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ON SOME MICROLOCAL PROPERTIES OF THE RANGE OF A
PSEUDODIFFERENTIAL OPERATOR OF PRINCIPAL TYPE

JENS WITTSTEN

We obtain microlocal analogues of results by L. Hormander about inclusion relations between the ranges
of first order differential operators with coefficients in C* that fail to be locally solvable. Using similar
techniques, we study the properties of the range of classical pseudodifferential operators of principal
type that fail to satisfy condition (¥).

1. Introduction

We shall study the properties of the range of a classical pseudodifferential operator P € W' (X) that is
not locally solvable, where X is a C* manifold of dimension n. Here, classical means that the total
symbol of P is an asymptotic sum of homogeneous terms,

O'P()“ g) = pm(xs §)+Pm—l(x, €)+ Tt

where py is homogeneous of degree & in & and p,, denotes the principal symbol of P. When no confusion
can occur we will simply refer to op as the symbol of P. We shall restrict our study to operators of
principal type, which means that the Hamilton vector field H),, and the radial vector field are linearly
independent when p,, = 0. We shall also assume that all operators are properly supported, that is, both
projections from the support of the kernel in X x X to X are proper maps. For such operators, local
solvability at a compact set M C X means that for every f in a subspace of C*°(X) of finite codimension
there is a distribution u in X such that

Pu=f (-1)

in a neighborhood of M. We can also define microlocal solvability at a set in the cosphere bundle, or
equivalently, at a conic set in 7*(X) \ 0, the cotangent bundle of X with the zero section removed. By
a conic set K C T*(X) ~. 0 we mean a set that is conic in the fiber, that is,

(x,&)e K implies (x,Af)e K forall A >0.

If, in addition, 7, (K) is compact in X, where 7, : T*(X) — X is the projection, then K is said to be
compactly based. Thus, we say that P is solvable at the compactly based cone K C T*(X) \ 0 if there

Research supported in part by the Swedish Research Council.
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424 JENS WITTSTEN

is an integer N such that for every f € H(IX,C) (X) there exists a u € 9'(X) with K NWF(Pu— f) =g
(see Definition 2.1).

The famous example due to Hans Lewy [1957] of the existence of functions f € C*®(R3) such that
the equation

O U +i0x,u —2i(x1 +ix2)0u=f

does not have any solution € %’(£2) in any open nonvoid subset 2 C R? contradicted the assumption
that partial differential equations with smooth coefficients behave as analytic partial differential equa-
tions, for which existence of analytic solutions is guaranteed by the Cauchy—Kovalevsky theorem. This
example led to an extension due to Hormander [1960b; 1960a] in the sense of a necessary condition
for a differential equation P(x, D)u = f to have a solution locally for every f € C*. In fact (see
[Hormander 1963, Theorem 6.1.1]), if §2 is an open set in R", and P is a differential operator of order m
with coefficients in C°°(§2) such that the differential equation P(x, D)u = f has a solution u € %’'($2)
forevery f € C{°(§2), then {p,,, p,} must vanish at every point (x, &) € £2 x R" for which p,,(x, &) =0,
where
n
{a,b} = d¢,ad.b—0;,adb
j=1

denotes the Poisson bracket.

In addition to his example, Lewy conjectured that differential operators that fail to have local solutions
are essentially uniquely determined by the range. Later Hormander [1963, Chapter 6.2] proved that if P
and Q are two first order differential operators with coefficients in C*°(£2) and in C'(£2), respectively,
such that the equation P (x, D)u = Q(x, D) f has a solution u € 9'(§2) for every f € Cy°(£2), and x is
a point in £2 such that

p1(x,§)=0 and {p1, p1}(x,§) #0 1-2)

for some & € R", then there is a constant u such that (at the fixed point x)
'Q(x, D) =u'P(x, D),

where 'Q and 'P are the formal adjoints of Q and P. If (1-2) holds for a dense set of points x in £2 and
if the coefficients of p;(x, D) do not vanish simultaneously in §2, then there is a function u € C 1)
such that

Q(x, D)u = P(x, D)(pu). (1-3)

Furthermore, for such an operator P and function u, the equation P (x, D)u = u P (x, D) f has a solution
u € 9'(82) for every f € C3°(£2) if and only if py(x, D)u =0.

Hormander also showed that this result extends to operators of higher order in the following way (see
[1963, Theorem 6.2.4]). If P is a differential operator of order m with coefficients in C*°(£2) and p is
a function in C™(£2) such that the equation

Px,D)yu=uPx,D)f



MICROLOCAL PROPERTIES OF THE RANGE OF A PRINCIPAL PSEUDODIFFERENTIAL OPERATOR 425

has a solution u € %'(£2) for every f € C°(£2), then it follows that

> O, P (x, £)dy p(x) =0

j=1
for all x € §2 and & € R" such that

{Pm> Pm}(x,8) #0 and  py(x,§) =0. (1-4)

This means that the derivative of © must vanish along every bicharacteristic element with initial data
(x, &) satisfying (1-4), that is, giving rise to nonexistence of solutions.

If P is a pseudodifferential operator such that P is microlocally elliptic near (xg, &), then there exists
a microlocal inverse, called a parametrix P~! of P, such that in a conic neighborhood of (xg, £)) we
have PP~! = P~! P = Identity modulo smoothing operators. P is then trivially seen to be microlocally
solvable near (xo, &), and for any pseudodifferential operator Q we can write Q = PP'QO+R =
PE + R, where R is a smoothing operator. When the range of Q is microlocally contained in the range
of P, we will show the existence of this type of representation for Q in the case when P is a nonsolvable
pseudodifferential operator of principal type, although we will have to content ourselves with a weaker
statement concerning the Taylor coefficients of the symbol of the operator R (see Theorem 2.19 for the
precise formulation of the result). Note that when P is solvable but nonelliptic we cannot hope to obtain
such a representation in general; see the remark on page 440.

For pseudodifferential operators of principal type, Hormander [1985b] proved that local solvability in
the sense of (1-1) implies that M has an open neighborhood Y in X where p,, satisfies condition (¥),
which means that

Imap,, does not change sign from — to + along the oriented bicharacteristics of Re ap,, (1-5)

over Y for any 0 # a € C*°(T*(Y) \. 0). The oriented bicharacteristics are the positive flow-outs of the
Hamilton vector field Hgeqp, on Reap,, = 0. The proof relies on an idea due to Moyer [1978], and
uses the fact that condition (1-5) is invariant under multiplication of p,, with nonvanishing factors, and
conjugation of P with elliptic Fourier integral operators.

Rather recently Dencker [2006] proved that condition (¥) is also sufficient for local and microlocal
solvability for operators of principal type. To get local solvability at a point xg, Dencker assumed the
strong form of the nontrapping condition at xg,

pm =0 implies 0 py #0. (1-6)

This was the original condition for principal type of Nirenberg and Treves [1970a; 1970b; 1971], which is
always obtainable microlocally after a canonical transformation. Thus, we shall study pseudodifferential
operators that fail to satisfy condition (¥) in place of the condition given by (1-4), and show that such
operators are, in analogue with the inclusion relations between the ranges of differential operators that
fail to be locally solvable, essentially uniquely determined by the range. However, even though (1-4) is a
microlocal condition, we get the mentioned local results for differential operators because of analyticity
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in & of the corresponding symbol. Since this is not generally true for pseudodifferential operators, our
results will be inherently microlocal. We will combine the techniques used in [Hormander 1963] to prove
the inclusion relations for differential operators with the approach used in [Hormander 1985b] to prove
the necessity of condition (¥) for local solvability of pseudodifferential operators of principal type.

It is possible to extend these results to certain systems of pseudodifferential operators, which will be
addressed in a forthcoming joint paper with Nils Dencker.

2. Nonsolvable operators of principal type

Let X be a C* manifold of dimension n. In what follows, C will be taken to be a new constant every
time unless stated otherwise. We let N ={0, 1,2, ...}, and if « € N” is a multiindex o = (¢, ..., a,),
we let

¢ — DY .. D%
Dy = Dy] Dy,

where D, = —id,,. We shall also employ the standard notation f(ff)) (x,&) =0y 85 f(x, &) for multi-
indices «, B.

In this section we will follow the outline of [Hormander 1985b, Chapter 26, Section 4]. Recall that
the Sobolev space H;)(X) for s € R is a local space, that is, if ¢ € C;°(X) and u € H;)(X), then
wu € H)(X), and the corresponding operator of multiplication is continuous. Thus we can define

H&ff(X) ={u €' (X): gu € Hy)(X) for all ¢ € CC(X)}.
This is a Fréchet space, and its dual with respect to the inner product on L? is

HETP(X) = H{%, (X) N€'(X).

Definition 2.1. If K C 7*(X) \. 0 is a compactly based cone, we shall say that the range of Q € ¥ (X)
is microlocally contained in the range of P € ‘I/C]‘I(X ) at K if there exists an integer N such that for every
f € Hi (X)), there exists a u € 9'(X) with WF(Pu— Qf)NK = 2.

Ifle lI/C({(X ) is the identity on X, we obtain from Definition 2.1 the definition of microlocal solvability
for a pseudodifferential operator (see [Hormander 1985b, Definition 26.4.3]) by setting Q = I. Thus,
the range of the identity is microlocally contained in the range of P at K if and only if P is microlocally
solvable at K. Note also that if P and Q satisfy Definition 2.1 for some integer N, then due to the
inclusion

HYX) CHY(X) ifs<t,

the statement also holds for any integer N’ > N. Hence N can always be assumed to be positive.
Furthermore, the property is preserved if Q is composed with a properly supported pseudodifferential
operator Q| € lIJC’{’/(X ) from the right. Indeed, let g be an arbitrary function in H(IX,C +m,)(X ). Then
f = Qig € H (X) since the map

Q1: H¥(X)— H,, (X)

(s—m
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is continuous for every s € R, so by Definition 2.1 there exists a u € @'(X) with WF(Pu— Qf)NK = 2.
Hence the range of Q O is microlocally contained in the range of P at K with the integer N replaced
by N +m'.

The property given by Definition 2.1 is also preserved under composition of both P and Q with a
properly supported pseudodifferential operator from the left. This follows immediately from the fact that
properly supported pseudodifferential operators are microlocal, that is,

WF(Au) C WF(u) NWF(A) for u € %' (X).

Remark. In Definition 2.1 we may always assume that f € H(C ;I)np (X) and u € €'(X) when considering

a fixed cone K. In fact, assume
Of =Pu+g,

where f € H(IR,C)(X) and u, g € 9'(X) with WF(g)NK = &, and let Y € X satisfy K C T*(Y) ~ 0. (We
write Y € X when Y is compact and contained in X.) Since P and Q are properly supported we can find
Z1,ZyC Xsuchthat Pv=0inY if v=0in Zj,and Qv=01in Y if v =0 in Z,. We may of course
assume that ¥ € Z; for j =1, 2. Fix ¢; € C;°(X) with ¢; =1 on Z;. Then we have Pu = P (¢ u) and
Qf =0(¢2f)inY, so

G=WFQQf —Pu)yNK =WF(Q(¢2f) — P(¢1u)) NK

where ¢;u and ¢ f have compact support. Hence we may assume that u € €'(X) and f € Hiy) " (X) =

H(IR,C) (X) N€'(X) to begin with. Note that this also implies g = Qf — Pu € ¢/(X) since P and Q are
properly supported.

The following easy example will prove useful when discussing inclusion relations between the ranges
of solvable but nonelliptic operators.

Example 2.2. If X € R" is open, and K C T*(X) \ 0 is a compactly based cone, then the range of
D; = —id/0dx; is microlocally contained in the range of D, at K. In fact, this is trivially true since both
operators are surjective 2'(X) — 9'(X)/C*(X). To see that for example D is surjective, we note that
by the remark on page 427 it suffices to show that there exists a number N € Z such that the equation
Dyu = f has a solution u € 9'(X) for every f € Hiy)" (X) = H{,(X) N€'(X). By [Hérmander 1983b,
Theorem 10.3.1] this is satisfied for every N € Z if u € H(lx,c+l)(X) is given by E x f, where E is the
regular fundamental solution of D;.

Just as the microlocal solvability of a pseudodifferential operator P gives an a priori estimate for the
adjoint P*, we have the following result for operators satisfying Definition 2.1.

Lemma 2.3. Let K C T*(X)\0 be a compactly based cone. Let Q € W[ (X) and P € lI/c]j (X) be properly
supported pseudodifferential operators such that the range of Q is microlocally contained in the range
of Pat K. IfY € X satisfies K C T*(Y) and if N is the integer in Definition 2.1, then for every positive
integer k we can find a constant C, a positive integer v and a properly supported pseudodifferential
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operator A with WF(A) N K = @ such that

10*vll—n) < CUIP* vIlwy + IVl (—N=k=n) + AV ] (0)) (2-1)
forallve C(Y).

Since (2-1) holds for any «, it is actually superfluous to include the dimension » in the norm |[v|| (- Ny —«c—n)-
However, for our purposes, it turns out that this is the most convenient formulation.

Proof. We shall essentially adapt the proof of [Hormander 1985b, Lemma 26.4.5]. Let || - ||(s) denote

a norm in H(CS(;mp (X) that defines the topology in H{,, (M) = H(l;’)c(X ) N€' (M) for every compact set
M C X. (The reason we change notation from H(‘;(;mp(M ) to H(‘;,)(M ) when M is compact is to signify
that H(‘;)(M) is a Hilbert space for each fixed compact set M.) Let Y € Z € X, and take x € Cj°(X)
with supp x = Z to be a real-valued cutoff function identically equal to 1 in a neighborhood of Y. Then
xOf € H(‘}v_m)(Z) for all f € H(C ;TP(X ) since Q is properly supported, and we claim that for fixed

fe H(C :,[)np (X) we have for some C, v and A as in the statement of the lemma

(X Qf, V) = CUIP*llw) + VIl (=N—rk—n) + AVl 0)) (2-2)

for all v € Cg°(Y). Indeed, by hypothesis and the remark on page 427 we can find u and g in €¢’(X) with
WF(g) N K = @ such that

xQf=0f-(U0=-x)0f =Pu+g—(1-x)0f.

Since K € T*(Y) and x = 1 near Y we get WF((1 — x)Qf)NK =, so x Qf = Pu + g for some
g € € (X) with WF(g) N K = @. Thus

(x Qf,v) = (u, P*v)+(g,v) for ve Cy°(Y).

Now choose properly supported pseudodifferential operators B and B, of order 0 with / = B} + B;
and WF(B,) N WF(g) = @ and WF(B;) N K = &, which is possible since WF(g) N K = &. Since
g € €¢(X) and B; : €'(X) — €/(X) is continuous and microlocal we get B1g € Ci°(X), so (B1g, v) can

ocC
—i)
elliptic of order u, and B" € lI/C]_“ (X) is a properly supported parametrix of B, then

be estimated by C||v||(—y—c—n). Also, g € H(l (X) for some pu > 0 so if B is properly supported and

B3v = B'BBjv+ LBjv, (2-3)
where L € ¥ ~°°(X) and both B” and L are continuous H(‘;(;mp(X) — H(‘TYT];)(X). Hence
[(B2g, v)| < ClIByvlw =< CUIBB3vll0) + 1B3vll0))-

and if we apply the identity (2-3) to || B5v||(0), | B5V|(~.), - - . sufficiently many times, and then recall
that BJ is properly supported and of order 0, we obtain

[(B2g, v)| = CUIBB; Vo) + 1Vl (= N—sk—n))-

Since we chose B to be properly supported this gives (2-2) with A = BB].
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For fixed «, suppose V is the space C3°(Y) equipped with the topology defined by the seminorms
vl (=N=k=n), IP*V][y) for v =1,2,..., and ||Av| (o), where A is a properly supported pseudodiffer-
ential operator with K N WF(A) = @. It suffices to use a countable sequence A, Ay, ..., where A, is
noncharacteristic of order v in a set that increases to (7*(X) \0) \. K as v — co. Thus V is a metrizable
space. The sesquilinear form (x Qf, v) in the product of the Hilbert space H("N_m) (Z) and the metrizable
space V is obviously continuous in y Qf for fixed v, and by (2-2) it is also continuous in v for fixed f.
Hence it is continuous, which means that for some v and C

(X Qf VI = IS I v—m) (1Pl ) + IVl (=N —k=n) + 1AV 0))

forall f e H(C:,r)np(X) and v € C§°(Y). Now Q is continuous from H(CIS,TP(X) to H(CI?,TZ)(X) so we have
1Ofl(N=m) < Cll fllnv)- Since x =1 near Y and (x Q)* = Q*x, this yields the estimate

I(f, Q") = CIfll vy 1Pl wy + 10 ll(=N—sc=n) + 1AVl 0))- (2-4)

For v € C°(Y) and Q™ properly supported we have Q*v € C5°(X), and therefore also Q*v € H(lﬁcN)(X ).
Viewing Q*v as a functional on H(le,r)"p(X ), the dual of H!°. (X) with respect to the standard inner

(=N)
product on L2, we obtain (2-1) after taking the supremum over all f € H(C ;}I)np(X ) with || fllvy=1. O

We will need the following analogue of [Hormander 1985b, Proposition 26.4.4]. Recall that J€ :
T*(Y) ~ 0 —> T*(X) \ 0 is a canonical transformation if and only if its graph Cy in the product
(T*(X)\0) x (T*(Y)\0) is Lagrangian with respect to the difference ox — oy of the symplectic forms
of T*(X) and T*(Y) lifted to T*(X) x T*(Y) = T*(X x Y). This differs in sign from the symplectic
form ox + oy of T*(X x Y) so it is the twisted graph

Cé{ = {(.X, 5? Y, —Tl) : ()C, Sv Y, 77) € C%}’
which is Lagrangian with respect to the standard symplectic structure in 7*(X x Y).

Proposition 2.4. Let K C T*(X) \ 0 and K' C T*(Y) \ 0 be compactly based cones and let x be a
homogeneous symplectomorphism from a conic neighborhood of K’ to one of K such that x(K') = K.
Let A € I’”/(X xY, I'")and B € I’””(Y x X, ('Y, where I is the graph of x, and assume that A and
B are properly supported and noncharacteristic at the restriction of the graphs of x and x ' to K’ and to
K respectively, while WF'(A) and WF'(B) are contained in small conic neighborhoods. Then the range
of the pseudodifferential operator Q in X is microlocally contained in the range of the pseudodifferential
operator P in X at K if and only if the range of the pseudodifferential operator BQ A in Y is microlocally
contained in the range of the pseudodifferential operator BPA in'Y at K'.

Proof. Choose A; € I_’"”(X xY, I'"yand By € I_’”/(Y x X, (') properly supported such that
K'NWF(BA|— 1)=&, KNWFA1B-1)=2,
K'NWF(BIA-1)=0, KNWF(AB, —1)=0.

Assume that the range of Q is microlocally contained in the range of P at K and choose N as in

Definition 2.1. Let g € H(110\,°+m,)(Y) and set f = Ag € H(ll‘i,‘“’) (X). Then we can find u € %'(X) such that
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KNWF(Pu—Qf)=@. Letv=Bju € 9'(Y). Then
WF(Av —u) = WF((AB; — I)u)

does not meet K, so K N WF(PAv — Qf) = &. Recalling that f = Ag this implies
K'NWF(BPAv— BQAg) =&,

so the range of BQA is microlocally contained in the range of BP A at K’. Conversely, if the range of
B QA is microlocally contained in the range of BPA at K’, it follows that the range of A{BQAB; is
microlocally contained in the range of A|iBPAB) at K. Since

KNWF(A1BPABiju—A1BQAB, f)=KNWF(Pu—Qf),

this means that the range of Q is microlocally contained in the range of P at K, which proves the
proposition. (]

Before we can state our main theorem, we need to study the geometric situation that occurs when p
fails to satisfy condition (¥). Recall that by [Hérmander 1985b, Theorem 26.4.12] we may always
assume that the nonvanishing factor in condition (1-5) is a homogeneous function. We begin with a
lemma concerning a reduction of the general case.

Lemma 2.5. Let p and g be homogeneous smooth functions on T*(X)\0, and let t — y(t), fora <t <b,
be a bicharacteristic interval of Re gp such that q(y(t)) #0 fora <t <b. If

Imgp(y(a)) <0 <Imgp(y(d)), (2-5)
then there exists a proper subinterval [a’, b'] C [a, b], possibly reduced to a point, such that
(i) Imgp(y(t)) =0fora’ <t <b,
(ii) for every ¢ > O there exista' —¢ < s_ < a’ and b’ < sy < b’ + ¢ such that Imgp(y(s_)) <0 <
Imgp(y(s4)).
If y(¢) is defined for a <t < b we shall in the sequel say that Im gp changes sign from — to + on
y if (2-5) holds. If y|( 4 is the restriction of y to [a’, b'] and (i) and (ii) hold we shall say that Imgp
strongly changes sign from — to 4 on |4/ ,»-

Proof. 1t suffices to regard the case that g =1, X =R", p is homogeneous of degree 1 with Re p =&/,
and the bicharacteristic of Re p is given by

a<x1<b, xX'=@,....,x)=0, &=¢,. (2-6)

Here ¢, = (0,...,0,1) € R", and we shall in what follows write & Oin place of ¢,. The proof of this
fact is taken from [Hormander 1985b, page 97] and is given here for the purpose of reference later, in
particular in connection with Definition 2.11 below.

Choose a pseudodifferential operator Q with principal symbol g. If we let P = Q P, then the principal
symbol of P is p; = gp so Im p; changes sign from — to + on the bicharacteristic y of Re p;. Now
choose Q) to be of order 1 — degree P; with positive, homogeneous principal symbol. If p, is the
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principal symbol of P, = Q| P, it follows that Re p; and Re p;, have the same bicharacteristics, including
orientation, and since p, is homogeneous of degree 1 these can be considered to be curves on the cosphere
bundle $*(X). Moreover, Im p; and Im p, have the same sign, so Im p, changes sign from — to + along
y C S*(X). If yis aclosed curve on S*(X) we can pick an arc that is not closed where the sign change still
occurs. If we assume this to be done, then [Hérmander 1985b, Proposition 26.1.6] states that there exists
a C* homogeneous canonical transformation y from an open conic neighborhood of (2-6) to one of y
such that x (x1, 0, &,) = y(x1) and x*(Re pp) = &;. Since the Hamilton field is symplectically invariant it
follows that the equations of a bicharacteristic are invariant under the action of canonical transformations,
that is, y is a bicharacteristic of x*(Re p;) if and only if x () is a bicharacteristic of Re p,. This proves
the claim.
In accordance with the notation in [Hérmander 1985b, page 97], let (x, &) = (0, & 9) and consider

L(0, 50) =inf{t —s:a<s<t<b, Imp(s,0,¢,) <0<Imp(t0,e,)}.

For every small § > 0 there exist s5 and 75 such that a < s5 <5 <b, Im p(ss, 0, ¢,) <0 <Im p(ts, 0, &,)
and 15 —s5 < L(0, & 0y + 8. Choose a sequence 6; — 0 such that the limits a’ =lim 85, and b’ = lim s,
exist. Then b’ —a’ = L(0, £°) and in view of (2-5) we have a < a’ < b’ < b by continuity. Moreover,
Im p(,0,¢&,) =0 fora’ <r <D'. This is clear if a’ = b’. If on the other hand Im p(z, 0, &,) is, say,
strictly positive for some a’ <t < &', then L(0,£%) <t — S5, —> t — a’ < b —a’, acontradiction. Thus
(1) holds.

To prove (ii), let ¢ > 0. After possibly reducing to a subsequence we may assume that the sequences
{s5;} and {zs,} given above are monotone increasing and decreasing, respectively. It then follows by (i)
that s5, <a' < b’ <5, for all j. Since 55, — a’ and 5, — b’ we can choose j so thata’ —e <55, < a’
and b’ < ts, < b’ + . By construction we have Im p(s;;, 0, &,) <0 < Im p(ts;, 0, &,). This completes
the proof. (Il

Although it will not be needed here, we note that if [a’, b] is the interval given by Lemma 2.5 and
a’ < b/, then in addition to (i) and (ii) we also have

(iii) there exists a § > 0 such that Imgp(y(s)) <0 <Imgp(y()) foralla’—8 <s <a’ and b’ <t <b'+86.

Indeed, the infimum L(0, £°) = b’ — a’ would otherwise satisfy L(0, £%) < & for every 8 in view of (ii),
which is a contradiction when a’ < b’.
We next recall the definition of a one-dimensional bicharacteristic.

Definition 2.6. A one-dimensional bicharacteristic of the pseudodifferential operator with homogeneous
principal symbol p is a C! map y: I — T*(X) \. 0, where I is an interval on R, such that

(i) p(y())=0fortel,
() 0 £y () =ct)H,(y@)) ift €I
for some continuous function ¢ : I — C.

Let P be an operator of principal type on a C* manifold X with principal symbol p, and suppose p
fails to satisfy condition (¥) in X. By (1-5) there is a function ¢ in C°°(T*(X) . 0) such that Imgp
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changes sign from — to + on a bicharacteristic y of Re gp, where g # 0. As can be seen in [Hérmander
1985b, pages 96-97], we can then find a compact one-dimensional bicharacteristic interval I" C y or a
characteristic point I" € y such that the sign change occurs on bicharacteristics of Re gp arbitrarily close
to I'. What we mean by this will be clear from the following discussion, although we will not use this
terminology in the sequel. By the proof of Lemma 2.5 it suffices to regard the case thatg =1, X =R",
p is homogeneous of degree 1 with Re p = &, and the bicharacteristic of Re p is given by (2-6).

We shall now study a slightly more general situation is some detail. If y = I x {wg}, where I = [a, b],
we shall by |y| denote the usual arc length in R?", so that |y| = b — a. Furthermore, we will assume
that all curves are bicharacteristics of Re p = &, that is, wo = (x’, 0, £') € R?**~!. We owe parts of this
exposition to Nils Dencker.

Lemma 2.7. Assume that Im p strongly changes sign from — to + on y = [a, b] x {wg}. Then for any
8 > 0 there exist e >0, a—6 <s_ <aand b < sy < b+ 6§ such that £1m p(sy, w) > 0 for any
lw —wp| < e&.

Proof. Since t +— Im p(¢, wo) strongly changes sign on [a, b] we can find sy satisfying the conditions
so that +1Im p(s+, wg) > 0. By continuity we can find e+ > 0 so that &Im p(s+, w) > 0 for any
|w — wo| < €+. The lemma now follows if we take £ = min(e_, €4). O

Definition 2.8. Let y=[a, b] x {wo} and y; =[a;, b;]1 x{w;}. If liminf; ,» a; >a, lim SUP;_, o0 b;<b
and lim;_, o w; = wy, then we shall write y; --» y as j — oo. If in addition lim; . a; = a and
lim;_, o, b; = b then we shall write y; — y as j — oo.

Definition 2.9. If y is a bicharacteristic of Re p =& and there exists a sequence {y} of bicharacteristics
of Re p such that Im p strongly changes sign from — to + on y; for all j and y; --» y as j — o0, we
set

L,(y) = inf{liminf|y;|:y; --» y as j — 00}, 2-7)
{vj} Jj—ooo

where the infimum is taken over all such sequences. We shall write L,(y) > 0 to signify the existence
of such a sequence {y;}.

Remark. The definition of L ,(y) corresponds to what is denoted by L¢ in [Hormander 1985b, page 97],
when y = [a, b] x {wp} is given by (2-6) and

Im p(a, wy) <0 < Im p(b, wy). (2-8)

To prove this claim, we begin by showing that L,(y) < Lo, after having properly defined L. To this
end, let 7 = [a, b] x {W} be a bicharacteristic of Re p such that Im p changes sign on ¥. For w close to
wo we set

Loy, w)y=inf{t —s:a <s <t < b, Imp(a, w) <0< Imp(15, w)}.

(Using the notation in [Hormander 1985b, page 97] we would have £,(y, w) = L(x', &) if w =
(x’,0,&").) Then
Lo =liminf & ,(y, w).
w—>wqo
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By an adaptation of the arguments in [Hormander 1985b, page 97] it follows from the definition of Lg
that we can find a sequence {y;} of bicharacteristics of Re p with y; =[a;, b;] x {w;} such that

Imp(a;,w;) <0 <Imp(b;,w;) forallj,

where limw; = wy and the limits ap = lima; and by = limb; exist, belong to the interval (a, b) and
satisfy by —ap = Lo. If we for each j apply Lemma 2.5 to y; we obtain a sequence of bicharacteristics
I'; Cy;j of Re p such that Im p strongly changes sign from — to + on I';, where |I';| =%, (y;, w;) <|y;].
Clearly I'; --» y as j — o00. Since a < a; < b; < b if j is sufficiently large it follows that for such j we
have £,(y, w;) < ¥,(y;j, w;) by definition. This implies

Lo =liminf¥,(y, w) <liminf &£, (y, w;)
w—>w(o VdsY
<liminf|I';| <limsup|Ij| < lim |y;| = Lo, (2-9)
Jj—>00 ’ j—o00 j—oo
so |I'j| = Lo as j — oo. Thus L,(y) < Ly.

For the reversed inequality, suppose {};} is any sequence satisfying the properties of Definition 2.9,
with )7J- = a;, l;j] x {w;}. By assumption we have Im p(a;, w;) = Imp(l;j, w;) = 0 for all j, which
together with (2-8) and a continuity argument implies the existence of a positive integer jo such that

a<a; §I5J~ <b forall j > jy.
Ity;s=Ila;—3d, b ; + 8] x {w;}, this means that for small § > 0 and sufficiently large j we have
Loy, ) < Lp (T, 1))

Since Im p strongly changes sign from — to + on y;, the infimum in the right side exists for every § > 0
and is bounded from above by Ej — aj + 24. Taking the limit as § — 0 yields £, (y, w;) < |y,|. Since
w; — wo as j — oo the definition of Ly now gives

Lo <liminf¥,(y, w;) < liminf]y;]|, (2-10)
j—00 j—oo
and since the sequence {y;} was arbitrary, we obtain Lo < L,(y) by Definition 2.9. This proves the

claim.

When no confusion can occur we will omit the dependence on p in Definition 2.9. We note that if
L ,(y) exists, then L ,(y) < |y| by definition. Also, if Im p strongly changes sign from — to + on y then
Lemma 2.7 implies that the conditions of Definition 2.9 are satisfied. This proves the first part of the
following result.

Corollary 2.10. Let y = [a, b] x {wo} be a bicharacteristic of Re p = &,. If Im p strongly changes sign
from — to + on y, then 0 < L,(y) < |y|. Moreover, for every §, & > O there exists a bicharacteristic
Y =Vs.. of Re p with

?:[&,B]X{ﬁ)}, a—8<&§l;<b+s, W — wy| < &,

such that Im p strongly changes sign from — to + on y and |y| < L,(y) + 6.
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Proof. The existence of the sequence {I';} in the preceding remark can after some adjustments be used
to prove the second part of Corollary 2.10, but we prefer the following direct proof.

Given 6 > 0 we can by Definition 2.9 find a sequence y; = [a;, b;] x {w;} of bicharacteristics of Re p
such that y; --» y as j — 00, Im p strongly changes sign from — to + on y; and liminf;_,|y;| <
L(y) + 6. After reducing to a subsequence we may assume |y;| < L(y) + § for all j. We have
liminf; . a; > a, so for every ¢ there exists a jj(¢) such that a; > a — ¢ for all j > j;. Similarly
there exists a j>(¢) such that b; <b+e¢ forall j > j,. Also, w; — wg as j — 00, so there exists a j3(&)
such that |w; — wg| < € for all j > j;. Hence we can take y = yj,, where jo = max(ji, j2, j3). (|

Consider now the general case when Imgp changes sign from — to + on a bicharacteristic y C
T*(X) ~\ 0 of Regp, where g # 0, that is, (2-5) holds. In view of the proof of Lemma 2.5 we can by
means of (2-7) define a minimality property of a subset of the curve y in the following sense.

Definition 2.11. Let / C R be a compact interval possibly reduced to a point and let : I — T*(X)~. 0 be
a characteristic point or a compact one-dimensional bicharacteristic interval of the homogeneous function
p € C®°(T*(X) \ 0). Suppose that there exists a function g € C*°(T*(X) \. 0) and a C* homogeneous
canonical transformation x from an open conic neighborhood V of

I'={(x1,0,&,):x1 € [} CT*(R")
to an open conic neighborhood x (V) C T*(X) ~\. 0 of y(I) such that

(i) x(x1,0,&,) =y(x1) and Re x*(gp) =& in V,
(i) Lysgp(I") =1I"|.

Then we say that (/) is a minimal characteristic point or a minimal bicharacteristic interval if |/| = 0
or |I| > 0, respectively.

The definition of the arclength is of course dependent of the choice of Riemannian metric on T*(R").
However, since we are only using the arclength to compare curves where one is contained within the
other and both are parametrizable through condition (i), the results here and Definition 2.11 in particular
are independent of the chosen metric. By choosing a Riemannian metric on 7*(X), one could therefore
define the minimality property given by Definition 2.11 through the corresponding arclength in 7*(X)
directly, although there, the notion of convergence of curves is somewhat trickier. We shall not pursue
this any further.

Note that condition (i) implies that ¢ # 0 and Re H,;, # 0 on y, and that by definition, a mini-
mal bicharacteristic interval is a compact one-dimensional bicharacteristic interval. Moreover, if Imgp
changes sign from — to + on a bicharacteristic y C T*(X) \.0 of Re gp, where g #~ 0, then we can always
find a minimal characteristic point y € y or a minimal bicharacteristic interval ¥ C y. In view of the proof
of Lemma 2.5, this follows from the conclusion of the extensive remark beginning on page 432 together
with (2-9). The following proposition shows that this continues to hold even when the assumption (2-5)
is relaxed in the sense of Definition 2.9. We will state this result only in the (very weak) generality
needed here.
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Proposition 2.12. Let y = [a, b] x {wg} be a bicharacteristic of Re p = &, and assume that L(y) > O.
Then there exists a minimal characteristic point I" € y of p or a minimal bicharacteristic interval I' C y
of p of length L(y) if L(y) =0 or L(y) > 0, respectively. If I' = [ag, by] x {wo} and ay < by, that is,
L(y) > 0, then

Im ) (t, wo) =0 2-11)

for all a, B with By =0 if ag <t < by. Conversely, if vy is a minimal characteristic point or a minimal
bicharacteristic interval then L(y) = |y|.

Lemma 2.13. Let y and y; for j > 1 be bicharacteristics of Re p = &1, and assume that Im p strongly
changes sign from — to + on y; for each j. If y; --» y as j — o0 then L(y) < liminf;_, o L(y;).

Proof. Let y; =laj, b;] x {w;} and y = [a, b] x {wp}. Since Im p strongly changes sign from — to +
on y; we can by Corollary 2.10 for each j find a bicharacteristic y; = [a;, b i1 x{w;} of Re p with

aj—1/j <a;<bj<bj+1/j and |b; —w;| <1/j,

such that Im p strongly changes sign from — to + on y; and |y;| < L(y;) + 1/j. Now |w; — wo| <
|w; —w;|+|w; —wol, and since liminf;_,  a; > liminf;_, (a; —1/j) > a and correspondingly for Ej,
we find that y; --» y as j — oo. Thus

L(y) < liminf|7;| < liminf(L(y;)+ 1/)). O
Jj—o0 j—oo

Proof of Proposition 2.12. We may without loss of generality assume that wy = (0, £,) € R**~!. The
last statement is then an immediate consequence of Definition 2.11. To prove the theorem it then also
suffices to show that we can find a characteristic point I” € y of p, or a compact one-dimensional
bicharacteristic interval I" C y of p of length L(y), with the property that in any neighborhood of I
there is a bicharacteristic of Re p where Im p strongly changes sign from — to 4. This is done by
adapting the arguments in [Hormander 1985b, page 97], which also yields (2-11).

For small § > 0 we can find (8) with 0 < ¢ < § such that L(y) > L(y) — §/2 for any bicharacteristic
y=1[a,b]x {Ww} witha—e <a <b <b+e and | —wp| < & such that Im p strongly changes sign from
— to + on y. Indeed, otherwise there would exist a § > 0 such that for each (sufficiently large) k we can
find a bicharacteristic y; = [ay, br] X {wy} witha —1/k <ap <b, <b+1/k and |wy —wg| < 1/k such
that Im p strongly changes sign from — to + on y; and L(yx) < L(y) —&/2. This implies that y; --» y
as k — 00, so by Lemma 2.13 we obtain

L(y) =liminf L(ye) < L(y) —4/2,

a contradiction. Since L(y) > 0 we have by Corollary 2.10 for some |ws — wp| < ¢ and a — ¢ < ag <
bs < b+ ¢ with ws = (x5, 0, &) that Im p strongly changes sign from — to + on the bicharacteristic
vs = las, bs] x {ws}, and |ys| < L(y) + /4. Thus,

L(y) —=8/2 <|ys| < L(y) + /4. (2-12)
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We claim that Im p and all derivatives with respect to x” and &’ must vanish at (¢, ws) if as+8 <t < bs—38.
Indeed, by Lemma 2.7 we can find a p > 0, as —§/4 < s_ < as and bs < s < bs + §/4 such that

Imp(s—, w) <0 <Imp(s4,w) forall |lw—ws| <p.

If Im p and all derivatives with respect to x" and &’ do not vanish at (¢, ws) if as +8 <t < bs — 8,
then we can choose w = (x’, 0, &’) so that |[w — ws| < p, |w — wy| < ¢ and Im p(z, w) # O for some
as+6 <t < bs— 4. It follows that the required sign change of Im p(x;, w) must occur on one of the
intervals (s_, t) and (¢, s+ ), which are shorter than L(y) — §/2. This contradiction proves the claim.

Now choose a sequence §; — 0 as j — oo such that lim as; and lim bgj exist. If we denote these limits
by ag and by, respectively, then L(y) = bg — ag by (2-12), and (2-11) holds if ag < bg. In particular, if
ap < by then

Hy(y(®) = (1+idIm p(y(1))/3&1)y'(t) for ag <t < by,

soif I' = {(t, wo) : t € [ag, bo]} then I" is a compact one-dimensional bicharacteristic interval of p with
the function ¢ in Definition 2.6 given by

ct)y=0+idIm p(I'(1))/9&) " O

Proposition 2.12 allows us to make some additional comments on the implications of Definition 2.11.
With the notation in the definition, we note that condition (ii) implies that there exists a sequence {I';}
of bicharacteristics of Re x*(¢p) on which Im x*(gp) strongly changes sign from — to +, such that
I't — I' as j — oo. By our choice of terminology, the sequence {I';} may simply be a sequence of
points when L(I") = 0. Conversely, if {I';} is a point sequence then L(I") = 0. Also note that if y(I) is
minimal, and condition (i) in Definition 2.11 is satisfied for some other choice of maps ¢’ and x’, then
condition (ii) also holds for ¢" and x’; in other words,

Lyxgpy(I") = [I"| = Lyy+ (g py ().

This follows by an application of Proposition 2.12 together with [Hérmander 1985b, Lemma 26.4.10].
It is then also clear that (/) is a minimal characteristic point or a minimal bicharacteristic interval of
the homogeneous function p € C*°(T*(X) \ 0) if and only if I" (/) is a minimal characteristic point or a
minimal bicharacteristic interval of x *(¢gp) € C*°(T*(R")\.0) for any maps ¢ and yx satisfying condition
(1) in Definition 2.11.

The proof of [Hormander 1985b, Theorem 26.4.7] stating that condition (¥) is necessary for local
solvability relies on the imaginary part of the principal symbol satisfying (2-11). By Proposition 2.12,
it is clear that (2-11) holds on a minimal bicharacteristic interval I in the case ¢ = 1 and Re p = £;.
However, we shall require that we can find bicharacteristics arbitrarily close to I" for which the following
stronger result is applicable, at least if Im p does not depend on & as is the case for the standard normal
form. This will be made precise below.
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Proposition 2.14. Let p = & + i Im p. Assume that Im p strongly changes sign from — to + on y =
[a, b] x {w} and that L(y) > |y| — o for some 0 < o < |y|/2. If Im p does not depend on & then for any
Kk > o we find that Im p vanishes identically in a neighborhood of I, x {w}, where I, = [a 4+ k, b — k].

The statement would of course be void if the hypotheses hold only for o > |y|/2, for then [, = @.

Proof. If the statement is false, there exists a « > 0 such that Im p s 0 near I, x {w}. Thus there exists
a sequence (sj, w;) --» I, x {w} such that Im p(s;, w;) # O for all j. Since Im p does not depend
on & we can choose w; to have & coordinate equal to zero for all j, so that (s;, w;) is contained in a
bicharacteristic of Re p. We may choose a subsequence so that for some s € I, we have [s; —s| — 0
and |w; — w| — 0 monotonically, and either Im p(s;, w;) > 0 or —Im p(s;, w;) > 0 for all j. We shall
consider the case with positive sign, the negative case works similarly.

Choose § < (k —0)/3 and use Lemma 2.7. We find that there exists a —§ < s_ < a and ¢ > 0 such
that Im p(s_, v) <0 for any [v—w| < &. Choose k > 0 so that [s; —s| < § and |w; —w| < & when j > k.
Then ¢ — Im p(¢, w;) changes sign from — to + on I; = [s_, s;], which has length

[lj|=s;j—s_<|sj—s|+s—at+a—s_<|y|—k+26 <|y|—0—3.

If we for each j apply Lemma 2.5 to I; x {w;} and let j — oo we obtain a contradiction to the hypothesis
Ly)=lyl—o. O

One could state Proposition 2.14 without the condition that the imaginary part is independent of &;.
The invariant statement would then be that the restriction of the imaginary part to the characteristic set
of the real part vanishes in a neighborhood of y.

The fact that Proposition 2.14 assumes that Im p strongly changes sign from — to + on y means that
the conditions are not in general satisfied when y is a minimal bicharacteristic interval. As mentioned
above, we will instead show that arbitrarily close to a minimal bicharacteristic interval one can always
find bicharacteristics for which Proposition 2.14 is applicable. Before we state the results we introduce
a helpful definition together with some (perhaps contrived but illustrative) examples.

Definition 2.15. A minimal bicharacteristic interval I" = [ag, bg] X {wo} C T*(R") \. 0 of the homoge-
neous function p =& 4 i Im p of degree 1 is said to be p-minimal if there exists a o > 0 such that Im p
vanishes in a neighborhood of [ag + «, by — k] x {wg} for any x > p.

By a 0-minimal bicharacteristic interval I” we thus mean a minimal bicharacteristic interval such that
the imaginary part vanishes in a neighborhood of any proper closed subset of I". Note that this does not
hold for minimal bicharacteristic intervals in general.

Example 2.16. Let f € C°°(R) be given by

—e~ 1/ ift <0,
=10 ifo<r<2, (2-13)
eV ifrs 2
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and let ¢ € C*°(R) be a smooth cutoff function with supp¢ = [0, 2] such that ¢ > 0 on (0,2). If

§=(&1,¢) then
p1(x, &) =& +ilg'|(f (x1) + x2 (x1))

is homogeneous of degree 1. If we write x = (x|, x», x”) then for any fixed (x”, ') € R" 2 x R""!
with & # 0 we find that {(x{, x2, x”,0,&’) : x; = a, xo = ¢} is a minimal characteristic point of p; if
c¢>0and a =0orif ¢ <0 and a = 2. Note that if & # 0 then Im p; changes sign from — to + on the
bicharacteristic y(x1) = {(x1, 0, x”, 0, £’)} of Re p1, but that none of the points {y(x;) : 0 < x; < 2} are
minimal characteristic points.! On the other hand, if f is given by (2-13) let

€' f (1 = De' ™ if xp <0,
h(x,§)=130 if x; =0,
|E'| f(x1)e™ 1/ ifxo>0
be the imaginary part of p,(x, §). If Re p» = & then p, is homogeneous of degree 1 and

Ie=A{(x1,x2,x",0,8) :xo=c,x1 € I}

is a minimal bicharacteristic interval of p forany (x”, &) e R* 2 xR"~! with £’ #£0if ¢ > 0and I, =0, 2]
orif c <0and I. =[1, 3]. Moreover, if ¢ < 0 then I is a O-minimal bicharacteristic interval. However,
there is no ¢ > 0 such that the minimal bicharacteristic interval I" = {(x1, 0, x”,0,&") : 0 < x; <2} is
o-minimal. The same holds for the minimal bicharacteristic interval I = {(x1,0,x",0,&):1<x; <3}.
Figure 1 shows a cross-section of the characteristic sets of Im p; and Im p;.

Lemma 2.17. Let p =& +i Im p, and assume that L(y) > 0 and that Im p does not depend on &,. Then
one can find y; C y; --»y such that |y;| — L(y), Im p strongly changes sign from — to + on y; and
Im p vanishes in a neighborhood of y ;.

UIf the factor xp in Im p is raised to the power 3 for example, then it turns out that {y(x]) : 0 < x| < 2} is a one-dimensional

bicharacteristic interval of py, and not only a bicharacteristic of the real part. It is obviously not minimal though, nor does it
contain any minimal characteristic points.

3 3

2 2

1 - 1 - | 0 +
X2 X2

(0} + 0

! - 7 - 0o | +

2+ T 2 T

2 14 0 1 2 3 4 5 2 14 0 1 2 3 4 5

X1 X1

Figure 1. Cross-sections of the characteristic sets of Im p; and Im p5, respectively.



MICROLOCAL PROPERTIES OF THE RANGE OF A PRINCIPAL PSEUDODIFFERENTIAL OPERATOR 439

Note that the conditions imply that y; --» y as j — oo.

Proof. Choose y; --» y when j — 00 as in the proof of Proposition 2.12, so that Im p strongly changes
sign from — to + on Yj and L(y) =lim;_, |yj|. By Lemma 2.13 and Corollary 2.10 we have

L(y) <liminf L(y;) < liminf|y;| = L(y).
J—>00 J—>00

Thus we can for every ¢ > 0 choose j so that |L(y) — |yj|| < ¢ and |L(yj) — ijll < ¢. If we choose
e < L(y)/5 then

2e < (L(y) —&)/2 <yjl/2.

Hence, if y; =[aj, b;] x w; then by using Proposition 2.14 on y; we find that Im p vanishes identically
in a neighborhood of f/j =[a; +2¢,b; —2¢] x {w;}. Now choose a sequence &, — 0 as k — oo. Then
Yjw C ¥« and assuming as we may that j (k) > j (k') if k > k' we obtain V! = L(y) as k — oo,
which completes the proof. (I

If I' C y is a minimal bicharacteristic interval in 7*(R") \. 0 of the homogeneous function p =
& +iIm p of degree 1, where the imaginary part is independent of &, then by Definition 2.11 and
Proposition 2.12 we have 0 < [I"| = L(I"). By the proof of Lemma 2.17 there exists a sequence y; — I" of
bicharacteristics of Re p such that Im p strongly changes sign from — to + on y; and vanishes identically
in a neighborhood of a subinterval y; C y;. Moreover, y; — I" as j — 0o. By Lemma 2.13 we have
L(y;) > O for sufficiently large j, so according to Proposition 2.12 we can for each such j find a minimal
bicharacteristic interval I'; C y;. We have y; — I" as j — 00 and since

|I"'|= L(y) <liminf L(y;) =liminf|I";| <limsup|l;| < lim |y;| = ||,
Jj—oo j—oo j—o00 j—>00
it follows that I'; — I" as j — 00. Since also y; C y; and y; — I" as j — oo, the intersection y; N I’}
must be nonempty for large j. For such j it follows that y; must be a proper subinterval of I';, for if
not, this would contradict the fact that I"; is a minimal bicharacteristic interval. Hence we can find a
sequence {p;} of positive numbers with ¢; — 0 as j — o0, such that I'; is a ¢ ;-minimal bicharacteristic
interval. We have thus proved the following theorem, which concludes our study of the bicharacteristics.

Theorem 2.18. If I' is a minimal bicharacteristic interval in T*(R") \ 0 of the homogeneous function
p=E& +ilm p of degree 1, where the imaginary part is independent of &1, then there exists a sequence
{I';} of 0j-minimal bicharacteristic intervals of p such that I'y — I and ¢j — 0 as j — oo.

We can now state our main theorem, which yields necessary conditions for inclusion relations between
the ranges of operators that fail to be microlocally solvable.

Theorem 2.19. Let K C T*(X) \ 0 be a compactly based cone. Let P € lI/C’i (X) and Q € 'chli,(X ) be
properly supported pseudodifferential operators such that the range of Q is microlocally contained in
the range of P at K, where P is an operator of principal type in a conic neighborhood of K. Let py be
the homogeneous principal symbol of P, and let I = [ag, bg] C R be a compact interval possibly reduced
to a point. Suppose that K contains a conic neighborhood of y(I), where y : I — T*(X) \ 0 is either
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(a) a minimal characteristic point of py, or

(b) a minimal bicharacteristic interval of py with injective regular projection in S*(X).

Then there exists a pseudodifferential operator E € lIfC]i/_k (X) such that the terms in the asymptotic sum
of the symbol of Q — P E have vanishing Taylor coefficients at y(I).

The hypotheses of Theorem 2.19 imply that P is not solvable at the cone K. Indeed, solvability at
K C T*(X)~0implies solvability at any smaller closed cone, and in view of Definition 2.11 it follows by
[Hormander 1985b, Theorem 26.4.7'] together with [Hormander 1985b, Proposition 26.4.4] that P is not
solvable at the cone generated by y(I). Conversely, suppose that P is an operator of principal type that is
not microlocally solvable in any neighborhood of a point (xo, &) € T*(X) \.0. Then the principal symbol
pr. fails to satisfy condition (1-5) in every neighborhood of (xg, &) by [Dencker 2006, Theorem 1.1].
In view of the alternative version of condition (1-5) given by [Hormander 1985b, Theorem 26.4.12], it
is then easy to see using [Hormander 1985a, Theorem 21.3.6] and [Hérmander 1985b, Lemma 26.4.10]
that (xo, &o) is a minimal characteristic point of pi, so Theorem 2.19 applies there.

We also mention that if P is of principal type and y is a minimal bicharacteristic interval of the
principal symbol p; contained in a curve along which p; fails to satisfy condition (1-5), then y has
injective regular projection in S*(X) by the proof of [Hormander 1985b, Theorem 26.4.12].

Remark. As pointed out in the introduction, we cannot hope to obtain a result such as Theorem 2.19
for solvable nonelliptic operators in general. Indeed, Example 2.2 shows that if X C R” is open, and
K C T*(X) ~ 0 is a compactly based cone, then the range of D, is microlocally contained in the range
of Dy at K. If there were to exist a pseudodifferential operator e(x, D) € lPC(f(X ) such that all the terms
in the symbol of R(x, D) = D, — D oe(x, D) have vanishing Taylor coefficients at a point (xg, &) € K
contained in a bicharacteristic of the principal symbol o (D) = &, of Dy, then in particular this would
hold for the principal symbol

o(R)(x,8) =& —&reo(x, §),

if eg denotes the principal symbol of e(x, D). However, taking the & derivative of the equation above
and evaluating at (xg, &) then immediately yields the contradiction 0 = 1 since (xg, &) belongs to the
hypersurface & = 0.

In the proof of the theorem we may assume that P and Q are operators of order 1. In fact, the discussion
following Definition 2.1 shows that if the conditions of Theorem 2.19 hold and Q; € Wcﬁ_k/(X ) and
0, € chll_k (X) are properly supported, then the range of 0,0 Q; € lI/cl1 (X) is microlocally contained in
the range of O, P € lI/CI] (X) at K. If the theorem holds for operators of the same order k then there exists
an operator F € lI/C(f(X ) such that all the terms in the asymptotic expansion of the symbol of Q| — PE
have vanishing Taylor coefficients at y (/). If we choose Q1 to be elliptic, then we can find a parametrix
Ql_1 of Qi such that

Q- PEQ;'=(QQ1—PE)oQ;' mod ¥~ >(X)
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has symbol
O popit (0, E) ~ ) 3 oa(x, ) Do, (x, §) /el (2-14)

with A = QQ; — PE. Clearly, all the terms in the asymptotic expansion of the symbol of 0 — PE Q1_1
then have vanishing Taylor coefficients at y(I), and E, = E Qfl € lI/C]ij (X), so the theorem holds with £
replaced by E;. If the theorem holds for operators of order 1 we can choose Q> elliptic and use the same
argument to show that if all the terms in the asymptotic expansion of the symbol of 0,00 — 0> PE
have vanishing Taylor coefficients at y(/), then the same holds for

Q- PEQ'=0;'0(02001— 02PE)o Q7' mod ¥~(X),

where O lisa parametrix of 0». Here we use the fact that if y(/) is a minimal characteristic point or
a minimal bicharacteristic interval of the principal symbol of P, then this also holds for the principal
symbol of Q, P by Definition 2.11.

For pseudodifferential operators, the property that all terms in the asymptotic expansion of the total
symbol have vanishing Taylor coefficients is preserved under conjugation with Fourier integral operators
associated with a canonical transformation (see Lemma A.1). Thus we will be able to prove Theorem 2.19
by local arguments and an application of Proposition 2.4.

Lety:I — T*(X)\0, with I =[ag, bp] CR, be the map given by Theorem 2.19. By using [Hérmander
1985a, Theorem 21.3.6] or [Hormander 1985b, Theorem 26.4.13], when y is a characteristic point or a
one-dimensional bicharacteristic, respectively, we can find a C*° canonical transformation x from a conic
neighborhood of I' ={(x, &,) : x1 € I, x’ =0} in T*(R™)~.0 to a conic neighborhood of y(I) in T*(X)~\.0
and a C* homogeneous function b of degree O with no zero on y(/) such that x (x1, 0, &,) = y(x;) for
x; €l and

X*(bp) =& +if (x, &), (2-15)

where f is real-valued, homogeneous of degree 1 and independent of &. Thus, by the hypotheses of
Theorem 2.19 one can in any neighborhood of I" find an interval in the x; direction where f changes
sign from — to + for increasing xj. Also, if / is an interval then f vanishes of infinite order on I" by
(2-11), and by Theorem 2.18 there exists a sequence {I';} of ¢ ;-minimal bicharacteristics of x*(bp1)
such that o; — O and I'; — I" as j — oo.

The existence of the canonical transformation x together with Proposition 2.4 implies that we can find
Fourier integral operators A and B such that the range of BQ A is microlocally contained in the range
of BPA at a cone K’ containing I", where the principal symbol of BP A is given by (2-15). In view of
Lemma A.1 we may therefore reduce the proof to the case that P, Q € llfcll([Ri") and the principal symbol
p of P is given by (2-15). In accordance with the notation in Proposition 2.4 we will assume that the
range of Q is microlocally contained in the range of P at a cone K containing I, thus renaming K’
to K. If

O'Q:q1+q0+...
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is the asymptotic sum of homogeneous terms of the symbol of Q, we can then use the Malgrange
preparation theorem (see [Hormander 1983a, Theorem 7.5.6]) to find eg, r; € C* near I" such that

qi(x, &) = (1 +if (x, ENeo(x, &) +ri(x, &,

where r| is independent of &;. Restricting to |£| = 1 and extending by homogeneity we can make ey and
r1 homogeneous of degree 0 and 1, respectively. The term of degree 1 in the symbol of Q — P oey(x, D)
is ri(x, &'). Again, by Malgrange’s preparation theorem we can find e_;, ro € C* near I" such that

qo(x, &) —oo(Poeo(x, D))(x, &) = (&1 +if (x,&)e—1(x, &) +ro(x, &),

where e_; and ry are homogeneous of degree —1 and 0, respectively, and rg is independent of &;. The
term of degree 0 in the symbol of

Q —P oeo(x, D) —P O€_1(x, D)
is ro(x, &). Repetition of the argument allows us to write
Q=PoE+R(x,Dy) (2-16)

where og (x, ") =ri(x, &) +ro(x, &)+ - - is an asymptotic sum of homogeneous terms, all independent
of &. Thus R(x, D,) is a pseudodifferential operator in the n — 1 variables x" depending on x; as a
parameter. Furthermore, the range of R(x, D,-) is microlocally contained in the range of P at K. Indeed,
suppose N is the integer given by Definition 2.1. If g € H(IX,C)(IR"), then Rg = PEg — Qg = Pv— Qg
for some v € @'(R"), and there exists a u € 9'(R") such that

KNWF(Qg— Pu)=2.

Hence, WF(P (v —u) — Rg) does not meet K, so the range of R is microlocally contained in the range
of P at K. We claim that under the assumptions of Theorem 2.19, this implies that all terms in the
asymptotic sum of the symbol of the operator R(x, D,/) in (2-16) have vanishing Taylor coefficients
at I', thus proving Theorem 2.19. The proof of this claim will be based on the two theorems stated
below. As we have seen, the principal symbol p of P may be assumed to have the normal form given
by (2-15). By means of Theorem 2.20 below, we shall also use the fact that an even simpler normal
form exists near a point where p = 0 and {Re p, Im p} # 0. To prove these two theorems, we will use
techniques that actually require the lower order terms of P to be independent of & near I". However,
we claim that this may always be assumed. In fact, Malgrange’s preparation theorem implies that

po(x, ) =a(x, &)1 +if (x, &) +b(x, &)

where a is homogeneous of degree —1 and » homogeneous of degree 0, as demonstrated in the con-
struction of the operators £ and R above. The term of degree O in the symbol of (I — a(x, D))P is
equal to b(x, &’). Repetition of the argument implies that there exists a classical operator a(x, D) of
order —1 such that (I — a(x, D)) P has principal symbol & + if(x, &) and all lower order terms are
independent of &;. The microlocal property of pseudodifferential operators immediately implies that the
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range of (I —a(x, D)) Q is microlocally contained in the range of (I —a(x, D)) P at K. Hence, if there
are operators £ and R with

R=U—-ax,D)Q0—-{U—a(x,D)PE

such that all terms in the asymptotic expansion of the symbol of R have vanishing Taylor coefficients
at I", then this also holds for the symbol of 0 — PE = (I —a(x, D))"'R mod ¥ ~, since this property
is preserved under composition with elliptic pseudodifferential operators by (2-14).

Theorem 2.20. Suppose that in a conic neighborhood $2 of
I"={(0,e,)} CT*R") N0

P has the form P = D| +ix|D,, and the symbol of R(x, D,') is given by the asymptotic sum

oo

OR = Zrl—j(xa £,

j=0
with ry_; homogeneous of degree 1 — j and independent of &\. If there exists a compactly based cone

K C T*(R") \ 0 containing 2 such that the range of R is microlocally contained in the range of P at K,
then all the terms in the asymptotic sum of the symbol of R have vanishing Taylor coefficients at I

Theorem 2.21. Suppose that in a conic neighborhood 2 of
I ={(x,x',0,&):a<x; <b}CT*R")\0
the principal symbol of P has the form
p(x, &) =& +if(x, &),

where f is real-valued and homogeneous of degree 1, and suppose that if b > a then f vanishes of infinite
order on I'' and there exists a ¢ > 0 such that for any € > o one can find a neighborhood of

I ={(x,x",0,) :a+e<x <b—s¢}, (2-17)
where f vanishes identically. Suppose also that
f(x,€)=0 implies 0f(x,&)/0x; <0 (2-18)

in 2 and that in any neighborhood of I'' one can find an interval in the x| direction where f changes
sign from — to + for increasing x|. Furthermore, suppose that in §2 the symbol of R(x, D,) is given by
the asymptotic sum

o
or=) ri_j(x.&)
Jj=0
with ri_; homogeneous of degree 1 — j and independent of &,. If the lower order terms po, p_1, ... in

the symbol of P are independent of &1 near I'’, and there exists a compactly based cone K C T*(R") \.0
containing §2 such that the range of R is microlocally contained in the range of P at K, then all the
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terms in the asymptotic sum of the symbol of R have vanishing Taylor coefficients on I é ifa < b, and at
I'ifa=b.

Assuming these results for the moment, we can now show how Theorem 2.19 follows.

End of proof of Theorem 2.19. Recall that
I'={(x1,0, &) 1 a0 < x1 <bo} C T*(R") \ 0.

By what we have shown, it suffices to regard the case Q = PE + R, where we may assume that the
conditions of Theorem 2.21 are all satisfied in a conic neighborhood £2 of I", with the exception of (2-18)
and the condition concerning the existence of a neighborhood of (2-17) in which f vanishes identically
when ag < bg. We consider three cases.

(1) I" is an interval. We then claim that condition (2-18) imposes no restriction. Indeed, if there is no
neighborhood of I" in which (2-18) holds, then there exists a sequence {y;} = {(¢;, x;, 0,¢& j’.)} such that
ap <liminfz; <limsupz; <bo, (x;,&)) — (0,£%) e R*2,

f;.x;.6)=0 and 8f(1j,x},8))/0x; >0 (2-19)

for each j. By (2-19) we can choose a sequence 0 < §; — 0 such that
[ =4, x}, Sj’.) <0< f(1 +8j,x;., 5]’.).

In view of Definition 2.9 we must therefore have L(I") =0. Since I" is minimal, this implies that |I"| =0,
so y; — I'. Thus, if there is no neighborhood of I" in which (2-18) holds, then I" is a point, and we will
in this case use the existence of the sequence {y;} satisfying (2-19) to reduce the proof of Theorem 2.19
to Theorem 2.20, as demonstrated in case (iii) below. In the present case however, I” is assumed to be
an interval, so there exists a neighborhood AU of I" in which (2-18) holds. We may assume that U C £2
and since f is homogeneous of degree 1 we may also assume that AU is conic.

By Theorem 2.18, there exists a sequence {Ij} of ¢;-minimal bicharacteristic intervals such that
0j —> 0and I'; — I' as j — oo. For sufficiently large j we have I'; C U. Hence, if

Iy ={(x1,x7,0,&) :a; <x1 < bj}
then all the terms in the asymptotic sum of the symbol of R have vanishing Taylor coefficients on
Iy, ={(x1,x7,0,&) 1a;+0; <x1 <bj—0;}

by Theorem 2.21. Since I,; — I" as j — 00, and all the terms in the asymptotic sum of the symbol
of R are smooth functions, it follows that all the terms in the asymptotic sum of the symbol of R have
vanishing Taylor coefficients on I". This proves Theorem 2.19 in this case.

(i) I" is a point and condition (2-18) holds. Then all the terms in the asymptotic sum of the symbol of
R have vanishing Taylor coefficients on I" by Theorem 2.21, so Theorem 2.19 follows.

(i1i) I" is a point and (2-18) is false. Let {y,} be the sequence satisfying (2-19). Then {Re p, Im p}(y;) >0
and p(y;) =0 for each j since y; = (¢, x;, 0, sj’.). For fixed j we may assume that y; = (0, n) and use
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[Hormander 1985a, Theorem 21.3.3] to find a canonical transformation x together with Fourier integral
operators A, B, Ay and B as in Proposition 2.4 such that x (0, &,) = y;, and BPA = Dy +ix;D, ina
conic neighborhood £2 of {(0, &,)}. Repetition of the arguments above allows us to write

BQA=BPAE + R(x, Dy), (2-20)

where the range of R is microlocally contained in the range of B P A at some compactly based cone K’
containing §2 with x (K’) = K. As before, E and R have classical symbols. Then all the terms in the
asymptotic expansion of the symbol of R have vanishing Taylor coefficients at {(0, &,)} by Theorem 2.20,
and therefore all the terms in the asymptotic expansion of the symbol of A; R B; have vanishing Taylor
coefficients at y; by Lemma A.1 in the appendix. Since the Fourier integral operators are chosen so that

KNWF(A1B—1)=92 and KNWF(AB—-1)=0,
we have
=KNWF(A|BQAB,— A|BPAEB;— A|RB))=KNWF(Q—PAEB| —A|RB))
in view of (2-20). Hence, all the terms in the asymptotic expansion of the symbol of
Q—PE =ARB;+S, where WF(S)NK =g, (2-21)

have vanishing Taylor coefficients at y; if E; = AE By. (Strictly speaking, the change of base variables
vj + (0, n) should be represented in (2-21) by conjugation of a linear transformation « : R" — R", but
this could be integrated in the Fourier integral operators A; and B; so it has been left out since it will
not affect the arguments below.) It is clear that £, € WC({([R{”).

We have now shown that for each j there exists an operator E; € lPC(f([R{”) such that all the terms in the
asymptotic expansion of the symbol of Q — P E; have vanishing Taylor coefficients at y;. To construct
the operator E in Theorem 2.19, we do the following. For each j, denote the symbol of E; by

o0
el (x, E)~ Y el (x,8)

1=0
where eé (x, &) is the principal part, and e{ ;(x, &) is homogeneous of degree —/. If ¢ is the principal
symbol of Q, then by Proposition A.3 there exists a function ¢y € C°(T*(R") ~. 0), homogeneous of
degree 0, such that ¢ — peg has vanishing Taylor coefficients at 1.

This argument can be repeated for lower order terms. Indeed, if 0gp = ¢ +¢qo + - - -, then the term of
degree O in 0Q-PE; is
00(Q — PEj) =g, — pe’ |,

where (see (2-25) below)

Qj(xv S) = C]O(x, 5) - pO(xs S)e‘é(x, 5) - Z aé'kp(x’ s)kael(l).(x’ 5)
k
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We can write

p(x.&)el | (x.£) = p(x. &/|EDel (x. /18],
so that g;(x, &), p(x,&/|&]) and e{l (x, &£/]&]) are all homogeneous of degree 0. Since
09 eo(I") = lim 8%9f e} (y))
Jj—00

it follows by Proposition A.3 that there is a function g € C*°(T*(R") \ 0), homogeneous of degree 0,
such that

qo(x, &) — po(x, &)eo(x, &) = Y 3, p(x, &) Dyeo(x, &) — p(x, §/IEDg(x, &)
k

has vanishing Taylor coefficients at I". Putting e_;(x, &) = |& |1 g(x, &) we find that
0%9f e_1(IN) = lim 8%8fe’  (v)),
J—>0

and that
00(Q — Poey(x, D) — Poe_i(x, D))

has vanishing Taylor coefficients at I". Continuing this way we successively obtain functions e, (x, &) €
C°(T*(R™) \ 0), homogeneous of degree m for m < 0, such that

M
o — (Z €_m)O'P mod SC_IM

m=0

has vanishing Taylor coefficients at I". If we let E have symbol

[e.¢]
oE(x, E) ~ Y (1= pE)e_n(x, &)
m=0
with ¢ € C§° equal to 1 for & close to 0, then E € 1113 (R™) and all terms in the asymptotic expansion of
the symbol of Q — P E have vanishing Taylor coefficients at I". We have proved Theorem 2.19. ]

Remark. Instead of reducing to the study of the normal form P = D,, 4+ix; D, when condition (2-18)
does not hold, as in case (iii) above, one could show that the terms in the asymptotic expansion of
the operator R given by (2-16) has vanishing Taylor coefficients at every point in the sequence {y;}
satisfying (2-19) using techniques very similar to those used to prove Theorem 2.21. Theorem 2.19
would then follow by continuity, but the proof of the analogue of Theorem 2.20 would be more involved.
In particular, we would have to construct a phase function w solving the eikonal equation

ow/dx; —if(x,0w/dx")=0

approximately instead of explicitly (confer the proofs of Theorems 2.21 and 2.20, respectively). For
fixed j this could be accomplished by adapting the approach in [Hormander 1963; Hormander 1966]
(for a brief discussion, see [Hormander 1981, p. 83]), where one has f =0 and df/dx; > 0 at (0, £9)
instead of at y;.
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We shall now show how our results relate to the ones referred to in the introduction, beginning
with (1-3). There, it sufficed to have the coefficients of P and Q in C*™ and C', respectively. However,
in order for Theorem 2.19 to qualify, we must require both P and Q to have smooth coefficients. On the
other hand, we shall only require the equation Pu = Q f to be microlocally solvable (at an appropriate
cone K) as given by Definition 2.1. Note that if P is a first order differential operator on an open set
£2 C R", such that the principal symbol p of P satisfies condition (1-4) at a point (x, &) € T*(£2) \ 0,
then either {Re p, Im p} > 0 at (x, &), or {Re p, Im p} > 0 at (x, —&). (The order of the operator is not
important; the statement is still true for a differential operator of order m, since the Poisson bracket is
then homogeneous of order 2m — 1.) Assuming the former, this implies that (x, &) satisfies condition
(a) in Theorem 2.19 by an application of [Hormander 1985a, Theorem 21.3.3] and Lemma 2.7. In order
to keep the formulation of the following result as simple as possible, we will assume that there exists a
compactly based cone K C T*(§2) \. 0 with nonempty interior such that K contains the appropriate point
(x, £&), and such that the equation Pu = Qf is microlocally solvable at K. This is clearly the case if
the equation Pu = Qf is locally solvable in £2 in the weak sense suggested by (1-1).

Corollary 2.22. Let 2 C R" be open, and let P(x, D) and Q(x, D) be two first order differential
operators with coefficients in C*°(82). Let p be the principal symbol of P, and let xy be a point in 2
such that

p(x0,80) =0 and {Re p,Im p}(xo, §o) >0 (2-22)

for some &y € R™. If K C T*(§2) \0 is a compactly based cone containing (xo, &) such that the range of
Q is microlocally contained in the range of P at K, then there exists a constant | such that (at the fixed
point xg)

Q*(x0, D) = uP*(xo, D), (2-23)
where Q* and P* are the adjoints of Q and P.

Proof. By (2-22), P € l,I/CII(.Q) is an operator of principal type microlocally near (xg, &). P and Q
therefore satisfy the hypotheses of Theorem 2.19, and in view of the discussion above regarding the
point (x, &) we find that there exists an operator E € lI’ﬁ(.Q) such that all the terms in the asymptotic
expansion of the symbol of O — P E have vanishing Taylor coefficients at (xg, &). By the discussion
following (3-7) on page 452 below, it follows that the same must hold for the adjoint Q* — E* P*. If we
let Q* and P* have symbols o+ (x, §) = ¢qi(x, §) +qo(x) and op«(x, &) = p1(x, §) + po(x), then E* P*
has principal symbol egp; if og= = eg+e_1 + ... denotes the symbol of E*. Hence

9q1(x0, £0)/9&k = eo(xo, §0)dp1(x0, £0) /& for 1 <k <n

and pi(xo, &) = p(xo, &) = 0. Since g and p; are polynomials in & of degree 1, this means that at the
fixed point xo we have q;(xg, §) = up1(xo, §) for & € R, where the constant p is given by the value of
eo at (xg, &). Moreover,

0 = 0¢; 9g,q1(x0, §0) = ¢, €0(x0, §0) g, P1(X0, §0) + g €0(x0, £0)Ig; P1(x0, &0)- (2-24)
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By assumption, the coefficients of p(x, D) do not vanish simultaneously, so the same is true for p; (x, D).
Hence 0¢; p1(xo, §0) # O for some j. Assuming this holds for j = 1, we find by choosing j =k =1 in
(2-24) that 9, eo(xo, §n) = 0. But this immediately yields

g, e0(x0, £0) = — g, e0(x0, £0) g, p1(x0, §0)/ g, p1(x0, §0) =0

for 2 <k <n. Now

1
opep(x.6) ~ ) —dfop: DY(pi(x.§) + pox),
and since we have a bilinear map
SM /ST x S /ST 3 (a, b) > at#tb e ST /ST

with
@#b)(x, ) ~ 3" L agalx, &) Db, €),

we find that the term of order O in the symbol of E*P* is

n
oo(E*P*)(x, &) = e_1(x, &) p1(x, &) +eo(x, &) po(x) + Z dg,e0(x, &) Dipi(x,§). (2-25)
k=1
Since g ep and p; vanish at (xo, &) we find that go(xo) = upo(xo) at the fixed point xo, which completes
the proof. U

Having proved this result, we immediately obtain the following after making the obvious adjustments to
[Hormander 1963, Theorem 6.2.2]. The fact that we require higher regularity on the coefficients of Q
then yields higher regularity on the propertionality factor. Since the proof remains the same, it is omitted.

Corollary 2.23. Let 2 C R" be open, and let P(x, D) and Q(x, D) be two first order differential oper-
ators with coefficients in C*°(§2). Let p be the principal symbol of P, and assume that the coefficients of
p(x, D) do not vanish simultaneously in 2. If for a dense set of points x in §2 one can find & € R" such
that (2-22) is fulfilled, and if for each (x, &) there is a compactly based cone K C T*(£2) \. 0 containing
(x, &) such that the range of Q is microlocally contained in the range of P at K, then there exists a
Sfunction e € C*(82) such that

O(x, D)u = P(x, D)(eu). (2-26)

In stating Corollary 2.23 we could replace the assumption that the coefficients of p(x, D) do not
vanish simultaneously in 2 with the condition that P is of principal type. Indeed, if dp # O then by a
canonical transformation we find that condition (1-6) holds. Since p # 0 implies ¢ p # O by the Euler
homogeneity equation we then have d: p # 0 everywhere, that is, the coefficients of p(x, D) do not
vanish simultaneously in £2. The converse is obvious.

As shown in Example 2.25 below, we also recover the result for higher order differential operators
mentioned in the introduction as a special case of the following corollary to Theorem 2.19, although we
again need to assume higher regularity in order to apply our results.
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Proposition 2.24. Let X be a smooth manifold, and let P € Ll/clj (X) and Q € 11/5/ (X) be properly sup-
ported such that the range of Q o P is microlocally contained in the range of P at a compactly based
cone K C T*(X)\ 0. Let p and q be the principal symbols of P and Q, respectively, and assume that
P is of principal type microlocally near K. If y : I — T*(X) \ 0 is a minimal characteristic point or a
minimal bicharacteristic interval of p contained in K then it follows that

HI’,"(q) =0 forall (x,&)ey()andm > 1.
Here H[',”(q) is defined recursively by H,(q) = {p, q} and Hl’,"(q) ={p, Hl’f_l (@)} form = 2.

Proof. First note that if the range of Q € lI/C’j/(X ) is microlocally contained in the range of P € !Ifc’j(X )
at K and both operators are properly supported, then it follows that the range of Q o P is microlocally
contained in the range of P at K. (The converse is not true in general.) Indeed, let N be the integer
given by Definition 2.1, and let f € H(IZC{,CHC)(X). Since P : H(IX,CM)(X) — H(lx,c) (X) is continuous, we
have g = Pf € H(IX,C) (X). Thus, there exists a u € 9'(X) such that

g=KNWF(Qg—Pu)=KNWF(QPf — Pu),

so the conditions of Definition 2.1 are satisfied with N replaced with N + k.

Let (x,&) € y(I). The range of PQ is easily seen to be microlocally contained in the range of P
for any properly supported pseudodifferential operator Q. The assumptions of the proposition therefore
imply that the range of the commutator

Ri=PoQ—QoPeW H1(x) (2-27)

is microlocally contained in the range of P at K. Hence, by Theorem 2.19 there exists an operator
E e lI/Ckl/_l(X) such that, in particular, the principal symbol of Ry — PE vanishes at (x,§). If e is
the principal symbol of E, homogeneous of degree k' — 1, then the principal symbol of PE satisfies
p(x,&)e(x, &) =0since p oy =0. Since the principal symbol of R is

1
Ok+k'—1(R1) = ZT{P,CI},

the result follows for m = 1.

Let R,, be defined recursively by R,, = [P, R,,—1] for m > 2 with R; given by (2-27). Arguing by
induction, we conclude in view of the first paragraph of the proof that the range of R,, is microlocally
contained in the range of P at K form =1, 2. .. since this holds for R;. Assuming the proposition holds
for some m > 1, we can repeat the arguments above to show that the principal symbol of R,,; must
vanish at (x, §). Since the principal symbol of R+ equals —i{p, H}'(¢)}, this completes the proof. [

Example 2.25. Let 2 C R" be open, P(x, D) be a differential operator of order m with coefficients in
C°(£2), and let u be a function in C*°(£2) such that the equation

Px,Du=uPx,D)f
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has a solution u € 9'(§2) for every f € C{°(£2). If p is the principal symbol of P then it follows that

Y 3P, E)Dyypu(x) =0 (2-28)
j=1
for all x € £2 and & € R" such that
{p, p}(x,8) #0 and p(x,§) =0. (2-29)

Indeed, if (x, &) satisfies (2-29) then we may assume that

(Re p, Im p}(x, &) = —2-(p, p}(x, &) = 0

since otherwise we just regard (x, —&) instead, as per the remarks preceding Corollary 2.22. By the same
discussion it is also clear that (x, £) is a minimal characteristic point of p. Now the conditions above
imply that there exists a compactly based cone K C T*(£2) \ 0 containing (x, &) such that the range of
w P is microlocally contained in the range of P at K. By condition (2-29), P is of principal type near
(x, &), so Proposition 2.24 implies that {p, u} =0 at (x, &), that is,

n
3 e, px, €)1 (x) = By, px, ), i (x) = 0.
j=1
Since u is independent of £ we find that (2-28) holds at (x, £). By homogeneity it then also holds at
(x, =§).

3. Proof of Theorem 2.20

Throughout this section we assume that the hypotheses of Theorem 2.20 hold. We shall prove the theorem
by using Lemma 2.3 on approximate solutions of the equation P*v =0 concentrated near I’ = {(0, &,)}.
We take as starting point the construction on [Hormander 1985b, page 103], but some modifications need
to be made in particular to the amplitude function ¢, so the results there concerning the estimates for the
right side of (2-1) cannot be used immediately. To obtain the desired estimates we will instead have to
use [Hormander 1985b, Lemma 26.4.15]. Set

Ve (X) = P (x)e' T, (3-1)
where
wx) =x, +i(xF x4+ x>+ (x Fixt/2)H)/2

satisfies P*w =0 and ¢ € C;°(R"). By the Cauchy—Kovalevsky theorem we can solve D1¢—ix; D,¢ =0
in a neighborhood of 0 for any analytic initial data ¢ (0, x') = f(x') € C*(R"~!); in particular we are
free to specify the Taylor coefficients of f(x") at x’ = 0. We take ¢ to be such a solution. If need be
we can reduce the support of ¢ by multiplying by a smooth cutoff function y, where yx is equal to 1 in
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some smaller neighborhood of 0 so that x¢ solves the equation there. We assume this to be done and
note that if supp ¢ is small enough then

Imw(x) > |x|?/4 for x € supp ¢. (3-2)

Since
dRew(x) = —xix,dx; + (1 — x1/2)dx,,

we may similarly assume that d Re w(x) # 0 in the support of ¢. We then have the following result.

Lemma 3.1. Suppose P = D\ + ix| D, and let v; be defined by (3-1). Then ¢ and w can be chosen so
that for any f € C®(R"~') and any positive integers k and m we have ¢ (0, x') = f (x) in a neighborhood
of (0, 0), T¢|| P*v, l(my = 0 as T — oo, and

”vr ”(—m) = Cmf_m- (3'3)
If I is the cone generated by
{(r, /() 1 x € supp . Imw(x) =0},

then T v, — 0 in D' as T — o0; hence ™ Av; — 0in C®(R") if A is a pseudodifferential operator with
WF(ANT =o.

Here @'+(X) = {u € 9'(X) : WF(u) C I'}, equipped with the topology given by all the seminorms on
%' (X) for the weak topology, together with all seminorms of the form

Pyyn(u) = sup |gu ()| (14 EDY

where N > 0, ¢ € C°(X), and V C R" is a closed cone with (supp¢ x V)N I’ = @. Note that
uj — uin 9= (X) is equivalent to u; — u in @’'(X) and Au; — Au in C* for every properly supported
pseudodifferential operator A with I" N WF(A) = @; see the remark following [Hormander 1985a,
Theorem 18.1.28].

Proof. We observe that " P*u, = K (P*¢p)e!™ — 0 in Cy°(R") for any k as © — oo, if w and ¢ are
chosen in the way given above. Hence t|| P*v; || () — O for any positive integers k and m. In view of
(3-2) and the fact that d Re w # 0 in the support of ¢ we can apply [Hormander 1985b, Lemma 26.4.15]
to v,. This immediately yields (3-3) and also that 7¥v; — 0 in Qb/f as T — oo, proving the lemma. [J

We are now ready to proceed with a tool that will be instrumental in proving Theorem 2.21. The idea
is based on techniques found in [Hormander 1963].

Let R be the operator given by Theorem 2.20. By assumption there exists a compactly based cone
K C T*(R") \ 0 such that the range of R is microlocally contained in the range of P at K. If N is the
integer given by Definition 2.1, let H(x) € C;°(R") and set

he(x) =1t NH(tx). (3-4)
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Since ft,(&) = r_N_”PAI(S/r) it is clear that for T > 1 we have h, € Hpyy(R") and ||A;||(v) < Ct/2,
In particular, ||h|l(yy < C for T > 1, where the constant depends on H but not on 7. Now denote by I,
the integral

IL=1" / H(tx)R*v; (x) dx = TN " (R*ve, ho), (3-5)
where R* is the adjoint of R. For any « we then have by the second equality and Lemma 2.3 that

1| < TV el I R* v ll -y < Cet T (1P* e |y + vz L= N—k—n) + | Avz [l 0))

for some positive integer v and properly supported pseudodifferential operator A with WF(A)NK = @.
By Lemma 3.1 this implies

[I:| < Cet™* (3-6)

for any positive integer « if t is sufficiently large.
Recall that R(x, D,) is a pseudodifferential operator in x” depending on x; as a parameter. Its symbol
is given by the asymptotic sum

or(x, €Y =ri(x, ) +ro(x, &)+,

where r_; (x, £') is homogeneous of degree —j in £’. The symbol of R* has the asymptotic expansion

op- =) 3¢ Dior(x. &)/,

which shows that R* is also a pseudodifferential operator in x” depending on x; as a parameter. If we
sort the terms above with respect to homogeneity we can write

opr =q1(x, &) +qo(x, 8N+, (3-7)

where g_; is homogeneous of order —j, g (x, ') =r(x, £’) and

n
qo(x, &) =ro(x, E)+ Y O Dy ri(x, &),
k=2

A moment’s reflection shows that if all the terms in (3-7) have vanishing Taylor coefficients at some
point (x, &), then the same must hold for o.

Our goal is to show that if q(_@)(a)(o, £9) does not vanish for all j > —1and all o, 8 € N, then (3-6)
cannot hold. For this purpose, we introduce a total well-ordering >, on the Taylor coefficients by means
of an ordering of the indices (j, o, 8) as follows.

Definition 3.2. Let o;, 8; € N" and j; > —1 for i = 1, 2. We say that

g% 0 ©0.6% > ¢ (0.6%) if ji+lerl+ 181l > jo+ laal + |Bal.

To “break ties”, we say that if j; + || + |81 = j2 + |o2] + | B2, then

0 ) 0.9 > g% (0,69 i 1B2] > 1Bul.
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Note the reversed order. If also |B;| = |B2|, then we use a monomial ordering on the § index to break
ties. Recall that this is any relation > on N" such that > is a total well-ordering on N" and 8; > B,
and y € N" implies 81 + y > B, + y. Having come this far, the actual order turns out not to matter for
the proof of Theorem 2.20, but it will have bearing on the proof of Theorem 2.21. Which monomial
ordering we use on the 8 index will not be important, but for completeness let us choose lexicographic
order since this will be used at a later stage in the definition. Here we by lexicographic order refer to
the usual one, corresponding to the variables being ordered x; > - - - > x,. That is to say, if «; € N" for
i =1,2, then oy >ex a2 if, in the vector difference o) — oy € Z", the leftmost nonzero entry is positive.
Thus, if j; + |e1| + 81| = j2 + laz] + | B2| and B; = B», then we first say that

¢ ) 0.8 > g (0.8%) if ja| > o] (3-8)

and then use lexicographic order on the n-tuples « to break ties at this stage. Using the lexicographic
order on both multiindices (separately) we get

(&n) (e1)
g1 <t 4y " <t <t 4y <tqi,) <t <tql) <t90 <t

As indicated above we will prove Theorem 2.20 by a contradiction argument, so in the sequel we let
k denote an integer such that
JHlal+18l <« (3-9)
02))
—Jj (@
we will thus have « > 0.

if ¢ )0, & 0y is the first nonvanishing Taylor coefficient with respect to the ordering >;. Since j > —1

To simplify notation, we shall in what follows write ¢ instead of x| and x instead of x’. Then v, takes

the form
ve(t, X) = (1, x)e' T,
where
w(t,x) =X, +i(>Fx] 4+ 225+ (1 +it2/2)%)/2. (3-10)
We shall as before use the notation 50 = (0,...,0,1) € R*"! when in this context. To interpret the

integral I; we will need a formula for how R*(¢, x, D) acts on the functions v;. This is given by the
following lemma, where the parameter ¢ has been suppressed to simplify notation.

Lemma 3.3 [Hormander 1985b, Lemma 26.4.16]. Let g(x,§) € S*(R"™! x R"™1), let ¢ € CC(R™™")
and w € C®(R"™Y), and assume that Imw > 0 except at a point y where w'(y) = n € R*™1 0 and
Im w” is positive definite. Then

lq(x, DY (@e'™) = Y ¢ (x, Tn)(D — ) (pe'™) Jer!] < Cir"TH? (3-11)
la|<k
fort >1landk=1,2,...
An inspection of the proof of [Hormander 1985b, Lemma 26.4.16] shows that the result is still appli-

cable if Imw > 0 everwhere. This is also used without mention in [Hérmander 1985b] when proving
the necessity of condition (¥). Thus the statement holds if Im w > 0 except possibly at a point y where
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w'(y) =n € R"™ '\ 0 and Imw” is positive definite. We will also use this fact, but we have refrained
from altering the statement of the lemma.

If ¢ is homogeneous of degree i, then the sum in (3-11) consists (apart from the factor ¢/**) of terms
that are homogeneous in t of degree p, u — 1, .... The terms of degree p are those in

¢y g, T W (x) —Tn)¥/al, (3-12)

which is the Taylor expansion at tn of g(x, Tw’). In this way one can give meaning to the expression
g (x, Tw’) even though ¢ (x, &) may not be defined for complex &. The terms of degree u — 1 where ¢ is
differentiated are similarly

n—1
> P, Tw' () Deg,
k=1

where ¢® should be replaced by the Taylor expansion at 77 representing the value at Tw’(x), as in (3-12).
In the present case we have
wy(r,x) —§" = ix — (12/2)8",

so the expression g_; (¢, x, w’ (¢, x)) is given meaning if it is replaced by a finite Taylor expansion

Y aP e x £ Wl x) - 9P /181!
B

of sufficiently high order.
Using the classicality of R* we have

M
ore(t, x, 6) = Y g j(t,x, &) e UM IR,
j=-—1

so there is a symbol a € SC_IM_1 (R" x R"1) such that

M
a(t,x,D)=R*(t,x,D)— > q_j(t.x, D) mod ¥ ®(R").
j=-—1

By (3-2) and (3-10) it is clear that w satisfies the conditions of Lemma 3.3, so
a(t, x, Dyve = a(t, x, t6% v + 0 M) = oM a(r, x, €0v. + 07V,

which implies that |a(z, x, D)v,| < Ct M-1 If we for each —1 < j < M write

’q_,-(r,x,D)vf— Y g x, T8 (D — T8 v, fart | < Cp TR

|| <k;

with k; =2M —2j + 1, then

M
RE(t.x. Dyve= Y > ¢t x, 1€ (D, — 16" fal + O ~M7112),
Jj=—1lal<k;
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Now recall the discussion above regarding the homogeneity of the terms in (3-11), and choose M > «,
where « is an integer satisfying (3-9). Then

M

R*(t,x, Dyve =e™ > > q“)(t,x, rw|(t,x)D"¢
j==1 |a|<2M-2j
M

=™y Y Mgk wl,0)) D
j=—1la|<2M-2j
M

=™ Z 70, (1, %)

J=—1

with an error of order O(t % ~!/2), where

ki)=Y g x e, x)D for j = —1. (3-13)
Jt+lal=J

As before, q(_aj)(t, x, w(t, x)) should be replaced by a finite Taylor expansion at & 0 of sufficiently high
order representing the value at w’.(¢, x). In view of (3-5), this yields

K
I =1 / H(t, rx)eirw(t’x)< 3 ffx,(t,x)+@(f“1/2))dt dx.
J=—1

After the change of variables (t¢, tx) — (¢, x) we find that

K
I, =/H(z,x)e”w<f/f»x/f>( 3 f_JAJ(t/r,x/t)+@(r_"_1/2))dt dx. (3-14)
J=—1

To illustrate how we will proceed to prove Theorem 2.20 by contradiction, let us for the moment assume
that ¢1(0, 0, £%) £ 0, where £° = (0,...,0, 1) e R""!. Since

At/ x /1) =/t x/0) Y ) @), x /T, EY W (/T x /1) = EDVP /1B (3-15)
B

where
w' (t/t,x)1) — &% =ix/T — (1*/2r*)E* =07, (3-16)

and (3-10) implies that tw(t/t, x/t) = x,—1 as T — 00, we obtain

lim I/t = / H(t, x)e™ 140, 0)q; (0, 0, £%) dt dx.
T—>00

Since we may choose ¢ # 0 at the origin, the limit above will then not be equal to O for a suitable choice
of H. However, this contradicts (3-6).
Now assume that afoqi’i%)(ao)(O, 0, £%) is the first nonvanishing Taylor coefficient with respect to the

ordering >;, and let
m = jo+ko+ laol + |fol (3-17)
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so that m < k by (3-9). Note that «g, o € N"~! and that the integer ko accounts for derivatives in ¢ while
there is no corresponding term for derivatives in the Fourier transform of 7 since the ¢g_; are independent
of this variable. Note also that since jj is permitted to be —1, we have 0 < kg, |agl, |Bo] <m + 1.
To use our assumption we will need for each term q(’g +) (t/7,x/t, €% in the Taylor expansion of
(y) (t /T, x/t, wi(t/T,x/T)) (as it appears in (3-13)) at & 0 to consider Taylor expansions in ¢ and x at

(2}

the origin. Note that for given j and y, it suffices to consider finite Taylor expansions of q-; of order

k — j —|y| by (3-14) and (3-16). For each j and y we thus write

g (/7. x /T, W (t/7. x/T))

=Y @500, )k w1/, x /) — £ /(K el | BID + O,
k+lal+|Bl<k—j—Iy

where (w'(t/t,x/t) — £9# should be interpreted by means of (3-16). As we shall see, the term
(t?/(21%))&° will not pose any problem, since it is O(t~?). We have

M/t x/n="Y Yo @4 0.0, D%t /7. x/T)
PRSP i ) (17, x/0) = £ /Rt BID + O 1),
where —1 < j < J. If we are only interested in terms of order ™" in (3-14), we can use the assumption

that aquﬂf(gﬁ(o, 0,9 =0 forall —1 < j+k+ ||+ |B] + |y| <m to let the term (2/(272))&° from
(3-16) be absorbed by the error term in the expression above. This yields

Yo=Y @kq%)0.0.6%
I=-1 JHlalpEII=m DY (T, x Ty T R R () (ke B]Y) + Oz,

where we use J = j + |y| together with the fact that we get a factor 718! from (w/.(t/7, x /1) — £°)# by
(3-16). Thus,
lim "I, = / H(t, x)e'*

T—>00

S A0 0 00,0, D76 0,0)/ (el 1BIY ) dr dx.
Jtk+lel+|Bl+lyl=m
Now choose ¢ such that D?¢ (0, 0) = 1, but D¢ (0, 0) = 0 for all other y such that |y| < |Bo|. This
is possible by the discussion following (3-1). By (3-17) and our choice of the ordering >;, we have
3kq P (0,0, £%) = 0 for all B such that |B| > 0 as long as j +k + [a| + |B| + | fo| = m. Hence, with
this choice of ¢, the last expression takes the form

lim "I, = / He e (3 R0k %,)0,0,60/Kllal) ) drdx,  (3-18)
T—>00

JAk+la|+]Bol=m
where as usual j is allowed to be —1 so that j € [—1,m — |Bp]] in (3-18). Now some of the Taylor
coefficients in (3-18) may be zero, in particular, the expression may well contain Taylor coefficients that

preceed o, ko (’Lj]‘;)(ao) (0, 0, £9), and those are by assumption zero. However, we claim that if at least one of
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the Taylor coefficients above are nonzero, then we may choose H so that the limit is nonzero. Indeed, if
that were not the case then the expression within brackets in (3-18) would be a polynomial with infinitely
many zeros, and thus it would have to have vanishing coefficients. Since this violates our assumption,
we conclude that the limit is nonzero. However, this contradicts (3-6), which proves Theorem 2.20.

4. Proof of Theorem 2.21

In this section we shall give the proof of Theorem 2.21, using ideas taken from [Hormander 1963]
together with the approach used to prove [Hormander 1985b, Theorem 26.4.7']. As in the previous
section, we aim to use Lemma 2.3 to estimate the operator R(x, D,/) on approximate solutions of the
equation P*v = 0, concentrated near

I ={(x;,x",0,&) :x; € I'} C T*R") \ 0. (4-1)

The proofs will be similar, but the situation is more complicated now, which will affect the construction
of the approximate solutions. We will also have to make some adjustments to the proof of [Hormander
1985b, Theorem 26.4.7'] to make it work, so a lot of the details will have to be revisited. Our approximate
solutions will also differ slightly from the ones used to prove [Hormander 1985b, Theorem 26.4.7'], so
although we will refer directly to results in [ibid.] whenever possible, the formulation of some of these
results will be affected. For a more complete description of the approximate solutions, we refer the
reader to [Hormander 1981] or [Hormander 1985b], where their construction is carried out in greater
detail. When proving Theorem 2.21 we may without loss of generality assume that x’ = 0 and £’ = &°
in (4-1). In accordance with the notation in the proof of Theorem 2.19, we shall therefore throughout
this section refer to I simply by I", and we will let I’ = [ay, bo].

To simplify notation we shall in what follows write ¢ instead of x; and x instead of x’. If N is the
integer given by Definition 2.1, and » is the dimension, the approximate solutions v, will be taken of the
form

M
ve(t, x) =TV TN (1, x) T (4-2)
0

Here ¢o, ¢1, . . . are amplitude functions, and w is a phase function that should satisfy the eikonal equation
dw/ot —if(t,x,0w/dx) =0 4-3)
approximately, where f is the imaginary part of the principal symbol of P. We take w of the form
w(r, x) = wo(r) + {x — y(@), n(t)) + Z W () (x — y(@)*/lal!, (4-4)
2=<|a|=M

where M is a large integer to be determined later and x = y(¢) is a smooth real curve. When discussing
the functions w, we shall permit ourselves to use the notation « = («y, . . ., &) for a sequence of s = ||
indices between 1 and the dimension n — 1 of the x variable, and w, will be symmetric in these indices.
If we take n(7) to be real-valued and make sure the matrix (Im w j;) is positive definite, then Im w will
have a strict minimum when x = y(¢) as a function of the x variables.



458 JENS WITTSTEN

On the curve x = y(¢) the eikonal equation (4-3) is reduced to

wo () = (Y1), n(@) +if (t, y(©), n(t)), (4-5)

which is the only equation where wy occurs. Hence it can be used to determine wy after y and n have
been chosen. In particular

dImuwo(r)/dt = f(t, y(1), n(1)). (4-6)

In the proof of Theorem 2.20 we could solve the corresponding eikonal equation explicitly. Here this
is not possible, so our goal will instead be to make (4-3) valid apart from an error of order M + 1 in
x — y(t). Note that f (¢, x, &) is not defined for complex &, but since

dw(t, x)/dx; =1 (1) =) we j(1)(x = y(0)*/lal!,
(4-3) is given meaning if f (¢, x, dw/dx) is replaced by the finite Taylor expansion
> P x @) @w(t, x)/dx —n@)F/IBI. (4-7)
1BI=M

To compute the coefficient of (x — y(¢))* in (4-7) we just have to consider the terms with |8] < |«|. Since
dw/dt =wy— (', )+ {x =y, n)
+ ) WO =l =Y Y wek () — y)dyi/dt /el

2<|a|<M k 1<|a|<M—-1

the first order terms in the equation (4-3) give

dnj/dt =) wiOdye/dt =i(f(t, y,m) + Y fO @y, Mwj®). (4-8)
k k
Note that this is a system of 2n equations
dnj/dt =) Rewj(tdyi/dt ==Y Imwp ) P, y,m), (4-8)
k k
Y Imwu@dye/dt == fi &, y.m) = Y Rew ) fO @, y, m), (4-8)"
k k

since y and n are real, and under the assumption that Im wj; is positive definite these equations can
be solved for dy/dt and dn/dt. We observe that at a point where f = df = 0 they just mean that
dy/dt =dn/dt =0.

When 2 < x| < M we obtain a differential equation

dwg/dt = " wedye/dt = Fy(t, y, 1. (wp)) (4-9)

k
from (4-3). Here Fy is a linear combination of the derivatives of f of order |«| or less, multiplied with
polynomials in wg with 2 < |B| < ||+ 1. Of course, when |a| = M the sum on the left side of (4-9)
should be dropped, and B should satisfy |8] < |«| instead. Altogether (4-8)’, (4-8)” and (4-9) form a
quasilinear system of differential equations with as many equations as unknowns. Hence we have local
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solutions with prescribed initial data. According to [Hormander 1985b, pages 105-106] we can find a
¢ > 0 such that the equations (4-8) and (4-9) with initial data

Wik =18k, wy =0, when 2 < |¢| <M and t = (ap + bo)/2, (4-10)
y =X, n==_g, when t = (ap + bg) /2 4-11)

have a unique solution in (ap —c, bg+c) for all x and & with |x|+|§ —& O <c. (Here 8 jk 1s the Kronecker
delta.) Moreover,

(1) (Imwj; —&;x/2) is positive definite,

(ii) the map
(x,& 1) > (y,n, 1), where |x|+|§ —£° <c, ag—c <t <by+ec,

is a diffeomorphism.

In the range X, of the map (ii) we let v denote the image of the vector field d/d¢ under the map.
Thus v is the tangent vector field of the integral curves, and when f = df = 0 we have v = d/0¢. By
assumption f = 0 implies df/d¢ < 0 in a neighborhood of I" (see (2-18)), so if ¢ is small enough this
also holds in X.. An application of [Hormander 1985b, Lemma 26.4.11] now yields that f must have
a change of sign from — to + along an integral curve of v in X, for otherwise there would be no such
sign change for increasing ¢ and fixed (x, &), and that contradicts the hypothesis in Theorem 2.21. By
(4-6) this means that Im wq(¢) will start decreasing and end increasing, so the minimum is attained at an
interior point. We can normalize the minimum value to zero and have then for a suitable interval of ¢ that
Im wg > 0 at the end points and Im wy = 0 at some interior point. Since Re wy is given by (4-5) we can
at this interior point also normalize the value of Re wg to zero. This completes the proof of [Hormander
1985b, Lemma 26.4.14]. However, in order to prove Theorem 2.21 when ag < by we shall need the
following stronger result.

Lemma 4.1. Assume that the hypotheses of Theorem 2.21 are fulfilled, the variables being denoted (t, x)
now. Then given M € N we can find

() a curve t — (t, y(t),0,n(t)) € R¥, witha' <t <b' as close to I as desired,
(i) C* functions wy(t) for 2 < |a| < M, with Im w jx — 8k /2) positive definite when a’ <t <b’,
(iii) a function wo(t) with Imwy(t) > 0 fora’ <t <b’, Imwy(a’) > 0, Imwy(b’) > 0 and Re wy(c') =

Im wo(c") = 0 for some ¢’ € (a’, b')

such that (4-4) is a formal solution to (4-3) with an error of order O(|x — y(0)|M+, If ay < by then (iii)
can be improved in the sense that if 0 > 0 is the number given by Theorem 2.21, then we can for any
&> o find

(ii)" a function wy(t) with Imwe(@) >0, @’ <t < b/, Imwy(a’) > 0, Imwy(d’) > 0 and Re wy(t) =
Imwo(t) =0 forallt € [ag+ &, by — €].
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Proof. In view of [Hormander 1985b, Lemma 26.4.14] we only need to prove (iii)'.
Let ¢ > o, and let I, = [ag + &, by — €]. By the hypotheses of Theorem 2.21, there is a neighborhood
U of

I ={(,0,0,%:1el}
where f vanishes identically. Take § > O sufficiently small so that
tel, |x|+1E—&% <8 implies (7, x,0,&) el

As above we can find ¢ > 0 such that the equations (4-8) and (4-9) with initial data (4-10) and (4-11)
have a unique solution in (ay — ¢, bg + ¢) for all x and & with |x|+ |§ — £9] < c. Since the map

(x,& 1) > (y,n, 1), where |x|+|§ —£° <¢c, ag—c <t <by+ec,

is a diffeomorphism, we can choose ¢ small enough so that if (y, n, t) is in the range X, of this map,
then |y| + |7 — &°| < 8. As we have seen, f must change sign from — to + along an integral curve of
v in X, if ¢ is small enough, where in X, we denote by v the image of the vector field d/d¢ under the
map. Let this integral curve be given by

y(t) = (t, y(©),0,n()) e R*" for a' <1 <V,
for some choice of a’ and b’ such that ay —c < a’, b’ < by + ¢ and

f@, y@),n@)) <0< f@, y@). n).

Recall that at a point where f = df = 0 the equations (4-8) and (4-8)" imply that dy/dt = dn/dt = 0.
Since f vanishes identically on y for ¢ € I, and the function wq is determined by (4-5), this proves the
lemma after a suitable normalization. ]

Note that if I" is a point then by Lemma 4.1 we can obtain a sequence {y;} of curves
yi(0) = (6, y;(1,0,n;() for a} <1 <b
approaching I", which implies that at t = c;. we have
(¢}, y5(€), 0, 1;(c)) — ' as j — oo

in T*(R") . 0, where c;. is the point where Re wg; =Im wg; = 0. Similarly, if I" is an interval and ¢ > 0
is the number given by Theorem 2.21, then for any point e in the interior of I, we can use Lemma 4.1
to obtain a sequence {y} of curves approaching I" and a sequence {wy;} of functions such that for each
J there exists a point w; € y; with w; = y;(¢;) that can be chosen so that Re wq;(z;) = Imwq;(z;) =0
and w; — w as j — oo. This will be crucial in proving Theorem 2.21. Our strategy is to show that
all the terms in the asymptotic sum of the symbol of R have vanishing Taylor coefficients at w;, or at
(c;, Vi (c}), 0,n; (c;.)) when I is a point. Theorem 2.21 will then follow by continuity. In what follows
we will suppress the index j to simplify notation.
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Let K and $2 be the cones given by Theorem 2.21, and suppose that the function w given by (4-4) is
a formal solution to (4-3) with an error of order O(|x — y(¢)|M*1!) in a neighborhood ¥ of

{(£,0) a0 <t <bo} CR"

with K C T*(Y), such that Im w > 0 in ¥ except on a compact nonempty subset T of the curve x = y(¢),
with (tg, y(t9)) € T and w = 0 on 7. We want to show that all the terms in the asymptotic sum of the
symbol of R have vanishing Taylor coefficients at (ty, y(#y), 0, n(fo)). By part (i) of Lemma 4.1 we can
choose w so that

Ty = {(t, x, dw(t, x)/dt, dw(t, x)/9x) : (t,x) € T} (4-12)

is contained in £2. This is done to ensure that if A is a given pseudodifferential operator with wavefront
set contained in the complement of K, then WF(A) does not meet the cone generated by .

We now turn our attention to the amplitude functions ¢ ;. With the exception of ¢y, which will be of
great interest to us, we will not be very thorough in describing them. Suffice it to say that these functions
can be chosen so that if P* is the adjoint of P then

||P*vt||(v) S CTN+n+U+(1_M)/2, (4_13)
where M is the number given by (4-2). The procedure begins by setting

Pot, x) =Y oa(t)(x — y(1))"

la|<M

with y(¢) as above, and having ¢, satisfy the linear system of ordinary differential equations

Digoa+ Y auppop =0. (4-14)
|Bl<M

In the same way we then successively choose ¢; and obtain (4-13). The precise details can be found
in [Hormander 1981, pages 87-89], or in [Hormander 1985b, pages 107-110]. Note that we for any
positive integer J < M can solve the equations that determine ¢ so that at the point (¢, y(ty)) € T we
have D ¢ (to, y(tp)) =0 for all || < J except for one index «, || = J. This will be important later on.
Note also that the estimate (4-13) is not affected if the functions ¢; are multiplied by a cutoff function
in C;°(Y) that is 1 in a neighborhood of 7. Since the ¢; will be irrelevant outside of Y for large T by
construction, we can in this way choose them to be supported in Y so that v, € C3°(Y).

Having completed the construction of the approximate solutions, we are now ready to start to follow
the proof of Theorem 2.20. To get the estimates for the right side of (2-1) when v is an approximate
solution, we shall need the following two results. The first, corresponding to Lemma 3.1, is taken from
[Hormander 1985b]. Observe that here it is stated for our approximate solutions which differ from those
N+n_which explains the difference in appearance. Note also that although we
will not use the lower bound for the approximate solutions, that estimate is included so as not to alter

in [ibid.] by a factor of

the statement.
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Lemma 4.2 [Hormander 1985b, Lemma 26.4.15]. Let X C R" be open, and let v, be defined by (4-2),
where w € C*(X), ¢; € C°(X), Imw > 0in X and dRe w # 0. For any positive integer m we then
have

el emy < CTNT™ for > 1. (4-15)

If Im w(ty, x0) = 0 and ¢o(ty, x0) # O for some (ty, x9) € X then

N+n/2—m

lvell(—m) = cT for T >1

and for some ¢ > 0. If I is the cone generated by
{@, x, 0w(t, x), dw(t, x) : (£, x) € U, supp ¢, Imw(z, x) = 0},

then t®v, — 0 in Qb’f as T — 00; hence T Av, — 0in C*®(R") if A is a pseudodifferential operator with
WF(ANT =@ and k is any real number.

Proposition 4.3. Assume that the hypotheses of Theorem 2.21 are fulfilled, the variables being denoted
(t, x) now, and let v, be given by (4-2), where w € C*°(Y), ¢; € C°(Y), Imw >0in Y and d Re w #0.
Here Y is a neighborhood of {(t,0) : ap <t < by} such that K C T*(Y). Let H(t, x) € C;°(R x R 1)
and set

he(t,0) = TN H (@t —10), T(x = y (1)), (4-16)

where N is the positive integer given by Definition 2.1 for the operators R and P in Theorem 2.21.
Then hy € Hyny(R") for all T > 1 and ||h.||(ny < C, where the constant depends on H but not on t.
Furthermore, if M is the integer given by the definition of v, in (4-2) so that (4-13) holds, and I, is the
integral

I, = (R*U-[, h_r), 4-17)
where R* is the adjoint of R(t, x, D), then for any positive integer k there exists a constant C such that
|[I;]| < Ct™™ if M = M(x) is sufficiently large.

Proof. In Section 3, one easily obtains a formula for the Fourier transform of the corresponding function
h (see (3-4)), which yields the estimates needed to show that 7, € H(y). Here we shall instead use the
equality

f/ |he (2, x)|>dt dx = 72N f/|H(r(t—to),r(x—y(t)))|2dtdx

which shows that if T > 1 then D} D%h, € L2(R") for all (j, ) € N x N*~! such that j +|a| < N +[n/2].
Hence, by using the equivalent norm on Hy)(R") given by

lhellony =D 1D D¢hll o).
JjHla|<N

we find that {h;},>; is a bounded one parameter family in Hy)(R"), which proves the first assertion of
the proposition.
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To prove the second part, let ¥ be an arbitrary positive integer, and let v be the positive integer given
by Lemma 2.3 (applied to the operator R instead of Q) so that (2-1) holds for the choice of seminorm
| P*v] () in the right side. If we choose

A-M)/2<—-N-—-n—v—«, (4-18)

and recall (4-13), then

[P vy < CT™". (4-19)

Since supp H is compact, we can find a bounded open ball containing supp i, for all T > 1. Hence
h. € Hyy(R") has compact support and v, € C;°(Y), so the result now follows by the estimate (2-4)
together with Lemma 4.2. U

To shorten the notation we will from now on assume that 7y = 0, so that w(0, y(0)) = 0. As in the
proof of Theorem 2.20 it suffices to show that all terms in the asymptotic expansion of the symbol of R*,
given by

OR* :ql(t’x’ f)‘i‘QO(l‘»x,f)'F' )
with g; homogeneous of degree j in &, have vanishing Taylor coefficients at (0, y(0), 7(0)). The method
will be to argue by contradiction that if not, then Proposition 4.3 does not hold. Therefore, let us assume

that 8,]‘ Oq(_’gj%)( a0 (0, ¥(0), n(0)) is the first nonvanishing Taylor coefficient with respect to the ordering >,
given by Definition 3.2, and let

m = jo+ko+ laol +1Bol- (4-20)

Now let k be a positive integer such that m < k, and sort the terms in I, given by (4-17), with respect
to homogeneity degree in . We can use Lemma 3.3 and the classicality of the symbol og+ to write

w
R*(t,x, D)yvr = Y q_j(t.x, Dyvr + OV =M1
j=—1
M M
— Z ZTN+n_lq_j(f,X, D)(eifw¢l)+@(rN+n—M’—l)
j=—11=0

for some large number M’. Note that (4-18) implies a lower bound on M, but as we shall see below,
we must also make sure to pick M > 2M’ + 1. For each j we then estimate g_; (¢, x, D) @™ ¢yp) using
(3-11) with k=M — 1 —2j, so that

q-j(t,x, D) ™)=Y gt x, T))(D —T)*(¢re’™) /0!
la|<M—1-2j
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with an error of order O(t(!=M)/2)_ Recalling (4-18) and the discussion following Lemma 3.3 regarding
the homogeneity of the terms in (3-11), this yields, for sufficiently large M’,

M M
R*(t,x, D)v; = Z Z pNHn=lgitw Z q(flj)(t, x, Tw,) D% + 0z

j=—11=0 le|<M—1-2f

M M
=tV NN N Ty w) DY+ 0. @21)

j=—11=0 |a|<M—1-2]

Note that /Il (O‘)(t x, w,) D*¢; is now homogeneous of order —j — || —/ in 7, and that as before,

(a)(t x, w’.) should be replaced by a finite Taylor expansion at n of sufﬁ01ently high order. For each
—1 < J <k, collect all terms of the form 7 —/~l«l~/ (“)(t x, w,)D%@; in (4-21) that are homogeneous
of order —J in t, that is, all terms that satisfy j + || —|—l =J for j > —1,and |¢|,[ > 0. If

Mtx)= Y q ) x, w6, x) DGt x)
JHlal+H=J

for the permitted values of j and /, then
K
I =1 f H(tt, 7(x — y(t)))(e”w(t’x) 3 %) +©(z—K—1))dt dx.
J=—1
After the change of variables (t7, t(x — y(¢))) — (¢, x) we obtain

K
I, = f H(t,x)(eifw(t/f’x/r+y(t/f>) d /Tt + y(t/r))—i—@(t_"_l))dtdx, (4-22)
J=—1

where
Apt/T, x/T+y(t/7))
= Y DUt/ x/T+y(t/TNg )t/ X T+ y(t/T) Wit/ X/T + (/7). (4-23)

Jtlal+H=J

Recall that wo(0) = 0, which together with (4-4) implies
itw(t/T, x/T + y(t/7)) = itw)(0) +i(x, n(t/7)) + Oz L).

Hence

lim e Tw/Tx/T+y/1) _ pitwy(0)+i(x.n(0)) (4-24)
T—>00

In the sequel we shall also need

n—1

0w /dxj(1/T, x/T+y(/0) = nj(t/T) =Y wja(t/T)(x/T) + 0 ), (4-25)
k=1

which follows from the definition of w and the fact that w, is symmetric in these special indices «. In
particular, w; (t) = wy, ;(¢) forall j, k € [1,n—1].
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Recall that we chose the integer « such that m < x. By Proposition 4.3 there is a constant C such that

|| <Ct™, (4-26)

and we shall now show that if aj‘ Oq(_ﬂﬁ))(ao)(o, v(0), n(0)) is the first nonvanishing Taylor coefficient with

respect to the ordering >,, where m = jy + ko + |og| + |Bol, then (4-26) cannot hold. (Since we
are denoting the variables by (¢, x) now, the index « in Definition 3.2 will be replaced by the pair
(k, o) e Nx N"~1) We will do this by determining the limit of 7" I; as T — oo. To see what is needed,
consider A_(¢/7, x/t + y(t/7)) and recall that this is

gt/ x/T+y(t/T), we(t/T, x/T+ y(t/D)No(t /7T, x/T + y(t/T)),

which should be regarded as a Taylor expansion in & of g; at n(¢/t) of finite order. The same applies to

all the other terms of the form q(_aj). For given j and o, we only ever need to consider Taylor expansions
(@)
—J
consider ¢; it will be clear by symmetry what the corresponding expressions for the other terms should
be. Thus,

qi(t/T, x/T+y(t/T), wi(t/T, x/T+ y(t/7)))
= Y )V /r.x/t+ /1), 0@ )W/, x/T+ (/1) = n(t/T)P /1B +O(TD),  (4-27)

|Bl<k+1

of g of order x — j — |a| in view of (4-22) and (4-25). To keep things simple, we shall first only

which shows that to use our assumption regarding the Taylor coefficient B,k "q(_ﬂ]%)(ao)(o, v(0), n(0)), we
have to for each B write ql(ﬂ ) (t/t,x/Tt+y(t/T), n(t/7)) as a Taylor series at 7(0), in addition to having
to expand each term as a Taylor series in ¢ and x. However, it is immediate from (4-25) that if 8 is an
(n—1)-tuple corresponding to a given differential operator D’ , then there is a sequence 8 = (B1, ..., Bs)
of s = | 8| indices between 1 and the dimension n — 1 of the x variable, such that

gl x) = (i 1/, x/T +y(t/0) = (/D)7 (4-28)
as it appears in (4-27), satisfies
grﬂ(t, x)=cg(t/T,x/1) —i—@(rflﬂl*l),

where
S

n—1
cpt)T. x)T) = ]_[(Z‘ w, (t/r)xk/r> and  ¢5(0,x/7) =7 Pleg(0, ).

j=1 k=1

These expressions make sense if we choose the sequence B to be increasing, for then it is uniquely
determined by 8. If for instance Dl = —9%/0&;0€ ;, then B =, j)ifi < j (see the indices o used in
connection with w, in (4-4)). Thus (4-27) takes the form

qi(t/T, x/T+y@/T), wl(t/t, x/T +y(t/T)))
= Z gD/t x )T+ y( /o), n@/T) el (1, x) /181! + O+,

[Bl<k+1
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and if we expand each term in this expression as a Taylor series at n(0) we obtain

q1(t/7. x/T+y(t/T), W (/7. /T + y(1/7)))
= Y Y @/ /ey /0, nO0)E )t /T) = n(0)7 /(1B
|Bl<k+1|yl<k+1-|B| +0(r7°7%), (4-29)

where we regard n(t/1) — n(0) as a finite Taylor series n'(0)t/t + n”(0)t?>/(21%) + - - - of sufficiently
high order to maintain control of the error term in (4-29). If we for each multiindex B let G’f (t, x) be
given by

GP(t,x)= Z ((t/7) —n0)" gVt x)/(Iy1l!ly2l)  for y; e N"~1,
yi+y2=p

then the required order of the Taylor expansion 1 (¢/t) — n(0) will ultimately depend on g, so we can
write

qi(t/T, x/T+y(t/T), w(t/T, x/T+ y(t/T)))

= Y ¢V /r.x/t+y/0). nO0)GEE x) +0G ) (4-30)
|Bl<x+1

and we can always bound G’TB (t,x) by a constant times 7!/l As will be evident in a moment, the
value of G’f (¢, x) for | 8] > 0 is not important. For notational purposes, denote by Gg (t, x) the limit of
t#1GE (¢, x) as T — oo. Since G4 (¢, x) = 1 when B = 0 it is clear that G9(z, x) = 1.

For each 8 we must now write qfﬂ)(t/r, x/t + y(t/t), n(0)) as a Taylor expansion in ¢ and x at 0
and y(0), respectively. As before, for given j and o, we will only have to consider Taylor expansions of
q®) of order k — j — |ar|. By (4-23) and (4-30) we have

(/T x/T+ (/D)
= > o/t x/T+y/o)(/D (/T +y(t/T) = y(O0)*GE (2, x)
EHaltiplscH x i) (0, y(0), n(0)/(k!la]!) +O(r ™)), (4-31)

where we in (x/t + y(¢t/t) — y(0))* regard y(¢/t) — y(0) as a finite Taylor series of sufficiently high
order to maintain control of the error terms.

In the way that we expressed the term g (¢/7, x/t+y(t/7), w,.(¢t/7, x/T+y(t/7))) by (4-31), we can
get similar expressions of appropriate order for the terms q(_y]) /T, x/t+y/v), w.(t/t,x/Tt+y(t/T)))
that appear in (4-23). For each j and y we have

gt /T, x )T+ y ([0, Wit/ x /T4y (/7))

= Y @0/ /1) = y0) G, x)9fq LT (0, y(0), n(0))/ (k! |ar]!)
k+lal+|Bl<k—j—Iv| +@(r_"_1+j+|y|). (4-32)



MICROLOCAL PROPERTIES OF THE RANGE OF A PRINCIPAL PSEUDODIFFERENTIAL OPERATOR 467

This together with (4-23) gives

r/T x[T+y/o) =Y Yo WO/ v/ - y(0)GE (1, x)
JH+YI=T ktlel+Bl<k—j—lyI| (B+y) 0, v(0 0
x DYgi(1/T. x/T + y(1/D) ’q"(“),i,l - If L 00

+@(I—K—1+j+\yl),

where —1 < j < J and / > 0. Using that by assumption the Taylor coefficients 0, q(_ﬂj J(ro}:)) 0, y(0), n(0))

vanish for all —1 < j+k+|a|+|B|+|y| <m, and =7/ ~*~lel = ¢ 1Blg—i—k=lel=IBI=IVI=l when J = j 414y,
the equation above yields

Yo /iy )= Y > TR x4y (00 PIGE (1, x)
J=—1 JHI+yl=—1 jt+k+|a|+|Bl+|yI=m B O . .
x DYy (t/t, x /T + y(1/7)) 3fq (2 (0, y(0), n(0))
Klal!
+ 0",

where 781G (¢, x) — Gg(t, x) as T — 00. As we can see, the expression above is O(t ~"~!) as soon as
[ > 0, so in view of (4-22) and (4-24) we obtain

T—>00

lim "1, =f H(z, x)e' o OFitx.n(0)

(X YO0 G x)Dlge(0, y(0)
JHEHa P = x 0 /70, 50, n(0)/Kllal) ) dr dx.  (4-33)

Recall (4-20) and choose ¢ so that D’ P 0(0, y(0)) = 1, but so that DY¢y(0, y(0)) = 0 for all other y
such that |y| < |Bo| (see (4-14)). By the choice of our ordering >; we have 9; q(ﬂ;f)")(o, y(0), n(0)) =0
for all B such that |8| > 0 as long as j +k+ ||+ |B|+|Bo| = m. Hence, with this choice of ¢y, equation

(4-33) takes the form

T—>00

lim "I, =/ H(t, x)e'"WoO+itx.n(0)

x( Yoo e+ y’(O)z)“afq(ﬁf()a)(o,y(O),n(O))/(kuan))dtdx, (4-34)
jHkeHlal+Bol=m

so as promised, the value of Gg(t, x) for |B| > 0 does not matter. (Note that Gg(t, Xx) is present in
(4-34) as the constant factor 1.) As in the proof of Theorem 2.20, some of the Taylor coefficients in
(4-34) may be zero. In particular, the expression may well contain Taylor coefficients that preceed
B,k Oq(_’gj%)(ao)(o, ¥(0), n(0)) in the ordering, and those are by assumption zero. In contrast to the proof
of Theorem 2.20 we shall have to exploit this fact, since the coefficients of most of the monomials in
(4-34) will be linear combinations of the Taylor coefficients due to the factor (x + y'(0)¢)*. However,
the ordering >; was chosen so that there can be no nonzero Taylor coefficient 8tl‘q(’3]°za)(0, v(0), n(0))
such that k + || > ko + ||, or k + || = ko + |g| and k < kg. This follows immediately from the
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choice of lexicographic order on the n-tuple (k, o) € N*. (Recall that in the definition of the ordering >,
x denoted all the variables in R”, while here we denote those variables by (¢, x).) Hence, the only
,k Oqi’i%)(ao)(o, y(0), n(0)). We may therefore, as in the
proof of Theorem 2.20, choose H so that the limit in (4-34) is nonzero. Since this contradicts (4-26),

coefficient of the monomial t%x% in (4-34) is 9
Theorem 2.21 follows in view of the discussion following Lemma 4.1.

Appendix A.

Here we prove a few results used in the main text, related to how the property that all terms in the asymp-
totic expansion of the total symbol have vanishing Taylor coefficients is affected by various operations.

Lemma A.1. Suppose X and Y are two C* manifolds of the same dimension n. Let K C T*(X) \ 0
and K' C T*(Y) \ 0 be compactly based cones and let x be a homogeneous symplectomorphism from
a conic neighborhood of K' to one of K such that x(K') = K. Let A € I"' (X x Y, I"") and B €
1" (Y x X, (I'"Y), where I is the graph of x, and assume that A and B are properly supported
and noncharacteristic at the restriction of the graphs of x and x~' to K' and to K respectively, while
WF'(A) and WF'(B) are contained in small conic neighborhoods. If R is a properly supported classical
pseudodifferential operator in Y, then each term in the asymptotic expansion of the total (left) symbol
of R has vanishing Taylor coefficients at a point (y, n) € K' if and only if each term in the asymptotic
expansion of the total (left) symbol of the pseudodifferential operator ARB in X has vanishing Taylor
coefficients at x(y,n) € K.

Proof. We may assume that we have a homogeneous generating function ¢ € C* for the symplectomor-
phism y; see [Grigis and Sjostrand 1994, pages 101-103]. Then x is locally of the form

(09(x,m)/9n, n) = (x, 0p(x,n)/0x),

and A and B are given by

Au(x) = (2:[)’1 /f ei(so(xﬁf)*z{)a(x’ z, Ou(z)dzde,
Bv(y) = (2711)71 // e VI=eEMp(y s O)u(s)ds de.

Since R is properly supported we may assume that

Ru(z) =

oy [ €t dn for we C), (A-D

where r(z, n) = og is the total symbol of R. Hence

ARBu(x)=

/ ol P =2l @0ty 0=0( (2 Y (z, 0)b(y, s, u(s) ds dO dy do dz dt,
(A-2)
since B being properly supported implies that Bu € C§°(Y) when u € C3°(Y). Using integration by parts

1
(27.[ )3n

in z, we see that we can insert a cutoff ¢ ((¢ — o)/|o|) in the last integral without changing the operator
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ARB mod ¥ ~°. If we make the change of variables t = ¢ — o, then (A-2) takes the form

ARBM(X)— /¢( /|O_|)el((p(x ,T+0)—z-(14+0)+(z—y)-0+y-0—0¢(s,0))

(2 )3n
xa(x,z,t+o)r(z,o)b(y,s,Ou(s)dsdddydo dzdt + Lu,

with L € ¥ =% If 2 C R*" is open and ¢ € C*°(£2, R) is a phase function with a nondegenerate critical

point xg € £2 such that d¢ # 0 everywhere else, then [Grigis and Sjostrand 1994, Proposition 2.3] states,
in particular, that for every compact M C £2 and every u € C*°(£2) N¢'(M) we have

‘ / e u(x)dx — P00 Agu(xo)A | < Cyd "' DT sup[9%u(x)|  for A > 1, (A-3)
lo|<2n+3
where
Q)" - el sgn @” (xo)/4

Ag = . A-4
0= T detd ()12 A

It is clear that the result extends to the setting 2 = T*(N) \. 0, where N is a C*° manifold of dimension .

In order to apply the result, we put o = Aw, and make the change of variables 7 = A7. After dropping
the tilde we obtain

ARBu(x) = /¢(t/|a)|)e’““)(" T4 w) =z (T+w)+y-0 /A+(z—y)-w0—¢(s,0) /A)

(2 )3n
xa(x,z, Mt +w)r(z, \w)b(y, s, Nu(s)dsdd dydwdzdt + Lu,

where we have used the fact that ¢ is homogeneous of degree 1 in the fiber. For the z, T-integration we
have the nondegenerate critical point given by t =0, z = (pé (x, T+w). Note that since (pé is homogeneous
of degree 0 in the fiber we have gog (x,0/)) = goé (x, 0), so this critical point corresponds to the critical
point for the z, ¢-integration given by ¢ = 0,z = goé (x, o). Hence the expression above together with
(A-3) imply that

ARBu(x) = CA*" / ¢! WA Ty Oy r0=0D) ) (x y 5w, O)u(s) ds dO dy dw + Lu,

where

w@YJaWﬂ—éﬂ@ZAU+@VQK@M%S@WUWDr0
z= w;(x )

Ap
= )\_na(-x9 902 (-xv a))’ )\w)r(§02 (-xa a))’ )"w)b(ya s, 9)

with an error of order O(1~"~!). Note that Ag is now a function of x and w, since the matrix corresponding
to ¢”(xp) in (A-4) is given by the block matrix

0 —Idn
F_< Id, go (x, w)) (A-5)

where 1d,, is the identity matrix on R". Clearly the determinant of F is either 1 or —1, so F' is nonsingular.
Furthermore, F depends smoothly on the parameters x and w since ¢ € C*, so the eigenvalues of F
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are continuous in x and w. Hence it follows that the signature of F is constant, for if not there has to
exist an eigenvalue vanishing at some point (x, w), contradicting the nonsingularity of F. Reverting to
the variable 0 = Aw we thus obtain

ARBu(x) = c/e"“"(x’“)ﬂ“(“)<"<S~")>w(x, y,s,0,0)u(s)dsdd dydo + Lu,

where

W(x,y,s,0,0)=ax,¢;(x,0),0)r(p;(x,0),0)b(y,s,0)

with an error of order O(1~!). Taking the limit as A — oo yields
ARBu(x):C/ ei(“’(x"’)ﬂ'(@_”)_“’(s’g))a(x,(pg(x,o),a)r(goé(x,cr),O)b(y,s,@)u(s)dsd@dydo—i—Lu.

We can now repeat the procedure. Indeed, we can insert a cutoff ¢ ((o —6)/|60]) without changing the
operator mod ¥ ~°°, and after making the corresponding changes of variables in order to apply [Grigis
and Sjostrand 1994, Proposition 2.3] we find that for the y, o-integration we have the nondegenerate
critical point given in the original variables by o =6, y = ¢, (x, o). After taking the limit as 1 — co we
obtain

ARBu(x)=C / e @EN=06N ) (x5, 0)u(s)ds dO + Lyu,

where L; € ¥~ and
wi(x,s,0) =a(x, gy(x,0),0)r(p(x,0),0)b(py(x,0),s,0). (A-6)

As before we let the factor Ag from (A-4) be included in the constant C. In a conic neighborhood of
supp w; we can write

ox,0)—@(s,0)=(x—s)E(x,s,0).

Then & (x, x,0) = ¢ (x,0) s0 & (x, x,0)/30 = ¢}, (x, 6) is invertible, since ¢, (x, ) # 0 is equivalent
to the fact that the graph of yx is (locally) the graph of a smooth map. Hence 6 — Z(x, s, 6) is C*,
homogeneous of degree 1 and with an inverse having the same properties. For s close to x, the equation
Z(x,s,0) =& then defines 8 = O (x, s, £). After a change of variables, the last integral therefore takes
the form

ARBu(x)=C / W (x, s, E)u(s)ds dE + Lyu, (A-7)

where wi (x, s, &) is just wy (x, s, @ (x, s, £)) multiplied by a Jacobian. We note in passing that evaluating
w; at a point (x, x, &) where & is of the form & = ¢/, (x, n) therefore involves evaluating w; at the point
(x, x, ). The integral (A-7) defines a pseudodifferential operator with total symbol p(x, &) satisfying

j—lel
P §) ~ Y BEA (. Y. §)lymr (A-8)

If the total symbol r = og of R has vanishing Taylor coefficients at a point (y, n) = (<,0;7 (x,n), n), then
by examining (A-8) in decreasing order of homogeneity we find that each term of p must have vanishing
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Taylor coefficients at (x, §) = (x, ¢} (x, n)), since by what we have shown this would involve evaluating
r(z, o) and its derivatives at ((/),/7 (x,n), n).
To prove the converse, choose A € 17" (XxY, yand B e 7" (Y x X, (I'"")) properly supported
such that
K' NWF(BA,—1)=0, KNWF(AB—-1)=2,
K NWF(BIA-1I)=0, KNWF(AB,—1)=02.

Then a repetition of the arguments above shows that all the terms in the asymptotic expansion of the
total symbol of BiARBA| has vanishing Taylor coefficients at a point (y, n) = (go,/7 (x, n), n) if all the
terms in the asymptotic expansion of the total symbol of ARB has vanishing Taylor coefficients at
(x, &) = (x, ¢.(x,n)). Since R and BjARBA, have the same total symbol in K’ mod ¥ ~*°, the same

must hold for the total symbol of R. (]
Let {ex : k=1, ...,n} be abasis for R?, let (U, x) be local coordinates on a smooth manifold M of
dimension n, and let
0 ., _
{a—ka—l,,n}

be the induced local frame for the tangent bundle 7M. Since the local frame fields commute, we can
use standard multiindex notation to express the partial derivatives 0y f of f € C*°(U).

Lemma A.2. Let M be a smooth manifold of dimension n, and for j > 1 let p,q;, g; € C°(M). Let
{yj};?‘;l be a sequence in M such that y; — y as j — o0, and assume that p(y) = p(y;) =0 forall j,
and that dp(y) #0. Let (U, x) be local coordinates on M near y, and suppose that there exists a smooth
function g € C*°(M) such that

0Yq(y) = lim 07q;(y;) foralla e N".
j—o0

If q; — pgj vanishes of infinite order at y; for all j, then there exists a smooth function g € C*°(M) such
that g — pg vanishes of infinite order at y. Furthermore,

0yg(y) = lim 97g;(y;) foralla e N". (A-9)
j—o0

Proof. We have stated the result for a manifold, but since the result is purely local we may assume that
M C R" in the proof. It is also clear that we may assume that there exists an open neighborhood U of
y such that y; € U for j > 1, and that dp # 0 in U. By shrinking U if necessary, we can then find a
unit vector v € R” such that 9, p(w) = (v, dp(w)) # 0 for w € AU. (We will identify a tangent vector
v € R" at y with 9, € T,R" through the usual vector space isomorphism.) Hence 0, p(w) is invertible
in AU, and we let (3, p(w))~! € C*(U) denote its inverse. By an orthonormal change of coordinates we
may even assume that 9, p(w) = 9., p(w). In accordance with the notation used in the statement of the
lemma, we shall write 9, p(w) for the partial derivatives 9., p(w) and denote by (0, p(u)))_1 the inverse
of 9, p(w) = 9y, p(w) in U.
Now
0=10y,(q; — p8j)(Vj) = 0xq;(Vj) — 0x, P(¥j)&;(V)) (A-10)
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for all j since p(y;) = 0. Since lim; dy,q;(y;) = 0x,q(y) by assumption, equation (A-10) yields
Jlim g;(r)) = @ P Onq() =aeC. (A-11)
We claim that we can in the same way determine
jli)rglo(aggj)(yj) =da €C forany o e N

We start by determining lim;_, o, dg;(y;)/dx; = a) for 1 <k < n. By the hypotheses of the lemma we
have
0=109y,0x(q; — Pgj)¥))
=0y 049 (Vj) — 0x. 05, P(V)8j(Vj) — 0x, (V) 0% & (V) — 0, P(¥j)0x, 8 (V) (A-12)
since p(y;) =0. For k =1 =1 we obtain from (A-11) and (A-12)

Jim 95, 85(v)) = 0 PN (07,90 = 85, p(1)a) /2. (A-13)

This allows us to solve for 9y, g;(y;) in (A-12) by choosing / = 1. If b € C denotes the limit in (A-13)
and a € C is given by (A-11) we thus obtain

jlirgo 35,81 (V) = (3, P (34, 05,g (V) — 3y, 0, p(Y)a — By, p(Y)b)  for2 <k <n.
Now assume that for some m > 3 we have in this way determined

lim axkl Oy 2gj()/j), for k; € [1,n], withi € [1, m —2].

j—oo m-
To shorten notation, we will use the (nonstandard) multiindex notation introduced on page 465; to every
o € N" with || = m corresponds precisely one m-tuple 8 = (ki, ..., k) of nondecreasing numbers
1<k <---<k, <n such that af equals 0¢. Throughout the rest of this proof we shall let B represent
such an m-tuple, and we let

Bi=(ki. .. kit kigrs . k).

As before we have

m
0=107(q; —pg () = 0La;(v) = prpgj(vi) = =Y O g (vy)  (A-14)
i=1
by assumption. If we choose k; =1 for all 1 <i <m, the last sum is just mdy, p(yj)a)’c’f_lgj (¥;), and since
the limit of all other terms on the right side are known by the induction hypothesis, we thus obtain the
value of the limit of 8;’}_1gj(yj) from (A-14) by first multiplying by m~!(d,, p()/j))_l and then letting
Jj — oo. Denote this limit by ¢ € C. If we choose k; # 1 for precisely one i € [1, m], say k,, = k, then
the last sum in (A-14) satisfies

m
> 0, Pyl g (i) =05 p(y)OR g (v ) + (m — D)y, p(v)r 20,8 (1),

i=1
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so by the same argument as before we can obtain the value of lim;_, o, a;'}—zaxk gj(yj) for2 <k <nby
multiplying by (m — 1)~'(dx, p(y;)) " and using 0" ~'g;(y;) — ¢ when taking the limit as j — oo in
(A-14). Continuing this way it is clear that we can successively determine

lim 8xk1 oo O Ig,-()/,-) forany 1 <k <...<kp_1<mn,
j—o00 m=1 ’

which completely determines lim;_. 07 g;(y;) = a() for @ € N" with |a| =m — 1, proving the claim.
By Borel’s theorem there exists a smooth function g € C°° (M) such that

0y 8(y) =aw) = lim 07g;(y;) foralla e N"
J—> 00

Since ¢ — pg vanishes of infinite order at y by construction, this completes the proof. (I

The lemma will be used to prove the following result for homogeneous smooth functions on the
cotangent bundle.

Proposition A.3. For j > 1 let p,q;,g; € C®(T*(R") \. 0), where p and q; are homogeneous of
degree m and the g; are homogeneous of degree 0. Let {y j};?’;l be a sequence in T*(R") \. 0 such that
yj — yas j — o0, and assume that p(y) = p(y;) = 0 for all j, and that dp(y) # 0. If there exists a
smooth function g € C®°(T*(R)" \ 0), homogeneous of degree m, such that

a;;‘agq(y) = jlg{)lo a;;‘aqu(yj) for all (a, B) e N x N,

and if q; — pg; vanishes of infinite order at y; for all j, then there exists a g € C(T*(R") \ 0),
homogeneous of degree 0, such that g — pg vanishes of infinite order at y. Furthermore,

099f g(y) = lim, 0%l g;(v)) forall (o, B) € N" x NI, (A-15)

Proof. Let w : T*(R") ~ 0 — S*(R") be the projection. Since dp(y) # 0 it follows from homogeneity
that dp(r (y)) # 0. By using the homogeneity of ¢, g; and g; we may even assume that y and y; belong
to S*(R") for j > 1 to begin with.

Now, the radial vector field & 0¢ applied k times to a € C*°(T*(R")\.0) equals / ka if a is homogeneous
of degree /. For any point w € S*(R") with w = (w,, wg) in local coordinates on 7*(R") it is easy to
see that

TyS*(R") ={(u,v) e R" x R" : (wg, v) =0}.

Therefore a basis for 7;,S*(R") together with the radial vector field (§9¢),, at w constitutes a basis for
T, T*(R"). This implies that if we can find a homogeneous function g such that ¢ — pg vanishes of
infinite order in the directions 7,,S*(R"), then g — pg vanishes of infinite order at y, for the derivatives
involving the radial direction are determined by lower order derivatives in the directions 7,,5*(R").

By the hypotheses of the proposition together with an application of Lemma A.2, we find that there
exists a function g € C*°(T*(R")), not necessarily homogeneous, such that ¢ — pg vanishes of infinite
order at y and (A-15) holds for g. The function g(x, £) = g(x, £/|&|) coincides with g on S*(R"). In
particular, all derivatives of g and g in the directions 7;,S*(R") are equal at y. Thus, by the arguments
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above we conclude that ¢ — pg vanishes of infinite order at y. Since g and g; are homogeneous of
degree 0, the same arguments also imply that (A-15) holds for g, which completes the proof. (I
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BLOW-UP SOLUTIONS ON A SPHERE FOR THE 3D QUINTIC NLS IN THE
ENERGY SPACE

JUSTIN HOLMER AND SVETLANA ROUDENKO

We prove that if u(¢) is a log-log blow-up solution, of the type studied by Merle and Raphaél, to the
L? critical focusing NLS equation id,u 4+ Au + |u|*?u = 0 with initial data uy € H'(R?) in the cases
d = 1,2, then u(t) remains bounded in H' away from the blow-up point. This is obtained without
assuming that the initial data uo has any regularity beyond H'(R?). As an application of the d = 1
result, we construct an open subset of initial data in the radial energy space Hrgd([RP) with corresponding
solutions that blow up on a sphere at positive radius for the 3D quintic (H'-critical) focusing NLS
equation i d,u + Au + |u|*u = 0. This improves the results of Raphaél and Szeftel [2009], where an open
subset in Hr*zd(ﬂ@) is obtained. The method of proof can be summarized as follows: On the whole space,
high frequencies above the blow-up scale are controlled by the bilinear Strichartz estimates. On the other
hand, outside the blow-up core, low frequencies are controlled by finite speed of propagation.

1. Introduction
Consider the L? critical focusing nonlinear Schrodinger equation (NLS)
iu + Au+ |uu =0, (1-1)

where u = u(x, 1) € C and x € R?, in dimensions d = 1 and d = 2. It is locally well-posed in HY(RY)
and its solutions satisfy conservation of mass M (u), momentum P (u), and energy E (u):

- 1
M) = [|u))?.. P(u>=1m/uwx, E(u)=%uwniz—mnuniﬁiﬁ; (1-2)

see [Tao 2006, Chapter 3] and [Cazenave 2003, Chapter 4] for exposition and references. The Galilean
identity (see [Tao 2006, Exercise 2.5]) transforms any solution to one with zero momentum, so there is
no loss in considering only solutions «(¢) such that P(u) = 0.

The unique (up to translation) minimal mass H' solution of

—0+AQ+|01Y'Q =0, with Q=0Q(x), (1-3)

is called the ground state. It is smooth, radial, real-valued and positive, and exponentially decaying; see
[Tao 2006, Appendix B]. In the case d = 1, we have explicitly

0(x) =34 sech'?(x). (1-4)

MSC2000: 35Q55.
Keywords: blow-up, nonlinear Schrddinger equation.
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Weinstein [1982] proved that solutions to (1-1) with M (1) < M (Q) necessarily satisfy E(u#) > 0 and
remain bounded in H' globally in time (that is, they do not blow up in finite time).

Building upon the earlier heuristic and numerical result of Landman, Papanicolaou, Sulem and Sulem
[Landman et al. 1988] and the first analytical result of Perelman [2001], Merle and Raphaél in a series
of papers (see [Merle and Raphaél 2005] and references therein) studied H ! solutions to (1-1) such that

E(u) <0, Pu)=0, MQ)<Mu)<MQ) +ao* (1-5)

for some small absolute constant ™ > 0. They showed that any such solution blows up in finite time at
the log-log rate — more precisely, they proved that there exists a threshold time Ty(uo) > 0 and a blow-up
time T (ug) > To(ug) such that

log|log(T —t)|

172
forTo <t <T, 1-6
T —t ) 0="= (1-6)

vz ~

where the implicit constant in (1-6) is universal. Also, with scale parameter A(¢) = |V Q| 12/IIVu(®)| 12,
there exist parameters of position x(¢) € R? and phase y(¢) € R such that if we define the blow-up core

€70 x —x(1) |
ucore(x,t)—k(t)d/2Q< A1) >a (1-7)

and remainder i = u — Ucore, then ||it||;2 <, and

) 1 1/2
Vi % (g =ea=n) (19
for some C > 1. There is, in addition, a well-defined blow-up point xo := lim; -7 x(¢t). We refer to
the region of space {x € R? | |x — xo| > R}, for any fixed R > 0, as the external region. While the
Merle-Raphaél analysis accurately describes the activity of the solution in the blow-up core, the only
information it directly yields about the external region is the bound (1-8).

However, it is a consequence of the analysis in [Raphaé€l 2006] that in the case d =1, H I solutions
in the class (1-5) have bounded H'/? norm in the external region all the way up to the blow-up time 7.
In [Holmer and Roudenko 2011], we extended this result to the case d = 2. Raphaél and Szeftel [2009]
established for d = 1 that solutions with regularity H” for N > 3 satisfying (1-5) remain bounded in the
H®™=D/2 norm in the external region, and Zwiers [2011] extended this result to the case d = 2. These
results leave open the possibility that there is a loss of roughly half the regularity in passing from the
initial data to the solution in the external region at blow-up time. The first main result of this paper is that
such a loss does not occur. Specifically, we prove that H! solutions in the class (1-5) remain bounded in
the H' norm in the external region all the way up to the blow-up time, resolving an open problem posed
in [Raphaél and Szeftel 2009, Comment 1 on page 976].

Theorem 1.1. Consider dimension d = 1 or d = 2. Suppose that u(t) is an H' solution to (1-1) in the
Merle—Raphaél class (1-5) (no higher regularity is assumed). Let T > 0 be the blow-up time and xq € R?
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the blow-up point. Then for any R > 0,

[x—xg|=R

”V“(t)”Lng]LZ < C, where C depends on R, Ty(ug), and ||V140||Lz.l

We remark that H!, the energy space, is a natural space in which to study the equation (1-1) since
the conservation laws (1-2) are defined and Lyapunov—Hamiltonian type methods, such as those used by
Merle and Raphagl in their blow-up theory, naturally yield coercivity on H' quantities.

The retention of regularity in the external region has applications to the construction of new blow-
up solutions, with special geometry, for L? supercritical NLS equations. Using their partial regularity
methods, Raphaél [2006] and Raphaél and Szeftel [2009] constructed spherically symmetric finite-time
blow-up solutions to the quintic NLS

i+ Au+ ul*u=0 (1-9)

in dimension d > 2 that contract toward a sphere |x| = ry ~ 1 following the one-dimensional quintic
blow-up dynamics (1-6)(1-7) in the radial variable near r = ry. Specifically, they showed there exists
an open subset of initial data in some radial function class with corresponding solutions adhering to the
blow-up dynamics described above. In [Raphaél 2006], for d = 2, an open subset of initial data in the
radial energy space Hrlad(R2) was obtained. For d = 3, in which case (1-9) is H! critical, Raphaé&l and
Szeftel [2009] obtained an open subset of initial data in a comparably “thin” subset Hfdd([R3) of the radial
energy space Hrlad([R{3).

As an application of the techniques used to prove Theorem 1.1, we prove, for d = 3, the existence of
an open subset of initial data in the full radial energy space Hrgd(lRS). For the statement, take Q to be the
solution to (1-3) in the case d = 1, explicitly given by (1-4). The following theorem follows the motif
of the d = 3 case of [Raphaél and Szeftel 2009, Theorem 1] except that %, the initial data, is an open
subset of H!,(R3) rather than H3 (R?).

Theorem 1.2. There exists an open subset P C Hrgd(ﬂ@) such that the following holds true. Let ug € %P
and let u(t) denote the corresponding solution to (1-9) in the case d = 3. Then there exist a blow-up time
0 < T < +o00 and parameters of scale A(t) > 0, radial position r(t) > 0, and phase y(t) € R such that if
we take

1 r_r(t) iv(t
wett.) = 50 )

and the remainder u(t) := u(t) — ucore (1), then the following hold.
(1) The remainder converges in L*: ii(t) — u* in L>(R*) ast /' T.
(2) The position of the singular sphere converges: r(t) - ro>0ast /' T.
IWe did not see in the Merle—Raphaél papers the threshold time Tq(xq) or the blow-up time 7 (u¢) estimated quantitatively

in terms of properties of the initial data (|[Vug|l; 2, E (ug), etc.). If such dependence could be quantified, then the constant C in
Theorem 1.1 could be quantified.
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(3) The solution contracts toward the sphere at the log-log rate:

_ 1/2
A(t)(w> — van ast /' T.

T—t Q12

(4) The solution remains H'-small away from the singular sphere: For each R > 0,

<
el e €

The 3D quintic NLS equation (1-9) is energy-critical, and the global well-posedness and scattering
problem is one of several critical regularity problems that has received a lot of attention in the last decade
[Bourgain 1999; Colliander et al. 2008; Kenig and Merle 2006]. The global well-posedness for small
data in H' is classical and follows from the Strichartz estimates. Our Theorem 1.2 takes a large, but
special “prefabricated” approximate blow-up solution, and installs it near radius » = 1 on top of a small
global H' background. The main difficulty, of course, is showing that the two different components —
the blow-up portion on the one hand, and the evolution of the small H' background on the other — have
limited interaction and can effectively evolve separately. Thus, it is not surprising that the techniques to
prove Theorem 1.1 are relevant to this analysis.

We now outline the method used to prove Theorem 1.1. We start with a given blow-up solution u(#)
in the Merle—Raphaél class, and by scaling and shifting this solution, it suffices to assume that the blow-
up point is xg = 0 and the blow-up time is 7 = 1, and moreover, (1-6) holds over times 0 <t < 1.
Since (1-1) is L? critical, the size of the L? norm is highly relevant. By mass conservation, we know
that || Pyu(t)|| L2 < 1 for all N and all 0 <t < 1, where Py denotes the Littlewood—Paley frequency
projection. However, (1-6) shows that for N >> (1—1)~(1%9/2 we have || Pyu(z) Iz SN —1)~1+9/2
which is a better estimate for these large frequencies N. In Section 3, we show that this smallness of
high frequencies reinforces itself and ultimately proves that for N > (1 — ¢)~U+%/2 the solution is
H' bounded. This is achieved using dispersive estimates typically employed in local well-posedness
arguments — the Strichartz and Bourgain’s bilinear Strichartz estimates — after the equation has been
restricted to high frequencies. We note that this improvement of regularity at high frequencies is proved
globally in space.

For the Schrodinger equation, frequencies of size N propagate at speed N, and thus, travel a distance
O(1) over a time N~!'. Therefore, at time ¢ < 1, a component of the solution in the blow-up core at
frequency N will effectively only make it out of the blow-up core and into the external region before
the blow-up time, provided N > (1 —r)~!'. Thus, we expect that the blow-up action, which is taking
place at frequency ~ (1 —1)~'/?log|log(l — )| < (1 — )™, will not be able to exit the blow-up core
before blow-up time. This is the philosophy behind the analysis in Section 4. Recall that in Section 3,
we have controlled the solution at frequencies above (1 — ¢)~(+9/2 In Section 4, we apply a spatial
localization to the external region, and then look to control the remaining low frequencies, i.e., those
frequencies below (1 —7)~(79/2 We examine the equation solved by P_(_,-3su(t), where ¥ is a
spatial restriction to the external region. In estimating the inhomogeneous terms, we can make use of the
frequency restriction to exchange a-spatial derivatives for a time factor (1 —#)73¢/4, This enables us to
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prove a low-frequency recurrence: The H*® size of the solution in the external region is bounded by the
H*~1/8 size of the solution in a slightly larger external region. Iteration gives the H' boundedness.

The structure of the paper is as follows. Preliminaries on the Strichartz and bilinear Strichartz estimates
appear in Section 2. The proof of Theorem 1.1 is carried out in Sections Section 3 and 4. The proof of
Theorem 1.2 is carried out in Section 5.

2. Standard estimates

All of the estimates outlined in this section are now classical and well known. Let Py, P<y, and P>y
denote the Littlewood—Paley frequency projections.
We say that (g, p) is an admissible pair if 2 < p < oo and

2 .d _d

_+_:_7

9 p 2
excluding the case d =2, g =2, and p = o0.

Lemma 2.1 (Strichartz estimate). If (g, p) is an admissible pair, then

itA
le" @liporr SNl

Proof. See [Strichartz 1977] and [Keel and Tao 1998]. ]
Lemma 2.2 (Bourgain bilinear Strichartz estimate). Suppose that Ni << N,. Then
. . d—1\1/2
12301 P gallz0 5 (Sh=)  Wonllzlenles, @-1)
p— a1y
12w 01 P alz0: < (Sh=)  Wonllzenl. (2-2)

Proof. For the 2D estimate (2-1), see [Bourgain 1998, Lemma 111]; the 1D case appears in [Colliander
et al. 2001, Lemma 7.1]; another nice proof is given in [Koch and Tataru 2007, Proposition 3.5], the
other dimensions are analogous. We review the 1D proof to show that the second estimate (2-2) holds
as well.

Denote u = e/ (Py,¢1) and v = e'2(Py,¢>). Then in the 1D case,

M 1) = /S é S%(&)@(&)8@—@%is%))dsl 2-3)
1+6=

1 L —
S S 2 : 2.4
gL @ B P P2l 2-4)

where g(&1, &) =1 — (512 :l:é}zz), thus, |gé1| =2|&; £ &|. To estimate the L27r norm of uv, we square the
expression above and integrate in t and &£. Changing variables (7, &) to (&1, &) with T = 512 + 522 and
& =& + &, we obtain dtdé = J d&1d&, with the Jacobian J = 2|&; £&;|, which is of size N, (note that
=+ does not matter here, since N > Nj). Bringing the square inside, we get

, d§1d& < 1

paraisb o LA Gl O

luv]?, sf 161 (&) 2|2 (£2)]
* [&11~N1,]82]|~N>
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Now we introduce the Fourier restriction norms. For i € $(R!*%),
/2
s = [P0 eye 0o = ([ [ 0P @ (e 416" dg e

If I C R is an open subinterval and u € %'(I x R?), define
letllx, iy = infllit]x, .

where the infimum is taken over all distributions & € ' (R'*¢) such that ii|; = u.

Lemma 2.3. If 0 is a function such that supp 6 C I, then forall 0 < b < 1,

10ullx,, < (161l + 1D >P0 | ) ullx, ,on)- (2-5)

s,b ~

If0<b< % and xj is the (sharp) characteristic function of the time interval I, then

Ixrullx,, ~ lullx,, - (2-6)

Proof. 1t suffices to take s = 0. The inequality (2-5) follows from the fractional Leibniz rule. To
address (2-6), we note that Jerison and Kenig [1995] prove that ||X(0,+00)f||H,1’ < ”f”H,b for —% <b< %
Consequently, || x7 f || HY <IfI HP for any time interval /. Let i be an extension of u (meaning it|; = u)
so that ||| x,, < 2|lullx,,)- Then

b —itA, =
Ixrulixo, = KD e S xritll 122

itA —itA

:””Xle ””Hb”LzN””e ””HbHLz

= llitllx,, < 2llullxy,1)-
On the other hand, the inequality [u|lx,,) S Il xrullx,, is trivial, since x;u is an extension of u|;. [
Lemma 2.4. Ifid,u + Au = f on a time interval I = (ay, ap) with |I| = O(1), then

(D) For% <b<1,taking I' = (a1 —w, ap + w), 0 < w < 1, we have

lu(t) — e "% uan)lxy ) S @ Fllxo, 111 (2-7)

(2) For0<b <3,
() = V2@ g0y S I lgsr2- (2-8)

Moreover, for all b,
i(t—ap)A
le' =2l x01) S bl 2

Proof. Without loss, we take a; = 0. First we consider (2-7). Since, for ¢ € I,

By 1) = 1(0) — i6(F) f TGN F(- L)l
0
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where 6 is a cutoff function such that 6(¢) = 1 on I and supp 6 C I, the estimate reduces to the space-
independent estimate

He(r) / hdr’
0

" S Al g1 for ;<b<l (2-9)

by (2-5). Now we prove estimate (2-9). Divide & = P<1h + P>1h and use that
t

f P 1h(t)) = % f (sgn(t —t') +sgn(t") P> 1h(t) dt’
0

to obtain the decomposition

9(t)/ h(t')dt' = Hy (1) + Hy(1) + H3(1),
0
where t
Hl(t)ze(r)/ P_1h(t" dt',
0

Hy(t) = 30(t)[sgn* P~ h](1) dt’,

400
H;(t) = %e(z) / sgn(t")P1h(t')dt'.

We begin by addressing term H;. By Sobolev embedding (recall % <b<1)andthe L?” — L? boundedness
of the Hilbert transform for 1 < p < oo,

Iy S W2 + 110l 262
Using that [I| = O(1) and || P<ih|lz> S ”]’L”sz—l, we thus conclude
IH e S (1012 + 161l 2020 + ||9’||L3/3—2h) 172l gy
Next we address the term H;. By the fractional Leibniz rule,

Il gp S (DO 2 lIsgn s Poihll g 4+ 101 e (D) (sgn s P 1 )| 2.

However,
IsgnsPshll e < ||(T)_1fl(f)||L1 S Al gt
On the other hand,
1{D)? sgn*Poihll 2 S IO ()T A@ 2 S Il o
Consequently,

I H2ll gy < (II(Dt>”9|IL,2 a VDN LA
For term H3, we have

| Hal g < 1611

+00
f sgn(t')P>1h(t') dt’

00
—o0 Ly
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However, the second term is handled via Parseval’s identity

/sgn(t/)leh(t/)dt/zf th(r) dr,
t/

Ir]=1
from which the appropriate bounds follow again by Cauchy—Schwarz. Collecting our estimates for Hj,
H>, and Hs, we have

< Collhll e,
HP

t
He(t) / h(thdt
0

where
Co = 116112 + 16" ll 2r3-20 + (D) 0l 12 + 161] 21520 + 10 13 S 07"

This completes the proof of (2-7). Next, we prove (2-8). We have
t
e Ay, 1) = u(0) —i/ e A F( 1 ar,
0

and thus, (2-8) reduces, by (2-6), to

t
Hx;/ g dr’
0

" Slglyy, for 0<b <3 (2-10)
To prove (2-10), note that t

Xz(t)/o gt dt' = x1(®Oxr * (gxD1@).
Hence,

t
||X1f g)dt'lyr < ||<D)bX1||L,2||g||L}-
0

The Fourier transform of x; is smooth and decays like |7|~! as || — oo, and hence, || (D)bxl||er < o0
for0<b < 1. O

Lemma 2.5 (Strichartz estimate). If (g, r) is an admissible pair, then we have the embedding

”u”L‘I]Lf Sj ”u”X()‘]/z_Hg(I)-

Proof. We reproduce the well-known argument. Replace u by an extension to 7 € R such that [ul|x,,, , <
2||ull x.1/045(1)- Write

u(x, 1) = /g / T (g, T) dT dE.
T
Change variables T — 7 — |£|? and apply Fubini to obtain
u(x,r) = / el /g e‘itlélzei"";ﬁ(é, T — |€]%) dE dx.
T
Define f;(x) by fr (€) = (€, T — |€|?). Then the above reads

u(x,t):/eitreitAfr(x)dr,
T
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and hence,

lu(x, )] < f|e"’Aff<x>|dr.

Apply the Strichartz norm, the Minkowski integral inequality, appeal to Lemma 2.1, and invoke Plan-
cherel to obtain

lulligag S [ 17z dr.
T

The argument is completed using Cauchy—Schwarz in 7 (note that we need b > %, since fR (t)7%" dt has
to be finite). O

Lemma 2.6 (Bourgain bilinear Strichartz estimate). Let N| << N;,. Then
d—1

12
1
120 Ptz lizrs S (=) b s Bzl s

d—1

12
D 1
12w Poialzez S (=) Tl o il s

Proof. We reproduce the well-known argument. As in the proof of Lemma 2.5, taking f; ; (x) defined
by fi.c(§) =i1(§, T — |€[*), we have

uj(x,t)= / el ei’Afj,,(x) dr.
T
Plug these into the expression || Py,u1 Py,u2l;2;2, and then estimate using Lemma 2.2. |

‘We need to take b = % — & in some places. In those situations, we use this:

Lemma 2.7 (interpolated Strichartz). Take d = 1 or d = 2 and suppose that 0 < b < % and2 <p<oo
and 2 < g < oo satisfy

g-i-i>g+(1—2b), (2-11)
qg p 2
2 1 1 .
—— =<z in the case d =1 only (2-12)
qg p~2
(see Figure I). Then
lull a2 < leelxo - (2-13)

with implicit constant dependent upon the size of the gap from equality in (2-11).

Proof. Let

1/2 a4 d
a;:—<—+————(1—2b)) > 0. (2-14)
2\qg p 2

Using 0 < 6 <1 as an interpolation parameter, we aim to deduce (2-13) by interpolation between

el a7 S el 0 (2-15)
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Figure 1. The enclosed triangular region gives the values of (1/¢g, 1/p) meeting the
hypotheses of Lemma 2.7. The top frame is the case d = 1 and the bottom frame is the
case d = 2. The proof of Lemma 2.7 involves interpolating between a point on the line
2/q +d/p =d/2 and the point (1/2, 1/2).
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with weight 6, for some Strichartz admissible pair (g, p), and the trivial estimate (equality, in fact)

lull 222 S Nellxo o (2-16)
with weight 1 — 6. The interpolation conditions read

10,126 g L_0 126 (2-17)
a q9 2 p P2
Multiplying the first of these relations by 2 and adding d times the second, and using the Strichartz
admissibility condition for (g, p), we obtain
2,4 _d iy
9 p 2

Combining this relation with (2-14), we get 6§ = 2b —2«. We can then solve for g and p using (2-17). [J

Lemma 2.8 (interpolated bilinear Strichartz). Letd =1 ord =2 and Ny < Nj. Then
d-1)/2

1
1 Pyyur Pryunlipze S WH”] x0,10-s(0) U2l X012 5 (1)
2

Proof. First, observe that
| Pnyuey PN2M2||L§L§ S My ”L‘,‘Lj ||u2||L‘I‘L§- (2-18)
In the case d = 1, L‘I‘Li interpolates between L?Lg and L%Li, and thus ||u; ”L‘}Lf. Slluj | Xo.3/845(1) DY
Lemma 2.7. We conclude that
I Pnyur Pryuall g2z S Nuillxo sy (o 2l xo s a0
Interpolating this with the result of Lemma 2.6 completes the proof in the case d = 1.
In the case d = 2, we still begin with (2-18). Fix € > 0 small. By Sobolev embedding,
|| Ple/tj ”L‘}Lfg S N; || PN/.MJ‘ ||L4;Li/<l+2e) .
By Lemma 2.7, we have
IPnjujll 4 a0 S llujlix,,

for any b > 1(1 — €). Plugging into (2-18), we obtain

1Pxy 1 Pyuallp2re S N3Sllunllxg, luallx,, forany b > 3(1—e).
Interpolating this with the result of Lemma 2.6 completes the proof in the case d = 2. O

Remark 2.9. After this section we will adopt new notation: Instead of X 1,215 we will simply write
X, 1/2+- If an expression has two different Bourgain spaces, it will mean that the delta’s will be different.
Similarly, if an expression involves § in the estimate on the right side, it will mean that this § will be
different from the one that would be chosen for spaces such as X 14 or L.

The following is a simple consequence of the pseudodifferential calculus; see [Stein 1993, Theorem1
on page 234 and Theorem 2 on page 237]; see also [Evans and Zworski 2003].
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Lemma 2.10. Suppose that ¢ is a smooth function on R such that |03 ¢ ||~ < co for all @ > 0. Then

IP=n(¢8) —pP=nglli2 SN 'lgl2 for N>1.

Proof. Let x (£) be a smooth function that is 1 for |£] > 1 and is O for |£] < % P- y is a pseudodifferential
operator with symbol x (N~'£) and My, the operator of multiplication by ¢, is a pseudodifferential
operator with symbol ¢ (x). The commutator [Py, My] has symbol with top-order asymptotic term

~Ix"(N~'£)¢’(x). The result then follows from the L?> — L? boundedness of 0-order operators. [J

3. Additional high-frequency regularity

In this section, we begin the proof of Theorem 1.1 by showing improved regularity at high frequencies,
above the blow-up scale, with no restriction in space — this appears as Proposition 3.4 below. In Section 4
below, we will complete the proof of Theorem 1.1 by appealing to a finite-speed of propagation argument
for lower frequencies after we have restricted in space to outside the blow-up core.

Consider a solution u(¢) to (1-1) in the Merle—Raphaél class (1-5); let Ty > O be the threshold time,
T > Ty the blow-up time and x( the blow-up point, as described in the introduction. Our analysis
focuses on the time interval [T, 7)) on which the log-log asymptotics (1-6) kick in. Apply a space-time
(rescaling) shift, in which x = xq is sent to x = 0 and the time interval [Ty, T) is sent to [0, 1), to obtain
a transformed solution that we henceforth still denote by u(¢). Now the blow-up time is 7 = 1, the

blow-up point is x = 0, and (1-6) becomes?”

(3-1)

log|log(1 — r)|)1/2
1—¢ ’

IVu@)llg2 ~ (
which is now valid for all 0 < ¢ < 1. Note that now, however, the time t = 0 “initial data”, which we
henceforth denote u(, does not correspond to the original initial data u( in Theorem 1.1. We remark that
the estimate (1-8) on the remainder i(¢) becomes

1

S =D Pjlog(1—0)|" >-2)

IVa@®llz <

In our analysis, the norm L‘,’OLi for an interval I = [0, T'], T’ < T, will be replaced by the norm
Xo,1/2+(I). While we have, from Lemma 2.5, the bound

lullzoorz S Nullxoop s

the reverse bound does not in general hold. Nevertheless, (3-1) indicates that the solution is blowing

-1/2

up close to the scale rate (1 — t) . Thus, the local theory combined with (3-1) implies a bound on

lullx, 5. (1) Where log[log(1 — T7)] is weakened to (1 — )79,

2 The rescaling is the following. If we take u(x, t) in the original frame (for T <t < T'), and let

i/

u(x, 1) = p?o(uix = xo), 1t = Tp))

with u = (T — Ty)™ 172 then v(y, s) is defined in the modified frame (for 0 < s < 1). Moreover, we have ||Vv(s)||L2 ~
(log|log ,ufz(l —5) |)]/2(l s)” ]/2 so now the implicit constant of comparability in (3-1) depends on 7' — Tj.
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Lemma 3.1. For I =[0, T\ withT' < T, for0 <s <1, we have

lullx , ) < es(W=THUD20 with e 7 400 as s N\ 0.
52

The fact that ¢y diverges as s \ O results from the fact that (1-1) is L?-critical, and thus, the local
theory estimates break down at s = 0. At the technical level, some slack is needed in applying the
Strichartz and bilinear Strichartz estimates; hence, we need to take b = 1/2 —§ in place of b =1/2 4.

Proof. We just carry out the argument for s = 1. Let A(f) = || Vu(¢) ||221. Let sy be the increasing sequence
of times® such that A(s;) =27, so that | Vu(r) |2 doubles over [sk, Sg+1]. From (3-1), we compute that
sp=1—272% log k. Note that sg] — s & 272 log k. Hence, we can rescale the cutoff solution u(#) on
the time interval [sg, sg41] to a solution u” on the time interval [0, log k] so that ||u/|| LS g HY ™ 1. We
invoke the local theory over ~ log k time intervals J each of unit size to obtain [|u'| x, , ,, (s) ~ 1, which
are square summed to obtain ||u’|| X1.1/24(0,logk) ~ (log k)12, Returning to the original frame of reference,
we conclude that

k(146
el x4 o Gsnosirn) S2 (S

where a §-loss is incurred in part from the (log k)'/? factor but also from the b = % + & weight in the X

norm. Thus,
K-1

1/2
2k(1468 K(1+68
||”||X1<1/z+<o,sk>=<22 <+>) k(148 -
k=1

Now suppose that u(¢) satisfies (3-1). Let tx =1 — 2% and Iy = [0, #]. Then from (3-1) and mass
conservation, we have
PRA+8/2 =1 for N > 2k(1+0)/2,
1 for N < 2k(1+0)/2,

To refine (3-3), we will work with local-theory estimates and thus use the analogous bound on the

IP=yu®lLzerz S { (3-3)

Bourgain norm X /24 (I;). From Lemma 3.1 we obtain
1PNl s () S N T IPonullx, 1oy ) < €N 75280+, (3-4)

We obtain from (3-4) that

KAHD/2N =1 for N > 2k(1+0)/2,

IP=nwllxo 10 ) S {Zka’ for N < 2k(1+8)/2. (3-5)

The next step is to run local-theory estimates to improve (3-5) at high frequencies. Frequencies
N < X~ =n)"on I effectively do not make it out of the blow-up core before blow-up time due
to the finite speed of propagation for such frequencies.* Hence, these low frequencies can be controlled
by spatial location, which we address in Section 4. On the other hand, (3-5) shows that the solution at

30ne of the conclusions of the Merle—Raphagl analysis is the almost monotonicity of the scale parameter A(z) = || Vu(?)|| 221 :
A(tp) < 2X(tp) forall rp > 1.

4Recall that for the Schrodinger equation, frequencies of size N propagate at speed N and thus travel a distance O(1) in
time N~ L.
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frequencies N > 2k(1+9)/2 j5 small. Thus, for these high frequencies, dispersive estimates might be able,
upon iteration, to show that the solution is even smaller at these high frequencies.

To chose an intermediate dividing point between the high frequencies that are capable of exiting the
blow-up core before blow-up time (N > 2¥) and the frequency scale at which the blow-up is taking place
(N ~ 2K/2(logk)'/?), we consider frequencies > 2°*/% to be high frequencies and frequencies < 23%/4
to be low frequencies. The goal of this section is Proposition 3.4 below, which shows that the high
frequencies are bounded in H!. In Section 4 below, we will localize in space to the external region and
then control the low frequencies.

We first address the dimension d =1 case.

Lemma 3.2 (high frequency recurrence in one dimension). Taked = 1. Letty =1 — 2 % and I, = [0, #].
Let u(t) be a solution such that (3-1) holds, and define

a(k, N) = [ P>nullxy, (1) (3-6)
Then there exists an absolute constant 0 < u < 1 such that for N > 2k(1+8)/2
1P — € % uo) 1 xy oy 1) S XNk 41, uN) + 20k + 1, uNY2. (3-T)
In particular, by Lemma 2.4,
alk, N) S | P=yuoll 2 + 2PN oq(k 4+ 1, uN) + 2%k + 1, uN)*. (3-8)
Proof. By (2-7) of Lemma 2.4 with w =27%"! and I = I,
1 Po (= €% o) g 0) S 25 Por (1 10) 1o s i)

In the rest of the proof, we estimate the right side of the estimate above, and we will just write [ instead
of I;4 for convenience. By duality,

4 4
1Pan ()l o= sup // Pon(lu*u) wdx di
Wlixg =11k JxeR

,1

Fix w with [[w(lx,,/,_ 1) =1 and let

J::// Poy(Jul*u) wdx dt.
Iy JxeR

Then J can be decomposed into a finite sum of terms J, each of the form (we have dropped complex
conjugates, since they are unimportant in the analysis)

173
Jo = / / PzN(u1u2u3u4u5) wdx dt
0 xeR

such that each term (after a relabeling of the u; for 1 < j < 5) falls into exactly one of the following two
categories.’

SIndeed, decompose each u; as uj = uj 1o+ uj med + U hi» Where u ;1o = P<nN/1604 > U j med = PN/160<- <N /20, and
ujhi = P>nyo0uj. Then in the expansion of ujuyusuqus, at least one term must be “hi”; without loss take this to be us.
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Note that w is frequency supported in |£] = N.

Case 1 (exactly one high). Each u; for 1 < j <4 is frequency supported in |§| < uN and us is frequency
supported in |£] > 8uN. In this case, we estimate as

ol = llurllgeres luallgere lususlizs 2 lluawlipz 2. (3-9)

For j =1, 2, Gagliardo—Nirenberg and (3-1) implies

1/2 1/2
i jllzgense S gl g Nau 1 2 S 250494, (3-10)
k X k X
The bilinear Strichartz estimate (Lemma 2.6) yields
lususlliz 2 S N7 23l o 0 lsllxo o0 S N722% (K, 1), (3-11)

The interpolated bilinear Strichartz estimate (Lemma 2.8) yields
luawllzs 2 < N7 Nallx n o 1wl oo S N7H2H2E (3-12)
Substituting (3-10), (3-11), and (3-12) into (3-9), we obtain
|J0{| S 2k(1+6)/2N_1+5a(k, //LN)

Case 2 (at least two high). Both u4 and us are frequency supported in |§| > uN (no restrictions on u
for 1 < j < 3). Then we estimate as

el = Wt pevaleallg polusll g g lualyg ollusllyg pellwlyg pov. (3-13)
For 2 < j < 3 we invoke the Strichartz estimate (Lemma 2.5) and (3-5) to obtain
il e S et lx o0 < 2% (3-14)
For 4 < j <5 we invoke the Strichartz estimate (Lemma 2.5) and (3-6) to obtain
IIMjIILgkLg S llujllxg e < alk, uN). (3-15)
For j =1, by Sobolev embedding, the Strichartz estimate (Lemma 2.5), and (3-5),
el poe S DR g pg S Nl e S 2°- (3-16)
By the interpolated Strichartz estimate (Lemma 2.7), we have
lwll o6~ S Nwllxo o =1 (3-17)

Using (3-14)—(3-17) in (3-13),
o] < 2P0k, uN)>2. O

In the 2D case, we will just go ahead and assume that N > 23%/4 to reduce confusion with deltas.

Case 1 corresponds to uy 1oU2 1043, 1044, 105, hi and Case 2 corresponds to everything else (at least one u; for 1 < j < 4 must
be “med” or “hi”. Hence, we can take u = 1/160.
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Lemma 3.3 (high frequency recurrence, 2D). Take d =2. Let t; =1 — 2% and I, = [0, t;). Let u(t) be
a solution such that (3-1) holds and define

a(k, N) = |P=nullxg, . 1)- (3-18)
Then there exists an absolute constant 0 < 1 < 1 such that for N > 23%/4,
I Pon (= €2 uo) I x0, o 1) S 2PNk + 1, uN). (3-19)
In particular, by Lemma 2.4,
alk, N) S IIPoyull 2 + 29Nk 4 1, uN). (3-20)
Proof. By Lemma 2.4 (2-7) with I = I} and v = 2—k-1
| P>y (u — e uqp) I X0.1/04 (1) S 290 Py (Jul?u) | Xo—1 /04 (Tisr) -

In the remainder of the proof, we estimate the right side, and for convenience take I;y; to be I;. By
duality,

2 2
1Pon (Pl oy = sUp / / Pon(u2u) wdx d.
lwllxg o =17 I Jx€R

Fix w with [[w(lx,,/,_) =1 and let

J:=/f Poy (lu?u) wdx dt.
Iy xeR

Then J can be decomposed into a finite sum of terms J, each of the form (we have dropped complex
conjugates, since they are unimportant in the analysis)

173
Ju :=/ / Psy(uiuausz) wdx dt
0 xeR

such that each term (after a relabeling of the u; for 1 < j < 3) falls into exactly one of the following two
categories.® Note that w is frequency supported in |£] > N.

Case 1’ (exactly one high). Both u; and u, are frequency supported in |£| < N/® and u3 is frequency
supported in |§| > N /12. In this case, we estimate as

[ o S ||ulw||L§ L2||u2u3||L2 12
K X I ~x
By the interpolated bilinear Strichartz estimate (Lemma 2.8),

5/6N\1/2 a7—1/2+6 —1/124+8~k$
lurwilzz 2 S (NN Nl il i S N2,

6
Indeed, decompose u j =u j 1o+ j med + j,hi, Where u j 1o = P§N5/6uj’ Ujmed= PNj/()S L<N/12> and uj hi = P> n/12u -
Then at least one term must be “hi”; take it to be u3. Case 1’ corresponds to i jou2 013 hi and Case 2’ corresponds to all other
possibilities. Hence, we can take . = 1/12.
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and by Lemma 2.6 directly,
lususllz 12 S NOVENTV 2 a3l xos o S N7VE020atk, wN).

Combining yields
[Jal S NTVOP020a(k, uN).

Case 2’ (at least two high). Here we suppose that u» is frequency supported in |£] > N>/® and u3 is
frequency supported in |§| > pN; we make no assumptions about u#;. Then we estimate as

< _
ol S IlulIIL§kL¢+a||u2IIL§kL§||u3IIL4;kL§IIwIIL§kL;t 5.
For u, we use Sobolev embedding and (3-5) to obtain
s ks
luerl g povs S 0D% g pg < il | S 2

Since N 2 2%/, we have N°/© 2 29¢/8 5 2HIF9)/2 and thus by Lemma 2.5 and (3-5),
||u2||L41* L4 S pk(1+8)/2 pr=5/6 < (2k(1+8)N—2/3)N_1/6

k X
5 2kaN_l/6, since N Z 23/{/4.

For u3, we use Lemma 2.5 and (3-18) to obtain
lusll g 1y S @k, uN).
Combining, we obtain (changing deltas)
|y <28 N~Yoaq(k, uN). O

The main result of this section is the following. It states that high frequencies (those strictly above
23k/ 4) are H! bounded on I;. Moreover, if we subtract the linear flow, we obtain H*3~% boundedness
for frequencies above 23/4 in the case d = 1 and H”/~% boundedness for frequencies above 23*/# in the
cased =2."

Proposition 3.4. Let ty =1 —27%, I, = [0, 1,1, and let u(t) be a solution to (1-1) such that (3-1) holds.
Then we have

||P223k/4u(t)||L§IfHXl g ”P223k/4u(t)”X1‘1/2+(lk) S 1.

Moreover, we have the following regularity above H' after the linear flow of the initial data is removed:

Forany (0 <s < % — 3 inthe case d =1 and for any 0 <s < % — § in the case d = 2, we have
1 Posess (u(®) = " uo)l| ooy S | Posvsa (u(t) = "2 1u0) x4 215010 S 1. (3-21)

7 In fact, the threshold > 23k/ 4, to obtain H! boundedness (but not (3-21)), can be replaced by 2k(148)/2 fop any 6 > 0; in
the d = 1 case, one can appeal to Lemma 3.2 with a strictly smaller choice of § in order to obtain a nontrivial gain upon each
application of Lemma 3.2. The number of applications of Lemma 3.2 is still finite number but §-dependent. In the 2D case,
Lemma 3.3 would first need to be rewritten. We have stated the proposition with threshold > 23k/4 pecause this is all that is
needed in Section 4, and it allows us to avoid confusion with multiple small parameters.
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Proof. We carry out the d = 1 case in full, which is a consequence of Lemma 3.2. The d =2 case follows
from Lemma 3.3 in a similar way.
By (3-5), we start with the knowledge that a(k, N) < 2K1+9)/2N~1 for N > 2K(1+9)/2 Note

I1P=yuollzz S N~ Vuollz SN
By (3-8) in Lemma 3.2,
ak, N) S N4 2kAF02 =188 (k 1, uN). (3-22)

Application of (3-22) m times gives
m—1
alk, Ny < N~ (Z(zk(1+a)/2N—1+s)j) 4 QKAHO2 N=T48yme (k4o M N,
j=0
Since N > 2%/4 we have 2*/?N—! < N~1/3, Taking m = 7 we obtain a(k, N) < N~!. Substituting this
into (3-7) of Lemma 3.2, we obtain

- . )
1Py ((®) = €% uo)lxy 1oy 1y S 2N THE S N, O

4. Finite speed of propagation

Recall that the main result of the last section was Proposition 3.4, which showed that the solution at
frequencies > 23%*/4 is H'! bounded on I;. This was achieved without applying any restriction in space.
In this section, we apply a spatial restriction to |x| > R (outside the blow-up core), and study the low
frequencies < 23%/4 on I;. Since frequencies of size N propagate at speed N, and thus travel a distance
O(1) over a time N~!, we expect that frequencies of size < 2% involved in the blow-up dynamics will
be incapable of exiting the blow-up core |x| < R before blow-up time.

Since Iy = [0, ] and 1 = 1 — 27, restricting to frequencies < 23k/% on I, for each k is effectively
equivalent to inserting a time-dependent spatial frequency projection P—(j_;-34. The main technical
Lemma 4.3 below shows that, for 0 < r| < r, < oo, the H? size of the solution in the external region
|x| > ry is bounded by the H*~!/® size of the solution in the slightly larger external region |x| > ry.
This lemma is proved by studying the equation solved by P_j_;-34%u, where v is a spatial cutoff.
In estimating the inhomogeneous terms of this equation, we use that the presence of the P__;-34
projection enables an exchange of « spatial derivatives for a factor of (1 —¢)~3%/4 This is the manner in
which finite speed of propagation is implemented. Lemma 4.3 is the main recurrence device for proving
Proposition 4.4, giving the H! boundedness of the solution in the external region, completing the proof
of Theorem 1.1.

Before getting to Lemma 4.3, we begin by using the method of Raphaél [2006], based on the use of
local smoothing and (3-2), to achieve a small gain of regularity.®

8In the d = 1 case, we obtain a gain of 2/5 derivatives in this first step, but in fact the proof could be rewritten to achieve a
gain of s < 1/2 derivatives. The reason s = 1/2 derivatives cannot be achieved in one step is the failure of the H /2y o
embedding needed to estimate the nonlinear term. One could achieve 1/2 derivatives by running the same argument twice, but
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Lemma 4.1 (a little regularity, d = 1 case). Suppose d = 1. Suppose that u(t) solving (1-1) with H'
initial data satisfies (3-1). Fix R > 0. Then

(D) Yrgu o

<1
[0,1)L§ ~

where Yr(x) = ¥ (x/R) and ¥ (x) is a smooth cutoff with ¥ (x) = 1 for |x| > 1/2 and ¥ (x) = 0 for
x| < 1/4.

Proof. Let w = Ygru and g = Ygou. Then w solves the equation
10w+ 02w = —|q*w + 28, (W u) — Ypu= Fy + F> + F3.
Apply (D)?/°, and estimate with I = [T}, 1) using the (dual) local smoothing estimate for the F» term:
D> Pwll o2 S 1D w(TD 2 + (D) Fill
+ (D)D) 2 Fall 12 + D) Fal 2
We begin by estimating term Fj. By the fractional Leibniz rule,
1D Fill g2 S Mgl e 1D wllpens + IDF1g 1l s lwll e o-
< (Mgl e + 1D21a 1y 52 1D wil ez
By Sobolev/Gagliardo—Nirenberg embedding and (3-2),
lg*le + 1D a1l 52 S N l72 18:q172 S (1 =07 (og(1 = n~H 72
Applying the L} time norm, we obtain a bound by (log(1 — 7T;)~!)~!. Hence,
(D) Fill1z2 S (og(1 = T1) ™) D) wll o2
Next, we address term F,. We have
— 1/10 9/10
DD Fall 212 S DD g 202 S gl g 1@l 2.
From (3-2), we have [|9,¢ll,2 < (T —1)~'/?log(1 —)|~" and hence
(D> (Dx) " 2 Fall 22 S (1 =TV
Term F3 is comparatively straightforward. Indeed, we obtain
3/5 2/5
D Fal g2 S Ml o 10 Y3511 S (1= T2,
X I “x X
Collecting the estimates above, we obtain

(DY Pwl peer2 S (DY Pw (Tl 2 + Gog(1 — T)) ™) (D) Pwll o2 + (1 = TV,

this is unnecessary since we only need a small gain of s > 0 to complete the proof of our main new Lemma 4.3/Proposition 4.4
below, which enables us to reach the full s = 1 gain. One cannot achieve a gain of s > 1/2 by the method employed in the proof
of Lemma 4.1 alone due to the term 0y (w;? u).
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By taking T sufficiently close to 1 so that (log(1 — 7))~ ") ~! beats out the (absolute) implicit constants
furnished by the estimates, we obtain
(D) Pwll o2 S DY Pw (T 2 + (1 =TV

O
Lemma 4.2 (a little regularity, d = 2 case). Suppose d = 2. Suppose that u(t) solving (1-1) with H'
initial data satisfies (3-1). Fix R > 0. Then

(D) Prull e 12 S 1,
where Ygr(x) =¥ (x/R) and ¥ (x) is a smooth cutoff with ¥ (x) = 1 for |x| > % and ¥ (x) =0 for |x| < }‘.
Proof. Let w = Ygu and g = g ou, and take ¥ = Vg and $ = A, Y. Then w solves the equation
idw+ Aw=—|g/*w+2V, - (Fu)—Fu=F +F,+ F.

Apply (D) 172 and estimate with I = [T}, 1) using the (dual) local smoothing estimate for the term F5:
D) w2 + 1(Dx) Pwll 4,4

S D) Pwoll 2 + (D) 2 Fill 33 4 + 1 Fall 212 + 1(D2) V2 F3ll 12

Before we begin treating term F7, let us note that by (3-2), ||Vg ||L§ <(- 1)~1/? (log(1— 1~ H~!and

hence |V |l ;2;2 < (log(1— T1)~!)~!/2. By the fractional Leibniz rule and Sobolev/Gagliardo-Nirenberg
embedding,

1/2
1DY1gPll2 S 1D gl aligls < ligl

3/2
21Vl

L2
Hence,

1/2 3/2 —1N—
1D21g1 7,2 < gl 2,2 1V gl oy, < (og =Ty~ =4,
Also, we have

(4-1)
1/2 1/2
lalles SID gl S llgl 1Vl
and hence
19176 S lallzzez Vel 2 < (og(l = Ti)~H 12 (4-2)

Now we proceed with the estimates for term F). By the fractional Leibniz rule (in x),

(D) 2 Fill 32 50 S D) 21 Pl o 2wl gens + g Pl 22 1{Dx) Pl o
By (4-1) and (4-2), we obtain

(D) 2 Fill 3 9 S Qog(1 =T ™) TV2AND) Pwllers + (D) 2wl 10).

Next, we treat the F; term. Again since ||Vq||L§ <({1- t)_l/z(log(l S

1F2ll 20 S (og(1—=T1)™H 7
The F3 term is comparatively straightforward.
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Collecting the estimates above, we have
KD 2wl o2 + (D) 2wl a0
S D) 2w ()l 2 + (log(1 = T)~H ™!
+ (log(1 = T)™H 72D Pwll g2 + (D) 2wl 410).

By taking T sufficiently close to 1, we obtain

(D) Pwll o2 S (D) 2w (T2 + Qog(1 = T1)™H ™" O
Lemma 4.3 (low frequency recurrence). Letd =1ord =2, 0 < R <ry <rp and % <s <1 Let ¥ (x)
and Yy (x) be smooth radial cutoff functions such that

0 onlx| <1(ri+r),

1 on|x|>r.

0 onlx|=r,
1
L on|x|=5(r1+r)

Y (x) = { and  Y(x) = {

Then
1D aull g, 12 S 1+ (D) ™ Pl e p2.

[0.1)

Proof. Let x(p) be a smooth function such that x (o) = 1 for |p| < 1 for x(p) = 0 for |p| > 2. Let
P_ = P_r_;)-3 be the time-dependent multiplier operator defined by 137 (&) = x((T —)¥*E)) f &)
(where the Fourier transform is in space only). Note that the Fourier support of P at time #; = 1 — 2k
is < 23%/% We further have that

WP_f=3i(1—1)""* QD f + PO, f,
where Q = Qj_;-34 is the time-dependent multiplier
OF (&) = x"(1 =g f (®).

Note that the Fourier support of Q at time 7y = 1 — 27 is ~ 23¥/4. Note also that if g = g(x) is any
function, then
IPDggl2 < (=) gl 2. (4-3)

Let w = P_vou. Taking P2 = Vi and §2 = A, we have
iw+Aw=—i(1—0""7*Q -V, w—P_yolu"u+2P_V, [Fru]l — P_Tru
=F+Fh+ F3+ Fa.
By the energy method,
1 4
IID;wHif&DLg < ||D;w(0)||iz +/O (D} Fi(s), Dyw(s)) 2| ds + 102;||D;Fj||i[10<1)%.
i

For term F, we argue as follows. Let QObea projection onto frequencies of size (1 —¢)~>/4. Then

1 1
[ 10 R©. D lds S [ a7 HIDY Qo)1 ds.
0 0 *
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Applying (4-3) with ¢ = %, we can control the above by
1
| =10 Qv as.
0 X

Dividing the time interval [0, 1) = U,fil[tk, tx+1), we bound the above by

too Tk+1 too

k 2 2
32 f 105 P2 ds S 3 IDS Poostou P o,
= I X =1 [t gy 1) ™%

where Py is the projection onto frequencies of size ~ 2%/4 (and not < 23%/4). However, writing
u(t) = e'"®ug + (u(t) — e'"®ug), the above is controlled by (taking s = 1, the worst case)

[ee] —+00

2 itA N2
E ||VxPz3k/4u0||L§+§ [ Ve Poaisa (u(t) — €' uo)llza-
k=1 k=1

By (3-21) of Proposition 3.4,
+00
IVxuoll7 > + DOERAPSY
k=1

In conclusion, for term F; we obtain

1
[ 102, D las 1.
0

We next address term F>. Insert wzl//f/ arl _ Yo, then apply (4-3) with & = s to obtain (in the worst

case s = 1),

—3/4 4/d —3/4 4/d+1
ID3Fallpy o2 SN =07 yofu®ullyy o SIA =07yl Sl -

We consider the cases d = 1 and d = 2 separately. Whend =1,
IY1ull g0 S IDY Yull2 S 1,
by Lemma 4.1. Consequently,
—3/4
1D} Fallpy, 2 SN =07l ST

On the other hand, when d = 2, we have

2/3 1/3 _
Ivulizy S 1DY Vaullz S 1D Yrull s IVayul 5 S (=07 °

by Lemma 4.2 and (3-2). Consequently,

1Dy Fallpy, 2 SHA =070 =700 <1

0,1 ™

Next, we address term F3. By (4-3) with @ = 9/8,

s < _\=27/32 s—1/8 N
1D} Fllgy, 2 S U =072 1D B @ ol 1o
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Since || (1 — t)_27/32||L[10 i 1 and the support of ¥, is contained in the set where v; = 1, we have

‘ s—1/8
||D;F3||L['o|>L§ SIKDL) 3 yull o L2

[0,1)

Finally, we consider F4. We have

s < <1 — =374 <
IDYEsll gy, 12 S WV Pl e SHA =07l g, 12 S 1

by (4-3) with @ = 1. O
Proposition 4.4. Suppose that u(t) solving (1-1) with H' initial data satisfies (3-1). Fix R > 0. Then

<
||u||L[°§1)H|§|ZR S

Proof. Tterate Lemma 4.3 eight times on successively larger external regions. O

Proposition 4.4 completes the proof of Theorem 1.1.

5. Application to 3D standing sphere blow-up

We now outline the proof of Theorem 1.2 utilizing the techniques of Section 3 and 4. Theorem 1.2
pertains to radial solutions of (1-9). We define the initial data set % as in’ Raphaél and Szeftel [2009,
Definition 1, page 980-1], except that condition (v) is replaced by |[lioll g1 (jr—1)>1/10) < €. The goal
then becomes to complete the proof of the bootstrap Proposition 1 on page 982, where the “improved
regularity estimates” (35)—(37) are effectively replaced with

<e€

@l at s
Let us formulate a more precise statement:

Proposition 5.1 (partial bootstrap argument). Let Q be the 1D ground state given by (1-4), and let € > 0,
T > 0 be fixed with T < €*®. Suppose that u(t) is a radial 3D solution to

i+ Au+|ul*u=0
on an interval [0, T'] C [0, T) such that the following “bootstrap inputs” hold:
(1) There exist parameters A(t) > 0, y(t) € R, and |r(t) — 1| < 1/10, such that if we define

- _ 1 r—r(1)
u(r,t)—u(r,t)—k(t)1/2Q< 0 ), 5-1)

then, for0 <t <T’,

_ 1/2
log|log(T t)|> ’ (5-2)

VUl = 20~ ~ (PEE

and

IVl S . (5-3)

~ log(T =T —)!/>

9We are considering the case dimension d = 3 (in their notation N = 3).
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(2) Interior Strichartz control: |[(V)u(t)|| s
0.7

/11 < E.

Livi<ip2

(3) Initial data remainder control: || (V)b70||L§ <eé.

Then we have the following “bootstrap output”:

(V) u @)l oo

2
[0,T’1L\X\sl/2

V@Ol s o S (5-4)
[0,T

ntixis1/2

The goal of this section is to prove Proposition 5.1, which shows that the bootstrap input (2) is rein-
forced. Proposition 5.1 is, however, an incomplete bootstrap and by itself does not establish Theorem 1.2.
The analysis which uses (5-4) to reinforce the bootstrap assumption (1) is rather elaborate but will be
omitted here as it follows the arguments in [Rapha&l 2006] and [Raphaé&l and Szeftel 2009]. Moreover,
these papers demonstrate how the assertions in Theorem 1.2 follow.

The proof of Proposition 5.1 follows the methods developed in Section 3—4 used to prove Theorem 1.1.
We do not, however, rescale the solution so that 7 = 1 as was done in Section 3.

Remark 5.2. Let us list some notational conventions for the rest of the section. We take #, = T — 2%
and denote I;, = [0, #]. Let v(r, t) = ru(r, t), and consider v as a 1D function in r extended to r < 0 as
an odd function. Note that v solves

id;v+ Brzv = —r_4|v|4v.

The frequency projection Py will always refer to the 1D frequency projection in the r-variable. The
Bourgain norm |[|v||x, , refers to the 1D norm in the r-variable.

Let Ap = A(0) and take ky € N such that 2_k°/2(10g ko)~'/2 ~ Xo. We then have T ~ 27%_ The
assumption T < e*0 equates to 27k0/8 < €5 Note that A(fx) = 2_"/2(10g k)~1/2.

Lemma 5.3 (smallness of initial data). Under the assumption (3) in Proposition 5.1 on the initial data,
and with vy = rug, we have
5
| Poysondrvollz + 19vol2, | S €

Proof. Let vy = ruy. Since 9,09 = itg + rd,ttp, we have by Hardy’s inequality
~ -1~ ~ ~ 5
19, Vollz2 < lx1™ dollz2 + I Vitoll 2 S IVidoll2 S €.

Recalling the definition of itg = u(0) in (5-1) (with = 0), we have
r—rg -
Vo = 1L/2Q(—> + vo.

The result then follows from the exponential localization and smoothness of Q. U

Lemma 5.4 (radial Strichartz). Suppose that u(t) is a 3D radial solution to
iiu+ Au= f.

Letv(r,t) =ru(r,t) and g(r,t) =rf(r, t) and consider v as a 1D function in r (extended to be odd), so
that
idv+d*v=g.
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Then for (g, r) and (g, ) satisfying the 3D admissibility condition,

2/p—1 2/p'=1
1P ol gy S lvollez + 1027 gl g

Proof. The left side is equivalent to || Vu|| ooy and the right side is equivalent to ||ug]| 2+ ISl

it is just a restatement of the 3D Strichartz estimates.

o=
q rpP
LéL?
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SO

Lemma 5.5 (3D to 1D conversion). Suppose that u(x) is a 3D radial function, and write u(r) = u(x).

Let v(r) =ru(r). Then for 1 < p < 3, we have
PP~ 9 vl p S IVl -

Alsofor% < p < +00, we have
2/p—1
IVeullr S r*P~ 0 0] 0

Consequently, for 3D admissible pairs (q, p) such that2 < p < 3, we have
IVl gape ~ I1r*P= 8,0 oy
LiL? LIL
We remark that g =5 and p = % falls within the range of validity for (5-7).

Proof. The proof of (5-5) and (5-6) is a standard application of the Hardy inequality.
First, we prove (5-5). Using v =ru,

rY P90 = PP + PPy,

and thus,
1727~ 8,0l

IA

2 2/p—1
172/ PBull Lp 4 11F2 P~ |

‘We have, for r > 0,

+oo +00
u(r)=—(u(+oo0) —u(r)) = / %(u(sr)) ds = / u'(sr)rds.

=1 s=1
By the Minkowski integral inequality,
2/p—1 oo 2
< [ Wy ds.
S:l >

1

Changing variable r — s~ 'r, we obtain that the right-hand side is bounded by

—+00
<f s73/P ds)llrz/pu’HLp .
S=1 r>

and the s integral is finite provided p < 3.
Next, we prove (5-6). We have

r2Po.u = rz/par(r_]v) = — P2y 4 201G 0,

and hence,
2 2/p—2 2/p—1
172/ P0ull p < P2 P~ 2vllr + 17227 B0l 1

(5-5)

(5-6)

(5-7)
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We have

1 1

i(v(sr)) ds:f V' (sr)rds.
ds s=0

v(r)=v@)—v(0) = f

s=0

By the Minkowski integral inequality,
1
2720l < [y as
s=0
Changing variable r — s~'r in the right side, we obtain

1

2/p—2 -3 1 2/p—1

- /p vlpr < (/ g3/t dS)||v/(r)r /p Il e
s=0

and the s integral is finite provided p > % (I

The replacement for Lemma 3.1 is Lemma 5.6 below. The difference is that in Lemma 5.6, we only
use b < % when working at H' regularity.

Lemma 5.6. Suppose that the assumptions of Proposition 5.1 and Remark 5.2 hold. Then for % -5 <

b<l
2 b
18Vl x50 S 2 (Qog )P /% = (T — 1)~ (loglog(T — 1)) */2. (5-8)
Also,for%—S <b< %—I—(S,
vl xo (0 S5 2% = (T —0)7°. (5-9)
Proof. We will only carry out the proof of (5-8), which stems from (5-2).!° The proof of (5-9) is similar,

and stems from the bound on ||u(¢)|| s obtained from interpolation between (5-2) and mass conservation.
In the proof below, T has no relation to the T representing blow-up time in the rest of the article.
Let A =A(y) = 2_k/2(log k)72 Letr = AR, x =X, and t = A>T + t;. Define the functions

V(R,T)=A"20(AR, AT + 1) = A 20(r, 1),
UX,T)=2"2u(X, A>T + 1) = 2 u(x, ).
Note that the identity v(r) = ru(r) corresponds to V(R) = ARU (R).
We study V(R, T) on T € [0, logk], which corresponds to ¢ € [t, fx+1]. We have ”V”L%e = llvllzz ~
O (1) (by mass conservation) and ||8RV||L2R = A||9;v||z2. Hence, ||3RV||Lf§, oLd = O(1). The equation
r ,log
satisfied by V is
iorV + 02V =—-A"*R™HV|*vV.
Let J = [a, b] be a unit-sized time interval in [0, log k]. Then by Lemma 2.4,

1RV x40, S HORV @22 + 13RO R™HVIFV) 1 12

10The need to take b < 1/2 comes from Lemma 2.4, (2-7) versus (2-8); when working at H! regularity near the origin, we
cannot suffer any loss of derivatives. The fact that |0, v||x, , (1) for b < 1/2is only a H ! subcritical quantity is of no harm as
the only application of (5-8) in the subsequent arguments is to control the solution for » > 1/2, where the equation is effectively
LZ critical.
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Let x1(r) = 1 for r < § and supp x; C B(0, ). Let xo = 1 — x1. Let g1 = A *R~*x; AR)|V[*V)
and g, = Jg (A*R™*x2(AR)|V|*V), so that the above becomes

10rV I x0,) S N0V (@)l 2 + 1181 ez + g2l 22 (5-10)

We begin with estimating ||g2|l, 12 We have

lg2llLy g, S UV Iy + V@RV Ly L3, (5-11)
We now treat the first term in (5-11). Of course, || V2 ”Llefe = V”iSL‘O‘ By Sobolev embedding || V”L}eo <
J™R

1DVl and by Holder,

2/5
IVilzs o S T OUDE Vo2 S1TY V02 + 198 VIl o,2)
< [IOQI OV o2 + 108 VIl 10,2)-
Using that || V”L;OL%Q ~ 1, that |J| ~ 1 and Lemma 2.7, provided % <b< % we have
Vs S O+ 119V l1x,,)- (5-12)
We now treat the second term in (5-11), similarly estimating the term || V|| Lo We have
VARVl S 12UV 0,0010RV 811
S0+ 19-V I g0r2) 108 V5 10
Appealing to Lemma 2.7, provided 29—0 <b< %, we obtain
IV VIl 2 S T2+ 1RV l1x,,)° (5-13)
Combining (5-12) and (5-13), we have
g2l a2 S T2+ 119V l1x,,)° (5-14)
Next we estimate || g1 || L2 By rescaling,

_ —4 14
lgullzy g = Mo Gar vl 2

1

Let w = x1u, where y; =1 on supp x; but supp x1; C B(0, %). Replacing u =r~"v, we obtain 0, (rx1u’) =

9, (r xw>), and hence,
gt S Awl o + lrwdywllz2) < AANx ™ Pwif o + [wVwlz2). (5-15)
By Hardy’s inequality and 3D Sobolev embedding,
x1 = Pwllpo SIDwllzo S IVwll o
By Holder’s inequality and 3D Sobolev embedding,

4 4 5
lw*Vwll 2 < lwllzsllVwll o S ”vw”LiO/ll-
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Returning to (5-15) and invoking (2) of Proposition 5.1,
lgilley 12 < xnwnii o S A€ (5-16)
By putting (5-14) and (5-16) into (5-10), we obtain
198 VIlx0,0) S 18RV @2 + 1172 L+ 18RV l1x0,0))° + 1€,

From this, we conclude that we can take |J| sufficiently small (but still “unit-sized”!") so that it follows
that

10rV llx0, ) < O(1).

Square summing over unit-sized intervals J filling [0, log k],
18RV Il x0 510,10z k1) < (log k)2,
This estimate scales back to
19Vl x0, 111511 S (og k)2 (1) 2 = 25 (log k)" 172,

Now square sum over k from k =0 to k = K to obtain a bound of 2X?(log K)**1/? over the time interval
Ik, which is the claimed estimate (5-8). U

The analogue of Lemma 3.2 will be Lemma 5.7 below. We note that as a consequence of Lemma 5.6,
the hypothesis of Lemma 5.7 below is satisfied with at(k, N) =27%/2N~1,

Lemma 5.7 (high-frequency recurrence). Let the assumptions of Proposition 5.1 and Remark 5.2 hold,
12
t

and le
Bk, N) :=[IP>N03rvilxy, - ()-
Then there exists an absolute constant 0 < (1 < 1 such that for N > 2K1+9/2 ype have
Bk, N)+1r*/" = Poy vl g 1
SIP=ndrvollz +2°FIENTIOB (ke uN) + NTIH2O Bk, uN)? +27 € (5-17)
for all 3D admissible (q, p).

Proof. Note that v solves

00+ 0% = —rlul*u = —r~*v|*v.

Let x;(r) be a smooth function such that y;(r) = 1 for |r| < le and x; is supported in |r| < %. Let
x2=1—x1. Apply P>n0, to obtain

(i + 9P P=nd,v = g1 + g2,

11Meaning: with size independent of any small parameters like € or A
12Note the inclusion of one derivative in the definition of 3, in contrast to the choice of definition for « in Proposition 3.4.
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where
g;i(r)=—Pond, (xjr*|v|*v) for j=1,2.
Then by Lemma 2.4'3 and Lemma 5.4,
||P3N3rv||x0‘1/2_(1k) + ||i’2/p71PzNarU”L7kL£’ S ||P2N3rUO||L§ + 1lg1 ”L}kLg + ||82||L}kL3-

The term || g2 || LI is controlled in a manner similar to the analysis in the proof of Lemma 3.2. For this
term, x» r~*and 9, (x» r—*) are smooth bounded functions, with all derivatives bounded. By Lemma 2.10,

lg2llz2 S PN (@) N2 + N0 |12 (5-18)
By an analysis similar to the proof of Lemma 3.2, utilizing the bounds in Lemma 5.6, we obtain
| Pon (@007 1y 12 S 2XFVENTIR Bk, uN) + NTHO20 Bk, N, (5-19)
Also by the Strichartz estimates, as in the proof of Lemma 5.6 above,
1407y 12 S D 0%, 10RV ], S 25072, (5-20)
Inserting (5-19) and (5-20) into (5-18), we obtain

||g2||L} 12 S 2k(1+8)/2N_1+8ﬂ(k, MN) +N—1+32k5[3(k’ MN)2+N_12k(1+8)/2. (5_21)
k

7

The last term, N ~'2k0+8)/2gives the contribution 27%% in (5-17) due to the restriction N > 2k(1+8)/2
(different deltas).
Next we address ||g; ||L} 2. We estimate away P-y by
K -

lgilizr 12 S N8l L2 (5-22)
k r ]\' r
where (ignoring complex conjugates)

g1 =9, x1v°).

1

Let w = x1u, where yx; = 1 on supp x; but supp x; C B(0, %). Replacing u = r~'v, we obtain g; =

8, (r x1u°) = 8, (r xyw?), and hence,

~ 5 4 —1/5
1811122 S Nwliz o + lrwd,wil 2 < x| /

w710+ [V 2.
By Hardy’s inequality and 3D Sobolev embedding,
Hx1~ w0 SIDPwlpo S IVwll o

By Holder’s inequality and 3D Sobolev embedding,

4 4 5
lw*Vwlzz < lwlizolIVwl o S IV -

13We were able to obtain the L}k L% right side (without § loss), because we took b < 1/2 in the Bourgain norm.
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Hence, || g; ||L3 < ||Vw||i30/“. Returning to (5-22) and invoking (2) of Proposition 5.1,
X

< 5 <€
llg ”L}kLg ~ ”VU)”LZ{L?/” S € ]

The analogue of Proposition 3.4 is this:

Proposition 5.8 (high-frequency control). Let the assumptions of Proposition 5.1 and Remark 5.2 hold.
Then for any 3D Strichartz admissible pair (q, p), we have

2/p—1 5
| Pogstsadrvll o, o 1) + 17777 Pysdrvlpg 1y S €.

Proof. Several applications of Lemma 5.7, just as Proposition 3.4 is deduced from Lemma 3.2. (]

Due to the H! criticality of the problem, we do not have improved regularity of v(z) — e’ 07 Vg as was

the case in Proposition 3.4. As a substitute, we can use the methods of Lemma 5.7 to obtain the following
lemma:

Lemma 5.9 (additional high-frequency control). Suppose that the assumptions of Proposition 5.1 and
Remark 5.2 hold. Then

1/2
Lz) <e. (5-23)

+0o0
(Z | Pyussdr ol 7

k—1:%k]
k=ko

Proof. 1t suffices to prove the estimate with the sum terminating at k = K, provided we obtain a bound
independent of K. For each k in kg < k < K, write the integral equation on I;. For ¢ € [f;_1, t]

'
U(t) — 6”8’21)0 —i / el(t—t )8'2(7'_4|U|4U(t/)) dt'.
0
Apply Pssi/40, to obtain
t
P30, v(t) = P23k/4eltarzarvo —1 / et )9} Pzak/48r(r74|v|4v(t’)) dt'.
0

Estimate

| Postad,vll oo g2 < | Poswsadyvollp2 + || Posiss 8- (r o *0) 1 11 12
[te_1.11°7 r I=r
By the inequality (a 4 b)* < 2a® + 2b?, this implies
2 2 -4, 4 2
[ Ppstsadrvllice 1o S N Ppka0rv0lly2 + 11 Posesadr (r [0 0) 14 o
[tp—1:117r r I =r

Let x;(r) be a smooth function such that y;(r) = 1 for |r| < JT and x; is supported in |r| < %. Let
x2=1—x1. Let g; = Pywsd, (x;r *|v[*v) for j =1,2.
Recall that in the proof of Lemma 5.7, we showed that

||P2N3rX2”_4|U|4U||L}kL; < KO N=IH gk 1 N+ NIF2K B (k) wN)2  N~12k(14)/2
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and Proposition 5.8 showed that B(k, 23*/%) < 1. Combining gives | g2l L 12 < 27k/8 and hence,
k r
K 1/2
(legzlli} Lg) SR <&,
k=ko k

Now we address g;. Let w = yju. For each k, lengthen [ to I := Ix to obtain

K
2 < -4 4 2
;||g1 17 2 S IProsdr ol )l o
=K0

By the Minkowski inequality, for any space-time function F, we have
||P23k/4F||Z£L}LE < ||P23"/4F”L}Z%L% < ”F“L}LE

Hence,

K

2 < —4,. 14 2
l;uglnL}kL; < o GarHwl*w)l7y,»
=Ko

At this point we proceed as in Lemma 5.7 to obtain a bound by ¢€°.

505

O

Now we begin to insert spatial cutoffs away from the blow-up core and obtain the missing low fre-
quency bounds. The first step is to obtain a little regularity above L2, since it is needed in the proof of

Lemma 5.11.

Lemma 5.10 (small regularity gain). Suppose that the assumptions of Proposition 5.1 and Remark 5.2

3

hold. Let r3,4(r) be a smooth function such that y3/4(r) = 1 for |r| < 7 and ¥3,4(r) = 0 for |r| = %.

Then

3/7 5
D s avll e 12 S €.

Proof. Taking ¥ = V3,4, let w = yrv. Then
0w+ 07w =y (@id +87)v+28,('v) —yv
=—r Y v[*fv+20,W'v) =y v=F + F,+ F;.

Local smoothing and energy estimates provide the estimate

3/7
1D 7wl

2
[O,T)Lr

3/7 3/7 —-1/2 n3/7 3/7
SAID wollz + 1D Filly, 12+ 107 2D Bl 2+ 1D sl o,

We begin with the F; estimate. Let ¥ be a smooth function such that

0 ifr<1,
Fry=11 ify<r=<1,
0 ifr>7.

Let ¢ = r~'{v. By writing 1 = (1 — ¥*) + ¥*, we obtain

Fi == —=FHyr ' — |g/*w.

(5-24)



506 JUSTIN HOLMER AND SVETLANA ROUDENKO

Note that (1 — )y is supported in |r| < % and P*y is supported in Alf <|r| < }—g
For the term (1 — *)yr—*|v|*v, we appeal to the bootstrap hypothesis (2) in the same way we did in
the proof of Lemma 5.7 to obtain a bound by €>. As for the term |¢|*w, by the fractional Leibniz rule,

[0,T) [0,T)

107 gt wlpy iz SOy, pmlwliegs e+ Mg 1y, o 1D Tl o
By Sobolev embedding and Gagliardo—Nirenberg,
1D lq 1l 7+ Mal* e S gz l0,q17,  and  Jwlige S 1DY Twll 2.

Hence,

3/7 < 2 2 3/1
1D gl )y, o2 S gl 1210ralge o107 Twliss, 1o

By (5-3), ||8rq||L[z0 L2 < (log T))~" < (loge~!)~!. Consequently, we obtain

1D} Rl 12 S €+ Qoge HTID Twllg 1.

~ [0,T)

As for F», we start by bounding

1D7 2D TRl 2 Lz<||D”“4<w V)ll,2

[0, T)

On the support of ', we have v = rg. Noting that on the support of ¥/" we have r ~ 1 and using the
interpolation, we get

DM W r)lz S lallz + gl o o™
By (5-3),
Irqll Y e, STV S
Consequently,

”D;I/ZDEHFZ”L%;)L% STV LTS < S,
Finally, for the term F3, we estimate
DY Fslly, 12 Slalley, 2 +18qly 2 STHTVZ S
Collecting the above estimates and inserting into (5-24), we obtain
1D wilz 12 S 1D Twollzz + Goge™ )™M ID w12 + €,
and the result follows (by bootstrap assumption (3), ||Dr3 x wol L2 < e). O

We will need to apply the following lemma eight times in the proof of Proposition 5.12 below. As in
Section 4, the use of the frequency projection P<(r_;)-34 and the process of exchanging derivatives for
time factors via (5-25) is essentially an appeal to the finite speed of propagation for low frequencies.
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Lemma 5.11 (low frequency recurrence). Let the assumptions of Proposition 5.1 and Remark 5.2 hold.
Let % <ri<mn< % and % <s < 1. Let Y\ (r) and > (r) be smooth cutoff functions such that

1 onlr| <3(ri+r),

0 onl|r|>r.

1 oni|r|<r,
0 onlr|=31(ri+r)

Yi(r) = { and  a(r) = {

Then

ID; (Y1)l oo

[0.7)

—1/8 5
12 SIDT V@) e 12 4€.

[0.7)

Proof. Let x(§) =1 for [§] < 1 and x (§) =0 for || > 2 be a smooth function. Let P = P_y_; -3 be the
time-dependent multiplier operator defined by f’? (&) = x (T —1)3/%¢) f (¢) (where Fourier transform is
in space only). Note that the Fourier support of P at time 7 — ¢ = 2% is < 23/4 We further have that

W Pf=3i(T —1)""*Qd, f + Pd, f,
where Q = Q y_;)-3+ is the time-dependent multiplier

Oh(€) = x'(T =€) h(®).
Note that the Fourier support of Q at time t = T — 27 is ~ 23*/4_ Note also that if g = g(r) is any
function, then

IPDgll2 < (T —D7*gll 2. (5-25)

Let ¥ be a smooth function such that

0 if|r|<1i,
Fr)y= {1 if 5 <|r| <501 +r2),
0 if|r|>nr.

Let w = P_r_;)-34 D; (¥1v). By Proposition 5.8, it suffices to show that

lwlle

s—1/8 5
o 12 SIDT (W)l 12+ €

07
Note that w solves
idw+ o w=—2(T —1)""/*08, D} (Y1v) — PDi(Y1r*|v|*v) + 2P, D} (¥{v) — P DS (Y]v)
=F+ P+ F3+ Fa.
By the energy method, we obtain

T 4
2 2 2
lwll7ee 2 = ||w0||Lg+/ [{(F1, w)p2|+10 E ||Fj||L10TLz-
0 = [0.7) %
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We estimate F; using Lemma 5.9 as follows.!* Let Q be a projection onto frequencies of size ~
(T —1t)~3/* (importantly, not < (T —t)~3/%). Then

T T
f0|<Fl,w>L;|5/0 (T =~ 10D (y1v)17,.

It suffices to take s = 1, the worst case. The presence of Q allows for the exchange Dr1 2 (T —1)~3/8,

which gives

T T
/0|<F1,w>L,z_|,§/0 (T =07 108, (W17

By decomposing [0, T) = U,fiko [#, tx+11, and using that (T — 1)~ =2k on [z, tx+1], we have

/ (T =0~ 108, (1w = Z / 2411 Pysssd, (Y10) 17
(7,11
Since |[#, tx+1]1] = 27X, the above is controlled by Zk —ko || Pa3is4 0y W12
which is bounded by €3 (by Lemma 5.9). .
For the nonlinear term F», by writing 1 = 1 — * + {/*, we have

L the square root of
k+1]

F=—PD}r (1 = FH¥[v[*v) — PD} -y fvf*o) = Far + Fao.
The support of (1 — iﬁ“)z/fl is contained in |r| < 1 and we can use the bootstrap hypothesis (2) to obtain

< 5
||F21 ”LIOT) €,

as was done in the proof of Lemma 5.7 (for any s < 1). For Fp, taking ¥ = v and noting that
Y1 ¥2 = Y1, we have Fpp = P DS (r =4y |9]*0). By (5-25) with o = g,

—3/32\ 1 ns—1/8,,.—4 74 ~14~
1Pl 0z < | =07 R F o Dz |,

Since ¥ is supported in % < |r| < ra, the function ¥ *yr;r—* is smooth and compactly supported. By the
fractional Leibniz rule,

_ _ ~ 4~ ~ 7/2 1/2 _ 1.
103734 T 159 2 SIBIT=I(D 502 S 1078115 18,5155 1(Dy) 53l -

Using the bound ||8,17||L)z_ < (T —1)~"/? from (5-3) and the bound on || Dfﬂf) ||L[°5’T)L3 from Lemma 5.10,
we obtain

1Pl 2 ST =07 =07 gy, MDYz, 12 S € WD bl 1z

10.7)r ~ 0.7)
To bound F3, we use (5-25) with a = % to obtain

—27/32 1/8
P30, 2 ST —=1) / ey, |~ Ul 2

141¢ seems that the energy method is needed here, since it furnishes fOT [(F1, w)2]; we cannot see a way to estimate
r
[ Fq ||L1 )LZ Indeed, by pursuing the method here, one ends up with a bound || F; ”Ll LE < Z/fo:ko | Py3esa vlng, which

is not controlled by Lemma 5.9, since it is not a square sum.
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The Fy term is more straightforward than F3, since there is one fewer derivative. |
The H' control will complete part of the bootstrap estimate (5-4) in Proposition 5.1:

Proposition 5.12 (H' control). Suppose that the assumptions of Proposition 5.1 and Remark 5.2 hold.
Then

5
10, vl 700 < e,

[0.7) | |<5/8 ~

Proof. Let ry, = % + 61—4(k —1). Apply Lemma 5.11 on [r, r¢y1] for k=1, ..., 8 to obtain collectively
by Lemma 5.10 that

5
|0, v||L <€ + v,z <e. ]

[0.T) | |<5/8 ™ Irl<3/4 —

Proposition 5.13 (local smoothing control). Let the assumptions of Proposition 5.1 and Remark 5. 2
hold. Let V9,16 be a smooth function such that yr916(r) = 1 for |r| < 1¢ and Yo/16(r) =0 for |r| > —.
Then

1D} (Wropi60)ll2 12 S €

[0,7)

Proof. Let x(§) =1 for |§] < 1 and x(§) = O for |£] > 2 be a smooth function. Let x_ = x and
X+ = 1 — x. Let P_ be the Fourier multiplier with symbol y_((T — 1)3/4€) and P, be the Fourier
multiplier with symbol x4 ((T — 1)3/4g). Then I = P_+ P, for each ¢, and P_ projects onto frequencies
< (T —t)~%/4, while P, projects onto frequencies > (T —t)~>/%. Letting Q be the Fourier multiplier
with symbol 3 x'((T —1)*/4¢), we have 8, Py f = £i(T —1)~1/*Q0, f + P9, f. Note that Q has Fourier
support in |£] ~ (T —1)73/4,

First, we can discard low frequencies. From Proposition 5.12 and (5-25) with o = %,

”Dr3/2P—w9/16U”L%O,T)LE ST =07, Yonevlle 12 ST Y0, w160l 12 S €

[0,17)™=r

For the high-frequency portion, Df 2 P v9/16v, we first need to dispose of the spatial cutoff. We have

D} P16 = o160 D7 Py + D)2 Py, o6l

The leading order term in the symbol of the commutator [D3/ 2P+, Y9/16], by the pseudodifferential
caleulus, is 2y, (E(T — )Y/ (r) + /2T — 0)¥*x/.(E(T — 1)>*)¥/(r). Hence, we obtain the
bound

I[D}? Py, wop161(Dy) "/ 22 S 1,

independently of . Thus, ||[D;/* Py, V9,161 Ulle s 1s easily bounded by Proposition 5.12.

It remains to show that [|v/9,16 D; 3/2 Pio| 13, < >, the estimate for the high-frequency portion with
no spatial cutoff to the right of the frequency cut off. To obtain local smoothing via the energy method,
we need to introduce the pseudodifferential operator A of order 0 with symbol exp(—(sgn&)(tan~! r)),
where sgn& is a smoothed signum function. Note that by the sharp Girding inequality, A is positive.
The key property of A is

OAf =A02f —2i(1+r>)~'D,Af + BY,
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where B is an order 0 pseudodifferential operator. The first-order term i (1 +72)~!' D, Af will generate
the local smoothing estimate.
Let w = A P,v. By the sharp Gérding inequality,

o602 Pevll 12 SNA+r)™ 2D 2wl 2 o

[0.T)

3/2

and it suffices to prove that || (1 +72)~"/2D; wIIL%O L2 < €. The equation satisfied by w is

idw+ 3w+ 2i(1+r) " 'Dow= (T —-1)"Y*A08,v— AP r *v|*v+ Bv=F + F, + F3,

where B is a order 0 operator (satisfying bounds independent of 7). By applying 9, and pairing this
equation with 9, w (energy method), we obtain, upon time integration,

T
3, wl|% s 14+ 72~ 12D3 22 < o, F 10]10, F» ||? 10]16, F3 > .
|| w”L[O,T)L)z" + ||( + r ) r w”L[z(),T)L% ~ 0 |< 1, w)l + ” 2||L[IO,T)L% + ” 3 ||L[10,T)L%

The F3 term is easily controlled using Proposition 5.12.
The F) term is controlled as in the proof of Lemma 5.11 (a similar first term). For the F; term, let i
be a smooth function such that ¢ (r) =1 for |r| < and Y (r)y=0for|r| <s. Writing L=y +(1—y?),
we have

Fy= AP r*ol*v+ AP (1= v)r Y ul*v = Foy + Fao.

We estimate ||9, Fa1 || L, 12 88 We did in the proof of Lemma 5.7. For the term F»5, take ¥ = (1—1°)r 4,
and note that v is smooth and well localized. In the proof of Lemma 5.7 (see (5-18) and (5-21)), we
showed that

”P>Na w+|v| U”L] 2k(1+5)/2N5ﬂ(k MN) +N_]+82k8,8(k /“LN) +N 12k(1+8)/2
Furthermore, Proposition 5.8 showed that B (k, 2°*/4) < 1. Combining with the above gives
| Pogsissdy i vl vl 2 S275

Thus,

[e.¢] 0
4 4 —ko/8 5
”a’FZZHLEo,T)L%’S E | Psosk/adr iy || U||L}kL; S E | P=p3t/a 0y |0 U||L}kLg,§2 MBS O
k=ko k=ko

Proposition 5.14 (Strichartz control). Suppose that the assumptions of Proposition 5.1 and Remark 5.2
hold. Then

|r¥/ P~ 1o, vll g <eé.
[0,T) m<1/2

Proof. Let ¢ be a smooth function such that ¢ (r) =1 for [r| < 5 L and Y(r)y=0for |r|> =. Let w=yrv.
Then w solves

i,w+ 87w = —yrYu[*v +28,(Y'v) — v = F| + F» + F;.
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By the Strichartz estimate and dual local smoothing estimate, we obtain

12 B wl e or S UOwollz + 19 Filly 12 +ID7 20 Fall a2+ 18, Falpy | ro-

[0.7)

Let ¥ be a smooth function such that ¥ (r) = 1 for |r| < 21; and ¥ (r) = 0 for |r| > % By writing
1 =9+ (1 —17), we have

Y r oty — v =) )t = Fiy + Fro.

Since the support of wﬂis is contained in |r| < 5, we can estimate the term ||8 Fi Ll L2 by e using
bootstrap assumption (2) as in the proof of Lemma 5.7. Since (1 — WS )1/fr is a bounded and smooth
function,

< < < 3
”arFlZ”L['O,T)Lg S o )0’ ||LEUT>LE,|<s/s S T(or )UIILE,(;JT)LWS/8 Se€.

Also, by Proposition 5.13,

12 3/2 5
1D, " Fallz2 12 S D) “Yopievllz | p2 S €

Finally,
< <
10 Fally, 2 STIO Iy, 12 Se
by Proposition 5.12. Collecting the estimates above, we obtain the claimed bound. U

This completes the proof of Proposition 5.1 (via Lemma 5.5).
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SHARP GEOMETRIC UPPER BOUNDS ON RESONANCES FOR SURFACES
WITH HYPERBOLIC ENDS

DAVID BORTHWICK

We establish a sharp geometric constant for the upper bound on the resonance counting function for
surfaces with hyperbolic ends. An arbitrary metric is allowed within some compact core, and the ends
may be of hyperbolic planar, funnel, or cusp type. The constant in the upper bound depends only on the
volume of the core and the length parameters associated to the funnel or hyperbolic planar ends. Our
estimate is sharp in that it reproduces the exact asymptotic constant in the case of finite-area surfaces
with hyperbolic cusp ends, and also in the case of funnel ends with Dirichlet boundary conditions.

1. Introduction

For a compact Riemannian surface, the Weyl law shows that the asymptotic distribution of eigenval-
ues is determined by global geometric quantities. In the compact hyperbolic case, Weyl asymptotics
follow easily from the Selberg trace formula; see, e.g, [McKean 1972], This approach extends also
to noncompact hyperbolic surfaces of finite area [Venkov 1990]. Some reinterpretation of the spectral
counting is needed for the noncompact case, however. One can either supplement the counting function
for the discrete spectrum by a term related to the scattering phase, or else use the counting function for
resonances instead of eigenvalues. Weyl asymptotics, in this extended sense, were established for general
finite-area surfaces with hyperbolic cusp ends by Miiller [1992] and Parnovski [1995].

For infinite-area surfaces with hyperbolic ends, the discrete spectrum is finite and possibly empty, and
therefore plays no role in the spectral asymptotics. One could look for analogies to the finite-area results
in the asymptotics of either the scattering phase or the resonance counting function. For the scattering
phase of a surface with hyperbolic ends, Weyl asymptotics were proven by Guillopé and Zworski [1997].
One does not necessarily expect a corresponding result to hold for the resonance counting function — see
e.g., [Guillopé and Zworski 1997, Remark 1.6] — but neither can we rule out the possibility at this point.
Understanding the role that global geometric properties play in the distribution of resonances remains a
compelling problem.

In the context of infinite-area hyperbolic surfaces, only the order of growth of the resonance counting
function is currently well understood. Guillopé and Zworski [1995; 1997] showed the resonance counting
function for infinite-area surfaces with hyperbolic ends satisfies N, (¢) < 12 (with the caveat that the lower
bound is proportional to the O-volume, which might be zero in exceptional cases). These results have been
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extended to higher-dimensional manifolds with hyperbolic ends in [Borthwick 2008]. Unfortunately,
the methods used in these proofs yield only an ineffective constant for the upper bound, with no clear
geometric content. Moreover, the derivation of the lower bound depends explicitly on the upper bound,
so the geometric dependence of the lower bound is likewise undetermined.

In this paper we present a geometric constant for the upper bound on the resonance counting function
for infinite-area surfaces with hyperbolic ends. This constant is sharp in the sense that it agrees with the
exact asymptotics in the cases of finite area surfaces or truncated funnels. Our approach is inspired by
Stefanov’s recent paper [2006] on compactly supported perturbations of the Laplacian on R” for n odd,
and similar techniques were applied to compactly supported perturbations of H"*! in [Borthwick 2010].

We can state the cleanest result for a hyperbolic surface (X, g) =H?/T. Let R, denote the associated
resonance set (poles of the meromorphic continuation of (Ag —s(1 — s)~H), with counting function

No(t) :==#{c € Ry : 10 — 3 <t}

The sharp version of our bound involves a regularization of the counting function,

Ng(a) = /0 2(Ng(t); Ne O 4. (1-1)

This type of regularization is standard in the theory of zeros of entire functions, and there is a natural
connection to the asymptotics of N, (7),

Ne(@)~Ba®> & Ng(r)~ Bt%;

see [Stefanov 2006, Lemma 1]. If we have only the upper bound on N ¢» then we lose some sharpness in
the estimate of N:

Ng(a) < Ba*> = N,(1) < eBt>.

Theorem 1.1. Suppose (X, g) is a smooth geometrically finite hyperbolic surface with x(X) < 0. Let
L1, ..., Ly, denote the diameters of the geodesic boundaries of the funnels of X. The regularized counting
function for the resonances of Ag satisfies

N,(a) Mg
- EIX(X)I+;Z’+0(1)- (1-2)

We can see that this result is sharp in two extreme cases. For a finite-area hyperbolic surface (that is, with
n¢=0), our upper bound agrees with the known asymptotic N (#)/ t? ~|x (X)|. On the other hand, for an
isolated hyperbolic funnel F; of boundary length ¢, under Dirichlet boundary conditions, the resonances
form a half lattice. It is easy to see that Ng,(¢)/ 1> ~ £/4, so the funnel portion of (1-2) is also sharp.
The restriction to x(X) < 0 in Theorem 1.1 leaves out just a few cases. The complete (smooth)
hyperbolic surfaces for which x(X) > 0 are the hyperbolic plane H?, the hyperbolic cylinder C, :=
H?/(z — e'z), and the parabolic cylinder C, := H?/(z — z + 1). Resonance sets can be computed
explicitly in these cases (see [Borthwick 2007, Sections 4-5]), and exact asymptotics for the counting
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function are easily obtained:
Ny (t) ~ 1%, N, ()~ 30*, Ne () =1.

If we interpret C; as the union of 2 funnel ends, then (1-2) would also give a sharp estimate for this case.
Using Theorem 1.1 in conjunction with the argument of Guillopé and Zworski [1997] for the lower
bound, we can deduce the following:

Corollary 1.2. For k € N there exists a constant ¢y such that for any geometrically finite hyperbolic
surface (X, g) with x(X) <0,

A0 Lgn )
DD s o1+ —L 4 > 1.
52 = a0l T L) porez

The constant ¢ obtained in this way (see Section 4 for the derivation) is rather ineffective; the point here
is just that there exists a lower bound that depends only on x (X) and {{;}.

We will obtain Theorem 1.1 as a consequence of a somewhat more general estimate. Consider a
smooth Riemannian surface (X, g), possibly with boundary, that has finitely many ends that are assumed
to be of hyperbolic planar, funnel, or cusp type. That is, X admits the decomposition

X=KuYiu---uY, UCpyrU---UCpgn, (1-3)

illustrated in Figure 1, where the core K is a smooth compact manifold with boundary. The metric in K
is arbitrary. The Y; are infinite-area ends: either hyperbolic planar,

Y; =[bj,00) xS, gly, =dr*+sinh®rd6*, where b; >0, (1-4)

or hyperbolic funnels,

2

do
Y; = [bj, 00) x S, ely, :dr2+£§ coshzr(zn)z, where b; >0 and ¢; > 0. (1-5)

The C; are hyperbolic cusps,

2

de
Cj o~ [b/, OO) % Sl, g|Cj — di"2 +e—2r (zn)z’ where b/ > 0. (1'6)

The finite-area portion of X consisting of the core plus the cusps is denoted by
Xe=KuCy41U---UCppyp,. (1-7)

Any geometrically finite hyperbolic surface, with the exception of the parabolic cylinder Cw,, admits
a decomposition of the form (1-3). In such surfaces, aside from H? itself, only funnel or cusp ends can
occur.

We let A, denote the positive Laplacian on (X, g). In general we may consider the operator

P:=As+V,
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Figure 1. Surface X with boundary and hyperbolic ends.

where V € Ci°(X) with supp(V) C K. We denote by % p the resonance set associated to P. These
resonances are the poles of the analytically continued resolvent

Rp(s):=(P—s(1=5)",
counted according to multiplicity. The associated resonance counting function is
Np():=#{¢ € Rp: |t — 3 <t}.

Our context is essentially that of Guillopé and Zworski [1995; 1997], and so we already know that
Np(t) =< t? (see Section 2 for details). It is thus natural to define the regularized counting function
Np(a) just as in (1-1).

Before stating the upper bound, we introduce the asymptotic constants associated to the resonance
count for isolated hyperbolic planar or funnel ends.

Theorem 1.3. For a hyperbolic planar or funnel end Y = [b, c0) X S U with metric as in (1-4) or (1-5),
the resonance counting function for the Laplacian with Dirichlet boundary conditions at r = b satisfies

an asymptotic ast — o0,
Ny(t) ~ A(Y)1%
We will write these constants A(Y) explicitly in a moment. First let us state our main result.

Theorem 1.4. For (X, g) a surface with hyperbolic ends as in (1-3) and V € C3°(X), the regularized
counting function for P = Ay + 'V satisfies

Np(a) 1
<_—v
a: T 27

ol(Xe, g) + > AY)) +o(l), (1-8)
j=1

where X is the subset (1-7).

If (X, g) is a finite-area surface with hyperbolic cusp ends (and arbitrary metric in the interior),
Parnovski [1995] proved that

1
Ng(t) ~ 5 vol(X, ).
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This shows that Theorem 1.4 is sharp in the case ny = 0. It also suggests an intriguing interpretation
of the constants appearing in (1-8). Suppose we split X into a disjoint union X, U Y; U---UY,, at the
boundary of X, and impose Dirichlet boundary conditions at the newly created boundaries. The constant
on the right side of (1-8) is the sum of the asymptotic constants for the resonance counting function of
the resulting components.

To obtain Theorem 1.1 from Theorem 1.4, we take the Y; to be standard funnels with boundaries at
bj =0, in which case A(Y;) = £;/4. And under the assumptions that X has geodesic boundary and
hyperbolic interior, the Gauss—Bonnet theorem gives vol(Xc, g) = —2m x (X).

As in Corollary 1.2, combining Theorem 1.4 with the Guillopé—Zworski argument gives a lower
bound on Np(t) with a constant that depends only on 0-vol(X, g) and the end parameters £; and b; for
j=1,..., ng assuming that 0-vol(X, g) # 0.

The asymptotic constants A(Y) appearing in Theorem 1.3 have a somewhat complicated form. Con-
sider first a model funnel end Fy ,, defined by

do?

Fy o = [ro, 00) X S' and ds* = dr*+ ¢? cosh? r(ZT)Z'

(1-9)
The case rg = 0, a standard funnel with geodesic boundary, is simply denoted by F,. The resonance set
for the Laplacian on Fy ,, with Dirichlet boundary conditions at r = ry is denoted R Fug-

In Section 7 we will show that for ro > 0,

w/2 poo I i0 Y
A(Fz,ro)z—%sinhro+%f / I xe );3”0)]* dx df, (1-10)
0 0

where [ - ] denotes the positive part and, with w := 27 /¢,

asinhr 4+ v 0?4+ o2 cosh2r>>
V? +a?

—I—warg(

I(a,l,r):= Re<2oe log(

V?+a?cosh?r —iwsinhr
V?+a?cosh?r +iwsinhr

(We will use the principal branch of log in all such formulas.) The integral in (1-10) is explicitly com-

) +r(ma—w). (1-11)

putable in the case ro = 0, since / (xe'?, ¢,0) = m(x sinf — w). In this case we recover the asymptotic
constant for the standard funnel, A(F;) = ¢/4.

It is interesting to compare the resonance sets of truncated funnels F; ,, with ro > 0 to extended
funnels with ro < 0. The two cases are quite different in terms of the classical dynamics; an extended
funnel contains a trapped geodesic, while truncated funnels are nontrapping. Because of this change
in dynamics, we expect the distribution of resonances near the critical line to change dramatically as
ro switches from positive to negative. Figure 2 illustrates these differences. In the nontrapping case at
left, the distance from the resonances to the critical line increases logarithmically as Ims — oo. For the
trapping case at right, the distance decreases exponentially. These behaviors are consistent with results
on resonance-free regions for asymptotically hyperbolic manifolds by Guillarmou [2005].
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Figure 2. Resonance sets of the funnel Fy ,, with different boundary locations r(, shown
for £ = 2.

Of course, the asymptotics of the global counting function Np(t) are not expected to be sensitive to
the dynamics. Indeed, we will show in Section 8 that the formula (1-10) for the asymptotic constant of
Nf,,, (t) remains valid for ro < 0. This exact asymptotic can be compared to the upper bound obtained
for the extended funnel from Theorem 1.4, which is

w 5—% sinhr0+§ for ro < 0. (1-12)
Figure 3 illustrates the difference between the upper bound (1-12) and the sharp asymptotic in this
situation. Given this discrepancy, one might think that the bound in Theorem 1.4 could be improved
by moving the boundary of K further into the interior of the surface (that is, by allowing b; < 0 in the
definition (1-5)). Unfortunately, for reasons that we will explain in Section 4, it does not seem possible
to obtain any improvement this way.

In the hyperbolic planar case, the model problem for Y is scattering by a spherical obstacle in H?, that
is, on the exterior Dirichlet domain ,, := {r > ro} C H?. The resonance asymptotics for this spherical
obstacles in H"! were worked out in Borthwick [2010, Theorem 1.2]. In two dimensions the result is

1/2 000 [ H (el
A(Q,O)zz—coshro+if f ded@, (1-13)
T 0 0 X

where

coshr —+/1+a2sinh?r
g .
coshr ++/1+ a2 sinh? r

(1-14)
aZ—1

hr 4+ +/14 a2 sinh?
H(a,r) ::Re(Zalog(acos Tt oS r)>+lo
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Figure 3. The exact asymptotic constant for Fy , as a function of boundary location r,
shown for £ = 2m. The dotted line shows the bound from Theorem 1.4.

The paper is organized as follows. The basic material on the resolvent and resonances of the operator
P is reviewed in Section 2. In Section 3 we present the factorization formula for the relative scattering
determinant and show that this leads to Weyl asymptotics for the scattering phase and a counting formula
for resonances based on contour integration. The growth estimates on the scattering determinant and the
resulting proof of Theorem 1.4 are given in Section 4, assuming certain estimates to be developed in
later sections. The derivation of Corollary 1.2 is also given in Section 4. In Section 5, we develop
the asymptotic analysis of Dirichlet eigenmodes on hyperbolic funnels. These asymptotics are applied
in Section 6 to prove the Poisson operator estimates needed for Section 4. Finally, in Section 7 and
Section 8 we establish the exact asymptotic constant (1-10) for the truncated and extended funnel cases,
respectively, and prove the funnel part of Theorem 1.3 in particular.

2. Resonances

The context introduced in Section 1 differs from that of Guillopé and Zworski [1995; 1997] in two
relatively minor ways: Hyperbolic planar ends are allowed in addition to funnels, and a compactly
supported potential V' is possibly added to A,. The latter addition really is trivial, but the inclusion of
hyperbolic planar ends requires a few extra estimates on model terms. In this section we will briefly
review the theory [Guillopé and Zworski 1995; 1997], in order to explain those additional estimates.

To define resonances we need analytic continuation of the resolvent, Rp(s) := (P —s(1 —s))~!, from
its original domain Re s > % Each end Y; is isometric to a portion of either H or the model funnel Fy;, and
we can use this identification to pullback model resolvents R(;j (s). After appropriate cutoffs are applied,
we can treat these model terms as operators on X, whose kernels have support only in the corresponding
ends Y;. Similarly, we define jo (s) by pullback from the model cusp. Suppose that X,f € C*(X) are
cutoff functions for j =1, ..., n¢f+n. and k =0, 1, 2, such that

0 forr>k+1inend j,
xi =11 forr<kinend j,
1 outside of end ;.

We also set y := ]_[j X;{-
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For some sy with Re s¢ sufficiently large, so that Rp(so) is defined, we set

ng ) ) ngt+ne ) )
M(s) := xaRp(so)x1 + ) (1= xDRY, )1 = xD)+ D (1= xRS, ()(1 = x).
Jj=l1 j=ne+1

This parametrix satisfies

(P—s(1—=s)M(s)=1—L(s),
where

L(s) :=—[Ag, x2lRp(so) x1 + (s(1 —5) —s0(1 —50)) x2Rp(s0) X1

ng ngtne
+ Y (A xgIRY ()= X+ D [Ag, xg IR (5)(1 = x7).
j=1 Jj=ns+1

There are two differences here from the construction of [Guillopé and Zworski 1995]. First of all, some
of our model terms R%_ (s) will be copies of Ry(s) instead of the funnel resolvent. Second, we follow
the treatment in [Borthwick 2007] in using the model resolvent for a full cusp, rather than modifying the
original Hilbert space.

Let p € C*°(X) be proportional to e~ in the ends Y; and C;, with respect to the coordinate systems
given in (1-4)—(1-6). The operator L(s) is compact on p" L*(X, dg) for Res > % — N and defines a
meromorphic family with poles of finite rank. (The structure of the kernel of jo (s) at infinity is the same
whether Y; is a funnel or hyperbolic planar, so this part of the argument is unaffected by the addition of
hyperbolic planar ends.)

By choosing s and sg appropriately we can insure that / — L(s) is invertible at some s, and then the
analytic Fredholm yields

Rp(s) = M(s)(I = L(s)™". 1)
This proves the following result, a slight generalization of [Guillopé and Zworski 1995, Theorem 1]:

Theorem 2.1 (Guillopé and Zworski). The formula (2-1) defines a meromorphic extension of Rp(s) to
a bounded operator on p" L>(X, dg) for Re s > % — N, with poles of finite rank.

Meromorphic continuation allows us to define R p as the set of poles of Rp(s), listed according to
multiplicities given by

mp(¢) :=rankRes; Rp(s).

The same parametrix construction also leads to an estimate of the order of growth of the resonance
counting function. The following is a slight generalization of [Guillopé and Zworski 1995, Theorem 2]:

Theorem 2.2 (Guillopé and Zworski). The resonance counting function satisfies a bound

Np(t) = 0(1?).
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Our version requires just a few additional estimates. To obtain this bound on the counting function,
Guillopé and Zworski [1995] introduced a Fredholm determinant

D(s) :=det(I — L3(s)%), where L3(s):= L(s)x3.

Using the relation
Rp(s)x3 = M(s)x3(I + L3(s) + L3(s)*)(I — L3(s)>) ™",

and a result of Vodev [1994, Appendix], they showed that % p is included in the union of the set of poles
of D(s) with 3 copies of the union of the sets of poles of M (s) and L3(s).

The only change that the inclusion of hyperbolic planar ends requires in this argument is that for
each hyperbolic planar end we include a copy of Ry among the possible poles of M (s) and L3(s). Since
Nu(t) =02, just as for funnels, the problem reduces as in [Guillopé and Zworski 1995] to an estimate
of the growth of D(s). Through Weyl’s inequality, the estimate of D(s) is broken up into estimates on
the singular values of various model terms. We must check that the relevant estimates are satisfied by
the hyperbolic planar model terms.

There are three estimates to consider. The first concerns the resolvent Ry(s). If Q| and Q, are
compactly supported differential operators of orders g; and ¢,, with disjoint supports, then for ¢ > 0,

101 Ri(5) Q2] < C(g), £)(s)?' ™% for Res > e, (2-2)

and
101 Ru(s) Q2ll < C(gj, &)(s)? ™! for Res > 1 +e. (2-3)

To prove either of these, one can simply use the explicit formula
1 s—1
t(1 —1))
RH(S;Z,Z’)=Lf ((, 5 )
47 Jo (1+sinh’d(z, 7))

and repeat the argument from [Guillopé and Zworski 1995, Lemma 3.2].

The next estimate is for the Poisson kernel Ep(s). In the Poincaré ball model B, this kernel is given
by

1 T(s)* (1—[z[»)*

47 T'(25) |€if — 2|28

Given a compact set K C B and ¢ > 0, we have

Ep(s;z,0) = for zeB, 0 e R/2n7Z).

|05 Eg(s; 2, 0)| < C(K, &)*kle™ forze K, keN. (2-4)

This is not difficult to prove directly by induction, or one can use an analyticity argument as in [Guillopé
and Zworski 1995, Lemma 3.1].

Finally, we must estimate the scattering matrix Sy(s). We can write this explicitly in terms of Fourier
modes,

T'(3—s) T(s+]kl)
I'(s—3) F(l—s+Ik)

Su(s) =Y _[Su()lke =, where [Sy(s)]i =2'">
keZ
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Using Stirling’s formula, it is easy to use this expression for the eigenvalues to estimate the singular

values of Syy(s). Assuming that Re s < % — ¢ and dist(s, —Ng) > n, we have

wj(Sw(s)) < exp(C(n) (s) +Re(l —2s) log((s)/)))- (2-5)

This is the analog of [Guillopé and Zworski 1997, Lemma 4.2].
With these model estimates in place, one can simply apply Guillopé and Zworski’s original argument
(treating the cusp contributions as in [Borthwick 2007, Section 9.4]) to prove that

1g(s)D(s)] < €W,

where g(s) is a entire function of order 2 and finite type, with zeros derived from %Ry and the model
resolvent sets for the funnels and cusps. This yields the proof of Theorem 2.2.

3. Relative scattering determinant

To define scattering matrices, we will fix a function p € C*(X) that serves as a boundary defining
function for a suitable compactification of X. We start with smooth positive functions pr, p. satisfying

{2e" in each Y, 1 in each Y,
pr=

d =
1 in each C; e e {

e”" ineach C;.
Then we set p = pgp. for the global boundary defining function.

The ends Y; are conformally compact, and we distinguish between the internal boundary 0Y;, and
the boundary at infinity 0 Y; induced by the conformal compactification. The funnel ends Y; come
equipped with a length parameter £, the length of the closed geodesic bounding the finite end. If we
assign length £; =27 to a hyperbolic planar end, for consistency, then the metric induced by p>g on the
boundary of Y; at infinity gives an isometry

doY; ZR/E,Z.

The cusp ends can be compactified naturally by lifting to H and invoking the Riemann-sphere topology,
as described in [Borthwick 2007, Section 6.1]. The resulting boundary d.,C; consists of a single point.

Despite the discrepancy in dimensions, it will be convenient to group all of the infinite boundaries
together as

900X 1= 000 Y1 U+ - U o ¥y UooCrp1 U+ - U dso Crpn.

Then we have
C®0X)=C*R/ZD)D---DCT(R/L,Z) DT,

and similarly for L?(350X).
In Section 2, Rgl_ (s) denoted the pullback of the model resolvent in the parametrix construction.
Carrying on with this notation, we also define the model Poisson operators

E9 (5): C®(0Y)) > LA(Y)),
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and scattering matrices
Sy, (5) : C®(00Y}) = C® (Y ).
Similarly, for the cusp ends we have the Poisson kernels
Eg.(s):C— L*(C)).

There is no analog of the model scattering matrix for a cusp; see [Borthwick 2007, Section 7.5] for an
explanation of this.
The scattering matrix Sp(s) is defined as a map on C*°(d X ), which we can write as

B Sff(s) SfC(S)
Sp(s) = <Scf(s) SCC(s)> ; (3-D

where the blocks are split between the “funnel-type” ends Y; and the cusps C;. The block § ff(s) is a ma-
trix of pseudodifferential operators; all other blocks have finite rank. To define a scattering determinant,
we normalize using the background operator

0
So(s) = (SYés) (I)) , where Sg(s) = S?l s)®---& S?/nt_(s)-

The relative scattering determinant is then defined by
T(s) = det Sp(s)So(s) L. (3-2)

The poles of the background scattering matrix So(s) define a background resonance set

Ro =

Jj=1

" (Rp, fora funnel end,
K (3-3)

Ry  for a hyperbolic planar end.

For x =0 or P let H,(s) denote the Hadamard product over R,
Ho(s) = [] (1 —s/g)es/cts7/2e),
$ER,
Theorem 2.2 implies that the product for Hp (s) converges, and for Hy(s) this is clear from the definition
of %0.
Proposition 3.1. For P = A, + V, the relative scattering determinant admits a factorization

VHp(1—5)  Hy(s)

7(s) = 9© ,
Hp(s) Ho(l—s)

where q(s) is a polynomial of degree at most 2.

Proof. 1f the ends Y are all hyperbolic funnels, then Guillopé and Zworski [1997, Proposition 3.7] proved
the factorization formula of with ¢(s) a polynomial of degree at most 4. The first part of the proof, the
characterization of the divisor of 7 (s) obtained in [Guillopé and Zworski 1997, Proposition 2.14], remains
valid if hyperbolic planar ends are included.
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To extend the more difficult part of the argument, which is the estimate that shows ¢ (s) is polynomial,
we require only the extra estimates on model terms given in (2-2), (2-3), (2-4), and (2-5). With these
estimates one can easily extend the proof of [Guillopé and Zworski 1997, Proposition 3.7]. We refer the
reader also to [Borthwick 2007, Section 10.5], for an expository treatment of these details.

To see that the maximal order of g (s) is 2, we could prove an estimate analogous to [Borthwick 2008,
Lemma 5.2]. However, we will be proving a sharper version of this estimate later in this paper. From
(4-12) in the proof of Theorem 4.1, it will follow that for some sequence a; — o0,

log|t(s)| < O(a?) for |s — %I =a;, |arg(s — %)| < %71 — 4.

Because the Hadamard products H,(s) have order 2, this implies a bound |g(s)| = O (|s |2t¢) in the sector
larg(s — %)| < %71 —3&. Hence ¢ (s) has degree at most 2, since it is already known to be polynomial. (The
derivations leading to (4-12) require only that ¢ (s) is polynomial, so this argument is not circular.) [J

To apply the factorization of t(s) to resonance counting we introduce the relative scattering phase
of P, defined as

0 (€)= 5 log (3 +i), (3-4)

with branches of the log chosen so that o (£) is continuous and o (0) = 0. By the properties of the relative
scattering matrix, o (§) is real and o (—&) = —o ().
To state the relative counting formula, we let Ny denote the counting function associated to Ry,

No(t) :=#{¢ € Ro: |t — 5| <1},
and Ny(a) the corresponding regularized counting function.
Corollary 3.2. As a — oo,
Np(a) — No(a) = 4/0a %t) dr+ % /ON/Z log|z (3 +ae'®)| d6 + O (loga). (3-5)

The proof is by contour integration of t’/7(s) around a half-circle centered at s = % See [Borthwick
2010, Proposition 3.2] for the details of the derivation of (3-5) from Proposition 3.1. This is the analog
of a formula developed by Froese [1998] for Schrodinger operators in the Euclidean setting.

The other consequence we need from Proposition 3.1 is essentially also already proven. To analyze the
first term on the right side of (3-5), we will invoke the Weyl-type asymptotics satisfied by the scattering
phase:

Theorem 3.3 (Guillopé and Zworski). As & — +o00,

1 Rhp\ .2 Nc
0(§) = (5 0-vol(X, &) = =) €2 = g log& + 0 (),
T 2 /4
where nyp denotes the number of the Y that are hyperbolic planar.

For surfaces with hyperbolic funnel or cusp ends, this result was established by Guillopé and Zworski
[1997, Theorem 1.5]. As in the other cases discussed above, the modifications needed to adapt the proof
to our slightly more general setting are fairly simple. The first point is that the addition of a compactly
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supported potential V does not change the argument at all, since it does not affect the leading term in
the wave trace asymptotics as derived in [Guillopé and Zworski 1997, Lemma 6.2]. The second issue
is that we allow hyperbolic planar ends in addition to funnels. However, for || < £ the restriction to
the diagonal of the wave kernel on a model funnel F; is identical to that of H?. This is the content of
[Guillopé and Zworski 1997, Equation (6.1)]. So hyperbolic planar ends may also be included without
modifying the argument. Such ends do affect the final calculation, however, because 0-vol(H?) = —27
whereas the model funnels had 0-vol(F;) = 0. This difference accounts for the ny, term.

4. Scattering determinant asymptotics

To state the asymptotic estimate for the scattering determinant contribution to the resonance counting
formula (3-5), we introduce the following constants. If Y; is a funnel with parameters £, b, then we set

/2 Iy ie’e.’b_ 0
B =2 e L. bl ) gg b
T Jo 0 x3 4

where I (o, £, r) was defined in (1-11). If ¥; is a hyperbolic planar end with parameter b;, then
/2 poo H i9, b
B(Y)) := i/ f M dx db,
T 0 0 X

where H (o, £, r) was defined in (1-14). The cusps do not contribute to the asymptotics of t(s) to leading
order, so we make no analogous definition for C;.

Theorem 4.1. For (X, g) a surface with hyperbolic ends as in (1-3), there exists an unbounded set
A C[1, 00) such that

/2 ) ne
%/O log|t (3 +ae®)|do < Z B(Y))a?+o0(a*) forall ae A.
j=1

Before undertaking the proof of Theorem 4.1, we will show how this theorem leads to the proof of
the main result stated in Section 1:

Proof of Theorem 1.4. Starting from the counting formula from Corollary 3.2, we apply Theorem 3.3 to
the scattering phase term and Theorem 4.1 to the scattering determinant contribution. This yields

~ ~ 1 1t
Np(@) = No(@) + 5 0-vol(X, g)a’ + Zl B(Yj)a® +o(a”), @-1)
J=

as a — oo. From the explicit definition (3-3) of Ry, we see that

No(t) N i { 1 for a hyperbolic planar end,

2 = £;/4 for afunnel end,
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and so N (a) satisfies the same asymptotic. Also, we have

ng
0-vol(X, g) = vol(Xc. g) + »_ 0-vol(¥;, ).
j=1

The 0-volumes of the Y; are easily computed. For a hyperbolic planar end,
log(2/e)
0-vol(Y;, g) =2m FPO/ sinhr dr = —2m cosh b,
E—> b
and for a funnel end,
log(2/¢)
0-vol(Y;, g) =¢; FPO/ coshrdr = —£;sinhb;.
E—> b

By the formulas (1-13) and (1-10) for A(Y;), we see that (4-1) is equivalent to the claimed estimate. [

The derivation of Theorem 1.1 from Theorem 1.4 was already explained in Section 1. To prove
Corollary 1.2 we simply recall a few details of the proof of the lower bound in Guillopé and Zworski
[1997, Theorem 1.3]. For a test function ¢ € C§°(R,) with ¢ > 0 and ¢ (1) > 0, we have estimates

16(&)| < Cr(1+1E) %2 fork e Nand Imé <O0.

Pairing the distributional Poisson formula [Guillopé and Zworski 1997, Theorem 5.7] with A¢ (A - ) yields
o0
10-vol(X, g)| A% < Ck / A +r)*3Np(ar) dr.
0

If we have Np (1) < At? for t > 1, then splitting the integral at a gives
0-vol(X, &) A* < Cx(N(ra) + Ar*a™F).

Setting ¢ = Aa, we have
N(#) > (ckl0-vol(X, g)|a™ — Aa=*7F) 12,

and optimizing with respect to a then yields
N(1) > c|0-vol(X, g)|'TF/2A=k/2,

Corollary 1.2 is then proven by substituting the constant obtained in Theorem 1.1 for A.

The rest of this section is devoted to the proof of Theorem 4.1. To produce a formula convenient for
estimation, we introduce cutoff functions as follows. Fix some n € (0, 1). For j =1, ..., nf+ n. and
k=1, 2, we define X/{ € C*°(X) so that ij = 1 outside the j-th end (¥; or C;), and inside the j-th end
we have

j_{O forr >b;j+ (k+1)n, (4-2)

X =11 forr <b;+kn.

Note that ij = 1 on the support of le , as illustrated in Figure 4.
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i J
xi X2

Ui
R —

bj

Figure 4. The cutoff functions X,g in the j-th end.

Proposition 4.2. With cutoffs defined as in (4-2), we have
Sx()So()™' =T+ Q(s),
where the components of Q(s), in terms of the block decomposition introduced in (3-1), are
0 (s) = (25 = DEY, (5)'[Ay,, x51Rp()[Ay,, X{1EY (1 —5),
Q5 () = 2s — DEZ,(9) [Ac;, x3]Rp () Ay, x{ 1Ey (1 =),
£(5) =—@s = DEY.(9)'[Ay,., X31Rp()[Ac,, {1EL (5),
Q51(s) = —(25 = DEL (9)'[Ac,, x5IRp () Ac,, x{ 1EL, (),

Proof. One can characterize the scattering matrix Sy (s) through the boundary behavior of solutions of
(Ag —s(1 —s5)u=0. For y € C*(dxX) and Res > %, with s %= N/2, there is a unique generalized
eigenfunction u € C°°(X) with the asymptotic behavior

u~pf oY+ P Sx ()Y (4-3)
For hyperbolic surfaces with cusps, a proof is given in Borthwick [2007, Proposition 7.13]. The essential
analysis takes place in the ends, so including smooth metric or potential perturbations within K requires
only trivial modifications to the proof. Likewise, hyperbolic planar ends may be included without much
change to the argument.
Suppose f;j € C*°(dxY;). Then we can use the model Poisson kernel E 3, (s) to create a partial solution
1—x lj )E?j (s) fj supported in Y;. As p — 0 in Y}, this function has the asymptotic behavior
(L= x]VES () 5 ~ 5 (0™ f+ 0 S5, () f) (4-4)
Xi) By, SV~ 5 WPr Jj T Peoy; SV j)-
To create a full solution, we will take the ansatz
u=(1-x)Ey (5)f;+u

and then solve (A, —s(1 —s))u = 0 for u’ by applying the resolvent. The result is

u' = Rp($)[Ay,. x{1EY () f;.
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In the end ¥;, we can use the fact that (1 — x})[Ay,, le] = 0 to deduce
Ay, =s(1=9))(1 = xp)u' = =[Ay,, X,

and hence that
(1= x5)u' = =Ry, ()[Ay,, X51Rp ([ Ay, x{1EY, (5) ;-

This gives the asymptotic behavior in Y;:
u' ~ —pi EY (5) [Ay,. X5IRp ([ Ay, X{1E. (5) f;. (4-5)
By comparing the asymptotics (4-4) and (4-5) to the general form (4-3), we see that
SH(s) = 8,59, (5) — (25 = DEY, () [Ay,, xJIRp()[Ay,, x{ 1EY,(5)
We then obtain Qg (s) by noting that
Ey (s)Sy, ()" = —Ey (1 —s).

To find ijf(s) we use the same setup starting from f; € C*°(3Y ), but then analyze u’ by restricting
to the cusp end C;. This yields

(1= xhu' = =R, () Ac,, XAIRp ([ Ay, X{ 1EY () £
The asymptotic behavior in C; is given by
(1= xhyu' ~ =p* ' EL () [Ac,. xIRp () Ay, x{1EY () f;.

so that
Sl.cjf(s) =—2s— I)Egl_ ()'[Ac,, XE]RP(S)[AY/-, le]E% (s).

Next take a; € C*(0,,C;) = C. Since Egj (s;r) = p;*/(2s — 1), our ansatz for a generalized
eigenfunction satisfying (4-3) starts from

—s .

(= X EE (e ~ 5= pa;.
The corresponding generalized eigenfunction is
u=(1- X{)Egj(s)aj +u', where u' = Rp(s)[Ac,, X{]Egj (s)a;.
arguing as above, we find that
W ~ —p{ EY, () [Ay,, x5IRp () Ace,, xi 1EQ, (5)a;
in the funnel Y;, and
w ~ —pl U EL () [Ac,, X5IRp()[Ac,, x{1EL (s)a;

in the cusp C;. We can then read off the matrix elements, SlfjC (s) and Sl.cjc (s), as above. [l
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In conjunction with the cutoffs defined in (4-2), we introduce projections ]l,{ on L%(X, dg), where

]ljf—{f forr e [bj+kn,bj+ (k+ 1)n] in end j,
if=
0

As with the cutoffs, these projections depend on b; and also on the choice of n > 0. We then introduce
operators on L*(X, dg) given by

4-6
otherwise. (4-6)

G(s):= (s — 1)11{15%_(1 —5)EY, ()1, forj=1,...,n (4-7)
Gj(s):=—@Qs = DI{EL (EQ ()1 for j=ni+1, ... ni+n. (4-8)

Proposition 4.3. The relative scattering phase is bounded by

ngtne

log|z(s)] < Z logdet(I +C(n, &)|G(s)])
j=1

forRes > % with dist(s(1 —s5), 0 (P)) > &.

Proof. In the formula for the relative scattering matrix given in Proposition 4.2, we can write Q(s) as
the composition of three operators,

0(s) : L2(000X) 2> L2(X., dg) -2 L2(X, dg) -2 L2(9X).

where
ng ) ngtne ) ng+ne )
Q=) Ey o)+ Y EQ6) 15 Q=) [Ag x3IRp()Ag. x{1.
Jj=1 j=ni+1 i,j=1

e 1J 0 14 0
QS‘LZ(aoon) o :H-{EYJ(I _S)’ Q3}L2(aoocj) = ]]-{ECJ- (S)
By the cyclicity of the trace,
T(s) =det({ + Q(s)) =det({ + Q20 Q30 01).

Under the assumptions Re s > % with dist(s(1 — s), o (P)) > €, we can apply the spectral theorem and
standard elliptic estimates to prove that || Q»|| < C(n, €). By the Weyl estimate this then gives

o0
lT(s)| < 1_[(1 +C(, &)pj(Q30 Q1)) =det(1+ C(n, £)[Q30 Q1)
j=1
The result follows immediately from
0300 :Gl@"‘@Gnerc,
where the G (s) are given by (4-7) and (4-8). Il

The right side of the estimate from Proposition 4.3 is always positive. It is therefore impossible to
obtain a sharp estimate by this approach in cases where the leading asymptotic behavior of log|t (s)] is
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negative. The extended funnel, whose resonance asymptotics are studied in Section 8, gives an example
of this situation.

Proof of Theorem 4.1. Let R be the background resonance set as defined in (3-3). To avoid poles, we
will restrict our attention to radii in the set

A= {a=1:dist({ls -} =a}, RgURp) = a3},

Since Ny(t) and Np(r) are O(t?), the density of A in [1, r) approaches 1 as r — oo.
If we assume that 0 <0 < /2 —ea~?, then s = % +ae'? will satisfy the hypothesis that

dist(s(1 —s), o (P)) > ¢

for Proposition 4.3. We also assume a € A throughout this argument. If Y; is a funnel end, then
Proposition 6.3 gives

logdet(I + C(n, &)|G; (3 +ae'®)|) <k;0,b; +4n)a*>+ C(n, e, bj)aloga, (4-9)

where

oIy iQ’E_’
k(0. r) ;=2/0 L7 (xe = rle dx — 1¢;sin0,

If Y; is hyperbolic planar, the corresponding estimate follows from [Borthwick 2010, Proposition 5.4],

with
©rH i0’
Kj(6,r) ::zf de’
0 X

(A slight modification of the original proof is required, replacing the assumption a € N with an estimate
based on dist(§ — ae®, —N).)
For a cusp end Cj, it is easy to estimate directly since

Sr
S
which gives

Gj(si7,6,7,0) = =511 50,

This operator has rank one, so that
det( +c|Gj(s)]) =1+ cu1(Gj(s)),
where the sole singular value is given by
bj+2n 12, bi+3n 1/2
11(Gj(s)) = ;(f o2 Res = dr) (/ o2 Res ,—r dr) '
|2S—1| bj+77 bj+27]

Hence we have
det(I +¢|G; (3 +ae®))) <1+ ie%(bwzm_
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For a sufficiently large,
logdet(I + C(n, &)|G (3 +ae'”)) <C(n, e, bj)a forall |8] <m/2. (4-10)

From (4-9) and (4-10) we conclude that

log|t (X 4 ae'® il
glr; )| <> kj(0.bj+4n) +C(n. e, bj)a " loga (4-11)

j=1

a?

forae Aand0<6 < Jr/2—£a_2. Since the «; (0, r) are uniformly continuous on [0, /2] x [b;, b; +1],
we can take n — 0 in (4-11), to obtain

log|t (2 +ae’?)| &

g2—2 <> k(0. b)) + o, (4-12)

a
j=1

uniformly for 0 <0 < /2 —ea™>.

By integrating the estimate (4-12) over 6, we obtain

2 7/2—ea"? ' ng
5/0 log|t (% +ae'”)|do < Z;B(Yj)az—ko(az).
j:
It remains to fill in the small gap where |0| is close to 7 /2. The factorization given by Proposition 3.1,
together with the minimum modulus theorem [Boas 1954, Theorem 3.7.4], implies that for any 1 > 0,

l7(3 +ae')| < C,exp(@®th), (4-13)

provided a € A. (This was the reason that ® p was included in the definition of A.) Thus,

2 (7 1 i0 7
= log|z(5 +ae™)|do = O(a"¢),
T Jrj2—ea?

and so this term can be absorbed into the o(a?) error. O

To conclude this section, we’ll derive some uniform upper and lower bounds on the growth of t(s)
for s € C, refining the estimates that one could obtain directly from Proposition 3.1. These will prove
useful in Section 7 and Section 8, in particular.

Lemma 4.4. Let 9 denote the joint set of zeros and poles ofr(% +2) and r(% —iz). Assuming |z| > 1
and dist(z, 9) > |z|~F with B > 2, we have

—c(B)lz|* <loglt (3 +2)| < C(B)lz*.

Proof. Since r(% —7)= l/r(% +z) and r(% +2)= r(% + z), it suffices to prove the bounds for z in the
first quadrant.

For Rez > § with § > 0, the upper bound is given in (4-11). As long as § < 1, the function 7 (s) is
analytic in the strip Re z € [0, §]. And since loglr(% +z)| = 1 for Re z = 0, the bound loglt(% +2)| =
O (|z|%) extends to the strip Re z € [0, §] by (4-13) and the Phragmén-Lindel6f theorem.
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To prove the lower bound, consider the Hadamard products appearing in the factorization of 7 (s) given
in Proposition 3.1. These products are of order 2 but not finite type, so applying the minimum modulus
theorem directly would give — 10g|r(% +2)| = 0(|z)>™), away from the zeros. However, Lindelof’s
theorem (see e.g., [Boas 1954, Theorem 2.10.1]) shows that products of the form H*(% + z)H*(% +iz)
are of finite type. In other words,

log|Hy (3 +2)Ho (3 £iz)| < Clz)?,

as |z| — oo. Using these estimates, and their implications via the minimum modulus theorem, we can
prove a lower bound

log|t(3 +2)| = —c(B)lz|* — log|z(} +iz)l, (4-14)

provided %-i—z and % +iz stay at least a distance |z]~# away from the sets 1 — %R Fi,, a0d R, with > 2.

Assuming arg z € [0, /2], we already know loglr(% —iz)| < C(B)|z|* from above, provided % —iz
stays at least a distance |z| ¥ away from the sets RF,,, and 1 —Rp,. The lower bound in the first quadrant
then follows from (4-14). O

5. Funnel eigenmodes

Let F; be a hyperbolic funnel of diameter £. In geodesic coordinates (r,0) € Ry x S', defined with
respect to the closed geodesic neck, the metric is

2
20 =dr2+c0sh2r%, where w := 2—71 (5-1)
w V4
The Laplacian is given by
2
Ap, = —9> —tanhr 8, — —2—92. (5-2)
cosh“r

In this section we will consider asymptotic properties of the Fourier modes of generalized eigenfunctions
of A Fp-

The restriction of eigenvalue equation (Af, —s(1 —s))u = 0 to the k-th Fourier mode, u = w(r)etk?,
yields the equation

2.2
—83w—tanhr8rw+<k—w2—s(1 —s))w:O. (5-3)
cosh”r

This is essentially a hypergeometric equation. With respect to the symmetry r — —r, we have an even
solution,

wi (s;7) := (coshr) *F(X (s +iwk), (1 —s +iwk); 3; —sinh?r), (5-4)
and an odd solution,
wy, (s; r) := sinhr(cosh r)ika(%(l + s +iwk), %(2 — s +iwk); %; — sinh? r). (5-5)

(We follow Olver’s convention in using F(a, b; c; z) :== F(a, b; c; )/ '(c), where F(a, b; c; z) is the
standard Gauss hypergeometric function.)
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By symmetry, we can and will assume that k > 0. If we substitute w = (cosh7)~!/2U and introduce
the parameter « defined by s = % + ka, the coefficient equation (5-3) becomes

= (k> f +g)U, (5-6)

where 5
2,2
w”+oa” cosh” r amnd gi= 12
4 cosh”r

fi=

cosh? r

This equation has turning points when o = +iw/ cosh r. We will restrict our attention to arg« € [0, %n],
so that we only consider the upper turning point. The Liouville transformation involves a new variable

Vede=\/fdr. (5-7)
on a contour that starts from the upper turning point. Integrating (5-7) yields
2/3)5% = ¢, (5-8)

where ¢ («, r), the integral of \/f dr from the turning point, is given explicitly by

a sinhr + v w2 + a2 cosh? r
Vol +a?

¢ defined by integrating

¢(a,r) :=alog (

(\/ 2 + a2 cosh? r —iwsinhr
1 0og

> + ¢o(a) (5-9)
Vo?+a?cosh”r +iwsinhr

for o # iw, where
Po(@) = ¢(; 0) = —37 (i + ). (5-10)
By continuity, the definition of ¢ extends to o = iw, with
¢(iw,r) =iwlogcoshr.

To complete the Liouville transformation, we set W = (f/ O)Y4U, so that (5-6) becomes an approxi-
mate Airy equation,

PW = (KL + Y)W, (5-11)
with the extra term given by
52 ¥4 5
= 0, = . 5-12
V=gt - 16][3< P e (5-12)
The solutions of (5-11) are of the form
W, := Ai(k* 2P B ) + hy (k, a, 1), (5-13)

where o = 0 or £1, and the error term satisfies the differential equation

Gho —k*Che = (ho + Ak P )y, (5-14)
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Using methods from Olver [1974] we can control this error term.

Lemma 5.1. The error equation (5-14) admits solutions that satisfy lim,_, ~ hs(r) = 0 and
ol < Ck a1 + [kg| /6T RS,
with C independent of r, k and «.

We will defer the rather technical proof of Lemma 5.1 to the end of this section, in order to concentrate
on the implications of (5-13). The asymptotics of the Airy function are well known; see for example
[Olver 1974, Section 11.8]. Uniformly for |arg z| < mw — ¢, we have

. 1 _ _
Ai() = 57752 Y4 exp(—223) (14 0(Iz|7/%). (5-15)
And uniformly for |argz| > 7 +e,
. 1 _ _
Ai(@) = —5(=2) " eos(3 (=) = g1+ 0(12] %), (5-16)

These asymptotics make it convenient to introduce a pair of solutions of the eigenvalue equation (5-3)
defined by
Wy = 2726700k /0 14 (2  &® cosh? r) VAW, (5-17)

where W, is the ansatz (5-13) foro =0 or 1.

Proposition 5.2. Consider the solutions of the equation
(Ap, — 1 — ko)™ w, (r) =0
given by (5-17) with o = 0 or 1. Assuming k > 1 and arga € [0, %Tl’ — g, we have asymptotics
we = (@ +a*cosh? )~ exp((=1)"Tkg) (1 + O (k| ™)), (5-18)

with constants that depend only on €. In addition, for arga € [0, w /2] and |ka| sufficiently large, we
have the upper bounds
|wo| < Ck'/exp((=1)" "k Re ), (5-19)

and the lower bound
lwo| > ce ¥Re?, (5-20)

Proof. The assumption that arga € [0, /2 — ¢] implies that arg¢ € [—27/3, /3 — €], so that (5-15)
applies to both wy and w; in this case. It also implies that |¢p| > c(e)(Ja| + 1), so that the error
term O (Jw|™>/?) from (5-15) becomes O (|kea|™") when applied to |w| = k*/3|z|. In combination with
Lemma 5.1, this proves (5-18), and also (5-19) and (5-20) in the case where arg « is bounded away from
/2.

Ifargo € [7/2 — ¢, w /2], then (5-15) and (5-16), together with Lemma 5.1, give the estimates

k!0 AW, | < Cexp((=1) 'k Re ¢), (5-21)
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and
ko AWy > cekRe? (5-22)

If | + a® cosh? r| > 1, which bounds ¢ away from 0, then this gives (5-19) immediately. This leaves
the case |@? + 2 cosh? r| < 1, which puts ¢ close to zero. In this case, { < (w? 4+ &% cosh? r), so that
wy < k'/OW,. Then if |k¢| > 1 we can derive the estimates from (5-21) and (5-22), while for |k¢| < 1
we simply note that W, is bounded and nonzero near the origin. O

Another detail we will need later is the asymptotic behavior of w, as r — oc.
Lemma 5.3. ForRea >0, as r — 00,

wo ~ o~/ 2e kG @+r @) 1/2+ka

and
wy ~ afl/Zek(¢0(ot)+y(a)) (pl/kaot + l-pl/2+kot)

where p ;= 2e™", and
20 oa—iw
=alog ——— —1 .
y(a) :=«alog ol 3 ¢ i

Proof. The results follow immediately from (5-15) and (5-16), in combination with the asymptotic

(5-23)

¢(a;r) =ar + ¢o(a) + o log +—1 og ), (5-24)

a—iw
N 2 atiw
asr — oo. O

We conclude the section with the proof of the error estimate that is the basis of Proposition 5.2 and
Lemma 5.3.

Proof of Lemma 5.1. The cases of different o are all very similar, so we consider only o = 0. In this
case combining the boundary condition with variation of parameters allows us to transform (5-14) into
an integral equation:

f'
()17

—in/6
hok, o, r) = 2”;’2/3 / Ko(r, )Y () (hok, a, ') + Aik*3¢ (1))

where
Ko(r, r') := Ai(*P e (") ALk e 2B (r)) — AP Pe 2 B (r ) ALY 3 ¢ (r)).

Then, using the method of successive approximations as in [Olver 1974, Theorem 6.10.2], together with
the bounds on the Airy function and its derivatives developed in [Olver 1974, Section 11.8], we obtain
the bound

[hol = Ce™ RO (1 k05|17 et 1, (5-25)

where

W(r):= /Oo|1pfl/2§_l/2|dr’. (5-26)
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From (5-12), we compute

WF2e V2 = a* cosh? r 4 4a’w? sinh? r — w* (2 5 (? +a? cosh? r)1/2
16 £5/2 coshr

coshr + — . (5-27)
4(w? 4 a2 cosh? r)5/2
The estimate must be broken into various regions. Fix some ¢ > 0.

Case 1. Assume || > 1 and |@? + a2 cosh?(r)| > ¢. Under these conditions, we can estimate
] =< lal(r+1).
Then from (5-27), we find
W22 < Crla Pe ™ (r + D'+ Cola P+ D7

We easily conclude that for || > 1,
f W12 Pldr = 0(jel™?). (5-28)
|w?+a? cosh?(r)|>c

Case 2. Assume |a| <1 and |w®+a? cosh?(r)| > c. The behavior of ¢ is now slightly more complicated,
depending on the size of r relative to |«|,

6| = lo| +e™" for || sinhr <1,
e (r +1ogle|) for || sinhr > 1.

In this case, we estimate (5-27) by

12,172, _ |Cillal+e)! e + Coe™ (Ja| + 7))~/ for |a|sinhr < 1,
L2 A Sl I .
C1(1 + |ale") a2 (r +logla|)!3e" + Cala|>/2r=>/3¢™"  for || sinhr > 1.

It is then straightforward to bound, for || <1,

/ 1212 dr = 0(la|~3). (5-29)

|w?+a? cosh?(r)|>c

Case 3. Assume |w? + o2 coshz(r)| < c. In this case we are near the turning point, where ¢ and ¢ are
small. Since |w? 4 a? cosh?(r)| < ¢ implies |«|?> < w? + ¢, we are only concerned with small || here.
We proceed as in [Borthwick 2010, Appendix]. In the coordinate z = sinh r, the turning point occurs at

Set

12
f ) :Ot«/Z—i-ZQ (5-30)

720 2+1

p(2) = <

Because |w? + o coshz(r)| = |a?(z> — z(z))|, the assumption |w? + o coshz(r)| < c implies

zxz0 = la| 7, (5-31)
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with constants that depend only on c. This makes it easy to estimate
|8 p()] = fer/27, (5-32)

with constants that depend only on ¢ and k. If we define

¢
7)==,
1 (z —z20)%?
then by writing 1
12 PQ@o+1(z—20))

@)= 1t dt,
TOTh T =ttt

we can deduce from (5-32) that
05q ()] = |a>E, (5-33)

To apply these estimates, we note that f/{ = pz(%q)_z/ 3. We can use this identification to apply the

bounds (5-32) and (5-33) to the formula (5-31) for 1y, obtaining
|1//f1/2§*1/2| = |o¢|*2/3 for Ia)2 +a? coshz(r)| <ec.
The bound
/ W F120 P dr = O(Jal ), (5-34)
|w?+a? cosh?(r)|<c

follows immediately, since the range of integration for r is O (1).
Combining the bounds (5-28), (5-29), and (5-34) gives

®(0) = O(ja|™*3),

and the claimed estimate follows from (5-25). O

6. Funnel determinant estimates
For the model funnel Fy, fix ry > 0 and for some n > 0 set
re =ro+kn.

Let 1; denote the multiplication operator for the characteristic function of the interval r € [ry, ris1]
in L2(F;). The operator G (s) defined in (4-7) can be represented in the model funnel case by

G(s):=Q2s— D11 Ep,(1—$)EF,(s)'1, (6-1)

Our goal in this section is to prove the sharp bound on logdet(l 4 ¢|G(s)|) used in the proof of
Theorem 4.1.

To proceed we must analyze the Fourier decomposition of Ef, (s). Because of the circular symmetry,
the Poisson kernel on F, admits a diagonal expansion into Fourier modes:

Er (s;r,0,0) = % > ax(s; ret = (6-2)
keZ



538 DAVID BORTHWICK

The coefficients ay (s; r) satisfy (5-3) with the boundary condition a (s; 0) = 0, so we must have
ar(s; r) = ce(H)wy (s;7), (6-3)
where w, is the odd solution (5-5). To compute the normalization constant ¢, (s), we use the fact that
(25 = Da(s; r) ~ p' ™ +[Sr () lep* as p =0, (6-4)

where [SF,(s)]x is the k-th matrix element of the scattering matrix S¢(s). Applying the appropriate
Kummer identity [Olver 1974, Equation (5.10.16)] to the hypergeometric function in (5-5) gives

ag(s;r) ~ cx() (T (G =) —5)p" +T(s — Bl +5)p' ),

where
1
Bri(s) == ; . : (6-5)
T3 (s+ikw))T (3 (s —ikw)))
By comparing this asymptotic to (6-4), we can read off the coefficient
) 2s —1
Cr(§) = s
(s = 3)Br(1+5)
as well as the scattering matrix element
F'(3=9)B2—5)
[SE ()l = —>— : (6-6)
I(s—2)B(1+5)
For future reference we note also that
ap(1— 537y = — 57D 6-7)
[SF, ()]«
and
ai(s;r) =a—k(s;r) (6-8)

We can express the singular values of G(s) in terms of the coefficients ay(s; r). Up to reordering,
these singular values are given by

n ) 12, 73 ) 1,2
Ak(s)::|25—l|</ lax(1—s: 1) coshrdr) (/ lax(s: 7| coshrdr) forkeZ.  (6-9)
ri r

To prove this, we note that A;(s)? is the eigenvalue of G*G(s) corresponding to the eigenfunction

Xirors) (D ax (s: r)e ™k
eigenvalues.

. Also, it is easy to see from (6-1) and (6-2) that these are the only nonzero

Using (6-7) to replace a; (1 — s) by ai(s), and assuming n < 1, we can estimate
M} +kar) < [2kaar(} + ka; 13)2[SF, (3 — k)] coshrs]. (6-10)

We will first estimate the various components. Recall that the matrix elements of Sf, (s) were expressed
in terms of the function 8; defined in (6-5).
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Lemma 6.1. For k > 0 and argx € [0, %7‘[], if we assume dist(ka, Ng) > & then we have
log|[Sr, (3 — ke)lk| = 2k Re y + 2k[Re ¢l — C(§),
where y (o) was defined in (5-23). If instead we assume that dist(% —ka, Rf,) < |koe| =2, then
log|[SF, (3 — ka)1x| < 2k Rey + 2k[Re ol + C(B) loglka|.

Proof. Consider the matrix element (6-6). For Rea > 0, we can apply Stirling’s formula directly to
obtain

log I'(ka) B (3 + ka) = ky () — S log mk*av/w? + a2 + O (Jka| ™),

To estimate the other term, we must avoid zeros and poles. For Rez < 0, applying Stirling via the
reflection formula gives

log|I'(2)| < Re((z — 3) log(—z) — z) — w|Imz| +log(1 + dist(z, —Ng) ") + O(1),

and
log|T"(z)] = Re((z — 3) log(—z) — z) — 7 [Imz| + O(1).

If we assume that dist(ka, Ng) > &, then we obtain the upper bound
log|T"(—ka) i (3 — ka)| < —kRey (@) — 2k[Re ¢o] - — 1 logk>ay/? + a2+ C(5).
For a lower bound, we need to assume that dist(ke, Rf,) > |koz|_/3, and then we find that
log|T (—ka)Bi 3 — ka)| = —kRe y (@) — 2k[Re do] - — L logK’a/w? + a2 — C(B) loglka|. O
Lemma 6.2. Assuming that Rea >0, k > 0, and dist(% —ka, Rf,) < |k | =8, we have
log Ak(% + ka) <2k Re ¢ (a; r3) — 2k[Re ¢o() ]+ + O(log |ka]).

Proof. By conjugation we can assume arg « € [0, %71]. Then a; ( % + koe; r) can be expressed in terms of
the solutions w, from Proposition 5.2. To satisfy the Dirichlet boundary condition, it must be a constant
multiple of wy(0)w;(r) — w1 (0)wo(r). Lemma 5.3 gives the asymptotic behavior of this expression as
r — 00, allowing us to deduce the constant. After comparing to (6-4), we find that

1
2kwo(0)

ak(% +ko;r) = a*l/2e—k(¢o(a)+7(a))(wO(O)wl ) —w (O)wo(r)) (6-11)

The estimate
|ak(% +ka; r)| < Ck1/6ekRe(¢(01,r)—¢0(01)—3/(01))’ (6-12)

for |k | sufficiently large, then follows immediately from (5-19) and (5-20). The result now follows from
applying Lemma 6.1 and (6-12) in (6-10). ]

Proposition 6.3. Assuming thatn <1,0<6 <m/2, and dist(% —ae', Rg,) > aP for some fixed p > 1,
we have
log det(I +c|G (3 +ae'®)|) <« (0, ra)a* + C(c, o, Blaloga,
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O e

iw
cosh? r

Re¢ > 0 > Re ¢y

L a=o0(0)e?

Figure 5. Positive and negative regions for Re ¢ («; r) and Re ¢pp(«), shown for r = 1.

where

© Iy i0’ ¢,
K(e,r)zzf Hee B0l g Losin?e, (6-13)
0 X

with I (xe'?, ¢, r) :=2Re ¢ (xe'?; r), which agrees with the definition (1-11).

Proof. We start from the expression for the determinant in terms of the singular values,

det(I +c|G (5 +ae®)) = [ J(1 +chr (3 +ae'®)).
keZ

By the conjugation symmetry, we can assume 6 € [0, %n]. Let o(f) be the implicit solution of the
equation Re ¢ (o ©)e'?, r3) =0, as illustrated in Fi gure 5.
Note that Re ¢p(xe?) =0in a neighborhood of x = o(8). For some § > 0, we subdivide the sum in

o0
logdet( +¢|G(3 +ae)[) =2 "log(1 + chi (3 +aie’”)) + O(aloga)
k=1

at values where a; /k = 0(6) and (1 — §)0(8). The dominant part of the sum is
Y= Z log(1 —i—c)»k(% +ae'?)).
1<k=<a/o(0)

Assuming that a € {g;}, Lemma 6.2 gives the bound

i< ) 2k(Reg(ac”/kirs)—[Rego(ae” /k)].) +Clc.ro. faloga.
1<k<a/o(0)

Because the summand is a decreasing function of k, we may estimate the sum by the integral

a/o(9)
T < / ’ 2k(Re ¢ (ae' / k; r3) — [Re go(ae’? /k)1+) + C(c, ro, Blaloga
0
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Substituting x = a/k gives

alo(0) ) © Re i0.
/ 2kRe ¢ (ae' /k; r3)dk:2a2/ de.
0 e(®) X
We can also compute that
afe(®) , o© xsinf —w wa®
/ 2k[Re ¢o(ae'’ / k)] dk=7m2/ —dx = sin 6.
0 ] sin(6) x 2w

Comparing to (6-13), we conclude that
Y <k(0, 1*3)612 + C(c, ro, B)aloga.
The middle term is given by

¥ = > log(1 + chx (3 +ae?)),
afo(®)<k=a/(1-8)0(6)

Since I (a, £, r3) = O(6) for k in this range, the same integral estimate used for ¥ gives
%0l < C(c, ro, Bda® + C(c, ro, B)aloga.

Finally, we set

Y= Z log(l+ckk(%+aei0)).
k>a/(1-8)o(0)

For k in this range, I («, £, r3) < —C3§ and we can estimate
|Z_| <C(c, rg, B, 8)e " for some ¢ > 0.
Adding together the estimates for X, Xg, and X_ gives
logdet(I + C|G (4 +ae)|) <« (8, r3)a* + C(c, ro, B)(8a* +aloga) + C(c, ro, B, 8)e

We can absorb the 8a” term into the first term by replacing r3 by r4, assuming that n = O(8), since
k (0, -) is strictly increasing. This yields the claimed estimate. (Il

7. Resonance asymptotics for truncated funnels

Inside the model funnel Fy, with metric given by (5-1), we let Fy ,, denote the truncated region {r >
ro}, with the Laplacian defined by imposing Dirichlet boundary conditions at r = ry. To compute the
associated scattering matrix elements exactly, we consider the solutions of the Fourier mode equation
(5-3) given by (5-4) and (5-5). To impose the boundary condition at r = ry, we set

ug(s3 r) == wi (s; ro)wy (55 1) — wy (53 ro)wy (s 7). (7-1)
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The scattering matrix element may be obtained from the asymptotics of uy(s; r) as r — oo be noting
that for any generalized eigenmode we have

u(s; r) ~ s (p' 4+ Sk, ()lp”) (7-2)
as r — oo, where p :=2e™" as before. The solutions w,:f have leading asymptotics,

wi(s;r) ~T(s = HPB(s)p' ™ +T (& —)Be(l —5)p",

- 1 1—s 1 s (7_3)
we (s;r)~T(s—=3)B(I+s)p 7+ TG =92 —s5)p
as r — oo, where B;(s) was defined in (6-5).
If we set
fi(sir) :=T(s — D (B + 9w (s:7) — Be(s)wy (s37)), (7-4)
Then from (7-2) we can read off that
Ji(1 =55 710)
S = ' 7 7-5
[, (Dl = == (7-5)

The k-th Fourier mode thus contributes scattering poles at the values of s for which
Be(1+s)w; (53 7o) — Br(s)wy (53 79) = 0.

This function can be written in terms of a single normalized hypergeometric function, via the standard
identities, yielding

RE,,, = U{S ZF(%(I + 5 +iwk), %(s +iwk); %—I—s; — sinh ™2 rg) :0}.
keZ

A sample resonance counting function is shown in Figure 6.

Theorem 7.1. For the truncated funnel with Dirichlet boundary conditions,
N, (1) ~ A(F)1,
where A(Fy,,) is given by (1-10).

In conjunction with [Borthwick 2010, Theorem 1.2] for the hyperbolic planar case, this will complete
the proof of Theorem 1.3. Before giving the proof, we need some estimates of scattering matrix elements.

Lemma 7.2. Assuming that arga € [0, w/2 — €] with dist(ko, Ng) > n, we can have

[Sk,,, (5 +ke) Ik

— 1| = 2k(R ; —[R -C
Atk |7 Red@ o= Redo@l) =Cm

for |ka| sufficiently large.
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90 -

2 4 6 8 10

Figure 6. The resonance counting function for Fy ,,, shown for £ =27 and ro = 1.

Proof. To estimate [SF”O (s)]x, as given in (7-5), we must connect f; to the solutions w, introduced in
(5-17). Since fi( % + ko 1) is recessive as r — 00, this solution must be proportional to wg. From (7-3),
we can use the reflection formula for the gamma function to see that

N

fi(3+ka;r) ~ P asr— oo

TTKX

By comparing this to the asymptotic from Lemma 5.3, we find that

S+ kas )y = A wo(r). (7-6)
where
+._ L k@etn)
O ki

We may also express fk(% — ko; r) in terms of the w,,
fe(G —ka;r) = Agwo(r) + AT wi (r), (7-7)

for some coefficients Ay and A that are independent of r but do depend on k and «. By (7-3),

1—s

1 Y
= —k ; ~ — ,
fk(2 o) Tha

and so by Lemma 5.3 we have
A7 = - ko memR G0t (7-8)

The other coefficient can then be computed by comparing values at » = 0,

_ 1

0= m(ﬂ(% — ka; 0) — Ay wi(0)). (7-9)

Using (7-6) to relate wo(0) to fk(% + ka; 0), we can then deduce that

wi(r) w1(0)>

7-10
wo(r)  wo(0) (710

[Sr,, (3 +ke)l =[Sk, (5 + k)i — eZk<¢o+y><
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Red((3 —5)/kiro) =0

Figure 7. Using the equation Re ¢ = 0 to locate the resonances of Fy ,, occurring in the
k = 7 Fourier mode, shown for £ =27 and ro = 1.

Hence

[SFL,(% Tkl | = _e_Zk(¢0+y)(w1(r) w0
[SF, (3 + ko) wo(r)  wo(0)

For arg € [0, 7 /2 — €], we deduce from (5-18) (using also the fact that Re(¢ — ¢o) > c(e, r)) that

(wl(r) ~ w1 (0)
wo(r)  wo(0)

The result then follows from (7-11) and the lower bound on [SF, (% — ka) ] provided by Lemma 6.1. [J

)[SF@(% k)l (7-11)

>=e2’<¢(1+0(|ka|1)). (7-12)

The estimates in Lemma 7.2 give approximate locations for the resonances in %Fé,ro arising from
the k-th Fourier mode. The zeros of (7-10) correspond to resonances at s = % — ko, This requires a
cancellation between the two terms on the right side of (7-10). If Re ¢ > 0, then the second term is larger
by approximately e?*? and cancellation only occurs near the poles of [Sx, (s)]y; this explains the poles of
[S Ferg (s)]x on the negative real axis. For Re ¢ = 0, the two terms in (7-10) have the same magnitude; the
resonances off the real axis in R Ferg thus occur near the line Re ¢((% —s)/k; ro) =0 (and its conjugate).
Figure 7 illustrates this phenomenon. For Re ¢ < 0, the first term in (7-10) is always larger than the
second and no zeros occur.

Since [SF,, (% + ka)]x may indeed have zeros near the line Re ¢ = 0, proving a lower bound is more
delicate in this region. By focusing on a relatively narrow strip, we can settle for a cruder estimate on
the matrix elements in the vicinity of the zeros.

Lemma 7.3. For k > 0 and Re s > % and assuming dist(1 —s, Rp,) > |s|# with B > 2,

Sk, (5)]k
o8|~
[, (5)k

If dist(1 — s, %Fl-ro) > |s|7# with B > 2, then we have

[SF,,, ()]
[Sk ()

= C(ro, B)(k +|s]) log|s|.

10g' > —c(ro, B)(k +|s]) log|s|.
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Proof. From (7-4), we note that f(s; rg)/ ' (s — %) is an entire function of s. By Stirling’s formula and
the estimate (5-19), we can estimate its growth for large |s| and k& # O by

Ji(s: ro)
Fe—D < C(ro)(k +|s]) log|s]),

2
where C is independent of k. The same estimate holds for k£ =0, by the classical asymptotics of the hyper-
geometric function due to Watson [Erdélyi et al. 1953, Section 2.3.2]. Assuming that dist(s, 97%1:[_,‘0) >
|s|~#, where 8 > 2, the minimum modulus theorem gives

og| J:T0) Ji(s; 0)
(s —3)
The results follow from applying these estimates to
[SF,, ($)]k Sl =s3r0)  fi(s;0)
Sk filssrg)  fil—s;0)
Proof of Theorem 7.1. We note that

> —c(ro, B)(k+|s|) log|s| for large |s]|.

Np, ()~ 3¢* and  0-vol(Fy,,) = —{sinhry.

By Corollary 3.2 and Theorem 4.1, the claimed asymptotic will be proved if we can show that there
exists an unbounded set A C [1, co) such that

/2 I i0 g
—/ log|t (3 +ae'?)|do > > da / St . ok 1ta* —o(a®) (7-13)
X
forall a € A. We take
A:={a>1:dist({ls — 3| =a}, Rp, URp, UNo) =a >} (7-14)

Using the symmetry of coefficients under k — —k, and estimating the k = 0 term by Lemma 7.3, we

have | "
[e.¢]
. [SF,, (5 +ae) ]k
log|t(3 +ae'?)| =2 E log| —20 12 >
Py [SF, (5 +ae)]k

+ O(aloga). (7-15)

Define 0(6) by Re ¢ (0(6)e'?, ry) = 0, as in the proof of Proposition 6.3, and assume for now that
0 < 1m —¢. For § > 0, we will split the sum (7-15) at a/k = 0(9)(1£a~'/?). Let T, denote the portion
of the sum with a/k > o(0)(1 + a~'2). Under this condition, we want to derive a lower bound from
Lemma 7.2 using the inequality

log|1 4+ A| > log|A| —log2 for |A] > 2.

For a sufficiently large, we will have Re ¢ (xe'?, rg) > ca™!/? for x > 0(8)(1+a~"/?). Thus, for k > c/a
we can deduce from Lemma 7.2 that
[SF,,, (5 +ae'®))
[SF, (3 +ael®)]

> 2k(Re g (ae’® /k; r3) — [Re go(ae’® /K)]+) + O (D).
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Arguing as in the proof of Proposition 6.3, we can then obtain

3 | '[SF@_,0<§+ae"9>]k
) -
[SFK(% +ael?))
> 242 fcﬁ Re ¢ (xe', ro) —3[R6¢0(X€i9)]+ 4
o) (1+a~1/2) X

evJask=a/(e®)(1+a~/2))

x —O(aloga).

For k < ci/a, Lemma 7.3 gives the estimate

2

1<k<ci/a

[Sk,, (3 +ae?)]
‘ Fir 22 £ > —0(a*?loga).

[SF, (5 +ae®)]

On the other hand, since |Re ¢ («, )| = O(|a|) for large ||, we also have

2a2/°° Re(ﬁ(xeie,ro)—[Re¢o(x€i9)]+d
c

3 X = 0(a3/2).
Ja X

‘We can also estimate

, [0O0F Re g (xet?, ro) — [Re go(xe®)]y
2a d
o

Pe X = 0(a3/2)
)

since Re ¢ (¢, £, rg) is O () in the range of integration. In combination, these estimates give
© R i9, 2
5, > 2a2/ M dx — 2% 626 — 0¥ loga) fora e A. (7-16)
0(0) X 2w
Let ) denote the portion of the sum in (7-15) for which 0(8)(1 —a~'?) < a/k < 0(0)(1 +a~'/?).
Since there are O (a'/?) values of k in this range, Lemma 7.3 gives the estimate

o > —0(a*?loga). (7-17)

Finally, we have X_, defined as the portion of (7-15) with a/k < o(0)(1 — a~/%). Now we wish to
apply Lemma 7.2 using

log|14+A| > —|A|log4 for [A] < 3.

Note that 7 (xe'?, ¢, rg) < —ca Y% forx < o(@)(1 — a='?) and a sufficiently large, and that k > ca in
the range of X_. Thus for large a Lemma 7.2 yields

[Sk,,, (5 +ae) 5 _O(e—cka
[SFg(% +ae) |~

within the scope of ¥_. We conclude that

Y >0 . (7-18)
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Applying the estimates (7-16), (7-17), and (7-18) to the sum (7-15) now proves the lower bound

w/2—¢ ) 4 2 w/2—e poo 2R i9’ 2 2 w/2—e
%f 10g|r(%+ae’9)|dezi/ / [2Regxe. ro)ly ;207 sin2 0 d0—o(d?),
0 T Jo 0

x3 o Jo

For the missing sectors, we appeal to Lemma 4.4 to see that

) /2 )
£ log|t (4 +ae'”)|do > —cea’.
T Jrp2—e

We can thus take ¢ — 0 to complete the proof of (7-13). (I

Remark. In the proof of (1-13) given in [Borthwick 2010, Theorem 1.2], the X_ term was estimated
incorrectly. This term is not necessarily positive, so the upper bound O (e~““) does not imply a corre-
sponding lower bound. Instead, one needs to argue as in the derivation of (7-18) above. The estimates
needed for the correct argument were given in [Borthwick 2010, Equations (6.8)—(6.10)].

8. Resonance asymptotics for extended funnels

Using the same notation as in Section 7, we now consider Fy _,,, defined as the subset r > —r¢ in
a hyperbolic cylinder of diameter ¢, where ro > 0. The metric and Laplacian are still given by (5-1)
and (5-2), so that the scattering matrix elements are easily computed in terms of hypergeometric functions
as before.

With reference to the even/odd solutions wki defined in (5-4) and (5-5), a solution u;(s; r) to the k-th
eigenmode equation (5-3) satisfying uy (s; —rg) = 0 can be written

ug(s; r) = wi (s; ro)wy (s 1)+ wy (53 ro)w™ (55 r),

where wkjE (s; r) are the even/odd hypergeometric solutions defined in (5-4) and (5-5). Using the asymp-
totic expansions (7-3) as r — 0o, we can read off the scattering matrix elements

T (3 —9) B2 —s)w; (55 70) + B (1 — s)wy (55 1)
D=1 B +s)wy (s;r0) + Be(s)wy (s: ro)

[SF,_,, ()] = , (8-1)

where B (s) was defined in (6-5).
This shows in particular that

Rr, L, =15 - B +9)wyf (53 ro) + Br(s)wy (55 r0) =0}.
kez

Theorem 8.1. For the extended funnel with Dirichlet boundary conditions imposed at r = —rq, for ro >0,
we have
Nr,_, (1) ~ A(Fy )17,

where

/2 Ty i {. —
A(Fg,_,o):%sinhrw% / f 12 (ue = Ol o, (8-2)
0 0

and I (a, £, r) was defined in (1-11).
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Proof. Since Nf,(t) ~ %Etz and O0-vol(Fy,—,,) = £ sinhry, Theorem 8.1 will follow from Corollary 3.2
and Theorem 3.3, once we establish

i f [ (xe', € —ro)ls

—/ 10g|7:(2+ae’9)|d9— 3
X

xdf —Yea* —o(@®),  (8-3)

where A is defined again by (7-14).
As in the proof of Theorem 7.1, we start with the Fourier decomposition of the scattering matrices
and use Lemma 7.3 to estimate the k = 0 term, leaving

(S, _,, (5 +ae)k
[SF, (% +aei?);

o0
loglz (3 +ae'®)| =2 log
k=1

+ O(aloga). (8-4)

If we define
gi(s;r) =T (s — D (B (L +)wif (s37) + B (s)wy (557)),

then by (8-1),
[Sk, (5 +ae) e = gk (3 —ae’®)/gu(5 +ae').

Assuming k > 0, we set ko = ae'?. Since gr(s; +) solves (5-3), for Rea > 0, we can write
g(3 £ka; r) = Bywo(r) + B wi (r),

where w, are the solutions given in (5-17).
As r — o0, the coefficient of p'~* in the expansion of gk(% +ka;r)is

h
2T (k)2 B} + k) B3 + ko) = — (1 _ coshmka

- )16~ kel (8-5)

sin ko
The coefficient of p!~* in g (3 — ka; r) is
1 coshmkw

T (ko) T (—ko) (B (3 + ka) B (3 — ka) + B (3 — ko) B3 + kav)) = e (8-6)

Comparing these to the asymptotics for w,, as given in Lemma 5.3, we see that

—k(do+y) hk
e coshmkw
Bl = 1- Sk, (3 —ka)lk, 8-7
! ko ( sin ko )[ Fe(3 ~ k)l -7
and
_ e k@0+y) cosh wkaw
Bl = — " (8_8)
ko sinmko
We then find the By coefficients by evaluating at r = 0,
1
By = ———(gk(3 £ka; 0) — B w1(0)). (8-9)

wp(0)
Since f; and g; agree at r =0, (7-6) shows that

wp(0) = A(J)rgk(% +ka;0), where A(J)r = ;ek(d’””).

ko
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_ i0
Re o > Re(d — o) @ =20

0 <Re ¢ < Re(d — o)

g A a=01(0)e

Figure 8. Positive and negative regions for Re(¢ («; ) — ¢po(e)), shown for r = 1.

Combining these formulas gives

gk(% +ko;r) = Aarwo(r) + Bfr <w1(r) - z;—ig;wo(r)), (8-10)
and
1 . _ 1 + _ w1(0)
gr(z —ka;r) =[Sk, (5 +ka)lxAgwo(r) + B, <w1(r) — 20(0) wo(r)>. (8-11)

The asymptotic analysis of (8-10) is straightforward. The B1+ wi(r) term always dominates for |ko|
large and arg« € [0, 7 /2 — €], by Proposition 5.2. By applying Stirling’s formula to (8-5) we find that

1
N

The analysis of (8-11) more complicated. This term has both zeros and poles, and different terms can

(* + o cosh? ) ~1/4k =0t (1 4 O (Jkae| ™). (8-12)

8k(5 +ka;r) =

dominate for « in different regions. For o = xe'%, the borders between these regions will be denoted
x =0;(0) for j =1, 2, where

Rego(01(0)e') =0 and Re(¢p(02(0)e; r) —2¢0(02(0)e”; 1)) =0.

For the first curve we can be explicit, with 9(8) = wcsc 6.
Consider first the portion of the sum (8-4) with a/k > (). In this region, Re ¢9 > Re(¢ — ¢pp) and
the first term in (8-11) dominates the asymptotics. In this case, provided |ka| € A,

log|gi (5 —ka; )| = kRe(—¢ + do — ) + O (loglka)).
For k <a/p,(0), we thus have

[Sk,_, (5 +ae®)
[SF, (3 + ae'®)];

= -2k Re(qﬁ(%; r()) _¢0<az_ie>) + O(loga).
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This gives the estimate

[Sk, . (4 +ae®)]
Z o ‘ Fe—rg\2 k dx+ O(aloga). (8-13)

[SF, (5 +ae'®)]y

_a2/°° 2Re[po(xe?) — p(xe'?; rp)]
o 3
I<k<a/02(6) 02(0) X

The region 01(0) < a/k < 02(0) corresponds to 0 < Re ¢p < Re(¢ — ¢p). In this case, the B, w;(r)
term dominates the asymptotics of (8-11), and we have

log|gk (3 — ka; )| =k Re(¢ — 3¢po — ) + O (log|kat]).
Using this along with (8-12) gives

[Sk,_,, (5 +ae)k
[SF, (5 +ae®)]

= —2kRe po(ae'® /k) + O(loga) fork <a/o2(0).

log‘

‘We conclude that

' [Sk, _,, (5 +ae)
> lo dx + O(aloga). (8-14)

[SF, (5 +ae’®)

:_a2/°° 2 Re ¢ (xe'?)
o

3
a/ox(0)<k=<a/0\(0) 2(0) X

The terms with Re ¢g < 0 make only lower order contributions. First of all, we can prove a general

estimate,
(S, ()

[SF,(5)]k

10g' = O((k +|s]) log|s),

just as in Lemma 7.3, to show that

[Sk, . (3 +ae'?)]
2 ‘ | = 0@ loga), (8-15)
010)(1—a=1/2) <a/ k<01 (6) 1Sk (5 +ae™)
For the remaining terms, we use (8-10) and (8-11) to write
[SF,_, (3 +ka)lk e~ K@HD) [SE, (5 — ka) i w1 (0)
1 =1 I wi(r) — wo(r) ).
[SF, (5 + ka) I ko gi(5 +kasr) 0(0)

This gives the estimate

‘ [SF,_, (5 + k)i
[SF, (5 + ko)l

For a sufficiently large, this gives

— 1‘ <2k Re ¢o(a) + O(loglka]).

= O(e V). (8-16)

Z lo ) [SFg,,rO (% +aei9)]k
[Sk, (L +aei®)]

a/k=010)(1—a=1/2)

The estimates (8-14)—(8-16) cover all terms in the sum (8-4), and together yield

% 9 Re(2 0y _ i0. 2
e(2po(xe'”) — p(xe'’; rp)) dx—%sinZG—i-O(alOga)

10g|r(%+aei9)| =2a2/ 3
02(6) X
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forae Aand0 <6 <m/2—c¢.
We now integrate over 6 € [0
of Theorem 7.1. This yields

1

, 57 —¢] and use Lemma 4.4 to control the limit & — 0, as in the proof

dx do — ta*> — o(a®).

2 [7/2 ) 4a2 (72 [ 2Re(2 iy o,
—/ log|t (L +ae'®)|do = “— f eQepo(xe’?) — ¢ (xe'; ro))
T Jo 0 )

m 2(0) X3

To complete the proof of (8-3), recall the definition of ¢ (a; r) as the integral of 4/ f dr in (5-7). Since
the function f occurring there is an even function of r, the function ¢ — ¢¢ will be odd in r. (This is not
readily apparent from the definition (5-9).) This parity implies that

I(a, £, —ro) = 2Re(2¢o(a) — ¢ (a; ro)). O
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A VECTOR FIELD METHOD APPROACH TO IMPROVED DECAY FOR
SOLUTIONS TO THE WAVE EQUATION ON A SLOWLY ROTATING KERR
BLACK HOLE

JONATHAN LUK

We prove that sufficiently regular solutions to the wave equation [, ® = 0 on the exterior of a suffi-
ciently slowly rotating Kerr black hole obey the estimates |®| < C(¢*)~*?*" on a compact region of r.
This is proved with the help of a new vector field commutator that is analogous to the scaling vector field
on Minkowski and Schwarzschild spacetime. This result improves the known robust decay rates that are
proved using the vector field method in the region of finite r and along the event horizon.
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1. Introduction

A major open problem in general relativity is that of the nonlinear stability of Kerr spacetimes. These
spacetimes are stationary axisymmetric asymptotically flat black hole solutions to the vacuum Einstein
equations

Ry, =0
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in 3+ 1 dimensions. They are parametrized by (M, a) representing respectively the mass and the specific
angular momentum of a black hole; see Section 2. It is conjectured that Kerr spacetimes are asymptoti-
cally stable. In the framework of the initial value problem, the stability of Kerr would mean that for any
solution to the vacuum Einstein equations with initial data close to the initial data of a Kerr spacetime,
its maximal Cauchy development has an exterior region that approaches a nearby, but possibly different,
Kerr spacetime.

To study the stability of Kerr spacetimes, it is important to first understand the corresponding linear
problem. One way to approach this is to study the linear scalar wave equation [g, ® = 0, where gg is
the metric on a fixed Kerr background and [, is the Laplace—Beltrami operator. This can be compared
with the proofs of the nonlinear stability of the Minkowski spacetime in which a robust understanding
of the quantitative decay properties of solutions to the linear wave equation plays a fundamental role
[Christodoulou and Klainerman 1993; Lindblad and Rodnianski 2005].

The Kerr family of spacetimes contains a one-parameter subfamily known as the Schwarzschild space-
times for which a = 0. It is natural when studying the wave equation on Kerr spacetimes to begin by
focusing on the wave equation on Schwarzschild spacetimes. Pointwise boundedness and decay of the
solutions to the wave equation on Schwarzschild spacetimes has been proved in [Wald 1979; Kay and
Wald 1987; Machedon and Stalker 2002; Blue and Sterbenz 2006; Dafermos and Rodnianski 2009;
Kronthaler 2007; Blue and Soffer 2006; Donninger et al. 2011; Tataru 2009]. In particular, Dafermos
and Rodnianski used the vector field method to show that on the exterior region of the Schwarzschild
spacetimes, including along the event horizon, solutions to the linear wave equation satisfy |®| < C(¢*)~!,
where t* is a regular coordinate (up to the event horizon) that approaches infinity towards null infinity.
In an earlier work [Luk 2010], we improved this decay rate. More precisely, we showed that sufficiently
regular solutions to the wave equation [J;® = 0 on the Schwarzschild black hole obey the estimates
|| <, (t*)73/2%7 for any n > 0 on a compact region of r, including along the event horizon and inside
the black hole.

This paper generalizes the result above to Kerr spacetimes where a << M. For Kerr spacetimes sat-
isfying this condition, Dafermos and Rodnianski [2011], and subsequently Andersson and Blue [2009],
have proved a decay rate in the exterior region of the Kerr spacetime, including along the event horizon,
of |®| < C(t*)~!*7, where t* is a regular coordinate to be defined later, and with #* we will define
a foliation of the exterior region of Kerr spacetime by the spacelike hypersurfaces X,«. Extending the
methods in [Luk 2010], we are able to improve this decay rate using the vector field method.

Theorem 1. Suppose Uy, ® =0. Then for all n > 0 and all M > 0 there exists ay such that the following
estimates hold on Kerr spacetimes with (M, a) for which a < ay.

(1) Improved decay of nondegenerate energy:

M

> / (DI @) < CREp(t*) 731,
=0 Y ZeNir=R}
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(2) Improved pointwise decay:

M
Y IDI@| < CRE () forr < R.
j=0

Here, D denotes derivatives in a regular coordinate system (See Section 2). Ey and E; depend only on
M and some weighted Sobolev norm of the initial data.

A more precise version of this theorem will be given in Section 6. Our proof relies on an analogue
of the scaling vector field on Minkowski spacetime. Recall that in Minkowski spacetime the vector field
S =19, + ra, is conformally Killing and satisfies [[],,, S] = 20J,,. Hence any estimates that hold for
® a solution to [J,,® = 0 would also hold for S®. However, S has a weight that is increasing with ¢.
Hence one can hope to prove a better estimate for ® using the estimates for S®. (See, for example,
[Klainerman and Sideris 1996]).

In [Luk 2010], we introduced an analogue of the scaling vector field on Schwarzschild spacetimes.
We defined, in the Regge—Wheeler tortoise coordinate (see Section 2), the vector field S =79, +r*9,+. In
[Luk 2010], we studied the commutator [, ST and showed that all the error terms can be controlled.
Thus, up to a loss of ¢"7 (for n arbitrarily small), S® obeys all the estimates of ® that were proved in
[Dafermos and Rodnianski 2009]. In particular, we showed that S®, like & itself, obeys a local integrated
decay estimate

t ry
/f (D*®)>drdt < CEx(t)>  fort <t <(1.1)¢,
t Jr
t rzl
// (SD*®) drdt < CE(t)™" fort <t <(1.1)¢.
t r

From this we proved an improved decay of the L? norm of D*®. We will explain the main idea in the
case k = 0. Firstly, the local integrated decay for ® would already imply on a sequence of ¢; slices, with
ti <tis1 < (1.1)%t;, that ® obeys a better decay rate, namely ®(#;) < C tl._3/ 2. We then introduced a new
method to use the estimates for S®, which can be explained heuristically as follows. Given any time ¢,
we find the largest #; < ¢ that has a better decay rate. Then we integrated from #; to ¢ using the vector

field S. At this point S has a weight that grows like . Hence we have, at least schematically,

r ry 1 r
/ ®(1)2dr < c([ (1) 2dr +17! / f S(®2) dr dt‘).
r r ti Jry

We then notice that the last term can be estimated by the local integrated decay estimates

t r t ry t )
/ / S(®2) dr dt‘ < c(/ / 2 dr dt +/ / (S®)2 dr dt) <12,
i Jr ti Jry ti Jr

Putting these together, we would get

r
/ & (1)%dr < Ct 7347,

rn
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Using this method, we also showed the improved decay for the L? norm of higher derivatives. Pointwise
decay estimate thus followed from standard Sobolev embedding.

In this paper we would like to carry out a similar argument. We introduce a scaling vector field (which
we again call §) which is the same as in [Luk 2010] at the asymptotically flat end, but is smooth up to and
across the event horizon. We will prove a local integrated decay estimate for S® and use the argument
in [ibid.] as outlined above to prove an improved decay rate. The most difficult part of the argument is
to control the error terms coming from the commutation of [J,, and (the modified) S, that is, the term
[Lgs, SI®. To control this, we need to use estimates for derivatives of @, which in turn are provided
by the energy estimates for the homogeneous equation [l,, ® = 0 proved in [Dafermos and Rodnianski
2011; 2008]. This term schematically looks like

[Oge» S1® = O(1) g @+ O(r 21 (D*® + DD +r DY D), (D

where Y is an angular derivative on the 2-sphere. The term O (1), ® vanishes since we are considering
g ® = 0. The other terms have the two desirable features. First, although § has a weight in #*, the
commutator is independent of #*, which is a result of d;+ being a Killing vector field. Second, these terms
decay as r — 00, which is a result of the asymptotic flatness of Kerr spacetimes. The last term would
appear to have less decay in r, which is also the case in Schwarzschild spacetimes. In that case, we
controlled this term in [Luk 2010] by commuting the equation with €2, the generators of the spherical
symmetry of Schwarzschild spacetimes. The quantity Q2® would then give us control over an extra power
of r. One difficulty that arises in the case of Kerr spacetimes is that they are not spherically symmetric.
Nevertheless, following [Dafermos and Rodnianski 2008], we can construct an analog of €2, call it 5,
that is an asymptotic symmetry, that is, the commutator [, , Q] would decay in r. The nondegenerate
energy of €@ would then control the last term in the above expression. Moreover, it is sufficient to define
Q only when r is very large since otherwise the factor in r can be absorbed by constants. However, in a

finite region of r, the commutator [, , S] would in general be large.

gk

To understand which quantities of S® have to be controlled, we rederive the energy estimates in
[Dafermos and Rodnianski 2008] in the slightly more general case of the inhomogeneous equation
Ugx @ = G. This would also immediately imply that for the linear inhomogeneous equation g, ® = G
with sufficiently regular and sufficiently decaying (both in space and time) G, the solution &, assuming
that the initial data is sufficiently regular, would decay with a rate of (+*) ™!+, precisely as that in [ibid.].
We will then apply this to the equations for Q® and S®. To derive these energy estimates, we will
use the (non-Killing) vector field multipliers N and Z. Here N is a modification of 9+ so that it is
timelike everywhere, including near the event horizon. The use of N tackles the issue of superradiance,
a difficulty that arises from the spacelike nature of d,+ near the event horizon. Z is an analogue of the
conformal vector field 129, + v2d, in Minkowski spacetime and is used to prove decay.

Since we will use vector field multipliers that have weights in t* and r, to prove the energy estimates
at t* = t for the inhomogeneous equation we would have to control the term (as well as other similar or
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// (t*)2r1+862
R(70,7)

where the integration over space and the #* interval [7g, ]. To prove the energy estimates for S, we

need to show that for G as in (1), this is bounded by C(7)7. We split this into two parts: r < %t* and
148 3428

more easily controlled terms)

r> %t*. Forr < %t*, we can replace r by r~ since G decays in r. Then, we use the fact that

Z// —]+5(Dkq>)2 S C_L,—Z-i-n'
RA.D Iz, o)N{r<5 t*}

Hence if we sum up the whole integral by integrating in [7g, (1.1)7p], [(1.1) 70, (1.1)270] etc., we will get

a bound of
[log7]+1

> A~y Tt
i=0

For r > %t*, we do not have a decay estimate for the integrated in time estimate. However, we would
still have an almost boundedness estimate:

N
2// rm(DF )2 < Col.
k=1 /@D TNz 1)

Notice, moreover, that G> ~ r~—3T3(D*®)? and this region we have r 3% < (+*)~2r~1+%, Hence we

again have
> ¢ = e
RAD 1, 0)N{r>5 t*}

and the required estimate followed in the same manner as in the case r < %t*.

With the modified S, which is smooth up to the event horizon (contrary to [Luk 2010]), we can prove
the improved decay estimates for the L? norm of ® and D® once these error terms are controlled. Using
the commutation with the Killing vector d;+, we would also have control for L? norm of Dak ®. Away
from the event horizon, this is sufficient to control all other derivatives by elliptic estimates. However,
since near the event horizon, d;+ is not Killing, we would not have control over other derivatives. Here,
we follow [Dafermos and Rodnianski 2008; 2011] and commute the equation with a version of the
red-shift vector field, Y. Once we control DY k8f;d> we can use the wave equation to control (any
derivatives of) A®, where A is the Laplace—Beltrami operator on the sphere, which is elliptic. We can
thus control derivatives of ® in any directions. We will show, moreover, that the commutator [, , Y ]
has the property that the inhomogeneous terms can be controlled once we have controlled the L? norm
of Dat’i ®. This implies that Y @ would decay in the same rate as 9, ® for which we have already derived
an improved decay rate.
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We now turn to some history of this problem. We mention some results on Kerr spacetimes with a > 0
here and refer the readers to [Dafermos and Rodnianski 2008; Luk 2010] for references on the corre-
sponding problem on Schwarzschild spacetimes. There has been a large literature on the mode stability
and nonquantitative decay of azimuthal modes. See for example [Press and Teukolsky 1973; Hartle and
Wilkins 1974; Whiting 1989; Finster et al. 2008; 2006] and references in [Dafermos and Rodnianski
2008]. The first global result for the Cauchy problem was obtained by Dafermos and Rodnianski [2011],
who proved that for a class of small, axisymmetric, stationary perturbations of Schwarzschild spacetime,
which include Kerr spacetimes that rotate sufficiently slowly, solutions to the wave equation are uniformly
bounded. Similar results were obtained later using an integrated decay estimate on slowly rotating Kerr
spacetimes by Tataru and Tohaneanu [2011]. Using the integrated decay estimate, Tohaneanu [2012]
also proved Strichartz estimates.

Decay for general solutions to the wave equation on sufficiently slowly rotating Kerr spacetimes
was first proved by Dafermos and Rodnianski [2008] with a quantitative rate of |®| < C(¢*)~1+C4. A
similar result was later obtained by Andersson and Blue [2009] using a physical space construction to
obtain an integrated decay estimate. In all of [Tataru and Tohaneanu 2011; Dafermos and Rodnianski
2008; Andersson and Blue 2009], the integrated decay estimate is proved and plays an important role.
All proofs of such estimates rely heavily on the separability of the wave equation, or equivalently, the
existence of a Killing tensor on Kerr spacetime. In a recent work, Dafermos and Rodnianski [2010]
show that assuming the integrated decay estimate (nondegenerate up to the event horizon if it exists) and
boundedness for the wave equation on an asymptotically flat spacetime, the decay rate |®| < C(t*)~!
holds. This in particular improves the rates in [Dafermos and Rodnianski 2008; Andersson and Blue
2009]. In a similar framework, but assuming in addition exact stationarity, Tataru [2009] proved a local
decay rate of (+*)~> using Fourier-analytic methods. This applies in particular to sufficiently slowly
rotating Kerr spacetimes. Dafermos and Rodnianski have recently announced a proof for the decay of
solutions to the wave equation on the full range of subextremal Kerr spacetimes a < M.

In view of the nonlinear problem, it is important to understand decay in a robust manner. In particular,
past experience shows that refined decay estimates might not be stable in nonlinear problems. The
vector field method is known to be robust and culminated in the proof of the stability of the Minkowski
spacetime [Christodoulou and Klainerman 1993; Lindblad and Rodnianski 2005]. We prove our decay
result using the vector field method with the expectation that the method will be useful for studying
nonlinear problems. As a model problem, we will study the semilinear equation with a null condition on
a fixed slowly rotating Kerr background. In a forthcoming paper that we will show the global existence
of solutions with small initial data for this class of equations. We will also study the asymptotic behavior
of these solutions. The null condition, which is a special structure of the nonlinearity, has served as an
important model for the proofs of the nonlinear stability of Minkowski spacetime and we hope that it
will find relevance to the problem of the nonlinear stability of Kerr spacetime.

We end the introduction with an overview of the paper. In Section 2, we will introduce the Kerr
geometry, including a few different coordinate systems that we will find useful in the rest of the paper.
In Section 4, we introduce the (non-Killing) vector field commutators that will be used. These include
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the scaling vector field S, which is the main tool for obtaining improved decay rates. In Section 5, we
introduce the formalism for vector field multipliers. We then have all the notation necessary to state
the precise form of our main theorem in Section 6. In Sections 7, 8 and 9, we prove the main energy
estimates using the vector field multipliers N, X and Z. We write down the energy estimates in the most
general form, allowing for the possibility of controlling the inhomogeneous terms in different energy
norms. Such generality is unnecessary for the result in this paper, but will be useful in studying the
null condition. Starting from Section 10, we return to the homogeneous equation. In Section 10, we
write down the energy estimates proved in [Dafermos and Rodnianski 2008]. We then derive the energy
estimates after commuting with Y, € and S in Sections 11, 12 and 13 respectively. Finally, using the
estimates for S®, we prove the main theorem in Section 14.

2. Geometry of Kerr spacetime

2.1. Kerr coordinates. The Kerr metric in the Boyer—Lindquist coordinates takes the form

2 12
M 1+a cos” 6 2 29
gK=—<1——> dz2+—’22dr2+r2<1+%> de?
r(1 1 4 r

2cos? 6 2M
44 crozs ) -4 %
2 2 a2 )
a 2M a“sin“ 6 a sin” 6
r r r2(1+%) r(1+%)

In this paper, we will consider Kerr spacetimes with a small. It can then be thought of as a small
perturbation of Schwarzschild spacetimes because by setting a =0, we recover the Schwarzschild metric:

2M 2MN\ !
g5 = _<1 — _> di2 + (1 — —) dri+r3d6* +rksin’ 6 dg>.
rs rs

The Cauchy development of Kerr spacetimes can be described schematically by taking a two-dimensional
slice as in Figure 1.

Notice that (2) represents the metric on the exterior region (the right side in the diagram). In the
coordinate system above, this is the region {r > r}, where r is the larger root of A =r> —2Mr +a’.
This is the region that we will study. We foliate the exterior region of the Kerr spacetime by hypersurfaces
%, as depicted in the diagram. A precise definition of the hypersurface X, will be given in Section 3.3.
The coordinates in (2) are not regular at the event horizon %+ = {r = r, }. It will be helpful in the sequel
to use different coordinate systems on Kerr spacetimes. From now on we will call the coordinate system
on which the metric (2) is defined the Kerr (¢, r, 6, ¢) coordinates. We define a new coordinate system,
the Kerr (¢, r*, 0, ¢) coordinates, by

dr* _ r2+a?
dr =~ A
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T+t

Figure 1. Kerr spacetime.

where A = r?> —2Mr + a? is zero at the event horizon. In this coordinate system, the metric looks like

2 2
0
) dt* + A +a*)?(r* + a cos® 0)dr*? +r2(1 +4 COZS ) de?
r

2M
gK = — 1— _r(1+a2002829)

5 a> 2M  a’*sin’6 o
+r 1+—2+—m S 9d¢ —4aM
o (145

asin®o

a?cos? 6 )
2

dtdg.

r(l+

Since the definition of r* depends only on r, it is unambiguous to talk about the vector 9;.

2.2. Schwarzschild coordinates. In order to compare calculations on Kerr spacetimes to calculations
on Schwarzschild spacetimes, it is helpful to exhibit a diffeomorphism between the two. We do so
by defining an explicit map between the coordinate functions (¢, 7, 8, ¢) on a Kerr spacetime and the
coordinate functions (g, rs, fs, ¢s) on a Schwarzschild spacetime with the same mass. These will be
defined differently near and away from the event horizon. Take

xU)z{l if r <ry —3(ry —r3),

. — 1, —
0 ifr>r, — 7(ry —7r4),

where ., as above, is the larger root of A =72 —2Mr +a” and ry > ry is a constant to be determined
later. With this x (), we can then define

r32~ —2Mrg = r2—2Mr —|—a2,
ts+ x(rs)2Mlog(rs —2M) =t + x (r)h(r), where
Os =6,
¢s=¢+ x(r)P(r), where

dh(r) B 2Mr
dr — r2=2Mr+a?’

dP(r) . a
dr — r2—=2Mr+a?’
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Then, by identifying (¢, rs, 05, ¢s) with the corresponding coordinate functions on Schwarzschild space-
times, we have a diffeomorphism between Kerr spacetimes and Schwarzschild spacetimes. This coor-
dinate system will be used and will be called the Schwarzschild (s, s, 65, ¢s) coordinates on Kerr
spacetimes. Once we have this diffeomorphism, we can put any system of Schwarzschild coordi-
nates on Kerr spacetimes. These include the Schwarzschild (tg, rs, 05, ¢s) coordinates, where 15 =
ts+ x(rs)2Mlog (rs —2M) and rg, Os, ¢s are defined as above. We also define

1" =15 =tg+ x (rs)2M log(rs —2M)

and use the Kerr (t*, r, 6, ¢*) coordinates. Notice that 9, = 8,;.

It is common to denote on Schwarzschild spacetimes u = 2M /rs. We will take the same notation on
Kerr spacetimes, with the understanding that it is always defined with respect to the Schwarzschild rg
coordinates. In particular (1 — p) approaches 0 as r — r (the event horizon).

Another system of Schwarzschild coordinates can be defined by considering two coordinate charts
on the standard unit 2-sphere and introducing a system of coordinates (x?, X 5) on each of them. We
then define the Schwarzschild (¢g, rs, xg‘, X f) coordinates in the obvious manner. Using this coordinate
system and the diffeomorphism as above, we have, for small a,

(8K )ap — (8)ap < €r 2. 3)
This smallness assumption will be used throughout this paper.
2.3. Null frame near event horizon. Some extra cancellations for the estimates near the event horizon

are best captured using a null frame. Hence we define a null frame {V, Y , E1, E3} in the region r <ry,
where r is to be determined later. On the event horizon,

V =0 + 84,*

2M7"+
is the Killing null generator. A direct computation shows that it satisfies
VV V=« V,

where « is a strictly positive number on the event horizon. We want to extend V to a null frame. On
the event horizon, define ¥ first on a 2-sphere given by a fixed t* to be null, orthogonal to the 2-sphere
and require that gg (V, f’) = —2. Define also locally an orthonormal frame {E;, E;} tangent to the fixed
2-sphere. In the sequel, we will only need to work with a local null frame. We then extend this null
frame off the fixed 2-sphere on the event horizon (with Vig=V) by requiring

V¥ =V;V =V, E =0, )

where A € {1, 2}. Then extend this null frame using the isomorphisms generated by V. The equations
above hold everywhere. If we choose r, close enough to r, we still have, by Taylor’s theorem,

VoV =kV+b"Y +b'E| +b*Es, (5)
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where « is a strictly positive function in 4 < r <r, bounded away from 0, and [b*| < C (1 — p).
In Schwarzschild spacetime, consider the frame on 2 given by {(r§ sin 95)_18¢S, ry 1895}. Then we
get

V=(4+md;+ (-, Y=0;—0 Ei=ry'dy Ey=(rssinfs) oy

Since we consider Kerr spacetimes on which the metric is close to that on a Schwarzschild spacetime,
the null frame can be expressed in (t*, r, 6, ¢*) coordinates as

V=(+mdp+1—p)d+01(€)d, Er=r"8+ 01(e)d,
Y =8 — 8, + 01(€)9, Ey = (rsin®) 194 + 04 (€)d.

Alternatively, if we write E,, where o = 1, 2, 3, 4, for the null frame, we have

(14+wdp+ (1 —wd, =V + 01(€)Ey, 9 =rE+ 01(€)Eq,
O — 0, =Y + 01(€)Eq, g =rsin0Es+ O1(€)E,.

We also define the vector fields V, ¥, E|, E; outside {r < ry } by requiring them to be compactly sup-
ported in {r < r;’ } (for some r;’ to be determined) and invariant under the one-parameter families of
isometries generated by 9, and dg4+. Notice that in particular there is no requirement that the vector
fields form a null frame in the region {r, <r < r;r .

3. Notation

3.1. Constants. Throughout this paper, we will use C to denote a large constant and c to denote a small
constant. They can be different from line to line. We will also use A to denote bootstrap constants and
we think of A to be large, that is, A > C. We also use the notation O;(1) and O;(¢) to denote terms that
are bounded up to a constant by 1 and €, with bounds that improve by r~! for each derivative up to the
i-th derivative. We will also use the notation f ~ g todenote cf < g <Cf.

There are some constants that we will choose in the proof. The following are values of r in the Kerr
coordinates:

r+<r;<r;r<%M<RQ.

We will fix r;r and r, in Remarks and , respectively.
There are also smallness parameters that can be thought of as obeying

O<d<eknkKe.

We use € to denote the smallness of the specific angular momentum a of the spacetimes that we are
working on. We use n ~ Ce to denote the loss in the decay rate of the solutions to the wave equation
as compared to that on Schwarzschild spacetimes. We use e to construct the nondegenerate energy, and
use § and &’ as small parameters whenever they are needed. The parameters § and 8’ need not be fixed
from line to line.
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3.2. Values of t*. We will adopt the following as much as possible: We denote by t* a general value
of t*. In particular, it will be used for integration variables. We denote by t the t* value for which we
want an estimate and by 1y the t* value where the initial data is posed. We will always assume 7y > 1
and the reader can think of 7o = 1. When integrating, we will often denote the endpoints by 7’ and 7.
Finally, at a few places we will need to choose a particular value of #* in an interval. This is usually done
to achieve the maximum or minimum of the energy quantities. We often denote such choices as 7.

3.3. Integration.
Definition 1. Define the following sets:

o 3, ={t*=1}.

e Rt T)={r' <r* <t}

s K, t)={r=r,, 7' <t*<71}.
When integrating on these sets, we will normally integrate with respect to the volume form, which we
suppress. On X, the volume form is \/det g |x_. On R(7’, 7), the volume form is v/det gx. However, on
the event horizon ¥(z’, t), the surface is null and the metric is degenerate. Nevertheless, on #(z’, ), the
integrand will always be of the form J“nléw’ where n’éw is the normal to #(t’, ). We will hence take

the volume form corresponding to the (arbitrarily) chosen normal. Occasionally, we will also integrate
over the topological 2-spheres given by fixing r and r. We will denote the volume form by dA =

Jvdetgkls2.

For some computations, however, it is more convenient to write down the volume form explicitly in
coordinates. In our notation, the following two expressions denote the same integral:

/ f=/ fy/detgxly. drd de.
o P

When we write the integrals, we will often use [/ to denote an integral over a spacetime region and
use [ denote an integral over a spacelike or null hypersurface.
The volume form on X;+ can be compared with that on R(z’, 7). In particular, we have

[t = [ ()2

4. Vector field commutators

In this section, we discuss the vector field commutators that we will use in this article. One obvious such
vector field is the Killing vector field d;+, which satisfies

[l:ng, al*] = 0

In addition to d;,+, we will use three non-Killing vector fields S, Y and Q; to control higher derivatives of
the solution ®. We introduce S, a new vector field, to obtain the improved decay rate for the solution .
We will follow [Dafermos and Rodnianski 2008; 2011], defining the commutator Y to estimate ® near



564 JONATHAN LUK

the event horizon. We will use the vector fields €2;, which are analogues of the angular momentum vector
fields in Schwarzschild spacetime, to control the error terms coming from the commutator [, , S].

4.1. Vector field commutators under metric perturbations. Some computations are easier in Schwarz-
schild spacetime than in Kerr spacetime. In the sequel, we will often consider a fixed vector field on
the differentiable structure of the Schwarzschild exterior. We now show that for such vector fields, the
commutators with [, and [, are close to each other as long as a is chosen to be sufficiently small:

Proposition 2. Consider either the Schwarzschild (tg‘, rs, xg‘, X 5) coordinates or (tg,rs > ry, x?, X SB)
coordinates. Suppose V is a vector field defined on either of these coordinates. Then

2 2
[Ty — Oy, VIO < Cer_2<z Zm3x|amv°‘||akcp|),
m=1 k=1

where 9 is the coordinate derivative for the coordinate system on which V is defined.

Proof. We rewrite
Ogs = 857 8,0 + 120, and gy = 8% 95,05 + 1% 0y

Using (g )ap — (g5)ap| < €r 2 and |8, (gx)ap — (g5)ap)| < €72, we have /= detgx —/— detgs| <
er~2 and |9y (/— detgg — /— detgs)| < er—2. Therefore,

sup |¢5” —gK|+SUP|773 n%| < Cer™2.

a.p
Therefore,
(O = Oy, VIO < (8% — 857005 V7)3, @] +2| (8 — 8510 V7 30, |
2 2 +|(n§ — n%) (0. V7 )0, @|
< CE’"_Z(ZZSUPIB’"V“ |akq>|) _
m=1 k=1

4.2. Commutator S. We construct a commuting vector field S on Schwarzschild that is different from
[Luk 2010] and is stable under perturbation.
Define S = t;“a,; + h(rs)0,g, where

h(r) r—2M ifr ~2M,
r =
(r+2Mlog(r —2M) —3M —2Mlog M)(1 — ) ifr > R,

for some large R, and it is interpolated so that it is smooth and nonnegative. For r > R, since t* =1, this
agrees with the definition in [Luk 2010]. Therefore we have

r* r* 2r* r* 3r*
[DgS,S]=(2+ ”)Dg5+3<——1— "‘)ar*+2((—_1>— “)z)&, ©)
r r\r r 2r

r

where A is the Laplace-Beltrami operator on the standard sphere. In the coordinates (¢*, r, 8, ¢),

Ogs = —a1 (r) 87 + o2 (r) 9% + a3 (r) 3,8, + aa(r)d; + as(r)d, + A.
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The crucial observation is that all ¢; are smooth and bounded and depend only on r. Noting that «; does
not depend on ¢, we have

[Oggs S1= B1 (r) 37 + Ba(r)d? + B3(r)8, 8, + Ba(r)d; + Bs(r)d, + Po(r) .

Again, it is important to note that all §; are smooth, bounded and depend only on ». The form of g; for
r > R is given by (6).
We consider the same vector field S on Kerr. Using Proposition 2, and noting that " S* is bounded
for m > 1, we have for r > R
‘[DgK, S1o — <2+ ﬂ)mg,(cb = —<r— - “)a,@ —2((1 - 1) - M)ACD‘
r r

r r\r 2r

2
< cer (Y lo*al),

k=1

and forr <R,

2
[Ogy, S19| §CZ|D’<<I>|.
k=1

4.3. Commutator S’ii. Let ©2; be a basis of vector fields of rotations in Schwarzschild spacetimes. An
explicit realization can be

cos ¢ cos b sin ¢ cos 0

Q:{a,' By 4 P  cos pdy — a}.
p» SIN Py + Sind $, COS Py b

Define 5,- = x (r)2; to be cutoff so that it is supported in {r > Rg} and equals 2; for r > Rqo + 1 for

sin 6

some large Rg. On Schwarzschild spacetimes, €2; is Killing and therefore Q; is Killing for r > R + 1.
Therefore,

[Ogg, 1= 5 (r) (3% +9),

where x is some function that depends only on r and is supported in {Rq < r < Rg + 1}.
Using Proposition 2, we have

[Oge» 1P| < Cr2(10°®| 4 [ D).

8K

Moreover, since €2; vanishes for r < Rg, we have trivially

[O,.,Q]®=0 forr < Rgq.

8K

From now on, we write € to denote any one of the €2;, while taking the norm to be |S~2d>| = ;19 P|.
This commutator is useful for gaining powers of r near spatial infinity. In particular we have

Y| < Cr ' |Qd].

This extra power of r is essential for controlling the error terms arising from the commutation of [,
with S.
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4.4. Commutator Y. Let ¥, as in Section 2.3, be a vector field that is null near the event horizon, is
normalized with respect to another null vector V and is cut off to be compactly supported in {r < r;r }.

Proposition 3. On Kerr spacetimes such that € is small, we have
[Ogy, Y1 —kV2®| < C(I1D3p®| + €| D*®| + |DD|)  forr <ry,
where k > ¢ > 0 is as in (5).

Proof. The principal term for the commutator [[g,, Y]® is 2(?)71’“DMDU©, where (?)n,w is the defor-
mation tensor defined by (Y)rr,w = %(D,L Y, v+ D, }A’M). We look at three terms that are useful in deriving
the estimates.

(Y)jTVV _ g(D‘A/f’ ‘7) = —g(f/, Dy, ‘7) =2k,
[P, = [5eDe . B+ gD, 7. 7)) = Ce,
|(i,)jTEAEB| = \%(g(DEBi}’ E4) +g(DEA?’ EB))| = Ce,

where the smallness in the second and third line come from the assumption that we are close to Schwarz-
schild. Notice also that for r < r,, V is CO close to 0y«. Therefore, in the commutator, the main term
is

KY2®.

All the other second order terms either have a 9,+ derivative or small. O

5. The basic identities for currents

5.1. Vector field multipliers. We consider the conservation laws for ® satisfying [J,® = 0. Define the
energy-momentum tensor
Tw = 0, D0, D — 8,00 DI, .

We note that 7},, is symmetric and the wave equation implies that D*T},, = 0. Given a vector field V#,
we define the associated currents

TV (@) =V"T,(®) and KY(®) =V, T (),
where V), is the deformation tensor defined by
W, = 2DV, + D, V).

In particular, KV (®) = (V)n,w = 0 if V is Killing. Since the energy-momentum tensor is divergence
free,
DM (@) =K" (D).
We also define the modified currents
TP (@) = T} (@) + §(wd, ®* — 9, wd?),
KV"(®)=K"(®)+ jwd"®3,® — 1 H,wd>.
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Then
D*J) " (@) =K"" (D).

We integrate by parts with this in the region bounded by ., £,/ and % (z/, ). We denote this region
as R(t’, t). We denote the future-directed normal to X, by n%r.

Proposition 4. We have

/ T} (@)ny + / T (@l 0+ / / KV (@) = f 1 (@)nf
v H(r',7) R(t',1) z

<

Vv 14 14 Vv
p Ht (/1) R(T/,7) )

</

One can similarly define the quantities above for the inhomogeneous wave equation [J,® = F. In this
case, the energy-momentum is no longer divergence free. Instead, we have

DMT,, = F3,®.

In this case,
D" J)(®) = K" (®)+FV"3,.

For the modified current,
D*J) (@) =K""(®)+ ;Fwd + FV"'9,P.

Proposition 5. We have

f JIY(QD)n’ér—i—/ Jj(@)n’;ﬁ(T,J)Jr// KV(CD):/ J (@)%, —// FV'3,,
" FH(t',1) R(t’,T) P R(t',T)

14 v 14
/ L (d>)n‘£,+/ I (<I>)n§e+<fcr>+// K" (@)
" (', 1) R(t',7)
=/ Jl’wv(dl')n’é,—i—// (—3Fw®—FV"3,®).
2y f R(',7)

5.2. Vector field multipliers under metric perturbations. If we consider Kerr spacetimes such that €
is small, vector fields multipliers are stable if defined in the Schwarzschild coordinates (¢*, r, x4, xB)
or (t,r >ry, x4, x8). We can consider a fixed vector field defined on the differentiable structure of a
Schwarzschild exterior and compare the currents obtained using the Schwarzschild metric and the Kerr
metric.

Proposition 6. Consider either the Schwarzschild (t5, rs, xg‘, xf) coordinates or (tg,rs > ry, x?, xg)
coordinates. Suppose V is a vector field defined on either of these coordinates. Then

|(15V’wv)u(¢)n’§ —(J,g’“’v)u(ob)n’; | < Cer™? max|V*|(3®)?
T T o
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and

vl oy gV —2(( kyra ) 2 m 2)
K" (@) — K" (@)] < Cer k%:lmjxw V. +|w|)(0D) + 21:2|a w|d?).
=0, m=1,

6. Statement of the main theorem

With the currents defined, we can state our main theorem.

Main Theorem. Suppose Uy, ® = 0. Then for alln > 0, R > ry and all M > 0O there exists ay such
that the following estimates hold in the region {ry <r < R} on Kerr spacetimes with (M, a) for which
a < ay.

(1) Improved decay of nondegenerate energy:

14
> (D’ @)?
j=0

:N{r<R}
042

sce (3 [ apetapsony, v Y [ apentapr@ont, )
z i , b 0
m=0 K] m-+k+j<€+5 0

(2) Improved pointwise decay:

14
D ID/9]

j=0 t+4

N 1/2
5 CRT—3/2+17<Z / JEEN sl 4+ Y / J,f*CN’wZ(at’fY"Q’q’)”'ém) '
=0 T ekt j<t+7 % 0

Here the vector field N will be defined in Section 7, and the vector field Z with the modifying function
w? will be defined in Section 9.

Remark. We will show that although Jﬂz’wz (®) n’él* is not always nonnegative, JMZJFCN"”Z (D) n‘él* is
nonnegative for sufficiently large C. Hence all the energy quantities in the theorem are nonnegative.

Remark. Since we have the improved decay of the nondegenerate energy, the theorem above can be
extended beyond the event horizon. More precisely, for any r, € (r_, ry), where r_ is the smaller root
of A =r?—2Mr — a?, the theorem holds up to r > r, for D understood as a regular derivative inside
the black hole, and with the constant depending also on 7. The proof is similar to that in [Luk 2010].

7. Vector field multiplier N, and mild growth of nondegenerate energy

Kerr spacetime has a Killing vector field 9;. The conservation law gives

/ JMT(CD)n’)éT—i—/ Il (®)nf, :/ (@) +// % PG.
s ¥(z0,7) e R(70,7)

We add to the Killing vector field 9; a red-shift vector field. Here, we use the “nonregular” red-shift
vector field as in [Dafermos and Rodnianski 2008]. Under this construction, N, is C° but not C' at the
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event horizon #*. Compared to the smooth construction in [ibid.], this construction will provide extra
control for some derivatives near .
Define

Y =y(n)Y + 30V,

where
1 1

T Uogtr=rpy? ™ 2= "hegr

By this definition Y is compactly supported in {r < r;“ } and is invariant under the isomorphisms generated
by 0;« and 9.

yi(r)y=1

Proposition 7. Let N, = 0;« + Y. For any e, there is a corresponding choice of € K e and ry such that
for every integer p, there exists c, > 0 such that

Jlivf(d))ngg+ ~ (D‘;d))2 +e Z (DEg, )2 on the event horizon,
Es€{E, Er}
I @l ~ > (Dg, @)’ +e(Dg, @) forr <ry,
Ey€{E),E2,V)
JliV“(CD)n’}ér ~ 2:(8CI>)2 forr >ry inthe (t*,r, x4, xB) coordinates,

KV (®) = cpe(llogr = r)l? (D @)% + Y (Dp, @) + (D ®)%)  forr <17,
A
KNe(@) < CeJliV”(CI))n‘ZLT forry <r <ry.

Proof. Tt is obvious that Y is timelike and future-oriented for r < r, . Since 9;+ is casual in the exterior
region of Schwarzschild spacetime and is null only on the event horizon, for every small e > 0, there
exists sufficiently small € > 0 such that N, is timelike and future-directed on Kerr spacetimes up to the
event horizon. The first two estimates hold since in Kerr spacetime, 9;« is e-close to V on the event
horizon. The third estimate holds because outside a small (depending on €) neighborhood of the event
horizon, d,+ is timelike.

To show that K¢ (®) has the required positivity near the event horizon, we compute the deformation
tensor. First, notice that

3Dyr

(r —ry)(log(r —ry))*

Dyyy = Dyyr =
Using this we have
O = gK(D{/(yl?"F)’ZV), V)= —gx(mY+nV, Dy V) =2yik+b" ys,
6D;r

) S
Vrig =gk Dynf +32V). ) =~ =

B 3Dyr
(r—ry)(log(r—ry)*

Droo =Lex (DY +32V), V) +1ex (Dy(n Y +32V), V) = +y1c+y2b",
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Moreover, we have

g mpp . Ve, g, = 0().

Notice that
Ty~ (Dy @)%, Tpp~ (D@2, Typ ~ VO,

and that (Y)n‘; Ey (Y)n? E and Vg ,Ep have no terms of the form (Dy ®)2. Hence we can choose ry
sufficiently close to ry so that forry <r <ry,

c

Y . 2
) = Dy G S logr =l

(g @2+ (D, 7).
A

Since 9+ is Killing, and KVe(®) = eK ¥ (), we have

1
(r—rp)log(r—ry)|

KNe(d) > ce(x(D);CD)z + - ((Dy®)* + Z(DEA c1>)2)> forr <r,,
A

Finally, since Jﬁ’*n’i* controls all derivatives in the region r, <r < r;r , we have
KN (@) < CeJ ) (d)ny  forry <r=<rj. O
Definition 8. We call the positive quantity |, s J /ive (D) n’ér the nondegenerate energy.

The following identity determines how the nondegenerate energy changes with t.

Proposition 9. Let ® satisfy Ug, ® = G. Then

/ INe(@)n, + / TNe(@)n, + f / K (@)
pom ¥(z0,7) R(ro, T)N{r=<ry}

:/ J[je(cb)nlg —I—e// KY(d>)+/ 0D+ eY D)G.
b 0 R(w0,D)Nfry <r<ry) R(10,7)

0

The estimates given by the vector field N are sufficient to show that, modulo inhomogeneous terms,
the quantity . s J If’" (P) n’ér cannot grow too much in a short time interval:

Proposition 10. Let ® satisfy U, ® = G. For e sufficiently small, e < e and 0 < T — v/ <1, we have

/ TN(@)ns, + / T (@)nly, <4 f I (@)nf  +C / / G>.
z H(t',T) z R(t’,7T)

Proof. We first note that

T
// KY(¢)§C/ / TN (®) ny, d7,
Rt ON{ry <r<ryi} v Jz;

<
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with C independent of e and € whenever € <« e < 1. Then, by Proposition 9,

/ TYe(@)nk, + / TN @)nly. + / / K@)
pom H(t',7) R, )N{r=ry}

:/ JliV“(QD)n’ér,—i—e// KY(d>)+/ (3D +eY DG
P %(r’,r)ﬁ{r; =r=ry }

R(t',T)
T
5/ J,ﬁVe(cb)n’;,JrCe/ / J,ivf(cb)n’;dfw’/f (0 ® + Y ®))* + (8~ G’
b i  Jx; ’ R, T) R(r',T)
T
< / TN (@)’ +(C8' +2Ce) / / TN(@)nk dT +(8)7! f f G>.
PN ’ v JE; ' R(t',7)

By Gronwall’s inequality and absorbing (8’)~! into the constant C, we have

/ IN(@)nk, <2 / JYe(@yny +C / / G*.
>, p R(T',7)

T

Now the estimate for the term horizon follows from Proposition 9. (]

8. Integrated decay estimates and boundedness of nondegenerate energy

In this section we would like to show an integrated decay estimate. We first follow [Luk 2010] to
construct a vector field and prove an integrated decay estimate for the terms near spatial infinity. That
construction is in turn inspired by [Sterbenz 2005]. In [Luk 2010], the decay rate in r of this integrated
decay estimate is crucial for controlling the error terms arising from the vector field commutator S. In
the sequel, such an estimate will also facilitate many computations as we prove the full integrated decay
estimate.

In view of the red shift, all derivatives of ® can be controlled near the event horizon. However, we
would also like to prove an integrated decay estimate that controls @ itself near the event horizon. This
is in contrast to the integrated decay estimate in [Dafermos and Rodnianski 2008], which degenerates
near the event horizon. This extra control is useful as we are considering the inhomogeneous problem.

The proof of the integrated decay estimate for a finite region of » away from the horizon follows that in
[Dafermos and Rodnianski 2008]. The one difference here is that we do not assume the boundedness of
f .7, live (@)n’ér (even after ignoring inhomogeneous terms). We would instead like to prove the bound-
edness of f):r J live(CI))n‘ér using the integrated decay estimates. We will, however, use Proposition 10.

The reader should think of this integrated decay estimates as analogous to the estimates associated to
the vector field X in [Dafermos and Rodnianski 2009; 2011; Luk 2010]. However, it is impossible to
obtain such estimates using a vector field in Kerr spacetimes and we therefore resort to a phase space
analysis; see [Alinhac 2009].

To perform the phase space analysis, we will take the Fourier transform in the variable ¢*, take the
Fourier series in the variable ¢* and express the dependence on the 6 variable in oblate spheroidal
harmonics. Carter [1968] discovered that with this decomposition, the wave equation can be separated.
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However, to take the Fourier transform in the variable 7*, we need ® to be at least in L2. To this end,
we perform a cutoff in the variable ¢*.

8.1. Estimates near spatial infinity. In this subsection, we follow [Luk 2010] to construct a vector field
X = f(r*)d,+ such that the spacetime integral that can be controlled with a good weight in r.
Proposition 11 [Luk 2010, Proposition ~8]. In Schwarzschild spacetimes, using (t, r*, x4 xB ) coordi-
nates, there exists X §= f r*)0,+ and w§ supported inr > 173M , such that

KX (@) 2 (10, 0)2 + 1 VO +r37002)  for r* > max{100, 100M)
and

‘/2 JE @)l ‘ <C /2 T (@)nk .
This implies via stability (since the vector field is supported away from the event horizon) the following:
Proposition 12. In Kerr spacetimes, using (t*, r, x4, xB) coordinates, there exists X and wX supported
inr> %M such that for some large R,
KX (@) > g (r7' 2 (00 0)2 + 1 Y OP 47370 ®%) — Crer2(0,. @) forr* > R

and

% X
‘/E Jlf,w (d))n’ér‘ SC/E Jli\’e(cb)n’ér.

Now it is easy to construct the following vector field on Schwarzschild spacetimes:

A

Proposition 13. In Schwarzschild spacetimes, in (t, r*, x4, xB) coordinates, there exists X §= f (r*) 0,

. 13
supported inr > =M such that

KX(@) > cr 100, 0)2 — COr 2 (0, @) + VD2 +r370D2)  for r* > max{100, 100M)

and
‘/E s¥ @t | SC/E TV (@)l

Proof. Let f be supported appropriately and let f(r*) = 1/(1+r*)® whenever r* is large. O
As before, a stability argument gives this:

Proposition 14. In Kerr spacetimes, in (t*, r, x*, xB) coordinates, there exists X supportedinr > %M
such that for some large R,

K}?(Cb) > cr 1789 D)% — C;((r_l_‘s(ar*CD)z L WWoPR +r 3302 forr* > R

and
| /E X @mg | <c /E IV @l

X

Now using the vector field X+ % (cz/C )v()}v( and modifying function w*, we get the following estimate:



A VECTOR FIELD APPROACH TO IMPROVED DECAY FOR SOLUTIONS TO THE WAVE EQUATION 573

Proposition 15. For € sufficiently small,

[[ st v
R(ro, T)N{r=R}

5C(fJ;Ve(cb)nngr/J;V(qnn’;er // (T3 (@) n’ét*+<l>2)+/ (|a,<1>|+r—1|q>|)|G|>.

P Xy R (w0, 0N ZE M<r<R) R (10,7)

8.2. Estimates near the event horizon. The integrated decay estimates shown in [Dafermos and Rod-
nianski 2008] are degenerate around the event horizon. Here we will prove the corresponding estimates
near the event horizon. In view of the availability of the red-shift estimate K¢, we will focus on the
zeroth order term ®2. It turns out that we can use a construction in [Luk 2010].

A

Proposition 16. In Schwarzschild spacetimes, in (t, r*, x*, x8) coordinates, there exists X;, = Jrn(r®)o,+

and wX" supported in r < %M such that
KX (@) 2 ¢((3, @) + VDL + @) forr <ry
and

X X
)/2 JXnw (CD)ngr‘ §C/Z JN (@) and |TX (@) nlh, | < CIN (@)l

Proof. Let
M3 w33

ar*:— —3,*,
=% = Xy ™

Xn= fu(rg)dy: = —X(F)W

where x (r) is a cutoff function that is compactly supported in r < %M and is identically 1 forr <r, .
Also, let

A(1 —
Wb =2f0t+ T e,

From now on, we will focus on the behavior when r < r, and treat the terms in {r, <r < %M } as
errors. Recall that on Schwarzschild spacetime,

2=3w) f@r")
2r

KXh’th f/(r*)

(@) = (8- ®)* + |V |
l—n

1

1 "o % 4 1"y % Mmoo 2“ * 2
—Z(T——f(r)+—fo»+~3fv>——;6—4va>)¢.
— MU r r r

We now look at the sign of this expression for r <r . Itis easy to see that the coefficient for (9, ®)? is
positive:

prr—p) _ c(l—p)

f™) =0 =, folr) = (I +4p—22 = 3

El
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The coefficient of | ¥ ®|? is also clearly positive. A computation shows that

1 4 2
"+ G -G f
7 r r r

w8192 + (128 + (=784 + 1 (464 + (=28 + (52 + (=3 +41)))))
4(4+ u2)*

We want to show that P () = 1924 (128 + pu(—784 4 (464 4+ (=28 4+ (524 (—3+4w)))))) > 1/7
for 16/23 < pu <1.

First, 192 4 128 — 784u% +4641° = 16(—12 — 20 +29%) (n — 1) > 0.

Now 52 — 3 + 4u? reaches its minimum at 3/8. Hence, 52 — 310 + 4% > 823/16.

Finally —28 4+ #(52 — 3 +4u?) > —28 +11/20-823/16 > 93/320.

Therefore, P(u) > 1023/6400 > 1/7 for 16/23 < u < 1. Therefore, for r <ry,

K50 (@) > (8, @) + |V D 4 02).
The second and third statements,

‘ /2 Jlf’““’xh(cb)n’érlgc /E JN@l and |75 (@)l | < CTN (@)l

follow from the boundedness of f; and wX* and that on the Schwarzschild horizon 9, = 9,+. Hence in
both estimates, the constants are independent of e for e small. (|

Because X, and w*" are actually smooth up to the event horizon, we have this via a stability argument:

Proposition 17. In Kerr spacetimes, using (ts, rs, xé, xg) coordinates, there exists X;, and wXn sup-
ported inr < 2—83M such that

KX (@) > ¢®? — Ce(3p-®)2 — Ce(8, D) forr <ry

and

X, Xp
‘ /E Jlf’“wh(d>)n%1‘§C /E TR (@l and I (@)nke | < CJY(@)nky,

Together with the red shift, we then have an integrated decay estimate near the event horizon:

Proposition 18.

f / (@7 + KN (@)
R(z0,T)N{r=<ry'}
< c( / IN(@)nk, + / J,ive(op)n;m + / f o (D% 4 TN (P)n )
P 21'0 %(TO»T)m{ry SrSYM}

][/ (|8,*¢|+r_1|d>|)|G|+‘f/ (at*fb+eYCI>)GD.
%(To,f)ﬂ{rﬁ%M} %(TO,T)W{VSZT;SM}
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8.3. Cutoff, decomposition and separation. Following [Dafermos and Rodnianski 2008], we define the
cutoff 7, = £, where £ = x (t* — 1 — 1) x(—t* — 14 1'), for some smooth cutoff function y (x) that
is identically 1 for x < —1 and has support on {x < 0}. Then

O, @7 = £G +2D*® Dy 4+ P & =: F.

We then decompose in frequency. We decompose the Fourier transform in ¢ of & into Fourier series in
¢ and oblate spheroidal harmonics:

O =" RY,(1)Sme(aw, cos0)e™?.
m,

We also decompose the inhomogeneous term F (which comes both from the original inhomogeneous
term G and the cutoff):

F=>"F(r)Sne(aw, cos0)e™?.

m,l
Letting ¢ be a sharp cutoff with such that £ =1 for |x| <1 and ¢ =0 for |x| > 1, we define

o
<I>b=/ tfor) Y RU)Sulaw, cosf)e™ e dw,

m,Ldm () <A

00
Oy = / {(w/wy) Z Ry (r)Smi(aw, cos 9)€im¢eiwtdw,

m,Ld (@) >4

cbuZ/ (A—@/w) Y. Ry (MSwmlaw, cosd)e™ e dw,

m, A (0)>Apw?

cbﬁ:/ (1—¢(w/w)) Z R2,(r)Smi(aw, cos 0)e™ e dw.

m, o (@) <Ayw?

In this decomposition, we think of w; as large and A, as small.

8.4. The trapped frequencies. Trapping occurs for ®;. An integrated decay estimate is proved in de-
tail in [Dafermos and Rodnianski 2008, Section 5.3.3]. The first term on right side in the following
proposition is different from that in [ibid.], but the inequality still holds as a result of the proof of the
corresponding inequality there.

Proposition 19.

//g;{( )(chi'i‘)((arcpﬂ)z+X]l{|r_3M|Z%M}Jliv(q>D)nl;:,*)
—00,00

o.¢]
§C/ (aﬁq>;,)2+Cef (a¢*c1>§,)2+/ dt*/ Qf @ +a®) P F o ((r* +ah) 2 oT)
H(—00,00) H(—00,00) —00 r>R

A
+ f/(r*+a*)F,®%)——— sin0 d¢ dO dr*+6' / / (D)2 4-(8,+®%)2+C(8) ! / / F2,
rc+a RN{r<R} RN{r=R}
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where y is a weight that degenerates at infinity and near the event horizon and f is increasing and
f=tan '(r* —a — Ja)/a —tan~ (=1 —a)~V2 for r > R for some fixed .

8.5. The untrapped frequencies. For each of the pieces that are untrapped, that is, ®, for e =b, d or f,
Dafermos and Rodnianski [2008] constructed a vector field X, such that

/ f XN @l +B2) < C f / K¥(0,),
R(—00,00) R(—00,00)

where x is a weight function that both degenerates at infinity and vanishes around the event horizon.
Using this vector field and the conservation identity, they showed the following:

Proposition 20.

// X ((Jlivf(q)b) + J,ivf(q’d) + Jli\’(cpt))n/;r (@24 D2+ q>§))
R(—00,00)

<C f Iy (@)nfe. +C @) / / F*
#(—00,00) F(—00,00)N{r=<R}

R(—00,00)N{r <R} ! T {r<3¥M}’n )y,
o0
+/ dt*f (2f(r2+a2)1/2(Fb + Fy+ Fu)ar*((r2+a2)1/2cbz,)
—00 {r=R}

+ (02 + @) (Fy + Fo+ F)®L)—2 sin60 de o dr*,
r<+a

where x and f are exactly as in Proposition 19.

Proof. This inequality is essentially borrowed from Dafermos and Rodnianski [2008, Section 5.3.4]. The
only difference is the first term on it right side. They used the estimate

/ TX(@)nlhy, <C / I (@T)ns .
H(—00,00) P

<

Here, we have not proved boundedness of the solution and hence we are content with the estimate

/ TX(@nlhy, <C / TN @ )nky, .

%(—00,00) #(—00,00)

This estimate holds for C independent of e because X, is constructed as f 9, and, on the event horizon,
3= O(1)V 4+ O(€)Ey4. O
8.6. The integrated decay estimates. To add up the estimates in the previous sections, we need a Hardy-

type inequality:

Proposition 21. For R’ < R,

/ 2o’ < C / reJ Y (P)nl
=.N{r=R)} S.N{r=R") '



A VECTOR FIELD APPROACH TO IMPROVED DECAY FOR SOLUTIONS TO THE WAVE EQUATION 571

Proof. Let k(r) be defined by solving k'(r, 0, ¢) = r®=2vol, where vol = vol(r, 6, ¢) is the volume
density on X, with r, 8, ¢ coordinates, with boundary condition k(R’, 8, ¢) = 0. Now

/ ré 22 = f / / - K (r)®*dr do d¢
21— ry
=2 /ff k(r)®0,®dr do d¢
k(r)2 1/2 1/2
52( f / / 0 (8,<I>)2drd9d¢) ( / / / k/(r)d>2drd«9dd)> )

Since vol ~ 2, k(r) ~ r**" and k' (r) ~ r*, we have (1 +k(r)2)/(1 +k'(r)) ~ r¢vol. ]

We now add up the estimates for ®,, &4, &; and Py.

Proposition 22.
// L s L I (@ T8, @)% +r 0007
R(t’,T)

< c( / JY(@)nk + / VACOTISIES / T3 (P)nly,
e X H(t',7)

T

+// (Iar*d>|+r‘1|<I>I)IG|+‘/f (at*d>+eYCI>)G|
R(t'—1,7+1) %(f’—l,T-i-l)ﬂ{rf%M}

+// G2).
R(t'—1,t+1)

Proof. Since the function f appears identically in Propositions 19 and 20, we can add up the estimates
to obtain

f /% . (XU (@o) + T (@) + Ly, spgys 1y I (Pe) + T (@I + 4 (@F + F + DF + 7))
< C/ T (@)nky, +C(8)7! // F?
H(t'—1,7+1) R(—00,00)N{r<R}
+Cé ff (PL) + (3 PL) + Ly 23y T2 (DL
P (—00,00)N{r <R} =8 !
o0
b Car [ @pet ) P R Fot B ) P
—00 {r>R}
+ 02+ a)(F + Fot Fy+ F)®L)—2 sin0 dg do dr*.
r<+a
By the definition of the cutoff, we have the pointwise equalities

F=F+F+ F,+ F;.
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Therefore, we have

// XLy sz Lo T (RTINS, + X (7))
R(—00,00)

< C/ TN(@)nly. +C(8)7! // F?
H(r'=1,7+1) R(—00,00)N{r<R}

+ 8’ / / (CINERNCRTINEE S TSI C IR
R(—00,00)N{r<R}

/ dr* f 2f@*+a)' PFo((r* +a®)'POL) + f/(r* +a )Fcbf) i sinf d¢ db dr*.
{r>R} a’

First, by Proposition 10, we have

f @ty <€ / @l +C f Ty @'y, + / T (@i
(' —1,7+1) P >, %(z',7)
Recall that

F =£G+2D*®Dy& + ®,, £.

By the definition of &, the last two terms are supported in the * range (' — 1, T")U(z, T+ 1). Moreover,
since & depends only on ¢*, the only terms involving D® are 9,+® and O(e)d4+P. Using this, we
immediately have the following with C independent of e as long as € < e:

ceH™! / f F?
R(—00,00)N{r<R}
<cEH™! (// G + // (r 2% 4 T (D)nk, *)).
R('—1,7+DN{r<R)} R(t'—1,7")UR(T,T+1) !

Similarly, we have

/ dt/ F02+a)FOL,—2 sin0 d do dr*
{r=R) r’+a’

50(// r_1|<I>||GI+// (r_2d>2+JliV"(CI>)n’§t*)).
R(t'—1,7+1) R(t'—1,")UR(T,T+1)

The other term with F' is more delicate to estimate. One of the terms in the expansion does not have
sufficient decay in r:

(0]
/ dt*/ 2f(r2+a2)1/2Fa,*((r2+a2)1/2c1>§,)r2$a2sined¢d9dr*
- r>R}

gc(/f r—1|c1>||G|+// (r_2<I>2+JliV”(CI>)n’)éI*))
R(t'—1,7+1) R(t'—1,7)UR(t,T+1)

o
+/ dt*/ 21 +aH) Po0,, £0,-((rF +a*) D) ZA > sin6 dp do dr*
—o0 {r>R} reta
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Nevertheless, noting that £ is independent of 7*, an integration by parts in r* would give

A
r2+a?

o0
/ dt*/{ }2f<r2+a2>1/2<mg,{sar*<<r2+a2>1/2<1>>s sin6 dp df dr*
—00 r>R

:—/ dt*/ (r2+a2)d>2$DgK§8,*<f%) sin6 d¢ d6 dr* + boundary terms
—00 (r>R} r<+a

<C // r_2CI>2,
R(t'—1,7)UR(T, 7+1)

where the boundary terms can be controlled (after possibly changing R) by pigeonholinginr € [R, R+1].
By the mild growth estimate of Proposition 10, the estimate near the event horizon from Proposition 18
and the Hardy inequality of Proposition 21,

/ A (r 2o+ JliV“(CD)n’gt*)

(r/=1,7)UR(7,7+1)
< C(/ J;L\’e(cp)n’gr, +/ Jlj\’f(cb)n’ér, +// GZ).
) po R(t'—1,7")UR(T,T+1)

Therefore, using all the estimates above and noticing the support of £, we have

<

// Xy spgz tan 0 (@, + @)
R(t',T)

<c@)! f I @ns , +C @)~ / INe(@)n, +C / TNe(@)nly,
2y poN J(v',7)

+c// r_1|<I>||G|—|—C(8/)_1// G?
R(T'—1,7+1) R(t'—1,7+1)

2 2 N,
+C3/ _/.Li(.[/ Onr<R) D+ (ar*q)) + l{rS%M}JM (q))”l;:,*

We add to this the estimates near spatial infinity and the event horizon, that is, Propositions 15 and 18,
to get

o Ne —1-6 2 3-8
// S RIS PV CO ST S S L DRE T S
R(t’,7)
<cEy! /
T,
+C// (|ar*¢|+r_1|¢|)|G|+C‘f/ (3 ® 4V D)C
R(t'—1,7+1) %(T,—l»f-i-l)ﬂ{rS%M}

+C@)! // G*+C¥’ /f O+ (@) + 1y, 2y S (P
R(t'—1,7+1) R(r'—1,7+1)N{r<R} -

I (@ +C@)! /

: J,iV"(QD)n’)ér +C / J,iVe(cD)n{;(f+

H(t',T)
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By choosing &’ sufficiently small and absorbing (8’)~! into the constant C, we can absorb the last term:
//%( / )r_l_‘sIl{lr_3M|Z%M}J/iV“(d>)n’§t* +r1 70,9 +r 09
T/, T

< C/ Jlf’e(cp)n’g , +C/ ]/i\’e(CID)n%r—{—C/ Jlive(cp)n’;{+
P i =, ¥H(t',7)

+C// (Iar*cl>|+r‘1|<l>|)|G|+C‘// (a,*cb+eyc1>)G)
R -1, 7+DN{r<E m} A1 e+ DN{r<Z M)

+C / f G>.
R(t'—1,7+1)

using Proposition 10 and 21 at the last step. ]
Definition 23. From now on, we write

KX0(@) =r™ 170y, sy a0 (@ 4171 70(0,0)7 40002,

KX (@) =r "0 7Y (@)nl +r 37002,
This is a slight abuse of notation because these “currents” do not arise directly from a vector field.

8.7. Boundedness of the nondegenerate energy.

Proposition 24. Let ® satisfy [, ® = G. For e sufficiently small and € < e, we have

/ TN (@)n, + f INe(@)nly. + / f K@)
M (', T) R, O)N{r=<ry}
< c</ JNe(@ynle |+ ‘// 090G+ ‘f/ eY 0G|
S ' R(t'—1,7+1) R(t'—1,7+1)
+// <|a,d>|+r—1|<1>|>|G|+// GZ).
R(t'—1,7+1) R(t'—1,74+1)

T
/f KY(®) < C/ / TNe(®)nk, di*,
R(t', T)N{ry Srfr;f} v JX;

with C independent of e and € whenever € < e < 1. At this point, we choose ry < %M < 2—83M . Hence

Proof. We recall that

this term can be controlled by the integrated decay estimates. Then, by Proposition 9,

/ TN (@)n, + f TNe(@)nly. + f / K@)
po H(t',T) R/, 0)N{r=ry}
=/ Jlivf(¢)n’§/+e// KY(¢)+// (0D +eY PG
D ‘ R(t',N(ry <r<ry} R(’,7)

T
< / Je(@)nf,  +Ce / / TN (@)nly, dT + / / (0@ +eYP)G
T v JEn{ry <r<r) R(t',7)
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< / J,iv“(cb)n’ér,—l—Ce( / TV (@)l + f T (@)nf |+ / TN (@),
o p N (1)

+/f (|8,d>|+r_]|d>|)|G|—|—f/ GZ)
R(t'—1,7+1) R(t'—1,7+1)

+ ‘// (8,*d>—|—eY<I>)G’.
R(t',T)

Hence, the proposition holds if e is chosen to be sufficiently small. (I

Remark. From this point on, we will consider r;,“ and e to be fixed. After ¢ is fixed, the vector field N,
will be written simply as N.

We now estimate the inhomogeneous terms in Proposition 24:

Proposition 25.

/ T (®)nk +[ J,iv(q>)n{;€++/f KN(CD)—i—/[ KXo(®)
pe ’ H(t',7) R/, )N{r<ry} R(t/,7)

T+1 1/2 2
gc(/ Jlf’(q>)n‘§,+(/ (/ G2) dt*) +// G2).
= ! /—1 Py R(T',7)

Proof. Adding the estimates in Propositions 22 and § times the estimates in Proposition 24, we have

f T (@)nk +/ Jﬁ(q>)n§;€++// KN(CD)—l—Sf/ KX0(®)
>, i 9(t',7) R(t',DNfr<ry} R(t',7)
§C(f J/iv(cb)n’ér,—i-// (Iad>|+r_1|d>|)|G|+// G2>
b R(z'—1,7+1) R('—1,7+1)
N N
+C8(L J (@)’ +f%(r/ , g (@)n;+>
12 pr4l 1/2
< C( / JY (@ 4+ sup ( f 7Y (CD)n’gt*) f ( / GZ) dr*
= rre[t’'—1,1+11\J = =1 poe
+// G2) +c5(/ TN (@)nk +/ Jg(q»n{;ﬁ),
R(r'—1,7+1) T, HE IR

where at the last step we have used Proposition 21. Choosing C§ < %, we can absorb the last term to the

</

1.'/

left side to get

[ oarome+ [ e [ kv@)+s [ ke
ol ’ (', 7) R(r', N{r<ry} R(,7)
1/2 pr4l 1/2
sc( / JZLV(CD)n’éT,—F sup (/ ]Iiv(cb)n’ét*) / ( / GZ) dr*
X t*e[t/—1,7+1] pap /-1 pIFS
M) o
R(t'—1,7+1)
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By considering the estimate above on [t/, T], where T is when the supremum on the right-hand side is
achieved, and using Proposition 10, we get

/ J,ﬁV(cb)nngf J,fv(q>)n{;€++// KN(<I>)+8/f KXo(d)
o ' %(t',7) R, D)N(r<ry) R(1,7)

T+1 2
< C( f T (@, + ( / ( Gz)l/zdr*> )
7/ /-1 E,*

We plug this into (7) and apply Cauchy—Schwarz to prove the proposition. (I

We can also estimate the inhomogeneous terms not in L'L? but in L?L?, provided that we allow
some extra factors of r and some loss of derivatives in G. This is especially useful for estimating the
commutator terms from S, which do not have sufficient decay in ¢* in the interior to be estimated in L' L.
More precisely:

Proposition 26. / T (@)n + / TN (@)l +// KN(d>)+// KXo (®)
pom FH(t', 1) R, )N{r=<ry} R(t’,T)

5c</ I (@) +Z/f P @ENG) +  sup / GZ).
= R(t'—1,74+1) rrelr’'—1,7+11 J B n{lr—3M|<§ M}

Proof. By Propositions 22 and 24,

/ T (®)nk +[ Jﬁ(@)n{;€++// KN(CD)—i—S/f KXo(®)
" ’ H(t',T) R/, )N{r<ry} R(t’,T)
§C<f Jlf’e(dD)n‘gr,—i—‘// at*an’
. R(t'—1,7+1)
+V/ eYd>G‘+// (|a,c1>|+r—‘|<1>|)|G|+// G2>
R(t'—1,74+1) R(t'—1,7+1) R(t'—1,7+1)
+C8/( / T (®)n + / Jliv(¢)n§€+).
>, (1)

Choosing C8’ < 5, we can absorb the last term into the left hand side to get

/ TN (®)nk +f JN(<I>)nw+// KN(GD)—i-/f KXo ()
po H(t',T) R/, )N{r=<ry} R(t’,T)
§C(/ Jﬁ’(@)n‘é/—l—‘f/ a,*ch‘Jr)f/ eYdDG‘
. T R(t'—1,74+1) R(t'—1,74+1)
+/f (|8r<I>|+r_1|d>|)|G|—|—f/ GZ).
R(t'—1,7+1) R(t'—1,74+1)
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For the bulk error term, we focus at the region {|r —3M| < %M } and integrate by parts.

‘// 8 ®G
R(t'—1,t+D)N{Ir—3M|< 1M}
55/// ¢2+C(5/)—1f/ 3G
R(e'—1, 1+ DN{Ir—3M|< 1 M) R(r'—LT+DN{Ir—3M|< g M)
+ V @G) + ’/ <I>G‘
SeiN{lr=3M|< M) oo1N{r=3M|<g M)
<y / f 02 4 C(8)! / f (0-G)*
R(r'—1,r+DN{r=3M|<} M) R(T—1t+D)N{|r—3M| < M}
+  sup (8/ r_24>2+C(3/)_]f GZ)
t*elt/'—1,7+1] S N{lr—3M|< g M} s N{Ir=3M|= g M}

<4 / f 372 (87! / f (8,+G)?
R('— LT+ DN{Ir—3M|<§ M} R('—1L,T+DN{Ir—3M|<§ M}

+  sup (5/ f IY @)k +C@E)! f
poye

2
G )
tre[t/—1,7+1] ZN{lr—3M|<i M}

where at the last step we used Proposition 21. Therefore,

/ T (®)nk +f J,ﬁv(q>)n{;€++f/ KN(CD)—i—/f KXo ()
pom ' FH(t', 1) R/, )Nr=<ry} R(t’,T)
gc(/ Jﬁ(d))n‘g,ik‘// 8,*¢G‘+‘// Y 0G|
. ’ R(z'—1,7+1) R(z'—1,7+1)
+/f (|a,c1>|+r—‘|q>|)|G|+// GZ)
R(t'—1,7+1) R(t'—1,7+1)
< C(/ TY( @)k + ‘// at@GD +c@)! f/ r'tG?
T i Rz =1, 7+ DN{Ir—3M|<§ M} R(z'—1,7+1)

+6 //%/_1 m)(r_s—aq)z+r—1_s(a,q>)2+11{6@}1;7@)”;[*)

ccf
z

1
IY (@)l +C )7 Z/ I OnG): + 6 /f KXo ()
' 0 Y R =1L T+1) R('—1,7+1)

+  sup (5/ / TN (@)nf  +C@)™! / G2>. ®)
E,*

rreft/'—1,t+1] Zx0{lr—3M|< i M}

7/
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where at the last step we have used Propositions 10 and 21. Suppose sup;«¢[;/—j ;4178 er* J;iv (CI>)n’§[*
is achieved by t* = T. Applying (8) on [t/, T], we get

1
/ I (@ <C / IY (@)l +C@EH Y / / rI@nG)? 4o / / K% (d)
X; )2 m=0 R(r'—1,74+1) R(r'—1,7+1)

+' / IV (@nlh +C sup / .
P2 e[t/ —1,t+11 J S N{Ir—3M|< s M)

T

which, upon choosing §’ < % and subtracting the small term on both sides, gives

1
/ I (@ <C / IY (@)l +CE) Y / / rI@nG)?+o / / KXo (d)
; DI m=0 R(t'—1,7+1) R(t'—1,7+1)

+C sup / G?,
t*e[t’/—1,7+1] 2,*0{\r—3M|§éM}

Therefore, plugging this back into (8), we have

[t s [ e ] ko [ K@)
pom ’ H(t',T) R, O)Nr=<ry} R(t’,7)
§C/ TN (@b +6 // KX°(<I>)+8/// KXo (d)
Sy ’ R(t',7T) R(t'—1,7)UR(T,T+1)
1
+C Z // r1+8(8,'fG)2+C sup
=0 R(t'—1,7+1)

teft/'—1,7+1] /;J,*ﬂ{|r3M|§§M}

<C / TN (@), +8 / / KX0(@)+C&’ / TN (@)nk,
P ’ R(t',7) T '

1
+CZ f/ r1+8(8t’i‘G)2+C sup
m=0 R(t'—1,7+1)

reft/'—1,7+1] />:,m{|r—3M|§;M}

G2

G2
where at the last step we have used Proposition 10. Finally, by choosing C§ < %, we can absorb the

small terms into the left-hand side and achieve the conclusion of the proposition. U

In the proof of Proposition 26, there is a loss in derivative for G because we have to integrate by parts
in the region {|r —3M| < %M }. Therefore, if G is supported away from this region, we can repeat the
proof without this loss. In other words:

Proposition 27. Suppose G is supported away from {|r —3M| < %M }. Then

/ TN @)k + / TN (@)nl. + / f KN (@) + f / KX ()
po ' H(t',T) R, T)N{r=ry} R(t',7)

1
3 C(/ J,iv(q’)"lé & Z ff PG sup / Gz)_
I ! m=0 R(t'—1,74+1) ree[r'—1,7+1] Z,*ﬂ{\r—3M|§éM}
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This will be useful in Section 13.
In applications, it is useful to have both ways of estimating G.

Proposition 28. Let G = G| + G, be any way to decompose the function G. Then

/ T (®)nl +/ JliV(CIJ)ng‘e++// KN(<I>)+// KXo(®)
po ’ H(t',7) R/, T)N{r<ry} R(t/,7)
T+1 1/2
el reont ([ () o)
o /—1 Xx R(t'—1, r+1)

1
> ARG | G%)
oo Y SR —17+1) rrelr’'—1,7+11 J 2 n{lr—3M|<§ M}

In the estimates above, only the function ® and its 9, derivative can be estimated without a loss around
the trapped set. To estimate the other derivatives, we need to commute with the Killing vector field d;«.

Proposition 29. We have

f f KX (®)
R(t',T)

T+1 172 2
< (Zf I @ d>)n2/+2(/ ( Gl)) dt) +Z/f " G1)?
/-1 X R(t'—1, ‘E+1)

1

+Z// rOMG) +  sup Zf o G2)2)
R(r'—1,7+1) rrelt'—1e+1] , —) JExn{Ir=3M|< g M)

Proof. Using Proposition 28 and the fact that 9, is Killing, we immediately have the following estimate
for 0,+®

/ / r7 (0 ®)°
R(t',T)
7+1 1/2 2
sC(/ Jﬁ(az*d>)n’g,+(/ ( <at*G1>2) dz*) +// (3-G1)*
o ! -1 pos R(r'—1,74+1)

T
2

+y / / rH@nGy) +  sup / (BI*GZ)Z).
— 7 IR -1+ rrelv'=1,t+11J Zn{lr-3M|< 1 M}

m

This would allow us to estimate all derivatives of ® except for the fact that the estimates for the angular
derivatives of ® degenerate around r = 3M:
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/f (o RV £ SR O D A (A SRR L )
R(t’,7)

T+1

1 1 172 21
5C<Z/ J,iv(a;’:@)n;,+2(/ ( (8,’5!G1)2> dt*) +Z// 37 Gy)?
m=0"%v' A CL e I mep? JRE =1+

2 1
+Z// FH@mGy)?+  sup Z/ (8;13G2)2).
0 JRE =17+ rrelr'—11+1] ,— J T N{lr—3M|< g M)

We now use this known estimate and construct another vector field to control the angular derivatives in the
region r ~ 3M. The argument is simple because the estimate is only local. Take f,, (r) to be compactly
support in 3M — }‘M <r<3M+ }LM and identically equal to —1 in 3M — %M <r<3M+ %M. If we
consider X, = fan(r)dy+ in Schwarzschild spacetime, we get that the coefficient in front of the terms
with angular derivatives is i /2r, which is bounded below in 3M — %M <r<3M+ %M . In other words,
one gets an estimate of the form

—1-6 2
// r ]1{|,_3M|§éM}|Y7cI>|
R(t',7)

SC(//%( K L A CA L UL L
R(t',T

+f J,jV(cb)n;TJr/ J,ﬁV(cp)n‘g,Jrf/ (|8rd>|+|r_ld>|)|G|+/ Gz>. )
=, Y T R(T',7) R(',7)

Using a stability argument, (9) would hold also on Kerr spacetimes. One easily checks that the terms
with G on the right-hand side can be estimated in the same manner as before. Hence, the proposition
can be proved by applying Proposition 28. (Il

9. Vector field multiplier Z and decay of nondegenerate energy

We follow the definition of Z in [Dafermos and Rodnianski 2008]. Let Z = MZL +v2L, where u and v
are the Schwarzschild coordinates u = %(t —rg)and v = %(z +r3),and L =9, and L =2V — L, where
V =0+ x(r)a/(2Mr)d4+ with x being a cutoff function that is identically 1 for r <r, — %(r; —ry)
and is compactly supported in {r <r, — }L(r; — r4)}. With this definition, V is Killing except in the set
{ry — %(r; —ry) <r<ry — }‘(r; —ry)}. Let w? = 4trg(1 — )/ r. Notice that while u — oo as one
approaches the event horizon, Z is continuous up to the event horizon due to the following (however, Z
is not C' and hence its deformation tensor is not continuous up to the event horizon):

Proposition 30. In the Kerr (t*, r, 0, ¢*) coordinates,

2ry — 2M>
— ] 0,.

L=(=mie—(=m (3

In the null frame near the event horizon in Section 2.3, we can write

L=L"V+L P +LAE,, where|L% < C(1 - p).
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Heuristically, we want to show that in the region {r > r, },

f JZ0 (@)nt > 0.
ZN(rzry) '

Moreover, we would like to have

2 2
u-—+v
/ JEY (@l > / uz(L<D)2+v2(L<I>)2+(u2+v2)|Vd>|2+( : )<b2
Ten{rzry ) T Utz r

These are true modulo some error terms that can be controlled:
Proposition 31. We have
2 2, 2 2 2, .2 2 (WA
/ u”(L®)” + v (L®)" 4 (u” +vI)|[VO|* + | —5— |®
ZN{r=ry} r
<C / JE (@ +C / TN (@) +C31? / TN (@)nf .
P P2 Erm{rfr;}

Proof. The proof is analogous to that in Minkowski spacetime [Morawetz 1975] and Schwarzschild
spacetime [Dafermos and Rodnianski 2009]. Recall from the latter that on Schwarzschild spacetime, on
at slice,

wZ
") (@)nl
_ 1
Vi

Now, since ¢ and r* are stable under perturbation on {r > r, — (r, —r;)/4}, we have, on this set,

( 2(L®)? + 1P (LD)? + (u? + 02| VO + qu,cp — r*(lr—_“)qﬂ).

1
V1=p

V4
T ) (@, >

2tr*(1 —
quat*q)_
r

(L +P L O P+ +07) [V DL+ T2 g2)
r
— Cer 2 ((u? + V1) (V)2 + 17 ®?).

We now cut off ®. Define ® so that it is supportedin {r >r, —(r, —r4)/4} and equals ® in {r >r, }.
All the error terms arising from the cutoff will be controlled using the red-shift vector field:

. 1 . . .
JZ0 (St > f (vz(LCD)2+u2(L,<I>)2+(u2+v2)|Y7<I>|2)
./;, ’ ¥z Senrzry —(ry —r) /4 V1=

2rE1—mw)'? . . rE1 =,
N re(l—uw) Doy d rsd—mw " e
r r

2 Cer 2((u? +v)(VD)? + 1 d?).

The term
2erE(l—)V2 . .
/ Mq)at*q;.
ZeN{r=ry —(ry —r4)/4) r
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is to be handled by two different integrations by parts. Recall [Dafermos and Rodnianski 2009] that on
Schwarzschild spacetimes we have

~ ~ ~ ~ ~ n N 2 n
19,d =vLd+uld—r}3,;d and 19,0 = rL*(vch —uLd) - i—*a,;cp.
S N

Therefore, upon integrating by parts, we have on Schwarzschild spacetimes that

¥l — %, .
/ Mcba,*cb
SN{rzry —(ry —r)/4} r

ra ~ A N
= f ((1 —wWr* 2 (WLO +uL®)® + 53, (1 — ,U,)r(r*)z)cbz) dode dr*
e N{r>ry —(ry —ry)/4} r
1> rd

(1—,u)r2<r7s(vL<i>+uL<i>)<i>+<§ " +7S)<i>2)d9d¢dr*.

/Erﬂ{rzry—(ry—r+)/4}

Notice that in the equation above, we suppressed the volume form in our notation in the first line, while
when we write in coordinates as in the second and the third line, we write out the volume form explicitly.
Alternatively, we have

trg(l — w2

f b9, d
S N{r=ry —(ry —r4)/4) r

= / ((1 — WP (wLd —uLd)d + Lo, ((1 - /L)r(t*)z)ci)2> dode dr*
TN{r=ry —(ry —r4)/4) r
1 (t*)Z

2 7

- a —u)rz(t?(vLCi)—uL&D)fi)—l— ci>2) d6 d dr*.

/;Jzﬂ{r>ry(ryr+)/4}

We would like to imitate this integration by parts on Kerr spacetimes. On the domain of integration, we

have
19, =vLd+uLd—rid,; P, (10)
.t n . 2.
19, = — (VLd —uL®) — —9,:b. (11)
s s

The volume form on a constant ¢* slice on a Kerr spacetime is close to that on a Schwarzschild spacetime,
including in the region being considered. In other words, for r > r, — (ry, —r1)/4,

dVols, = (r*(1 — )~ V2 + 01 (e)) dr dx*d x®.
Moreover, for r > ry, — (ry —ry4)/4,

orp = (1= )+ O1(er™)d,.
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Therefore, using (10), we have

ry(l—w)'? .

/ Py,
SN {r=ry —(ry —ry)/4} r
:/ ((rri+0(€)(WLO+uL®) D+ (18, (1—wr (rH* + 0(e)) %) drdx"dx®
SN(rzry —(ry —r1)/4)
12 ) 1(r 5)2 iy
_ (1—p) (( L O(er™ ))(vch+qu>)q>+( )) )
Serzry —(ry —ry)/4) 2

Alternatively, we can integrate by parts after using (11):

»/Ezﬂ{rzr;—(r;—r+)/4} r

((rt* + 0(€) (VLD —uL®)® + (39, ((1 — )r 1)) + 0(€)) d?)

»/Ezﬂ{rzry_—(r;—u)/“}

(t*)? _
(1—M)1/2< +0(er ) (wLd —uLd)d + +O0(er ) q>2)
/zfn{rzr;—(r;—m)m} ( ) (2 )

Therefore, we have

[ @,
P
-, =
XN {r=ry —(ry —ry)/4} 1 1%
LA '

D3 d —
r r

WHL®)? +u*(LD)* + (u + )| VD)

WHL®)? +u(LD)* + ® + )|V D)

— Cer 2((u* + vH)(DD)? + 1*d?)

>

/Erﬂ{r>ry—(ry—r+)/4} 1 —K

*(] — 1/2 1 1 1/2
P TN S Y S Ul D e
r 2 r2
(1 — /2 )2 .
+&(UL(D—MLCD)CD+E( LS
r r2

— Cer 2((u* + vH)(DD)? + 1*d?)

zc</ W(WL® +uld)? + wLd — uLd)?)
ScN{rzry —(ry —r4)/4}

o o A o A~ 1. o
(1 = (LD +uLd+ 53) + WL —uLd+ = d)2 + 20 + )|V D[?)
r r
— Cer 2 ((u® + v*)(DD)? + t*ciﬂ)), (12)

where the last line is obtained by first completing the square and using ¢ < 1 — u < C in this region
of r. Let us for now ignore the error term and look at the other terms (which are manifestly positive).
By exactly the same argument as in [Dafermos and Rodnianski 2009], these positive terms provide good
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estimates:

f w((WLD +uL®)> + (VLD — uLd)?)
S N(rzry —(ry —r1)/4)

2 s Tg a2 2 AP 2 2 w2
+(1—p,)<(vL<I>+uLCI>+—CI>) +(qu>—qu>+—<1>) +2(u” +v7) |V )
r

>cC

f ( LD +ud (LB + (a2 + o)) VB + 5 +“ c1>2)
Sy —(ry —r)/4)

—I—Ce/ (WP + 0D (DD)? + D).
ScN{rzry —(ry —r4)/4}

See [Dafermos and Rodnianski 2009] for the proof. This together with J lf’ (é)n’éf bounds the error term
in (12):

f 2 (W + 02 (D)2 + 1 d?)
S N{rzry —(ry —ry)/4)

scf (Lo +12Ld) + +v)|vd>|+”+”&>)
SeN{rzry —(ry —ry)/4}

+C (LD)?
Y N{r>t/4}

<C

/ ( LD +ud (LB + () VP + 5 +” c1>2)
Sy~ —r)/4)

+c/ I (@)nf
P2
< c(/ w((WL® +uL®)?> + LD —uLd)?)
ScN{r=ry —(ry —ry)/4}
N2 * N2
4 s Tsa 2 A 2 2w 2
+(1—,LL)<<UL<D+MLCD+—CD) —i—(vLCD—uLfD—i-—d)) F 2P+ )|V ))
r r
+C / IY (@) .
=, ‘
Therefore, if € is chosen to be small enough, then (12) implies that
Z »n A
f JEW(D)nk + / TN (@)nk
e P
2+
Zc/ (LB + 2 Ld) + @+ VIR + = 82). (13)
) ﬂ{r>rY—(rY —ry)/4}

We note that ¢ here is independent of the choice of r,. With this bound we would like to estimate
sz & (1, r)3. Using (13), there exists a 7 € [y, 7, + 1] such that

/d)(r,?)zzf d(r, 7)) <Cr? / JMZ””Z(QAJ)n% +/ TN @)k ).
s? s? . ’ ol i
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Then for every r € [ry, ry ], since ®(7,7) — P(r,r) = frf 0, ®dr, we have

/ d(t, r)2 < / d(t, f)2 + @7 —r) Jliv(dl')n%
s? s? . N[r7] '

< C/ J,iv(fb)n%f + Ct_2<f JMZ’"’Z(Ci>)11’§r +/ Jﬁ(é)n;)
.N{r=ry} X X

Now we need to obtain estimates for ® from that for ®. It is obvious that

(14)

/ (v (L) + uX(LD)* + (u? + 12|V D +“ +” c1>)
S.N{r=ry}

s/ (v (LH)? +12(L D) + 2 + ) YD + +” &)
. Nfr=ry}

u? +v A
5/ (PLdP 42 + (2 4 DI+ 7).
> ﬂ{r>r;—(r;—r+)/4}

and

/ JZ (Dynt + / IN (@l
%, e

z
5/ Jo (¢)n’§r+/ Jliv(q))n;r—{—CTZ/ . J:’(@)n’gr—l-Crz/ @’
Er ZT Ern{rfry } Er m{rfry }

(where we have used Proposition 30 to show that the u? factor comes with a factor of 1 — )

< / JEU (@)nl + / Y@k +C? / TN (@)nf,
T P Z.N{r<ry}

+C(r;—r+)</ Jf’wz(&))nlér-l—/ Jg(é)#ﬁf)
T ET

z
5[ JE (CD)n;T—i-/ J,iv(q>)n’gr+0r2/ N (@),
P X SN{r<ry}

1 / ZwZ ;&N 1 / N &N\, M~ )
+ = JoV (D)nk + J N (DP)n (15)
2( o I e s, w X

for r, chosen to be sufficiently close to 7. Then
f Ji,wz(&))nér + / I (Pyn,
T 2T
5[ Jf’wZ(CD)n;T—i—/ J,iv(q>)n’gr+0r2/ Y@y . O
PR Pl TeNfr<ry}

Remark. From this point onward, we consider r, to be fixed. We note again that r, is chosen so that
(5) and (15) hold.
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Remark. The proof of the proposition above in particular shows that
/ Jf’wZ(QD)n’é +Ct? f I (@)nk >0.
T i X m{rf";} i

To use this proposition, it is helpful to have a localized version of ®. This follows [Dafermos and
Rodnianski 2008; 2009]. The idea is to use the finite speed of propagation and cutoff & outside the
domain of dependence. Focus now on the time interval [t/, 7]. Take G to be any smooth function
agreeing with G on the domain of dependence of the region (t* =, r < 7/2). Let &D(t’) = x® (1) and
3P (1) = x 8+ D ('), where x is a cutoff function identically equal to 1 for r < %‘L’/ and compactly
supported in r < %‘E/ . The region for which x is one is inside the domain of dependence of the region
t*=rt,r<t/2)if ' <7 < (1.1)T". We solve for DgKCTJ =G.

With this definition of ®, we have two ways to estimate the nondegenerate energy of ®:

Proposition 32. We have

L.

/ IY (dyn < C? fz y }JI’LV(CD)n’;r,JkC(r’)_Z( / I (@) + / Jlf’“’z(CD)n’ér,).
7 </ rSrY ’

!

I (dm <C /E I (@)

T/

T T 2'{

Proof. The first part is an easy application of Proposition 21:

J

I (@5 <C /

S N{R<r<57’

(D®)* + (t)) 2 d?)
o }

gcf (DD)* +r?®?) gcf TN (@)nf, .
SoN{R<r<21') '

0T )

Following (14), we have

f <I>2§C<f J;V(cb)n’§,+/ <I>2>.
SoN{r<ry} SoN{r<ry} ! SoN{ry <r<ri}

Y

Using this and Proposition 31, we have

/ I (@)
)

=C / (D®)* + (r)) 2 9?)
Er/ﬂ{rfl%r’}
<c| (D®)? + @?)
oN{r<ry}
2 2 2.2 2 2.2 2 u? 4+ v? 5
+C@')” / <u (L®)* + v (LD)* + (u” +v°) |V P| +<—2 >q>)
N{ry Srgl—gor’} r

<cC? f gy (cp)n’gr,JFC(r’)Z( / I (@)l + f waz(cp)ngr/) O
Er/ﬂ{rfry} P ’

T/ T
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The cutoff procedure above will also allow us to localize the estimates for the bulk term:

Proposition 33. Let G = G| + G, be any way to decompose the function G. Then for v’ <t < (1.1)7/,

we have

(1) the localized boundedness estimate

f IV @l + / IV @l + / / KN (@) + / / K% (@)

2.N{r<t/2} i H(z',T) R/, T)N{r<ry}) g{(r’,f)ﬂ{rS%[*}
T+1 1/2 2
=o(f o= ([ ([ ) @)

7/ '—1 [*ﬂ{r<mt*}
+f/ G2+Z// rI (B G,)?
R(t'—1,7+1)N{ r<7t* R(t'—1,t+1)N{r *}
+ sup / Gzz);
et/ 1L1+11 S T N{Ir=3M| < § MIN{r < 551*)

(2) the localized decay estimate

f T (®)n +f J,§V(¢)ng€++// KN(<I>)+// KXo (®)
z.n{r<it) ' ¥(t',7) R, DN{r<ry’} R ONfr=1r*)

5c(12/ JEHNw? (q>)n2/+c/ I3 (@) )
o XoN{r<ry}

T

T+1 1/2
AU i) ) c
'—1 ,m{r<—t*} R(t'—1 r+1)m{r<—z*}
+Z / | AU | G%)-
R(t'—1,74+1)N{ r<7t*} t*e[t'—1,7+1] S ZxN{|r— 3M|< M}ﬂ{r< 51}

Proof. Applying Proposition 28 to the equation [, ® = G, we have

f TN @)k + / TN (@)nl. + / / KY(®) + f / KX ()
ZNfr<;37) ! H('\7) R, Nr<ry} R, ON{r<1r)
3 ot N2 N2 }
§C(/ J/f’(d))n‘gr, + (/ (/ G%) dt*) +// G?
o /=1 pos R(T'—1,7+1)

I
E )
%(r’—l,r—i—l) el —1,r 411 S n{lr—3M|< g M)

m=0
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Since by the finite speed of propagation, ® = ® in {r < %t*}, we have

/ 1 Jg(@)n’ér—{—/ J,f(@)ng€++f/ i KN(<I>)+// 1 KXo (d)
ZNfr=<;7) H(t',7) R, T)N{r<ry } R, ON(r<1r)
) T+1 y 1/2
sc(f, weome ([ () Gl> ) off
o /-1 pones R(t'—1 r+1)

Bl )
R(T'—1, .[+1) t*e[r’—l,‘H—l] E,*ﬂ{\r—3M|S%M}

Now, we choose a particular G. Define G to be G for r < 17—0t*, and O for r > %t*. It can be easily
shown that one has the bounds

B m * \ k "
G| <C Z)((I*T> oG = e YN FarTrG) for = for
k=0 k=0

Therefore, we have

/ T (@)n + / TN (@)l + / / KN (@) + / / KXo (®)
Zrﬂ{rg%r} ¥H(t',7) R/, T)N{r<ry} R(t/, r)ﬂ{r<lt*}
- T+1 1/2 5
el 0 (o L
o ' '—1 M Eanfr<gyrt) R~ 1T+ DN{r<15t*}

Bl )
G~ 1, e+ DN{r 3} el —1e+1]J S 0{lr=3M|< g M}

10

We can now conclude the proposition using Proposition 32. (]
We can remove the degeneracy around r ~ 3M using an extra derivative.

Proposition 34. Let G = G| + G, be any way to decompose the function G. Then for T’ <t < (1.1)7/,
we have

(1) the localized boundedness estimate

/ / KX (@)
R(t/, t)ﬂ{r<lt*}

+1
<C(Z[ TN @yt +Z</ (/
/-1 Nfr %
5> I/ ,”»3G1)2+Z// PGy
R/ =17+ DN < 7517 0 IR =L+ DN < F1%)
1

O"Gy) )1/2dt*)2

m=0

+ sup (3% G2) >

relr'—1Lt+1], [2,m{|r—3M|5gM}n{r§]"Oz*}
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(2) the localized decay estimate

// K (@)
R(t/, r)ﬂ{r<lt*}

<C( —2zf Jz+1vw (G CID)nZ/—{—CZf

T+1

1
+C<Z(/T,_1 <f2,m{r§19 (0+G1) >1 dt +Z f/%(ﬂ_lﬂrm . (8 G1)>

I3 (3 Dy, )

SoN{r<ry}

+ Z f / P OMGy)? +  sup / 0" G») )
oo Y YR =1L+ DN{r<75%) e[t/ =1 t+1] ) —0 J e N{lr=3M| < g MIN{r < g51%}
Proof. We repeat the argument in Proposition 33, using Proposition 29 instead of 28. (Il

When using the conservation law for Z, we can ignore the part of the bulk term that has a good sign.
Definition 35. Let k2" (@) = max{K 2% (®), 0}.
Using the conservation law for the modified vector field, we have a one-sided bound:

Proposition 36.

VA zZ
/ Jlf’w (P)n, + / Jlf’“’ (®)nky,
B H(t',T)

< C(T/)Z/ I (@)nf +/ Jﬂz,wz(@n‘gr,
N{r<ry'}

<

+// Kf’wz(d>)+‘// W LO+ v LD — Lwd)G|.
R(t',7) R(t',7)

Remark. In the proposition, the left-hand side is not claimed to be positive. Note, however, that the
right-hand side is positive by the remark on page 591.

Remark. We note also that

/ JZV (@)nlk, =0
H(t',T)

because Z and ng€+ are both null and future directed and w? = 0 on the event horizon.

To show that /Ef JMZ*“’Z(dD)n‘éT is almost bounded, we will have to show that

N
/ TN (@l
oN{r<ry}

in fact decays:
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Proposition 37.

a.n-1z

< CZI_Z/ TN (@ +Cr—2/ JZ0 (@)n
X2, Mr=ry} o 2

1.n2¢

+Ct? // Kf’wz(q))-l—C‘L'_z)// (u2L<I>+v2L<I>—A%w<I>)G)
R(1.1)"27,7) R(1.1)"27,7)

T+1 1/2
+ C(( / ( / G3) / / G%)
(D201 V Enfr< 5%} RULD2r—Lr+DN{r=<151*}
1
+C<Z f/ rI @ G,)? + sup / G%).

m=0 ¥ JRAD =1 e DN{r < 5517) rrel(1.) 2t —1,7+11J ZeN{Ir=3M| < EMIN{r < F51)
Proof. By Proposition 33(2) applied to the ¢* interval [(1.1)"!t, ], we have
// KN (@) §Cr_2/ JZN (@)l +C2/ T (@)nk

R((L) T, 0Nfr=ry} b n Bt Mr<ry)

+C(Z / / rIOmG)? + sup f GZ).
RULD =L r+DN{r=<51%) rre[(L.) "1t —1,741] J ZN{lr—3M| < § M}

By taking the infimum there exists T € [(1. 1)~'z, 7] such that

a.n-l¢
1.n-1z

/ Y (@ <cr! // KN(®).
Z:0{r<ry} RAD e, o)Nfr=ry}

Hence,

N
/ Ju (<I>)n’§f
ZiN{r=<ry}

sCr_Z/ JEN (@l +C2r_1/ TN (®@)nk,
b b= B 1N

a.n-le an-1.Mr=ry}
( / / rienG): + sup f GZ).
RLD =17+ DN{r< 51+ rrel(1.1) " 1—1,7411/ 2 N{lr—3M|<§ M}

We apply Proposition 33(2) to the t* interval [7, ] and use Proposition 28 and 36, getting

a.n-1z
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N 1%
/ GO
S N{r<5t*}

§C(r_2/ JEN (@ynk +C/ TN (@)nfs,)

TiN{r=ry}

( / / rI @G>+ sup / GZ)
R~ T =114+ DNfr< 2%} rre[(LD) "1t —1,741] J SN{lr—3M|< I MIN{r<F51%)

<Ct? (/2 J/lZ+N’wz(q))nl§f+f J"ZJFN’WZ(CI))”;(LD*H)

4 Z(1.1)*1r
2_-—1 N m
+C*t fz . AU
an-tNr=ry}
+C(Z / / PORG+ sup f Gz>
RULD =1L+ DN{r=< 5%} tre[(1.1) "1t —1,74+1] J T=N{lr—3M|< E MIN{r<F51*)
SCZTI/ J,f’(CD)n’é X +C12/ 15+N,wz(q))n,é 1
B -1 Nlrsry} an=te Z-1s a.n-le

+Cr 72 f/ Kf"’z(d>)+c?r—2|f/ W LO+v’ Ld—iwd)G]|
R(L.D~'7,7) R(L.D"7,7)

+C(Z // rI Gy 4+ sup / Gz).
R(LD T =1, r+DN{r< 5%} rre[(1.D) " t—1,741] d T N{lr=3M|< g MINfr < 51*)

Replacing [(1.D)7 'z, o] with [(1.D %z, (1.1)"!z], we get also

N M
/ 1 JM (q))”2,
z 1,N{r<51*}

(1.n=

— _ z
<C*t! JN (@)nl, +Ct7? JZENWT (@)nk,
- H (1.n72¢ s an=2r
2(1 -2 N{r<ry'} z

1.H2¢

-2 Z,w? -2 2 2 1
+Ct Ky C(@)+Crt (u"Ld+v L@—ZwCD)G
R((1.1)"27,(1.1)"17) R(1.1)"27,(1.1)"17)

1
C(Z f/ rI O G)?
0 Y JRLD2e =1, (LD~ 4+ DN{r < 1524}

+ sup / G2)
rre[(L) 20— 1,(L.D o411/ EpN{lr—=3M| < g MIN(r < 151%)

Therefore, plugging this result into the previous, we get
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N 12
/ GO
Z.N{r<51*}

< C%—Z/ TN (@)nk, +Cr—2/ JZ0 (@)n
_ (.27 M
E(H),grﬂ{rfry} b

1.)2¢

+Cr? /f Kf’wz(dD)-i-Cr_z‘// 2L+ v LD — %wdD)G‘
%((1.1)—2r,r) %((1.1)—2r,r)
1
+C<Z // riHamG)?
0 ¢ YR(AD2r—Lr+DN{r<151%)

+ sup / G2>. ]
rrel(1.D)2r— 10411 Y T N{Ir=3M|< g MIN{r < 751%)

Proposition 37 immediately gives control over the nondegenerate energy and conformal energy using

a.n-1z

Propositions 31 and 36, respectively:

Corollary 38. Forany y < 1,

VA
/ TP ( @)k +C? / TN (@)nf,
T ZN{r<yrt}

< C(/ ‘]szwZ (cp)n’;ro + C/ JIILV(CID)n’gt0
b

70 2 L)

+// Kf’wZ(CD)—i-‘// (uzgq>+v2Lq>—}qu>)G‘)
R(10,7) R(70,7)

1
+C(Z // ' @26+ sup f (t*)ZGQ).
o Y YR@o—1Lr+DN{r<f5r*) trelro—1LT+11J ZxN{Ir=3M | MIN{r<F51%}

Proof. By Proposition 31,

= f IY (@ <C / JZN (@) 4 2 / TN (@)nf, .
X.N{r<yrt} o D)

Nr<ry}

Therefore, by Propositions 36 and 37,

/ JMZ’“JZ(CD)n’;r—l—Crz / IV (@),
hoM X.N{r<yrt}

§C<f2

N n
Jy (<I>)nz(l_l)72r —|—/

2:(l.l)*zr

z
JE @l +f/ K2 (@)
(1.n=2 R(1.1)722,7)
2 2 1
/)
R((1.1)27,7)

1
+C12<Z // r @Gy + sup / G2>.
= I 2e-140) rrel(1.)2t—1,0+1]J Sn{Ir=3M|< i Mynfr<1%)

We then use the same estimate for [(1.1)"*z, (1.1)~2¢], [(1.1) %z, (1.1)"*7], .. .. U

1.)2¢
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The term | f%( 0.7) Kf’wZ(QD) can be controlled. Here is where the control of the logarithmic diver-
gences from the red-shift vector field is crucially used.

Proposition 39. We have

// Kf’wZ(QD) <C /f TN (@ +rTd) e f/ () KN (D).
R(t',T) R(t', )N{r>ry } ' R/, )Nr=<ry}

Proof. See [Dafermos and Rodnianski 2008]. O
The bulk term arising from the inhomogeneous term G can also be controlled.

Proposition 40.

‘// (u24q>+v2Lq>—iwq>)G}
R(t0,7)

<& / / (t*) 2 KXo (D) + & / / )2 KN (@)
R(ro, T)Nfr<51*} R0, D)N{r<ry }

+68' sup (f JMZJFN’“’Z(q))n’“E‘*—i—(t*f
Sen(r=1r%) !

t*€[19,1]

I @)
Sn{r<2m) !

1 t 12 2
+C@)! Zf/ (t*)2r1+5(8t"fG)2+C(5/)—1<[ </ r2G2> dt*)
m=0? I R(T0, DN <317} 10 W Ean{r=1r)

+C@)7! sup / (t")?G>.
E,*ﬂ{r;SrS%M}

t*elto,7]

Proof. Two regions require particular care. The first is the region {r < r }, since the coefficients of the
vector field Z are not bounded as r — r. The other is the region {|r — 3M| < %M }. This is where
trapping occurs and where the integrated decay estimate degenerates or loses derivatives. We first look
at the region {r < r,} using the null frame:

// WL®+v°Ld — twd)G
R(zo.ON(r<ry )

sc//%( @R EDIITOG]+ (1= IV G]+ (= Y IV, 86D
70,T)N{r<ry

A
(using Proposition 30)

sc/f (2 (lloglr — 14|21V BG| + V0G| + ¥ Ve, &Gl
R(wo,T)N{r=<ry} A

= ff ()2 (lloglr —ry [1'(Vy @) + (V3 @) + 3 (Vie, @)
R(wo,T)N{r<ry}

A
+C(5/)71 ff (t*)ZGz
R(zo,T)N{r=<ry}

<d f / @’ KM (@) + @) / / ()G
R(z0,T)Nr=<ry} R(z0,T)Nr=<ry}
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For the region {r, <r < %M }, where trapping occurs, we integrate by parts in ¢* so that the bulk term
does not have 9, ®, which cannot be controlled by the integrated decay estimate.

‘// (uzL,QD—i—szCIJ—A%wCD)G‘
R(t0.0)N{ry <r<F M)

§C// (t*)2|8,d>G|—|—(t*)2|d>8,*G|+t*|d>G|+/ 12|¢G|+/ 2| PG|
R(r0, )N {ry <r<¥ M} =, )

T

12,1 1/2
[0 (L)
R0, DNr=F M) oY SR 0Ny <r<E M)

H// T (@) +5’f 73 J) (D)
SeNlry <r<ry <3 M) ‘ Eroﬂ{r;SrS%SM} 0
+C@H7' sup / (+*)2G2,
t*el7o,7] Et*m{r;fi’f%M}

using Proposition 21. We then move to the region {%M <r< %t*}:

(// W2L®+ 0L — Lwd)G
R0, 1) P M<r<}1*}

SC// ((t*)*|0®| + 1*|@))|G|
%(TO’T)H{%MSVS%I*}

1/2
(o, DONF M=<r=j1*) '

1/2
X <// (r3+5 4 (t*)2r1+5)G2)
R(ro, DN B M <r<it+)

1/2
(o, DONF M=<r=j1*) '

1/2
R(ro, DN B M <r<it+)

Finally, we estimate in the region {r > %t*}:

‘// W2L® +v2Ld — Luwd)G
R(r0,T)N{r= 11}

1/2
z
<C sup ( f JET (@ + () / J,iv@)n%,*)
t*elry, 7] \J e N{r=> 11} xN{r<ry)

T 1/2
X / (/ r2G2) dt*,
79 \J ZxN{r=117)

where we have used Proposition 31. The proposition follows from Cauchy—Schwarz. U

We have therefore proved the following decay result associated to the vector field Z.
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Proposition 41. For sufficiently small positive § and §8' and 0 < y < 1, there exist ¢ = ¢(8,y) and
C = C(8, y) such that the following estimate holds for any solution to U, ® = G:

z
¢ / TP (@)n + 17 f TN (@)n,
P X.N{r<yrt}

§C/ JMZ“LCN’“’Z(QD)n’;TO—i—C// Fro KX ()
)

7 R(70,7)

+Cé' // (t") KXO(¢)+C(5/+€)// )2 KN ()
R(ro, DN{r<11%) R(z0,1)N{r<ry )

T 1/2
+C(5’)—1(/ </ r2Gz> dt > +C ()t Z// )" G)?
10 \JZxN{r=>1r7) R(t0, TIN{r< 151}

+C@H7t sup / (") G>.
SN{ry Sr<3g M)

t*€l1,7]

10. Estimates for solutions to L1, ® =0

From this point on, we consider [1,, ® = 0. In this section, we write down the energy estimates derived
by Dafermos and Rodnianski [2008]. These will be used in later sections.

Proposition 42.

2 N Z+N,w?

T / (@ e / TN (@)nk
z.Nfr<it) A

2
scfﬂz(/ JE (o o)y / J;V(a;’:@né,o).
m=0 E )

0

Proof. We introduce the bootstrap assumptions:

rzf TN (@)nf, +c/ JEN (@ <A2r”2/ JEHEN? oy . (16)
z ﬁ{r<lr} p

r2/ TN (- @)nk, +c/ JEN (@ <Ar]+'72f JEHENw g oy . (17)
=.Nfr<ic) p>

m=0

Here we think of n as a small positive number. We divide the interval [, T] dyadically into 79 < 71 <
- <11 <1, =1 with 7,4 < (1.1)7; and n the smallest integer for doing such division. We then
have n ~ log|t — t’|. We can now apply Proposition 33 on the intervals [t;_1, 7;] and use the bootstrap
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assumption (16):

f/ KXo (®) + /f KN (®)
R(i—1,7)N{r<51*} Rz, T)Nr<ry}

sc<r;2 / JEV (@l +C f TN (@)n )
¥ fi-l Se_ Nirsry} fi-l

Ti—1

2
< CA% > / J,LZ+CvaZ(a;’:q>)n‘;r .
m=0 z 0

Similarly, we can apply Proposition 33 on the intervals [7;_1, ;] for 9, ® and use the bootstrap assump-
tion (17):

/ f KXo, 0) + / / KN (3 ®)
R(ti1.TNr <317} R(ri—1, )N {r<ry}

< C(‘L’i_Z/
R

2
—1 z
<CAr, "y f A CHE ST
0
m=0" X1

JE @y, +C /

TN (8- D)y, ])
Eriflm{rfr;} -

By Proposition 29, we have

1
—148 - X N w
f/w RN @0) < C > :/ Y @k, .
Ti—1,Ti) m=0 PR

By Propositions 29 and 34, we have

// rI KX (@)< C// KX (@) +Cr ' // KX1(®)
R(Ti-1,7i) R(ri1,T)N{r<51%} R(ri1,1)N{r=51%}

2
<CAr ™" Z/E T AR CHE VL
0

m=0

Applying Proposition 41, we get
c / JEN (@)t 472 / IV (@)l
P EeN{r=<yrt}

< c/ JMZJFCN'“’Z(CD)n’érO-i—C// A G ()
Zy R(t0,7)

+Cé f / (") KX (@) 4+ C(8 +¢) f (t*)2 KN (d)
R(rg, T)Nfr<51%) R0, T)N{r <ry }

n—1 2
< (C + (c +CA+CA* (28 + e)) > r,.") > / A (CALOLSN
i=0 7/ m=0"%n
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<(C—|—77_1(C+CA+CA2(25/+6))‘L'77)Z/ JZ+CNw €K o1>)nZ

Now take A large, ¢ =1n/(4C) and 8’ = €/2, we improve (16). Applying Proposition 41 again, this time
to d;+ P, we have

zZ
c / TP @ @)k, +1° f T (0 @)k
. ZN{r<yt}

< Cf JlwaCN,wZ(at*(D)nléro +C/:/ t*r71+5KX1(8t*q))
x

7 R(70,7)

+C¢’ // (t*)*KX0(3- @) + C (&' +e)/f (t*)2 KN (8, D)
{)]t(ro,r)ﬂ{rglz*} R(t0,0)N{r=<ry }

n—1

(C+CZt,+CA(28 +e)Zr )2/ SN ot

<(C+Ct+CAQS +e)r1+'7)2/ JEHENT g D)ty .

Now taking A large, 8’ = € and ¢ sufficiently small, we also improve (17). (I
In particular, the theorem of Dafermos and Rodnianski [2008] is retrieved.

Corollary 43 (Dafermos and Rodnianski). Suppose U, ® = 0. Then for all n > 0 and all M > O there
exists ag such that the following estimates hold on Kerr spacetimes with (M, a) for which a < ag:

(1) The boundedness of nondegenerate energy:

f ) (@)n + / J (@)l + f f KN (®)+ / / KX (@) =C / VACOLSSE
T — 70
. ¥ (70, 7) R(w0,D)N{r=ry} R(t',7) Zy

(2) The decay of nondegenerate energy:

IZ/E { }J;V(cb)n’;TH/ JZ+Nw (P)nf, <cf1+"2/ JZ+CNw G <1>)nE ,
Nr=yt T

r2/ J;V(@)n’;TH/ JEN (@) SCT”Z/ JEHENWE g o .
. .N{r<yrt} PP

(3) The decay of local integrated energy: For v’ <t < (1.1)7/,

// KX°(®)+f/ KV(@) <Ct” 2*’?2/ JEHCN W om o)y
R(t’ t)ﬂ{r< t*} R/, ON{r=ry}

]l K@ zcr Y [ e g
R ONfr<ir m=0" 7
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Proof. Part 1 follows directly from Proposition 25. Part 2 contains two statements. The second is a
restatement of Proposition 42. The first is evident from the proof of Proposition 42. Part 3 again has
two statements. For the first, we revisit the proof of Proposition 42. The bootstrap assumptions are true;
hence it holds. For the second statement, we note by comparing Propositions 33 and 34 that KX! can be
estimated in the same way as K X0 except for an extra derivative. The second statement in 3 can then be
proved by rerunning the argument in Proposition 42 with an extra derivative. (I

11. Estimates for ¥ ® and elliptic estimates

Away from the event horizon, we can control all higher order derivatives simply by commuting with 9«
and using standard elliptic estimates. We write down a general version of the estimates in which we have
inhomogeneous terms.

Proposition 44. Suppose Uy, ® = G. For m > 1 and for any a, we have
(1) the boundedness of weighted energy,

m—1 m—2
/ ra(qu>)2 <Cqum (Z / r“Jlf](atj*QD)n’;r + Z/ r“(DjG)2>,
Efﬂ{rZr;} j=0 X j=0 P

(2) and the boundedness of local energy, that is, forany 0 <y < v/,

m—1
/ re(D"®)? < ca,m,y,y/(z / r*JN @) ok, +7oF? / rP 7N (®)nk
Zrﬂ{r;iri)/t*} j=0 N{r<y’t*} i P ‘
m—2
|
j=0""%

Proof. This is obvious for m = 1 (even without the restriction r > r,’). We will proceed by induction.
Take § < (ry —ry)/4. Assume

m—1 m—2 ) m=3
> / r“(D]d>)2§C<Z / rJY @l ol + ) / r“(DJG)2>.
io1 Eentrzry 28) ooE i s

We want to show

m—1 m—2
/ (D" ®)? < c(Z/ rJ N @ o)nk, + Z/ r“(Df'G)2>,
:N{r=ry, =8} =0 2 =0 P>

which would then imply the conclusion. Denote by Ag, the Laplace-Beltrami operator for the metric

r*(D’ G)2>.
)

N{r<y’'t*

gk restricted on the spacelike hypersurface on which ¢* is constant. Since 9;+ is Killing, the operator is
defined independent of *. Then we have

k+1
[Age, D¥10] §CZ|D-’<I>|.
j=1
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Denote by V the spatial derivatives with respect to the spatial coordinate variables in the Schwarzschild
(15, 75, x_]g, xé) coordinate system. On the set {r > r, — (ry, —ry)/4}, Ag, is elliptic and therefore
controls all spatial derivatives:

/ ré (D" ®)*
N{r=ry, =48}

< c/ r*((Agy D" 2®)? + (D1 0)? + (37 V D)% + (371 D)?)
.N(r=ry —28)

m—1
<C / re ((Dm_zAgk ©)’+ Y (DI @) +r 207+ (327 V) + (3! c1>)2)
Erﬂ{rzr;—ZS} j=1

m—1
t*
ing the induction hypothesis. The third term can be bounded using the Hardy inequality in Proposition 21.

The last two terms are obviously bounded by C |, s J /iv (o (D)n’)ér . The second term can be bounded us-

Finally, to estimate the first term we use the equation [l,, ® = G. Then, by the form of the Kerr metric,
Age®=G —g"" 92 ® —2g" %" 3,43, ®. Therefore,

/ re(D"™ Ag, ®)?
:N{r=ry, =26}

<c| P05 )+ (D" 26))
ZcN{r=ry, =28}

m—1 m—2
<o(X [ raraiont + Y [ rwicr)
j=0"% j=0"%

where at the last step we have used the induction hypothesis for 9, ®. We have thus proved the bounded-
ness of weighted energy. To prove the second part of the proposition, consider the function y (r/t)®(7)
for a fixed time t* = 7, where x : R>9 — R is supported in {x < y’} and is identically 1 in {x < y}.
Now

Oy ®=xG+17 179,04+ 1724,

where ¥ and )% are supported in {y <t*/r < y’}. Thus, by the estimate just proved,

/ ré(D" ®)?
BeN{ry sr<yt*}

m—1
<Ca (Zf r*J N (3] oty +/ re Tt 4
j=0 Y ENlr=y't} N {yt<r=<y'tv}

m—2

>/ r“(Df'G)Z)
ZN{r=y't*}

j=0
m—1 m—2

<Cq (Z / r* 1Y @)@k, + 1P / PPN (@ +)° / r*(D/ G)2>,
j=0 ZeN{r=<y’r*} P2 j=0 ZeN{r<y’t*}

by the Hardy inequality in Proposition 21. O
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Remark. The boundedness of local energy should be seen as a decay result because for example for the
homogeneous equation, the right-hand side of the inequality decays.

Near the event horizon, higher order derivatives can be controlled by commuting with the red-shift
vector field as in [Dafermos and Rodnianski 2008; 2011]. The computation here will be completely
local, that is, only in the region {r <r,}.

We have the following estimate for higher order derivatives:

Proposition 45. Suppose Uy, ® = G. For everym > 1,

m—2
/ (D" ®)? < c( / IN@L Vo +)° f
.N{r=ry} XN{rsry) =0 P

Proof. This is obvious for m = 1. We will proceed by induction. Suppose, for some m > 2 that

m—3
/ IN@Lv*oml +)° / (DjG)z). (18)
2N y j=0 ZeNfr<ry}

(DjG)z).
jAk<m—1 rm{rfr;}

m—1

7y 2
Z/;rﬂ{rir;}(D ? SC( Z

=0 jtk<m—2 rsry}

Since [, (3;+®P) = 9;+G, this immediately implies

m—2
/ (at*Dm—ICI))z S C< / Jliv(atj*?k(b)nl;t + Z /
e N{r<ry} ZeN{r<ry} j=0 N

Since [, @ = G, we have [, (I?CD) =YG+ O(1)(D*® + D®). Then using the induction hypothesis
(18) (both on Y® and ®), we have

m—1
Z/ (DY ®)?
j=0 ZN{r<ry}

(D’ G)2>. (19)
)

Jtk<m—1 rsry

m—3 m—1
=c( ¥ paiens o3 [ ety [ wier)
Jj+k<m—2 EcN{r=ry} j=0 P =0 YeN{r=ry}
. m—2
< c( / IN@LY o +) (D G)Z). (20)
jtk=m—1¢ ZeOr=ryl im0 U ENlr=ry}

Using the null frame {V, Y, E;, E»},
g (D" 72®) = —4V,; Ve, D" 20 + AD"2® + P D" 2,

where P; denotes a first order differential operator. Notice that we also have

m—1
| T (D" 2®)| = [Ty, D" 2]1® + D™ 2G| < C(Z|Df<b| + |D’"—2G|).
j=0



A VECTOR FIELD APPROACH TO IMPROVED DECAY FOR SOLUTIONS TO THE WAVE EQUATION 607

Now using a standard L? elliptic estimate on the sphere, we have

m—1

/SlezD’"_2<I>|2dA <C Lz ((Dm—26)2 +) (DIo) + (Dm—lv?cp)z) dA,
j=0

where we notice that the constant can be chosen uniformly because the metric on the sphere is everywhere
close to that of the standard metric. Therefore, after integrate over {r; < r < r,} and applying (18)
and (20), we have

m—1

/ |V2D"29)? < c/ (D"2G)* + Z(Df'cp)2 +(D"'V, @)%
=:N{r<ry} e N{r<ry} j=0

<c< Z /qu IN @)V o)k +Z/

N{r=ry}

(DjG)2>. (21)

Combining (19), (20) and (21), we have

/ (D’"cI>)2<C< Z f JN(af Y o)nk +Z/
XN{r=ry} SN{r=ry}

jtk<m N{r=ry}

(D’ G)2>. 0

We show that the currents associated to Y¥® can actually be controlled. Again, in view of the nonlinear
problem, we work in the setting of an inhomogeneous equation.

Proposition 46. Suppose Uy, & = G. For every k > 0,

f TN (P*®ynk, +/ TN (Y @)n +/f KN (r )
Efﬂ{rfr;r} i ¥H(t',7) t R(t',T)N] r<r;}

<c< > /Emm I @), qu>)n2,+2f JN @) oy

Jjt+m=<k N r<rY
k
+ /[ (@%+ J N @yl )+ // (DjG)2>.
jgo R ONr<R M) > Z R(t', ONfr=3 M)

Proof. We prove the proposition by induction on k. The k = 0 case is trivial because the right-hand side
simply contains more terms than the left hand side. We suppose the proposition is true for k < ko — 1 for
some ko > 1. Commuting [, with Y for ko times, we get

ko
O Y50 = kb7t e + 0(1) 758, @ + 0(e) D + 0(1) Z D/® + YhG.
j=1
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We now use the energy identity for the vector field N, that is, Proposition 9 for Y¥®. Notice that ¥ is
supported in {r < r;r } and therefore each term is supported in the same set. Then

f TN (Frodnk + / TN (FRodynk + / f KN (7hop)
2,ﬂ{r<ry} #(t0,7) R(t0,T)N{r<ry}

=/ Jév(ffk()@)n’ém —i—e// KY (Yhoo)
po R(to,T)Nry <r<rY }

0

+ // (0 YR D + eYFt 1 ) (—K’W"O“ ®+ 01"y,
R(t,T)Nfr<r}

=ry ko
+0@E© Do+ 0(1)) D/ + ?kc).
j=1

The crucial observation in [Dafermos and Rodnianski 2011] is that one of the inhomogeneous terms has
a good sign and thus gives

/ JN (Ropynl +f JN PRopynt +// KN()?kocp)_|_f/ (Phot1 )2
" H(t', 1) R, T)N{r=<ry} R(t',7)

§C(/ 7Y Yk°d>)n // KN(Y"OCI>)+6// (DXt @)?
Erzﬂ{r<r)f} R, )N{ry <r<rY} R(t’, )N r<rY}

+f JY (0940 1CI>)nZ*+Z// iop+ [[ (Y“G))
R(t’ r)ﬁ{r<ry R(t’,T)N r<ry} R(t’,7)N{ r<rY}
ko+1
gc(/ TN (YR ®ynky +Z// (D’ ®)? +e// (DRl )2
/ﬂ{r<ry R(t', T)N{ry <r<r,,} R/, O)N{r=ry}
+/f IV @ PHo 1q>)nz*+2// (qu>)2+// (?kog)z>.
R/, ON{r=ry} R(t', ON{r=ry} %(r’,t)ﬂ{rgr;'}

Using Proposition 44 with an appropriate cutoff, we have

ko+1

2 I/ (Diop
R, T)N{ry <r<rY}
ko—1
<C< // (q>2_|_JN(8 d))nz*)—i—Z// DJG)z)
R, ONr<E M} R, ONr<E M}



A VECTOR FIELD APPROACH TO IMPROVED DECAY FOR SOLUTIONS TO THE WAVE EQUATION 609

Using Proposition 45, we get

ko

> (/o
R/, )N{r=ry}

j=1
_ ko—2
( > // JN(arJ*quD)”%,*JFZf/ (DJG)z)
R, O)N{r=<ry} =0 R/, )N{r=ry}

Jj+m<ko—
> / J’V(a,f;l?'"ep)nZ +Zf JN @) oy
jm<ko—1 Mgl r<r r<ry
ko—1
T Z // JN(aJ Ymcp)nZ*Jerf (DJG)z),
itmeko—17 IRE ONr=F M) R ONr<Z M)}

using the induction hypothesis (on ;i ® instead of @) at the last step. Similarly, using Proposition 45,

€ / / (DMt @)?
R, T)N{r=<ry}

k—1
( > f/ IV (), Y’"CD)n’i*—i—Z// (DjG)z)
R, ONr<ry} =0 R, )N{r=<ry}

Jj+m=<ko
§Ce(f/ JN Yk"cb)nz +Z JN(B CID)nE
Rt ONr=ri} ZN{r<ri)
ko . kO
+> / / JN@lomls +3° / / (DJG)Z),
o0/ e onir=F M) im0 Y IR ONr=F M)

where again the induction hypotheses is used at the last step. All these together give

/ Jli\/(?k()cb)nlét +/ J/iV(?kOCI))I/l';r + /f KN(?](OCD)
X, H(79,7) R(o,T)N{r=<ry}

5c< > / TN QLY D)y +Z/ NCESTS
son{r<ri}

JHm=ko =y Zonlrsry

ko ko

+Z/f (<I>2+Jliv(8,];d>)n’§*)+2/ (D'G)?
=0 R, O)Nr<2 M) ! =0 R, DN[r<2 M}

+e// J;V(?k()cp)n’g*).
R, )Nfr<ry} '
The proposition can be proved by noticing that

// TN (YRodynk | < c// KN (o).
R, T)N{r=<ry} R(ro,T)N{r<ry}
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and absorbing the small term to the left-hand side. U

We now specialize to the case [, ® = 0. The proposition above implies that the behavior of Y D is
determined by the behavior of 9;¥ ® in the region {r < 2873M }.

Proposition 47. Fix k > 0. Suppose Uy, ® = 0 and suppose for some constants a, B > 0 (independents

of T) that
k .
> (@2 + JN (3L d)n ) < BT
oo Enr=2m wo g
Then
jHm<k ’ T jm<k ¥ Tro
and

3 // KN(a,J;?’"@)SC(r’)“(Z/ IY @@LV o)n —I—B).
R, O)N{r=ry} X °

j+m<k j+m=<k

Remark. In the applications, we will apply this proposition with B being some energy quantity of the
initial condition.

Proof. We will proof this with a bootstrap argument. Suppose for all 7 that
> f IN@LIm ot < Af—a( 3 / Jy (a,-’;?mqp)ngm + B). (22)
Jj+m=k ZeNfr=ry) j+m=<k ¥ X1

This obviously holds initially for any A > 1 (and in particular independent of ®). By taking ' =17 — K,
for some (large and to be chosen) constant K and t > 2K, Proposition 46 implies

3 ( / JN@LYm o)k, + / / IV @ I?mCD)n’ét*)
= N{r<rf} R(r—K,0)N{r<ry}

Jjtm=<k
) k
JNOLY" o+ /
/E,Kn{rsm o e ; e

SC(Z

Jj+m=k

+
FSVY

k
+ // (@2 + JN (3. d)n. *)>
]2:(:) R(t—K.0N[r<2 M) w Z

/ IN@LY" o+ KBI_O‘),
Ef—Kn{rfr;—}

Vo
} J. (3] @)nf,

SC(Z

JjH+m=<k
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using the assumption of the proposition and using Proposition 44). Using the bootstrap assumption, we
further see that this expression satisfies the bound

< C(A(r — K)_‘"( Z

Jj+m=k

§Cr_‘"< > A/ Jliv(af;)?mCI))n’gro—l—AB—i—KB).
Jj+m=k Xy

fz 7y (a,f;?'"cb)n’gro + B) + KBt“")
0

Notice that C is independent of K. By selecting a ¢* slice, we have that for some 7,

/ JN (P oml chlfa< 3 A/ J,iv(at];?m@)n’gro—l—AB—l—KB).
ZeN{r=<ry} jHm=<k g

Now apply Proposition 46 on [7, 7] to get

> [ aYeiimem
E.N{r<r '

j+m<k v
k
Nai vy N aJj
< C< > / RACAKISESY / AL
j+m<k ZeN{r=ry} =0 =N{r<ri}

k

" // (q’2+JN(8£cI>)n"*>>
jgo REDONr<F M) w % 5,

SCK_lr_"‘( 3 A/E J,ﬁv(a,f;?'"q>)n’;m+AB+BK) +CB(K+ 1t
0

Jjtm=k
<CAK 't Y / JY@LY" @y +(CAK™ +CK +C)BT ™.
j+m<k z:f()
This will improve (22) if we choose K = 4C and A sufficiently large. Hence we have proved

IN@LY™ )nk §Cr_°‘<
> [ e, >

/ J,ﬁ"(&ﬂ?mq:)ngm-i-B).
jm<k j4m<k? o

To prove the second statement, we simply use the first statement and Proposition 46. U
We can use Corollary 43 to show the decay of Yro.
Corollary 48. Suppose U, ® =0. Then for v' <t < (1.1)7/,
IV @3] 7" ynls
> [ e,

jtm=<k
k+2

§Cr—2+'7( 3 /E I QLY oy +y fz JﬁCN(a,’;cb)n‘é,o)v
j=0

Jj+m=<k 70 70
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Z // KN @Y o)
R

j+m<k (T, oN{r=ry'}

k+2
_2+T]< Z / JN(a] qu))nz _,’_Z/ JZ+CN(8 q))nz )

j+m<k

12. Estimates for Qb

In this section, we would like to prove estimates for Q'®. The estimates for Q@ are useful to provide
an extra factor of r in the energy estimates.

Proposition 49. We have

/ rPV2 el < C/ TN (@, 3@, QP)nk
X:N{r=ry} '

T

// r1—5|$<72q>|2§cf/ r 1IN (@, 8@, Q)N
R, ON{r=ry '} R(t’,7) !

// r1—5|x72c1>|25cf/ KX (D, 8,+®@) + KX0(Q).
R, ONr=ry '} R(t’,7)

To prove such estimates, we commute [, with Q. Recall from Section 4.3 that
[Ogy. Q1| < Cr2(1D*®| + D))

everywhere, and

[Ogy, QIO =0
for r < Rq. Now suppose [l,, & = 0. We have
—1
O (Q10) =) 0/ [0, QIQ" /10 = Gay.
j=0

Since [D, 52] = D, we have

il +1
Ga.l = Crz(ZﬂDz@j‘Dl +|ID )+ Y |Df'c1>|),
Jj=0 j=0

and Gq ¢ is supported in {r > Rgq}.

Definition 50. Eq .= // r' G ¢t sup f Ga.’.
R(v—1,7+1) rrelv'—1,t+11 S Z=n{lr—3M| <} M}

This is the error term for the energy estimates for QL ®. We show that this can be controlled.
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Proposition 51. We have

1 -1 ¢
EWSCZZf/ KXO(a:i‘SNZ-@HCZf/ K*o @ ).
w0 j=0 ¢ YA —LT+DN(r=Ra) o ¢ SR =17+ )N{r=Re)
Proof.
f/ I"1+8G?2 '
R’ —1,7+1) '
-1 £+1
<C)_ / / rRP (DR 0) + (DRI +C Y / / r(DI )
I=0 @1, e+ DNfr=Re) I=0 (v —1, 2+ DNr=Ra)
1 €1 ¢
<CcY f r N O Q oyl +C Y / r3 TN (O d)nky,.
m=0j=0 R(t'—1,7+1)N{r>Rq} m=0 R(t'—1,7+DN{r>Rq}
1 -1 ¢
SCZZ/ KX°(85391®>+CZ[ KXo ®).
=0 =0 JRE'—Lt+DN{r=Ro) o SR -1+ DN{r=Ra}
By choosing Rg, sufficiently large, the second term of Egq ¢ vanishes. (I

We can show that the nondegenerate energy of QL@ is almost bounded.

Proposition 52. Suppose U, @ = 0. Then

/ TN (R ) +/ J,iv(?z%)ngﬁJr// KN(s~2€<D)+// KX (Ql o)
Pl " . Rz, VN{r<ry ) R(t0.7)

<C > / I (0.9 ol .
Xy

i+j<t” ¥

Proof. We prove this by induction on £. The £ = 0 case is true by setting G = 0 in Proposition 28. We
assume that the proposition is true for £ < £y — 1. This in particular implies, after a commutations with
the Killing vector field d,+, that

Lo—1

Z/f KYo@nQiey<c / TN (3.Q dynky .
j=0 R(70,7) ETO 0

i+j<m+lo—1
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By Propositions 27 and 51,

/ JN(sz%cb)nZ / JN(s#ch)n%+ +// KN QM) + / KX0(Ql)
ho H(79,7) R(to, T)N{r=<ry} R(t0,7)

gc(/ JN(sz%cp)n2 /f r'Gg , +  sup / Géz())
s R —1T+D) relr'~Lr+11Jan(r=3m|<inmy

0
1 £o—1

gc(/ TN (@ ®)nk, +CZZ// KXo/ @)
g

w0 =0 ¥ JR@o-Lr+DNIr=Ra)

Lo

+CZ// KXO(a;lZ@))
—o Y R(—1Lt+DN{r=Re}

m=
<C ) J,jV (a;;fzfq»n’gm.
i+j<lo

Remark. Only the £ =1 case will be used.

13. Estimates for S®

We will now use the energy estimates that we have derived to control S®. In particular, we would like
to prove a local integrated decay estimate for S®. This will be used in the next section where we prove
our main theorem. Recall from Section 4.2 that for r large

o 1= (4 2) 0025 1= 2o (£ -1) - 52}

r\r r r
2
< Cer_2(Z|8k<I>|),
k=1

and that for r < R, we have
2
[y, SIO| < C(Z|D"<I>|>.
k=1
From now on we will prove estimates for S® by considering the wave equation that it satisfies. We
will assume, as before, [l,, ® =0 and let G denote the commutator term, that is, [, (S®) = G. If we

look at our estimates in the previous sections, we will need to control G in three different norms. We
now consider them separately.

Proposition 53. Let v/ <t < (1.1)t'. Then

f/ 1+5(8 G)2
R(t'—1,74+1)

<cr 't M3 </E gz (amykszf'q>)n;m+cf JN(amYkQ-’QD)n’éro).

mk+j<t43 0
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and

¢
Z[/ rl+8(atr:lG)2
0 Y YR =1L+ DN{r < 351%}

e Y ([ gpaiaen vo [ araen )
mktj<t+4 N Zro >

In other words, we can get more decay if we localize and allow an extra derivative.

l
Z // r1+5(8,'1’G)2
R(t'—1,7+1)

L
<Ccy / / r (@7 D) + (9]t DP)? + (rof £ D))
m=0 R(t'—1,74+1)

(noting that the § in the two lines are different)

<C // 1N @Yk pynt,
Z ( R('—1, T+ DN{r<31*} wt >

m+k<t+1
+ / f r3t N (o Qk <I>)n’§*>
R(T'—1,r+DN{r=1r%) !

(by Proposition 44, 45 and 49)

<Cc Y f—1+n(/ jMZ,wz(a[’ffb)n%m—l—C/ J,iv(a;':fkqnn‘;ro)

m+k<€+3 Xy Xy,

T+1 2 .
+C / (t*)_3+8< / JEv@p oy, +C f TN @Y D)nk >dt*
mk<t+377 "1 Xy K Xy K
- T+1 -
+C Z / (t*)—3+5( / TN (01 Q@)nk, >dt*
m<{+1 t'=1 o K

(using Corollaries 43, 48 and Proposition 52)

cot ¥ ([ uprepraens vo [ ptopr@ent, )
mAk+j<t+3 N Er ‘0

‘We then move on to the localized version:

¢
Z / r1+8(at}’;lG)2
0 Y YR =1L+ DN{r< 3514}

l
<C). // r3 (M D ) 4 (0" D) 4 (10" AD)?)
R

=0 (=1 T+ DN{r<551%}
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<=Cc Y ( f[ PN @Y )nt. + // rt N o YCIJ)nE*)

k<C+1
MHEF gL Dnir<ie) Rr —1 T+ DN sr< 1)

+C Z (// 348 JN(E) QdD)n ) (by Proposition 44, 45 and 49)
m=0 %(r/,l,f+1)m{%,*<r<1g(t) }

<C > r_2+”(/ JZ (o oty +c/ TV @ YCID)nZ>

mtk<0+4 Xy X
+C Y / (t*)~3F (f JE (3 dynls. +C/ TN (ORY D)ny ) dr*
m+k<t+377 "1 Iy Iy
+C Z / (%) 730 (/ JN(8 QCID)nZ ) dt* (using Corollaries 43, 48 and Proposition 52)
=771 0
<ct y (/ JE (amykgfq>)n’§,0+c/ T @pY*Q) dynk ) O
mk+j<t+4 N o g

To estimate the inhomogeneous term in the region r < %t*, we will also need to estimate a term not
integrated over t*, which arises from the integration by parts.

Proposition 54. Fort’' <t < (1.1)7/,

14

sup Zf G)?
rrelr'—1,1+11, Z,*ﬂ{\r—3M|S%M}

<crt N (/ T2 (omSY Dyl +c/ TN (@O o)nly )
g

m+j<€+3 R
Proof.

14

sup Y / (O G)?
rrelr'—1t+11,— J T N{lr=3M|< g M)

14

<C sup Z/ ((D*31 D) + (DI D)% + (r £ D)?)
t*e[t’'—1,7+1] =0 E,*ﬂ{r; <p< 25M

{+1
<C sup ( / TN @ d)nk, + / TN Qo o)nly )
rrelr’'=1r+1] Z Zplry <r<¥ M) i Z N{ry <r<Z M)

(by Proposition 44 and 49)

<cr Yy (/ JZ0 (amSY dynls. +cf TN (9 d)nly. )

m+j<t+3 N X

(using Corollary 43 and Proposition 52). [J
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Finally, we estimate the third norm:

¢ T

172 2
Proposition 55. Z( / ( / rz(a;’:Gﬂ) dt*) <ct"
10 \J ZxN{r=>11%)

Noamaj "
/ I @ oyl .
m=0 m+j<t+3 7 =10

Proof.

T 1/2 2
Z < / ( / r2(a;tzG)2> dt*)
10 \JZN{r=>1r+}

m=0
14 T 1/2 2
§CZ(/ (z*)‘1+5(/ ((D2d>)2—|—(D8t’i’d>)2—|—(rAB;’,Z':I))Z)) dz*)
m=0 70 E,*ﬂ{ri%t*}

. 41 14 ~ 1/2 2
< C(/ (f*)_HB(Z/E I @p ot + Z/E JliV(Qat"fGD)n’ét*) dt*)
o m=0 " = m=0 " =*

<ct" Y / Ty @ oyt . 0
m+j<t+3 Y >0

Now that we have control of the inhomogeneous terms in the equation g, ® = G, we can prove the
decay of S®. To this end, we will introduce the bootstrap assumptions:

c / JZ0 (3p SO + 12 / I @3- SD)n,
T ZNfr=yt)

2
V4 VA Ag o~
< At § :/ JMZ*CN"” (B;QSCD)n’éIO—I—AtH” § : / JMZ+CN’“’ (at’i‘Y"QJCD)n’;rO, (23)
m=1" % m+k+j<5 7 X1

c / JZ0 (St + 12 / IV (St
z, Z.N{r=yt}

2
2 Z+CN,w? (ar 0 Z+CN,wZ jam vk w
<A r"<§ /}: JM w (8I’JSCI>)nZIO+ E /2 Jﬂ YRY QJCD)”XTO)- (24)
m=0" *1 m+k+j<5

We think of A as some large constant to be chosen. We will improve the constants A and A? in the
assumptions above. Under these two assumptions, we will get the following three estimates for the bulk

terms:
Proposition 56.
2 ~
/ /% K M@ 50) < C(,; fz ) Iy @S +m+;<5 fz ) JEHON W gy Gy @)n‘gro).

Proof. The follows by Proposition 29 applied to the equation [, (3;+S®) = 9;+G, taking v’ =19, G| =0,
and G, = 9;+G. Then use Propositions 53 and 54 to estimate the terms with G. U
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Proposition 57. For v/ <t < (1.1)t/, we have

f/ KN (9+SP) + f/ KX0(3,SP) + /f rm KX (SD)
R, T)Nfr<ry ) R, ONfr<Lr*) R(10,7)

SCA(r2 / JEM(SP)nk  +C / 7Y (SCD)n’ér/)
7/ /ﬂ{r<r;}

+CAT ! Z / JZ+CN’”(am szfcp)n
m+k+j<5

Proof. By Propositions 33 and 34, taking G; = 0 and G, = G, and using Propositions 53 and 54 to
estimate the terms with G, we have

f/ KN (8,+S®) + // KX0(3,-S®) + // KX1(S®)
R, )N(r=ry} R, DNfr<irr) R(t0,TIN{r<51*}

SCA(I_Z / JEM (Sl +C / A (S@)n’ér,)
</ /ﬂ{r<rY}

+CATT Y / JZ+CNw(a'"YszJ<1>)n2
m+k+j<5

It remains to estimate » ~'*° K X1 in the region r > %t*. Here, we will use crucially the decay in r. Clearly,

// prIH KX (SP) < cr I // KX (SD).
R(rg,T)Nfr=51*) R(19,7)

Then we can estimate the right-hand side by Proposition 29, taking 7’ = 19, G; =0 and G, = 9,+G.
Then use Propositions 53 and 54 to estimate the terms with G. ]

Proposition 58. Fort’' <t < (1.1)7/,

// KN (S®) + // KX0(S®)
R, T)Nfr<ry} R ONfr<ir*)

SCA2<r_2 / JMZ’“’Z(Sd))nlér,-I—C / Y (Sq))n’ér,)
o oN{r=<ry}

+CA T N / JIHEN oY QI Dyl
mtk+j<4 ¥ ¥

Proof. This follows from using Proposition 33, taking G| = 0 and G, = G, and using Propositions 53
and 54 to estimate the terms with G. ]

We are now ready to retrieve the bootstrap assumptions. First, we retrieve the assumption (23):



A VECTOR FIELD APPROACH TO IMPROVED DECAY FOR SOLUTIONS TO THE WAVE EQUATION 619

Proposition 59.

c/ waz(at*seb)n‘gﬁﬂ/ TN (0 S DI,
P ZN{r=yr}

2

z zZ AL~

< %Aer JreNw (8flS<D)n’§IO+%Ar1+’7 > / JreNw (8:;‘YkQJ<D)n’§TO
=172 m—+k+j<5 Zr

Proof. By Proposition 41,

c/ J,f~wz(a,*sq>)n‘§r+r2/ T (0 SO,
T Y.N{r<yrt}

< c/ J,LZ+CN~wZ(aﬁsq>)n’g +c// Fr KX (9, S D)
Ty, o R(10.7)

+cs ff (t )ZKXO(a,*S®)+C(5/+e)// (*)? K" (0, S®)
R(zo, T)N{r<11*} R0, TIN{r<ry }

T 1/2
+c<3’)1(/ (/ r2(8,*G)2> dt ) +C(8)~ Ifo (r )2t (@mG)?
1 \JZN{r=5r%} R0, T)Nr <251

10!

+C@)~" sup / (%)% (8+G)?.
Ny <r<Z M)

t*€lty,7] J X

It suffices to check that by Propositions 53, 54 and 55, all terms are acceptable. (]
We can now retrieve the bootstrap assumption (24).

Proposition 60.

c / JEUT (Sl + 7 / TSPk
. ZN{r=yr}

<A2r’7<2/ JEHENT Gy Sy + > / JZHENT G Pk Dyl )

m+k+j<5
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Proof. By Proposition 41,
¢ / JEV (SOl + 7 / IN (Sl
ol X N{r=yt}

< c/ TNt (sl +c// oKX (SD)
z

7 R(70,7)

+Cé /f (")’ KX (SD) + C (8 +¢) / () KN (SD)
R(w0,T)N{r<51*} R(t0,T)N{r=<ry}

T 1/2
+C(5’)1</ (/ r2G2> dt) +C@H! Zf/ (z*)2r1+5(a;’:G)2
10 \J ZxN{r>1r%) R(wo, TIN{r<1yt*

10!

+C@H7t sup (") G>.

t*elr, 11 S Bnfry <r<2 M)
It suffices to check that by Propositions 53, 54 and 55, all terms are acceptable. (I
We have thus shown the following:

Proposition 61. For all n > 0, there exists € >0 small enough such that for Kerr spacetimes satisfying (3),
the following estimates hold:

c / JEUT (Sl + 7 / IV (SOt
. ZN{r=yr}

<cf"2f JEHENT SOy +Ct" Y / JERENT gmy Y oy

m=0 m—+k+j<5

Moreover, for t/ <t < (1.1)7,

// KN(S®) + /f KXo (S®)
R(, T)N(r<ry} R(¢, )N{r<ir)

2
CT_2+UZ/ JZ+CNUJ (a Sq))nz +Cr_2+'7 Z / JMZ—FCN’wZ(a?:??Zj(D)n%TO
mk+j<5 ¥ T

and

/ / KX (S®)
R, DNfr<ier)

_2-‘,-1’] Zf JZ+CN w? (8 Sq))nz +C.L_—2+?7 Z / JMZ'FCN,wZ(a[Zl?’S"Zj(D)n%TO
mtk+j<6" >

Proof. The first statement is proved by the bootstrap above. Since the bootstrap assumptions are true, the
conclusion in Proposition 58 is also true; hence the second statement is true. The third statement makes
use of the fact that KX can be estimated in the same way as K X° with an extra derivative. (I
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14. Improved decay for the linear homogeneous wave equation

To use the estimates for S®, we need to integrate along integral curves of S. We first find the integral
curves by solving the ordinary differential equation

drs _ h(rs)

drg ts

where h(rg) is as in the definition of S. Hence the integral curves are given by

d
' eXP(f(rs)o h(:z))
p = —————>" = constant,

5
where rg > 2M can be chosen arbitrarily. Let o = ¢*, and consider (o, p, x4, x8) as a new system of

coordinates. Notice that
h(rs) 1
0 = ——0py + 0 = —S.

t* N t*

Now for each fixed p, we have

d% (1) < X)) +

T
/ —S(<I>2)da‘.
¢ O

Integrating along a finite region of p, we get

P2 P2 P2 T 2
f d>2(r)dp§f <1>2(r’>dp+/ / 2
Pl Pl o Ju 1O

We would like to change coordinates back to (z5, rs, x?, xf ). Since h(ryg) is everywhere positive, (o, 7)

c1>5q>‘ do dp.

would correspond to a point with a larger value of r than (p, t’). Therefore,

drS
f ? o2 (1) s R P, h(’s))dr
r+

th(rs)
[ e

We have to compare exp( I (rrss Yo 7 (r )/ h(rs) with the volume form. Very close to the horizon, we have
h(rs) =rs—2M. Hence

exp( /), h(rs>)

dr dt*.
tsh(rs)

d)Sd)‘

drs dr
e ich) _ i1y

h(rs) rs —2M
The corresponding expression on the compact set [ry, R] is obviously bounded. Hence we have
<D2 q)Z /
/ ® _ c(/ (f ) +// |%q>sq>|). 25)
Y. N{r<ry} T oN{r<r} T R(t’,T)N{r<ry} (t )

This easily implies the following improved decay for the nondegenerate energy:
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Proposition 62. f ®% < Crr ! (/f o2+ f/ (S<I>)2) R.
>.N{r<R} RA.D~ I, 0)N{r<R} R(1.D~ 1z, 1)N{r<R}

Proof. By choosing an appropriate T € [(1.1)"!z, 7], we have

/ o2 <cr! // o2,
Y:N{r<R} %((1.1)*1r,r)ﬂ{r<R}

Now, apply (25) with t/ = 7, we have

2 P? 2
.N{r <R} S:Nr<R} T ac onir<ry! ()
< cf—l(f/ <1>2 +// (S<1>)2),
R, 1)N{r<R} R, 1)N{r<R}

using Cauchy—Schwarz for the second term. (|
We can now conclude with the improved decay for solutions to the homogeneous wave equation.

Proof of Main Theorem. By Corollaries 43, 62 and 61, we have

/ P2 < Cpr! (// P> +/f (Sq>)2>
>.N{r<R} R(A1.D~Lr,1)N{r<R} R(1.D~ L, 1)N{r<R}

<Cgt! / / (KX0(®) + KX (SD))
R(A. DLz, 1)N{r<R}

2
< CRT—3+U(Z/ JMZ+CN,wZ(8['fSCD)néT + Z / JlLZ-i-CN,wZ(aI,:lfvﬁjq))nl}éT )
= 0 . ) 0
m=0 0 m+k+j<5 0

Similarly we can use Proposition 62 for the derivatives of ®. By Corollary 43, 62 and 61, we have

/ (D®)?
. N{r<R}

< Cpr! ( / / (D) + / / <SD<I>>2>
R((1.1)~17,0)N{r <R} R, 0)N{r <R}

< Cpr! f f (KX (@) + KX (5D))
R, 1)N{r <R} ) )
(since we have the commutation [D, ST = D)

3
§CRT_3+’7(§ f JEEONT rsynt, + ) / JEHENT Gy QI Dyl )
b o > o
m=0" ~70 m+k+j<6" <%0

By commuting with 9d,+, we get

/ (Dd%®@)?
2:N{r<R}
£+3

SCRr_3+”(Zf JEENE sl + Y f JEHENT g1 P I Dyl )
b o , b o
m=0" =7 m4+k+j<€4+6 " <70
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Without loss of generality, we can take R > %M . Then, by Proposition 47,

Z / VALCH Y’”CD)n

j+m<t b ﬂ{r<r

+3
<Cgrt~ Hn(Z/ JZ+CNw (9% ScI))nZ + Z f JZ+CNw (8’"Y§2’d>)n )

mAk+j<€+6

Hence, by Proposition 44 and 45,

Z / (D’ ®)?

=.N{r<R}
£+2
<Cgt~ 3+’?(Z/ JEHCNT g Somy + Y / JZHENT (gm P T Dyl )
m+k+j<t+5
The pointwise decay statement follows from standard Sobolev embedding. ]

15. Discussion

Out main paper holds in the set {r; <r < R} for any fixed R. It is however interesting also to derive the
same estimates, for example, in the set {r,. <r < %t*}. This can be achieved by proving the full decay
result when we commuted the equation with QL. Using this we can prove (with more loss in derivatives)
that

|B| < CE(r*)™¥* 1 and  |D®| < CE(t*)~3/2 =2+,

for r < %t*. This will be useful in studying nonlinear problems. This decay rate will be proved as a
corollary in our forthcoming paper on the null condition.
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ON THE BOGOLYUBOV-RUZSA LEMMA

ToM SANDERS

Our main result is that if A is a finite subset of an abelian group with |4 + A| < K|A|, then 24 — 24
contains an O(log®") 2 K)-dimensional coset progression M of size at least exp(—O(log®V 2K))|A|.

1. Introduction

Croot and Sisask [2010] introduced a fundamental new method to additive combinatorics and, although
they have already given a number of applications, our present purpose is to give another. Specifically,
we shall prove the following.

Theorem 1.1 (Bogolyubov—Ruzsa lemma for abelian groups). Suppose that G is an (discrete) abelian
group and A, S C G are finite nonempty sets such that |A+S| < K min{|A|, | S|}. Then (A—A)+(S—S)
contains a proper symmetric d(K)-dimensional coset progression M of size exp(—h(K))|A+ S|. More-
over, we may take d(K) = O(log® 2K) and h(K) = O(log® 2K log 2log 2K).

We should take a moment to justify the name, which is slightly nonstandard. Bogolyubov’s lemma
(the idea for which originates in [Bogolyubov 1939]) is usually stated for sets of large density in the
ambient group, rather than small doubling, and asserts that the fourfold sumset of a thick set contains a
large Bohr set.

Ruzsa [1994], on his way to proving Freiman’s theorem, showed that a set with small doubling could
be sensibly embedded into a group where it is thick. He then applied Bogolyubov’s lemma and proceeded
to show that a Bohr set contains a large generalised arithmetic progression which could then be pulled
back. In doing all this he implicitly proved the first version of Theorem 1.1 in Z—although, with
different bounds — and this motivates the name.

This result has many variants (although the form given above seems to be a fairly useful one) and
in light of this the history is not completely transparent. Certainly most proofs of Freiman’s theorem
broadly following the model of [Ruzsa 1994] will implicitly prove a result of this shape. With this in
mind the extension from Z to arbitrary abelian groups is due to Green and Ruzsa [2007], and the first
good bounds to Schoen [2011] for certain classes of groups.

There are many applications of results of this type, particularly since their popularisation by Gowers
[1998], and we shall deal with a number of these in Section 11 at the end of the paper. To help explain
the main ideas we include a discursive sketch of the paper after the next section, which simply sets some
notation.

MSC2010: 11L07.
Keywords: Freiman, Fourier analysis, sumsets, generalised arithmetic progressions, coset progressions, small doubling.
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2. Notation

The main tool used in the paper is Fourier analysis on groups for which the classic reference is [Rudin
1990]. We deal almost exclusively with finite groups in the paper, but to be complete we shall need
slightly more generality.

Suppose that G is a locally compact topological group. We write C(G) for the space of continuous
complex-valued functions on G. More generally if R C C we write C(G, R) for the continuous R-valued
functions on G.

The group structure on G induces an action of G on C(G) called translation. In particular if x € G
and f € C(G) then we write

px()(y) = f(yx) forall y€G. (2-1)

We also write M (G) for the space of regular Borel measures on G and can extend p to these in the
natural way: for x € G and u € M(G), px (1) is the measure induced by

C(G) > C(G): [+ / £60) du(rx).

The group structure on G is reflected in M (G) in a fairly natural way and we define the convolution of
two measures [,V € M (G) to be the measure u * v induced by

C(G) = C(G): [ / FCey) du(x) dv(y).

There is a family of privileged measures on G called Haar measures. These are the translation-invariant
measures on G: ( € M(G) is a Haar measure on G if px () = u for all x € G.

Given a Haar measure ;£ on G we can extend p in the obvious way from (2-1) to define the right
regular representation p : G — Aut(L2?(t)). More than this we can define the convolution of two
functions f, g € L'(u) by

frg() = [ F0)g( %) du(y)  forall x € G,

There are two particularly useful instances of Haar measure depending on the topology on G: if G is
compact we write g for the Haar probability measure on G, while if G is discrete we write §g for the
Haar counting measure on G, which assigns mass 1 to each element of G.

Of course, if G is finite it is both discrete and compact so one has both probability measure and
counting measure to choose from. The measures are multiples of each other as ug is just the measure
assigning mass |G| to each element of G. More generally given a finite set X we write wy for the
measure assigning mass | X |~! to each x € X.

When it is relevant we shall indicate whether we are taking a finite group G to be compact or discrete
by declaring the group either compact, so that (g is to be used, or discrete so that §¢ is to be used. The
reader should be aware that this has the effect of changing the normalisations in convolutions.
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The above all works for general finite groups G, but when G is also abelian convolution operators can
be written in a particularly simple form with respect to the Fourier basis which we now recall.

We write G for the dual group, that is the finite abelian group of homomorphisms y : G — S, where

l:={zeC:|z| = 1}. Given u € M(G) we define i € EOO(G) by

wy) = /7du forall y € G,

and extend thisto f € L'(ug) by f fdu(; It is easy to check that 7t x v = [i-D for all u, v € M(G)
andf*g fgforallfgeL(,ug)

3. A sketch of the argument

Assuming the hypotheses of Theorem 1.1 our objective will be to show that there is a large, low-
dimensional coset progression M correlated with 4 + S, meaning such that

11445 * it llgoo () > 1 —o(1).

This is essentially the statement of Theorem 10.1 later, and Theorem 1.1 can be derived from it by a
simple pigeonholing argument.

A simplified argument: the case of good modelling. We shall assume that we have good modelling in
the sense of [Green and Ruzsa 2007], meaning that we shall assume that the sets A and .S have density
K~ in the ambient group. This can actually be arranged in the two cases of greatest interest: F and
Z and facilitates considerable simplifications.

A very useful observation in [Lépez and Ross 1975] is that because the support of j 4 * 4 is contained
in A + .S we have the identity

(Lats *p—s, pa) = 1.

Now, suppose we had a coset progression M over which 144 ¢ * _g was in some sense invariant,
meaning

Iats * p—s * pipr — Lats * p—sller @) < €llla+sller@)- (3-1)
Then Holder’s inequality and the Lopez—Ross identity tell us that
(Lats * s % ars ia) = 1 < €l Larsller | allerro-n gy < €K7,

and it follows by averaging that A + S is correlated with M provided that € ~ K—1/7,

The traditional Fourier analytic approach to finding an M such that (3-1) holds is not particularly
efficient, but recently Croot and Sisask showed that there is, at least, a set Z such that we have (3-1)
with Z in place of M and

1G(Z) = exp(—0(e > plog K)) g (A).
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Moreover, they noted by the triangle inequality that one can endow Z with the structure of a k-fold
sumset, so that we have (3-1) with kX in place of M and

1 (X) = exp(—O(k*e 2 plog K)) g (A) = exp(—O(k* log® K)) g (A). (3-2)

where the third term is by optimising the choice of p ~ log K given that € ~ K —1/p
What we actually end up with after all this is a set X with density as described in (3-2) such that

(Lags * pos * 1S jua) > 1—o(1). (3-3)

Now, by the usual sorts of applications of Plancherel’s theorem and Cauchy—Schwarz we find that most
of the Fourier mass of the inner product is concentrated on those characters in Spec; ,(1x) provided
2k ~ K, and so we choose k ~ log K.

With most of the Fourier mass supported on Spec; /, (1x), it follows that the integrand in (3-3) corre-
lates with any set which approximately annihilates Spec /5 (1x). It remains to show that the approximate
annihilator of Specy /,(1x)—that is the Bohr set B with Spec; /,(1x) as its frequency set— contains a
large coset progression.

We can now apply Chang’s theorem to get that B is low-dimensional and then the usual geometry of
numbers argument tells us that this Bohr set contains a large coset progression, and the result is proved.

Extending the argument: the case of bad modelling. We now drop the assumption of good modelling,
and the argument proceeds in essentially the same way up until the application of Chang’s theorem above.

In this case Chang’s theorem does not provide good bounds. Instead what we do is note that the set
X satisfies a relative polynomial growth condition

|nX| < n0(1°g4K)|X| foralln > 1.

This lets us produce a Bohr set containing X which behaves enough like a group for a relative version
of Chang’s theorem to hold, whilst at the same time X is much denser in the Bohr set than it would be
in the modelling group.

Since we are not using modelling what we have just done does not actually give us a Bohr set of low
dimension, but rather a Bohr set of size comparable to X which has a lower order of polynomial growth
on a certain range. It turns out that the usual argument that shows a low-dimensional Bohr set contains
a large coset progression can be adapted relatively easily to this more general setting and this gives us
our final ingredient.

These arguments are spread over the paper as follows. The simplified argument up to (3-3) is es-
sentially contained in Section 4. Then, in Section 5, we record the basic properties of Bohr sets we
need before Section 6, which has the relative version of Chang’s theorem, and Section 7, which puts
the material together to take a set satisfying a relative polynomial growth condition and produce a large
Bohr superset.

After the material on Bohr sets we have Section 8 which records some standard covering lemmas and
then Section 9 where we show how to find a large coset progression in a Bohr set with relative polynomial
growth. Finally the argument is all put together in Section 10.
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4. Freiman-type theorems in arbitrary groups

In this section we are interested in Freiman-type theorems in arbitrary, possibly nonabelian, groups.
There has been considerable work towards such results, although often with restrictions on the type of
nonabelian groups considered, or rather weak bounds. We direct the reader to [Green 2009] for a survey,
but our interest is narrower, lying with a crucial result of Tao [2010, Proposition C.3] which inspires the
following.

Proposition 4.1. Suppose that G is a (discrete) group, A, S C G are finite nonempty sets such that
|AS| < Kmin{|A|,|S|}, and k € N is a parameter. Then A~'ASS™' contains X* where X is a
symmetric neighbourhood of the identity with size §(k, K)|AS|. Moreover, we may take 5(k, K) =
exp(—O0(k? log? 2K)).

Note that this result is a very weak version of Theorem 1.1 but for any group, not just abelian groups,
and despite its weaknesses, its generality makes it useful in some situations.

Proposition 4.1 was essentially proved in [Croot and Sisask 2010, Theorem 1.6] with weaker K-
dependence in the bound, using the p = 2 version of their Lemma 4.3 below. It turns out that we shall be
able to show the above bound by coupling the large p case of their result with the Lopez—Ross identity.

The key proposition of this section, then, is the following.

Proposition 4.2. Suppose that G is (discrete) a group, A, S, T C G are finite nonempty sets such that
|AS| < K|A| and |TS| < L|S|, and k € N and € € (0, 1] are a pair of parameters. Then there is a
symmetric neighbourhood of the identity X C G with

|X| = exp(—O(e 2k?1log 2K log 2L))|T|

such that
I g—1 % 1gg % g1 (x) — 1| < € forall x € X*.

The main ingredient in the proof of this is the following result, which is essentially due to Croot and
Sisask [2010, Proposition 3.3]. To prove it they introduced the idea of sampling from physical space
rather than Fourier space — sampling in Fourier space can be seen as the main idea in Chang’s theorem.
Not only does this work in settings where the Fourier transform is less well behaved, but it also runs
much more efficiently, which leads to the superior bounds.

We include the proof since it is the pivotal ingredient of this paper, and we frame it in such a way as
to emphasise the parallels with Chang’s theorem.

Lemma 4.3 (Croot-Sisask). Suppose that G is a (discrete) group, [ € {P(G) for p=2and S, T C G
are nonempty with |ST| < K|S|. Then thereisat € T and a set X C Tt~ with | X | > (2K)_0(€_21’)|T|
such that

lox(f *ps) —f*uslere) <€llfllergy forallx e X,

Proof. Let zq,...,z; be independent uniformly distributed S-valued random variables, and for each
y € G define Z;(y) := p,~1(f)(y) — f * us(y). For fixed y, the variables Z;(y) are independent and
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have mean zero, so it follows by the Marcinkiewicz—Zygmund inequality and Holder’s inequality that

k
> Zi(y)

i=1

p k

p/2 k
<o [ (L1zwr)  ad< 0wy [ 1z aik.

i=1

Summing over y and interchanging the order of summation we get

k » k
YD ziy < O(p)P/ZkP/Z—I/Z > 1Ziw)IP duk. 4-1)
yeG "i=1 LP(ng) i=1yeG

On the other hand,

1/p
(Z |z,~(y)|f’) = 1Zillerior < oz (Nllerer + 1/ * pslen) <21 lerco
yeG

by the triangle inequality. Dividing (4-1) by k% and inserting the above and the expression for the Z;s

5>

yeG

we get

1 & p
22 P (N0 =L xus ()] dils(@) = 0k~ 1 f 30"

i=1

Pick k = O(e~2p) such that the right-hand side is at most (|| /|| ¢r(G)/4)? and write L for the set
of x € § x---x .S (where the Cartesian product is k-fold) for which the integrand above is at most
(€l fller(G)/2)?; by averaging /L{‘q(LC) < 27% and so ,ulg(L) >1-277> %

Now, A:={(t,....1):t€Tthas LAC ST x---x ST, whence |LA| < 2K¥|L| and so

(1% 1a=1, =1 % 1L)p2(GxeexGy = 1L * 112Gy = IAIPILI/2KE,

by the Cauchy—Schwarz inequality since the adjoint of g = 17 * g is g — 1;—1 * g and similarly for
gr>gx1a.

By averaging it follows that at least |A|2 /2K pairs (z, y) € A x A have 1,1 %1(zy~ 1) >0, and
hence there is some 7 € T such that there is a set X C 7t~! of size at least |T|/2K¥ elements with
ly—1x1p(x,...,x)>0forall x € X.

Thus for each x € X there is some z(x) € L and y(x) € L such that y(x); = z(x);x. But then by
the triangle inequality we get

lox—1(f *ps) — f *puslerc)

k k
1 1

< p-l(— ) ,—n(f))—f*us +\p—1(— / fl(f)—f*#s) |
x k ; z(x); £2(G) x k ; z(x); @)

However, since px is isometric on £2(G) we see that

1 & 1 &

px(fxpus) —f* s S H— Pyt (f) = * s +H— Pzt () =S *ies ;
‘ @) Ik ,; > @) Ik ; i 0(6)
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and we are done since z(x), y(x) € L. O

The important thing to note about the Croot—Sisask lemma is that the p-dependence of the size of
the set X is very good. The natural Fourier analytic analogue (essentially given in [Bourgain 1990], and
clearly exposited in [Sisask 2009]) gives an exponentially worse bound. To make use of this strength we
use the aforementioned Lépez—Ross identity.

Proof of Proposition 4.2. We apply Lemma 4.3 to the function f := 145 and with the set S™! (so that
ISTIT=1 < L|S™!)) to get a set X with |X| > (2L)P€ *k*P)|T| such that

€|l
lox(Las * pg—1) = las * pg-1ler(e) < % for all x € X.

Since p is isometric on £7(G) and p;, is the identity we may certainly assume that X is a symmetric
neighbourhood of the identity. Furthermore, by the triangle inequality we have

lox(Las * ths—1) — Lus * g1 ler(G) <€ lusllery forall x € X¥.

Now for any (real) function g we have

g1 % 8(x) —py—1 % g(lg) = pg—1 * (px(g) — g)(1g) = (14, px(g) — &)-

Thus by Holder’s inequality we have

lng—1 % g(x) —py—1 * (1) < llpallgr ()l ox (&) — gller(6)-
Putting g = 145 * ;L g—1 we conclude that

elmaller )lllasller o)
e
e|A|V/P|AS|MP eKM/P
< <
e|A| e

la—1 % Las * prg—1(x) = py—1 x Lys * pg—1(1g)| <

for all x € X*. Putting p := 2+ log K we get the conclusion.

Proof of Proposition 4.1. We simply take T = A, L = K and € = % in Proposition 4.2.

5. Basic properties of Bohr sets

Following [Bourgain 2008] we use a slight generalisation of the traditional notion of Bohr set, letting
the width parameter vary according to the character. The advantage of this definition is that the meet of
two Bohr sets in the lattice of Bohr sets is then just their intersection.

Throughout the section we let G be a finite (compact) abelian group. A set B is called a Bohr set if
there is a frequency set T' of characters on G, and a width function § € (0,2]" such that

B={xeG:|l-y(x)|<é, forall y eT}.
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Technically the same Bohr set can be defined by different frequency sets and width functions; we make
the standard abuse that when we introduce a Bohr set we are implicitly fixing a frequency set and width
function.

There is a natural way of dilating Bohr sets which will be of particular use to us. For a Bohr set B and
p € RT we denote by B, the Bohr set with frequency set I' and width function! p§ so that, in particular,
B = B and more generally (B))y = By, .

Given two Bohr sets B and B’ we define their intersection to be the Bohr set with frequency set TUT”
and width function § A 8. A simple averaging argument (see [Tao and Vu 2006, Lemma 4.20] but also
the end of Lemma 4.3) can be used to see that the intersection of several Bohr sets is large.

Lemma 5.1 (intersections of Bohr sets). Suppose that (B (i))f.‘zl is a sequence of Bohr sets. Then
k j k i
MG(/\5=1B(1)) = [liz P«G(Bgl/)z)-

Proof. Let A:={(x,...,x) eGK:x € G} and S := BS)Z X oee X BY;; Then

/ Ia*l_alg*1_gdugr = / (Ia * 1) dugr = jgr (M) pgr (S)? (5-1)

by Cauchy—Schwarz. The integrand on the left-hand side is at most pgx (A) gk (S) and it is supported
onthesetof x € A— A =Asuchthat lg*x1_g(x)>0.Butif lg*x1_g(y,...,»)> 0 then

X . . . ) .
ez (Bfl/)Z - Bfl/)z) C Nz BY = (N2 BD),.
Hence
k .
pak(supp 1a * 1-als * 1-s) < ua(Ni=1 B )ugr (A).

and inserting this in (5-1) we get

16 (NiZy BO) D g (8)2 i (S) = i (A)2 i (S)2.

The result follows after some cancelation and noting that pg« (S) is just the right-hand side of the
inequality in the statement of the lemma. O

Note that if B is a Bohr set whose frequency set has one element, and whose width function is the
constant function 2 then there is an easy lower bound for g (Bjy) as the length of a certain arc on a
circle:

wG(By) = %arccos(l —20%) = %min{n, 2}. (5-2)

From this we immediately recover the usual lower bound on the size of a Bohr set with a larger frequency

set from this and the preceding lemma.?

ITechnically width function y > min{ P8y, 2}
2To recover the bound in [Tao and Vu 2006, Lemma 4.20] some adjustments need to be made as our definition of a Bohr set
is in terms of y(x) being close to 1 rather than arg y (x) being close to 0.
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Bourgain [1999] developed the idea of Bohr sets as approximate substitutes for groups, and since then
his techniques have become an essential tool in additive combinatorics. To begin with we define the
entropy of a Bohr set B to be

nG(B2)

ue(B 1/2)'
A trivial covering argument shows that B, can be covered by exp(/(B)) translates of B, and if B is
actually a subgroup then 4(B) = 0. It is often desirable to have a uniform bound on /(Byg) for all
8 € (0, 2], and such a bound is called the dimension of B in other work. Here, however, it is crucial that

h(B) :=log

we do not insist on this.

We shall be particularly interested in Bohr sets which grow in a reasonably regular way because they
will function well as approximate groups. In light of the definition of entropy (which encodes growth
over a fixed range) we say that a Bohr set B is C-regular if

1 - /LG(BH-n)
1+ Ch(B)In| = pg(B)

for all n with |n| < 1/Ch(B). Crucially such Bohr sets are commonplace.

<1+ Ch(B)|n|

Lemma 5.2. There is an absolute constant Cg, such that if B is a Bohr set then there is some A € [1, 2]
such that B), is Cq-regular.

The proof is by a covering argument and follows [Tao and Vu 2006, Lemma 4.24], for example. From
now on we say that a Bohr set B is regular if it is Cg-regular.

Finally, we write 8, for the probability measure induced on B, by (g, and 8 for B1. These measures
function as approximate analogues for Haar measure, and the following useful lemma of Green and
Konyagin [2009] shows how they can used to describe a sensible version of the annihilator of a Bohr set.

Lemma 5.3. Suppose that B is a regular Bohr set. Then

B0 =k} Cly : 1=y ()| = O(B)"p) forall x € By}.
Proof. First, suppose that | 3 (¥)| =« and y € B,. Then

B Bi_
1=v0lke < | [y dpe - [y dpeo) < “ECEBZ— 00)p)

provided p < 1/Cgh(B). The result is proved. O

6. The large spectrum and Chang’s theorem

Given a probability measure 4, a function f € L!(x) and a parameter € € (0, 1] we define the e-spectrum
of f w.rt. | to be the set

Spec(f+ i) :=1{y € G : [(Sdw) )| Z €]l £ L1}

This definition extends the usual one from the case u = (tg. We shall need a local version of a result of
Chang [2002] for estimating the “complexity” or “entropy” of the large spectrum.
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Given a set of characters A and a function w : A — D :={z € C: |z| < 1} we define
Poa =[] 1 +Rew(t)h).
AEA

and call such a function a Riesz product for A. It is easy to see that all Riesz products are real nonnegative
functions. They are at their most useful when they also have mass close to 1: the set A is said to be
K-dissociated w.r.t. u if

/Pw,A du <exp(K) forallw:A — D.
In particular, being 0-dissociated w.r.t. ;1 is the usual definition of being dissociated. This relativised
version of dissociativity has a useful monotonicity property.

Lemma 6.1 (monotonicity of dissociativity). Suppose that |i' is another probability measure, A is K-
dissociated w.r.t. u, N C A and K' = K. Then A’ is K'-dissociated w.r.t. 1’ * .

Conceptually the next definition is inspired by the discussion of quadratic rank Gowers and Wolf give
in [Gowers and Wolf 2011]. The (K, w)-relative entropy of a set I is the size of the largest subset A C I"
such that A is K-dissociated w.r.t. (.

Lemma 6.2 (Chang bound [Sanders 2012, Lemma 4.6]). Suppose that 0 % f € L*(j) and write L =
(WAITEIA ”f”Z}(M)' Then the set Spec,( f. j1) has (1, ju)-relative entropy O(e *1log2Ly).

The proof of this goes by a Chernoff-type estimate, the argument for which follows [Green and Ruzsa
2007, Proposition 3.4], and then the usual argument from [Chang 2002].

Although Chang’s theorem cannot be significantly improved (see [Green 2003; 2004] for a discussion),
there are some small refinements and discussions of their limitations in [Shkredov 2006; 2007; 2008].

Low entropy sets of characters are majorised by large Bohr sets, a fact encoded in the following
lemma. The proof is a minor variant of [Sanders 2012, Lemma 6.3].

Lemma 6.3 (annihilating dissociated sets). Suppose that B is a regular Bohr set and A is a set of
characters with (n, B)-relative entropy k. Then there is a set A of size at most k and some

p=Q(n/(+h(B)(k +log2n™"))
such that for all y € A we have
1—y(x)|=O(kv+0p 'h(B,) forallx e By AB,, p/,veR"
where B’ is the Bohr set with constant width function 2 and frequency set A.

Proof. Let L := [log, 3k2(k + 1)n~"7, the reason for which choice will become apparent, and define

IB+::,31+Lp*:3,0*"'*,Bp,

where B, occurs L times in the expression. By regularity (of B) we can pick p € (Q2(n/(1+h(B))L), 1]
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such that B, is regular and we have the pointwise inequality

p< O Bilo) gr gy aypt
nG(B)
It follows that if A is n/2-dissociated w.r.t. B then A is n-dissociated w.r.t. B, and hence A has size at
most k. From now on all dissociativity will be w.r.t. 7.

We put n; :=in/2(k + 1) and begin by defining a sequence of sets Ay, A1, ... iteratively such that
Aj is n;-dissociated. We let Ay := @ which is easily seen to be 0-dissociated. Now, suppose that we
have defined A; as required. If there is some y € A\ A; such that A; U {y} is ;4 1-dissociated then let
Aj41 := A; U{y}. Otherwise, terminate the iteration.

Note that for all i < k + 1, if the set A; is defined then it is certainly 1/2-dissociated and so |A;| < k.
However, if the iteration had continued for k + 1 steps then |Ag4 | > k. This contradiction means that
there is some i < k such that A := A; is n;-dissociated and A; U {y} is not n;4+-dissociated for any
Y € A \ A;.

It follows that we have a set A of at most k characters such that for all y € A\ A there is a function
w: A — D and v € D such that

/ poa(l+Revy) dB* > exp(isy).

Now, suppose that y € A. If y € A then the conclusion is immediate, so we may assume that y € A\ A.
Then, since A is 7n;-dissociated, we see that

— n
'/Pw,AV dB™| > exp(ni+1) —exp(n;) = 2+ 1)
Applying Plancherel’s theorem we get
n — N A+ k ~ L
EYTRTE PoAMBT (v =) <3°  sup By —=M)[.
2(k+1) Z © A€Span(A) ?

A€Span(A)
Given the choice of L there is some A € Span(A) such that |,§p(y A= % By Lemma 5.3 we see that
y—Ae{y 11—y (x)| = O(p"h(By)) for all x € (Bp)p}.

On the other hand, by the triangle inequality if A € Span(A) then
refy 1=y (x)| <kv forall x € B},

and the result follows from a final application of the triangle inequality. O

7. Containment in a Bohr set

The object of this section is to show the following result.
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Proposition 7.1. Suppose that G is a finite (compact) abelian group, d = 1 and X is a finite subset of G
with pg(X) <népug(X) foralln =1 and k € (0,1] is a parameter. Then there is a regular Bohr set B
such that

X — X C By and pug(B>) < exp(O(d log2dk ™)) g (X).

What is important here is that given a set of relative polynomial growth we have produced a Bohr
set which contains the original set, and which has controlled growth over a fixed range of dilations.
Extending this range down to zero can be done but involves considerable additional work as well as
being unnecessary for our arguments.

The next lemma is the key ingredient that provides us with an appropriate Bohr set. The idea originates
with [Green and Ruzsa 2007, Lemma 2.3], but the lemma we record is more obviously related to [Tao
and Vu 2006, Proposition 4.39].

Lemma 7.2. Suppose that G is a finite (compact) abelian group, A, S C G have
ne(A+S8) < Kpg(A) and [1445(y)| =2 (1 —€ug(4+S).
Then |1 —y(s)| < V23Keforallse S —S.

Proof. By hypothesis there is a phase w € S! such that

/ Lissoyduc = Tars()| = (1 — g4 + ).
It follows that
[ lats|l —oylPduc = 2/ Lats(l —wy)dug <2epg(A+S),

and so if yg, y1 € S then

/ Lall —oy )y Pdpg < / Lats|l —oyPdug <2epg(A+S).
However, the Cauchy—Schwarz inequality tells us that

1=y (o—yDI> <2(1 =0y (ro)y () + 1 =0y (y)y (x)[?)
for all x € G, whence
/ Lall =y (o —yD)Pdug < epg(A +S),
and the result follows. O

To prove the proposition we use an idea from [Schoen 2003], first introduced to Frefman-type problems
in [Green and Ruzsa 2007]. The essence is that if we have sub-exponential growth of a set then we
can apply the Cauchy—Schwarz inequality and Parseval’s theorem in a standard way to get a Fourier
coefficient of very close to maximal value.
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Proof of Proposition 7.1. By the pigeonhole principle there is some / = O(d log 2d) such that ug(/X) <
2uug((I —1)X). We let B’ be the Bohr set with width function the constant functlon = and frequency
set I" := Spec,_.(1;x) where we pick € := 27102,

It follows by Lemma 7.2 applied to 4 = (/ — 1) X and S = X that

[1—y(x)| < V232.e=k/8 forallx e X —X and y € Specy_.(1;x),

and hence that X — X C B’

K/4°
It remains to show that the Bohr set is not too large. Begin by noting that
2 2k—1
()2 1 03 pe(X)
1® ( / 1 dMG) S AR (7-1)
/ Z 16 k(X)) X (k1)?

where 151}) denotes the k-fold convolution of 1; y with itself, and the inequality is Cauchy—Schwarz and
then the hypothesis. On the other hand, by Parseval’s theorem

Yoo x I < —9uclX))*2 D Lx ()
y&Specy _(1ix) yeG

pe(1X)* !

< exp(=Qki) e (LX) < = nTg

for some k = O(dk ' log2dx™"). In particular, from (7-1) we have
k
> 0 < [af)du
y€Spec;_(17x)
It then follows from Parseval’s theorem and the triangle inequality that

Yoo PR - Y x(m*

y€Specy (17 x) veG y€Spec;_(17x)
k k k
> [afaue -5 [afrane =5 [ afrduc.
On the other hand by the triangle inequality | ,[?’ )= % if y € I" since § < 2, whence

G (1 X)2k=1

Sl BmPr=r Y Txe = 8(k1)?

yea ye€Spec)_(1;x)
But, by Parseval’s theorem and Hélder’s inequality we have
— 2 k
ST IPIB P = [ 0 p)de

k) 4k pe (I X)*
<% 185 @IB B =) = =G
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and so
G (B') < (k1) ug(1X) < exp(O(d log 2di ")) ug (X).

Finally we apply Lemma 5.2 to get a regular Bohr set B with B, C B} and B, D B//c /4 SO the result is
proved. O

8. Covering and growth in abelian groups

Covering lemmas are a major tool in additive combinatorics and have been since their development in
[Ruzsa 1999]. This was further extended in [Green and Ruzsa 2006], and such lemmas play a pivotal
role in the nonabelian theory as was highlighted by Tao [2008a], where we do not have many other
techniques.

While the most basic form of covering lemmas do work in the nonabelian setting, there is a refined
argument due to Chang [2002] that does not port over so easily.

Lemma 8.1 (Chang’s covering lemma [Tao and Vu 2006, Lemma 5.31]). Suppose that G is an (discrete)
abelian group and A, S C G are finite sets with [nA| < K"|A| foralln = 1 and |A + S| < L|S|. Then
there is a set T with |T| = O(K log2K L) such that’

A CSpan(T)+ S —S.

We shall also need the following slight variant which provides a way in abelian groups to pass from
relative polynomial growth on one scale to all scales.

Lemma 8.2 (variant of Chang’s covering lemma). Suppose that G is an (discrete) abelian group and
A,S C G are finite sets with |kA + S| < 2%|S|. Then there is a set T C A with |T| < k such that
A CSpan(T)+ S —S.

Proof. Let T be a maximal S-dissociated subset of A, that is a maximal subset of 4 such that
(0.T+S)N('.T+S)=2 forallo#c €{0,1}7.

Now suppose that x” € A\ T and write T’ := T U{x’}. By the maximality of T there are elements o, ¢’ in
{0, 137" such that (0.7 + S)N(0’. T’ +S) # . Now if o = then (o|7. T+S)N(0'|7.T+A) # 2,
contradicting the fact that 7" is S-dissociated. Hence, without loss of generality, o = 1 and o}, = 0,
whence

x'eo|r.T—o|r.T+S—S CSpan(T)+ S —S.

We are done unless | 7| = k; assume it is and let 77 C T be a set of size k. Denote {0.7": 0 € {0, 1}T"}
by P and note that P C kA, whence

2K|S|=|P+S|< kA + S| <2¥|s].
This contradiction completes the proof. O

3Recall that Span(T) := {} ",y 0¢.t 1 0 € {—1,0, 1}'}.
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Although this is a result in abelian groups, it has many parallels with Milnor’s proof [1968] establishing
the dichotomy between polynomial growth and exponential growth in solvable groups.

The above lemma is particularly useful for controlling the order of relative polynomial growth through
the next result, an idea introduced in [Green and Ruzsa 2006].

Lemma 8.3. Suppose that G is an (discrete) abelian group, X C G and 2X — X C Span(T) + X — X
for some set T of size k. Then

(n+ DX —X|<Qn+D*¥|IX—X| foralln=1.
Proof. By induction it is immediate that
m+DX—-XCnSpan(T)+ X — X,

and it is easy to see that |n Span(T')| < (2n + 1)* from which the result follows. O

9. Lattices and coset progressions

The geometry of numbers seems to play a pivotal role in proofs of Freiman-type theorems, and we
direct the reader to [Tao and Vu 2006, Chapter 3.5] or [Green 2002b] for a much more comprehensive

discussion.
Recall that A is a lattice in R if there are linearly independent vectors vy, ..., v such that A =
vVZ 4+ -4 v Z; we call vy,...,v; abasis for A. Furthermore, a set K in R is called a convex body

if it is convex, open, nonempty and bounded.
We require the following application of John’s theorem and Minkowski’s second theorem, which
provides us with a way of producing a generalised arithmetic progression from some sort of “convex

progression”.*

Lemma 9.1 [Tao and Vu 2006, Lemma 3.33]. Suppose that K is a symmetric convex body and A is
a lattice, both in R%. Then there is a proper d-dimensional progression P in K N A such that |P| =
exp(—0(d log2d))| K N Al.

The exp(—O(d log d)) factor should not come as a surprise: consider packing a d-dimensional cube
(playing the role of the generalised progression) inside a d-dimensional sphere.

The question remains of how to find a “convex progression”, and to do this Ruzsa [1994] introduced
an important embedding. Suppose that G is a (discrete) finite abelian group and I' C G. Then we define
a map

Rr: G — C(T,R)

1
X+ Rr(x): I >R,y — e arg(y (x)),
T

4 A more formal notion of convex progression is introduced by Green [2002b], where a detailed discussion and literature
survey may be found.
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where the argument is taken to lie in (—, 7]. Note that Rp preserves inverses, meaning that Rp(—x) =
—Rr(x), and furthermore if?

IRr(xD)llcam + -+ IR0 (x2) lerr) < 3-

then
Rr(xi +---+x4) = Rr(x1) +---+ Rr(xy).

This essentially encodes the idea that R behaves like a Freiman morphism.® We shall use this embed-
ding to establish the following proposition.

Proposition 9.2. Suppose that G is a finite abelian group, d € N and B is a Bohr set such that
16 (Baass) <29 1uG(Bs) for some § < (3d + 1).

Then Bg contains a proper coset progression M of dimension at most d satisfying the estimate Bg(M ) =
exp(—O0(d log2d)).

Proof. We write T for the frequency set of B and note that we may assume that L := () {kery : y € I'}

is trivial. Indeed, if it is nontrivial we may quotient out by it without impacting the hypotheses of the

proposition; we call the quotiented Bohr set B’ and note that Bs = Bé + L from which the result follows.
To start with note that if x € By, then

IRe )y < 5 arccos(1 = 12/2) < 2
and so since 2(3d + 1)é < % we have that if xq,...,x3441 € Bs then
Rr(x1+--+x34+1) = Rr(x1) + -+ Rr(x34+1)- -1
By hypothesis we then have

|(3d 4+ 1)Rr(Bs)| = |Rr((3d + 1) Bs)| < |(3d + 1) Bs|
<|B@a+nsl <27|Bs| = 29| Rr(Bs)|.

Apply the variant of Chang’s covering lemma in Lemma 8.2 to the set Rr(Bg) (which is symmetric
since Rr preserves inverses and Bg is symmetric) to get a set X C Rp(Bg) with | X| < d such that

3Rr(Bs) C Span(X) +2Rr(Bs).

Writing V' for the real subspace of C(I', R) generated by X we see that dim V' < d and (by induction)
that
I’lRF(Bg) cV+ 2R1“(35)

for all n. Now, suppose that v € 2R (Bjg). It follows that

n.v € 2nRr(Bs) CV 4+ 2Rr(Bs).

SRecall that if X is a normed space then | - ||y denotes the norm on that space, so that I fllea,r) = 1/ |Leo(r)-
6We direct the unfamiliar reader to [Tao and Vu 2006, Chapter 5.3].
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for all naturals 7. Since 2Ry (Bjg) is finite we see that there are two distinct naturals n and n’ and some
element w € 2Ry (Bs) such that n.v,n’.v € V + w. It follows that (n —n’).v € V whence v € V since
V is a vector space and n # n’. We conclude that Rr(Bg) C V.

Let E be the group generated by Bg which is finite, and note that H := Rp(E)+ C(I', Z) is a closed
discrete subgroup of C(I', R), where C(I', Z) is the group of Z-valued functions on I'. Since H is a
closed discrete subgroup of C(I", R) contained in V/, it is also a closed discrete subgroup of V. Since V'
is certainly generated by Rr(Bs) and H D Rr(Bs) we see that A := H NV has finite covolume and
so is a lattice in V.

Let p be the unique solution to |1 —exp(27ip)| = n in the range [0, %], and write Q, for the p-cube
in C(I", R), which is a symmetric convex body in C(I', R), and so K := V N Q, is a symmetric convex
body in V. Now, by Lemma 9.1 the set K N A contains a proper d-dimensional progression P of size
exp(—O(d log2d))| K NA|.

To see this note that by (9-1), Rr|p; is a Freiman 2-homomorphism. Now, if x1, x5, X3, x4 € B
satisfy

Rr(x1) + Rr(x2) = Rr(x3) + Rr(x4)

then
Rr(x1 +x2 —x3—x4) = Rr(x1) + Rr(x2) + Rr(—x3) + Rr(—x4) = 0.

However, Rr(x)=0if and only if y(x) =1 for all y € ', which is to say if and only if x € L. Since L is
trivial we conclude that x +x, = x3 + x4 and hence that Rr is injective on B, and RFI : Rr(Bs) — Bg
is a Freiman 2-homomorphism.

On the other hand, by (9-1) Rr : Bs — Rr(Bj) is a Freiman 2-homomorphism, and therefore also a
Freiman 2-isomorphism; hence its inverse RFI : Rr(Bg) — Bg is one as well.

Since Bs = Rlil (K N A), we are done by, for example, [Tao and Vu 2006, Proposition 5.24], which
simply says that the image of a proper coset progression under a Freiman isomorphism of order at least
2 is a proper coset progression of the same size and dimension; in particular Rlil (P) is a proper coset
progression of size exp(—O(d log2d))| Bs| and dimension at most d. O

10. Proof of the main theorem
The result driving Theorem 1.1 is the following which brings together all the ingredients of the paper.

Theorem 10.1. Suppose that G is a finite abelian group, A, S C G have |A + S| < Kmin{|A4|, |S|},
and € € (0, 1] is a parameter. Then there is a proper coset progression M with

O(e210g° 26 1K)
) 4+ S,

dim M = O(e ?1log®2¢ 7' K) and |M | =
2log K
such that for any probability measure | supported on M we have
4]
A+ S|

[Lats * plleoo(e) = 1 —€ and |14 % pillgoo(G) = (1 —€)
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Proof. We start by thinking of G as discrete and using counting measure. By Pliinnecke’s inequality
[Tao and Vu 2006, Corollary 6.28] there is a nonempty set S’ C S such that

K min{|A],|S[}\? AllS’
|A+A+S/|s(—mlnl{g|| | l}) |S/|$K2—| ||5|*| |

Note, in particular, that since |4 + A 4+ S’| = |A| we have |S’| = |S|/K? from the second inequality.
Applying the inequality again we get a nonempty set A’ C A such that

A+ (A+S)+ A+ S)| < K44,

< K?|4.

and it follows that
(A48 +(A+8) < K*a+ S| (10-1)

Now we apply Proposition 4.2 with 7' = A4 to get a symmetric neighbourhood of the identity X such
that
| X| = exp(—O0(e 2k 10g? 2K))|A + S|

since |4| = |4+ S|/K, and
lh—g g5 ks (x)—1| <e€/4 forall x e kX. (10-2)

In the first instance it follows that kX C (4+S’)—(A+S’). On the other hand, by the Pliinnecke—Ruzsa
estimates [Tao and Vu 2006, Corollary 6.29] applied to (10-1) we have

141((A+ S") = (A+ S)| < K2 |4+ S| = exp(O(l log K + € 2k?1og? K))| X|.

and hence
|41k X | < exp(O(llog 2K + € *k?*log” 2K))| X|.

We put / = [e2k?log2K], so that
|3kl + 1) X| < |4kl X| < 2k-OK 0g2K) x|
Hence we can pick k such that
14+loge 'K <k = O(log2¢ 1K) and |3kl + 1) X| < 2kl|X|.

By the variant of Chang’s covering lemma in Lemma 8.2 there is some set T of size at most k/ =
O(e 2 1og* 2¢ 71 K) such that 3X C Span(7') + 2X, and hence (by Lemma 8.3)

(1 +2)X)| < n0€ 1" 267 ) x| forall n > 1.
On the other hand |2X| < 2%/| X, and so (rescaling the measure to think of G as compact) we have
neg(nX) < nOE ?log* 26_1K)M0(X) foralln > 1.

Now, by Proposition 7.1 applied to the set X there is a d = O(kllog2klx~"') (which we may also
assume is at least 1) and a regular Bohr set B such that

X — X C Byyz and pug(B2) < exp(d)pug(X).
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Let ¢ be the absolute constant in the following technical lemma and note that since X is a neighbourhood
of the identity, X C B and B(X) = exp(—d).

We apply Chang’s theorem relative to B to get that Spec.(lx, B) = Spec.(ux) has (1, B)-relative
entropy

r=0(c?log2|1xllL2p) I1x I L1 5) = O(d).

It follows from Lemma 6.3 that there is a set of characters A of size r and a p = Q(1/(1 + & (B))r) such
that for all y € Spec,.(ux) we have

11—y (x)| = O(r + p'rh(B)h(B,)) forall x € By A B,

where B’ is the Bohr set with width function the constant function 2 and frequency set A. Provided
p = k we see that

ne(X) < ug(By/a) < pa(Bry2) and pg(Bap) < e (B2) < exp(d) g (X),
and so it follows that (B), h(B,) < d. It follows that p = Q(1/d?) and
1—y(x)| = O(vd + p'd®) forall x e By A B}, and y € Spec,(itx).
Pick p' = Q(e/d*K?) and v = Q(e/ K?d) such that B” := By A B), has
|1 —y(x)| <e/4K* forall x € B” and y € Spec,(ix).

In particular
o v=Q(1/K>d°W),

For each A € A write B® for the Bohr set with frequency set {A} and width function the constant
function 2, thus B!, = Axea BY. By Lemma 5.1 we see that

A
16 (By) = 116 (Byoy2) [ | e (Biy)y).
AEA

On the other hand, since B® has a frequency set of size 1 we see (from (5-2)) that
16 (BY) = ~ minfy', 2},
Now, if np’/2 = k we have
nG(By) = (nv/2m)" ne (X)),
and on the other we have ug(B) <exp(d)ug(X). Let ¢ = 1 be a natural such that
(167 (3t + 1)v™ 1) exp(d) < 2! and t = O(d log 2dK).
Then if n € [%(31 +1), %(31 + 1)) we have

1G (B3 41y,) <2 16 (By).
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We now apply Proposition 9.2 to get that Bg contains a proper coset progression M of dimension at
most ¢ and size (2¢/)"%® G(X). The result is proved on an application of the next lemma provided
such a choice of 1 is possible. This can be done if k¥ can be chosen such that

/

0
3G+ 1)

which can be done with k¥ = Q(e M K~9(1)) 'and working this back gives that t = O(e "2 log® 2¢ "1 K)
and the result. 0

The next lemma is here simply to avoid interrupting the flow of the previous argument, and the hy-
potheses are set up purely for that setting. The proof is simply a series of standard Fourier manipulations.

Lemma 10.2. There is an absolute constant ¢ > 0 such that if G is a finite abelian group, A, S, X C G
have |A 4+ S| < Kmin{|A|,|S|}, S’ C S has |S'| = |S|/K?, k = loge™ 'K is a natural number such
that

g % 15 x s/ (x)— 1| <e€/4 forall x € kX,

and M is a set such that
1 —y(x)| <e/4K? forallx e M andy € Spec,(tx). (10-3)

then for any probability measure | supported on M we have
4]
A+ S|

[1a+s * ftllgeo(e) = 1—€ and |14 % pllgeo(q) = (1 —€)
Proof. Integrating the first hypothesis we get
k
(% Lo s * s i) — 1] < €/4,

where /Lgf) denotes the k-fold convolution of py with itself. By Fourier inversion we have

]Z T s D0 DI Dk — 1] < /4. (10-4)
yeG

The triangle inequality, Cauchy—Schwarz and Parseval’s theorem in the usual way tell us that

[ Tars MDA s ()| < ne(A+ SOl 2 el s 2 &) =
2 HOTETEO T Ve (Dn(S)

yeG

< K?. (10-5)

Then, by the triangle inequality, for any probability measure u supported on M we have
|fi(y) —1| <e€/4K? forall y € Spec,(iix). (10-6)

We conclude that

k — ~ — —_ P ~
E = [(Lagsr o g+ s+ uSy) % i) — 1] = ) > Lars DA EAW s ()ix (V) i(y) — 1
yeG
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is at most S; + S, + S5, where

si=| Y s mEs Om FIAGE - 1)',
v &Spec.(ux)

=l Y 1Z+\S/(y)p?/1(y)@(y)@(y>k<|/fc(y)|2—1)',
¥ €Spec. (1x)

Syi= > Lars MEa()is () ix () - 1’-
veG

By the triangle inequality and (10-5) we see that

Si< osup |y WF Y Lars Omais (v)] < K> < e/4

yéSpec. (Ux) yeG

for a suitable choice of ¢ = Q(1), since k > loge ™! K; by (10-5) and (10-6) we see that

Sp<2  sup A =11 Y [Lars (DAY Es (V)| < 2(¢/4K*)K? < €/2;

€S e
Y €Spec. (x) oy

and finally by (10-4) we see that S3 < €/4, so that E < €. It follows from this that

k
(L * [ pa % s+ 1) % p) = 1—e,

and hence by averaging that

ne(A4)
png(A+S")

The lemma is proved. O

[lat+s * ullLo@)y=1—€ and |[Lg*pllLoee) = (1—¢€)

It is worth making a couple of remarks before continuing. First, Theorem 10.1 can be extended to
infinite abelian groups by embedding the sets there in a finite group via a sufficiently large Freiman
isomorphism. This is the finite modelling argument of [Green and Ruzsa 2007, Lemma 2.1], but we
shall not pursue it here.

The expected e-dependence in Theorem 10.1 may be less clear than the K-dependence. The argument
we have given works equally well for the so-called popular difference set in place of 144 g, that is the
set

D(A,S) ={xeG:lgx1g(x)=ce/K}

for sufficiently small ¢. On the other hand Wolf [2010], developing the niveau set construction of Ruzsa
[1987; 1991], showed that even finding a large sumset in such popular difference sets is hard, and it
seems likely that her arguments can be adapted to cover the case of D(4,.S) containing a proportion
1 — € of a sumset.
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Understanding this, even in the model setting of G = [}, would be of great interest since a better
e-dependence would probably yield better analysis of inner products of the form (14 * 1 g, 17) which
are of importance in, for example, Roth’s theorem [Roth 1953; 1952].

We are now in a position to prove Theorem 1.1 by an easy pigeonhole argument.

Proof of Theorem 1.1. Freiman 2-embed the sets A4 and S into a finite group (via, for example, the
method of [Green and Ruzsa 2007, Lemma 2.1]); if we can prove the result there then it immediately
pulls back.

Apply Theorem 10.1 with € = %(1 + +/2) to get a proper d-dimensional coset progression M . Note
that we may assume the progression is symmetric by translating it and possibly shrinking it by a factor
of exp(d); this has no impact on the bounds. Thus we put

M=H+{x1.1+--+xg.0g:|l;]| <L; foralll <i<d}
where Ly,...,L; €N, H <G and xq,...,x; € G. Write
My :=H+{x1.h+-+xg.lg: ;| <nl; foralll<i<d},
and note that | M| < exp(O(d))|Mj;|. On the other hand if jn < % we have
My CMyjagy Cooo CMyyayjn = My,

so it follows that there is some n = Q(1/d) andi < j = O(d) such that [M /51 ;p| < 21/2|M1/2+(,«_1),7|.
Since n = Q(1/d) we easily have that |M;| = exp(—O(d logd))|M;|. On the other hand if we apply
the conclusion of Theorem 10.1 with
= WMy ogin + WMoty
My j24inl + |Mij24i—1)q]

we get an element x such that
(X +A4+S)NMijpqipl +(x+A+S)NMi/aq -1yl
is at least
(M=) (Mi/24inl +IMi/24i-1)n))-

But then if z € M) we get

Lavs * 1o(a+5)(2) = Ixtats * 1_(x+4+5)(2)
Z Lt A+8)NM1japin ¥ 1=(x+ A+S)NM 24— 1)y (2)
> [(x+ A+ S) N Myjpqiy|+ |24+ ((x + A+ S) N My o4 i—1)n)]
—((x+A+S)NMij21in) U+ (x+ A+ S) N Myja4i-1)n))|
> |(x+ A+S) N Myjppin|+|(x+ A+ S) N My j2p—1yn| — |Mij24in]
= (1= (14 V2)e)| My 24 G—1)y| > 0.

and it follows that (4 — A) + (S — ) contains M. Tracking through the bounds we get the result. [J
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11. Concluding remarks and applications

To begin with we should remark that in the case when G has bounded exponent or is torsion-free, we can
get slightly better bounds and the argument is much simpler because of the presence of a good modelling
lemmas. In the first case we get the following result, a proof of which (in the case G = [}) is contained
in the Appendix as it is so short.

Theorem 11.1 (Bogolyubov—Ruzsa lemma for bounded exponent abelian groups). Suppose G is an
abelian group of exponent r and A, S C G are finite nonempty sets such that |A + S| < K min{| A, |S|}.
Then (A — A) + (S — S) contains a subspace V of size exp(— O, (log* 2K))|A + S|.

In the second, the material of Sections 5-9 can be replaced by similar but more standard arguments
because of the following modelling lemma.

Lemma 11.2 (modelling for torsion-free abelian groups [Ruzsa 2009, Theorem 3.5]). Suppose that G
is a torsion-free abelian group, A C G is a finite nonempty set and k = 2 is a natural. Then for every
q=|kA—kA|thereisaset A’ C Awith|A'| = |A|/k such that A’ is Freiman k-isomorphic to a subset
of Z/qZ.
Theorem 11.3 (Bogolyubov—Ruzsa lemma for torsion-free abelian groups). Suppose that G is a torsion-
free abelian group and A, S C G are finite nonempty sets such that |A + S| < Kmin{|A4|, |S|}. Then
(A—A)+ (S —S) contains a proper symmetric d(K)-dimensional coset progression M of size
exp(—h(K))|A+ S|.

Moreover, we may take d(K) = O(log* 2K) and h(K) = O(log* 2K log 21og 2K).

Returning to Theorem 1.1 it is easy to see that we must have d(K), h(K) = Q(log K) by considering
a union of ~/K coset progressions of dimension log, V'K, and even achieving this bound may be hard
without refining the definition of a coset progression. (See the comments of Green in [Tao 2008b] for a
discussion of this.)

The paper [Schoen 2011] was a major breakthrough in proving the first good bounds for (a slight
variant of) Theorem 1.1; it was essentially shown that one could take

d(K).h(K) = O(exp(O(v/log K)))

for torsion-free or bounded-exponent abelian groups.

Indeed, it should be clear that while we do not use [Schoen 2011] directly in the proof of Theorem 1.1,
it has had a considerable influence on the present work and the applications which now follow are from
the end of that paper as well.

Freiman’s theorem. As an immediate corollary of Theorem 1.1 and Chang’s covering lemma we have
the following.

Theorem 11.4 (Freiman’s theorem for abelian groups). Suppose that G is an (discrete) abelian group
and A C G is finite with |A = A| < K| A|. Then A is contained in a d(K)-dimensional coset progression
M of size at most exp(h(K))|A|. Moreover, we may take d(K), h(K) = O(K logo(l) 2K).
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By considering a union of K dissociated translates of a coset progression it is easy to see that we must
have d(K), h(K) = Q(K), so the result is close to best possible.

Green and Ruzsa [2007] provided the first bounds of d(K), h(K) = O(K*T°(1), and the peppering
of their work throughout this paper should indicate the importance of their ideas.

Schoen [2011] improved the bounds to O(K 3+o(D)) and to O(K'+2M) for certain classes of groups,
and in [Cwalina and Schoen 2010] the structure is further elucidated with particular emphasis on getting
good control on the dimension.

The U3-inverse theorem. Theorem 1.1 can be inserted into the various U3-inverse theorems of Tao and
Green [2008] for finite abelian groups of odd order, and Samorodnitsky [2007] (see also [Wolf 2009])
for I} to improve the bounds there. In particular one gets the following.

Theorem 11.5 (U (F%)-inverse theorem). Suppose that f € L (F%) has I/ lws@my = 811 ooy
Then there is a quadratic polynomial q : ) — F3 such that

(/2 (D)) 2] = exp(=0(1og D 257 1) || /| Lo e)-

In fact the connection between good bounds in results of this type and good bounds in Freiman-type
theorems is quite clearly developed by Green and Tao [2010] and Lovett [2010].

Long arithmetic progressions in sumsets. The question of finding long arithmetic progressions in sets
of integers is one of central interest in additive combinatorics. The basic question has the following form:
suppose that Aq,..., Ay C {1,..., N} all have density at least «. How long an arithmetic progression
can we guarantee that A{ + .-+ Ay contain?

For one set this is addressed by the notoriously difficult Szemerédi’s theorem [1969; 1975], where
the best quantitative work is that of Gowers [1998; 2001]; for two sets the longest progression is much
longer with the state of the art due to Green [2002a]; for three sets or more the results get even stronger
with the work of Freiman, Halberstam and Ruzsa [Freiman et al. 1992]; and finally for eight sets or more,
longer again by the recent work of Schoen [2011].

Theorem 1.1 yields an immediate improvement for the case of four sets or more.

Theorem 11.6. Suppose that A1, ..., A4 C{1,..., N} all have density at least «. Then Ay +---+ Ay
contains an arithmetic progression of length N Olog= %M 241,

Proof. Since |A4; + Aj| < 2o 1| A;| for all i, j we have, by averaging, that there is a symmetric set A of
density 9™ such that A4, ..., A4 each contains a translate of A. In particular, the longest progression
in A— A+ A — A is contained in a translate of 47 + A, + A3 + A4.

Now, by Theorem 1.1 the set A — 4 + A — A contains an O(logo(l) a~!)-dimensional coset progres-
sion M of size exp(—O(logO(l) a~1))N. Since Z is torsion-free the progression is just a generalised
progression which certainly contains a 1-dimensional progression of length | M |1/ dim M - The result is
proved. O

It is not clear that this result gives the best possible conclusion for k sets as k tends to infinity, but if one
were interested in this no doubt some improvement could be squeezed out by delving into the main proof.
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A(4)-estimate for the squares. Inserting Theorem 1.1 into a result from [Chang 2004] (itself developed
from an argument of Bourgain in [Johnson and Lindenstrauss 2001]) yields the following A (4)-estimate
for the squares.

Theorem 11.7. Suppose that ny, ..., ny are naturals. Then

/

This is essentially equivalent to inserting Theorem 1.1 into the proof of [Schoen 2011, Theorem 8]

k 4
Zexp(2nin,-20) do = 0(k> exp(—Q(logﬂ(l) 2k))).

i=1

and Gowers’ [1998] version of the Balog—Szemerédi lemma [1994]. In any case a conjecture of Rudin
[1960] suggests that the bound O(k2+oM)y is likely to be true, and the above is not even a power-type
improvement on the trivial upper bound of k3.

The Konyagin—-Laba theorem. Theorem 1.1 inserted into the argument at the end of [Schoen 2011]
yields the following quantitative improvement to a result from [Konyagin and Laba 2006].

Theorem 11.8 (Konyagin—t.aba theorem). Suppose that A is a set of reals and a € R is transcendental.
Then
|A + a.A| = exp(2(1og® D 2| A)))| A|.

What is particularly interesting here is that there is a simple construction which shows that there are
arbitrarily large sets A with |4 4+ a. 4| = exp(O(y/log |A|))|A|.

Appendix: Proof of Theorem 11.1

Our objective in this appendix is to prove the following result.

Theorem A.1. Suppose that G :=F}, and A C G has density a > 0. Then there is a subspace V < G
with cod V = O(log* 207 ") such that V C 4A.

We have distilled this argument out because it is short and just uses the two ingredients of the Croot—
Sisask lemma and Chang’s theorem. For the reader interested in a little more motivation the sketch after
the introduction may be of more interest.

In the rather special setting of [} it is known from [Green and Ruzsa 2007, Proposition 6.1] that if
|A+ A| < K|A| then A is Freiman 8-isomorphic to a set A’ of density K~?() in some F?*, from which
we get the following corollary of Theorem A.1.

Corollary A.2. Suppose that G :==F}, and A C G has |A+ A| < K|A|. Then there is a subspace V < G
with |V| = exp(—O(log* 2K))|A| such that V C 4A.

In this setting the result of Croot and Sisask is the following.
Lemma A.3 (Croot-Sisask). Suppose that G :=F?, f € L?(G) and A C G has density a > 0. Then
thereisana € A and a set T with ug(T) = (04/2)0(6_21’) such that

loe(f *pa) = f*palrcy <€l fllLre) forallteT.
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Additionally we have:
Lemma A.4 (Chang’s theorem). Suppose that G := ] and A C G has density o > 0. Then
cod Spec, ()t = O(e2log2a™Y).
Proof of Theorem A.1. We begin by noting that
(24 % 14, La) = (laa. Lax 14) = 0%, (A-1)

By the Croot-Sisask lemma applied with f := 1,4 we geta set T C G with ug(7T) = (a/2)0(k21’)
such that
lor(124 % 14) =124 * L4llLr(G) < /4ke forallz €T.

By the triangle inequality this gives
lpr(1oax14) =124 14llLrG) <a/4e forallt € kT,
and so on integrating (and applying the triangle inequality again) we have
124 % 14 u#‘) —laa*xlglLre) <a/de.
By Holder’s inequality we get
[(1p4 % 14 % u#", La) = (loa * La, La)| S @' V7D /40,

Choosing p = 1+ loga™! and inserting (A-1) we have

(2a% 1a 1§, 14) —a?| < @?/4,
and so by the triangle inequality

(log %14 % Mglf), L) Lr(G) = 30 /4.

Now, put V := Specl/z(,uT)J- and g:= 1,4 % 14 % /,Lg]f), so that

(g, 14) — (g %y, 1a)| =‘ Y LW Par(nF| <e2 ™ <a?/s,
ygvL

by Parseval’s theorem, the definition of V' and by taking k = O(log 2a~!) a sufficiently large natural. It
follows by the triangle inequality that

k
(Lo Lax ) 5y 14) > 0?/2,

and so, by averaging, that ||15 4 * wy || Lo (G) > % We conclude that 44 contains V' by the pigeon-hole
principle and the result is proved on applying Chang’s theorem to see that

codV = O(log2uug(T)™ 1) = O(log* 2a71). O
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REAL ANALYTICITY AWAY FROM THE NUCLEUS OF PSEUDORELATIVISTIC
HARTREE-FOCK ORBITALS

ANNA DALL’ACQUA, SOREN FOURNALIS,
THOMAS @STERGAARD SGRENSEN AND EDGARDO STOCKMEYER

We prove that the Hartree—Fock orbitals of pseudorelativistic atoms, that is, atoms where the kinetic energy
of the electrons is given by the pseudorelativistic operator /—A + 1 — 1, are real analytic away from the
origin. As a consequence, the quantum mechanical ground state of such atoms is never a Hartree—Fock
state.

Our proof is inspired by the classical proof of analyticity by nested balls of Morrey and Nirenberg.
However, the technique has to be adapted to take care of the nonlocal pseudodifferential operator, the
singularity of the potential at the origin, and the nonlinear terms in the equation.

1. Introduction and results

In [Dall’ Acqua et al. 2008], three of the present authors studied the Hartree—-Fock model for pseudorela-
tivistic atoms, and proved the existence of Hartree—Fock minimizers. Furthermore, they proved that the
corresponding Hartree—Fock orbitals (solutions to the associated Euler-Lagrange equation) are smooth
away from the nucleus, and that they decay exponentially. In this paper we prove that all of these orbitals
are, in fact, real analytic away from the origin. Apart from intrinsic mathematical interest, analyticity
of solutions has important consequences. For example, in the nonrelativistic case, the analyticity of the
orbitals was used in [Friesecke 2003; Lewin 2004a] to prove that the quantum mechanical ground state is
never a Hartree—Fock state (or, more generally, is never a finite linear combination of Slater determinants).
A direct consequence of our main regularity result is that this also holds in the pseudorelativistic case.
Our proof also shows that any H!/?-solution ¢ : R> — C to the nonlinear equation

7
(J—A+1w—ﬁj¢iO¢V*MFW¢=kw (1)

which is smooth away from x = 0, is in fact real analytic there. As will be clear from the proof, our
method yields the same result for solutions to equations of the form

(—A+m)o+Vo+lplfe =g, 2)
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where V has a finite number of point singularities (but is analytic elsewhere), under certain conditions
onm,s,V, and k (see Remark 1.2 below). We believe this result is of independent interest, but stick
concretely to the case of pseudorelativistic Hartree—Fock orbitals, since this was the original motivation
for the present work.

We consider a model for an atom with N electrons and nuclear charge Z (fixed at the origin), where
the kinetic energy of the electrons is described by the expression \/ (Iplc)? + (mc?)? — mc?. This model
takes into account some (kinematic) relativistic effects; in units where i = ¢ = m = 1, the Hamiltonian

becomes

1
HT=ivp)-vapl+ > Pl 3)

X — X
I<i<j<N ' il

||M2

with T(p) = E(p) —a~ ' = /|p?+a 2 —a~ ! and V(x) = Za/|x|. Here, « is Sommerfeld’s fine
structure constant; physically, @ >~ 1/137.

The operator H acts on a dense subspace of the N-particle Hilbert space #p = /\lN: 1Lz([R?’) of
antisymmetric functions. (We will not consider spin since it is irrelevant for our discussion.) It is bounded
from below on this subspace if and only if Za <2/7 (see [Lieb and Yau 1988]; for a number of other
works on this operator, see [Carmona et al. 1990; Daubechies and Lieb 1983; Fefferman and de la Llave
1986; Herbst 1977; Lewis et al. 1997; Nardini 1986; Weder 1975; Zhislin and Vugalter 2002]).

The (quantum) ground state energy is the infimum of the quadratic form ¢ defined by H, over the
subset of elements of norm 1 of the corresponding form domain. Hence, it coincides with the infimum
of the spectrum of H considered as an operator acting in #r. A corresponding minimizer is called a
(quantum) ground state of H.

In the Hartree—Fock approximation, instead of minimizing the quadratic form q in the entire N-particle
space €, one restricts to wavefunctions W which are pure wedge products, also called Slater determinants:

1
Y(xq,...,xy) = — det(y; (x]))l il 4

NG

with {u; }N , orthonormal in L?(R?) (called orbitals). Notice that this way, ¥ € Hp and [|W|| L2qsv) = 1.
The Hartree—Fock ground state energy is the infimum of the quadratic form q defined by H over such
Slater determinants:

EME(N, Z, a) := inf{ q(¥, W) | ¥ Slater determinant }. (5)
Inserting W of the form in (4) into q formally yields

My, uy) = q(v, W)

N
=a”! Z/RS {uj ) [T (=iV)ujlx) — V(x)|u;(x)[*} dx

Pl )P / / TCLCI IV D
Z ‘/I\Q"ﬁ ‘/I\Q"ﬁ 2 Z R3 JR3 x y‘ ( )

1<’J<N =yl 1<i,j<N lx —yl
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In fact, u; € HY 2([R{?’), 1 <i < N, is needed for this to be well-defined (see Section 3 for a detailed
discussion), and so (5)—(6) can be written

EY(N, Z, o) =inf{ € (uy, ... un) | (uy, ..., uy) € My}, (7)
My ={ @, ... uy) € [H(R) uj)=3;}. ®)

Here ( , ) denotes the scalar product in L2(R?). The existence of minimizers for the problem (7)—(8)
was proved in [Dall’ Acqua et al. 2008] when Z > N — 1 and Za < 2/m. (Note that such minimizers are
generally not unique since €HF
distinct critical points of the functional €HY on .y was proved recently (under the same conditions) in
[Enstedt and Melgaard 2009].

The Euler-Lagrange equations of the problem (7)—(8) are the Hartree—Fock equations,

is not convex; see [Fournais et al. 2009]). The existence of infinitely many

[(T=i¥) = V)gi] o) + e Z/ 'T‘J’C’(”y" ¢:(x)

_“Z</ M@(ﬁ)) y)%(x):eiwi(x), 1<i<N. (9

Here the ¢; are the Lagrange multipliers of the orthonormality constraints in (8). (The naive Euler—
Lagrange equations are more complicated than (9), but can be transformed to (9); see [Fournais et al.
2009].) Note that (9) can be reformulated as

hepi =€ipi, 1=<i=<N, (10)
with hy the Hartree—Fock operator associated to ¢ = {¢1, ..., ¢n}, formally given by
hou =[T(=1V) = V]u+aRyu —aKyu, (11D

where R, u is the direct interaction, given by the multiplication operator defined by

Ry () —Z/ loiP 1)

3 Ix—yl

and K, u is the exchange term, given by the integral operator

R
Ky =3 ([ %”y(ly)dy)mx). (13)

, lx
Jj=1

The equations (9) (or equivalently (10)) are called the self-consistent Hartree—Fock equations. One
has that oess(hy) = [0, 00) and that, when in addition N < Z, the operator h, has infinitely many
eigenvalues in [—a~!, 0) (see [Dall’ Acqua et al. 2008, Lemma 2]; the argument given there holds for
any ¢ = {¢1, ..., 90N}, @i € H'2(R%), as long as Za < 2/m). If (¢1, ..., ¢N) € My is a minimizer for
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the problem (7)—(8), then the ¢; solve (10) with &) < ey <... <en < 0the N lowest eigenvalues of the
operator hy, [Dall’ Acqua et al. 2008].

In [Dall’ Acqua et al. 2008] it was proved that solutions {¢y, ..., ¢x} to (9)—and, more generally,
all eigenfunctions of the corresponding Hartree—Fock operator i, — are smooth away from x = 0 (the
singularity of V'), and that (for the ¢; for which ¢; < 0) they decay exponentially. (The solutions studied
in [Dall’ Acqua et al. 2008] came from a minimizer of €HF, but the proof trivially extends to the solutions
{@ntnen = {{go?, R (px}}nEN to (9) found in [Enstedt and Melgaard 2009], and to all the eigenfunctions
of the corresponding Hartree—Fock operators mentioned above). The main theorem of this paper is the
following, which completely settles the question of regularity away from the origin of solutions to the
equations (9).

Theorem 1.1. Let Za < 2/, and let N > 2 be a positive integer such that N < Z + 1. Let ¢ =
{o1,..., 0N}, i €H 12(R3),i=1,..., N, be solutions to the pseudorelativistic Hartree—Fock equations
in (9).
Then, fori=1,..., N,
i € C*(R\ {0)), (14)

that is, the Hartree—Fock orbitals are real analytic away from the origin in R>.

Remark 1.2. (i) The restrictions Zo <2/w, N < Z+1, and N > 2 are only made to ensure existence of

172_solutions to (9) for
1/2

H'/2-solutions to (9). In fact, our proof proves analyticity away from x = 0 for H
any Zo. For the case N = 1, (9) reduces to (T — V)¢ = e¢ and our result also holds for H'/~-solutions
to this equation (see also (iv) and (v) below about more general V for which the result also holds for
the linear equation). More interestingly, the result also holds for H'/2-solutions to (1) (which, strictly

speaking, cannot be obtained from (9) by any choice of N).
(ii) The statement also holds for any eigenfunction of the associated Hartree—Fock operator given by (11).
(iii) It is obvious from the proof that the theorem holds true if we include spin.

(iv) As will also be clear from the proof, the statement of Theorem 1.1 (appropriately modified) also
holds for molecules. More explicitly, for a molecule with K nuclei of charges Zi, ..., Zg, fixed at
Ri,...,Rx € R%, replace V in (9) by Zle Vi with Vi (x) = Zya/|x — Ry, Zya < 2/m. Then, for
N <1+ Zle Z, Hartree—Fock minimizers exist (see [Dall’ Acqua et al. 2008, Remark 1(viii)]), and the
corresponding Hartree—Fock orbitals are real analytic away from the positions of the nuclei, i.e., belong
to C*(R*\{Ry, ..., Rg}).

(v) Another approximation to the full quantum mechanical problem is the multiconfiguration self-consistent
field method (MC-SCF). Here one minimizes the quadratic form q defined by the operator H given in (3)
(or, more generally, with V from (iv)) over the set of finite sums of Slater determinants instead of only on
single Slater determinants as in Hartree—Fock theory. If minimizers exist they satisfy what is called the
multiconfiguration equations (MC equations). For more details, see [Fournais et al. 2009; Friesecke 2003;
Lewin 2004b]. As will be clear from the proof, the statement of Theorem 1.1 also holds for solutions to
these equations.
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(vi) In fact, for V we only need the analyticity of V away from finitely many points in R?, and certain
integrability properties of V¢; in the vicinity of each of these points, and at infinity; for more details, see
Remark 4.1.

(vii) As will be clear from the proof, the statement of Theorem 1.1 also holds for other nonlinearities than
the Hartree—Fock term in (9), namely |go|k(p as in (2) (for k even; for k odd, one needs to take (pk“). The
LP-space in which one needs to study the problem (see Proposition 2.1 and the description of the proof
below for details) needs to be chosen depending on k in this case (the larger the k, the larger the p).

(viii) Also, as will be clear from the proof, the result holds if T(—iV) = |V| (i.e., T(p) = |p]) in (9).
In (35) below, E(p)_1 should then be replaced by (|p| + 1)~! (and 1 added to a ' +¢). The only
properties of E(p)~! used are in Lemmas C.1 and C.2, which follow also for (|p| 4+ 1)~! from the same
methods with minor modifications. Similarly, one can replace T (p) with (—A + a2, s e[1/2,1].

(ix) The result of Theorem 1.1 in the nonrelativistic case (7 (—i1V) replaced by —a A in (3)) was proved
in [Friesecke 2003; Lewin 2004a]; see also the discussion below. In this case, it is furthermore known
[Fournais et al. 2009] that, for x € B, (0) for some r > 0, ¢; (x) = gol.(1>(x) + |x|<pl.(2) (x) with gol.(l), gol.(z) €

C?(B(0)).

Combining the argument in [Friesecke 2003; Lewin 2004a] with the analyticity away from the position
of the nucleus of solutions to the MC equations (see Remark 1.2(v)) we readily obtain the following
result.

Theorem 1.3. Let VU be a (quantum) ground state of the operator H given in (3). Then WV is not a finite

linear combination of Slater determinants.
Remark 1.4. The same holds with V as in Remark 1.2(iv).

Description of the proof of Theorem 1.1. The proof of Theorem 1.1 is inspired by the standard Morrey—
Nirenberg proof of analyticity of solutions to general (linear) elliptic partial differential equations with
real analytic coefficients by “nested balls” [Morrey and Nirenberg 1957]. A good presentation of this
technique can be found in [Hormander 1969]. (Other proofs using a complexification of the coordinates
also exist and have been applied to both linear and nonlinear equations; see [Morrey 2008] and references
therein.)

In [Hormander 1969] one proves L2-bounds on derivatives of order k of the solution in a ball B, (of
some radius r) around a given point. These bounds should behave suitably in k in order to make the
Taylor series of the solution converge locally, thereby proving analyticity.

The proof of these bounds is inductive. In fact, for some ball Bg with R > r, one proves the bounds
on all balls B, with r < p < R, with the appropriate (with respect to k) behavior in R — p. The base
of induction is provided by standard elliptic estimates. In the induction step, one has to bound k + 1
derivatives of the solution in the ball B,,. To do so, one divides the difference B\ B,, into k+ 1 nested balls
using k + 1 localization functions with successively larger supports. Commuting m of the k derivatives
(in the case of an operator of order m) with these localization functions produces (local) differential
operators of order m — 1, with support in a larger ball. These local commutator terms are controlled by
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the induction hypothesis, since they contain one derivative less. For the last term — the term where no
commutators occur — one then uses the equation.

This approach poses new technical difficulties in our case, due to the nonlocality of the kinetic energy
T(p) =+—A+a2—a~! and the nonlinearity of the terms Ry@i and Ky ;.

The nonlocality of the operator +/—A + a2 implies that, as opposed to the case of a differential
operator, the commutator of the kinetic energy with a localization function is not localized in the support
of the localization function. That is, when resorting to proving analyticity by differentiating the equation,
the localization argument described above introduces commutators which are (nonlocal) pseudodifferential
operators. Now the induction hypothesis does not provide control of these terms. Furthermore, it is
far from obvious that the singularity of the potential V outside Bi does not influence the regularity in
Bp, of the solution through these operators (or rather, through the nonlocality of ~/—A + a~2). Loosely
speaking, the singularity of the nuclear potential can be felt everywhere. (Note that if we would not have
a (singular) potential V one could proceed as in [Frank and Lenzmann 2010] and prove global analyticity
by showing exponential decay of the solutions in Fourier space.)

We overcome this problem by a new localization argument which enable us to capture in more detail the
action of high order derivatives on nested balls (manifested in Lemma B.1 in the appendix). This, together
with very explicit bounds on the (smoothing) operators ¢ E(p) ! DP x for x and ¢ with disjoint supports
(see Lemma C.2), are the main ingredients in solving the problem of nonlocality. The estimates are on
GE(p)~'DPy (not pE(p)DP ), since we invert E(p) (turning the equation into an integral operator
equation, see (35)). Our method of proof would also work in the nonrelativistic case, since the integral
operators (—A 4 1)~! and E(p)~! enjoy similar properties.

The second major obstacle is the (morally cubic) nonlinearity of the terms Ry¢; and Ky ¢;.

To illustrate the problem, we discuss proving analyticity by the above method (local L2-estimates) for
solutions u to the equation Au = u>. When differentiating this equation (and therefore u?), the application
of Leibniz’s rule introduces a sum of terms. After using Holder’s inequality on each term (the product
of three factors, each a number of derivatives on u), one needs to use a Sobolev inequality to “get back
down to L?” in order to use the induction hypothesis. Summing the many terms, the needed estimate
does not come out (in fact, some Gevrey-regularity would follow, but not analyticity).

In the quadratic case this can be done (that is, for the equation Au = u? this problem does not occur),
but in the cubic case, one looses too many derivatives.

The second insight of our proof is that this problem of loss of derivatives may be overcome by
characterizing analyticity by growth of derivatives in some L? with p > 2. When working in L? for p > 2,
the loss of derivatives in the Sobolev inequality mentioned above is less (as seen in Theorem D.1). Choosing
p sufficiently large allows us to prove the needed estimate. The operator estimates on ¢E (p)~ ! DF x
mentioned above therefore have to be L”-estimates. In fact, using L? — L9 estimates, one can also deal
with the problem that the singularity of the nuclear potential V can be felt everywhere.

Note that taking p = oo would avoid using a Sobolev inequality altogether (L being an algebra), but
the needed estimates on ¢ E (p)~! D x cannot hold in this case. For local equations an approach to handle
the loss of derivatives (due to Sobolev inequalities) exists. This was carried out in [Friedman 1958],
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where analyticity of solutions to elliptic partial differential equations with general analytic nonlinearities
was proved. Friedman works in spaces of continuous functions. In this approach, one needs to have a
sufficiently high degree of regularity of the solution beforehand (it is not proved along the way). Also,
since the elliptic regularity in spaces of continuous functions have an inherent loss of derivative, one
needs to work on a sufficiently small domain in order for the method to work. We prefer to work in
Sobolev spaces since this is the natural setting for our equation and since the needed estimates on the
resolvent are readily obtained in these spaces.

For an alternative method of proof (one fixed localization function, to the power k, and estimating in a
higher order Sobolev space (instead of in L?) which is also an algebra), see [Kato 1996] (for the equation
Au = u?) and [Hashimoto 2006] (for general second order nonlinear analytic PDEs).

Additional technical difficulties occur due to the fact that the cubic terms, Ry¢; and K, ¢;, are actually
nonlocal.

Note that in the proof that nonrelativistic Hartree—Fock orbitals are analytic away from the positions of
the nuclei (see [Friesecke 2003; Lewin 2004b]), the nonlinearities are dealt with by cleverly rewriting the
Hartree—Fock equations as a system. One introduces new functions ¢; ; = [¢; @] * | - |~1, which satisfy
—A¢; j =4me;p;. This eliminates the terms Ry¢;, K,¢;, turning these into quadratic products in the
functions ¢;, ¢; ;, hence one obtains a (quadratic and local) nonlinear system of elliptic second order
equations with coefficients analytic away from the positions of the nuclei. The result now follows from
the results cited above [Kato 1996; Morrey 2008]. (In fact, this argument extends to solutions of the more
general multiconfiguration self-consistent field equations, see [Friesecke 2003; Lewin 2004b].)

This idea cannot readily be extended to our case. The operator E(p) is a pseudodifferential operator
of first order, so when rewriting the Hartree—Fock equations as described above, one obtains a system
of pseudodifferential equations. This system is, as before, of second (differential) order in the auxiliary
functions ¢; ;, but only of first (pseudodifferential) order in the original functions ¢;. Hence, the leading
(second) order matrix is singular elliptic. Hence (even if we ignore the fact that the square root is nonlocal)
the above argument does not apply.

To summarize, our approach is as follows. We invert the kinetic energy in the equation for the orbitals
thereby obtaining an integral equation to which we apply successive differentiations. The localization
argument of Lemma B.1 together with the smoothing estimates on ¢ E (p)~' D? x handle the nonlocality
of this equation. By working in L? for suitably large p one can afford the necessary loss of derivatives
from using Sobolev inequalities when treating the nonlinear terms.

2. Proof of analyticity

In order to prove that the ¢; are real analytic in R?\ {0} it is sufficient, by [Krantz and Parks 2002,
Proposition 2.2.10], to prove that for every xo € R3\ {0} there exists an open set U € R>\ {0} containing
X0, and constants ¢, R > 0, such that (with Ny := N U {0})

18P @i (x)| <€ % forall x € U and all B € N3, (15)
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Let xo € R\ {0}, and let w be the ball Bg(xg) with center xo and radius R := min{l, |xo|/4}. For
3 > 0 we denote by w; the set of points in w at distance larger than § from dw, i.e.,

ws = {x cw|d(x, dw) > 8). (16)

By our choice of w we have ws = Br_s(xg). Therefore ws = @ for § > R. In particular, by our choice of
R7

ws =2 for §>1. (17)

For Q CR" and p > 1 we let L”(2) denote the usual L”-space withnorm || f || .r(@) = (fQ | f(x)|? dx)l/p.
We write || fll, = | fll Lrw3)- In the following we equip the Sobolev space W7 (2), Q CR", m € N
and p €[1, 0o), with the norm

lullwnry =Y [1D%ullLr(g)- (18)

lo|<m
Theorem 1.1 follows from the following proposition.

Proposition 2.1. Let Za < 2/, and let N > 2 be a positive integer such that N < Z + 1. Let ¢ =
{o1,..., 0N}, @i € Hl/z([R3), i=1,..., N, be solutions to the pseudorelativistic Hartree—Fock equations
in(9). Let xo € R3 \ {0}, R = min{1, |xg|/4}, and @ = Bgr(xg). Define ws = Br_s(xq) for § > 0.

Then for all p > 5 there exist constants C, B > 1 such that for all j € N, for all € > 0 such that
€j <R/2,and foralli € {1,..., N} we have

ePNDP il Lo,y < CBP! forall B eNG with |B] < j. (19)

Given Proposition 2.1, the proof that the ¢; are real analytic is standard, using Sobolev embedding. We
give the argument here for completeness. We then give the proof of Proposition 2.1 in the next section.

Let U = Bg/2(x9) = wg/2 € w. Using Theorem D.5 and (19) we have ¢; € C (ﬁ). Therefore it suffices
to prove (15) for || > 1. Fixi € {1, ..., N} and consider 8 € Ng \ {0} an arbitrary multiindex. Setting
j =B8] and € = (R/2)/j it follows from Proposition 2.1 (since €j = R/2) that there exist constants
C, B > 1 such that

B I8l 2B\ I8l
107 gl = C(5) =C(5) 1817 20)

with C, B independent of the choice of 8. By Theorem D.5 (see also Remark D.6) there exists a constant
K4 = K4(p, xo) such that, for all g’ € N3 \ {0},

' / 2B\ loI+1B g
sup [DP i ()| < K4 > IDPH @il Lrwpy) < Ka Y C(?) (lo]+187) ",

xeU o<1 o<1

using (20). Using that R <1 < B, that #{o € NS | |o| = 1} = 3, and that, from (A.7),

1+|8 € ’
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this implies that for all B’ € NS \ {0},

, 8eK4CB\ (2¢*B\IF |
sup Do)l = (S22 ) () e e
Since |o]! < 3l°lg! forall o € Ng (see (A.4) in the appendix), this implies that
g p
jlelgu) wi(x)lf‘éw, (22)

for some ¢, % > 0. This proves (15). Hence ¢; is real analytic in R\ {0}. This finishes the proof of
Theorem 1.1.
It therefore remains to prove Proposition 2.1.

Remark 2.2. We here give explicit choices for the constants C and B in Proposition 2.1.

- |Pa(¥) ()]
1<ab<N”fR3 a| _£| dy“oo' (23)

Note that by (29) below, this is finite since ¢; € H'/>(R®),i=1,..., N
Furthermore, let A = A(xg) > 1 be such that, for all o € N3,
sup | DV (x)| < AP+ o1 (24)
Xew
The existence of A follows from the real analyticity in w = Bgr(xg) (recall that R = min{1, |xg|/4}) of
V =Za|-|"! (see e.g. [Krantz and Parks 2002, Proposition 2.2.10]). Assume without restriction that
A>a! + maxi<;<p |&i].
Let K1 = K1(p), K» = K»2(p), and K3 = K3(p) be the constants in Lemma C.1, Corollary D.2, and
Corollary D.4, respectively (see Appendices C and D below). Then let

C> =max { K1, 256v2/7}, (25)
C3 =max {47 (1 +2C1/R*) K3, 1607 K5 K3} (26)
Choose
C> max_ {1, [10illwrr 10ill 3 TO8 o PP g 1,
il N} ) (B2r(x0)) T
482 N 1536V2
—— |lleillsg. 27
7T 7T 4]x0]

That C < oo follows from the smoothness away from x =0 of the ¢; [Dall’ Acqua et al. 2008, Theorem 1(ii)]
and the fact that, since ¢; € Hl/z([R{3), 1 <i<N, wehave ¢; € L3(R3), 1 <i < N, by Sobolev’s inequality.
Then choose

16
o]

where C. is the constant (related to a smooth partition of unity) introduced in (B.3). In particular, B > 48.

B > max {48AC2, C., 22 4C2 (160C2K,C3)?, (24N Ca/Z)2, 16K3}, (28)

We will prove Proposition 2.1 with these choices of C and B.
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3. Proof of the main estimate

We first make (6) more precise, thereby also explaining the choice of Jily in (8). By Kato’s inequality
[Kato 1995, (5.33) p. 307],

2
[ DR ax <7 [ iplimrdp tor £ e @) 29
R3

x|

(where f (p)= (2m)~3/2 ng e ixp f(x) dx denotes the Fourier transform of f), and the KLMN theorem
[Reed and Simon 1975, Theorem X.17] the operator h¢ given as

ho=T(—-iV)—-V (30)
is well-defined on H'/?(R?) (and bounded below by — a~!) as a form sum when Za < 2/, that is,
(u, hov) = (E(p)"%u, E(p)"*v) —a™ (u, v) — (V?u, V2v)  for u,ve H/2(RY). (31)

By abuse of notation, we write E(p) for the (strictly positive) operator E(—iV) = +/—A +a 2. For
(@1, ..., 9nN) € My, the function R, given in (12) belongs to L>®(R?) (using Kato’s inequality above),
and the operator K, given in (13) is Hilbert-Schmidt (see [Dall’ Acqua et al. 2008, Lemma 2]). As
a consequence, when Za < 2/, the operator hy in (11) is a well-defined self-adjoint operator with
quadratic form domain H 172(R3) such that

(u, hov) = (u, hov) +a(u, Ryv) —a(u, Kyv) for u,ve H1/2(R3). (32)
Since (u, Ryu) — (u, Kyu) > 0 for any u € L?*(R?), also hg is bounded from below by — a !l
Then, for (u1, ..., uy) € Ay, the precise version of (6) becomes

N
My, ... uy) = Za_l(uj, hou ;)

1 ;i (x)] |Mj(y)|2 1 wi()u; (x)u; (y)u;(y)
Iy /R}/R} TREEDY fR3/R3 dxdy. (33)

1<i J<N |x — | I<iJ<N lx — yl

The considerations on R, and K, above imply that also the nonlinear terms in (33) are finite for
u; e H'2(R?,1<i <N.

If (@1, ..., @y) €My is a critical point of €HF in (33), then ¢ = {¢y, . .., @y} satisfies the self-consistent
HF-equations (10) with the operator 4, defined above.

Note that E(p) is a bounded operator from H 12(R3) to H~/?(R?), and recall that (29) shows that
V also defines a bounded operator from H 12(R3) to H'2(R?) (for any Za). As noted above, both
R, and K, are bounded operators on L*(R3?) when (g1, ..., @n) € dy. In particular, this shows that if
(o1, ...,9nN) € My solves (10), then

E(p)gi —a ' oi — Vo +aRyp; —aKppi = gi¢i, 1<i<N, (34)
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hold as equations in H2(RY). Using that E(p)~!is a bounded operator from H™ 2R3 to H'/2(RY),
this implies that, as equalities in H'/>(R?) (and therefore, in particular, in L?(R?)),

¢ =E(p) 'Voi —aE(p) ' Rypi +aE(p) ' Kppi + (@' +e)E(p) ', 1<i<N. (35
Proof of Proposition 2.1. The proof is by induction on j € Ny. More precisely:

Definition 3.1. For p > 1 and j € Ny, let P(p, j) be the statement:
Forall e > 0 withej < R/2,and all i € {1, ..., N} we have

P DPg;ll Lo,y < CBY! forall BeNg with |B] < j, (36)
where C, B > 1 are the constants in Remark 2.2.

Then Proposition 2.1 is equivalent to the statement: For all p > 5, (p, j) holds for all j € Ny. This
is the statement we will prove by induction on j € Nj.

Base of induction. For convenience, we prove P (p, j) for both j = 0 and j = 1. Note that ?(p, 0)
trivially holds since (see Remark 2.2)

C=C(p) > max @i ll Lr (@) (37)
Also ?(p, 1) holds by the choice of C, since

C=C(p)> max [DpillLrw)- (38)
ve(l,2,3)

Namely, since we C w, (36) holds for |8| = 0 (and all € > 0) using (37). For § € Ny with || =1=j

(i.e., B=-e, forsome v € {1,2,3}),and alle >0 withe =¢j < R/2 <1,
ePNDP @il Lo,y = €D L) < 1Dl o) < C < CB=CB. (39)

Here we again used that w. C w, (38), and that B > 1 (see Remark 2.2).

Induction hypothesis:
Let p>5and j € Ny, j > 1. Then @(p, ) holds for all j < j. (40)

We now prove that #(p, j+1) holds. Note that to prove this, it suffices to study 8 € NS with |B|=j+1.
Namely, assume € > 0 is such that e(j + 1) < R/2 and let 8 € NS with |8] < j+ 1. Then |8| < j and
€j < R/2 so, by the definition of ws and the induction hypothesis,

PNDP il Lresiry < €PIDP il Loy < CBYL. (41)
It therefore remains to prove that

ePNDP 9|l Lo (e <C B! for all € >0 with €(j+1) <R/2 and all B € N with |B|=j+1. (42)
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Remark 3.2. To use the induction hypothesis in its full strength, it is convenient to write, for £ > 0, € >0
such that el < R/2,and o € Ng with 0 < |o| < j,

D7y = 1D ¢; ith e = <L j—
1D @illLr ey = I1D° @illLrw.;) Wit €=1or J=lol,

so that, by the induction hypothesis (applied on the term with € and 7) we get that

BAlo| oI\lol /By lo]
1070l < €(2) " =c (1) (£)" (3)

Compare this with (36). With the convention that 0% = 1, (43) also holds for |o| = 0.
We choose a function ® (depending on j) satisfying

O € C°(we(j+3/4), 0<P <1, with ®=1 on wt1). (44)
Then

IDP@ill Lr(@ejany) < 19D ;1. (45)

The estimate (42) —and hence, by induction, the proof of Proposition 2.1 —now follows from the
equations (35) for the ¢;, (45) and the following two lemmas.

Lemma 3.3. Assume the induction hypothesis (40) holds. Let ® be as in (44). Then foralli € {1, ..., N},
all € > 0 with €(j+1) < R/2, and all B € N} with |B| = j+1, both ®DPE(p)~'V¢; and ®DPE (p)~'¢;
belong to L?(R?), and

; c(B\¥
loD Ep) Vel < 5(2) (46)

_ _ C /B\#
I +e)@D Em) will, = 2(2) )

where C, B > 1 are the constants in (36) (see also Remark 2.2).

Lemma 3.4. Assume the induction hypothesis (40) holds. Let ® be as in (44). Then for all i €
{1,...,N},alle >0withe(j+1) < R/2,and all B € N} with |B| = j + 1, both PDPE(p)~' Ryg; and
®DPE(p)~'K,¢; belong to LP(R3), and

_ C (B\/#
le ®DPE(p) " Rowill, = 7(2) -
¢

~ BBl
le ®DPE(p) " Kppilly < 5( ) -

where C, B > 1 are the constants in (36) (see also Remark 2.2).

Remark 3.5. Fora,b e{l,..., N}, let U, denote the function
Uq,p(x) =/ Ma’y, xeR’. (48)
RS X —
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In particular, || U, pllec < C; foralla,b e {1, ..., N} (see (23)). Using (12) and (13), we can write

N N
Ryppi = Z Ueopi, Kopi = Z Ui cpe. (49)
=1 =1

Hence Lemma 3.4 follows from the following lemma and the fact that Za < 2/m < 1.

Lemma 3.6. Assume the induction hypothesis (40) holds. Let ® be as in (44). Fora,b e {1, ..., N}, let
U,.p be given by (48). Then foralla,b,i €{l,...,N},alle >0withe(j+1) <R/2,and all B Ng
with |B| = j+ 1, ®DPE(p)~'U, »¢i belong to LP(R?), and

- CZ (B\W
19DPE(p) Uaneily < T (2) (50)

where C, B > 1 are the constants in (36) (see also Remark 2.2).

It therefore remains to prove Lemmas 3.3 and 3.6. This will be done in the two following sections. [

4. Proof of Lemma 3.3

We prove Lemma 3.3 by proving (46) and (47) separately.

Proof of (46). Let o € N} and v € {1, 2, 3} be such that 8 = o + e, so that Df = D,,D?. Notice that
|o| = j. Choose localization functions { Xk}]j(:() and {nk}izo as in Appendix B. Since V; € H™!/2(R?),
and E(p)~! maps H* (R3) to H1(R?) for all s € R, Lemma B.1 (with £ = j) implies that

J Jj—1
®DPE(p)~'[Veil =) ®D,E(p) ' DD H[Vpil+ Y ®D,E(p)” D[, DM 1D Pt [V ]
k=0 k=0

+®D,E(p)'D°[n;Veil, (51)

as an identity in H~#I*1/2(R3) (we have also used that E(p)~! commutes with derivatives on any
H*(R%)). Here, [ -, -] denotes the commutator. Also, |Bi| =k, |ux]l = 1, and 0 < g, xx < 1. (For the
support properties of nx, xx, see Appendix B.) We will prove that each term on the right side of (51)
belong to L”(R?), and bound their norms. The proof of (46) will follow by summing these bounds.

The first sum in (51). Let 6; be the characteristic function of the support of x; (which is contained in
). Since V is smooth on the closure of w it follows from the induction hypothesis that the D —br [Vl
belong to L?(w') for any o’ € w. Also, the operator dDDVE(p)_lDﬁk ¥« is bounded on L?(R?) (as we

will observe below). Therefore we can estimate, for k € {0, ..., j},
I®D,E(p)~' D o D° P [Villl, = I(@E(p) ™' Dy DP 5)0: D* [V 11l
< I1PEP) ' DD xillp, 10D [Veilll,.  (52)
Here, || - ||, is the operator norm on &, := B(L” (R3)), the bounded operators on L” (R3).

For k = 0, the first factor on the right side of (52) can be estimated using Lemma C.1 (since |By| = 0).
This way, since || xolloo = |Pllc =1,

I®E(p)~"' Dyxolla, < Ki., (53)
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with K| = K;(p) the constant in (C.1).
For k > 0, the first factor on the right side of (52) can be estimated using (C.4) in Lemma C.2 (with
t=1,qg"=p = p). Since
dist(supp xx, supp ®) > ek —1+1/4)

and || xklloo = [[Plloo = 1, this gives (since (B +e,)! < (18] + D! = (k + 1)!) that

3242 (k+ 1)! 8 k25642 8\
®E(p)~'D,DP < < (—) . 54
|®PE(p) DyD™ xilla, < p (e(k—1+1/4)) =—\¢ (54)
It follows from (53) and (54) that, for all k € {0, ..., j}, v € {1, 2, 3},
) 8 8\*
I9E®) ™ DD sl < () (55)

with C, as defined in (25).
It remains to estimate the second factor in (52). Recall the definition of the constant A in (24). It
follows from (24) and (17) that, forall e > 0, £ € Ny, and o € NS,

€l sup DV (x)| < Ao |1 g1, (56)

X EWwey

with we¢ C w as in defined in (16).
For k = j, since B; = o, we find, by (56) and the choice of C (see Remark 2.2), that

10;Voillp < IV lLew)llillLrw) < CA. (57)
The estimate for k € {0, ..., j — 1} is a bit more involved. We get, by Leibniz’s rule, that
16D Vel < ) (“;ﬂk)nekmvnoo 16 D7 il . (58)
n=o—pi

Now, supp 6 = supp xx C we(j—k+1/4), S0 by (56), for all u < o — B,

166D* Voo < sup  |D*V(x)| <e AW L (G — k)~ M, (59)

X €We(j—k+1/4)

By the induction hypothesis (in the form discussed in Remark 3.2),

e . o — B — u\ T B lo=pi-n
16D~ il < ID7 il Lo i) < C(;T (£) . (60)
It follows from (58), (59), and (60) that (using that |o| = j, |Bx| = k, and (A.6), summing over m = |u|)
P Bk %A j—kym! (j —k—m)I == q\m
o —Pk . =2 - . fat
D" ety <ca(c) () g (5) (61)
m=0
Note that, by (A.7), for 0 <m < j —k,
; V(i yi—k—m 1/12 /5=
(ikymi i m T e VIR (62)
m (j—kyi=* Jj—k—men
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To see the last inequality, look at the cases 0 <m < (j —k)/2 and j —k > m > (j — k) /2 separately.
Hence (since B > 2A, see Remark 2.2), forany k € {0, ..., j — 1},

. ik .
1007 P Vil < CA(g)’ 53 (%)m < 2CA(§)’ ‘ (63)
m=0
Note that, by (57), the same estimate holds true if k = j.
So, from (52), (55), (63), the fact that € < 1 (since €(j + 1) < R/2 < 1/2), and the choice of B (in
particular, B > 16; see Remark 2.2), it follows that

J
Y OD,E(p) ' DP DTV
k=0

<acac(2) 3 ()

<caacy(BY < (&)Y (64)

p

The second sum in (51). Note first that [, D**] = —(D"*n;) (recall that || = 1; see Lemma B.1).

Comparing the second sum in (51) with the first sum in (51), one sees that the second sum is
the first one with j replaced by j — 1 and y; replaced by —D**n,. Having now a derivative on the
localization functions we have one derivative less falling on the term V ¢;. More precisely, the operator
D? B+ contains |0 — Bi+1l = j — (k+ 1) = (j — 1) — k derivatives instead of |0 — S| = j — k
in D°~P_ Then, to control D°~F=+1[V ;] (with the same method used above for D°#[V;]) we
need that supp D"y is contained in w¢((j—1)—k+1/4). Indeed we have much more: as for x; we have
supp D" ny © we(j—k41/4) € Oe((j—1)—k+1/4)- Finally, || D*n; |l < Cy/€, with Cy > 0 the constant in
(B.3) in the appendix.

It follows that the second sum in (51) can be estimated as the first one, up to one extra factor of C, /€
and up to replacing j by j — 1 in the estimate (64). Hence, using that € < 1, and the choice of B (see
Remark 2.2), we get that

j—1

i—1
> ®D,E(p)” DP L, DTV | <= Src@acy)(2)
=0 » € €
B\/ _ C /B\/t!
scaaoc)(¢) =5(5) - ©
€ 12\ e
The last term in (51). It remains to study
ODPE(p) ' [n;Verl. (66)

We split V in two parts, one supported around x = 0, and one supported away from x = 0, and study the
two terms separately. We will prove below that this way, n; V ¢; is actually a function in L' (R*) + L3 (R%).
Upon using suitable operator bounds on ® DP E(p)~!x (for some suitable smooth x’s), combined with
bounds on the norms of the two parts of n;V ¢;, we will finish the proof.

Let p = |xo|/4, and let 6, and 6, /> be the characteristic functions of the balls B,(0) and B,/>(0),
respectively. Choose x, € C§° (R?) with supp X, € B,(0),0< X, <1,and X, =1 on B, /2(0). Note that



672 ANNA DALL’ACQUA, SOREN FOURNAIS, THOMAS @. SORENSEN AND EDGARDO STOCKMEYER

then

dist(supp . supp %) = ' = 2p, (67)

by the choice of w = Bg(x¢), R = min{l1, |xo|/4}, since supp ® C w,(j+1) € w.
Now,

®DPE(p)'njVeil= ®DPE(p) ' [njVX,0il + ©DPE(p) ' n; V(A — %p)eil. (68)

For the first term in (68), we use Lemma C.2, withp =1, ¢= p/(p—1), and v = p. Then p, t € [1, 00)
and q > 1, and q~' + p~! = 1. We get that (recall (67) and that X,6, = X,),

IeDPE(p)~" n;VZpeilll, < I®DPE(P) ' %ol I VOpeilli

1B
<Mﬁ'( 5) @0 (eB1+2) ~3)

—1
"IVO,@ili.  (69)

Here we used that [|®|loo = [|%,|lc = 1 and that n; = 1 where 6, # 0. Note that j + 1 < e~! (since, by
assumption, €(j + 1) < R/2 < 1/2). Therefore,

Br=Ipll=G+ D=+ <7D =Vl (70)
Note furthermore that since || =j+1>2and ¢t > 1,
(c(B1+2)-3) " <1, (71)

independently of 8. It follows that

B _ 4ﬁ |x0] 3-2p)/p 16/|xo] 18I
l®DPE(p) 1[77jVXp(pi]||p_T<7 ||V<9p<ﬂi||1< - ) . (72)

Using Schwarz’s inequality and that Zo < 2/,

I1VO,0illi < IVOpll2ll@illz = Zav/|xol7 l|@ill2 < —\/ lxolll@ill2- (73)
(Note that ||V6,||; < oo &t < 3.) It follows from (72), (73), and the choice of B and C (see Remark 2.2)
that
18l ;
_1 ~ 32 32—p)/(2 16/|xol C (B\/*!
[@D?Ep) ™", Vel , < 2= lxol P P>||¢i||z< =) =5(5) -

We now consider the second term in (68). Recall that ® is supported in we(j4+1) and
dist(supp @, suppn;) > €(j + 1/4). (75)
Again, we use Lemma C.2, this time with p =3, q=p/(p—1),and t =3p/(2p + 3). Then
p ' rq 4 =2, pell,o0), q>1, re[l,3/2)

(since p > 3),and q~' 4+ p~! = 1. This gives
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|@DPE(p)~'In; V(= Xpeil],
<||®DPE(p)~'n; ||9733,,, [V =3 ||3

42 8 i o s -
< fﬂ!( ) (e +1/4) 2 181+2 = 3) VA = X lollgills.

b4 e(j+1/4)

As before, we used that || @[l = [[7/]loc = 1. Note that
1B | i !
B! 8 < 32|/3||'3—|' — 32|5\L1.)' < 3!8I (76)
jt+14) = (j+ DI (j+ DA~

Since €(j 4+ 1) < R/2 < 1 and t < 3/2 it follows that (e(j + 1/4))3/*=2 < 1. Also, by the choice of p,
the definition of V, and since Zo < 2/,

8Zu 16

(1 =6,2)V)(x)] < xol =< el

x e R3. (77)

It follows from (77) (and that 0 < 1 — X, < 1 —6,,2), (71), (76), and the choice of C and B (see
Remark 2.2), that foralli =1, ..., N (recall that |8| = j + 1)

_ - 42 16 3NBl C B\t
B Ipy . _ . YT e 24 ~ (2
[@D E@) "tV (=Tl < == lels () < 55() (78)
It follows from (68), (74), and (78) that
BE( 1T Vo C (B!
lop?E@) Vo], = 5(5) (79)
The estimate (46) now follows from (51) and the estimates (64), (65), and (79). O

Proof of (47). The constant functions W;(x) = a4 trivially satisfy the conditions on V (= Za|-|~1)
needed in the proof above. In fact, having assumed A > o~ + maxi<;<p |&;] (see Remark 2.2), (24) (and
therefore (56)) trivially holds for W;. Also, for the term ODPE( p)_1 [7; W;ig;] we proceed directly as
for the term ®DP E(p)~'[n; V(1 — ¥,)¢:] above (but without any splitting in X, and 1 — ¥,), using that
|W;(x)| < A, x € R3. The proof of (47) therefore follows from the proof of (46) above, by the choice of
C and B (see Remark 2.2).

This finishes the proof of Lemma 3.3. U

Remark 4.1. In fact, with a simple modification the arguments above (the local L”-bound on the two
terms in (68)) can be made to work just assuming that, for all s > 0,

Vi € L'(By(0), Vg e L*(R*\ B,(0)). (80)

5. Proof of Lemma 3.6

Proof of (50). Similarly to the case of the term with V in Lemma 3.3, we here use the localization
functions introduced in Appendix B. With the notation as in the previous section (in particular, 8 =0 +e¢,
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with |o| = j), Lemma B.1 (with £ = j) implies that

®DPE(p)™! [Uappi]
J Jj—1
=Y ®D,E(p)"' D i D" P [Uuppil+ Y _ ®DyE(p)~' DP[ne, DM 1D 41U, be5i]
k=0 k=0
+®D,E(p)” D7 [1;Uapeil,  (81)
as an identity in H —IBI(R3). As in the proof of Lemma 3.3, [ -, - ] denotes the commutator, |B;| = k,
k] =1, and O < n, xx < 1. (For the support properties of 1y, xx, see Appendix B.) As in the previous
section, we will prove that each term on the right side of (81) belong to L?(R?), and bound their norms.
The claim of the lemma will follow by summing these bounds.

The first sum in (81). We first proceed like for the similar sum in the proof of Lemma 3.3 (see (52), and

after). Let 6; be the characteristic function of the support of y;. It follows from the induction hypothesis,

using that — AU, , = 4w ¢,¢p, and Theorems D.5 and D.3, that the D"_ﬁ’f[Ua,bwi] belong to L?(w') for

any o’ € w. As before, the operator ®D, E(p)~ ' DP x is bounded on L?(R3). Then, for k € {0, ..., j},
|®DyE(p) ™ D 5 D7 P Uu i, = | (®E(p) ™' Dy D 3106 D Uil

< [®Ep) ™' Dy D xilla, 104 D7 P Uapeil] - (82)

The first factor on the right side of (82) was estimated in the proof of Lemma 3.3 (see (55)): For all
kef0,...,j},ve{l,2,3},

- 8\F
I9E@) ™ DD il < () (83)

with C; the constant in (25).
It remains to estimate the second factor in (82). For k = j, since B; = o, we find that, by (23) and the
choice of C and B (see Remark 2.2),

B\ /2
16;Uasily < 1Waslloolleillira = €1 C = C(2) . (84)
In the last inequality we also used that € <1 (since e(j + 1) < R/2 < 1).
The estimate for k € {0, ..., j — 1} is more involved. We get, by Leibniz’s rule, that
6.0 P Uasgill, = Y2 (T 1) [0  Uuid 07 H g, (85)
n=o—PBk

We estimate separately each term on the right side of (85).
We separate into two cases.
If + =0 then, using the induction hypothesis (i.e., P(p, j —k); recall that supp 0 € we(j—)) and (23),

C (B)j—k+l/2

. By
16:Uas D" Pl < iC(2) T = 5 (2

=2
In the last inequality we used the choice of B (see Remark 2.2) and that € < 1.

(86)
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If 0 < & <0 — B, then (since supp xx C we(j—k+1/4)) Holder’s inequality (with 1/p=1/(3p)+2/(3p))
and Corollary D.2 give
164 (D" U p) (D) |,
<164 D" U pl3p2 116 D” " i 13,
< KallD*Uall 30201100 127 P 0ill 510 sy 127 0 (87)

LP(we(j—k+1/4)"
Here, K3 is the constant in Corollary D.2, and § = 2/p < 1. Note that we(j_x+1/4) = Br(xo) with
re[R/2,1],since €(j + 1) < R/2 and R = min{1, |xo|/4}
We will use Lemma 5.3 below to bound the first factor in (87). The last two factors we now bound
using the induction hypothesis.
If u e Ng is such that 0 < u < o — f, then the induction hypothesis (in the form discussed in
Remark 3.2) gives (recall here (18) and that || = j, | Bx| = k) that for the last two factors in (87) we have

. J—k—lul i—k—jp) 71
o‘—ﬂ -, 1-6 M <§>J g
”D ¢ Qi ||Lp(wg(j—k+l/4)) = |:C(] —k 4+ 1/4 € (88)

and (using that B > 1 (see Remark 2.2) and e(j —k+1/4) <e(j+1) <R/2 < 1)

o—B—n .0
”D k 901 I|W1’p(we(j—k+l/4))
e i=F=1n j‘k‘”'(g)j—k—|u|+3c J—k—lpul+1 j"‘"“+1<§)j—k—|u|+1 0
B Jj—k+1/4 € j—k+1/4 €
—k— |l 1 T By k17
< |ac(Zr=Imit (E)’ mE (89)
J—k+1/4 €
It follows from (88) and (89) that for all u € N3 with 0 < i < o — B,
0
i k— : J—k—lpl+6
o—fepi. 10 o—fe—p. 11-8 o(B\/ k=lpl+60 [ j—k—|u|+1
D=0 oy 127 Py i) = €4 <e) j—k+1/4 '

(90)
From (87), Lemma 5.3, and (90) (using (A.6) in the appendix, summing over m = |u|), it follows that

O i [ G L AT

O<p<o—PBx

E)f"‘” Ji (1K) (j—k=m4 1)t g1 /4y
€ m (j—k+1/4)i—k+0

1Y B(m+1/4) '~
() o Gs) | e

Here, Cj3 is the constant from (26). Recall also that 8 =2/p.
We prove that form € {1, ..., j —k},

< C3C3K2(

m=1

. . j—k—m-+6 m
49(]_k) (J_k_m+1)] + (m+1/4) < 106_1/2+9L (92)

m (= k+ 1/4)i=+7 Jm
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Note first that, since e (j —k+1/4) <e(j+1) <1,
(j—k41/4)1/270 < 1/246, (93)

This shows that the inequality in (92) is true for m = j —k > 0, since 6 < 1. For m < j —k, we use (A.8)
in the appendix, and (93), to get that (since (14 1/n)" <e)

(J'—k) (G —k=mA 1)I 4 m 1/  2 Gok=m 1) o 1 04
m (j—k+1/4)i—k+0 V27 (j—k—m)l/2 Jm
Since 8 < 1/2 and m < j —k — 1, we have that

(j—k—m+1)°

W <2’ <2 (95)

The estimate (92) for m € {1, ..., j —k — 1} now follows from (94)—(95) (since 4%¢>/12/ /7 < 10).
Inserting (92) in (91) (and using again €(j —k + 1/4) <1 and 260 — 2 < 0) we find that

Y () e v 0],

O<p=<o—pr -
. J— m
3 B\I K0 509 1 1 1
<10C C3K2<?> ¢ n; =) t g
< 10C°C3K <B>j_k+l/2 L 046 (96)
= RELW) P \/E s

o0 o0
where we used that & <2/5, B >4 (see Remark 2.2), and ) m~%5 <1 —{—/ x 75 dx = 6 to estimate
1

m=1

/1N 2 1 & 1 6
Z = == B2-26 Z 220 = o ©7)
m=1 \/E \/E m=1 m ﬁ

This is the very essential reason for needing p > 5.
By the choice of B (see Remark 2.2) it follows that

X o), <§ () o
<U=0—Ppi

From (85), (86), and (98) it follows that for all k € {0, ..., j — 1},

j—k+1/2

o— B
160" Wapilly < €(7) (99)

Using (82), (83), (84), and (99) it follows for the first sum in (81) that
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J
Y ODE(p)' Dy DT Uy ppi])
k=0

<Gy Y 8 KD U bl
p k=0

e LG am

Since B > 16 (see Remark 2.2) the last sum is less than 2 and so for the first term in (81) we finally get,
by the choice of B (see Remark 2.2) that

J
Y ®DE(p)~ D i DO (U pei]
k=0

B\t _ CZ +1
< 2C2C<—) (—) . (101)
» € 12N

The second sum in (81). By the same arguments as for the second sum in (51) (see after (64)), it follows
that the second sum in (81) can be estimated as the first one, up to one extra factor of C, /e (with C, > 0
the constant in (B.3) in the appendix) and up to replacing j by j — 1 in the estimate (101). Hence, by the
choice of B (see Remark 2.2)

j—1

> ®D,E(p)”' DH[n. DD U, 4]
k=0

S (@) =)

The last term in (81). Since o + e, = B, the last term in (81) equals

®DPE(p) ' [n;jUsppil.

We proceed exactly as for the term ®DP E(p)~'[n; V(1 — X,,)¢;] in (68) (but without any splitting in ¥,
and 1 — )'Z'p), except that the estimate in (77) is replaced by [|U, p|lco < C1 (see (23)). It follows, from the
choice of B and C (see Remark 2.2) that (recall that |8|=j + 1)

I®DPE(p)~" njUaseill, < IPDPE(P) " njllas, 1Uappills

42 (32>w| CZ( )j+1'

= —Cilieills =N

The estimate (50) now follows from (81) and the estimates (101), (102), and (103).
This finishes the proof of Lemma 3.6. ]

(103)

It remains to prove Lemma 5.3 below (L3?/?-bound on derivatives of the Newton potential U, ; of
products of orbitals, ¢,@p).

In the next lemma we first give an L37/?-estimate on the derivatives of the product of the orbitals ¢;,
needed for the proof of the bound in Lemma 5.3 below.

Lemma 5.1. Assume the induction hypothesis (40) holds. Then, foralla,b e {1,..., N}, all B € Ng with
Bl <j—1,and all e > Owithe(|B|+1) < R/2,

|Bl+26
1D? a0 | o020, < 10KZCPA+VIBD(2) (104)

with K, from Corollary D.2, C from Remark 2.2, and 6 = 6(p) =2/ p.
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Proof. By Leibniz’s rule and Schwarz’s inequality we get

1D @ 20 = D (B VNP 0ulir g 1DP 935011
u=p

We use Corollary D.2 (with we(gj+1) = Br(x0), r = R — €(|8| + 1); note that r € [R/2, 1], since
€(|B|+1) < R/2 and R = min{l, |xo|/4}). This gives, with K, from Corollary D.2 and 6 =2/p,

B, — 2 B 0 1-6
1D @) | L3072 ) < K3 Zﬂ(u)”DIL(’O“”W"”(w«ﬂH)) 1D gal ot
n=
B—n 0 B—u 1-6

X NP 0 iy 1D 0000 e (105)
We now use the induction hypothesis (in the form discussed in Remark 3.2) on each of the four factors in
the sum on the right side of (105). Note that, by assumption, €(|8| + 1) <e€j < R/2 and |u| < |u|+1 <
|8l 4+ 1 < j (similarly, |8 — u| < |B — |+ 1 < j). Recalling (18), we therefore get, for all u € Ng such

that u < B,

" 0 n 1-6
ID"@ally1. w40 1P Pall Lo o, gp10y)

el NN T Ll Mgy [l + 1\ gy ekt]”
S[C(wul) () ] [C<Iﬂ|+1) () +3C(|m+1) () }
<ac(Byrrins DD I11-0)

€ (18] + Dlrl+o
since (recall that e(|8]|+1) <R/2<1and B > 1)

9

|'u||l/«|
(Jpu] + Dlwi+t

Proceeding similarly for the other two factors in (105), we get (using (A.6) in the appendix and summing

e(Bl+HB < 1.

over m = |u|) that

/;;3(5«) 1D all 37 e g DIty 230 @eqpriny)
) L (18] —m 4 DB+ [ (| 8] — ) B1-m] 1=
B IA1+20 18I\ Lon+ D" (1Bl —m +1) ' [m™(B1=m)lP=]
5169(01(2)2(?) Z(m> T . (106)

m=0

We simplify the sum in m. Note that for m = 0 and m = |8], the summand is bounded by 1. Therefore,
for |B] < 1 the estimate (104) follows from (106), since 2 - 16° < 7. It remains to consider || > 2. For
m > 1, m < |B|, we can use (A.8) in the appendix to get (since (1 + 1/n)" <e) that

Z (,ﬁ) 1D @all v g | DF"ty, 220 (wcqpran)

O<p<p
112 Bl+12 1Bl B 0
< S _(ckpraeey(B) A [+ 1)(1Bl—m+D)]
van ¢ (BI+ DI C= Jm1BT=m
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Since the function

fE)=@+DUBl—x+1), xell,|Bl-1],
has its maximum (which is (|8]/2 + 1)?) at x = |8|/2, and since
1Bl-1

|8l
Z \/_\/W— / \/_\/—Iﬁl— -

we get

B B\ IB1+20
3 (ﬁ)||D“¢a||m<w€(w“)>||Dﬁ Pl v = /206 T CKDNVIBI(Z) T a07)
O<u<p

The estimate (104) now follows from (105), (106), and (107), since e1/12(16e2)9«/7r/2 <10and2-167 <7
(recall that p > 5). This finishes the proof of Lemma 5.1. (Il

The next two lemmas, used in the proof above of Lemma 3.6, control the L3P/2_norm of derivatives of
Uyp.

Lemma 5.2. Define U, , by (48). Then foralla,b e {l,..., N}, andall n € Ng with || <2,
1D Ul 3020y < 47 K3(C*+2C1/RP), (108)
with K3 from Corollary D.4, C from Remark 2.2, Cy from (23), and R = min{1, |xq|/4}.

Proof. Recall that w = Bg(xp), R =min{1, |xg|/4}. Using (18), and Corollary D.4, we get, for all u € Ng
with ]| <2,

1
I1D*Ua bl 3012wy < 1Uabllw2302(Bg(xg)) < K3{||AUa,b||L317/2(BZR(x0)) + ﬁ||Ua,b||L3p/2(BZR(xo))}- (109)
By the definition of U, ; (see (48)) we have
—AUgyp(x) =47 9 (x)pp(x) for x € R3, (110)

and || U, p]l0c < C| (see (23)). Hence, from (109), Holder’s inequality, and the choice of C (see Remark 2.2;
recall also that p > 5)

1
I1D*Uapll L3vr2(w) < 4”K3{||<Pa 137 Bag eon 1961l L3 (Bo o)) + 2 ||Ua,b||oo|BZR(x0)|2/3p}
<47 K3(C*+2C1/R?). O

Lemma 5.3. Assume the induction hypothesis (40) holds, and define U, , by (48). Then for all a, b €
{1,...,N},allke{0,...,j—1},allu e Ngwith | <j—k,andalle >0withe(j+1) <R/2,

”DMUa,b||L3P/2(a)e(j_k+1/4))
1] 1/4 4] |al420—2 1/4 [ +260-2
< C5C2 \/_ ul+1/4 + C5C? /|M|<§) M . (111
€ j—k+1/4 € j—k+1/4
with® =0(p) =2/p, C and B from Remark 2.2, and C5 the constant in (26).



680 ANNA DALL’ACQUA, SOREN FOURNAIS, THOMAS @. SORENSEN AND EDGARDO STOCKMEYER

Proof. If m:=|u| <2, (111) follows from Lemma 5.2 and the definition of C3 in (26), since € (j —k+1/4) <
€e(j+1)<R/2<1,and C, B > 1 (see Remark 2.2).

If m := || > 3 then we write (0 = 2 +e,, +e,, withv; € {1,2,3},i =1, 2, |uy—2]| =m —2. Then
by the definition of the W23P/2_porm (recall (18)) we find that

” D* Ua,b || L3P/2(a)€(j,k+]/4)) = ” DHm=2 Ua,b ” W2~3P/2(a)s(j,k+]/4))

= ”D'u'm72Ua,b”W2*3”/2(a)g|(m,1+1/4))’ (112)
with €; such that
Elm—1+1/4) =e(j —k+1/4). (113)

To estimate the norm in (112) we will again use that U, ;, satisfies (110). Applying D#*»-2 to (110) and
using the elliptic a priori estimate in Corollary D.4 (withr =rj = R—€;(m—1+1/4) and § =6, =€, /4;
recall that w, = Br_,(xp)) we get

16K

1D Uab 3020y =47 KNP @B 1392, )+~ 1D Ui bl 020 (114)
1

with K3 = K3(p) the constant in (D.9). Notice that for this estimate we needed to enlarge the domain,
taking the ball with a radius €; /4 larger.

We now iterate the procedure (on the second term on the right side of (114)), with €; (i =2, ..., L%J)
such that
EmM—=2i+14+1/4)=€;_1(m =210 —-1)+1), (115)

and withr =r; = R—¢€;(m —2i +141/4) and § = §; = €; /4. Note that (113) and (115) imply that

i —k+1/4
G>E > =l St +1/ forizZ,...,LﬂJ (116)
m—1+1/4 2
and
Em—=2i+1)<é_1m—-20—-D+DH<...<ém—1)<e(j—k+1/4). (117)

We get (with [T0_, =1 and |2 = m —2i),
3 16K
3
I1D*U, bl L3P (o) = 4T K3 Z (”DMW z (‘Pa‘ﬁb)||L31’/2(we (m—2i+1)) l_[ &2 )
i=1 14

7]
16K ly
m=21% |
+( 22 )”D Uab||L3P/2(w w (- 2L’”J+1))
=1 ¢

Using (116), and Lemma 5.1 foreachi =1, ..., L%J fixed (note that €;(m —2i + 1) < R/2 by (117)
since €(j + 1) < R/2) we get that

- 16K3 2o (B2 (m—14+1/4\"T 77 (16K5\
D" ) >H 7 =2kievin(Q) (T 7))

(119)

(118)
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with K, from Corollary D.2, and @ = 6(p) = 2/p. Here we also used that 1 + +/m — 2i < 2,/m. Note
that ZL J(16K /BZ)’ I < 2 since B% > 32K3 (see Remark 2.2). It follows that

Ly 161<3
4 K3 Y (1D (@a @)l v, 2,H))]_[

i=1 f

m+20—2 1/4 m—+26-2
516071K22K3C2«/m<§) mrl/A . (120)
c J—kt1/a

We now estimate the last term in (118). Let § =m — 2|7 | € {0, 1} (depending on whether m is even
or odd). Then, using (116) and Lemma 5.2, we get that

L7]

16K3 12 | m

m=21%]

(l_[ Eg )”D UabllLorr o, 2Ly J+1)
=1

4K (C142C /Rz)(./mlq)’"(m—1+1/4)m(e(j—k+1/4))“
= : ¢ j—k+1/4) \ m—1+1/4
s ~B\"( m+1/4 \"

Here we also used that m > 3 and K3 > 1 (see Corollary D.4), that C > 1 and B > 16K3 (see Remark 2.2),
and thate(j —k+1/4) <1.

Combining (118), (120), and (121) finishes the proof of (111) in the case m = |u| > 3.

This finishes the proof of Lemma 5.3. ]

Appendix A: Multiindices and Stirling’s formula
For o0 = (01, 02,03) € Ng we let |o| := 01 + 0> + 03, and

0

D? = Df' D;ZD?, D, = —i =: —id,, v=1,23. (A.1)
0x,
This way,
glol glol o]
97 1= = =(—1)""'D°.
0x° 8xf‘x§2x§3 (=)
We let 0! := 07! 02! 03!, and, for n € Ny,
n n! n!
( ) =—=— (A2)
o o!  o!lon! o3!

With this notation we have the multinomial formula, for x = (x1, x2, x3) € R? and n € Ny,

@t = Y (Z)x“. (A3)
MENg
|pl=n
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Here, x# := x{“xé“xé”. It follows that

lo|! <3lg! forall o e N, (A4)

since, using (A.2), that (1, 1, 1)* =1 for all u € N3, and (A.3),

@:(|U|>S Z (|Z|>(l,1,1)”=(1+1+1)|6‘=3‘0|.

o! o
/LGN%
[ul=lo|
We also define
!
(“) =7 (A.5)
o8 w! (o —w)!

foro, u e Ng with 4 < o, thatis, u, <o,, v=1, 2, 3. Note that for all o € Ng and k € N (see [Kato

1996, Proposition 2.1]),
> (=) (#0

n=o,|ul=k

Finally, by [Abramowitz and Stegun 1992, 6.1.38], we have the following generalization of Stirling’s
formula: For m € N,

m! = 2gm"*? exp(—m + &) for some ¥ = ¥ (m) € (0, 1), (A7)
andsoforn,me N, m <n,
(n) 1 nt1/2 o d(n)  P0m)  Pm—m)
m) = Jag m 2 —my =172 P\ 20 T Tom T 2(i—m)

el/12 ntt1/2
<
— \/E mm+l/2(n_m)n—m+l/2'

(A.8)

Appendix B: Choice of the localization

Recall that, for xo € R?\ {0} and R = min{1, |xo|/4}, we have defined w = Bg(xy), ws = Br_s(x0),
and that € > 0 is such that €(j 4+ 1) < R/2. Also, recall (see (44)) that we have chosen a function ®
(depending on j) satisfying

[0S Cgo(wf(‘,-_,_gm)), 0<d<l, with ®=1 on We(j+1)- (B.1)

For j € N we choose functions { Xk},izo, and { nk},{zo (all depending on j) with the following properties
(for an illustration, see Figures 1 and 2). The functions { Xk}ljczo are such that

X0 € C°(@e(j+1/4) With xo=1 on wegj11/2)
and, fork=1,..., ],

Xk=1 on we(j—k+1/2) \ Oe(j—k+1+1/4)»

Xk € C3°(we(j—k+1/4)) With {
0 el—H/D Xe=0 on R\ (We(j—k+1/4) \ Oe(j—k+141/2))-



ANALYTICITY OF PSEUDORELATIVISTIC HARTREE-FOCK ORBITALS 683

‘8a)

® = Bg(xo) Wexk = Br_ek(x0) C @
X0 R/2 €(j+1) 2¢ €
Figure 1. The geometry of w = Bg(x() and the wex = Br—_ci (x0). |
) Xj
-t 1 1 1
e(j+1) €] € dw
Mo m Nj-1 nj
-t 1 —t— 1 1
e(j+1) €j e(j—1) € ow
Figure 2. The localization functions.
Finally, the functions {nk},{:O are such that for k =0, ..., j,
. =1 R3 - ,
e € C(R®) with { Nk on \ @e(j—k+1/4)
=0 on we;r+1/2)-
Moreover we ask that
X0 —+ no = 1 on R3,
X+ =1 on R3 \a)e(j_k+1+1/4) for k=1,..., 7 (B.2)

Nk = Xk+1 1+ Nk+1 oON R3 for k=0,...,j—1.

Furthermore, we choose these localization functions such that, for a constant C, > 0 (independent of
€,k, j,B)and forall g € Ng with |8] = 1, we have that

C, C.
| D i ()] <— and | DP i (x)] = (B.3)

fork=0,...,j,and all x € R>.
The next lemma shows how to use these localization functions.
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Lemma B.1. For j € N fixed, choose functions {Xk},{:(), and {nk}izo as above, and let o € NS with
lo| = j. For £ e N with £ < j, choose multiindices {,Bk}ﬁzo such that

1Bl =k fork=0,...,¢, Br—1<PBx fork=1,...,¢, and B; <o.

Then for all g € ¥ (R?),

L -1
D°g = Z DFx )(kDG_ﬂ"g + Z D[y, Duk]DU—ﬂk+1g + DFe ngDo_'B‘g, (B.4)
k=0 k=0

with g = Bry1 — B fork =0, ..., € — 1 (hence, || = 1).

Proof. We use induction on £ from £ =1 to £ = j. We start by proving the claim for £ = 1. By using
property (B.2) of the localization functions and that 8; = By + o = o (since By = 0) we find that

D°g = xoD°g+1n9D° g = xoD° g +no D’ P Hog, (B.5)

The first term on the right side of (B.5) is the term corresponding to k = 0 in the first sum in (B.4). In the
second term in (B.5), commuting the derivative through g, we find that

nODU—ﬂl-Hlog — DﬂonoDﬁ—ﬁl g+ [no, DMO]D(T_,Blg.
Since gy = x1 + 11 by property (B.2), this implies that
noDU*ﬁlJrMog — Db X DU*/Slg + DA m DU*ﬁlg + [no, DHO]DU*ﬁlg‘ (B.6)

The identity (B.4) for £ =1 follows from (B.5) and (B.6).
‘We now assume that (B.4) holds for £ — 1 for some £ > 2, i.e.,

-1 =2
D°g= Z DﬁkaDU_ﬁkg + Z Db [k, DMk]D0—5k+1g 4 DB W_IDG—ﬁzflg, (B.7)
k=0 k=0
and prove it then holds for £. Since 8,—; = B¢ — ue—1 We can rewrite the last term on the right side of

(B.7) as
DB ne_lDU—ﬂz—lg — DB ﬂe_lDJ_ﬁH_W_lg.
Again, commuting the w,_-derivative through n,_; this implies that
DBt W_IDU*ﬁlzflg — DPe-1t+ie- ne_lDU*ﬂeg + DPe [Me—1, DM—I]DU*ﬁ/zg

= DM (ne + x0) D7 g + D'y, DD g, (B.8)

using (B.2). Collecting together (B.7) and (B.8) proves that (B.4) holds for £.
The claim of the lemma then follows by induction. U
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Appendix C: Norms of some operators on L? (R?)

In this section we prove two lemmas on bounds on certain operators involving the operator E(p) =

V—A+a2.
Lemma C.1. Let the operators S, = E(p)~'D,, v € {1, 2, 3}, be defined for f € $(R3) by

(S f)(x) = (2m) 732 /R 3 e*PE(p) ' puf(p)dp,

with f(p) = (2)~3/2 Jgs €7%°P f(x) dx the Fourier transform of f. (Here, p = (pi, p2, p3).)
Then, for all p € (1, 00), the S, extend to bounded operators, S, : LP(R3) — LP(R3), v € {1, 2, 3}.
Clearly, |Sull, = ISyl v # 1. We let

Ky = Ki(p) := [IStlla, - (C.1)

Proof. This follows from [Sogge 1993, Theorem 0.2.6] and the Remarks right after it. In fact, since (by
induction),

Dy (pE(p)~") =Py u(pE(p) ',y eNg,
for some polynomials P, , of degree |y|+ 1, the functions m, (p) = p, E( p)~! are smooth and satisfy
the estimates
IDym,(p)| < Cyolpl™" v €N,
for some constants C,, , > 0, which is what is needed in the reference above. g

For p, q € [1, 00], denote by | - [|a,. . the operator norm on bounded operators from LP (R3) to LI(RY).

Lemma C.2. Forall p,t € [1,00), g€ (1,00), withp~' +q7 ' +v71 =2, all « > 0, all B € N} (with
1B > 1ift=1),and all ®, xy € C*(R>) N L>®(R>) with

dist(supp(x), supp(®)) > d, (C2)

the operator ®E (p)~' DP x is bounded from LP(R?) to (LI(R3)) = LT (R3) (withq~' +q*~' = 1), and
42 Bl o, _

IPE®) " Dyl o = —pt () 218142 =3) I llixloe.  (€3)

In particular, (whent =1, i.e., q* =p),

I®E(p) ' DF xllg, <
PT oo 1Bl

32V2 ! 1B1—1
2BV g, (€4

forall B € N} with |B| > 1.
Proof. We use duality. Let f, g € $(R?). Note that, since ®f, D?(xg) € L>(R?), the spectral theorem,

and the formula

1 1/"Q 1 dt 0 (C.5)

—_— = —, x>0, .
\/; T Jo x—l—tﬁ
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imply that

g _1 © dt ) g
(f, PE(p) ng)—; ; — (f, ®(=A+a "+1)" D" xg).

NG

By using the formula for the kernel of the operator (—A 4+ a2 +1)~! [Reed and Simon 1975, (IX.30)],
and integrating by parts, we get

X e~ Va2t [x—y| dt
(f, OE(p) ' DP yg) = / / FEOD ) / S DMl dxdy
|x — Jt

( 1)|/3| e~ Vot x—y| dt
/ / FEoM) / (Dﬂ )x(y)g(y)dxdy—.
R3 - NG

Notice that the integrand is different from zero only for |[x — y| > d, due to the assumption (C.2). Hence,
by Fubini’s theorem,

(f. OE(p)"' DFxg) = /R 3 /R F@HX - )G dxdy, (C6)

with F(x) = f(x)®(x), G(y) = x(y)g(y), and

(— 1)|f3| ﬂe—«/Tthlﬂ dt
H) = Hupa@) =2 1@ [ (pz Tm)ﬁ'

Now, by (C.8) in Lemma C.3 below, uniformly for o > 0,
f ,3' Bl poo dt \/— 2 B! 18
|H(z)| <1y 12a)(2) — ( ) / e VIRI2Z T g ()Y ( ) ;

4r? |z| 72 [z[?

and so, forall « > 0, t € [1,00), and all B € NS (with |B] > 1 ift=1),

2 o0 - l/t
IH]e < (4n)”t§ﬂ!8'ﬂ'</ (121717172 |z|2d|z|)
d

2 18l —1/c
:(4n)”t§ﬁ!( 5) B+ -3)

From this, (C.6), and Young’s inequality [Lieb and Loss 2001, Theorem 4.2] (notice that Cy < 1), follows
that, with p, q,t e [1,00), p~ ' +q '+ =2,

(f, ®E(p) "' DP )| < I FllgI HIIeI Gl

2 181 i
5(4n)1/t£ﬂ!(§) & 2(c(181+2) = 3) I 4Gl

18I /e
_iﬂ'( ) @2 (181+2) = 3) I Pllcllx ool f g -

Since $(R?) is dense in both LP(R3) and L% (R?), this finishes the proof of the lemma. U
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Lemma C.3. Foralls >0, x € R3 \ {0}, and B € N3,

11 V3B, 8 \IAl

1 8

= () -
eS| V2Bl BN

= T G e -

Proof. We will use the Cauchy inequalities [Hormander 1973, Theorem 2.2.7]. To avoid confusion with
the Euclidean norm | - | (in R? or in C3), we denote by | - |c the absolute value in C.
Let, for w = (w;, wa, w3) € C3 and r > 0,

Plw)={zeC||zy—wylc<r, v=1,2,3) (C.9)

be the polydisc with polyradius r = (r, r, r). The Cauchy inequalities then state that if u is analytic in
Pf(w) and if SUP. ¢ p3 (w) |u(z)|lc < M, then

18P u(w)|c < MB!r~1P1 forall B eN;. (C.10)

We take w = x € R*\ {0} € C° and choose r = |x|/8. We prove below that then we have (with
22:=Y7_2€0)
Re(z?) > 1|x|* for z € P} (x). (C.11)

It follows that /z2 := exp(%Log z?) is well-defined and analytic on P> (x) with Log being the principal
branch of the logarithm.
We will also argue below that

Re(v'z2) = x| for z € P3(x). (C.12)
Then (by (C.11)) for all z € P3(x),
Vz2le = V12%le = VIRe 22 > |x|/v2, (C.13)
and (by (C.12)), forall s > 0O and all z € Pr3 (x),

|exp(—sv/22)| . = exp(—s Re(vz2)) < exp(—s|x|/2). (C.14)

Therefore, (C.7) and (C.8) follow from (C.10), (C.13), and (C.14).
It remains to prove (C.11) and (C.12).
For z € P} (x), write z = x + a +ib with a, b € R’ satisfying |z, — x, |2 = aZ + b2 < (|x|/8). Then
22=|x+al®>—|b*+2i(x+a)-b,
so, with € = 1/8,
Re(z®) = x> +la* +2x -a — |b?

>(—olx*+Q2—eDlal*— (al* + b)) = Zx* > S |x*.
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This establishes (C.11) .
It follows from (C.11) that, with Arg the principal branch of the argument,

155 2(z or z € P’(x). .

Furthermore (still for z € Pr3 (x)), because of (C.15),

Re(v/z2) = 12211/ cos(A Arg(z?)) = |221/%//2. (C.16)
Combining with (C.11) we get (C.12).
This finishes the proof of the lemma. ]

Appendix D: Needed results

In this section we gather some results from the literature which are needed in our proofs.

Theorem D.1 [Adams and Fournier 2003, Theorem 5.8]. Let Q2 be a domain in R" satisfying the cone
condition. Let m € N, p € (1,00). If mp > n,letp <q<oo;ifmp=n,letp <q<oo;ifmp <n, let
P <q<p*=np/(n—mp). Then there exists a constant K depending on m, n, p, q and the dimensions of
the cone C providing the cone condition for 2, such that for all u € W™?(Q),

||”||L‘1(§2) = K”””W'"P(Q)”u”LP(Q)v (D.1)
where 0 = (n/mp) — (n/mq).

We write K = K (m, n, p, q, 2). We always use Theorem D.1 withn =3, m =1, and p = p, q=3p for
some p > 3. Hence mp > n, p <q<oo,and § =6(p) =2/p < 1. Moreover, we always use it with
being a ball, whose radius in all cases is bounded from above by 1 and from below by R/2 for some
R > 0 fixed.

Let Ko = Ko(p) =K (1, 3, p, 3p, B1(0)) with B;(0) C R3 the unit ball (which does satisfy the cone
condition). Note that then, by scaling, (D.1) implies that for all » <1 and all x¢ € R3,

||M||L3P(B,(x0)) < Kor— ”””Wl .P(B, (xo))” ”LP(B (x0))? (D.2)

with 0 =2/p.
To summarize, we therefore have:

Corollary D.2. Let p > 3 and R € (0, 1]. Then there exists a constant K, depending only on p and R,
such that for all v € [R/2, 11, xo € R, and all u € WP (B, (x0)),

||M|IL31’(B,(x0)) = KZHMH‘/VI -P(B, (x()))” ”Lp(B (x0))’ (D.3)
with 6 =2/p.
Here,

K2 = Ka(p, R) = 2/R)*?Ko(p), (D.4)

where Ko(p) = K(1,3, p,3p, B1(0)) in Theorem D.1 above.
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Theorem D.3 [Chen and Wu 1998, Theorem 4.2]. Let Q2 be a bounded domain in R" and let '/ € C (),
bl,ce L®(Q) i, je{l,...,n},withx, A > 0 such that

n

> algg = Mg forall x € Q. £ R, (D.5)
ij=1

n n

> lla e + D 1B e + llellis@ < A. (D.6)

ij=1 i=1

Suppose u € Wli’cp(Q) satisfies

n n
Lu= Y —a'DiDju+» b'Diu+cu=f. (D.7)

i,j=1 i=1
Then for any Q' € L,
1
lulwer @y < {51 v+l | (D.8)

where C depends only on n, p, A/, dist{Q', 9}, and the modulus of continuity of the a'/’s.

We use Theorem D.3 in the case where Q' and €2 are concentric balls (and with n = 3, p = 3p/2,
a'/ = 8;;,b' = ¢ =0; hence A = A = 1). Reading the proof of the theorem above with this case in
mind (see [Chen and Wu 1998, Lemma 4.1] in particular), one can make the dependence on dist{2", 92}
explicit. More precisely:

Corollary D.4. For all p > 1 there exists a constant K3 = K3(p) > 1 such that

lutllwsor2s, oy < Ka3{ Il Autll s, oy + 8 Nl L3nr2s, 5 xop - (D.9)
for all u € W?3P/2(B,,5(x0)) (with xg € R3, r, 8 > 0).

Theorem D.5 [Evans 1998, Theorem 5, Section 5.6.2 (Morrey’s inequality)]. Let 2 be a bounded, open
subset in R", n > 2, and suppose 02 is C'. Assume n < p<oo,andu € Wl’p(Q). Then u has a version
u* e COV(Q), for y = 1 —n/p, with the estimate

1 o @) < Kallullwre gy- (D.10)
The constant K4 depends only on p, n, and 2.
Here, u* is a version of the given u if u = u™ a.e. Above,

lu(x) —u(y)l
lull coy gy == sup lu(x)| + sup ———. (D.11)
e xeQ x,yeQ lx — y|¥
x7#y

Of course, sup,.cq [u(x)| < ||u||C0,y(§).

Remark D.6. In [Evans 1998, p. 245] a definition of the W”-P-norm is used which is slightly different
from ours (see (18)), but which is an equivalent norm by the equivalence of norms in finite-dimensional
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vector spaces. Therefore, (D.10) holds with our definition of the norm, though the constant K4 is not the
same as the one in [Evans 1998, Theorem 5, Section 5.6.2].
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SEMICLASSICAL TRACE FORMULAS AND HEAT EXPANSIONS

YVES COLIN DE VERDIERE

In a recent paper (J. Phys. A 43:47 (2011), 474028), B. Helffer and R. Purice compute the second term of a
semiclassical trace formula for a Schrodinger operator with magnetic field. We show how to recover their
formula by using the methods developed by Riemannian geometers in the seventies for heat expansions.

Introduction

There is a strong similarity between the expansions of the heat kernel as worked out by people in
Riemannian geometry in the seventies, starting with the famous “Can one hear the shape of a drum?”
by Mark Kac [1966] and continuing with [Berger 1966; McKean and Singer 1967] (see also the books
[Berger et al. 1971; Gilkey 1975]), and the so-called semiclassical trace formulas developed by people
in semiclassical analysis, starting with [Helffer and Robert 1983]. In fact, this is not only a similarity,
but, as we will prove, each of these expansions, even if they differ when expressed numerically for some
example, can be deduced from the other one as formal expressions of the fields.

Let us look first at the heat expansion on a smooth closed Riemannian manifold of dimension d, (X, g),
with the (negative) Laplacian Agl. The heat kernel e(¢, x, y), with ¢t > 0 and x, y € X, is the Schwartz
kernel of exp(t Ag): the solution of the heat equation u; — Agu = 0 with initial datum u, is given by

u(t.x) = /X et x. y)uo(y) [dylg.

The function e(t, x, x) admits, as t — 07, the following asymptotic expansion:
e(t.x,x) ~ @r) (1 +ay ()t + - +ay ()t +---).

The a; are given explicitly in [Gilkey 2004, p. 201] for / < 3, and are known for / <5 [Avramidi 1990; Ven
1998]. See also the related works [Hitrik 2002; Hitrik and Polterovich 2003a; 2003b; Polterovich 2000].
They are universal polynomials in the components of the curvature tensor and its covariant derivatives.
For example, ag = 1 and a; = 14 /6, where 14 is the scalar curvature.

The previous asymptotic expansion gives the expansion of the trace by integration over X and has
been used as an important tool in spectral geometry:

o0
trace(e’2¢) = / e(t,x,x)|dx|g = Z Ml
X
k=1

MSC2010: 35P20, 35505, 58J35.
Keywords: trace formula, magnetic fields, heat expansion, synchronous gauge.
In this note, we will not follow the usual sign convention of geometers, but the convention of analysts
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where —A; =0 < —A, <--- < —Aj <--- is the sequence of eigenvalues of —A, with the usual convention
about multiplicities. If d = 2, this gives

2 x(X)

1
trace(e'2¢) = T (Are X))+ 3
wt

r+oa%)
where x(X) is the Euler characteristic of X .

There is an extension of the previous expansion in the case of Laplace type operators on fiber bundles:
the coefficients of the expansion are then polynomials in the covariant derivatives of the curvature of the
metric and of the connection on the fiber bundle. The heat expansion can be reinterpreted as an expansion
of the Schwartz kernel of f(—#%Ag) on the diagonal x = y in powers of # with f(u) = exp(—u) and
t = h2. This is a particular case of the semiclassical trace.

Let us describe the semiclassical setting in the flat case: I-AI;, is a self-adjoint %-pseudodifferential
operator with Weyl symbol H (x, £) in some open domain X in R4, or more generally on a Riemannian
manifold. Let /" € ¥(R) and look at f’(ﬁh). Under some suitable assumptions (ellipticity at infinity in &)
on H, f (ﬁh) is a pseudodifferential operator whose Weyl symbol f™*(H) is a formal power series in
h, given, using the Moyal product denoted by «, by the following formula (see [Gracia-Saz 2005] for
explicit formulas and Section 4.2 therein for a proof; see also [Charles 2003]) at the point zg € T* X:

S Go) = @y Y 31 SO H ) (H = Ho)™ o). (1)
=0 "~

From the previous formula, we see that the symbol of f(}AI;,) at the point z depends only of the Taylor
expansions of H at the point z and of f at the point H(z). Helffer and Purice [2010] have studied the case
of the magnetic Schrodinger operator whose Weyl symbol is H, y(x,§) = Z;i=1 & —aj (x)% + V(x)
and show that the Schwartz kernel of f (I:i;,’a,y) at the point (x, x) admits an asymptotic expansion of
the form

[f (Hpa))(x.x) = Qnh)~ th“(Z / SOUEN? +Vx)0F, (x,snda)

j=0

where the leV (x, &) are polynomials in & calculated from the Taylor expansions of the magnetic field
B =da and V at the point x. The proof in [Helffer and Purice 2010] uses a pseudodifferential calculus
adapted to the magnetic field.
We will give a simplified version of the expansion replacing the (non-unique) Q 1 (x ) by functions
(x) which are uniquely defined and are given by universal O(d)-invariant polynomlals of the Taylor
expansmns of B and V at the point x. We present then two ways to compute the P ’

e we can first use Weyl’s invariant theory (see [Gilkey 2004]) in order to reduce the problem to the
determination of a finite number of numerical coefficients; then simple examples, like harmonic
oscillator and constant magnetic field, allow to determine (part of) these coefficients.
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e The PB’V are related in a very simple way to the coefficients of the heat expansion; it is possible to

compute the PB 4

from the knowledge of the a; for j + 1 </ < 3j. This is enough to recompute
the coefficient of h2 and also, in principle, the coefficients of % in the expansion, because the a; are

known up to / = 6 in the case of a flat metric (see [Ven 1998]).

In this note, we will first describe precisely the semiclassical expansion for Schrédinger operators (in
the case of an Euchdean metric) and the properties of the functions P / (x) Then, we will show how
to compute the P b (x) using an adaptation of the method used for the heat kernel (Weyl’ s theorem on
invariants and exp1101t examples). Finally, we will explain how the a; are related to the P i (x) This
gives us two proofs of the main formula given in [Helffer and Purice 2010]; this paper was the initial
motivation to this work.

1. Semiclassical trace for Schrodinger operators

In what follows, X is an open domain in R4, equipped with the canonical Euclidean metric, and Qk(x)
will denote the space of smooth exterior differential forms in X. Let us give a Schrédinger operator,
with a smooth magnetic field B =<, <4 bijdx; A dx; (a closed real 2-form) and a smooth electric
potential V' (a real-valued smooth function) in X'. We assume that V is bounded from below. We will
assume also that the 2-form B is exact and can be written B = da and we introduce the Schrodinger
operator defined by

hod
Hpay = Z(?a—xj—a](x)) + V(x).

j=1

The Weyl symbol of H, 4.1 is Hy p(x,§) = ||§ — a(x)||?> + V(x). We denote by I-Alh,a,y a self-adjoint
extension of Hj 4 in L*(X,|dx|). Let us give / € #(R) and ¢ € C°(X) and consider the trace of
of (I-AI;,’a,V) as a distribution on X x R (the density of states):

Trace(f (Fpap) = /X Zhaw @)X dx].

where Zj 4 1(g)(x) is the value at the point (x, x) of the Schwartz kernel of f(PIh,a,V).

Theorem 1. We have the following asymptotic expansion in powers of h:

Zha,v(g)(x) ~

[=3j
(k)™ d[ [, f(||é||2+V(x))ldél+Zh2’( > e f(’)(||§||2+V(x))|dél)]
=1 I=j+1

We have the explicit formulas

BV BV
Py =—¢(AV+IBIP), Py =—1lIVVIR

Pl = —5(8IVB|* + |ld* B|* + 12{AB|B) + 3AV).
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Here |B||?> = di<i<j<d bl.zj, d* : Q%(X) — QU(X) is the formal adjoint of d used in the definition of
the Hodge Laplacian on exterior forms. If d = 3, || B|| is the Euclidean norm of the vector field associated
to B.

The Pfl’V(x) are polynomials of the derivatives of B and V' at the point x. Moreover, if A, |, ¢ are
constants and we define \* () (x) = f(Ax), we have the following scaling properties:

AA*(B)A* (V)
(1) P

(x) =A% PJ.’?;V(AX). This will be used with x = 0.
@ PIPRY () = p2 =D PEY (o).

@) P50 = PV ().

@ PPV () =P (x).

(5) The Pfl’V are invariant by the natural action of the orthogonal group O(d) on the Taylor expansions
of B and V at the point x.

Remark 1. From the statement of the theorem, we see that the expansion of the density of states is
independent of the chosen self-adjoint extension.

As a consequence, we can get the following full trace expansion under some more assumptions:

Corollary 1. Let us assume that Eg = inf V < Eo = liminf,_,5x V(x) and that we have chosen
the Dirichlet boundary conditions. Let [ € C3°(] — 00, Ex|), then the trace of f(Hp q,y) admits the
asymptotic expansion

Tiace( (B ~ @ty [ ([ 7(lel? + Vo idel+-
1=3j

XY PR [ O veo g i)

j=1 I=j+1

The coefficient of h? can be written as

L[ SO + V) (AVe) +20BI?) i e,
X xR4

The expansion follows from [Helffer and Robert 1983]. An integration by part in x gives
fX SOUEN + VDIV [dx| =~ /X SPUEN + V() AV(x) [dx|.

2. Existence of the #-expansion of Z; ,

Using Theorem 2 in the Appendix, we can work in R? with @ and V compactly supported. The existence
of the expansion is known in general from [Helffer and Robert 1983] and the calculus of the symbol of
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S (Hpqp). We get

0o kj
/X Zhar (NG ldx| = @y 3 14 Y / (0D (Hyy (x.£)0;.1(x. &) |dx d]
[=0

j=0

where the Q; ;(x,&) are polynomials in the Taylor expansion of H, j at the point (x, £). The previous
expansion is valid for any (admissible) pseudodifferential operator. In the case of Schrédinger operators
we can make integrations by part in the integrals [ f ¢ )(Ha,V(x, £))Q;1(x.&) |d&| which reduces to a
similar formula where we can replace the Q; ;(x,&) by the P; ;(x). This is based on the expansion of
Q; 1 as a polynomial in £ in powers of (§ —a): odd powers give 0 and even powers can be reduced using

d (& —aj) f O (Ha )1 (0g,)dE) = 2018 —aj |* £V (Hap)de + O (Hy p)dE.

We have only to check that the powers of £ in Q; ;(x,&) are less than /: this is based on Equation (1).
The coefficients of the /-th Moyal power of H, (z) — H,,y(29) are homogeneous polynomials of degree
[ in the derivatives of H, 7 (z). At the point z = zo only derivatives of order > 1 are involved. They are
all of degree < 1 in £. Using gauge invariance at the point x (Section 3), we can assume that a(x) = 0.

3. Gauge invariance
If S : X — R is a smooth function, we have
Trace(pe SO f(Hy 4 1)e" S = Trace(df (Hp.a,p))

and
eISCR p(fy 0 eSO = f(Hyygsv).

Hence, we can chose any local gauge a in order to compute the expansion: using the synchronous
gauge (see Section 4), we get the individual terms

B,V
[ 1O PE o 1ae
for the expansion, where the PJ.BI’V(x) depend only of the Taylor expansions of B and V' at the point x.

4. The synchronous gauge

The main idea is to find an appropriate gauge a adapted to the point xo where we want to make the
symbolic computation. In a geometric language, we use the trivialization of the bundle by parallel
transportation along the rays: the potential @ vanishes on the radial vector field.? Here, this is simply the
fact that, for any closed 2-form B on R?, there exists an unique 1-form a = Z;l=1 ajdx;j sothat da = B

and Z;Ll xjaj =0.

2This gauge is sometimes called the Fock—Schwinger gauge; in [Atiyah et al. 1973], it is called the synchronous framing.
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We will do that for the Taylor expansions degree by degree. In what follows we will use a decomposition
for 1-forms, but it works also for k-forms.

Let us denote by Q’]‘\, the finite dimensional vector space of k-differential forms on R4 whose coefficients
are homogeneous polynomials of degree N and by W = Z;;l Xj 0/0x; the radial vector field. The

1

exterior differential induces a linear map from QX into Q% +_ and the inner product (W) a map from
p N N p p

1

Q]]‘\, into Q’;\,jrll. They define complexes which are exact except at k = N = 0. Moreover, we have a

situation similar to Hodge theory:
k k—1 k+1
Oy =dQn1 SUW)QET.

This is due to Cartan’s formula: the Lie derivative of a form w € Qé‘v satisfies, from the direct calculation,
PLww = (k + N)w, and, by Cartan’s formula, Lo = d((W)w) + «(W)dw. So

w = k-l—#N dW)w) +1(W)dw) .

It remains to show that this is a direct sum: if ® = do = «(W)y, we have t(W)w = 0 and dw = 0; from
the previous decomposition, we see that @ = 0. Let us denote by J ¥ w, where o is a differential form of
degree k, the form in QII‘V which appears in the Taylor expansion of w.

We get:

Proposition 1. If P(J%a, J'a,---, JNa) is a polynomial in the Taylor expansion of the 1-form a at some
order N which is invariant by a — a + dS, P is independent of J°a and

Ly oo Ny = p(L oL N )
PJla,--,J a)—P(th(W)B, e EAMIUAY:

is a polynomial of the Taylor expansion of B to the order N — 1.

S. Properties of the P; ;

5.1. Range of | for j fixed. From the scaling properties, we deduce that, in a monomial
D*' Bjy j, -+ D* Bjy j, pPry...pPny,

belonging to P;j;, we have k +2m = 2(I — j) and k + |aq| + -+ + |og| + |Bi| + -+ + |Bm| = 2/.
Moreover, for j > 1,k +m >1and |B8,| > 1. Hence j + 1 </ < 3j. The previous bounds are sharp:
take the monomials A/ V and ||V V ||%/ which give / = j 4+ 1 and [ = 3;.

5.2. Invariance properties.

(1) Let us assume that we look at the point x = 0 and consider the operator D, (f)(x) = f(ux). We
have

Dy o Hp gy 0 D1y = Hpjpu, 40D, VoD, -
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The same relation is true for any function f (}AIh, 4,v) and then we have, looking at the Schwartz
kernels and using the Jacobian ,ud of Dy:

RO [ O +vonlds = w2 PR o) [ rOqel + voy e,

(2) We have

. s
Hy a2y = 1 Hﬁ,a,V'

. . . . . . BV
(3) Changing V into V + ¢ gives a translation by c in the function f* but does not change the Pj’ ;-
(4) Changing B into — B gives a complex conjugation in the computations. The final result is real-valued.
(5) Orthogonal invariance is clear: an orthogonal change of coordinates around the point x preserves

the density of states.

5.3. The case d = 2. We deduce from the scaling properties and invariance by the orthogonal group,
that there exists constants ay, by, ¢z so that PlBéV(x) =agAV +bg||B||?, P13(x)=cq||VV]>

6. Explicit examples

The calculation for the harmonic oscillators and the constant magnetic fields allows to determine the
constants ag, by, c4.

2
6.1. Harmonic oscillators. Let us consider 2 = —hz% + x2 with d = 1. The kernel of P(t, x, y) of
exp(—¢£2) is given by the Mehler formula: ~

P(t,x,y) = Qnh sinh(2th))_%exp (— (cosh(2th)(x2 + 3 — 2xy)) .

1
2% sinh(2t#)
Hence

P(t,x,x) ~ uh) le ™ (/ e—’ézdg) (1=12(> =% /3 + 0(h%)).
R

Hence Py »(x) =—V"(x)/6 and Py 3(x) =—V'(x)?/12.
Similarly, in dimension d > 1, we get Py 5(x) = —AV(x)/6 and Py 3(x) = —|VV|?/12.

6.2. Constant magnetic field. Let us consider the case of a constant magnetic field B in the plane and
denote by Q(¢, x, y) the kernel of exp(—tHp ). We have (see [Avron et al. 1978])

B

t S —
Q. X, %) = o inh Bh

Hence the asymptotic expansion
0t.x.x) = ()2 [ exp(—tlEIP)dE1(1 ~ 24 B2/6-+ O(h)):

hence Py »(x) = —B?/6 and Py 3(x) =0.
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Using the normal form B = by,dx1 A dxy + b3sdxs Adxs + -+, we get in dimension d > 2 the
values Py 5(x) = —||B||?/6 and P; 3(x) = 0.

7. Heat expansion from the semiclassical expansions

We have tﬁl aV = flﬁ’ﬁa ;v Using the expansion of Theorem 1 with f(E) = e E, we get easily
the point-wise expansion of the heat kernel on the diagonal as ¢ — 0 :

[exp(—zﬁl,ayn(x,x)f»%e"V"‘)Z( > PfiV(x))(—z)l.

d
()2 1=0 M/3<j<I-1
In particular, a1 (x) = —V/(x) and the coefficient a,(x) is given by
az(x) = 3V(x)* = §AV(x) — ¢ | BOO)|I>.

This formula agrees with Equation (3) of Theorem 3.3.1 in [Gilkey 2004].
This gives another way to compute the P; ;: if, as power series in ¢,

(o,@] o0
S Dot = eV Y gy (o,
=0 =0

we have
B,V
Pj,l (x) = bj(x).
1/3<j<I-1
PJ.B I’V is the sum of monomials homogeneous of degree 2(/ — j) in b; where B and its derivatives have

we’ights 1 while V' and its derivatives have weights 2.

The heat coefficients a; on flat spaces are known for / < 6 from [Ven 1998]. This is enough to check the
term in /2 (uses @, and a3) in [Helffer and Purice 2010] and to compute the term in % in the semiclassical
expansion (uses the a; for 3 </ < 6).

We have also a mixed expansion writing tH haV = H Jih,Jia,tv> WE get a power series expansion in

powers of # and ¢ valid in the domain #%¢ — 0 and 0 < ¢ < ¢, for the point-wise trace of exp(—tﬁ haV):

L v 2j_pl pBYV
Z,’;,(x)'»We 1+ ; w0 P75V (x) ).
j+IJ§_l§3j

This shows that the integrals [, V(x)¥|dx| and [ PjBl’V(x) |dx| are recoverable from the semiclassical
spectrum.

Appendix: functional calculus in domains and self-adjoint extensions (after Johannes Sjostrand)

The content of this Appendix is due to Johannes Sjostrand. I thank him very much for this contribution.

Let X C R? be an open set. We say that a linear operator 4 is a WDO in X, with Weyl symbol a if,
for any compact K C X, A acts on functions supported in K as a WD O of Weyl symbol a.
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Theorem 2. Let Hy, 4,y be a Schridinger operator with magnetic field given by

4 (hd 2
Hyapy =) (l—@ —aj (X)) + V(x),

Jj=1

defined in some open domain X C R4, We assume that a and V are smooth in X and that V is bounded
from below, so that Hy, 4y admits some self-adjoint extensions on the Hilbert space L2(X,|dx|). One of
them will be denoted by I:\Ih,a’y. Then, for any | € ¥(R), f(I-AIh,a’V), given by the functional calculus,
is a semiclassical VDO in X whose symbol is given by Equation (1) and is independent of the chosen
extension.

The proof uses a multicommutator method already used by Helffer and Sjostrand [1984].

Proof. We introduce, for s € R, the semiclassical (%-dependent) Sobolev spaces
3=t e SR | 0ps (1 + 18172l 2 < 00}

with the norm
lulls == 10ps(1 + €13 2ull -

The (h-dependent) norm || A||s, s, is the norm of A as linear operator from %;1 to %22. A linear operator
K is smoothing if, for all 51, s2, | K|s,,s, = O(h*). This implies that the Schwartz kernel of K is
smooth with all derivatives locally O(A°°). We have the

Lemma 1. Let Y be an open set in R4, Let Pj = Pj(h), j =0,1 be two self-adjoint operators on Hilbert
spaces #j = L*(Xj, |dx|) with Y € Xo € X1 € R? and with domains Dj so that C°(Y) C9D; C ;.
Let us assume that, on C°(Y), Py = Py = Hy 4y (= P).

Then, for any f € CS°(R), f(Po)— f(P1) is smoothing on Y. In particular, the densities of states
[f(P)](x,x), j =0,1, coincide in Y modulo O(h*>).

Assuming Lemma 1, Theorem 2 follows by extending a and V' smoothly outside Y so that they have
compact support in R, We take Y € X = Xy C R = X;. It follows that P; is essentially self-adjoint
and the functional calculus for P follows then easily from [Helffer and Robert 1983]. The result is valid
even for f € ¥(R) because CJ° is dense in ¥ and the result of [Helffer and Robert 1983] is valid for

f € & and the resulting formulas for the symbols are continuous w.r. to the topology of &. O
Proof. Proof of Lemma 1 If x € C°(Y), then, for z ¢ R and j, k € {0, 1}, we have on L?(Y):
(Pj—z)"tox=yxo(Pr—2)"" = (P —2) [P, x)(Pr —2)7" 2

Let o < x1 <:-- < xn with,for/ =0,--- N, y; € C(Y) and, for/ =0,--- ,N—1, x;(1—x;4+1) =0.
By iterating (2) and using x;41[P, x;] = [P, x;], we find:

(Pr—z)toxo=x10(Po—2)""xo—x20(Po—2) '[P, x1)(Po—2) ' xo+ -
£ xN(Po—2)"[P. xn=1)(Po —2) '[P, xn—2]-- (Po—2)"" x0
F(P1—2) '[P xNI(Po—2) " (Po—2) " xo
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Let us give now xo, ¥ € C2°(Y') with disjoints supports. By choosing the y; for / > 0 with supports
disjoint from the support of ¥, we see, using Equation (2), that, for any N,
19(Pr =2 x0llo2 = OV |32/~ VD).
The standard a priori elliptic estimates
lulls+2,2, = C (I(P—2)u 5.21)
forze€ K €C and Q; € Q, € R?, allow to prove that, for any N, s, there exists M (N, 5) so that
19(Py =27 Xollss+n+2 = OGN |3z 7MH) 3)

Let x € C°(Y) so that x = 1 on the support of xo. Let us apply multiplication by x to the right and to
the left in (2) and choose ¥ with support disjoint from yg so that [P, x|y =[P, x]. Inserting ¥ this way
in (2), we get, using (3),

5,22 + ||Ll

xo(P1—2)""xo—x0(Po—2)"'xo = K,

and, for any N, there exists M (N) so that || K||—-y n = OHBN 3z7MN))y We now apply the formula
(known to some people as the “Helffer-Sjostrand formula”, proved for example in [Dimassi and Sjostrand
1999, p. 94-95]), valid for f € CS°(R) and f an almost holomorphic extension of f:

7y = [z ferp ==L,

where d L(z) is the canonical Lebesgue measure in the complex plane. From this, we see that f(Py) —
f(Py) is smoothing in Y. O
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