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POROUS MEDIA: THE MUSKAT PROBLEM IN THREE DIMENSIONS

ANTONIO CORDOBA, DIEGO CORDOBA AND FRANCISCO GANCEDO

The Muskat problem involves filtration of two incompressible fluids through a porous medium. We
consider the problem in three dimensions, discussing the relevance of the Rayleigh—Taylor condition and
the topology of the initial interface, in order to prove the local existence of solutions in Sobolev spaces.

1. Introduction

The Muskat problem [Muskat and Wickoff 1937; Bear 1972] involves filtration of two incompressible fluids
through a porous medium, characterized by a positive constant x quantifying its porosity and permeability.
The two fluids, having velocity fields v! and v?, occupy disjoint regions D! and D> = R? — D!, with a
common boundary (interface) given by the surface S = d D! = 9 D?. Naturally, those domains change
with time, as does the interface. We denote by p/ (j = 1, 2) the corresponding pressures, and we will
also assume that the dynamical viscosities 1/ and the densities p/ are constants with u! # u?, p! # p2.

Conservation of mass in this setting is given by the equation V - v = 0 (in the distribution sense), where
V= UlXDl + vszz.

The momentum equation, obtained experimentally by Darcy [1856] (see also [Bear 1972]), is

[ B j .
V= Vp! —(0,0, p’g), j=1,2,

where g is the acceleration due to gravity.

One can find in the literature several attempts to derive Darcy’s law from Navier—Stokes [Tartar 1980;
Sanchez-Palencia and Zaoui 1987] through the process of homogenization under the hypothesis of a
periodic, or almost periodic, porosity. In any case, the presence of the porous medium justifies the
elimination of the inertial terms in the motion, leaving friction (viscosity) and gravity as the only relevant
forces, to which one has to add pressure as it appears in the formulation of Darcy’s law. There are three
scales involved in the analysis: the macroscopic or bulk mass, the microscopic size of the fluid particle,
and the mesoscopic scale corresponding to the pores. In the references above, one finds descriptions of
the velocity v as an average over the mesoscopic cells of the fluid particle velocities. Taking into account
that each cell contains a solid part where the particle velocity vanishes, it is then natural to get the viscous
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forces associated to that average velocity, which is a scaled approximation of the laplacian term appearing
in the Navier—Stokes equation.

In this paper, we shall consider the case of a homogeneous and isotropic porous material. Porosity is
the fraction of the volume occupied by pores or void space. But it is important to distinguish between two
kinds of pores — the kind that forms a continuous interconnected phase within the medium, and the kind
that is isolated — because non-interconnected pores cannot contribute to fluid transport. Permeability is
the term used to describe the conductivity of a porous medium with respect to a newtonian fluid, and it
depends upon the properties of the medium and the fluid. Darcy’s law indicates this dependence, allowing
us to define the notion of specific permeability « and its units. In the case of an anisotropic material, k
will be a symmetric and positive definite tensor, and the methods of our proof can be modified to get local
existence; but for a nonhomogeneous medium, the properties of the tensor « (x) will have to be specified
in a very precise manner in order to allow an interesting theory.

The Muskat problem and related problems [Saffman and Taylor 1958] have been studied recently
[Constantin and Pugh 1993; Siegel et al. 2004; Cérdoba and Gancedo 2007; 2009; Cérdoba et al. 2011].
The first natural question is about the evolution of the system (existence of solutions), at least for a short
time ¢t > 0, and the persistence of smoothness of the interface S(¢) if we begin with a smooth enough
surface at time ¢ = 0. One can easily deduce from this formulation that in the event of smooth evolution,
both pressures can be taken to be equal at the interface:

! 2
P lsoy=prlsw-

Therefore, we look at the case without surface tension (see [Escher and Simonett 1997], where the
regularizing effect of surface tension is considered). The normal component of the velocity fields must
also agree at the free boundary; that is, if v/ is the unit normal to S pointing into D/, we have

w'—v?)- /=0 at St), j=1,2
(note that v> = —v!). Furthermore, the vorticity will be concentrated at the interface, having the form
curl(v) = w(z) dS(z),

where o is tangent to S at the point z and d S(z) is surface measure.

This paper extends to the three-dimensional case the results obtained in [Cérdoba et al. 2011] for the
case of two dimensions, by proving local existence in the scale of Sobolev spaces of the initial value
problem if the Rayleigh—Taylor (R-T) condition is initially satisfied (see [Saffman and Taylor 1958],
where this issue is studied from a physical point of view). In our case, that condition amounts to the
positivity of the function

o =(Vp?=Vph -l

at the interface S. The R-T property also appears in other fluid interface problems, such as water waves
[Cordoba et al. 2009].

Together with that hypothesis, one also assumes that the initial surface S is connected and simply
connected. In the presence of a global parametrization X : R?> — S, the preservation of that character will
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be controlled by the gauge

o IFCOl = sup = 12—

F(X)(a, f) = ——, X (@) — X(B)|
O )= s o 1X@ - X B~

Section 2 of this paper contains the derivation of the evolution equations for the interface S. In Section 3,
we prove the existence of global isothermal parametrization as a consequence of the Koebe—Poincaré
uniformization theorem of Riemann surfaces in the geometric scenarios considered in our work, namely,
double periodicity in the horizontal variables and asymptotic flatness. Let us add that given the nonlocal
character of the operator involved, to obtain a global isothermal parametrization is an important step in
the proof, whose main components are sketched in Section 4.

In closing our system (Section 2), we need to control the norm of the inverse operator (I +A%)~!,
where % is the double-layer potential and |A| < 1. It is well-known from Fredholm’s theory that those
operators are bounded on L?(S). However, since the surface S = S(¢) is moving, a precise control of its
norm is needed in order to proceed with our proof. That is the purpose of Section 5, where the estimates
for the double-layer potential are revisited.

In Sections 6 and 7, we develop the energy estimates needed to conclude local existence. Let us
mention that at a crucial point (more precisely, just at that step where the positivity of o («, ¢) (R-T) plays
its role), we use the pointwise estimate 6 (x) A6 (x) > %AGZ(X) of [Cérdoba and Coérdoba 2003], with
A=+-A.

In the strategy of our proof, it is crucial to analyze the evolution of both quantities o and F' (Section 8)
at the same time as the interface X and vorticity w. There are several publications (see, for example,
[Ambrose 2007]) where different authors have treated these problems assuming that the Rayleigh—Taylor
condition is preserved during the evolution. Under such a hypothesis the proof can be considerably
simplified, especially if one also assumes the appropriate bounds for the resolvent of the double-layer
potential with respect to a moving domain, or the existence of global isothermal coordinates, etc. It is our
purpose to carefully go over such items, which are responsible for the more delicate and intricate parts of
this paper.

2. The contour equation

We consider the following evolution problem for the active scalars p = p(x, ) and u = u(x, t), with
xeR3andr>0:

Pt +v- vp - O?

Mt +v- V,LL = Ov

with a velocity v = (vy, v2, v3) satisfying the momentum equation
pv=-Vp—(0,0, p) (2-1)

and the incompressibility condition V - v = 0, where, without loss of generality, we have prescribed the
values k =g=1.
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The vector (u, p) is defined by

(', ph xeD'),

(/“L7 ,O)(XI, X2, X3, t) = {(Mz’ ,02) X € Dz(t) = R3 \ Dl(t)’

where ! # u? and p! # p2. Darcy’s law (2-1) implies that the fluid is irrotational in the interior of each

domain D/, and because of the jump of densities and viscosities on the free boundary, we may assume a

velocity field such that
curlv = w(a, 1)§(x — X (a, 1)),

where dD/ (1) = {X («, 1) € R? 1 o = (@, an) € R?}; that s,
(curl v, ) = / o@. 1) (X (e, 1) dat,
RZ

for any ¢ : R> — R? vector field in C°(R?).
The incompressibility hypothesis ((V - v, ¢) = —(v, Vo) =0, for any ¢ € C fo([R{3)), yields

v (X (a, 1), 1) N(a, 1) =v*(X(a, 1), 1) - N(a, 1),

with N(a, t) = 94, X (o, t) A 0y, X (@, t), and Equation (2-2) gives us the identity

wla, )= V(X (a, 1), 1) —v' (X (2, 1), 1)) AN(a, 1).
Defining the potential ¢ by v(x,t) = V¢ (x,t) for x € R>\ dD/ (1), we get

Qa, 1) = ¢* (X (a, 1), 1) =" (X (@, 1), 1),
o 2, 1) = (VX (e, 1), 1) — 0" (X (o, 1), 1)) - 3 X,
9, 2(at, 1) = (VX (. 1), 1) — 0" (X (e, 1), 1)) - B, X.
Then one has the equality
w(a, ) = (VX (1), 1) —v' (X (1), 1)) A (3o, X (¢, 1) A 8o X (2, 1)),

and therefore
(et 1) = Doy R(t, 1)y X (&, 1) — Dy R(@t, 1), X (@0, 1),

implying that V - curl v = 0 in a weak sense.

(2-2)

(2-3)

Using the law of Biot—Savart, we have for x not lying in the free surface (x # X («, t)) the following

expression for the velocity:

_ 1 x_X(ﬁ7t)
U(X, f) = —E w m/\a)(ﬂ)dﬁ

It follows that

X;(a) = BR(X, w)(a, 1) + C1 (@) 9y, X () + C2(t) 9, X (1),

where BR is the well-known Birkhoff—Rott integral:

1 X(a) — X(B)
BR(X, w)(a, 1) = “in 4% /[RZ m Aw(B)dp.

(2-4)

(2-5)
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Next we will close the system using Darcy’s law. Since

Vo =v(x,t) —Q(a, t)N(a, )6 (x — X (a, 1)),
we have
(Ad, ) =—(Vo, Vo) =[Rz§2(a, HDN(a,t)-Vo(X(a, 1)) da,

and taking ¢(y) = —1/(4m|x — y|), one obtains ¢ in terms of the double layer potential:
1 x — X (o)

¢(.X) = —E o m . N(OI)Q(CI) do.

Darcy’s law yields
Ap(x, 1) = —div(u(x, ) v(x, 1)) — 0y p(x, 1),
that is,
Ap(x,t) = P(a, )6 (x — X(w, 1)),

where P(«, t) is given by
P(a,t) = (u? — pHv(X (@, 1), 1) - N(a, 1) + (0> — p")N3(a, 1),

implying the continuity of the pressure at the free boundary.
Next, if x # X (a, t), i.e., x is not placed at the interface, we can write Darcy’s law in the form

uep(x,t) =—p(x,1) — pxz,

and taking limits in both domains D/, we get at S the equality

(2> (X (a, 1), ) — ' (X (a, 1), 1)) = —(p* — pH) X3 (e, ).

Then the formula for the double-layer potential gives
24,1
w4 RN X(@)—X(B) 2_ 1
=20 — —u)—P — Q =—(p"—pH)X
S — (P~ V/Rz Y@ —xpp VOB =07 —pHXs( .
that is,
Qo 1) — A D(Q2)(ar, 1) = =24, X3(, 1), (2-6)

where

2 1 2 1
1 X()—X(B) Hno— p—p
D(Q)(x) = — PV —— e N(BQ(B)dB, A =—— A, =———. (2-7
D) =57 /R X—xpp YPORO B A= A= ag O
The evolution equations are then given by (2-3)—(2-7), where the functions C; and C, will be chosen in
the next section.

Furthermore, taking limits, we get from Darcy’s law the following two formulas:

0q, 2(at, 1) +2A, BR(X, w) (e, 1) - 94, X (e, 1) = —2A 04, X3(x, 1), (2-8)
00, 2(ct, 1) +2A, BR(X, w)(a, 1) - 09, X (@0, 1) = —2A 00, X3(t, 1). (2-9)
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3. Isothermal parametrization: choosing the tangential terms

Although the normal component of the velocity vector field is the relevant one in the evolution of the
interface, it is however very important to choose an adequate parametrization in order to uncover and
handle properly the cancellations contained in the equations of motion. Fortunately for our task, we can
rely upon the ideas of H. Lewy [1951], and many other authors, who discovered the convenience of using
isothermal coordinates in different PDEs for understanding how a minimal surface leaves an obstacle and
also in several fluid mechanical problems.

Let us recall that an isothermal parametrization must satisfy

|X011 (O{, t)|2 = |X012(as t)|2s XO[](O{’ t) - X()lz(a’ t) = O,

fort > 0.
Next we define
Ci(o)
_ 1 [ a1—pBiBRg Xp —BRy, Xy, dﬁ_Lf @ — P2 BRy, X, +BRg, Xpy g3y
27 Jge la—BI? 1Xp,12 27 Jge la—BI? | Xg,12
and
Ca(@)

=—L/ Otz—ﬂQBRﬂz-Xﬂz—BRﬂl 'Xﬂld _L/ Oll—ﬂl BRﬂI -Xﬂz—i-BRﬂz'Xﬁl
27 Jpe la—BI? | X g, |7 27 Jpe la—BI? | X g, 17

Thatis, X; = BR+C1 Xy, + C2X,, and

dp. (3-2)

XOl|l = BR(X] +C1X011011 + CZXOHOQ + Cloq XO[] + CQOI] X()lza
Xolzl‘ - BRaz +C1 Xauxz + CZXOlzolz + Clotzxon + C2a2XOt2-
Writing f = (|X0,1 1> — |Xa2|2)/2 and g = Xy, - X4,, We have
ft - (BRa1 ‘qu - BRO{Q 'Xotz) + Cl foq + C2f0[2 + (C2a1 - Claz)g + 2Cla1f + (C1a1 - C2O{2)|XO[2|2~

The expressions for C; and C, yield the vanishing of the sum of the first and the last terms in the
identity above. Therefore, we get

fl = Cl f(xl + C2fa2 + (CZal - Claz)g + 2C1011 f (3'3)

Similarly, we have

8t = (BRaz 'Xal +BR(¥1 'Xaz) + Clga1 + CZgaz + (C1a1 + CZaz)g - 2C2a1f + (Claz + C2a1)|on1 |2

and
8t = Clgal + C2ga2 + (Clal + CZaz)g - 2C2a1 f (3-4)

The linear character of equations (3-3) and (3-4) allows us to conclude that if there is a solution of the
system X; = BR+C1X,, + C2X,, and we start with isothermal coordinates at time ¢ = 0, then they will
continue to be isothermal so long as the evolution equations provide us with a smooth enough interface.
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The fact that one can always prescribe such coordinates at time ¢t = 0 follows from the following
argument: in the double periodic setting we have a C* simply connected surface, homeomorphic to the
euclidean plane R?, which, by the Riemann—Koebe—Poincaré uniformization theorem, is conformally
equivalent to either the Riemann sphere, the plane, or the unit disc. The sphere is easily eliminated by
compactness, but we can also rule out the unit disc because the assumption of double periodicity in the
horizontal variables implies the existence of a discrete abelian subgroup of rank two in the group of
conformal transformations, and that cannot happen in the case of the unit disc.

Therefore, we have an orientation-preserving conformal (isothermal) equivalence

¢:[R2—>S.

Since S is invariant under translations 7,(x) = x + 27 v, where v € Z? x {0}, it follows that f,(z) =
¢~ o1, 0 ¢(z) must be a diffeoholomorphism of C = R?, and therefore it has to be of the form

H(@) =ayz+by,
for certain a,, b, € C. Clearly, the family f, is generated by f1 = f(1,0,0), f2 = f0,1,0)- Let
i@ =aiz+b1,  f2(z) =arz+ba.

We claim that a; = a> = 1. Suppose that |a;| < 1; then we get f{'(z) =ajz+bi(1+a;+--- +a1’*1), a
sequence converging to by /(1 — ay), contradicting the discrete character of the group action. On the other

hand, if |a;| > 1, then since
_ z b
7@ = frer00@ = ———

ar a

we get a contradiction with the sequence f| " (z). Therefore, we must have a; = e?™% for some 0 <6 < 1.

Assume that 0 < 6 < 1; then
1 _eZJIinH

fl(n)(z) =e2’””9z+b1(1 + it +”.+62ni(n—1)9) :eZnin9Z+b1 g

so the sequence f"(z) is bounded and satisfies | f"(z)| < |z| + |b1|/sinm 6. Therefore it contains a
converging subsequence, again contradicting discreteness. It follows that f;(z) = z + b; and, similarly,
f2(z) = z+ by, which leads easily to the double periodicity of the isothermal parametrization ¢.

In the asymptotically flat case, we start with an orientable simply connected surface S that, outside
a ball B in R?, is the graph of a C?-function x3 = ¢(x1, x2) such that |D%p(x)| = o(|x|™") for every
N and |a| < 2. In particular, the normal vector v(x) = (—Vg, 1)/4/1+ |Vg|? is roughly vertical and
1/y/1+ |Vg|?is close to 1 for |x| big enough.

Then one can find isothermal coordinates whose first fundamental form A(«, 8)(da® + dB?) converges
asymptotically to the identity.

Again by the uniformization theorem, S must be conformally equivalent to either C or the unit disc.
But since outside B, the surface S is conformally equivalent to C — B N {x3 = 0}, it cannot be also
conformally equivalent to D — K, for any regular compact set K contained in the unit disc D, because
the harmonic measure of the ideal boundary is 1 in the case of D and 0 for R?,
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4. Main theorem and outline of the proof
The proof of local existence requires the following:
(1) A connected and simply connected surface S = S(¢) parametrized by isothermal coordinates
X :R?— R?, X =X(a, 1),
with normal vector N(«, t) = Xy, A X, and gauge

Il
X (@) = X(@—pB)I’

F(X)(a, p) =

such that || F(X)||z~ < oo and |||N| ™!z~ < oo.
(2) The positivity of
o, t)=—(Vp*(X(a, 1), 1) = Vp' (X (e, 1), 1)) - N(et, 1)

2 ] 2 1 (4-1)
= (u”— ) BR(X, 0)(a, 1) - N(e, 1) + (p” — p )N3(a, 1),

where the last equality is a consequence of Darcy’s law after taking limits in both domains D/. This
is the Rayleigh-Taylor condition to be imposed at time ¢ = 0, it being a part of the problem to prove
that it remains true as time passes.

(3) The estimates on the norm of (I —AD)~', |A| < 1, & = double-layer potential (see Section 5),
allowing us to obtain the inequalities

120 et < P(IX Ny + IF XD 700 + NI 1),
lollze < P(IXIesr + IFCOlFoe + 1IN L),

for k > 3, where P is a polynomial function and the norm || - || is given by
XMl = I1X1 —anllzs + 11 X2 — aallps + 1 X311 2 + VX = (@, 0Dl

as in (7-1) below, and || - || y; denotes the norm in the Sobolev space H I,

(4) A control of the Birkhoff—Rott integral BR(X, w):
IBR(X, )l gx < P(IX I3y + IF O + 1IN I2e),

for k > 3.

(5) Energy estimates: the properties of isothermal parametrizations help us to reorganize the terms in
such a way that

LIXIE@) = POIXIEO + 1F OO @)+ NN 1)

23/2 o(a,t) k k
— : 0, X(a, 1) - A0y, X)(a, 1) da,
2 Gt Je TR G X @0 A 0@
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where k > 4, [VX (@) = (100, X (@)1 + 130, X @)[2)*%, and A = (=A)Y2 = Ry (35,) + R2(30s).
Then the pointwise inequality
OA0) — 3A(0%) =0,

together with the condition o > 0, allows us to get rid of the dangerous terms in the inequality above
(those involving (k 4 1)-derivatives of X) to obtain the estimate

Lx 12w < POIXIEO +IFCO 1w @ + NN 22 0)).

(6) Finally, we need to control the evolution of || F(X)| .~ (¢) and inf(z) = infzo'(a’ t), which is obtained
via the estimates aeR

d _

S IF O @) < PIXIZ@ + IFCO N7 (0 + NINT (1),
a_1 __ 1 2 2 -
TR0 P(IIX1Z() + I F GOl 700 (0) + N Lo (1))

(7) All those facts together yield the inequality

d
S E@0 = CPE®)
for the energy
E@) = XIF@) + I F )7 (@) 4+ 1INl (1) +inf(1) ™,

where k > 4, C is a universal constant, and P has polynomial growth (depending upon k).

At this point it is not difficult to prove the existence of a solution, locally in time, so long as the
initial data X (0) is in the appropriate Sobolev space of order £ > 4, and the Rayleigh—Taylor and
no-self-intersection conditions (o9 > ¢ > 0, || F (X (0))]| 1~ < 00) are satisfied.

The main theorem presented in this paper is the following:

Theorem 4.1. Let X (0) with || X (0)||x < oo for k > 4, ||[F(X(0))]|~ < 00, |[|N(a, 0)| ||~ < 00, and
o (e, 0) = —(Vp*(X(0),0) — Vp' (X (0), 0)) - N(, 0) > 0.

Then there exists a time T > O such that there is a solution to (2-3), (2-4), (2-6) in C([0, t]; H*) with
X (o, 0) = X(0).

Finally, let us point out that since our existence proof is based upon energy inequalities, an extra
argument is needed to prove uniqueness. Nevertheless, that task is much easier than proving existence.
(The interested reader may consult [Cérdoba et al. > 2013], where the details of the proof have been
written out for some important cases, such as Muskat and SQG patches.)

Let us remark that, at the end, we have to work with a coupled system involving the evolution of the
surface X, the “vorticity density” w, the Rayleigh—Taylor condition o, the non-self-intersecting character
of S quantified by the gauge F'(X), and the tangential parts C; Xy, + C2 Xy, of the velocity field.
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Remark. This paper is a continuation of [Cérdoba et al. 2011], where the two-dimensional case was
considered. Many of the needed estimates can be obtained following exactly the same methods that
were used in [Cordoba et al. 2011] for the lower-dimensional case. Therefore, in order to simplify our
presentation, we shall avoid here many details which were carefully proven there. This is especially the
case in Section 6 (control of the Birkhoff—Rott integral) and Section 8 (energy estimates), and also for the
approximation schemes which are identical to those developed in [Cérdoba et al. 2011]. Therefore, in the
following, we shall focus our attention on the more innovative parts of the proof, namely the evolution of
the Rayleigh—Taylor condition, the non-self-intersecting property of the free boundary, and the needed
estimates for double-layer potentials.

5. Inverting the operator: the single- and double-layer potentials revisited

In this proof, we need to consider the properties of single- and double-layer potentials, which are
well-known characters in finding solutions to the Dirichlet and Neumann problems in domains D of R”".

For our purposes, these domains will be of three different types, namely: bounded, periodic in the
“horizontal” variables, and asymptotically flat. We shall also assume that their boundaries are smooth
enough (say C?) and do not present self-intersections. Therefore, one has tangent balls at every point of
the boundary, one completely contained in D and the other in D¢. We shall denote by v(x) the unit inner
normal at the point x € d D; then under our hypothesis we have that, for » > 0 small enough, the parallel
surfaces 3D, = {x +rv(x) | x € dD} are also C? surfaces with curvatures controlled by those of 9D.
Furthermore, the vector field v can be extended smoothly up to a collar neighborhood of 9 D, allowing us
to write the formula

2
Au(x) = %(x) — B 8 ) + Agu (),

where A denotes the ordinary laplacian in R", A; is the Laplace—Beltrami operator in d D, h(x) is the
mean curvature of 3 D at the point x, and u is any C>-function defined in a neighborhood of 3 D.

For convenience, we will use the notation Dy = D, D, = D¢, § =0Dj, and v;(x) (for j =1, 2) the
inner normal at x € § pointing inside D;. Let dS be the surface measure in S induced by Lebesgue
measure in ambient space. Given integrable functions ¢, i on §, we call

V) = / YO) L dS(y)
ORI

the single-layer potential of i, and we call

Wx) = Cn/S (y) o (”x — y”n_2> ds(y)

the double-layer potential of ¢. In both cases, ¢, is a normalizing constant chosen so that Sn

B3

is a
fundamental solution of A in R"?, n > 3.
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For x € § and j =1, 2, denote by W;(x) and V;(x) the corresponding limits of the potentials in D).
We have

Wi = (go(x) - [ vk do(y)) = 2@ —Bp()),

N[ —

Wa(x) =

N —

(go(x) + [ Ky do(y)) = Lo + (),

A4 1 1 *

Y ) = —§<w<x>+/ YOIK G, ) do(y)) =W+ DY),
1 N

g—x(x) = —%(WX) —/Sllf(y)K(y,x) da(y)) = —%(W(x) —F* Y (x)),

where
K(x,y)=2c,

— *n

i( 1 )_~ (x—y, v(y)
vy \ [lx =y ("2 x =yl

It is well-known that in the scenarios considered above, the boundary operators % (and 9*) are
smoothing of order —1, and therefore compact. Furthermore, all their eigenvalues are real numbers having
absolute value strictly less than 1. Therefore, by the standard Fredholm theory, the operators I — A9,
I — 19* are invertible when |A| < 1. However, in our case, the domains are moving, and the evolution of
their common boundary § involves the inverse operators, making it necessary to estimate their norms in
terms of the geometry and smoothness of .

Although there is a vast literature about single- and double-layer potentials, we have not been able to
point out a precise statement giving the information needed for our results. Therefore, in this section, we
provide arguments to prove that the norms of such inverse operators grow at most polynomially: P (||| S|||),
where ||S||| is just ||S||c2 plus a term of chord-arc type controlling the non-self-intersecting character of
the boundary. The term has the form r(S)~!, where r(S) is the sup over all the positive r such that §
admits tangent balls of radius r in both domains D;:

ISH = 1Sl + ()~

We shall write P (|||S]||) to denote < C(]||S]||”) for certain positive constants C, p which are independent
of the characters whose evolution is being controlled, but the size of both constants may change during
the proof and we shall make no effort to obtain their best values.

We will consider the case of bounded domains in R”, n > 3, because the needed modifications when
n = 2, namely taking log |x| as fundamental solution for the laplacian, as well as the changes for the
periodic or asymptotically flat domains, are left to the reader.

Let @ and %* be the potential defined above, with kernel

0 1 _. (x—y,v(y)
) lx—yl"=2 " |x -y

K(.X, y) =Cp

and K (y, x) respectively. In the study of the inverse operators (I —A%)~!, || < 1, it is convenient to
consider first the particular values A = £1.
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Proposition 5.1. The following estimate holds, where P is a polynomial function:
I £D) " 125y = PAUISID-

Since the boundedness of (I +%)~! in L?(S) is well-known from the general theory, we can simplify
the proof, considering only functions f € L*(S) whose support lies inside a region of S where the normal
v(x) is close enough to a fixed direction. Then for a general f, an appropriate partition of unity would
allow us to add the local estimates, so long as the number of pieces is controlled by |||S|||. We shall use
the following observation, whose proof is immediate.

Lemma 5.2 (Rellich). Let u be a harmonic function and h a smooth vector field in the domain D; then
we have

(i) div(|Vul?h) =2div(Vu - h)Vu) + O(|Vu|*|Vh]),
(i) [,p(v, )|Vul*do =2 [, (du/dv)(Vu -h)do + O(f,, |Vul|*|Vh]).

Given a function f € C'(S), we may define V, f, choosing at each point x € S an orthonormal
basis {eq, ..., e,—1} of the tangent space T, (S) (we can consider also V; f to be the gradient naturally
associated to the induced Riemannian metric by the ambient space). In both ways, although different, we
have that |V, f| = A f is an elliptic pseudodifferential operator of order 1 in S. Solving the Dirichlet

problem Au=0in D, u|s = f, we obtain the operator D,, = (du/dv)|s, which is also a pseudodifferential
operator of order 1 in §.

Lemma 5.3. Let f € L*(S) having support on the region % < (v(x), n) <1 (for a fixed unit vector n);

f|va|2do:/|vrf|2da,
S S

where the constants involved in the stated equivalence >~ are P (||| S]||)-

then we have

Proof. Let u be harmonic in D so that u|g = f. Under our hypothesis about f, and since |Vu|> =
|Dyu|?> +|Veu|?> and V. u is a local operator (suppgs(V. f) C supp(f)), Lemma 5.2 yields:

%[ |V, fI*do 5/(v(x),n)|Vfu|2do§3f |Dvu|2do+2f |V u||Dyuldo,
S S S S
from which we easily obtain

/|vrf|2do— < P(|||S|||>f D, f|*do.

S S

To get the opposite inequality we proceed as before, but since D, f is not local, an extra argument
is needed to control the contribution of the region outside supp(f). Let us introduce surface discs
B.(x)={yeS|llx—yl<r},x€S8,0=<r<||S||~" and domains A, (x) ={y+pv(x) |y € B,(x), p <r}.
Given R = %|||S|||_1, there exists a fixed unit vector 5 so that &+ < (v(y), n) < 1 for every y € Bg(x),
and also a smooth vector field £ such that kA, ) =1, supp(h) C Axgr(x), and %|h(x)| < (h(x), v(x)),
IVAIZ < PAISID AL
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In order to obtain the estimate
2 2
/ D, f2do < P<|||S|||)/ IV, f Pdo,
S S

we may assume, without loss of generality, that supp(f) C Br(x), for some x € §, and then prove that

f |D, f|*do < P(|||S|||)/ |V, fI*do
Br(yo) S

uniformly on yg € S.
With the vector field / defined above in A,z (y), let us apply Rellich’s estimate to get

/|va|2<h,v(x>>da(x>=f<v,h>|vff|2do—2/ vavrf-hdow(/ |Vu|2|Vh|),
S S S D

where u satisfies Au=01in D, u|s = f. We get easily

/ |Dy f12(h, v(x)) do (x) = 0</ |V, fI?do +/ |Vul|*|Vh| dx).
Br(yo) N D
Then the proof will be finished if we can show that
f Vul?|Vh|dx < P<|||S|||)/ Ve fPdo.
D S
To see this, let us consider the parallel surfaces S, = {x +rv(x) | x € S} (0 <r <|||S|||) and observe that

/uzdo,’:/uz(x+rv(x))d0
S, s

and

f [ (¥ +rv(0) —u? ()] do (x) = / / Vixt 1v(x) o) di do
N S JO

12 12
=2/ u(y)w@)-v(y)sz([ u%y)) (/ |W|2<y>) ,
L L L

where L, ={x+pv(x) |x € S5,0<p <r}.
Let & be a smooth cut-off function. Taking

F(x+rv(x)) = f(x)%(x),

as a comparison function, Dirichlet’s principle and Poincaré’s inequality give us the estimate

[vue < [ |VF|2sc</|vff|2+f|f|2)=0(/|vtf|2da).
D D N S N
Therefore
1/2 1/2
/uzdarzfuz(x—i—rv(x))doS/fz(x)do+</ uz(y)> </|V,f|2> .
S, S S L, S
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Integration in 7 in the range 0 < r < R = |||S||| " yields

/Lruzdx < R(/S fA(x)do + (/L u2(y)>1/2(/s |v,f|2>1/2).

/ uldx < CR/ IV, f* do.
L, S
To conclude, let us observe that

[ rvubivai=5 [ siivni=5 [ iwn—aqvin)+ 3 [ wova
D

D

1 o 2 (IVh)) 1/ )
_2f -|Vh|do /:gf a0 da+2 Du V|h|

() o) sef sl

Proof of Proposition 5.1. As before, let f € C'(S), supp(f) C Uy, and let u be its single-layer potential:
J ()
u(x) =c,,/ ————dS(y).
slx—y

||n—2

That is,

Taking derivatives on each domain D; with respect to the normal direction and evaluating at S, we get

0 0
au —Lf @) +D*f(x)), —U=—%(f(X)—@*f(X))-
Vi A

By Lemma 5.3, we know that
0
da“flV v|2do~/
NE

J o i

where the constants involved in the equivalences are all controlled by above by P (]||S|||) and below by

1/P(lISIID.
Since dv/dv; + dv/dv, = — f, these estimates imply that

ov

do,
31)1

min(|| f —D* fll2, | f +D* fl2) > PAISID’

that is, |(I £2)~ || = P(|IS|Il). Then using an appropriate partition of unity, that estimate extends to a
general f € L2(S). Il

Next we shall consider Sobolev spaces H*(S), 0 <s < 1, defined in the usual manner throughout local

coordinate charts. We have also the elliptic pseudodifferential operator A* = (—A)*/? i

I e ) = M f Iz +1A° fll e

Then H™*(S) = (H*(S))* allows us to consider the negative case by duality, under the pairing

in such a way that

/¢1//d0’, opeH™, yeH’,
s
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and we have

Il = sup / oV do.
[Yllgs=1JS

Since both % and %* are compact and smoothing operators of degree —1, the commutators [A*, 9],
[A®, %*] are then bounded in L2(S) (0 < s < 1) with norms controlled by ||| S|||, allowing us to extend
Proposition 5.1 to the chain of Sobolev spaces:

Corollary 5.4. The norm of the operators (I = D)™, (I = D)~ in the space H*(S), —1 <s < 1, is
bounded by P (|||S|I)-

Estimates for (I +1.%)1, x| < 1. With the same notation used before, we have

=20V 1420V l+20V 1-20V

oV 1 _ * A T _1 *
> 8v1+ T 5@ (x) —2D*¢p(x)) and 5 8v1+ > 5(P(x)+A19% ¢ (x)),
where

Vix)= cn/ ﬂ ds(y).
s

lx — yll"=2
Then the identity ¢ — A%*¢ = 0 yields
A% A%
Oz(l—k)/ V—dS+A+1) | V—
oD, OVi

dS=<1—x>/ wviEeaen [ vvE.
9D, 0V2 Dy

D,
which implies ¢ = 0. Similarly for ¢ +A%*¢p =0, —1 <A < 1.

Remark. This observation can be improved applying the following fact (whose proof we skip because it

will not be used in our theorem):
IVul? = [ |Vul?,
D, D,

where, again, the ~~ is controlled by P(]||S]||). In particular, it implies that the spectral radius of the
operators &, 9* is less than 1 — (P (|[|S|I))~".

Theorem 5.5. The operator norms ||(I+)»9D)*1||Hs(s), ||(I—|—)»QZ)*)*1||H3~(5), Is| <1, A1 <1, are P(ISI)
(growth at most polynomially with |||S|||).

Proof. The identity (I — D) NI —2D) = I+ (1 —1)(I —D)~'% shows that the conclusion of the theorem
follows easily when |1 — A| < 1/P(]||S]l), and similarly when |1+ X| < 1/ P (||| S|I])-
Therefore, without loss of generality, we may assume that

1
1—|A> —.
M= B

Assume now that ¢ € H~/2(S) satisfies ||| y-12 = 1 and

1
_)\.@* -1/2 o o .
16 =29 Bl -1 < i

Vi(x)= Cn/ ﬂdS(y)
N

lx — ylI"=2

Then the single-layer potential
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satisfies the inequality
1
~ PAISID

V(¢ AD* P)dS '
On the other hand, one has

/V(¢—A9D*¢)d5=(1—k)/ IVVIZ+ (142 [ |VV],
S D,

D,

implying the estimate

1% AD*P)dS = (1 + A \vA%4 11— VV/|? L
/(¢+ #as=a+i [ VR )/Dz| < st

Adding both inequalities together, we would obtain

/ Vodo = iy

which is impossible because of the following:

Lemma 5.6. If V is the single-layer potential of ¢, then

D)D)
[ veswase = [ [ LR s s 2 s Iotone:

lx = yln=2

Let us first observe that

()P (y) / L
do(x)d —|¢do®)|’ d& >0,
//s iy 2 oW o = | sl do @) ds

where qﬁ/d\S denotes the Fourier transform of the measure ¢ d S supported on S. This implies that

6.0 /f EICTICPN.
s lx— "

is an inner product satisfying
(. vl < (9. ) 2w )2,

and we wish to show that

(@, ) 2 10111205,

where « denotes equivalence modulo a factor P (||| S|||). To see this, observe first that given ¢ € H~/2(S),
its single-layer potential u|S belongs to the space H'/2(S), satisfying

Nl grrz2csy < PAISIDIGN 125y

which can be proved easily using local coordinates. As a consequence, we have

() ()
f/s e —yiz S0 dS() = PAISIDIRIG 15
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In the opposite direction, since H™* = (H*)*, we have

¢l - = sup f¢(x)f(X)d0(X)

feH?

Let us assume, for the moment, that given f € H®, there exists g € H s=1 quch that

00 = cn /S %dﬂw and [ fll = gl

Then
lollg-s = sup (¢, g),

gl ys—1=1

and takings:%,s—l:

Il 12 < PAUISID(D, @)% (g, )% < PAISIN (@, #) /2 lgl 12 < PUISIN (@, ¢/

To close our argument, it remains to solve the equation

1
—5, we get

) =c, f 805,
s lx—y[n2

that is, to prove that given f € H*, there exists g € H*~! satisfying the this equation.
To see that, let us consider the solution of the Dirichlet problem
Au=0 in Dy,
{Mls =f
and the equation
ou

9%t _ , _qgy*
281) g—9g,

that is, g = (I —9*)~!(—20u/dv;). Then we claim that such g verifies the identity

fo) = f” g(yf'n _dS(y).

V(x)zcnfﬂds(w
s llx—=yll"=

||n 2

This is because the function

is harmonic in D; and satisfies

A% ou
29 e g =221
A g=Dg ovy’

which implies that V = u in Dy, and therefore, taking limits up to the boundary, we obtain

foo = /” g(”|,, _dS(y).

To finish the proof of Theorem 5.5, let us consider, for every 0 < t < 1, the identity

(I=2D)'AT=ATI =29 "+ (I - 2D)"'C, (I —29)7!,
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where the commutator C; = [DAT — AT™F] is a pseudodifferential operator of order T — 2 whose bounds
are controlled by |||S]||. Then

I —=2D) " fllgs < 1 =2 fllgre + IATY2U = 2D) f g1
Sl + 1T =2D) T A2 £
SN2+ IATY2 Fll g1z < PAISIDN S Nl s O

Remark 5.7. In the particular case of the sphere S = §"~! (n > 2), the estimate of Lemma 5.6 becomes

/Sn 1/5 ()P () dS(x)dS(y) = callpll 12501,

el = y[n=2

an identity:

for n > 3, and
- / | / log [lx = Y@ (1) () dSC) dS(y) = e2ll P15
stJs
forn =2.

Proof. We present the details when n > 3. The case n = 2 follows similarly. Let ¢ (x) = > ax Yi(x),
where Y is a spherical harmonic of degree k, normalized so that || Yk || ;2(g»-1) = 1; then we have

| kl2
|aO| +22k+ ||¢||H 1/2(5)

Claim: if k # j, then
| T asw ase) -
sn-1Js

i lx =2

Taking the Fourier transform and using Plancherel, we get

Y(x)Y, Y;dS®)
/ / KOY,0) o asiy) = / L Yids@)y; ds@) de.
;) o €]

e lx =y 2

But it turns out that
VedS®) = 2mi el s nEDYe (5 )

where J,, designates Bessel’s function of order v, implying the claim.
Therefore our estimate diagonalizes:

(0.¢]
1
/R |E|2|kaS(€)|2d€_C/o ?lfk+(n72)/2(r)lzdr,

and the well-known identity for Bessel’s functions

o J2
/ M(r) dr = L
0 r 2p

allows us to finish the proof. O
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Estimates for @ and ®. In the following, we shall consider asymptotically flat domains, leaving to the
reader the details of the periodic case. Since we have controlled the norms of the operator relating 2 and
X, we are in a position to obtain the inequality

12+ < P(IXII; + IF GOl 7 + NI 2e), (5-D
for k > 4, with P a polynomial function. Then Sobolev’s embedding implies
ol e < PIXIE 41+ 1F N7 + NN ), (5-2)

for k > 3. We will present the proof of (5-1) when k = 4, because the case k > 4 can be obtained with the
same method.
Theorem 5.5 applied to (2-6) yields

121l =1 = A, D)~ (=24, X3) i < CIIA = A, D)l X3l < PAISIDIX 3 1,

implying that
IR0l < P(IXIZ+ IFCONZ + 1IN 2).

Next we will show that
102,212 < PIXN5+ IF X700 + NI o) 192141, (5-3)

which together with the estimate for ||Q2|| ;1 above, will allow us to control 351 Q in terms of the free
boundary.
In order to do that, we start with formula (2-8) to get 831 Q=1+5L+ I+ 14—2A,3% X3, where

PYay

Au X (@)~ X(a—B) e a0
h=3" Pva2 X —Xa—BI Aw(a—p)dp - 32 X (a),
_ A/L aonX(O{)_aonX(Ol_IB) _ .
L= EPV/[Rz X@) —X@—p)P ANow(a—PB)dB - 0y, X (a),

_ 34 X(@)—X@=p) o
I; = o PV/RZA(a, ﬂ)|X(a)—X(a—ﬁ)|5/\w(a B)dp - 9y, X (o),

with A(e, B) = (X (o) — X (@ —f)) - (O, X (@) — Jg; X (¢ — B)), and

zﬂw/ X(@)—X@—p)
2 Jw IX(@ = X@=p)P

Iy A By @ (at — BYdPB - 3, X ().

Our next objective is to introduce the operators J; (A-5) defined in the Appendix in the analysis of
the integrals /;. Formula (2-3) gives us @ = 0y, (£20y, X) — 94, (204, X), and from standard Sobolev’s
estimates we get

1ill2 < P(IXIG+ I ECONT~ + NN ) IR0 g1, =12,

and similarly with 7.
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Regarding

u=/ w+/ dp=Ji + b,
[B1>1 1Bl<1

we integrate by parts in J; to obtain

_ A ( X (o) — X (@—B)
27 Jipo1 P\IX (@) — X (@—B)P

) Aeo@—p)dp - 9, X @)

Ay X(a) — X(a—pB)
21 Jigj=1 1 X (o) = X (@ —B)?

Ji

Aw(a—pB)dl(B) - 0y X (a).

From this last expression, it is easy to deduce the inequality

JlsC||F(X>||im||X—<a,0)||2cl(/ def Iw(a—ﬂ)ldl(ﬂ),)
Bi=1 1Bl 1Bl=1

providing us with an appropriate control (see the Appendix for more details).
Next let us consider J, = K| + K72 + K35 + K4, where

A, X (@) — X(@—p) e e

K=o, PV/W X@ —X@—pp e @P%X@=Pp 8 X (@),
A X@ - X@—p) ) o

ko= 2" PV/W R ot My 2= )0, X @ = BB 0, X @)
A X(@) - X@—p) ) o

Ks= 3" 19\//ﬁ|<1 ety A QA= ) 1, X = B -0 X @),

A3y Q(a—B)o, X (0 — B)dB - 80, X (a0).

K, = _QPV/ X(@) = X(@—p)
2 Jiper X (@) = X(@—B)P

Then the terms K| and K3 are handled with the same approach used for I, —see (A-13) in the Appendix —

and we rewrite K> in the form

A X(@) = X(@—p)
21 Jigj<1 1 X (o) — X (@—B)?

to show that it can be estimated via an integration by parts in the variable 81, using the identity

K> N B, 00y 2 (@ = B) (0 X (0 = ) — By X (@) - 0y X (1),

aal a(sz(a _IB) = _aﬁl (aazg(a _:B))
and the fact that the kernel in the integral K> has degree —1.

It remains to deal with K4: to do that, let us consider K4 = L; + L, where

=QPV‘/ X(a) —X(a—p)
2 ipl<1 1 X (@) = X(@—pB)

L A2 Qe —B) (90, X (@) — By X (@ — B))d - 3, X ()

and

A X(a) = X(a—p)
’ i<t X (@) —X(@—=p))3 ™ (a—p)dp - N(@)
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The term L can be controlled like K5, and L, can be rewritten in the form

. _QPV/ (X(a)—X(a—ﬂ) _ VX(@) B
Ty UX@ = X@—B)F  [VX(@)-BI

) 92.Q(a—p)dB - N(w),

showing that it can be estimated as we did with J4 (A-8), that is, we obtain (5-3). Similarly, Equation (2-9)
yields
192,212 < P(IX 15+ I F O + 1IN o) 121 1,

and then the inequality 2|0y, 0o, 2|12 < ||8§1 Q2+ ||3§2§2||Lz gives us the desired control upon || 2| 2.
Next we will show that

182 QN2 < P>IXN3 + IFCOl7 + NN Iz ) 1211 2, (5-4)

allowing us to use the estimates for ||2|| ;2 above. In order to do that, we start with formula (2-8), to get
8319 =0y, I1 + 0y, I 4 0o, I3 + 0y, 14 — 2Ap8§1 X3, where the most singular terms are given by

_ A X@ - X@—p) PN

B3 = o PV/Rz X@)—X@—BL Ao(a—pB)dB -3, X(a),
Ay 0z, X (@) — 35 X (@ =)

"4_EPVfRz X - X@-pp TP @,
34, X (@) — X(@—B) B _

s = =2 BV [ Bl ) S A=) dB 0, X @)

with B(a, B) = (X (@) — X (@ —B)) - (32, X (&) — 05 X (a — B)), and

Ay PV/ X(a) = X(a—p)
R

0= 0 PV e X @ =X @—B)F

A 802“0)(01—,8) dp - 0, X (@),

and where the remainder terms can be estimated with the same method used before.

Now we write

— ﬂo‘ _ 3
J3 = o T 1 (00, (R0, X) — 0o, (280, X)) - 8, X

to obtain

1112 < €| T 1 (s (R0 X) — By (R0, X)) | 11102, X -

Next observe that in the proof of estimate (A-9), one can replace L? by L” for 1 < p < oo [Stein 1993].
In particular, we have

13122 < P(I1X = (ot, O)ll cra 4+ 1 F (X | oo + N T 2w ) (19200 X Nl 24+ 1200, X [l 25+ |0l 24) 103, X ] 4,

and then Sobolev’s embedding in dimension two, ||g|l;+ < Cllgllg!, yields the desired control. Re-
garding J;, we follow the approach taken before for J3, but now using the L* norm. That is, we

J4=f dﬁ-i—/ dB = Ks + K,
1B1>1 1Bl<1

split
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and since wa—p)

w (o —

Ks < IX - (@ 0>||§2||F(X>||iwf 0@ =Pl g,
B=1 Bl
that term can be estimated as above.
Next we introduce the splitting K¢ = L3 + L4, where
A 1 1
Ly=-1 32 X()— 92 X(a— —

3 o |ﬂ\<1( o (@) o (a '3))|:|X(Ot)—X(Ol—,3)|3 |VX(0()-,3|3:|

No(a—p)dp - 9., X (),

2 2
e QPV/ 02, X () — 32, X (@—B)
1Bl<1

2m VX@ gp @A b X(@).

We have
| (a—B)I

L3 < ClIX — (&, 0)[[ 205 (I1F (X) [ 70 + 1X — (o, O)[[ e [IN] 7 ||ioo)/ —pps 9
1Bl<1

(see the Appendix for more details), giving us the appropriate estimate. Regarding L4, we use identity
(A-16), which, after a careful integration by parts, yields

. 2 T N
L= A py B-Vp((32 X (@) — 32 X (« ,B));\a)(ot B) - By X (@)) dﬂ
2t Jigi<i VX () - Bl
Ay 1BI(32 X (@) — 32 X (@—B)) Aw(@—p) - 8o, X (@)
__f 3 dl(B),
27 Jip=1 VX () Bl

helping us to prove the inequality
ILallz2 < P(IX = (@ O)llc2 + IF X)llzeo + NINT ) (183, Xl s ol s + lloll 2).

Clearly, Js can be approached with the same method used for J4. Regarding the term Jg, we have to
decompose further: first, its most singular terms, which are given by

Ay X (o) = X (@—B) .
Ls=3" PV/|ﬂ<1 |X(a)_X(a_'B)|3/\8a2§2(a B33 X (a—B) df - 3o, X (@),
Ay X@-X@=$) ., ~ .
Le=3" PV/|ﬂ<1 |X(a)_X(a_ﬂ)|3Aaalaa29(a B)da, X (0 — B) dB - 80, X (@),

A O, Qo — )35, 0, X (0t — B) dP - 0y X (1),

L= Ay V/ X(a) — X(ax—pB)
<1 1 X (@) — X(a—pB)]?

_ﬂpvf X(a) — X(ax—p)
2 i<t X (@) — X (a—pB)I3

Second, let us observe that the remainder is easy to handle: the terms Ls and L7 can be estimated as we

Lg= A3 Q(a— B, X (0 — B) dB - 8, X ().

did with K| and K3, using the L* norm and, finally, L¢ and Lg are like K, and K4, respectively. Putting
all these facts together, we obtain (5-4).
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Similarly to the case of lower derivatives, Equation (2-9) yields
12013 < POIXIZ + 1 FCONZo + 1IN o) 122 2
To finish, it remains to show the corresponding inequality for derivatives of fourth order:
120+ < PIXIZ+ 1F QO + 1IN 2o ) 12012

Identity (2-8) allows us to point out the most singular terms in 831 Q:

_Au X@-X@=p)

M = - PV/RZ o) Xa—pp @ P X @,
A 95, X () = 33 X(@—B)

Mz‘ZPV/Rz X@ - X@-pp | C@THP I X@.

34,

M3=——PV/ Cla. B) X(a) = X(@—p)
4 R2

X () = X (@—B)I°

No(a—p)dp -3y, X (),

with C(a, B) = (X (@) — X(@—B)) - (3] X (@) — 33 X (@ —p)), and

Ay PVf X(a) = X(a—p)
R

My= 20 .
27 2 [ X (o) — X (o —B)|

Ady w(a—p)dB - 0y, X ().

Then, in order to estimate My, we start with ||M{||;2 < CK||8§1X||L2, where

X(@)— X(@—p)
PV/Rz X(@) — X(@—p)P A‘”(“_ﬂ)d’g"

K =sup
o
Following [Cérdoba and Gancedo 2007], we have

K <01+ 02+ 03+ 04+ Os,

where
Or=sp PV/m>1 |§$>)—_§(f—_£>)|3 “”(“_ﬁ)dﬂ"
0, = sup /ﬁ|<IX(a)lgii()a__f()a__V;)(lga) P /\a)(a—ﬂ)dﬂ‘,
O =500 /ﬂ|<lvx(“)"3[|X<a>—§(oe—ﬂ>|3 - |VX(L)-ﬂ|3} rot=pdp
0y =sup /m(l%uw(a—ﬁ)—mm)dﬂ,

- VX(a)-B
os=swlPv [ ey g o]

’

469

(5-5)
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An integration by parts in O yields

0 2 3 1€2(a —B)|
1 S CIVX| 7 1F(X) |7 sup — 5 df+ 12 (=PI dI(B)
e \Jig>=1 18I 1Bl=1
< CIVXIZ= I F X712 2,
and Sobolev’s embedding allows us to conclude.
Regarding O;, we have

02 < IX — (@, O)llc2s I F OO 7l oo

’

f BIP0dp
Bl<1

and the estimate |w]cs < Cllw| g2, for 0 < § < 1, gives the desired control. Using (A-15) and some
straightforward algebraic manipulations, we get a similar inequality for O3. Next, we have

f Iﬁl”dﬂ',
|Bl<1

giving us also the same estimate. Furthermore, it is easy to prove that Os = 0.
Next we consider the term M, with the splitting M, = Q1 + Q» + Q3, where

04 < CIIX — (@, O L NI ol es

_ Ay 331X(a) — 331X(a—ﬁ)

QI_E =1 1 X(@) —X@@—pB)? ANo(a—p)dp -3y, X (),
Ay 92 X (@) — 3 X(a—PB)

O =0 e IX@—Xa—pp " @@TP) @) dp D X(@),
_ A 93 X (o) — 03 X(a—p)

Q3_5PV/|,3<1 X(@ —X@—pp PN daX(@):

The term Q| can be estimated as before; regarding 0>, we can use the identity

1
9 X(@)— 3, X(a—p)= / Vs X(a+(s—DB)ds - B,
0

and the control of Q3 can be approached as we did with the operator in (A-7). Similarly with M3, while
M, is analogous to Jg, and all these observations together allow us to obtain (5-5).

6. Controlling the Birkhoff-Rott integral

Here we consider estimates for the Birkhoff—Rott integral along a non-self-intersecting surface. Let us
assume that V(X (&) — (e, 0)) € H*(R?) for k > 3, and that both F(X) and |N|~" are in L, where

F(X)(a, B)=1B1/1X(@) = X(@—pB)| and N (@) =8y, X (@) A 8p, X ().
The main purpose of this section is to prove the estimate

I BR(X, o) [l ge-1 < P(IXIIE + 1 F Ol + 1IN I e), (6-1)
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for k > 4. Here we shall show it when k = 4, because the other cases, k > 4, follow by similar arguments.

We rewrite BR in the following manner:

1 / X(a) — X(B)
R

BRI, @) e )= =22 PV | ) “X(BIF

4 A (95, (820, X) — 9p, (295, X)) (B) dP,

which, together with the estimates about €2 in Section 5 and also about the operator J'; in the Appendix,
yields
IBR(X, @)llz2 < P(IX N+ I1F 70 + 1IN [0).

To estimate derivatives of order 3, we consider 8;_ (BR(X, w)), and observe that the most dangerous terms
are given by

Ly [ 06X @ =0 X@=p) rw@—p)

j— dp,
YT e X (a) — X(@—B)P P
3 (X () = X(@—p)) - (33 X (@) — 93 X(@—B))
L= EPV/RZ(X(a)—X(a—ﬂ))Aw(a—ﬁ) X~ X@ BT dg,
_ _ 3 _
e Lpy [ X@-Xe@ ﬂ))A(ao,,.a?(a B s
A Je X (@) — X(a—B)f

In the Appendix, we find all the ingredients needed to estimate these terms /;, while the remainder in
82’_ (BR(X, w)) is easily bounded: in I3 we can recognize an operator with the form of 7| in (A-5), so
the estimate for w in Section 5 gives the desired control for /3. Regarding /;, we may use the splitting
I, = Jy + J, where

1 (8§,X(Oé)—32,.X(0t—/3))A(w(0!)—w(a—ﬂ))d
A e X () = X (@—p)I?

(@) (85, X () = 03 X (@ =)

APV ’ ’
4 1 X(@—=X(@=p)

Ji B,

Jo =

Then the identity 9; X (&) — 93 X (@ —B) =B fol Vo3 X (a4 (s — 1)) ds allows us to find in J; a kernel
of degree —1 which we know how to handle (see the Appendix). One uses the estimate for I3 (A-7) to
deal with J>, and we proceed similarly to control /5.

7. In search of the Rayleigh—-Taylor condition

As was pointed out in Section 4 (outline of the proof), our approach is based on energy estimates, and a
crucial step is to characterize those terms involving higher derivatives which are controlled because they
have the appropriate sign. In our terminology, they constitute the Rayleigh—Taylor condition, which is
supposed to hold at time 7" = 0, it being an important part of the proof to show that it prevails under the
evolution.

Let us introduce the notation

NXNE=1X12+1F N7 + NN 2o,
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where
I XMk =1 X1 —arllps + 1 X2 —aall gz + 1 X3 2 + V(X = (a, 0))II§,k_1 (7-1)

and
IV(X = (t, 0D 13- = V(X — (@, 0) 172 + 135, (X — (t, O 17, + 185, (X — (e, O) 7.

In order to justify the formula

d o2 23/2 oo, 1) .k k
Lx120) < — O X (o, 1) A X)(a, 1) da+ P(| X Ik (1)),
271X IE@ < 212: i) e X e X @ 1) A D)@ 1) dar+ PAIXI)

(here k > 4, although for the sake of simplicity we will present the explicit computations when k = 4,
leaving the other cases as an exercise for the interested reader), it will be convenient to make use of
the following tools, which give us different kinds of cancellations, and which constitute our particular
bestiary of formulas for this paper.

From the definition of the isothermal parametrization, we have the identities

186 X I = 190, X I, (7-2)
oy X - 90, X =0, (7-3)
which yield
TA(00, X *) = |90, 00, XI* — 02, X - 95 X, (7-4)
g X 00, X =—30) X35 X+ (05 A" 90,) (100, 90, X1* — 35, X - 03, X)), (7-5)
gy X - 00, X = =302 X 05 X + (35, A" 80 (10, 00, X 1> — 07, X - 93 X). (7-6)

Using (7-3) and (7-4), we obtain
g X - 00, X = =20 X + 1, 0, X — 3, 00, X + 00, X — (8, 00y A ™' 00) (100, 00, X I* — 03, X - 03 X), (7-7)
g, X - 00, X = =203 X + a1, 0, X — 0300y X - 03 X — (8, 00, A ' 00,) (100, e, X I* — 03, X - 03 X). (7-8)

And Sobolev inequalities imply that if V(X — (a, 0)) € H?, then 33 X - 9o, X € H? fori, j =1, 2.

With the help of the estimates above, we may now determine o. There is a part that may be considered
a mere “algebraic” manipulation to detect the relevant characters and, in so doing, we disregard many
terms because they are of lower order in the sense of Sobolev spaces. At the end, we shall present how to
deal with those lower-order terms — if not for the whole collection of them, at least for the ones that we
may consider to be the most “dangerous” characters. Here it is convenient to recommend to the reader
our previous works [Cérdoba and Gancedo 2007; Cérdoba et al. 2011], where similar estimates were
carried out.

Low-order norms. Since X;(a) — «; fori =1, 2 at infinity, let us consider the evolution of the L3 norm.
That is,

|

— 3 — — — —
X ailly = X o[ (X a)) Xy da=1+ 1L+ Is,
1 X1 1175 () /zl 1 11Xy X1 L+L+1
R

[OSTREE
QL

t
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where

I = /RZ|X1 —a1|(X1 —a1) BRy da,
12=/RZIX1 —a1[(X1 — 1) C1 0o, X1da,
;= /Rz|X1 —o[(X1 — 1) C204, X1da.
Then we have
I < [1X1 =il BRI 5 < C(IX1 = a1ll3s + | BRIl BRI7,),

and Sobolev estimates, together with (6-1), yield the appropriate control in terms of P (||| X |l|x)-
Next, since dy, X1 — 1 as o — oo, we have

2
Iy < 180, X1l 1 X1 —arllzs 1 Cull 3,

and it remains to get control of C;. Using (3-1), we introduce the splitting C; = Z‘;: e /_ where

Cla)=— / 1= b1 g, Kb dB, CPa) = — - 4 =bipp, Kb dB,
27 Jpo la—pR " |Xﬂz|2 : 2 Jpe la— B2 |X2|2
1 o — B X 4 1 a1 — B Xp,
Ca)=—=— : d,  CHo)=—=— BRy, - dp.
27 Joo la—BI 7 1Xp 12 27 Joo la—BR 71X 2

We shall show how to control C 11 , because the estimates for the other terms follow by similar arguments.
Integrating by parts, one obtains C 11 = D1 + D,, where

Dl=—L [ & ﬂ;BR 9 < ﬁ22>d/3’ Dy —Lpy [ @ ﬁ1)(0124 B) pr .
21 Jpe la—B| | X, big R2 loe — B| |Xﬁ2

|2 P
Regarding D, we write D; = E| + E;, where

—1 Bi < Xg, )
E, = BR -0 d
T PTG AU ) A

:‘_lf bi BR (o — ﬂ)-aﬁ< Xp: )(a B)dp.
27 Jigi-1 1812 \IXpl?

The Minkowski and Young inequalities yield, respectively,

Xﬁz
IEills < C|BR- 3, 3 < Pl X1ll4),
|X/32| L
I E2ll 3 <CHBR'3ﬂ ( X, ) <C|BR .2 dp ( X ) < P(|IIX]ll4)
= 2 |X‘B2|2 Ll —_ 2 |X/32|2 L2 — k)

and the desired control is achieved. In the term D,, we have a double Riesz transform, and the standard



474 ANTONIO CORDOBA, DIEGO CORDOBA AND FRANCISCO GANCEDO
Calder6n—Zygmund theory yields

D2z = C

< ClIXp | = IBR s < PCIIX lla)-

X
|Xﬂ2|

L3

The estimate for /3 follows on a similar path, and the case of the second coordinate is also identical:
1d 3
377 1%2 — 2l (@) = Pl X]ll4)-

Regarding the third coordinate, we have stronger decay because of the asymptotic flatness hypothesis:

1d

——||X3||iz(t)=/ X3BR3 dOl+/ X3C13a1X3dO{+/ X3C28a2X3dOl
de R2 R2 R2

:/ X3BR3d(x—%f (8a1C1+8a2C2)|X3|2d01,
R? R?

and therefore the use of Sobolev’s embedding in the formulas for C; (3-1) and C; (3-2), together with
the estimates for BR (6-1), allows us to obtain:

ld

2dt

Once we have control of higher-order derivatives, we can use the estimates of the Appendix to get

1d
2dt

I1X3117,@) < P(IX 1)

| V(X = (o, 0))|2.6) < P(IIX ).

Higher-order norms. Let us now consider

Ld .42
E%HaWIX”LZ(t)
=/ 95 X -9 BR(X, a))d(x—i-/ a;‘,lx-agl(clamX)daJr/ 93 X - 9y (C234,X) dox
R2 R2 R2
=L+ 5L+ (7-9)

The higher-order terms in /5 and I3 are given by

lef C19; X -9, X da, 12:/ 93 X - 34, X0, Cy da,
R2 R?

J3= / Cr0y X 9y 0y X dor,  Ju= / 93 X - 34, X0 Crda.
R? R?
Integration by parts yields

1
htJ3=—5 /2(aalcl + 30, C2)10; X|*da,
R

and therefore

Ji+ 73 < (1180, Ci 2 + 190, Call 1) 1105, X 1172 < P(IIX l4)-

Then in J, we use (7-5) to get

= / B (9, X - 0, X)33, Cr det < 110y (0, X + 8, X) 121105, C 2.
R

o
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In J4, we use (7-7) to obtain
Ji=— | 00, (3* X 00, X)02 Cada < |84, (0* X - 80, X) |1 121103 Cal
4 = ) o] oy (2% o] 2040 = o] o] (2%) L2 o 20L2-
R

From formulas (3-1), (3-2), one realizes that C| and C, are at the same level as Birkhoff-Rott (2-5), and
therefore, we can use the estimates for BR (6-1) to control ||8§l Cillz2, i =1, 2. Then formulas (7-5) and
(7-7) indicate how to estimate ||8a1(8§1X - 0; X) |2, i =1, 2. That is, we have

S+ Js = P(IIXll4)-

In 71, the most singular terms are given by

_ a4
:——PV/ / X( ) IX(CU) aalx(ﬂ))/\a)(ﬂ) dotdﬂ,
R? JR? | X (@) = X (B3

(X (@) = X(B)) - (35, X (@) — 8, X (B))
— 4 _ o] o
Jo= PV/ / By, X () - (X () = X(B)) Aw(B) X@) - XB)F da dp,
X(a)—X :
:——PV/ /84 X(@). (X (a) = X(B)) A (0, w)(B) da dp.
R2 JR? |X (@) = X(B)I?
(7-10)
Let us consider now the splitting Js = K| + K»:
L : Xt Xy, LB T
= PV/ /RZB X (@) A (0, X (@) — 3, X(B)) X@) — X (B dadp,
1 . S @ - o)
= PV/ / 0y X (00) A (0, X (a0) X(,B)) X)) —XB)P adp,
Next we exchange « and § in K to get
_ 4 a4 ) w(B)+w(a)
= PV/ | 38X B A @ X @) =38, X () B dadp,
oL ' X ) o T R I
=~ Ten PV/RZ/(B X () =3, X(B)) A (0, X (@) — 3, X(B)) X@) — X (B adp,
and therefore we can conclude that K| = 0. In K, we find a singular integral with a kernel of degree —2:
1 (@) — ()
K, = PV/ X (@) - f XBYA X)) — X (B df da,
and as is proved in the Appendix, we have
K> < P([IIXll4)-
Let us now decompose Jo = K3+ K, + K3 + K1 + K2, where
A, B) - (85, X (@) — 35 X (B))
— = 4 . _ o] o]
= PV/ f 0y, X () - (X (o) — X(B)) Nw(B) X@) — XB)F dadp,
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with A(e, B) = X (o) — X(B) — VX (@) (¢ —B),

(@ — i) (Be, X (@) — 80, X (B)) - 9y, X (B)
X () =X (B)I°

Kj:—iPV/ /aﬁlx(a)-(X(a)—X(ﬂ))Aw(ﬁ) docdp
47 Rr2 JR2

Ki= %PV/R2 /Rzailx(a)-(X(Ot)—X(ﬂ))/\w(ﬁ)
8 (@ — i) (B, X (@) - 8 X () — 80, X (B) - 9, X (B)) o d
X () = X(B)P

In K3 and K j we find kernels of degree —2, and as shown in the Appendix, they behave as a Riesz

B.

transform acting on 831 X. In K the kernels have degree —3 and act as a A operator on g, X - 83] X. Then
using formulas (7-5) and (7-7), we get finally the desired estimate.
We will find the R-T condition in J;. Let us take J; = K¢ + K7, where

« =_va/ 2 X(@. ((X(a)—X(ﬂ)) _ VX@(@—p)
T Tan T Jp R\ X(@)—XB)P  |[VX(@)(a—B)

) A 0, @)(B) dB da.

_ 1 i [ YX@@=P) .,
K7 = = PV/R2 8a1X(0‘) 2 VX @@= /\(Bala))(,B) dBda.

The term Kg is controlled by (A-8) in the Appendix. Using (7-2) and (7-3), we get

1 831X(“) 4 4
K7=—3 PVfR2 T Xt (O X(@ A R0, 0) @) + 820 X (@) A RaB, 0)(@) do.

Formula (2-3) helps us to detect the most singular terms inside K7, which will be denoted by L;,

i=1,...,8, and are the following:
Li=-} PV/Rzang(a) : % A R1(3] 8, 200, X) (@) dev,
Ly=-} PV/Rzang(a) : % A R (30,90, X) (o) dev,
Ly= %PV/RZa;lX(a) : % A Ry (3], 200, X)(@) da,
Ly= %PV/Rzagl X(a)- % A Ry (80, 205, 00, X) (@) der,
Ls=-1 PV/Rzang(a) : % A R> (3, 00, 200, X) (@) dex,
Le=—1 PV/Rzaf“ X(a)- I;:;((—(:‘))P A R>(30,929], X)() de,
Ly = %PV/[RzailX(a) - &0;2))((—(?))@ A Ry(3), 200, X) () da,

da, X (20)

Lg= 4PV /R O X(@): A Ry (3, 0], 80, X) (@) d.

|90, X ()2
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In L; we get a kernel of degree —1 of the form

— B 0, X ()
r2 lo—BI? 100, X () ?

which can be estimated integrating by parts throughout 831 04, S2; the term L7 also follows in a similar
manner. In order to estimate L,, L4, L¢ and Lg, we realize that they can be written like (A-3) in the
Appendix plus commutators of the form (A-1). Next we have to deal with L3 and Ls: with L3, we
proceed as follows:

Li=1 PV/ 9y X (o) - A (3, X (@) — 3, X () 80, 2(B) dP da,
R2

L3 < L3+ (|00, X172 21185, X Il 2]| R1 (3], 200, X) — R1 (33, )3, X |

where L3 is given by
N(a)

= 1 4

(Rlam)(agjl Q)(a) da, (7-11)

and the commutator estimates (A-1) show that it only remains to control i3. We now use formula (2-8)
to get Zg = M, + M,, where

M;=-A PV/ o X(a) - —N( ) (R0 )(34 X3) (o) da
P 32 o1 |8a14( (a)|3 ! “
M, = —A[PV/ 84 X(a)-—N( ) (R0, )(83 (BR(X, w) -9 X))(a)da
2 R2 “ |aa1x (a)|3 Hoe o ’ “ '

Then we write M; = O + O, + O3, where

g, X1
0,=-4, PV/ (0, X200, X3 — 0 X33a2X2)(R13a])(331 X3)da,
R

2 |aa1X|3
84 X2 4 7-12
0>,=—-4, PV/2 0, X[? (Ocr) X300, X1 — 0ty X100, X3) (R104,) (9, X3) dex, (7-12)
R o)
N3 4
O3 =—A,PV 73 X|3 ang(Rlaal)(8a1X3)doz.
R o]
Next we consider Oy = P; + P, + P3, with
4

0, X1
Pl=—A, Pv/2 PR By X2(R1 90, ) (00, X302 X3) dar,
R o]

9y, X1
P=A, Pv/2 X 3, X2(R100,) (30, X33, X3) da,
R o]

Iy, X1
Py=A, PV/2 XD da; X2[ (R10,) (9, X3, X3) — 8y X3(R130,) (3, X3)] dex
R o]

g, X1
+A,PV / X e, X2[ ey X3(R180,) (35, X3) — (R13w,) (30, X305, X3)] dar,
R o]

and the commutator estimate allows us to control the term Ps.
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Now we use (7-7) to write P; = Q1+ Q> + O3:

dy X1
01=A4, Pvf2 X 3o X2(R104,) (30, X105, X1) da,
R o0

Jy X1
0,=A4, PV/2 B XP 3o, X2(R190,) (80, X205, X2) dex,
R o]

g, X
03=A4, PV/2 B X|13 0, X2(R10qy,) (lower-order terms) do.
R (7

The term Q3 is easily estimated. Regarding P,, equality (7-5) allows us to write P, =

where

g, X1
Qs=—A4, Pvfz W 3o, X2(R13a,) (00, X103 X1) da,
R o

g, X1
0s=—-A4A, Pv/2 XD Oy X2(R18a,) (30, X205 X2) dax,
R (o2}

4

a9, X1
Q6 =—4, PV/2 |aa1X|3 0, X2 (R 0y, )(lower-order terms) do.
R o)

Q4+ 05+ Qe,

Let us recall the identity P; + P> = (Q4+ Q1) + (Q2 + Qs) + (Q3 + Q¢), where Q3 and Qg are easily

estimated. With respect to Q> + Qs, we have

4

01+ 0s=4 PVf
PR e |aa1X|*

4

da; X2[ (R13,) (e, X203, X2) — 8, X2(R130,) (35, X2)] dex

0, X1
+A, PV / oo fee X2 Xa (R (3, X2) = (R180) (B X237, X2)] e
R a|

and again the commutator estimates yield the desired control.
Next we have
4

04+ 01=A PV/
P e |amX|3

4

0oty X[ 0, X1 (R190y) (3, X1) — (R18,) (3, X105, X1) ] dx

0, X1
+A,PV / T XP 0oy X[ (R190,) (0, X105, X1) — 0y X1 (R1 04, (0, X1) ] dx
R o

N3
_A,,Pv/2 X 95 X1(R134,) (95 X1) da.
R o]

The first two integrals above are easily handled, allowing us to get

N3
|8(¥1X|3 al

O1=Pi+ P+ P3 < P(lXIll4) — Ap PV/

o X1(R134)) (9, X1) do.

(7-13)

For the term O;, we proceed in a similar manner, first checking that O, = P4+ Ps + Ps:
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34 X>
Pi=A, PV/2 XD 9a; X1(R104,) (30, X305, X3) dev,
R o)

3y, X2
Ps=—A, PV/2 W aale(Rlaal)(angailxgda,
R (2

3y, X2
Ps=A, PV/2 W e, X 1[0, X3(R180,) (3, X3) — (R13,) (30, X305 X3)] dox
R o]

3y, X2
+A, PV/IRZ G XT 9, X1 [ (R100,) (3, X309y, X3) — 9r, X3(R13,) (3, X3) ] dx
o)

We control Pg as before. Regarding Ps, we use (7-7) to write it in the form Py = S; 4+ S, + S3, where

3y, X2
Si=—A4, PV/W B XP 9o X1(R130,) (30, X105, X1) dex,
o

3y, X2
Sy=—A, PV/2 XD 9a; X1(R104,) (30, X205, X2) dev,
R o)

3y, X2
S3=—-A, PV[ V3 0g, X1(R10y,)(lower-order terms) da.
r2 |0, X|
The identity (7-5) allows us to write Ps = S4 4 S5 4 Sg, where

9y, X2
Sa=A4A, PV/2 0 X5 aale(Rlam)(amXIa X1 da,
R o

g, X2
Ss=A4, PV/2 B XP 9, X1(R180,) (30, X205 X2) dax,
R: o)

4

a7 X
Se=4, PV[ ﬁ e, X1 (R1 3y, ) (lower-order terms) do.
R2 [Oq;

Next, we reorganize the sum in the form
Py+ Ps = (81 + S4) + (82 + S5) + (S3 + S6).,

where the term S3 4+ S¢ can be easily estimated. Regarding S; + S4, we have

4

51+S4:APPV/

XD 2 By X1 [y X1 (R1 3 (O, X1) = (R1 8y (9 X107 X1)] dex
R o]

g, X2
+A, PvfRz 3 XP 3oy X1 [ (R10,) (3, X105, X1) — 3o, X1(R190,) (35, X1) ] dox
(3}

and the commutator estimates give us precise control.
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Let us consider now

3y, X2
$r+Ss=A,PV / TP B, X 1[0, X2 (R190,) (3 X2) — (R18u,) (30, X283 X2) | dex
R o

9y, X2
+A,PV f T XP 0oy X1[ (R1 90, ) (O, X203, X2) — Doty X2 (R10,) (0, X2) ] dx
R (%

N3
_ApPV/2 G XP 9y X2(R104,) (35 X2) da.
R o]

Here again the commutator estimates control the first two integrals above, allowing us to conclude that

Oy =Pys+ Ps+Ps < P(IX|lla) —Ap PV/ B X|3 0,1 2(1’?180”)(834,l X2)da. (7-14)
R2 |Oq;
Furthermore, inequalities (7-13), (7-14) and (7-12) yield
My =01+ 02+ 03 < P(IX]ll4) — A, PV 19 X1 mX (R104,)(0,,X) da, (7-15)
R2 o]

and at this point we begin to recognize the Rayleigh—Taylor condition in the nonintegrable terms. Let us
return now to the term M,, which can be written in the form

=A,PV 34XNa“BRX 0y X)) d 7-16
fRZ |8al—X|3 ou( (’w)'al ) da, (7-16)

and whose most dangerous components are given by

4 X 4 X(a)—0* X
m:-ﬂPV/ Rl(u)( )/ 3y, X (o) — 0, (ﬂ)/\a)(ﬂ)-aalX(oz)da,
R2 R2

4r |00, X | | X (@) = X(B)?
34, 3t XN
Os = 1 PVf Rl(—3)(a)/ B(a, B)(X(a) — X(B)) Aw(B) - 0, X () de,
T R2 |00y X |
with
_ (a4 __ a4
B(o. B) = (X(a) —X(B)) (B,XIX(Ot)5 aazX(ﬁ))’
X (a) = X(B)
Ay 9, X - N X@)-XPB) 4
o= [ 1 (i ) [ Tt - X
and

Iy XN A
O7=A,PV / R1<—3>(a)80,1(BR(X ) - 3, X) () da.
R\ |00 X|

The remainder terms are less singular and can be estimated with the same methods used before.
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To deal with O4, we decompose it further as O4 = Py + Pg:

XN 3 X(a)—d* X
Py = Arpy f Ry (al—)m) / @ X =00 2P ) A (30, X (B) — By X (@) df der,
R2 R?

i 0, XT X@ - X PP
Ay 9y X-N o X (@) — 35 X(B)
P= e[k (laal—XP)(“)/Rz X@ —x@p "V PhQB)dpde

where in Pg, we have used formula (2-3) to get
WA 0y, X = N0, Q2.

In the integral (with respect to 8) of P;, we have a kernel of degree —2 applied to 4 derivatives, which
can be estimated easily. Next let us consider Ps = Q7+ Qs + Qog, where

4
0r=—1 PV / (%X N)(a)a4x(a) N (@) @) =N RB)
R2

|9, X |3 R2 | X (@) = X(B)I?
A
Qs = 47’; PV/Rz (laquP )(a)/ ((3, 2N - 33, X) (@) — (30, 2N - 33 X)(B))C (e, B) dPB d,
and

Cla, p) = ! - ‘ ,
1 X(@)=XB)IP  IVX(@)(a—B)?
An py %, X N L A0, QN3 X)(a)d

Qg = - fRz (Iaaleg)(a)IaaIX(Ol)P (O -9y, X) () da.

In O, we have

7= I\ 75 vi3
|9, X1 /11

giving us the appropriate control, which can be also obtained in Qg because the corresponding kernel has

/ N ()0, 2 () — N(B) 0, 2(B)

4
10, Xll.2 sup X (@) —X(B)] d’g"

degree —2. Regarding Q9, we have the expression

Ay XN 1 . 30, QN - 32 X
Qo=—LPV| R -2—3 A0 QN 05 X) — A| ———="— | | d«
4 g\ 10 XIP /L]0 X |9, X |
aj,x-N a4 X-N
+_pV ——— A 0y, R————= ) de.
4n R2 |9, X 12 |9, X 12

Then we use (A-2) to control the first integral above, and since A = R19y, + R20q, by (A-4), we can also

take care of the second term.
With Os, one proceeds as we did with Jg (7-10) to get the desired estimate.
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Next, we use (2-3) to catch the most singular terms in Og, which are given by

7= _%PVfRzR (i;:(_xg) Y Je (X(a)_ﬁﬁf()cif—a}lfﬂ(ﬁs)'8“'X(a) 0, 0, 2(B) der
= %PV/WR (a|axx|13V ) ) /R - _X|§f<2)A—8§§é(>[|? P2 55 a8 de.
S= PV [ K (T;Xxg) ) [ S, 20, 0, X (8) do

One may write

S;=

4y _ B .
ﬂpV/ R (aoux N) a/ (X (o) = X(B)) A (3, X (&) — 3, X (B)) - 30, X (B)
R2 R2

4
4r |3<::1X|3 X (@) —X(B)? 3alaa29(13) da,

expressing the fact that we have a kernel of degree —1 applied to 97 ,0a, €2, and therefore an integration
by parts gives us the desired control, as before. To treat Sg, we further decompose Sg = 77 + T5:

T, = A“PV R84X D O, 2 ax d
1= /[R{Z (IaalXP )(01)/ (a, B) - 04,52(B) (B) da,
where
(X () = X(B)) VX(a)(ax—p) )
D(a, B) = — 0q, X
P (IX(Ot)—X’(ﬂ)I3 VX (a)(@—B)? " @
and

. TXNY N
T K PV/ o R () 985 X o
2T 4x R2 ( [0, X |3 (a)laalX(a)P 2(00,€29,, X) (@) da

In Ty, we use the estimate for the operator (A-8). The term 7> reads as follows:

Ay 4 X-N N
T2 == PV/ ( - ) . R2(8a23a1 Qaglx) da
RZ

4n 100, X1? ) 100, X|?
4 A PV/ %X N N (Ry04,) (80, 20% X) — (Rp8,) (8, Q—N'a‘i'x d
o Y e N Gaax ) e xR0 et 200) U275y ) |

An PV/R %X N (R2da)( 0 o X %, X d
" DY R T ) Reta) 92w ) e

The first integral above is easy to estimate, while for the second one we use (A-1), and (A-4) for the third.
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For the next term, one has S9 = 75 + T4, where

fR (8;‘1X-N) o [ K@ = X(B) -0, X (B) A (3, X (@) = 8, X (B)
g\ [0, X - X () — X (B)]?

A
;= 2L py

5
g 83 Q(p) da,

T, A/R % XN B Q) d
4 = 12 R2 1 |8a1X|3 o o,

Proceeding as before, we get bounds for 73, and the double-layer potential estimates help us to control 7y.
For 19, one can adapt exactly the same approach used for Sg. Finally, we have to deal with O7, which
is given by

A 9y XN
07:_AMPV/ BR(X, w) - 8, X (R10s)) | — 75 ) d,
R2 |3011X|

after an integration by parts. Let us introduce the splitting O; = Zj w1 U k. where
34 Xi Ny
Uk=—A,PV [ BR;(X,®)d* X;(R3,)| 22— )d
] u /I%z J( Cl)) ) ]( 1 a1)<|8a1X|3 o
Then the commutator estimates allow us to write U J" = V}‘ + lower order terms, where

Ny

TXP (R194,) (95, Xp) da.
oy

k 4
VE=—4, PV/RZBRj(X, ®)ds X;

Using (7-5) and (7-7), one has

Ny 831 X, = Nzai'l X1 + lower-order terms,

so that V21 becomes

BRy(X. )N
VZI:—AMPV/ BRy(X, )N

—— 0 X1(R104,) (3, X1) doa — A, PV / S (R19a,) (03, X1) de,
R [0 X| R2

where f is at the level of 8%_ X. Integration by parts in the last integral allows us to conclude that

BRy(X, w)N
VQIE—AMPVf BR:(X, @) N, “’3) 2
R |0q X|

With the help of (7-5) and (7-7), we also get

02 X1 (R1de)) (02, X1) dar + Pl X 1)

N 331 X3 = N3831X1 + lower-order terms,
and therefore

BR3(X, )N
v315—AMPVf BR3(X, @)y
R |0, X|

Using the two inequalities above, we obtain

vievievi<_a Pvf BR(X, ) - N
T T e 10 XP

93 X1(R134)) (35 X 1) da + P([IX]ll4)-

3% X1 (R1de,) (02, X 1) dor + Pl X 1) (7-17)
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Next, let us observe that
Nzail X, =N 8§| X, + lower-order terms, Nzail X3=Nj E)il X, + lower-order terms,
which implies the estimate

BR(X,w) N
VE4VE+VE<—A, pv/ —— 9 X2(R13a,) (35, X2) dot + P([| X|ll4)- (7-18)

R 00 XIP
Regarding V13 and V23 , the identities

N3 821 X1 =N 821 X3 + lower-order terms, N3831 X3 = Ngail X3 + lower-order terms
yield

BR(X,w) N
Vi+Vi+Vi<—A, PV/ —— 9 X3(R13u,) (05, X3) dot + P([| X[ll4)- (7-19)

R |9 X|3
Finally (7-17), (7-18) and (7-19) imply

3
BR(X,w) N
Y VE<—A,PV / — o 0 X - (R196)) (35, X) da+ P([1X ).
= R 10 X

Now we put together the estimates (7-16)—(7-19) to conclude that

BR(X, w) - N
My<—A,PV| ———~

Xt X (Rida) 3, X) da+ PCIXL),
R (03]

and taking into account (7-15), we obtain

Ly=M+M, < - PV / —T 03 X - (R184,) (03 X) dor + P([| X[4)- (7-20)
R

M2 2 |8, X3

Finally, we have to work with Ls, which can be written in the following manner:

. o, X
L5=L5—%PV/ 9 X - —2
re 06, X1

A [R2(35, 80, 200, X) — R2(3]), 80,23, X | de,
where

Ls= %pV/Rzaglx (R204,) (35, ) dov.

|90, X I
Using the commutator estimate, once more, it remains only to consider Ls, but let us point out that
replacing the operator R19y, by R20y,, the term 1:3 (7-11) becomes 1:5. Therefore, proceeding exactly as
we did before, one obtains the inequality

= 1 o 4 4
Ls <— PV a9, X - (Ry0y,)(0; X)d P(l[|X]]|4)- 7-21
5= o+ /%2 |a(x1X|3 o] ( 2 012)( o] ) o+ (||| |||4) ( )

Introducing now the identity A = (R;0y,) + (R20q,) in (7-20) and (7-21), we get

=~ ~ 1 o 4 4
L Ls < — PV 0 X-A X)d Pl X )
s+lss-—1 /R T O X AL X) de+ PO
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Finally, all the estimates so far obtained, beginning with (7-9), allow us to write

||a4 X7, < —

PV 0t X A X)da+ P(|X||4). 7-22
o /Rz 9, X]7 (0, X) da + P([1 X1ll4) (7-22)

In a similar manner, now using equations (2-9), (7-6) and (7-8) instead of (2-8), (7-5) and (7-7) respectively,
we obtain

Zdt

Zdt Lyg8 X112, < — PV/W 5 XT 0, X - MA@y, X)da+ P(X|la).  (7-23)
The two inequalities (7-22) and (7- 23) are the main purpose of this section.

8. Estimates for the evolution of || F(X)]|| L~ and R-T

In this section we analyze the evolution of the no-self-intersection condition of the free surface as well as
the Rayleigh—Taylor property, but in order to do that, we shall need precise bounds for both VX, and ;.
We shall estimate ||V X, || g+ by means of equality (2-4) to get

IV Xl < P(IX N7 g2 + IF Oz + 1INT i), (8-1)

for k > 2. In fact
IVXi[lgx < [IVBR(X, @) || g 4+ V(€105 X + C200, X)) ||
and with the help of (6-1), we can handle both terms on the right.
Next we shall consider the norms ||€2;|| g« to obtain the inequality
12 e < P(IX 1z 41+ IF CONZ + NI ), (8-2)
for k > 3. To do that, let us take a time derivative in the identity (2-6) to get
(o, 1) — A D(2) (e, t) = Apli(a, 1) —2A,0; X3(et, 1),

which yields
19011 < CIHT — A D)™ g (1l + 110, X3 50).

and since we have control of ||(/ — AM@)_l ||zt and ||9; X3|| g1, it only remains to estimate ||/ || ;1. For
that purpose, let us consider the splitting I; = J; + J» + J3, where
X — X (a—
P PV/ (@) = Xi(@—p)
27 R | X (@) = X (a—pB)?
3

Jo = (X(a) X(@—PB))- (Xi(a) — X, (@—B))
4

LPV/ X(a) = X(a—p)
2 R [X (&) — X(a—pB)?

-N(a—p)S2(a—p)dp,

X(@) = X@—p)
X(@) — X(@—p)F

- Ni(o—pB)S2(a—p) dp.

N(a—p)Q2(a—p)dp,

J3 =

Proceeding as we did with the operator 9, (A-6) (with X, instead of d,, ;Xk), one gets

I ill2 + 12012 < P(IX Nla + 1 F Ol + N1 ).
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Regarding J3, we split further:

L[ ag+ L | ap=ki+k

= —
2 Jip=1 27 Jigi<a

Since

N;(a— Qo —
|K1(01)|§||F(X)||%OO/ V(e PlI2@—p)l

1Bl>1 27 |B|?
Young’s inequality yields

1K llz2 < IFCON7=IIN QI < CIFON7 Nl 2 12112,

and since we know that ||V;||;2 < [|[VX||L=|VX;| 12, estimate (8-1) allows us to handle the terms K.
The estimate for K is similar to the one obtained for /; (A-13) in the Appendix.
Next we consider the most singular terms in dy, /1, which are given by

1 Azaalxt(a)_aale(a_ﬁ).N(a—ﬁ)Q(a—ﬁ)dﬁ,

=Y T X @ - X@-pF

ss== [ (X@—X@p)
X(@) ~ X(a—p)
X~ X p)P

(00, X1 (@) — 0y X1 (= B))

, _vaf X (o) — X(a—B)
T2t e IX(@) = X(@—B)IP

-N(a—pB)Q2(a—p)dp,

Oy Ny (@ — )S2(a — B) dp,

because the remainder terms are easier to handle. Let us write J4 = K3 + K4, where

KFLPv/ 8 X1 (@) — By X, (@ — B)

T e IX@—X@—p)P
1 py / 0 X1 (@) = By X (@ — B)

2n e X@-X@—p)P

(N@—=p)R(a—p) — N@)Q(a)) dp,

Ky= N(@)Q () dB.

In K3, the identity dy, X; () — 9y, Xi(ax —B) = fol VOu, Xi (e 4+ (s — 1)B) ds - B together with (8-1) gives
us the desired control. Regarding K4, we may observe its similarity with 73 (A-7), so that an application
to (8-1) yields the appropriate bound; J5 can be treated in a similar manner, and Je is analogous to J3.
By symmetry, one could get the same estimate for dy,/;, so that finally

190011 < POIXIE+ 1 FCOlZ0 + 1IN ). (8-3)
Next, we will show how to deal with ||€2;|| 2. Using Equation (2-8), one gets

g 2 = —2A,,04,0;(BR(X, ®) - 9, X) — 24,0, 8 X3,
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and with the help of (8-1), the last term above is properly controlled. To continue, we shall consider the
most singular remainder terms. Namely, in —d,, 9;(BR(X, w) - 95, X), we have

L;=-BR(X,w) 37 X/,

o

L —iPV/ 0 X1 (&) = d Xe(@=B) gy ag .5, X(@)
27 4x w2 |1 X(@) —X(@—p)P o ,
3 X (@) — X(a@—B) B |

Ly = ~ 3 PV/RzA(a’ '3)|X(o¢) X _p)F Aw(a—PB)dp -3, X (a),

where A(e, B) = (X (@) — X (@—B)) - (3, X (@) — 0, X, (@ — ).
L4—va/ X(@) = X(@—p)
R

2 2 | X (o) = X(a—B)3 A By (ot =) df - 3o, X (e0).

Let us observe that ||L1];2 < || BR(X, )| r~ ||8§l X¢ |12, where both quantities have been appropriately
controlled before. In L, and L3, we have kernels of degree —2, and therefore operators analogous to 73
(A-7) acting on dy, X;. Therefore, using (8-1), its control follows easily. In L4, we use the decomposition

L4:lPV/ dﬁ+lPV/ dB = M, + M,.
2t g T Jipi<t

Thus, an integration by parts yields
IMillz2 < CIFCONZ 1 VX 7o el 2

Formula (2-3), together with estimates (8-1) and (8-3), provides the appropriated bound.
Next, let us expand (2-3) to obtain the most singular terms in M, which are given by the integrals

O1= ‘?_ﬁ PV/|ﬂ|<l |§<:[>)__§<f—_5>)|3 O 20— )0 X o= ) -0 X ),
0y =3PV /W s M s = B X = ) df 3, X @),
0= 3" PV/W |§<f>)__§($—_5))|3 N O S ) B X @ = P B B X2,

Estimate (8-1) help us with the terms O; and O3, which can be treated with the same approach used for
I> (A-13) in the Appendix. Let us write O, as
A X (@) = X(@—p)
21 Jigj<1 1 X (@) = X (@ —B)?

A Doty Dy 24 (0 — B) (B, X (@) — By X (20— B)) d - 0 X (1),

which can be estimated integrating by parts in the variable 8 using the identity

Our; 00y S21 (= B) = — 0, (0, 2 (@ —P)).
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Let us point out that the kernel in the integral O, has degree —1, and therefore one can use (8-3) to
control it. It remains to deal with Oy4, which is decomposed in the form O4 = P; 4+ P>, where

_Au X(@)=X@=p) .5 B o .
Pi= PV/W1 |X(a)_X(a_’B)|3/\8alﬂt(a B) (3a, X (0 — B) — 00, X (@) dB - 0y X (@),
A X(2) — X(a—p)
p:__“pvf 32 Qi (a—p)dp - N(a).
=0 Yy K@ = X@@—pyp @ PPN

Py is estimated like O,. We rewrite P, as follows:

P, — AMPV/ ( X(a) — X(@—pB) VX(a)-B
= H _
27 Bl<i\UX (@) —X(@—=p)P |VX(x)-BI?

)83,19(05—;3) df - N(a),

and this expression shows that the above integral can be estimated like T4 (A-8).
Using (8-3), we obtain

182, @l 2 < PIXIZ+ N F X0 + NI zo),

and the identity
3z, = —2A,,00,0;(BR(X, ®) - 00, X) — 24,07 8, X3

PYan
yields
195, /122 < P(IX1Z+ IF GOl 7 + N ),

that is,
1902 < POIXIZ+ IF GOl + HNT ). (3-4)

Next we consider third-order derivatives:
33 Q= —2A,0, 3;(BR(X, ) - 80, X) — 24,0, 3, X3.

Since (8-1) gives us control of the last term, we will concentrate on the other one, which is of a much
more difficult character. In particular, for —851 0;(BR(X, w) - 0y, X), the most singular components are
given by

Ls=—BR(X,w) 3, X.

Ly [ K@ =3 X p)
°T 4n /R X (o) — X(@—B)]?

w(a—p)dp -9y, X (),

3 X(@ —X@—p) .
L; = 37 PV/RZB(a, '3)|X(a)—X(oc—,3)|5 ANw(a—pB)dp -9y, X (),

where B(a, B) = (X (@) — X(@—p)) - (02, X (@) — 02 X, (@ —B)),

:va/ X@ - X@=p)
2 e IX@ = X @=p)P

Inequalities (8-1) and (8-4) show how to handle L;,i =35,...,8as L;, j=1,...,4 respectively, and

Lg A3 (e —PB)dp - 3a, X ().

then a similar approach for 822@ allows us to get finally (8-2) for k = 3. The cases k > 3 are similar to
deal with.
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Our next goal is to obtain estimates for the evolution of || F(X)| 1~ and R-T. Regarding the quantity
F(X), we have

d _ |ﬁ|(X(a’t)_X(a_:3’t))'(Xt(a’t)_Xt(a_,B’t))
gt @B =- 1X(@, 1) — X(@—B, 1)
< (FX)(a, B, )NV XNl (2). (8-5)

Then Sobolev inequalities in |V X, || L= (¢), together with (8-1), yield

d

T FOO@ B.0) < FXO (@, B, O P(IXIZE) + I F O N7 (0 + NINT L= (1),

and an integration in time gives us

F(X)(a, B, t+h) < F(X)(a, B, t)GXP(th P(S)dS),
for h > 0, where t
P(s) = P(IX15() + I F OOl () + IINT I 2o (5)).
Hence

t+h
IIF(X)IILoo(tJrh)S||F(X)||Loo(t)exp(/ P(S)dS>-

This inequality, applied to the limit

I F X)L +h) = | F(X) L= (?)

d .
SN0 = lim, )

allows us to get
d 2 2 1
g 1HE Xl () = IF X)L (O P(IIX N5+ I F XD 700 + NN L)

Next we search for an a priori estimate for the evolution of the infimum of the difference of the gradients
of the pressure in the normal direction to the interface. Let us recall the formula

o(a, 1) = (u* — n") BR(X, o) (@, 1) - N(a, 1) + (0> — p")N3(x, 1)

i( 1 )__0,(0(,1‘)
dt\o(a, 1))  o2(a,t)

to obtain

with oy («, t) = I1 + I, where

I = ((1? — ) BR(X, o) (e, 1) + (0> — p1)(0, 0, 1)) - Ny(et, 1),
L= (u*—n")BR,(X, w)(a, 1) - N(a, ).
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First we deal with || ;]| L~ using the estimates (8-1) for VX,, and then we focus our attention on /, using
the splitting I, = J; + J» + J3, where

Iy =

1 PV/ X (o) — X (@—B) Aw(a—B)dB,
R

Ar o Jp X (@) = X(@—B)P

Jr = % PV/RZ(X(a) —X(a—pB)) Aw(@—p)

va/ X(@ - X@—p)
- Je X (@) — X(@—B)P

X(2) = X(@—=p)) - (Xi(a) = Xi(@—B))
X () — X(a—B)P

dap,

Jy=—

Ny (a—p)dp.

The terms J; and J, are similar and can be treated with the same method. Let us consider J; =
K+ K> + K5 + K4, where

1 Xi(a) = Xi(a—p)
= —_—— — d 5
V=0 e X @ =X @—pyp NP
1 Xi(@) — X (@ —P) . B

Ko=0r 1B]<1 IX(oz)—X(a—ﬂ)|3/\(w(o‘) w(a—p))dp.

K= —L [ ! S ](X(a)—X(a—ﬁ))Aw(a)dﬂ
T gl IX @ - X@—B)F VX)) BN t ’
__L Xi(o) — X (x—B)

Ko PV [, o g

First we have

1/2
||K1||LoosC||F<X>||ioo||vxt||Lm||w||Lz(/ |ﬁ|4dﬂ) :
[B]>1

giving us an appropriate control. Next, we get

1Kzl < C||F<X>||iw||vxt||mo||Vw||Loo/ 181~ dp,

1Bl<1

and an analogous estimate for K3. Therefore, Sobolev’s embedding helps us to obtain the desired control.
Regarding K4, we have
1 Xi(a) = X (@a—p) —VXi(a)-B

BT VX (@) P ne@

Inequality (A-15) yields

IKalz = CllVXllim|||N|—1||3Loo||w||m||vx,||csf B>+ dp,

1Bl<1
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and the control |V X;| s follows again by (8-1) and Sobolev’s embedding. Next let us continue with
J3 = K5 + K¢, where

o X(a) — X(@—B)
K== PV /“M X — Xa—pyp " (09 (20— ) = 35 (Q0, X)s( = ) B,

—LPV/ X(a) — X(a—pB)
4r Bl<1 1 X (@) = X(@—p)I?

Integration by parts yields

K¢ = N (o —pB)dp.

1Ksllze < CIF X171V X oo (IRM oo 1V X [ + 12 [ 211V X || 20),

where 47 C = flﬁ|>1 181 73dB + flﬁ|=1 dIl(B), and we may use (8-2) to estimate ||| ~. With K4, we
introduce a similar splitting to obtain

IKsllz < P(IX = (@ O)llc2 + I1F Xl + NINI o) llor o

Then it remains to estimate ||, ||cs, for which purpose we use formula (2-3) and inequalities (8-1), (8-2).
Therefore, we have the estimate

i( ! )< L p(1X 114 (0) + I F QO (0) + 1IN 2 (1)),

dt\o(a,t)) ~ o2(a,t)

and proceeding similarly as we did for F(X), we finally get

Lo (@) = o™ B O P(IX a0 + IF OO0 + 1IN 1 0).

Remark 8.1. Having obtained the a priori bounds of the preceding sections, we are in position to
successfully implement the same approximation scheme developed in [Cérdoba et al. 2011] to conclude
local existence.

Appendix

Here we prove first some helpful inequalities regarding commutators of the Riesz transform (R;, j =1, 2)
with several differential operators. Next we analyze the singular integral operators associated to the
non-self-intersecting surface which appears throughout the paper. But the main goal of this section is to
simplify the presentation of the main result.

Lemma A.1. Consider f € L>*(R?) and g € C'3(R?), with 0 < 8 < 1. Then for any k,1 = 1,2, we have
the estimate

| (R8e) (&) — 8 (Ride) ()| 12 < Cliglicrsll £ 2 (A-1)

An application of these inequalities to the operator A = (R9y,) 4+ (R20,,) yields

IA(&f) —gA(Dl2 = Cliglcrall fll 2 (A-2)

For vector fields, we have:
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Lemma A.2. Consider f, g : R> — R3 vector fields, where f € L*>(R?) and g € C'*(R?), with0 < 8 < 1.
Then for any k,l = 1, 2, the following inequality holds:

' /R A (R (e

<CligleslfI3.. (A-3)

Proof. Denoting by I the integral above, and since the operator Ry d,, is self-adjoint, we may write

1 :/I;szl[(Rkaal)(SZfS)_82(Rkaal)(f3)]d05

+ A2f2[(Rk3a,)(g3f1) — 83(Rd) (f1)] dor + /sz3[(Rk3a,)(glf2) — 81(Rid) (f2)] da.
Then estimate (A-1) yields (A-3). O

Lemma A.3. Consider f € L>(R?) and g € C"*(R?), with 0 < 8 < 1. Then for any j, k,1 = 1,2, the
following inequality holds:

fR R Red) (8 de

<ClgleslfI.. (A-4)

Proof. Let J be the integral to be bounded; then we have

J= /R RIP[(Redu)(&F) — 8 (Ride) ()] de

_ / [R;(f$) — gR; (/)] (Ridu)(f) dat + /R Ry (Rei) (/) d

R2

Since R;.‘ = —R; and R0y, is self-adjoint, we get

I=5 [ RO R &) = sRed)(P)]dar =5 [ [R (7o) = 8By (P](ReB) () e

An integration by parts in the second integral above yields

s=1 /R R (D[(Redu)(8) = 8 (Rede) ()] da

+3 [ IR0 =R DN RO da = [ @00 R (RS

allowing us to conclude the proof. O
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Lemma A.4. Let us define, forany j = 1,2 and k =1, 2, 3, the following operators:

Xi (o) — Xg (@ —B)
T1(0g; =PV Oy ; —pB)ds,
7100, ) =PV [ KO0, fa—p)dp

B X1 () — By Xz (0t —
%(f)(oz)=PV/ X =00, Xe(@ = F) gy g,

R X(@—X@=p)P

fla)— fla—B)
ar =PV ap,
T3(f)(a) /I;Z X (@) — X (a—pB)]3 P

X() -=X(B)  VX(a)-(@—p)
1X(@)—XBP  IVX(@)-(@a—p)P

T 4(3a, f) (@) = PV /R 2 ( >8a,f(ﬂ)dﬁ da,

493

(A-5)

(A-6)

(A-T)

(A-8)

where VX () - B = 0y, X (&) B1 + 3 X () o Assume that X (a) — (e, 0) € C*3(R?), and that both F(X)

and |[N|~" are in L™, where
F(X)(@, B)=1BI/1X (@) — X(@—pB)| and N(&) = 3o, X (@) A o, X (@0).
Then the following estimates hold:
1910, P2 < P(IX = (@, O)llcrs + 1 F XD llzoe + NN o) (L F 22 4 196, £l 22)

1T2(Hllz2 < P(I1X = (e, O)ll 2 + 1 XD o + NN T oo ) £ 224

T3z < P(IX = (@, O)llc2s + 1F Xz + N lzoo) [ £ 1

1T4(Hll2 < P(I1X = (e, O)ll 2 + 1 XD 1o + NN zoe) £ 22
with P a polynomial function.

Proof. To estimate the first set of operators, we first consider the splitting

gl(aajf)=PVf d,8+PV/ d =1+ I,
1B1>1 1B1<1
and an integration by parts allows us to write I} = J; + J> 4+ J3, where

0, Xi(@ =)
Jy = _ J s
l /|ﬁ|>l |X(Ol)—X(a_/3)|3f(Ot B)dp

(Xi(@) = Xi(@—B)) (X (@) — X(@—B)) - 8, X (a— B)
=3 - _B)dp,
? /W X(@)—X@—p)P’ Ja=pds
Xi(a) — Xy (a—B)
J3= —p)dl(B).
= et @ P a®
The above decomposition shows that
1] = ClIX — (a, 0l ||F(X)||3Loo(/ Mdﬁ-i-/ |f(a—,3)|dl(,3),>
=1 1Bl 1Bl=1

and then Minkowski’s inequality gives the desired control.

(A-9)
(A-10)
(A-11)
(A-12)

(A-13)
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Regarding I, we write Iy = J4 + Js + Jg, with

I =/ Xi(a) — Xp(a—pB) — VXi(a)-B
R P X (a) — X(@—B)P?

8, f (—B) B,

1 1
Js=VX . — Oy ; —B)ds,
5 k(a) |ﬂ|<1ﬁ|:|X(O[)—X(Ol—,3)|3 IVX(Ol)/g|3:| ]f(a ﬁ) :8

J6=VXk(a)-PV/ P

Bl<I VX(a) pp i @ P dp.

It is easy to see that

Ja=< X —(a, O)IICLSIIF(X)IIioo/ wdﬁ, (A-14)

Bl<1 1BI>7S

and therefore that term can also be estimated with the use of Minkowski’s inequality.
Some elementary algebraic manipulations allow us to get

4 |3a}f(01—,3)|
Js<ClX - ,0215/ (FX ) L ) ! dp,
s SCIX= @Ol | FOO@ A + oo ) = P
and then the inequality
18I L ]
IVX(O[)wSZIIVXIILooIIINI [z (A-15)

yields for Js the same estimate (A-14).
The term Jg can be written as

Jo = VX () -PV/ (@, f) 0y, f (@ —PB)dB,

1B
where pl=

(i) (e, AB) = X(a, B) for all A > 0,
(i) X(a, —B) = —X(a, B),
(iii) supy | Z (@, B)] < 8IVXIBllINITHE «,

as a consequence of (A-15).
Here we have a singular integral operator with odd kernel [Cérdoba and Gancedo 2007; Stein 1993],
and therefore a bounded linear map on L?(R?), giving us

16l < CIVXI G NI 3 o010, £l 2

For the family of operators J,(f)(«), we use the splitting T, (f) = I3 + 14, where

Ou; X (@) — 0y, Xg (v — B)
L= J j _BvdB.
’ /|ﬁ|>1 X (o) — X (a—pB)? fla=p)dp
We easily get
I <2IX — (@, 0)[l ¢t ||F(X)||3Lm/ wdﬂ,
=1 Bl
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while for /4, we proceed with the same method used with I, now replacing Xy () by 9y; Xx () and

0o f (@ —p) by f(a—p).
Next we shall show that the operator 73 behaves like A = (—A)'2. To do that, we split it as Is + I,
where

15:/ f@=f@=p .
|

p=1 1 X (@) — X (a—p)J3
can be easily estimated by

I5 < IF(X) <2n|f(a>|+/ W—;ﬁ)ldﬂ)
=1 1Bl

The other term is written in the form I = J7 + Jg, where

1 1
1= a - — dag.
' /|/3|<1<|X(a)—X(a_ﬁ)|3 IVX(a).5|3>(f(°‘) fla—B))dp

The identity
1
f(ot)—f(a—ﬁ)Zﬁ-/O Vil+(—Dp)ds

allows us to treat J;7 as we did with Js. To estimate Jg, the equality

1 _ o (B N B .
IVX(@)-BP aﬁ‘(lvxw-ﬁP) aﬂz(IVX(a)-ﬁP) (A-16)

will be very useful. After a careful integration by parts, it yields

\V/ —8)- — —
JSZPVf fa=p)-p, ‘f G —r@=pNIBl 4y q
. . Jip<1 VX () - B =1 IVX(@)-BI° . ,
The principal value in Jg is treated with the same method used for Jg, and since the integral on the circle

is inoffensive, so long as |N |~! is in L, the estimate for 73 follows.
For the remaining operator, one integrates by parts to get J4 = I7 + I3, where

I = PV/RZPI(a, B fa—p)dp. s =PV/R2P2<a, B) f (e —P) dp,

with
0o, X (ct) 0o; X (@ — B)
Py (a, — i _ J
1. £) IVX(a)-B1F X (a2)—X(@—p)?
and
Py, ﬁ)=3(X(Ot)—X(a—ﬁ))(X(a)—X(a—ﬂ))-aan(Ot—ﬂ)_3VX(Ot)-ﬂ((VX(Oé)-ﬁ)-aa,-X(Ot))'

X (@)= X(a—p)I° VX (a)-BI°

Next we will show how to treat I7, because the estimate for I3 follows similarly. For P; we introduce the
decomposition P; = Q1 + Q», where

1 B 1 ) Q_aa,-X(a)—aa,X(a—ﬁ)
VX(@) P X@—-X@—PpP) 27 [X(@)—-X@-p)I

01 =3a_,X(0t)<



496 ANTONIO CORDOBA, DIEGO CORDOBA AND FRANCISCO GANCEDO

Since the kernel O, has already appeared in the operator 7, it only remains to control Jy, which is given
by
Jo = aan(a)PszQl(av B)fla—p)dp.
R
The decomposition

Jo =00, X@) |  dB+d.,X (@ PV/ dp =K1+ K,
' 1B1>1 ' 181<1

shows that the term K trivializes. Regarding K>, let us write
(IAI*+|BI*|A]> +|B|*)(A+ B) - (A — B)
|ARIBP (1A +1BP?) ’

Q1=
where
A, p) = X () = X(@—p), B(a,p)=VX(x)-B.
This formula shows that inside Q; lies a kernel of degree —2. Then let us take Q1 = S| + S,, where

3|BI'B-(A—B) 3B-(A—B)

S, = —
2 B|° E

Next we check that the kernel S; has degree —1, and is therefore easy to handle. Finally, we have to
consider the kernel S, appearing in the integral

L =308y, X(ax) PV (VX(@)-B)- (X (@) = X(@—=B) = VX () - B)

VX
To do that, we introduce a farther decomposition L Agl?)ﬁ—% , with
(VX(@)-B)- (X(@) = X(@—B)—VX(@)-B—3B-VX(a) - B)
1l<1 VX () - B

fla—p)dp.

M =305, X ()

fla—p)dp

and

. . . 2 .
M2=%8a_/X(a)PVf (VX@ ) B VX@-B) (o

1B1<1 VX () - BI°

where % B-V?X(a)- B is the second-order term in the Taylor expansion of X. It is now easy to check that

_ |f (@—B)]
M, < CIVX[7= X — (@ 0)llc2a | [N 1||‘zoo/ —
1Bl<1 1Bl

Then we also check that M5 is controlled like Jg through the estimate

dp.

IMall 2 < CIVX 7 IV2X Lo lINT e 1 £ 122

which allows us to finish the proof. O

Acknowledgments

We are glad to thank C. Kenig for several wise comments, which helped us to simplify our original proof
of Lemma 5.3.



POROUS MEDIA: THE MUSKAT PROBLEM IN THREE DIMENSIONS 497

References

[Ambrose 2007] D. M. Ambrose, “Well-posedness of two-phase Darcy flow in 3D”, Quart. Appl. Math. 65:1 (2007), 189-203.
MR 2008a:35215 Zbl 1147.35073

[Bear 1972] J. Bear, Dynamics of fluids in porous media, Elsevier, New York, 1972. Zbl 1191.76001

[Constantin and Pugh 1993] P. Constantin and M. Pugh, “Global solutions for small data to the Hele-Shaw problem”, Nonlinear-
ity 6:3 (1993), 393-415. MR 94j:35142 Zbl 0808.35104

[Cérdoba and Cérdoba 2003] A. Cérdoba and D. Cérdoba, “A pointwise estimate for fractionary derivatives with applications to
partial differential equations”, Proc. Natl. Acad. Sci. USA 100:26 (2003), 15316-15317. MR 2004k:26009 Zbl 1111.26010

[Cérdoba and Gancedo 2007] D. Cérdoba and F. Gancedo, “Contour dynamics of incompressible 3-D fluids in a porous medium
with different densities”, Comm. Math. Phys. 273:2 (2007), 445-471. MR 2008e:76056 Zbl 1120.76064

[Cérdoba and Gancedo 2009] D. Cérdoba and F. Gancedo, “A maximum principle for the Muskat problem for fluids with
different densities”, Comm. Math. Phys. 286:2 (2009), 681-696. MR 2010c:35153 Zbl 1173.35637

[Cordoba et al. 2009] A. Cordoba, D. Cordoba, and F. Gancedo, “The Rayleigh-Taylor condition for the evolution of irrotational
fluid interfaces”, Proc. Natl. Acad. Sci. USA 106:27 (2009), 10955-10959. MR 2010i:76059 Zbl 1203.76059

[Cérdoba et al. 2011] A. Cérdoba, D. Cérdoba, and F. Gancedo, “Interface evolution: the Hele—Shaw and Muskat problems”,
Ann. of Math. (2) 173:1 (2011), 477-542. MR 2012a:35368 Zbl 1229.35204

[Cérdoba et al. > 2013] A. Cérdoba, D. Cérdoba, and F. Gancedo, “On the uniqueness for SQG patches and Muskat”, In
prepartation.

[Darcy 1856] H. Darcy, Les fontaines publiques de la ville de Dijon, Victor Dalmont, Paris, 1856.

[Escher and Simonett 1997] J. Escher and G. Simonett, “Classical solutions for Hele—-Shaw models with surface tension”, Adv.
Differential Equations 2:4 (1997), 619-642. MR 98b:35204 Zbl 1023.35527

[Lewy 1951] H. Lewy, “On the boundary behavior of minimal surfaces”, Proc. Natl. Acad. Sci. USA 37 (1951), 103-110.
MR 14,168b Zbl 0042.15702

[Muskat and Wickoff 1937] M. Muskat and R. D. Wickoff, The flow of homogeneous fluids through porous media, McGraw—Hill,
London, 1937. JFM 63.1368.03

[Saffman and Taylor 1958] P. G. Saffman and G. Taylor, “The penetration of a fluid into a porous medium or Hele—Shaw cell
containing a more viscous liquid”, Proc. Roy. Soc. London. Ser. A 245 (1958), 312-329. MR 20 #3697 Zbl 0086.41603

[Sanchez-Palencia and Zaoui 1987] E. Sanchez-Palencia and A. Zaoui (editors), Homogenization techniques for composite
media, Lecture Notes in Physics 272, Springer, Berlin, 1987. MR 88c:73021 Zbl 0619.00027

[Siegel et al. 2004] M. Siegel, R. E. Caflisch, and S. Howison, “Global existence, singular solutions, and ill-posedness for the
Muskat problem”, Comm. Pure Appl. Math. 57:10 (2004), 1374-1411. MR 2007f:35235 Zbl 1062.35089

[Stein 1993] E. M. Stein, Harmonic analysis: Real-variable methods, orthogonality, and oscillatory integrals, Princeton
Mathematical Series 43, Princeton University Press, 1993. MR 95¢:42002 Zbl 0821.42001

[Tartar 1980] L. Tartar, “Appendix: Incompressible fluid flow in a porous medium — convergence of the homogenization

process”, pp. 368-392 in Nonhomogeneous media and vibration theory by E. Sanchez-Palencia, Lecture Notes in Physics 127,
Springer, New York, 1980.

Received 1 Dec 2011. Accepted 23 May 2012.

ANTONIO CORDOBA: antonio.cordoba@uam.es
Instituto de Ciencias Matemadticas-CSIC-UAM-UC3M-UCM and Departamento de Matemadticas,
Universidad Auténoma de Madrid, 28049 Madrid, Spain

DIEGO CORDOBA: dcg@icmat.es
Instituto de Ciencias Matemadticas, Consejo Superior de Investigaciones Cientificas, 28006 Madrid, Spain

FRANCISCO GANCEDO: fgancedoQus.es
Department of Mathematics, University of Chicago, Chicago, IL 60637, United States
Current address: Departamento de Andlisis Matematico, Universidad de Sevilla, 41012 Sevilla, Spain

mathematical sciences publishers :'msp


http://msp.org/idx/mr/2008a:35215
http://msp.org/idx/zbl/1147.35073
http://msp.org/idx/zbl/1191.76001
http://dx.doi.org/10.1088/0951-7715/6/3/004
http://msp.org/idx/mr/94j:35142
http://msp.org/idx/zbl/0808.35104
http://dx.doi.org/10.1073/pnas.2036515100
http://dx.doi.org/10.1073/pnas.2036515100
http://msp.org/idx/mr/2004k:26009
http://msp.org/idx/zbl/1111.26010
http://dx.doi.org/10.1007/s00220-007-0246-y
http://dx.doi.org/10.1007/s00220-007-0246-y
http://msp.org/idx/mr/2008e:76056
http://msp.org/idx/zbl/1120.76064
http://dx.doi.org/10.1007/s00220-008-0587-1
http://dx.doi.org/10.1007/s00220-008-0587-1
http://msp.org/idx/mr/2010c:35153
http://msp.org/idx/zbl/1173.35637
http://dx.doi.org/10.1073/pnas.0809874106
http://dx.doi.org/10.1073/pnas.0809874106
http://msp.org/idx/mr/2010i:76059
http://msp.org/idx/zbl/1203.76059
http://dx.doi.org/10.4007/annals.2011.173.1.10
http://msp.org/idx/mr/2012a:35368
http://msp.org/idx/zbl/1229.35204
http://books.google.com/books?id=42EUAAAAQAAJ&pg=PR3#v=onepage&q&f=false
http://msp.org/idx/mr/98b:35204
http://msp.org/idx/zbl/1023.35527
http://dx.doi.org/10.1073/pnas.37.2.103
http://msp.org/idx/mr/14,168b
http://msp.org/idx/zbl/0042.15702
http://msp.org/idx/jfm/63.1368.03
http://dx.doi.org/10.1098/rspa.1958.0085
http://dx.doi.org/10.1098/rspa.1958.0085
http://msp.org/idx/mr/20:3697
http://msp.org/idx/zbl/0086.41603
http://dx.doi.org/10.1007/3-540-17616-0
http://dx.doi.org/10.1007/3-540-17616-0
http://msp.org/idx/mr/88c:73021
http://msp.org/idx/zbl/0619.00027
http://dx.doi.org/10.1002/cpa.20040
http://dx.doi.org/10.1002/cpa.20040
http://msp.org/idx/mr/2007f:35235
http://msp.org/idx/zbl/1062.35089
http://msp.org/idx/mr/95c:42002
http://msp.org/idx/zbl/0821.42001
http://link.springer.com/content/pdf/bbm:978-3-540-39317-7_1.pdf
http://link.springer.com/content/pdf/bbm:978-3-540-39317-7_1.pdf
mailto:antonio.cordoba@uam.es
mailto:dcg@icmat.es
mailto:fgancedo@us.es
http://msp.org

Michael Aizenman

Luis A. Caffarelli

Michael Christ

Ursula Hamenstaedt

Vaughan Jones

Izabella Laba

Laszl6 Lempert

Frank Merle

Werner Miiller

Gilles Pisier

Igor Rodnianski

Sylvia Serfaty

Terence Tao

Gunther Uhlmann

Dan Virgil Voiculescu

Analysis & PDE
msp.org/apde

EDITORS

EDITOR-IN-CHIEF

Maciej Zworski

zworski @math.berkeley.edu

University of California
Berkeley, USA

BOARD OF EDITORS

Princeton University, USA

aizenman @math.princeton.edu
University of Texas, USA

caffarel @math.utexas.edu

University of California, Berkeley, USA
mchrist@math.berkeley.edu

Universitit Bonn, Germany
ursula@math.uni-bonn.de

University of California, Berkeley, USA
vir@math.berkeley.edu

University of British Columbia, Canada
ilaba@math.ubc.ca

Purdue University, USA
lempert@math.purdue.edu

Université de Cergy-Pontoise, France
Frank.Merle @u-cergy.fr

Universitit Bonn, Germany

mueller @math.uni-bonn.de

Texas A&M University, and Paris 6
pisier @math.tamu.edu

Princeton University, USA

irod @math.princeton.edu

New York University, USA

serfaty @cims.nyu.edu

Nicolas Burq

Sun-Yung Alice Chang

Charles Fefferman

Nigel Higson

Herbert Koch

Gilles Lebeau

Richard B. Melrose

William Minicozzi 1T

Yuval Peres

Tristan Riviere

Wilhelm Schlag

Yum-Tong Siu

University of California, Los Angeles, USA  Michael E. Taylor

tao @math.ucla.edu

University of Washington, USA Andrds Vasy
gunther @math.washington.edu
University of California, Berkeley, USA Steven Zelditch
dvv@math.berkeley.edu

PRODUCTION

production @msp.org

Silvio Levy, Scientific Editor

Université Paris-Sud 11, France
nicolas.burq @math.u-psud.fr

Princeton University, USA
chang@math.princeton.edu

Princeton University, USA
cf@math.princeton.edu

Pennsylvania State Univesity, USA
higson@math.psu.edu

Universitit Bonn, Germany
koch@math.uni-bonn.de

Université de Nice Sophia Antipolis, France
lebeau@unice.fr

Massachussets Institute of Technology, USA
rbm @math.mit.edu

Johns Hopkins University, USA
minicozz@math.jhu.edu

University of California, Berkeley, USA
peres @stat.berkeley.edu

ETH, Switzerland

riviere @math.ethz.ch

University of Chicago, USA
schlag@math.uchicago.edu

Harvard University, USA
siu@math.harvard.edu

Univ. of North Carolina, Chapel Hill, USA
met@math.unc.edu

Stanford University, USA

andras @math.stanford.edu

Northwestern University, USA
zelditch@math.northwestern.edu

See inside back cover or msp.org/apde for submission instructions.

The subscription price for 2013 is US $160/year for the electronic version, and $310/year (+$35, if shipping outside the US) for print and
electronic. Subscriptions, requests for back issues from the last three years and changes of subscribers address should be sent to MSP.

Analysis & PDE (ISSN 1948-206X electronic, 2157-5045 printed) at Mathematical Sciences Publishers, 798 Evans Hall #3840, c/o Uni-
versity of California, Berkeley, CA 94720-3840, is published continuously online. Periodical rate postage paid at Berkeley, CA 94704, and
additional mailing offices.

APDE peer review and production are managed by EditFLow® from Mathematical Sciences Publishers.

PUBLISHED BY
:l mathematical sciences publishers
nonprofit scientific publishing

http://msp.org/

© 2013 Mathematical Sciences Publishers


http://msp.berkeley.edu/apde
mailto:zworski@math.berkeley.edu
mailto:aizenman@math.princeton.edu
mailto:nicolas.burq@math.u-psud.fr
mailto:caffarel@math.utexas.edu
mailto:chang@math.princeton.edu
mailto:mchrist@math.berkeley.edu
mailto:cf@math.princeton.edu
mailto:ursula@math.uni-bonn.de
mailto:higson@math.psu.edu
mailto:vfr@math.berkeley.edu
mailto:koch@math.uni-bonn.de
mailto:ilaba@math.ubc.ca
mailto:lebeau@unice.fr
mailto:lempert@math.purdue.edu
mailto:rbm@math.mit.edu
mailto:Frank.Merle@u-cergy.fr
mailto:minicozz@math.jhu.edu
mailto:mueller@math.uni-bonn.de
mailto:peres@stat.berkeley.edu
mailto:pisier@math.tamu.edu
mailto:riviere@math.ethz.ch
mailto:irod@math.princeton.edu
mailto:schlag@math.uchicago.edu
mailto:serfaty@cims.nyu.edu
mailto:siu@math.harvard.edu
mailto:tao@math.ucla.edu
mailto:met@math.unc.edu
mailto:gunther@math.washington.edu
mailto:andras@math.stanford.edu
mailto:dvv@math.berkeley.edu
mailto:zelditch@math.northwestern.edu
mailto:production@msp.org
http://msp.berkeley.edu/apde
http://msp.org/
http://msp.org/

ANALYSIS & PDE

Volume 6 No. 2 2013

Microlocal properties of scattering matrices for Schrodinger equations on scattering manifolds 257
KENICHI ITO and SHU NAKAMURA

Local well-posedness of the viscous surface wave problem without surface tension 287
YAN GUO and IAN TICE
Hypoellipticity and nonhypoellipticity for sums of squares of complex vector fields 371

ANTONIO BOVE, MARCO MUGHETTI and DAVID S. TARTAKOFF

Porous media: the Muskat problem in three dimensions 447
ANTONIO CORDOBA, DIEGO CORDOBA and FRANCISCO GANCEDO

Embeddings of infinitely connected planar domains into C? 499
FRANC FORSTNERIC and ERLEND FORNAESS WOLD

2157-5045(2013)6:2;1-G



	1. Introduction
	2. The contour equation
	3. Isothermal parametrization: choosing the tangential terms
	4. Main theorem and outline of the proof
	5. Inverting the operator: the single- and double-layer potentials revisited
	6. Controlling the Birkhoff–Rott integral
	7. In search of the Rayleigh–Taylor condition
	8. Estimates for the evolution of "026B30D F(X)"026B30D L and R-T
	Appendix
	Acknowledgments
	References
	
	

