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SOME RESULTS ON SCATTERING FOR LOG-SUBCRITICAL AND
LOG-SUPERCRITICAL NONLINEAR WAVE EQUATIONS

HSI1-WEI SHIH

We consider two problems in the asymptotic behavior of semilinear second order wave equations. First,
we consider the H! x L2 scattering theory for the energy log-subcritical wave equation

Ou = |ul*ug(jul)

in R'*3, where g has logarithmic growth at 0. We discuss the solution with general (respectively
spherically symmetric) initial data in the logarithmically weighted (respectively lower regularity) Sobolev
space. We also include some observation about scattering in the energy subcritical case. The second
problem studied involves the energy log-supercritical wave equation

Olu = |ul*ulog®2+ [ul*) for0 <o <}

in R'*3. We prove the same results of global existence and (H! N H?) x H] scattering for this equation
with a slightly higher power of the logarithm factor in the nonlinearity than that allowed in previous work
by Tao (J. Hyperbolic Differ. Equ., 4:2 (2007), 259-265).

1. Introduction
Consider the semilinear wave equation

Ou := —8t2u—|—Au = f(u) onRx R3,

u(0, x) =up(x), (D
0u(0, x) =ui(x),

where f is a complex-valued function. Let the potential function F : C — R be a real-valued function
such that

2F:(2) = f(2), 2)

with F(0) = 0 and u being the solution to (1) with initial data ug € HXl N{ep: f[r@ F(¢)dx < oo} and
u; € L2. We can easily verify that the equation has conserved energy

E(u)(t) == /W Due(t, )+ 3IVue, x)* + F(u(t, x)) dx. (3)
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The main goal of the paper is to study the H xl X Li scattering theory for log-subcritical wave equations
with finite energy initial data, where the energy is defined by (3). In this paper, the term log-subcritical
wave equation refers to (1) with f defined by

lzI*zg(z]), 2] #0,
7) = 4
f@:=1y 0. 4
where g : (0, 00) — R is smooth, nonincreasing, and satisfies
—logx, O<x< %,
gx)={~1, %§x<1, &)
1, x> 1.

We also prove global existence in the case of spherical symmetry for log-supercritical wave equations,
by which we mean equations of the form

Ou = [u|*ulog® (2 + |ul*) (6)

In this paper, we will allow 0 < @ < %, extending the range 0 < « < 1 allowed in [Tao 2007]. We also
assume that the initial data is in the energy space, the set of data for which the energy (3) is finite.

Remark 1.1. We can easily compute that the potential function of log-subcritical wave equations (1), (4),
and (5) is
—glzl°(log(lz) —5). 0 <zl <3,

Fap(z) = { ~ #zl°, 1<lzl<1, (7
1
¢lzl°, |z > 1,

and the potential function of the log-supercritical wave equations (6) is
Fuup(2) ~ 12|°log® 2 + Iz ). ®)

We quickly recall some common terminology associated to the scaling properties of (1). Consider
f(z) = |z|P~'z and let u be the solution of (1). By scaling, A>/!=P)y (¢t /A, x /1) is also a solution with
initial data AZ/(I_p)uo(to/A, x/A) and A(]+p)/(1_p)u1(t0/k, x/A). Hence the scaling of u preserves the
homogeneous Sobolev norm |[|ug]| g @3+ |1 ”I_’I.rcfl(R3) if

3 2

Definition 1.2. For f(z) =|z|”~'z and a given value s, we call (1) an H #-critical (subcritical, supercritical)
nonlinear wave equation if p equals (is less than, is greater than) 1+44/(3 —2s). In particular, when s =1,
we call (1) an energy critical (subcritical, supercritical) nonlinear wave equation if p =5 (p <5, p > 95).

The results of global existence and uniqueness for the energy-critical (Ou = |u|*u) and energy-
subcritical (Ou = |u|”~'u, where p < 5) wave equations are already established by [Brenner and von
Wahl 1981; Struwe 1988; Grillakis 1990; 1992; Shatah and Struwe 1993; 1994; Kapitanski 1994; Ginibre
and Velo 1985]. It is natural to consider the decay of the solution, which we expect to behave linearly
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as t — *oo. The decay estimate and scattering theory (see section 2 for definition) of critical wave
equations are shown in [Bahouri and Shatah 1998]; see also [Bahouri and Gérard 1999; Ginibre and Velo
1989; Nakanishi 1999]. Hidano [2001] (see also [Ginibre and Velo 1987]), by the property of conformal
invariance, proved that the solutions for certain subcritical wave equations (% < p < 3) scatter in the
weighted Sobolev space ¥ := X x Y, where

X:=HR)N{p: |x|Vp e L2(R®)}, Y :=L>RN{p: |x|p € LR}

However, for energy subcritical equations, the HX1 x L2 scattering theory! still remains open. In this
paper, we consider the solutions to the log-subcritical wave equations (1), (4), and (5) with finite energy
initial data. The global existence result is established in [Grillakis 1990; 1992; Kapitanski 1994; Nakanishi
1999]. We will prove that the solutions with a class of initial data scatter in Hx1 x L2. This class of data is
contained in logarithmically weighted Sobolev spaces X x Y7, where

X, :=H®)N{ep: log’ (1 + |x)V¢ € L2(R)},

9
Yi:=LXR)N{p: log” (1 +|x)¢ € L2R?)) v

for some y > % For initial data in these spaces, we show that the potential energy of the solution decays
logarithmically for all large times. After dividing the time interval suitably, this decay helps us to control
the key spacetime norm || f'(u)]| 12 This spacetime bound implies scattering (we will sketch the proof in
Section 2; see also [Bahouri and Shatah 1998]). Our proof of the spacetime bound involves establishing a
decay rate for certain constant-time norms of the solution and a bootstrap scheme motivated by that in
[Tao 2007]. We rely heavily on ideas from [Bahouri and Shatah 1998].

The second part of this paper considers the solution of log-subcritical wave equations with spherically
symmetric data. We prove that the solution u with initial data in X, x Y, scatters in H xl X Li, where

X, =H!®)N (U H®RY), Yr:=L2R)HN (U HE®RY)). (10)
§>0 6>0

Our proof again uses the ideas from [Tao 2007] and the classical Morawetz inequality; see [Morawetz
1968]. However, we need a slightly sharpened version of the bootstrap argument. We also give remarks
for some specific energy subcritical wave equations (see page 15 and following).

The third part of this paper studies global existence for log-supercritical wave equations. The global
regularity of energy supercritical wave equations (Ju = |u|”~'u, where p > 5) is still open. In [Tao
2007], the author considered the log-supercritical wave equation

Ou = u’ log® (2 + u?) (11)

with spherically symmetric initial data and established a global regularity result for 0 <« < 1. For general
initial data, the same result for loglog-supercritical wave equations

Ou = u’ log® (log(10 + u?))

'r xl X L% scattering is defined in Definition 2.1.
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with 0 < ¢ < % is obtained in [Roy 2009]. In the present paper, we extend the result in [Tao 2007] to
the range 0 < o < ‘3—‘, again for spherically symmetric data. This improvement is attained by employing
the potential energy bound in place of the kinetic energy bound used in [Tao 2007] for pointwise control.

2. Definitions, notation, and preliminaries

Throughout this paper, we use M < N to denote the estimate M < CN for some absolute constant C
(which can vary from line to line).
We use L] L" to denote the spacetime norm

a/r 1/q
Nl Lo 171 xmey 7= (/ (/ lu(t, x)I’dx) dt)
1 \Jm3

with the usual modifications when ¢ or r is equal to infinity.

Definition 2.1. We say that a global solution u : R x R> — C to (1) scatters in H! x L? (or H! x L?
scattering) as t — +o00 (—o0) if there exists a linear solution vt (v™) with initial data in HX1 X L% such
that

lut, x) = vt Ol gz — 0 ast— +oo

(Jlu(t, x) — v~ (¢, x)||H; <12 = 0 ast— —o0).
Remark 2.2. We will sketch here that the spacetime bound,
£ @O L1 12 ooy < OO (12)
for some g > 0, of the solution u to (1) implies the Hx1 X L)ZC scattering (as t — 00). Let
ue CHR, HI(R*)NCOR, L2(R?))

be the solution to (1) and let v satisfy v = 0 with initial data vg € Hx1 (R, v; € L)ZC(IR3) (to be chosen
shortly). By Duhamel’s formula,

i U e n(t _A)ul(X)_/O Sin((t_f) _A)f(u(f))df (13)

i
= —A
u(t, x) = cos(ty/— A Jug(x) + N NET
sin(f/—A
%Ul(x),
where the operators cos (t —A) and sin(t —A ) /+/—A are defined by

and

v(t, x) =cos(t\/—A)vo(x)+ (14)

-~

(cos(ty/=A)@) (&) = cos(t€)p ()

and
¢) &) = Smg'f')dxs).

<sinEt/%A)
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Hence, that the solution u scatters and asymptotically approaches v in Hx1 x L2 means that
sin(t —A)( ) /f sin((t—t)«/—A)
v —=A 0 J=A

as t — oo. From basic trigonometric identities, we can verify that (15) is implied by

! sin(—t«/—A)
(ug — vg) +A Tf(u(f)) dt . —0

fu(r))dr — 0 (15)

HIxL3

cos(ry/—A ) (ug — vo) +

and

(u; —vy) ~|—/ cos(—ty/—A) fu(r))dr| —0
0

as t — 0o. Therefore, if

converges in H! x L2 as t — oo, and we take

. o sin(—r«/ )
vo(x) = uo(%)—/O Tf(u(r))df

v (x) == u; (x) —foo cos(—ty/—A) f(u(r)) dr,
0

f(u(t))dr,/ cos(—7 —A)f(u(r))dr) (16)
0

in (14), we then have, by (13), (14), and elementary trigonometric formulas,

e =vligrerz = H f sn{(e~ T)\/_) fu(r))dr + /:o cos(r _A\)/S_i_nA(_TM)
+/°° sin(z —Az/co_sA(_fm)
0 —

fu(r))de

fu(r))dr

HlxL2

fu(r))dr (17)

® sin(t—1)/—A
| A

It remains to show two things:

HlxL2

(i) Our initial data vg, v; are well-defined, that is, that (16) does indeed converge in Hx1 X Lﬁ.

(ii) The right side of (17) converges to 0 as t — oo.
The claim (i) can be shown in several ways, for example, by showing that
/NOO sm(j/r_iA_) /NOO cos(—ty/=2) f(u(v)) dr
where N € N. These two equalities follow from the dominated convergence theorem once we show that
|l sin(—7/=A)
/0 - V5

=0 and lim
Hxl N—o0

lim
N—o0

Ju(r))dr =0,

L3

Ju(r))

(t)dt <00 and /oo||cos(—r,/—a)f(u(r))||L2(r)dr < o0.
0 2

H]
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But this follows quickly from (12) and the Plancherel theorem.
Claim (ii) has already been established in the discussion of claim (i). This concludes the argument that
the finiteness of (12) implies scattering.

Definition 2.3. We say that the pair (q, ) is admissible if 2 < g, r < o0, (¢, r) # (2, 00) and

+-<

: (18)

N =
N[ —

Q| =

Theorem 2.4 (Strichartz estimates for wave equation [Strichartz 1977; Kapitanski 1989; Ginibre and Velo
1995; Lindblad and Sogge 1995; Keel and Tao 1998]). Let I be a time interval and letu : I x R — C
be a Schwartz solution to the wave equation Ou = G with initial data u(ty) = ug, o;u(ty) = u, for some
to € 1. Then we have the estimates

Dol ey 00l ey 100 0z 1 ety 00l g oy 181 g1 ey G 7 s (19)

where (q, r) and (g, r) are admissible pairs and obey the scaling condition

1,33 1.3
q r

s rT2 -2, (20)

and where ¢’ and F' are conjugate to § and ¥, respectively. In addition, if u is a spherically symmetric
solution, we allow (g, r) = (2, 00).

We define the Strichartz space S, (1) for any time interval I, as the closure of the Schwartz function on
I x R? under the norm
lulls,cy:=" sup Nl zopr 1xmeys 21
(g,r) admissible .

where (g, r) satisfies (20).

Morawetz inequality [Morawetz 1968]. Let I be any time interval and u : I x R®> — C be the solution
to (1) with finite energy E. Let F be the potential function as in (2). Then

// FW gear < E. 22)
1 JR3

x|

Spherically symmetric solutions. In the last part of this section, we assume that u is the spherically
symmetric solution to the log-subcritical wave equations (4), (5) (or log-supercritical wave equation (6))
and F is the corresponding potential function. We obtain the following a priori estimate for the solution.

Lemma 2.5 (pointwise estimate for spherically symmetric solution [Ginibre et al. 1992; Tao 2007]). Let
I be any time interval and let u : I x R3 — C be the spherically symmetric solution to the log-subcritical
wave equations (4), (5) (or log-supercritical wave equation (6)) with finite energy E and vanishing at oc.
Let F be the potential function. Then, foranyt € I,

Ix[2(F ()" |ul)(t,x) S E (23)
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Proof. We tackle the log-subcritical case; the proof for the log-supercritical case is similar and easier.
Define ¢ (z) := (F(z))'/?z and r := |x|. From (7), we can compute that, for fixed ¢,

19, (@ u(t, x)))| S lulP18,ul(t, ) Xgui=1/3y(x) + lul* (—log [u) /2 8,ul(t, ) X(jui<1/3) (),

where yx is the characteristic function on R3. Then, by the fundamental theorem of calculus, Holder’s
inequality, and energy conservation,

P (u(t, x)I <

o0
/ (161924 Xgui=13) + [ul* (=log [u)) /2|3, u| xgju<1/3] (2. 5) ds

r

00 |M|6 5 5 1/2 00 |aru|2 5 1/2
S (/ 7S Kilulz173) ds / —2 Xluz1/3)8 ds
r r

o] 6 1/2 00 2 1/2
lul>(=loglul) , » |0, u| ’
+(/ T2 S Xiw<i3) ds —;2 X{u|<1/3}5~ ds
r r

1 12 1
g—z(/ F(u)dx) E'?< SE. m
r R3 r
Inserting (23) into (22), we obtain that, for any time interval /,
/ f F35* ) u|? dx dr < / / F sup (x| FY*(u)|u|'/?) dx dt < E3/2. (24)
1 Jrs rJre Xl e

This implies
/ / |u|8(—log lu))>* dx dt + / / |u|® dx dt < E3? (log-subcritical case)  (25)
I J{ul<1/3} I J{Jul>1/3}

and

/ f lu|¥10g>/*(2 + |u|*)dx dt < E3*  (log-supercritical case). (26)
I JR3

3. Log-subcritical wave equations

In this section, we consider the scattering theory for log-subcritical wave equations. We can take advantage
of time reversal symmetry, and it suffices to prove that the solution u scatters in H! x L? as t — oo.
Throughout this section, we use the notation

A={(t,x) € 0,00 xR : Jul <1}, B={(tx)e 0,00 xR: |u] > 1],
and for any interval /,

Ar=AN(IxR*», B, =BN{U xRY). (27)

General initial data in log-weighted Sobolev spaces.

Theorem 3.1. Let y > % and let u be the solution to the log-subcritical wave equations (1), (4), and (5)
with initial data
up(x) € X1, ui(x) €, (28)

where X and Y, are defined by (9). Then u scatters in HX1 X L)%.
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Proof. We need some decay estimates for the equation with initial data satisfying (28).

Lemma 3.2. Let y and u be as in Theorem 3.1. There exists T =T (|luollx,, lu1lly,, v) > 1 such that,

fort>T,
1

log? v’

/ F(u(r,x))dx < (29)
R3

where F(z) = Fsu(2) is defined by (7).

Proof. We essentially follow the proof of Lemma 2.1 in [Bahouri and Shatah 1998], with some changes.
Define
elul(t, x) := 318, x)* + 3| Vu(e, x)* + F(u(t, x)).

We claim that there exists C, = C,, (|lugllx,, llu1lly,, ¥) > 1 such that for s > C,,,

/ e[u](0,x)dx < (30)
|x|>s

log?” s’

We prove this claim in the Appendix and continue the proof of this lemma here. Choose 7" such that
T > max(C)%, 10g4” T). We aim to show that (29) holds for all T > T.
Define the truncated forward light cone by

K2(e):={(t,x):a<t<b, |x|<t+c, 0<a<b < oo}
and the boundary of the truncated cone by
Mb(c):=0Kb(c)={(t,x):a<t<b, |x|=t+c, 0<a <b<o0}

Fix T > T and let s = \/T > C,.. For any #; > 0, the energy conservation law on the exterior of the
truncated forward light cone K(’; (s) implies that

1 1
elu](ty) dx + — flux(0, 11, s) = / e[u](0)dx < , 3D
/I;I>H—n \/z |x|>s 10g2y N
where )
flux(a, b, ¢) ::/ {l ut+x-Vu‘ —I—F(u)}da.
M) L2 x|
Hence
1 1
Fu(r)dx < / elul](r)dx < < , (32)
/l;>H—r lx|>s+7 10g2y N logzy T
and it suffices to show that
/ Fu(r))dx S — (33)
|x|<s+t log vt
Define w(t, x) = u(t — s, x). The bound (33) is equivalent to
/ Fw(s+1))dx < i .
[x|<s+t 1Og V't

Set w; := d;w. Multiplying the equation f(w) —Ow =0 by tw; +x - Vw + w, we get
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0, (t Qo + wyw) —div(t Py) + Ro =0,
where

Qo = w&+w& Vw)

2 2
-V
Py= £<—w, Vwl® _ F(w)) +Vw<w,+£ -Vw+ﬂ>,
t 2 t t
Ro = |w|°g(|w]) = 4F (w),
with g defined by (5). Define the horizontal sections of the forward solid cone by

D(t) :={|x| e R®: |x| <t}

Fix 0 < T} < T, and integrate (34) on K ;12 (0). By the divergence theorem, we have

(34)

/ (T Qo+wrw) dx—/ (T1 Qo+w,w) dx— (th+wtw+tPo ) da+/ Rodx dt
D(Ty) D(TY) VF M2(0) x| " 0)

=L+ Lo+ Ls3+Ls=0.

(35)

Now, following the same steps as in [Bahouri and Shatah 1998], we define v(y) := w(]y|, y). Since L3 is

the integral on M ;12 (0), using spherical coordinates, we obtain that

T
// r 2drdw+ = /Tzzvz(Tza))da)—l/ levz(Tl)a)da),
T 2 2 2 S2
| t|2 1V, 1 2 1
L= T + = (w,+ w) +—2|wa| + F(w) +r<wr+—w)w, dx
D(T») 2 2 2r r
1 T} (Do) do,
2 SZ
and
2 2
w
L2=—f {n(' i+ L) +%|wa|2+F<w)>+r(w,+1w)wt}dx
D(TY) 2 r 21" r

1

Since L4 > 0, plugging (36), (37) and (38) into (35), we deduce that

b
T2/ F(w)dxﬁCTlE—I—/ / (v, + r 2drdw,
D(T») 2

where C is a constant and E is the energy. Therefore,

e
/ F(w(T))dx < C E —i—/ / v + r 2drdw.
D(T») 2

+—/ T2 (Tiw) do.
2 S2

(36)

(37)

(38)

(39)
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For any 71 > s, by (31), the second term in the right-hand side of (39) is controlled by

T . 2
f f v, + r drda)<f {%‘wt—i-x Vw }a’a,§ 12 S i .
T Js? M2 (0) | x| log®” s ™ log* ©

Now, choosing 7> = 7 + s and T; = (t +5)/log? © > /T =, (39) implies

/ Fw(t+s,x))dx < (40)
D(t+s)

log?
Combining (32) and (40), the lemma is proved. 0

Before we prove Theorem 3.1, let’s observe the following fact. Let / be any time interval with length
3 < |I| < oo. By Holder’s inequality, we have that, for 0 < § < 2,

4
[ul"u(=log [uD)ll L1121 xwe)

3-§ 3-68)/6 2 1) 3+38)/6
< 112 (og u) SO e 516 g 107 2100 65 sy 10 (<10 LU DEF 0N 25 o)

1/6 2 1) 3468)/6
= [lu(—log [u])"/ ||LOCL6(,XR3)||u||L¢/(2,5>Liz,a(,xR3)||u (=log [ul) S0 2 s,

1/6” )(3+5)/6”

< |lu(~log |ul) lu® (—log |ul T e S LA

76 3 ||u||24/(2—5) 12/8
LZPLY(IxR%) L, L2 (IxR3)
If |M| < —;, we can estimate that

(3+8)/6

B
llu®(—log [ul) ||L,°°Lg°(1xR3) ~

1/248/6
< (l) /2+8/ .
)
Letting § = 2/log |I|, we obtain

4 6 2 1/2
ot e (—log D)l 121y S e (=10g ) VOUT sy Nt 510001205 o) RO& 2L (A1)

To complete the proof of Theorem 3.1, by Remark 2.2, it suffices to show that
1f @Izt 127,00y xm3) < 00 for some T < oo.

Let J = (37, 00), where i is sufficiently large and to be determined later. Then

1 Oty S Ml u(=logluD 12 a,y + Nl ull 1205, =2 M+ Mo,

Since (246, 6(2+8)/8) is an admissible pair satisfying (20) for o = 1, from Hélder’s inequality and
Lemma 3.2,

2448 1 246 (42)

<
M, < ||u||L°°L6(BJ)”u”L?”Li(ZM)/‘S(BJ) ~ (log(3,‘))(3_5)/3y ||u||51(1).

On the other hand, define interval J; by subdividing J according to J = U,fil(fizk_li , 32 ) =: U2 Jk-
Define §; :=2/log|Jk|. By (41), Lemma 3.2, and the fact that the admissible pairs (4/(2 — 8x), 12/6)
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satisfy (20) for o = 1, we have

(o.¢]

e}
S5(— 2kiy1/2 2
Mlskzluu( log [Nl L2 xme) S kzl((logyk ey (083 )”“”L;‘/@—Bkz;zwk(ms)

0
-1/2—(3—8;)/3 k—1)(1/2—3—61)/3 2
5 (Zl /2=B=80/3y , pk=1)(1/2=(8=)/ )y)”u”Sl(j)-
k=1

Since y > % we can choose i sufficiently large such that (((3 —8)/3)y — %) > ¢ > 0 for all k. Hence

o0
My im0 2 g ). (43)
k=1

Combining (42) and (43), for €p > 0 sufficiently small, we can choose i sufficiently large such that

2+6
£ GON L1 12 ey < €ollluld, ) + ull%).

By the Strichartz estimate (19), we have
1/2 2 248
lulls,sy < CE'2 +eollull3, gy + ul%E).
From a continuity argument, we conclude that
lulls, sy <2CE"2.
This implies that
”f(u)”LgL%(]xW) < Q. 0

Spherically symmetric initial data in lower regularity Soboley spaces. In this subsection, we consider
the solutions to the log-subcritical wave equations with spherically symmetric initial data. If the finite
energy initial data are in any lower regularity Sobolev spaces, we obtain the Hx1 x L? scattering. The
spirit of the proof follows from [Tao 2007] and a slightly sharpened bootstrap argument in Lemmas 3.5
and 3.6.

Throughout this subsection, for given é > 0, we denote

Z(t) 1= e, ) -5 sy + 186 (e, )| s s - (44)
It is easy to show that Z(z) > 0 for any time 2

Theorem 3.3. Let u be the solution to the log-subcritical wave equations (1), (4), (5) with spherically
symmetric initial data
uo(x) € Xz, uy(x) €Yy, (45)

where X, and Y, are defined by (10). Then u scatters in Hx1 X L)zc.
To prove Theorem 3.3, we need some intermediate lemmas.

2If z (to) = 0 for some ¢, it is easy to prove that the solution u has energy E(#y) = 0 and, hence, E(¢) = 0 for any time ¢, by
energy conservation. This implies the solution u(¢, x) =0 for all 7.
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Lemma 3.4. Let I = [a, b] be any interval where 0 < a < b < 00 and let u be the solution to the
log-subcritical wave equations (1), (4), (5) with spherically symmetric initial data

u(a,x) =up(x) € Hx1 N Hxl_‘s, oru(a, x) =uij(x) € Li N I-.Ix_‘s
Jor some fixed 0 < § < 5. Then there exists 0 < €(8) K 1 such that for 0 < € < €(9),

14¢/(28) 5/32 14—/ (28)—€ 1y’/16
lullsi-scn S ZG@+lulls 45+ el sy (1l (=log k™21 = juiidy , )(2)" 7 @6)

where the constant hidden in (46) is independent of the interval I and €.
Proof. By the Strichartz estimate (19),
lullsi s S Z(@) + 1 @l 2re-n 2000 gy - (47)
Consider that
1Lf GO 20 21800 gy S I = Ll uCogQuiD | 2ie-0 20wy )+ il 200 21000 g ) =2 N1+ N
with A; and By as in (27). By Holder’s inequality,
Na =l oo s lels g < Mllsisnluels g (48)

On the other hand, choosing €(§) sufficiently small such that for 0 < € < €(6),

_ Q82
0oL, 85+e—824205 1 o 1. +e(1 25) _1 3 1245¢/@8)+5¢ _ T
P 8(25+¢) 2 q 8(25+¢) 2 8 32 16

It is clear that (p, ¢) is an admissible pair satisfying (20) for o =1 —§. By Holder’s inequality and
interpolation theory, we can estimate that

Ny < Il (log lul) @02 oy ayan Tl (<log [ul) P H/CIHN2 e

I+€/(28 5/32,4—€/(28)— 124-5€¢/(28)+5¢€) /32

< lull paon Iue(=Tog [ [ Co0 [l (log Jul) P/ CIHO2 o (49)
l+e/(25 bee/(28)— 1 \upnfracl2+5¢/(28)+5€32

< Nl Hul(—log L 1</ (2) . (50)

The last factor of (50) comes from maximizing the last factor on the right of (49) using calculus. We note
that the constant hidden in the last inequality is independent of €. By (48) and (50), we have
14¢/(25) 5/32,4—e/(28)—¢ (116 4
L7 GOl 200,200 sy S Tl 5T el (—log lu) ¥ 215, L2 (2 sy Il

From (47),

7
I+¢/(26 4—/28)—¢ (116
lulsi-scn S 2@+l 55 1l (<log luh ™21 L2 () lulls el ) SRHS of (46).

One can check that all constants hidden in the inequalities above are independent of the interval I and €.
Hence, Lemma 3.4 is proved. O
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Lemma 3.5 (continuity argument). Let I (= [a, b]) and u satisfy the assumptions of Lemma 3.4, C be the
constant hidden in (46) and 0 < €(8) be chosen in Lemma 3.4. Let €9 = 1/(100C) and 0 < € < €(§) such
that Z(a)/® > 1 and (2C)*/® < 2. We define

o _ 5/32 4—€/(28)—€ 4—€/(25)—¢
Q1) = (llul(~log [u)> [ 0 + llell 5 77°)-

Iflulls g, <1and Q) < €o(€719/(Z(a)/2DY), we have
lulls,_s) <2CZ(a).

Proof. We prove this lemma by contradiction. For 0 <t < b — a, from the dominated convergence
theorem, we have that the function ®(7) := |lulls, 4.4+ 18 NONdecreasing and continuous in [0, b — a]
and ®(0) = 0. By the hypothesis and (46), we have

O (1) = CZ(a) + 15 (@) + (1) (W) (51)

for all ¢ € [0, b — a]. Assume for contradiction that there exists 7y € [0, b — a) such that ® (1)) =2CZ(a).
If2CZ(a) < 1, (51) implies that

1 1 11
On the other hand, if 2CZ(a) > 1, (51) implies that

207(@) = B(1g) = CZ(@) + 55 2CZ(@) /) (m) < 1CZ@.

We get contradictions in both situations, and the lemma is proved. O

Lemma 3.6 (finite division). Let I (= [a, b]) and u satisfy the assumptions of Lemma 3.4 and C be

the constant hidden in (46). We denote Z; = (2C) Z(a), where i =0, 1,2, .... For any €y > 0, we
can choose € < 1 and finitely many numbers a = Ty < Ty < T, < --- < Ty < Tnyy1 = b, where
N = N(eo,€,6, E, Zo, C), such that for I; := [T}, Tj11],
£7/16
Q(Ij) = €0 <W) (52)

J
for0<j <N—1and Q(y) < eo(e7'9/Z5]*).

Proof. We observe that

i £7/16 \ 3/ Gme/@h)=o) - TS/ 5)26) 00 |
2 |:eo (W)} Zeo,Zo {6 ; (2C)Sie/ 85— —256) } — o0 ase— 0.
Therefore, by (25), we can choose € sufficiently small such that
3(// ul (—log [u))¥ d di + // lf dx d,) - i |:60<£>:|8/(4€/(28)6) 5
B R s Z/®

for some K = K (¢g, ¢, 6, E, Zy, C).
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Fix thise. If Q(1) < 60(67/16/(28/(28))), we say 71 = b and the lemma is proved. Otherwise, we
can choose 0 < T; < b such that (52) holds for j = 0. Again, if Q([T}, b) < 60(67/16/(27/(26))), we say

= b. Otherwise, we can choose 71 < T, < b such that (52) holds for j = 1. By continuing this process,
we can choose a < T} < T» < --- such that (52) holds for j =0, 1, .... It suffices to show that this
process will stop in at most K + 1 steps. Indeed, assume that there are more than K + 1 subintervals
satisfying (52). Since

Q(1;)8/¢4-€/C0-€) <3(// u|®(— log|u|)5/4dxdt+// |u|8dxdz>,
A

for j =0, 1, ..., by our construction of /;, we have
K+1 7/16 K+1
€ 8/(4—e/(28)—¢)
Z E0<Ze/(25)) Z oj)
Jj=0 J

K+1

<Z (f/ jul(— 10g|M|)5/4dxdt—|—// Jul dxdt)
Bl
53([/ |u|8(—10g|u|)5/4dxdt+/ |u|8dxdt>.
A B

This contradicts (53), and the lemma is proved. O

Corollary 3.7. Let I and u satisfy the assumptions of Lemma 3.4 and C be the constant hidden in (46). If

lull s g,y < 1ou € L2000 < RY).

Proof. Let €(8) be chosen in Lemma 3.4 and 0 < € < €(8) satisfy Lemma 3.6, Z(a)*/®® > % and
(2C)</?» < 2. Let {1 j}i‘vzo be the subintervals constructed by Lemma 3.6 such that (52) holds for
0<j=<N.
We claim that
lulls, sy <2CZ; forO<j=<N, (54)

where Z; = (2C)/ Z(a). Indeed, by Lemma 3.5, (54) holds for j = 0 Again, if (54) holds for j =k — 1,
we have Z(Ty) < lulls, s, < Zk. Since Zé/m) > Z(a)¥/@® > 1 applymg Lemma 3.5 on the interval
I, we obtain (54) for j = k. By induction on j, the claim is proved and this implies

N+1 N+1

lull 0420 gy < D Nullsisary < Y (2C) Zo < oo O
j=0 Jj=0

Corollary 3.8. Let u be the solution to the log-subcritical wave equations (1), (4), (5) with spherically
symmetric initial data

u(0,x) =uo(x) e H'NH,  8,u(0,x) =u;(x) e L>NH®

for some fixed 0 <6 < 5. Thenu € LS/(1+26)(R+ x R3).
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Proof. By (25), we can choose finitely many numbers 0 = Sg < §] < --- < Sy—1 < Sy = oo such that
llull s Bispsey) = 1 for 0 < k < M. By Corollary 3.7 and energy conservation, we have
t.x k4

(u(Sk, x), du(Sk, x)) € (H N H! ™) x (L2N H®)

and [ul|  s/1+25 < oo for 0 <k < M. Hence
t,x

LSk Sea11xR3)
M

leell 37020 ) = > llul LY (18, S 1xr) = OO -
k=0

To finish the proof of Theorem 3.3, by Remark 2.2, it suffices to show that || f ()l 2172 (r, OO)XW) < 00

for some 0 < T < oco. Since the initial data satlsfy (45), we can choose some 0 < § < 5 such that
uo € H(R® N H! 7 (R?) and u; € L2(R*) N H?(R3). Observe that

||f(u)||L}L§((T,oo)><R3)
5 5
S Hul?QoguMIlpiz2apy + HulPll 28,

A I
LY. /(1428)(AT)

1+26 4/(1+26) 4
<
S ||u||L%L;?°((T,oo)xR3)[( )II ”L,S_x/(1+za)<AT) + ”””LE{X(BT)]’

where A7 := AN((T, 00) x R?) and By := BN ((T, 00) x R3). The last inequality above is from the fact
that [u3%/0+2) (log(|u)| < (1 +28)/(88) for |u| < %. By Corollary 3.8 and (25), for sufficiently small
€ > 0, we can choose T = T (¢) sufficiently large such that

< 1+28> i ”4/(1+25)
L8 /(1+28)(Ar)

88/(1+268 4
ll 2 e ap 1™ 2P Qog (D) s an + lullgs el 2108,y

4
<€
T ”MllLi‘.x(Br)

Hence, by the Strichartz inequality [Klainerman and Machedon 1993],

172

ltll z2p00((7,00)x3) < CE" +€Cllull L2100 ((7,00) xR

1/2

Again for € < 1/(2C), we have ||”||L,2L;?°((T,oo)xﬂ‘\e3) <2CE"/ and this implies ||f(u)||L}L%((T’OO)XR3) < 00.

Energy subcritical nonlinear wave equations with specific spherically symmetric initial data. In the
last part of this section, we will discuss an observation for energy subcritical nonlinear wave equations,
1nsp1red by the proof of Theorem 3.3. For given 0 < § < ,let (ug, uy) € (H (IR3)ﬁH1 S(R3)) x (LZ(R?’)D
—5 (03
H_°(R’)) be spherically symmetric functions. In thlS subsection, we consider the energy-subcritical
nonlinear wave equation

Ou = |u|4_€u, u(0, x) =uo(x), hu(0,x)=ui(x), (55)

where we allow € to depend on the given data (g, u1). That is, we find a relation (R) (see Definition 3.10)
among ¢, the energy E, and Z(0) as in (44), the lower regularity norm of the initial data, for which the
solution scatters. We remark that relation (R) holds for data large in both the energy and H'~% norms
provided that € is taken sufficiently small (depending on the size of these norms). In [Lindblad and Sogge
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1995], scattering was established in H!'=% for the H'~9 critical nonlinear wave equation from small data.
Our remarks here are related to that work, for example, relation (R) quantifies the extent to which large
data can be allowed. Also, we will prove scattering in H!, rather than H' 9.

In order to prove that u scatters in H! x L2, It suffices to show that ||u”~* L) 2217 00) x3) < OC for
some T < 0o. By the Strichartz estimate and Holder’s inequality,

1/2 5—
Il 220700ty < CEV2 4 Cllu® ™l 1y 120700y )

1/2 4—e

Following similar arguments as in the proof of Theorem 3.3, we only need to show that
lleell L3-2¢ (7, 00y i3y < 00 for some T" < o0.

Let €0(8) :=85/(1 4+ 26) (so that H'~? is the scale invariant norm for (55) with € = €((8)). We restrict to
the case 0 < € < €y(5).

In this case, (55) is H =8 _supercritical nonlinear wave equation. We denote
3¢ 8—3€ 1 _ 1425 [3(1-28) 1 _ 1425 1-25

=— 2 k= , = + y o= - :
166—38e—3e ° d—ye—€ a8 " 8(+y) B 8  8(I+y)

Note that

Ve

(1) as € = €p(8), Ye > 4 — € and k. — 00;
(i1) (o, Be) is an admissible pair satisfying (20) foro =1 —6.

Remark 3.9. Let u be the spherically symmetric solution to the energy-subcritical nonlinear wave
equation (55) with energy E. We observe that Lemma 2.5 holds for u. Hence, for any interval I = [a, b]
where 0 <a < b < 00, (24) implies

/ / lu(t, x)|¥* dx dt < C,E*?, (56)
1JR3
where we can choose the constant C; to be independent of €. Moreover, by the Strichartz estimate,

lulls,_sy < CZ(a)+ Cllu’ ¢ (57)

”L?/(z—a)Lﬁ/“”’(le)'

Definition 3.10. Given 0 < § < % let 0 < € < €0(68), u be the solution to (55) with energy E and lower
regularity norm Z(0) > 0. We say that the triple (£, Z(0), €) satisfies the relation (R) if

1 e 1
2= ez
CiIE7" = 2020) e Z0)re) 1—(2C)reke

Lemma 3.11. Given 0 < 6§ < % and 0 < € < €y(9), let
(uo, u1) € (HN(R?) N HI 7P (R*) x (L2(R*) N H*(R?))

be spherically symmetric functions such that the triple (E, Z(0), €) satisfies (R) and u is the solution to

(55). Thenu € LY (R, x RY).
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Proof. Since (E, Z(0), ¢) satisfies (R), by (56) and an argument similar to that in proof of Lemma 3.6,
we can choose finitely many numbers 0 =Ty < T} < --- < Ty < Ty41 = 0o such that

W ) =SB G DT Y
for0<i <N -—1and
”M”Z;y;‘;f([TN,TNHVW) = 2(2C)1+ye((;C)NZ(O))Ve'
We claim that
Z(T;) < (2C)' Z(0) (59)
and
leells, 7,701 < RO Z(0) (60)
forO0<i <N.

Observe that (59) is clearly true for i =0 and Z(T;) < |lu|ls,_sqr,_,,1;)) for 1 <i < N. Hence it suffices
to show that (60) holds and then (59) is automatically true.

A similar proof to that of Lemma 3.5 applies here. Assume (60) is true for i < j — 1. We aim to prove
(60) for i = j. (Note that (59) follows from our assumption when i = j.) Let ¢ (£) = ||u|| 815 ([T}, T;+1])- Then
¢ is a continuous and nondecreasing function on [0, Tj | — T;] and ¢ (0) = 0. Assume for contradiction
that there exists 7 € [0, T — 7] such that ¢ (tp) = (2C)/ 1 Z(0). By Holder’s inequality, (57), (58),
and (59), we have

(2C)j+lz(0) - ¢(t0) =< CZ(TJ) + C‘”I’ts_6 ”L?/(2—8)L§/(1+6)([Tj,Tj+to]XR3)

I+ve 4—y.—€
<CZ(T; Cllu u
< CZ@D+Clallip oo WIS e

. I+ve 4—ye—€
=< CZ(TJ) + C”M”S]—s([Tj,T_/-HO]) ”u”L?V;55/4([Tj,Tj+t0]><R3)

j 1 I+ye
=CeCYZO+ 4[(2C)IT1Z(0)]7 ”“”Sl—a([T/’sTﬁto])

1 j+1 1
<520z + QO Z0)]"

x [2C)/ Tz (0] e

=3(2C)*1Z(0).

The contradiction implies that (60) holds for i = j. By an inductive argument on i, the claim is proved.
To finish proving this lemma, we have

N+1 N+1
lull 37020 sy < D el < D O Z(0) < 09 O
i=0 i=0

Corollary 3.12. Let é, €, ug, u and u satisfy the assumptions of Lemma 3.11. Then u scatters in Hx1 X Li.

Proof. By the above discussion, it suffices to show

el 182 (17 00y ) < ©©
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for some T < oo, since 0 < € < €p(d) is equivalent to 8/(1 +25) < 8 — 2¢. The proof of L?;ZG spacetime
bound is straightforward by (56), Lemma 3.11, and interpolation theory. U

4. Log-supercritical wave equation

For spherically symmetric log-supercritical nonlinear wave equation (1), (6) with finite energy E, we
observe that the potential energy bound provides slightly better pointwise control, (26), of the solution
than the one from the kinetic energy bound?; see [Ginibre et al. 1992; Tao 2007]. In this section, we
consider a slightly more supercritical wave equation than the equation in [Tao 2007] and prove the same
global regularity result by using (26).

Theorem 4.1. Define

HX(R3) := H(RY) N H2(R?).
Let0 <o < % and (ug, uy) be smooth, compactly supported, and spherically symmetric initial data with
energy E. Then there exists a global smooth solution to

Ou = |ul*ulog? 2+ u®), u,x)=u(x), du,x)=ux). 61)

Furthermore, we have the universal bound of ﬁxz X Hx1 norm, which depends on both the energy E
and sz x H} norm of the initial data, of the solution u; this implies that the solution u scatters in
H2(R®) x HI(R?).*

Remark 4.2. This theorem was proved in [Tao 2007] for &« = 1, and it is easy to get the same result for
o < 1 from that argument. We take advantage of (26) to extend the range of @ up to ‘3—‘. In the remainder
of this section, we will essentially follow Tao’s argument to prove Theorem 4.1 using (26) and sketch the
proof of H 2 x H! scattering. We will skip the argument providing an explicit H 2 x H! universal bound
here; see [Tao 2007] for details.

We will use a well-known global continuation result (for a proof see [Sogge 1995], for example).

Theorem 4.3 (classical existence theory). Let u : [0, T] x R3 — C be a classical solution® to (61)
satisfying

lll o oo 0, 713 R3) < O©.
Then there is 8 > 0 such that one can extend the solution u to [0, T + 8] x R.

Proof of Theorem 4.1. By time reversal symmetry, it suffices to consider the global existence and scattering
theory of u on R} x R.

3The kinetic energy bound can only provide f] /R3 |u|8 log® (2 + |u |2) dxdt < E3/2.

4The definition of I-NI)% X HX1 scattering for the solution u is similar to Definition 2.1, but the HX1 X L)%-norm is replaced by the
H 3 x H )3 -norm.

SWe call u a classical solution to (1) if u solves (1) and is smooth and compactly supported for each time.
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By the Sobolev embedding theorem, for a classical solution u to (61) on [0, T'] X R3, we have

2
lull oo roe o, Tixme) S Z IViull oo r2 o, 71xR3)- (62)
Jj=1
Hence, applying classical existence theory (Theorem 4.3), in order to show global existence, it suffices to
prove that for any fixed 0 < 7" < oo, we have

NS}

D IViullze 2 o.ryxms) < 00,
j=1

provided that u is the classical solution to (61) on [0, T'] x R.
Let I =[a, b] € [0, T] be any interval. We define

M,:=f u(t, )1*1og™/* 2 + |u(z, x)I?) dx dt,
I1JR3

1
N[ L= Z I|VJ€M||L?L§O(1XR3) + ||V[,XV;M|IL?OL§(1XR3)’
j=0

Dp:=|Vixu@a|

HI®3) "
In addition, we set D = ||Vt,xu(0)||H1(R3)-
From the Strichartz inequality, Holder’s inequality, and (62), we have

1
Ni < ClIV: @l gy sy +C Y IV ul*ulog® @+ 1wy 2.1y

1 j=0
<CD+C Y Hul*IViullog@+1ul)l L 12 oy
j:() 1
< CD+Clllul*1og™"* @+ ) | 2121 xre) (Z IVt 22207 )l log3“/8(2+|u|2>||L;>«>L;o<,XRs>>

Jj=0

1
i 3a/8
< CD;+Cllulog™/* 2+ |u|2>||‘;§L§(,XR3)(§ IV ull 200 1 x| log(2+ |u|2>||L°;£L$O(,XR3)>
j=0 '

= CDI +CM[1/2NI 10g3a/8(2+ I|u||if’°L)2((I><R3))
<CD;+CM,;”*N;log"2(2+ N?).

From the result in [Tao 2007, Corollary 3.2], for any €y > 0,

k
Z €0 - — 00 ask— oo.
5 log(2+ (2C)' D)

Hence, for any fixed €p, the finiteness of My 7 from (26) implies that we can choose finitely many
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numbers 0 =Ty < T} <--- < Tx < Tx+1 =T, with K depending on D, E, and €y, such that

€0
log(2+(2C)' D)

Tir1
M‘”:/ /lu(r,x>|8log5“/“<2+|u(r,x>|2>dxdr=
T; R3

for0 <i <K —1and Mg < ¢y/log(2+ (2C)X D).

Choosing €y = 1/(100C)?, by iteration and continuity arguments, we claim that Ni7; 7,,,; < 2C)"*1D
for 0 < i < K.® Indeed, assume that this claim is false for some i = j. Then there exists ) € (T;, Tj41)
such that N7, ;) = (2C)/*' D. We have

Q2C) D < CQCY D+ CM; P Niz, 1) 10g" 22+ N, )

log!/?(2+(2C)/*' D)
1001og'/?(2+(2C)J D)

<leoy+*'p+ x (2C)'*'D

<3@c)/*'p.
Thus the claim is proved by contradiction. This implies

2

K K
Z IViull Lo r2q0.71xR3) < Njo,7) < Z Niz, 1401 < Z(ZC)’HD < 00.
il i=0 i=0

The universal bound only depends on D and E’, indicating the global existence.
Now we sketch the proof of H? x H! scattering. From a similar argument as the one discussed in
Remark 2.2, in order to prove sz([RR3) X H)} (R3) scattering, it suffices to show that

Hee[*uTog® @ + ul) 1) g1, ey < 00 (63)

By the above discussion, the universal bound is independent of 7'. Hence we have Ng, < oco. By Holder’s
inequality,
Hul*u10g” Q + [ul) | 1 g1 @, i) S My Ne, log"?(2+ N ) < oo. O

Appendix: Proof of (30)

Since (ug, u1) lies in X x Y1, defined in (9), we have

lluoll, z/ |Vuol* log? (1 + |x|) dx > (log® s) |Vuo|? dx.
R3 |x|>s
Hence | ”2
uo
/ Vugl? dx < — L. (64)
Ix|>s log” s
Similarly,
[y |13
f ui?dx < — . (65)
x| > log™ s

6See the similar arguments in Lemma 3.5 and Corollary 3.8 or Proposition 3.1 in [Tao 2007].
"In fact, from corollary 3.2 in [Tao 2007], we have Ngr, <@+ D)(2+D)O(E).
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Now, consider

/ F(upg(x))dx = f F(up(x))dx + / F(up(x)) dx
[x]>s {lx]>s}N{luol<1/3 {lx[>s}N{lug|>1/3}
5/ |u0|6(—1og|u0|)dx+/ luo|®dx =: I + 11.
{lx[>s}N{luol<1/3} {lx[>s}N{|ug|>1/3}
Let
1= / o[ (~log Juol) dx + / ol (—log [uol) dx
{Ix|>s}N{luo(x)|<1/|x|?/3} {Ix]>sIN{1/]x|>3 <|ug(x)|<1/3}

=1L+ DI.
When s is sufficiently large,

I 5/ juol"2(sup_Juo|"2(~log uoD)) dx
{lx[>s3N{luol <1/1x[>73} -2/

luol<s

5/ |x|—11/3 dx < §72/3 < ; (66)

|x|>s logzy N

Now we aim to prove that I, + I1 < oo for s sufficiently large. For o € R, define
og”'s
a) =
Q@) /R3 2+ |x|
We claim that

Q) = Clluollx,, E, ) for a <y, (67)

where E is the energy. Indeed, if @ < 0, by Holder’s inequality and Hardy’s inequality,

o= [ [WRECEIDR,, |
[x]<3 |x|>3

2+ |x|
5 uo |2 5 1/3
S wilac [0 ey, + ([ Fana) scEa. o
Il <3 el 1] * R

Again, if 0 <@ <y,

1 2 1 2
0(@) = / ‘Mo og”( +IXI)’ dx,iaf o2 dx +/ ‘Mo og”(2+|x[) |2
2+ |x| x| <3 x|

1/3
S </ |M0|6dx> +/ |V (1o log* (2 + |x]))|* dx
lx]<3 R3

1/3 loe®1 (2 5
Za (/ F(u)dx) +/ |Vuolog"‘(2+|x|)|2dx+/ ‘”0 g ( +|x|)‘ dx
R3 R3 R3 2+ |x|

uolog® (2 + |x|) |2
24 |x|

5E1/3+f |Vu0|2dx+/ |Vuglog? (14 x> dx + Q(a — 1)
[x]<3

[x|>3
SEYV 4 E+ luolx, + Q@ —1).

By an inductive argument and (68), the claim is proved.
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Fix s > 1. Let x be the smooth radial function which equals 1 on {|x| > s}, 0on {|x| <s5/2},0< x <1
and |V x| < 1/s. Then we have |V x| < 1/|x]|. By the Sobolev embedding theorem and Hardy’s inequality,

10g6ys/ luo|® dx
[x]|>s
3
2
sf |Mo|610g6y(IXI)dxS/3(X|uo|10gy(2+IXI))6dx5(/3|V(Xu010gy(2+IXI))| dx)
[x|>s R R’

2 3
dx)

xuolog” ' (2 + |x])
24 |x|

<, (f |quology(2+|x|)|2dx+/ |Xwology(2+|x|)|2dx+/
R3 R3 R3

= (1 + L+ 5)>.

We can compute that

hs, fg |Vuology(1+|x|)|2dx—|—/ |Vuol* dx < lluollk, + E,
R [x]<3

J3 S Cllluolix,, E, ), by (67).

2
dx S/
|x|>s/2

Since Vx < 1/|x],

Ji 5/
[x|>s/2

S Clluollx,, E, y).

uglog” (2 + |x|) 2

x|

uo log” (2 + |x|)
2+ x|

Hence log67’ s f|x|>s lug|® dx < C(lluollx,, E, y) for sufficiently large s. Then we deduce
e[ woldrs s (69)
Ix|>s log™ s ~ log™ s
Similarly,

log® s / |uo|®(—log |uol) dx <1og® s f |uo|® log(|x|) dx
{|x]>s}N{1/]x|>3 <|ug|<1/3} |x|>s

§/ luo|®1og® (1x]) dx < C(lluollx,, E, ¥).
|x|>s

Therefore,

1 1
LS < .
2 log® s ™ log? s

(70)
Combining (64), (65), (66), (69), and (70), we obtain (30).
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