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MEAN CURVATURE MOTION OF GRAPHS
WITH CONSTANT CONTACT ANGLE AT A FREE BOUNDARY

ALEXANDRE FREIRE

We consider the motion by mean curvature of an n-dimensional graph over a time-dependent domain in
R" intersecting R" at a constant angle. In the general case, we prove local existence for the corresponding
quasilinear parabolic equation with a free boundary and derive a continuation criterion based on the
second fundamental form. If the initial graph is concave, we show this is preserved and that the solution
exists only for finite time. This corresponds to a symmetric version of mean curvature motion of a
network of hypersurfaces with triple junctions with constant contact angle at the junctions.

1. Time-dependent graphs with a contact angle condition

We consider a moving hypersurface ¥; in R"*! with normal velocity equal to its mean curvature. We
assume X, to be a graph over a time-dependent open set D(¢) C R”, not necessarily bounded or connected.
The (properly embedded) intersection (n—1)-submanifold

)= NR"=0D(1)
is a moving boundary. Along I' (t) we impose a constant-angle condition
(N, ent1)irey =B,

where 0 < £ < 1 is a constant and N is the upward unit normal of X,. Mean curvature motion (mcm) is
defined by the law

Vy =H,

where Vy = (V, N), with V = &, F the velocity vector in a given parametrization F'(¢) of X; (V depends
on the parametrization, while Vy does not). A particular parametrization yields mean curvature flow:

For graphs, it is natural to consider graph mean curvature motion: If ¥, = graph w(¢) for a function
w(t) : D(t) — R, imposing (6, F, N) = H with F(y,t) =[y, w(y, t)] for y € D(¢), we find

w, =+ 1+ |Dw|*H
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(and the velocity is vertical, 6, F = w;e,11). With the contact angle condition, we obtain a free boundary
problem for a quasilinear PDE

w, = g (Dw)w; in D),
w=0, BJ1+|Dwl?=1 on 0oD(t),

where g/ (Dw) = 5 — w;w; /(1 + |Dw|?) is the inverse metric matrix.

Remark. Itis easy to see that the constant-angle boundary condition is incompatible with mean curvature
flow parametrized over a fixed domain Dy: on 0 Dy we would have (F, e,+1) =0, leading to (6, F, e, +1) =
0, which is incompatible with 6, F = HN and (N, e,+1) = . If we parametrize over a time-dependent
domain, mean curvature flow leads to a normal velocity for the moving boundary that is difficult to
control; hence we chose to analyze the geometry of the motion in terms of the graph mcm parametrization.

To establish short-time existence (in parabolic Holder spaces) we will work with a third parametriza-
tion of the motion, defined over a fixed domain:

F(t): Do~ R, F(x,0)=[px,0),u(x,n] €R" xR,
where ¢ (t) : Dy — D(¢) is a diffeomorphism and F is a solution of the parabolic system
F, = ¢"(DF)Fy,

where g;; = (F;, F) is the induced metric on X; and g'/ is the inverse metric matrix.

In the first part of the paper (Sections 3 to 8) we prove the following short-time existence theorem (on
0 := Dy x [0, T]), where by boundary-orthogonal we mean that certain orthogonality conditions at the
boundary, specified in Section 3, are satisfied.

Theorem 1.1. Let o C R"*! be a C3+* graph over Dy C R" satisfying the contact and angle conditions
at 0Dg. There exist T > 0 depending only on X, a parametrization Fy = [¢g, ug] € C**(Dy) of
Yo (where a = a® and ¢o is a boundary-orthogonal diffeomorphism of Dy), and a unique solution
F e C?Hal+a/2(QT . Rr+1Y of the system

{G,F—gij(DF)aiaszo, F=[p,ul e R" xR,
ujop, =0, N"t1(DF)ap, = B,
with initial data Fy, where ¢(t) : Do — D(t) C R" is a boundary-orthogonal diffeomorphism as well.

The system and boundary conditions are discussed in more detail in Section 3. Sections 4, 5, and 6 deal
with compatibility at # = 0, linearization and the verification that the boundary conditions satisfy com-
plementarity. In particular, adjusting the initial diffeomorphism ¢( to ensure compatibility (Section 4)
leads to the loss of differentiability seen in Theorem 1.1. The required estimates in Holder spaces for
the linearized system are described in Section 7 and the proof is concluded (by a fixed-point argument)
in Section 8. While the general scheme is standard, details are included since we are dealing with a free
boundary problem with somewhat nonstandard boundary conditions. Free boundary-type problems for
mean curvature motion of graphs have apparently not been considered previously.

We describe the evolution equations in the rotationally symmetric case in Section 9 (including a sta-
tionary example for the exterior problem) and the extension to the case of a graph motion X, intersecting
fixed support hypersurfaces orthogonally in Section 10.
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The original motivation for this work was to establish (by classical parabolic PDE methods) existence-
uniqueness for mean curvature motion of networks of surfaces meeting along triple junctions with
constant-angle conditions. One can use a motion X, of graphs with constant contact angle to produce ex-
amples of triple junction motion: three hypersurfaces moving by mean curvature meeting along an (n—1)-
dimensional submanifold X (¢) so that the three normals make constant angles (say, 120 degrees) along
I'(r). We simply reflect on R”, so the hypersurfaces are X;, Sigma,, and R" — D(¢). If £, = graph w(r)
with w > 0, the system is embedded in R"*!. This is mean curvature motion of a “symmetric triple
junction of graphs”.

Short-time existence holds for general triple junctions of graphs moving by mean curvature with
constant 120-degree angles at the junction, provided a compatibility condition holds along the junction
(see Section 16). Since the free-boundary problem is easier to understand in the symmetric case, we
decided to do this first. In addition, in the present case it is possible to go further towards a geometric
global existence result. In the second part of the paper (Sections 11-15), motivated by recent work on
lens-type curve networks [Schniirer et al. 2007], we consider continuation criteria and the preservation
of concavity. Since we chose to develop these results for graph motion with a free boundary, although
the general lines of proof (via maximum principles) have precedents, the details of the arguments are
new. For example, Section 12 contains an extension of the maximum principle for symmetric tensors
with Neumann-type boundary conditions given in [Stahl 1996], which in our setting allows one to show
preservation of weak concavity in general. Section 14 includes a continuation criterion for the flow. The
results obtained in Sections 11-15 are summarized in the following theorem, where 4 denotes the second
fundamental form, pulled back to a symmetric 2-tensor on D(¢).

Theorem 1.2. If X is weakly concave (h < 0 at t = 0), this property is preserved by the evolution. Let
Tmax be the maximal existence time for the evolution. If the mean curvature of X is strictly negative
(supy, H=Hy <0), then Thax is finite. Assuming Tnax < 00, we have

lim sup[sup(|h|, + |V*"h"™"[;)] = 00

t—>Tmax Iy
(if n = 2, in the concave case). If there is no gradient blowup at Ty, the hypersurface contracts to a
compact convex subset of R" as t — Tyax.

Remark. We have not yet proved that the diameter tends to zero as t — Tinax, though this seems likely
based on the experience with curves [Schniirer et al. 2007], in the absence of gradient blowup. It is an
interesting question (even in the concave case, for n = 2) whether gradient blowup can really occur, that
is, whether supp, [V ptan , can diverge as t — Tmax, While ||, remains bounded on I';).

2. Normal velocity of the moving boundary

The evolution is naturally supplied with initial data X, a graph meeting R"*! at the prescribed angle.
Since we are interested in classical solutions in the parabolic Holder space C>**!7%/2  we expect an
additional compatibility condition at r = 0. We discuss this first for graph mem w(y, 1).

Denote by I'(¢) a global parametrization of 8 D(¢) (with domain in a fixed manifold, and space vari-
ables left implicit). Differentiating in ¢ the contact condition w(T (), t) =0, we find

w, + (Dw, T'(1)) = 0.
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Denote by n, the unit normal vector field to I'(¢), chosen so that the directional derivative d,w > 0. The
contact condition also implies the gradient of w is purely normal:

Dwop(ry = (dy,w)n;.

Combining this with the angle condition, and bearing in mind that d,, wr() > 0, we find

dy,w = % onoD(t), Po:=+1-p2

(In fact, this is a more convenient form of the angle boundary condition for w, since it is linear.) Thus,

on 0D(1),
%H = Ut @@t = T2 = (@), )y = —fn(r)%,

and we find the normal velocity of the moving boundary, independent of the parametrization of I';:
. 1
Ly = —%H\rm'

In particular, this must hold at + = 0. Note that we don’t get a compatibility condition in the usual sense
(of a constraint on the 2-jet of the initial data), but instead an equation of motion for the moving boundary.
Later, in the fixed-domain formulation, we will have to deal with a real compatibility condition.

Remark. For more general (nonsymmetric, nonflat) triple junctions with 120-degree angles, the condi-
tion
H'+H>=H?® onT(r)

must hold at the junction (for graphs, oriented by the upward normal); this gives a geometric constraint
on the initial data, for classical evolution in C>*%1+#/2_ This automatically holds in the symmetric case
(w? =—w', w?=0), since H3 =0and H' =trid*w’ for 1 =1, 2.

3. Choice of gauge

It is traditional in moving boundary problems to parametrize the time-dependent domain D(z) of the
unknown w(y, t) by a time-dependent diffeomorphism:

y=0x,1), ¢@):Do— D(),

and then derive the equation satisfied by the coordinate-changed function from the equation for w; see,
for example, [Baconneau and Lunardi 2004; Solonnikov 2003]. Motivated by work on curve networks
[Mantegazza et al. 2004], we will, instead, consider a general parametrization

F:Dyx[0,T]— R F(x,0)=[p(, 1), ulx,H)] eR" xR,
and derive an equation for F directly from the definition of mean curvature motion,
(6,F, N)=H.

We’ll still assume ¢(t) : Do — D(t) is a diffeomorphism.
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The first and second fundamental forms are given by
gij = (Fi, Fj), A(F;, Fj)=(F;j,N),

where we have set DF = F;e; and D*F(e;, e ;) = Fjj, with (¢;) the standard basis of R"+1. The mean
curvature is the trace of A in the induced metric:

H = (3" (DF)F;j, N).
The equation for F is
(0.F — g" (DF)F;j, N) =0.
There is a natural gauge choice yielding a quasilinear parabolic system

& F — g’ (DF)F;j =0.

We will sometimes refer to this as the split gauge, since in terms of the components F' = [¢, u] we have
the essentially decoupled system

{atu — 8" (Do, Du)u;j =0,
o9 — g/ (Do, Du)p;; = 0.

The splitting is useful in stating the boundary conditions

{uw p, =0 (contact condition),
N"tY(Dg, Du)jsp, = (angle condition).

We immediately see a problem: we have two scalar boundary conditions for n + 1 unknowns, and no
moving boundary to help! Our solution to this is to introduce n — 1 additional orthogonality conditions
at the boundary for the parametrization ¢ (z). We impose

(D:9, Dyo)op, =0 (orthogonality condition),

for any t € T0 Dy, where n denotes the inward unit normal to Dy. (We fix a tubular neighborhood N of
0Dy and extend n to N so that d,n =0 in N.)

Geometrically, the orthogonality boundary condition has a precedent in a method often adopted when
dealing with the evolution of hypersurfaces in R"*! intersecting a fixed n-dimensional support surface
orthogonally (see [Struwe 1988], for example), where one replaces vanishing inner product of the unit
normals —a single scalar condition —by a stronger Neumann-type condition for the parametrization
corresponding to n — 1 scalar conditions. (More details are given in Section 10.)

The system must also be supplied with initial data. We assume given an initial hypersurface X, the
graph of a C3*% function iio(x) defined in the C*** domain Dy C R". (The reason for this choice of
differentiability class will be seen later.) It would seem natural to set ¢9 = Idp,, but this causes problems
related to compatibility; see Section 4. We do require the 1-jet of ¢¢ at the boundary to be that of the
identity:

Yoo, = Id, D(/’0|aD =1

(In particular, the orthogonality condition holds at r =0.)
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We need a more explicit expression for the unit normal, and for that we use the “vector product”
N n €1 - entl n ey ... e ey
D¢, Du) := (—1)" det = (—1)" det
N(De, Duy := (~1)" de |:DF1 DF”“] (-1 de [D(pl ... Dp" Du }
:=[J(Dg, Du), J,] e R" xR,
where DF' e R" fori =1,...n+1, J, > 0 is the Jacobian of ¢ and (—1)" is introduced to make sure
the last component is positive. J (D¢, Du) is an R"-valued multilinear form, linear in the components

u; of Du, and of weight n — 1 in the components of Dg. It is easy to check that J (I, Du) = —Du. The

unit normal is
~ 1/2
N(Dg, Du) = N(Dg, Du)/(|J(Dg, Du)|> + (J,)?)"/>.

Thus the angle condition may be stated in the form
2 271/2
B[1J (Du, D) > + (Jp)*] 51, = Jo10py>
and we lose nothing by squaring it:

B(Dg, Du) := B*|J (Du, Dg)I> = B5(Jp) s p, =0

4. Compatibility and the choice of ¢
Assume Do, p, = . Differentiating in 7 the contact condition u|3p, = 0 and evaluating at r =0, we find
0= gij (|], Duo)u(),'j = géju()[j on 8D0.

To interpret this condition, consider the mean curvature at t = 0, on 0 Dg:

1 . i7
Ho = [0 0. Duo). & p03) + i s ]
where
1/2
|0 Do

1/2

= (1Duol* + 1) 3y, = 5

vo = [|J (1, Dug)* + J,, |

using the equality

J (I, Duy) = —Dug = —(D,ug)n = —%n

on 0Dy. (Recall that By := /1 — 2.) Thus the compatibility condition is equivalent to

Hojop, = —Bo8&g (90ij» 1) oD, -

This implies we can’t choose ¢o = Id (on all of Dy), unless Hysp, = 0, a constraint not present in the
geometric problem (as seen above).! Instead, regarding Hy as given (by Z), and using

s s l,t()'l,to' ..
ij _ 1“0y 2_i
8y =0ij — ——— =0 — foyn'n’,

Vo

IThe compatibility condition Hysp, = 0 does occur for graph mem with Dirichlet boundary conditions in a mean-convex
domain [Huisken 1989].
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we find the compatibility constraint
S5 — B2ntnNoo: : __iH oD,
( i j ;Bon n )(p()l_/an = 5 0 On 0-
0

Given the zero- and first-order constraints on ¢, this can also be written as
ninj(gDOij, n)= —ﬁl‘]@ on 0Dy.
The next lemma, whose proof is given in Appendix A, shows that this can be solved.
Lemma 4.1. Let Dy C R" be a uniformly C3** domain (possibly unbounded), h € C*(6Dg) (0 <a < 1).
(i) One can find a diffeomorphism ¢ € Diff>** (Dy) satisfying on Dy

p=1d, dop=1, n-d*¢(n,n)=nh.

(i1) More generally, given a nonvanishing vector field
e € CT*(@Dy; RY)
with (e, u) # 0 on 8Dy, one can find ¢ € Diff***(Dy) satisfying on Dy

p=1d, dyp=e, n-d*¢(n,n)=nh.
If 0Dg has two components, we may even require ¢ to satisfy the conditions in parts (1) and (ii) at the
two components with different functions h. (This will be needed in Section 10).

As usual, a domain is uniformly C3** if at each boundary point there are local charts to the upper
half-space (of class C 3+a) defined on balls of uniform radius, and with uniform bounds on the C3+¢
norms of the charts and their inverses.

Remark 4.2. In particular, ¢ satisfies the orthogonality conditions at 6 Dy.

Remark 4.3. It is at this step in the proof that we have a drop in regularity: for C2*% local solutions,
we require C3** initial data. While this is not unexpected in free-boundary problems (see, for example,
[Baconneau and Lunardi 2004]), I don’t know a counterexample to the lemma if Dy is assumed to be a
C?** domain.

Remark 4.4. In our application of the lemma, we in fact have 2 € C'**(8Dy), but this does not imply
higher regularity for ¢.

5. Linearization

The evolution equation and boundary conditions in split gauge are
F,—¢"(DF)F; =

UjaDy

B(Dg, Du)jop, =

0(D@)op, =

-

Il
cooo

-

-

where
0(Dg) := (D" ¢, D,p).
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Here D¢ = Do — (d,9)( -, n) is an R"-valued (n — 1)-form on 6 Dy. We’ll prove short-time existence
for this system (with initial data ug, o) in C>**!¥%/2 by the usual fixed-point argument based on linear
parabolic theory. Given F = [@, u] in a suitable ball in this Holder space with center Fy = [@q, ug], it
suffices to consider the pseudolinearization of the system:

F, — ¢"/(DFy)Fij = [g"(DF) — g/ (DFy)1F;; = F(F, Fy) =: F. (LPDE)

A fixed point of the map F — F corresponds to a solution of the quasilinear equation.
For the nonlinear boundary conditions, we need the honest linearization at Fy. For the angle condition,
a computation using the boundary constraints on u( and ¢ yields

3%0B[Dg, Dul = Boduu — Bi(dup, n)
The corresponding linear boundary condition will be
BPodnit — B (dnp, n) = B(DF, DFp) := B,
where
2B(DF', DF?) := B(Dgy, Du1) — B(Dp2, Dus) — £0B(D(p1 — 92), D(u1 — u2)),

and we used

—3%0[ Do, Duoliap, = BBodnito — B5 (dno, n)jap, = 0.
Also, B(D¢g, Dug)jap, = 0, so at a fixed point B(D¢, Du)sp, = 0.

Linearizing the orthogonality boundary condition, we find that £,O[ D¢] is the (n—1)-form on & Dy
given by
FLo0Dg1(v) = (070" + 097 )n’ (du — n*n'yo*
(summing over repeated indices). The corresponding linear boundary condition is
(dug, proj’ () + (D", n) = ~Q(D§, Dgo) =: Q,

where proj’ denotes orthogonal projection R” — T8 Dy, and

Q(Dg1, Dyp2) :=0(Dg1) — O0(Dg2) — £o0[Dg1 — Do],
and we used

Lo0[Doliop, = ((dnpo)’, - ) + (D" 9o, n)jop, = 0.

6. Complementarity
We wish to apply linear existence theory to the system

Fi—¢"(DFo)F;; =9,
with boundary conditions at 0 Dg

u=0
BBodnu + BE{dnp, n) = B, (LBC)

(du, proj’ (-)) + (DT, n) = -Q
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and initial conditions
Ur=0 = U, Pr=0 = Q0.

It is easy to see that the initial data satisfy the linearized boundary conditions, and above we constructed
@0 s0 as to guarantee g'/ (Dug, Dpo)uo; ilopo = 0. (There is no first-order compatibility condition for ¢.)
Thus the linear system satisfies the required compatibility at ¢ = 0.

Since the linearized boundary conditions are slightly nonstandard, we must verify they satisfy the
Lopatinski—Shapiro complementarity conditions. We fix xo € 0Dy and introduce adapted coordinates
(p, o) in a neighborhood Ny C N of x¢ in Dy:

xeNg = x=TIg(0)+pn(c), o=1(g,) €U,

where U ¢ R" ! is open and [y : U — R” is a local chart for 0 Dy at xo. This defines a basis of tangential
vector fields in I'o(U), and we may assume that at xo, we have (., ) = dap and V,, 75(x9) = 0 (for the
induced connection on TdDg). Let U and w be defined in (—p1, 0) x U x [0, T'] by

U(p,o,t) =u(lo(o) + pn(o), 1), y(p,o,t)=9Io(0)+ pn(o),1).
In these coordinates, the induced metric is written in block form as

|l//p|2+(Up)2 (l//p:Wa>+UpUa:| :|:1/ﬂ2 0 :|
1=0

[g(DFp)] =
<l//p5 l//a> +UpUa <l//as l//b> +U.Up 0 |]n—l

at t =0 and xo.
We have

U, = D2u(n, n),

since d,n =0, and
Uy = Dzu(ra, )+ Du -V, 1 = Dzu(ra, 7p)  at xg.

We don’t need U, since g,, = 0 at xo.
Thus

trg, D?u(xo) = F2D%u(n, n) + D D’u(ta, 7a) = f2Upp + D Uaa := f*Up + A, U,
a a
and, likewise,
trgy D*p (x0) = B2y + Mg .
For the linearized orthogonality operator, note that, at xg,
$0©[D‘//] = ((l//pa Ta) + (Wa: n))Ta-
Putting everything together, the linear system to consider at xg is

U —p*U,, — AU =0,
‘//t_ﬁzl//pp_AaV/ZOa
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with boundary conditions
U|/)=O = 09
,BO(Wp: n) +ﬂUp|p:0 = b(ap t)a
(l//p: Ta)+<l//aan>|p:0:wa(0,t), a=1,...n—1.

Now take the Fourier transform in ¢ € R"~! (corresponding to ¢ € R*~1), Laplace transform in ¢
(corresponding to p € C) to obtain

Up.&, p)eCy(p,&,p)eC;EeR™!, peC, p<O.
In transformed variables, we obtain the following system of linear ODE in p < 0, for fixed (¢, p):

{ﬁqup—(p+|f|2)l:f=o,
ﬁzl//pp —(p+ |€{|2)‘// =0

U | _ ipy |UO
w(p) () |
we find the characteristic equation 2y 2+ p + |£|? = 0, and choose the root y so that iy = (1/8)vA

(where A = p+|&|? and we take the branch of the square root defined by Re VA > 0). Here (p,¢) € A,
where

Writing the solution in the form

s ={(p,&) €Cx R :|p|+[¢| > 0, Rep > —|¢°}.
Thus the solutions decay as p — —o0.
Let W™ be the space of such decaying solutions; it has complex dimension n — 1. The relevant
boundary operator on W is

A

0 0 0(0)
B[l/}:| =1 Polwy,n)+5U, =1 Poliy)(w(0),n)+ify U(0)
Wp, ta) Hica(¥on) | [ @) (0), ) +ila(y (0), m)

(a vector in C x C x C"1).

The complementarity condition (see [Eidelman and Zhitarashu 1998], for example) is the statement
that B is a linear isomorphism from W to C"*!. With respect to the basis {U (0), (1,7/(0), n), (l/A/(O), ra)}
of W, the matrix of B is (in block form)

1 0 [O1x(n—1)
Bl=| VA —@Bo/BVA [0lix@-1
[0l-1yx1 [i€du-nx1 —(VA/B)uy

This is triangular with nonzero diagonal entries for every (p, &) € . Hence B is an isomorphism.

7. Estimates in Holder spaces

For the fixed-point argument based on the linear system, we need estimates for || F||,, | B 1+as 12]1+a
of two types, namely mapping and contraction estimates.
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More precisely, for T > 0, R > 0 and 0T = Dy x [0, T] consider the open ball
B ={F e C*** 2 QT R") 1 IF = Follaa < R, Flizo = Fo}.

(Fo = [@o, uo] is defined from the initial surface Xy, via Lemma 4.1.) Solving the linear system with
right-hand side defined by F e Bg defines a map F : F — F, and we need to verify that, for suitable
choices of T and R, [ maps into BI€ and is a contraction.

The argument that follows is standard, and the experienced reader may want to skip to the statement
of local existence in Theorem 8.1. On the other hand, the result is not covered by any general theorem
proved in detail in a reference known to the author, and some readers may find it useful to have all the
details included. Another reason is that, although the “right-hand sides” are clearly quadratic, without
explicit expressions one might run into trouble with compositions — which cause problems in Holder
spaces — or when appealing to Taylor-remainder arguments if the domain is not convex.

The estimates required to document that F maps into B; are of the form

IF(F, Fo)lla + |B(DF, DFo)[l1 44 + 1Q(D@, Dgo) 114 — 0 as T — 0y,
and the contraction estimates are of the form
IF(F', FO) = F(F?, F)lla + 1B(DF", DF*) 110 +1Q(Dg", D*) 110 < w (DI F' = F*ll244,
where u(T) - 0as T — 0.

Notation. The (a, «/2) norms are taken on Q7 the (1+a, (1+a)/2) norms on 8Dy x [0, T]). Double
bars without an index refer to the (2 + a, 1 + @ /2) norm, single bars to supremum norms over Q7 , and
parabolic norms are indexed by their spatial regularity (a for (a, a/2), etc.) In general, we use brackets
for Holder-type difference quotients.

We deal with the estimates for the forcing term % first. Consider the map
% : Imm(R", R"*!) - GL,

that associates to the linear immersion A the inverse matrix of ((A;, A;))?_,, inner products of the rows
of A. % is smooth, in particular locally Lipschitz in the space W of linear immersions. Hence, if F', F?
are maps Q7 — R™*! such that DF? € C**/2(Q") and DFi(z) € K for all z € QT, where K C W' is a
fixed compact set, we have the bound

|G(DF") —4(DF?)||, < ckID(F' — F?)|,.

In fact our maps F' are in C2+%1+%/2 so DF' € C'*%(+%)/2 From this higher regularity we obtain the
decay as T — 04. Assuming F'|;,—0 = F?|;—o, we have

|D(Fl _ F2)| < [D(Fl _ F2)]§1+‘1)/2T(1+(1)/2‘

Now recall the elementary fact that if D C R" is a uniformly C' domain (not necessarily convex or
bounded) and f € C!'(D) with a € (0, 1), we have for the a-Holder difference quotient | f|* the estimate
[f1* <Cpll fllc1. (Here “uniformly C!” means that D can be covered by countably many balls of a fixed
radius, which are domains of C'! manifold-with-boundary local charts for D, with uniform C ! bounds for
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the charts and their inverses. The constant Cp depends on those bounds.) Applying this to DF, where
F = F' — F? vanishes identically at r = 0, and assuming T < 1, we obtain

[DF1® < ¢(|DF| +|D*F|) < c(IDFI\"" 2T 0+0/2 L [ D2 P12 T4?) < o F|| T2,
(where ¢ depends on Dy) and similarly for the Holder difference quotient in #:
[DF1;? < [DF1 T2 < | F|| T2,

so we have
ID(F' = F?)|l, < c||F' = F*||T%/>.

We conclude, under the assumption F! = F2 att =0

|6(DF") —4(DF?)||, < cx|F' — F?|| T

In particular, applying this to F and F,, we find
| (4(DF) —4(DFy))D*F ||, < ck | F — Fol T*/|| F I,
and for F' and F? coinciding at t =0
|(4(DF'y —4(DF*))D*F'| < ck|F' = F*| T** || F'],
as well as
| (4(DF?) — 4(DFy))(D*F' — D*F?) |, < cx | F* = Rl T*?||F' — F?|,

so we have the mapping and contraction estimates for F(F, Fy) and F(F!, Fy) — F(F?, Fp).

Lemma 7.1. Assume F, Fy, F', F? are in C**%'7¢/2(QT: R"*') and have the same initial values, and
that DF , DFy, DF', DF? all take values in the compact subset K of Imm(R", R"*1). Then

IF(F, Fo)la < ckIIF — Fllll FI T2,
IF(F, Fo) = F(F?, Fo)la < ck (|1 F' Il + |1 F? = Fol ) T** || F' — F2|.
In particular, if F € BY,
IF(F, Fo)lla < coRT*/?,
IfF',F?¢ Bg, we have
IF(F, Fo) = F(F?, Fo)lla < coT*?||F' — F?|.
(The constant cqo depends only on the data at t =0, and we assume T <1, R < 1.)
Turning to the orthogonality boundary condition, first observe that
Q(Dy', Dp?)
=(D"¢', dup") — (D" 9% dup?) — £00[Dp' — Dy’]
(DT (0" = 9?), dup' )+ (D" 9%, du(p" = 9*)) = (du(p' = 0*), D" p0) = (D" (9" = 9?), dupo)
= (DTp' = DT¢% dup" — dugo) + (dnop' — dup®, DT 9% — D7 g,
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which has quadratic structure. Using a local frame (Ta)Z;} for T0 Dy, we find the components
Q. (Dp", Dp*) =[ai(p" — 93, (p" — o) +0;(p" — 9P)di (9> — po)|n'z.
The summation conventionisi, j =1,...,n, so Q, is a sum of terms of the form
b(x)D(p' —p*)D(p* — 9",
where b(x) = n/ rli and the ¢! coincide at = 0. It is then not hard to show that
[b)D(e" — ) D(0* = 0h| ., <clblitalle’ — o lllle* —o*I T,

with ¢ depending on the C! norms of local charts for Dy. To bound the norm ||n ® 74|14, note that
Inlltal <1, |ID(n ® 74)| < |Dn|+ |D1,|, and [D(n @ 7,)1% < [Dn]? +[D1,1%. Since n = —(f/fo) Duo
on 0Dgy and 0Dy is a level set of ug, we clearly have

2
[Dnlla +11D7alla < cllD7uolla < clluoll.
We summarize the conclusion in the following lemma:

Lemma 7.2. Assume ¢, ¢o, 9", %> € C>T%17¢/2(QT: R") have the same initial values. Then

IQ(D@, Dpo)ll14+a < colluoll 1 — poll*T*
and
12(Dg", DpHll1ta = colluoll(llg" = poll +l19* = pol) T*llp" — 9|
with ¢y depending only on the data at t = 0. In particular, if F = [¢, ii] € Bg, we have
1Q(D@, Dpo)ll1+a < coR*TY,
andforfl = [gﬁl,ﬂl] € B;, I =1,2, we have
12(D3", D) ll1+a < cORTIG" — 371

To explain the estimates for the angle condition, we write the normal vector as a multilinear form on

DF'
n+1

N(DF) = J,(DF) := (—=1)" > (=) "{(DF' A... DFi A... DF"*")¢; € R™!
i=1
(DF' omitted in the i-th term of the sum), where DF' € R" fori = 1,...,n + 1 and we identify the
n-multivector in R" with a scalar, using the standard volume form. The angle condition has the form
PPN = (N, es1)* =0 on 8Dy,
and we set
B(DF) := [?|Jy(DF)” = (Ju(DF), en11),

with linearization at DFy = [[,,| Dug]

$oB[DF]=24*(J,(DFy), DJ,(DF)[DF1) — 2 (J,(DFy), ey11) (D J,(DF)[DF1, e 1.1).
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Under the assumption F! = F2 at t = 0, we need an estimate in C'+%{1+®)/2 for
RB(DF', DF?)
:= B(DF"') — B(DF?) — $,B[DF' — DF?]
= B (1. (DFY? = |J,(DF?)|* = 2{J,(DFy), DJ,(DFy)[DF' — DF?]))
— ((Ju(DF"Y), en1)* — (Ju(DF?), e411)> — 2(Jn(DFp), ens1){DJo(DFg)[DF' — DF?], e,1)).

It will suffice to estimate the expression in the first parenthesis; the second is analogous.
We need the following algebraic observation: if Ty = [I,|Dug] and T are n x (n + 1) matrices, the
expression
| Ju(To + T)> = 11 (To) > = 2 {Ju(To), DI (To)[T)
is a linear combination (with constant coefficients) of terms of the form
uoi p2y(T), uoittg; p2)(T), roy(T),

where the p(2)(T') are polynomials in the entries of T (with constant coefficients) with terms of degree
2 <deg <2n.
Thus B(DF', DF?) is a linear combination (with constant coefficients) of terms

uoi po)(DF' — DF?),  ugiug;pey(DF' = DF?),  pu)(DF' — DF?),
with the p(2) as described, and hence it is a linear combination of terms of the form
1j 2j 1j 2j 1j 2j
uOi(Fk]_Fk])da uOi”Ol(FkJ_ij)d, (Fk]_ij)d
(where2<d <2n, 1 <j<n+1, 1<i,l,k <n), which we write symbolically as

B(DF', DF*) ~ " b(x)(DF' — DF?)?,
2<d=<2n

where b(x) is constant or ug; (x) or ug; (x)ug;(x). For the degree d terms G ~ b(x)(DF' — DF?)4, it
is not hard to show the bound

IGDN11q < cllbllial F' = F29T%, 2 <d <2n.
We conclude:
Lemma 7.3. Assume F, Fy, F', F? are in C*t®1%4/2(QT; R"*1Y and have the same initial values. Then
IB(DF, DF)|l14+a < c(1+ llugl®)(1 + |F — Foll* " HT*|F — Foll*.
IB(DF', DFH) 114 < c(1+ lluglH A+ I|F' = F2I>*HT*|F' — F?)?
with ¢ depending only on Fy. In particular, if F € Bg then
IB(DF, DF)|l14+a < coR*T?,

and if F', F? e Bg then
IBDF!, DF?)|l11a < coT*|F' = F?,
with cy depending only on Fy.
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8. Local existence

Given a C3*% graph X, over a uniformly C3*% domain Dy C R" (for arbitrary & € (0, 1)) satisfying
the contact and angle conditions, let ¢y € Diff>** be the diffeomorphism given by Lemma 4.1 (with
the 1-jet of the identity at 0 Dy and 2-jet determined by the mean curvature of X at d Dy). Then find
ug € C**(Dy) so that Fy = [¢g, ug] € C*t*(Dy; R"*1) parametrizes X over Dy (a = a> < @).
(Precisely, if [z, uo(z)] parametrizes Z( as a graph, and ¢ is given by Lemma 4.1, let ug = ug o @o;
so ug € C**)
We obtained in Section 7 all the estimates needed for a fixed-point argument in the set

Bp = {F € C*****2(QT R"™) 1 | F — Fo|| < R, Fli=o = Fo}.

Choose R < 1 and Ty < 1 small enough (depending only on Fj) so that, for F € Blgo, F@)=[p),u(r)]
defines an embedding of Dy, with ¢ () a diffeomorphism onto its image D(¢). Let K C Imm(R", R"*+1)
be a compact set containing DF (z) for all F € Bg and z € Q™. Now consider T < Ty.

Given F € BE, solve the linear system (LPDE)/(LBC) with initial data Fy to get F € C2+*1+¢/2(QT).
(This is possible since the complementarity and compatibility conditions hold for the linear system.) This
definesamap F: F > F.

From linear parabolic theory (see [Eidelman and Zhitarashu 1998, theorem VI.21], for example), we
have

IF — Foll < M(IF(F, Fo)lu + IB(DF, DF)ll11o + 1Q(D@, Dpo)ll1+4),

where M > 0 depends on the C*%/? norm of the coefficients of the linear system, that is, ultimately on
I Foll-
From Lemmas 7.1-7.3, it follows that

|F — Foll < Mco(RT** + R*T*) < R

provided T is chosen small enough (depending only on Fy.) Thus F maps B,€ to itself.
Similarly, if F(F') = F' for i = 1, 2, standard estimates for the linear system solved by F! — F? give

IF! = P2l < M(IF(F', FA)lla + IBDF, DF?)l140 +12(D", DG?)l1+4)
Again the estimates in Lemmas 7.1-7.3 imply
IF! = F2|l < Mco(T*? + T*) | F' = F?|| < 5|F' = F?|,
assuming 7 is small enough (depending only on Fy). This concludes the argument for local existence.

Theorem 8.1. Let o C R"! be a C3% graph over Dy C R” satisfying the contact and angle conditions
at 6Dy. With a = a2, there exists a parametrization Fy = [pg, ug] € Cta (Do) of g, a number T > 0
depending only on Fy and a unique solution F € C*+%11¢/2(QT: R"*1) of the system

& F — g (DF)0;0;,F =0, F =[g,u]
u\aD():O) NrH_l(D(Da Du)wD():ﬁ; (DT(Dadn(”)\aDO:O
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with initial data Fy. For each t € [0, T, F(t) is a C*** embedding parametrizing a surface X, which
satisfies the contact and angle conditions and moves by mean curvature. In addition, F(t) satisfies the
orthogonality condition at 6 Dy.

The hypersurfaces X; are graphs. For eacht € [0, T], ¢(t) : Do — D(t) is a diffeomorphism and
¥, = graph(w(t)) for w(t) : D(t) = R given by w(t) = u(t) o 9~ (). (Since w(t) lies in cro’ (D)),
it is less regular than u(t) or ¢ (t).) D(t) is a uniformly C*** domain.

Remark. This theorem does not address the geometric uniqueness of the motion, given Xy. It only as-
serts uniqueness for solutions of the parametrized flow (including the orthogonality boundary condition)
in the given regularity class.

9. Rotational symmetry

In this section we record the equations for two rotationally symmetric instances of the problem:
(i) Dy and D(t) are disks, and u > O (lens case).
(i) Do and D(t) are complements of disks in R" (exterior case). For simplicity we restrict to n = 2.

Let F(r) = [¢(r), u(r)] parametrize a hypersurface X, where ¢ (r) = ¢(r)e, is a diffeomorphism
onto its image. Here e, and ey are orthonormal vectors, outward normal and counterclockwise tangent,
respectively, to the circles » = const. The unit upward normal vector and mean curvature are

—UrCyr, @r 1 -
:% and H:W(¢VWL(¢ML‘;’)[D2M]_(ureraM(¢r»ur[D2¢]>)a
where
21 2 WP 2 2 N
W, u) (D) =ty + @7 D)=, T u) (D01 = [dr @7 D) (7 = ) Jer
Simplifying we get
=;[¢u —ur +(¢2+u2)u—r]
(@2 +u2y32 L7 g I

Now consider the time-dependent case F (r, t) = [¢(r, t)e,, u(r, t)]. From the expressions above, one
finds easily that the equation (0; F, N) = H takes the form

br (”t ¢2i )

In split gauge, we consider the system

1

M, u)[DPul) = rfer, 9y — peuw

(@, u) (D).

1

Uy — ¢2+ ZJ‘/L(ébr, r) D2 0’
1

Pt — ¢2+ ZM(¢ra r)[D2 O

Note that ¢ (r, t) = r solves the ¢ equation, and that in this case the u equation becomes
Orr - Wr

l+w?2 r

=0.

wy —
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This can be compared with the equation for curve networks,

Wyx
1+ w?2

wy —

The boundary conditions are easily stated (we assume Dy is the unit disk or its complement). The
“contact condition” at r = 1 is u = 0. For the “angle condition” at r = 1, we find

uy = ﬁ‘;qx, fo:=1-p2

Assuming ¢, > 0 at r = 1, this resolves as

Pu,+ Pogpr =0 atr=1 (lens case),
pu, — Popr =0 atr=1 (exterior case).

(For lenses, one also has at r = 0: u, = 0 and ¢, = 1.) Thus in both cases one can work with linear
Dirichlet/Neumann-type boundary conditions.

One reason to consider the exterior case is that, unlike the lens case, it admits stationary solutions.
Geometrically one just has to consider one-half of a catenoid truncated at an appropriate height. For
example, for 120-degree junctions the equation for stationary solutions

14+u?

[ Mrr +——0 in{r > 13,
Upjr=1 = \/1 up=1=0.

admits the explicit solution

u(r)y = ?(ln(2r+\/4r2 ~3)—1n3), r>+3/2.

Problem. It would be interesting to consider the nonlinear dynamical stability of this solution (even
linear stability is yet to be considered). One may even work with bounded domains by introducing a
fixed boundary at some R > 1 intersecting the surface orthogonally (see Section 10).

10. Fixed supporting hypersurfaces

Extending the local existence theorem to the case of hypersurfaces intersecting a fixed hypersurface ¥
orthogonally presents no essential difficulty. The case of vertical support surface leads directly to graph
evolution with a standard Neumann condition on a fixed boundary; we consider the complementary case
where & is a graph. Let ¥ C R"*! be a C* embedded hypersurface (not necessarily connected), the graph
over % C R" of B € C*(@), oriented by the upward unit normal

V)= 500 50)i=[-DBO). I ER xR, opi=/1+IDBO)P.

We assume v to be nowhere vertical in % (DB # 0). To state the problem in the graph parametrization,
we consider a time-dependent domain D(¢) C R” with a boundary consisting of two components 8 D(t)
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and &, D(t), both moving. The hypersurface X, is the graph of w( -, t) over D(¢) solving the parabolic
equation

w, — g7 (Dwyw;; =0 in E:= |J D) x {t} e R"™! x [0, T]
t€l0,T]

with boundary conditions

w(-, Do, py =0, 1+1Dw 5 pey =1/
(as before), and on 6, D(t)
w=2~8, Vw-VB =—1.

(The first-order condition on 9, D(¢) is equivalent to (v, N) =0.)
Differentiating in ¢ the boundary condition w = B leads easily to an equation for the normal velocity

of the interface I'(¢) = 6, D(¢):
vH

I=—.
B, —w,

Note that w,, at 6, D(¢) can be computed from B,,, since
—1=Vw-VB=uw,B,+ |V B*

in particular neither B, nor w, can vanish (so both have constant sign on connected components of 0, D),
and one easily computes: w, — B, = —v% /By.

Let A = £ NY be the intersection (n—1)-manifold, the graph of w (or B) over 8, D. Given the graph
parametrizations of ¥ and ¥, say

Gy = w®], By =L,BY)  yeaD,
and 7 € T, D, we have the tangent vectors
G, =n,w,|eTZ, Gp:=[VB,—-1]=—vgveTZX, G, =[t,Vw-t]€TA,
and the second fundamental forms of X and & (for e € R" arbitrary):
A(dGe, dGe) = %de(e, ¢),  si(dBe,dBe) = édzB(e, o).
From the equality (v, N) =0 at 0, D, it follows easily that (compare [Stahl 1996])
AG,,v)=—-HA(G,,N), ©e€ToD.

For the remainder of this section, we concentrate on the boundary conditions at 9, Dy. To establish
short-time existence, we consider as before the parametrized flow

Fi—wd’F =0,  g=gdF), F=lp,ul.
The contact and angle boundary conditions are

Ujp,py = B o @i, (N,vog)sp, =0.
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Again we have two scalar boundary conditions for n + 1 components. Here the solution is easier than
at the junction. With the notation F,, = dFn = [¢,, u,], we replace the angle condition by the “vector
Neumann condition”

Fn 1T or Fn = —obLpVv ONn 82D0,

where a : 9Dy — R, or equivalently (since this leads to o = —u,,)
On = —u, (VB o@) on 0rDy.

Clearly the Neumann condition implies the angle condition (N, v o ¢) = 0, but not conversely. This
linear Neumann-type condition can easily be incorporated into the fixed-point existence scheme described
earlier.

There is one issue to consider: the zero- and first-order compatibility conditions must hold at 8, Dy
at t = 0. The initial hypersurface X( uniquely determines wy and Dy C R" (satisfying wy = B and
Vwg - VB = —1 on 6, D), and then once ¢ € Diff(Dy) is fixed, ug = wq o ¢g is also determined. We
may assume

po=1id, ¢on = VB on 6, Dy,
SO
uon = Vwg - ¢on = Vwy - VB = —1 on 8, Dy,
and then the Neumann condition Fo,|5,p, = —vgv holds at t = 0, on 9, Dy.

The first-order compatibility condition is
trgd*ug =u; = VB - ¢, = VB - tred*pg on 0Dy,
or equivalently
trg (v, d*Fo) = 0 on 8 Dy.

(This is not a mean curvature condition; the mean curvature of X is H = trg(N, d*Fy).)

From now on we omit the subscript O but continue to discuss compatibility at = 0. First observe that
the Neumann condition leads to a splitting of the induced metric. Given t € T, Dy, let F; =dFt € TA.
Then (recalling u, = —1 on 6, Dy)

(F;, Fy) =([z,dBt],[pn, un))=VB-1—VB -1 =0.
Thus we have
trg (v, d*F) = g** (v, d*F (14, 1)) + §"" (v, d* F (F,, F)),

for a local basis {7, = dFra}Z;} of TA with g4 = (T, Tp) and g,,, = |F,|? = 1)%.
Differentiating in » the condition u#, = Vw - ¢,, (assuming, as usual, that n is extended to a tubular
neighborhood N of 0, D as a self-parallel vector field) we find

Upn = dzw(n, VB)+Vw- dz(/)(n, n).
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(This is legitimate, since u = w o ¢ throughout N'.) This is used to compute

(v, d2F(n, n)) = Dl[u,m — VB -dzgo(n, n)]
B

= é[dzw(n, VB)+(Vw—VB)-d*p(n,n)]

1
=—0A(G,,v)+ v_(w" — B)n-d*p(n,n).
B
Bearing in mind the expression for w, — B, found earlier, the compatibility condition may be stated in

the form

I;_Bn . dzgz)(n, n) = —0A(G,, V) +gab<d2F(Ta9 Tp), V).

We are now in the same situation as in Section 4. Given the 1-jet of p¢ on d, Dy, we extend ¢g to
a tubular neighborhood N of 8, Dy (and then to all of Dy) so that n - d2g0 (n, n) has the value on 8, Dy
dictated by the compatibility condition, using Lemma 4.1(ii). We just need to verify that the right-hand
side of the expression above depends only on X, ¥ and the 1-jet of ¢ over 6, Dy. Clearly only the term
g (v, d*F (z,, 1)) is potentially an issue.

Fix p € 3, Dy and let {z,} be an orthonormal frame for 7 8, Dy near p, parallel at p for the connection
induced on 0, Dy from R”. If I denotes the second fundamental form of 6, Dy in R", we have

ta(tp) = H(ta, ) at p;
on the left-hand-side, 7, is regarded as a vector-valued function in R". Still computing at p, this implies
d*F (4, 1) = ta(d F1p) — d F (ta(w)) = ta(dB1y) — H(ta, ) F
= d’B(ta, w) +H(ta, 1)By — K (24, 1) Fu,
where F,, = —vv and B,, =dBn € TY. Hence
(v, d*F (ta, %)) = (v, d’B(ta, w)) + 0K (20, 1) = A(Ty, T) + 0K (7, 13).
This clearly depends only on & and on Xy. We summarize the discussion in a lemma.

Lemma 10.1. Let Xy = graph(wg) be a C3 graph over Dy C R" (a uniformly C? domain) intersecting
a fixed hypersurface ¥ = graph(B) over 0 Dy. Consider the parametrized mean curvature motion with
Neumann boundary condition

FeC*(Dyx[0,T) —» R, F=][p,ul,
F, —trgd*F =0, g=g(dF), uop=B and F, LTS onoDy.

Then ¢ € Diff(Dy) can be chosen so that (with ug = wg o o) the initial data Fy = [¢g, ug) satisfies the
zero- and first-order compatibility conditions at t = 0 and 0 Dy:

Qon = —u()n(VB o gO()), (U o @, tl‘gOdZF()) =0.
Remark. Differentiating dwrt, = d Bz, along 75, we find

dzw(faa Tp) — dzB(Tas Tp) = (w, — Bn)g{(ras p)
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(reminding us that, although w = B on 0 Dy, the tangential components of their Hessians do not coincide.)
From this follows the expression for J in terms of A and s:

1
S7{(‘[(1’ Tb) = fB[UA(Ta, Tb) - UB‘Sﬁ(Ta’ Tb)]

Wy n

It is also easy to express the corresponding traces in terms of the mean curvatures H* and % of A in
Y and ¥:

HA = DigabA(Taa Tb): %A = UTBgab&g’(Ta’ Tb)
B

11. Boundary conditions for the second fundamental form

To understand the long-term behavior of a graph (X;) in R**! moving by mean curvature and intersecting
R" at a constant angle, we need to consider the evolution of its second fundamental form. Working in
the graph parametrization the boundary conditions are easy to state and linear:

fo
ﬁ bl

where n = n; is the inner unit normal to d D(¢). It is possible to reparametrize the X, over a different
time-dependent domain %(z), obtaining mean curvature flow

wiapr) =0, dywiop() =

F, (1) — RV 6%F=HN,

with boundary conditions
+1 +1 _
0}?6@([) =0, N|r:?9b(t) =p.

For this parametrization the evolution equation for the second fundamental form (and its covariant deriva-
tives of arbitrary order) is well-understood [Huisken 1984]. The disadvantage is that the unit normal Ng,
depends nonlinearly on the components of %, and as a result the boundary conditions for the second
fundamental form (which are needed for global estimates over spacetime domains) do not admit simple
expressions. Therefore we choose to work with graph flow at the cost of having to derive and understand
a new set of evolution equations. The equations for 4 and the mean curvature H are derived in Appendix
B. In this section we derive boundary conditions. The development is similar that in [Stahl 1996] for
MCEF of hypersurfaces intersecting a fixed boundary orthogonally.

It is easy to see that & splits on dD(¢): if € ToD(t) is a tangential vector field, and n = n; is the
inner unit normal

h(n,7) = %dzw(n, T) = %(T(wn) —Dw-V,n)=0o0ndD(1),

since w, = fy/p on the boundary and V,n € ToD(t) (V is the euclidean connection). In particular, it
follows that A(Dw, t) =0 on 8 D(¢).

Remark. Already this simple fact cannot be shown for a(v, ), the second fundamental form in the
MCEF parametrization, regarded as a quadratic form on %(¢).
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Boundary condition for H. In Section 2 we derived the equation for the normal velocity of the moving
boundary I'; = 8 D(¢):

. ) 1
In=——H=——H atoD(t).
Wy ﬁO

Since (N, e,+1)(I'(¢),t) = S on 6 D(t) we have
(N, ent1) = —(0N, ens1)TF,
where N = —g"" h;; G j with e, ;| component
(0N, ens1) =—g" wjhix = —vizh(Dw, o) = —vizwnh(n, )-
Hence we find, on 0D (¢),
(&N, epy1) = %h(n, )= %fnh(n, 1) = —fHhp. (11-1)

(We set hyy := h(n,n)). Denote by V* the gradient of £,, in the induced metric (V> f = g f;G ).
Using &; N = —V*H — Ho~'V*p, combined with the expressions (valid on 8 D(z))

.. .. 1 w
(VEH, ent1) = 87 Hi (G}, eni1) = 8 Hiwj = —swiH; = D—;’Hn = fPoHy,

2
Dy W w
<VZD, ent1) = n_2n = _;hnn = ﬁghnna
) )
we find on 8 D(¢)
(0N, eny1) = —PPo(Hy + PoHhyn). (11-2)

Comparing expressions for (6; N, e,+1) in (11-1) and (11-2) yields a Neumann-type condition for H. We
state this as a lemma (including the evolution equation derived in Appendix B). Here L = L, denotes
the operator L[ f]=06; f — trgsz and w = Dw/v, a vector field in D(¢).

Lemma 11.1. For the surfaces X, evolving by graph mean curvature motion with constant contact angle,
the mean curvature satisfies

{L[H] = |h;H 4+ Hh* (0, 0) — H*h(w, ®)  on D(1),
dnH:(ﬁz/ﬁO)thn on 0D(t).

Boundary conditions for h;;. Fix p € 0D(t) and let (z,) be an orthonormal frame for 7,0 D(t) (in the
induced metric) satisfying Vfa 7,(p) = 0, where V' is the connection induced on T'; by the euclidean
connection d, or, equivalently, by V, the Levi-Civita connection of the metric g in D(r). We extend the
7, to a tubular neighborhood of I'; so that V,7, = 0. Differentiating i (n, 75,) = 0 along 7,, we find

(Ve h)(n, 1p) = —=h(Vy,n, 1) —h(n, Vo, 1p). (11-3)
The second fundamental form ¥(z, ') of I'; in (D(t), eucl) (equivalently, in (D(¢), g)) is defined by
de,tp = V; 7 +H(z,, Tp)n  on dD(t).
To relate J{ to hjp(s), note that since w =0 on 0 D(t) we have

h(za, ) = %dzw(fu, ) = %(Tu(fbw) —Dw-dy, 1) = —dy, 7 - % = —poI (4, 7).
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(So we see that I'; convex with respect to n corresponds to Z; concave over D(t), as expected.) In (B-1)
in the appendix we observe that V;,0; = (h;;/v) Dw. Then

. . . |
Vral'b=T;((Tlf)i5j+1'ljv&i5j)=dTaTb+5T;T[{hiij

1 2
= V! 2+ K (ta, o) + 2 h(2a, Tp)n = (—— +ﬁo)h(ra, ) =—Lh(z,, wp)n
‘ v Po Po
at p, given our assumption V; 75(p) = 0. We use this immediately to compute, at p,
B o 1
Von=(Vyn, t)ety =—(n, Vo, 1) g7 = ﬁ—lnlgh(fa, Tp)Tp = Ig—h(fa, ) Th,
0 0

since |n|§, = gijninj =1+ w,% = ,8_2 at p. Using these expressions for V, n and V 7, in (11-3) and
recalling the Codazzi equations, we obtain

(Val)(2a, w) = (Vi , 1) (n, 1) = L D h(ta, t)h(ze, ) + ﬁ—zh(fa, Tp) .-
Po <= Bo
This can also be written in the form
Po(Vah)(z, 7) = = (0" (2, 7') + B2 hunh (2, 7). (11-4)
It turns out the expression for the n-directional derivative of h(z, z’) is exactly the same (at 0 D(¢)):
Podu(h(z, 7)) = =" (2, ) + Fhunh(z, 7). (11-5)
The reason is that V,, 7, = 0 at the boundary, also for the g-connection
Vaute = dy(74) +nir[{Vai6j =0+ %h(n, 7.)Dw =0,

so in fact

(Vah)(za, ) = n(h(7a, 7)) = dn(h(za, p))-
As done in [Stahl 1996], we combine this with the result for H, to compute (V,h)(n, n). From

H, =V (trgh) = trg (V,h) = B> (Vah) (0, 1) + D~ (Vah)(Ta, Ta)-

Here we used ||} = 872 on 8 D(r), which also implies H = %, + 2, h (74, 7a). Using also [A™"|* =
Z(htan)Z(l.m Ta)a we find for (an’l)(l’l, Yl)

2 1 1

B2 (Vah) (1, n) = ’[‘j_OHh""_"_ fio

|htal’1|2 _ ﬁ_z
Bo

Bo Bo
since g"" = % at 9 D(t). Equivalently,

1
(H = B hun)han = 2"+ p*h5,) = 2= Ihlg,
[
Po(Vnh)(n,n) = P|h|g on 8D(1).
It is easy to obtain the corresponding expression for the euclidean connection. Noting that

|
V,n =d,n —I—n’nf;hiij = fohuun at 6D(2),
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we find
(duh)(n, 1) = n(hun) = (Vah)(n, n) + 20 (Van, n) = (Vuh)(n, n) + 2Boh,,,

so that |
Pody (h(n, n)) = Em@ +25hy, on 8D(1).
We record these results as a lemma, including also the evolution equations derived in Appendix B.

Lemma 11.2. Under graph mean curvature motion with constant contact angle, the second fundamental
form satisfies the following tensorial evolution equations, where C;; and C;; are symmetric 2-tensors
cubic in h; see (B-2) and (B-3). Recall that ® = Dw /v and d,, denotes directional derivative.

(i) For the operator L = L,
Llhij]1 = —2[h¥d,(h 1) +hl;dw(hik)] +Cij on D(t),
with boundary conditions on 0 D(t) given by
h(n,7) =0,
Podn (h(z, 7)) = =(h**(z, 7") + fPhaunh(z, 7)),
Podn(h(n, n)) = |3/ B>+ 25hs,.
(i1) For the operator 0; — A4, where Ay is the Laplace—Beltrami operator of g
(0; — Ag)[hlij = H(Vh)ij + Hih(w, 0j) + Hjh(w, 6;) + Cij on D(t),
with boundary conditions on 0 D(t) given by
h(n,7) =0,
Po(Vah)(z, ') = =(h“")*(z, 7') + f*hunh(z, T),
Bo(Vah)n, 1) = 1hI2/ 52

It is also useful to compute the boundary condition for |A |§,. Using Lemma 11.2(ii), we have at 8 D(¢)

(Bo/2)dn| k|5 = Bo(Vuh, h)g
= BoB* (Vuh) (1, 0) oy + fo ;(Wh)(rﬂ, ©)h (T4, Tp)

= Bl + zb[—(h‘a“)z(ra, ) + B hunh(ta, ©6)10 (24, T)

= B2 (1l + 1A 3) hun — trg (")

Since trgh’ = BO(hun)® + tro (h"")% on 0D(t), we may state this in a slightly different form. Including
also the evolution equation for |h|§, (see Appendix B), we have the following lemma:

Lemma 11.3. Under graph mean curvature flow, the function |h|§, satisfies the evolution equation and
Neumann boundary condition
<(a, — Ap)|h[3 = =2|Vh[} + Hdy|h|; +2|h|§ —4H I (0, ) — 2H| k| h (0, o),
(Bo/2)dn|h|% =28 h2hnn — trg(h®)  on dD(1).
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12. A maximum principle for symmetric 2-tensors

By the local existence theorem, for suitable initial data we have a mean curvature motion F = [¢, u] €
CH1+e/2(0o, R, where Qo = Dy x [0, T] and, for each r € [0, T], ¢, : Dy — D(t) is a C>**
diffeomorphism. In particular, with § = a2, w, = u; o ¢, ' D@t) — R defines a graph mem w €
C?*t9149/2(E: R) in an open spacetime domain

E= |J DOx{}cR" xR,
te(0,7)
We have a C2T%1+%/2 diffeomorphism
(D:QO_>E9 q)(xat):(¢t(x)at)a
which, for any 79 > 0, restricts to a diffeomorphism Q;, — E;,, where

Qy=Dox(t,T), E,= |J D®x{1).
te(ty,T)

The parabolic boundary of E is the disjoint union of base and lateral boundary:

0,E = (Do x {0) UG, E, aE= |J oD@ x{1).
te(0,7)
(The notions of parabolic boundary, base and lateral boundary have general definitions for arbitrary
bounded spacetime domains [Lieberman 1996], but using @ it is easy to see that they are given by the
above sets.) In particular, note that @ defines a diffeomorphism

Qt() U 61 Qto g Eto U 61Et0’

for each 7y > 0. This diffeomorphism is C¥T**+®)/2 yp to the lateral boundary, if Dy is a C*** domain
and F € Ck+a’(k+a)/2)(Q0).

Denote by L the operator L = &, — g'/ (Dw)6;0j, 50 Lw =0in E and w = 0 on ¢; E. The following
height bound is immediate.

Lemma 12.1. Assume 0 < wo < M in Dy. Then 0 < w < M in E (and vanishes only on 0,F).

Proof. This follows from the weak maximum principle for the operator L, since 0 < w < M holds on
the parabolic boundary 0, E. ]

It is well-known that the function v = /1 + |Dw|? solves the evolution equation (assuming Dw €
C*>!(E)—see [Guan 1996], for example)

2 2
Llv]+ ;g”vivj = —v|h[3, or L[v] = —5|Dv|§ —olhl3.

From the maximum principle, we have the following global bound on v (equivalently, on |Dw]):

Lemma 12.2. Assume w is a solution with Dw € C?! (E). Then, on E,

v(z) < max{supp ) v(x, fo), 1/5}.

Proof. By the weak maximum principle, maxz v = max;, g v. Note that vjg = 1/8. ]
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It follows from this lemma that g;; () is uniformly equivalent to the euclidean metric in D(z): If v <0
in E, and X is a vector field in D(t), then

X2 <IX]} =g X'X) = |X[; + (X - Dw)> < |X[;(1 + | Dw[*) <5°|X[].

Also, if @ := o~ ! Dw then
,  |Dw|? 1 1

- P
| |e 02 02— 02

The main result in this section is a maximum principle for symmetric 2-tensors satisfying a parabolic
equation on a spacetime domain such as E (image of a cylinder under a diffeomorphism of the special
type D).

We recall the boundary point lemma for scalar equations, which holds for open spacetime domains
Q C R" x Ry satisfying an interior ball condition:

For each P = (p, t) € 6,Q there is a ball B (in the euclidean metric in R"T') which is tangent
to 0;Q only at P and satisfies:
(1) The line segment from P to the center of the ball is not parallel to the t axis.
(i) BN{r<r}cQN{r <t}
For the domain of interest the interior ball condition follows from the fact that 6; E = ® (6 Dy x (0, T')),
with ® € C>!'(Dy x (0, T)) of the special form above.

Lemma 12.3 [Protter and Weinberger 1984, Theorem 6, page 174]. Let Q C R" x Ry be a connected
open set satisfying the interior ball condition. Assume f € C>'(Q) satisfies the uniformly parabolic
inequality

o f —trgd*f —dyx f <0.
Here g = g, is a Riemannian metric in each section Q(t), and X, is a bounded vector field in Q(t).

Denote by n = n, the inner unit normal of Q(t). Assume the supremum M of f in Q; :== QN {t <t}is
attained at the point P € 0Q(t), and that f < M fort <t. Thend, f(P) < 0.

We now state the hypotheses of our tensorial maximum principle.

E C R* x [0, T] is the image of a cylinder Dy x (0, T') under a C 3.2 diffeomorphism © of the form
D(x,1t) = (p;(x), 1) with ¢; : Dy — D(t) a c3 diffeomorphism up to the boundary for each ¢ € [0, T]
(here D(¢) is the t-level set of E); Dy C R” is assumed to be the image of the closed unit ball under a
C? diffeomorphism. In particular, the lateral boundary &, E is of class C32. On &;E we have the inner
unit normal n = n, € R". Extend n;, to a vector field in all of D(¢) so that it is in C>!(E, R"), arbitrarily
except for the requirements that |n| < 1 pointwise and d,n = 0 in a tubular neighborhood of 6D (r)
(equivalently, n‘&n/ = 0 for each j). Fix R > 0 so that D(t) C Bg(0) for each ¢ € [0, T].

The assumptions on the coefficients are given next:

e g = g is a t-dependent Riemannian metric in D(¢), uniformly equivalent to the euclidean metric

fort € [0, T1;

e X = X, is a bounded ¢-dependent vector field in D(r);

e ¢ =q(z, m) assigns to each z € E and each m in S (the space of quadratic forms in R") a quadratic

form g € S. g is assumed to be C*>! in z, locally Lipschitz in m (uniformly in z € E);

o b=>b(z,m) €S is defined for z € 9; E, with the same regularity assumptions as g.



MEAN CURVATURE MOTION OF GRAPHS WITH CONSTANT CONTACT ANGLE AT A FREE BOUNDARY 385

We state the next theorem in terms of the Laplace-Beltrami heat operator o, — A ¢ and the g-Riemannian
connection V, but the result also holds for L and the “euclidean connection” d.

Theorem 12.4. Assume m € C>'(E; S) satisfies in E the tensorial differential inequality
omij — (Agm);; < (Vxm)ij +qij(-,m(-)),
and on 0, E the boundary condition
(Vam)ij(z) = bij(z, m(z)).

Suppose the functions q and b satisfy the following null eigenvector conditions: for any m € S and any
null eigenvector V € R" of m (meaning that m; VI =0 for all i), we have qij(z, m)ViVi <0 for all
z€E and bij(z, Mm)ViVI >0 forall z € 6, E. Then weak concavity of m at t = 0 is preserved:

m=<0inD0) — m=<0 inkE.

Proof. The assumptions imply that there is a K > 0 (depending only on E and on the functions X, g, n,
q, and b) satisfying

g <K, 1X@lewa <K, 18@I+187' @I <K, zek,
and if m, m € C>'(E, S) satisfy (for some u : E — Ry)
—u(z)g =m(z) —nm(z) < u(2)g,
(where the inequality of quadratic forms has the usual meaning) then also

q(z,m(2)) <q(z,m(z))+ Ku(z)g, z€E,
b(z,m(z)) = b(z,m(z)) — Ku(z)g, z€dE.

Now, for z € E, z = (x, 1) define
9(z) := —2Kn(z) - x :=2Ks(2),

where we use the euclidean inner product and, on §; E, s is the “support function” of 0 D(¢) (positive if
D(t) is convex and contains the origin). It is clear that we can find M = M (R, K) > 0 depending only
on K, R and |n|c21 so that

lplezi <M, |dolz+|Agpl <M,  |X-dp| <M.

We assume also M > K. Now, given m as in the statement of the theorem and given constants € >0, y > 0,
and 6 > 0, define for E° := EN{r < 5}

m(z) =m(z) — (et +ye*P)g, ze€E°.

Clearly m € C 2.1 (E s S). We now derive the constraints on d, €, and y . It will turn out that 6 must be
taken small enough (depending only on K, R), € > 0 is arbitrary, and y is € times a constant depending
only on K, R.
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The following inequalities are easily derived:
q(z,m(2)) < q(z, M) + K (et +ye*D)g,
Vxm = Vxm+y(e?dxp)g < Vxim+ (ye’M)g,
om=0om—eg—(ye’op)g <om+ (ye?M)g —eg,
Agiit = Agd*it — y e (|dol} + Agp)g = Agm — (y e M)g,
b(z, m(z)) = b(z,1m(z)) — K(et +ye’)g.
We use this to compute
o — Agit <Om — Agm + 2y e’ M)g — €g
<q(z,m(2))+Vxm+ 2ye’M)g —eg
<q(z,m(z))+Vxm+K(et+ye’)g+(BMye’)g —eg
<q(z,m(2)) + Vxm+ Metg +4Mye’ g —eg,
using K < M in the last step. We conclude the inequality
O — Agit < q(z,m(z)) + Vxi — (€/2)g (12-1)
will hold in E? , provided the constants are selected so that, for z € E 9
4My @ + Met < e€/2. (12-2)
Turning to boundary points z = (x, t) € 6, E, note that d,,p = —2K, so that
Varii(2) = Vum(z) — (v e Pdp(2))g
> b(z,m(2)) — (7 ¢’ Do (2))g
> b(z,M(2)) — K (et +7y¢*D)g — (7 e*Ddup (2))g
> b(z,m(2)) + K (7@ —en)g,
implying the inequality
Vaii(z) > b(z,m), z€0E° (12-3)

will hold provided the constants are so chosen that, on 9; E?
et <ye?@. (12-4)

Bearing in mind that e 2KR < o0() < ¢2KR o F it is not hard to arrange for (12-2) and (12-4) to hold,
or equivalently, for

et <ye?®, 10Mye?® <e.
Given € > 0, define y so that 10My e R = ¢. Then the second inequality holds, and so will the first,
provided that

et <ye KR = (e/10M)e *KR,

which is true for any € > 0, if J is defined by J := e KR J10M (recall ¢ € [0, J]).
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Note that, since m <0 at r = 0, it follows that 7 is negative definite at # = 0, and hence also for small
time, and we claim that this persists throughout E? so that (letting € — 0) m < 0 in E°. Restarting the
argument at ¢ = J, we see that this is enough to prove the theorem.

To prove the claim, suppose for a contradiction that m acquires a null eigenvector 0 # V € R" at a
point z; = (x1, ;) € E° with #; € (0, 8] the first time this happens.

Let f (2) :=m;j ViV for z € E° (that is, we “extend” V to E° as a constant vector). It follows from
(12-1) that f satisfies in E?

o f < (Mgih)ij VIV + (Vi) VIV + gy () VIV = Le| V2.
A short, standard Riemannian calculation using the fact that V is a null eigenvector for /% shows that
dy f = (Vxm)i;VIVI,  Agf = (Agit)ijVIVY,
Using the null eigenvector condition for ¢, we find that f satisfies in E° the strict inequality
of <trgd®f +dxf.

This shows x| cannot be an interior point of D(t;), for then (as a first-time interior maximum point for
f) we would have Agf(zl) <0 and df(zl) =0, contradicting a,f(zl) > 0. Thus x; € 6D(¢;). Since f
satisfies the differential inequality just stated and z; = (x1, #1) is a first-time boundary maximum in E°,
the parabolic Hopf lemma (Lemma 12.3) implies d,, f (z1) < 0. On the other hand, as seen in (12-3),

dyf = (Vurit)ij VIV = bij(z1, (1) VIV 2 0,
from the null eigenvector condition on the boundary. This contradiction concludes the proof. (Il

Corollary 12.5. Suppose m € C>'(E,S) satisfies the same differential inequality with the same hy-
potheses on the coefficients as in Theorem 12.4 (including the null eigenvector condition for q), and the
boundary conditions

m(z)(n,t)=0, Vz=(x,t)€E,t€T0D(r)
(Vnm)(n, n) > bun (Z: m(Z))
(Vam)(z, 7) = bz, m(2))(z,7), €T 0D({),

for functions by, (z, m) from ;E x S to R and b*™ assigning to (z, m) € 6;E x S, z = (x, t), a quadratic
form in T,0D(t). Suppose by, > 0 in E x S and b*™" satisfies, for eachm € S,

rhijri =0 forsomet € T,0D(t) == b™(z,m)(r,7)>0.
Then, as in the theorem, weak concavity is preserved:
m<0att=0 — m<0inkE.

Proof. As for the theorem, with the following change in the last part of the proof: If 0 # V € R" is a null
eigenvector of m (defined as in the proof of the theorem) at a boundary point z; = (x1, #;) € 0, E, write

V=viu4+Vv?, vlerT,oD().
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Assume first that V" # 0. Then, noting that m splits at the boundary if m does, we see that n is a
null eigenvector of m at z;, so we define f@) =m; i (2)n'(z1)n' (z1) and repeat the argument. At zj,
(Vut)(n, n) > by, (21, m(z1)) > 0 leads to a contradiction with the parabolic Hopf lemma, as before.
If V" =0, then VT € T,,0D(t;) must be a null eigenvector of 7 at the boundary point z;, and then
we run the argument with f () =m(z2)(VT, vT), leading to a contradiction, as before. O

Corollary 12.6. Let w € C**(E) define a mem of graphs with constant-angle boundary conditions,
where E is as in the statement of Theorem 12.4. Then weak concavity is preserved:
h<0att=0 = h<O0inE.
Proof. From Lemma 11.2, h satisfies (6; — Ag)hij = HV,h;j +q(z, h);; and
q(z, h)ij = Hih(0, 8)) + Hih(o, 8) + |h | hij + Hh (&, ©)h (3}, ©) — Hh(o, o)hij,

where H;, H;, H and o' are regarded as fixed functions of z € E. Clearly ¢ satisfies the null eigenvector
condition, since q,-.,-ViVj = 0 when h,-.,-Vj = 0 for all ;. In addition, expressions obtained for d,h in
Lemma 11.2 show that the boundary conditions in Corollary 12.5 are satisfied with

bnn(Z, m) = 0’ btan(z, nf;l) — _((nf\i)tan)2 +ﬂ27ﬁnnﬁ1tan-

Hence the claim follows from Corollary 12.5. (I

For less regular solutions, we may apply the theorem to a domain E;, = E N {t > ty} for arbitrarily
small 0 > 0. Thus, assuming 4 < 0 at t = 0 (strictly negative definite), we conclude from Corollary 12.6
that 4 < O for all 7.

Remark. It seems plausible that a slightly different version of the result in this section could be used to
strengthen the conclusions in [Stahl 1996].

Finite existence time. It is not difficult to derive that the flow is defined only for finite time in the concave
case.

Lemma 12.7. Let w € C*%(E), E C R" x [0, T, define a graph mcm X, with constant-angle boundary
conditions on a moving boundary. Assume that Xy (and hence X, for all t) is weakly concave. Assume
that H;—o < Ho < 0, where Hy is a negative constant, and that T = sup{t € [0, T) : D(t) # &}. Then
T<t,= 1/(2H026,,), where ¢, > 0 depends only on n and an upper bound for v in E.

The proof is based on the evolution equation and boundary condition for H (see Appendix B; we have
o= Dw/v):
L[H] = |h[;H + Hh* (0, 0) — H*h(w, ®),  Hy = (B>/B0) Hhpn.

Since h%(w, w) > 0, |h|§ > (1/n)H? and (given that 1 < 0) h(w, ) > |Dw|*H, we have
LIH] < L H? + |DwP H® < o, H,

where ¢, depends on n and on supy |v|, already known to be finite. Let ¢(¢) solve the ODE ¢ =
cnd?, $(0) = Hy, so
1

)= Ho[l —2¢c, H3t]™V?, 0<t<tyi= —
¢() O[ n 0] = * 2chn



MEAN CURVATURE MOTION OF GRAPHS WITH CONSTANT CONTACT ANGLE AT A FREE BOUNDARY 389

Then, with y := %(H2+H¢+¢2) > 0 and setting y = H — ¢, we have L[y] < wy in E and

2 2
Xn = [;—O(x + @) > I[;—Ox on E,

since ¢ < 0 and A, < 0. Given that y <0 at ¢t =0, it follows from the maximum principle that y <0,

or H < ¢ in [0, min{T, #.}). This shows t, < T is impossible, since ¢ — —o0 as t — t,.

Remark 12.8. It would be natural to try to show that a negative upper bound Hj on the mean curvature
(at t = 0) is preserved, at least under the assumption of concavity. Unfortunately, the evolution equation
for H (under graph mcm) does not lend itself to a maximum principle argument. Letting u := H — H),
we have
L{u] = |h|}u+ uh®(o, ) — u(H + Ho)h(w, 0) + H)Q in E,
with
Q :=|h[; + h*(w, w) — Hoh(w, w). (12-5)

At a point where u = 0, we would need to show L[u] < 0. But it is not true that Q > 0 at such a point.
(Note that u,, > 0 does hold at boundary points.)

The exception is if 7 =2 (under an additional condition). Let & = w/|w|g, & = ot /|ol ¢- It is easy to
check that B = {@®, @} is a g-orthonormal frame at each point where w # 0. Then with

a:=h(w, ), b:=h(w, d), c:=h(o, ®),
we have
" (&, &) — Hh(®, ®) = a* +b* — (a+c)a = b* —ac = —A,

where A, the determinant of the matrix of / in &, is nonnegative if 4 < 0. In particular,

h* (0, w) — Hh(w, ) = —|o|;A <0
in the concave case. Now consider the expression (12-5) for Q, at a point where u = 0, or H = Hj.
Since |a)|§, = |Dw|? we can write

Q = |hlg +h*(, ©) = Hh(e, ®)

=a® + 20> + ¢ + |Dw|*(b* — ac)

=b*Q2+|Dw|?) +a*> — |Dw|*ac + 2,
s0 Q > 0 provided | Dw|*> < 2. This last condition is equivalent to v < +/3, and hence (Lemma 12.2) is
preserved by the evolution if it holds at t = 0. Thus:

Proposition 12.9. Assumen =2,h <0,andv < V3 on Yo (in particular, f > 1/ \/§). Then H < Hy <0
att =0 implies H < Hy for all t € [0, Tiax)-

13. Global bounds from boundary bounds for V"h

In this section we begin to develop a continuation criterion for solutions of graph mean curvature motion
with constant contact angle based on the second fundamental form. Our first observation is that the
supremum of |i|g on the moving boundary controls its value in the interior. Recall we already have a
bound on supy v (Lemma 12.2) and it is a well known-fact for mean curvature flow of graphs that this



390 ALEXANDRE FREIRE

implies interior bounds for the second fundamental form and its covariant derivatives [Ecker and Huisken
1991; Ecker 2004]. In the next lemma we describe a global bound for mean curvature motion of graphs
with moving boundaries.

Lemma 13.1. Let w : E — R be a (sufficiently regular) solution of graph mcm in a spacetime domain
E CR" x [0, T1, where T < 0o. Assume the first derivative bound v(x,t) < holds globally in E. Then
if the bound |h|, < hg holds on the parabolic boundary 0, E, we also have the global bound

lhlg <ap inE
for a constant ag depending only on n, v, ho, T and the initial data of w.

Proof. The proof is simpler under the assumption that % is negative definite, that is, the concave case.
(As shown in the previous section, this condition is preserved if it holds at # = 0.) We give the details in
this case only.

The norms of tensors in D(¢) will always be taken with respect to the induced metric g, so we write
|h| for |h|g, |Vh] for [Vh]|g, and |IDf|? = gijﬁfj for a function f.

Recall the evolution equations L[v] = —v|h|> —2|Dv|*/v (so L[v?] = —20>|h|?> — 6] Dv|?) and

L[|h|*1 = =2|Vh|* +2|h* —4HRF (0, 0) — 2H |h|*h (0, o).
In the concave case H < 0 and 4? is negative definite, so we get
L{|h*] < =2|Vh|*> +2|h|*.
The idea then is to apply the maximum principle to f = |k|*v2. In the evolution equation for f,
LIf1=0v>LIIAP1+ [hPL[0*] = 2(DIA[, Dv?),,
the terms 4202 |h|* cancel exactly, and we have the inequality
LLf1< —20%|Vh|* = 6|h|*|Dv|* — 2(D|h|*, Dv?),.
The term with the inner product can be estimated in two ways:
(DI, Dv?)g| < |DIhI?||Dv?| < 4|h|o|Vh||Do| < 20%|Vh|* +2|h|*| Do?
and )
(D|h|?, Dv?)y = vizwumzvz), Do), — 1 Dy = U%(Df, Dv?) —4|h*| Dv|*.

02
Using the second expression, we have

1
L[f] < =20*|Vh|* = 6]h]*|Dv|* — — (Df, Dv*), +4[h|*| Dv|> — (D|h|?, Dv?),,
D
and then estimating the remaining inner product term from the first expression
1
L[f] < =20*|Vh> = 6]h]*|Dv|* — — (Df, Dv*); +4|h|*| Dv|* 4 20*| VR[> +2|h|*| Do,
D

yielding after cancellation

1
L[f]f—v—z(Df, Duv?),.
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Applying the (weak) maximum principle to f, we conclude
max g |h|? < maxg f <maxg, g f < 2 maxg, £ |h|?,

which implies the result (for the concave case) with an explicit constant ay = vhy.
In the general case, we have
L[h[*] < =2|Vh|* +culh[".

Then the proof follows the same lines as [Ecker 2004, Proposition 3.21]. We apply the maximum prin-
ciple to f = |h|?(5 o v?), for a carefully chosen function #(s). ]

Evolution of |Vh|?. 1In the calculation that follows, we adopt the usual convention that in symbols such
as V2h % (Vh)@ %« h® and (V/h)P) = V/ih % ... % V/h (p times ), * denotes some unspecified g-
contraction of the tensors in question.

For the time derivative, we have

& |Vh|* =2(8,(Vh), Vh) +8,(8" g"1g")(Vih) pr (V1) s
=2(8,(Vh), Vh) +3(8:8")(Vih, V;h),

using the Codazzi identity.
For the Hessian (using V39, = hyw, derived as (B-1) in Appendix B), we get

Vi IV = 2(V)(ViVh), Vh) + 2(ViVh, V;Vh) — hyde| VA
=2(V{(Vh), VR) 4+ 2(hiaVoVh, Vh) +2(ViVh, ViVh) = hiyde| V|
=2(V,(Vh), Vh) +2(ViVh, V,Vh),
after cancellation. Taking traces we find
(6 — N)|Vh|* = =2|VZh[* +2((8, — A)(Vh), Vi) +3(8,87)(Vih, V;h).

Commutation of covariant derivatives introduces the Riemann curvature tensor, and the time derivative
of the connection is also needed:

(6; — A)(Vh) =V[(6; — A)h]+ (VRm) * h +Rm * (Vh) + (6,T) * h,
where (see appendix)
oh=VdH +HV,h+T +h®, T, = Hih(w, 8;) + Hih(w, &),
which combined with ' = hew and 6,0 = VH + h® is easily seen to imply
ol = (VdH)wo+Vhxh+h® ~V2h+Vhxh+h®.
From the Gauss equation, Rm ~ & % h. Thus
(8, — A)(Vh), Vi) ~ (V[(3, — A)h), Vh) + V2 hx Vh s h+ (Vh)® « h® + Vhxh®.

On the other hand, from the evolution equation for # (Appendix B) we have

(V[(&; — A)h], Vh) = (V(HVyh + T +h®), Vh) = (V(HVh), Vh) + (VT, Vi) + (VR)P « h®.
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Computing the terms on the right, we find
(V(HV,h), Vh) = (Vuh, Vygh) + H(V(V,h), Vh) = (V,h, Vygh) +VZh« Vhxh,
and using the Codazzi identity
(VT, Vh) =2(Voh, Vygh) + Vh s« Vhsxh+ (VR)® «h®.
Putting together these results, we have
(8 — A)(Vh), Vh) = 3(Voh, Vyph) + Vh« Vhxh+ (VR)® «h® + Vh « h®.

On the other hand, using the expression for 6,g"/ given in the appendix we find

30,8" (Vih, Vh) = —6(Vyh, Vygh) + (VR)P « h®.
So we have cancellation, and obtain the evolution equation

(6 — M) Vh|> = =2|V?h)? + V2« Vhxh + (V)P «h® + Vi« h@.

Remark. Without the cancellation, the right-hand side would involve terms of type (V4)®, which would
be a problem for the argument that follows.

Given this calculation, the following lemma has a very simple proof.

Lemma 13.2. For a solution w € C>3(E), assume we have a uniform bound for h: |h| < ag in E. Then
there are constants o. > 0, C > 0 depending only on the dimension and ay, so that the function

fa, ) =a|VhP+|hp?
is a subsolution in E, that is, (6; — A) f < C.
Proof. The calculation above implies that
(0, — A)|VA|* < =2|V?h|* + ¢, (ao|V?h| |VR| + af |V hI* +ag|Vh]),
while the evolution equation for |#|* implies that
(6, — AR)|h|* < =2|Vh|* + ¢, (a3 Vh| +a).
Clearly we may choose o small enough to satisfy the claim. O

Our next goal is to extend this argument to higher covariant derivatives of /. It turns out this does not
involve a cancellation similar to the one noted above. The terms appearing in each expression below all
have the same weight, the weight of a term T = (V1 )PV s ... % (V- h)(P") being the positive integer

wlT1=)" pi(i+1)
i=1

—in particular, w[V/h] = j 4+ 1 and w[(V/h)P] = p(j + 1) for j >0, and p > 1. We introduce a
convenient notation for the “error terms”. For integers wo > 1 and n > 0, the notation E"*" is used for
a generic term of weight wg and involving covariant derivatives of 4 of order at most n; i.e.,

T =E"" means w[T]=wy, J <n.
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The symbol E*-" denotes such a term satisfying the additional restrictions

L 1 1f],=l’l,
b= lor2 ifj=n—1landn>1.

Sometimes the same notation is used for the real vector space spanned by terms of the given type. For
example, above we showed that

@ — A)|h)? = =2|Vh*+ E*' and (6, — A)|Vh|> = =2|V?h|> + E&2. (13-1)

These symbols have some useful properties. For example, one sees by induction that
V(E"3nHly ¢ prtdat2 s )
using the easily checked fact that
E"3 = (V) b+ (V) % [VA+ AP+ EM537 1 s 1. (13-2)
The property (13-1) generalizes to higher n:
Lemma 13.3. (6 — A)|V"h|> = =2| V" p|2 4 B2t forn > 0.
Proof (for n > 2). With the natural multiindex notation,
OVh? =200 (V"h), V"h) +0,(8" g" g*) (V] 1) pg (Vi)rs, 1| =1J| =n.

Using the Codazzi identity and the curvature tensor repeatedly, we obtain

8,(g" " g1V (VIR pg (ViR),s = (n +2) (0,8 )(Vi V" h, V; V"~ h)
+(8,g"HYRM[V"2h]; % Rm[V"2h]; + (8,87 )(V"h); * Rm[V"2h];.

Since 9,8/ =Vh + h® (see (B-4) in Appendix B) and Rm = 4 * A, this reduces to
(V') 5 (VR 4+hD)+ (V' 20)® % (VA +hP)x h® + (V'h) « (V'72h) « (VR +hP) « h P,

which is in E21+4ntl,
Turning to space derivatives, we have (as for n = 1)

AIV"h|? = 2(A(V"h), V"h) +2|V" R 2,
and therefore
(@ — N)V"h|> = =2|V" T 1> +2((8, — A)(V"h), V"h) + E> L

The conclusion of the lemma is now an immediate consequence of the next claim, and of the expression
(13-2) for a general term in E"T3"+1 O

Claim. (6, — A)[V"h] € E"37+ forn > 0.
Proof. We work by induction on 7, the cases n = 0, 1 having already been checked:

(6, — A)h=HVh+T+h® e E>', (8, — A)(Vh) = V[(6, — A)h] + E*? € E2.
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For the induction step, it is enough to show that
@ — MIV" h] = V[(@ — A) (V") | + E" 412,
since VEn+3,n+] C En+4,n+2.
For the time derivative part, we have, for any multiindex i/ of length n + 1 (with n = |1|),
oIV hlip = &:[6;(V"hl81]) — (V"h)(Vidr) | = 6 (8 (V" h[1])) — 6, (V" h[V;0;])
= Vi (@ (V"h)[or]1+ 6,(V*h)(Vidr) — 6, (V" h)(V;dr) — V" h[6,(Viop)].

For a multiindex I =i ...i, of length n denote by [/ I’j the multiindex of length n obtained from I by
setting its k-th entry iy equal to p. It is then clear that

n

a(Vior) = D> @ T} )ap.

k=1 p
In symbolic notation, the preceding calculation is summarized as
V"™ h] =V (6,V"h) + (V') % (6,T).
Since §,T" € E>2, this says
[V h] =V (6,V"h) + E"TH2,

Covariant derivatives in space may be dealt with in the usual way. Again for a multiindex i/ of length
n + 1, we have for first-order derivatives

V(Y ) = Vi(Vi(Vih)) = V(Y"1 (V;07))
= Vi(Vi(Vih)) = Vi(V'h(V;01)) + Rmy [V} h],
and for second-order covariant derivatives
Vi(Ve(VE RY) = Vi(Vi (Ve (VT R))) 4+ ViRm [V R]) — ViV (V"R (V;07)))
= V;(V1(Vi(V7h))) 4+ Rmy [Vi (Vi) ]+ V(Rm s V'h) + V2(V"h % )
= V; (VA (V) + Vi (V5,5 Vih) + Rmx V' i+ V(Rm x V"h) + V2(V"h * ),
Vi (VI R) = Vi(VE(VIR) = Vo (VT ) + V(T % V)
+Rm* V" i + V(Rm * V') + V2(V"h % h)
=Vi(Vi (Vi) AT« V" P2h+ V(T V" )+ Rm« V' h 4+ V(Rmx V" h) + VA(V"hxh).
Taking traces with g/ and using the expressions Rm =/7®, VRm = Vhsh, T = how, VI = Vh+h®,

it follows easily that
A(V}’H-lh) — V(A(Vnh)) + En+4’n+2,

and therefore
(6, — N[V h] = V[(6, — A)(V"h)] + E"T4+2,

proving the claim and the lemma. U

The analog of Lemma 13.2 for higher covariant derivatives of & follows easily from these remarks.
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Lemma 13.4. For a solution w € C"*> /214 1(EY) assume we have a uniform bound for h and its first
n covariant derivatives |V/h| < a jinE, j=0,...,n. Then there are constants o. > 0, C > 0 depending
only on the dimension and the aj, so that the function

for1 (e, 1) = al VIR 4 | VPR
is a subsolution in E, that is, (6; — A) f+1 < C.

Proof. In the proof we denote by C,, a generic positive constant depending only on dimension and the
aj, j=0,...,n. We have

(at _ A)|Vnh|2 — —2|Vn+1h|2 + E2n+4’n+l, (at _ A)lvl’l-i-lhlZ — —2|Vn+lh|2 + E2n+6’n+2,
where

E2n+4,n+1 — V}’H—lh *Vnh A + (Vnh)(Z) ” E2,1 + (an’l) * En+3,n—l + E2n+4,n—l’
E2n+6,n+2 — vn+2h * Vn+lh xh -+ (vn-i-lh)(Z) * Ez,l + (Vn+lh) * E-n+4,n 4+ E2n+6’n.

This implies

(6 — AV h|> < =2|V" W2 + Cy |V h| + C,
(at_A)lvn-i-lhlZS _2|Vn+2h|2+cn|vn+2h||Vn+lh|+Cn(|vn+1h|2+|Vn+lh|+1)

It is easy to see from these inequalities that o can be chosen sufficiently small so that the conclusion of
the lemma will hold. (]

14. Holder gradient estimate for the second fundamental form

Notation. In this section, parabolic Holder spaces are denoted by a single superscript; i.e., C>+%(1+)/2
becomes C2*%, etc. Capital X, Y, etc., denote general points in the spacetime domain E. This follows
the notation used in [Lieberman 1996].

A continuation criterion for the solution w(y,¢) in ET in terms of a bound on the norm |A| ¢ of
the second fundamental form would follow from an a priori C3*°(ET) bound on a solution, assuming
|hlg < ao in ET; equivalently, from a global a priori Holder gradient bound |Vh|s < M in ET (for
suitably controlled M). In this section we show how such a bound follows from the a priori estimates of
linear parabolic theory applied to the evolution equations for v, H, and the Weingarten operator, under
an additional hypothesis.

Assuming w € C**9(ET) is a solution, satisfying in addition |A| ¢ <apin E T we already observed
the maximum principle implies bounds

0<w < w, l<v<oinET,

depending only on the initial data and f (we assume w > 0, at t = 0, vanishing only on dDy.) In
particular, g is uniformly equivalent to the euclidean metric on E” . In this section, bounds depending on
ap, v, and the initial data will be denoted generically by a constant M > 0 (dependence on § will not be
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recorded explicitly). The bound on % implies a uniform C? bound for the spacetime domain E”, which
we can express in terms of a diffeomorphism @ : Dy x [0, T] — E r by

| D] < M.
We will also need to assume a uniform gradient bound on the boundary for the second fundamental form:
[(V:h)(z,7)| <a; forallz e ToD(tr) with |t| = 1.

Estimates depending ag, a;, 0 and the initial data will be given in terms of constants denoted generically
by M 1-

In fact ET is a bounded domain in R” x [0, T'] of class C%*° with bounds controlled by M;. (This
statement includes some regularity in #, so it is not immediate from the uniform bound assumed for
vianptan on 9, E). To see this, consider the equation satisfied by wy = 6w, written in “divergence form”
with Dirichlet boundary conditions

{@wk —0;(g"0jwi) = gk := (Brg)wi; — (81870, w,
wijo g =0 = (Bo/BIn*,  wkj—o = Brwo.

Assuming cyw € C 1+5(E ), the following estimate holds [Lieberman 1996, Theorem 4.27]:

k k
lwi 146 < C(sup lwi| + 18" 11146 + 19 11 45.0,E + 18kwol 145 Dy )-
E

Here ||g%l1.n+1+5 is the norm in the spacetime Morrey space L' +1+9(E)

lg“lins146= sup (r*"“*‘” / |g"|dX).
YeE, E[Y,r]

r<diamFE

In the present case this can easily be estimated, since
locg” | = i’ +hjo'| <M, |0yl <dag<M = |g"|<M,

and |E[Y, r]] < Cr"*2, while 6 € (0, 1). Thus || g|l1.ns1416 < M.

Since |V, (V. n)| < c(|(V,h)(T, )|+ |h|) < My, it follows that n is C? in space variables on 3; E. On
the other hand, Dw = w/f on dD(t), and w is a solution of 6;w* = trgDza)k + |h|§a)k, hence n is also
C' in time on 6, E. We conclude |(pk|1+(5;515 < (bo/P)Inl1+s.0,E < M.

Therefore we have |Dw|i;s < M;, and |w|p4+s < M; (note that C depends on |g'/|-s and other
constants also controlled by M.) In particular, ET is a C>*9 domain with chart constants controlled by
M;. (In fact, in a neighborhood of any point P € ¢, E with 0,,w # 0, a boundary chart ¥ is given by
Yy, y2, 1) = (y1, w(y, 1), 1).)

The first-order term in the evolution equation for 4 (or for the Weingarten operator) involves DH;
hence the next step is to obtain a global gradient bound |DH |, < M; in ET. The mean curvature
satisfies the “divergence form” equation with Neumann boundary conditions

{atH —0j(gV(X)H;) +0;(V)(X)o; H — c(X)H =0,
dyH = (B*/Bo)Hhuy ==y on 6D(t), Hy—o= Ho,
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where
c:=|hl; — (o, ) + Hh(o, o).

Then with the regularity conditions for the domain and the coefficients
and assuming H € C'*°(E), or w € C3T9(E), we have the bound

|Hl 158 = C<SuPE [H|+ylsoE + |H0|1+5;DO)-

As noted earlier

10,87 Il n+14+5 + el nsi40 < M,
hence C is controlled by M. In addition, |w|,+s < M implies |h|s < M, and hence |y |s.5,r < M1. We
conclude |H|14+5 < My, and state it as a lemma.

Lemma 14.1. Let w € C39(ET) be a classical solution of graph mean curvature motion with contact
and constant-angle boundary conditions. Assume that |h|, < ag on 0;E and that |(V.h)(t, 7)| < a; on
01E. Then we have a global gradient bound for H:

supgr |[DH|s < My,
for a constant M| depending on 0, v, ay, a; and the initial data w.

Corollary 14.2. Under the same hypotheses as Lemma 14.1, we have a global gradient bound
supg |[Vhl, < Mj,
for a positive constant M| depending on 9, v, ag, a1 and the initial data wy.

Proof. The bound on the components (V,h)(z, t) and (V,h)(n, n) on the lateral boundary 6; E follows
immediately from the expressions in Section 11. The bound on (V,h)(z, 7) over ¢;E is hypothesized,
and then the bound on the remaining component (V h)(n, n) follows from the global gradient bound
|[DH| < M implied by Lemma 14.1. Thus |Vh| < M on ; E, and then the global bound follows from
Lemma 13.2 and the maximum principle. ]

To improve the conclusion of Corollary 14.2 to a Holder gradient bound, it is natural to consider the
evolution equation for # with the Neumann-type boundary conditions derived in Section 11. One is then
faced with the problem that those boundary conditions do not control components such as (V. h)(z, 7)
on &, E. So as a preliminary step we consider the evolution equation for v, which has the advantage that
the boundary values are constant. Written in linear form, we have

{@v — g7 (X)vij +b' (X)div + c(X)o =0,
vige=1/B, =0 =0,
where

. 2ol .
(X, b’(X)=%(X), c(X) = [hI2(X).

W;w;

i xX)=¢;, — — 7
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We clearly have g/ e C? (since Dw € C?), as well as b', ¢ € C? (since h € C?), and 6, E € C>*9 with
bounds controlled by M; in all cases as observed earlier. Therefore assuming v € C2*9 (equivalently,
w € C319) we have the bound

1
ly58 =< C<SUPE v+ E),
with C controlled by M;. Thus |D%v|5 < M. Recalling v 160 = h(;, ®), this implies that
[(Veh)(n, n)ls;0 = |(Vah) (7, 0|56 < My Tforall z € TOD(¢) and |7| = 1.

Since H = ?h,,+h(t, t) on &, E, it follows from Lemma 14.1 that we also have |(V,2)(z, 7)|s.0,£ < M.
For the remaining components of V/, this bound follows directly from the boundary conditions

|(Vnh)(‘[9 T)|5;61E + |(Vnh)(n9 n)|§;61E S Ml-

Now consider the evolution of the components of the Weingarten operator, written in divergence form
with Neumann boundary conditions
[a,h’; —o(g"anty=f¥ inET,  f5i=Hjhko! — Bk +hY" — @) @),
ky — ok ko _pk
dn(hj)_qoj on 0, E, hj|t:0_h10’

The same theorem quoted above gives the estimate (assuming h’]‘. e C*or w e C319)

1511 ss.5 < C(supg RS+ 1L fF lnsiss + 105 15:0, + 12114000
Note that
dn(hY) = g™ (Vuh)ij = B2 (Vah)(n, 8,)n* + (Vuh)(z, 8;)7* on 9, E.
From this and the above discussion it follows that |¢§?|5;5,E < M. The bound ||fJ’.‘ 11,n4+146 < M follows

from Lemma 14.1 and Corollary 14.2. We conclude |h’;|1 +o.F = M. The 1 + 6 estimate for hlj‘. clearly
implies the following lemma:

Lemma 14.3. Let w € C39(ET) be a classical solution of graph mean curvature motion with contact
and constant-angle boundary conditions. Assume that |h|g < ag on 0, E and that |(V h)(z, 7)|5e < ai.
Then we have a global Héolder gradient bound for h:

IVh|s.gr < My,
for a constant M| depending on o, v, ay, a) and the initial data wy.
Remark. This is clearly equivalent to a global a priori C3*° bound for w on E, |w|3,5 < Mj.
Lemma 14.3 is the main step in the derivation of a “continuation criterion” for this flow.

Proposition 14.4. Assume the maximal existence time Tynax is finite. Then (for n = 2, in the concave
case)

limsup sup (|klg + (V. h)(z, 7)]) = o0.
t—> Trnax 8D(l‘)
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Proof. For wy € C3+%(Dy) satisfying the contact angle condition (with & € (0, 1) arbitrary) and o = &2,

Theorem 8.1 yields a unique solution F' = [u, ¢] of mcm with contact angle/orthogonality boundary
conditions in a maximal time interval [0, Tjnax] With F € C 2Jr"‘(Qg"“‘x), Qg““‘x = O X [0, Thay); this is
also the unique solution in F € C2+9* (Qg'“‘“), where 0 =a?. Then w =uop~! € C*t9(ETm) is a solution
of graph mcm, which for any 7y > 0 is in C3+5(E£’““). By contradiction, assume |h|g + (V. h)(z, 7)| is
bounded in E,g for any T < Tinax (With bound independent of 7). Then Lemma 14.3 applies, giving an a
priori bound |VA| 5 ET = M, for T arbitrarily close to Thax. In particular, |w( -, T)|C3+‘5(D(T)) < M, and
for T close enough to Timax We can use Theorem 8.1 again, with initial data w( -, T), to find a solution
F = ¢leC 2M‘Z(Qg ") (where T > Tax), extending F'. This contradicts the maximality of Tyax. [J

15. Behavior at the extinction time

In this section we consider the behavior of X; as ¢ approaches the maximal existence time 7', in the
concave case. We assume H < Hy <0 att =0, so T is finite. Let K; C R"*! be the compact convex set
bounded by %,. Since H <0, {K,} is a decreasing family, and the intersection
Kr= () K, cR*!
0<t<T

is compact, convex and nonempty. It turns out that K7 has zero (n + 1)-volume. In this section we
use the support function to show this when n = 2 (following the argument in [Stahl 1996]), under the
assumption that there is no gradient blowup.

Assume the origin 0 € R" is a point of K7. The support function of K, (with respect to this origin) is
the function p( -, t) on D(t) given by

p(r, ) =(G(y, 1), Ny, 1), Gy, 1) =Ly, w(y, 1]

Since K; is convex, p > 0 in D(¢); the evolution equations and boundary conditions for p are easily
computed. From L[G] =0 and L[N] = |h|§N, we have

L[pl=(L[G], N) + (G, LIN]) —2¢" (&G, 8;N) = |h|} p + 2H,
and, since (d,G, N) =0,
Pnjop@ = (G, d,N) = —A(G™, N),

where, with y? :=y — (y -n)n € T,0D(t), the tangential component G’ := G — (G, N)N is easily seen
to be, at 9D (¢),

1
G' = D—z[wﬁyT +,0].

Since h(y”, n) =0 at dD(t), this implies A(GT, n) = f*(y - n)h(n, n). Note that p(y) = —fo(y -n) on

0D(t), so we have 5

PnjaD(r) = %phnn,
which is reminiscent of the boundary condition for H. We also have the upper bound
p = 1G]l = maxp() |Goll := po,

since the K, are nested.
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Proposition 15.1. Let n = 2. Assume that

limsup sup |h|g =00
t—T yeoD(t)

at the maximal existence time T. Then

liminf inf , 1) =
t—T yeD(t) p(y )

Proof. Reasoning by contradiction, assume p > 2 > 0 for ¢ € [0, 7). We claim that this implies an upper
bound for | H | (and hence for |A], since |h|? < n H?) contradicting the fact that lim sup, _ ; supr, || =00
To prove the claim, consider the function

|H| H

f(y’t):p—éz_p—é

Using the evolution equations and boundary conditions for H and p we find (with @ := w/|wl|,, see
Remark 15.2 below)

2
LIf1= f(=8lhl; +2pf) + |l (B (@, @) — Hh(@, ®)) — mgklakfalp

and ﬂz |h|2

n =—0— mT s 2
1 Tnioni = =0 g 5y
H? = ;fz(p —0)? we get

(p—9)2%
(=

Since [h[; >

2
LIf1=<f 12 +2pf ) +10f} (6, &) = Hh(6, &) - S5V VP

-0
Now recall from Remark 12.8 thatif n =2

(&, &) — Hh(®, ®) = —A <0,

) 5

(p—0)0

LIf) = f(-——

n

Let 6 > 0 be so small that supp ) fir=0 < 2npo /0>, We claim this persists for all # € [0, T). If not,

assume [ (v, fo) = 2npo/o> with ty > 0 smallest possible and let yy be a local maximum of f(-, fy).

Since f,, > 0 at 8 D(ty), the boundary point lemma implies that zg = (yo, fo) can’t be a boundary point
of E. Thus yy € 0D(tp) is an interior point, so L[ f];, > 0 and V f(z9) = 0: hence

(p—0)*6 2np(z0) 2np
/@ =206 or [0 =50 g)z_é(p_‘;)z,

which is not possible since p—d > &. Thus f(y, t) <4p/d° in E, which implies the bound |H| <4pj /5>
for t € [0, T'), contradicting the maximality of T'. (I

2 42pf) ~ (V£ Vp)
p—o T

Remark 15.2. It is easy to verify that the vector fields

1
~ 1
wzg[wbwz], 0=vw =[—w, wi]
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in D(t) C R? satisfy

(@, @), =0, |2 =16, = |Dw|} := w] + w3.
Thus we may think of {®, @} as a “conformal pseudoframe” (@ and & vanish when Dw = 0), defined
on all of D(¢). Moreover, at the boundary 6 D(¢),

a):ﬂon, w==—n = —T,
p p
where {7, n} is an euclidean-orthonormal frame along I';. Thus w and @ supply canonical extensions of
n, T to the interior of D(¢) as uniformly bounded vector fields.

It follows from the proposition that K7 cannot contain a half-ball of positive radius centered at a
point of R?; in particular, vol3(K7) = 0. Based on the experience with curve networks [Schniirer et al.
2007], one is led to expect that K7 is a point (diamK7 = 0), at least under the same assumption as
the proposition (no gradient blowup). We have not been able to show this yet; existence of self-similar
solutions and comparison arguments appropriate to the free-boundary setting appear to be needed for the
usual approach to work.

16. Final comments

Local existence. We state here a local existence theorem for configurations of graphs over domains with
moving boundaries. In this setting, a triple junction configuration consists of three embedded hypersur-
faces £!, 2, £3 in R"*!, graphs of functions w’ defined over time-dependent domains D' (z), D?(¢) C
R" (D' covered by one graph, D? by two graphs), satisfying the following conditions:

(1) The X/ intersect along an (n — 1)-dimensional graph A(¢) (the “junction”), along which the upward
unit normals satisfy the relation: Ny 4+ No = N3.

(2) If a fixed support hypersurface S C R"*! is given (also a graph, not necessarily connected), the X/
intersect S orthogonally.

Topologically, in the case of bounded domains one has the following examples:

(i) Lens type: two disks or two annuli covering D?(¢) and one annulus covering D' (r).

(ii) Exterior type: two annuli covering D?(¢) and one disk covering D! (t).

The boundary component of the annuli disjoint from the junction intersects the support hypersurface S
orthogonally for each .

Let £/ (1 = 1,2, 3) be graphs of C3** functions over C*™ domains D}, D} C R", defining a triple
junction configuration and satisfying the compatibility condition for the mean curvatures on the common
boundary Iy of Dé and D%

H' +H>=H.
Then there exists 7 > 0 depending only on the initial data, and functions w! e C***1+¢/2(Q!), 9!
R" x [0, T), so that the graphs of w!(.,) : D!(t) — R define a triple junction configuration for each
t € [0, T) moving by mean curvature.
The proof will be given elsewhere.
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Uniqueness. An interesting issue we have not addressed here is whether one has breakdown of unique-
ness for initial data of lower regularity, or if the “orthogonality condition” at the junction is removed.
For curve networks, nonuniqueness has been considered in [Mazzeo and Sdez 2007]; but neither a drop
in regularity (from initial data to solution in Holder spaces) nor the orthogonality condition play a role
in the case of curves.

Appendix A. Proof of Lemma 4.1

Throughout the proof n denotes the inner unit normal at 6 D, extended to a tubular neighborhood N in
R" so that D,n = 0. Since D is uniformly C3*+¢, it follows that n € C>**(6D) with uniform bounds.
Denote by p the oriented distance to the D (so Dp =n in N). Let ¢ € C3(D) be a cutoff function with
=1in Ny CN,¢=0in D\ N.
We find ¢ of the form
p(x) =x+ () f(x)n(x)
with f € C2T*(N). The 1-jet conditions on ¢ at & D translate to these conditions on f:

flep =0, Dfiop =0, D?f(n,n)op = Afiop=nh.

Lemma A.1. Let D be a uniformly C3** domain with boundary distance function p > 0. Let h € C*(d D)
be bounded. There exists an extension g € C*(D) N C (D) such that gi;p = h, supp |gl < sup,p |h| and
p2g e C*te (5)

Given this lemma, all we have to do is set f = % p?g, which clearly satisfies all the requirements (in
particular, Af =h at 0D.)

To verify that ¢ is a diffeomorphism, it suffices to check that | fr|c1 (in N C {p < po}) is small if pg
is small. This is easily seen: | fn|co < %p§|g|co; from |D¢| < cpo_1 it follows that | f D¢| < cpolg|cos
and |Df| < %p8‘||g||cz+u(5) on N, since Df € C'**(D) and Dfisp = 0. Finally, with o the second
fundamental form of 0D,

|Dn| < |d|co == |fDn| < 3pjlglcolst]co.

A word about Lemma A.1. (This is probably in the literature, but I don’t know a reference.) If D is
the upper half-space, we solve Ag =0 in D with boundary values /4. Then the estimate

[D*(p> P % h)]*(D) < clhlcaop)

follows by direct computation with the Poisson kernel P; for the rest of the norm, use interpolation.
Then transfer the estimate to a general domain using “adapted local charts” in which p in D corresponds
to the vertical coordinate in the upper half-space. (It is easy to see that at each boundary point there is a
C?*% adapted chart with uniform bounds.)

Appendix B. Evolution equations for the second fundamental form

We consider mean curvature motion of graphs:

G, =[y,w(y, )], yeD®)CR", w,=g’w;=0vH,  v=+1+|Dwl.
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In this appendix we include evolution equations for geometric quantities, in terms of the operators
& — Ay, L=0o —tryd”.
It is often convenient to use the vector field in D(¢)
w:=—-Duw.
)
Since —w is the R” component of the unit normal N and L[N] = |h|§,N , we have
Llo'l=hljo!, |k} :=g" ¢/ hijhu.
Here h = (h;;) is the pullback to D(¢) of the second fundamental form A:
1
h(5;,0;) =h;j = A(G;,Gj) = ~Wij.
First, denoting by V the pullback to D () of the induced connection V X (thatis, G (VxY)= Vé* xG+Y
for any vector fields X, Y in D(¢)), and using the definition
VE G, = Gij— (Gijs NYN = [0, i1 — —wi;[—Dw, 1] = “L[Dw, |Dw] = 2L G,D
G;YUj= lj_< ijs ) —[:wt]]_ﬁwlj[_ w, ]—0_2[ w, | w|]_l)_2 W,
we conclude that .
Vaiaj = —h,'ij = h,-jco. (B—l)
)
From this one derives easily a useful expression relating the Laplace-Beltrami operator and the oper-
ator trgd2 acting on functions
2 H 2
Agf =tred” f — ;u)mfm =trod” f — Hd, f.
We also have, for the covariant derivatives of & with respect to the euclidean connection and to V =V5§:
Om (hij) = Vinhij + [h jmhix + himh ji ot
(Here Vh is the symmetric (3, 0)-tensor with components: V,,h;; = (Vg,h)(;, 0;).)
Iterating this and taking g-traces yields, using the Codazzi identity and the easily verified relation
Giwk = ]’lf = gjkh,'j,
trgd?(hij) = 8" 0m (01 (hij))
=¢" (V3 5181, 0)) + HVohij + 2[hf Vihjp + WA Vihiplo? + [Hihjp + Hjhip)o?
+2[hip(h?) jg + (BDiph jq + Hhiph jg 0P o +2(h);; +2(h?);1h(w, ©).
Here the powers 42 and h3 of h are the symmetric 2-tensors defined used the metric:
()ij = 8% hixhpj = hihpj,  (B)ij = g7 g hixh pihg;.
Note also that
[0 Vichjp + B Vihiplo? = Vo (h%)ij,
using the Codazzi identity.
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Evolution equations for h. Starting from G, =vHe,1| = H(N +o '[Dw, |Dw|2]) =HN+ HG.0
and N, = —VEH — Ho~'V*p (where V= f = g" f;G; and V f = g/ f;6;) we have

H
&:(hij) = ((HN);j, N) — (G;j, V*H) — .

(Gij, VZ0) + (HG,0);j, N).

Using the easily derived facts

1
(Nij, N) = —h*(@,9)).  Hij—(Gij, VZH) = (VdH)(8.0)), +(Gij, V*0) = h(, ©)hij,
we obtain
&,(hij) = (VAH)(&;, ;) — Hh*(8;, 0;) — Hh(w, ®)hij + ((HG o)}, N),
where

(HGyw)ij, N) = Hi{(Gsw)j, N) + Hi{((Gxw)i, N) + H{(Gw)ij, N).
To identify the terms, computation shows that

((G*a))ia N) = h(wa ai):
and hence, using also

v(z?i (G*a)) = G*(Va,-w), Va,-w = (hlp +a)qhiqu)ap = zhipap’
p
we obtain (using a)ka,- (hik) = Vehij +2h(0;, w)h(0;, w)) that
((Ga)ij, N) = 8j(@*hix) = (VE,(G), 8;N) = h hig + 8 (hix) + 1(0;, Vi )
= (Voh)ij + (h*)ij + 2h(w, 0)h(@, 8)) + 3 hiph jp
P
= (Voh)ij +2(h%)i; + 3h(w, &)h(w, 9;),
since Zp hiphj, = (hz)ij + h(w, 6;)h(w, 0;). Combining all the terms yields
0 (hij) = (VdH)(0:, 0j) + HVhij + Hih(w, 0;) + Hjh(w, 6;)
+ H(h?);; +3Hh(w, 0)h(w, 8;) — Hh(w, ®)h;;.
From this expression and Simons’ identity (in tensorial form)
VdH = Agh+ |h5h — HR?,
we obtain easily a tensorial “heat equation” for /:
[(6: — Ag)hlij = HV,hij + Hih(w, 0;) + Hjh(w, 0;) + Cij,

with
Cij := |h[3hij +3Hh(8;, ©)h(8;, w) — Hh(w, o)hj;. (B-2)

Using the earlier computation relating A A (the tensorial Laplacian of /) and trd 2h, we obtain from
this the evolution equation in terms of L:

L{hij] = =2[h;Voh ji + 15 Vohil + Cij,
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where
Cij == Cij —2[h(8;, 0)h* (0}, @) + h*(8;, w)h(8;, w)] —2(h)ij —2(h*)ijh(w, @) =2Hh(;, @)h(0;, »).
We may also write this purely in terms of the euclidean connection d:

L{hij] = =2[h}dyh jx + h5dohi] + Cij,
where

Cij = Cij +2[h(0:, @)h* (8}, @) + h* (81, @)h (0}, )] —2(h*)i; —2(h?);;h(w, @) —2Hh(&;, 0)h (9}, w).
(B-3)

Time derivatives and evolution equations for w and g. The time derivative of ® is simply minus the
time derivative of the R" component of N. In addition, one computes easily that (Vv)/v = S(w), where

S(X) == S(X'a) = hj X7 6,
is the Weingarten operator. Hence
6,@:VH+%VU = VH + HS(w). (B-4)

For the metric and “inverse metric” tensors it follows from ¢,g;; = (w;w;); and w;; = (v H); that

0:8ij = Uz(H,-a)j + H,-coi) + vzH(h(a), 6l-)coj + h(w, E},-)a)i).
Then, using 6,87 = —g'* o, 818", we have

48" = ~[(VH) o' + (VH))o'| — H[S(0) &’ + S(0)! &'].
Since we know the evolution equation of w, it is easy to obtain that of g'/:

L[g") = ~L[o' 0] = —L[o |0 +2g" (0r0") (0,07) — &' L[ ].
Using ;o' = h', we find
L[g"] = =2lh| 0 o’ +2(h*)".

It is also easy to see that d g/ = —(h;;wj + h,{a)").

Evolution of the mean curvature. To compute the evolution equation for H = g'/h; 7> we just need to
remember that g/ is time-dependent:

(@ — A H = (318") (hij) + trg[ (8, — Ap)h] = =21(VH, @) = 2HI* (0, ) + trg[(0; — Ag)h].

The result is
(6 — Ag)H = Hd,H + ||} H + Hh*(0, 0) — H*h(o, o).
Since
LIf1=( — Ay f —Hdyf

(for any f), we see that the equation in terms of L has no first-order terms:

L[H] = |h[;H + Hh* (0, ») — H*h(0, o).
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One can also derive L[ H] from the expression L[gifhij] = L[gif]hij + gijL[hij] —2gk (8kgij)(8lhij).

Evolution of the Weingarten operator. The tensorial Laplacian of S is the (1, 1) tensor A,S with com-
ponents A gh"j‘.. We have

Aght = g™ Aghi; or  ((AgS)X,Y), = (Ah)(X,Y).
The evolution equation is easily obtained:
@ = Ak = (018" Vhij + 8" (@1 = Ag)hij
= HV,h' + H;hfo! — Hil',o* + |h|3hS + 2H S (0)* h(w, 8;) — Hh(w, o)k — Hh(S(w), 8;)0".
Remark. Since the components of V § are given by
(VoS)(0)) = (Voh)ok,  Voh' = dy(hS) + h* (0, 8))0" — h(w, 6))S (@),
we see that upon setting j = k and adding over k we recover the evolution equation for H.
The evolution equation for h’;. in terms of L follows from the calculation
L{h%] = L{g™1hij + g™ LThij]1 — 28™" (0mg™) (@uhij)
= —2(Vohl )W} + (8;1h13) 0"
+ |hI3hS — Hh(o, ) + HS(0)*1(8;, w) + 217 (8;, w)o* — 2(h*)k w”h(5;, w).
Setting j = k and adding over k, we recover the earlier expression for L[ H].
Evolution of |h|§. That g/ is time-dependent introduces an additional term in the usual expression
(0 — M)A, = =2|Vh[, +2(h, (& — Agh)g +2(8,8") (h*)ij.
Using the expressions given earlier, one easily finds
(& — A)h|} = =2|VhI, + Hdy|h|} + 2|l — 4HE (0, ©) — 2H|h|}h(w, o),
L{|h[;] = =2|VA[, +2|h[y — 4HI (0, ) — 2H |h [ h(0, o).
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