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TRAVELING WAVES FOR THE CUBIC SZEGO EQUATION ON THE REAL LINE

OANA POCOVNICU

We consider the cubic Szegé equation i 971 = IT(|u|?u) in the Hardy space L%r (R) on the upper half-plane,
where I1 is the Szegd projector. It was first introduced by Gérard and Grellier as a toy model for totally
nondispersive evolution equations. We show that the only traveling waves are of the form C/(x — p),
where p € C with Im p < 0. Moreover, they are shown to be orbitally stable, in contrast to the situation
on the unit disk where some traveling waves were shown to be unstable.

1. Introduction

One of the most important properties in the study of nonlinear Schrédinger equations (NLS) is dispersion.
It is often exhibited in the form of the Strichartz estimates of the corresponding linear flow. In case of the
cubic NLS,

idsu+ Au=|ul®u, (t,x)eRxM, (1-1)

Burq, Gérard, and Tzvetkov [Burq et al. 2005] observed that the dispersive properties are strongly
influenced by the geometry of the underlying manifold M . Taking this idea further, Gérard and Grellier
[2010b] remarked a lack of dispersion when M is a sub-Riemannian manifold (for example, the Heisenberg
group). In this situation, many of the classical arguments used in the study of NLS no longer hold. As a
consequence, even the problem of global well-posedness of (1-1) on a sub-Riemannian manifold still
remains open.

Gérard and Grellier [2010a; 2010b] introduced a model of a nondispersive Hamiltonian equation
called the cubic Szegd equation. (See (1-2) below.) The study of this equation is the first step toward
understanding existence and other properties of smooth solutions of NLS in the absence of dispersion.
Remarkably, the Szegd equation turned out to be completely integrable in the following sense. It
possesses a Lax pair structure and an infinite sequence of conservation laws. Moreover, the dynamics
can be approximated by a sequence of finite-dimensional completely integrable Hamiltonian systems.
To illustrate the degeneracy of this completely integrable structure, several instability phenomena were
established in [Gérard and Grellier 2010a].

Gérard and Grellier studied the Szeg equation on the circle S!. More precisely, solutions were
considered to belong at all time to the Hardy space Li(Sl) on the unit disk D = {|z| < 1}. This is

the space of L2-functions on S! with f (k) = 0 for all k < 0. These functions can be extended as
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holomorphic functions on the unit disk. Several properties of the Hardy space on the unit disk naturally
transfer to the Hardy space Li([R?) on the upper half-plane C4 = {z;Im z > 0}, defined by

1/2
Li([R) = {f holomorphic on C; ”g”Li(R) = sup (/R lg(x +ip)|? dx) < oo}.
y>0

In view of the Paley—Wiener theorem, we identify this space of holomorphic functions on C4 with the
space of its boundary values:

LL(R) = {f € L*(R); supp / C[0,00)}.
The transfer from Lﬁ_(Sl) to Lﬂ_([R?) is made by the usual conformal transformation

1
w:D—Cy, w(z)=i1+z

—Zz

However, the image of a solution of the Szeg6 equation on S! under the conformal transformation is no
longer a solution of the Szegd equation on R. Therefore, we study the Szeg6 equation on R directly.

Endowing L2(R) with the usual scalar product (u,v) = [ uv, we define the Szeg6 projector IT :
L*(R) — Li (R) to be the projector onto the nonnegative frequencies:

1 [% . . 4
N =5 [ e f @ de
T Jo
For u € Lﬁ_(R), we consider the Szegd equation on the real line:
[0u = H(|u|2u), x eR. (1-2)

This is a Hamiltonian evolution associated to the Hamiltonian
E() = / lu|* dx
R

defined on Li([R). From this structure, we obtain the formal conservation law

E(u(1)) = Eu(0)).

The invariance under translations and under modulations provides two more conservation laws,

Qu()) = Q(0)) and M(u(r)) = Mu(0)),
where
Q(u)=f lu|*dx and M(u)=/L7Dudx, with D = —idy.
R R

Now, we define the Sobolev spaces HY (R) for s > 0:

| oo X 1/2
H®) = {h e L @iy = (50 [0+ PP dg) <oof
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Similarly, we define the homogeneous Sobolev norm for 4 € H 1 by

1 o0 . 1/2
g = (5= [ EPi@R) <o

Slight modifications of the proof of the corresponding result in [Gérard and Grellier 2010a] lead to
this well-posedness result:

Theorem 1.1. The cubic Szegd equation (1-2) is globally well-posed in HY (R) for s > % That is, given
Ug € HJIF/Z, there exists a unique global-in-time solution u € C(R; HJIr 2) of (1-2) with initial condition
ug. Moreover, ifug € HY for some s > %, thenu € C(R; HY).

In this paper, we concentrate on the study of traveling waves. The two main goals are the classification
of traveling waves and their stability. As a result, we show that the situation on the real line is essentially
different from that on the circle.

A solution for the cubic Szegb equation on the real line (1-2) is called a traveling wave if there exist
¢, ® € R such that

u(t,z) = e ug(z—ct), zeCLUR,1€R (1-3)

for some uy € Hj_/ 2([RR). Note that a solution to (1-2) in Hi/ 2([R) has a natural extension onto C4, and
we have used this viewpoint in (1-3). Substituting (1-3) into (1-2), we see that uq satisfies on R the
equation

cDug+ wug = H(|u0|2uo). (1-4)

In the following, we use the simpler notation u instead of u#y when we study time-independent problems.
From (1-4), we see that traveling waves with nonzero velocity, ¢ # 0, have good regularity. Indeed, we
prove that u € HY (R) for all s > 0 in Lemma 3.1. In particular, by Sobolev embedding theorem, we have
ue Li(R) for 2 < p < 00. On the other hand, (1-4) yields in Lemma 4.1 that there exist no nontrivial
stationary waves, i.e. traveling waves of velocity ¢ = 0, in Li.

Now, we present our main results:

Theorem 1.2. A function u € C(R, H_ilr/ 2([F\R)) is a traveling wave if and only if there exist C, p € C with
Im p < 0 such that

u(0,z) = . (1-5)
zZ—p
Theorem 1.3. Let a > 0, r > 0, and consider the cylinder
C(a,r)={ | =a, Imp=—r}.
z—p

Let {ug} C Hle/z with
inf |lu” — —0asn— +oo,
peCla.r) o ¢”Hi/2
and let u" denote the solution to (1-2) with initial data ug. Then

sup inf |ju"(, x) —p(X)]| ;12 — 0.
tek #€C(a.r) Hy
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Let us compare our results to those in [Gérard and Grellier 2010a]. In the case of the Szegd equation
on S!, the nontrivial stationary waves (¢ = 0) are finite Blaschke products of the form

N o p
o]

e l1—pjz
where |a|?> = w, N €N, and py, p,..., py €D, and the traveling waves with nonzero velocity are
rational functions of the form Cl
z
N ) (1-6)
zm=p

where N e N,/ € {0,1,...,N — 1}, C, p € C, and |p| > 1. Moreover, instability phenomena were
displayed for some of the above traveling waves. For the cubic Szeg6 equation on R, Theorems 1.2 and
1.3 state that there exist fewer traveling waves — corresponding to N = 1 and / = 0 in (1-6) — and that
there is no instability phenomenon.

The proof of Theorem 1.2 involves arguments from several areas of analysis: a Kronecker-type theorem,
scattering theory, existence of a Lax pair structure, a theorem by Lax on invariant subspaces of the Hardy
space, and canonical factorization of Beurling—Lax inner functions. We now introduce the main notions
and known results, and briefly describe the strategy of the proof.

As in [Gérard and Grellier 2010a], an important property of the Szegd equation on R is the existence
of a Lax pair structure. Using the Szegd projector, we first define two important classes of operators on
Li: the Hankel and Toeplitz operators. We use these operators to find a Lax pair. See Proposition 1.4.

A Hankel operator H,, : Lﬁ_ — Li of symbol u € H_ilr/ 2 is defined by
Hy(h) = TI(uh).

H,, is C-antilinear and satisfies

(Hy(hy), hz) = (Hy(h2). hy). (1-7)

In Lemma 3.5 below we prove that H,, is a Hilbert—Schmidt operator of Hilbert—Schmidt norm

1
—lull 71,2
m || ” H1/2
A Toeplitz operator T} : Lﬁ_ — L%r of symbol b € L°°(R) is defined by
Ty (h) = T1(bh).
Tp is C-linear. Moreover, T} is self-adjoint if and only if b is real-valued.

Proposition 1.4. Let u € C(R; H?) for some s > % The cubic Szegd equation (1-2) is equivalent to the
evolution equation

d
EHM = [By, Hy, (1-8)

where B, = %Huz — i T\y2. In other words, the pair (Hy, By) is a Lax pair for the cubic Szegd equation
on the real line.
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The proof of Proposition 1.4 follows the same lines as that of the corresponding result on S! in [Gérard
and Grellier 2010a], and is based on the identity

Hriguzuy = Tu2 Hu + Hy T2 — Hj - (1-9)

Combining (1-4) and (1-9), we deduce that if u is a traveling wave with ¢ # 0, then the identity

w 1
A,,Hu+HuAu+?Hu+;Hj =0, (1-10)
holds, where
1
Au=D—=Tjp. (1-11)

In Section 2, we prove a Kronecker-type theorem for the Hardy space Li([R), where we classify all
the symbols # such that the operator H, has finite rank. The classical theorem for Li(Sl) is due to
Kronecker. For a proof, see [Gérard and Grellier 2010a].

We prove Theorem 1.2 in Section 4. We first prove that all traveling waves are rational functions.
On S!, this follows easily from the Kronecker theorem and the fact that the operator 4, has discrete
spectrum. On R, however, it turns out that 4, has continuous spectrum. Therefore, we use scattering
theory to study the spectral properties of 4, in detail in Section 3. More precisely, we show that the
generalized wave operators Q¥ (D, 4,,), rigorously defined by (3-1) below, exist and are complete. As a
result, we obtain that

%ac(Au) C Ker Hu,

where #,.(A4,) is the absolutely continuous subspace of 4,. The subspace Ker H, plays an important
role in our analysis. More precisely, it turns out to be invariant under multiplication by ¢?**, for all & > 0.
Therefore, applying a theorem by Lax (Proposition 4.4) on invariant subspaces, it results that

Ker H, = ¢ L2,

where ¢ is an inner function in the sense of Beurling and Lax, i.e., a bounded holomorphic function on
C+ such that |¢(x)| =1 for all x € R. Using the Lax pair structure and the identity (1-10), we show that
¢ satisfies the simple equation

2
cD¢ = [u]"¢.
However, as an inner function, ¢ satisfies a canonical factorization (4-3). From this, it follows that ¢
belongs to a special class of inner functions, the finite Blaschke products, i.e.,
N
z—Aj
o) =[] —=.
Aj

j=17

where N € Nand ImA; >0 forall j =1,2,..., N. The Kronecker-type theorem then yields that the
traveling wave u is a rational function. In the case of S', the natural shift, multiplication by e’*, was
used in concluding traveling waves are of the form (1-6). In our case, we use the “infinitesimal” shift,
multiplication by x, to show that traveling waves are of the form (1-5).
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Finally, we prove Theorem 1.3 in Section 5. The orbital stability of traveling waves is a consequence
of the fact that traveling waves are ground states for the following inequality, an analogue of the sharp
Gagliardo—Nirenberg inequality given in [Weinstein 1982].

Proposition 1.5. Forall u € H_:_/ 2(IR), the following Gagliardo—Nirenberg inequality holds:

1 12, 11/2
el = a2l o (1-12)
or, equivalently,
1
E<—MQ.
T

Equality holds if and only if u = é, where C, p € C withIm p < 0.

Remark 1.6. Using Proposition 1.5, one can verify that the functions u = C/(x — p), with Im p < 0,
are indeed initial data for traveling waves. More precisely, since they are minimizers of the functional

ve HY? > M(v)Q(v) —E(v),
the differential of this functional at u is zero. Thus,
30(u)Du + 3 M (u)u — x (Ju|*u) = 0.
Consequently, u is a solution of (1-4) with

0w _ ICP M) _ P
27 —2Imp’ 27 4(Im p)?’

and hence it is an initial datum for a traveling wave.

In the case of S!, the Gagliardo—Nirenberg inequality suffices to conclude the stability of the traveling
waves with N = 1. However, in the case of R, we need to use in addition a concentration-compactness
argument. This concentration-compactness argument, which first appeared in [Cazenave and Lions 1982],
was refined and turned into profile decomposition theorems by Gérard [1998] and later by Hmidi and
Keraani [2006]. We use it in the form of Proposition 5.1, a profile decomposition theorem for bounded
sequences in H_ilr/ 2,

We conclude this introduction by presenting two open problems. Here, we use the term soliton instead
of traveling wave, so that we put into light several connections with existing works. The first problem is
the soliton resolution, which consists in writing any solution as a superposition of solitons and radiation.
For the KdV equation, this property was rigorously stated in [Eckhaus and Schuur 1983] for initial data
to which the Inverse Scattering Transform applies. Therefore, for the Szegd equation, one needs to solve
inverse spectral problems for the Hankel operators and also find explicit action angle coordinates.

The second open problem is the interaction of solitons with external potentials. Consider the Szegd
equation with a linear potential, where initial data are taken to be of the form (1-5). As in [Holmer and
Zworski 2008] and [Perelman 2009], it would be interesting to investigate if solutions of the perturbed
Szegb equation can be approximated by traveling wave solutions to the original Szeg6 equation (1-2).
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2. A Kronecker-type theorem

A theorem by Kronecker asserts in the setting of S! that the set of symbols u such that H, is of rank
N is precisely a 2N -dimensional complex submanifold of Li(gl) containing only rational functions.
In this section, we prove the analogue of this. For a different proof of a similar result on some Hankel
operators on Lﬁ_(R) defined in a slightly different way, see [Peller 2003, Lemma 8.12, p. 54].

Definition. Let N € N*. We denote by J((N) the set of rational functions of the form
A(2)
B(z)’

where A € Cy_q[z], B € Cy[z], 0 < deg(A4) < N — 1, deg(B) = N, B(0) =1, B(z) # 0, for all
z € C4+UR, and A and B have no common factors.

Theorem 2.1. A function u belongs to M(N) if and only if the Hankel operator H, has complex rank N .

Moreover, if u € M(N) is of the form u(z) = A(z)/B(z), where B(z) = ]_[jjzl(z — pj)"™ with
Z]-le mj =N andIm p; <O0forall j =1,2,...,J,then the range of H, is given by

J
RanHuzspan@{m;l §m§mj}j=l 2-1)
Proof. The theorem will follow from two implications:
(i) u e M(N) = r1k(H,) < N.
(ii) rk(Hy) = N = u € M(N).

Let us first prove (i). Let u € M(N), i.e., u is a linear combination of terms
1 <m <mp, and ) m, = N. Computing the integral

W, where Im p < 0,

e—tx‘g”

——dx
R (X —p)™
using the residue theorem, we obtain that 7 (&) = 0 for all £ <0 and #(§) is a linear combination of terms
EM1e7PE with 1 <m < mp, for £ > 0.
Given h € Li, we have Hy,(h)(§) = 0 for &£ < 0. For £ > 0, we have

’

— 1 0 2 1 o0 =
D) = 5 f_ =y =5 /0 86 + mh(n) dn
m—1 o0 —
= Z cm,p(ZC,ﬁ_lg'"—l—k/ nkﬁ(n)e_ipndn)e_ipg
1<m=<m, k=0 0
> mp=N
. 3 m—1 —ip§ __ 1 "
_1s;mpdnw<u’h)E 7 _1szs:mpdm’p(u’h)((x—P)m) ©

> mp=N > mp=N
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where ¢, p, dm, p, dm,p are constants depending on p and m. Hence,

dm. p(u, h)
Hy,(h — § Im,pA7 Y
(h)(x) < (x—p)m

> mp=N

(2-2)

and rk(H,) < N.

Let us now prove (ii). Assume that rank(H,) = N, so the range of H,, Ran H,, is a 2N -dimensional
real vector space. As H, is C-antilinear, one can choose a basis of Ran H,, of eigenvectors of Hy, in the
following way:

{vl,ivl,...,vN,ivN;Hu(vj)=kjvj,)»j >0,j=1,2,...,N}
Let wi = vA vi. If h € L2, then by Parseval’s identity we have
J jVj + y y

N

N N N
Hy(h) =) (Hu(h), v)v; + ) (Hu(h),ivj)ivy =27 (Hu(h), vj)v; =2 ) (Hu(vj), 1)v;
j=1 j=1 ji=1 j=1
N

N N | o _
= 22 (Ajvj, h)v; = 22 (wj, hHw; = p Z(/(; Wi (mh(n) dn)wj'
j=1 j=1 J

=1

Consequently,
— 1 oo = 1 N 0 =
FLE) = 5 teso [ 06+ mhdn =~ 1es0 D" [ iy iy €t di,
0 4 =170
and hence,
0 N _
teso [ (f:(s + n)—zzwj(mwj@)h(n) dn =0,
j=1

for all /1 € L3 . Therefore, for all £, 7 > 0, we have

N
A +m) =2 w;(mw; ). (2-3)

j=1

Let L > 2N + 1 be an even integer and let ¢ be the probability density function of the chi-square
distribution defined by

—Lap (LY ewim-1,-82
¢(%‘)={2 Lzr(z) ELID=1,-8/2 jfg >0,
0 if£ <0,

where I is the gamma function. Then, its Fourier transform is

P(x) = (142ix)~ /2.
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Notice that ¢ € H™ (R) since

ol = [ ol

which is convergent if and only if 2N — L < —1.
Let (0, ¢) = [ 0(x)¥(x) forall 6 € HN(R) and ¥ € H" (R). Consider the matrix Ag defined by

Dy, @) (@), ) - (BN, ¢)
(D2, @) (D)) - (B, )

Dy, @) (D, ¢) - (DN, ¢)

Since rk(A44) < N, it results that there exists (co, ¢1....,cn) 7# 0 such that
N
< > ckwj‘k),¢> =0
k=0

forall j =1,2,..., N. Then, since supp ¢ C [0, c0) and by (2-3), we have for all n > 0 that

N N N fore]
> (i @@ s n), = - (i ®E+n.0©), = Yo -DFer [ e+ e @
k=0

k=0

b

H)
7= -

o N
Ve [ (3 i )00 ©)de

0 0 =

i (1) Z k(9 ©). €)= 0

=
Il

I
Mz

-
Il
—_

Set T = N= cxi® . Then T € H~N and supp T € [0, 00). We have just proved that for all > 0
k=0

eix(E—m)
0=(Tot-n) = [ T@sE-nds = [ e | T pmdx)ae
—ixn —ixn
zx& _ agi—1 €
[R (/ TOE) /RJ" T ™
Seting R(x) := ———~% ' T(x), we have Re HL2=N(R) c H'/?(R) and

(1+2zx)L/2

0= / R(x)e™™Mdx = R(n) forall n>0.
R

Thus supp RC (—o00, 0]. By the definition of R, (1 — 2D5)L/21§(§) = T'(£). Since the left hand-side is
supported on (—o0, 0] and the right hand-side is supported on [0, c0), we deduce that supp 7 C 0. In
particular, 7jg~ o = 0. This yields that il ¢ ¢ is a weak solution on (0, 00) of the linear ordinary differential
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equation

N
> av® @) =o.

k=0

Then, by [Hormander 1990, Theorem 4.4.8, p. 115], we have ét|¢~¢ € CN((0,0)); further, Ujg=o is a
classical solution of this equation, and therefore it is a linear combination of terms

gm—l eqé’

where ¢ € C is a root of the polynomial P(X) =) ,]2;0 cx X* with multiplicity mg, 1 <m < mg, and
> ¢ Mg = N. Note that we must have Re¢ < 0, because u € Li([R). Therefore we will set ¢ = —ip,
with Im p < 0, and obtain that #(&) is a linear combination of terms £~ 'e~"P§ for & > 0. By the
hypothesis u € Li(lR), we obtain #(§) = 0 for £ < 0. Hence, for all £ € R, #(€) is a linear combination
of (x —p)™)"(§), with 1 <q <mgyand ) mg = N. Thus u € M(N’) for some N’ < N.If N' < N,
implication (i) above yields rk(H,) < N’, contradicting our assumption. In conclusion, u € AM(N).
Finally, when u € M(N) we have rk(H,) = N and (2-2), and thus (2-1) follows. O

As a consequence of (2-1) we make the following remark.

Remark 2.2. If u € M(N), then u € Ran H,,.

3. Spectral properties of the operator A, for a traveling wave u

Let us first recall the definition and the basic properties of the generalized wave operators, which are the
main objects in scattering theory. We refer to [Reed and Simon 1979, Chapter XI] for more details.

Let A and B be two self-adjoint operators on a Hilbert space #. The basic principle of scattering
theory is to compare the free dynamics corresponding to e 4% and e 8. The fact that e /B¢ “looks
asymptotically free” as t — —oo, with respect to A, means that there exists ¢4 € # such that

lim [le™'¢ — gy =0,
—>—00
or, equivalently,
lim [le™ e Py —gy|| =0,
—>—00
Hence, we reduced ourselves to the problem of the existence of a strong limit. Let #,.(B) be the
absolutely continuous subspace for B and let P,.(B) be the orthogonal projection onto this subspace. In
the definition of the generalized wave operators we have ¢ € Ho.(B).
We say that the generalized wave operators exist if the following strong limits exist:

QT (4, B)= lim e "B P, (B). (3-1)
t—Foo
The wave operators 2% (A4, B) are partial isometries with initial subspace #,.(B) and with values in

Ran Q¥ (4, B). Moreover, Ran Q* (4, B) C H,c(A). If Ran Q¥ (A4, B) = #,.(A4), we say that the
generalized wave operators are complete. Lastly, we note that

AQE (A4, B) = QT (4, B)B. (3-2)
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Lemma 3.1. Ifu € H_}_/z is a traveling wave, then u € H3 (R) for all s > 0. In particular, by Sobolev
embedding theorem, we have u € L?(R) for 2 < p < o0.

Proof. Because u € H'/2(R), the Sobolev embedding theorem yields u € LP(R), for all 2 < p < oc.
Therefore |u|?u € L?(R) and thus IT(|u|?u) € Li. Using equation (1-4), namely
cDu + ou = T(Jul?u),

we deduce that Du € Li. Consequently, u € H}r and by Sobolev embedding theorem we have u € L*°(R).
Then u? Dii, |u|?> Du € L?(R). Applying the operator D to both sides of (1-4), we obtain D?u € L*(R)
and hence u € H_|2_. Iterating this argument infinitely many times, the conclusion follows. O

Proposition 3.2. Let u be a traveling wave. Then, (A, +1i)~' — (D + i)~ is a trace class operator.

Proof. We prove first that for all f € L?(R), the operator (D +i)~! f, defined on L?(R) by
(D+i)" f)h(x) = (D+ i) (S ) (x)

is Hilbert—Schmidt. Denote by % the Fourier transform. In view of the isomorphism of L?(R) induced
by the Fourier transform, (D +i)~! f is a Hilbert—-Schmidt operator if and only if F(D +i)~! f is one.
The latter is an integral operator of kernel

KE.n=5- ng(S ).

Indeed,
1 1 « .
D+ DO = 5= 5 06 = 5 [ s Fe—mindn= [ Keenion dn.

Therefore, it is Hilbert—Schmidt if and only if K(&,n) € L; n(R x R). By the change of variables
nt ¢ =§&—n we have

IKEDIZ, = 2/52 [ @rac=ciri. <.

Hence (D + i)~ f is a Hilbert—Schmidt operator and so is f(D + i)™, its adjoint. According to
Lemma 3.1, u € L°°(R) and thus |u|?> € L?(R). Taking f = |u|?> and f = u, we conclude that the
operators (D + i)~ u|?, (D +i)"'u, and it(D +i)~! are all Hilbert—Schmidt.

We write

(Ay+i) ' =D+ =D +i)" (D= Au)(Ay +i)"
= LD+ ) Ty (du+i) !

- %H(D +0)ulP A+ )7 =LA, + )7

where L = %H(D +i)7!u|?. Note that L is a Hilbert—Schmidt operator since it is the composition of
the bounded operator LT : L2(R) — L2 with the Hilbert-Schmidt operator (D +i)™!|u|?. Finally, we
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write, using the latter formula twice
(Au+i)7 = (D+i) = LL(Au+ )7 + (D +)7
—LoLo(Adu+i)"+ %H(D + i) uod(D+i)".
We obtain that (A4, +i)~! — (D +i)~! is a trace class operator since the composition of two Hilbert—
Schmidt operators is a trace class operator. O

Corollary 3.3. If u is a traveling wave, the wave operators Q* (D, Ay) exist and are complete.

Proof. This easily follows from Kuroda—Birman theorem [Reed and Simon 1979, Theorem X1.9]: Let A
and B be two self-adjoint operators on a Hilbert space such that (A +i)~' — (B 4+ i)~ is a trace class
operator. Then Q% (A, B) exist and are complete. O

Corollary 3.4. If u is a traveling wave, then o,c(Ay) = [0, +00).

Proof. Since Q¥ (D, A,) are complete, it results that they are isometries from #ac (A ) onto Hae (D) = Lﬁ_.
By (3-2), we then have

QT (D, A “1pQ*(D, A

Al any = ) e )] ) e )

Consequently, 0,c(A4y) = 0ac(D) = [0, +00). O
Our main goal in the following is to prove that #,.(A,) C Ker H,. As we will see below, it is enough

to prove that [QF (D, Ay) H |(9ac(Au)) = 0.

Lemma 3.5. H), is a Hilbert—Schmidt operator on L < (R) of Hilbert=Schmidt norm

1
Ul g1/2.
Nl

Proof. Denote by || T'|| s the Hilbert—Schmidt norm of a Hilbert-Schmidt operator 7. By (2-2), we have

(&) = 5 1ezo /0 8 + mh(y) dn.

Then, we obtain

Hu<h>(x>=% ] e + e and

4712 (f f e W”u@ﬂ)dndé)h(y)dy

Using the fact that the Hilbert—Schmidt norm of an operator is equal to the norm of its integral kernel,
Plancherel’s formula, and Fubini’s theorem, we have

Lk
s [ [ i+ anag - ;2 [T o acag

- [T ([ ae)aoras= 5 [ oaopas= Ly, o

1 1
2 N 2
||Hu(h)||HS = W = ?“152017720“(5 + 7))||L5 )
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Lemma 3.6. Ker Hu2 = Ker H,,. Moreover, if Ran H, is finite-dimensional, then Ran Hu2 = Ran H,,.

Proof. Let f € Ker H?2. Then, by (1-7) and the fact that (H, (1), ha) = (Hy(hs), hy) forall hy, hy € Li,
we have

||Huf||i2 =(Huf, Hy f) = (Huzfv f)=0,

and thus H,, f = 0. Hence, Ker Hu2 C Ker H,, . Therefore, we obtain Ker Hu2 = Ker H,, since the inverse
inclusion is obvious.

The identity (1-7) yields also Ker H, = (Ran H,)L. Moreover, it implies that H? is a self-adjoint
operator and therefore, Ker H? = (Ran H?2)*. Hence, we obtain

(Ran Huz)J‘ = (Ran Hu)J‘.

Taking the orthogonal complement of both sides, this yields

Ran H? = Ran H,.

If Ran H,, is finite-dimensional, so is Ran Huz, since Ran Hu2 C Ran Hy,. Thus, Ran Hu2 and Ran H,, are
closed. It follows that Ran H?2 = Ran H,,. O

Lemma 3.7. Ifu is a traveling wave, then
Ay H? = H2 Ay, (3-3)
Consequently, if Ran Hy, is finite-dimensional, then A,(Ran H,) C Ran H,,.

Proof. The commutativity relation (3-3) is a consequence of identity (1-10). The second statement then
follows by Lemma 3.6, Ran H? = Ran H,,. O

It is a classical fact that if A and B are two self-adjoint operators on a Hilbert space ¥ such that
AB = BA, then B(¥,.(A)) C ,.(A). For completeness, we prove this here in the case of 4, and H2:

Lemma 3.8. Huz%ac (Au) C %ac(Au)-

Proof. As we will see below, the inclusion follows if we prove that u H2p K M for all ¢ € L2, where

the H2¢ and (14 denote the spectral measures of Hbfqﬁ and ¢ with respect to the operator A4,.
Let £ C R be a measurable set and / = 1g. By (3-3) and the Cauchy—Schwarz inequality we have

Hp2e(E) = fR fdpgpg = (H ¢, [(A)H;$) = (Hi¢, Hy [(Au)¢) = (H;$, [(Au)$)

< V([ (Ao, fADDIH 9l L2 = V(@ [(AD I Hi 2 = \/ 1o (B H 2.
Therefore, 29 K Hg- Denote by m the Lebesgue measure on R. If ¢ € #,c(A4y), then gy < m and
thus Mgz < m. Hence, H2%,c(Ay) C Hac(Ay). O
Proposition 3.9. If u is a traveling wave, then ¥#,.(A,) C Ker H,.

Proof. It is enough to prove that [ (D, Ay) HZ |(#ac(Ay)) = 0. If this holds, then HZ(9€ac(Au)) =0
since Huz%aC(Au) C Hae(Ay) and QT (D, 4,) is an isometry on #,.(A4y). Therefore, #,.(A,) C
Ker Hu2 = Ker Hy,.
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First note that
HueiID — eitDHr[(u)v (3_4)

where 7, denotes the translation t,u(x) = u(x —a). Indeed, for f € L2, passing into Fourier space, we
have

(Hie'™ 1)) =120 (e 7)€ = 5 teso [ a6 —me™ i
= 5 Tezoe® [ e~ EMiae—n) () dy = Lezoe™ (r@) ] ) ©)
= Lgzo(e"P (w@) )" (&) = (¢'P Hy /) ©)-
By Lemma 3.8, (3-3), and (3-4), we have for all [ € #,.(A4,)
eitDe—itAu PacHuzf — eitD —itAy Hzf ztDHz ztAuf — eitDHuHue—itDeitDe—itAuf
=P H,e” ”DH,_t(u)e”De_”A“f H2 t(u)e”De_”A” P..(Ay)f.

We intend to prove that H2 (u)e”De_”A“ Py (Ay) f tends to O in the Li—norm as t — —o0. From this,

we conclude that QT (D, AM)HM2 J = 0. Since, by Lemma 3.5, H;_, () is uniformly bounded, it suffices
to prove that Hy_, (,ye''Pe™1"4u P,.(A4,) f tends to 0. We have

H Hf—t(u)eitDe_itAu Pac(AM)fHLﬁ_

< | He (e Pe " 4 Poo(Aw) f — QT (D, A) ) !}Lz + 1 He_ @2t (D, Au) [ 2

= \/—IlullHl/zHe”D e Pe(Ay) f —QF(D, Au)fHLz +f u(x +0)P1QF (D, Aw) [ ()] dx
(3-5)

The first term on the last line converges to 0 by the definition of the wave operator QT (D, 4,). Since u
is a traveling wave, we can write

ue () H' R) C CFH(R),

§>0

where C%(R) is the space of functions f of class C*° such that hm D f(x) = hm D¥f(x)=0
forall k € N Therefore, for arbitrary fixed x, we have

lim 7—;(u)(x)= lim wu(x+1¢)=0.
——00 —>—00
Note also that
u(x + 012 127D, Au) f ()P < [ul|7oo |7 (D, A) f(x)[?

for all x € R. Thus the last term in (3-5) converges to 0 by the dominated convergence theorem. This
shows that [Q7(D, 4,) H2](¥ac(44)) = 0. O
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4. Classification of traveling waves

Lemma 4.1. There are no nontrivial traveling waves of velocity ¢ = 0 in L%r([R).

Proof. Let u be a nontrivial traveling wave of velocity ¢ = 0. Then, (1-4) gives IT(|u|?>u) = wu. Taking
the scalar product with e?$*u(x), where & > 0, we obtain

F(lul* —olu*)(E) =0,

where & denotes the Fourier transform. Since |u|* — w|u|? is a real-valued function, we have that the last
equality holds for all £ € R. Thus |u|* — w|u|> = 0 on R and therefore u(x) = 0 or |u(x)|*> = > 0, for
all x € R. Since the function u is holomorphic on C., its trace on R is either identically zero, or the set
of zeros of u on R has Lebesgue measure zero. In conclusion, we have |u|?> = w > 0 a.e. on R and thus u
is not a function in Li(IR). |

Lemma 4.2. If u € H3 for s > % and v € Ker Hy,, then uv € Li. Moreover, if u € L°°(R), then
T, 2v = lu|?v.

Proof. Indeed, 0 = H,(v) = I1(uv) and thus uv € Li. Furthermore, since u, itv € Li, we obtain
Tjypv = H(uuv) = lu|?v. |
Lemmad4.3. Letu € HY,s> % be a solution of the cubic Szegd equation (1-2). For the Cauchy problem

{iatr/f =lu@®)y
V=0 = Yo,
if Yo € Ker Hy (o), then ¥ (1) € Ker Hy ) for all t € R.

(4-1)

Proof. Let us first consider

{iatlﬁl = Tiu@)2 V1
Vile=0 = Yo.
Using the Lax pair structure, we have

0r Hu (Y1) = [Bu, HulYy + Hudo ¥y =[5 Hy =i Tjyp, HulYi + Hu(=i Tjy291)

= —iﬂu|2Hulﬂ1 —l'HuT|u|2W1 + iHuj—]u|21ﬂ1 = —l'T|u|2Hulﬂ1.
The solution of the linear Cauchy problem
{atHu(Wl) = _iT|u|2Hu1/’1,
Hy(y1(0)) =0

is identically zero: H,)¥1(¢) = 0 for all 7 € R. Consequently, ¥1(¢) € Ker H,(;), and by Lemma 4.2
we obtain 7}, 291 = |u|2v1. In conclusion, ¥ (1) = 1 (¢) € Ker Hy ). |

The space Ker H), is invariant under multiplication by e'®* _for all @ > 0. Indeed, suppose /" € Ker H,,.
Then (u /)" (&) = 0, for all £ > 0 and

(Hu(e'** 1)) &) = (e7**uf) ) = @) E+a) =0,

for all £, @ > 0. Hence, ei"‘xf € Ker H, for all « > 0.
One can then apply the following theorem to the subspaces Ker Hy,,.
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Proposition 4.4 [Lax 1959]. Every nonempty closed subspace of Li that is invariant under multiplication
by €%~ for all a > 0 is of the form FL2_, where F is an analytic function in the upper-half plane, | F(z)| < 1
forall z € C4, and | F(x)| = 1 for all x € R. Moreover, F is uniquely determined up to multiplication by
a complex constant of absolute value 1.

We deduce that Ker H,, = ¢L>%, where ¢ is a holomorphic function in the upper half-plane C.,
satisfying [¢(x)| =1 on R and |¢(z)| <1 forall z € C4.

Functions satisfying the properties in Proposition 4.4 are called inner functions in the sense of Beurling
and Lax. A special class of such functions is that of Blaschke products. Given A; € C such that for all j

ImA;
ImA; >0 and — <0,
! ; 1442
the corresponding Blaschke product is defined by
zZ—Aj A2+1]
B(z) = gi——2 where g; = —4— 4-2)
@ l]_[ jz—)»j Y

(by definition ¢; = 1 if Aj = 1).

Inner functions have a canonical factorization, which is analogous to the canonical factorization of
inner functions on the unit disk; see [Rudin 1974, Theorem 17.15] or [Nikolski 2002, Theorem 6.4.4].
More precisely, every inner function F can be written as the product

F(z) = AB(z)e'¥ exp(i/ L+ez

R [—2Z

dv(t )) : (4-3)
where z € C4, A € Cwith |A| =1, a >0, B is a Blaschke product, and v is a positive singular measure with
respect to the Lebesgue measure. In particular, the inner function ¢ has such a canonical factorization.

Proposition 4.5. Let u be a traveling wave and denote by ¢ an inner function such that Ker H,, = ¢Li.
Then, ¢ satisfies the following equation on R:

D¢ = Juo|*¢. (4-4)
Proof. Since u(t, x) = e~'®"ug(x — ct), we have Hy(y) = e '*" 1oy HyyT—cr. Thus,
Ker Hy(r) = t¢r Ker Hyy = 14 (¢)Li.
Let f € Li and let Yo = ¢f € Ker H,,, be the initial data of the Cauchy problem (4-1) in Lemma 4.3.
We then have ¢e_if(§ |”(s)|2dsf € Ker Hy, (). Therefore,
pe il W®Pds 2 1 (g)L2 (4-5)

Conversely, by solving backward the problem (4-1) with the initial data in rc,(q))Li at time ¢, up to the
time ¢ = 0, we obtain

—7 t 2
TCI(¢)L%|_ C ¢e ifo lu(s)] dsLi—

and thus, the two sets are equal.
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Let us first prove that ¢; := ¢e_if(§ u($)I*ds i an inner function. Note that ¢ is well defined on R and
its absolute value is 1 on R. Consider the function defined by /4 (x) = ¢¢(x)/(x + i) for x € R. Since
he Li, we can write using the Poisson integral that

h(z):%/oo Im z hx) dx

—00 |z —x|?

for all z € C4+. Then,
o0 —
zh(z) = l/ Imz xh(x) —/ (Z X)h(x) dx.
s

oo |Z—x|2 |z—x|2

o0
/ Imzfl(x) d
oo Z—Xx

By the residue theorem and using the fact that the function /2/(z — x) is holomorphic on C4, we have
that this integral is zero and thus

Note that the last integral is equal to

zh(z) = %/‘00 Imz xh(x) dx.

—00 |Z -X |2
Therefore, we can use the Poisson integral to extend ¢ to C4 as a holomorphic function.

1 [ (x—l—z)h(x) 1 [ o (x)
;/_OOI |z —x|? dx_;/_OOIm |z —x|?

¢1(2) = (z+Dh(z) =

dx. (4-6)

Moreover,

1 [® 1
|¢:(z)ls;[ Imz——dx =1,

—00 |z —x|?

for all z € C4. Hence ¢; is an inner function.

Since t¢;(¢) and <;Se_”f(§ u()I*ds yre inner functions and
pe WP L2 — () L2,
Proposition 4.4 yields the existence of a real-valued function y such that y(0) = 0 and
pe i fo &P ds _ o ()17 ),
Taking the derivative with respect to ¢, we obtain that ¢ satisfies the equation
eD(x) = [u(t, x + c)P$(x) + 7 ()¢ (x).

for all ¢ € R. Since u is a traveling wave, we have |u(f, x + ct)| = e 7/ uy(x)| = |uo(x)|. Then we
deduce that y(¢) = k and hence y(t) = k¢, for some k € R. Therefore,

¢D¢ = (|uo|* + k)¢. (4-7)
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We prove in the following that £ = 0. First, note that IE‘ > 0. The function ¢uo € Ker H,, and by
Lemma 4.2, we have |uo|?¢ = 1o (uop) € L%r. If k /c is negative, setting x := %|u0|2¢ € Li and passing
into Fourier space, we have

$() = X(E) 1[0,00) (&)

Ek/

This implies that ¢ € L2 , contradicting |¢(x)| = 1 for all x € R.
Let us now prove that k/c = 0. Let h € Li be regular. Then ¢/ € Ker H,,, and by (4-7) we have

Auy@h) = (D = Lo ) @h) = (D — Luol?) ) + hDg = ¢ (D + ).
Denoting by 1144 (Au,) the spectral measure corresponding to ¢/, we have
[ Fanon=@h. s tu)oh) = (oh.or (D + E)h) = (n (D +5)n)
=50 [ e Byi@ras= o [ o fi(n-5)[an

Consequently, supp jgp(Ay,) C [k/c, +00). By Proposition 3.9, we have #,.(Ay,,) C Ker Hy,, and
therefore

k
Oac(Aug) = U Supp iy C U Supp Ugn C [? OO)-
Y E€Huc (Auy) ¢heKer Hy,,
Since, by Corollary 3.4, 0ac(Ay,) = [0, 00), this yields k = 0. |

Proposition 4.6. All traveling waves are rational functions.

Proof. We first prove that ¢ is a Blaschke product.
Since ¢ is an inner function in the sense of Beurling and Lax, it has the canonical decomposition

t ) (4-8)

where z € C4, A is a complex number of absolute value 1, @ > 0, B is a Blaschke product having exactly
the same zeroes as ¢, and v is a positive singular measure with respect to the Lebesgue measure.

Because ¢ satisfies (4-4) and ug € L°°(R), we obtain that ¢ has bounded derivative on R and hence it
is uniformly continuous on R. Then, since ¢ satisfies the Poisson formula (4-6), it follows that

¢ (z) = AB(z)e'%* exp(i/R ll—i__ :

P(x +ie) > P(x), ase —0,

uniformly for x € R. Since ¢ is uniformly continuous on R and since |¢(x)| = 1 for all x € R, we
deduce that the zeroes of ¢, and hence those of the Blaschke product B as well, lie outside a strip
{ze€C;0 <Imz < gqy}, for some gy > 0. Therefore, we have

p(x+ie)  $wx)
B(x +ig) B(x)

ase—0
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uniformly for x in compact subsets of R. Taking the logarithm of the absolute value and noticing that

|¢(x)/B(x)| = 1, we obtain
&
a0

uniformly for x in compact subsets in R. In particular, for all § > 0 there exists 0 < &; < g¢ such that for
all 0 < & < &7 and for all x €0, 1], we have

x+e

1 € €
Zv([x—s,x +¢]) < /x_e —(x—t)2 e dv(t) < /[R —(x—t)2 e dv(t) <46.

Taking ¢ = 1 g1 with N € N*, we obtain

N =
N—1

v([0,1]) = v( U [% "T“D < Né% —5.
k=0

In conclusion, v([0, 1]) = 0, and one can prove similarly that the measure v of any compact interval in R
is zero. Hence v = 0.

Consequently, ¢ (x) = AB(x)e!?* for all x € R. On the other hand, because ¢ satisfies (4-4), we have
¢ (x) = $(0)e@/)Jo 10l and, in particular, limy—eo ¢ (x) = $(0)e@/) S~ ol Since limy 00 B(x) =
1, we conclude that ¢ = 0. Substituting ¢ = AB (4-4), we obtain

Then

I J_oo B(x)

Computing this integral, we obtain that
1 [*° B'(x) ©  ImAj
- dx =2 —dx=2
A DY v LD W

and thus it is finite if and only if B is a finite Blaschke product, B(x) = ]_[JN=1 &j A
We prove that the traveling wave u is a rational function. We have X

Ker H, = ¢L5 = BL3.

N
SetY := spanC{ 11 } ; we show that BL?|r =Y. Indeed, f € Y1 if and only if

ili=

16 =5 [ F@ras = (7.8 = (£ —=) =0,

X—)\.j

if and only if there exists /1 € Li such that f = Bh. Hence Ker H, = Y. This yields Ran H, = Y.
By Remark 2.2 it follows that u is a rational function. More precisely, u € Ran H, =Y. O

Proposition 4.7. If u is a traveling wave, there exists A > 0 such that H?u = \u.
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Proof. According to Remark 2.2, since u is a rational function, we have u € Ran H,,.

Secondly, u satisfies the equation of the traveling waves (1-4), which is equivalent to A4, (u) = —Zu.
Therefore, u is an eigenfunction of the operator 4, for the eigenvalue —w/c. Applying the identity
(1-10),

10} |
AyH, + H, A, + ?Hu + EH” =0,
to u and then to Hy,u, one deduces that A, H>u = —%Hlfu. Therefore, the conclusion of the proposition
follows once we prove all the eigenfunctions of the operator A, belonging to Ran H,, corresponding to
the same eigenvalue, are linearly dependent.

Let a be en eigenvalue of the operator 4,, and let i1, ¥, € Ker(4, —a) NRan H,. Since u is a rational
function, by the Kronecker type Theorem 2.1, ¥y and i, are also nonconstant rational functions. Then,
one can find o, 8 € C, («, B) # (0,0), such that ¥ :=ay; + By, = O(ﬁ) as x — 0o. Moreover, we

have ¥ € L1(R), xy € L?(R), and thus we can compute A, (xV/).
Passing into Fourier space we have

(x/)(E) = i (/) 1ez0 = 105 (f1g=0) —i f (§)8g=0 = XTLF () — i £ (0)8¢—o.
for all f € L'(R). Thus, we obtain IT(x ) = xT1(f) + ﬁf'(O) for all f € L'(R). We then have
Ao =5 Au) + 7 = 5 [ lulv

and therefore, since A,V = ay,
1 1
Auey) =axy+ =5 [Py (4-9)
i 2cmi Jg

Since xy € Ran H, and A,(Ran H,) C Ran H, by Lemma 3.7, we have A, (xV¥) € Ran H, C L>(R).
The constant in (4-9) is zero because all the other terms are in L2(R). Then we have

1
(Ay—a)(xy) = ITW- (4-10)
Applying the self-adjoint operator A, —a to both sides of (4-10), we obtain (A4, —a)*(xv¥) = 0 and

1(Au —a)(x¥) |12, = ((Au —a)(x¥). (Au — a)(x¥)) = ((Au — a)* (x¥), x¥) = 0.

Thus, (4, —a)(x¥) = 0. In conclusion, by (4-10), ¥ = 0 and therefore all the eigenfunctions belonging
to Ran H,, corresponding to the same eigenvalue a, are linearly dependent. O

Proof of Theorem 1.2. Since u € Ran H,,, there exists a unique function g € Ran H,, such that u = H,(g).
By Proposition 4.7, it results that H,(u#) = Ag. Applying the identity (1-10),

w 1
AuHy + HyAu + — Hu + ZH,f =0,
to g and using A,u = —%u, one obtains

Hu<Aug + %g) —0.
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Since A, (Ran H,) C Ran H,, we have

A
Ayg + —g €Ran H, NKer H,.
c
Therefore, A,g + %g = 0, which is equivalent to
cDg—Typ28+2rg =0.

We next find a simpler version of this equation, in order to determine the function g explicitly. Note
that ii(1 — g) € L2, since it is orthogonal to each complex conjugate of a holomorphic function f € Li:

@(1-g). f)=(f(—g).u) = (fiu)— (f. Hi(g)) =0.
Thus,
T2 (g) = T(Jul?) — TI(|u[*(1 = g)) = Hy(u) — [u]*(1 —g) = Ag — |u|*(1 — g).

Passing into Fourier space and using the fact that |u|? is a real-valued function, one can write
oo —_ o0 . p—— PR
uf = [ e uP@ g+ [ PE) dg = 1ul) + TP,

Therefore |u|?> = Hy,(u) + H, (1) = A(g + g). Consequently, T),p2(8) =A(—g+ g%+ |g|?) and g solves
the equation
cDg—Ag*+Mg+g—1g|*)=0. (4-11)

We prove that g + g —|g|? = 0. First, note that i(1 — g) € L2 , also yields (1 — g) /' € Ker H,, for all
fe Li. Secondly, let us prove that g + g — |g|? is orthogonal to the complex conjugate of all f € Li:

(e+Z—1gP N =(g. N—(f(1-8).) =—(f1—g). $ Hu(w)) = 5 (. Hi(f (1~ 2))) =0.
In addition, since g + g — |g|? is a real-valued function, we have
(g+g—1g> N=(+g—Ig* /H=0

forall f € Li. Therefore, g +g—|g|? is orthogonal to all the functions in L?(R) and thus g+ g—|g|?> =0.
This is equivalent to |1 — g| = 1 on R. Moreover, (4-11) gives the precise formula for g:

r
g(z)= :
z—p
where r, p € C and Im(p) < 0. Thus 1 — g(x) = i:ﬁ for all x € R and
_Z=Pya _ 2
Ker H | =—-—L4 =(1—-g)Ly CKerH,.
z=p z—p
C

Consequently, u € Ran H, CRan H | = .
=p ZI—P
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5. Orbital stability of traveling waves

In order to prove the orbital stability of traveling waves, we first use the fact that they are minimizers of
the Gagliardo—Nirenberg inequality. We begin this section by proving this inequality:

Proof of Proposition 1.5, the Gagliardo—Nirenberg inequality. The proof is similar to that of the Gagliardo—
Nirenberg inequality for the circle, in [Gérard and Grellier 2010b]. The idea is to write all the norms in
the Fourier space, using Plancherel’s identity.

1 .~ 1 ~
A — 1212 _ 2
= ullza = llullz. = 27 H”2HL2 = o /R [u?(&)|” dé.

Using the fact that u € Li and Cauchy—Schwarz inequality, we have

2
IMZ(E)I2 u(n)u(é n) dn <—E/ @(n) 1@ (€ — n)|* dn

fﬂlz(fo ﬂlﬁm)lzm@—n)ﬁdwfo (é—n>|ﬁ<n>|2|ﬁ(s—n>|2dn).

By the change of variables £ — 1 — 7 in the second integral, we have

£
2EP < / nEmI2aE - n)l? dn.
0

2 2

By Fubini’s theorem and change of variables ¢ = £ — n it results that

+o0 +o00
E54_3// nE)*@E )| dndé = — - n|ﬁ(n)|2dn/0 @I de=Lmo.

Equality holds if and only if we have equality in Cauchy—Schwarz inequality, i.e.

u(&)u(n) =u(§ +nu(),
for all &, > 0. This is true if and only if

W(E) = e~ P57(0) forall £>0.

1/2

Since u € H,'", this yields Im(p) < 0 and u(x) = C/(x — p), for some constant C. O

The second argument we use in proving the stability of traveling waves is a profile decomposition
theorem. It states that bounded sequences in Hi/ 2 can be written as superposition of translations of fixed
profiles and of a remainder term. The remainder is small in all the L?-norms, 2 < p < co. Moreover, the
superposition is almost orthogonal in the H_’ /2 horm.

Proposition 5.1 (Profile decomposition theorem for bounded sequences in H |’ 1/ 2) Let {v"},en be a

bounded sequence in H +/ 2 There exist a subsequence of {v" },en, still denoted by {v"}neN, a sequence
of fixed profiles in H+/2, {V(j)}j eN, and a family of real sequences {x(j)}jeN such that for all £ € N* we
have ¢
n_ Z v (x _x’(lj)) + r’sﬁ)’
j=1
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where

lim lim sup ||r,{?| oy = 0
{—00 n—o00

forall p € (2,00), and

L
12, =Y VN2, + kP17, + (1) as n — oo,
j=1
e .
10132 = 2SIV PN + 1O W32 40 asn— oo,
j=1

e}
. nj4 _ ()4
im o7 =D 1V
j=1

The proof of this proposition follows exactly the same lines as that of the profile decomposition theorem
for bounded sequences in H'(R); see [Hmidi and Keraani 2006, Proposition 2.1]. However, note that in
our case, the profiles 4% belong to the space HJlr/ 2 (not only to the space H 1/ 2(R)), as they are weak
limits of translations of the sequence {v" },en.

Proof of Theorem 1.3. According to Proposition 1.5, C(a, r) is the set of minimizers of the problem
inf{M(u); ue H_ilr/z, Q) =gq(a,r), E(u) =el(a, r)},
where

2 4

a a*mw
qla,r)= —n, ela,ry=—-.
r 2r3

We denote the infimum by m(a, r). Since

inf |u’ — — 0,
$eCla.r) o ¢”Hi/2

by the Sobolev embedding theorem, we deduce
O(ug) > qla,r),  E(ug) —e(a.r),  M(ug) - ma,r).
Let {t4}nen be an arbitrary sequence of real numbers. The conservation laws yield

Q" (tn)) > q(a.r), E"(tn)) —e(a.r), M@"(tn)) > m(a.r).

We can choose two sequences of positive numbers {a,} and {A,} such that v"(x) := a,u" (ty, Anx)
satisfies [[v"||L2®) = 1, [[v"||La@®) = 1. Notice that

an —> oo,  An = Aoos

where doo > 0, Ao > 0, and

A A

%’o =e(a,r), %’o =q(a,r).
aOO aOO
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Then

1/2 1/2 1/2 1/2
o 11357 v /1/2 ) 2 N ) 11 2
Y3, = ks

5, = =
Hy [[v"]| 4 [ ()| L4

In particular, as a consequence of the Gagliardo—Nirenberg inequality,

li " g2 = .
nggollv ||HJ1r/2 N

for all n e N.

Thus the sequence {v" }en is bounded in H_ilr/ 2 From the profile decomposition theorem (Proposition 5.1),
we obtain that there exist real sequences {x )} jen depending on the sequence {t, }nen in the definition
of {v"}nen, such that for all £ € N* we have

YD (x —xD) 410

Il
~.
M-
i

where

hm 11msup ||r( )||Lp(R) =0
—00 n—

for all p € (2, 00), and

Y/
12, = > IV, + 11012, + (1) as n — oo,
j=1
y4
o1, 12 = => IVOPR, ks 19113, 12 Fo(l) asn— oo,
j=1

. n4  _ ()4
Tim 0”14, = _§ VDL,
Consequently,

o0 o o0
1239, x=) ||v(”||§ﬂ/2, 1= v, (5-1)
j=1 Jj=1 j=1

Therefore, by the Gagliardo—Nirenberg inequality (1-12), we have

o0 o0
v (Z ||V<f>||iz)(2 ||v<f>||§.,i/z) Z VORIV DIy 2 7 Z VO, =
j=1 j=1

Thus, there exist only one profile V := VD and a sequence x = x™ such that
" =V(x—xn) +ra,
W"I72 =NV IZ2 +lrall72 +o0(1)  asn— oo, (5-2)
10112 =0V gar2 4 rall 2 +0(1) - asn— oo, (5-3)
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According to (5-1), V satisfies 1 > ||V||12}, T > ”V”i']”z’ and ||V||4L4 = 1. In conclusion,
+
w=al|VIga S IWVILIV 2 <7
L4 — L2 Hj_/z — .
Hence, V' is a minimizer in the Gagliardo—Nirenberg inequality. Moreover,
IVIZ2=1= 10"z VI == Jim 1.
By (5-2) and (5-3), we have r, — 0 in H_}_/z as n — oo. Consequently, v"*(- + x,) — V in H_}_/z, or

equivalently,
lim Ha,,u" (tn, Anx) =V (x — xp) HHI/Z =0.
n—>oo +

We then have

lim
n—oo oo Moo

1 — XuA
u"(tn,X)——V(m)H o,
HY

Notice that, since V is a minimizer in the Gagliardo—Nirenberg inequality, we have

P(x) = QLV(L) - Y cCar).

00 Aoo X—=p
Then, since x,Ao0 € R, we have ¢(x) = @(x — Xnhoo) = iﬁ € C(a,r). Thus,
inf  |u"(t,, x) —P(x — 0, as n — oo. 5-4
pent " ) =9 (0173 (54
The conclusion follows by approximating the supremum in the statement by the sequence in (5-4) with
an appropriate {f, }neN- O
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