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TWO-DIMENSIONAL NONLINEAR SCHRODINGER EQUATION WITH
RANDOM RADIAL DATA
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We study radial solutions of a certain two-dimensional nonlinear Schrodinger (NLS) equation with
harmonic potential, which is supercritical with respect to the initial data. By combining the nonlinear
smoothing effect of Schrodinger equation with L? estimates of Laguerre functions, we are able to prove
an almost-sure global well-posedness result and the invariance of the Gibbs measure. We also discuss an
application to the NLS equation without harmonic potential.

1. Introduction

Burq, Thomann and Tzvetkov [Burq et al. 2010] studied the nonlinear Schrédinger (NLS) equation on
R x R? with harmonic potential

0,1 + (A — |x>)u = £|u|Pu, (1-1)

where the space dimension was one. The purpose of this paper is to extend their results to two space
dimensions. We will prove global well-posedness almost surely with respect to a Gaussian measure
supported on (- %~ (see Section 1.2 for the definition), and we construct the Gibbs measure, absolutely
continuous with respect to this Gaussian, which we prove to be invariant.

We also study the NLS equation on R x RY without harmonic potential, namely

10u 4+ Au = |ul”u. (1-2)

In [Burq et al. 2010], it was noticed that using an explicit transform (referred to as the lens transform
in [Tao 2009]), we can obtain local and global well-posedness results of (1-2) from the corresponding
results of (1-1). This issue is also pursued here.

Like most earlier papers on random data theory of NLS equations in two or more dimensions, ours
considers only radial solutions. In the defocusing case in two dimensions, we can prove, when p > 3
is an odd integer, almost-sure global well-posedness and measure invariance for (1-1) and almost-sure
global well-posedness and scattering for (1-2); in the focusing case, we have the same results only for
(1-1), when 1 < p < 3.

MSC2010: primary 35Q55, 37140, 37L50; secondary 37K05.
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913



914 YU DENG

1.1. NLS equation and probabilistic methods. The nonlinear Schrodinger equation (1-2) and its periodic
variant (which is solved on R x T%) have been extensively studied over the last several decades. Beginning
with [Lebowitz et al. 1988; Bourgain 1994; 1996], it has been observed that low regularity local and
global solutions to (1-2) on R x T¢ can be obtained via randomization of initial data and construction of
Gibbs measure. This idea was later developed in a number of papers, for instance [Burq and Tzvetkov
2008a; 2008b; Nahmod et al. 2012; Oh 2009; 2010; Thomann and Tzvetkov 2010; Tzvetkov 2006; 2008].
In [Burg et al. 2010], the method mentioned above was first used to study (1-1).

There are three reasons why (1-1) is worth studying. First, the spectrum of the harmonic oscillator
H = —A + |x|? is discrete, so (I1-1) can be approximated by ODEs, and the current techniques of
constructing Gibbs measure apply at least formally. Second, (1-1) is solved on R x R¢, where the
space domain is noncompact, while previous works usually involve a compact manifold. Also (1-1) is
related to (1-2) via the lens transform, so results about (1-1) may shed some light on the study of (1-2),
where probabilistic methods have not yet entered. Finally, (1-1) also arises naturally from the theory of
Bose-Einstein condensates, as noted in [Burq et al. 2010].

The major difficulty in the study of (1-1) is that the support of the Gaussian part of the Gibbs measure
contains functions with very low regularity. With radial symmetry the typical element in the support of
the Gibbs measure belongs to (- %% but not L?; without it the typical element does not even belong
to ¢4 (the spaces #°, as defined in Section 1.2, are Sobolev spaces associated to H; see Section 3
for more details). A consequence of this is that we cannot expect even local well-posedness in the
deterministic sense for initial data of such low regularity. In fact in [Thomann 2008] local ill-posedness
for % initial data was shown!, provided ¢ < o, :=d/2 —2/(p — 1). In particular, we have o. — 1
as p — oo for the two-dimensional defocusing equation; thus deterministic local well-posedness fails
completely for regularity below L2.

In [Burq et al. 2010], the problem was resolved by a probabilistic improvement of (weighted) Strichartz
estimate, and it was shown that H%/2¢="H f(w) almost surely belongs to some weighted Lebesgue space
for § < % (see [Burq et al. 2010, Lemma 6.2] for more details). Since o, < % in one dimension, local
well-posedness in this space could be proved. In two dimensions, however, it will be shown in the
Appendix that the distribution H°/? f (w) is almost surely not a locally integrable function (thus cannot
belong to any weighted space) when o > % Since % fails to reach the o, threshold when p is large, we
have to use different tools to get local well-posedness. Fortunately, the nonlinear smoothing effect of
the NLS equation provides such a tool. To fully exploit this effect, we will work in ¥%” spaces (see
Section 1.2 for definitions) and use multilinear eigenfunction estimates. This requires p to be an odd
integer, but we believe that by more delicate treatment we can remove this restriction and allow for all
1 <p<oo.

When there is no radial symmetry, the support of the Gaussian will have such low regularity that we
cannot even define the Gibbs measure. It would be possible to use alternative Gaussians to get local
results, but then we do not have an invariant measure, so global results still seem out of reach. One

IThe counterexample constructed in [Thomann 2008] was for (1-2), but it could be easily adapted to (1-1) as noted in
[Thomann 2009]; also one can check the proof there that the initial data could be made radial.
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possible way is to combine the probabilistic local result with the high-low analysis of Bourgain or the
I-method of Colliander, Keel, Staffilani, Takaoka and Tao. For progress in this direction, see [Colliander
and Oh 2012].

Finally, as we mentioned above, the study of (1-1) is closely related to the study of (1-2). The result
we obtain for (1-2) (see Theorem 1.2 below) is an almost-sure global well-posedness and scattering
result with supercritical initial data (the critical index of (1-2)is d/2—2/(p —1) — 1 as p — o0 in two
dimensions, while the initial data is below L?), but due to the use of the lens transform, our result is
unsatisfactory in the sense that (i) the space in which uniqueness holds cannot be described in a simple
way, and (ii) the Gaussian measure in Theorem 1.2 does not arise naturally from (1-2), and we do not
know how to construct the Gibbs measure of (1-2). This may be an interesting problem for further study.

1.2. Notations and preliminaries. From now on we assume the spacial dimension d = 2, and all the
functions we consider are radial. Define the Hermite operator H = —A + |x|>. It has a complete series of
real erad eigenfunctions

er(x) = Lnsegqxﬁ) for k >0 (1-3)

7=

with eigenvalue 4k 4 2. Here 532 are Laguerre functions

e/2 gk
B@ =7 g
Concerning these functions we have the basic pointwise estimates
Cc if0<z=<1/v,
—1/4 .
0l S e BRI
Ce % if z > 3v/2.

Here v =4k 4 2, C and ¢ (possibly with subscripts) are positive constants varying from line to line, and
will be used in this way throughout this paper. For an introduction to Laguerre functions, see [Szeg6
1975] or [Thangavelu 1993, Chapter 1]. The proof of (1-4) is also contained in [Erdélyi 1960; Askey and
Wainger 1965].

For o e Rand 1 < p < 0o, we define the Sobolev spaces associated to H:

Weh = {u € Frpq s llwer = [H?ul, < oo}, (1-5)

rad — rad *

We also write W2 = %°

rad rad”
We also define a class of spacetime Hilbert spaces associated to H, as

Wag = {1 € SR X R ullgor = | HO 10, — H)'u] < o0}, (1-6)

or use the radial Hermite expansion and Fourier transform to write

o0 1/2
lullZ,, = (Z(4k+2)" /R(l +(z +4k+2)2)b|%,<u, ek)(t)|2dt) ,
k=0
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where as usual (1) = (|t|*+1)'/2, %, denotes the Fourier transform (27r) /2 [ e7'™ f(r) dr in 1, and
(f, g) denotes the L>(R") inner product of f and g. For an interval I we define a localized version of
this space by

lullggoo.s = inf{|vllgos : v(E) = u(t), t €1}, (1-7)

and denote it by ¥%2". When I = [T, T1, we simply write 2%5"

the “rad” subscript will be dropped from now on. Trivially #°%! is a separable Banach space (simply

. Since all the functions will be radial,

restrict a countable dense subset of X% to I).

We fix a smooth, nonincreasing function n such that 1 = n(1) > n(x) > n(2) = 0 for all x. Using this

cutoff, we define Littlewood—Paley projections

an =) =(5) a9
for dyadic N. Then Ay = 0 for N < 1, since the first eigenvalue of H is 2. Thus whenever we talk
about Ay, we always assume N > 2.

We shall denote by #M the cardinality of a finite set M and by | E| the Lebesgue measure of a subset
set E of Euclidean space. We define A < B by A < CB and define = and ~ similarly. The constants
C; and c; will also be used freely, as indicated above. All these constants will ultimately depend on the
only parameter p in (1-1) and (1-2). Finally, we define the finite-dimensional subspace Vi to be the span
of {e;}o<j<k. For a function g on R? or I x R?, where [ is an interval, we define g, and gkL to be the
projection of g on V} and VkL.

1.3. Statement of main results and plan for this paper. Fix a probability space (2, ¥, P) with a se-
quence of independent normalized complex Gaussians {g;} on 2 (which has density nfle*mzdxdy, SO
gk has mean 0 and variance 1), so that w — (g (@))k>0 1S injective, and the series

f@) =3 g (1-9)
= ar Py 2gk k

converges> in ¥'(R?) for all w € Q. Then f = f(w) is an ¥'(R?)-valued random variable, and is a
bijection between €2 and its range. Our main results can then be stated as follows.

Theorem 1.1. Consider the Cauchy problem

{ia,u+(A—|x|2)u=ilu|”‘1u, (1-10)

u(0) = f(w)
and distinguish two cases: the signis — and 1 < p < 3, or the sign is 4+ and p > 3 is an odd integer. In
the former let 0 = 0, and in the latter let 0 < o < 1 be sufficiently close to 1, depending on p. In both
cases let 1 > b > % be sufficiently close to %, depending on o and p.

ZFor example, we may take the usual product space C*° equipped with the product of complex Gaussian measures, and
coordinate functions g ;, and choose the (full-measure) subset where [gi (@)| = O((k)lo) as €2, this can easily guarantee the
convergence of (1-9).
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Then almost surely in P, we have a unique global (strong) solution u in the affine space
Y=e M f(w)+ Ny x0T, (1-11)
and we have continuous embeddings
Y Ce "M fw)+CR, #° (R?Y)) C 6(R, ;o #*(R?)).

We also have a Gibbs measure on ¥'(R?), which is absolutely continuous with respect to the push forward
of P under f, and is invariant under the flow defined by (1-10).

Theorem 1.2. Let o and b be as in Theorem 1.1. Consider the (defocusing) Cauchy problem

{iaf’“rA“: |u|P~u (1-12)

u(0) = f(w)

with p > 3 an odd integer. Then almost surely in P, we have a global (strong) solution u in the affine
space

% =2 f(w)+(Npag X0, (1-13)
and we have a continuous embedding
% Ce'® f(w) +G(R, H° (R?)).

Here X%0T s defined in the same way as in (1-6) and (1-7), but with H replaced by —A. We also have
an appropriate affine subspace %' of % containing the solution u, in which uniqueness holds. Finally we
have a scattering result: There exist functions g+ € H® such that

lim [lu —"*(f (@) + g+)llze =0. (1-14)
t—+o00

The rest of this paper is devoted to the proof of Theorems 1.1 and 1.2. In Section 2 we recall the linear
Strichartz and L>-based estimates with respect to the propagator e *#_ We will rely on the functional
calculus of H (thus the results hold for more general Schrodinger operators, though we do not discuss
this here). Some results in this section are standard and can be found for example in [Colliander and Oh
2012; Tao 2006]. In Section 3, we prove some large deviation bounds for Gaussian random variables, and
use these to construct the Gibbs measure of (1-1). In Section 4, which is the core of this paper, we use a
Littlewood—Paley decomposition and hypercontractivity of Gaussians to prove a multilinear estimate in
%2> spaces, which shows the nonlinear smoothing effect. In Section 5, we put these estimates together to
develop a local Cauchy theory. Then in Section 6 we extend this to a global well-posedness result by
exploiting the invariance of truncated Gibbs measure under the flow of approximating ODEs. In Section 7
we introduce the lens transform and convert the result on (1-1) to one on (1-2), proving Theorem 1.2. In
Section 8, we show the invariance of the Gibbs measure, completing the proof of Theorem 1.1. Finally in
the Appendix, we discuss the typical regularity (in terms of H) on the support of the Gibbs measure.
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2. Functional calculus and Strichartz estimates

We begin with the following kernel estimate about the harmonic oscillator H.

Proposition 2.1. Let  be a Schwarz function; then for t > O the operator \ (t H) is an integral operator
with kernel K,(x, y), where

K e, ) St a7 2 —yp . @2-1)

The implicit constants in < depend only on N and . In particular, these operators K, are bounded
uniformly int on WP foralloc e Rand 1 < p < 0.

Proof. It was proved in [Dziubanski 1998, Corollary 3.14] that, for any fixed N, the inequality (2-1)
holds, provided

¥ € 9510, +00)) = {¥ € ([0, +00)) : ¥ ©(0) =0, 0 <k < m]}, (2-2)

where m is large enough depending on N (actually the same result was proved for any Schrédinger
operator with nonnegative polynomial potential). On the other hand, when ¥/ (z) = e~ ?% with o > 0, we
have from Mehler’s formula that

—20t —4dot —20t
e 11+e 2e
Kt(x,y)=mexp(—im(lﬁclz-i-lylz)-i—mx-y). (2-3)
Writing 20t = §, we know
114e2 2 2 2¢70 c 2
—Em(m +yIH)+ [—e X V= —E|X—)’| )
thus the kernel satisfies
0= Kiw,y) = e @M <4l (1 2 -y~ (2-4)

for any N. Now for any fixed m, there exists / such that any function f € ([0, +-00)) can be written as

l
f@) = fo)+) cje ", (2-5)

j=1
where fy € ([0, +00)) and o; > 0. Combining the two results above, we have proved (2-1). The

uniform boundedness now follows from (2-1), Schur’s test, and commutativity of ¥ (t H) and H °/2. O

Remark 2.2. The constants in Proposition 2.1 certainly depend on i and the Lebesgue or Sobolev
exponents, but this dependence can be safely ignored since throughout this paper we only use a finite
number of fixed cutoff functions ¥ and a finite number of fixed exponents.

Corollary 2.3. Suppose 1 < p <oo, 012 € R, R > 0and g is a function.

(1) If o1 > 09, and (g, ex) # 0 only if 4k +2 > R? (for example, when g = Y n-r Anh for some h),
then (g llworr Z R 72| gllworr.
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(2) If o1 < 09, and (g, ex) # 0 only if 4k +2 < R? (for example, when g = ZNSR Anh for some h),

then (g llworr Z R 72| gllworr.

(3) If (g, ex) # O only if 4k +2 ~ R? (for example, when R = N is dyadic and g = Ayh for some h),

then ||gllwerr ~ R'2||g[lwozr.

(4) All the operators ) . g An, Dy <r AN and Ay are uniformly bounded from W' to itself.
Proof. First (4) is obvious, since )y _p Ay =n(tH) and Ay = n(t’H) —n(2t'H) for some ¢ and t',
and ) y_ g Ay =Id— ZNSR Ap. Also it is clear that (1) and (2) implies (3). In proving these we may
assume min{oy, 02} = 0, since H°/?g satisfies the same properties as g.

To prove (1), choose a smooth cutoff v; that equals 1 for x = 1 and equals O for very small x. Then in
(1) we have g = (R™2H) g. Therefore we need to prove that

H™"PR7y (R H) = ) 272y 27*R72H) (2-6)
k>0

is uniformly bounded on L? for o > 0, where ¥ (x) = x~°/?(¢r1(x) — ¥1(27'x)) is a fixed smooth
compactly supported function. Using (2-1), we can estimate the kernel K (x, y) of H=°/>R%;;(R™2H)
as
K (e, IS Y 274 P2 R 2R x — yI) N = R2ys(RIx — y)), (2-7)
k>0

where

Y300 =) 207 PR 2 N S (4 x| ) 7
k=0

The last inequality is easily verified by considering |x| > 1 and |x| < 1 separately. Therefore by Schur’s
test we have proved the uniform boundedness of the operator, thus proving (1). The proof of (2) is similar
and is left as an exercise. U

To get Sobolev and product estimates, we next need a lemma.

Lemma 2.4. Forall 1 < p < oo and o > 0, we have

lgllwor ~ (V)7 gllr + 11{x)° gllLr (2-8)
In particular we have || g||wor-r S || g llwezr for o1 < o7.

Proof. See Dziubaniski and Gtowacki [2009], who proved the same result for any Schrodinger operator
with nonnegative polynomial potential (the latter inequality also follows from Corollary 2.3). U

Proposition 2.5. We have the estimate

g llwera S 18llgpor.a’ (2-9)

ifl <q,q <ooandoy—o1>2(1/q'—1/q) > 0, and the estimate

k
[Teil <D lIgilwes [Thgillea (2-10)

j=t W= i#]
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ifo>0and 1 < p,q; <oowithlfjfkandzl;:1 1/q;=1/p.

Proof. In considering the first estimate we may assume o7 = 0, and the inequality follows immediately
from Lemma 2.4 and the usual Sobolev inequality.

As for the second estimate, if the W ? norm is replaced by the usual Sobolev W°? norm, then (2-10)
is a well-known result in Fourier analysis (for k£ = 2, but the general case easily follows from induction).
Now using Lemma 2.4, we only need to show

k
1) g1+ geller S I gillea [ Jllegjlze,
Jj=2
which is simply Holder’s inequality. g

Before proving Strichartz and other estimates, we need a lemma, which gives a representation formula
of %Y functions.

Lemma 2.6. Suppose o, b € R. Then for every u, if |t gor < 1, we have

u(t,x) = / d(L)e™ Zax(k)e_i(“kﬂ)’ek(x) dx, (2-11)
R &

where ), (4k +2)ay(k)|? = 1 for all . € R. Furthermore, if b > %, then we also have fR|¢(k)| dr < 1.
Ifb < % and F;(u, er) (L) is supported in {|A + 4k +2| < K} for each k, where K 2 1, then we also have
JrloGldr S K270,

Proof. Using radial Hermite expansion and Fourier transform, we can write
l/l(t, X) = (27'[)_1/2 Z / @t (u, ek>(r)eilrek(x) dr
R
k
=@n)"'? / Fy(u, ex) (h — 4k — 2)e =Dl g (1)elt .,
k R

so we may choose

-1/2
ar(k) = (F (u, ex)) (A — 4k —2) - (2(41 +2)7|F i u, ) (o — 4 — 2)|2> : (2-12)
l

and
p(h) = (271')_1/2<Z(4l +2)%|F, (u, er) (A — 4l — 2)|2)1/2. (2-13)
!

Then we clearly have ), (4k +2)%|a;, (k)|?> = 1 for each A, and from the definition of %°°* norm we see
that

/R WP 1P dh= 5l S 1. (2-14)
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If b > 1, then (A)~* € L%(R), and it follows from Cauchy-Schwartz that ||¢]l,1 < |(A)°o| ;2 -
(A2 2 < 1. If instead b < % and u satisfies the support condition, then ¢ (1) =0 if |A| > K. Again
from Cauchy-Schwartz,

1/2
Ipll < (/| <x>2bdx) ~ K", O
M<K

Proposition 2.7. Suppose b > % o12€R,and 1 <qr,rm <2 <gq,r, q1,r <oo. We have the following
estimates:

le™ gl 1y o r.r1mey S (T llgll 2 (2-15)

,'f}7 +1 =1 and g is defined on R?;

t
/ e 1=9H 6y ds

0

1+1-1
S<T> 1" HMHL;ZLZZ([—T,T]sz) (2'16)
LI LI ([-T,T1xR?)

if +i:%, qlz-i-l—é,anduisdeﬁnedon[—T,T]X[Rz;

q_l r rn -2
1
el ot . iy S ATV Nt (2-17)

ifoo—o1>1-— % — % > 0, and either u is defined on [T, T] x R2, or u is defined on R x R? and the

right side is replaced by |u||gpoy.0;

11
letllgorsrr SATYR 2 flull p2qgon g 7y (2-18)

ifb<1,q > ﬁ, and either u is defined on [—T, T] x R2, or u is defined on R x R2, supported on

[=T, T1, and the left side is replaced by ||ul|yo,.o-1; and finally

lullg—7.71.91 ®2)) S Nutllgpor b7 (2-19)
if u is defined on [T, T x R%. In particular if T < 1, all the implicit constants can be taken 1.

Proof. For (2-15), since e "H is periodic, we may assume 7 < 1; thus (T) ~ 1. In addition, by subdividing
the interval [—T, T'], we may assume 7 is small enough. Substituting o =i in Mehler’s formula (2-3),
we can easily see the integral kernel of e 7"# is an L function in the space variables with norm < |¢|~!
for |t| < T. Now using the 7T* method we reduce (2-15) to

T
H f e W=IH () ds (2-20)
-T

Sl o
~Y T q _ o -
Ly L{(~T.T1xR?) Ly LY (I-T.T1xR?)

Now we interpolate between L? conservation and the L' — L inequality deduced from the L*°
bound of the integral kernel, to get |le ®Hg| ;4 < |(3|§_1 lull, o for |t| S T. Using this and the usual
Hardy-Littlewood—Sobolev fractional integral inequality, we immediately get (2-20).

Now from (2-15) and duality we easily get

T
/ e 1U=9IH , (5) ds

0

I+ —L
<(T)y "o ||u||Lj2LZZ([_T,T]xR2)

L' LY ([-T,T]1xR?)
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for the exponents ¢, r1, g2, r2; thus from the Christ—Kiselev lemma we get (2-16).
We now prove (2-19) and (2-17), under the assumption o, —o7 =1 — % — % = 0. Here we may assume
o1 = 0. By the definition of %47 we can assume that u is defined for all € R, and only need to

prove that the left side of each equation is controlled by ||u||g0.. We shall use || - ||x to denote either
the norm (7))~ V7| - ||Lqu([ 7.71xR2) OF || - lle(—7,71,L2(R2))» and from what we just proved, we know

le " gl x <llgll2. Assume [u]lqor < 1; by Lemma 2.6 we may write

u(t,x) = / d(L)et Z a; (k)e Do (x) da (2-21)
R k

with [|¢]l;1 STand ), |a; (k)|?> = 1 for each A. Then we have

U= /qu()»)eme_itH (; a,\(k)ek> dx

From Minkowski and Cauchy—Schwartz we see that

eikte—itH < Z ax(k)ek)
k
Zak(k)ek
k

proving (2-19) and this special case of (2-17). To prove (2-17) in general, we use Proposition 2.5 to

lullz S @l - sup
A x

<1, (2-22)

L2

S l@llpr - sup
2

deduce

o1 < < 1/r .
”I/l ”L;OWXI'(I([—TyT]XRZ) ~ ||M ”L;sz‘q/([—T,T]XRZ) ( ) ”I/l ||% 2:0.T

where % + % (so that2 <g¢q,q’,r <ocoand oy, — oy > 2(— — —) > 0), and with obvious modifications
when u is globally defined.

Finally we prove (2-18). Again we may assume oy = 0. For v=u on [—7, T] and v = 0 elsewhere,
we need to show

11
vllgoo—1 S(T) 2 ”u”Lg([—T,T]XRz)‘ (2-23)

For any w with ||w||go.1-» < 1, we have

/ vwdtdx| = ‘/ uw drdx
RxR2 [-T,T]1xR?

1 1
where q3 = ¢2/(q2 — 1). Thus by duality, we only need to prove ||w||LG <A(T)? 4 ||lw|goa-» for all

S ||w||L:’i-([—T,T]><R2) : ”u“L?a.([—T,T]XRZ)’ (2-24)

2 < g3 < 3. Since the imaginary power (id; — H)'® is an isometry on L, +» We can use Stein’s complex
1nterp01at10n to reduce to the cases (b, g3) = (1, 2) and (b, 4), where by = (q3 —4+bq3)/(2q3 —4) < %

The former is trivial by definition, and the latter is a special case of (2-17). 0

Lemma 2.8. Fixo,b €R,0 < T <1 and a cutoff function .
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(1) If—% <b <b< %, then for u € X% we have
7! < bt 2-25
IV (T™ Dullgor S el geo.5- (2-25)

Also for u € ¥°"T we have

Netllgporr S T2 ut |l qpoir (2-26)
) If L </ =b <1, then for u € %" with u(0) = 0, (2-25) holds, as well as the limit

}imo 1 (T~ t)ulgper = 0. (2-27)

Proof. (1) If (2-25) is true, then for any u € %o T and any extension v € %Y of u, we have
letll o < 19 (T 0o S TP [[0]lgrs,

provided ¢ =1 on [—1, 1]. Taking the infimum over v, we get (2-26). Now we prove (2-25). Define the
operator Mu(t, x) :=eHu(t, - )(x). We have

i0,(Mu) = "M (13, — H)u,

and therefore we get ||u||qor = || Mul| HPes - Since M also commutes with multiplication of functions of

time, we can reduce to || (T ~'#)v|| HY 50 < yald vl HP % - By eigenfunction expansion, we can further
t X x

reduce to

I (T gl g ST Y llgl g (2-28)

By composition we may assume 0 < b’ < b or b’ < b <0, by duality we may assume 0 < b’ < b, and by
interpolation we may assume b’ € {0, b}.

First suppose b’ = b; we want to prove that multiplication by ¥ (7 ~'¢) is bounded, independent of
T > 0, on H”. Since it is bounded on L?, we only need to show that it is also bounded on H”. By
rescaling we may set 7 = 1. For each g € H?, we split g = g1 + g», where g, is supported on {|§| < 1}
and g, supported on {|£| > 1}. Multiplication by v is obviously bounded from H' to H', and from L2
to L2. So it is bounded from H? to H?; thus Ivgallge S Nezllge S Ngllgs. Since b < %, we also know

f|| [&@de s 121781 | iy - e 2 gor g S Mgl S gl e
T|=

Thus (¥ g1)"(t) = (¥ * £1)(t) is bounded pointwise by (7)™ | g|l s, since ¥ is Schwartz, and the result
follows.
Next suppose b’ = 0, we only need to prove the stronger result

V(T ' Ogll ST gl g

By rescaling we can set 7 = 1. Using the same splitting g = g; + g2, we have [[¥g2|l;2 S 1182122 S gl gos
and [Y¥g1 (1) < <T>_N||g”1_'1b. This proves (2-28) and hence (2-25).
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(2) We want to prove (2-25), and again we can reduce to (2-28), where we also have g(0) = 0. Using
the same arguments as in (1), we can further reduce to the boundedness on H" and assume T = 1. Split
g = g1 + g so that (though we are considering H? norm here, we still assume geH’,sogelLl)

A A 1 A
SO = tre8 -5 [ 20 g
[A[=1

then g, is supported in {|7| < 2}, &> is supported in {|z| > 1}, both the g; have integral zero (since g has
integral zero), and [|gill z» S llgl o (since b > L, we have 121l eiz1y S I171°211,2 = llgll 4»)- For g
we have [|Y g2l g» S llg2llgr Sligllge asin (1); for g we have

2
(Wg1)(f)=/2(lﬁ(f—§)—lﬁ(f))§1($)d$-

By Cauchy—Schwartz

2 1/2
l(WeD (I S gl g (/2 &7 (x — &) — «ﬁ(r)lzd*&) S Vgl ges

and (2-28) follows. Finally, to prove (2-27), we first use the operator M and approximation by a finite
linear combination of eigenfunctions to reduce to v (T '0)gll g — 0 (T — 0). Since this is easily
verified for Schwartz g, we only need to check any g € H” with g(0) = 0 can be approximated by
Schwartz A also with 4 (0) = 0. But this easily follows since H b is embedded in L°°. O

Proposition 2.9. Suppose % <b < 1. We have

for T < 1. Also for u € X%>T | the function ||\u lopo.t.s is continuous for T > § > 0, and if u(0) =0, it tends
to 0 as § — 0. Moreover, if p > % and

< a1 7 (2-29)

9o.b, T

t
/ e I=9H ,(5) ds
0

e — e CFOH Y (k8) |gpobtce-vs.0c0 < C (2-30)

for k| < K, then
lu — e " Hy (0) lgpoks < e K2870/2. (2-31)

Proof. For the operator M defined in the proof of Lemma 2.8 we have

M( f e_i(t_s)Hu(s)ds)= f Mu(s) ds: (2-32)
0 0

therefore we can again use an eigenfunction expansion to reduce the problem and see that (2-29) will
follow if the operator

g(t) = Jg(t) == n(t)/o g(s)ds (2-33)
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is bounded from th_l to ch , where 7 is a fixed smooth function supported on [—3, 3] that equals 1 on
[—2, 2]. Choose a smooth compactly supported function ¢ that equals 1 on [—10, 10], and choose ¢
supported on [—5, 5] that equals 1 on [—4, 4]. Then we have

t 0
$g(1) zn(t)/ Yt —s5)p(s)g(s) ds—n(t)f5¢(S)g(S)dS- (2-34)

We know multiplication by 7 is bounded on H?, multiplication by ¢ is bounded on H'~ (to prove these,
we first prove them in L? and H' explicitly, then interpolate), and convolution with v - X[0,00) 1S bounded
from H”~! to H?, since its Fourier transform is controlled by (r)~!. Thus the first term is bounded. For
the second term, we only need to prove |(g, ¢o)| < ||g |l go-1, where ¢o = ¢ - xj0.57 with |¢§0(r)| <(r)7L
But this follows from Plancherel, Cauchy—Schwartz, and the assumption b > % This proves (2-29).
Next we consider the function M (§) := ||ul||gss., Which is clearly nondecreasing. Since we only
consider 0 < § < T, we may assume u is defined for # € R and belongs to %°. For each § > 0, denote
by M the left limit of the function M at point §, and choose a sequence 6, 1 §, and (by definition) a
sequence of v, such that v, = u on [—§,, 8,] and lim,— o ||V [|3cr < My. These v,, have a subsequence
converging weakly to some v with ||v]lgos» < M. Using the embedding L>®%? > %°*, we easily see
v =u on [—4, §]. This proves left continuity. To prove right continuity at &, write M (§) = M. For any e,
we choose v =u on [—§, 8] and ||v||gor < M| +€. Let u — v = w with w = 0 on [—§, §], and define

we= (Y 't =) +yE 't +8))w,

for some suitable cutoff that equals 1 on a small neighborhood of 0. From the definition of w, we see that
for small 7, we have v+ w; = u on a neighborhood of [—§, §]. From Lemma 2.8 we know ||w ||go.c — O
as T — 0, thus ||v + we||ges < M| + 2€ if 7 is small enough. This proves right continuity. Finally, if
u(0) =0, then

1 ||| ogors < Tim |9 (2™ 1)t o = O
§—0 =0

for the same cutoff .

Finally we prove (2-31). From (2-30) and the embedding ||gllzxs < IIgll-rs We see in particular
lu(k8) — e *Hy(0)]|50 < K. Now choose wy so that wy = u — e =) Hy (k5 on [(k — 1)8, (k + 1)8]
and |wg||lge» < C, and choose a partition of unity i subordinate to the covering {((k — 1)§, (k+ 1)3)}
of [-K§, K§], so that Y (t) = Y (t/§ — k) and ;. have bounded Schwartz norms (this is well known).
We then have

w=Y Yewe+ Y Yee T w(ks) — e *Hy(0)) = v on [-K8, K3, (2-35)
k k

and ||wl|y., < K2870/2, since it is easy to check (by reducing to estimates of functions of ¢ and interpolating
between L% and H') that multiplication by v is bounded from %% to itself with norm < §7%/2, and
that by definition

e CROH (4 (k 5y — e TRH 1 (0)) |l opo = [Ju(kS) — e FH U (O) [lgeo Wl pp < KSV272. O
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3. Construction of Gibbs measure

We will construct the Gibbs measure of (1-1) for 1 < p < 0o (defocusing case) and 1 < p < 3 (focusing
case). From the definition (1-9) of f, it is obvious that

Lf @) = @k +2)"" |ge() . (3-1)
k=0

This expression is almost surely finite if T < 0, and is almost surely infinite if T > 0. Thus we have

fl)ed® =", (3-2)

§>0

almost surely in P. Define 1 =P o f~! to be the push-forward of P under f; then we see that the typical
element in the support of x belongs to any %¢~% for all § > 0, but does not belong to L?. We also define
s =Po( fz‘i)_l, and ,ué-k =Po( f;)_l. Now we prove two lemmas concerning linear and multilinear
estimates of the eigenfunctions e (x) as defined in (1-3).

Lemma 3.1. Forany?2 < g < oo and q # 4, write v =4k + 2 for k > 0; then we have
lexll o) S v, (3-3)

where p(q) = min{% — } If g =4 we have

11

q’q
1 1

lekllL+mey S v 4 log# v. (3-4)

Proof. Since e (x) = n*%§£2(|x|2), we easily see |lex || Lom2) ~ ||££2||Lq(R+). Then we can use (1-4) to

compute
1/v v/2 3v/2 . oo )
[E2d Ty 5/ dz—i—/ (zv)ldz+v1/ (' +1v—zl) dz+/ e~ dz
0 1/v v/2 3v/2
<v llogv. (3-5)

This proves (3-4). As for (3-3) we have

1/1) 1)/2 31)/2 - /4 00
T B e et e e e N
kllLa(RT)
‘ 1fv v/2 3v/2

< pma/AHl=a/4] | 1=a/3 | ymax(-¢/2,1-q/3)
< p~ar@) 0
Lemma 3.2. Supposel>4andny,...,n;>0. Letv; =4n;+2for 1 < j <I, and assume v 2 --- 2 vy.

Then we have

< 1)1_1/21)3_1/4 log vy. (3-6)

/ en (x)---ep(x)
R2
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Moreover, if vi 2 1)21+E for some € > 0, then

’/ en, (x)---ep(x)
IRZ

Proof. Recalling that He,; =v;e,; and H is self-adjoint on L?(R?), we can compute using Proposition 2.5
and Lemma 3.1 that

Vemmm%w)
RZ

<oV forall N > 0. (3-7)

=< vl_m”Hm(enz o ’enl) 'en1||L1

l

- - -1
< V] m||en2 e llgem S v, m Z”e"f [lsyr2m.2a-1) 1_[ llen, Il p2a-n S (v, v)™.
j=2 2<izj

If vi 2> v21+6, we can choose m large enough and prove (3-7). As for (3-6), we choose m =1 and estimate

'/ en, (x) -+ ep (x)
IRZ

-1
S vl ”H(enz te 'em) '€n| ”L1

_3 1
S vl * 10g4 V- ”el’lz s ‘em”

4
w3

_3 1
S vy logt vy - vallen, llsllen | 24 Tz allen | Lsa-s

503 1 4 o1
7 7 2 2 7
Sy fvyvy flogtvgp Sy Py flogy. O

To state and prove the probabilistic L? estimates for our ¥’-valued random variable f, we first need a
result proved by Fernique.

Lemma 3.3 (Fernique). There exist absolute constants c, C such that for any finite-dimensional normed

vector space (V, || - ||), any centered Gaussian random variable f(w) taking its value in V, and any
positive constant A, we have

[E(eCAlelf(w)Hz) <C (3-8)
ifPULf @) > A) < 5
Proof. See [Fernique 1975] or [Da Prato and Zabczyk 1992, Theorem 2.6]. O

Proposition 3.4. Fix2<g <oo, 1 <r<oo, O<a< min(%, 1— %), and two positive integers M > 10N.

For any g, we define
M

Mg= Y (s.¢e))ej. (3-9)

j=N-1
Then, for the random variable f as defined in (1-9), we have the large deviation estimates
P(ITLf (@) [lpes > ANT?) < Ce™4, (3-10)
P(le™ I @)l e 7152y > AN TV") < Ce¥, G-1D)

where § > 0 is some small positive exponent.
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Proof. We compute for each t € [—m, 7]

q
dx. (3-12)

M
E(le " T1f (@)% ) = fR Y @42 g e ()
j=N=-1

Now by Khintchine’s inequality (the variant for Gaussians), we have

q M ei(x)? q/2
S( > —(41-;2)1—0[) . (3-13)
j=N—-1

Then integrating in x, using Minkowski’s inequality (since g > 2), we get

E

M
Y @i+ g (w)e;(x)
=N-1

J

A S llejllge "
—_ q —_
E(fle ltHHf(w)llo‘fvz.q)S_,( > (4]-41231—0() <CN™%, (3-14)
j=N-1

due to Lemma 3.1 and the assumption « < 2p(g). Now we can take ¢t = 0 in (3-14) and use Markov’s
inequality and Lemma 3.3, and immediately get (3-10).
As for (3-11), we need a little more work. What we need is

P(lle™  T1f @) s > CNTTV") < 4 (3-15)
for large C. If the event in (3-15) happens, then there exists an integer / > 0 such that
{t e [-T. T1: e "MTIf (@)llyyes > 2N} > K27'T. (3-16)

For fixed ¢, due to (3-14) and Lemma 3.3, the probability that le M 1 S (@) |lyyea > 2! N=9 is less than
c1 exp(—c222'). We then use Fubini’s theorem to conclude that the probability that (3-16) happens is less
than K ~'¢;2%! exp(—c2221 ). Then we sum over / > 0 and choose K large enough so that this sum is less
than %). U

Corollary 3.5. For the same parameters q, r, « as in Proposition 3.4, we have

P(Il f (@) llyws > A) < Ce™, (3-17)

P(supgaoll £ (@) e > A) < Ce™ 4, (3-18)

P(lle™ ™ £ (@)l e _r.1ixpey > ATV7) < Ce™eA, (3-19)
P(SUPk30||€7itHf2c;< (D Lraw=a (=7, 71xR2) > ATl/r) = Cechz, (3-20)

Jim |5 (@) = f @) lea + e ™ ™ (f @) = f @)l gaysa .71y = O almost surely in P (3-21)

Proof. We know f5 (@) — f(w) and e "H f2 (w) — e7"¥ f(w) in &'. If we can prove (3-18) and (3-20),
then almost surely in [P, we have

suplle ™ f3 ()| prypea < 0, (3-22)
k>0
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and there must be a subsequence of {e~/H [ (@)} converging weakly in L;W5?. This weak limit must
be e H f(w), so we know that

le™ f (@)l rapea < Sug”e‘i’H F3e (@)l praygea < 00, (3-23)

k>

almost surely in PP. Thus (3-19) also holds true, with the same constants as in (3-20). Clearly (3-17) also
follows from (3-18) in the same way.

To prove (3-18) and (3-20), we use (3-10) and (3-11). For any k, the difference For (@) — fzi_l (w) is of
the form I1f (w) as defined in Proposition 3.4, with the parameter N ~ 2k 'We then have, for some § > 0,

P(lle ™ (f5.(@) = fi1 (@)l yea > AZRPTT) < g7 4%, (3-24)
Choose ¢ small enough; then
suplle ™ f3. (@) || royyea > ATV (3-25)
k>0
implies
le™ P (f3(@) = frioa @)l ragea > cA27*2TV" for some k > 0. (3-26)

Now we can combine this with (3-24) to get

o
P(suplle ™ f5. (@)l ryes > ATYT) <3 e3¢ 4% < ese70”, (3-27)
k>0
= k=0

This proves (3-20). Clearly (3-18) also follows from (3-10) in the same way.
Finally we prove (3-21). From the discussion above we see

P(sup 2921 (fi (@) = fri @)l ayes < 00) =15 (3-28)

thus with probability 1, the series
o .
D e (£ (@) = i (@) (3-29)
k=0

converges in L7W3 . This can only converge to e H f(w), and the same argument works for the space
W4, O

Equation (1-1) is a hamiltonian PDE with formally conserved mass ||u ||i2 and Hamiltonian

Lp+l

B = (Huw 2l = [ (el 4wl 2 e 630
P+1 R~ p+1

Recall that © = P o f~! is a probability measure on ¥'(R?), the push-forward of P under f. In the
defocusing case, for all 1 < p < 0o, we define the Gibbs measure of (1-1) to be

2
dv:exp(—pﬂnunlzjﬁl)w. (3-31)
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Since the integrand in (3-31) is well defined, bounded and positive, by Corollary 3.5, we know v is finite
and mutually absolutely continuous with . We also define the truncated measures

2 o np+l
dvy = exp(—m 177 ) dp. (3-32)

Since ||u§k | Lp+1 = |lu|lzr+1 almost everywhere in w, thanks to Corollary 3.5, we know vy« — v in the
strong sense that the total variation of v« — v tends to 0.

In the focusing case, for 1 < p < 3, we define the truncated measures dvyx = px du, where
2

STl (3-33)

Lr+1

P2 ) = x (5 13 — ) exp(

Here x is some compactly supported continuous function on R that equals 1 on a neighborhood of 0, and

2k
ax =E(ll f (w)||§2) = Z 4],%. (3-34)
j=0

Clearly apr < k for k > 1. We define the Gibbs measure v as the limit of these v,«. More precisely:

Proposition 3.6. The functions p,x converge to a function p in L" () for all 1 <r < oco. The measure
dv = p du is finite and absolutely continuous with respect to . We also know vy« — v in the strong sense
that the total variation of v, — v tends to 0. Finally, we can choose a countable number of X so that
the union of the supports of the corresponding Radon—Nikodym derivatives pny has full i measure in
P (R?). If we have fixed x, we will define v to be the Gibbs measure of equation (1-1).

Proof. First we prove that p,« converges almost everywhere in u, or equivalently, that o« (f (w)) converges
almost surely in P. Consider

k

I fp @2 =0 =

Jj=0

8 (@P —1 335)
4742
and see that it is a (partial) independent sum of random variables with zero mean and summable variance
(the variance of j-th term is ~ (j 4 1)72), so it converges almost surely. Thus by the continuity of x, the
first factor x (|| fz"k (a))lli2 — o) in por (f (w)) converges almost surely. Next, since fz"k (w) > f(w) in
LP*! for almost surely o € Q, we know that the second factor also converges almost surely. Therefore,
ok converges almost everywhere in w, say to some p.

To prove py(f) = p(f) in L"(P), we need some uniform integrability conditions. This is provided
by the large deviation estimate

Pl £ @)% —ax < B, [ £ (@)l > A) < Ce™A’ (3-36)

for some § > p+ 1 and all large enough A, where 8 is such that x (z) =0 for |z| > 8. To prove (3-36) we
may assume A is sufficiently large, and set ko € N so that 2k0 ~ e’ for some 8 > 0 to be determined later.
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First we prove (3-36) is true for k < kg + 1, with B8 and A on the left side replaced by 28 and A/2. In
fact, by Holder’s inequality, if

£ @72 Sex+28 SkSAY and | f(@)llLr > A/2, (3-37)
then
3@l 2 A° and o= 4=2@HFD=0@=p=D (3-38)
(p—1Dyq
under the assumption p + 1 < g < 0o. Since 2 < g < 0o, we know from Corollary 3.5 that
P f5:(@)lla > A%) < Ce™ ™. (3-39)

If 1 < p < 3, then for ¢ sufficiently large and ¢ sufficiently small, we have 20 > p + 1, so (3-36) is true
in this case.
Next we assume k > ko + 2. In this case we can prove

Pl f5 (@) = £ @)l Lot > A/2) < ¢ exp(—ce™4%). (3-40)

In fact, since f2°k (w) — 2°ko (w) is of the form I1f (w) as defined in Proposition 3.4, with the parameter
N ~ 20 by Proposition 3.4 we immediately get (3-40) (notice N ~ e4”).
Now if ||f§ (a))lli2 <or+ B and ||f£; (w)||r+1 > A, then we have three possibilities.

(D) If || /5 (@) — ko (@)l L+t > A/2, then we are already done, since this probability is controlled due
to (3-40).

2) If 2",(0 (w)||p+1 > A/2 and || 2‘;0 (w) ||%2 < g, + 28, then we may set k = ko in the arguments from

(3-37) to (3-39), and again get the desired bound.
) If || fy (@[3, < ap + B as well as || £ (@)]17, > o + 28, then

2k0
I £y (@)I72 = 1l frg @) 172 — (or2x — 0tyt0) < —P (3-41)
or equivalently
2k 2
1—|gjl
Y = —— > 8. 3-42
PaE T a2
Jj=2"+41

Noticing that Y is an independent sum with standard deviation

2k 1/2
1 / —ko)2 —2A9
K = ( E m) S 2770 <ce 2 s (3‘43)
j=2k041
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we can compute

2k

k(1 —1g; )
E(exp(Y/2)) = [E(exp<.—)>
j:lzll 2(4j+2)
2k | 2k
_ K/(2(4j+2))<1 K )‘ ) < cbF [AAJH2KP) _ /4 (344
[T (¢ Taira) )= [T e (44
j=2k0+1 j=2k0+1

Here we have used the fact that [E(e_“g|2) = (14+x)"! when A > —1, and g is a normalized complex
Gaussian; and that e* (1 + x)_1 < e for large c,and 0 < x < % Therefore we have obtained

P(Y > B) <e ' <cjexp(—cae™™). (3-45)

This completes the proof of (3-36). The other conclusions now follow easily from this large deviation
estimate, except the one regarding the support of p. We choose a sequence of cutoff functions x () so
that x(n,) = 1 on [—m, Y] With y,, 1 0o. By our previous discussions, after discarding null sets, the
function p(,) will be nonzero wherever

Jim (|| £ @) 172 — oot ] < Y- (3-46)
Since this limit exists almost surely, and y,, 1 0o, we know almost surely, (3-46) will hold for at least one
m. So the union of support of these p; will have full u measure. O

Now in both defocusing and focusing case we have defined the Gibbs measure v and the approximating
measure vy. They will be used in Section 6 to obtain global well-posedness, and the invariance of v will
be proved in Section 8.

4. Multilinear analysis in #°°? spaces

First let us recall the hypercontractivity property of complex Gaussians. To make equations easier to
write, we introduce the notation in which u™ represents some element in {u, i} for any complex number u.
This will be used throughout the rest of the paper. The first result about hypercontractivity was proved in
[Nelson 1973]. Here we use a formulation of this property taken from [Thomann and Tzvetkov 2010].

Proposition 4.1. Suppose [, d > 1, and a random variable S has the form

S= D Capn 8 (@) g (@), (4-1)
0<ny,...,m<d
where ¢y, ... n, € C, and the (gn)0<n<aq are independent normalized complex Gaussians; then we have the
estimate

(EIS|NHYP < VT+1(p = DI2EISPH? forall p>2.

Proof. This is basically a restatement of [Thomann and Tzvetkov 2010, Proposition 2.4]. There the
authors required n; > 1 and n; < --- < ny, but an easy modification will immediately settle this. The
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only difference is that here we may have g, or g,;, but if we write g, = (yu +1¥n)/ V2 where y,, and 7,
are mutually independent normalized real Gaussians, then g, = (y,, —iy,)/ V2.S0 S is again written as a
linear combination of products of independent normalized real Gaussians. Then the result follows in the
same way as in [Thomann and Tzvetkov 2010]. O

Next we want to adapt the result in Proposition 4.1 to our specific case to yield a large deviation bound
on appropriate multilinear expressions of Gaussians.

Proposition 4.2. Let N > --- > N; > 2 be dyadic numbers such that N > 103 N,. Assume forn >0 and
4n+2 < 10N 12 that we have independent normalized complex Gaussians {w,}. Also let o be any integer,
and let &y, ..., be arbitrary complex numbers with absolute value < 1. Define

I
<1002/ Y 6@+ =0 @2

E:{(nl,...,nl):njzo — <
J j=1

with €; = %1, then we have

(1

Here all the constants depend only on .

Z (Snl ..... n wn_l (w) e w"_l (a))

(ny,...,n))EE

l
> K] Nj}> < crexp(—c2K). (4-3)

=2

Proof. We denote the sum on the left side of (4-3) by S. Using Proposition 4.1, we can get
EISIHP < VT+1(p— DA,
where we denote A = (E|S|?)!/2. By Markov’s inequality, we in particular have
P(S| > KA) < (KA)P-E|S|” <K~ P+ 1DP?(p—-1)"? forall p>2.
If K >2+/1+ 1, we may choose p =14+ K*!272/!(1 +1)~"/! > 2 in the inequality above to obtain
P(IS| > KA) <277 < cje” 2K,

By choosing the constants appropriately, we can guarantee that this also hold for K < 24/l + 1. Now
what remains is to prove that A < ]_[lj:2 N, or equivalently

1
EisP ST
j=2

Now we expand the square to get

where the sum is taken over all (ny,...,n;,my,...,m;) € E x &, and
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Since each of the § and A has absolute value < 1 (depending on /) in any possible case, we will be done
once we establish that

#o, . onmy, o m) € BX B Agy o 70} S TN (4-4)

The crucial observation is that, due to the independence assumption, if the expectation A is nonzero,
then any integer that appears in (ny, ..., n;, my, ..., m;) must appear at least twice. Next, due to our
assumption N| > 10°N,, we know n; = my, and any integer that appears in (ns, ..., n;, mo, ..., m;)
must appear at least twice. If we permute all the different integers appearing in this (2/ — 2)-tuple as
o1 > 0o > - - - > 0, then with r and all o; fixed, we have at most (2/ —2)21_2 choices for the (2/ —2)-tuple;
also due to the linear relation enjoyed by both (ny, ..., n;) and (my, ..., m;), the (2 — 2)-tuple will
uniquely determine n; and m;. Thus we only need to show for each possible 1 < r < 2/, there are
< ]_[lj:2 N]z choices for (o1, ...,0,). Now for each 1 <i < r, since each o;(1 < j < i) appear in
the (2/ — 2)-tuple at least twice (and different o; cannot appear at the same place), there must exist
l<ji<i<i+1=j;suchthatoj € {nj,, mj}. Thisimplies

4o; +2 <40, +2 S N3, SNA,

Jo~

so for each 1 <i <r, there are at most NZ.ZJrl choices for o;, and necessarily 1 <r <[ — 1. Therefore, for
each r <[ — 1, we have at most

l
lL[ Ni2+1 S, 1_[ sz
i=l j=2

choices for (oy, ..., 0,). O

Proposition 4.3. Suppose p > 3 is an odd integer. We choose o and b so that 0 < o < 1 is sufficiently
close to 1 depending on p,and 1 > b > % is sufficiently close to % depending on o and p. Let T be small
enough depending on b, o and p. Then we can find a set Qr C Q2 and a positive number 0 that only
depends on o,b and T, so that P(Q2r) < c1e=2T™%  and that the following holds: For any ty € R and
w € QF, ifforeach 1 < j < p, afunctionu; on [T, T] x R? is given by either

uj = e \HOH g4 (4-5)
or
llujllgposr S 1, (4-6)
then we have
luy - uy lgeorr ST (47)

Here all the constants will depend on o, b and p.

Proof. In what follows, if an estimate holds for w outside a set with measure €, we simply say it holds
“with exceptional probability €”. We will use various exponents ¢q;, and each of them will remain the



TWO-DIMENSIONAL NONLINEAR SCHRODINGER EQUATION WITH RANDOM RADIAL DATA 935

same throughout the proof. First we can use Lemma 2.8 to estimate

luy - u llggosrr S T2

||u]_ s I/t; ||ggrr.3b—2,r,
since —% <b—-1<3b-2< % Thus we only need to prove
luy - uy llggmaoar STV, (4-8)

with exceptional probability < c; exp(—c,T ). Recalling the Littlewood—Paley projections (1-8), we

have
u=> uy. (4-9)
N>2
where for simplicity we write uy = Anu. Thus we only need to estimate the terms (note (uy)™ = (u™ )y

since the Littlewood—Paley projectors are real)

p
[Twpy,
j=1
where we have fixed a choice between u; and u ;, and between (4-5) and (4-6), for each u ;. Define

A={1<j<p:ujgivenby (4-5)}, and B={1<j<p:u; givenby (4-6)}.

Let
d={(Ni,.... N i N; > 10° Y N; - for some j € B. (4-10)
i#£]
We first consider the sum of terms with (Ny, ..., N,) € s, and rewrite it as
S en (X w) @1
JEB (Ni)izj i) Nj>1033, ., N;

To bound this expression we only need to consider a fixed jy € B, and without loss of generality, we may
assume jo = p. For each (Ny, ..., N,_y) if we write

Wy = D pn, @-12)
Ny>103 Y77 N,
then we only need to prove

& = @)y, -+ Wp-y, () lgrrzr STV (max N~ (4-13)
for some 6 > 0, with exceptional probability < ¢ exp(—c2T~“*(max;., N;)*) (note that when we take

the sum over all (Ny, ..., N,_1), we still get an expression < cre—2T™3),
To prove (4-13), we use Propositions 2.5 and 2.7 to estimate (for simplicity, we shall omit the spacetime
domain [—T, T] x R? in the following estimates, but one should keep in mind that we are working on a
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very short time

S Sy, - Wp-D)y, @)™ o (4-14)
p—1 p—1
SN N payrs [ TH@ DN, e + D NG Tl Ny, Ioggre [T 1@y, le
j=1 j=1 j#i<p
p—1 p—1 p—1
SN N payes [ TGN e + > NTNGED N, [T, e (4-15)
j=l1 j=1 i=1
p—1
Sy lpages [ 1@ N (4-16)
j=1
p
STInwpy, i, (4-17)
j=2

where in (4-15) and (4-16) we have used Corollary 2.3 (recall the definition of ugi). In (4-17) we have
used Proposition 2.7 and the assumption that p € B. For the parameters, we choose gq; > ‘3—‘ and sufficiently
close to % depending on p, and pq_—21 = % — le’ and check that (4-14) indeed hold, provided b is sufficiently
close to %, depending on ¢ (see Proposition 2.7, with b there replaced by 36 — 1).

Now we proceed to analyze the expression (4-17). Choose 1 < j < p — 1 so that N; = max;, N;. If

j € B, then from Corollary 2.3 and Proposition 2.7 we have
Ny, N S N7l e S N7l llgon S N7 (4-18)

providedo —e > 1 — ;—2 (note g, > 4 from our choice of exponents above). This can be achieved if € is
small enough depending on ¢,, and o is sufficiently close to 1 depending on g, and €. If instead j € A,
then from Corollary 2.3 we have

— — — i H
1y, e S NNl e = N7Ee O f @) g (4-19)

The norm in the last expression equals the L?ZW;"’Z norm of e 'H f(w) on the interval [tg — T, to+ T.

Since T < 1, we may expand this interval to an interval with length 2. Since e # f () has period 27
in ¢, we may replace the enlarged norm by the norm on [—, 7]. Then we could use Corollary 3.5 to
bound

. 1 1 _€
Nj—e ”e—l(t-i-to)Hf(w) ”qu(weﬂ2 S TW(Q—b)Nj 2 (4-20)

for all 7y, with exceptional probability < cj exp(—coT ™% NJC.“), provided 0 < € < q%. Therefore in each
case we have

Ny, lpn ST OGN, (4-21)

with exceptional probability < cj exp(—c, T~ N;“), for some 6 > 0.
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<1;if

Then we treat the terms with i £ j. If i € B, we can use Proposition 2.7 to bound || (u,~);,l_ [| Lo
i € A, we can use Corollary 3.5 to bound '

11 £
- o (5=
||(Lt,')Ni ||L;12X 5 T 107 (2 )N/IOII
for all 7y, with exceptional probability < c; exp(—c; T~ N /C.“). Putting these together, we have shown

4-17) < Tl/l—”(rjnf;; Npy~? (4-22)

for some 6 > 0, with exceptional probability < c¢j exp(—c,T " (max;., N;)°). This takes care of the
sum of terms with (N1, ..., N,) € .
For (N1, ..., N,) ¢ sl, we are going to prove
T =y vy llgeavar S Tl/z_b(maf N, (4-23)
iz

where v; = (u;)n;, with exceptional probability < c; exp(—c2T~“(max;>1 N;)“). This, together with
the analysis above, clearly implies (4-7). Now without loss of generality, assume Ny = max ;> N;. If
1 € B, then we have Ni ~ max >, N;. By switching the role of 1 and p in the argument above and
replacing uﬁ” by v; (note v; also satisfy the estimates about uﬁ” that we would use), we can prove (4-22)
with the role of 1 and p switched. Since Ni ~ max;>, N;, this also proves (4-23).

N (1+0)/Go=D)
Jo

Now we assume that Ny =max;>; Njand 1 € A. If N < (note this exponent is > 1) for

some jo > 2, then we may assume jo = 2. Now use the same arguments as in (4-14) (but with different
exponents), we have

J S Mvivy vy e (4-24)

P
S vy W psape oy s+ Top Iz o3 1 s [ I N0

j=3
p
+ > Moy s vyl o7 g T 07 0
j=3 3<i#j
P P
S (Z N¢ )||v;||L,4_X||v;||L;gX [Tl (4-25)
j=1 j=3
e -
< PR PR -
SNN Doyl g lze, T Ti07 e (4-26)
j=3
P
o [ Y [ e I [ 978 (4-27)
Py #4072 Dy 004 i3 U

where pq_—42 = % — % and g4 > 4. Here in (4-25) and (4-27) we have used Corollary 2.3 and the fact that

vj = (u;)n;, while in (4-26) we have used N; < N1 < N2(1+U)/(3U_]) for all j.
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Now we analyze the expression (4-27). If 2 € B, then by Corollary 2.3 and Proposition 2.7 we have
(note Ny < N22 when o > %)

H%MWTWNNMMA T (4-28)
X

provided 27‘7 > HTJ + = 12 and o > 2; —|— , which is true for o > z. If 2 € A (which is the case for 1), we

can use the arguments from (4-19) to (4 20) to get

_l-=o 1_ _l-o
so s SND P llugll | s, STOGETON,® (4-29)
W Lth

31,

for all 79, with exceptional probability < c; exp(—c2T 3 N;*), thanks to Corollary 3.5, and the hypothesis
o <1 (hence 3= < 1),
Then we treat the terms with j > 3. If j € B, we can use Proposition 2.7 to bound ||vj_ | L% <1;if

j € A, we can use Corollary 3.5 to bound
e < PGB T
”Uj ||L;{‘§NT d N1
for all 79, with exceptional probability < c¢; exp(—c, T~ N;*). Putting these together, we have proved
@-27) STV N, (4-30)

with exceptional probability < ¢; exp(—c,T~N;*) for some 6 > 0. Thus we have proved (4-23) in this
case.

In the final case, we assume that N; > (10p)3(max =2 N j)%, which in particular implies Nj >
103 > >l N;, and that 1 € A. For each j € B, by definition we can extend u ; to be a function on R x R2
(still denoted by u ;) with %%t norm < 1. The relation v; = (u;) n; also extends to 7 € R, giving an
extension of v; also. Choose ¢p smooth, supported on [—2, 2] and equaling 1 on [—1, 1] and define
c(t) =¢o(T~'t). We are to prove

g vy vy g STV2PNT? (4-31)

for the extended v;, with exceptional probability < ¢ exp(—c,T~N*). For a function w on R x R?
radial in x, we split w = wy, + wy,, with

Fr{Wpe, ex)(T) = X{|f+4k+2|51v17} -F(w, ex) (1), (4-32)

and wy, by replacing the < by >. We now split the product in (4-31) into fa and ne parts and estimate
them separately.
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We first estimate the fa part of product as (due to the presence of ¢, we can work on time interval
[—2T, 2T] in the time-Lebesgue norms below, thus gaining powers in 7T')

- - -y /36 — —
(¢ " Uy "'Up)fa||gga,3b—2 SJN] v/ ¢ UIEERR VS l|gpo—a79 (4-33)
-y /36 — —
S.; Nl 7/ ||é‘ . ’Ul e Up ||L,3/2°W§'3/2 (4-34)
-y /36 —
SN T e (4-35)

1

Here in (4-33) we have used the definition of the fa-projection and that b is close to % (in particular,
b < % + ﬁ); in (4-34) we have used Proposition 2.7; in (4-35) we have combined Corollary 2.3 and
Proposition 2.5. Now for each i, if i € B then (provided o is close to 1 depending on p)

v 1l sp S llvillgee S 1.
L2

t,x

Ifi € A (suchasi = 1) we have

_ Ll b
o1l 5 STO TNy

t,x

for all 79, with exceptional probability < c; exp(—c2T 3 N;*). Therefore, we have (4-35) < T/t N N o
with exceptional probability < c¢j exp(—c2 T~ N;*), provided y > 108.

Now we estimate the ne part of the product. Choose vg so that ||vg||q02-3 < 1. Since we are taking the
ne part, we may assume vy = Vg n.. 1he aim is to estimate |J| (recall H is self-adjoint), where

3=/ vy v, - (CH ). (4-36)
Rx R2
We use Lemma 2.6 to write down

vj(x, 1) = /R $; (1) Y " al (ke WD ey(x) da; (4-37)
k

for j € BU {0}, where the parameters satisfy

D lad (P S 1 (4-38)
k

. 3y(b—1) . :
for each A¢. Since vy = v s, We also have ||l .1 S N, 2. For j € B, since vj = (uj)Nj, we know

a{j (n;) =0 unless % <{n;+ 2)/sz < 10, and hence

Y lal P SN (4-39)
4n j+2~N}

. 1
Also since b > 5, we have [|¢; 1 S 1.
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For the sake of convenience, in the following proof, we shall use v~ (n, ) to denote F, (v, e,) (7).
Thus from (4-37) we have

vy (nj. 1) = 2m)'?a ;+4nj+2(n,~)¢j(r,-+4n,-+2) (4-40)

for j € B. If j € A we have
0j(nj)gn; (w)

v} (nj, 7)) = (2m) 2+ D0 8(zj+4n;+2), (4-41)

4nj+2

where M) _ (M)

6;(n)) =n( =1, ,
Nj Nj

Clearly 0] < 2, and 6; # 0 only when 10 < (4n;+ 2)/N2 < 10 (note we have fixed N;). Finally, for
j =0 we have (we may assume ¢ is real)

(CH?v0)™ (no, 1) = (4ng +2)°% - /R al v ano2(M0)Po(00 +4n0 +2)¢ (9 — 0o) doo.  (4-42)

We write y; = vJ.N for j > 1, and yo = (¢ H°/?vg)~". From the rules of Fourier transform and orthogonality
of e, we have

J=Qm)y PR g / ]_[(yj (n;, )" dry ---dp, (4-43)
Al llp,NQ
where
K;Z? ..... n, = /RZ en, (X) -+ - e, (X)en, (x) dx, (4-44)
and
p
DZi(‘[],...,‘tp,l'o)Z‘E():ZGJ"L'J'}, (4-45)
j=1

with €; = &1 depending on the choice of v; or v;. We notice that €; = 1 if and only if the corresponding
yj_ equals y;. Now plug in (4-40), (4-41), and (4-42), and use the change of variables A; = 7; +4n; +2
for j € B, Ao = 00 +4np + 2; we get

0; (n,)gn,( ©)

J=2r ) o« / da; [ 1o, pal n)~ -ay) (n0) " ¢o(ho)
"IV%’HO 161;)[{0} ]Jll ' v 111‘ V ’
xf(Zerj

jeB

)»0—26]'(4I’lj+2)+(4n0+2))

J=1

X (4ng + 2)0/2 exp(—it() 2(411]' + 2)€j> . (4-46)
jeA
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Here the terms corresponding to j € A are delta functions and have already been incorporated in the final

expression. Letting o = (4ng+2) — le €j(4n; +2), we can further reduce the expression to
— r)P T2 Z/ [T ¢;0)dn; {(Ze]k — Xo +Q)
0€Z " jeBU{0} JEB

; 0;(nj)g, (w)
x D, G+ [T af (np)” [ =5
S, ' jeBU{0} ! jea V 4nj+2

X exp(—ito Z(4nj + 2)ej>,

JEA

2 . P
<10(j=1), (4n0+2)—zej(4nj +2) :Q}. (4-47)

So = :(no,...,np):
J j=I1

Noticing that Z‘ = TZ‘O(T -), and that Z'O is a Schwartz function, we have

Y RO+ISY T{TO+0) 251 (4-48)
0l o€l
for all A € [0, 1], and by periodicity, for all A € R. Therefore

Zf I1 |¢J<x ) di; z(Zm —)~0+9)‘<N3y(b ? (4-49)

oeZ jeBU{0 jeB

Since we choose b close enough to % depending on o and p, and y does not have any dependence on b
whatsoever (we may simply take y = 200), (4-31) will follow if

; 0i(nj)g, ()
/2 Jj — JNTI/On; .
Sy o+ 27 T af (0" [ ==t xcexp((—ito Y (4n; +2)c; )
S, [ jeBUO) jed VAnjt2 jeA

STYVPPNT? (4-50)

for all possible choices of 10 e R, 0 € Z, A; e R(j € BU{0}), {a{j (k)} satisfying (4-38) and (4-39),
with § > 0 depending on o and p, but not on b.

Next, by Cauchy—Schwartz in the sum with respect to ng, we can further estimate the left side of (4-50)
by

0j(n;)g,, (@)

(s [So [ 125258

Se.ng jeB

2\ 172
) , (4-51)

X exp(—ito Z(4nj + 2)ej)

JEA

where Sguy = {(n1, ..., 1) : (R0, ..., np) € So}, and b; (k) =a] (k).
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Concerning the inner sum of (4-51), we have (recall that % <4n;+2)/ N} <10foreach1 <j < p)

0j(nj)g,, (@)
D I R ] e (4-52)
‘ Q”o JjeB jeEA 4n +
<) Z ,,,,, up | L& @) T TIo; )] (4-53)
(”/)/EB JEA JEB
S s 12w [Leg@ T2 by
npjesl g JjeA JEB 4n;+2~N7
< sup Zz oy [ [ &, @] [JVIN;?)'? (4-54)
(nj)jes jea JjE€B
< s [Sen L, TTe@| [TV
(pjes | g jeA ' JEB
where in (4-53) we write © = {(nj)jea : (n1,...,n,) € Sy} for fixed (n;);ecp, and t,flo,”_,np =
Kn' . S jea0j(nj)(4n; +2)~1/2. One should notice that for all () je4 € ©, by definition the expression

exp(—ity Y _ je A(dn;+2)e;) is a fixed constant with absolute value 1, which can be extracted. In (4-54)
we have used Cauchy—Schwartz and (4-39).
Let us fix ¢ and no, and (n;) jep. We also assume [4no+2—0| S le (otherwise S, ,, would be empty).

Since the set ® has the form of Z in (4-2) and Ny > 10° Y N;, we can use Proposition 4.2 to get

jeA—{1)
..... n,,ngnj(w)‘SK 1_[ Nj-sup|t,? ., I, (4-55)
; )
JjEA jeA—{1}

with exceptional probability < c; exp(—c,K ). We choose K = T1/>7° NI(I*“)/ 200 (40 4 2)(1=0)/400
then the corresponding exceptional probability is < c¢j exp(—c2T~“N*(4ng + 2)5). If we add up
these probabilities with respect to all possible choices of ¢ and (1)) jepujoy, we still get an expression
< ciexp(—c2 T~ N;*) (there are < le choices for each n;(j € B), and for fixed ng, there are < le
choices of o). Therefore with exceptional probability < c¢j exp(—c2 T~ N;*), we have

Lo B 1/2
@sH TN TN [T N <Z(4no+2)”+1200 sup |r,';3m,np|2> (4-56)
Jj€B jeA—{1} no Spng
< 1/2—b z 508~ -0 PRES.; no 2\
STVPNT TN 7 Do @no+2)°" 5 sup lig? | . (4-57)
jeB no wng

To complete the proof of Proposition 4.3, we are going to estimate K,Z’f’ ,,,,, n,- Let vy = -+ > vy

be the nonincreasing permutation of v; = 4n; +2 (where 0 < j < p). If v9 > N, 2(1+(1=0)/ 200) , from

Lemma 3.2 we have |/<,,1 ,,pl < vy ~100 pf Vo N12(1+(1 0)/200), since N 2 (max ;> N])(<7+1)/(3a D, we

’’’’ L@ +D/Ga=1)
Vj

see that if vy < max;>, v}, then v; 2 max; and |/<,’f? n, | < NI_IOO; if vp > max;>ov;,

.....
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then v(2) > max;>; v; and from Lemma 3.2 we have

1 1 _ 1
Svoivey logve) SN 1(1}13;; N;)"2log Nj. (4-58)

Alyenny np |
Therefore we have

-0
_ 1/2—b ny 200 1 I—o
@45 <T N, ||NJ.
jeB

1/2
1-0 l—0 _ _ _
x( Y )X ED RN, 2(r51§§<1vj) Mog? N+ Y (4ng+2) 198)

20+ 558 201+ 558
1 1

vo<N

- JjE€B

vo>N

_%
< Tl/z—le 2 (r?fé( Nj)_% 1—[ N}—a,

jeB
where l—0o (1+0)1—-0) (—-0)? 1-0
o=1""o0 """ 200 4000 = 2 " (459)
Finally, since 1 € A, we have
“?;‘5‘ Nj)2 jl;[9 NS “?;15‘ Nj)~EHDI=0) < (4-60)
providedo > 1—-1/2(p — 1)).
Having considered all the different cases, we have now finished the proof of Proposition 4.3. U

From now on we will fix o and b as stated in Proposition 4.3. We have an easy corollary:

Corollary 4.4. There exist some 6 > 0 and Ty > 0, such that the following holds: For all 0 < T < Ty,
there exists a set Qp C Q such that P(Qr) < c1e~ T2 and for all w & Qr, the mapping

ur> e f(w) q:i/ot e IH ()P u(s)) ds (4-61)
is a contraction mapping from the affine ball
e (@) +{v: |[vllgosr < T (4-62)
to itself.
Proof. Suppose u = e 'H f(w) 4+ v, where ||v]|gosr < T? < 1. From Proposition 2.9 we have
M = H:Fifolei(ts)H(W(s)lplu(s))ds

< Jul?~

%a,b,T

9po.b—1.T

=™ f@)+v)T (e H f(w)+ )T

9gpob—1.T *
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If we expand the product, then each term has the form as in Proposition 4.3 (namely, u; - - - u,, with each
u; either equal to e H f(w) or has #°>T norm < 1); thus we have M < T% for some 6y depending
only on o, b and p; thus if we choose 6 < 8y and Ty small enough, then the mapping does map the affine
ball to itself.

In addition, if u; = e "H f 4+ v; with ||v;||qesr < TY fori € {1, 2}, then

’D::‘

Fi f e O 1y ()P g (5) — lua(x) 1P ua(s)) ds
0

%U,b,T

—1 -1
ol [ At 77 a2 P

p—1
S D N —un)™ [ ug ller-rr,
F k=1

where [ is some finite set, and each jj; € {1, 2}. Since u; —up = v — vy € %°bT and each uj is the sum
of two terms, one being e H f(w), the other having #°-*T norm < 1, we can use Proposition 4.3 to
estimate ® < T%||v; — va|qou.r for all @ & Q7. Thus the result follows if we choose 7' small enough. [

5. Local well-posedness results

In proving local in time results, we will not care about the =+ sign in (1-10). First we define the truncated
Cauchy problem
{iafu+<A— P = (EulP~ )3, (5-1)

u(0) = f5 ()
for each k > 1. When k = 00, we understand that v5., = v, so this is just the original equation (1-10).

If k < 0o, we solve (5-1) in the finite-dimensional space V,«. We will consider two cases depending on
whether p >3 oddor 1 < p < 3.

5.1. The algebraic case. Here we assume p > 3 is an odd integer, so we can use the estimates is Section 4.

Proposition 5.1. Suppose T > 0 is sufficiently small. There exists a set Qr (possibly different from the
one in Proposition 4.3), such that P(Qr) < cj exp(—cyT ™), and when o & Qr, for each 1 <k < oo,

(5-1) has a unique solution
uee () + ot (5-2)

on [—T, T, satisfying
lu— e f3 (@) gorr < T°. (5-3)

Proof. When k = oo, the existence and uniqueness directly follows from 4.4 via Picard iteration. Now we
assume 1 < k < oo, then the equation (5-1) is just an ODE, so the solution is unique, and exists until its
norm approaches infinity. Thus we only need to obtain the control on each of these solutions, uniformly
in k. To this end we need the following modification of Proposition 4.3.
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Lemma 5.2. For each T sufficiently small, we can find a set (still denoted by Q7), such that P(Q27) <
c1 exp(—c2T ™), and in Proposition 4.3, if one replaces some u ; by any (u j)§k, or (u j);—"’.i’ the result still
holds true. Moreover, if there is at least one (u j)ij, then the left side of (4-7) tends to zero (uniformly in
all choices of u ) as this kj — 0.

Proof. We use the notations as in Proposition 4.3. Noting that the projections u7, and ujk are uniformly
bounded on X%%T | we may assume the modification is only for j € A. Since ) = f(w) — fi (w)
and the result is true when all terms are still u ;, we may assume each term is either u; or (u j);w, with at
least one (u j)?‘j'

For each (k;), we follow exactly the proof of Proposition 4.3. Suppose L = max 2ki; then in the dyadic
decomposition we only need to consider the terms max je4 N; 2 L (for example, if (N1, ..., N,) € o with
the largest being N, then max =, N; 2 L; otherwise we have max; N; 2 L). On the other hand, all the
probabilistic Lebesgue/Sobolev estimates of f(w) we used in Proposition 4.3 come from Corollary 3.5;
thus they also hold for fzi (w) = f(w) — fz"k (w) uniformly in k. As for the multilinear estimates of
Gaussians (Proposition 4.2), they indeed hold for fixed k;, because fixing k; (and replacing f(w) by
f (a));kj) corresponds to adding constraints n; < 2%i in the set Z in (4-2), which does not affect the
estimates in (4-4) (which is based on upper bounds of the cardinals of some sets). Therefore for fixed & ;, the
estimates about each individual term (including the “grouped” terms in &) in the proof of Proposition 4.3
still hold, with constants independent of k ;. Therefore, we have

IModified(uy - u)Ixeor S Y T(max Ny~ STL™2,

J
max; N; 2L

with exceptional probability not exceeding
Z crexp(—c2 T (max N;)“) < csexp(—ceT L),
J
max; N; 2L

which implies

Modified(u - - 1) || xour S T (max24)7%/2,
J
for all possible choices of k;, with exceptional probability not exceeding

D esexp(—ceT ™ (max 2)%) < cgexp(—c1oT ™).
J
(k)

If we choose this final exceptional set as our Q7, we easily see that all requirements are satisfied. [

Remark 5.3. In Proposition 4.3 and Lemma 5.2, the estimates still hold when the %°-%*T norm is replaced
by %->! (but with 7 on the right side of (4-7) unchanged), for any interval I C [T, T], and w outside
a single Q7. One can check the proof that all estimates do not become worse with [—7, T] replaced by 1.
In particular we can get a contraction mapping as in Corollary 4.4 for interval [T, 0] or [T, T;] for
T, <T.
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Using Lemma 5.2, we can now proceed with the proof of Proposition 5.1. Suppose for some k that
u=e itH f23( (w) + v is a maximal solution to (5-1) (strictly speaking the T below should be another
T’ denoting the lifespan of u, but we will ignore this, in view of Remark 5.3). Then outside the Q7
constructed in Lemma 5.2 we have

t
:Fi/ eI (Ju(s) 1P u(s)) 5 ds
0

< [ul?~

[vllggopr = ’
%a.b,T

9po.b—1,T
= [ f5 (@) + )T - T f (@) + )T

Each term in the expansion of the final product has the form as in Lemma 5.2 (namely [ | j (u;);kj with

9pob—1.T -

1 <k; < oo, and each u; either equal to e "H f () or has **T norm < ||v||qw.s.7). Therefore for some
6 > 0 we get
Wllger S TP+ [0llgonr)?

since v € %27 and v(0) = 0, we know [v|lges: — 0 as t — 0. The local norm is continuous in ¢; thus
we can use a bootstrap argument to get ||v||gos.r < T%/2. Note this also works for the original equation,
showing that (5-3) holds for the solution of (1-10) with any k. The uniqueness of (1-10) now follows
from Corollary 4.4. U

5.2. The subcubic case. Here we assume 1 < p < 3, and we do not need any multilinear estimate to
solve the local problem.

Proposition 5.4. Suppose T > 0 is sufficiently small. There exists a set Qp (possibly different from the
one in Proposition 4.3), such that P(Qr) < ci exp(—c2T ™), and when o & Qr, for each 1 <k < oo,
(5-1) has a unique solution

uee ™M £ (w) + 2" (5-4)

on [—T, T, satisfying
lu— e " £5 () lgosr < T°. (5-5)

Proof. The proof here is almost the same as Proposition 5.1. In fact, once we can obtain
1™ f3 (@) +vIP~ (e £ (@) + V) || gosrr ST A+ [0150,7) (5-6)

and
—1 —1 0 —1
1P~ e — 11772 | o r S TN = 0 llgonr - (14 [0llgonr + 10 llg0n.7)? (5-7)

forall 1 <k < oo and w & Qr, where u = e " 5 () + v and u’ = e7"# 5, (w) + v/, we can use
Proposition 2.9 and argue as in the proof of Corollary 4.4 to show that for w & Qr,

N e*itHf(a)) :Fl/ e*i(tfs)H(“,t(s)lp*lu(s)) ds
0

is a contraction mapping from
e f (@) +{v: vllgorr < T7)
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to itself, for some 6 > 0. Also we will have the same estimates on solutions to (5-1) as in Proposition 5.1,
which is enough for the proof.
To prove (5-7), we simply compute (again we omit the time domain [—7, T'] here)

|| |”|p71“ - |”/|p71“/”9€0,b711

< 721 ”(u —d)(Ju| + [P . (5-8)
ST o —=vligpe - Alull o + Ml llp) ™" (5-9)
ST =V llgosr (Ivllgoss + 1V lgos.r + e 7 £5; (60)||L,”j.)p_1 (5-10)
ST 2o = gosr - ([0llgonr + 10 llgonr + 1P, (5-11)

outside 7, where P(Q27) < ¢y exp(—c T ). In (5-8) we have used Proposition 2.7 and Lemma 2.8,
and required % <b< %, 2>q > ﬁ. In (5-9) we have used Holder and required 1 < pg < oo. In (5-10)
we have used (Holder in time and) Proposition 2.7 and required 2 < pg < 4. In (5-11) we have used
Corollary 3.5 to bound

—itH so < 7100
le ™ H £y (@)l 2y ST T,

with exceptional probability < c¢; exp(—c,T ). Therefore, we may choose ¢ so that ‘3—‘ < g <?2and
2 < pg < 4 (such g exists because 1 < p < 3). Then we may choose % <b<l1- %, and see that all the
requirements indeed hold. This completes the proof of (5-7).

The estimate (5-6) follows from the same choice of exponents and similar arguments. The only
difference is that we will have a term ||e*i’Hf2°k (w) ||L:1 L which is fine as long as 2 < g1 < 00. O

5.3. Approximating by ODEs. Here we will prove that almost surely, uniform global bounds on the
solutions to the truncated equations (5-1) for infinitely many k < oo implies the global existence and
uniqueness for the original equation (1-10).

Proposition 5.5. Let [T, T] be a time interval, where we assume T is large. Suppose for w belonging
to some set E, there exists a subsequence {k;};>o 1 00 (possibly depending on w) such that each of the
equations (5-1) with k = k; has a unique solution uj on [—T, T| and that

suplluj —e "M f5 (@)llgonr < 00. (5-12)
J

Then almost surely @ € E, the equation (1-10) possesses a unique solution u on [—T, T] such that
u € e f(w) + %0, Moreover for this subsequence we have

lim [|u; — e " £5 () — (u — e f(@))||gporr = 0. (5-13)
j—00 2%

Proof. For w € E, with small exceptional probability (tending to 0 as A — 00), we may choose a sequence
u; solving (5-1) with k = k; 1 o0, and

liej — e f5 (@) o < A (5-14)
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for all j. Then we choose an integer M large enough depending on 7" and A. We are going to prove for
each 1 <m < M that (1-10) has a unique solution u € e~ # f () +%°>mT/M on the interval [— 2L, 2L,
and

lmﬂmj—émHﬁ%Q@—%u—éme@»N%mwm—90, (5-15)
]—)OO

for w outside the fixed set 7,y that is constructed in the proof of Lemma 5.2. Since P(Q27/y) — 0 as
M — o0, this clearly contains the conclusion we need.

Now we proceed by induction on m. First assume p > 3 is odd. Supposing the conclusion holds for
m — 1 (including m = 1), we will prove it for m. Write § = M~'T and 1y = (m — 1)8, we know the
solution u exists and is unique on [—#, fp], and we want to extend it to [—(fo + 8), fo + 8]. Without loss
of generality we consider the half-line ¢ > 0.

From (5-14) and (5-15) we have

lim flu(to) — u(to) + e f (@) [l =0, (5-16)
Jj—>00

and ||lu(ry) — e 0H f(w)]lger < A. We would like to solve the equation (1-1) with initial data u(#y) on
[—3, 8], and argue as in Corollary 4.4. Here the linear term is not e itH f(w), but

e Mu(tg) = 7O f(0) +v,

where v is the linear evolution of some function with #° norm < A; thus ||v|gess < A (this is easily
proved by introducing a cutoff and using § < 1). Since w ¢ Q7/y, we can use the full strength of
Proposition 4.3 and Lemma 5.2. In particular we can proceed as in the proof of Corollary 4.4 and obtain

<shAr <49,
%rr.h,zS

Dﬁ::‘

t
i / eI (1 ()7 (5)) ds
0

and

D= H:Fi / e O (1 ()17 wi () — [wa(x) [P~ wa(s)) ds
0

%(r,b,&
S8 AP Iy — hallgoss < 3llh1 = hallgess,

for all w; = e "Hy(t9)+h; with ||h; llggobs < 8%, provided M is large enough (§ is small enough) depending
on T and A. Then we can use Picard iteration and the same bootstrap argument to prove that the original
solution u can be uniquely extended to [#y, fo + 5] (and by symmetry, to the other side).

It remains to prove (5-15) for m. First we know

. —i(t—t)H —i(t—to)H —itH oL
lim He ir=to) uj(to)—e it=to) u(ty) +e " kaj (a)))’%o.b.[tofé,roJrS] =0,

j—o00

which is a consequence of (5-16). In view of the induction hypothesis, we only need to prove>
hm ||u] _ e*i(t*fO)H e*i(ffto)Hu(tO)) ||g€a,b4l[0_5v[0+5j — 0’
j—00

uj(to) — (u—

3Here we have used the following fact: Given two intervals [x, y] and [z, w] with x < z <y < w, for some constant C we
have [|ulopo,b,0x,w1 < C(llttllgpo,b,1x,y1 + lt]lgpob,1z,w1). This is easily proved by using a partition of unity.
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which, after a translation of time, is equivalent to

lim |w; —e ™ w;(0) — (w—e "Hw(0))
J—>00

oons =0, (5-17)

where w; is a solution of the truncated equation with k = k;, and w;(0) = u;(#); and w is a solution of
the original equation with w(0) = u(#p). Write w; —w = h = hy; + hy,, where

hi = e (uj(10) — u(tg)) = —e O {1 () e, (5-18)

with [|A |5 — 0, and
t
oo =51 [ (g = ol = G 9) ds
t
= q:if e HOH (1 1P ey — |w|”_1w)§kj (s)ds — (w — e—"Hw(O))Z%kj. (5-19)
0

Now we need to prove ||h,,]|gobs — 0. Since w — e Hy)(0) € %P8 the second term in (5-19) tends
to zero in ¥°%% as j — oo. For the first term, we estimate the norm without the final projection. The
expression in parentheses can be written as a linear combination of terms like z; -- -z}, where z; is
either h,,,, or e 1+ H f;,— (w), or e "H ) ; which has #°:*% norm — 0. For i > 2, each z; is one of the
following:

(1) e"it+)H [3; (@). This is within the applicability of Lemma 5.2 since w & Qr /.
2) wj— e—i(t+to>Hf§j (w). This has %% norm < A since w;i(t) =u;(t+1), due to (5-14).
(3) One of the components of w; — w. These include ,, and e~ H fjj (w), as well as another term

with 2924 norm < A. Since w ¢ Qr /M, these terms are controllable using Lemma 5.2.

If 7y = e 10HOH fjj (w), then from Proposition 2.9 and Lemma 5.2, the corresponding term tends to
0 as j — oo (since h,, is bounded in go-b-8 independent of j; see below). If z; is the term with b
tending to 0, the same conclusion holds. If z; = A,,, then the norm of the corresponding term is bounded
by 89| hnollsgob.s (| o || ogobs + A)P~1L. Therefore we have

”hno”%mb"; S 89 ”hno“%"’h»‘s(”hno”%mb’s + A)p_l +o(1),

as j — o00. By (5-14) and the Picard argument above, we know ||/,,|l0rs < A independent of j.
Therefore, if we choose § small enough (M large enough), we must have ||/, 9065 = 0(1).

The proof when 1 < p < 3 is basically the same, using linear estimates (Corollary 3.5) instead of
Proposition 4.3. We will also need a variant of Lemma 5.2, but the proof of this is not hard and is
essentially contained in Proposition 3.4 and Corollary 3.5. (|

6. Global well-posedness

In what follows, we fix a sufficiently large 7 and a positive integer M such that M > T2,
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First let us consider the truncated equation (5-1), which is an ODE on the finite-dimensional space Vy«.
If we identify Vo« with R2”'*2 by the coordinates

2k
g=Y (aj+ib)e;. (6-1)
Jj=0
then it is easy to check that (5-1) becomes
oFE oFE
daj=—", bj=———, (6-2)
8bj Baj
with Hamiltonian
2k 1 2k 1
Eo(aj.by) =Y Q2j+ D@} +b3) £ ——|> (a; +ib))e; (6-3)
j:() p +1 j:() Lptl

If we denote the solution flow of this equation by ®y ,, then the following is true by the theory of
Hamiltonian ODESs and straightforward computation: The map (7, x) = ®x ,(x) is defined on the whole
spacetime domain R x V,« (this is a consequence of the conservation of L? norm; see (6-4) below). For
each t € R, @y, is a homeomorphism from Vy to itself. If p > 3 is odd, it is a diffeomorphism and
preserves the quantities

21(

lglll.=> (@} +b) and E=2E (6-4)

j=0
and the Lebesgue measure. If 1 < p < 3, it (and its inverse) can be approximated, uniformly on each
compact subset of V,«, by a sequence of pairs of diffeomorphisms that preserve the quantities (6-4) and
the Lebesgue measure. Therefore @« , itself also preserves (6-4) and the Lebesgue measure.

From above we know that ®,« , preserves the measure

2k
v =" ¢ . e"E [ da;db; (6-5)
Jj=0

on V,i, where ¢ = 1 in the defocusing case, and { = )((||g||%2 — aye) in the focusing case as in (3-33).
By the definition of © and vy« (see Section 3) we have

ok = (P + Uw) ® Mél =V ® Mé?m (6-6)

in both cases, where we understand that u5, and ui are measures on Vy and sz respectively, and
identify V with* Vi x VZ%. From this we immediately see, for each Borel set J of Vy, that

v (g g5 € 7)) = v (g2 g5 € (@ )T (D)}). (6-7)

4Here V is some space on which p is supported. The exact choice of V is unimportant; for example, we may choose
V=9"R>,0r V=50 R?).
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Now we fix the choice
_ _ o . c c
J=Ju= {gzk ‘8 € f(QT/M)} ,

where 27,y is constructed in the proof of Lemma 5.2. Consider the maximal mo < M + 1 so that the
solution u of equation (5-1) satisfies

|| u— e_i(l_mT/M)Hu(mT/M) H%n,b.[(m—l)T/M,(m+l)T/M] <1 (6-8)
for all |m| <mqy— 1. If mg = M + 1, from Proposition 2.9 we know that u is defined on [T, T'] and
lu — e £ (@) g S M. (6-9)

If mo < M, then for some choice of =+ sign, we have @ v, 7,1 (f5: (@)) € Jy. In fact, if this fails, then
we can use Propositions 5.1 and 5.4 to extend the solution to [—(mo+ 1)T /M, (mo+ 1)T /M ] with (6-8)
remaining true, thus contradicting the definition of my. Now we use (6-7) and sum over mo < M to get

(a0 f)({o: (6-9) fails}) S M - vy ({g : g5 € Ju}). (6-10)
In the defocusing case we have vyx < . Using Fubini’s theorem we get
w({g 85 € I }) = n(f(Q50)) 2 1 —crexp(—ea T~ M), (6-11)

hence
(a0 f)({w: (6-9) fails}) < 1 M exp(—c, T~ M), (6-12)

In the focusing case we have
dvsk o 2 ° 1
G © =0 = x5 1 — ) exp( s3I ). (6-13)

This function, by Proposition 3.6, has bounded L?(i) norm, so by Cauchy—Schwartz we get

o ° 1/2 . §
vi({g: e € In}) S (n({s: g5 € Im})) ?<e exp(—cra T3 M), (6-14)
which again implies (6-12). We summarize our results in the following proposition.

Proposition 6.1. For fixed T and k, there exists a subset® Qi C Q such that (vor 0 f)(2) =0, and for
w € Q, equation (5-1) has a unique solution uy on [—T, T], and that

sup / exp(llux — e f5. (@) onr) AWyt 0 (@) < 00 (6-15)
k JQ
for some 6 > 0.
Proof. We choose
Q= () Zu:= [ {@:(6-9) fails for M}.

M>T? M>T?

SThis should not be confused with the Q7 notation defined above, since our €2 is for k > 1 here!
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From the discussion above we easily see vy (f(£2})) < limpy o0 Vot (f(Zpr)) = 0. Also for w & Zy, the
solution uy to (5-1) exists and is unique, and satisfies

lug — e 5 (@) lggonr S M.
In other words we have
(o o f)(w € Qe+ lluy — e_itHfﬁc(w)ll%a.b,T > A) < v (f(Zm)) < c1exp(—c2A9),

forall A > T'% where M ~ A!/3 is an integer. Since vy o f is uniformly integrable, the part with small
A is also under control. The claim then follows. 0

With Propositions 5.5 and 6.1, we are ready to prove the global well-posedness part of Theorem 1.1.
Denote the integrand in (6-15) by 1 (@), understanding 1y (w) = 0 when w & 2. Since vy« — v in the
strong sense and (vy« o f)(£2;) =0, we have (vo f)(£2;) — 0, and we fix a subsequence {k;} such that
> o f)(Qil) < oo and hence (v o f)(limsup,_, o, Q,il) = (. From Proposition 6.1, we get

sup [ oo (F @) ) dP(@) < . (6-16)

1 Je

From the proof of Proposition 3.6, we see p,; o f — p o f almost surely, so by Fatou’s lemma we get
lim inf n, (@) < o0, (6-17)
[—00

almost surely in [P, on the set where p(f (w)) # 0. By the definition of 5, if (6-17) holds, then either
w € S, for infinitely many /, or there exists a subsequence {k;;} >0 1 00, such that (5-1) has a unique
solution Uy, fork =k; on [T, T], and

—itH fo

k. (@) || gpob. T < 00.
2

supllug, —e
J
In the former case we get a null set (actually a set with null vo f measure, but vo f is mutually absolutely
continuous with [® on the set where p( f (w)) # 0), while in the latter case we can use Proposition 5.5
to deduce that, except for another null set, (1-10) also has a unique solution u on [—7, T] such that
uee H f(w) 4 xobT,
Therefore, for each T > 0, except for a null set, the equation (1-10) has a unique solution u €
e H £ () + %°PT for w in the support of p o f. In the defocusing case, this support itself has full
probability in €2; in the focusing case, it follows from Proposition 3.6 that we can choose a countable
number of cutoff x so that the (countable) union of the support of the corresponding p o f has full
probability. In any case we have found a subset of €2 having full probability, such that when @ does
belong to this set, (1-10) has a unique solution u € e itH f(w)+ 95T We then take another countable
union to get that, almost surely in [P, equation (1-10) has a unique solution # on R x R? such that

uee M flw)+%7"" e f(w)+€(-T, T], #° (R%))

Ce(-T.T1. ()%’ (R?)
§>0
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for all T > 0. This completes the proof.

Remark 6.2. In fact, from the argument we can extract a polynomial bound on the solution; namely we
can prove that for each large A, with exceptional probability < c¢; exp(—cyA“?) we have

lu— e f()|gonr < A(T)C

for all T > 0, with some constant C. We omit the details.

7. Transforming into NLS without harmonic potential

As we have mentioned before, the idea of introducing the lens transform and reducing (1-2) to (1-1) is
inspired by the arguments in [Burq et al. 2010]. First we define the lens transform [Tao 2009, Section 2;
Burq et al. 2010, Section 10]:

1 tan(2t)  x —ilx tan(21)/2
= -1
Fu(t, x) cos(2t)u( 2 cos(2t))e ’ (75

where u is defined on R x R?, and %u is defined on =% 7)) % R2. By a simple computation we deduce
(i3, — H)(Lu)(t, x) = (cos(21)) 2L((id, + A)u)(t, x). (7-2)

For the inverse transform

tan—1(2¢ .
Pt x) = (1 +4z2)—%u(anT(), a +4z2)—%x)e“xl2’/“+4’2), (7-3)
we have .
(i, + M) (L) (2, x) = - n 2% (G0 — K, x), (7-4)

Next we prove that the transform Pl maps the space %08 to XobT where0<o,b<1,0<8 < %,
and T = % tan(28). First by using a cutoff, we are reduced to proving that u — £~!(x - u) is bounded
from %% to X%”, where x = x (¢) is any smooth function having compact support in || < 7 - First we
fix o. By interpolation, we can assume b € {0, 1}. If we can prove the result in the case b = 0, then using
the identity

et 51 = et 50 + 118 — HD 300
(which remains true with & replaced by X and — H replaced by A) and (7-4), we see

1L~ Oc - i) llxot S Natlsgoo + 110 — HD) (x10) [l g, (7-5)

because v = (id; — H)(xu) has compact support in || < %, and hence equals ;v for some other y;.

Since the last term in (7-5) is clearly controlled by ||u]|¢-.1, we can conclude the proof for b = 1. Therefore
we may only consider b = 0. Here it is easily seen that we only need to prove that multiplication by
e g uniformly bounded from #° to H° for 0 <o <1 and |A| < 1. By another interpolation we may
further reduce to o € {0, 1}. The 0 = 0 case is obvious; the o = 1 case follows from the observation

V(e £y = P (V 4 2iax) - £.
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Thus we have the desired bound for all 0 <o, b < 1.
Using (7-2) or (7-4) we can compute that u is a solution for the Cauchy problem (1-12) on R, if and
only if v = %u is a solution for the Cauchy problem

{ia’” + (A — |x[*)v = (cos(2£))P 73 - |v|P~ 1w,

7-6
v(0) = f(w) (70

on [t| < 7. Moreover, if
v—e M £ () e xoh? (7-7)

with § < %, then from the discussion above we see that
u— i_] (e—il‘Hf(a))) e X(T,b,T’

with T = %tan(28) —o00asd — %. From (7-4) we see that £~ (e 'H# f(w)) has initial value f(w) and
annihilates id; + A; thus it must be ¢ f(w). Thus (1-13) will follow® if (7-7) holds for all § < Z. Also
from (7-3), the constants in the #7 — H_ boundedness remains under control even near the boundary
points £7. Thus (1-14) will follow if
Iim (v(¢) — e*itHf(a))) exists in F°. (7-8)
t—=xm/4

What we will prove is that almost surely in P, (7-6) has a unique (strong) solution v for [t| < 7

such that v — e "H f(w) € X>P7/4 As is demonstrated above, this implies (7-7) and (7-8), and hence
Theorem 1.2.

The proof is basically the same as (1-10). Noticing m(t) = (cos(2¢))?~3 has all its derivatives bounded
on R, we see that multiplication by m(¢) is bounded from any %t (and hence any o1y 1o itself.
Therefore, the proof from Proposition 4.3 to Lemma 5.2 goes without any difficulty, as if this additional
factor were not present. In the proof of Proposition 5.5, when we extend the solution to a larger interval,
we must solve another Cauchy problem, which is no longer (7-6), since this equation is not autonomous.
This, however, is not a problem; since we just replace m(t) by some m(t — ty) that obeys the same
derivative estimates as m(t), we can use the same exceptional set as in Proposition 4.3, Lemma 5.2 and
Proposition 5.5, and the other discussions remain unchanged.

The only difficulty we face is the lack of a (formally) invariant measure. This is compensated, however,
by a monotonicity property, which was first observed in [Burq et al. 2010].

Lemma 7.1. Consider the truncated Cauchy problem
{iatv + (A — [x[H)v = (cos(20))? 73 - (Jv]7~ ),
v(0) = fr(w);

then for its solution v, the quantity

(7-9)

B 2(cos(R)P? iy
€(t,v()) =(Hv,v)+ THUHLPH

6The space %' C % in which we have uniqueness will be the image of the space ¥ defined in (1-11) under ,55_1; as we have
said before, we do not have a simple characterization for this.
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. . . - -
is monotonically nonincreasing in |t| for |t| < 7.
Proof. We directly compute

dé€  2(p—3)(cos(2t))P*sin(21) 1
—_— = — ”v(t)“Lp-H’
dr p+1

which is nonpositive for 0 <t < %, and nonnegative for —% <tr<O0. O

We argue as in Section 6, but we fix T = 7 here. If we could prove

n(lg:gned}) =vu(lg: P, (g5) € J}) (7-10)

for —% <t < 7, where, of course, ®,« , is now the solution flow of (7-6), then combining this inequality
with (6-11) we can get (6-12). Starting from this point, we can follow the argument in Section 6 word by
word to get almost surely global well-posedness of (7-6) on [—7, % 1.

The proof of (7-10) is also simple. By Lemma 7.1

_1_0k _
ol @50 € ) =1 [ e FO [T dayan,
Ji i
2k
5”_1_2k/ e~ #08W) ] da;db; E/ duge = pn({g: g € J)),
I 0 J

where J; = {h € Vi : & ,(h) € J}. Here we have used the invariance of the Lebesgue measure under
@, ,, which can be directly verified; see [Burq et al. 2010, Lemma 8.3]. Therefore we have completed
the proof of Theorem 1.2.

8. Invariance of Gibbs measure

Now we return to the final assertion of Theorem 1.1, and prove the invariance of the Gibbs measure v
under the solution flow of (1-10). More precisely:

Proposition 8.1. Denote the solution flow of (1-10) by ®,. There exists a subset = C ¥ (R?) such that it
has full ;@ measure, and ®, becomes a one-parameter group from X to X preserving the measure v (in the
focusing case, for each choice of cutoff function ).

Proof. We only consider the defocusing case. In the focusing case we need to take another countable
intersection corresponding to the cutoff x chosen, but otherwise the proof is completely analogous.
Clearly the set Q7 in Proposition 4.3 and Lemma 5.2 can be chosen so that e 7 /H# (Q7) = f(QF).

We define ¥ = XN X,, where X is the setof all g € 9’ (R?) so that (1-1) (with initial data u(0) = g) has
a unique solution’ « on R that belongs to e 7" g 4% for all T > 0. This has full « measure due to the
global well-posedness part of Theorem 1.1. Also X, is defined to be ¥y = f(liminf;_, o Q;z—f )+#°, and
this also has full u measure for small enough y due to our control on P(27). Clearly X has full x4 measure,

Tt is a bit vague to say u is a “solution” when g is only a distribution; but since we are considering ¥, also, we can assume
here ¢ it H g€ L? , on any finite time interval, for appropriate g, and then the definition of X; becomes rigorous.
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and &, is uniquely defined on X. If we can prove ®,(X) C X, then they obviously form a (measurable)
one-parameter group. Clearly ®,(X) C X, since for a solution # we have u(t) € e Hy(0) 4+ %°. To
prove ®,(X¥) C X1, we only need to prove that if u is a solution of (1-10) with u(0) € 3, then it is
automatically unique. Since all u(¢) € X, by bootstrap arguments we only need to prove short time
uniqueness. Write u(0) = f(w) + h with ||h]s% = A and o € Q,—: for all large enough i. Repeating the
extension argument in Proposition 5.5, we see for i large enough depending on A that @ ¢ Q.- and the
solution is unique for || < ¢27". This proves the existence of X.
Now we only need to prove that for each measurable set £ C ¥ and ¢ € R, we have

V(®/(E)) = v(E). (8-1)
We may assume |¢| < 1. Write
My =210 (00 Ml < AV+ () £250)
>0

and
Wy =g S fu—e g, < 4}

By a limiting argument we can further assume E C IT;, o N IT); for some iy and A. Note that this implies
®;(E) C I;,,ca for |t| <2 and some constant C.

Let T be small enough depending on ip and A, we only need to prove (8-1) for || < T and E C I1;,,ca
(since we can iterate to get the result for |¢| < 1). Write IT =I1;, c4 and define ¥ (g) =u — et
u is the solution to (1-1) with initial data g, and consider the mapping

Hg where

lIJ] I — %U’b’T X COO, g = (\Il(g)7 (<g9 ek))kZO)v

where in C* we use the standard metric. This mapping is clearly injective (thus it induces a metric on IT)
and, as will be explained in Remark 8.2, its image is a Borel set of the product space (denoted by Y). By
a theorem in measure theory [Halmos 1950], the finite Borel measure v o W~ ! on the complete separable
metric space Y is regular. For each measurable set £ C I1 we can find a compact set K C W (E) such that
(vo\Ilfl)(\Dl(E) —K) < €; thus \Ilfl(K) C E is compact in the induced metric and v(E — \I/fl(K)) <e€.
Therefore, we only need to prove (8-1) for compact sets £ C I1. Due to Propositions 5.1 and 5.4, when T
is small enough depending on iy and A, the map ®y« , will be defined on E C I for each k and [7| < T.
Thus by the invariance of v}, under the solution flow @5 ;, we have

vzk({g 8ok = Pox i (hy), h € E}) > v (E).
Let k — oo, noticing that the total variation of vy« — v tends to zero, we only need to prove that

limsup{g : g5 = P, (h5), h € E} C ®,(E).

k— 00

Now suppose that for a subsequence k; 1 00, we have g;’ki =D t((hkj);kf ), and by compactness, assume
hy; — h with respect to the induced metric. We are going to prove g = &, (h).
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First of all, we have

Jim [ @ (h3) = @) + e hi [ =0, (8-2)

uniformly for |t| < T and h € E. In fact, if T is small enough, we may assume & = h| + h;, where
hy € f(Q%), 2T <T' <4T, and |h|l3 < CA. Since T’ is small enough depending on A, we can
almost repeat® the proof of Proposition 5.5 to get that the %7 norm tends to 0. Since the %°*-”" norm
is not less than the spacial #° norm at time ¢, (8-2) follows.

From (8-2) we get

Jim g5, = (@i )%, 3 =0,

and we only need to prove
lim [[(@:(hi )3, = (@), e = 0. (8-3)

But since hy; — h with respect to the induced metric, we only need to prove that || (s, );k/_ — h;k/ l5¢- — 0.
Fori > j we have

(Pa (()5)) 30 = 8
and by using (8-2) once more we see that
(@1 ()%, = (@ (i )%, +0(1)

asi > j — oo. Again using that x; — h, we deduce

2 = Dy, (1)),

lim || (hg, = hi) 3%, [ o0 = 0. (8-4)

i>j—00
In particular, we see that limiﬁoo(hki);kj exists in #° for each j. By the definition of the metric, this
limit must be h;kj. Therefore we get

tim [[(h = k)3, [y =0 (8-5)

Combining (8-4) with (8-5), we finally see that lim;_, || (hkj);kj — h;kj |l = 0. This completes the proof
of Theorem 1.1. O

Remark 8.2. To show that W (IT) is a Borel set in the product metric space, we only need to show that
W is injective, W(IT) is a Borel set in %27 and the map W~ W(IT) — IT is Borelian. To this end we
notice

t
W(g) = —i / eI (u() 1P u(s)) ds, (8-6)
0
where u = u(g) is the solution map of (1-2), and g = 1(0).° Then we can decompose ¥ as

Vg u(g) > |u(@)|P u(g) = (),

8Actually we do not have the a priori bound on the nonlinear part of truncated equations, but since 7; € Q7+ with T’ small
depending on A, it is not hard to get this from scratch.
9Here we also require g € ¢ € for appropriate €, so that u € €(R, %~¢) in which «(0) makes sense.
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and see that at each step the mapping is injective, and the image of any Borel set is again Borelian (for
example, the set u(IT) can be characterized as the set of all # such that u — e Hy(0) € %P, that u
satisfies equation (1-2), and that u(0) € II, so it is Borelian). Hence the claim.

Appendix. Typical regularity on the support of p

In this appendix we shall prove that if o > %, then almost surely H°/? f () is not a (locally integrable)
function. More precisely, almost surely in [, we have

v -H? f(w) ¢ L'(R?) (A-1)

for any smooth compactly supported i that is not identically zero.

To prove this, first notice that we can find a countable number of ¥/; such that each is compactly
supported and equals 1 on some annular region a < |x| < b, and for any other v there exists n € L*> and
J such that ¥/; = - 1. So we only need to consider a fixed v/; (which we write ¥ below) and assume it
equals 1 for a < |x| < b. Here we use an asymptotic formula of 582 proved in [Erdélyi 1960]:

1 _ -
P(z) = ——(vz) " *cosd + 0%, A-2
where a? < z < b? and v = 4k + 2 is large, and
sz(¢+si;1¢)—n’ ¢=COS_1U—ZZ.
%

From (A-2) we easily deduce that
PAz2) = 1/V2m (vz) "V cos( vz — /4) + 0 (v /%),
and hence for each k

lexllp > / 92 dz = vV, (A-3)
a’<z<b?

Now we define the Gaussian random variable

M
hn (@) =) (4k+2)7" D g (@n(H/N?) (exp),
k=0

whose range lies in a finite-dimensional space, and use Lemma 3.3 to get the lower bound

P(lhyun @)l = cEmn) = 15

with some absolute constant ¢, where

M
D @k +2) Vg (@)er v (x)
k=0

EM,N=[E<||hM,N<w>||L1>=fW[E(

Jas

M 1/2 M 172
~ / 2(2(4k+2>"‘1|ek,1v<x>|2) dr 2 (Z(4k+2)“—1||ek,m|il) :
R* \k=0

k=0
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and e; y = n(N~2H)(e; ). Now for fixed N, we let M — oo to get
hyun — n(N2H)YH? f(0) - )

in & almost surely, since for fixed n (say n < 3N), the inner product (e,, exy) is rapidly decreasing in k
(using integration by parts). In particular we have almost surely L! convergence and hence (by taking
upper limit of a sequence of sets)

P(ln(N">H)(H" f (@) - )| 11 = cEN) > 75

where
o0 172
e -1 2
Ey= lllwnl)l;lofEM,N 2 <k2_0(4k +2)° |I€k,N||L1> .

By the uniform boundedness of n(N~2H), we know n(N"2H)g — g in L' for any g € L', so we have

00 1/2 o0 1/2
liminf £y 2 <Z(4k+2)“‘1||ekwnil> 2 (Z(4k+2)”‘3/2> = 00,
k=0 k=0
due to (A-3). Now we take another upper limit, and see that with probability > 11—0, we have
lim sup||n(N "> H)(H""? f (w) - ¥)| 1 = o0. (A-4)

N—o0

Now (A-4) implies (A-1), again because of the uniform boundedness of 1n(N ~2H) on L'. Therefore
we have proved that (A-1) holds with positive probability. Since it is clearly a tail event (because ey - ¥
themselves are Schwartz functions), it must hold with probability one.
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