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RESONANCES FOR NONANALYTIC POTENTIALS

ANDRE MARTINEZ, THIERRY RAMOND AND JOHANNES SJIOSTRAND

We consider semiclassical Schrédinger operators on R”, with C* potentials decaying polynomially at
infinity. The usual theories of resonances do not apply in such a nonanalytic framework. Here, under
some additional conditions, we show that resonances are invariantly defined up to any power of their
imaginary part. The theory is based on resolvent estimates for families of approximating distorted
operators with potentials that are holomorphic in narrow complex sectors around R”".

1. Introduction

The notion of quantum resonance was born around the same time as quantum mechanics itself. Its
introduction was motivated by the behavior of various quantities related to scattering experiments, such
as the scattering cross-section. At certain energies, these quantities present peaks (nowadays called
Breit—Wigner peaks), which were modeled by a Lorentzian-shaped function
; 1 b/2
W p:AH> — .
a.b 7 (U —a)+(b)2)?

The real numbers a and 2/(xb) > 0 stand for the location of the maximum of the peak and its height.
The number b is the width of the peak (more precisely its width at half its height). Of course for
p=a—ib/2 e C, one has

I Imp
w|h—pl?
and the complex number p was called a resonance. Such complex values for energies had also appeared

wa,b(/l) =

for example in [Gamow 1928], to explain a-radioactivity.

There is a standard discussion in physics textbooks that may help understand the normalization chosen
for w, (). Suppose y is a resonant state (not in L% corresponding to the resonance p =a —ib/2. Its
time evolution should be written

l//(t) — e—ila—tb/Z o,
so that the probability of survival beyond time ¢ is
2
t
p(t) — |l//( )2| :e—bt
lwol
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and b is the decay rate of that probability. Moreover, the resonant state  (¢) has an associated energy
space representation

. [ 1 Yo
l - itE d —
v m/o = e h—ib)2

which is interpreted saying that the probability density do (1) of the resonant state is proportional to
|y (1)|? and leads to the following formula if one requires that the total probability is 1:

1 b J
21 (a—7)2+ (b/2)?

do(A) = A =wqp(A)dA.
However, these complex numbers p = a — ib/2 are not defined in a completely exact way, in the sense
that the peaks in the scattering cross section or the above probability distribution do not perceivably
change if these numbers are modified by a quantity much smaller than their imaginary part. Indeed, a
straightforward computation shows that the relative difference between such two peaks w, ; and wg i
satisfies

wap(A) = wa D] _Slp=p'l | 1p= p'I?

JeR war b (4) — |Imp| |Imp|2

where we have also set p’ = a’ —ib’/2 and chosen [Im p| < |Im p’| to make the formula simpler. As a
consequence, the two peaks become indistinguishable if |p — p’| < |Im p|, that is, there is no physical
relevance to associate the resonance p =a—ib to w, ; rather than any other p’ satisfying |p—p’| < [Im p|.
Notice also that the more the resonance is far from the real line, the more irrelevant this precision
becomes.

On the mathematical side, the more recent theory of resonances for Schrodinger operators has made
it possible to create a rigorous framework and obtain very precise results, in particular on the location
of resonances in relation with the geometry of the underlying classical flow. However, it is based on the
notion of complex scaling, in more and more sophisticated versions that all require analyticity assump-
tions on the potential or its Fourier transform; see, for example, [Aguilar and Combes 1971; Balslev
and Combes 1971; Simon 1979; Sigal 1984; Cycon 1985; Helffer and Sjostrand 1986; Hunziker 1986;
Nakamura 1989; 1990; Sjostrand and Zworski 1991]. It is important to notice that these different defini-
tions coincide when their domain of validity overlap [Helffer and Martinez 1987]. In this mathematical
framework, the Breit—Wigner formula for the scattering phase has now been studied by many authors in
different situations, as shape resonances, clouds of resonances, or barrier-top resonances; see for example
[Gérard et al. 1989; Petkov and Zworski 1999; Bruneau and Petkov 2003; Fujiié and Ramond 2003].

There are a small number of works about the definition of resonances for nonanalytic potentials, for
example, [Orth 1990; Gérard and Sigal 1992; Soffer and Weinstein 1998; Cancelier et al. 2005; Jensen
and Nenciu 2006]. In [Orth 1990; Gérard and Sigal 1992; Soffer and Weinstein 1998; Jensen and Nenciu
2006], the point of view is quite different from ours, while in [Cancelier et al. 2005], the definition is
based on the use of an almost-analytic extension of the potential and seems to strongly depend both on
the choice of this extension and on the complex distortion.

Here our purpose is to give a definition that fulfills both the mathematical requirement of being in-
variant with respect to the choices one has to make and the physical requirement of being more accurate
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as the resonance become closer to the real (or, equivalently, as the Breit—-Wigner peak becomes nar-
rower). Dropping the physically irrelevant precision for the definition of resonances, we can also drop
the spurious assumption on the analyticity of the potential.

More precisely, we associate to a Schrodinger operator P a discrete set A C C with certain properties,
such that for any other set A’ with the same properties, there exists a bijection B : A’ — A with B(p)—p =
O(|Im p|°°) uniformly. The set of resonances of P is the corresponding equivalence class of A. Of course,
when the potential is dilation analytic at infinity, we recover the usual set of resonances up to the same
error O(]Im p|*°).

The properties characterizing A basically involve the resonances of a (essentially arbitrary) family of
dilation-analytic operators (P*)0<u<u,), such that

P* is dilation-analytic in a complex sector of angle x around R",

| P* — P|| = O(x*) uniformly as 4 — O,

and the constructive proof of the existence of the set A mainly consists in studying such a family and in
particular, in obtaining resolvent estimates uniform in u.

In this paper, we address the case of an isolated cluster of resonances whose cardinality is bounded
(with respect to h). We hope to treat the general case elsewhere, as well as to give a detailed description
of the quantum evolution e'*/" = ¢!"P"/" 1. 0(|t|h~' 1) in terms of the resonances in A.

The paper is organized as follows. We give our assumptions and state our main results in Section 2.
Then in Section 3, we give two paradigmatic situations where our constructions apply: the nontrapping
case and the shape resonances case. In Section 4 we present a suitable notion of analytic approximation
of a C*° function through which we define the operator P#. In Section 5 we show that a properly defined
analytic distorted operator Paﬂ of the latter satisfies a nice resolvent estimate in the upper half complex
plane even very near to the real axis. Sections 6, 7 and 8 are devoted to the proof of Theorem 2.1,
Theorem 2.2 and Theorem 2.5 respectively. We construct the set of resonances A and prove Theorem
2.6 in Section 9. In the last Section 10, we prove our statements concerning the shape resonances. Finally,
we have placed in the Appendix the proofs of two technical lemmas.

2. Notations and main results
We consider the semiclassical Schrédinger operator
P=-h*A+V,
where V = V(x) is a real smooth function of x € R", such that
0"V (x) = O((x) ™71, 2-1)

for some v > 0 and for all & € Z",. We also fix v € (0, v) once for all, and for any ¢ > 0 small enough,
we denote by V# a |x|-analytic (u, v)-approximation of V in the sense of Section 4. In particular, V#
is analytic with respect to r = |x| in {r > 1}, it can be extended into a holomorphic function of r in the
sector X :={Rer >1, [Imr| <2uRer}, and it satisfies

VAx) = V(x) =0(u™®(x)™), (2-2)
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uniformly on R". (See Section 4 for more properties of V#.)
Then for any 8 € (0, u], the operator

P = —h’A 4 VH, (2-3)
can be distorted analytically into
P} :=UyP"U;", (2-4)
where Uy is any transformation of the type
Ugp(x) == p(x +i0A(x)), (2-5)

with A(x) :=a(|x|)x,a € C*°(R;), a =0near 0,0 <a <1 everywhere, a(|x|) = 1 for |x| large enough.
The essential spectrum of P(,” is e 2R, and its discrete spectrum adisc(PH” ) is included in the lower
half-plane and does not depend on the choice of the function a. Moreover, it does not depend on 4, in
the sense that for any dy € (0, 1], and any 0 € [0y, 1], one has

O'disc(Péu) N 200 = O'disc(Pélé) N 20(),

where Zg, :={z € C; —20p < argz < 0} (observe that one also has adisc(Pé‘) = adisc(ﬁgP” 179_1),
where (79(0()() = J/det(Id +i0'dA(x))p(x +i0A(x)) is an analytic distortion more widely used in the
literature).

We denote by

r(pP) = O'disc(P/il) N Z,u,

the set of resonances of P# counted with their multiplicity. In what follows, we also use the following
notation: If E and E’ are two h-dependent subsets of C, and a = a (h) is a h-dependent positive quantity
that tends to 0 as /4 tends to 0, we write

E'=E +0(a),
when there exists a constant C > 0 (uniform with respect to all other parameters) and a bijection
b:E — E,

such that
|b(A) — Al < Ca

for all 4 > 0 small enough.
Now, we fix some energy level 1¢ > 0, and a constant ¢ > 0. For any /#-dependent numbers i (h), u(h),
and any /-dependent bounded intervals I (h), J (h), satisfying

0 < (h) < u(h) <k, (2-6)
I(h) C J(h), diam(J U{o}) <h°, (2-7)
we consider the following property (see Figure 1):
Re(T(P*)N(J —i[0, oul)) C I,
P, pid, J) #(T(P*YN(J —il0, i) <67,
dist(Z, R\ J) = h™°wn (i),
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Figure 1. The property P (i, u; I, J).

“lleles fOI 6 > 0’ we lla~e Set

Notice that by (2-7), the property (i, u; I, J) implies wy, (i) < h?°.

In the applications, it will be necessary to check that %(u, u; I, J) holds for values of i that are
essentially of order #” for some v > n. In that case, of course, the order of the quantity wy, (i) can be
simplified into A”~"/2(In(1/ h))*+D/2. However, in the proof of our results, P (i, u; I, J) will be also
used as an inductive condition that will permit us to consider arbitrarily small values of i (including
exponentially small values), and this is why we have to keep the somewhat intriguing above expression
for wy, (0).

Theorem 2.1. Suppose P (i, i; 1, J) holds for some fi, u, I and J satisfying (2-6)—(2-7). Then for all
0 €10, ul, there exists an interval

J =T +0(w(9)),
such that

Iy = <co ¢ T lz=pl™,
pel (i, 1, J)
forallz € J' +i[—COh™", COR™ ). Here we have set ny :=n+ 0 and

F(ﬁa i, J) = F(P’u)ﬂ (J —i[0, ioﬁ]),

and C > 0 is a constant independent of i, u, 0, I and J.
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Thanks to this result, one can compare the resonances of the operators P# for different values of u:

Theorem 2.2. Let Ng > 1 be a constant. Suppose P (i, w; 1, J) holds for some i, u, I and J satisfying
(2-6)—(2-7), and that i > u™°. Then for any 6 € [u™°, ji], there exist an interval

J'=J +0(wn(0))
and t € [0, 2h™ 0, such that for any constant N1 > 1 and any u' € [u™', u'/N'] with @ < i', one has
T(P*)YN(J =i[0, z]) = T(P*) N (J —i[0, 7]) +O(u™).
Remark 2.3. The only properties of V# used in the proof of this result are that V# is a holomorphic
function of r in the sector £ :={Rer > 1, |Imr| <2u Rer}, and it satisfies (2-2) and (4-2) for some

v > 0. In particular, the proof also shows that, up to O(u°), the set I'(P#) does not depend on any
particular choice of V#.

Remark 2.4. As we will see in the proof, the condition t € [2"'8, 2h"§] can actually be replaced by
t € [hM6, O + (W O)M], for any fixed M > 1.

We also show that the validity of P (i, u; I, J) persists when decreasing g and u suitably, up to a
small change of / and J.

Theorem 2.5. Suppose P (i, u; 1, J) holds for some f, u, I and J satisfying (2-6)—(2-7). Assume
furthermore that there is a constant Ny > 1 with i > u™°. Then there exist two intervals

I'=T1+0(u>),
J =T +0(n (1)),
such that P(h" u’, u'; I, J') holds, for any u’ € (0, u].
Finally, the next result gives a definition of resonances for P, up to any power of their imaginary part.

Theorem 2.6. Suppose P (i1, u; 1, J) holds for some i, u, I and J satisfying (2-6)—(2-7). Assume
furthermore that there is a constant Ny > 1 with i > u™o. Then there exist

aninterval 1'=1+0(u®),
an interval  J' = J 4+ 0(wp (1)),
a discrete set A C I' —i[0, 20" [1],

such that

forany 1’ € (0, fi], there exists T € [h*™ u', 2h*™ 11'] with]
)

T(P*YN(J =i[0,7]) = AN —i[0, z]) + O((1)>).

Moreover, any other set A cl'—i[o, 2h%" 1] satisfying (%), possibly with some other choice of V*, is
such that there exist 1’ € [%hz’11 I, h2m it] and a bijection

B:ANWJ —i[0,7) = AN —i[0,7']), with B(A)— 4 =0(Im 1|*).

The set A will be called the set of resonances of P in J' — i[0, %hz’” [t]. Here we adopt the convention
that real elements of A are counted with a positive integer multiplicity in the natural way (see Section 9).
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Remark 2.7. The main shortcoming of our condition % (i, u; I, J) is that the number of resonances in
the corresponding box has to be bounded. It might be that this restriction could be eliminated by a finer
analysis, based for example on results by P. Stefanov [2003]. We plan to come back to this point in a
forthcoming work.

3. Two examples

Here, we describe two explicit situations where the previous results apply.

3.1. The nontrapping case. We suppose first that the energy Ag is nontrapping, that is, for any (x, &) €
p~'(Lo) we have

lexptH),(x, )| — o0 as [t] — oo,
where p(x, &) := &2+ V(x) is the principal symbol of P, and H p = 0z pOx — Ox pO¢ is the Hamilton field
of p.

Then the result of [Martinez 2002b] can be applied to P* with u = ChIn(h™") for any arbitrary
constant C > 0, and tells us that P# has no resonances in [1g — 2¢, A9 + 2¢] — i[0, o] with some
¢ > 0 constant. In that case, for any 0 > 0, P(h"™ u, u; I, J) is satisfied with I = [Ag — h?, Lo+ h’] and
J =[4o—2h°, Ao+ 2h%], and the previous results tell us that P has no resonances in I — i[O, %h3”1,u]
in the sense of Theorem 2.6.

3.2. The shape resonances. Now we assume instead that, in addition to (2-1), the potential V presents
the geometric configuration of the so-called “point-well in an island”, as described in [Helffer and
Sjostrand 1986]. More precisely, we suppose

There exist a connected bounded open set O c R" and x¢ € O, such that
e lo:=V(x0)>0; V> lpon 6\{x0} : V2V (x9)>0; V=21gon 00; (H)
« any point of {(x, &) € R¥" ; x e R"\O, &2+ V(x) = Ao} is nontrapping.

We denote by (ex)r>1 the increasing sequence of (possibly multiple) eigenvalues of the harmonic oscil-
lator Hy = —A + %(V”(xo)x, x). We have:

Theorem 3.1. Assume (2-1) and (H). Then for any ko > 1 and any 6 > 0, P (i, u; I, J) holds with
p=h, = h"RDT L= o+ (er )b, dot(ew+e)hl, T =10, ho+ (e — ),
where ¢ > 0 is any fixed number in (0, min(e; /2, (exy+1 — €x,)/3)].

Actually, we prove in Section 10 that any resonance p of P# in J —i[0, u] is such that there exists
k < ko with

Re p — (Ao + exh) = O(h/?),
Im p = O(e 25/,

where S; > 0 is any number less than the Agmon distance between xp and 80. Recall that the Agmon
distance is the pseudo-distance associated to the degenerate metric (V (x) — Ag)+dx>.
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More generally, if 4’ € [e="/", 1] with > 0 small enough, we prove that any resonance p of P* in
J —i[0, Ao min(y’, h2+9)], satisfies
Re p — (Ao + exh) = O(h*/?),
for some k < kg, and
Imp = @(6—2(50_’7)/}1).
Applying Theorem 2.6 with u’' = e~ /" (0 < 5 < Sp), we deduce that the resonances of P in

[Z0, 20 + Ch] — i[0, 1 p?rHmaxtn/ZD+1+30]

satisfy the same estimates.

4. Preliminaries
In this section, following an idea of [Fujiié et al. 2008], we define and study the notion of analytic
(u, V)-approximations.

Definition 4.1. For any x4 > 0 and v € (0, v), we say that a real smooth function V# on R" is a |x|-
analytic (u, V)-approximation of V, if V# is analytic with respect to r = |x| in {r > 1}, V# can be
extended into a holomorphic function of r in the sector Z(2u) :={Rer > 1, [Imr| <2u Rer}, and for
any multi-index a, it satisfies

0% (VH(x) = V(x)) = O(u> (x) "7, (4-1)
uniformly with respect to x € R” and ¢ > 0 small enough, and
8" VH(x) = O((Rex) "4y, (4-2)
uniformly with respect to x € X (2x) and u > 0 small enough.
Proposition 4.2. Let V = V (x) be a real smooth function of x € R" satisfying (2-1).
(1) Forany u > 0andv € (0,v), there exists a |x|-analytic (1, V)-approximation of V.
(i) If V¥ and W# are two |x|-analytic (u, v)-approximations of V, then for all « € N", one has
0% (V¥ (x) = WH(x)) = O(u™ (Rex) "1,
uniformly with respect to x € X(u) and u > 0 small enough.
Proof. We denote by V a smooth function on C" satisfying the following:
« V=V onR"
« 0V = @((|Imx|/(Rex))°°(Rex)_”), uniformly on {|Im x| < C(Rex)}, for any C > 0.
« 0%V = @((Rex)_"_'“‘), uniformly on {|Im x| < C(Rex)}, for any C > 0 and a € N".

Note that such a function V (called an “almost-analytic” extension of V: See, for example, [Melin and
Sjostrand 1975]) can easily be obtained by taking a resummation of the formal series

il*l(Im x)*

0"V (Re). (4-3)

V(x)~ Z

oeN?
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Indeed, since we have 8*V (Re x) = O((Re x) ~"~1%l), the resummation is well defined up to
O((IImx|/(Re x))*(Rex)™"),

and the standard procedure of resummation (see, for example, [Dimassi and Sjostrand 1999; Martinez
2002a]) also gives the required estimates on the derivatives of V. Conversely, by a Taylor expansion, we
see that any 1% satisfying the required conditions is necessarily a resummation of the series (4-3).

Now, if V# is a |x|-analytic (u, D)-approximation of V, then for any x =rw € X (u) (w € $"!) and
N >0, we have

i (Im r)k

8kV" (Rer-w)+

. N+1 1
VA =V (x) = z (iIm )™ / OV (VA (Rer+it Imr)-w)) dt —V (x)

(N+D!
N "(Imr) D
= z V”(Rex) - V(Rex)) +0(uN T Rex)™)

=0(u®Rex)™") +0(uN ! (Rex)™),
and similarly, for any a € N",
" (VH(x) = V(x)) = 0(u™ (Rex) "1,

In particular, we have proved (ii).

Now, we proceed with the construction of such a V#.

For x € R"\0, we set w = x/|x|, r = |x|, and s = Inr. In particular, for any ¢ real small enough, the
dilation x > e’x becomes (s, w) > (s 41, ®) in the new coordinates (s, ®).

For w € §"~! and s € C with |Im s| small enough, we set Vi (s, w) := V(e‘vw), where V is an almost-
analytic extension of V as before. Then for |[Ims| < 2ux and Res > —u, we define

—s vs’ V /,
VI (s, ) 1= — / VG @) (4-4)
2im J, s —s'
where y is the oriented complex contour
y = (oo, =2+ 2ip) U (—2p +2i[p, —u]) U ([—2u, +00) — 2i ). (4-5)

By construction, Vi(s', w) = O(e " Res"), 50 that the previous integral is indeed absolutely convergent.
Therefore, the (s, w)-smoothness and s-holomorphy of VI” are obvious consequences of Lebesgue’s
dominated convergence theorem. Since y is symmetric with respect to R, we also have that Vlﬂ (s, w) is
real for s real. Moreover, since |s —s’| > x« on y, we see that

- s’ 17 /
Vii(s, w) = ¢ .” / SRALELY ds' +0(e~ V7 CGr7IResy
2w Jy(s) s—s'

where

y(s) = (y N {Res’ §Res+%}) U (Res+%+2i[—,u,,u]).



38 ANDRE MARTINEZ, THIERRY RAMOND AND JOHANNES SJOSTRAND

In particular, y (s) is a simple oriented loop around s, and therefore, one obtains

e ~‘J~ 7 Se T
Vllu (S’ C()) . Vl (s, a)) — e Vs / eUS Vl (S ) a)) - EUA V] (s, C()) ds/ +@(67(v717)/(2/1)*17 RGS)' (4_6)
7 (s)

2w s —s’

Then writing
VIS, ) — e Vi(s,0) = (s — ) f(s, 5", 0)+ (s —5)g(s, s, w), 4-7)
with [0y f] + |g| = 0(u™), by Stokes’ formula, we see that, for Res <2/u and |Ims| < u, we have
Vi, w) — Vi(s, ) = 0(u>Pe"Res),

When Res > 2/u and |Ims| < u, setting

y1(s) := (y N {Res/ < i}) U (%—i—Zi[—u,,u]),

Stokes’ formula directly gives

GS/V /,
/ S gy = o),
71(5)

s —s
and thus, using again that Vi(s', w) = O(e " Re%"), in that case we obtain
Vi (5, o)l +1Vi(s, )] = 0(ue " Re?),
In particular, in both cases we obtain
Vs, m) — Vi(s, ) = O(u>Pe " Res), (4-8)

uniformly for Res > —u, |[Ims| < g and g > O small enough.
Then for oo € N" arbitrary, by differentiating (4-4) and observing that
i N o i
T 0) = X (6 =) Vi, @) = =)V (s, 5' s 0) + (s, o),

!
k=0

with [0y fn |+ |gn] = 0(u™), the same procedure gives
" (Vi (5, ) = Vi(s, @) = O(u®e"Re?), (4-9)

uniformly for Res > —u, [Ims| < u and x4 > 0 small enough. In particular, using the properties of Vi,
on the same set we also obtain

3"Vl (s, w) = O(e " Re), (4-10)

uniformly.
Now, let y; € C*°(R; [0, 1]) be such that y; =1 on (—o0, —1], and y; =0 on R;. We set

Vi (s, @) == 105/ ) Vi(s, @)+ (1= x1(s/w) VI (s, w). 4-11)
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In particular, Vzﬂ is well defined and smooth on R_ U (R +i[—u, u]), and one has
V)= Vi for s € (—oo, —ul,
V2”:V1” fors e Ry +i[—pu, ul,
o*(Vf' —=V))=0(u>)  forse[—u,pul.
Finally, setting

VAx) ==V (ln 11, I%I) 4-12)

for x 20, and V#(0) = V(O), we easily deduce from the previous discussion (in particular (4-8), (4-9)
and (4-10), and the fact that 6, = r~19;), that V¥ is a |x|-analytic (u, V)-approximation of V. O

5. The analytic distortion

In this section, for any # > 0 small enough, we construct a suitable distortion x > x +i6 A(x) satisfying
A(x) = x for |x| large enough, and such that for x> 6, the resolvent (P, — z)~! of the corresponding
distorted Hamiltonian P)’, admits sufficiently good estimates when Im z > A"'6.

We fix Ry > 1 arbitrarily. In the Appendix we will justify the following lemma by constructing the
function announced in it:

Lemma 5.1. For any A > 1 large enough, there exists f; € C*°(R.) such that
(i) supp fi C [Ro, +00);

(i) fo(r)=Ar forr >2InJ;

(iii) 0 < fo(r) <rf](r) <2Ar everywhere;

(v) f; +1f]'I =00+ f,) uniformly;

(v) forany k > 1, f/l(k) = O(A) uniformly.

Now, we take 1 := h~"!, and we set

br) =5 F(0), (5-1)
By the lemma, b satisfies
e suppb C [Ry, +00);
e b(r)=r forr >2n;In(1/h);
e 0<b(r) <rb'(r) <2r everywhere;
o b'+|b"| = O(h™ + b) uniformly;
e For any k > 1, b® = 0(1) uniformly.

We set
A(x) = b(|x|)% = a(|x))x,
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where a(r) :=r~'b(r) e C*(R, ). For u > @ (both small enough), we can define the distorted operator Py
as in (2-4) obtained from P# by using the distortion

DOy :R">5x— x+ifA(x) e C". (5-2)

Here we use the fact that |A(x)| < 2|x|, and we also observe that, for any a € N* with |a| > 1, one has
0% Dy (x) = 0(6(x)'~1¢l) uniformly.

Proposition 5.2. If Ry is fixed sufficiently large, then for 0 < 8 < u both small enough, h > 0 small
enough, u € H*(R"), and z € C such that Re z € [1o/2, 2A¢] and Im z > h™ @, one has

I
(P =y u) o] = 255
Proof. Setting F :="'dA(x) = dA(x), and V' (x) := V#(x +i6A(x)), we have

(PYu,uy={(I+ iQF(x))_lth)zu, u)+ (Vi u, u)
= ((14i0F (x)) " 2hDyu, hDyu)
+ih(((V) U +i0F (X)) +i0F (x)) " hVou, u) + (Vj'u, u).

Therefore, using Lemma A.1 and the equality
Im V* (x)] = O(|Im x| (Rex) ™71,

valid for x complex, we find

/ 2

Vb
Im(P/'u, u) < —0)| a(|x|)thu||2+Che/(|b”|+—+—)|thu|.|u|dx+c09

x| Ix[?

Vb

‘|x|(u+1)/2“

for some constants C, Cy > 0; moreover Cy is independent of the choice of Ry.
Thus, using the properties of b listed after (5-1), we obtain (with some other constant C > 0)

b
Im(Py'u, u) < —9||\/a(|x|)thu||2+Ch9/ (Ib”l + xl +h"‘)|thu| < u|dx
X
_ 2
+CoRy"0 |Vau|”. (5-3)

On the other hand for z € C, a similar computation gives
Re(va(P)' —2)u, v/au)

= —(Rez2)|Vaul?+Re(Va((I +i0F (x))"'hD,)’u, Vau)+Re(v/aV}'u, au)
< —(Re2)||Vaul*+ (1-260)"*|VahD.u|?

b
4 Ch/(|b”| o +h"1)|thu| uldx + CoRy” || Vaul’,
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still with C, Cy positive constants, and C¢ independent of the choice of Ry. Therefore, if Rez > 1¢/2> 0
and Ry is chosen sufficiently large, then for 8 small enough, we obtain

b
Iaull® < 425" |VahDul* +4CA5 " h / (|b”| +—+ h"1)|thu| - |ul dx

x|
+425 " [(Va (P} = 2u, au)]. (5-4)

The insertion of this estimate into (5-3) gives

b
Im (P u, u) < —(1—4cozg‘R5”)9||ﬁthu||2+C’h9/(|b”|+ﬁ+h"1)|hz)xu|.|u|dx
X

+ C'01(Va(P) —2)u, Jau)|, (5-5)

with C’ > 0 a constant.
Now, for r > 2n1 In(1/h), by construction we have b”(r) = 0, while, for r < 2n11In(1/h), we have

6" (r)| = O™ 4+ b) =0(h"™ + (In(1/h))a). (5-6)
Then we deduce from (5-5)
Im(P) u, u) < —(1—4Coly" Ry"OINahDyul* + C'h0 In(1/ h)||/ahDyul| - | /aul|
+ 'O RDu - ull + C'O1Na(P) — 2)u, au)|, (5-7)
with some other constant C’ > 0. Using again (5-6), we also deduce from (5-4) that
Iaull> = 0(lIvahDeul® + (Va(Pj = 2)u, Jau)| +h" R Deu] - lull),
uniformly for 4 > 0 small enough, and thus, by (5-7),
Im(P}'u,u) < —(1-4Cody ' Ry" — ChIn(1/h))0|v/ahDyul?
+ Ch" M ONhDul - llull + COl(Va (P} — 2)u, au)|. (5-8)

Finally, for Re z < 21¢, we use the (standard) ellipticity of the second-order partial differential operator
Re P}, and the properties of V#, to obtain

Re((P)' —2)u, u) = &|hDsu|)* = Cllull?,
where C is again a new positive constant, independent of x and #. Combining with (5-8), and possibly
increasing the value of Ry, this leads to
Im((P}' — 2)u, u) < (Ch"0 —Imz)||ul®
+ CR NP — 2)u, w2 lull + CON(PY — 2)u, u)|, (5-9)
and thus, for Im z > A"'8, and for &, 6 > 0 small enough, we can deduce

3Imz
4

(P — 2)u, u)| > lull* — Ch T O1((PY — 2)u, u)| " ?(|ull. (5-10)
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Then the result easily follows by solving this second-order inequality where the unknown variable is
|<(Péu —2)u, u)|1/2, and by using again that Imz > hmtlg. -

6. Proof of Theorem 2.1

6.1. The invertible reference operator. The purpose of this section is to introduce an operator without
eigenvalues near A, obtained as a finite-rank perturbation of PH” , 0 <8 < u, and for which we have a
nice estimate for the resolvent in the lower half plane. This operator will be used in the next section to
construct a convenient Grushin problem.

Let 0 € C;°(R4; [0, 1]) be equal to 1 on [0, 1 +24¢ +sup|V|], and let Cp > sup |[VV|. We set

R = R(h) :=2n1In(1/h);
P} = P} —iCo0yo(h* D2 + R%x?).
Observe that 22 D? + R~2x? is unitarily equivalent to AR~ (D? +x?), so the rank of yo(h>D? + R™2x?)
is O(R"h™").
For m € R, we denote by S((&)™) the set of functions a € C°°(R?") such that for all « € N*", one has

oy ca(x, &) = 0({(£)™) uniformly.

We also denote

1 . .
O @) = o [ [ 0 0 (SE )ury dy e, (6-1)

the semiclassical Weyl quantization of such a symbol a.
Denoting by p}, € S({£)?) the Weyl symbol of P}, we see that

PLx, &) = ((FdDy(x))71E)” + VA ( Dy (x)) — iCoB 10 (E2 + R™2x2) + 0(hB(Z)), (6-2)

uniformly with respect to (x, &), u, 6, and &, and where the estimate on the remainder is in the sense of
symbols (that is, one has the same estimate for all the derivatives). In particular, we have

Re pj) (x, &) = E2 4+ V(x) + 0(0(E)?). (6-3)
Moreover,

e if |x| > R and |]® > 1¢/2, then

. 0 _ 0
M v 2 v v 2. _
Im pj (x,¢) < C(éf) +0@R™") < 2C<é> ; (6-4)
e if |x| < R and |£]? < 2A¢ +sup |V|, then
Imﬁg <—Cof+0sup |VV|+0(ho) < —%, (6-5)

where C > 0 is a constant, and the estimates are valid for 4 small enough. (For (6-5) we used the inequality
Im(('d @y (x))_lgf)2 < 0, due to the particular form of ®y(x). See Lemma A.1 in the Appendix.)
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Proposition 6.1. There exists a constant C > 1 such that for all u > 0, for all 6 € (0, ul, for all z
satisfying |Rez — Lo| + 0~ Imz| < 4/C, and for all h € (0, 1/C], one has
lz—PH <o

Proof. We take two functions @1, ¢2 € C;° (R [0, 1]) (the space of smooth functions bounded with all
their derivatives), such that

. ¢)12+¢§ =1 on R*";

« supp ¢ is included in a small enough neighborhood of {&Z + V (x) = A¢};

e 91 =1 near {&2 4+ V(x) = Ao}

In particular, ¢; can be chosen in such a way that, on supp ¢, one has either |x| > R together with
12 > Ao/2, or |x| < R together with IE12 <200+ sup | V|. Therefore, we deduce from (6-4)—(6-5)

1 ~ it 1
HImpa < °C on supp ¢1,
and thus,
21 ~ [ ) 2
¢1§Impg+—2cgo1§00nﬂ%”. (6-6)

Moreover, it is easy to check that the function (x, &) > 6~! Im Py is anice symbol in S((& )2), uniformly
with respect to x and 0, that is, for all @ € N*", one has

0% -6~ Im pf)(x, &) = 0((¢)?) uniformly,

and we see from (6-2) that
0 'Im pj < CR™" +Ch(&),

with some new uniform constant C > 0.
Then setting ¢; := OpZV (p;), writing I = gbfu + gb%u + h Q where Q is a uniformly bounded pseudo-
differential operator, and using the sharp Garding inequality, we obtain

(O Im PJlu, u) = (107" Im Py ru, u) + (07" Im Py dou, dou) +O(h|ul%,)
< —%nqslunz + CR™ || goull* + Ch||{hDy)ul|?,
for all u € H*(R"), and still for some new uniform constant C > 0. Hence,
Im(Pj'u, u)| > %n@untcw—“n@uuz — ChO||(hDYul)*. (6-7)

On the other hand since Re pjy — 29 € S ((¢)?) is uniformly elliptic on supp ¢», the symbolic calculus
permits us to construct a € S((¢)~?) (still depending on u and @, but with uniform estimates), such that

at (Pro —40) = @24 92 +0(h™) in S(1),

where f stands for the Weyl composition of symbols. As a consequence, denoting by A the Weyl quan-
tization of a, we obtain

(DY poull* = ((hDx)> A(P) — do)u, u) + O(h) [[ull?,



44 ANDRE MARTINEZ, THIERRY RAMOND AND JOHANNES SJOSTRAND

and thus
~ 1
(P — Zo)ull - llull > 5||<mm><zszu||2 — Chllu|*. (6-8)

Now, if z € C is such that |[Re z — Ag|] < ¢ and |Im z| < &8 (¢ > 0 fixed), we deduce from (6-7)—(6-8) that
= 5 0 _
1Py —2yull - llull = Im((P — z)u, u)| > inqs]unz — COR™ || poull> — ChO|(h Dy )ull* — e0|ull?,
= 0
O = ul - llull = F I hDx)poull* = ChOllul* = 220 |,
which yields

1+ O)IFY =yl Nl = L= (Il + 11 Do) goull?) —0QCh + CR™ +30) [(hDull>. (6-9)

Moreover, since ¢ remains bounded on supp ¢, the norms ||(hD,)u| and ||¢iu|l + ||(hDy)poull are
uniformly equivalent, and thus, for ¢ and & small enough, we deduce from (6-9) that

5 0
“o_ . b 2
1Py — 2ull - llull = ac 1Dl
and the result follows. U
6.2. The Grushin problem. In this section, we reduce the estimate on (PQ” —2)~! in Theorem 2.1, to

that of a finite matrix, by means of some convenient Grushin problem (see for example [Sjostrand 1997]).
Denote by (ey, ..., eyr) an orthonormal basis of the range of the operator

. 212 —2.2
K :=Coyo(h"D; + R “x°).

In particular, M = M (h) satisfies

M =0(R"h™"). (6-10)
Let z € C, and consider the two operators
Ri: L*(R") — CM R_(z): C" — L*(R")
u = ((u,ej)h<jzm, u™ > 3L ui (B —2)e;.

Then the Grushin operator

_(P)—z R_(2)
%(z) .—( 0R+ 0 )

is well defined from H?(R") x CM to L>(R") x C™, and for z as in Proposition 6.1, it is easy to show
that (z) is invertible, and its inverse is given by

a._( E@ ETQ
50" = (50 50)
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where
M

E@)=(1-Ty) (P} —2)"", with Tyv:=> (v,e)e; (v L),
j=1
M

E* (@t =D 07 (ej +i0(1—=Tu)(P) —2)"'Kej), (04 = (0 )1<j<m €CY),
j=l1

E=@v=({(P) =270, ¢/)) i
M
E_+(z)v+:—v++i0(20j((fg”—z)_lKeg,ej)) )
=1 I<j=M
Proposition 6.1 gives
IE@I+IE~ @)1 =007, (6-11)
IET@I+IE~F @) =0(), (6-12)

uniformly for u > 0, 0 € (0, 1], h > 0 small enough, and | Re z — 1o| + 6~ |Im z| small enough.
Hence, using the algebraic identity

(P —2)'=EQ@—-ET@QE T()E (2), (6-13)
we finally obtain:

Proposition 6.2. If z € C is such that | Re z — Ag| < C'and |Imz| <2C~'0, and E~1(z) is invertible,
then so is Pgﬂ — z, and one has

1Py =2 I =00""A+I1E"T @),

uniformly with respect to u > 0, 0 € (0, w1, h > 0 small enough, and z such that |Rez — 49| < C~" and
Imz| < C~'6.

Therefore, we have reduced the study of (Pg” —2)~! to that of the M x M matrix E~+(z)~ L.
6.3. Using the Maximum Principle. For z € J +i[—0/ C,20 / C], we define
D(z) :=det E" (7).

Then z > D(z) is holomorphic in J +i[—0/C, 20/C]. Setting N :=# (s (P}') N (J +i[—0/C,20/C])
and using (6-13), we see that D(z) can be written as

N
D) =GR []@E—ro),
[:1

with G holomorphic in J +i[—0/C, 20/C], G(z) # 0 for all z € J —i[0, C~'4].
Moreover, using (6-12) and (6-10), we obtain that for some uniform constant C; > 0,

D@)I= ] =IET@IM < Ce@F (6-14)
Jlea(E~1(2))
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Lemma 6.3. For every 6 € [0, u], there exists rg € [9/(25), 0/5], such that for all z € J — irg, and for
allt =1,..., N, one has

Z— > —,

|z —pel = SN

Proof. By contradiction, if it was not the case, then for all # in [—6/ 2C, —6 / C), there should exist ¢
such that

0
t —Im < —.
| pel SCN

Therefore, the interval [—(9/25, —6/5] would be included in Ué\;l [Im pg—@/(SEN), Im pg+t9/(85N)],
which is impossible because of their respective sizes. O

From now on, we assume P (i, x; I, J) and setting
Wo(J) :=J +i[—rg,20/C],
we deduce from Lemma 6.3 that, for € € (0, z], z on the boundary of Wy (J), and forall £ =1,..., N,
|z — pel = Ciz@’
for some constant C, > 0. As a consequence, using (6-14), on this set we obtain
G(2)| <6~ CeSHMT,

with some other uniform constant C3 > 0. Then the maximum principle tells us that this estimate remains
valid in the interior of Wy (J):

Proposition 6.4. There exists a constant C3 > 0 such that for all i, u, I and J satisfying (2-6)—(2-7)
such that P (i, p; 1, J) holds, one has

G(2)| <SR,
forall0 € (0, 1], z € Wy(J), and h € (0, 1/C5].
6.4. Using the Harnack Inequality. Since G(z) # 0 on Wy(J), we can consider the function
H(z):=C3R"h™" —C3In6 —In|G(2)|.
Then H is harmonic in Wy (J), and by Proposition 6.4, it is also nonnegative. Using the algebraic formula
E" @) '=—-Ry (P} —2)7'R_(2)

and the fact that (P} —2)"'R_(2)u™ = 2?4:1 u;j(I —if(P) —2)7'K)e;, we deduce from Proposition
5.2 that, for z € [49/2, 2A9] +i[6R"!, 1], one has

IE~ @)~ < 14+2Coh™.

As a consequence, for such values of z, we obtain

1
— =detE" ()" < (1 +2Coh ™M,
e (@) =( oh™")
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and thus

N
1
IGRI= DI ]lz—pel " = C—4h'“M,
=1
with some uniform constant C4 > 0. In particular, for any A € R such that 1 +i6h™ € Wy(J), this gives

HA+i0h") < C3R"h™" —C3In0+InCqy—n M Inh. (6-15)
Now, the Harnack inequality tells us that, for any 4, r, such that
dist(A, R\ J)>C~'9, re[0,C'0)

and for any a € R, one has
_ 202

HA+ih"0+re'") < mH(A +ih"0).

In particular, setting
Wo(J):={zeC; dist(Rez, R\ J) > C~'0,|Imz| < 2C) "'}

and using (6-15), we find

H(z) <5C3R"h™" —5C3In60+5InCqy —5n M Inh,
for all z € Wy(J), that is,

In|G(z)| > —4C3R"h™" +4C31n6 —5InC4+5n 1M Inh,
or, equivalently,
1G(2)| > C4—594C3h5n1Me—4C3R”h*"' (6-16)

Finally, writing E~"(z)~! = D(z)"'E~"(z), where E~"(z) stands for the transposed of the comatrix
of E~%(z), we see that

N
IETF @) <eMG@1 [ ]Iz— pel ™
=1
and therefore we deduce from (6-16) and (6-10) that

N
IETT @ <0 h= " TTIz—pel ™,
=1

with some new uniform constant C > 1. Thus, using Proposition 6.2, and the fact that R = O(|In |), we
have proved:

Proposition 6.5. There exists a constant C > 0 such that for all i, u, I and J satisfying (2-6)—(2-7)
such that P (i, u; I, J) holds, one has

N
1Py =)~ <0~ Ch= M TT 1z = pel =,
=1

forall6 € (0, iil, z € Wy(J), and h € (0, 1/C].
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6.5. Using the 3-lines theorem. Now, following an idea of [Tang and Zworski 1998], we define

b
¥ () = / @ gy,
a

where

[a,b]:= {1 € R; dist(2, R\ J) > C 10+ C" 2w, (9)).
We have the following:

e If Imz =20h™, then
[P ()] < (b—a)e™™ =0(r) < 1.
o If Imz = —0/(2C), then
Y@ < (b—a)e*C =00’ < 1.
e IfRez € {a— C'?w;,(0), b+ C'?w;,(0)} and Imz € [-0/(2C), 20h™ 1, then
¥ (2)| < (b _a)e1/4526—éwh(0)2/62 _ @(hé)eéhéllnhwh’” < eéhéﬂnh\"h’".

Then for z € Wy (J ), we consider the operator-valued function

N
0@) =Y []c—p)(Py-27"

t=1

that is holomorphic on °W9(J ) (this can be seen, for example, from (6-13)). Using, Proposition 5.2,
Proposition 6.5, and the previous properties of ¥ (z), we see that Q(z) satisfies:

e If Imz =20h™, then

0@ <6~ 'h.
o If Imz = —0/(2C), then

10(2)|| < §=Cp=Cmarn™
e IfRez € {a — C'2w, (), b+ C' 2w, ()} and Im z € [—6/(2C), 20h™ ], then

@I =<1.
Therefore, setting
Wo(J) :=[a — C"%wp(0), b+ C'wy @) +i[-0/(2C), 20n™],

(that is included in °W9(J )), we see that the subharmonic function z — In || Q(z)|| satisfies

In Q@) < w(z) ondWy(J),

where y is the harmonic function defined by

20h™ —Imz

IR

. I 0/(2C
C(ImA A" +ng)) + Amz+0/QC) -\ onm)).
201" 1 0/(2C)
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As a consequence, by the properties of subharmonic functions, we deduce that In || Q(z)|| < w (z) every-
where in Wy (J), and in particular, for |[Imz| < 20h™', we obtain

In | Q)| < 8CCh" (In ™™ h™" + |In@]) + |In(@h"))|
Hence, since n; > n, we have proved the existence of some uniform constant C > 1, such that
In||Q@)|| <InC+ Cl|In(@h"")| forze Wg(]) and h € (0,1/C].
Coming back to PH” , this means that, for z € °I/VV(9(J ) different from py, ..., py, we have
N
IR =) I < COr™) []1z—pel ™"
=1

On the other hand if dist(Re z, R\ J) > Zél/zwh (@), and |Im z| < 26h™, then writing z = s +it, we have

(b=5)/0
V@ =0 [ iy,
(a—s)/0

Now, |t/6] < 2h™ — 0 uniformly, and we see that
(a—s5)/0 <C' = C'"2wp0)/0 <C~' — (W "|Inh])"/? > —c0 uniformly.

In the same way, we have (b —s)/0 — +o00 uniformly as & — 0. Therefore, we easily conclude that

LIOTENC

when & € (0, 1/C], with some new uniform constant C > 0.
As a consequence, using also that # < h%, we finally obtain:

Proposition 6.6. There exists a constant Cy > 1, such that for all i, pu, I and J satisfying (2-6)—(2-7),
the property P (i, mu; 1, J) implies

N
1Py =2 < Co0~ [ 1z —pel ™", (6-17)
=1

forall z € J' +i[—20h™, 20h™ ], and for all h € (0, 1/Cy], where
J' ={1eR; dist(2, R\ J) = Cow;(0)}.

Since J' = J 4+ 0(wp(#)), Theorem 2.1 is proved.

7. Proof of Theorem 2.2

Suppose P (i, u; I, J) holds, and it > u™° for some constant Ny > 1. Then for any 6 € [u™, ji], any
constant Ny > 1, and any ' € [max(@, ™), u'/N1], we can write

2= P =@z P+~ PH~'W), (7-1)
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with

W= P — P = VI (x+iAg(x) = V* (x +i4p(x) = 0™ (x)™), (7-2)
uniformly (see Section 4). Moreover, taking J' as in Proposition 6.6, we have:

Lemma 7.1. Let N > 1 be a constant, such that N > #T (i, u, J) for all h small enough. Then for any
0 € [u™o, 1], there exists T € [Oh™, 20h™ ], such that

nj

(7-3)

dist (20" + i, T, TG, 1, ) = e

Here, 0(J' +i[—z, 1)) stands for the boundary of J' +i[—1, T].

Proof. 1f it were not the case, using P (i, u; I, J), we see that, for all r € [—260h™', —Oh™'], there should
exist p € I'(i, u, J), such that

ni

t—Imp| < .
| Pl= 5
That is, we would have
oh™ Oh™
—20hn"", —Oh™ - —
[ , 1c U [p 4N,p+4N],
pel (i, i, J)

which, again, is not possible because of the respective size of these two sets. U

Remark 7.2. With a similar proof, we see that the result of Lemma 7.1 remains valid if one replaces the
interval [0h"', 20h™1] by [Oh™, Oh™ + (Oh")M], and one substitutes (9A™)M to Oh™ in (7-3), where
M > 1 is any arbitrary fixed number.

Using Lemma 7.1 and Theorem 2.1, we see that, for any z € (J' +i[—7, 7]), we have
1Py =)l < €107 < Cru= ™,
with some new uniform constant Ci, and thus, by (7-1) and (7-2), z — Pgﬂ , is invertible, too, for z €
o(J'+i[—7, 7]), and the two spectral projectors
1 HUN—1 12 1 ,U, -1
m:=— (z—Py) " dz, n:=— (z— Py ) 'dz, (7-4)
2T Jo(rvil-r.1)) 2im Jo(r+vit-r.7))
are well-defined and satisfy

ITT = IT'|| = O (k™). (7-5)

In particular, IT and IT" have the same rank (< N), and one has
1RSI — Py T | = O(™). (7-6)

Therefore, the two sets a(PH”,) N +i[-7,7]) and 6 (P)) N (J' + i[—7, ]) coincide up to O(u™)
uniformly by standard finite dimensional arguments, and Theorem 2.2 follows.



RESONANCES FOR NONANALYTIC POTENTIALS 51

8. Proof of Theorem 2.5

Now, for any integer £ > 0, we set
pie = h" i

Since P (i1, p; I, J) holds, we can apply Theorem 2.2 with u’ € [u1, o], and deduce the existence
of Ji C J, with J; = J + O(wy(uo)) and I} O I with I} = I + O(ug°), independent of x’, such that
Py, 1’ I, J1) holds. In particular, P (w1, po; 11, J1) holds, and we can apply Theorem 2.2 again,
this time with u’ € [u2, u1]. Iterating the procedure, we see that, for any k > 0, there exists

Depr = L +0(uy”),  Jier = Ji +0(wp (i),
hence,

L =T+0ug+- -+ u), kg1 =J + 0o (po) + - - - + op(ui)),

where the O’s are also uniform with respect to k, such that P (A" u’, u'; Ixy1, Jrr1) holds for all u’ €

[tht1s picl-
Since the two series D, @, (ur) = O(w, (1)) and D, ,u,i” =0(uM) (M > 1 arbitrary) are convergent,

one can find I’ =1 4+0(u*) and J' = J + O(wy, (&), such that

I'>\Jh, Jc)h

k>0 k>0

Then by construction, P (A" u’, u’; I', J') holds for all u’ € (0, 1], and Theorem 2.5 is proved.

9. Proof of Theorem 2.6: the set of resonances

From the proof of Theorem 2.5 (and with the same notation) we learn that, for all £k > 0, property
P(tts1s ti; Ter1, Jea1) holds. Therefore, applying Theorem 2.2 with 6 = u' = 11, we see that there
exist 7x12 € [r+2, 20k+2], Ty = Jiw1 + O(wn(pk+1)), and a bijection

by : T(P*) N (Jy g — [0, tey2]) = T (P N (Jp gy — [0, Tre42])
such that
br(A) — 2 = 0(uy”) uniformly. 9-1)

In addition, we deduce from Lemma 7.1 that the 7; can be chosen in such a way that
C
. , . m Hi
dist ((J; 11 +i[— k42, Try2]), T(P*)) = Vel (9-2)
for some constant C > 0. We set

Ak = F(P‘uk) N (‘]k/+1 - l[O:r Tk+2])a

where the elements are repeated according to their multiplicity (see Figure 2).
Starting from an arbitrary element 4; of Ay (1 < j < N :=# A9 = 0(1)), we distinguish two cases.

Case A. Forallk >0, by oby_j10---0by(4;) € Agyi.
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Rez

pe X X X X > VIR U Agtotj
j=1

X X
% X X X > JAVEREN U Ak+1+j
j=1
X X
X X
% X Ar\ U Agyj
X X X Jj=1

Figure 2. Construction of the set of resonances.

In that case, we can consider the sequence defined by
/lj,k :Zbkobkflo'wob()(/lj), k>0.

Using (9-1), we see that, for any k£ > £ > 0, we have

k-1 k-1 e
|Ajk—Ajel < Z‘z [2jme1— 2jml < Cy Z‘Z)ﬂerl < Cl,uo1 —
m= m=

so that (4 )k>1 is a Cauchy sequence, and we set

= lim A;y.
Pi k—+00 I

Notice that according to this definition, we have a natural notion of multiplicity of a resonance p, namely
the number of sequences p; converging to p.

Case B. There exists k; >0 such that by_jo- - -0oby(4;) € Ay forall k <k;, while b0 obo(A)) ¢ Agj+1-

(Here, and in the sequel, we use the convention of notation: b_; o by := 1d.) We set
pPj = bkj O:-- Obo(/lj).

In particular, since, by construction, Re p; € Ix;+2 C Ji;+1, and p; ¢ Ag;+1, we see that, necessarily,
Imp; € [—7k;42, —Tk;+3)-
Moreover, if in Case A, we set k; := +o0, then for any j =1,...,#A¢ and k > 0, in both cases we
have the equivalence
Imp;| < te2 = k <k;. (9-3)
Now, if u’ € (0, i], then u’ € (pg+1, i) for some k > 0, and Theorem 2.2 tells us that the intersection
r'(P*yN (Ji41 — 110, 7x42]) coincides with Ag up to O(u2°) (= O((1')>)). Therefore, setting

A:={p1,..., pn},
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the first part of Theorem 2.6 will be proved if we can show the existence, for any k > 0, of a bijection
bi: AN (Jf 4y —il0, Teg]) > Ay,

such that by (p) — p = O(u;°) uniformly. (Actually, we do not necessarily have 734, € (R !, 202 1),
but rather, 7445 € [h*" u’, 2™ '), However, if 7545 > 2h*" 1/, an argument similar to that of Lemma
6.3 or Lemma 7.1 gives the result stated in Theorem 2.6.)

By construction, we have

A ={bi—10---0bo(Aj); j=1,..., N such that k; > k}.
while, by (9-3),
AN (T —il0, ep2]) ={pj; j=1,..., N such that k; > k}.
Then for all j satisfying k; > k, we set
bi(p;) :=br—10---0bo(2}),

so that I;k defines a bijection between A N (J; 41 —il0, 7x+2]) and Ay. Moreover, in Case A, for any
M > 1, we have

+00 M
~ . ~ ~ Cumpy
umwrmn=£gJMm~umm@m—mums}%qM%=T;ﬁ;
m=
while, in Case B, we obtain
. - . w_ Cupg!
1Bi(p) = pjl = lbi 00 bibk () =BGl = X Cupyl < T2,

kfmfkj

(with the usual convention Zm <z :=0). Therefore, in both cases, for 2 > 0 small enough, we find

br(p;) — pjl < 2Cuu,

and this gives the first part of Theorem 2.6.

For the second part of Theorem 2.6, let A be another set satisfying (x). In particular, for any k > 0, there
exist Tx+2, Tk42 € [fr+2, 21tk+2], such that AN (Ji41 — 110, Te42]) (respectively AN (J;; —il0, t421))
coincides with Ay :=T'(P#)N (J,;Jr1 —i[0, Tx42]), (respectively Ag), up to O(u;°).

Therefore, taking k£ = 0 and using again an argument similar to that of Lemma 6.3 or Lemma 7.1 that
gives the existence of 7’ € [% 2, t2] and C > 0 constant such that

C
dist (0(J] +i[—1', ']), T(P*)) > %0 (9-4)
we obtain that the two sets A N (J{ —i[0, 7']) and AN (J{ —i[0, 7]) coincide up to O(x{°), and thus
have same cardinality. For k£ > 0, we denote by

Bi: Ay — AN(J —i[0, g2,

B, : A — AN (‘]lé—i-l —i[0, Tk42])
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the corresponding bijections. Then, thanks to (9-4), we can consider the bijection
90 = Boo By [ani—ifo,eny : AN (] = i[0,7']) > AN (J] —i[0, ']).

Using (9-2) and the fact that By differ from the identity by O(u;°), we see that, for k > 1,

C
. ) ~ U
dist (0041 +il=Tk42, Tisal), A) = = 2, 9-5)
for some other constant C > 0.
Then setting
€o:=AN{—1' <Imz < —13},
and for k > 1,
Er = AN{—12 <Imz < —743},
we see that, for all £ > 1, the map
Bio B e, - € > AN{—txp2 <Tmz < —7443) (9-6)

is a bijection.
Finally, for p € AN (J]{ —i[0, 7]), we define
e B(p)= By o Bk’l(p), if p € € for some k > 0;
e B(p)=p,ifpeR.

We first show:

Lemma9.1. ANR=ANR.

Proof. We only show that any p in ANR is also in A, the proof of the other inclusion being similar. For
such a p, B, Y(p) € Ay is well defined for all k > 1, and since B, ! differs from the identity by O(uz),
we obtain

oy = Bk’l(p) —p ask— +oo.

On the other hand since Ay C Ay = Ek_l (K), there exists some py € A such that Oy = gk_] (pr)- By
taking a subsequence, we can assume that p; admits a limit p € A as k — +o00. Then using that B, !
differs from the identity by O(u¢°), we also obtain

Oky1 — p as k — 4o0.

Therefore, we deduce that p = p € A and the lemma is proved. g
Using Lemma 9.1, we see that the map B is well defined from AN (J{ —i[0, z']) to AN (J{—i[0, z']).
Moreover, if p € €, for some k > 0, we have
|B(p) = pl = 1Bio By (p) — pl = 0(u),
and since 7543 < |Im p| < 142 = O(h>"!), we also have

e <h M t3 <h 7 [Imp| < ClImp] /€,



RESONANCES FOR NONANALYTIC POTENTIALS 55

where C > 0 is a large enough constant. Thus, we always have

|B(p) — pl = O(|Im p|*).
Therefore, it just remains to see that B is a bijection, but this is an obvious consequence of (9-6), Lemma
9.1, and the definition of B. Thus Theorem 2.6 is proved.

10. Shape resonances

Here we prove Theorem 3.1. Under the assumptions of Section 3, one can construct, as in [Gérard and
Martinez 1988], a function G; € C®(R?"), supported near p~ 1 ([Ao —2¢, 1o+ 2¢])\{xo} for some ¢ > 0,
such that

Gi(x,&) =x - ¢ for x large enough and |p(x, &) — Ag| <¢, (10-1)
H,Gi(x,&)>¢ forx e R"\O and |p(x, &) — Lol <. (10-2)
We also set
P:=P+W,

where W = W (x) € C*°(R") is a nonnegative function, supported in a small enough neighborhood of x,
and such that W (xq) > 0. In particular, denoting by p(x, &) = &2 4+ V(x) + W (x) the principal symbol
of P, we have p~'(1o) C (R"\O) x R”, and thus ¢ is a nontrapping energy for P.

Now, we take x and g such that

w<h®, i <min(u, K>

with J > 0 arbitrary (so that u, & satisfy (2-6)), and we denote by V# a |x|-analytic (u, V)-approximation
of V as before. We also set
P“=—h*A+ V", Pr=P‘4W,

and if in (2-5) we take A supported away from supp W, we see that the distorted operators Pgﬂ and 1’50/1
are well defined for 0 < @ < z. Then we set

G(x,8)=G1(x,8) —Ax) ¢,

that, by (10-1), is in Cj°(R"; R), and we consider its semiclassical Weyl-quantization GY = Op}‘?/ (G)
(see (6-1)).
Since 0/ h* < ji/ h? < h?, a straightforward computation shows that the operator

Rg = élm (eeGW/hﬁéle%GW/h)

is a semiclassical pseudodifferential operator, with symbol rj) satisfying
a%ry = 0((¢)?) for all a € N*",
rg (6,&) = —Hpi (A(x) - &+ G) +0(h°) = =H,G1(x, &) + O(h°),

uniformly with respect to 6 € (0, i] and & > 0 small enough. As a consequence, using (10-2), we see
that R/ is elliptic in a neighborhood of {p(x, &)+ W (x) = 4o} (uniformly with respect to 6 and x). Then
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by arguments similar to those of Section 6.1, we deduce that the operator
Qg = eHGW/hi‘)'gﬂefeGW/h
satisfies
104 =2~ II=007"),
uniformly for |Rez — Ag| + 0~ !|Imz| small enough, & € (0, ], and & > 0 small enough. Since
16G"Y / h|| — 0 uniformly as & — 0, this also gives

1Py —2) =007,

and from this point, one can follow all the procedure used in [Helffer and Sjostrand 1986, Sections 9
and 10]. In particular, using the same notation as in that paper, by Agmon-type inequalities we see that
the distribution kernel K Bl o)1 of (P} — 7)~! satisfies

K(ﬁf—Z)*‘ (x,y) = 6(6’_1e—d(x,y)/h)

where d(x, y) is the Agmon distance between x and y (see [Helffer and Sjostrand 1986, Lemma 9.4]).
Then, assuming 6 = fi > e~/ " for some # > 0 constant small enough and performing a suitable Grushin
problem as in [Helffer and Sjostrand 1986], we deduce that the resonances of P# in [4g, 49 + Ch] —
i[0, 2o min(u, h2+5)] (C > 0 an arbitrary constant) are close to the eigenvalues of the Dirichlet realiza-
tion of P on {d(x, R"\é) > 5/3)}, up to O(e~20=m/") " Since these eigenvalues are real and admit
semiclassical asymptotic expansions of the form

Ak ~ Ao +exh + Z Ap,eh' T
=1

(where the ¢;’s are as in Theorem 3.1), we obtain for the corresponding resonances p; of P#

Re pi ~ Ao +exh + Z A2 Tm py = O(e 2 S0/ Iy (10-3)
>1

uniformly. In particular, taking # and z as in Theorem 3.1, the result easily follows. Moreover, since
the previous discussion can be applied to any ' € [e~"/", h%], application of Theorem 2.6 tells us that
the resonances of P in

[L0, Ao + Ch] — i[O, %h2n+max(n/2,1)+1+3§]

satisfy the same estimates (10-3).

Appendix
Proof of Lemma 5.1. We denote by y a real smooth function on R satisfying
e xo(s)=0fors <O0;
e xo(s)=1fors >1In2;

e xo is nondecreasing.
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Then for r > 0, we set

G(r) = yo(r — Ro)(l — xo(r —1In l))e’ +22x0(r —1In ), g@r) :=/0 G(s)ds.

In particular, g satisfies Condition (i) of Lemma 5.1, and we have

e G(r) = yo(r — Ro)e” forr € [Ry, In 4];

e G(r)=(1— xo(r —Inl))e" +2Axo(r —In ) forr € [In 1, In21];

e G(r)=2Aforr €[In24, +00).
Thus, ¢ =G <24 and g"(r) = G'(r) > 0 on R (this is immediate on [Ry, In A] U [In 24, +00), while,
on [In 4, In24], we compute, G'(r) = (1 — yo(r —InA))e" + x((r —In2)(21 —€") > 0).

Therefore, g is convex on R, so that Condition (iii) of Lemma 5.1 is satisfied by g, too, while

Condition (V) is obvious.
As for condition (iv), we observe the following:

e On [0, Ry +In2], one has g’ + |g"| = 0(1).
e On[Rp+In2,1In 4], one has g(r) > flgo+ln2 eds =e" —2eR0 while g'(r)=g"(r)=e" < g(r)+2ef.
e On [In/, +00), one has g(r) > g(In1) = A, and thus g’ + |g"| = O(g).
So, g satisfies Conditions (ii)—(v) of Lemma 5.1.
For r € [In24, +00), we have

g(r)=g(n22)+2A(r —In21) =2ir —a,, (A-1)

where a ) :=241n21 — g(In241), and since

In/ In2/

g(1n2/1)§/ erdr—i—/ 22dr = (1+21In2)1,
0 InA
In22

g(In22) > / e dr > 2} —2eR0.
Ro+In2

we see that

201024 — (14+2In2)A < a; <241n21 — 24 + 280

Therefore, for / large enough, the unique point r,, solution of g(r;) = Ar;, is given by

r, = 0‘7) €e2InA—1,2In2—2+2In2+227'e®)c2InA—1,21In 4 — &, (A-2)

where ¢g:=1—1n2 > 0.
Now, we fix some real-valued function gy € C*°(R), such that

e po(s) =2s for s < —ep;
e po(s) =s for s > &p;

e 1 < ¢( <2 everywhere.
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Then using (A-1)—(A-2), we see that the function f; defined by

e fi(r):=g(r) forr €[0,1n21];
o f[2(r):=Aoo(r —r;)+a, forr > In24,

is smooth on R, and satisfies all the conditions required in Lemma 5.1. O
The distorted Laplacian.

Lemma A.1. If6 > 0 is small enough, the function ®g defined in (5-2) satisfies

Im (('d®p(x))™'¢)* < —Oa(x .
forall (x, &) € R

Proof. Let F :='dA =dA = (F; j)1<i,j<n- We compute
XiXj
Fij(x) = a0 +a (XD 7T

that is, denoting by 7z, := |x|~2x - ‘x the orthogonal projection onto Rx, and recalling the notation
b(r)=ra(r),

F(x)=a(xDI +d'(Ix))|x|zx = b (Ix))7x +a(lx)(I — 7x).
In particular, using Lemma 5.1, we obtain
O=<a(lx) = F(x) =2,
in the sense of self-adjoint matrices. On the other hand we have
(dDy(x))* = (I +i0F (x))* = Sp+iTp,

with Sy = I —6%2F(x)? and Ty = 20F (x). Hence, Ty > 0, and since Sy, Ty and F commute, an easy
computation gives

Im (('d®y(x)"'¢)* = —Ty(S;+ T7) ¢ - & = —20F (1 + 0> F}) % - &,
As a consequence, for # small enough, we find

Im [(dDy(x))"'¢]* < —0F ()¢ - & < —Ba(|x])IEI. O
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