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We prove that the multiplier algebra of the Drury—Arveson Hardy space H? on the unit ball in C" has
no corona in its maximal ideal space, thus generalizing the corona theorem of L. Carleson to higher
dimensions. This result is obtained as a corollary of the Toeplitz corona theorem and a new Banach space
result: the Besov—Sobolev space By has the “baby corona property” forallo > 0 and 1 < p < oo. In
addition we obtain infinite generator and semi-infinite matrix versions of these theorems.
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1. Introduction

Lennart Carleson [1962] demonstrated the absence of a corona in the maximal ideal space of H°°(D) by
showing that if {g; }sz , 1s a finite set of functions in H°°(D) satisfying

N
Y lgi(a)=e>0, zeD, (1-1)
j=1

then there are functions { fj};vzl in H*°(D) with

N
Y fi(2)gi(m)=1. zeD, (1-2)
Jj=1
Fuhrmann [1968] extended Carleson’s corona theorem to the finite matrix case. Rosenblum [1980] and
Tolokonnikov [1980] proved the corona theorem for infinitely many generators N = co. This was further
generalized to the one-sided infinite matrix setting by Vasyunin (see [Tolokonnikov 1981]). Finally Treil
Sawyer’s research was supported in part by a grant from the National Science and Engineering Research Council of Canada.
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[1988] showed that the generalizations stop there by producing a counterexample to the two-sided infinite
matrix case.

Hormander noted a connection between the corona problem and the Koszul complex, and in the late
1970s Tom Wolff gave a simplified proof using the theory of the 9 equation and Green’s theorem (see
[Garnett 1981]). This proof has since served as a model for proving corona type theorems for other
Banach algebras.

While there is a large literature on corona theorems in one complex dimension (see [Nikolski 2002], for
example), progress in higher dimensions has been limited. Indeed, apart from the simple cases in which
the maximal ideal space of the algebra can be identified with a compact subset of C”, no corona theorem
has been proved until now in higher dimensions. Instead, partial results have been obtained, such as the
beautiful Toeplitz corona theorem for Hilbert function spaces with a complete Nevanlinna—Pick kernel, the
H? corona theorem on the ball and polydisk, and results restricting N to 2 generators in (1-1) (the case
N =1 is trivial). In particular, N. Varopoulos [1977] published a lengthy classic paper in an unsuccessful
attempt to prove the corona theorem for the multiplier algebra H°°(B,,) of the classical Hardy space
H?(B,) of holomorphic functions on the ball with square integrable boundary values. His BMO estimates
for solutions with N = 2 generators remain largely unimproved to this day (though see [Costea et al.
2010] for the extension to an infinite number of generators). A related result for N = 2 and H?(B;,)
with 1 < p < oo was studied in [Amar 1991]. The case N = 2 is easier compared to N > 2 because of
certain algebraic simplifications that arise. We will discuss these partial results in more detail below.

In many ways H?, and not the more familiar space H?(B,), is the natural generalization to higher
dimensions of the classical Hardy space on the disk. For example, H? is universal among Hilbert function
spaces with the complete Pick property, and its multiplier algebra M H? is the correct home for the
multivariate von Neumann inequality (see [Agler and McCarthy 2002], for instance). See [Arveson 1998]
for more on the space an, including the model theory of n-contractions. Because of the connections the
space an has with operator theory, there is current interest in understanding the related function theory
of this space.

Our main result is that the corona theorem, namely the absence of a corona in the maximal ideal space,
holds for the multiplier algebra M H? of the Hilbert space an, the celebrated Drury—Arveson Hardy space
on the ball in n dimensions. This result provides yet more evidence that the space an is the “correct”
generalization to several variables.

Theorem 1. If {g; }sz | is a finite set of functions in M H? satisfying

N
1> Z g/ (2)|>=6%>0 forall z B,
j=1

N
Jj=1

D) YN, fi(Dgi() =1, zeBy
(i) 1/5151,,, < Cusy forall j=1.....N.

then there are functions { f; } in My satisfying
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There is a close relationship between the corona problem as stated and a related “baby” corona problem.
In the case when p = 2, thanks to the Toeplitz corona Theorem, as explained in the next section, this
connection in fact becomes an equivalence in certain situations and an application of the Toeplitz corona
Theorem then will give the statement in Theorem 1. Because of this close connection between the corona
problem and the “baby” corona problem, in this paper we will actually prove that the Besov—Sobolev
space By has the “baby corona property” for all 0 = 0 and 1 < p < oco. The precise statements for the
“baby corona property” are given below in Theorem 2. In addition, when formulated appropriately, we
will obtain infinite generator and semi-infinite matrix versions of these results, see Corollary 4.

More generally, Theorem 1 holds for the multiplier algebras M BS (B,) of the Besov—Sobolev spaces
B (By), 0<o0 < 1 on the unit ball B, in C". These function spaces will be defined later, but the space
BJ (By) consists roughly of those holomorphic functions f Whosel(/igrivatives of order 5 — o lie in the

classical Hardy space H?(B,) = B;’/Z(Bn). In particular an = B,""(B,). Again, we will study these

more general corona problems by studying the easier “baby” corona problem.

1.1. The Toeplitz corona problem in C". In this section we connect the corona problem to the “baby”
corona problem, and then formulate the analogous “baby” corona problems in the Besov—Sobolev spaces
Bg when 1 < p <ooand 0 <o < 0.

Let X be a Hilbert space of holomorphic functions in an open set 2 in C” that is a reproducing kernel
Hilbert space with a complete irreducible Nevanlinna—Pick kernel (see [Agler and McCarthy 2002] for
the definition). The following Toeplitz corona theorem is due to Ball, Trent and Vinnikov [Ball et al.
2001] (see also [Ambrozie and Timotin 2002; Agler and McCarthy 2002, Theorem 8.57]).

For f = (fo)M_, e @V X and /i € X, define

Meh = (fah))_y and | flaax.onx) = IMfllx sevy = sup [IMghllgy x-

lhllx =1

Note that

N
max 4y, gy < 1/ Ivacroy 10 < /St I, 1, -

1<a=<N

Toeplitz corona theorem. Ler X be a Hilbert function space in an open set Q2 in C" with an irreducible
complete Nevanlinna—Pick kernel. Let § > 0 and N € N. For g1,..., g, € Mx, there is equivalence
between:

* (“baby corona property”) For every h € X, there are [1,..., [ € X such that

1
LA+ I v lE < gllhlli(, g1 1@+ +eny@) fy@) =h() forzeQ. (1-3)

o (“multiplier corona property”) There are ¢1, ..., N € My such that
lelnxovn <1 8101+ +ey@en(E) =V8 forzeQ. (14
The baby corona theorem is said to hold for X if, whenever g1, ..., g5 € My satisfy

g1+ +lgy@)IP=c>0 for z e, (1-5)
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then gy, ..., g, satisfy the baby corona property (1-3). The Toeplitz corona theorem thus provides a
useful tool for reducing the multiplier corona property (1-4) to the more tractable, but still very difficult,
baby corona property (1-3) for multiplier algebras M Bg (B,,) of certain of the Besov—Sobolev spaces
Bj (Byn) when p = 2: see below. The case of M Bg (B,) When p = 2 must be handled by more classical
methods and remains largely unsolved.

Remark. A standard abstract argument applies to show that the absence of a corona for the multiplier
algebra My, i.e., the density of the linear span of point evaluations in the maximal ideal space of My, is
equivalent to the following assertion: for each finite set {g; }]NZ ; € My such that (1-5) holds for some
¢ > 0, there are {¢; }jN: , C My and § > 0 such that condition (1-4) holds. See for example Lemma 9.2.6
in [Nikolski 2002] or the proof of Criterion 3.5 on page 39 of [Sawyer 2009].

1.2. The baby corona theorem.

Notation. For sequences f(z) = (fi(2))52, € £* we will write

IS =2 i)

When considering sequences of vectors such as V' f(z) = (V" fi(z));=,, the same notation |V f(z)| =
v > 2 IV™fi(z)|? will be used with |V™f;(z)| denoting the Euclidean length of the vector V™ f;(z).
Thus the symbol |- | is used in at least three different ways: to denote the absolute value of a complex

number, the length of a finite vector in C*V and the norm of a sequence in £2. Later it will also be used to
denote the Hilbert—Schmidt norm of a tensor, namely the square root of the sum of the squares of the
coefficients in the standard basis. In all cases the meaning should be clear from the context.

Recall that BJ (Bp; £?) consists of all f = (f;)®, € H(B,;£?) such that

i=1
m—1 1/p
1/ g o) = Z|ka(0)|+( [ |<1—|z|2)'"+“vmf(z>}”dxn<z)) <o (16)
k=0 n

for some m > % — 0. By aresult in [Beatrous 1986] the right side is finite for some m > % —o if and
only if it is finite for all m > % —o. As usual we will write B7 (B,,) for the scalar-valued space.

We now state our baby corona theorem for the £2-valued Banach spaces Bj (By; 0%),0>0, 1< p<oo.
Observe that for 0 <0, Mpgg,) = B, (By) is a subalgebra of C (B,,) and so has no corona. The N =2
generator case of Theorem 2 when o € [0, %) U (% 00) and 1 < p < oo is due to Ortega and Fabrega
[2000], who also obtained the N = 2 generator case when o = % and 1 < p <2. See Theorem A in that
reference. Ortega and Fabrega [2006] prove analogous results with scalar-valued Hardy—Sobolev spaces
in place of the Besov—Sobolev spaces.

Let
Mgl Bg @,)— BZ (B,:¢2)

denote the norm of the multiplication operator Mg from By (B,) to the £2-valued Besov—Sobolev space
BY (By: £2).
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Theorem 2. Let§ > 0,0 > 0and 1 < p < oc. There is a constant Cy, . , s such that, given a sequence
g=(g)2, € MBg(Bn)_,Bg(Bn;gz) satisfying

o0
IMgllBg @) Bg @2y <1 D12 (@I =82 >0 for z € By,
j=1

there is for each h € B (By) a vector-valued function f € By (By: 0?) satisfying

o0
1/ Bg@ns62) < CropsIblBg @), D &) [i(2) =h(z) for z € By (1-7)
j=1

Corollary 3. Let 0 <o < % Then the Banach algebra M BS (B,) has no corona; that is, the analogue
of Theorem 1 holds. As particular cases we obtain that the multiplier algebra of the Drury-Arveson
space an = le/ 2([H%n) has no corona (Theorem 1) and that the multiplier algebra of the n-dimensional
Dirichlet space 9(B,,) = Bg (By,) has no corona.

The corollary follows immediately from the finite generator case p = 2 of Theorem 2 and the Toeplitz

corona theorem (and the remark on page 502) since the spaces BS (B,) have an irreducible complete
Nevanlinna—Pick kernel when 0 <o < %

Note that in dimension # = 1 and 0 = %, Corollary 3 gives a new proof of Carleson’s classical corona

; see for example [Arcozzi et al. 2008].

theorem, similar to that in [Andersson and Carlsson 2001]. Of course it is the Toeplitz corona theorem that
yields the difficult L estimate there. Additionally, when » = 1 and o0 = 0, we have that the multiplier
algebra of the Dirichlet space has no corona, recovering a result from [Tolokonnikov 1991]. See also
[Xiao 1998] for the case of n =1and 0 <o < %

We also have a semi-infinite matricial corona theorem.

Corollary 4. Let0 <o < % Let ¥y be a finite m-dimensional Hilbert space and let ¥, be an infinite-
dimensional separable Hilbert space. Suppose that F € MM BS (B,,) (3, ) satisfies

82Lpy < F*(2)F(z) < L.
Then there is G € MBg(Bn)(%za%l) such that

G(Z)F(Z) = Ima ”GHM’Bg(Bn)(?@—)W]) =< Co',n,(s’m.

This corollary follows immediately from the case p = 2 of Theorem 2 and the Toeplitz corona theorem
together with Theorem (MCT) in [Trent and Zhang 2006]. We follow the notation in that reference. We
already commented above on the special case of this corollary for the Hardy space le/ 2([Bl) = H*(D)
on the disk. The case m = 1 of this corollary for the classical Dirichlet space Bg (B1) = 9(D) on the
disk is due to Trent [2004a]. Our method yields information about the dependence of the constants on
the parameters §, o, p and n in Theorem 2. However, this information is not sharp and more precise
information would be desirable.

Remark. It is an open question [Trent 2004a] for the Dirichlet space Bg(Bl) in one dimension whether
or not in Theorem 2 the boundedness condition on the column operator, ||[Mg || BO(B1)—>BY(B1:42) = 1, can
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be replaced by a similar (but weaker — see Lemma 1 in [Trent 2004a]) boundedness condition for the
row operator, ||/l || BY(B,:£2)—>BY(By) = 1. The question also appears to be open for the Besov—Sobolev
spaces BJ (B,), with 0 <o < % (The two operators are not dual to one another for these spaces.)

Prior results. The baby corona problem for H?(B,,) was first formulated and proved via L? methods
by Mats Andersson [1994b]. It is noteworthy that the approach used in that work allowed for one to
obtain estimates independent of the number of generators N. The case of two generators in H?”(B,),
1 < p < oo, was handled by Eric Amar [1991]. His proof could be extended to handle more generators
but doing so will result in a constant that depends upon the number of generators N. Andersson and
Carlsson [2000] solved the baby corona problem for H 2 (B) and obtained the analogous (baby) H?
corona theorem on the ball B, for 1 < p < oo and with constants independent of the number of generators
and sharp information in terms of the estimates in terms of § and the dimension n. The interested reader
can also see [Andersson 1994a; Andersson and Carlsson 2001; 1994; Krantz and Li 1995], where the
problem is studied.

Partial results on the corona problem restricted to N = 2 generators and BMO in place of L° estimates
have been obtained for H*(B,,) (the multiplier algebra of H*(B,) = B;’ / 2([B,,)) by Varopoulos [1977].
Note that the techniques used in this paper also yield BMO estimates for the H°(B;,) corona problem,
which appear in [Costea et al. 2010]. This classical corona problem remains open (Problem 19.3.7 in
[Rudin 1980]), along with the corona problems for the multiplier algebras of BS (B;), % <o <?%.

More recently, J. M. Ortega and J. Fabrega [2000] obtained partial results with N = 2 generators in
(1-3) for the algebras M BS (B,) when 0 < 0 < 1, i.e., from the Dirichlet space Bg (B5) up to but not
including the Drury—Arveson Hardy space H,f = le/ 2([EB,,). To handle N = 2 generators they exploit
the fact that a 2 x 2 antisymmetric matrix consists of just one entry up to sign, so that as a consequence
the form Q% in the Koszul complex below is d-closed. Ortega and Fabrega’s paper has proved to be of
enormous influence in our work, as the basic groundwork and approach we use are set out there.

In [Treil and Wick 2005] the H? corona theorem on the polydisk D” is obtained (see also [Lin 1994;
Trent 2004b]). The Hardy space H?(D") on the polydisk fails to have the complete Nevanlinna—Pick
property, and consequently the Toeplitz corona theorem only holds in a more complicated sense that a
family of kernels must be checked for positivity instead of just one (see [Amar 2003; Trent and Wick
2009]). As a result the corona theorem for the algebra H°°(D") on the polydisk remains open for n > 2.
Finally, even the baby corona problems, apart from that for H?, remain open on the polydisk.

1.3. Plan of the paper. We will prove Theorem 2 using the Koszul complex and a factorization of
Andersson and Carlsson, an explicit calculation of Charpentier’s solution operators, and generalizations
of the integration by parts formulas of Ortega and Fabrega, together with new estimates for boundedness
of operators on certain real-variable analogues of the holomorphic Besov—Sobolev spaces.

More precisely, to treat N > 2 generators in (1-7), it is just as easy to treat the case N = oo, and this
has the advantage of not requiring bookkeeping of constants depending on N. We will

(1) use the Koszul complex for infinitely many generators,

(2) invert higher order forms in the ] equation, and
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(3) devise new estimates for the Charpentier solution operators for these equations, including

(a) the use of sharp estimates — (5-7), (5-8), and (5-9) — on Euclidean expressions |(w—z) =—— Ph f
in terms of the invariant derivative |V 11,

(b) the use of the exterior calculus together with the explicit form of Charpentier’s solution kernels
in Theorems 8 and 10 to handle “rogue” Euclidean factors w; —z; (see Section 7), and

(c) the application of generalized operator estimates of Schur type in Lemma 24 to obtain appropriate
boundedness of solution operators.

Remark. We emphasize that the crucial new ingredient in our approach, as compared to previous work,
is the use of the Besov—Sobolev norms

m—1 1/p
1/ g, @y ~ 3 IVIFO)] + ( [ la- |z|2)"D'"f(z)|”dxn(z))
j=0 "

given by Arcozzi, Rochberg and Sawyer [Arcozzi et al. 2006] in terms of the almost invariant holomorphic
derivative

Daf(2) = ~f"()((1 ~al*) Pa+ (1~ |a]*)!/ Qa).
given in (5-1) below. This derivative neatly separates the normal and tangential components of the
Euclidean derivative, and permits a key exchange between Charpentier’s solution kernel in (2-6),

(1—w2)" 1791~ w]?)?

%2"1(11)’2) ~ Aw.z)" Zr —wg).

and appropriate derivatives D, of the forms F in the Koszul complex. The point is that the Euclidean
portion Z; — wy, of the kernel ‘62’(1 (w, z) is generally not dominated by the corresponding invariant

portion (see (2-1))
VAW, 2) = [ Pu(z—w) + VT w2 Qu(z —w)]

appearing in the denominator. However, this complication is offset by the fact that the almost invariant
derivative D, f(z) is correspondingly larger than the Euclidean derivative (1 — |a|?) f(z), and this is
exploited in the following exchange formula (5-7):

(L) e

m

) o Fw)

which permits control of the solution by the By ,, norm using the larger derivative D™F. 1t is likely
that the Charpentier kernel can be replaced in these arguments by more general kernels with appropriate
estimates, and this would be key to extending our baby corona theorem to strictly pseudoconvex domains
Q2. This extension will be pursued in subsequent work.

In addition to these novel elements in the proof, we make crucial use of the beautiful integration by
parts formula of [Ortega and Fabrega 2000], and in order to obtain £2-valued results, we use the clever
factorization of the Koszul complex in [Andersson and Carlsson 2000] but adapted to 02,
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Here is a brief outline of the approach of the proof.
We are given an infinite vector of multipliers g = (g;){2, € M BZ (By)— BS (Bui2) that satisfy

IMe 33 @) B3 8,0 <1 and inflg| =8 >0,

and an element /1 € BJ (B,). We wish to find /' = (fi){2, € By (By; £?) such that

i=1

(D Mgf = g'f =h, (2) éf =0, 3) ”f”Bg(Bn;ZZ) = Cn,a,p,8 “h”Bg(Bn)-

An obvious first attempt at a solution is f = %h, which clearly satisfies (1), can be shown to
satisfy (3), but fails to satisfy (2) in general. 8l
To rectify this we use the Koszul complex in Section 4, which employs any solution to the d problem

on forms of bidegree (0, ¢g), 1 < ¢ < n, to produce a correction term A gFg so that
_ 8 2
f= Wh —AgIy

now satisfies (1) and (2); but (3) is now in doubt without specifying the exact nature of the correction
term Ag Fg .

In Section 2 we explicitly calculate Charpentier’s solution operators to the d equation for use in solving
the 0 problems arising in the Koszul complex. These solution operators are remarkably simple in form and
moreover are superbly adapted for obtaining estimates in real-variable analogues of the Besov—Sobolev
spaces in the ball. In particular, the kernels K(w, z) of these solution operators involve expressions like

(1—w2)" 1791 = [w]?) (W =2)

Aw, z)" ’ (1-8)

where
VAW, z) = |Pz(w—2)+ /1 —z2Q-(w—2z)|

is the length of the vector w — z shortened by multiplying by /1 — |z|? its projection Q,(w — z) onto
the orthogonal complement of the complex line through z. Also useful is the identity

VAW, 2) = [1—wz| gz (w)].

where ¢; is the involutive automorphism of the ball that interchanges z and 0; in particular this shows
that d(w, z) = /A(w, z) is a quasimetric on the ball.

In Section 5.1 we introduce real-variable analogues A7 ,, (By) of the Besov—Sobolev spaces By (By)
along with £2-valued variants, that are based on the geometry inherent in the complex structure of the
ball and reflected in the solution kernels in (1-8). In particular these norms involve modifications D of
the invariant derivative V in the ball:

Df(w):(1—|w|2)PwVf+ 1_|w|2QwVf~
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Three crucial inequalities are then developed to facilitate the boundedness of the Charpentier solution

operators, most notably
m

d
=) 5

for F € H*®(B,;{?%), which controls the product of Euclidean lengths with Euclidean derivatives on the
left, in terms of the product of the smaller length /A (w, z) and the larger derivative (1 —|w|?>)~'D on
the right. We caution the reader that our definition of D™ is not simply the composition of m copies
of D; see Definition 18 below.

In Section 3 we recall the clever integration by parts formulas of Ortega and Fabrega involving the

F(w)| < €A, 2y"2|(1 = w2 ™ D" Fw)|, (1-9)

left side of (1-9), and extend them to the Charpentier solution operators for higher degree forms. If we
differentiate (1-8), the power of A(w, z) in the denominator can increase and the integration by parts in
Lemma 14 below will temper this singularity on the diagonal. On the other hand the radial integration by
parts in Corollary 16 below will temper singularities on the boundary of the ball.

In Section 6 we use Schur’s test to establish the boundedness of positive operators with kernels of the

(== = [wP) VAw.2)"

|1 _ wzla+b+c+n+1

form

The case ¢ = 0 is standard (see [Zhu 2005], for example) and the extension to the general case follows
from an automorphic change of variables. These results are surprisingly effective in dealing with the
ameliorated solution operators of Charpentier.

Finally in Section 7 we put these pieces together to prove Theorem 2.

An Electronic Supplement collects many of the technical modifications of existing proofs in the
literature mentioned below that would otherwise interrupt the main flow of this paper.

2. Charpentier’s solution kernels for (0, 4)-forms on the ball

Charpentier proved the following formula for (0, g)-forms:

Theorem 5 [Charpentier 1980, Theorem 1.1, page 127]. For g > 0 and all forms f(§) € C1(By,) of degree
(0,9 + 1), we have, for z € By,

16 =¢, /B 31 (6) AT (E.2) + gD (/B f(S)A‘PoS’q(é,z))-

Here %2” (&,z)isa (n,n—q—1)-form in & on the ball and a (0, g)-form in z on the ball that is defined
in Definition 7 below. Using Theorem 5, we can solve d,u = f for a d-closed (0, g+1)-form f as
follows. Set

u(2) = ¢ /B F(E) A€, 2).

Taking 3, of this we see from Theorem 5 and 3 f = 0 that

B = cgB. ( NG A%z’q(s,@) — /).
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It is essential for our proof to explicitly compute the kernels %2"1 when 0 <g <n—1. Thecase g =0
is given in [Charpentier 1980] and we briefly recall the setup. Denote by A : C" x C" — [0, co) the map

Aw,z) = 1 =wz” = (1= w1 = z?).
It is convenient to record the many faces of A(w, z):

Aw,z) = 1—wz]> = (1= w]*)(1 - |z|*)
= (1= [z)|w—z|* + [Z2(w —2)|?
= (1= [w})|w—z|* +[@(w-2)|*
= |1 —wz|?|gw(2)|?
=1 - wZ|gz(w)?
= |Pu(z—w) + V1= w2 Qu(z —w)|’
= Pz —w) + VT= 2P 0z —w)|*, (2-1)

To compute the kernels <@,°,"’ we start with the closed Cauchy—Leray form (see [Rudin 1980, 16.4.5],

for example)
n

I ._ .
M(EsW,Z)EWz(—I)I Ve [N jpidE | NI d(wi —zi).

i=1
One then lifts the form p via a section s to give a closed form on C” x C". Namely, for s : C" x C"* — C"
one defines
1

(s(w, z)(w — z))n

Now we fix s to be the following section used by Charpentier:

D D) siw, 2) [N dsi | NiZyd(wi — z0).

i=1

s p(w, z) =

s(w,z) = w(l —wz)—z(1 — |w]?). (2-2)
Simple computations [Ortega and Fabrega 2000] demonstrate that
s(w,z)(w—z) = A(w, z). (2-3)
Definition 6. We define the Cauchy kernel on B, x B, to be
Gn(w,z)=s"u(w,z) (2-4)
for the section s given in (2-2).

Definition 7. For 0 < p <nand 0 < ¢ <n— 1 we let €27 be the component of €, (w, z) that has
bidegree (p, ¢) in z and bidegree (n — p,n —g — 1) in w.

Thus if 7 is a (p, g+1)-form in w, then €27 A7 is a (p, g)-form in z and a multiple of the volume
form in w. We now prepare to give explicit formulas for Charpentier’s solution kernels ‘62"1 (w, z). First
we introduce some notation.
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Notation. Let wy(z) = /\j_, dz;. For n a positive integer and 0 < ¢ < n—1 let P, denote the collection
of all permutations v on {1,...,n} that map to {iy, J,, L,} where J, is an increasing multi-index
with card(J,) =n—¢ — 1 and card(L,) = ¢q. Let €, = sgn(v) € {—1, 1} denote the signature of the
permutation v.

Note that the number of increasing multi-indices of length n—qg —1 is O while the number

n!
(@+D!(n—q

of increasing multi-indices of length ¢ are Since we are only allowed certain combinations

n!
S @)t . . S .
of J, and L, (they must have disjoint intersection and they must be increasing multi-indices), it is
straightforward to see that the total number of permutations in P,/ that we are considering is #—!1)!(1!'
From [@vrelid 1971] we obtain that Charpentier’s kernel takes the (abstract) form

1 _ _
(62’q(w,z) = m Z Sgn(l))Sl‘v /\ awSJ /\ azsl/\a)n(w)

veP/! jedy leL,
Fundamental for us will be the explicit formula for Charpentier’s kernel given in the next theorem. It is
convenient to isolate the following factor common to all summands in the formula:
(1—wz)"179(1 — [w|*)?
A(w, z)"
Theorem 8. Let n be a positive integer and suppose that 0 < q <n— 1. Then

€24 (w, z) = Z (—D)1®%(w, z) sgn(v)(w;, —Z;,) /\ dw; /\ dzZ; A og(w). (2-6)

veP;! jed, leL,

Y (w,2) =

, 0<g=n-1. (2-5)

Remark. We can rewrite the formula for %2"’ (w, z) in (2-6) as
CI(w.z)=(w.2) Y Y (~DHED G —B)dz AdwT I N w,(w),  (27)
|J1=q k¢J
where J U {k} denotes the increasing multi-index obtained by rearranging the integers {k, ji,... jq} as

JULKY =1, Jute, =15 Jute,0)s - - - Jg}-

Thus k occupies the (k, J)-th position in J U {k}. The notation (J U {k})¢ refers to the increasing
multi-index obtained by rearranging the integers in {1, 2,...,n}\ (J U {k}). To see (2-7), we note that in
(2-6) the permutation v takes the n-tuple (1,2, ...n) to (iy, Jy, L,). In (2-7) the n-tuple (k, (JU{k})¢, J)
corresponds to (i, Jy, Ly), and so sgn(v) becomes in (2-7) the signature of the permutation that takes
(1,2,...,n) to (k, (J U{k})¢, J). This in turn equals (—1)**/) with u(k, J) as above.

We observe at this point that the functional coefficient in the summands in (2-6) looks like

(1—w)" 1A= [w»? _
A(w,z)" (i, =22,

which behaves like a fractional integral operator of order 1 in the Bergman metric on the diagonal relative

(—DIdd(w, z)(W;, — Z;,) = (—1)7

to invariant measure.
Finally, we will adopt the usual convention of writing

@ = [ 1w,
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when we wish to view %2” as an operator taking (0, ¢g+1)-forms f in w to (0, ¢)-forms %2” fin z. The
proof of Theorem 8 is carried out in the Electronic Supplement. Here we present a relatively short and
elegant proof pointed out to us by a referee. It is helpful to make the following elementary observation.

Remark. If a form A has odd degree, then any power A¢ with £ > 2 necessarily vanishes, by the alternating
property. On the other hand, if one of the forms A, A, has even degree, then the binomial theorem holds

for the sum: .
‘ . .
Gt =3 (TG
—o \J
j=0
L S g . . 5§k
Note that the wedge power /\;_; ( Z |— ,.) above doesn’t vanish since the form |—|2’€k,~ has
—1 8

degree 2.

Proof of Theorem 8. Consider the section s(w), z) in (2-2) and the associated (1,0)-form s - dw =
27=1 sjdw; and the (1, 1)-form (s - dw). We claim that

Aw, 2)™"(s -dw) A (3(s - dw))" ™ (2-8)

is the term K(w, z) of total bidegree (1,7 — 1) in the Cauchy kernel €, (w, z) = s*u(w, z). To see this
we first recall formula (2.2) in [@vrelid 1971], which reads

n
Kw.2) = eab(w,2) " ) (=1 s ( /\(5s,-)) Ao(w),
i=1 j i
where w(w) = dwq A --- A dwy, and the product over j # i is taken with increasing j. Now we
note that each term in the expansion of the product in (2-8) must contain a permutation of the product
dwy A--- A dwy,. Thus by factoring out the term w(w) we compute

n n n—1
Aw, 2)™"(s - dw) A (3(s - dw))"™ = Aw, z)_”(Zsidwi) A (Z(ésj) /\dwj)

i=1 Jj=1

n
=Aw,z)™" Z(—ni—ls,-(/\(ésj)) Ao(w) = K(w, 2),
i=1 jAi
where the factor (—1)i~! arises since the terms (3s i) Adwj of total degree 2 commute, while the term
dw; anticommutes, with terms of degree 1.
Now we analyze (2-8) with the aid of the forms

n n n
B=00lw> =0 (dw)W; =dw-dw=>Y dw; ndw;, p=dw-dZ="Y_ dw;AdZ,
i=1 i=1 i=1

where § is the interior product, given by

n
da =aa(w-dw)=o. (Z wkdwk).

k=1
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We have both

n n n
8 = (dw-dw) 1 (w-dw) = (ZdwiAdwi)J(ij dw,-) =Y widw;=-w-dw
i=1 j=1 i=1

and

n n n
Sp = (dw-dz) 5 (w-dw) = (Zdwi /\dZ,') 3 (Z w; dw,-) = widz =w-dz.
i=1 j=1

i=1

Now we compute, using

s(w,z)-dw = (1—w2)(@-dw)— (1 —|w|*>)(E-dw), (2-9)
that
A=0(s-dw)=—w-d2)A@-dw)+ (1 —|w|>)(dw-dz) + (1 —w2)(dw - dw) + (w-dW) A (Z - dw)
= (W-dw) ASp~+ (Z-dw) A8+ (1 —|w]> )+ (1 —w2)B.

Consider the form (s - dw) A A"~1. Since A has degree two, the remark on page 510 shows that the
power A"~! can be expanded by the binomial theorem. Let A = 4 + B, where

A=@-dw)ASu+ E-dw) A, B=(1—|w®)u+(—-w2)p.
We claim the formula
(s-dw) AV V= (s-dw)AB" '+ (n—1)(s-dw) A A A B" 2. (2-10)
To see this we expand the left-hand side using the binomial theorem to get
(s-dw)A(A+B)" ' =(s-dw) A (A" '+ (n—1)A"2AB+---+ (n—1)AA B" 2+ B"1).

We want this to equal
(s-dw)AB" '+ (m—1)(s-dw) A AN B"2,

which will be the case if
(s-dw)AA¥ =0 forall k> 2,

which in turn follows from (s - dw) A A2 = 0. However, using
0 =—w-dwand du =w-dz, (2-11)

we obtain
A=W -dw)A(w-dz)—(z-dw) A (w-dw). (2-12)
Hence we can write
A=A+ Ay + A3+ Ay
with
A= (w-dw)A(w-d2))AN(W-dw)A(w-dZ), Ay =—WwW-dw)A(w-dZ)A(Z-dw)A(w-dw),
As =—Z-dw)A(w-dw)A(W-dw)A(w-dZz), As= E-dw)A(w-dw)A(Z-dw)A(w-dw).
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Now

Ai=W-dw)Arw-dzA(W-dw)A(w-dz) = —((w-dw)/\wdw)/\((w~d§)/\(w-d§)) =0,
and similarly A4 = 0. We also compute that

Ay=—W-dw)Aw-dZA(Z-dw)A (w-dw)=—Z-dw)Aw-dw AW -dw)A(w-dz) = A;,
so that

A2 =-24,.
Now we note, using (2-9), that
(s-dw) A Ay = (1 —w3)((@-dw) A Az) = (1 = |w]?)((Z - dw) A 4,)

vanishes, since (w - dw) A A, contains two factors w - dw, and since (Z - dw) A A, contains two factors
z-dw. Thus we have proved that

(s-dw) A A% = —(s-dw) A24, = 0.

This completes the proof of (2-10).
Now we continue by using (2-9), (2-11) and (2-12) to obtain
(s-dw) A A= (1—wz)((W-dw) A A) — (1 —w|*)((Z-dw) A 4)
=—(1— wZ)((w dw) A (Z-dw) A(w - dw)) —(1- |w|2)((2 ~dw) A(w - dw) A (w - df))
=—C-dw)A@@-dw) A ((1—|w]?) Su + (1 —wZ) 8p).
We can now simplify the second term on the right side of (2-10) to obtain
(s-dw) AA" V= (s-dw)AB" '+ (n—1)(s-dw) A A A B"2
= (s-dw) A B" ' = (Z-dw) A (@-dw) A ((1 = |[w|*) Sp + (1 —wZ) 8B) A (n— 1) B" 2

= (s-dw) AB" ' —(Z-dw) A (W-dw) A (8B"). (2-13)

Now we note that
(Z-dw) A (@-dw) A BB" 1) +8((Z-dw) A (W -dw)) A B" ' =§((Z-dw) A (w-dw) A B" 1) =0,

since the left side has full degree in dw and the form (Z-dw) A (w-dw) has even degree. As a consequence
we obtain the formula

(s-dw) AX""V =[(s-dw) + §((Z-dw) A (W-dw))] A B"".
Now the simple computation
(s-dw) +8((Z-dw) A(w- dw))
= —w2)(@-dw)—(1—|w]*>)E-dw) + G- w)(@-dw) — (Z-dw) (W - w)

=w-dw—2Zz-dw
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shows that
(s-dw) AMV =W —2)-dwAB" 1. (2-14)

Now the product rule in the remark on page 510 gives

n—1

— _ —1 n—1 _ —1—
B =((—|wPu+1-wi)p)" = Z( . )((1—|w|2)u)q/\((l—wz),8)n 7,
q=0
and so taking the terms of bidegree (0, ¢) in z in the formula (2-14) we obtain

n—1\(1—|w)?1-wz)" 177 -
€21 = —Z)-dwApda e, 2-15
Finally we note that this coincides with our formula
Criw.2)=dd(w.z) Y Y () EDE —wp)azl adwVE A w,(w). (2-16)

|J1=q k¢J
This can be seen by writing

n
(W —2)-dw =Y (Wi — Z)dwy and p? = (dw-dz)? =Y (—1)"dw’ rdz’,
k=1 J
with |J| = ¢, and then noting that in order to have a nonzero term in (2-15), we must have k ¢ J and the
summand from B"~1749 = (dw - dw)"~'~7 must be

(_l)wdw(JU{k})"/\ dipYkD

One then checks that the powers of —1 work out correctly. O

Remark. One might wonder if the special form of the right hand side of the recursion formula (2-10)
can be put to good use in estimating the Besov—Sobolev norms of solutions to the d-equation. This
formula neatly exhibits a factoring of the solution operator that may be helpful, but we are unable to take
advantage of this at this point, and must revert instead to the use of the explicit Charpentier formula (2-6)
together with the exchange formula (5-7).

2.1. Ameliorated kernels. We now wish to define right inverses with improved behavior at the boundary.
We consider the case when the right side f of the d equation is a (p, g+1)-form in B,,.

As usual for a positive integer s > n we will “project” the formula aer? f = finB; fora d-closed
form f in By to a formula 065 f = f in B, for a d-closed form /" in B,,. To accomplish this we define
ameliorated operators CG,I,’,’Sq by

erd =R, 6IE;,

where, for n <s, Eg (R,) is the extension (restriction) operator that takes forms Q2 =Y 5y s dw! A dw”’
in B, (Bs) and extends (restricts) them to By (B;) by

Es (Z nr.ydwl A dwf) = (s o R) dw' ndw”

Rn (Z 771,de1/\ dwj) = Z (M1, 7o E) dwi A dw’ .
1,JC{1,2,...,n}
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Here R is the natural orthogonal projection from C* to C" and E is the natural embedding of C" into
C*. In other words, we extend a form by taking the coefficients to be constant in the extra variables,
and we restrict a form by discarding all wedge products of differentials involving the extra variables and
restricting the coefficients accordingly.

For s > n we observe that the operator 65 has integral kernel

erd(w,z) = %pq((w w’), (z,0))dV(w'), z,w € By, (2-17)

/ 1—|w 2B,
where Bs—, denotes the unit ball in C5™" w1th respect to the orthogonal decomposition C* = C" @ C57",
and dV denotes Lebesgue measure. If f(w) is a d-closed form on B, then f(w, w’) = f(w) is a d-closed
form on By and we have for z € B,,,

f@)=71(z0)= 5/ e ((w,w'), (2,0)) f(w)dV(w)dV(w')

Bn(/m[& B ((w w'), (z, 0)) dV(w ))f(w) dV(w) = 8/ CLd(w,z) f(w)dV(w).

We have proved the following:
Theorem 9. For all s > n and d-closed forms f in By, we have
‘Gp df=f in B,

We will use only the case p = 0 of this theorem and from now on we restrict our attention to this case.
The operators ‘62’? have been computed in [Ortega and Fabrega 2000] and are given by

1— 2ys—n+j (1 — J
%OOf(Z) / Z ,]s( |Z|Z))S—l’l+j((l_|2|)) %Oo(w A f(w), (2-18)
where
(1—wz)*! _
@20(w,z) = —1)/ - d d
B (T E T TR Z( b Z’)k/aé\, w"/\l e

A similar result holds for the operators ‘6,1:?. Define

2\ s—n n—q—1 5 5 .
08,05 = 9. (L)Y o (LD
Jj=0

wz 1 —wz|?
(l—wZ)”_l_q(l—lez)q 1—|w|2 s—n n—qil (1—|w|2)(1—|z|2) J
A(w, z)" 1—wz pard Joms 11— wz|?

"‘qz‘l (1= w2)" 70T (A~ Jw )" (1 - |z )
= Ci . .
Jsn,S (l—wz)s_”'HA(w,Z)"

Note that the numerator and denominator are balanced in the sense that the sum of the exponents
in the denominator minus the corresponding sum in the numerator (counting A(w, z) double) equals
s+n+j—(s+ j—1)=n+ 1, the exponent of the invariant measure of the ball B,.
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Theorem 10. Suppose that s >nand 0 <q <n—1. Then
—n n—q—1 i
L=y (1=lwAHa =AY
C@O:q , :(goaq , .
s (1:2) =6, 7 (w Z)( 1—wz) 120 Cimss 11— wz|2

=0 (w.2) Y > (~)EDG —wy)dzl ndiw I A w,(w).
[J1=q k¢J

Proof. For s > n recall that the kernels of the ameliorated operators %2:? are given in (2-17). For ease of
notation, we will set k = s —n, so we have C¥ = C" @ C¥. Suppose that 0 < ¢ < n — 1. Recall from
(2-6) that

1 —wz)s ™97 1(1 —|w|?)4 _ _ _ -
€% (w,z) = (—1)4( )A(w Z()S wl®) Z sgn(v)(w;, —Z;,) /\ dw; /\ dz; A wg(w)
’ veP{ Jedy leL,

= Z Fli (w,z2) /\dwj /\dfl/\a)s(w),

vePd jeJy leL,

where
(1—w2)s 11 —|w? _
(wip_Ziv)‘
A(w, z)$

Fl (w.z) = @ (w, 2)(W;, —Z;,) =

To compute the ameliorations of these kernels, we need only focus on the functional coefficient
F;I,iv (w, z) of the kernel. It is easy to see that the ameliorated kernel can only give a contribution in the
variables when 1 < i, <n, since when n + 1 < i, < s the functional kernel becomes radial in certain
variables and thus reduces to zero upon integration.

Then for any 1 <i <n the corresponding functional coefficient in (w, z) has amelioration FZ, 5.i (w, z)

given by

Fisi(w,2) FL((w.w). (2.0)) dV(w')

B /V 1—|w[?Bs—p

_/ (1—wz2)* 1711 = w|* = |w'|*)? (E; — w;)
VP8, A((w,w). (2.0)°

(1—|w]> = |w'|>)

N 1—=|w|?By A((w, U)/), (Z’ 0))S

Theorem 10 is a thus a consequence of the following elementary formula, which will find application in

dVv(w’)

= (Z; —w;)(1 —wz)* 7!

V(w").

the next section as well:
(l—wZ)s_q_I/ (1_|w|2_|w/|2)q
V1B, A((w,w'), (z,0))°
s—n 1— 2\§—n n—q—1 1— 2 1— 23\ J
— <I>q(w,z)( |w|) 3 Cj,n,s(( |w[*)(1 —|z| )). (2-19)

(s—n) " 1—wz — |1 —wzl|?
Jj=0 O

V(w)
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3. Integration by parts

We begin with an integration by parts formula involving a covariant derivative in [Ortega and Fabrega
2000, Lemma 2.1, page 57] that reduces the singularity of the solution kernel on the diagonal at the
expense of differentiating the form. However, in order to prepare for a generalization to higher order
forms, we replace the covariant derivative with the notion of gjz,w-derivative defined in (3-2) below.

Recall Charpentier’s explicit solution %2’077 to the 9 equation 5(62’% = 1 in the ball B, when 7 is a
d-closed (0, 1)-form with coefficients in C(B,): the kernel is given by

s\n—1 7 n
0w, 2) = Co%;(—l)f‘l @ —z) \dwx [\ dwy,

k#j {=1

for (w, z) € B, x B, where
Aw,z) =1 —wz> = (1 - w1 —z]?).

Define the Cauchy operator ¥, on 0B, x B, with kernel

In(8,2) = Clmda@), (¢,2) € 0By x By.
Letn = Z;’:l nj dwj be a (0, 1)-form with smooth coefficients. Define a vector field acting in the
variable w = (wy, ..., wy) and parametrized by z = (z1,...,z,) by
- 0
F=%F, = Z(w,-—zj)aT. (3-1)
j=1 i

It will usually be understood from the context what the acting variable w and the parameter variable z are
in ??;Z,w and we will then omit the subscripts and simply write % for g?jz’w,

Definition 11. For m > 0, define the m-th order derivative ™5 of a (0, 1)-form n = Y k1 mk(w) dwy
to be the (0, 1)-form obtained by componentwise differentiation holding monomials in w — Z fixed:

n

F(w) =Y E" ) (w)d iy = Z( > (w-z2)
k=1

k=1 "|a|l=m

"k (w)) diy. (3-2)
ow®

Lemma 12 (compare [Ortega and Fabrega 2000, Lemma 2.1]). For all m > 0 and smooth (0, 1)-forms
N= k=1 k(W) diby, we have

€00(z) = / €00 (w, 2) A n(w)

Bn
m—1

= Z cj /BBHSP,, (w, z)(F n) [@](w) do(w) +cm /B;@g’o(w, 2) ANE n(w). (3-3)

j=0
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Here the (0, 1)-form %/ acts on the vector field % in the usual way:

. _ mo_. n 0 n .
@[] = (X mtwrdw ) (w205 ) = Yo @208 ntw).
k=1 i=1 ! k=1

We can also rewrite the final integral in (3-3) as
[ @0 aTmw) = [ obw.@E DE]w dvw).
By By

Lemma 12 is proved by following verbatim the proof of Lemma 2.1 of [Ortega and Fabrega 2000].

We now extend Lemma 12 to (0, g + 1)-forms. Let
n= > nw)dw
[I=g+1

be a (0,¢+1)-form with smooth coefficients. Given a (0,g+1)-form n = Z|I|:q+1 nrdw! and an
increasing sequence J of length |J| = ¢, we define the interior product n s dw?’ of n and dw’ by

nadw? = Y pdwlidw? =Y (~)EDy ;g diy. (3-4)
[I=g+1 k¢J

since dw!lydw’ = (—~1)**&Ddw, if k € I\ J is the u(k, J)-th index in I, and 0 otherwise. Recall
the vector field % defined in (3-1). The key connection between it and n 4 dw I is

) ] n 9
(nadw’)(@) = ( Z(—l)“(""’)nw{k}dwk) ( > (@ —ff)a—wj)
j=1

k=1

n
=Y (W — ) (=D ug. (3-5)
k=1

We now define an m-th order derivative %™ of a (0, g+ 1)-form 7 using the interior product. In the
case ¢ = 0 we will have 9" = (ig’mn)[gﬁ] for a (0, 1)-form 7.

Remark. We are motivated by the fact that the Charpentier kernel %2"] (w, z) takes (0, g+1)-forms in w
to (0, g)-forms in z. Thus in order to express the solution operator (62’q in terms of a volume integral
rather than the integration of a form in w and z, our definition of %™, even when m = 0, must include
an appropriate exchange of w-differentials for z-differentials.

Definition 13. Let m > 0. For a (0,¢+1)-form n = Z|I\=q+1 nrdw! in the variable w, define the
(0, g)-form @™ in the variable z by

D) = Y E"(nadw’)|[Z](w)dz’.
|J1=q

Again it is usually understood what the acting and parameter variables are in %", but we will write
Q_D;'fwn(w) when this may not be the case. Note that for a (0, g+ 1)-form n = Z|I|=q+1 nrdw?!, we have

n=Y_ (adw’)ndw’,
|J|=q
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and using (3-2) the preceding definition yields
W pw) =Y F"(adw’)[Z](w)dz’

|J|=q
= Y @ -z (~DPED @y o) (w)dz
|J|= qk 1
=Y S (- 20 N X @= O ezt oo
|J|=q k=1 la|=m

Thus the effect of @™ on a basis element n;dw! is to replace a differential dwy, from dw! (I = J U{k})
with the factor (—1)*%:7) (W, — Z;) (and this is accomplished by acting a (0, 1)-form on %), replace the
remaining differential dw” with dz”7, and then to apply the differential operator %™ to the coefficient 7;.
We will refer to the factor (wy — Zj ) introduced above as a rogue factor since it is not associated with a
derivative d/0wy in the way that (w —z)® is associated with 0™ /dw®. The point of this distinction will
be explained in Section 7 on estimates for solution operators.

The following lemma expresses <62’(117(2) in terms of integrals involving %/ 7 for 0 < j < m. Note
that the overall effect is to reduce the singularity of the kernel on the diagonal by m factors of /A (w, z),
at the cost of increasing by m the number of derivatives hitting the form 7. Recall from (2-5) that

(1—wz)" 1741 — w|?)*
A(w, z)"

@f;(w, z)=
We define the operator @fl on forms 7 by

) = [ 0w 2w avw),
B,

Lemma 14. Let g > 0. For all m > 0 we have

m—1
Cyn(z) = Zcksfn(@fn><z)+Zcecb%@'"n)(z) (3-7)
k=0 £=0

The proof is simply a reprise of that of Lemma 12 (see the proof of Lemma 2.1 of [Ortega and Fabrega
2000]) complicated by the algebra that reduces matters to (0, 1)-forms.

3.1. The radial derivative. Recall the radial derivative R = ) _7_; w; 88 The following lemma is
essentially Lemma 2.2 on page 58 of [Ortega and Fabrega 2000].

Lemma 15. Let b > —1. For ¥ € C(B,) N C*®(B,) we have

[ a=wrrvaavin = [ a- Rt (SR R v dvon).

Remark. Typically this lemma is applied with

1
Y(w) = m‘/’(w,z),
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where z is a parameter in the ball B, and

1
RY(w) = 1= w2)s —— Ry (w, 2)
. 1 . . .
since w2 is antiholomorphic in w.
We will also need to iterate Lemma 15, and for this purpose it is convenient to introduce for m > 1 the
notation
n+b+1 1 “
Rp=Rp, = 1 R, RI'=Rpim_1Rpim...Rp= Rpim—k-
b b,n bl +b+1 b+m—1Kptm—2 b l_[ b+m—k

k=1
Corollary 16. Let b > —1. For ¥ € C(B,) N C*®(B,) we have

[ (1= [wP)PW(w) dV(w) = / (1= [wP)> ™ RPW (w) dV (w).
By By

Remark. The important point in Corollary 16 is that combinations of radial derivatives R and the identity
I are played off against powers of 1 — |w|?. It will sometimes be convenient to write this identity as

/ F(w)dV(w):/ Ry F(w) dV(w),
B, By

where

m_

= (1= |w>)" ™" Ry (1= w[) ™. (3-8)
In this form the identity is valid for F such that W(w) = (1 — |w|?)~® F(w) lies in C(B,) N C*°(B,).

3.2. Integration by parts in ameliorated kernels. We must now extend Lemma 14 and Corollary 16 to
the ameliorated kernels %2;? given by

0,9 _ 0,9
%n,s = R,6,"?E;.

Since Corollary 16 already applies to very general functions W(w), we need only consider an extension
of Lemma 14. The procedure for doing this is to apply Lemma 14 to %S’q in s dimensions, and then
integrate out the additional variables using (2-19).

Lemma 17. Suppose that s > n and 0 < q <n—1. For all m > 0 and smooth (0, g+1)-forms 1 in B, we
have the formula

m—1
Crin(z) =Y ¢} pIns@n[ZE (z)+2cm @5 (@),
k=0 £=0

where the ameliorated operators ¥y s and CD,‘;’ s have kernels given by

=Py _ (1—|w|2)5‘"“ !
— Cn,s

(1—wz)* 1—wz (1—wz)rt1’

—wP Y& (1= w[2)(1 = |z]?)
(Dﬁ,s(w’z) q)(i(w )( wz) Z Cj,n,s( 11— wz |2 )

Jj=0

Efn,s(w7 z) = Cn,s
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Proof. Recall that for a smooth (0, g+1)-form n(w) = Z|I|=q+1 nrdw! in By, the (0, ¢)-form @™ Esn
is given by

AEa() = 3 G0 dw?)dz = 5 0w d ) =

IJ1=q |J1=q k¢J
= Y @ Z 0 g da ) =’
|J1=q k¢J
______gm
=Y SN (X @mm ).
|J|=q k¢J lat|=m
where J U {k} is a multi-index with entries in J, = {1, 2, ..., n} since the coefficient n; vanishes if 7 is

not contained in J,. Moreover, the multi-index « lies in (J,)" since the coefficients 7; are constant in
the variable w’ = (w41, ..., ws). Thus

@g,o)’(w,w/) Esn = g_bg/fwn = g_bmn’
and we compute
R @ (D, 0) () Es) (2)
= O{@" (=, 0))
- Y ¥ ) Y el @
|J1=q k€T,\J loe|=m
where J U{k} C J, and « € (J,)™ and

am
Sma nruiky(w, w/))) ((z,0)),

_ — "
®; ((wk—Zk)(w—z)a awamu{k}(w))«z,t)))
1— —s—l—(l_ AR PAPAY gm ,
- R e TR ) dV (')
1— 2 fan/ 12V om
= / {(I—U)Z)S_K_I/B - A(((ul)‘lf)lt)/)}(u;’loi)s dV(w/)} (U)k—Zk)(w—Z)a 8@0{ nJU{k}(w) dV(lU)

By (2-19) the term in braces on the previous line equals

s q)’l;(w, Z)(l _ |w|2)s—n n—lil Cj,n,s((l _ |U)|2)(1 _ |Z|2))j,

—n)! —w =)
(s —n)! l—wz = |1 —wz|
and now performing the sum Y Y (=D)H&S) T yields
|J|=q keIu\J la|=m
Ru® (T o) Esn) (2) = BLG@2 1)((,0)) = ¥ (@2 1)(2). (3-9)

An even easier calculation using formula (1) in 1.4.4 on page 14 of [Rudin 1980] shows that

Rads (EsBEn)((2,0)) = F5(@En) (2. 0)) = F0 s (@En) (2), (3-10)
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and now the conclusion of Lemma 17 follows from (3-9), (3-10), the definition %2:? = Rn%g’q Es, and
Lemma 14. u

4. The Koszul complex

Here we briefly review the algebra behind the Koszul complex as presented for example in [Lin 1994] in
the finite-dimensional setting. A more detailed treatment in that setting can be found in Section 5.5.3 of
[Sawyer 2009]. Fix 4 holomorphic as in (1-7). Now if g = (g;)}’il satisfies |g|? = Zj'il lgjl?>8%>0,
define

oh= 5= (&) @z,
]=

which we view as a 1-tensor (in £2 = C*) of (0, 0)-forms with components Q(l)( j) =2;/|g|* Then

f= Q(l)h satisfies Mg f = f-g = h, but in general fails to be holomorphic. The Koszul complex provides

a scheme which we now recall for solving a sequence of ] equations that result in a correction term A gl"g

that, when subtracted from f above, yields a holomorphic solution to the equality in (1-7). See below.
The 1-tensor of (0, 1)-forms

— 0
3 = ( —’2) = (323,
|g| j=1

is given by

oo

= 295. _ 5.9l0|2
g;i _ lgl“dg; —gjalgl 1 Z
= = gk (gKigj —gjogk),
2 4 4
gl gl lgl* =

i2)(j) =3

and can be written as
o0

oo

02y = AgQf = (Z Qi(j,k)gk) :

k=1 j=1

where the antisymmetric 2-tensor Q% of (0, 1)-forms is given by
3 ogk |
2 20 o 8k9Ej —8j98k
Q) = [Ql(]’k)]j,k=1 = [T}
Jjk=1

and A gQ% denotes its contraction by the vector g in the final variable.
We can repeat this process and by induction we have

7 2
QI+ = AgQZil, 0<g<n, (4-1)

where QZH is an alternating (g + 1)-tensor of (0, ¢)-forms. Recall that / is holomorphic. When ¢ = n
we have that Q" 1/ is d-closed and this allows us to solve a chain of d equations

ard _ o4 q+1
BFq_z_Qq_lh—Aqu_l,
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for alternating g-tensors Fg_z of (0, g—2)-forms, using the ameliorated Charpentier solution operators
%2j? defined in (2-17). (Note that our notation suppresses the dependence of I" on 4.) With the convention
that T”*2 = 0 we have

IQIT h—ATIT?) =0, 0<g=<n, (4-2)
and

ard+1 _ +1 +2

I, =QfTh—Agl{™, 1=qg=n.

Now
f=Qoh—AgT?

is holomorphic by (4-2) with ¢ = 0, and since Fg is antisymmetric, we compute that AgFg - g =
r(g.) =0 and
Mg f=fg=Qh-g—NgT3-g=h—0=h.

Thus f = (fi);2, is a vector of holomorphic functions satisfying the equality in (1-7). The inequality in
(1-7) is the subject of the remaining sections of the paper.

4.1. Wedge products and factorization of the Koszul complex. Here we record the remarkable factoriza-
tion of the Koszul complex in [Andersson and Carlsson 2000]. To describe the factorization we introduce
an exterior algebra structure on (> =C>. Let {e;, e, ... } be the usual basis in C*, and for an increasing
multiindex I = (iy,...,Iy) of integers in N, define

ey = €jy Nejy N+ Nejy,

where we use A to denote the wedge product in the exterior algebra A*(C°°) of C°°, as well as for the
wedge product on forms in C". Note that {e, : |I| = r} is a basis for the alternating r-tensors on C*°.

If /= Z| 1|=r J7€y 1s an alternating r-tensor on C°° with values that are (0, k)-forms in C", which
may be viewed as a member of the exterior algebra of C*° ® C", and if g = Z| J|=s & y€ 1s an alternating
s-tensor on C® with values that are (0, £)-forms in C”, then as in [Andersson and Carlsson 2000] we
define the wedge product f A g in the exterior algebra of C°° ® C” to be the alternating (r+s)-tensor on
C® with values that are (0, k+£)-forms in C" given by

fng= ( > fzez)/\( > gJeJ) = D (rrgpleney)

[I|=r |J|=s |I|=r
|J|=s

= Z (i Z fI/\gJ)eK. (4-3)
|K|=r+s I+J=K
Note that we simply write the exterior product of an element from A*(C®®) with an element from A*(C")
as juxtaposition, without an explicit wedge symbol. This should cause no confusion since the basis we
use in A*(C™) is {e;}72,, while the basis we use in A*(C") is {dz;,dz; }7
appearance and interpretation.

—1» quite different in both
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In terms of this notation we then have the following factorization in Theorem 3.1 of [Andersson and
Carlsson 2000]:

V4 _ V4 a_
o A ANal—( S Ehy, Y a o~ 9%k, \___ L e 4-4
0 /\ 6= Z|g|26ko INDIE T =— %t (4-4)

5 ki
i=1 k=1 |g|

=\ 00 ~ 5—. 00
Q(l) = (g—lz) and Q(l) = ( g;) .
g%/ i=1 g%/ i=1

The factorization in [Andersson and Carlsson 2000] is proved in the finite-dimensional case, but this

where

extends to the infinite-dimensional case by continuity. Since the £2 norm is quasimultiplicative on wedge
products by Lemma 5.1 in that reference we have

P =i [BL1. 0=t=n, (4-5)

where the constant C; depends only on the number of factors £ in the wedge product, and not on the
underlying dimension of the vector space (which is infinite for {2 = C*°).
It will be useful in the next section to consider also tensor products
X0 q— 0 [F— X0 [F— q—=
~ ~ agi 0g; 0g; ®0g;
Shofi= (X ta)o (L Be)= ¥ B ase,  @o
= lel i lel = sl
and more generally %O‘Qé ® 96'352(1), where X denotes the vector derivative defined in Definition 19
below. We will use the fact that the £2-norm is multiplicative on tensor products.

5. An almost invariant holomorphic derivative

We continue to consider £2-valued spaces. We refer the reader to [Arcozzi et al. 2006] for the definition
of the Bergman tree 9, and the corresponding pairwise disjoint decomposition of the ball Bj:

B, = U K,

a€T,
where the sets K, are comparable to balls of radius one in the Bergman metric § on the ball By:

Bz, w) = 1 In 1+ |pz(w)]

20 1—lpz(w)
(see Proposition 1.21 in [Zhu 2005]). This decomposition gives an analogue in B, of the standard
decomposition of the upper half-plane C into dyadic squares whose distance from the boundary aC
equals their side length. We also recall from [Arcozzi et al. 2006] the differential operator D, which
on the Bergman kube K, and provided a € K, is close to the invariant gradient ¥V, and which has the
additional property that D} f(z) is holomorphic for m > 1 and z € Ky when f is holomorphic. For our
purposes the powers D' f, m > 1, are easier to work with than the corresponding powers V™ £ which
fail to be holomorphic. It is shown in the same paper that D}’ can be used to define an equivalent norm on
the Besov space B, (B,) = Bg (By), and it is a routine matter to extend this result to the Besov—Sobolev
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space Bg (B,) when o > 0 and m > 2(% — o). The further extension to £? -valued functions is also

d ad = ad ad
Ve=|+—,..., — Ve=loe o, ——
z (821’ ’ 82,,) and Vs (821’ ' 82,,)’

so that the usual Euclidean gradient is given by the pair (V,, V). Fix a € 7, and let a = c4. Recall that

routine.
We define

the gradient with invariant length given by

1@ = (f 04)'(0) = 1@(0) = —"@)((1 — |al) Pa + (1~ 1a*) /> Q)

fails to be holomorphic in a. To rectify this, we define, as in [Arcozzi et al. 2006],

Daf(2) = [/ (2)¢,(0) = = /' ()((1 = al*) Pa + (1= |a*) /2 Qa), (5-1)

for z € B,,.
In order to deal with functions f on B, that are not necessarily holomorphic, we use a notion of
higher-order derivative D™ introduced in [Arcozzi et al. 2006], based on iterating D, rather than V.

Definition 18. For m € N and f € C*®(By;{?) smooth in B, we define " f(a,z) = D™f(z) for
a,z € By, and then set

D" f(z) =O"f(z,z) = DV f(z), z€By.

Note that in this definition, we iterate the operator D, holding z fixed, and then evaluate the result at
the same z. We obtain that for f € H(B,;{?) (see [Arcozzi et al. 2006] and [Beatrous 1986]),

m—1 . 1/p
1Fsg, @eny ~ 3 IV FO)] + ( [ la- |z|2)"D’"f(z)|”dAn(z)) |
Jj=0 "

i=1"
We will also need to know that the pointwise multipliers in Mpe (g,,)— g (&,,;¢2) are bounded. Indeed,

We remind the reader that | D7 f(z)| = \/Zf’il | D™ fi ()% if = (fi)$2

standard arguments show that
Mg @,y BS 802y C H® By; £2) N By (By; £7). (5-2)

5.1. Real variable analogues of Besov—-Sobolev spaces. In order to handle the operators arising from
integration by parts formulas below, we will need yet more general equivalent norms on Bg,m (B, £?).

Definition 19. We denote by ¥ the vector of all differential operators of the form X; X5 ... X}, where
each X; is either 1 — |z|? times the identity operator I, the operator D, or the operator (1 — |z|?) R. Just
as in Definition 18, we calculate the products X; X5 ... X,, by composing D, and (1 — |a|?) R and then
setting ¢ = z at the end. Note that D, and (1 — |a|*) R commute since the first is an antiholomorphic
derivative and the coefficient z in R = z-V is holomorphic. Similarly we denote by " the corresponding

products of (1 —|z|?)I, D (instead of D) and (1 —|z|?)R.
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In the iterated derivative %" we are differentiating only with the antiholomorphic derivative D or the
holomorphic derivative R. When f is holomorphic, we thus have £ f ~ {(1 —|z|»)™ Rk f }Zzo. The
reason we allow 1 —|z|? times the identity / to occur in %™ is that this produces a norm (as opposed to
just a seminorm) without including the term Z;c":_é |VX £(0)]. We define the norm || - | BY 1 (By:2) fOr

smooth f on the ball B, by
m 1/p
I /I Bg . (Ba:2) = (ZfB |(1— |Z|2)m+aka(Z)|pd)»n(Z)) :
k=0"Bn

and note that provided m + o > %, this gives an equivalent norm for the Besov—Sobolev space B (B 0?)
of holomorphic functions on B, (see [Beatrous 1986], for instance). These considerations motivate the
following two definitions of a real-variable analogue of the norm || - || BS p (By3£2)-

Definition 20. We define the norms || - || oo

7 o (By;¢2) and I llog, @,:02) for /= (fi)72, smooth on the
ball B, by

p.m

1/p
1S 11 Ag o (@se2) = ( / ((1 —~ |z|2)"%mf(z)|p dkn(z)) ,
B (5-3)

1/p
W eincer = ([, [a-1efrramsof o)

It is not true that either of the norms || - ||po (g .42y Or || - |l@o (g, -¢2) are independent of m for large
l),m( ns ) p,m( ns )
m when acting on smooth functions. However, these norms are equivalent when restricted to holomorphic
vector functions (see [Arcozzi et al. 2006] and [Beatrous 1986]):

Lemma 21. Let 1 < p <o0,0 > 0and m > 2(% —o0). If [ is a holomorphic vector function, then

1SN Bg e @n:e2) X 1 S lIAg ,@,:62) = 1S g, ®,:62)- (5-4)

The norms || - || AZ.(B,;¢2) Arise in the integration by parts in iterated Charpentier kernels in Section 7,
while the norms || - ||d>3,m(Bn;€2) are useful for estimating the holomorphic function g in the Koszul
complex. For this latter purpose we will use the following multilinear inequality whose scalar version is,
after translating notation, Theorem 3.5 in [Ortega and Fabrega 2000].

Proposition 22. Suppose that 1 < p <oo, 0<0 <00, M >1, m > 2(% —o0)and o = (ag, ...,ap) €

Z_AF/[H with |a| = m. For g € Mpo @g,)— B3 (8,,:¢2) and h € By (Byn) we have

2\ po o1 14 V374 p ag V4
| a=iBrel@n ool @) @ [@on )| due)
" Mp P

=CaMo,p ||Mg”B,‘,T(Bn)—>B,‘)’(Bn;€2) ”h”BI‘,’([Bn)'

Remark. The inequalities for M = 1 in Proposition 22 actually characterize multipliers g in the sense

that a function g € By (B; 3N H®(By; £?) is in Mps ,)— Bg B,;¢2) If and only if the inequalities

with M =1 in Proposition 22 hold. This follows from noting that each term in the Leibniz expansion of

Y™ (gh) occurs on the left side of the display above with M = 1.



526 SERBAN COSTEA, ERIC T. SAWYER AND BRETT D. WICK

Proposition 22 is proved by adapting the proof of Theorem 3.5 in [Ortega and Fabrega 2000] to
¢?-valued functions. This argument uses the complex interpolation theorem of Beatrous [1986] and
Ligocka [1987], which extends to Hilbert space valued functions with the same proof. In order to apply
this extension we will need the following operator norm inequality.

If € Mps(@,)—Bg B,:¢2) a4 [ =3 11= f1¢; € By (Bn; ®*~1¢2), we define

M¢f=<p®f=<o®( ) f,e,) - Y whee
[I|=k—1 [I|=k—1
where I = (i1,....ic—1) eNF"lande, =¢;, @ - ® e, ;.

Lemma 23. Suppose thato >0, 1 < p < oo and k = 1. There is a constant Cy s, p,ic such that

IMg || B @,1;8%~1£2)— BS Bn;0<£2) = Cno.p.c [Mell Bg 8,,:02)— B (B,:¢2)- (5-5)

In the case p = 2 we have equality:

IMg || B @,1:0%~1£2)— B B,:0%€2) = IMy |l Bg @, B B,:£2)- (5-6)

The proof of Lemma 23 uses the well-known technique of extending bounded linear operators on L?”
to £2-valued L? with the same norm (see, for instance, page 451 in [Stein 1993]). It turns out that in
order to prove (5-5) for p # 2 we will need the case M = 1 of Proposition 22. Fortunately, the case
M =1 does not require inequality (5-5), thus avoiding circularity. The proofs of Proposition 22 and
Lemma 23 reduce to modifying existing arguments in the literature and the details can be found in the
Electronic Supplement.

Three crucial inequalities. In order to establish appropriate inequalities for the Charpentier solution
operators, we will need to control terms of the form

am — —
(w—z)aawTaF(w), DZ’;)A(w,Z), g)((l—wf)k) and R?’;)((l—wz)k)

inside the integral for 7" as given in the integration by parts formula in Lemma 14. Here we are using the
subscript (z) in parentheses to indicate the variable being differentiated. This is to avoid confusion with
the notation D, introduced in (5-1). For z, w € B, and m € N, we have the crucial estimates

‘(w—z)“%F(w) fc(—VIA_("Z’l?) |ID™F(w)|, Fe HByt*, m=|a|, (5-7)
{ |DyAw.2)| < C(1 =21 Aw.2) 2+ Aw, 2)), (5-8)
(1= 2 Ry Aw. 2)| < C(1 = [z13) /A w. ). '
.12 \1/2
\D;’;)(a—wz)k)\§C|1—wz|k(11 'f' ) ,
|1 —wz| (5:9)

m pm n w —1_|Z|2 !
|(1—1z]%) R(z)((l—wz)k)‘5C|1_wz|k(|1—wzl) '
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Proof of (5-7). We view D, as a differentiation operator in the variable w, so that

:_Vw((l_lalz)Pa+ 1_|a|2Qa)-
A basic calculation is then:
(1 —az)gq(z)- (Da)t = (Pa(Z_a) +v1- |a|2Qa(Z_a))((1 - |a|2)Pan + V1= |a|2Qavw)
= Pa(z—a)(1—a|*) PaVy + 1 —al> Qa(z —a) v/ 1 — |a|> Qa Ve
= —|a]*)(z—a)-Vy.

From this we conclude the inequality

—VA(a’Z) |DaF(w)|’

F(w)‘ﬂ(z—a) w(w)k‘ - |2“’“()' IDaF ()| = =5

(zi — al)a

as well as its conjugate

< Y2 b k).

|al?

(zi

Moreover, we can iterate this inequality to obtain

_gm A\
(z—a)“wTaF<w)‘ < C(—Vl_(f;p)) (o)™ Fw)|.

for a multi-index of length m. With a = w this becomes the first estimate (5-7). O

Proof of (5-8). Recall from (5-1) that
Daf(2) =—((1=1al®) PV /() + (1= [a)' 20,V [ (2)).
We let a = z. By the unitary invariance of
Aw,z) = 1 =wz> = (1= |21 (1 = |[w]?),

we may assume that z = (|z|, 0, ..., 0). Then we have

%A(w,z) = 8%((1 —wz)(1—zw) — (1 —z2)(1 —|w|?))
=—w;(1—-Zw) + Z;(1 - |[w*) = (Zj — w)) + w; Gw) — Zj |w|?
= —w)(1—|z)*) +Zj|z1* —wj|z|* + w; Gw) — Zj |w|?
= —w))(1—|21?) + 2 (121> = |w|?) + T (F(w — 2)).

Now Q,Vf =(0,0f/0z,,...,3f/0zy), and thus a typical term in @,V A is aiA(w z) with j > 2.

From z = (|z],0,...,0) and j > 2 we have z; = 0 and so

ad
S Aw.2) = G- w1 - [P (G —TEw=2), =2
J
Now (2-1) implies
Aw,z) = (1 =[z[)|w—z|* + [Z2(w - 2)|%, (5-10)
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which together with the above shows that

VI—122Q:VAW,2)| < Clz—w|(1 - 2|2+ CV1—|z]? |z —w| |Z(w —2)|
<C(1-|zPHAw.0)"* + CA(w, 2). (5-11)

As for P,VD = (df/0z1,0,...,0) we use (5-10) to obtain
PV A, 2)| =[G =B = [217) + 21 (12 = [w]?) + B 2w —2)|

< |z =w|(1=|2%) + ||z = [w[?| + |2 — 2)| < C VAW, 2) +2]|z| — ]

However,
Aw,z) > (1—|w||z)* =1 —|z»)(1 - |w]?)

=1=2Jw| |z] +[w?|z]> = (1= |z* = |w[* + |z |w]?)
2
= |z + Jw|* = 2wl |z] = (Iz] = |w])",

and so altogether we have the estimate

|P,VA(w,z)| < CyA(w,2). (5-12)
Combining (5-11) and (5-12) with the definition (5-1) completes the proof of the first line in (5-8). The
second line in (5-8) follows from (5-12) since R(;) = P, V. O

Proof of (5-9). We compute
Dz (1 —wz2)* = k(1 = w2)*' D,y (1 — wz)
=k(1—w2)* "1 (1 = |z P,V + /1= |2]2Q,V)(1 — z)
= —k(1 —wz)k=1((1 = |z>) P,w + /1 - |z]2 Q. W),
Ry (1 —w2)* = k(1 —wz)k ! (~iz).

Since |w|? + |a|* < 2 we have

10,w|*> =0, (W—2)> < |w—2z* = |w|* + |z|*> = 2Re(wZ) < 2Re(l —wz) < 2|1 —wZ|,

which yields
1—|z)? 1—|zP)[1—w 1—|z|2
Dy (1 —w2))| < 1 —wzk LD F v P —w] <cp—wepk 1P
|1 —wz| |1 —wz|
Iteration then yields (5-9). O

6. Schur’s test

Here we characterize boundedness of the positive operators that arise as majorants of the solution operators
below. The case ¢ = 0 of the following lemma is Theorem 2.10 in [Zhu 2005].
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Lemma 24. Let a, b, c,t € R. Then the operator

1— 2|21 — [w|»H? (/A ,Zc
ety = [ QD o (/B.)

1 — wz|r+1+atb+e J(w)dyw)

is bounded on LP(B,,; (1—|w|?)! dV(u))) if and only if ¢ > —2n and
—pa<t+1<pb+1). (6-1)

The proof of Lemma 24 is a straightforward application of the argument in Theorem 2.10 of [Zhu 2005]
together with an automorphic change of variable. Details can be found in the Electronic Supplement.

Remark. We will also use the trivial consequence of Lemma 24 that the operator

a b c
Tupeaf(s) = /<1—|22> (1— w2t VAW, 2)

|1_4vzw+1+a+b+c+d f(w)dVTw)

is bounded on L?(B,; (1 —|w|?)’ dV(w)) if ¢ > —2n, d < 0 and (6-1) holds. This is simply because
I1—wz| <2.

7. Operator estimates

We must show that /= (l)h—A gFg € By (By; €?), where Fg is an antisymmetric 2-tensor of (0, 0)-forms
that solves
Ty = Qih—AgT.3,

and inductively where Fg *2 s an alternating (¢ + 2)-tensor of (0, ¢)-forms that solves

+2 _ ~Hgt2 q+3
g2 =QlTih— AT

uptog =n— 1 (since I'"*2 = 0 and the (0, n)-form Q"F1 is d-closed). Using the Charpentier solution
operators C@ 7 on (0, g+1)-forms we can write

f %0 o-1++%n’

a0 _ ol 2
FO = Qlh—AgI2,

F'=Qih—Ag6y? (Th— AgT}),
F* = Qoh—Ag6y? (QTh— Mgy (37— AgT3)),

=Qih— A<600S22h+A<6°°A<€OIQh A<@°°A<@°1A<@°2 Q3h—--

n,si n,s» n,s» nS3

H(=D"Agey? . Ayt Qnt .

The goal is to establish
1111 Bg @,:62) = Cno,p.6( 11l Bg @)
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which we accomplish by showing that

1% g, @a:2) < CnopsOIANIAG,,, @ 0w =n, (7-1)
for a choice of integers m, satisfying
n
;—a<m1 <My <o <My <0 < My.

Recall that we defined both of the norms | F|| go

7 e Bse2) A0 [ F ] Ag
functions F' in the ball B,,.

% i Bit?) for smooth vector

Note on constants. We often indicate via subscripts, such as n, 0, p, §, the important parameters on
which a given constant C depends, especially when the constant appears in a basic inequality. However,
at times in mid-argument, we will often revert to suppressing some or all of the subscripts in the interests
of readability.

The norms || - || A (m,,:¢2) in (5-3) above will now be used to estimate the composition of Charpentier
p.m\Pn,
solution operators in each function

H= Ay, - Mgk bt h

n,si

as follows. More precisely we will use the specialized variants of the seminorms given by
IFlRe @) = /B |(1= 1217 ((1 = |z])™ R™) D™ F(2)|” dn(z),
p.m’.m ’ n

where we take m” derivatives in D followed by m’ derivatives in the invariant radial operator (1 —|z|?)R.
Recall from Definition 19 that & denotes the vector of all differential operators of the form X; X5 ... Xy,
where each X; is either 7, D, or (1—|z|?) R, and where by definition 1—|z|? is held constant in composing
operators. It will also be convenient at times to use the notation

R™ = (1—|z[H™(RE™ (7-2)

which should cause no confusion with the related operators %Z’ introduced in (3-8). Note that R is
simply ™ when none of the operators D appear. We will make extensive use the multilinear estimate in
Proposition 22.

Let us fix our attention on the function F#* = 9?6‘ and write

Fo = AgCyo (Agys .Ag%o’“_lQ“Hh):A G (F),

0 n,s n,sy * n,s
gt __ O,u—1opn+l1 g
JP] g‘i@n sz( g<@n .83 ° g%n Wi Q h) nsz('f )
gt — 0,9 ap
Fq = Ag6y sq+1(dpq+1)

and so on, where 9«75 is a (0, g)-form. We now perform the integration by parts in Lemma 17 in each

iterated Charpentier operator %“ A ‘62 ?q 4 (%g‘ 1) to obtain
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Fh = Agby? T (7-3)

w
_ L m’ 1
= ¢ omsair NeFnsas @ Fo L)) + D Comsyn Mg g,y (BT ) ().

Now we compose these formulas for %g to obtain an expression for F* that is a complicated sum
of compositions of the individual operators in (7-3) above. For now we will concentrate on the main
Gm, n

terms A <1>,, skt (DTRHIFL L
same considerations apply to any of the other terms in (7-3). Recall from Lemma 17 that the “boundary”

) that arise in the second sum above when £ = . We will see that the

operators ¥y s, are projections of operators on By, to the ball B, and have (balanced) kernels even

simpler than those of the operators ®% The composition of these main terms is

n,Sqg+1"°
(Ag @k T™)FY = (Ag @l T™)(Ag OL ,T™2)FY
= (Ag @k, T™M)(Ag @k T™M2) .. (Ag®l, TMi) Qi+ h, (7-4)

At this point we would like to take absolute values inside all of these integrals and use the crucial
inequalities (5-7)—(5-9) to obtain a composition of positive operators of the type considered in Lemma 24.
However, there is a difficulty in using inequality (5-7) to estimate the derivative @™ on (0, ¢+ 1)-forms 7
given by (3-6):

_ ____gm
G =Y Y D D =z w—2) S nsuugw).

| Jl=q k¢J |a|=m

The problem is that the factor wy —z; has no derivative d/0wy naturally associated with it, as do the
other factors in (w—z)®. We refer to the factor wy —zj as a rogue factor, as it requires special treatment
in order to apply (5-7). Note that we cannot simply estimate wy —z; by |w — z| because this is much
larger in general than the estimate \/m obtained in (5-7) (where the difference in size between
|w—z| and \/A(w, z) is compensated by the difference in size between d/dwy and D).

We now describe how to circumvent this difficulty in the composition of operators in (7-4). Let us
p— 4
write each %"a+1 QFZH as

_ gm
22 > D@m= (Fy ) suti (w).

T|=q k¢J lal=m,

where (J@ +1)J Uk} is the coefficient of the form 9?“ 1 With differential d w’ Yk} We now replace each
of these sums with just one of the summands, say

"
(=20 W =2 5= (F, ) (). -5)

Here the factor wy —zj is a rogue factor, not associated with a corresponding derivative d/dwy. We
will refer to k as the rogue index associated with the rogue factor when it is not convenient to explicitly
display the variables.



532 SERBAN COSTEA, ERIC T. SAWYER AND BRETT D. WICK

The key fact in treating the rogue factor wy —zj is that its presence in (7-5) means that the coefficient
(9?5 1)1 of the form 9?5 1 that multiplies it must have k in the multi-index /. Since

@I‘C

_ 0,g+1 1%
b= AgEYTEL (T ),

n,Sq+2 q+2
0,g+1
n,S5q+2
(w, z) that multiply the rogue factor must have the differential dZ; in them. In turn, this means

233;12 (w, z), and hence finally that the

coefficients (9?5 +»)H with multi-index H that survive the wedge products in the integration must have

the form of the ameliorated Charpentier kernel € in Theorem 10 shows that the coefficients of

0,g+1
%”ssq+2

that the differential d w; must be missing in the coefficient of €

k € H. This observation can be repeated, and we now derive an important consequence.
— 4
Returning to (7-4), each summand in %"a+1 @Z‘ 1 has a rogue factor with associated rogue index
kg+1. Thus the function in (7-4) is a sum of terms of the form

(qu)llih (W, —Zk,) i_fm/l) ) (qu)g,sz(wkz_zkz) gmg)llo ..o (qu)z,sv (Wk,—2k,) gm(’)l‘)_l
o0 (Ag @l (W, =25, E™), o (QUTh), |

n,Su

where the subscript /,, on the form Ag®} o (wg,— 2, ) %™y indicates that we are composing with the
component of Ag®} o (wk,— 2k, ) My corresponding to the multi-index 1,1, i.e., the component with
the differential 4z/v=1. The notation will become exceedingly unwieldy if we attempt to identify the
different variables associated with each of the iterated integrals, so we refrain from this in general. The
considerations of the previous paragraph now show that we must have {k{} = I, {k,} U I = I, and
more generally

(kUL =1,, 1<v=pu.
In particular we see that the associated rogue indices k1, k>, ...k are all distinct and that as sets
{kl,kZ,. .. ,ku} - Iu/.

Denoting by ¢ the variable in the final form Q,’f“h, we can thus write each rogue factor wy —zg , as

Wi, —Zk, = (Wk,— Sk, ) 2k, — Sk, )

and since k, € I, there is a factor of the form (3/ aEkv)(a\ﬂ lgi/ E)Eﬂ) in each summand of the component
(Qﬁ“h) 1, of Qﬁ“h. So we are able to associate the rogue factor wy, —zx, with derivatives of g as

_ KB dl1Blg; B — KB arlg;
((wkv Zk,,)azku) 8ZB ((Zk,, é“ku)azkv) 7 (7-6)

follows:

Thus it is indeed possible to

(1) apply the radial integration by parts in Corollary 16,
(2) then take absolute values and £2-norms inside all the integrals,

(3) and then apply the crucial inequalities (5-7)—(5-9).
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One of the difficulties remaining after this is that we are now left with additional factors of the form

Aw. ) Az, 8)
—— and ————,
1—|w|? 1—|z|?
resulting from an application of (5-7) to the derivatives in (7-6). These factors are still rogue in the sense
that the variable pairs occurring in them, namely (w, ¢) and (z, {), do not consist of consecutive variables
in the iterated integrals of (7-4). This is rectified by using the fact that

dw,z) = \/m

is a quasimetric, which in turn follows from the identity

VAW, 2) = 1 = wz gz (w)] = 8w, 2)*p(w, 2),

where p(w, z) = |@;(w)] is the invariant pseudohyperbolic metric on the ball (Corollary 1.22 in [Zhu
2005]) and where §(w, z) = |1 —wZ|'/? satisfies the triangle inequality on the ball (Proposition 5.1.2 in
[Rudin 1980]). Using the quasisubadditivity of d(w), z) we can, with some care, redistribute appropriate
factors back to the iterated integrals where they can be favorably estimated using Lemma 24. It is simplest
to illustrate this procedure in specific cases, so we defer further discussion of this point until we treat in
detail the cases . = 0, 1, 2 below. We again emphasize that all these observations regarding rogue factors
in (7-4) apply equally well to the rogue factors in the other terms @ﬁ’ Sat1 (@miz @Z +1)(2) in (7-3), as well
as to the boundary terms ¥y s, , (%7 @Zﬂ)(z) in (7-3).

The other difficulty remaining is that in order to obtain a favorable estimate using Lemma 24 for the
iterated integrals resulting from the bullet items above, it is necessary to generate additional powers of
1 —|z|? (we are using z as a generic variable in the iterated integrals here). This is accomplished by
applying the radial integrations by parts in Corollary 16 to the previous iterated integral. Of course such a
possibility is impossible for the first of the iterated integrals, but there we are only applying the radial
derivative R thanks to the fact that our candidate f from the Koszul complex is holomorphic. As a result,
we see from (5-8) that (1 — |z|?) R, unlike D, generates positive powers of 1 —|z|? even when acting on
A(w, z). This procedure is also best illustrated in specific cases and will be treated in the next subsection.

So ignoring these technical issues for the moment, the integrals that result from taking absolute values
and £2?-norms inside (7-4) are now estimated using Lemma 24 and the remark following it. Note that
we only use scalar-valued Schur estimates since all the integrals to which that lemma and remark are
applied have positive integrands. Here is the rough idea. Suppose that {71, T3, ..., Ty} is a collection of

Charpentier solution operators and that for a sequence of large integers
/ 4 / " / 4
iy m oy, mly o my
we have the inequalities

ITjFliae , @2y SCillFllae , | @2, 1=J =041 (7-7)
Py Pjp 41
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for the class of smooth functions F that arise as T'G for some Charpentier solution operator 7" and some
smooth G. Then we can estimate ||7j o T50---0 TuQ”Bg,m(Bn;ez) by

[Ty 0T20--0 TKQ”AZ,m’l,m’{(B”;EZ) =Ci|Tz0:-0 T€Q||A§,m’2,m’2’(B"?£2)
<C1C|T30---0TyQ a0, (®,:02)
p.my.my

<CiG...¢ ||9||A1‘j (Bn3€2)-

7 14
My 1Mt

Finally we will show that if €2 is one of the forms QZH in the Koszul complex, then

o (By;3E2) = Cn,a,p,ﬁ(g)”h”Bp".m([H;n)y

Q 2y < || €2
I ”Aa - I(Bnrez)_” ||Ag,m’€_,'_l+me_,’_1

ey Mo+
and so altogether this proves that

I/ Bg ®4:¢2) = Croo,p,8(@ 11 BE,.(B,)-

We now make some brief comments on how to obtain the inequalities in (7-7). Complete details will
be given in the cases u = 0, 1, 2 below, and the general case 0 < y < n is no different from these three
cases. We note that from (2-6) the kernel of %2’4 typically looks like a sum of terms

(1—w2)" 1741 —w|*)?
A(w, z)?
times a wedge product of differentials in which the differential dw; is missing. We again emphasize that

(Zj —wj) (7-8)

the rogue factor Z; — w; cannot simply be estimated by |Z; — w;|, as the formula (2-1) shows that

VAW, 2) = | Pz —w) + 1= 2 0:(z —w)]

can be much smaller than |z — w|. As we mentioned above, it is possible to exploit the fact that any
surviving term in the form Qﬁ“ must then involve the derivative d/0w; hitting a component of g. This
permits us to absorb part of the complex tangential component of z —w into the almost invariant derivative
D which is larger than the usual gradient in the complex tangential directions. This results in a good
estimate for the rogue factor (Z; —w;) in (7-8) based on the smaller quantity \/m . We have already
integrated by parts to write (7-8) as (recall that the factors Z; — w; are already incorporated into Q_bg’n(w))

(1—wz)"14(1 — [w[?)?

By A(w, z)"

plus boundary terms which we ignore for the moment. Then we use the three crucial inequalities (5-7),

D" n(w) dV(w),

(5-8), and (5-9) to help show that the resulting iterated kernels can be factored (after accounting for all
rogue factors Z; — w;) into operators that satisfy the hypotheses of Lemma 24 or the subsequent remark.

Definition 25. The expression ﬁﬁ“ denotes the form Qﬁ“ but with every occurrence of the derivative
d/0w; replaced by the derivative D .

We can rewrite (5-7) in the form

’

m+1
v A(w’z)) D" (w)

S —am ol
|G - 072" ()] < ( = fw]?
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Recall that each summand of Qﬁ“ includes a product of exactly £ distinct derivatives d/dw; applied
to components of g. Thus the entries of 5’”95“ (w) consist of m + £ derivatives distributed among

components of g. Using the factorization of Qﬁ“ in (4-4), we obtain the corresponding factorization for
ﬁﬁ—i—l:
14

L
~ 1 ~
Qin N\ Qf=——Q0" (7-9)

= oo . l_)_' [ee)
Q(l) = (g—lz) and Q(l) = (—gzl) .
lg1* Ji=1 lg1* Ji=1

It is important for this purpose of using Lemma 24 and the subsequent remark to first apply the

where

integration by parts Lemma 14 to temper the singularity due to negative powers of A(w, z), and to use the
integration by parts Corollary 16 to infuse enough powers of 1 — |w|? for use in the subsequent iterated
integral.
Finally it follows from Proposition 22 together with the factorization (4-4) that
[ = 2B U | Loy < CIMe e pe oy IlBg @0 T-10)
We defer the proof of (7-10) until page 538 when further calculations are available.

Remark. At this point we observe from (7-1) that the exponent m + w in (7-10) is at most m, + n, and
thus we may take k = m, + n. We leave it to the interested reader to estimate the size of m,,.

Taking into account all of the above, the conclusion is that with k = m,, + n,

K
”f”B,‘,’([B,,;ﬂ) = Cn,a,p,8 ||Mg||3g(Bn)_>Bg(Bn;(2) ”h”B,‘,’(Bn)-

As the arguments described above are rather complicated we illustrate them by considering the three
cases u = 0, 1, 2 in complete detail in the next subsection before proceeding to the general case.

7.1. Estimates in special cases. Here we prove the estimates (7-1) for © = 0, 1, 2. Recall that

FO=Qlh, F'=Age20 QIn,  FE = Ag600 AgeY) Qb

n,s1 n,s1 n,s2

To obtain the estimate for #° we use the multilinear inequality in Proposition 22.

In estimating %! we confront for the first time a rogue factor Zk—w,, that we must associate with a
derivative d/dwy, occurring in each surviving summand of the k-th component of the form Q% After
applying the integration by parts formula in 17 as in [Ortega and Fabrega 2000], we use the crucial
inequalities (5-7)—(5-9) and the Schur-type operator estimates in Lemma 24 with ¢ = 0 to obtain the
desired estimates. Finally we must also deal with the boundary terms in the integration by parts formula
for ameliorated Charpentier kernels in Lemma 17. This requires using the radial derivative integration
by parts formula in Corollary 16 as in [Ortega and Fabrega 2000], and also requires dealing with the
corresponding rogue factors.

The final trick in the proof arises in estimating %2. This time there are two iterated integrals each
with a rogue factor. The problematic rogue factor zx— . occurs in the first of the iterated integrals since
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there is no derivative d/ 8Ek hitting the second iterated integral with which to associate the rogue factor
szé‘k. Instead we decompose the factor as (wy —zx ) — (¢ —wy ) and associate each of these summands
with a derivative d/dwy, already occurring in SZ; Then we can apply the crucial inequality (5-7) and
use the fact that \/A(w, z) is a quasimetric to redistribute the estimates appropriately. As a result of this
redistribution we are forced to use Lemma 24 with ¢ = %1 this time as well as ¢ = 0. In applying the
Schur-type estimates in Lemma 24 to the second iterated integral, we require a sufficiently large power of
1 —|w]|? to be carried over from the first iterated integral. To ensure this we again use the radial derivative
integration by parts formula in Corollary 16.

The estimate (7-1) for general p involves no new ideas. There are now p rogue terms and we need to
apply Lemma 24 with ¢ =0, &1, ..., =(u — 1). With this noted the arguments needed are those used
above in the cases u =0, 1, 2.

The estimate for #°. We begin with the estimate

0 i
1M B2, @562 = 126721 B, B,362) = Criop.6 Mg Be 3, BE (8,:02) 1711 BE 1 B1) -

form +o > %. However, for later use we prove instead the more general estimate with & in place of R,
except that m must then be chosen twice as large:

[ (1= 2R 2™ @D dAn(2) = o ps Mg 52 e g ey g @y 1D

for m > 2(% — o). Recall that ™ is the differential operator of order m given in Definition 19 that is
adapted to the complex geometry of the unit ball B;. It will be in estimating iterated Charpentier integrals
below that the derivatives R and %" will arise from integration by parts in the previous iterated integral,
and this will require estimates using .

By Leibniz’s rule for ¥ we have

L (Qeh) =D (@ Qo) @™ )
and ~ k=0 A
x* Q) = %k(| |2) = @t @tigl™). (7-12)
£=0

It suffices to prove

Jue

and hence

/ (1— |2P)7 [k 517 |9t 2| [ * h|P iy

m

k
] )”(Z S e G "h))

p
Up5||M ”BU(B )—)BU(B @2) ”h”Bg(Bn)’

< Cn ,0,D, $ ”Mg ”BU(Bn)—>BG(Bn 52) ”h“BU(Bn)’ (7'13)

for each fixed 0 < ¢ < k <m.
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Now we can profitably estimate both | %% h| and |%K—tg| as they are, but we must be more careful
with }96| 2|2 { In the case £ = 1, we assume for convenience that & annihilates g; (if not it will annihilate
g; unless ¥ = I, and the estimates are similar) and obtain

2 o0 o0 o0
<le (Ll ) (X el ) <lei e 3 e

i=1 i=1 i=1

o0
el =|-1e™* Y- et

i=1

Similarly, when £ = 2,

() 2
_912 _ — — _ —
|22]g]2| ='—|g| 3 g2+ 251 (08 (8%2))
i=1 it]

o0 o0
<206l 2 [l + alel (L i)

i=1 i=1

2

and the general case is
L o1—2 2
Eatr{ma

o0 [ele] o0 o0 Y2
<Clg Y |%€gi|2+ce_1|g|—8(z |%f—1g,-|2) (Z i) 4o co|g|—4—”(2 |9eg,-|2)

i=1 i=1 i=1 i=1

M 00
= > ca|g|—“‘”l_[(2|%°‘mg,-|2). (7-14)
m=1

1=a1=<ar=<-<aps = i=1
ajtaz+-tap =L

We can ignore the powers of |g| since |g| is bounded above and below by (5-2) and the hypotheses of
Theorem 2. Fixing o we see that the left side of (7-13) is thus at most

M
Cooops [B (1= |z2)7 [2k~tg|? |oym—kh|P( |9€°‘fg|1’) dh
n =1

Since
o0

k—{ =2 k—{= |2
kg = | gl
i=1
and k& — £ could vanish (unlike the exponents &, which are positive), we see that altogether after
renumbering, it suffices to prove

M,
/;Bn(l—|2|2)PU |0yoz1h|1’ |0y052g|p, .. |0y0‘Mg|P d)\,n < Cn,a,p,8 ”Mg||ng(Bn)—>Bg(Bn;62) ”h”;;;,’(Bn) (7-15)
for each fixed @ = (o1, @2, ...,apr) where M > 2, || = m and at most one of 5, ..., aps is zero. We

have used here that | Dg| = | Dg|. Now Proposition 22 yields (7-15) for each 0 < k <m and |o| = m — k.
Summing these estimates completes the proof of (7-11).
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We can now prove the more general inequality (7-10). Indeed, using the factorization (4-4) of ﬁ,’jﬂ
together with the Leibniz formula gives

%m(ﬁllﬁ'lh) = (Ql /\(Q ),uh Z (%aoQ ) A /\(%ajﬁ(l))(%au+lh)

aezl_ﬁ_z j=1
le|=m
“w
= X (@f""ﬂém/\(%%“sz&))wwm,
ani‘H Jj=1

lot|=m

where we have used that & (1) already has an & derivative in each summand, and so X%/ §2\(1) can be written
as X% 1 52(1). Now use (7-12) and (7-14) to see that ‘%m(QﬁHh)‘ is controlled by a tensor product of at
most m + u factors, and then apply Proposition 22 as above to complete the proof of (7-10).

The estimate for F!. The estimate in (7-1) with u =1 will follow from (7-10) and the estimate

(1 =1z») 7™ (A g%g;ggfh)um(“ [ (1= |27 %™2(Q3h)(2) | dAn(z), (7-16)

where, as in Definition 25, we define ﬁf to be Q% with d replaced by D throughout:

N
-y 8k Dgj — 8 Dgk

P

Jj.k=1

and where D =Y} _ (Dyh) dzj and Dy is the k-th component of D. We are using here the following
observation regarding the interior product Q%h adwg:

For each summand of Q2/ L diy, there is a unique 1 <i < N
_ 1 . (7-17)
such that dg; /0wy, occurs as a factor in the summand.

We rewrite (7-16) as

= zpram o (n etein]?,  =c [ |a-Rear B @ eI a1

Where RN = (1-— |Z|2)’"(Rk);€” o as in (7-2). As mentioned above, we only need to prove the case
m'| = 0 since (7-1) only requires that we estimate ||% U go (8,)- However, when considering the estimate
p.m n
for %2 in (7-1) we will no longer have the luxury of using the norm || - || go (8,) in the second iterated
p.m\Dn
integral occurring there, and so we will consider the more general case now in preparation for what comes
later. As we will see however, it is necessary to choose 7/ sufficiently large in order to obtain (7-18). It
is useful to recall that the operator (1 —|z|?)R is “smaller” than D in the sense that

D=1-z[)P,V+1-|z]20.V,
(1—|z[»R=(1-|z|*)P.V.
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To prove (7-18) we will ignore the contraction Ag since if derivatives hit g in the contraction, the
estimates are similar if not easier. Note also that |Ag F'| < |g| | F| for the contraction A g F of any tensor F.

V\;e 0Will also initially suppose that 712 = 0 and later take m7 sufficiently large. Now we apply Lemma 17
to €5 th and obtain

(62:29%}1(2) = Co%gjg (Q_Dméﬂ%h)(z) + boundary terms

_ 7-19
= /B CDS,S (w, z)@m2(§2%h)d V(w) + boundary terms. ( )
A typical term above looks like
1—|wP\" 7" —wz)"1_
G"2(Qih) dV 7-20
[E5) e mamaw 7

where we are discarding the sum of (balanced) factors

((1 —w]?)(1 - |z|2))f'

11— wz|?

for 1 < j <n—1in Lemma 17, which turn out to only help with the estimates. This can be seen from
(5-9) and its trivial counterpart

|DE A= 21F| + | =z RE (= 2| < c = zH*.

Recall from the general discussion above that in the integral (7-20) there are rogue factors wy —zj in
Gms (th) (w) that must be associated with a d/dwy, derivative that hits some factor of each summand in
the k-th component Qf adwy of SZ% ~ gi0g;j — gj0gi. Thus we can apply (5-7) to the components of
Q%h(z) to obtain
Z Z (Wi —zx) (w—2z)® Py (Q%h 4 dwk)

k=1 |a|=m),

/AN w. 2) mh+1 o,
< C(%ﬁ’lz)) | D™2(Qih)(w)). (7-21)

|€_Z)ml252%h(z)| ~

Thus we get
(1=1z1)7 |D™1: 023 h ()]

(= |w2) " (1—wz)y= | ( VAW, z) V2T~
<[ a—ppe | pm (! D™ (Q%h dv
—an( - <Z>( (=wz) A,z )|\ 1= [w]? [P dvee)
= S,sna,mfz /), (7-22)

where
fw) = (1—|w|*)° | D™2(Q3h) (w)]. (7-23)

Now we iterate the estimate (5-8),

|DeyAw, z)| < C(1—|z1) Aw, 2)? + Aw, 2),
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to obtain
pMi (1—|w®* (1 —wz)"!
@O\ (1 —wz)s " A(w, z)"
2 a — 2™ (1= ||} " Aw, )™ /2 (1—|w|?)s~" OK, (7-24
- |1 _w5|s—2n—i-1A(w’Z)n—i—m’1 R |1 —wf|s_2”'HA(w,Z)” + ’ ( - )

where the terms in OK are obtained when some of the derivatives D hit the factor (1 —wz)*™" in the
denominator or factors DA (w, z) already in the numerator. Leaving the OK terms for later, we combine
all the estimates above to get that if we plug the first term on the right in (7-24) into the left side of (7-18),
then the result is dominated by

(1— |Z|2)m’1+a(1 _ |w|2)s—n—m’2—1—0A(w, Z)m’1+m’2+1/2
By |1 _ w2|s—2n+l A(w, Z)n—l—m’l
(1 _ |Z|2)m’1 +0(1 _ |w|2)s—n—1—m’2—a

_ JA@. )Ty dv(w).

B, |1_w2|s—2n+1

S w)dV(w)

Now for convenience choose m’, = m/ +2n — 1 so that the factor of \/A(w, z) disappears. We then get

|Z|2)m’l +o (1—|w |2)s—3n—m’l -0

(1—|2|2)”\Dm3<€2;29%h(z){S/B 1= fw)dV(w).  (7-25)

|1 — w2|s—2n+1
Lemma 24 shows that the operator

(1= =) = [w]*)”
1 — wz[r+i+ath J(w)dV(w)

Tusf @)= [

B
is bounded on LP([B,,; (1—|wl|?)! dV(w)) if and only if
—pa<t+1<pb+1).

We apply this lemma with t = —n — 1, @ = m| + 0 and b = 5 — 3n —m/ — 0. Note that the sums of
the exponents in the numerator and denominator of (7-25) are equal if we write the integral in terms of
invariant measure dA,(w) = (1 —|w|?)™"~! dV(w). We conclude that S»/ . is bounded on L?(d}y)
127772
provided 7 is, and that this latter happens if and only if
—pm+o0)<—-n<p(s=3n+1-m|—o0).

n

This requires 7/ —i—c7>%ands>3n—1—i—m’1 +o—7

Remark. Suppose instead that we choose m/2 to be a positive integer satisfying ¢ = m’2 — m’1 —2n+1>
—2n. Then we would be dealing with the operator T, p ., where a = m’1 + o0 and

b=s—n—1-mh—o=s—3n—c—m)|—o.
By Lemma 24, T, ; . is bounded on L?(dA,) if and only if

—p(m'| +o0)<—-n<p(s—3n+1—c—m\—o0),
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ie,mj+0o> %

choose m’, > m’; and s large enough.

ands >c+3n—14+m)| +0— %. Thus we can use any value of ¢ > —2n provided we

Now we turn to the second displayed term on the right side of (7-24), which leads to the operator T}, p o
with a = 0, b =5 —3n—o0. This time we will not in general have the required boundedness condition
o> %. It is for this reason that we must return to (7-18) and insist that 7 be chosen sufficiently large
that m’ +o > %. For convenience we let m’ = 0 for now. Indeed, it follows from the second line in the
crucial inequality (5-8) that the second displayed term on the right side of (7-24) is

(L= |z (= Jw[?)*™" A(w, 2)"i/?
1 — wz|s—2r 1 A(w, z)" T
Using this expression and choosing m’, = m7 4+ 2n — 1 so that the term /A (w, z) disappears from the
ensuing integral, we obtain the following analogue of (7-25):

, 1— 1212 m|+o 1— 2\s—3n—m’/—o
ariagsaie| < [ AP0

+ better terms.

(1121271 —|z|™

JS(w)dV(w).

|1 _ wzls—Zn—i—l

n

The corresponding operator 7, p o has @ = m + o and b = s — 3n —m/ — o and is bounded on L” (A,)
when —p(m’l’ +o)<—-n<p(s—3n+1-— m’l’ —0). Thus there is no unnecessary restriction on ¢ if m’l/
and s are chosen appropriately large. Note that the only difference between this operator 7, p o and the
previous one is that m’, has been replaced by m7.

The arguments above are easily modified to handle the general case of (7-18) provided m/l/ +0> %
and s is chosen sufficiently large.

Now we return to consider the OK terms in (7-24). For this we use the inequality (5-9):
m _ K (1=l
| D {1 —wz)*}| < C|1 -z (m) .
We ignore the derivative (1 — |z|?) R, since the second line in (5-9) shows that it satisfies a better estimate.

We also write m{ and m; in place of nf/1 and m/2 now. As a result, one of the extremal OK terms in

(7-24) is
(1= [z»)™/2(1 = Jw]?)s"

|1 _ w5|s—2n+1+(m1/2)A(w’ Z)” ’

which when combined with the other estimates leads to the integral operator

(1 _ |Z|2)m1/2+a(1 _ |w|2)s—n—1—m2—a

—2n—1
11— wzp—2nF1+ni/2) VAW, 2)"™ 7 f(w) dV(w).

This is 7, p . with a = % 40, b=s—n—1—my—o0,and ¢ = my —2n — 1. This is bounded on
L?(Ay) provided m, > 2 and

Bn

—p(%iﬂr) <—-n<p(s—n—my—o0),

ie, 2l +o0 > % ands >n+my+0— %. The intermediate OK terms are handled similarly. Note that
the crux of the matter is that all of the positive operators have the form 7 ., and moreover, if s and the
m’s are chosen appropriately large, then T}, 4 . is bounded on L?(A,).
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Boundary terms for ¥'. Now we turn to estimating the boundary terms in (7-19). A typical term is

_ _ 1— 2ys—n—1 _ _
Fn,s (D5 (220))[Z](2) = /B n%@k(sz%[%](u}) dV(w), (7-26)

with 0 < k <m — 1 upon appealing to Lemma 17.
We now apply the operator (1 — |z|?)™1 79 R™1 to the integral on the right side of (7-26); using the
inequalities (5-7)—(5-9) we obtain that the absolute value of the result is dominated by

1— 2\mi+o 1 — 2\s—n—1 A k+1 —7 o~

A lzPH™o A — w7 (VAW DN Be a1 gvw)

B, |1 —wz|stm I—Jw|?
(1_|Z|2)ml+a(1_|w|2)s—n—2—k—a /A(w,z)k"‘l

~ J, 1=z (1= [w]?)? DX (@ h) (w)| dV (w).

The operator in question here is 7, 5 . Wwitha =m; +0, b=s—n—2—k —o,and ¢c = k + 1, since
a+b+c+n+1=s+m.

Lemma 24 applies to prove the desired boundedness on L?(A,) provided m; + o > %.

However, if k fails to satisfy &k + 1 > 2(% — 0), then the derivative D¥T1Q cannot be used to control
the norm ||€2| gg (g,,)- To compensate for a small k, we must then apply Corollary 16 to the right side of
(7-26) (which for fixed z is in C(B,) N C°°(B,)) before differentiating and taking absolute values inside
the integral. This then leads to operators of the form

(1 _ |w|2)s—n—1

_ 2\mi+o pmy
1= fepymerm( [ G

(1= Jw 2" R™ [T (@2 (w)] dV(w>),

Br

which are dominated by

mi+o 1 _ s—n— / k+1 .
e 1( A(w’z)) %™ DX Q1) (w)| dV(w),

Bn |1 —wz|s+m 1—|w|?
which is
(1_|Z|2)m1+a(1_|w|2)s—n—2—k—a /A(w,z)k“ N
/ o (1= [w[*)°R™ DK (Q2h)(w)| dV (w).

This latter operator is T, 5 . H(z), with
a=my+o0, b=s—-n—-2—-k—-0, c¢=k+1, and H(w)=|(1—|w|2)° Z",l_)k(ﬁfh)(w){.

Note that for m > 2(% — 0) we do indeed now have ||H|[zr@,) & ||§%h”Bg(Bn)- The operator here is
the same as that above and so Lemma 24 applies to prove the desired boundedness on L?(A,).

The estimate for %>. Our next task is to obtain the estimate (7-1) for ;1 = 2. For this we will show that

n,s1 n,s2

/B [(1=[z[2)™TOR™M A0 Ag6dt Q3|7 din(z)

SC/ |(1=121%)7 (1 = |21%)™5 R™S D3 (Q31)(2)|” dhn(z).  (7-27)
Bn
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Unlike the previous argument, this time we will have to deal with a rogue term z, — &, where there is
no derivative d/ 852 to associate to it. Again we ignore the contractions Ag. Then we use Lemma 17 to
perform integration by parts 7, times in the first iterated integral and 1’y times in the second iterated
integral. We also use Corollary 16 to perform integration by parts in the radial derivative m’z/ times
in the first iterated integral (for fixed z, we have %2:;293 e C(B,) N C*®(B,) by standard estimates
[Charpentier 1980]), so that the additional factor (1 — |§|2)m/2/ can be used crucially in the second iterated
integral, and also mg times in the second iterated integral for use in acting on Q;
Recall from Lemma 17 that

(62:?77(2) = boundary terms (depending on m)

q \n—1—4 214 2\s—n ,n—{—1 2 23\ J
(1—wz) (1—Jwl?)* (1—|w]| A=[wH)A =125\ zm
*L )T oy (7)) (Z om(mm) )ame.

j=0

Recall also that %™ already has the rogue terms built in, as can be seen from (3-6). Now we use the right
side above with ¢ = £ = j = 0 to substitute for %%21, and the right side above withg =¢ =1and j =0
to substitute for %2: ;2. Then a typical part of the resulting kernel of the operator %2:21%2: ;293(2) is

U L 8 Gl G S ——;

B, A 2)" (1—52) (22 —E,) (1= [§]7)™ R (7-28)
—wEV2(1 — w2 o 2\ka—n B S

: - wi)m (sl) " )(11 _';'5) (@1 &) (1= [w]?)"s RMG (Q3h) (w) dV (w) dVE).

where we have arbitrarily chosen z, — §2 and wy — El as the rogue factors.

Remark. It is important to note that the differential operators Q_D';"Z are conjugate in the variable z and

hence vanish on the kernels of the boundary terms &, ¢ (@F Qgh)(z) in the integration by parts formula
(3-7) associated to the Charpentier solution operator %2: ;2, since these kernels are holomorphic. As a

result the operator ™2 hits only the factor gk Qgh and a typical term is

_ 9 _
(zi —8i) 8_((wi—2i) Q3h) = —(zi—8) Qh,

Zi
where the derivative d/dw; must occur in each surviving term in 2 gh, and this term which is then handled
like the rogue terms.

Now we recall the factorization (4-4) with £ = 2,
3 1,881,851
Q5 =—4Qy A Q) ARy,

and that Q;(w) must have both derivatives dg/dw; and dg/dw, occurring in it, one surviving in each
of the factors 52(1), along with other harmless powers of g that we ignore. Thus we may replace Q (1) A fi(l)
with 8/8@29(1) A 8/8@19(1). If we use

Zy— &y = (33— W) — (2 — W),
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we can write the iterated integral above as

(12" (1 - |5|2)“‘"
g, AGE2" \1-&

% _£12\ms pmlyGrm), (1_w§)”—2(1_|w|2)(1_|w|2)s2—n)
[ a-lePyiRTiE (

Aw, &) 1 —wé
14 " — a —_— ’/ 14 " — a p—
X ((1 — [w|?)"3s R™3 (€, — wz)ﬁ@mreﬂé) A ((1 —[w|?)" R™3 (&, — wl)w_l@egé)
w dV(w)dV(E)

minus the same expression but with the rogue factor Ez — w, on the third line replaced by the rogue factor
Zp — Wj. We have temporarily ignored the wedge products with terms that do not include derivatives of
g, as these terms are bounded and so harmless.

Now we apply (1 —|z]?)° (1 — |z|2)m/1/ R™1 D™ to these operators. Using the crucial inequalities
(5-7)—(5-9), together with the factorization (7-9) with £ = 2,

Q=4 AQlAQ),
the result of this application on the first integral is then dominated by

/ T / , _|£]2
[(1_|Z|2) A(‘E,Z)]ml([(1—|Z|2)\/A(g,z)]ml+A($’Z)ml)‘%

S1—n

(1—|z|»)71—&z"!
B A, Z)m’l +m'+n

—ERYE L — wE 21— w]?) [ "2 mz
X(Bu £2)511 — wEp—2(1 lwl)( A@’2)) (1= ) VAW, 5]

A(w’é)m’2+m’2’+n 1—&|?
227" (VAW O\ (VAW
() ()

1—|w|
"=

1— wg
x | (1= [w[2)™3 R™3 D™3 (Q3 1) (w)] dV(w)) dV(€), (7-29)

< ([(1— 6P VAW, B + Aw,5)™)

and the result of this application on the second integral is dominated by exactly the same expression but
with one of the two factors /A (w, £)/(1 — |w|?) that occur at the end of the third line in (7-29) replaced
by the factor /A (w, z)/(1 —|w|?). The ignored wedge products have now been reinstated in ﬁg

Now for the iterated integral in (7-29), we can separate it into the composition of two operators of the
form treated previously. One factor is the operator

(A= 1z VAE ] ([ -1z VAE D™ + B(E 2)™)

(1—|z»)7 |1 —gz|"~!
B, A(é, Z)m’1 +m’+n

VAE, z my 1 _ g2 517" B
X(l_(;;z)) 11 _l?f (1-[E)CFEdV(E), (7-30)
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and the other factor is the operator F(§) given by

e L L A IV/XC3) e ([ B T W3 RNy

B, Aw, ;g-)m2+m'2’+n
( A(w,@)’"é“ 1—[w]
X\ ———— S
1 —|wl? 1 —wé
where f(w) = (1— |w|2)"|(1 lw|2)™3 Rm¥5m1(§23h)(w){ We now show how Lemma 24 applies to
obtain the appropriate boundedness.

2 |S2—n

(1 =[w) ™ fw)dV(w), (7-31)

We will in fact compare the corresponding kernels to that in (7-25). When we consider the summand
A€, Z)m/l at the end of the first line of (7-30), the first operator has kernel

(1—|z|2)otmi (1 — |g|?)s1—n—m—0 - Z)7 Y (| — | [2yi—3n-m{—o
|1 —gzs1=2nH 1 A g, zymi il am tmp)/2 1= gzpi—2nti :

(7-32)

if we choose m/2 = m/ ' + 2n so that the factor A (&, z) disappears. This is exactly the same as the kernel
of the operator in (7- 25) in the previous alternative argument but with m in place of m’ there. When we
consider instead the summand [(1 —z1) VA, z ] 1 on the first line of (7-30), we obtaln the kernel in
(7-32) but with m’| 4+ m’, in place of m.
When we consider the summand A (w, é)’"/z at the end of the second line of (7-31), the second operator
has kernel
(1 |§|2)m’2’+0(1 |w|2)1+sz—n—m’3—2—a

|1—wé|52 2n+2 A (w, g)mz-i-mz-i-n (my+2mly+m)y+2)/2
(1 B |E|2)m/2/+0(1 — |w|2)sz—3n+l—m’2’_g
- |1 — w§|S2—2n+z

(7-33)

if we choose m’; = m’) 4-2n — 2, and this is also bounded on L?(dA,) for m’) and s, sufficiently large.

Remark. It is here in choosing m’) large that we are using the full force of Corollary 16 to perform
integration by parts in the radial derlvatlve m / times in the first iterated integral.

When we consider instead the summand [(1 — 212 VA, z)] 2 on the first line of (7-31), we obtain
the kernel in (7-33) but with m + m/, in place of m’.

To handle the case of (7-29) in which the factor \/A(w, z)/(1 — |w|?) replaces one of the factors

VAW, £)/(1 —|w|?), we must first deal with the rogue factor \/A(w, z) whose variable pair (w, z)
doesn’t match that of either of the denominators A (£, z) or A (w, £). For this we use the fact that

VAW, 2) = 1 —wz| g (w)] = 8(w, 2)*p(w, 2),

where p(w, z) = |@;(w)] is the invariant pseudohyperbolic metric on the ball (Corollary 1.22 in [Zhu
2005]) and where §(w, z) = |1 —wZ|'/? satisfies the triangle inequality on the ball (Proposition 5.1.2 in
[Rudin 1980]). Thus we have

pw.z) < p.2) +pw.§), dw.z) <8 2)+8w.§),
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and so also

VAW, z) < 2[8(E, )2 +8(w, £)2](19=()] + lpe (w)])

:2( wf')\/A(g +2(1+ SZ') Aw, £).
11— wé|

Thus we can write

Vow.z) _ 1-E) /AE 2) n [1-wk| 1- & VAE 2)
I—lwl? T I=fwl> 1-[§  1-|w|* [1-§2] 1-[§?
Aw, 1—&z] 1—&* VA(w,
YWD N6 1P YA@D .,
1 —wl 1= &7 [1—wE| 1—[w]
All of the terms on the right side of (7-34) are of an appropriate form to distribute throughout the iterated
integral, and again Lemma 24 applies to obtain the appropriate boundedness.
For example, the final two terms on the right side of (7-34) that involve /A (w,&)/(1 — |w|?) are
handled in the same way as the operator in (7-29) by taking m’; = m’ 4 2n —2 and m’, = m'{ + 2n, and

taking s; and s, large as required by the extra factors
[1-&2] 1-J¢)?
L1812 11— wé|

With these choices the first two terms on the right side of (7-34) that involve \/A (£, z)/(1 — |£|?) are
then handled using Lemma 24 with ¢ = %1 as follows.

1-[&* VAG.2)

I—Jw|* 1-[&?
on the right in (7-34) for the factor \/A(w,z)/(1 —|w|?), we get a composition of two operators as in
(7-30) and (7-31) but with the kernel in (7-30) multiplied by /A (£, z) /(1 — |£|?) and the kernel in (7-31)
multiplied by (1 —1£|?)/(1 — |w|?) and divided by /A (w, £)/(1 —|w]|?). If we consider the summand
A(E, z)™M at the end of the first line of (7-30), and with the choice m’y = m'{ + 2n already made, the first
operator then has kernel

VAE Z) (1= |20 (1 — g2y 73n=mi=0 (1 |z2)mi+o (1 — |g|2)1—m=3n=1=0 /A, z)
1—|$|2 |1—§Z|s1_2"+1 - |1_%~§|s1—2n+1 ’

and hence is of the form T, p . with

If we substitute the first term

a=m{+o0, b=s—3n—-1-m{—-0, c=1,

sincea+b+c+n+1=s5;—n—1. Now we apply Lemma 24 to conclude that this operator is bounded
on L?(A,) if and only if

—p(m7 +0)<—n< p(sy—3n—mi—o0),

ie., m' —|—o>;ands1>m”+o+3n—;
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Next we consider the summand A (w, £)™2 at the end of the first line of (7-31). With the choice
m’y = m’y 4+ 2n — 2 already made, the second operator has kernel

1= &2 ( VAW, E)\ " (1 — [E]2)5+0 (1 — [w|?)s2—3n+1-m)—o
I—[w2\ 1—|w? |1 — wE|s2—2n+2

B (1— |é_-|2)m’2’+0'+1 (1— |w|2)sz—3n+l—m’2/—0' /A(w, £) —1

N |1 — wE|s2—2n+2

and hence is of the form T, j . with
a=my+o+1, b=s-3n+1-mh—0, c=-1.
This operator is bounded on L?(X,) if and only if

—p(my+0o+1)<—n<p(s,—3n+2—mh—o0),

i.e.,m’2’—|—0>%—1ands2>m’2’+a+3n—2—%.

If we now substitute the second term

1 —wé| 1-]€]* VAE.2)

I—Jw|? [1-§2] 1-[&?

on the right in (7-34) for the factor \/A(w, z)/(1 — |w|?) we similarly get a composition of two operators
that are each bounded on L?(},) for m; and s; chosen large enough.

Boundary terms for >. Now we must address in 2 the boundary terms that arise in the integration by
parts formula (3-7). Suppose the first operator (62221 is replaced by a boundary term, but not the second. We
proceed by applying Corollary 16 to the boundary term. Since the differential operator (1—|z|2)"1+% R™1
hits only the kernel of the boundary term, we can apply the remark following Lemma 24 to the first
iterated integral and the lemma itself to the second iterated integral in the manner indicated in the above
arguments. If the second operator (62: iz is replaced by a boundary term, then as mentioned in the remark
on page 543, the operators D2 hit only the factors "3, and this produces rogue terms that are handled
as above. If the first operator %2:?1 was also replaced by a boundary term, then in addition we would
have radial derivatives R™ hitting the second boundary term. Since radial derivatives are holomorphic,
they hit only the holomorphic kernel and not the antiholomorphic factors in %3, and so these terms can
also be handled as above.

7.2. The estimates for general F*. In view of inequality (7-10), it suffices to establish the inequality

n,si

”W”gg@n):/ﬂ (1= 212+ RMIA G600 L A GO QB[P (2)

n

< Comrs [B (1= 2P @+ ) ()| din2). (7-35)

Recall that the absolute value | F| of an element F in the exterior algebra is the square root of the sum of
the squares of the coefficients of F in the standard basis.
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The case > 2 involves no new ideas, and is merely complicated by straightforward algebra. The reason
is that the solution operator A g%gjgl LA g<@,°,;§‘u‘1 acts separately in each entry of the form Qﬁ“h, an
element of the exterior algebra of C*° ® C" which we view as an alternating £2-tensor of (0, i) forms in
C". These operators decompose as a sum of simpler operators with the basic property that their kernels
are identical, except that the rogue factors in each kernel differ according to the entry. Nevertheless, there
are always exactly p distinct rogue factors in each kernel and after splitting, the u rogue factors can be
associated in one-to-one fashion with each of the derivatives d/dw; in the corresponding entry of

00— nw o0 —
ot h= 0 3 B, ) A A ( 3 3g_k;ek,.)h.
oz 181 i=1 Nz 18l
After applying the crucial inequalities, this effectively results in replacing each derivative d/dw; by the
derivative D i, and consequently we can write the resulting form as ﬁ,’j“h.
This completes our proof of Theorem 2.
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