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MICROLOCAL PROPERTIES OF SCATTERING MATRICES FOR
SCHRODINGER EQUATIONS ON SCATTERING MANIFOLDS

KENICHI ITO AND SHU NAKAMURA

Let M be a scattering manifold, i.e., a Riemannian manifold with an asymptotically conic structure, and
let H be a Schrodinger operator on M. One can construct a natural time-dependent scattering theory
for H with a suitable reference system, and a scattering matrix is defined accordingly. We show here
that the scattering matrices are Fourier integral operators associated to a canonical transform on the
boundary manifold generated by the geodesic flow. In particular, we learn that the wave front sets are
mapped according to the canonical transform. These results are generalizations of a theorem by Melrose
and Zworski, but the framework and the proof are quite different. These results may be considered
as generalizations or refinements of the classical off-diagonal smoothness of the scattering matrix for
two-body quantum scattering on Euclidean spaces.

1. Introduction

Let M be an n-dimensional smooth noncompact manifold such that M = M.U M,, where M. is relatively
compact, and M, is diffeomorphic to Ry x dM, where 0 M is a compact manifold. In the following, we
often identify M, with Ry x d M, and we also suppose M. N My, C (0, 1) x d M under this identification.

We recall the construction of the model introduced in [Ito and Nakamura 2010]. Let {¢, : U, — R*"'},
U, C OM, be a local coordinate system of d M. We take

(e =1® ¢y : Uy =Ry x Uy - Rx R"™1}

as the local coordinate system for My, = R, x dM, and we use (r, ) € R x R"~! to represent a point
in Myo.

We suppose dM is equipped with a smooth strictly positive density H = H (8) and a positive (2, 0)-
tensor 4 = (h/*(9)) on 9M. We let

1 129 gyt _ 2
Q= 2;H(9) 89‘/H(9)h 6)5gr o0 ¥y =L M, H®)db).

0 is an essentially self-adjoint operator on ¥, and we denote its unique self-adjoint extension by the
same symbol Q.
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We let G be a smooth strictly positive density on M such that
G(x)dx =r"""H®)drd® on (1,00) x IM C M,

and we set # = L>(M, G(x)dx). Let P be a formally self-adjoint second order elliptic operator on M

such that
_ 1ol ap a Or
P_ 2G (arvaﬁ/r)G <ta2 a3) (89/F>+V on MOO’

ay az

where (1, o

) defines a real-valued smooth tensor and V is a real-valued smooth function. As in [Ito and
Nakamura 2010], we introduce the following assumption:

Assumption A. There is u > 0 such that forany £ € 7, o € Z'J’r_l, there is Cy,, > 0 and
1098 (a1 (r, 0) = D] < Crar ™' 77, 18f05 ax(r, 0)| < Crar ™,
1095 (a3(r, 0) —h(0))| < Cear™", 10802V (r, 0)] < Cpar ' 17¢,
in each local coordinate of M, described above.

We may consider P as a short range perturbation of —%83 + riz Q, but we will use different operators
to construct a scattering theory. It is known that P is essentially self-adjoint, that o,s(P) = [0, 00), and
that P is absolutely continuous except on a countable discrete spectrum, the only possible accumulation
point being 0 (see [Ito and Nakamura 2010] and references therein). We construct a time-dependent
scattering theory for H as follows: We set

Mp=RxdM, %;=L*(My, HO)drdd), P;=—~—5 onM;.
A . 4 p

Py is the one-dimensional free Schrdodinger operator, and it is self-adjoint with @ (P;) = H 2(R) ® ¥p.
Let j(r) € C*°(R) such that j(r) = 0 on (—oo0, %] and j(r) =1on[l, c0). We define $ : € — ¥ by
$9)(r,0) =r~ "2 j ()@, 6) if (r,6) € Moo,
and ($9)(x) =0if x ¢ M. We define the wave operators by
Wy = Wo(P, Py, 9) = s-lim e " Je 77
t—=+o00
It is shown in [Ito and Nakamura 2010] that these operators exist and are complete in the following sense.

Let &% be the Fourier transform in r, i.e.,

o
(Fe)(p,0) = )~/ / e "Po(r,0)dr for g e C(My),
—0o0
and extend it to a unitary map in L?(M 7). If we set
¥ e ={p €% | supp(Fe) C Ry x IM},

then #y =% ® ¥ _. We consider W.. as maps from ¥ 7+ to ¥ they are asymptotically complete,
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i.e., unitary operators from ¥y 1 to #,.(P) [ibid., Theorem 2]. Then the scattering operator defined by
S = WiW_ . %ﬁ_ — %ﬁ.ﬁ.
is unitary. By the intertwining property (P;S = SPy), there is S(1) € B(J(;) for A > 0 such that
(FSF ' 9)(p,-) =S(p*/2)p(=p,-) for p>0,¢ € Fiy .

S(X) is our scattering matrix, and we study its microlocal properties.
Let
40, w) = % 3 Wk @)wjox  for (0, w) € T*OM
ok
be the classical Hamiltonian associated to Q. We denote the Hamilton flow generated by b by exp(t Hp)
for r € R.

Theorem 1.1. Suppose Assumption A holds, and let u € #p. Then
WF(S(A)u) = exp(mw Hm) WF(u),

where WF (1) denotes the wave front set of u.

If u =1, then we can show S(A) is a Fourier integral operator (FIO). This is a slight extension of a
theorem by Melrose and Zworski [1996].

Theorem 1.2. Suppose Assumption A holds with u = 1. Then for each A > 0, S(X) is an FIO associated
10 exp(m H /5;).

If 0 < u < 1, then S(A) is not necessarily an FIO in the usual sense, but we can still show it is an FIO
in a generalized sense:

Theorem 1.3. Suppose Assumption A holds, and let S(\) be the scattering matrix defined as above. Then
for each A > 0, S(A) is an FIO associated to an asymptotically homogeneous canonical transform in
T*dM, which is asymptotic to exp(w H ;) as @ — o0.

The exact definition of the phrase an FIO associated to an asymptotically homogeneous canonical
transform is given in [Ito and Nakamura 2012], and we discuss it in Section 6.

Remark 1.4. Since we do not introduce a Riemannian metric, our model looks rather different from the
scattering metric defined by Melrose [1994; Melrose and Zworski 1996]. However, as explained in [Ito
and Nakamura 2010, Appendix A], the Laplacian on scattering manifolds is a special case of our model.
Namely, their model corresponds to the case that ;1 = 1 and that each a; has asymptotic expansion in r!

asr - ooand V =0.

Theorems 1.1 and 1.2 are essentially corollaries of Theorem 1.3, but they can be proved by a simpler
argument than Theorem 1.3. We feel the simpler argument is interesting in itself, and we first prove
Theorems 1.1 and 1.2, and then we refine the argument to prove Theorem 1.3 later.

The main idea to prove Theorems 1.1-1.3 is to consider the evolution

A(t) = eitPf/hﬁ*e_itP/ha(hr, D,,0, hDg)ei’P/hﬁe_itP.f/”
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with some symbol a, and use an argument similar to Egorov’s theorem for this time-dependent operator.
We use a semiclassical argument, i.e., we consider the asymptotic behavior of the operator as & — 0. We
consider W (¢) = !'Fr/n g*e1P/" a5 a time-evolution, and then construct an asymptotic solution for A ()
(with slight modifications) as a solution to a Heisenberg equation. The construction of the asymptotic
solution relies on the classical Hamilton flow generated by p, the symbol of P. The dominant part of the
symbol p is given by the unperturbed conic Hamiltonian: p, = % 0%+ r%q(&, ). The classical scattering
operator for the pair p. and py = % p? is explicitly computed, and it is exp(r H /2¢)» Which appears in
the statement of our main theorems. Thus, one may consider our results as a quantization of the classical
mechanical scattering on the scattering manifold. More precisely, we show that the canonical transform
appearing in Theorem 1.3 is actually the classical scattering map for the pair p and p, which is not
necessarily homogeneous, and we need to use the method of FIOs with asymptotically conic Lagrangian
manifolds.

As mentioned in the beginning, Theorem 1.2 is slight generalization of the Melrose—Zworski theorem
[1996] (see also [Vasy 1998] for a simplification of the theory). They used the theory of Legendre distribu-
tion and the notion of scattering wave front sets, whereas we use relatively elementary pseudodifferential
operator calculus with somewhat nonstandard symbol classes, and a Beals-type characterization of FIOs.
We also note that our proof, as well as the setting, are time-dependent-theoretical, and we investigate the
scattering phenomena directly to obtain the properties of the wave operators and scattering operators,
whereas the Melrose—Zworski paper relies on the stationary, generalized eigenfunction expansion theory.

Our method is closely related to our previous works on the propagation of singularities for Schrodinger
evolution equations [Nakamura 2009a; 2009b; Ito and Nakamura 2009; 2012]. In these works, we
considered singularities of solutions, which are described by their high energy behavior, whereas in the
scattering phenomena we are concerned with the large r behavior (which in turn is related to the high
|w| behavior, where w is the conjugate variable to 8 € dM). Thus we are forced to use different symbol
classes in the calculus, and the corresponding classical mechanics look slightly different, but the general
strategy is essentially the same as in these papers.

If M = R" and the Hamiltonian P is a short-range perturbation of the Laplacian —%A, then the
canonical map exp (7 H /3,) is the antipodal map on T*S"~!. In this case, the off-diagonal smoothness
of the scattering cross-section is well-known (see [Isozaki and Kitada 1986], and Section 9.4 and the
references of [Yafaev 2000]), and our result (as well as the Melrose—Zworski theorem) may be considered
as its generalizations. For such models, our result implies the scattering matrix is an FIO (associated to a
canonical map which is asymptotic to the identity map), and if u = 1 then it is in fact a pseudodifferential
operator. It is also not difficult to show from our argument that the scattering matrix is a pseudodifferential
operator with symbol in Sg’O(S"*I) if we(0,1).

The paper is organized as follows. In Section 2, we discuss Hamilton flows generated by p. and p,
and their scattering theory. In Section 3, we prepare the symbol calculus on the scattering manifolds. In
Section 4, we discuss an Egorov-type theorem and the construction of asymptotic solutions, which are
sufficient to show Theorems 1.1 and 1.2. We prove Theorems 1.1 and 1.2 in Section 5. In Section 6,
we discuss the modification of the argument to show Theorem 1.3. We discuss a local decay estimate
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necessary in the proof in Appendix A. A Beals-type characterization, or an inverse of Egorov’s theorem,
is discussed in Appendix B, along with a technical lemma on FIOs used in the proof.

Throughout this paper, we use the following notation: For norm spaces X and Y, the space of bounded
linear maps is denoted by B(X, Y), and if X =Y, we also write B(X, X) = B(X). More generally, if
X and Y are topological linear spaces, the space of continuous linear maps is denoted by £(X, Y). For
a symbol g on T*X with a manifold X, we denote by exp(t H,) the Hamilton flow generated by the
Hamilton vector field

H, = :
9 odx odx 0§
We also write T* X \0={(x,&) e T*X | £ #0}.
2. Classical flow and scattering theory

In this section, we consider the classical mechanics, or the Hamilton flow for the Hamiltonian with conic
structure on 7*My,, where Mo, = Ry x dM, and then the Hamilton flow generated by the principal
symbol of P.

Exact solutions to the conic Hamilton flow. We set

pe(r, p, 0, w) = 2,0 + 2q(0 w) and ¢q(0,w) = thk(e)ijk

on T*My = T*R4 x T*9M. We consider

(r(®), p(1),0(1), w(1)) = exp(t Hp,)(ro, po, 6o, wo),

with (ro, po, 6, wo) € T*Ry x (T*IM \ 0), that is, with wg # 0. It satisfies the Hamilton equation

, . 3[)( _ / _ _8p

ri(t) = o =p(1), p(t) = = (t)361(9(l) , (1)),

Jroy dpe . FeN apc

0'0) =2 r(t)za Lom, o), o= (t)2 39(9(” ().

The solution has two invariants: total energy Eg = p.(ro, 0o, 6o, @p) and angular energy go = g (6, wp).
(The conservation of the total energy follows from {p., p.} =0, and of the angular energy from {g, p.} =

3{a. P} +1g. £)q + =19, g} =0.) Then (r (1), p(1)) satisfies
) = =2
rt)y=p@®, p@)= rr o

which is independent of (6(t), w(z)). Noting that (r%(t))’ = 4E, we can easily solve this equation to
obtain

2Eot +r
r(t) = V2Egt> + 2ropot + 12, p(t) = = 2°+2 °p°+ _, teR.
of ropol + 1
‘We now set
r(t)_/t = «/1 <tan_] 2Bl % Too —tan—lﬂ)
0 7(s)? 240 V2490 V2q0)
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Then (6(t), w(t)) satisfies
el
T

_ g do _ 0q
- aw(eva))a 8‘[ __89(9’0))’

and hence we learn that
O(), w(t)) =exp(r(t)Hy) (6o, wo).

Moreover, if we set o (1) = /2qo - T(¢), then we learn that

a0 1 9q 042 ow 1 9q 0v/2q
—_——=— = (9,6()), i ey ——(0,0)),
do  /2q dw

do dc 2990 a0
and hence that
(0(1), (1)) = exp(o (t) H /3;7) (6o, wo).

Note that exp (t H m) is the geodesic flow on d M with respect to the (co)metric (h/ k@©)) on T*aM.

Classical mechanical wave operators and a scattering operator for the conic Hamilton flow. Now we
consider the asymptotics as t — £00. We set

e e . ., Topo
ry= t_l)lgloor(t) = t_lggloo(r(t) tp(1)) = i—m,
p+ = lim p(t) ==%+/2E)y,
t—=+00
(0, 02) = lim (0(), (1)) = exp(oxH /) (o, @0),

where o4 = :I:%n —tan~ ! (ropo /+/2q0). Note we need a modification only for r(¢). (ry, p+, 0+, 1) are
the scattering data for the trajectory (v (¢), p(¢), 6(¢), w(t)). We also note the identities

1 1 1
Ey = 5,03 + 5490 = E,Oi, ropo =r+p+, qo=¢q0+, wx).
"o

Using these, we can solve (rg, po, 6o, wg) for given (r+, p+, 0+, wy) if £p+ > 0 and wi # O:

rep
ro=Vri+2q0/p}, po= e, (60, w0) = exp(—0LH s3;) (01, 1),
Vri+2q0/p% !

where o4 = :I:%n —tan" ' (rops /+/2q). We define the classical wave operators (for the pair p. and
pr = 5p*) by
We t : (r+, px, 0+, wx) = (ro, po, Go, wo).

We can also write
We, (e, pi, Ok, ) = lim exp(—tHp,) oexp(tHp ) (rs, pa, O, 0x).

It is easy to check that w. 1 are diffeomorphisms from R x Ry x (T*0M \0) to Ry x R x (T*oM \ 0).
Hence the classical scattering operator

-1 .
S¢e =W, 4 0W,—: (r—,p—,0_,0_) > (ry, p1, 04, 0y)
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is a diffeomorphism from R x R_ x (T*9M \ 0) to R x R4 x (T*9M \ 0). We can easily compute s,
explicitly, we have

sc(r, O, 9, Cl)) = (_rv —pP, eXp(n—H\/E)(97 /O))’
and this is the classical analogue of the Melrose—Zworski theorem.

We write
we(t) =exp(—tHp,)o exp(thf) so that w4+ = . lirin we(t).
—+00

Let U C Ry x R x (T*aM \ 0) be a relatively compact domain. Then the convergence of w.(t)~! to
w,. i (as t = £00) is uniform in U, along with all derivatives. Since the limit is a diffeomorphism, its
inverse w(t) also has the same property (on w, ()~'U). In particular, all the derivatives of w, @ 'tonU
are uniformly bounded in ¢, and all the derivatives of w.(¢) on w, (t)"'U are uniformly bounded.

We note that it is easy to check that w, 4+ and hence s, are homogeneous of order one with respect to
the (r, w)-variables, i.e.,

wgi(kro, 00, 00, Awo) = (Ars, pt, 04, Aw) for A > 0.
This is consistent with the scaling property of w,(¢):

w ' (A1) (hro, po, 6o, hwo) = (AF (1), p(1), 6(1), Ao (1))
forany A > 0,t € R.

Classical flow generated by the scattering metric. Here we discuss the Hamilton flow generated by the
symbol of P:

20a2(r,0) -0  w-as(r, Q)w) Ly 1)

P 0.0, 0) = 2 (a1 (r. 0)p? + +
2 r r2

on T*M.
We let Qo €@ T*Ry x (T*9M \ 0). For h € (0, 1], we set

Qb =1{(r, p,0,w) € T*Ry x (T*IM \0) | (hr, p, 6, hw) € Q},

and we consider the Hamilton flow with initial conditions in Qg. We show that if / is sufficiently small
then the classical (inverse) wave operators exist on €, and they are very close to W, li, the (inverse)
wave operators for the conic metric.

Theorem 2.1. (i) Let Q( and Qg as above. Then there is hg > 0 such that if h € (0, hg], then
wi(r,p,0,w) = t_l)igoo exp(—tHy ) oexp(tH))(r, p, 0, )

exists for (r, p, 0, w) € Qg, and the convergence holds in the C*°-topology on Qg.

(i1) We write
(r(@), p(2),0(1), w(1)) =exp(tHp)(r, p, 0, w),

(re(t), pe(), 0c(1), wc (1)) = exp(tHp ) (r, p, 0, w),
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or(r, p,0,w) € . en for any indices o, p, y and o, there is C > 0 sucn that
for (r, p, 0, w) € Q. Then for any indi B,y and 8, there is C > 0 such th
|05 980) 05, (r (8) — re(0))| + 19795 8] 05 (@ (1) — @, (1))| < Ch™HHHHIL,
1920595 00 (p (1) — pe(1))] + 10505 8] 92,(6(1) — 6(1))] < ChHHIFL,
for(r,,o,@,a))th,teR,O<h§ho.
(iii) If we write
wi(r, p,0,®) = (s, p+, 0+, 0x) and w;  (r,p,0,0) = (Fex, Pe.+, O+, Oc +),

then
1079807 92 (rs — re,£)| 410505 9) 0 (w+ — we,+)| < Ch™ ' FAFIEHIL

1070507 92, (px — pe.)| + 19595 8] 07, (6 — O )| < ChHHHHP]
for (r, p,0,w) € ", 0<h < hy.
For (ro, po, 60, wo) € K, we define (" (1), p" (1), 6" (1), " (1)) so that
(h'rh (@), p" (1), 6" (1), h™ " (1) = exp(h ™'t Hp) (h™ " ro, po. B0, h ™" ).
We also set
P p, 0, 0)=ph~r p, 0,k \w), (r,p,0,w) € T *Mx.
Then it is easy to check that
(), p"(1), 0" (1), " (1)) = exp(t H,) (ro, po, o, wo).
On the other hand, if we write
P! p. 6, @) = pe(r, p, 8, ) + 0" (1, .6, w),
then we learn by Assumption A that for any indices «, 8, v, §,
078005 900" (1, p, 0, )| < Capysh® (r~" (0)? +r~ (o) (@) + 1 Hw)?)r 7 1 (p) WPl (w) L (2-2)
In order to prove Theorem 2.1, it suffices to show:
Theorem 2.2. (i) There is hg > 0 such that if h € (0, ho], then
w4 (ro, po, 60, wo) := 1im _exp(—tH,) oexp(tHyi)(ro, po, 6o, @)
exists for (rg, po, 6o, wo) € Lo, and the convergence holds in the C*°-topology.
(ii) For any indices a, B, y, §, there is C > 0 such that
|05 02,05 o, (" (6) = re ()| + (85581, 857 95, (0" (1) = e ()]

o~ Po

+|080% 0y 05 (0" (1) — 0:.(1)) | + 0505 9 32, (0" (1) — we(1))| < Ch*

ro~ po 0y " wo

for (ro, po, Bo, o) € R, h € (0, hol, t € R, where

(re(®), pe(1), 0c(1), w (1)) = exp(tHp,)(ro, po, 6o, wo)-



MICROLOCAL PROPERTIES OF SCATTERING MATRICES FOR SCHRODINGER EQUATIONS 265
(iii) Writing
h h ph  h *
(rj:a piv Qia wi) = wi’h(r(% va 00’ CUO)’
we have for any indices o, B, y, 8 that

9208 87 85 (rh —re )| + 8288 Y 35 (ol — pes)]

70" po 6o~ o 0~ P06 ~wo
+ |0505 95 92 (Ol — 0c. )| + |9595 95 92, (@ — we.+)| < Ch*.

o~ Po o~ Po

Proof of Theorem 2.2. The proof is analogous to the arguments in [Nakamura 2009a, Section 2; Ito and
Nakamura 2009, Section 2]. We only outline the proof, and we omit the details.

Step 1. By the standard virial-type argument, we learn that there is R > 0 such that

d2
P(r”(z)z) >c>0 ifr"(t)> R,

if (ro, po, 6o, wo) € 2p. Here we use the fact that |p| and |w/r| are uniformly bounded by the conservation
of energy. On the other hand, since v = O(h*), we also learn that ¥ (t) — r.(t) as h | 0, locally
uniformly in ¢. Thus, if 7, is large and % is small enough, 7"(¢) > R, and combining this with the above

(1) =/ R+clt — 19|22 for t > 0.

ci1(t) <r'(t) < c(t) forh € (0, hgl, >0,

observation, we have

Hence we learn

with some hg, c1, co > 0. The case ¢t < 0 can be handled similarly.

Step 2. We consider the time evolution of go(¢) = q@"(1), " (@)). By the Hamilton equation and (2-2),
we have

L go(r) = —(p", qoh = ", qo} = O ("™ (@)*) = O 1) ™4 (1 + go(1)).

Here we have used the boundedness of |p(¢)| and |w(¢)/r(¢)| again. Then by the Duhamel formula, we
learn that go(¢) is uniformly bounded for initial conditions in £ and % € (0, ko). This implies |" (¢)] is
also uniformly bounded.

Step 3. Combining these observations with the Hamilton equation, we learn that

do" (1)

<C(r)~',
r (t)

‘dphm

oy A0 ()
2—p
7 =C(r) '

- dt

<C(r)~', ‘%(rh(r)—w”(m‘§C<r>—‘—“, ‘

uniformly for (rg, po, 6o, wo) € R0, h € (0, ho] and ¢ € R. These imply the existence of w7 , on €. We
can show the similar estimates for the derivatives, i.e.,

(%(a“ 98 37 9 ,oh(t))‘ < C(1)y2nlel,

ro- po 0o " wo

and so on. These imply the convergence in C°°-topology, and we conclude that assertion (i) holds.
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Step 4. We set

g0 =P (1) — e+ 10" (1) — pe ()| + 16" (1) — 0e(1)] + 0" (1) — wc(1)].

Then by the Hamilton equation, (2-2), and the estimates in Steps 1 and 2, we learn that
\%g’l(t)] <Cy g o+ Ccrt )T

uniformly for initial conditions in ¢ and 4 € (0, hg]. Then by using the Duhamel formula and noting
that gh(O) = 0, we obtain
g" () < Ch", teR.

This is assertion (ii) with « = 8 = y = § = 0. The derivatives can be estimated similarly by induction.
For the details of this argument, we refer to [Craig et al. 1995, Section 2; Nakamura 2009a, Section 2].
Assertion (iii) follows immediately from assertion (ii). Ol

By the above argument, we also learn that w , are invertible for small /. The inverses are uniformly
bounded, and their inverses

we = Wi,
are well-defined for & € (0, hg]. It follows that
we = (W)~
is well-defined and diffeomorphic on w*i[Qg] with & € (0, ho]. Thus we can define the classical scattering

operator by

ok
S=wi ow-

on wi[Qg], with sufficiently small 4.

3. Symbol classes and their quantization on scattering manifolds

Here we prepare a pseudodifferential operator calculus which is used extensively in the proof of the
main theorems. We refer to [Hormander 1985; Taylor 1981, Chapter X VIII] for the standard theory of
microlocal analysis.

In the following, we employ symbol calculus on 7*M, but we always suppose the symbol is supported
in T*Ms, and we use a local coordinate system as in Section 1. More specifically, we choose a
local coordinate system on dM: {¢, : Uy, — R"~!}, U, C 3M, and we use the coordinate system
{1®¢py Ry x Uy — R x R"~1} on M. We also use a similar local coordinate system on M ¢, defined
by {1 ® ¢y : Rx Uy — R x R"~!}. We often identify U, (or Ry x Uy, R x Uy, respectively) with Ran ¢,
(or Ran (1 ® ¢4), respectively).

Symbol classes. We define a metric either on T* My, or T*M s by

dr? 2 s dw?
=—+d do —
g1 ()2 +dp” + + (@)
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and consider symbols in S(m, g;) with a weight function m, i.e., a € S(m, g1) if and only if for any
indices a, 8, y, 8, there is C such that

820807 3a(r, p, 0, w)| < Cm(r, p, 6, w)(r) ™ (w) L.

Later, we will consider the calculus of such symbols on sets Q" = {(r,p,0,w)|(hr, p, 0, hw) € Q},
where Q2 C T*M, is some compact set (supported away from {w = 0}) and & > 0 is small. In such cases,
the symbol satisfies

029807 90a(h; r, p. 6, w)| < Cm(h)R* 1,

and we denote such a (h-dependent) symbol as a € Sy, (m, g’f), where m is an h-dependent weight. The
corresponding metric is naturally

gt = h2dr? +dp* +do* + h*do’.

Weyl quantization. Let { X(f} be a partition of unity on dM compatible with our coordinate system
{@a, Uy}, that is, x4 € C3°(Uy) and ), (@) =10n dM. We set 5o(r, 0) = xo(0)j(r) € C®(Msp).
Let a € S(m, g1) be a symbol on T*M,, and let u € C;°(T*M). We denote by a() and Gy the
representations of a and G in the local coordinate (1 ® ¢, R x Uy), respectively. We quantize a by

~ —-1/2 1/2 ~
Op" (@ =" G/ ale, (r. Dy 0. Dy)G [ Xat,
o

where a(‘Z) (r, Dy, 8, Dg) denotes the usual Weyl quantization on the Euclidean space R", and we use the
identification Ry x U, = R, x (Ran ¢g) for each «. (Strictly speaking, we should have written this as

~ -1/2 1/2, ~ ~
OpW(a)u = Z Xa (Qoa)*(G(a)/ a(‘g) (r, Dy, 0, DQ)G(;) ((pa)*(Xau))s
but we will omit (@g )+, (@e)*, a ., when there can be no confusion.) This definition is compatible with

the standard definition of pseudodifferential operators on manifolds, but we choose a specific quantization
that preserves the asymptotically conic structure of M. Similarly, for a symbol a on T*M ¢, we quantize
it by

—1/2 1/2
OPW(G)M = Z XaH(a)/ a(‘z)(r» D,,0, DG)H(O[/) Xoll
o

foru € C;°(My), where Hy) denotes the representation of H in the local coordinate (¢, Uy). In this

case, the linear structure in r is preserved.

w

In the above definition, we put weights around the locally defined pseudodifferential operators a,,

so that Op"(a) is symmetric if a is real-valued. Moreover, by virtue of these weights, the symbol
corresponding to the operator is unique, including the subprincipal symbol, though we will not take
advantage of this fact in this paper.

The above definitions of quantizations also have the convenient property that if we identify a symbol a
on T*M, with a symbol on 7*M  (by the obvious identification), then we have

$0p"(@)9* = 0p"(a) on ¥,
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provided a is supported in {r > 1}, and we may identify these quantizations by using $. For a symbol
supported in {r > 1}, we may consider OpW(a) as an operator from # to € (or from ¥ ¢ to ¥) also. We
define these operators by

—1/2 1/2 ~
OpW(a)u = Z onH(a)/ a(v(‘;)(’”, D,, 0, DQ)G(O/() Xall
o
for u € Cg°(M) and
~ —1/2 1/2
OPW(a)” = Z XO!G(a)/ a(vg)(r, D,, 0, DG)H(O,/) Xoll
o

foru e Cg°(My).
If A= OpW(a), we denote the (Weyl) symbol of A by a = £ (A).

Hamiltonians. Now we consider properties of our Schrodinger operators and related operators as a
preparation for the next section.
We note that, as in the usual Weyl calculus on R", if a(x, §) = Zj « @ik (x)& &k, then

w 1
Op"(@) =)  Djaj(x)Dx =73 Y (8;8kajx)).
.k ik
Hence, if we let p be the symbol of P as in (2-1), we have
Op"(p) =P+,
where f € C*°(My) is such that
1820) £ (r, 0)] < Cap(r) 27

for any «, 8. Thus, we can include this error term in V and we may consider P = Op"(p). On the other

hand, it is easy to see Py = OpW(pf) on # ¢, where py = %,02.

4. An Egorov-type theorem

Let (ro, po, 6o, wo) € T*(Ry x dM), wy # 0, and suppose a € Cy°(T*(Ry. x dM)) is supported in a small
neighborhood of (rg, pg, 6o, wp) so that a is supported away from {w = 0}. We set

a(r, p, 0, w) =a(h; hr, p, 6, hw), h >0,

where a itself may depend on the parameter & > 0, but we suppose it is bounded uniformly in the
C;°-topology, and supported in the same small neighborhood of (rg, po, 6, wo). The notation here is
different from that of Section 2. We set

Ag=0p"(@") on M.

We set ¢ > 0 so small that
exp(tHy, )(suppa) N{r <e&(t)} =2
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for all r € R. We choose 1 € C*°(R) such that n(r) =1 for » > 1 and n(r) =0 for r < 1/2, and we set
hr
v =n(_1)-
”(sm

A(Z,) — eil‘P_//hg)*Ye—il‘P/hAOeitP/hYg)e—il‘P/‘/h

Then we define

for t € R. The purpose of this section is to obtain the symbols of A(¢) as a pseudodifferential operator,
and to study its behavior as t — F00.
We compute (formally) that
d e th/hyye—thf/h) leitP/hT(t)e—itPf/h
h 9

dt
where

T(t)=PY$—YIP;— h(i(z:));n/( (;))55'

‘We further rewrite this as

d ( itP/hy g, —nPf/h) _

dt ( ltP/hY9€ ”Pf/h)(eiIPf/hg‘*T(t)e_itPf/h)+]lfl;eitp/h(l—Y‘%‘@*)T(t)e_itpf/h

.3|.

( ltP/hY9 7ltPf/h)L(t)+Rl(t)

FI

where
L(t)Zei’Pf'/h,ga*T(z)e_”Pf'/h and R]([) l ttP/h(l ng)*)T(l‘)e_itPf/h.

We now consider the symbols of T'(¢) and L(¢) as pseudodlfferential operators. By direct computations,
it is easy to see that for any indices «, 8, y, 6,
87058y 00, Z(T (1))(r, p, 6, w)|

<C((r) ") + (NN ) + (r)2H@)?) () T () TPl w) TP @-1)

Since T'(¢) is supported in {r > &(t)/2h}, we may replace (r) by (r) + &(¢)/2h in the above estimate. We
also have

aﬁagagag(z(m))— (w))‘

1) + (1) () () + (1) TE ) ) ) TN o) TPy T,

In particular, we learn that

0,
85‘8585/85)(2(T(t)) . Y‘I(ﬂ“ﬂ)‘ < C<t>717u*|a|hu+\al+lél (4-2)

on exp(t Hp, )[supp a"], where the constant is independent of ¢ and A.
Now we note, by virtue of the Weyl calculus (and our choice of the quantization), that

Z(L)(r, p,0,0) =ZI TO)(r+(t/M)p, p, 0, w).
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Hence we have, by (4-1),

1879295 05, Z(L(1)| = C (7)™ 7()> + (7)) 7 {p) (@) + (7)) ?) (7)™ *Nw) T,
where ¥ = r + (¢/ h) p. Note that we take advantage of the cut-off function Y in this estimate. We also
note, along with (4-2), that

q0, )
2

9989y} (Z(L(t)) — )l < C(p)~ " rlel el (4-3)

on exp(—tH),) oexp(t Hp,)[supp al = supp(ah o we(1)).
We then construct an asymptotic solution to the Heisenberg equation as

%B(t)=—%[L(t),B(I)], B(0) = 9*Ao9. (4-4)
Lemma 4.1. There exists b" (t;r, p, 0, w) € Cy°(T*My) satisfying the following conditions:
(i) b"(0) = a”.
(i) b"(t) is supported in w, (t/h)_l[supp a’l.
(iii) b"(r) € S(1, g{’), and it is bounded uniformly int € R.

(iv) b"(t) —a" ow.(t/h) € S(h*, g, i.e., the principal symbol of b"(t) is given by a" o w.(t/ h), and
the remainder is bounded uniformly in t.

(v) If we set B(t) = OpW(b" (1)), then
| LB+ i, Bo| < vy #a, n>o,
forany N.
(vi) B(t) converges to B+ ast — o0 in B(¥ ), and the symbols bﬁ‘c = X (By) satisfy
bi —a"o we + € S(h*, gi’).

Proof. We follow the standard procedure to construct asymptotic solutions to Heisenberg equations (see
[Taylor 1981, Chapter 8; Martinez 2002, Chapter 4]). We let

q@, w)

Lo(t;r, 0,0, w) = ————
olt;r, p ) "+ 1p)

be the principal symbol of L(ht). If we set
bo(t) =aow.(t) =aoexp(—tH, ) oexp(tHpy,),
then by satisfies the equation
a
Ebo(t) =—{lo(1), bo(®)}, bo(0) =a.
We set bl (t; 7, p, 0, w) = bo(t/ h; hr, p, 0, hw), and we also set By(t) = Op" (bl (1)). We note that

1070895 90b (15 7, p, 6, )| < CRI¥HP]
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uniformly in ¢ with any «, 8, y, 8, since bo(t) converges to a o w. + as t — £oo. We write
Ry(1) = Bo(t) + - [L(r) By, rg(t) = Z(RY(®)).

Then by (4-3) and the symbol calculus, r; 9(t) is supported on w,(t/h) "' [supp a"] modulo O (h*°)-terms,
and
aaaﬂae (t) < C< ) 1—/L—|0{|h/l+‘05|+|5| (4_5)

for any «, 8, v, 5. We set Fg(t) so that
Fg(t/h; hr, p, 0, hw) = rg(t; r,p,0,w),

and solve the transport equation
d -
5,010 +{b@). b} = =7 (1), bi(0) =

By (4-5), it is easy to observe that |9 85 ag 8ib1(t; r, p, 0, w)| < Ch* uniformly in ¢. Moreover, by (t)
converges to a symbol supported in w;jt[supp a] in the C§°-topology as t — F-00. We then set

Bi(t) =0p" (b 1)), bit;r, p,0,®) =bi(t/h; hr, p, 0, ho).

We construct b, j = 1,2, ..., iteratively, so that b? e S(him, g{’), and set

b6y~ b @), B =0p" " (1)).

j=0
By construction, b"(t) and B(t) = OpW(bh (1)) satisfy the assertion. O
We then observe that A(¢) is very close to B(¢) constructed as above.
Lemma 4.2. For any N, there is Cy > 0 such that
IA(®) — B(t)| < Cyh™, teR.
In particular, Ay and A_, defined by
Ay :=w-lim A(?),
t—=+o00
have the symbols b}j‘[ as pseudodifferential operators.
Proof. We first observe that
”A(t) _ B(t) || — ||€itPf/h.,¢*Ye_itp/hAoeitP/hY.,q)e_itpf/h _ B(l)”

— ||9*Y€_itp/hA0€i[P/hY3) _ e—l'tPf//’lB(t)eitPf/h ”

< ||Y$9*Ye P g Py §9*Y — Y ST PN B(1) e Pr gy |

< ||efitP/hAoeiIP/h _ erfitpf/hB(t)eitPf/hy*Y” + R2

=140 = BOIl + Ra,
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where
Ry =2 (1=Y3$5*Y)e "P/"Ag|l and B(r) = €''P/hy ge 1 Pi/h B(1)ePi/hgxy =i P/h,

By Corollary A.2, we learn that R, = O ((t)~Vh") for any N. We then show B(r) is very close to Ag
uniformly in . We compute

%B(t) _ (eizP/hY%—itPf/h)%B(t)(enpf/hg)*ye—np/h)

+ ;;l(eitp/hYﬁe_itpf/h)L(t)B(l‘)(eitpf/hg’*Ye_”P/h)

_ I%(eitP/her—itP//h)B(I)L(I)*(eitPf/hg)*Ye—itP/h)

+ Rl (t)B(t)(el'l‘Pf/hy*Ye—itP/h) _ (eilp/hygq)e_itpf/h)B(t)Rl(t)*

_ (eitP/l1Y§e—itPf/h)(%B(t)+1Z[L(t)’ B(t)]) (eitPf/hg,*Ye—itP/h) + R3(1),
where
R3(t) — R] (t)B(t)(eitPf/h‘g)*YefitP/h) . (eil‘P/herfitpf//‘l)B(t)Rl(t)*
4 ;l;(eitP//’ler—itpf/h)B(t)(L(t) _ L(Z)*)(€itPf/h'.g’*Y€_itP/h).

We can show that ||R3(¢)|| = O ((t)"Vh") for any N. For example,

|Ri@)B(t) (" P/ g*y e "PIM) | <=1 = YSINT ()e " Pr/"B ()|
NP1 =Y 39T (e P B @)

As we have seen already, ¢/’ P/ (1 — Y$9*)T (t)e~""F7/" is a pseudodifferential operator, and its support
is separated from the support of " (¢) by a distance not less than ¢(t)2~", for some ¢ > 0. Thus their
product has a vanishing symbol, and its norm is O ({t)~Vh") with any N. The other terms are estimated
similarly. Combining this with Lemma 4.1(v), we learn that

[30] < v

for any N, and hence ||§(t) — E(O)ll < Cyh". We note that
hr « (hr N
B(O)_n( )MAM (8) Ao+ OY)

by the choice of ¢ > 0. Combining these facts, we conclude the assertion holds. U

5. Proofs of Theorems 1.1 and 1.2

Let (ro, po, 6o, wo) € T*(R4+ x dM), and suppose wy 7# 0 as in the last section. Also we let a in
Co°(T*(Ry x 9M)) be supported in a small neighborhood of (ro, o, 60, @) and we set

Ao=0pY "), d"r p,0,w)=a(hr, p,0, ho).
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Let ¢ > 0 also as in the last section. Write

(re, p, O+, 1) = w_ 4 (ro, po. 0, o)

as in Section 2, and recall that w,. 4 are diffeomorphisms from Rx Ry x (T*9M\0) to Ry xRx (T*9M\0).
We also note that

Eo = pc(ro, po, 6o, wo) = %pi >0
by conservation of energy.

Lemma 5.1. If§ > 2¢2, then
w-lim 11 (P /8) A1 (P /8) = (P /)W AgWan (P /6).

Proof. 1t is easy to show by the stationary phase method that

hr

Him (1 =n() Joe7 " nier i =0

(for fixed h), since the stationary points (in p) satisfy hr = tp. This implies that

s-lim e/ P/hy e~ Py (Pr/8) = Wan(Pr /),

t— =400

and the claim follows immediately. ]
This implies, combined with Lemmas 4.1 and 4.2:

Lemma 5.2. Let Ay as above. Then Wi AoW4 are pseudodifferential operators with the symbols bi
given in Lemma 4.1. In particular, Z(WiAoWy) are supported in w, l_L[supp a"l modulo O (h™)-terms,
and the principal symbols (modulo S(h**, gi’)) are given by a” o w, <.

For the moment, we set

po=0 andhence ry=0.

Then we may take ¢ = / E provided a is supported in a sufficiently small neighborhood of (rg, 0, 6y, wp).
Now let us suppose (0, p—, 0, w_) (with w_ # 0, p_ > 2¢) is given, and (0, pog, 6y, wp) is defined by
we,—(0, p—, 0_, w_) = (0, po, Bo, wo). The converse of Lemma 5.2 is given as follows:

Lemma5.3. Leta € Ci°(RxR_ x (T*dM\0)) be supported in a small neighborhood of (0, p—, 0_, w_),
and let

A=0p"@", a"@r p,0,w)=a(hr, p,6, ho).
Then there is a symbol aé’ supported in w._[supp a”] such that for any f € Co ' (Ry),

F(P)Aof(P)=W_f(Pp)Af(Pr)W*,

where Ay = OpW(ag). Moreover, the principal symbol (modulo S(h*, g{z)) isa o wc_l,
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h

Proof. We set aé"O =a'ow,, ! Then by Lemma 5.2, we have

a' =S (A—-wrop"(al yW_) e S(h*, gh,
and it is supported in supp[&h] modulo O (h*°)-terms. Then we set ap,; = a 19W, 1,, and set
a" ) :=5(A—wropYial,+al )W) € S, gh).

We construct a” i

j=2,3,..., iteratively by
aﬁ,j = (A - W*0p"(agy+- - +ag,j—l)W—) e S(hi*, gh),

h h —1

— h 9] h .
ap ;=al jow, _, and we set ag ~ ) j=0dp, ; as an asymptotic sum. Then we have

A=W*AgW_

modulo S(h%(r)~°°(w)~>, g1)-terms. Since there are no positive eigenvalues [Ito and Skibsted 2011;
Melrose and Zworski 1996], we also have W4 f (P;) Wi = f(P) by virtue of the intertwining property
and asymptotic completeness [Ito and Nakamura 2010]. These imply

W_f(PPAf(POW* =W_f(PH)W*AW_ f(PHW* = f(P)Aof (P),
and this implies the assertion. (I

We note Lemma 5.3 naturally holds for w, 1 instead of w. _, but we only use the above case. By
Lemma 5.3, we learn that

Sf(PPAS(P)S* = Wi f(P)Aof (PYWy = f(Pp) (Wi AgWy) f (Py).

By Lemma 5.2, W} AoW is a pseudodifferential operator. By choosing f € C3°(R) so that f (0?/2)=1
in a neighborhood of the support of @, we may omit f(Py) factors up to negligible terms. Thus, SAS* is
a pseudodifferential operator with a symbol supported in s.[supp a”], and the principal symbol is given
by @" os !, where a is the symbol given in Lemma 5.3, i.e., @ is supported in a small neighborhood of
0, p—,0_, w_).

We note that, by the intertwining property of the scattering operator,

e Prs = SePr Vi e R.

This in turn implies
TS =S8T;, VteR, where T; =exp(—it/2Py).

On the other hand, \/2Py = Fi 8"7 on ¥ 1, and hence T are translations with respect to ». More precisely,
we have
Trus(r,0) =usr(r ¥1,0) foruy e %f,i-

We learn from these facts that
S(T,AT})S* = T, (SASH)T/,
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and the symbols of TTATI* and T; (SAS*)TI* are given by a" (r +1, p, 6, ®) and S(SASH)(r+1, p, 0, w),
respectively. Using this observation, we may replace a by a symbol supported in a small neighborhood
(r—, p—, 0_, w_) with arbitrary r_ € R. Thus we have proved:

Lemma5.4. Leta € Cy°(RxR_x (T*9M\0)) be supported in a small neighborhood of (r —, p—, 0_, w_)
with |p_| = 2¢, and let

A=0p"d"), d"r p,0,w)=a(hr, p,0, ho).

Then SAS* is a pseudodifferential operator with a symbol supported in s.[supp a"] modulo O (h™)-terms,

and the principal symbol (modulo S(h*, g{’)) is given by a" o sc_l.

Here we have used the formula
sc(ry p, 80, w) = (=r, —p, exp(r H /7,)(0, w)).

We set # f+ =F¥H .. Then FS %! is a unitary map from 4 f— to 4 .+~ For notational simplicity,
we set
Mu(r,0) =u(—r,0) forue ¥y,

so that F(STT)F ! is a unitary map on ?A€ﬁ+. By the intertwining property above, F(STT)%~! commutes
with functions of p, and hence is decomposed so that

FSIHF 'u(p, w) = (S(p*/u(p. )) (@) on sy = L*Ry; L*OM)),
where S(1) € B(L?>(dM)) is the scattering matrix.

Proof of Theorem 1.1. We recall the semiclassical-type characterization of the wave front set: Let
g(p,0) € D' (R x dM), and let (po, 0o, ro, o) € T*(Ry x dM). (po, Oo, o, wo) ¢ W F(g) if and only
if there is a € Cy°(T* (R x dM)) such that a(po, 6o, ro, wo) # 0 and

la(p,0,hD,, hDy)gll = O(h*™) ash— +0.

We may replace a by an h-dependent symbol with a principal symbol which does not vanish at

(00, 6o, ro, wp).
We fix Ag = pg /2 with pg > 2¢ and consider S(A) where X is in a small neighborhood of Ag. Let
ueL?>@M)andletv e Cy°(R,) be supported in a small neighborhood of A¢. Then it is easy to see that

WF@(p)u(0)) ={(p,0,0,w)|p €suppv, (¢, w) € WF(u)}.
Then, by Lemma 5.4 and the above characterization of the wave front set, we learn that
WF(FSF v(p)u(0)) = (1 @ exp(rr H 35) W F (v(p)u(6))
={(p,0,0,0) | p €suppv, (0, w) € exp(m H ;3,) W F(u)};
see [Nakamura 2009b]. By the definition of the scattering matrix, this implies

WF(S\)u) C exp(nHm)WF(u)
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for A € supp v. Since this argument works for S~! also, the above inclusion is actually an equality, and
we conclude Theorem 1.1. O

Proof of Theorem 1.2. Here we suppose u = 1. Then by Lemma 5.4 and the Beals-type characterization
of FIOs (Theorem B.1), Z#(STT)%~! is an FIO associated to 1 ® exp(nHm) on {(p,0,r,w) | w # 0}
Since F(SIHF ! is decomposed as {S(A)}, this implies S(A) are FIOs on d M associated to the canonical
transform exp(w H «/ﬁ) (see Proposition B.4). O

6. Proof of Theorem 1.3

Here we discuss how to generalize the proof of Theorem 1.2 to conclude Theorem 1.3.

We first modify the Egorov-type argument in Section 4. Let (rg, 0o, 60, wo) € T*Mso, wg # 0, and let
Qo be a small neighborhood of (rg, po, 6o, wo). We suppose a € C;°(T* M) is supported in ¢, and we
consider the behavior of A(¢) as in Section 4. We set

w*(t) = exp(—itHp,,) oexp(tHp),

which is well-defined for X € T* M, as long as exp(t H),)(X) € T*M4,. By the discussion in the proof of
Theorem 2.2, this condition is always satisfied if X = (r, p, 0, w) € Qg and £ is sufficiently small. We set

wt)=w @) = exp(—tHp,) oexp(tHy,)
on the range of w(z). We note that
* __1; *

wi=, tim v
on Q' with sufficiently small /, and that

ws =, lim w()
on w;l [Qg] with sufficiently small 4. Convergence of these maps holds in the C*°-topology.

We replace Lemma 4.1 by the following slightly different statement:
Lemma 6.1. There exists b (t;r, p, 0, w) € Cy°(T*My) satisfying the following conditions:
(i) b"(0) = a”.

(i) b (1) is supported in w*(t)[supp a’].
(i) b"(r) € S(1, g1, and it is bounded uniformly in t € R.

(iv) b (t)—a"ow(r) € S(h, gf), i.e., the principal symbol of b" (t) is given by a" ow(t), and the remainder
is bounded uniformly in t.

(v) If we set B(t) = Op"(b" (1)), then
|5y + L1y, B = Cuinr a0

forany N.
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(vi) B(t) convergesto B+ ast — Fo0 in B(¥ ), and the symbols bﬁ’c = X (By1) satisfy
bi —ad"owy € S(h, g{l).

We note that w(¢) is not homogeneous in the (r, w)-variables, but very close to a homogeneous map
when |(r, )| is very large thanks to Theorem 2.2.
In order to prove Lemma 6.1, we set

bg(t) =d"o w(t) =aoexp(—tH,)oexp(tHp,),

which is supported in w*(t)[Qg]. We have bg (r) € 8(1, gf) uniformly in ¢ (for small /) again by
Theorem 2.2. Moreover, bg satisfies

0 _
7b0 (1) = —h~H{e@), b)),
where £(t) = X (L(t)). Hence the first remainder term rg (t) (as defined in Section 4) satisfies
|00 05 9o ()] < C(r)~ !~ I«lp e+l

for any indices «, 8, ¥, §. Then we construct the asymptotic solution as in the proof of Lemma 4.1 by
solving transport equations
0 _ .
SO +RTHE. b0y = —rj (), j=0,1,2.....
and we conclude Lemma 6.1. |
Lemma 4.2 holds when the construction of B(¢) is replaced by the one above, with no modifications.
Lemmas 5.2 and 5.3 hold in the following form. The proofs are the same.

Lemma 6.2. Let Ay as above. Then Wi AoWy are pseudodifferential operators with the symbols bﬁ’t
given in Lemma 6.1. In particular, ¥ (Wi AoW1) are supported in wf [supp a”] modulo O (h*>®)-terms,
and the principal symbols (modulo S(h, g{‘)) are given by a” o w.
Lemma 6.3. Leta € Ci°(RxR_ x (T*dM\0)) be supported in a small neighborhood of (0, p—, 0_, w_),
and let

A=0p"@", a'wr p,0,w)=ahr p,0, ho).

Then W_AW* is a pseudodifferential operator with a symbol supported in w_[supp @), and the principal
symbol (modulo S(h, g{z)) is give by a" o w*.
Combining these, we learn (as in Section 5) the following assertion.
Lemma 6.4. Leta € Ci°(RxR_x (T*9M\0)) be supported in a small neighborhood of (r—, p—, 60—, w_)
with |p_| = 2¢e, w_ %0, and let
A=0p""), d"r p,0,w)=a(hr p,0, ho).

Then SAS* is a pseudodifferential operator with a symbol supported in s[supp a] modulo O (h®®)-terms,

and the principal symbol (modulo S(h, g{’)) is given by a" o s~ 1.
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In the following, we consider (r, p, 8, w) € Qg with some €2¢ and sufficiently small %, or equivalently,
when |w| is sufficiently large. By conservation of energy (or equivalently, by invariance under a shift in
r), the classical scattering operator has the form

S(r, /0’ 97 a)) == (_r +g(10’ 99 CL)), _pv S(}\')(ea C())), (6_1)

where A = p?/2 and s(A) is a canonical transform on T*3dM for each A > 0. (We note that without
g(p, 8, w), the map s is not necessarily canonical.) Moreover, by Theorem 2.1, we have for any indices
a, B, y that

1898587 ¢(p. 6, w)| < Ch™ 1+,

|3g353531(,0, 0, )| < Ch*t17!,
|828£82532(,0, 0, w)| < Ch~Hutlvl,

on Qg, where €2 is a small neighborhood of (0, p_, 6_, w_), and s1, s, are defined by

(S1 (/Os 0’ Cl)), SZ(p’ 9’ (,())) = S()\,)(Q, (,()) - eXP(nHm)(e’ Cl)),

i.e., s1 denotes the 6-components of the right-hand side terms, and s, denotes the w-components. These
estimates imply that s is asymptotically homogeneous (in (r, w)-variables) in the sense of [Ito and
Nakamura 2012, Section 4].

In general, an operator U with distribution kernel u is called an FIO of order m associated to an
asymptotically homogeneous canonical transform S if u is a Lagrangian distribution associated to

Yo:={(x, ., -], 8 =80}

that is, for any ay, ..., ayn € SLI_I such that a; vanishes on Xg for each j, we have that Op(ay) - - - Op(ay)u
is in B, g_"/ 2% (R2%) [Tto and Nakamura 2012]. The Beals-type characterization of FIOs discussed in
Appendix B holds for such FIOs without any change.

By Lemma 6.4 and the analogue of Corollary B.2, we learn that S is an FIO associated to the classical
scattering map s. Moreover, by Proposition B.4, we learn that the scattering matrix S(A) is an FIO
associated to s(1), where s(A) is defined by (6-1) and it is asymptotic to exp(wr H V2 Thus we have
proved the following slightly more precise version of Theorem 1.3:

Theorem 6.5. Suppose Assumption A holds. Then for each . > 0, S(A) is an FIO associated to s(\)
defined by (6-1). The canonical map s(\) on T*dM is asymptotically homogeneous in w, asymptotic to
exp(nHm) with the error of O(|w|'™*).

Appendix A: Local decay estimates

Let P be as in Section 1. For a symbol a, we set ah (r, p,0,w) =a(hr, p,0, hw). Then we have the
following:

Theorem A.1. Let (rg, po, 00, wp) € T*Mo = T*Ry x T*OM, and suppose wyg %= 0. We denote the
g-neighborhood of (ry, po, 6o, wo) by Q.. We suppose ¢ > 0 so small that Q. € T*Ry x (T*dM \ 0).
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If a € C°(T*Myo) is real-valued, and supported in 2., then there is an h-dependent symbol b(t) in
Co°(T* M) for any t € R such that:

Q) la(, p, 0, w)| <c1b;r, p, 0, w) with some c; > 0.
(i1) b(r) is supported in Q(t) := exp(t H, )[Q20¢] for t € R.

(iii) For any indices a, B, y and 8, there is Cogys > 0 such that
102050) 00b(t, 1, p, 0, )| < Capys, (r,p,0,0) € T*Mso, 1 €R.
(iv) There is R(t) € B(L>*(M)) such that |R(t)|| < Cxh"™ for any N, and
e 1PIhopY (aMe! Pt < ¢10pY (" (1) + R(1)
fort > 0, and the reverse inequality for t < 0. Moreover, R(t) satisfies
IKYROK |2y < Cnh™, 1R,
for any N, where K () = (dist(-, Q" (1))) with
supplb" (1] C @"(1) := {(r, p. 6. @) | (hr, p. 6, hw) € (1)}
Before proving Theorem A.1, we present a corollary which is needed in Section 4.

Corollary A.2. Let n € C®°(R) be such that 1(r) =0ifr > 2,and n(r) =1 ifr < 1. We choose 1 > 0
so small that

dist({(r, p, 0, ) | Ir] < e1(1)}, (1)) = 8(1)

with some § > 0. Then for any N there is Cy > 0 such that

_( hr —itP/h h
72t )= omeat

We note that if ¢ > 0 is chosen sufficiently small, then we can find &, > 0 satisfying the property above.

<cyh"(@)™, teR

Proof of Corollary A.2. We apply Theorem A.1 with & such that Op" (@) = Op"(a)Op"(a)*, which
satisfies the same condition. Then we have

e ltP/h h 2_— hr e itP/h ~hy itP/h= hr
Op@")| =n 8_(1‘) Op(a")e n r(t)

h h h
( )Op(bh(t))"( <r>)+”< 1<’;>)R(I)ﬁ(81<rf>>

<CyhN )7V,

where we used the fact that supp[bh (t)] is separated from Q" (1) by a distance not less than 6{t/h). U
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Proof of Theorem A.1. The proof is analogous to that of [Nakamura 2009b; Ito 2006; Ito and Nakamura
2009, Section 3], and we only sketch the main steps. We may suppose a is nonnegative without loss of
generality. If we set

V(0 =aoexp(tHy)™,
then it is easy to see that

ad
sV =—lpev) YO =a.

and this is a good candidate for the principal term of b(¢), but ¢ does not satisfy the boundedness of the
derivatives uniformly in z. We choose ¢ € C{°(R) so that

1
suppp C [—1,1], ¢(¢) >0 forall 7, /(p(t)dt=1,
-1

and moreover, +¢'(¢) < 0 for +¢ > 0. We set
@u(t) = @(t/v), forv=>0,
and we denote convolution in ¢ by %. Then we set
bo(t, ) = @s() TW = / sy (t —$)P(s,-)ds

with sufficiently small § > 0. Then we have

arbo= [ agst—wi s =— “;U_)gs 41—~ /8Os, ds i ()

= =¢s) ¥{Pe; ¥} = —{pe, bo(t, )} (A-1)

for ¢t > 0, by the conditions on ¢. We have the reverse inequality for r < 0.
We then show the derivatives of bg satisfy the required uniform boundedness. We first note that

V(t;rp,0,0): =y r+1tp,p,0,w) >aowsr (& — £o0)

in the C°-topology, by virtue of the existence of the classical scattering for p.. Thus we have the
representation

Y(t;r, p,0,0)=V(t;r —tp, p, 0, »),

with &(t) uniformly bounded in C;°(7T*M). Hence we learn that the derivatives in variables other than p
are uniformly bounded. Then this property applies also to bo(¢). Let us consider the first derivative of

bo(t) in p:
apbom=—fcpm(t—s)s(arxﬁ)(s,r—sp,p,9,w)ds+/¢a<t><r—s>(apx/7>(s,r—sp,p,e,a» ds.
The second term is clearly uniformly bounded. We note that

@) 57 =30, 0.0, @) = =L LG (sir = 5p. 0,0, )= O3 7 = 5. . 6, ),

_1
0
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and then by integration by parts we have

/%(r)(l 5@, (5,7 — 5, 9. 0, ) ds

1 0 t—s = 1 t—s AU
:;f8_< )W(S,r—sp,pﬁ,a))ds—i-;/(p(m)s(aﬂﬂ)(s,r sp, 0,0, w)ds
1 — 1 s St—5\ ~
=;/ 8_ W(S r—sp,p, 0, Cl))d —;/m(p (m)@ﬁ(s,r—sp,p,e,w)ds
1 r—s AV
+; /‘P(m)s(aﬁ/f)(s,r sp, p,0,w)ds.

Each term in the last expression is bounded uniformly in ¢ since s ~ ¢, and 8,9 = O({s)~2). Repeating
this procedure, we can show that all the derivatives of by are uniformly bounded. It is also easy to check
that bg satisfies the required support property provided a is supported in a sufficiently small neighborhood,
and § > 0 is chosen sufficiently small.

Now by (A-1) and the sharp Garding inequality, we have

4 0p" W (1)) = ~L1P, 0p™ 1)1+ Op(r} (1)

with r( (1) = O (h"). We set ¢; =7/4—27Jfor j=1,2,...,and set

r P 0 o
4 p 0.0 =a( 2 5 5 2) by = s @y oexpitH )

Then we set

b(t) ~bo() + Y b (1),

j=1

with appropriately chosen constants 1 ; > 0 so that

d .
200" (0" (1) = — [P, Op" B ()] + O (),

and b(¢) satisfies all the required properties. We refer to [Nakamura 2009b; Ito and Nakamura 2009] for

the details of the construction. O

Appendix B: Beals-type characterization of Fourier integral operators

In this appendix, we consider operators on R”, and we discuss Beals-type characterization of FIOs in
terms of h-pseudodifferential operators. We use the result for scattering manifolds, but the generalization
is straightforward, and we omit it. Most of the arguments here are similar to those of [Ito and Nakamura
2012, Section 2], and we mainly discuss the modifications necessary to show our results.
We let S be a canonical diffeomorphism on 7*R", which is also supposed to be homogeneous in the
&-variable, i.e.,
if (y,n) =S, &), then S(x, A§) = (y, An) for A > 0.
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We also let U € £(¥, ¥’), and let u € %'(R?") be its distribution kernel. For a symbol a € C®(T*R"),
we write

a"(x, &) =a(x,h§), OpY(a")=a"(x,hDy),

for h > 0 as before. For a € C°(T*R" \ 0), we define
Adg(@U =0p"(@" o STHU —UOpY (a") € (4, 9.

We note that OpW(ah oS h= OpW((a o S~H) since S is homogeneous in &.
Theorem B.1. Let U € B(szt([R{”), LIZOC([R")). Suppose for any ay, az, ..., ay € C3°(T*R" \ 0), there
is Cn > 0 such that

IAds (a7) Ads(a3) - - - Ads(ap)Ull g2y < Cwh". (B-1)
Then U is an FIO of order 0 associated to S.
Corollary B.2. Let S and U as above. If for any a € Cy°(T*R" \ 0) there is an h-dependent symbol
b e Cy°(T*R" \ 0) such that

820Lb(h: x, £)] < Cagh,
forany o, B e 7", h e (0, 1], and
Ads(@HU =0p" " U + R, IIRIpq2) = OH™),

then U is an FIO of order 0 associated to S.

Proof of Corollary B.2. We show (B-1) follows from the above condition. The cases N =0, 1 are obvious.
Let N =2 and we write

Ads@)U =0p" U +R;, j=1.2.
Then we have
Ads(al) Ads(a)U=0p"(a" o s7Hop" !y U — 0p" (b)Y UOP" (a?) + Ads(al) R,

=[0p" (a7 0§71, Op" (B ]U+ Op" (b5)0p" () U + Ads(a}) Ra+ Op™ () Ry
=0p"(b1,)U + Ry2,

where Rjp = O(h*) and b1, € C3°(T*R" \ 0) satisfies
|8§j‘8§b12(h; x,&)| < Clgh®, forany e, BeZ, he(0,1],

and (B-1) for N = 2 follows. Iterating this procedure, we obtain (B-1) for any N. ]

In order to prove Theorem B.1, we first note the semiclassical-type characterization of Besov spaces.
By the standard partition-of-unity argument, it is straightforward to observe that u € B3, (R™) if and
only if for any (xo, &) € T*R™ \ 0 there is ¢ € C3°(T*R™) such that ¢(xo, &) # 0 and

l0pY(¢")ull2 < Ch®, h>0.
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Thus, in turn, we learn that u € Bg ’Ifi,([RRZ”) if and only if for any (xo, yo, &0, 170), (§0, n10) # (0, 0), there
are g1, ¢z € Cg°(R") such that ¢y (xo, &) # 0, ¥2(yo, no) # 0, and
10p" () UOPY (@) s < Ch%,  h >0,

where || - || s denotes the Hilbert—Schmidt norm in B(L?(R")). Now we choose @3 € C°(R") so that
@3 = 1 in a neighborhood of supp ¢,. We note that

1/2 1/2
||OpW<sos>||m=(271)—”/2(/R |¢3(x,hs)|2dxds) =<2nh>—"/2<fR |¢3(x,5)|2dxds) =Ch™"/?

for & > 0 with some C > 0. Hence we have
10p™ (@ UOP™ (@) 15 < 100" (¥ UOP™ (93)0p" (@)l s + R
< Ch™"2)10p" (¢HUOP" ()l p(12) + R.
where
R =110p" (¢ )UOP" (¢3) (1 = Op™ (¢})) | s = O (h™)
by the symbol calculus. Thus we have proved the following lemma:

Lemma B.3. If for any (xo, yo, &, 10) € T*R>" with (&, no) # (0, 0) there are ¢y, ¢ € Co°(T*R") such
that ¢1(xo, &) # 0, ©2(y0, no) # 0 and

I0pY (@HUOPY (@)1 512y <C.  h >0,
then u € By /7% (R?").

Proof of Theorem B.1. We modify the proof of Theorem 2.1 in [Ito and Nakamura 2012], to which we
refer for further details.
We first note that

WF@u) C As={(x,y,& —n) € T*R*™ | (x,&) = S(y, n)}.

We note that if (xo, Yo, &0, —710) ¢ As with g #£ 0, it is straightforward to show (xg, yo, &0, —10) ¢ W F (u).
If & # 0, we consider U* and we can also conclude (xg, yo, &0, —1n0) ¢ W F ().

Now we letaj, as,...,an € SLI,I(IR”) and let (xo, &) = S(y0, no). We may assume a; are homogeneous
of order one in the &-variable. By Lemma B.3 and the proof just cited, it suffices to show the following to
conclude U is an FIO of order 0 associated to S: There are yr1, ¥, € C3°(T*R") such that v (xo, &) # 0,

Y2(yo, no) # 0 and
Iop" (¥H[Ads(ar) - - - Ads(an)U10p" (W)l 2y < C,  he (0, 1], (B-2)

with some C > 0.
We set Wy, W € C°(T*R") so that they are supported in a small neighborhood of (yo, 179), ¥; =1
on a neighborhood of (yg, n9), and Wy = 1 on supp ¥;. We then set

pj(x,8) =a;(x,§)Wo(x,§) € Co°(T*R").
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We note, since a; are homogeneous of order one in &, that

a;j(x,&)Wo(x, hE) =h~"'a;(x, h&)Wo(x, hE) = h ™ p;(x, hE).

We also set
Y1 =W0oS!' and vy, =,

so Y1 (1 —¥go S~ =0and (1 — Wo)yp, = 0. This implies, in particular, that

Y1 (x, hE)(aj o ST (x, &) = h 'y (x, h&) (pj 0 S (x, hé),

a;j(y, M¥2(y, hn) = h~ o (v, hkp)¥a(y, hn).
Using these, and applying the #-pseudodifferential operator calculus, we learn that
Op" (¥[Ads(ar) - - - Ads(an)UTOp"™ (vl
=h~Nop" (¥H[Ads(e]) - - - Ads () UI0p™ (W) + 0 (h™),

and this implies the right-hand side is bounded by the assumption of Theorem B.1. Now (B-2) follows
from this observation, and we conclude that the assertion hold. ]

We note that the conditions and the assertion of Theorem B.1 are microlocal, and hence the theorem
is easily extended to a statement in a conic set in 7*R". In the next proposition, we use the extended
statement on a conic set.

Proposition B.4. Let R" = R" x RX, and let U be a bounded operator on L*>(R™) and let S be a
homogeneous canonical diffeomorphism on T*R™. Suppose U commutes with multiplication operators in
y so that U is decomposed as

5%
U=/ U(y)dy on L*(R™) = L3(R¥, L2(R")),
Rk

)7 9
where {U (y)} is a family of operators on LZ(Rﬁ). Suppose also that S is decomposed as

St &, y,m) > (SO, E),y,n+gx, &)

for (x,&,y,n) e T*"R" =T*R} x T*IR’;, where {S(y)} is a family of canonical maps on T*RL IfU is an
FIO associated to S on a conic set {(x, &,t,n) | € # 0}, then for each y € R*, U(y) is an FIO of order 0
associated to S ).

Remark B.5. The assumption on § actually follows from the properties of U. We include it to introduce
the notations.

Proof. Let a € Cy°(T*R"\ 0), and let ¢, € CSO(R") such that ¢, ¢ > 0 and [ ¢ () dn = 1. We also
denote v, () = ¥ (n — z) for z € R¥. We consider

A;=a;(x,hDy,y, hDy) =al(x, th)@()’)wz(hDy)-
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Since U is an FIO, there is b,, which is bounded in CSO(T*[RR’”) uniformly in % € (0, 1], such that
UA,=B.U+ O(Mh*>), B,=b,(x,hDy,y,hDy),
with the principal symbol

a; 08 ' =(ao S, MY (n—gSH»)(x, &), y) —2).

Since U commutes with {€?? | z € R¥} (translations in the n-variable), we learn that

bZ(x’é:’ y’ 77) =b0(-x9 Es ya U_Z),

and the remainder term also satisfies this property. Moreover, these symbols decay rapidly outside

S[supp a.].
It is also easy to see that

/ A,dz — a(x,hDy)p(y) and / B.dz — b(x, hDy, y)
lz|=R |zZ|<R

strongly as R — oo, where b(x, &, y) = ka bo(x, &, y, n)dn. The principal symbol of b is given by
(a0 8(y) ) (x, £)¢(y). These facts imply that

U()a(x, hDy)g(y) = b(x, hDy, y)U (y) + O (h™),

where 15(x, &, y)—(ao S'(y)_l)(x, E)p(y) = O(h). Since ¢ € Cgo(le) is arbitrary, for a fixed y € RF we
may replace ¢(y) by 1, and we learn U (¥) is an FIO of order 0 associated to S (y) by Corollary B.2. U
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