t 1)( 0 hD,+i(t6+t8)) (—t 1)+@(h)'

Thus we find from the scalar case that h1%7|ju|| < C|| Pu| for h <« 1; see [Dencker et al. 2004, Theo-
rem 1.4]. Observe that this operator is, element for element, a higher order perturbation of the operator
of Example 5.2.

Definition 5.4. Let 0 < F(¢) € L2 (R) be an N x N system; then we define

loc

Qs(F) = {t - min (F(0u,u) < 5} 0<s5<1

which is well-defined almost everywhere and contains Xo(F) = |F |=1(0).

Observe that one can also use this definition in the scalar case, then Qs(f) = f ~1([0, 8]) for nonneg-
ative functions f.

Remark 5.5. Observe that if F > 0 and E is invertible then we find that
Qs(E*FE) € Qcs(F)
where C = ||[E~||2.

Example 5.6. For the scalar symbols p(x, &) =t +if (¢, x, £) in Example 5.1 we find from Proposition
A.1 that (5.2) is equivalent to

t: ft,x,6) <8} = |Q(fre) <C8YF  0<8«k1 Vi,&,

where f, ¢(t) = f(t,x,§).

Example 5.7. For the matrix F(¢) in Example 5.3 we find from Remark 5.5 that |Qs(F)| < Cs8'/6, and
for the matrix in Example 5.2 we find that |Q5(F)| = oo.

We also have examples when the semidefinite imaginary part vanishes of infinite order.
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Example 5.8. Let p(x,&)=14+if(t,x,&) where 0 < f(¢,x,&) < Ce /1" & > 0, then we obtain that
1Qs(fee)| < Collogs| ™7 0<8«1 Vux,&

(We owe this example to Y. Morimoto.)

The following example shows that for subelliptic type of estimates it is not sufficient to have condi-
tions only on the vanishing of the symbol, we also need conditions on the semibicharacteristics of the
eigenvalues.

Example 5.9. Let

Dy O

P=thId2+ah(0 D,

) +i(t—Bx)?1dy (1, x) € R?
with @, B € R. Then we see from the scalar case that P satisfies the estimate (5.1) with u = 2/3 if and
only eithero =0 or o #0 and 8 # £1/a.

Definition 5.10. Let Q(w) € C*°(T*R") be an N x N system and let wg € ¥ C T*R". We say that Q
satisfies the approximation property on X near wy if there exists a Q invariant C* subbundle V" of CV
over T*R" such that ¥ (wg) = Ker Q" (w) and

Re(Q(w)v,v) =0 v eV (w) weX (5.3)

near wg. That V" is Q invariant means that Q(w)v € V' (w) for v € V' (w).

Here Ker Q" (wy) is the space of the generalized eigenvectors corresponding to the zero eigenvalue.
The symbol of the system in Example 5.9 satisfies the approximation property on ¥ = {t =0} if and
only if « = 0.

Let é = Q| then since Imi @ =Re @ we obtain from Lemma 4.6 that Ran @J_ Ker Q on X. Thus
Ker 0" =Ker 0 on X, and since Ker O™ (wp) = (wp) we find that Ker Q" (wo) =V (wo) = Ker Q (wp).
It follows from Example 5.13 that Ker O € % near wy.

Remark 5.11. Assume that Q satisfies the approximation property on the C*> hypersurface ¥ and is

quasisymmetric with respect to V ¢ T'X. Then the limits of the nontrivial semibicharacteristics of the
eigenvalues of Q close to zero coincide with the bicharacteristics of X.

In fact, the approximation property in Definition 5.10 and Example 5.13 give that (Re Qu, u) = 0 for
u € KerQ CV on X. Since Im Q > 0 we find that

(dQu,u)=0 Yu e KerQ onTX. 5.4)

By Remark 4.16 the limits of the nontrivial semibicharacteristics of the eigenvalues close to zero of Q
are curves with tangents determined by (d Qu, u) for u € Ker Q. Since V Re Q # 0 on Ker Q we find
from (5.4) that the limit curves coincide with the bicharacteristics of X, which are the flow-outs of the
Hamilton vector field.

Example 5.12. Observe that Definition 5.10 is empty if Dim Ker OV (wp) = 0. If Dim Ker OV (wg) > 0,
then there exists ¢ > 0 and a neighborhood w to wq so that

IM(w) = L / (zIdy —Q(w))_1 dz € C*®(w) (5.5)
|z|=¢

27
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is the spectral projection on the (generalized) eigenvectors with eigenvalues having absolute value less
than e. Then Ran I is a Q invariant bundle over  so that Ran IT(wg) = Ker Q" (wg). Condition (5.3)
with V" = Ran IT means that IT*Re QI1 = 0 in w. When Im Q(wg) > 0 we find that I[T* QTT(wgy) = 0;
then Q satisfies the approximation property on ¥ near wg with V' = Ran IT if and only if

d(IT*Re O)ID|rs =0 near wo.

Example 5.13. If Q satisfies the approximation property on X, then by choosing an orthonormal base
for %" and extending it to an orthonormal base for C" we obtain the system on the form

_(Q11 Qn
Q—( 0 sz) (5.6)

where Q1] is K x K system such that Q?’l(wo) =0,Re Q1 =0on X and |Q2| # 0. By multiplying

from the left with 1
IdK - Q 12 Q2_2
0 IdN_K

we obtain that Q1 = 0 without changing Q1 or Q7.

In fact, the eigenvalues of Q are then eigenvalues of either Q; or Q2,. Since V' (wy) are the (general-
ized) eigenvectors corresponding to the zero eigenvalue of Q(wg) we find that all eigenvalues of Q7 (wg)
are nonvanishing, thus Q,; is invertible near wy,

Remark 5.14. If Q satisfies the approximation property on X near wy, then it satisfies the approximation
property on ¥ near wi, for w; sufficiently close to wy.

In fact, let Q1 be the restriction of Q to %" as in Example 5.13, then since Re Q1 =ImiQ;;=00n X
we find from Lemma 4.6 that Ran Q1 Ker Q; and Ker Q;; = Ker QIIV1 on X. Since Qy; is invertible
in (5.6), we find that Ker Q C V. Thus, by using the spectral projection (5.5) of Q;; near w; € X for
small enough ¢ we obtain an invariant subbundle g C Y so that °(7(w1) = Ker Q1 (w;) = Ker OV (wy).

If Q € C* satisfies the approximation property and Qr = E*QFE with invertible E € C°°, then it
follows from the proof of Proposition 5.18 below that there exist invertible A, B € C* such that AQg
and Q*B satisfy the approximation property.

Definition 5.15. Let P € C*(T*R") be an N x N system and let ¢(r) be a positive nondecreasing
function on R;. We say that P is of subelliptic type ¢ if for any wg € X (P) there exists a neighborhood w
of wg, a C* hypersurface X 5 wy, areal C*> vector field V ¢ T X and an invertible symmetrizer M € C*
so that O = M P is quasisymmetric with respect to V in w and satisfies the approximation property on
¥ Nw. Also, for every bicharacteristic y of X the arc length

lyNQImQ)Now| <Ce©) 0<sK1 (5.7)

We say that z is of subelliptic type ¢ for P € C* if P — zIdy is of subelliptic type ¢. If ¢ (§) = 5* then
we say that the system is of finite type of order y > 0, which generalizes the definition of finite type for
scalar operators in [Dencker et al. 2004].

Recall that the bicharacteristics of a hypersurface in 7*X are the flow-outs of the Hamilton vector
field of . Of course, if P is elliptic then by choosing M =i P~! we obtain Q =i Idy, so P is trivially
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of subelliptic type. If P is of subelliptic type, then it is quasisymmetrizable by definition and thus of
principal type.

Remark 5.16. Observe that we may assume that
m(Qu,u) > c||Qu|>  VueCV (5.8)
in Definition 5.15.

In fact, by adding io P* to M we obtain (5.8) for large enough ¢ by (4.6), and this only increases
Im Q.

Since Q is in C* the estimate (5.7) cannot be satisfied for any ¢ (§) < § (unless Q is elliptic) and
it is trivially satisfied with ¢ = 1, thus we shall only consider ¢§ < ¢(8) < 1 (or finite type of order
0 < u < 1). Actually, for C* symbols of finite type, the only relevant values in (5.7) are u = 1/k for
even k > (; see Proposition A.2 in the Appendix.

Actually, the condition that ¢ is nondecreasing is unnecessary, since the left-hand side in (5.7) is non-
decreasing (and upper semicontinuous) in §, we can replace ¢ (8) by inf.~ 5 ¢ (¢) to make it nondecreasing
(and upper semicontinuous).

Example 5.17. Assume that Q is quasisymmetric with respect to the real vector field V, satisfying (5.7)
and the approximation property on ¥. Then by choosing an orthonormal base as in Example 5.13 we

obtain the system on the form
_(Qu Q12>
Q= ( 0 O»

where Qg1 is K x K system such that Q 1(wo) =0, Re Q11 =0o0n X and [Q2| # 0. Since Q is
quasisymmetric with respect to V we also obtam that Q11 (wp) =0,Re V Q11 >0,ImQ;; >0 for j =1,
2. In fact, then Lemma 4.6 gives that Im QL Ker Q so Ker Q" = Ker Q. Since Q satisfies (5.7) and
Qs(Im Q1) € Qs(Im Q) we find that Oy satisfies (5.7). By multiplying from the left as in Example
5.13 we obtain that Q> = 0 without changing Q1 or Q2.

Proposition 5.18. Ifthe N x N system P(w) € C*°(T*R") is of subelliptic type ¢ then P* is of subelliptic
type ¢. If A(w) and B(w) € C°(T*R") are invertible N x N systems, then AP B is of subelliptic type ¢.

Proof. Let M be the symmetrizer in Definition 5.15 so that Q = M P is quasisymmetric with respect to
V. By choosing a suitable base and changing the symmetrizer as in Example 5.17, we may write

(91 O
Q_(O sz) >9)

where Q11 is K x K system such that Q;(wg) =0, VRe Q11 > 0, Re Q;; =0 on X and that Qy; is
invertible. We also have Im Q > 0 and that Q satisfies (5.7). Let V| = {u € CV 1 u; j=0for j > K} and
Vo ={ueC":u;=0for j <K}, these are Q invariant bundles such that V"1 © ¥ = C".

First we are going to show that P =APB is of subelliptic type. By taking M =B'"MA~" we find
that

MP=0=B"'0B
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and it is clear that B~'¥; are Q invariant bundles, j = 1, 2. By choosing bases in B~'V; for j = 1, 2,
we obtain a base for C" in which Q has a block form:

~ O 0)
Q_( 0 Ox»
Here éjj:B_lﬂ/jr—)B_lﬁ/j,is given by éjj=Bj_leij with

Bi:B'W;sur Bue¥V; j=1,2.

BBy O
_ 1
3= (" ain)

= ~ ~~ (BiOnB: 0 ) <§11 0 )
=RO=BMP=|"1 = — ).
0=%0 < 0 BionB) "\ 0 0n
It is clear that Im Q > 0, Q;1(wp) =0, Re Q11 =0 on =, |0 #0and V Re 011 >0 by Proposition
4.11. Finally, we obtain from Remark 5.5 that

By multiplying O from the left with

we obtain that

Qs(Im Q) € Qcs(Im Q)

for some C > 0, which proves that P = APB is of subelliptic type. Observe that Q = AQp, where
QOp=B*QBand A=®BB~'(B*)"\.

To show that P* also is of subelliptic type, we may assume as before that Q = M P is on the form (5.9)
with Q11(wg) =0, VRe Q11 > 0,Re Q11 =0 on X, Oy is invertible, Im Q > 0 and Q satisfies (5.7).

Then we find that
_O* 0
o= (2 0
0 -05

satisfies the same conditions with respect to —V/, so it is of subelliptic type with multiplier Idy. By the
first part of the proof we obtain that P* is of subelliptic type. O

Example 5.19. In the scalar case, p € C*°(T*R") is quasisymmetrizable with respect to H; = d; near wy
if and only if
pt,x;1,8)=q(, x;7,5) (T +if(1,x,5))  near wp (5.10)

with f > 0 and ¢ # 0; see Example 4.4. If 0 ¢ X(p) we find by taking ¢~' as symmetrizer that p
in (5.10) is of finite type of order w if and only if u = 1/k for an even k such that

Y 19 f1>0
J<k

by Proposition A.1. In fact, the approximation property is trivial since f is real. Thus we obtain the case
in [Dencker et al. 2004, Theorem 1.4]; see Example 5.1.
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Theorem 5.20. Assume that the N x N system P(h) is given by the expansion (2.2) with principal
symbol P € C3°(T*R"). Assume that z € ¥(P) \ oo (P) is of subelliptic type ¢ for P, where ¢ > 0 is
nondecreasing on R,. Then there exists hg > 0 so that

I(P(h) —z1dn) "I < C/¥(h) O <h <ho (5.11)
where W (h) = § is the inverse to h = §¢ (8). It follows that there exists cy > 0 such that
{fw:lw—z|<cov(W)}No(Ph) =92 0 <h <hy.

Theorem 5.20 will be proved in Section 6. Observe that if ¢(§) — ¢ > 0 as § — 0 then ¥ (h) = O(h)
and Theorem 5.20 follows from Theorem 4.15. Thus we shall assume that ¢ (§) — 0 as § — 0, then we
find that & = §¢p(8) = 0(8) so ¥ (h) > h when h — 0. In the finite type case: ¢(§) = §* we find that
8¢ (8) =8 and Y (h) = h'/*+!'. When u = 1/k we find that 1 + u = (k+1)/k and v (h) = h¥/*+1,
Thus Theorem 5.20 generalizes Theorem 1.4 in [Dencker et al. 2004] by Example 5.19. Condition (5.11)

with ¥ (h) = h'/**! means that A ¢ AYS,.41(P), which is the pseudospectrum of index 1/p + 1.

Example 5.21. Assume that P(w) e C*is N x N and z € X (P) \ (Zws(P)U X (P)). Then X, (P) =
{A(w) = u} for u close to z, where A € C™ is a germ of eigenvalues for P at ¥,(P); see Lemma 2.15.
If z € 90X (1) we find from Example 4.12 that P(w) — zIdy is quasisymmetrizable near wg € X,(P)
if P(w) — Aldy is of principal type when |A — z|] < 1. Then P is on the form (4.11) and there exists
q(w) € C* so that (4.12)—(4.13) hold near X,(P). We can then choose the multiplier M so that Q is
on the form (4.14). By taking ¥ = {Re g (X — z) = 0} we obtain that P — zIdy is of subelliptic type ¢
if (5.7) is satisfied for Im g (A — z). In fact, by the invariance we find that the approximation property is
trivially satisfied since RegA =0 on X.

Example 5.22. Let
P(x,§) =16 ldy +iK(x)  (x,§) e T*R"

where K (x) € C®°(R") is symmetric as in Example 3.12. We find that P — zIdy is of finite type of
order 1/2 when z = i) for almost all L € X (K) \ (Zws(K) U Xo(K)) by Example 5.21. In fact, then
7€ L(P)\(Zyws(P)NZso(P)) and the C*° germ of eigenvalues for P near X,(P)is A(x, &) =|& 1> +ik (x),
where k (x) is a C* germ of eigenvalues for K (x) near X, (K) = {«(x) = A}. For almost all values X
we have dk(x) # 0 on %, (K). By taking ¢ = i we obtain for such values that (5.7) is satisfied for
Imi(A(w) —iA) = |E]> with ¢(8) = 8'/2, since Rei(A(w) —id) = A —k(x) =0 on T = X, (K).
If K(x) € C;° and 0 ¢ X0 (K) then we may use Theorem 5.20, Proposition 2.20, Remark 2.21 and
Example 2.22 to obtain the estimate

I(P"(x,hD)—zIdy) ' < Ch7?°  0<h<«1
on the resolvent.

Example 5.23. Let
P(t,x;t,6)=tM(t,x,8)+iF(t,x,§) € C™

where M > ¢¢ > 0 and F > O satisfies

Ht:‘iln:fl(F(t,x,S)u,u) 55}) <CH©)  Vx,E (5.12)
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Then P is quasisymmetrizable with respect to d; with symmetrizer Idy. When T = 0 we obtain that
Re P = 0, so by taking ¥ = Ran I for the spectral projection I given by (5.5) for F, we find that P
satisfies the approximation property with respect to X = {r = 0}. Since Qs(Im P) = Qs(F) we find
from (5.12) that P is of subelliptic type ¢. Observe that if 0 ¢ Y., (F) we obtain from Proposition A.2
that (5.12) is satisfied for ¢(8) = §* if and only if & < 1/k for an even k > 0 so that

Y 1 P x ©u@), u@®) >0 Vi,x.¢
i<k

for any 0 #£ u(t) € C®(R).

6. Proof of Theorem 5.20

By subtracting z Idy we may assume z = 0. Let wy € Xo(P); then by Definition 5.15 and Remark 5.16
there exist a C* hypersurface ¥ and a real C* vector field V ¢ T X, an invertible symmetrizer M € C*

so that Q = M P satisfies (5.7), the approximation property on %, and
VReQ>c—CImQ (6.1)
ImQ>c0*0 (6.2)

in a neighborhood w of Wy, here ¢ > 0.

Since (6.1) is stable under small perturbations in V we can replace V with H, for some real t € C*
after shrinking w. By solving the initial value problem H;7 = —1, 7|y =0, and completing to a symplectic

C coordinate system (¢, T, x, £) we obtain that ¥ = {r = 0} in a neighborhood of wg = (0, 0, wg). We
obtain from Definition 5.15 that

Re{(Qu,u)=0 whent =0andu €V (6.3)

near . Here ¥ is a Q invariant C* subbundle of C" such that ¥ (i) = Ker Q" (o) = Ker Q (o) by
Lemma 4.6. By condition (5.7) we have that

1Qs(Im Q) N{Jt| <c}|<CP¥) 0<ds<k1 (6.4)

when |w — wg| < ¢, here Q,,(¢) = Q(t, 0, w). Since these are all local conditions, we may assume that
M and Q € Cp°. We shall obtain Theorem 5.20 from the following estimate.

Proposition 6.1. Assume that Q € C3°(T*R") is an N x N system satisfying (6.1)~(6.4) in a neighbor-
hood of wy = (0,0, wy) with V = 9, and nondecreasing ¢(8) — 0 as § — 0. Then there exist hy > 0
and R € C°(T*R") so that o ¢ supp R and

YWl = CUIQY @, x, hDy Jull + IRV, x, hDy Jull +hllul) 0 <h =hg (6.5)

foranyu € Cg°(R", CN). Here W (h) =8 > h is the inverse to h = 8¢ (8).

Let w be a neighborhood of wy such that supp R Nw = &, where R is given by Proposition 6.1. Take
¢ € C°(w) such that 0 < ¢ <1 and ¢ = 1 in a neighborhood of wo. By substituting 9" (¢, x, hD; ;)u
in (6.5) we obtain from the calculus that for any N we have

Y(Wlle® ¢, x, kD, Jull < Cy(1Q™ (1, x, hDy )" (1, x, D, Jul +hY ul) ~ YueC®  (6.6)
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for small enough % since Ry = 0. Now the commutator
I[Q"™(t,x, hD: x), 9" (t, x, hDy )lull < Chllull  u € CF°.
Since Q = M P the calculus gives
1Q™(t, x, hD; Jull < [IM™(t, x, hD; 1) P(R)u|l + Chllull < C"(I|P(W)u| +hllull) ueC5°. (6.7)
The estimates (6.6)—(6.7) give
v (Wle" (¢, x, kD Jull < CUPR)ull + hllul). (6.8)

Since 0 ¢ X (P) we obtain by using the Borel Theorem finitely many functions ¢; € Cf)’o ,j=1,..., N,
suchthat0<¢; <1, Zj ¢;j=1o0n Xo(P) and the estimate (6.8) holds with¢ =¢;. Let o= 1‘2]31 bj;
then since 0 ¢ X, (P) we find that || P~!|| < C on supp ¢p. Thus ¢y = ¢o P! P and the calculus gives

g (¢, x, hDy yull < CUIP(Wyull +hllul) — ueCg.
By summing up, we obtain
Yy lul = CAPMull+hlul)  ueCg. (6.9)

Since h =8¢ (§) < § we find ¥ (h) =6 > h when h — 0. Thus, we find for small enough 4 that the last
term in the right hand side of (6.9) can be cancelled by changing the constant; then P (k) is injective with
closed range. Since P*(h) also is of subelliptic type ¢ by Proposition 5.18 we obtain the estimate (6.9)
for P*(h). Thus P*(h) is injective making P (h) is surjective, which together with (6.9) gives Theorem
5.20.

Proof of Proposition 6.1. First we shall prepare the symbol Q locally near wy = (0, 0, wp). Since Im Q >0
we obtain from Lemma 4.6 that Ran Q ()L Ker Q(iy) which gives Ker Q" (iy) = Ker Q(ig). Let
Dim Ker Q(wo) = K then by choosing an orthonormal base and multiplying from the left as in Example

5.17, we may assume that
(9 O )
Q= ( 0 O»

where Q11 is K x K matrix, Q11(wg) = 0 and |Q2 ()| # 0. Also, we find that Q; satisfies the
conditions (6.1)—(6.4) with ¥ = CX near wy.

Now it suffices to prove the estimate with Q replaced by Q1;. In fact, by using the ellipticity of Q2
at wo we find

"] < CUQ%u”" | + IRV u"| +hllu”|  u” e CPR", CN=K)

where u = (u', u”) and wy ¢ supp R;. Thus, if we have the estimate (6.5) for QY with R = R,, then
since v (h) is bounded we obtain the estimate for Q%:

Yy llull < Coll Q11w + 103u” | + IR ull + hllull) < Cr(1 Q" ull + | R ull + Rllul)

where w( ¢ supp R, R = (R, Ry).
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Thus, in the following we may assume that Q = Q1 is K x K system satisfying the conditions (6.1)—
(6.4) with ¥ = CX near . Since 3; Re Q > 0 at @y by (6.1), we find from the matrix version of the
Malgrange Preparation Theorem in [Dencker 1993, Theorem 4.3] that

o@t,t,w)=E@, 7, w)(tId+Ky(t, w)) near W
where E, Ko € C*°, and Re E > 0 at wy. By taking M (¢, w) = E(¢,0, w) we find Re M > 0 and
O, t,w)=Eot, t, w)(tM(t,w)+iK(t, w)) = Eo(t, T, w)Qo(t, T, w)

where Ey(¢, 0, w) = Id. Thus we find that Qy satisfies (6.2), (6.3) and (6.4) when T = 0 near wy. Since
K (0, wo) = 0 we obtain that Im K =0 and K > ¢K? > 0 near (0, wo). We have Re M > 0 and

[{Im Mu, u)| < C{(Ku, u)"?*|ul near (0, wp). (6.10)

In fact, we have
0<ImQ <K +1t(ImM +Re(E,K))+ Ct?

where E (¢, w) = d; E(¢, 0, w). Lemma A.7 gives

|(Im Mu, u) +Re(E  Ku, u)| < C(Ku, u)"?||ul|
and since K> < CK we obtain

IRe(E 1 Ku, u)| < Cl|Kull|ull < Co(Ku,u)""?|lu]
which gives (6.10). Now by cutting off when |t| > ¢ > 0 we obtain that

Q" = EY QY + Ry +hRY

where R; € C5° and wy ¢ supp Ro. Thus, it suffices to prove the estimate (6.5) for Q. We may now
reduce to the case when Re M = 1d. In fact,

QY = MY ((Id+iM")hD, +iK")MY  modulo O(h)

where My = (Re M)!/? is invertible, Mf‘ =M and K| = Mo_lKMO_1 > (. By changing M; and K and
making K; > 0 outside a neighborhood of (0, wg) we may assume that M, K; € C{° and i K satis-
fies (6.4) for all ¢ > 0 and any w, by the invariance given by Remark 5.5. Observe that condition (6.10)
also is invariant under the mapping Q¢ — E*QyE.

We shall use the symbol classes f € S(m, g) defined by

k
0y, .. Oy fI < Com [JeWD'* Y. owe Vi
j=1

for constant weight m and metric g, and Op S(m, g) the corresponding Weyl operators . We shall
need the following estimate for the model operator Q.

Proposition 6.2. Assume that

Q=M"(t,x,hDy)hD;+iK"(t,x, hD,),
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where M(t, w) and 0 < K(t, w) € L (R, C;°(T*R")) are N x N system such that Re M = 1d, Im M
satisfies (6.10) and i K satisfies (6.4) for all w and ¢ > 0 with non-decreasing 0 < ¢(8§) — 0 as
8 — 0. Then there exists a real valued B(t, w) € L*(R, S(1, H|dw|2/h)) such that hB(t, w)/v(h) €
Lip(R, S(1, H|dw|?/ h)), and

W (h)|ul|* <Im(Qu, B (t, x, hD)u) + Ch?|| D,u|? O<hkl (6.11)

forany u € C(‘)’O(R”H, CN). Here the bounds on B(t, w) are uniform, y(h) = 8 > h is the inverse to
h=6¢8)so0< H=h/Y(h)y<lash— 0.

Observe that H> = h/y(h) = ¢(Y(h)) — 0 and h/H = /Y (h)h < ¥ (h) — 0 as h — 0, since
0 < ¢(8) is non-decreasing.

To prove Proposition 6.1 we shall cut off where |t| = e4/1¥//h. Take xo(r) € Cy°(R) such that
0<yx0<1, xo(r) =1 when |r| <1 and |r| <2 in supp xo. Then 1 — xo = x; where 0 < x; < 1is
supported where |r| > 1. Let ¢; .(r) = x;(hr/e/¥), j =0, 1, for & > 0; then ¢ . is supported where
Ir| <2e/¥/h and ¢, ¢ is supported where || > e/ / h. We have that ¢, . () € S(1, h2dt?/v), j =0,
1, and u = ¢o o (Dy)u + ¢1.:(D;)u, where we shall estimate each term separately. Observe that we shall
use the ordinary quantization and not the semiclassical for these operators.

To estimate the first term, we substitute ¢g . (D;)u in (6.11). We find that

¥ (h) 1o (D)ul|* < ITm(Qu, ¢o - (D;) BY (t, x, kD)o (D;)u)
+Im([Q, ¢o.(D)]u, BY(t, x, hDy)go . (D)u) +4Ce* Y ||lull* (6.12)

In fact, || D;¢po. (Dy)ul|| < 2e+/4||u|l since it is a Fourier multiplier and |ht¢o ()| < 26/1. Next we
shall estimate the commutator term. Since Re Q = hD;Id —ho; Im M™/2 and Im Q = hIm M" D, +
K" 4+ ho, Im M™/2i we find that [Re O, ¢o..(D;)] € Op S(h,9) and

[0, ¢0.(D)]=i[Im Q, ¢o..(D)] =i[K™, ¢po.c(D)] = —hd, K (D) /e\/ ¥

is a symmetric operator modulo Op S(h, 9), where G = dt> + h>dt?/y + |dx|> +h?|d&|* and ¢ . (T) =
x4(ht/e/¥). In fact, we have that h?/y (h) < Ch, h[d; Im M™, ¢ . (D;)] and [Im M™, ¢ - (D;)1hD; €
Op S(h,9), since |t| < &4/ /h in supp ¢ (t). Thus, we find that

— 2i Im (¢, (D1) BV [Q, ¢0..(Dy)]) = 2ihe™" /> Im (o, (D) B9, K" ¢.(Dy))
= he ™y 2 (9o, (D) B 10,K", $2.0 (D)1 + 0.0 (DIB”, ¢, (D10 K"
+¢2,5(Dt)[¢0,e(Dt), Bw]atKw +¢2,5(Dz)Bw[¢0,a(Dt), asz]> (6-13)

modulo Op S(h,9). As before, the calculus gives that [¢; .(D,), 9, K"] € Op S(hw_l/z, %) for any
j. Since t — hB"/y € Lip(R, Op S(1, 9)) uniformly and ¢; .(v) = x;(ht/e/¥) with X; € C(R),
Lemma A.4 with k = /Y / h gives that

1166 (D). B 21y, < CV/W /2
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uniformly. If we combine the estimates above we can estimate the commutator term:
| Im([ Q. ¢o.e(D)]u, B* (1, x, hDy)¢o.c(D)u)| < Chlul® Ky M ull>  h<1 (6.14)

which together with (6.12) will give the estimate for the first term for small enough ¢ and 4.
We also have to estimate ¢ (D;)u; then we shall use that Q is elliptic when |t| # 0. We have

l¢1,6(Doull* = (" (Dy)u, u)

where x(t) = ¢f’€(f) € S(1, h*dt?/) is real with support where |7| > /1 /h. Thus, we may write
x(D;) =0(D;)hD; where o(t) = x(t)/ ht € S(¥ /2, h?dt?/v) by Leibniz’ rule since |t|~! <h/e /¥
in supp 0. Now 2D, Id =Re Q + hd; Im M™/2 so we find

(x(Dy)u, u) =Re(o(D;) Qu, u) + % Re(o(D,)(3; Im M™)u, u) +Im{o(D;) Im Qu, u)
where |h Re(o(D,) (3, Im M™)u, u)| < Ch|u|*/e/¥ and

| Re{o(Dy) Qu, u)| < | Qulllo(Doull < | Qullllull/ey/v
since o(D;) is a Fourier multiplier and |o(7)| < 1/£4/%. We have that

ImQ=K"(t,x,hDy)+hD; Im M"¥ (¢, x, hD,) — %8; Im MY (t, x, hDy)

where Im M¥ (¢, x, hDy) and K¥ (¢, x, hD,) € Op S(1, G) are symmetric. Since o = x /ht € S(y /%, 4)
is real we find that

Im(o(D;)Im Q) =Imo(D)K" +1Im x (D;) Im M"

1
= E([Q(D’)’ K*(t,x, RD)1+[x (D)), Im M¥(t, x, hD,)])

modulo terms in Op S(h/v/V¥, %) € Op S(h/y, G). Here the calculus gives
[Q(Dl)v Kw(ta X, th)] € Op S(h/w7 Cg)

and similarly we have that

[x(D:), Im M¥ (1, x, hDy)] € Op S(h/\/¥,9) € Op S(h/ v, §)

which gives that |Im(o(D;) Im Qu, u)| < Chllu||?/v. In fact, since the metric % is constant, it is uni-
formly o temperate for all 2 > 0. We obtain that

Y1 (Doull® < Co (/1| Qulllluell + hllul®)

which together with (6.12) and (6.14) gives the estimate (6.5) for small enough ¢ and 4, since h /¥ (h) — 0
as h — 0. O

Proof of Proposition 6.2. We shall do a second microlocalization in w = (x, £). By making a linear
symplectic change of coordinates (x, &) — (h'2x, h=12&) we see that Q(t, T, x, h&) is changed into

o, t,h"?w) e S(1,dt>* +dt*> + h|dw|®>)  when |t| <c.
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In these coordinates we find B(h'/?w) € S(1, G), G = H|dw|?*, if B(w) € S(1, H|dw|*/h). In the
following, we shall use ordinary Weyl quantization in the w variables.

We shall follow an approach similar to the one of [Dencker et al. 2004, Section 5]. To localize the
estimate we take {¢; (w)};, {¢;(w)}; € S(1, G) with values in 2, such that 0 < i, 0=<vy;, Zj ¢12. =1
and ¢;vy; = ¢; for all j. We may also assume that v; is supported in a G neighborhood of w;. This can
be done uniformly in H, by taking ¢;(w) = ®;(H'?w) and ¥; (w) = ¥;(H'?w), with {®;(w)}; and
{W;(w)}; € S(1, |[dw|?). Since Y ¢>]2. =1and G = H|dw|? the calculus gives

D o 6Y . Doull? — CH?|ul* < llul* < ) 1Y (x. Doul® + CH |lul®
J J

for u € Cj°(R"), thus for small enough H we find

D gy (x, Doul* <20ul* <4 " ll¢Y (x. Doul>  foru € C(RY). (6.15)
J J

Observe that since ¢; has values in 02 we find that {q‘)}f’ R;f)} ; € OpS(HY, G) also has values in 02 if
R; € S(H", G) uniformly. Such terms will be summable:

D o lrful® < CH|lulf? (6.16)
J

for {r;}; € S(H", G) with values in £2; see [Hérmander 1983-1985, Volume III, page 169]. Now we
fix j and let
Q;(t,v)=Q(t t.h"*w)) = M;()T +iK;(t)
where M;(t) = M(t, h'?w;) and K;(t) = K(t, h'/?w;) € L™(R). Since K (t, w) > 0 we find from
Lemma A.7 and (6.10) that
|(Im M ()u, u)| + [(dy K (¢, B 2w j)u, u)| < CKj(Ou, u)lul  YueCV¥ VYt  (6.17)
and condition (6.4) means that

Hz : inf (K (0. 1) 55” <Co ). (6.18)

We shall prove an estimate for the corresponding one-dimensional operator
Qi(t,hD;) =M;(t)hD; +iK;(t)
by using the following result.

Lemma 6.3. Assume that

Q(t,hDy) = M(1)hD; +iK (t)
where M(t) and 0 < K(t) are N x N systems, which are uniformly bounded in L>*(R), such that
Re M =1d, Im M satisfies (6.10) for almost all t and i K satisfies (6.4) for any ¢ > 0 with non-decreasing
¢(8) = 0as § — 0. Then there exists a uniformly bounded real B(t) € L*°(R) so that hB(t)/y (h) €
Lip(R) uniformly and

YW ul?+ (Ku, u) <Im(Qu, Bu) + Ch*|D,u||> O0<h<«1 (6.19)
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foranyu € Cj°(R, CN). Here W (h) =8 > h is the inverse to h = 8¢ (8).

Proof. Let 0 < @, (t) <1 be the characteristic function of the set Qs(K) with § = (k). Since § = ¥ (h)
is the inverse of h = §¢(§) we find that ¢ (Y (h)) = h/§ = h/y¥ (h). Thus, we obtain from (6.18) that

/ ®3,(1) dt = |95(K)| < Ch/r(h)
Letting
B v (h) /’
E(t) =exp (T ; D, (s) a’s),
we find that E and E~' € L®(R) N C°(R) uniformly and E’ = v (h)h~' ®,E in 9'(R). We have

Et)Q(t,hD)E~"(t) = Q(t, hD;) + E()R[M (1) Dy, E~' (1)1 1dy
= Q(t, hD,) + iy (h) @y (1) Idy —y ()@, (1) Im M (1) (6.20)

since (E~') = —E’E~2. In the following, we let
F)=K@®+yh)Idy =y (h)Idy .
By definition we have ®,(t) <1 =— K(¢t) > v (h) Idy, so
K () + ¢ (h)@u(1) Idy > SF(0).
Thus by taking the inner product in L?(R) we find from (6.20) that
Im(E(1)Q(t, hD)E~ " (t)u, u) > 3(F()u, u) + (Im M(t)h Dyu, u) — chllull*  u e C(R, CY)

since Im Q(¢t, hD;) = K(t) + Im M (t)h D, + %8; Im M (). Now we may use (6.10) to estimate for any
e>0
|(Im MhDyu, u)| < e(Ku, u) + Ce(h*| Diu||* + h|ul®)  Yue CP(R,CV). (6.21)

In fact, u = xo(hDy)u + x1(hDy)u where xo(r) € C5°(R) and |r| > 1 in supp x;. We obtain from (6.10)
for any ¢ > O that

[(Im M (2) xo(hT)hTu, u)| < C(K (t)u, u)'?| xo(ht)ht|l|lull < e(K (t)u, u) + Ccll xo(ht)htul®
so by using Gardings inequality in Proposition A.5 on
eK (1) + Coxg(hD)h* D? +Tm M (t) xo(h D,)h D,
we obtain
|(Im M (2) xo(h D)h Dyu, u)| < (K (t)u, u) + Cch*| Dyu||> + Coh|lul* Yu € CF(R, CY)
since || xo(hD;)hD;ul|| < C||hD;ul|. The other term is easier to estimate:
|(Im M (t) 1 (hDy)h Dyu, u)| < Cl\hDyullllx1 (hD)ull < Cih*||Dyul?
since |x1(ht)| < Clht|. By taking ¢ = 1/6 in (6.21) we obtain
(F(tyu,u) <3Im(Et)Q(t, hD)E~ (t)u, u) + C(h*|| Dyu||* + h|u|?).
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Now hD;Eu = EhD;u — iy (h)®, Eu so we find by substituting E (¢)u that
YW E@ull* + (K E@0)u, E(t)u)
<3Im(Q(t, hD)u, E*(t)u) + C (h*|| Dyul|* + hllu|l* + ¥ (W) | E(ull*)

foru € C°(R, CM). Since E > ¢, K >0 and h < ¥ (h) < 1 when h — 0 we obtain (6.19) with scalar
B=oE?foro>» land h < 1. O

To finish the proof of Proposition 6.2, we substitute ¢}”u in the estimate (6.19) with Q = Q; to obtain
Y pYull® + (Kj¢Pu, ¢¥'u) <Im(p Q;(t, hDiu, Bj(1)¢¥'u) + Ch?|¢} Dyul|> (6.22)

foru e C(‘)’O(R”+l, CN), since (/5;” (x, Dy) and Q;(t, hD,;) commute. Next, we shall replace the approxi-
mation Q ; by the original operator Q. In a G neighborhood of supp ¢»; we may use the Taylor expansion
in w to write for almost all ¢

O(t, T, h'?w) — Qi(t, t) =i(K(t, h'?w) — K; (1)) + (M(t, k' *w) — M;(1))7. (6.23)
We shall start by estimating the last term in (6.23). Since M (t, w) € C5° we have
|M(t, h"*w) — M;(@®)| < Ch'?H™"?  in suppg; (6.24)

because then |w —w,| <cH~'/2. Since M(t, h'>w) € S(1, h|dw|?) and h < H we find from (6.24) that
M(t, h'?w) — M;) e S(h'/?H~1/2, G) in supp ¢; uniformly in 7. By the Cauchy—Schwarz inequality
we find

(@Y (M"™ — Mj)hDyu, B;j(1)¢p¥u)| < C(l|x ' hDul)* +hH ¢V ull®) (6.25)
for u € Cgo([R{”+l, C") where X}U = h_l/zHl/zq&}”(M“’ —M;) € Op S(1, G) uniformly in ¢ with values
in £2. Thus we find from (6.16) that

DX hDwl? < ClhDu|®  ue CEP®R™
J
and for the last terms in (6.25) we have
hH' Y oYul® <2hH - ul> <y Wlul®  h—0  ueCFER™
J

by (6.15). For the first term in the right hand side of (6.23) we find from Taylor’s formula
K(t, h'?w) — K;(t) = h'/2(S;(t), W;(w)) + R;(t, T, w)  insuppe;

where S;(t) = 3,K(t,h'?w;) € L*R), R; € S(hH™', G) uniformly for almost all  and W; €
S(h=12, hldw|?) such that ¢;(w)W;(w) = ¢;(w)(w — w;) = O(H~'/2). Here we could take W, (w) =
x (R (w—w i) (w —wj) for a suitable cut-off function x € C;°. We obtain from the calculus that

$YK (D) =YKV, 1Pk, k2D — WY (S;(6), W)+ RY,
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where {ﬁ i} € S(hH —1, G) with values in £? for almost all #. Thus we may estimate the sum of these
error terms by (6.16) to obtain

Z |<Ey’u, Bj()¢pu)) < ChH '|ul> <y (W)|ul*> ash—0 forue @, CY). (6.26)
j

Observe that it follows from (6.17) for any x > 0 and almost all ¢ that
(S (tu, u)| < C{K;()u, u)'*||u|| <« (K;(t)u,u) +Cllull*/k  YueCV.

Let Fj(t) = F(t, h'?w;) = K ;(t)+ ¥ (h) Idy; then by taking x = 0 H'/>h~!/? we find that for any ¢ > 0
there exists i, > 0 so that

RY2HTY2(Su,u)| < oK ju,u) +ChH ull?/o < o(Fju,u) YueC" 0<h<h, (627)

since hH~! <« ¥ (h) when h < 1. Now F; and §; only depend on 7, so by (6.27) we may use Remark
A.6 in the Appendix for fixed r with A = hl/zH_l/sz, B = oF;, u replaced with qb}”u and v with
B;H 1/ 2(1)? W}”u. Integration then gives

h'21(Bj}f (S; (), W', ¢ u)| < %’((Fj(rw;”u, ¢iu) + (FiO)yu, ¥}'u)) (6.28)
foru € CP(R™!, CN), 0 < h < hy,, where
Y =B;H'?¢YW! €OpS(1,G)  with values in £>.
In fact, since ¢; € S(1, G) and W; € S(h=1/2, h|dw|*) we find that
QYWY = (¢;W;)" modulo Op S(H'*, G).

Also, since |¢;W;] < CH~'/? we find from Leibniz’ rule that ¢;W; € S(H™'2,G). Now F >
W (h)Idy > hH~'Idy so by using Proposition A.9 in the Appendix and then integrating in ¢ we find
that

S UF O u, pruy <C Y (Fj(0¢Yu, ¢¥u)  ueCE®R™,CY).
J

J
We obtain from (6.15) that

YW ul> <2 (Fj0)¢)u, ¢fuy  ue PR, CV).
J
Thus, for any o > 0 we obtain from (6.22) and (6.25)—(6.28) that

(1= Coo) Y (Fj(@)u, ') < 3 Im(g} Qu, By(0)9}u) + Coh® Dl 0 <h <y,
J J

We have that > j Bj¢j9; € S(1,G) is a scalar symmetric operator uniformly in 7. When ¢ = 1/2Cy
we obtain the estimate (6.11) with BY =4 j Bjoy' ¢}, which finishes the proof of Proposition 6.2. [



THE PSEUDOSPECTRUM OF SYSTEMS OF SEMICLASSICAL OPERATORS 367

Appendix
We shall first study the condition for the one-dimensional model operator
hD;Idy +i F(t) 0<F() e C®(R)

to be of finite type of order u:
|Q2s(F)| < C8" 0<dx1 (A.1)

and we shall assume that 0 ¢ 3.,(P). When F(¢) ¢ C*°(R) we may have any > 0 in (A.1), for example
with F(¢) = |t|"/*1dy. But when F € Cg the estimate cannot hold with & > 1, and since it trivially
holds for u = 0 the only interesting cases are 0 < u < 1.
When 0 < F(t) is diagonalizable for any ¢ with eigenvalues 1 ;(t) € C*, j =1,..., N, then condi-
tion (A.1) is equivalent to
Qs <cs* Vi 0<sk1

since Q5(F) = j Qs(A ;). Thus we shall start by studying the scalar case.

Proposition A.1. Assume that 0 < f(t) € C*°(R) such that f(t) >c >0 when |t|> 1, thatis, 0 ¢ X (f).
We find that f satisfies (A.1) with u > 0 if and only if © < 1/k for an even k > 0 so that

Yo fol=0 v (A.2)

J=<k

t

Simple examples as f(t) =e~ * show that the condition that 0 ¢ Yoo (f) is necessary for the conclusion

of Proposition A.1.

Proof. Assume that (A.2) does not hold with k < 1/u; then there exists #y such that £ (t)) = 0 for
all integer j < 1/u. Then Taylor’s formula gives that f(¢) < c|t — fo|F and 1Q2s(f)] > c8'/% where
k=[1/u]+ 1> 1/u, which contradicts condition (A.1).

Assume now that condition (A.2) holds for some k, then f~!(0) consists of finitely many points. In
fact, else there would exist 7y where f vanishes of infinite order since f(z) # O when |¢| > 1. Also
note that (),_, Q2s(f) = f ~1(0), in fact Jf must have a positive infimum outside any neighborhood of
£71(0). Thus, in order to estimate |Q2s5( f)| for § < 1 we only have to consider a small neighborhood w
of to € £~1(0). Assume that

f)=f(t) == fV(tp)=0and V1) #0

for some j < k. Since f > 0 we find that j must be even and f)(fy) > 0. Taylor’s formula gives as
before f(t) > c|t —to|/ for |t —ty] < 1 and thus we find that

1Qs(f) Nw| < C8' < sk 0<sk1

if w is a small neighborhood of #5. Since f~!(0) consists of finitely many points we find that (A.1) is
satisfied with u = 1/k for an even k. U

Soif 0 < F € C*°(R) is C* diagonalizable system and 0 ¢ ¥, (P), condition (A.1) is equivalent to
> 10 F@u@), u@)l/lu@|?>0 Vi

J<k
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for any 0 £ u(t) € C*°(R), since this holds for diagonal matrices and is invariant. This is true also in the
general case by the following proposition.

Proposition A.2. Assume that 0 < F(t) € C*°(R) is an N x N system such that 0 ¢ T (F). We find
that F satisfies (A.1) with u > 0 if and only if u < 1/k for an even k > 0 so that
> 10 (FOu), u)/lu@I* >0 Vi (A3)
J<k
forany 0 Z u(t) € C*(R).
Observe that since 0 ¢ X, (F) it suffices to check condition (A.3) on a compact interval.
Proof. First we assume that (A.1) holds with u > 0, let u(t) € C*®°(R, C") such that |u(¢)| = 1, and
f@) =(F@®u(),u()) € C°(R). Then we have Qs5(f) C Q2s(F) so (A.1) gives
1Qs()l <I1Qs(F)] <Cs* 0<sK1.
The first part of the proof of Proposition A.1 then gives (A.3) for some k < 1/p.
For the proof of the sufficiency of (A.3) we need the following simple lemma.

Lemma A.3. Assume that F(t) = F*(t) € CK(R) is an N x N system with eigenvalues Aj(t) € R,
Jj=1,...,N. Then, for any ty € R, there exist analytic v;(t) € CN,j=1,...,N,sothat {vi(to)} isa
base for CN and

4 (@) = (F@)v; (1), v;())| < Clt =10 for |t —1o] <1

after a renumbering of the eigenvalues.

By a well-known theorem of Rellich, the eigenvalues A(f) € C Y(R) for symmetric F(t) € C L(R);
see [Kato 1966, Theorem I1.6.8].

Proof. 1t is no restriction to assume #y = 0. By Taylor’s formula
F(t) = Fi(1) + R (1)

where F; and Ry are symmetric, Fy(¢) is a polynomial of degree k — 1 and Ry (¢) = 0(|t|%). Since Fi(r)
is symmetric and holomorphic, it has a base of normalized holomorphic eigenvectors v;(¢) with real
holomorphic eigenvalues Xj (t) by [Kato 1966, Theorem I1.6.1]. Thus Xj (t) = (Fr(t)v;(t), v;(¢)) and by
the minimax principle we may renumber the eigenvalues so that

Mj(t)_xj(t”f”Rk(t)”§C|t|k V.
The result then follows since
{(F () — Fe))v; (1), v ()] = (R (t)vj (1), v; (1)) < Cle[* Vj. 0

Assume now that Equation (A.3) holds for some k. As in the scalar case, we have that k is even and
M=o Rs(F) = Xo(F) = |F |=1(0). Thus, for small § we only have to consider a small neighborhood of
to € Xo(F). Then by using Lemma A.3 we have after renumbering that for each eigenvalue A(¢) of F(t)
there exists v(¢) € C* so that |v(¢)| > ¢ > 0 and

IA(t) — (F()v(t), v(t))] < Clt — /"' when |t — 1| <c. (A.4)
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Now if ¥(F) > t; — to is an accumulation point, then after choosing a subsequence we obtain that
for some eigenvalue Ay we have Ax(¢;) = 0 for all j. Then A; vanishes of infinite order at #), contra-
dicting (A.3) by (A.4). Thus, we find that Xy(F) is a finite collection of points. By using (A.3) with
u(t) = v(t) we find as in the second part of the proof of Proposition A.1 that

(F(v@), v) = clt —tol)  |t—10] < 1
for some even j < k, which by (A.4) gives that
A =clt—tol —=Clt =t = It =1l |t —1o] < 1.

Thus |Qs(A) Nw| < 87 if @ for § <« 1 if w is a small neighborhood of #y € Xo(F). Since Q5(F) =
Uj Qs5(1;), where {A;(1)}; are the eigenvalues of F(r), we find by adding up that [Q25(F)| < CsV/k,
Thus the largest p satisfying (A.1) must be > 1/%. 0

Let A(?) € Lip(R, ZL(L*(R™))) be the L*(R") bounded operators which are Lipschitz continuous in
the parameter ¢ € R. This means that

A(s) — A(2)

— = B(s,t) € £(L*(R"))  uniformly in s and ¢. (A.5)
G _

One example is A(t) = a" (¢, x, D,) where a(z, x, £) € Lip(R, S(1, G)) for a o temperate metric G
which is constant in ¢ such that G/G? < 1.

Lemma A.4. Assume that A(t) € Lip(R, L(L*(R"))) and ¢ (1) € C*®*(R) such that ¢'(t) € Cy°(R). Then
for k > 0 we can estimate the commutator

[[6(Di /), AD] | 42 nnyy < C

where the constant only depends on ¢ and the bound on A(t) in Lip(R, L(L*(R™M))).

Proof. In the following, we shall denote by A(¢, x, y) the distribution kernel of A(¢). Then we find

from (A.5) that
A(s,x,y)—A(t,x,y)=( —1t)B(s,t,x, ), (A.6)

where B(s, t, x, y) is the kernel for B(s, t) for s, € R. Then

([ (Di/K), A)u, v)
:(2n)—1/ei(’—sﬁd)(z/x)(A(s,x,y)—A(z,x,y))u(s,x)v(z—,y)drdsdzdxdy (A7)

foru, v e C(‘)’O([R{”“), and by using (A.6) we obtain that the commutator has kernel

%/ei(tS>T¢(t//c)(s—t)B(s,t,x,y)d‘c = l‘/e"(’S)’,o(‘t//c)B(s,t,x,y)d‘c =pk(s—1))B(s,t,x,y)
K

in 9(R?>"*2), where p € C°(R). Thus, we may estimate (A.7) by using Cauchy—Schwarz:
/ [0(cs)(B(s + 1, Duls +1), v(1)) 2@ny| dt ds < C™Hul ]|

where the norms are in £(L2(R"*1)). 0O
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We shall need some results about the lower bounds of systems, and we shall use the following version
of the Garding inequality for systems. A convenient way for proving the inequality is to use the Wick
quantization of a € L*°(T*R") given by

aViK (. D)u(x) :/ ) a(y, DEy,(x, D)u(x)dydn u e PR
T* n

using the rank one orthogonal projections £, (x, Dy) in L?(R") with Weyl symbol
Sy, §) =7 " exp (=|x =y~ 1€ —nl)

(see [Dencker 1999, Appendix B] or [Lerner 1997, Section 4]). We find that aViek: PR > (R is
symmetric on ¥(R") if a is real-valued,

a>0 = (aV*&,Du,u) >0  ueF®R", (A.8)
1™ e, D) llgr2mnyy < llallzorome.
which is the main advantage with the Wick quantization. If a € S(1, h|d w|?) we find that
aVik = g 4 p¥ (A.9)
where r € S(h, h|dw|?). For a reference; see [Lerner 1997, Proposition 4.2].
Proposition A.5. Let 0 < A € C°(T*R") be an N x N system, then we find that
(A¥(x, hD)u, u) = —Chllu|® Yu GCSO(IR”,(EN).

This result is well known (see for example Theorem 18.6.14 in Volume III of [Hormander 1983-1985])
but we shall give a short and direct proof.

Proof. By making a L? preserving linear symplectic change of coordinates: (x, &) — (h'/?x, h=1/2¢)
we may assume that 0 < A € S(1, h|dw|?). Then we find from (A.9) that A¥ = AWk L R™ where
R € S(h, h|dw|?). Since A > 0 we obtain from (A.8) that

(A%u, u) > (R"u, u) > —Chllul? VueCSo([R”,CN). O

Remark A.6. Assume that A and B are N x N matrices such that £A < B. Then we find
|(Au,v)] <3 ((Bu,u)+ (Bv,v))  Vu,veC"
In fact, since B + A > 0 we find by the Cauchy—Schwarz inequality that
2H{(BE£A)u, v)| <((BE£Au,u)+ ((BL A)v, v) Vu, veC"
and 2 |(Bu, v)| < (Bu, u) + (Bv, v). The estimate can then be expanded to give the inequality, since
[{Au,u)| < (Bu, u) YueC"

by the assumption.
Lemma A.7. Assume that 0 < F(t) € C*(R) isan N x N system such that F" € L*®(R). Then we have

[(F'Ou, w)|* < CIIF" [l (F O, w)llu]>  YueCN.
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Proof. Take u € CN with |u| = 1 and let 0 < f(t) = (F(t)u, u) € C%(R). Then [ < [|F"|lL~ so
Lemma 7.7.2 in Volume I of [Hormander 1983-1985] gives

|f/ O = [(F'(O)u, u)|* < C|[F"|| .= f(0) = C|| F"|| ~(F O)u, u). u
Lemma A.8. Assume that F > 0 is an N x N matrix and that A is a L*> bounded scalar operator. Then
0 < (FAu, Au) < |A|*(Fu, u)
forany u € Cg°(R", cM).

Proof. Since F > 0 we can choose an orthonormal base for CV such that (Fu, u) = Zj-v:l filuj |> for
u=uy,us,...)eCV, where fj = 0 are the eigenvalues of F'. In this base we find

0 < (FAu, Au) =" fill Auj > < AP fillujl* = |AI*(Fu, u)
J J

forueC(‘)x’([R{”,CN). O

Proposition A.9. Assume that h/H < F € S(1, g) is an N x N system, {¢;} and {;} € S(1, G) with
values in £* such that > ilo; I>?>c¢>0andy j is supported in a fixed G neighborhood of w; € supp ¢;
forall j. Here g = hldw|? and G = H|dw|?* are constant metrics, 0 <h < H < 1. IfFj =F(wj) we
find for H < 1 that

D Y G, Dou, Y (x, Do) < C Y (Fipl (x, Dou, ¢¥ (x, Dy)u) (A.10)
J J

forany u € Cg°(R", cM).

Proof. Since x = Zj|¢j|2 > ¢ > 0 we find that x ~' € S(1, G). The calculus gives

(XD ) @iey =1+r"
J

where r € S(H, G) uniformly in H. Thus, the mapping u > (x )% Z ¢w¢wu is a homeomorphism
on L%(R"™) for small enough H. Now the constant metric G = H [dw|? is tr1v1ally strongly o temperate
according to Definition 7.1 in [Bony and Chemin 1994], so Theorem 7.6 in the same reference gives

B € §(1, G) such that
BUOCD" 28707 =) Bie] =

where B“’ = Bw(x_l)“’qﬁw € Op S(1, G) uniformly, which gives 1 = Z ¢“’ j % since (Bw)* = B . Now
we shall put

G (x, Dy) =Y ¥V (x, DOF;¥} (x, Dy).
J

Then
GU=> VB F Bl oY = VBV Fiy" Bl (A.11)

Jjk Jkl
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Let Cj"}d = E;JW}”w;" B’; then we find from (A.11) that

(Fu,u) =Y (FICydu. d}u).
Jjki

Let dj; be the H ~!dw|? distance between the G neighborhoods in which ¥ j and Yy are supported.
The usual calculus estimates (see [Hormander 1983—-1985, Volume III, page 168] or [Bony and Chemin
1994, Theorem 2.6]) gives that the L? operator norm of Cj“;d can be estimated by

ICY N < Cn(A+djy +du) ™™
for any N. We find by Taylor’s formula, Lemma A.7 and the Cauchy—Schwarz inequality that
{(F) = Fou, w)] < Crlw; — wil (Feu, u) 02|l + Cohlw; — wiellull® < C{Fra, u) (1 +d )’
since |w; — wi| < C(djx + HY2yand h <hH~' < Fy. Since F; > 0 we obtain that
20(Fiu, v)| < (Fue,u) 2 (Fo, )2 < C(Fju, u)' P (Fo, )2 (1 djin) (1 dig)
and Lemma A.8 gives

(FiCludi’u. FCliydi’u) < 11Cpual*(Fidi’ . &' u).

Thus we find that
D ARCH ¢, ¢V u) < Cy Y (I +dj+di) N (Fegu, ¢ w) *(FipVu, ¢¥u)'/?
jki jki
<Cy Y _(L4di)" NPA+dw) NP ((Fipu, ¢ u) + (Fegp u, ¢u))
Jjkl

Since ) j(I+d jk)*N < C for all k for N large enough by [Hormander 19831985, Volume III, page
168]), we obtain the estimate (A.10) and the result. O
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