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GLOBAL REGULARITY FOR THE NAVIER-STOKES EQUATIONS
WITH SOME CLASSES OF LARGE INITIAL DATA

MARIUS PAICU AND ZHIFEI ZHANG

Chemin, Gallagher, and Paicu obtained in 2010 a class of large initial data that generate a global smooth
solution to the three-dimensional, incompressible Navier—Stokes equation. The data varies slowly in the
vertical direction — it is expressed as a function of ex3 —and it has a norm that blows up as the small
parameter goes to zero. This type of initial data can be regarded as an ill prepared case, in contrast with
the well prepared case treated in earlier papers. The data was supposed to evolve in a special domain,
namely Q= Th2 X R,. The choice of a periodic domain in the horizontal variable played an important role.

The aim of this article is to study the case where the fluid evolves in the whole space R>. In this case,
we have to overcome the difficulties coming from very low horizontal frequencies. We consider in this
paper an intermediate situation between the well prepared case and ill prepared situation (the norms of
the horizontal components of initial data are small but the norm of the vertical component blows up as
the small parameter goes to zero). The proof uses the analytical-type estimates and the special structure
of the nonlinear term of the equation.

1. Introduction

We study in this paper the Navier—Stokes equations with initial data which is slowly varying in the
vertical variable. More precisely we consider the system

ou—+u-Vu—Au=—-Vp inRy x Q,
divu =0, (NS)
Ulr=0 = uo,e,

where Q = R3 and ug,¢ 1s a divergence-free vector field, whose dependence on the vertical variable x3

will be chosen to be slow, meaning that it depends on ex3, where ¢ is a small parameter. The goal is to
prove the global existence in time of the solution generated by this type of initial data, with no smallness
assumption on its norm.

This type of initial data (slowly varying in the vertical direction) has also been studied by Chemin,
Gallagher, and coworkers. The case of well prepared initial data, of the form (eug (xp, €x3), ug(xh, £x3)),
was dealt with in [Chemin and Gallagher 2010]; the more difficult case of ill prepared initial data, of the
form (u” (xp,, ex3), e 'u3(xy, £x3)), in [Chemin et al. 2011].

Here we consider a class of large initial data lying between those two cases, having the form

Ly _1
o = (82up (xp, £x3), 8 2 (xp, £x3)).
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We recall some classical facts about the Navier—Stokes system, focusing on conditions that imply the
global existence of the strong solution.

The first important result about the classical Navier—Stokes system [Leray 1934] asserted that for any
initial data of finite energy there exists at least one global in time weak solution that satisfies the energy
estimate. This solution is unique in R?, but it is not known to be unique in R>. Leray’s result uses the
structure of the nonlinear terms in order to obtain the energy inequality. The question of regularity of
the weak solutions also remains open.

The Fujita—Kato theorem [1964] gives a partial answer for the construction of global unique solution:
it allows one to construct a unique local in time solution in the homogeneous Sobolev spaces H 2 (R,
or in the Lebesgue space L3(R?) [Kato 1984]. If the initial data is small compared to the viscosity, that
is, if ||u0||H 1 =cv, the strong solution exists globally in time. This result was generalized by Cannone,
Meyer and Planchon [Cannone et al. 1994] to Besov spaces of negative index of regularity. Those authors
proved that, if the initial data belongs to the Besov space B;;FS/ P(R3) and is small in the norm of this
Besov space, compared to the viscosity, then the solution is global in time.

Later, Koch and Tataru [2001] obtained a unique global in time solution for the Navier—Stokes equation
for small data belonging to a more general space of initial data, namely derivatives of BMO functions.

Concerning the methods for obtaining such results, we recall that the existence of a unique, global in
time solution to the Navier—Stokes equation is a standard consequence of the Banach fixed point theorem,
as long as the initial data is chosen small enough in some scale-invariant space (with norm invariant under
the scaling ru(M%t, Ax)) embedded in Bo_ol,oo (the Besov space), with norm

1F e Esup, g2 [le" £l 1.
See [Cannone et al. 1994; Fujita and Kato 1964; Koch and Tataru 2001; Weissler 1980] for proofs in
various scale-invariant function spaces.

These theorems are general results of global existence for small initial data and do not take into
account any algebraical properties of the nonlinear terms in the Navier—Stokes equations. Proving such
results without any smallness assumption or geometrical invariance hypothesis implying conservation of
quantities beyond the scaling is a challenge. Only modest progress has been made in that direction: see
[Chemin et al. 2000; 2006; 2011; Chemin and Gallagher 2006; 2009; 2010; Chemin and Zhang 2007;
Gallagher et al. 2003; Makhalov and Nikolaenko 2003; Raugel and Sell 1993] and references therein.

Here are some cases where large initial data is known to imply global existence of the solution:

For regular axisymmetric initial data without swirl, the Navier—Stokes system has a unique global in
time solution. This result from [Ukhovskii and ITudovich 1968] is based on the conservation of some
quantities beyond the scaling regularity level.

The case of large (in some sense) initial data for fluids evolving in thin domains was first considered
in [Raugel and Sell 1993]. Roughly speaking, the three-dimensional Navier—Stokes system can be seen
as a perturbation of the two-dimensional Navier—Stokes system if the vertical thickness of the domain is
small enough. More generally, a solution exists globally in time if the initial data can be split as vy + wo,
where vg is a two-dimensional divergence-free vector field in LZ(ThZ) and wg € ik (T?) satisfies

2
|| 4] ”Lz(lez)

<
C])2 = CVv.

w . €X
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The case of initial data with large vortex in the vertical direction (rotug = rotug + 10,0, 1)),
or equivalently the case of rotating fluids, was studied in [Makhalov and Nikolaenko 2003] for periodic
domains and in [Chemin et al. 2000; Chemin et al. 2006] for a rotating fluid in R* or in RZ x (0, 1). When
the rotation is fast enough the fluid tends to have a two-dimensional behavior far from the boundary of
the domain, by the Taylor-Proudman column theorem [Pedlovsky 1979]. For example, when the domain
is R? the fluctuation of this motion is dispersed to infinity and some Strichatz quantities became small
[Chemin et al. 2000], which allow to obtain the global existence of the solution (for ¢ small enough).

An important issue for the Navier—Stokes equations is to make the best possible use of the algebraical
structure of the nonlinear terms. Some results have made crucial use of this structure, and have proved
very fruitful.

The case of Navier—Stokes equations with vanishing vertical viscosity was first studied in [Chemin
et al. 2000], which contains proofs of local existence for large data in anisotropic Sobolev spaces H**,
with s > %, and of global existence and uniqueness for small initial data. One of the key observations
there is that, even if there is no vertical viscosity and thus no smoothing in the vertical variable, the partial
derivative 93 is only applied to the component u3 in the nonlinear term. The divergence-free condition
implies that dzus is regular enough to get good estimates of the nonlinear term.

Global existence of the solution for the anisotropic Navier—Stokes system with high oscillatory initial
data was obtained in [Chemin and Zhang 2007].

A different idea, still using the special structure of the Navier—Stokes equation, was used in [Chemin
and Gallagher 2006] to construct the first example of periodic initial data which is big in C~', and
strongly oscillating in one direction which generate a global solution. The initial data is given by

u) = (Nup(xp) cos(Nx3), — divy, up (xp) sin(Nx3)),

where ||uy|| 212 = C(nN )5. This result was generalized to R3 in [Chemin and Gallagher 2009].

The same authors [Chemin and Gallagher 2010] studied the Navier—Stokes equations for initial data
that varies slowly in the vertical direction in the well prepared case. The well prepared case means that
the norm of the initial data is large but does not blow up when the parameter ¢ converges to zero. We
note that important remarks on the pressure term and the bilinear term were used in this paper in order
to obtain the global existence for large data.

The case of slowly varying initial data in the vertical direction (ell prepared initial data) was recently
studied in [Chemin et al. 2011]. Here the horizontal components have large norm and the vertical com-
ponent has a norm that blows up when the parameter goes to zero. After a change of scale, one obtains
a Navier—Stokes type system with anisotropic viscosity —vA.u, where A, = A, + 82832, and anisotropic
pressure gradient, namely —(V,,p, €233p). In this equation there is a loss of regularity in the vertical
variable in Sobolev estimates.

To overcome this difficulty one needs to work with analytical initial data. The most important tool
was developed in [Chemin 2004] and consists in making analytical type estimates, and at the same time
to control the size of the analyticity band. This is done by controlling nonlinear quantities that depend
on the solution itself. Even in this situation, it is important to take into account very carefully the special
structure of the Navier—Stokes equations. In fact, a global in time Cauchy—Kowalewskaya type theorem
was obtained in [Chemin et al. 2011]. (Some local in time results for Euler and Prandtl equation with
analytic initial data can be found in [Sammartino and Caflisch 1998].)
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In [Chemin et al. 2011] the fluid is supposed to evolve in a special domain, 2 = Th2 x R,. This choice
of domain is justified by the pressure term: the pressure satisfies the elliptic equation A, p = 9;0; (u'ul),
and consequently, V,p = (—Ae)—lvhaiaj (u'u’). Because A;l converges to A;l, it is important to
control the low horizontal frequencies, in contrast with the case of the periodic torus in the horizontal
variable, where we have only zero horizontal frequency and high horizontal frequencies.

In this paper we investigate the case where the fluid evolves in the full space R3. In that situation,
we are able to solve globally in time the equation (conveniently rescaled in &) for small analytic-type
initial data. To do this, we need to control the low horizontal frequencies very precisely. Note that we
can construct functional spaces where the operator A;lvh (aVyb) is bounded. However, we still need
to impose on the initial data more regularity control on low horizontal frequencies; thus we make the
assumption ug( -, x3) € LZ(R%) NH> ([R{ﬁ). In the vertical variable we need to impose analyticity of the
data. The method of the proof follows closely the argument of [Chemin et al. 2011], but instead to use
pointwise estimates on the Fourier variables, we write an equation with a regularizing term in the vertical
variable and we use energy estimates on anisotropic Sobolev spaces of the form H%* respectively H -3,

Our main result in the case of the full space R? is the following (for notation see the next section).

Theorem 1.1. Let a > 0 and % > a > 0. There exist positive constants gg and n such that, for any
divergence-free field vy satisfying

def D _1 D
lvollx i-allvollx d+ <1, lvollxs = (e PP vgll gos +a~2 e P yg| g-1.)

and for any ¢ € (0, &g), the Navier—Stokes system (NS) with initial data
up = (S%Ug (X, €x3), 8_%1)3()5}“ £x3))
has a global smooth solution on R>.

We emphasize that we obtain the global wellposedness under a smallness condition which is invariant
by the scaling of the equation, and this is the main motivation of Theorem 1.1.
As mentioned, to prove the theorem we will first transform the system using the change of scale

& Lo -13
u®(t, xp, x3) = (20" (1, xp, £x3), €7 20° (¢, Xp, £x3))

into a system of Navier—Stokes type, with a vertical vanishing viscosity, that is the Laplacian operator
became —vA,v — 2vd3v and a changed pressure term which became —(V}, p, &2, D).

Taking advantage of the fact that we’re working in R3, we can also consider a different type of initial
data, with larger amplitude but strongly oscillating in the horizontal variables:

L h, -1 |
u8=(8 2vg (e xp, X3), € 205 (e xh,X3)).

This type of initial data has Bo_ol’ o Norm of the same order as the initial data in the previous theorem. In
order to solve the Navier—Stokes equations with this new type of initial data, we make a different change
of scale,

ut(t, xp, x3) = (8_%1)}1 (7%, 67 %y, x3), £33 (7%, 67y, x3))
and we note that the rescaled system that we obtain is exactly the same as in the proof of Theorem 1.1.
Consequently, we obtain:
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Theorem 1.2. Let a > 0 and % > a > 0. There exist positive constants &y and n such that, for any
divergence-free field vy satisfying
lvollx3-<llvollx3+e <n

and any ¢ € (0, &), the Navier—Stokes system (NS) with initial data
up = (ef%vé’ (e 'xp, x3), efgvg(aflxh, x3))

has a global smooth solution on R3.

2. A simplified model

We start with an equation already studied in [Chemin et al. 2011], where a complete proof of global well-
posedness is given. For completeness and because we are going to use the method of energy estimates,
we sketch the proof related to the energy estimates. Consider the equation

du +yu+a(D)w?) =0,

where a(D) is a Fourier multiplier of order one. For any function f such that the following definition
makes sense, we define e/P! f = F~! (e‘“g | f(& )), where f = % f denotes the Fourier transform and %!
denotes the inverse of Fourier transform. Then, if the initial data satisfies

8|D|

e’ P ugllgs < cy with6>Oands>%d,

we have a global solution in the same space. The idea of the method in [Chemin 2004; Chemin et al.
2011] is the following: we want to control certain analytical quantities on the solution, but we must
prevent a decrease in the radius of analyticity of the solution. Introduce 6(¢), representing the loss of
analyticity. We set ®(, &) = (§ — A0(1)|&] and ue = F ' (e®"9)ii(€)). The function 6(¢) is defined as
the unique solution of the ordinary differential equation

0(t) = lluallas, 6(0)=0.
The computations that follow are performed under the condition 6(¢) < §/A (which implies ® > 0). The
equation satisfied by ity is
Qi + yile + A0 (1) [E|de +aE)e® (u2) = 0.

This contains an extra-regularizing term, since we control a quantity that takes into account the analyticity
of the solution. As 6 approaches 0, we obtain by an energy estimate in H* the inequality
1d
2dt
Following the proof of [Chemin et al. 2011, Lemma 2.1] (which uses the important fact that e®%) is a
sublinear function, and also the classical Bony decomposition [1981]), we get

. 1
lua 3 + vlusllzs +20MDI2usls < Cl@(D)u?)e, ue)ms-

1
|a(D) () o, ue)| < Cllue|usll D> uslls-
Choosing A = 4C we obtain

. R B
0(t) = lluo @) |l g < 2[le’Plugll gse™,
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which, for u( small enough, gives

0(t) <y~ 1" lull s < 837"
This allows us to obtain the global in time existence of the solution.

3. Structure of the proof

Reduction to a rescaled problem. We seek a solution of the form
def , L o _1l 3
ue(r,x) = (20" (1, xp, £x3), €207 (1, xp, £x3)).

This leads to the rescaled Navier—Stokes system

9, v — Aol — 82832Uh + 8%1) Vol = —th,
1
8{v3 — Apvd — 828321)3 +eiv-Voi= —828361, (RNS,)
divv =0,
v(0) = vo(x),

where Ay, défa% + 822 and Vj, déf(a 1, 02). As there is no boundary, the rescaled pressure g can be computed

with the formula

—Acg =e2divy(v- V), Ap= Ay + 292, (3-2)

When ¢ tends to zero, A! looks like A;l. Thus, for low horizontal frequencies, an expression of
\/ A;l cannot be estimated in L2. This is one reason for working in Th2 X R, in [Chemin et al. 2011].
To obtain a similar result in R, we need to introduce the following anisotropic Sobolev space.

Definition 3.1. Let s, 0 € R, o0 < 1. The anisotropic Sobolev space H?* is defined by
H = {f €F'®): || fllzes <00},

where
def

I 1300 = fR 3 612 L+ 151 f()1PdE, &= (&, &).

For any f, g € H>®, we set

def 1
(f. &) ros = (IDl"(D3)° f. |D4|7(D3)*g) 2. (D3) = (1+D3]*)2.
Theorem 3.2. Let a > 0, % > o > 0. There exist two positive constants gy and n such that for any
divergence-free fields v satisfying
lvoll x3—«llvollx s+« <1,

and for any ¢ € (0, g9), (RNS,) has a global smooth solution on R>.
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Definition of the functional setting. As in [Chemin et al. 2011], the proof relies on exponential decay
estimates for the Fourier transform of the solution. Thus, for any locally bounded function ¥ on R* x R3
and for any function f, continuous in time and compactly supported in Fourier space, we define

def - —1/ W, 7y
fo)=F (" f1,).
Now we introduce a key quantity we want to control in order to prove the theorem. We define the function

0(t) by

emdif—( ellvh ()13 [V O |4 e+ 103 (O3 3 03O 144 )

+ [Vive (O go.i -« [ Vave () | go.d+e,  (3-3)
with 6(0) = 0, and we also define

def
W (1) = e (D) goi-ollve @)l o +a,

where
def

O(1,8) =a(l —210(1))(&3), (3-4)
for some A that will be chosen later on. We denoted by (&3) = (1+ |§3|2)% which is a sublinear function.
Main steps of the proof.

Proposition 3.3. Let s > 0. A constant C exists such that, for any positive A and for any t satisfying
0(t) < 1/r, we have
t
1
RGN
0
t
< exp(CO) [P 1. + Ca / B 10 (1) 0 dT
0

! 1
+¢ [ w@ et @l [ 19 ©.d)
0

Proposition 3.4. Let 1 > s > 0. Then there exist C and Ao such that for any . > Ly and for any t
satisfying 0(t) < 1/A, we have

t
1o 120, + / Voo (0o dt
0

t

1
= exp(COM) 1P w930, +C / V(D)o (D) l7.dT +— —||v;<r>||%,;sdr].

10

Proposition 3.3 will be proved in Section 4, and Proposition 3.4 in Section 5. For the moment, let us
assume that they are true and conclude the proof of Theorem 3.2. As in [Chemin et al. 2011], we use a
continuation argument. For any A > Ag and 5, define

T (T 0(T) +W(T) < 4n).
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Similar to the argument in [Chemin et al. 2011], 7, is of the form [0, T*) for some positive 7*. Thus,
it suffices to prove that T* = 4-00. In order to two propositions, we need to assume that 6(7T) < 1/A,
which leads to the condition

4n <

>)|,_.

We set
def ) ! ) | 2 3 2
Fs(t) = llve ()50 + | Vive (D)l 0.dT + p (”821)(1)(1')”1_1%,.; + ||U¢(T)||H%.x)df-
0 0

From Propositions 3.3 and 3.4, it follows that for all 7 € J,
1 r,
Fy(1) < exp(4Cr) (Ene“ "ol + e g 30 + C / 0(D)llvg (Dl 70.dT

AR 2 L3 2 2
400 | (2ol 2 0@t + el ) de )

Now we choose 1 such that

exp(4Cn) < 4Cnexp(4Cn) < 5.

_8’

With this choice of 1, we infer from Gronwall’s inequality that

Fy(1) < 2( 1e“P w13 1.0 + e P ugl %, ) < 2wl

Taking s = % —aand s = % + o respectively, we obtain

1 1
a='0(t) + V(1) <2F7_, () FP o (1) < 4llvollxi-ellvollx b+ < 4,

which ensures that 7* = 400, thus concluding the proof of Theorem 3.2. O

4. The action of subadditive phases on products

For any function f, we denote by f7 the inverse Fourier transform of | f |. Let us notice that the map
f+ f preserves the norm of all H%** spaces. Throughout this section, ¥ will denote a locally bounded
function on Rt x R3 which satisfies the following inequality

W, 8) =W, & —n+W(,n). (4-1)

Before presenting the product estimates, let us recall the Littlewood—Paley decomposition. Choose
two nonnegative even functions x, ¢ € ¥(R) supported, respectively, in B = {§ € R, [§] < %} and
={§ eR, § <5 <%} such that

XE+Y e E)=1 forfeR,
j=0

Zw@‘fé) =1 for&eR\{0}.

jez
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The frequency localization operators A? and S;.’ in the vertical direction are defined by

F- (@& f) for j >0,

ASf =185 f for j =—1,
0 for j < =2,
S'f=F"'(xQ@ V&) f)= > ALf
/<J 1

The frequency localization operators A’? and S}.’ in the horizontal direction are defined by

At =Fe@ &l f). Sif= > Alf forjez
J'=j-1
It is easy to verify that
1f s & Y 225227 | AYAL £117. (4-2)
j.keZ
In the sequel, we will constantly use the Bony’s decomposition [1981]:

f§=Tjg+RYg, (4-3)
with
Tjg=) Si1fAs. Rpg=) Sjafajs.
J J

We also use the Bony’s decomposition in the horizontal direction:

fe=Tie+Tig+R"(f2), (4-4)
with

Tig=>Y St fAlg, RMf.e)= D> Alfile.
J 1 =Jjl=<1

Lemma 4.1 (Bernstein’s inequality). Let 1 < p < g < oo. If f € LP(R?), there exists a constant C
independent of f, j such that

supp / (&1 < C2/) — 1l < 26
supp f < [ L2 <lel < €2 = fle =27 sup 97 fu.

1Bl=le

1
Lemma 4.2. Let s > 0, 01, 05 < 1 such that o1 + 0, > 0 and % > a > 0. Assume that ay € H° 21 and
by € HS. Then

. . . 1 1
I[AYARTD)] Iz + I[AYARRED) | N2 < Ceu2 ' =% 27 lag 1 2,0 1 allaw (| 3oy, Lsa 1Dw [ o2

with the sequence (c; i) j kez of positive numbers satisfying

2
ch’k <1.
ik
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Proof. Let us firstly prove the case when the function W is identically 0. Below we only present the proof
of R;b, the proof for T,/b is very similar. Using Bony’s decomposition (4-4) in the horizontal direction,
we write

AjALRID) = AVAL(SY LaAyb) =" A?AZ(T}‘;IHQA?J? + Th;/ bSh 0+ RM(SY ha, Alb))
Iz J

0 NI I 1

Considering the support of the Fourier transform of Tshv p A’]’.,b, we have
j'+2

JZj—4 K —k|<4

Then, by Lemma 4.1,

h ANl
Miz<C Yo > IS)aSi_jad ALl
J'zj—4 [k —k|<4

h AN
<C D D IS oS alle I AYALD] .
J'=j—4 K —k|<4

We use Lemma 4.1 again to get
. " .
1SY oSt jallee < > > [AYARal e <C Y Y 2 ||A;%,,A2,,a||L3§Lih
j//Sj,JFl k//Sk/_z j//§,/+1 k//Sk/_z )
=1 " . l l
<=C Y Y 2P AL ALalle < C20 M all 2, s ullallZe, de-
j//fj/+1 k' <k'—2
from which it follows that
1ok 15 1 A
2 < C2M " ¥al 20 s ullal i de D Y IAYALD] L
J'=j—4 |k'—k|<4

—jsn(l—o1—0)k | 113 3
< Cej 2772070k g2 1 llalZ, e bl e, (4-5)

Similarly, we have
m= Y > AAlAYySh bSY,ALa).
=4 K—k<4

Then, by Lemma 4.1,

h AN
Il <C Yo >0 IALSE bl 1z IS)0Abal2 1
Jzj—4 1k —k|<4 ‘ *

< C2I0== Dk g2 a2, s (b e 20D epe,
iy Hcrl,jfoz Hal.z+ut H 2 k j
J'=j—4 k' —k|<4

—jsn(l—c1—o)ky 113 3
< Ceju 27207 a )12, 1 allal e, s D] s (4-6)
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We turn to III. We have

M= )" > AVALSY ,ALaAY ALD).
J'=j—4 kK k"=k-2
|k’—k”|§l

So, by Lemma 4.1,

M. <C > > 258V, ApaAy ALD| 2 1
j'=j—4 kK k'>k-2 B
‘k’—k”‘fl

k AN AN
<c > Y 2 1S3 2 Al ez 185 AL 2
‘]/2]_4 k’,k”Zk*Z
‘k/_k//‘fl
. 1 1 — "—k)A—(j =]
< C27 P2 a3 s lal oy gDl goos Y Y 27T g,
Jzj—4 k=zk=2

. 1 1
< Ccj 27207 a )12, 1l Z ey dia D] oo (4-7)
Summing up (4-5), (4-6), and (4-7), we obtain

AN —isA(l—c1—0)k 1 1
IAYAL(RB) 12 < Ceju220-7=¥ a2 1 lalb yeallblless.

The lemma is proved in the case when the function W is identically 0. In order to treat the general case,
we only need to notice the fact that

| FLA AL (RD)]w (§)] < FIA AL (R, :b))1E). O
As a consequence of Lemma 4.2 and (4-2), we have:

Lemma 4.3. Let % >a>0,5 >0, and o1, 0y < 1 such that 61 + 0> > 0. Let {61, 6»} = {01, 0n}. Then

1 1 1 1
1@y |l goror-1s < C(llawll o, 3o llaw o, s e lbw llmozs + lawll gors 10wl 25,1 -a 150125, 100 )-

5. Classical analytical-type estimates

In this section, we prove Proposition 3.3. In this part, we don’t need to use any regularizing effect from
the analyticity, but only the fact that the e®*-%») is a sublinear function.
Notice that 0,vep + ar6(t)(D3)ve = (0,v) e, we find from (RNS,) that

vy +ard (1) (D3)vlh — Apvly — 2030} +62 (- Voo = Vi,
3,v3, 4+ arf(1)(D3)vd — Apvd — 620203 + 62 (- Vod)o = —620390,
divve =0,

e (0) = e*Pyg (x).

(-1
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Step 1. Estimates on the vertical component vfb. Noting that 6(r) > 0, we get from the second equation
of (5-1) that

1d
dtll Vo (D71 + IVAva DI + 68305 (1171,

2
< —gi((v Vir)e, Uq;)H,%.S +gi((v‘divhvh)®, U<31>)H*%,: (3540, v;?p)H,% .
ET4 T+
Here we used the fact that dive = 0, so v - Vv3 = v - V03 — v3divj,0".
For II, an application of Lemma 4.3 gives
1 .
) < 21 @ divav "ol v -
< Ce3 (1031713 V3173 a1Vl gos + 103 b V0 120 4 o V0l 120 ) 103 -4
< COW gl -1 + 5@l Vave s + 15 1va 73 s- (5-3)
For I, we get by integration by parts that
1 def
I= ((lehU 1)3)q>, U,?D)H 1 82((v U3)q>, th@) s ill +I,.
As in (5-3), we have
L] < CODIvaliz-1s + 150l Vave 0. + 1o5lva Tt (5-4)
and by Lemma 4.3,
1
Ll < &2 @) ol m-4s IVavgll -1
1 1
< Cet (ol larse 10310 4 1031 20 e+ 1051 20310 120 e [V 2 ) V03 -
< CY@O)(ellvg s + vallEds) + 151 Vava -1 (5-5)

Now, we turn to the estimates of the pressure. Recall that
—Aep =£7(3;0;0'v7) + 8,03 (v'v?) — 203 (W div ).
Here and in what follows the indexes i, j run from 1 to 2. Thus, we can write p = p' + p* + p>, with
Pl=e3(=A) 190,00, pP=er(—A) 0300, pP=—2e2(—A0) B0 div "), (5-6)
Integrating by parts, we get
£2(03Pg Vo) t-be = —€(Pg. €030 H-1s = Ce%lIPg -1 + oo ledsv5 I7-4 0.
which together with the fact that the operator 9;9;(—A ¢)~! is bounded on H%* together with Lemma 4.3
implies that
(03P, vp)r-1s < CENW" @ VMol 1. + 1551103031173
< C& gL G Nl o s v ll o b+ + 100||883vq>||H
< Cezlll(t)e”vq,||H%,.y + WI|883U¢||H_%,S. (5-7)
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For the term containing p,, we get by integration by parts that
82(83p<2D, vg,)Hf%.s = —8% (82332(—A8)_1 (viv3)q>, Bivé)H_,
Using the fact that (£33)2(—A,) ! is bounded on H* together with Lemma 4.3, we then have
2933, v3)r-bs < Ce W VMol g1 V03l 5L
< CU@)(ellvp it + gl L) + 1651 Vava -1 (5-8)

For the last term, coming from p3, we use again the fact that (33)%(—A,)~ ! is bounded on H%* and
obtain ]
2 3.3 L TR | 3
e (Bpg, vp)u-3 < Ce2|[[(v divv)ollp-bsllvgplla-3s
j 312 1 B2 1L y.,3 02
< COONVHIG -1 + 5@l Vvl o, + 1o 103 14 (5-9)

Summing up (5-2)—(5-5) and (5-7)—(5-9), we obtain
D313 1 + 1030133
dar"® H—72 P H7s
< COD N l13-1 + CU@) (ellvB 131 + 03 1315) + mal Vavhl2e,,  (5-10)
where we used the equality ||th(3b||§{_%,5 = ||vé||%1%,s.

Step 2. Estimates on the horizontal component vg. From the first equation of (5-1), we infer that

;j leZvl (D11 -1. + 12 Vvl (13- 1. + elleds vl (D113
< —8((v-Vvh)q>,82 vg,)H L~ (thq>, véﬁ)H Ls
=B 1§ (5-11)
We rewrite I as
I= —8((1) th ), £2 vg,)H Ls 8((v383vh)q>, s%vg})H_%rdifI] + 1.
An application of Lemma 4.3 gives
| < el 0" Vo Yol 3o lle2 vl -1
< Co(Ivh Iz 11 o lvhli §+a||vhv@||HoA+||v¢||H2 AN /AT [y P
< COD el + 1ol Vivlh 20, + phlle2 vl 131, (5-12)

For I,, we use integration by parts and divv = 0 to get

1 def
L = —e((divpvv") e, e208) 1, + (0107, e268505) 1, E oy +1na.

As in (5-12), we have

L] < CO@ ezl 131, + al Va1, + 2 lle 2l 13 (5-13)
21 = o725 T 10041 VAVl gos T 100 ollH7s
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and by Lemma 4.3,
1
|| < ||<v3vh>q>||Hf%sez||ea3v’;>||H }
2 iz iz 3 | % h 1
< C(I0l oo 103131410 1383w+ 101201 101201 03 1212 030 1 -
I3
< Cabd )V 130, + CY O vy 171 + m||883vg||H*%vS- (5-14)
To deal with the pressure, we write p = p! + p> + p3, with p', p?, p? defined by (5-6). Using the
boundedness of the operator 9;9;(—A &)~ on H%* together with Lemma 4.3, we have
_ P 1.
e(ViPg, V) r-ts = —e((—Ae) 10,0, (v'v) o, £2divavg) 5}
1
<Ce|(v"® vh>q>||Hf%s||ezvhvé||Hf%
1 1
<Ce? ||v¢||H0 AT Wne Vol b lle Vivg llg-bos
< CU) 20121 + 1hylle2 Vavh 13- 1. (5-15)

For the term coming from p,, we integrate by parts to get

_ i 1,
e(ViPg: Vo) -t = —(£0:03(—Ae) T (V' 1) g, £2div 405 -1
then note that £939; (—A,) ! is bounded on H%*. We get, by Lemma 4.3,
1
e(Vape, Vo) a-4s < Cl@W Vo llg-1s 82 Viavl [l -4
. 1
< Cab(O) |V 1130, + CU O3 1310 + 15512 Vavlh1I2, 1. (5-16)

Similarly,
(Vipy, V) -t
< Cll*div "o llg-tolle ol Il -1
< (0135 V3123 e V30 00+ 103 b 1020 N0 20 )l 2 -
< COD eI 1s + 1@ Vivh 20, + 15 103 131 (5-17)

Summing up (5-11)—(5-17) yields

d ., 1 1
e v O + 18205 (017,35
<C9(f)(||8zvq>”1.1 +a||v©||H0v)
1
+CU O (o171 + el 1310) + mall Vavhll3, + 55llvaliF s, (5-18)

Now we are in a position to prove Proposition 3.3. Combining the energy estimate (5-10) with (5-18),
we obtain

d 1 1
S U011 + 10 ONF-1) + (le2ve (D173 + 1va O173.)

<O (el 131 + I 12,-1.) + Cab @) 1V 120,
+CUD (20 1310 + 13131 ) + Sall Vvl 2.
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From this and Gronwall’s inequality, it follows that
le 2 (D131 + v (D11 + /0 (e b () B + 10O )de
< exp(c /O é(r)dr) (ne” woll3 . +a fo B (D) 20.d +C /0 W) (et (@t
+ vy (@131 )dT + 5a /0 t ||vhv’;,<r>||§{o,xdr>.
This finishes the proof of Proposition 3.3. O

6. Regularizing the effect of analyticity

Let’s now prove Proposition 3.4. Here we will encounter two kinds of bad terms, where we lose a
vertical derivative. The first one is (v39;v")¢ and the second term comes from —V, p. In this last
term, we really lose a vertical derivative. To compensate this loss, we use the divergence-free condition
(33u° = —divj, u") and more important, the fact that the equation contain an extra-regularizing term
given by the analyticity of the solution.

Step 1. Estimates on the horizontal component vg. Let us recall that vg, verifies the equations
h ; h h g2 i h
0ivg +ar0(t)(D3)vg — Apvg — 83v¢ e2(v-Vv")e = —Viqe.

Note that 6 > 0, we perform an energy estimate in H%* to obtain

d
2 ds ”vq>”H0r +a)»9(t)||vq>||H0v+2 =+ ||vth>||H0v + I|883U(I)||H0v

<e2((V" @ VM) g, Vivh) os — 22 (330300, v2) yos — (Vi po. v) gos

EA | ) (6-1)

We get by Lemma 4.3 and interpolation that

1] < Ce2[|(v" @ V")l o Vi 0l g0
< CoT 01211 a1 e IV i de V0 s
<Ce||vq,||H2 anvq,nHl uanv@n,,zwmonvhv@nyov
< Celvhl 201 101201 VU0 s IV 120 1 10 00 100 s + 1 1 Vvl

< CU D) |vg 315 + COONVG 0. + 1551 Vv [0, - (6-2)
To estimate II, we use Bony’s decomposition (4-3) to rewrite it as

1 1 def
= —¢2(03(T}v3), V) gos — &2 (33(RU,V") @, V) gos =11 +11.
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From the proof of Lemma 4.2, it is easy to find that
2| < Cll| D3> (Rvavh)cbIIH—— e D312 | Dy 2 vl | o
1 1
< ClVA 11 03131 e 105 1 osed V0" [ s
< Cab ()1 130,43 + 10501 Ver" 0. (6-3)

Due to div v = 0, we rewrite II; as

Iy = &2 (T}, divy v")a, vh) gos — 2 (T v ), V) gos S 1y + 1.
Using Lemma 4.2 and interpolation, we have
Wiy | < e2)(T}, b dive v all-dollvg o
< e V1210 12,1 1 V0 s 0 s
< CYD[[ 151 + COO V150 + 1051 Vv 30, (6-4)
From the proof of Lemma 4.2, and using the fact that s < 1, we can conclude that
izl < €l ot 10 it N Ver” s
< CIVI 00y 0BV 131 e I V60" 0,
< Cad () |vg 30t + 1551 Vev" 1570 (6-5)

We next turn to the estimate of the pressure. Recall that p = p' 4+ p? + p? with p!, p?, p> defined by
(5-6). Using the boundedness of (—A,)~19;0 ; on H”*® together with Lemma 4.3, we get

1 . h 1 -1 ij s oh
(VDo Vo) gos = —€2((=Ag) 7 9;0;(v'v)) g, div vg) yos
1
< Ce2[|(V" @ ")l 0. || Vi v I o
< CY O lI3ns + COONVE 1 F0s + 1551 Vvl [0, (6-6)
Notice that 9;9; (—A,)~! is bounded on H. Exactly as in the estimate of II, we obtain
(Vi Pg: Vi) os < CUD VG173, + CODO NG 130, + Cab 1V 13001 + 7051 Ve 1305 (6-7)
We write
_1 1 _ _1 .
Vip3 = —2031 D3| 72 (V| Dy|2 [ D312 (= Ae) 7)1 Dyl 2 (v div 0"
thus,
3 h 1 1 —1 _1 3. h _L oy
(Vipps V) gos = —=2((Val Dyl2[e D3| 2 (= Ag) ™) Dy ™2 (v div 4v™), 33(D3) "2 0) gos.
Note that V| Dy, | 3 |8D3|%(—Ag)_1 is a bounded operator on H”*. Thus we get, by Lemma 4.3,
(Vhpgp, UI&))HO’S
_1 . _1
< CllIDyl z(v3dwhv’“>|| #10:1193(D3) "2 vg | 0.
< C(IVR I3 4 10334 3a IVl 05 + 103 1 IT00 1 20105 10 4 ) 0" 0

h 1 1 -
< Cad () |vg 0.y + 1651 Vava o, + 50 0g 1174 (6-8)
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Summing up (6-1)-(6-8), we get by taking A big enough that

d . -
Euvg(t)u%,o,s H VRSO0, < CODOIVEI 0, + CE OV, + ma™ v 131 (6-9)

Step 2. Estimates on the vertical component vfl,. Recall that v?b satisfies
9,03 j 3 3 3 )
(Vg +Aal (t){(D3)vg — Apvg — 83v¢+82(v Vv)e = —€703¢op.

We perform an energy estimate in H%* to obtain

1d
S V3 lI30. + VAV 500 + 3303 130,

1 .
< —e2 (0" Vyud)e, v3) yos + 2 ((03div 0", v3) o — £2(33 pas v3) o

0 ) U 7 (6-10)

Using Lemma 4.3 and interpolation, we have

Lo h 3 3
I < Cez||(v" - Vjv )<1>||H" lvell a3
3 h 3,4 3,4 3
< Ce? (II%IIH7 Tall%llfqé LaIVRVp I os + Vgl IVRVS 1 0.1 - ”vth)”[z_Ioéw)”vcp”H%*‘

< CYO)[volly, + CODvoll3os + 1651 Vave 5. (6-11)

and similarly,
T3 div ik 3
I = Ce2|(vdiv ) ol -3 Vgl H3s

< CUOIv3111, + CODIEI1Z0, + 1a5 11 Vave 20, (6-12)

Using the decomposition (5-6), we can similarly obtain
| < CW () [[voll%, + COHONvollZ0, + 1551 Vive 2. (6-13)
Summing up (6-10)—(6-13), we obtain
d .
Euvfp 130, + 1VRV3 1205 < CU OV |30 + COO o2, + 21 VAV, (6-14)
Now we combine (6-9) with (6-14) to obtain
d ) 1
Zoveli. +1Vivelho, < COOIVellfo, + CYOIvellf s + 1o Vol

From this and Gronwall’s inequality, we infer that
2 ' 2
s O, + [ 1900,

<exp(C /0 é(r)dr)<||e“<[’3>vo||2os / \If(r>||vq><r)||,,“dr+ f ||v¢(r>||stdr>

This finishes the proof of Proposition 3.4. O
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