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LOWER ESTIMATES ON MICROSTATES FREE ENTROPY DIMENSION

DIMITRI SHLYAKHTENKO

By proving that certain free stochastic differential equations with analytic coefficients have station-
ary solutions, we give a lower estimate on the microstates free entropy dimension of certain n-tuples
X1, ..., X,. In particular, we show that dy(X1, ..., X,,) > dimygyo V, where M = W*(X,, ..., X,)
and V = {(6(X1), ...,0(Xy,)):0€ %é} is the set of values of derivations A =C[ X, ... X,,] > A®Q A with
the property that 6*9(A) C A. We show that for ¢ sufficiently small (depending on n) and X4, ..., X,
a g-semicircular family, dy(X, ..., X,) > 1. In particular, for small g, g-deformed free group factors
have no Cartan subalgebras. An essential tool in our analysis is a free analog of an inequality between
Wasserstein distance and Fisher information introduced by Otto and Villani (and also studied in the free
case by Biane and Voiculescu).

1. Introduction

We present in this paper a general technique for proving lower estimates for Voiculescu’s microstates
free entropy dimension Jdp. The free entropy dimension dy was introduced in [Voiculescu 1994; 1996]
and is a number associated to an n-tuple of self-adjoint elements X1, ..., X, in a tracial von Neumann
algebra. This quantity has been used by various authors [Voiculescu 1996; Ge 1998; Ge and Shen 2002;
Stefan 2005; Jung 2007] to prove a number of very important results in von Neumann algebras. These
results often take the form: If oo(X1q, ..., X,) > 1, then M = W*(Xy, ..., X,)) cannot have certain
decomposition properties (for example, is non-I", has no Cartan subalgebras, is not a nontrivial tensor
product and so on). For this reason, it is important to know if some given von Neumann algebra has a
set of generators with the property that dy > 1. We prove that this is the case (for small values of ¢) for
the “g-deformed free group factors™ of [Bozejko and Speicher 1991].

Theorem 1. For a fixed N and all |q| < (4N3 +2)7!, the q-semicircular family X, ..., Xy satisfies
do(X1, ..., XN)> land 5o(X1, ..., Xny) =N —g>N({1 —¢*N)™h).

The theorem applies for |g| < 0.029 if N = 2. Combined with the available results on free entropy
dimension, we obtain that, in this range of values of g, the algebras I'; (RV)y=W*(Xy, ..., Xy) have no
Cartan subalgebras (or, more generally, that I'; (RM), when viewed as a bimodule over any of its abelian
subalgebras, contain a coarse subbimodule). Theorem 1 also implies that these algebras are prime (this
was already proved in [Shlyakhtenko 2004] using the techniques of [Ozawa 2004]).

The free entropy dimension d is closely related to L? Betti numbers [Connes and Shlyakhtenko
2005; Mineyev and Shlyakhtenko 2005] — more precisely, with Murray—von Neumann dimensions of
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spaces of certain derivations. For example, the nonmicrostates free entropy dimension ¢* (which is the
nonmicrostates “relative” of do) is in many cases equal to L? Betti numbers of the underlying (nonclosed)
algebra [Mineyev and Shlyakhtenko 2005; Shlyakhtenko 2006]. It is known that dy < 0* and thus it is
important to find lower estimates for dy in terms of dimensions of spaces of derivations. To this end we
prove.

Theorem 2. Let (A, t) be a finitely-generated algebra with a positive trace T and generators X1,. .., Xy,
and let Der.(A; A® A) denote the space of derivations from A to AQ® A which are L? closable and such
that 0*0(X ;) € A. Consider the A,A-bimodule

V={0(X1),...,0(Xy)): 0 €Der,(A; A® A)} C (A® A)".

Finally, assume that M = W*(A, t) can be embedded into the ultrapower of the hyperfinite 11 factor.
Then
S0(X1, ..., Xy) > dimy gy VE ASATEDY

We actually prove Theorem 2 under a less restrictive assumption: we require that 6(X ;) and 6*0(X ;)

be “analytic” as functions of X1,..., Xy; more precisely, there should exist noncommutative power
series Z; and &; with sufficiently large multiradii of convergence so that 6(X ;) = Z;(Xy, ..., Xy) and
0"6(X ;) =¢j(X1, ..., Xn); see Theorem 16 below for a precise statement.

This theorem is a rich source of lower estimates for dy. For example, if T € A ® A, then
0: X—[X,T]|=XT-TX
is a derivation in Der.(A; A ® A). If W*(A) is diffuse, then the map
L*(A®A) > T ([T, X1l,....,[T, Xy]) > L*(A® A)Y

is injective and thus the dimension over M ® M of its image is the same as the dimension of L>(A® A),
that is, 1. Hence dim;g /0 V > 1andso dy(Xy, ..., X,) > 1if W*(A) is R” embeddable (“hyperfinite
monotonicity” in [Jung 2003b]).

If the two tuples X, ..., X,;, and X, 11, ... Xy are freely independent and each generates a diffuse
von Neumann algebra, then for ' € A ® A the derivation ¢ defined by 6(X;) =[X;, T]for1 < j <m
and 6(X ;) =0form+1< j < N is also in Der.(A). Then one easily gets that dim ;g /. V > 1 (indeed,
V contains vectors of the form ([T, Xil,...,[T,X,1,0,..., 0), T € LZ(A ® A), and so its closure is
strictly larger than the closure of the set of all vectors ([T, X1, ..., [T, Xy]), T € L*(A® A)). Thus
oo(X1,..., Xy) > 1if W*(A) is R embeddable.

If Xy,..., Xy are such that their conjugate variables [Voiculescu 1998] are polynomials, then the
difference quotient derivations are in Der, and thus V = (A ® A)", and so &y = N (if W*(A) is R®
embeddable).

In the case that X1, ..., Xy are generators of the group algebra CI' of a discrete group I,

5 (X1, ..., Xn) = P - g2 T) +1,

where ﬁ;z) are the L? Betti numbers of T (see [Liick 2002] for a definition). It is therefore natural to ask
whether the same holds true for dy instead of 0* for some class of groups. If this is true, then knowing that
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ﬁl(z)(F) # 0 implies that yp > 1 and thus the group algebra has a variety of properties that we explained
above (see also [Peterson 2009]).

It is clearly necessary for the equality dy = 1(2) — (22) + 1 that I" can be embedded into the ultrapower
of the hyperfinite //; factor (because otherwise dy would be —oo). In particular, one is tempted to
conjecture that equality holds at least in the case when I’ is residually finite.

Theorem 2 implies a result like the one in [Brown et al. 2008]:

Theorem 3. Assume that I is embeddable into the unitary group of the ultrapower of the hyperfinite 11,
factor. Then

oo(I') = dimy ) {c : T' — CT cocycle}.

In particular, if I belongs to the class of groups containing all groups with ,81(2) = 0 and closed under
amalgamated free products over finite subgroups, passage to finite index subgroups and finite extensions,
then

() = B2 () = p2(0) + 1.

Let us now describe the main idea of the present paper. Our main result states that if the von Neumann
algebra M = W*(Xy, ..., X,) can be embedded into the ultrapower of the hyperfinite /1, factor, then

50(X1,...,X,,)2dimM®Ma vV, (1-1)
2
where V = {(a(x 1),...,0(Xy)):0€ C@}L and € is some class of derivations from the algebra of non-
commutative polynomials C[ X1, ..., X,] to L>(M) ® L*(M?), which will be made precise later.

The quantity do(X1, ..., X,) is, very roughly, a kind of Minkowski dimension (“relative” to R®) of
the set V" of embeddings of M into R®, the ultrapower of the hyperfinite /1; factor (indeed, the set of such
embeddings can be identified with the set of images under the embedding of the generators X, ..., X,
that is, with the set of microstates for Xy, ..., X,). On the other hand, dim;g,,. V is a linear dimension
(relative to M ® M?) of a certain vector space. If we could find an interpretation for V as a subspace of
a “tangent space” to V', then the inequality (1-1) takes the form of the inequality linking the Minkowski
dimension of a manifold with the linear dimension of its tangent space. One natural proof of such an
inequality would involve proving that a linear homomorphism of the tangent space to a manifold at some
point can be exponentiated to a local diffeomorphism of a neighborhood of that point.

Thus an essential step in proving a lower inequality on free entropy dimension is to find an analog of
such an exponential map.

This leads to the idea, given a matrix Q;; € (LQ(M Y ® L*(M 0))" of values of derivations (so that
Q;j = 0;(X;) for some n-tuple of derivation 0; belonging to our class ), to try to associate to Q a
one-parameter deformation a; of a given embedding a = a( of M into R®. It turns out that there are two
(related) ways to do this.

The first approach comes from the idea that we (at least in principle) know how to exponentiate deriva-
tions from an algebra to itself (the result should be a one-parameter automorphism group of the algebra).
We thus try to extend 0 =0, P - - @, to a derivation of a larger algebra o =C[ X1, ..., X,,, S1,..., Sul,
where S1, ..., S, are free from X1, ..., X, and form a free semicircular family. The key point is that
the closure in L?(s4) of span(M S\ M + - - - + M S, M) is isomorphic to [L?(M) ® L?>(M)]". The inverse
of this isomorphism takes an n-tuple a = (a; ® by, ..., a, ® b,) to Zaj S;b;, which we denote by
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a#S. We now define a new derivation & of s with values in L2(s{) by o(X j) =0(X;)#S. To be able to
exponentiate 0, we need to make sure that it is antihermitian as an unbounded operator on L? (), which
naturally leads to the equation 5(Sj) =—0%(¢j), where {; =(0,...,1®1,...,0) (j-th entry nonzero).
One can check that if ¢; is in the domain of 0* for all j, then 0 is a closable operator which has an
antihermitian extension, and so it can be exponentiated to a one-parameter group of automorphisms «,
of L?(s4). Unfortunately, unless we know more about the derivation  (such as, for example, assuming
that 9(s4) C si), we cannot prove that o, takes W* () to W*(s4). However, if this is the case, then we
do get a one-parameter family of embeddings o, |y : M — M x L(F(n)) C R”. We explain this approach
in more detail in the Appendix.

The second approach was suggested to us by A. Guionnet, to whom we are indebted for generously
allowing us to publish it. The idea involves considering the free stochastic differential equation

de(f)ZZQij(Xl(Z),---,Xn(t))#dSi—%fj(xl(l),---,xn(l))a X;0)=X;, (1-2)

where 3(X;) = (Q1j,..., Onj) € (L*(M) ® L*(M?))" and &j(X1, ..., X,) = 8*0(X;). One diffi-
culty in even phrasing the problem is that it is not quite clear what is meant by Q;; and ¢; applied to
their arguments (in the classical case, this would mean a function applied to the random variable X (¢)).
However, if this equation can be formulated and has a stationary solution X (¢) (namely one for which
the law does not depend on ¢), then the map a, : X; — X (t?) determines a one-parameter family of
embeddings of the von Neumann algebra M into some other von Neumann algebra Jil (generated by all
X () :t > 0). This can be carried out successfully if Q and ¢ are sufficiently nice; this is this is the case,
for example, when X1, ..., X, are g-semicircular variables, in which case Q and ¢ can be taken to be
analytic noncommutative power series.

Let us assume now that 0 takes B = C[X1,..., X,] to B ® B° and also 6*(1 ® 1) € B (this is
the case, for example, if Xy, ..., X, have polynomial conjugate variables [Voiculescu 1998]). Then
both approaches work to actually give one a stronger statement: one gets a one-parameter family of
embeddings a; : M — R® so that [a,(X;) — (X; +1>, Qii#S)> = O(t?). Let us assume for the
moment that Q;; = J;;1 ® 1, so that our estimate reads

low (X ;) — (X; +1S) ]2 = O@t?). (1-3)

An estimate of this kind was used as a crucial step by Otto and Villani in their work on the classical
transportation cost inequality [Otto and Villani 2000, §4 Lemma 2]; a free version (for n = 1) is the key
ingredient in the proof of free transportation cost inequality and free Wasserstein distance given in [Biane
and Voiculescu 2001]. Indeed, since the law of a;(X ;) is the same as X ;, one obtains after working out
the error bounds an estimate on the noncommutative Wasserstein distance between the laws uy, . x,

and [ x, 418, X, +15,"

We now point out that this estimate is of direct relevance to a lower estimate on dy. Indeed, suppose
that some n-tuple of k x k matrices xi, ..., x, has as its law approximately the law of Xy,..., X,
(that is, (x1,...,x,) € I'(Xy1, ..., Xu; k, 1, €) in the notation of [Voiculescu 1994]). Then (1-3) implies
that by approximating a,; (X ;) with polynomials in X1, ..., X,, S1, ..., S,, one can find another n-tuple
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X}, ..., X, with almost the same law as X1, ..., X,,, and so that [|x; — (x; +1s;)[| < Ct? (here sy, ..., Sy
are some matrices whose law is approximately that of Si, ..., S,, and which are approximately free
from xi, ..., x,). But this means that if one moves along a line starting at xi, ..., x, in the direction
of s1,..., sy, then the distance to the set I'(Xy, ..., X,; k, [, ¢) grows quadratically. Thus this line is
tangent tothe set I' (X1, ..., X,; k, [, ¢). From this one can derive estimates relating the packing numbers
of '(Xy,..., X3 k,l,e) and I'(X| +¢Sy,..., X, +1S,; k, 1, &) which can be converted into a lower
estimate on dy.

In conclusion, it is worth pointing out that the main obstacle that we face in trying to extend the
estimate (1-1) to larger classes of derivations is the question of existence of stationary solutions of (1-2)
for more general classes of functions Q and ¢ (and not, surprisingly enough, the “usual” difficulties in
dealing with sets of microstates).

2. Existence of stationary solutions

2.1. Free SDEs with analytic coefficients. The main result of this section states that a free stochastic
differential equation of the form

dX, = E#dS, — 1&dt

where X, is an N-tuple of random variables has a stationary solution, as long as the coefficients = and
¢ are analytic (that is, they are noncommutative power series with sufficient radii of convergence).

2.1.1. Estimates on certain operators appearing in free Ito calculus. Let f be a noncommutative power
series in NV variables. We denote by c ¢ (n) the maximal modulus of a coefficient of a monomial of degree
nin f. Thusif f =3 f; i Xi --- Xi,, then cy(n) = max;, j, | fi i, |. We also write

$r@) =D s,

Then ¢ £(z) is a formal power series in z. If p is the radius of convergence of ¢ s, we’ll say that R =p /N
is the multiradius of convergence of f.

We also write

1f1l, =D crN"p" €10, +00].
n>0

Note that || f1l, = supj; <y, |9 (2)] (since all of the coefficients in the power series ¢ ¢(z) are real and
positive).

We denote by F(R) the collection of all power series f for which the multiradius of convergence is
at least R. In other words, we require || f||, < oo forall p < R.

Note that F g is a complete topological vector space when endowed with the topology such that 7; — T
if and only if ||T; — T'||, — O for all p < R.

Let ¥ be a noncommutative power series in N variables having the form

2 ,ﬁ1,~~~,ik;j1,m,j1 Yil T Yik ® le T le'

We call ¥ a formal noncommutative power series with values in C(Y1, ..., Yn)®%. We write cy (m, n)
the maximal modulus of a coefficient of a monomial of the form ¥;, ---Y; ® Y ---Y; in'¥. We let
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¢T(Z’ U)) = Zn,m Cl//(ma”)zm w". We put

I®ll, = sup |¢\P(Z,w)|=¢\y(NP,NP)=Z( > cw(k,Z))N"p"e[o,+oo].

lz|,|w|<Np n>0 “k+=n

We denote by #'(R) the collection of all noncommutative power series for which [|¥]|, < oo for all
p <R.
It will be convenient to use the following notation. Let ¢(z1, ..., zx), ¥ (21, ..., 2,) be two formal

power series (in commuting variables). We say that ¢ < y if all coefficients in ¢, w are real and positive,

and for each ki, ..., k,, the coefficient of z’fl i in ¢ is less than or equal to the corresponding

coefficient in .

If Jt is a unital Banach algebra, Y1, ..., Yy €l and ||Y;|| < p forall j, then [|g(Y1, ..., V)l <lgll,
whenever g is in any one of the spaces #(R), or F (R) (here the norm || g(Y1, ..., Y,)|l denotes the norm
on .l or on the projective tensor product .M®2, as appropriate).

We now collect some facts about power series:

o Let f, g € F(R). Then ¢ o < ¢y In particular, fg € F(R) and || fgll, <1 fl,l8ll,-
e Let f=2 fi, i, Xi - Xi, € F(R) and denote by %;; f the formal power series

gbijf = Z Zéik:i5i1=j-fil---inxik+l e X ®Xil+1 e X, Xy Xy

i ...i,, k<l
Since a monomial X; ---X; ® X --- X could arise in the expression for %;; f in at most r + 1
ways, ¢g; r(a, b) < (b+ l)cy(a+ b+ 2). Denote by éf the power series

$r(z,w) =D (n+Deyn+m+2)"w".

n,m

Then ¢q), 5 < by Since $y(z,z) < ¢'4(z), we conclude that

19i; fll, < sup [#}(2)]
|zI<Np

and in particular 9;; f € ¥'(R).
e Let®=> 0 ijijnXi - Xi, ®Xj, -+ X, € F(R), and let
Y= Z\Pil...in;jl.i.jmxil X, ®Xj, ... X, €T
Consider
PHin® =D Wi sty Oy iy Xi - Xiy Xoy o X, @ Xy - Xy Xy oo X,

(In the simple case that ¥ = A® B and ® = P ® Q, where A, B, P, Q are monomials, we have
Y#,0 = PA® BQ, that is, #;,, is the “inside” multiplication on % (R)). Then

C‘Y#,-n@(n:m) = z Z C‘I"(k, F)C@(Z,S),

k+l=nr+s=m
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and hence the coefficient of z"w™ in ¢y, e(z, w) is dominated by the coefficient of z"w™ in

dw(z, w)pe(z, w). Consequently, Py, o < Pyde and
IY#,01, < I'PI,I0]l,.

In particular, ¥#;,0 € ¥ (R). Similar estimates and conclusion of course hold for the “outside”
multiplication W#,,;®, defined by

LP#UUI(D = Z TS],...,S/;;Il...la ®il---i/1;,jl‘--j/n th U Xta Xil e Xln ® X]I o ij XSI e XSb'

In that case we get dws,, 0(2, w) < pw(w, 2)de (2, w) and [|V#.u Ol , < [, 11O,

e Let 7 be a linear functional on the algebra of noncommutative polynomials in n variables, so that
|T(Xi1 s X,’n)| < Rg for all n. Given O = Z G),-l__,,-n;jl__,ijil HE Xin ®le s ij S 9’7/(R), assume
that Ry < R and consider the formal sum

1en@) = > ( > ®i1...i,,;j1...j,,,f(Xj1"'ij))xi."'Xi,,-

Myilsees in msjls-»-sjm

More precisely, we consider the formal power series in which the coefficient of X;, - -- X; is given

by the sum

in

D Oniyiint X X,

m7j1 ~~~~~ ]m

But since |7(X, --- X, )| < R{, this sum is bounded by the coefficient of z" in the power series
expansion of ¢(z, N Ro) (as a function of z), and is convergent. Thus ¢1g:)@)(z) < ¢e(z, N Ro)
and we readily see that (1 ® 7)(®) is well-defined, belongs to %(R), and moreover

1@ 7)(©)l, <110,

whenever p > Ry.

e Let f=> fi, i, Xi, -+ Xi, € F(R) and consider the j-th cyclic partial derivative [Voiculescu 1999;
2002b]

n
9Djf = Z ZéiIZinHl s Xin 'Xi1 o .Xil—l'

i1...ip [=1

Then we see that ¢g;, r < ()" and D f € F(R).
We now combine these estimates:

Lemma 4. Let t as above be a linear functional on the space of noncommutative polynomials in N
variables satisfying t(X;, ---X;,) < Rj. Let R > Ry and assume that {; € F(R), j =1,..., N,
Y= (lPij) € MNXNGJ;/(R)- For f € F(R) let

LN =018® r)(z ‘{f,-k#in(lyki#w,(@ijf))) =D 389, f.
j

ijk
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Then é‘f(,.f)(f) € F(R) and moreover for any Ry < p < R,

LDy < D1 jallp 1 Wil o |4 (z)|+22||5,||p sup ¢,

ijk [zZ|<Np

ba0(5)(@) < D dw, (2 NRo)dw, (N Ro, )¢ (2, NRo>+2Z¢f @) (2),

ijk

where QASf(z, w) =2, ,(n+Dcp(n+m+2)7"w".

For ¢ a power series in z, wy, . . . , w; with multiradius of convergence bigger than p and all coefficients
of monomials nonnegative, let ¢, ., (2) =@ (z, w1, ..., wi). Set
- 2
Q¢(Za wl:---wk+l):¢w1 ..... u)k(Za wk+l) and D¢(Z9 wlz"'zwk):az¢(za wla"'nwk)'

We note that ngS(z, z) < ¢"(z), and that Q, D and 9 are monotone for the ordering <. It follows that
if xj, A; are some power series with radius of convergence bigger than p and positive coefficients, then
for any ay, by, ..., ar, by > 0and any R < p,

[Q“#1(2) D" 21(2) 111 QK2 (2) D22 (2) - - - D] -

< [DYk1(2) D" 21(2) D%ka(2) D n(2) - - - DY ] |

Z=w :---:wak:R :

Now define

¢ () =D by, NRo)gw, (NRo, 2)¢"(2) + 3 Z«zsg, @' (2).

ijk
Then we have obtained the inequality

$an (N Ro) < 2" (N Ro),
which we record as:
Lemma 5. Let $6(2) = 3, by, (2, NRo)pw,, (NRo, 2)¢"(2) + 3 X be, ()¢ (2) and let © be a trace
so that for any monomial P, |t (P)| < R}, n =deg P. Then
|2(2" )] = 2"$ (N Ro).

2.1.2. Analyticity of 9*0(X j). Letus now assume that 2= (E, ..., Ey) € F(R). Let (X1, ..., Xy) be
an N-tuple of self-adjoint operators in a tracial von Neumann algebra (M, 7) and assume that || X ;|| < R
for all j. Let & : L>(M) — L*(M) ® L>(M) be the derivation densely defined on polynomials in
Xi,..., Xy by 0(X;) = E;(X1,..., Xy). We assume that 1 ® 1 belongs to the domain of 6* and that
there exists some ¢ € F#(R) so that 0*(1® 1) = ¢ (X, ..., Xn).

Lemma 6. With the assumptions above, there exist{; € F(R), j=1,..., N, so that
(X, ..., Xn) =0"0(X)).

Proof. It follows from [Voiculescu 1998; Shlyakhtenko 1998] that under these assumptions, 0 is closable.
Moreover, for any a, b polynomials in X1, ..., X, a ® b belongs to the domain of 6* and

0" (a®b)=arb+ (1 ®1)[0(a)]b+a(r @ [o(D)],
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where ¢ =¢(Xy, ..., Xny)=0"(1Q1).
Consider now formal power series in N variables having the form

0= Z®11 ik teeegiittveents Yiy = Yo @ Yjo o Y @ Yy oo ¥

k

We write ¢e(z, w, v) for the power series whose coefficient of z” w"v* is equal to the maximum

max{|®i1,...,im;j],...,jn;l],...,lk| : il’ ey ima j1> cee jns tla cee tn S {], sy N}}

We denote by F”(R) the collection of all such power series for which ¢ has a multiradius of convergence
at least NR.
Let 2\ : 9/ (R) — % (R) be given by

gng) Zﬁ],...,ik§j1,-~~,j1Yi1 e Yik X Y]l e Y][ =
Z_ft] lk]l lealp:s TR lp1®}7ip+1"~Yik®Yj1"-le-

Then clearly ¢@(3)(T)(z, 7, W) < 0,y (z, w) so that QDES)‘P indeed lies in ¥’(R) if ¥ € ¥ (R).
1
Similarly, if we define for ¥ € ¥ (R), © € F'(R)

w#'0 = D Wbty Oircivijioiik o Yir - Yoy Yo o Yy @Y o Yy Yo ¥ @Y+ Y,

then ¢y, ,0 (2, 0, ) < Pw(z,v)Pe(z, v, w) and in particular ‘P#S)@ € #'(R). (Note that #Sl) corre-
sponds to “multiplying around” the first tensor sign in ®).
Finally, if 7 is any linear functional so that 7 (P) < Rgeg P for any monomial P and we put

MZ(LP) - : lIlll ----- lns]l ----- ]m kla"'k[) i1 ” ln‘[( ]m Ykl e Ykp)’

then ¢u,(w)(2) < ¢w(z, NRo, NRy) and in particular M>(¥) € #(R) once ¥ € F’(R) and Ry < R. In
the foregoing, we’ll use the trace v of M as our functional.
So if we put

110 =M EH,)DY),
N

then 77 maps %' (R) into F(R).
Note that in the case that ® = A ® B, where A, B are monomials, 710 = (1® 7)(6(A)) - B.
One can similarly define 75 : ¥ (R) — %(R); it will have the property that 7,0 = A(r ® 1)(6(B)).
Lastly, let ¢ € #(R) and let m : ¥ (R) — F(R) be given by

m(®)_ : ,®11 ----- In3Jlseees ]m(PI ----- PrYlI '“Yianl’mPrle YJm

Once again, ¢ (0)(2) < po(z, 2)P:(2).
Let Q(E) =T (E)+ T7(E)+m(E). We claim that £ = (Q(E))(Xy, ..., Xy) =0 (E(X1, ..., Xn)).
Note that if E,, is a partial sum of = (say obtained as the sum of all monomials in = having degree
at most n), then Q(E,)(X1,..., Xny) = 0*(E,(X1,..., Xn)). Moreover, as n — 00, we have that
Z,(X1,...,Xny) > E(X1,...,Xy)in L? and also Q(Z,) (X1, ..., Xn) = Q(E)(X1,..., Xy)in L?
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(this can be seen by observing first that the coefficients of Q,(Z) converge to the coefficients of Q(E)
and then approximating Q(E) and Q(ZE,) by their partial sums).
Since 0* is closed, the claimed equality follows. U

2.1.3. Existence of solutions. Recall that a process X Y), X I(\Z,) € (M, 7) is called stationary if its law

does not depend on ¢; that is, for any polynomial f in N noncommuting variables, 7 ( fxX (t), . ¢ 5\’,)))
is constant.

Lemma 7. Let X 50), cey X](\(,)) be an N-tuple of noncommutative random variables, Ry > max ||X§O) |
and R > Ry. Leté"j S OJ(R), Y= (lPij) S MNxN(O}/(R)) so that ‘Pij(Zla ey ZN)* = lei(Zla s ZN)
for any self-adjoint 71, . .., Zy.

Consider the free stochastic differential equation

AX; (1) =P (X1(0), ..., Xn@)#ES", ..., ds"™") = L& (X1(0), ..., Xn()dt  (2-1)
with the initial condition X ;(0) = XE.O), j=1,...,n. Here dSt(l), e, dS,(N) is free Brownian motion,
and for Qp = Zafd ®bl’.‘l e MM, and Q = (Qx) € Myxn(MRM), we write

0801, W) = (St winlt, . Y a ).
ki

Let A = W*(X(O), cees X,(\(,))) and let 9; : L*(A) — L*(A ® A) be derivations densely defined on
polynomials in X §0)’ X ](\(,)) and determined by

0 - 0 0
o;( XM ==,;x?, ..., x0).
Assume that for all j, 6; X ;0) € domain 0, and that
0 0 0
GXO, LX) =>"arax™).
i
Then there exists a ty > 0 and a stationary solution X ;(t), 0 <t < to. This stationary solution satisfies
Xj(1) € W*(X1, ..., Xy, {Sj(s): 0 <5 <1})_)).
We note that in view of Lemma 6, we may instead assume that 1 ® 1 € domain 8;’.‘ and
0 0
orae =g, ..., xy)

for some (1, ..., {n € F(R), since this assumption guarantees the existence of £; € F(R) satisfying the
hypothesis of Lemma 7.

Proof. We note that, because ¥ and & are analytic, they are Lipschitz in their arguments.

Thus it follows from the standard Picard argument (see [Biane and Speicher 1998]) that a solution
(with given initial conditions) exists, at least for all values of ¢ lying in some small interval [0, #g), 7o > 0.
Now choose #( so that || X ;(#)[lcoc < Ro < R for all 0 <t < 1y (this is possible, since the solution to the
SDE is locally norm-bounded).
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Next, we note that if we adopt the notations of Lemma 4 and define for f € F(R)

FOf) =D AR jicin (Prittons @i ) — 3 D&%, .
ijk j
then we have that £(%) f € %(R) (here 7, refers to the trace on C(X(¢), ..., X,(¢)) obtained by re-
stricting the trace from the von Neumann algebra containing the process X, for small values of ¢, that is,
7 (P) =1 (P(X1(?), ..., Xx(1)))). Ito calculus shows that for any f € F(R),

d
TG, X)) | =1 (DX, X)),

In particular, replacing f with £(%) f and iterating gives us the equality

CRGE@, - Xy | = n @O DK, X o).

Since fj(X](O), ey Xn(O)) = Zi 8f6,(X](O)),

(L (f(X1(0), ..., Xn(0)))) =0

for any f € F(R). Applying this to f replaced with £(™) f and iterating allows us to conclude that

n

dm

(XK@ X)) =0 nzl.
Let as before

F$(2) = D Py (@ NRoYpw, (NRo, 9" () + 5 D b, ()4 (2) = a(2)*¢"(2) + p(2) (2),
ijk J
where f(z) is complex-valued function and a(z) is a complex vector-valued analytic function, both
defined on {z : |z| < N R}. Moreover, a and f are real for z € R.
Consider the partial differential equation

ape, ) =Fp(x,0,  $x,0)=¢;kx), xeR
The solution ¢ (x, t) will be real-analytic in time (at least for small values of ), because the equation
is elliptic. By Lemma 5, we conclude that

Mt (f(X1 (D), .., Xn ()], o' (N Ro, 1)],_,

= | @9V Ro. )| =

Hence, since all derivatives of 7 (f(X(¢)), ..., f(Xn(¢))) vanish at zero,

[T(f(X1(s), ..., Xn(9)) — 7 (f(X1(0), ..., Xn(0)))]
/ / 51"T(f(X1(t),---,f(XN(t))))‘ (dr)"
0 0 1=r

<c / / @ ¢(NRo,1)| < $(NRo,s) — Po(NRo, s),
0 0 t=r
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where P, is the n-th Taylor polynomial of ¢ at zero. Since ¢ is real-analytic in s, the right-hand
side of the equation goes to zero as n — oo for s in some interval including zero. Thus the function
s = t(f(Xi(s), ..., Xn(s))) is constant and so the solution is stationary. [l

We note that once the Equation (2-1) has a stationary solution on a small interval [0, #y), then it of course
has a stationary solution for all time (since the same lemma applied to X;,» guarantees existence of the
solution for up to 3#y/2 and so on). However, we will not need this here.

3. Otto—Villani type estimates

The main result of this section is an estimate on the noncommutative Biane—Voiculescu—Wasserstein

distance between the law of an N-tuple of variables X = Xi,..., Xy and the law of the N-tuple
X + /t O#S, where S= (S, ..., Sy) is a free semicircular family, Q € MNxN(LZ(W*(Xl, A XN)®2))
is a matrix, and for Q;; = Zk Agf) ® Bi(}‘), we denote by Q#S the N-tuple (Y1, ..., Yy) with

_ (k) (k)

EDIPIT
j ok

The sum defining Y; is L? convergent; in fact, the L norm of Y; is the same as the L? norm of the

element
(k) (k)
2. D A @B
ik

The estimate on Wasserstein distance (Proposition 8) is obtained under the assumptions that a certain
derivation, defined by 8(X;) = (Qi1, ..., Qin) € (L*(W*(X1, ..., XN)®2)N is closable and satisfies
certain further analyticity conditions (see below for more precise statements). Under such assumptions,
the estimate states that

dw (X, X + /1 0#S) < Ct.

The main use of this estimate will be to give a lower bound for the microstates free entropy dimension
of X1, ..., Xy (see Section 5).

3.1. An Otto-Villani type estimate on Wasserstein distance via free SDEs.

Proposition 8. Let = € My n(F (R)), M = W*(X\, ..., Xy) and let 0; : L>*(M) — L*(M ® M) be
derivations densely defined on polynomials in X1, ..., Xy and determined by

0j(Xi)=E;i(X1,..., Xn).
Assume that for all j, 1 ® 1 € domain 8} and that there exist (1, ..., {n € F(R) so that
Cj(Xl,...,XN)=8j(l®l), j=12,...,N.

Then there exists a 11 factor M = M % L(Fx) and a ty > 0 so that for all 0 < t < ty there exists an
embedding a; - M = W*(Xy, ..., Xy) = M and a free (0, 1)-semicircular family Sy, ..., Sy € M, free
from M and satisfying the inequality

low(Xj) = (Xj +VIEXL, ..., Xn)#S)||, < Ct, (3-1)
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where C is a fixed constant. Furthermore, o,(X;) € W*(Xy,..., Xy, S1,..., Sw, {S}}?‘;l), where
{S}};?il are a free semicircular family, free from (X1, ..., Xn, S1, ..., Sn).

If A can be embedded into R®, so can M.

In particular, the noncommutative Wasserstein distance of Biane—Voiculescu satisfies

dw ( (X)), (Xj+VIEX, ..., Xn#S), ) < Ct.

Proof. By Lemma 6, we can find &1, ..., ¢y € F(R) so that & (X1, ..., Xn) =0%0(X)).

Let M =W* (Xl, o XN, {S1Gs), ., Sy (s):0<s < t}), where S (¢) is a free semicircular Brownian
motion. Let X ;(z) be a stationary solution to the SDE (2-1) (see Lemma 7). The map that takes a
polynomial in X, ..., Xy to a polynomial in X(¢), ..., Xn(¢) preserves traces and so extends to an
embedding o, : M — M. By the free Burkholder—Gundy inequality [Biane and Speicher 1998], it follows
that for0 <r <1y <1

1X;(t) — X;0)]| < C1+/t+ Cat < C3/1,

where Cy =sup, ., |E(X (1), ..., Xy ()| <00, C2 = max; sup,_, [I<;(X1, ..., Xn(@)].
Furthermore,

Xj(l‘)—Xj(O):/o E(Xl(s),...,XN(s))#de(s)—/O &GX1(), -, Xnn(s))ds
:/0 E(X10), ..., Xy (0)#dS; (s)
_/0 [E2(X100), ... Xn(0) — E(Xi(s), ..., Xn(s)]#dS;(s)

t
- [ G, X
0
By the Lipschitz property of the coefficients of the SDE (2-1), we see that
IEX1(s), ..., Xn(s) — E(X1(0), ..., Xn(0)I < ij«?lXHXj(S) —X; 0l < K'\s.

Combining this with the estimate [|£;(X(?), ..., Xy ()| < K” we may apply the free Burkholder—
Gundy inequality to deduce that
t
/ K"ds
0

Thus it is enough to notice that || - |, < || - || and to take S; = %Sj (#), which is a (0, 1) semicircular

172

+ <Ct.

1X; () — (X;(0)+ E(X1(0), ..., Xn (0)#S; (1))l < ‘/O (K'\/5)*ds

element.

If M is R“-embeddable, we may choose Il to be R”-embeddable as well, since it can be chosen to
be a free product of M and a free group factor.

Finally, note that X ; () € W* (Xl, L XN, {Si(s):0<s < t}ﬁ.vzl) by construction. But the algebra
W*({S i(5):0<s < t}) can be viewed as the algebra of the Free Gaussian functor applied to the space
L?[0, 1], in such a way that S;(s) = S([0, s]). Then W*({S;(s):0<s <1}) CW*(S1, ..., SN, {S; }ker(j)s
where {S; : k € I(j)} are free semicircular elements corresponding to the completion of the singleton set
{t‘l/z)([o,,]} to an orthonomal basis of L2[0, 1].
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The estimate for the Wasserstein distance now follows if we note that the law of (a, (X j));\’:1 is the
same as that of (Xj)j.vzl; thus (X (t))j.\’:1 U((X; + «/fE#S)j.V | 1s a particular 2N -tuple with marginal

distributions the same as those of (X ]~)§V:1 and (X; + Jt E#S)ﬁ.vzl, so that the estimate (3-1) becomes an

estimate on the Wasserstein distance. ([
Remark 9. Although we do not need this in the rest of the paper, we note that the estimate in Proposition
8 also holds in the operator norm.

We should mention that an estimate similar to the one in Proposition 8 was obtained by Biane and
Voiculescu [2001] in the case N = 1 under the much less restrictive assumptions that = = 1 ® 1 and
1 ® 1 € domain 8* (that is, the free Fisher information ®*(X) is finite). Setting Z;; = 6;;1 ® 1 we have
proved an analog of their estimate (in the N-variable case), but under the very restrictive assumption
that the conjugate variables 6*(E) are analytic functions in Xy, ..., X». The main technical difficulty
in removing this restriction lies in the question of existence of a stationary solution to (2-1) in the case
of very general drifts ¢.

4. Applications to g-semicircular families

4.1. Estimates on certain operators related to q-semicircular families.

4.1.1. Background on q-semicircular elements. Let Hg be a finite-dimensional real Hilbert space, H
its complexification H = Hg ®g C, and let F,(H) be the g-deformed Fock space on H [Bozejko and
Speicher 1991]. Thus
F,(H)=CQa P H®",
n>1

with the inner product given by

($1® Q& (1® +®&n) = On=m Z qi(ﬂ) H@fj’ CW(J))>’

TES, j=1

where i(r) =#{(i, j):i < jand 7 (i) > = (j)}.
We write HS for the space of Hilbert—-Schmidt operators on F,(H). We denote by = € HS the

operator
E= Z qn Py,

where P, is the orthogonal projection onto the subspace H®" C F,(H).

For h € H,letl(h): F,(h) — F,(H) be the creation operator, [(h)({1 Q@ - - ®&) =h®&E Q- &,
and for & € Hp, let s(h) =1(h) +1(h)*. We denote by M the von Neumann algebra W*(s(h) : h € Hp).
It is known [Ricard 2005; Sniady 2004] that M is a I1; factor and that ¢ = (-Q, Q) is a faithful tracial
state on M. Moreover, F,(H) = L*(M,t) and HS = L>(M, 1) ® L*(M, 7).

Fix an orthonormal basis {hi}f\’:1 C Hr and let X; =s(h;). Thus M = W*(X4, ..., Xn), N =dim Hp.

Lemma 10 [Shlyakhtenko 2004]. For j =1,..., N, let 0; : C[X1, ..., Xn] — HS be the derivation
given by 0;(X;) = 0;—;E. Let 0 : C[X}, ..., Xy] — HSN be given by d =0, ® - - - ® oy and regard 0 as
an unbounded operator densely defined on L*(M). Then:

(1) 0 is closable.
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(i1) If we denote by Z the vector 0®---@ Po®---®0 € HSY (nonzero entry in j-th place, Pq is the
orthogonal projection onto CQ € F,(H)), then Z; is in the domain of 0* and 0*(Z;) = h

As a consequence of (ii), if we let @ be as in the lemma, we have {; =0*(Z;) e C[ X1, --- , Xn] C F(R)
for any R.

4.1.2. E as an analytic function of X1, ..., X,. We now claim that for small values of ¢, the element
Z e L?(M)®? defined in Lemma 10 can be thought of as an analytic function of the variables X1, ..., Xy.
Recall that h; € H is a fixed orthonormal basis and X ; =s(h;), j=1, ..., N thus form a g-semicircular
family.

Lemma 11. Let W;, . ; be noncommutative polynomials so that

X, L XNQ=h;, Q- Qh;,.

Then the degree of W;, . ;. is n, and the maximal absolute value c,E") of a coefficient of a monomial

Xj - Xj,k<n,inW; _; satisfies
—k
" < gn—k (—1 )n .
- 1—1ql

Furthermore, |W;, i |I? <2"(1—lgh™.

L2 (M) =

Proof. Clearly, c,(,") = 1. Moreover (compare [Effros and Popa 2003])

=X W _2 =25 . -
Wl],...,l,, = Xu le,..‘,ln q 511:zj Wiz,...,ij,...,i,,
jz2

(where * denotes omission). So the degree of W;, _; is n and the coefficient ¢, of a monomial of degree

kin W;, . ; isatmost the sum of a coefficient of a degree k —1 monomial in W;, _; and Zj>2 qj_zlkj l,
where k; is a coefficient of a degree k monomial in W, ;. By induction, we see that

.......

(I’l) <C]((n 11)+Z|q|] -2 (Vl 2)
j=2

k— 1 n—k
<ok 2(1_|q|) | pn—k- 2( a ) Z|q|1

j=0

_ 2n—k—2|:( 1 )nfk 4 ( 1 )n7k72 1 i|
1—1q] 1—1q| 1—1q|

1 n—k B 1 n—k
< k=2 2( ) <on k(_) _
1—|q] - 1—|g|
as claimed.

The upper estimate on |W;, ;. 1% follows in a similar way. O

L2(M)
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Lemma 12. Let {& : k € K} be a finite set of vectors in an inner product space V. Let I be the matrix
Ik = (S, &). Assume that I is invertible and let B = T2, Then the vectors

a=)_ B
k

form an orthonormal basis for the span of {& - k € K}. Moreover, if A denotes the smallest eigenvalue
of I, then | By | < /l_l/zfor eachk,l.

Proof. We have, using the fact that B is symmetric and BI'B = I: {77, 1) = (Zk,k, By ik, B iéi) =
ki BeaBe Tk = (BUB) 1 = =1 O

Lemma 13. There exist noncommutative polynomials p;,. i in X1, ..., Xn so that the vectors
{pir,..in (X X))
pl] ..... iy | B n i1,.,ip=1

are orthonormal and have the same span as {W;, . ;. Hoin=1"
A A A P n—

Moreover, these can be chosen so that p;, . ; is a polynomial of degree at most n and the coefficient
of each degree k monomial in p is at most (1 —2|q|)™/>(2N)"*(1 — |g|)*27*.

Proof. Consider the inner product matrix

N
Fn = [<Wi1>~~~ain’ lea“"j’l>]i],...,in, j|,‘..,j,,=1'

Dykema and Nica [1993, Lemma 3.1] proved that one has the following recursive formula for I,.
Consider an N"-dimensional vector space W with orthonormal basis e;, . ; , i1,...,in € {1,..., N},
and consider the unitary representation 7, of the symmetric group S, given by o - ¢€;,, i, = €i,....i, "
Denote by (1 — j) the action (via x,,) of the permutation that sends 1 to j, k to k— 1 for 2 <k < j, and
l[tolforl> jonW.Let My =>"_ q/~'(1 > j) € End(W). Then T’y is the identity N x N matrix,
and

1—‘n = (1 &® l—‘n—l)A/[na

and I' acts on the basis elements by sending e;, . ; to Zkl _____ K, T i s Kty skn €Ky
proceeded to prove that the operator M,, is invertible and derive a bound for its inverse in the course of
proving [Dykema and Nica 1993, Lemma 4.1]. Combining this bound and the recursive formula for I,

yields the following lower estimate for the smallest eigenvalue of I',;:

1 1 —|q] k k)
o= Q—md11+m0'_( W|Zﬂ V'la

(= (-Zw) = (-2 )
= () = (=)

k- They then

------
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1/2

Thus if we set B =1, '“, then all entries of B are bounded from above by ¢, 2 Thus if we apply

the previous lemma with K = {1, ..., N}" to the vectors &, __; = W;,.....;i,Q, we obtain that the vectors
ClZZBj,iéja iekK
jeK

form an orthonormal basis for the subspace of the Fock space spanned by tensors of length n.
Now fori = (i1, ...,in) € K, let

pi(Xl, ey XN) = Z Bj,in(Xl, ey XN).
JjeK
Then ¢; = p; (X1, ..., Xn)Q are orthonormal and (because the vacuum vector is separating), the poly-
nomials {p; : i € K} have the same span as {W; :i € K}.
Furthermore, if a is the coefficient of a degree kK monomial r in p;, then a is a sum of at most N" terms,
each of the form (the coefficient of  in W;)B; ;. Using Lemma 11, we therefore obtain the estimate

al = Ne 2 gy = (2N Y ok g 0
=N 9 (1—2iq)' 72 -

We now use the terminology of Section 2.1.1 in dealing with noncommutative power series.
Let Ro=2(1—|gD'=>2(1—¢)"' > I X;ll. Thenif « > 1, p = p;,,. i, is as in Lemma 13, and ¢,
is as in Section 2.1.1, then the coefficient of z*, k < n in @p is bounded by

2N no 2Na " _
((1—2|q|>‘/2) Ryt = ((1—2|q|>‘/2) (aNRo)™.

In particular for any p < a Ry,

o 2Na gk ok 2No \' ]
”pll ,,,,, ln||/)§((1 2| |)1/2) Z(OCNRO) N _((1—2|QI)]/2) l_p/(aRO)'

Lemma 14. Let g be such that |q| < (4N3 +2)~!. Then:
(a) The formula
E(Yy, ... YN)—Zq Z Pitsoin Y15 YN) @ piy, iy (Y15 oo, Y)

.....

defines a noncommutative power series wzth values in C(Y1, ..., Yn)®% with radius of convergence
strictly bigger than the norm of a q-semicircular element, || X ;|| <2(1 — q)" L

(b) If Xy, ..., Xy are g-semicircular elements and E is as in Lemma 10, then E = 2(Xy, ..., Xy)
(convergence in Hilbert—Schmidt norm, identifying HS with L>(M) ® L*(M)).

Proof. Clearly,

s 2Na ™ 1 4N2g?
||pi1 ,,,,, in ®Pi| ,,,,, in||p§ “pi| ,,,,, in”pi (1_2|q|)1/2 (l_p/(aRO))z :Kp 1_—2|q|

for any p < a R, where Ry =2(1 —|q)~' > |1 X;].
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Thus

" 4AN3alg\"
1=, < pZ( g |) IqI”N”fK,,Z<1_—2|q|) ,
n

which is finite as long as p < a Ry and the fraction in the sum in the right is less than 1. Thus as long as
4N3|g| < 1—2]q|, thatis, |g| < (4N>+2)~!, we can choose some a > 1 so that the series defining =
has a radius of convergence of at least a Ry > || X ||

For part (b), we note that because || - [|z2(a) < || - [l and because of the definition of the projective
tensor product, we see that

- NMas < - lpem

on M®M. Thus convergence in the projective norm on M®M guarantees convergence in Hilbert—
Schmidt norm. Furthermore, by definition of orthogonal projection onto a space,

E:anpm

where P, = Z ..... iy Ditsesin @ Pi,.oniy = EM (X, ..., Xy) are the partial sums of Z(X1, ..., Xy) (here
we again identlfy HS and L?> ® L?). Hence == 2(X1, ..., XnN). U

5. An estimate on free entropy dimension

We now show how an estimate of the form (1-3) can be used to prove a lower bound for the free entropy
dimension dy.

Recall from [Voiculescu 1996; 1994] that if X1, ..., X, € (M, 7) is an n-tuple of self-adjoint elements,
then the set of microstates I'r(X1, ..., X,; [, k, ¢) is defined by

FR(XI,...,X,,;l,k,g)={(xl,.. ,xn) € (M9 )" |1xj1l < R and

[e(p(X1s s X)) = (/) Te(p(xr, .., x0))| <&
for any monomial p of degree < l}.

If R is omitted, the value R = oo is understood. The free entropy is defined by

1
x (X, ... X)_sup 1nf11msup —logVol(FR(Xl,...,Xn;l,k,a))—kzlogk .
Le  k—oo k> 2
The set of microstates for X1, ..., X, in the presence of Y1, ..., Y, is defined by

FR(Xl,...,Xn:Yl,...,Ym;l,k,e)z{(xl,...,xn):El(yl,...,ym)
s.t. (xl,...,xn,yl,...,ym)GFR(XI,...,Xn,Yl,...,Ym;l,k,e)}.

The corresponding free entropy in the presence is then defined as by

X(Xl,...,anyl,..., m)
—sup 1nf hmsup(k— logVol(Tr( X1, ..., Xn: Y1, ..., Yy Lk, 8))+§10gk).

Le koo
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The supy, is attained [Belinschi and Bercovici 2003]; in fact, once R > max; ;{[|X;ll, Y|}, we have
)((X],...,Xn2Y1,...,Ym)=XR(X1,...,Xn2Y1,...,Ym).
Finally, the free entropy dimension dy is defined by

X tS1, ..., X, 1S,:81,...,S
50(X17--~7Xn)=n+limsup){( 1+J 1 +\/_ n 1 n)
t—0 |10gt|

2

where Sp, ..., S, are a free semicircular family, free from X, ..., X,,. Equivalently [Jung 2003a] one
sets
Ks(X1, ..., X,) =inflim sup l log Ks(Too (X1, ..., Xus k, 1, €)),
&l k=0 k?
where Ks(X) is the covering number of a set X (the minimal number of J-balls needed to cover X).
Then
do(X1, ..., X,)=limsup M
t—0 | log t|
Lemma 15. Assume that X1, ..., X, € (M, 1), Tjx € W*(X1, ..., Xpn) @ WH(X1, ..., X,) are given.
L2 (M®M?)

Set ST = > Tj#Sy. Let n = dimyyg o ( span MSTM +---+MSI'M

Then there exists a constant K depending only on T so that for all R > 0,a > 0,1 > 0, there are ¢’ > 0,
I'>0,and k' > 0so thatforall0 <e <&',k>k',andl >1',and any (x1,...,x,) €T (X1, ..., Xn; k, 1, €)
the set

TreSIT, ST (ry ey xa) 1S, oo, Sk L e) =

{(yl,...,yn):El(sl,...,sn)s.t. (V1s e ooy Vs X1y eovs Xns SlyevesSp) €
RS ST X0 X, Sty Sur ko L e)}

can be covered by (K/t)("_’”"‘)k2 balls of radius t.

Proof. By considering the diffeomorphism of (M} )" given by (ai, ..., a,)— ((1/t)ay, ..., (1/t)a,),
we may reduce the statement to showing that the set

TGS, ST (xay ey x0) 2 S1, o Sus kL €)

can be covered by (C/ z‘)(”_’7+"’)k2 balls of radius ¢.
Note that 7 is the Murray—von Neumann dimension over M ® M° of the image of the map

((17"',671)'_)(ClTa"'ang‘)a

where ¢; € L2 (M) ® L2 (M), M = W*(X1, ..., X,,). Thus if we view T as a matrix in M,,»,(M ® M?),
then 7 @ t @ Tr(E0y((I —T)*(I —T))) = n (here Ex denotes the spectral projection corresponding to
the set X C R).

Fix a > 0.

Then there exists Q € M,,,,(C[ X1, ..., X,,]9?) depending only on 7 so that || Qij—(I=T)jll<t/(2n)
(here we view Q as a matrix whose entries are noncommutative functions in n indeterminates; the entries
of Q are in the space %'(c0) in the notation of Section 2.1.1).
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Set S¢ =3, Qi#Si. Then

In particular, ” SJ_Q(Xu ..... X

so that

W_g jl -T Hz < t/2. We may moreover choose Q (again, depending only on ¢)

t®t @Tr(E,2(Q*0)*(X1,..., Xn) = 1 @1 QTr(Ej(I — T)*(I = T)) = — 3a.
Thus for [ sufficiently large and ¢ > O sufficiently small, we have that if
Oty s yn) € TR(STT o ST ety ooy x) 281, -y Sus Ky L €),
then there exist s, ..., s, such that
(Styeens Sy X1y -esXn) €ETR(ST, ooy Sny X1y oo, Xt kL €)

and

By approximating the characteristic function (o ;2] with polynomials on the interval [0, | Q (x1, . . ., xp) /]
(which is compact, since ||x || < R), we may moreover assume that / is large enough and ¢ is small enough
that

kl—zTr®Tr®Tr(E[0,,/2](Q* (i, .., Xn)) =1 —a.
Denote by ¢ the map
(sl,...,sn)r—>(s1 R 5
Let R; = max; ||S]I~_T||2 + 1. Assume that ¢ < 1. Then ¢ : (M;,)" — (M;%,)" is a linear map, and
since ||s; ||% <1+ ¢ <2, we have the inclusion

TR Sy G, s X0) 81,0, Sus ks L, 6) C© Ni(@(B(2) N B(Ry)),

where B(R) the a ball of radius R in (M}%,)" (endowed with the L? norm) and N, denotes a -
neighborhood.

The matrix of ¢ is precisely the matrix Q(x1, ..., X,) € Myxn(Mixr)®>.

Let S be such that fnk? eigenvalues of (¢*¢)'/? are less than Ry. Then the ¢-covering number of

¢ (B(2)) N B(R}) is at most
R, (1—p)nk? 2R, pnk?
) ()

Let Ry =1/2, so = (7 — a)/n. We conclude that the 7-covering number of
FR(SII_T,...,S,{_T | (xl,...,x,,):Sl,...,Sn;k,l,a)

is at most (K / t)(”_’7+"‘)k2, for some constant K depending only on R;, which itself depends only on T'.
O
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Theorem 16. Assume that X1, ..., X, € (M, 1), S1,..., S, {S; : j € J} is a free semicircular family,
free from M, Ty € W*(Xy, ..., X,) R W*(Xy, ..., X,) are given, and that for each t > O there exist
Y e WH(X1, ..., Xu, St. .., Sua {S)}jes) so that:

e the joint law of (Yl(t), e, Yn(t)) is the same as that of (X1, ..., Xp),
o if we set SJ-T =D T #Sy and Zﬁ.t) =X; + tSjT, then for some ty > 0 and some constant C < 00
independent of t, we have ||Z§.[) — YJQ) o < Ct? forallt < 1.
Let M = W*(Xy,...,X,) and let

2

L
n:dimMéMU(spanMSlTM—i—---+MSnTM )

Assume finally that W*(X1, ..., X,,) embeds into R®. Then doy(X1, ..., X») > 7.
Proof. Let T : (M ® M°)" — (M ® M°)" be the linear map given by

T(Yy,...,Y,) = (Z TihYe, ..., D Tnk#Yk)
k k

(here, as before, we identify (M ® M°)" with the linear span of MS\M + --- + MS, M via the map
(Th, ..., T,)— (ST, ..., ST)). Then 5 is the Murray—von Neumann dimension of the image of 7', and
consequently
n=n—dimyg.kerT.

Let ¢ be fixed.

Since Y}') can be approximated by noncommutative polynomials in Xy,..., X,, Si,...,S, and
{S;. : j € J}, for any ko, &g, lo sufficiently large we may find k > ko, [ > ly, ¢ < ¢y and Jy C J finite
so that whenever

@1aeonzn) €TR(Xy+18] L Xy 18] 281, S AS Y jesss ko L €),

there exists
(yl, .. .,yn) (S FR(Xl, ...,Xn;k, lo,é‘o)
so that

ly; —zjlla < Ct*. (5-1)

For a set X C (M}%,;)" we’ll write K, for its covering number by balls of radius r.

Consider a covering of I'p(X| +tS1,..., X, +1S,: S, ..., Sh, {S}}jejo; k,l, ¢) by balls of radius
(C +2)¢? constructed as follows.

First, let (B,)qes be a covering of Tr(X; + ¢S], ..., X, +1S] = Si,..., Sy, {85} jesos ks Do, €9) by
balls of radius (C + 1)¢2. Because of (5-1), we may assume that

[I| < Kp(Tr(Xy, ..., Xns k, 1, €)).

Next, for each a € I, let (xfa), .., 5" € B, be the center of B,. Consider a covering (Céa) :pedy)
of FR(tSll_T, oo, tSIET | (xl(a), XY S Sk ¢) by balls of radius 2. By Lemma 15, this
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covering can be chosen to contain |J,| < (K /7)"~" balls, for any 5’ < 7. Thus the sets
(B, +C§”) cael, fely),
each of which is contained in a ball of radius at most (C + 2)t2, cover the set
TR(X141S1, ..., Xn+180: 81, ..., Sui k. Do, €0).
The cardinality of this covering is at most

FE k) <) sup gl < Kpe(Tr(X1, .., Xaik, Le) - (K8)T "
o

It follows that if we denote by V (R, d) the volume of a ball of radius R in R?, we find that
VOI(TR(X1 4281, .., X 41802 81,0, Sua {87} jes)) < f (12, k) - V(C +2)1, nk),

so that if we denote by IK,2(X1, ..., X,) the expression
1
inflimsup — log K2 (I'(X 1y, ..., Xn; k, 1, €))
&l koo k2

and set C’ =1log(C + 2), we obtain the inequality

16nlf li]figpk_lzlogVOIFR(Xl +tS1,.. ., Xy +1S,: 81, ..., S, {S}}jejo;k,l,g)
< limsup,_, ., log f(t, k) + 2nlogt +1log(C +2)
<Kp(X1,..., X))+ (@ —n)log Kt +2nlogt+ C’
=Ko (X1,..., Xn)+ (' +n)logt+ (7' —n)log K +C'.

By the freeness of {S}}jej and {S1, ..., S;, X1, ..., X}, the lim sup on the right-hand side remains the
same if we take Jy = &. Thus

AR(X1+1tS1, ..., Xn+18,: 81, ..., 8n) SK,z(Xl,...,Xn)+(17/+n)logt+c//.

If we divide both sides by | log ¢| and add n to both sides of the resulting inequality, we obtain

X +1tS1,..., Xy +18,:851,...,8 Ko (Xq,..., X log
+XR( 1+19] 1n+ n 1 n)S t2( 1 n)+(77/+l/l) og T
|log 7] |log ] |log 1]
Ko (X1, ..., X,) logt
=21 ’ .
log?l T Tiogy T

Taking supy and lim sup,_, and noticing that log# < 0 for ¢ < 1, we get the inequality
So0(X1,..., Xn) <200(X1, ..., Xn)—(m+n)+n=260(X1,..., X»)— 7.
Solving this inequality for do(X1, ..., X,) gives finally
do(X1,..., Xn) =7

Since 5’ < 5 was arbitrary, we conclude that dy(X1, ..., X,) > 7 as claimed. O
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Corollary 17. Let (A, 1) be a finitely-generated algebra with a positive trace T and generators X1, .. .,
X, and let Der,(A; A ® A) denote the space of derivations from A to L2 (A® A, t ® t) which are L?
closable and so that for some Z; € ¥ (R), £ € #(R), R > max; | X, 0*(1® 1) =&(X1, ..., X,) and
0(X;)=ZE;(X1,...,X,). Consider the A, A-bimodule

V={0(X1),....,0(Xs)): 6 €Dery(A; AQA)} CL*(A® A, T ®1)".
Assume finally that M = W*(A, t) C R”. Then
S0(X1, ..., Xp) > dimyg e VE ASATOD"

Proof Let P: L>(A® A, 1 ®1)" — V be the orthogonal projection, and set v ; i =PO,....1®1,...,0)
with 1 ® 1 in the j-th position. Let U(k) (U(k) e (k)) € L?>(A ® A)" be vectors approximating v ; j

b nl

and having the property that the derlvatlons deﬁned by 0(X ;) = v(k) lie in Der,. Then

N = dimy; g 70 Span Avgk)A +-F Avf(zk)A — dim g0 V

as k — oo. Now for each k, the derivations J; : A — L?’(A® A) so that 0j(X;) = v(k) belong to Der,.
Applying Lemma 6 and Proposition 8 to 7;; = v(k) and combining the conclusion w1th Theorem 16 gives

o(X1, ..., Xn) = mi.
Taking k — oo we get
50(X1, cey Xn) > dimM®Mo vV,
as claimed. O

Corollary 18. For a fixed N, and all |q| < (4N3 +2)7', the g-semicircular family X, ..., Xy satisfies
a’N
50(X1,...,XN)> landéo(Xl,...,XN)ZN 1l——-F—).
1 —¢g2N
In particular, M = W*(X1, ..., Xy) has no Cartan subalgebra. Moreover, for any abelian subalgebra

A C M, L2(M), as an s4,54-bimodule, contains a copy of the coarse correspondence.

Proof. Let 0; be a derivation as in Lemma 10; thus 0;(X ;) = d;—; E, as defined in Lemma 10. Then for
lgl < (4N3+2)~!, Lemma 14 shows that §; € Der,. Then Theorem 16 implies that

So(X1, ..., Xn) = dimygye > MEM,

M=W*(Xy,..., X,). Itis known [Shlyakhtenko 2004] that for q2 < 1/N (which is the case if we make
the assumptions about g as in the hypothesis of the corollary), this dimension is strictly bigger than 1
and is no less than N(1 —g>N(1 —¢*N)™h).

The facts about M follow from [Voiculescu 1996]. O

For N =2, (4N?+42)~! = 1/34. Thus the theorem applies for 0 < g < 1/34 =0.029 . ... Our estimate
also shows that dy(Xy,..., Xy) > N asg — 0.
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Corollary 19. Let T be a discrete group generated by g1, ..., gn, and let V.C C'(T, €°T) be the subset
consisting of cocycles valued in CT' C €°T. If the group von Neumann algebra of T can be embedded
into the ultrapower of the hyperfinite 11| factor (for example, if the group is sofic), then

50(<DF) > dimL(r) V.
Proof. Any such cocycle gives rise to a derivation into CI'®? by the formula

o(y)=c(y)®y "

Then 0*0(y) = ||c(y)||§y € CT'. Moreover, the bimodule generated by values of these derivations on
any generators of CI" has the same dimension over L(I')®L(I") as dimp (r) V. U

For certain R® embeddable groups (for example, free groups, amenable groups, residually finite groups
with property T, more generally embeddable groups with first L Betti number ﬂl(z) =0, as well as
groups obtained from these by taking amalgamated free products over finite subgroups and passing to
finite index subgroups and finite extensions), V is actually dense in the set of £? 1-cocycles. Indeed, this is
the case if all £ derivations are inner (that is, i 1(2) (I') =0). Moreover, it follows from the Mayer—Vietoris
exact sequence that amalgamated free products over finite subgroups retain the property that V is dense
in the space of £% cocycles. Moreover, this property is also clearly preserved by passing to finite-index
subgroups and finite extensions. So it follows that for such groups I', do(I') = 1(2)(1“) + ﬂéz) ry-1
(compare [Brown et al. 2008]).
It is likely that the techniques of the present paper could be extended to prove the following:

Conjecture 20. Let I" be a group generated by g1, . . ., g, and assume that L(I') can be embedded into
R®. Let V C £>(I')" be the subspace {(c(g1), ..., c(gn)):c:T — €>(I') 1-cocycle}. Let Py : €>(I')" — V
be the orthogonal projection, so that Py € My, (R(I")), where R(I") is the von Neumann algebra gen-
erated by the right regular representation of the group.

Let 4 C R(I") be the closure of CI' C R(I') under holomorphic functional calculus, and let P, € A
be any projection so that P, < Py. Then 6y(I') = Try, ., ®trr)(Po).

Note that with the notations of the Conjecture, Try,,, ®7rr)(Py) = ,6’1(2)(F) — ﬁéZ) I+ 1=0*1).

It should be noted that the restriction on the values of the cocycles (CI rather than ¢ ’T") comes from
the difficulty in the extending the results of Proposition 8§ to the case of nonanalytic = (though the term
9*d(y) continues to be a polynomial even in the case that the cocycle is valued in £2(T") rather than CT').

Appendix: Otto—Villani type estimates via exponentiation of derivations

Let M = W*(X1, ..., Xy), where Xy, ..., Xy are self-adjoint.
Let us denote by ¢; the vector (0,...,0,1®1,0,...,0) € [L>(M, 7)®%]N (the only nonzero entry is
in the j-th position). One can realize a free semicircular family of cardinality N on the space

H=1>M, 1) & D [(L2(M. 1) & LA(M, 1)®V ],
k>1

using creation and annihilation operators S; = L; + L7, where

Li=¢®ul.
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Then for ¢ € W*(M) ® W*(M), the notation S, makes sense with Sy, = S;, aS;b+b*S-a* = Surp1vrar

and [[S¢[l2 = (Il
Let A =Alg(X,...,Xy). Fora,be A Aand j=1,..., N write

(a @b)#S = aSh.

Proposition 21. Letd: A — Vo =[W*(M, 7)) ® W*(M, 7)1®N c V =[L*(M, 1) ® L>(M, 7)1®N be a
derivation. We assume that for each j, {; is in the domain of 0* : V — L%(M, 1) and that &(a*) = (8(a))*,
where s : L>(M) ® L*(M) is the involution (a @ b)* =b* @a*. Let Sy, S», . .. be semicircular elements,
free from M.

Assume that 8(A) C (A ® A)®N and also that 6*(1® 1) € A.

Then there exists a one-parameter group o, of automorphisms of M * W*(Sy, ..., Sy) =M x L(Fy)
so that AU{S; : 1 < j < N} are analytic for a; and

d d .
Eat(a) ‘t:O: So) forallae A, Eat(sj) = —0"(¢j) forj=1,2,....

In particular,
2 2

oy (a)- 1= (a—%a*(a(a))) + to(a) — %(1®6+6®1)(6(a)) cH.

Proof. Let B be the algebra generated by A and Sy, ..., Sy in M= W*(A, ) * L(Fy).

Let P; : V — L?(A ® A) be the j-th coordinate projection, and let & i A— A® A be given by
8J~ = Pj 00.

Let Vi, ..., Vy € B be given by

Vi=> o(X)#Sc=Saxp. Jj=1....N.
k

Let Vy+1, ..., Vay € B be given by
VN+k=—8:(1®1)=—a*(Ck), k=1,...,N.

Then (Vi,...,Voy)€ B C L?*(B, 7) is a noncommutative vector field in the sense of [ Voiculescu 2002a].
It is routine to check that this vector field is orthogonal to the cyclic gradient space.

We now use [Voiculescu 2002a] to deduce that there exists a one-parameter automorphism group «,
of M = W*(B, t) such that

d , d
T (X)) ‘,:o: Vi forj=1... N,  Za(S)| =Vyu fork=1...N,
and moreover that all elements in B are analytic for a,. In particular, we see that
d
Eat(xj) ‘Z‘ZO = S@(Xj)>
d2

Sa(Xp| - 1=0S0,) = =0"@(X;) — (182 +08 DE(X)),

as claimed. O
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Example 22. We give three examples in which the automorphisms o, can be explicitly constructed. The
first is the case that Xy, ..., Xy is a free semicircular system and 0(X;) = (0,...,1®1,...0) (that
is, 0 = @0;, where 0; are the difference quotient derivations of [Voiculescu 1998]). In this case, the
automorphism a; is given by

a;(X ;) = (cost)X; 4 (sint)S;, a;(Sj) = —(sint)X; + (cost)S;.

Another case is that of a general N-tuple X, ..., Xy and & an inner derivation given by 6(X) = [X, T],
for [Tj];\’:1 = [—TJ.*]?’:1 € [M®M°IN. Put z =D T;#S;. Then a, is an inner automorphism given by
a;(Y)=exp(izt)Y exp(—izt). Lastly, assume that M = M1 x M, and the derivations 0; are determined by
9jlm, =0, 0j|m, (x) =[x, T;] for some Tj € MQ@M?°. Then again put z =7y T;#S;. The automorphism o,
is then given by a,(Y) =exp(izt)Y exp(—izt). In particular, a; |y, =id and a, |, is given by conjugation
by unitaries exp(izt) which are free from M| and Mj.

Proposition 21 can be used to give another proof to the Otto—Villani type estimates (Proposition 8) in
the case of polynomial coefficients, using the following standard lemma:

Lemma 23. Let §; : (M, 1) — (M, t) be a one-parameter group of automorphisms so that t o f; = 1.
Let X € M be an element so that t — f;(X) is twice-differentiable. Finally let

z=Lpx e= 4 g
T dt" T = A" iz
Then, for all t,
2
t
18:(X) — (X +12) 2 < Ellfllz-
Corollary 24. Assume that X,,..., Xy € A and 01,...0y : A —> A ® A are derivations, so that

8;‘( 1®1) € A. Then we have the following estimate for the free Wasserstein distance:

dw (X1, ... XN)s (X1 + V1 D 0(X)#Sk, .. Xy + /1 D a(Xn)#S)) < Ct,
k k

where C is the constant given by

C

1/2
1 * N2 . 2
3 (Z 10" X N2y T (1@ +0® 1)(6(X1))||[L2(A)®L2(A)®L2(A)]Nz) ,
J

where 8 : A — [L*(A) @ L?(A)V is the derivation 6 = 6, ® - - - ® 0.
In the specific case of the difference quotient derivations determined by o (X ;) = dx;1 ® 1, we have

t
dW((Xlﬁ "',XN)7 (Xl +\/ZS15 "',XN—"_,\/;SN)) S EQ*(XI, "',XN)I/Z‘

Proof. Let o, be the one-parameter group of automorphisms as in Proposition 21. We note that

1/2
(Z lo e (X ) = (X + /1 ak(xj)#sk)n%) <Ct
J k
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in view of Lemma 23 and the expression for a; (X ;). On the other hand, (@ z7(X1), ..., 0 ;(XN)) has
the same law as (X, ..., Xu), since a NG is a x-homomorphism. It follows that

dw (X1, . Xn, (X1 + V1D 0(XD#Sk, .. Xy + V1D ac(Xn)#Sp)
k k

=dw (a7 (X)), ..oz (Xn), X1+ VD 0 (X0)#Sk, ..., Xy + /1 D ac(Xn)#S))) < Ct.
k k

In the case of the difference quotient derivations, we have:

D aXp#sc=5;, (1®0+00)0@X)=(180+0@)(1®1)=0, 8*3(X;)=0;(1®1).
k

Thus 1/2
C= %(Z ||a;f(1®1)||%) = 30" (X1, ..., X)'?
J

as claimed. O
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