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LIFSHITZ TAILS FOR GENERALIZED ALLOY-TYPE
RANDOM SCHRODINGER OPERATORS

FREDERIC KLOPP AND SHU NAKAMURA

We study Lifshitz tails for random Schrédinger operators where the random potential is alloy-type in the
sense that the single site potentials are independent, identically distributed, but they may have various
function forms. We suppose the single site potentials are distributed in a finite set of functions, and we
show that under suitable symmetry conditions, they have a Lifshitz tail at the bottom of the spectrum
except for special cases. When the single site potential is symmetric with respect to all the axes, we give
a necessary and sufficient condition for the existence of Lifshitz tails. As an application, we show that
certain random displacement models have a Lifshitz singularity at the bottom of the spectrum, and also
complete our previous study (2009) of continuous Anderson type models.

1. Introduction
Consider the continuous alloy-type (or Anderson) random Schrédinger operator

Hy,=—-A+Vy+V,, where V,(x)= Za)yV(x—y) (1-1)
yezd
on R?, d > 1, where
» Vy is a periodic potential;
e V is a compactly supported single site potential;

* (wy),cze are independent identically distributed random coupling constants.

Let £ be the almost sure spectrum of H, and E_ = inf X. When V has a fixed sign, it is well
known that, if a =ess-inf(wp) and b =ess-sup(wp), then E_ = inf(6 (—A + V};)) if V <0 and E_ =
inf(o (—A + Vz)) if V > 0. Here, x is the constant vector X = (x), ¢zd-

For E a real energy, the integrated density of states is defined by

#{eigenvalues of HC{XL <E}

N(E)= i 1-2
B = lim i » -
where

HY, =—-A+Vo+V,  onL*(CL(0)), (1-3)

with Neumann boundary conditions, where Cp (0) is defined by (1-4). It is well-known that N (E) exists
and is non-random, i.e., N (E) is independent of @, almost surely; it has been the object of a lot of studies.
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In particular, it is well known that the integrated density of states of the Hamiltonian admits a Lifshitz
tail near E_, i.e.,
log [log N (E)|
im —————
E—Eet log(E—E_)

Actually, the limit can often be computed and in many cases is equal to —d/2; we refer to [Carmona
and Lacroix 1990; Kirsch 1989; 1985; Pastur and Figotin 1992; Stollmann 2001; Veseli¢ 2004; 2008]
for extensive reviews and more precise statements.

In the present paper, we mainly consider a generalized Bernoulli alloy-type model that we define
below: we allow the single site potential to have various function forms (with a discrete distribution).
We give a necessary and sufficient condition to have Lifshitz tail under a symmetry assumption on the
single site potentials. The results we obtain are then applied to the random displacement models studied
recently by Baker, Loss and Stolz [2008; 2009], and also to complete the study of the occurrence of
Lifshitz tails for alloy-type models initiated in [Klopp and Nakamura 2009].

1.1. The model. We now describe our model. We let d > 1 and we study operators on # = L?(R?). By
Co)={yeR! 0=y —x; <t j=1,....d}, (1-4)

we denote the cube with edge £ > 0 and x as the lower right corner. Let Vo € C°(R?) be a background
potential, periodic with respect to Z¢.

Let vy € C?(C 100)), k =1,..., M, be single site potentials where M € N. We consider the random
Schrodinger operator:

H,=—-A+Vy+V,  on¥=L*R%),

where
Vo (x) = Z Uw(y)(x =)

yezd

is the random potential and {w(y) | y € Z¢} are independent, identically distributed random variables
with values in {1, ..., M}.
To fix ideas, let us assume
infe (H,) =0, as. o, (1-5)
which can always be achieved by shifting Vj by a constant.
We set
HY =—A+Vy+o, on L*(C1(0)),

with Neumann boundary conditions on the boundary 0C(0).

Assumption A. (1) Vj is symmetric about the plane {x | x; = 1/2}. (2) There exists m € {1, ..., M}
such that
info(HY)=0 fork=1,...,m,

infa(HkN)>0 for k > m.

(B)Fork=1,...,m, v;(x) is symmetric about {x; = 1/2}.
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Remark 1.1. Note that in this assumption, we only require symmetry with respect to a single coordinate
hyperplane that we chose to be the d-th one.

If one assumes that Vj and the (vx)1<x<p are reflection symmetric with respect to all the coordinate
planes [Baker et al. 2008; 2009; Klopp and Nakamura 2009], the standard characterization of the almost
sure spectrum [Pastur and Figotin 1992; Kirsch 1989] and lower bounding H,, by the direct sum of its
Neumann restrictions to the cubes (C;(y)),cz« show that, as a consequence of (1-5), one obtains

e forallke{l,..., M}, info (HY)>0;
o there exists k € {1, ..., M} such that infa(H,ﬁV) =0.

1.2. The results. We study the Lifshitz singularity for the integrated density of states (IDS) at the zero
energy. Recall that the IDS is defined by (1-2).
We first consider a relatively easy case:

Theorem 1.2. Suppose Assumption A holds withm < M. Then

log [log N (E 1
Jim sup ogllog N(E)| _ 1

. 1-6
E—>+0 log E -2 (-0

We expect that (1-6) holds with —d /2 on the right-hand side, which is known to be optimal; see
[Klopp and Nakamura 2009, Theorem 0.2 and Section 2.2], for example.
If m = M, then we need further classification of the potential functions. We denote the standard basis
of R? by
ej=(5jil[-i:]€Rd, j=1,...,d,

and we define an operator Hk[\é(j) on Lz(Uj) as

Uj:C1(0)UC1(ej), jIl,...,d. (1—7)
We set
N — A+ Vo(x) + ok (x) on C1(0),
Hi(jy = (1-8)
—A+Vo(x) +oe(x —ej) on Ci(e;),
with Neumann boundary conditions on U, where k, £ € {1,...,m} and j € {1, ..., d}. We define
vi~joe <5 info(HY ) =0. (1-9)

Namely, vy ~; v, implies that the coupling of two local Hamiltonians H kN and H, gN does not increase the
ground state energy. We note that v;~<;v, generically for k # €.

Theorem 1.3. Suppose Assumption A holds with m = M, and that vy~4v¢ for some k % €. Then (1-6)
holds, i.e., H, has Lifshitz singularities at the zero energy.

To obtain a more precise result on the existence and the absence of Lifshitz singularities, we make a
stronger symmetry assumption on the potentials.

Assumption B. In addition to satisfying Assumption A, V) and v; are symmetric about {x | x; = 1/2}
forall j=1,...,d,andk=1,..., m=M.
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Theorem 1.4. Suppose Assumption B holds.
(1) Ifvi=jve for some j and k # €, then (1-6) holds.
(i1) Ifvx ~jve forall j andk, C, then the van Hove property holds, namely, there exists C > 0 such that

éEd/z <N(E) <CE‘>. (1-10)

In (1-10), the asymptotic is new only for E small; for E large, it is a consequence of Weyl’s law. The
example in Section 3 of [Klopp and Nakamura 2009] is a special case of Theorem 1.4(ii).

In a previous paper [Klopp and Nakamura 2009], we used the concavity of the ground state energy
with respect to the random parameters, and also used an operator theoretical trick to reduce the problem
to the monotonous perturbation case. These methods are not available under the assumptions of the
present paper. Instead, we employ a quadratic inequality similar to the Poincaré inequality, and take
advantage of the positivity of certain Dirichlet-to-Neumann operators to obtain a lower bound of the
ground state energy for Schrodinger operators on a strip. This estimate is quasi one-dimensional, and
this is why we obtain Lifshitz tail estimate with the exponent corresponding to the one-dimensional case.
We do believe that this method can be refined to obtain the optimal exponent, though we have not been
successful so far.

This paper is organized as follows. We discuss the eigenvalue estimate on a strip in Section 2 and
prove our main theorems in Section 3. We discuss an application to random displacement models in
Section 4, and an application to the model studied in [Klopp and Nakamura 2009] in Section 5.

Throughout this paper, we use the following notations: P(-) denotes the probability measure for the
random potential, and [E( - ) denotes the expectation; & (A) denotes the definition domain of an operator A;
(-, -) denotes the inner product of L?-spaces; dQ denotes the boundary of a domain Q; and #A denotes
the cardinality of a set A.

2. Lower bounds on the ground state energy
Throughout this section, we suppose v, ... 0, satisfy Assumption A. Let a > 0,
Qo =10, 11" x [~a,0] CR?,
and let Wy € C 0(Qo) be a real-valued function on Q. We set
PY =—A+W, on L*(Qp)
with Neumann boundary conditions. Let L € N,
Q =[0,11"""x[0, L]
and let W; € CO(QI) such that
Wi =W +ore(x —leg) if x e Ci(teg), €=0,...,L—1,
where {k(é’)}gfl is a sequence with values in {1, ..., m}. We then set

W()(x) if x € Qo,

Q=0,UQ,, W)= !
0 x) [Wmm if x € Q,
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and set
PY=—A+W onL*Q),

with Neumann boundary conditions. The main result of this section is this:

Theorem 2.1. Suppose infa(P({V) > 0, and suppose vie) ~a Vi) for €, ¢ €{0,...,L—1). Then there
exists C > 0 such that C is independent of L and of the sequence {k({)}, and such that

info (PY) > #

In the following, we suppose v, ~4 v, for all k, £ for simplicity (and without loss of generality). We

prove Theorem 2.1 by a series of lemmas. First, we show a variant of the classical Poincaré inequality.
Let T be the trace operator from H'(Q;) to L>(S) with S =[0, 117! x {0}, i.e.,

Lop(x) =p(',0) forx" [0, 117", ¢ € CO(Q),
and T extends to a bounded operator from H'(Q;) to L?(S).
Lemma 2.2. Let ¢ € H'(Q)). Then

2 1
1T 1325+ 1V 120, = 7710172,
Proof. It suffices to show the estimate for ¢ € C'(Q,). Since
t
o(x', 1) =o', 0) +/ o, 0(x',s)ds, x' €[0,1197't €0, L],
0
we have
/ / ! !/ / L / 2 1/2
0D < oG 01+ [ [0, )lds < oG, 01+ Vi( [ Vo', s)Pds)
0 0

by the Cauchy-Schwarz inequality. This implies

L L 1212
00y = [ [ fiow 01+ ( [ 1900 oppas) | arax
0 0

L L
§2// |go(x/,0)|2dsdx/+2/ tdt x ||Vgo||i2(gl)
0 0

=2L|Toll7 s + L IVol 2,
and the claim follows. U

Fork e{l,..., M}, we set
0 (o, w)=/( (Vo Vi +opi)dx, ¢,y e H'(C10)),
€1(0)

which is the quadratic form corresponding to H, kN . Let ¥ be the positive ground state for H, kN , which is
unique up to a constant. Since inf o (HkN ) =0, we expect ¢/ ¥ is close to a constant if g (¢, ¢) is close
to 0, and this observation is justified by the following lemma.
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Lemma 2.3. There exists ¢y > 0 such that

IIV(W‘Pk)IIiz(C](O)) <ciqr(p, 9), ¢ HY(Ci(0),k=1,...,m.

Proof. This is a consequence of the so-called ground state transform. It suffices to show the inequality
when ¢ € C!(C(0)). We set f = ¢/¥,. Then we have

qr(@, 9) = (V(f¥r), V(f¥0) + (ox f ¥k, fPk)
= 1R (YOI + ¥V f, V) + (VY BV f)
+ (fVY¥%, [V + (or [ ¥%, i)
= 1P (YOI + (VAL PP, V) + (il £17 Pk, W)
= 1Pk (YOI + g (Lf PP, ).
Since qi(| f17 Wk, i) = ((H)'2| f ¥k, (HY)/2¥x) = 0, we have

i, 9) = I¥e(V N)I* = (inf DIV £11%,
and we may choose ¢; = (miny inf |¥¢|) 2. O
Lemma 2.4. Suppose vy ~4 ve. Then there exists py, wy > 0 such that
¥, 0) = w2 ¥e (', 0, forx"€[0, 117",
Proof. Consider ng\é(d) in Uy (see (1-7) and (1-8) in Section 1), and let ® € L?(Uy,) be the positive
ground state of H,{’g( N We set
p1=P[c,0), ¢2(-)=D(-+ea)[c,©)-

Then ¢, ¢, are positive and g (91, 1) = g¢(@2, p2) = 0. By the variational principle and the uniqueness
of the ground states, we learn

o1 =Yk, 2=
with some u1, yo > 0. By Assumption A, ¥, and ¥, are symmetric about {x; = 1/2}, and hence
(X, 0) = 1 e (x', D) = 91 (x", 1) = 92 (x', 0) = 2P (x', 0)
for x’ € [0, 11971, where we have used the continuity of ® on {x; = 1}. O
Now, let ; and W be as in the beginning of Section 2, and define
PN =—A+W;, onL*(Q)

with Neumann boundary conditions. We set

Qi(p, w) = , (Vo - Vi + Wipw)dx = (P)' g, (PM)?y)

for g, y € H'(Q1) = D((PN)'/2),
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Lemma 2.5. There exists c; > 0 such that c; is independent of L and of the sequence {k(£)}, and
FIT0 1)+ Q10.9) = — 50100,
for o € Hl(Ql).
Proof. By Lemma 2.4, there exist u1, ..., i, > 0 such that
1, 0) = o ¥a(x, 0) = - - - = w0 P (x, 0).

We set
Y (x) = pureyProy(x —teg) if € <x;<C+1,

and then ¥ € H'!(Q) by the above observation. Moreover, ¥ is the ground state for PlN , unique up to
a constant. We apply Lemma 2.2 to ¢ /¥, and we have

1 1
02, = 776w ) lo/ Pl

2
_ (up¥)
- L

sup¥\21 2 5
= (Trg) TIToN s +c1(up ¥’ Q0. 0).

where we have used Lemma 2.3 in the last inequality. The claim follows immediately. ]

IT 0/ )17 25+ Gup ¥ IV 0/ V)2

‘We next consider Py=—A+W;on LZ(QO) and its Dirichlet-to-Neumann operator. As in Theorem 2.1,
we suppose
o =infa (P) > 0.

We set
Pj=—A+Wy on L*(Q) with B((P)"/*) ={p € H'(Qo) | Tp =0},

where T is the trace operator from H'(Q) to L?(S). Then P; defines a self-adjoint operator, and each
@ € 9(P;) satisfies Dirichlet boundary conditions on § and Neumann boundary conditions on Qg \ S.
Let 4 < a. By a standard argument of the theory of elliptic boundary value problems (see [Folland 1995],
for instance), for any g € H>/2(S), there exists a unique v € H?(L) such that

(=A+Wo—-Dy =0, Ty=g (2-1)
and that satisfies Neumann boundary conditions on 0€2y \ S. Then the map
T(1) : g+ T(G,y) e H'(S)

defines a bounded linear map from H3/2(S) to H'/?(S), where 8, = 8/0x, is the outer normal derivative
on S. We consider T (1) as an operator on L*(S), and it is called the Dirichlet-to-Neumann operator.

Lemma 2.6. T (1) is a symmetric operator. If Ag < a, then T (1) > ¢ for 0 < 1 < Ao with some ¢ > (.

Proof. Let ¢, w € H*(Qg) such that T'p = f, Ty = g, and

(—A+Wo—Dp=(-A+Wo— )y =0,



416 FREDERIC KLOPP AND SHU NAKAMURA

with Neumann boundary conditions on 0Q \ S. By Green’s formula we have
0=((=A+Wo— Do, y)— (9, (=A+Wo—Dy)
== a0 T+ [0:05 =~ L8+ 1. TD10s,
s S

and hence T (1) is symmetric. Similarly, we have
0=((—A+WO—/1)(0,(0)=—/5v¢'§5+ |V<o|2+/ (Wo = Dlol?
S Qo Qo

=—(TA)f, )+ Qolp, 0) = AllolI?,
where Qo(¢, ¢) = fgo(|Vgo|2 + Wolq)lz)a’x. Hence, we learn that

(T, £) = a(p, ) — Algl* = Qolg, ) — Zollo|l*.

The form in the right-hand side is equivalent to ||¢)||§I, @) since 1o < a. Hence, it is bounded from
below by ¢|| f ||%2 ) with some ¢ > 0 by virtue of the boundedness of the trace operator from H 1(Qo) to
L2(S). O

We note that 7'(1) extends to a self-adjoint operator on L?(S) by the Friedrichs extension, though we
do not use the fact in this paper.

Proof of Theorem 2.1. Let ¢ be the ground state of P on Q with the ground state energy A > 0. If
A > Ag > 0 with some fixed 1y (independently of L), then the statement is obvious, and hence we may
assume 0 < 1 < 1p < a =inf o-(PON ) without loss of generality.

Let f =T¢p € H3?(S). Since ¢ satisfies Neumann boundary conditions on 8Qg \ S, we learn 6,¢[s=
T (1)g. On the other hand, by Green’s formula, we have

/ PN¢-<5=/an<o-a+/ Vo> + Wilgl?
Q s Q
=(T(W)f, s + Qi1(e, 9)
>l £l + Qi(9, 0)
by Lemma 2.6. Now, we apply Lemma 2.5 to learn that the right-hand side is bounded from below by
(1/c2L?) || ”iZ(QI)‘ Since PNy = 1¢p and ||¢ l22(q,) # 0, this implies 4 > 1/c,L? for large enough L. [
3. Proof of the main theorems

We now discuss the proofs of Theorems 1.2 and 1.3, and we prove Theorem 1.4 at the end of the section.
We thus suppose Assumption A with either m < M or that there exists k, k" such that vg=gv .
For notational simplicity, we assume the reflections of vy at {x; = 1/2} are included in the possible

set of potentials {vx}. This does not change the conditions on {vy, ..., v,}, but we might need to add
the reflections of {v,,+1, ..., vx}. This does not affect the following arguments.
We write

A={pez0<p;<L-1,j=1,...,d—1}
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L3

2.4)

Figure 1. Chopping the cube into strips.

and, for p € A, we set L

2p = U Cl((p’k))

k=0
so that Cy (0) is decomposed (see Figure 1) as

c.o=Jz,

PeEA

which is a disjoint union except for the boundaries of the strips.
For a given V,, and p € A, we consider the restriction of H,, to X, i.e.,

L-1

HY =A+Vo+ va((p,f))(x —(p,0)) onL*(Z,)
=0

with Neumann boundary conditions on 0 X ,. By the standard Neumann bracketing, we learn
HY =@ H) on L2(CLO) =L E,).
peEA PeEA
and hence, in particular,
info (H) ) > mininfo (H)). (3-1)
’ PEA
Under our assumptions, one of the following holds for each p € A:
(@)p: @((p,€)) > m for some £, or vu((p,0))%aVu((p.cy) for some £, " € {0, ..., L —1}.
(b)pt For all f, A= {0, ey L— 1}, a)((p, 5)) <m and Vo ((p,0)) ~d Vo ((p,l))-
L

We note that the probability of Condition (), to occur is less than x~
of L. Since {w(y)} are independent, we have

with some ¢ < 1 independent

P((b), holds for some p € A) < Lpu*%, (3-2)

which is small if L is large. For the moment, then, we suppose Condition (@), holds for all p € A.
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We denote by V7 (x) the potential function of H II,V on X,. Let
2p=(p+10, 11" x (R/(2L2))

and set Vp(x) =VP(x', |xg]) forx = (x’, x4) € (p+1[0, 114" ) x [-L, L) = ﬁ‘,p, i.e., V7 is the extension
of V7 by the reflection at {x; = 0}. We note V? is continuous on p- We now consider

ﬁév =A+V? on Lz(ip)
with Neumann boundary conditions. It is easy to see
info (HY) > info (A)). (3-3)

In fact, if @ is the ground state of HY | then we extend ® by reflection to obtain deH\(Z p) and we
have
ING G 7N
(H, Ad), D) _ (H, ®, ®) _info (AY)
1D o] P

and the claim (3-3) follows by the variational principle.

Since we assume Condition (a),, X, can be decomposed to subsegments X, = Uj'(:l = such that
each E; satisfies the following conditions: We write

v
EJZUC1(1),K+€), keZ, 0<v <L

£=0
and

VP(x)=op0)(x — (p,0)) forx e Ci(p,x+0), L€{0,...,v),
with f(€) € {1...., M}. Then either one of the following holds:
i) pO)e{m+1,....,M}; f(€) €{l,...,m} for £ > 1; and vg() ~a vp) for €, € € {1, ..., v}.
(i) A€ e{l,...,m}forall £; vgoy=avp); and vy ~a vge) for £, £ € {2, ..., v}.

The proof of this claim is an easy, though somewhat lengthy, combinatorial exercise. We omit the
details.

We again decompose H Y. We denote the restriction of H Y to Z; by Pj on L*(E,) with Neumann
boundary conditions. Then again by Neumann bracketing, we learn that

K K
Y= r onL*(E)=EPLE).
j=1 j=1

and in particular,
info (H)) > mininfo (P)). (3-4)
J

Now if (i) holds for Z;, then we set a = 1 and use Theorem 2.1 for P;. Since info (H ﬁo)) > 0 by

Assumption A and v < L, we learn that

1 1
Co—12 =~ CL=12

info (P;) >
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If (i1) holds for Z;, then we set a = 2 and use Theorem 2.1 for P;. Since vg)=avp1), we have
info-(HﬂAEO)ﬁ(l)(d)) > 0. Thus we have

1 1
Cw—22~ CL-27

Combining these with (3-1), (3-3) and (3-4), we conclude that

ian(Pj) >

info (HY,) > % (3-5)

with some ¢3 > 0, provided Condition (a), holds for all p € A.
Proof of Theorems 1.2 and 1.3. For E > 0, we set

C3 C3
18 < |2 41
gLty Tth

info(H),)>E

provided Condition (), holds for all p € A. Asnoted in (3-2), the probability of the events that Condition
(b) holds for some p € A is bounded by

so that, by virtue of (3-5),

172

P((b), holds for some p € A) < L/u~" < ey E~4/2e75E
with some c4, c5 > 0. On the other hand, since the potential Vg + V,, is uniformly bounded, we have
#{eigenvalues of HQIXL <a)<cgl!
for any w with some cg > 0. Thus we have

L™E(#{e.v. of HY; < E}) < L™%(csL?)P((b),, holds for some p € A)

—d/2€—C5E’1/2 —(cs—e)E~1/?

<c4c6E <cre

for 0 < ¢ < ¢5 with some ¢7 > 0. By the Neumann bracketing again, we have
N(E) < L™E(#(e.v. of HY, < E}) < cre~ (="
and Theorems 1.2 and 1.3 follow immediately from this estimate. ([

In fact, we have proved that

log N(E
liminf OENEN o
E—>+0 E-1/2

and this statement is slightly stronger than (1-6).
Proof of Theorem 1.4. Statement (i) is an immediate consequence of Assumption B and Theorem 1.3.
We just replace the x,-axis by the x;-axis where v;~;v, for some k, €.

For (ii), we use the ground state transform as in the proof of Lemmas 2.3-2.5. Under our conditions,
there exist u1, ..., 4m > 0 such that

Y1 (x) = o Po(x) =+ = ¥ (x) for x € 6C1(0).
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For given H" | we set

w,L’
D(x) = upWPr(x) ifx € Ci(y) with w(y) =k.

Then it is easy to see that @ is the positive ground state of H az)v ;, with the energy 0. Let Q(-, -) be the
quadratic form corresponding to H a])v .- Forpe H 1(CL(0)), we set f =¢@/®. As in the proof of Lemma
2.3, we have

(g, p) =10V I
and hence
(inf )’V f* < (g, 9) < (sup ®)*[|V f|*.
This implies
LIVAP _Q@.0) _ alIVSIP
IFI12 = el = NfI12°

where K = max;, sup(ux W)/ ming inf(z; Wy). By the min-max principle, we learn that

K2 #{e.v. of (—A)g < E} < #{e.v. of HQIXL < E} < K*#{ev. of (—A)g < E},

where (—A)g is the Laplacian on Cr (0) with Neumann boundary conditions. Taking the limit L — +o0,
we have
K~ 2c,EY? < N(E) < K*c E?, (3-6)

where ¢y is the volume of the unit ball in R?. This completes the proof of Theorem 1.4. (I

4. Application to random displacement models

We now consider a model recently studied by Baker, Loss and Stolz [2008; 2009]. Combining their
results with Theorem 1.2, we show that this model exhibits Lifshitz singularities at the ground state
energy.

We consider a random Schrédinger operator of the form:

H,=—-A+YV, onL*R%),

where

Vo) =D qlx—y —a()

yezd
with independent, identically distributed random variables {w(y) | y € Z%} taking values in C1(0).
Assumption C. (1) There exists J € (0, 1/2) such that w(y) takes values in a finite set
Oc{xeR'|o<x;<1-6, foralljell,...,d}}.

Moreover
O>A={xeR|x;=dor1—4, forallje(l,...,d}}

and P(w(y) =x) > 0 for x € A.

(2) ¢ € Co(R?) and it is supported in {x | lxj| <6, j €{l,...,d}}. Moreover, g is symmetric about
{x|x; =0}, j=1,....,d.
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Figure 2. An example in two dimensions, showing a typical random configuration (left)
and the minimizing configuration (right).

(3) Let H;V = —A +¢ on L*({|x| < 1}) with Neumann boundary conditions, and let ¢ be the ground
state. Then ¢ is not a constant outside Supp ¢. Note that this is relevant only if the ground state energy
is 0.

Let H{Y p=—"0+ g(x — B) on L?(C;(0)) with Neumann boundary conditions, where € ®. Baker,
Loss and Stolz [2008] showed that inf ¢ (H 1N ﬂ) takes its minimum (with respect to £) if and only if S € A.
In particular, they showed that for H cf)v »¢ the Neumann restriction of H,, to C2,(0) the minimal value of
the ground state energy was obtained for clustered configuration (see Figure 2).

We cannot directly apply our result to this model, since ¢ (x — f) is not symmetric for f € A. However,
they also showed that if we consider the operator H,, restricted to C(0) and if d > 2, then the minimum
is attained by 2¢ symmetric configurations, which are equivalent to each other by translations (see [Baker
et al. 2009] and Figure 3). Thus, we can apply our results by considering H,, as a 27¢-ergodic random
Schrodinger operators, i.e., by considering C,(0) as the unit cell. Then this model satisfies Assumption A
with M = (#0)' and m =24,

Theorem 4.1. Let d > 2, and suppose Assumption C for some 6 € (0,1/2). Then (1-6) holds at the
bottom of the spectrum of H,, a.s.

We note that if d = 1, this result does not hold, and the IDS may have logarithmic singularity at the
bottom of the spectrum [Baker et al. 2009]. In view of our results, such singularities can occur for the
lack of symmetry of the minimizing configurations.

5. The alloy-type model studied in [Klopp and Nakamura 2009]

In a previous paper on Lifshitz tails for sign indefinite alloy-type random Schrddinger operators [Klopp
and Nakamura 2009], we studied the model (1-1) for a single site potential V satisfying the reflection
symmetry Assumption B.
We now recall some of the results of that work. Let the support of the random variables (w,), be
contained in [a, b] and assume both a and b belong to the essential support of the random variables.
Now consider the operator H )N = —A + AV with Neumann boundary conditions on the cube C;(0) =
[0, 114. Tts spectrum is discrete, and we let E_(A) be its ground state energy. It is a simple eigenvalue
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Figure 3. Left: the minimal 2 x 2 configurations in two dimensions. Right: other 2 x 2
configurations in two dimensions.

and A — E_(A) is a real analytic concave function defined on R. Let E_ be the infimum of the almost
sure spectrum of H,, then

Proposition 5.1 [Klopp and Nakamura 2009]. Under Assumption B,
E_=inf(E_(a), E_(b)).
As for Lifshitz tails, we proved

Theorem 5.2 [Klopp and Nakamura 2009]. Suppose that Assumption B is satisfied, and that

E_(a) # E_(b). (5-1)
Then
log |log N (E)]| - d

lim su <——=—oy,
E—pt 10g(E—E_-) 2

where we have setc =a if E_(a) < E_(b) and c =b if E_(a) > E_(b), and

1 logllogP({|c — ag| < ¢
s = L timint gllog P({lc — wo| < })|zo.

£—0 loge
The technique developed in [Klopp and Nakamura 2009] did not allow us to treat the case E_(a) = E_(b).
Clearly, if the random variables (w,), are non trivial and Bernoulli distributed, i.e., if

P(wo=a)+P(wgp=b)=1 and P(wy=a)>0, P(wy=>»)>0,

Theorem 1.4 tells us that the Lifshitz tails hold if and only if aV = ;bV for some j € {1, ..., d} (see (1-9)).
So we are just left with the case when the random variables (w,), are not Bernoulli distributed.
We prove

Theorem 5.3. Suppose Assumption B is satisfied and that
E_(a)=E_(b). (5-2)

Assume moreover that the independent, identically distributed random variables (w,), are not Bernoulli
distributed, that is, P(wy = a) + P(wg = b) < 1. Then

. log |log N (E)| 1
limsup ———— < ——.
EoEt log(E — E_) 2

(5-3)
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So we show that Lifshitz tails also hold in this case. As already noted we believe that (5-3) is not
optimal and that —1/2 should be replaced by —d /2. Moreover, depending on the tail of the distributions
of the random variables (v, ), near a and b, the lim sup in (5-3) should be a limit, the inequality should
become an equality, the exponent —1/2 should be replaced by —d /2 plus a possibly vanishing constant
(see of [Klopp and Nakamura 2009, Section 0] for the case E_(a) # E_(b)).

Combining Theorems 5.2 and 5.3 with the Wegner estimates obtained in [Klopp 1995; Hislop and
Klopp 2002] and the multiscale analysis as developed in [Germinet and Klein 2001], we learn:

Theorem 5.4. Assume that Assumption B holds. and that the common distribution of the random vari-
ables admits an absolutely continuous density. Then the bottom edge of the spectrum of H,, exhibits
complete localization in the sense of [Germinet and Klein 2001].

This result improves upon Theorem 0.3 of [Klopp and Nakamura 2009].

5.1. The proof of Theorem 5.3. Recall that HQJX ;18 defined in (1-3). It is well known that, at E, a
continuity point of N (E), the sequence

#{eigenvalues of HY, < E}
N _ w,L
Ny (S o 1, <)
is decreasing and converges to N (E) [Pastur and Figotin 1992; Kirsch 1989]. As

N{(E) < CP((info (H) ) < EY), (5-4)

it is sufficient to prove an upper bound for P({inf ¢ (H OIJV 1) < E}) for a well chosen value of L.
Define E_  (w) = infa(HCfXL). It only depends on (®,),cz, , Where

Zr={yez|0<y;<L,j=1,...,d).
Lemma 5.5. The function o — E_ | () is real analytic and strictly concave on [a, b)%:.

Proof. Though this is certainly a well known result, for the sake of completeness, we give the proof. The
ground state being simple, w — E_ ; (w) is real analytic in o.

As H,, depends affinely on w, by the variational characterization of the ground state energy, E_ ; (w)
is the infimum of a family of affine functions of . So it is concave.

The strict concavity is obtained using perturbation theory. Let ¢ (@) be the unique normalized positive
ground state associated to E_ 1 (w) and H, QI)V .- The ground state energy being simple, this ground state is
areal analytic function of w; differentiating once the eigenvalue equation and the normalization condition
of the ground state, as the ground state is normalized and real, one obtains

(Hy'p = E-1.(0))30,91 (@) = (80, E— (@) = V(- = 7)) pL(®), (5-5)
(00,01 (@), pr(w)) = 0. (5-6)
A second differentiation yields
(H), - Ef,L(w))af,},wﬂ(/)L (w) = af,vwﬂ E_ 1 (@)pL(®) + (0w, E—,L(@0) = V(- = 7)) Ou,0L(®)
+ Py E-,1.(@) = V(- = B)) 80,01 ().
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Hence, using (5-5) and (5-6), we compute
Oy E—1(@) = =(V (- = 9)0, 0L (@), p1.(@)) = (V (- = B) 00, 01 (@), p1.())
= —2Re(((Hy , — E—..(@) " wp, vy)),
where
oy, =HV( =)L)
o II is the orthogonal projector on the orthogonal to ¢ (w).

Hence, for (a,), complex numbers,

D03 0 E- L(@)ayag = —2Re((H) | — E_ (@)™ ' Tug, Muy))
7.8

where
ta=(DaV(-=)oL©).
y

Note that, as V is not trivial, the assumption E_(a) = E_(b) implies that V changes sign, that is, there
exists x4 7 x_ such that V(x_)-V(xy) <0. Now, the vector I1u, vanishes if and only if u, is colinear to
@1 (w) which cannot happen as V is not constant and ¢ (w) does not vanish on open sets by the unique
continuation principle. On the other hand, E_ ; (w) being a simple eigenvalue associated to ¢y (®),
H(HQIXL — E_ 1 (0))"'T1 > ¢TI for some ¢ > 0. So the Hessian of w > E_ 1 (®) is positive definite.
This completes the proof of Lemma 5.5. O

We now turn to the proof of Theorem 5.3. As the random variables are not Bernoulli distributed, that
is, P(wo = a) + P(wp = b) < 1, we can fix & > 0 sufficiently small such that

P(wo € [a, a+¢))+P(wy € (b—¢, b]) < 1.

By strict concavity of E_(1), one has E_(a) < E_(a+¢) and E_(b) < E_(b—¢).
In Section 2, we proved:

Lemma 5.6. Assume E_(a) = E_(b). There exists C > 0 with the following property: For any L > 0, if
wel{a, b, a+e, b—e}?L is such that

VpeA I €{0,...,L—-1} suchthat wp ) €{a+e, b—e}, P)

then .
E_ >E_ —. 5-7
L) = (a)+CL2 (5-7)

To complete the proof of Theorem 5.3, we first extend Lemma 5.6 using the concavity of the ground
state energy:

Lemma 5.7. Assume E_(a) = E_(b). There exists C > 0 satisfying the following property: For all
L>0,if o e Qyp is such that

Vpe A 3 e€{0,..., L—1} suchthat o) €la+e, b—el, (P)

then (5-7) holds. (The constant C is the same as in Lemma 5.6.)
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We postpone the proof of this result to complete that of Theorem 5.3. Pick E > E_(a) = E_(b). We
use (5-4) and pick L = ¢(E — E_(a))'/?. Pick ¢ > 0 sufficiently small that Cc> < 1. Then Lemma 5.6
tells us that, if w € [a, b]?" satisfies (P’), then E_(w) > E. So, the set Q; (E) :={w e Q; | E_(w) > E}
satisfies

Q\QL(E) C{weQr |3p e Asuchthat o) € [a, a+e)U(b—e, b] forall £}.

Hence,
PQL\QL(E)) < Z P({wp,c) € la, a+e)U(b—e, b] for all £})
peA
=L (P € la, a+e)) +Pao € (0, b))
This yields the announced exponential decay and completes the proof of Theorem 5.3. U

Proof of Lemma 5.7. We will proceed in two steps. First, we prove that, if w satisfies (P’) and all its
coordinates that are not in [a + ¢, b — €] are either equal to a or to b, then (5-7) holds (with the same
constant as in Lemma 5.6). This comes from the concavity of the ground state and the fact that any such
point is a convex combination of points satisfying (P). Indeed, take such a point @ and let I' (@) be the
set of coordinates such that w, € [a +¢, b — ¢]. Define K(w) ={a +¢, b— e}l @) Then there exists a
convex combination (u,) ek (w) such that

@)yer@ = D s D, mg=1, py=0.

nek (w) nek (w)

_ N - |ny ify eT(w),
0} n;ﬂ)) w7 where (77), { ity ¢ T'(w).
That w satisfies (5-7) then follows from the concavity of w — E_ j (w), that is Lemma 5.5, and from
Lemma 5.6.
To complete the proof of Lemma 5.7, it suffices to show that a point e satisfying (P’) can be written a
convex combination of points of the type defined above. This is done as above. Indeed, pick w satisfying
(P"). Define L(w) = {a, b}ZL\I'(@)  Then there exists a convex combination (47 peL () such that

(0))yez\T () = Z Hq, Z up=1, py=0.
neL(w) neL(w)

Hence,

Hence,

“= Z un7 where (77), = [’H if y ¢ T'(w),

w, ifyel(w).

nel(w)
That o satisfies (5-7) then follows from the concavity of w +— E_ j (w) and from the first step. This
completes the proof of Lemma 5.7. [l
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