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THE CAUCHY PROBLEM FOR THE BENJAMIN-ONO EQUATION IN L?
REVISITED

Luc MOLINET AND DIDIER PILOD

Ionescu and Kenig proved that the Cauchy problem associated with the Benjamin—Ono equation is globally
well posed in L2(R). In this paper we give a simpler proof of Ionescu and Kenig’s result, which moreover
provides stronger uniqueness results. In particular, we prove unconditional well-posedness in H*(R) for
s > %. Note that our approach also permits us t? simplify the proof of the global well-posedness in L>(T)
and yields unconditional well-posedness in H2 (T).

1. Introduction

The Benjamin—Ono equation is one of the fundamental equations describing the evolution of weakly
nonlinear internal long waves. It has been derived by Benjamin [1967] as an approximate model for
long-crested unidirectional waves at the interface of a two-layer system of incompressible inviscid fluids,
one being infinitely deep. In nondimensional variables, the initial value problem (IVP) associated with
the Benjamin—Ono equation (BO) is

u(x, 0) = uo(x), (1-1)

where x e Ror T, r € R, u is a real-valued function, and % is the Hilbert transform, defined on the line by

{Btu—i-%a)%u =u d.u,

£ (x) =p.V.% R){(Ty)))dy. (1-2)

The Benjamin—Ono equation is, at least formally, completely integrable [Fokas and Ablowitz 1983] and
thus possesses an infinite number of conservation laws. For example, the momentum and the energy,
respectively given by

1
M(u):fuzdx and E(u):%/‘D}u‘zdx+é/u3dx, (1-3)

are conserved by the flow of (1-1).

The IVP associated with the Benjamin—Ono equation presents interesting mathematical difficulties and
has been extensively studied in recent years. In the continuous case, well-posedness in H*(R) for s > %
was proved by I6rio [1986] by using purely hyperbolic energy methods (see also [Abdelouhab et al. 1989]
for global well-posedness in the same range of s). Then Ponce [1991] derived a local smoothing effect

associated with the dispersive part of the equation, which, combined with compactness methods, enables
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us to reach s = % This technique was refined by Koch and Tzvetkov [2003] and Kenig and Koenig
[2003], who reached s > 45'1 and s > %, respectively. On the other hand, Molinet, Saut, and Tzvetkov
[Molinet et al. 2001] proved that the flow map associated with BO, when it exists, fails to be C? in any
Sobolev space H®(R), s € R. This result is based on the fact that the dispersive smoothing effects of the
linear part of BO are not strong enough to control the low-high frequency interactions appearing in the
nonlinearity of (1-1). It was improved by Koch and Tzvetkov [2005], who showed that the flow map fails
even to be uniformly continuous in H*(R) for s > 0 (see [Biagioni and Linares 2001] for the same result
in the case s < —%). As the consequence of those results, one cannot solve the Cauchy problem for the
Benjamin—Ono equation by a Picard iterative method implemented on the integral equation associated
with (1-1) for initial data in the Sobolev space H*(R), s € R. In particular, the methods introduced by
Bourgain [1993b] and Kenig, Ponce, and Vega [Kenig et al. 1993; 1996] for the Korteweg—de Vries
equation do not apply directly to the Benjamin—Ono equation.

Therefore, the problem of obtaining well-posedness in less regular Sobolev spaces turns out to be
far from trivial. Due to the conservations laws (1-3), L*(R) and H %(R) are two natural spaces where
well-posedness is expected. In this direction, a decisive breakthrough was achieved by Tao [2004]. By
combining a complex variant of the Cole—Hopf transform (which linearizes the Burgers equation) with
Strichartz estimates, he proved well-posedness in H'(R). More precisely, to obtain estimates at the
H!-level, he introduced the new unknown

w =3, Pypi(e2F), (1-4)

where F is some spatial primitive of # and P, j; denotes the projection on high positive frequencies. Then
w satisfies an equation of the form

dw—i 32w = —, Pypi (37 'wP_ d,u) + negligible terms. (1-5)

Observe that, thanks to the frequency projections, the nonlinear term appearing in the right-hand side of
(1-5) does not exhibit any low-high frequency interaction terms. Finally, to invert this gauge transformation,
one gets an equation of the form

u="2ie:Fw + negligible terms. (1-6)

Very recently, Burq and Planchon [2008] and Ionescu and Kenig [2007] were able to use Tao’s ideas
in the context of Bourgain’s spaces to prove well-posedness for the Benjamin—Ono equation in H*(R) for
s > }l and s > 0, respectively. The main difficulty arising here is that Bourgain’s spaces do not enjoy
an algebra property so that one is losing regularity when estimating u in terms of w via Equation (1-6).
Burq and Planchon first paralinearized the equation and then used a localized version of the gauge
transformation on the worst nonlinear term. On the other hand, Ionescu and Kenig decomposed the
solution in two parts: the first one is the smooth solution of BO evolving from the low-frequency part of
the initial data while the second one solves a dispersive system renormalized by a gauge transformation
involving the first part. The authors were then able to solve the system via a fixed-point argument in a
dyadic version of Bourgain’s spaces (already used in the context of wave maps [Tataru 1998]) with a
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special structure in low frequencies. We observe that their result only ensures the uniqueness in the class
of limits of smooth solutions while Burq and Planchon obtained a stronger uniqueness result. Indeed,
by applying their approach to the equation satisfied by the difference of two solutions, they succeed in
proving that the flow map associated with BO is Lipschitz in a weaker topology when the initial data
belongs to H*(R), s > %.

In the periodic setting, Molinet [2007; 2008] proved well-posedness in H*(T) for s > % and s > 0,
successively. (This last result is proven to be sharp in [Molinet 2009].) Once again, these works combined
Tao’s gauge transformation with estimates in Bourgain’s spaces. It should be pointed out that in the periodic
case, one can assume that # has mean value zero to define a primitive. Then it is easy to check by the mean-
value theorem that the gauge transformation in (1-4) is Lipschitz from L? into L>°. This property, which
is not true on the real line, is crucial to prove the uniqueness and the Lipschitz property of the flow map.

The aim of this paper is to give a simpler proof of Ionescu and Kenig’s result, which also provides
a stronger uniqueness result for the solutions at the L? level. It is worth noticing that to reach L? in
[Ionescu and Kenig 2007] and [Molinet 2008], the authors replaced u in (1-4) by the formula given in
(1-6). The benefit of this substitution is that then u no longer appears in (1-4). On the other hand, it
introduces new technical difficulties in handling the multiplication by e¥f/2 in Bourgain spaces. Here
we are able to avoid this substitution, which will simplify the proof. Our main result is the following:

Theorem 1.1. Let s > 0 be given.
Existence: For all ug € H*(R) and all T > 0, there exists a solution

ueC(0,T1; H*®)Nnxi " nriws (1-7)

of (1-1) such that .
w = dy Ppi(e”2F) e v3, (1-8)

where Fu] is some primitive of u defined in (3-2).

Uniqueness: This solution is unique in the following classes:'

(@) e L%(10, T[; LAR)) N L*(10, T x R) and w € X2,
(i) u € LOO(]O, T, HS([F\R)) N L‘} W;A whenever s > 0,
(iii) u € L>(10, T[; H*(R)) whenever s > 1.
Moreover, u € Cyp(R; L*(R)), and the flow-map data solution uy — u is continuous from H* (R) into
C(0, T]; H*(R)).
Note that H*(R) above denotes the space of all real-valued functions with the usual norm, and X ST’b
and Y3 are Bourgain spaces defined in Section 2B while the primitive F[u] of u is defined in Section 3A.

Remark 1.2. Since the function spaces in the uniqueness class (i) are reflexive and since 0y Pyp; (e~ 5F Lunly
converges to dy PH”-(e*IEF[“]) in L°(—T, T[; L*(R)) when u,, converges to u in L*°(|—T, T[; L*(R)),
our result clearly implies the uniqueness in the class of L*°(]—T, T[; L?(R))-limits of smooth solutions.

INote that according to the equation, the time derivative of a solution in these classes belongs to L (—T, T; H _2), and thus
such a solution has to belong to C(—T, T; H72).
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Remark 1.3. For s > 0 we get a uniqueness class without any conditions on w (see [Burq and Planchon
2008] for the case s > 4—11).

Remark 1.4. According to (iii) we get unconditional well-posedness in H*(R) for s > A%. Such a result was
first proven, in a much less direct way, in [Burq and Planchon 2006] for s > % It implies in particular the
uniqueness of the (energy) weak solutions that belong to L>*°(R; H 3 (R)). These solutions are constructed
by regularizing the equation and passing to the limit as the regularizing coefficient goes to O (taking into
account some energy estimate for the regularizing equation related to the energy conservation of (1-1)).

Our proof also combines Tao’s ideas with the use of Bourgain’s spaces. Actually, it closely follows the
strategy introduced by the first author in [Molinet 2007]. The main new ingredient is a bilinear estimate
for the nonlinear term appearing in (1-5), which allows us to recover one derivative at the L? level. It
is interesting to note that, at the H*® level with s > 0, this estimate follows from the Cauchy—Schwarz
method introduced by Kenig, Ponce, and Vega [Kenig et al. 1996] (see the Appendix for the use of
this method in some region of integration). To reach L?, one of the main difficulties is that we cannot
substitute the Fourier transform of u by its modulus in the bilinear estimate since we are not able to
prove that %~!(|]) belongs to Li’, but only that # belongs to Li’ ;- To overcome this difficulty we use
a Littlewood—Paley decomposition of the functions and carefully divide the domain of integration into
suitable disjoint subdomains.

To obtain our uniqueness result, following the same method as in the periodic setting, we derive a
Lipschitz bound for the gauge transformation from some affine subspaces of L*(R) into L>(R). Recall
that this is clearly not possible for general initial data since it would imply the uniform continuity of the
flow map. The main idea is to notice that such a Lipschitz bound holds for solutions emanating from
initial data having the same low frequency part, and this is sufficient for our purpose.

Let us point out some applications. First our uniqueness result allows us to simplify the proof of the
continuity of the flow map associated with the Benjamin—Ono equation for the weak topology of L2(R).
This result was recently proved by Cui and Kenig [2010].

It is also interesting to observe that the method of proof used here still works in the periodic setting,
and thus, we reobtain the well-posedness result [Molinet 2008] in a simpler way. Moreover, as in the
continuous case, we prove new uniqueness results (see Theorem 7.1). In particular, we get unconditional
well-posedness in H*(T) as soon as s > %

Finally, we believe that this technique may be useful for other nonlinear dispersive equations presenting
the same kind of difficulties as the Benjamin—Ono equation. For example, consider the higher-order
Benjamin—Ono equation

v —bH v +addv=cvdv—dd ¥+ K@), (1-9)

where x, t € R, v is a real-valued function, a € R, and b, ¢, and d are positive constants. The equation
above corresponds to a second-order approximation model of the same phenomena described by the
Benjamin—Ono equation. It was derived by Craig, Guyenne, and Kalisch [2005] using a Hamiltonian
perturbation theory and possesses an energy at the H' level. As for the Benjamin—Ono equation, the flow
map associated with (1-9) fails to be smooth in any Sobolev space H®(R), s € R [Pilod 2008]. Recently,
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the Cauchy problem associated with (1-9) was proved to be well posed in H 2(R) [Linares et al. 2011]. In
a forthcoming paper, the authors will show that it is actually well posed in the energy space H!(R).

This paper is organized as follows: in the next section, we introduce the notations, define the function
spaces, and recall some classical linear estimates. Section 3 is devoted to the key nonlinear estimates,
which are used in Section 4 to prove the main part of Theorem 1.1 while the assertions (ii) and (iii) are
proved in Section 5. In Section 6, we give a simple proof of the continuity of the flow map for the weak
L?(R) topology whereas Section 7 is devoted to some comments and new results in the periodic case.
Finally, in the Appendix we prove the bilinear estimate used in Section 5.

2. Notation, function spaces, and preliminary estimates

2A. Notation. For any positive numbers a and b, the notation a < b means that there exists a positive
constant ¢ such that a < cb. We also write a ~ b when a < b and b < a. Moreover, if « € R, oy and o
will denote a number slightly greater and lesser than o, respectively.

For u = u(x, t) € $(R?), Fu = u will denote its space-time Fourier transform whereas F,u = (u)"*
and F,u = (u)" will denote its Fourier transform in space and time, respectively. For s € R, we define
the Bessel and Riesz potentials of order —s, J; and Dy, by

Pu=F 0+ Fu and Dlu=F (€ Fu).
Throughout the paper, we fix a cutoff function 7 such that
neCy®), 0<n<I1, mn_, =1 supp(n) C[-2,2].
We define
$€):=n(E) —n2E) and ¢y (&) :=¢Q27'4).

Summations over capitalized variables such as N are presumed to be dyadic with N > 1; i.e., these
variables range over numbers of the form 2", n € Z,.. Then we have

D on(E) =1-nQE)VE#0 and supp(¢n) C {3N <[&] <2N}.
N

Let us define the Littlewood—Paley multipliers by
Pyu=%"(¢xFu) and Poy:= Y  Pg.
K>N
We also define the operators Py;, Py, Pi,, and Pro by

Ppi = Z Py, Pgr= Z Py, Po=1—Py, and Pro=1— Py.
N>2 N=>8

Let P, and P_ denote the projections on the positive and the negative Fourier frequencies, respectively.
Then
Pru=F." (xg, Fru),
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and we also define Pyy; = P+ Py, P+y; = P+ Py, Pyjo = P+ Py, and P1;9 = P+ P;o. Observe that Py;,
Pyj, Pi,, and Prp are bounded operators on L?(R) for 1 < p < oo while Py is only bounded on L?(R)
for 1 < p < 0o. We also note that

H=—iPr+iP_.

Finally, we denote by U (-) the free group associated with the linearized Benjamin—Ono equation,
which is to say,

F UM F)E) = "EEF, £(&).

2B. Function spaces. For 1 < p < oo, L?(R) is the usual Lebesgue space with the norm || - ||z», and
for s € R, the real-valued Sobolev spaces H*(R) and W*7(R) denote the spaces of all real-valued
functions with the usual norms

I las =0 ull2 and [ fllwse = 107 fllze.

For 1 < p < oo, we define the space L? as

1

2

1z = 1P flle + (Z ||PNf||%p) :
N

Observe that when p > 2, the Littlewood-Paley theorem on the square function and Minkowski’s inequality
imply that the injection L? < LP is continuous. Moreover, if u = u(x, t) is a real-valued function
defined for x € R and ¢ in the time interval [0, T'] with 7 > 0, B is one of the spaces defined above,
and 1 < p < oo, we will define the mixed space-time spaces L‘T’Bx and L? B, by the norms

T ) » b\
||u||L¢BX=</ ||u<-,r>||3dr) and ||u||L,pBX=</ ||u(-,r>||3dr),
0 R
respectively.

For s, b € R, we introduce the Bourgain spaces X*** and Z*? related to the Benjamin—Ono equation
as the completion of the Schwartz space ¥(R?) under the norms

lull e = ( /R (T IEIE7 (€, 1) dg dr)i, (2-1)
s\
il oo = ( /R ( /R <r+|s|s>”<s>5|ﬁ<s,r)|dr) ds) , 2-2)
300 = | Poit| 700 + (Z ||PNu||ZZS,b)2, (2-3)
N
lullys = el + el 0, (2-4)

where (x) := 1+ |x|. We will also use the localized (in time) version of these spaces. Let T > 0 be a
positive time and || - || = || - | xs.65 || - |55, OF || - [lys. If u : R x [0, T] — C, then

lullg, :=inf{ |[il|p | & : Rx R — C, ét|gxjo,r; =u}.
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We recall that
Y3 < 75" < C((0, T1; H* (R)).

2C. Linear estimates. In this subsection, we recall some linear estimates in Bourgain’s spaces that will
be needed later. The first ones are well known (see [Ginibre et al. 1997], for example).

Lemma 2.1 (homogeneous linear estimate). Let s € R. Then

In@ U@ fllys SN fllas- (2-5)

Lemma 2.2 (nonhomogeneous linear estimate). Let s € R. Then, for any 0 < < %,

X572

H n(t) /0 Ut —1t)g(t")dt

Sgl s (2-6)

and

“n(t)/o U@—1t)g@)dr

Slghoo 1 +lglz. (2-7)
Ys X2

Proof. Lemmas 2.1 and 2.2 follow directly from the classical linear estimates for X** and Z*** together

with the fact that
1

2
lull o ~ || Prot | o + (Z ||PNu||§S,b> . 0
N

Lemma 2.3. Forany T > 0, s € R and for all —% <b <b< %,
b—b'
ol s ST lullyss- (2-8)
The following Bourgain—Strichartz estimates will also be useful:

Lemma 2.4. It holds that

lull s S Naellzs, < el g (2-9)

XU
and for any T >0and% <b< %,

_3
lull s, S TS Nl oo (2-10)
Proof. Estimate (2-9) follows directly by applying the estimate

el s, S Nl o

proved in the appendix of [Molinet 2007], to each dyadic block on the left-hand side of (2-9).
To prove (2-10), we choose an extension i € X 0.5 of u such that ||i|| x0b =< 2|lu|| yo». Therefore, it
T
follows from (2-8) and (2-9) that

3
< i < < b3
IIMIILiT < IIMIIL;*__, S llall ST IIMIIng. O

3
x5
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2D. Fractional Leibniz rules. First we state the classical fractional Leibniz rule estimate derived by
Kenig, Ponce, and Vega (see Theorems A.8 and A.12 in [Kenig et al. 1993]).

Proposition 2.5. Let 0 < o < 1, p, p1, p2 € (1, +00) with % + % = %, and ay, oy € [0, o] with
o =oy+ oy Then

IDS(f8) — fDYg —gDs fllr SIDS' gllLm 1D fllLre. (2-11)
Moreover, for ay =0, the value p; = +00 is allowed.

The next estimate is a frequency-localized version of estimate (2-11) in the same spirit as Lemma 3.2
in [Tao 2004]. It allows sharing most of the fractional derivative in the first term on the right-hand side
of (2-12).

Lemma 2.6. Let o > 0and 1 < g < o0o. Then
DS Py (f P-0xg)llLa SIDS' fllLar 1D gl e (2-12)

withl<q,~<oo,qil+qlz:$,anda1Za,a220,anda1+a2:1+a.

Proof. See Lemma 3.2 in [Molinet 2007]. O

L .
+3F where F is a

Finally, we derive an estimate to handle the multiplication by a term of the form e
real-valued function, in fractional Sobolev spaces.
Lemma 2.7. Let2 <g <ooand <a < é. Consider F| and F,, two real-valued functions such that
u;j = 0, F; belongs to L*(R) for j = 1,2. Then

|7 (5 )| 0 S (4 llunll ) 1 gl o (2-13)
and
|72 (@27 —eF2)g) ||, < (luy —uall 2 + €35 — 222 | 1 (1 4 ey 1)) 1788l a. (2-14)

Proof. In the case o = 0, we deduce from Holder’s inequality that

+iF

le=: g, < lgllLe (2-15)
since F1 is real-valued. Therefore, we assume that 0 < o < é, and it is enough to bound || D¢ (ei%F ')l La.
First we observe that

| D% (27 8) | 10 = | DE(Ploe™2 1 8) |, + [ DE (Prie* 71 8) | - (2-16)

Estimate (2-11) and Bernstein’s inequality imply that
| D% (Pioe™2"18) | 0 S | Proe™2 ||, 1D gl Lo + | DE Pioe™2 1|, lIgllie S 128 NLa.  (2-17)
On the other hand, by using estimate (2-11) again, we get that

| D% (Puie* 1) | 1y < | Puie™ s o 1DY gl o + gl [ DY Pie*2 1]

with qi. = é —o and qiz =«, SO qu + qiz = 5 Then it follows from the real-valuedness of F7, the equality
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dx F1 = uy, and the Sobolev embedding that
+iF aty +iF
|DS (Prie™2"18) |, SIDEglLe + 1J2glILa | Dy 2 Prie™2""|

STl (14 ]| ace™271 )
SIS glla (L4 fuillz2). (2-18)

The proof of estimate (2-13) is concluded gathering (2-15)—(2-18).
Estimate (2-14) can be obtained exactly in the same way, using that

|9x (5571 — 32| S lur —uall o + 2T — =572 flun 2 (2-19)

This completes the proof. g

3. A priori estimates in H*(R) for s > 0

In this section we will derive a priori estimates on a solution u to (1-1) at the H*-level for s > 0. First,
following Tao [2004], we perform a nonlinear transformation on the equation to weaken the high-low
frequency interaction in the nonlinearity. Furthermore, since we want to reach L2, we will need to use
Bourgain spaces. This requires a new bilinear estimate, which we derive in Section 3B.

3A. The gauge transformation. Let u be a solution to the equation in (1-1). First we construct a spatial
primitive F' = F[u] of u (i.e., d, F = u) that satisfies the equation

W F =—HF+ 30, F)>°. (3-1)

Note that these two properties defined F up to a constant. In order to construct F for u with low regularity,
we use the construction of Burq and Planchon [2008]. Consider ¥ € C§°(R) such that fR Y(y)dy=1
and define

F(x,t)z/tﬁ(y)(f u(z, t)dz) dy+G(1) (3-2)
R y

as a mean of antiderivatives of u. Obviously, d, F = u and
0 F(x,1)= / 1//()))(/ du(z, t)dz) dy+G'(1)
R y
= / v (y) (/ (=% 2u(z, 1) + % 3.(u(z, 1)?) dz) dy + G'(1)
R y

— _9auCe. 1)+ hue, P+ /R (99 () u(y. 1) — ¥ hu(y. ) dy + G (1),

Therefore, we choose G as

t
Gty = fo /R (=99 () u (. 5) + ¥ ) Lu(y, $)7) dy ds



374 LUC MOLINET AND DIDIER PILOD

to ensure that (3-1) is satisfied. Observe that this construction makes sense for u € LIZOC(RQ). Next, we

introduce the new unknown
W=Pyi(e ") and w=08,W=—LiP(e 2 u). (3-3)
Then it follows from (3-1) and the identity # = —i (P;. — P-) that
WW +H2W =0, W —i 0°W = —LiPry (e 27 (3, F —i 0°F — 13, F)?)
= —Pipi(WP-0yu) — P+hi(P1()€_%FP— dxt)

since the term — P.p; (P,hie_%F P_ 0,u) cancels due to the frequency localization. Thus, it follows from
differentiating that

Biw — i 92w = =3, Py (W P_ du) — 3, Pypi (Proe™ 2" P dut). (3-4)
On the other hand, one can write u as
u=F,= e%Fe_%FFx = 2ie%F8x(e_%F) = 2ie%Fw —e%FPlo(e_%Fu) —e%FP_h,-(e_%Fu) (3-5)
so that it follows from the frequency localization
Pypu=2i P+HI(6%FU)) - P+HI(P+hie%FP10(e_%F”)) +2i P—i—HI(P—&-HIe%F Ox P—hie_%F)- (3-6)

Remark 3.1. Note that the use of P, y; allows us to replace erF by P+h,-e%F in the second term on the
right-hand side of (3-6). This fact will be useful to obtain at least a quadratic term in ||u|| Lr2 on the
right-hand side of estimate (3-8) in Proposition 3.2.

Then we have the following a priori estimates for u# in terms of w:

Proposition 3.2. Let0<s<1,0<T <1,0<0 <1, and u be a solution to (1-1) in the time interval [0, T .
Then

ol oo S el gemg + el g 193l (3-7)
Moreover, if 0 <s < ‘l‘, we have
I ullpe s S luollz2 + (1+ IIMIIL;OL;)(IIWIIY;' + Ilulli;oLi) (3-8)
for (p,q) = (00,2) or (4,4).
Remark 3.3. One can rewrite (3-8) in a convenient form for s > %; see [Molinet 2007].

Proof. We begin with the proof of estimate (3-7) and construct a suitable extension in time & of u. First
we consider v(t) = U(—t) u(t) on the time interval [0, T] and extend v on [—2, 2] by setting d,v = 0
on [—2,2]\ [0, T]. Then it is pretty clear that

10le =100l and (0l e S I0ligm
for all r € R. Now we define ii(x, t) = n(¢) U(t) v(¢). Obviously,

liil1s SN0l 2 e+ 1002 et S 1002 gt + 10 g (3-9)
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and

2l x50 < Illz, , b Slvlleens = lullLen;- (3-10)
Interpolating between (3-9) and (3-10) and using the identity
dv=HU(—t)u+U(—t) du = U(—1)[9€8u + d,ul,

we then deduce that
litll oo S 19 + 9 2ull 2 gemr + el e (3-11)

for all 0 < 8 < 1. Therefore, the fact that u is a solution to (1-1) and the fractional Leibniz rule [Kenig
et al. 1993] yield

liilleeo S Nall oy + el o, W3l s

which concludes the proof of (3-7) since u extends u outside of [0, T].
Next, we turn to the proof of (3-8). Let0 <7 <1,0<s < le’ (p,q) =(c0,2) or (4,4), and u be a
smooth solution to the equation in (1-1). Since u is real-valued, it that holds P_u = Pu so that

Iullpers S N Prowlipr po + 1Dy Pygpull e s (3-12)
To estimate the second term on the right-hand side of (3-12), we use (3-6) to deduce that
1D} P pyuall 2 s S | D3 Prar (e w) HLI;L;’. + HchP+H1(P+hiel§FPlo(e_'§Fu))||L,T:LZ

+| DS P+H1(P+H1€%F3x P—hie_éF) [ LoLd

= 1+1+1l.
Estimates (2-10) and (2-13) yield
IS (T Qullpe ) iwliprgs S A4 llullpger) lwlly; - (3-13)

On the other hand, the fractional Leibniz rule (Proposition 2.5), Holder’s inequality in time, and the
Sobolev embedding imply that

ns ” D;P+hie%FHL”L‘1 PHO(”"’_%F)”LOO + ”PJrhi"’%FHLOC ” D;PH(,(ue_%F)“Lqu
T=x T,x T,x T=x
< axP—i—hie%F”LiLf ” P+10(”e_%F)H L¥L? N T'%”””i;%i' (3-14)

Finally, estimate (2-12) with ¢y = oy = (1 4+ 5)/2 and q; = g2 = g, Holder’s inequality in time, and the
Sobolev embedding lead to

mx | D)(cl+s)/2P+Hle%F H L

PSS Sl P
<ql 1455 i 143 -5 _ip
ST Dy Pipre? ||L%°L§ | Dx P_pie 2 HL;°L§

ST 0P | oo |00 Popie ™ | oeyo S TP Nl o, (3-15)
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since 0 <s < é Therefore, we deduce by gathering (3-13)—(3-15) that

1
1Dy Pyl pr e S (1+ llull per2) (lwllyy + 77 IIMII%;oLE)- (3-16)

Next we turn to the first term on the right-hand side of (3-12) and consider the integral equation
satisfied by Prou,

t
Prou =U(t) P puo —i—/ Ut — 1) Pro 0, (u?) (1) dr. (3-17)
0
First observe that
1
1 Proull s ST 7IIPLoullrser:-
Then we deduce from (3-17), using the fact that U is a unitary group in L? and Bernstein’s inequality, that
1 1
I PLoullrge S T7 luollz2 + T 18, Po@®) [l 12
< 1 1+1 2
ST uollz + T2 Po) gz
S lluollzz +llulzee - (3-18)

since0<T <1.

Thus, estimate (3-8) follows combining (3-12), (3-16), and (3-18). This concludes the proof of
Proposition 3.2. U
3B. Bilinear estimates. The aim of this subsection is to derive the following estimate of [Jw/y;:

Proposition 3.4. Let0<T <1,0<s < l, and u be a solution to (1-1) on the time interval [0, T]. Then

lwlly; < (4 lluoll 2) lluoll o + IIMIIiiT + IIWIIXJ,% (lull o2 + llull s, + IIMIIX;H)- (3-19)

T

The main tools to prove Proposition 3.4 are the following crucial bilinear estimates:

Proposition 3.5. For any s > 0, we have

92 Pisi (B w P ) |

S wl oy (lull gz, + Nl s+ el x-u) (3-20)

x5 xX52

and
|95 i By w P Byu0) |

goor SNl oy (lull 2+l s, + lallx-1)- (3-21)

Remark 3.6. Note that 3w is well defined since w is localized in high frequencies.

Proof. We will only give the proof in the case of s = 0 since the case s > 0 can be deduced by using
similar arguments. By duality, to prove (3-20) is equivalent to prove that

LS WAl Nl oy (2, + el s, + lull 1), (3-22)

where

1 2/ S] Z’h\(é, ) &7 D(EL ) £ (6, 1) dv, (3-23)
g (o)

dv:dgdéldrdrla $2=g_gl’ Th=71T—T1, al:Tl+§l|$l|7 i:1527 (3_24)
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and

d={¢E . eR 6216 21.6=<0] (3-25)
Observe that we always have in % that
§1z6=1 and & =& (3-26)

In the case where |&;| < 1, we have by using Holder’s inequality and estimate (2-9) that

1] 5/R4 (cl;lll/z (&, Tl g, )l dv S H<<J§l1|/2>v

o PO, Ttz Sz, Dol g el

From now on we will assume that |&;| > 1 in 9.
By using a dyadic decomposition in space-frequency for the functions 4, w, and u, one can rewrite I as

I= Y Ivw.w (3-27)
N,N{,N;

with

vy = | —Ss Pyh(E, 1) &7 Py &1, 71) & Pu(6r, 12) dv
g (o)

and the dyadic numbers N, Ny, and N, ranging from 1 to +00. Moreover, the resonance identity
o1+oy—0 =& +(E—EDIE—&| £ =26k (3-28)
holds in 9. Therefore, to calculate Iy y, n,, we split the integration domain & into the disjoint regions

Ay oy, ={¢E E.1.1) €D | o] = NN, },
By, ={E .1, 1) €D ||o]| < %NNz, lo1| > %NNZ 1,
Cnv, ={ G 51T n) €D o] < NN, |o1] < NNy, oo = NN, .

AN.Ny BN.N,
and denote by Iy x "y, Iy n, N,

follows that

€ .. . .
and / NNlez N the restriction of Iy py, n, to each of these regions. Then it

SAN,N, BN,N, €N, N,
Invine = Iy wg v, T Ivonens T Inveny

and thus

] < Lal + [1g] + | Lel, (3-29)

where

AN,N, BN, €N.N,
Loi= Y Iy Imi= Y Iywin. lo= Y Iy,
N,Ni,Ny N,Ni,N> N,Ni,N;
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Therefore, it suffices to bound |/y4|, |In|, and |I¢|. Note that one of the two following cases holds:
(1) high-low interaction: Ny ~ N and N; < Ny,
(2) high-high interaction: N ~ N, and N < Nj.

Estimate for |1y|. In the first case, we observe from the Cauchy—Schwarz inequality that

In Ny

In2
~ _1 _
|I&4—| ~ ' /I;zh § § ¢N1€<O_> 2X{|O‘|ZéN122_-i}%(P+(ax IPleP* aXP27jN1M)) dé dT
Ny j=0

SRl | D03 NiNF2 ) 2o | (P (9 Pryw P 8 Py )|

2
N; j>0 Li .

Then the Plancherel identity and the triangular inequality imply that
1
. 3 » \2
Ll S Ml 2, Z(Z 27| Py, (07 Prvyw P 9 Py ) | 2 > .
FER h
By using the Holder and Bernstein inequalities, we deduce that

1

2
—j 2 2
[Lal S Ukl 2, Z(Zz Pyl ||P2.,~N1u||L§,)
J=0 N Ny ’ '
1

2
S lallz, (Z ||PN1w||§¢,) lull s - (3-30)
s |

In the second case, it follows using the same strategy as in the first case that
1
—j iy - - 2\
Ll S A2, Z(Z(z IND?Q7ININD ™Y Py, (37 PyywP- 8, Py,u) | L;”) ,
jz0 N Ny '
which implies using the Holder and Bernstein inequalities that

1

. 2
L] S IRl 27 Py w3 N Pyl
Xt th th

Jj=0 Ny
1
2
Shalle, (Z ||PN1w||i¢[) luel s - (3-31)
N '

Therefore, we deduce by gathering (3-30)—(3-31) and using estimate (2-9) that
[l < Wz, Nl Nl (3-32)

Estimate for |13|. By again using the triangular and the Cauchy—Schwarz inequalities, we have in the first
case that

-2 —jia-1 no\Y A2 )2

Il <l oy Z(Z NP2(N 27N H Py, <ax Pyni P, <W> P, 3, P2-_,~Nlu) Li,,) ,

J=0 * Ny
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where ii(x, t) = u(—x, —t). Thus, it follows from the Bernstein and Holder inequalities that

: N
Iz ||P2_./'N1u||Lit
x,r ’

ol Sy 3 (Zz v (5 1/2)
n 2 \2
h \
st (Sl (i) s, ) s

In the second case, we bound |Ig| by

7

. \
Iz < il o4 Z(Z N2 NN HPNI (awaLhiPZ*le <<G)—1/2) Py axPNHZ)‘

j=0 * Ny

so that

V2 ) 2
Py u
o 1Pl
1
2 2
L1,> a4,

_; h
Tal S Il o Z(;z P (G5572)
1

j=0

—i oY
Sty Y24 (S o (i)
j=0 Ny
1
2 2
S lhwll, (ZH (g 1/2) L4,) lul s,

In conclusion, we obtain by gathering (3-33)—(3-34) and using estimate (2-9) that

Ll < Il 2, Nl oy Nl

Estimate for |I¢|. First observe that

|1<@|,§/~ SialhE Dl |w(sl,n>|'§2' 9) @6y, )l av,

g (o) 2) 1621

where

{(& 51, T, n)e@'(g §i.1.11) € U%NNZ}.

N.N»
Since |o»| > |o| and |0z > |oq| in Eé, it follows from (3-28) that |o3| 2 |£&;|. Then
8763001 S 1

holds in % so that, using Holder’s inequality and estimate (2-9), we deduce

15 [ ), ot (22

&l
<) L

=NV
y IAWD Mg, Mol S Al w3 el

2l ey, )| dv

379

(3-33)

2 )2
L3,

(3-34)

(3-35)

(3-36)

(3-37)

(3-38)
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Therefore, estimates (3-29), (3-32), (3-35), and (3-38) imply estimate (3-22), which concludes the
proof of estimate (3-20).
To prove estimate (3-21), we also proceed by duality. Then it is sufficient to show that

1
2
M (Z ||gN||i§L$o> Nl oy (lall g2, + Dl s, + o), (3-39)
N

where

J = ;/@; é—>gN($, ) pn (&) 51_11’5(51, ) & u(é2, 1) dv,

and dv and 9 are defined in (3-24) and (3-25). As in the case of I, we can also assume that |§;| > 1. By
using dyadic decompositions as in (3-27), J can be rewritten as

J = Z IN.Ni N2

N,Ni,N,
where
D= [ Eov@n(e. 8 P ) &Pyt o dv
)
arflkd the dyadic numbers N, Ny, and N; range from 1 to +00. Moreover, we will denote by J, IZ\,NZNZ
Iy A,/VNZN , and J N, N 2 N the restriction of Jy_y, n, to the regions sy n,, By n,, and €y n, defined in

(3-28). Then it follows that
| < [Jaal + || + [ Jeel, (3-40)

where
AN, Ny BN.N, CN.N,y
Z JNlNz’ Z JNlNz’ Z ]NINZ
N,Ni,N, N,Ni,N» N,N1,Ny
so that it suffices to estimate |Jy|, |Jg|, and |J¢|.
Estimate for |Jy|. To estimate |Jy|, we divide each region sy y, into disjoint subregions
Al v, ={E &.r.n) sy, | 27NN, < |o| <297°NN, |

Al o
for g € Z. Thus, if J Ij\',Ilvaz denotes the restriction of J), I;\’,NZNZ to each of these regions, we have

NN2
J&&_Z Z JN Ni,N2*
q>0 N,N|,N»

In the case of high-low interactions, we deduce by using the Plancherel identity and the Cauchy—Schwarz
and Minkowski inequalities that

Jal 370 D0 D lemiXgoraomnnllzz, x QININD T Nillog ! Py wP- 8. Pryull 2,
q=0 Ni Na<N ’

Moreover, we get from Holder’s inequality

1
&N, X6 j~2a vy oy Il 2 S QINN)2 gw ll 2
{lo| YILg ghr
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so that the Cauchy—Schwarz inequality yields

—1.4
Jal S D 2Ny D2 lgw llpzpee 1Pwwllps, 1 Pryulls,

Ny N2<N;
1

2
2
Slullgs, Y lgmllzs 1Pyl S (Z lew, ||L§L?c) lwlizs Nullgs . (3-41)
N Ny

In the high-high interaction case, it follows from the Minkowski and Cauchy—Schwarz inequalities that

al <D >0 D 18w Xyoaswwyllzz, X QINNDT' N9, PyywP-ds Pyl 2 .
g>0 Ny N=<N;

Moreover, we deduce from Holder’s inequality that
1
||8NX{\(;|~2<1NN1} ”L§ . 5 (29N Ny)2 ||gN||L§Lgo-

Then the Cauchy—Schwarz inequality implies that

Y 1
[l S )0 ) (NT 2 ND 2 lgaiw, 2 1Pwwl e, 1Pyl

Jj=0 N
1 1
f 2 2
-1 2 2
522 Z(Z ||g2711\/] ”L§L$°> (Z ||Ple||Li,t> ”M”Li,
Jj=0 Ny Ny
1
< 2 ’
S (Z lgw, ||L§L$o) lwlizs ulls, - (3-42)
Ny

Then estimates (2-9), (3-41), and (3-42) yield

2
1l S (Z ||gN||i§L$C) lwll o el (3-43)
N

Estimate for |Jg| and | J¢|. Arguing as in the proof of (3-20), it is deduced that

|J%|+|J(@|§(H((§—>)v zif”(%y

where ¢ = )"\ ¢ngn. Moreover, estimate (2-9) and Holder’s inequality imply

(&) ], + Gy LSS enli ) 5 (S ez, )
ET N N

so that

Zi,r) ||w||x()% (”M”L;‘_J + ||u||X_1v1)’

_3
p S H<o> S dngn
* N

1

2
Janl + 1l < (; ||gN||§§L?C) lwll oy (lull s, + lullg-11)- (3-44)

Finally (3-40), (3-43), and (3-44) imply (3-39), which concludes the proof of estimate (3-21). O



382 LUC MOLINET AND DIDIER PILOD

Lemma 3.7. Let 0 < T < 1,5 > 0, uy, u» € L¥(R; L>(R)) N L*(R?) be supported in the time inter-
val [-2T, 2T, and F, F, be some spatial primitives of u; and u», respectively. Then

[0 Pini (Proe™ 2" P 9catr) | 3o + 00 P (Proe ™2 Pt} | ooy Slunllye o (349

and

||8xP+hi(Plo(e_%F] - e_%FZ)P— axu2)| 51T ” axP-‘rhi(Plo(e_%F] - e_%FZ)P— 8)cl/‘2)|

o 1
X472
_i _i
S (lur —uallgopz +lle™ 2" — €722, lluallgopz ) luallys - (3-46)

Proof. We deduce from the Cauchy—Schwarz inequality, the Sobolev embedding || f 1| ;,-12¢¢ S| £l 14
with 1+¢" =1/(1 — &), and the Minkowski inequality that

I e H UL s SUAN o1 = [ (EUEDHME)|| i
X X2 H 2

1
2 2
Lg

<l @l e

S e (3-47)
Lf t x
On the other hand, it follows from the frequency localization that
3y Pani (Proe™ 2 P_ dyu) = 8, Piro(Pioe™ 2" P_po dcu).

Therefore, by using (3-47), Bernstein’s inequalities, and estimate (2-12), we can bound the left-hand side
of (3-45) by

| Psro(Pioe™" P10 du) STV 0™ | o Nullys, (3-48)

“ L2 ~
with % = % — ¢, which concludes the proof of estimate (3-45), recalling that 9, F =u and 0 < T < 1.
Estimate (3-46) can be proved exactly as above by recalling (2-19). O

Proof of Proposition 3.4. Let 0 <s < %, 0 < T <1, and u and w be extensions of # and w such that

il x-—11 < 2[ully-11 and [[w]lxs12 < 2|lwll ys1/2. By the Duhamel principle, the integral formulation
T T

associated with (3-4) reads

w(t) =n) U@) w(0) — n(t)/o U(t —1') 0x Popi (0705 "0 P_(ng 9,u)) (t) dit’

t .
— (1) f Ut — 1) 9y Prpi(Pio(npe™ 27 ) P_(ny0,i)) (t) dt’
0
for 0 <t < T < 1. Therefore, we deduce gathering estimates (2-5), (2-7), (3-20), (3-21), and (3-45) that
lwllyy S lwO)|las + IIMIIiiT + IIwIIX;% (IIMIIL;OLg +llullzs, + IIMIIX;I.I)-

This concludes the proof of estimate (3-19) since

lw©) s <[5 (e2FCVug)|| 2 S (L4 lluoll 2) lluoll s (3-49)
follows from estimate (2-13) and the fact that 0 <s < % O
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4. Proof of Theorem 1.1

First, we can always assume that we deal with data having small L?(R)-norm. Indeed, if u is a solution
to the IVP (1-1) on the time interval [0, T'], then for every 0 < A < o0, u,(x, t) = Au(Ax, A2t) is also a
solution to the equation in (1-1) on the time interval [0, A~2T] with initial data ug,) =Aug(r,-). Fore >0
let us denote by B, the ball of L?(R) centered at the origin with radius . Since |Ju, (- 0)|| .2 = AY?{lugll 2,
we see that we can force ug, to belong to B, by choosing A ~ min(82||u0||222, 1). Therefore, the
existence and uniqueness of a solution of (1-1) on the time interval [0, 1] for small L?(R) initial data
will ensure the existence of a unique solution u to (1-1) for arbitrary large L?(R) initial data on the time
interval T ~ A2 ~ min(||u0||zz4 , 1). Using the conservation of the L?(R)-norm, this will lead to global
well-posedness in L% (R).

4A. Uniform bound for small initial data. First we begin by deriving a priori estimates on smooth
solutions associated with initial data ug € H°(R) that are small in L2(R). It is known from the classical
well-posedness theory [I6rio 1986] that such initial data gives rise to a global solution u € C(R; H*(R))
to the Cauchy problem (1-1). Setting 0 < T <1,

Ny () = max (ull e, 150l s Tl ) (1)

X, XT
and it follows from the smoothness of u that 7+ N7 (u) is continuous and nondecreasing on R’ . Moreover,
from (3-4), the linear estimate (2-7), (3-49), and (3-7), we infer that lim7_, o4 N3 (1) S (14uoll 2) luoll -
On the other hand, combining (3-7)—(3-8) and (3-19) and the conservation of the L?-norm, we infer that

NO(u) < (1+ uoll ) lluoll 2 + (N2 () + (N2(w)).

By continuity, this ensures there exist &g > 0 and Cy > 0 such that N? (u) < Coe given ||ugll;2 <& < &o.
Finally, again using (3-7)—(3-8) and (3-19), this leads to N{(u) < |luoll g+ given |lugll;2 < & < eo.

4B. Lipschitz bound for initial data having the same low-frequency part. To prove the uniqueness as
well as the continuity of the solution, we will derive a Lipschitz bound on the solution map on some affine
subspaces of H*(R) with values in L7 H*(R). We know from [Koch and Tzvetkov 2003] that such a
Lipschitz bound does not exist in general in H*(R). Here we will restrict ourselves to solutions emanating
from initial data having the same low-frequency part. This is clearly sufficient to get uniqueness, and
it will turn out to be sufficient to get the continuity of the solution as well as the continuity of the flow
map. Let ¢1, ¢» € B. N H*(R), s > 0, such that PLop; = Progz, and let u;, uy be two solutions to (1-1)
emanating from ¢ and ¢,, respectively, that satisfy (7-1) on the time interval [0, T],0 < T < 1. We
also assume that the primitives F := Flu] and F, := F[u,] of u; and u,, respectively, are such that
the associated gauge functions Wy, w; and W», w,, respectively, constructed in Section 3A, satisfy (7-2).
Finally, we assume that

N2 (u;) < Coe < Coep. 4-2)
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First, by construction, we observe that since F'(x) — F(y) = fxy u(z)dz,

PLof udz = Pro(F(x) — F(y)) = PLoF (x) — F(y)
y

holds. On the other hand, since Prp and d, do commute, we have o, ProF = Prou and, by integrating,
fyx Proudz = ProF(x) — ProF(y). Gathering these two identities, we get

/ Proudz — PLO/ udz =F(y)— PoF(y) = Py F(y),
y y

which leads to

X X
Pl,,f udz = Pl(,/ Proudz.
y y

We thus infer that

on(Fl—Fz)(x,O)szl/f(y)onf (w1 —uz)(z,0)dzdy
y

X
- / () P / PLo(91(2) — ¢2(2)) dz dy =0, (4-3)
R y
Then we set v =u| —us, Z = W — W, and z = w; — wy. Obviously, z satisfies
01z —i 07z =—0x Pypi (W) P 9,v) — 0y Pypi (Z P Ocu2)
— 3, Pypi (Proe™ 571 P 0,0) — 8, Pypi (Pro (e 3 — e 2P)P_ s, (4-4)

Thus, by gathering estimates (2-7), (3-20), (3-21), (3-45), and (3-46), we deduce that

2
Izlly; S N2O) s + IIW1IIX:.,%(|IUIIX;1-1 +llvlizs, + lollpeer2) + lwlla

—iFl_ _LFZ
Iy (Rl el 4 s lzer) + (Rl + e =780l

which, recalling (4-1) and (4-2), implies that
lzlly; S U@l +e(loll-n+1vlps +lvlez) +efe 2 —e2R] o0 @5)
where, by the mean-value theorem,

i

12Ol S Nt — @2l (L+ D@l + llgall2) + e 21O — e 22O oyl gs (1+ Nl 22)
S ot — @all s + 11F1 (0) — F2(0) || . (4-6)

On the other hand, the equation for v = u| — u» reads
v+ 97 = 13, (U +uz)v)
so that it is deduced from (3-11), (4-1), and the fractional Leibniz rule that

2
loll 10 S 190 +H vl 2o +HlvllLers Sellvlips +Ivllzess (4-7)
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Next, proceeding as in (3-6), we infer that
P gv= 21P+H1(€2 ! ) +2i P+H1((62F‘ — e%Fz)wz)
+2i Py (Pynie? 710, Py (e 37 —e7372))
+2i Py (P (€27 — €372) 9, Pyype272)
+2i Py (Prme ™0, P_ (7311 — e7312))
+2iP+H1(P+H1(e2 I — elZFz) BXP,e_%FZ).
Thus, we deduce using estimates (2-14) and (2-19) and arguing as in the proof of Proposition 3.2 that
150l s S (lellperz + luall gz 10l e gz + (U e g2) izl
+ (vl gz + €3 — e [ 1, A+ o)) w2 vy
el (10l ez + ™37 — e3P |1, unllsers)

+lluall gz (10l oo + ||e2 —eth ||

o lnlerz)
for (p, q) = (00, 2) or (p, q) = (4, 4), which, recalling (4-2), implies that
||ijU||LTcL% + ||J)jv||Lil < lIzllys +8”e—’zF1 P 1) HL:?I +g||e’7F1 — P2 ||L§?1' (4-8)
Finally, we use the mean-value theorem to get the bound
le*5F — 372  Loe S|y — Pl (4-9)
The following crucial lemma gives an estimate for the right-hand side of (4-9):
Lemma 4.1. It holds that
1F1(0) — F2(0) |l < o1 — @2l 2 (4-10)

and
IF1 = Fallz, < vllpea. (@11)

Proof. Equation (4-10) clearly follows from (4-3) together with Bernstein’s inequality. To prove (4-11),
wesetG=F,—F, G, = P,G, and Gj; = P;;G. Then

1G>, = 1Giollze, +1GhillLe,- (4-12)

x,1 —
Observe, from the Duhamel principle and (4-3), that G, satisfies

1 / Ut =) Po((uy + u)v) (1) d.
0

Glo=2

Therefore, using Bernstein and Holder’s inequalities, it follows that

1Gollz, < Nt +u2)vllpeps < (e llggerz + luallgser2) 19l ooz (4-13)
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On the other hand, Bernstein’s inequality ensures that
1Gnillex, S 10xGill ez S Mol er (4-14)
since d,G = v. The proof of Lemma 4.1 is concluded gathering (4-2) and (4-12)—(4-14). O
Finally, estimates (4-5)—(4-11) lead to

1zl + Il H vl ms + 1000 S lor—@2llas +e(lzlly; + ollxs-11 + 0l 5o + vl )-
Therefore, we conclude that there exists 0 < &1 < & such that

1zllyy + ol s+ Mol my + 1pvllzs S o= @2llas, (4-15)
provided u and u, satisfy (4-2) with 0 < ¢ <¢y.

4C. Well-posedness. Let ug € B;, N H*(R), and consider the sequence of initial data {ué} C H*(R),
defined by

ué = 9?;1 (X\[__,,_,-J%Mo) for all j > 20. (4-16)

Clearly {ué} converges to ug in H*(R). By the classical well-posedness theory, the associated sequence of
solutions {u/} is a subset of C([0, 1]; H*(R)), and according to Section 4A, it satisfies Ny (w!) < Coe;.
Moreover, since PLOM(j) = P, yup for all j > 20, it follows from the preceding subsection that

. . . .y . . . j/
! =/ s my + Nl —u? Nl payges +lw? —w’llyo ) S lud — uf s (4-17)
Therefore, the sequence {u’} converges strongly in LYH*(R)N L‘lt WS4 to some function

u € C([0, 11; H*(R)),

and {w;} ;>4 converges strongly to some function w in X i’l/ 2. Thanks to these strong convergences, it is

easy to check that u is a solution to (1-1) emanating from uo and that w = dy Py,; (e~2 7)), Moreover,
from the conservation of the L?(R)-norm, u € C,(R; L%2(R)) N C(R; H*(R)).

Now let &z be another solution of (1-1) on [0, T] emanating from u belonging to the same class of
regularity as #. By again using the scaling argument we can always assume that || || Lrret ||| 14, = Coel.
Moreover, setting 1 := P, (¢ F14)), by the Lebesgue monotone convergence theorem, there exists N > 0
such that || P>y wl]| X012 < Co¢1/2. On the other hand, using Lemmas 2.1-2.2, it is easy to check that

~ L. ~ ~12
|1 =P)B] oy Slluollzz+NT il Nzs, + N7,

1
i ~ ~02
< luoll 2+ NTH [l ad il + 1l

Therefore, for T > 0 small enough, we can require that i satisfies the smallness condition (4-2) with &1,
and thus by (4-15), # = u on [0, T]. This proves the uniqueness result for initial data belonging to By, .
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Next we turn to the continuity of the flow map. Fix ug € B, and A > 0 and consider the emanating
solution u € C([0, 1]; H*(R)). We will prove that if vy € B,, satisfies ||ug — vo|lgs < 8, where § will be
fixed later, then the solution v emanating from vy satisfies

llu—=vliLem; < 2. (4-18)

For j > 1, let ué and vé be constructed as in (4-16), and denote by u’/ and v/ the solutions emanating
from u) and v]. Then it follows from the triangular inequality that

lu —vllrens < llu—uwllens +llu’ —v/llLen; + v —vllLen;. (4-19)
First, according to (4-17), we can choose jp large enough so that
' j 2
e — [ e s + Il — 07| ooz < 20
Second, from the definition of ué and vé in (4-16), we infer that
J_ < 3 _ < -3—s8
lug —vollps < j7 " lluo —vollms < j .
Therefore, by using the continuity of the flow map for smooth initial data, we can choose § > 0 such that

A
e = v ey <

3

This concludes the proof of Theorem 1.1.

5. Improvement of the uniqueness result for s > 0

Now we prove that uniqueness holds for initial data ug € H*(R), s > 0, in the class u € L HS N L7 WS4,
The great interest of this result is that we no longer assume any condition on the gauge transform of
u. Moreover, when s > 7, the Sobolev embedding L7 H; — L4 WOJr 4 ensures that uniqueness holds
in L3 H}, and thus, the BenJamln—Ono equation is unconditionally well posed in H*(R) for s > }‘.
According to the uniqueness result (i) of Theorem 1.1, it suffices to prove that for any solution u
to (1 1) that belongs to L7 H; N L4 Wi 4 the associated gauge function w = 9, Py; (e_%F ]y belongs

to X 2. The proof is based on the following bilinear estimate that is shown in the Appendix:

Proposition 5.1. Let s > 0. Then there exist 0 < 8§ < s/10and 0 € (%, 1), let us say 6 = % + 8, such that
1P (W P— i)l 1 1405 S TWII ,,M(IIJ wllgz, + 1 ull s+ llullxs—es). (5-1)

First note that by the same scaling argument as in Section 4C, for any given ¢ > 0, we can always assume
that ||Jsu||L%cL§ + ||]su||Lz;X < g, and by (3-7) it follows that ||u||X3;0.9 <efor0<6 <.

Since u € L*°([0, T]; HS(R)) N L4 W 4 and satisfies (1-1), it follows that u, € L*([0, T]; H*"2(R)).
Therefore, F := Flu] € L*°([0, T]; HS+]) and 9, F € L®([0, T]; H'="). It ensures that

loc loc

W= Pu(e727) e L=([0, T1; HS*'(R)) N LEWSH4 s X 1O, (5-2)
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N\

e L*([0,T]; H, ”“1) and the following calculations are thus justified:

loc

W =0, Py(e72") = —Li Pi(Fre ")
= —1i Py (e 2T (=% Fx + 1 FD)),

axxWZBxxPhi(e ) Phl(e ZF(__FZ l XX))

It follows that W satisfies, at least in a distributional sense,

{a,W — i 2W = — Py (WP_du) — Pypi(Proe™2F P_ d,) 5:3)

W(-,0) = Pyy(e2F o),

From (5-2) and Lemma 2.6, we thus deduce that W € X %1 so that, by interpolation with (5-2), W € X %’%Jr.
But since u is given in L HNL}WS*N X5~ 0.6 cons1der1ng (2-6), the bilinear estimate (5-1), and (3-48),
we infer that there exists only one solution to (5-3) in X; 71+ . Hence, w = 9, W belongs to X5 22+ and
is the unique solution to (3-4) in X, oyt emanating from the initial data wy = 9, Pp; (e~ 5F [”0]) e L*(R).
On the other hand, according to Proposition 3.4, one can construct a solution to (3-4) emanating from wy
and belonging to Y7 by using a Picard 1terat1ve scheme. Moreover, using (1-1) and Lemma 2 6 we can
easily check that this solution belongs to X "and thus by interpolation to X7 2t e, X7 32%. This
ensures that w = 9, Py; (e 'F/?) belongs to Y3 < x% 7 2» which concludes the proof

6. Continuity of the flow map for the weak L>-topology

In [Cui and Kenig 2010] it is proven that, for any ¢ > 0, the flow map uo + u(¢) associated with the
Benjamin-Ono equation is continuous from L?(R) equipped with the weak topology into itself. In this
section, we explain how the uniqueness part of Theorem 1.1 enables us to simplify the proof of this result
by following the approach developed in [Goubet and Molinet 2009].

Let {#o n}n C L*>(R) bea sequence of initial data that converges weakly to ug in L*(R), and let u be the
solution emanating from u( given by Theorem 1.1. From the Banach—Steinhaus theorem, we know that
{uo.n}, is bounded in L2(R), and from Theorem 1.1 we know that {uo.n}n gives rise to a sequence {u,},
of solutions to (1-1) bounded i 1n C([0, 1]; L2(R)) N L*(]0, 1[ x R) with an associated sequence of gauge
functlons {w,}, bounded in X 2 . Therefore, there exist v e L*°(]0, 1[; LZ([R{))ﬂX_1 1ﬂL4(]0 1[xR) and
Z € X 2 such that, up to the extraction of a subsequence, {u,}, converges to v Weakly in L*(0, 1[ x R)
and weakly star in L°°(]0, 1[ x R), and {w,}, converges to z weakly in X |'2. We now need some
compactness on {u,}, to ensure that z is the gauge transform of v. In this direction, we first notice,
since {w,}, is bounded in X (1)’% and by using the Kato’s smoothing effect injected in Bourgain’s spaces
framework, that {Di/4wn}n is bounded in LiL%. Let ng(-) :=n(-/R). Using (3-6) and Lemma 2.6 we
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infer that
1 1 . .
ip Flun] 1 5 Flu,] —5 Flun]
”Dx +HIUn ||L2 (0,1[x1—R,R[) ~ ”D PJrHI(e2 " wn”R)HL{X+||DXP+H1(P+M"2 "y Pe 2t )”fo

D3 P (P ) 3, P e 5P |

1 1
3 3 i F 2
S O e A B T P T
WX Lx WX

But clearly
1 1
| D3 wang) | 212 < C(R)(H Diwn| a2+ llwnll 2 )

and by interpolation || D/* ¢t Fli] s | Sllunll 3/% Therefore, recalling that the u,, are real-valued functions,
it follows that {u,}, is bounded in L2 1/4(] R RD).

Since, according to Equation (1-1), {d;u,}, is bounded in L%HX_Z, Aubin-Lions compactness theorem
and standard diagonal extraction arguments ensure that there exists an increasing sequence of integers {rny }x
such that u,, — v a.e. in ]0, I[ x R and uﬁk — 92 in L%(]0, 1[ x R). In view of our construction
of the primitive F[u,] of u, (see Section 3A), it is then easy to check that F[u,, ] converges to the
primitive F[v] of v a.e.in ]O, I[ x R. This ensures that P, p; (e_%F[”"k]) converges weakly to Pyp; (e_%F[”])
in L%(]0, 1] x R), and thus, z is the gauge transform of v. Passing to the limit in the equation, we conclude
that v satisfies (1-1) and belongs to the class of uniqueness of Theorem 1.1.

Moreover, setting ( -, -) for the L2 scalar product, by (1-1) and the bounds above, it is easy to check
that for any smooth space function ¢ with compact support, the family {¢ — (u,, (¢), ¢)} is uniformly
equicontinuous on [0, 1]. Ascoli’s theorem then ensures that (u,, (- ), ¢) converges to (v(-), ¢) uniformly
on [0, 1], and thus, v(0) = ug. By uniqueness, it follows that v = u, which ensures that the whole
sequence {u,} converges to v in the sense above and not only a subsequence. Finally, from the above
convergence result, it follows that u, () — u(z) in L)2C for all r € [0, 1]. Il

7. The periodic case

In this section, we explain how the bilinear estimate proved in Proposition 3.5 can lead to a great
simplification of the global well-posedness result in L2(T) derived in [Molinet 2008] and to new uniqueness
results in H*(T), where T = R/2wZ. With the notations of [Molinet 2007], these new results lead to the
following global well-posedness theorem:

Theorem 7.1. Let s > 0 be given. For all ug € H*(T) and all T > 0, there exists a solution
ueC([0,T]; H (M) N X3 " nLiws*(T) (7-1)

of (1-1) such that
w =0, Pri(e 2% ") ey, (7-2)

ﬁ_u<tx—t][ )—][uo and 8;1:=é,§el*.

where
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This solution is unique in the following classes:
(@) e L%(10, T[; LAT)) N L*(10, T[ x T) and w € X%:7,
(i) u € L®(J0, T[; H#(T)) N LAW #*(T) whenever s > 1,

(1) u € L°°(]0, TI; H%(T)) whenever s > %

Moreover, u € Cy(R; L>(T)), and the flow map data-solution uy — u is continuous from H*(T)
into C([0, T]; H*(T)).

Sketch of the proof. In the periodic case, following [Molinet 2007], the gauge transform is defined as
follows: let u be a smooth 2 -periodic solution of BO with initial data ug. In the sequel, we will assume
that u(¢) has mean value zero for all time. Otherwise, we perform the change of unknowns

u(t, x) = u(t,x —t][uo) — ][uo, (7-3)

where f ug := % 1 uo is the mean value of ug. It is easy to see that & satisfies BO with ug — F ug as
initial data, and since i is preserved by the flow of BO, ii(r) has mean value zero for all time. We take
for the primitive of u the unique periodic, zero mean value primitive of u defined by

FO)=0 and F(§) = éﬁ(s),g ez”.
The gauge transform is then defined by
W= P (e7'F/?). (7-4)

Since F satisfies

1
3 f 2= r2 =,

Ft+%Fxx:%sz_2

we finally obtain that w := W, = —%iPHn- (e FPF) = —%iPJr(e_"F/Zu) satisfies
w; — iwy = =0y Pai[e ™" (P-(Fe) — T Po(FD) ]

= —8: Py (WP () + 5 Po(Fow. (7-5)

Clearly the second term is harmless, and the first one has exactly the same structure as the one that we
estimated in Proposition 3.5. Carefully following the proof of this proposition, it is not too hard to check
that it also holds in the perlodlc case independent of the perlod A > 1. Note in particular that (2-9) also
holds with L4 and X% 8 respectively replaced by L[ , and X , A > 1, where the subscript A denotes
spaces of functlons with space variable on the torus R/2mwAZ (see [Bourgain 1993a] and also [Molinet
2007]). This leads to a great simplification of the proof the global well-posedness in L?(T) proved in
[Molinet 2008].

Now to derive the new uniqueness result we proceed exactly as in Section 5 except that Proposition 5.1
does not hold on the torus. Actually, on the torus it should be replaced by the following:
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Proposition 7.2. Fors > % and all A > 1, we have

22
A

1Posi WPl sy g SIW gy (20l + 10l + ) (7-6)
Going back to the proof of the bilinear estimate, it is easy to be convinced that the above estimate
works at the level s = 0 in the regions s« and % (see the proof of Proposition 5.1), whereas in the region

€ we are clearly in trouble. Indeed, when s = 0, (3-37) must then be replaced by
_1 _1
K2k, 213 (o) " | ~ [k 2k, 2K,
which cannot be bounded when |k;| > k. On the other hand, at the level s = 4—11 it becomes

1

I (o)~ IR | <kt <
|k3ky *k3 (o) ™| ~ [k 7k, ks | SkTF S,

which yields the result.

With Proposition 7.2 in hand, exactly the same procedure as in Section 5 leads to the uniqueness
result in the class u € L7 H i (MnN L‘}Wi"‘(T) and by Sobolev embedding to the uniqueness in the
classu € LYYH > (T), i.e., unconditional uniqueness in H > (T). As in the real line case, it proves the
uniqueness of the (energy) weak solutions that belong to L*°(R; H > (T)).

Appendix
Proof of Proposition 5.1. We will need the following calculus lemma stated in [Ginibre et al. 1997].

Lemma A3. Let0 <a_ <ay suchthata_ +ay > % Then for all u € R,
[ = ay s g, (A1)
R

where s =2a_ ifa; > %,s =2a_—c¢ifa; = %,ands =2(a++a-)—lifay < %,andletedenote any

small positive number.
The proof of Proposition 5.1 closely follows the one of Proposition 3.5 except in the region o,-dominant

where we use the approach developed in [Kenig et al. 1996]. Recalling the notation used in (3-24)—(3-25),
we need to prove that

KIS Wl 10z, (el gz, + Nl o, + lullx-e0), A2)

where | |
k= [ EE i o8 e e TE wan A3)

@ <0>2 2 (O'1>2+8

For the same reason as in the proof of Proposition 3.5, we can assume that |§;| < 1. By using a
Littlewood—Paley decomposition on %, f, and u, K can be rewritten as

K= > Kvn.m (A-4)
NN, N2
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with 1
K e [ € pohe o071 5 T ovd
NNy = | 2 PG, T) o le(él, 71) §2(62) " Pn,u(§2, 12) dv
@ (0)2" (o) 2
an% the dyadic numbers N, N1, and N; ranging from 1 to +o0c. Moreover, we will denote by K NA;VTZNZ
K N,]\;V]:,,zN ,and K NNNZ N the restriction of Ky n, n, to the regions Ay n,, By, n,, and €y y, defined in

(3-28). Then it follows that
|K| < |Kul+|Ka|+|Kel, (A-5)

where
&QN N BN.N (€N,N
= 2 Ivwiwe Ka= ) Kylyly, and Ko=) Ay,
N,Ni,N; N,Ni, N, N,Ni,N;

so that it suffices to estimate |Ky|, |Kg|, and |K¢|. Recall that due to the structure of %, one of the
following case must hold:

(1) high-low interaction: Ny ~ N and N, < Ny,

(2) high-high interaction: Ny ~ N, and N < Nj.
Estimate for |K y|. In the first case, it follows from the triangular inequality, Plancherel’s identity, and
Holder’s inequality that

(Kal SUAll2, Y Y ———

Ny No<N, (N1 N> )2—28

2

o~

;Y —s
M) P_8,J 7 Pyu

(o1)

8=

_1
Py, (]x 2PN1(
L?,
N2 —s+268

S Al Z Z: (N2 ” Nl((mé )V

~

()

o1)

|| Pyyullps,

46—s
Sl Nullgs, Y N L
N1 x,t

Then it is deduced from the Cauchy—Schwarz inequality in N; that

Kl < Iz, (Z | P (W%)v
N

since s > 105. On the other, estimate (A-6) also holds in the case of high-high interaction by arguing

2\
p ) lull s (A-6)

exactly as in (3-31) so that estimate (2-9) yields

Kal SRz, 112, llull s - (A7)
Estimate for | Kg|. The estimate

Kol S Wl g2, 102, Nl s, (A-8)

follows by the same argument as in (A-6).



THE CAUCHY PROBLEM FOR THE BENJAMIN-ONO EQUATION IN L2 REVISITED 393

Estimate for | K«|. First observe that

(14+6—s)
|K<@|,§/ gl R, ol | P ool (92)" ey, o)l dv, (A-9)

T (o)2™ (o7) 7+ (02)?  |&2l°
where

{(S §1. T, n)eéb'(é §1.7.71) € U%NNZ}.

N,N»

Since |0z| > |o| and |oz| > |o7] in Eé, (3-28) implies that |on| 2 |£&;]. Applying the Cauchy—Schwarz
inequality twice, we deduce that

1
| Kl SSSUP(L@(&, D))’ Iflzz llglzz Nnllzz
2,72 ' ' '

where

- _ |§2|2+2(9_‘Y)/ &11& |~
L5, 1) = (0207 Jeere (@)1 (01) T d&i dr

and
Cepm)={¢EL 1) eR (£, 6,1, 11) €6).
Thus, to prove that

Kl S IAllgz, £ 152, lullx-oa. (A-10)

it is enough to prove that L (&2, 12) S 1 for all (6, 12) € R2. We deduce from (A-1) and (3-28) that

sl T
Lt S B0 | et 4

since 8 = 14 6. To integrate with respect to &, we change variables
m2 =o02+28& sothat dur =2&d& and |uz| < 4oz

Moreover, (3-26) and (3-28) imply that

—1|g, [142(6—5) . .
1 2 16— 16—
&1 181] IgIlélzl < |E6y 305 < gy |3H0S

in €. Then

4o | -1 1 40—s+45
[ - €1 1611 (02)2 35—s
L%(&, ) < S ( 2>1+25 0 (M2>1_48 dup 5 <02)1+23 5 (02)7°7° 5 1

since s — 35 > 0.
Finally, we conclude the proof of Proposition 5.1 by gathering (A-2), (A-5), (A-7), (A-8), and (A-10).
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