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Charpentier’s solution kernels. Here we prove Theorem 8. In the computation of the Cauchy kernel Cn.w; z/, we
need to compute the full exterior derivative of the section s.w; z/. By definition one has,

si.w; z/D wi.1�wz/� zi.1� jwj
2/;

dsi.w; z/� .@wC @wC @z C @z/si.w; z/

Straightforward computations show that

@wsi .w; z/D

nX
jD1

�
ziwj �wizj

�
dwj (ES-1)

@wsi .w; z/D .1�wz/ dwi C

nX
jD1

wj zidwj

@zsi .w; z/D�

nX
jD1

wiwj dzj �

�
1� jwj2

�
dzi

@zsi .w; z/D 0;

as well as

@wsk D .1�wz/dwk C zk@wjwj
2

@zsk D�.1� jwj
2/dzk �wk@z.wz/:

We also have the following representations of sk , again following by simple computation. Recall from the
Notation on page 509 that f1; 2; :::; ng D fi�g[J� [L� where J� and L� are increasing multi-indices of lengths
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n� q� 1 and q. We will use the following with k D i� .

sk D .wk � zk/C
X
l¤k

wl .wlzk �wkzl /

D .wk � zk/C
X

j2J�

wj .wj zk �wkzj /C
X

l2L�

wl .wlzk �wkzl /

D .wk � zk/C zk

X
j2J�

jwj j
2
�wk

X
j2J�

wj zj C zk

X
l2L�

jwl j
2
�wk

X
l2L�

wlzl :

Remark. Since A^AD 0 for any form, we have in particular that @w jwj2^@w jwj2D 0 and @z .wz/^@z .wz/D 0.

Using this remark we next compute
V

j2J�
@wsj . We identify J� as j1 < j2 < � � � < jn�q�1 and define a map

{.jr /D r , namely { says where jr occurs in the multi-index. We will frequently abuse notation and simply write
{.j /. Because @wjwj2^@wjwj2D 0 it is easy to conclude that we can not have any term in @wjwj2 of degree greater
than one when expanding the wedge product of the @wsj .^

j2J�

@wsj D

^
j2J�

n
.1�wz/dwj C zj@wjwj

2
o

D .1�wz/n�q�1
^

j2J�

dwj C .1�wz/n�q�2
X

j2J�

.�1/{.j/�1zj@wjwj
2
^

^
j 02J�nfjg

dwj 0

D .1�wz/n�q�20@0@1�wzC
X

j2J�

wj zj

1A ^
j2J�

dwj C

X
j2J�

.�1/{.j/�1zj

X
k2L�[fi�g

wkdwk

^
j 02J�nfjg

dwj 0

1A :
The last line follows by direct computation using

@w jwj
2
D

X
j2J�

wj dwj C

X
k2L�[fi�g

wkdwk :

A similar computation yields that

^
l2L�

@zsl

D .�1/q
^

l2L�

n
.1� jwj2/dzl Cwl@z.wz/

o

D .�1/q

0@.1� jwj2/q ^
l2L�

dzl C .1� jwj
2/q�1

X
l2L�

.�1/{.l/�1wl@z.wz/^
^

l02L�nflg

dzl0

1A
D .�1/q.1� jwj2/q�10@0@1� jwj2C

X
l2L�

jwl j
2

1A ^
l2L�

dzl C

X
l2L�

.�1/{.l/�1wl

X
k2J�[fi�g

wkdzk

^
l02L�nflg

dzl0

1A :
An important remark at this point is that the multi-index J� or L� can only appear in the first term of the last line

above. The terms after the plus sign have multi-indices that are related to J� and L� , but differ by one element. This
fact will play a role later.
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Combining things, we see that^
j2J�

@wsj

^
l2L�

@zsj D .�1/q.1�wz/n�q�2.1� jwj2/q�1 .I� C II� C III� C IV�/ ;

where

I� D

0@1�wzC
X

j2J�

wj zj

1A0@1� jwj2C
X

l2L�

jwl j
2

1A ^
j2J�

dwj

^
l2L�

dzl ;

II� D

0@1�wzC
X

j2J�

wj zj

1A ^
j2J�

dwj

0@X
l2L�

.�1/{.l/�1wl

X
k2J�[fi�g

wkdzk

^
l02L�nflg

dzl0

1A ;

III� D

0@X
j2J�

.�1/{.j/�1zj

X
k2L�[fi�g

wkdwk

^
j 02J�nfjg

dwj 0

1A0@1� jwj2C
X

l2L�

jwl j
2

1A ^
l2L�

dzl ;

IV� D

0@X
j2J�

.�1/{.j/�1zj

X
k2L�[fi�g

wkdwk

^
j 02J�nfjg

dwj 0

1A
�

0@X
l2L�

.�1/{.l/�1wl

X
k2J�[fi�g

wkdzk

^
l02L�nflg

dzl0

1A :
We next introduce a little more notation to aid in the computation of the kernel C0;q

n .w; z/. For 1� k � n we let
P

q
n .k/D f� 2 P

q
n W �.1/D i� D kg. This divides the set P

q
n into n classes with .n�1/!

.n�q�1/!q!
elements. At this point,

with the notation introduced in the Notation on page 509 and computations performed above, we have reduced the
calculation of C0;q

n .w; z/ to

C0;q
n .w; z/D

1

4.w; z/n

X
�2P

q
n

��si�

^
j2J�

@wsj

^
l2L�

@zsl ^!.w/

D
.�1/q.1�wz/n�q�2.1� jwj2/q�1

4.w; z/n

nX
kD1

sk

X
�2P

q
n .k/

��.I� C II� C III� C IV�/

D
.�1/q.1�wz/n�q�2.1� jwj2/q�1

4.w; z/n

nX
kD1

sk.I.k/C II.k/C III.k/C IV .k//

D
.�1/q.1�wz/n�q�2.1� jwj2/q�1

4.w; z/n

nX
kD1

skC.k/:

Here we have defined C.k/� I.k/C II.k/C III.k/C IV .k/, and

I.k/�
X

�2P
q
n .k/

��I� II.k/�
X

�2P
q
n .k/

��II�

III.k/�
X

�2P
q
n .k/

��III� IV .k/�
X

�2P
q
n .k/

��IV� :

http://msp.org/apde/2011/4-4/apde-v4-n4-p01-s.pdf#page=11
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For a fixed � 2 P
q
n we will compute the coefficient of

V
j2J�

dwj

V
l2L�

dzl . We will ignore the functional
coefficient in front of the sum since it only needs to be taken into consideration at the final stage. We will show
that for this fixed � the sum on k of sk times I.k/, II.k/, III.k/ and IV .k/ can be replaced by �� .1�wz/.1�

jwj2/.wi� � zi� /
V

j2J�
dwj

V
l2L�

dzl . There will also be other terms that appear in this expression that arise
from multi-indices J and I that are not disjoint. Using the computations below it can be seen that these terms
actually vanish and hence provide no contribution for C0;q

n .w; z/. Since � is an arbitrary element of P
q
n this will

then complete the computation of the kernel.
Note that when k D i� then we have the following contributions. It is easy to see that II.i� /D III.i� /D 0. It is

also easy to see that

I.i� /D ��

0@1�wzC
X

j2J�

wj zj

1A0@1� jwj2C
X

l2L�

jwl j
2

1A ^
j2J�

dwj

^
l2L�

dzl

D �� .1�wz/.1� jwj2/
^

j2J�

dwj

^
l2L�

dzl

C

0@.1�wz/
X

l2L�

jwl j
2
C .1� jwj2/

X
j2J�

wj zj C

X
l2L�

jwl j
2
X

j2J�

wj zj

1A ^
j2J�

dwj

^
l2L�

dzl :

We also receive a contribution from term IV .i� / is this case. This happens by interchanging an index in the multi-
index J� with one in L� . Namely, we consider the permutations � W f1; : : : ; ng!fi� ; .J�nfj g/[flg; .L�nflg/[fj gg:
This permutation contributes the term zlwlwjwj . After summing over all these possible permutations, we arrive at
the simplified formula,

IV .i� /D���

0@X
j2J�

jwj j
2

1A0@X
l2L�

wlzl

1A ^
j2J�

dwj

^
l2L�

dzl :

Collecting all these terms, when k D i� we have that the coefficient of ��
V

j2J�
dwj

V
l2L�

dzl is:

C.i� /D .1�wz/.1� jwj2/C .1�wzC
X

j2J�

wj zj /
X

l2L�

jwl j
2

C.1� jwj2C
X

l2L�

jwl j
2/
X

j2J�

wj zj �

X
l2L�

jwl j
2
X

j2J�

wj zj �

X
j2J�

jwj j
2
X

l2L�

wlzl :

Next note that when k ¤ i� one can still have terms which contribute to the coefficient of
V

j2J�
dwj

V
l2L�

dzl .
To see this we further split the conditions on k into the situations where k 2 J� and k 2L� . First, observe in this
situation that if k ¤ i� then term I.k/ can never contribute. So all contributions must come from terms II.k/,
III.k/, and IV .k/. In these terms it is possible to obtain the term

V
j2J�

dwj

V
l2L�

dzl by replacing some index
in �. Namely, it is possible to have � and � differ by one index from each other, or one by replacing an index with i� .

Next, observe that when k 2 L� there exists a unique � 2 P
q
n .k/ such that J� D J� . Namely, we have that

� W f1; : : : ; ng ! fk;J� ; .L� n fkg/[ i�g. Here, we used that i� D k. Terms of this type will contribute to term
II.k/ but will give no contribution to term III.k/. However, they will give a contribution to term IV .k/.

Similarly, when k 2 J� there will exist a unique � 2 P
q
n .k/ with L� DL� . This happens with � W f1; : : : ; ng !

fk; .J� n fkg/[ i� ;L�g. Here we used that i� D k. Again, we get a contribution to term III.k/ and IV .k/ and
they give no contribution to the term II.k/.
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Using these observations when k 2L� we arrive at the following for I.k/, II.k/, III.k/, and IV .k/:

I.k/D 0

II.k/D���

0@1�wzC
X

j2J�

wj zj

1Awi�wk

^
j2J�

dwj

^
l2L�

dzl

III.k/D 0

IV .k/D ��zi�wk

0@X
j2J�

jwj j
2

1A ^
j2J�

dwj

^
l2L�

dzl :

Similarly, when k 2 J� we arrive at the following for I.k/, II.k/, III.k/, and IV .k/:

I.k/D 0

II.k/D 0

III.k/D���

0@1� jwj2C
X

l2L�

jwl j
2

1A zi�wk

^
j2J�

dwj

^
l2L�

dzl

IV .k/D ��wi�wk

0@X
l2L�

wlzl

1A ^
j2J�

dwj

^
l2L�

dzl :

Collecting these terms, we see the following for the coefficient of ��
V

j2J�
dwj

V
l2L�

dzl :

C.k/D�wk

�
zi�

�
1� jwj2C

P
l2L�

jwl j
2
�
�wi�

�P
l2L�

wlzl

��
8k 2 J� ;

C.k/D�wk

�
wi�

�
1�wzC

P
j2J�

wj zj

�
� zi�

�P
j2J�
jwj j

2
��

8k 2L� :

This then implies that the total coefficient of ��
V

j2J�
dwj

V
l2L�

dzl is given by

si�C.i� /C
X

k2J�

skC.k/C
X

k2L�

skC.k/:

At this point the remainder of the proof of the Theorem 8 reduces to tedious algebra. The term si�C.i� / will
contribute the term .1�wz/.1� jwj2/.wi� � zi� / and a remainder term. The remainder term will cancel with the
terms

P
k¤i�

skC.k/.
We first compute the term skC.k/ for k 2 J� . Note that in this case, we have that

C.k/D wk

0@wi�

0@X
l2L�

wlzl

1A� zi�

0@1� jwj2C
X

l2L�

jwl j
2

1A1A
D wk

0@wi�

0@X
l2L�

wlzl

1A� zi�

0@1�
X
l2J�

jwl j
2

1A1ACwkzi� jwi� j
2:

http://msp.org/apde/2011/4-4/apde-v4-n4-p01-s.pdf#page=12
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Multiplying this by sk we see that

skC.k/D .1�wz/

0@wi�

0@X
l2L�

wlzl

1A� zi�

0@1�
X
l2J�

jwl j
2

1A1A jwk j
2

�.1� jwj2/

0@wi�

0@X
l2L�

wlzl

1A� zi�

0@1�
X
l2J�

jwl j
2

1A1Awkzk

C.1�wz/zi� jwi� j
2
jwk j

2
� .1� jwj2/zi� jwi� j

2wkzk :

Upon summing in k 2 J� we find that

X
k2J�

skC.k/D .1�wz/

0@wi�

0@X
l2L�

wlzl

1A� zi�

0@1�
X

j2J�

jwj j
2

1A1A X
k2J�

jwk j
2

�.1� jwj2/

0@wi�

0@X
l2L�

wlzl

1A� zi�

0@1�
X

j2J�

jwj j
2

1A1A X
k2J�

wkzk

C.1�wz/zi� jwi� j
2
X

k2J�

jwk j
2
� .1� jwj2/zi� jwi� j

2
X

k2J�

wkzk :

Performing similar computations for k 2L� we find,

X
k2L�

skC.k/D .1�wz/

0@zi�

0@X
k2J�

jwj j
2

1A�wi�

0@1�
X

l2L�

wlzl

1A1A X
k2L�

jwk j
2

�.1� jwj2/

0@zi�

0@X
k2J�

jwj j
2

1A�wi�

0@1�
X

l2L�

wlzl

1A1A X
k2L�

wkzk

C.1�wz/zi� jwi� j
2
X

k2L�

jwk j
2
� .1� jwj2/zi� jwi� j

2
X

k2L�

wkzk :

Putting this all together we find thatX
k¤i�

skC.k/

D wi� .1�wz/

0@0@X
k2L�

wlzl

1A0@X
k2J�

jwk j
2

1A�
0@1�

X
k2L�

wkzk �wi� zi�

1A0@X
k2L�

jwk j
2

1A1A
Czi� .1� jwj

2/

0@0@1�
X

k2J�

jwk j
2
� jwi� j

2

1A0@X
k2J�

wkzk

1A�
0@X

k2J�

jwj j
2

1A0@X
k2L�

wkzk

1A1A
�zi� .1�wz/.1� jwj2/

0@X
k2J�

jwj j
2

1ACwi� .1�wz/.1� jwj2/

0@X
k2L�

wkzk

1A :
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We next compute the term si�C.i� /. Using the properties of sk we have that si�C.i� / is

.wi� � zi� / .1�wz/.1� jwj2/

Czi� .1�wz/.1� jwj2/

0@X
k2J�

jwk j
2

1A�wi� .1�wz/.1� jwj2/

0@X
k2L�

wkzk

1A
Cwi� .1�wz/

8<:.1�wz/

0@X
k2L�

jwk j
2

1AC
0@X

k2L�

jwk j
2

1A0@X
k2J�

wkzk

1A
�

0@X
k2J�

jwk j
2

1A0@X
k2L�

wkzk

1A9=;
Czi� .1� jwj

2/

8<:�.1� jwj2/
0@X

k2J�

wkzk

1A�
0@X

k2L�

jwk j
2

1A0@X
k2J�

wkzk

1A
C

0@X
k2J�

jwk j
2

1A0@X
k2L�

wkzk

1A9=; :
From this point on it is simple to see that the remainder of the term si�C.i� / cancels with

P
k¤i�

skC.k/. One
simply adds and subtracts a common term in parts of

P
k¤i�

skC.k/. The only term that remains is .wi� � zi� /.1�

wz/.1� jwj2/. Thus, we see that the term corresponding to � in the sum C0;q
n .w; z/ is

��
.�1/q.1�wz/n�q�2.1� jwj2/q�1

4.w; z/n
.1�wz/.1� jwj2/.wi� � zi� /

^
j2J�

dwj

^
l2L�

dzl ^!.w/:

Since � was arbitrary we conclude that C0;q
n .w; z/ equals

.1�wz/n�q�1
�
1� jwj2

�q

4 .w; z/n

times X
�2P

q
n

��.wi� � zi� /
^

j2J�

dwj

^
l2L�

dzl ^!.w/;

which completes the proof of Theorem 8.

Explicit formulas for kernels in nD 2 and 3 dimensions . Using the above computations and simplifying algebra
we obtain the formulas

C0;0
2
.w; z/ (ES-2)

D
.1�wz/

4.w; z/2
Œ.z2�w2/dw1 ^ dw1 ^ dw2� .z1�w1/dw2 ^ dw1 ^ dw2� ;

and

C0;1
2
.w; z/ (ES-3)

D
.1� jwj2/

4.w; z/2
Œ.w2� z2/dz1 ^ dw1 ^ dw2� .w1� z1/dz2 ^ dw1 ^ dw2� ;

http://msp.org/apde/2011/4-4/apde-v4-n4-p01-s.pdf#page=12
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and

C0;q
3
.w; z/ (ES-4)

D

X
�2S3

sgn .�/
.1�wz/2�q

�
1� jwj2

�q �
z�.1/�w�.1/

�
4 .w; z/3

d��.2/ ^ d��.3/ ^!3 .w/ ;

where S3 denotes the group of permutations on f1; 2; 3g and q determines the number of dzi in the form d��.2/ ^

d��.3/:

d��.2/ ^ d��.3/ D

8<:
dw�.2/ ^ dw�.3/ if q D 0

dz�.2/ ^ dw�.3/ if q D 1

dz�.2/ ^ dz�.3/ if q D 2

:

Integrating in higher dimensions. Here we give the proof of (2-19). Let

B �

�
1� jzj2

�
j1�wzj2

and R�

q
1� jwj2;

so that

BR2
D

�
1� jwj2

� �
1� jzj2

�
j1�wzj2

D 1� j'w.z/j
2 :

Then with the change of variable �D Br2 we obtain

.1�wz/s�q�1

Z
p

1�jwj2Bk

.1� jwj2� jw0j
2
/q

4..w;w0/ ; .z; 0//s
dV .w0/

D
.1�wz/s�q�1

j1�wzj2s

Z
p

1�jwj2Bk

�
1� jwj2� jw0j

2
�q

�
1� .1�jzj2/

j1�wzj2

�
1� jwj2� jw0j2

��s dV
�
w0
�

D
.1�wz/s�q�1

j1�wzj2s

Z R

0

�
R2� r2

�q�
1�BR2CBr2

�s r2k�1dr

D
.1�wz/s�q�1

2BkCq j1�wzj2s

Z BR2

0

�
BR2� �

�q�
1�BR2C �

�s �k�1d�;

which with

‰
0;q

n;k
.t/D

.1� t/n

tk

Z t

0

.t � �/q

.1� t C �/nCk
�k�1d�;

http://msp.org/apde/2011/4-4/apde-v4-n4-p01-s.pdf#page=18
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we rewrite as

.1�wz/s�q�1

2BkCq j1�wzj2s

.BR2/k

j'w.z/j
2n
‰

0;q

n;k

�
BR2

�

D

.1�wz/s�q�1
�
1� jwj2

�k

2
�
1� jzj2

�q

j1�wzj2s

j1�wzj2q

j'w.z/j
2n
‰

0;q

n;k

�
BR2

�

D

.1�wz/s�q�1
�
1� jwj2

�k

2
�
1� jzj2

�q

j1�wzj2q�2k

4 .w; z/n
‰

0;q

n;k

�
BR2

�

D
1

2
ˆq

n .w; z/

 
1� jwj2

1�wz

!k�q  
1�wz

1� jzj2

!q

‰
0;q

n;k

�
BR2

�
:

since ˆq
n .w; z/D

.1�wz/n�1�q
�
1�jwj2

�q

4.w;z/n
.

At this point we claim that

‰
0;q

n;k
.t/D

.1� t/n

tk

Z t

0

.t � r/q

.1� t C r/nCk
rk�1dr (ES-5)

is a polynomial in

t D BR2
D 1� j'w.z/j

2

of degree n� 1 that vanishes to order q at t D 0, so that

‰
0;q

n;k
.t/D

n�1X
jDq

cj ;n;s

 �
1� jwj2

� �
1� jzj2

�
j1�wzj2

!j

;

With this claim established, the proof of (2-19) is complete.
To see that ‰0;q

n;k
vanishes of order q at t D 0 is easy since for t small (ES-5) yields

ˇ̌̌
‰

0;q

n;k
.t/
ˇ̌̌
� C t�k

Z t

0

tq

C
rk�1dr � C tq :

To see that‰0;q

n;k
is a polynomial of degree n� 1 we prove two recursion formulas valid for 0� t < 1 (we let t ! 1

at the end of the argument):

‰
0;q

n;k
.t/�‰

0;qC1

n;k
.t/D .1� t/‰

0;q

n�1;k
.t/ ; (ES-6)

‰
0;0
n;k
.t/D

1

k
.1� t/nC

nC k

k
t‰

0;0
n;kC1

.t/ :

The first formula follows from

.t � r/q � .t � r/qC1
D .t � r/q .1� t C r/ ;

http://msp.org/apde/2011/4-4/apde-v4-n4-p01-s.pdf#page=18
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while the second is an integration by parts:

Z t

0

rk�1

.1� t C r/nCk
dr D

1

k

rk

.1� t C r/nCk
j
t
0

C
nC k

k

Z t

0

rk

.1� t C r/nCkC1
dr

D
1

k
tk
C

nC k

k

Z t

0

rk

.1� t C r/nCkC1
dr:

If we multiply this equality through by .1�t/n

tk
we obtain the second formula in (ES-6).

The recursion formulas in (ES-6) reduce matters to proving that ‰0;0
n;1

is a polynomial of degree n� 1. Indeed,
once we know that ‰0;0

n;1 is a polynomial of degree n� 1, then the second formula in (ES-6) and induction on k

shows that ‰0;0
n;k

is as well. Then the first formula and induction on q then shows that ‰0;q

n;k
is also. To see that ‰0;0

n;1

is a polynomial of degree n� 1 we compute

‰
0;0
n;1
.t/D

.1� t/n

t

Z t

0

1

.1� t C r/nC1
dr

D
.1� t/n

t

�
�

1

n .1� t C r/n

�
j
t
0

D
1� .1� t/n

nt
;

which is a polynomial of degree n� 1. This finishes the proof of the claim, and hence that of (2-19) as well.

Integration by parts formulas in the ball. We begin by proving the generalized analogue of the integration by parts
formula of [Ortega and Fàbrega 2000] as given in Lemma 14. For this we will use the following identities.

Lemma ES.1. For ` 2 Z, we have

Z
n
4 .w; z/`

o
D `4 .w; z/` ; (ES-7)

Z
n
.1�wz/`

o
D 0;

Z

��
1� jwj2

�`�
D `

�
1� jwj2

�`
� `

�
1� jwj2

�`�1

.1� zw/ :

Proof of Lemma ES.1. The computation

@4

@wj

D
@

@wj

n
j1�wzj2�

�
1� jwj2

� �
1� jzj2

�o
D .wz� 1/ zj C

�
1� jzj2

�
wj ;

http://msp.org/apde/2011/4-4/apde-v4-n4-p01-s.pdf#page=18
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shows that Z4D4:

Z4 .w; z/D

0@ nX
jD1

�
wj � zj

� @

@wj

1Anj1�wzj2�
�
1� jwj2

� �
1� jzj2

�o

D

nX
jD1

�
wj � zj

� n
.wz� 1/ zj C

�
1� jzj2

�
wj

o
D

�
wz� jzj2

�
.wz� 1/C

�
1� jzj2

� �
jwj2� zw

�
D�wzCjzj2Cjwzj2� jzj2wzCjwj2�wz� jzj2 jwj2Cjzj2wz

D�2 RewzCjzj2Cjwzj2Cjwj2� jzj2 jwj2

D jw� zj2Cjwzj2� jzj2 jwj2 D4 .w; z/

by the second line in (2-1) above. Iteration then gives the first line in (ES-7). The second line is trivial since 1�wz

is holomorphic in w. The third line follows by iterating

Z
�
1� jwj2

�
D zw� jwj2 D

�
1� jwj2

�
� .1� zw/ : �

Proof of Lemma 14. We use the general formula (2-7) for the solution kernels C0;q
n to prove by induction on m. For

mD 0 we obtain

C0;q
n � .z/D c0

Z
Bn

ˆq
n .w; z/

8<:X
jJ jDq

D0
�
�ydwJ

�
dzJ

9=; dV .w/� c0ˆ
q
n

�
D0�

�
.z/ ; (ES-8)

from (3-5) and the following calculation using (2-6):

C0;q
n � .z/

�

Z
Bn

C0;q
n .w; z/^ � .w/

D

Z
Bn

X
jJ jDq

ˆq
n .w; z/

X
k…J

.�1/�.k;J / .zk � �k/ dzJ
^ dw.J[fkg/

c

^!n .w/^

0@ X
jI jDqC1

�I dwI

1A
D

8<:
Z

Bn

ˆq
n .w; z/

24X
jJ jDq

X
k…J

.�1/�.k;J / .zk �wk/ �J[fkgdzJ

35 dV .w/

9=; :
Now we consider the case mD 1. First we note that for each J with jJ j D q,

ZD0
�
�ydwJ

�
�D0

�
�ydwJ

�
D D1

�
�ydwJ

�
: (ES-9)

http://msp.org/apde/2011/4-4/apde-v4-n4-p01-s.pdf#page=11
http://msp.org/apde/2011/4-4/apde-v4-n4-p01-s.pdf#page=21
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Indeed, we compute

ZD0
�
�ydwJ

�
D

0@ nX
jD1

�
wj � zj

� @

@wj

1A0@X
k…J

.wk � zk/
X

InJDfkg

.�1/�.k;J / �I

1A
D

nX
jD1

X
k…J

X
InJDfkg

.�1/�.k;J /
�
wj � zj

�
.wk � zk/

@

@wj

�I

C

X
k…J

.wk � zk/
X

InJDfkg

.�1/�.k;J / �I ;

so that

ZD0
�
�ydwJ

�
�D0

�
�ydwJ

�
D

nX
jD1

X
k…J

X
InJDfkg

.�1/�.k;J /
�
wj � zj

�
.wk � zk/

@

@wj

�I D D1
�
�ydwJ

�
:

For jJ j D q and 0� `� q define

I`J �

nX
jD1

Z
Bn

@

@wj

8̂<̂
:
.1�wz/n�1�`

�
1� jwj2

�`
4 .w; z/n

�
wj � zj

�
D0
�
�ydwJ

�9>=>;! .w/^! .w/ :

By (3) and (4) of Proposition 16.4.4 in [Rudin 1980] we have

nX
jD1

.�1/j�1
�
wj � zj

� ^
k¤j

dwk ^! .w/ j@Bn
D c .1� zw/ d� .w/ ;

and Stokes’ theorem then yields

I`J D c

Z
@Bn

.1�wz/n�`
�
1� jwj2

�`
4 .w; z/n

D0
�
�ydwJ

�
d� .w/D 0;
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since `� 1 and 1� jwj2 vanishes on @Bn. Moreover, from Lemma ES.1 we obtain

I`J D n

Z
Bn

.1�wz/n�1�`
�
1� jwj2

�`
4 .z; w/n

D0
�
�ydwJ

�
dV .w/

C

Z
Bn

Z

8̂<̂
:
.1�wz/n�1�`

�
1� jwj2

�`
4 .z; w/n

D0
�
�ydwJ

�9>=>; dV .w/

D

Z
Bn

.1�wz/n�1�`
�
1� jwj2

�`
4 .z; w/n

ZD0
�
�ydwJ

�
dV .w/

C`

Z
Bn

.1�wz/n�1�`
�
1� jwj2

�`
4 .z; w/n

D0
�
�ydwJ

�
dV .w/

�`

Z
Bn

.1�wz/n�`
�
1� jwj2

�`�1

4 .z; w/n
D0
�
�ydwJ

�
dV .w/ :

Combining this with (ES-9) and (ES-8) yields

ˆ`n

�
D0�

�
.z/D

X
J

Z
Bn

ˆ`n .w; z/D0
�
�ydwJ

�
dV .w/ dzJ

D

X
J

Z
Bn

ˆ`n .w; z/ZD0
�
�ydwJ

�
dV .w/ dzJ

�

X
J

Z
Bn

ˆ`n .w; z/D1
�
�ydwJ

�
dV .w/ dzJ

D�

X
J

Z
Bn

ˆ`n .w; z/D1
�
�ydwJ

�
dV .w/ dzJ

�`
X

J

Z
Bn

ˆ`n .w; z/D0
�
�ydwJ

�
dV .w/ dzJ

C`
X

J

Z
Bn

ˆ`�1
n .w; z/D0

�
�ydwJ

�
dV .w/ dzJ

D�ˆ`n

�
D1�

�
.z/� `ˆ`n

�
D0�

�
.z/C `ˆ`�1

n

�
D0�

�
.z/ :

Thus we have

ˆ`n

�
D0�

�
.z/D�

1

`C 1
ˆ`n

�
D1�

�
.z/C

`

`C 1
ˆ`�1

n

�
D0�

�
.z/ : (ES-10)
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From (ES-8) and then iterating (ES-10) we obtain

C.0;q/n � .z/ (ES-11)

Dˆq
n

�
D0�

�
.z/D�

1

qC 1
ˆq

n

�
D1�

�
.z/C

q

qC 1
ˆq�1

n

�
D0�

�
.z/

D�
1

qC 1
ˆq

n

�
D1�

�
.z/C

q

qC 1

�
�

1

q
ˆq�1

n

�
D1�

�
.z/C

q� 1

q
ˆq�2

n

�
D0�

�
.z/

�
D�

1

qC 1

qX
`D1

ˆ`n

�
D1�

�
.z/C boundary term:

Thus we have obtained the second sum in with c` D�
1

qC1
for 1� `� q in the case mD 1.

We have included boundary term in (ES-11) since when we use Stokes’ theorem on ˆ0
n

�
D0�

�
the boundary

integral no longer vanishes. In fact when `D 0 the boundary term in Stokes’ theorem is

I0
J D c

Z
@Bn

.1� �z/n

4 .�; z/n
D0
�
�ydwJ

�
d� .�/

D c

Z
@Bn

1�
1� �z

�n D0
�
�ydwJ

�
d� .�/ ;

since from (2-1) we have

.1�wz/n

4 .z; w/n
D

.1�wz/n

j1�wzj2n
j'z .w/j

2n
D

1

.1�wz/n
; w 2 @Bn:

Thus the boundary term in (ES-11) is

c
X

J

Z
@Bn

1�
1� �z

�n D0
�
�ydwJ

�
d� .�/ dzJ

D cSn

�
D0�

�
.z/ :

This completes the proof of in the case mD 1. Now we proceed by induction on m to complete the proof of Lemma
14. �

Finally here is the simple proof of the integration by parts formula for the radial derivative in Lemma 15.

Proof of Lemma 15. Since
�
1� jwj2

�bC1

vanishes on the boundary for b > �1, and since

R
�
1� jwj2

�bC1

D

nX
jD1

wj

@

@wj

�
1� jwj2

�bC1

D� .bC 1/
�
1� jwj2

�b

jwj2 ;
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the divergence theorem yields

0D

Z
@Bn

�
1� jwj2

�bC1

‰ .w/w �nd� .w/

D

Z
Bn

nX
jD1

@

@wj

�
wj

�
1� jwj2

�bC1

‰ .w/

�
dV .w/

D n

Z
Bn

�
1� jwj2

�bC1

‰ .w/ dV .w/

C .bC 1/

Z
Bn

�
1� jwj2

�b �
� jwj2

�
‰ .w/ dV .w/

C

Z
Bn

�
1� jwj2

�bC1

R‰ .w/ dV .w/ ;

which after rearranging becomes

.nC bC 1/

Z
Bn

�
1� jwj2

�bC1

‰ .w/ dV .w/

C

Z
Bn

�
1� jwj2

�bC1

R‰ .w/ dV .w/ :

D .bC 1/

Z
Bn

�
1� jwj2

�b

‰ .w/ dV .w/ :

�

We now recall the invertible “radial” operators R;t WH .Bn/!H .Bn/ given in [Zhu 2005] by

R;tf .z/D

1X
kD0

� .nC 1C  / � .nC 1C kC  C t/

� .nC 1C  C t/ � .nC 1C kC  /
fk .z/ ;

provided neither nC  nor nC  C t is a negative integer, and where f .z/D
P1

kD0 fk .z/ is the homogeneous
expansion of f . This definition is easily extended to f 2H

�
BnI `

2
�
. If the inverse of R;t is denoted R;t , then

Proposition 1.14 of [Zhu 2005] yields

R;t

 
1

.1�wz/nC1C

!
D

1

.1�wz/nC1CCt
; (ES-12)

R;t

 
1

.1�wz/nC1CCt

!
D

1

.1�wz/nC1C
;

for all w 2 Bn. Thus for any  , R;t is approximately differentiation of order t .

Equivalent seminorms on Besov–Sobolev spaces. It is a routine matter to take known scalar-valued proofs of the
results in this section and replace the scalars with vectors in `2 to obtain proofs for the `2-valued versions. We begin
illustrating this process by proving the equivalence of certain norms:
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Proposition ES.2. Suppose that � � 0, 0< p <1, nC  is not a negative integer, and f 2H
�
BnI `

2
�
. Then the

following four conditions are equivalent:�
1� jzj2

�mC�

r
mf .z/ 2Lp

�
d�nI `

2
�

for some m>
n

p
� �;m 2 N;�

1� jzj2
�mC�

r
mf .z/ 2Lp

�
d�nI `

2
�

for all m>
n

p
� �;m 2 N;�

1� jzj2
�mC�

R;mf .z/ 2Lp
�
d�nI `

2
�

for some m>
n

p
� �;mC nC  … �N;�

1� jzj2
�mC�

R;mf .z/ 2Lp
�
d�nI `

2
�

for all m>
n

p
� �;mC nC  … �N:

Moreover, with  .z/D 1� jzj2, we have for 1< p <1,

C�1
 m1C�R;m1f


Lp.d�nI`2/

�

m2�1X
kD0

ˇ̌̌
r

kf .0/
ˇ̌̌
C

�Z
Bn

ˇ̌̌̌�
1� jzj2

�m2C�

r
m2f .z/

ˇ̌̌̌p
d�n .z/

� 1
p

� C
 m1C�R;m1f


Lp.d�nI`2/

for all m1;m2 >
n
p
� � , m1C nC  … �N, m2 2 N, and where the constant C depends only on � , m1, m2, n, 

and p.

Proof. First we note the equivalence of the following two conditions (the case � D 0 is Theorem 6.1 of [Zhu 2005]):

(1) The functions �
1� jzj2

�jkjC� @jkj
@zk

f .z/ ; jkj DN

are in Lp
�
d�nI `

2
�

for some N > n
p
� � ,

(2) The functions �
1� jzj2

�jkjC� @jkj
@zk

f .z/ ; jkj DN

are in Lp
�
d�nI `

2
�

for every N > n
p
� � .

Indeed, Lp
�
d�nI `

2
�
DLp

�
��n�1I `

2
�

and
�
1� jzj2

�jkjC�
@jkj

@zk
f .z/ 2Lp

�
��n�1I `

2
�

if and only if

@jkj

@zk
f .z/ 2Lp

�
�p.jkjC�/�n�1I `

2
�
:

Provided p .jkjC �/ � n � 1 > �1, Theorem 2.17 of [Zhu 2005] shows that
�
1� jzj2

�`
@j`j

@z`

�
@jkj

@zk
f
�
.z/ 2

Lp
�
�p.jkjC�/�n�1I `

2
�
, which shows that (2) follows from (1).

From the equivalence of (1) and (2) we obtain the equivalence of the first two conditions in Proposition ES.2.
The equivalence with the next two conditions follows from the corresponding generalization to � > 0 of Theorem
6.4 in [Zhu 2005], which in turn is achieved by arguing as in the previous paragraph. �

Next we prove a lemma whose case scalar � D 0 is Lemma 6.4 in [Arcozzi et al. 2006]. Our prove is an adaptation
of the one in that reference.
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Lemma ES.3. Let 1< p <1, � � 0 and m> 2
�

n
p
� �

�
. Denote by Bˇ .c;C / the ball center c radius C in the

Bergman metric ˇ. Then for f 2H
�
BnI `

2
�
,

kf k�
B�p;m.BnI`2/C

m�1X
jD0

ˇ̌
r

jf .0/
ˇ̌

(ES-13)

�

0@X
˛2Tn

Z
Bˇ.c˛ ;C2/

ˇ̌̌�
1� jzj2

��
Dm

c˛
f .z/

ˇ̌̌p
d�n .z/

1A 1
p

C

m�1X
jD0

ˇ̌
r

jf .0/
ˇ̌

�

�Z
Bn

ˇ̌̌̌�
1� jzj2

�mC�

R�;mf .z/

ˇ̌̌̌p
d�n .z/

� 1
p

C

m�1X
jD0

ˇ̌
r

jf .0/
ˇ̌
D kf kB�p;m.BnI`2/ :

Proof of Lemma ES.3. We have

jDaf .z/j D

ˇ̌̌̌
ˇf 0 .z/

(�
1� jaj2

�
PaC

�
1� jaj2

� 1
2

Qa

)ˇ̌̌̌
ˇ� ˇ̌̌�1� jaj2

�
f 0 .z/

ˇ̌̌
; (ES-14)

and iterating with f replaced by (the components of) Daf in (ES-14), we obtain

ˇ̌̌
D2

af .z/
ˇ̌̌
�

ˇ̌̌�
1� jaj2

�
.Daf /

0 .z/
ˇ̌̌
:

Applying (ES-14) once more with f replaced by (the components of) f 0, we get

ˇ̌̌�
1� jaj2

�
.Daf /

0 .z/
ˇ̌̌
D

ˇ̌̌�
1� jaj2

�
Da

�
f 0
�
.z/
ˇ̌̌
�

ˇ̌̌̌�
1� jaj2

�2

f 00 .z/

ˇ̌̌̌
;

which when combined with the previous inequality yields

ˇ̌̌
D2

af .z/
ˇ̌̌
�

ˇ̌̌̌�
1� jaj2

�2

f 00 .z/

ˇ̌̌̌
:

Continuing by induction we have

ˇ̌
Dm

a f .z/
ˇ̌
�

ˇ̌̌�
1� jaj2

�m

f .m/ .z/
ˇ̌̌
; m� 1: (ES-15)
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Proposition ES.2 and (ES-15) now show that�Z
Bn

ˇ̌̌̌�
1� jzj2

�mC�

R0;mf .z/

ˇ̌̌̌p
d�n .z/

� 1
p

� C

�Z
Bn

ˇ̌̌̌�
1� jzj2

�mC�

f .m/ .z/

ˇ̌̌̌p
d�n .z/

� 1
p

C

m�1X
jD0

ˇ̌
r

jf .0/
ˇ̌

� C

0@X
˛2Tn

Z
Bˇ.c˛ ;C2/

ˇ̌̌̌�
1� jzj2

�mC�

f .m/ .z/

ˇ̌̌̌p
d�n .z/

1A 1
p

C

m�1X
jD0

ˇ̌
r

jf .0/
ˇ̌

� C

0@X
˛2Tn

Z
Bˇ.c˛ ;C2/

ˇ̌̌̌�
1� jc˛j

2
�mC�

f .m/ .z/

ˇ̌̌̌p
d�n .z/

1A 1
p

C

m�1X
jD0

ˇ̌
r

jf .0/
ˇ̌

� C

0@X
˛2Tn

Z
Bˇ.c˛ ;C2/

ˇ̌̌�
1� jzj2

��
Dm

c˛
f .z/

ˇ̌̌p
d�n .z/

1A 1
p

C

m�1X
jD0

ˇ̌
r

jf .0/
ˇ̌

D C kf k�B�p;m.Bn/
C

m�1X
jD0

ˇ̌
r

jf .0/
ˇ̌
:

For the opposite inequality, just as in [Arcozzi et al. 2006], we employ some of the ideas in the proofs of Theorem
6.11 and Lemma 3.3 in [Zhu 2005], where the case � D 0 and mD 1> 2n

p
is proved. Suppose f 2H .Bn/ and that

the right side of (ES-13) is finite. By Proposition ES.2 and the proof of Theorem 6.7 of [Zhu 2005] we have

f .z/D c

Z
Bn

g .w/

.1�wz/nC1C�
dV .w/ ; z 2 Bn; (ES-16)

for some g 2Lp .�n/ where

kgkLp.�n/
�

m�1X
jD0

ˇ̌
r

jf .0/
ˇ̌
C

�Z
Bn

ˇ̌̌̌�
1� jzj2

�mC�

R�;mf .z/

ˇ̌̌̌p
d�n .z/

� 1
p

: (ES-17)

Indeed, Proposition ES.2 shows that

f 2 B�
p .Bn/,

�
1� jzj2

�mC�

R�;mf .z/ 2Lp .�n/

,R�;mf .z/ 2Lp
�
�p.mC�/�n�1

�
\H .Bn/ ;

where as in [Zhu 2005] we write d�˛ .z/D
�
1� jzj2

�˛
dV .z/. Now Lemma 24 above (see also Proposition 2.11

in [Zhu 2005]) shows that
T0;ˇ;0Lp

�
�
�
DLp

�
�
�
\H .Bn/

if and only if p .ˇC 1/ >  C 1. Choosing ˇ DmC � and  D p .mC �/� n� 1 we see that p .ˇC 1/ >  C 1

and so f 2 B�
p .Bn/ if and only if

R�;mf .z/D c

Z
Bn

�
1� jwj2

�mC�

h .w/

.1�wz/nC1CmC�
dV .w/

http://msp.org/apde/2011/4-4/apde-v4-n4-p01-s.pdf#page=51
http://msp.org/apde/2011/4-4/apde-v4-n4-p01-s.pdf#page=53
http://msp.org/apde/2011/4-4/apde-v4-n4-p01-s.pdf#page=53
http://msp.org/apde/2011/4-4/apde-v4-n4-p01-s.pdf#page=53
http://msp.org/apde/2011/4-4/apde-v4-n4-p01-s.pdf#page=32
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for some h 2Lp
�
�p.mC�/�n�1

�
. If we set g .w/D

�
1� jwj2

�mC�

h .w/ we obtain

R�;mf .z/D c

Z
Bn

g .w/

.1�wz/nC1CmC�
dV .w/ (ES-18)

with g 2Lp .�n/. Now apply the inverse operator R�;m D .R
�;m/�1 to both sides of (ES-18) and use (ES-12),

R�;m

 
1

.1�wz/nC1CmC�

!
D

1

.1�wz/nC1C�
;

to obtain (ES-16) and (ES-17).
Fix ˛ 2 Tn and let aD c˛ 2 Bn. We claim thatˇ̌

Dm
a f .z/

ˇ̌
� Cm

�
1� jaj2

�m
2

Z
Bn

jg .w/j

j1�wzjnC1Cm
2
C�

dV .w/ ; m� 1; z 2 Bˇ .a;C / : (ES-19)

To see this we compute Dm
a f .z/ for z 2 Bˇ .a;C /, beginning with the case mD 1. Since

Da .wz/D .wz/0 '0a .0/D�w
t

(�
1� jaj2

�
PaC

�
1� jaj2

� 1
2

Qa

)

D�

(�
1� jaj2

�
PawC

�
1� jaj2

� 1
2

Qaw

)t

;

we have

Daf .z/ (ES-20)

D cn

Z
Bn

Da .1�wz/�.nC1C�/ g .w/ dV .w/

D cn

Z
Bn

.1�wz/�.nC2C�/ Da .wz/g .w/ dV .w/

D cn

Z
Bn

.1�wz/�.nC2C�/

(�
1� jaj2

�
PawC

�
1� jaj2

� 1
2

Qaw

)t

g .w/ dV .w/ :

Taking absolute values inside, we obtain

jDaf .z/j � C
�
1� jaj2

� 1
2

Z
Bn

�
1� jaj2

� 1
2
jPawjC jQawj

j1�wzjnC2C�
jg .w/j dV .w/ : (ES-21)

From the following elementary inequalities

jQawj
2
D jQa .w� a/j2 � jw� aj2 ; (ES-22)

D jwj2Cjaj2� 2 Re .wa/

� 2 Re .1�wa/� 2 j1�waj ;

we obtain that jQawj � C j1�waj
1
2 . Now

j1�waj � j1�wzj �
1

2

�
1� jzj2

�
�

�
1� jaj2

�
; z 2 Bˇ .a;C /
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shows that �
1� jaj2

� 1
2
Cj1�waj

1
2 � C j1�wzj

1
2 ; z 2 Bˇ .a;C / ;

and so we see that �
1� jaj2

� 1
2
jPawjC jQawj

j1�wzjnC2
�

C

j1�wzjnC
3
2

; z 2 Bˇ .a;C / :

Plugging this estimate into (ES-21) yields

jDaf .z/j � C
�
1� jaj2

� 1
2

Z
Bn

jg .w/j

j1�wzjnC
3
2
C�

dV .w/ ;

which is the case mD 1 of (ES-19).
To obtain the case mD 2 of (ES-19), we differentiate (ES-20) again to get

D2
af .z/D c

Z
Bn

.1�wz/�.nC3C�/ W W
t
g .w/ dV .w/ :

where we have written W D

(�
1� jaj2

�
PawC

�
1� jaj2

� 1
2

Qaw

)
for convenience. Again taking absolute values

inside, we obtain

ˇ̌̌
D2

af .z/
ˇ̌̌
� C

�
1� jaj2

� Z
Bn

 �
1� jaj2

� 1
2
jPawjC jQawj

!2

j1�wzjnC3C�
jg .w/j dV .w/ :

Once again, using jQawj � C j1�waj
1
2 and

�
1� jaj2

� 1
2
C j1�waj

1
2 � C j1�wzj

1
2 for z 2 Bˇ .a;C /, we see

that  �
1� jaj2

� 1
2
jPawjC jQawj

!2

j1�wzjnC3C�
�

C

j1�wzjnC2C�
; z 2 Bˇ .a;C / ;

which yields the case mD 2 of (ES-19). The general case of (ES-19) follows by induction on m.
The inequality (ES-19) shows that

�
1� jzj2

�� ˇ̌
Dm

c˛
f .z/

ˇ̌
� CmS jgj .z/ for z 2 Bˇ .c˛;C /, where

Sg .z/D

Z
Bn

�
1� jzj2

�m
2
C�

j1�wzjnC1Cm
2
C�

g .w/ dV .w/ :

We will now use the symbol a differently than before. The operator S is the operator Ta;b;c in Lemma 24 above
(see also Theorem 2.10 of [Zhu 2005]) with parameters a D m

2
C � and b D c D 0. Now with t D �n� 1, our

assumption that m> 2
�

n
p
� �

�
yields �p

�
m
2
C �

�
< �n< p .0C 1/, i.e.

�pa< t C 1< p .bC 1/ :

http://msp.org/apde/2011/4-4/apde-v4-n4-p01-s.pdf#page=32
http://msp.org/apde/2011/4-4/apde-v4-n4-p01-s.pdf#page=53
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Thus the bounded overlap property of the balls Bˇ .c˛;C2/ together with Lemma 24 above yields

kf k�B�p;m.Bn/
D

0@X
˛2Tn

Z
Bˇ.c˛ ;C2/

ˇ̌̌�
1� jzj2

��
Dm

c˛
f .z/

ˇ̌̌p
d�n .z/

1A 1
p

� Cm

�Z
Bn

jSg .z/jp d�n .z/

� 1
p

� C 0m

�Z
Bn

jg .z/jp d�n .z/

� 1
p

� C 00m

�Z
Bn

ˇ̌̌̌�
1� jzj2

�mC�

R�;mf .z/

ˇ̌̌̌p
d�n .z/

� 1
p

by (ES-17). This completes the proof of Lemma ES.3. �

Multilinear inequalities. Proposition 22 is proved by adapting the proof of Theorem 3.5 in [Ortega and Fàbrega
2000] to `2-valued functions. This argument uses the complex interpolation theorem of [Beatrous 1986] and
[Ligocka 1987], which extends to Hilbert space valued functions with the same proof. In order to apply this
extension we will need the following operator norm inequality.

If ' 2MB�p .Bn/!B�p .BnI`2/ and f D
P
jI jD� fI eI 2 B�

p

�
BnI˝

��1`2
�
, we define

M'f D '˝f D '˝

0@ X
jI jD��1

fI eI

1AD X
jI jD��1

.'fI /˝ eI ;

where I D .i1; :::; i��1/ 2 N��1 and eI D ei1 ˝ :::˝ ei��1
.

Proof of Proposition 22 and Lemma 23. We begin with the proof of the case M D 1 of Proposition 22. We will
show that for mD `C k,Z

Bn

ˇ̌̌�
1� jzj2

�� �
Y`g

� �
Ykh

�ˇ̌̌p
d�n .z/� Cn;�;p

Mg

p

B�p .Bn/!B�p .BnI`2/ khk
p

B�p .Bn/
: (ES-23)

Following the proof of Theorem 3.1 in [Ortega and Fàbrega 2000] we first convert the Leibniz formula

�
Y`g

� �
Ykh

�
D Y`

�
gYkh

�
�

`�1X
˛D0

�
`

˛

�
.Y˛g/

�
YkC`�˛h

�
to "divergence form" �

Y`g
� �

Ykh
�
D

X̀
˛D0

.�1/˛
�

`

`�˛

�
Y`�˛

�
gYkC˛h

�
:

This is easily established by induction on ` with k held fixed and can be stated as

�
Y`g

� �
Ykh

�
D

X̀
˛D0

c`˛Y˛
�
gYkC`�˛h

�
: (ES-24)

http://msp.org/apde/2011/4-4/apde-v4-n4-p01-s.pdf#page=32
http://msp.org/apde/2011/4-4/apde-v4-n4-p01-s.pdf#page=28
http://msp.org/apde/2011/4-4/apde-v4-n4-p01-s.pdf#page=52
http://msp.org/apde/2011/4-4/apde-v4-n4-p01-s.pdf#page=52
http://msp.org/apde/2011/4-4/apde-v4-n4-p01-s.pdf#page=51
http://msp.org/apde/2011/4-4/apde-v4-n4-p01-s.pdf#page=52
http://msp.org/apde/2011/4-4/apde-v4-n4-p01-s.pdf#page=28
http://msp.org/apde/2011/4-4/apde-v4-n4-p01-s.pdf#page=29
http://msp.org/apde/2011/4-4/apde-v4-n4-p01-s.pdf#page=28
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Next we note that for s > n
p

, Bs
p

�
BnI `

2
�

is a Bergman space, hence MBs
p.Bn/!Bs

p.BnI`2/ DH1
�
BnI `

2
�
. Thus

using (5-2) we have for s > n
p

,

g 2MB�p .Bn/!B�p .BnI`2/\H1
�

BnI `
2
�
DMB�p .Bn/!B�p .BnI`2/\MBs

p.Bn/!Bs
p.BnI`2/:

Then, still following the argument in [Ortega and Fàbrega 2000], we use the complex interpolation theorem of
[Beatrous 1986] and [Ligocka 1987], 1�

B�
p .Bn/ ;B

n
pC"

p .Bn/

�
�

D B
.1��/�C�

�
n
pC"

�
p .Bn/ ; 0� � � 1;�

B�
p

�
BnI `

2
�
;B

n
pC"

p

�
BnI `

2
��

�

D B
.1��/�C�

�
n
pC"

�
p

�
BnI `

2
�
; 0� � � 1;

to conclude that g 2MBs
p.Bn/!Bs

p.BnI`2/ for all s � � , and with multiplier norm
Mg


Bs

p.Bn/!Bs
p.BnI`2/ bounded

by
Mg


B�p .Bn/!B�p .BnI`2/. Recall now that

khk
p

B�p .Bn/
D

Z
Bn

ˇ̌̌�
1� jzj2

��
Ymh .z/

ˇ̌̌p
d�n .z/ ;

and similarly for kf kp
B�p .BnI`2/

, provided m satisfies�
� C

m

2

�
p > n; (ES-25)

where m
2

appears in the inequality since the derivatives D that can appear in Ym only contribute
�
1� jzj2

� 1
2 to the

power of 1� jzj2 in the integral (see Section 5).

Remark. At this point we recall the convention established in Definitions Definition 18 and Definition 19 that the
factors of 1� jzj2 that are embedded in the notation for the derivative Y˛ are treated as constants relative to the
actual differentiations. In the calculations below, we will adopt the same convention for the factors

�
1� jzj2

�s

that
we introduce into the integrals. Alternatively, the reader may wish to write out all the derivatives explicitly with the
appropriate power of 1� jzj2 set aside as is done in [Ortega and Fàbrega 2000].

So we have, keeping in mind the remark,Z
Bn

ˇ̌̌�
1� jzj2

��
Y˛

�
g .z/YkC`�˛h .z/

�ˇ̌̌p
d�n
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Z
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ˇ̌̌�
1� jzj2

�s

Y˛
n
g .z/

�
1� jzj2

���s

YkC`�˛h .z/
oˇ̌̌p

d�n

D

g .z/
�
1� jzj2

���s

YkC`�˛h
p
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p;˛.BnI`2/

:

Here the function
H .z/D

�
1� jzj2

���s

YkC`�˛h .z/

is not holomorphic, but we have defined the norm k�kBs
p;˛.BnI`2/ on smooth functions anyway. Now we would

like to apply a multiplier property of g, and for this we must be acting on a Besov–Sobolev space of holomorphic

1In those references only the scalar-valued version of the theorem is proved, but the Hilbert space valued version has the
same proof

http://msp.org/apde/2011/4-4/apde-v4-n4-p01-s.pdf#page=27
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functions, since that is what we get from the complex interpolation of Beatrous and Ligocka. Precisely, we get that
Mg is a bounded operator from Bs

p .Bn/ to Bs
p

�
BnI `

2
�

for all s � � .
Now we express YkC`�˛h .z/ as a sum of terms that are products of a power of 1 � jzj2 and a derivative

RiLj h .z/ where i C j D kC `�˛ and R is the radial derivative and L denotes a complex tangential derivative
@
@zj
� zj R as in [Ortega and Fàbrega 2000]. However, the operators RiLj have different weights in the sense that

the power of 1� jzj2 that is associated with RiLj is
�
1� jzj2

�iC
j
2 , i.e.
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It turns out that to handle the term
�
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2

RiLj h .z/ we will use that g is a multiplier on Bs
p .Bn/ with
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2
;

an exponent that depends on i C j
2

and not on i C j D kC `�˛.
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Now the function g .z/RiLj h .z/ is holomorphic and s D � C i C j
2
� � so that we can use that g is a multiplier

on Bs
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p;˛ .Bn/ (this latter equality holds because
�
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2
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and the case M D 1 of Proposition 22 is proved.
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Now we turn to the proof of the operator norm inequality (5-5) in Lemma 23. The case pD 2 is particularly easy:M'f
2

B�
2 .BnI˝

�`2/ D

Z
Bn

�
1� jzj2

�2� X
jI jD��1

jYm .'fI /j
2

d�n

D

X
jI jD��1

M'fI

2

B�
2 .BnI`2/

�
M'

2

B�
2
.Bn/!B�

2 .BnI`2/

X
jI jD��1

kfIk
2
B�

2
.Bn/

D
M'

2

B�
2
.Bn/!B�

2 .BnI`2/

Z
Bn

�
1� jzj2

�2� X
jI jD��1

jYmfI j
2

d�n

D
M'

2

B�
2
.Bn/!B�

2 .BnI`2/ kf k
2

B�
2 .BnI˝

��1`2/ ;

and from this we easily obtain (5-6).
For p ¤ 2 it suffices to show thatM'


B�p .BnIC�/!B�p .BnIC�˝C�/

� Cn;�;p

M'


B�p .Bn/!B�p .BnIC�/

(ES-26)

for all �; � � 1 where the constant Cn;�;p is independent of �; �. Indeed, both `2 and ˝��1`2 are separable
Hilbert spaces and so can be appropriately approximated by C� and C� respectively. For each z 2 Bn we will view
' .z/ 2 C� as a column vector and f .z/ 2 C� as a row vector so that

�
M'f

�
.z/ is the rank one �� � matrix

�
M'f

�
.z/D

264 .'1f1/ .z/ � � � .'1f�/ .z/
:::

: : :
:::�

'�f1

�
.z/ � � �

�
'�f�

�
.z/

375D ' .z/ˇf .z/ ;
where we have inserted the symbol ˇ simply to remind the reader that this is not the dot product ' .z/ � f .z/D
f .z/ ' .z/ of the vectors ' .z/ and f .z/.

Now we consider a single component X m of the vector differential operator Ym for some m> 2
�

n
p
� �

�
, which

can be chosen independent of � and �. The main point in the proof of the lemma is that the matrix X m
�
M'f

�
.z/

has rank at most mC 1 independent of � and �. Indeed, the Leibniz formula yields

X m
�
M'f

�
.z/DX m .' .z/ˇf .z//D

mX
`D0

c`;mX m�`' .z/ˇX `f .z/ ;

where each matrix X m�`' .z/ˇX `f .z/ is rank one, and where the Hilbert Schmidt norm is multiplicative:ˇ̌̌
X m�`' .z/ˇX `f .z/

ˇ̌̌
D

ˇ̌̌
X m�`' .z/

ˇ̌̌ ˇ̌̌
X `f .z/

ˇ̌̌
:

Momentarily fix 0� `�m and define

T `h .z/DX m�`' .z/ h .z/ ; h .z/ 2 C;

T `g .z/DX m�`' .z/ˇg .z/ ; g .z/ 2 C� :

For x 2 @B�, which we view as a row vector, define

T `
x g .z/D xT `g .z/D x

�
X m�`'

�
.z/ˇg .z/ :
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Now choose x .z/ 2 @B� such that x .z/
�
X m�`'

�
.z/D

ˇ̌
X m�`' .z/

ˇ̌
so that

T `
x.z/g .z/D x .z/

�
X m�`'

�
.z/ˇg .z/D

ˇ̌̌
X m�`' .z/

ˇ̌̌
g .z/ ;

and hence

ˇ̌̌
T `

x.z/

�
X `f

�
.z/
ˇ̌̌
D

ˇ̌̌
X m�`' .z/

ˇ̌̌ ˇ̌̌
X `f .z/

ˇ̌̌
D

ˇ̌̌
X m�`' .z/ˇX `f .z/

ˇ̌̌
D

ˇ̌̌
T `

�
X `f

�
.z/
ˇ̌̌
:

Now we follow the well known argument on page 451 of [Stein 1993]. For y 2 @B� , which we view as a column
vector, and g .z/ 2 C� define the scalars

gy .z/D g .z/y;�
T `

x.z/g
�

y
.z/D T `

x.z/g .z/y D x .z/
�
X m�`'

�
.z/ˇg .z/y;

and note that

T `
x.z/

�
X `f

�
.z/y D x .z/

�
X m�`'

�
.z/ˇ

�
X `f

�
.z/y D T `

x.z/

�
X `f

�
y
.z/ :

Thus we have with d�� surface measure on @B� ,

Z
@B�

ˇ̌̌
T `

x.z/

�
X `f

�
.z/y

ˇ̌̌p
d�� .y/D

ˇ̌̌
T `

x.z/

�
X `f

�
.z/
ˇ̌̌p Z

@B�

ˇ̌̌̌
ˇ̌ T `

x.z/

�
X `f

�
.z/ˇ̌̌

T `
x.z/

�
X `f

�
.z/
ˇ̌̌ �y

ˇ̌̌̌
ˇ̌
p

d�� .y/ ;

as well as Z
@B�

ˇ̌̌̌�
X `f

�
y
.z/

ˇ̌̌̌p
d�� .y/D

ˇ̌̌
X `f .z/

ˇ̌̌p Z
@B�

ˇ̌̌̌
ˇ X `f .z/ˇ̌

X `f .z/
ˇ̌ �y ˇ̌̌̌ˇ

p

d�� .y/ :

The crucial observation now is that

Z
@B�

ˇ̌̌̌
ˇ̌ T `

x.z/

�
X `f

�
.z/ˇ̌̌

T `
x.z/

�
X `f

�
.z/
ˇ̌̌ �y

ˇ̌̌̌
ˇ̌
p

d�� .y/D

Z
@B�

ˇ̌̌̌
ˇ X `f .z/ˇ̌

X `f .z/
ˇ̌ �y ˇ̌̌̌ˇ

p

d�� .y/D p;�

is independent of the row vector in @B� that is dotted with y. Thus we have

ˇ̌̌
T `

�
X `f

�
.z/
ˇ̌̌p
D

ˇ̌̌
T `

x.z/

�
X `f

�
.z/
ˇ̌̌p
D

1

p;�

Z
@B�

ˇ̌̌
T `

x.z/

�
X `f

�
.z/y

ˇ̌̌p
d�� .y/ ;ˇ̌̌

X `f .z/
ˇ̌̌p
D

1

p;�

Z
@B�

ˇ̌̌̌�
X `f

�
y
.z/

ˇ̌̌̌p
d�� .y/ :
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So with d!p� .z/D
�
1� jzj2

�p�

d�n .z/, we conclude thatZ
Bn

ˇ̌
X m

�
M'f

�ˇ̌p
d!p� .z/

� Cn;�;p;m

mX
`D0

Z
Bn

ˇ̌̌
T `

�
X `f

�
.z/
ˇ̌̌p

d!p� .z/

D Cn;�;p;m

mX
`D0

1

p;�

Z
@B�

Z
Bn

ˇ̌̌
x .z/

�
X m�`'

�
.z/

�
X `fy

�
.z/
ˇ̌̌p

d!p� .z/ d�� .y/

� Cn;�;p;m

mX
`D0

1

p;�

Z
@B�

Z
Bn

ˇ̌̌̌�
X m�`'

�
.z/

�
X `f

�
y
.z/

ˇ̌̌̌p
d!p� .z/ d�� .y/

� Cn;�;p;m

mX
`D0

1

p;�

Z
@B�

M'

p

B�p .Bn/!B�p .BnIC�/

Z
Bn

ˇ̌
.Xmf /y .z/

ˇ̌p
d!p� .z/ d�� .y/

by the case M D 1 of Proposition 22, where `2 there is replaced by C� , g by ' and h by fy . Now we use the
equality Z

@B�

ˇ̌
.Xmf /y .z/

ˇ̌p
d�� .y/D p;� jX

mf .z/j
p

to obtain Z
Bn

ˇ̌
X m

�
M'f

�ˇ̌p
d!p� .z/� Cn;�;p;m

M'

p

B�p .Bn/!B�p .BnIC�/

Z
Bn

jXmf .z/j
p

d!p� .z/

� Cn;�;p;m

M'

p

B�p .Bn/!B�p .BnIC�/
kf k

p

B�p .BnIC�/
:

Since m depends only on n, � and p, this completes the proof of (ES-26), and hence that of Lemma 23.

Finally we return to complete the proof of Proposition 22. We have already proved the case M D 1. Now we
sketch a proof of the case M D 2 using the multiplier norm inequality (5-5) with � D 2. By multiplicativity of j�j on
tensors, it suffices to show that for mD `1C `2C k,Z

Bn

ˇ̌̌�
1� jzj2

�� �
Y`1g

�
˝

�
Y`2g

� �
Ykh

�ˇ̌̌p
d�n .z/ (ES-27)

� Cn;�;p

Mg

2p

B�p .Bn/!B�p .BnI`2/ khk
p

B�p .Bn/
:

This time we write using the divergence form of Leibniz’ formula on tensor products (c.f. (ES-24)),

�
Y`1g

�
˝

�
Y`2g

� �
Ykh

�
D

�
Y`1g

�
˝

8<:
`2X
˛D0

c
`2
˛ Y˛

�
gYkC`2�˛h

�9=;
D

`2X
˛D0

c
`2
˛

�
Y`1g

�
˝

h
Y˛

�
gYkC`2�˛h

�i

D

`2X
˛D0

c
`2
˛

8<:
`1X
ˇD0

c
`1

ˇ
Yˇ

�
g˝Y˛C`1�ˇ

�
gYkC`2�˛h

��9=; :
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We first use the Hilbert space valued interpolation theorem together with the case � D 2 of Lemma 23 to show
that g 2M

B
s1
p .BnI`2/!B

s1
p .BnI`2˝`2/

and g 2M
B

s2
p .Bn/!B

s2
p .BnI`2/

for appropriate values of s1 and s2. Assuming

for convenience that YD
�
1� jzj2

�
R, and keeping in mind Remark , we obtaing .z/˝

�
1� jzj2

���s1

Y˛C`1�ˇ
�
gYkC`2�˛h

�p

B
s1
p .BnI`2˝`2/

�
Mg

p

B
s1
p .BnI`2/!B

s1
p .BnI`2˝`2/

�1� jzj2
���s1

Y˛C`1�ˇ
�
gYkC`2�˛h

�p

B
s1
p .BnI`2/

D
Mg

p

B
s1
p .BnI`2/!B

s1
p .BnI`2˝`2/

Z
Bn

ˇ̌̌�
1� jzj2

�s1

Yˇ
�
1� jzj2

���s1

Y˛C`1�ˇ
�
gYkC`2�˛h

�ˇ̌̌p
d�n;

which by (5-5) is at most

Cn;�;p

Mg

p

B�p .Bn/!B�p .BnI`2/

Z
Bn

ˇ̌̌�
1� jzj2

�s2

Y˛C`1

�
g
�
1� jzj2

���s2

YkC`2�˛h
�ˇ̌̌p

d�n

D Cn;�;p

Mg

p

B�p .Bn/!B�p .BnI`2/

g
�
1� jzj2

���s2

YkC`2�˛h
p

B
s2
p .BnI`2/

� Cn;�;p

Mg

p

B�p .Bn/!B�p .BnI`2/

Mg

p

B
s2
p .Bn/!B

s2
p .BnI`2/

�1� jzj2
���s2

YkC`2�˛h
p

B
s2
p .Bn/

� Cn;�;p

Mg

2p

B�p .Bn/!B�p .BnI`2/ khk
p

B�p .Bn/
:

Summing up over ˛ and ˇ gives (ES-27).
Repeating this procedure for M � 3 and using (5-5) with � DM finishes the proof of Proposition 22. �

Schur’s test. We prove Lemma 24 using Schur’s Test as given in Theorem 2.9 on page 51 of [Zhu 2005].

Lemma ES.4. Let .X; �/ be a measure space and H .x;y/ be a nonnegative kernel. Let 1<p<1 and 1
p
C

1
q
D 1.

Define

Tf .x/D

Z
X

H .x;y/ f .y/ d� .y/ ;

T �g .y/D

Z
X

H .x;y/g .x/ d� .x/ :

If there is a positive function h on X and a positive constant A such that

T hq .x/D

Z
X

H .x;y/ h .y/q d� .y/�Ah .x/q ; �� a:e:x 2X;

T �hp .y/D

Z
X

H .x;y/ h .x/p d� .x/�Ah .y/p ; �� a:e:y 2X;

then T is bounded on Lp .�/ with kT k �A.

Now we turn to the proof of Lemma 24. The case cD 0 of Lemma 24 is Lemma 2.10 in [Zhu 2005]. To minimize
the clutter of indices, we first consider the proof for the case c ¤ 0 when p D 2 and t D�n� 1. Recall thatp

4 .w; z/D j1�wzj j'z .w/j ;

 " .�/D
�
1� j�j2

�"
;
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and

Ta;b;cf .z/D

Z
Bn

�
1� jzj2

�a �
1� jwj2

�bCnC1 �p
4 .w; z/

�c

j1�wzjnC1CaCbCc
f .w/ d�n .w/ :

We will compute conditions on a, b, c and " such that we have

Ta;b;c " .z/� C " .z/ and T �a;b;c " .w/� C " .w/ ; z; w 2 Bn; (ES-28)

where T �
a;b;c

denotes the dual relative to L2 .�n/. For this we take " 2 R and compute

Ta;b;c " .z/D

Z
Bn

�
1� jzj2

�a �
1� jwj2

�nC1CbC"

j'z .w/j
c

j1�wzjnC1CaCb
d�n .w/ :

Note that the integral is finite if and only if " > �b� 1. Now make the change of variable w D 'z .�/ and use
that �n is invariant to obtain

Ta;b;c " .z/D

Z
Bn

�
1� jzj2

�a �
1� jwj2

�nC1CbC"

j'z .w/j
c

j1�wzjnC1CaCb
d�n .w/

D

Z
Bn

F .w/ d�n .w/D

Z
Bn

F .'z .�// d�n .�/

D

Z
Bn

�
1� jzj2

�a �
1� j'z .�/j

2
�nC1CbC"

j�jcˇ̌̌
1�'z .�/z

ˇ̌̌nC1CaCb �
1� j�j2

�nC1
dV .�/ :

From the identity (Theorem 2.2.2 in [Rudin 1980]),

1� h'a .ˇ/ ; 'a . /i D
.1� ha; ai/ .1� hˇ;  i/

.1� hˇ; ai/ .1� ha;  i/
;

we obtain the identities

1�'z .�/ z D 1� h'z .�/ ; 'z .0/i D
1� jzj2

1� �z
;

1� j'z .�/j
2
D 1� h'z .�/ ; 'z .�/i D

�
1� jzj2

� �
1� j�j2

�
j1� �zj2

:

Plugging these identities into the formula for Ta;b;c " .z/ we obtain

Ta;b;c " .z/D

Z
Bn

�
1� jzj2

�a � �
1�jzj2

��
1�j�j2

�
j1��zj2

�nC1CbC"

j�jcˇ̌̌
1�jzj2

1��z

ˇ̌̌nC1CaCb �
1� j�j2

�nC1
dV .�/ (ES-29)

D  " .z/

Z
Bn

�
1� j�j2

�bC"

j�jc

j1� �zjnC1Cb�aC2"
dV .�/ :
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Now from Theorem 1.12 in [Zhu 2005] we obtain that

sup
z2Bn

Z
Bn

�
1� j�j2

�˛
j1� �zjˇ

dV .�/ <1

if and only if ˇ�˛ < nC 1. Provided c > �2n it is now easy to see that we also have

sup
z2Bn

Z
Bn

�
1� j�j2

�˛
j�jc

j1� �zjˇ
dV .�/ <1

if and only if ˇ�˛ < nC 1. It now follows from the above that

Ta;b;c " .z/� C " .z/ ; z 2 Bn;

if and only if
�b� 1< " < a:

Now we turn to the adjoint T �
a;b;c
D TbCnC1;a�n�1;c with respect to the space L2 .�n/. With the change of

variable z D 'w .�/ we have

T �a;b;c " .w/D

Z
Bn

�
1� jzj2

�aC" �
1� jwj2

�bCnC1

j'w .z/j
c

j1�wzjnC1CaCb
d�n .z/ (ES-30)

D

Z
Bn

G .z/ d�n .z/D

Z
Bn

G .'w .�// d�n .�/

D

Z
Bn

�
1� j'w .�/ j

2
�aC" �

1� jwj2
�bCnC1

j�jcˇ̌̌
1�w'w .�/

ˇ̌̌nC1CaCb �
1� j�j2

�nC1
dV .�/

D

Z
Bn

� �
1�jwj2

��
1�j�j2

�
j1��wj2

�aC" �
1� jwj2

�bCnC1

j�jcˇ̌̌
1�jwj2

1��w

ˇ̌̌nC1CaCb �
1� j�j2

�nC1
dV .�/

D  " .w/

Z
Bn

�
1� j�j2

�aC"�n�1

j�jc

j1� �wja�bC2"�n�1
dV .�/ :

Arguing as above and provided c > �2n, we obtain

T �a;b;c " .w/� C " .w/ ; w 2 Bn;

if and only if
�aC n< " < bC nC 1:

Altogether then there is " 2 R such that hD
p
 " is a Schur function for Ta;b;c on L2 .�n/ in Lemma ES.4 if

and only if
max f�aC n;�b� 1g<min fa; bC nC 1g :

This is equivalent to �2a < �n < 2 .bC 1/, which is (6-1) in the case p D 2, t D �n� 1. Thus Lemma ES.4
completes the proof that this case of (6-1) implies the boundedness of Ta;b;c on L2 .�n/. The converse is easy - see
for example the argument for the case c D 0 on page 52 of [Zhu 2005].

http://msp.org/apde/2011/4-4/apde-v4-n4-p01-s.pdf#page=53
http://msp.org/apde/2011/4-4/apde-v4-n4-p01-s.pdf#page=32
http://msp.org/apde/2011/4-4/apde-v4-n4-p01-s.pdf#page=32
http://msp.org/apde/2011/4-4/apde-v4-n4-p01-s.pdf#page=53


130 S, ERBAN COSTEA, ERIC T. SAWYER AND BRETT D. WICK

We now turn to the general case. The adjoint T �
a;b;c

relative to the Banach space Lp .�t / is easily computed to be
T �

a;b;c
D Tb�t;aCt;c (see page 52 of [Zhu 2005] for the case c D 0). Then from (ES-29) and (ES-30) we have

Ta;b;c " .z/D  " .z/

Z
Bn

�
1� j�j2

�bC"

j�jc

j1� �zjnC1Cb�aC2"
dV .�/ ;

T �a;b;c " .w/D  " .w/

Z
Bn

�
1� j�j2

�aCtC"

j�jc

j1� �wja�bC2"Ct
dV .�/ :

Let 1
p
C

1
q
D 1. We apply Schur’s Lemma ES.4 with h .�/D

�
1� j�j2

�s

and

s 2

�
�

bC 1

q
;

a

q

�
\

�
�

aC 1C t

p
;

b� t

p

�
: (ES-31)

Using Theorem 1.12 in [Zhu 2005] we obtain for h with s as in (ES-31) that

Ta;b;chq
� C hq and T �a;b;chp

� C hp:

Lemma ES.4 now shows that Ta;b;c is bounded on Lp .�t /. Again, the converse follows from the argument for the
case c D 0 on page 52 of [Zhu 2005].
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