


ANALYSIS AND PDE
Vol. 4, No. 1, 2011

DYNAMICS ON GRASSMANNIANS AND RESOLVENTS OF CONE OPERATORS

JUAN B. GIL, THOMAS KRAINER AND GERARDO A. MENDOZA

The paper proves the existence and elucidates the structure of the asymptotic expansion of the trace
of the resolvent of a closed extension of a general elliptic cone operator on a compact manifold with
boundary as the spectral parameter tends to infinity. The hypotheses involve only minimal conditions on
the symbols of the operator. The results combine previous investigations by the authors on the subject
with an analysis of the asymptotics of a family of projections related to the domain. This entails a
detailed study of the dynamics of a flow on the Grassmannian of domains.

1. Introduction

In [Gil et al. 2010] we analyzed the behavior of the trace of the resolvent of an elliptic cone operator
on a compact manifold as the spectral parameter increases radially assuming, in addition to natural ray
conditions on its symbols, that the domain is stationary. We complete this analysis with Theorem 1.4 of
the present paper, which describes the behavior of that trace without any restriction on the domain. The
main new ingredient is Theorem 4.13 on the asymptotics of a family of projections related to the domain.
This involves a fairly detailed analysis of the dynamics of a flow on the Grassmannian of domains.

Let M be a smooth compact n-dimensional manifold with boundary Y. A cone operator on M is
an element A € x " Diff)) (M; E), m > 0; here Diff} (M; E) is the space of b-differential operators of
Melrose [1993] acting on sections of a vector bundle £ — M and x is a defining function of ¥ in M,
positive in M. Associated with such an operator is a pair of symbols, the c-symbol ‘@ (A) and the wedge
symbol A.. The former is a bundle endomorphism closely related to the regular principal symbol of
A, indeed ellipticity is defined as the invertibility of ‘¢ (A). The wedge symbol is a partial differential
operator on N, Y, the closed inward pointing normal bundle of Y in M, essentially the original operator
with coefficients frozen at the boundary. See [Gil et al. 2010, Section 2] for a brief overview and [Gil
et al. 2007a, Section 3] for a detailed exposition of basic facts concerning cone operators.

Fix a Hermitian metric on E and a smooth positive b-density m; on M (xm;, is a smooth everywhere
positive density on M) to define the spaces xVLi(M ; E). Let A be a cone operator. The unbounded
operator

A:C®(M;E) Cx"L}(M; E) - x"L}(M; E) (1.1)
admits a variety of closed extensions with domains % C xVLi(M ; E) such that @ in CD C Dpax, Where
D min 1S the domain of the closure of (1.1) and

Bmax = {u € xYL3(M; E) : Au € x"L,(M; E)}.
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When A is c-elliptic, A is Fredholm with any such domain [Lesch 1997, Proposition 1.3.16]. We may
assume without loss of generality that y = —m /2, since otherwise we may replace A by the operator
x VM2 A xvtm2 € x ™ Diff)! (M; E).

The set of closed extensions is parametrized by the elements of the various Grassmannian manifolds
associated with the finite-dimensional space Dmax/PDmin, @ useful point of view exploited extensively
in [Gil et al. 2007a]. Recall that both spaces Dmax/Dmin and DA max/D . min are determined by the
set {o € spec,(A) : —m/2 < Imo < m/2}, together with certain finite dimensional spaces of functions
associated to each element of this set. Also recall that the boundary spectrum of A, denoted by spec;,(A),
is the set of points in C at which the conormal symbol (indicial family) of A is not invertible. The
intersection of this set with horizontal strips in C is finite.

Associated with N, Y there are analogous Hilbert spaces me/ 2L%(NjLY ; EA). Here x, is the function
determined by dx on N.Y, E, is the pullback of E|y to N, Y, and the density is lemy where my is
the density on Y obtained by contraction of m; with xd,. We will drop the subscript A from x, and E 4,
and trivialize N, Y as Y =[0, co) x Y using the defining function. The space x ™"/ 2L%(Y ", E) carries
a natural unitary R action (g, u) — k,u which after fixing a Hermitian connection on E is given by

Kou(x,y) = 0™ ?u(ox,y) forp=>0, (x,y) €Y’

The minimal and maximal domains, @ min and D max, of A, are defined in an analogous fashion as
those of A, the first of these spaces being the domain of the closure of

A CO(YN E) Cx"PLAYN E) —> x "2LA(Y E). (1.2)

A fundamental property of A, is its k-homogeneity, ko An = 0" A ky. Thus D min and D max are
both «-invariant, hence there is an R action

O Kp: gD/\,max/@/\,min - gb/\,max/gb/\,mina

which in turn induces for each d” an action on Gry/ (D x max/D A min), the complex Grassmannian of
d"-dimensional subspaces of D » max/PD A min- Observe that since the quotient is finite dimensional these
actions extend holomorphically to C . R_.

Assuming the c-ellipticity of A, we constructed in [Gil et al. 2007a, Theorem 4.7] and reviewed in
[Gil et al. 2010, Section 2] a natural isomorphism

0 : Dmax/Dmin — gb/\,max/gb/\,min,

allowing, in particular, passage from a domain 9 for A to a domain %, for A, which we shall call the
associated domain.
We showed in [Gil et al. 2006] that if

% (A) — A is invertible for A in a closed sector A C C which is a sector of minimal

growth for A, with the associated domain %, defined via @ /D x min = 6 (D/Dmin), (1.3)

then A is also a sector of minimal growth for Ag, the operator A with domain 9, and for / € N sufficiently
large, (Ag—A)~! is an analytic family of trace class operators. In [Gil et al. 2010] we gave the asymptotic
expansion of Tr(Ag — )~ under the condition that & was stationary. Recall that a subspace % C Dpax
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with Dpin C 9D is said to be stationary if 8(D/D A max) € Grar (DA max/Da.min) 15 a fixed point of the
action k. More generally, assuming only (1.3), we now prove:

Theorem 1.4. Let A be an elliptic cone operator of degree m > 0 on M, and let % be a domain for A so
that (1.3) is satisfied. For any ¢ € C*°(M; End(E)) and |l € N with ml > n,

o0 . .
Tr(p(Ag —A) ™) ~ 3 ry U, L AN Tog MAY™ as |A] — oo,
=0
where each r; is a rational function in N + 1 variables, N € Ny, with real numbers i, k=1,..., N,
and Vj > Vjy = —00 as Jj — oo. We have rj = pj/q; with pj, q; € Clz1, ..., zn1] such that
qj (A AN Clog A) is uniformly bounded away from zero for large A.

The expansion above is to be understood as the asymptotic expansion of a symbol into its components
as discussed in the Appendix. As shown in [Gil et al. 2010],

n—1 .
Tr(p(Ag — 1) ™) ~ 30 ;a7 4o log (WA + 53, (3),
j=0
with coefficients o; € C that are independent of the choice of domain %, and a remainder sq (1) of order
O(|A|™"). Here we will show that sg(A) is in fact a symbol that admits an expansion into components
that exhibit in general the structure shown in Theorem 1.4. More precisely, let

M={Reo/m: 0 €specy(A), —m/2 <Imo <m/2}, (1.5)
where spec;, (A) denotes the boundary spectrum of A; see [Melrose 1993]. Set

¢ = additive semigroup generated by
{Im(c — ") : 0, 6" € spec,(A), —m/2 <Imo <Imo’ <m/2}U(=Np), (1.6)

which is a discrete subset of R_ without points of accumulation. Then

so(A) ~ 3 ry (WL AT log M)AY/™ as |A| — oo, 1.7

ved
v<—Im

where the p; are the elements of 91 and the r, are rational functions of their arguments as described in
the theorem.

An analysis of the arguments of Sections 3 and 4 shows that the structure of the functions r, depends
strongly on the relation of the domain with the part of the boundary spectrum in the “critical strip”
{o €e C: —m/2 < Imo < m/2}. This includes what elements of the set 9 actually appear in the r,,
and whether they are truly rational functions and not just polynomials. We will not follow up on this
observation in detail, but only single out here the following two cases because of their special role in
the existing literature. When 9 is stationary, the machinery of Sections 3 and 4 is not needed, and we
recover the results of [Gil et al. 2010]: the r, are just polynomials in log A, and the numbers v in (1.7)
are all integers. If 9 is nonstationary, but the elements of spec,(A) in the critical strip are vertically
aligned, then again there is no dependence on the elements of 21, but the coefficients are generically
rational functions of log A. Note that all second order regular singular operators in the sense of Briining
and Seeley [1987; 1991] (see also [Kirsten et al. 2008a]) have this special property.
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By standard arguments, Theorem 1.4 implies corresponding results about the expansion of the heat
trace Tr(<pe"A9') as t — 0T if Ag is sectorial, and about the structure of the ¢-function if Ag is positive.
It has been observed by other authors that the resolvent trace, the heat kernel, and the ¢-function for
certain model operators may exhibit so called unusual or exotic behavior [Falomir et al. 2004; 2003;
2002; Kirsten et al. 2006; 2008a; 2008b; Loya et al. 2007]. This is accounted for in Theorem 1.4 by
the fact that the components may have noninteger orders v; belonging to the set €, and that the r; may
be genuine rational functions and not mere polynomials. For example, the former implies that the ¢-
function of a positive operator might have poles at unusual locations, and the latter that it might not extend
meromorphically to C at all. Both phenomena have been observed for ¢-functions of model operators.

Earlier investigations on this subject typically relied on separation of variables and special function
techniques to carry out the analysis near the boundary. This is one major reason why all previously
known results are limited to narrow classes of operators. Here and in [Gil et al. 2010] we develop a
new approach which leads to the completely general result Theorem 1.4. This result is new even for
Laplacians with respect to warped cone metrics, or, more generally, for c-Laplacians [Gil et al. 2010].

Throughout this paper we assume that the ray conditions (1.3) hold. We will rely heavily on [Gil et al.
2010], where we analyzed (Ag — 1)~! with the aid of the formula

(Aq =07 = A0 (A =7
and the representation

(Ag =0 '=BMW) +[1—BMW(A-W]FaM)'T (), (1.8)

obtained in [Gil et al. 2006]. The analogous formula for (Ax g, — A~ Lis briefly reviewed in Section 2.

In [Gil et al. 2010] we described in full generality the asymptotic behavior of the operator families
B(A), [1 — B(X)(A —M)], and T(A), and gave an asymptotic expansion of Fg M Vif D s stationary.
Therefore, to complete the picture we only need to show that F5(1)~! has a full asymptotic expansion
and describe its qualitative features for a general domain %.

We end this introduction with an overview of the paper. There is a formula similar to (1.8) concern-
ing the extension of (1.2) with domain @,. The analysis of Fg(1)~! in the reference just cited was
facilitated by the fact that the corresponding operator F. g (A)~! for A, g, has a simple homogeneity
property when 9 is stationary. In Section 2 we will establish an explicit connection between the operator
Fng,(x)~! and a family of projections for a general domain % . This family of projections, previously
studied in the context of rays of minimal growth in [Gil et al. 2007a; 2007b], is analyzed further in
Sections 3 and 4, and is shown to fully determine the asymptotic structure of F, g, (1)~!, summarized
in Proposition 2.17. As a consequence, we obtain in Proposition 2.20 a description of the asymptotic
structure of (Axg, —A) .

The family of projections is closely related to the curve through %, /% A min determined by the flow
defined by k on Grg" (D max/%.min). The behavior of an abstract version of ICE 1(@ A DA min) 1S ana-
lyzed extensively in Section 3. Let € denote a finite dimensional complex vector space and a : € — €
an arbitrary linear map. The main technical result of Section 3 is an algorithm (Lemmas 3.5 and 3.11)
which is used to obtain a basis of ¢'®*D for all sufficiently large ¢ (really, all complex 7 with |Im¢| < 6
and Re ¢ large); here D C € is a linear subspace. The dependence of the section on ¢ is explicit enough to
allow the determination of the nature of the -limit sets of the flow 7 > ¢'® on Gry» (€) (Proposition 3.3).



DYNAMICS ON GRASSMANNIANS AND RESOLVENTS OF CONE OPERATORS 119

The results of Section 3 are used in Section 4 to obtain the asymptotic behavior of the aforementioned
family of projections, and consequently of F, g, (1)~! when A € A as |A| — oo, assuming only the ray
condition (1.3) for A, on @, (in the equivalent form given by (iii) of Theorem 2.15).

The work comes together in Section 5. There we obtain first the full asymptotics of Fg (1)~ using
results from [Gil et al. 2006; 2010] and the asymptotics of Fx g, (A)~! obtained earlier. This is then
combined with work done in [Gil et al. 2010] on the asymptotics of the rest of the operators in (1.8),
giving Theorem 5.6 on the asymptotics of the trace Tr(¢(Ag — A)~!). The manipulation of symbols
and their asymptotics is carried out within the framework of refined classes of symbols discussed in the
Appendix.

2. Resolvent of the model operator

In [Gil et al. 2006; 2007a; 2007b] we studied the existence of sectors of minimal growth and the structure
of resolvents for the closed extensions of an elliptic cone operator A and its wedge symbol A,. In
particular, in [Gil et al. 2006] we determined that A is a sector of minimal growth for Ag if @ (A) — X is
invertible for A in A, and if A is also a sector of minimal growth for A, with the associated domain % 4.
In this section we will briefly review and refine some of the results concerning the resolvent of A, g, in
the closed sector A.

The set

bg-res(A ) = {A € C: A, — A is injective on DA min and surjective on QDA,maX},

introduced in [Gil et al. 2007a], is of interest for a number of reasons, including the property that if
A € bg-res(A ) then every closed extension of A, — X is Fredholm. Using the property

KQA/\ :Q_mA/\KQ, (2.1)

one verifies that bg-res(A ) is a disjoint union of open sectors in C. Defining d” = —ind(A  min — A)
and d’ = ind(Amax — A) for A in one of these sectors, one has that if (A, g, — A) is invertible, then
dim(Dp /DA min) = d” and dimker(A max —2) = d’. The dimension of D max /DA min is d’ +d”.
From now on we assume that A # C is a fixed closed sector such that A~ 0 C bg-res(A,) and
res Apg, N A # @. Without loss of generality we also assume that A has nonempty interior. The set
res Ax.g, N A has discrete complement in A and is therefore connected.
Corresponding to (1.8), there is a representation

(Ana,— W) ' =B +[1 = BAQ)(An = D)]Fra, W) 'TA(A)  for ke ANres(Apg,). (2.2)

As we shall see in Section 5, if A is a sector of minimal growth for A g,, then the asymptotic structure
of Fra, (1)~ determines much of the asymptotic structure of the operator Fg (A)~! in (1.8).
If 9, is k-invariant, then F, g, (1)~ has the homogeneity property

i ym Fro, W7 = Frg, ()7 2.3)

and is, in that sense, the principal homogeneous component of Fg (1)~!. This facilitates the expansion of
Fo(A)~" as shown in [Gil et al. 2010, Proposition 5.17]. However, if %, is not x-invariant, F, g, !
fails to be homogeneous and its asymptotic behavior is more intricate.
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The identity (2.2) obtained in [Gil et al. 2006] begins with a choice of a family of operators K. (}) :
C4" — x™M2L2(Y"; E) which is k-homogeneous of degree m and such that

(Ar=1 KA() : Dpmin®CY — x"PLY(Y" E)
is invertible for all A € A \. 0. The homogeneity condition on K, means that
KA (0"A) =0"Kk,KA(X) foro > 0. 2.4)

Defining the action of R, on C% to be the trivial action, this condition on the family K (i) becomes
the same homogeneity property that the family A, — A has because of (2.1). Other than this, the choice
of K, is largely at our disposal. That such a family K. (X) exists is guaranteed by the condition that
A N0 Cbg-res(An). We now proceed to make a specific choice of KA ()).

Let Ag € A be such that A A.a, — A 18 invertible for every A = e’ 1o € A. We fix A¢ (for convenience
on the central axis of the sector) and a cut-off function w € C2°([0, 1)), and define

KA() = (Ax — DoA™k jpopm  for k€ ANO (2.5)

acting on D /D min = C?". The factor w(x|)»|l/m)lc|k/)\o‘1/m in (2.5) is to be understood as the compo-
sition
K|}~/)\0|l/m ~ w(x‘}tll/m)
gbA/Qb/\,min I gbA,max/gbmmin = Cng,maX C gb/\,max E—— gb/\,maXa

in which the last operator is multiplication by the function w(x|A]Y/™) and we use the canonical identi-
fication of DA max/D A, min With the orthogonal complement €, max Of D min In DA max Using the graph
inner product

(u’v)AA =(A/\M7 AAU)+(M9 U)5 u,v egbA,max-

By definition, K . (A) satisfies (2.4) and the family
(Ar=r KAL) : D min ® Dr/Dpmin — X "*Ly(Y"; E)

is invertible for every A on the arc {A € A : |A| = |Ag|} through X¢. Therefore, using x-homogeneity, it is
invertible for every A € A N\ 0. If

BA(A
( /\( )) Ixim/zLi(YA; E) — gb/\,min @gb/\/gb/\,min
TA ()

is the inverse of (A/\’min—)\. KA(A)), then Tx(A)(Ax —A) =0 on DA min, 0 it induces a map
FA(A) =[TAM)(Ax—M)] gb/\,max/gb/\,min - gzj/\/gzj/\,min’

whose restriction Fu g, (A) = FA(X)|, /o, .. 18 invertible for A € res(A, ,) N A \ 0 and leads to (2.2).
Moreover, since Th(L)K (L) = 1, we have

Fra, (M) '=qa(Ang,— 1) KAL)
= qn(Ana, — 1) (An = DoA™y 50 10m s

where g : DA max = Da.max/DA.min 1 the quotient map.
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For A € bg-res(A,) let 5 1 ) = ker(Ax max — A). Then, by [Gil et al. 2007a, Lemma 5.7],
reres(Ang,) ifandonlyif Damax =DA B IHas, (2.6)

in which case we let 7y, %, , be the projection on %, according to this decomposition. If B max(A) is

the right inverse of A max — A with range KL o then

(Ang,.— 2 =79, 9, Bama),

and Ba max (L) (AA max — A) 1s the orthogonal projection onto 57{*’ ,- Thus

75, %5 Bamax (M) (A max — A) = TTa, %, ;.5

and therefore,
Fra, ()»)_1 =GN TTD, FHn a)(x|)»|1/m)lc|)h/,\0||/,,,,
Let
D=%\/Drmin, Kar=Hnr+DAmin)/DA min- (2.7)

Again by [Gil et al. 2007a, Lemma 5.7], either of the conditions in (2.6) is equivalent to D N K ; =0,
hence to

gbA,max/gb/\,min =D® K/\,A (28)

by dimensional considerations, since dim K, ; = dimJ, ; =d’. Let then p. K, be the projection on
D according to the decomposition (2.8). Then g g, %, , = 7p K, , g~ and

Fra, 00~ =7 k., qr@ @Yk g 1m
:”D,KA,AKIA/AOI‘/’"’ (29)
since multiplication by 1—w (x|A| 1/my maps D max 1Nt0 DA min for every A.
We will now express Fa p, (0)~! in terms of projections with K, ;, in place of K, ;. This will of
course requlre replacing D by a family depending on A.

Fix A € A let S be the connected component of { : {™A € A} containing R, . Since A # C, Sy
omits a ray, and so the map Ry 3 0 = k, € Aut(D A max/D A min) €xtends holomorphically to a map

Sk,m EX K; € AUt(@/\,max/gb/\,min)-

It is an elementary fact that
-1
k, (DK, K = JTK—ID K

A simple consequence of (2.1) is that K¢ %A a=Haaem if & € Ry, hence also ke KA 5 = Ka y¢m for
such ¢ since the maps gnlu, ;, : Hax — K . are isomorphisms. Therefore

~1
K, (DK, ;K = 1D K e (2.10)

if ¢ € Ry. This formula holds also for arbitrary ¢ € S, ,,. To see this we make use of the family
of isomorphisms P(A') : Hxx, = K (defined for A" in the connected component of bg-res(A )
containing o) constructed in Section 7 of [Gil et al. 2007a]. Its two basic properties are that A" — B (1) ¢
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is holomorphic for each ¢ € I, ;, and that x,'B(1") = P(o™1) if o € Ry. These statements are,
respectively, Proposition 7.9 and Lemma 7.11 of [Gil et al. 2007a]. Let

f : gzj/\,max —-C
be an arbitrary continuous linear map that vanishes on ¥, ;. For any ¢ € J{, ,, the function

Sim 3¢ (fikcPBO/E™)p) e C

is holomorphic and vanishes on R, the latter because «/P(1/¢™) = P(A) for such ¢. Therefore
(fikePBA/e™)p) =0 forall ¢ € Sy . Since f is arbitrary, we must have «.P(L/¢™)¢p € H . Hence

BO/T™M € rep K

Since P(A/¢™) : Ha ny —> H A x/em is an isomorphism, we have H 4 j /om = K{lf]{m,\ when ¢ € Sy . This
shows that
Knem ZK;IK/\,)u
and hence that (2.10) holds for ¢ € S .
The principal branch of the m-th root gives a bijection

(™0 A = Sigm (2.11)
The reader may now verify that for this root, with the notation E = ¢/|¢| whenever ¢ € C \ 0, one has
-1 -1 _ -1 o -1
i Fnn )5 = 6y, kg m (ﬂk(;»}k())l/m D’KA.?\O)K()A»/XO)I/’” 2.12)

when A € A N res(Ax.a,). The arguments leading to this formula remain valid if A is replaced by a
slightly bigger closed sector, so the formula just proved holds in (A \0) Nres(Ax.g,).

The projection in parentheses in (2.12) is thus a key component of the resolvent of A, g, whose
behavior for large |A| will be analyzed in Section 4 under a certain fundamental condition which happens
to be equivalent to the condition that A is a sector of minimal growth for A, g,. We now proceed to
discuss this condition.

The condition that the sector A with A \.0 C bg-res(A,) is a sector of minimal growth for A, g, was
shown in [Gil et al. 2007a, Theorem 8.3] to be equivalent to the invertibility of A, g, — A for A in

Ar={reA:|A[= R},

together with the uniform boundedness in A of the projection nKlf‘ll/ p.k; - Further, it was shown in [Gil
. . . .. . . A mn . * . .
et al. 2007b] that along a ray containing Ag, this condition is in turn equivalent to requiring that the curve

o>k, ' D[R, 00) > Grar(D s max/D . min)
does not approach the set
Vi = {D € Grar(Da max/Damin) : DN KA, # 0} (2.13)
as o — 00, a condition conveniently phrased in terms of the limiting set

Q (D) = {D/ € Grgr (D max/D A min) : 0y — 00 in Ry such that ICQ_VID — D asv — oo}.
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Aray {rio € C:r > 0} contained in bg-res(A ) is a ray of minimal growth for A, g, if and only if

Q7(D) ﬂCVKMO =0.
Define

Q/_\(D) = {D/ € Grg7 (DA max/ DA min) :

3{¢,)%2, € C with Ag¢, € A and |¢,| — 00 s.t. lim,_ Icg;}mD =D'}, (2.19)
in which we are using the holomorphic extension of ¢ — K, to S), » and the m-th root is the principal
branch, as specified in (2.11). We can now consolidate all these conditions as follows.

Theorem 2.15. Let A be a closed sector such that A ~. 0 C bg-res(A ), and let 1y € A. The following
statements are equivalent:

(1) A is a sector of minimal growth for A g, .

(ii) There are constants C, R > 0 such that Agr Cres(Ax g, ) and ||7r
every ¢ such that Aol € Ag.

(iii) Qx(D)NV,, =2.

_] D KA A0 ||.§£(§DA max/DA,min) — Cfor

Proof. By means of (2.10) we get the identity

v

1
:c;ll/mD,KA,AO—’Cgl/m’clko\‘/’”( DK, ) K |1/m g1ms

Wl/m
which is valid for large A € A, { = A /A9, and g“ =¢/|¢]. Since Kg1/m and ch ;. are uniformly bounded,
Theorem 8.3 of [Gil et al. 2007a] gives the equivalence of (i) and (11)

We now prove that (ii) and (iii) are equivalent. Let €A max =D 1 max/D A, min and assume (iii) is satisfied.
Since €, (D) and Vg, , 1 are closed sets in Grdw (€ . max), there is a neighborhood U of Vg, o and a
constant R > 0 such that if |Ag¢| > R then ICC,/,H D €. Let § : Grgr (€ A max) X Grg' (€x max) = Rbe asin
Section 5 of [Gil et al. 2007a]. Since V'k, % is the zero set of the continuous function V' +— 6 (1", KA 3,),
there is a constant 59 > O such that § (IC | /mD Kn.) > 6o for every ¢ such that Ao¢ € Ag. Then
Lemma 5.12 of the same reference gives (11)

Conversely, let (ii) be satisfied. Suppose €2, (D) N Vg, %o # @ and let Dy be an element in the
intersection. Thus Dy N K, ;, # {0} and there is a sequence {¢,}72, C C with Ao, € A such that
|&y| = oo and

D, =« ]/mD—>D0 as v — 0o.

If v is such that |Ag¢,| > R, then Ao, € I‘CS(A/\,@A) and D N K4 5, = {0}, so D, N K4 3, = {0}. Thus
for v large enough D, €V, , .

Pick u € Dy N K 5, with |u]| = 1. Let wp, be the orthogonal projection on D,. Since D, — Dy as
v — oo, we have mp, — mp,, so u, =np,u — wp,u =u. For v large, D, ¢°VKMO’ sou,—u #0. Now,
since u, € Dy, u € K, »,, and u, — u,

U,—u u
v )— v — 00 as v — o0.

T —
D”’K“%(nuu—un oty —u]

But this contradicts (ii). Hence Q7 (D) NV'k, o =9 O
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If 9 4 is not k-invariant, the asymptotic analysis of F, g, (A)~! (through the analysis of the projection
7Dk, ,) leads to rational functions of the form

iy in o pJRL AN og L)
r(AH L ATEY (Tog A) = JOTT. A Tog )’ (2.16)
with u; € R for [ =1, ..., N, where g(z1, ..., Zy+1) is a polynomial over C such that
lg i, A log )| > 8,

for some § > 0 and every sufficiently large A € A, and

POIFL A Togh) = 3 dgr (WA logk A,
ok

with = (uy, ..., Uy), @ € Nf)v, k € Ny, and coefficients
Aok € COO(A N0, LD /DA min gzj/\,max/gb/\,min))a

such that aui (0™ X) = Kpaqk (1) for every g > 0.

Proposition 2.17. If A is a sector of minimal growth for A g, , then for R > 0 large enough, the family
Frna,(A) = FA(W)|a, /%, i 1S invertible for A € Ag and Fy g, M)~ has the following properties:

(i) Fra, ()" € C®(AR; L(DBA/D A min> Dr.max/D min)), and for every a, B € No we have

[ 50L Fra, 007" | = OAY™*F) as [1] — oo, (2.18)

with v = 0.

(ii) Forall j € Ny there exist rational functions r; of the form (2.16) and a decreasing sequence of real
numbers 0 = vy > v| > - - - — —00 such that for every J € N, the difference
J=1

Fag, )7 =3 M L AT Tog a) AV (2.19)
j=0

satisfies (2.18) with v = v; + ¢ for any ¢ > 0.

The phases 1, ..., uy and the exponents v; in (2.19) depend on the boundary spectrum of A. In
fact, wi, ..., uy € Mand v; € € for all j; see (1.5) and (1.6).

This suggests the introduction of operator-valued symbols with a notion of asymptotic expansion in
components that take into account the rational structure above and the x-homogeneity of the numerators.
The idea of course is to have a class of symbols whose structure is preserved under composition, differen-
tiation, and asymptotic summation. In the Appendix we propose such a class, Sg‘;: (A; E, E), a subclass
of the operator-valued symbols S®(A; E, E) introduced by Schulze, where E and E are Hilbert spaces
with suitable group actions. The space S;}: (A; E, E) is contained in $**¢(A; E, E) for any ¢ > 0.

As reviewed at the beginning of the Appendix, the notion of anisotropic homogeneity in S™ (A; E, E)
depends on the group actions in E and E. Thus homogeneity is always to be understood with respect to
these actions.

In the symbol terminology, we have

Fra, (W)™ € (89 NS (AR: Dn/Drmins Damax/D a.min)-
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where D /D A min carries the trivial action and D max /D A min 15 equipped with k.

Proof of Proposition 2.17. Since A is a sector of minimal growth for A, g, there exists R > 0 such that
(An,3,— A) is invertible for A € Ag, which by definition is equivalent to the invertibility of F, g, (A).
Since the map ¢ +— Kg1/m is uniformly bounded (recall that 2 = ¢/|¢]), the relation (2.12) together with
Theorem 2.15 give the estimate (2.18) for « = 8 = 0. If we differentiate with respect to A (or 1), then

9 Fna, M ==Fra, )70 Faa, WIFra, (W) = =Fra, W) [0, FAG)Fag, ()"
Now, if we equip D /%D A min With the trivial group action and D max /DA min With k,, then

FA(M): gbA,max/gb/\,min — 9DA/QD/\,min
is homogeneous of degree zero, hence [|9; F(A)k; 1/m|| is O(|x|~") as |A| = oo. Therefore,

[t pm 5. Frz, 007 = OUAITY)  as A — oo,

|M11/m 0 Fra, (1)~! can be written as

00 P, ) 1003 FA GOm0 P, 07,

and the first and last factors are uniformly bounded by our previous argument. The corresponding esti-
mates for arbitrary derivatives follow by induction.
Next, observe that by (2.12),

since Kk

-1

-1 _
F/\’@A()\.) —Ké-l/m (n—'f;lmD,KA,AO)Kfl/m’

1/
with { =A/Ap and g: =¢/I¢|. For» € Ag letk(A) =K1/ and IQ(A) = "gl/lm- Then k(X) is a homogeneous
symbol in SO (A g; D x. max/D a.min> Da.max/D a.min)» Where the first copy of the quotient is equipped with
the trivial action and the target space carries k,. Similarly, /2()») e SOAR: T, /DA mins DA max/ DA, min)
with respect to the trivial action on both spaces.

Finally, the asymptotic expansion claimed in (ii) follows from Theorem 4.13 together with the homo-
geneity properties of k(1) and k(). U

As a consequence of Proposition 2.17, and since BA(A), 1 — BA(A)(Ar—2A), and Tx(X) in (2.2) are
homogeneous of degree —m, 0, and —m, in their respective classes, we obtain:

Proposition 2.20. If A is a sector of minimal growth for A g, , then for R > 0 large enough, we have
(Ana, =2 e S5 NS (AR X "2LY, D ma),

where the spaces are equipped with the standard action k,. The components have orders vt with v € €
and their phases belong to IN; see (1.5) and (1.6).

3. Limiting orbits

We will write € instead of D max/D A min and denote by a : € — € the infinitesimal generator of the
R action (g, v) — ICQ_IU on €, so that ICQ_ID = ¢'*D with t = log o. In what follows we allow ¢ to be
complex. The spectrum of a is related to the boundary spectrum of A by

speca={—ioc —m/2:0 €spec,(A), —m/2 <Imo <m/2}. (3.1)
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For each A € spec a let €, be the generalized eigenspace of a associated with A, let ) : € — € be the
projection on €, according to the decomposition

€ = @ €.

Aespeca

Define N : € — € and N, : €, — €, by

N=a-— Z )\'n)\v NA.:N|%)\_’

Aespeca

respectively. Thus N is the nilpotent part of a. Correspondingly, let

a:€—>¢ da= > (Imim, (3.2)

Aespeca

so a’ is the skew-adjoint component of the semisimple part of a.
For i € Re(spec a) let
b= @ 6

Aespeca
Rei=pn
let 77, : € — € be the projection on € « according to the decomposition
€= @ Ep,
neRe(spec a)
and set
N, =N|%M 1€ — €.
Fix an auxiliary Hermitian inner product on € so that @ €, is an orthogonal decomposition of €. Then
o’ is skew-adjoint and e'® is unitary if 7 is real.
Proposition 3.3. For every D € Gryr(€) there is Do € Gryr(€) such that
dist(e’®D, ' Dyo) — 0 as Ret — oo in Sy = {t € C: |Im¢| < 6} (3.4)
for any 6 > 0. The set
Qy (D) ={D" € Grg:(€) : 3{t,} C Sy : Ret, - 00 and limy_. o "D = D'}
is the closure of
(' Do i 1 € Syl

We are using Q7 for the limit set for consistency with common usage: we are letting Re s tend to
infinity.

If & is a vector space, we will write %[z, 1 '] for the space of polynomials in # and ¢ ~! with coefficients
in ¥ (that is, the %-valued rational functions on C with a pole only at 0). If p € F[r, 171, let ¢y (p) denote
the coefficient of #° in p, and if p # 0, let

ord(p) = max{s € Z : c;(p) # 0}.

The proof of the proposition hinges on the following lemma, whose proof will be given later.
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Lemma 3.5. Let D C € be an arbitrary nonzero subspace. Define D' = D and by induction define
i = max{u € Re(speca) : 7,D' # 0}, D' =kery|p, Dy, =(DTHin D!,
starting with | = 1. Let L be the smallest | such that D'*' = 0. Thus

T lpt i Dy, — 7, Dy, is an isomorphism (3.6)
L
and D = @ D,,. Then for each | there are elements
=1
pr €y Dylt, 1/t], k=1,...,dimD,,,

such that with y P
G (1) = e (1),
we have ord é,lc = 0 and the elements ) .
gk = CO(qk)’
fork=1,...,dim D,,, are independent.
Proof of Proposition 3.3. Suppose D C € is a subspace. With the notation of Lemma 3.5 let
Dy,.co =span{gh :k=1,...,dimD,,}.

Since e’NM is invertible and g, (1) = g,lc + ﬁi(t) with Ei(t) =0~ for large Ret (¢ € Sp), the vectors
ﬁ,lc (¢t) form a basis of 7, D,, for all sufficiently large ¢. Using (3.6) we get unique elements

Pk €Dyt 1/t], 7Pt = pr.
For each [ the p,lc (t) give a basis of D, if ¢ is large enough, and therefore also the
e Mpt(t), k=1,...,dimD,,,
form a basis of D, for large Re . Consequently, the vectors
e Mpt(t), k=1,...,dimD,, I=1,...,L,

form a basis of ¢’®D for large Ret. We have, with N, = N|¢,,

— l A— N, l
% l/vllpk(t)z Z P Ml)et Aﬂkpk(l)
Aespeca
— Z el(l—m)elen)\pllc(Z)_i_ Z e’(k_’“)e’N*mpfc(t)
Aespeca Aespeca
Re A=p Re i<y
:e’“etNWfrﬂ,p,’{(t)—l- > e’(’\_“’)e’N*mp,’{(t)
A€spec a
Re A<y
ta o 1 7l t(A— tN l
= e (g )+ X TN pr)
AEespec a
Re A<y

S0 e'%e~H p,l( ) = e’“/g,l( + hi (1), where hi (1) =0(t~") as Ret — oo in Sy. It follows that (3.4) holds
with Doo = @3/, Dy;.00- This completes the proof of the first assertion of Proposition 3.3.
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Remark 3.7. The formulas for the v} (1) = e'®~"# pl (¢) given in the last displayed line above will even-
tually give the asymptotics of the projections . p g (assuming Vg N Q1 (D) = &, see Theorem 2.15).
Note that the shift by m/2 in (3.1) is irrelevant and that the coefficients of the exponents in the formula
for v,l((t) belong to

{A—ReA : A, 1 €speca, Rex <Rel'}. (3.8)

Because of (3.1), this set is equal to
—ifo —ilmo’: 0,0’ €specy(A), —m/2 <Imo <Imo’' <m/2}. (3.9)

If all elements of {o € spec,(A) : —m/2 < Imo < m/2} have the same real part, then all elements of
(3.8) have the same imaginary part v, the operator a’ is multiplication by iv, and we can divide each of
the v,lC (t) by /"’ to obtain a basis of ¢'®D in which the coefficients of the exponents are all real.

To prove the second assertion of the proposition, we note first that (3.4) implies that Q;(D) is con-
tained in the closure of {¢'¥ Dy, : 1 € Sp}. To prove the opposite inclusion, it is enough to show that

¢'¥ Do € QF (D) (3.10)

for each 1 € S, since Q;f (D) is a closed set. Writing e’ Dy, as ¢/ ™7 @ (eRe? @ D) further reduces the
problem to the case 6 = 0 (that is, ¢ real). While proving (3.10) we will also show that the closure ¥ of
{e'¥ Do : t € R} is an embedded torus, equal to 7 (D).

Let {Ak}le be an enumeration of the elements of spec a. Define f : RX x Gry»(€) — Grg#(€) by

f(1,D) =X,

t=(t!,..., tX). This is a smooth map. Since the 7, commute with each other, f defines a left action
of RX on Gry»(€). For each t € RX define

Je 1 Grgr(€) > Grg(€), fr(D)= f(z, D),
and for each D € Gry(€6) let
fPRY > Grgn(€),  fP(t)= f(z. D).

The maps f; are diffeomorphisms.
We claim that £~ factors as the composition of a smooth group homomorphism ¢ : R — TX " onto

a torus and an embedding & : TX "= Gryr (@),
¢
RK
A

fDool
Gl‘d// (%) .

LES

Both ¢ and /& depend on D.
To prove the claim we begin by observing that {u € TRX : dfP~(u) = 0} is translation-invariant.
Indeed, let 7o € RX, let v = (v', ..., v&) e RX, and let y : R — RX be the curve y(¢) = tv. Then

P20+ y) = fro fP> (1)),
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SO
deOQ (Z vkatklfo) =df Odeoo (Z vk8,k|o).

Since f, is a diffeomorphism,
> 0¥kl € [ker df P Ty RE — T o (1) Grar (€)1 <= Y v* 9|0 € [ker df P~ : ToRX — T Gryr (€)1.

Thus the kernel of df P~ is translation-invariant as asserted.

Identify the kernel of df P~ : T)RX — Tp, Grgr(€) with a subspace & of RX in the standard fashion.
Then fP= is constant on the translates of ¥ and if % is a subspace of RX complementary to &, then
fP=|g is an immersion. Renumbering the elements of spec a’ (and reordering the components of RX
accordingly) we may take ® = RX "% 0.

Since fPx|g is an immersion, the sets

Fp={teR: fP~(r)=D"}

are discrete for each D’ € fP~(®). Using again the property 2= (1) +12) = f, o fP>(1) for arbitrary
71, 7o € RX, we see that & D, 1s an additive subgroup of %k and that f De is constant on the lateral classes
of ¥p_ . Therefore f Do factors through a (smooth) homomorphism ¢ : R — % /% p_ and a continuous
map R/Fp, — Grgr(€). Since f D is 277 -periodic in all variables, 27 ZK ‘cF Do» SO R/Fp_ isindeed
atorus TX'. Since ¢ is a local diffeomorphism and f P~ is smooth, /4 is smooth.

With this, the proof of the second assertion of the proposition goes as follows. Let L C RX be the
subspace generated by (Im Ay, ..., ImAg). This is a line or the origin. Its image by ¢ is a subgroup H
of TX', so the closure of ¢ (L) is a torus G C TX', and h(¢ (L)) is an embedded torus ¥ C Grg(€). On
the other hand, hog (L) = fP=(L) is the image of the curve y : 1 — ¢’ D, so the closure of the image
of y is €. Clearly, QJ(D) C %. The equality of Q(J)F(D) and & is clear if y is periodic or L = {0}. So
assume that y is not periodic and L # {0}. Then H # G and there is a sequence

{gv}sozl CGN\H

such that g, — e, the identity element of G. Let v be an element of the Lie algebra of G such that H is the
image of t — exp(tv). For each v there is a sequence {t,, p}ff:l, necessarily unbounded because g, ¢ H,
such that g, =lim,_, o exp(t,,,v). We may assume that {z,, p};ozl is monotonic, so it diverges to 400 or
to —oo. In the latter case we replace g, by its group inverse, so we may assume that lim,_, o #, , = 00
for all v. Thus if g € H is arbitrary, then h(gg,) € Q(J)r (D) and h(gg,) converges to h(g). Since Qar(D)
is closed, this shows that ho ¢ (H) C Qa“ (D). Consequently, also ¥ C Q(J)r (D).

This completes the proof of the second assertion of Proposition 3.3. U

As a consequence of the proof we have that Q;(D) is a union of embedded tori:

Qf (D)= | €"“{¢'"Du:1 R}
s€[—6,6]

The proof of Lemma 3.5 will be based on the following lemma. The properties of the elements
ﬁ,lc e m,, Dy, lt, 1/t] whose existence is asserted in Lemma 3.5 pertain only to € i N 1> and the subspace
7y, Dy, of € ;- For the sake of notational simplicity we let W =, D,,, and drop the u,; from the notation.
The space € comes equipped with some Hermitian inner product, and N is nilpotent.
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J M;
Lemma 3.11. There is an orthogonal decomposition W = € EB on (with nontrivial summands) and
nonzero elements J=0m=0
P € Hom(Wj , W)z, 1], (3.12)
h
where w; | j
Wim= @ W=D
m'=m j'=0

satisfying the following properties:
0_
(1) P/ = Ly,

(2) Let Q’]’.l ) = etV P;” (t) and n;” = ord(Q’j’?). Then the sequence {nT},A:; o s strictly decreasing and
consists of nonnegative numbers.

(3) Let
Then i1 My
W1 = (@) (@ D+ D w) (.14
'=0m’'=0 m’'=0
(4) There are unique maps Fm LW g — °W",1 such that
-1 My m—1 .,
G + Z 5 G F 4 G =0 (3.15)
j'=0m’=0 m’'=0
holds on Wj 41, and
_1 M/ m m ’
P = prg Z 3 —n PIF! J i m+1Jr Z (" P (3.16)
Jj'=0m’'=0

The lemma is a definition by induction if we adopt the convention that spaces with negative indices
and summations where the upper index is less than the lower index are the zero space. In the inductive
process that will constitute the proof of the lemma we will first define W} ,, .1 CWj ;, using (3.14) starting
with suitably defined spaces W; ¢ and then define

OW OM/}mmOW ,m—+1*

Note that the right hand side of (3.14) depends only on W; ,,, PJ’.’1 (through GT) and the spaces °l/j’7’, with
Jj < j and m’ arbitrary, or j/ = j and m’ < m. The relation (3.15) follows from (3.14) and induction, and
then (3.16) (where P}" actually means its restriction to W; ,,41) is a definition by induction; it clearly
gives that the P]’." (t) have values in °W]/ as required in (3.12).

We will illustrate the lemma and its proof with an example and then give a proof.

Example 3.17. Suppose € is spanned by elements e ik (j=0,landk=1,..., K;) and that the Hermit-
ian inner product is defined so that these vectors are orthonormal. Define the linear operator N : € —>¢
so that Nej,l =0 and Nej,k =€ k-1 forl <k < Kj. Thus Nkej,k =0 and Nk€jyk+1 =ej1 # 0. Pick
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integers 0 < so < 51 < min{Kyp, K}, and let
W = span{eq sy+1, €15, 41, €0,5,+1 + €1,5,}

If w e W and w # 0O, then N is a polynomial of degree exactly s or s;. Let Wy o =W Nker N+l
that is,

Wo,0 = spanfeq g41}-

Then ¢V w is polynomial of degree s if w € W g. Let Wy g =W Nker N1+ ﬂ“WéO. Thus

W10 =span{eq s,+1, €0,5,+1 +€1.5,},

and e’V w is polynomial of degree exactly s; if w € W' o and w # 0. With these spaces we have
W=Woo®Wi,

as an orthogonal sum. By (1) of Lemma 3.11, P(? = ly,,- SO etV P(? is the restriction of
- 50 k
tN _ 1" Sk
k=0

to Wo.o, ng =50, and G8 is (l/sol)lg”O restricted to W ¢. Thus °V8 =span{ep,1}. The space W 1, defined
using (3.14), is the zero space by the convention on sums where the upper index is less than the lower
index. Thus My = 0. We next analyze what the lemma says when j = 1. As when j =0, Plo = Iy, ,, SO
'V P! is the restriction of

to W .0. Hence ”(1) =51, and G(l) = (l/sl!)](""l lw, - The preimage of CVg by G(l) is
W1 = spanfep s, +1+ €15}

and so OW(I) = span{e; 5,41} and °V(1) =span{e; 1}. With w = e 5, +1 + €15, we have

!
0 050!
Glw=—ey1 = Go_sl'eO’SOH’

Sl!

so with Fo)\| - W1 — W defined by

0,1 _ S()!
FO,l w= _s_l;eoyso-i-l

we have G(l) + GgFé)”ll = 0. Formula (3.16) reads

1 —sp 0,1
Pp(t) = Ly, , + 1" 0y
in this instance, and
SO' £51—50 S0 lk -

- S| 4k
N pl " Sk ' k
el Pl (t)w = Z FN w — T Z FN €0,s0+1-
k=0 " I k=0 %
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In the first sum the highest order term is #°!/s1!ep 1, while in the second it is %/so!ep,1. Taking into
account the coefficient of the second sum we see that 'V P]1 (t)w has order < s1. A more detailed
calculation gives that the order is s; — 1, and that the leading coefficient is given by the map

1 _ so!
(s1=1D!  s1!(so—1)!

its image spans ¥']. Note that ¥ +¥9 + %1 is a direct sum and is invariant under N

w = ( >€0,2+e1,1;

Proof of Lemma 3.11. We note first that the properties of the objects in the lemma are such that

<

J J
Dyoo=3 > V" (3.18)
j=0m=0

m

is a direct sum. Indeed, suppose we have w;" € °ij Jj

0,...,J,m=0,..., M; such that
J M;

> > Glwl=0.

j=0m=0 ’

If some w’/" 18 nonzero, let

Jo = max{;j : Im such that wjm #0}, mo=max{m : w% # 0},

so that w%o # 0. Thus

mo ol M mo—1 m m il M m mo=1 m
Glowt = — ) 3 GTw"— Y G"uw" e Y 3 U
Jj=0 m=0 m=0 Jj=0 m=0 m=0

therefore w € Wiy mo+1 by (3.14). But also w " e °W , a space which by definition is orthogonal to
Wiy mo+1- Consequently w” ]0 =0,a contradlctlon It follows that (3.18) is a direct sum as claimed, and
in particular that the maps

m . m m
G’ |°W;!1 CW =
are isomorphisms.
Note that 'Y w is a nonzero polynomial whenever w € W ~. 0 and let

{s]}_o_{dege w:weW, w#0}

be an enumeration of the degrees of these polynomials, in increasing order. Let ‘W_; o = {0} C W and
inductively define

Wio=WNker N+ NWE, (. j=0,.... J.

J

Thus Wj o C W and W = & Wj o is an orthogonal decomposition of W'; moreover,
j=0
N4 :°Wj,0 — ¢
is injective for j =0, ..., J, and if w € Wj o\ O then ¢’ Nw is a polynomial of degree exactly s; j. The

spaces °ij will be deﬁned so that @, W™ " ="MWjo.
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Let P)(t) = Iy, let Q5(1) = etV P)(t). Then 0{d(Q8) = 5o and G = 1/50! N, ,. By (3.14),
Wo,1 is the preimage of the zero vector space. Since N*° is injective on W o, Wo 1 =0, °W8 = Wo,0 and
My =0. Let °V8 = G0(°W ). This proves the lemma if J = 0.

We continue the proof using induction on J. Suppose that J > 1 and that the lemma has been proved
for W' = @jj.;é W;,0, so we have all objects described in the statement of the lemma, for W’. The
corresponding objects for W ( are then defined by induction in the second index, as follows.

First, let Po(t) = Iy, ,, QJ = e’NP}) (a polynomial in ¢ of degree n9 =sy) and G(} = CSJ(Q(}).

Next, suppose we have found

Wyo0D - DWyy—1 and P/ e LW, W)z, 17']

so that the properties described in the lemma are satisfied for j < J and all m,or j =J andm < M — 1.
As discussed, it follows that

J—1 M;
Z on + Z Z OVI’I’I
j=0m=0
is a direct sum and that the maps
G;'~1|0W_r/n °WJ’" — °ij (3.19)
defined so far are isomorphisms. Suppose further that the n’; = ord(Q"), m =0, ..., M—1, are non-

negative and strictly decrease as m increases. In agreement with (3.14), let

J—1 M;
Wy g = (GY1)~ I(Z Sy zﬂ/'")
j=0m=0
a subspace of the domain W} »/_; of GJM_I. Define WJM_I =Wy m—1 ﬂ‘WJL’M. If w e Wy p, then
) M-2 J—1 M;
G = A DD IR
m=0 j=0 m=0

uniquely with vT € °VJ’" Since the maps (3.19) are isomorphisms, there are unique maps
FJ JM IOWJ’M d L‘[/‘/'jm,

j=0,....,J—landm=0,...,M;,or j=Jandm =0, ..., M — 2 such that

M—2 J—1 M; ”
G '+ GrErM+ Y ZG"”" =0
m=0 j=0m=0
on Wy ., that is, (3.15) holds. Define
M Mmo1 | M2 J=1Mi "
PY =PI T PR Y Y T P
m=0 Jj=0m=0

50 (3.16) holds. Let Q) = e’NP}”. Because of (3.13), each term on the right in

M M—1 M=2 A=l _pm mp Y ny M=T_pym o m, M
Q]= J +Zotj ]QJ +Z Zt JQij’j'
m=

j=0m=0
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M—1 . M—1 Lo M—1

has order n'} ™', s0 ¢, (Q¥) =0if n > nY ' 1f Q) #0, let n¥ = ord(Q). A fortiori n¥ < n'~".
We now show that if QJJ"’ =0, then W; »y =0, so M; = M — 1 and the inductive construction stops.
Let FJmJ’.mH : Wi my1 — W; m be the inclusion map. Note that the combination of indices just used
does not appear in (3.15): these maps are not defined in the statement of the lemma. With this notation

m—1 m— m’ ’ / ~
Py =3 Ty E 4 Y (3.20)
m’'=0
form =1, ..., M and some FI}" € LWy, WH[t, t~1]. Let ?,, be the set of finite strictly increasing
sequences v = (v, Vi, ..., V) of elements of {0, ..., m} with vy =0 and vy =m. Forv=(vg, ..., ) €

P, (m > 1) define

v __ Vo, V1 Vm—1,Vm
f} _'FbJ O...O}v”] ,

v _ vi—1 Vo v—1 Vi vr—1 Vk—1
ny=m; —n;))+m; —n))+---+0n; —n; ).

Since the n’j"/ strictly decrease as m’ increases, the numbers n’; are strictly negative except when v is
the maximal sequence vy in {0, ..., m}, in which case n?‘“a" = 0 and F"= is the inclusion of Wy ,, in
Wy o. It is not hard to prove by induction on m, using (3.20), that

Pr=P) S UFY 4 HY (3.21)

veP,

for all m > 1 where H' € L(Wy ,,, W)[t, t~']. If Q% =0, then P =0, so, since N** H¥ =0,

N PM = S ("INSFY =0,
VG@M

In particular, NI F}"“"‘X = CO(N o P}” )=0. Since N5/ is injective on Wy o, we conclude that the inclusion
of Wy pr in Wy o is zero. This means that W s = 0, so the inductive construction stops with My =M —1.
We will now show that there is a finite M such that QJJ” = 0. The inductive construction gives, as long
as Q7 # 0, the numbers n'y = ord(Q’}) which form a strictly decreasing sequence in m, with n(} =sy.
Suppose ny >0, QJJW # 0, and nl}’[ < 0. In particular, the coefficient of ¢° in Q’}’I vanishes. Using

(3.21) with m = M we have
~ Sy s+n; - ~
NPy = > YN eV EY.

veg’M s=0

s!
The coefficient of ¢ is
1

co(eN PMy = > —(_nv)'N*"3F,“+cO(e’NH}”);
veP y J’

recall that n’, < 0. Since H}V’ maps into W’, we have NS/ co(H}"’) =0, and since ]\75|0WJ_0 =0ifs > sy,
N$N~" =0 if n" # 0. Thus

NS_/ CO(GZ‘NP;W) — NS/F}’max’
where v = (0,1, ..., M). Since co(e”\? PJM ) = 0 by hypothesis, since F}""“X is the inclusion of Wy
in Wy o, and since NS is injective on Wy o, Wy = 0. O
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Proof of Lemma 3.5. Apply Lemma 3.11 to each of the spaces W', =7, D,,,. The corresponding objects
are labeled adjoining / as a subindex. Get in particular, decompositions

B Mjy
~ _ m -~
7D - DDW
=0 m=0

for each /, and operators G, : W', — V", C €,,, such that

Ji Mjy g Mj Ji Mj
m . mn — T
DD Gy : DDV — Duoe =D DV
Jj=0 m=0 j=0 m=0 j=0 m=0

is an isomorphism. Let d}"l =dim °WJ?"I and pick a basis
m m

of W™

M i =0, J,m=0,...,Mj,. Then p7, ,(t) = l»_n’]?flP]’?fl(l‘)wl}fl’k € W,,. These elements

Pl €Wylt, ™, for j=0,....0, m=0,....Mj;, I=1,...d7,
are the ones Lemma 3.5 claims exist. Indeed, since Q;’f ()= Niy P]’?fl (1),

: tNy =1 pm m o mom
palm e Tt P (Owy g = G W
teSy

Since the G%w%,k form a basis of D, «, the ¢ P;f’l (t)w’}flﬁk, form a basis of W', for all # € Sg with
large enough real part. O

4. Asymptotics of the projection

With the setup and (slightly changed) notation leading to and in the proof of Proposition 3.3, given a
subspace D C € and the linear map a: € — € we have, for fixedd >0andt € Sy ={t € C: |Imt| <6},
e'*D =span{vi(t)}, Rer>0

with
@ =g+ Y 0. (4.1)
AEspec a

Re A<y

The g (r) are polynomials in 1/¢ with values in € > the collection of vectors
oo,k = lim g (t)
11— 00

is a basis of D, the py form a finite sequence, possibly with repetitions, of elements in {Re A : A € spec a},
and we have

Pra(t) =™ pe(d),
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where the p(¢) are polynomials in # and 1/¢ with values in €. The additive semigroup S, C C (possibly
without identity) generated by the set (3.8) is a subset of {A € C: Re X < 0} and has the property that
{0 € G4:Re v > u} is finite for every u € R.

Proposition 4.2. Let K € Gry (€) be complementary to D, and suppose that

Yk NQy (D)= 2. (4.3)
There are polynomials py(z', ..., z", t) with values in End(€) and C-valued polynomials
qo@', ... 2V, 1)
such that
3C, Ry > 0 such that |q19(e"’lm’x‘, L, @M gy | >C ift €Sy, Ret > Ry 4.4)
and such that
Tetap K = ﬂg}a et;:&gte;;lifl"'""'e’ite;;l;nNA’Nt’)t), t €Sy, Ret > Ry,

with uniform convergence in norm in the indicated subset of Sy.

Proof. Let K C € be complementary to D as indicated in the statement of the proposition, let u =

[t1, ..., us] be an ordered basis of K. Write g for an ordering of the basis {goo x} of Do. With the
v (¢) ordered as the goo x to form v(¢), we have
a() 0
1=t 1)
where
am)y=) Y MM, m), BO=Y X B (4.6)
k Aespeca k Aespeca
Re A=<pi ReA=<pui

The entries of the matrices o, (¢) and By, (¢) are both polynomials in # and 1/¢, but only in 1/¢ if
Re A = ug. Define

aP =3 ¥ M MWan@), an =3 X a0, 4.7
k Aespeca k Mespeca
Re A= Re A<pi

and likewise B (r) and ,8~ (t). Note that a(¢) and ,3 (t) decrease exponentially as Ret — oo with |Im¢|
bounded.

The hypothesis (4.3) implies that [
invertible for such ¢. In fact,

a(t) 0
B@) 1

] is invertible for every sufficiently large Re¢, so «(¢) is

there are C, Ro > 0 such that |det(ce(r))| > C if t € Sy, Ret > Ry. (4.8)

For suppose this is not the case. Then there is a sequence {t,} in Sy with Re#, — 0o as v — oo such that
deta(t,) — 0. Since both «(¢,) and B(t,) are bounded, we may assume, passing to a subsequence, that
they converge. It follows that e’* D converges, by definition, to an element D’ € Q;(D). Also the matrix
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in (4.5) converges. The vanishing of the determinant of the limiting matrix implies that K N D" # {0},
contradicting (4.3). Thus (4.8) holds.
If ¢ € € then of course

1
4
= ul- s
¢ [g ] |:¢)2:|
where the ¢’ are columns of scalars. Substituting
B a()™' 0
[g u] - [v(t) u] ’ |:—,3(I)O((l‘)_1 I]

gives
B a®)™ 07" _ a(r)~o! :
¢=[v® ”]'[—ﬁ(z)a(t)—l 1] |:g02:| =0 "]'[—ﬂ(r)a(z)“w‘wz]

¢=v(0)-a®)'¢' +u-(—pna®n)'¢' +¢7).
This is the decomposition of ¢ according to € = ¢’*D @ K ; therefore

hence

Teap k=) o) o
Replacing v(t) = g - a(¢) +u - B(t) we obtain
Teap k= (g -a(t)+u-BM)a®) o' =(g+u-pOa@) e (4.9)
The matrix o?)(¢) is invertible because of (4.8) and the decomposition a(¢) = @ (¢) + a(1), so
Ba@) " =g T +a@e® @)
= B (1) Ifo(— D'E0e® 01T, (+10

The series converges absolutely and uniformly in {tr € Sp : Ret > Ry} for some real Ry € R. The entries
of a©(z) are expressions

. N
Z eltlmk Z C)»,vt_v;

Aespeca v=0
hence
deta@ (1) = g (™M, ..., MY 1)1,
for some polynomial ¢(z', ..., z", 1/1). Note that because of (4.8),
there are C, R > 0 such that |det(a’(#))| > C if r € Sy, Ret > Ry. 4.11)

Since @ (1)~! = (deta@ (1)) "' A(r)" where A(¢)" is the matrix of cofactors of & (¢), (4.10) and (4.6)
give
Ban) ™ = X rg(ne” (4.12)
eS,
where G, was defined before the statement of Proposition 4.2 as the additive semigroup generated by
{, —ReA’: A, A €speca, ReA <ReA’} and ry(¢) is a matrix whose entries are of the form

pﬂ(eitlm)‘l, e eitImAN’ t, l/l)
q(eztlm)q’ e ettlmAN’ l/t)nﬁ ’
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for some polynomial py(z',...,zV, ¢, 1/t) and nonnegative integers ny. Multiplying the numerator
and denominator by the same nonnegative (integral) power of ¢ we replace the dependence on 1/¢ by
polynomial dependence in /'™t . ei!ImAv ¢ only. This gives the structure of the “coefficients” of
the e'” stated in the proposition for the expansion of 7 p k. (|

The terms in (4.12) with Re 9 = 0 come from B (1)a @ (r)~!. So the principal part of 7,ap g is
o (Teen )¢ = (g +u- BP0 1) )e!
This principal part is not itself a projection, but
lo (e p k) _”em’Doo,K” —0 as Ret— o0, 1€ 8p.

We now restate Proposition 4.2 as an asymptotics for the family (2.10) using the notation « for the
action on ¢ and express the asymptotics of Jr,c;ll/ . 0.k 1n terms of the boundary spectrum of A exploiting
(3.1). Condition (4.14) below corresponds to our geometric condition in part (iii) of Theorem 2.15
expressing the fact that A is a sector of minimal growth for A, g, . The Q-limit set is the one defined in
(2.14). Recall that by ¢!/ we mean the root defined by the principal branch of the logarithm on C~R_.
We let Ao # 0 be an element in the central axis of A and define A = {¢ : £Ag € A}; this is a closed sector
not containing the negative real axis.

Let G C C be the additive semigroup generated by

{oc —ilmo’: 0,0’ €spec,(A), —m/2 <Imo <Imo’ <m/2}.
Thus —iG = &,. Let 04, ..., oy be an enumeration of the elements of
¥ =spec,(A)N{—m/2 <Imo <m/2}.

Theorem 4.13. Let K € Gry (€) be complementary to D, suppose that

¢ N Q5 (D) = 2. (4.14)
Then there are polynomials py(z', ..., zN,t) with values in End(€) and C-valued polynomials
ge ', ... 2V D)
such that
3C, Ry >0 suchthat |y (¢'Reo/m, . giReon/m | s C ifc e A, |¢] > Ry, (4.15)

and such that

—iv/m iReoy/m iReoy/m —1 -
Tt =9 e DT e 180) R, el > Ro.

K{l/mD, ql?(;iReol/m,.“,é-iReoN/m’mfllogé-) ’

ed
with uniform convergence in norm in the indicated subset of A.

The elements ¢ € & are of course finite sums ¥ = ) 1 jx(0; — i Imoy) for some nonnegative integers
njx, with 0, oy € T and Imo; < Imoy. Separating real and imaginary parts we may write £ /™ as a
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product of factors
g-njk(lmojflmak)/m

é-inijeak/m

We thus see that we may also organize the series expansion of m,-! g in the theorem as

{U’"D
g—iﬁ/mﬁﬂ(giReal/m’ o é-iReaN/m’ m—l IOg{)
el K= ~ (riReoi/m iReon/m_p;—1] ’
¢l/mp #eGR qs (& yoen € ,m~log¢)

where G C R is the additive semigroup generated by
{Imo —Imo’':0,0/ € X, Imo’ < Ima’}
and py, gy are still polynomials.

Remark 4.16. If ¥ lies on a line Reo = ¢, then —i& C R_ — icp. Also in this case, the coefficients
of the exponents in (4.1) can be assumed to have vanishing imaginary part (see Remark 3.7). Assuming
this, the coefficients of the exponents in (4.7) are real, in particular det «® (¢) is just a polynomial in 1/7,
the coefficients ry in the expansion (4.12) can be written as rational functions of ¢ only. Consequently,
in the expansion of the projection in Theorem 4.13, the powers —i?¥} are real < 0 and the coefficients can
be written as rational functions of log ¢.

5. Asymptotic structure of the resolvent

For the analysis of (Ag — )~/ for I € N sufficiently large we make use of the representation (1.8) of the
resolvent as

(Ag — 1)~ =B + G (M), (5.1)

where B(}) is a parametrix of (Ayi, —A) and

Ga() =[1— BA)(A - VIF5(0)~'T(). (5.2)
The starting point of our analysis is
(Ag — 1) = ﬁaﬁ‘m@ )" foranyleN.

We are thus led to further analyze the asymptotic structure of the pieces involved in the representation
of the resolvent. In [Gil et al. 2010] we described in full generality the behavior of

B(A), 1-BM)(A-A), T@),

and we analyzed Fg (1)~ in the special case that 9 is stationary. In the case of a general domain %, we
now obtain as a consequence of Theorem 4.13 the following result.

Proposition 5.3. For R > 0 large enough we have
Fy()™" € (5 N S") (AR D /D mins Dinax/Dmin).

The components of Fo,(A\)~! have orders vt with v € &, the semigroup defined in (1.6), and their phases
belong to the set M defined in (1.5).



140 JUAN B. GIL, THOMAS KRAINER AND GERARDO A. MENDOZA

Here S°(Ag; Dr/D A.min> Pmax/Pmin) denotes the standard space of (anisotropic) operator-valued sym-
bols of order zero on Ag (see the Appendix), where % /% . min carries the trivial group action, and
Dmax/Dmin 1s equipped with the group action k, = 9*11cp9. The symbol class

S5 (AR: D /D min: Drmax/Drmin)
is discussed in the Appendix (see Definition A.7). Recall that Ax = {A € A : |A| > R}.

Proof of Proposition 5.3. We follow the line of reasoning of [Gil et al. 2010, Propositions 5.10 and 5.17].
The crucial point is that we now know from Theorem 4.13 and Proposition 2.17 that F g, ! belongs
to the symbol class

(S NSO (AR; Dp/D A mins B max/D . min)

where the actions on D /D min and DA max/DA min are, respectively, the trivial action as above and
k,. The components of Fj g, (A)~! have orders vt with v € &, and their phases belong to the set 1.
Consequently, ®p(A) = 9_1F/\,@A ! belongs to

(S9N SO (AR Dp/D A min> Prmax/Drmin)

and we have the same statement about the orders and phases of its components.
Phrased in the terminology of the present paper, we proved (see [Gil et al. 2010, Proposition 5.10])
that the operator family

F) =[TA)(A=M)]: Dmax/Dmin — @A/@/\,min
belongs to the symbol class
(S N S (A R: Drmax/Drmins D n /D in)

and that
F(LW) @A) — 1 =R € ST (AR; Dr/Drmins Dn/D A min)

for any ¢ > 0. More precisely, F'(1) is an anisotropic log-polyhomogeneous operator-valued symbol.
We thus can infer further that in fact

_ 1\t
R() €SS (AR Da/Dn mins D/ D min)»

and that the components of R() have orders vt with v € &, v < —1, and phases belonging to the set
M. The usual Neumann series argument then yields the existence of a symbol

Ry € S5 (A RS D /D p mins D/ D i)
such that F(A)®o(1)(1+ R1(1)) =1 for A € Ag. Consequently Fg M)~ =dg() (1 + R (L)) lies in
(85 NSO (AR: DA/Dp mins Dax/Drnin).
and its components have the structure that was claimed. U

With Proposition 5.3 and our results in [Gil et al. 2010, Section 5] at our disposal, we now obtain a
general theorem about the asymptotics of the finite rank contribution Gg (1) in the representation (5.1)
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of the resolvent. Before stating it we recall and rephrase the relevant results from that paper about the
other pieces involved in (5.2) using the terminology of the present paper.
Concerning 7 (1) we have [Gil et al. 2010, Proposition 5.5]:

(i) For any cut-off function w € CZ°([0, 1)) the function 7 (A)(1 — w) is rapidly decreasing on A taking
values in §E(x*’"/2H,f, DA/DA min), and
1) =TMNw e ST (A H>2 D 0 /D p min)-
Here %*~"/? is equipped with the (normalized) dilation group action Ko, and we give D /DA min
again the trivial action.

(i) The family #(A) admits a full asymptotic expansion into anisotropic homogeneous components. In
particular, we have
10 € S5 (AL H T D D ).
The spaces H*~"/? are weighted cone Sobolev spaces on Y”. We discussed them in [Gil et al. 2006,
Section 2] and reviewed the definition in [Gil et al. 2010, Section 4] (see also [Schulze 1991], where
different weight functions as x — oo are considered). Note that %% —"/> = x =/ 2le)(Y N E).
Concerning 1 — B(1)(A — A) Proposition 5.20 of [Gil et al. 2010] gives, for any ¢ € C*°(M; End(E)):

(iii) The operator function P(A) = ¢[1 — B(L)(A — 1)] is a smooth function
AR = L Dmax/Drin, x "2 Hy),
which is defined for R > 0 large enough. Let w € C2°([0, 1)) be an arbitrary cut-off function. Then
(1 — w) P(A) is rapidly decreasing on Ag, and
P =P} € S°(AR; Dinax/Drin, K™ "/2);
here % ~"/2 is equipped with the (normalized) dilation group action ko, and the quotient D max /Dmin
is equipped with the group action i,.
(iv) p(A) is an anisotropic log-polyhomogeneous operator-valued symbol on A g. In particular,
p() =P () € S5 (AR; Dmax/Dmin, H* /%)
With 9% as in (1.5) and € as in (1.6) we have:
Theorem 5.4. Let ¢ € C°°(M; End(E)), and let w, w € C°([0, 1)) be arbitrary cut-off functions. For
R > 0 large enough the operator family Gg (1) is defined on Ag, and
(1 —0)pGa(h), 9Ga(M)(1 —w) € F(Ag, I (x™™2Hy, x ™2 HY)).

Moreover,
v
wpGa (M@ € (S5 " NS (Ags &2, 90712,

where the spaces 55"/ and H">~"/2 are equipped with the group action Kko. In fact, wpGg (L)@ takes
values in the trace class operators, and all statements about symbol estimates and asymptotic expansions
hold in trace class norms. The components have orders v with v € €, v < —m, and their phases belong
to M.
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Corollary 5.5. For R > 0 sufficiently large and ¢ € C°°(M; End(E)), the operator famiiy oGp(A) isa
smooth family of trace class operators in x_’”/zL,% for A € Ag,and Tr(pGp(A)) € (Sé;m) NS™™)(AR).
The components have orders vt with v € &, v < —m, and their phases belong to the set .

Theorem 5.4 and Corollary 5.5 follow at once from the previous results about the pieces involved
in the representation (5.2) for Gg (A1) and the properties of the operator-valued symbol class discussed
in the Appendix. In the statement of Corollary 5.5 the scalar symbol spaces are also anisotropic with
anisotropy m. In particular, this means that Tr(¢Gp (1)) = O(IA]™1) as |A] = oo.

We are now in the position to prove the trace expansion claimed in Theorem 1.4. To this end, we need
the following result [Gil et al. 2010, Theorem 4.4]:

(v) Let ¢ € C*°(M; End(E)). If ml > n, then <p8fle()») is a smooth family of trace class operators
in x~/2L2, and the trace Tr(pd. ' B(1)) is a log-polyhomogeneous symbol on A. For large 1 we
have

n—1 .

Tr(pdl ' B(L) ~ 3 ;A Im=DIm g log (AT 1 (M),

j=0

where

r() € (85 NSy (A,

Now, combining (v) with Corollary 5.5, we finally obtain:

Theorem 5.6. Let A C C be a closed sector. Assume that A € x~" Diff)) (M; E), m > 0, with domain
D C x_’”/zLi satisfies the ray conditions (1.3). Then A is a sector of minimal growth for Ag, and for
ml > n, (Ag — A\) " is an analytic family of trace class operators on Ag for some R > 0. Moreover, for
¢ € C*°(M; End(E)),

Tr(p(Ag — 1)) € (Sy” N8 (Ag).

The components have orders vt with v € €, v < n — Im, where € is the semigroup defined in (1.6), and
their phases belong to the set I defined in (1.5).

More precisely, we have the expansion

n—1
Tr(p(Ag —2)™) ~ 3 a2 "D 4, log(MA™ 4 53(1),
j=0
with constants «; € C independent of the choice of domain %, and a domain dependent remainder
sa () € (S5 N STy (Ag).

If all elements of the set {o € spec,(A) : —m/2 < Imo < m/2} are vertically aligned, then the
coefficients r, in the expansion (1.7) of sg(X) are rational functions of log A only. This is because, in
this case, the series representation of the projection in Theorem 4.13 contains only real powers of ¢ and
rational functions of log ¢; see Remark 4.16. This simplifies the structure of F, g, (A)~!' according to
Section 2, and consequently the structure of Fg (M)~ (see the proof of Proposition 5.3). As recalled in
this section, the terms coming from B(X) and the other pieces in the representation (5.2) of Gg(A) do
not generate phases.

If 9 is stationary, then the expansion (1.7) of sg(A) is even simpler: the r, are just polynomials in
log A, and the numbers v are all integers. To see this recall that if %, is «-invariant, then Fx g, M)~1is
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homogeneous, see (2.3), so it belongs to the class
SO AR D /D nmins Drmax/Dmin) C (Sh NSO (AR: Dp/D nmins D rmax/ D a.min)-

Consequently, by the proof of Proposition 5.3, F5(1)~! is log-polyhomogeneous. This property propa-
gates throughout the rest of the results in this section and gives the structure of sg(X) just asserted.

Appendix: A class of symbols

Let A C C be a closed sector. Let E and E be Hilbert spaces equipped with strongly continuous group
actions k, and &,, 0 > 0, respectively. Recall that the space S"(A; E, E) of anisotropic operator-valued
symbols on the sector A of order v € R is defined as the space of all a € C*° (A, £(E, E )) such that for
all o, B e Ny

%7 b1 850 GO | ) = OUA = F) s [ = o0 i A (A1

[A[1/m ||$(E,E)

By S™(A; E, E) we denote the space of anisotropic homogeneous functions of degree v € R, that is,
all a € C*°(A {0}, £(E, E)) such that

a(@"x) =0"kpa(Mk;"  forg>0and 1 € A {0}. (A.2)

Clearly x (A)S™(A; E, E) C S”(A: E, E) with the obvious meaning of notation, where x € C®(R?) is
any excision function of the origin. When E = E=C equipped with the trivial group action the spaces
are dropped from the notation.

Such symbol classes were introduced by Schulze in his theory of pseudodifferential operators on
manifolds with singularities, see [Schulze 1991]. In particular, classical symbols, that is, symbols that
admit asymptotic expansions into homogeneous components, play an important role and were used in
[Gil et al. 2006] for the construction of a parameter-dependent parametrix of A, — A. As illustrated in
the present paper, for a general domain 9, the structure of (Ag — A)~! is rather involved, and classical
symbols do not suffice to describe it. We are therefore led to introduce a new class of (anisotropic)
operator-valued symbols that admit expansions of a more general kind. As it turns out, this class occurs
naturally and is well adapted to describe the structure of resolvents in the general case.

Remark A.3. The operator-valued symbol classes SV(A; E, E )and S ) (A E, E ), as well as the spaces
SQ(];’ +) (A; E, E) and ng (A; E, E) defined in this Appendix, all depend on the choice of the group actions
on E and E. They also depend on the anisotropy parameter m that appears in (A.1) and (A.2). However,
in order to avoid an overload of notation, we will not emphasize this dependence. In this paper, the
anisotropy m is always the order of the cone operator A under study, and the group actions are explicitly
defined when necessary.

Recall that V[z1, ..., zy] denotes the space of polynomials in the variables z;, j =1..., M, with
coefficients in V for any vector space V. We shall make use of this in particular for V = C and
V = SO(A; E, E). In what follows, all holomorphic powers and logarithms on A are defined using
a holomorphic branch of the logarithm with cut I' & A.

Definition A.4. Let v € R. We define S;{ +)(A; E.E ) as the space of all £(E, E )-valued functions s(1)
of the following form:
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There exist polynomials p € SOA; E, E)[zl, ...,zn+1]and g € Clzy, ..., zy+1] in N 41 variables,

N = N(s) € Ny, and real numbers py = ug(s), k=1, ..., N, such that the following holds:

(@) |gAHr, ..o AN log A)| > ¢ > 0 for A € A with || sufficiently large;
(b) s(A) =r(M)A"/™, where . ‘
pAL AN (Tog )
A) = - - .

r) = Oum AN Tog 1)

To clarify the notation, we note that
P N Togh) = Y ag (WAL ATRNeN [ogk )
lee|+hk<M

(A5)

as a function A \ {0} —> £(E, E) with certain aq x (A) € SO E, E). We call the py the phases and

vT the order of s(A).

Every s(A) € Se% R (A; E, E) is an operator function defined everywhere on A except at A = 0 and the
zero set of g(A'#1, ..., AN log ). The latter is a discrete subset of A ~ {0}, and it is finite outside any

neighborhood of zero in view of (a).

Proposition A.6. (1) 59(7: +)(A; E,E ) is a vector space.

(2) Let E be a third Hilbert space with group action Ky, 0 > 0. Composition of operator functions

induces a map
SUO (A B, By x SV (A E, By — S (ALEL B),
(3) Fora, B € Ng we have
820l : SOV (AL E, E) — S{ "D (A EL E).
@) Let s0) € S (A; E, E). Then
Xx(Ws() € ™AL E, EB),

for any & > 0 and any excision function x € C®(R?) of the set where s()) is undefined.

(5) Let s(A) € Sé;ﬁ)(A; E, E) and assume that

_ v/m—e
N =0(|A"")

| ims Qkpgim | g )

as |A| — oo for some € > 0. Then s(A) =0 on A.
In particular, Sg(,ﬁ)(A; E,E)N Sg(];’;)(A; E, E) = {0} whenever v| # v;.

Proof. (1) and (2) are obvious. For (3) note that
0597 : SU(A; E, E) — S0P (A B E),

for any vg. Consequently, 05" 8/-’\3 acts in the spaces

SO (A E, E)A, L AN Jog A — ST BN (A EL BN, LAY Tog A,

([:[)LW' . )LWN, logA] — S(_ma_mﬁ)(A)[kiM] e )LWN’ log A],
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with the obvious meaning of notation (the latter is a special case of the former in view of C C S O(A)).
Statement (3) is an immediate consequence of these observations.

Statement (4) follows at once in view of property (a) in Definition A.4 (and using (3) to estimate
higher derivatives). Note also that, for large A, the numerator in (A.5) can be regarded as a polynomial
in log A of operator-valued symbols of order zero.

In the proof of (5) we may without loss of generality assume that v =0, so s(A) is of the form (A.5).
Since |g(AI#, ..., AN logA)| = @(logM [A]) as |A| = oo we see that it is sufficient to consider the case
g=1,50s(1) = p*, ..., A" log ). For this case we will prove that if

~—1
||K|)L|l/ms()\’)KM|l/m ||$(E,E) —0

as |A| = oo, then s(X) = 0 on A. For this proof we can without loss of generality further assume that

s(X) contains no logarithmic terms, so we have s(1) = p(A/*1, ..., A/*¥). Moreover, we can assume that
the numbers i1, ..., uny € R are independent over the rationals, for if this is not the case we can choose
rationally independent numbers jip, ..., fix € R such that yu; = Zle Zjk ik with coefficients zj; € Z,
and so

K
A = 1_[ (kiﬁk)zjk
k=1

for every j = 1,..., N. Consequently, there are numbers N; € N, j =1,..., K, and a polynomial
peSOA; E,E)lzi, ..., zk] such that
AN .)\iﬂKNKp()\’ilM’ o )\il/LN) — ﬁ(kiﬂl’ o }\’iﬂK)’

and both assertion and assumption are valid for p if and only if they hold for p. So we can indeed assume
that the numbers w;, j =1, ..., N, are independent over the rationals.
Now let Ag € A be arbitrary with |Ag| = 1, and consider the function f : (0, co) - £(FE, E ) defined by

fo) = ;Zglp(gim“‘kgul, e Qim“”)»f)””)/cg.

This function is of the form

fl@)= Y ay@")™ (o)™

la|<M

for certain a, € £(E, E), and by assumption ||f(Q)||$(E,E) — 0 as o — o0o. Let po(z) = > ayz® for

z=1(z1,...,zy) € CV, and consider the curve lel=M

o (@M, ..., 0")eS" x...xS!

on the N-torus. The image of this curve for o > g¢ is a dense subset of the N-torus, where gy > 0 can
be chosen arbitrarily, because the ; are independent over the rationals. The function f is merely the
operator polynomial pg(z) restricted to that curve. Since f (o) — 0 as o — oo, this implies that for any
& > 0 we have || po(2)] < € for all z in a dense subset of the N-torus. This shows that py(z) is the zero
polynomial, and so the function f (o) =0 for all o > 0.

Consequently, the function p(A/#1, ..., A¥¥) vanishes along the ray through Ao, and because Ay was
arbitrary the proof is complete. O
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Definition A.7. For v € R define S;: (A E, E ) as the space of all operator-valued symbols a()) that

admit an asymptotic expansion -
a(d) ~ > xj)s;Q), (A.8)

j=0

+ ~
where s;(1) € S;:")(A; E,E),v=vy>v >--- and v; — —o0 as j — o0, and x;(A) is a suitable
excision function of the set where s;(A) is undefined.

We call 5;(A) the component of order v;.“ of a(A). The components are uniquely determined by the

symbol a(A) (see Proposition A.9).

Familiar symbol classes like classical (polyhomogeneous) symbols, symbols that admit asymptotic
expansions into homogeneous components of complex degrees, or log-polyhomogeneous symbols are
all particular cases of the class defined in Definition A.7. In particular, the denominators ¢ in (A.5) are
equal to one in all those cases.

Of particular interest in the context of this paper are symbols @ (A) with the property that all components
s5j(A) have orders v}L with v; € &, the semigroup defined in (1.6), and phases in the set 91 defined in (1.5).

Proposition A.9. (1) S;{ (A E, E ) is a vector space. For any ¢ > 0 we have the inclusion
Sy(AE,E) C $"Y (A E, E).

(2) Leta()) € Sg: (A E, E). The components s;(1) in (A.8) are uniquely determined by a(}.).
(3) Let E be a third Hilbert space with group action kKo, 0 > 0. Composition of operator functions
induces a map
A B BYx §% (A E. B R RIS LA
w (A E,E) xS (AE,E)— Sy (A EVE).
The components of the composition of two symbols are obtained by formally multiplying the asymp-
totic expansions (A.8) of the factors.

(4) Fora, B € Ny we have
0090 : S5 (A E,E) — 85" " (A E, B,

If (1) are the components of a(\) € Sy (A E, E), the components of 3302 (1) are 9205 (3.
+

(5) Let aj(A) € S;{ (A E, E), where v; — —00 as j — 00, and let vV = maxv;. Let a(A) be an
operator-valued symbol such that a(\) ~ Z?io aj(r).
Then a()\) € S£}7_)z+ (A E, E), and the component of a(\) of order M is obtained by adding the
components of that order of the aj(\). This is a finite sum for each M < v and will yield a nontrivial
result for at most countably many values of M that form a sequence tending to —oo.

Proof. Everything follows from Proposition A.6 and standard arguments. Because of its importance we

will, however, prove (2):
O

To this end, assume that 0 ~ Z?io xj(A)sj(A) with s;(A) € S5’
J — 00. We need to prove that all s;(A) are zero. Because

(A E,E), vj > vy — —00 as

XoWso0) ~ — 3 x; (W5 (1),
j=1
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we see that xo(A)so(A) € SV T¢(A; E, E) for every ¢ > 0. Choose ¢ > 0 such that v; + & < vg. Then

”K‘;'l”’" X0(A)so (K iim “sf(E,E) = O(|r| V1 Fe/my

as [A| — oo, and by Proposition A.6(5) we obtain that so(A) = 0 on A. Consequently all s; (1) are zero
by induction, and (2) is proved. U

By Sgghol(A; E, E) we denote the class of symbols a()) € S;}: (A; E, E) that are holomorphic in A.
Let s () be the components of a(X) € Sgghol(A; E,E ). By Proposition A.9, d;5; (1) are the components
of 9;a(A) =0, and consequently all components s; (1) are holomorphic.

In the case of holomorphic scalar symbols (or, more generally, holomorphic operator-valued symbols
with trivial group actions), we can improve the description of the components as follows.

Proposition A.10. Let a(A) € S&;hol(A), a(A) ~ Z;’io xj(A)s (L) with components s ; (L) of order vf.
For every j € Ny there exist polynomials pj, q; € Clzi, ..., 2y;+1] in N; + 1 variables with constant
coefficients, N € Ny, and real numbers jji, k =1, ..., N, such that the following holds:

(@ |g;(AHt, ., AN Jog A)| > cj > 0 for A € A with |A| sufficiently large;
(b) s;(X) =r;(AH1, ..., AN log M)AYi/™ wherer; = pi/q;-.
Proof. We already know that the components s;(A) are holomorphic. We just need to show that in this

case the numerator polynomials p in Definition A.4 can be chosen to have constant coefficients rather
than homogeneous coefficient functions. This, however, follows from Lemma A.11 below. O

Lemma A.11. Let fi(X), ..., fu(X) be holomorphic functions on A ~\ {0}, and let p be an element
of SO(A)z1,...,zu). Assume that the function p(fi(}), ..., fu(X)) is holomorphic on /O\, except
possibly on a discrete set.

Then there is a polynomial py € Clz1, ..., zm] with constant coefficients such that

pLAR), o fu) = po(fi(D), ..., fu(R))
as functions on A ~ {0}.

Proof. Since all singularities are removable, we know that p(f;(}), ..., fm (1)) is holomorphic every-
where on A. We have

p(fi), .o fu@) = 3 ag/IAD L) -+ far (W)™

le|<D
Let Ao € A. Define

PoGie - am) = Y aa(ho/IroDzS" -2
lal<D

Then clearly
p(fi), ..o, fuR) = po(f1(A), ..., fu (M)

on the ray through Ag. By uniqueness of analytic continuation this equality necessarily holds everywhere
on A, and by continuity then also on A \ {0}. O
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