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SCATTERING THRESHOLD FOR THE FOCUSING NONLINEAR
KLEIN-GORDON EQUATION

SLIM IBRAHIM, NADER MASMOUDI AND KENJI NAKANISHI

We show scattering versus blow-up dichotomy below the ground state energy for the focusing nonlinear
Klein-Gordon equation, in the spirit of Kenig and Merle for the H' critical wave and Schrodinger
equations. Our result includes the H! critical case, where the threshold is given by the ground state for
the massless equation, and the 2D square-exponential case, where the mass for the ground state may be
modified, depending on the constant in the sharp Trudinger—Moser inequality. The main difficulty is the
lack of scaling invariance in both the linear and the nonlinear terms.
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1. Introduction

The problem and overview. We study global and asymptotic behavior of solutions in the energy space
for the nonlinear Klein—Gordon equation (NLKG):

i—Au+u=f'w, u:RT SR (deN), (1-1)

where f : R — R is a given function. Typical examples that we can treat are the power nonlinearities in
any dimension:

fu) = AMulPT? Q. <p+2=<2% A1>0), (1-2)
where 2, and 2* respectively denote the L2 and H' critical powers
4 2+ ——= ifd =3,
S = L (1-3)
d 00 ifd <2,
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and the square-exponential nonlinearity in two spatial dimensions:
f@) = MulPe M, (d =2, p>4, 120, >0), (1-4)

which is related to the critical case for the Trudinger—Moser inequality. The equation conserves (at least
formally) the energy

ja|? + | Vul® + ul?

> — f(u)dx. (1-5)

E(u;t) = E(u(@),u(t)) = /Rd

The main goal in this paper is to give necessary and sufficient conditions for the solution u to scatter,
which means that u is asymptotic to some free solutions as ¢t — 300, under the condition that u has less
energy than the least energy static solution, namely the ground state. In the defocusing case, where f has
the opposite sign, one has the scattering result for all finite energy solutions, see [Brenner 1984; Ginibre
and Velo 1985a; Nakanishi 1999a; 1999b; 2001; Ibrahim et al. 2009]. In the focusing case, it turns out
that the solutions below the ground energy split into the scattering solutions and the blow-up solutions (in
both time directions in both cases). Such results have been recently established for many other equations
including the nonlinear wave equation (NLW), the nonlinear Schrodinger equation (NLS), the Yang—
Mills system and the wave maps, since Kenig-Merle’s [Kenig and Merle 2006] on NLS with the H'!
critical power (i.e. p +2 = 2* in (1-2)); see [Akahori and Nawa 2010; Céte et al. 2008; Duyckaerts
et al. 2008; Kenig and Merle 2008; Killip et al. 2008; 2009; Krieger and Schlag 2009; Sterbenz and
Tataru 2010; Tao 2008a; 2008b; 2008c; 2009a; 2009b].

To be more precise, let us recall the result by Kenig and Merle for the critical nonlinear wave equation

i—Au=f'(w), f@)=lu*. (1-6)

Let E© (1) be the conserved energy, and Q be a static solution with the least energy:

0) |6|% + |Vul|? w4
EOw = [ FEE s s 0 = R Ca

Kenig and Merle [2008] proved that every solution with E (0) (u) < E (0)(Q) scatters in the energy space
as t — oo, provided that |Vu(0)|;2 < |[VQ]|;2, and otherwise it blows up in finite time both for
t > 0 and for ¢ < 0. The idea of their proof is to bring the concentration compactness argument into
the scattering problem by using space-time norms and the concept of a “critical element”, that is, the
minimal non-scattering solution.

The equations in those papers following Kenig and Merle have a common important property—the
scaling invariance. It is further shared with the solution space (either the energy space or L2, i.e. the
critical case), except for the NLS with a subcritical power [Duyckaerts et al. 2008; Akahori and Nawa
2010]. The scaling invariance brings significant difficulties for the analysis, but also a lot of algebraic or
geometric structures and simplifications. Hence it is a natural question what happens if the invariance is
broken in the linear and the nonlinear parts of the equation. This is the main technical challenge in this
paper.

The dichotomy into the global existence and the blow-up has been known long before the scattering
result of Kenig and Merle, under the name of “potential well”, defined by derivatives of the static energy
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functional. More precisely, Payne and Sattinger [1975] proved on bounded domains the dichotomy into
blow-up and global existence for solutions below the ground energy, by the sign of the functional

Kiou) = / |Vul? + |u|* —uf'(u) dx. (1-8)

It is easy to observe that their argument applies to the whole space R? as soon as one has the local
wellposedness in the energy space. Hence our primary task is to prove the scattering result in the region
of global existence. Then our first problem due to the inhomogeneity is that the above functional K o
is not suited for the scattering proof, though it is useful for the blow-up and global existence. More
specifically, we want to use the functional

Kaa0)i= [ 2090l + dlus @)~ 2/ @] dx, (1-9)

which is related to the virial identity. There is actually a one-parameter family of functionals, corre-
sponding to various scalings, each of which defines a splitting of the solutions below the ground energy
by its sign. For example, Shatah [1985] used another functional

d—2 d .
Ko,1(u) == / T|vu|2+ 5|u|2—df(u) dx, (1-10)

to prove the instability of the standing waves. Note that in his proof the instability is not given by blow-
up in the region Ko ;(u) < 0. More recently, Ohta and Todorova [2007] proved blow-up in the region
K4.—>(u) <0, but they need radial symmetry for the powers p close to 2*.

The special feature of the critical wave Equation (1-6) is that those functionals are the same modulo
constant multiples, which is exactly due to the scaling invariance. For the NLS with a subcritical power
[Duyckaerts et al. 2008; Akahori and Nawa 2010], the functionals are different from each other, but the
situation is much better than NLKG, because they contain only two terms (without the L? norm), the L?
is another conserved quantity, and the virial identity is used both for the blow-up and for the scattering,
while K o is not so useful for NLS.

It turns out, however, that those algebraically different functionals for NLKG define the same splitting
below the threshold energy. This observation does not seem to be well recognized, but it is indeed crucial
for the proof of the dichotomy, since we need different functionals for the blow-up and for the scattering.

One interesting feature resulting from the breakdown of the scaling is that, for some nonlinearity,
the energy threshold is not given by the ground state of the original NLKG, but by that of a modified
equation. More precisely, for the H! critical power (p + 2 = 2*) in three dimensions or higher, the
threshold is given by that of the critical wave equation, or massless Klein—Gordon equation. This can be
expected because the concentration by the critical scaling makes the L? norm vanish while preserving
other components, namely the massless energy. However the transition from the Klein—Gordon to the
wave requires some effort in the scattering proof.

We find another instance of mass modification, which is more surprising. That is in two dimensions
and for nonlinearities which grow slightly slower than the square exponential e|”|2, where the mass for
the threshold ground energy can change to any number between 0 and 1, depending on the constant
in the sharp (L?) Trudinger-Moser inequality. Thus we prove the existence of extremizers as well as
the ground states with mass less than or equal to the sharp constant, which also seems new for general



408 SLIM IBRAHIM, NADER MASMOUDI AND KENJI NAKANISHI

nonlinearity on the whole plane. For the existence of the ground state on bounded domains, we refer to
[Figueiredo et al. 1995; Adimurthi 1990; Adimurthi and Struwe 2000]. One should be warned, however,
that the situation on the whole plane is different from that on disks, unlike the higher dimensional Sobolev
critical case, since here the concentration compactness has to be accompanied with a leak of L? norm
to the spatial infinity. This will be discussed in [Ibrahim et al. 2011].

It is worth noting that the scattering result in the focusing exponential case is actually easier to
obtain than in the defocusing case, concerning the global Strichartz estimate. This is because the
(mass-modified) ground energy threshold implies that our solutions are in the subcritical regime for
the Trudinger—Moser inequality. Hence concentration of energy is a priori precluded, and so we do not
need the concentration radius or the localized Strichartz estimate used in [Ibrahim et al. 2009] on the
Trudinger—Moser threshold in the defocusing case. This is another striking difference from the power
case, where the analysis for the focusing case essentially contains that for the defocusing case.

Main result. To state the main results of this paper, we need to introduce some notation and assumptions
for the variational setting and the nonlinear setting of the problem.

Variational setting. To specify our class of solutions, we need the static energy

1@)i=3 [ 196P +lePlax—Fi). F)i= [ r@)a. 11

and its derivatives with respect to different scalings. In the critical and exponential cases, we also need
the energy with a modified mass ¢ > 0,

|
19w =5 [ 196 +clpPldx— (o). (112

For any o, B, € Rand ¢ : R? — R, we define the two-parameter rescaling family
¢y p(x) = e“p(e™Phy), (1-13)

and the differential operator £y g acting on any functional S : H H(RY) > R by

d
LapSto) = 7| (¢ p)- (1-14)
=0

The scaling derivative of the static energy is denoted by
Ko p(p) := Lo, (¢)
= [ |2 wer + 2L Lo anr o) - dpr)| ax s
K@) = L7 (p).

For each (o, 8) € R? in the range

>0, 20+dB >0, 20+(d—-2)=>0, (apB)F#(0,0), (1-16)
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we consider the constrained minimization problem

My p = inf{J(p) | ¢ € H'(R?), ¢ #0, Ky p(p) = 0}. (1-17)

We will prove that it is attained, (after a modification of the mass in some cases), provided that («, 8) is
in the above range (1-16). The condition on (¢, B) is also necessary in general (see Proposition A.1).
Our solutions start from the following subsets of the energy space:

57{;2‘3 = {(uo,ul) € Hl(Rd) xLz(Rd) | E(uo,u1) <mgpg, Ky pug) = 0},

— 1 /md 2 md (1-18)
Wy p = {(uo.uy) € H'(RY)x L*(RY) | E(uq.uy) < mqg. Ky p(ug) <0}.

Nonlinear setting. For the nonlinearity f, we consider the following three cases: the H' subcritical
(d = 1), the 2D exponential case, and the H I critical (d > 3) cases. First we assume that f : R — R is
C? and
f(0) = f'(0) = f"(0) = 0. (1-19)
Secondly for the variational arguments, we need some monotonicity and convexity conditions. Let D
denote the linear operator defined by

Df(u) := uf'(u). (1-20)
We assume that [ satisfies for some ¢ > 0,
(D—-2,—e)f >0, (D=2)(D—-2,—¢)f =0, (1-21)
which implies in particular that
D?f > (2, +&)Df > 2. +¢)>f > 0. (1-22)

Finally we need regularity and growth conditions, which can differ for small |u| and large |u|. Fix a
cut-off function x € C5°(R) satisfying x(r) = 1 for [r| < 1 and x(r) = 0 for |r| > 2, and set

Xr(¥) := x(|x|/R), (1-23)
for arbitrary vector x and R > 0. Decompose the nonlinearity by
Js@) = 1) fQ), fL) = fu)— fs@). (1-24)
We assume that for some p; > 2, —2
!t < |yl|P1 d < 4),
|f§/(u)| < Iu‘l// (d=4) (1-25)
| /g 1) = fgu2)| < |uy —uz?t (d 25),

where we should choose p; < 1 for d > 5.
For the behavior of f for large |u|, we distinguish three cases:
(1) H! subcritical case: We assume that for some P2 <2*=2

VAQINTS (2=d=9
7 @) = fL @) S (| + fu2) 27 g —uz| - (d 2 Sand py 2 1) (1-20

Lf () = f] (u2)| < luy —usy|P? (d = 5and py <1).
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We allow p, = 2* —2 in some of the later arguments. There is no growth restriction for d = 1. A typical
example is

S ) = Aylul® 4 - dgefu] (1-27)
where A; > 0 and 2, < ¢; < 2* for all j, which satisfies (1-26) as well as (1-19), (1-21) and (1-25).
(2) H! critical case. We assume
d>3, fu)=u?/2" (1-28)

In this case, we do not include lower powers in order to avoid their nontrivial effects in the variational
characterization. The absence of lower powers will only be used in Section 2. In particular the Strichartz
spaces we use in Section 4 can handle the sum of a critical power with a subcritical function.

(3) 2D exponential case: We assume that

d=2,

Vi > ko, li " ()e Kl = ¢ (1-29)
ko = 0{ € > Ko, limyy|oo f7 (W)e ) } and if kg > 0 then lim AC) =0.

Vie < ko, limyy oo f1(w)e ™" = oo lul—>o0 Dfy (1)

Then we define C}}, by

Cou(F) = sup{2F(@) @l 32y | 0 # ¢ € H'(R?), kol Vol 72 gy < 47} (1-30)

For example, all the conditions are satisfied by

2
Su) = et —1 —icoful® — g lul* (1-31)

and by
S (u) = |u|Pekolul®+yIul, (1-32)

where p > 4, kg > 0, and max(—y, 0) < 1 (depending on ko(p —4)). More specifically, it suffices to
have for all u € [0, co) that

8kou? +3yu+2(p—4) >0, (1-33)
since, putting g := Df/f = 2kou* + yu + p, we have 2, = 4 and
(D-2)(D-4)f =[(g—4*+ Dg+2(g -4/, (134)
Dg+2(g—4) = 8kou® +3yu +2(p—4) = 2[g(3u/2) — 4] —u?/2.

In addition, one can easily observe that C;,(F) = oo if y > 0 and C}},(F) < oo if y < 0, using Moser’s
sequence of functions for the former, and by the spherical symmetrization for the latter (compare [Moser
1971; Adachi and Tanaka 2000; Ruf 20057]).!

1 Actually, the optimal (fastest) growth to have C(F) < oo is given by

Sy ~ e flu2 (ju] > o0), (1-35)

as shown in [Ibrahim et al. 2011]. The results in the present paper do not rely on this observation, though it seems to have its
own interest.
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In short, our assumption on f is that
(1-19), (1-21), (1-25), and [(1-26) or (1-28) or (1-29)]. (1-36)

Then by Sobolev or Trudinger—-Moser, we observe that F', £, g F and 585’ g I are continuous functionals
on H'(R?).
Now we can state our main result. Denote the quadratic part of the energy (i.e., the linear energy) by

i|* + [Vu|? + |u?
dx.

: (1-37)

EQu:1) = EQu(t). i(t)) := /
R4

Theorem 1.1. Assume (1-36) for f. Then for all (a, B) in (1-16), both mq g and 37{32/3 are independent
of (a, B). Moreover (1-1) is locally wellposed in the energy space H' x L?*, and

(1) If (u(0),u(0)) € ¥, g, then u extends neither for t — oo nor for t — —oco as the unique strong
solution in H' x L2

2) If (u(0),1(0)) € 57{(;"’,3, then u scatters both int — 00 in the energy space. In other words, u is a
global solution and there are vi satisfying

U4 —Avg +vg =0, 138
EQu—vy ii—bg) =0 (t > +00). (1-38)

The dichotomy of global existence versus blow-up in the subcritical case was essentially given in
[Payne and Sattinger 1975], using K; o, on bounded domains. Hence our main contribution is the
scattering part, and the parameter independence of 37{(?; g- The corresponding result in the defocusing
case (hence only the scattering) has been shown in [Brenner 1984; Ginibre and Velo 1985b] for the
subcritical f in three dimensions and higher, in [Nakanishi 1999b] in lower dimensions, in [Nakanishi
1999a] for the H! critical f, and in [Ibrahim et al. 2009] for the 2D exponential nonlinearity. The
massless H ! critical case (the other powers cannot be controlled by the massless energy) was solved by
[Bahouri and Shatah 1998; Bahouri and Gérard 1999] for the defocusing f and by [Kenig and Merle
2008] for the focusing nonlinearity.

The parameter independence of m, g seems to be known in the study of stability of standing waves,
but the authors could not find an available result as general as the above one. See [Ohta and Todorova
2007; Zhang 2002] for partial results. We quote a recent paper [Jeanjean and Le Coz 2009] for a pure
power nonlinearity, but unfortunately their range of («, f) was not correct (the condition & > 0 was
overlooked; its necessity is shown by Proposition A.1).

The parameter independence of f]{i - on the other hand, does not seem to have got much attention
from the stability analysis, but it is essential in our proof of the scattering, since the monotonicity is
given for the blow-up and for the scattering in terms of different K g, respectively Ky o and Ky _».

Thanks to the parameter independence, we may write

m=mqypg and HE =5

We will also show the following important properties of the energy threshold.
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Proposition 1.2. Let the assumptions be as in Theorem 1.1.

(1) In the subcritical case (1-26), the threshold energy m is attained by some Q € H! ([Rd), independent
of (o, B), solving the static equation

-AQ+ 0 = f(0Q), (1-39)

with the least energy J(Q) = m among the solutions in H' (R). In other words, m is attained by
the ground states.

(2) In the critical case (1-28), there is no minimizer for (1-17), but we have
m=J(Q), (1-40)
for a static solution Q € H! ([Rd) of the massless equation
—AQ = f(0Q), (1-41)

with the least massless energy J ©). In other words, m equals the massless ground energy.

(3) In the exponential case (1-29), let
¢ := min(1, C},(F)),
where C,(F) is as in (1-30). Then
m=J90), (1-42)
for a static solution Q € H'(R?) of the mass-modified equation
~AQ+cQ = f(0), (1-43)
with the least energy J©(Q). Moreover we have
m = 21 /ko, (1-44)

where the equality holds if and only if C\,(F) < 1, and m = mq, g is attained in (1-17) if and only
if Cu(F) = 1.

Again this is well known in the subcritical case. Hence the main novelty is in the mass change in
the critical and exponential cases. Note that the ground state Q with a different mass ¢ € [0, 1) yields
standing wave solutions e*/® Q(x) with 1 —w? = ¢. But it is not a true obstruction for the scattering,
because its dynamical energy is above m, although m is the right threshold in the sense that for higher
energy level E > m the sets #* are no longer separated from each other, that is, 9%+ N %~ # @.

Some notation. We recall some standard notation. % denotes the Fourier transform on [R{d, and

(VY i=V1-A=F1/1+|£]2F. (1-45)
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L? H*, B, ,and Bls)’q respectively denote the Lebesgue, Sobolev, inhomogeneous and homogeneous
Besov spaces on R?. For later use we recall the most used functionals Ky p and Hy g:

Kio) = [ [V +1e — s )] dx.
Koao) = [ [C52196 + 1ol —ar)] dx, (1-46)

Kialo) = [ [AV0P =d(D=2) /()] dx.

1
o) =5 [ (D=2 f@]dx,
Hoa(p) = [ [4190]dx, (1-47)

Hies@) = [ [316P+ §0=20 5] ax.

We give a table of notation on page 458.

2. Variational characterizations

In this section, we prove Proposition 1.2. In particular we prove the existence of ground states as
constrained minimizers, the («, 8)-independence of the splittings, together with various estimates for
solutions below the threshold by variational arguments, which will be used for the scattering and blowup.

Throughout this section, we assume that («, B) is in the range (1-16). For ease of presentation, we
often omit (c, B) from the subscript. We associate with it the following two numbers:

A =maxQa +dp, 20+ (d —2)B), u=minQa+dp,2a+ (d—-2)p), 2-1)

which come from the scaling exponents for H! and L? in (1-13). Notice that in the range (1-16), we
have & > 0, u > 0, and that « = & = 0 if and only if (d, @) = (2, 0), which will often be an exceptional
case in the following arguments.

We decompose Ky g = Lo pJ into the quadratic and the nonlinear parts:

Kop=K2,+ KNy K24(0) = Saploly /2. KYp(@) = —FapFlp).  (2-2)

Then KaQ, ; ((pé‘, ﬂ) is non-negative and non-decreasing with respect to A € R, and

: Q (A
A.EIIIOO Kaaﬂ(gpaaﬂ) - 0’ (2-3)
from its explicit form.

Energy landscape in various scales. First we investigate how J and its derivatives behave with respect
to the scaling (p;‘, B in order to get my g as a minimax value. The results of this subsection are essentially
known, at least under more restrictions on the nonlinearity and (, ).

We start from the origin of the energy space.
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Lemma 2.1 (Positivity of K near 0). Assume that f satisfies (1-36), and that («, B) satisfies (1-16) and
(d, &) # (2,0). Then for any bounded sequence ¢, € H'(R9)\ {0} such that KaQﬂ (¢n) = 0, we have,
for large n,

Ko,g(@n) > 0. (2-4)

Note that if (d,«) = (2,0) the conclusion is false, since in that case K2 (p*) = e?P*K2(p) — 0 as
A — —o0, but K(¢*) = e?P* K(p) can be negative.

Proof. First we consider the H! subcritical/critical cases. If d > 2 then

D@+ /(@) S lpP1 T2 + || P22, (2-5)

for some 2, < p; +2 < py +2 < 2*; hence, by the Gagliardo—Nirenberg inequality

d(g/2—1 d—q(d—-2)/2
lelgq <IVelzs* Vlel; "7 @=q =27, (2-6)

we obtain

d(g/2—1 d—q(d—-2)/2
F@l+I12F@) s X Vel §32 V) 71272, (2-7)
g=p1+2, p2+2 * *

If d = 1 then we can dispose of f7 by Sobolev H!(R) C L*°(R). Then we get

IF@)l +I2F@I £ IVell7y o173 Cllela). (2-8)

for some function C determined by f7 .
Hence if 2 4 (d —2) 8 > 0 then for any d we have

(KN (@) = o(IIVgll72) = o(KC (). (2-9)
Under the assumption, 2« + (d —2)B = 0 is possible only for d = 1; then, using (2-8),
KN (@) = o(llel72) = o(K2(p)). (2-10)
Finally we consider the 2D exponential case (1-29). Then we have
D @) +1/@)] 5 lol? 197 — 1), 2-11)

for some p > 2 and any k > ko. Since @ > 0, we have K< (¢,) > ||V<p,,||i2 — 0, so it suffices to
consider ¢ € H! satisfying, for some ¢ > 1 such that (4 — p)g < 2,

gk ||Vl 3, < 27 (2-12)

Let ¢’ = q/(q — 1) be the Holder conjugate. Then by Holder, Gagliardo—Nirenberg (2-6) and the
Trudinger—Moser inequality

”‘P”iz([@z)

Vel 2@y < Var = | (¥ —1)dx <

, (2-13)
R2 dm — ”vﬁolliz(Rz)

we obtain
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, , 2 1/q
ILF(@)| + [F@)| S @ll? . 1719 — 119 < 10|24 Ve |75/ ol
§0 (p ~ §0 Lpa Ll ~ (0 L2 ga L2 4 (2_14)

n—qk||Vel?,
—2/q
< lelZa1vel 52?7
Since p —2/q’ > 2 by the choice of ¢, we get
KN (@)] = oI Vel 1) = o(K2(9)). (2-15)
Thus in all cases K(¢) ~ K2(¢) > 0 when 0 < K2(¢p) < 1. O

The following inequalities describe the graph of J, and will play the central role in the succeeding
arguments.

Lemma 2.2 (Mountain-pass structure). Assume that f satisfies (1-36) and («, B) satisfies (1-16). Then
for any ¢ € H'(R?) we have

(Zap =Dl < =21BImin(lel7.. [Vell7,).

) (2-16)
(fo,— W) F(p) = acF(e),
where ¢ > 0 is given in (1-21). Hence
(L —La.p)J (9) = acF (@) + |Blmin(l@]7 2. Vol 72). (2-17)

Moreover we have

2
(Lap— ) Lap— )T () = (Fr.p— ) Lar.p— 1) F) >

2oed
d—_Hia,ﬂF(‘/’) z —MF((P)~ (2-18)

T d+1

Proof. First we observe that
(£—20—(d—- 2)ﬁ)IIV¢JIIi§ =0, (£-2a-— dﬂ)||</’||i§ =0, (2-19)

and for any functional S of the form S(¢) = [ (@) dx,

TapS@) = | @D+ pd)slip) dx, (220
where Df (¢) = ¢f’(¢p) as defined in (1-20). Using this, we obtain

IVel7. (B=0),

(2-21)
lel7. (B =0),

(&= wllellz = —2IB] x {
and also

PF(p) = /[oz(D —2)+2a+dplf(p)dx = /[(aD =204+ 2B) 4+ 20+ (d —2)B]f(p)dx. (2-22)

Since 5
aD—-2a+28 = a(D—Z*)+E(2a+d,B), (2-23)

using (1-21), we obtain
LF > (L+ae)F. (2-24)
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Using these computations, we have
—(E-)E-wWJ(p) = (E—-m)(L—pFp)

=ozf(ozD—2oc+2,3)(D—2)f(go)dx

2 : (2-25)
2w [ [aD=2)+ % Catdp)] fio)dx
20l
> P F(p) > F
= et Fg) = ).
where we used (2-23) and (1-21) in the first inequality, min(1,2/d) > 2/(d + 1) in the second, and
(2-24) in the last. O

Using the inequalities above, we can replace the minimized quantity in (1-17) with a positive definite
one, while extending the minimizing region from “the mountain ridge” to “the mountain flank”. Let

Hyp:=—ZLop/it)J. (2-26)
Then Lemma 2.2 implies that H, g > 0 and
Lo pHop=—(L—wW(E-)J/p+p(l-2L/1)J =
We can rewrite the minimization problem (1-17) by using H:

Lemma 2.3 (Minimization of H). Assume that f satisfies (1-36) and («, B) satisfies (1-16). Then mq g
in (1-17) equals

208 o WHy 5> 0 (2-27)
d41" TRMep =T

my.p = inf{Hy p(¢) | ¢ € H'R?), ¢ #0, Ky p(p) <0} (2-28)

Proof. Let m’ denote the right side of (2-28). Then m > m’ is trivial because J = H if K = 0, so it
suffices to show m < m’. Take ¢ € H! such that K(¢) < 0.
If (d,a) # (2,0), then from Lemma 2.1 together with (2-3), we deduce that

(d,a) # (2,0), K(p) <0 = 3A <0, K(¢*) =0, H(e") < H(p), (2-29)

where the latter inequality follows from (2-27) since H (gok) is nondecreasing in A. Hence m < m’.
If (d,a) = (2,0), then we use another scaling vu with v € (0, 1). We have K2(vp) = v2K<2(p)
and | KN (vg)| = o(v*) by (2-7) or (2-14). Hence K(vg) > 0 for small v > 0, and so we deduce

(d,a) = (2,0), K(p) <0 = Fve(0,1), K(vp) =0, Hve) < H(p). (2-30)

where the inequality follows from H(p) = ||V<p||22 /2 in this case. Hence m < m’. O

The ground state as common minimizer. Now we can prove the parameter independence of my g via
its characterization by the ground states. First we consider the H! subcritical case.

Lemma 2.4 (Ground state in the subcritical case). Assume that [ satisfies (1-36) and (1-26), and that
(ar, B) satisfies (1-16). Then my, g in (1-17) is positive and independent of (a, B). Moreover my g = J(Q)
for some Q € H! (R?) solving the static NLKG (1-39) with the minimal J(Q) among the solutions in
H'(RY).
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Proof. Let ¢, € H' be a minimizing sequence for (2-28), namely K(¢,) < 0, ¢n # 0 and H(g,) \, m.

First we consider the case (d, a) # (2, 0). Let ¢, be the Schwartz symmetrization of ¢y, i.e. the radial
decreasing rearrangement. Since the symmetrization preserves the nonlinear parts and does not increase
the H' part, we have ¢ # 0, K(¢) < K(p,) < 0and H(gn) > H(g}) — m. Then using (2-29), we
may replace it by symmetric ¥, € H'! such that

Un #0, KWn) =0, JWn) = H{n) — m. (2-31)
If @ > 0, then (2-17) implies

(L +ae)J (Yn) = acl[Ynll 3 /2: (2-32)

hence v, is bounded in H'.
If« =0 (and d > 2), then H(Y,) = ||V1ﬁn||22 /d is bounded, and if ||y, ||;2 — oo, then by (2-7)

dBllvnl?, < 2K2(Wm) = —2KN (W) < o(|¥ll 5247272, (2-33)
but since d —2,(d —2)/2 < 2, this is a contradiction. Hence v, is bounded in H!.

Since v, is bounded in H'!, after replacing with some appropriate subsequence, it converges to some
¥ weakly in H'. By the radial symmetry, it also converges strongly in L? for all 2 < p < 2*. Then in
the subcritical case (1-26), the nonlinear parts converge, and so K(¥) < 0 and H(y) < m.

If = 0, then K(¥,) = 0 implies that K2(y,) = —KN (¥,,) — 0, and by Lemma 2.1 we have
K(yr,) > 0 for large n, a contradiction. Hence v # 0.

By (2-29), we may replace ¥ by its rescaling, so that K(y) = 0, J(¥) = H(y) < m and ¢ # 0.
Then v is a minimizer and m = H(y) > 0.

Since v is a minimizer for (1-17), there is a Lagrange multiplier € R such that

J' () = nK'(¥). (2-34)

Then denoting £y = Bkw;‘ /3|A=07 we get

0=K@)=2JW) = (J'(¥) | £¥) = n(K'(}) | £¥) = nL>T(¥). (2-35)
By (2-18) and £J(y) = 0, we have

-
L2IW) < —fipJ (F) — d"‘—j’“{F(w) <0, (2-36)

since > 0 or o > 0.

Therefore n = 0 and ¥ is a solution to (1-39). The minimality of J (i) among the solutions is clear
from (1-17), since every solution Q in H' of (1-39) satisfies K(Q) = (J'(Q) | £Q) = 0. This implies
that m g is independent of (a, ).

In the exceptional case (d,«) = (2, 0), the above argument needs considerable modifications, due to
the scaling invariance

H(p) = |Vol3,/2 = Hp"). K@*) =P K(9p). (2-37)
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First, we should use (2-30) instead of (2-29) to get v, satisfying (2-31). Next, the invariance breaks the
H' boundedness of v,,. But we are free to replace each v, by its rescaling so that ||, 2 = 1, without
losing its properties (2-31). Then

which clearly implies that the limit ¥ is nonzero. By (2-30), we may replace y by its constant multiple,
so that K(y) =0, J(¥) = H(Y) <m and ¢ # 0. Then v is a minimizer and m = H(y) > 0.

Finally, the invariance gives us $£2J () = 0 and the Lagrange multiplier 7 may be nonzero. In this
case (2-34) is written

Ay = (dp - DIy — /W)l (2-38)
Since (=AY | w>L)2c > 0 and

=10 195z = Kosa@n = [(D-D 7wy dx <o, (2:39)

we have (ndB — 1) < 0. Hence there exists A > 0 such that ¥* solves the static NLKG (1-39), and it is
also a minimizer. O

H critical case; massless threshold. In the H' critical case (1-28), we still have the («, 8) indepen-
dence, but mg g is equal to the massless energy of the massless ground state. This is a consequence of
the invariance of the massless energy with respect to the H! scaling.

Lemma 2.5 (Ground state in H! critical case). Assume that f satisfies (1-28), and that (., B) satisfies

(1-16). Then mg g in (1-17) is positive and independent of (a, B). Moreover my g = J©(Q) for some

0 € H'(RY) solving the static massless NLKG (1-41), with the minimal J© (Q) among the solutions

in H'(R?).

Proof. Let HY and K™ be the massless versions of H and K, respectively. Then
m=m":=inf{HY(p) | p € H', K¥(¢) < 0}. (2-40)

Indeed, comparing this expression with (2-28), we easily get m > m™ from H¥ < H and K% < K if
204+dp > 0. If 2a + dB = 0, then we may replace K < 0 in (2-28) by K < 0, because for any nonzero
¢ € H! satisfying K(¢) < 0, we have by (2-18)

_
FK(p) < IK(p) = 5L F(@) <0, @-41)

which implies that K (<pk) < 0 for all A > 0, and so the set K < 0 is dense in the minimization set of
(2-28). Hence m > m"™ in this case too.
To prove m < m", let

0" = Q21,1 (2-42)

denote the H! invariant scaling. Then K(¢") — K% (¢) and H(¢") - HY(p) as v — oco. Hence if
K" (¢) < 0 then K(¢") < 0 for large v, and so m < m"™.
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Due to the H! scale invariance, Ky 8 for all (o, B) are constant multiples of the same functional, and
HY is independent of (&, B), so is the minimization for m™. In fact we have

m" = inf{||Vo|7./d | ¢ € H', |Vol7. < l¢l75-}- (2-43)
By homogeneity and the scaling ¢ — vg, this is equal to
Ivel2,] a 4
1 \Y L[]V C3)~
inf —[|Vol7, <p2*L2 = inf - [” ‘p”“} _ %) : (2-44)
0ApeH! o2 o£peH d | [l@ll 2> d
where Cg denotes the best constant for the Sobolev inequality
lellz2s = CsliVel L2, (2-45)
which is well known to be attained by the explicit Q € H! given by
_d=2
o = |14 7 (2-46)
x) = _— , -
d(d—-2)
which solves (1-41). O

Exponential case; mass-modified threshold. In the 2D exponential case (1-29), the conclusion is some-
what intermediate between the above two cases. If C[J,(F) > 1 then my g is achieved by a ground state,
but if C},(F) < 1 then we can still see m1, g as the energy of a ground state to an equation (1-43) where
the mass is changed to ¢ = min(1, C}},(F)) € (0, 1).

Lemma 2.6 (Ground state in the exponential case). Assume that f satisfies (1-36) and (1-29), and that
(cr, B) satisfies (1-16). Then my, g in (1-17) is independent of (a, B) and 0 < my g < 21 /K¢, where the
second inequality is strict if and only if C}} (F) > 1. Moreover my g = J©(Q) with ¢ = min(1, CH(F))
for some Q € H'(R?) solving the modified static NLKG (1-43) with the minimal J©)(Q) among the
solutions in H'(R?).

For the proof, we prepare some notations and lemmas. For any functional G on H!(R?) and any
A > 0, we introduce the Trudinger—Moser ratio

Cii(G) := sup{2G(p)lpll 3 | 0 # ¢ € H'(R?), [|Vol 2 < 4], (2-47)
the Trudinger—Moser threshold on the H' norm:
M(G) := sup{d > 0 | CA(G) < oo}, (2-48)
and the ratio on the threshold: o
Ca(G) = C 9 (G). (2-49)
The growth condition (1-29) together with (1-21) implies
M(Lo,pF) = M(F) = /47 /Ko (2-50)

for any (c, B) satisfying (1-16), by the Trudinger-Moser inequality (2-13). Hence the definition of C}},
just given is consistent with (1-30).
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For any functional G of the form G(¢) = [ g(¢) dx, and for any sequence (¢,)nen € HY (RN, we
define its concentration (at x = 0) conc G((¢n)nen) by

conc G((¢n)nen) := lim lim g(pn) dx. (2-51)

e—>+0n—>00 |x|<e
We will use the following compactness by dominated convergence.
Lemma 2.7. Let g,h : R — R be continuous functions satisfying

lg@)| . g
A 0 e =0 (2-52)

’

Let @, be a sequence of radial functions, weakly convergent to ¢ in H'(R?) such that {h(pp)}n is
bounded in L' (R?). Then g(¢n) — g(¢) strongly in L' (R?).

Proof. By assumption (2-52), for any ¢ > 0 there exist § > 0 such that
lul > 1/(28) or |u] <28 = |g(u)| < e(h(u)+ |u|?). (2-53)

Then we have
/ Ig(wn)ldeS/h(wn)—i— |(pn|2dx§£. (2-54)
l@n|>1/(28) or |@,|<28

1/2 1/2

The radial Sobolev inequality ||/ “@p || Loo < l|@nll, > | Ven ||1L/22 implies that @, (x) are uniformly small
for large x. Then the weak convergence together with

R>
on(R1) — gn(Ry) = / By n(r) dr (2-55)

Ry

implies that ¢, (x) — @(x) for x # 0. Then Fatou’s lemma implies

/ £(@)ldx Se. 2-56)
lel>1/(26) or || <28
and the dominated convergence theorem implies

lg@ @) =P @1 =0 (11— o0, (2-57)
where g is defined by g®w)y=q —xs(u)) x1/5(u)g(u) using the cut-off defined in (1-23). Combining
(2-54), (2-56) and (2-57), we deduce the desired convergence. o

Proof of Lemma 2.6. We start with the exceptional case (d,«®) = (2,0). First, let A > 0 and assume
CT‘;‘A(F) > 1. Then there exists 0 # ¢ € H'! such that || Vg| ;2 < A and F(p) > ||go||22/2. For small ¢ > 0
we have Ko 1((1 —¢)¢) <0, and hence mgo ; < ||V (1 —8)§0n||%2/2 < A?/2. Hence mg,; < IM(F)?/2.

Consider the case C},(F) > 1. Then by choosing A = 9U(F) in the above argument, we get
mo,1 < M(F )2/2. Now we take a minimizing sequence for mg,1. By the Schwartz symmetrization
and rescalings as in the proof of Lemma 2.4 for (d,«) = (2,0), we get a sequence of radial functions

¥, € H' such that

Vnllpz =1, Hoji(Wn) — mo1, Ko, 1(Yn) =1=2F(Yy) =0, (2-58)
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and ‘ﬂn — v in H!. Because of mo,1 < 9M(F)?/2, we can choose some k € (ko,2m/myg.1), so that
e<l¥nl> 1 is bounded in L! by the Trudlnger—Moser inequality (2-13). Then we can use Lemma 2.7
with @, := Yy, g := f and h(u) = e<lul> _ 1 which implies F(y,) — F(y). Hence ¥ attains my ;.
After appropriate rescalings, we obtain a ground state Q, as in the proof of Lemma 2.4.
Next consider the case CX,(F) < 1. Then for any ¥ € H! satisfying |V |2 < 9(F) we have
Ko,1(¥) = 0. Hence

mo,1 = inf{|Vel72/2 | Ko1(p) <0} = M(F)?/2, (2-59)
and so mg,; = M(F)?/2. Now we show that there exists ¢ € H! satisfying
IVelL2 = M(F), Flp) =CL(F)/2, el =1. (2-60)

After rescaling this ¢, we obtain a ground state Q. However, due to the criticality, we have to approximate
the problem by a subcritical one, namely we first prove the existence of ¢, € H! satisfying

1
IVoullpz < W(F)—;, F(pn) = cn/2, lonll2z =1 (2-61)

where ¢, 1= CT?\:?(F) "(F);then0 < ¢, / C}(F) <1.Fixn > 1 andlet ¢* € H'(R?) be a maximizing

sequence for ¢, (see (2-47)):
1
IVe¥liLe < MEF) —~. F@*) S en/2. N9¥ll2 = 1. (2-62)

where the L? norm is normalized by the rescaling (po - The Schwartz symmetrization enables us to
assume that (p are radial functions, and convergent to some ¢, weakly in H!, by extracting a subse-
quence. Moreover, we have F(¢*) — F(¢,) = ¢n/2, by Lemma 2.7 with g := f and h = erlul> _
for some k € (kq, 47w/ (OM(F) —1/n)?).

Thus ¢, is a maximizer, which implies that ||@,||;2 = 1 and

—nA@p = f'(on) — Cnn, (2-63)

for a Lagrange multiplier n(n) € R. Multiplying it with ¢,, we obtain

77||V(Pn”iz = /Df((Pn) dx—cn“‘ﬂn“iz = /(D—2)f((pn) dx >0, (2-64)

since (D —2) f > 0. Hence 7 > 0, and s0 O, (x) := ¢.(n/2x) € H' satisfies

1
IVOnllp2 = M(F) - Py —AQu+cnQn = [ (Qn). (2-65)
Now consider the limit # — oo. The equation for Q, implies that 0 = K (C”)(Qn) K ic’i)l (Qn), so

eallOnl2s = 2F(Qn).  [VOul2, =2 / (D—2)f(Qn) dx = 4F(Qn). (2-66)

where the last inequality follows from (D —4) f > 0. Since ||V Q| 2 is bounded and ¢, is positive
non-decreasing, we deduce that ||Qy||z2 and [ Df(Qp) dx are bounded as n — oo. Hence we may
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extract a subsequence so that 9, converges to some Q weakly in H!, and then apply Lemma 2.7 with
¢n:=0n g = f and h:= Df. Then f'(Q,) — f'(Q) strongly in L', and so Q solves

~AQ+cQ = f1(Q). ¢:=Ch(F). (2-67)
This implies that
KO(0) = (19(Q) | £0,10) = 0. (2-68)

namely 2 F(Q) = ¢| Q|| iz. Hence Q is a maximizer for CTE)I?,II (F)(F ) with a non-zero Lagrange multiplier,
which implies that ||V Q[ 2 = M(F). Thus J©)(Q) = M (F)?/2 is unique for any solution Q of (2-67).
Next we consider mg g with o > 0. If mg; < IM(F )2 /2, then there exists a ground state Q, which
satisfies Ky g(Q) = 0 for all («, ). Hence mqy g < J(Q) = myq;.
Otherwise, mg 1 = MM(F)?/2 = IM(LF)?/2. For any A > M(LF), there exists a sequence ¢, € H!
satisfying
I9¢nlzz < 4. llgallzz 0, LF(ga) — oo (2-69)

Since K(¢) = ()1||V(,0||i2 + (o + ,3)||(,0||i2 —%F(¢) and @ > 0, we can replace each ¢, with ¢, (x/vy)
with some v, — +0, so that we have after the rescaling

Vonllpz < A, K(pn) =0, |l@ull2 — 0. (2-70)

Hence
Map < lim J(py) < 4%/2,

n—oo

and so mg g < IM(LF)?/2 = myg,;. Thus in both cases we have Mg g < mo,1 < M(F)?/2.
Now suppose that my g < mg; < 9M(F)?/2. As in the proof of Lemma 2.4 for (d,a) # (2,0), we
may find a sequence of radial ¢, € H' such that

K(pn) =0, H(pn) \ym. (2-71)

Therefore there exists ¢ such that ¢, — ¢ weakly in H!, and pointwise for x # 0.
Let ¥, = ¢, —¢. Then ¥, — 0 weakly in H!, and so

Jim KC(pn) = lim K€ () + KC(p) = lim LF(gn) = conc LF((¢n)n) + LF(p).  (2-72)

where the second identity is because K(¢,) = 0, and the last one follows from ¢, (x) — ¢(x) for x #£ 0
and the radial Sobolev inequality [|'/2¢,|| oo < [l@nl g1- Since H(¢) < m by Fatou’s lemma, we have
K(p) > 0, otherwise there would be some A < 0 such that K((p)‘) = 0 and H((p)‘) < H(p) <m, a
contradiction. Thus K2 (¢) > £F(¢), and so from (2-72), we deduce

dim KC () < conc LF((gn)n)- (2-73)

Since £ F(¢y) is bounded by (2-72), Lemma 2.7 with &, := (e D+ d) f implies that conc F((¢n)n) =
0. Hence by (2-73) and (£ — 1) F = 0, we get

lim K (yn) < conc(&— ) F((gn)n) < lim (£~ 1) F(pn). (2-74)

n—o0
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On the other hand we have
m= lim H(p,) = lim H2(y,)+ H%(p)+ lim (£— 1) F(gn)/ . (2-75)
n—>oo n—>o0 n—>o0

where H2 () := (1 -2/ 1) ||¥ ”i{l /2 denotes the quadratic part of H. Combining the above two, and
discarding H<(¢) > 0, we obtain

Hm [[Ynll70/2 < m < M(F)?/2 = 27/ko. (2-76)
n—oo

Hence applying Lemma 2.7 to ¢, with h(u) := e<lul* 1 for some k € (ko, 21/ m), we get LF(¢,) —
£ F(p), and so ¢ is a minimizer for m, g. Indeed, we have

eK“Pnlz —1< eCK.K/|(0|2 —14+ ek/“l’n|2 —1 (2_77)

for some «’ € (k, 27r/m) and constant Cy . > 0. Hence /(gy) is uniformly bounded in L!. Recall that
for a fixed g € H', eCen'lol* 1 ¢ L1,

Then as in the proof of Lemma 2.4, we obtain a ground state Q with J(Q) = mq, g < mq, 1, which is
a contradiction since Kg,1(Q) = 0. Hence my g = my,; for all («, B) in the range (1-16). |

Remark 2.8. In the above argument for («, ) = (0, 1) in the case C},(F) < 1, we used a priori bounds
on the ground state to get the compactness. For general sequences, we can have concentrating loss of
compactness on the kinetic threshold ||Ve| ;2 = M(F) if and only if f satisfies

lim e_"0|“|2|u|2f(u) € (0, 00). (2-78)

|u|—>o00

Lemma 2.6 implies that the concentration requires more energy than the (mass-modified) ground state.
Similar phenomena have been observed in slightly different settings (either on a bounded domain or on the
H'(R?) threshold, where e¥ol% 2 appears as the critical growth instead of erolul? /|u|?, see [Carleson and
Chang 1986; Flucher 1992; Ruf 2005]). More details about this issue, including the above concentration
compactness, will be addressed in a forthcoming paper.

Parameter independence of the splitting. The («, B)-independence of %Oﬂz p follows from that of my g
and contractivity of 37{;; B

Lemma 2.9 (Parameter independence of H¥). Assume that f satisfies (1-36), and that («, B) satisfies
(1-16). Then f]fiﬂ in (1-18) are independent of (o, B).

Proof. Since mgy, g is independent of («, 8), we only need to see that the sign of K is independent under
the threshold m. Also, we may restrict to the first component. For any § > 0, we define 57{3:"?3 C H' by

W% ={pe H' | J(p) <m—8. Kap(p) =0},

s i (2-79)
Yo ={pe H | J(p) <m—38, Kop(p) <0}
Then (ug. u1) € H g if and only if ug € HEY with § = ||u1]2,/2. In addition, the disjoint union

3(0"!‘, ‘fg U f]f;:sﬂ is already independent of « and 8. Hence it suffices to show the independence of 57{(‘5, %
First we consider the interior exponents satisfying 2« +df > 0 and 2o + (d —2) > 0. Then 57{2" ‘fg
is contracted to {0} by the rescaling ¢ go)‘ with 0 > A — —oo. This is due to the following facts:
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(1) K(¢*) > 0 is preserved as long as J(¢*) < m, by the definition of m.
(2) J(¢") does not increase as A decreases, as long as £J(¢*) = K(¢*) > 0.
(3) ¢* - 0in H! as A — —o0, since 2 + df > 0 and 2« + (d —2)B > 0.

In particular, J cannot be negative on ¥ - and so ‘:7{"‘% = @ for 6 > m. For 0 < § < m, both ﬂ{a ‘B
are open in H'!. It follows for 9~ 8 from the definition, and for %% from the facts that J (p) < m and
K(p) = 0 imply ¢ = 0, and that a neighborhood of 0 is contained in % *9, Wthh follows from (2-7),
(2-8) or (2-14). Then the above argument of the scahng contraction shows that f](a ‘g 1s connected. Hence
each 57{+ B cannot be separated by %7, o ﬂ, and 57{0[, B with any other («’, 8) in the interior range. Since
37{"'% Nyt o ﬂ, contains 0, we conclude that f7£+‘}3 = 3{;;5/3, .

Finally for («, ) on the boundary 2cx + d 8 = 0 or 2« 4 (d — 2) 8 = 0, take a sequence (o, B5) in
the interior converging to («, B). Then Ky, g, — Ka,g, and so

HEY U%am 8- (2-80)

Since the right side is independent of the parameter, so is the left. O

Variational estimates. We conclude this section with a few estimates on the energy-type functionals,
which will be important in the proof of the blow-up and the scattering. We start with the easy observation
that the free energy and the nonlinear energy are equivalent in the set # .

Lemma 2.10 (Free energy equivalence in #1). Assume that f satisfies (1-36). Then for any (ug,u) €
H! ([Rd) X LZ(IRd) we have

2
Kio(ug) = 0 —> {J(uo) =< ||uo||H)%/2 = (1+d/2)J(uop), 2.81)
E(uo,u1) < EQ(ug,u1) < (1+d/2)E(uo, uy).

Proof. Since (D —2—c) f(u) > 0 with ¢ := 4/d > 0 by (1-21), we have for any (1o, u;) € H' x L?,

Ki,0(uo) = ||uo||§,} —(2+0)F(Ho)—/(D—2—6’)f(uo)dx

< 2+ (o) —clluol®y /2 = 2+ ) Ewo, ur) — cEQ(ug, ur) — ]2,

(2-82)

and hence we obtain the desired estimate. O

In the 2D exponential case, we have a sharper bound on the derivatives, which implies that X7 is in
the subcritical regime for the Trudinger—Moser inequality.

Lemma 2.11 (Subcritical bound in 3T in the 2D exponential case). Assume that f satisfies (1-36) and
(1-29). Then for any (ug,u1) € K+ we have

IVuollZ > + llurll, < 2m < M(F)? = 4x/ko. (2-83)
Proof. Since Kg 1(uo) > 0, we have

IVuoll7 2 + llurll7> < IVuollz» + lurllz 2 + Ko,1(uo) = 2E(ug.uy) < 2m. O
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The next estimate gives a lower bound on | K| under the threshold 72, which will be important both
for the blow-up and for the scattering.
Lemma 2.12 (Uniform bounds on K). Assume that f satisfies (1-21), and that («, B) satisfies (1-16)
and (d,a) # (2,0). Then there exists § > 0 determined by (o, 8), d and ¢ in (1-21), such that for any
¢ € H with J(¢) < m we have
Ko p(9) = min(i(m — J(9)).6K24(9)) or Kap(p) < —ji(m—J(p)). (2-84)
Note that if (d, @) = (2, 0) then the conclusion is false, since in that case

K(‘Pé’ﬂ) = edﬂ}LK(@) — 0 as A — —oo, (2-85)

while J(¢%) is away from m, since it is decreasing if K(¢) > 0 and J(¢*) 7 H(¢) < m if K(¢) < 0.
Proof. We may assume ¢ # 0. Let j (1) = J(¢*) and n(A) = F(¢*), where goé‘ p= @ is the rescaling
(1-13). Then j(0) = J(¢) and j'(0) = K(¢), and (2-18) implies
2o
d+1

First we consider the case K(¢) < 0. By Lemma 2.1 together with (2-3), there exists A9 < 0 such
that j’(A) < 0 for A9 < A <0 and j'(Ag) = 0. For Ay < A < 0 we have from (2-16),

n'. (2-86)

"<(m+wi-prj -

(R+wj —iwnj = pj' (2-87)

Inserting this in (2-86) and integrating it, we get

0 0
/ J'A)dA < [L/ J'(A) dA, (2-88)
}»() )\O
and hence
K(p) = j'(0) = 4(j(0) = j(Ro))- (2-89)
Since K(¢*0) = 0 and @0 £ 0, we have j(Lg) = J(¢*0) > m. Thus we obtain
K(p) = —pp(m —J(9)). (2-90)

Next we consider the case K(¢) > 0. If
_ _ 2ae
Ci+wKp) = i (@) + 77 L (@), (2-91)

then applying (2-81) to the first term on the right-hand side, and K = K€ — £ F to the second one, we
get

d+1 T 2+d d+1
and so K(¢) > §K2(p) for some § > 0, since & > 0 or & > 0. If (2-91) fails, then

20 7 2a
[2M+M+—8] K(p) = —IlsollHl + = K%(p), (2-92)

2ae o
d+1"

QCa+wj" < puj+ (2-93)
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at A = 0, and so from (2-86),
-/ = -/
J" < —pnj’. (2-94)

Now let A increase. As long as (2-93) holds and j’ > 0, we have j” < 0 and so j’ decreases and j
increases. Also by (2-18) and (2-16) we have

n" > (4 pn' —jpn > pn’ > ji*n > 0. (2-95)

Hence (2-93) is preserved until j’ reaches 0. It does reach at finite Ao > 0, because the right-hand side
of (2-86) is negative and decreasing as long as j’ > 0. Now integrating (2-94) we obtain

K(p) = j'(0) = i(j(Ao) — j(0)) = ii(m — J (), (2-96)
where we used that J (¢*°) > m which follows from K(¢*°) = 0 and g0 £ 0. O
3. Blow-up

Here we prove the blow-up part of Theorem 1.1. The idea is essentially due to Payne and Sattinger
[1975], but we give a full proof for convenience. We will use that J{™ is stable under the flow.

Assume for a contradiction that a solution u exists for all # > 0. (The proof for t < 0 is the same.)
Let

Y@ = . )72 gy (3-1)
Multiplying the equation with u, and using (2-82), we get
j=2lil7. —2K1,0w) = G+ )il7. =22+ ) E@) +cluli, (3-2)

for some ¢ > 0. Sine u(#) € 3~, Lemma 2.12 implies that there is some positive § < —K o(u(t)). Thus
for all # > 0 we have

() =25 >0, (3-3)
and so y(¢) = ||u(1,‘)||]2d2 — 00 as t — 0o. Going back to (3-2), and using Schwarz, we deduce that for
large ¢

. . 4+4c yp?
Jj=@+olalz, > e (3-4)
therefore A
_ c _ _ . +c .
™ = =gy 2[yy— J yz} <0, (3-5)

which contradicts that y — oo.

4. Global space-time norm

In this section we introduce Strichartz-type estimates and a perturbation lemma for global space-time
bounds of the solution.

The inhomogeneity of the Klein—-Gordon equation makes the exponents a bit more complicated than
the case of wave or Schrodinger equation. In the H! critical case, we get another complication in higher
dimensions, due to the fact that we have to estimate the difference of solutions in some Sobolev (or
Besov) spaces with positive regularity but the nonlinearity is not twice differentiable.? This is not a

2The problem is not in the local regularity of the nonlinearity (at # = 0), but rather in the global Holder continuity for f7 .
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problem in the subcritical case, where we are allowed to lose small regularity, so that we can estimate
the difference in some L7 spaces and then interpolate. This technical issue was solved in the pure
critical case in [Nakanishi 1999a] by using space-time norms with exponents away from the admissible
region for the standard Strichartz estimate, which was later called “exotic Strichartz estimates” in the
Schrodinger case [Tao and Visan 2005].

Here we have a further complication by the presence of lower powers, for which we need the exotic
Strichartz for the Klein—Gordon equation. Note that it is not a big trouble in the Schrodinger case (see
[Tao et al. 2007]), because the same Strichartz estimate is used both for higher and lower powers. In
the Klein—Gordon case, in contrast, we have to use different Strichartz norms, with better regularity for
higher powers and with better decay for lower powers. It is easy in the standard Strichartz estimate,
where we can freely mix different norms by the duality argument, but this does not work for the exotic
Strichartz estimate, which uses exponents away from the duality. Hence we are forced to use a common
exponent for different powers, which makes our estimates much more involved. In particular, when we
have both the H! critical and the L? critical powers, we need three steps to close our estimates.

Reduction to a first-order equation. To simplify the notation, we rewrite NLKG as a first-order equation.
To any real-valued function u (¢, x), we associate a complex-valued? function #(z, x) thus:

= (Vyu—iu, u= (V) 'Rei. (4-1)

This relation u <> # will be assumed for any space-time function u throughout this paper. The free and

nonlinear Klein—Gordon equations are given by
O+ DHu=0 (equivalently, (i9; + (V)i = 0), “42)
(O+ Du= f'(u) (equivalently, (id; + (V)i = f'((V)~' Reur)),

and the free energy is given by E€ (1) = ||Zi||z2 /2. We set
E(p) = l¢ll}, /2= F(V)"'Reg).  Kaplp) i= KZ5((V)7'0) + K2 5((V) ' Reg).  (4-3)

Remark that B B
E(@u(t)) = E(u:t), K(u(t)) > K(u(t)), (4-4)

where the inequality is an equality if and only if i (¢) = 0. The invariant set X = 57{:[, p for u is given
by
Tt i=1p e LX®RN) | E(p) <m, KRe(V) 'p) 2 0}

={p e L’(R?) | E(p) <m, K(p) = 0}.

The second identity is proved as follows. Let ¢ € L2(R?) satisfy E (¢) < m and K(Re(V)"lp) < 0.
Let ¥y = Re(V) !¢ and ¥, = Im(V)~!¢. Then Lemma 2.12 implies that

K@) = —fa(m = J (Y1) < —lly2lgy /2 < K9 (), (4-6)

(4-5)

3We do not need the complex structure; we use i purely for notational convenience, and could use vector notation instead,
especially if u is originally complex-valued. We chose the complex form rather than the vector one to avoid adding a subscript,
for this notation will be applied mostly to sequences.



428 SLIM IBRAHIM, NADER MASMOUDI AND KENJI NAKANISHI

o) I?(go) = K1)+ K2(¥,) < 0. Hence under the condition E((p) < m, the signs of K (1) and E(go)
are the same, which proves (4-5).

Strichartz-type estimates and exponents. Here we recall the Strichartz estimate for the free Klein—
Gordon equation, introducing some notation for the space-time norms and special exponents.

With any triplet (b, ¢, o) € [0, 1]> xR and any ¢ € (0, oo}, we associate the following Banach function
spaces on [ X R4 for any interval I:

[(b.c,)g(I) := L}°(I: BY,, (R)),

1/c,q
(b, e, )o(D) := L}/ (1; LV (RY)), 4-7)
[(b.c.og(D) == L;/°(1: BY,, ,(RY)).

where B;, , and Bls,’q respectively denote the inhomogeneous and homogeneous Besov spaces, and the
following characteristic numbers with a parameter 6 € [0, 1]:

reg? (b,c,0) := 0 —(1-260/d)b—d(c - 1),
s (b, c,0) :=2b+(d—1+0)(c— 1), (4-8)
dec?(b,c,0) :=b+(d—1+0)(c—1).

The cases 8 = 0, 1 correspond respectively to the wave and the Klein—Gordon equations. rege indicates
the regularity of the space, while str? and dec? indicate the space-time decay, corresponding respectively
to the Strichartz and the L? — L9 decay estimates. We denote the regularity change and the duality in
H"Y/2 (here —% takes account of one regularity gain in the wave equation) respectively by

(b,c,0)° = (b,c,s), (b,c,0)*® :=(1=b1—c,—0+25—1). (4-9)

Given a real number s, we say that Z = (Z, Z,, Z3) is Strichartz s-admissible if for some 6 € [0, 1]
we have

0=z =<1 0=2z,<} rf(2)=<s, su?2) <o (4-10)

We avoid the endpoint Z, = % to mix different 8’s. We now state the Strichartz estimates:

Lemma 4.1 (see [Brenner 1984; Ginibre and Velo 1985a; Machihara et al. 2002]). Forany s € R, let Z
and T be s-admissible. Then for any space-time function u(t, x), any interval I C R, and any ty € 1,
we have

lulliz1,cry < @)l as + i (2o) | grs—1 + i — Au + ullro1, (1) (4-11)

where the implicit constant does not depend on I or t.
The “exotic Strichartz estimate” is given for the Klein—-Gordon equation by

Lemma4.2. Let Z, T € R3 satisfy for some 6 € [0, 1]

rege(Z) < rege(T) +2, stre(Z) < stre(T)—2, 0< 2, Ty <1,
1 1 (4-12)

1
dec?(Z) <0 < dec?(T)—1, 0< 3% Tr=5 < =g
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Then, for any interval I C R, tg € I, and u(t, x) satisfying u(ty) = u(ty) = 0,
lullizypcry < it — Au+ulliry, - (4-13)

Proof. The wave case 6 = 0 was essentially proved in [Nakanishi 1999a, Lemma 7.4], where the
borderline case str®(Z) = str®(T) — 2 was excluded for the real interpolation to improve the Besov
exponent 2. Here we discard that improvement, restoring the borderline case, which is needed for the
lower critical power p; = 4/d.

The proof is rather immediate from the standard Strichartz estimate and the L? decay estimate. Indeed,
if stt?(Z) = 0 = ste?(T) — 2 and reg9 (Z2) = rege(T) + 2, then the above estimate is nothing but
Strichartz. If moreover Z, + T, = 1, then the estimate directly follows from the L? decay and the
Hardy-Littlewood—Sobolev inequality

‘ /t<v)_1eii(t—S)(V)h(S) ds < ‘ t it — |22 ||h(S)||BT3 ds
o [Z](D) fo UTy2 | LVUTi(
S T, a)- (4-14)
This estimate can be translated in the time and the regularity exponents as
Zw—Z7Z =Z+(,0,5), Tw—T =T+ (,0,s) (4-15)

forany s € Rand b € (—1/2,1/2), as long as 0 < Z{, T| < 1. By the complex interpolation for those
estimates and the standard Strichartz estimate, we obtain the desired estimate in the case stre(Z ) =
str? (T') — 2 and rego (Z2) = rege(T ) + 2. It is extended to the remaining cases (with inequality in these
relations) by the Sobolev embedding. O

The following interpolation is convenient for switching from some exponents to others:
Lemmad4.3. Let Z, A, B,C €[0,1] xR and 0 € [0, 1]. Assume that A1 < Z1 < By and that either
(1) min(str? (4), ste? (B), str? (C)) > st? (Z) and min(reg? (A), reg? (B)) > reg? (2), or
(2) min(str? (4), str? (B)) > str? (Z) and min(reg? (4), reg? (B),reg? (C)) > reg? (2).

Then there exist «, B,y € (0,1) such that « + B + y = 1 and that, for all g € (0, <], we have the
interpolation inequality

lulliz, < Ml el el (4-16)
Proof. Since A1 < Z1 < By, for any 0 < 8, < 1 there exists 6; € (0, 1) such that
(1=60)((1—=061)A1 + 61 B1) +6,Cy = Z;. (4-17)
Let Z := (1—=6,)((1—601)A+ 6, B) + 6,C. Then from the assumption we have
str? (Z) > str? (2), rego (Z) > rego (2), (4-18)

which imply Zy>Zyand Zy—dZy > Z3—dZ,, and so we have the Sobolev embedding [Z]q C[Z]q.
In the first case, we have reg? (Z) > reg? (Z) and so

[[[4]oo: [Bloolty - [Cloo g, = [Z]oo C [Z]y. (4-19)
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The desired inequality follows from that for the complex interpolation.
It remains to prove the result under condition (2). By the real interpolation in the Besov space in x
and Holder in ¢, we have for all 0 < § < 1,

lullizy, S Pyl 2% = Z+801,0,1-20/d). (4-20)
Let 0 < ¢ < 1 satisfy e(B; — A1)(1 —6,) = § and

ZF = (1-6)((1—6; Fe)A + (6, ££)B) + 6,C. (4-21)
Then from the assumption and the definition of Z* and ¢, we have

str? (Zi) > str? (Zi), reg9 (Zi) > rege (Zi) = reg9 (2), (4-22)

when ¢ > 0 is small. Hence we have the Sobolev embedding

[[[4]o0: [Bloolg, 6 [Cloo] g, = [Z¥ o0 € [Z¥ oo, (4-23)
where the left-hand side is a nested complex interpolation space. Now the conclusion follows from the
interpolation inequality. O

Global perturbation of Strichartz norms. Now we fix a few particular exponents. Define H, W, K by

H = (0,%, ), W= (%,Wl,%), K= (2(%%,1(1,%). (4-24)

Then [H], = L}X’H; is the energy space, while W and K are 1-admissible, diagonal and boundary
exponents respectively for the wave (6 = 0) and the Klein—-Gordon (# = 1) equations:

1 =reg®(H) = reg! (H) = reg®(W) = reg! (K),

o . o (4-25)
0= st (H) = str!(H) = stt® (W) = str! (K).
Let eq(u) denote the left-hand side of NLKG:
eq(u) == uy — Au+u— f'(u). (4-26)

Recall the convention u <> i (page 427) to switch to first-order equations. We will treat the H! critical
case (1-28) together with the subcritical case. Since fg(u) is for small |u| and f7 (1) for large |u|, we
may freely lower p; in (1-25) and raise p, in (1-26). Hence we assume (1-25) with

4 4d+1)
2,—2=— _ 4-27
d P S arna- (4-27)
and we assume either d = 1, (1-29), or (1-26), with
4(d+1) N
RS <2*-2. 4-28
dZ—d—1 2= (4-28)

Before the main perturbation lemma, we see that [H], N [W], N [K], is enough to bound the full
Strichartz norms of the solutions.
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Lemma 4.4. Assume that f satisfies (1-36). Let Z, T and U be 1-admissible. In the 2D exponential case
(1-29), let ® € (0, 1). Then there exist a constant Cy > 0 and a continuous function C, : (0, 0c0) — (0, 00)
such that for any interval I, any ty € I and any w(t, x), we have

lwlliz1,(r) = Cillw(to)ll L2 + Cilleg ()l g+, o010y ) + C2Uwl (HRAWw LKD) (1)) (4-29)
provided, in the exponential case, that

sup/co||Vw||i2 <470. (4-30)
tel x

We remark that (4-30) is needed only in the exponential case.
Proof. We may assume © > % without losing any generality. We introduce the new exponents M # and
X by

fo 2
p2(d+1)

with some v € (0, 1/10) satisfying ® < (1 —v)2, where M ¥ is used only if 4 > 2 and X only in the
exponential case. In either case we have

(1,1,0), X :=(v,0,v—v?), (4-31)

0>st®(M¥F), 0>st'(X), 12reg®(M¥), 1>reg®(X), 0<M X, <w. (432
Hence by Lemma 4.3(1), we have
lwliare,ay + Iwlixt. o < lwll qanmwisnik ) a)- (4-33)
The Strichartz estimate gives

lwlliz1,(n)
S w2 + lleq ()l g7+, +ip=mp) ) + ||f/(w)||([K*<1)]2+[W*(1>]2+L}Li)([)- (4-34)

By the standard nonlinear estimate we have
4/d
17 @) ik < I lligam 1w lFe o). (4-35)
and in the subcritical/critical cases
D
117 @) lgrconyry S Tl 101, 1y (4-36)

In the exponential case, there are k¥ > ko and @ > 0 such that

sup/c||w||12%l <4n@’, (4-37)
tel
where ©' := % < 1 and

el gy = ”V‘/’”i% + Mll(ﬂlli%- (4-38)

Then we have

2 2 1/2 2.1/2
12 )llz2 < Mwl@F = Dl < lwilzge e — 172 e 1 (4-39)

oo
LY
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where the second factor is bounded by Trudinger—-Moser:
2
e — 11 S wllF./(1 -8, (4-40)

and the third factor is bounded by the following log-interpolation inequality [Ibrahim et al. 2007, Theorem
1.3]: forany @ € (0,1), A > 1/(27na) and p > 0, there is C > 0 such that

1017 o g2y = )»Ilwllfq&(Rz)[C +log(1+ llelcomey/ 10l gy )] (4-41)

for any ¢ € H!' NC*(R?), where C% = BZ, o denotes the Holder space. Plugging this with o := v —v?

into the exponential, we get

2 Mcllw] 2710’
1 e < (1 llwllcg/Iwllgy) 7 < (1+klwlge/0) 7" (4-42)
where A > 0 is chosen so that
1 <27ia, QA0 + 1)y =1. (4-43)
Since fr vanishes for small |u|, we may assume ||w|ce 2 ||w|ze 2 1. Hence
2 / 2(1/v—1
le Pl S Iwl " = wiige” ™", (4-44)
and plugging this into (4-39), we get
1/v—1 1
1ALz S Il gl pge 2 g S Iy, T, (4-45)
which concludes the proof. |

Lemma 4.5. Assume that f satisfies (1-36). Let Z, T, U and V be 1-admissible and reg®(V) = 1.
In the exponential case (1-29), let © € (0, 1). Then there are continuous functions €y, Cq : (0, 00)> —
(0, 00) such that the following holds: Let I C R be an interval, ty € I and ii, W € C(I; L*(R%)). Let
vo = e VIE=10) (5 — %) (to) and assume that for some A, B > 0 we have

”ﬁ”L‘,X’(I;L,%) + ”J)”L?O(I;Li) =4, (4-46)
lwliw,nika) < B, (4-47)
[(eq (). eq (W)l qr+1, 41wy 1) + Vol ) = €0(A4, B), (4-48)
and in the exponential case,
sup ko max(||Vu||i)26, ||Vw||i%) <470. (4-49)
Then we have !
lulliz1,) = Co(A, B). (4-50)

Remark 4.6. (4-49) is needed only in the exponential case. The lemma remains valid in the lower critical
case p; = 4/d = 2, —2, if we assume in addition that

Ivollix10r) < €0(A4, B). (4-51)

We will indicate the necessary modifications in the proof.
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Proof of Lemma 4.5. We restrict pi, p, as in (4-27) and (4-28), without losing any generality. In the
following, C(-,...) denotes arbitrary positive constants which may depend continuously on the indicated
parameters. Let § € (0, 1) be a fixed small number, whose smallness will be specified by the following
arguments. Let

e:=equ)—eq(w), y:=u—w. (4-52)

Then we have the equation for the difference

V—Ay+y=fllw+y)—fw)—e, V() = vo(to). (4-53)

First note that by Lemma 4.4, we have the full Strichartz norms on w.
Next we estimate the difference u — w in the easier case d < 4. We define new exponents .S, L and a
space & by
[S]o := L;’1+1L)2€(171+1), [L]o := sz+1L)2€(p2+1),

[STo (d=1)

(4-54)
A= [SloN[X] (1-29),
[Slo N[L]o (otherwise).
Thanks to the restrictions (4-27) and (4-28), we have
0>str!(S), 0>stu®(L), 1>reg!(S), 1>reg’(L). (4-55)
Hence by Lemma 4.3(2) with C := V, we get for some 6, 6, € (0, 1),
Ivollacr S A"t + 410232, (4-56)
If py — 4/d, then str®(S) — 0, and we would need the smallness in [K]o (/).
Since w € ¥(I) by Lemma 4.4, there exists a partition of the right half of I:
to <ty <--<ty, Ij =, 441, IN(tg,00) = (to,tn) (4-57)
such that n < C(A4, B, §) and
lwlleu) =8 (=0,....n—1). (4-58)
We omit the estimate on I N (—o0, #y) since it is the same by symmetry.
Let y; be the free solution defined by
pi = VD5 (g, (4-59)

Then the Strichartz estimate applied to the equations of y and y; 41 implies
ly = villsecryy + 141 = villew < 1/ +y) = ' 1 2,y + lell o rir=onyay)- (4-60)
The nonlinear difference is estimated as follows. For smaller |u|, we have by Holder

16w +p)— £l 2 < 1w )12, 17 s (4-61)
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and for larger |u| for d > 2 in the subcritical/critical cases,

1w +v) = fr@)ligr 22 < 1w I 1 iz (4-62)
Ifd =1, let C(v) = supy, <, | f; (w)|/|u|P'. Then we have

17w+ 1) = S @)z S Cllwllzes, + Iy lzgs) 1w, 5, 17 st

< CUlw. M oo gl W, Mg 17 listo- (4-63)

In the exponential case, there exist k > kg and i > 0 such that (4-37). Let wg = w+0y = (1—-0)w+06u
for 6 € [0, 1]. Then we have
clwglyy < 476,
oW
1+ 0

r_
where ® = 5

and H, & is defined in (4-38). In the same way as for (4-45), we obtain

1
|/ w4y = S @)l 12 < /0 I woyly 28 % sup Nwoliun, lwoliis; 17l
€[0,1

1/v—1
S Al g 1Y, (4-64)
Thus in all cases, assuming
Iylea) <8 <1 (j=0.....n—1), (4-65)

where the smallness depends on 4 (and ®), we get

1 loeczyy + 1Vi+1lle 1) = ClUYille; o) + €05 (4-66)
for some absolute constant C > 2. Then by (4-56) and iteration in j we get
Iy lery S QCY (A ~Preg! + 41 %26() < C(4. B)(eg! +eg)- (4-67)

Choosing ¢¢(A4, B) sufficiently small, we can make the last bound much smaller than §, and thus the
assumption (4-65) is justified by continuity in ¢ and induction on j. Then repeating the estimate (4-60)
once more, we can estimate the full Strichartz norms on y, which implies also the bound on u.

Next we estimate the difference # — w in the harder case d > 5, where we need the new exponents
M,M,N,N,R, O, P,and Y defined by

2
T d+1

V=2 [(Ld1 e
N_d+1[(2, 7 ,1)+(1 7 pz)( d,l,O)]

1 d—2
—((1+d,0,0)———=(d,—-1,0)|,
[p2( )— 5 )}

~ 2 v 2 )

M= M+ s O 1/d. ), N =N = 200.1/d.1), (4-68)
L (1,2,2)  (4,d—1,4) _(6,d+3,4)

0= vy P=%asn 0 YT 2@y

. (d+4) 1
R= (2(d+2)(p1+1)’ Ry, 2) '
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In the case p, > 1, we need another exponent

0= i+ 2227 6 ), (4-69)

p2(d +1)
and if p, <1 then we put M = M. Note that p1 < 1 under (4-27) for d < 5. Then we have the sharp
Sobolev embedding
[M]g C[M]g C[M]g, [Nlg C[Nlg, (4-70)
and nonlinear and interpolation relations
R+piRO=K*VD R=(1-a)W+4ak, M =1-p)W°+BR°, (4-71)
for some «, B € (0, 1), thanks to (4-27) and (4-28). Y is a non-admissible exponent satisfying
Y=N+pM=N+p,M=P+p 0°=P°+p,0, (4-72)

where the second and the last identities follow from P3; = p{Qs, N 3 = pzﬂz 3, and the above sharp
embeddings. If p, > 1, we have in addition

Y=N+M+(p— M. 4-73)
These exponents satisfy (when d > 5)
1= rego(ﬁ) = —reg?(Y) > regO(M), 1 > reg' (Q),reg! (P), —reg' (Y),
0> strO(AAl), stro(ﬁ), str! (Q), str! (P),

stro(]\~/) <st?(Y)=2, str'(P)=str'(Y)-2, (4-74)
0< My, My, Q1. 02, Ry < %, 1< dec®(Y), dec! (Y),
1,1 & 1 1 11
gty Mzamgor vyt

Moreover, reg’ (Z\Al) = lonly if p =2*—2 =4/(d —2). Lemma 4.3(1) implies that

||w||([Q]2p1 AL 1AL 12, ) (1) lwll (LN K LA @) S A+ B. (4-75)
As before, we divide I N (fy,00) into ty < --- < ty, n < C(A4, B) such that

1wl o1, A1, niE LA @) =8 <TG =0.n=1). (4-76)

We also introduce the following spaces:
Yo = [WloN[Rlo, ¥:=[NLN[Ph, ¥:=[WLN[K]. @
Vg = W Olo +[K* Do, ™ = WO 4+ [K* D],

Our proof for d > 5 consists of three steps:

(1) We estimate y in Yy, assuming it is bounded in some norm similar to (4-76). Here we can use the
standard Strichartz because the estimates do not contain spatial derivative.

(2) We estimate y in %, under the same assumption on y. Here we use the exotic Strichartz.
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(3) We estimate u in ¥ by using the bounds in [ZV ] N[R]o. The assumption in the previous steps is
justified once we get a better bound.

Actually we could skip the first step, by using interpolation in the last step to bound [R]y by the other
norms. However, if p; = 4/d the lower critical power, then R = K and the first step becomes necessary.
Assuming that

”V”([Q]zmﬂ[M]zpzm[R]Om[Mu]O)(I) <é (j=0,. -1, (4-78)

we have by Strichartz and Holder (since W© and R° are E-admissible)
Iy =villwgcry) + 1¥i41=Vilag@ < 1F w +v) = £/ )l 1) + llellayz;)
SN Ry 1Y lR10 ) + 10 30 ) 1V 1001 + 20
S 8Py lyg(z;) + €05 4-79)
where we used (4-76) and (4-78). By Lemma 4.3(2), we have
1vollwgr) S A"~ Pegt + A1 04elt, (4-80)

for some 03, 04 € (0, 1). Note that str! (R) — 0 as p; — 4/d, hence in the lower critical case we would
need ¥, to be small in [K]y. By the same argument as for (4-67), we obtain

17 lwor) < C(A. B)(eg® +eg*) < 6. (4-81)
Next, still assuming (4-78), we have by the exotic Strichartz estimate,
ly=villg,y + 1Vitv1=Yilaw S 1/ w+y) = lliyna) + lelly ). (4-82)
where the nonlinear difference is estimated by
I/ (w+v) = fr )1
S 100 i Iy g, 10 DI 1 vty + 100 I 1) g, 17 s (4-83)

where the last term is for p, > 1 while the second last is for p, < 1, and similarly

176w+ 7) = [y, S 1. I I e + 1 U, W, @-84)
Thus we obtain
vy — Vi ||5j;(1j) + “Vj—i—l -V “@(R) <8Pt ||V||@(1j) + €o, (4-85)
where we used (4-76), (4-78), and the following embeddings in x
(0L, C[Qlo, [Pl C[Plo, [Ml+[Mlp, C[Mlo, [N]r C [Nl (4-86)
By Lemma 4.3 and Strichartz, we have
0 1—05 6
1vollFacr) < 170l fcnynm i 1o lGa, @ S 4" (4-87)
1—6¢ .0
”VO”[P]Z(I) S ||VO||[H]2(1)Q[K]2(1)”VOH[M]O([) A 68 °,
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for some s, 0 € (0, 1). Note that str! (P) is away from 0 as p; — 4/d, and so 05, §¢ are uniformly
bounded from below. Thus by the same argument as for (4-67),

I¥llgr) < C(A. B)(eg® +e5) < 6. (4-88)

Hence under the assumption (4-78) we have obtained

6
IVl ontrimnidnwontesm = €4 8) 2 gt <8 (4-89)
Finally by Strichartz, (4-76) and (4-78), we have
lullocryy < N@@lpz + leq@) + £ @)l
S A+ g0+ lull gy, o N ltriacry) + 1 g o e llowacry) (4-90)
S A+eo+ 8 |ullyry).-

Hence we obtain
lulloy;) < A+ eo, (4-91)
and so
[ulleycry Sn(A+ o) = C(4, B), (4-92)
which is extended to the full Strichartz norms by Lemma 4.4.
It remains to justify (4-78). By Lemma 4.3(2), we have

N ~ 1—0; Ok )
”V”[Q]Zm AIM 12N 12y, < k=27: . ||y||[H]zn[K]2ﬂ[W]2 ”y”[P]zﬂ[ﬁ]z’ (4-93)
for some 67, 0g € (0,1). If p; = 4/d, then we need to add [K] to the last factor.
In either case, by (4-91), (4-76), (4-89), and (4-71), we obtain
~ ~ 9 -
1Yl 4012y, nitTa A0, ALRIAM A0 1) = € (A B0 (4-94)

for some 6 € (0, 1). By choosing g¢(A4, B) sufficiently small, the last bound can be made much smaller
than §. Then the assumption (4-78) is justified by continuity in ¢ and induction in j. Thus we have
obtained the desired estimates. O

5. Profile decomposition

In this section, following Bahouri, Gérard, Kenig, and Merle, we investigate behavior of general se-
quences of solutions, by asymptotic expansion into a series of transformation sequences of fixed space-
time functions, called profiles. This is the fundamental part for the construction of a critical element in
the next section.

Linear profile decomposition. Here we give the Klein—Gordon version of Bahouri and Gérard’s profile
decomposition for the massless free wave equation. The only essential difference is that the massive
equation does not commute with the scaling transforms, but the proof goes almost the same.

For simple presentation, we introduce some notation. For any triple (té> , xg , hg) e R x (0, 00)
with arbitrary suffix Q and <, let rg , Tg and (V)g respectively denote the scaled time shift, the unitary
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and the self-adjoint operators in L2(R?), defined by
<

P <
rgz—%, TSp(x) = (h3)~4/2 (—hfc’), (VIS = -+ ()2 (5-1)

We denote by M€ the set of Fourier multipliers on R4:
M ={F ' iF | i € C(R?) and fi(x) has a finite limit as x| — oo}, (5-2)

(Practically we need only 1 and |[V|(V)~! in J(€). Also recall the correspondence u <> u defined on
page 427.

Lemma 5.1 (Linear profile decomposition). Let v, = Hvig, (0) be a sequence of free Klein—-Gordon
solutions with bounded L)ZC norm. Then, possibly after replacing it with some subsequence, there exist
K €10,1,2..., 00} and, for each integer j € [0, K), ¢/ € LA(RY) and {(ln,xn,hj)}neN Cc RxRY x
(0, 1] satisfying the following. Define v;, and w¥ for each j < k < K by

. . N k=1 .
3 = VN i g, = 'Zo ) 4+ wk. (5-3)
j:
Then
. T -k _ _
A 1l e 2 ey = O G-

and for any Fourier multiplier i € M€, any ! < j <k < K andanyt € R,

|l 51L+|x "xn|

: PN
lim_[log(hy,/ hy)| + i = o0, (5-5)
lim (ui(6) | u](0) 2 = 0= lim (u3](0) | wivy (1)) 12 (5-6)

Moreover, each sequence {hj tnen either goes to 0 or is identically 1 for all n.

We call such a sequence {vn tneN a free concentrating wave for each j, and w the remainder. We
say that {(tn X5, hf,)}n and {(tk ,]1‘ , hﬁ )} are orthogonal when (5-5) holds. Note that (5-6) implies

: = _ =j 2 k — _
gim (15,12, T IOl i1 .| =0 (5-7)

We remark that the case h{; — 00 is excluded by the presence of the mass, or more precisely by the use
of inhomogeneous Besov norm for the remainder.

Proof. We introduce a Littlewood—Paley decomposition for the Besov norm. Let Ag(x) € $(R?) such
that its Fourier transform Ag(§) = 1 for |£] < 1 and Ag(§) = 0 for |&] > 2. Then we define Ay (x) for
any k € N and A g)(x) by the Fourier transforms

Ar(E) = Ao7Fe) = Ro27F 1), Ay = Ao(§) — Ao(26). (5-8)
Let
v:= lim ||T)n||LooB—d/z ~ lim sup 2_kd/2|Ak * Uy (1, X)]. (5-9)
n—0o0 1 o000 n—00

teR, xeR4, k=0
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If v = 0, we are done with K = 0. Otherwise, there exists a sequence (Z, X5, k») such that for large n
27RndI2 | A sk By (1, x) | > 0/2. (5-10)

Now we define /1, and ¥, by
hy =27% Bu(tn. x) = Turn. (5-11)

Since v, is bounded in L2, it converges weakly to some v in L2, up to an extraction of a subsequence.
Moreover,

A =
2—knd/2|Akn *1—)'n(tn’xn)| — {l O*E/fn(o)| (k”l O)’ (5_12)

Ay * Vn(0)]  (kn = 1),

and hence by the weak convergence and by Schwarz
1l 2 2 (Ao [ )+ (A | ) = v/2. (5-13)

If hy, — 0, then we put (20, x2, h%) = (t, xn, hyn) and ¢° = 1. Otherwise, we may assume, by extracting
a subsequence, that /1, converges to some /1o, > 0, and we put

(19, X9, 1) = (1 X0, 1), 0° = hod P (x/ hoo). (5-14)
Then we have T,y — T,)9° — 0 strongly in L2. Now we define 2 and w,) by

0 = /IOl — 5, 50, (5-15)

Then (T,0) 1w} (t2) = (T) "' T yn —® — 0 weakly in L2, and uT,? = T,2 12, where 110 denotes the
Fourier multiplier whose symbol is the rescaling of s, that is fi(£/h%). By the definition of (%, the
symbol of ,ug converges, including the case hg — 0, so ,u2 converges strongly in Lz(Rd) to some p,go.
Hence

(b)) | iy () 2 = (@’ | (T~ b, () 2 — 0. (5-16)

The left-hand side is preserved in ¢, hence the above holds at any ¢. This is the decomposition for k£ = 1.

Next we apply the same procedure to the sequence W) in place of ¥,. Then either the Besov norm
goesto 0 and K = 1, or otherwise we find the next concentrating wave U} and the remainder w2, such
that for some (¢}, x}, hl) and ¢! € L2(RY),

R V) (t—1) - -
wrlt _ v,i JH1)’217 Urlz — iV t")Tnlwl’ (Mv}l(z) | Mw,f(t))szc — 0, (5-17)

(TH™'w2(t}) — 0 weakly in L2 as n — oo, and
Jim [, [ oo garz < 19" 2. (5-18)

Iterating the procedure, we obtain the desired decomposition. L? orthogonality implies ||(pk I 2~ 0
as k — o0, and then (5-18) (for general k) gives the decay of the remainder in the Besov norm.
It remains to prove the orthogonality (5-5) as well as (5-6). First we have

N S5 ) [ . . .
(L (0) | i (0)) = (e VM Tl pl ! | eV T i oy = (ST b ol | 1ud 7). (5-19)
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where /1,11 = [L(é/hl) as before, and S,{’l is defined by
Sll (TJ) 1,i(V) (@t t)Tl — i ),’;t,i”(Tnf')—lT’f = e—i(V)i;t,];’lT’zj',l, (5-20)
with the sequence
il ]t ety = el 1] xE—xd )/ hi. (5-21)

Using the last formula in (5-20), (5-5), and the uniform time decay of ¢! V)it Y — 9” it is easy to see
that S]’ — 0 weakly on L2 as n — oo for all j < /. Since ,un = ,u(é/hl) and fij, are convergent,
(5-19) also tends to 0. Then we have also

(3 (0) | iy () 2 —< Uy (0) | g (@) - Z+1uvm(t)> , > 0; (5-22)
m=j

thus we obtain (5-6). Now suppose that (5-5) fails. Then there exists a minimal (/, j) breaking (5-5),
with respect to the natural order

(1, 1) =z, j2) <= 1 =lyand j; < J>. (5-23)

By extracting a subsequence, we may assume that hfl — héo, log(hfl/ h,{), (tl —tn )/ hl and (x x,{)/ hf,
all converge. Now we inspect

J o . ‘
(TH7 el aly = 3 shme™ 4+ SLITH T wi T (1)), (5-24)
m=I[+1
where S converges strongly to a unitary operator, due to the convergence of (t,,’] xn’] L hy L ) and hl
Since S}, bm 0 form < j and (TJ) 1 ”H (1) — 0 weakly in L we deduce from the weak limit
of (5-24) that (p = 0, a contradiction. ThlS proves the orthogonality (5 5). O

Those free concentrating waves with scaling going to 0 are vanishing in any Besov space with less
regularity. Hence in the subcritical case, we may freeze the scaling to 1 by regarding them as a part of
remainder. Hence:

Corollary 5.2. Let v, be a sequence of free Klein—-Gordon solutions with bounded L)ZC norm. Then,
after replacing it with some subsequence, there exist K € {0,1,2..., 00} and data ¢l € .Lz(Rd) and
(6], X)) nen C RxRE, for each integer j € [0, K), satisfying the following. Define v; and 17)5 for
each j <k < K by
. . i . L
o) =Vl (x Xy, By = U+ wk. (5-25)
j=0

Then, for any s < —d /2, we have

li lim o0 s =0, 5-26
Jim  lim 5 | oo s B, 1) (5-26)

and forany u € M6, anyl < j <k < Kandanyt € R,
: =1 =2 : =i ok
Jim (v, | piy), = 0= lim (o | pwy)z, (5-27)
: j k j k
Jim 1t —t, |+ |x] — x| = o0. (5-28)
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Orthogonality holds also for the nonlinear energy, which implies that the decomposition is closed
in . Recall the vector notation for the energy (page 427). We will use the following estimates for
1 < p<oo:

VI = (V)alellLe < hall(V/ ha) " @l
V= = (V) el S IV ha) IV el e
they hold uniformly for 0 < 4, < 1, by Mihlin’s theorem on Fourier multipliers.

(5-29)

Lemma 5.3. Assume that f satlsﬁes (1-36). Let vy, be a sequence of free Klein—Gordon solutions satisfy-
ing U, (0) € X+ and limy— oo E(vn (0)) <m. Let vy, = Z] <k Un +wk be the linear profile decomposition
given by Lemma 5.1. Except for the H U critical case (1-28), it may be given by Corollary 5.2 too. Then
we have v;,(0) € Tt forlarge n and all j < K, and

lim hm E@,(0))— Y E®@(0)) — E@*(0))| = o. (5-30)
k—Kn j<k

Moreover we have forall j < K

0< lim E(¥}(0)) < hm E@}(0)) < hm E (3,(0)), (5-31)

n—>oo
where the last inequality becomes an equality only if K = 1 and lf),l — 0in L?oLi.

Proof. First we see that in the exponential case (1-29), all the profiles and remainders are in the subcritical
regime. Since U,(0) € ¥, Lemma 2.11 implies

[V(V)~!Re 17,,(0)||i§ + | Im ﬁn(0)||i% <2m < 47 /K. (5-32)
For any (. ..., 0) € C'1K satisfying || 0] Lo = max; |6;] <1, let
= Y 0jv) + Gpwk. (5-33)
j<k

Choosing ;. = |V|(V)~! € M€ in (5-27), we get
hm sup ||Vv9|| , < im [[V(V)™' 0,12, = M < 4x/ko. (5-34)
n—oo X

Hence there exist k¥ > k¢ and ¢ € (1, 2) such that gk M < 4.
Now we start proving (5-30) in all the cases. Since the linear version of (5-30) is given by Lemma 5.1,
it suffices to show orthogonality in F, i.e.

lim Tim |F(v,(0)— ¥ F(v](0)) — F(wy (0)| = 0. (5-35)
k— K n—>00 j<k

For this we may neglect w , because by the decay in BC>o Oé and interpolation with the H'! bound we
have

Jim E lwk )z =0 2<p=<2%. (5-36)

In the exponential case, we deal with w as follows. Let v<k+9 —(1— G)w,’,‘ for 0 < 6 < 1. Using
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the Holder and Trudinger—Moser inequalities, we get

1 1 <k+
LR U R T U e i T T

1 ”U<k+9“ 1/q .
< d@ _—_— /. 5-37
< [ s ] (5-37)

In the subcritical and exponential cases, it suffices to have the decay in BS_, for all s < 1 —d/2, which
is given by Corollary 5.2. Thus in any case we are allowed to replace v, (O) by v<k (0) in (5-35).
Next we may discard those j for which 7;, = t,, / h,’, — 00, since for any p € (2, 2*] satisfying
1/p=1/2—s/d with s € (0, 1], we have
107 )Lz < e V% |V | p -0 (1 — o0), (5-38)
by the decay of et (V)i
H{ c LY. , .
So extracting a subsequence, we may assume that ; has a finite limit ¢, for all j. Let

in¥ — L? as |t| — oo, which is uniform in #, and the Sobolev embedding

i —i(V)lotds j d
Y/ = Ree I VIxTop/ e L2(RY). (5-39)

Then v,{ 0)—(V)~! Tnjwj — 0 strongly in H.!, thus (5-35) has been reduced to

F(Z @)~ £ R T >0 (5-40)

j<k Jj<k

In the subcritical and exponential cases, if h{; — 0 then (v)y~1 T,,j v/ =0 strongly in Lefor2<p<
2*, so it can be neglected. Hence we may assume that /;, = 1. Then each 7}/ (V)™ 1/ is getting away
from the others as n — oo, and (5-40) follows.

In the critical case, if 47, — 0 then we have by (5-29),

KT T =TIV ™ | par S IV ) T2V | par — 0. (5-41)

Hence we may replace (V)™ ITJ ¥/ in (5- 40) by h] TJ wf for some wf € L?", including the case
hj = 1. Then we may further replace each wf by

l J il 7l
%{(X)::&]-(X)X{O if there is / < j s.t. hy,, < hy and (x — x )/h € supp ¥*, (5-42)

1 otherwise,

Where (x] o h’ l) is defined in (5-21), because (5-5) after the above reduction implies either hj — 0 or
|x7 | — 00, and so wf — 1//1 at almost every x € R¥ as n — oo, and strongly in L2 by the dominated

convergence theorem. Now the decomposition is trivial

F(Z hi Ty ) S F(hi Ty, (5-43)

<k Jj<k

by the support property of 1},{ . Thus we have obtained (5-35) and (5-30).
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By exactly the same argument, we obtain also

lim Tim |Kyp(0,(0)) = 3 Ko p(¥](0)) — Ko (5 (0)| = 0. (5-44)
k— K h—>00 j<k

The remaining conclusions follow from the next lemma. O

Lemma 5.4 (Decomposition in H1). Assume f satisfies (1-36). Letk € N and ¢y, . .., ox € H'(R?).

Assume that
- k
(Z,er)=m Rup(201) = -

A >z e RS

for some (a, B) in (1-16) and some 8, & > 0 satisfying e(1+2/ 1) < 6. Then ¢; € Kt forall j=0,... k,
ie. 0 < E(pj) <mand Ky g(p;) = 0 for all (o, B) in (1-16).

tm
,°°

(5-45)

M»

k
7
k
Py 0) = Z Replop) +e,

Proof. Let yj = Re(V)_lgoj and suppose that I?((p,) < 0 for some /. Then K(y;) < E(gol) < 0 and so
H(y;) = m. Since H is non-negative,

k

k ko - ~
< Y HW) = Y [HWy) + H2(Im(V)"¢))] = X (o))~ Ko/
j=

Jj=0 Jj=0
~, k ~, k
<E(X o) =K(X o) /n+e+1/m) <m, (5-46)
j=0 j=0

where H€ denotes the quadratic part of H. Hence K (¥j) = 0 forall j, and so

E(gj) = J(Y;) = H(Yj) + K(Y;)/fn = 0. O

Nonlinear profile decomposition. The next step is to construct a similar decomposition for the nonlinear
solutions with the same initial data.

First we construct a nonlinear profile corresponding to a free concentrating wave. Let U, be a free
concentrating wave for a sequence (f,, Xn, 1) € R x R? x (0, 1],

(0 + (V)T =0, Tultn) = Ty, ¥(x) € L, (5-47)

satisfying v,(0) € 5tt. Here we use Lemma 5.1 only in the H'! critical case, and Corollary 5.2 in the
subcritical and exponential cases. Hence /;, — 0 can happen only in the critical case, otherwise 4, = 1.
Let u, be the nonlinear solution with the same initial data

(8 + (V))iin = f"(un), 4n(0) = 0a(0) € T+, (5-48)
which may be local in time. Next we define I7n and l7n by undoing the transforms

On = TuVa((t —ta)) ), iin = TaUn((t — tn)/ hn). (5-49)
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Then they satisfy the rescaled equations

t
Vy ="y U, =V, —i / =V £1(Re(V) 1 U,) ds, (5-50)
Tn
where t, = —t,/ h,. Extracting a subsequence, we may assume convergence:
hy = heo €10,1], T = Too € [—00, 00]. (5-51)

Then the limit equations are naturally given by

. - - t . ~
VOO — ell‘(V)oow’ UOO — VOO —l/ el(t—s)(v>oof/(Uoo) dS, (5_52)

Too

where (700 is defined by

—177 _
A 1 {Re(V) Uso (hoo = 1), (5-53)

Uso :=Re(V) Uy = ~
°° Voo Voo Re |V 1Uso (hoo = 0).

The unique existence of a local solution ﬁoo around ¢ = T is known in all cases, including ho = 0
and 75, = 00 (the latter corresponding to the existence of the wave operators), by using the standard
iteration with the Strichartz estimate. In the exponential case, it requires that (,700 is in the subcritical
regime in the Trudinger—Moser inequality. It is guaranteed by Lemma 5.3, because 1700 (t) € Ht for ¢
close to 740, and so (700 (t) € % for all 7 in its existence interval.

(,700 on the maximal existence interval is called the nonlinear profile associated with the free concen-
trating wave Uy,. The nonlinear concentrating wave ii ) associated with v, is defined by

finy = TnUoo((t = 1n)/ hn). (5-54)
If hoo = 1 then u,) solves NLKG. If 1o, = 0 then it solves
07 = A+ Dy = (i8r + (V)iimy = (V) = [VDidmy + /" (VT (V) (5-55)
The existence time of u,) may be finite and even go to 0, but at least we have
||ﬁn(0) - L_i(n) (O)HL)ZC = || Va(tn) — Uoo(fn)”L)ZC
< Va(Tn) = Voo (t)ll 12 + Voo (ta) — Uso ()l 12 = 0. (5-56)

Let u, be a sequence of (local) solutions of NLKG in 3T around 7 = 0, and let v, be the sequence
of the free solutions with the same initial data. We consider the linear profile decomposition given by
Lemma 5.1 or 5.2:

k=1 . , , j A
Un= Y. vl 4wk, v =V p) (5-57)
j=0
With each free concentrating wave {17,{ }nen, We associate the nonlinear concentrating wave {ﬁ{ n)}”GN'
A nonlinear profile decomposition of uy is given by

ok k—1 L
u(<n) =Y u{n). (5-58)
j=0
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We are going to prove that ii(<n]§ is a good approximation for u,, provided that each nonlinear profile

has finite global Strichartz norm (in Lemma 5.6). Now we define the Strichartz norms for the profile
decomposition, using the notation from page 428. Let ST and ST* be the function spaces on Ri+d
defined by

ST = [WN[Kly, ST* =[W* O+ [K* V), + L1 12, (5-59)

where the exponents W and K as well as their duals are as defined in (4-24) and (4-9). The Strichartz
norm for the nonlinear profile depends on the scaling hgo for any suffix <:

ST {[W]2 N[K, (K =1),

(5-60
(W15 (h&, = 0). :

In other words, we take the scaling invariant part if hn<> — 40, which can happen only in the H'
critical case. The following estimate will be convenient in treating the concentrating case: For any
S €0, 1] x][0, %] x [0, 1] we have

—1ee®(S) 1 5
ety 815 ) S ()78 (S)”Uoo”[S];([R)’ (5-61)

where (700 is as defined in (5-53). Indeed, using Bg , C L? with p = 1/S; > 2 in the lower frequencies,
we have

ety llps1, S V1753 (V)S3M(n)||[S];
0 - o 0 .
~ (hy) T S Re V|73 (V)3 T U ls1e < Grn) 7 D Ul 35 (5-62)
Concerning the orthogonality in the Strichartz norms, we have:

Lemma 5.5. Assume that | satisfies (1-36). Suppose that in the nonlinear profile decomposition (5-58)
we have

108l 57 @y + 10l oo r2y < 00 (5-63)

for each j < K. Then, for any finite interval I, any j < K and any k < K, we have

dim gy lsay <108 574, gy (5-64)
nIL“;o ||u(<n) ||ST(I) = ,,llﬁlo];{ ”“fn)”sr(l)v (5-65)

where the implicit constants do not depend on 1, j or k. We also have

. 1o <ky ’ J \—1 J _ _
Jim | 76 = S S )| gy = O (5-66)
Proof. First note that if h{;o = 1 then u{n) is just a sequence of space-time translations of 0010 In
particular, (5-64) is trivial in that case.

Next we prove (5-64) in the case A, = 0, which is only in the H! critical case. For the moment we
drop the superscript j. For the [W], part, (5-61) gives us

lu@ w1 S 1 Usollmis@ = Weoll g 71wy (5-67)
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For the [K], part, let V' be the following interpolation between H and W

1 d+1 (-1,0,1)
Vi=— H+—— W=K+-""", 5-68
d+2" Td+2 2(d +2) (5-68)

Then using Holder in ¢ and (5-61) together with reg®(K) = (d + 1)/(d + 2), we get

1 [ SN I
o ik < eanl o 17T 5 00) 20D Do gy ey 1112605 0, (569)

as n — 00. Thus we have proved (5-64). .
Next we prove (5-65) in the subcritical and exponential cases. Define UC{O, R U ( ).R for R > 1 and
by
(n) R

Udo,g = xp (6, ) Udos 1y = T Udo rU—1), uGh = Zu(,,)R, (5-70)

where xp is the cut-off defined in (1-23). Then we have

lugh —ush gllste < X110 = xg (€. X)) TllsT@ — 0. (R — +0) (5-71)
j<k

so we may replace u ) by u(n) g Let 81 denote the difference operator

8hp(x) = p(x —27Me;) — p(x), (5-72)

where ¢; denotes the /-th unit vector in R?. Each Besov norm in ST is equivalent to

d
Py PIRRLATAN

j<k

o (5-73)

j

LPe2_ LY * ngk u("LR‘

where (1/p,1/q,s) = W or K. (5- 28) 1mp11es that each supp u’ is away from the others at least by
(m).R

distance 2 for large », and then supp5 (n) g are also disjoint for j < k at each /, m. Hence the first

norm in (5-73) equals

I /

12575, u (n) rllzrez L, < ||25™§;,u (n) R||e]<k LPe2_ L1~ ||“(n) rlle2 LVB (5-74)

t*'m=>0 m=0 Jj<k

where the first inequality is by Minkowski. Thus we have obtained (5-65) in the subcritical and expo-
nential cases. _

Next we prove (5-65) in the H! critical case. For the nonlinear concentrating waves with hlo =1,
the above argument works. For those with hl, = 0, the K component is vanishing by (5-69). Hence it
suffices to estimate [W], in the case all /7, tend to 0 as j — oo. Using that W3 = l € (0, 1), we have

Hu(<nl§H[W]2(R) SNIVITHV)ugy H[W]z([R{) = |Re|V|” lﬁ(<n§H[W]2(R) ~ H Z ‘Lpgz e’ (5-75)

mez

where we have put (1/p, 1/q,s) = W and

i, = 258 W T UL (e — 1)/ ), (5-76)
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where (an is the difference operator defined in (5-72). For R > 1, let

vj,l j
i ot — t,x Xyl t,x m—log, h;| < R
(1, x) = {Xh{qR( n n)nm(t,x) (| g2 n| ) (5-77)
0 (jm —log, 4| > R).
where )« is as in (1-23). Then by the same computation as for (5-61), we have
it = tigm &l Lrez,_, ra <1276, 0 oo”Ll’zz2 L4+l +xl=R) 0 (5-78)

as R — oo uniformly in 7. Hence we may replace u,, m by u,J, £n R in (5-75). The orthogonality (5-5)
implies that {Supp(; », x) un m R}j<k becomes mutually disjoint for large n. Then arguing as in (5-74),
we obtain (5-65).

To prove (5-66) in the subcritical and exponential cases is easier than (5-65), because after the smooth
cut-off, we have for large n

S Gk ) =x Sl p). (5-79)

Note that the u( ) € ST implies that the full Strichartz norms are finite by Lemma 4.4. The error for

f’ (u ) coming from the cut-off is small in S7* by (4-61)—(4-64) if d < 4. When d > 5, the difference

estimates in the proof of Lemma 4.5 are not sufficient because they control only the exotic norm Y. In
order to estimate the difference in the admissible dual norm S7*(I), we introduce the new exponents

L 2 l1—¢

H, = (s T

where W and M *# were defined in (4-24) and (4-31), and ¢ € (0, py) is fixed small enough to have

) W= W — pae(d,—1,0), M} := M +e(d,—1,0), (5-80)

str’ (H,), strO(Mf),StrO(Ws) <0, reg®(Hy) <1,
reg®(W,) = reg®(W) = 1, regO(Msﬁ) = regO(Mﬁ) <1, (5-81)
We + paME = W + pyM* = w*D,

Then we have, for any u and v,
o2
17500 = £5@l g1 12 S 1 = vlgagoen (Wl oo g2y + Il 2 ) (5-82)
because | /(1) — f$ ()| < [u—v|(Ju| 4 |v])®. For large u, we have if p; > 1,

17 @) — fL )l [W*(D],

—1
SHl?2 M= vlpg, + =l (el gy, + 10 agg, )7 0, (5-83)

(Mo
and if p, < 1,

IL/7@) = S @) ey, < Nl

The latter estimate is not Lipschitz in u — v, but suffices for our purpose here.* Thus we obtain (5-66)
in the subcritical and exponential cases.

iy, 14 Vo, + llu = vII[Mﬁ Ivllpw1, - (5-84)

4The situation is different from the long-time iteration in the previous section, where we needed the exotic Strichartz estimate
in order to get the Lipschitz estimate for the iteration along the numerous time intervals.
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It remains to prove (5-66) in the H ! critical case, where we need further cut-off to get a disjoint sum.

First we see that each uf ) in u(<n/§ may be replaced with

ulyy = (V) V)l = W T UL (e — 1)/ ). (5-85)
For the moment we drop the superscript j. Let py = 4/(d —2) and /oo = 0. If d < 4, then we have by
using (4-62) and (5-29)
L") = S @)l 2 @y < Mo 17 @ 1400 — e izl
~ MUl IIVHV) = 11000 1500
SN Too {3, @ 1(V/ n) > UsolliLio@ — 0, (5-86)

since Uso € [H]3 N[W]5 C[L]o by the homogeneous version of Lemma 4.3(1).
If d > 5, we introduce a new exponent

d-2 1 d+3
= ) 0. 5-87
d—|—2(d+12(d+1) ) (5-87)
Then reg®(G) = 1, str®(G) < 0 and
1,0,1
Q*-1)G = W*(l)—(T). (5-88)

Hence
L @ ny) = S @) =y )
SIS @) = 1 wpllpr=ang e + 1121 @oy) = @) lies-netm-:  (5-89)

where the first term on the right is dominated by (the homogeneous version of (5-83)—(5-84))

2t (n |[Mﬁ] w1 ~tmlwase + lue =) “[Mﬁ] N ICIOE ”(n))”[W] *®)

< ooll"’2

=277 10 p2—b
17/ )2 Ooolpmggey + 105/ ) 2050l 5, o 1 0ol 8y (5-90)

MEo(R)

where 6 := min(p,, 1). The right-hand side goes to 0, since Uso € [H]S N [We]5 C [Mf]o by the
homogeneous version of Lemma 4.3(1). Similarly, the last term in (5-89) is bounded by

”u(n)”[sz]O(R)””(n) _”(n)”[G]o([R{) ~ ||ﬁoo||[DGZ]O(R)”(V/hn>_2ﬁoo“[G]o(|Rg) — 0. (5-91)
Thus it suffices to show
/! > S )“ -0 (5-92)
” (,<k ) i<k ST*(I)

Now we define ﬁ,{ g forany R > 1 by
U glt.x) = XR(z,x)ﬁg;(z,x)n{(l—th,,R)(z ol x—xI 1<l <k, NR <RI}, (5-93)

where xp and (t,{ < xn ,h] l) are as defined respectively in (1-23) and (5-21). Then U,,j R is uniformly
bounded in [H]5(R) N[W]3(R), and

Unj,R g XRﬁc{o in [Mﬁ]o(R) as n — 0o,
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because either hj L 0or |tj ’l| + |xj ’l| — o0 by the orthogonality (5-5). Then by the homogeneous
version of Lemma 4.3(2), it converges also in [L]o(R) (if d < 4), [We]5(R) and [M lo(R). Moreover,
we have XRUJ — UL as R — oo in the same spaces.

Hence we may replace u/ (n) by

wly g = M T UL R (G =6/ 1),

and then we get the desired result, since {supp(,’ x) u{ n) R} <k are mutually disjoint for large 7, and so
S(Z hyr) = Z Sy ) (5-94)
Jj<k j<k

which concludes the proof of (5-66). O
The next lemma is the conclusion of this section.

Lemma 5.6. Assume that | satisfies (1-36). Let uy be a sequence of local solutions of NLKG around
t =0inHT satisfying llmn_,Oo E(uyn) < m. Suppose that in its nonlinear profile decomposition (5-58),
every nonlinear profile U J has finite global Strichartz and energy norms, i.e.

”UO]OHSTJO([R) + ”UOJOHLIOOL)ZC(R) < Q. (5_95)
Then uy is bounded for large n in the Strichartz and the energy norms, i.e.

nll>n;0 ”un”ST(R) + ||ﬁ”||L?°L§(R) < oQ. (5'96)

Proof. We will apply the perturbation lemma to u( ) kg w as an approximate solution. First observe that

| (0) =i 5 (0) = wy (0 12 < ) 157 (0) = if,y () L2 = o(1) (5-97)
]<
and
a7 = 1all7 > = ) 15713, +o(1) = ) i, ()12, +o(1), (5-98)
i< N j< *

where 0(1) — 0 as n — oco. Hence except for a finite set J C N, the energy of u{ n) with j & J is smaller
than the iteration threshold, which implies

el sty S lliidyy Ol 2 (G & ). (5-99)

Combining (5-65), (5-64), (5-99) and (5-98), we obtain, for any finite interval /,

sup, lim (G 157y < Z 101157y + Jim_llin(0)]7, < oc. (5-100)
The equation of u( ) is given by

equh) = ¥ ((V) = (V)ig, + /' (uGh) = X /() (5-101)

<k i<k
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where u’ ) = =V )oo)_1 (V )u(' ) as before. The nonlinear part goes to 0 by (5-66), while the linear part
vanishes if héo = 1, and is dominated if héo = 0 by

||((V) - |V|)L_"(n)||L}L)2((1) S |I| ||<V)_lﬁ(n)||L?°L)2C(R)
~ Y/ W) T Ol oo 2y = 0 (1 = o0), (5-102)

by continuity in ¢ for bounded ¢, and by the scattering of Ug, L for |t| = oo, which follows from
||UOO ||[W] ®) < 0o. Hence Lemma 4.4 gives for any 1-admissible Z

Sllip nli)nolo ||”(n) liz1,®) < oo. (5-103)

On the other hand, by Lemma 4.3 we can extend the smallness of wk from LB ., to the other
spaces that we need for the nonlinear difference estimates, those being [S]o, [L]o, [X ]2, [H lo> [M lo>
and [W],, dependlng on d and f. In addition, in the exponential case (1-29), Lemmas 5.3 and 2.11
imply that u( ) k and wk are both in the subcrltlcal regime for the Trudinger—-Moser inequality. Putting
them together with the above bounds on u P ) in the nonlinear difference estimates (4-61)—(4-64) or
(5-82)—(5-84), we get

k k
Jim T [/l +wh) — S GG sy = 0. (5-104)
and so
Jim  Lim lequgl +wi)llsT+) = 0. (5-105)

Hence for k sufficiently close to K and n large enough, the true solution u, and the approximate
solution u<n]§ + w,’f satisfy all the assumptions of the perturbation Lemma 4.5. Hence u;, is bounded in
global Strichartz norms for large 7. O

6. Extraction of a critical element

In this section, we prove that if uniform global Strichartz bound fails strictly below the variational thresh-
old m, then we have a global solution in J* with infinite Strichartz norm and with the minimal energy,
which is called a critical element.

Let E™* be the threshold for the uniform Strichartz bound. More precisely,

E* :=sup{d > 0] S(4) < oo}, (6-1)

where S(A) denotes the supremum of |[u| g7 (r) for any strong solution u in #* on any interval /
satisfying E(u) < A.

The small energy scattering tells us £* > 0, and the presence of the ground state tells us £* < m, at
least in the subcritical case, and also in the other cases if we allow complex-valued solutions, because the
stationary solutions with different masses yield standing wave solutions of the original NLKG. Anyway,
we are going to prove E* > m by contradiction.

We remark that there is an alternative threshold:

if u is a solution in 1 of NLKG}

with E(u) < A, then ||u| s7@) < o0 ©-2)

E%g 1= sup {A >0
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Obviously E* < EF. Kenig and Merle [2008] chose this definition. The advantage of using E™* is
that E* > m implies uniform bound on the global Strichartz norms below m, which is very important
in applications where we want to perturb the equation.

The next lemma is the conclusion of this section.

Lemma 6.1. Assume that f satisfies (1-36), and let u, be a sequence of solutions of NLKG in X+ on
I, C R satisfying
E(up) = E* <m, |luplstu,) — 00 (n— o0). (6-3)

Then there exists a global solution uy of NLKG in X satisfying
E(us) = E*, |luxllsT@® = oo (6-4)
In addition, there are a sequence (ty, x,) € Rx RY and Q€ Lz(Rd) such that along some subsequence,
1iin (0, x) — e (x — x,) || L2 — 0. (6-5)

We call such a global solution u a critical element. Observe that by the definition of £E*, we can find
such a sequence u, once we have E* < m.

Proof. We can translate u, in ¢ so that 0 € I, for all n. Then we consider the linear and nonlinear
profile decompositions of u,, using Lemma 5.1 in the H' critical case (1-28) and Corollary 5.2 in the
subcritical and exponential cases.

NG, 0) = YV +ak, 5 = i)
j<k
G = Tl Ty = T Usollt =t/ 1), (6-6)
RS
157(0) = ii{,y ()2 =0 (1 — o).

Lemma 5.6 precludes that all the nonlinear profiles ﬁojo have finite global Strichartz norm. On the other
hand, every solution of NLKG in % with energy less than £* has global finite Strichartz norm by the
definition of E*. Hence by Lemma 5.3 we deduce that there is only one profile i.e. K = 1, and moreover

E(ig,) = E*, 0y 0) € HF, (ULl g70 @) = o0 Jim 1Bl o0 2 = 0. (6-7)

If A% — 0 in the critical case, then ﬁooo = |[V|71Re U2 solves the massless equation

07— MUY = [T, (6-8)
and satisfies
ECU)=E* <m=JOQ). K"(UL0)=0. [Tl = o (6-9)

where Q is the massless ground state and K% is the massless version of K. However, there is no such
solution, by [Kenig and Merle 2008].°> Hence hg = 1 in all cases, and we obtain (6-5).

5That reference is restricted to the dimensions d < 5 for simplicity of the perturbation argument, but the elimination of
critical elements works in any higher dimensions.
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Hence hg = 1 in all cases, and we obtain (6-5).
It remains to prove that (730 = (V)" IRe (730 is a global solution. Suppose not. Then we can choose
a sequence f, € R approaching the maximal existence time. Since the sequence of solutions ﬁé)o (t+1tn)
satisfies the assumption of this lemma, we may apply the above argument to it. In particular, from (6-5)
we obtain
1T (tn) — e Yy (x = xp) | 2 — 0, (6-10)

for some ¥ € L)zc and another sequence (1), x,) € R x RY. Let v := e”v)tw. Since it is a free solution,
for any & > 0 there is § > 0 such that for any interval I satisfying | /| < 28, we have ||(V)™! UllsTry < &
where ST = [W], N[K], as in (5-59). Then (6-10) implies that

lim_[(V) "'V T (tn) | sT-5.8) < & (6-11)

n—oo

If ¢ > 0 is small enough, this implies that the solution (7(90 exists on (¢, — 8,1, + ), by the iteration
argument, for large n. This contradicts the choice of #,. Hence Uc?o is global and so a critical element. [

7. Extinction of the critical element

In this section, we prove that the critical element can not exist by deriving a contradiction from a few
properties of it. The main idea follows [Kenig and Merle 2006; 2008]. Let u. be a critical element given
by Lemma 6.1. Since NLKG is symmetric in 7, we may assume that [|u¢ || s7(0,00) = 00. We call such
u a forward critical element. Note that since the critical element is in 5T, we have E€(u;1) ~ E(u)
uniformly, by Lemma 2.10.

Compactness. First we show that the trajectory of a forward critical element is precompact for positive
time in the energy space modulo spatial translations.

Lemma 7.1. Assume that f satisfies (1-36), and let u. be a forward critical element. Then there exists
¢ (0,00) = R? such that the set

{(u,0)(t,x—c(t)) | 0 <t < o0} (7-1)
is precompact in H' (R?) x L*(R?).

Proof. The proof in [Kenig and Merle 2008] can be adapted verbatim, but we give a sketch for the sake
of completeness. Recall the convention u <> u defined on page 427.

It suffices to prove precompactness of {ii(t,)} in L2 for any t1,2,,--- > 0. If #, converges, then it
is trivial from the continuity in . Hence we may assume that ¢, — oco. Applying Lemma 6.1 to the
sequence of solutions u(z + ), we get another sequence (2, x},) € R!*4 and ¢ € L? such that

i(tn, x) —e Vg (x —x)) = 0in L2 (n — 00). (7-2)
If #;, — —o0, then we have
le" i ) 570,000 = 1"V @l s7(—1,00) +0(1) = 0. (7-3)

so that we can solve NLKG of u for ¢ > ¢, with large n globally by iteration with small Strichartz norms,
contradicting its forward criticality.
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If #;, - +o0, then we have

i(V)t

"™ G (1)l 5T (—00,0) = 16"V @l s T(— 00,11y +0(1) = 0, (7-4)

so that we can solve NLKG of u for ¢ < #,, with large n with diminishing Strichartz norms, which implies
u = 0 by taking the limit, a contradiction.
Thus ¢}, is precompact, so is i (ty, X + x},) in L2 by (7-2). O

As a consequence, the energy of u stays within a fixed radius for all positive time, modulo arbitrarily
small rest. More precisely, we define the exterior energy by

ERc(ust) =/ 2|2+ 1Vl + [ul? 4 | f @) + uf () dx, (7-5)

|x—c|=R
forany R >0 and ¢ € R?. Then we have

Corollary 7.2. Let u be a forward critical element. Then for any ¢ > 0, there exist Ry(¢) > 0 and
c(t) : (0,00) — R such that at any t > 0 we have

ERyct)(u;t) < eE(u). (7-6)

Zero momentum and non-propagation. Next we observe that the critical element can not move with
any positive speed in the sense of energy. For that we first need to see that the (conserved) momentum

P(u) := [ u;Vudx € R4 (7-7)
R4

is zero for any critical element u.

Lemma 7.3. For any critical element u, we have P(u) = 0.

Proof. For j = 1,...,d and A € R, we define the operator L;‘ of Lorentz transformation:
Liu(xg.....xq) = u(yo.....va). 75
Yo = xpcoshA 4+ xjsinhA, y; = xpsinhA +xjcoshA, yr =xi (kK #0,j).
Then L;?‘L}l.3 = L?JFB. Since dy yo = y; and 9, y; = yo, we have
O Lru = LY (xj0, + 19))ul. (7-9)
Also we have
;LY = L} (50, +¢d;), 3Ly = LY(s?3;0 +25¢01j + ¢23j)). 710)

LY = L¥(cd; +s9).  9j;LF = LE(c?dsr +25¢d4j +570j)),

where s := sinh A and ¢ := cosh A. In particular [3? — A, L;‘] = 0, and so L;‘ maps global solutions to

themselves. For the space-time norm, we have
(j i)‘ dt dxj = /[vdzdxj; (7-11)

// Lhvdt dx; ://v
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hence L;‘ preserves all Lf” x ([Rl"'d) norm. For any solution u#, we have

0 E(LYu) = (u, | 039, Lu) + (Vu | 93V LYu) + (u— f'(u) | 39 Lhu)
= (us | Xjug +tug +uj) + (ug | Xjuge + tug 4+ Sjue) + (w— f/(u) | xju +tuj)
= (xjur | Au)+2{us | uj) = (Xjuge | ug) = (ue | uj) = P(u), (7-12)

where 82 = 0jla=0- If Pj(u) # 0 for some j, then we obtain another global solution L}‘u, which

has smaller energy and infinite Strichartz norm. It also belongs to ¥, by continuity. More precisely,
the continuity of Lj).‘u in A in the energy space easily follows from the local wellposedness if u has
compactly supported initial data. Then the original solution is approximated by smooth cut-off using the
finite propagation property. Thus we obtain another critical element with less energy, a contradiction.
Hence P(u) = 0. O

Next we see stillness of critical elements in terms of the energy propagation. For any R > 0, we define
the localized center of energy Xg(?) € R4 by

Xa(wi0) = [ xgopwe(w)t.x) dx. (7-13)
where yp is as defined in (1-23), and e(u) denote the energy density of u, namely
eu) = (lus|* + |Vl + [ul>) /2~ /(). (7-14)

From the energy identity é(u#) = V - (u;Vu), we get for any solution u

d
& Xp(us1) = ~dP(w) + / [d(1 = xp () + (r3,) g (V)] V. (7-15)

If u is a critical element, the first term disappears by the above lemma, so we have

d
‘EXR(WZ) SERo(ust). (7-16)

Moreover, since u is in KT, by Lemma 2.12 there exists §g € (0, 1) such that
Ki,0u(@®) = 8ollu()|3;, forall 1 € R. (7-17)

Lemma 7.4. Let u be a forward critical element, and let Ry(e) > 0, ¢(¢t) € R9 and 8y > 0 be as in (7-6)
and (7-17). If 0 < ¢ K 69 and R > R(e) then we have

() = c(0)] = R— Ro(e). (7-18)
for 0 <t <ty till some ty = 6gR/e.
Proof. By translation in x, we may assume that ¢(0) = 0. Let 7y be the final time for the above property

to = inf{t > 0| |c(z)] = R— Rp}. (7-19)
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Then the finite speed of propagation implies that 7y > 0. For any 0 < ¢ < #o we have |c(t)| < R— R,
hence by (7-6) we have Eg o < ¢E(u), and so by (7-16) we get

‘%XR(M;I) <eE(u). (7-20)

Next we expand it around c:

c(t) - Xp(u;t) = |c(l)|2 / xgr(x)e(u) dx + / Xp(X)c-(x —c)e(u) dx, (7-21)
where the first term on the right is bounded from below by
EG)~ [[(1= xpCeetw) dx = [0) 1, /2+ Kio((®) = CEro()
> 8o E(u)—CeE(u) Z 80 E(u), (7-22)

since ¢ < 8p. The second term of (7-21) is dominated by splitting the integral into |[x —c¢| < Ry and
|x —c| > Ry. In the interior it is bounded by using the energy bound, and in the exterior it is bounded
by using (7-6). Thus we obtain

‘/ Xr(X)c-(x —c)e(u) dx| S (Ro+ Re)E(u)lc|. (7-23)

In the same way we have |Xg(u;0)| S (Rg + Re) E(u), since ¢(0) = 0. Thus we get
SoE(u)lc(t)| < (Ro + Re + ) E(u), (7-24)
and sending t — 1y, we get §o R < etp. O

Dispersion and contradiction. Finally we use the localized virial identity to see dispersion of the critical
element, which will contradict the above non-propagation property. For any R > 0, we define the
localized virial Vg(u;t) € R by

VR(u;t) :== (xg()us | (x-V+V-x)u), (7-25)
where xp is as defined in (1-23). Then we have for any solution u,
d 2 : d
VR0 = = [ xp(IRIVUP = d(D =2 fw]+ A () d
— [ 7300 [t + 2l = 9 =l 2]
< —Kg,—2(t)) + CERo(us1). (7-26)
If u is a critical element, then u € H and hence by Lemma 2.12, there exists §, € (0, 1) such that
Ka,—2(u(0) = 8[| Vu®)l7 (7-27)

for all ¢ > 0. Thus we obtain, integrating in ¢,

o
Ve(u;tg) < Vr(u;0)—38, / ||Vu(t)||iz dt + CeE(u)ty. (7-28)
0 X
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Now by the compactness Lemma 7.1, we have:

Lemma 7.5. Let u be a forward critical element. Then for any ¢ > 0 there exists C > 0 such that

IIM(Z)IIi;C =< CIIVu(l)IIigc +a||u(z)||i)2€, (7-29)
forallt > 0.
Proof. Otherwise there exists a sequence ¢, > 0 such that

IIu(tn)Ili;( > nIIVu(tn)Ili;( +8||i‘(tn)||i§c- (7-30)

Since u is L2 bounded, it follows that || Vu(zy) || £2 — 0. Then Lemma 7.1 implies that, after passing to
a subsequence, u(t,) — 0 strongly in H_, then the above inequality implies that i(z,) — 0 too. Hence

E9(u;t,) — 0, which contradicts the energy equivalence, Lemma 2.10. O
Multiplying the equation with u, and then applying the above lemma with ¢ = %, we obtain
oulu i) = [ 1= [Vl =l + Df @ dx = [ a2+l —CIVuPdx, @30
R4 R4
with some C > 0. Hence
to fo
[V i e < B+ [ 19l (732)
0 X X 0 X
and so
to o
toE(u) < / E9u;1) dlS,E(u)—}—/ ||Vu||izdl. (7-33)
0 0 x

Now we choose positive & < 6,89 and R > Ry(g). Then by Lemma 7.4 there exists ¢ty ~ §oR /e
such that Eg o(u;1) < eE(u) for 0 < ¢ < ty. Then from (7-28) and (7-33), we have

8280 R
&

—Vr(u:to) + Vr(u;0) 2 [62t0 — Ceto — ClE(u) 2 $2to E(u) ~

E(u), (7-34)
while the left-hand side is dominated by R E (u) —a contradiction when &/8,8¢ is small enough. O

Appendix: The range of scaling exponents

In Section 2, we have shown that my g in (1-17) is positive and achieved (after modification of the mass
in the critical and exponential cases) if («, B) satisfies (1-16). Here we see that it is also necessary,
modulo the obvious symmetry («, 8) — (—a, —f). For simplicity, we consider only the pure power
nonlinearity.

Proposition A.1. Assume that neither (o, B) € R? nor (—a,—p) satisfies (1-16). There exists g €
(24.2%) such that my g = —oo for f(¢) = |@l|4.

Proof. By symmetry with respect to («, 8) — (—«, —f), we may assume that 8 > 0 and it = 2a+df > 0.
First we consider the case « < 0 and g > 0, which implies that d > 2. Let (24,2*) 2 ¢ = 2+ p,

then we have
ap+p>du/(d—-2)>0. (A-1)
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Decompose K(¢) by setting

IVell7,
2 b

Suppose that 0 # ¢ € H(R?) satisfies K, () = 0. If there is no such ¢, then K is positive definite

and the minimization set in (1-17) becomes empty. Let 1 < v — 1+ 0. Then

lel?,
K=K +Ky Ki(p)=pu MTL

K> (p) = —(ap + ) F(p). (A-2)

0> Kr(vp) - Ka(p) =0, Ki(ve) — Ki(p) > 0. (A-3)
Now let A(v) > 0 solve
0= K(we(x/1) = 242K (v) + A K, (vo); (A-4)
in other words A(v) = [—-K,(vg)/K;(vg)]'/2. Then A(v) — 0o as v — 1 + 0 due to (A-3). Since
AJ(W) = K@) + BIIVYII7. +apF@), (A-5)
we obtain
i (ve(x /L) = pr2ad=2||Ve||7, + aprd F(vp) — —oo, (A-6)
which implies that m = —oo.

Next, if it = 0 > «, which implies d > 2, then for any nonzero ¢ € Hl(Rd) satisfying K(¢) = 0
we have
K(p(x/1) = 2 K(p) =0, (A7)
and similarly as above,
J(@(x/2)) = O(=AY) > 0o as A — o0.
Finally consider the case @ < 0 < fi. Then ap + 2 = 0 has a solution p € (4/d,2* —2). Since
ap+ i = ap+ 28+ u, there exists p € (4/d,2* —2) such that

ap+ i <0<ap+2p. (A-8)

Then KN (¢) = —(ap + j1) F(¢) is positive and so for any ¢ € H'(R%), K(vp) > 0if v > 1. Since
the kinetic term in K is negative, there exists & (v) € R? such that K(e?6¥vg) = 0. Since

—wiw) =~k + 28208 a2y F), (A9)

we obtain
—pJ (¥ vg) = 2ﬂv2% —(ap+2B)F(vyy) — —o0, (A-10)
which implies that m = —oo. U

The above proof shows that if @ < 0 and w > 0 then m = —oo for all ¢ € (2,2*]. The choice of ¢
was needed only in the other region.
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Table of Notation

Notation applies to any s € R, v >0, (0, ) € R%, j.k € Z, Z e R*, I C R, ¢, ¥ € H (R?),
ueC/(H} (R%)), any suffix <, Q, any sequence ¢, € H'(R%), and any functional G on H'(R%).

Dimension and scaling

d €N, 2,,2* > 0: space dimension and critical powers

a,B €R, 1 > p > 0: scaling exponents and their functions

(p;‘, 8 #£a,pG: rescaled family and scaling derivative
(subscript g g and Oy g are often written as <> and Q)

(1-3)
2-D
(1-13) (1-14)

Function spaces
and exponents

HW,K,M* V e R3: exponents for d € N
X, S, L € R3: exponents for d < 4

Ist order representation U <> u: linked with each other by 4-1)

F(¢), f(s) = 0: nonlinear energy and its density (1-11)

Nonlinearity fs(s), fo(s) > 0: small and large parts of f (1-24)

P1, P2 > 0, kg > 0: leading powers of fg and f1, (1-25) (1-26) (1-29)

J(¢), J™(¢) € R: static energy, with mass change (1-11) (1-12)

Ko p(@). KS(p) € R, Hy p(p) > 0: derivatives of J (1-15) (2-26)

KaQﬂ (¢), Kollvﬁ (¢) € R: quadratic and nonlinear parts of K (2-2)

. E(u;t), E(p,¥),e(u) € R: total energy and its density (1-5) (7-14)
Functional

uctionars E9(u;t), EC(p,v¥) > 0: linear energy (1-37)

E(p), Kqp(p) € R: vector versions of E and K (4-3)

P(u;t), ER,c(u;t) € R: momentum and exterior energy (7-7) (7-5)

Xg(u;t), Vg(u;t) € R: localized energy center and virial (7-13) (7-25)

mgy g, E* > 0: static and scattering energy thresholds (1-17) (6-1)

g K g° splitting below the threshold (1-18) (4-5)

Variational splittings Chi(G), CL,(G) € [0, oo]: Trudinger—Moser ratio (2-47) (2-49)

IM(G) € [0, 0o]: Trudinger—-Moser threshold on H' (2-48)

conc G((¢n)n) € R: concentration at x = 0 (2-51)

(Z],(1),[Z]o({).[Z];(I): Lebesgue—Besov spaces on [ X R4 4-7)

7%, 7*®) € R3: regularity change and dual of exponents (4-9)

reg? (2), stt? (2), dec?(z ) € R: regularity and decay indexes (4-8)

(4-24) (4-31) (5-68)

(4-31) (4-54)

M.,M,M,N,N,Q,P.Y,R,G € R3: exponents for d > 5 (4-68) (4-69) (5-87)

H,, W., M} € R3: exponents for d > 5

H!, M%6: H'(R?) and a set of Fourier multipliers on R4
x,%, Y, @, Oyg, Y*: Strichartz-type spaces
ST(I),ST*(I),S ng([): Strichartz-type spaces on I x R?

(5-81)

(4-38) (5-2)
(4-54) (4-77)
(5-59) (5-60)

Profile decomposition

(té> , xg , hg) € R4 %[0, 1]: time-space-scale shift parameter
Yo = —tg / hg € R: rescaled time shift

hS € {0,1},y2 € [—o0, oo]: limit of A and y,¥

T g @, {(V)o<¥p: operators dependent on (xé,> , hg)

@ l, X; 1, h{,l), S, "y relative shift and transform

rg € R, g € [~00, o0]: scaled time shift and its limit

U o%, UO% : nonlinear profiles (scaled limit)

ii(n), ﬁ(jl’; : nonlinear profiles (in original scales)

page 438

(5-D
(5-21) (5-20)
(5-D
(5-52) (5-53)
(5-54) (5-58)
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