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ON A MAXIMUM PRINCIPLE AND ITS APPLICATION TO THE
LOGARITHMICALLY CRITICAL BOUSSINESQ SYSTEM

TAOUFIK HMIDI

In this paper we study a transport-diffusion model with some logarithmic dissipations. We look for two
kinds of estimates. The first is a maximum principle whose proof is based on Askey theorem concerning
characteristic functions and some tools from the theory of Cy-semigroups. The second is a smoothing
effect based on some results from harmonic analysis and submarkovian operators. As an application we
prove the global well-posedness for the two-dimensional Euler—Boussinesq system where the dissipation
occurs only on the temperature equation and has the form |D|/log® (e* + D), with & € [0, %]. This result
improves on an earlier critical dissipation condition (o = 0) needed for global well-posedness.
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1. Introduction

The first goal of this paper is to study some mathematical problems related to the following transport-
diffusion model with logarithmic dissipations:

D|? y
80 +v-V+r—P g —0, (1,x) e R, x R,
divo—o,  log G+IDD (1)
9\,:() =90.

Here, the unknown is the scalar function 6, the velocity v is a time-dependent vector field with zero
divergence and 6y is the initial datum. The parameters are « > 0, A > 1 and «, 8 € R. The operator
ID|#/1og” (A 4 |D)) is defined through its Fourier transform:

%(Lf) ©=—"2" _@ne.
log” ( + D) log” (h + £)

We will discuss along this paper some quantitative properties for this model; especially two kinds of
information will be established: maximum principle and some smoothing effects. We notice that the
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special case of (1) corresponding to @ = 0 and 8 € [0, 2] appears naturally in some fluid models like
quasigeostrophic equations or Boussinesq systems. In this context A. Cérdoba and D. Cérdoba [2004]
established a priori L? estimates: for p € [1, oc] and ¢ > 0,

10y < 1160llzr- (2)

We remark also that the proof in the case p = 4-00 can be obtained from the following representation
of the fractional Laplacian |D|?:

f@) = fO)

DIff(x)=c —_—
DEf0 =ea | G

dy.

Indeed, one can check that if a continuous function reaches its maximum at a point xg, then IDIAf (x0) >0
and hence we conclude as for the heat equation. Our first main result is a generalization of the result of
[Cérdoba and Cérdoba 2004] to (1).

Theorem 1.1. Letk >0, d € {2,3}, €10,1], a >0, A > e3+29/8 and p € [1, 0o]. Then any smooth
solution of (1) satisfies
Ne@liLe < l6ollLr-

Remark 1.2. The restriction on the parameter 8 is technical and we believe that the above theorem
remains true for g € 11, 2[ and o > 0.

We discuss the proof in the special case v = 0. Equation (1) is reduced to the fractional heat equation
D)’
log® (A +|DJ)

The solution is explicitly given by the convolution formula

00+k¥£0=0 with £:=

0(t, x) = K% 0p(x) with K, (&) = e '§1"/108" GH18D)

We will show that the family (K;);>o is a convolution semigroup of probabilities, which means that &
is the generator of a Lévy semigroup. Consequently, this family is a Cy-semigroup of contractions on
L? for every p € [1, oo[. The important step in the proof is to get the positivity of the kernel K;. For
this purpose we use Askey’s criterion for characteristic functions; see Theorem 3.4. The restrictions
on the dimension d and the values of 8 are due to the use of this criterion. Now to deal with the full
transport-diffusion equation (1) we use some results from the theory of Cy-semigroups of contractions.

The second estimate that we intend to establish is a generalized Bernstein inequality. Before stating
the result we recall that for g € N the operator A, is the frequency localization around an annulus of size
24; see next section for more details.

Theorem 1.3. Letde(1,2,3}, B0, 1], >0, 1>eCT29/F and pe]l, ool. ForqeNand f € ¥(R?),
D
log®(A + D)

where C is a constant depending on p, o, 8 and .

g+ 1A Sy <C [ < Aqf) 8q S 178y f dx,

The proof relies on some tools from the theory of Lévy operators or more generally submarkovians
operators combined with some results from harmonic analysis.
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Remarks 1.4. (1) When o = 0 then the inequality above is valid for all 8 € [0, 2]. The case 8 =2 was
discussed in [Danchin 2001; Planchon 2000]. The remaining case 8 € [0, 2[ was treated in [2007],
but only for p > 2.

(2) The proof for the case p =2 is an easy consequence of the Plancherel identity and does not require
any assumption on the parameters «, 8 and A.

The second part of this paper is concerned with an application of Theorems 1.1 and 1.3 to the following
Boussinesq model with general dissipation

v+ v-Vv+ Vo =0ey, (t,x)eR+x[R2,
04+v-VO+k£0=0

divv =0,

Vjr=0 = Vo, O)r=0 = Op.

3)

Here, the velocity field v is given by v = (v!, v?), while the pressure 7 and the temperature 6 are scalar
functions. The force term fe, in the velocity equation, with e> the vector (0, 1), models the effect of
gravity on the fluid motion. The operator &, whose form may vary, is used to take into account anomalous
diffusion in the fluid motion.

From a mathematical point of view, the question of global well-posedness for the inviscid model,
corresponding to x =0, is extremely hard to deal with. We point out that the classical theory of symmetric
hyperbolic quasilinear systems can be applied to this system and thus we can get local well-posedness
for smooth initial data. The significant quantity that one needs to bound in order to get global existence
is the L°°-norm of the vorticity, defined by w = curl v = 9; vZ — 3v!. Now we observe from the first
equation of (3) that w solves the equation

dw~+v- Vo = 010. 4)

The main difficulty encountered for global existence is due to the lack of strong dissipation in the temper-
ature equation: we don’t see how to estimate in a suitable way the quantity fOT 1010 ]| L. However, the sit-
uation in the viscous case, k >0 and ¥ = — A, is well understood, and the question of global existence was
solved recently in a series of papers. Chae [2006] proved global existence and uniqueness for initial data
(vo, B0) € H® x H®, with s > 2; see also [Hou and Li 2005]. This result was improved in [Hmidi and Ker-
aani 2009] to initial data vy € B(z/ PF and 6y € B 1+(2/ P L", r > 2. The global existence of Yudovich
solutions for this system was treated in [Danchin and Paicu 2009]. The same authors [2008] constructed
global strong solutions for a dissipative term of the form 0,6 instead of Af. In [Hmidi and Zerguine
2010; Hmidi et al. 2011] we try to understand the lower dissipation & = |D|* needed for global existence.
In the first of these papers we proved global well-posedness when « € |1, 2[. The proof relies on the fact
that the dissipation is sufficiently strong to counterbalance the possible amplification of the vorticity due
to 018. However the case o« = 1 is not reached by this method, and this value of « is called critical, in
the sense that the dissipation and the amplification of the vorticity due to 9,6 have the same order.

In [Hmidi et al. 2011] we proved there is some hidden structure leading to global existence in the
critical case. More precisely, we introduced the mixed quantity

'=w+%R0, with R:=—;
ID|
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it satisfies the equation
o +v-VI =—[R,v-V]0O.

As a matter of fact, the problem in the framework of Lebesgue spaces is reduced to estimating the
commutator between the advection v - V and Riesz transform %R, which is homogenous of degree zero.
Since Riesz transform is a Calderén—Zygmund operator, we can, using the smoothing effects for 6 in
a suitable way, get a global estimate of ||w(¢)||L». We can then use this information to control more
strong norms of the vorticity, like ||w(f)||L~ or ||w(?)]] B - For more discussion about the global well-
posedness problem concerning other classes of Boussinesq systems we refer to [Hmidi et al. 2010; Miao
and Xue 2009].

Our goal here is to relax the critical dissipation needed for global well-posedness by some logarithmic
factor. More precisely, we will study the logarithmically critical Boussinesq model

hv+v-Vo+Vm =0ey,

D|
00 +v-VO+ ——6 =0,
’ log” (A + DI)
divv =0,

0 0
V=0 =1V, 0|;=0 =06".

&)

Before stating our result we need some new definitions. We define the logarithmic Riesz transform
Re by Ry = (01/1D)]og” (A + |D|). Next, for given o € R we define the function spaces {%,}1<,<o0 by

uedy < llullx, = llullp ~rr+1Rattllpo qr» <00
Our result reads as follows (see Section 2 for the definitions and the basic properties of Besov spaces).

Theorem 1.5. Let o € [0, %], r>e*and p €12, 00[. Let vy € Boloy1 NWLP bea divergence-free vector
field of R*> and 6y € % p- Then there exists a unique global solution (v, 0) to the system (5) with

ve LRy Bl NWI), 0 € LRy ) N Lo (Ry: B,

loc p,00

The proof shares the same ideas as the case o = 0 treated in [Hmidi et al. 2011] but with more technical
difficulties. We define

9
Ry = ﬁlog“(k—i— D)) and T =+ ReH.

Then we get
' +v-VI = —[Ry, v-V]6.
To estimate the commutator in the framework of Lebesgue spaces we use the paradifferential calculus

combined with Theorems 1.1 and 1.3.

Remarks 1.6. (1) For global well-posedness for the generalized Navier—Stokes system in dimension
three, Tao [2009] proved that we can improve the dissipation [D|*/? to

|D|5/2
log'?2+ D))’
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The space &), is less regular than the space B;_ | N B},

IRE for all ¢ > 0. More precisely, we will see
in Corollary 4.3 that B, | N B}, | <~ &,.

If we take 8 = O then the system (5) is reduced to the two-dimensional Euler system. It is well-
known that this system is globally well-posed in H* for s > 2. The main tool for global existence
is the BKM criterion [Beale et al. 1984] ensuring that the development of finite-time singularities
for Kato’s solutions is related to the blowup of the L° norm of the vorticity near maximal time
existence. Vishik [1998] extended the global existence of strong solutions to initial data belonging
to Besov spaces B;Z/ P These spaces have the same scale as Lipschitz functions and in this sense
they are called critical and it is not at all clear whether BKM criterion can be used in this context.

Since B:’Tz/r <~ Bl N WP for all r € [1, +00[ and p > max{r, 2}, the space of initial velocity in
our theorem contains all the critical spaces B;ﬁz/ P except the biggest one, Béo’l. For the limiting
case we have been able to prove the global existence only under the extra assumption that Vvg € L?
for some p € ]2, oo[. The reason behind this extra assumption is that to obtain a global L* bound
for the vorticity we need first to establish an L? estimate for some p € ]2, oo[ and it is not clear

how to get rid of this condition.

Since Vv € LIIOC(R+; L), we can propagate all the higher regularities, both critical (for example

vo € B 11:12/ P with p < 0o) and subcritical (for example vg € H®, with s > 2).

2. Notation and preliminaries

Throughout this paper we will use the following notation.

For any positive A and B the notation A < B means that there exists a positive constant C such that
A <CB.

For any tempered distribution u, both & and %u denote the Fourier transform of u.
For every p € [1, oo], we denote by || - ||.» the norm in the Lebesgue space L?.

The norm in the mixed space time Lebesgue space L? ([0, T], L” (R%)) is denoted by |- || Lo (with
the obvious generalization to || - || Lla for any normed space X).

For any pair of operators P and Q on some Banach space &, the commutator [P, Q] is given by
PQO—-QP.

For p € [1, o], we denote by W7 the space of distributions u such that Vu € L?.

Functional spaces. We introduce the so-called Littlewood—Paley decomposition and the corresponding
cut-off operators. There exists radial positive functions x € %(R%) and NS @(Rd\{O}) such that:

®
(i)

xE)+ D 9(279)=1and supp x Nsuppp(2~7) =& forall g > 1.
q>0

suppp(27/+) Nsuppp 27y =@ if |j —k| > 2.

For every v € ¥'(RY) we set

qg—1
A_jv=yx(D)v, Ajw=¢Q2 9D)yv forgeN, S§,= Y A; forqeN.
j=—1
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The homogeneous operators are defined by

Aqv=¢(2_qD)v and Sq= > Aj forq € 7.
Jj<q—1

From [Bony 1981] we split the product uv into three parts:
uv="T,v+ Tyu+ R(u, v),
with

. . 1
T,w=>) S;—iuAzv and R(u,v) =) AjuA,v, where Ay = Y A,
q q '

i=—

For (p, r) €[1, +00]* and s € R we define the inhomogeneous Besov space B, , as the set of tempered
distributions u such that

lullgs, = Q¥ AqullLr)er < +o00.
The homogeneous Besov space B;” is defined as the set of u € ¥'(R?) up to polynomials such that
lullgy = Q¥ AgullLe)er @) < +oo.

For s,s’" € R and p,r € [1, o] we define the generalized Besov space Bls,fr/ as the set of tempered
distributions u# such that

lull o = @ (g + DT 1 Agullo)er < 00.

Let T > 0 and p > 1. We denote by L‘T’B;’fr’ the space of distributions « such that

il ot = 22 Ual+ D7 1A gull o)

|L,; < 400.
We say that u belongs to the space Z‘T) B;’fr/ if

luliz gy, == 2% (g + D | Agull g 1o)er < o0,

By a direct application of the Minkowski inequality, we have the following links between these spaces,
fore > 0:

LyB),, — L}B,, — LB F, ifr>p,

LB — LYB,, — LB, ., ifp=>r

We will make frequent use of Bernstein inequalities (see [Chemin 1998], for instance).

Lemma 2.1. There exists a constant C such that, forg,k €N, 1 <a<band f € L"(Rd), we have
sup 9% S, fll» < CF 290+ g £l 0

la|=k
and

C 29| Ay fllze < sup 8%Ay fllze < CR27%| A, flle.
la|=k
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3. Maximum principle

Our task is to establish some useful estimates for the following equation generalizing (1):

9,0 +v-VO + D" 0="f

V- _—_— frd ,

! log® (1 + [DJ)

divv =0, (6)

9|t:0 = 90.

Two special problems will be studied. One deals with L? estimates that give in particular Theorem 1.1.
The second consists in establishing some logarithmic estimates in Besov spaces with index regularity 0.
The first main result of this section generalizes Theorem 1.1:

Theorem 3.1. Let p €[1,00],8€]0,1],0¢ >0and A > eBF20/B Any smooth solution of (6) satisfies

t
10O ILr < 6ol + / I F @l d.
0

The proof is in two steps. The first is to check the result for the free fractional heat equation. More
precisely, we will establish that the semigroup ¢!, with

b
" log*(A+ D))’

is a contraction in Lebesgue spaces L?, for every p € [1, oo[ of course under suitable conditions on the
parameters o, 8, A. This problem is reduced to showing that ||K,|;1 < 1. This is equivalent to K; € L'
and K, > 0. As we will see, to get the integrability of the kernel we do not need any restriction on the
value of our parameters. Nevertheless, the positivity of K; requires some restrictions, which are detailed
in Theorem 3.1. The second step is to establish the L? estimate for the system (6) and for this purpose
we use some results about Lévy operators or, more generally, submarkovian operators.

Positive definite functions. As we will see, there is a strong connection between the positivity of the
kernel K, introduced above and the notion of positive definite functions. We will first gather some
well-known properties about positive definite functions and recall some useful criteria for characteristic
functions. Then, as an application, we will show that the kernel K; is positive under suitable conditions
on the parameters involved.

Definition 3.2. Let f : R? — C be a complex-valued function. We say that f is positive definite if for
every integer n € N* and every set of points {x;, j =1,...,n} of R4 the matrix (f(xj —xk))1<jk<n 18
positive Hermitian, that is,

LT —xk)fjék >0 forall &,...,§,€C.
J.k=1

We will give some results about positive definite functions.

(1) From the definition, every positive definite function f satisfies

f(O) >0, f(=x)=fx), |f&]=<7£).
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(2) Continuity of a positive definite function f at zero implies continuity everywhere. More precisely,

£ ) = fFODI =2 O(f(0) = f(x = ).

(3) The sum of two positive definite functions is also positive definite and according to Schur’s lemma
the product of two positive definite functions is also positive definite and therefore the class of
positive definite functions is a convex cone closed under multiplication.

(4) Let u be a finite positive measure. Its Fourier—Stieltjes transform is given by
o) = [ e idnc)
Rd

It is easy to see that [i is a positive definite function. Indeed,

2
du(x) > 0.

n

Z e—ix~xj%.j

Jj=1

5 - wgfi= [ (5 e gt Janw = [

Jj.k=1 J.k=1
The converse of (4) is due to Bochner; see for instance [Bochner 1959, Theorem 19].

Theorem 3.3 (Bochner’s theorem). Let f : R? — C be a continuous positive definite function. Then f
is the Fourier transform of a finite positive Borel measure.

There are some criteria for radial functions to be positive definite. For example in dimension one
the celebrated criterion of Pdlya [1949] states that if F : [0, +00[ — R is continuous and convex with
F(0)=1and lim,_, ; F(r) =0then f(x)= F(|x]|) is positive definite. This criterion was extended to
higher dimensions by numerous authors [Askey 1973; Gneiting 2001; Trigub 1989]. We mention only
one extension:

Theorem 3.4 (Askey). Letd € N and let F : [0, +00[ — R be a continuous function such that
() FO) =1,
(2) the function r +— (— D4 FD (r) exists and is convex on 10, +00[, and
(3) lim,_, 400 F(r) =lim,_, 100 F¥9(r) = 0.

Then for every k € {1,2,...,2d + 1} the function x — F (|x|) is the Fourier transform of a probability
measure on R¥.

Remark 3.5. As an application of Askey’s theorem we have that x +—> e’ 0 g positive definite for
allt > 0, B €]0,1] and d € N. Indeed, the function F(r) = e s completely monotone, that is,
(—D*F® @) >0, for all » > 0, k € N. Although the case B € ]1, 2] cannot be reached by this criterion,
the result is still true.

The perturbation of the function above by a logarithmic damping is also positive definite:
Proposition 3.6. Let o, t € [0, +00[ x 10, +00[, B €10, 1], » > eCt20/8 and define f : R? — R by

F(x) = et og Gt

Then f is a positive definite function for d € {1, 2, 3}.
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Remarks 3.7. (1) It is possible that this result remains true for higher dimension d > 4 but we will
avoid dealing with this more computational case. We also think that the radial function associated
to f is completely monotone.

(2) The lower bound of A is not optimal by our method. In fact we can obtain more precise bounds, but
this seems to be irrelevant.

Proof. We write f(x) = F(|x|) with

.

log” (A+7)

The function F is smooth on ]0, oo[ and assumptions (1) and (3) of Theorem 3.4 are satisfied. It follows

that the function f is positive definite for d € {1, 2, 3} if

F(r)y=e """ and ¢(r)=

FO@) <o.
Easy computations give for r > 0,
FOW) =[~1¢D 1) +32 ¢ (¢@(r) — 1 (¢' (1))*]F (r).

We will prove that
¢'(r)=0,9?(r) <0 and ¢P(r)=0.
This is sufficient to get F® (r) <0, for all » > 0. The first derivative of ¢ is given by
gri-t arf
log“(A+7r)  (A+r)log® T (A +r)
rp-1
() log® (A1)
We see that if A satisfies

¢'(r) =

(Brlog(A+r) +r(Blog(A +r) —a)).

A > e/P (7)
then ¢’(r) > 0. For the second derivative of ¢ we obtain
(;5(2)(1*):—'3(1 — pyrf—2 _ 2aprP=! 4 arf a(a+1)rf
logA+r)  (A+r)log™*A+r)  A+r2log® T '+r) (A +r)2log* 2 +r)
- [~pa—p)- opr ar’ “let e ]
log*(A +r) (A+r)logh+r)  (A+r)2log(A+r) (A+r)2log2(k+r) '

Since (r2) /(A +7r)> <r/(A+71) <1, we have
rf=2

@) o _ _ o _ or _« +1
") = log* (A +r) [(1 'B)< pr log()»—i-r)) A+7) log()\—l-r)( log()»—kr))]
rP=2

2 1
= m[(l _ﬂ)<_ﬂ+ 10;) - (A+r)i)rg()»+r)(1 B (;o;_k )]

Now we choose A such that

¢

20 a+1
B+ <0 and 11— >0,
log A log A
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which is true whenever
A > max(ez"‘/ﬂ, e"’“). (8)

Under this assumption we get
@) <0 forallr > 0.

Similarly we have
¢V =L+ L+ L+,

with
—a—3
I = e+ rf11og " g_;rf) (3AB1log( +r) +r(B3Blogh +71) — (2+a))),
—2—a
L= arﬂW(—ﬂl +a) + (—3B2+ 68 — 2) log( + 1)),
—l-a
Iy = arf? W(w@ —6B)r +332(1 - B)).

Ii=Q2 -1 —B)Br' 7 log (L +r).
It is easy to see that I3 and I are nonnegative. On the other hand, /1 + I, equals

B—1 log_a_z()» +r)

3 Ba(a+ 1)r G2

—2—a
glog A+71) [_ ( 2+« ) ap2 _ ]
+ar —()»+V)3 30+a)+(a+1)(A+r)(38 —log(k+r) 4+ (=38°4+68—2)log(A+r)|.
Since —3ﬂ2 + 68 —2> -2 for B €0, 1], and since —10% > —10%)\ for all x > A > e, we have

plog > (A +r)T _2+a , log(htr)
(A+r)3 [ 3+(H")(3ﬁ log A Z(a—i-l)()»—i-r))]
plog > A+ [, 3 24a  2logi
= ato DG 385~ gt ~ @i )

We can check that log A < A and log2 A <A, forall A > e. Thus
log 2% (A7) 1 2
h+h> 1)rP [ - ( __ﬂ
1+ Iz Z e L (A+71)? 3P log A 5+a+a+1

—2—a
(A+r) T+a
(A+r)? [3'3 B logk]'

L+DL>a(a+ Dr

> oo+ l)r’8 log

We choose A such that
_ T+ao =0

3p logh —

It follows that /] + I, is nonnegative if
A > eTH)/GB)

A condition that implies this inequality and also (7) and (8) is

3> eB3+20)/8
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Finally, we get: for all & > 0, 8 €10, 1], and A > ¢GT20/8

P r)>0 forallr> 0.
This achieves the proof. (|

More precise information about the kernel K; is listed now:

Lemma 3.8. Let A > 2 and denote by K, the element of &' (R?) such that

R, (&) = o161 102" O+ED
(1) For (t,a, B) €10, oo x R x ]0, oo[ the function K, belongs to € L'NC,.
(2) Ford e{1,2,3}, (t,a, B) €10, +00[ x [0, 0o[ x 10, 1] and 1 > eB3+20/B ype have

Ki,(x)>0 forallx e Ry and | K| =1.

Proof. (1) By definition we have

K,(x)=(2n)df oIS /log Gt D i -6 g
Rd

Let > 0. Integrating by parts we get
|X|“x;-lK,(x) — (_2”_[)—d /d agl (e—l((|$|ﬁ)/10g‘1()»+|§‘)))|x|ll«eixfdé:_
R

On the other hand we have
|x|e' ¥§ = |D| e ¥ 5,

where |D]| is a fractional derivative on the variable £. Thus we get
x| x9 K, (x) = (—2m)d/ |D|“8§j (e*f'f"g/l‘)g“(“'é‘))ef“5 dE.
Rd
Now we use the following representation for |D|* when u € ]0, 2]:

DI £ = Cpg [ TOZLE= N ay.

It follows that
9, T, E =] e

|y|d+n

1K (0] < Cpa /
R2d
with
KE) = agj (e*tlélﬁ/log“(kﬂé‘\))‘
Now we decompose the integral into two parts:

IO -IED [ PO -TE—) 9,6 =5 ¢~y
R dydg_/yei' I d“/méél Tppe D

2

|
=1L+ .
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To estimate the first term we use the following estimate, which can be obtained by straightforward
computations:

[ L d - B/log®
;)N < Ct,a,ﬂ—loga(wr e EP/10g” GHED < 0, , g[8 |P= = (/D16 log" GtED
Hence we get, under the assumption u € 0, S[,

1 — — B o — — —y|B o —y
I fCt,a,ﬁ[ |y|d+u(|5|ﬂ 4o /DIEPN08" OED | _ 3 B=d gt/ —r1Pog" OHE—D) g 1y
[E1=2[yl

e~ (/DI log" OHIED g

1 Bllog® (1
< ’ﬁ/ £ | /IO GHIED g5 gy, < ’ﬁ/ b
“F Jer<aly) Iyl W Jra |§|ATP

=< Ct,a,ﬂ-

To estimate the second term we use the mean-value theorem to write

[H;j(E)=H;E =y < Iyl sup [VIH;ml;
nel§—y,§l

we also have
|Vf7{j(77)| <Ciq ﬁ|,7|/3—d—1e—(t/2)\n|ﬂ/10g“()»+\n|)'

Since |y| < 3|€|, for n € [§ — y, &] we have

SIEN< Il < 3181
This yields
[H;jE) =T -y = Ct|y||§-|ﬂ—d—le_ct|g|ﬁ/2.
Therefore we find, for u € ]0, B[N ]O0, 1],

1 —d—1 — B/2 _g. _ B/2
szct,a,,s/ Wmﬁ d=1,~Clg] dydggc,,a,ﬂ/ (1/|g|4HH=Fye=C1EIT g
Iyl</2)g 1Y R2

<Ciap-
Finally we get
Ix“x 19K ()| < Crap  forj=1,...,d.
Since K, € Cy, we have
(1 + 6" K, (0)] < C.

This proves that K, € L'(RY).

(2) Using Theorem 3.4 and Proposition 3.6 we get K; > 0. Since K, € L', this implies || K;||1 = I/(\t 0)=1.
O

Now set
ID|#

"~ log®(A+ D)

We define the propagator e ¥ by convolution:

)

e_tb%f == Kt *f.
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Corollary 3.9. Leta >0, 8 €10, 1], 1 > e3+29/B gnd p € [1, oo]. Then

le ™ fllr < fllr forall feLP.

Proof. From the classical convolution inequalities combined with Lemma 3.8 we get

—t&
le™ “flle < IK Nl flle < 1 fllze- O

Structure of the semigroup (e~'%),»9. We first recall the notions of Cop-semigroup and submarkovian
generators.

Definition 3.10. Let X be a Banach space and (7;);>¢ a family of bounded operators from X into X.
This family is called a strongly continuous semigroup on X or a Co-semigroup if

(1) To =1d,
(2) Ti4s = T, T, for every t, s > 0, and
(3) lim;_ g+ || T:x — x|| = O for every x € X.

If in addition the semigroup satisfies the estimate ||7;||¢x) < 1, then it is called a Cy-semigroup of
contractions.

For a given Cy-semigroup of contractions (7;);>¢ we define its domain %(A) by

D(A) 1= {f € X: lim %‘f exists in x}

t—0t

and we set
Af = lim L= for reaa).

t—0t 1
It is well-known that the operator A is densely defined: its domain %(A) is dense in X.

Definition 3.11. Let X = L?(R?), with p € [1, oo[ and d € N*. A Cp-semigroup (T3)+>0 of contractions
on X is said a submarkovian semigroup if it satisfies these two conditions:

(1) If f € X satisfies f(x) >0 a.e., then T; f(x) > 0 a.e. for every ¢t > 0.
(2) If f € X satisfies | f| <1, then |T; f| <1 for every ¢ > 0.
Define L_’; ={felL?; f(x) >0, ae.}. The next result is classical.

Theorem 3.12 (Beurling—Deny theorem). Let A be a nonnegative self-adjoint operator of L?. Then we
have equivalence between:

() feli = e fel? forallt>0.
2) feDA?) = |fleDAY2) and |AV2| fll2 < |AV2f 2

Proposition 3.13. Letd € {1,2,3}, pe[l,00[, @ >0, B €10, 1] and » > eBT>D/B_ With £ as in (9),
we have:

(1) The family (e~'*);>¢ defines a Co-semigroup of contractions in LP (R¢).
(2) The family (e_tg)tzo defines a submarkovian semigroup in L? (RY).

(3) The operator (e™'?),~¢ satisfies the Beurling—Deny theorem described in Theorem 3.12.
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Proof. (1) For f € L? we define the action of the semigroup on f
e f () = K% f (),

where K, () = ¢ "E/1g"0+IED  From Corollary 3.9, the semigroup maps L? to itself if p € [1, oo], and

1K fllee < W fllze-

Conditions (1) and (2) of Definition 3.10 are easy to check. It remains to prove condition (3), concerning
the strong continuity of the semigroup. Since | K;||;1 =1 and K; > 0, we have, for n > 0,

Kyx f(r) — f(x) = /R KO (f(x — y) — F())dy

=f Kz(y)(f(x—y)—f(x))a’er/| KW (f(x—y)— fx)dy
yi=n

yI=n
=1L (x)+ L(x).
The first term is estimated as follows:
I 1i]lzr < Ki)NfC=y) = f(Illerdy < sup [[f(-=y)— fC)lee.
[yI=n lyl<n

For the second term we write || I2||zr < 2| fllLr / K;(y) dy. Combining these estimates we get
[yl=n

IKi* f = flier < sup [f(-=y) = FC )z +2||f||LPf K (y)dy.
yIzn

lyI<n

It is well known that for every p € [1, oo[ we have

hm sup | fC-=y) = f()llr =0.

Y

Thus for a given ¢ > 0 we can find n > 0 small enough that

sup [f(-=y) = f(lr <e.

[yI=n

Now to conclude the proof it suffices to prove that

lim K:(y)dy=0.
1=0% Jyy|=p R
This will follow from
t—0t
Kl‘ _— 8()

To prove this last statement we write, for ¢ € &,

1 1 gl
(K9 = g (i = /Rde $(&)d.

We can use now Lebesgue theorem and the inversion Fourier transform leading to

Jm (K. #) = oy

/ $(E)dE = $(0).
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Finally we get that (K;*);>0 defines a Cy-semigroup of contractions for every p € [1, ool.

(2) From Definition 3.11 and the first part of Proposition 3.13 it remains to show that

— for f € L? with f(x) >0 a.e. we have e~ f(x) > 0;

— for f € L? with | f(x)| <1 a.e. we have |e_’°(£f(x)| <l1.
This is a direct consequence of the explicit formula
e f () = Kix f (x),

where according to Lemma 3.8 we have K; > 0 and || K, |1 = 1.

(3) It is not hard to see that the operator |D|#/ log” (A + |DJ) is a nonnegative self-adjoint operator of L2
This operator satisfies the first condition of Theorem 3.12 since the kernel K, is positive. U

The following result gives in particular Theorem 3.1.
Proposition 3.14. Let A be a generator of a Cy-semigroup of contractions.
(1) Let p €1, 00[ and u € D(A). Then
/ Au |u|Psignu dx < 0.
R2
(2) Let 8 be a smooth solution of the equation
9,0+v-VO— A0 = f,

where v is a smooth vector field with zero divergence and f is a smooth function. Then

t
10 llr < 60l Lr +f If (D)llzrdT  forevery p €1, o0].
0

Proof. (1) We introduce the operation [/, g] between two functions by

[h, gl= IIglli;p/zh(X)lg(X)l"’_1 sign g(x) dx.
R
Define the function ¥ : [0, co[ — R by

V() = [e"u, ul.

We have ¢ (0) = ||u ||% ,. From the Holder inequality and the fact that the operator ¢’4 is a contraction
on L? we get

A 2
Y@ < lle"ullrllullr < llullz,.

Thus we find v (¢) < ¥ (0), for all t > 0. Therefore we get lim,_, o+ w < 0. This gives

/ Au(x)|u(x) P~ signu(x) dx < 0.
R2
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(2) Let p € [1, oo[. Multiplying the first equation in (6) by |6|”~! sign 6, integrating by parts and using
divv = 0 we get
1d P p—1 p—1
— 10O+ | 1406 (x)] sign & (x)dx < || f O zo 10O, -
R
Using Proposition 3.14 we find

1d _
;Ene(r)nip <IFONlo@z;".

Simplifying, we get %ll@(t)llu < || f(@®)]|lLr. Integrating in time we get for p € [1, oo

10y < 60llLr-

Since the estimates are uniform on the parameter p, we can get the limit case p = +o00. U

Logarithmic estimate. In the last part of this section we show some logarithmic estimates generalizing
results in [Vishik 1998; Hmidi and Keraani 2009]. We recall the following result on the propagation of
Besov regularities.

Proposition 3.15. Let k >0 and let A be a Cy semigroup of contractions on L™ (R?) for everym €[1, ool.
We assume that for every g € NU{—1}, the operator A, commutes with A on a dense subset of L. Let
(p,r) €[l, o0l?, s € 1—1, 1[, and let 6 be a smooth solution of

0 +v-VO—kAO = f.
Then .
16155y, S €V (H@ollB;,, + /0 VO f@)llsy, dr),
where V(1) = ||Vv||L[1LOO and C is a constant depending only on s and d.

Proof. We set 6, :== A,6. By localizing in frequency the equation of 6 we get
0,0, +v-VO, —kA9, = —[Ay,v-V]0+ f,.

Using Proposition 3.14 we get

t 1
164 ()1ILr < 1164 0)[ILr + / llag, v-VIo@)|, ,dT + f I fg(D) I rdz.
0 0
At the same time, we have the classical commutator estimate [Chemin 1998]:

[[Ag, v-V16[,, < C27 ¢yl Vullz=lOllsy,,  lc)ller = 1.

Thus
16@) |l s

p.r

t t
< 10olls;, +C / 1Vollz~ 10115, + / 1/ @)l d.
0 0

p.r
It suffices now to use the Gronwall’s inequality. U

Now we will show that for the index regularity s = 0 we can obtain a better estimate with a linear
growth on the norm of the velocity.
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Proposition 3.16. Let v be a smooth divergence-free vector field on R?. Let k > 0 and let A be a
generator of Co-semigroup of contractions on LP(RY) for every p € [1, oo[. We assume that for every
q € N, the operators A, and A commute on a dense subset of LP. Let 0 be a smooth solution of

00 +v-VO —kAb = f.

Then, for every p € [1, o],

t
101lzcg0 < ClI6ollgo +1I.f 1l 110 )<1+/ IIVU(T)IILoodT>,
t “pl p.l t ¥ p.1 0
where the constant C does not depend on p or k.

This was first proved in [Vishik 1998] for the case x = 0 by using the special structure of the transport
equation. In [Hmidi and Keraani 2008] we generalized Vishik’s result for a transport-diffusion equation
where the dissipation term has the form —x Af. The method described in there can be easily adapted

here for our model.

Proof. Let g € NU {—1} and denote by §q the unique global solution of the initial value problem
9,0, +v-VO, —kAb, = A, f,
. o A= Bl (10)
Og1—0 = Bq0".

. “ . . 1
Using Proposition 3.15 with s = 5 we get
ol cv
1041170 gzar2 S (1800l g + 1A £l 1 ga)e ",

where V(1) = [Vvll 111 ~- Combining this with the definition of Besov spaces this yields, for j, g > —1,

— Ly
188 zerr S 272970 (| AgBoll e + 18g £ 111 10) eV . (11)
By linearity and again the definition of Besov spaces we have

1001z = 22 1A;0gller + X 11Aj0glLLr, (12)
P 1j—qI=N lj—ql<N
where N € N is to be chosen later. To deal with the first sum we use (11):
> 180l S27V2 X (1A¢00lle +18g £ll12e)e " @ S27N2(16°1 g0 +11f 1l go )V
lj—q|=N g>—1 pl .
We now turn to the second sum in the right-hand side of (12). It is clear that

> 1804lerr S 3 10glLere.
lj—ql<N lj—ql<N

Applying Proposition 3.14 to the system (10) yields ||§q lLserr < [1Ag60llLr + ||Aqf||Lt1Lp, It follows
that

o) 0
Y 1A0gller SN0 g +1FllLrg0)-
li=ql<N " nr

The outcome is that

101z 50, < (10% 50, + 170 p0 ) @720 + ).
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Choosing

2CV (¢
log2

we get the desired result. O

Combining Propositions 3.16 and 3.13 we get:
Corollary 3.17. Let v be a smooth divergence-free vector field on Re, with d € {2,3}. Let k,a > 0,
Bel0, 1], A > eBT20/B and p €[1, o). Let 6 be a smooth solution of
30 +v-V6O+«|D|Plog™* (1L + D))o = f.
Then .
161150, = C (16050, + |If||Lt132_l)<1 + fo ||Vv<r>||Loodr),

where the constant C depends only on A and «.

4. Proof of the generalized Bernstein inequality (Theorem 1.3)

We first extend the classical Bernstein inequality of Lemma 2.1 to more general operators:

Proposition 4.1. Leta € R, B> 0 and A > 2. Then there exists a constant C such that for every f € $(R%)
and for every q > —1 and p € [1, oo] we have

|AgEN ], = C2% g1+ D71 Ag fllLr,

IDJ?

m (as in (9)). Moreover,

where & =

1Sa O o < C2%(1g] + D11y f e

Remark 4.2. The first result of Proposition 4.1 remains true for more general situation where ¢ € N and
the operator |D|? is replaced by a(D), where a € C*®(R\{0}) is a homogeneous distribution of order
B € R satisfying

0/ a(€)] < Clg|P~1 for every y € N

Proof of Proposition 4.1. Case q € N. It is easy to see that

Aq(if) = K, %A f,

log®(A+|D|)
with ~
~ p279) £
K () = ——222——,
¢ log® (A + |£])

for ¢ a smooth function supported in the annulus {% <|x| < 3} and taking the value 1 on the support of
the function ¢ introduced in Section 2. By Fourier inversion and change of variables we get

L bRl [ o POEF e
Ky = [ e e =i [ e g = P Ry
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with

nd [ . ~( )l |
— e P&
Kq(x)_/de oz ( 7] Ddé}.

Obviously we have
1Kyl = ca2P | Kyl

Hence to prove Proposition 4.1 it suffices to establish
IKgll < Clg+D7 (13)
From the definition of I?q we see that
K,(x) = f T Ve dg,
R log® (A +27]£1)

where i belongs to the Schwartz class and is supported in {% <|x| < 3}. Integrating by parts we get,
for j e{1,2,...,d},

d+1 5 (N _ ¢ d+l ixE nd+1 (&) )
T 0= Lme % (log“mzﬂsn .

Now we claim that

§j log* (A +27|&]) “log* (A +29)°

where g € $(R?). This is an easy consequence of Leibniz formula and the fact that

adH( V(&) )‘SCW g(6)

!
—1 S ! 1 CA o,n 1
8", < I < s for L < <2
g (log“(k+2q|g|))‘ B l,kZ:I l’k()»+2"|5|) log® ™ (A +2491&]) ~ log* (A +29) 1=lEl=

Thus we get for j € {1,...,d}

lx; 177 K, (x)] < Clog™® (A +29) for x € RY.
It follows that

x| K, (x)] < Clog (A +29) for x € RY.
It is easy to see that qu is continuous and

|Kq(x0)] < Clog™* (3. +2%)
Consequently,
|K,(x)| < Clog™(x+29)(1+[x)~4~"  forx e R?.

This yields ||I€q I < Clog™*(A+29) < C(g + 1)™%, which concludes the proof when g € N.
Case g = —1. Here we can write the kernel K_ as

e Z©IEP /
K_l(x>—/we e ey = €31 (6)dE,
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where x is a smooth compactly supported function taking the value 1 on the support of the function x
introduced in Section 2. The function yx; is given by

GG
1) =t B

We can see by means of easy computations that ¥ is smooth outside zero and satisfies, for every y € N,
10 X&) < Cy€P1 forall & #0.
Using the Mikhlin—-Hormander theorem we get
[K_1(0)] < Cle| =,
Since K_; is continuous at zero we have
[K_1()] < CA+ e~

This proves that K_; € L.
To prove the second estimate we use the first result combined with the identity S,42S5, = S;:

q+1
> 2+ D7
j=—1

[ACR]

q+1
< 2 [ AES ], < ClUSyfller
j=—1

Since g > 0, this last series diverges and
g+l
> 2P+ D™ = C2% (g + )7
j=-—1

This can be deduced from the asymptotic behavior
) 1
/ ePlrodr ~ Eeﬁxx_“ as x — +o0o. O
1

As a consequence of Proposition 4.1 we get the following result, which describes the action of the
logarithmic Riesz transform

_ d11og”(A+|D))

R,
“ ID|

on Besov spaces.
Corollary 4.3. Letax € R, . > 1 and p €[1, oo]. The map
Id—A_DRy : B;”‘;‘ — Bls,’r

is continuous.
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The generalized Bernstein inequality. In this section we prove Theorem 1.3, which we restate here for
convenience:

Theorem 1.3. Letd € {1,2,3}, B€10,1],a >0, A > e3+2/B qnd p > 1. For g e N and f € $(R?),

_ ID|#
2 (g + 1) A fIIF, < CfR (

P A F) 1A, FIP sien A, £ dx.
«\log® . + D) qf)' o fI7sign g f dx

where C depends on p, a, B and A.

Some preliminary lemmas will be needed. The first is a Stroock—Varopoulos inequality for submarko-
vian operators. For the proof see [Liskevich et al. 1996; Liskevich and Semenov 1996].

Theorem 4.4. If p > 1 and A is a submarkovian generator, we have
AL A1 sign ) < /R (AN sign fdx <€AV £177 sign ).
The generator A satisfies the first Beurling—Deny condition
ALZNA ARG < /R,,(Af) |£17 " sign f dx.

Combining this result with Proposition 3.13 we get:

Corollary 4.5. Let p > 1, €10, 1], @ > 0and 1 > eCT20/B_Then
p—1

2
ID|#/2 - / ( IDJ# ) Pl
—_— siegn f dx.
s = Ju\loggGrpp /) V1T sten s

log®/?(3.+IDJ)
We will make use of the following composition results:
Lemma 4.6. (1) Let uw > 1ands € [0, u[ N[0, 2[. Then
w s n—1
[A1] gy, = €Ay 15"
2) Let we]0, 1], p,g €[1,00]land 0 < s < l+%. Then
AL el

p/w.a/w)
The first estimate is a particular case of a general result in [Chen et al. 2007]. The second was established
in [Sickel 1999]; see also [Kateb 2003, Theorem 1.4].
Next we recall the following result, proved in [Chen et al. 2007; Danchin 2001; Planchon 2000].

Proposition 4.7. Letd > 1, B €10,2] and p > 2. Then we have for g € N and f € $(R?),

(£1P/%)

2‘1/3||Aqf||£,, <C /d(|D|ﬂAqf) |Aqf|l’—1 sign A, fdx.
R

where C depends on p and B. For B = 2 we can extend the inequality above to p € |1, col.

Proof of Theorem 1.3. Using Corollary 4.5 it suffices to prove

H |D|ﬂ/2

c B+ 1)7Y A P < || —
@+ DA < | e

2
(1A, fIP/%)
L2
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We will use an idea from [Chen et al. 2007]. Let N € N then we have

IIDIA S 1P ]2 < [ SN IDIAS 1P| 1> + | Ad =S IDI £, 177, ».
It is clear that for s > 0

| @d=Sm)IDICf 1P ] 2 < C27¥ N1 172 s (14)

We have now to deal with fraction powers in Besov spaces. We will treat differently the cases p > 2
and p <?2.

Case p > 2. Combining Lemma 4.6(1) with the Bernstein inequality we get, under the assumption that
0<s<min(p/2—1,2),
2)-1 2
1172 gy < CUANG ™ Wyl s < C21UH 107
: b, ,

Case 1 < p <2. Using Lemma 4.6(2) and the Bernstein inequality we get, for 0 <s < (p —1)/2,

2 2
(P71 P cnfqnggz;m/p < 21059 17,

It follows from (14) and the previous inequalities that there exists s, > 0 such that for 0 <s <5,
|@d —S\)IDI(f41P73)]| ,» < €27 N 20049 £ 1272,

On the other hand Proposition 4.1 gives

ISvIDIA £ 1773 2 <

_ D|f/?
Sy|D|'#log*?(A + |D <|—
¥IDIPlog 2 DD (o s

(fe17

<|fq|f’/2>)

L2
|D|ﬁ/2

< C2NU=B/2) pje/2
- log®/?(»+|DJ)

L2
Therefore we get
|D|#/?

D p/2 < 2 Nspa(l+s) P2 4 coN(U=B/2) pe/2
DI D2 = g llz o2 (i1 D))

(f,17

L2

According to Proposition 4.7 we have for p € ]1, oo,

2
Cp2711 £, 1547 < 1IDI( fo 1P/ 2.
Combining the last two estimates we get
|D|‘3/2

oY PIZ — c2s(g=N) 9q P2 4 coNU=B/2) ne/2
I fqllzs™ = 14l log* 2 ID))

Lpr

(1f417

L2
We take N = ¢ + Ny such that C2~Nos < % . Then we get

|D|f3/2

PI2 < cp=aB2(g 4 1)/ || — 217
VA= @+ D e DD

(1 f41P7%)

L2

This gives the desired result. O
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5. Commutator estimates

We will establish in this section some commutator estimates. The following result was proved in [Hmidi
et al. 2011].

Lemma 5.1. Given (p, m) € [1, 00]? such that p > m’ with m’ the conjugate exponent of m. Let f, g, h
be functions such that V f € L?, g € L™ and xh € L. Then,

Ihx(fg) = fhxg)llee < lIxhllpw IV fllLrliglm.

Lemma 5.2. Let (a,),cz be a sequence of strictly nonnegative real numbers such that

M = max(supan_1 Y aj,supa, y a;l) < 00.

nes j<n nez j=>n

For every p € [1, 00], the linear operator T : £ — £P defined by

T (o) = (X aa;'b;)
j<n neZ
is continuous and ||T || ¢ery < M.

Proof. By interpolation it suffices to prove the cases p = 1 and p = 4o00. Let’s start with p =1 and set
b = (b,)nez. From the Fubini lemma and the hypothesis we have

IThllp < Y 3 aja,'1b;l < Y |bjla; Y- ay' < Ml|b| .

neZ j<n jez n>j

For the case p = 400, we write

IThllex <sup Y- aja, '1b;| < ||blle=supa, ' Y a; < M|blle.

neZ j<n neZ j<n
This completes the proof. U

The goal now is to study the commutation between the operators

K

Ry =
ID|

log*(A+|D]) and wv-V.

Recall that B, is the space given by the set of tempered distributions u such that

lull e = [ 7 g1+ D N AGul ), [
The main result of this section reads as follows.

Proposition 5.3. Let « € R, A > 1, and let v be a smooth divergence-free vector field and 6 a smooth
scalar function.

(1) Forevery (p,r) € [2, oo[ X [1, o] there exists a constant C = C(p, r) such that
19 v- V18150, < CIVOILe (18] goo + 101]Lr)-
(2) For every (r, p) € [1, 00] x 11, oo[ and € > O there exists a constant C = C(r, p, €) such that

I[Rasv- V10l 5y,, < C(l@lre +l@lle) (1015, +161l2r)-
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Proof. (1) We split the commutator into three parts according to Bony’s decomposition [1981]:

Ry, v-V]O = Y[Ry, Sg—1v-V]A,0 + 3[R, Ayv-VI]S; 10 + 3 [Ra, Agv- V]qu
geN geN g>—1

= ZI + Y I, + Y M, =I+II+IIL

geN g>—1
We start with the estlmate of the term I. It is easy to see that there exists ¢ € ¥ whose spectrum does not

meet the origin such that

1, (x) = hy % (S, 10-VALD) — S, 1v- (hy x VAB),

where
he(®) =i~ "é)l%log A+ 18D.
Applying Lemma 5.1 with m = co we get
gl S xhg iV Sg—1vllLrllAg VOl <27 xhgll il AgO Nl VU L. (15)
We can easily check that
Ixhgllr =279 xhy ]l with iy g(§) = l(p(é)% log® (A +27[§]).

We can get, in a way similar to the proof of Proposition 4.1,

lgllr < CA+1gD"
Thus estimate (15) becomes

Mgllr = CA+1gD*NAGO L= VVllLr.

Combined with the trivial fact

AjYlg= X 1

q lj—ql<4
this yields
1/r
g, (X 1a00) " S 190l 6] e

g=—1
Let us move to the term II. As before we write
Oy (x) =hgx (Agv-VS;_10) — Agv-(hy * VS, _10),

and then we obtain the estimate

_ 27141
Mg llier S 279+ 1gD*1Ag VollLe 1Sg-1VOllLe S I VVlle 32 /

T (4 1iDYIA 6] ).
2291+ gD 77

Combined with Lemma 5.2 this yields
Iy S UL 161 o -

To deal with III, we use the fact that the divergence of A, v vanishes to write
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M= Y Ry div(Av A 0) — Y div(A v Re A 0) + Y[Ry, Agv-VIAH = Ji + Jo + J5.
q=2 q=2 g=1
Using Remark 4.2 we get
| A% div(Agv Ag0) |, S 27+ 17D I AGVILe | Agh] Lov;
and since g > 2,

|A; div(Av R A, S 2T 1AL IR DOl S 27 (14 IgD* [ AgullLe | AgH]I L.

~

Therefore we get

1A+l S X 27 +1gD IAlr 1801 S IVl Y 27791+ gD 1 Ag0] o=,
qeN geN
q=j—4 q=j—4

where we have again used Bernstein inequality to get the last inequality. It suffices now to use Lemma 5.2:
11+ Dall gy, S IVl 101 o
For the term J3 we can write

3[R, Agv-VIAH(x) = Y [div X (D) Ry, Ayv]1A,0(x),
—1=¢=<l q=l
where X belongs to %(R?). From the proof of Proposition 4.1 we know that div ¥ (D)%, is a convolution
operator with a kernel £ satisfying
A S (4™
Thus
J3 = Zlfz*(Aqv A 0) — Agv- (hx AgH).
q<

Note that A ;J3 =0 for j > 6; thus we just need to estimate the low frequencies of J3. Since xh belongs
to L? for p’ > 1, we can use Lemma 5.1 with m = p > 2 to obtain

1A T3l S 3 XAl 1AgVVlLe 12Ol S IVl 3 1A0]Lr.
g=<1 —1=¢=<1
This yields
131150, S IVl 1B]lLr
completing the proof of the first part of Proposition 5.3.

(2) The second part can be done similarly, so we give a shorter proof. To estimate the terms I and II we
use two estimates: [[A,Vul|p~ ~ |Ajw| L~ for all g € N, and

q—2
IVSg—1vlire SIVA_1vlle + 0 1A VulLe S @l +gllolie.
j=0
Thus (15) becomes
gl < ol + gD 1 Ag0] L
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and by Corollary 4.3
ITligg,, = llwllzelOll gorte < ll@llz IOl g, -

The second term II is estimated as
Mgy, < llwllz= 01l goe =< llwllzllOlBe, -

For the remaining term the analysis is the same as before, except for J3, where we apply Lemma 5.1
with p = oo and m = p, leading to
1A Isller S 2 x5kl 1A Vol 1 Ag0llr S IVl X 1800 S llelleel6]Le.

g=<1 —l=<g¢<1

This ends the proof of the theorem. (|

6. Smoothing effects

In this section we describe smoothing effects for the model (6), with zero source term f:

90 +v-VO+£0 =0,

(TD)
9|t=0 = 6.

with |D|’3

"~ Tog”(A + D)
and divv = 0.

Theorem 6.1. Ler o >0, 1L > e372%, d € {2, 3}, B €10, 1] and let v be a smooth divergence-free vector
field of RY with vorticity w. Then, for every p € 11, oo, there exists a constant C such that

sup 297 (1+) "1 8401l 110 < Cll60llLr + Cll6oll L]l 11 10,
geN

for every smooth solution 6 of (TD).
Remark 6.2. We give the proof in the case § =1 for simplicity, but the result remains true for 8 € ]0, 1].

Proof of Theorem 6.1 in the case B = 1. We start by localizing the equation in frequencies. for g > —1
we set 6, := A,0. Then

DIy — (A, 0-V]6.

8[9q + v - ng + lOga()\,—‘,—|D|) q

Recall that 6, is real function since the functions involved in the dyadic partition of the unity are radial.
Then multiplying the above equation by |6, |” _29q, integrating by parts and using Holder inequalities we
get

1d D _ _
L6l + [ (gt oal” 00 dx < 16,125 1Ay, v- V16

Using Theorem 1.3 we get for ¢ > 0

G117 DL .5, 7>
27(1 +¢) ||0q||us/Rz(loga(MDDeq 16,1720, dx,
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where ¢ depends on p. Inserting this estimate in the previous one we obtain

1d _ -1
;Ell%llfm%ﬂq(l + @) N0 17, S 16175 1[Ag, v - VIO]ILr

~

Thus we find
d _
i 10ally +c29 A+ ) N0gllr S I1Ag, v-VIO]Lr- (16)
To estimate the right side we will use the following result; see [Hmidi et al. 2011, Proposition 3.3].

IAg.v- V10l S IVOllo0]p .
Combined with (16) this lemma yields
%(e”z””‘”‘“ 164 (Dllzr) S e O IVu @) 1Lr 1001 pg,
SO o @)L 6ol v
To get the last line, we have used the conservation of the L* norm of 6 and the classical fact that
IVuller S llwllze  for p €1, o0l

Integrating the differential inequality we get for g € N

t
— q —a _ _ q —a
164 Ollr < 1091 Lre™ > TTO™ 4 16| Lo / e TR 0 (1) | 1o
0

Integrating in time yields

t t
291+ 9) 104l 1o S 165 1Lr + ||90||Loo/ lo(@) e dT S 160llLr + ||90||L°°/ lo()|Lr dr,
0 0

which is the desired result. O

7. Proof of Theorem 1.5

Throughout this section we use the notation ®; to denote any function of the form
Dy (1) = Coexp(...exp(Cot) .. .),
———
k times

where Cy depends on the relevant norms of the initial data and its value may vary from line to line up to
some absolute constants. We will make frequent and tacit use of the trivial inequalities

t t
/ Op(t)dt < Dp(t) and exp(/ D (7) dt) < Dpy(1).
0 0

The proof of Theorem 1.5 is done in several steps. We first give some a priori estimates for the
equations (5). Next we prove uniqueness. Finally, we discuss the construction of the solutions.
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A priori estimates. Theorem 1.5 deals with critical regularities and one needs to bound the Lipschitz
norm of the velocity in order to get the global persistence of the initial regularities. For this purpose we
will proceed in several steps: one of the main steps is to give an L°-bound of the vorticity, but due to
technical difficulties related to Riesz transforms, this is not done directly. First we prove an L”-estimate
for the vorticity with 2 < p < oo.

Proposition 7.1. Let o € [0, %], A>3t gpd p € 12,00[. Let (v, 0) be a solution of (5) with =
L?, 6y e LP N L™ and R0y € LP. Then, for every € > 0,
loo(@)lLr + ”9”L}B;T < Oy(2).

Proof. Applying the transform R, to the temperature equation we get

ID|
log”(A+D)

« = 01, the function I' := w + R, 0 satisfies

IR0 +v- VRO + Ref = —[Ry, v-V]6. a7

DI

Since —————a
log®(4 + D)

o' +v-VI = —[Ry, v-V]6. (18)
According to Proposition 5.3(1), applied with r = 2,

Res v- V1€l g0 S HVUILr (101 g0 +101Lr)-
Using the classical embedding 32,2 < L? which is true only for p € [2, 00)
%, v-V10lLr < IVlle (101l goa +1612r)-
Since div v = 0, the L? estimate applied to the transport equation (18) gives
t
IT@ Ny < 1Tl +/ [[Re, v-V]O(T)|Lr dT.
0

Applying Theorem 3.1 to (17) yields

t
RO N Lr < 1Rabollr +/ IR, v-V]IO(D)]lLr dT.
0

Set f(¢) ;= |lw(®)|lr + | RO () ||Lr. From the previous estimates we get
t
F@ STollLe + | Raboll e +/ V@) l2r (1O @)1l oo +1612r) dT
0 oo,

SFO+ /0 FOUOD g + 16010 d.

Here we have used the Calder6n—Zygmund estimate, to the effect that | Vv||.» < C|lw||» for p € (1, 00),
and also the estimate [|0(¢)||L» < [|6o|lL» from Theorem 3.1.
According to Gronwall’s lemma we get

£ S F@eCIlurr i, 19)
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For N e N, the Bernstein inequalities and Theorem 3.1 give

2a 2 172
16111500 =) ( Z (A +1gD1A013)

L 1Ad= 5301 o

q<N t
Stlblle N2+ 3 (419D 1 Ag0 L1
g=N
S tll6oll e N2 4 37 (14 1g D1 A0 )
q=N
SNVl Lot + 3 29¥P A+ 1gD* 1201l 1 1o
q=N

Using Theorem 6.1, we obtain for p >2and 0 <e <1—-2/p
> A+ 1gh 29PN A0 1 S X L+ 1gDX* 29 FP=D (11601 o + 160l < lleoll 11 .0)
q=N g>N

S X 2916 Lo + 60l < ol 1 .0)
q=N

S 16ollLr + 282D 6 Lol 1 -

Consequently,
16111 g0 < N2 0G0l oot + 60l r + 27 TP 6o | el 1 -
We choose
_ log(e + ||a)||L}Lp)
Ll —e=2/p)log2 |
This yields

t
101, 5o S U6l + 160t log! 12+ (e+ f ||w<r>||Lpdf>.
o 0

Combining this estimate with (19) we get

Cloll | 0.«
16111 goee S 180l zerir + 160l oot Tog 72+ (e + C £ (0)eCMlLrt e TH 2
t 00,2

< Colog""+ (e + £(0)) (1+1¥2+) gl =101 21, (20)
t700,2

where Cj is a constant depending on ||6p||zrApce-

Case l: a < %

Lemma 7.2. There exists a number C, depending only on o € [0, 1[, such that if a, b > 0 and if x € R,
is a solution of the inequality

x <a-+bx“, (21)

then
x < C(a+b"179),
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Proof. Set y = a~'x. Then (21) becomes
y <1+ba*"1y*.

We will look for a number i > 0 such that y < e*. It suffices to find u such that
1+ba® el < ot

In particular (since e”** > 1) we can take for u the solution of

(1+ba® 1yl = et.

This gives e” = (1 + ba®~1H1/0=®)  Now recall that there is a constant C = C, such that, for every

t,s >0,
(t—%—s)]/(l_a) < C(tl/(l_a)—{-s]/(l_a)).

With this constant we have y < C(14b'/1=%g~1), or equivalently x < C(a +b'/1=), as required. [J

Applying this lemma to (20) we get, for every ¢ € R,
1611 g0, < Co(e¥2 +12/1729) < Co(1 +12/172) < @1(1).

It follows from (19) that
F@©) < Coe@™ T < @y(0)

Applying Theorem 6.1 and (23) we get, for every € > 0 and g € N,
291+ [gD) "1 Agll 1 1o < Coe®™ ™ < dy(0)

Case2: o = % The estimate (20) becomes

1011, 1 go1r2 < Colog(e + £(0))(1+ %)+ Cll6ol Lot |01l 1 o2,
t Po0,2 1t 700,2
with Co depending on ||6p||rnr. Hence if we choose ¢ small enough that

1
Cll6oll L=t = 3,

then
1611, o2 < Cologle + £ (0)).

From (19) we get that
f(@) = Cole+ fON.

Now let ¢ be a given positive time and choose a partition (t,-)lN: , of [0, 7] such that
~
Cli6oll Lo (tit1 —1;) = 5.

Tip
Set a; := / 16 ()| BO1/2 dt and b; = f(t;). Computations similar to (20) yield
t 00,2

a; < Colog(e + b)) (1 4 (tiv1 — )3 + Cll6oll L= (tis1 — t)a;.

Hence we get
a; < Colog(e+b;).

(22)

(23)

(24)

(25)

(26)
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The analogous estimate to (19) is
bit1 S bieC(tiH—fi)H@olleeCai < Cob,-ec“". (27)

Combining (26) and (27) yields
biv1 < Cole +b) .

By induction we can prove that for every i € {1, ..., N} we have b; < Cpe®P 0 and consequently, from
(26), a; < Coe“0l. Tt follows that

N
16111 go1r2 =Y @i < Coe“N < Coe™".
t Z00,2 .1

i=

We have used in the last inequality the fact that N =~ Cyt, a consequence of (25). We have also obtained
f(t) < CoeXP v,
It is not hard to see that (24) implies
||9||LtlB;l < I|9|IZ}B;:;O(1 < ®,(¢t) foreverys < 1. (28)
This ends the proof of Proposition 7.1. |
Remark 7.3. Combining (28) with the Bernstein inequalities and the fact that p > 2 yields

1615 | < ®2(t) forevery e <1- %. (29)

We are now ready to prove an L°°-bound on the vorticity.

Proposition 7.4. Let o € [0, %], A>3t p €12, oo, and let (v, 0) be a smooth solution of the system
(5) such that @°, 0y, R0y € LP N L. Then we have

I @z + 1RO @) L0 < P3(1) (30)

and
[v()|lLe < Py(2). 31)

Proof of (30). By using the maximum principle for the transport equation (18), we get
t
IT@) L < 1T +/ (PR, v- VIO (D)L~ dT.
0
Since the function R, 0 satisfies the equation
(8, +v-V+|D|log”*(A+ |D|))%a0 = —[Ry, v V]0,
we get, using Theorem 3.1,

t
Rl (Ol < R (@) || Lo +/ I[Re, v- VIO(D) L~ dT.
0
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Thus we obtain
IT@) L + 1RO @) [l < 1T L + [[Raboll oo +2/Ot [[Re, v - V]IO (D) L>dT
§C0+/O[ 19, v- VIOl 0 d.
It follows from Theorem 3.1, Proposition 5.3(2) and Proposition 7.1 that

lo @z + 1RO @) [ L

t
<Cot f loo (@)l e (1815 + 10 1) dT
O |
t
5co+||w||L;>cu(||9||L;B;1+z||eo||u)+/ lao (@)l (16 15+ 60l 20) d.
| i |

LetO<e<1-— % Using (29) we get

lo@ L + 1RO (D)L S P2(2) + fot (@)L 0(D e, , +1160llr) dT.
Therefore we obtain by the Gronwall lemma and (29)
oz + 1Rl (@)l < P3(2). O
Proof of (31). Let N € N to be chosen later. Using the fact that ||Aqv||Loo ~ 274 ||Aqa)||Loo, we get
vl < Ix@¥DDv@ e+ 3 27 A0 @)1~

qg>—N
< Ix @Y Do) 1 + 2V () || .

Applying the frequency localizing operator to the velocity equation we get
t t
x @Y Dhv = x 2Y Do + / Px ¥ DDO(r) dt + / Px 2N D)) div(v ® v)(7) d,
0 0

where P stands for Leray projector. From Lemma 2.1, a Calder6n—Zygmund estimate and the uniform
boundedness of x (2" |D|) we get

t t
/ lx 2N DNPO(0) || podT S 27NE/P f 10 llrdT < t]160ILr-
0 0
Using Corollary 3.9(2) we find
t t
f 12 x 2N D) div(v ® v)(1) || LodT < 2N/ v(T)]2d.
0 0

The outcome is

t t
@Il S lvollzee+t160l e +27 / (D)7 edT+2N 0 (t) |1 S 27N f V(D) |17 edT+2N D3 (0).
0 0
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Choosing judiciously N we find

t 1/2
lv@)llLe < <I>3(t)(1 + (/0 ||v(r)||%mdr) )

From the Gronwall lemma we get |[v(¢) ||~ < D4(f), as desired. O
Finally, we turn to a Lipschitz bound of the velocity.

Proposition 7.5. Let o € [0, %], A>3t p € 12, oo[, and let (v, ) be a smooth solution of the system
(5) with °, 60, Rabo € B, | N LP. Then

19Ol |+ 0@l + 10l | < Pa).
Proof. Applying Corollary 3.17 to the equations (17) and (18), we obtain
ITOlpo , + 1%t llgo | S (Cot [[Fa v VIO g0 YA +VVILL)- (32)

Thanks to Propositions 5.3, 7.4, 7.1 and Equation (29) we get

t
[P, v- V10,1 50 1 ,S/ (lo@llz= + @) (18 lse, , +10(@) L) dT S P3(7).
1 Zoo, 0 4
By easy computations we get

[Vvllzee <NIVA_ vlize + 3 184Vl Sllollee + 32 1Agoll e
qeN geN

S 02(0) + lo®llgo - (33)

Putting together (32) and (33) leads to

t
lo@lig  =ITOlpo  +I1RE DN po = st(t)(l-i-f o ()l go 1df>-
00, o0, 00, 0 00,
Thus we obtain from the Gronwall inequality
lo®llgo | + 1ROl g0 | < Pa(r). (34)

Coming back to (33) we get
V(@)L < Pa(?).

Let us move to the estimate of v in the space Béo,l‘ By definition we have
lOllg, S Ol +lo®lg -
Combined with (31) and (34) this yields
lv@llpe < @a0),

The proof of Proposition 7.5 is now achieved, and with it the first step in the proof of Theorem 1.5,
according to outline on page 274. O
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Uniqueness. We will show that the Boussinesq system (5) has a unique solution in the function space
Gr = (L¥BY,  NLyBY ) x (LPLPNLLBL ), 2<p<oo.
Let (v!, 8') and (v, 62) be two solutions of (5) belonging to the space €7, and set
v:vz—vl, 0=0%—0'.

Then we get
9, v+v2-Vo=—Vr —v-Vu! +0e,
ID| 9
—_—
log“ (2 +|DJ)
Vjr=0 = Vo, =0 = 6.

9,0 +v?- Vo + =—v-Vo!,

According to Proposition 3.15 we have
l®llgo < e (llvollgo  +IVmllprpo A lv-Volll g +100L15 ),
with Vi () = | Vo!|| L1 - Straightforward computations using the incompressibility of the flows gives

Vi =—VA 'diviv- V@' +v?))+ VA~ 5,0
=I1+I1L

To estimate the term I we use the definition
Mg, S NVAT div) div A (0@ (' +v*) Iz +[[v- V' + 1)1 -
From Proposition 3.1(2) of [Hmidi et al. 2011] and Besov embeddings we have
I(VAT div) div A (0 ® 0" + vl S v @ @' +v7) I~ S vl g 0!+ 0250 -
Using the incompressibility of v and Bony’s decomposition one can easily obtain
- V@' +v)llge S lvllge o' +0%l5 -
Putting together these estimates yields
Mg | S Hvllgo 0"+l . (35)
We now turn to the term II. By using Besov embeddings and a Calder6n—Zygmund estimate we get
Il go | S NVAT 001 2 S 161 g2

Combining this estimate with (35) yields

t
OIS 5eCV"><||vo||Bo 1+/ @ g (141" v @)l l)dr) +e 101y g,
00, 00, 0 00, 0, t D,

R 1,2
where V(1) := | @', v)ll 51 -
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Now we have to estimate ||0]| , ; ,2/p. By applying A to the equation of ¢ and arguing similarly to the
t 1
proof of Theorem 6.1 we obtain forpq eN

~

t
||0q(t)||Lﬁ < e—ct24(1+61) ‘)‘HQ;)”LP +/(; e—CZq(l—i-q) *(t—1) H Aq(vvel)(T)HLp dT

t
+/ e~ D2, A J0(n) |, dr.
0

Remark, first, that an obvious Holder inequality yields that for every e € [0, 1] there exists an absolute
constant C such that

ft e~ T g < €' 7F278 (14 ¢)*° forall t > 0.
0
Using this fact and integrating in time we obtain
2210411 o S (g + D29 P60 Lo + 1 (1) + 11, (1), (36)
where
(1) = 1175 (q + )20 772/ /O g0 VO @ dr,
(1) = 1'% (q + 1)*e24=+2/P) /Ot Iv? -V, A10() | 1r dT.
Using Bony’s decomposition we get easily

1A -VOOYO e STl S 271A;0" O llee +270v@) e > 140" @Iz

J<q+2 Jj=>q—4
Slv®lze X A+ DA+ 1D 140" ®)lLr)
j<q+2

+lv@ e X 2977 A+ DY QIA+1D*NA0' @) ler).
Jj=q—4

Integrating in time we get

L, () St E vl oo 293P (g + D!FEIFD 9T -

1By
10 ol 10117 1o 22PN g+ DO ST 27 (A4 D
’ jzq—4

St ol e 291D (g + !0 G7)

Bl
To estimate the term II, we use the following classical commutator (since % < 1) [Chemin 1998]:
I[v? - V. Ag)0lILr S 271D VO | o |6 -
P,

Thus we obtain
y(0) S 175 (g + D27 VOl e 16y o (38)
tPp,
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We choose ¢ € ]0, 1[ such that 2_ & < 0, which is possible since p > 2. Combining (36), (37) and
(38) we get p

1— 1 1— 2
101120 S 1000+ 1"~ N0llgor 10" N g+ IVV N ier e 101 g
P , ps

It follows that there exists a small § > O such that for ¢ € [0, §]
1911y 21p < Wole + ' vlzoer 10" e
Plugging this estimate into (36) we find
Iollep SO (lvollg, + 100l +tlvlgrpe  + 1 Ivlzer=l0" 171 p1e)-

If § is sufficiently small then we get for ¢ € [0, §]

Il po S llvollgo |+ l160llLr- (39)
This gives in turn

Ry S llvollgo 411601l - (40)

This gives in particular the uniqueness on [0, §]. Iterating this argument yields the uniqueness in [0, T'].

Existence. We consider the system

0V, +v, - Vv, +Vm, =0,e,
|D|
0,0, +v, -V, + ———0, =0,
’ log® (% + D) " (B,)
divv, =0,
Un|t:0 = SnUO, 9””:0 = Sn00.

By using the same method as [Hmidi and Keraani 2009] we can prove that this system has a unique
local smooth solution (v,, 8,). The global existence of these solutions is governed by the following
criterion: we can push the construction beyond the time 7 if the quantity || Vv,|| Lhre is finite. Now from
the a priori estimates the Lipschitz norm cannot blow up in finite time and then the solution (v, 6,) is
globally defined. Once again from the a priori estimates we have for 2 < p < oo:

loull gt + lomllzze + 16l < @a(T).

The space &, was introduced before the statement of Theorem 1.5. It follows that up to an extraction
the sequence (v,, 6,) is weakly convergent to (v, #) belonging to L%’B;O’l x LF%,, with w € LFL?.
For (n, m) € N? we set Upn.m = Uy — U, and 6, ,, = 6, — B, then according to the estimate (39) and (40)
we get for T =6,

[Vl zgenn, + 16l g goir S 1Suv0 = Swvoll s, + 1S = Subolr-

This shows that (v,, 6,) is a Cauchy sequence in the Banach space L‘;QBSQ1 X LITBi/ lp and then it
converges strongly to (v, 8). This allows to pass to the limit in the system (B,) and then we get that

(v, 0) is a solution of the Boussinesq system (5).
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