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GENERALIZED RICCI FLOW
I: HIGHER-DERIVATIVE ESTIMATES FOR COMPACT MANIFOLDS

Y1LI

We consider a generalized Ricci flow with a given (not necessarily closed) three-form and establish
higher-derivative estimates for compact manifolds. As an application, we prove the compactness theorem
for this generalized Ricci flow. Similar results still hold for a more generalized Ricci flow.
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1. Introduction

Throughout this paper manifolds always mean smooth and closed (compact and without boundary)
manifolds. Let 9tet(M ) denote the space of smooth metrics on a manifold M, and C*° (M) the set of
all smooth functions on M. We denote by C the universal constants depending only on the dimension of
M, which may take different values at different places.

An important and natural problem in differential geometry is to find a canonical metric on a given
manifold. A classical example is the uniformization theorem (e.g., [Chow and Knopf 2004]), which says
that every smooth surface admits a unique conformal metric of constant curvature. To generalize to higher
dimensional manifolds, Hamilton [1982] introduced a system of equations

0gij
o
now called the Ricci flow, an analogue of the heat equation for metrics.

There are two ways to understand the Ricci flow: one way comes from the two-dimensional sigma

model (see [Bakas 2007]), while another comes from Perelman’s energy functional [Perelman 2002]
defined by

= —2Rij, 1-1)

T /)= [ (RHIVSP) e Ve, (e, ) € MaAM) X C=(M) (12
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where R, V, and dVy, is the scalar curvature, Levi-Civita connection, and volume form of g, respectively.
He showed that the Ricci flow is the gradient flow of (1-2) and the functional % is monotonic along this
gradient flow. Precisely, under the following system

dgij of 2
B = aRj;. L =—R-Af+ |V I-
we have P
G =2 [ |Ry Vs e av, 20 (14
M

Perelman’s energy functional plays an essential role in determining the structures of singularities of the
Ricci flow and then the proof of Poincaré conjecture and Thurston’s generalization conjecture; for more
details we refer readers to [Cao and Zhu 2006; Chow et al. 2006; 2007; 2008; 2010; Kleiner and Lott
2008; Morgan and Tian 2007; Perelman 2002].

Ricci flow coupled with a one-form or a two-form. 1f we consider the two-dimensional nonlinear sigma
model [Bakas 2007; Oliynyk et al. 2006], then we obtain a generalized Ricci flow that is the Ricci flow
coupled with the evolution equation for a two-form. This flow can be also obtained from the point of
view of Perelman-type energy functional.

Denoting by #? (M) the space of p-forms on M, we consider the energy functional

FD  Met(M) x A2(M) x C®°(M) - R

defined by
508 f) = [ (R+19P = H51HP) e ave, (1-5)
where H = dB. As showed in [Oliynyk et al. 2006], the gradient flow of FW) satisfies
—at” =—2R;j —2V;V; f + %Ifikefljkﬁ, (1-6)
0B;; ‘
atlj =3Vkaij—3Hk,'ijf, (1-7)
0
a—{=—R—Af+%|H|2, (1-8)
and under a family of diffeomorphisms the system (1-6)—(1-8) is equivalent to
S5 =—2Rij + 3 H* Hjy. (1-9)
5 =3Vithy, (1-10)
of 2 4 172
So=—R—Af+|V/P+fIHP (1-11)
Using the adjoint operator d*, Equation (1-10) can be written as
—L =—(d*H);j, (1-12)

at
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and therefore (because of H = dB)

oH
o
where Ay, = —(dd* + d*d) denotes the Hodge-Laplace operator.
The flow (1-9)—(1-10) can be interpreted as the connection Ricci flow [Streets 2008]. If we replace
H =dBby F =dA, i.e., replace a two-form by a one-form, then the flow (1-6)—(1-7) or (1-9)—(1-10) is
exactly the Ricci Yang-Mills flow studied by Streets [2007] and Young [2008].

=—dd*H=AHLH, (1‘13)

Ricci flow coupled with a one-form and a two-form. There is another generalized Ricci flow which
connects to Thurston’s conjecture —roughly stating that a three-dimensional manifold with a given
topology has a canonical decomposition into simple three-dimensional manifolds, each of which admits
one, and only one, of eight homogeneous geometries: S3, the round three-sphere; R?, the Euclidean
space; H3, the standard hyperbolic space; S? x R; H? x R; Nil, the three-dimensional nilpotent Heisenberg
group; §£(2, R); Sol, the three -dimensional solvable Lie group. The proof of Thurston’s conjecture can
be found in [Cao and Zhu 2006; Kleiner and Lott 2008; Morgan and Tian 2007; Perelman 2002].

To better understanding Thurston’s conjecture, Gegenberg and Kunstatter [2004] proposed a generalized
flow by considering the modified 3D stringy theory. This flow is the Ricci flow coupled with evolution
equations for a one-form and a two-form. As in (1-5), we define an energy functional

FO - Met(M) x A (M) x 4> (M) x C®(M) > R
by
9**(2)(g,A,B,f)=/M (R+1VSP = &IHE =3I FP) e v, (1-14)

where H = dB, and F = dA. In [He et al. 2008], the authors showed that the gradient flow of 5
satisfies

% = —2R;j —2ViV; [+ L HM Hypg + 2FF Fjy, (1-15)

38/1" =2V;F/; —2F/;V; f. (1-16)

8?;" =3V H*;j —3H*;;V, f, (1-17)

U~ R-af 4 LHP 4 IFP (1-18)

and under a family of diffeomorphisms the system (1-15)—(1-18) is equivalent to

ag;" = —2Ryj + LHF Hypy + 2F% Fy, (1-19)

8;" =2V, F/;, (1-20)

9Bij _ 3V HK (1-21)

ot
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a

o = TRAS VS HP + | FP (1-22)
Using again the adjoint operator d*, we have
8F—A F aH—A H (1-23)
oy Amth e = Au i

The flow (1-19)—(1-21) clearly contains the Ricci flow, the flow (1-9)—(1-10) or the connection Ricci
flow, and the Ricci Yang—Mills flow; we expect this flow can give another proof of the Poincaré conjecture
and Thurston’s generalization conjecture, with less analysis on singularities.

Main results. For convenience, we refer to GRF the generalized Ricci flow and RF(A4, B) the Ricci flow
coupled with a one-form A and a two-form B.

Let (M, g) denote an n-dimensional closed Riemannian manifold with a three-form H = {H;j}. In
the first part of this paper we consider the following GRF on M:

0

o i (% 1) = —2Rij (x,1) + T Hio (x, 0) Hi¥ (x, 1), (1-24)
0

gH(x, t) = AHL,g(x,,)H(x, t), H(x,0)=H(x), g(x,0)=g(x). (1-25)

It is clearly from (1-9) and (1-13) that the gradient flow of the energy functional FM s a special case
of (1-24)—(1-25). The corresponding case that H is closed is called the refined generalized Ricci flow
(RGRF):

0 1

o817 (¥, 1) = —2Rij (x.0) + 5 Hig (x. ) Hi* (x, 1), (1-26)
d

&H(x,t) = —dd;(x’t)H(x,t), H(x,0)= H(x), g(x,0)=g(x). (1-27)

Here d;( X1 is the dual operator of d with respect to the metric g(x,t).
Lemma 1.1. Under RGRF, H(x,t) is closed if the initial value H(x) is closed.

Proof. Since the exterior derivative d is independent of the metric, we have
d ad
gdH(x, t) = dgH(x, t) = d(—dd;(x,t)H(x, 1) =0.
sodH(x,t) =dH(x) =0. O
The closedness of H is very important and has physical interpretation [Bakas 2007; Oliynyk et al.

2006]. Streets [2008] considered the connection Ricci flow in which H is the geometric torsion of
connection.

Proposition 1.2. If (g(x,t), H(x,t)) is a solution of RGRF and the initial value H(x) is closed, then it
is also a solution of GRF.

Proof. From Lemma 1.1 and the assumption we know that H(x, t) are all closed. Hence

AHL,g(x,t)I_I(xs 1) = —dd,

g(x’t)H(x, 1). O
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For GRF, a basic and natural question is the existence. The short-time existence for RGRF has been
established in [He et al. 2008], where the authors have already showed the short-time existence for
RF(A, B) obviously including RGRF. In this paper, we prove the short- time existence for RGF.

Theorem 1.3. There is a unique solution to GREF for a short time. More precisely, let (M, g;j(x)) be an
n-dimensional closed Riemannian manifold with a three-form H = { H;jy }, then there exists a constant
T = T (n) > 0 depending only on n such that the evolution system

d
o 81 (X 1) = =2 Rij (x. 1) + 387 (x. )¢9 (x. 1) Hyty (x. 1) Hjpg (x. 1),

0
EH(X,I):AHL,g(x,t)H(x,t)s H(X’O):H(x)v g(x50):g(x),

has a unique solution (g;j(x,t), H;ji(x,1)) for a short time 0 <t < T.

After establishing the local existence, we are able to prove the higher derivatives estimates for GRF.
Precisely, we have the following

Theorem 1.4. Suppose that (g(x,t), H(x,1)) is a solution to GRF on a closed manifold M"™ and K is
an arbitrary given positive constant. Then for each o > 0 and each integer m > 1 there exists a constant
Cy, depending on m, n, max{a, 1}, and K such that if

|Rm(x, t)|g(x,t) <K, |H(x)|g(x) <K
forall x € M andt €0, a/ K], then

Cm

—1
|vm Rm(x, t)lg(x,t) + |VmH(x’ t)lg(x,t) = W

(1-28)
forallx e M andt € (0,a/K].

As an application, we can prove the compactness theorem for GRF.

Theorem 1.5 (compactness for GRF). Let {(My, gi(t), Hi(t), Ox)}ken be a sequence of complete
pointed solutions to GRF for t € [a, w) 3 0 such that:

(1) There is a constant Cy < oo independent of k such that

sup ‘ngk(x,t) ar(x.0) < (o, sup |Hk(xa05)|gk(x,oc) < (.
(x,t)e M x(a,w) xXeEMjy,

(i) There exists a constant 1y > 0 satisfies
injg, (0)(Ok) = to.
Then there exists a subsequence { ji }rxen Such that
(M. gj). (1), Hj, (1), Oj;.) = (Moo, goo(t), Hoo (), Oco),

converges to a complete pointed solution (Moo, goo(t), Hoo(t), Oso), t € [, w) to GRF as k — oo.
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In the second part of this paper, we consider the Ricci flow coupled with a one-form and a two-form.
This flow is the gradient flow of %) and takes the form

9
=81 (X 1) = =2Rij + T H* (0 Hja (x,1) + 2% (x, 1) Fjie(x, 1), (1-29)
9 )

EA,(x,t):ZVjFJ,-(x,z), Ai(x,O)=A,-(x), gij(x,O)zgij(x), (1—30)
d
gBij(X,t) =3V H¥ij(x.1), Bij(x.0) = B (x). (1-31)

Here A = {A;} and B = {B;;} is a one-form and a two-form on M, respectively, and ' = dA, H = dB.
For this flow, we can also prove the short-time existence, higher derivative estimates, and the compactness
theorem.

The rest of this paper is organized as follows. In Section 2, we prove the short-time existence and
uniqueness of the GRF for any given three-form H. In Section 3, we compute the evolution equations for
the Levi-Civita connections, Riemann, Ricci, and scalar curvatures of a solution to the GRF. In Section 4,
we establish higher derivative estimates for GRF, called Bernstein—Bando—Shi (BBS) derivative estimates
(e.g., [Cao and Zhu 2006; Chow and Knopf 2004; Chow et al. 2007; 2008; 2010; Morgan and Tian
2007; Shi 1989]). In Section 5, we prove the compactness theorem for GRF by using BBS estimates. In
Section 6, based on the work of [He et al. 2008], the similar results are established for RF(A4, B).

2. Short-time existence of GRF

In this section we establish the short-time existence for GRF. Our method is standard: we use the DeTurck
trick in Ricci flow to prove its short-time existence. We assume that M is an n-dimensional closed
Riemannian manifold with metric

d5% = gij (x) dx' dx’ (2-1)

and with Riemannian curvature tensor {ﬁ,- jkey- We also assume that H= {I:fi ik is a fixed three-form
on M. In the following we put

hij == Hjeg Hi**. (2-2)
Suppose the metrics
ds? =18 (x,t)dx" dx’ (2-3)
are the solutions of!
d . ~ ~ - -
5 8 (x,t) = =2R;j(x,t) + hij(x,1), gij(x,0) =gij(x) (2-4)

for a short time 0 < ¢ < T. Consider a family of smooth diffeomorphisms ¢; : M — M(0 <t <T) of
M. Let
ds? = @¥ds?, 0<t<T (2-5)

n the following computations we don’t need to use the evolution equation for H (x, t), hence we only consider the evolution
equation for metrics.
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be the pull-back metrics of d§7. For coordinates system x = {x!, ..., x"} on M, let
a’st2 = gij(x,1) dx' dx’
and
y(x’t) :(ﬂt(x) :{yl(xﬁt)""’yn(x’t)}'

Then we have
8yﬂ
axt dx/

gij(x.1) = = 8ap(y:1).

By the assumption g,g(x, t) are the solutions of

d ~ ~
a[gaﬂ(x Z) —_ZRaﬂ(x [)+ha,3(x t) gaﬂ(X,O) :gaﬂ(x)~

753

(2-6)

2-7)

(2-8)

(2-9)

We use R;j, R,j, R,,, rk Tk Tk, V, @, %; h,-j,fzij,izvij to denote the Ricci curvatures, Christoffel

ij> iy’

symbols, covariant derivatives, and products of the three-form H with respect to g;;, g;j. gij respectively.

) Zap(y.1).

Then
L ayaayﬁ(a ( ))+a (aya)ayﬂ ( )+8ya O (25 osrn.
- i x, = rEY ) a7 . ’ a7 ’
Thd oxt ax7 \ 9 54P axt \ar ) aw7 Sas 0D+ 55T o ) Sas
From (2-9) we have
3 8§aﬂ ayY
and
9 _ 0 ayB ~ ay ayP -
atgl](x 1) = 3 Oxl o) oeﬁ( D+ i 9x) a,B( 1)
0y® 0yP 9gap dyY 0 [0y dyF . P . dyP
axt oxd ayr or T ant \or ) i S0 0+ 5 e o
Since 5 s
ay® dayP « ay% dy
Rl](x’[): axi ax_]ROt,B(y’[)y hlj(x’[)_ a i 8 ] 0(,3( )

using [Shi 1989, §2, (29)], we obtain

d at 0y dt dy“
According to DeTurck trick, we define y(x,?) = ¢;(x) by the equation

d ay® axk ay @ gxk
tgu(x 1) ==2R;j(x,t) + hij(x,t) + Vi( - gjk) +V; ( gzk)

Ty

ALy Suy DRISLICUEE

then (2-10) becomes

0

d ~
tglj(x t):_ZRl](x t)+hlj(x t)+v1Vj +v]1/l’ gij(x70):gij(x)7

(2-10)

(2-11)

(2-12)
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where
Vi = qug? (5, —Tj,). (2-13)

Lemma 2.1. The evolution equation (2-12) is a strictly parabolic system. Moreover,

0 ~ ~
5,81 = 2"V, Vggij —g*
+ %gaﬂgpq (ﬁigpa : 6J'gqﬁ +2Vgj,- ﬁqgiﬂ —2Vagjp- 6Bgiq — 2V gpa - 6ﬂgiq —2Vigpa - 6Bé’jq)

+3¢%% 7 Hiap Hjpq.

B B

gipgqujaq,B -g* gjpgquian

Proof. 1t is an immediate consequence of Lemma 2.1 of [Shi 1989]. O
Now we can prove the short-time existence of GRF.

Theorem 2.2. There is a unique solution to GREF for a short time. More precisely, let (M, g;j(x)) be an
n-dimensional closed Riemannian manifold with a three-form H = {H;jy }, then there exists a constant
T = T (n) > 0 depending only on n such that the evolution system

d
o €17 (¥, 1) = =2Rij (x,0) + 387 (x, )8 (x,0) Higer (x, 1) Hjpg (X 1),

0
EH(XJ):AHL,g(x,t)H(x,t)s H(X’O):H(x)9 g(x70):g(x)7

has a unique solution (g;j(x,t), H;jx(x,1)) for a short time 0 <t < T.
Proof. We proved that the first evolution equation is strictly parabolic by Lemma 2.1. Form the Ricci

identity, we have Ay g(x,r)H = ALp,g(x,r)H + Rm*H which is also strictly parabolic. Hence from
the standard theory of parabolic systems, the evolution system has a unique solution. O

3. Evolution of curvatures

The evolution equation for the Riemann curvature tensors to the usual Ricci flow (e.g., [Cao and Zhu
2006; Chow and Knopf 2004; Chow et al. 2007, 2008; 2010; Hamilton 1982; Morgan and Tian 2007; Shi
1989]) is given by

d
ERijké = ARjjke + Vijke (3-1)

where
Viike = 2(Bijke — Bijek — Bitjk + Bikje) — 871 (Rpjke Rge + Ripke Rgj + Rijpe Rgk + RijkpRye).

and B;jre = gP" g9 Rpiqj Ry ks¢. From this we can easily deduce the evolution equation for the Riemann
curvature tensors to GRF.
Let v;;j(x,t) be any symmetric 2-tensor, we consider the flow

0
Egij(x»t) = v;j(x,1). (3-2)
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Applying a formula in [Chow and Knopf 2004] to our case v;j := —2R;j + %hl’j with hjj = Hjpyg ijz,
we obtain

d
—Rijke =—3(=2ViVkRjg + 3ViVikhjo + 2ViVe R — SViVihj

" + 2V ViR — 3V Vichig — 2V Vi Ry + 1V Vihig)
+ 58P Rijikp(—2Rqe + 3hqe) + Rijpe(—2Rgi + 3h41)]
= ViVkRjy = ViViRjx = ViV Rig + ViV Rix — 8P4 (Rijkp Rge + Rijpe Ryk)
+ 3 (=ViVihjg + ViVihjx + ViVihig — ViVihig) + 3877 (Rijkphae + Rijpehgr)
= AR;jike +2 (Bijke — Bijox — Bitjk + Bikje)
— gPU(Rpjke Ryt + Ripke Rgj + Rijpe Ryr + Rijrp Rye)
+ 5 (=ViVihjg + ViVehji + ViVihiyg — Vi Vehi) + 5877 (Rijkphqe + Rijpehgi) -
Proposition 3.1. For GRF we have
%Rijké = AR;jk¢ +2 (Bijke — Bijek — Bigjk + Bikje)
— 8P (Rpjke Ryt + RipkeRgj + Rijpe Ry + Rijrp Rye)
+ 5 (=ViVihjg + ViVihjk + ViVihic = ViVihix) + 5877 (Rijkphqe + Rijpehqgi) -
In particular:
Corollary 3.2. For GRF we have
9 2

ERm:ARm+Rm*Rm+H*H*Rm+ZViH*V2_iH. (3-3)
i=0

Proof. From Proposition 3.1, we obtain
0
—Rm = ARm+Rm*Rm+V?/ +/%Rm.

ot
On the other hand, 7 = H % H and

Vih=V(V(H+«H)=V(VH*H)=V*H+H+VH=xVH.
Combining these terms, we obtain the result. O

Proposition 3.3. For GRF we have

0
ERik = ARik + 2<Rpiqk’ qu) _2(Rpi, Rpk) + %[(hﬁq’ Riékq) + (Ripvhkp)]

+ 3 [=Vi Vil HI> + 7 ViVihji + g7V Vichig — My ].

Proof. Since
d jt d ip ,tq
ERik =g 5Rijke +2¢'7¢g" " Rijre Rpq
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and

" hij = g Hipg Hj?? = ¢ ¢P" ¢%° Hipq Hjrs = | H|,
it follows that

g/ =ViVikhje + ViVehj + Vi Vichie = Vi Vehik + g7 hge Rijip + 87 hgi Ry pi]
= —ViVi|HI* + g/ *ViVyhji + g7V Vichig — Mg + g7 g7 gy Rijicp + €7 hgic Rip.

From these identities, we get the result. O
As a consequence, we obtain the evolution equation for scalar curvature.

Proposition 3.4. For GRF we have

0 . ik
ER =AR+2 |RIC|2 —%A|H|2 + %(h,’j,RU) + %glkgjzvivj'hkg.

Proof. From the usual evolution equation for scalar curvature under the Ricci flow, we have

D R= AR+ 2 Ric + Lg™{(heq. Rickg) + (Rip. )]
+ LR (~Vi Vi | H? + g7 ViVihji + g7V Vichig — Ahy)
= AR +2[Ric|? + Hhij. Rij) + H(Rip., hip)
— IAIHP? + 1™ gtV Vyhjp + Yo' g7tV Vihyy — LA HI?.

Simplifying the terms, we obtain the required result. O

4. Derivative estimates

In this section we are going to prove BBS estimates. At first we review several basic identities of
commutators [A, V] and [d/0d¢, V]. If A = A(¢) is a t-dependency tensor, and 0g;; /0t = v;j, then
applying the well-known formulas stated in [Chow and Knopf 2004] on GRF we have

0 0
EVRm:VERm—FRm*V(Rm—l-H*H)
=V(ARm+Rm*Rm+Hx H+Rm+V?*H*H+VHxVH)+Rm*VRm +H *V H*Rm
=A(VRm)+ Y V'Rm«V/Rm+ Y VH+«V/HxV*Rm+ »  VHxV/H.
i+j=0 i+j+k=0 i+j=0+2 4-1)
More generally:

Proposition 4.1. For GRF and any nonnegative integer £ we have

0 . . . , , .
Evf Rm=A(V‘Rm)+ Y V'Rm«V/Rm+ > VH«V/HxVKRm+ > VH«*V/H.
i+j=¢ i+j+k=¢ i+j=L+2 (4-2)
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Proof. For £ = 1, this is (4-1). Suppose (4-2) holds for 1, ..., £. By induction on £, for £ + 1 we have

ﬁv@-i-l Rm

dt
_ 9 V(V* Rm)
ot

3
= vg(vf Rm) + V! Rm*V(Rm +H = H)
=V [A(Vf Rm)+ Y VIRm*V/Rm+ > VH*V/HxVFRm+ )~ vl’H*fo]
i+j=t i+j+k=t i+j=t+2
+ V! Rm*VRm +H * VH % V! Rm
= A(V“’1 Rm) + VRm *V!Rm 4+ Rm V¢! Rm
+ Z (Vi+1 Rm *V/ Rm +V! Rm xV/ 1! Rm)
it+j=t
+ > (VIT'H «V/H « VERm +VIH 5 VITUH % VERm +V'H % V/H % VK41 Rm)
i+j+k=t
+ Y (VMHxV/H+VH«VIT H)+ HxVH+V'Rm.
itj=t+2
Simplifying these terms, we obtain the required result. O

As an immediate consequence, we have an evolution inequality for |V/ Rm |2.

Corollary 4.2. For GRF and any nonnegative integer £ we have

ad . )

wa Rm[> < A[V/Rm[?=2|V** ' Rm[*+ C > |V'Rm|-|V/Rm|- |V Rm]
i+j=t

+C > |VH|-|V/H|-|[V*Rm|-|[V'Rm|+ C ) |V'H|-|V/H|-|[V‘Rm]|. (4-3)
i+j+k=t i+j=£+2

where C represents universal constants depending only on the dimension of M .

Next we derive the evolution equations for the covariant derivatives of H.

Proposition 4.3. For GRF and any positive integer £ we have
P . . . .
8—fo =A(V'H)+ > V'H«V/Rm+ Y  VHxV/HxV*H. (4-4)
! it+j=t it+j+k=t
Proof. From the Bochner formula, the evolution equation for H can be rewritten as

9
o H = AH +RmxH. (4-5)
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For £ = 1, we have

0 i)

EVHzVEH—i—H*V(Rm-l—H*H)
=V(AH+RmxH)+ HxVRm+H+« H*xVH
=V(AH)+ HxVRm+VHxRm+H =+« HxVH

=A(VH)+ VRmxH +VHxRm+Hxx Hx*xVH.

Using (4-2) and the same argument, we can prove the evolution equation for higher covariant derivatives.
O

Similarly, we have an evolution inequality for |V5H 2.
Corollary 4.4. For GRF and for any positive integer | we have
0
S IVIH? < AIVEH? =2V P2
+C Y VIH|-V/Rm|-|VEH|+C > |VIH||V/H|-|V*H|-|V'H]|, (4-6)
i+j=¢L i+j+k=4L
while

9
E|H|25A|H|2—2|VH|2+C-|Rm|-|H|2. 4-7)

Theorem 4.5. Suppose that (g(x,t), H(x,t)) is a solution to GRF on a closed manifold M" for a short
time 0 <t < T and Ky, K, are arbitrary given nonnegative constants. Then there exists a constant Cy
depending only on n such that if

Rm(x, 1)|gx,r) < K1, [HX)|gx) = K2
forall x € M andt €0, T], then
|H(x. 0)lgr,n < K2e@ K1 (4-8)
forall x € M andt €0, T].

Proof. Since

0
EIHI2 < AH|> + CuRm|-[H> < A|H + Cu Ky |H |,

using the maximum principle, we obtain u(7) < u(0)e"K1? where u(r) = |H|?. O

The main result in this section is the following estimates for higher derivatives of Riemann curvature
tensors and three-forms. Some special cases were proved in [Streets 2007; 2008; Young 2008].

Theorem 4.6. Suppose that (g(x,t), H(x,t)) is a solution to GRF on a compact manifold M" and K is
an arbitrary given positive constant. Then for each oo > 0 and each integer m > 1 there exists a constant
Cym depending on m, n, max{w, 1}, and K such that if

|[Rm(x, t)|g(x,t) <K, |H(x)|g(x) <K
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forallx €e M andt €[0,a/ K], then

C
|Vm lRm(x Z)lg(x 1) + |VmH(x l)lg(x 1) = l‘m’72 (4'9)

forallx e M andt € (0,a/K].
Proof. In the following computations we always let C be any constants depending on 7, m, max{«, 1},and

K, which may take different values at different places. From the evolution equations and Theorem 4.5,
we have

%|Rm > <ARm|?=2|VRm|*+C + C|V*H|+C|VH|?,
%IHIZ < A[HP?=2|VH|* +C,
£|VH|2 <A|VH|?-2|V*H|*>+C|VRm|-|VH|+ C|VH|*.
Consider the function u = ¢|V H|? 4 y|H|? + t|Rm |?. Directly computing, we obtain

d
o U S Au —2t|V2H|* + Ct|V*H |+ (C —=2y)|[VH|* + C +Cy —2t|[VRm|* + Ct-|VRm|-|VH|
<Au+2(C—y)-[VH*+C(1+7y).

If we choose y = C, then 374 = Au+ C which implies that u < C e€* since u(0) < C. With this estimate
we are able to bound the ﬁrst covariant derivative of Rm and the second covariant derivative of H. In
order to control the term |V Rm |2, we should use the evolution equations of | |2, |VH|? and |V2H|? to
cancel with the bad terms, i.e., |[VZRm |2, |[V2H|?, and |V3H|?, in the evolution equation of |V Rm |?:

d
—|VRm |?
8z| m|

C
IVRm|+C-|VRm]|-|V3H|+

<A|VRm|*-2|V2Rm|?>+C|VRm|? + 7

1/2|V2H| |VRm]|,

d
5|v2H|2sA|VZH|2—2|v3111r|2+c.|v2Rm|-|v2H|+ 1/2|VRm| |V2H|+C|V2H|* 4+ — |V2H|

As above, we define
u:=1*(|V?H|* + |VRm |*) + tB(VH* + Rm |*) + y|H|?,
and therefore, ou < Au + C. Motivated by cases for m = 1 and m = 2, for general m, we can define a

) ot
function

m—1
wi=1"(V"H* + V" 'Rm|*) + > Bit' (V'H|> + |V~ Rm |*) + y | H|?,
i=1

where f; and y are positive constants determined later. In the following, we always assume m > 3.
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. . Ci
Suppose that [VI"!Rm | + |VI H| < IR fori =1,2,. — 1. For such i, from Corollary 4.4, we
have

9 . ) . P L .
E|V’H|2 <AIVHP? =2V TH? + C ) |V/H|- |V Rm |- |V'H|

Jj=0 i i—j
+C Y > IV/H| |V H| | VEH| - V]
j=0£=0
i i
. . : C; +1 Ci Ci—j—t Cy
<AIV'HP 2|V HP +C-|V'H| Y - f j+l +C- |V’H|ZZ—’-%-—L
j—ot2 j=0¢=01
<AIVIH]? =2 |VIT H]> + |V’H|+ IV’HI

1+l
t

Similarly, from Corollary 4.2 we also have

9 . . ) -1 o .
8—|V’_1Rm|25A|V’_1Rm|2—2|V’Rm|2+CZ|V’ Rm |[|V:™'™/ Rm||VI™! Rm |
t izo

+C > > VH|VIT T H] [ VERm |- [V Rm |

j=0 (=0
i+1 . . . .
+C > |V/H|- VT H|- [V Rm|
j=0
Ci—
<AIVIT'Rm |2 =2|V'Rm|* + C - |V~ 1Rm|Z J“. -~
= Oz tz
l—li—l—jC C it Ce
i—1 J i—1—j— +1
+C-|V" Rm| T imi—i—¢ +1
]=0 {=0 t2 t 2 12
i
. Ci G . G
+CVITIRm| Y L T o vitty) oL
j=1t2 t 2 12

<AIVITIRm[2=2|VIRm |* + —- . |V~ 1an|+ |V’+1H|+ j|v"—1Rm|.

12

The evolution inequality for u is now given by

i o .
S =me T (VP [V Rm 2) Y i T (VP + [V Rm )

i=1

2 o= 1Rm|2) Sy ( ViHP +

i=1

d 0

+1™ (a |[V"H|* +

Vi~ Rm|? H|.
“ IV RmE )
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It’s easy to see that the second term is bounded by

but this bound depends on ¢ and approaches to infinity when ¢ goes to zero. Hence we use the last
second term to control this bad term. The evolution inequality for the third term is the combination of the
inequalities

3
at m

< A|VTH[* =2 |V" T H|* + C ) |V'H|- V"™ Rm| - |V"H]

i:0 m m_i . . . .
+C Y Y |VH|- |V HI|VH|- [V"H]
i=0j=0
Cm
<AIV'H? —2|V"P H]2 £ C|V"H|> + C-|V"Rm |- |V"H| + —— s |va|+ |va|

and

9 m—1 ) )
Ewm—l Rm|* < A[V"T'Rm > =2|V"Rm[*+C Y [V'Rm|- [V "7 Rm|-|V""! Rm|
=0
m—1m—1—i . . .l .
+C > Y |VH| V"' H|- |V Rm|-[V" 7 Rm]|
i=0 j=0
m+1 ) )
+C > |VH[- V" H]- [V Rm|
i=0
C
<AIV"IRm > =2 |V"Rm >+ C|V" ' Rm |* + — - |[V"H|-|[V" ! Rm |
[7

Cp
+ C|IV"H L H ||V Rm | + V"1 Rm |+ ;”|vm—1Rm|.
12

m+l

Therefore we have

m—1

9 . . .
S <m" N (VHP 4+ V" Rm )+ Y it (VH + [V Rm )
i=1

+™ (A|va|2—2|vm+1H|2+ V™H|+ C|V™H|?

m—+1
t 2
+ C|V™Rm|-|V"H|+ AIV™ ! Rm|?

— 2|V"Rm|* +

-|[V" I Rm |+ C|V" ™' Rm |?
2

C
+ W|v"%r|-|vm—1Rm|+C|vm+1H|-|V’"—1Rm|)
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+ Zﬁ, ( | Vit 1Rm|+A|V’H|2 2|V"+1H|2
i=1
+ A|VITIRm |2 +

H|+ —= |v'+1H| 2|V! Rm|2)
t Z

+y(A|H|>=2|VH|? +C)

< Au—=2t"|V" T H?? 4 Crm VT U H| |V R |
m—2
— 2" |V Rm > + C¢"|V" Rm |- [V H| + Y _ (i + DBiy12' (VT HI> + |V Rm |*)
m—1 i=0
=23 Bt IV H> + |V Rm|?) =2y |VH|* + yC
i=1

L CmTYVPHE + Com VT Rm 2+ T [VPH| 4 Ce T VT Rm |
—|—Ctm_7|V”’H|-|V’”_1Rm|—|—Ctm|Vm+1H|-|Vm_1Rm|

+ Z BiCit2|VI+ H| + Z BiCit' 2 (V'H|? + |V~ Rm)).
i=1 i=1

Choosing

. A )
(@ +1DBi+1 =B, ,3i=l.—|, i >0,

where A is constant which is determined later, and noting that

m—1 m—1 m—1
> BiCH AV H < 2 ) B VTP 5 Y BiCE

i=1 i=1 i=1

and

Zﬂ,c, = (IVH| + |V Rm))
i=1
m—2 ) ) )
<AICU(VH|+Rm )+ Y Bis1 Gt 2(IVT H| + |V Rm )
i=1
CIVHTHPE + 0| VIRm | Bi1Cig
<BICIIVH + Rm ) + Y Bisi 1( T )
i=Zl A 2Bi4+1Ciy1/Bi Bi

m—2 m—2 p2 2

1 S . - L C;
< AICHIVHI+Rm )+ 5 37 firl (Y HP 4V Rm ) 4 37 S
1

i=1 i=1
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we obtain

d

o U= Au—=2t"\V" T H?2 4 Cmvm L H| |V Rm |
—2t™|V"Rm |? + Ct™|V™H|-|[V™ Rm |+ Ct™ 1 |V"H|? + C™ 1| V™~ 1 Rm |?
+Ct" 2 |[VMH|- [V Rm | + Bo(|VH|? + [Rm )

- mX:Iﬁiti(|vi+1H|2+ V! Rm|2)+lgﬁit"(lv"“H|2+|Vi Rm |?)
i=1 i=1
+ A BtV H 2 + B Cy|VH| =2y |VH|* + C + Cy
< Au+ Cm NV Rm 2+ Cemm \VPHECm 2 (IVH ) 4 [V Rm ?) + Bo| V H
+B1C1|VH| = 2y|VH* + C + Cy — 3Bm—1" V"H|* = By ™' V" Rm |?
<Au+3CVt+C—Bp_t™ (V"' Rm |* + |V"H|?)
+(Bo+B1C1 —2y)|[VH> + C + Cy + B Cy.

When we chose 4 and y sufficiently large, we obtain %—L; < Au + C, which implies that u(z) < C since
u(0) is bounded. O
Finally we give an estimate that plays a crucial role in the next section.
Corollary 4.7. Let (g(x,t), H(x,t)) be a solution of the generalized Ricci flow on a closed manifold M .
If there are B > 0 and K > 0 such that
IRm(x,t)|g(x,n) = K, [H(X)|gx) =K

forallx e M andt €0, T], where T > B/ K, then there exists for each m € N a constant Cy, depending
onm,n,min{f, 1}, and K such that

VL RM(x, 1) g ey + IVH (X, 1) |g ey < Cm K™

forall x € M andt € [min{B,1}/K, T].
Proof. The proof is the same as in [Chow et al. 2007]; we just copy it here. Let 8; := min{p, 1}. For any
fixed point o € [81 /K., T] we set Ty :=to— 1/ K. For t :=t — Ty we let (g(7), H()) be the solution
of the system
g
ot

The uniqueness of solution implies that g(¢) = g(¢ + Ty) = g(¢) for z € [0, 1/ K]. By the assumption
we have

-  3H _ _
= —2Ric + 34, 7=AHL,§H, 2(0) =g(Ty), H(0)= H(Tp).

IRm(x, D)l < K, [HX)lge) < K

forall x € M and 7 € [0, 81/ K]. Applying Theorem 4.5 with « = 1, we have

—m—1— < _C
|Vm Rm(x,ﬂIg,(x’;) + |VmH(x,t_)|g,(x,;) = Z‘m’/nz
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for all x € M and 7 € (0, B;/K]. We have i™/2 > g™/22-m/2k=m/2 i f ¢ [8, /2K, B,/ K]. Taking
t = B1/K, we obtain
2m/26me/2

m/2
1

for all x € M. Since ty € [/ K, T| was arbitrary, the result follows. O

|Vm_l RIII(X, ZO)lg(x,to) + |VmH(x, t0)|g(x,t0) =

5. Compactness theorem

In this section we prove the compactness theorem for our generalized Ricci flow. We follow [Hamilton
1995] on the compactness theorem for the usual Ricci flow.

We review several definitions from [Chow et al. 2007]. Throughout this section, all Riemannian
manifolds are smooth manifolds of dimensions n. The covariant derivative with respect to a metric g will
be denoted by V.

Definition 5.1. Let K C M be a compact set and let {g }xen» €00, and g be Riemannian metrics on M .
For p € {0} UN we say that g5 converges in C? to goo uniformly on K with respect to g if for every
€ > 0 there exists kg = ko(€) > 0 such that for k > kg,

gk — goollcr:k,g == sup sup [EV¥(gr — goo)(¥)|g <. (5-1)
0<a<pxekK

Since we consider a compact set, the choice of background metric g does not change the convergence.
Hence we may choose g = goo.

Definition 5.2. Suppose {Uj }xen is an exhaustion? of a smooth manifold M by open sets and g are
Riemannian metrics on Uj. We say that (U, gx) converges in C* to (M, goo) uniformly on compact
sets in M if for any compact set K C M and any p > 0 there exists kg = ko(K, p) such that {g }x>x,
converges in C? to goo uniformly on K.

A pointed Riemannian manifold is a 3-tuple (M, g, O), where (M, g) is a Riemannian manifold and
O € M is a basepoint. If the metric g is complete, the 3-tuple is called a complete pointed Riemannian
manifold. We say (M, g(t), H(t), O),t € (o, w), is a pointed solution to the generalized Ricci flow if
(M, g(t), H(t)) is a solution to the generalized Ricci flow.

The so-called Cheeger—Gromov convergence in C°° is defined as follows:

Definition 5.3. A given sequence {(My, gk, Ok ) }xen of complete pointed Riemannian manifolds con-
verges to a complete pointed Riemannian manifold (Mo, €00, Oco) if there exist

(1) an exhaustion {Uy }ren of Moo by open sets with O € Uy, and
(ii) a sequence of diffeomorphisms @ : Moo > Uy — Vi 1= Oy (Uy) C My with P (Os) = Ox

such that (Ug, @5 (gkly;)) converges in C* to (Mo, goo) uniformly on compact sets in Moo.

21f for any compact set K C M there exists ko € N such that Uy D K for all k > kg
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The corresponding convergence for the generalized Ricci flow is similar to the convergence for the
usual Ricci flow introduced by Hamilton [1995].

Definition 5.4. A given sequence {(My, gz (¢), Hy (1), Ox)}ren Of complete pointed solutions to the
GRF converges to a complete pointed solution to the GRF

(Moo, 8oo(1), Heo (1), Ooo), 1 € (a, ),
if there exist
(1) an exhaustion {Uy }ren of Moo by open sets with O € Uy,
(i1) a sequence of diffeomorphisms @ : Moo 3 Uy, — Vi, 1= O (U) C My, with @ (0Os) = O
such that (Uy x (o, »), Q7 (gx (D) + dt?, CDZ(Hk(fNVk)) converges in C* to
(Moo X (o, @), goo(t) + dt*, Hoo(1))
uniformly on compact sets in Mo X (&, ). Here we denote by d¢? the standard metric on (&, w).

Let inj, (O) be the injectivity radius of the metric g at the point O. The following compactness theorem
is due to Cheeger and Gromov.

Theorem 5.5 (compactness for metrics). Let {(My, gk, Or)}ren be a sequence of complete pointed
Riemannian manifolds satisfying these conditions:

(i) Forall p > 0and k € N, there is a sequence of constants C, < 00 independent of k such that
8« VP Rm(gg) g, = Cp
on Mjy.
(i1) There exists some constant 1y > 0 such that
inj,, (O) = to
forall k e N,

Then there exists a subsequence { ji }xen such that {(Mj, , gj,., Oj,.)}ken converges to a complete pointed
Riemannaian manifold (M%), g0, Oxo) as k — 0.

As a consequence of Theorem 5.5, we state our compactness theorem for GRF.

Theorem 5.6 (compactness for GRF). Let {(My, gi(t), Hi (), Ox)}ren be a sequence of complete
pointed solutions to GRF for t € [a, w) > 0 satisfying these conditions:

(1) There is a constant Cy < 0o independent of k such that

sup IRm(g (x,1))|g, (x,0) < Co.  sup |Hi(x,0)lg, (x,a) = Co-
(x,1) € M x(ar,0) xeMy,

(i1) There exists a constant 1y > 0 satisfying

injg, 0)(Ok) = to-
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Then there exists a subsequence { ji }ren Such that

(M]k ’ g]k (t)’ PI]k (Z)7 OJk) - (MOO’ gOO(Z)v HOO(t)v 000)7
converges to a complete pointed solution (Mo, €00(t), Hxo (1), Oxo), t € [, ®), to GRF as k — o0.

To prove Theorem 5.6 we extend a lemma for Ricci flow to GRF. After establishing this lemma, the
proof of Theorem 5.6 is similar to that of Theorem 3.10 in [Chow et al. 2007].

Lemma 5.7. Let (M, g) be a Riemannian manifold with a background metric g, let K be a compact
subset of M, and let (gi.(x,t), Hi(x,t)) be a collection of solutions to the generalized Ricci flow defined
on neighborhoods of K x [B, V], where ty € [B, V] is a fixed time. Suppose that:

(1) The metrics gy (x, ty) are all uniformly equivalent to g(x) on K, i.e.,forall V €e Ty M, k,and x € K,
CTle)(V. V) = gr(x.10)(V. V) = Cg(x)(V. V),

where C < o0 is a constant independent of V, k, and x.

(ii) The covariant derivatives of the metrics gy (x, tg) with respect to the metric g(x) are all uniformly
bounded on K, i.e., for all k and p > 1,

1EVP gy (x, t0)|g(x) + |gvp—1Hk(x’ t0)|g(x) =G

where C), < 00 is a sequence of constants independent of k.

(iii) The covariant derivatives of the curvature tensors Rm(gy (x,t)) and of the forms Hy(x,t) are
uniformly bounded with respect to the metric gy (x,t) on K xX[B, V], i.e., for all k and p > 0,

18-V P Rm(gx (x, )| gye ety + 18 VPHR (X, Dl g (x.0) = Cp
where C 1’, is a sequence of constants independent of k.

Then the metrics gy (x,t) are uniformly equivalent to g(x) on K x [B, V], i.e.,
B(1,10) "' g()(V, V) = g (x,)(V, V) < B(t,10)g(x)(V, V),

4
where B(t,ty) = C eColt=10l (here the constant C(; may not be equal to the previous one), and the time-
derivatives and covariant derivatives of the metrics gi (x,t) with respect to the metric g(x) are uniformly

bounded on K x [B, V], i.e., for each (p, q) there is a constant Cp, 4 independent of k such that

01 01

—_8&yPp t R
gr(x. )|+ ’ 5.

gyp—1 o

g(x)

g(x)

for all k.

Proof. We use [Chow et al. 2007, Lemma 3.13]: Suppose that the metrics g1 and g, are equivalent, i.e.,
C~lg; < g, <Cgy. Then for any (p,q)-tensor T we have |T|,, < C(p+q)/2|T|g1. We denote by 4
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the tensor /;j := gkrgla Hjy1 Hjpg. In the following we denote by C a constant depending only on n, B,
and v, which may take different values at different places. For any tangent vector V' € Tx M we have

2 g (V. V) = “2Rie(gi(x. 0)(V. V) + Y (v, (V. V),

and therefore

—2Ric(gg (x, ) (V. V) + 2hi (x,0)(V, V)
gr(x. 0)(V. V)

< C§+ClH(x. D2, ()

<Cj+CCy=:C,

9
3 log gi (x,1)(V, V)‘ =

since
|RiC(gk(X, l))(V, V)l = C(/)gk(x’ t)(V? V)? |hk(x9t)(V’ V)l = C|Hk(x’ t)@k(x,t)gk(xv t)(V’ V)

Integrating on both sides, we have

gr(x. 1) (V. V)

—tloggk(x,l)(V, V)'dlZ m ,

_ 9
Clt; —t |2/
1 0 o 9

and hence we conclude that

/tl 3loggk(z)(V, V) dt‘ = 'log
o Of

0

e~ =lgy (x 1) (V. V) = gr e, 1) (V. V) = eIl gy (x 1) (V. ).
From the assumption (i), it immediately deduces from above that
ClemCIn=lg(x)(V. V) < grlx. 1) (V. V) = CeCl1lg(x) (V. V).

Since #; was arbitrary, the first part is proved. From the definition (or see [Chow et al. 2007, p. 134, (37)]),
we have

(81)°“ (B Va(gr)be + 5 Vi(gr)ac =¥ Ve(ghk)ab) = 2(5*I')gp —2(5 )3
Thus 8T (x,7) — 8T (x)|g(x) < CI¥Vgr(x,1)|g, (x)- On the other hand,
EVa(grk)be = (8r)eb (¥ T)ge — (ET)gel + (8k)ecl(** gy — (ET)gpl,
it follows that |8V gy (x,1)|g, (x,r) < C|84T'(x,1) — €T (x)|g, (x,r) and therefore
8V gy is equivalent to k" — 8T = 8kV — &V, (5-2)

The evolution equation for €T is

0
o (D)5 = =(20) “U1(*“ V)a(Ric(gi))bd + (* V)p (Ric(i))ad

~ (8 V)4 (Ric(gx))ap] + L (@0 [C*V)alhi)pa + < V)p(hi)aa — 5 V) alhi)as]-
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Since éT" does not depend on ¢, it follows from the assumptions that

=C ngV(RiC(gk))\gk + CI8V (i)l g,
8k
< CC|+ C|8*V Hylg, - |Hklg, =< Cjy.

i)
Z (8T _8T
5 ¢ )

Integrating on both sides,

51
Cilty =10 > > |86T(t;) —#T |, — ¥¥T'(t9) — ¥ T, -

d
—(g*T (1) —81) dr
at 8k

to

Hence we obtain

|8KT(¢) = 8T |, < C{lt1 —to| + [¥¥T(to) —¥T|g,
= Cilt1 —tol + C|¥ Vg (to) g,
< Cilt —to| + C|¥Vgx(to)lg
<C{lt—1| +Cy.

The equivalency of metrics tells us that

Vg (D)lg < B(1.10) 2 Ver (D), < B(t.10)*?- CI8 T (1) =T,
< B(t.19)**(C{lt — to] + C").
Since |t —#p| <  — B, it follows that [EVgi(¢)]g < 51,0 for some constant 51,0. But g and gy are

equivalent, we have
|Hi ()¢ < ClHi(t)lg, < CC{ = Cyp.

From the assumptions, we also have

€V Hylg < |(°V —#V) Hy + <V Hy |
= CI¥Vgklg - |Hilg + C|¥*V Hy|g,
< CCI/ + CGI,OGI,O = 52’0.

Moreover,

0
EgVHk = gV(Agk H; +Rm(gy) * Hy)

= (8V —8kV)Ag, Hyx +5“V Ag, Hy +5V Rm(gy) * Hy +Rm(gy) * 4V Hy
where Ay, is the Laplace operator associated to g. Hence

0
_gVH
ot k

g
< CI¥Vgilg - |Ag, Hilg, + CI$5 Vg, Hilg + CI¥VRm(gp)lg - | Helg + CIRm(gy)lg - 1€V Hy,

<.
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For higher derivatives we claim that
€2 Ric(gi)lg < Cp VP gile +Cp'. [EVPgilg + VP Hylg < Cpo. (5-3)

for all p > 1, where C/, C})’, and ép,o are constants independent of k. For p = 1, we have proved the
second inequality, so we suffice to prove the first one with p = 1. Indeed,

[V Ric(gk)le < CIEV V) Ric(gi) + 5 V Ric(gk) |,
< CIFT — T - [Ric(gk)lg, + C 1V Ric(gi)
< YVl + €.

Suppose the claim holds for all p < N (N > 2), we shall show that it also holds for p = N. From

N
Z ng—i(gV — 8KV 8k yi—l Ric(gy) + &% vy Ric(gz)

i=1

18V Ric(gy)lg =

4

N
< Z |ng—i(gv_gkv)gkvi—1 Ric(gx)| + |8V Ric(gx)le
g

i=1

we estimate each term. For i = 1, by induction and the assumptions we have

EVN=1(8V — 8k V) Ric(gx )|

< CIEVYTI(E Vg - Ric(gr))lg
N-1
S (M) EvN I g £V Ric(er)

J
j=0 g

N—-1 —j i -
(M) 1EVN T gl - [V Ric(gi)lg

N_l . .
<C Y (7)€Y sile + IEVN T il

<C (Nj_l)(cjﬁéj,o+C}”)|gVN_jgk|g

N—-1
= C(N —1)(CyCro+CIEVN gilg +C (
j=1

N—-1

; )€/ €0+ C/NCx—j 0

<CRIEVN grlg +CN.
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For i > 2, we have

[FVITHEV - S0y VT Ric(gr) |, < C[FVYT (Vi -S4V Ric(r))

N—i .
<0 Y (V) VN gy 898V Ric(g).
j=0

If j =0, then
8V Ric(gr)lg < Gy 15V grle + €2y < G Cimi o + CZy
Suppose in the following that j > 1. Hence

£/ -6V~ Ric(gy)|, = [((FV = #6V) + #6 V)] - 80VI~T Ric(gy) |

=C

M)~

(7)1 V" il - 85977417 Rie(gi g
l

Il
©

M~

<C (]l ) GI,O(CJ{I—I—H—I Ci—iti-10+ Clyyicn)s

I

Il
o

where we make use of (5-2) from first line to second line. Combining these inequalities, we get
EVY Ric(gr)lg < Cl¥ VN gilg + Cy.

Similarly, we have
1EVN e < CRIEVN gilg + CHY.

Since %gk = —2Ric(gy) + %hk, it follows that

ad
o f Vi =F VY (—2Ric(gi) + 1),

2
+1EVN gk |2

d
—[EVN g2 <
ot g

0
—gyN
o1 8k

) 1
<g|gvN RlC(gk)@, + §|nghk|§ + |gVNgk|§
< (L+18(CR)IEVN gi |2+ 18(CR) ™.

Integrating the above inequality, we get [V gy |g < C ~,0 and therefore |& VN hy| P C N+1,0. We have
proved lemma for ¢ = 0. When g > 1, then
qg—1

09 d
gyp — p _IRj 1
2a V7 8i(0) = gV (=2 Ric(gk () + 3he (1)),

Using the evolution equations for Rm(gg (7)) and /4 (¢), combining the induction to ¢ and using the above
method, we have

g

84 _ ~
M wgk(t)‘g + ‘az_qgvp lhk(t)‘g <Cpy. O
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6. Generalization

In this section, we generalize the main results in Sections 4 and 5 to a kind of generalized Ricci flow for
which local existence has been established [He et al. 2008].

Let (M, gij(x)) be an n-dimensional closed Riemannian manifold and let A = {4;} and B = {B;;}
denote a one-form and a two-form respectively. Set /' = dA and H = dB. The authors in [He et al.
2008] proved that there exists a constant 7" > 0 such that the evolution equations

d
Egij(?c, 1) =—2Rij(x,0) + Shij(x. 1) + 2 i (x. 1), gij(x,0) = gij(x),

0
o A0 = =2V FEG D, Ai(x, 0) = A (),

d
EBU(X’ 1) =3V H*;j(x,1), Bij(x.0) = Bjj(x)

has a unique smooth solution on m x [0, T'), where h;; = H,-lejkl and f;; = Fiijk. We call it
RF(A, B). According to the definition of the adjoint operator d*, we have

(d*F); =2Vi ¥, (d*H);j = -3V HE, (6-1)
and hence
%F(x, 1) = —dd;(x’t)F = ApL,g(x,nF = AF +RmxF, (6-2)
%H(x, t) = —dd;(x,t)H = AnLg(x,nH = AH +RmxH. (6-3)
They also derived the evolution equations of curvatures:
0

ERijké = ARjjre +2(Bijie — Bijek — Bigjk + Bikje)

— 8P4 (RpjkeRgi + RipreRgj + Rijpe Rk + RijkpRye)

+ 5[ ViVe(Hipg Hi?) — ViV (Hjpg HeP?) — Vi Vi (Hypg Hi??) + V; Vi (Hipg HeP9) |
+ 18" (Hkpg HP U Rijso + Hypg H?9 Ryjis)

+ ViVe(FP Fjp) = ViVi(Fj? Fp) = Vi Ve(Fi P Fip) + Vi Vi (FiP Fyp)

+ 8" (Fr? FrpRijse + Fr? Fep Rijks)-

Under our notation, it can be rewritten as

P . . . . . .
ERm:ARm+ Z Vi Rm *V/ Rm + Z ViH « V/IH + Z ViFxVI/F

i+j=0 i+j=0+2 i+j=0+2
+ Z ViH «V/H % V¥ Rm + Z NWIF«V/FxVKRm. (6-4)
i+j+k=0 i+j+k=0

As before, we have:
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Proposition 6.1. For RF(A, B) and any nonnegative integer { we have

e L _ l i J i J i J
o Vi Rm = A(Y Rm)+.Z VIRm +V7 Rm + Z VIH < VIH + Z ViIF % V/F
i+j=¢ i+j=L0+2 i+j=0+2
+ Y VIH % V/H % V¥ Rm + > VIF«VIF+V¥Rm. (6-5)
i+j+k=t i+j+k=t
In particular,

P . .
§|V1Rm|2 <AV'Rm[?=2|V**'Rm >+ C ) |V'Rm[-|V/Rm|-|V¢Rm]|

i+j=t

+C > |VH|-|V/H|-|[V'Rm|+C ) |VF|-[V/F|-|V'Rm|
i+j=L+2 i+j=L+2

+C Y |VH|-|V/H|-|[VKRm ||V Rm |+ C > |V'F|-|[V/F|-[VFRm|-|V*Rm|.
i+j+k=¢L

i+j+k=L
Since %F = AF +Rm % F it follows that

9
5 VF=Vo F+ FxVRm+HxH+FxF)

=V(AF+Rm*F)+ FxVRm+F«H«VH+ FxFxVF
=A(VF)+VRm*xF+Rm*«VF+ FxHxVH+ Fx FxVF,
It can be expressed as

9 . .
S VF=AVF)+ > VF%V/Rm

i+j=1 1-1 1—i

+ Y VIFxVIFxVRF+ Y N VIF«V/H <V T
i+j+k=1 i=0 j=0
More generally, we can show:

Proposition 6.2. For RF(A, B) and any positive integer £ we have

9 e ¢ i j
5 VEF = A(VEF) + > VIFxV/Rm

i+j=t . . cant S e S . o
+ Z V’F*VJF*V"F+Z ZV’F*VJH*VH—JH.
i+j+k=L i=0 j=0

In particular,

9 . .
E|V‘F|2§A|V4F|2—2|VZ+IF|2+C > IV'F|-|V/Rm|- |V F]
. . i+j=e e_le_i . . . .
+C Y VIFLVIF|VRFVIF| 4 C Y Y VI [VH [V HI L VEF

i+j+k=t i=0j=0
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Similarly, we obtain:

Proposition 6.3. For RF(A4, B) and any positive integer | we have

- ¢ i j
EV H=AN"H)+ Z V'H % V/ Rm

i+j=t . . i . .
+ Y VH«VH«VFH+ Y > VH*V/ Fx VI F,
i+j+k=¢ i=0 j=0
In particular,
P . .
E|V‘H|Z <AIV'HP 2|V HP+C ) [VIH|-|V/ Rm|- |V H]
. . i+j:£ Z_l e_i . . . .
+C > \VH||V/H||VFH|- VP H[+C )Y S IVIH|VF] VTR VR
i+j+k=t i=0 j=0

From the evolution inequalities
ad
5|H|2 <A[H|?=2|VH|? +C-Rm|-|H,

0
5|F|2 <A|F]*=2|VF]*+C-|Rm|-|F|?,
the following theorem is obvious.

Theorem 6.4. Suppose that (g(x,t), H(x,t), F(x,t)) is a solution to RF(A, B) on a compact manifold
M?" for a short time 0 <t < T and Ky, K», K5 are arbitrary given nonnegative constants. Then there
exists a constant Cy, depending only on n such that if

IRm(x,D)]gx,e) = K1, [HX)|gx) = K2, [F(X)|gx) = K3
forall x e M andt €0, T, then
|H(x,0)|gxry < KoKV | F(x, ) gy < KzeCr K11, (6-6)
forallx € M andt €0, T].
Parallel to Theorem 4.6, we can prove:

Theorem 6.5. Suppose that (g(x,t), H(x,t), F(x,t)) is a solution to RF(A, B) on a compact manifold
M™" and K is an arbitrary given positive constant. Then for each a > 0 and each integer m > 1 there
exists a constant Cy, depending on m, n, max{«a, 1}, and K such that if
|[Rm(x, Z)lg(x,t) <K, |H(x)|g(x) <K, |F(x)|g(x) =K
forallx € M andt € [0,/ K], then
_ G

|vm 1 Rm(x,)|g(x,r) + |V™H (x, g, + [V"F(x, e, = t—m;n, (6-7)

forallx e M andt € (0,a/K].
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We can also establish the corresponding compactness theorem for RF(A, B). We omit the detail since
the proof is close to the proof in Section 5. In the forthcoming paper, we will consider the BBS estimates
for complete noncompact Riemannian manifolds.
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