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ON THE GLOBAL WELL-POSEDNESS OF ENERGY-CRITICAL SCHRODINGER
EQUATIONS IN CURVED SPACES

ALEXANDRU D. IONESCU, BENOIT PAUSADER AND GIGLIOLA STAFFILANI

In this paper we present a method to study global regularity properties of solutions of large-data critical
Schrodinger equations on certain noncompact Riemannian manifolds. We rely on concentration compact-
ness arguments and a global Morawetz inequality adapted to the geometry of the manifold (in other words
we adapt the method of Kenig and Merle to the variable coefficient case), and a good understanding of the
corresponding Euclidean problem (a theorem of Colliander, Keel, Staffilani, Takaoka and Tao).

As an application we prove global well-posedness and scattering in H! for the energy-critical defocus-
ing initial-value problem

(0 + Aghu=ulul*,  u(0) =4,

on hyperbolic space H3.

1. Introduction 705
2. Preliminaries 709
3. Proof of the main theorem 718
4. Euclidean approximations 721
5. Profile decomposition in hyperbolic spaces 725
6. Proof of Proposition 3.4 735
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1. Introduction

The goal of this paper is to present a somewhat general method to prove global well-posedness of critical!
nonlinear Schrédinger initial-value problems of the form

((0: +Ag)u=N(u), u(0)=¢, (1-1)

on certain noncompact Riemannian manifolds (M, g). Here Ag = 2 (9; i — Fikj dy) is the (negative)
Laplace—Beltrami operator of (M, g). In Euclidean spaces, the subcritical theory of such nonlinear
Schrodinger equations is well established; see for example the books [Cazenave 2003; Tao 2006] for
many references. Many of the subcritical methods extend also to the study of critical equations with small

Tonescu was supported in part by a Packard Fellowship, and Staffilani by NSF Grant DMS 0602678. Pausader and Staffilani

thank the MIT/France program during which this work was initiated.

MSC2000: 35Q55.

Keywords: global well-posedness, energy-critical defocusing NLS, nonlinear Schrodinger equation, induction on energy.
Here critical refers to the fact that when (M, g) = (R3,6; 7), the equation and the control (here the energy) are invariant

under the rescaling u(x, ) — A 1/zu()\x, A20).
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data. The case of large-data critical Schrodinger equations is more delicate, and was first considered in
[Bourgain 1999] and [Grillakis 2000] for defocusing Schrodinger equations with pure power nonlinearities
and spherically symmetric data. The spherical symmetry assumption was removed in dimension d = 3
in [Colliander et al. 2008]; global well-posedness was then extended to higher dimensions d > 4 in
[Ryckman and Visan 2007; Visan 2007].

A key development in the theory of large-data critical dispersive problems was the article [Kenig and
Merle 2006], on spherically symmetric solutions of the energy-critical focusing NLS in R®. The methods
developed in this paper found applications in many other large-data critical dispersive problems, leading
to complete solutions or partial results. We adapt this point of view in our variable coefficient setting as
well.

To keep things as simple as possible on a technical level, in this paper we consider only the energy-
critical defocusing Schrédinger equation

(i0: + Ag)u = ulul* (1-2)

in hyperbolic space H3. Suitable solutions of (1-2) on the time interval (7, T,) satisfy mass and energy
conservation, in the sense that the functions

1 1
B = [ 0P du. E'wo =5 [ Ve dut g [ wwtde  a-3)
H3 2 H3 6 H3
are constant on the interval (77, 75). Our main theorem concerns global well-posedness and scattering in
H'(H?) for the initial-value problem associated to (1-2).

Theorem 1.1. (a) (Global well-posedness.) If ¢ € H'(H3)? then there exists a unique global solution
u € C(R: H' (H?)) of the initial-value problem

(i0; + Ag)u = ulul*, u(0)=¢. (1-4)

In addition, the mapping ¢ — u is a continuous mapping from H'(H*) to C(R: H'(H?)), and the
quantities E®(u) and E'(u) defined in (1-3) are conserved.

(b) (Scattering.) We have the bound
lull Lrog3xry = CUPN 1 3))- (1-5)
As a consequence, there exist unique u+ € H'(H?) such that
||u(t)—e”Agui||H1(H3) =0ast— too. (1-6)

It was observed by Banica [2007] that hyperbolic geometry cooperates well with the dispersive nature
of Schrodinger equations, at least in the case of subcritical problems. In fact the long time dispersion of
solutions is stronger in hyperbolic geometry than in Euclidean geometry. Intuitively, this is due to the
fact that the volume of a ball of radius R + 1 in hyperbolic spaces is about twice as large as the volume

2Unlike in Euclidean spaces, in hyperbolic spaces H¥ one has the uniform inequality [y | f1>du < S |V f|? du for any
fe C(‘)X’(IHId). In other words H ! (I]-[]d) L Lz([]-l]d).
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of a ball of radius R, if R > 1; therefore, as outgoing waves advance one unit in the geodesic direction
they have about twice as much volume to disperse into. This heuristic can be made precise; see [Anker
and Pierfelice 2009; Banica 2007; Banica et al. 2008; 2009; Banica and Duyckaerts 2007; Bouclet 2011;
Christianson and Marzuola 2010; Ionescu and Staffilani 2009; Pierfelice 2008] for theorems concerning
subcritical nonlinear Schrédinger equations in hyperbolic spaces (or other spaces that interpolate between
Euclidean and hyperbolic spaces). The theorems proved in these papers are stronger than the corresponding
theorems in Euclidean spaces, in the sense that one obtains better scattering and dispersive properties of
the nonlinear solutions.

We remark, however, that the global geometry of the manifold cannot bring any improvements in the
case of critical problems. To see this, consider only the case of data of the form

PN (x) = N2y (N O (x)), (1-7)

where ¥ € C§° (R3?) and ¥ : R? — H? is a suitable local system of coordinates. Assuming that v is fixed
and letting N — oo, the functions ¢ € C5° (H3) have uniformly bounded H! norm. For any 7 > 0 and
Y fixed, one can prove that the nonlinear solution of (1-4) corresponding to data ¢ is well approximated
by

NY2y(NO~(x), N?)

on the time interval (=T N ~2, TN =2), for N sufficiently large (depending on 7" and V), where v is the
solution on the time interval (—7, T') of the Euclidean nonlinear Schrodinger equation

(id; + Av =v[v]*, v(0)=1. (1-8)

See Section 4 for precise statements. In other words, the solution of the hyperbolic NLS (1-4) with data
¢n can be regular on the time interval (—T'N ~2, TN ~2) only if the solution of the Euclidean NLS (1-8)
is regular on the interval (—7', 7). This shows that understanding the Euclidean scale invariant problem
is a prerequisite for understanding the problem on any other manifold. Fortunately, we are able to use the
main theorem of Colliander et al. [2008] as a black box (see the proof of Lemma 4.2).

The previous heuristic shows that understanding the scaling limit problem (1-8) is part of understanding
the full nonlinear evolution (1-4), at least if one is looking for uniform control on all solutions below
a certain energy level. This approach was already used in the study of elliptic equations, first in the
subcritical case (where the scaling limits are easier) by Gidas and Spruck [1981] and also in the H 1
critical setting, see for example Druet, Hebey and Robert [Druet et al. 2004], Hebey and Vaugon [1995],
Schoen [1989] and (many) references therein. Note however that in the dispersive case, we have to
contend with the fact that we are looking at perturbations of a linear operator 9, + Ag whose kernel is
infinite dimensional.

Other critical dispersive models, such as large-data critical wave equations or the Klein—Gordon
equation have also been studied extensively, both in the case of the Minkowski space and in other Lorentz
manifolds. See, for example, [Bahouri and Gérard 1999; Bahouri and Shatah 1998; Burq et al. 2008;
Burq and Planchon 2009; Grillakis 1990; 1992; Ibrahim and Majdoub 2003; Ibrahim et al. 2009; 2011;
Kapitanski 1994; Kenig and Merle 2008; Killip et al. 2012; Laurent 2011; Shatah and Struwe 1993; 1994;
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Struwe 1988; Tao 2006] for further discussion and references. In the case of the wave equation, passing
to the variable coefficient setting is somewhat easier due the finite speed of propagation of solutions.

Nonlinear Schroédinger equations such as (1-1) have also been considered in the setting of compact
Riemannian manifolds (M, g); see [Bourgain 1993a; 1993b; Burq et al. 2004; 2005; Colliander et al.
2010; Gérard and Pierfelice 2010]. In this case the conclusions are generally weaker than in Euclidean
spaces: there is no scattering to linear solutions, or some other type of asymptotic control of the nonlinear
evolution as ¢t — oo. We note however the recent result of Herr, Tataru and Tzvetkov [Herr et al. 2011]
on the global well-posedness of the energy critical NLS with small initial data in H!(T?).

To simplify the exposition, we use some of the structure of hyperbolic spaces; in particular we exploit
the existence of a large group of isometries that acts transitively on H<. However the main ingredients in
the proof are more basic, and can probably be extended to more general settings®. These main ingredients
are:

(1) a dispersive estimate such as (2-24), which gives a good large-data local well-posedness/stability
theory (Propositions 3.1 and 3.2);

(2) a good Morawetz-type inequality (Proposition 3.3) to exploit the global defocusing character of the
equation;

(3) a good understanding of the Euclidean problem, provided in this case by a result of Colliander, Keel,
Staffilani, Takaoka and Tao [Colliander et al. 2008, Theorem 4.1];

(4) some uniform control of the geometry of the manifold at infinity.

The rest of the paper is organized as follows: in Section 2 we set up the notations, and record the main
dispersive estimates on the linear Schrodinger flow on hyperbolic spaces. We prove also several lemmas
that are used later.

In Section 3 we collect all the necessary ingredients described above, and outline the proof of the main
theorem. The only component of the proof that is not known is Proposition 3.4 on the existence of a
suitable minimal energy blow-up solution.

In Section 4 we consider nonlinear solutions of (1-4) corresponding to data that contract at a point,
as in (1-7). Using the main theorem in [Colliander et al. 2008] we prove that such nonlinear solutions
extend globally in time and satisfy suitable dispersive bounds.

In Section 5 we prove our main profile decomposition of H!-bounded sequences of functions in
hyperbolic spaces. This is the analogue of Keraani’s theorem [2001] in Euclidean spaces. In hyperbolic
spaces we have to distinguish between two types of profiles: Euclidean profiles which may contract at a
point, after time and space translations, and hyperbolic profiles which live essentially at frequency* N = 1.
Hyperbolic geometry guarantees that profiles of low frequency N < 1 can be treated as perturbations.

3Two of the authors have applied a similar strategy to prove global regularity of the defocusing energy-critical NLS in other
settings, such as T3 [Tonescu and Pausader 2012a] and R x T3 [Tonescu and Pausader 2012b], where other issues arise due to the
presence of trapped geodesics or the lower power in the nonlinearity.

“4Here we define the notion of frequency through the heat kernel, see (2-28).
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Finally, in Section 6 we use our profile decomposition and orthogonality arguments to complete the proof
of Proposition 3.4.

2. Preliminaries

In this subsection we review some aspects of the harmonic analysis and the geometry of hyperbolic spaces,
and summarize our notations. For simplicity, we will use the conventions in [Bray 1994], but one should
keep in mind that hyperbolic spaces are the simplest examples of symmetric spaces of the noncompact
type, and most of the analysis on hyperbolic spaces can be generalized to this setting (see, for example,
[Helgason 1994]).

Hyperbolic spaces: Riemannian structure and isometries. For integers d > 2 we consider the Minkowski
space R4+ with the standard Minkowski metric —(dx®)2 + (dx!)2+. ..+ (dx?)? and define the bilinear
form on R9+1 x [R{d“,
[X,y] :xoyo_xlyl —"'—Xdyd.
Hyperbolic space H is defined as
HY = {x e R+ . [x,x] =1 and x° > 0}.

Let 0 = (1,0,...,0) denote the origin of H¥. The Minkowski metric on R?*+! induces a Riemannian
metric g on H?, with covariant derivative D and induced measure dy.

We define G := SO(d, 1) = SO, (d, 1) as the connected Lie group of (d + 1) x (d + 1) matrices that
leave the form [-, -] invariant. Clearly, X € SO(d, 1) if and only if

CX Ty -X =1z, detX =1 Xgo>0,

where 7 ; is the diagonal matrix diag[—1,1,..., 1] (since [x, y] = —"x -1, -y). Let K = SO(d) denote
the subgroup of SO(d, 1) that fixes the origin 0. Clearly, SO(d) is the compact rotation group acting on

the variables (x!, ..., x9). We define also the commutative subgroup A of G,
chs shs 0
A:=<a;=| shs chs 0 seRy, (2-1)
0 0 Iy,

and recall the Cartan decomposition
G=KALK, Aj:={as:5€l0,00)}. (2-2)

The semisimple Lie group G acts transitively on H and hyperbolic space H¥ can be identified
with the homogeneous space G/IK = SO(d, 1)/ SO(d). Moreover, for any 4 € SO(d, 1) the mapping
Ly :H? — H?, Lj(x) = h-x, defines an isometry of H?. Therefore, for any & € G, we define the
isometries

wp L2HY) — LX), m(f)(x) = f(h7"-x). (2-3)
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We fix normalized coordinate charts which allow us to pass in a suitable way between functions defined
on hyperbolic spaces and functions defined on Euclidean spaces. More precisely, for any & € SO(d, 1)
we define the diffeomorphism

U, RESHY, w0 v =k (VI Rl vY). (2-4)
Using these diffeomorphisms we define, for any % € G,
T CRY) — CHY),  F()(x) = [(¥," (X)) (2-5)

We will use the diffeomorphism Wy as a global coordinate chart on H4, where I is the identity element
of G. We record the integration formula

/ £00) du(x) = / SOOI + o) dv (2-6)
H4 R4

for any f € Co(H?).

The Fourier transform on hyperbolic spaces. The Fourier transform (as defined by Helgason [1965] in
the more general setting of symmetric spaces) takes suitable functions defined on H9 to functions defined
on Rx S, Forw € S ' and A € C, let b(w) = (1, w) € R4 and

hyw HY = C,  hy o(x) =[x, b(@)]**,

where
p=(d-1)/2.

It is known that
Aghyw ==+ p*)h) 0. (2-7)

where Ag is the Laplace—Beltrami operator on H¥. The Fourier transform of f € Co(H?) is defined by
the formula

Fonor= [ Feardn= [ @l b@] du 9)
This transformation admits a Fourier inversion formula: if /€ Cg° (H?) then
= [ [ o b@r Pl ddo. 29)
where, for a suitable constant C, 6%
i
c(A)=C Totin

is the Harish-Chandra c-function corresponding to H¥, and the invariant measure of S¢~! is normalized
to 1. It follows from (2-7) that

Agf(h.w) ==+ p) [ (L. o). (2-10)



WELL-POSEDNESS OF ENERGY-CRITICAL SCHRODINGER EQUATIONS IN CURVED SPACES 711

We record also the nontrivial identity
/ f(k, w)[x, b(a))]—ik—pdw — [ f(—k,co)[x, b(w)]ix—pdw
sd—1 sd—1

for any f € C(;’o([H]d), L eC,and x € HY.
According to the Plancherel theorem, the Fourier transform f — f extends to an isometry of L2 (HY)
onto L2(Ry x S~ |¢(A)|"2d A dw); moreover

- 1 ~ —_—
[, h@R@ =5 [ Ao el dido. @1
He RxS4—1

for any f1, f» € L2(H?). As a consequence, any bounded multiplier m : Ry — C defines a bounded
operator T}, on L?(H?) by the formula

Tu(/) M, @) =mQ) - f(h, w). (2-12)

The question of L? boundedness of operators defined by multipliers as in (2-12) is more delicate if
p # 2. A necessary condition for boundedness on L? (I]-I]d ) of the operator Ty, is that the multiplier m
extends to an even analytic function in the interior of the region 9, = {A € C: |IJA| < |2/p —1|p} [Clerc
and Stein 1974]. Conversely, if p € (1, 00) and m : 9, — C is an even analytic function which satisfies
the symbol-type bounds

10%m()] < C(1+|A)™® foranya €[0,d +2]NZ and A € T, (2-13)

then T}, extends to a bounded operator on L?(H?) [Stanton and Tomas 1978].

As in Euclidean spaces, there is a connection between convolution operators in hyperbolic spaces and
multiplication operators in the Fourier space. To state this connection precisely, we normalize first the
Haar measures on I and G such that f; 1dk =1 and

[ rewag=[ e
G H4
for any f € Co(H?). Given two functions fi, f> € Co(G) we define the convolution

(s £ = [ it fale™ i) de. (-14)
A function K : G — C is called K-biinvariant if
K(kigk,) = K(g) foranykq,k, e K. (2-15)
Similarly, a function K : H? — C is called K-invariant (or radial) if
K(k-x)= K(x) foranyk €K and x € HY. (2-16)

If f,K ey (I]-I]d ) and K is K-invariant then we define (compare to (2-14))

(f % K)(x) = [S Flg-0K(g™" -x) dg. 2-17)
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If K is K-invariant then the Fourier transform formula (2-8) becomes

K\, 0)=KO) = /H K)o dp. (2-18)

where

S O (2-19)
gd—1
is the elementary spherical function. The Fourier inversion formula (2-9) becomes
o0
KW= [ Rl di. -20)
0

for any [K-invariant function K € Cg° (H9). With the convolution defined as in (2-17), we have the
important identity

(f *K)(A,0) = f(h,w)- K(X) (2-21)

for any f, K € Co(H?), provided that K is K-invariant’.

We define now the inhomogeneous Sobolev spaces on H?. There are two possible definitions: using
the Riemannian structure g or using the Fourier transform. These two definitions agree. In view of (2-10),
for s € C we define the operator (—A)/2 as given by the Fourier multiplier A — (A% + p2)*/2. For
p € (1,00) and s € R we define the Sobolev space W 25 (H?) as the closure of Cge (H9) under the norm

1/ s eeay = 1272 £l Lo aay-

For s € R let H® = W2, This definition is equivalent to the usual definition of the Sobolev spaces
on Riemannian manifolds (this is a consequence of the fact that the operator (—Ag)* /2 is bounded on
LP?(H?) for any s € C, Rs < 0, since its symbol satisfies the differential inequalities (2-13)). In particular,
fors =1 and p € (1, 00),

1
1/ Wity = 1=2)2 F | Loaay ~ ( /. Inglde) v 2-22)
where
Ve /1:= D Do f|"2.
We record also the Sobolev embedding theorem
WP 9 ifl<p<g<ooand s=d/p—d/q. (2-23)

Dispersive estimates. Most of our perturbative analysis in the paper is based on the Strichartz estimates
for the linear Schrédinger flow. For any ¢ € H* (H?), s € R, let eitbep e C(R: HS (H?)) denote the
solution of the free Schrodinger evolution with data ¢, i.e.,

182 w) = (k. w) e,

3Unlike in Euclidean Fourier analysis, there is no simple identity of this type without the assumption that K is lK-invariant.
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The main inequality we need is the dispersive estimate® (see [Anker and Pierfelice 2009; Banica 2007;
Banica et al. 2008; Ionescu and Staffilani 2009; Pierfelice 2008])

itAg Lrapy S |t|—d(1/P—1/2)’ pe2d/(d+2).2]. p'=p/(p—1), (2-24)

le

for any t € R\ {0}. The Strichartz estimates below then follow from a general theorem from [Keel and
Tao 1998].

Proposition 2.1 (Strichartz estimates). Assume that d > 3 and I = (a, b) C R is a bounded open interval.

() If ¢ € L2(H?) then
1€ 2Dl (oo 22 20702 gaa ey S 19112 (2-25)
(i) If F e (L'L2 + L2272y (1 x T) then

t
‘/ e =98 F(5) ds
a

To exploit these estimates in dimension d = 3, for any interval / C R and f € C({ : H™1(H?)) we
define

< ”F”(L}L§+L%L§d/(d+2’)(n-udx1)- (2-26)

(LSPLANL2L2Y =2y (Hd xT)

171 zay =15 z10 gxrys
1/ sty = N=DY" Fll poop2nr2 o)y, K €[0,00), 2-27)
1A vk = 1A Fll 122185y Kk €10.00).

We use the S! norms to estimate solutions of linear and nonlinear Schrédinger equations. Nonlinearities
are estimated using the N'! norms. The L!° norm is the “scattering” norm, which controls the existence
of strong solutions of the nonlinear Schrédinger equation, see Proposition 3.1 and Proposition 3.2 below.

Some lemmas. In this subsection we collect and prove several lemmas that will be used later in the paper.
For N > 0 we define the operator Py : L2(H3) — L2(H?),

_ —2
Py = N"2AgelN Az,

. a - (2-28)
PnfOvw)=—=N"202+1)e N O HD 7 w).

One should think of Py as a substitute for the usual Littlewood—Paley projection operator in Euclidean
spaces that restricts to frequencies of size &2 N; this substitution is necessary in order to have a suitable L?
theory for these operators, since only real-analytic multipliers can define bounded operators on L? (H?)
[Clerc and Stein 1974]. In view of the Fourier inversion formula we have

Paf ) = [ FO) PN, 3) da()

61n fact this estimate can be improved if |z] > 1, see [Tonescu and Staffilani 2009, Lemma 3.3]. This leads to better control
of the longtime behavior of solutions of subcritical Schrodinger equations in hyperbolic spaces, compared to the behavior of
solutions of the same equations in Euclidean spaces (see [Banica 2007; Banica et al. 2008; Ionescu and Staffilani 2009; Anker
and Pierfelice 2009)).
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where
|Pn(r)| SN3(1+Nr)2e . (2-29)

The estimates in the following lemma will be used in Section 5.
Lemma 2.2. (i) Given € € (0, 1] there is Re > 1 such that for any x e H*, N > 1, and f € H'(H?),
|Pn SIS N2 S g, o) llzsess) + €l f o)
where B(x,r) denotes the ball B(x,r) ={y e H3 :d(x, y) <r}
(ii) Forany f € H'(H?),

X ) _ . 2/3
I s S 1V S Wy sup [N21PN 70T,
>
xeH?
Proof. (i) The inequality follows directly from (2-29):
| PN f(x)] 5/ WAGD] IPN(d(x,y))IdM(y)-F/ SO PN (d(x, y)|dp(y)
(x,ReN—1) ¢B(x,ReN—1)

SIS g v llo@s)y - An,o,6/5 + I1f lL6@sy - AN, Re,6/55
where, for R € [0,00), N €[1,00) and p € [1,2]

1/p 00 5 1/p
Ay gy = ( / | Py (d(Q, y))l”du(y)) < ( / Py ()P (shr) dr)
d(O,y)ZRN—l RN-1

oo 1/p
5N3(/ (1+Nr)_5pr2dr) <N373/Pa+ RN
RN-!

The inequality follows if Re = 1/e.
(ii) Such improved Sobolev embeddings in various settings have been used before, for example, in

[Bahouri and Gérard 1999; Keraani 2001]. For any f € H!(H?) we have the identity

o0
f=c N~'PyN(f)dN. (2-30)
N=0
Thus, with 4 := supy>q ||N_1/2PNf||Loo(H3)

dN dN,
6 1 6
du < P -...-|P — ... —d
/ﬂ-ﬂ3|f| MN/W /05N15...5N6| /| P /] Ny Ns #

dNs dNg
sA“/ / N2| Py f1|Prf] 2 26 g
e JosNs<Ne °* " Ns Ng

o0
< 44 / / N|Py fI? dNdp.
H3 Jo

where the last inequality follows by Schur’s lemma. The claim follows since

o0
/H/O NPy 1 dNdp = e (=) £12 45,
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as a consequence of the Plancherel theorem and the definition of the operators Py, and, for any N € [0, 1),

INTY2Py fll Loy S 1 P2f Il oo gasy- (2-31)
O

We will also need the following technical estimate:
Lemma 2.3. Assume € H'(H?) satisfies
1Vl <10 sup K7V2|Pgel™@ey ()] <8, (2-32)

for some § € (0, 1]. Then, for any R > 0 there is C(R) > 1 such that

N2 Vge! Beyr| s 15y < C(R)§1/20 (2-33)
14 X

(B(x0,RN—1)x(to— R2N 2,19+ R2ZN~2))

forany N > 1, any ty € R, and any xo € H3.

Proof. We may assume R =1, xog =0, g = 0. It follows from (2-32) that for any K > 0 and t € R
| Pxe 2| poousy S SKY2, || Pge’ ey poqesy S 1

therefore, by interpolation,
||PK€”Ag1/’||L12(H3) <s12g1/4,

Thus, for any K > 0 and ¢ € R,
Ve (Pre 5 )| izgasy < 82K 4(K +1),
which shows that, for any K > 0 and N > 1,
NY2 Vg (Pre™ 0 111575 (g n—1yw(_n—2.5-2y) S8 KK+ DN T, (2-34)
We will prove below that, forany N > 1and K > N,
Vg (Pge'tBs ‘/’)||L)2m(B((),N—l)x(—N_Z,N_z)) < (NK)~'/2. (2-35)
Assuming this and using the energy estimate
Vg (Pge'"®s WllLee 2 3xmy S 1
we have, by interpolation,
| Vg (Pge'™Ae W Ls2BoON-Y)x(-N-2,N-2)) S (NK)™'/>,
Therefore, forany N > 1and K > N
A _
NI/ZHVg(PKe” gW)”L?L)lcs/s(B(O,N_l)X(—N—Z,N—Z)) < NI/SK 1/5- (2-36)

The desired bound (2-33) follows from (2-34), (2-36), and the identity (2-30).
It remains to prove the local smoothing bound (2-35). Many such estimates are known in more general
settings; see, for example, [Doi 1996]. We provide below a simple self-contained proof specialized to
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our case. Assuming N > 1 fixed, we will construct a real-valued functiona = ay € C % (H3) with the
properties

|D%Dyal <1 in H?,
|Ag(Aga)| S N? in H?, (2-37)
X*Xq Nlgg -1y S X*XPDyDga  in H? for any vector-field X € T'(t1°).

Assuming such a function is constructed, we define the Morawetz action
M,(t) = 2%/ D%a(x)-it(x)Dgu(x) du(x),
H3

where u := Pge'’®21. A formal computation (see [lonescu and Staffilani 2009, Proposition 4.1] for a
complete justification) shows that

3 My(1) = 49%/ D*DPa-DyuDygi du—/ Ag(Aga)-|ul?dpu.
H3 H3
Therefore, by integrating on the time interval [-N ~2, N 2] and using the first two properties in (2-37),

N—2
4/ R(D*DPa- DyuDgin)du dt
_N—Z H3

N—2
<2 sup |Ma(t)|+/ / |Ag(Aga)|-|ul* du dt
—N—2 JH3

[t|I<N—2

N—2
< sup u@) 2l gy + N / @) 2 sy d2 < K1+ NK2,
lt|<N—2 -N—2

The desired bound (2-35) follows, in view of the inequality in the last line of (2-37) and the assumption
K > N since a is real valued.

Finally, it remains to construct a real-valued function a € C®(H?) satisfying (2-37). We are looking
for a function of the form

a(x):=a(chr(x)), r=d(0,x), acC®(l,00)). (2-38)

To prove the inequalities in (2-37) it is convenient to use coordinates induced by the Iwasawa decomposition
of the group G: we define the global diffeomorphism

O:REZxR—H>, ! v?s)="(chs+e*|v[?/2,shs+e5|v|?/2, e vl e 5 v?),
and fix the global orthonormal frame
e3:=105, e;:=e'd,, ey:=¢e"0,.
With respect to this frame, the covariant derivatives are

D, eg =8qpes, Deyes =—eq, Deyeq = Dejez =0 fora,f=1,2.
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See [lonescu and Staffilani 2009, Section 2] for these calculations. In this system of coordinates we have
chr =chs+e 5|v|?/2. (2-39)

Therefore, for a as in (2-38), we have

Dsa = (shs—e*v|?/2)-d'(chr), Dja=v'-d(chr), D,a=v*-d(chr).
Using the formula

DyDga = ey(eg(a)) — (Deyep)a), a,p=1,2,3,

we compute the Hessian:

D Dya= (v")?d"(chr)+chrd'(chr), D,Dya= (v*)?a"(chr)+chrad'(chr),
DiDya=DyDia=v'v?d"(chr), D;3Ds f = (shs—e*|v|?>/2)%a"(chr) +chrd'(chr),
D Dsa=D3Dia=v'(shs—e*|v|?/2)d"(chr),

D,Dsa = D3Dya = v*(shs —e 5|v|?/2)d" (chr).

Therefore, using again (2-39),
D%aDgya = (shr)?(@ (chr))?, Aga = ((ch )2 —1)a’(chr) 4+ 3(chr)d (chr), (2-40)
and
X*XPDyDga=chrd (chr)| X >+ (chr)(X ! + X20% + X3(shs —e|v]2/2))2.  (2-41)
We fix now a such that
()= =1+ N2 yelloo).

The first identity in (2-37) follows easily from (2-40). To prove the second identity in (2-37), we use
again (2-40) to derive

Aga =b(chr), where b(y) = 3y(y? —1+ N_Z)_l/2 —y0*P=1D0O* -1+ N_z)_3/2.
Using (2-40) again, it follows that
[Ag(Aga)| < P2 -1+ N72)73/2 Wwhere y =chr,
which proves the second inequality in (2-37). Finally, using (2-41),

X*XBDyDga > chrd (chr)|X|* —((chr)? = 1)|@" (chr)| | X |?
= N72chr((chr)®> =1+ N"2)73/2|x 2,

which proves the last inequality in (2-37). This completes the proof of the lemma. O
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3. Proof of the main theorem

In this section we outline the proof of Theorem 1.1. The main ingredients are a local well-posedness and
stability theory for the initial-value problem, which in our case relies only on the Strichartz estimates in
Proposition 2.1, a global Morawetz inequality, which exploits the defocusing nature of the problem, and a
compactness argument, which depends on the Euclidean analogue of Theorem 1.1 proved in [Colliander
et al. 2008].

We start with the local well-posedness theory. Let

® ={(I,u): I CRis anopen interval and u € C(I : H' (H%))}
with the natural partial order
(I,u)<({I',u') ifandonlyif I CI'andu'(t) =u(t)foranyzel.
Proposition 3.1 (local well-posedness). Assume ¢ € H'(H3). Then there is a unique maximal solution
(I,u) = U(¢),u(p)) € P, 0 € I, of the initial-value problem
(i8t+Ag)u:u|u|4, u(0) =¢ (3-1)

on H3 x I. The mass E°(u) and the energy E'(u) defined in (1-3) are constant on I, and lullg1cy <o0

for any compact interval J C 1. In addition,
lullzyy) =00 if I+ := I N[0, 00) is bounded,
3-2
lull za_y =00 if I-:= 1N (—o0,0]is bounded. (3-2)

In other words, local-in-time solutions of the equation exist and extend as strong solutions as long as
their spacetime L }C?, norm does not blow up. We complement this with a stability result.

Proposition 3.2 (stability). Assume I is an open interval, p € [-1,1], and it € C(I : H' (H?)) satisfies

the approximate Schrodinger equation
(i0: + Ag)it = pitlii|* +e  onH> x I.
Assume in addition that

Il 0, s + 590 1O 1) = M. (3-3)
’ te

for some M €[1,00). Assume ty € I and u(ty) € H'(H3) is such that the smallness condition

llu(to) — (o) | 13y + lelivrry < € (3-4)

holds for some 0 < € < €1, where €1 < 1 is a small constant €, = €; (M) > 0.
Then there exists a solution u € C(I : H' (H3)) of the Schridinger equation

({0 +Ag)u = pulu|* on H® x I,

and
lullstsxry + lallstgexny = C(M),  |lu—illgrgpxry = C(M)e. (3-5)
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Both Proposition 3.1 and Proposition 3.2 are standard consequences of the Strichartz estimates and
Sobolev embedding theorem (2-23); see, for example, [Colliander et al. 2008, Section 3]. We will use
Proposition 3.2 with p = 0 and with p =1 to estimate linear and nonlinear solutions on hyperbolic spaces.

We next state the global Morawetz estimate:

Proposition 3.3 [Ionescu and Staffilani 2009, Proposition 4.1]. Assume that I C R is an open interval,
and u € C(I : H'(H?)) is a solution of the equation

({0 +Ag)u = ulu|* on H® x I.
Then, for any t,t, € I,
Bl s ey S S0P 1Ol 25y 1O 1 . (3-6)
tefty,2]

Next, recall the conserved energy E!(u) defined in (1-3). For any E € [0, o0) let S(E) be defined by
S(E) = sup{|lull zcy, E' () < E},

where the supremum is taken over all solutions € C(1 : H'(H?)) defined on an interval I and of energy
less than E. We also define
Enax = sup{E, S(E) < oo}.

Using Proposition 3.2 with it =0,e =0, I =R, M =1, € < 1, one checks that E,,x > 0. It follows
from Proposition 3.1 that if u is a solution of (1-2) and E (1) < Emnax, then u can be extended to a globally
defined solution which scatters.

If Emax = 400, then Theorem 1.1 is proved, as a consequence of Propositions 3.1 and 3.2. If we
assume that E,x < 400, then, there exists a sequence of solutions satisfying the hypothesis of the
following key proposition, to be proved later.

Proposition 3.4. Let uy € C((—Ty, T*) : H'(H3)), k = 1,2, ..., be a sequence of nonlinear solutions
of the equation
(i0; + Ag)u = ulul*,

defined on open intervals (—Ty, T*) such that E(ug) — Emax. Let ty € (=T, T*) be a sequence of
times with

lim |lugllz 1y, = Hm ugll 2, .75y = +00. (3-7)
k—o00 k—o00
Then there exists wy € H'(H?) and a sequence of isometries hy € G such that, up to passing to a
subsequence, uy (ty, h,:l - x) = wo(x) € H! strongly.
Using these propositions we can now prove our main theorem.

Proof of Theorem 1.1. Assume for contradiction that E,x < +o0o. Then, we first claim that there exists a
solution u € C((—Tx, T*) : H') of (1-2) such that

Ew) = Enax and  |ullz71,,0) = llull z(o,7+) = +00. (3-8)
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Indeed, by hypothesis, there exists a sequence of solutions uy, defined on intervals I = (=T, T%)
satisfying E(uy) < Enax and

lurll zcr,) — +oo.

But this is exactly the hypothesis of Proposition 3.4, for suitable points #; € (—7%, T%). Hence, up to
a subsequence, we get that there exists a sequence of isometries /1 € G such that 7, (1 (tx)) — wo
strongly in H'. Now, let u € C((—=Tx, T*) : H'(H?)) be the maximal solution of (3-1) with initial
data wo, in the sense of Proposition 3.1. By the stability theory Proposition 3.2, if ||u|| z(o,7+) < +00,
then 7" = +o0 and |[u|l z, +o00) < C(lu]l z(0,400)) Which is impossible. Similarly, we see that
lull z(~T,,0) = +00, which completes the proof of (3-8).

We now claim that the solution # obtained in the previous step can be extended to a global solution.
Indeed, using Proposition 3.1, it suffices to see that there exists § > 0 such that, for all times ¢ € (—Tx, T™),

lull z(—5,t+8)n(~Tw, 7)) = 1.

If this were not true, there would exist a sequence §; — 0 and a sequence of times # € (—T% + 68k, T*—5%)
such that

e ll Z (1= tic+81) = 1- (3-9)

Applying Proposition 3.4 with u; = u, we see that, up to a subsequence, 7y, (ux (1)) — w strongly in
H' for some translations /5, € G. We consider z the maximal nonlinear solution with initial data w, then
by the local theory Proposition 3.1, there exists § > 0 such that

1
1zl z(—s,8) < 3-

Proposition 3.2 gives that |u| z(;, —5,4,+8) < 1/2 + 0x (1), which again contradicts our hypothesis (3-9).
In other words, we proved that if Ep,x < oo then there is a global solution v € C(R: H 1) of (1-2) such
that

E(u) = Emax and ||““Z(—oo,0) = ””“Z(O,oo) = +o0.
We claim now that there exists § > 0 such that for all times,
lu(t)||pe = 8. (3-10)

Indeed, otherwise, we can find a sequence of times # € (0, 00) such that u(#;) — 0 in L®. Applying
again Proposition 3.4 to this sequence, we see that, up to a subsequence, there exist /1 € G such that
oy, (u(tx)) — win H ! with w = 0. But this contradicts conservation of energy.

But now we have a contradiction with the Morawetz estimate (3-6), which shows that E,,x = +00 as
desired. O

Propositions 3.1 and 3.2 are standard consequences of the Strichartz estimates, while Proposition 3.3
was proved in [Ionescu and Staffilani 2009]. Therefore it only remains to prove Proposition 3.4. We collect
the main ingredients in the next two sections and complete the proof of Proposition 3.4 in Section 6.
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4. Euclidean approximations

In this section we prove precise estimates showing how to compare Euclidean and hyperbolic solutions of
both linear and nonlinear Schrédinger equations. Since the global Euclidean geometry and the global
hyperbolic geometry are quite different, such a comparison is meaningful only in the case of rescaled
data that concentrate at a point.

We fix a spherically symmetric function n € Cg° (R?) supported in the ball of radius 2 and equal to 1
in the ball of radius 1. Given ¢ € H! (R?) and a real number N > 1 we define

Ong € CPRY), (ON$)(x) = n(x/N?)- (AN g)(x),
on € CP(RY), PN (x) = N2(Qne)(Nx), (4-1)
fn € CE(H?), NG =on (@7 (),

where Wy is defined in (2-4). Thus Q y¢ is a regularized, compactly supported’ modification of the
profile ¢, ¢ is an H'-invariant rescaling of Qn¢, and f is the function obtained by transferring ¢
to a neighborhood of 0 in H3. We define also

1 1
El(p) == | |Vo|*d —/ 6 dx.
w@ =3 [ VePdx+g [ plfax
We will use the main theorem of [Colliander et al. 2008], in the following form.

Theorem 4.1. Assume ¥ € H'(R?). Then there is a unique global solution v € C(R : H' (R?)) of the
initial-value problem

(id; + A =v[v]*, v(0) =1, (4-2)

and
Vol oo 12022 Lo @axmy = € (Egs (¥)). (4-3)

This solution scatters in the sense that there exists = € H! (R3) such that
lv(6) =" AP g1 sy = 0 (4-4)
ast — too. If Y € H*(R?), then v € C(R: H>(R*)) and sup ||[v(1) || g5 @m3) S lys s |
teR
The main result in this section is the following lemma:
Lemma 4.2. Assume ¢ € HY(R3), Ty € (0, 00), and p €140, 1} are given, and define fn as in (4-1).

(1) There is Ng = No(¢, Ty) sufficiently large such that for any N > Ny there is a unique solution
Un € C((=TyN~2, TyN~2) : H(H?)) of the initial-value problem

(i0; + Ag)Un = pUn|Un|*, Un(0) = fi. (4-5)

7This modification is useful to avoid the contribution of ¢ coming from the Euclidean infinity, in a uniform way depending
on the scale N.
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Moreover, for any N > Ny,
||UN||S1(_TON—2,TON—2) §E£@3(¢) 1. (4-6)

(ii) Assume €1 € (0, 1] is sufficiently small (depending only on Eu}@ (@), and let ¢' € H>(R?) satisfy
o — ¢/”H1(R3) <ey. Let v' € C(R : H?) denote the solution of the initial-value problem

(i9; + A = pv' |V [+, V(0)=¢ .

For R, N > 1 we define

VR(x,1) = n(x/R) (x.1), (x,1) € R* x (=T, Ty),
Ve n (1) = N2 (Nx, N21),  (x.1) e R3x (—ToN "2, ToN~2), (4-7)
VRN 1) = Vi (¥ (0).0) (r.1) €M x (=ToN 2, TyN?).

Then there is Ro > 1 (depending on Ty and ¢’ and &) such that, for any R > Ry,

lim sup || UN - VR’N ”Sl(—ToN_z,ToN_z) §El3 ) £1. (4-8)
N—o0 R

Proof. All of the constants in this proof are allowed to depend on E nlv (¢); for simplicity of notation we

will not track this dependence explicitly. Using Theorem 4.1 we have

IVl rznrzioy@m S 1 S IVOllas @) S16/ s, 1 (4-9)

We will prove that for any Ry sufficiently large there is No such that Vg, n is an almost-solution of
(4-5), for any N > Ny. We will then apply Proposition 3.2 to upgrade this to an exact solution of the
initial-value problem (4-5) and prove the lemma.

Let

er(r.1) = (3, + A — pull) v.0) = p(n( %) = (%) o/ .0/ (. )
3

+ R_zv/(x,t)(An)(%) +2R7Y ajv’(x,z)a,-n(%).
j=1

Since |v/(x, 1)] SNl s s, 1 s€€ (4-9), it follows that

3
> |8k8jv'(x,t)|).

3 3
D 10ker (.01 Sl s, Lr2RIIXD - (Iv'(x,t)l + ) 13V (x| +
k=1

k=1 Pl
Therefore
ngnoo [1Verl HL%L%(Wx(—To,To)) =0. (4-10)
Letting

er,N(x.1) 1= (({0; + Mg y — pv N IVR N I*)(x.0) = N32ep(Nx, N1,
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it follows from (4-10) that there is Ry > 1 such that, for any R > Ry and N > 1,
H |VeR,N| HL}L%(R3x(—TON72,TON72))§ €1. “4-11)

With Ve N (1.1) = Vp A (W71 (). 1) as in (4-7), let

EgRn(p.t):=(0: + Ag)VRN — pVRNIVR.NIY) (1. 1)

. , . 4-12)
:eR,N(‘I/I (J/)»t)+AgVR,N(yst)_(AUR,N)(\I’1 »).0).

To estimate the difference in the formula above, let d;, j = 1, 2, 3, denote the standard vector-fields on
R3 and 0 i := (W1)+(0j) and induced vector-fields on H3. Using the definition (2-4) we compute

Vi Vj

_W’ y=V¥r(v).

gij () 1= gy(0i,9j) = bij
Using the standard formula for the Laplace-Beltrami operator in local coordinates
Agf=lgI7"?0: (181257 8; /)
we derive the pointwise bound
3
IV (Ag f() = A(f oUW )| < D 1w I VR £ ().
k=1

for any C? function f : H* — C supported in the ball of radius 1 around 0, where, by definition, for
k=1,2,3

VEnpl= S [ ERTE ).
ki+ko+ks=k

Therefore the identity (4-12) gives the pointwise bound

3
~ _ — —11qk1 qk2 ok —
IVIER N(y.0)| S [Ver |7 (0).0) + E E |W7 g0k 1‘311322333U/IQ,N(‘I’1 I(J/)J)‘
k=1 ki+kr+ks=k

_ k1 ako ak —
< |Vern|(W7 ' (3),1) + R3N3/? Y |07 052033 VR (N (W (1), 1)].
ki+ky+kse{1,2,3}

Using also (4-11), it follows that for any R, sufficiently large there is Ny such that for any N > Ny

H Vg ERy,N| HL}L%(H-” x(—ToN—2,ToN—2)) = 2ey. (4-13)
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To verify the hypothesis (3-3) of Proposition 3.2, we use (4-9) and the integral formula (2-6) to estimate,
for N large enough,

IVRo.N ”leot (H3x(~ToN—2,ToN-2)) T sup VRN (O 1 13
- te(—ToN—2,TyN—2)

S ”leo,N”Li,ot(R3X(—T()N_2,T()N_2)) + sup ||VU/RO,N(I)||L2(R3)
' rE(-ToN=2,TyN=2) (4-14)

= ||V 11710 (m3s(_ +  sup |V (D23
Ro 'Ly’ (R3x(—T0,To)) e ToTo) R (R3)

<1

Finally, to verify the inequality on the first term in (3-4) we estimate, for Rg, N large enough,
1/ = VRoN 155y < 198 — Vg v Ol 1 sy = 1 Q8 — 'y O 71 sy
<1ON® Bl i1 a5+ 16— 8 g1y + 16— Vi, O 1 < 361

The conclusion of the lemma follows from Proposition 3.2, provided that ¢; is fixed sufficiently small
depending on E ﬂ£{3 (0). |

(4-15)

As a consequence, we have:

Corollary 4.3. Assume ¥ € H'(R?), & > 0, I C R is an interval, and
NV E 20 r Lo gsx) <& (4-16)
where 2/p+3/q =3/2,q € (2,6]. For N > 1 we define, as before,
(@NY)(x) = (/N2 @ Ny)(x), Y (x) = NN (VX), v () = yv (T ().
Then there is Ny = N1 (¥, ) such that, for any N > Ny,
Ve @2 )| p g sn-21y Sa & @-17)

Proof. As before, the implicit constants may depend on Eu:@ (¥). We may assume that » € Cg° (R3).
Using the dispersive estimate (2-24), for any ¢ # 0,

I(=8g) 2 Byl L sy S 1IN0 2UN Lo sy S 1P 2IVUN L )
51# |t|3/q_3/2N3/q_3/2.
Thus, for 77 > 0,
itAg 7. —1/p
[1Ve Sy 1 g s v-—2,0 -2 Sw T1 7
Therefore we can fix 77 = T (), ) such that, for any N > 1,
itAg 7
H Ve (e e yn)l ”L;’LZ(H3x[R\(—T1N—2,T1N—2)]) Sq &

The desired bound on the remaining interval N 21N (=Ty N2, T; N~2?) follows from Lemma 4.2(ii)
with p = 0. O
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5. Profile decomposition in hyperbolic spaces

In this section we show that given a bounded sequence of functions f; € H'!(H?) we can construct certain
profiles and express the functions f; in terms of these profiles. In other words, we prove the analogue of
Keraani’s theorem [2001] in hyperbolic geometry.

Given ([ 9, ho) € L*(H?) x R x G we define

Mg o /() = (71085 f)(hg' ) = (e~ "0%% [)(x). (5-1)
As in Section 4 —see (4-1) —given ¢ € H! (R3) and N > 1, we define
Tng(x):= NN (x).  where ¢(y):= (/N - Ng)(»), (5-2)
and observe that
Ty : H'(R?) — H'(H?) is a bounded linear operator with TNl 13y S ||¢”H1(R3) . (5-3)

Definition 5.1. (1) We define a frame to be a sequence Oy = (Ng, t, hi) €[1, 0) xRx G, k=1,2,...,
where Nj > 1 is a scale, 73 € R is a time, and /i, € G is a translation element. We also assume that
either Ny =1 for all k& (in which case we call {O }x>; a hyperbolic frame) or that Ny " oo (in
which case we call {Oy };>; a Euclidean frame). Let %, denote the set of Euclidean frames,

Fe={0={(Ng.tk. hi)}kz1: N €[1,00), tx € R, hy € G, N /" o0},
and let &j denote the set of hyperbolic frames,
Fp={0={(1, tx, hi) k=1 : tx € R, Iy € G}.
(2) We say that two frames {(Ni, t, hi)}k=>1 and {(N; ., t;, 1} )} k=1 are orthogonal if

klim [ In(Ny/Ni)| + NZ |t —t;| + Ngd (g -0, h), - 0)] = +o0. (5-4)
—00
Two frames that are not orthogonal are called equivalent.
(3) Given ¢ € H!(R?) and a Euclidean frame 0 = {Ox}k>1 = {(Nk,tx, hg) k=1 € Fe, we define the
Euclidean profile associated with (¢, O) as the sequence ¢g, , where
$oi = Moy iy (T, 9, (5-5)
The operators I1 and T are defined in (5-1) and (5-2).
(4) Given ¢ € H!(H?) and a hyperbolic frame 0= {6k}k21 = {(1, tg, hi)}k>1 € Fp we define the

hyperbolic profile associated with (¥, 6) as the sequence w@, where

Jﬁk = Htk,hk W (5'6)
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Definition 5.2. We say a sequence ( f; ) bounded in H!(H?) is absent from a frame O = {( Ny, tx, hy)
if its localization to O converges weakly to 0, i.e., if for all profiles ¢, associated to O, we have

lim { fic. o, ) gt @) = 0- (5-7)
k—o00

Remark 5.3. (i) If 0 = (1, t, hy ) is a hyperbolic frame, this is equivalent to saying that
H_tk’h;lfk -0
as k — oo in H!(H?).
(i) If O is a Euclidean frame, this is equivalent to saying that for all R > 0
g @) = /RN (T, 1 fi) (W1 (v/Ni) = 0
as k — oo in H'(R3).
We prove first some basic properties of profiles associated to equivalent/orthogonal frames.

Lemma 5.4. (i) Assume {Of}r>1 = {(Ng, tk, hi) k=1 and {0} }k=1 = {N 1, W) )} k=1 are two
equivalent Euclidean frames (or hyperbolic frames), and ¢ € H (R?) (or ¢ € H' (H?)). Then
there is ¢’ € HY(R3) (or ¢’ € H'(H?)) such that, up to a subsequence,

Jim 1o = Be; a1 sy =0, (5-8)
where ‘;@k , 55(’@/ are as in Definition 5.1.
k
(ii) Assume {Op}p>1 = {( N, tre, i) Ye=1 and {0 31 = (N}, t;., 1)) }i=1 are two orthogonal frames

(either Euclidean or hyperbolic) and ¢, , W@}{ are associated profiles. Then

lim (5-9)

k—o00

s Daqj@k Dalﬂ@;{ dﬂ' + kll>ncl>o H¢@k W@;( L3W3) = 0.

(iii) If gggk and J@k are two Euclidean profiles associated to the same frame, then

(Vedo,, VeVo,) L2xr2u3) = klim D% po, Do, du

lim
k—o00 —o00 JH3

= [ V600 VT = (V9. V¥ 2sraeny

Proof. (i) The proof follows from the definitions if {O }x>1, {0} }x> are hyperbolic frames: by passing
to a subsequence we may assume limy _, o, —#; +# =7 and limy h;c_lh & = h, and define

¢/ = Hf,};d’-

To prove the claim if {Of }x>, {@;c }k>1 are equivalent Euclidean frames, we decompose first, using
the Cartan decomposition (2-2)

h;c_lhk = myas, ng, Mg, ng €K, si €[0,00). (5-10)
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Therefore, using the compactness of the subgroup [K and the definition (5-4), after passing to a subsequence,
we may assume that

lim Ny /N, =N, lim N (tx —t;) =1, lim mgp=m, limng=n, lim Ngsp=35. (5-11
k—o0 k/ k k—o0 k(k k) k—o00 k k—o00 k k—o0 k2k ( )

We observe that forany N > 1, ¥ € H'(R?),1 € R, g € G, and ¢q € K
Migq(Tn V) = Tig(TnVg).  where q(x) = (g~ ).
Therefore, in (5-10) we may assume that
my =ny =1, h}c_lhk = a, .
With x = (5,0, 0), we define
¢'(x):= N2 T8 (Nx %), ¢'e H' (),
and define @', %\% and 56;( as in (5-5). The identity (5-8) is equivalent to
dim (| Ty ¢ =y, -1y, /T8 (T, §)] 1y = 0. (5-12)

To prove (5-12) we may assume that ¢" € C§° (R?), ¢ € H>(R?), and apply Lemma 4.2(ii) with p = 0.

Let v(x, 1) = (e!2¢)(x) and, for R > 1,

VR(X. 1) = n(x/ R)(x. 1), vR N (. 1) = Ny PoR(Nix, NZO - VRon (0, 0) = vR,n (971 (7)),
It follows from Lemma 4.2(ii) that for any ¢ > 0 sufficiently small there is Ry sufficiently large such that,
for any R > Ry,

limsup | e’ =10 (T, ¢) — Vg n, (6, — 12) | Hap) S € (5-13)

k—o0

Therefore, to prove (5-12) it suffices to show that, for R large enough,

lim sup”nhk—lh;( (TN,§¢,) — VRN, (tllc — k) HHI(H3) SE

k—o0

which, after examining the definitions and recalling that ¢ € C§° (R3), is equivalent to

. 1/2 — —1 1/2 —
hmsupHN]é / ¢,(N]éqj]1(h;¢ hk'y))_Nk/ UR(Nk\DII(y)’ Nkz(t]/c_tk))HHJ}(H3) Se.

k—o00

After changing variables y = Wy (x) this is equivalent to

. 1/2 — —1
lim sup|| N} /2’ (N{ Wy (k) hk-\p,(x)))—N,j/%R(ka,N,f(z,;—zk))u,ﬂ(mse.

k—o0
Since, by definition, ¢’(z) = N /2v(Nz — X, —1), this follows provided that
lim N ;! (h;c_lhk Wy (x/Ng))—x=X% forany x € R,
k—o00

This last claim follows by explicit computations using (5-11) and the definition (2-4).
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(i1) It suffices to prove that one can extract a subsequence such that (5-9) holds. We analyze three cases:

Case 1: 0,0" € Fj,. We may assume that ¢, € C§° (H?) and select a subsequence such that either

lim |t —1;| =00 (5-14)
k—o0
or
lim 4 —tp =7 €R,  lim d(hy-0,h}-0) = oc. (5-15)
k—o00 k—o00

Using (2-24) it follows that

1T pll Loy + 1T en(Agd)ll Loy Se (1+ 11D~
1T | Loy + 1T e n(Ag W)l Loy Sy (141D
for any f € R and /1 € G. Thus

H 5@/( J@;{

) = Maene@lliLo@sy 1Ty ¥llLo@s)y S, (14 [P CER A (5-16)

and

/IH]‘ Da(;@kDoc{/;@;{ d/f“ = ‘/ﬂ-ﬂ‘ Aga@k {/76;( dp

= e i) A (A Y. U d

‘/W Ty i€ (Ag) -y dp

<y, 1, e TR (A g )| Loy |W | Lorsasy Spp (14 [tk — 24D
~ R T Ry gPINLOM3) NV ILY/S(H3) ~.¥ k

The claim (5-9) follows if the selected subsequence satisfies (5-14).
If the selected subsequence satisfies (5-15) then, as before,

[ DDl i

S NAgVlLoqe)-lle™™eg—e T BT G| Loy + /H T |y Agr| dp.

The first limit in (5-9) follows. Using the bound (5-16), the second limit in (5-9) also follows, up to a
subsequence, if lim supy _, o, |tk | = oo. Otherwise, we may assume that limg_, o0 1% = T, limg 00 t,’{ =
T’ = T —1 and estimate
”‘»b@k WG;( HL3([H]3) = ”e_itkAg ﬂhk¢ : e_ilkAg ﬂh;{w ||L3(I]-I]3)
S e Bep—eT TR 1603
+leT By — TRy Lousy + e T TR Gy (7Y L3 sy
The second limit in (5-9) follows in this case as well.

Case 2: 0 € ¥y, 0’ € F,. We may assume that ¢ € C(‘)’O(I]-I]3) and ¥ € C(§’°(IR3). We estimate

~ = _— -1
/H2 D%¢g, DoV, du‘ = ‘/W My (Dg®) - Ty gy (T W) di| S 1Ty ¥l L2y <o N
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and

H‘;@k{/;@’ L3(H3 = ||Htk,hk¢||L°°(|]-[l3) Hnt',,h’ (TN W)”L% M3
k (t3) oM K (%)

~1/2
S Agdllr2 s | (—Ag)l/‘l(TN,;‘ﬂ)”LZ(Hz) Sew N 2

The limits in (5-9) follow.

Case 3: 0,0’ € F,. We may assume that ¢, ¥ € Co° (R?) and select a subsequence such that either

lim Ni/N[ =0, (5-17)
k—>o0
or
lim Nig/N/ =N €(0,00), lim NZ|tx —t;] = oo, (5-18)
k—o0 k—o0
or

lim Ny/Nj=Ne€(0,00), lim N2(x—t;)=7€R, lim Nid(hg-0,h,-0)=o0c. (5-19)
k—o00 k—o00 k—o00

Assuming (5-17) we estimate, as in Case 2,

/[H]3 Daaﬂﬁk Da&@}( dﬂ

=‘/ My i (Mg (T ) - Tl e (T 9)
H3
7—1

S A (TN L2 @) | Ty ¥l 23y Sgu NNy
and

H a@k {;@;{

L3(H3) = H Htk,hk (TNk ®) HL9(IHI3) : ” Htl’(,h;{ (TN,:, W) ”L9/2(H3)
< H(_Ag)7/12(TNk¢) HLZ(H3) ) H (_Ag)s/lz(TN,QVf)HLz(Hz) 54),1// Nkl/éN/é_lm.

The limits in (5-9) follow in this case.
To prove the limit (5-9) assuming (5-18), we estimate first, using (2-24),

1T 3 (T Dl oy Sp (1+ N2 [e)™" (5-20)
foranyr e R, h € G, N €[0,00),and f € C(§’°([R€3). Thus

H (};@k &@;(

L3 = 1 Miene TN oy [T g, Ty ) | ooy
o L+ NG A+ N gD~

and

/ D“dj@kDa%;( dli‘ = ‘/ 5@ 'Aglz@;( dp
H3 H3

= /u—uS T, _1hke—i(tk—t,2)Ag (T ®) - Ag (T V) die

k

SIE i€ TR (TN D) | Losy [ Ae (T ) | ors

Sep L+ N2t —t; )"
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The claim (5-9) follows if the selected subsequence verifies (5-18).

Finally, it remains to prove the limit (5-9) if the selected subsequence verifies (5-19). For this we will
use the following claim: if (gx, My)x>1 € G x[1, 00), limg_, oo My = 00, limg o0 My d (g -0,0) = oo,
and f, g € H'(R?) then
lim ' /H T (A A (o ) (= D) (Tag, ©) dit| + g (Tag ) (Taay &) 3 ) = 0 (5-21)

k—o0

Assuming this, we can complete the proof of (5-9). It follows from (5-12) that if f € H'(R?) and
{Sk}x>1 is a sequence with the property that limy_, oo N kzsk = s € R then

lim [le™%%% (T, )~ Tny f'll g1 13y = 0. (5-22)
k—o00 k

where f/(x) = N/2(e755A £)(N x). We estimate

[ D90, D | = [-800 27, 1y 8 (T 0)- AT 0
H3 A H3 k

N

/H (S8 Py 1 (T @) - (—A0) V2 (T ¥) du‘

. —i(tx—t,)A
+||¢||H1(R3)'H7Th;€*1hke 1k k) g(TNk¢)_nh;cflhk(TN;i»¢/)HH1(ﬂ-|]3)'

In view of (5-21) and (5-22), both terms in the expression above converge to 0 as k — oo, as desired. If
limy o0 NV k2|tk| = oo then, using (5-20), we estimate

o Vo L33y = 1Ty i (T ®) | Lo sy I Ty g (T )l Loy Spop (1+ NE D™

which converges to 0 as £k — oco. Otherwise, up to a subsequence, we may assume that limy_, o V. kztk =
T € R, limj_, o, and write

H(;@k ‘;@;{ L3H3) — ””h;(—lhke_itk A (TNk (lj)) ’ e_it;{ A (TNIQ 1#) ”L3(H-I]3)'

This converges to 0 as k — oo, using (5-21) and (5-22), as desired.

It remains to prove the claim (5-21). In view of the H'(R?) — H'(H?) boundedness of the operators
Txn, we may assume that f, g € C(§’°([R3) and replace Ty, / and Ty, g by Mkl/zf(Mk‘IJI_1 (x)) and
M kl / 2g(M & \I—’I_l (x)) respectively, up to small errors. Then we notice that the supports of these functions

become disjoint for & sufficiently large (due to the assumption limy _, oo My d(gy -0,0) = 00). The limit
(5-21) follows.

(iii) By the boundedness of T, it suffices to consider the case when ¢, ¢ € C® (R?). In this case, we
have

1/2 -
| Ve (T, ¢ — Nk/ (N7 ') HLZ(H3) —0
as k — oo. Hence, by the unitarity of IT;, z, , it suffices to compute

Jim Ni(Ve (¢(Ne W), Ve (W (N YT 1)) 2y 2y = /R Vo) - VY (x)dx,

which follows after a change of variables and use of the dominated convergence theorem. O



WELL-POSEDNESS OF ENERGY-CRITICAL SCHRODINGER EQUATIONS IN CURVED SPACES 731

Our main result in this section is the following.

Proposition 5.5. Assume that (fi)x>1 is a bounded sequence in H'(H3). Then there are sequences
of pairs (¢p*,0*) € Hl([RE3) X F, and (1//”,6") € Hl([H]3) X Fp, w,v = 1,2,..., such that, up to a
subsequence, forany J > 1,
TV J _
1=su=sJ 1=v=J

where Eﬁ@ and W~ are the associated profiles in Definition 5.1, and®

lim limsup sup N~ 1/2|P1\/e”Ang|(x) =0. (5-24)
J—=0 k00 N21

teR

xeH3

Moreover the frames {0}, > and {6‘”},,21 are pairwise orthogonal. Finally, the decomposition is
asymptotically orthogonal in the sense that

E'fo— D E'@g)— Y E'0g)-E'0)|=0. (525

1=u=<J 1=v=J

hm lim sup
=X koo

where E is the energy defined in (1-3).
The profile decomposition in Proposition 5.5 is a consequence of the following finitary decomposition.

Lemma 5.6. Let ( fi)x>1 be a bounded sequence of functions in H'(H?) and let § € (0, 8] be sufficiently
small. Up to passing to a subsequence, the sequence ( fi)r>1 can be decomposed into 2J +1 = O(§72)
terms

Yoo+ Y. Jl’}é—l—rk, (5-26)

k
1=u<J 1<v<J

where ¢ and W~ are Euclidean and hyperbolic profiles, respectively, associated to the sequences
(p*, OH) E H! ([R{3) X Fe and (Y, 0Y) € H'(H?) x F}, as in Definition 5.1.
Moreover the remainder ry, is absent from all the frames O*, @", l<uwu,v=Jand
limsup sup N_1/2|e”Ag Pyrp|(x) <6. (5-27)
k—oco N=1

teR
xeH?

In addition, the frames O* and 0¥ are pairwise orthogonal, and the decomposition is asymptotically
orthogonal in the sense that
Ve fill72= ) IIVg¢ ||L2 + D Ve, ||iz + I Vereli72 + ok (1) (5-28)
1<p<J 1<v<J

where oy (1) — 0 as k — oo.

8]t is convenient to use the critical norm | N~ 1/2 PNe”A'g f ||L°o ., to measure smallness of the remainder in (5-24), as it
already selects the parameters of the frames. Other critical norms have been used as well; see, for example, [Keraani 2001] and
[Laurent 2011]. In any case, by Sobolev and Strichartz estimates, one obtains full control of the Z norm of the remainders, see
(6-1).
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We show first how to prove Proposition 5.5 assuming the finitary decomposition of Lemma 5.6.

Proof of Proposition 5.5. We apply Lemma 5.6 repeatedly for § =27/, / = 1,2, ... and we obtain the
result except for (5-25). To prove this, it suffices from (5-28) to prove the addition of the L%-norms. But
from Lemma 2.2 and (5-24), we see that

lim sup lim sup ||r,‘! sy =0
J—oo k—oo

so that
tim sup lim sup (|1l — 1l fie = 7 18] + 17 186) = 0. (5-29)

J—>o0 k—>oo

Now, for fixed J, we see that

lh=rl = X - T 17
l=p=J 1=v=J
ST DR A D DA 17 DR (AL A RS AN
1<a#B<J k 1<a#B<J 1<p,v<J
so that
[ ST SR LA B o VT
1=u<J 1<v<J o,B

where the summation ranges over all pairs (f, fkﬂ ) of profiles such that /¥ # fkﬂ and where we have
used the fact that the L% norm of each profile is bounded uniformly. From Lemma 5.4(ii), we see that
this converges to 0 as k — oco. The identity (5-25) follows using also (5-29). o

Proof of Lemma 5.6. For (g1); a bounded sequence in H'(H?3), we let

8((gx)x) = limsup sup N~ ‘PN(e”Aggk(h -0))]. (5-30)
k—oo N=1
1€R
heG

If 6((fx)x) <6, then we let J =0 and f; = r; and Lemma 5.6 follows. Otherwise, we use inductively
the following:

Claim. Assume (gy)y is a bounded sequence in H'(H3) which is absent from a family of frames (0%)q <4
and such that 5((gx) ) = 8. Then, after passing to a subsequence, there exists a new frame 0’ which is
orthogonal to 0% for all @ < A and a profile (,25@;( of free energy

lim [[Vgd l2 28 (5-31)
k—o0

such that gy, — Eﬁ@; is absent from the frames 0" and 0%, o < A.
g

Once we have proved the claim, Lemma 5.6 follows by applying repeatedly the above procedure.
Indeed, we let (f;*) be defined as follows: ( f}(o)k = (/i) and if $((f¥)k) = 8, then apply the above
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claim to (f;¥) to get a new sequence
a+l _ ra 7
J; k T ¢@Z¢+1 .

By induction, (f;¥)x is absent from all the frames 0P, B < «. This procedure stops after a finite number
(O(872)) of steps. Indeed, since Je = f,f‘_l — 5@4;5 is absent from 0%, we get from (5-7) that

Ve 8772 = Ve fE 172 + I Vedegll7 2 + 20/ bog) it )
= Vg fZ 172 + Vg o 7 2 + 0 (1)

and therefore by induction,

Ve filz2= D" [IVedoall7o + IV S 172 + 0x (D).

1<a<A4

Since each profile has a free energy = &, this is a finite process and Lemma 5.6 follows.

Now we prove the claim. By hypothesis, there exists a sequence 6‘k = (Nk, tx, hi) such that the
lim supy _, o, in (5-30) is greater than §/2. If lim supy_, oo N = oo, then, up to passing to a subsequence,
we may assume that {6k}k21 = 0’ is a Euclidean frame. Otherwise, up to passing to a subsequence, we
may assume that Ny — N > 1 and we let 0" = {(1, &, hx)x }x>1 be a hyperbolic frame. In all cases, we
get a frame 0" = {( My, ty, hi )k }x>1 such that

_1 . _1
5/2= lim Ny 2| P ("B ) g i | (g - 0) = (T, 18k Ny 2 PR B0)) 22| (5-32)

lim !
k—o00
for some sequence Nj comparable to M.

Now, we claim that there exists a profile f@;( associated to the frame 0’ such that

lim sup ||Vg]%;,||L2 <1
k—o0 *
and

5
3 —3 N72A
H_tk’hl:lf@;c — N, Zek 22 (5)) > 0

strongly in ' (H?3). Indeed, if 0’ is a hyperbolic frame, then f := N=3eN?A¢ 8. If Ni — oo, we let
f(x):= (471)_%6_“"2/4 = ¢2§,. By the unitarity of T it suffices to see that

_5 —2
IN, 2Nk 228y — Ty, £l sy — O (5-33)

which follows by inspection of the explicit formula

1 2
(7D 89)(P) = R
(47z)2 sinh r

for r =dg(0, P).
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Since gy, is absent from the frames 0%, @ < A, and we have a nonzero scalar product in (5-32), we see
from the discussion after Definition 5.2 that 0’ is orthogonal to these frames.

Now, in the case 0’ is a hyperbolic frame, we let ¥ € H!(H?3) be any weak limit of o, 18k Then,
passing to a subsequence, we may assume that for any ¢ € H'(H3),

(vg (H—tk,hljlgk -¥), Vg(P)szLz = (vg (gk — Htk,hk V), Vg Htk,hk‘/’)szLz — 0,

so that g;C = gk — Iy, p, ¥ is absent from O'. In particular, we see from (5-32) that
. _5. N2
§/2 < }kli)l'lgo(n_tk’hzlgk, AgN~z(eN AgSo))szLz}

= Hw, AgN_%(eN_ZAg(SO))LZXl}‘ S ||VgW||L2(H-|]3)

so that (5-31) holds. Finally, to prove that g}( is also absent from the frames 0%, 1 <« < A4 it suffices by
hypothesis to prove this for w@;(, but this follows from Lemma 5.4(ii).

In the case N — oo, we first choose R > 0 and we define

OF (V) = 100/ RN, (T, 412 (V1 0/ Np)). (5-34)

where 7 is a smooth cut-off function as in (4-1). This sequence satisfies

limsup | Vo | L2rs) < limsup | Vg gl 2 )
k—o00 k—o0

and therefore has a subsequence which is bounded in H 1(R?) uniformly in R > 0. Passing to a
subsequence, we can find a weak limit ok e H! (R?). Since the bound is uniform in R > 0, we can let
R — 00 and find a weak limit ¢ such that

¢*—~¢
in Hl})C and ¢ € H'(R3). Now, for ¢ € Cgo([R{3), we have
|70 = NE o7 ) gy — 0
as k — oo and with Lemma 5.4(iii), we compute that
(g Aga@;{)szLz(Hﬂ = (H—zk,hglgk’ Ag TN, #) L2xL213)
= (H—tk,h;lgk’ AgNk%(p(NklIJI_l'))LZXLZ(W) +ox(1)

= (¢, Ap) r2xr2w3) T 0k (1)

= —(¢0;. - o, 1 cm1@s) + ok (D).

(5-35)

In particular, g}( =gy — a@;( is absent from 0" and from (5-32), we see that (5-31) holds. Finally, from
Lemma 5.4(ii) again, g;C is absent from all the previous frames.
This finishes the proof of the claim and hence the proof of the finitary statement.
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6. Proof of Proposition 3.4
In this section, we first give the proof of Proposition 3.4 assuming a few lemmas that we prove at the end.

Proof of Proposition 3.4. Using the time translation symmetry, we may assume that ¢z = 0 for all k£ > 1.
We apply Proposition 5.5 to the sequence (i (0))x which is bounded in H!(H?) and we get sequences of
pairs (¢p*,0") € H'(R3) x %, and (W",@”) € H'(H®) x %y, u,v =1,2,..., such that the conclusion
of Proposition 5.5 holds. Up to using Lemma 5.4(i), we may assume that for all u, either t,’: =0 for all k
or (N,é/“)2|l,’;| — 00 and similarly, for all v, either 7 = 0 for all k& or |¢}/| — oo.

Case I: all profiles are trivial, ¢#* = 0, ¥ = 0 for all , v. In this case, we get from Strichartz estimates,
(5-24) and Lemma 2.2(ii) that uy (0) = rkJ satisfies

||eitAg (ur Ol zmy < ||eitAg (uk(o))” L5118 ”eltAg (uk(o))”LooLG
4 (6-1)

< % itAg 15
IV 3( sup N 7Hel s Pl O) )
>1,t,x

as k — oo. Applying Lemma 6.1, we see that
lukll zey = e B ug (O)ll 1o a3 sy + Ntk — €24 ug () g1y — 0
as k — oo, which contradicts (3-7).

Now, for every linear profile ¢ (resp. W~ ), define the ass001ated nonlinear proﬁle U © (tesp. U }‘l’ ©)
as the maximal solution of (1-2) w1th initial data U (0) = K. (resp. U h i (0) = 6“ ). We may write
’ k
U ]Z if we do not want to discriminate between Euchdean and hyperbolic profiles.
We can give a more precise description of each nonlinear profile.

(1) If O* € %, is a Euclidean frame, this is given in Lemma 6.2.

(2) If ¢ = 0, letting (/”, W) be the maximal solution of (1-2) with initial data W"(0) = ¥¥, we see
that for any interval J € I,

1Up () =iy W5 =) g1y = 0 (6-2)

as k — oo (indeed, this is identically 0 in this case).

(3) If #§ — +o00, then we define (17, W) to be the maximal solution of (1-2) satisfying®
WY (@) =" 2y || g1 sy — 0

as t — —oo. Then, applying Proposition 3.2, we see that on any interval J = (—o0, T) € IV, we
have (6-2). Using the time reversal symmetry u(z, x) — u(—t, x), we obtain a similar description
when 7} — —oo.

9Note that (IV, W) exists by Strichartz estimates and Lemma 6.1.
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Case Ila: there is only one Euclidean profile, i.e., there exists p such that uz (0) = qﬁ“ +or (1) in H1(H3).

Applying Lemma 6.2, we see that Ue is global with uniformly bounded S'! —norm for k large enough.
Then, using the stability Proposition 3.2 with & = Ue > We see that for all k large enough,

lurll z(r) SE 1
which contradicts (3-7).

Case 11b: there is only one hyperbolic profile, i.e., there is v such that 1y (0) = ~é’v +or (1) in H'(H3).
If 7 — +o0, then, using Strichartz estimates, we see that g

A A
IVge' gnt,‘j,h}g‘ﬂ | = [Vge'' e y”|| —0

70
LIOL L3 (H3%x(—00,0)) L“’L 3([H]3><( 00,—1}))

as k — oo, which implies that ||e/Ae Uk (0)]| z(=00,0) = 0 as k — oo. Using again Lemma 6.1, we see
that, for k large enough, uy is defined on (—o0, 0) and [[ug || z(—c0,0) — 0 as k — oo, which contradicts
(3-7). Similarly, #;/ — —oo yields a contradiction. Finally, if 7 = 0, we get that

mary-1uk (0) = ¥¥
converges strongly in H!(H?3), which is the desired conclusion of the proposition.
Case III: there exists p or v and n > 0 such that
21 < limsup E! (¢ ) limsup E! (w ) < Emax —21n. (6-3)
k—o0 k—o00

Taking k sufficiently large and maybe replacing n by n/2, we may assume that (6-3) holds for all k. In
this case, we claim that, for J sufficiently large,

aPP Z Z Uh f —{—eltAgl’k Uprofk —I—eltAgl’j!
1=u=<J 1=v=J
is a global approximate solution with bounded Z norm for all & sufficiently large.
First, by Lemma 6.2, all the Euclidean profiles are global. Using (5-25), we see that for all v and all &
sufficiently large, E'(Uy ) < Emax — 1. By (6-2), this implies that E' (W) < Emax — 1 so that by the
definition of Ey.x, WV is global and by Proposition 3.2, U ,;’ X is global for k£ large enough and

1Up 1 (O) = 70, WPt =)l g1y = 0 (6-4)
as k — oco.
Now we claim that :
limsup VU™ | poop2 < 4Efux (6-5)
k—>o0

is bounded uniformly in J. Indeed, we first observe using (5-25) that
Ve U, app”LOOLZ =[IVgU rofk||L°°L2 + ”Vgrk ”LZ
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Using Lemma 6.3, we get that for fixed ¢ and J,

||Vg rotk(t)” 2 = ||ngy|| o0 2+2 <VgU1:(t)ang1? (Z))LZXLZ
L% Ly

1<y=<2J y#y’
<2 Z EI(UIg/)—FOk(l)EzEmax+0k(1)v
1<y=<2J

where 0y (1) — 0 as k — oo for fixed J.

We also have

. app < §
limsup || Vg U, ”L”’L% SEpuon | (6-6)
—00 t RY

is bounded uniformly in J. Indeed, from (6-3) and (5-25), we see that for all  and all k sufficiently large
(depending maybe on J), £ 1 U ,g’ ) < Emax — 1 and from the definition of Ey,x, we conclude that

sup [|U) | z®y SEpaen -
y

Using Proposition 3.2, we see that this implies that

maxa”

sup||VgUY |l 19 Sk
14 L,

WX

Besides, using Lemma 6.1, we obtain that
Ve UVIIZ S E ")
I x
if E1 (U,g’ ) < §g is sufficiently small. Hence there exists a constant C = C(FEnax, 17) such that, for all y,

and all & large enough (depending on y),

||VgUV||ZTo CE'(UY) S Epu 1

max 7]

><

(6-7)

< CE'(U}) SEpum 1.

=

maxsn

2
||Uy||L10 ~||VgUy|| ;
lop 1

X

w\

the second inequality following from Holder’s 1nequa1ity between the first and the trivial bound
Y L1y
||Vg Uk ||L$°L§ <2E (Uk )-

Now, using (6-7) and Lemma 6.3, we see that

10
3

7
Ve Uslor i | o Y IVeURll STO < > IVeURIVUL L
Lic 1<a<2J Ll 1<a#B<2t
St 2 NUOVRULI 5 S En k(D).
1<a#pB=<2J L7y
Consequently,

i ¥
Ve profk” 10 = Z IVg Ul * 10 + 0k (1)

t.3x 1=a=<2J z3

SE‘maxa’? c Z El (U];x) + Ok(l) ~ Emaxsn 1
I=a=<2J



738 ALEXANDRU D. IONESCU, BENOIT PAUSADER AND GIGLIOLA STAFFILANI

and using Holder’s inequality and (6-5), we get (6-6).

Using (6-5) and (6-6) we can apply Proposition 3.2 to get 6 > 0 such that the conclusion of Proposition 3.2
holds.

Now, for F(x) = |x|*x, we have

= (10 + Ag) U —UPIUM 1 = N (0 + AUE = FUM) + Y F(U)— F(UL™).
1<a=<2J 1=a=<2J

The first term is identically 0, while using Lemma 6.4, we see that taking J large enough, we can ensure
that the second is smaller than § given above in L2H -norm for all k£ large enough. Then, since
up(0) = ]:pp (0), Sobolev’s inequality and the conclusion of Proposition 3.2 imply that for all & large,
and all interval J

lurll zry S lukllsiry < luge = U sty + 11U st @) S Emen |

where we have used (6-6). Then, we see that uy, is global for all k large enough and that u; has uniformly
bounded Z-norm, which contradicts (3-7). This ends the proof.

Criterion for linear evolution.
Lemma 6.1. For any M > 0, there exists § > 0 such that for any interval J C R, if
IVeollz2qey <M and |e"®¢¢| 25y <8,
then for any ty € J, the maximal solution (I, u) of (1-2) satisfying u(ty) = e'022 ¢ satisfies J C I and

N 3
lu—e"" el g1y <87,

lulls1ry = C(M,3).

(6-8)

Besides, if J = (—o0, T'), then there exists a unique maximal solution (I,u), J C I of (1-2) such that
: itA _
im [V (u(0) — 5% 9) | 2z = 0 (6-9)

and (6-8) holds in this case too. The same statement holds in the Euclidean case when (H?, g) is replaced
by (R*, 8;)).

Proof of Lemma 6.1. The first part is a direct consequence of Proposition 3.2. Indeed, let v = e?/22 ¢,
Then clearly (3-3) is satisfied while using Strichartz estimates,

_||v||“zu)||vge"mg¢|| w0 S Ms,

[Vevlvf*|
2L L1OL 13 (J xH3)

(J xH

thus we get (3-4). Then we can apply Proposition 3.2 with p = 1 to conclude. The second claim is
classical and follows from a fixed point argument. O
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Description of a Euclidean nonlinear profile. Let

Fo = {(Nk,tk,hk)k € Fe 1ty =0 forall k or klim Nkz|zk| = oo},
—00
Fp = { (1, tg, i)k € Fp it =0forall k or lim || = oo}
k—o0

Lemma 6.2. Assume ¢ € H'(R3) and (Ni, tx, hi)x € Fe. Let Uy be the solution of (1-2) such that
Uk (0) = Htk,hk (TNA¢)
(i) For k large enough, Uy € C(R: H") is globally defined, and

Ukl z@y = 2C (Egs(9)). (6-10)
(ii) There exists a Euclidean solution u € C(R : H'(R?)) of
(G0 4+ A)yu = ulul* (6-11)

with scattering data ¢i°° defined as in (4-4) such that the following holds, up to a subsequence: for
any ¢ > 0, there exists T (¢, €) such that for all T > T (¢, €) there exists R(¢, e, T') such that for all
R > R(¢p,¢,T), we have

Uk — ak”Sl(|t—tk|§TNk_2) =e, (6-12)
for k large enough, where
(1) (. %) = NN W7 (0)/ Ru (N W (), N2 = 13).
In addition, up to a subsequence,

<e (6-13)

[ Ukl 1010 =
LIH, 3nL3 Hy 3 (H3{NZ|t—t;|=T})

30
L13
X

and for any £(t —ty) > TN 2,
Ve (Uk(6) = Mgy T %)l 2 < e, (6-14)

for k large enough (depending on ¢, e, T, R).

Proof. We may assume that /s = I for any k.

If 4 = 0 for any k then the lemma follows from Lemma 4.2 and Corollary 4.3: we let u be the
nonlinear Euclidean solution of (6-11) with #(0) = ¢ and notice that for any § > 0 there is T (¢, §) such
that

||Vu ||L)1((?/3([R3x{|t|ZT(¢,5)}) =4

The bound (6-12) follows for any fixed T > T (¢, §) from Lemma 4.2. Assuming § is sufficiently small
and T is sufficiently large (both depending on ¢ and ¢), the bounds (6-13) and (6-14) then follow from
Corollary 4.3 (which guarantees smallness of 14 (7)-e/!22 Uk(:I:Nk_ZT(q), 4)) in L,lo/3H;’10/3 (H? xR))
and Lemma 6.1.
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Otherwise, if limy_, oo N, kz|tk| = 00, we may assume by symmetry that N, kztk — +00. Then we let u
be the solution of (6-11) such that

[ V@@ —e"2$)| 23y = 0

as t - —oo (thus ¢~ = ¢). We let g{; = u(0) and apply the conclusions of the lemma to the frame
(N, 0, hp )i € Fe and Vi (s), the solution of (1-2) with initial data Vj (0) = p, T, ¢. In particular, we
see from the fact that N, kztk — 400 and (6-14) that

Ve (=t1) = W ny TN bl g1 3y — O

as k — oo. Then, using Proposition 3.2, we see that

Uk = Ve (- —ti) | s1 ) = 0

as k — oo, and we can conclude by inspecting the behavior of Vj. This ends the proof. O

Noninteraction of nonlinear profiles.

Lemma 6.3. Let a@k and {/;@;{ be two profiles associated to orthogonal frames O and 0 in Fe U gjph. Let
Uy and Ulé be the solutions of the nonlinear equation (1-2) such that Uy (0) = ¢g, and U]é 0) = w@;{.
Suppose also that E1(¢o,,) < Emax — 1 (resp. E1 (w@;() < Enax — 1) if 0 € Fy, (resp. 0' € F},). Then

sup | (Vg Ur(T). Vg Up (T)) 25 233y |+ 11Uk Vg U | X +1(VeUr) Ve Upll 5
TeR L;L R)

L} (H3xR)
—0 (6-15)

15
B H3x

as k — oo.

Proof. It suffices to prove (6-15) up to extracting a subsequence, and fix ¢ > 0 sufficiently small.

We only provide the proof that the second norm in (6-15) decays; the other two claims are similar.
Applying Lemma 6.2 if Uy, is a profile associated to a Euclidean frame (respectively (6-4) if Uy is a
profile associated to a hyperbolic frame), we see that

1Uklls1 + U lls1 < M < 400

and that there exist R and § such that

<g’

Vg Uk||L}0L)360/130L)1€(’>t/3((ngR)\gR n) + [|Uk ||L;9t((stﬂ)\yﬁwk.hk <

Nyt

- (6-16)
zug [IIVg Uk ||L}0Li0/l3mL§c(:)t/3(guISVk!S!h) + | Uk ||L)1c(,)t (EP?vk,s,h)] =&

where
Nra =) € H> xR :dg(h™' -x,0)<aN 'and |t —T| <a®*N?}. (6-17)

A similar claim holds for U ,é with the same values of R, §.
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If Ni./N. ,é — 00, then for k large enough we estimate

IUkVe Ul 30 < Uk Ve ULl + Uk Vg Uy, ||
kLﬂa kldLm(M”AM k M«WXMWMrkm)
= ”Uk”L}&vaUk”Llong(g )+ “Uk”L}‘}((H&R)\yﬁ " )||Vg k“ 1
N/t hk ’ x

<M E
The case when N, ,é / Nj — oo is similar.
Otherwise, we can assume that C~! < Ny /N, + < C for all k, and then find & sufficiently large that

S Nt VTN gy = @ Using (6-16) it follows as before that

”Ukng]i”l; 30 SM E.

><.—

Hence, in all cases,
limsup || Uy Vg Uk” 15 <M &

k—o0

The convergence to 0 of the second term in (6-15) follows. O

Control of the error term.

Lemma 6.4. With the notations in the proof of Proposition 3.4,

((FWM = Y. FUp)

1=a=<2J

o =0. (6-18)
L7LZ

lim limsup |V
J =00 k500

Proof. Fix gy > 0. For fixed J, we let
- 4
Utk = 2 Uex® 2. Uie= 2. U
1<p<J 1<v<J 1<y<2J

be the sum of the profiles. Then we separate

6

H Ve (F(UM) — Z F(UY))

1<a<2J L7LR
Ve (FU) = FUSe )| s ‘ e(FWUpi)— D FWUO)| o
L?2L3 L?L3
tx 1<a=<2J tx
We first claim that, for fixed J,
hmsup‘V (FUSe)— Y, FUY) e =0, (6-19)
L7L3

1<a<2J
Indeed, using that

‘Vg(F( > U,S‘)— > F(U,?))‘s 3l Plugve U,

1<a<2J 1<a<2J a#B,y
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15 .

o< 21U I ||UngU‘*|| i
LILY  opy L

we see that

Vg (F( prof, k) Z F(U/g)) ‘

1=a=2J

Therefore (6-19) follows from (6-15) since the sum is over a finite set and each profile is bounded in L

by (6-7).
Now we prove that, for any given g¢ > 0,
lim sup lim sup ” \Y% (F(Uapp) FU mf k)) H < &g. (6-20)
J—o00 k—o0 Lx
L
has bounded LIOH 3.

prof k

This would complete the proof of (6-18). We first remark that, from (6-6), U
norm, uniformly in J for k sufficiently large. We also let jo, = jo(go) independent of J be such that!®

(6-21)

sup limsup ||UZ ||L1o < &g.
a>jo k—oo

Now we compute
5 1
itAg . J\ _ PltAlep 5—j
IV (F (Ut €000 = FUpaDl 0 = 20 L IVEE B4 Ve ™ W™
[ j = =0
; . 1,3 . . . .
Since both Up of and ¢//A¢ rkJ are bounded in L ;OHX '3 uniformly in J, if there is at least one term
eltBey’ ry, with no derivative, we can bound the norm in the expression above by
P itA JJIP 5—j itAg ,J
[ V8 @21y V™ (Uslor ) ”L;LE S 167415 M 10,

uniformly in J, so that taking the limit £ — oo and then J — 0o, we get 0. Hence we need only consider

the term
4 itA
H U prof, k) vg (e ”

Expanding further (U Jr of k)4 and using Lemma 6.3 and (6-7), we see that
lim sup ||(Up{0f,k)4Vg (e”AgrkJ)H ¢ = limsup Z 1(U) Vg(e”AgrkJ)H .
k—o00 LtL k—o00 1<0l<.] L
Stimsup 3 U710 NUE Vg B rDI | s
k—o0 1<a<J tLX
SEpan limsup Y ENUDUE Vg (e o1 My,
T 1=asjo Lx

+limsup Y EYUDIUE o, ||vg(e”Agr,{)|| Lo

k—o0 jo<a<J

U\

70
13
Ly

10The fact that jg exists follows from (5-25) and (6-7)
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where jo is chosen in (6-21). Consequently, using the summation formula for the energies (5-25), we get

hm sup”( rofk) Vg(e”AgrkJ)H § SEpgn €0+ sup lim supH U Vg (e”Ang)” 15.
7L} 1<a<jo k—o0 LiLy
Finally, we obtain from Lemma 2.3 that for any profile U2,
Jlim Tim sup || UV elthert =0. (6-22)
PIUEVE el g

—X k—oo

This would imply (6-20) and hence complete the proof of Lemma 6.4. To prove (6-22), fix ¢ > 0. For UZ
7. 88 defined in (6-17). For R large enough we have, using (6-16),

given, we consider the sets %,
Ag . J
UV i)l s
LILE (@B3xR\IR )
itAg . J
S NN, @ssmne Ve 4O 10, 3 S Emaon &
X

Now in the case of a hyperbolic profile U , , we know that W as in (6-2) satisfies W € L1% (H? xR)

We choose W € CX(H? x R) such that
”WV _ WV,/”L;(’)[(H3XR) <

Using (6-4) we see that there exists a constant C), . such that
Ag . J
102 Vele™sr)| s = U =7 W C =)V @Bl s
L L (ka tk.hk) L (yNI\ e hk)
+ Wl [ Vg (e e r] i,
o LE @R )
Nie ot he

By €+ Coel Vg (@ BerDIl s :
L (gN]\ e hk)
In the case of a Euclidean profile, we choose v € C°(R? x R) such that
lu =vllL10 @sxm) =
for u given in Lemma 6.2. Then, using (6-12), we estimate as before
S B &+ Cue (NI [ Vg (e 2er])| s :
LILS 0%, om)

U} Ve (e”Agr’>|| L
(y)NI\ tg-hy
Therefore, we conclude that in all cases
IUE Vg (e Ber) My, 5 S By €+ Coos (N 2| Vg (¢85 7] My, 5
Ryt Nty
Finally we use Lemma 2.3 and (5-24) to conclude that
hm limsup ||UY Vg (¢! Pey J)|| SEpan €
L 8 (y ) max»s
Nic i hi

J—=00 koo
Since ¢ was arbitrary, we obtain (6-22) and hence finish the proof
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1. Introduction

Throughout this paper manifolds always mean smooth and closed (compact and without boundary)
manifolds. Let Mtet(M ) denote the space of smooth metrics on a manifold M, and C°° (M) the set of
all smooth functions on M. We denote by C the universal constants depending only on the dimension of
M, which may take different values at different places.

An important and natural problem in differential geometry is to find a canonical metric on a given
manifold. A classical example is the uniformization theorem (e.g., [Chow and Knopf 2004]), which says
that every smooth surface admits a unique conformal metric of constant curvature. To generalize to higher
dimensional manifolds, Hamilton [1982] introduced a system of equations

0gij
o
now called the Ricci flow, an analogue of the heat equation for metrics.

= —2Rij, (1-1)

There are two ways to understand the Ricci flow: one way comes from the two-dimensional sigma
model (see [Bakas 2007]), while another comes from Perelman’s energy functional [Perelman 2002]
defined by

F(g, f)= /M (R + |Vf|2) e~ ldvy, (g, f) €Met(M) x C®(M), (1-2)

MSC2010: 53C44, 35K55.
Keywords: Ricci flow, Generalized Ricci flow, BBS derivative estimates, compactness theorems, energy functionals.
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where R, V, and dVy, is the scalar curvature, Levi-Civita connection, and volume form of g, respectively.
He showed that the Ricci flow is the gradient flow of (1-2) and the functional % is monotonic along this
gradient flow. Precisely, under the following system

0gij af : ’
Y — _9JR;;, -~ =—R-—A \Y 1-
9 ijs 9 f +| fI , ( 3)
we have 4
—d[%(g, f)=2/ \R,-,~+V,~V,~f}2e—fdvgzo. (1-4)

Perelman’s energy functional plays an essential role in determining the structures of singularities of the
Ricci flow and then the proof of Poincaré conjecture and Thurston’s generalization conjecture; for more
details we refer readers to [Cao and Zhu 2006; Chow et al. 2006; 2007; 2008; 2010; Kleiner and Lott
2008; Morgan and Tian 2007; Perelman 2002].

Ricci flow coupled with a one-form or a two-form. 1f we consider the two-dimensional nonlinear sigma
model [Bakas 2007; Oliynyk et al. 2006], then we obtain a generalized Ricci flow that is the Ricci flow
coupled with the evolution equation for a two-form. This flow can be also obtained from the point of
view of Perelman-type energy functional.

Denoting by s4? (M) the space of p-forms on M, we consider the energy functional

FD - Met(M) x A2(M) x C®°(M) — R

defined by
508 /)= [ (R+19F = d51HP) e Ve, (1-5)
where H = dB. As showed in [Oliynyk et al. 2006], the gradient flow of F(!) satisfies
% = —2R;; —2V;V; [+ L H* Hjpy, (1-6)
aft"" = 3V H" i —3H Vi /. (1-7)
%=—R—Af+%|H|2, (1-8)
and under a family of diffeomorphisms the system (1-6)—(1-8) is equivalent to
8§;" — 2Ry + L H* Hp, (1-9)
affj =3V HY )., (1-10)
f 2, 12
= R-ASH VI H (1-11)
Using the adjoint operator d*, Equation (1-10) can be written as
By _ (@), (1-12)

ot
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and therefore (because of H = dB)

oH
o
where Ayp, = —(dd™* + d*d) denotes the Hodge—Laplace operator.
The flow (1-9)—(1-10) can be interpreted as the connection Ricci flow [Streets 2008]. If we replace
H =dBby F =dA, i.e., replace a two-form by a one-form, then the flow (1-6)—(1-7) or (1-9)—(1-10) is
exactly the Ricci Yang-Mills flow studied by Streets [2007] and Young [2008].

:—dd*HzAHLH, (1']3)

Ricci flow coupled with a one-form and a two-form. There is another generalized Ricci flow which
connects to Thurston’s conjecture —roughly stating that a three-dimensional manifold with a given
topology has a canonical decomposition into simple three-dimensional manifolds, each of which admits
one, and only one, of eight homogeneous geometries: S3, the round three-sphere; R?, the Euclidean
space; H3, the standard hyperbolic space; S2 x R; H? x R; Nil, the three-dimensional nilpotent Heisenberg
group; SI(Z, R); Sol, the three -dimensional solvable Lie group. The proof of Thurston’s conjecture can
be found in [Cao and Zhu 2006; Kleiner and Lott 2008; Morgan and Tian 2007; Perelman 2002].

To better understanding Thurston’s conjecture, Gegenberg and Kunstatter [2004] proposed a generalized
flow by considering the modified 3D stringy theory. This flow is the Ricci flow coupled with evolution
equations for a one-form and a two-form. As in (1-5), we define an energy functional

FO  Met(M) x A (M) x A2(M) x C®(M) — R
by
@(2)(g,A,B,f):/ (R+|Vf|2—ﬁ|H|2—%|F|2) e dv,. (1-14)
M

where H = dB, and F = dA. In [He et al. 2008], the authors showed that the gradient flow of g
satisfies

% = —2R;j —2V;V; [+ L H* Hypy + 2FF Fy, (1-15)

a;,- =2V;F/;—2F/;V; [, (1-16)

ag;j =3V H;j —3H*;;V f, (1-17)

L N (1-18)

and under a family of diffeomorphisms the system (1-15)—(1-18) is equivalent to

ag’;" = —2Rij + L H* Hypg + 2FF Fyy., (1-19)

W av (1-20)

9Bij _ 3V HK (1-21)

dt
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0 :
a—];:—R—Af+|Vf|2+%|H|2+|F|2. (1-22)
Using again the adjoint operator d*, we have
oF oH
— = A F., — = Ay H. 1-23
Yy HL 5 HL (1-23)

The flow (1-19)—(1-21) clearly contains the Ricci flow, the flow (1-9)—(1-10) or the connection Ricci
flow, and the Ricci Yang—Mills flow; we expect this flow can give another proof of the Poincaré conjecture
and Thurston’s generalization conjecture, with less analysis on singularities.

Main results. For convenience, we refer to GRF the generalized Ricci flow and RF(A, B) the Ricci flow
coupled with a one-form A and a two-form B.

Let (M, g) denote an n-dimensional closed Riemannian manifold with a three-form H = {H;j}. In
the first part of this paper we consider the following GRF on M :

0

o8 (X, 1) = —2Rij (x,1) + T Hio (o, 0) Hi% (x, 1), (1-24)
0

gH(x, 1) = AHL,g(x,t)H(x,t), H(x,0)=H(x), g(x,0)=g(x). (1-25)

It is clearly from (1-9) and (1-13) that the gradient flow of the energy functional FW s a special case
of (1-24)—(1-25). The corresponding case that H is closed is called the refined generalized Ricci flow
(RGRF):

d 1
=81 (x.1) = =2Rij (x.0) + 5 Higeg (x. ) Hj ¥ (. 1), (1-26)
0
EH(X’[) =_dd;(x,[)H(xat)9 H(X,O) = H(X), g(xao):g(x) (1_27)
Here d;(x n is the dual operator of d with respect to the metric g(x, t).

Lemma 1.1. Under RGRF, H(x,t) is closed if the initial value H(x) is closed.

Proof. Since the exterior derivative d is independent of the metric, we have

0 0
B_ZdH(x’ 1) = dEH(x’ t)=d(=ddy H(x,1))=0.

sodH(x,t) =dH(x) =0. O

The closedness of H is very important and has physical interpretation [Bakas 2007; Oliynyk et al.
2006]. Streets [2008] considered the connection Ricci flow in which H is the geometric torsion of
connection.

Proposition 1.2. If (g(x,t), H(x,t)) is a solution of RGRF and the initial value H(x) is closed, then it
is also a solution of GRF.

Proof. From Lemma 1.1 and the assumption we know that H(x,¢) are all closed. Hence

AHL,g(x,t)H(x,l) - _dd;(x’t)H(x,t) I:l
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For GREF, a basic and natural question is the existence. The short-time existence for RGRF has been
established in [He et al. 2008], where the authors have already showed the short-time existence for
RF(A, B) obviously including RGRF. In this paper, we prove the short- time existence for RGF.

Theorem 1.3. There is a unique solution to GRF for a short time. More precisely, let (M, g;j(x)) be an
n-dimensional closed Riemannian manifold with a three-form H = {H;jy }, then there exists a constant
T = T (n) > 0 depending only on n such that the evolution system

0
581 (% 1) = =2Rij (x. 1) + 387 (x.0)g" (x. 1) Hype (. 1) Hypg (x.1),

0
EH(-X?Z):AHL,g(X,I)H(xvt)7 H(X,O)ZH(.X), g(xso):g(x)s

has a unique solution (g;j(x,t), H;ji(x,1)) for a short time 0 <t < T.

After establishing the local existence, we are able to prove the higher derivatives estimates for GRF.
Precisely, we have the following

Theorem 1.4. Suppose that (g(x,t), H(x,t)) is a solution to GRF on a closed manifold M"™ and K is
an arbitrary given positive constant. Then for each a > 0 and each integer m > 1 there exists a constant
Cy, depending on m, n, max{«a, 1}, and K such that if

IRm(x, g,y = K, [HX)|gx) = K

forall x € M andt €0, a/ K], then

Cm

—1
|vm Rm(x, t)|g(x,t) + |va(xv t)|g(x,t) = W

(1-28)
forallx e M andt € (0,a/K].

As an application, we can prove the compactness theorem for GRF.

Theorem 1.5 (compactness for GRF). Let {(My, gi(¢), Hi(t), Ox)}ren be a sequence of complete
pointed solutions to GRF for t € [a, w) 3 0 such that:

(1) There is a constant Cy < 0o independent of k such that

Sup }ngk(xat) gi(x,10) = Co, sup |Hk(x’a)|gk(x,a) = CO'
(x,1) € M x(er,0) xEMjy,

(ii) There exists a constant 1y > 0 satisfies
injg, (0)(Ok) = to-
Then there exists a subsequence { ji }ren Such that
(Mj,., gji. (1), Hj, (1), Oj,.) > (Moo, go0(1), Hoo (1), Ooo),

converges to a complete pointed solution (Moo, 800 (1), Hoo(2), Oco), t € [, w) to GRF as k — oo.
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In the second part of this paper, we consider the Ricci flow coupled with a one-form and a two-form.
This flow is the gradient flow of %) and takes the form

d
o8 (%.0) = —2Rij + TH (x 0 Hjgg (x. 1) + 2FF (x 1) Fie (x. 1), (1-29)
9 .
5, Ai(x 1) =2V; Fli(x,0), Ai(x,0)=A4;(x), gij(x,0) = gij(x), (1-30)
d
o Bij(x,0) =3V H ;j (x.0), Bij(x,0) = Byj (x). (1-31)

Here A ={A;} and B = {B;;} is a one-form and a two-form on M, respectively, and F = dA, H = dB.
For this flow, we can also prove the short-time existence, higher derivative estimates, and the compactness
theorem.

The rest of this paper is organized as follows. In Section 2, we prove the short-time existence and
uniqueness of the GRF for any given three-form H. In Section 3, we compute the evolution equations for
the Levi-Civita connections, Riemann, Ricci, and scalar curvatures of a solution to the GRF. In Section 4,
we establish higher derivative estimates for GRF, called Bernstein—Bando—Shi (BBS) derivative estimates
(e.g., [Cao and Zhu 2006; Chow and Knopf 2004; Chow et al. 2007; 2008; 2010; Morgan and Tian
2007; Shi 1989]). In Section 5, we prove the compactness theorem for GRF by using BBS estimates. In
Section 6, based on the work of [He et al. 2008], the similar results are established for RF(A4, B).

2. Short-time existence of GRF

In this section we establish the short-time existence for GRF. Our method is standard: we use the DeTurck
trick in Ricci flow to prove its short-time existence. We assume that M is an n-dimensional closed
Riemannian manifold with metric

d5? = g;j(x) dx" dx’ (2-1)

and with Riemannian curvature tensor {ié,- jkey. We also assume that H= {FI,- jk ) 1s a fixed three-form
on M. In the following we put

hij = Hye Hi**. (2-2)
Suppose the metrics
ds? = 18i;(x,t) dx" dx’ (2-3)
are the solutions of!
J . ~ ~ ~ ~
2-8ij(x,1) = =2Rij(x.1) + hij(x.1), gij(x,0) = gij(x) (2-4)

ot
for a short time 0 <¢ < T'. Consider a family of smooth diffeomorphisms ¢; : M — M (0 <t <T) of
M. Let
ds? = @¥ds?, 0<t<T (2-5)

n the following computations we don’t need to use the evolution equation for H (x, ¢), hence we only consider the evolution
equation for metrics.
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be the pull-back metrics of d52. For coordinates system x = {x!,...,x"} on M, let
dst2 = gij(x,1) dx’ dx’ (2-6)
and
yo) = @r(x) = (), (D) (2-7)
Then we have wo
iy (v.0) = 2 2 (1), (2-8)
By the assumption g,g(x, ¢) are the solutions of
2 Gupv.0) = ~2Rap(x.1) +Ryp(r.0). Buplr.0) = Bap(x). 9
We use R;j, ﬁij, Rij; Flj, Fl’;, Fl]j, V, @, 6; hij,}?ij,ﬁ,-j to denote the Ricci curvatures, Christoffel

symbols, covariant derivatives, and products of the three-form H with respect to g;;, g;j. gi; respectively.
Then

9 ay* ayP [0 9 [9y*\ oyP % 9 [0
—gij(x, 1) = A ( —8ap (), )) Fp (L) yga,e(y,) y-—~(y)ga/3(y,t)

at axi dxJ \ ot ar ) oxJ dxt dxJ \ ot

From (2-9) we have

3 gaﬂ ayy
and
3 _ 0 ayP 3y 9P ~
8Zglj(x 1) = 8 T ) oz,B( Il Whaﬂ(y,t)
dy® ayP 0Zap 0yY D (ay )ayﬂ 0.0 + y® 9 (ayﬁ) 0. 0).
oxi axJ 9yr o oxi \ar ) oxd SV T i oy o ) BB
Since 5
ay“ 8y ay® dyP ~
Rij(.) = 252 Rap(0.). g (x.t) = S g (1),
using [Shi 1989, §2, (29)], we obtain
3 dy? dxk dy® dx
atgz;(x 1) = =2R;j(x,t) + hjj(x, 1) + V; (Way_agjk)+v ( 5 agzk) (2-10)
According to DeTurck trick, we define y(x,t) = ¢;(x) by the equation
ey
5 = 5w Ty = TG (.0 =x* (2-11)
then (2-10) becomes
d ~
—8ij(x,1) = =2R;j(x,t) + hij(x,t) + V;V; + V; Vi, gij(x,0) = gij(x), (2-12)

dt



754 YI LI

where
Vi = qug? (U5, —T},). 2-13)

Lemma 2.1. The evolution equation (2-12) is a strictly parabolic system. Moreover,

9 - - o o
—8ij = 8"PVaVpgij — %P 2ip®" Riugp — 8*P 2jpZ" Ringp

at
+ %gaﬂgpq (ﬁigpa : 6quﬂ + 26&'1) : 6qgiﬁ - 26Olgjp : 6/3giq - 2§jgpa : 6ﬁgiq - 2§igpa : 6;%’jq)

+ %gaﬂgquiaijﬂq-

Proof. It is an immediate consequence of Lemma 2.1 of [Shi 1989]. O

Now we can prove the short-time existence of GRF.

Theorem 2.2. There is a unique solution to GRF for a short time. More precisely, let (M, g;j(x)) be an
n-dimensional closed Riemannian manifold with a three-form H = { H;j }, then there exists a constant
T = T'(n) > 0 depending only on n such that the evolution system

0
o 81 (% 1) = =2Rij (x. 1) + 387 (x.0)g" (x. 1) Hyp (x. 1) Hjpg (x..1),

0
EH('X?t):AHL,g(.X,[)H(xst)7 H(X,O)ZH(X), g(xso):g(x)s

has a unique solution (g;j(x,t), H;ji(x,1)) for a short time 0 <t < T.

Proof. We proved that the first evolution equation is strictly parabolic by Lemma 2.1. Form the Ricci
identity, we have Ay, g(x,r)H = Ayp,g(x,r) H + Rm* H which is also strictly parabolic. Hence from
the standard theory of parabolic systems, the evolution system has a unique solution. O

3. Evolution of curvatures

The evolution equation for the Riemann curvature tensors to the usual Ricci flow (e.g., [Cao and Zhu
2006; Chow and Knopf 2004; Chow et al. 2007, 2008; 2010; Hamilton 1982; Morgan and Tian 2007; Shi
1989]) is given by

0

ERijkE = ARjjke + Vijke (3-1)

where
Vijke = 2(Bijxe — Bijex — Bigjk + Bikje) — 871 (Rpjke Ryt + RipkeRgj + Rijpe Ryk + RijipRye).

and B;jre = gP" g9 Rpiqj Ry ks¢. From this we can easily deduce the evolution equation for the Riemann
curvature tensors to GRF.
Let v;; (x, 7) be any symmetric 2-tensor, we consider the flow

0
ggij(x’[) = v;j(x,1). (3-2)
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Applying a formula in [Chow and Knopf 2004] to our case v;j := —2R;;j + %hij with h;; = Hik@l‘ljke,
we obtain

d
—Rijre = —%(—2VinRjg + %V,'thjg +2ViVyRjp — %Vnghjk

" + 2V Vi Rig — 3V Vihig — 2V Vi Ry + 1V Vihi)
+ %gpq [Rijkp (—2Rq¢ + %hqﬁ) + Rijpe(—2Rgi + %hqk)]
=ViVikRjy —ViViRjx —ViViRig + Vi Vi Rij — g (RijkpRge + Rijpe Ryk)
+ 5 (=ViVikhje + ViVehjg 4+ Vi Vihig = ViVehik) + 5877 (Rijkphge + Rijpehqr)
= AR;jke + 2 (Bijke — Bijok — Bitjk + Bikjt)
— 2P (Rpjke Ryt + RipkeRgj + Rijpe Ryk + Rijrp Rygo)
+ 5 (=ViVihje + ViVehjg + Vi Vihig = ViVehix) + 87 (Rijkphge + Rijpehqr) -
Proposition 3.1. For GRF we have
%Rijké = ARjjre +2 (Bijke — Bijex — Bivjk + Bikje)
— P9 (Rpjke Ryt + RipkeRgj + Rijpe Ry + Rijrp Rye)
+ 3(=ViVihje + ViVehjk + ViVihig = ViVihiy) + 1877 (Rijkphge + Rijpehgr) -
In particular:
Corollary 3.2. For GRF we have

2

0 ) ;

ngzARm—l-Rm*Rm—l—H*H*Rm—l— E VIH«V>7'H. (3-3)
i=0

Proof. From Proposition 3.1, we obtain
0
5Rm= ARm+Rm*Rm+V?h +h+Rm.

On the other hand, 7 = H % H and
V2h=V(V(HxH))=V(VH+H)=V?H+«+H+VHx*VH.

Combining these terms, we obtain the result. O

Proposition 3.3. For GRF we have

0
ERik = ARik + 2(Rpiqk» qu) - 2<Rpia Rpk) + %[(hgq, Riékq) + (Rip, hkp)]

+ H=ViVi [ H1? + g7 ViVihji + g7V Vichig — My ].
Proof. Since

d ., 0 .
gRik = gJKERiij + 2gjpgeqRijk€qu
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and
g7 hij = g Hipg H; " = g" g" g% Hipq Hjrs = |H |,

it follows that
g/ =ViVichjg + ViVehjic + Vi Vichic = ViVehii + g7 hqe Rijip + 87 hgic Rijpe]
= —ViVi|HP? + g7ViVhji + 875V Vichig — Mg + g7 g7 hgo Rijip + 79h gk Rip.
From these identities, we get the result. O
As a consequence, we obtain the evolution equation for scalar curvature.

Proposition 3.4. For GRF we have

0 . ik j
ER = AR+ 2|Ric |2— %A|H|2 + %(hij, Rij) + %g’kgfev,-vjhke.

Proof. From the usual evolution equation for scalar curvature under the Ricci flow, we have

3 , )
—R=AR+2Ric|®+ 1g™(heg, Ritkg) + (Rip, hip)]

. + LR (Vi Vi [ H? + g7 ViVihji + g7V Vichig — Ay
= AR +2|Ric|® + L (hij. Rij) + 3(Rip. hip)
— S AIH? + 58T ViVhji + 18787V Vichie — { AlHP.
Simplifying the terms, we obtain the required result. O

4. Derivative estimates

In this section we are going to prove BBS estimates. At first we review several basic identities of
commutators [A, V] and [d/0d7, V]. If A = A(¢) is a t-dependency tensor, and dg;;j /0t = v;j, then
applying the well-known formulas stated in [Chow and Knopf 2004] on GRF we have

0 0
EVRmzngm+Rm*V(Rm+H*H)
= V(ARm+Rm+Rm+Hx H+«Rm+V?H+H+VH+VH)+Rm*VRm +H*VH+Rm
=A(VRm)+ Y V'Rm«V/Rm+ )Y  VH«V/H«VKRm+ ) VHxV/H.
i+j=0 i+j+k=0 i+j=0+2 4-1)
More generally:

Proposition 4.1. For GRF and any nonnegative integer £ we have

9 . . . . . .
Ev‘f Rm=A(V‘Rm)+ Y V'Rm*V/Rm+ » VH+xV/HxV¥Rm+ Y  VHxV/H.
i+j=¢ i+j+k=t i+j=L+2 4-2)
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Proof. For £ = 1, this is (4-1). Suppose (4-2) holds for 1,...,£. By induction on £, for £ 4+ 1 we have

ivf-l-l Rm

ot
_ 9 V(V* Rm)
ot

0
= vg(vl Rm) + V¢ Rm *V(Rm +H * H)
-V [A(vﬁ Rm)+ Y VIRm*V/Rm+ > VH«V/HxVFRm+ > V"H*VJ’H]
i+j=t i+j+k=¢ i+j=0+2
+ V! Rm*VRm +H * VH % V! Rm
= A(VeJrl Rm) + VRm *VERm + Rm V! Rm
+ Z (Vi+1 Rm *V/ Rm +V/ Rm xV/ 1 Rm)
it+j=t
+ Y (VT'H «VIH « VERm +VH « VIT H % VA Rm +V'H % V/H % VE+! Rm)
i+j+k=t
+ Y (VT'H«V/H+V'H«V/T'H)+ H+VHxV'Rm.
i+j=t+2
Simplifying these terms, we obtain the required result. O

As an immediate consequence, we have an evolution inequality for |V!Rm |2.

Corollary 4.2. For GRF and any nonnegative integer £ we have

9 . _
5|v€Rm|25A|V’Rm|2—2|v‘f+1Rm|2+c > IVIRm|-|V/ Rm|-|V!Rm]|
i+j=t
+C > |VH|-|V/H|-|[V*Rm|-|[V'Rm |+ C ) |V'H|.|V/H|-|V'Rm]|, (4-3)
i+j+k=¢L i+j=0+2

where C represents universal constants depending only on the dimension of M .

Next we derive the evolution equations for the covariant derivatives of H.

Proposition 4.3. For GRF and any positive integer £ we have

9 . . . .
8—fo =AV'H)+ > VIH«V/Rm+ Y VHxV/HxV*H. (4-4)
! i+j=¢L i+j+k=L

Proof. From the Bochner formula, the evolution equation for H can be rewritten as

9
o = AH +RmxH. (4-5)
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For £ = 1, we have

%VH:V%H+H*V(Rm+H*H)
=V(AH+Rm«H)+ H«VRm+H «H+«VH
=V(AH)+ HxVRm+VH«Rm+H*xHx*xVH
=A(VH)+VRm*xH+VH«*Rm+H*x Hx*VH.

Using (4-2) and the same argument, we can prove the evolution equation for higher covariant derivatives.
|

Similarly, we have an evolution inequality for |V H|?.
Corollary 4.4. For GRF and for any positive integer [ we have
d
E'VIHF < A|VKH|2 _9 |Vf+1H|2
+C > |VH|-|V/Rm|- [V H|+C Y |V'H|-|V/H|-|V*H|-|V'H|. (4-6)
i+j=t i+j+k=¢
while

9
E|H|25A|H|2—2|VH|2+C-|Rm|-|H|2. (4-7)

Theorem 4.5. Suppose that (g(x,t), H(x,t)) is a solution to GRF on a closed manifold M" for a short
time 0 <t < T and Ky, K, are arbitrary given nonnegative constants. Then there exists a constant Cy
depending only on n such that if

|Rm(x»t)|g(x,t) < Kj, |H(x)|g(x) <K
forall x € M andt €0, T], then
|H (X, 0)|g () < KoK (4-8)
forallx €e M andt €0, T).

Proof. Since

0
EIHI2 < AH|> + CyRm|-|H|> < A|H|* + C, K, | H|%,

using the maximum principle, we obtain u(z) < u(0)e<" K1 where u(r) = |H|*. |

The main result in this section is the following estimates for higher derivatives of Riemann curvature
tensors and three-forms. Some special cases were proved in [Streets 2007; 2008; Young 2008].

Theorem 4.6. Suppose that (g(x,t), H(x,t)) is a solution to GRF on a compact manifold M"™ and K is
an arbitrary given positive constant. Then for each o > 0 and each integer m > 1 there exists a constant
Cy, depending on m, n, max{«a, 1}, and K such that if

|Rm(x»t)|g(x,t) <K, |H(x)|g(x) <K
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forall x e M andt €0,/ K], then

Cm

—1
|Vm Rm(x, t)|g(x,t) + |va(x’ t)|g(x,t) = W

(4-9)
forallx e M andt € (0,a/K].

Proof. In the following computations we always let C be any constants depending on n, m, max{c, 1},and
K, which may take different values at different places. From the evolution equations and Theorem 4.5,
we have

%|Rm|2 <ARm|?=2|VRm|* +C +C|V?*H|+C|VH|?,
%lle <A|H|*-2|VH]*>+C,
%wm2 <A|VH|*-2|V?H|? +C|VRm|-|VH|+ C|VH|?.
Consider the function u = ¢|VH|? + y|H|?> + t|Rm |2. Directly computing, we obtain
%u < Au—2t|V2H|* + Ct|V?H| 4 (C =2y)|VH|> + C +Cy —2t|VRm|?> + Ct-|VRm|-|VH|
<Au+2(C—y)-|[VH>+C(1+7).

If we choose y = C, then %u < Au+ C which implies that u < Ce€" since 1(0) < C. With this estimate
we are able to bound the first covariant derivative of Rm and the second covariant derivative of H. In
order to control the term |V Rm |2, we should use the evolution equations of | H|?, |V H|? and |V2H|? to
cancel with the bad terms, i.e., V2 Rm |, |V2H|?, and |V3H |2, in the evolution equation of |V Rm |?:

9
—|VRm|?
azl m |

C
pYEs

C

<A|VRm|>*-2|V?Rm|?>+C|VRm >+ 7z

IVRm|+C-|VRm|-|V3H|+ ——|V2H|-|VRm]|,

C

d
§|V2H|2 <A|V?H|?-2|V3H|>*+C-|V?*Rm |-|V?H |+ 7

C
|VRm |~|V2H|+C|V2H|2+7|V2H|.
As above, we define

u:=t*(|V*H|?> + [VRm |*) + 1B(|[VH|* + Rm|?) + y|H|?,

du

and therefore, o < Au + C. Motivated by cases for m = 1 and m = 2, for general m, we can define a

function

m—1
we=1"(V"HP? + V"' Rm |*) + > Bir' (V'H|> + |V~ Rm *) + y | H|?,

i=1

where f; and y are positive constants determined later. In the following, we always assume m > 3.
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— 1. For such i, from Corollary 4.4, we

) . C;
Suppose that |Vi=!Rm | + |[VI H| < /Z,fOI‘l =1,2,....m

have
d . . : Lo . .
—|VIH]> < AV'H? =2|VTTH? + C Y |V/H|-|V'™/ Rm|- |V'H|
j=0 iiej
+C Y > IV/H| |V H| | VEH - [VH]
j=04£=0
i i
. . . Ci Ci_i_y C
SAlV’H|2—2|V’+1H|2+C-|V’H|Z f jjﬂ +C- |V’H|ZZ_J.%.I_IZ
Jj=0 3 j=0¢=01 2

<A|VIH|> =2 |VITTH|? + I+I|V’H|+ |V’H|
t
Similarly, from Corollary 4.2 we also have
9 . . = o ‘
— V' Rm > < AV 'Rm|? = 2|V Rm|* + C Y [V/ Rm|[|[V'"'"/ Rm ||V~ Rm|

ot =
i—1i—1—j
+C > V/H| VT g ] VERm - [V Rm|
j=0 £=0
i+1
+C > |V/H|- [V H|. |V Rm|
j=0
<AIVIT'Rm[2=2|V'Rm >+ C - |V~ 1Rm|Z e iz
P

i—1i—1—j
. C;i Ci_1—j—¢ C
i—1 J i J {+1
+C-|V'7 ' Rm| E v
j=0 t t 2

L =l=j=£
{=0 12 2
Ci Ciy1—j ; C;
1 i+1—j +1 i
+C-|VIT'Rm| ZT Sy c Vit
j=112 2 12
i—1 2 i 2 4 i-1R Ci Gi+ C, i—1
<AV Rm[* =2V Rm | + - - |V |—|— |V H|+ —|V'" Rm]|.
rz l
The evolution inequality for u is now given by
ou m-1 . . .
o = mt" N (VPH? 4+ |V Rm P + ) it T (VI H?R + VT Rm|?)
i=1

9 9 N 9y 9
m{ - m 2 . m—lR 2 4l . leZ _VI—IR 2 '—HZ.
+ (mw H[* + = [V"" Rm| +l§ﬂ,t 5 | VHI? + o [V Rm[? ) 4y o | H]
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It’s easy to see that the second term is bounded by

but this bound depends on ¢ and approaches to infinity when ¢ goes to zero. Hence we use the last

second term to control this bad term. The evolution inequality for the third term is the combination of the
inequalities

3
at m

< AIVTHP? =2|V" T H|? + C Y " |V'H|- [V" 7 Rm|- |V"H]

i:() m m_i . . . .
+CY D |V/H| |V HI|VIH] - [V H]
i=0j=0
G C
< AIV"H|? =2|V"t H> + C|V"H|* + C-|[V" Rm |- |V"H| + — |[V"H| + — |[V"H|
t 2 t2

and

m—1
%wm—l Rm|* < A|[V"7'Rm[*=2|V"Rm[*+C )Y [V'Rm|- [V ' Rm|-|V""! Rm|
m—1m—1—i =0
+C > > |VH|- V"' H| |V Rm |- V" Rm|
i=0 j=0
m+1
+C Y |VH[- V" H]- |V Rm|
i=0

C
<AIV" 'Rm|* =2 |V"Rm [*+ C|V"'Rm |* + — - [V"H|-|[V""! Rm |
12
m+1 m—1 Cm m—1 Cm m—1
+ CIV" T H||V" ' Rm |+ — V"7 Rm |+ — V"7 Rm|.
12

t 2

Therefore we have
m—1

a_Lzl <mt" N(VTH? + V" Rm|?) + ) it T (VHP + VT Rm|?)
i=1

C
+ 1™ (A|V'”H|2 —2|V"H )2 4 —_|V™H|+ C|V™H|?

m+1
2

+ C|V™Rm]|-|V"™H|+ A|V™ ! Rm |?

— 2|V"Rm > + — V" 'Rm |+ C|V"'Rm|?

t 2

C
+ m|V’”H|-|V’"_1Rm|+C|V’”+1H|-|V”’_1Rm|)
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(G ;
+ Zﬂ,-t ( oIV 1Rm|+A|V’H|2 2|V’+1H|2
i=1 t
+A|VITIRm|? +

t+1

|V’H|—|— |V’+1H| 2|viRm|2)
t

+y(A|H]? =2|VH|? +C)

< Au—=2"|V"TLH?? 4 Cm VT | )V Rm |
m_2 . . .
—2t"M|V"Rm |? + Ct™|V™ Rm |- |[V" H| + Z(i + DBip 1t (VT H|? + |V Rm |?)
m—1 i=0
—23 B! (V' H> + |V' Rm |*) =2y |[VH|* + yC

i=1
+ CmTYVMHPE 4 Cm VT Rm 2 4 e T |VPH| 4 Ce T [V R |
+Ctm—z|va|-|vm—1Rm|+Ct’"|vm+1H|-|vm—1Rm|

+ Zﬂ,czz VI H |+ Zﬂ,c, T (VH + ]9 Rm)).
i=1 i=1

Choosing

. A
(l+1)ﬂl+1=ﬂlv ﬂl=ﬁ’ 1207

where A is constant which is determined later, and noting that

m—1

m—1 m—1
> BCH PV H < 5 ) pil VITTHE + 5 ) BiCE

i=1 i=1 i=1

and

Zﬁ,c, 2 (IVH| + |V Rm)
i=1
m—2 )
<B1C1(VH|+Rm|)+ > Bip1Cigr22(\V T H| + |V Rm])
i=1
m—2
<BiCi(IVH|+ Rm|) + ) ,31'+1Ci+1(

i=1

¢ |VIT H2 44|V Rm |2 4 ,Bi+lci+1)
2Bi+1Ciy1/Bi Bi

m—2 2

C:
< BV A+ R+ LT (9 1P 9 R+ T —’*jg. .
1

1—1 i=1
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we obtain

)

54 = Au—=2"\N" T H?2 4 cm| VL] |V Rm |
—2t™|V™"Rm |* + Ct™|V™H|- V™ Rm | + Ct" 1\ V"H|? + Ct™ ' |V" ! Rm|?
+Ce" 2|V H|- [V Rm | + Bo(|V H|? + [Rm |2)

m—1 m—2
— S B (VT HR + [VIRm ) + Y Bt (VI HP2 4|V Rm )
i=1 i=1
+ 3Bmrt" T [VH|? + B1C1|VH| = 2y|VH|* + C + Cy
< Au+ Cm NV Rm |2 4 Cemm Y \VPHECH 2 (IVH I 4 [V Rm ?) + oV H?
+B1CIVH| =2y |VH|> + C + Cy — 381" |V"H|? = By t™ V" Rm |?
< Au+ 3(CVT+C =)™ (V"I Rm | + |[V"H|?)
+ (Bo+ B1C1 —2y)|[VH> + C + Cy + B1 Cy.
When we chose A and y sufficiently large, we obtain %—L; < Au + C, which implies that #(¢) < C since
u(0) is bounded. O
Finally we give an estimate that plays a crucial role in the next section.
Corollary 4.7. Let (g(x,t), H(x,t)) be a solution of the generalized Ricci flow on a closed manifold M .
If there are B > 0 and K > 0 such that
|[Rm(x, t)|g(x,t) <K, |H(x)|g(x) <K
forallx e M andt €0, T], where T > /K, then there exists for each m € N a constant Cy, depending
onm,n,min{f, 1}, and K such that
|Vm_1 Rm(x’ t)|g(x,t) + |va(x» t)|g(x,t) = Cme/2
forallx € M andt € [min{B, 1}/ K, T].

Proof. The proof is the same as in [Chow et al. 2007]; we just copy it here. Let 81 := min{g, 1}. For any

fixed point to € [81 /K, T] we set Ty :=to— B1/K. For i :==t — Ty we let (g(7), H()) be the solution
of the system
g —_ - 0H _ —
5= —Ric+1h S =AwgH. 30)=g(Ty). HO)=HTy).

The uniqueness of solution implies that g(7) = g(f + To) = g(¢) for 7 € [0, 81/ K]. By the assumption
we have

Rm(x, )|z < K. [HX)|ge) < K
forall x € M and f €0, 81/ K]. Applying Theorem 4.5 with « = 1, we have
Cm

= m—1=— =m
V" Rm(x, Dgery T IV HXDlgx ) < /2
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for all x € M and 7 € (0, B;/K]. We have i/2 > g™/?2=m/2Kk=m/2 i f ¢ [8, /2K, B,/ K]. Taking
t = B1/K, we obtain
2m/2€me/2

m/2
1

for all x € M. Since ty € [/ K, T| was arbitrary, the result follows. |

[V RM(X, 10) g (xt0) + IVH (X, 10) g (e t0) <

5. Compactness theorem

In this section we prove the compactness theorem for our generalized Ricci flow. We follow [Hamilton
1995] on the compactness theorem for the usual Ricci flow.

We review several definitions from [Chow et al. 2007]. Throughout this section, all Riemannian
manifolds are smooth manifolds of dimensions 7. The covariant derivative with respect to a metric g will
be denoted by 8V.

Definition 5.1. Let K C M be a compact set and let {gx } xen, €00, and g be Riemannian metrics on M .
For p € {0} UN we say that g; converges in C? to goo uniformly on K with respect to g if for every
€ > 0 there exists kg = ko(€) > 0 such that for k > ky,

gk — goollcr;k,g := sup sup [EV(gx — goo)(X)|g <e. (5-1)

0<a=<pxek

Since we consider a compact set, the choice of background metric g does not change the convergence.
Hence we may choose g = goo.

Definition 5.2. Suppose {Uj }xen is an exhaustion? of a smooth manifold M by open sets and g are
Riemannian metrics on Uy. We say that (Uy, gr) converges in C® to (M, g~o) uniformly on compact
sets in M if for any compact set K C M and any p > 0 there exists ko = ko (K, p) such that {gy }x>x,
converges in C? to goo uniformly on K.

A pointed Riemannian manifold is a 3-tuple (M, g, O), where (M, g) is a Riemannian manifold and
O € M is a basepoint. If the metric g is complete, the 3-tuple is called a complete pointed Riemannian
manifold. We say (M, g(t), H(t), O),t € (o, w), is a pointed solution to the generalized Ricci flow if
(M, g(t), H(t)) is a solution to the generalized Ricci flow.

The so-called Cheeger—Gromov convergence in C° is defined as follows:

Definition 5.3. A given sequence {(My, gk, Ok ) }xen of complete pointed Riemannian manifolds con-
verges to a complete pointed Riemannian manifold (Mo, €00, Oco) if there exist

(1) an exhaustion {Uy }ren Of Moo by open sets with O, € Uy, and
(ii) a sequence of diffeomorphisms @y : Moo > Uy — Vi := Oy (Up) C My, with 4 (0s) = O,

such that (Ug, @} (gk|y;)) converges in C* to (Moo, goo) uniformly on compact sets in Moo.

2If for any compact set K C M there exists k¢ € N such that Uy D K for all k > kg
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The corresponding convergence for the generalized Ricci flow is similar to the convergence for the
usual Ricci flow introduced by Hamilton [1995].

Definition 5.4. A given sequence {(My, gi(¢), Hy(¢), Ok )}ren of complete pointed solutions to the
GRF converges to a complete pointed solution to the GRF

(Moo, 8oo(1), Hxo (1), Oco), 1 € (a, w),
if there exist
(1) an exhaustion {Uy }xen of Moo by open sets with O € Uy,
(ii) a sequence of diffeomorphisms @y : Moo 3 Uy — Vi := O (Up) C My, with 4 (0s) = O,
such that (Ug x (o, w), @y (gk () + dr?, Oy (Hy (1)|,)) converges in C to
(Moo X (@, @), goo(t) + dt?, Hoo(1))
uniformly on compact sets in My, X (@, ). Here we denote by dt? the standard metric on (o, w).

Let inj, (O) be the injectivity radius of the metric g at the point O. The following compactness theorem
is due to Cheeger and Gromov.

Theorem 5.5 (compactness for metrics). Let {(My, gk, Or)}ken be a sequence of complete pointed
Riemannian manifolds satisfying these conditions:

(i) Forall p > 0and k € N, there is a sequence of constants C, < 00 independent of k such that
¥« VP Rm(gx) g = Cp
on My.
(i1) There exists some constant 1y > 0 such that
injg, (O%) = 1o
forall k € N,

Then there exists a subsequence { ji {ken such that {(Mj, , gj., Oj,. )} ken converges to a complete pointed

Riemannaian manifold (ML, g0, Oxo) as k — oo.
As a consequence of Theorem 5.5, we state our compactness theorem for GRF.

Theorem 5.6 (compactness for GRF). Let {( My, g (t), Hi(t), Ox)}ken be a sequence of complete
pointed solutions to GRF for t € [, w) 3 0 satisfying these conditions:

(1) There is a constant Cy < oo independent of k such that

Sup |Rm(gk(x7 t))|gk(x,t) 5 COv Sup |Hk(x7 a)|gk(x’a) S CO
(x,0)eMj x(a,0) xeM;,

(i) There exists a constant 1y > 0 satisfying

injg, (0)(Ok) = to-



766 YI LI

Then there exists a subsequence { ji }ren such that

(Mjj,., gjx. (1), Hjy (1), Oj) = (Moo, 8oo (1), Hoo (1), Oco),
converges to a complete pointed solution (Moo, €00(t), Hxo (1), Oxo), t € [, w), to GRF as k — oc.

To prove Theorem 5.6 we extend a lemma for Ricci flow to GRF. After establishing this lemma, the
proof of Theorem 5.6 is similar to that of Theorem 3.10 in [Chow et al. 2007].

Lemma 5.7. Let (M, g) be a Riemannian manifold with a background metric g, let K be a compact
subset of M, and let (g (x,t), Hi(x,t)) be a collection of solutions to the generalized Ricci flow defined
on neighborhoods of K X [B, V], where ty € [B, V] is a fixed time. Suppose that:

(1) The metrics gy (x, ty) are all uniformly equivalent to g(x) on K, i.e.,forall V € Ty M, k,and x € K,
CTlg()(V.V) = gk(x.10)(V. V) = Cg(x)(V. V),

where C < o0 is a constant independent of V., k, and x.

(ii) The covariant derivatives of the metrics gi (x, to) with respect to the metric g(x) are all uniformly
bounded on K, i.e., forall k and p > 1,

|EV2 gh(x,10) g (x) + 1§ VP Hi (X, 10) g x) < Cp

where C, < 00 is a sequence of constants independent of k.

(iii) The covariant derivatives of the curvature tensors Rm(gy (x,t)) and of the forms Hy(x,t) are
uniformly bounded with respect to the metric gi(x,t) on K x B, V], i.e., for all k and p > 0,

8-V P Rm(gx (%, )l gye ety + 1E¥VPHR (X, D gy (x.0) < Cp
where Cl', is a sequence of constants independent of k.

Then the metrics gy (x, t) are uniformly equivalent to g(x) on K X[, V], i.e.,
B(1,10)”' g()(V, V) = gk (x,)(V, V) < B(1,10)g(x)(V, V),

where B(t,ty) = CeSolt—tol (here the constant C(; may not be equal to the previous one), and the time-
derivatives and covariant derivatives of the metrics gy (x,t) with respect to the metric g(x) are uniformly
bounded on K x [B, V], i.e., for each (p, q) there is a constant Cp, 4 independent of k such that

99

ﬁgvpgk(&l)

g(x)

g(x)
forall k.

Proof. We use [Chow et al. 2007, Lemma 3.13]: Suppose that the metrics g; and g, are equivalent, i.e.,
C~'g; < g, < Cgy. Then for any (p, q)-tensor T we have |T'|g, < CPTD/2|T|, . We denote by
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the tensor /;; 1= gkpgla H;y1 Hjpg. In the following we denote by C a constant depending only on 7, j,
and v, which may take different values at different places. For any tangent vector V' € Tx M we have

2 (e 0V, V) = ~2Ric(ge (v, 0)(V. V) + Y (v, )V, V),

and therefore

—2Ric(gr(x, ) (V. V) + iy (x.0)(V, V)
gr(x,0)(V. V)

< Co+ ClH(x. D2 (e

<Cj+CCcy=:C,

9
gloggk(x,l)(V, V)‘ =

since

Integrating on both sides, we have

_ I
Clty —to] 2[
fo

and hence we conclude that

dt > ,
gr(x,10)(V,V)

9
—loggr(x,0)(V,V)

131 9
—1 Hwy,vV)de) = |1
- [ eV vyar] = fog

0

e~ lg (x 1) (V. V) = grbr, ) (V. V) = eIl gye (v 1) (V. V).
From the assumption (i), it immediately deduces from above that
ClemCln=lg(e)(V, V) = gilx, 11)(V, V) = CeCM =0l g(x)(V, V).

Since #; was arbitrary, the first part is proved. From the definition (or see [Chow et al. 2007, p. 134, (37)]),
we have

(81)° B Va(gr)be + ¥ Va(gr)ac — 4 Ve(gr)ab) = 2(5* gy —2(5 Ty,
Thus |84 (x,1) — 8T (x)|g(x) < C1¥Vgr(x.1)|g, (x)- On the other hand,
EVa(gr)be = (8r)ebl(** T)ge — (BT)ge] + (8k)ecl(*¥ gy — (ET)gp),
it follows that |8V gy (x,1)|g, (x,r) < C|8<T'(x,1) —8T'(X)|g, (x,r) and therefore
8V g, is equivalent to $k" — &8 = 8k — 8V, (5-2)

The evolution equation for 8T is

0
57 Dy = —(21) (5" V)a(Ric(gx)pa + (54 V)p (Ric(gx))aa

— (8 V)4 (Ric(gr))ap] + (21 V)alhi)pa + E5 Vo (hi)aa — V) a(hi)as]-
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Since 8T does not depend on ¢, it follows from the assumptions that

<C
8k
< CCy+CI¥*V Hy|g, - |Hklg, = Cj.

%(gkr_gr)

8k V(Ric(gg)) |gk + CI8%V (hy) g,

Integrating on both sides,

Cilti —to| = > |#¥T(11) =¥ lg, = 1¥¥T (1) — ¥ Tlg -

8k

5]
/ D F Ty -5y dr
fo ot

Hence we obtain

8T (1) = 8T g, < Cilty —to] + [¥*T (t) — 5T |g,
< Cilty —to| + C18Vgr (to) gy
< C{lt =10 + CI¥Vgr(to)lg
< C{lt —to] + Cy.

The equivalency of metrics tells us that

EVer()lg < B(t.10)* ¥ Ver(0)lg, = B(t,10)*'*-C|*¥ T (1) =*T g,
< B(t,10)**(C{lt = to] + ).
Since |t —fo| < ¥ — B, it follows that [V g (1)|g =< 51,0 for some constant 51,0. But g and gy are

equivalent, we have
|Hi(1)|g < C|Hi(t)|g, <CC{ = Cip.

From the assumptions, we also have
€V Hy lg < |(8V — K V) Hy + 85V Hy |,
< CI¥Vgklg - |Hlg + C|¥*V Hi g,
< CCII + Cél,Oél,O = 5270.

Moreover,

d
—gVHk = gV(Agk H; +Rm(gy) * Hy)

ot
= (gV — 8k V)Agk Hi + ngAgk Hy + LAV} Rm(gy) * Hi + Rm(gy) * gVHk
where Ag, is the Laplace operator associated to gx. Hence

9
_gVH
dt k

g
< CIEVgilg | Ag Hilgy + CI#V Mgy Hylg + CI¥VRM(gh)lg - | Hilg + CRm(gi)lg ¥V Hylg

=Cy,1.
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For higher derivatives we claim that
[£VP Ric(gi)lg < Cp VP gile + Cp's [EVPgile +16V2 7 Hylg < Cpo. (5-3)

for all p > 1, where C)), C,”, and ép,o are constants independent of k. For p = 1, we have proved the
second inequality, so we suffice to prove the first one with p = 1. Indeed,

[V Ric(ge)lg = C|(¥V — V) Ric(gr) +  V Ric(gi) g
< C|¥T —#+T|g - Ric(gi )|, + C |V Ric(ge)lg,
< ClEVagile +C}.

Suppose the claim holds for all p < N (N > 2), we shall show that it also holds for p = N. From

N

Z gy N—i (BV — 8KV)8k vi—1 Ric(gy) + gy N Ric(gy)

i=1

N

<y ‘ng—i(gv —86V)E VT Ric(gy)| + |#* VY Ric(gy)lq
g

i=1

18V Ric(gx)le =

g

we estimate each term. For i = 1, by induction and the assumptions we have

EVN1(8V — 8k V) Ric(gx) g

< C|EVN~1(#Vg, -Ric(gp))lg
N-—1

3 (Nj—l)gvzv—l—j (!Vgx) -4V’ (Ric(gx))
4

<C

j=0
N-1
N-1

T EVY T gl BV Rie(gi) e

A
a
ing
—~

- O

j=

IA
a
z

N_l . .
(77 ) €1V e+ CEVN T g

N
Il
S

=

N—-1 "~ " N—j
Y (V7)o COEVY T gl

IA

-
Il
)

N—-1
= C(N = 1)(CCro+ CIEVN grlg +C 3 (
j=1

N-1

j )(C,{'éj,o +C/")Cn—j0

<CNIEVN gilg + CN.
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For i > 2, we have
}gVN_i(gV _gkv)gkvi—l RiC(gk)}g <C |gVN_i(ngk L8ryi—l Ric(gk))‘g

N—i
N—i . , . .
<0 Y (VT ETN I g 1989 Ric(g)

If j =0, then
|gkvz IRIC(gk)lg < C1H llgvl lgklg C/// < Cl/ 151 1,0 + C///
Suppose in the following that j > 1. Hence

£V -8V~ Rie(gy)|, = [((FV —#4V) + £6V)/ .86V ~T Ric(gy) |,

C

M~

A

() 1V gil - 8974171 Rie(ge)
l

Il
<)

M~

A

C (]Z)C],()(C]{,_]_H'_lcj—l-i-i—l,o +C )

I

Il
<)

where we make use of (5-2) from first line to second line. Combining these inequalities, we get
VN Ric(gi)lg < Cy 18V gilg + Cx.
Similarly, we have
EVNhilg < CRIEVN grle + CX -

Since %gk = —2Ric(gy) + %hk, it follows that

o £V g = £V (—2Rie(gi) + 1),

2
+[EvN

g

. 1
= 81FVN Ric(gi)lg + 1FV Vel + £V il

0 0
prinh A 5V e

2 2
gk|g§ gk|g

< (14 18(CR)HIEVN gi|2 + 18(C)>.

Integrating the above inequality, we get [V gy |y < C ~,0 and therefore |& VN hy| g = C N+1,0- We have
proved lemma for ¢ = 0. When g > 1, then

q—1

34 9 , .
8zqgvpgk (1) = gV?P Py (—2Ric(gr (1) + 5h(1)).

Using the evolution equations for Rm(gg (¢)) and /4 (¢), combining the induction to ¢ and using the above
method, we have

97 9 gyr gypr—1
eV gk(t)‘ +)a[q Vel (z)‘ <Cpy O
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6. Generalization

In this section, we generalize the main results in Sections 4 and 5 to a kind of generalized Ricci flow for
which local existence has been established [He et al. 2008].

Let (M, g;j(x)) be an n-dimensional closed Riemannian manifold and let A = {4;} and B = {B;;}
denote a one-form and a two-form respectively. Set ' = dA and H = dB. The authors in [He et al.
2008] proved that there exists a constant 7" > 0 such that the evolution equations

d
—gij(x.1) = =2Rij(x.1) + Thij(x,0) + 2 fix(x. 1), gij(x,0) = gij (x),

ot
9
EA,-(x, 1) =—2Vi F5(x,1),  Ai(x,0) = A;(x),
9
o Bij(x.0) =3VieH ;i (x,0), Bij(x,0) = By ()

has a unique smooth solution on m x [0, T"), where h;; = Hik]ijl and f;;j = Fiijk. We call it
RF(A, B). According to the definition of the adjoint operator d*, we have

(d*F); =2V Fi*,  (d*H)ij = =3V HY;, (6-1)
and hence
%F(x,l) = —dd;(x’t)F = ApLg(x,nF = AF +RmxF, (6-2)
%H(x,t) = —dd;(x,t)H = AnLg(x,)H = AH +Rmx*H. (6-3)
They also derived the evolution equations of curvatures:
0

ERiij = ARjjre +2(Bijre — Bijek — Bigjk + Bikje)

— 8P4 (RpjkeRgi + RipkeRgj + Rijpe Rk + RijkpRye)

+ 5[ ViVe(Hypg Hi?) = ViVi(Hj pg HeP?) = Vi Vi (Hypg Hi??) + V; Vi (Hipg He )|
+ 28" (Hypg HP Rijso + Hypg Hy 9 R;jis)

+ ViV (Fx? Fjp) = ViVi(FjP Fyp) = ViV (Fx P Fip) + Vi Vi (Fi P Fyp)

+ & (Fr? FrpRijse + Fr? Fep Rijks)-

Under our notation, it can be rewritten as

9 . . . . . .
5Rm:ARm+ Z Vi Rm *V/ Rm + Z ViH «VIH + Z ViFxV/F

i+j=0 i+j=04+2 i+j=04+2
+ Z VIH % V/H % V¥ Rm + Z NWVIF+V/F«VKRm. (6-4)
i+j+k=0 i+j+k=0

As before, we have:
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Proposition 6.1. For RF(A, B) and any nonnegative integer { we have

P . . . . . .
gveRm:A(VlRm)—i— > VIRm#V/Rm+ Y VHxV/H+ > VIFxV/F

i+j=¢ i+j=0+2 i+j=0+2
+ Y VHxVH«VERm+ ) VIF«V/F+V*Rm. (65
i+j+k=L i+j+k=¢t

In particular,

9 . )
gwl Rm[> < A[V/Rm[>=2|V**'Rm >+ C )" |V'Rm|-|V/ Rm|-|V¢Rm]|

i+j=t
+C > |VH|-|VH|-|[V'Rm|+C Y |VF|-|V/F|-|V'Rm|
i+j=L{+2 i+j=L+2
+C Y |VH|-|V/H|-[VKRm ||V Rm|+C " |VF|-|V/F|-|[VFRm|-|V‘Rm|.
i+j+k=¢ i+j+k={

Since %F = AF +Rm % F it follows that
d

0
EVFzVEF+F*V(Rm+H*H+F*F)
=VAF+Rm*xF)+ F«xVRm+FxH+«VH+ FxFxVF

=A(VF)+ VRm*xF +RmxVF+ FxHxVH+ FxFxVF.

It can be expressed as

P . .
5 VF=AVF) + Y VFxV/Rm

i+j=1 1-1 1—i
+ Z ViF*VjF*VkF+Z ZViF*VjH*Vl_i_jH.
itjtk=1 i=0 j=0

More generally, we can show:

Proposition 6.2. For RF(A4, B) and any positive integer £ we have

EVKF:A(VKF)qL Y VIFxV/Rm
dt i+j=¢ -1 £—i
+ Y VIFxVIF«VAF Y Y VIF«VIH«V T H,
i+j+k=t i=0 j=0

In particular,

9 . .
gwﬁmz <AVEFP 2|V FR4C Y |VIF| |V Rm|-|[VEF|

Nl
i+ (—10—i

+C Y \VFVIF|VREVIF 4 C YOS VI [VIHT VT HIL|VEF
i+j+k=¢ i=0j=0
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Similarly, we obtain:

Proposition 6.3. For RF(A4, B) and any positive integer [ we have

- ¢ i j
= VOH = A(V'H) + > VH*V/Rm

i+j=t . . ant o S . o
4+ Z ViH xV/H « VKH + Z ZV’H*VJF* vi-i-i
i+j+k=t i=0 j=0

In particular,

d . .
E|V5H|2§A|V€H|2—2|V“1H|2+C > IVIH|-|V/Rm|- |V H|
i+j=(

—1 £—i
+C > IVH||\V/H||VRH| VY[ +C YOS CIVIH]VIF] VTR VEH)
i+j+k=¢ i=0 j=0

From the evolution inequalities
3
EIHIZSA|H|2—2|VH|2+C-|Rm|~|H|2,
3
E|F|2 <A|F|?=2|VF|?4+C-|Rm|-|F|?,

the following theorem is obvious.

Theorem 6.4. Suppose that (g(x,t), H(x,t), F(x,t)) is a solution to RF(A, B) on a compact manifold
M?" for a short time 0 <t < T and Ky, K,, K5 are arbitrary given nonnegative constants. Then there
exists a constant Cy, depending only on n such that if

Rm(x,)]gx,e) = K1, [HX)|gx) = K2, [F(X)|gx) = K3
forall x e M andt €0, T], then
|H(x, 0)lg(e) < Kae K1 | F(x, 1) gy < Kae© R, (6-6)
forallx € M andt €0, T).

Parallel to Theorem 4.6, we can prove:

Theorem 6.5. Suppose that (g(x,t), H(x,t), F(x,t)) is a solution to RF(A, B) on a compact manifold
M" and K is an arbitrary given positive constant. Then for each a > 0 and each integer m > 1 there
exists a constant Cy, depending on m, n, max{«a, 1}, and K such that if

|Rm(xvt)|g(x,t) <K, |H(x)|g(x) <K, |F(x)|g(x) <K

forallx € M andt € [0,/ K], then
_ C
v : Rm(x»t)|g(x,t) +|V™H (x, Z)lg(x,t) +[V7F(x, t)lg(x,t) = Z_;’ (6-7)

forallx e M andt € (0,a/K].



774 YI LI

We can also establish the corresponding compactness theorem for RF(A4, B). We omit the detail since
the proof is close to the proof in Section 5. In the forthcoming paper, we will consider the BBS estimates
for complete noncompact Riemannian manifolds.
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SMOOTH TYPE II BLOW-UP SOLUTIONS TO THE
FOUR-DIMENSIONAL ENERGY-CRITICAL WAVE EQUATION

MATTHIEU HILLAIRET AND PIERRE RAPHAEL

We exhibit €*° type II blow-up solutions to the focusing energy-critical wave equation in dimension
N = 4. These solutions admit near blow-up time a decomposition

X

1
w(t, 0 = S @+ (5

ZN-D72(p) )7 with [le(t), 0,6 () || g1y 2 L 1,

where Q is the extremizing profile of the Sobolev embedding H' > L¥ anda blow-up speed

AMt) = (T —t)e~ Ve =nlt+o) g ¢ 5 T

1. Introduction

Setting of the problem. We deal in this paper with the energy-critical focusing wave equation

du—Au— fw)=0  with f(r) = N+D/N=2) (L-1)
(u, du)y—o = (o, ur),  (1.x) €Rx RY.
in dimension N = 4. This is a special case of the nonlinear wave equation
Oru — Au — f(u) =0, (1-2)

which, since the pioneering [Jorgens 1961], has been the subject of a considerable amount of work. For
the energy-critical nonlinearity f(u) = ¢tV +2/(N=2) 'the Cauchy problem is locally well posed in the
energy space H' x L? and the solution propagates regularity; see [Sogge 1995] and references therein.
Recall that in this case, (1-2) admits a conserved energy

1 1 N-=-2 -
E(u(r))=E(uo,u1)=§/<atu)2+§/|Vu|2¢W/uZN/<N Y

that is left invariant by the scaling symmetry of the flow,

1 t x
u (t, x) = m”(r X)

Global existence in the defocusing case was proved by Struwe [1988] for radial data and Grillakis [1990]
for general data. For focusing nonlinearities, a sharp threshold criterion of global existence and scattering

MSC2010: 35Q51.
Keywords: wave equation, blow-up.

777



778 MATTHIEU HILLAIRET AND PIERRE RAPHAEL

or finite time blow-up is obtained by Kenig and Merle [2008] based on the soliton solution to (1-1),

| (N-2)/2
o = <1 12/ (N(N — 2))) ’ (1)

which is the extremizing profile of the Sobolev embedding H' — L?". Indeed, for initial data (ug, uy)
such that E (ug, u1) < E(Q, 0), those with ||Vugl||;2 < ||VQ]| 2 have global solutions and scatter, while
those with ||Vugll;2 > [|VQ||12 lead to finite time blow-up.

Note that like in the works of Levine [1974] (see also [Strauss 1989]) and as is standard in a nonlinear
dispersive setting, blow-up is derived through obstructive convexity arguments; see also [Karageorgis and
Strauss 2007] for refined statements near the soliton Q. However, this approach gives very little insight
into the description of the blow-up mechanism and the description of the flow even just near the ground
state soliton Q is still only at its beginning.

On the energy-critical wave map problem. There is an important literature devoted to the construction
of blow-up solutions for nonlinear wave equations; see [Alinhac 1995; Merle and Zaag 2003; 2008] for
the study of the ODE-type of blow-up for subcritical nonlinearities. For energy-critical problems like
(1-1), recent important progress has been made through the study of the two-dimensional energy-critical
corotational wave map to the 2-sphere,

2 .
Dot — Oyritt — Oru  k“sin2u —0. (1-4)
r 2r2

where k € N* is the homotopy number. The ground state is given there by

0(r) =2tan ' (r5).

After the pioneering works of Christodoulou and Tahvildar-Zadeh [1993], Shatah and Tahvildar-Zadeh
[1994] and Struwe [2003] and their detailed study of the concentration of energy scenario, the first explicit
description of singularity formation for the k = 1 case was derived by Krieger, Schlag and Tataru [2008]
who constructed finite energy finite time blow-up solutions of the form

X .
u(t, x) = (Q +¢) (t, %) with [le(0), 360l 51> < 1, (1-5)
with a blow-up speed given by
Mty =(T -1,

for any v > %; see also [Krieger et al. 2009a]. The spectacular feature of this result is that it exhibits
arbitrarily slow blow-up regimes further and further from self-similarity which would correspond to the

(forbidden; see [Struwe 2003]) self-similar law
At)~T —t. (1-6)

Numerics suggest that this blow-up scenario is nongeneric and corresponds to finite-codimensional
manifolds [Bizon et al. 2001]. After the pioneering work [Rodnianski and Sterbenz 2010] for large
homotopy number k£ > 4, Raphaél and Rodnianski [2012] gave a complete description of stable blow-up
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dynamics that originate from smooth data for all homotopy numbers k > 1. The blow-up speed obeys in
this regime a universal law that depends in an essential way on the rate of convergence of the ground
state Q to its asymptotic value,

T—Q~ lk asr — 0o,
r
and indeed the stable blow-up regime corresponds to a decomposition (1-5) with blow-up speed
Ck r—t for k> 2,
A(t) ~ 1 Nog(T —1)|1/k=2) B (1-7)

(T —t)e VloeT=DI for = 1.

Note that this work draws an important analogy with another critical problem, the L? critical nonlinear

Schrodinger equation, where a similar universality of the stable singularity formation near the ground
state was proved in [Merle and Raphael 2003; 2004; 2005a; 2005b; 2006; Raphael 2005].

Statement of the result. For the power nonlinearity energy-critical problem (1-1), there has been recent
progress towards the understanding of the flow near the solitary wave Q. Krieger and Schlag [2007]
constructed in dimension N = 3 a codimension one manifold of initial data near Q that yield global
solutions asymptotically converging to the soliton manifold. The strategy developed by Krieger et al.
[2008] for the wave map problem has been adapted in [Krieger et al. 2009b] to show in dimension N =3
the existence of finite energy finite time blow-up solutions of the form

1
w(t, 0 = Sy () (z, %) with [l(t), de ()]l 1, 2 < 1,

and with a blow-up speed given by
A) =(T —1)", (1-8)

for any v > % The quantization of the energy at blow-up for small type II blow-up solutions in dimension
N € {3, 5} is proved in [Duyckaerts et al. 2011; 2012] in the radial and nonradial cases. In particular, for
radial data, if T < +o0 and
sup [IVu®)|3, +3ul7.] <IVOT +a*, o <1,
t€l0,T]
then there exists a dilation parameter A(t) — 0 as t — T and asymptotic profiles (u*, v*) € H! x L? such
that

| .
(u(t,x) ~ G Q(AZ)), 8,u(t)) St inH'xLlast— T

see [Merle and Raphael 2005b] for related classification results for the L? critical (NLS).

These works however leave open the question of the existence of smooth type Il blow-up solutions. We
claim that such smooth type II blow-up solutions can be constructed in dimension N = 4 as the formal
analogue of the singular dynamics exhibited by Raphaél and Rodnianski [2012] for the wave map problem
in the least homotopy number class k = 1. The following theorem is the main result of this paper:
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Theorem 1.1 (existence of smooth type II blow-up solutions in dimension N =4). Let N = 4. Then for
all a* > 0, there exist 6 initial data (ug, uy) with

E(uo, bt]) < E(Q,O)+ot*

such that the corresponding solution to the energy-critical focusing wave equation (1-1) blows up in
finite time T = T (ug, u1) < +00 in a type Il regime according to the following dynamics: there exist
(u*, v*) € H' x L? such that

(u(t,x) - MN—;)/%) Q<;(Ct)), 8,u(t)> — W v inH'xL*ast—T, (1-9)

with a blow-up speed given by
A1) = (T — t)eVlee@=nllFo) o T, (1-10)

Comments on the result. 1. On the smoothness of the initial data. An important feature of Theorem 1.1 is
to exhibit a new blow-up speed which is valid for €°° solutions. Indeed, while the Krieger et al. [2009b]
approach provides a continuum of blow-up speeds, the exact regularity of the obtained solutions is not
known, which is an unpleasant consequence of their construction scheme. In fact, it is expected that €>°
initial data should lead to quantized blow-up rates hence breaking the continuum of blow-up speeds (1-8),
we refer to [van den Berg et al. 2003] for a related discussion in the context of the energy-critical harmonic
heat flow. Hence we expect the blow-up rate (1-10) to correspond to the minimal type II blow-up speed
of smooth solutions with small supercritical energy. Such a general lower bound on the blow-up rate in
the spirit of the one obtained by Merle and Raphael [2006; Raphael 2005] for the L? critical NLS is an
open problem. The construction of excited blow-up solutions with other speeds and €°° regularity also
remains to be done. This problematic is related to the understanding of the structure of the flow near Q,
which is still in its infancy.

2. On the codimension one manifold. The proof of Theorem 1.1 involves a detailed description of the set

of initial data leading to the type II blow-up with speed (1-10). Indeed, given a small enough parameter
bo > 0 and a suitable deformation Q, of the soliton with

Opy—> Q asby—0

in some strong sense, we show that for any smooth and radially symmetric excess of energy

by

|log(bo)|’
we can find dy (bg, 19, n1) € R such that the solution to (1-1) with initial data

1m0, Ml g2t S

—2
=0+ V0 )+,

blows up in finite time in the regime described by Theorem 1.1. Here v is the bound state of the linearized

N
ug= Qp,+no+dy¥, u =bo<

operator close to O and generates the unstable mode, we refer to Definition 3.4 and Proposition 3.5
for precise statements. Hence the set of blow-up solutions we construct lives on a codimension one
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manifold in the radial class in some weak sense. Following [Krieger and Schlag 2007; Krieger and Schlag
2009], the proof that this set is indeed a codimension one manifold relies on proving some Lipschitz
regularity of the map (b, no, n1) — d+(bo, no, 1), and in particular some local uniqueness to begin
with. The analysis in [Krieger and Schlag 2009] shows that this may be a delicate step in some cases.
Our solution is constructed using a soft continuous topological argument of Brouwer-type coupled with
suitable monotonicity properties in the spirit of Cote, Marte and Merle [2009]. In other related settings
(see [Martel 2005; Raphaél and Szeftel 2011]) this strategy has proved to be quite powerful for eventually
achieving strong uniqueness results. This interesting question in our setting will require additional efforts
and needs to be addressed separately in detail.

3. Extension to higher dimensions. We focus on the case of dimension N = 4 for the sake of simplicity.
Our main objective is to provide a robust framework to construct €*° type II blow-up solutions. However,
following the heuristic developed in [Raphaél and Rodnianski 2012], the blow-up speed (1-10) corresponds
to the k = 1 case in (1-7), and we similarly conjecture in dimension N > 5 the existence of type II finite
time blow-up solutions close to Q with blow-up speed

T —t

At) ~ .
O N log T =

Note from (1-3) that the higher the dimension, the fastest the decay of the ground state Q, and that this
should help avoid some difficulties that occur only in low dimension like in [Rapha&l and Rodnianski
2012] for large homotopy number k£ > 4. We expect the strategy developed in this paper to carry over
to the cases N =5 and 6, but the extension to large dimension will be confronted in particular with the
difficulty of the lack of smoothness of the nonlinearity. Let us also insist on the fact that the case N =4
is in many ways the more delicate one in terms of the strong coupling of the main part of the solution and
the outgoing tail due to the slow decay of Q, which results in the somewhat pathological blow-up speed
(1-10). This comment becomes even more dramatic in dimension N = 3, where we expect our analysis to
be applicable to the construction of 6°° type II blow-up solutions, but this seems to require a slightly
different approach.

Strategy of the proof of Theorem 1.1.

Step 1: Approximate self-similar solution. Let D, A denote the differential operators in (1-18). Exact
self-similar solutions to (1-1) of the form

1 X .
u(t,x) = AVD2 () Qb(k(r))’ with b = —A;,

where Q) satisfies the self-similar equation

AQ,—b*DAQ,+ 0} =0, (1-11)

are known to develop a singularity on the light cone y = (T' — 1) /A(t) = 1/b leading to an unbounded
Dirichlet energy ||V Qpll72 = +00; see [Kavian and Weissler 1990]. We therefore assume 0 < b < 1 and
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consider a one term expansion approximation

Qp=Q+b°Th,
which injected into (1-11) yields, at the order b,

HT,=—-DAQ. (1-12)
Here H is the linearized operator close to Q given by

N+2 Ja/N-2)
H=—-A———= . 1-13
N0 (1-13)
The spectral structure of H is well known in connection to the fact that Q is an extremizer of the Sobolev
embedding H' — L?", and in the radial sector H admits one nonpositive eigenvalue with well localized

eigenvector ¥,

HYy =—-¢y, ¢>0, (1-14)

and a resonance at the boundary of the continuum spectrum generated by the scaling invariance of (1-1),
H(AQ) =0, AQ(r)NrN% as r — ~oo. (1-15)

In order to solve (1-12), we first remove the leading-order growth in the exact solution 77 = ‘l‘|y|2Q
which is consequence of the flux computation

(DAQ,AQ)=1 lim y'|AQ*>0 (1-16)
y—>+00

due to the slow decay of Q in dimension N = 4 from (1-3). For this, we solve

(DAQ,AQ) 1

HT, =—DAQ +c;AQ1,< p, Withcb:f IAQIZ  2]logh|
y=I1/b

as b — 0.

The purpose of this construction is to yield after a suitable localization process an o(b?) approximate
solution to the self-similar equation (1-11) whose dominant term near and past the light cone is still given
by Q itself in the sense that

PTi| < Q fory=>1/b.
This identifies Q as the leading-order radiation term.!
Step 2: Bootstrap estimates. We now roughly consider initial data of the form

uo= Qpy +d+ ¥ +no, w1 =boAQp,+n1, with |di]+ 100, Ml g2t < b, (1-17)

and introduce a modulated decomposition of the flow

u(t,x) = m(@a(z) +8)(t, %) b(t) = —\,.

ISee [Raphaél and Rodnianski 2012] for a further discussion on this issue and the role played by the nonvanishing Pohozaev
integration (1-16).
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Here we face the major difference between the power nonlinearity wave equation (1-1) and the critical
wave map problem (1-4), which is the presence of a negative eigenvalue in the first case (1-14) for the
linearized operator H close to Q. This induces an instability in the modulation equations for b, A that is
absent in the wave map case, leading to stable blow-up dynamics. However, we claim that the ODE-type
instability generated by (1-14) is the only instability mechanism.

The situation is conceptually similar to the one studied in [Cote et al. 2009] where multisolitary wave
solutions are constructed in the supercritical regime despite the presence of exponentially growing modes
for the linearized operator which are absent in the subcritical regime. We adapt a similar scheme of
proof that does not rely on a fixed point argument to solve the problem from infinity in time,? but by
directly following the flow for any initial data of the form (1-17). This reduces the full problem to a
one-dimensional dynamical system for which a clever classical continuity argument yields the existence
of d; (bg, no, n1) such that the unstable mode is extinct, see Section 5.

The key is hence to control the flow under the a priori control of the unstable mode, and here we adapt
the technology developed in [Raphaél and Rodnianski 2012] which relies on monotonicity properties of
the linearized Hamiltonian at the H? level of regularity. However, the analysis in [Raphaél and Rodnianski
2012] heavily relies on the existence of a decomposition of the Hamiltonian,

H=A*A, A=—-0,+V(y),

which is central to the proof of the main monotonicity property and is lost in our setting. This forces us to
revisit the approach in several ways, and to rely in particular on fine algebraic properties of the flow? near
0 and coercivity properties of suitable quadratic forms in the spirit of [Martel and Merle 2002; Merle and
Raphael 2005a] (see Lemma 4.7) which remarkably turn out to be almost explicit thanks to the formula
(1-3). We are eventually able to find d (bg, no, n1) for which, to leading order,

b? ds 1

TA -1 = — _ = = . 2
2 [logb|’ b M, dt N ldy |+ 19yyell 2 K b7,

by ~ —cpb* ~
and whose reintegration in time yields finite time blow-up in the regime described by Theorem 1.1.
Notation. We define differential operators
N-2 1 . N 2 .

Af = Tf—i—y -V f (H scaling), Df = Ef+y -V f (L scaling). (1-18)

Denoting by
+00
(f.8)= / fg= / f)gyr"=dr
0

the L>(R") radial inner product, we observe the integration by parts formulas

(Df.g)=—(f,Dg) and (Af,g)+(Ag, f)=-2(f.9). (1-19)

2 After renormalization of the time.
3See in particular (4-23), (4-38).
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Given f and A > 0, we shall write
Ht,r) = Wf(t’ X)’
and the rescaled space variable will always be denoted by
y= .

We let x be a smooth positive radial cut off function, y (r) =1 forr <1 and x(r) =0 for r > 2. For a
given parameter B > 0, we let

1) =x(%)- (1-20)
Given b > 0, we set
By—= 2. p, = ogbl (1-21)
0= ba 1= b .

To clarify the exposition we use the notation a < b for when there exists a constant C with no relevant
dependency on (a, b) such that a < Cb. In particular, we do not allow constants C to depend on the
parameter M except in Appendix A.

2. Computation of the modified self-similar profile

This section is devoted to the construction of an approximate self-similar solution O, which describes
the dominant part of the blow-up profile inside the backward light cone from the singular point (0, T')
and displays a slow decay at infinity which is eventually responsible for the modifications to the blow-up
speed with respect to the self-similar law. The key to this construction is the fact that the structure of the
linearized operator H close to Q is completely explicit in the radial sector thanks to the explicit formulas
at hand for the elements of the kernel.

We introduce the direction

®=DAQ, (2-1)
which displays the cancellation
1
P < 2-2
OIS 1 22)

and the crucial nondegeneracy which follows from the Pohozaev integration by parts formula,
(@, AQ)= lim (1y*|AQI*)=32>0. (2-3)
y—-+00

Proposition 2.1 (approximate self-similar solution). Let M denote a large enough constant. Then there
exists b*(M) > 0 small enough such that for all 0 < b < b*(M), there exists a smooth radially symmetric
profile T\ satisfying the orthogonality condition

(T1, xu®) =0 (2-4)

such that
Py, = Q + xp,b*Ti (2-5)
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is an approximate self-similar solution in the following sense. Let
2
Wp =—APp +b"DAPg — f(Pp), (2-6)

then for all k > 0, 0<y§ 1/b,

d T1 1 + [log(by)| 1 log(M) + [log(1 + y)|
e |37 29y< 2 T 1T Toa ] vzl 2 . (&)
+ yk |log b| =y=2 b*y-|logh| Y= 1+y
d_k 0Pp, | _ blycos [1+Ilog®y)l ! 4 gD +llog 401 ) o
dyk ab |~ 14 yk llogh| 2=v=3' " b2y2|logh| ¥=7 1+ y2 ’
and, forallk >0,y >0,
dk
‘Wovgl — cpb® xgoa Q)‘
b* | 14 llog(by)| 1 n 1 1 log(M) + [log(1 + y)I,
~ 1+yk |10gb| 25)’530/2 b2y2|10gb| 2312)/230/2 1+y2 ySZBl
b2
+ mlyz&/z (2-9)
for some constant
1 1
= 1+0 . 2-10
“ 2|logb|< i <|logb|)) =
Proof.
Step 1: Inversion of H. The first Green’s function of H is given from scaling invariance by
N -2 y?
AQ() = (1- ) @-11)
2(1+y2/(N(N —2)"? N(N -2)

which admits the asymptotics
k o 0,
vizo, LA 100 L mT -12)
O(y~N=2+0)) a5y — 0.
Now let

C(y) = —AQ(y)/ L R— TNOE

be another (singular at the origin*) element of the kernel of H, which can be found from the Wronskian
relation

I'AQ—-T(AQ) = T

From this we easily find the asymptotics of I'®) for any integer k:

d"F( - {O(y—<N—2+’<)) as y — 0,

d_y" (2-13)

o(y™) as y —> o0.

4Note that T must be smooth at y =+/N(N —2), where A Q vanishes, because of the radial ODE HI" = 0.
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A smooth solution to Hw = F'is
w(y) =T(y) fyF(s)A Q(s)sVds — AQ(y) fyF(s)F(s)sN_lds. (2-14)
0 0

We now look for a solution to the self-similar equation in the form Q + b2T;. This yields

W, =—AQ,+b*DAQ),— f(Qp)
=b*(HT; + DAQ) +b*DAT — [ f(Q +b*T1) — £(Q) —b* f(Q)T]. (2-15)

Step 2: Computation of Ti. Thanks to the anomalous decay (2-2), we choose T to be a solution of

HT\=F=—-DAQ +cpxp,aAQ,
2-16
{(Tl,XMCI)):O, (2-16)
with ¢; chosen such that
(F,AQ)=0. (2-17)
That is, from the Pohozaev integration by parts formula—see (1-21) and (2-3) —
¢, = PAQ.AQ) _ 1limy o YIAQ()?
(XBoaAQ, AQ) 2 [ xp,alAQJ?
! 1+0 ! b—0
= as b — L.
2 [log b| [log b|
This yields (2-10). Following (2-14), we first consider
. y y
Ii(y)=T() / F()AQ(s)sds — AQ(y) f F(s)I'(s)s%ds. (2-18)
0 0

The smoothness of 7} at the origin follows from (2-18) together with elliptic regularity from (2-16). We
now examine the behavior of 7; at large y.
We first observe that, from the orthogonality (2-17),

5 +o0 y
Fi(y) = — [F(y) / F()AQ(s)s’ds + AQ() f F<s>r<s>s3ds] .
y 0

Hence, from the degeneracy |[DA Q| = 0(y‘4), this yields that for Bp/2 <y <1 /bz,

~ +oo 53 1 1+s3 Bo
o< | —a g+ —| | a4 ds
| 1(y)Iny IrshHa+sH) @132 UO i b'f 1452 ]

_ llog(1+y)| !
Y14y b2y?|logb|’

(2-19)
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Similarly, for 1 <y < By/2,

5 +00 y
IT1(y)] = ‘F(y) / F(s)AQ(s)s’ds + AQ(y) /0 F(s)T(s)sds
y

+00 s3 By s3 1 y s3 y s3
< - d d d —d
ny (I+sH(1+52) H'Cb'/y TR AR [/o +s° H'C”'/o T+ S]
<~ 1+ llog(by)| | [log(l +y)|
llog b| 1+y2

(2-20)

We now choose, thanks to (2-3),
(T1, xmu®)
(xmu®, AQ)’

so that the orthogonality condition (2-4) is fulfilled. We note that the bounds (2-19) and (2-20) ensure
that ¢ remains bounded by log(M) uniformly in M and b, provided b is chosen sufficiently small with

Ti(y)=Ti(y) —cAQ withc=

respect to M.
This yields (2-7) for k = 0; the other cases follow similarly.

Step 3: Estimate on Wp, and 9,Wp,. We now cut off the slow decaying tail 77 according to (2-5) and
estimate the corresponding error to self-similarity Wp, given by (2-6).
We compute

IIIBl = b2X31 (HTI + DAQ) +b2[_2X;31 Tll - TIAXB| + (1 - XB|)DAQ +b2DA(XB| Tl)]
—[f(Q+b* x5, T1) — f(Q) — x5, f (QTi].

Outside the support of xp, we have thus Wp, = b*DA Q. On the other hand, in dimension N = 4, we
have the Taylor expansion

1
FQ+b7xp T — f(Q)— x5, [ (Q)T1 =b* x5, T () /0 (1= 1)(QO) + b x5, T1 (1)) dr.

We thus estimate from (2-7), (2-15), (2-16) and the degeneracy (2-2) for y < 2B, that

T, Lono ! )
I+y 142 1+y4

1
+b4|DA<xBlT1>|+b4|T3<y>|/0 (1-DQ®() +b*Ti(y)|dr.

Vg, — szbXBo/“AQ‘ S b21y231/2<

(2-7) now yields (2-9) for k = 0. Further derivatives are estimated similarly thanks to the smoothness of
the nonlinearity. We emphasize here that, given B > 0 large, we have 1/(1+y) <1/B < 1/(1+4y) on
the support of x}, so that differentiating x z acts as multiplication by 1/(1 + y). Furthermore, we have
1/B1 = o(b) so that we can always dominate 1/(1 + y) by b on the support of X1/91'

Finally, we compute dj, Pp, from (2-5).
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To this end, we note that d,c;, = O when b — 0, so that the source term for 77 in (2-16)

1
<b|log(b)|2)

1 1
opF =10 [0 AQ,
b [ <b|10gb|)XB°/4+ (bllogb|>p3°/4] ¢

where p(z) = zx'(z) € €2°(0, co) and we keep the convention for function dilation. Hence, the same

satisfies

arguments as for 7 enable us to show first that 9, f”], and then 0,71, satisfy the estimates

dkaTl 1+ |log(by)| 1 1+ |log(1 + )]
1r<y< T Ye S— — . (2-21
()‘ b<1+yk)[ loghl  2==Bo2F prajiogpy 2 1+)2 } @2
Fmally, we compute from (2-5) that
3 Py, =2bxp,Ti + b>0log(B1)pp, T1 + b x5, 05T (2-22)

This decomposition, together with (2-7) and the previous computation, yield (2-8), which concludes the
proof of Proposition 2.1. O

3. Description of the trapped regime
We display in this section the regime which leads to the blow-up dynamics described by Theorem 1.1.

Modulation of solutions to (1-1). Let us start by describing the set of solutions among which the finite
time blow-up scenario described by Theorem 1.1 is likely to arise. We recall from (1-14) that ¢ denotes
the bound state of H with eigenvalue —¢ < 0. The following lemma is a standard consequence of the
implicit function theorem and the smoothness of the flow; see Appendix A.

Lemma 3.1 (modulation theory). Let M be a large constant to be chosen later and 0 < by < bg(M) small
enough. Let (no, n1, dy) satisfy the smallness condition
b2
i |+ [m0. Vo, 1+ 001 = x5, A Q. Vi || gy it oo pr S s (3-1)
|log bol
then there exists a time Ty such that the unique solution u € B2([0, Tol; L*RN)) N€([0, Tpl; H*(RM)) to
(1-1) with initial data
uo = Pp ) + Mo +dy¥,  uy =boAPp by + 11, (3-2)

admits on [0, Ty] a unique decomposition

u(t) = (Pp, b)) +€())rr) (3-3)
with 1. € €*([0, Tol, R* ) such that
@), xmu®) =0and b(t) = —A, forall t €10, Ty], (3-4)
and the following smallness condition is satisfied:

2

IVe@llz2 S bollogbol,  1b(t) —bol + A1) = 1]+ V2@l 2 S —
|log bol

forall t €[0, Tp]. (3-5)
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Remark 3.2. Recall that the slow decay of Q and the choice of Pp, induces an unbounded tail of A Pp,
in the energy norm, and more specifically | A Q||;2 = 400, hence the need for the compensation in the

norm of the time derivative in (3-1).

Decomposition of the flow and modulation equations. Considering initial data satisfying the assumption
of the above lemma, we now write the evolution equation induced by (1-1) in terms of the decomposition

(3-3). Let
u(t r)=—1 (P +8) t - =(P ) +w(t, 1)
) [)\,([)]N/z_l B1(b(1)) ’ )\4([) By (b(1)) ) ’ )
where b = —A,. Let us derive the equations for w and ¢. Let

S(t)_/td_f
—Jo D)

be the rescaled time. We shall make an intensive use of the rescaling formulas

ds 1

1 r
u(t,r)=mv(s,y), Y= T

oju = %(st +bAv);,

i = —[97v 4+ b(3sv +2A8,v) + b* DAv + b Av],.

o
In particular, we derive from (1-1) the equation for ¢,
326+ Hp e = —Wp, —bs A Pp, —b(d; P, +2A; Pp,) — > Pp, —b(ds6 +2Ads6) —bs Ae+N(e),
where, implicitly, Bj = B (b(¢)) and Hp, is the linear operator associated to the profile Pp,,
Hp,e = —As+b*DAe — f'(Pg,)e,
and the nonlinearity
N(e) = f(Pp, +&)— f(Pp) — f'(Pp)e.
Alternatively, the equation for w takes the form
0w+ Hp,w = —[37(Pp)r — A(Pp)x — f((Pp)2)] + Na(w),
with
Hpw=—Aw— f'(Pp)0)w,

Ni(w) = f((Pp)s+w) = f((Pp)) — [ ((Pp))w.

(3-6)

(3-7)

(3-8)

(3-9)

(3-10)

(3-11)

(3-12)

(3-13)

(3-14)
(3-15)
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We then expand using (3-9), (3-10), obtaining
02(Py)s— A(Py)s— f((Pg)s) = %[BMPBI +b(3, Py, +2A3, Pg,) + by AP, +Wp ],
= %[bABSPBI +byAPp, +Wp |, +0 [%(BSPBI)A}
and rewrite the equation for w as
afw + Hp,w = —%[bABSPB1 +bs A Pp, + \IIBI]A — 3,[%(BSPBI)A] + N, (w). (3-16)

For most of our arguments we prefer to view the linear operator Hp, acting on w in (3-16) as a perturbation
of the linear operator H, associated to Q;. Then

3121,04-[‘1)\11)=FB1 (3-17)
1 1
= _ﬁ[bAasPB] +bsAPp, +Vp |, —0 [X(asPBl))\] —[f"(Q@0) = f'((Pe)n)]w+ Nx(w),

with
Haw=—-Aw+ f'(Q)w. (3-18)

The set of bootstrap estimates. First we fix some notations. We introduce the energy €(¢) associated to
the Hamiltonian H,,

() =22 / [(H.0,w, dw) + (Hyw)?] . (3-19)

Given the unstable eigenvalue ¢ € (0, 00), we set

V+:‘\/1?, V_:‘_\/E, (3-20)
and introduce the decomposition of the unstable direction,
Eg;”zp) = A ()Vy+a_(s)V_. (3-21)
Let us write
K4 (s) = a4 (s) + b—s(abPBl, V), k-—(s)=a_(s)— i(31;1[’191, V). (3-22)
2Vt 2Vt

We note that the vectors V., V_ given by (3-20) yield an eigenbasis of

(25)

and hence correspond respectively to the unstable and stable mode of the two dimensional dynamical

dY 01
g Y
ds (( O) ’

system
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which, to first order in b, is verified by the projection onto the unstable mode (¢, 1); see (4-57). The
deformation term b (95 Pp,, ¥) in (3-22) is present to handle some possible time oscillations induced by
the 832 Pg, term in the right-hand side of (3-11), which cannot be estimated in absolute value but will be
proved to be of lower order.

With these conventions, we may now parametrize the set of initial data described by Lemma 3.1 by
ay = k4+(0), and then reformulate the initial smallness properties in terms of suitable initial bounds for &;
see Appendix A for the proof, which is standard.

Lemma 3.3 (initial parametrization of the unstable mode and initial bounds). Let M and by be given as
in Lemma 3.1 and denote by C (M) a sufficiently large constant. Then, given (no, n1, a+) satisfying
b2

<0 3-23
= Tlog bol’ (3-23)

lat1+ 1m0, Vo, m +bo(1 = xB,we)) A Q. Vil g1 gt 212

there exists a unique dy with |d| < b(z) /log(bo)| and Ty > O such that the unique decomposition
u(t) = (Pp,o(ry) + ey = (P, b))y + w ()
of the unique smooth solution u to (1-1) on [0, Ty] with initial data (3-2) satisfies the initialization
4 (0) = ay (3-24)
and the following smallness conditions on [0, Tp]:

o Smallness and positivity of b:

0 <b(t) < 5bp. (3-25)
o Pointwise bound on by:
[b(1)]*
by(1)]* < C(M)———. 3-26
b (1)]” < C( )|10gb(t)|2 (3-26)
o Smallness of the energy norm:
b(1)
’ Vw(r), dw(t) + — (1 — x,0w) A Q)M,) </bo. (3-27)
A1) [2xL2
« Global H?* bound: .
[b(1)]
EN|<CM)———. 3-28
[€()| = C( )|10gb(t)|2 (3-28)
o A priori bound on the stable mode:
[b(1)]?
e— ()] < (CMNV® . (3-29)
|log b(7)]
o A priori bound of the unstable mode:
[b(1)]?
N <2————. 3-30
k()] < llog b(0)] (3-30)

We can now describe the bootstrap regime.
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Definition 3.4 (exit time). Let K (M) be a large constant. Given a € [— b2 o/ log bol, b2 o/ [log bol], we let
T (a) be the life time of the solution to (1-1) with initial data (3-2), and T (a+) > O be the supremum of
T € (0, T (ay)) such that for all ¢ € [0, T'], the following estimates hold:

» Smallness and positivity of b:

0 < b(t) < 5by. (3-31)
e Pointwise bound on by:
b(H]*
b < K —2OL_ (3-32)
llog b(1)|?

e Smallness of the energy norm:

<Vbo. (3-33)

b(1)
HVw(t) dw(r) + m(( XBl(b(t)))AQ)A(Z) L2

Global H? bound:

[b(®)1*
[€(0)] SK(M)Hogb—(t)P' (3-34)
A priori bound on the stable and unstable modes:
[b(1)]* s OP
k(D] = 2—|logb(t)|’ k()] = (K(M)) log b(1)|” (3-35)

The existence of blow-up solutions in the regime described by Theorem 1.1 now follows from the
following proposition:

Proposition 3.5. There exists ay € [— b2 o/ og bol, b2 o/ [log bo|] such that
Ti(a+) =T(a4).
Then the corresponding solution to (1-1) blows up in finite time in the regime described by Theorem 1.1.

The proof of Proposition 3.5 relies on a monotonicity argument applied to the energy €, which is the
core of the analysis (see Proposition 4.6), and the strictly outgoing behavior of the unstable mode induced
by the nontrivial eigenvalue —¢ < 0 of H (see Lemma 4.10). The fact that the regime described by the
bootstrap bounds (3-31)—(3-35) corresponds to a finite blow-up solution with a specific blow-up speed
will then follow from the modulation equations and the sharp derivation of the blow speed as in [Raphaé&l
and Rodnianski 2012].

4. Improved bounds

This section is devoted to the derivation of the main dynamical properties of the flow in the bootstrap
regime described by Definition 3.4. The three main steps are first the derivation of a monotonicity property
on €, which allows us to improve the bounds (3-31)—(3-34) in [0, T (a4+)], second the derivation of the
dynamics of the eigenmode and the outgoing behavior of the unstable direction, and third the derivation
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of the sharp law for the parameter b, which allows to bootstrap its smallness (3-31) and will eventually
allow us to derive the sharp blow-up speed.

Remark 4.1. Throughout the proof, we will introduce various constants C(M), (M) > 0 that do not
depend on the bootstrap constant K (M). An important feature of all these constants is that, up to a
smaller choice of b*(M) or a larger choice of K (M), we assume that any product of the form C (M) f(b),
where lim,_.¢ f(b) =0, or that any ratio §(M)/K (M) is small in the trapped regime. This will be used
implicitly in this section.

Coercivity of €. Let us start by showing that the linearized energy € yields a control of suitable weighted
norms of (w, €) in the regime ¢ € [0, T} (a4)].

Lemma 4.2 (coercivity of €). There exists Mo > 1 such that for all M > My, there exists® (M) > 0 and
C(M) < oo such that in the interval [0, T\ (ay)),

2
€ > lsz(HAw) +8(M)2? [/(vat )? +/ (3 w) ] C(M)[K(M)V/*—— (4-1)

log b

Proof of Lemma 4.2. This is a consequence of the explicit distribution of the negative eigenvalues of H
and the a priori bound on the unstable mode (3-35). Indeed, let ¢ € [0, T7(a+)), then first observe from
(3-21), (3-22), (3-35) that

(&, Y12+ 135, Y)I? < i |2+ [ie— [ + 1bs |2 (35 Pa, , ¥)?

STK (M) ——— + C(M)b?|by|* < K (M)]V4b*/|log b)?, (4-2)

log b

where we used the estimates of Proposition 2.1 and the fact that v is well localized. This yields

1
F(w,m)z —(atw V)2 = (e, ¥)2 + (dse + bAe, Yr)?

b* g2 [Vel?
< AT 4
S KDY e TP [/ y4<1+|log<y)|)2+/ )2 } (+3)

and similarly, using the orthogonality condition (3-4),

1 1
T, O ®)a)? + — (0w, O ®)1)* = (bAe, xu®)*

2 \V/ 2
gszC[/ SR 2+/' ‘Z'] (4-4)
y*(1 + [log(y)D) y
Applying Lemma C.3 yields

A,Z\/lHAw|2=/|H8|2>8(M) |:/ |V(9|2 n 82 :|
- y> oy flog(y)D)?

S5Recall Remark 4.1.
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Introducing the rescaled version (C-13) of Lemma C.3, we then conclude that

%>l/k2(H w)2+81(M)[A2/(V8 w)2+/ [Vel? +f e ]
=2 * ' y? y4(1 + [log(y)])?

2 \V/ 2
N szC|:f 4(1+flog(y)|)2+ | 82| ]_C(M)[K(M)]]/4

- 2 2 (r )2 42 b*
=5 32 (Hyw)? + 8 (M) (Voyw)* + — C(M)[K(M)] log b2

log b|?

where we used the Hardy bound (C-3), and (4-1) is proved. O

Remark 4.3. Note that (4-1) together with the Hardy estimate (C-1), the coercivity estimate (C-9) and
(4-4) yield the following weighted bound on & which will be extensively used in the paper: Let

(s, y) = AN 225w, Ay) = dse(s, y) +bAe(s, y), (4-5)
then
82 772 |V8|2 5 |
s X V2 <c(M)| €]+ [K(M)]V* 4-6
fy4<1+|1ogy|2>+fy2 +/ 72 +f' S el )[' [+ RG] |1 ng]’ (+0)
<c(M)|[€|+ VK (M) b|2 (4-7)

First bound on by. We now derive a crude bound on by, which appears as an order-one forcing term in
the right-hand side of the equation (3-11) for €. This bound is a simple consequence of the construction
of the profile Qj and the choice of the orthogonality condition (3-4).

Lemma 4.4 (rough pointwise bound on by). We have the bound®
(e, H®)
by + —— €|+ vK
<S+(AQ,<I>) ri b|2

Remark 4.5. This is in contrast with [Raphaél and Rodnianski 2012], where the b term could be treated
as degenerate with respect to & thanks to a specific choice of orthogonality conditions and the factorization

(4-8)

of the operator H in the wave map case. This difficulty in our case will be treated using a specific algebra
generated by our choice of orthogonality condition (3-4) which gives the right sign to the leading-order
terms involving b, in the energy identity of Proposition 4.6; see (4-24), (4-38).

Proof of Lemma 4.4. Let us recall that the equation for ¢ in rescaled variables is given by (3-11)—(3-13).
Observe also that from (1-19), the adjoint of Hp with respect to the L*(R") inner product is

Hj; = Hp, +2b°D. (4-9)
To compute by we take the scalar product of (3-11) with x3®. Using the orthogonality relations
(05"e, xu®) = (3" (P, — @), xu®) =0 forall m =0,

6Recall Remark 4.1.
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we integrate by parts to get the algebraic identity

bs[(APp,, xu®) +2b(A0, Pp,, xu®) + (Ag, xuP)]
=—(Wg,, xu®) — (&, Hg (xu ®)) +2b(9s¢, A(xu ) + (N (&), xu®P). (4-10)

We first derive from the estimates of Proposition 2.1 that
4

llog b|2

(Wp,, xu®)* < (4-11)

Similarly, using (4-6) yields

(058, A(xm®))* S C(M) [C(M)I%I +vKM b|2:| (4-12)

and

(e, Hz, (xm®)) = (¢, HP) — (He, (1 — xa)P) + O(Mcbz\/c(M)l%l +\/K(M)b4/|logb|2>.

We then use the improved decay (2-2) and (4-7) to estimate

2 4
(Hs,<1—xM><I>)2§,(f 'HS'N)S@NK(M) ’
Y

o 14y M log b2’
Thus
(e, Hj, (xu®)) — (e, HD)|* <—|%|+ﬁ 0P (4-13)

Similarly,
(AP, xu®P) +2b(Adp Pp,, xmu®) + (Ag, xu®P)

= (AOQ, <I>)+0(“—+Mc\/|%|+\/1<(7b4/|logb|2)

:(AQ,<I>)+0< b ) (4-14)

llog |

where we have used that in the trapped regime we have € < K (M)b*/[log(b)]>. Finally, on the support of
xum and for b < bj(M) small enough, the term Q dominates in Qj, = Q + b>T,. Hence, for the nonlinear
term, we have from the Sobolev inequality and (4-7) that

2

)
|<N<s>,xM<1>>|,§/( 6+1+y> /(1 5 1+ Dyelzs] <C<M>[%+\/K<M W]

I+y

Injecting this, together with (4-11)—(4-14), into (4-10) yields (4-8).7 U

TRecall Remark 4.1.
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Global H? bound. We derive in this section a monotonicity statement for the energy € that provides a
global H? estimate for the solution. The monotonicity statement involves suitable repulsive properties of
the rescaled Hamiltonian H, in the focusing regime under the orthogonality condition (3-11) and the a
priori control of the unstable mode (3-35), which themselves rely on the positivity of an explicit quadratic
form; see Lemma 4.7.

Proposition 4.6 (H? control of the radiation). In the trapped regime, there exists a function F satisfying

¢ b*
F< —+ VKM 4-15
Sy + VK ( )|logb|2 (4-15)

such that, for some 0 < a < 1 close enough to 1, we have

d [€+F b b
{Az(l_a) } < [\/K(M)—]. (4-16)

dt |log b|2

Proof.

Step 1: Energy identity. Let

~ N+2 4/(N-2) 1 r N+2 4/(N=2)
V t, = ——— = —V -1, V e — .
(6, =00 =5v( =532 )

We first have an algebraic energy identity that follows by integrating by parts from (3-17),

Ld 2 o’ ) [ 3 w)?
2dt /(3"“’) —/V(arw) +/(wa) =—/atv St wHw —i—/.a,wHAFB]. 4-17)

We now use the w equation and integration by parts to compute
—/a,\“/'wmw:—/aiw(FB, — dpw) (4-18)

d v i ~ ~
:E{/afvwatw}—/arVme —/a,V(a,w)z—/a,tiatw. (4-19)

We next pick 0 < o < 1 close enough to 1 and combine the above identities to get

I 4 22 f(a w)z—/V(E)w)z—l—/(H w)2—2/a\7waw
2)\20‘61[ tr t A t t

2ab ~ ~
= —R1+R2+T 3tia,w— attiatw, (4‘20)

where R; collects the quadratic terms

R ZO;_b [/(a,,wﬁ—/V(atw>2+f(mw)2}+%fatV(atw)2—f—‘§/8z‘7(AQ>xw

:%[a/(ayn)z _a/Vn2 +af(H8)2+§/(2V+y.VV)n2 —bs/g(ZV-l-y'VV)AQ] (4-21)
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and R; collects the nonlinear higher-order terms
~ b,
RZ:‘/‘B,wHAFB1 —fa,Vw[FBI—i—)\—;(AQ)A]. (4-22)

Step 2: Derivation of the quadratic terms and treatment of the b term. Let us now obtain a suitable

lower bound for the quadratic term R;. The main enemy is the b, term which is of order one in ¢ and
will be treated by using a specific algebra generated by the choice of the orthogonality condition (3-4).
Observe from H(A Q) = 0 that (AQ/A),(y) = (1/M)N/2(AQ) (/1) satisfies
—AAQ/M(Y) — (1/A)?V (y/W)(AQ /M) (y) =0.
Differentiating this relation at A =1 yields
H®=H(DAQ)=Q2V +y-VV)AQ.
We inject this into the modulation equation (4-8) to get
€] b\

—by / eV +y-VVIAQ = bf(dD, AQ)+ IbSIO(M + \/K(M)“Og—blz) . (4-23)

We thus conclude using the sign

(@, AQ) > 0
and (4-8), (4-21) that

Ry > % [a/(ayn)2+/[(3—a)v+%y-VV]nz—i-a/(Hg)Z + c1(by)?

+o<'%;'+ o> )} (4-24)
M [log b|? i

for some universal constant ¢y > 0 independent of M.

Step 3: Coercivity of the quadratic form. We now claim the following coercivity property of the quadratic
form in n appearing on the right-hand side of (4-24) in the limit case « = 1. The proof is given in
Appendix B.

Lemma 4.7. There exists a universal constant cy > 0 such that for all n € Hrlad we have
1

@+ [[2V+3y-VV]rE = co | @y = —[(, ¥)* + (n, ®)°].
o

From a simple continuity argument, there exists 0 < «® < 1 such that given 0 < «* < o < 1, for all
71
neH

rad» W€ have

Co 2
o /(ayn>2 + /[(3 —)V 43y YV = = /(8yn)2 — Loy + o2y,
We now pick once and for all such an & < 1 and control the negative directions.
Using (4-3) and (4-7) yields
b4

(n, ¥)* S blEl+ VK (M) .
[log b|
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Similarly, we compute (n, ®) = (n, xuuP) + (7, (1 — xar)P) for which (4-4) and (4-7) yield

. xu®)* S b€+ VK (M) blz,

and applying (C-1) we have
P77 1
0, (1= xa)®)* < lynll7 [f —| 3 M/|ay77|2-
y

>M/2 Y

This, together with (4-24), yields the lower bound on quadratic terms,

4
Ry > b [Cl((bs)2+ 1€l + O(VK(M) b )] (4-25)

A3 llog b|?

for some universal constant ¢; > 0. Indeed, a straightforward integration by parts in (3-19) yields

%§/|ayn|2+f|He|2.

Step 4: Control of lower-order quadratic terms. The lower-order quadratic terms in (4-20) are controlled

‘ 3, Vwd b e Ui bC(M)|E| + VKM
/twtw —2[/1+y+/yi| ( (M) €]+ (M b|2)

< L(1¥ JKaD b*
S5l 5 FVKWM) , (4-26)
and, with the help of (3—32)

M llog b|?
Ib | & 772 KD

Remark 4.8. We note here that (4-26) is sufficient for the proof of our theorem. Indeed, the estimated term
[ o Vwd,w has been integrated by parts with respect to time, so that it becomes a part of &. Furthermore,

similarly,

>

we note that to compute (4-16), we multiply & by A>*. Consequently, the commutator bor /A Ji) Vwo,w
appears on the right-hand side. However, (4-26) yields that, in the trapped regime, this supplementary
term is controlled by b/A3 /K (M)b*/|log b|*. Similar arguments will be repeated implicitly below for
the terms that require an integration by parts with respect to time.

Step 5: Rewriting the nonlinear R, terms. It remains to control the nonlinear R, terms in (4-20) given by
(4-22). According to (3-17), this term contains bg-types of terms which cannot be estimated in absolute
value and require a further integration by parts in time. Let

1
Fp = Fi—Fy,  with ;= (3 Pg)s. (4-27)
and write

~ b ~
R2=/8,wH,\F1—/8ti|:F1+k—;(AQ)A:|—fath,\a,Fz-i—/atiE),Fz.
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We now integrate by parts in time to treat the F, term,

—/ath;ﬁ,Fg#- 8;‘7U)81F2

d

=—— {/8,wHAF2—/8,\7wF2}—/(8,,\7w+28,‘78,w)F2+/Bt,wHAFz.

The last term is rewritten using (3-17) and integration by parts,

/8ttWHAF2:f[F1 — 0, — HywlH, F»

ld 2 sl 1 U2
=5 [ VP = [ VEZ =2 [ aVE + [[Fi = Huw]Hy Fa.

Eventually we arrive at a manageable expression for R»,

R, = d /a H, F /aV F+1/|VF|2 1/\7F2
=—— w — w = - =
2 a1 t 22 i 2 > 2 > 2

~ b. ~ ~
—/Bti[Fl—i-)L—;(AQ)A]+/8thAF1—/(8,,Vw+28,V8,w)F2

1 ~
—E/B,VFZZ—F/[Fl—HAw]HAFz- (4-28)

We now aim at estimating all the terms in the right-hand side of (4-28). According to (3-17), we split F
into four terms

by 1
F1+E(AQ)A=_ﬁ[IIJBI+F1,1+F1,2+N(8)])\, (4-29)

with
Fi1 =bAd;Pp, +by(AP, —AQ), Fia=[f(Q)— f'(Ps)]e. (4-30)
Step 6: F) terms. These are the leading-order terms.
o Wp, ferms. We first extract from (2-9) the rough bound
2

< L C(M)b1,<ap., 4-31
S Tlogbl(1 4,7 T M L=n (30

|V, |

which yields
1+1 2 b*
/M|\p31|2§ S
1+ y4 llog b|?

and thus, from (4-7),

~ 1
’/Bszﬁ(‘PBl)x

<g/mwm
~a3 ) 4

b2
< 4 2
SEE |10gb|C(M)\/|%| + K (M)b*/|log b|
b b*
< VK (M)

~A3 [log b|?"
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Next we use the fundamental cancellation H (A Q) = 0 and (2-9) to estimate

b* [H-IIOg(by)l 1 log(M) + [log(14y)|

HWp | < 1, ———1p <
| B | |10gb| 2<y<2By + b2y2|10gb| By/2<y<2B; 1 + y2

1y§231:|
b2

A | ,
T AT Mlogs] FH

and thus get

6
1+ y*)|H(Wp) > < : 4-32
[asshiman) S Tousp (4-32)
Hence
1 _b 1 5 2] b\/i b*
dwH\ 7 (Ve)r )| S 50/l | [ 70+ 3)71H (g, Sa K(M)uog—mz'
e Iy 1 terms. From (2-7) and (2-8) we obtain
1 + [log(by)| 1 log(M) + [log y|
Fial S |bslb? | ——=—21, ., ———F1 , ,
[Fi1] < 1bs] [ logb| 25}580/2+b2y2|10gb| By/2<y<2B;, T 752
and, recalling that differentiation with respect to y acts as a multiplication by 1/(1 + y),
|bs|b* [ 1+ log(by)| 1 log(M) + |log y|
HF 1| SCWM Ir<y< ————1p,2<y<
|HF1 1| SC( )l—l—y2 log b| 2_}_30/2+b2y2|10gb| Bo/2<y<2B) 112
from which
b? (14 Jlog y|*)
1+ y)H(F1 )I* S 1bsl? : = Fa P S b b 4-33
/( FIHEDE S P D R S b (4-33)
Hence similar arguments as with the Wp, terms yield
~ b b b*
W VwFy 1| S —5blbs|IC (M) €] + VK (M)b*/Nlogb|* S — VK (M) ———,
’ A3 A3 llog b|?
and
C(M)b |b
[swttrii] < SR D e+ VK G o b2
A |log b|
b [ |bsl? ¢ b b*
< = VKM S VKM .
~A3 [|logb| + llog b| +VK( )|logb|2 ~a3 ( )|logb|2
» F » terms. The explicit expansion of the cubic nonlinearity and the bound (2-7) yield
C(M)b? C(M)b? C(M)b?
|Fiol S ——5-le| and |VFia| S el + | Vel (4-34)
I+y I+y I+y
from which
1 ~ C(M)b? &2 b b*
— || o Vw(F < < — | b€ KM ,
- / Wk S g /1+y6NA3 el VRO
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and, after integration by parts of the Laplacian term,

C(M) Inl  b? b? b?
S| rirrtel+ [1val( 2 lel+ v
A I+y*1+4y 1+y I+y

[IIJF\/—

o, wH; (F12)

|lo gblz}
e Nonlinear term N (¢). We expand the nonlinearity as
N(g) =3Ppe>+¢.

This yields, using (3-27) and (C-1), the rough bound
&2

l1+y

IN@©I S

In what follows, we will use the following bound on 5, which follows from (4-6), (C-1):

1/2
Iynlie SNVl < (C(M)I%I +vK(M b|2> .

We then estimate

3
/ i ||Vs||Lz(c(M)|%|+¢K(

I+y 5NA3

b b*
N

|log bJ>

1
= f 8 V(N <

for by < b*(M) small enough. We split the second term into
(N(e)) (N(e)) ~ (N(e))
/athA( . . =/va,w.v > * —/Vatw > ). (4-35)
The second of these terms is estimated by brute force:
~. (N (), L[ Inllel® _ 1 / lel®
Va < ) < -
'f [U)( )\‘2 )'N)\} 1+y5N)\‘g||yn||L 1+ 6

b4 N2 b
(C(M)I%H\/K( ) S

og b|? A3 |logb|?”

The first term in (4-35) is split into two parts:

fva,w.v((Ni‘Z))*) :fvatw-[V(w3)+3(PBI)AV(w2)]+%/ezvn-VPBl.

The second term is integrated by parts in space and then estimated by brute force:
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3 2
F SVT)'VPBI

ﬁ /n [82APB| +2eV Pp, -Vs]

5 felvel

S 14 y* H—y3
Vel
5ﬁ||yn||m[/l+y5+/ E

4 3/2 b b4
<c<M>|%| +VK M ) S

ogb|? A3 |logb|?

The first term is more delicate and requires first a time integration by parts,
3 ) d 3
Vow - [V(w) +3(Pp )2 V(w?)] = = |Vw|? F¥ 2 43(Pg,)w

—3/w8tw|Vw|2—3/|Vw|2[w8,(P31),\—|—(PBI)Aa,w].

We may now estimate all terms by brute force. First,

/IV 2 > > +3(Pp,) S 1[II e + Iy Pa, [zl yell /|ng2< L
w —w w — el Lo o0 el Lo — ,
) B ) NEY) yelL YEB L=l YEIL 2~ 22 loghl?
second,
1 |Ve|? ¥ \N? b b
'/ 2 §ﬁ||y8||L°°||y77||L°°/ - (<M>|%|+¢K( b|2> S F Tog b
and third,

< ywlles [ [VwlP[ b
y L/ T2 TCNbIb <,

|lo gb| /|V8|2 b*
< —|V 14+ C(M)|by )
)\’3| 8|L2( + ( )| | yz )\’3 |10gb|2

‘ / V2w, (Ps)| <

where we used the rough bound extracted from (2-8), |9 Pp,| S C(M)b1,<p,. Finally,

1 |Vel? ptoNI2 ot
< vl < (coms + VD b

Vw|*(Pp,)1 —,
‘/| w|*(Pp,)r 0w 1+y3 "~ [log b|? A3 [log b|?

for bg < b*(M) small enough. The above chain of estimates together with Remark 4.8, achieves the
control of the nonlinear term N (g).

Step 7: F, terms. We estimate from (2-8),

/

3bPBl
(I+y)

1 2. b
/‘ 9 Bl‘ ~ b|2 and /1+y3 ‘8bPBl‘ N|10g—b|2' (4-36)
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'/ ath)LF2

Hence, first,

_ by T [ Inl13s P
502 %Pl [ \wni1va, P

(1+y4)
1 | S| 4 2
c(M)|€| + K (M)b*/[log b|
Sz |log
_2[_“ b|2]
second,
I
~ |Ds|b [ 105 P, €] |bs|b
yVwh| < Lo < M) €|+ VK (M
V vEIS5 ] 0 Nﬂu ogh] | “MDIEIHVEM b|2
< |ig'Jm/K(M) bt
~MAZ M llogb|? |’
and third,
by|? o Pg, |? 1 (by)? 1 vt
[rvrie|[vez|sBor | [Ere s [ivaeap| s 500 <o
) 1+ y% Sz llog b2 ~ A2 [log b|?"
Similarly,
V(a,,fiw+2a,\78,w)F2 + '[atVFf
((|bs| 4+ b?)|e| + bIn|)|0p P, | |8b1”131|2
+ |bs|b
(14+y% vt
(Ibl+b)
[ \/(M>|%|+¢K< M llog b+ b|2| bl
|
[M+” o gb|2

Eventually, (4-32) and (4-33) ensure that

b6 b2|b |2 b6
1+ yHIHWg, + Fi D> < 1< ,
Joaesmicon s P < |+ fogan | S ogip
which together with (4-36) yields
1 b3|b| b*
~ 33 [logb|2 S A3 [log b|?"

We similarly estimate from (4-34), after integration by parts, that

|b| fb2|8||8bPB‘|+/|va Pa| b2 +b2|V8|
e 140 DB T4y T 14y?

b g2 veP\"* b b
SC(M) + S = .
~ A3|log b 1+ y0 1+ y* ~ A3 |log b|?

1
‘/ ﬁ(‘pBl +Fi) | S

‘/ —(FionH P S
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For the nonlinear term, we extract from (2-8) the rough bound
b
|H (3p Pp,)| S [C(M) + log(b)]ryzlyggl,

which together with (C-1) ensures that
[C(M)+log(b)]|b |/ e’

|bs||log b|* 2
S C(M)— 23 4 2
(I+y*)logy|

b b
\/_(C(M)l%lﬁ—w/K(M b|2> 3 Tog b

Step 10: The remaining F, term has the right sign. It remains to estimate the term

‘/ (N@©) 2 HF| S

— /H)LU)H)LFQ

on the right-hand side of (4-28). Let us stress the fact that this term is a priori no better O(€/ 13) due to
the b, contribution and the bound (4-8); recall Remark 4.5.

We now claim that the main contribution has the right sign again. Indeed, we first compute from the
T equation (2-16) that

1 Tocy<pyp
HT =- A d HoT =0 =220 ) 4-37
I +cpxByaAQ an LT (b|logb| d12) (4-37)

We then apply the decomposition (2-22),
H(3,Pp,) = H(2bT +2b(xp, — DTi +b*d, log(B1) pp, T1 + b* x5, T1) = —2bd + X,

and estimate using (2-8), (2-21), (4-37) that
! 1 + ! 1
1+ y2| |logb| 2=y=Bo/2 b2y?|log b| Bo/2=y |-

In particular, [ %2 < b?/|logb|, and thus using the modulation equation (4-8) gives

PARS

by
—/H)\wH)LFz = —F/(HS)H(E);,PBI)

by
= /Hs (—2b® + %)

K (M)

_2bb(s HCD)—I— (

)

4
:23[ (e, HCD)+0<\/|%|/M+\/K( b4/|logb|2)](s HCI>)+b < b )

A3 (AQ, D) [log b|?

2 4
LDEHOR (1 i P Y b2 s

A3 (AQ, d>) 237 \logh|?
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€| b*
<0 (ﬁ + VK (M) ) (4-39)

llog b?

Collecting all the above estimates yields (4-16) and concludes the proof of Proposition 4.6. U

Improved bound. We now claim that the a priori bound on the unstable direction (3-35), coupled with
the monotonicity property of Proposition 4.6, implies the following:

Lemma 4.9 (improved bounds under the a priori control (3-35)). In [0, Ti(a1)] we have

0]

HVw(t), dw(t) + Y0 (1= xB1060») A Q) ) < bo|log by, (4-40)
L2xL?

b (1) b*(0)

|10gb(t)|2k2(1—a)(t) = |10gb(0)|2)¥2(1_a)(0)’ (4—41)
, kw b ]

b5 < 2 |logh|?’ (4-42)

4
ey < XM _D (4-43)

2 (logbh)?

Proof.

Step 1: Energy bound. The energy bound (4-40) is a consequence of the conservation of energy. Indeed,
conservation of energy and the initial bounds of Lemma 3.1 ensure that

E(u, 8;u) = E(uo, u1) = E(Q) + O (boy/[log bol),

(see Appendix A) and thus give

1 2 1 2 1 4
E<Q>+0<bo|logbo|>=5/[8,(PBI)A+atw] +5/|V(P31)A+Vw| —Zf[wglmw] . (4-44)

We lower bound the first term by expanding

b b b3 by
0; (P + 0w =0,w+ X((l — xB)AQ)) + X(XBlAQ)A + T(A[XBI Tiy + r(abPBl)A

b
=dw+ X((l —xB)AQ)+ X,
with
[ = < siog .
where we used the bootstrap bounds (3-31) and (3-32). Finally,

1 (b 2
/ (30 Bs s+ ] = 5 f [X«l—xBI)AQ)Hatw} — 0®2llog o). (4-45)
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We then expand the second term as

%/[V(PBl)A‘Fvw]z_Zl;/[(PBl)k"‘wr
:%/[VPB1 +V8]2—%/[P3, +8]4

1 2 1 4 3 1 2 2 2 1 3, 4
:§/|vp31| —Zf|PBl| —(e,APBl+PBl)+§(/IV8| —3/PB|8 )—Z(4PBIS +¢%).
From the construction of Ppg,,

1 2 1 4 2

5 [ VPl =7 | |Ps]" = E(@)+ O®"[log ). (4-46)
The linear term is treated using (2-9), the improved decay (2-2) and (4-31). We get

(e, AP, + P3)| = (e, > DA Py, — )| S lle/yll 2l y(B* DA Py, — Vg2 SbIVel 2. (4-47)

We now rewrite the quadratic term as a small deformation of H and use the coercivity bound (C-8) to
ensure that

/|V8|2—3/P§182 Zco/|V8|2+Def, (4-48)
with
2
Def::3/(Q2—P§I)eZ—@.
0

Collecting (2-7) and (C-1), on the one hand, and (4-2) on the other hand, we compute

‘/(QZ—PE;I)SZ

The nonlinear term is easily estimated by the Sobolev inequality:

<1y*(Q* = Pp)llL~[Vel7. SblIVel;, and (e, ¥)I> S blogh|.  (4-49)

/ |(3Ps, + )| < lyPp, L= llyell=lIVell2, < Vboll Vell2,. (4-50)

Injecting (4-45), (4-47), (4-46), (4-49), (4-48), (4-50) into (4-44) now yields (4-40).

Step 2: Lower bound on b. We now turn to the proof of (4-41). First observe from the bootstrap estimate

(3-32) that
2

l—a ,
<
[logh| — 10

d b* 4b3 1 l—«
- = be(1-— b*|>0
ds <(logb)2A2(1—“)> kz(l—o‘)(logb)z[ < 210gb>+ 2 ]>

and (4-41) follows.

bs| = vK (M)

4-51)

This implies
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Step 3: Improved H? bound. We now turn to the proof of (4-43). We integrate (4-16) in time and
conclude from (4-1) and (4-15) that

2(1-a)
K3 ()|<< ()) 1€(0)]

O b* (1) fob(r) b
1/2 2(1—a) _
A [IIOg s ROP |  Tg b<r>|2dt} &2

We then derive from (4-51) that

/f b(7) b*(7)
o [AM(D)P~2 [logb(1)|?

/[ )\t b4 J
=— ———drt
0 )\3720( |10gb|2

o1 b*(1) 1 " by b . 2
T 2(1 —a) A= @)logh(1)|>  2(1 —a) Jy A3 |log b|? [log b|?
b*(1) o b(r) b* (1) 1
VK (M dr,
S A lleghp TV )/o M@ P2 log () log (@)
and hence obtain the bound
t 4 4
5202 () / b(z) b*(7) dr < b (1) .
[A(T)]3~2* [log b(7)|? [log b(1)|?
Injecting this into (4-52) and using the initial bounds (A-12), (A-17) and the monotonicity (4-41) yields

A0\ p40) 1 bHO) b*(1)
(OB ( ) + (K (M) SVK( (4-53)
A(0) llog b(0)|? llog b(1)? |1 Jlog b(1)|
and (4-43) follows. The bound (4-42) now follows from Lemma 4.4 and (4-53). This concludes the proof
of Lemma 4.9. O

Dynamic of the unstable mode. We now focus onto the dynamic of the unstable mode. We recall the
decomposition

ey . ]
Y(t) = G )= ar (Ve +a_@)v-, (4-54)
and the variables given by (3-22),
. bs
ki(s) =ay(s)+ f(abPBl, V), k-(s)=a- Wi V).
Lemma 4.10 (control of the unstable mode). For all t € [0, Ti(ay)] we have
2
e ()] < 3(K(M)YV®—— i (4-55)

logb|’

and k4 is strictly outgoing,
2

b .
fllog b|

W Jres| <

ds

(4-56)
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Proof. We compute the equation satisfied by the unstable direction (&, ¥) by taking the inner product of
(3-11) with the well localized direction i and get

d2
T3E V) Y =E@) - (37 Pp,, V), (4-57)

with
E(e) = —(Wp,, ¥) — bs(APp,, ) — b(3s Pp, +2A0; Pp,, ¥) — b(ds¢ +2A0s¢, V)
—by(Ae, ¥) + (N(e), ¥) + b*(Ae, DY) + ((f'(Pg,) — f(Q)e, ¥).  (4-58)

Simple algebraic manipulations using (4-54) and (3-22) and the initial condition yield the equivalent

system
d E.(s) d E_(s)
— K= 4 g =— _(s) — ——=«_(0), 4-59
o =) + WAl VK (s) 27O (4-59)
with b b
Ei(s) = E@) = — @ Pp, V), E-(s)=E@©)+—0Ps, ¥). (4-60)
We now have from the explicit formula (4-58) and (4-60), the exponential localization of i, the orthogo-
nality
(¥, AQ) =0,
the estimates of Proposition 2.1 and the bootstrap estimate (3-32) the bound
LE |<|b|(|b |+ V1€l + K(M)—b2 )<\/Z o (4-61)
——=IE] 3 < , i,
NG ’ llog b llog b|
which together with (4-59) yields (4-56). Let then
G = k2 |10gb|2,
b4

then from (4-59), (4-61), (3-32), we estimate that
d% _, di_ |logb|? 4|log b|? 210gb:|

ds K as b b b

_Jloghp? E\T. ., lloghl? _(Ih|
= [K‘(_ﬂk‘_ﬁ)]“‘ b O(b)

log b|? log b|? b?
o _VElosbl ,  Nloebl < Vg
2 bt b4 [log b| 2

+ KEbs |:

We integrate this in time and get
v §_G=0)
G(s) < G(0)e 2 +f e 2 Vg <1,
0

where we used the initial inequality (A-18) yielding that %4(0) < 1. This concludes the proof of (4-55)
and of Lemma 4.10. O
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Derivation of the sharp law for b. We now turn to the derivation of the sharp law for b, which will
yield the monotonicity statement on b needed to obtain the smallness bootstrap estimate (3-31), and will
eventually lead to the derivation of the sharp blow-up speed (1-10).

Lemma 4.11 (sharp law for b). Let
P, = XBy/aQ, (4-62)
G(b) = b|A Py, |3, +/0b13(a,,1530, A Pg,) db, (4-63)
9(s) = (38, APg,) +b(e +2Ae, APp,) +by(3 Py, APp,) — bs(3,(Pg, — Pg,), APp,).  (4-64)
Then

G(b) =64bllogh|+ O(D), |9 S K(M)b, (4-65)
2

NET)

Remark 4.12. Observe that (4-65) and (4-66) essentially yield a pointwise differential equation
b2

" 2llogb|’

‘;Z—S{G(b)—i—sﬁ(s)}+32b2 S K(M) (4-66)

~

by

which will allow us to derive the sharp scaling law via the relationship —A;/A = b.

Proof of Lemma 4.11. The proof is inspired by the one in [Rapha&l and Rodnianski 2012]. We multiply
(3-11) by AI’SB0 and compute
(bs A Pp, + b(d; Pp, +2Ad; Pg,) + 97 Pp,, A Pg,)

= —(Wp,, APg)) — (Hp,e, APp,) — (82¢ + b(dse +2A858) + by Ae, APg,) + (N(e), APg,).

We further rewrite this as
(by A Pp, + b(dy Pg, +2A3, Pp,) + 3} Pp,, A Pg,)
= —(Vp,. APg,) — (bsA(Pp, — Pgy) + b(3,(Ps, — Pp,) +2A03,(Pg, — Pg,)) + 0;(Ps, — Pg,). APp,)
— (Hp,e, APp,) — (376 + b(dse +2Adse) + bsAe, APp)) + (N(e), APg)). (4-67)

We now estimate all terms in this identity.

Step 1: b terms. An integration by parts in time allows us to rewrite the left-hand side of (4-67) as

- - - - - d - - -
(by APp,+b(d; Pp,+2 A9, Pp,)+d; Py, APp,)) = y [G (D) +b (8 Ppy, APp) |+ 16511105 Pp, 175, (4-68)

s
with G given by (4-63). Observe from (3-32) the bound
|bs |2 b2 < b2

< (K (M))? .
b? S (KGD) [logb|?> ™~ \/log b

219 B 112
b5 17110y Py ll72 <
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We now turn to the key step in the derivation of the sharp b law which corresponds to the following

outgoing flux computation:®

(Wg,, APg,) :32b2(1 +0( )) as b — 0. (4-69)

|log b|

Indeed, we first estimate from (2-9) that

|:1—|-|log(by)| 1+|10g(1+y)|]< b?

Wg, — b’ Yy ahQ, AP <b4/ :
|(Wa, = cob”xmya A Q. APy S log b| (1 + y?) (I+y%* |7 [logb|

y<Boy/2

The remainder term is computed from (2-10) and the explicit formula for Q (1-3),

- b? 1 1
b xp,aAQ, APp,) = <1+0< ))[/ AQ)Y+0( }:32b2<1+0< ))
(cob” X By/a A Q, A Pp,) Jllog bl log b y51/2b( 0) (1) logb|

and (4-69) follows.
We now estimate the lower-order terms in b that correspond to the second line of (4-67). One term is

reintegrated by parts in time,
~ ~ d ~ ~ ~ ~
— (07 (Py, = Ppy), APpy) = = {by(0y(Pp, = Ppy), AP} + b7 (9(Ps, = Pry), 0y P,)-
The remaining terms are estimated in brute force using (2-8) and (3-32), which yield

|(bs A(Pg, — Pg,) + b(3;(Pp, — Pp,) +2A3;(Pp, — Py,)), APg,)| +by|(3(Ps, — Pg,), A Pg,)|

bs|? b?
s | < KM ‘
[log b|

Slbd+ =5 5

Step 2: ¢ terms. We are left with estimating the third line on the right-hand side of (4-67). We first treat
the linear term from (4-1), (4-7) and (3-34) and get

|(Hp,e, APg,)| < |(He, APg,)| +f|e| |P5, — Q°||APg,| +b*|(DAe, APg)|. (4-70)

On the one hand, (4-7) together with bootstrap estimates yields

2 1/2 )

p b
/|8||P§1—Q2||AP30|§”2/ L225173/2( - 5) < .
y<gy, (1 +¥) A+y) llog(b)|

On the other hand, after integration by parts, we repeat the same arguments as before and apply (C-4).

8See again [Raphaél and Rodnianski 2012] for more details about the flux computation statement and its connection to the
Pohozaev integration by parts formula.
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This yields

b* |(DAe, APg,)

le] 2/ le] 2 y
< b2/ +b +b Ve
y<, (1+yY Bo/d<y<By2 (14+¥?) y<By 1+y?

1/2 1/2 1/2
3/2<f e |2 >/ (f B )/+(/ |Vs|2)/
(149 Bo/d<y<By2 (1 4+ %) v<By 1 +?

1/2
< V/log(b)| (c(M)|‘<€|—|—w/K(M W)
S VK (M)

Y log<b>| '

Finally,

|(He, APp,)| < | Hell 2/ log b| + VK (M)

bZ
/1og(b)
< J/Tlog bl €] + VK (M) b/ llog b2 < VK (M)

We further integrate by parts in time to obtain

2

llog b|

(926 + b(dse +2Ad,8) + by Ae, APp,)
d . . .
= 5[(&& APg))+b(e +2Ae, APp)| — by[ (356 + bAe, Ady,Pp,) + (¢, Dp)],

with
®, = —A Py, — A*Pg, — bAdy, Py, — bA*d) Pp,.

We thus estimate from (4-1), (4-5), (4-7), (3-32) and (3-34) that

D &
|bHKaw—%bAepA&JﬁQ4—@,¢w|§|m|L/ kd%ﬂ/ le] ]
B y

0/4<y<By Y <By 1+y2

2

Vllogb|'

bg| [log b
< P00 PL e any et + KO 0 og b < K ()
The nonlinear term is estimated as before. Indeed, we have

|(N (), APg)| < /<|PBI|+ le])e?| A Pp,|

By 2
< l||y(|PB |+ leD) Iz I(1+y*) APg ||Loo/ L
~p? ‘ 0 o Y14y

CM)
Nb

b* b?
€+ KM <KWM .
[ ( )I bIQ}N ( ),/|1ogb|

Step 3: Control of G(b) and $. Injecting the estimates of Steps 1 and 2 into (4-67) yields (4-66). It
remains to prove (4-65). The estimate for G (b) is a straightforward consequence of the choice (4-62) and
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the explicit formula (1-3). It remains to control . We integrate by parts in space in (4-64) and get
9(s) = (d5e +bAe, APp)) —b(e, APy, + N> Pg,) + by (3 Pyy, APg,) —by(3s(Pp, — Pp,), APp,).

The b terms are estimated as in Step 1,
|bs|

|bs|| (@ Ppy, A Pg,) — (35(Pp, — Ppy), APg)| < p

<b.
The linear term is estimated using (4-1), (4-5), (4-7), (3-32) and (3-34),
(56 +bAe, APg,) —b(e, APg, + A*Pp,)|

1/2 1/2
S el L[\ fogh el S o
SN e\ ) T Fdrioayy ) ~KGDb,
=By ¥ v=By ¥ y y<By V" (1 +[log y|%)

and (4-65) is proved. This concludes the proof of Lemma 4.11. 0

5. Sharp description of the singularity formation

We are now in position to conclude the proofs of Proposition 3.5 and Theorem 1.1 as simple consequences
of the a priori bounds obtained in the previous section. The proofs rely on a topological argument that
finishes the bootstrap argument, and then the sharp description of the blow-up dynamic is a consequence
of the a priori bounds obtained on the solution and in particular the modulation equation (4-66).

Proof of Proposition 3.5. We argue by contradiction and assume that for all

b2 b2
ay [_ o %
[log by|  [log byl

], Ti(ay) < T(ay).

In view of what Lemma 4.9 says about the bootstrap regime and the improved bounds of Lemmas 4.9
and 4.10, a simple continuity argument ensures that 77 (aL) is attained at the first time ¢ where

ik ()] = M- (5-1)
2(log(b(1))
The fundamental fact used now is the outgoing behavior (4-56), which together with (5-1), ensures that
d
‘%(Tl @) >0.

Thus from a standard argument,” the map

by by
llog by |log bo|

i| — Rxy, aqp+— Ti(ay),

is continuous. We may thus consider the continuous map

[ by b

B 2|log b(Ti(a4))|
llog bo|” |log bo|

b*(Ti(a+))

] - R, a4y = ki (Ti(ay))

9See [Cote et al. 2009, Lemma 6] for a complete exposition.
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b? b?
@([— _ 0 Dc{—l,l}.
[log bo|  |log by

On the other hand, the outgoing behavior (4-56) together with the initialization x4 (0) = a4 ensure that

b2 b?
CD(— 0 ):—1 and q>( 0 ):1,
[log bo| [log bo|

and a contradiction follows.'® This concludes the proof of Proposition 3.5. 4

Proof of Theorem 1.1.

On the one hand, (5-1) implies

Step 1: Finite time blow-up and derivation of the blow-up speed. Choose from Proposition 3.5 initial
data with T1(a4) = T (a4+). We first claim that # blows up in finite time,

T =T(ay) < +o0. (5-2)
Indeed, from (4-41),
2200 <p3 andthus A2 <A2OB <p= ),
Integrating this differential inequality yields
t <A -2 <1

and (5-2) follows. The (H'NH?) x (L*N H') bounds (3-33) and (3-34) on (¢, d,¢), and hence on (u, 0,u)
in the bootstrap regime, and standard H? local well posedness theory ensures that blow-up corresponds to

AMt)—>0 ast— T(ay).

We now derive the blow-up speed by reintegrating the ODE (4-66) and briefly sketch the proof which
follows as in [Raphaél and Rodnianski 2012].
First recall the standard scaling lower bound

A(t) = C(ug)(T —1),

which implies that the rescaled time is global,

(1) /t dt — 400 ast—T
s(t) = — .
o A7)

Let
F=G+9

so that from (4-65) we get

1 g |
=64b |logh|l 1+ O d b=——|14+0| —— , 5-3
$ =64bllog '( * <|logb|)) an 64|log9|< * (\/Ilog§|)> 69

10This topological argument is the one-dimensional version of Brouwer’s fixed-point argument used in [Cote et al. 2009].
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and ¢ satisfies from (4-66) the ODE

(i o(7m=))
s+t——m— 14+ 0| — =0.
It 28iog 52\ T O\ Jiog 7

We multiply the above by |log $|?/$2, integrate in time and obtain to leading order that

P 128(log 5)? <] +0( 1 )) that' As ) 210gs(1 +0< 1 ))
= -— 1S, —_——_——= = y
s V|log s| A § v/ Hogs|

where we used (5-3). Integrating this once more in time yields

—logi = (10gs)2(1 + 0(

)

and thus

el (01

llog A|1/4
Integrating this from ¢ to T where A(T) = 0 yields the asymptotic

1
AMt)=(T —1) exp<— |10g)»(l’)|<1 + O(W))>,
which yields (1-10).

Step 2: Energy quantization. It remains to prove (1-9), which can be derived exactly as in [Raphaél and
Rodnianski 2012]; this is left to the reader. This concludes the proof of Theorem 1.1. 0

Appendix A: Modulation theory

This appendix is devoted to the proof of Lemmas 3.1 and 3.3. The arguments are standard in the framework
of modulation theory and we briefly sketch the main computations.

Proof of Lemma 3.1. First note that the bounds
IV(Pg, — QL2+ b |APp, —b(1 — xp)A Q]2 < b [log b
ensure that our initial data are of the form
uo=Q+1no, ur=ni,
for a small excess of energy in the sense that
IV, iitllz2xz2 S bollogbol, — 11V2d0, Vit ll 212 S bo. (A-1)

Hence the continuity of the flow associated to (1-1) ensures the existence of a time Ty > 0 (uniform in
o, N1) for which the solution u to (1-1) with initial data (u¢, u;) satisfies on [0, Ty] that

sup [|V(u— Q), dull 212 < bollog bol. (A-2)
10,Tp]
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Step 1: Modulation near Q. The nondegeneracy (AQ, ®) # 0 ensures'! that # admits on [0, Tp] a
decomposition

u(®) =(Q+ (), (A-3)

with
E@), xu®) =0. (A-4)

Moreover, A € €2([0, To): R?% ), and noting that 7o satisfies

by
[0, xMP)| S ,
[log byl
we obtain the bound
b2
IAO0)—1] S —2—. (A-5)
[log by

We then let b(t) = —A,(¢) on [0, Ty].
Step 2: Positivity of b. Straightforward computations yield

s < b(t) )
8;8(t): 8;1/[—_Au .
MO e

Taking the scalar product with x;;®, we obtain at the initial time

(1) 1720 X ®)

b(0) = 1(0) ) (A-6)
((Au) 1), xu®P)
where (2-5) together with (A-5) imply
by
(U1)1/20)s XM P =bo(AQ,XM<I>)+0(—>, (A-7)
(D10. 0 9) llog(bo)|
((Au0)1/20), XM ®) = (AQ, xu®) + O(bjllog(bo)|). (A-8)
This yields the positivity of (0) and the positivity of b(¢) for small time, together with
bg
b(t)=by+ O (—) (A-9)
[log (o)
As b > 0, we may introduce the decomposition
ut) =(Q+8&uww) = (Pewa) +€ra), Wheree(t) =) — (Pp,p) — Q). (A-10)
Observe from (2-4) and (A-4) that
Vi el0,Tol, (e(t), xm®P) =0. (A-11)

The uniqueness of such a decomposition is guaranteed by the (local) uniqueness of (A, £).

U This is a direct consequence of the implicit function theorem and the smoothness of the flow (1-1).
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Step 3: Smallness of €. To complete the proof, we obtain smallness of ¢ in H! and H2. To this end, we
note that

&(0) = (uo)1/20) — PBi(b(0)) = [(PB1(bo))]/)\(0) — P, oop] + (o +dy¥)1/200)-
Simple computations based on the estimates of Proposition 2.1 yield the expected result,
2

0 A-12
llog(bo)| (612

0
IVe(0)l2 < bollog(by)|  and H ﬁ ;4

+ V22 S
LZ

This concludes the proof. (|

Proof of Lemma 3.3. The proof of this lemma is divided into two steps. First, given (19, 11, d+) satisfying
the smallness condition (3-1) for small by, we prove that b, by and w satisfy (3-31)—(3-34). Then, we
show that given (bg, 19, 1), we can apply the inverse mapping theorem to dy — k4 (0) close to 0. The
arguments used are standard and we refer to [Cote et al. 2009] for a detailed proof in a similar setting.

Step 1: Smallness of initial modulation. Given (19, 11, d+) satisfying the smallness condition (3-1), we
can apply Lemma 3.1. This yields Ty and b, &, w such that (3-31) holds and

2

b
IVw@)ll2 S bollogbo)l, Vw2 S ————. (A-13)
|log (Do)

We emphasize that Lemma 3.1 implies in particular that by/2 < b(0) < 2by for sufficiently small bg.

As before, we focus now on bounds satisfied initially. We first compute b;(0) using (1-1) and the
orthogonality condition (A-11). Recalling that (3) Pp,, xu®) = (8*~'e, xs®) = 0 for any integer k, we
get, like for (4-10),

bs[(APp,, xm®) +2b(Ady Pp,, xu®) + (A, xyP)]
=—(Wp,, xu®) — (&, Hg, (xm®P)) + b (36, A(xm®) + (N (), xu®P),

where, denoting by LHS and RHS the two sides at initial time, we compute, for by small enough with
respect to M that

by > b5 (0)]
: (AQ, xu®) < |LHS|. (A-14)

RHS| < C(M)[ —2>— + |3
| | < C( )(Ilog(bo)l + 105l L2(y<mn) >

At the same time, after time-differentiation, we obtain

35€(0) = A(0)3;£(0) = —by(0)dp Pp, (5(0)) — b(0) Aug + A(0) (bo A PBl(ho))l/)L(O)- (A-15)
Observe now from (2-8) that
|| 8bPBl(ho) ||L2(y§2M) 5 C(M)b() S \/b>7
which together with (A-5), (A-9) and (3-1) yields
b2
1952 (0) | 22y <200 = AO)19:£(O) | 2y <200y S —2— + 155 (0) v/ bo. (A-16)

[log bo|
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which together with (A-14) concludes the proof of the initial bound (3-26) on b;.
Then we compute

3w (0) 2:©) 3 P + O\ p
w(0) =u; — — ,
so that, introducing (A-15) and previous estimates on b(0), we get

b(0)

dw(0) + ——((1 = x5,6:0)AQ), | < bolInbo)| < /by,

)\.(0) L2

and
2
IVo,wO) 2 S . (A-17)
[log bo

Together with (A-13), this yields (3-27) and (3-28).
Finally, straightforward computations yield

1 1 by
K= 5(87 d’) - E(as‘ga W) - Z(abPBls 1//)

Consequently, we apply (3-28), noting that w () = (&(¢)).(), and (A-15) because of the exponential decay
of ¥ to get
2

b
k- (0)] S —>—. (A-18)
llog bo|

Step 2: Computation of d. We now claim from an explicit computation that given a., the initialization

(3-24) can be reformulated in the form

., dF
F(dy)=ay, with ——|  =3lly]7.+ Obo), (A-19)
ddy {4, -0
from which the implicit function theorem concludes the proof of Lemma 3.3.
Let us briefly justify (A-19). We want to study the mapping

V=R dy e [b(), by(0), (£(0), ¥), (3s6(1), ¥)],

where V" is a neighborhood of 0. To this end, it is necessary to study the dependencies of all initial
parameters on d.. For conciseness, we denote by d differentiation with respect to d in what follows.

Computation of (A(0), £(0)). As a first step in modulation theory, we proved that (A(0), £(0)) = ® (uo),
where @ is a smooth mapping H'(RV) — R x H'(R") defined on a neighborhood of Q. Due to the
exponential decay of ¥ € 6*°(R") we thus have that A(0) is a smooth function of d.. with differential
dAr(0) = dA € R. We have the same result for ¢ with differential de(0) = d¢ € H! (RM). By definition,
we have

£0) =uo— Qi
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so that

- dr
de =y + W(AQ)UA(O)-

Computation of b(0). From (A-6), b(0) is a ¢! mapping with

db(0) = d |: (D10, xu®)  ((A%u0)1/20), xm®P) — ((Au)1/20) XMCD):|

((Au0)1/0) Xm ®) ((Auo)1/2)» XMCD)2
(@) 120 X1 ®) ((AY) 17205 XuP)

—A(0)
((Auo) 1) XMCP)2

’

where (A-6) and (A-7) ensure that, for some db € R, we have
db(0) =db+ O (by).
Computation of &(0). Next,
€(0) = &(0) — (Pg, b)) — 9Q)-
Consequently, (¢(0), ¥) is also a smooth function of d with derivative dps;(0) satisfying
dps1(0) = (d&, ¥) —db(0)(dp Pp, b)), ¥)-

Replacing d¢ by its values, and applying that (A Q, V) = 0 together with [L(0) — 1| < b(z) /|log(by)|, we
get

(d&, y) = 1Y 113, + O(by),

so that
dps(0) = [¥[3, + O(bo).

Computation of 95&(0) + bs(0)3s P, (50))- From (A-15),
856(0) = —bs (03 P, b(0)) — b(0) Autg +1(0) (boA P, )) 1 5.0 »
so that (d;¢(0) 4 bs(0)d, P, b0)), ¥) is a smooth function of d with derivative
dps2(0) = —db(0)(Auo, ¥) +d([(boAPE wy)) 1 5.0y F (P0APrian)), 3.0 )s ¥) — DO AV, ),
where, for the same orthogonality reason (A Q, ¥) = 0, we have
(Aug, ) = (AQ, ¥) + O(bo) = O(by).

Consequently dps,(0) = O(by).
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Conclusion. Finally, we have
1
Ve

and x4 (0) = a4 reduces to a simple one-dimensional equation F(dy) = a4, with F computed as

1
k+(0) = 3 |:(8(0), V) + —=(956(0) + bs(0) 3, P, 6(0)) » W)}

combination of the above functions so that it is smooth in a neighborhood of 0. Moreover,

1 1
dF = E[dpsl(O) + ﬁdpsz(o)} = LIy 12, + Oy,

and (A-19) is proved. This concludes the proof of Lemma 3.3. 0

Appendix B: Coercivity estimates

The aim of this section is to prove the coercivity properties of the quadratic form

B(n,m:(%v,v):/ |arn|2+f Wn?,
R4 R4

where
6 9 r2

— 3 ’_ _Z
WO =2V 2V = g ~ a4 287

We use the elementary method developed in [Fibich et al. 2006]. The coercivity property of Lemma 4.7
is a consequence of the two following facts. First the index of B on

2 u’

is at most 2. From standard Sturm-Liouville oscillation theorems, see Theorem XIII.8 [Reed and Simon

H = {u radial

1978], this is equivalent to counting the number of zeroes of the solution to

{%U:Q B-1)

uoy=1, U0 =0,

on (0, 00), and this can be analytically reduced to counting the number of zeroes of a Bessel function.
Then we need to show that the orthogonality conditions (n, ¥) = (, ®) = 0 are enough to treat the
two negative directions. Arguing exactly as in [Fibich et al. 2006] — see also [Marzuola and Simpson
2011] —this is equivalent to first inverting the operator % on P'Ir;d, and then showing that B restricted to
Span{B !y, B~ ®} is negative definite, which is an elementary numerical check. We shall check these
two facts below and refer to [Fibich et al. 2006] for the proofs that this implies the claimed coercivity
property. The proofs there are given for exponentially decaying functions and potentials, but one checks
easily that the decay of the potential |W (r)| ~ 1/ r at infinity and |®(r)| ~ 1/ r* are more than enough
to have all proofs go through.
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Computation of the index of B. We first show that the index of %3 on Hrl is at most 2. We start by noting
that W(r) > VT’(r), where
3 r2

R TR

Hence, classical Sturm-Liouville theory ensures that U has less zeros than U, the unique solution to

1d]3d ] ~~ ~ .
PAoUl+ WO =0, TO=1. UT©0=0, (B-2)
r

r3dr

on (0, c0). Second, we look for U of the form U r)=Q@Q/ r2 U2 /2), with Ua sufficiently smooth
function. Denoting by s the new variable 2 /2, straightforward calculations yield that U is a solution to

L _ _
—d—2U+WU=O, Uuy=0, U'0)=1, (B-3)
s
on (0, o), where
W(s) = —2—
§S)=—————.
2(1+s/4)3

Setting then U(s) = /1 +s/4 ﬁ(l/«/l + s/4), we obtain that U is a solution to (B-3) if and only if U
is a solution to

2 d2 ~ d ~ 2 ~ ~ ~/
"—U+1—U+ (967> — 1)U =0, u)=0, U'(1)=-8,
dt? dt

on (0, 1). Hence, U is a combination of Bessel functions: ﬁ(t) =CJ({, 4\/61) +CY (1, 4/67).
We compute (C;, C) and draw the explicit combination with Maple (Figure 1). The computed solution
U has two zeros on (0, 1). Moreover, it diverges at 0 so that U (t) ~ K/t close to O with K #0, As a

0,25

0,2

L

‘@
T

=)
—

0,05

., e —

I ™ L B P . R R
0 01 02 03 048506 07 0,8 03 1,0
tau

k=]
=

IR = 0 0 I I O O A |

o
=
o

|

0,1

Figure 1. Solution to (B-3) computed by Maple.
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Figure 2. Solution to (B-1) computed by MAPLE.

consequence.

T T T T T T
120 140 160 180 200

l}(r)N%K;éO when r — o0,

and thus the index of —A + W on I-'Irgd is exactly two. Hence the index of % is at most 2.

821

Choice of the orthogonality conditions. We now invert %. We first check numerically that the solution

U does not vanish at infinity, that is,

lim U(r) > 0;

r——+00

see Figure 2.

Hence U is not a resonance — note that if U had been a resonance, we could have removed the

resonance by diminishing a bit the potential and getting a potential with index 2 and no resonance — and
thus from standard ODE arguments [Fibich et al. 2006] there exists unique smooth solution in H! 4 of

1 d

d
BU =———|r—U |+ WU =,

r3dr| dr
on (0, 00), with (1 +r%)U € L*™, and
1 d

g
BU =———|r*—U|+WU =0,

r3dr| dr

on (0, co), with (1 + rz/log r)U € L*°. We denote by B~y and B~ P the respective solutions to these

systems. We recall the explicit formula

Q(r)=DAQ(r) =

2-3r%/4

(1+72/8)3

U'(0) =0,

(B-4)

(B-5)
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In the remainder of this section we check numerically that the restriction of B to Span(®B~'v, B~ ®) is
negative definite, or equivalently:

@By, y) B, 9)

Lemma. The symmetric matrix B = [(%—lcp, V) B0, D)

:| satisfies

(B W, ¥) <0 and det B> 0, (B-6)

and is thus negative definite.

Numerical proof. We use standard MATLAB routines for the computation of solutions to (B-4) and
(B-5). We note that we only fixed the initial value for U’(0). The value U (0) is left open in order to
achieve the expected decay at infinity that characterizes the inverse. To obtain B~'1, we first compute
Y. We obtain that the corresponding eigenvalue is approximately [ = —0.5860808922. Because
decays exponentially, we only need to obtain an approximation on a short time-range. We computed
our solutions until Ty, max = 30. We emphasize here that we use an explicit scheme. As a drawback, the
accumulation of errors tends to make the numerical solution become negative when the exact solution
is exponentially small. Hence, our scheme becomes unstable after time Tl//,max = 18. Nevertheless,
we extend our numerical solution by O after this time. This induces an exponentially small error. The
pictures in Figure 3 illustrate this computation. On the left-hand side we draw the obtained solution. On
the right-hand side, we draw VYiest(r) = ¥ (r) exp(\/—_lr). We observe here that our solution enters the
exponential asymptotic regime before the instability comes into play.

The solution B~ is computed with the extension of 1. Straightforward ODE analysis shows that
the unique solution decaying fast at infinity behaves like 1/r2 asymptotically. The choice of U(0) is
made with respect to this criterion. Figure 4 illustrates that we obtained a solution with the suitable decay.
As previously, on the left-hand side is a picture of the numerical solution. On the right-hand side we
plot B~ (r) = r’B =14 (r). In the latter computations, this solution is involved in scalar products

Eigenvector Psi on r=0..30 Exponential decay of the eigenvector

12 2
P
5 15 / \\\
08 B 1 \\
N
i = h NG
061 | = o5f ~
7] é T —
2 g o -
04t 5 0 \\\ i
02f \ E —05F 1
\
0 — - i

Figure 3. Numerical simulations for .
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APsion r=0..30 Asymptotic behavior of Apsi
02 T 50 T T
N
o1y ‘ \\ wol //
AN /
ot T f
‘ 0t /
|
-0.1 oL “"
g = 20 |
< & |
-02 “ < |
|
10 |
-0.3 ‘
[ |
ol |
—0.4f |
| X\,
-0 :O 5‘0 1 60 1 E‘:O 260 ZELU 300 - 0O 5‘0 1 lI)O 1 5‘70 260 ZéO 300

r r

Figure 4. Numerical simulations for B3~ 1.

with . Hence even if drawn until Tj,x = 300, we only need a precise computation of this solution until
Tp-1y max = 18.

The last solution B~ ® is computed with the same method. In this second case, the expected decay of
the solution is log(r)/r?. Figure 5 illustrates that we obtained a solution with the suitable decay. The
picture on the right-hand side restricts to the time-interval r = 0... 100 because this is the significant
region. In the latter computations, this solution is involved in integrals which converge slowly. Hence, we
compute this solution until 751y, = 1000.

We now compute numerically the entries of the matrix B. We first compute (B, ¥) =By, P).
The exponential decay of ¥ implies that we need to compute the first integral (B3~ ®, ¥) on a shorter
time-interval. Hence, we prefer this computation to the second one. We compute the L? scalar products
with a standard trapezoidal method. Changing the time-interval and the time-step, the computations are

. AQ on r=0..100 Asymptotic behavior of AQ
100
2 \\\ 1 80
1 \\ ] 60
N
/ S~ .
or | = 40p |
+ \
g g 2
g - 1 £ 20 |
z \
g 0
-2 \
{ ° \
\\
N\
- -20 \\
N
-4 -40| \
T
_5! L 1 L L L 60 L L kl I B e
0 20 40 60 80 100 -0 200 400 600 800 1000

Figure 5. Numerical simulations for B~ ®.
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Convergence of (M)
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Figure 6. Computations for (3~ ®, ®).

stable up to an error of 1072. We get the following approximations for the integrals involving v:
B, ) =—-4.63£10"% and (B~'d, y)=32.65+1072.

The last integral is a more involved computation. Indeed, standard real analysis implies that
M
[(M):= / B OO P (r)r*dr = (B0, D) +err(M),
0

with a remainder satisfying err(M) = (K + o(1)) In(M)/M 2 for some constant K. This remainder
goes to 0 slowly; we see numerically that our computations have not converged even after integrating
until Tp-1¢ max = 1000 (see Figure 6, red crosses). To improve the rate of convergence we compute an
approximation of coefficient K and subtract the estimated error term of our computations. This yields the
blue circles in Figure 6. In this second computation we obtain a very good rate of convergence. Hence,
we get the approximation (B~'®, ®) = —574.25 £+ 1072, which leads to

det(B) = 1591 £ 10,

concluding the numerical proof of the lemma. O

Appendix C: Some linear estimates

We start by recalling some obvious integration-by-part results:

Lemma C.1. For any N > 3, there exists a constant C for which there holds, for any v € Hrgd([RN ),

s 1/2
[ Iv(y)l} + sup (|y|(zv—2)/2|v(y)|)§c[/Rn |Vv(y)|2} : (€D

RN |)7|2 yeRN

Looking for control on further derivatives, we prove a lemma.
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Lemma C.2 (Hardy inequalities). Let N = 4. Then forall R > 2 and v € Hfdd([RiN ), we have

dyvl?
/ | ;’;' < / (Av)?, (C-2)
/ |v]? </ |ayv|2+/ WP (C-3)
Y=<R y4(1+|10g)7|)2 ~ Y=<R y2 y<2 ’
vl? |9, v]?
/ — SlogR 4+ lv|. (C-4)
R<y<2R Y y<R Y y<2

Proof. Let v be smooth. (C-2) follows from the explicit formula after integration by parts,

5 N—1 2 ) ENE
/(Av) :/ awHTayv :f(ayyv) +(N—1)/ o

To prove (C-3), let a € [1, 2] be such that

lv(a)|* 5/ . (C-5)
I<y<2

Let f(y) =—(1/y3(1 +1log(y))) e, sothat V. f = 1/(y*(1 + [log y|)?), and integrate by parts to get

/ L :/ lv|®V - f
a<y<R y4(1 +10g )’)2 a<y<R

R

lv|? vdyv
1 +1log(y) |, y<r y>(1+logy)
12 o 172
|v]? |0y v]
<@+ (/ —> (/ . (C-6)
y<R y4(1 + |10gy|)2 y<R y2

similarly, using f(y) =(1/y*1 - log(y))) ey, we get

/ 4#22=f PPV f
e<y<a y (l_logy) a<y<R
|v]? ] / 1
=|—| +2 | vopv———
[1—10g(y) . v<a ¥ (1—logy)

5 1/2 S\ 12
S o 18,0] _
N|v<a>|+(/ R O Y e
y<R Y gy y<R Y

(C-5)—(C-7) now yield (C-3). The last inequality (C-4) is a straightforward variant of [Raphaél and
Rodnianski 2012, Lemma B.1, (B.4)] and is left to the reader. O
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Lemma C.3 (coercivity estimates with H). Let Y be the first eigenvector of H. Then there exist ¢ > 0
and My > 1 such that for M > My, there exists §(M) > 0 such that given u € Hrlad(lRN), we have

(Hu,u) > c / (dyu)* — %[m, ¥)? + (. xm®)?]. (C-8)
/(Hu)2>5(M) U (0yu)? +f w }— Ly @)? (C-9)
- »2 Y1+ llogyD? | sy M

Proof. (C-8) is a standard consequence of the coercivity of the linearized energy which admits exactly v
as bound state and A Q as resonance at the origin, the good enough localization of ® from (2-1) and the
nondegeneracy from (2-2). The detailed proof is left to the reader.

To prove (C-9), we first observe the key subcoercivity property

/(Hu)z=/(Au+Vu)2=/(Au)2—2/ V(ayu)2+/(AV+V2)u2

>cl| [ (au)?+ w L[ @ e (C-10)
_CU ! /1+y6} E[ 1+ y* /1+y8]’ )

where we used the asymptotic value

N 2 -2 1
(V+ i(N )|:1+0<F>] as y — +o0.

(C-9) now follows by contradiction. Let M > 0 fixed and consider a sequence u,, such that

(Byun)? / u?
n -1 C-11
/ y? - y*(1 + [log y|)? (1D

/ (Hu,)* < % (s xu®) = 0. (C-12)

V(y)=

and

Then by semicontinuity of the norm, a subsequence of u,, weakly converges to a solution u, € Hl%)c of

Huo, =0. The solution u is smooth away from the origin and hence the explicit integration of the ODE

and the regularity assumption at the origin u € Hll)c

Uso = aAQ.

imply that

On one hand, the uniform bound (C-11) together with the local compactness of Sobolev embeddings
ensure that, up to a subsequence,

(ayun)z |un|2 N (3yuoo)2 |uoo|2
1+y4 1+y8 1+y4 1+y8

thanks to the x;s localization. We thus conclude that

and  (up, xMP) = (Uoo, XuP),

a(AQ, xu®P) = (Uoo, xuP) =0

and thus & = 0. On the other hand, the subcoercivity property (C-10), the Hardy control (C-2), (C-3) and



SMOOTH SOLUTIONS TO THE FOUR-DIMENSIONAL ENERGY-CRITICAL WAVE EQUATION 827

(C-11), (C-12) ensure that
(Byun)? u?
—+ | ———>C >0,

1+y4 1+y8 =
from which
2 [/ (3,AQ)? +/ IAQI2] _ / @yuoe)® [ lusol®
1+ y* 1+ y8 1+ y* 1+y8
and thus @ # 0. A contradiction follows. This concludes the proof of (C-9) and of Lemma C.3. (|

Straightforward computations show that the coercivity estimates with H can be adapted to any of the
operators H, yielding, for any A > 0 and u € HrLd(RN ),

1
(Hyu,u) > c / (yu)? — W[(”’ W)+ @, (i ®))?] (C-13)

for the same ¢ and §(M) as in Lemma C.3.
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NONCONCENTRATION IN PARTIALLY RECTANGULAR BILLIARDS

Luc HILLAIRET AND JEREMY L. MARZUOLA

In specific types of partially rectangular billiards we estimate the mass of an eigenfunction of energy E in
the region outside the rectangular set in the high-energy limit. We use the adiabatic ansatz to compare
the Dirichlet energy form with a second quadratic form for which separation of variables applies. This
allows us to use sharp one-dimensional control estimates and to derive the bound assuming that £ is not
resonating with the Dirichlet spectrum of the rectangular part.

1. Introduction

We study concentration and nonconcentration of eigenfunctions of the Laplace operator in stadium-like
billiards. As predicted by the quantum/classical correspondence, such concentration is deeply linked with
the classical underlying dynamics. In particular, the celebrated quantum ergodicity theorem roughly states
that when the corresponding classical dynamics is ergodic then almost every sequence of eigenfunctions
equidistributes in the high energy limit (see [Schnirelman 1974; Colin de Verdiere 1985; Zelditch 1987]
and [Gérard and Leichtnam 1993; Zelditch and Zworski 1996] in the billiard setting for a more precise
statement). In strongly chaotic systems such as negatively curved manifolds, it is expected that every
sequence of eigenfunctions equidistributes. This statement is the quantum unique ergodicity conjecture
(Q.U.E.) and remains open in most cases despite several recent striking results (see for instance [Faure
et al. 2003; Lindenstrauss 2006; Anantharaman 2008; Anantharaman and Nonnenmacher 2007]). On
the other extreme, the Bunimovich stadium, although ergodic, is expected to violate Q.U.E. Indeed, it is
expected that there exist bouncing ball modes, i.e., exceptional sequences of eigenfunctions concentrating
on the cylinder of bouncing ball periodic orbits that sweep out the rectangular region (see [Bécker et al.
1997] for instance). The existence of such bouncing ball modes is still open and only recently did Hassell
prove that the generic Bunimovich stadium billiard indeed fails to be Q.U.E. (see [Hassell 2010]).

Our work is closely related to the search for bouncing ball modes but proceeds loosely speaking in
the other direction. We actually aim at understanding how strong concentration of eigenfunctions in
the rectangular part cannot be. We thus follow [Burq and Zworski 2005], where it is proved that even
bouncing ball modes couldn’t concentrate strictly inside the rectangular region. This was made precise by

Marzuola was supported in part by a Hausdorff Center Postdoctoral Fellowship at the University of Bonn, in part by an NSF
Postdoctoral Fellowship at Columbia University. He also thanks the MATPYL program, which supported his coming to the
University of Nantes, where this research began. Hillairet was partly supported by the ANR programs NONaa and Methchaos.
MSC2010: primary 35P20; secondary 35Q40, 58J51.

Keywords: eigenfunctions, billiards, nonconcentration.
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Burq, Hassell and Wunsch in [Burq et al. 2007], where the following estimate was proved:

lull 2y = E~ ull 2o

in which [lul|z2(py and [u||z2(q) denote the L? norm of the eigenfunction u in the wings and in the
billiard, respectively.
Our main result for the Bunimovich stadium is the following:

Theorem 1. Let Q2 be a Bunimovich stadium with rectangular part R := [—Bg, 0] x [0, Lo]. We set
W = Q\ R and denote by X the Dirichlet spectrum of R, i.e.,

k2 2 [2 2
Y= T +—n,k,leN )
Ly Bj

For any ¢ > 0 there exists Ey and C such that if u is an eigenfunction of energy E such that E > E¢ and
dist(E, X) > E ¢ then the following estimates holds:

548
lull2@) = CE & |ullL2gwys

This bound improves on the Burq—Hassell-Wunsch bound provided that ¢ < %. It is natural that the
smaller ¢ is the better the bound is. Indeed, the condition on the distance between E and ¥ is comparable
to a nonresonance condition and should imply heuristically that # must have some mass in the wing
region. It is quite interesting to have a quantitative statement confirming this heuristics. We will actually
give a more general statement concerning more general billiards (see Theorem 2). In particular we will
consider billiards with smoother boundaries (see Section 2) disregarding the fact that these may not
be ergodic. Here again we expect the bound to be better when the billiard becomes smoother and this
statement is made quantitative in Theorem 2.

The method we propose relies on comparing the Dirichlet energy quadratic form with another quadratic
form arising from the adiabatic ansatz presented in the numerical study of eigenfunctions by Bécker,
Schubert and Stifter [1997]. This adiabatic quadratic form has also appeared recently in [Hillairet and
Judge 2009] in the study of the spectrum of the Laplacian on triangles. These two quadratic forms are
close provided we do not enter too deeply into the wing region so that the nonconcentration estimate
really takes place in a neighborhood of the rectangle that becomes smaller and smaller when the energy
goes to infinity (see Sections 4.3.3 and 4.6.1). Since the new quadratic form may be addressed using
separation of variables, we will show precise one-dimensional control estimates and then use them to
prove our results. We have separated these one dimensional estimates in an appendix since they may be
of independent interest. Finally, we remark that the method can be applied to quasimodes with some
caution (see Remark 5.2) but there are no reasons to think that the bound we obtain is optimal.

2. The setting

Let L be a function defined on [— By, B1] with the following properties:

- For nonpositive x, L(x) = Lo > 0.
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K L(x)
(=Bo, Lo) /

R

(=B, 0) (bo.0) (B1,0)

Figure 1. An example of a billiard €2.

- On (0, By), L is smooth, nonnegative and nonincreasing.
- When x goes to By, L’ has a negative limit (either finite or —o0).

- For small positive x, we have the asymptotic expansions
L(x)=Lo—crx’ +o0(x¥), L'(x)=—cryx’ 1 4+o(xr1 (2-1)
for some positive ¢z, and y > %
The billiard €2 is then defined by
Q={(x,y)| -Bo<x=<B;,0=y=<L(x)}.

See Figure 1 for an example of an applicable billiard. For any b < By, we will denote by Q2 :=
QN{x <b}andby Wj, :=QN{0<x <b}.

We study eigenfunctions of the positive Dirichlet Laplacian, A, on 2. Namely, we study solutions u g
such that

Aug = —(Bi + 3%) ug = Eug and uglyg =0,

where E > 0.
We may formulate this equation using quadratic forms. We thus introduce ¢ defined on H'(2) by

q(u) 2/ |Vu|*dx dy.
Q

The Euclidean Laplacian with Dirichlet boundary condition in €2 is the unique self-adjoint operator
associated with ¢ defined on HO1 (2). We denote by ¢, the restriction of g to H'(Q}) and by Ap the
Dirichlet Laplace operator on 2. We will also denote by %, the set of smooth functions with compact
support in Q4.

3. Adiabatic approximation

Motivated by the well-known eigenvalue problem on a rectangular billiard and computational results in
[Bécker et al. 1997], we introduce a second family of quadratic forms aj and compare it to gp.
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For any b < B and any u € %, Fourier decomposition in y implies that

u(x,y)= Zuk(x)sm(L() )

L(x)
J

each Fourier coefficient uy is given by

L(x) k
ug(x) = %/0 u(x,y) sin(Ln(x)y) dy.

Since

Y

2 L(x)
Sln(kﬂm) d =

2

For such u, we define

ap(u) = Zf(mwz Uum@””

keN

mw—2/|wn LISIPN

keN

Observe that for each fixed x, Plancherel’s formula reads

L(x)
ol 552 = [T e .

2
keN

so that we get Np(u) = by integration with respect to x.

1120,

(3-1)

Fixing some 0 < by < By, and using that L is uniformly bounded above and below on [— By, bg] we

find a constant C such that for any b < by and u € L*(Qp):

0
—1 2 2 2
C M ullg, = Y Nuklli2_p,p) = Clulg,-
k=1

(3-2)

The quadratic form a; appears as the direct sum of the following quadratic forms ap x (that can be

defined on the whole function space H'(— By, b)):

b kim L(x)
R / 2 2
%ﬁwy—[ﬂKW| L%)||) “ .

Recall that, on an interval 7, the standard H! norm is defined by
1
lull s = (1122 + Nl 20)

so that, for any k and b < By and any u € 63°(— By, b) we have

) k?rm? k%m?
min( 25). )l < anetw) = max( Lo o )l

L(b)

(3-3)

(3-4)

(3-5)
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1 . .
The norm a Bk thus defines on H'(—By, b) a norm that is equivalent to the standard H I norm.

3.1. Comparing ap and qp. To compare ap and ¢qp, we introduce the following operators D and R
defined on % by
yL'(x)
Lio 7"
Du = dxu + Ru.

Ru =

Using the Plancherel formula for each fixed x and then integrating, we obtain
ap(u) = / | Du|? + |8yu|2 dx dy.
Qp

from which the following holds for any u, v € %p:

ap(u,v) —qp(u,v) = (Du, Dv) — (dxu, dxv)
= (0xu, Rv) + (Ru, Dv), (3-6)
= (0xu, Rv) + (Ru,dxv) + (Ru, Rv). (3-7)

We thus obtain the following lemma.

Lemma 3.1. Let § be the function defined by
8(b) = sup [L'(x)| + sup |L'(x)|*.
(0,6] (0,6]
Then for all u,v € Dy
1 1
a1 v) = g0, )| < 8(B)-q 2 () -4 (v).

Remark 3.1. The function § is continuous on (0, B;) and §(b) = O(b¥~!) when b goes to 0.

Proof. In (3-7), we use the Cauchy—Schwarz inequality, max (|| Du/|, ||0yu|) < aé (u), and the fact that
y/L(x) is uniformly bounded by 1 on 2. |

The following corollary is then straightforward.

Corollary 3.2. For any 0 < b < By and any u € H' (), the linear functional A defined by A(v) :=
ap(u,v) —qp(u, v) belongs to H~1(Qp). Moreover

A -1, =8O ullgi(g,)-
4. Nonconcentration

4.1. Preliminary reduction. Let u be an eigenfunction of ¢ with eigenvalue £. And define the associated
linear functional A using Corollary 3.2.
Integration by parts shows that for any v € HO1 (2p) we have

qp(u.v) = E-(u,v)12(q).
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so that
ap(u,v)— E - Np(u,v) = A(v). 4-1)

We now deal with this equation using the adiabatic decomposition. We thus define Ay, as the distribution
over 9 such that, for any v € 9,

Ar(v):=A (v(x) sin(kn%x))) . (4-2)

Remark 4.1. From now on, u will always denote the eigenfunction that we are dealing with. We will
denote by uy the functions entering in the adiabatic decomposition of u, by A the linear functional
associated with ©# and by Ay the one-dimensional linear functionals that are associated with A.

A straightforward computation yields, that for any v € % we have

b
anstie )= E- [ a0 5 dx = A,

where ap, j is the quadratic form defined in (3-3).
An integration by parts then shows that, in the distributional sense in (— By, b), we have

1 d , k*m? ~
7 7 L) + (T—E)”k = Ay, (4-3)
where the linear functional Ay is defined by
% 2
Re) = Mg (5 -v). (4-4)

Remark 4.2. Since L is not smooth, this definition of A i doesn’t make sense as a distribution. However,
in the next section, we will prove that Ay actually is in H~! and, since multiplication by 2/L is a
bounded operator from H'(— By, b) into itself, we thus get that A « 1s a perfectly legitimate element of
H~!. Moreover, for any b there exists C(bg) such that for any b < by, and v € @, we have

2
24 iy = O

We denote by Py the operator that is defined by

and we try to analyze the way a solution to equation (4-3) on (— By, b) may be controlled by its behavior
on (0, b).

The strategy will depend upon whether & is large or not, but first we have to get a bound on A in
some reasonable functional space of distributions.
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4.2. Bounding Aj. In this section, we prove that each A is actually in H~!(— By, b) and provide a
bound for its H~! norm.

We first note that, using (3-4), for any F € H~!(—By, b):

wp FOL_ L 1F@)
¢€§Db ||¢||H1 ¢€@b ||¢/||L2

I Fll -1 Bo,b) * (4-5)

Using (3-6) in the definition of Ay — see (4-2) — we obtain

Ar(v) = <8xu,R (v(x) sm(knm))> + <Ru,D (U(X) Sln(k”m))>

Denote by A (v) the first term on the right and By (v) the second term. By inspection, we have

k b b
Ar(v) = 771/ (x)L(( ))Fk(x) dx and Bp(v):= %/0 v/ (X)L (x)G (x) dx,

where we have set

2 L(x)
Fr(x):= m/o Ly - yoxu(x, y)‘cos(knm) dy, (4-6)

2 L(x)
Gr(x) = Tx)/o lw - yoyu(x,y)- sin(knm) (4-7)

Since u € H'(Q), Fj, and Gy are L?(0, b) and we can estimate the H~! norm of Aj using them.

Lemma 4.1. For any by < By, and given Ay and Fy., Gy defined as above, there exists C = C(S2p,)
such that

1Akl -1 = CKBY || Fill 20, + 5" 1 GicllL20,6))- (4-8)

Proof. We estimate Ay (v), using first an integration by parts

k b x g/
== [ v ([ A ds) a

Using the Cauchy—Schwarz inequality and the fact that L'(£) = O(£7~!) we have

‘ / L)
o L©®
Inserting into Ay (v) and using the Cauchy—Schwarz inequality again we get

| A (v)| < C - (kB FillL20.6) - 1Vl L2(— By 5)-

which gives the claimed bound using (4-5).

1
1
< Cx% 2N FrllL2c0.6)-

Next, the second term is estimated using directly the Cauchy—Schwarz estimate and the fact that
suppg py IL'(x)| < ChY~1. We get

|Bk()] < C-6" M Grllz2(0.) - 1V L2 By 5)-

That gives the claimed bound using again (4-5). O
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Define F := 1y dxu and G := 1y d,u. By definition, F (x) is the Fourier coefficient of the function
F(x,-) with respect to the Fourier basis

(y > cos(kni)) .
L(x) keNU{0}

Using the Plancherel formula we get

L(x) L(x)
Fr(x)?—= F(x, y)|%dy.
E & (x) 5 5/0 |F(x, y)|~dy

k>1

For the same reason, but using this time the sin basis, we have

L(x) L(x)
Gr(x)?—— = G(x, y)|*dy.
> G /0 G Cx, )2y

k=1
Integrating with respect to x and bounding y from above and L (x) from below uniformly we get:

Lemma 4.2. For any by there exists C depending only on the billiard and by such that, for any b < by,

Y N F 200y = ClOxulF 200, (4-9)
k=1
Z ”GkHiZ(O’b) = C”ayuHEZ(Wb)- (4-10)
k=1 s 2
We now switch to the control estimate. We begin by dealing with the modes for which LZ —E>FE.
0
4.3. Large modes.
4.3.1. A control estimate. Equation (4-3) may be rewritten as
k?m?
_u//+ ——E u :h s 4-11
where /1 is the element of H~! defined by
- L
hyg = A + fu;‘ (4-12)
The H~! norm of &y, is now estimated as follows:
22
Lemma 4.3. There exists a constant C := C(bg) such that for any b < by and any k with km” E>FE

> >
the following estimate holds: Lo

Ikl -1 By.by < CO)(KDY | Ficll20.) + 07 " NGkl20) + b lukllpzpy)-  (4-13)

Proof. Using Remark 4.2, the norm of A k 1s uniformly controlled by the norm of Ay and the latter is
estimated using Lemma 4.1. To estimate the H~" norm of (L’/L)u], we first set v = (L'/L)u)_and

remark that
L/ / L// (L/)Z
(G- (- L)
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We choose a test function ¢ and estimate

b Ll /
I = / (—u ) dx.
1 s\ T k] ¢

We perform an integration by parts, use that L’(x)/L(x) < CbY "1, then apply the Cauchy—Schwarz
inequality to get

b L/ /
'/—Bo (Iuk) ¢ dx

We then estimate . ,
I = ‘/_B (L (x)  (L'(x) )u(x)¢(x)dx

_ b L'(x) ’
| [ s ) ds

< Cb" Mugll20.6) 18 | L2(— By 1) -

L(x) L2(x)

We perform an integration by parts, use that

-2
< Cx}77,

‘L”(x) (L)’
L(x) L2(x)

then twice apply the Cauchy—Schwarz inequality to get

b x
L<C / ) ( /0 E2u(®)] ds) 16 (o)l dx < B ull 201 22c0.5)-
—D0

The claim follows using (4-5). O

The variational formulation of equation (4-11) is given by

b b k22
uy v dx +/ ( —E)u vdx = hi(v). 4-14)
/_Bo k L2 ) ¢

Since k%7?/ L% — E > E, the left-hand side is a continuous quadratic form on HO1 (—=Byg, b), so that,
by Lax—Milgram theory, there is a unique vy in HO1 (— By, b) satisfying (4-11) in the distributional sense.
The following lemma allows us to estimate the L2 norm of this v.

Lemma 4.4. There exists a constant C depending only on by but not on b < by, k, or E such that, if
E>1and kznz/L(z) — E > E, the variational solution vy, in H(} (— By, b) to equation (4-11) satisfies

1, 1,
lvkll L2~ By.b) < Cb0) (B | FicllL2(0.6) + E~ 207 T Grll 20,0y + E 207 gl 200 (4-15)

Proof. Since vy, is a variational solution, putting v = vy, in (4-14) we get

b . 5 b k272 5
[, wkas + [ (5= )P = oo @16)

In the regime we are considering the second integral on the left is positive, so that we obtain

b
/B o (O dx < 1)l < Ikl vkl -
—Do
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Since vy is in HO1 (— By, b), Poincaré’s inequality gives c(b), a positive continuous function of b defined
for b > — By and satisfying

b
[ wieordx = coylud
—By
This gives a constant C depending only on bq such that, for any 0 < b < by, we have

Ikl = CllAgl -1 -

We now use (4-16) again to obtain

k27T2 b 5 5
( i —E)/ ok )P < Wil loellas < Cligly—
L2 ~Bo

with the preceding bound. Using the estimate (4-13) we obtain

1

k?m? 2 _ _

( = —E) okl g0y = C D1 Fkllzzos +57 Gk 20 + 57 uklzzo)-
0

We divide both sides by (k2m?/ L% —-F )%. The coefficient in front of b” || Fi || 2o p) is bounded by a
constant that is uniform in k, using the fact that

k? L2 (1+E) §(1+E)
sup —————— = sup — = |=— —=].
kzﬂz/L%_EzEkzﬂz/L(z)—E ZzETFZ 4 7'[2 E
For the two other terms, we use simply that k272 / L(z) — E > E. This gives the lemma. O

We can now let wy = uy — vg. By construction, wy is a solution to the homogeneous equation

” kzﬂz _
—w" 4+ (Lz(x) —E)w =0. 4-17)

Moreover, since both u; and vy, satisfy Dirichlet boundary condition at — By we have that wy (—Bg) = 0.
Since the “potential” part in equation (4-17) is bounded below by E, concentration properties of
solutions may be obtained using convexity estimates.

Lemma 4.5. For any b < by, any solution w to (4-17) such that w(—Bg) = 0 satisfies

b b
b/_BO|w|2(x)dx§(Bo+b0)/0 lw|?(x) dx.

Proof. Multiplying the equation by w we find

k2m?
—w'w+ | —=——E Juw?=0.
L2(x)

It follows that (w?)” > B2w?, for some positive B (here B2 = 2E).
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Since w(—By) = 0, using the maximum principle on [— By, &], we obtain for all —By < x <& < by

sinh(8(x + By))

sinh(B(§ + Bo))

For any ¢ € [0, 1], define x(¢) = —Bo+t(Bo+b) and £(z) = tb. Since for any ¢ we have —By < x(¢) <
£(t) < by, we may integrate the preceding relation:

w?(x) <w?(§)

sinh(B(x(¢) + By)) .
sinh(B(§(1) + Bo))

Since sinh is increasing the quotient of sinh is bounded above by 1 and we obtain

1 1
/wz(x(t))dtff w?(£(1))
0 0

b b
2 2
b/_BOw(x)dxf(Bo-l—b)/O w(x) dx. |

Putting these two lemmas together we obtain:

Proposition 4.6. There exists a constant C depending only on by such that for any b < by, for any k and
E such that k*n*/L} —E > E and E > 1,

_1 1,3 _1
kL2 Bypy < C (BT 21 Frll20,8) + E7 26" 211Gk Ml L2(0.p) + 07 2 Ntk L2¢0,5)) (4-18)
for C = C(by).
Proof. According to Lemma 4.5 we have
_1
lwillL2(=Bo.b) = CO™ 2 lwill£2(0,8)

where w; = uy — vg and v is the variational solution constructed above. Using the reverse triangle
inequality, we obtain

1 1o _1
lullL2—Bopy = CO 2 lluk 20,6y + (C +bg)b™ 2 vkl L2(— By, 5)-
The claim will follow using estimate (4-15) of Lemma 4.4. Observe that the prefactor of [|ug|| 129 p) is
at first (up to a constant prefactor)
b2 4+ hIETIHY Y
Since E~257 ! is uniformly bounded we obtain the given estimate. O

4.3.2. Summing over k. We will now sum the preceding estimates over k. We thus introduce

. kmy
up(r.y) = Y, w(x)sin
L(x)

k?n2/Lo—E>E

and prove the following proposition.

Proposition 4.7. There exist by and Eo and a constant C depending only on Eq and by such that, if u is
an eigenfunction with energy E > Eq and b < by, then

s 1220ry < COP oxullly, + E7 02 10yulZagpey + b ul22g):
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Proof. We square estimate (4-18), sum over k, and use (3-2) and Lemma 4.2. O

Observe that the controlling term in the preceding estimate is supported in the wing region. However,
compared to the usual bounds (as in [Burq et al. 2007]) there is a loss of derivatives since we need du
and dyu in the wings.

Corollary 4.8. Let by and E be fixed. There exists C depending on the billiard by and E but not on
the eigenfunction nor on b < by such that

lu 320y < C(B7 T E + 07 ul sy + 5 ullZ2y)-
Proof. We bound ||8xu||iz(Wb) and ||8yu||i2(Wb) by E||u||iz(9) and use the fact that the norm over W,
is less than the norm over W. |

It remains to choose b in a clever way to obtain the desired bound.

4.3.3. Optimizing b. We will choose b to be of the form M ~! E~ for some constants M and « to be
chosen. As long as « is positive, there is some large E such that for any E > Fy then b = M E™% < by
so that we can use the preceding proposition.

We obtain

luslFocpy < C(M'TE@=D 4 @)y, o) + ME®|ul}a).  (4-19)
It remains to make good choices to obtain the following proposition.

Proposition 4.9. There exists Ey and C depending only on the billiard such that for any u eigenfunction
with energy E > E the following holds:

1
”“-i—”iZ(R) = %”””22(9) + CE2v-1 ”u”iZ(W) (4-20)

Proof. We choose o := 1/(2y — 1) and M such that CM 1727 = %. For E large enough, E~%(2r—3)
goes to zero. It is thus bounded by 1/(8C) for E large enough. Substituting in (4-19) we get (4-20). O

4.4. Small modes. We now consider modes for which k272 / L% — F < E, and this time we rewrite the
equation Py (uy) = Ay in the form
—u% — zruy = hy, (4-21)

in which we have set z; := E —kznz/Lg and
~ L, k*(1 1
M= e et n—(f ) L_)k
0
4.4.1. The control estimate. Since z; > —E we can use the results of the Appendix to control the term
ek || L2(—By,b)- To do so, we need to estimate the norm of /2 in H='(—By.b).

Lemma 4.10. There exists some constant C depending only on by such that, for any b < by and any k
such that kznz/L% — E < E, the following holds:

12kl =1 By ) < C (kDY | Ficll 20,5y + 57 " Gl L20.) + (7" + K2BY T D) lukllp20,))- (4-22)
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Proof. From the definition,

- L, k*(1 1
Mo = Mt f“ﬁ;(ﬁ‘ﬁ)”k
0

and estimate each term separately. The first term is estimated using Lemma 4.1 and Remark 4.2. The
second is estimated as in the proof of Lemma 4.3. The same method applies to estimate the third term.

b 1
I = ‘ /_ BO(L_g‘Lz—m)”k(x)¢(x) dx

and observe that the quantity in parentheses is O(X_Ji/_). Integrating by parts and using the Cauchy—Schwarz

We introduce

9

inequality twice gives
I3 < CH ¢ | L2005 Ikl L2 (0, ) -
Using the definition of the H~! norm (see (4-5)) and putting these estimates together yields the
lemma. O
For any E € R, define
k*n?  I’n?

E— =
2 2
L3

V(E):= min{

,(k,l)eNxN}.

0
Remark 4.3. Taking / = 1 in the definition shows that, for E large, we have
v(E) <cVE (4-23)

for some constant c.

Lemma 4.11. For any 8 > 0, there exists some ¢ such that the following holds. For any k such that
2k = E—k*n? /LY > B2,

Sin(Bo/Z0)] = c- "5_2

Proof. First we use that there exists some ¢ such that
[sin x| > ¢ dist(x,7Z) forall x € R.

We denote by [ the integer such that
lym

b4
dist|{ \/zx, —2Z | = |2k — —
is ( Zk B ) ‘ z B

’

so that we have ., -
k< _lkT[

_ I zk—12m?/ B} L2 B}
sin(Bo/Zk)| = ¢ |2k ——| = ¢ >c )
| | By VZk +lkm/Bo /7%

where, for the last bound, we have used the Lemma 4.12 below.
The claim follows by the definition of v(E). O
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Lemma 4.12. Fix o > 0 and denote by [ the (step-like) function on [0, 00) defined by
A —I(AM)a| = dist(h,aZ)
Then there exists some C such that
A+I(AMa <CA. forall A €]0,0).
Proof. Define f by
: A+I(A)a
SOy = SR
Since / vanishes on [0, /2], we have f(A) = 1 on this interval. Next, f tends to the limit 2 when A goes
to infinity. Finally, on [«/2, M| we have

10.) 2M +1

fO) =1+ —Ca<1+

Putting these estimates together, we get:

Proposition 4.13. There exists by and Ey and a constant C := C(bg, Eo) such that the following holds.

For any E > E, for any k such that kznz/L(Z) — E < E and for any b < by, we have the estimate
1

E _1
lurllL2(=By,b) = (E) (Ezby 3| Fy IL2¢0,6) +5” |Gy Iz20.8)+ (1 + EbYT2)b~ > ug I22(0.5))-
(4-24)
Proof. For any k we let z; = E —k*m?/ L% and use the estimates of the appendix combined with the

bound on A given by Lemma 4.10. For k such that z; corresponds to estimates (A-10) and (A-12) of
Theorem 3 we obtain

1 1
lurll 2= Bypy < C(O2 il gr-1(—Bopy + b7 2 lukllL2(0.0))
1 1 1
< C(kb" 2| FrliL200.) + 57 "2 1GkliL20.0) + (Y +k*DY T2+ 1)b™2 Il 2200.5))-

We now use that k = O(E %) in the regime we are considering. We also remark that bY + k2pY+t2 4+ 1 =
O(1 + EbYt2).

In the opposite case (for k such that z; corresponds to estimate (A-11)), we have to add a global
|sin(By/Zx)|~! prefactor. Using Lemma 4.11, we have
Y <C £
(E ) T w(E)

Isin(Bo/Z5)| ! < €
We thus obtain that, for any £k,

x| L2(—By.b) 1

E2 1 1 _1 1
< Cmax (1 o0 ) (7P oo + 57 HIGela + (1 E87F207 iz

Using (4-23), for large E we have E 1/2 /Vv(E) bounded from below, so that the claim follows. [
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4.5. Summing over k. We use the estimates of the preceding sections to obtain a control on |ju—|| 22 (R)

k
u—(x,y) = Z u(x) sin(Lj(T;)).

kzﬂz/L()—ESE

in which we have set

Proposition 4.14. There exists by and Eq and a constant C depending only on Ey and by such that if u
is an eigenfunction with energy E > Eg and b < by, then

I3 ry = € a1ty +0% Iyl gy (14 EBY 27 JulFagy).

Proof. We square (4-24) and sum with respect to k. The Lemma 4.2 controls _ || Fx[|> and Y || G« ||%.
Plancherel formula takes care of }_ ||uy||?>. We also use as before that the norm over W}, is smaller than
the norm over W. O

As for the large mode case, we get a corollary using the fact that ||dxu||? and ||dyu||? are bounded
above by E||u||%2(9).

Corollary 4.15. There exists by and Eo and a constant C depending only on Eqy and by such that if u is
an eigenfunction with energy E > Eq and b < by, then

E3 E? Eb~!
2 2y+1 2 1 +252 2
=By = €| (500" + oyt ) Il + (4 BB 2l |

4.6. A nonresonance condition. We now want to make the previous estimates explicit with respect to

E and b so that we can use a similar optimization procedure as for the large modes case. We thus impose
some condition on v(E). Namely, for any ¢ > 0, we introduce the set

k*z?  [*m?

2 2
LO BO

e :={E€R|V(E)>coE~*} = {E eR | ‘E— >coE ¢ fork,l e N}.

In other words, the set %, consists in energies that are far from the Dirichlet spectrum of the rectangle
[—Bo, 0] x [0, Lo]. Tt is natural to say that such energies are not resonating with the rectangle. The
coefficient ¢y which is irrelevant when ¢ > 0 has been chosen in such a way that Weyl’s law for the
rectangle implies that % is not empty. Note however that, although expected, it is not clear that there
actually are eigenvalues in %, nor for that matter in %,.

Once ¢ is fixed, the estimate of the Corollary 4.15 becomes

<C [(b2y+1E3+28 + b2y—1E2+28) ”u”iz(g) + (1 + Eby+2)2b—lE1+28”u”iz(W)].
(4-25)

-

4.6.1. Optimizing b. As before we let b = M E~* for some positive « and try to optimize the bound.

Proposition 4.16. Define o by

342 24 2¢
o = max , .
2y +1 2y —1
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There exists Eog and C such that for any u eigenfunction with energy E in #. such that E > E, the
following holds:

lu=1Z2cp) < 52y + C-E' T2 JulZ 2, (4-26)

Proof. With the given choice of « it is possible to choose M so that the prefactor of ||u|| 22(9) is % for E
large enough. The claim follows remarking that the definition of o implies
3 1
o= > )
2y +1 y+2

so that the prefactor (1 + EbY2)? is uniformly bounded above. |

5. Nonconcentration estimate
We now put all the estimates together to obtain the following theorem.

Theorem 2. Fix ¢, and define p by

24y 4+2(y+1e 142y +4ye
0 := max , .
2y +1 4y —2

There exists Eq and C such that any eigenfunction u of Q2 with energy E in %, such that E > E satisfies:

lull 2@y = C - E*|ull 20wy

1
»=1 SO that

the exponent for the small modes is always larger than the exponent for the large modes. Thus, adding

Proof. We first remark that whatever the exponent « is we always have 1 + 2¢ + a>1> 5

the estimates from propositions 4.9 and 4.16, we obtain
el < Hul2aq) + CE™F 254 ul2, 0.

Since ||u]| [u]| |u]| we get

2 _ | 2 o | 2
L2(R) L2(Q) L2(W)

%”u”%}(g) =1+ CE1+28+O[)”“”%2(W)

When F is large the constant 1 can be absorbed in the term with a power of E. The claim follows by
computing 1 + 2¢ + « for both possible choices of o and taking square roots. O

We state as a corollary the corresponding statement for the Bunimovich billiard (see Theorem 1).

Corollary 5.1. In the Bunimovich stadium, for any ¢ > 0 there exists Ey and C such that if u is an
eigenfunction of energy E in %, such that E > E then the following estimate holds:

548
6

lullz2@) = CE ¢ [lullL2gw)y-

Proof. Welety =2,s00 = max(4268, 5288). Since 4—268 < 5288

proof is complete. U

for any nonnegative ¢, the
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Remark 5.1. The bounds in [Burq et al. 2007] gives a similar control with 1 as the exponent of E. Our
bound thus gives a better estimate as long as ¢ < % As it has been recalled in the introduction, it is quite
natural that the nonresonance condition allows to get better bounds.

Remark 5.2. We could deal with quasimodes by adding an error term to A that is controlled by some
negative power of E. There will be mainly two differences in the analysis. First the second term A will
not have support away from the rectangle anymore and second, in the optimization process, we will have
to take care of the new error term (which will possibly change the range of applicable exponents).

Remark 5.3. By adding the estimates in propositions 4.7 and 4.14, we get a different control estimate,
where the control still is in the wings but now with a loss in derivatives. We haven’t tried to optimize this
bound.

Appendix: One-dimensional control estimates
The aim of this appendix is to provide a control estimate for the equation
—u'—zou=nh
on [— By, b] of the form

lullL2(=Bo,0) = Cilltllg—1(=By.p) + CallullL2(0,5)

in which we want an explicit dependence of the constants C; and C, on z and b. It is now standard (see
[Burq and Zworski 2005]) that if b is fixed then we can choose C; and C, to be independent of z but
what we need is an estimate when b goes to 0.

We first need a few preparatory lemmas.

Lemma A.2. For any ¢ > 0, there exists a constant C := C(g) such that for any b, for any h €
H™Y(=By, b) and any z such that z < (1 —&)7? /b2, there exists a solution v, € H(} (0,b) to
—v, —zvp = h,
in 2'(0,b) and
lvpllz2(0.6) = CPIAIE—1(~By.5)- (A-1)

Proof. First we note that 4, when restricted to (0, b) also belongs to H~1(0, b) and that ||/|| H-1(0,6) =
121l fr—1 (= By,b)- The proof follows from a standard resolvent estimate since, on (0, b), the bottom of the
spectrum of the self-adjoint operator v — —v” with Dirichlet boundary condition is 72/b%. We include
it for the convenience of the reader. We decompose v, in Fourier series:

Vp(x) = Zak sin(kb—nx).
k>1

We have

hix) = Z(k:zrz —z)ak sin(kb—nx);

k=1
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hence
, (k2x2/p2—z)*
||h”H*‘(O,b) - Z k272 /b2 |ak|
k>1
or
(1)
2 > 2252 inf k2m? 2 > cq2h=2 2
| ”H—I(O,b) - I;rzll 2242 ”UP”HI(O,b) Zcr ”vP”LZ(O,b)‘
The claim follows since the inf is bounded away from zero in the regime we are considering. O

Lemma A.3. Givenz < (1 —¢&)n?/b%, letw € H(} (—By. b) be a solution to
—w” —zw =0

in 9’ ((—Bg,b) \ {0}). Then there exists a constant A such that w = AG, in which the function G is
defined by
sin(y/Z(x + Bo)) sin(y/zb)

ifx <0,
G(x) = vz vz (A2)
sin(yZ(b —x)) sin(vVZBo)
if x > 0.
vz vz
Proof. Let w be such a function then necessarily there exist two constants 44 such that
i B
A_mﬂdﬁ;} o) iy <o,
we =g
A +M if x> 0.
Jz
By assumption w € H'! and hence is continuous at 0, so
L sin(/z Bo) _ AL sin(ﬁb)'

Jz Jz
In the regime we are considering sin(/zb)/+/z # 0, hence we can divide by this expression and express
A_ in terms of A4. The claim follows. O

We finish these preparatory lemmas by establishing the control estimate for multiples of G.

Lemma A.4. (1) For B such that 0 < 8 < i/ By, there exists By = B1(B) and C := C(B) such that,
for any z < B% and any b < By, the following estimate holds:

1

IGlL2(~By0) = CO21GlIL2(0.5)- (A-3)

(2) For any B,e > 0 there exists By := B{(B) and C := C(B, ¢) such that, for any b < By and
B2 <z <(1—¢)n?/b?, the following estimate holds:

1
b~ 2
G <C———|G . A-4
“ ||L2( By,0) si (\/EBO) || ||L2(0,b) ( )
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Proof. (1) We first assume that z < —Z g for some positive Zy. We set z = —w? and compute

0 : h2 b 0
[ 1G(x)|? dx = M / sinh2(w(Bo + x)) dx,
w —Bo

—B,
b : h2 B b

/ 1G(x)[% dx = wf sinh2 (w(b — x)) dx.
0 w 0

By a straightforward change of variables we get

0 : 2 a)BO
[ G dx = D) /0 Sinh2(8) .

—By
b L2 b

/ |G(x)|2dx=M[ sinh?(£) dE&.
0 w 0

fo sinh?(£) d&
sinh?(X)

/0 _ FwBy).

We set F(X) := , so that we finally obtain

2
|, JGoPdx = o8

It is straightforward that F(X) is positive, tends to 1 at infinity and that F(X)/X tends to % at0. Asa
consequence, there exists some C(Z) such that, for any z < —Z2,

b
|G(x)|? dx.
0

0 b
/ |G (x)|? dx < Cmax(l,(a)b)_l)/ |G(x)|? dx,
0

_BO

For b < B and w > Z, we have max(1, (wbh)™ ') <max(l,w~1)b~! < Ch~! which gives the claim
for this range of parameters.
We now assume that we have —Z g <z < 2. We have

0
/ G dx =

_BO

sin(ﬁb) ‘2 /0 sin(ﬁ(x + Bo) ‘261

Sln(«/_(x + Bo))
(X + By)

= b2

Sln(f b) ‘ /
By

‘ (x + Bg)? dx < Cb?,

where the constant C comes from the fact that the function sin(w)/w is continuous and its argument
belongs to a fixed compact set. On the other hand, by a simple change or variables we have

. 2 . 2
/b |G(x)|* dx = sin(vzBo) /b sin(v/zx) dx > cBZE
= > B —,

0 NE 0 vz 3
in which ¢ is given by
sin(+/z By) o ¢ sin(4/zx) 2
c=|— inf | ———~
JzZBy 0=x<By| /zx
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Using that sin(w)/w is continuous and does not vanish on (—oo, ) and choosing B; accordingly we
obtain the first bound.

(2) We first use homogeneity and prove the bound for G :=zG. We have
0 0
/ G (x)|* dx = |sin(ﬁb)\2/ Isin(v/Z(x + Bo))|” dx < By [sin(X)|?,
—Bo —By

in which we have set X := /zb. On the other hand we have

b b X
/ G (x)|* dx = \sin(ﬁ30)|2/ |sin(v/zx)|” dx =b-|sin(ﬁBo)|2.i/ |sin(£)|2dE,
0 0 X Jo

with the same X. Under the assumptions, X belongs to a compact subinterval of [0, 7). Since on this

interval the function
1

X —
Xlsin(X)|?
is continuous, the claim follows. O

Proposition A.5. There exist B and By := B1(B), such that if b < By and v € H(} (— By, b) satisfies

X
/0 sin(6)[2dE

- —zv = h,

with h that vanishes on (— By, 0), then the following estimates hold.:
(1) If z < B2, then

10l 22 Bo0y < C1BZ Al -1(—opy + b ZII0llz2(0.5)- (A-5)
(2) Ifp? <z < biz,
b3 h—3%
10l L2 Bo,0) < cl(m||h||g—l(_go,b> + mnvnm,b)) (A-6)
3) Ifb1—2 <z then
1ollL2 o0y < C3(B2 1Al -1y py + b2 IVIL205): (A7)

1
b2
define v, by extending v, by 0 for negative x. Observe that w := v — U, is in Ho1 (— By, b) and satisfies

2 . .
Proof. In the first two cases, we have z < 5 < Z—Z We may thus consider v, as given by Lemma A.2 and

—w'—zw=0

in @((—By, b) \ {0}) so that v — U, = AG for some A according to Lemma A.3. Using Lemma A.4 we
obtain in the first case
- 1 -
[v="TpllL2(=By,00 = CO™2lv—UpllL2(0,8)-
We use the triangle inequality on the right-hand side and the fact that v, is 0 for negative x and coincide
with v, for positive v. We obtain

_1
IVl 22 (=bg.0) < CH72 (vl 20,6y + lvpllL2c0.8)) -
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The claim then follows from the estimate on [vp||2(g ) in Lemma A.2. We prove the second case by
following the same argument, inserting the corresponding bound for G.

The third case will follow the same lines but we will introduce a different particular solution v,
following then even more closely the proof of [Burq and Zworski 2005]. We set A = /z.

Denote by H the unique L? function on (— By, b) that vanishes on (— By, 0) and such that H' = / in
the distributional sense. The L? norm of H is related to the H~! norm of / by the relation

b
IH — (/o H(y) dy)HLZ(—Bo,b) = 1711 Bo.b)

The Cauchy—Schwarz inequality then implies that

1
IH | 22—y = (1 + 5D 7 IRl -1 By )- (A-8)

Set

X s )\’ _
vp(x) = /_B Sm((;f—y))H’(y) dy.

Then v), satisfies

" 2 _ /
—vp—k v = H

in %'(—By. b) and v, (—By) = 0 but the boundary condition need not be satisfied at 5. We thus have

sin(A(x + By))
= —vp(b)——— .
V) = v v 0) g B T h)
The function v — v, is thus a multiple of sin(A(x + By)).
We have
0
/ }sin()\(x + BO))|2 dx < By
—By
and

b
i 2 > l( _ L)
/(; sin(A(x + Bo))|~ dx > 7 b )
Hence, in the regime under consideration we have
_1
lv=vpllL2(=By.b) = CO 2V —VpllL2(0,5)- (A-9)

We perform an integration by parts in v, and observe that the boundary contributions vanish because
H vanishes near — B and sin(A(y — x)) vanishes at y = x.
Finally, we obtain

X
) = [ costhx =) HO) .
— Do
It follows that v, is identically 0 on (—By, 0) and that, on (0, b), it satisfies

[vp ()| < [ Hll 2= By p) VX
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Squaring and integrating, we get

lvpllz20,6) =PI H | L2(— By b)-
Using the triangle inequality in (A-9) and inserting this bound, the result follows for b < % using (A-8). O

In the paper, we will need to relax the condition that v(b) = 0. This can be done using a standard
construction related to a commutator method. We will get the following

Theorem 3. There exist B and four constants By, Cy, C,, C3 depending only on B such that the following
holds. For any b < By, for any function u in H'(— By, b) that satisfies

—u" —zu = h,

with h € H=1(— By, b) and such that u(—By) = 0 and h vanishes on (—By,0). Then, the following
estimates hold:

(1) If z < B2, then
1 _1
lull2-By.0y < Cr(BZ Nl g—1(—Bypy + D72 1l L2(0.5))- (A-10)

Q) Ifp*<:z< biz, then

1

bz h=3
lull2By,0) = Ci (m”h”H—l(—Bo,b) + mlluﬂm(o,b))- (A-11)
3) Ifbi2 <z, then
lull 2oy = C3(b2 Illir=1 oy + b~ Nl L20.)): (A-12)

Proof. Define a smooth cutoff function p; such that p;(x) is identically 1 if x < % and identically 0 if
x > 1 and let pj be the function x — p;(x/b). Define v := ppu then v € HO1 (— By, b) and satisfies

—v"—zv = h + 2(ppu) — pyu.

The right-hand side vanishes on (— By, 0) so that, in order to use Proposition A.5, we have to estimate its
H~! norm. The strategy is the same as in the proofs of Lemmas 4.3 and 4.10.
An integration by parts followed by the use of the Cauchy—Schwarz inequality gives

‘ [_ Z(pﬁ)u)%

C
= p'ull L2019 22 = E”L‘”LZ(O,b)”‘p/“Lz-

Thus,
/ / C
I (opt) | -1 = g||u||L2(0,b)'

The third term can be estimated using the same method. Indeed,

‘ [ o] = ‘ / ’ ( / T () dy) #'(x) dx

X
< /0 L) dyl 20 14 122
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Using again Cauchy—Schwarz inequality and the fact that | o} (y)| < C b~2 we get

< Cb_2||u||L2(0,b)«/>—C-

X
‘ /0 Py (»)u(y) dy
We obtain

< Cb_2||“||L2(0,b)||\/§||L2(0,b) <Cb™! lull22(0,8)-
L2(0,b)

[0 pp(Vu(y) dy

It follows that

17+ 2(0pu) — phull -1 By.6y < Ml =1 By.py + CO utllL2(0.)-

We obtain the theorem by plugging this bound into the estimates of the Proposition A.5. O

Acknowledgement

The authors wish to thank Andrew Hassell and Alex Barnett for very helpful conversations during the
preparation of this article.

References

[Anantharaman 2008] N. Anantharaman, “Entropy and the localization of eigenfunctions”, Ann. of Math. (2) 168:2 (2008),
435-475. MR 2011g:35076 Zbl 1175.35036

[Anantharaman and Nonnenmacher 2007] N. Anantharaman and S. Nonnenmacher, “Half-delocalization of eigenfunctions
for the Laplacian on an Anosov manifold”, Ann. Inst. Fourier (Grenoble) 57:7 (2007), 2465-2523. MR 2009m:81076
Zbl 1145.81033

[Bécker et al. 1997] A. Bicker, R. Schubert, and P. Stifter, “On the number of bouncing ball modes in billiards”, J. Phys. A
30:19 (1997), 6783-6795. MR 1481345 Zbl 0925.81030

[Burq and Zworski 2005] N. Burq and M. Zworski, “Bouncing ball modes and quantum chaos”, SIAM Rev. 47:1 (2005), 43-49.
MR 2006d:81111 Zbl 1072.81022

[Burq et al. 2007] N. Burq, A. Hassell, and J. Wunsch, “Spreading of quasimodes in the Bunimovich stadium”, Proc. Amer.
Math. Soc. 135:4 (2007), 1029-1037. MR 2007h:35240 Zbl 1111.35013

[Colin de Verdiere 1985] Y. Colin de Verdiere, “Ergodicité et fonctions propres du Laplacien”, Comm. Math. Phys. 102:3 (1985),
497-502. MR 87d:58145 Zbl 0592.58050

[Faure et al. 2003] F. Faure, S. Nonnenmacher, and S. De Bievre, “Scarred eigenstates for quantum cat maps of minimal periods”,
Comm. Math. Phys. 239:3 (2003), 449-492. MR 2005a:81076 Zbl 1033.81024

[Gérard and Leichtnam 1993] P. Gérard and E. Leichtnam, “Ergodic properties of eigenfunctions for the Dirichlet problem”,
Duke Math. J. 71:2 (1993), 559-607. MR 94i:35146 Zbl 0788.35103

[Hassell 2010] A. Hassell, “Ergodic billiards that are not quantum unique ergodic”, Ann. of Math. (2) 171:1 (2010), 605-619.
MR 2011k:58050 Zbl 1196.58014

[Hillairet and Judge 2009] L. Hillairet and C. Judge, “Generic spectral simplicity of polygons”, Proc. Amer. Math. Soc. 137:6
(2009), 2139-2145. MR 2009k:58065 Zbl 1169.58007

[Lindenstrauss 2006] E. Lindenstrauss, “Invariant measures and arithmetic quantum unique ergodicity”, Ann. of Math. (2) 163:1
(2006), 165-219. MR 2007b:11072 Zbl 1104.22015

[Schnirelman 1974] A. L. Schnirelman, “Ergodic properties of eigenfunctions”, Uspehi Mat. Nauk 29:6(180) (1974), 181-182.
In Russian. MR 53 #6648 Zbl 0324.58020



854 LUC HILLAIRET AND JEREMY L. MARZUOLA

[Zelditch 1987] S. Zelditch, “Uniform distribution of eigenfunctions on compact hyperbolic surfaces”, Duke Math. J. 55:4
(1987),919-941. MR 89d:58129 Zbl 0643.58029

[Zelditch and Zworski 1996] S. Zelditch and M. Zworski, “Ergodicity of eigenfunctions for ergodic billiards”, Comm. Math.
Phys. 175:3 (1996), 673-682. MR 97a:58193 Zbl 0840.58048

Received 30 Nov 2010. Revised 14 Jul 2011. Accepted 24 Oct 2011.

Luc HILLAIRET: luc.hillairet@math.univ-nantes.fr
Laboratoire de Mathématiques Jean Leray, UMR 6629 CNRS-Université de Nantes, 2 rue de la Houssiniére, BP 92208,
F-44 322 Nantes cedex 3, France

JEREMY L. MARZUOLA: marzuola@math.unc.edu
Mathematics Department, University of North Carolina, Chapel Hill, Phillips Hall, Chapel Hill, NC 27599, United States

:'msp

mathematical sciences publishers



ANALYSIS AND PDE
Vol. 5, No. 4, 2012

dx.doi.org/10.2140/apde.2012.5.855

GLOBAL WELL-POSEDNESS AND SCATTERING FOR THE DEFOCUSING
QUINTIC NLS IN THREE DIMENSIONS

ROWAN KILLIP AND MONICA VISAN

We revisit the proof of global well-posedness and scattering for the defocusing energy-critical NLS in
three space dimensions in light of recent developments. This result was obtained previously by Collian-
der, Keel, Staffilani, Takaoka, and Tao.

1. Introduction
The defocusing quintic nonlinear Schrodinger equation,

iuy+ Au = |ul*u, (1-1)

3

describes the evolution of a complex-valued function u(t, x) of spacetime R; x R;. This evolution

CONServes energy:

E(u(t)) ::f 2Vu(t, )1+ u(t, x)|° dx. (1-2)
R3

By Sobolev embedding, u(0) has finite energy if and only if u#(0) € HX1 (R3), which is the space of
initial data that we consider. This is also a scale-invariant space; both the class of solutions to (1-1) and
the energy are invariant under the scaling symmetry

u(t, x) > u*(t, x) .= A2u(3’t, rAx). (1-3)

For this reason, the equation is termed energy-critical.
A function u : I x R} — C on a nonempty time interval I 3 0 is called a strong solution to (1-1) if it
lies in the class CH (K x R) N L%, (K x R3) for all compact K C I, and obeys the Duhamel formula

u(r) = e'"u(0) —i/ IO () uls) ds, (1-4)
0

for all + € 1. We say that u is a maximal-lifespan solution if the solution cannot be extended (in this
class) to any strictly larger interval.
Our main result is a new proof of the following:

The first author was partially supported by NSF grant DMS-1001531. The second author was partially supported by the Sloan
Foundation and NSF grant DMS-0901166. This work was completed while the second author was a Harrington Faculty Fellow
at the University of Texas at Austin.

MSC2010: 35Q55.
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Theorem 1.1 (global well-posedness and scattering). Let ug € H)}(R3). Then there exists a unique
global strong solution u € C,OHX1 (R x R3) to (1-1) with initial data u(0) = ug. Moreover, this solution
satisfies

// lu(t, x)|"" dx dt < C(lluoll 1) (1-5)
R JR3 !

Further, scattering occurs: (i) there exist asymptotic states uy € Hx1 such that
||u(t)—ei’Aui||H1 -0 as t— +0 (1-6)

and (ii) for any u € Hx1 (oru_ e Hxl) there exists a unique global solution u to (1-1) such that (1-6)
holds.

Theorem 1.1 was proved by Colliander, Keel, Staffilani, Takaoka, and Tao in the ground-breaking
paper [Colliander et al. 2008]. The key point is to prove the spacetime bound (1-5); scattering is an easy
consequence of this. Note also that the solution described in Theorem 1.1 is in fact unique in the larger
class of C? Hxl functions obeying (1-4); this unconditional uniqueness statement is proved in [Colliander
et al. 2008, §16] by adapting earlier work.

The paper [Colliander et al. 2008] advanced the induction on energy technique, introduced by Bourgain
in [1999], and presaged many recent developments in dispersive PDE at critical regularity. The argument
may be outlined as follows: (i) If a bound of the form (1-5) does not hold, then there must be a minimal
almost-counterexample, that is, a minimal-energy solution with (prespecified) enormous spacetime norm.
(i1) By virtue of its minimality, such a solution must have good tightness and equi-continuity properties.
(iii) To be consistent with the interaction Morawetz identity such a solution must undergo a dramatic
change of (spatial) scale in a short span of time. (iv) Such a rapid change is inconsistent with simultaneous
conservation of mass and energy.

As just described, the argument appears to be by contradiction, but this is not the case. In fact, it is
entirely quantitative, showing that in order to achieve such a large spacetime norm, the solution must
have at least a certain amount of energy. The energy requirement diverges as the spacetime norm diverges
and so yields an effective bound for the function C appearing in (1-5). This style of argument adapts
also to other equations and dimensions; see, for example, [Nakanishi 1999; Ryckman and Visan 2007;
Tao 2005; Visan 2007].

The downside to the induction on energy argument is its complexity. It is monolithic, as opposed to
modular; the value of a small parameter introduced at the very beginning of the proof is not determined
until the very end. In recent years, the induction on energy argument has been supplanted by a related
contradiction argument that is completely modular and is much easier to understand; it is not quantitative.

The genesis of this new method comes from the discovery of Keraani [2006] that the estimates underly-
ing the proof that minimal almost-counterexamples have good tightness/equicontinuity properties can be
pushed further to show that failure of Theorem 1.1 guarantees the existence of a minimal counterexample.
This insight was first applied to the well-posedness problem in an important paper of Kenig and Merle
[2006], which considered the focusing equation with radial data in dimensions three, four, and five.
Subsequent papers (by a wide array of authors) have greatly refined and expanded this methodology.
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In this paper, we revisit the proof of Theorem 1.1 using this “minimal criminal” approach, which, we
believe, results in significant expository simplification. We will also endeavor to convey that much of the
original argument lives on, both in spirit and in the technical details, by explicit reference to [Colliander
et al. 2008] as well as by maintaining their notations, as much as possible.

In some very striking recent work [Dodson 2012; 2011b; 2011a], Dodson has proved the analogue
of Theorem 1.1 for the mass-critical nonlinear Schrodinger equation in arbitrary dimension. The most
significant difference between [Colliander et al. 2008] and the argument presented here comes from the
adaptation of some of his ideas (present already in the first paper [Dodson 2012]) to the problem (1-1).
We postpone a fuller discussion of these matters until we have described some of the key steps in the
proof.

Outline of the proof. We argue by contradiction. Simple contraction mapping arguments show that
Theorem 1.1 holds for solutions with small energy; thus, if the theorem were not to hold there must be
a transition energy above which the energy no longer controls the spacetime norm. The first step in the
argument is to show that there is a minimal counterexample and that, by virtue of its minimality, this
counterexample has good compactness properties.

Definition 1.2 (almost periodicity). A solution u € L®H!(I x R3) to (1-1) is said to be almost periodic
(modulo symmetries) if there exist functions N : I — R, x : I — R3, and C : Rt — R™ such that for
allt € I and n > 0,

!Vu<r,x>\2dx+/ &1 |i(t, §)1* d& <. (1-7)

|E1=C ()N (1)

We refer to the function N (¢) as the frequency scale function for the solution u, to x(¢) as the spatial

/xx(t)lzc(m/N(t)

center function, and to C(n) as the modulus of compactness.

Remark 1.3. Together with boundedness in Hx1 the tightness plus equicontinuity statement (1-7) illus-
trates that almost periodicity is equivalent to the (co)compactness of the orbit modulo translation and
dilation symmetries. In particular, from compactness we see that for each n > 0 there exists c(n) > 0 so
that forall r € I,

Vuen dx+ [ 61 (. )P dE <.

/IX—X(I)SC(W)/N(I) [El<c(nN (@)

Similarly, compactness implies

/|Vu(t,x)|2dx,§u/ lu(t, x)|® dx
IR3 R3

uniformly for ¢ € I. This last observation plays the role of Proposition 4.8 in [Colliander et al. 2008].

With these preliminaries out of the way, we can now describe the first major milestone in the proof of
Theorem 1.1:

Theorem 1.4 (reduction to almost periodic solutions [Kenig and Merle 2006; Killip and Visan 2010]).
Suppose Theorem 1.1 fails. Then there exists a maximal-lifespan solution u : I x R> — C to (1-1) which
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is almost periodic and blows up both forward and backward in time in the sense that for all tg € I,

sup / Io
/ /lu(t,x)|10dxdt=/ /|u(t,x)|10dxdt=oo.
to R3 infl JR3

The theorem does not explicitly claim that u is a minimal counterexample; nevertheless, this is how it
is constructed and, more importantly, how it is shown to be almost periodic. In [Colliander et al. 2008],
the role of this theorem is played by Corollary 4.4 (equicontinuity) and Proposition 4.6 (tightness).

A précis of the proof of Theorem 1.4 can be found in [Kenig and Merle 2006], building on Keraani’s
method [2006]; for complete details see [Killip and Visan 2010] or [Killip and Visan 2008]. Just as for
the results from [Colliander et al. 2008] mentioned above, the key ingredients in the proof are improved
Strichartz inequalities, which show that concentration occurs, and perturbation theory, which shows that
multiple simultaneous concentrations are inconsistent with minimality.

Continuity of the flow prevents rapid changes in the modulation parameters x(¢) and N (¢). In partic-
ular, from [Killip et al. 2009, Corollary 3.6] or [Killip and Visan 2008, Lemma 5.18] we have

Lemma 1.5 (local constancy property). Let u : I x R® — C be a maximal-lifespan almost periodic
solution to (1-1). Then there exists a small number §, depending only on u, such that if ty € I then

[10— 8N (1) 2, 1o+ 8N (1) 2] C I

and
N(t) ~y N(to) whenever |t — 19| <8N (1) >

We recall next a consequence of the local constancy property; see [Killip et al. 2009, Corollary 3.7;
Killip and Visan 2008, Corollary 5.19].

Corollary 1.6 (N (¢) at blowup). Let u : I x R® — C be a maximal-lifespan almost periodic solution to
(1-1). If T is any finite endpoint of I, then N(t) 2, |T — t|=Y2; in particular, lim,_,7 N (t) = oc.

Finally, we will need the following result linking the frequency scale function N(¢) of an almost
periodic solution u and its Strichartz norms:

Lemma 1.7 (spacetime bounds). Let u be an almost periodic solution to (1-1) on a time interval 1. Then

/ N@?dt Su Vil e, gy Su L+ / N(r)*dt (1-8)
1 P 1

forall§+%=%with2§q<oo.

Proof. We recall that Lemma 5.21 in [Killip and Visan 2008] shows that

/N(t)Zdt g// lu(r, )| dx dr <, l—I—/N(t)zdt. (1-9)
1 I JR3 1

The second inequality in (1-8) follows from the second inequality above and an application of the
Strichartz inequality. The first inequality follows by the same method used to prove the corresponding
result in (1-9): The fact that u % 0 ensures that N (1) ~2/9||Vu(t)|| L never vanishes. Almost periodicity
then implies that it is bounded away from zero and the inequality follows. O
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Let u : I x R* — C be an almost periodic maximal-lifespan solution to (1-1). As a direct consequence
of the preceding three results, we can tile the interval / with infinitely many characteristic intervals Ji,
which have the following properties:

e N(t) = N; is constant on each Jg.
o |Ji| ~, N2, uniformly in k.

o IVullpspr g xwey ~u 1, for each % + % = % with 2 < g < 00 and uniformly in k.

Note that the redefinition of N (#) may necessitate a mild increase in the modulus of compactness. We
may further assume that 0 marks a boundary between characteristic intervals, which we do, for expository
reasons.

Returning to Theorem 1.4, a simple rescaling argument (see, for example, the proof of Theorem 3.3
in [Tao et al. 2007]) allows us to additionally assume that N(z) > 1 at least on half of the interval I,
say, on [0, Tiax)- Inspired by [Dodson 2012], we further subdivide into two cases dictated by the control
given by the interaction Morawetz inequality. Putting everything together, we obtain

Theorem 1.8 (two special scenarios for blowup). Suppose Theorem 1.1 failed. Then there exists an

almost periodic solution u : [0, Tax) X R3 — C, such that

161 219,10, T xRSy = +00

and [0, Tiax) = Ur Ji where Ji are characteristic intervals on which N (t) = Ny > 1. Furthermore,
Tmax Tnax
either / N@®)'dt <oo or / N@®)'dt = c.
0 0

Thus, in order to prove Theorem 1.1 we just need to preclude the existence of the two types of almost
periodic solution described in Theorem 1.8. By analogy with the trichotomies appearing in [Killip et al.
2009; Killip and Visan 2010], we refer to the first type of solution as a rapid low-to-high frequency
cascade and the second as a quasisoliton.

In each case, the key to showing that such solutions do not exist is a fundamentally nonlinear relation
obeyed by the equation. In the cascade case, it is the conservation of mass; in the quasisoliton case, it is
the interaction Morawetz identity (a monotonicity formula introduced in [Colliander et al. 2004]). Un-
fortunately, both of these relations have energy-subcritical scaling and so are not immediately applicable
to L®H! solutions; additional control on the low frequencies is required. It is in how this control is
achieved that we deviate most from [Colliander et al. 2008].

The argument in [Colliander et al. 2008] relies heavily on the interaction Morawetz identity. To cope
with the noncritical scaling, a frequency localization is introduced. This produces error terms which are
then controlled by means of a highly entangled bootstrap argument. Dodson’s paper [2012] also uses a
frequency-localized interaction Morawetz identity; however, the error terms are handled via spacetime
estimates that are proved independently of this identity. Indeed, the proof of these estimates does not
even rely on the defocusing nature of the nonlinearity.
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In this paper, we adopt Dodson’s strategy (see also [Visan 2012]). The requisite estimates on the low-
frequency part of the solution appear in Theorem 4.1. It seems to us that this theorem represents the limit
of what can be achieved without the use of intrinsically nonlinear tools such as monotonicity formulae.
The rationale for this assertion comes from consideration of the focusing equation and is discussed in
Remark 4.3. Nevertheless, Theorem 4.1 does just suffice to treat the error terms in the frequency-localized
interaction Morawetz identity (see Section 6), which is then used to preclude quasisolitons in Section 7.

The proof of Theorem 4.1 relies on a type of Strichartz estimate that we have not seen previously. This
estimate, Proposition 3.1, has the flavor of a maximal function in that it controls the worst Littlewood—
Paley piece at each moment of time. The necessity of considering a supremum over frequency projections
(as opposed to a sum) is borne out by an examination of the ground-state solution to the focusing equation;
see Remark 4.3. The proof of this proposition is adapted from the double Duhamel trick first introduced
in [Colliander et al. 2008, §14]. The original application of this trick also appears here, namely, as
Proposition 3.2.

The nonexistence of cascade solutions is proved in Section 5. The argument combines the following
proposition and Theorem 4.1 to prove first that the mass is finite and then (to reach a contradiction) that
it is zero. It is equally valid in the focusing case.

Proposition 1.9 (no-waste Duhamel formula, [Killip and Visan 2008; Tao et al. 2008]). Let u : [0, Tiax) X
R3 — C be a solution as in Theorem 1.8. Then for all t € [0, Tpax),

T
u(t)=i lim IO u () uls) ds,
T— Tmax J;

where the limit is to be understood in the weak H 1 topology.

2. Notation and useful lemmas

We use the notation X < Y to indicate that there exists some constant C so that X < CY. Similarly, we
write X ~ Y if X <Y < X. We use subscripts to indicate the dependence of C on additional parameters.
For example, X <, Y denotes the assertion that X < C,Y for some C, depending on u.

We will make frequent use of the fractional differential/integral operators |V|*® together with the cor-
responding homogeneous Sobolev norms:

1f gy = IVE £z where [VIFE) =€ £ ().

We will also need some Littlewood-Paley theory. Specifically, let ¢(£) be a smooth bump supported
in the ball |§| < 2 and equaling one on the ball |§| < 1. For each dyadic number N € 27 we define the
Littlewood—Paley operators

Py F(E):=0E/N)F(E), PnfE):=(—pE/N)FE), PyfE):=(@E/N)—pQE/N))fE).

Similarly, we can define Py, P>y, and Py ..<y := P<y — P<y, whenever M and N are dyadic numbers.
We will frequently write f<y for P<y f and similarly for the other operators.
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The Littlewood—Paley operators commute with derivative operators, the free propagator, and complex
conjugation. They are self-adjoint and bounded on every L% and I-'Ij space for 1 < p < oo and s > 0.
They also obey the following Sobolev and Bernstein estimates:

3
q

3_
IV Py fllr ~s NPy flle, 1Py fligs Ss NP~ )| Py £llr,

whenever s >0and 1 < p <g < 0.

We will frequently denote the nonlinearity in (1-1) by F(u), that is, F (u) := |u|*u. We will use the
notation @(X) to denote a quantity that resembles X, that is, a finite linear combination of terms that look
like those in X, but possibly with some factors replaced by their complex conjugates and/or restricted to
various frequencies. For example,

5
Fu+v)=)Y @w/v’/) and F@)=F(u-y)+@u<yu") forany N > 0.
Jj=0

We use L] L" to denote the spacetime norm

q/r 1/q
il o :=( / ( |u(t,x)|’dx> dt> |
r R\ JR3

with the usual modifications when ¢ or r is infinity, or when the domain R x R? is replaced by some
smaller spacetime region. When ¢ = r we abbreviate L L” by Ltq, .
Let /"2 be the free Schrodinger propagator. In physical space this is given by the formula

1

itA _
= i

ix=yP/4t £y
/R e Fdy.
In particular, the propagator obeys the dispersive inequality

it A —3/2
e Fllzoomsy S 10721l we) (2-1)

for all times ¢ # 0. As a consequence of this dispersive estimate, one obtains the Strichartz estimates;
see, for example, [Ginibre and Velo 1992; Keel and Tao 1998; Strichartz 1977]. The particular version
we need is from [Colliander et al. 2008].

Lemma 2.1 (Strichartz inequality). Let I be a compact time interval and let u : I x R} — C be a solution
to the forced Schrodinger equation
ius+Au=G

for some function G. Then we have
) 1/2
{ D IVunlge, (,XRg)} < Nl gy sy VG 7 e (2-2)
Ne2?

for any time ty € I and any exponents (q,r) and (g, 1) obeying % + ; = % +
Here, as usual, p’ denotes the dual exponent to p, thatis, 1/p+1/p = 1.
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Elementary Littlewood—Paley theory shows that (2-2) implies

Vel oy S N0y ey +IVG g oo

which corresponds to the usual Strichartz inequality; however, the Besov variant given above allows us
to “Sobolev embed” into L°:

Lemma 2.2 (an endpoint estimate). For any u : I x R* — R we have

<192, [ 3 19ux 2 v
||u”L?L§C’O(IX|R3) ~ ” u”L?OL% ” MN||L12L2(I><R3) .
Ne2Z

In particular, for any frequency N > 0,

lu<n| IVuznll/20 D IVl v
U<Nllpiroexmrey S NIVusnll/zps UMI2psaxryy| -

M<N
Proof. Using Bernstein’s inequality we have,
13 1y Nf{ > ||uN(t>||Loo}
Ne2?
S M lree s e s 2o w2

N1<N2<N3=<N4

1
NN, |2
S Y [ Ve eI Vun e IVan g I Vv s

N1<-+<Ny
l
SIVulgers Y |52 VUl 20s I Vi I 2
~ L°L? N3NILZLS NallL?Lo-
N3<N4
All spacetime norms above are over I x R>. The claim now follows from Schur’s test. g

3. Maximal Strichartz estimates

Proposition 3.1. Let (id, + A)v = F + G on a compact interval [0, T]. Then for each 6 < g < o0,

3_
|M @) 1 Py v @)l o

|_7UHL°°L2 + ” VI~ G”L?LE/S 2L
uniformly for all functions M : [0, T] — 2Z. All spacetime norms are over [0, T] x R3.

It is not difficult to see that the conclusion is weaker than (and has the same scaling as) IVI~12v e
LtzL;‘c. In fact, if F =0, this stronger result can be deduced immediately from the Strichartz inequality.
However, this argument does not extend to give a proof of the proposition because F € L! does not imply
|VI~12F Lg/ . Indeed, the whole theory of the energy-critical NLS in three dimensions is dogged by
the absence of endpoint estimates of this type.

The freedom of choosing an arbitrary function M (¢) makes this a maximal function estimate; at each
time one can take the supremum over all choices of the parameter. Writing maximal functions in this
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way yields linear operators and so one may use the method of T T*; this is an old idea dating at least to
the work of Kolmogorov and Seliverstov in the 1920s (cf. [Zygmund 2002, Chapter XIII]). As we will
see, the double Duhamel trick, which underlies the proof of Proposition 3.1, is a variant of the 7' T* idea.
Specifically, one takes the inner-product between two different representations of v(z).

The double Duhamel trick was introduced in [Colliander et al. 2008, §14]. There it was used for a
different purpose, namely, to obtain control over the mass on balls. This is then used to estimate error
terms in the (localized) interaction Morawetz identity. We will also need this information and for exactly
the same reasons; see (6-16). The following proposition captures the main thrust of [Colliander et al.
2008, §14]:

Proposition 3.2. Let (id, + A)v = F + G on a compact interval [0, T'] and let

[ RV1(1, %) = ((nR2>—3/2 /R v x - y)Pe dy) " (3-1)
Then for each 0 < R < 0o and 6 < g < o0,
RS0 2y S W0llgs +1GI oo+ RHNFI 2, (3-2)
where all spacetime norms are over [0, T] x R3.

We use the letter & for the operator appearing in (3-1) to signify both “smudging” and “square func-
tion”. It is easy to see that the Gaussian smudging used here could be replaced by other methods without
affecting the result; indeed, the analogous estimate in [Colliander et al. 2008] averages over balls. That
paper also sets ¢ = 100 and sums over a lattice rather than integrating in x. As v is slowly varying,
summation and integration yield comparable norms.

To control ¥rv we need to estimate some complicated oscillatory (and nonoscillatory) integrals. By
choosing a Gaussian weight, some of the integrals can be done both quickly and exactly; see the proof of
Lemma 3.4. Before turning to that subject, we first show how the two propositions are interconnected.
The proof of the next lemma also demonstrates how bounds on ¥ can be used to deduce analogous
results with other weights.

Lemma 3.3. Fix 6 < g <oo. Then
sup M§_1||fM ||L‘£ < sup M3_1||E/’M_|(fM)||Lz. (3-3)
M=>0 ) M=>0

Proof. Let f’M = Py 2 + Py + Py denote the fattened Littlewood-Paley projector. The basic relation
Py = ISM Py reduces our goal to showing that

sup M ||15Mg||L€ < sup M3_1||9’M71g||LZ (3-4)
M=>0 : M=>0

for general functions g : R — C, say, g = fu.
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Recall that the convolution kernel for Py, takes the form M3y (Mx) for some Schwartz function 1.
By virtue of its rapid decay, we can write

[y (x)] < / " a3 du(n)
0

where p is a positive measure with all moments finite. Indeed, since ¥ is radial one can choose d (1) =
20]v'(A)| dA. Thus by the Cauchy—Schwarz inequality,

Pugl)|* < /R 3 lg(x + ) *M? |y (My)| dy < /0 (S0 81|23 die ().

Applying Minkowski’s inequality in Li/ 2([R3) then easily yields (3-4); indeed, one can take the constant
to be [ [ AT dp ()], O
Lemma 3.4. For fixed 6 < g < 00, the integral kernel

Kr(t, 25, y; %) = (TR Y25, ™0l =1 /R gishg )

obeys

su%/o fo R2_§||KR(T, 258, Y3 M poo par fE+T) ft —5)dsdT S \[A/Lf](z)|2, (3-5)
R> zybx

where M denotes the Hardy-Littlewood maximal operator and f : R — [0, 00).

Proof. From the exact formula for the propagator,

o 2 41 — |x/ — 2 RZ 1l )2 4

R3 (Amit)3/?(4mis)3/2(w R?)3/?

Completing the square and doing the Gaussian integral yields

_ R%(s +17)%|x — x*)?

Kr(t,z; 5, y; 0] = @) [16522 + R s + )2 e {— }

[Kr(t. 215, y:0)| = Q) [16s°1% + R*(s +1)7] P 16522+ RA(s + 0)2
where x* = (sz +ty)/(s + ). One more Gaussian integral then yields

”KR(...)”L3/2:(27T)_3(27T/q)3/qR_6/q|s+t|_6/q[16s2f2+R4(S+T)2]_3/4+3/q-

Notice that there is no dependence on z or y. This is due to simultaneous translation and Galilean
invariance. In this way, we deduce that

LHS(3-5) < sup /oofoo Ki(a, B)f(t+ R*a) f(t — R*B) da d, (3-7)
R>0 JO 0

where we have changed variables to « = R~27 and 8 = R~2s and written

Ki(@, B) = [a+ Bl % [a?B? + (a+ p)2] /1.
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To finish the proof, we just need to show that K can be majorized by a convex combination of (L'-
normalized) characteristic functions of rectangles of the form [0, £] x [0, w]. In fact, we can write it
exactly as a positive linear combination of such rectangles:

o, w)dldw
Lw

K (@ f) = fo /0 b0.1(@) Lxi0.0(8) o€ w) dedu = [ /ﬂ

where p (£, w) := Lwdg0dy, K:;(E, w) > 0. Thus, we just need to check that p € L'. With a little patience,
one finds that p (€, w) S, K, ;‘ (¢, w), which leaves us to integrate the latter over a quadrant. We use polar

coordinates, £+ iw = re'?:

o0 LOO oo pm/2
/ / Kyt wydtdw < / / r=% 1 sin® (20) + 174 r do dr
0 JO 0 JO

o¢]

< f r (1) g <
0

Notice that convergence of the r integral relies on ¢ > 6. The estimate for the 6 integral given above

is only valid in the range 6 < ¢ < 12. When ¢g > 12, the correct form is fr_1/2(1 +7r)~!dr and when

g=12,itis [ r~121og(2 4 r)(1 4+r)~! dr. Nevertheless, both of these integrals are also finite. g

We now have all the necessary ingredients to complete the proofs of Propositions 3.1 and 3.2. We
only provide the details for the former because the two arguments are so similar. Indeed, the proof of the
latter essentially follows by choosing M(¢t) = R~! and throwing away the Littlewood—Paley projector
Py in the argument we are about to present.

Proof of Proposition 3.1. In view of Lemma 3.3 we need to show that

31 2
sup M~ | Sy (Puv(®) | o € L7 (0, TT)
M=>0
(with suitable bounds), where the supremum is taken pointwise in time.
As noted earlier, we will use the double Duhamel trick, which relies on playing two Duhamel formulae
off against one another, one from each endpoint of [0, T]:

t t
v(t):e”Av(O)—i/ e‘(t_S)AG(s)ds—i/ e TIAE(5) ds (3-8)
0 0
. T . T .
=e ' TDAy(T) +i / e TTDAG () dT +i / e "TTAF (1) dx. (3-9)
t t

The idea is to compute the L)% norm of Py v(¢) with respect to the Gaussian measure that defines
[ -1 Pyv](2, x) by taking the inner product between these two representations. Actually, we deviate
slightly from this idea because it is not clear how to estimate a pair of cross-terms. Our trick for avoiding
this is the following simple fact about vectors in a Hilbert space:

v=a+b=c+d = ||v||> <3|al*+3|c|®+2|(b, d)|. (3-10)
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(The numbers are neither optimal nor important.) To prove this, write
lll* = (@, v) + (v, ¢) — {a, ¢) + (b, d)

and then use the Cauchy—Schwarz inequality.

Let us invoke (3-10) with a and c representing (Py; applied to) the first two summands in (3-8) and
(3-9), respectively, while b and d represent the summands which involve F. In this way, we obtain the
pointwise statement

2

Ly (Pu0)](2, x)|2 < ‘SfMl <e”%M(O) — i/o G (s) ds)(x)

2

T
+ ‘SPMI (e_i(T_t)AvM(T) + i/ e 1TTDAG (1) dr) )| +hu(t, x),
t

where h, is an abbreviation for

hy(t, x) =7 > M

T t
<f e—z(r—t)AFM(_L,) dr, e—M2|~—x|2/ el(t—s)AFM(s) ds>
t

0

The contributions of the first two summands are easily estimated: For any function w, Young’s and
Bernstein’s inequalities imply

M%lH [H)M—l(PMw)](f,x)HLZ(w) SM ” PMw(f)”LE([F@) N Hlvl_%w(t)”@(m'

This can then be combined with Strichartz inequality, which shows

t
H|V|—é<eimv(0)—i/ el'(f—S)AG(s)ds)
0

_1 _1
SIVIE2O] 1 + 1VI726] 0
LIZLE X t X
and similarly for the second summand.
The third summand, %, is the crux of the matter. Using the notation from Lemma 3.4 and changing
variables, we have

T—t pt
hy(t, x) = / / /fFM(t+r/,z)KM1(t/,z; s yix)Fy(t—s',y)dydzds' dt'|.
o Jo

Note also that by Bernstein’s inequality and the maximal inequality, the function f(¢) := || F(r)|| .1 obeys

1Fa @)l S @) and  [MLF N2 S IF N2
Thus using Lemma 3.4 (with f as just defined), we obtain

6_»o 2
|sup Mg O], S1FI -

M=>0

Recalling that /), appears in an upper bound on the square of the size of Pysv, the proposition follows.
g
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4. Long-time Strichartz estimates

The main result of this section is a long-time Strichartz estimate. As will be evident from the proof, the
result is also valid for L> H! (R?) solutions to the focusing equation; see also Remark 4.3 at the end of
this section.

Theorem 4.1 (long-time Strichartz estimate). Let ut : (Tin, Tmax) X R3— Cbea maximal-lifespan almost
periodic solution to (1-1) and I C (Twin, Tmax) @ time interval that is tiled by finitely many characteristic
intervals Ji. Then for any fixed 6 < q < oo and any frequency N > 0,

1/2
AN = 3 1V (4-1)
M<N
and
i — N3/2 ! 4.2
g(N) := N2 |[sup M3~ Jlupr (Ol o sy [| 12 (4-2)
M>N '
obey
AN)+ A, (N) <, 14+ N¥2K12, (4-3)

where K := |, N (t)~1dt. The implicit constant is independent of the interval I.

The proof of this theorem will occupy the remainder of this section. Throughout, we consider a single
interval / and so the implicit dependence of A(N), Aq (N), and K on the interval should not cause
confusion. Additionally, all spacetime norms will be on I x R3, unless specified otherwise.

By Bernstein’s inequality, Aq (N) is monotone in g. Thus g = oo is also allowed.

The analogue of Theorem 4.1 in [Colliander et al. 2008] is Proposition 12.1. Our proof is very different
and is inspired by Dodson’s work [2012] on the mass-critical NLS (see also [Visan 2012]). In [Colliander
et al. 2008], this estimate is derived on the assumption that u- y obeys certain Lf’x spacetime bounds.
That the solution does admit these spacetime bounds is derived from the interaction Morawetz estimate,
using the analogue of (4-3) to control certain error terms. This results in a tangled bootstrap argument
across several sections of the paper. The argument that follows does not use the Morawetz identity,
merely Strichartz and maximal Strichartz estimates, and so is equally valid in the focusing case. We also
contend that it is simpler.

The attentive reader will discover that the implicit constant in (4-3) depends only on u through its
L®H! norm and its modulus of compactness (cf. Definition 1.2). Indeed, the dependence on the latter
can be traced to the following: Let n > 0 be a small parameter to be chosen later. Then, by Remark 1.3
and Sobolev embedding, there exists ¢ = c¢(n) such that

lu<ena ||L,°°L§ + ||V”5cN(t)||L,°OL§ =7 (4-4)
By elementary manipulations with the square function estimate and Lemma 2.2, respectively, we have

IVl ze S AN, luen e S AN P Vuey 2,0 Su AN, (4-5)

LoL2 ~u
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As noted earlier, the only reason for considering the Besov-type norm that appears in (4-1), rather than
the simpler L2L% norm, is that it allows us to deduce these L;L%° bounds.
By combining the Strichartz inequality (Lemma 2.1) with Lemma 1.7 we have

AN <, 1+ / N()?dt <, [ N(1)*dt. (4-6)
1 1

Note that the second inequality relies on the fact that / contains at least one whole characteristic interval
Ji. Similarly, using Proposition 3.1 and then Bernstein’s inequality we find

Ay(N) S N3/2{|||V|_1/2M3NHL§0L§ + |||V|—1/2pzNF(u)||Lt2Lg/s} <1+ IIVullLtngllulli?oLg

12
<4 (/ N(t)zdt) .
1

AN)+ A, (N) Sy N2K'? whenever N > (

Thus

2 1/3
[; N@t)*dt ) &)

[, N@®)~'dt

and so, in particular, when N > Npax := sup,c; N(¢). This is the base step for the inductive proof of
Theorem 4.1. The passage to smaller values of N relies on the following:

Lemma 4.2 (recurrence relations for A(N) and Aq (N)). For n sufficiently small,

AN) Sy 1+ cPNPEY? 4924, 2N) (4-8)
Ag(N) Su 1+ 3PN 4 nAN) + 02 A, 2N), (4-9)
uniformly in N € 2Z Here ¢ = c(n) as in (4-4).

Proof. The recurrence relations for A(N) and Aq (N) rely on Lemma 2.1 and Proposition 3.1, respec-
tively. To estimate the contribution of the nonlinearity, we decompose u(t) = u<cn) () + Usen)(t)
and then selectively u = u<y + u~y. Recalling that the @ notation incorporates possible additional
Littlewood—Paley projections, we may write
F(u) = O ey yie’) + B(uZenit’)
=@ i) + B (U eyt yi) + DUl oy uzyit)- (4-10)

Using this decomposition together with Lemma 2.1 and Bernstein’s inequality, we obtain

AN) SV llpeor2 + | VP<n@B(u2 oy i)

|L,2L§/5
+ [ VPNB (Ul eyl ) | 205 + [V P B(ulen i) | 2,08

3/2,,2 3 3/21,,2 2 2 2
Sul+NY 1= enaytt ||L,2L;+N/ ||uch(t)u>N”||L,2L;+HVQ(L‘ScN(t)”‘fN”)“L,%i“' (4-11)
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Using instead Proposition 3.1 and Bernstein’s inequality, we find
AN 3 N3/2{ V17 2 | o2+ 102 eyt iy + 02yt yull 2
+|IVIT 2P B oy uZim) | LgLi/S}
Su 1+ NP2 oy i 2y + NP eyl gz + | VO(Wenuzyu) | 205 (4-12)

Therefore, to obtain the desired recurrence relations it remains to estimate the (identical) last three terms
on the right-hand sides of (4-11) and (4-12). We will consider these terms individually, working from
left to right.

To treat the first term, we decompose the time interval [ into characteristic subintervals J; where
N (1) = Ni. On each of these subintervals, we apply Holder’s inequality, Sobolev embedding, Bernstein’s
inequality, and Lemma 1.7 to obtain

2 3 2 3
||”>CN(;)” ”L%L}C(ka[m) S “”>CN’<”Lj‘x(kaR3)”M”L,°°L§

— —-3/2 — —3/2
S,uc 3/2Nk / I|vu>cNk|| 3/2Nk / .

2
LAL3 (J xR3) Su ¢
Squaring and summing the estimates above over the subintervals Ji, we find
2,2 —3/2A73/2 g 1/2
N2 Nu2 vy o SucPNPK2, (4-13)

which is the origin of this term on the right-hand sides of (4-8) and (4-9).
To estimate the second term, we begin with a preliminary computation: Using Bernstein’s inequality
and Schur’s test (for the last step), we estimate

||@(”2>N”)”L?L§/25H D lwar Ol 2 lwan, O ol (0] S

My>Mr>M3 Ly Ly
M>>N
3_ 3
< sup 1M up Ol D () Va1l 211 Ve, (Ol 2
M>N 1‘4121‘43 L?
Su N72A,2N). (4-14)
Using this, Holder, and (4-4), we find
N2y yitll 2y S NP el o s 1B yu)ll 2, 3m Su 1° AgN). (4-15)

This is the origin of the last term on the right-hand sides of (4-8) and (4-9).
Finally, to estimate the contribution coming from the last term in (4-11) and (4-12), we distribute the
gradient, use Holder’s inequality, and then (4-4) and (4-5):
IVD (e iy usyu) | 2ros S IVH<nllL2g IIMch(wIILfCLgllullitooLg
IVl erz it <eno e nglun iy, Nullpers

SunA(N). (4-16)
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As A(N) is known to be finite (cf. (4-6)), this can be brought to the other side of (4-8); naturally, this

requires 7 to be sufficiently small depending on u and certain absolute constants, but not on /.
Collecting estimates (4-13) through (4-15) and choosing 7 sufficiently small, this completes the proof

of the lemma. Il

We now have all the ingredients needed to complete the proof of Theorem 4.1.

Proof of Theorem 4.1. With the base step (4-7) and Lemma 4.2 in place, Theorem 4.1 follows from a
straightforward induction argument, provided 7 is chosen sufficiently small depending on u. |

Remark 4.3. In the introduction it was asserted that the long-time Strichartz estimates in Theorem 4.1
are essentially best possible in the focusing case. We now elaborate that point. For the energy-critical
equation, the principal difficulty is to obtain control over the low frequencies, because all known con-
servation laws (with the exception of energy) and monotonicity formulae are energy-subcritical. If (by
some miracle) we knew our putative minimal counterexample u belonged to L>°L2, the whole argument
could be brought to a swift conclusion, even in the focusing case (cf. [Killip and Visan 2010]). Thus any
potential improvement of Theorem 4.1 should be judged by whether it gives better control on the low
frequencies.
It is well-known that

W) = (1+x)72 obeys AW +W>=0 (4-17)

and so is a static solution of the focusing energy-critical NLS. In particular, it is almost periodic with
parameters N (1) =1 and x(¢) = 0.
As f W(x) dx = 47 /3, we can read off from (4-17) that

W(E) =4nv3IEI2+ O(IEF) as €0 (4-18)

and so deduce || Wy« ~ M'=3/9 for M small and 6 < g < co. This shows that the supremum is essential
in (4-2); we cannot expect the bound (4-3) for the sum of the Littlewood—Paley pieces. It also shows that
the Ltng norm of VW.y on long time intervals decays no faster than the N 3/2 rate proved for A(N).

5. Impossibility of rapid frequency cascades

In this section, we show that the first type of almost periodic solution described in Theorem 1.8 (for which
fOT""“ N ()~ ' dt < 00) cannot exist. We will show that its existence is inconsistent with the conservation
of mass, M (u) := fR3 lu(t, x)|?> dx. The argument does not utilize the defocusing nature of the equation
beyond the fact that the solution belongs to L™ H.

Lemma 5.1 (finite mass). Let u : [0, Tmax) X R> — C be an almost periodic solution to (1-1) with

122110, (0, g x 2y = 00 and r

K= N~ dt < oo. (5-1)
0
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(Note Tax = oo is allowed.) Then u € L?OLJZC; indeed, for all0 < N < 1,

1 2 1/2
“uNS -<1 ||L?OL)2(([0,TmaX)XR3) + N{ Z ”vuM”Ltng([O,Tmax)XRS)} Su 1 (5_2)
M<N

Proof. The key point is to prove (5-2); finiteness of the mass follows easily from this. Indeed, letting N —
0 in (5-2) to control the low frequencies and using Vu € L?oLi and Bernstein for the high frequencies,
we obtain

el o2 < Nu<tllggers + lustllerz Su L. (5-3)

In the inequality above and for the remainder of the proof all spacetime norms are over [0, Tiax) X R>.

As K is finite, the conclusion (4-3) of Theorem 4.1 extends (by exhaustion) to the time interval
[0, Thmax). Observe that the second summand in (5-2) is N~' A(N/2), in the notation of that theorem.

We will estimate the left-hand side of (5-2) by a small multiple of itself plus a constant. For this

statement to be meaningful, we need the left-hand side of (5-2) to be finite. This follows easily from
Theorem 4.1 and Bernstein’s inequality:

LHS(5-2) S N[ Vullor2 + NT'AWN/2) Su NTHA+ NP K)'V? < 0. (5-4)

The origin of the small constant lies with the almost periodicity of the solution. Indeed, by Remark 1.3
and Sobolev embedding, for n > 0 (a small parameter to be chosen later) there exists ¢ = c(n) such that

lu<eniylpeors + IVu<enillperz < n. (5-5)

To continue, fix 0 < N < 1. Using the Duhamel formula from Proposition 1.9 together with the
Strichartz inequality we obtain

LHS(5-2) S IV Py F @)l 205+ | P <. 1 F@)l 2, 5. (5-6)

To estimate the nonlinearity, we decompose u(f) =u<cn)(t) +uscn)(f) and thenu =u y+uy<. <1+
u-1. As the @ notation incorporates possible additional Littlewood—Paley projections, we may write

Fu) =0 yyt’) + B(u<eniy’ yit®) + DB(u<enyz un<.<i1u)
+ B (u<eniu’ 1) (5-7)

Next, we estimate the contributions of each of these terms to (5-6), working from left to right.
Using Bernstein’s inequality and (4-13), we bound the contribution of the first term as follows:

N IVPNOB(W2 oy oy1®) | 205 + | Py< <182 o) | 2,8
S N2 DB o)l 20
<4 c32K12.
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To estimate the contribution of the second term in (5-7) to (5-6), we use Bernstein’s inequality on the
second summand and distribute the gradient, followed by Holder’s inequality, (4-5), and (5-5):

i 2 2 2 2
S| VPNBu<enyu’ yu?) | L2rss + | Py <. 1B <cnyu’yu)|| 125
i 2 2 i 3
S ylIVu<enmllper: lu<nllps o lul e e+ llu<en ol e VU< llz s el o o
i 2
Fylusenollierglen o MVl lullers

<, nLHS(5-2).

Using Bernstein’s inequality, Theorem 4.1, (4-5), and (5-5), we estimate the contribution of the third
term in (5-7) as follows:

1 2 2
V| VPO usenyuz s i) | 2pos + [ Pz 1@ (useniuzyun=-<iu) | 20
2
Slusenollierglusillps olluns <tz lullers

<un(14+K'?)LHS(5-2).

Finally, to estimate the contribution to (5-6) of the last term in (5-7) we use Bernstein’s inequality,
Theorem 4.1, (4-14), and (5-5):

¥ |V PnpB(uzenwul )| 2o + | Py<. 1@ (useniyul ) | 2 o0

SN2+ D] (uzeniyuu?)| 210

Sllu<en e 1B )|l 2 3 lull s

Sun(+K'2).
Collecting all the estimates above, (5-6) implies

LHS(5-2) <, n(1+ K'?)LHS(5-2) + 1 4+¢3/2K /2,
Recalling (5-1) and (5-4) and taking 1 small enough depending on u# and K yields (5-2). U

We are now ready to prove the main result of this section:

Theorem 5.2 (no rapid frequency-cascades). There are no almost periodic solutions u : [0, Tpax) X R3 —

Tmax
[ N~ 'dt < o0. (5-8)
0
Proof. We argue by contradiction. Let u be such a solution. By Corollary 1.6,

lim N(t) = oo, (5-9)

t—>Tmax

when Ty, is finite; this is also true when T, is infinite by virtue of (5-8).
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We will prove that the existence of such a solution « is inconsistent with the conservation of mass. In
Lemma 5.1 we found that the mass is finite; to derive the desired contradiction we will prove that the
mass is not only finite, but zero!

We first show that the mass at low frequencies is small. To do this, we use the Duhamel formula from
Proposition 1.9 together with the Strichartz inequality, followed by Bernstein’s inequality:

1/2
luswllzzers S 1P F@l2p05 S N2IF @) 2,0

In the display above and for the remainder of the proof all spacetime norms are over [0, Tinax) X R3.
To estimate the nonlinearity we decompose it as follows:

F(u) = @(uiluz) + @(uiluz).
By Theorem 4.1, (4-5), (5-8), Bernstein, and finiteness of the mass,
191 20y S Nu<tlls iz Il ps Su L,
while by Theorem 4.1, (4-14), and (5-8),

3 2 2 3
192 ) 21 S el g N2 2 S 1
Thus,
<y llgpors Su N2
By comparison, control over the mass at middle and high frequencies can be obtained with just Bern-
stein’s inequality and the fact that for any n > O there exists ¢ = c(u, n) > 0 so that

||VM§cN(t)(t)||L§ =n,

which was noted in Remark 1.3. Altogether, we have that for any ¢ € [0, Tiax),

lu@llz2 S lun @2 + I Pontt<eney Ol 2 + lusene Ol 2
Su N2+ N NVucenyOllz + 7 N@O T Vull o2
< N2 Nyt N

Using (5-9), we can make the right-hand side here as small as we wish. (Choose N small, then n small,

and then ¢ close to Tmax.) Because mass is conserved under the flow, this allows us to conclude that

llull Loz = 0 and thus u = 0 in contradiction to the hypothesis |lu ”Ltl(;([o’ Ty xR = T00. O
6. The frequency-localized interaction Morawetz inequality

In this section, we prove a spacetime bound on the high-frequency portion of the solution:

Theorem 6.1 (a frequency-localized interaction Morawetz estimate). Suppose u : [0, Tpax) X R3 — Cis
an almost periodic solution to (1-1) such that N(t) > 1 and let I C [0, Tax) be a union of contiguous
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characteristic intervals Ji. Fix 0 < ng < 1. For N > 0 sufficiently small (depending on no but not on I),
[ [ eewtoortaxdr Suno(v =+ k), 61)
1JR3

where K := f N (t)~' dt. Importantly, the implicit constant in the inequality above does not depend on
no or the interval I.

Unlike Theorem 4.1, the argument does not rely solely on estimates for the linear propagator and is
not indifferent to the sign of the nonlinearity. Instead, we use a special monotonicity formula associated
with (1-1), namely, the interaction Morawetz identity. This is a modification of the traditional Morawetz
identity (cf. [Lin and Strauss 1978; Morawetz 1975]) introduced in [Colliander et al. 2004]. We begin
with a general form of the identity:

Proposition 6.2. Suppose id;¢p = —A¢ + |p|*p + F and let

M) =2 / fR B0t =) Il ()G} dx dy, 6-2)
for some weight a : R? — R. Then
atMm=/R}/RS{§akk(x—y>|¢><x>|6|¢(y)|2 (6-3)
+2a;(x — )| () * Re[ e (1) F (x) — F(x)(x) ] (6-4)
+4ai (x — y)(Im F(y)p(y)) (Im ¢y (x)P(x)) (6-5)
+4aj(x — M[lpMIPP; ()i (x) — Am G (y)p; () (Im b (x) i (x)) ] (6-6)
—ajj(x —y) |¢(y>|2|¢<x)|2}dxdy. (6-7)

Subscripts denote spatial derivatives and repeated indices are summed.

The significance of this identity to our problem is best seen by choosing a(x) = |x| and ¢ to be a
solution to (1-1). In this case, & = 0 and the fundamental theorem of calculus yields

o [ [ 10t dede <20M 01y = O3 W
1 JR *

The left-hand side originates from (6-7); the terms (6-6) and (6-3) are both positive.

Unfortunately for us, a minimal blowup solution need not have finite L2 norm at any time. Thus
it is necessary to localize the identity to high frequencies, that is, choose ¢ = u- y. Naturally, this
produces myriad error terms; nevertheless, in spatial dimensions four and higher they can be controlled
(cf. [Ryckman and Vigan 2007; Vigsan 2007; 2012]). In the three-dimensional case under consideration
here, there is one error term (originating from (6-5)) that cannot be satisfactorily controlled. (See also
Remark 6.9 at the end of this section.) This was observed already in [Colliander et al. 2008] and as there,
our solution is to truncate the function a. This truncation ruins the convexity properties of a that made
some of the terms in Proposition 6.2 positive, thus creating more error terms to control.
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For reasons we will explain in due course, it is important to perform the cutoff of a in a very careful
fashion. We choose a to be a smooth spherically symmetric function, which we regard interchangeably
as a function of x € R? or r = |x|. We specify it further in terms of its radial derivative:

1 if r <R,
a(0)=0, a >0, a,<0, a=4{1-J 'log(r/R) ifeR<r<e’ )R, (6-8)
0 ife’R<r,

where Jo > 1, J > 2Jp, and R are parameters that will be determined in due course. It is not difficult to
see that one may fill in the regions where a, is not yet defined so that the function obeys

18ka,| <p J7'r7F foreach k > 1, (6-9)

uniformly in r and in the choice of parameters.
When |x| < R, we see that a(x) = |x|, while a is a constant when |x| > ¢’ R. The key point about the
transition between these two regimes is that
2 2J, 1
—ar = _0 but |arr| = — (6_10)
r Jr Jr
when eR < r < e/~ R. Thus the Laplacian ay; = a,, + %ar is dominated by the first derivative term
and so remains coercive at these radii. (This also appears implicitly in [Colliander et al. 2008, §11] and
is the key point behind the “averaging over R” argument there.)
As noted above, we will be applying Proposition 6.2 with

¢ =up:=u-pn, andso F= PyF(u)— F(un). (6-11)

(We will also write u), := u<y.) Here N is an additional parameter that will be chosen small (depending
on 79 and u). We require that N, R, and J are related via

¢/RN =1. (6-12)

Actually, it is merely essential that ¢/ RN < 1, but choosing equality makes the exposition simpler.
Our first restriction on these parameters is that N is small enough and R is large enough so that given
n =10, u),

|Vuio(t, ))*dx + [ |Nuni(t, x)|* dx + |Vuni(t, x)|* dx < n* (6-13)
R3 R3 lx—x(0)|>%

uniformly for 0 < ¢ < Thax. The possibility of doing this follows immediately from the fact that u is
almost periodic modulo symmetries and N (¢) > 1.

Before moving on to estimating the terms in Proposition 6.2, we pause to review the tools at our
disposal. Besides using the norm ||uy; || Lt to estimate itself, we will also make recourse to Theorem 4.1
and Proposition 3.2. For ease of reference, we record these results in the forms we will use:
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Corollary 6.3 (a priori bounds). For all % + % = % with2 <q <oocandanys <1 — 3,

IVatoll oy + [N =1V Funi] g, Su (14 NP K). (6-14)

Under the hypothesis (6-13),
lutsoll o0 Su (1 + NK)VE. (6-15)

Furthermore, for any p < Re! = N1,
f sup f luni(t, )P dydt Su p(K+N73). (6-16)
I xeR3 J|x—y|=<p

Proof. Recall that Theorem 4.1 implies

12
AM) = Y IV 1 ey} S (14 MO
M <M

uniformly in M. Setting M = N yields all the estimates on u), stated in the corollary. More explicitly,
the g = 2 case of (6-14) as well as (6-15) follow from this statement and (4-5). The other values of ¢
can then be deduced by interpolation with the (conserved) energy.

Similarly, to estimate up; we write

q-2)/q SM a +M3K)l/q,

1—s K 2
MY Pl g, S IVl o, S AVl 7

multiply through by M*~!, and sum over M > N. Notice that the condition 3 + s < 1 guarantees the
convergence of this sum.

Claim (6-16) will follow by combining Proposition 3.2 and Theorem 4.1. First we write (id; +
Mu-y =F+ G with F = P>N®(u2>Nu3) and G = P>N®(uiNu) and then estimate these as follows:
By Theorem 4.1 and (4-14), -

111201 S Nl oo 6 192yl 232 Su N2+ K12,
while by Bernstein, Theorem 4.1, and (4-5),
1G1l 2,05 S NIVl 2 05 S N7Vl gers el oo s e 7,
Su NT'+N'PK2
Putting these together with Proposition 3.2 yields
1/2

P IF N ey S N7+ (NP2 407 2) (K 4+ NT)

Noting from (3-1) that, modulo a factor of 0732, Su- N(t, x) controls the L)% norm on the ball around
x, and recalling the restriction on p, we deduce the claim. O

We now will analyze the individual terms in Proposition 6.2, beginning with the most important one:
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Lemma 6.4 (mass-mass interactions).

2.2J
e
T (k+N.

il )~ [ [ [ e =3 )Pl o dx dyar 5,
r.x I

Proof. In three dimensions, Alx| = 2|x|~! and —(4m|x|)~! is the fundamental solution of Laplace’s
equation. In this way, we are left to estimate the error terms originating from the truncation of a at radii
|x — y| > R. Combining (6-9) and (6-16) yields

J

[ I oot = ] Pl dxdy e Su 3" e 3 (ReD (R (K 487,
1JJ|x—y|>R T
j=0

To obtain the lemma, we simply invoke (6-13) as well as (6-12). O

The second most important term originates from (6-3). Its importance stems from the fact that it
contains additional coercivity that we will use to estimate other error terms below.

Lemma 6.5. We estimate (6-3) in two pieces:
s=[ [ e (= Yl (01 (02 dx dy di = 0, (6-17)
I lx—y|<e!~JoR
as agi > 0 there, and on the complementary region,
JE -
f// lakk (c — ) ugi () °luni (0)|* dx dy dt S T (K +N7). (6-18)
1J J|x—y|=e!~ToR

Proof. That ai, > 0 and hence B; > 0 is immediate from (6-10). Further, by construction, |ax;| < Jo(J r)~!
when r > e/~ R. In this way, we see that (6-18) relies only on controlling

J . 6 . 2
f// 0luni () [ uni (¥)1 dx dydr,
1JJe/~0R<|x—y|<e’R Jlx =yl

J
Su Jollunil§pe D (TR (TR (K +NT) S,
j=J—J

which by (6-16) is

Bk +N3),

~e

as needed. O

Now we come to the most dangerous-looking term, (6-6). Satisfactory control relies on the full strength
of (6-10).

Lemma 6.6. Let
Dt (x, ) = uni ()91 () Ogtani () — (I 22 ()3 24 () (I 221 () O e (X))
Then
— /1 [/ 4ajk(x - )’)ijk(xv y)dx dydt SJM (’72 + %>(K +N_3) + JLOBI'

(For the By notation, refer to (6-17).)
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Proof. As aj(x — y) is invariant under x <> y, we may replace ® by the matrix
FDji(x, )+ 30y ),

which is Hermitian-symmetric. Moreover, for each x, y this matrix defines a positive semidefinite qua-
dratic form on R3. To see this, notice that for any vector ¢ € R? and any function ¢,

|lecej M@ (3)p; (1) (Im G(X) i (x)| < [p(W)] e - Vo (M) [p ()] |e - Ve (x)]
< 3le)Ple- VoI + 316 (Ple- Vo ()%,
As aji is a real symmetric matrix (for any x and y), its eigenvectors are real. Thus, wherever a i is
positive semidefinite (i.e., a is convex), the integrand has a favorable sign. In general, the eigenvalues

of the Hessian of a spherically symmetric function are a,, and r~la, with the latter having multiplicity
two (ambient dimension minus one). In our case a, > 0 and |a,,| < J ~1y=1. Therefore, we are left to

Vup; 2 i 2
/// | Vieni ()] uni (y)] dx dy dt. (6-19)
I R<\x—y|<€JR J|x_y|

To do this, we break the integral into two regions: |x —x(¢)| > R/2 and |x —x(¢)| < R/2. In the former
case, we use (6-13) and (6-16) to obtain the bound

estimate

J
2 o=l (o -3 2 -3
Su Vil 21— cy 1> r/2) > Ul (@ R(K+N7) Sy (K+N73).
j=0

When |x —x(¢)| < R/2, we further subdivide into two regions. When additionally |x — y| > Re’ =0, we
estimate in much the same manner as above to obtain the bound

J
SullVullar, D (Je/R)T (T RY(K +N7) <4 2(K +N72),
j=J—=Jo

This leaves us to consider the integral (6-19) over the region where |x — x(¢)| < R/2 and |x — y| <
Re’~%_ Here we use the fact that by the almost periodicity of u (cf. also Remark 1.3 and (6-13)),

f Vuni(t, )P dx < f uni(t, )| dx <, f Juni (7, %) (6 dx,
R3 R3 lx—x(1)|<R/2

uniformly for ¢ € [0, Tinax). We also observe from (6-10) that Jo(Jr)~! < ay; recall Jy > 1. Therefore,
the remaining integral is <, JLOB I O

The terms appearing in (6-4) are referred to as momentum bracket terms on account of the notation
(F, ¢}, :=Re(FV¢ — dpVF). (6-20)

Note that applying Proposition 6.2 with ¢ = u. y gives & = Pp F(u) — F (up;). These error terms are
comparatively easy to control:
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Lemma 6.7 (Momentum bracket terms). For any ¢ € (0, 1],

2
[ [ st PYate—y)(5. 00, dxdy dr SueBrntulty + e )46, @20
I JR> JR tx

Proof. We begin by expanding the momentum bracket into several terms. First, we note that { F(¢), ¢}, =
—%V|¢|6 and so

(F,uni}p = =2V (Jul® = Juio]® — uni|®) — (F ) — F(uio), tio}p — {PioF (), uni} p-

Then, using {f, g}, = V(fg) +D(fVg), we obtain

{%7 uhi}p =

5
VY Oy, ) + Bl uniud, Vine) + B ud Vi) + VB(uyi P F (1) + BunV P F (). (6-22)
j=1

We will treat each of these terms in succession. The presence of the gradient in front of a term is a signal
that we will integrate by parts in (6-21) before estimating its contribution.
We begin with the first term in (6-22). Integrating by parts and using

5

170 16—J 6 11, |2 3
D il |10l S eluanil® + & aaro e [ Juni| + 1ol ]
j=1

we find that we need to obtain satisfactory estimates for
e [ [ tawt = pltie, ) Platr. ol dx dy ar, (6-23)
I
which follow already from Lemma 6.5, and for

f/ Juni (£, Y1 [u1o(t, X) | [uni (2, ) [[Juni (¢, )| + [uio (2, x)|I°
I

elx —yl

dxdydt. (6-24)

(To obtain this compact form, we use the fact that | (x — y)| < |x — y|=!.) To bound this second
integral, we use the Holder and Hardy—Littlewood—Sobolev inequalities, as well as Corollary 6.3 and
(6-13):
11, 1—1 2 2 3
(6-24) S x| ™" s fuan HLmIIMhiIILfL;||u10||L;4Loo|Iu||L5>oLg
1y, . 2 2 3
S &7 il ez il Dot I o ot .

<, e (N +K).

We now move on to estimating the contribution of the second term in (6-22). This is easily estimated
using Corollary 6.3:

2 2 2 2 -1 3
19w univio Vo)l ) S lunill g2 1 Vatsoll 2 ps Ntttoll s oo Nl oo s S nNT7(1+ N7K).
B X
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This takes the desired form when multiplied by

[ e )P ay S, (625)
R\
To control the third term in (6-22), we use Bernstein together with Corollary 6.3:
190 ug Vo)l y < IVuoll e il s el o
Su N2 IVutoll 26 lunill 7o
Su N unillys +N7H1+NK).

Next, we estimate the contribution from the fourth term in (6-22), which, after integration by parts,
this takes the form

_ /I f (1. ) Pagg (r — )@ (uni P F(0)) ¢ x) dx dy dit.

To continue, we write up;(f, x) = div(VA up;i(z, x)) and integrate by parts once more. This breaks the
contribution into two parts; after applying Holder’s inequality and the Mikhlin multiplier theorem, the
total contribution is bounded by

—1 2 —1

et~ s i g o 1191 il 261V Pl F @) (6-26)
-2 2 —1

172 a2 12 NV il 2 I Pl F @) ] s (6-27)

Applying the Hardy-Littlewood—Sobolev inequality to the first factor in each term and using Sobolev
embedding on the very last factor, yields

(6-26) +(6-27) < [[lunil [ s 25 1V 1 atni | 2 g IV Pl F @)l 1 4. (6-28)

To estimate V P, F(u), we decompose F(u) = F(uj) + B(upiu). Using Holder, Bernstein, and
Corollary 6.3, we obtain

IV P F (o)l 3,4 S NYHIVE (o) 3110 S N IVutoll s llunoll} o s Su N1+ NK)V2,
IV Pro@uniue )| 448 S N2 luanise® [l 4y o S N2 unill g Nll} oo S N> lunill
Putting these together with Corollary 6.3 and (6-13) yields
(6-28) < Nunill oo 2 llumill 2o | VI~ anill 26 (NP4 4+ N KOV + N3/2||uhi||L;{x)
SunN " Hunill s N72A+ N K2 (N1 4+ N2 KV 4+ N ui| )
Sun (lunill s + (N7 +K))
For the fifth (and last) term in (6-22), we again write up; = div(V A~ up;). After integrating by parts

once, the contribution splits into two pieces, one of which is controlled by (6-26) and another which we
bound by

| (Va) s funi ]| oo [1V17 i 261 A P F )] 205 (6-29)
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We now decompose F (1) = F'(uy) + @(uhiulzouz) + @(uﬁizﬁ). Using the Holder and Bernstein inequal-
ities, we deduce

4 3 1/2
IAPF o)l 2,05 S NI Vattoll 216 1ol 206 Su N1+ N K2,
2.2 2 2 2 3 1/2
1A Po@unittig®) 2,65 S N2llunill ez lltnoll 7o 1l s Su N(L+NK)V2,

and
2 3 5/20. 112 3 5/20.. 12
| A Po@ (uiu )IILIng/s SN IIMhIIIL;t_xIIMIILtooLg Su N ||uh1IILiX-

Putting it all together we find
(6-29) S llunill e (2 N2+ N K2 (N NK)Y2 o+ N2 i1 75 )
S (luilljs + N7+ K)).
With the last term estimated satisfactorily, the proof of Lemma 6.7 is now complete. U

Looking back to Proposition 6.2, we are left with just one term in 9, M (¢) to estimate, namely, (6-5).
As in [Colliander et al. 2008], we call this the mass (Poisson) bracket term and use the notation

{F, ¢}m = Im(F).
Notice that {|¢|*¢, ¢}, = O for any function ¢.

Lemma 6.8 (mass bracket terms). For any ¢ > 0,

‘Im f f x f (T, it Y)Vate — ) Vgt e D dxdyd| <0 (lunilly +N7 4 K).
1 JR> JRA ,x

(6-30)
Proof. Exploiting the cancellation noted above and
F(u) — F (un) — F (u10) = B (uiouni®),
we write
{F, unitm = {PniF () — F(uni), uni}m
= {Phi[F(u) — F (uni) — F(uio)], tnitm — { PioF (uni), tnitm + { Poi F (10), Unitm
= @ (wiottiu®) — { PioF (ttni), unitm + { Poi F (10). tni}m- (6-31)

We will treat their contributions in reverse order (right to left) since this corresponds to increasing com-
plexity.
The contribution of the third term is easily seen to be bounded by
2 -1
loani Vaenill o 1t i Poi o)l pp S IV il gopa llunill oo 2 N7V F (i) ) 12
273 2 2
Su n°N ||Vulo||Lt2Lg||u10||L;1L§c||ulo||L[ooLg

S (N2 +K).
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For the second term in (6-31) we write up; = div(VA~luy;) and integrate by parts. This yields two
contributions to LHS(6-30), which we bound as follows:

-1 -2 3 1/2 A73/2
et Vaanill e 4 1917 w219 Pro F unid | 205 S lluenill o2 N 721+ NK) PNYIF (uni) | 211

Sun(N 74 K2 unill s Nlenill e
Sun(lunilljs +N72+K)

and

™ s aan Voeni | a2 11 aeni [ 26 | Pro F Catmid 0

S IVunill o2 lumill s N2+ N2 KN F (i)l 211

15/4 1/4

1/4 -3 1/2
S llunill g NN KO il g ool 25 i1

Sun (il +N72+K).

We now move to the first term in (6-31). This term, or more precisely, the term @(mouﬁi) contained
therein, is the reason we needed to introduce the spatial truncation on a. Using Re’ = N~!, we estimate
this term via

Vil o2 llinill o 1 Vallors lunillzs enollpspsellelze o S llunillys (e7 R 4n'2(1 4+ N2 K
Sun' P (lunillys + N7+ K).
This completes the control of the mass bracket terms. |
Proof of Theorem 6.1. From Holder’s inequality, we see that when ¢ = up; and a is as above, the
interaction Morawetz quantity defined in (6-2) obeys

3 3 07—3
sup [M(0)] < 2llunillgeop2 g epey | Vtnill Loz xmy Su ™ N7,
tel *

provided, of course, that N is small enough so that (6-13) holds. Applying the fundamental theorem of
calculus to the identity in Proposition 6.2 and putting together all the lemmas in this section, we reach
the conclusion that

1 1 1 J? AP
87 il + Br S (2 + TO)BI il gy + (07 L)V K.

We remind the reader that this estimate is uniform in ¢, n € (0, 1], but was derived under several overar-
ching hypotheses: (6-13), NRe! =1,and J >2Jy > 2.

We now choose our parameters as follows: First & and J;;” ! are made small enough so that the By
term on the RHS can be absorbed by that on the LHS. Next 5 and J~! are chosen small enough both to
handle the Li . on the RHS and to ensure that the prefactor in front of (N —3 4+ K) is smaller than 9. We
now choose R and N~! large enough so that (6-13) holds and then further increase N~! or R so as to
ensure NRe’ = 1.
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To fully justify bringing the two terms across the inequality, we need to verify that they are indeed
finite. This is easily done:

1/4 - 4 - -3 2
lnillys S WV u=nlpays S NI Vunillps s SN 4N fN(z) dt,
* 1

by Sobolev embedding, Bernstein, and Lemma 1.7. Similarly,

19/4

Br < |||x| * | Uil HL“L””uhl”LOOLZ” hi [ Lo

Ly

19/4
S ||Mh1||L4L4||”h1||LooL2 Vil 1é/zL38/15 ~Su N7 +N- /N(t) dt,

by also using the Hardy-Littlewood—Sobolev inequality. U

Remark 6.9. As noted in the course of the proof, the necessity of truncating a (x) stems from our inability
to estimate one term. It would be possible to give a much simpler proof if we could show (a priori) that

lupittioll ) Su N2 +nNK, (6-32)

for N sufficiently small. We will now describe what appears to be an intrinsic obstacle to doing this.

With current technology, proving (6-32) without using the interaction Morawetz identity seems to
require proving that it also holds for almost periodic solutions of the focusing equation; however, the
static solution W described in Remark 4.3 shows (6-32) does not hold in that setting. From (4-18) and
simple arguments,

lim N™' [ [Won()] Way(x)dx = lim N_lf W (x)*Wep (x) dx
N—0 R3 - N—0 R3 -

_ lim le EPIW ) Po(E/N) di ~ 1.
N—0 R3

As N(t) = 1, it follows that K = |I] and so | Wy Wioll;1 2 NK for N small.

7. Impossibility of quasisolitons

In this section, we show that the second type of almost periodic solution described in Theorem 1.8,
namely, those with fOTm“ N(t)~'dt = oo, cannot exist. This is because their existence is inconsistent
with the interaction Morawetz estimate obtained in the last section.

Theorem 7.1 (no quasisolitons). There are no almost periodic solutions u : [0, Tpax) X R3 — C o (1-1)
with N (t) = Ny > 1 on each characteristic interval Ji C [0, Tmax) which satisfy ||u ||Ltl(1([0’ Tou) xR3) = 100
and

Tmax
/ N ()~ dt = oo. (7-1)
0

Proof. We argue by contradiction and assume there exists such a solution u.
First we observe that there exists C(u) > 0 such that

N(t) u(t, x)|* dx > 1/C(u) (7-2)
e —x (1) <Cw)/N(1)
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uniformly for ¢ € [0, Tihax). That this is true for a single time ¢ follows from the fact that u(¢) is not
identically zero. To upgrade this to a statement uniform in time, we use the fact that u is almost periodic.
More precisely, we note that the left-hand side of (7-2) is both scale- and translation-invariant and that
the map u () — LHS(7-2) is continuous on Lg and hence also on Hx1

Moreover, by Holder’s inequality,

N() u<n(t, X)[*dx Sy lu<n@)ll7,  forany N >0,
[x—x(1)|<Cu)/N (1) *

uniformly for ¢ € [0, Tihax). Combining this with (7-2) and Theorem 6.1 shows that for each 7y > 0 there

exists some N = N (1) sufficiently small so that

/N(t)‘ldt <4 nON_3+n0/N(t)‘1dt
1 1

uniformly for time intervals I C [0, Tyx) that are a union of characteristic subintervals Ji. In particular,
we may choose 1y small enough to defeat the implicit constant in this inequality and so deduce that

Tmax T
/ N~ 'dr= lim N dr <, 1,
0 T/

max J ()

which contradicts (7-1). U
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