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THE TWO-PHASE STEFAN PROBLEM: REGULARIZATION
NEAR LIPSCHITZ INITIAL DATA BY PHASE DYNAMICS

SUNHI CHOI AND INWON KIM

In this paper we investigate the regularizing behavior of two-phase Stefan problem near initial Lipschitz
data. A description of the regularizing phenomena is given in terms of the corresponding space-time scale.
1. Introduction

Consider ug(x) : BR(0) > R with R > 1 and ug > —1, |{up =0} =0 and ug(x) = —1 on 0 Br(0) (see
Figure 1). The two-phase Stefan problem can be formally written as

u—Au=20 in {u >0} U{u <0},
Du™|=|Dut|—|Du~| on d{u > 0},

u/|Du™|=|Du™|—[Du"| {u >0} (ST2)

u(-,0)=uo,

u=-—1 on 0B (0).

Here Du denotes the spatial derivative of u, and u™ and u~ respectively denote the positive and negative
parts of u, i.e,

u :=max(u,0) and u~ := — min(u, 0).

Figure 1. Initial setting of the problem.
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The classical Stefan problem describes the phase transition between solid/liquid or liquid/liquid interface
(see [Meirmanov 1992; Oleinik et al. 1993]). In our setting, we consider a bounded domain 29 C B (0)
and initial data ug(x) such that

{ug>0}=Q¢ and {ug <0} = Bg(0)— Q.

To avoid complications at infinity, we consider the problem in the domain Q = Bg(0) x [0, c0). For
simplicity we have set u = —1 on d Bg(0); our analysis presented in this paper applies to (ST2) with the
generalized Dirichlet condition

u= f(x,t) <0 ondBg(0),

where f(x, t) is smooth.

Since our initial data will be only locally Holder continuous, we employ the notion of viscosity solutions
to discuss the evolution of the problem. Viscosity solutions for (ST2) were originally introduced by
Athanasopoulos et al. [1996] (see also [Caffarelli and Salsa 2005]). As for existence and uniqueness of
viscosity solutions for (ST2), we refer to [Kim and Pozar 2011].

Note that the second condition of (ST2) states that the normal velocity V, ; at each free boundary point
(x, 1) € 0{u > 0} is given by

Vo= (Du™| = |Du”)(x, 1) = (Du™ (x, 1) — Du™ (x, 1) - vy 1,

where vy ; denotes the spatial unit normal vector of d{u > 0} at (x, ¢), pointing inward with respect to the
positive phase {u > 0}.

In this paper we investigate the regularizing behavior of the free boundary d{u > 0}. Our main
result states that when I'g := d{ug > 0} is locally a Lipschitz graph with small Lipschitz constant, then
the free boundary immediately regularizes and becomes smooth after t = 0. Moreover we provide a
natural space-time scale for such regularization. More precisely, for xo € [y, we show that the free
boundary regularizes in B;(xg) by the time ¢ (xg, d) given in (1-3) (see Theorem 1.1, and also the heuristic
discussion below (1-3)). Corresponding results have been obtained in recent studies on the one-phase
free boundary problems [Choi et al. 2007; 2009; Choi and Kim 2010], but the presence of two phases
poses new challenges in the analysis. For example there is no generic class of global solutions other
than radial solutions where topological changes are ruled out. In the one-phase setting we relied on
the fact that solutions with star-shaped initial data stay star-shaped over time: this is no longer true in
the two-phase setting (see Remark 3.2). More importantly, the interface motion is no longer monotone
and competition between positive and negative fluxes across the free boundary necessitates additional
localization procedure (see the remarks below Theorem 1.1).

The celebrated results of [Athanasopoulos et al. 1996; 1998] state that if the solution of (ST2) stays
close to a Lipschitz profile in the unit space-time neighborhood B;(0) x [0, 1], then the solution is indeed
smooth in half of the neighborhood, that is, in Bj,(0) x [1/2, 1]. The main step in our analysis is to
prove that the free boundary d{u > 0} stays close to a locally Lipschitz profile in any given scale. Proving
this step corresponds to the derivation of several Harnack-type inequalities for our problem, which are of
independent interest.
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Before discussing our result in detail, let us introduce precise conditions on the initial data.
(I-a) € and ug are star-shaped with respect to a ball B, (0) C Q.

Observe that then the Lipschitz constant L of 0<2g is determined by ry and dy, where
do := sup{dist(x, B,,(0)) : x € 920}.

In other words, there exist & = h(rg) and L = L(rg, do) such that for any xo € €29, after rotation of
coordinates, one has the representation

By (x0) N Q0 = {(x, x,) :x' e R" ! x, < f(0)), (1-1)

where f is a Lipschitz function with Lip f < L. For simplicity, we set & = 1.

For a locally Lipschitz domain such as €2, there exist growth rates 0 < 8 < 1 < « such that the
following holds: Let H be a positive harmonic function in Qg N By (x), x € 982y, with Dirichlet condition
on 329 N By(x), and with value 1 at x — e,. (Here e, is the direction of the axis for the Lipschitz graph
near x.) Then for x — se,, € Qo N By (x),

s < H(x —se,) < sP. (1-2)
Below we list conditions on the range of the Lipschitz constant L of the initial positive phase 2.

(I-b) L < L, for a sufficiently small dimensional constant L, so that
5/6 <B<a<T7/6.
The remaining conditions are on the regularity of ug.

(I-c) —No < Aug < Ny in o U (Bg(0) — Qo), where N is some constant.

(I-d) For x € 0€2p, we may let e, = x/|x| after a rotation. Then for small s > 0 (for 0 < s < 1/10),
| Duo(x %+ se,)| > Cs* .

Note that (I-c) and (I-d) hold for u which is smooth in its positive and negative phases and is harmonic
near the initial free boundary, that is, —Aug = 0 in the set ({ug > 0} U {up < 0}) N {x : dist(x, 3€2) < 1}.

We mention that, roughly speaking, the series of the hypothesis (Ia)—(Id) suggests that we have in mind
an initial positive phase £ whose boundary is “almost” C! (that is, a small perturbation of a C' boundary
in its Lipschitz norm), and initial data u¢ whose rescaled profile is “almost” harmonic near d€2y. The
smallness assumption on L given in (I-b) is to avoid waiting time phenomena (see [Athanasopoulos et al.
1996; Choi and Kim 2006]), and is most natural in the spirit of previous results [Athanasopoulos et al.
1996; 1998]. The assumption on uy is introduced to ensure that the initial data does not perturb the initial
geometry of €2 too much (see the discussion in [Choi and Kim 2010]). We expect that regularization of
the interface over time should hold for general continuous initial data u.

For a function u(x, t) : R" x [0, 00) — R, let us write

Q) :={u>0}, Qw):={u(,t) >0},
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and
I'w):=0d{u>0}, TI';(u):=0o{u(-,t)>0}.

Since I'g = d{u(-,0) > 0} = d{u(-, 0) < 0} in our setting, this property is preserved for later times, i.e.,
[;(u) =0{u(-,t) >0} =0{u(-,t) <0} forall > 0;

see [Rogers and Berger 1984; Gotz and Zaltzman 1991; Kim and PoZar 2011].
For xg € 'y = I'p(u), we may let e, = xo/|xo| after a rotation. Then we define
2 2

. r r i
1(x0, 1) 3= mln{ ut(xg—re,,0) u=(xg+rey,, 0) } (1-3)

Some remarks concerning ¢ (xg, ) are in order. In one-phase case (where u~ = 0), it was shown in
[Choi et al. 2007] that
t(xg, ) ~sup{t > 0:u(xo+re,, t) =0},

i.e., t(xp, r) is the time it takes for the free boundary to reach x¢ + re,. In our (two-phase) case # (xg, )
is the time it takes for the free boundary to reach x( + re, if we evolve the free boundary only according
to the dominant phase with bigger size of u. In particular I' (#) moves at most by distance r by the time
t(xg, r). It turns out that #(xo, ) is the correct time scale for the solutions in r-neighborhood of xg to
“mix” and regularize the interface (Theorem 1.1(3)). See the paragraph below Theorem 1.1 for further
heuristics based on scaling properties of our problem.

Suppose u is a solution of (ST2) with initial data ug satisfying (Ia)—(Id) with Qq(u) C Br(0). Due to
(Ia)—(Ib), for sufficiently small » and given xo € I'g the initial free boundary I'y is given by the graph of a
Lipschitz function in B, (xg). After a rotation if necessary, we may assume that

Qo N Br(x0) = {x +x0:x = (x', %), X, < fF(XN)},
where f is a Lipschitz function with Lipschitz constant L < L,. We summarize our main results:

Theorem 1.1 (cf. Theorem 5.6, Theorem 5.7 and Corollary 5.8). Let u, Qq, r and f be as above. There
exists dy > 0 depending only on n and Ny such that the following holds for r < dy:

(1) In 2, := By, (xg) X [t(x0,7)/2, t(xg, )], we have
C)={(x+x0,0):x =" x,), x, < f(X', 1)},

where f(x', 1) is a C' function of space and time. Moreover, there exists a positive dimensional

)"

~1/3
0SS D =B 5)] 5C°(_10g}t(xé 5 r)D '

(2) u is a classical solution of (ST2) in X, in the sense that

constant co and 1 < m < 2 such that

/
Dy f(x', 1) = Du f (', D] < Co(— log)?— y7

(i) Du™ exists in Q(u) and is continuous up to Qu);
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(11) Du~ exists in Q2 (1) and is continuous up to X, N (R" — Q(u));
(iii) the free boundary condition is satisfied in the classical sense, i.e.,
Vi:=(Dut|—|Du"|)(x,t) onTu)NX,.
(3) There exists a positive dimensional constant M such that

Lut(xo —rey, 0) ut(xo—rey, 0)

M~ <|Dut|(x,t) <M
r r
and - B
Mﬁlu (xo+ren,0) 5 |Dl,f|(x,t) SMM (x0+ren50)
r
in %,

Remark 1.2. Our result extends to the case where the star-shaped condition (I-a)—(I-b) is replaced by:
(I-ab) g is locally Lipschitz with a sufficiently small Lipschitz constant.
See the discussion in Section 6.

The one phase version of the above result was proved in [Choi and Kim 2010] (see Theorem 2.16 in
Section 2). Let us briefly motivate our result below in the context of the existing literature.

For a given reference point (xg, #p) € R" x [0, 0o) and positive constants » and ¢, one can rescale the
solution u of (ST2) as

- 1 r?
= u(xo+rx o+ r). (1-4)
C C
Then u satisfies the free boundary problem
ri; —Au=0 in{#>0}U{u <0}, (B)
V =|Du*|—|Dia~| on d{u > 0},
in a corresponding neighborhood of the origin. Let ey, ..., ¢, be an orthonormal basis of R", so that

x € R" can be written as x = (x/, x,,), with x,, = x - e,. Choose (xg, f9) = (xg, 0) with xg € ['g(u). By our
hypothesis, after a change of coordinates if necessary, there exists a Lipschitz function f : R"~! — R
with a small Lipschitz constant such that

Qo(u) N By (x0) = {x 1 x, < f(xD}.
Let us choose
c =max{ut(xg —re,, 0), u (xo+rey, 0)} (1-5)

so that one of i+ (—e,, 0) and it~ (+e,, 0) equals 1, and the other is less than 1.
Now suppose that we can show the following two conditions:

(A) |u|(x,t) < C in B1(0) x [0, 1] with a constant C > 0 independent of x( and r.

(B) The level sets of i are Lipschitz graphs in space and time with small Lipschitz constant in
B1(0) x [0, 1].
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Then Theorem 1.1 follows from the results of [Athanasopoulos et al. 1996] applied to i. Indeed, (B)
can be replaced by a relaxed version (B’) as stated below, which is sufficient to derive Theorem 1.1 due
to the results of [Athanasopoulos et al. 1998].

(B’) The level sets of i are e-monotone with respect to cones of directions W, (6*, e) and W, (6", v) with
v € span(ey, €;), and /2 — 0* and € sufficiently small.

(For the meaning of e-monotonicity and the space and time cones W, and W;, see Definition 2.1.)

In our case (A) can be verified using previously known results in the one-phase Stefan problem
(Lemma 3.3 and Lemma 3.4). Unfortunately, as shown in [Choi and Kim 2010], verifying (B’) for all
scales r turns out to be as difficult as showing (B) or the full regularity of u. Since & no longer satisfies
the heat equation, one loses control of the change of u over time. For this reason it is necessary to show
(B') for all level sets of i, not just for the free boundary I' (it). Indeed, in this article we will first show
that u (scaled correspondingly for the two-phase) is e-monotone in the space variable (Lemma 3.1), and
then we show that I (it) is e-monotone in the space-time variables (Corollary 4.4 and Lemma 4.7). Then
in Section 5 we use the e-monotonicity obtained from previous sections, the almost-harmonicity of i
(Lemma 3.6), as well as the iteration methods originating from [Athanasopoulos et al. 1996; 1998] to
show directly that & is a classical solution and u satisfies (B) and (B") (Section 5). The arguments in
Section 5 are mostly drawn from [Athanasopoulos et al. 1996; 1998] as well as [Choi et al. 2007; 2009].

Let us now illustrate the underlying ideas in the analysis in Section 4, where we show the e-monotonicity
of the solution over time. In terms of the original solution u, verifying (A) and (B’) corresponds to
analyzing u over the time interval [0, # (xp, r)], where 7 (xo, r) is given by

t(xo, 1) :=r%/c,

and c is as given in (1-5). Note that 7 (xg, ) coincides with the one given by (1-3).
Heuristically speaking, there are two possible scenarios for interface regularization, depending on its
initial configuration in the local neighborhood:

(1) One of the phases has much bigger flux than the other, i.e.,
ut(xo—sen, 0) > u" (xo+s5€,,0) or u” (xo—se,,0) Ku (xo+se,, 0)

for s comparable to r.

In this case one-phase-like phenomena (regularization by the dominant phase as obtained in
Theorem 2.16) are expected. As mentioned above, in this case the time interval for regularization of
the free boundary in r-neighborhood is proportional to the distance it has traveled.

(2) Both phases are in balance, i.e.,
Lt+(xo—sen,0)Nu_(x0+sen,0) (1_6)

for s comparable to r.
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In this case one expects regularization due to competition between two phases, resulting in
Lipschitz-like behavior over time. Again the corresponding time interval for regularization amounts
to t(xg, r) given in (1-3).

To make the above heuristics rigorous, in Section 4 we will introduce a decomposition procedure based
on Harnack-type inequalities, which illustrates local dynamics near the free boundary: roughly speaking,
for a given r > 0 we divide B,(xg) x {t = 0} into regions where (1-6) holds for 0 < s < r (balanced
region) and the rest of domain (unbalanced region). (See detailed definitions of these regions in Section 4.)
Of course the main issue is whether the dynamics of one region affect the other, in particular whether
the one-phase-type dynamics of the unbalanced region breaks the property (1-6) in the balanced region
for future times. We will show that this does not happen (Proposition 4.3), due to a fast regularization
property in the unbalanced region (Proposition 3.7 and Lemma 4.7) as well as Harnack-type inequalities
(Lemmas 4.5 and 4.6) in the balanced region.

Let us finish this section with an outline of the paper. In Section 2 we introduce preliminary results and
notation, including the regularity results in the one-phase Stefan problem (Theorem 2.16). Sections 3 to 5
consist of the proof of Theorem 1.1; in Section 3 we prove some properties on the evolution of solutions
of (ST2) with star-shaped data. In addition to Harnack inequalities, we show that the solution stays near
the star-shaped profile for a unit time (Lemma 3.1), which in turn yields that the solution stays very close
to harmonic functions (Lemma 3.6). This establishes that (B’) holds in the space variable. Making use
of the results in Section 3, we perform a decomposition procedure in Section 4, to show that (A) holds
for &2 (Proposition 4.3) and that (B") holds for I' (i) (Corollary 4.4). This completes the main step in our
analysis. In Section 5 we describe the rather technical iteration procedure leading to further regularization,
and we complete the proof of Theorem 1.1 by combining arguments from [Athanasopoulos et al. 1996;
1998; Choi et al. 2007; 2009] (Theorem 5.7 and Corollary 5.8). In Section 6 we discuss a generalized
proof of the corresponding regularization result (Theorem 6.1) when the star-shapedness of the initial
data (I-a) and (I-b) are replaced by the local version (I-ab).

2. Preliminary lemmas and notation

We introduce some notation.

« For x € R", denote by x = (x’, x,,) € R"™! x R, where x,, = x - ¢,,.

e Let B, (x) be the space ball of radius r, centered at x.

eLet O, := B,(0) x [—r2, 2] be the parabolic cube and let K, := B, (0) x [—r, r] be the hyperbolic cube.

e A caloric function in 2N Q, will denote a nonnegative solution of the heat equation, vanishing along
the lateral boundary of €2.

e For xg € 'y and e, = x¢/| x|, define

d? d? }

t(xo, d) := mln{ ut(xo—dey,,0)” u=(xo+de,, 0)
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o C is called a universal constant if it depends only on the dimension n and the regularity constant Ny
of uop.

e We say a ~ b if there exists a dimensional constant C > 0 such that C~'b < a < Cb.

« Lastly let us recall the definition of e-monotonicity. Let W, (6%, ¢) and W,(0, v) with ¢ € R" and
v € span(e,, e;), respectively, denote a spatial circular cone of aperture 26~ and axis in the direction of e,
and a two-dimensional space-time cone in (e,, ¢;) plane of aperture 20" and axis in the direction of v.

Definition 2.1. (a) Given € > 0, a function w is called €-monotone in the direction t if
u(p+Ait)>u(p) forany > e.
(b) w is e-monotone in a cone of directions W, (6%, ) or W, (0, v) if w is e-monotone in every direction
in the cone.

Next we state preliminary results that are important in our analysis. The first lemma is a direct
consequence of the interior Harnack inequalities proved in [Caffarelli and Cabré 1995].

Lemma 2.2. Suppose w(x) : R" — R has bounded Laplacian. Then w is Holder continuous with its
constant depending on the Laplacian bound.

Lemma 2.3 [Fabes et al. 1984, Theorem 3]. Let Q2 be a domain in R" x R such that (0, 0) is on its lateral

1172 domain, i.e.,

boundary. Suppose 2 is a Lip
Q={(x",x,,0): x| <1, x| <2L,|t] <1,x, < f(x, 1)},

where f satisfies | f(x',t) — f(y', $)| < L(|Ix" = y'| + |t — s|'/%)) If u is a caloric function in 2, then there
exists C = C(n, L), where L is the Lipschitz constant for 2, such that

u(x,t) - u(—Ley, %)
v(x, 1) T " v(—Ley, —3)

for (x,t) € Q).
Lemma 2.4 [Athanasopoulos et al. 1996, Theorem 1]. Let Q2 be a Lipschitz domain in R" x R, i.e.,

01NQ2=01N{(x,1):x, < f(x', D},

where f satisfies |f(x,t) — f(v,s)| < L(Jx — y|+ |t — s|). Let u be a caloric function in Q1 N Q2 with
(0,0) € 92 and u(—e,,, 0) =m > 0 and supg, u =M. Then there exists a constant C, depending only on
n, L, m/M such that

u(x,t +,02) <Cu(x,t— pz)

forall (x,t) € Q12N Qand for0 < p <dy ;.

Lemma 2.5 [Athanasopoulos et al. 1996, Lemma 5]. Let u and Q2 be as in Lemma 2.4. Then there exist
a, 6 > 0depending only on n, L, m/M such that

wy =u+u't and w_=u—u't
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are subharmonic and superharmonic, respectively, in Qs N Q2N {t = 0}.
Next we state several properties of harmonic functions:

Lemma 2.6 [Dahlberg 1979]. Let u;, up be two nonnegative harmonic functions in a domain D of R" of
the form

D={(,xp) eR" I xR:|x'| <2, |xu] <2L,x, > f(x")},

with f a Lipschitz function with constant less than L and f(0) = 0. Assume further that uy = uy; =0
along the graph of f. Then in

Dip={Ix"| <1, |x,] <L,x, > f(x")}

we have
/
0<C < uy (x', x,) uz(0, L) <G
ur(x’, x,) ur(0, L)

with C1, C depending only on L.
Lemma 2.7 [Jerison and Kenig 1982]. Let D, u; and u, be as in Lemma 2.6. Assume further that

u(0,L/2)
u(0,L/2)

Then, uy(x', x,) /us(x’', x,) is Holder continuous in 51/2 for some coefficient o, both o and the C* norm
of uy/us depending only on L.

Lemma 2.8 [Caffarelli 1987]. Let u be as in Lemma 2.6. Then there exists ¢ > 0 depending only on L
such that for 0 < d < ¢, s-u(0,d) > 0 and

u(O d)
d

(0 d)<C, u(O d)

where C; = C;(M).

Lemma 2.9 [Jerison and Kenig 1982, Lemma 4.1]. Let 2 be Lipschitz domain contained in B1¢(0). There
exists a dimensional constant B, > 0 such that for any ¢ € 02, 0 < 2r < 1 and positive harmonic function
u in QN By (8), if u vanishes continuously on By, (¢) N a2, then for x € QN B, (¢),

— Bn
u) = () supun v e 0B ) N ),
where C depends only on the Lipschitz constants of Q.

Next, we point out that we use the notion of viscosity solutions for our investigation. When {ug = 0} is
of zero Lebesgue measure, it was proved in [Kim and PoZar 2011] that the viscosity solution of (ST2) is
unique and coincides with the usual weak solutions. (See [Kim and PoZar 2011] for the definition as well



1072 SUNHI CHOI AND INWON KIM

as other properties of viscosity solutions.) Below we state important properties of viscosity solutions for
(ST2) that relate our solutions to the one-phase version of our problem,

u;—Au=0 in {u > 0},
u;/|Du| =|Du|  on d{u > 0}, (ST1)
u(-,0)=uy>0.

Lemma 2.10. Suppose u is a viscosity solution of (ST2). Then:

(a) u is caloric in its positive and negative phases.

(b) —u is also a viscosity solution of (ST2) with boundary data —g.

(¢) ut =max(u, 0) (oru™ = —min(u, 0)) is a viscosity subsolution of (ST1) with initial data uar (oruy).

We say that a pair of functions u, vy : D — [0, 00) are (strictly) separated (denoted by ug < vp) in

D C R" if:

(i) The support of ug, supp(ug) = m, restricted to D is compact.

(i) uo(x) < vo(x) in supp(ug) N D.
Lemma 2.11 [Kim and Pozar 2011, Comparison principle]. Let u, v be, respectively, viscosity sub- and

supersolutions of (ST2) in D x (0, T) C Q with initial data uy < vy in D. Ifu <von oD andu < v on
aDﬂﬁ(u)forOf t<T,thenu(-,t) <v(-,t)in D fort €[0,T).

Below we state a distance estimate for the free boundary and Harnack inequality for the one-phase
solution u of (ST1).

Lemma 2.12 [Choi and Kim 2010, Lemma 2.2]. Let u be given as in Theorem 2.16. There exists
to = to(No, My, n) > 0 such that if xo € I'g and t < ty, then

%z‘/@—‘” <d(xo, 1) < Ct1/P), 2-1)

where o and 8 are given in (1-2), C depends on Ny, My and n, and d(xy, t) denotes the distance that T’
moved from the point xo during the time t, i.e.,

d(xg, t) :=sup{d : u(xg+dey, t) > 0}.

Lemma 2.13 [Choi and Kim 2010, Lemma 2.3]. Let u be given as in Theorem 2.16. There exists d
depending on Noy, My and n such that if xo € T'g and d < dyy, then

u(xo —dey, t) < Cu(xo—de,,0) for 0 <t <t(xg,d),
where C depends on Ny, My and n.

The following monotonicity formula by Alt—Caffarelli-Friedman prevents the scenario that both phases
compete with large pressure in our problem.
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Lemma 2.14 [Alt et al. 1984]. Let hy and h_ be nonnegative continuous functions in B(0) such that
Ahy >0and hy -h_ =0in Bi(0). Then the functional

|Dh|? |Dh_|?
o) =L / dx / IDh-I
r* I xI"72 B,(0) X" 2

is monotone increasing inr, 0 <r < 1.

Corollary 2.15. Let 029 C R” be star-shaped with respect to the ball B1(0) C Q2o and suppose that
B4/3(0) C Q¢ C Bs/3(0). Let hy be the harmonic function in Qo — B1(0) with boundary values h, =0
on 0820, and hy. =1 on dB1(0). Let h_ be the harmonic function in By(0) — Qo with boundary values
h_=00n 09, and h— =1 on d B>(0). Then there exists a sufficiently large dimensional constant M > 0

such that

hy(xo —rep) = M implies h_(xo+rep) <1
r

for xg € 020, e, =x/|x| and 0 <r < 1/6.

Proof. This follows from Lemma 2.14, since

hy(xo—req) h- (XO+ren) _|Dhy P |Dh_|?
( AT T
r r (2]") By j2(xo—rey) |x _x0|n B,/z(x0+i”€n) |X _x0|
|Dh|? |Dh_|?
2 n—2 n—2 dx
= ’) Bay (x0) [ X — Xol Bay (x0) 1% — Xol
=¢Q2r)<¢/3) <C,. O

Lastly, let us finish this section by stating the results obtained in [Choi and Kim 2010] for the one-phase
version of our problem in the local setting:

Theorem 2.16 [Choi and Kim 2010, Theorem 0.1]. Suppose a nonnegative function u(x, t) is a solution
of (ST1) in B,(0) x [0, 1], 0 € T'o(u), with the initial data uy > 0 satisfying (I-b), (I-c) and (I-d) in B,(0).
Suppose the initial data satisfies

{u(x,0) =0} = {x +x0: x, < f(x))}

in B1(0), where f is a Lipschitz function with Lipschitz constant L < L,,. Further, suppose up(—e,) =1
al’ld Susz(O)X[O’l] u 5 MO
For given r > 0, let us define

72

0T Gt ren 0

Then there exists a small co > 0 depending on My and n such that in X, = B,(xo) % [t(x0,)/2, t(x0, 1)]
forr < co, we have:

(1) Theorem 1.1(1) holds for u.
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(2) u is a classical solution of (ST1) in X, in the sense that the spatial derivative Du exists in Q (u) and
is continuous up to Q(u), and the free boundary condition is satisfied in the classical sense, i.e.,

Ver=|Dul(x,t) onT'(u)NXZ,.

(3) There exists a positive constant M depending on My and n such that

(u(xo—re,, 0) u(xg—rey, 0)

M~ <|Du|(x,t) =M

r
4) Ifx eo(u) N B, (0) and x +re, € 'y () N B, (0), then

u(x —rey, 0)

_u(x —rey, 0)
M — <|Du(x+rey t)| = Viyre,t <M

r

where M depends on n and M. In particular,

ulx —re,, 0
;NlDu(x—i—ren,tﬂ ,\,#‘

Theorem 2.16 states that the free boundary regularizes in a scale proportional to the distance it has
traveled. Note that the regularity results hold up to the initial time and all the regularity assumptions are
imposed only on the initial data.

3. Properties of solutions with star-shaped initial data

Lemma 3.1. If Qo and ug are star-shaped with respect to the ball B, (0) C Q, then Q;(u) and u(-,t)
stays o -close to star-shaped for all 0 <t < %al/ > (see Figure 2).

Proof. Step 1. For any a > 0, the parabolic scaling (x, 1) — (ax, a’t) preserves both the heat operator

(1 +4r2)Dtk

0%,

Figure 2. Approximation of the positive phase by a star-shaped domain.
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and the boundary motion law in (ST2). Therefore, for any o > 0 the function
ui(x, 1) == u((1+0)(x — x0) +x0, (1 +0)%)
is also a viscosity solution of (ST2) with corresponding initial data.
M Choose xg € B,,(0). Take a small ¢y > 0 such that B, ;.,(0) C 9. We claim that for 0 <6 < o0/,
ui(x,0) <u(x,8) in Br(0) — Byy4,(0) (3-D
if o is small enough. To show (3-1), let us introduce another function
ii(x,0) :=u((1+ 30)(x — x0) + x0, 0).

Also let v* be the solution of the one phase problem (ST1) with initial data u,, and with v* =1 on 9 Bg(0).
Note also that, due to Lemma 2.10, u~ is a subsolution of (ST1) with initial data v*(x, 0) = u~ (x, 0).
Thus by Lemma 2.11, v* < u~. It follows that Q;(v*) C Q;(u) C 2;(u). Hence by Lemma 2.12
applied to —v*,
Qo) C (u) for0<t<o'/C,

Moreover, due to our assumption,
u(x, 0) < up(x).
Therefore, the maximum principle for caloric functions implies
wx, 1) <u(x, 1),

where w solves the heat equation in the cylindrical domain D = Q¢ (i) x [0, o 7/6] with initial data i (x, 0)
and zero boundary data on 0o (i) x [0, o’/%].
Now w; solves the heat equation in D,

w,=Aw>—-Cattr=0 and w;=0o0n0RQyu).
Therefore we conclude that w; > —C in D. In particular
w(x,d8) > u(x,0)—Cd. (3-2)

Next we compare u;(x, 0) with w(x, §). Observe that for x € Br(0) — B, 4¢,(0),

(ea

ui(x,0) =ii(x,0) +/ ((x = x0) - Du((1 +5)(x — x0) +x0, 0)) ds < ii(x, 0) — coo/®
i <ii(x,0) — Co®
<= w(x,d) <u(x,?)
for 0 < 8 < 0%, where the first inequality follows from our assumption (I-d) on u, the second inequality

follows if o is sufficiently small, and the third inequality follows from (3-2). Hence we conclude (3-1).

Step 3. Our goal is to prove that for 0 < § < %/,

ui(x, 1) <up(x,t):=ux,t+595) (3-3)
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in (Br(0) — Byy1¢,(0)) x [0, o/3]. Note that the inequality holds at ¢ = 0 by Step 2. However, we need
a few more arguments since we do not know yet if the lateral boundary data on 9 B+, (0) is properly
ordered.

Suppose

Qu) CQm) for0<t=<i
and Q2 (u;) contacts 92 (u) for the first time at ¢t = 7. Observe then that
fx,t):=ulx,t+8)—ui(x,t)
solves the heat equation in €2 (x;) with nonnegative boundary data for 0 < ¢ < g, with
f(x,0) =0 in Br(0) — By, (0).
Indeed, following the computation given above, it follows that
F@.0)= oo in Byyiey(0) = Bryiay/2(0).
On the other hand, due to the fact that w, > —C and & < 6%/, we have
f(x,0) > (w(x, 8) — w(x, 0)) + (w(x,0) —uy(x,0)) > —Co® in Byyie2(0).

Therefore we have
F@.)>0 on 3By (0) x [0, o]

if fp < 1. But then this contradicts Lemma 2.11 applied to the region (Bg(0) — B+, (0)) x [0, #o].
Step 4. From (3-3) of Step 3, we obtain

u((1+0)(x —x0) +x0, (1 +0)%1) <u(x,t+39) (3-4)

in (BR(0) — By 4¢,(0)) x [0, /3] for any xo € B,,(0), as long as o and § are sufficiently small and satisfy
0<68<0% Asaresult, for0 <7< %01/5, we can choose 8§ = o (2 + o)t < 0% such that

(1+0)t=1+36.

It follows then from (3-4) that the function u( -, #) is o -monotone with respect to the cone of directions W,
in (Bg(0)— By, (0)) for t € [0, 10731, (Here Wy ={v € 8" :v = (x—x0)/|x —xo| for some xq € B, (0)}.)

O
Remark 3.2. For x € 'y, we may let ¢, = x/|x| after a rotation. Then, due to (I-b),
. : r’ r? 7/6 ..5/6 4/5
t(x,d):= mln{u+(x—ren, 0) u—(x+re,, O)} €l <, (3-5)

where ¢ (x, r) is the time it takes for the free boundary to regularize in B, (0). Therefore, we have, for
0 <1 =<1t(xo,r),

u( -, t) is r*-monotone with respect to Wy in (Bg(0) — Byy+¢,(0)).
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This property will ensure that our solution u has its level sets close to Lipschitz graphs in the space
variable in an appropriate scale, which serves as the first step towards the regularization argument; see
Lemma 3.6.

Lemma 3.3 (Harnack at ¢t = 0). Let u be as in Theorem 1.1. For x € Ty, we may set e, = x/|x| after a
rotation. Then for all s > 0 and for 0 <t <t(x, s) we have

ut(x —se,, 1) < Cru(x —se,, 0) and u (x +se,, t) < Cru~ (x +se,, 0),
where e, = x/|x]|.

Proof. Let v** solve the one-phase Stefan problem (ST1) with initial data vj*(x) = uar (x). Then v** is
also a solution of (ST2) with ug(x) < vi*(x), and thus by Lemma 2.11 we have

u(x,t) <v™(x,1).
Therefore it follows from one-phase Harnack inequality applied for v**(x, ) that
ut(x —se,, 1) < v (x —se,, 1) < C1v™ (x — sey, 0) = Cru(x — sey, 0)

for 0 <t <1y, where 1) = sz/u(x —se,, 0) >1(x,s).
As for u™ (x, t), we compare u~ with the solution v* of (ST1) with initial data vj(x) = u (x) and
with boundary data v* =1 on d Bg(0). The rest of the argument is parallel to the above one. 0

Lemma 3.4 (backward Harnack at t =0). Let u be as in Theorem 1.1. Let x € 'y and let e, = x /| x| after
a rotation. Then for s > 0 and for 0 <t <t(x,s),

ut(x —se,, 0) < Ciut(x —se,,t) and u (x +se,, 0) < Ciu~ (x +sep, t).

Proof. We will only show the lemma for u™. The other part follows by a parallel argument. Let v* solve
the one phase problem (ST1) with initial data u, and with boundary data 1 on 9 Bg(0). Then —v* is also
a solution of (ST2) with —vg < uo, and thus by Lemma 2.11, —v* < u. This inequality implies that

{v* =0} C {u > 0}.

Note that €2 (v*) moves according to the one-phase dynamics, which have been studied in detail in
[Choi and Kim 2006]. In particular we know that €2 (v*) will be Lipschitz at each time. Moreover, for a
boundary point (x, ¢) € I'(v*) and d := dist(x, ['o(v*)), the normal velocity V, ; satisfies

* 2de,, 0
Vei = DV (x, )| ~ ”(x+2—de") < dbt < B-D/C), (3-6)

where the last inequality follows from Lemma 2.12. Let v, (x, f) solve the heat equation in {v* = 0} with
initial data uo(x) and boundary data O on the lateral boundary of d{v* = 0}, i.e., v, solves

0V — Av, =0 in {v* =0} = Bg(0) x [0, 1] — Q(v*),
Ve(x,0) =ug(x) on{v*=0}N{r=0},
vV, =0 on d{v* =0}N{r > 0}.
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Since
Q(vy) = {v* =0} C {u >0},

we have v, (x, 1) <u(x, t) in {v* = 0}. Moreover, for any given t > 0, 0~ (x, 5) := v*(J/x, ts) satisfies
the assumptions of Lemma 2.5. Thus it follows that v*( -, t) is t*-close to a harmonic function in B Ji(%)
for some a > 0, where x € I'yg. Moreover, due to the assumption on the initial data, (v,); = Av, > —C at
t =0. Also on I'(vy),

(a):/|Dvi| = —(v*), /| Dv*| = — | Dv*| > —¢ P~ D/Z=e)

Here the first equality follows since (v4);/|Dv,| and —(v*);/|Dv*| are the normal velocities of their
respective level sets I'(v,) and I"(v*), but I'(v*) = I'(v,) by definition. The second equality follows since
v* solves the one phase problem (ST1), and the last inequality follows from (3-6).
Since 2 (v,) is Lipschitz and I'; (v,) = I';(v*) is regularized in space over time (see Theorem 2.16),
(3-6) also holds for | Duv,|.
Hence on I'(vy),
(V) = = DV*|| Duy| = 2P0 5 723,

where o and 8 are the growth rates defined in (1-2), and the last inequality follows from the assumption (I-b).
Since (v4); solves a heat equation in €2 (v,), it follows that for x € Iy,

() = =177 in B g (x — N1ey) x [0, 1]. (3-7)
Then since v, (x — v/7en, 0) > (V1) > (/1) = ¢7/12 for x € 'y we have
Ve(x — NTen, 1) = vi(x — /Ten, 0) + /t(v*),(x —sen, 5)ds > v (x — V/te,, 0) — 3177
° > dv.(x — Ve, 0) + 3712 = 31
> 30.(x — V1e,, 0)
if ¢ is sufficiently small. It follows that
ut(x —1ey, 0) = v(x — Ve, 0) < 20, (x — Viey, 1) < 2u™ (x — Viey, 1),

where the first inequality follows from (3-7).
Since I'(vy) = I'(v*) is Lipschitz in a parabolic scaling, v, is almost harmonic. Hence v, (-, t) is
bigger than the harmonic function @’ (x) in Q,(vs) N B \/;(x) with its value

o' (x —1ey) = (C1) ™ ut (x — Ve, 0).
Note that if 0 <7 < t(x, 5), then s < /7. Hence for 0 <t <1(x,s),
Ciu™(x —sep, 1) > Crvi(x —sey, 1) > Cro' (x —se,) = Cu™ (x — sey, 0),

where the last inequality follows since the one-phase result implies a power law on the movement of
I'(v*) =T (v4) (see Lemma 2.5 of [Choi et al. 2007]), and this yields abound on u™* (x —se,, 0) /o' (x—se,).
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Similar arguments apply to u ™, if we consider the function v** solving (ST1) with initial data uar , and
the function v* solving the heat equation in {v** = 0} with initial data uy and with boundary data O on
I'(v*) and —1 on 0 Bg(0). O

Lemma 3.5 (distance estimate at t = 0). Let u be as in Theorem 1.1. Let x € I'g and let e, = x /|x| after
a rotation. Let s be a sufficiently small positive constant. If

Ilfr(x—sen,O)I< and Iu_(x-l-sen,O)ISm

fi— 9
N N

then fort € [0, s/m],

dx,t)y=sup{r:x+re,orx —re, €l'y(u)} <s.

Proof. Let v** solve (ST1) with initial data u(J)r , and let v* solve (ST1) with initial data u,, and with v* =1
on d Bg(0). Then by comparison, —v* < u < v** and the lemma follows from the one-phase result of
Theorem 2.16. (|

In the next lemma, we approximate our solution by harmonic functions.

Note that, due to Lemma 3.1, We know that the rescaled function i (x, t) as given in (1-4) satisfies the
condition (B’) in the space variable. On the other hand, it is not clear if the level sets of u are close to
Lipschitz graphs in the time variable. The approximation by harmonic functions given by Lemma 3.6, as
well as Harnack-type inequalities obtained at # = 0 and at future times, will ensure us that I" (i) is almost
Lipschitz in the time variable as well (Corollary 4.4). This fact will serve as the first step towards the
regularization procedure in Section 5.

Lemma 3.6 (spatial regularity in the whole domain). Let u be as in Theorem 1.1. Then there exists a
positive constant ry depending only on n such that for xo € I'o and 0 < r < ry, there exists a function
w(x, 1) :=w(x,t) — o (x,t) that satisfies:

(a) w(-,1t) is harmonic in its positive and negative phase in (1 +r)Q,;(u) — (1 —r)Q; (), and QL (w™),
Q(w™) are star-shaped with respect to B,,(0) given in (I-a).

(b) For a dimensional constant C > 0, we have
ot ) <ut () <Cot (1 —rHx,1) and o (x,t) <u"(x,1) <Co (1+r"*x,1)
in By (xo) X [r?, t(xq, )]
Note that 7 (xg, r) > r’/® > r?, and 3{w* > 0} need not be d{w~ > 0}.

Proof. Step 1. We will only show the lemma for #™. For a given x( € 'y, we may assume that e, = x¢/| x|
after a rotation.

First we will construct a barrier function v; which will serve as a supersolution of (ST2). For this, let
us first consider the viscosity solution u* of (ST1) with the initial data uar for 0 <t < 9. We may assume
that for #y small compared to R the support of u* stays inside Br(0). Let us define

QL i={u* >0}, I':=au" =0}, Q :=Br(0)xI[0,1]—Q.
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Now let vy solve the heat equation in €2% and in *, with initial data uo and with v; = —1 on d Bg(0).
In other words, v| = vf — v, , where

vy —Avf =0 inQ1,

vT(x, 0) = u(J{(x) on {t =0},

v =0 on I'*,
and

v, —Av; =0 in Q*,

v, (x,0) =u,(x) onf{r=0},

v, =0 on I'*,

v, =1 on dBr(0) x [0, 1].
Note that v; solves the heat equation in two regions €% and Q*, with free boundary I'*. Also note that
v;’ =u* and atv1+ = |Dv;’|2 on ['* since the boundary I'* is obtained from the one phase problem with

initial data u:{ . Hence we can observe that v; is a supersolution of the two-phase problem (ST2).
Similarly one can construct a subsolution of (ST2): let us consider &*: the viscosity solution of (ST1)
in Bg(0) x [0, 7] with the initial data u;, and fixed boundary data 1 on d Bg(0) x [0, fp]. Let us define

G = (" >0}, Tr=a{a* =0}, & = Br(0)x [0, 1] — " .

Now let v, solve the heat equation in two regions * and ’SVer with boundary data O on ™ and —1
on 9B (0), and with initial data uo. Note that v, = u*. Then v, is a subsolution of (ST2), and by
comparison,

vy <u <. (3-8)

Hence the free boundary of u is trapped between the free boundaries of v; and v,. Note that the free bound-
aries T* and T* of v1 and v, are obtained from the one-phase problem (ST1). Hence by Theorem 2.16(a),
I'* and T* are Lipschitz in space in B;(xg) for a small constant d > 0. Also, Theorem 2.16(c) implies
that for § € [d/2, d] and x¢ + e, € I'}, the normal velocity Vi ise, . of I'* at (xo + de,, t) satisfies

ug (vo —dey) _

d _
Vigtserr = | DT (x0 + 8y, 1)| ~ T y <df !

Since d/t < dP~!, we obtain

t>d* P> 4>

Hence the above speed bound of I'* implies that €2 and ©* are Lipschitz in space and time, in parabolic
scaling. Then by Lemma 2.5, v;r and v, are almost harmonic up to a d-neighborhood of their free
boundaries for r > d°. Similarly, we obtain that v;“ and v, are almost harmonic up to a d-neighborhood
of their free boundaries for 7 > d2.

Next we fix r < d. Note that if ¢+ < f(xg, r), then by Theorem 2.16(c), both of the sets I';(v;) and
I'; (vp) are within distance r of ['g(#) in B, (xg) during this time. In particular, arguments parallel to the
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ones in the proofs of Lemmas 2.1 and 2.3 in [Choi and Kim 2010] yield that
sup{u(y, s) : (y, 5) € Ba(xo) x [0, d*1} ~ u(x —de,, 0),
Now using the almost harmonicity of vfr and 1)2+ , we conclude that for 0 <t < t(xq, r),

va(xg — 2re,, t) ~ ug(xg — 2re,, 0) ~ vi(xg — 2re,, t). (3-9)

Step 2. Observe that by the definition of #(xg, r) and the assumption on the growth rates of uy,
r7 P <t(xo,r) <r?* <% =1 (3-10)

Due to Lemma 3.1, we know that at each time, €, (u) is 7°-close to a star-shaped domain D, up to the
timet =1, i.e.,
D, C ) CcA+7)D, C 1+rHD, (3-11)

forO0 <t <r.
Also note that by the first inequality of (3-10) with 8 > 5/6,

t(z, r13/20) > p1B3C=P/20 5 ¢ for any z € Iy.

Hence we can apply Lemma 3.3 for s = r'3/2% up to the time z. Then by Lemma 3.3 and (3-11) with

B =5/6,

u(x, 1) < r(13/206/6) _ ,13/24

for x € 3(1 —r'3/2%) Dy and for 0 < ¢ < r. Then by the 7>-monotonicity of u,
u(x, ) <r* on Br(0) — (1 —r"¥* +rH Dy (3-12)

for 0 <t < t. Since I';(u) is located between the free boundaries I'* and T* of one-phase problem,
Lemma 2.12 with g > 5/6 implies that I"(«) stays in the 16/7—neighborhood of I'g(u) up to t. Also (3-11)
implies that 3 D, stays in the v°-neighborhood of I'; (1) up to 7. Hence we obtain that D, stays in the
7°/%-neighborhood of d Dy up to the time 7. Since 7°/¢ = r23/36 < r13/20 (3-12) implies

u(x, 1) <r3?  on Bg(0) — D, (3-13)

forany 0 <s,t <.

Step 3. Let

and fix a number b such that
5/4 <b < 61/48.

We will construct a supersolution of (ST2) in

(Br(0) — (1 +7)Dy,) x [tr, tr 1]
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Let w*(x) be the harmonic function in
Y :=(1+4r")D, — D,

with boundary data zero on d(1 + 4rb)D,k and C,r'3/* on dDy,, where C, is a sufficiently large
dimensional constant. Extend w (x) by 0 to R* — X. Next define

of(x, 1) i=inflw () 1 lx =yl <7 = (t = 1) 3r"7%)

in (Br(0) — (1 + rb)D,k) X [tx, tk+1]. We claim that the function oF is a supersolution of (ST2) in
(Br(0) — (1+ rb)Dtk) X [tx, tr+1], since our constant b satisfies

rb—2 -~ r13/24—b‘ (3-14)

For simplicity, write & = ®*. To check that ® is a supersolution, first note that ®( - , ¢) is superharmonic
in its positive set and ®, > 0. Hence we only need to show that

P,
| DD

> |D®| on (D). (3-15)

Due to the definition of @, I';(®) has an interior ball of radius at least r” /2 for ty <t <tyy1. This and
the superharmonicity of & in the positive set yield that

Do < Cr13/24

on I'(P)

for a dimensional constant C > 0. Moreover I'(®) evolves with normal velocity %rb_z. Since (3-14)
holds for our choice of b (i.e., for 5/4 < b < 61/48), we conclude that (3-15) holds for » smaller than a
dimensional constant r(n). Now we compare u with ® on

(Br(0) — (1 +7r")Dy) x [tx, tig1].

Note that by (3-13),
ut<® ond(l+r")D,

if C,, is chosen sufficiently large. Also at ¢t = #, (3-11) implies
u(-, 1) <0< ®(-, 1) on Br(0) — (1+r")Dy,.
Hence we get u < ® in (R" — (1 +rb)Dtk) X [#, tr+1]. This implies
Q(u) C Q®) U +r") Dy, X [ty ti1]) := (D) (3-106)

fory <t < trey1.

Step 4. Next we let v(x, t) solve the heat equation in

Q(®) — (1 —3r)Q0(u) X [t, trr1])
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with initial data v( -, #z) = u(-, tx) and boundary data zero on I'(®) and v =u on (1 —3r)I'o(u). Observe
that, due to (3-16), we have
ut <v forfy <t <tiy. (3-17)

b— 1

Since Q(®P) is star-shaped and expands with its normal velocity < r?~2, which is less than r~!,

Lemma 2.5 applies to v(x, t) := v(rx, r2t). In particular there exists a constant C > 0 such that
(1I/C)v(x, 1) < hi(x, 1) < Cv(x, 1)

for (tx + tx41)/2 <t < ty41, where hy(-,t) is the harmonic function in 2;(v) — (1 — 2r)Qo(u) with
boundary data zero on I';(v) and v on (1 —2r)[o(u).
Hence we conclude that
ut <v<Ch

in (Br(0) — (1 —2r)Q0(u)) x [(tx + tx1)/2, tit1].

Step 5. Similar arguments, now pushing the boundary purely by the minus phase given by the harmonic

function, yield that
I, := {x € Dy, : dist(x, dDy,) > 3r’ + 1r’72(t — 1)} C Qs (u)
for ty <t <t;41. Let w(x, 1) solve the heat equation in
IT— ((1 = 3r)Q0(u) X [1, 1)

with initial data u( -, #;) and boundary data zero on 9I1, and u# on (1 —3r)o(u). Then u > w(x, t). Since
I is star-shaped and it shrinks with its normal velocity < #?~2, which is less than !, Lemma 2.5 applies
to w(x,t) :=w(rx, r’t). In particular there exists C > 0 such that

ut>w>(1/C)hy

for (tx +1tx11)/2 <t <txy1, where h,(-, t) is the harmonic function in IT; — (1 —2r)€2¢(x) with boundary
data coinciding with that of w.

Step 6. Lastly we will show that 4, and A, are not too far apart, i.e.,
hi(x, 1) < Chy(x —8rle,, 1), (3-18)

with a dimensional constant C > 0. Since u is between (1/C)h, and Chy, this will conclude our proof
for (fx +tx+1)/2 <t < tx+1. Then by changing the time intervals [#;, tx+1] to [tx + r2/2, ter1 + r2/2], we
obtain the lemma for any ¢ € [r2, t(x0, )]

To prove (3-18), observe that by the construction of v and w,

Q(w) C Q(v) C (1+8)Q(w).
Since tyy1 —t; = r?, Lemma 2.12 implies

sup{d(x, Ty (u)) : x € Ty (u)} < r'?/7
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for ¢ € [ty, fx41]. Then by (3-11),
sup{d(x, Ty (u)) : x € 3D, } < r'*74r* <" (3-19)

for t € [t, ty+1]. Then we obtain
va(x, 1) < v(x, 1) < v ((1—4r")x, (1 =42 — 1) + 1) (3-20)

for ty <t < tx41, where the first inequality follows from (3-8) and (3-17), and the second inequality
follows from the comparison principle along with (3-8), v(-, #) = u(-, #;) and (3-19). Similarly,

v ((L+4r)x, QL +4rP)2(t — ) + 1) < w(x, 1) < vi(x, ). (3-21)
Combing (3-20) and (3-21), we get
v ((L+4rP)x, L +4r")2(t — ) + 1) < w(x, 1), v(x, 1)
< v ((1—4rP)x, 1 =4r)?(t — 1) +1).

This and (3-9) yield

v(xg —2re,, t) ~ w(xg—2re,, t) ~u(xg —2rey, 0).
It follows that
wx,t) <vx,t) <Cw(x — 8rben, t) on (1—-2r)g x [t, trt1]-
Hence due to Dahlberg’s lemma, we conclude that
hi(x,t) < Cru(x, 1) < Cow(x — 8rPe,, 1) < C3ha(x —8rPe,, 1)

in B, (xg) X [(tx + tk+1)/2, tr+1]. Since the inequality holds for any 5/4 < b < 61/48, we obtain the
lemma. O

Next we show that in the “unbalanced” region, where one phase has much larger flux than the other,
the regularization process occurs similarly to the one in the one-phase problem. This observation will be
useful for the analysis in Section 4.

Proposition 3.7 (regularization in unbalanced region I). Let u be as given in Theorem 1.1. For a fixed
xo € To(u), we may let e, = xq/|xo| after a rotation. Suppose that either

ut(xo—rey, 0) > Mu (xo+re,, 0) or u (xo+re,, 0) > Mu"(xg—rey,,0)

for M > M,, where M,, is a sufficiently large dimensional constant. Then, for r < 1/M,, there exists a
dimensional constant C > 0 such that
ut(xo—rey,, 0 u (xo+rey, 0
|Dut(x,1)] < CM and |Du”(x,t)| < CM
r

in By (xg) x [t(x0,7)/2, t(x0,7)].
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Remark 3.8. 1. In the next section, we will extend Proposition 3.7 to later times, i.e., to xo € I';, (see
Lemma 4.7).

2. The situation given in Proposition 3.7 is essentially a perturbation of the one-phase case in [Choi and
Kim 2010]. The main step in the proof is the verification of this observation; by barrier arguments we
will show that our solution is very close to a rescaled version of the one-phase solution, for which the
regularity of solutions is well-understood (see Theorem 2.16).

Proof of Proposition 3.7. Without loss of generality, we may assume that

u+(x0 —re,, 0) > Mu (xog+rey,, 0).

Step 1. First we will show that after a small amount of time u becomes almost harmonic near the free
boundary. Lemmas 3.3 and 3.4 imply that for 0 <t <#(xo,r),

ut(xo—req, 1) ~ut(xo—re,,0), u”(xo+rey, 1) ~u"(xo+rey, 0). (3-22)

Also note that, by the assumption on the initial data uy, Lemma 3.6 holds at # = 0. In other words, there
exists a function w (x, 0) = wo(x) such that:
(a) wp is harmonic in its positive and negative phases in (1 +r)Qq(u) — (1 —r)Q(u).
(b) SZ(a)ar ) and Q(w,, ) are star-shaped.
(¢) In B,(xp), we have
wf (x) <ud(x) < Cof (1 —r'*x), (3-23)
wy (x) < uy (x) < Coy (1 +77*)x). (3-24)
Next we will improve (3-23) and (3-24) for later times to obtain the inequalities with C = (1 +r?) for
t > r3/2. By the distance estimate in Lemma 2.12, the free boundary of u moves less that /7 < r3/4
during the time # = r3/2. Then we let v| solve
v = Avy in (142r7"Qo(w™) x [0, r3/?],
dvr = Ay in (Br(0) — (1+2r"Qo(w™)) x [0, r¥/?],
vi(-,0)=u;  on (1+2r¥H)Qy(w™),
v1(+,0) =—uy on Br(0) — (1 +2r¥*)Qy(w™),
v =0 on (1+2r"To(w™) x [0, 3],
v =—1 on dBr(0) x [0, r3/?].

Similarly, we let v, solve the heat equation in two cylindrical regions,
(1=2rQp(@™) x[0,r*?], and  (Br(0) — (1 —2r"")Q0(@™")) x [0, 7]

with initial data uar and —u,, , and with lateral boundary data zero on (1 — 2r3/MTo(w™) x [0, r3/?] and
—1 on 3B (0) x [0, r3/2]. Then, by comparison,

vy <u<uv. (3-25)
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Also by Lemma 2.5 with 8 > 5/6,

vy — | < FI/4XS/6 = 25124,

Note that on (1 —r®7)Ty(w™),

|U1| > r(6/7)a > r6/7><7/6 -

and thus for a; = 1/24,

lvg —va| <rfvg| on (1 —r¥")[p(w™). (3-26)

Similarly,

lv1 —v2| <79 w2l on (1+7r%7)To(w™). (3-27)

Now, v; and v, are almost harmonic in the 7¥/*-neighborhood of their boundaries for 332 <t < r3/2
by Lemma 2.5. Then the almost harmonicity of v; and v, with (3-25)—(3-27) imply the following: For
%r3/ 2 <t <732 there exist positive harmonic functions @t (-, ¢) and @~ (-, ) defined respectively in

Q) N(Br(O) — (1 —r'"™")Qp(w")) and Q)N +r""")Q @),
where b = 1/7, such that for some a > 0,
oty <u(x, ) <A +rHaT((1—4r¥*x, 1) (3-28)
and
& () <u"(x, 1) < (A +rHa ((1+4r>*x, 1). (3-29)

Now on the time interval [0, r3/2] + %kr3/ 2 1 <k < m, we construct v; and v, so that they solve the
heat equation in the cylindrical domains with
L) =142,

Skri

[(v2) = (1-2r""HT,
Ek

(%) x [5kr’?, 1+ $0)r/?],
(%) x k2, (1+ 30)r 2]

7372

By a similar argument to the one above, we then obtain harmonic functions @ ( -, t) satisfying (3-28)
and (3-29) for

T +kr? <t <A+ 32

Hence we conclude (3-28) and (3-29) for r3/? <t < t(xg, r).

Step 2. Next we rescale u(x, t) as

a(x, 1) :=a 'ulrx +xo, r’a”'r) in 20y,,
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where o := ut (xg — re,, 0) < r'/2. Then @i(x, t) solves

(@d, — A)ii =0 in Q(@),
V=|Du"|—|Di"| onT(),
i(—e,, 0)=1,

u(e,,0) =—1/N, where N > M.
Furthermore, (3-22) implies that for 0 <t <1,
at(—e,, 1) ~1, @ (e, t)~1/N.

Let @ be the corresponding rescaled version of @ given in (3-28) and (3-29), then in B,-»(0) N Qo (&) we
have

A= rY0 (1 +4r"x, ar V) <t (x, ar V) <ot (x, ar='/%) (3-30)

and

A=rH (x,ar ™) <ia(x, ar V) <07 (A + 4% x, ar~1/?). (3-31)

Here note that

+
u'(xo—rey,t
OH”_]/ZZ\/F‘ (O ns O)§r1/3'
r

Lastly, for given xg € I'(iz) N B1(0), an argument similar to the one in (3-7) implies that

i(x, 1) < (14+7r)i(x,0) in 3B )5 (rPey) x [0, 1]. (3-32)

Step 3. We claim that we can construct a supersolution U; and a subsolution U, of (ST2) such that
Up(x,1) < ii(x, 1) < Ui(x, 1) < Us(x —feeq, 1) in By(0) x [ar™'/%, 1],

and so that U, is a smooth solution with uniformly Lipschitz boundary in space and time. Then for
sufficiently small r > 0 the lemma will follow from analysis parallel to that of [Athanasopoulos et al.
1998].

To illustrate the main ideas, let us first assume that:

(a) (3-30) and (3-31) hold in the entire ring domain ® x [0, 1], where
R = {x:d(x, To@@)) <r"}.
(®) i(x, 1) < (1+r")ii(x,0) on d% x [0, 1].

Let
Yi={x:dx, R"— Q) <r b} x[ar™"?,1],
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and let U 1+ be the solution of the one-phase Hele-Shaw problem in X,

AU =0 in {U">0}NZ,
aU; =|DU{? on U >0}NE,
N - (HS)
Ul (x,ar™ V) =@t (x, ar=1/?),
Ul (x, 1) = (1 +rii(x, 0) forx € 9%.

Let
Uy=U-U in®Rx[ar V2 1],

where U (-, ) is the harmonic function in R — Q (U 1+ ) with boundary data
Ur=0 onl'(Uf), U =C/N ondk—QU).

Then U] is a supersolution of (ST2) in X, and thus by Lemma 2.11 and the assumptions (a)-(b) we have
u<U;in X.

Step 4. The construction of the subsolution U, is a bit less straightforward. We use

Uy (x,1):=(1—¢) sup U (1 +Ve)y, 1),
[y—x|=/e(l—c()

where € = 1/N and c¢(¢) := t*/°. Then we define
Up=Uf —U; inRx[ar” "2 1],

where % is the ring domain as given above and U, (-, ) is the harmonic function in R — €2 (U2+ ) with
fixed boundary data zero on I‘(UZ+ ) and C/N on 0R — Q(U;r ). Then U, satisfies the free boundary
condition

Vu, < (14+6)| DU | — /ec'(0).
Therefore, U; is a subsolution of (ST2) if we can show that
Jecd (t) > elDU2+| +[DU, | onTI'(U2) (3-33)

and [} ¢/(s)ds < 1.
The analysis performed in [Choi and Kim 2010], as in the proof of (c) of Theorem 2.16, yields that at
a fixed time ¢, I'(U}) regularizes in the scale of d := d(¢) that solves

d2
T Ui(—des. 0)
Therefore,
DU | ~ —U;(_je”’ D and |puy|~ LoD (i;"’ 0
on

T(Us) x [t/2, 1].
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Observe that since 8 > 5/6,
Uy (—de,,0) <d”® and Uj (de,,0) <ed”®,

then we have . ~
c U, (—dey, 0) i U, (den, 0) <
d d
where the last inequality follows from

ed V0 < \Jer™3,

t=d*/U\(—dey, 0) <d*/d* <d’/®.

Hence c¢(t) = */° satisfies (3-33), and we conclude that U, is a subsolution of (ST2) in .
Now we can use the fact that

U <ii<U; in B.(0) x [ar~'?, ¢]

to conclude that i is /€- close to a Lipschitz (and smooth) solution U; in By (0) x [1/2, 1], confirming (B').
Moreover (A) holds due to Lemma 3.3 and Lemma 3.4. Once we can confirm this, we can conclude our
proof by using the results of [Athanasopoulos et al. 1998] with the choice of a sufficiently small €.

Step 5. Now we proceed to the general proof without the simplified assumptions (a) and (b) in Step 3,
which are replaced by the local inequalities (3-30)—(3-32). For this we need to perturb the initial data
outside of B;(0) (see Section 4, pages 2781-2783 of [Choi et al. 2009]), to obtain functions W (x) and
W, (x) that satisfy:

(a) {Wy > 0} with k = 1, 2 is star-shaped and coincides with ,,-1,2(w) in B,-»(0).
(b) {W, >0} C Qar—l/z(ﬁ)) c {wW; > 0}.
(c) d(x,{Wr >0} >r"withk=1,2forx e Cyr-12() N (R — By,-5(0)).

(d) Wy is harmonic in {W} > 0} — K with boundary data zero on I'(W;) and (1 4 r?)w(x, ar~'/?) on
0K, where
K = {x:d(x, T(W)) > r?).

Let Uy be the solution of Hele-Shaw problem in
R* — J{Wi > 0} x [ar™'/2, 1]

with initial data W and with lateral boundary data (1 + ) (x, ar=?). Due to Proposition 4.1 of
[Choi et al. 2009], for sufficiently small » > 0, the level sets of U, are then ec-close to those of U, in
B1(0) x [0, 1]. Hence we can use U, instead of U; in Step 4 and proceed as in Step 4 to conclude. [

4. Decomposition based on local phase dynamics

Throughout the rest of the paper, let u be as in Theorem 1.1, and fix xg € 'y and a sufficiently small
constant r > 0. We will prove the regularization of the solution u in B, (xg) X [t (xg, 1) /2, t (xo, r)]. After
a rotation if necessary, we may assume that xo/|xg| = e,.
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Let us fix a constant M > M,,, where M, is a sufficiently large dimensional constant. If the ratio
between u™ (xg —re,, 0) and u~ (xo+re,, 0) is bigger than M, then we can directly apply Proposition 3.7
to prove the main theorem. Therefore we assume that

M_lu_(xo +re,, 0) <ut(xg—re,, 0) < Mu (xo+rey, 0). 4-1)

Let
(4-2)

ut(xo—rey, 0) u (xo+re,, 0)
Cop:= max{ , }
r r

Then since uar and u,, are comparable with harmonic functions, Cy is less than a constant depending on
n and M (See Corollary 2.15). Also note that

Co>r21> U6,

Let us now sort out the initial free boundary points where the flux from one phase dominates the flux
from the other phase. Let us define

T(x — 0
AT = {x € o N By (xp) : M > MCy for some s with P4 <s< r},
s
- , 0 .
A" = {x € 'oN By (xp) : M > M Cy for some s with P/ <s< r}.
s
We then write
A=ATUA".

Throughout the paper we will let e, = x/|x| for any boundary point x, after a necessary rotation.

Lemma 4.1. Let u be as given in Theorem 1.1, and let M and C as given above.

(x —sey, 0) ut(x —sey, 0) -

+
(a) If% > MCy for some s <r, then Co.

Ry
u (x+se,, 0) <
s

(b) If Co.

~(x +s¢,. 0
M > MCy for some s <r, then
S

Proof. Since u(jf are comparable with harmonic functions 4*, we can argue similarly as in Corollary 2.15.
Observe that
uar(x —sep) Uy (x+se,)  ht(x —se,) h™(x+sey)

S N N S

<V S cl. O

Now for x € AT, there exists a largest constant r, < r such that

ut(x —ryeey, 0) _ e,

Iy
We then define

0. = B, (x) x [0, rxco].
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/\

Figure 3. Decomposition of the domain.

Also for x € A™, we can similarly define r, and Q,. Now we define

% = By (x0) x [0, t (x0, ] — ] Qus
x€eA
see Figure 3. X is then the region where the fluxes from both sides are initially balanced. Our aim in this
section is to prove that the balance is kept over time, so that the interface remains close to a Lipschitz
graph over time.
The following statement is a direct consequence of the definition of X.

Lemma 4.2. Ifx € g N X, then for all r/* <s <r,

+ - n’O N 90
ut(x —se )’ u—(x +sey, 0) < MC,.
s s

The next proposition, the main result in this section, states that the solution is “well-behaved” in X.
Proposition 4.3. There exists a dimensional constant K > 0 such that for all (x,t) e 'N X,

+ _ —
u e = sen. t), u_(xtsen 1) <KMCy forr/*<s<r (4-3)
s s

Before proving Proposition 4.3, we show an immediate consequence of it; we are ready to show that
["(u) is close to a Lipschitz graph in time as well as in space.

Corollary 4.4. For (x,t) e T NX, suppose (x +ke,, t +71) € I'. Then there exists a dimensional constant
K1 > 0 such that

5/4
= 5/4 ' [ - ]‘
k=¥ ifr e |0, g

Proof. Due to Lemma 3.6, at any time 0 <t < #(xg, ), we have

W, t) <ut(x, 1) < CihT(x —r¥/%e,, 1) (4-4)
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and
h=(x,t) <u~(x,1) < Cith~ (x + 1%, 1), (4-5)

in B, (xo), where the function h := h*(-,¢) —h~(-,t) is harmonic in its positive and negative phases in
(1+7r)2(u) — (1 —r),(u), and the domains (h™) and Q(h™) are both star-shaped with respect to
B, (0).

Let us pick (yo, o) € ' N 2. Due to Proposition 4.3, (4-4) and the Harnack inequality for harmonic
functions, we have

sup  u(y, 19) < CC1KMCor/?, (4-6)
YEB,(,5/4(Y0)

where C is a dimensional constant. On the other hand, due to Lemma 3.1 and tg < r?/% we have
u(-, 1) <0 in By o5 (yo+r7%en). 4-7)

Let
yi=yo+rte,, Cr:=CCIKMCy, r(t):=3r"""—=Cs(t —1ty),

where C3 = CC,. Next we define ¢ (x, t) in the domain

5/4
IT:= By,s14(y1) X |:t0, o + —:|
Cs

such that

—A¢(-,1) =0 in By.sa(y1) — Brry(y1)s

¢ =2Cr>* on 3B,,54(y1),

$»=0 in By (y1).
Then by (4-4)—-(4-7), u < ¢ att = 1o in I1. Let Ty be the first time when u hits ¢ from below in IT. Since
(4-6) also holds for any (x, ) € ' N X in place of (yy, tp), we have u < ¢ on the parabolic boundary of
I[TN{fn <t < Tp}. On the other hand, if C is chosen sufficiently large, then

¢
|D¢|

and thus ¢ is a supersolution of (ST1). This and Lemma 2.11 applied to # and ¢ in IT yields a contradiction,

r5/4]

=Cyz Dl on 9By () x 10,11 =10+ T
4C3

and we conclude that I" (1) lies outside of B%rm (yo + r/te,) fortg <t <t.
Similarly, by constructing a negative radial barrier and comparing it with «, one can show that I" («)
lies outside of B%rsm (yo — r/*e,) for tg < t <t,. This concludes the proof. O

For xo € T';,, define

2 2

t(xg,r):= min{ r , r }
ut(xo—ren, to) " u~(xo+rey, to)

We now proceed to show our main result, Proposition 4.3. First we show Harnack-type inequalities for

positive times.
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Lemma 4.5 (Harnack at later times). Fix s € [r>/*, r]. If (yo, t0) € T N'E, then
u"(yo —sen, 1) = crut (yo —sen, to+1)  and u” (yo+sen, to) > ciu” (Yo + Sen, fo+ )
for0 <t <t(yg,s)/2andc; > 0.

Proof. We will show the lemma for u™, the statement for u~ follows via parallel arguments.

Step 1. Let (yo,f9) e 'N X and let s € [r3/4, r]. Let ht be given as in (4-4). Due to Lemma 3.3 and
Lemma 3.4, we have

hF(yo —2ren, t1) <ut(yo—2req, t1) < Cut(yo—2req, 1) < Cht (yo— 2r +1r°Me,, 1)
for 0 <t, t, <ty+1t(yg, r)/2. (Here note that yg € B, (xp).) In particular
ut(yo —2ren, 1) < Ch* (yo — 2r +r7'*)en, to) < C1h™ (yo — 2rey, to) (4-8)

for t < ty+1(yo, 5)/2.

Step 2. Now let v** solve (ST1) in (R" — (1 — 2r)D,,) X [to, to + ¢ (Yo, s)/2] with initial and boundary
data Coh ™ (x —2se,, t). Since s > r>/4, (4-4) implies

Qi (u) C Q,y(v™) C (™) in Bas(yo) X [0, to + 1 (yo, 5)/2]. (4-9)
Then by (4-9), (4-8) and (4-4),
ut <v*™ in By(yo) X [to, 1o + 1 (0, 5)/2]

if we choose C; as a multiple of C; by a dimensional constant. Moreover, due to the Harnack inequality
for one-phase (ST1), one can conclude that
ut(yo—sen, to+ 1) < v (yo—sep. fo+ 1)
=< Cv™(yo — sen, fo)
= CCyh™ (yo — 3sey, 1)
< C3h™ (yo — sen, 10) < C3u™ (yo — sep, o)

for

S2

o<r<—
-7 v**(yo_sen’t())

~t(y0,5)/2.

Here the first inequality uses the fact ut < v**, the second uses the Harnack inequality for v**, the third
one uses the Harnack inequality for harmonic functions and the last one uses (4-4). O

Lemma 4.6 (backward Harnack). Suppose that (4-3) holds up to time t = Ty < t(xg, r). If (yo, tp) € T
and ty < Ty, then for 0 < t < t(yo, 5)/2,

ut(yo—sen, t0) < Cu"(yo—sen, to+71) and u (yo+sen, to) < Cu~ (yo+sen, to+7),

where O < s <r and C is a universal constant.
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Proof. We will show the argument for u™, due to the symmetric nature of the claim. The argument here
will be similar to that of Lemma 3.4, replacing the initial data usr and u, (used in the construction of
barriers) by ht(x, ty) and h~(x, tp) given in (4-4)—(4-5).

We consider a solution v; of (ST1) in

IT:= (1 +r)$2, X [to, fo+ (0, 5)/2]
with initial and lateral boundary data C;A~. Then v; < u in 1. Now let v, solve the heat equation in
{vy =0} x [to, to + t (yo, s)/2] with initial data

ht(-,t9) in{vi(-, 1) =0} —(1—=r){h*(-, 1) >0},

vl )= {iz(.) in (1=r){h*(-, 10) > 0},

where fz( -) is a C? extension function of A1 (-, #y) chosen so that fz( ) <ut(-, ty). The rest of the proof
is the same as that of Lemma 3.4. O

Next we show that in the unbalanced region, possibly forming at positive times, the fast regularization
phenomena still holds. This lemma will be used in the proof of Proposition 4.3 to show that there cannot
be a severe unbalance of flux in the initially balanced region X.

Lemma 4.7 (regularization in unbalanced region II). For a fixed (xg, ty) € I' (), suppose that
ut(xg—re,, to) = Mu~ (xo+ren, o) or u (xo+rey, to) > Mu" (xg—re,, to)
for M > M,,, where M,, is a dimensional constant. Then for r <1/M,, there exists a dimensional constant

C > 0 such that

+ _ —

\Dut| <" (x0 —ren, 1) and |Du-| <C" (xo +ren, 1)
r r

in By (x0) x [to +(x0,7)/2, 1o + 1 (x0, 1)].

Proof. The proof of this lemma is parallel to that of Proposition 3.7. We use the Harnack and backward

Harnack inequalities (Lemmas 4.5 and 4.6) instead of Lemmas 3.3 and 3.4. 0

We are now ready to prove our main result, Proposition 4.3. Observe that (4-3) holds up to some
To > 0 by Lemma 4.2 and Lemma 3.3.

Proof of Proposition 4.3. Let K be a sufficiently large dimensional constant such that K > M. Let us
assume that (4-3) breaks down for u™ for the first time at t = Ty. Then

ut(zo — sen, To)

=KMCy (4-10)
S
for some (zo, Tp) e T N'E and /4 <s <r. Let
(20 — ken, T
h:gup{h:” (0 ke” V)2 M2, forsfksh}. (4-11)
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Note that 4 < r/2 due to Lemma 3.3 and the definition of Cy, and & > 25 due to Lemma 3.6. By the
definition of & we have

= M>C,. (4-12)

Let us find the largest time 7y before Ty such that for some (yg, #p) € I’

1(yo, h) and D0 _ <o

To—to= = .
2 [yol  lzol

Then Lemma 4.5 implies

ut (yo — hey, to) N ut (yo — hey, Tp) N ut(zo — hey, To)
h h h

Since u™ (-, t9) and u~ (-, ty) are comparable to harmonic functions (Lemma 3.6), a similar argument as

= M>C,.

in Lemma 4.1 implies that

u=(yo + hey, 1y) <c <Lu+(y0_hen’t0)
h ~ 0N h '

Hence by Lemma 4.7, we have
|Du* (-, To)| ~ M*Co  in By(y0).
Since By(z9) C Bi(y0), this would contradict (4-10) as K > M. Il

Due to Lemma 3.6, Proposition 4.3 and Corollary 4.4, we have shown that condition (A) holds and
that the level sets of u are close to a Lipschitz graph, and I" () is close to a Lipschitz graph in space and
time (see the detailed description of this fact in the next section). However, we do not yet have sufficient
control of the change of u over time to verify the condition (B"). We will therefore prove Theorem 1.1 by
carrying out a modified argument, combining arguments from [Athanasopoulos et al. 1996; 1998] and
[Choi et al. 2007; 2009].

5. Further regularization based on flatness

Let u, 'y be as given in Theorem 1.1. Recall that xg € I'g and r > 0 are fixed, and they satisfy (4-1). Let
Cop be as given in (4-2) and 7 (xg, r) as given in (1-3).
Our goal is to prove the regularization of the free boundary after the time # (xo, r)/2 in B, (xg). Define

2y (x0) 1= By (xo0) X [t (x0,r)/2,t(x0,7)] C 2.

Let us briefly review the information we have on u so far. As a result of Proposition 4.3, condition (A)
holds up to

t=1t(xp,r) <Cr2=® <34

Also due to Lemma 3.6, our solution u is e-monotone in Q,(xg) with respect to a space cone W, (e,, 6p)
satisfying
|6 — 7| = O(L),
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where L is the Lipschitz constant of the initial domain €2¢ given by (1-1).

Moreover Q,(xp) C X, and thus Corollary 4.4 and Lemma 3.1 yield that the free boundary I (u) is
r*/3-monotone in Q,(xy) with respect to the time cone W, (e, tan~' (1 /K1 MCy)) and the space cone
W, (e,, 6p). Here 6 is the angle corresponding to the Lipschitz constant of I'g, and ¢ (xg, ) = r/Co.

On the other hand, by Lemma 3.3 and the definition of Cy,

1
u(xo —ren, 5t(xo, 1))
Cor

1.

Since Q,(xg) C X, Proposition 4.3 implies

u(x,t) < KM in B.(xo) x [t(x0,7)/2, t(x0,7)].
C()r

The main difficulty in applying the method of [Athanasopoulos et al. 1996; 1998] lies in the fact that
we cannot guarantee the e-monotonicity of the solution « in the time variable (although we can obtain, as

3

above, the r*/3*-monotonicity of the free boundary I'(«)). To go around this difficulty, we will first use

the parabolic scale to improve the regularity of the solution in space. Consider the function
- . 1 2 1
w(x, 1) = C—Oru(rx + X0, 1t + 51 (x0, 7). (5-1)
In [Athanasopoulos et al. 1996; 1998], it was important that initially the time derivative of the solution
was assumed to be controlled by the spatial derivative, i.e.,

usl < C(I1Du™ |+ |Du”)). (5-2)

Using (5-2) one can prove that the direction vectors

Du™* (“ley. 1) d Du~
—ley,, an
|Dut|” " |Du~|

(len, 1)

do not change much for 0 <z </. This is pivotal in the regularization procedure since then I" (i) regularizes
along the direction of the “common gain” obtained by those two direction vectors, the regularity of
I"(u) then makes the above two vectors line up better in a smaller scale, which contributes to further
regularization of I' () in a finer scale. In our case we do not know a priori that I («) is Lipschitz in either
space or in time; in fact the Lipschitz continuity of I"(«) in time will be proved in the very last stage of
Section 5 (see Theorem 5.7). Therefore, we do not have (5-2), and thus extra care is required to show
that the spatial gradients Du™ do not change their directions too rapidly.

In the following series of results, we will assume that u is given by (5-1). The lemmas and theorems
will be proved to in the order they are stated, to improve the regularity of # in multiple steps.

Lipschitz continuity in space. First we prove that the e-monotonicity of I"(#) improves to Lipschitz
continuity. Let @ = Cyr. Then, in the domain B;(0) x [—1/a, 1/a], u(x, t) solves
{ﬁ,—Aﬁ:O in {u > 0},
V =a(|Dut|—|Di~|) ond{u > 0}.
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Here note that

P10 <y <q <P <30,

In this scale, since i is caloric and ' (i) is r'/3

that sois i in By2(0) x [-1/a+1, 1/a].
Note that in above step we are losing a lot of information over time; I' (i) is in fact r

-close to a Lipschitz graph in space and time, it follows

173_close to a

Lipschitz graph moving very slowly in time, but this does not guarantee that « also changes slowly in
time.
We then follow the iteration process in Lemma 7.2 of [Athanasopoulos et al. 1996] to show this:

Lemma 5.1. Ifr is sufficiently small, then there exist 0 < c,d < 1/2 such that u is a3 monotone in the
cone of directions W, (6, — r¢, e,) and W;(0; — r¢, v) in the domain B;_,<(0) x [(—1 +r/a, 1/al.

One can then iterate above lemma to improve the e-monotonicity to full monotonicity, and state the
result in terms of u:

Lemma 5.2. u is fully monotone in By,(0) x [0, 1/a] for the cone
1= WO —r, e) UW, (6, — 1, v)
for some constant 0 <d < 1/2.

Regularity in time away from the free boundary. Now we suppose that u is Lipschitz in space and time.
Then in particular, we have the Lipschitz regularity of u# in space (and very weak Lipschitz regularity of u
in time). We are interested in proving the following type of statement:

Lemma 5.3 (enlargement for the cone of monotonicity). There exists . > O such that if u is Lipschitz
with respect to the cone of monotonicity A, (e, 6y) in B1(0) x [—1/a, 1/a], then in the half domain
B1,2(0) x [-1/(2a), 1/(2a)], u is Lipschitz with respect to the cone of monotonicity A, (v, (1 + A)6p)
with some unit vector v.

To prove the enlargement of the cone, we take a closer look at the change of u over time, in the interior
region. More precisely, we need the following lemma, which follows the approach taken in [Choi et al.
2007; 2009].

Lemma 5.4. We have
lii;| <a|Dii|* < Ca in [Bij(en)UBija(—en)] x [—1/(2a), 1/(2a)],
where C is a dimensional constant.

Proof. Step 1. The proof is similar to that of Lemma 8.3 of [Choi et al. 2009]. Note that u, is a caloric
function in Q1 (i) and 7~ (). Let us prove the lemma for #™, since parallel arguments apply to i~ .

Step 2. We divide i, into two parts. More precisely, let

Uy = v + vy,
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where both functions v and v, are caloric in 7 (i), v has the initial data zero and the boundary data
a|Dut|(|Dut| — |Du~|) on I'(it), and v, has the initial data it;(-, —1/a) and the boundary data zero
onI'(u).

Step 3. For vy, we need to use the absolute continuity of the caloric measure with respect to the harmonic

measure, as well as the Lipschitz continuity of the free boundary. We proceed as in Lemma 8.3 of [Choi
et al. 2007]. Note that we have
|Dit| ~ |Di~ |~ 1

in [By/2(e;) U By2(—e,)] x [—1/a, 1/a]: this follows from the assumption in (4-1), and Lemmas 3.3
and 3.4. Therefore we can proceed as in Lemma 8.3 of [Choi et al. 2007] to obtain

vix, 1) <a / |Di* Pde™" < a|Dil*(x, 1),
F@N{—1/a<s<t}
where o™ is the caloric measure for (i), and

vi(x, 1) > af —| D" Pdo™" > —a|Di|*(x, t).
F@nN{—1/a<s<t}

Step 4. As for vy, we conclude that it must be smaller than a caloric function solved in the whole domain

with the absolute value of its initial data. The advantage is that then we can use the heat kernel. Note that
the initial data is given at t = —1/a and has compact support. The initial data is given by v; < (C/a)v,,,
where v,, (x, t) is comparable to the derivative of a harmonic function in a Lipschitz domain.

Therefore the heat kernel representation is given as

1 x—v|2
Grae [l =l T s <y

Since ¢ € [0, 1/a] and k exp‘""2 <C exp_(“/z)kz, we get the effect of O (a). U
Further regularity in space. Now that we have sufficient information on the change of u over time, we
change the scale following the one introduced in (1-4), and consider the function

v(x, 1) = Cioru(rxﬂo, CLOt+ 1). (5-3)

Note that Co = r~'c(xo, r), and thus v coincides with & defined in (1-4) with the choice of ¢ = rCj.
Due to the previous results, this function is Lipschitz continuous, in space and time, away from the
free boundary. The following lemma suggests that the cone of monotonicity improves away from the free

boundary, as we look at smaller scales. The proof is parallel to that of Lemma 8.4 in [Athanasopoulos
et al. 1998].

Lemma 5.5. Let v given by (5-3). Suppose that there exist constants § > 0and 0 <A< B, u:=B — A,

such that

a(Dv, —e,) <8 and A<—' _<B
—e, - Dv



THE TWO-PHASE STEFAN PROBLEM 1099

in BI/G(—%en) X (=8/u, 8/ ) with 8/ < r. Then there exist a unit vector v € R" and positive constants
ro, bo < 1 depending only on A, B and n such that

a(Dv(x, 1), v) <bod in Byg(—2en) x (-ro%, ro%)-

Now we can proceed as in Section 6 of [Choi et al. 2009] to obtain further regularity, using Lemma 5.4
instead of the uniform upper bound on |Du| up to the free boundary.

Theorem 5.6. T'(v) is C' in space in Q1,2. In particular, there exist dimensional constants ly, Co > 0
such that for a free boundary point (xo, tg) € I'(v), I'(v) N (By-i (xg) X [to — 27! to4+ 27! is a Lipschitz
graph in space with Lipschitz constant less than Cy/1 if | > Iy.

Regularity in time up to the free boundary. Lastly, proceeding as in Sections 7-8 of [Choi et al. 2009]
yields the differentiability of ['(v) in time. The main step in the argument is the following proposition:
the statement and its proof is parallel to those of Theorem 7.2 in [Choi et al. 2009] and the blow-up
argument as in Section 8 of [Choi et al. 2009]:

Theorem 5.7. I'(v) is differentiable in space and time. More precisely there exist dimensional constants
lo>0and 1 <y <2 such that for (xo, t9) € T (V)N Q1, if | > Iy then ' (v) N (By-i (xg) X [to—27", tg+271]
is a Lipschitz graph in space with Lipschitz constant less than [~ , and Lipschitz graph in time with
Lipschitz constant less than [ =173,

Corollary 5.8.
LINER

cl'<|pvt|x,nn<C, C'< <
v(—ep, 1)

in Q12, where C = C(n).

6. General case: solutions with locally Lipschitz initial data

In this section, we present how to extend the result of the main theorem to solutions with locally Lipschitz
initial data. Our setting is as follows. Suppose €2¢ is a bounded region in Bg(0). Suppose « is a solution
of (ST2) with ug > —1, ug = —1 in Bg(0) and ug < My. Further suppose that 2 is locally Lipschitz,
that is, for any xg € I'g, ['o N B (xp) is Lipschitz with a Lipschitz constant L < L,,.

Let the initial data ug solve Aug = 0 in Bj(xg). Then we claim that the parallel statements as in
Theorem 1.1 hold in By, (xo) X [#(x0, do)/2, t (X0, do)], where dy is a constant depending on n and M.
More precisely:

Theorem 6.1. Suppose u is a solution of (ST2) with initial data ug such that —1 < ug < My. Further
suppose that for xo € I'g, ['o N By (xg) is Lipschitz with a Lipschitz constant L < L, and Auy =0 in the
positive and negative phases of ug in B1(xg). Then there exists a constant dy > 0 depending on n and M
such that (a) and (b) of Theorem 1.1 hold for u and d < dy.

The proof of the above theorem is parallel to that of Theorem 1.1 in Section 5, after proving the
following lemma.
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Figure 4. Locally Lipschitz initial domain.

Lemma 6.2. There exists a solution v of (ST2) with star-shaped initial data such that the level sets of u
and v are edy-close to each other in Byg,(xo) up to the time t(xo, do; u), where dy > 0 is sufficiently small.
In particular, u and T" (u) are e-monotone in a cone of Wy and W, in Byg,(xo) X [t (X0, do) /2, t (x0, do)].

Even though our equation is nonlocal, the behavior in a far-away region would not affect much the
behavior of the solution in the unit ball, if the solution behaves “reasonably” outside the unit ball. For
example, in the star-shaped case, we know at least that the free boundary is almost locally Lipschitz at
each time. In the locally Lipschitz case, we control the solution by putting an upper bound My on the
initial data ug. We will argue that in a sufficiently small subregion of Bj(xg) x [0, 1], the solution is
mostly determined by the local initial data in Bj(xg). The perturbation method in the proof of Lemma 2.4
in [Choi et al. 2007] will be adopted here. Write B;(x¢) = Bj.
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Step 1. Construct a star-shaped region ' C Bg(0) such that:
(a) Q' NB; =N By.
(b) ' is star-shaped with respect to every x € K C Q' for a sufficiently large ball K.

Let var be the harmonic function in ' — K with boundary data 1 on 0K, and 0 on 9%2’. Next, let vy
be the harmonic function in Bg(0) — Q" with boundary data 1 on 3 Bg(0), and 0 on 92". Let B, be a
concentric ball in By with the radius of €%, i.e.,

By = Bk (x0) C Bi(x0) = By.

Let kg be sufficiently large. Then by Lemma 2.7, a normalization of v(ﬂf by a suitable constant multiple

yields that for any x € By,
uo(x)

vo(x)

<l+e. (6-1)

Let v solve (ST2) with initial data vy = v(")Ir — v, . Then Theorem 1.1 applies for v since vy is star-shaped
with respect to K.

For the proof of the claim, we will find a sufficiently small dy such that v is edp-close to u in Bag,(x0)
up to the time 7 (xo, dp). More precisely, we will construct a supersolution w; and a subsolution w; of
(ST2) such that in some small ball By (x(), we have

Wy = U < w
and the level sets of wy and w, are he close to the level sets of v.
Step 2. Let k1 and k, be large constants which will be determined later. Define
HE := (To(v) £ Mthie, ) N B,.

Let
dO - 6ko+k1 +ko

and let 1 (dy) :=t (x0, do; v) =t (xp, do; u). First note that
t(do) > dé—ﬂ > ¢ kotki+k2) /6
Hence for v to be almost harmonic in a scale much larger than €k0t%1 | we need /7 (dy) > €0, i.e.,
(ko + ki +kp) /12 < ko.
Observe that by the construction of H* and dy,

V1 (dy) > radius(By) > dist(HE, Tp) > max dist(x, Ty), (6-2)

xel;NB,,0<t<t(dp)

where the last inequality follows from Lemma 2.12 if we choose k; > 2k;. If k; is sufficiently large, then
one can prove from the last inequality of (6-2) and the bound on v; that

l—€e< lv(x, D = lv(x, Dl <1l4+€ on H* x [0, t(dy)]. (6-3)
lvo(x)| o (x)]
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Step 3. We do have an estimate, Lemma 2.12, on how far the boundaries move away for the local one-phase

case. If we take the one-phase versions with initial data ua“ and u, , and compare with u, then we obtain
that I"(u) N B, stays in the d(§2_°‘) /C=F) -neighborhood of I'g(u#) N By up to the time ¢ (dy) = £ (xg, do). In
other words, the free boundary of u moves less than a’g/ "in B; up to the time ¢ (dp).

Now we let S be the region between Ht and H~. To construct a subsolution (or supersolution) in
S, we take the fixed boundary data (1 — €)vg(x) on H~ (or HT), and (1 + €)vo(x) on H* (or H™). To
control the effect from the side d B N S, we bend the free boundary I'; (v) by dg/ 7 on each side of aB,NS,
using the conformal mapping ® (or ®). (See Section 4 of for the definitions of ® and ®.) More precisely,
we bend the free boundary of v downward (or upward) using the conformal map ® (or @), and solve the
heat equation in there. Then similar arguments as in Lemmas 4.1 and 4.3 of [Choi and Kim 2010] yield
that the solution is still (almost) a supersolution, and it stays close to the original solution.

References

[Altet al. 1984] H. W. Alt, L. A. Caffarelli, and A. Friedman, “Variational problems with two phases and their free boundaries”,
Trans. Amer. Math. Soc. 282:2 (1984), 431-461. MR 85h:49014 Zbl 0844.35137

[Athanasopoulos et al. 1996] 1. Athanasopoulos, L. Caffarelli, and S. Salsa, “Caloric functions in Lipschitz domains and the
regularity of solutions to phase transition problems”, Ann. of Math. (2) 143:3 (1996), 413-434. MR 97e:35074 Zbl 0853.35049

[Athanasopoulos et al. 1998] 1. Athanasopoulos, L. A. Caffarelli, and S. Salsa, “Phase transition problems of parabolic type: Flat
free boundaries are smooth”, Comm. Pure Appl. Math. 51:1 (1998), 77-112. MR 99b:35220 Zbl 0924.35197

[Caffarelli 1987] L. A. Caffarelli, “A Harnack inequality approach to the regularity of free boundaries, I: Lipschitz free boundaries
are C1*, Rev. Mat. Iberoamericana 3:2 (1987), 139-162. MR 90d:35306 Zbl 0676.35085

[Caffarelli and Cabré 1995] L. A. Caffarelli and X. Cabré, Fully nonlinear elliptic equations, Amer. Math. Soc. Coll. Publ. 43,
Amer. Math. Soc., Providence, RI, 1995. MR 96h:35046 Zbl 0834.35002

[Caffarelli and Salsa 2005] L. Caffarelli and S. Salsa, A geometric approach to free boundary problems, Graduate Studies in
Mathematics 68, American Mathematical Society, Providence, RI, 2005. MR 2006k:35310 Zbl 1083.35001

[Choi and Kim 2006] S. Choi and I. Kim, “Waiting time phenomena of the Hele-Shaw and the Stefan problem”, Indiana Univ.
Math. J. 55:2 (2006), 525-551. MR 2007h:35368 Zbl 05034334

[Choi and Kim 2010] S. Choi and I. C. Kim, “Regularity of one-phase Stefan problem near Lipschitz initial data”, Amer. J. Math.
132:6 (2010), 1693-1727. MR 2012h:35384 Zbl 1231.35318

[Choi et al. 2007] S. Choi, D. Jerison, and I. Kim, “Regularity for the one-phase Hele—-Shaw problem from a Lipschitz initial
surface”, Amer. J. Math. 129:2 (2007), 527-582. MR 2008d:35238 Zbl 1189.35384

[Choi et al. 2009] S. Choi, D. Jerison, and I. Kim, “Local regularization of the one-phase Hele—Shaw flow”, Indiana Univ. Math.
J. 58:6 (2009), 2765-2804. MR 2011c:35628 Zbl 1190.35229

[Dahlberg 1979] B. E. J. Dahlberg, “Harmonic functions in Lipschitz domains”, pp. 313-322 in Harmonic analysis in Euclidean
spaces (Williamstown, MA), vol. 1, edited by G. Weiss and S. Wainger, Proc. Sympos. Pure Math. 35, American Mathematical
Society, Providence, RI, 1979. MR 80c:31002 Zbl 0425.31009

[Fabes et al. 1984] E. B. Fabes, N. Garofalo, and S. Salsa, “Comparison theorems for temperatures in noncylindrical domains”,
Atti Accad. Naz. Lincei Rend. Cl. Sci. Fis. Mat. Natur. (8) 77:1-2 (1984), 1-12. MR 88i:35069 Zbl 0625.35007

[Gotz and Zaltzman 1991] 1. G. G6tz and B. B. Zaltzman, “Nonincrease of mushy region in a nonhomogeneous Stefan problem”,
Quart. Appl. Math. 49:4 (1991), 741-746. MR 92h:80011 Zbl 0756.35119

[Jerison and Kenig 1982] D. S. Jerison and C. E. Kenig, “Boundary behavior of harmonic functions in nontangentially accessible
domains”, Adv. in Math. 46:1 (1982), 80-147. MR 84d:31005b Zbl 0514.31003

[Kim and Pozdr 2011] I. C. Kim and N. PoZir, “Viscosity solutions for the two-phase Stefan problem”, Comm. Partial Differential
Equations 36:1 (2011), 42-66. MR 2012b:35376 Zbl 1216.35181



THE TWO-PHASE STEFAN PROBLEM 1103

[Meirmanov 1992] A. M. Meirmanov, The Stefan problem, de Gruyter Expositions in Mathematics 3, Walter de Gruyter, Berlin,
1992. MR 92m:35282 Zbl 0751.35052

[Oleinik et al. 1993] O. Oleinik, M. Primicerio, and E. Radkevich, “Stefan-like problems”, Meccanica 28 (1993), 129-143.
Zbl 0786.76091

[Rogers and Berger 1984] J. C. W. Rogers and A. E. Berger, “Some properties of the nonlinear semigroup for the problem
ur — Af(u) =07, Nonlinear Anal. 8:8 (1984), 909-939. MR 86b:35075 Zbl 0557.35129

Received 6 Feb 2011. Revised 12 Oct 2011. Accepted 15 Jan 2012.

SUNHI CHOI: Department of Mathematics, University of Arizona, Tucson, AZ 85721, United States
schoi@math.arizona.edu

INWON KiM: Department of Mathematics, UCLA, Los Angeles, CA 90095, United States
ikim@math.ucla.edu

mathematical sciences publishers :'msp



Michael Aizenman

Luis A. Caffarelli

Michael Christ

Ursula Hamenstaedt

Vaughan Jones

Izabella Laba

Laszl6 Lempert

Frank Merle

Werner Miiller

Gilles Pisier

Igor Rodnianski

Sylvia Serfaty

Terence Tao

Gunther Uhlmann

Dan Virgil Voiculescu

Analysis & PDE
msp.berkeley.edu/apde

EDITORS

EDITOR-IN-CHIEF

Maciej Zworski

University of California
Berkeley, USA

BOARD OF EDITORS

Princeton University, USA

aizenman @math.princeton.edu
University of Texas, USA

caffarel @math.utexas.edu

University of California, Berkeley, USA
mchrist@math.berkeley.edu

Universitit Bonn, Germany
ursula@math.uni-bonn.de

University of California, Berkeley, USA
vir@math.berkeley.edu

University of British Columbia, Canada
ilaba@math.ubc.ca

Purdue University, USA
lempert@math.purdue.edu

Université de Cergy-Pontoise, France
Frank.Merle @u-cergy.fr

Universitit Bonn, Germany

mueller @math.uni-bonn.de

Texas A&M University, and Paris 6
pisier@math.tamu.edu

Princeton University, USA

irod @math.princeton.edu

New York University, USA

serfaty @cims.nyu.edu

Nicolas Burq

Sun-Yung Alice Chang

Charles Fefferman

Nigel Higson

Herbert Koch

Gilles Lebeau

Richard B. Melrose

William Minicozzi 1T

Yuval Peres

Tristan Riviere

Wilhelm Schlag

Yum-Tong Siu

University of California, Los Angeles, USA  Michael E. Taylor

tao@math.ucla.edu

University of Washington, USA Andrds Vasy
gunther @math.washington.edu
University of California, Berkeley, USA Steven Zelditch
dvv@math.berkeley.edu

PRODUCTION

Université Paris-Sud 11, France
nicolas.burq @math.u-psud.fr

Princeton University, USA
chang@math.princeton.edu

Princeton University, USA
cf@math.princeton.edu

Pennsylvania State Univesity, USA
higson@math.psu.edu

Universitit Bonn, Germany
koch@math.uni-bonn.de

Université de Nice Sophia Antipolis, France
lebeau @unice.fr

Massachussets Institute of Technology, USA
rbm @math.mit.edu

Johns Hopkins University, USA
minicozz@math.jhu.edu

University of California, Berkeley, USA
peres @stat.berkeley.edu

ETH, Switzerland

riviere @math.ethz.ch

University of Chicago, USA
schlag@math.uchicago.edu

Harvard University, USA
siu@math.harvard.edu

Univ. of North Carolina, Chapel Hill, USA
met@math.unc.edu

Stanford University, USA

andras @math.stanford.edu

Northwestern University, USA
zelditch@math.northwestern.edu

production@msp.org

Silvio Levy, Scientific Editor Sheila Newbery, Senior Production Editor

See inside back cover or msp.berkeley.edu/apde for submission instructions.

The subscription price for 2012 is US $140/year for the electronic version, and $240/year for print and electronic. Subscriptions, requests for
back issues from the last three years and changes of subscribers address should be sent to Mathematical Sciences Publishers, Department of
Mathematics, University of California, Berkeley, CA 94720-3840, USA.

Analysis & PDE, at Mathematical Sciences Publishers, Department of Mathematics, University of California, Berkeley, CA 94720-3840 is
published continuously online. Periodical rate postage paid at Berkeley, CA 94704, and additional mailing offices.

APDE peer review and production are managed by EditFLOW™ from Mathematical Sciences Publishers.

PUBLISHED BY
:- mathematical sciences publishers
http://msp.org/
A NON-PROFIT CORPORATION
Typeset in IATEX
Copyright ©2012 by Mathematical Sciences Publishers


http://msp.berkeley.edu/apde
mailto:aizenman@math.princeton.edu
mailto:nicolas.burq@math.u-psud.fr
mailto:caffarel@math.utexas.edu
mailto:chang@math.princeton.edu
mailto:mchrist@math.berkeley.edu
mailto:cf@math.princeton.edu
mailto:ursula@math.uni-bonn.de
mailto:higson@math.psu.edu
mailto:vfr@math.berkeley.edu
mailto:koch@math.uni-bonn.de
mailto:ilaba@math.ubc.ca
mailto:lebeau@unice.fr
mailto:lempert@math.purdue.edu
mailto:rbm@math.mit.edu
mailto:Frank.Merle@u-cergy.fr
mailto:minicozz@math.jhu.edu
mailto:mueller@math.uni-bonn.de
mailto:peres@stat.berkeley.edu
mailto:pisier@math.tamu.edu
mailto:riviere@math.ethz.ch
mailto:irod@math.princeton.edu
mailto:schlag@math.uchicago.edu
mailto:serfaty@cims.nyu.edu
mailto:siu@math.harvard.edu
mailto:tao@math.ucla.edu
mailto:met@math.unc.edu
mailto:gunther@math.washington.edu
mailto:andras@math.stanford.edu
mailto:dvv@math.berkeley.edu
mailto:zelditch@math.northwestern.edu
mailto:production@msp.org
http://msp.berkeley.edu/apde
http://msp.org/
http://msp.org/

ANALYSIS & PDE

Volume 5 No. 5 2012

An inverse problem for the wave equation with one measurement and the pseudorandom 887
source
TAPIO HELIN, MATTI LASSAS and LAURI OKSANEN

Two-dimensional nonlinear Schrodinger equation with random radial data 913
YU DENG
Schrodinger operators and the distribution of resonances in sectors 961

TANYA J. CHRISTIANSEN

Weighted maximal regularity estimates and solvability of nonsmooth elliptic systems, II 983
PASCAL AUSCHER and ANDREAS ROSEN

The two-phase Stefan problem: regularization near Lipschitz initial data by phase dynamics 1063
SUNHI CHOI and INWON K1M

C*° spectral rigidity of the ellipse 1105
HAMID HEZARI and STEVE ZELDITCH

A natural lower bound for the size of nodal sets 1133
HAMID HEZARI and CHRISTOPHER D. SOGGE

Effective integrable dynamics for a certain nonlinear wave equation 1139
PATRICK GERARD and SANDRINE GRELLIER

Nonlinear Schrodinger equation and frequency saturation 1157
REMI CARLES

2157-5045(2012)5:5;1-F



	
	
	

