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ON THE GLOBAL WELL-POSEDNESS OF ENERGY-CRITICAL SCHRODINGER
EQUATIONS IN CURVED SPACES
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In this paper we present a method to study global regularity properties of solutions of large-data critical
Schrodinger equations on certain noncompact Riemannian manifolds. We rely on concentration compact-
ness arguments and a global Morawetz inequality adapted to the geometry of the manifold (in other words
we adapt the method of Kenig and Merle to the variable coefficient case), and a good understanding of the
corresponding Euclidean problem (a theorem of Colliander, Keel, Staffilani, Takaoka and Tao).

As an application we prove global well-posedness and scattering in H! for the energy-critical defocus-
ing initial-value problem

(0 + Agu = ulu)*,  u(0) =g,

on hyperbolic space H3.
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1. Introduction

The goal of this paper is to present a somewhat general method to prove global well-posedness of critical!
nonlinear Schrddinger initial-value problems of the form

(i0; +Ag)u=N(u), u(0)=0g, (1-1)

on certain noncompact Riemannian manifolds (M, g). Here Ag = g (9; i — Fl.kj dx) is the (negative)
Laplace—Beltrami operator of (M, g). In Euclidean spaces, the subcritical theory of such nonlinear
Schrodinger equations is well established; see for example the books [Cazenave 2003; Tao 2006] for
many references. Many of the subcritical methods extend also to the study of critical equations with small
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data. The case of large-data critical Schrodinger equations is more delicate, and was first considered in
[Bourgain 1999] and [Grillakis 2000] for defocusing Schrodinger equations with pure power nonlinearities
and spherically symmetric data. The spherical symmetry assumption was removed in dimension d = 3
in [Colliander et al. 2008]; global well-posedness was then extended to higher dimensions d > 4 in
[Ryckman and Visan 2007; Visan 2007].

A key development in the theory of large-data critical dispersive problems was the article [Kenig and
Merle 2006], on spherically symmetric solutions of the energy-critical focusing NLS in R3. The methods
developed in this paper found applications in many other large-data critical dispersive problems, leading
to complete solutions or partial results. We adapt this point of view in our variable coefficient setting as
well.

To keep things as simple as possible on a technical level, in this paper we consider only the energy-
critical defocusing Schrédinger equation

(i0; + Ag)u = ulul* (1-2)

in hyperbolic space H?. Suitable solutions of (1-2) on the time interval (77, T») satisfy mass and energy
conservation, in the sense that the functions

1 1
B0 = [ w0 de E'wo =3 [ NaoPdurg [ e a3
H3 2 H3 6 H3
are constant on the interval (77, T5). Our main theorem concerns global well-posedness and scattering in
H'(H?3) for the initial-value problem associated to (1-2).

Theorem 1.1. (a) (Global well-posedness.) If ¢ € H'(H3)? then there exists a unique global solution
u € C(R: H (H?)) of the initial-value problem

(i0: + Ag)u = ulul*, u(0)=¢. (1-4)

In addition, the mapping ¢ — u is a continuous mapping from H'(H3) to C(R : H' (H?)), and the
quantities E°(u) and E'(u) defined in (1-3) are conserved.

(b) (Scattering.) We have the bound
lull Lrogxry = CUPI 1 3y)- (1-5)
As a consequence, there exist unique u+ € H'(H?) such that
||u(t)—eitAgui||H1(H3) =0ast— +oo. (1-6)

It was observed by Banica [2007] that hyperbolic geometry cooperates well with the dispersive nature
of Schrodinger equations, at least in the case of subcritical problems. In fact the long time dispersion of
solutions is stronger in hyperbolic geometry than in Euclidean geometry. Intuitively, this is due to the
fact that the volume of a ball of radius R 4 1 in hyperbolic spaces is about twice as large as the volume

2Unlike in Euclidean spaces, in hyperbolic spaces H¥ one has the uniform inequality fya | fI?du < Jua IVS |2 d for any
fe C0°°(|H]d). In other words H!(H?) < L2(H9).
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of a ball of radius R, if R > 1; therefore, as outgoing waves advance one unit in the geodesic direction
they have about twice as much volume to disperse into. This heuristic can be made precise; see [Anker
and Pierfelice 2009; Banica 2007; Banica et al. 2008; 2009; Banica and Duyckaerts 2007; Bouclet 2011;
Christianson and Marzuola 2010; Ionescu and Staffilani 2009; Pierfelice 2008] for theorems concerning
subcritical nonlinear Schrodinger equations in hyperbolic spaces (or other spaces that interpolate between
Euclidean and hyperbolic spaces). The theorems proved in these papers are stronger than the corresponding
theorems in Euclidean spaces, in the sense that one obtains better scattering and dispersive properties of
the nonlinear solutions.

We remark, however, that the global geometry of the manifold cannot bring any improvements in the
case of critical problems. To see this, consider only the case of data of the form

PN (x) = N2y (N W™ (x)), (1-7)

where ¥ € C$°(R?) and W : R? — H? is a suitable local system of coordinates. Assuming that v is fixed
and letting N — oo, the functions ¢ € C(;’O([H]3) have uniformly bounded H' norm. For any T > 0 and
Y fixed, one can prove that the nonlinear solution of (1-4) corresponding to data ¢ is well approximated
by

N'2y(N U™ (x), N?%r)

on the time interval (—T N =2, TN ~2), for N sufficiently large (depending on 7" and V), where v is the
solution on the time interval (—7, T') of the Euclidean nonlinear Schrodinger equation

(id; + Av =v|v]*, v(0)=1. (1-8)

See Section 4 for precise statements. In other words, the solution of the hyperbolic NLS (1-4) with data
¢ can be regular on the time interval (—7'N ~2, TN ~2) only if the solution of the Euclidean NLS (1-8)
is regular on the interval (—7', 7). This shows that understanding the Euclidean scale invariant problem
is a prerequisite for understanding the problem on any other manifold. Fortunately, we are able to use the
main theorem of Colliander et al. [2008] as a black box (see the proof of Lemma 4.2).

The previous heuristic shows that understanding the scaling limit problem (1-8) is part of understanding
the full nonlinear evolution (1-4), at least if one is looking for uniform control on all solutions below
a certain energy level. This approach was already used in the study of elliptic equations, first in the
subcritical case (where the scaling limits are easier) by Gidas and Spruck [1981] and also in the H 1
critical setting, see for example Druet, Hebey and Robert [Druet et al. 2004], Hebey and Vaugon [1995],
Schoen [1989] and (many) references therein. Note however that in the dispersive case, we have to
contend with the fact that we are looking at perturbations of a linear operator i d; + Ag whose kernel is
infinite dimensional.

Other critical dispersive models, such as large-data critical wave equations or the Klein—Gordon
equation have also been studied extensively, both in the case of the Minkowski space and in other Lorentz
manifolds. See, for example, [Bahouri and Gérard 1999; Bahouri and Shatah 1998; Burq et al. 2008;
Burq and Planchon 2009; Grillakis 1990; 1992; Ibrahim and Majdoub 2003; Ibrahim et al. 2009; 2011;
Kapitanski 1994; Kenig and Merle 2008; Killip et al. 2012; Laurent 2011; Shatah and Struwe 1993; 1994;
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Struwe 1988; Tao 2006] for further discussion and references. In the case of the wave equation, passing
to the variable coefficient setting is somewhat easier due the finite speed of propagation of solutions.

Nonlinear Schrodinger equations such as (1-1) have also been considered in the setting of compact
Riemannian manifolds (M, g); see [Bourgain 1993a; 1993b; Burq et al. 2004; 2005; Colliander et al.
2010; Gérard and Pierfelice 2010]. In this case the conclusions are generally weaker than in Euclidean
spaces: there is no scattering to linear solutions, or some other type of asymptotic control of the nonlinear
evolution as t — co. We note however the recent result of Herr, Tataru and Tzvetkov [Herr et al. 2011]
on the global well-posedness of the energy critical NLS with small initial data in H'(T?).

To simplify the exposition, we use some of the structure of hyperbolic spaces; in particular we exploit
the existence of a large group of isometries that acts transitively on H9. However the main ingredients in
the proof are more basic, and can probably be extended to more general settings®. These main ingredients
are:

(1) a dispersive estimate such as (2-24), which gives a good large-data local well-posedness/stability
theory (Propositions 3.1 and 3.2);

(2) a good Morawetz-type inequality (Proposition 3.3) to exploit the global defocusing character of the
equation;

(3) a good understanding of the Euclidean problem, provided in this case by a result of Colliander, Keel,
Staffilani, Takaoka and Tao [Colliander et al. 2008, Theorem 4.1];

(4) some uniform control of the geometry of the manifold at infinity.

The rest of the paper is organized as follows: in Section 2 we set up the notations, and record the main
dispersive estimates on the linear Schrodinger flow on hyperbolic spaces. We prove also several lemmas
that are used later.

In Section 3 we collect all the necessary ingredients described above, and outline the proof of the main
theorem. The only component of the proof that is not known is Proposition 3.4 on the existence of a
suitable minimal energy blow-up solution.

In Section 4 we consider nonlinear solutions of (1-4) corresponding to data that contract at a point,
as in (1-7). Using the main theorem in [Colliander et al. 2008] we prove that such nonlinear solutions
extend globally in time and satisfy suitable dispersive bounds.

In Section 5 we prove our main profile decomposition of H!-bounded sequences of functions in
hyperbolic spaces. This is the analogue of Keraani’s theorem [2001] in Euclidean spaces. In hyperbolic
spaces we have to distinguish between two types of profiles: Euclidean profiles which may contract at a
point, after time and space translations, and hyperbolic profiles which live essentially at frequency* N = 1.
Hyperbolic geometry guarantees that profiles of low frequency N < 1 can be treated as perturbations.

3Two of the authors have applied a similar strategy to prove global regularity of the defocusing energy-critical NLS in other
settings, such as T3 [Tonescu and Pausader 2012a] and R x T3 [Ionescu and Pausader 2012b], where other issues arise due to the
presence of trapped geodesics or the lower power in the nonlinearity.

4Here we define the notion of frequency through the heat kernel, see (2-28).
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Finally, in Section 6 we use our profile decomposition and orthogonality arguments to complete the proof
of Proposition 3.4.

2. Preliminaries

In this subsection we review some aspects of the harmonic analysis and the geometry of hyperbolic spaces,
and summarize our notations. For simplicity, we will use the conventions in [Bray 1994], but one should
keep in mind that hyperbolic spaces are the simplest examples of symmetric spaces of the noncompact
type, and most of the analysis on hyperbolic spaces can be generalized to this setting (see, for example,
[Helgason 1994]).

Hyperbolic spaces: Riemannian structure and isometries. For integers d > 2 we consider the Minkowski
space R4+! with the standard Minkowski metric —(dx®)2 4 (dx!)2+. ..+ (dx?)? and define the bilinear
form on R9+1 x Rd"'l,
[e, 1= x00 —xtpt o= xdy.
Hyperbolic space H is defined as
HY = {x e R+ . [x,x] =1 and x° > 0}.

Let 0 = (1,0,...,0) denote the origin of H9. The Minkowski metric on R?*1 induces a Riemannian
metric g on H?, with covariant derivative D and induced measure dy.

We define G := SO(d, 1) = SO, (d, 1) as the connected Lie group of (d + 1) x (d + 1) matrices that
leave the form [ -, -] invariant. Clearly, X € SO(d, 1) if and only if

trX'Id’l X = Id,l» det X = 1, X()() >0,

where I ; is the diagonal matrix diag[—1,1,..., 1] (since [x, y] = —"x- 141 - p). Let K = SO(d) denote
the subgroup of SO(d, 1) that fixes the origin 0. Clearly, SO(d) is the compact rotation group acting on

the variables (x!, ..., x9). We define also the commutative subgroup A of G,
chs shs 0
A:=<Jas=| shs chs 0 seRy, 2-1)
0 0 I;-4

and recall the Cartan decomposition
G=KALK, Aj:={as:s5€][0,00)}. (2-2)

The semisimple Lie group G acts transitively on HY and hyperbolic space H¥ can be identified
with the homogeneous space G/K = SO(d, 1)/ SO(d). Moreover, for any & € SO(d, 1) the mapping
Ly :H? - H?, Lj,(x) = h-x, defines an isometry of H?. Therefore, for any 4 € G, we define the
isometries

wp L2HY) — L2M9),  mp(f)(x) = f(h~"-x). (2-3)
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We fix normalized coordinate charts which allow us to pass in a suitable way between functions defined
on hyperbolic spaces and functions defined on Euclidean spaces. More precisely, for any # € SO(d, 1)
we define the diffeomorphism

U, RS HY, w0l v =k (V14 A9, (2-4)
Using these diffeomorphisms we define, for any / € G,
iyt CRY) — CHY), Tp(N)x) = [ (¥ (). 2-5)

We will use the diffeomorphism Wj as a global coordinate chart on H4, where I is the identity element
of G. We record the integration formula

/ £00) dp(x) = / FOUr) + o) dv (2-6)
H4 R4
for any f € Co(H?).

The Fourier transform on hyperbolic spaces. The Fourier transform (as defined by Helgason [1965] in
the more general setting of symmetric spaces) takes suitable functions defined on H? to functions defined
onRx S9! Forw e S? and A € C, let b(w) = (1, w) € R4 and

Byw:HY > C, Iy o(x) =[x, b(w)]*77,

where
p=(d-1)/2.

It is known that
Aghypw =—M+ pP)hy 0. 2-7)

where Ag is the Laplace—Beltrami operator on H¥. The Fourier transform of feC (H?) is defined by
the formula

Fowor= [ Faerdn= [ @l b@)* du e9)
This transformation admits a Fourier inversion formula: if f € Cé’o([H]d) then
= [ [ o b@r Pl ddo. 29)
where, for a suitable constant C, 6R)
i
c(A)=C Torin

is the Harish-Chandra c-function corresponding to H¥, and the invariant measure of S¢~! is normalized
to 1. It follows from (2-7) that

Agf(h.w) ==+ p) f (L. o). (2-10)
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We record also the nontrivial identity

/ ];()\, w)|x, b(a))]—ik—pdw — / f(_)\’ w)[x. b(a))]”‘_pda)
sd-1 gd—1

for any f € C§°(|H]d), L eC,andx € H.
According to the Plancherel theorem, the Fourier transform f — f extends to an isometry of LZ([H]d)
onto L2(Ry x S~ |¢(A)|"2d A dw); moreover

- 1 ~ —_—
[, @@= [ Reo) ool dido. @1
He RxS4—1

for any fi, f» € L2(H?). As a consequence, any bounded multiplier m : Ry — C defines a bounded
operator T}, on L2(H?) by the formula

(A, @) =mQ) - f(h, ). (2-12)

The question of L? boundedness of operators defined by multipliers as in (2-12) is more delicate if
p # 2. A necessary condition for boundedness on L? ([H]d) of the operator T, is that the multiplier m
extends to an even analytic function in the interior of the region 7, = {A € C: |JA| < |2/p —1]|p} [Clerc
and Stein 1974]. Conversely, if p € (1, 00) and m : I, — C is an even analytic function which satisfies
the symbol-type bounds

0%m()| < C(1+ )™ foranya €[0,d +2]NZand A € T, (2-13)

then T}, extends to a bounded operator on L?(H?) [Stanton and Tomas 1978].

As in Euclidean spaces, there is a connection between convolution operators in hyperbolic spaces and
multiplication operators in the Fourier space. To state this connection precisely, we normalize first the
Haar measures on [ and G such that [, 1 dk =1 and

[ reoag= [ rodu
G H4
for any f € Co(H?). Given two functions f, f> € Co(G) we define the convolution
(s 0 = [ i) fale™ i) d. @-14)
A function K : G — C is called K-biinvariant if
K(kigky) = K(g) forany ky,k, € K. (2-15)
Similarly, a function K : H? — C is called [K-invariant (or radial) if
K(k-x)= K(x) for anykeKandxel]—l]d. (2-16)

If f, K € Co(H?) and K is K-invariant then we define (compare to (2-14))

(f % K)(x) = /G flg-0K(g™" -x) dg. 2-17)



712 ALEXANDRU D. IONESCU, BENOIT PAUSADER AND GIGLIOLA STAFFILANI

If K is K-invariant then the Fourier transform formula (2-8) becomes

K\, o)=KO) = /H K)o (x) dp, (2-18)

where

0= [ b do 2-19)
gd—1
is the elementary spherical function. The Fourier inversion formula (2-9) becomes
o0
K@ = [ RO® @It di, (2-20)
0

for any K-invariant function K € C*° (H?). With the convolution defined as in (2-17), we have the
important identity

(f *K)(h,0) = f(h ) K() (2-21)

for any f, K € Co(H?), provided that K is KK-invariant®.

We define now the inhomogeneous Sobolev spaces on H<. There are two possible definitions: using
the Riemannian structure g or using the Fourier transform. These two definitions agree. In view of (2-10),
for s € C we define the operator (—A)*/2 as given by the Fourier multiplier A — (A2 + p2)%/2. For
p € (1,00) and s € R we define the Sobolev space W ?>S(H?) as the closure of Cg? (H%) under the norm

1S lwos @aay = 1(=A)"2 [ 1l Lo a)-

For s € R let H® = W25, This definition is equivalent to the usual definition of the Sobolev spaces
on Riemannian manifolds (this is a consequence of the fact that the operator (—Ag)s/ 2 is bounded on
L?(H?) for any s € C, fs <0, since its symbol satisfies the differential inequalities (2-13)). In particular,
fors =1 and p € (1, 00),

1
1w sty =100 Pl <o ([ 19117 i) ’ @22
where
Ve f1:=|D%fDaf|".
We record also the Sobolev embedding theorem
WhPSes 9 if l<p<g<ooand s=d/p—d/q. (2-23)

Dispersive estimates. Most of our perturbative analysis in the paper is based on the Strichartz estimates
for the linear Schrodinger flow. For any ¢ € HS(HY), s € R, let ¢/'22¢ € C(R : H*(H%)) denote the
solution of the free Schrédinger evolution with data ¢, i.e.,

eitBep(h, w) = p(A, w) - e 112 +0%)

3 Unlike in Euclidean Fourier analysis, there is no simple identity of this type without the assumption that K is K-invariant.
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The main inequality we need is the dispersive estimate® (see [Anker and Pierfelice 2009; Banica 2007;
Banica et al. 2008; Ionescu and Staffilani 2009; Pierfelice 2008])

“eitAg ooy S |t|—d(1/1)—1/2)’ pe2d/(d+2).2, p'=p/(p—1), (2-24)

for any ¢ € R\ {0}. The Strichartz estimates below then follow from a general theorem from [Keel and
Tao 1998].

Proposition 2.1 (Strichartz estimates). Assume that d > 3 and I = (a, b) C R is a bounded open interval.
() If ¢ € L*(H?) then
1€ 2% bl (oo 2 p2 2002 gy S 1912 (2-25)

(i) If F e (L'L2 + L2292y (1  T) then

t .
H / ¢! =9)0e F(s) ds (2-26)
a

<
SWFN Ly 24 r2r20/@ 2 paxry:

(LSPL2NL2L2Y =2y (Hd xT)

To exploit these estimates in dimension d = 3, for any interval / CR and f € C(I : H™'(H?)) we

define
I zay =1L Lo, @exrys

1/ llskcry =M= Fl oo 2nr2re)@ixry: K €10,00), 2-27)
1/ vk = 1A Fll 122185 @ry: K €10.00).

We use the S'! norms to estimate solutions of linear and nonlinear Schrodinger equations. Nonlinearities
are estimated using the N'! norms. The L!° norm is the “scattering” norm, which controls the existence
of strong solutions of the nonlinear Schrodinger equation, see Proposition 3.1 and Proposition 3.2 below.

Some lemmas. In this subsection we collect and prove several lemmas that will be used later in the paper.
For N > 0 we define the operator Py : L2(H3) — L2(H3),

_ —2
Py = N"?AgeN e,

— P (2-28)
Py f(h,w)==N"2A2+ e N "AHD £ o).

One should think of Py as a substitute for the usual Littlewood—Paley projection operator in Euclidean
spaces that restricts to frequencies of size & N; this substitution is necessary in order to have a suitable L?
theory for these operators, since only real-analytic multipliers can define bounded operators on L? (H?)
[Clerc and Stein 1974]. In view of the Fourier inversion formula we have

Paf) = [ | F0) PR3 ),

SIn fact this estimate can be improved if || > 1, see [lonescu and Staffilani 2009, Lemma 3.3]. This leads to better control
of the longtime behavior of solutions of subcritical Schrodinger equations in hyperbolic spaces, compared to the behavior of
solutions of the same equations in Euclidean spaces (see [Banica 2007; Banica et al. 2008; Ionescu and Staffilani 2009; Anker
and Pierfelice 2009]).
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where
|PN(r)| S N3(14+ Nr)Pe . (2-29)

The estimates in the following lemma will be used in Section 5.
Lemma 2.2. (i) Given € € (0, 1] there is Re > 1 such that for any x e H*, N > 1, and f € H'(H?),
1PN OIS N Y2 g g1 o) + €l S TLoges))
where B(x,r) denotes the ball B(x,r) ={y e H3 :d(x,y) <r}.
(ii) Forany f € H'(H?),

2/3
1oy S 1915y sup [N7212x 7001
xeH?
Proof. (1) The inequality follows directly from (2-29):
| Pn f(X)] S/ VASRI IPN(d(x,y))ldM(y)+/ | SO PN (d(x, y)dp(y)
B(x,R.N— “B(x,ReN—1)

SIS e, ren-1)llLo@3) - An,0,6/5 + 1L/ | Lo @3y - AN, Re.6/5
where, for R € [0,00), N €[1,00) and p €[1,2]

1/p I 1/p
Angpi= ( f | Py (d(0, y))l”du(y)) < ( f |PN(r>|P(shr>2dr)
d(0,y)>RN—1 RN-1

oo 1/p
§N3(/ 4! +Nr)_5pr2dr) < N3P+ R
RN-!

The inequality follows if R = 1/e.
(i) Such improved Sobolev embeddings in various settings have been used before, for example, in
[Bahouri and Gérard 1999; Keraani 2001]. For any f € H!(H?) we have the identity

o0
f=c N='PnN(f)dN. (2-30)
N=0
Thus, with 4 := supp> ||N_1/2PNf||Loo(H3)

) ) .dN dN,
/|f|6du5// P 1 P fL e
H3 0=<N|=<...<Ng N6

dN5 dN6
<A4/ / N2| Py, f1| Py f] 25 406
H3 0=<N5=<Ng N N

sA“/f NPy f12 dNdp.
H3 JOo

where the last inequality follows by Schur’s lemma. The claim follows since

o0
/u—nz fo NPy fIP dNdp = cl|(=D)"2 [ 1 253,
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as a consequence of the Plancherel theorem and the definition of the operators Py, and, for any N € [0, 1),

INTY2Py fll Loy S I Paf | Lo sy (2-31)
O

We will also need the following technical estimate:

Lemma 2.3. Assume € H'(H?) satisfies

1Vl g < 1. sup K2 Pgel™ey(x)| <8, (2-32)
=y
xeH3

for some § € (0, 1]. Then, for any R > 0 there is C(R) > 1 such that

N2 Vel Bayr| s 15 <C(R)SV®  (233)
1 X

(B(x0, RN~ 1)x(tp—R2N—2,tp+R2N~2))

forany N > 1, any ty € R, and any xo € H3.

Proof. We may assume R =1, xo =0, 7y = 0. It follows from (2-32) that for any K >0 and 7 € R
IPxe 2y | pooqsy S SK'V2 || Pre™ ey Loy < 1

therefore, by interpolation,
||PK€”Ag1ﬁ||L12(H3) <s2g4,

Thus, for any K > 0 and ¢ € R,
|Ve (Pre™ )| iz < 82K V4K + 1),
which shows that, for any K > 0 and N > 1,
NY2 Vg (Pre™ 5 ) 1511575 (g -ty 2.2y S 82KV K + DN T4, (2-34)
We will prove below that, forany N > 1 and K > N,
||Vg(PKeitAg ) ||L)2mt(B(O,N_l)X(—N_Z,N_z)) < (NK)™V2, (2-35)
Assuming this and using the energy estimate
Vg (PKeitAg V) ”L‘,’OL,%(IH]3><R) <1
we have, by interpolation,
Ve (Pre ¥l s 12 (0.N-1)x(-N-2.n-2)) S (VK) T2,
Therefore, forany N > 1and K > N
1/2 itAg 1/5 pr—1/5
N ”Vg (PKel € W)“L?L)ICS/S(B((),Nfl)X(—Nfz,N*Z)) <N K . (2-36)

The desired bound (2-33) follows from (2-34), (2-36), and the identity (2-30).
It remains to prove the local smoothing bound (2-35). Many such estimates are known in more general
settings; see, for example, [Doi 1996]. We provide below a simple self-contained proof specialized to
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our case. Assuming N > 1 fixed, we will construct a real-valued function a = ay € C*®(H?3) with the
properties

|D%Dya| <1 in H?,
Ag(Aga) S N? in H?, (2-37)
g\—8
XXy Nlpgn-1)yS X*XPDyDga  in 1 for any vector-field X € T'(H?).

Assuming such a function is constructed, we define the Morawetz action
Ma©) =23 [ Dea(x)- i) D () di (),
H3

where u := Pg eithe Y. A formal computation (see [lonescu and Staffilani 2009, Proposition 4.1] for a
complete justification) shows that

8,Ma(t)=4§)’t/ D“Dﬂa-DauDﬂitdu—/ Ag(Aga)-|ul?dpu.
H3 H3

Therefore, by integrating on the time interval [-N ~2, N 2] and using the first two properties in (2-37),
N—2
4/ / R(D*DPa- DyuDgit) dpdt
—N—2 JH3

N*Z
<2 swp M1+ [ [ 18] P dds
—N—2 JH3

[t|I<N—2

N—2
< sup (w2 @l g1 sy + N / |7 20y 42 S K™+ NK 2.
|f|<N—2 —-N—2

The desired bound (2-35) follows, in view of the inequality in the last line of (2-37) and the assumption
K > N since a is real valued.

Finally, it remains to construct a real-valued function a € C % (H?) satisfying (2-37). We are looking
for a function of the form

a(x):=a(chr(x)), r=d(0,x), aeC®(l,00)). (2-38)

To prove the inequalities in (2-37) it is convenient to use coordinates induced by the Iwasawa decomposition
of the group G: we define the global diffeomorphism

O:RZxR—H>, d@! v?s)="(chs+e S |v?/2,shs+e5|v|?/2, e vl e™5v?),
and fix the global orthonormal frame
e3:=10ds, e1:=¢€"0,1, ey:=e’0,.
With respect to this frame, the covariant derivatives are

D eg =68qpes, Deyes =—ey, Dejeq = Dejez =0 fora,p=1,2.
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See [lonescu and Staffilani 2009, Section 2] for these calculations. In this system of coordinates we have
chr =chs+e 5|v]?/2. (2-39)
Therefore, for a as in (2-38), we have
Dsa = (shs—e*v|?/2)-d'(chr), Dija=v'-d(chr), D,a=v*-d(chr).

Using the formula

DaDﬂa:e(x(eﬂ(a))_(Deaeﬁ)(aL avﬂ = 1727 37
we compute the Hessian:

DiDia= @"?a"(chr)+chra'(chr), D,Dya= v*)?a"(chr)+chrd'(chr),

D, Dya = D,Dya=v"v?d"(chr), D3Ds f = (shs—e*|v|?/2)%d"(chr) +chrd (chr),
D{D3a=D3Dia=v'(shs—e*v|?>/2)d"(chr),

D,D3a = D3Dya =v?(shs —e *|v|?/2)d”" (chr).

Therefore, using again (2-39),
D%aDya = (shr)?(@(chr))?, Aga= ((chr)*>—1)a"(chr)+3(chr)d (chr), (2-40)
and
X*XPDyDga =chrd (chr)| X|? +a"(chr)(X o' + X202 + X3(shs —e " [v]?/2))2.  (2-41)
We fix now a such that
@(y):=0"—1+N72 yell, o).

The first identity in (2-37) follows easily from (2-40). To prove the second identity in (2-37), we use
again (2-40) to derive

Aga =b(chr), where b(y) = 3y(y2—1+ N_z)_l/2 —y0*P=1D0O* -1+ N_z)_3/2.
Using (2-40) again, it follows that
|Ag(Aga)| < y2(r -1+ N™%)73/2 where y =chr,
which proves the second inequality in (2-37). Finally, using (2-41),

X*XBDyDga > chrd (chr)|X|* — ((chr)® = 1)@ (chr)| | X |
= N7 2chr((chr)®> =14+ N"2)73/21x 2,

which proves the last inequality in (2-37). This completes the proof of the lemma. O
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3. Proof of the main theorem

In this section we outline the proof of Theorem 1.1. The main ingredients are a local well-posedness and
stability theory for the initial-value problem, which in our case relies only on the Strichartz estimates in
Proposition 2.1, a global Morawetz inequality, which exploits the defocusing nature of the problem, and a
compactness argument, which depends on the Euclidean analogue of Theorem 1.1 proved in [Colliander
et al. 2008].

We start with the local well-posedness theory. Let

® ={(I,u): I CRisan open interval and u € C(I : H'(H?))}
with the natural partial order
(I,u)y<(I',u') ifandonlyif I C I andu'(t)=u(t)foranytel.

Proposition 3.1 (local well-posedness). Assume ¢ € H'(H3). Then there is a unique maximal solution
(I,u)=(p),u(p)) € P, 0 € I, of the initial-value problem

(0 + Agu=ulul*, u0)=¢ 3-1)

on H3 x I. The mass E°(u) and the energy E'(u) defined in (1-3) are constant on I, and [ull g1y <o0
for any compact interval J C 1. In addition,
lull z(y) =00 if I+ := 1 N[0, 00) is bounded, (32)
lull zar_y =00 if I-:= 1N (—00,0]is bounded.

In other words, local-in-time solutions of the equation exist and extend as strong solutions as long as
their spacetime L )lc?t norm does not blow up. We complement this with a stability result.

Proposition 3.2 (stability). Assume I is an open interval, p € [-1,1], and it € C(I : H' (H?)) satisfies

the approximate Schrodinger equation
(i0: + Ag)it = pitlii|* +e  onH?x I.
Assume in addition that

10,1y + 59 10 111t = M- (3-3)
’ te

for some M €[1,00). Assume to € I and u(ty) € H'(H?) is such that the smallness condition

l[u(to) — u(to) | griuazy + lleli vy < € (3-4)

holds for some 0 < € < €1, where €1 < 1 is a small constant €1 = €1 (M) > 0.
Then there exists a solution u € C(I : H'(H3)) of the Schrodinger equation

(i0; + Ag)u = pulul* on H? x I,

and
lulls1@xr + ldllsi@sxny = CM),  |u—ullgigsxn < C(M)e. (3-5)
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Both Proposition 3.1 and Proposition 3.2 are standard consequences of the Strichartz estimates and
Sobolev embedding theorem (2-23); see, for example, [Colliander et al. 2008, Section 3]. We will use
Proposition 3.2 with p = 0 and with p =1 to estimate linear and nonlinear solutions on hyperbolic spaces.

We next state the global Morawetz estimate:

Proposition 3.3 [lonescu and Staffilani 2009, Proposition 4.1]. Assume that I C R is an open interval,
andu € C(I : H'(H3)) is a solution of the equation

(0 + Ag)u = ulu|* on > x I.
Then, for any t1,t, € I,
”””26(H3X[“312]) < sup ||u(t)”L2(IHI3)||”(t)||H1(H-|]3)- (3-6)
te[tl’tZ]

Next, recall the conserved energy E!(u) defined in (1-3). For any E € [0, co) let S(E) be defined by
S(E) = sup{|lull z(r), E' () < E},

where the supremum is taken over all solutions u € C(I : H'(H?)) defined on an interval I and of energy
less than E. We also define
Eax = sup{E, S(E) < oo}.

Using Proposition 3.2 with it =0,e =0, I =R, M =1, € K 1, one checks that E,,x > 0. It follows
from Proposition 3.1 that if u is a solution of (1-2) and E(u) < Emnax, then u can be extended to a globally
defined solution which scatters.

If Emax = 400, then Theorem 1.1 is proved, as a consequence of Propositions 3.1 and 3.2. If we
assume that En,x < 400, then, there exists a sequence of solutions satisfying the hypothesis of the
following key proposition, to be proved later.

Proposition 3.4. Let uj € C((—Ty, Tk . H! (H3), k =1,2, ..., be a sequence of nonlinear solutions
of the equation
(i0: + Ag)u = ulu|?,

defined on open intervals (—Ty, T*) such that E(uy) — Emax. Let ty € (—=Ty. T*) be a sequence of
times with

lim |lugllz 1,0 = m Jugll 2z, 75y = +00. (3-7)
k—o0 k—o0
Then there exists wy € H'(H?) and a sequence of isometries hy € G such that, up to passing to a
subsequence, uy (1, h,:l - x) = wo(x) € H! strongly.
Using these propositions we can now prove our main theorem.

Proof of Theorem 1.1. Assume for contradiction that E,,x < 4+00. Then, we first claim that there exists a
solution u € C((—Tx, T*) : H') of (1-2) such that

E(u) = Enx and  |ullz71,,0) = llull z(0,7+) = +00. (3-8)
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Indeed, by hypothesis, there exists a sequence of solutions u; defined on intervals I, = (—T, Tk)
satisfying E(uy) < Emnax and

lukll z(r,) — +o0.

But this is exactly the hypothesis of Proposition 3.4, for suitable points 75 € (=T}, T k). Hence, up to
a subsequence, we get that there exists a sequence of isometries /1 € G such that 7, (uy (tx)) — wo
strongly in H'. Now, let u € C((—Tx, T*) : H'(H?)) be the maximal solution of (3-1) with initial
data wy, in the sense of Proposition 3.1. By the stability theory Proposition 3.2, if ||u|| z,7+) < +00,
then 7" = +o0 and |lu|l z(,+00) < C(|lull z(0,+00)) Which is impossible. Similarly, we see that
lull z(~T.,0) = +00, which completes the proof of (3-8).

We now claim that the solution # obtained in the previous step can be extended to a global solution.
Indeed, using Proposition 3.1, it suffices to see that there exists § > 0 such that, for all times ¢ € (—T%, T™),

lull 2 ((t—8,t+8) (=T, 7)) < 1.

If this were not true, there would exist a sequence §; — 0 and a sequence of times # € (—T%+ 68, T*—8y)
such that

lull z (=85 trc+81) = 1- (3-9)

Applying Proposition 3.4 with u; = u, we see that, up to a subsequence, 7y, (1 (1)) — w strongly in
H' for some translations /1;, € G. We consider z the maximal nonlinear solution with initial data w, then
by the local theory Proposition 3.1, there exists § > 0 such that

1
1zl z(=5.6) < 3-

Proposition 3.2 gives that ||| z(;, 5,4, +8) = 1/2 + 0 (1), which again contradicts our hypothesis (3-9).
In other words, we proved that if Ep,x < oo then there is a global solution u € C(R: H 1) of (1-2) such
that

E(u) = Enax and ”u”Z(—oo,O) = ”u”Z(O,oo) = +o00.
We claim now that there exists § > 0 such that for all times,
(@) Ls = 6. (3-10)

Indeed, otherwise, we can find a sequence of times #; € (0, 00) such that u(t;) — 0 in L°. Applying
again Proposition 3.4 to this sequence, we see that, up to a subsequence, there exist /iy € G such that
7h, (u(ty)) - win H I with w = 0. But this contradicts conservation of energy.

But now we have a contradiction with the Morawetz estimate (3-6), which shows that E,,x = +00 as
desired. O

Propositions 3.1 and 3.2 are standard consequences of the Strichartz estimates, while Proposition 3.3
was proved in [Ionescu and Staffilani 2009]. Therefore it only remains to prove Proposition 3.4. We collect
the main ingredients in the next two sections and complete the proof of Proposition 3.4 in Section 6.
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4. Euclidean approximations

In this section we prove precise estimates showing how to compare Euclidean and hyperbolic solutions of
both linear and nonlinear Schrodinger equations. Since the global Euclidean geometry and the global
hyperbolic geometry are quite different, such a comparison is meaningful only in the case of rescaled
data that concentrate at a point.

We fix a spherically symmetric function 1 € C(‘)’o([RQ3) supported in the ball of radius 2 and equal to 1
in the ball of radius 1. Given ¢ € H! (R?) and a real number N > 1 we define

Ong € CP(RY), (ON$)(x) = n(x/N?)- (AN g)(x),
on € CO(RY), on(x) = N2 (One)(Nx), (4-1)
fv € CCHP), InG) =N (T (),

where W is defined in (2-4). Thus Q¢ is a regularized, compactly supported’ modification of the
profile ¢, ¢ is an H!'-invariant rescaling of Qn¢, and fy is the function obtained by transferring ¢y
to a neighborhood of 0 in H3. We define also

1 |
E!l = - Vol|*d - 6 dx.
w@ =7 [ VePar+g [ glfax
We will use the main theorem of [Colliander et al. 2008], in the following form.

Theorem 4.1. Assume ¥ € H'(R?). Then there is a unique global solution v € C(R : H'(R?)) of the
initial-value problem

(i3; + Ao =v|v]*, v(0) =1, (4-2)

and
H [V HL}X’L%OL%LQ(W xR) = C(Eu}@ ) (4-3)

This solution scatters in the sense that there exists wioo e H! (R?) such that
(@) =" 2P =0 1 g3y = 0 (4-4)
ast — +oo. Ify € H>(R?), then v e C(R : H>(R?)) and sup v || s w3y §||¢||H5(R3) 1
teR
The main result in this section is the following lemma:
Lemma 4.2. Assume ¢ € H' (R?), T € (0, 00), and p € {0, 1} are given, and define fy as in (4-1).

(1) There is Ng = No(¢, Ty) sufficiently large such that for any N = Ny there is a unique solution
Uy € C((=TyN~2, TyN~2) : H'(H?)) of the initial-value problem

(i0; + Ag)Un = pUn|Un|*, Un(0) = f. (4-5)

"This modification is useful to avoid the contribution of ¢ coming from the Euclidean infinity, in a uniform way depending
on the scale V.
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Moreover, for any N = N,
- o < 3
IUNIs1(~1on-2,ToN-2) SEL @) 1. (4-6)

(ii) Assume €1 € (0, 1] is sufficiently small (depending only on E[;£3 (@), and let ¢' € H>(R?) satisfy
o=l g1 @3y S €1 Let v € C(R: H?) denote the solution of the initial-value problem

({0: + AV = pu V|4, V(0)=¢ .

For R, N > 1 we define

VR(x, 1) =n(x/R)W'(x,1), (x.1) € R x (=To, To).
Ve v () = NY20R(Nx, N21),  (x.1) eR¥ x (~ToN ™2, ToN ), (4-7)
VRN 1) = v n (¥ (). 1) (y.1) eH? x (=ToN "2, ToN ?).

Then there is Ry > 1 (depending on Ty and ¢’ and 1) such that, for any R > Ry,

lim sup || UN - VR’N ”Sl (—ToN—2,TyN—2) §E1%(¢) £1. (4-8)
N—o0 R

Proof. All of the constants in this proof are allowed to depend on E "5{3 (¢); for simplicity of notation we

will not track this dependence explicitly. Using Theorem 4.1 we have

IVVll (oo L2nL2 L8 @3xmy) S 1 sup 10" Ol s @3y Sl yys s 1- 4-9)

We will prove that for any R sufficiently large there is Ny such that Vg, n is an almost-solution of
(4-5), for any N > Ny. We will then apply Proposition 3.2 to upgrade this to an exact solution of the
initial-value problem (4-5) and prove the lemma.

Let

er(x.1) = (0, + AW — pulvl) (. 0) = p(n( %) = (%) o' cronv' e )
3
+ R (x, t)(Arﬂ(%) +2R7Y 90 (x, z)a,-n(%).
j=1

Since [v/(x, 1) )¢/ 1, see (4-9), it follows that

||H5(R3)

3

3 3
> loker(x.1)] S0l g3 03, LR2RI(1X]) - (lv/(x,t)l + ) v (x4 Y |8k8jv/(X,t)|)-

k=1 k=1 Pyt
Therefore
dim [[1Verl] 202w (10,700 = © (4-10)
Letting

RN (x.1) 1= (9 + Ay — pV v VR N I*) (¥ 1) = N3 Zer(Nx N20),
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it follows from (4-10) that there is Ry > 1 such that, for any R > Rp and N > 1,

H [Ver,n| ”L}L%(R3x(—TON*2,T0N*2))S €1 (4-11)
With Vg n(.1) = v N(\Dl_l(y),t) as in (4-7), let
EgN(.0):=((0: + Ag)VR,N — pVR.NIVR.NIY) (1. 1) @12

=er NV (1).0) + Ag VRN (7. 1) = (Av p) (W (). 1)

To estimate the difference in the formula above, let d;, j = 1, 2, 3, denote the standard vector-fields on
R* and 9; := (¥7)«(9;) and induced vector-fields on H3. Using the definition (2-4) we compute

o _—
gij(y) = gy(0;,0;) = ;5 — ﬁ y=Yr(v).

Using the standard formula for the Laplace—Beltrami operator in local coordinates
Agf =1gI""*3i(lg|"£"3; /)
we derive the pointwise bound
3
V! (A S0 = A 0¥ D) £ 197 DIFHIVE SO,

k=1

for any C3 function f : H? — C supported in the ball of radius 1 around 0, where, by definition, for
k=1,2,3

VEn= Y[R ERE ).
ki+ko+k3=k

Therefore the identity (4-12) gives the pointwise bound
3

- _ _ — k1 ak> ok —
V'ERN(.OISIVer NIV )0+ > W )71 05207 v v (97 (0).0))
k=1 ki+ky+ks=k

_ k1 ako ok -
< [VernI(¥7 ' (9).0) + RPN/ > |07 95205 VR (N (%7 (), 1)].
ki1+kr+kze{1,2,3}

Using also (4-11), it follows that for any R sufficiently large there is Ny such that for any N > Ny

H Vg ERy,N| “L}L%(H3x(—ToN—2,TON—2)) = 2e;. (4-13)
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To verify the hypothesis (3-3) of Proposition 3.2, we use (4-9) and the integral formula (2-6) to estimate,
for N large enough,

[ VRO,N”L)ICOI (H3x(~ToN—2,ToN-2)) T sup VRN Ol 13
’ te(-ToN—2,ToN—2)

< ||v,RO’N||L;_Ot(lR:;X(—TON_Z,ToN_Z)) + sup ||VU/RO,N(Z)||L2(R3)
’ te(—ToN—2,TyN—2) (4-14)
= ||U}a0||L§9,(R3x(_TO,TO)) + sup ||VU/R0(1)||L2(R3)
te(—Ty,Top)

< 1.

Finally, to verify the inequality on the first term in (3-4) we estimate, for Ry, NV large enough,
1/ = VRon Ol a1 655) < 198 — Vg & O 1 sy = 108 — 'y O 171y
< 1OND Bl 1 sy + 16— &' 1 sy + 16— Vi, O 1 < 361

The conclusion of the lemma follows from Proposition 3.2, provided that ¢; is fixed sufficiently small
depending on E; (¢). O

(4-15)

As a consequence, we have:

Corollary 4.3. Assume { € H'(R?), &> 0, I CRis an interval, and

H|V(€”AW)|HL;JL§£(R3><I) =&, (4-16)

where 2/ p+3/q =3/2,q € (2,6]. For N > 1 we define, as before,

(ONY)(x) = n(x/NY2) - (AN y)(x), Yy (x) = NY2(QnY)(Nx), ¥n () = ¥ (¥7 ().
Then there is Ny = N1 (Y, €) such that, for any N > Ny,

[1Ve @ AU Lr Lo sn—21) Sa & (4-17)

Proof. As before, the implicit constants may depend on E [;@ (). We may assume that y € Cg° (R3).
Using the dispersive estimate (2-24), for any ¢ # 0,

I(=a0) 2 eyl La sy S P9 21=2) 20Nl g goay < 12 IVUN Lo

51,1/ |t|3/q—3/2N3/q—3/2'

Thus, for 77 > 0,

itAg 7 —1/p
”Wg (€2 yn)| HL;’Lz(HSx[R\(—TlN—Z,TlN—Z)]) Sv T, :

Therefore we can fix 77 = T1(y, ) such that, for any N > 1,
N
” Vg (Caad'7%] HLf’LS’C(IH]-” X[R\(=Ty N—2,T{ N—2)]) Sq &

The desired bound on the remaining interval N =21 N (=T; N ~2, Ty N ~?) follows from Lemma 4.2(ii)
with p = 0. O
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5. Profile decomposition in hyperbolic spaces

In this section we show that given a bounded sequence of functions f; € H!(H?) we can construct certain
profiles and express the functions fj in terms of these profiles. In other words, we prove the analogue of
Keraani’s theorem [2001] in hyperbolic geometry.

Given ([, tg, ho) € L*(H?) x R x G we define

My 0 f () = (€708 f)(hg ' x) = (pye ™" 0% £) (). (5-1)
As in Section 4 —see (4-1)— given ¢ € H!(R3) and N > 1, we define
Tng(x):= N'2G(NW7 (x),  where ¢(y):=n(y/N'?)- (2 N)(p).  (5-2)
and observe that
Ty : H'(R3) — H'(H?) is a bounded linear operator with TNl 13y < “¢”H1(R3) . (5-3)

Definition 5.1. (1) We define a frame to be a sequence O = (N, ty, hi) €[1, 0) xRxG, k=1,2,...,
where Nj > 1is a scale, t; € R is a time, and A € G is a translation element. We also assume that
either Ny =1 for all k& (in which case we call {Of }x>; a hyperbolic frame) or that Ny " oo (in
which case we call {Of }x>1 a Euclidean frame). Let %, denote the set of Euclidean frames,

Fe={0={(Nk.tk. hi)}kz1: Nx €[1.00), tx € R, hy € G, N /" o0},
and let F; denote the set of hyperbolic frames,
Fp={0=1{(1, tx, hi) k=1 : tx € R, g € G}.
(2) We say that two frames {(Ng, t, hx) k=1 and {(N;, t;, 1} )} k=1 are orthogonal if

Jim [IIn(Nk/Ni)| + N2 |t — 11| + Ngd (hg -0, h), - 0)] = +o0. (5-4)
—00
Two frames that are not orthogonal are called equivalent.
(3) Given ¢ € H'(R?) and a Euclidean frame 0 = {Ox }k>1 = {(Nk. tk, hi) } k=1 € Fe, we define the
Euclidean profile associated with (¢, 0) as the sequence ¢g, , where
doi = My i (T, §). (5-5)
The operators IT and T are defined in (5-1) and (5-2).
(4) Given ¥ € H!(H?) and a hyperbolic frame 0= {6k}k21 ={(1, tk, hx)}k>1 € Fp we define the

hyperbolic profile associated with (¥, 6) as the sequence wﬁk’ where

Ve, =Ty, ¥ (5-6)
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Definition 5.2. We say a sequence ( f; ) bounded in H!(H?) is absent from a frame O = {( Ny, tx, hz )}k
if its localization to O converges weakly to 0, i.e., if for all profiles ¢, associated to O, we have

lim (fk»ﬁg@k)Hlel(W) =0. (5-7)
k—o00

Remark 5.3. (i) If 0 = (1, #, iz )x is a hyperbolic frame, this is equivalent to saying that
H—tk,h,:1 Jie =0
as k — oo in H'(H?).
(i1) If O is a Euclidean frame, this is equivalent to saying that for all R > 0
g W) =n/RIN; (T, 1 fi) (W1 v/ Ng) =~ 0
as k — oo in H'(R?).
We prove first some basic properties of profiles associated to equivalent/orthogonal frames.

Lemma 5.4. (i) Assume {Og}r>1 = {(Ng, te, hi) k=1 and {0} }k>1 = (N, 15, b))} k=1 are two
equivalent Euclidean frames (or hyperbolic frames), and ¢ € H (R?) (or ¢ € H' (H?)). Then
there is ¢’ € H'(R3) (or ¢’ € H'(H?)) such that, up to a subsequence,

. Y o
kli)ﬂéo l|po,. — %, Il &1 @3y =0, (5-8)
where 5@1{ , 5(%;\ are as in Definition 5.1.

(ii) Assume {Op}r>1 = {(Ng, tre, i) }k=1 and {0 b1 = (N}, 1., h)) }i=1 are two orthogonal frames
(either Euclidean or hyperbolic) and ¢, , lﬁ@;{ are associated profiles. Then

lim
k—>o0

Daa@k Da‘;@;‘, dﬂ‘ + kli)n;o”a@k 1;@;( L3MH3) — 0. (5-9)

H3

(iii) If ¢o, and Yo, are two Euclidean profiles associated to the same frame, then

(Vebor. VeV ) L2xr203) = Jim Do, Do o, dps

lim
k—o00 —00 JH3

= [ Vo) VI = (V9. V) 2z

Proof. (i) The proof follows from the definitions if {O }x>1, {0} }x>1 are hyperbolic frames: by passing
to a subsequence we may assume limy_, o —1; + 7 = and limy_, o h?c_lhk = h, and define

¢, = Hi’};(f).

To prove the claim if {Of }z>1, {@;C }x>1 are equivalent Euclidean frames, we decompose first, using
the Cartan decomposition (2-2)

h;c_lhk =myag.ng, my,ng €K, sg €[0,00). (5-10)
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Therefore, using the compactness of the subgroup K and the definition (5-4), after passing to a subsequence,
we may assume that

lim Ny /N, =N, lim NZ(tx—1t;) =1, m my =m, limng=n, lim Ngsp=35. (5-11)
k—o00 k—o0 k—o00

kli>oo k—o0
We observe that forany N > 1, ¥ € H'(R3),1 € R, g € G, and ¢ € K
Migq(TnY) = Teg(TnVg).  where Yq(x) = V(g™ -x).
Therefore, in (5-10) we may assume that
my =ny =1, h;c_lhk = ag, .
With x = (5,0, 0), we define
¢'(x):= N2 8 (Nx —5), ¢’ H'®),
and define ¢/, 5;\’;2 and %;{ as in (5-5). The identity (5-8) is equivalent to
Jim (| Ty ¢ =, -1y, ! Gm8% (Ty, 9)] 1 gy = 0. (5-12)

To prove (5-12) we may assume that ¢" € C§° (R?), ¢ € H>(R3), and apply Lemma 4.2(ii) with p = 0.

Let v(x,7) = (e!2¢)(x) and, for R > 1,

1/2 _
vR(x,t) =n(x/R)v(x,t), vgr N, (x,1)= Nk/ vR(Ngx, N2t), Ve.N, (3. 0) = vr.N, (U7 1(), ).
It follows from Lemma 4.2(ii) that for any ¢ > 0 sufficiently small there is R sufficiently large such that,

for any R > Ry,
limsup e/ (T, ¢) — Vg v, (6 — 1) | ey S & (5-13)

k—o00
Therefore, to prove (5-12) it suffices to show that, for R large enough,

. / /
lﬁsolip“”hk_lhk (T ") = VRN G =10 | 1 sy S &

which, after examining the definitions and recalling that ¢’ € Cgo([R{3), is equivalent to
. 1/2 - -1 1/2 —
hkm sup | V{26 (NQWT (1, By ) = N Por(Ne w7 (), N2 (1 — 1)) | ey sy < &
—00
After changing variables y = Wj(x) this is equivalent to

-1 1/2
i 9 (0) = N Por(Niex N2t — 10) | gy sy S €

/1/2¢/(N]£\I,I—1(hk

lim sup H Ny

k—o0
Since, by definition, ¢’(z) = N /2v(Nz — X, —1), this follows provided that
lim Nk\Ill_l(h;c_lhk Wy (x/Ng))—x =X forany x € R3.
k—o00

This last claim follows by explicit computations using (5-11) and the definition (2-4).
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(i1) It suffices to prove that one can extract a subsequence such that (5-9) holds. We analyze three cases:

Case 1: 0,0" € Fj,. We may assume that ¢, € C§° (H3) and select a subsequence such that either

lim |t —1,| = 00 5-14
ki>oo|k k| ( )
or
lim lk—t,'czt_e R, lim d(hk-O,h;c-O):oo. (5-15)
k—>o0 k—o00

Using (2-24) it follows that

1T n oy + 1T n(Agd) Loy Se (1+1t) 7
Tl Loy + 1T (Ag¥) | Logasy Sy (142D,
for any r € R and 4 € G. Thus

H (Z@k J@}(

3@’y = Mm@ lliLo@s) 1My m ¥llLowms) Se¢p (14 DA+ )™ (5-16)

and

[, 2% Dl | = | [ e T
H3 H3

S Ny =1y, € TR (Mg ) | Lo 1V | Lors ey Sgwr (1 1k =)™

The claim (5-9) follows if the selected subsequence satisfies (5-14).
If the selected subsequence satisfies (5-15) then, as before,

/ﬂ-[l3 Da&;@kDalZ@;‘, d/"‘

S 1AV lLage) - e e g — e TR || ) + /H TRy Mgl dpe,

The first limit in (5-9) follows. Using the bound (5-16), the second limit in (5-9) also follows, up to a
subsequence, if lim supy _, o, |tx| = oo. Otherwise, we may assume that limg o0 tx = T, limg o0 t,’( =
T’ =T —1t and estimate

” (;@k {/;@;{

L33 = ||€_”"Agﬂhk¢'€_i”/‘Ag7Th;j/f||L3(H3)
Sow |~k Az ¢ — e_iTAg¢||L6(u-n3)
e i Bey — e T Bey | Losy + lleT T A2y (7T A2 Y| L3y
The second limit in (5-9) follows in this case as well.

Case 2: 0 € Fy, 0’ € F,. We may assume that ¢ € C0°°(IH]3) and ¥ € C0°°([R3). We estimate

~ = - i
‘[ D% ¢o, Do, d,u’ = '/ My (Dg®) Ty gy (T W) dit| o 1Tn ¥ L2 w13) S Ny
H3 H3
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and

H¢@k w@;{ L3(H3) = ||Htk,hk¢”L°°(H3) ”Ht,/(,h;\, (TNIQ w)HL3(I]-D3)
—-1/2
S 1Agdll2@s) ”(—Ag)1/4(TN,QW)}‘Lz(H3) Sew Ni /2,
The limits in (5-9) follow.

Case 3: 0,0" € F,. We may assume that ¢, ¢ € C5®° (R3) and select a subsequence such that either

lim Nk/N,é =0, (5-17)
k—o0
or
lim Ni/N; =N € (0, 00), lim N2|t —1;| = oo, (5-18)
k—o00 k—o0
or

lim Nk/NIQZZVE(O,OO), lim Nkz(lk—l‘;c)zfe R, lim de(hk-(),h;{-())zoo. (5-19)
k—o0 k—o0 k—o00

Assuming (5-17) we estimate, as in Case 2,

R du‘ - ‘ [ Ml (T o)) Ty 0 i
H3 H3

-1
SIAg(Tned) 2@y I T VllL2aesy So.w NieNy

and

H é;@k &@L

L3(H3) = ” Wy i (TN 9) HL9(H3) : H Htl/wh;c (TNI:' ¥) ”L9/2([|-ﬂ3)
< A TN 2y | A T | 2y o NN

The limits in (5-9) follow in this case.
To prove the limit (5-9) assuming (5-18), we estimate first, using (2-24),

1T (Tn Moy Sp 1+ N2 (5-20)
foranyr e R, h € G, N €[0,00),and f € C($°([RR3). Thus

H $©k J@;{

L3(H3) = Hntk,hk (TNk¢) ”L(’(H-I]3) ”Hz‘,’(,h;( (TN,:, W)HL(’([H@)
Sop 1+ N2l ™ A+ N2 1D~

and

[ D<o Dl | = | [ B BT
H3 H3

itk —t])A AT
/H37Th;€_1hke KRR (TN @) - A (T ) dp

< th;cilhk e_l'(tk—l‘;\r)Ag (TNk¢) HL"(H"’) ” Ag (TNli 1//) ”L(’/s(ﬂ-ﬂ3)

<o L+ N2t —t; D71
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The claim (5-9) follows if the selected subsequence verifies (5-18).

Finally, it remains to prove the limit (5-9) if the selected subsequence verifies (5-19). For this we will
use the following claim: if (gx, My )x>1 € G x[1, 00), limg_, oo My = 00, limyg_, oo My d(gy -0,0) = oo,
and f, g € H (R?) then

k—>o0

lim ' /H T (=8 A (Do ) (= D) 2 (Tag, 8) dit| + g (Ta ) (Taa, &) 13y =0 (5-21)

Assuming this, we can complete the proof of (5-9). It follows from (5-12) that if f € H'(R?) and
{Sk }x>1 1s a sequence with the property that limg _, o Nkzsk =5 € R then

lim [|e™"*k% (T, )= T, /' 1 asy =0, (5-22)
k—o0

where f/(x) = N/2(e7"A £)(N x). We estimate

'fu—u3 Da&;@k Datz@;{ d,u‘ = ‘/HS (—Ag)1/2ﬂh;{_lhk€—i(tk—t]/g)Ag (Tn, ) - (_Ag)l/z(TN,;W) d,u‘

_ 1/2 Y /
S‘/HS( Ag) "y —1y, (Tny 1) ( Ag)l/Z(TNkl/f)d,u’

. —i(t—t;)A _ Y
+W”H1(R3)'””h;’1hke TR (T g) ”h;flhk(TNk‘ﬁ)HHl(H%'

In view of (5-21) and (5-22), both terms in the expression above converge to 0 as k — oo, as desired. If
limg 00 N7|1ic| = oo then, using (5-20), we estimate

oy Yoy s @3y = 1Ty (TN Loy 1Ty g (Tovy Wlloqasy Sgop (14 NEwD ™,

which converges to 0 as k — oco. Otherwise, up to a subsequence, we may assume that limy_, oo V, kztk =
T € R, limy_, o, and write

H g@k J@;(

This converges to 0 as k — oo, using (5-21) and (5-22), as desired.

L3MH3) — ” nh;(_lhke_itkAg (TNk¢) : e_itkAg(TNli,W) HL3(|H]3)‘

It remains to prove the claim (5-21). In view of the H'(R?) — H'(H?) boundedness of the operators
Txn, we may assume that f, g € C(‘)’O(IR3) and replace Ty, f and Ty, g by Mkl/zf(Mk\IlI_1 (x)) and
M kl/ 2 g(M;, \IJI_I (x)) respectively, up to small errors. Then we notice that the supports of these functions
become disjoint for k sufficiently large (due to the assumption limy_, oo My d(gy -0,0) = 00). The limit
(5-21) follows.

(iii) By the boundedness of T, it suffices to consider the case when ¢, ¥ € C5° (R3). In this case, we
have

1/2 —
”Vg (TNk¢ - Nk/ (N 1')) ”LZ(U-I]3) —0
as k — oo. Hence, by the unitarity of IT;, z, , it suffices to compute

Jim N (T (V1) Vg (U N7 2y = [, T900)- VT,

which follows after a change of variables and use of the dominated convergence theorem. O
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Our main result in this section is the following.
Proposition 5.5. Assume that (f)x>1 is a bounded sequence in H'(H3). Then there are sequences
of pairs (¢p*,0%) € H'(R?) x F, and (W",@”) e HY(H?) x Fp, w,v = 1,2,..., such that, up to a
subsequence, forany J > 1,
) 7 J
D Bt D vE L (5-23)
1=pu=sJ 1<v=J

where qbgu and 2, are the associated profiles in Definition 5.1, and®
K k

lim limsup sup N~ V/2|PyeltBer/|(x) = 0. (5-24)
J=00 koo N=>1

teR

xeH3

Moreover the frames {O*}, > and {6"}v21 are pairwise orthogonal. Finally, the decomposition is
asymptotically orthogonal in the sense that

ENfo— ) E'@h)— Y E'WE)-E'6H|=0. (525

1<u<J 1<v<J

hm lim sup
J—=00 k00

where E is the energy defined in (1-3).
The profile decomposition in Proposition 5.5 is a consequence of the following finitary decomposition.

Lemma 5.6. Let ( fi)k>1 be a bounded sequence of functions in H'(H3) and let § € (0, 8¢ be sufficiently
small. Up to passing to a subsequence, the sequence ( f)x>1 can be decomposed into 2J +1 = O(§72)
terms

Do bt DV (5-26)

k
1<u<J 1<v<J

where ¢ and w~ are Euclidean and hyperbolic profiles, respectively, associated to the sequences
(o™, 0%) e H! ([R{3) X Fo and (Y°,0%) € HY(H?) x Fy, as in Deﬁmtlon 5.1.
Moreover the remainder ry, is absent from all the frames O*, 0v,1< w,v <J and
lim sup sup N_1/2|eimg Pyri|(x) <6. (5-27)
k—oo N=1

teR
xeH3

In addition, the frames O* and 0¥ are pairwise orthogonal, and the decomposition is asymptotically
orthogonal in the sense that
Ve /ilZe= D2 IVedtuliat D IVeVdl3a+ IVerlds+ou()  (528)
1=u<J I=v=J

where oy (1) — 0 as k — oo.

8]t is convenient to use the critical norm | N ~1/2 PyeiBe f|| LY, to measure smallness of the remainder in (5-24), as it
already selects the parameters of the frames. Other critical norms have been used as well; see, for example, [Keraani 2001] and
[Laurent 2011]. In any case, by Sobolev and Strichartz estimates, one obtains full control of the Z norm of the remainders, see
(6-1).
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We show first how to prove Proposition 5.5 assuming the finitary decomposition of Lemma 5.6.

Proof of Proposition 5.5. We apply Lemma 5.6 repeatedly for § =27/, / =1,2,... and we obtain the
result except for (5-25). To prove this, it suffices from (5-28) to prove the addition of the L%-norms. But
from Lemma 2.2 and (5-24), we see that

lim sup lim sup ||rkJ||L6(H3) =0
J—o00o k—oo
so that
tim sup lim sup (|1 /i |0 — | fic = 7 18] + 7 186) = 0. (5-29)

J—>00 k—>oo

Now, for fixed J, we see that

lh=r = 5 W= X 1l

1=pu=<J 1=v=J
s X @lELI e X WA+ X (18l + %)
1<a#B<J % 1<a#B<J 1<p,v<J

so that

SO /4P
a,B

[ e 3 A S A

L6
1=pu=<J 1=v=J

where the summation ranges over all pairs ( /7, fkﬂ ) of profiles such that f;* # fkﬂ and where we have
used the fact that the L% norm of each profile is bounded uniformly. From Lemma 5.4(ii), we see that
this converges to 0 as k — oco. The identity (5-25) follows using also (5-29). O

Proof of Lemma 5.6. For (g;); a bounded sequence in H'(H?), we let

8(<gk>k>—hmsup sup N 2| Py ("De gi (h-0))). (5-30)
k—oo0 N=>1
teR
heG

If 8((fx)x) <, then we let J/ = 0 and f; = r; and Lemma 5.6 follows. Otherwise, we use inductively
the following:

Claim. Assume (gy)y is a bounded sequence in H' (H?) which is absent from a family of frames (0%)y< 4
and such that 5((gx)x) = 8. Then, after passing to a subsequence, there exists a new frame 0’ which is
orthogonal to 0% for all « < A and a profile ¢@;( of free energy

lim |[Vge, 72 28 (5-31)
k—o0

such that gy — 5@;{ is absent from the frames 0" and 0%, o < A.

Once we have proved the claim, Lemma 5.6 follows by applying repeatedly the above procedure.
Indeed, we let (/) be defined as follows: (fko)k = (Ji)k and if 8((f;)x) = 8, then apply the above
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claim to (/) to get a new sequence
+1 Y
f]g =fka_¢@g+1'

By induction, (f;¥) is absent from all the frames 08, B < «. This procedure stops after a finite number
(O(872)) of steps. Indeed, since S = fk"‘_1 — 5@% is absent from 0%, we get from (5-7) that

Ve &7 72 = 1Ve S 172 + Ve deell72 + 20/ bog) s o3
= Vg /& 1172 + I Vg oz 7 2 + 0k (1)

and therefore by induction,

Ve fill2s = S [ Vdealls + Vg /1125 + ox (D).

1=a<A4

Since each profile has a free energy > &, this is a finite process and Lemma 5.6 follows.

Now we prove the claim. By hypothesis, there exists a sequence Oy = (N, fx, iz )z such that the
lim supy _, o, in (5-30) is greater than §/2. If lim supy _, ., Nx = oo, then, up to passing to a subsequence,
we may assume that {6k }e>1 = 0’ is a Euclidean frame. Otherwise, up to passing to a subsequence, we
may assume that Ny — N > 1 and we let 0’ = {(1, t, hy ) }k>1 be a hyperbolic frame. In all cases, we
get a frame 0" = {(Mp, tx, hx )k }x>1 such that

1 . 1
8/2= lim N2 | Pr ("R ) g (- 0) = lim (T, )12k Ny > P B0)) 2y pagany] - (5-32)

for some sequence N; comparable to M.
Now, we claim that there exists a profile f@; associated to the frame 0’ such that
K
limsup || Vg f@k 2 <1
k—o00
and
I

5
7 —35 N72A
_tk’hglf@; - N, ZeMk 22 (8)) > 0

strongly in H'(H3). Indeed, if 0’ is a hyperbolic frame, then f := N3N e §,. If Nj — oo, we let
f(x):= (471)_%6_""2/4 = ¢28,. By the unitarity of IT it suffices to see that
5 oo
IV 2N 2880 — Ty, £l sy = O (5-33)

which follows by inspection of the explicit formula

1 2
(e78280)(P) = e
(47z)2 sinhr

forr =dg(0, P).
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Since gy is absent from the frames 0%, @ < A, and we have a nonzero scalar product in (5-32), we see
from the discussion after Definition 5.2 that 0’ is orthogonal to these frames.

Now, in the case 0’ is a hyperbolic frame, we let v € H'(H?3) be any weak limit of o, ng ' 8k Then,
passing to a subsequence, we may assume that for any ¢ € H'(H?),

(Vg (H—tk,h,?lgk —¥), VgQD)szLz = (Vg (gr — Iy, 1y V), Vg Htk,hk‘/’)szLz — 0,
so that g}c = gi — Iy, p, ¥ is absent from O'. In particular, we see from (5-32) that
. —5, N2A
/2= ‘kll,“;om—tk,h;lgk’ AgN—2(e g50))szL2‘
_5, N2
<|(v. AgNT2(eN T 2%80)), 5, 12| S IV ¥llL2aas)

so that (5-31) holds. Finally, to prove that g;( is also absent from the frames 0%, 1 < o < A4 it suffices by
hypothesis to prove this for 1;@;(, but this follows from Lemma 5.4(ii).

In the case Nj — oo, we first choose R > 0 and we define

OF () = n0/RIN, (T, 120 (U1 () Np)). (5-34)

where 7 is a smooth cut-off function as in (4-1). This sequence satisfies

limsup | V8|l 12 (gsy < limsup | Ve g ll22¢3)
k—o00 k—o0

and therefore has a subsequence which is bounded in H'(R3) uniformly in R > 0. Passing to a
subsequence, we can find a weak limit ¢p& H! (R3). Since the bound is uniform in R > 0, we can let
R — o0 and find a weak limit ¢ such that

pF—~¢
in Hléc and ¢ € H'(R?). Now, for ¢ € CgO(R3), we have
I T = NE o7 ) g1y — 0
as k — oo and with Lemma 5.4(iii), we compute that
{gk: Mg @y ) L2xr2@n) = (T, jo18k Ag TN @) L2xL2083)
= (M1, 18k Ag V2OV )] 2y 2y 0k (1)
= (¢, Ap) 25 2m3) + 0k (1)

= —(a@;(»%;{)Hlel(u-M) + ok (1).

(5-35)

In particular, g;c =g — 5@2 is absent from 0’ and from (5-32), we see that (5-31) holds. Finally, from
Lemma 5.4(i1) again, g;C is absent from all the previous frames.
This finishes the proof of the claim and hence the proof of the finitary statement.
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6. Proof of Proposition 3.4

In this section, we first give the proof of Proposition 3.4 assuming a few lemmas that we prove at the end.

Proof of Proposition 3.4. Using the time translation symmetry, we may assume that 7z = 0 for all k£ > 1.
We apply Proposition 5.5 to the sequence (i (0)) which is bounded in H!(H?) and we get sequences of
pairs (¢, O*) € H'(R3) x F, and (¥, 6”) e HY(H?) x %y, u,v = 1,2, ..., such that the conclusion
of Proposition 5.5 holds. Up to using Lemma 5.4(i), we may assume that for all u, either l]’: =0 for all k
or (N,i’“)2|t;:| — oo and similarly, for all v, either 7 = 0 for all k& or |¢}/| — oo.

Case I: all profiles are trivial, p#* = 0, ¥ = 0 for all u, v. In this case, we get from Strichartz estimates,
(5-24) and Lemma 2.2(ii) that uy (0) = rkJ satisfies
. . 3 . 2
e A2 (ur () | z@y S e (O] 6, 1slle” ¢ i)} o 6
t=x t X
(6-1)

EN

15 -4 itA I
SIVue©l 5 ( sup N2 e Py (g (0)](x)) T — 0

N>1,t,x

W

as k — oo. Applying Lemma 6.1, we see that

lukll z@y < lle™ %)l 10, e xmy + luk — e 2 ug ()| g1 gy — 0
as k — oo, which contradicts (3-7).

Now, for every linear profile qggz (resp. Jé’z ), define the associated nonlinear profile U e“ i (tesp. U, ,:’ ©)
as the maximal solution of (1-2) with initial data U f (0) = ¢g;‘f (resp. U ,:’ (0= é’}é). We may write
U, ,r if we do not want to discriminate between Euclidean and hyperbolic profiles.

We can give a more precise description of each nonlinear profile.

(1) If O* € %, is a Euclidean frame, this is given in Lemma 6.2.

(2) If ;) = 0, letting (1", W) be the maximal solution of (1-2) with initial data W"(0) = ¥/*, we see
that for any interval J € 1",

1Ug 1 @) = 70py WY (& =) | 51y = O (6-2)
as k — oo (indeed, this is identically 0 in this case).
(3) If ¢! — +o00, then we define (I”, W) to be the maximal solution of (1-2) satisfying®
k ying
IW? (@) — " B2y || g1 g3y — 0

as t — —oo. Then, applying Proposition 3.2, we see that on any interval J = (—o0, T) € IV, we
have (6-2). Using the time reversal symmetry u (¢, x) — #(—t, x), we obtain a similar description
when 7} — —o0.

Note that (IV, W) exists by Strichartz estimates and Lemma 6.1.
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Case Ila: there is only one Euclidean profile, i.e., there exists p such that uy (0) = ¢ +0k (1) in H'(H3).
Applying Lemma 6.2, we see that Ue is global with uniformly bounded S'! norm for k large enough.

Then, using the stability Proposition 3.2 with &t = Ue &> We see that for all k& large enough,
il Z(r) S B 1
which contradicts (3-7).

Case IIb: there is only one hyperbolic profile, i.e., there is v such that u (0) = ~é’u +or(1)in H'(H?).
If z,‘(’ — 400, then, using Strichartz estimates, we see that g

IVge e T,y oy = [|Vge' ' Aey”|

39 —0
L10L13(n-u%x( 00,0)) LIOL 13 (H3%(—00,—1)))

as k — oo, which implies that ||e!2e Uk (0)|| z(=o00,0) = 0 as k — oo. Using again Lemma 6.1, we see
that, for k large enough, uy is defined on (—o0, 0) and ||ug || z(—c0,0) — 0 as k — oo, which contradicts
(3-7). Similarly, #;/ — —oc yields a contradiction. Finally, if z; = 0, we get that

ary-1uk (0) = ¥
converges strongly in H'(H?3), which is the desired conclusion of the proposition.
Case IlII: there exists ; or v and n > 0 such that

21 < limsup E! (¢ ) hmsupE (w
k—

k—o00

) < Emax —21. (6-3)

@U

Taking k sufficiently large and maybe replacing n by n/2, we may assume that (6-3) holds for all k. In
this case, we claim that, for J sufficiently large,

apP Z + Z Uh . +€”Agl’k — Up{ofk +eitAgr];I
1=u<J 1=v=J
is a global approximate solution with bounded Z norm for all k sufficiently large.
First, by Lemma 6.2, all the Euclidean profiles are global. Using (5-25), we see that for all v and all k&
sufficiently large, E'! (UI;),k) < Emax — 1. By (6-2), this implies that E1(W") < E . — 7 so that by the
definition of E.x, W is global and by Proposition 3.2, U ,‘l’ « is global for k large enough and

1Up 5 @) =700, WY (& = 1) | 51 @y = O (6-4)
as k — oo.
Now we claim that .
limsup [|[ VU, ™| o2 < 4Edux (6-5)
k—o0 o

is bounded uniformly in J. Indeed, we first observe using (5-25) that
IVeU dpp“L"OLz = Vg, rofk||L°°L2 + [ Very ||L2
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Using Lemma 6.3, we get that for fixed ¢ and J,
IVeUptors Oll72 = D0 IVeUl I oo 2 +2 D (VeUL(0). VUL (D) r2xr2

1<y=<2J y#y'
<2 Z El(UZ)'i‘Ok(l)§2Emax+0k(1)»
1=y=<2J

where 0z (1) — 0 as k — oo for fixed J.

‘We also have

limsup || Vg U;?ppH 30 SEpaon | (6-6)
k—o0 Li°Ly

is bounded uniformly in J. Indeed, from (6-3) and (5-25), we see that for all y and all k sufficiently large
(depending maybe on J), E 1 U ,3’ ) < Emax — 1 and from the definition of Ep,,x, we conclude that

sup [|U) | z®) < B |
Y
Using Proposition 3.2, we see that this implies that

S0 Ve U 19 S 1

r,x

maxan
Besides, using Lemma 6.1, we obtain that

IVe UL 1% 10 < EN(UY)
t,x

if EL(U ,g’ ) < 4§ is sufficiently small. Hence there exists a constant C = C(Enax, 1)) such that, for all y,
and all k large enough (depending on y),

IVeUZ 2 19 = CENU) S 1

mi\xan
L.
' (6-7)
[terel 10 S 1Ve Uy||2 30 SCE'(U}) SEpun 1.
L Ll3

t

the second inequality following from Holder’s inequality between the first and the trivial bound
y LrrY
”ngk ”L?OL)Z: <2E (Uk )-

Now, using (6-7) and Lemma 6.3, we see that

10

70

7
< > IVeUIVUL L

z:x 1<a<2J L 1<a#p=<2J
SEmaxyrl Z ||(Vg Uk )Vg Uﬂ“ % Enaxon Ok(l)
1<a#B=<2J Lix
Consequently, o
3

IVg pmfk| &s > IVe U]

%
1=a=<2J

B € ) E'UY 40k (1) SEpn |
1=a=<2J

‘? +ox (1)
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and using Holder’s inequality and (6-5), we get (6-6).

Using (6-5) and (6-6) we can apply Proposition 3.2 to get § > 0 such that the conclusion of Proposition 3.2
holds.

Now, for F(x) = |x|*x, we have

e=(i0:+Ag) U —UPIUM 1 = D (0 + AU —FUD)+ DY FUH - FUM™).

1<a=<2J 1<a=<2J

The first term is identically 0, while using Lemma 6.4, we see that taking J large enough, we can ensure
that the second is smaller than § given above in L%H;’g-norm for all k large enough. Then, since
up(0)=U ,?pp (0), Sobolev’s inequality and the conclusion of Proposition 3.2 imply that for all k large,
and all interval J

lurllzey S lullsiy < llue = U sy + 10 st @) S Emeon |

where we have used (6-6). Then, we see that uy, is global for all k£ large enough and that u; has uniformly
bounded Z-norm, which contradicts (3-7). This ends the proof.

Criterion for linear evolution.
Lemma 6.1. For any M > 0, there exists § > 0 such that for any interval J C R, if
IVe@llr2qzy =M and [P z(s) <3,
then for any ty € J, the maximal solution (I, u) of (1-2) satisfying u(ty) = e'’022 ¢ satisfies J C I and

1A 3
lu—e'"22 |l g1y <8,

lullsiry = C(M,$).

(6-8)

Besides, if J = (—o00, T'), then there exists a unique maximal solution (I,u), J C I of (1-2) such that
: itA _
im ([ Vg (u(t) —e" @) 243y = 0 (6-9)

and (6-8) holds in this case too. The same statement holds in the Euclidean case when (H?, g) is replaced
by (R*, 8i)).

Proof of Lemma 6.1. The first part is a direct consequence of Proposition 3.2. Indeed, let v = ¢??22 ¢,
Then clearly (3-3) is satisfied while using Strichartz estimates,

4
IVgulvll
L;L

< 4 V. eitAe < M§*
t Sl Ve gl e M

6 30
3 (JxH3) 107 I3 (FxH3)

thus we get (3-4). Then we can apply Proposition 3.2 with p = 1 to conclude. The second claim is
classical and follows from a fixed point argument. O
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Description of a Euclidean nonlinear profile. et
Fe={(Nk,tie, hi ) € Fe it =0 forall k or lim NZ|tx| = oo},
k—o00
Gj"h = { (1, tx, hi) € Fp ity =0forall k or lim || = OO}
k—o0
Lemma 6.2. Assume ¢ € H'(R?) and (Ny. tx, hi)x € Fe. Let Uy be the solution of (1-2) such that
Uk (0) = Htk,hk (TNk¢)
(i) For k large enough, Uy € C(R: H') is globally defined, and

1Ukll z@) < 2C (Egs(9))- (6-10)
(ii) There exists a Euclidean solution u € C(R : H'(R3)) of
(i0; + A)u = ulul* (6-11)

with scattering data qbioo defined as in (4-4) such that the following holds, up to a subsequence: for
any ¢ > 0, there exists T (¢, ) such that for all T > T (¢, &) there exists R(¢, e, T) such that for all
R > R(¢,e, T), we have

1Uk = tikll g1 - <N 2) = & (6-12)
for k large enough, where
(i) (1, X) = Nk‘/zn(Nk\IJ;l(x)/R)u(Nk\p,—l (x), N2t — 1))
In addition, up to a subsequence,

Ukl 139 10 10 =¢ (6-13)
LIYH, 13nL2 Hy' 3 (H3x{NZ|t—1|=T})

and for any £(t —t;) > TN 2,
IVg (Uk(0) = Ty—, T ) L2 <. (6-14)
for k large enough (depending on ¢, e, T, R).

Proof. We may assume that sy = I for any k.

If tz = 0 for any k then the lemma follows from Lemma 4.2 and Corollary 4.3: we let u be the
nonlinear Euclidean solution of (6-11) with ©#(0) = ¢ and notice that for any § > 0 there is 7'(¢, §) such
that

|Vu ||L;(?[/3([R3x{|t|2T(¢’8)}) =

The bound (6-12) follows for any fixed 7" > T'(¢, §) from Lemma 4.2. Assuming § is sufficiently small
and T is sufficiently large (both depending on ¢ and &), the bounds (6-13) and (6-14) then follow from
Corollary 4.3 (which guarantees smallness of 14 (¢)-e'22 Uy, (:I:Nk_zT(ng, 8)) in L;0/3H,§’10/3 (H3 xR))
and Lemma 6.1.



740 ALEXANDRU D. IONESCU, BENOIT PAUSADER AND GIGLIOLA STAFFILANI

Otherwise, if limg o0 IV, k2 |t | = 0o, we may assume by symmetry that V. kzlk — +o00. Then we let u
be the solution of (6-11) such that

[V@@) =) 2gs) = 0

ast — —oo (thus ¢~ = ¢). We let qNS = u(0) and apply the conclusions of the lemma to the frame
(Nk, 0, h )k € Fe and Vi (s), the solution of (1-2) with initial data Vi (0) = 7, T, ¢. In particular, we
see from the fact that NV kztk — 400 and (6-14) that

Vi (=tx) = gy TN @ L1 a3y — O

as k — oo. Then, using Proposition 3.2, we see that

Uk = Vi (- =t sty = 0

as k — 00, and we can conclude by inspecting the behavior of V}. This ends the proof. O

Noninteraction of nonlinear profiles.

Lemma 6.3. Let d)ck and 1//@/ be two profiles associated to orthogonal frames O and 0’ in Fo U J’h Let
Uy and U} be the solutions 0f the nonlinear equation (1-2) such that Uy (0) = ¢Gk and U} (0) = W@}{-
Suppose also that E' (¢p0,.) < Emax — 1 (resp. E! (w@/ ) < Emax — 1) if O € Fy, (resp. 0" € Fy,). Then

0p (Ve Ui (7). Ve U (D) 2z [+ 1 UV Uil HI(VeUe)Ve Uil 3

(H3XR) Y(I]-[]3><[R)
—0 (6-15)

15
8

as k — oo.

Proof. 1t suffices to prove (6-15) up to extracting a subsequence, and fix ¢ > 0 sufficiently small.

We only provide the proof that the second norm in (6-15) decays; the other two claims are similar.
Applying Lemma 6.2 if Uy, is a profile associated to a Euclidean frame (respectively (6-4) if Uy is a
profile associated to a hyperbolic frame), we see that

1Ukllst + U lls1 <M < 400

and that there exist R and é such that

Vg Uk”LtloLfco/lS”Li(.)tm((”'"z'XR)\S’IIfzk,,,(,hk) + ”Uk”Lalc(.)t((HSXR)\yfrk,tk,hk) <e,
(6-16)
?S'LTE [”Vg Uk ||LIIOL§YO/13mL)lc(.)t/S(‘(f(]s\]k’S’h) + ||Uk ||L)lc(,)t (y%]{,s.h)] S &,
where
Crn =1 eW xR:dg(h™"-x,0)<aN"and |t - T| <a®N?}. (6-17)

A similar claim holds for U, ]é with the same values of R, §.
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If Nj /N — oo, then for k large enough we estimate

IUkVeUpll | 30 <||Ux Vg Uy I, 5 + Uk Ve Uy || L1
il rileer o CLile xR |, 0
< IIUkIIL;gC||VgUk||L10L;g(y )+||Uk||L10 (@BxRNIE, yIVe kll orB
N/t e

§A48.
The case when N, ]2 / Nj — oo is similar.

Otherwise, we can assume that C~! < Ny /N. ,2 < C for all k, and then find k sufficiently large that

S Nt VTN gy = @ Using (6-16) it follows as before that

HUngL%H 30 Spr e

38
\’
Hence, in all cases,

lim sup ||Uy Vg Uk” 15 Sp e
LS

k—o00

The convergence to 0 of the second term in (6-15) follows. O

Control of the error term.

Lemma 6.4. With the notations in the proof of Proposition 3.4,

Ve (F(U™) - Z F(UR))

1<a=<2J

lim lim sup
J=0 (o0

s =0. (6-18)
L?L3

Proof. Fix g9 > 0. For fixed J, we let
— 14
Utk = 2 Ul 2. U= 2. U
1<p<J 1<v<J 1<y<2J

be the sum of the profiles. Then we separate

Ve(FU™Y - Y~ FUp))

6

1<a=<2J L%L;
Ve(FOM - FOR0)| | o+ [TeF U~ X Fwp)|
L7LR 1<a<2J LPLR
We first claim that, for fixed J,
hm usup Ve(FWUgoi)— Y FUY) g =0. (6-19)

1<a=<2J t

Indeed, using that

wilr( 2 ) 2 ren)|

1=a=<2J 1=a=<2J

S Ul PIlugve U,
aF# B,y
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742
we see that
V(PO - X FOD)| o5 T 10 1V "
1<a<2J LILY oty
Therefore (6-19) follows from (6-15) since the sum is over a finite set and each profile is bounded in L
by (6-7).
Now we prove that, for any given g9 > 0,
(6-20)

lim sup lim sup | Vg (F(U.) — F(U rofk)) ”Lng < €o-
t X

J—>o0 k—>oo

30
This would complete the proof of (6-18). We first remark that, from (6-6), Uprof X has bounded L}OH;’ 13
norm, uniformly in J for k sufficiently large. We also let jo = jo(go) independent of J be such that!®
(6-21)

sup limsup |UZ ||L10 < &p.
a=jo k—oo

Now we compute
5 1
Z Z va(e”Ang)Jvl p( prof, k)S_J HL%L)%

itAg . J J
kte g )— F(Uprof,k)) HL ¢~
t Y p=0

—

” Vg (F( prof
j=

. 1,3 . . .
of ke and e?2¢r/ are bounded in L!°H,’3 uniformly in J, if there is at least one term

Since both U
eithe rkJ w1th no derivative, we can bound the norm in the expression above by
P itA j 1—P 5—j itAg .J
va (e gr ) V ( prof k) HLZ SE‘malxﬂ') ”e grk ||L[l(ic

8
ILX

uniformly in J, so that taking the limit kK — oo and then J — oo, we get 0. Hence we need only consider

the term
J 4 itAg ,J
r Lx

Expanding further (Up{ of, k)4 and using Lemma 6.3 and (6-7), we see that
¢ = limsup Z I(UZ )4Vg(e”Agrk ) L%

itAg . J
limsup (U )4 Ve @25 )|
LPLY k—oo <4<y

k—o00 !
Ag..J
Slimsup Y UL 0 IUE Vg (e 22| 158
l

k—o00 1<a<J

< Epar,n limsup Z E! UDINUZEVg (e”Agrk)H L%

k—o0 1<a<jo

+ lim sup Z E! (U,?)IIU,?IILm ||Vg(€lmg”kj)|| 30
ord

k—o00 ]()<(¥<J

10The fact that Jo exists follows from (5-25) and (6-7).

O
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where jj is chosen in (6-21). Consequently, using the summation formula for the energies (5-25), we get

lim sup” (UP{Of k)4Vg (e”Ag rkJ) H SEpaon €0+ sup  lim SUPH Ui Ve (eltAg”J) H I5L @5
k—o00 ’

6
2L,5 1<a<jo k—>o0 Ly L

t

Finally, we obtain from Lemma 2.3 that for any profile UZ,

hm limsup |UZV (e”A-g J)|| = 0. (6-22)
J=>0 koo LSL 8 (H3xR)
This would imply (6-20) and hence complete the proof of Lemma 6.4. To prove (6-22), fix & > 0. For U
given, we consider the sets Ef N.T.h A defined in (6-17). For R large enough we have, using (6-16),
IUE Vg (e 2er])|
k"8 k LyLy 3 ((H‘xR)\yNk )
itAg . J
=Dl

<
7(%) ~ Emnax>n £.
LiOLy

= ” U]g ”L)lc()[ ((H3 XR)\H)II\i]{.tk.hk) va (e

Now in the case of a hyperbolic profile Uy’ , we know that W as in (6-2) satisfies W € L%, (H? xR).
We choose W € C®(H? x R) such that

v v,/
w>-w ||L}C9t(H3x[R)§8

Using (6-4) we see that there exists a constant C,, ¢ such that

A itAg . J
||Uh kvg(elt ng)” . 8 = ||(Uhk TThy WY/ (- — 1) Vg(e''Zerp )| 15
LILE O Nie ot hk) LILy (y)Nk s hk)
s ) A
+ W o Vg2 r])| s
L}Ly (EPNk . hk)
< C \V4 itAg .J
S Enuon €1 Cuel Vg (e Tk )|| ?5 .
(S)Nk s hk)
In the case of a Euclidean profile, we choose v € C° (R? x R) such that
llu — v”L}&(ﬂ@xR) =e
for u given in Lemma 6.2. Then, using (6-12), we estimate as before
Ag . J Ag . J
1U, Vg(elt “rg )|| 8 S Eneon €+ Cp, £(NM)2||vg(e” T )” 8 :
(y)Nk tge by (501\’/ s hk)
Therefore, we conclude that in all cases,
Ag . J Ag . J
”Ukvg(elt £rp )|| 8 NEmdx,r]8+Cas(N]g)2||vg(€” grk)” iy 15
(fN/ stieshe LiLy (yNA s hk)

Finally we use Lemma 2.3 and (5-24) to conclude that

hm limsup |UZV (e”Ang)H

<
~E \N &
T=00 koo s @R, i

9% hk
Since ¢ was arbitrary, we obtain (6-22) and hence finish the proof. O
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