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LOCALISATION AND COMPACTNESS PROPERTIES
OF THE NAVIER-STOKES GLOBAL REGULARITY PROBLEM

TERENCE TAO

In this paper we establish a number of implications between various qualitative and quantitative versions
of the global regularity problem for the Navier—Stokes equations in the periodic, smooth finite energy,
smooth H!, Schwartz, and mild H' categories, and with or without a forcing term. In particular, we
show that if one has global well-posedness in H' for the periodic Navier—Stokes problem with a forcing
term, then one can obtain global regularity both for periodic and for Schwartz initial data (thus yielding
a positive answer to both official formulations of the problem for the Clay Millennium Prize), and can
also obtain global almost smooth solutions from smooth H' data or smooth finite energy data, although
we show in this category that fully smooth solutions are not always possible. Our main new tools are
localised energy and enstrophy estimates to the Navier—Stokes equation that are applicable for large data
or long times, and which may be of independent interest.

1. Introduction

The purpose of this paper is to establish some implications between various formulations of the global
regularity problem (either with or without a forcing term) for the Navier—Stokes system of equations,
including the four formulations appearing in the Clay Millennium Prize formulation [Fefferman 2006] of
the problem, and in particular to isolate a single formulation that implies these four formulations, as well
as several other natural versions of the problem. In the course of doing so, we also establish some new
local energy and local enstrophy estimates which seem to be of independent interest.

To describe these various formulations, we must first define properly the concept of a solution to
the Navier—Stokes problem. We will need to study a number of different types of solutions, including
periodic solutions, finite energy solutions, H I solutions, and smooth solutions; we will also consider a
forcing term f in addition to the initial data ug. We begin in the classical regime of smooth solutions.
Note that even within the category of smooth solutions, there is some choice in what decay hypotheses to
place on the initial data and solution; for instance, one can require that the initial velocity uy be Schwartz
class, or merely smooth with finite energy. Intermediate between these two will be data which is smooth
and in H'.

More precisely, we define:
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Definition 1.1 (Smooth solutions to the Navier—Stokes system). A smooth set of data for the Navier—
Stokes system up to time 7 is a triplet (ug, f, T), where 0 < T < 00 is a time, the initial velocity vector
field up : R* — R3 and the forcing term f : [0, T] x R3 — R3 are assumed to be smooth on R? and
[0, T x R3 respectively (thus, ug is infinitely differentiable in space, and f is infinitely differentiable in
space-time), and u is furthermore required to be divergence-free:

V.ug=0. (1)

If f =0, we say that the data is homogeneous.
The total energy E (ug, f, T) of a smooth set of data (ug, f, T) is defined by the quantity1
2
E(uo, f, T) =5 (lluoll 2wy + 1t 20,7189 )
and (ug, f, T) is said to have finite energy if E (ug, f, T) < oco. We define the H' norm %' (uo, f, T) of
the data to be the quantity

1 :
I (uo, £, 1) = lluoll g sy + 1 fll Lo i mey < 00,

and say that (ug, f, T) is Hif 9¢! (uo, f, T) < oo; note that the H! regularity is essentially one derivative
higher than the energy regularity, which is at the level of L2, and instead matches the regularity of the
initial enstrophy

1 2
5/ lwo(z, x)|” dx,
R3

where wg := V X ug is the initial vorticity. We say that a smooth set of data (ug, f, T') is Schwartz if, for
all integers «, m, k > 0, one has

sup (1 + |x)*|V¥ug(x)| < 00

xeR3
and

sup (14 |x|)k|V)‘2‘8t’”f(x)| < 00.

(t,x)e[0,T1xR3
Thus, for instance, the Schwartz property implies H', which in turn implies finite energy. We also say that
(uo, f, T) is periodic with some period L > 0 if one has ug(x + Lk) = uo(x) and f (¢, x + Lk) = f(¢, x)
forall t € [0, T], x € R3, and k € Z3. Of course, periodicity is incompatible with the Schwartz, H I and
finite energy properties, unless the data is zero. To emphasise the periodicity, we will sometimes write a
periodic set of data (ug, f, T) as (ug, f, T, L).
A smooth solution to the Navier—Stokes system, or a smooth solution, is a quintuplet (u, p, ug, f, T),

where (ug, f, T) is a smooth set of data, and the velocity vector field u : [0, T] x R3 — R3 and pressure
field p : [0, T'] x R3 — R are smooth functions on [0, T'] x R that obey the Navier—Stokes equation

u+u-VYu=Au—Vp+f 3)

and the incompressibility property
Vou=0 4)

'We will review our notation for space-time norms such as L;” Lg, together with sundry other notation, in Section 2.
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on all of [0, T] x 3, and also the initial condition
u(0, x) = up(x) &)

for all x € R?. We say that a smooth solution (u, p, ug, f, T) has finite energy if the associated data
(uo, f, T) has finite energy, and in addition one has?

lull oo r2 0, 71xR3) < 0. (6)

Similarly, we say that (u, p, ug, f, T) is H' if the associated data (ug, f,T)is H', and in addition one
has

||Lt||L;>on| ([0, T]xR3) T ”u”L,ZHf([O,T]xR3) < 00. (7)

We say instead that a smooth solution (u, p, ug, f, T) is periodic with period L > 0 if the associated data
(uo, f, T)=(uo, f, T, L) is periodic with period L, and if u(t, x + Lk) = u(t, x) forall t € [0, T], x € R?,
and k € Z°. (Following [Fefferman 2006], however, we will not initially directly require any periodicity
properties on the pressure.) As before, we will sometimes write a periodic solution (u, p, ug, f, T) as
(u, p, uo, f, T, L) to emphasise the periodicity.

We will sometimes abuse notation and refer to a solution (u, p, ug, f, T') simply as (u#, p) or even u.
Similarly, we will sometimes abbreviate a set of data (ug, f, T) as (ug, f) or even ug (in the homogeneous
case f =0).

Remark 1.2. In [Fefferman 2006], one considered® smooth finite energy solutions associated to Schwartz
data, as well as periodic smooth solutions associated to periodic smooth data. In the latter case, one can of
course normalise the period L to equal 1 by a simple scaling argument. In this paper we will be focussed
on the case when the data (ug, f, T) is large, although we will not study the asymptotic regime when
T — oo.

We recall the two standard global regularity conjectures for the Navier—Stokes equation, using the
formulation in [Fefferman 2006]:

Conjecture 1.3 (Global regularity for homogeneous Schwartz data). Let (ug, 0, T') be a homogeneous
Schwartz set of data. Then there exists a smooth finite energy solution (u, p, ug, 0, T') with the indicated
data.

Conjecture 1.4 (Global regularity for homogeneous periodic data). Let (ug, 0, 7) be a smooth homoge-
neous periodic set of data. Then there exists a smooth periodic solution (u, p, ug, 0, T') with the indicated
data.

2Following [Fefferman 2006], we omit the finite energy dissipation condition Vu € L%L% ([0, T x R3) that often appears
in the literature, particularly when discussing Leray—Hopf weak solutions. However, it turns out that this condition is actually
automatic from (6) and smoothness; see Lemma 8.1. Similarly, from Corollary 11.1 we shall see that the L?H f condition in (7)
is in fact redundant.

3The viscosity parameter v was not normalised in [Fefferman 2006] to equal 1, as we are doing here, but one can easily
reduce to the v =1 case by a simple rescaling.
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In view of these conjectures, one can naturally try to extend them to the inhomogeneous case as
follows:

Conjecture 1.5 (Global regularity for Schwartz data). Let (ug, f, T) be a Schwartz set of data. Then
there exists a smooth finite energy solution (u, p, ug, f, T') with the indicated data.

Conjecture 1.6 (Global regularity for periodic data). Let (uo, f, T) be a smooth periodic set of data.
Then there exists a smooth periodic solution (u, p, ug, f, T) with the indicated data.

As described in [Fefferman 2006], a positive answer to either Conjecture 1.3 or Conjecture 1.4, or a
negative answer to Conjecture 1.5 or Conjecture 1.6, would qualify for the Clay Millennium Prize.

However, Conjecture 1.6 is not quite the “right” extension of Conjecture 1.4 to the inhomogeneous
setting, and needs to be corrected slightly. This is because there is a technical quirk in the inhomogeneous
periodic problem as formulated in Conjecture 1.6, due to the fact that the pressure p is not required to be
periodic. This opens up a Galilean invariance in the problem which allows one to homogenise away the
role of the forcing term. More precisely, we have:

Proposition 1.7 (Elimination of forcing term). Conjecture 1.6 is equivalent to Conjecture 1.4.

We establish this fact in Section 6. We remark that this is the only implication we know of that can
deduce a global regularity result for the inhomogeneous Navier—Stokes problem from a global regularity
result for the homogeneous Navier—Stokes problem.

Proposition 1.7 exploits the technical loophole of nonperiodic pressure. The same loophole can also be
used to easily demonstrate failure of uniqueness for the periodic Navier—Stokes problem (although this
can also be done by the much simpler expedient of noting that one can adjust the pressure by an arbitrary
constant without affecting (3)). This suggests that in the nonhomogeneous case f # 0, one needs an
additional normalisation to “fix” the periodic Navier—Stokes problem to avoid such loopholes. This can be
done in a standard way, as follows. If one takes the divergence of (3) and uses the incompressibility (4),
one sees that

Ap = —8:0;(uiu;) + V- f, (8)

where we use the usual summation conventions. If (u, p, ug, f, T) is a smooth periodic solution, then the
right-hand side of (8) is smooth and periodic and has mean zero. From Fourier analysis, we see that given
any smooth periodic mean-zero function F, there is a unique smooth periodic mean-zero function A~!F
with Laplacian equal to . We then say that the periodic smooth solution (u, p, ug, f, T) has normalised
pressure if one has*

p=—A198;(uiuj) +A'V- f. 9)

We remark that this normalised pressure condition can also be imposed for smooth finite energy solutions
(because 9;0; (u;u ;) is a second derivative of an L }C([R@) function, and V - f is the first derivative of an
L)%([R{3) function), but it will turn out that normalised pressure is essentially automatic in that setting
anyway; see Lemma 4.1.

4Up to the harmless freedom to add a constant to p, this normalisation is equivalent to requiring that the pressure be periodic
with the same period as the solution u.
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It is well known that once one imposes the normalised pressure condition, the periodic Navier—Stokes
problem becomes locally well-posed in the smooth category (in particular, smooth solutions are now
unique, and exist for sufficiently short times from any given smooth data); see Theorem 5.1. Related
to this, the Galilean invariance trick that allows one to artificially homogenise the forcing term f is no
longer available. We can then pose a “repaired” version of Conjecture 1.6:

Conjecture 1.8 (Global regularity for periodic data with normalised pressure). Let (ug, f, T) be a smooth
periodic set of data. Then there exists a smooth periodic solution (u, p, ug, f, T) with the indicated data
and with normalised pressure.

It is easy to see that the homogeneous case f = 0 of Conjecture 1.8 is equivalent to Conjecture 1.4;
see, for example, Lemma 4.1 below.

We now leave the category of classical (smooth) solutions for now, and turn instead to the category of
periodic H' mild solutions (u, p, ug, f, T, L). By definition, these are functions

u, [0, TIxR/LZ> > R}, p:[0,TIxR/LZ? > R, uo:R*/LZ> > R?,
with 0 < T, L < oo, obeying the regularity hypotheses
up € H (R*/LZ),
feL®HN0, T]x (R®/LZ%)),
ue L°H'NL?H%([0, T] x (R®/LZ%)),

with p being given by (9), which obey the divergence-free conditions (4), (1) and obey the integral form

u(r) = euy +/ TN (—(u-Vyu—Vp+ f)(e)dr’ (10)
0

of the Navier—Stokes equation (3) with initial condition (5); using the Leray projection P onto divergence-
free vector fields, we may also express (19) equivalently as

u(t) = emu(ﬁ—/ e""ONPBu, u)+ Pf) () dt, (11)
0

where B(u, v) is the symmetric bilinear form
B(u,v); .= —%aj(u,-vj—l—ujvi). (12)
Similarly, we define periodic H ! data to be a quadruplet (ug, f, T, L) whose H I horm
9 (uo, f. T, L) := lwoll a1 (s /z3y) + I1Lf e mi (w3 /Lz2y)

is finite, with ug divergence-free.

Note from Duhamel’s formula (20) that every smooth periodic solution with normalised pressure is
automatically a periodic H'! mild solution.

As we will recall in Theorem 5.1 below, the Navier—Stokes equation is locally well-posed in the
periodic H! category. We can then formulate a global well-posedness conjecture in this category:
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Conjecture 1.9 (Global well-posedness in periodic H Y. Let (ug, f,T,L) be a periodic H I set of data.
Then there exists a periodic H ! mild solution (u, p, ug, f, T, L) with the indicated data.

We may also phrase a quantitative variant of this conjecture:

Conjecture 1.10 (A priori periodic H' bound). There exists a function F : RT x RT x R — R* with
the property that whenever (u, p, ug, f, T, L) is a smooth periodic normalised-pressure solution with
0<T < Tp<ooand

%' (uo, £.T,L) < A < 00,
we have

lull oo 1 0. 71xR3 /223 < F (A, L, To).

Remark 1.11. By rescaling, one may set L = 1 in this conjecture without any loss of generality; by
partitioning the time interval [0, Tp] into smaller subintervals, we may also simultaneously set 7p = 1 if
desired. Thus, the key point is that the size of the data A is allowed to be large (for small A the conjecture
follows from the local well-posedness theory; see Theorem 5.1).

As we shall soon see, Conjecture 1.9 and Conjecture 1.10 are actually equivalent.

We now turn to the nonperiodic setting. In Conjecture 1.5, the hypothesis that the initial data be
Schwartz may seem unnecessarily restrictive, given that the incompressible nature of the fluid implies
that the Schwartz property need not be preserved over time; also, there are many interesting examples of
initial data that are smooth and finite energy (or H') but not Schwartz. In particular, one can consider
generalising Conjecture 1.5 to data that is merely smooth and H', or even smooth and finite energy, rather
than Schwartz® of Conjecture 1.5. Unfortunately, the naive generalisation of Conjecture 1.5 (or even
Conjecture 1.3) fails instantaneously in this case:

Theorem 1.12 (No smooth solutions from smooth H! data). There exists smooth uy € Hx1 (R3) such that
there does not exist any smooth finite energy solution (u, p, ug, 0, T') with the indicated data for any
T > 0.

We prove this proposition in Section 15. At first glance, this proposition looks close to being a negative
answer to either Conjecture 1.5 or Conjecture 1.3, but it relies on a technicality; for smooth H' data,
the second derivatives of ug need not be square-integrable, and this can cause enough oscillation in the
pressure to prevent the pressure from being C,2 (or the velocity field from being C,3) at the initial time®
t = 0. This theorem should be compared with the classical local existence theorem of Heywood [1980],
which obtains smooth solutions for small positive times from smooth data with finite enstrophy, but
merely obtains continuity at the initial time ¢ = 0.

The situation is even worse in the inhomogeneous setting; the argument in Theorem 1.12 can be used
to construct inhomogeneous smooth H' data whose solutions will now be nonsmooth in time at all times,

SWe are indebted to Andrea Bertozzi for suggesting these formulations of the Navier—Stokes global regularity problem.

5For most evolutionary PDEs, one can gain unlimited time differentiability at + = 0 assuming smooth initial data by
differentiating the PDE in time (see the proof of the Cauchy—Kowalesky theorem). However, the problem here is that the pressure
p in the Navier—Stokes equation does not obey an evolutionary PDE, but is instead determined in a nonlocal fashion from the
initial data u (see (9)), which prevents one from obtaining much time regularity of the pressure initially.
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not just at the initial time ¢ = 0. Because of this, we will not attempt to formulate a global regularity
problem in the inhomogeneous smooth H! or inhomogeneous smooth finite energy categories.

In the homogeneous setting, though, we can get around this technical obstruction by introducing the
notion of an almost smooth finite energy solution (u, p, ug, f, T), which is the same concept as a smooth
finite energy solution, but instead of requiring u, p to be smooth on [0, T] x R, we instead require
that u, p are smooth on (0, 7] x R3, and for each k > 0, the functions Vi‘u, 8tVfu, V)’C‘ p exist and are
continuous on [0, 7] x R3. Thus, the only thing that almost smooth solutions lack when compared to
smooth solutions is a limited amount of time differentiability at the starting time ¢t = O; informally, u
is only C,1 CX att =0, and p is only C?Cfo at t = 0. This is still enough regularity to interpret the
Navier—Stokes equation (3) in the classical sense, but is not a completely smooth solution.

The “corrected” conjectures for global regularity in the homogeneous smooth H'! and smooth finite
energy categories are then:

Conjecture 1.13 (Global almost regularity for homogeneous H . Let (uo, 0, T) be a smooth homoge-
neous H'! set of data. Then there exists an almost smooth finite energy solution (u, p, ug, 0, T) with the
indicated data.

Conjecture 1.14 (Global almost regularity for homogeneous finite energy data). Let (1o, 0, T) be a
smooth homogeneous finite energy set of data. Then there exists an almost smooth finite energy solution
(u, p, ug, 0, T) with the indicated data.

We carefully note that these conjectures only concern existence of smooth solutions, and not uniqueness;
we will comment on some of the uniqueness issues later in this paper.

Another way to repair the global regularity conjectures in these settings is to abandon smoothness
altogether, and work instead with the notion of mild solutions. More precisely, define a H' mild solution
(u, p,ug, f, T)tobefieldsu, f:[0, TIxR> = R3, p:[0, TIxR> = R, ug: R* - R? with 0 < T < oo,
obeying the regularity hypotheses

up € H'(R%),
feL®HN0, T] xR,
ue L°H NLZHZ([0, T]1 x R?),
with p being given by (9), which obey (4), (1), and (10) (and thus (11)). Similarly, define the concept of

H' data (ug, £, T).
We then have the following conjectures in the homogeneous setting:

Conjecture 1.15 (Global well-posedness in homogeneous H . Let (19,0, T) be a homogeneous H I set
of data. Then there exists an H' mild solution (u, P, ug, 0, T) with the indicated data.

Conjecture 1.16 (A priori homogeneous H'! bound). There exists a function F : RT x R — R* with
the property that whenever (u, p, ug, 0, T) is a smooth H'! solution with 0 < T < Ty < oo and

luoll g wey < A < 00,
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we have
el oo 1 0. 71xR3) < F (A, To).

We also phrase a global-in-time variant:
Conjecture 1.17 (A priori global homogeneous H' bound). There exists a function F : Rt — R* with
the property that whenever (u, p, ug, 0, T') is a smooth H I solution with

lwoll w3y < A < 00,
then
lwll Lo g1 10, 71xR3) < F(A).
In the inhomogeneous setting, we will state two slightly technical conjectures:

Conjecture 1.18 (Global well-posedness from spatially smooth Schwartz data). Let (ug, f, T) be data

obeying the bounds
sup (14 [x)*|Viuo(x)] < o0
xeR3

and

sup (14 [xD¥|V¥f(x)] < 00
(t,x)€[0, TTxR3

for all k, @ > 0. Then there exists an H' mild solution (u, p, uo, f, T) with the indicated data.

Conjecture 1.19 (Global well-posedness from spatially smooth H' data). Let (ug, f, T) be an H' set of

data, such that

sup |VZug(x)| < oo
xek
and

sup VY f(x)| <o0
(t,x)el0,T]xK

for all & > 0 and all compact K. Then there exists an H ! mild solution (u, p, uo, f, T) with the indicated
data.

Needless to say, we do not establish’ any of these conjectures unconditionally in this paper. However,
as the main result of this paper, we are able to establish the following implications:

Theorem 1.20 (Implications). (i) Conjectures 1.9 and 1.10 are equivalent.

(i) Conjecture 1.9 implies Conjecture 1.8 (and hence also Conjectures 1.6 and 1.4).
(iii) Conjecture 1.9 implies Conjecture 1.19, which is equivalent to Conjecture 1.18.
(iv) Conjecture 1.19 implies Conjectures 1.13 and 1.5 (and hence also Conjecture 1.3).
(v) Conjecture 1.13 is equivalent to Conjecture 1.14.

(vi) Conjectures 1.13, 1.15, 1.16, and 1.17 are all equivalent.

TIndeed, the arguments here do not begin to address the main issue in any of these conjectures, namely the analysis of
fine-scale (and turbulent) behaviour. The results in this paper do not prevent singularities from occurring in the Navier—Stokes
flow; but they can largely localise the impact of such singularities to a bounded region of space.
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Figure 1. Known implications between the various conjectures described here (existence
of smooth or mild solutions, or local or global quantitative bounds in the periodic,
Schwartz, H!, or finite energy categories, with or without normalised pressure, and
with or without the f = 0 condition) and also in [Tao 2007] (the latter conjectures and
implications occupy the far left column). A positive solution to the red problems, or a
negative solution to the blue problems, qualify for the Clay Millennium prize, as stated
in [Fefferman 2006].

The logical relationship between these conjectures, given by the implications above (as well as some
trivial implications, and the equivalences in [Tao 2007]), is displayed in Figure 1.

Among other things, these results essentially show that in order to solve the Navier—Stokes global
regularity problem, it suffices to study the periodic setting (but with the caveat that one now has to
consider forcing terms with the regularity of L H).

Theorem 1.20(i) is a variant of the compactness arguments used in [Tao 2007] (see also [Gallagher 2001;
Rusin and Sverdk 201 1]), and is proven in Section 7. Part (ii) of this theorem is a standard consequence
of the periodic H'! local well-posedness theory, which we review in Section 5. In the homogeneous f =0
case it is possible to reverse this implication by the compactness arguments mentioned previously; see
[Tao 2007]. However, we were unable to obtain this converse implication in the inhomogeneous case.
Part (iv) is similarly a consequence of the nonperiodic H' local well-posedness theory, and is also proven
in Section 5.
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Part (vi) is also a variant of the results in [Tao 2007], with the main new ingredient being a use of
concentration compactness instead of compactness in order to deal with the unboundedness of the spatial
domain R3, using the methods from [Bahouri and Gérard 1999; Gérard 1998; Gallagher 2001]. We
establish these results in Section 14.

The more novel aspects of this theorem are parts (iii) and (v), which we establish in Sections 12 and 13
respectively. These results rely primarily on a new localised enstrophy inequality (Theorem 10.1) which
can be viewed as a weak version of finite speed of propagation® for the enstrophy % fR3 lo(t, x)|? dx,
where @ := V x u is the vorticity. We will also obtain a similar localised energy inequality for the energy
% fR3 lu(t, x)|? dx, but it will be the enstrophy inequality that is of primary importance to us, as the
enstrophy is a subcritical quantity and can be used to obtain regularity (and local control on enstrophy can
similarly be used to obtain local regularity). Remarkably, one is able to obtain local enstrophy inequalities
even though the only a priori controlled quantity, namely the energy, is supercritical; the main difficulty
is a harmonic analysis one, namely to control nonlinear effects primarily in terms of the local enstrophy
and only secondarily in terms of the energy.

Remark 1.21. As one can see from Figure 1, the precise relationship between all the conjectures discussed
here is rather complicated. However, if one is willing to ignore the distinction between homogeneous
and inhomogeneous data, as well as the (rather technical) distinction between smooth and almost smooth
solutions, then the main implications can then be informally summarised as follows:

» (Homogenisation) Without pressure normalisation, the inhomogeneity in the periodic global regularity
conjecture is irrelevant: the inhomogeneous regularity conjecture is equivalent to the homogeneous
one.

o (Localisation) The global regularity problem in the Schwartz, H', and finite energy categories are
“essentially” equivalent to each other.

o (More localisation) The global regularity problem in any of the above three categories is “essentially”
a consequence of the global regularity problem in the periodic category.

 (Concentration compactness) Quantitative and qualitative versions of the global regularity problem
(in a variety of categories) are “essentially” equivalent to each other.

The qualifier “essentially” here though needs to be taken with a grain of salt; again, one should consult
Figure 1 for an accurate depiction of the implications.

The local enstrophy inequality has a number of other consequences, for instance allowing one to
construct Leray—Hopf weak solutions whose (spatial) singularities are compactly supported in space; see
Proposition 11.9.

Remark 1.22. Since the submission of this manuscript, the referee pointed out that the partial regularity
theory of Caffarelli, Kohn, and Nirenberg [1982] also allows one to partially reverse the implication in

8Actually, in our setting, “finite distance of propagation” would be more accurate; we obtain an Lzl bound for the propagation
velocity (see Proposition 9.1) rather than an L?° bound.
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Theorem 1.20(iii), and more specifically to deduce Conjecture 1.8 from Conjecture 1.19. We sketch the
referee’s argument in Remark 12.3.

2. Notation and basic estimates

Weuse X SY,Y 2 X,or X = O(Y) to denote the estimate X < CY for an absolute constant C. If we
need C to depend on a parameter, we shall indicate this by subscripts; thus for instance X <; Y denotes
the estimate X < C,Y for some C depending on s. We use X ~ Y as shorthand for X <Y < X.

We will occasionally use the Einstein summation conventions, using Roman indices i, j to range
over the three spatial dimensions 1, 2, 3, though we will not bother to raise and lower these indices; for
instance, the components of a vector field u will be u;. We use 9; to denote the derivative with respect to
the i-th spatial coordinate x;. Unless otherwise specified, the Laplacian A = 9;9; will denote the spatial
Laplacian. (In Lemma 12.1, though, we will briefly need to deal with the Laplace-Beltrami operator A ¢
on the sphere S2.) Similarly, V will refer to the spatial gradient V = V, unless otherwise stated. We use
the usual notations V f, V -u, V x u, for the gradient, divergence, or curl of a scalar field f or a vector
field u.

It will be convenient (particularly when dealing with nonlinear error terms) to use schematic notation,
in which an expression such as O(zvw) involving some vector- or tensor-valued quantities u, v, w denotes
some constant-coefficient combination of products of the components of u, v, w respectively, and similarly
for other expressions of this type. Thus, for instance, V x V x u could be written schematically as 0(V?u),
lu x v|?> could be written schematically as O(uuvv), and so forth.

For any centre xg € R3 and radius R > 0, we use B(xg, R) := {x € R3: |x —xo| < R} to denote the (closed)
Euclidean ball. Much of our analysis will be localised to a ball B(xg, R), an annulus B (xg, R)\ B(xq, 1),
or an exterior region R\ B(x(, R) (and often x( will be normalised to the origin 0).

We define the absolute value of a tensor in the usual Euclidean sense. Thus, for instance, if u = u; is a
vector field, then |u|> = u;u;, |Vu|* = (8;u;)(d;u;), |V?u|* = (3;9;ux)(9;9;ux), and so forth.

If E is a set, we use 1g to denote the associated indicator function; thus 1z(x) = 1 when x € E and
1£(x) = 0 otherwise. We sometimes also use a statement in place of E; thus for instance 1;.o would
equal 1 if £ # 0 and O when k = 0.

We use the usual Lebesgue spaces L?(£2) for various domains €2 (usually subsets of Euclidean space
R3 or a torus R?/LZ?) and various exponents 1 < p < oo, which will always be equipped with an obvious
Lebesgue measure. We often write L”(S2) as LY (Q) to emphasise the spatial nature of the domain .
Given an absolutely integrable function f € L!(R?), we define the Fourier transform f :R?® — C by the
formula

f&) = fR 3e‘2”’“f(x)dx;

we then extend this Fourier transform to tempered distributions in the usual manner. For a function f
which is periodic with period 1, and thus representable as a function on the torus R?/Z3, we define the
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discrete Fourier transform f : 73 — C by the formula
flo:=[ e fo)dx
L

when f is absolutely integrable on R®/Z3, and extend this to more general distributions on R3/Z> in the
usual fashion. Strictly speaking, these two notations are not compatible with each other, but it will always
be clear in context whether we are using the nonperiodic or the periodic Fourier transform.

For any spatial domain € (contained in either R* or R3/LZ?) and any natural number k > 0, we define
the classical Sobolev norms ||u|| HY(Q) of a smooth function u : Q — R by the formula

k 1/2
. 112
el gy = (Z ||VJu||L;(Q)) ,

j=0

and say that u € Hf (€2) when [[u| g (q) is finite. Note that we do not impose any vanishing conditions at
the boundary of €2, and to avoid technical issues we will not attempt to define these norms for nonsmooth
functions u in the event that Q has a nontrivial boundary. In the domain R? and for s € R, we define the
Sobolev norm ||u]| HI®) of a tempered distribution u : R — R by the formula

1/2
el o) = (fw(l + |é|2)3|ﬁ<s>|2ds) :

Strictly speaking, this conflicts slightly with the previous notation when & is a nonnegative integer, but
the two norms are equivalent up to constants (and both norms define a Hilbert space structure), so the

distinction will not be relevant for our purposes. For s > —%, we also define the homogeneous Sobolev

1/2
el s oy = (/R |s|23|ﬁ<s>|2ds) :

and let H;(R3), H)f (R?) be the space of tempered distributions with finite H;([R@) or H)f (R?) norm
respectively. Similarly, on the torus R?/Z> and s € R, we define the Sobolev norm |u|| H:®3 /7% of a
distribution u : R*/Z*> — R by the formula

norm

1/2
el 115 w3 y22) = (Z(l - |k|2>‘*|ﬁ<k>|2) ;

kez3

again, this conflicts slightly with the classical Sobolev norms H;‘ (R3/73), but this will not be a serious
issue in this paper. We define H?(R3/Z>) to be the space of all distributions u with finite HS(R3/Z3)
norm, and H; (R3/7%)q to be the codimension-one subspace of functions or distributions # which are
mean-zero in the sense that #(0) = 0.



LOCALISATION AND COMPACTNESS FOR NAVIER-STOKES 37

In a similar vein, given a spatial domain €2 and a natural number k > 0, we define C f(Q) to be the
space of all k times continuously differentiable functions u : 2 — R whose norm

k

lullcriy =D IV ullL@)
j=0

is finite’. Given any spatial norm ||| x, (@) associated to a function space X, defined on a spatial domain
€2, and a time interval /, we can define mixed-norms [|u|[,ry (;xq) on functions u : I x & — R by the

) 1/p
lullzrx, (rxe) = (/1 ey, (@) dt)

lullLox, (1xq) == esssup,¢; |u(®)llx, (>

formula

when 1 < p < oo, and

assuming in both cases that u(z) lies in X () for almost every Q, and then let L X, (I x Q) be the
space of functions (or, in some cases, distributions) whose Lf X, (I x ) is finite. Thus, for instance,
L Cf(] x €2) would be the space of functions u : I x 2 — R such that for almostevery x € I, u(t) : Q — R
is in C%(Q), and the norm

lullec2ixg) = esssup,er lu®lc2 e

is finite.
Similarly, for any natural number k > 0, we define C¥X (I x ) to be the space of all functions
u: I x Q — R such that the curve ¢ — u(t) from I to X, (€2) is k times continuously differentiable, and

such that the norm
k

Il ctx ey = D IV ulliex,axe)
Jj=0
is finite.
Given two normed function spaces X, Y on the same domain (in either space or space-time), we can
endow their intersection X NY with the norm

lullxny = llullx + llully.
For us, the most common example of such hybrid norms will be the spaces
X(IxQ):=L>H;(I x Q) ﬂLiHj“(I x ), (13)

defined whenever / is a time interval, s is a natural number, and 2 is a spatial domain, or whenever
I is a time interval, s is real, and € is either R? or R3/Z3. The X* spaces (particularly X') will play
a prominent role in the (subcritical) local well-posedness theory for the Navier—Stokes equations; see

9Note that if € is noncompact, then it is possible for a smooth function to fail to lie in ck () if it becomes unbounded or

excessively oscillatory at infinity. One could use a notation such as C)]; loc (§2) to describe the space of functions that are k times

continuously differentiable with no bounds on derivatives, but we will not need such notation here.
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Section 5. The space X° will also be naturally associated with energy estimates, and the space X' with
enstrophy estimates.

All of these above function spaces can of course be extended to functions that are vector or tensor-valued
without difficulty (there are multiple ways to define the norms in these cases, but all such definitions will
be equivalent up to constants).

We use the Fourier transform to define a number of useful multipliers on R or R3/Z3. On R3, we
formally define the inverse Laplacian operator A~! by the formula

A-Tf(E) = 7). (14)

4m2|E|?
which is well-defined for any tempered distribution f : R* — R for which the right-hand side of (14) is
locally integrable. This is for instance the case if f lies in the k-th derivative of a function in L }C([R@) for
some k > 0, or the k-th derivative of a function in L)ZC (R3) for some k > 1. If feL )lc (IR3), then as is well
known, one has the Newton potential representation

A—lf(x)=_—1/ ISR (15)
4 Jgs |x — yl

Note in particular that (15) implies that if f € L }C (R3) is supported on some closed set K, then A~! f
will be smooth away from K. Also observe from Fourier analysis (and decomposition into local and
global components) that if f is smooth and is either the k-th derivative of a function in L }C([RP) for some
k > 0, or the k-th derivative of a function in L)%([RP) for some k > 1, then A™! f will be smooth also.
We also note that the Newton potential —1/(4m|x — y|) is smooth away from the diagonal x = y.
Because of this, we will often be able to obtain large amounts of regularity in space in the “far field”
region when |x| is large, for fields such as the velocity field u. However, it will often be significantly
more challenging to gain significant amounts of regularity in fime, because the inverse Laplacian A~
has no smoothing properties in the time variable.
On R?/Z3, we similarly define the inverse Laplacian operator A~! for distributions f : R*/Z> — R
with £(0) = 0 by the formula
— 10

! © (16)

A-TF(k) =

We define the Leray projection Pu of a (tempered distributional) vector field u : R* — R3 by the
formula
Pu =AYV x V xu).

If u is square-integrable, then Pu is the orthogonal projection of u onto the space of square-integrable
divergence-free vector fields; from Calderén—Zygmund theory, we know that the projection P is bounded
on LY (R3) for every 1 < p < oo, and from Fourier analysis we see that P is also H} (R3) for every s € R.
Note that if u is square-integrable and divergence-free, then Pu = u, and we thus have the Biot—Savart
law

u=AYVxw), (17)
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where w :=V X u.
In either R3 or R3/LZ3, we let ' for ¢ > 0 be the usual heat semigroup associated to the heat equation
u, = Au. On R, this takes the explicit form

1 2
tA — —|x—y|*/4t d
¢ 10 = o /R g £ dy
for f € LY(R3) for some 1 < p < oco. From Young’s inequality, we thus record the dispersive inequality
e fll cagsy S 2797221 fll Loy (18)
whenever 1 < p <g <ooandt > 0.
We recall Duhamel’s formula

t
u(t) = e""0%u (1) + f e B — Au)(e') di’ (19)

1o

whenever u : [1g, 1] x @ — R is a smooth tempered distribution, with Q equal to either R* or R3/Z3.
We record some linear and bilinear estimates involving Duhamel-type integrals and the spaces X*
defined in (13), which are useful in the local H' theory for the Navier—Stokes equation:

Lemma 2.1 (Linear and bilinear estimates). Let [to, t1] be a time interval, let Q be either R? or R* /73,
and suppose that u : [ty, t1] x Q@ — Rand F : [tg, t;] X 2 — R are tempered distributions such that

t
u) = e % (1) + f TOAE ) dt. (20)

fo

Then we have the standard energy estimate'”
lall s o1y S 160 sy + It e 1)
for any s > 0, as well as the variant
lelloes tro.n1x) Ss NG g @) + 1F 22 151 10,1152 (22)
for any s > 1. We also note the further variant
Nl xs (o, 1x ) Ss ||u(t0)||H;(§2) + ||F||L;4L§([,0,;,]><Q) (23)

foranys <3/2.
We also have the bilinear estimate

IV @O 242 (1,152 S 1 llxt 0.0 1x 9 1V x 1 0,01x2) (24)

forany u, v : [to, t1] x R® — R, which in particular implies (by a Hélder in time) that
1/4
IV @) 22 00 1wy S = 1001l 11018 1010 .13 (25)

10we adopt the convention that an estimate is vacuously true if the right-hand side is infinite or undefined.
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Proof. The estimates'! (22), (23), (24) are established in [Tao 2007, Lemma 2.1, Proposition 2.2]. The
estimate (21) follows from the F = 0 case of (21) and Minkowski’s inequality. Il

Finally, we define the Littlewood—Paley projection operators on R3. Let (&) be a fixed bump function
supported in the ball {£ € R? : |£| < 2} and equal to 1 on the ball {£ € R?: || < 1}. Define a dyadic
number to be a number N of the form N = 2* for some integer k. For each dyadic number N, we define
the Fourier multipliers

PnF(®) = E/N)f ),
PN f (€)= (= gE/N)f &),
Py (€)=Y (E/N)[(E) = (9E/N) — Q& /N) £ (£).
We similarly define Py and P y. Thus for any tempered distribution, we have f =)\ Py f in a weakly

convergent sense at least, where the sum ranges over dyadic numbers. We recall the usual Bernstein
estimates

||DSPNf||L£(R3) Spos,Ds NS||PNf||Lf(R3)’
IV Py fll oy ~s NEIPNFllo s
1P<n fll sy Spig NP7 Pan fll ooy
1PN f ey Spg NP7 PN fll o)

(26)

foralll < p <g <00, s €R, k>0, and pseudodifferential operators D* of order s; see, for example,
[Tao 2006, Appendix A].

We recall the Littlewood—Paley trichotomy: an expression of the form Py ((Py, f1)(Pn, f2)) vanishes
unless one of the following three scenarios holds:

 (Low-high interaction) N < N; ~ N.
« (High-low interaction) Ny < N, ~ N.
« (High-high interaction) N < N ~ N,.

This trichotomy is useful for obtaining estimates on bilinear expressions, as we shall see in Section 9.
We have the following frequency-localised variant of (18):

Lemma 2.2. If N is a dyadic number and f : R? — R has Fourier transform supported on an annulus
{& : |&] ~ N}, then we have

le™® fllLasy S 7729732 exp(—ct NI Il Lo @y 27)

for some absolute constant c > 0and all 1 < p <q < oc.

llStrictly speaking, the result in [Tao 2007] was stated for the torus rather than R3, but the argument works without
modification in either domain, after first truncating u(fg), F' to be Schwartz to avoid technicalities at infinity, and using a standard
density argument.
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Proof. By Littlewood—Paley projection, it suffices to show that
le"® Py fll ooy S 72972 exp(=et N*) | fll ooy

for all test functions f. By rescaling, we may set ¢ = 1; in view of (18) we may then set N > 1. One then
verifies from Fourier analysis that ¢’ Py is a convolution operator whose kernel has an L§°(R3) and an
L}C([R@) norm that are both O (exp(—cN?)) for some absolute constant ¢ > 0, and the claim follows from
Young’s inequality. 0

From the uniform smoothness of the heat kernel, we also observe the estimate

2
le® Fllcxry Sk.1.p exp(—crr) f Iz gy (28)

whenever 0 <t <T,1 < p <00, k>0, K is a compact subset of R3, r>1, f is supported on the set
{x € R3 : dist(x, K) > r}, and some quantity c; > 0 depending only on 7. In practice, this estimate will
be an effective substitute for finite speed of propagation for the heat equation.

3. Symmetries of the equation

In this section we review some well known symmetries of the Navier—Stokes flow that transform a given
smooth solution (u, p, ug, f, T) to another smooth solution (i, p, iy, f , T), as these symmetries will be
useful at various points in the paper.

The simplest symmetry is the spatial translation symmetry

u(t,x) :=u(t,x —xp),

p(t, x) = p(t, x —xp),

up(x) :=uo(x — xo), (29)
ft,x) = f(t,x —xo),
T:= T,

valid for any xo € R?; this transformation clearly maps mild, smooth, or almost smooth solutions to
solutions of the same type, and also preserves conditions such as finite energy, H', periodicity, pressure
normalisation, or the Schwartz property. In a similar vein, we have the time translation symmetry

u(t,x) :=u(t+ty, x),

p(t, x) = p(t+1to, x),

o (x) := u(to, x), (30)
ft,x) = ft+1,x),
T =T —1,

valid for any #y € [0, T']. Again, this maps mild, smooth, or almost smooth solutions to solutions of
the same type (and if 7o > 0, then almost smooth solutions are even upgraded to smooth solutions). If
the original solution is finite energy or H', then the transformed solution will be finite energy or H'
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also. Note however that if it is only the original data that is assumed to be finite energy or H'!, as
opposed to the solution, it is not immediately obvious that the time-translated solution remains finite
energy or H'!, especially in view of the fact that the H' norm (or the enstrophy) is not a conserved
quantity of the Navier—Stokes flow. (See however Lemma 8.1 and Corollary 11.1 below.) The situation
is particularly dramatic in the case of Schwartz data; as remarked earlier, time translation can instantly
convert'? Schwartz data to non-Schwartz data, due to the slow decay of the Newton potential appearing
in (9) (or of its derivatives, such as the Biot—Savart kernel in (17)).
Next, we record the scaling symmetry

(5 2)
- 1 t x
P =520 (2 3)
fio(x) 1= %u(’x‘) (31)
T:= Tkz,

valid for any A > 0; it also maps mild, smooth, or almost smooth solutions to solutions of the same type,
and preserves properties such as finite energy, finite enstrophy, pressure normalisation, periodicity, or the
Schwartz property, though note in the case of periodicity that a solution of period L will map to a solution
of period L L. We will only use scaling symmetry occasionally in this paper, mainly because most of the
quantities we will be manipulating will be supercritical with respect to this symmetry. Nevertheless, this
scaling symmetry serves a fundamentally important conceptual purpose, by making the key distinction
between subcritical, critical (or dimensionless), and supercritical quantities, which can help illuminate
many of the results in this paper (and was also crucial in allowing the author to discover!? these results in
the first place).

We record three further symmetries that impact upon the issue of pressure normalisation. The first is

the pressure shifting symmetry
u(t,x):=u(t,x),

p(t,x):=pt,x)+C@),

fio(x) 1= ug(x), (32)
ft,x) = f(t,x),
T:= T,

12This can be seen for instance by noting that moments such as fR3 w (t, x)(x% — x32) dx are not conserved in time, but must
equal zero whenever u(t) is Schwartz.

13The author also found dimensional analysis to be invaluable in checking the calculations for errors. One could, if one
wished, exploit the scaling symmetry to normalise a key parameter (for example, the energy E, or a radius parameter r) to equal
one, which would simplify the numerology slightly, but then one would lose the use of dimensional analysis to check for errors,
and so we have elected to largely avoid the use of scaling normalisations in this paper.
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valid for any smooth function C : R — R. This clearly maps smooth or almost smooth solutions to
solutions of the same type, and preserves properties such as finite energy, H !, periodicity, and the Schwartz
property; however, it destroys pressure normalisation (and thus the notion of a mild solution). A slightly
more sophisticated symmetry in the same spirit is the Galilean symmetry

u(t,x) = u(t, X —/ v(s) ds) +v(t),
0

plt, x):= p(t,x —/ v(s) ds) —x-V (),
0

ug(x) :=uo(x) +v(0),

ft,x):= f(t, x— ftv(s) ds),
0

7~":=T,

(33)

valid for any smooth function v : R — R3. One can carefully check that this symmetry indeed maps mild,
smooth solutions to smooth solutions and preserves periodicity (recall here that in our definition of a
periodic solution, the pressure was not required to be periodic). On the other hand, this symmetry does not
preserve finite energy, H!, or the Schwartz property. It also clearly destroys the pressure normalisation
property.

Finally, we observe that one can absorb divergences into the forcing term via the forcing symmetry

u(t,x) :=u(,x),

p(t,x):=p(t, x)+q(t, x),

fio(x) 1= ug(x), (34)
ft,x):=ft,x)+V-q(t,x),
T:= T,

valid for any smooth function P : [0, T] x R> — R3. If the new forcing term £ still has finite energy or is
still periodic, then the normalisation of pressure is preserved. In the periodic setting, we will apply (34)
with a linear term ¢ (¢, x) := x - a(¢), allowing one to alter f by an arbitrary constant a(¢). In the finite
energy or H'! setting, one can use (34) and the Leray projection P to reduce to the divergence-free case
V - f = 0; note, though, that this projection can destroy the Schwartz nature of f. This divergence-free
reduction is particularly useful in the case of normalised pressure, since (9) then simplifies to

p=—A""9:0j(uu;). (35)

One can of course compose these symmetries together to obtain a larger (semi)group of symmetries.
For instance, by combining (33) and (34), we observe the symmetry
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u(t,x):= u(z, X —/ v(s) ds) +v (1),
0

p(t, x) :=p<t,x—/ v(s)ds),
0

o (x) :=uo(x) 4+ v(0), (36)

ft, x):= f(t, X —/ v(S)ds) + (1),
0
T := T,

for any smooth function v : R — R3. This symmetry is particularly useful for periodic solutions; note
that it preserves both the periodicity property and the normalised pressure property. By choosing v(¥)
appropriately, we see that we can use this symmetry to normalise periodic data (ug, f, T, L) to be
mean-zero in the sense that

/ wo(x) dx =0 (37)
R3/LZ3

and

/R%/ngf(t, x)dx =0 (38)

for all 0 <t < T. By integrating (3) over the torus R*/LZ>, we then conclude with this normalisation
that u remains mean-zero for all times 0 <¢ < T':

f u(t, ) dx =0. (39)
R3/L73
The same conclusion also holds for periodic H' mild solutions.

4. Pressure normalisation

The symmetries in (32), (34) can alter the velocity field u and pressure p without affecting the data
(ug, f, T), thus leading to a breakdown of uniqueness for the Navier—Stokes equation. In this section we
investigate this loss of uniqueness, and show that (in the smooth category, at least) one can “quotient out”
these symmetries by reducing to the situation (9) of normalised pressure, at which point uniqueness can
be recovered (at least in the H' category).

More precisely, we show:

Lemma 4.1 (Reduction to normalised pressure). (1) If (u, p, uo, f, T) is an almost smooth finite energy
solution, then for almost every time t € [0, T], one has

pt,x) = —A"138; (uiu ;) (t, x) + ATV - f(t, %)+ C(1), (40)

for some bounded measurable function C : [0, T] — R.
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(1) If (u, p, ug, f, T) is a periodic smooth solution, then there exist smooth functions C : [0, T] - R
and a : [0, T] — R3 such that

pt,x) = —A7188;(wiu ) (t, x) + ATV - f(2, x) +x-a@t) +C@). (41)

In particular, after applying a Galilean transformation (33) followed by a pressure-shifting trans-
formation (32), one can transform (u, p, ug, f, T) into a periodic smooth solution with normalised

pressure.

Remark 4.2. Morally, in (i) the function C should be smooth (at least for times ¢ > 0), which would then
imply that one can apply a pressure-shifting transformation (32) to convert (u, p, ug, f, T) into a smooth
solution with normalised pressure. However, there is the technical difficulty that in our definition of a
finite energy smooth solution, we do not a priori have any control of time derivatives of « in any L (R?)
norms, and as such we do not have time regularity on the component A~19;0 i (ujuj) of (40). In practice,
though, this possible irregularity of C(¢) will not bother us, as we only need to understand the gradient
V p of the pressure, rather than the pressure itself, in order to solve the Navier—Stokes equations (3).

Proof. We begin with the periodic case, which is particularly easy due to Liouville’s theorem (which,
among other things, implies that the only harmonic periodic functions are the constants). We may
normalise the period L to equal 1. Fix an almost smooth periodic solution (u, p, ug, f, T). Define the
normalised pressure pg : [0, T] X R > R by the formula

poi=—A"198;(wu;)+ ATV - f. (42)
As u, f are smooth and periodic, pg is smooth also, and from (8) one has Ap = Apg. Thus one has
p=poth,

where £ : [0, T] x R3 — R is a smooth function with 4 (¢) harmonic in space for each time ¢. The function
h need not be periodic; however, from (3) we have

ou+ -V u=Au—Vpy—Vh+ f.

Every term aside from V# is periodic, and so V# is periodic also. Since V# is also harmonic, it must
therefore be constant in space by Liouville’s theorem. We therefore may write

hit,x)=x-a(t)+ C()

for some a(t) € R? and C(r) € R; since A is smooth, a, C are smooth also, and the claim follows.

Now we turn to the finite energy case; thus (u, p, ug, f, T) is now an almost smooth finite energy
solution. By the time translation symmetry (30) with an arbitrarily small time shift parameter 7y, we may
assume without loss of generality that (u, p, ug, f, T) is smooth (and not just almost smooth). We define
the normalised pressure pgy by (42) as before; then for each time ¢ € [0, T'], one sees from (8) that

p(t) = po(t) +h(1)
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for some harmonic function A (¢) : R? — R. As u, f are smooth and finite energy, one sees from (42) that
po is bounded on compact subsets of space-time; since p is smooth, we conclude that £ is bounded on
compact subsets of space-time also. From harmonicity, this implies that all spatial derivatives V¥h are
also bounded on compact subsets of space time. However, as noted previously, we cannot impose any
time regularity on pg or & because we do not have decay estimates on time derivatives of u.

It is easy to see that /& is measurable. To obtain the lemma, it suffices to show that 4 (#) is a constant
function of x for almost every time ¢.

Let [#1, 2] be any interval in [0, T']. Integrating (3) in time on this interval, we see that

u(tz,x)—u(tl,x)+/2(u~V)u(t,x)dt=/2Au(t,x)—Vp(t,x)—i—f(t,x)dt.

13

Next, let x : R* — R be a smooth compactly supported spherically symmetric function of total mass 1.
We integrate the above formula against (1/R?)x (x/R) for some large parameter R, and conclude after
some integration by parts (which is justified by the compact support of x and the smooth (and hence C!)
nature of all functions involved) that

R~ / u(tz,x)x< )dx - / u(tl,x))( dx— / /u(t X) u(t Xx)- V)()(i)dxdt
:R‘S// ,X)(A xdd+R//V dxd

; R3u(t x)(Ax) R) x dt p(t, x))(< ) x dt

f/f(t x))( dxdt

From the finite energy hypothesis and the Cauchy—Schwarz inequality, one easily verifies that

hmR_/ u(t,,x)x( )dx—o
R— o0

lim R~ / / u(t, x)(u(t, x) - V;O(%)dxdtzo,

R—o00
lim R 5 u(t, x)(A —) =
R—>1 o] A /R3 ( )( X) R

15)
. 3 X _
Jm B[ g on()avas
and thus
lim R~ / /Vp(t X)X )dxdt 43)
R—o0

Next, by an integration by parts and (42), we can express

/ /Vpo(t X)x )dxdt
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as
4 193 x 3 153 x
R/ /u,-uj(t,x)(VA18,-81-)()<E)dxdt+R/ /ﬁ(t,x)(VAlaix)(E)dxdt.
n JR3 n JR?

From the finite energy nature of (u, p, ug, f, T) we see that this expression goes to zero as R — oo.
Subtracting this from (43), we conclude that

15}
lim R3/ / Vh(t, x)x (i> dxdit =0. (44)
R— o0 1 R3 R

The function x +— fttf Vh(t, x) is weakly harmonic, and hence harmonic. By the mean-value property of
harmonic functions (and our choice of x), we thus have

15 15}
R3/ /Vh(t,x)x(%)dxdt:/ Vh(z,0)dt,
1 R3

131
and thus 4
/ Vh(t,0)dt =0.

1
Since t, t; were arbitrary, we conclude from the Lebesgue differentiation theorem that VA(z,0) =0
for almost every ¢ € [0, T']. Using spatial translation invariance (29) to replace the spatial origin by an
element of a countable dense subset of R, and using the fact that harmonic functions are continuous,
we conclude that VA (?) is identically zero for almost every ¢ € [0, T'], and so i (t) is constant for almost
every ¢ as desired. g

We note a useful corollary of Lemma 4.1(i):

Corollary 4.3 (Almost smooth H! solutions are essentially mild). Let (u, p, ug, f, T) be an almost
smooth H' solution. Then (u, p,uo, f, T) is a mild H! solution, where

pt,x) = —AT"9:0;(uiu)(t, x) + ATV - £(2, x).
Furthermore, for almost every t € [0, T, p(t) and p(t) differ by a constant (and thus V p = V p).

Proof. By Lemma 4.1(i), Vp is equal to V p almost everywhere; in particular, Vp = Vp is a smooth
tempered distribution. The claim then follows from (3) and the Duhamel formula (19). O

5. Local well-posedness theory in H'!

In this section we review the (subcritical) local well-posedness theory for both periodic and nonperiodic
H' mild solutions. The material here is largely standard (and in most cases has been superseded by the
more powerful critical well-posedness theory); for instance the uniqueness theory already follows from
[Prodi 1959] and [Serrin 1963], the blowup criterion already is present in [Leray 1934], the local existence
theory follows from [Kato and Ponce 1988], regularity of mild solutions follows from [Ladyzhenskaya
1967], the stability results given here follow from the stronger stability results of [Chemin and Gallagher
2009], and the compactness results were already essentially present in [Tao 2007]. However, for the
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convenience of the reader (and because we want to use the X* function spaces defined in (13) as the basis
for the theory) we shall present all this theory in a self-contained manner. There are now a number of
advanced local well-posedness results at critical regularity, most notably that of [Koch and Tataru 2001],
but we will not need such powerful results here.

We begin with the periodic theory. By taking advantage of the scaling symmetry (31), we may set the
period L equal to 1. Using the symmetry (36), we may also restrict attention to data obeying the mean
zero conditions (37), (38), and thus ug € H!(R3/Z%)¢ and f € L H! ([0, T] x R3/Z3),.

Theorem 5.1 (Local well-posedness in periodic H'). Let (ug, f, T, 1) be periodic H' data obeying the
mean-zero conditions (37), (38).

(i) (Strong solution). If (u, p, uo, f, T, 1) is a periodic H' mild solution, then
ue CYH!([0, T] x R?/7%).

In particular, one can unambiguously define u(t) in H xl (R3/73) for each t € [0, T).
(i) (Local existence). If A
(||”0||HX1(R3/Z3) + ”f”L,lHXl([F@/Z»‘)) T<c (45)

for a sufficiently small absolute constant ¢ > 0, then there exists a periodic H' mild solution
(u, p,uo, f, T, 1) with the indicated data with
lullxiqo. 11w /2%y S ol mr s jzsy + 1 ) w29
and more generally
ot x5 10,7168 /23) STl )11t e, |

for each k > 1. In particular, one has local existence whenever T is sufficiently small depending on
¥ (uo, £, T, 1).

(iii) (Uniqueness). There is at most one periodic H' mild solution (u, p, ug, f, T, 1) with the indicated
data.

(iv) (Regularity). If (u, p, uo, f, T, 1) is a periodic H' mild solution, and (ug, f, T, 1) is smooth, then
(u, p,uo, f, T, 1) is smooth.

(v) (Lipschitz stability). Let (u, p, uo, f, T, 1) be a periodic H' mild solution with the bounds 0 < T < Ty
and

lull x1 o, 71xR3/23) < M.
Let (ug, f', T, 1) be another set of periodic H' data, and define the function

F(1) := €' (ug — uo) + / OON ) - F

0

If the quantity || F || x1 (o, 71xw3/23) is sufficiently small depending on T', M, then there exists a periodic
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mild solution (u', p', ug, f', T, 1) with

llu = u"ll x1 0,713 /%) S0 1 F 1 g0, 7153 /29 -

Proof. We first prove the strong solution claim (i). The linear solution
t
eug + f AP F) dr
0
is easily verified to lie in COH! ([0, T] x R3/Z3), so in view of (11), it suffices to show that

t
/ e OAPBw(), u(t))) dt’

0
also lies in CYH! ([0, T] x R3/Z3). But as u is an H' mild solution, u lies in X' ([0, T] x R3/Z?), so by
(24), PB(u, u) lies in LYL2([0, T] x R?/Z?). The claim (i) then follows easily from (22).
Now we establish local existence (ii). Let & := |luoll ) @3 /z3) + ||f||L,'Hg(R3/Z3)3 thus by (45) we have
8*T < c. Using this and (25), (22), one easily establishes that the nonlinear map u — ®(u) defined by

t
Du)(t) = e up + f TOAPB(ut), u(t) + PF(t)) dt’
0
is a contraction on the ball
lue X'([0, T1 x R*/Z%) lluell x1 g0, 71xR3 /23y < C8}

if C is large enough. From the contraction mapping principle, we may then find a fixed point of & in this
ball, and the claim (ii) follows (the estimates for higher k follow from variants of the above argument and
an induction on k, and are left to the reader).

Now we establish uniqueness (iii). Suppose, in order to get a contradiction, that we have distinct
solutions (u, p, ug, f, T, 1) and («', p’, ug, f, T, 1) for the same data. Then we have

el x1 0. 71xR3 /23y » 14| %110, 71 <R3 /23y < M.

To show uniqueness, it suffices to do so assuming that 7 is sufficiently small depending on M, as the
general case then follows by subdividing [0, T'] into small enough time intervals and using induction.
Subtracting (11) for u, u” and writing v := u’ — u, we see that

v(t) = / AP (2B, v(t)) + Bu(r), v(t')) dt,
0

and thus by (22),
lvllx1 o, rixwe /73y S MT]/4||U||X1([0,T]><R3/Z3)-

If T is sufficiently small depending on M, this forces ||v|| x1jo,71xr3/z3) = 0, giving uniqueness up to
time 7'; iterating this argument gives the claim (iii).

Now we establish regularity (iv). To abbreviate the notation, all norms will be on [0, T'] x R3 / 73. Asu
is an H' mild solution, it lies in X!, and hence by (25), PB(u, u) lies in L} L2. Applying (11), (23), and the
smoothness of ug, f, we conclude that u € X* for all s < % In particular, by Sobolev embedding we see that
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ueL®L2 Vue L2L2NL®L, and V2u € L2L,*°, and hence PB(u, u) € L2H)([0, T] x R3/Z3).

Returning to (11), (23), we now conclude that u € X ([0, T]1xR3/Z3). One can then repeat these arguments
iteratively to conclude that u € X*([0, T] x R3/Z?) for all k > 1, and thus u € L®C*([0, T] x R3/Z?)
for all k > 0. From (9) we then have p € L*C*([0, T1 x R?/Z>) for all k > 0, and then from (3) we have
odu € L°C k0, T1 x R3 / 73) for all k > 0. One can then obtain bounds on 9, p and then on higher time
derivatives of u and ¢, giving the desired smoothness, and the claim (iv) follows.

Now we establish stability (v). It suffices to establish the claim in the short-time case when T is
sufficiently small depending only on M (more precisely, we take M*T < ¢ for some sufficiently small
absolute constant ¢ > 0), as the long-time case then follows by subdividing time and using induction.
The existence of the solution (u', p’, u, fj, T, 1) is then guaranteed by (ii). Evaluating (11) for u, u” and
subtracting, and setting v := u’ — u, we see that

t
v(t)=F +/ AP Bu, v)+ B(v, v) () dt’
0
for all r € [0, T']. Applying (22), (25), we conclude that

Iollxt SNElx+ T4 ullx + lvlx) vl

where all norms are over [fy, #;] x R3. Since ||u||x1 + [[v] x1 is finite, we conclude (if 7' is small enough)
that ”v||X1([O,T]XR3/Z3) S ” F||X1([O,T]XR3/Z3)’ and the claim follows. O

We may iterate the local well-posedness theory to obtain a dichotomy between existence and blowup.
Define an incomplete periodic mild H ! solution (u, p, uo, f, T,”, 1) from periodic H ! data (uo, Ty, 1)
to be fields u : [0, T,) X [R{3/Z3 — R3 and v : [0, T,) x [R{3/Z3 — R such that for any 0 < T < T, the
restriction (u, p, ug, f, T, 1) of (u, p, ug, f, T, 1) to the slab [0, T] x R*/Z> is a periodic mild H'
solution. We similarly define the notion of an incomplete periodic smooth solution.

Corollary 5.2 (Maximal Cauchy development). Let (ug, f, T, 1) be periodic H U data. Then at least one
of the following two statements holds:

o There exists a periodic H' mild solution (u, p,uo, f, T, 1) with the given data.

e There exist a blowup time 0 < T, < T and an incomplete periodic H' mild solution

(u, puo, f,T,7, 1)
up to time T, , which blows up in H Uin the sense that

im lu()l ) o 23) = +00.

t—T,
We refer to such solutions as maximal Cauchy developments.

A similar statement holds with “H' data” and “H" mild solution” replaced by “smooth data” and
“smooth solution” respectively.

Next we establish a compactness property of the periodic H' flow.
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Proposition 5.3 (Compactness). If (u(()"), f™W T, 1) is a sequence of periodic H' data obeying (37),
(38) which is uniformly bounded in Hx1 (R3/7%)¢ x L,°°Hx1 ([0, T1 x R3/Z%)g and converges weakly'* to
(uo, f, T, 1), and (u, p,ug, f, T, 1) is a periodic H' mild solution with the indicated data, then for n
sufficiently large, there exist periodic H' mild solutions u™, p™, ugl), fW T, 1) with the indicated
data, with u™ converging weakly in X' ([0, T] x R3/Z>) to u. Furthermore, for any 0 <t < T, u®™
converges strongly in X' ([t, T] x R*/Z3) to u.

If u(()") converges strongly in H Xl (R3/73)¢ to ug, then one can set T = 0 in the previous claim.

Proof. This result is essentially in [Tao 2007, Proposition 2.2], but for the convenience of the reader we
give a full proof here.

To begin with, we assume that u™ converges strongly in H! (R3/73)¢ to u, and relax this to weak
convergence later. In view of the stability component of Theorem 5.1, it suffices to show that F
converges strongly in X' ([0, T] x R3/Z?) to zero, where

t

F@No:zemaﬁ”—u@—%/jJF”AP(meH)—fOB)dﬂ
0

We have that u{"” — uo converges strongly in H!(R?/Z?) to zero, while f® — f converges weakly in

L;’OH;([O, T]1 x R3/Z%) — 0, and hence strongly in LtzL%([O, T]1 x R3/Z%). The claim then follows

from (22).

Now we only assume that ™ converges weakly in Hxl([RR3/Z3)0 to ug. Let 0 < v < T be a suffi-
ciently small time; then from local existence (Theorem 5.1(ii)) we see that «” and u are bounded in
X'([0, t] x R*/Z?) uniformly in n by some finite quantity M. Writing v := u — u, we obtain from
(11) the difference equation

t
va=FWm+/AHMPme%+mw%Wwwmﬂ
0

Since u(()")

— ug converges weakly in Hxl([R3 /73) to zero, it converges strongly in L%(R3 /73) to zero too.
Using (21) as before, we see that F® converges strongly in X 010, 7] x R3 /23) to zero. From (22) we
thus have

W™ ko S 0(1) + I1BG, v 21 + 1B@™, 0™ 20,

where o(1) goes to zero as n — 00, and all space-time norms are over [0, 7] X R3 / Z3. From the form of
B and Holder’s inequality, we have

1/4 1/2 1/2 1/4
1B v )2t S N0 V) 22 S 4 g0 ™l 10N oy S M 410 o,

and similarly for B(u, v?), and thus

W™l xo < o(1) + Mt 41v™ | x0.

]4Strictly speaking, we should use “converges in the weak-* sense” or “converges in the sense of distributions” here, in order
to avoid the pathological (and irrelevant) elements of the dual space of LY°H xl that can be constructed from the axiom of choice.
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Thus, for T small enough, one has
™1l xo = o(1),

which among other things gives weak convergence of ™ to u in [0, 7] x R?/Z3. Also, by the pigeonhole
principle, one can find times 7 in [0, 7] such that
0™ (@) g1 s 28y = 0(1).

Using the stability theory, and recalling that t is small, this implies that

1o (O) [l 1 323y = 0(1);
thus u (1) converges strongly to (7). Now we can use our previous arguments to extend « to all of
[0, T] x [R{3/Z3 and obtain strong convergence in X'([z, T] x [R{3/Z3), as desired. ]
Now we turn to the nonperiodic setting. We have the following analogue of Theorem 5.1:
Theorem 5.4 (Local well-posedness in H Y. Let (uo, f,T)be H U data.
(i) (Strong solution). If (u, p, ug, f, T, 1) is an H' mild solution, then
ue COHN0, T]x R?).

(ii) (Local existence and regularity). If

4
(HMOHHXI(W) + ”f”L,'HXl([F&‘)) T=<c (46)

for a sufficiently small absolute constant ¢ > 0, then there exists a H' mild solution (u, p, ug, f, T)
with the indicated data, with

lullx1o.71xm3) < Mol mp sy + 1 F Lt sy
and more generally
ot x5 10.718) Sk ltoll s, 11,1 e 1
for each k > 1. In particular, one has local existence whenever T is sufficiently small depending on
%' (uo, f. T).
(iii) (Uniqueness). There is at most one H Umild solution (u, p, ug, f, T) with the indicated data.
(iv) (Regularity). If (u, p,ug, f, T, 1) is an H' mild solution, and (u, f, T) is Schwartz, then u and p
are smooth; in fact, one has 8t]u, 8,Jp € L;’OH]‘([O, T] x R3)f0r all j, k> 0.
(v) (Lipschitz stability). Let (u, p, uo, f,T), (', p', uy, f',T) be H' mild solutions with the bounds
0<T <Tyand
el x1 g0, 7153 11l x1 g0, 71xm3) < M.

Define the function

t
F(t) := "™ (uf — uo) + / ORI = f())dr .

0
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If the quantity || F || L2L2([0,T]xRY) is sufficiently small depending on T, M, then
2([0,

e — u'll x1 g0, 71xR3) ST.M 1 22220, 77xR3)-

Proof. This proceeds by repeating the proof of Theorem 5.1 verbatim. The one item which perhaps
requires some care is the regularity item (iv). The arguments from Theorem 5.1 yield the regularity

ue X0, T] x R

for all k > 0 without difficulty. In particular, u € LY°H ;‘([0, T1 x R3) for all k > 0. From (9) and Sobolev
embedding, one then has p € L?OHf([O, T] x R3) for all kK > 0, and then from (3) and more Sobolev
embedding, one has d,u € LY° H)’j([O, T] x R?) for all k > 0. One can then obtain bounds on 9, p and then
on higher time derivatives of # and ¢, giving the desired smoothness, and the claim (iv) follows. (Note
that these arguments did not require the full power of the hypothesis that (1, f, T) was Schwartz; it
would have sufficed to have uo € HX(R?) and f € C/ H¥(R3) for all j, k > 0.) 0O

From the regularity component of the above theorem, we immediately conclude that Conjecture 1.19
implies Conjecture 1.5, which is one half of Theorem 1.20(iv).
We will also need a more quantitative version of the regularity statement in Theorem 5.4.

Lemma 5.5 (Quantitative regularity). Let (u, p, uo, f, T) be an H U mild solution obeying (46) for a
sufficiently small absolute constant ¢ > 0, and such that

lwoll mrwsy + 11 f ) rx ey = M < 00.
Then one has
el oo e, 71wy Skor,om 1

for all natural numbers k > 1 and all0 <t < T.

Proof. We allow all implied constants to depend on k, T, M. From Theorem 5.1 we have
Nl x1 g0, 71xm3) S 1
which already gives the k = 1 case. Now we turn to the k > 2 case. From (25) we have
IPB G, W)l 20,7183 S 1

while from Fourier analysis one has

A
lle" S uoll oot gz, 7133 Se 1-

From this and (11), (21) we see that

ol xs e, 71 xm3y Ssor 1
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for all s < % From Sobolev embedding we conclude

lull o2 (e, Tixmy) Se 1
IVull 20z sy Se 1
IVl oo 1265 o 7ymey St 1

2
IVZull 2 e, 7yxmy Se 1
and hence

1 PBGt, )l 241 e ey S 1.

Returning to (11), (23), we now conclude that

Nl x2 iz, 7y emey Se 1
which gives the k = 2 case. One can repeat these arguments iteratively to then give the higher k cases. [J
We extract a particular consequence of the above lemma:

Proposition 5.6 (Almost regularity). Let (u, p, ug, 0, T) be a homogeneous H' mild solution obeying
(46) for a sufficiently small absolute constant ¢ > 0. Then u, p are smooth on [t, TIxR3 forall0 <t < T;
in fact, all derivatives of u, p lie in L;’OL%([I, T x R3). If furthermore ug is smooth, then (u, p, ug, 0, T)
is an almost smooth solution.

Proof. From Lemma 5.5 we see that
ue LXHN([r, T x R?)
forall k > 0and O < v < T. Arguing as in the proof of Theorem 5.4(iv), we conclude that u, p are
smooth on [z, T] x R3.
Now suppose that ug is smooth. Then (since ug is also in H; (R?)) e"®ug is smooth!> on [0, T] x R3,

and in particular one has
ne'®ug e LYH*([0, T] x R3)

for any smooth, compactly supported cutoff function 1 : R* — R. Meanwhile, by arguing as in Lemma 5.5

one has
PB(u,u) € LYL2([0, T] x R?). (47)

Using (11), (21), one concludes that
nu € X°([0, T] x R?)
for all cutoff functions 1 and all s < % Continuing the arguments from Lemma 5.5, we conclude that
nPB(u,u) € L?H! ([0, T] x R?)

15T obtain smoothness at a point (#y, x(), one can for instance split u( into a smooth compactly supported component and a
component that vanishes near xq but lies in Hx1 (R3), and verify that the contribution of each component to e Auo is smooth at

(IO’ XO).
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for all cutoffs n. Using (11), (23) (and using (28), (47) to deal with the far field contribution of PB(u, u),
and shrinking 1 as necessary), one then concludes that

nu € X2([0, T] x R%)
for all cutoffs n. Repeating these arguments iteratively, one eventually concludes that
nu € XK([0, T x R?)
for all cutoffs n, and in particular
ue LXHN(0, T x K)
for all £k > 0 and all compact sets K. By Sobolev embedding, this implies that
ue L®Ck([0, T x K)

for all £ > 0 and all compact sets K.
We also have u € X' ([0, T] x R?), and hence
ue L®H!([0, T]x R%).

In particular,

wiu; € LPLL(0, T] x R?) (48)
and

uiu; € LCK([0, 7] x K)
for all k > 0 and compact K. From this and (9) (splitting the inverse Laplacian A~! smoothly into local

and global components), one has
P € LFCL(0. T x K);

inserting this into (3), we then see that

du e LCk([0, T] x K) (49)

for all £ > 0 and compact K.

This is a little weaker than what we need for an almost smooth solution, because we want V¥, V¥ D,
d; V¥ p to extend continuously down to # = 0, and the above estimates merely give L°C° control on these
quantities. To upgrade the L{° control to continuity in time, we first observe'® from (49) and integration
in time that we can at least make V*u extend continuously to # = 0:

ue ClCk([0, T x K).
In particular,

uiu; € COCK([0, T1 x K) (50)

16 An alternate argument here would be to approximate the initial data g by Schwartz divergence-free data (using Lemma 12.1)
and to use a limiting argument and the stability and regularity theory in Theorem 5.1; we omit the details.
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for all £ > 0 and compact K.
Now we consider V¥ p in a compact region [0, T'] x K. From (9) we have

Vkp(t,x):Vkaiaj/ ujuj(t,y)dy.

& 4rlx — |

Using a smooth cutoff, we split the Newton potential 1/(47|x — y|) into a “local” portion supported on
B(0,2R) and a “global” portion supported outside of B(0, R), where R is a large radius. From (50) one
can verify that the contribution of the local portion is continuous on [0, 7] x K, while from (48) the
contribution of the global portion is O, (1/R?). Sending R — oo, we conclude that V¥ p is continuous
on [0, T] x K, and thus

p e C'Cck(0, T1x K)
for all k£ > 0 and compact K. Inserting this into (3), we then conclude that
du e COCK([0, T1 x K)
for all £ > 0 and compact K, and so we have an almost smooth solution as required. 0

Remark 5.7. Because u has the regularity of L® H!, we can continue iterating the above argument a little
more, and eventually get u € Cfo([O, T]x K)and p € Ct1 Cf([O, T] x K) for all k > 0 and compact K.
Using the vorticity equation (see (84) below), one can then also get w € Cf C fg([o, T]x K) as well. But
without further decay conditions on higher derivatives of u (or of w), one cannot gain infinite regularity
on u, p, w in time; see Section 15.

On the other hand, it is possible to use energy methods and the vorticity equation (84) to show (working
in the homogeneous case f = 0 for simplicity) that if ug is smooth and the initial vorticity wg := V X ug
is Schwartz, then the solution in Proposition 5.6 is in fact smooth, with @ remaining Schwartz throughout
the lifespan of that solution; we omit the details.

As a corollary of the above proposition we see that Conjecture 1.19 implies Conjecture 1.13, thus
completing the proof of Theorem 1.20(iv).

As before, we obtain a dichotomy between existence and blowup. Define an incomplete mild H' solution
(u, p, ug, f, T,”) from H'! data (uo, f, Ty) to be fields u : [0, T) x R3 — R3and v: [0, T,) x R3 — R such
that for any 0 < T < Ty, the restriction (u, p, uo, f, T, 1) of (u, p, ug, f, T, 1) to the slab [0, T] x R
is a mild H' solution. We similarly define the notion of an incomplete smooth H' solution.

Corollary 5.8 (Maximal Cauchy development). Let (ug, f, T) be H' data. Then at least one of the
Sfollowing two statements holds:

e There exists a mild H' solution (u, p,uo, f, T) with the given data.
o There exist a blowup time 0 < T, < T and an incomplete mild H' solution (u, p, ug, f, T.) upto

time T, that blows up in the enstrophy norm in the sense that

lim [lu@®)| g1 @3y = +00.

t—>T,
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Remark 5.9. In the second conclusion of Corollary 5.8, more information about the blowup is known.
For instance, in [Iskauriaza et al. 2003] it was demonstrated that the Li([Rﬁ) norm must also blow up (in
the homogeneous case f =0, at least).

6. Homogenisation

In this section we prove Proposition 1.7.
Fix smooth periodic data (ug, f, T, L); our objective is to find a smooth periodic solution

(u, p,ug, f.T,L)

(without pressure normalisation) with this data. By the scaling symmetry (31), we may normalise the
period L to equal 1. Using the symmetry (36), we may impose the mean-zero conditions (37), (38) on
this data.

By hypothesis, one can find a smooth periodic solution (i, p, ug, 0, T, 1) with data (ug, 0, T, 1).
By Lemma 4.1, and applying a Galilean transform (33) if necessary, we may assume the pressure is
normalised, which in particular makes (i, p, ug, 0, T', 1) a periodic H ! mild solution.

By the Galilean invariance (33) (with a linearly growing velocity v(¢) := 2wt), it suffices to find a
smooth periodic solution (u, p, ug, f, T') (this time with pressure normalisation) for the Galilean-shifted
data (ug, fu, T), where

folt.x) = f(t,x —w®),
and w € R3 is arbitrary. Note that the data (uq, f,, T) continues to obey the mean-zero conditions (37),

(38) and is bounded in H!(R3/Z%)y x L*H! ([0, T] x R*/Z>)¢ uniformly in w. We now make a key
observation:

Lemma 6.1. If « € R3/Z> is irrational in the sense that k - o # 0 in R/Z for all k € Z>\{0}, then
fra converges weakly (or more precisely, converges in the sense of space-time distributions) to zero in
LXHL(0, T]1x R3/Z3),.

Proof. Tt suffices to show that
T
/ / fra(t, x)p(t, x)dx dt — 0
0 JR3/z73

for all smooth functions ¢ : [0, T] x R?/Z3 — R. Taking the Fourier transform, the left-hand side becomes

T
> /0 TN F ) () (1) (—k) dt

kez3

with the sum being absolutely convergent due to the rapid decrease of the Fourier transform of ¢ (¢).
Because f has mean zero, we can delete the k = O term from the sum. This makes k - « nonzero by
irrationality, and so by the Riemann-Lebesgue lemma, each summand goes to zero as A — oo. The claim
then follows from the dominated convergence theorem. O
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Leta € [R§3/Z3 be irrational. By the above lemma, (ug, f)q, T, 1) converges weakly to (ug,0, T, 1)
while being bounded in Hx1 (R3/Z3)0 X L;"’Hx1 (RS/ZS)O. As (ug, 0, T, 1) has a periodic mild H' solution
(u, p,ug,0,T, 1), we conclude from Proposition 5.3 that for A sufficiently large, (19, fiw, T, 1) also has
a periodic mild H I solution, which is necessarily smooth since ug and f,, are smooth. The claim follows.

Remark 6.2. Suppose that (ug, f, 00, 1) is periodic H' data extending over the half-infinite time interval
[0, +00). The above argument shows (assuming Conjecture 1.4) that one can, for each 0 < T < oo,
construct a smooth periodic (but not pressure-normalised) solution (u(T), p(T), ug, f, T,1) up to time T
with the above data, by choosing a sufficiently rapidly growing linear velocity v™) = 2w ¢, applying a
Galilean transform, and then using the compactness properties of the H'! local well-posedness theory.
As stated, this argument gives a different solution u®, p(T), ug, f, T, 1) for each time T (note that we
do not have uniqueness once we abandon pressure normalisation). However, it is possible to modify
the argument to obtain a single global smooth periodic solution (u, p, ug, f, 00, 1) (which is still not
pressure-normalised, of course), by using the ability in (33) to choose a nonlinear velocity v(t) rather
than a linear one. By reworking the above argument, and taking v(¢) to be a sufficiently rapidly growing
function of ¢, it is then possible to obtain a global smooth periodic solution (u, p, ug, f, 0o, 1) to the
indicated data; we omit the details.

7. Compactness

In this section we prove Theorem 1.20(i) by following the compactness arguments of [Tao 2007]. By the
scaling symmetry (31), we may normalise L = 1.

We first assume that Conjecture 1.10 holds, and deduce Conjecture 1.9. Suppose for contradiction that
Conjecture 1.9 failed. By Corollary 5.2, there thus exists an incomplete periodic pressure-normalised
mild H' solution (u, p, uo, f, T,”, 1) such that

lim |Ju ()| ) w3 /z3) = 00- (51)

t—T,

By Galilean invariance (36), we may assume that ug and f (and hence ) have mean zero.
Let (u(()"), f™, T,, 1) be a sequence of periodic smooth mean-zero data converging strongly in

HI(R?/7%)0 x LY HL([0, T,] x R*/7%),

to the periodic H ! data (u, f, Ty, 1). For each time 0 < T < Ty, we see from Theorem 5.1 that for n
sufficiently large, we may find a smooth solution (u(”), p(”), u(()"), T, 1) with this data, with u™ converging
strongly in L®H! ([0, T] x R3/Z3) to u. By Conjecture 1.10, the L® H! ([0, T] x R*/Z?) norm of u™
is bounded uniformly in both 7" and n, so by taking limits as n — oo, we conclude that [[u(?)[ ;1 ®s3,23)
is bounded uniformly for 0 < ¢ < T, contradicting (51) as desired.

Conversely, suppose that Conjecture 1.9 held, but Conjecture 1.10 failed. Carefully negating all the
quantifiers, we conclude that there exists a time 0 < Ty < 00 and a sequence (u®, p®™, ul”, f® T® 1)
of smooth periodic data with 0 < T™ < T, and %! (u(()"), £ 7™ 1) uniformly bounded in n, such that

Lim lull oo ) 10, 701xR3/23) = 00 (52)
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Using Galilean transforms (36), we may assume that u(()"), £™ (and hence u™) have mean zero. From the

short-time local existence (and uniqueness) theory in Theorem 5.1, we see that 7™ is bounded uniformly
away from zero. Thus by passing to a subsequence, we may assume that T converges to a limit 7,
with 0 < T, < Tp.

By sequential weak compactness, we may pass to a further subsequence and assume that for each 0 <
T <T,, (u(()"), f®™ . T, 1) converges weakly (or more precisely, in the sense of distributions) to a periodic
H' limit (uo, f, T, 1); gluing these limits together, one obtains periodic H' data (ug, f, Ty, 1), which
still has mean zero. By Conjecture 1.9, we can then find a periodic H ! mild solution (u, p,ug, f, Ty, 1)
with this data, which then necessarily also has mean zero.

By Theorem 5.1 and Proposition 5.3, we see that for every 0 < 7 < T < T, u" converges strongly in
L?OHxl([t, T] x R3/Z%) to u. In particular, for any 0 < T < T, one has

lim sup (|4 (T) | g1 e /22y < Nutll 220 p11 10,7153 23 < 00
n—oo

Taking T sufficiently close to T, and then taking n sufficiently large, we conclude from Theorem 5.1 that

. " _
lim sup [|u )”L?OHXI([T,T(n)]xR3/Z3) < o0;
n—oo

also, from the strong convergence in L;° Hx1 ([t, T x R3 / Z3), we have

lim sup [ju" Lo B (12, T1xR3 /23) < OO
n—oo

for any 0 < v < T, and finally from the local existence (and uniqueness) theory in Theorem 5.1, one has

limsup lu™ ||z 1 t0,1x3/22) < 00
n—oo

for sufficiently small 7. Putting these bounds together, we contradict (52), and the claim follows.
Remark 7.1. It should be clear to the experts that one could have replaced the H' regularity in the

above conjectures by other subcritical regularities, such as H* for k > 1, and obtained a similar result to
Theorem 1.20().

As remarked previously, the homogeneous case f = 0 of Theorem 1.20(1) was established in [Tao
2007]. We recall the main results of that paper. We introduce the following homogeneous periodic
conjectures:

Conjecture 7.2 (A priori homogeneous periodic H' bound). There exists a function F : Rt x R x RT —
R* with the property that whenever (u, p, ug, 0, T, L) is a smooth periodic homogeneous normalised-
pressure solution with 0 < 7" < Tp < oo and

%' (10,0, T, L) < A < 0,
then

lull Lo 1 0. 71xR3/L.23) = F (A, L, Tp).
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Conjecture 7.3 (A priori homogeneous global periodic H' bound). There exists a function
F:RTxRT - R"

with the property that whenever (u, p, ug, 0, T', L) is a smooth periodic homogeneous normalised-pressure
solution with

%' (1,0, T, L) < A < o0,
then
lull oo 1 o, 71xR3 /2% < F (A, L).

Conjecture 7.4 (Global well-posedness in periodic homogeneous H 1. Let (up,0, T, L) be a homoge-
neous periodic H ! et of data. Then there exists a periodic H ! mild solution (u, p,ug, 0, T, L) with the
indicated data.

Conjecture 7.5 (Global regularity for homogeneous periodic data with normalised pressure). Suppose
(1o, 0, T') is a smooth periodic set of data. Then there exists a smooth periodic solution (u, p, ug, 0, T)
with the indicated data and with normalised pressure.

In [Tao 2007, Theorem 1.4] it was shown that Conjectures 1.4, 7.2, 7.3 are equivalent. As implicitly
observed in that paper also, Conjecture 1.4 is equivalent to Conjecture 7.5 (this can be seen from
Lemma 4.1), and from the local well-posedness and regularity theory (Theorem 5.1 or [Tao 2007,
Proposition 2.2]), we also see that Conjecture 7.5 is equivalent to Conjecture 7.4.

8. Energy localisation

In this section we establish the energy inequality for the Navier—Stokes equation in the smooth finite
energy setting. This energy inequality is utterly standard (see for example [Scheffer 1976]) for weaker
notions of solutions, so long as one has regularity of Lfol, but (somewhat ironically) requires more
care in the smooth finite energy setting, because we do not assume a priori that smooth finite energy
solutions lie in the space L?H!. The methods used here are local in nature, and will also provide an
energy localisation estimate for the Navier—Stokes equation (see Theorem 8.2).

We begin with the global energy inequality.

Lemma 8.1 (Global energy inequality). Let (u, p, ug, f, T) be a finite energy almost smooth solution.
Then
luell 2o 20,7158 + IVl 220,713y S E (o, £, T2, (53)

In particular, u lies in the space X' ([0, T] x R?).

Proof. To abbreviate the notation, all spatial norms here will be over R>.
Using the forcing symmetry (34), we may set f to be divergence-free, so in particular by Corollary 4.3
we have

Vp@)=Vp) (54)
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for almost all times ¢, where
~ -1
p=—A 8,'8j(bt,‘l/tj). (55)
As (u, p, ug, f, T) is finite energy, we have the a priori hypothesis

el oo 1210, 71xR3) < A

for some A < oo, though recall that our final bounds are not allowed to depend on this quantity A. Because
u is smooth, we see in particular from Fatou’s lemma that

lu(@®)ll2 <A (56)

forall r € [0, T.
Taking the inner product of the Navier—Stokes equation (3) with u and rearranging, we obtain the
energy density identity

0 (3lul?) +u- V(3lul’) = Az ul?) = IVul* —u-Vp+u-f. ©7

We would like to integrate this identity over all of R?, but we do not yet have enough decay in space
to achieve this, even with the normalised pressure. Instead, we will localise by integrating the identity
against a cutoff n*, where n(x) := x ((|x| = R)/r), x : R — R¥ is a fixed smooth function that equals 0
on [0, +oo] and 1 on [—00, —1], and 0 < r < R/2 are parameters to be chosen later. (The exponent 4
is convenient for technical reasons, in that n* and V(n*) share a large common factor >, but it should
be ignored on a first reading.) Thus we see that n* is supported on the ball B(0, R) and equals 1 on
B(0, R —r), with the derivative bounds

Vipg=0"7) (58)
for j =0, 1, 2. We define the localised energy
Ep(t) := /RS Hul?(t, x)n* (x) dx. (59)
Clearly we have the initial condition
E4(0) S E(uo, ). (60)

Because n* is compactly supported and u is almost smooth, EqisC !, and we may differentiate under
the integral sign and integrate by parts without difficulty; using (54), we see for almost every time ¢ that

O Ep=—X1+ X2+ X3+ X4+ Xs, (61)
where X is the dissipation term
Xii= [ 1Vl dx = PVl (62
R ¥

X> is the heat flux term

1
Xoi= [ ot dx,
R3
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X3 is the transport term
X3 = 4/ lul®u-n*Vndx,
R3
X4 is the forcing term
X4 :=/ u- fntdx,
R3
and X5 is the pressure term

X5 ::4/ upn’Vndx.
R3

The dissipation term X is nonnegative, and will be useful in controlling some of the other terms present
here. The heat flux term X, can be bounded using (56) and (58) by

A2
X2 < TH
~ r2

so we turn now to the transport term X3. Using Holder’s inequality and (58), we may bound

32

2o lull (63)

1
2

and thus by (56) and Sobolev embedding

3,2

3/2
X3 £ == IV@)l;

L2
By the Leibniz rule and (62), (56), (58), one has
A
IV @)l £ X7+,

and thus

Now we move on to the forcing term X4. By Cauchy—Schwarz, we can bound this term by

a(t),

1/2

X4 5 En4

where a(t) := || f(t) ||L§(B(0,R))- Note from (2) that
T
f a(t)dt S Euo, f, ). (64)
0
Now we turn to the pressure term Xs. From (55) we have
Xs= / O(u(A™'V2(uu))n*Vn).
R3

We will argue as in the estimation of Xy, but we will first need to move the n® weight past the singular
integral A~1V2. We therefore bound X5 = X 5.1 + X5,2, where

Xs.1 =/ @(u(A_lvz(uun3))Vn)
R3
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and
X5, = / O(ulA™'V2, 1 (uu) V),
R3

where [A, B] :== AB — BA is the commutator and 7’ is interpreted as the multiplication operator

n :u > nu. For Xg 1, we apply Holder’s inequality and (58) to obtain

Xs1 S —||u||Lz||A 'V (uun?) || 2.

The singular integral A~'V? is bounded on L2, so it may be discarded; applying Holder’s inequality
again, we conclude that

3/2, 2,32

X513 —IIMII ||n|| :

This is the same bound (63) used to bound X3, and so by repeating the X3 analysis, we conclude that

As for X5.2, we observe from direct computation of the integral kernel that when r =1, [AT'V2?, x3]isa
smoothing operator of infinite order (see [Kato and Ponce 1988]), and in particular

ATV 1 f N2 SNl

in the r = 1 case. In the general case, a rescaling argument then gives

_ 1
ATV 1 f 12 S LA
Applying Holder’s inequality and (56), we conclude that

A3
505 <75
) r5/2

Putting all the estimates together, we conclude that

2 A3/

O Es < —Xi+ 0( + —X3/4

A3 12
+5—/2+E a(t)).

By Young’s inequality, we have

and
3 2 6
A A A
p5/2 S 2 A

and so we obtain

2 A6
1/2
a,E,?4+X1 N —|——+E a(t), (65)
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and hence for almost every time ¢,

2 6
1/2 _ A A
O (Eys + E(uo, f. T))/ S E(uo, f,T) 1/2<r—2—|—r—4)+a(t).

By the fundamental theorem of calculus, (64), and (60), we conclude that

A AS
En“(f)l/2 < Euo, f. 1)+ E(uo. f, T)_l/z(—2 +— )T
r r

for all ¢ € [0, T'] and all sufficiently large R; sending r, R — oo and using the monotone convergence
theorem, we conclude that

12
lull oo 2o, r1xm3) S E (o, £, T) /2,

In particular, we have
Eu(t) S Euo, f,T)

for all r, R; inserting this back into (65) and integrating, we obtain that

T 2 6
A A
X1 dt S — 4+ — )T+ Euo, f, 7).
0 r r
Sending r, R — oo and using monotone convergence again, we conclude that

12
IVull 21200, 71xm3) S E (o, f. T) 2,

and Lemma 8.1 follows. O

We can bootstrap the proof of Lemma 8.1 as follows. A posteriori, we see that we may take A <
E (uy, f, T)'/2. If we return to (65), we may then obtain

E(uo, f,T)  E(uo, f, T)?
8,(E,74+e)1/2§e_1/2( ( Oer )+ ( or{ ) )—I—a(l),

where e > 0 is an arbitrary parameter which we will optimise later. From the fundamental theorem of
calculus, we then have

T+l

E(uo, . T) E(uo, f.T)?
E112<En4(0)1/2+e1/2+e‘1/2( (o. . T) | Elwo. /. T) )
n ~ r2 ’,.4

where the L}L)QC norm is over [0, T'] x B(0, R); optimising in e, we conclude that

E(uo, f,T) =~ E(uo, f, T)*\"?
2 T3 T2+ fllg1a-

1/2
1P 5 20

Inserting this back into (65) and integrating, we also conclude that

T E T) E T)3\ '/ 2
/ Xl([)dt 5 (En4(0)]/2+( (u()}:zf’ ) + (MO’ fv ) ) T]/2+ ||f||L,1L)25> .
0

r4

Applying spatial translation invariance (29) to move the origin from O to an arbitrary point xp, we
deduce an energy localisation result:
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Theorem 8.2 (Local energy estimate). Let (u, p, uo, f, T) be a finite energy almost smooth solution with
f divergence-free. Then for any xo € R* and any 0 < r < R/2, one has

el Lo 1210, 71% Bxo, R—r)) T IV 2222 10,715 B(xo. R=1)
Euo, £, DT | Euo, f, 1)

r r2

S Mol 2B, ry + 1L 220, 71% Boxo, RY) (66)

Remark 8.3. One can verify that the estimate (66) is dimensionally consistent. Indeed, if L denotes a
length scale, then r, R, E(ug, f) have the units of L, T has the units of L2, u has the units of L~!, and

1/2

all terms in (66) have the scaling of L'/“. Note also that the global energy estimate 8.1 can be viewed as

the limiting case of (66) when one sends 7, R to infinity.

Remark 8.4. A minor modification of the proof of Theorem 8.2 allows one to replace the ball B(xg, R)
by an annulus
B(xo, R)\B(xo, R)

for some 0 < R < R’ withr < (R'— R)/2, R/2, with the smaller ball B(xo, R —r) being replaced by the
smaller annulus
B(xo, R —r)\B(xo, R+7).

The proof is essentially the same, except that the cutoff n has to be adapted to the two indicated annuli
rather than to the two indicated balls; we omit the details. Sending R’ — oo using the monotone
convergence theorem, we deduce in particular an external local energy estimate of the form

21l Lo 1210, 71x R\ Bxo, R+ T IV U 2222 10, 7% ®3\ B(xo. R+r)))
E(uo, f, T)'?T/? . E(uo, f, T)**T/?

9
r r?

5 ||”0||L}(R3\B(x0,R)) + ”f”L}L%([O,T]X(R3\B(xO,R))) (67)

whenever 0 < r < R/2.

Remark 8.5. The hypothesis that f is divergence-free can easily be removed using the symmetry (34),
but then f needs to be replaced by Pf on the right-hand side of (66).

Remark 8.6. Theorem 8.2 can be extended without difficulty to the periodic setting, with the energy
E(ug, f, T) being replaced by the periodic energy

Ep(uo. £. ) = % (luoll 2w ez + 1111 2 o1 1xmy229)

as long as the radius R of the ball is significantly smaller than the period L of the solution, for example,
R < L/100. The reason for this is that the analysis used to prove Theorem 8.2 takes place almost entirely
inside the ball B(xo, R), and so there is almost no distinction between the finite energy and the periodic
cases. The only place where there is any “leakage” outside of B(xg, R) is in the estimation of the term
X5 2, which involves the nonlocal commutator [A~1V2, n3]. However, in the regime R < L/100, one
easily verifies that the commutator essentially obeys the same sort of kernel bounds in the periodic setting
as it does in the nonperiodic setting, and so the argument goes through as before. We omit the details.
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Remark 8.7. Theorem 8.2 asserts, roughly speaking, that if the energy of the data is small in a large ball,
then the energy will remain small in a slightly smaller ball for future times 7T'; similarly, (67) asserts that
if the energy of the data is small outside a ball, then the energy will remain small outside a slightly larger
ball for future times 7. Unfortunately, this estimate is not of major use for the purposes of establishing
Theorem 1.20, because energy is a supercritical quantity for the Navier—Stokes equation, and so smallness
of energy (local or global) is not a particularly powerful conclusion. To achieve this goal, we will need
a variant of Theorem 8.2 in which the energy % f |u|? is replaced by the enstrophy % / |w|?, which is
subcritical and thus able to control the regularity of solutions effectively.

Remark 8.8. It should be possible to extend Theorem 8.2 to certain classes of weak solutions, such as
mild solutions or Leray—Hopf solutions, perhaps after assuming some additional regularity on the solution
u. We will not pursue these matters here.

9. Bounded total speed

Let (u, p, ug, f, T) be an almost smooth finite energy solution. Applying the Leray projection P to (3)
(and using Corollary 4.3), we see that

ou=Au+ PB(u,u)+ Pf (68)

for almost all times ¢, where B(u, v) =0(V (uv)) was defined in (12). As all expressions here are tempered
distributions, we thus have the Duhamel formula (11), which we rewrite here as

u(t) = e “ug+ / =N (PO(V (uu)) + PF) () dr'. (69)
0

One can then insert the a priori bounds from Lemma 8.1 into (69) to obtain further a priori bounds on
u in terms of the energy E(ug, f, T) (although, given that (53) was supercritical with respect to scaling,
any further bounds obtained by this scheme must be similarly supercritical).

Many such bounds of this type already exist in the literature. For instance:!’

« One can bound the vorticity w := V x u in L®L! norm [Constantin 1990; Qian 2009].
« One can bound V2u in Li/f’oo [Constantin 1990; Lions 1996].

e More generally, for any « > 1, one can bound V*u in L?/ (aH)’OOLi/ (@+1),00 [Vasseur 2010; Choi
and Vasseur 2011].

« For any k > 0, one can bound #*3*u in Ltz,x [Chae 1992].
e One can bound Vu in L,I/ZL)‘?o [Foias et al. 1981].

2/(“FJFZI{_I)L)ZC [Foias et al. 1981; Doering and

e For any r > 0 and k > 1, one can bound D;Viu in L,
Foias 2002; Duff 1990].

17These bounds are usually localised in both time and space, or are restricted to the periodic setting, and some bounds were
only established in the model case f = 0; some of these bounds also apply to weaker notions of solution than classical solutions.
For the purposes of this exposition we will not detail these technicalities.
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e For any 1 <m < 0o, one can bound w in L,Zm/(4m_3)L§’” [Gibbon 2012].

e One can bound moments of wave-number like quantities [Doering and Gibbon 2002; Cheskidov and
Shvydkoy 2011].

In this section we present another a priori bound which will be absolutely crucial for our localisation
arguments, and which (somewhat surprisingly) does not appear to be previously in the literature:

Proposition 9.1 (Bounded total speed). Let (u, p, ug, f, T) be a finite energy almost smooth solution.

Then we have
lutll 1 oo, 71xm3) S Ewo, £, TY'PTV4 4 Euo, f, T). (70)

We observe that the estimate (70) is dimensionally consistent with respect to the scaling (31). Indeed,
if L denotes a length scale, then T scales like L2, u scales like L™!, and Ej scales like L, so both sides
of (70) have the scaling of L.

Before we prove this proposition rigorously, let us first analyse equation (68) heuristically, using
Littlewood—Paley projections, to get some feel of what kind of a priori estimates one can hope to establish
purely from (68) and (53). For the simplicity of this exposition we shall assume f = 0. We consider a
high-frequency component uy := Pyu of the velocity field u for some N > 1. Applying Py to (68), and
using the ellipticity of A to adopt the heuristic'® Py A ~ —N2Py and Py PV ~ N Py, we arrive at the
heuristic equation

dun = —N?uy +O(N Py u?)).

Let us cheat even further and pretend that Py w?) is analogous to u yuy (in practice, there will be more
terms than this, but let us assume this oversimplification for the sake of discussion). Then we have

duy =—N>uy ~|—@(Nu12v).

Heuristically, this suggests that the high-frequency component u should quickly damp itself out into
nothingness if |uy| << N, but can exhibit nonlinear behaviour when |uy| >> N. Thus, as a heuristic, one
can pretend that uy has magnitude 3> N on the regions where it is nonnegligible.

This heuristic, coupled with the energy bound (53), already can be used to informally justify many of
the known a priori bounds on Navier—Stokes solutions. In particular, projecting (53) to the uy component,
one expects that

lunlig2p SN (71)

(dropping the dependencies of constants on parameters such as Eq and being vague about the space-time
region on which the norms are being evaluated), which by Bernstein’s inequality implies that

< N1/2
||MN||L12L30~N .
However, with the heuristic that [#xy| >> N on the support of uy, we expect that
< 2 <
lenllpyps S 5 lunls e S

180ne can informally justify this heuristic by inspecting the symbols of the Fourier multipliers appearing in these expressions.
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summing in N (and ignoring the logarithmic divergence that results, which can in principle be recovered
by using Bessel’s inequality to improve upon (71)), we obtain a nonrigorous derivation of Proposition 9.1.

We now turn to the formal proof of Proposition 9.1. All space-time norms are understood to be
over the region [0, T'] x R? (and all spatial norms over R?) unless otherwise indicated. We abbreviate
Ey:= E(up, f, T). From (53) and (2) we have the bounds

1/2
Il ppor2 S Eq' (72)
1/2
IVull 22 S Eq', (73)
1/2
lollzz + 11 1l S B> (74)

We expand out u using (69). For the free term e’ Ay, one has by (18)
leuollee <17 ol
for t € [0, T'], so this contribution to (70) is acceptable by (74). In a similar spirit, we have
e A PFE )l S & =) HNPLE) 2 S @ =) @) g2,

and so this contribution is also acceptable by the Minkowski and Young inequalities and (74).

By Littlewood—Paley decomposition, the triangle inequality, and Minkowski’s inequality, we can bound
the left-hand side by

It remains to show that

< Ey.

t
/ APV (uu) (1)) di’
LiLx>

0

T pt
<> / f | Pyve" " 20(PV (uu)(t'))|| - dt’ dt.
~ J0 Jo x
Using (27) and bounding the first-order operator PV by N on the range of Py, we may bound this by
T pt
<> / / exp(—c(t — " )N?)N | PyO(uu)(t') || 1 dt’ dt

~ J0 Jo '

for some ¢ > 0; interchanging integrals and evaluating the ¢ integral, this becomes
T
<. / N Py OGuu) (@) e di'. (75)
0 ;
N

We now apply the Littlewood—Paley trichotomy (see Section 2) and symmetry to write

PyO(uu) = Y PyO(unun,)+ Y. Y PxO(uy,un,),

N]"’N NzSN N]%N Nz"-‘Nl
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where uy := Pyu. For N, N; in the first sum, we use Bernstein’s inequality to estimate
| PNO@Nn un) e S lluny Il llun, [l Lo
SNl 2 Ny s 2
SN(N2/NDV2Vup, |21 Vu,ll 2.
For Ny, N, in the second sum, we use Bernstein’s inequality in a slightly different way to estimate
I PNOw,un) e S N0y, uw) g
SN uw, 2w, |l 2
SNIN/NDIVun, 21 Vi, [ 2
Applying these bounds, we can estimate (75) by
T
<Y Y /w2 /0 [V, (@) 2 [V () 2 e

N Ni~N N,$N
T
F2 X S WM [ 1V Ol Vs ()
N Ni>N Ny~N; 0
Performing the N summation first and then using Cauchy—Schwarz, one can bound this by

S0 > (No/NDPayan, + Y Y anjan,,

Ni1Z1 Na SNy N121 N2~Ny
where

ay = ”VMN”L}Lg-

But from (73) and Bessel’s inequality (or the Plancherel theorem), one has
Z ay < Eo.
N

and the claim (70) then follows from Schur’s test (or Young’s inequality).

69

Remark 9.2. An inspection of this argument reveals that the LJ° norm in (70) can be strengthened to a

Besov norm (B?’Oo)x, defined by
lull oy, = > I Pwitlzss
N

Remark 9.3. An inspection of the proof of Proposition 9.1 reveals that the time-dependent factor T

on the right-hand side of Proposition 9.1 was only necessary in order to bound the linear components

t
ePug+ / TINPE) dE
0

1/4

of the Duhamel formula (69). If one had some other means to bound these components in L!L%° by a

bound independent of 7' (for instance, if one had some further control on the decay of ug and f, such as
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L )1{ and L}L }C bounds), then this would lead to a similarly time-independent bound in Proposition 9.1,
which could be useful for analysis of the long-time asymptotics of Navier—Stokes solutions (which is not
our primary concern here).

Remark 9.4. It is worth comparing the (supercritical) control given by Proposition 9.1 with the well-
known (critical) Prodi—Serrin—Ladyzhenskaya regularity condition [Prodi 1959; Serrin 1963; Ladyzhen-
skaya 1967; Fabes et al. 1972; Struwe 1988], a special case of which (roughly speaking) asserts that
smooth solutions to the Navier—Stokes system can be continued as long as u is bounded in L?L%°, and
the equally well known (and also critical) regularity condition of Beale, Kato, and Majda [1984], which
asserts that smooth solutions can be continued as long as the vorticity

w:=Vxu (76)
stays bounded in L! L.

Remark 9.5. As pointed out by the anonymous referee, one can also obtain L tl L?° bounds on the velocity
field u by a Gagliardo—Nirenberg type interpolation between the L,1 / 2L§° bound on Vu from [Foiasg et al.
1981] with the L%Lg bound on u arising from the energy inequality and Sobolev embedding.

Although we will not need it in this paper, Proposition 9.1 when combined with the Picard well-
posedness theorem for ODE yields the following immediate corollary, which may be of use in future
applications:

Corollary 9.6 (Existence of material coordinates). Let (u, p, ug, f, T) be a finite energy smooth solution.
Then there exists a unique smooth map ® : [0, T] x R — R> such that

P0,x)=x

for all x € R?, and
81‘(1)([5 x) = M(CD(t, x))

forall (t,x) €[0, T]x R3, and furthermore ®(t) : R* — R is a diffeomorphism for all t € [0, T). Finally,
one has
|®(t,x) — x| < E(ug, £, T)'*TY* + E(ug, £, T)

forall (t,x) € [0, T] x R>.

Remark 9.7. One can extend the results in this section to the periodic case, as long as one assumes
normalised pressure and imposes the additional condition 7' < L?, which roughly speaking ensures that
the periodic heat kernel behaves enough like its nonperiodic counterpart that estimates such as (18) are
maintained; we omit the details. (Without normalised pressure, the Galilean invariance (33) shows that
one cannot hope to bound the L }Lio norm of u by the initial data, and even energy estimates do not work
any more.) When the inequality 7 < L? fails, one can still obtain estimates (but with weaker bounds) by
using the crude observation that a solution which is periodic with period L is also periodic with period
kL for any positive integer k, and choosing k to be the first integer such that T < (kL)>.
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10. Enstrophy localisation

The purpose of this section is to establish a subcritical analogue of Theorem 8.2, in which the energy
% I |u|? is replaced by the enstrophy % f |w|?. Because the latter quantity is not conserved, we will need
a smallness condition on the initial local enstrophy; however, the initial global enstrophy is allowed to be
arbitrarily large (or even infinite).

Theorem 10.1 (Enstrophy localisation). Let (u, p, ug, f, T) be a finite energy almost smooth solution.
Let B(xg, R) be a ball such that

||w0||L§(B(x0,R)) +IV x f||L,'L§([0,T]xB(x0,R)) <34 (77)
for some § > 0, where wgy :=V X uy is the initial vorticity. Assume the smallness condition
ST +8°E(uo, f, T)V?’T <¢ (78)

for some sufficiently small absolute constant ¢ > 0 (independent of all parameters). Let 0 <r < R/2 be a

quantity such that
r> C(E(uo, f, T)+ E(ug, f, T)'*T"*+572) (79)

for some sufficiently large absolute constant C (again independent of all parameters). Then

loll Lo 12 10.71% Boxo. R—r)) + IV 121210, 71% B(xg, R—r)) S O

Remark 10.2. Once again, this theorem is dimensionally consistent (and so one could use (31) to
normalise one of the nondimensionless parameters above to equal 1 if desired). Indeed, if L is a unit of
length, then « has the units of L=, @ has the units of L=2, E (ug, f, T), r, R have the units of L, T has the
units of L2, and § has the units of L~/2 (so in particular 8*T and 8°E (uo, £, T)'/2T are dimensionless).

Remark 10.3. The smallness of 8*T also comes up, not coincidentally, as a condition in the local well-
posedness theory for the Navier—Stokes at the level of H I see (46). The smallness of §° E (ug, £, 2T
is a more artificial condition, and it is possible that a more careful argument would eliminate it, but we
will not need to do so for our applications. For future reference, it will be important to note the fact that §
is permitted to be large in the above theorem, so long as the time 7 is small.

Remark 10.4. A variant to Theorem 10.1 can also be deduced from the result'® in [Caffarelli et al. 1982,
Theorem D]. Here, instead of assuming a small L? condition on the enstrophy, one needs to assume
smallness of quantities such as fR3(|u0(x)|2 /1x — xo|)dx for all sufficiently large xo, and then regularity
results are obtained outside of a sufficiently large ball in space-time.

We now prove the theorem. Let (u, p, ug, f, T), B(xg, R), 8, r be as in the theorem. We may use spatial
translation symmetry (29) to normalise xo = 0. We assume ¢ > 0 is a sufficiently small absolute constant,
and then assume C > 0 is a sufficiently large constant (depending on c). We abbreviate Ey := E (ug, f, T).

In principle, this is a subcritical problem, because the local enstrophy % I3 (0.R) |w|? (or regularised
versions thereof) is subcritical with respect to scaling (31). As such, standard energy methods should

19We thank the anonymous referee for this observation.
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in principle suffice to keep the enstrophy small for small times (using the smallness condition (78), of
course). The main difficulty is that the local enstrophy is not fully coercive: it controls w (and, to a lesser
extent, u) inside B(xg, R), but not outside B(xg, R); while we do have some global control of the solution
thanks to the energy estimate (Lemma 8.1), this is supercritical and thus needs to be used sparingly. We
will therefore expend a fair amount of effort to prevent our estimates from “leaking” outside B(xg, R);
in particular, one has to avoid the use of nonlocal singular integrals (such as the Leray projection or
the Biot—Savart law) and work instead with more local techniques such as integration by parts. This
will inevitably lead to some factors that blow up as one approaches the boundary of B(xg, R) (actually,
for technical reasons, we will be using a slightly smaller ball B(xg, R'(¢)) as our domain). It turns out,
however, that thanks to a moderate amount of harmonic analysis, these boundary factors can (barely) be
controlled if one chooses exactly the right type of weight function to define the local enstrophy (it has to
be Lipschitz continuous, but no better).

We turn to the details. We will need an auxiliary initial radius R’ = R’(0) in the interval [R — r/4, R]
which we will choose later (by a pigeonholing argument). Given this R’, we then define a time-dependent
radius function

1 t
R(t):=R — ;/0 1 ($) |2, ds.

From Proposition 9.1 one has
R(1) = R' = O(Eo+ Ey/°*T'/%),

and thus (by (79)) one has
R'(t)>R—r/2

if the constant C in (79) is sufficiently large depending on ¢. The reason we introduce this rapidly
shrinking radius is that we intend to “outrun” all difficulties caused by the transport component of the
Navier—Stokes equation when we deploy the energy method. Note that the bounded total speed property

(Proposition 9.1) prevents us from running the radius down to zero when we do this.
We introduce a time-varying Lipschitz continuous cutoff function

n(t, x) = min(max(0, ¢ *'8*(R'(t) — |x|)), 1).

This function is supported on the ball B(0, R’(¢)) and equals one on B(0, R'(r) — c%1872), and is radially
decreasing; in particular, from (79), we see that n is supported on B(0, R) and equals 1 on B(0, R —r) if
C is large enough. As 1 increases, this cutoff shrinks at speed (1/¢)[|u(t) |l =3, leading to the useful
pointwise estimate

1
Iin(t, x) = = llu@llLewe) Van(t, X)1, (80)
which we will use later in this argument to control transport-like terms in the energy estimate (or more
precisely, the enstrophy estimate).

Remark 10.5. It will be important that n is Lipschitz continuous but no better; Lipschitz is the minimal
regularity for which one can still control the heat flux term (see Y3 below), but is also the maximal
regularity for which there is enough coercivity to control the nonlinear term (see Y below). The argument



LOCALISATION AND COMPACTNESS FOR NAVIER-STOKES 73

is in fact remarkably delicate, necessitating a careful application of harmonic analysis techniques (and in
particular, a Whitney decomposition of the ball).

We introduce the localised enstrophy

W) = % /R}la)(t, x)2n(t, x) dx. (81)
From the hypothesis (77) one has the initial condition
W) <4, (82)
and to obtain the proposition, it will suffice to show that
W) e 8 (83)

for all r € [0, T].
As u is almost smooth, W is C,l. As in Section 8, we will compute the derivative d, W. We first take
the curl of (3) to obtain the well-known vorticity equation

ow+ (- V)w=Aw+0(wVu)+V x f. (84)
This leads to the enstrophy equation
dzlol® + @-V)zlol* = AGlo?) — Vo> + 0(@oVu) + o - (V X ).

All terms in this equation are smooth. Integrating this equation against the Lipschitz, compactly supported
n and integrating by parts as in Section 8 (interpreting derivatives of n in a distributional sense), we
conclude that

W ==Y —-Yo+Y34+Ys+Y5+7s, (85)

Y :=/ |Vol*n,
R3
v; :=—%/ 28,1,
IR3
Y3 :z%f |wl*An,
R3

Yy ::%/wmﬂu-vn,

where Y] is the dissipation term
Y, is the recession term
Y3 is the heat flux term
Y4 is the transport term
Y5 is the forcing term
Ys ::/ w-(Vx fn,
R3

and Y is the nonlinear term

Ye :=/ O(woVu)n.
R3
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The term Y] is nonnegative, and will be needed to control some of the other terms. The term Y5 is also
nonnegative; by (80) we see that

| 0PIVl S el o o (56)
We skip the heat flux term Y3 for now and use (86) to bound the transport term Y, by
V4] S cYa. (87)
Now we turn to the forcing term Ys. By Cauchy—Schwarz and (81), we have

Y5l S W'2a(),
where
a(®) =11V x fliL2o.r)-
Note from (77) that -
/0 a(t)dt <96. (83)

We return now to the heat flux term Y3. Computing the distributional Laplacian®® of # in polar

coordinates, we see that
Y3 Sb(@),

where b(t) = bg/(¢) is the quantity

b(t) == c_O'ISZRZ/ lo(t, R’(z)a)|2da+c—0-254/ lo(t, x)|*dx,
S2 R'(t)—c%18-2<|x|<R'(t)
and do is surface measure on the unit sphere S2. (Note that while A7 also has a component on the sphere
lx| = R'(t) — ¢*1872, this component is negative and thus can be discarded.)
To control b(t), we take advantage of the freedom to choose R’. From Fubini’s theorem and a change
of variables, we see that

R T T
/ /bR/(t)dth’gc_O'lézf / lw(t, x)|* dx.
_ALL 0 0 JR3

From Lemma 8.1, the right-hand side is O (8>E/c%"). Thus, by the pigeonhole principle, we may select

aradius R’ such that )

r 8°E
/ b(1)dr < 1o
0 01y

and in particular, by (79), ;
/ b(t)dr <82 (89)
0
if C is large enough.

20Alternatively, if one wishes to avoid distributions, one can regularise n by a small epsilon parameter to become smooth,
compute the Laplacian of the regularised term, and take limits as epsilon goes to zero. One can also rescale either R or § (but not
both) to equal 1 to simplify the computations.
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Henceforth we fix R’ so that (89) holds. We now turn to the most difficult term, namely the nonlinear
term Y. Morally speaking, the Vu term in Y¢ has the “same strength” as w, and so Ys is heuristically as

/ @(a)3)n.
R3

A standard Whitney decomposition of the support of n, followed by rescaled versions of the Sobolev
inequality, bounds this latter expression by

o(fern) (o))

If we could similarly bound Y¢ by this expression by an analogous argument, this would greatly simplify

strong as

the argument below. Unfortunately, the relationship between Vu and w is rather delicate (especially when
working relative to the weight 1), and we have to perform a much more involved analysis (though still
ultimately one which is inspired by the preceding argument).

We turn to the details. We fix ¢ and work in the domain

Q:= B(0, R'(2)).

We apply a Whitney-type decomposition, covering €2 by a boundedly overlapping collection of balls
B; = B(x;, r;) with radius
ri i= 145 min(dist(x;, 982), ¢! /8%).

In particular, we have
n~c 0182, (90)

on B(x;, 10r;). We can then bound

—0.1¢2 2
Yol ScO16%) ﬁri/ lo|*|Vul.
- B;
l

The first step is to convert Vu into an expression that only involves @ (modulo lower-order terms), while
staying inside the domain 2. To do this, we first observe from the divergence-free nature of u that

Au=VxVxu=V xw.

Let v; be a smooth cutoff to the ball 3B; := B(x;, 3r;) that equals 1 on 2B; := B(x;, 2r;). On 2B;, we
thus have the local Biot—Savart law

u=0A"'V(w) +v,
where v is harmonic on 2B;. In particular, from Sobolev embedding one has
||U||L§(23,~) S ||Wiw||L§/5(R3) + ||M||L§(2B,»)-
From Holder’s inequality one has

Wil o gy S rillollz2 s,
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while from the mean value principle for harmonic functions one has

-5/2
IVUllesy S 1 7 lvliz2esy-
We conclude that

-3/2 -5/2
IVl S 2 Nollzas) + > lul 2os,),
and we thus have the pointwise estimate
—1 —-3/2 —5/2
Vu| SIVAT' V()| +r; ol 228, +1; / el 228,

on B;. We can thus bound |Ys| < Y1 + Y62, Where

Y6,1§c_0'1522r,-/ |a)|2F,-
i B;
and
. —1 -3/2
Fi:= VAT Vo) +r; " loll2es,)

and
—0.1¢2 -3/2 2
Yoo Sc 8 E r; ||M||L§<2Bi)f ]

l

i

(€29

Let us first deal with Yg 2, which is the only term not locally controlled by the vorticity alone. If the

ball B; is contained in the annular region
{xeQ:lx| > R(t)— "6,
which is the region where 7 is not constant, then we use Holder to get the bound

—3/2
r P ull 2 oy S lull e me)

and observe that ¢ %182 = |Vn| on B;. Thus, by (86), the contribution of this term to Ys > is 0(c"%Y»).
If instead the ball B; intersects the ball B(0, R'(¢) — c¢*162), then r; ~ ¢*16=2 and n~1on B;, and we

use Lemma 8.1 to obtain the bound
—-3/2 _ 1/2
r; / lullz2om) S ¢ 0'1533Eo/ ,
and then by (81), (78) the contribution of this case is

OB E*W) = 0" W/T);

and thus
Yoo <Y, +c0PwW)T.

Now we turn to Y ;. From Plancherel’s theorem we have
-1
IVAT V@io) 2@ S IViol 2wy S lollzzes,)

and thus

I Fill2(8,) S lwllz228))-
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From Holder’s inequality we thus have

—0.12 3/2 2
Yor Sc™8% Y r ol lolzas,)-

1

To deal with this, we let w; denote the averages

1 12
2
w,-:=<—f |w|) :
3B, )i,

32
loll2op) S wi

then

Also, from the Sobolev inequality one has

-1 1/2
lollzss) S lovillLswy) S IV@Ydllzey S IVollzas) + 1 lollizas) S IVelzas) +r Py,

and thus

1 1

To deal with the first term of (92), observe from (81) and (90) that
> ortwp SMsTw, (93)
i
and in particular
w; S PsTIW2r2 (94)
for all i. We may thus bound

—0.1¢2 3 2 —0.05 1/2 2
182y will Vol gp, S ¢ swl/ ZrinvcouLwBi),

4 4
which by (90) and the bounded overlap of the B; is
<c0'058_1W1/2/ Vo2 < 055~ w!/2y,.
Q

The second term of (92), ¢~0-182 Zi r;‘ w?, is trickier to handle. Call a ball “large” if its radius is at least
10~4¢=015=2 (say), and “small” otherwise. To deal with the small balls we use the Poincaré inequality.
From this inequality, we see in particular that

| 12 ] 12 12
(Lo o )< )
13B:| J3, 13B;| J3B; 10B;

whenever B;, B; intersect. (Indeed, the Poincaré inequality implies that both terms in the left-hand side
are within O ((r;”! flOBi |Vw|?)'/2) of |(1/|10B;|) flOBi w|.) In other words, we have

1/2
—-1/2
lwi —wj| SrY (/ |Vw|2) (95)
10B;

whenever B;, B; intersect.
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Now for any small ball B;, we may assign a “parent” ball B, which touches the ball but has radius
at least 1.001 (say) times as large as that of B;. We may iterate this until we reach a large ball B,;), and
write

Wi S wa(i) + Z |wpk(i) — wpk+1(i)|,
k>0

where the sum is over all k for which p**1(i) is well-defined; note that this inequality also holds for large
balls if we set a(i) = i. Taking cubes and using Holder’s inequality, we obtain

Z 1
w? §w2(1)+ (1+k) O|wpk(i)—wpk+](i)|3,
k>0
—0.152 %" 4.3
and so we can bound ¢~ %'§ Z riw? by

_01522r wi e 01822(1+k)102r W ey — Wpks |

k>0

If one fixes a large ball Bj, one easily checks that ) rd < r?, and thus

i
ita(i)=j

0152 —0.152 4.3,
8 Zr wa S¢S Y rjwg
Jirj>10"4c015-2
applying (94) and (93), we thus have
0152 Z /- wa(l) < 02555 y1/2 Z r;_tw]z < 01553 3/2.
J
Similarly, if one fixes a small ball B}, one verifies that

10 4 4
2 A+00 s,
k>0 i:pk(i)=j
and thus

—01 2 10 3 —0.1¢2 4 3
82> (1 +k) Zr Wty — Wkt S e 01 > rw—wpl

k>0 Jirj<10=4c015-2

From (94) (once) and (95) (twice) one has
wj —wp(l? S B8 W3 / Vel

and so we may bound the preceding expression by

5c—°~°55W1/2er/ Vol?,
7 10B;

which by (90) and the bounded overlap of the B; can be bounded by

5C0'055_1W1/2/ |Va)|277560'055_1W1/2Y1.
Q
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Putting the Y5 ; bounds together, we conclude that
You < c O183W3/2 4 00551y 12y,
collecting the bounds for Y1, ..., ¥s, we thus have
AW < =Y+ 0(PsT W2y + 7O PEW 4 OTPW/T +a@)W'? +b()).

To solve this differential inequality we use the continuity method. Suppose that 0 < T’ < T is a time for
which
sup W(t) < ¢ 00152, (96)
1€[0,T']
Then, if ¢ is small enough, we can absorb the O ("5~ w12y} term by the —Y; term, and can also
use this bound and (78) to obtain

C_0'1583 W3/2 S 0_0'15584W S CO.75 W/T

and
a(W? < 700554 (p).

We thus have
AW < OTBW/T 479580 (1) + b(r).

From Gronwall’s inequality and (82), (88), (89), we thus have

sup W(t) < 000552
t€l0,T7]
For ¢ a small enough absolute constant, this is (slightly) better than the hypothesis (96), and so from the
continuity method (and (82)), we conclude that

sup W(r) < ¢ 000552,
te[0,T]

and the claim (83) follows. The proof of Theorem 10.1 is now complete.

Remark 10.6. As with Remark 8.4, we may adapt the proof of Theorem 10.1 to an annulus, replacing the
ball B(xp, R) with an annulus B(xg, R")\B(xg, R) for some 0 < R < R' withO <r < R/2, (R'—R)/2,
and replacing the smaller ball B(xg, R — r) with the smaller annulus B(xg, R" —r)\B(xo, R +r). To do
this, one has to replace the cutoff 1 (which was shrinking inside the ball B(xg, R) towards B(xg, R —r))
with a slightly more complicated cutoff (which is shrinking inside the annulus B(xy, R")\ B(xo, R) towards
the smaller annulus B(xg, R’ — r)\B(xo, R +r)). However, aside from this detail, the proof method is
essentially identical and is omitted. Sending R’ to infinity and using the monotone convergence theorem,
we may in fact replace the annulus B(xg, R")\ B(xo, R) with the exterior region R3\ B(xo, R), and the
annulus B(xg, R’ — r)\B(xg, R +r) with R3\ B(xg, R +r).

Theorem 10.1 asserts, roughly speaking, that if the H! norm of the data is small on a ball, then for a
quantitative amount of later time, the H! norm of the solution remains small on a slightly smaller ball.
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As the H' norm is subcritical, we expect this sort of result to persist to higher regularities, in the spirit of
[Serrin 1962]. It is therefore unsurprising that this is indeed the case:

Proposition 10.7 (Higher regularity). Let (u, p, ug, f, T) be a finite energy almost smooth solution with
T <T,. Let B(xo, R), n, 8, r obey the conditions (77), (78), (79) from Theorem 10.1. Then for any
compact subset K in the interior of B(xg, R —r) and any k > 1, one can bound

k k+1
IViull Lo rzqo.mix i) + IVl 1202 0,710 k) SkoK Euo, £.7).8. T, R, A L

where
k

Ay = Z ||V]u0||L§(B(x0,R)) + ||V]f||L,°°L§([0,T]><B(x0,R))'
j=0

In particular, one has

Nl x 0. 71x k) SkoK.Euo, £.7),5.To.R. A 1-

Proof. We allow all implied constants to depend on k, K, E(ug, f,T), 8, Ty, R, A;. We introduce a
compact set
KCK| CKy,CK3CK4CKsCB(xg, R—r),

with each set lying in the interior of the next set. Let n be a smooth function supported on K, that equals 1
on K1; we allow implied constants to depend on 7.
We begin with the k = 1 case. From Theorem 10.1 one already has

ol r2q0.11x k1) + VOl 2020, 71xK) S 1-

To pass from w to u, we use integration by parts. Since w =V x u and u is divergence-free, a standard
integration by parts shows that

%/ IwI2n=/ IVu|2n+/ O(uPV?n).
R3 R3 R3

By Lemma 8.1, the error term is O (1), and so we have

/ IVu® < 1.
K

Similarly, by replacing @ and u by their derivatives, we also see that

%f IVw|2n=/ |V2u|2n+/@(IWI2V2n)-
R3 R3 R3

By Lemma 8.1, the error term is O(1) after integration in time, and so we also have

T
/[|v2u|2dxdz§1
0 JK

We now turn to the k = 2 case. This is the most difficult, as we currently only control regularities

as desired.

that are half a derivative better than the critical regularity (which would place u in H xl / 2), and wish to
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boost this to three halves of a derivative above critical; this requires at least two iterations of the Duhamel
formula. The arguments will be analogous to the regularity arguments in Theorem 5.1 or Lemma 5.5. By
(68) we see that un obeys the truncated equation

o;(nu) — A(mu) = nO(PV(uu))+nPf +0(VuVn) + @(qun) 97)
for almost all . Meanwhile, from the k = 1 case and Lemma 8.1, we already have the estimates

2
||”||L,°°L§([O,T]><R3) + ”V””L?OLE([O,T]xK@ + IV ”||L,2L§([O,T]><K4) 5 I, (98)

and from the definition of A,, we have

IV uoll 2 (B(xo, my) T IV fller20, 71 Boxo. ) S 1 99)

for j =0,1,2.

We claim that all terms on the right-hand side of (97) have an L?L2([0, T] x R®) norm of O(1). The
only difficult term here is n PO(V (uu)); the other three terms on the right-hand side are easily estimated
in Lf‘Li (and even in LtzLi) using (98) and (99). We now estimate

InOCPV @u))ll 31210, 77xR3)-

We split uu = nuu + (1 — 7)uu, where 7 is a smooth cutoff supported on K4 that equals 1 on K3. For the
contribution of the nonlocal portion (1 — 77), one can use the smoothness of the kernel of the operator
P away from the origin to bound this contribution by < ||O(uu)|| LALL(0,T]xRY) which is acceptable by
(98); for future reference, we note that this argument bounds this contribution in L?L2 norm as well as in
L?#L? norm. For the local portion 7juu, we discard the n and P projections and bound this by

S 16(V (quu)) ||L§L§([0,T]XR3)-

But this is acceptable by (24).

We have now placed the right-hand side of (97) in L} L2([0, T] x R?) with norm O(1). Meanwhile,
from (99), the initial data uon is in H2(R?) with norm O(1). Applying the energy estimate (23), we
conclude that

||un||L?0H§/2*U([O,T]XR3) + ||L“7||L?Hf/27a([O,T]XR3) SU 1

for any o > 0. A similar argument (shifting the compact sets) also gives

”un/”L?OH;/Z*U([O’T]XR}) + ”un/”LtZH;/Z*U([O’T]XR}) SJO- 17

where 1’ is a smooth function supported on K5 that equals 1 on K4. In particular, by Sobolev embedding,
on [0, T] x K4, uisin L®L'2, Vuisin L?L!2N L;’OL}CZ/S, and V2u is in LtzL,lf/S, which together with
(98) and the Holder inequality now allows one to conclude that O(V (7juu)) has an Ltsz] ([0, T1 x R?)

norm of O(1). Repeating the previous arguments, we now conclude that the right-hand side of (97) lies
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in L?Hx1 ([0, T1 x R?) with norm O(1), and hence by (22),

[ nu ||L?°H}([O,T]><[R3) + lInu ||L,2H3([O,T]XR3)’

which gives the k =2 case.

The higher k cases are proven by similar arguments, but are easier as we now have enough regularity
to place u in LY°LS°([0, T'] x K5) with norm O(1); we leave the details to the reader. (For instance, to
establish the k = 3 case, one can verify using the estimates already obtained from the k = 2 case that the
right-hand side of (97) has an L2H! ([0, T] x R?) norm of O(1). O

Remark 10.8. As in Remark 9.7, one can extend the results here to the periodic setting so long as one
has 7 < L? and R < L; we omit the details.

For our application to constructing Leray—Hopf weak solutions, we will need a generalisation of
Theorem 10.1 to the case when one has hyperdissipation. More precisely, we introduce a small hyperdis-
sipation parameter ¢ > 0, and consider solutions (1, p®, uq, f, T) to the regularised Navier—Stokes
equation, which are defined precisely as with the usual concept of a Navier—Stokes solution, but with (3)
replaced by the regularised variant

du® 4+ @® - V)u'® = Au® — A2 —Vp© 1 f. (100)

With hyperdissipation, the global regularity problem becomes much easier (the energy is now subcritical
rather than supercritical), and indeed it is not difficult to use energy methods (see, for example, [Lions
1969]) to show the existence of a unique almost smooth finite energy solution to this regularised equa-
tion (u®, p@®, ug, f, T) from any given smooth finite energy data (ug, f, T). The energy estimate in
Lemma 8.1 remains true in this case (uniformly in ¢), and one easily verifies that one obtains an additional
estimate

T
s/ / IV2u(t, x)|?dtdx < E(ug, f,T) (101)
0 JR3

in this hyperdissipative setting. One can also verify (with a some tedious effort) that Proposition 9.1 also
holds in this hyperdissipative setting as long as ¢ is sufficiently small, basically because the hyperdissipative
heat operators ¢! (A=#2%) obey essentially the same estimates (18), (27) as ¢/® if 0 <¢ < T and « is
sufficiently small depending on 7'; we omit the details.

One can define the vorticity »® := V x u® of a regularised solution as before. This vorticity obeys an
equation almost identical to (84), but with an additional hyperdissipative term —e V2w® on the right-hand
side. One can then repeat the proof of Theorem 10.1 with this additional term. Integrating by parts a
large number of times, one obtains a similar decomposition to (85) for the derivative of the localised
enstrophy, but with the addition of a negative term —e& fR3 |V2w|*n on the right-hand side, plus some
boundary terms which are bounded by b(t), where

b(t) := > 8c_0'162R2/ |Va)(t,roz)|2da+ec_0'284/ Vo (t, x)|? dx
r=R'(t),R'(1)—c015-2 s R'(t)—c"1872<|x|<R' (1)

is a hyperdissipative analogue of b(¢). By using the same averaging argument used to bound fOT b(t)dt
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for typical R’, one can also simultaneously obtain a comparable bound for fOT b(t)dt (taking advantage
of the additional estimate (101)). The rest of the argument in Theorem 10.1 works with essentially no
changes; we omit the details. The proof of Proposition 10.7 is also essentially identical, after one notes
that energy estimates such as (22) continue to hold in the hyperdissipative setting. Summarising, we
obtain:

Proposition 10.9. Theorem 10.1 and Proposition 10.7 continue to hold in the presence of hyperdissipation,
uniformly in the limit ¢ — Q.

11. Consequences of enstrophy localisation

We now give a number of applications of the enstrophy localisation result, Theorem 10.1. Many of these
applications resemble existing results in the literature, but with weaker decay hypotheses on the initial
data and solution (in particular, we will usually only assume either finite energy or finite H'! norm); the
main point is that the localisation afforded by Theorem 10.1 can significantly reduce the need to assume
any stronger decay hypotheses.

We begin with the observation that finite energy smooth solutions automatically have bounded enstrophy
if the initial data has bounded enstrophy:

Corollary 11.1 (Bounded enstrophy). Let (u, p, uo, f, T) be an almost smooth, finite energy solution,
such that the initial data (ug, f, T) has finite H' norm. Then u € Xl([O, T] x [Ri3); in particular,
(u, p,ug, f, T) isan H' solution.

Proof. Let § > 0 be small enough (depending on E (ug, f, T), T) that the condition (78) holds. As
(uo, f, T) has finite H ! norm, we have

llwoll 2wsy + 11V X fllpi 20, 77xm3) < 00
By the monotone convergence theorem, we thus have for R sufficiently large that
||a)0||L§(IR{3\B(O,R)) +V x f”L}L%([O,T]x(R»*\B(O,R))) <é.
Applying Theorem 10.1 (inverted as in Remark 10.6), we conclude that
loll L2210, 71x ®3\B©.R+r))) + IV 212 0, 71x @\ BO, R4+ S O

for some finite radius r, if R is sufficiently large; in particular, o lies in L*L2 N L?H in the exterior
region [0, T'] x (IR3\B(O, R +7r)). On the other hand, as u is almost smooth, w also lies in L,OOL)ZC N Ltsz]
in the interior region [0, '] x B(0, R +r + 1) (say). Gluing these two bounds together, we conclude that

weL®L2NL?H!(0, T] x R?);
meanwhile, from Lemma 8.1 one has
ue L®L2NLIH!([0, T] x RY).

Since u is divergence-free and w = V x u, the claim then follows from Fourier analysis. O
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Remark 11.2. From Corollary 5.8 we know that smooth solutions to the Navier—Stokes solutions can be
continued in time as long as the H' norm remains bounded. However, Corollary 11.1 certainly does not
allow one to solve the global regularity problem for Navier—Stokes, because the proof heavily relies on
the solution u being complete rather than incomplete, and thus it is (almost) smooth all the way up to the
final time T, and not just smooth on [0, 7). Instead, what Corollary 11.1 does is to show that the solution
from H'! data is well-behaved when one is sufficiently close to spatial infinity; in particular, it does not
prevent turbulent behaviour in bounded regions of space-time.

Remark 11.3. If (u, p, ug, 0, T) is an almost smooth homogeneous finite energy solution, then by
Lemma 8.1 we see that u(t) € HX1 (R?) for almost every time ¢ € [0, T]. Applying the time translation
symmetry (30) for a small time shift #, we can then convert the finite energy data to H' data, and then by
Corollary 11.1, we conclude that in fact u(t) € Hx1 (R3) for all nonzero times ¢ € (0, T, and furthermore
that u(¢) is bounded in Hxl as soon as ¢ is bounded away from zero.

Since H' almost smooth solutions with normalised pressure are automatically H' mild solutions, for
which uniqueness was established in Theorem 5.4, we thus have uniqueness in the almost smooth finite
energy category from smooth H'! data:

Corollary 11.4 (Unconditional uniqueness). Let (1o, f, T) be smooth H' data. Then there is at most one
almost smooth finite energy solution (u, p, uo, f, T) with this data and with normalised pressure.

This result resembles the standard “weak-strong uniqueness” results in the literature, such as those in
[Prodi 1959; Serrin 1963; Germain 2006; 2008]. The main novelty here is the lack of decay hypotheses
beyond the finite energy hypothesis; note that the almost smoothness of the solution gives plenty of
integrability on compact regions of space, but does not imply any global integrability in space.

Remark 11.5. We conjecture that one still retains uniqueness even if the data (g, f, 7;) is merely smooth
and finite energy, rather than smooth and H'. Note from Lemma 8.1 that u(¢) has finite H!(R*) norm
for almost every time ¢, which in principle allows one to enforce uniqueness after any given positive time
(in the homogeneous case f = 0, at least), but it is not clear to the author how to prevent instantaneous
failure of uniqueness at the initial time ¢ = 0 with only a smooth finite energy hypothesis on the initial
data. It may however be possible to adapt the “weak-strong” uniqueness results of Germain [2006; 2008]
to this category, perhaps in combination with the local H'! control given by Theorem 10.1.

We now use the enstrophy localisation result to study solutions as they approach a (potential) blowup
time 7.

Proposition 11.6 (Uniform smoothness outside a ball). Let (u, p, uo, f, T,”) be an incomplete almost
smooth H' solution with normalised pressure for all times 0 < T < T,. Then there exists a ball B(0, R)
such that

u, p, f, du € LXCH(0, T,) x K) (102)

for all k > 0 and all compact subsets K of R3\ B(0, R).



LOCALISATION AND COMPACTNESS FOR NAVIER-STOKES 85

We remark that similar results were obtained by Caffarelli, Kohn, and Nirenberg [1982] assuming
additional spatial decay hypotheses on the data at infinity, and in particular that f[r@ luo(0, x))?|x|dx < oo.
The main novelty in this proposition is that one only assumes square-integrability of u( and its first
derivatives, without any further decay assumption.

Proof. From the argument in the proof of Corollary 11.1 (noting that the bounds are uniform for all times
T in a compact set), one can already find a ball B(0, Ry) for which

u e X'([0, T.) x (R*\ B(0, Ry))).
Using Proposition 10.7, we then conclude the existence of a larger ball B(0, R) such that
u e X*([0, T,) x K)

for all k£ > 1 and all compact subsets K of R3\ B(0, R). From this, Sobolev embedding, and (9) (using
the smoothness of the kernel of VXA~! away from the origin), we obtain (102) for u, p, f as desired. If
one then applies (3) and solves for d;u, one obtains the bound for d,u also. O

Remark 11.7. From (102) one can continuously extend u up to the portion {7} x (R3\B(0, R)) of the
boundary (compare the partial regularity theory in [Caffarelli et al. 1982]). However, we were unable
to demonstrate that u could be extended smoothly up to the boundary (or even that d;u is continuous in
time at the boundary). The problem is due to the nonlocal effects of pressure; the solution u could be
blowing up at time 7 in the interior of B(0, R), leading (via (9)) to time oscillations of the pressure in K
(which cannot be directly damped out by the smoothness of the A~! kernel, which only attenuates spatial
oscillations), which by (3) could lead to time oscillations of the solution u# in K. Indeed, as Theorem 1.12
shows, these time oscillations can have a nontrivial effect on the regularity of the solution.

Remark 11.8. For future reference, we observe that Proposition 11.6 did not require the full space-time
smoothness on f; it would suffice to have f € L°C f([O, T,) x K) for all £ > 0 and compact K in order
to obtain the conclusion (102). This is because at no stage in the argument was it necessary to differentiate
f in time.

In a similar spirit, we may construct Leray—Hopf weak solutions that are spatially smooth outside of a
ball for any fixed time 7. More precisely, define a Leray—Hopf weak solution (u, p, ug, f, T) to smooth
finite energy data (1, f, T) to be a distributional solution u € X°([0, T] x R?) to (3) (after expressing
this equation in divergence form) which is continuous in time in the weak topology of L2 (R3), and which
obeys the energy inequality

t
a7 s, + /0 VU2 s, dx < E(uo, £, 7). (103)

The existence of such solutions was famously demonstrated in [Leray 1934] for arbitrary finite energy

data (ug, f, T); the singularities of these solutions were analysed in a vast number of papers, which are

too numerous to cite here, but we will point out in particular the seminal work [Caffarelli et al. 1982].
Our main regularity result for Leray—Hopf solutions is as follows.
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Proposition 11.9 (Existence of partially smooth Leray—Hopf weak solutions). Let (1o, f, T) be smooth
H' data. Then there exists a Leray—Hopf weak solution (u, p, ug, f, T) to the given data and a ball
B(0, R) such that u is spatially smooth in [0, T] x (R3\B(O, R)) (that is, for each t € [0, T], u(t) is
smooth outside of B(0, R)).

Again, similar results were obtained in [Caffarelli et al. 1982] under stronger decay hypotheses on the
initial data. We also remark that weak solutions which were only locally of finite energy, from data of
uniformly locally finite energy, were constructed in [Lemarié-Rieusset 1999]; the ability to localise the
weak solution construction in this fashion is similar in spirit to the results in the proposition.

Proof. (Sketch) We use a standard hyperdissipation®! regularisation argument. Let ¢ > 0 be a small
parameter, and consider the almost smooth finite-energy solution (u'®, p®, ug, f, T) to the regularised
Navier—Stokes system (100), which can be shown to exist by energy methods. By Proposition 10.9,
we can extend Theorem 10.1 and Proposition 10.7 (and thence Proposition 11.6) to these regularised
solutions ®), with bounds that are uniform in & as ¢ — 0. As a consequence, we can find a ball B(0, R)
independent of € such that for every compact set K outside of B(0, R) and every k > 0, V¥4® lies
in L®L>([0, T.] x K) uniformly in N. If we then extract a weak limit point u of the u®), then by
standard arguments one verifies that u is a Leray—Hopf weak solution which is spatially smooth outside
of B(0, R). g

Remark 11.10. As before, we are unable to demonstrate regularity of u in time due to potential nonlocal
effects caused by the pressure, which could in principle cause singularities inside B(0, R) to create time
singularities outside of B(0, R).

Remark 11.11. Uniqueness of Leray—Hopf solutions remains a major unsolved problem, for which
we have nothing new to contribute; in particular, we do not assert that al/ Leray—Hopf solutions from
smooth data obey the conclusions of Proposition 11.9. However, if (ug, f, 00) is globally defined smooth
H' data, the argument above gives a single global Leray—Hopf weak solution (u, p, ug, f, o) with
the property that, for each finite time 7 < oo, there exists a radius Ry < oo such that u is smooth in
[0, T] x (R*\ B(0, R)). If we restrict to the case f = 0, then from (103) we see that ||Vu(t)||L%(R3) must
become arbitrarily small along some sequence of times ¢t = #,, going to infinity. If || Vu(¢)|| Lz(RS) is small
enough depending on E (ug, 0, 00), then standard perturbation theory arguments (see, for example, [Kato
1984]) allow one to obtain a smooth, bounded enstrophy solution from the data u(¢) on (¢, +00), which
by the uniqueness theory of Serrin [1963] must match the Leray—Hopf weak solution u on (¢, +00). As
such, we conclude in the homogeneous smooth H' case that one can construct a global Leray—Hopf weak
solution which is spatially smooth outside of a compact subset of space-time [0, +00) x R3. Again, we
emphasise that this global weak solution need not be unique.

21y may also be possible to use other regularisation methods here, such as velocity regularisation, to construct the Leray—Hopf
weak solution; however, due to the delicate nature of the proof of the localised enstrophy estimate (Theorem 10.1), we were not
able to verify that this estimate remained true in the velocity-regularised setting, uniformly in the regularisation parameter, due to
the less favourable vorticity equation in this setting.
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12. Smooth H! solutions

The purpose of this section is to establish Theorem 1.20(iii). To do this, we will need the ability to localise
smooth divergence-free vector fields, as follows.

Lemma 12.1 (Localisation of divergence-free vector fields). Let T > 0,0 < R} < Ry < R3 < Ry, and let
u:[0,T)x (B, RH)\B, Ry)) — R3 be spatially smooth and divergence-free, such that

u, du € LCE([0, T) x (B0, Ro)\B(O, R))))

forall k > 0 and
f u(t,x)-nda(x)=0 (104)
|

x|=r
forall Ry <r < Rqyandt € [0, T), where n is the outward normal and do is surface measure. Then
there exists a spatially smooth and divergence-free vector field ii : [0, T) x (B(0, R4)\B(0, R})) — R>
which agrees with u on [0, T) x (B(0, R2)\B(0, Ry)) but vanishes on [0, T) x (B(0, R4)\B(0, R3)).
Furthermore, we have
i, du € L°CE([0, T) x (B0, R»)\B(0, Ry)))
forall k > 0.

Finally, if we have
1 <2R; <R3 S Ry,

then we have the more quantitative bound

NZEll Lo % 10, 7) % (B, RONBO,R1Y)) Sk 11| £52 k110, 7) x (B0, R\ B(O, R1))) (105)
for any k. (This latter property will come in handy in the next section.)

Note that the hypothesis (104) is necessary, as can be seen from Stokes’ theorem. Lemmas of this type
first appear in [Bogovskii 1980].

Proof. One can obtain this lemma as a consequence of the machinery of compactly supported divergence-
free wavelets [Lemarie-Rieusset 1992], but for the convenience of the reader we give a self-contained
proof here.
Let X denote the vector space of all divergence-free smooth functions u : B(0, R4)\B(0, R;) — R3
obeying the mean zero condition
/ ux) -nda(x)=0 (106)
|

x|=r

for all Ry <r < Ry, and such that |[ullcx 0, ry)\B(0,Ry)) < 00 for all k. It will suffice to construct a linear
transformation P : X — X that is bounded?? from C¥+2 to C¥, that is,

| Pull k0, Ra)\BO,R)Y) SRi.Ro.Rs.Rak ]l ch+2((0, R\ BO,R))

220pe can reduce this loss of regularity by working in more robust spaces than the classical ck spaces, such as Sobolev
spaces H® or Holder spaces C k. but we will not need to do so here.
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for all k£ > 0, and such that Pu equals u on B(0, R;)\B(0, R;) and vanishes on B(0, R4)\B(0, R3), as
one can then simply define #(¢) := Piu(t) for each r € [0, T).

We now construct P. We work in polar coordinates x = ra with Ry <r < Ry and o € S? (thus
avoiding the coordinate singularity at the origin), and decompose u(r, o) as the sum of a radial vector
field u, (r, o) for some scalar field u, and an angular vector field u,, (r, ) which is orthogonal to «; thus,
for fixed r, uq (r) can be viewed as a smooth vector field on the unit sphere S (that is, a smooth section
of the tangent bundle of $2). The divergence-free condition on u in these coordinates then reads

Dotty (F) + V4 - tta () = 0, (107)

r
while the mean-zero condition (106) reads

/ u,(r,a) da =0.
S2

Note that either of these conditions implies that d,u,(r) has mean zero on S2 for each r. From (107) and
Hodge theory, we see that
e (r) =rAy Vo dpu, (r) +v(r),

where A;l inverts the Laplace-Beltrami operator A, on smooth mean-zero functions on S and v(r) is a
smooth divergence-free vector field on S? that varies smoothly with r.
Let n: [Ry, R4] — R™ be a smooth function that equals 1 on [R;, R>] and vanishes on [R3, R4]. Set
Uy = n(ru,
and
ﬁa(r) = rA;lvaarﬁr(r) + U(r)v(r)
and

Tu: =i :=u,a+i,.

One then easily verifies that & is smooth and divergence-free and obeys (106), depends linearly on u,
equals u on B(0, Ry)\B(0, R;), and vanishes on B(0, R4)\B(0, R4). It is also not difficult (using the
fundamental solution of A;l) to see that 7 maps C*+2 to C* (with some room to spare). The claim
follows.

Finally, we prove (105). It suffices to show that

I Tull (B0, R\ B(O, Ry)) Sk 1

whenever k > 0, and u € X is such that

]l grr2 (B0, R\ BO, R S 1-

Henceforth all spatial norms will be on B(0, R3)\B(0, R,), and all implied constants may depend
on k. As u has an H**! norm of O(1), u, and hence @i, has an H**t! norm of O(1) also. As for ii,, we
observe from the Leibniz rule that

iy = g + (ra () Ay Vau, (r).
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As u has an H**! norm of O(1), we know r_"V(ia,jua has an L? norm of O(1) wheneveri + j <k + 1,
which (using elliptic regularity in the angular variable) implies that »~/ Vzi 8/ iy has an L? norm of O(1)
whenever i 4+ j < k. This gives i = i1, + iy, an H* norm of O(1), as claimed. O

We can now establish Theorem 1.20(ii1):
Theorem 12.2. Suppose Conjecture 1.9 is true. Then Conjecture 1.19 is true.

Proof. In view of Corollary 5.8, it suffices to show that if (u, p, ug, f, T, ) is an incomplete H I mild
solution up to time T, with ug, f spatially smooth in the sense of Conjecture 1.19, then u does not blow
up in enstrophy norm; thus

lim sup [Ju(?) || g1 sy < 00
t—T, ~

Let R > 0O be a sufficiently large radius. By arguing as in Corollary 11.1, we have
ue L®HNR*\B(0, R)),
and thus the blowup must be localised in space:

t—>T,

By Proposition 11.6 and Remark 11.8 (and increasing R if necessary), we also have
u,p, f,oue LfOCf([O, T.) x (B0, 5SR)\B(O0, 2R))) (109)

for all £k > 0. From Stokes’ theorem and the divergence-free nature of u, we also have
f u(t,x) -nda(x)=0
|x|=r

forall r > 0and ¢ € [0, T). Applying Lemma 12.1, we can then find a spatially smooth divergence-free
vector field u : [0, T) x (B(0,5R)\B(0,2R)) — R3 which agrees with u on B(0,3R)\B(0,2R) and
vanishes outside of B(0, 4R), with

ii, i € L®C*(B(0, 5R)\B(0, 2R)) (110)

for all k > 0. We then extend & by zero outside of B(0, 5R) and by u inside of B(0, 2R); then # is now
smooth on all of [0, T) x R3.

Let n be a smooth function supported on B(0, 5R) that equals 1 on B(0, 4R). We define a new forcing
term f : [0, T) x R® — R by the formula

fi=ddi+ (@ - V)i — Al + V(pn); (111)

then f is spatially smooth and supported on B(0, 5R) and agrees with f on B(0, 3R). From this and
(110), (109) we easily verify that

feL®H!(0, T,) x R?).
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Note from taking divergences in (111) and using the compact support of pn, i, f that
p=—-A"YN@a-Vya)+A~'v. 1.

Thus, (&, pn, u(0), f , T,”) is an incomplete H I pressure-normalised (and hence mild) solution with
all components supported in B(0, SR). If we then choose a period L larger than 10R, we may embed
B(0, 5R) inside R?/LZ? and obtain an incomplete periodic smooth solution

(t@), «(pn), (@O0, (), T, , L),

where we use ¢( f) to denote the extension by zero of a function f supported in B(0, SR), after embedding
the latter in R3/LZ>. By construction, we then have

W(f) e L®H!([0, T,,) x R?/LZ?).

As {T.} has measure zero, we may arbitrarily extend f to [0, 7] x R3/LZ3 while staying in L®H.
Applying either Conjecture 1.9 (and the uniqueness component to Theorem 5.1) or Conjecture 1.10, we
conclude that

Wit) € LY H! ([0, T,) x R*/L7?),

which implies (since u and # agree on B(0, R)) that
ue L°H! ([0, T,) x B(0, R)),
which contradicts (108). The claim follows. O

Observe that if we omit the embedding of B(0, 5R) in R3/LZ? in the preceding argument, we can also
deduce Conjecture 1.19 from Conjecture 1.18. Since Conjecture 1.19 clearly implies Conjecture 1.18 as
a special case, we obtain Theorem 1.20(iii).

Remark 12.3. The referee has pointed out a variant of the argument above using the partial regularity
theory of Caffarelli, Kohn, and Nirenberg [1982], which allows one to partially reverse the above
implications, and in particular deduce Conjecture 1.8 from Conjecture 1.19. We sketch the argument as
follows. Assume Conjecture 1.19, and assume for contradiction that Conjecture 1.8 fails; thus, there is
a periodic solution with smooth inhomogeneous data which first develops singularities at some finite
time 7', and in particular at some location (7, x9). We may extend the solution beyond this time as a
weak solution. Applying a periodic version of the theory in [Caffarelli et al. 1982], we see that the set
of singularities has zero one-dimensional parabolic measure, which among other things implies that the
set of radii » > 0 such that the solution is singular at (7, x) for some x with |[x — xo| = r has measure
zero. Because of this, one can find radii 7, > r; > 0 such that the solution is smooth in the annular region
{(t,x):0<t <T;r; <|x—x0| <rp}. By smoothly truncating the solution « to this annulus as in the proof
of Theorem 12.2, one can then create a nonperiodic H' mild solution to the inhomogeneous Navier—Stokes
equation with spatially smooth data which develops a singularity at (7, x¢) while remaining smooth up to
time 7', contradicting Conjecture 1.19 (when combined with standard uniqueness and regularity results,
such as those in Theorem 5.4).
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13. Smooth finite energy solutions

In this section we establish Theorem 1.20(v). It is trivial that Conjecture 1.14 implies Conjecture 1.13, so
it suffices to establish:

Theorem 13.1. Suppose that Conjecture 1.13 is true. Then Conjecture 1.14 is true.

Proof. Let (up, 0, T) be smooth homogeneous finite energy data. Our task is to obtain an almost smooth
finite energy solution (u, p, ug, 0, T') with this data. We allow all implied constants to depend on uy.

We use a regularisation argument. Let N, be a sequence of frequencies going to infinity, and set
u(()") := P_p,uop; then u(()") converges to ug strongly in L2(R?), and (ué"),O, T) is smooth H' data
for each n. Thus, by hypothesis, we may find a sequence of almost smooth finite energy solutions
@™, p™, ul, 0, T) with this data.

One could try invoking weak compactness right now to extract a solution, but as is well known, one
only obtains a Leray—Hopf weak solution by doing so, which need not be smooth. So we will first work
to establish some additional regularity on the sequence (after passing to a subsequence as necessary)
before extracting a weakly convergent limit.

Since the (u(()"), 0, T') are uniformly bounded in energy, we see from Lemma 8.1 that

||u(n)”X0([O,T]><[R3) SL (112)

Now let 0 < 79 < 7'/2 be a small time. From (112) and the pigeonhole principle, we may find a sequence
of times ™ € [0, 7] such that
™ @) sy S 70

Passing to a subsequence, we may assume that 7 converges to a limit 7 € [0, 79]. If we then take
7’ € [1, 210] sufficiently close to T, we may apply Lemma 5.5 and conclude that

1™ @) oy Seoermg 1

(say) for all sufficiently large n. Passing to a further subsequence, we may then assume that x™ ()
converges weakly in H!°(R?) (and thus locally strongly in H?) to a limit uy € H!9(R?). By hypothesis,
we may thus find an almost smooth H' solution (u’, p’, ugy, 0, T — t') with this data.

Meanwhile, by time translation symmetry (30), (u™ (- +1/), p™(-+ 1), u™(t),0, T —1') is also a
sequence of almost smooth H' solutions. Since u™ (z") converges locally strongly in H?(R?) to ug, we
would like to conclude that u" (¢ + ') also converges locally strongly to u#(¢) in Hx1 (R3), uniformly in
t € [0, T — t']. This does not quite follow from the standard local well-posedness theory in Theorem 5.4,
because this theory requires strong convergence in the global Hxl([R{3) norm. However, we may take
advantage of the local enstrophy estimates to spatially localise the local well-posedness theory, as follows.

Let & > 0 be a small quantity (depending on the solution u’ = (u’, p’, u;,, 0, T — t’)) to be chosen later,
and let R > 0 be a sufficiently large radius (depending on & and (u', p’, uy,, 0, T — 1')) to be chosen later.
Since uy, is in H ;O(R3), we see from monotone convergence that

lugll 0@\ 5o, R) S & (113)



92 TERENCE TAO

if R is sufficiently large depending on . Since the ™ (t’) converge locally strongly in Hx1 (R%) to U,
we conclude that

””(n)(f/)”HXIO(B(O,IOR)\B(O,R)) Se,
if n is sufficiently large depending on R, €. Applying Theorem 10.1, we conclude (if R is large enough
depending on u;, and T — 7’) that
™ (- + ) x1(0. 72 1% (BO.9RNBO.2R)) S &>
for n sufficiently large depending on R, ¢. Using Duhamel’s formula (and Corollary 4.3) repeatedly as in
the proof of Proposition 10.7, we may in fact conclude that
1976 ™ (- ) L= 510,71 (BO.8RI\BO.3RY) S, T € (114)

(say) for i =0, 1, taking R large enough depending on u’, T, ¢ to ensure that the contributions to the
Duhamel formula coming outside B(0, 9R) or inside B(0, 2R) are negligible, and taking n sufficiently
large as always.

We let 5™ be the normalised pressure, defined by (9); by Corollary 4.3, () and p®™ (¢) differ by a
constant C(¢) for almost every ¢. Using (9), (114) and Lemma 8.1, we see that

15" 1l 2 20,7 —e1% (BO.7R\BO,4RY) Su'.T &5

if R is large enough depending on u’, T, ¢.
Applying Lemma 12.1, we may find divergence-free smooth vector fields #™ : [/, T] x R3 — R3
which agree with «™ on [/, T] x B(0, 5R) but vanish outside of [t/, T] x B(0, 6R), with

9/a™ (- +1') Il 20 310, T— /1% (B(0.8 R)\B(0,3R))) Su',T € (115)

(say) for n sufficiently large and i =0, 1.
Let 1 be a smooth function that equals 1 on B(0, 6R), is supported on B(0, 7R), and obeys the usual
derivative bounds in between. We then consider the smooth solutions

@+ np" () a @), JO T =), (116)
where

f = 0a™ +a™ - via™ — Ad™ +V(@up™)) (- + 7).

By construction, f/ and f(") are smooth and supported on [0, T — t'] x (B(0, 7R)\B(0, 5R)), and the
(116) are smooth, compactly supported solutions. From the preceding bounds on 7™, 5, we see that

1F N oo 1 0,701 xRy ST €

for n sufficiently large.
Also, using (113), (115) we have

1@ (2" = ull 1 sy Swr €
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for n sufficiently large. If ¢ is sufficiently small, we conclude from the local H' well-posedness theory
(Theorem 5.4) that

12 -+ 2) =l x1 0,7y S €4
and in particular
1™ (41 = u'llx1G0.7—1xB0.R) Su.T €

for n large enough. Sending ¢ to zero (and R to infinity), we conclude that ™ (- +1’) converges weakly
to u’. In particular, we see that any weak limit of the u™ is smooth on [t/, T] x R? (and furthermore, the
weak limit is unique in this space-time region).

The above analysis was for a single choice of 7. Choosing t to be a sequence of times going to zero
(and repeatedly taking subsequences of the ™ and diagonalising as necessary), we may thus arrive at
a subsequence " with the property that there is a unique weak limit « of the u"”, which is smooth
on (0, T] x R3. If we then set p by (9), we see on taking distributional limits that (u, p, ug, 0, T) is a
Leray—Hopf weak solution to the initial data (ug, 0, 7).

To finish the argument, we need to show that (u, p, ug, 0, T) is almost smooth at (0, x¢) for every
xo € R3. Fix xg, and let R > 0 be a large radius. As ug is smooth, luoll 1 (B(xy.58)) 18 finite, and
hence ||u(()")|| H1(B(xo,5R)) 18 uniformly bounded. Applying Theorem 10.1 (recalling that the u™ have
uniformly bounded energy), we conclude (for R large enough) that there exists 0 < t < T such that
||u(")||X|([O’,]X B(xo.4R)) 18 uniformly bounded in n. Using Duhamel’s formula as in Proposition 11.6,
and noting that u™ is uniformly smooth on B(xo, 4R), we conclude that [[u"™ || ;o ct (0, c1x B(xo,3R)) 19
uniformly bounded for all £ > 0. Taking weak limits, we conclude that

u e LXC*((0, T] x B(xo, 3R))
for all £ > 0. From this and (9) (and Lemma 8.1), we also see that
p € LXCY((0, 7] x B(xo, 2R))
for all k£ > 0. Using (3), we conclude that
du € LC*((0, t] x B(xo, 2R))
for all £ > 0. A similar argument also shows that
du™ e L®C*((0, t] x B(xo, 2R))

uniformly in n. From this, we see that the V;]f u™ are uniformly Lipschitz in a neighbourhood of (0, xo).
Since VFu™ converges weakly to the smooth function V¥u in (0, T] x R3, and also converges strongly
at time zero in H!(R?) to the smooth function V¥ug, we conclude that V¥u can be extended in a locally
Lipschitz continuous manner from (0, 7] x R3 to [0, 7] x R? in such a way that it agrees with V)’f ug at
time zero.
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Now we consider derivatives V¥ p of the pressure near (0, xg). Let ¢ > 0 be arbitrary. Then by the
monotone convergence theorem, we see that if R’ > 0 is a sufficiently large radius, then

luoll 2 @3\ B(xo. k) = €

and thus
(n)
lug Il 2@\ Bxo. R S €

for n large enough.
By Theorem 8.2, we conclude that if R’ is large enough, there exists a time 0 < t < T such that

[l L2022 (10,7 1% R\ Bxo,2R) S &5
and hence on taking weak limits,
el oo 2 10, 71x @3\ B(xo.2RY) S €

On the other hand, as V¥u is continuous at t = 0, u(?) converges in C*(B(x¢, 2R")) to ug as t — 0 for
any k > 0. From this and (9) (and the decay of derivatives of the kernel of A~! away from the origin),

we see that
limsup  [V*p(r, x) — V¥ po(xo)| i €
(#,x)—(0,x0);1>0

for any k > 0, where py is defined from u¢ using (9). Sending ¢ — 0 and R" — oo, we conclude that vk p
extends continuously to V¥ po(x0) at (0, xo), and thus extends continuously to V¥ po on all of the initial
slice {0} x R3. By (3) we conclude that 8, V¥u also extends continuously to the initial slice, with the
Navier-Stokes equation (3) being obeyed both for times ¢ > 0 and times ¢t = 0. We have thus constructed
an almost smooth finite energy solution (u, p, ug, 0, T') as desired. O

Remark 13.2. We emphasise that Theorem 13.1 only establishes existence of a smooth finite energy
solution (assuming Conjecture 1.13), and not uniqueness; see Remark 11.5. However, it is not difficult
to see from the argument that one can at least ensure that the solution constructed is independent of the
choice of time 7', and can thus be extended to a single global smooth finite energy solution. (Alternatively,
from Lemma 8.1 we see that the enstrophy of the solution will become arbitrarily small for a sequence of
times going to infinity, so for a sufficiently large time one can in fact construct a global smooth solution
by standard perturbation theory techniques.)

Remark 13.3. One can modify the above argument to also establish Conjecture 1.14 with a nonzero
Schwartz forcing term f, provided of course that one also assumes Conjecture 1.13 can be extended to
the same class of f. We have not, however, investigated the weakest class of forcing terms f for which
the argument works, though certainly finite energy seems insufficient.

14. Quantitative H! bounds

In this section we prove Theorem 1.20(vi). We begin with some easy implications. Firstly, it is trivial
that Conjecture 1.17 implies Conjecture 1.16, and from the local well-posedness and regularity theory
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in Theorem 5.4 (or Corollary 5.8), we see that Conjecture 1.16 implies Conjecture 1.15, which in turn
implies Conjecture 1.13 (thanks to Proposition 5.6).

Next, we observe from Theorem 5.1 and Lemma 5.5 that given any H I data (uo, 0, T), there exists a
time 0 < 7 < T such that one has an H' mild solution (u, p, uo, 0, t) with u(r) smooth. If Conjecture 1.13
holds, then one can then continue the solution in an almost smooth finite energy manner (and hence in an
almost smooth H' manner, thanks to Corollary 11.1) from 7 up to T. Normalising the pressure of this
latter solution using Lemma 4.1 and gluing the two solutions together, we obtain an H! mild solution up
to time 7. From this we see that Conjecture 1.13 implies Conjecture 1.15.

Now we show that Conjecture 1.16 implies Conjecture 1.17. Suppose that one has homogeneous H'!
data (ug, 0, T) with

luoll ey = A < 00.

By Conjecture 1.16 (which implies Conjecture 1.15), we may obtain a mild H' solution (u, p, ug, 0, T),
which is smooth for positive times. Our objective is to show that

el oo b1 0,71 R3) Sa 1.

Let ¢ > 0 be a quantity depending on A to be chosen later. We may assume that 7 is sufficiently large
depending on ¢, A; otherwise the claim will follow immediately from Conjecture 1.16. Using Lemma 8.1
and the pigeonhole principle, we may then find a time 0 < T} < T with T} <u 1 such that

||VM(T1)||L§([R<3 <e.

Meanwhile, from energy estimates, one has

lu(TOl 2@ Sa L.
On [T, T], we split u = u; + v, where u; is the linear solution u(t) := e""Ty(T)) and v :=u — uj.
From (21), one thus has
luillxo Sal
and

Vurllxo Se.
From (11), (22) one has
||v||X]([T1,T]X|R3) 5 H@(Mlvul +M1V'U + Uvul + vvv)”L?L%([T[,T]XR’j).

We now estimate various contributions to the right-hand side. We begin with the nonlinear term O(vVv).
By Holder (and dropping the domain [T}, T] x R? for brevity) followed by Lemma 8.1, we have

12 <
L7LS ~

172
L7LS

172 1/2

3/2 32
L?LEHUHL?LS

10Vl 22 S IVVILS, IV l[vll ol vl Sa llvlly

A similar argument gives

172, 1/2
10 VUl 22 S IVutllxollvllgllvily, < ellvllx
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and
10 V)l 212 S IVurlixo | Vi s T 11 Sa
and
101 V) 212 S IV xo I Var 1Y a1y Sa e lvllxe
and thus

3/2 1/2 3/2
ol Sa e+ Plullx + vl

If ¢ is small enough depending on A, a continuity argument in the 7 variable then gives

iy Sa&*?

and thus

Nl xrqry. ) Sa l-

Using this and the triangle inequality, we conclude that Conjecture 1.16 implies Conjecture 1.17.
We now turn to the most difficult implication:

Proposition 14.1 (Concentration compactness). If Conjecture 1.15 is true, so is Conjecture 1.16.

We now prove this proposition. The methods are essentially those of [Gallagher 2001] (which are
in turn based in [Bahouri and Gérard 1999; Gérard 1998]), which treated the (more difficult) critical
analogue of this implication; indeed, one can view Proposition 14.1 as a subcritical analogue of the critical
result [Gallagher 2001, Corollary 1]. For the convenience of the reader, though, we give a self-contained
proof here, which does not need the full power of the machinery in the previously cited papers because

1/2

we are now working in a subcritical regularity H' rather than a critical regularity such as H'/2, and as

such one does not need to consider the role of the scaling symmetry (31).
We first make the remark that to prove Conjecture 1.16, it suffices to do so with the condition

ol gy sy < A (117)

replaced by (say)
luoll 003y < A. (118)

To see this, observe that if we take data u( in HX1 (R3), then from Theorem 5.4 and Lemma 5.5 there
exists a time 7 > 0 depending only on A such that

]l oo 111 ([0, min(T, 1)< Sa 1,
and such that
(TNl 100y Sa 1

if T > T;. From this and time translation symmetry (30), we see that we can deduce the Hx1 (R3) version
of Conjecture 1.16 from the HXIOO(R3) version.
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Now suppose for contradiction that the H XIOO([R{3) version of Conjecture 1.16 failed. Carefully negating
the quantifiers, we can find a sequence (1™, p™, ul”, 0, T™) of smooth homogeneous H' solutions,
with 7 uniformly bounded, and u(()") uniformly bounded in H!%(R3), such that

m (|4 || oo g1 10,7001 3 = 00 (119)
n—oo

By Lemma 4.1 we may assume that these solutions have normalised pressure.

If we were working on a compact domain, such as R?/Z>, we could now extract a subsequence of
the u(()") that converged strongly in a lower regularity space, such as H)?g([R3 /7). But our domain R3 is
noncompact, and in particular has the action of a noncompact symmetry group, namely the translation
group Ty, u(x) := u(x — xo). However, as is well known, we have a substitute for compactness in this
setting, namely concentration compactness. Specifically:

Proposition 14.2 (Profile decomposition). Let u(()") eH ;OO(IR3) be a sequence with

Tim sup || || o0 s < A,

n—oo

and let ¢ > 0. Then, after passing to a subsequence, there exists a decomposition

J
(n) (n)
U :E Tx;n)wj,0+r0 s
Jj=1

where |J| Sae 1, wio,...,wy0€ HXIOO(IR3), x;") € R3, and the remainder r(g") obeys the estimates

lim sup || || 1o, < A
n—oo *

and

lim sup [|r5” || o ey < & (120)

n—oo

Furthermore, forany 1 < j < j' < J, one has

" — x| - oo, (121)

|x;

(n)

and for any 1 < j < J, the sequence T_xj(‘n) ron converges weakly in HXIOO(IR3) 1o zero.

Finally, if the u(()") are divergence-free, then the w; o and ré") are also divergence-free.

Proof. See, for example, [Gérard 1998]. We sketch the (standard) proof as follows. If

leeg” || ooy < €

for all sufficiently large n, then there is nothing to prove (just take J = 0 and r(()") = ug')). Otherwise,

after passing to a subsequence, we can find a sequence x{n) € R? such that |u(()")(x§"))| > ¢/2 (say). The
sequence rfxm)u(()") is then bounded in H!%(R*) and bounded away from zero at the origin; by passing

to a further subsequence, we may assume that it converges weakly in H!%(R?) to a limit wy, which
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then has an HXIOO([R{3) norm of 24 . 1 and is asymptotically orthogonal in the Hilbert space HXIOO([R{3) to
r_xmu(()"). We then have the decomposition
1

(n) (n),1
U :rxi,,)w1,0+u0 R

and from an application of the cosine rule in the Hilbert space H!%(R?), one can verify that

: 12 2
lim sup ””(()n) ||H100(|R3) <A"—c
n— 00 *

for some ¢ > 0 depending only on &, A. We can then iterate this procedure O; .(1) times to obtain the
desired decomposition. O

We apply this proposition with a value of ¢ > 0 depending on A, T to be chosen later. The w; ¢ lie
in H!%9(R?), and thus by the assumption that Conjecture 1.15 is true, we can find mild H' solutions
(wj, pj, wjo,0, T) with this data. By Theorem 5.1, we have

||wj||X100 < o0

for each 1 < j < J, and to abbreviate the notation, we adopt the convention that the space-time domain is
understood to be [0, T'] x R3.
Next, we consider the remainder term ré"). From (21) one has

le'2r{Plxi00 < A,

while from (120) one has
A ()

le'®ry lpere Se
for n sufficiently large. Interpolating between the two, we soon conclude that

le g x1 Sa.r e

for some absolute constant ¢ > 0. If we take ¢ sufficiently small depending on A, T, we can use stability
of the zero solution (see Theorem 5.1; one could also have used here the results from [Chemin and
Gallagher 2009]) to conclude the existence of a mild H I solution (r(”), pi"), r(g"), 0, T) with this data,
with the estimates

Ir™ N Sar e (122)
from Theorem 5.1, we then also have

lr™ N xi0 Sar 1.
We now form the solution

@™, p™, uy”, f™, 1),

where the velocity field 7 is given by

J
i = Z Tow; + r®,
j=1
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the pressure field 5 is given by (9), and the forcing term f is given by the formula
f=8,a"™ — Aa™ — PB@™, ™).
This is clearly a mild H' solution, with
1 lx00 Sar.e 1.

We now estimate f. From (68) for the solutions 7 ww; + ™, we have an expansion of f™ purely
involving nonlinear interaction terms: ’

fo=3 POV (T,mw) T wj)) + > P@(V(rx;wwj,r("))).

I<j<j'<J 1<j<J

In particular, from the triangle inequality and translation invariance we have

”f(n)”L,zL)% < Z ||©(V(wj, T wj/))H 22 + Z ||@(V(wj, ‘E_x(»z>r(”)))||Lr2L2.
1<j<i<d Y TR ' '

But by (121) and Sobolev embedding,

Tw_ mwjy and T wr®
X —Xj —x;

are bounded in LY°L%° and converge locally uniformly to zero, and so we conclude that
lim || f® =0.
nggo LA L212

From this and the stability theory in Theorem 5.4, we conclude that for n large enough, there is an H'
mild solution (u™, p(”), u(()"), 0, T) with

lim [|@® —u™ |1 =0,

n—oo

and in particular

lim sup [|u™ Il Lo £ (10,71 xR3) < OO
n—oo

By the uniqueness theory in Theorem 5.4, this solution must agree with the original solutions

on [0, T™] x R3; but then we contradict (119). Proposition 14.1 follows.

15. Nonexistence of smooth solutions

In this section we establish Theorem 1.12. Informally, the reason for the irregularity is as follows.
Assuming normalised pressure, one concludes from (9) that

p =0(AT'V2(uu)).
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If one then differentiates this twice in time, using (3) to convert time derivatives of u into Au plus
lower-order terms and using integration by parts to redistribute derivatives, we eventually obtain (formally,
at least) a formula of the form

8t2p = @(A*IVZ(AM Au)) + lower-order terms.

But if u( is merely assumed to be smooth and in H', then Au can grow arbitrarily fast at infinity at time
t =0, and this should cause p to fail to be C? at time zero.

We turn to the details. To eliminate the normalised pressure assumption, we will work with V p instead
of p, and thus we will seek to establish bad behaviour for VB,Z p at time ¢t = 0. For technical reasons it is
convenient to work in the weak topology in space. The key quantitative step is the following:

Proposition 15.1 (Quantitative failure of regularity). Let ug: R} — R? be smooth, divergence-free, and
compactly supported, and let ¥ : R — R be smooth, compactly supported, and have total mass fW Y =1
Let R, M, & > 0. Then there exists a smooth divergence-free compactly supported function u, which
vanishes on B(0, R) with

luill sy S €

and such that if (u, p, ug+u1,0, T) is a mild H ! (and hence smooth, by Proposition 5.6) solution with
data (ug+uy,0,T), then

'[ V3Zp(0, x)¥ (x)dx| > M. (123)
R3

Let us assume this proposition for now and conclude Theorem 1.12. We will use an argument
reminiscent of that used to establish the Baire category theorem or the uniform boundedness principle.
Let ¢ : R® — R be a fixed smooth, compactly supported function with total mass 1. We will need a
rapidly decreasing sequence

e >e®s...50

of small quantities to be chosen later, with each ™ sufficiently small depending on the previous
e, ..., "D Applying Proposition 15.1 recursively starting with u¢ = 0, one can then find a sequence
of smooth, divergence-free, and compactly supported functions u(ln) forn=1,2, ... such that

et sy S 6,

with ui") vanishing on B(0, 1/¢™), such that if (1™, p®, u(()"), 0, 7™) is amild H! (and hence smooth)
solution with data

u(()n) = uil) +--- 4+ uin),
then
/ VaZp™ (0, x)y (x) dx| > 1/¢™. (124)
R3

Furthermore, each ui") depends only on ¢, ..., ¢™ and in particular is independent of ¢+,
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By the triangle inequality (and assuming the ¢ decay fast enough), the data u(()") is strongly convergent

in H!(R3) to a limit ug = Y22, u'” € H!(R?), with

(n) 1
o — ug” Il sy S €Y.

(n)
0

If we make each ¢"*1 sufficiently small depending on ", and hence on ¢V, ..., & then the uﬁ")

will have disjoint supports; as each ui") is smooth and divergence-free, this implies that

o0
up = Z ul”
n=1
is also smooth and divergence-free.

Applying Theorem 5.1, we may then take the times T = 1 (if the ¢ are small enough), and
™, p™, u(()"), 0, 1) will converge to a mild H' solution (u, p, ug, 0, 1) in the sense that u™ converges
strongly in X! ([0, 1] x R?) to u. Indeed, from the Lipschitz stability property, we see (if the £ decay
fast enough) that
< E(n—&-l)‘

flu— u(n)||X1([O,1]><R3) N
Also, u, u™ are bounded in X' ([0, 1] x R?) by O(1). Using (9) and Sobolev embedding, this implies
1P = Pl 3oy S ™Y,
and so if one sets
F™ () := / Vp™(t, x)¥ (x) dx
R3
and
F@):= / Vp(t, x)¥(x)dx,
R3
then from integration by parts, we have
IF = F®leqoay S e, (125)
Meanwhile, each F™ is smooth, and F continuous, from Proposition 5.6, and from (124) one has

182F™0)| > 1/e™.

In particular, if ¢+ is sufficiently small depending on F (which in turn depends on ¢V, ..., &™),
one has from Taylor’s theorem with remainder that

|F(n)(2(8(n+l))0.l) _ ZF(n)((S(n+1))0'1) + F(n)(o)i 1
>
(8(n+1))0A2 ~ o) :

Applying (125), we conclude that

[F@E™DD —2F (")) + FO)] 1
(8(”+1))0'2 ~ o) ’
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if e@*+1 is sufficiently small depending on ¢V, ..., ™. In particular,
. |F(2h) —2F (h) + F(0)|
lim sup = 400,
h—0t h?

which by Taylor’s theorem with remainder implies that F is not smooth at 0.

We claim that the data u( gives the desired counterexample to Theorem 1.12. Indeed, suppose for
contradiction that there was a smooth solution (i, p, ug, 0, T') for some T > 0. By shrinking 7', we may
assume 7 < 1. By Lemma 4.1, we see that p(¢) has normalised pressure up to a constant for almost
every ¢, and thus after adjusting p () by that constant, (it, p, ug, 0, T) is a mild H' solution. Using the
uniqueness property in Theorem 5.1, we conclude that u = i, and p(¢) and p(t) differ by a constant for
almost every ¢, and hence (by continuity of both p and p) for every ¢. In particular, Vp = V p, and so

F(t)=/ Vpt, x)¥(x)dx.
R3

But as p is smooth on [0, T'] x R3, F is smooth at 0, a contradiction.

Remark 15.2. The above argument showed that V p failed to be smooth at = 0; by using (3), we
conclude that the velocity field # must then also be nonsmooth at t = 0 (though the velocity « has one
more degree of time regularity than the pressure p). Thus the failure of regularity is not just an artefact of
pressure normalisation. Using the vorticity equation (84), one can then show a similar failure of time
regularity for the vorticity, although again one gains an additional degree of time differentiability over the
velocity u.

The irregularities in time stem from the unbounded growth of high derivatives of the initial data. If
one assumes that all spatial derivatives of ug are in L)ZC([R3), that is, that ug € H*(R?), then one can
prove iteratively?® that all time derivatives of « and p at time zero are bounded, and also have first spatial
derivatives in H>(R?) (basically because the first derivative of the kernel of the Leray projection is
integrable at infinity). In particular, # and p now remain smooth at time 0.

It remains to establish Proposition 15.1. Fix ug, ¥, R, M, ¢, and let u; be a smooth divergence-free
compactly supported function #; vanishing on B(0, R) with H!(R?) norm O(¢) to be chosen later. Let
(u, p,uo+u1,0,T)be amild H I solution with this given data. By Theorem 5.1, this is a smooth solution,
with all derivatives of u, p lying in L L2. From Lemma 4.1 we thus have

Vp=—-VA~'9d;(uiu;) (126)

for almost all times ¢. But both sides are smooth in [0, 7] x R3, so this formula is valid for all times ¢
(and in particular at + = 0). In particular, we may apply a Leray projection P to (3) and conclude that

oru = Au+ PB(u, u). (127)
We differentiate (126) once in time to obtain
Vo, p=—2VA'9:8;(u;du;).

23We thank Richard Melrose for this observation.
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Expanding out 0,u ; using (3), we obtain
Vi, p=—2VA~'9:3;(u; Auj) +O(A'V wPBu, u))).
Writing
3;0; (i Auj) = —28;8; ((du;) (Bt ;) + O(V* (un)),
we thus have
Vo, p=2VAT8;9; (Bku;deu ;) + O(AT'V (uu)) + (AT VW PBu, u))).
We differentiate this in time again and use (127) to obtain
VoZlp =4VAT' 98 (dpu;idp Au;)
+0(AT'V3(Vu)VPB(u, u)))
+O0(A™'V (udu))
+0(A™'V3((3u) PB(u, u)))
+0(A™'V}(uPB(u, du))).
We can write 0gu; 0k Auj = —(Au;)(Auj) +0(V(Vulu)), so that
Valp = —4VAT'9;(Au; Auj)
+0(A'VH(Vurw))
+0(AT'VA(Vu)VPB(u, u)))
+O0(A™'VA (udu))
+0(A™'VA((3u) PB(u, u)))
+0(A™'V3WPBu, du))).

Integrating this against ¥r, we may thus expand

5
f Vo7 p(0, x)¥ (x) dx =4Xo+ Y _ O(Xy),
R? i=1
where

xo;:f @9, VA 'Y AuiAuj, X ::/(V“A“lﬁ)WAu,

R3 R3

x2;=/ (V3AT'W)VuVPBu, u), X; :=f(V5A1w)u8zu,
R3 R3

X4::/ (VA W) Ou)PB(u, u), Xs ::/(V3A_11ﬁ)uPB(u,8,u),
R3 R3

with all expressions being evaluated at time 0.
From (127) and Sobolev embedding, one has

10 O) I 22wy Suo 1+ Nl ll 2wy



104 TERENCE TAO

Meanwhile, if € is small enough, we see that
) g1 w3y Ko 1
and thus from the Gagliardo—Nirenberg inequality,
)| oo @y S (14 Nt 2wy >

From many applications of the Sobolev and Holder inequalities (and, in the case of X, an integration by
parts to move the derivative off of d,u), we conclude that

X Suoepr (L | r2s))™?,

fori =1,2,3,4,5. In a similar spirit, one has
Xo= f}(8i8jVA—11//)Au1,iAu1,j + Ougy (14 N1 | 2 m3))-
R,

To demonstrate (123), it thus suffices to exhibit a sequence u%n) : R?* = R? of smooth divergence-free
compactly supported vector fields supported outside of B(0, R) such that

-1 2
| @398 D au aul)| 2 I g
with

1 sy — 0 and (14| 2y — oo
We construct u%") explicitly as the “wave packet”
u%")(x) =n"?V x \IJ(")(xo),

where ey, e2, e3 is the standard basis, xo € R3 is a point (independent of ») outside of B(0, R + 1) to be
chosen later, and

W™ (x) = y(x) sin(né - x)n,

where & € R? is a nonzero frequency (independent of 1) to be chosen later, 7 € R3 is a nonzero direction, and
x :R3 — Ris a smooth bump function supported on B(0, 1) to be chosen later. Note from construction that
u%") is smooth, divergence-free, and supported on B(xg, 1), and thus vanishing on B(0, R) for Ry > R+ 1.
One can compute that

2

_1 12
Iy sy <xn™? and i 2y >y 02,

as long as yx is not identically zero. To conclude the theorem, it thus suffices to show that

A}(aiaJVA—lw)AugﬁfAuﬁ?; > Ropry I

if Ry and n are large enough.
Observe that

W (x) = =2 sin(ng - (x —x0)) x (x —x0)(& x 1) + O~
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and similarly
Auin)(x) = —n1/2|€|2 sin(né - (x — x0)) x (x — x0) (€ x 1) + O(n_l/Z),

and so by choosing x appropriately and using the Riemann—Lebesgue lemma, it suffices to find xg, £, n € R3
such that

(3;; VAT ) (E x )i x 1) (x0) #O.

But as ¥ has mean one, we see that V3 A~y (xp) is not identically zero for x( large enough, and the
claim follows.
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