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BILINEAR DISPERSIVE ESTIMATES VIA SPACE-TIME RESONANCES
I: THE ONE-DIMENSIONAL CASE

FREDERIC BERNICOT AND PIERRE GERMAIN

We prove new bilinear dispersive estimates. They are obtained and described via a bilinear time-frequency
analysis following the space-time resonances method, introduced by Masmoudi, Shatah, and the second
author. They allow us to understand the large time behavior of solutions of quadratic dispersive equations.
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1. Introduction

Linear dispersive and Strichartz estimates. A linear, hyperbolic equation is called dispersive if the group
velocity of a wave packet depends on its frequency. In order to remain concise, we discuss in this section
only the Schrodinger equation
oru—iAu=0,
{M|z=o = f,
whose solution we denote u () = ¢/'2 f. This is the prototype of a dispersive equation. A first way to
quantify dispersion is provided by the “dispersive estimates”, which, in the case of the linear Schrodinger

equation, read .
“ellAf”Ll)(Rd) S td/p_d/ZHfHLP/(Rd) if 2 < P < o0.

Another way of quantifying dispersion is provided by Strichartz estimates, which first appeared in
[Strichartz 1977] (and were later extended by Ginibre and Velo [1992], with the endpoints due to Keel
and Tao [1998]). They read

e Fll Loz xray S I fll2@a

for every admissible exponents (p, ¢), which means 2 < p, g < oo, (p, q,d) # (2, 00, 2) and
2 d_d
>

P 4
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Let us just point out the situation if the Euclidean space R? is replaced by a compact Riemannian
manifold. In that case, any constant function is a solution of the free Schrodinger equation and therefore
the dispersive estimate fails for large . It also fails locally in time. Then Strichartz estimates may only
hold with a finite time scale and a loss of derivatives (the data f is controlled in a positive order Sobolev
space), which were obtained for the torus by Bourgain [1993b; 1993a] and then extended to general
manifolds by Burq, Gérard, and Tzvetkov [Burq et al. 2004].

Bilinear Strichartz estimates. Recently bilinear (and more generally multilinear) analogs of such in-
equalities have appeared. They correspond to controlling the size of the (pointwise) product of two linear
solutions, for instance

ihv+Av=0, v@E=0)=Ff

vwl|;p < with 1-1
lvwllLrra @ xrey S I 2wy 1181 L2 wey {ia,w FAW=0. wi=0)=g (I-1)

or the solution to the inhomogeneous linear problem, the right hand side being given by the product of
two linear solutions:
i10;v+ Av =0, v(t=0)=f,
lullrro@exray S W l2@ny gl 2wy with idw+Aw =0, w(E=0)=g, (1-2)
i0u+ Au=vw, u(t=0)=0.

A first line of research, where p = g = 2, is related to the use of X** spaces in order to solve nonlinear
dispersive equations; see, in particular, [Bourgain 1993b] and [Tao 2001]. If the Euclidean space is
replaced by a manifold, we refer to [Burq et al. 2005] and [Hani 2010]. The case of the wave equation is
treated by Klainerman, Machedon, Bourgain, and Tataru [Klainerman and Machedon 1996], and Foschi
and Klainerman [2000]. In all these works, f and g are chosen with vastly different frequency supports,
and the focus is on understanding the effect on the implicit constant.

Another line of research considers the case where p and g are not 2: see [Wolff 2001] for the case of
the wave equation and [Tao 2003] for the Schrédinger equation. The problem then becomes related to
deep harmonic analysis questions (the restriction conjecture), and the optimal estimates are not known in
high dimension.

In this article our goal is different from the two directions mentioned: we aim at finding a decay rate in
time (rather than integrability properties), and at understanding the effect of localized data.

The set up. From now on, the dimension d of the ambient space is set equal to 1. Let a, b, ¢ be smooth
real-valued functions on R, and fix a smooth, compactly supported bilinear symbol m on the frequency
plane R%. We denote by 7}, the associated pseudoproduct operator. (a precise definition of 7,, is given
in Section 1; T;, can be thought of as a generalized product operator, and our setting of course includes
classical products between functions that are compactly supported in Fourier space.) Consider then the
equation

idu~+a(Dyu =T, (v, w), u(t=0)=0,

i0;v+b(D)v=0, with v(t=0)=f, (1-3)

id;w~+c(D)w =0, w(=0)=g.
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The unknown functions are complex-valued, and this system is set in the whole space: f and g map R

to C, whereas u, v, and w map R? to C. The above system is meant to help understand the nonlinear

interaction of free waves, which is of course the first step towards understanding a nonlinear problem.
Most of the time, but not always, we assume

The second derivatives a”, b”, ¢”” are bounded away from zero. (H)

ita(D) eitb(D) e

Under this hypothesis, it is well known that the groups e ite(D) gatisfy the following

estimates (we denote by S(¢) any of these groups):
« Dispersive estimates: ||S(2) f |, » < |t|"/271/P| f||» for p €1, 2].
o Strichartz estimates: ||S(t)f||Ltqu S| fllp2if2/p+1/g = % and 2 < p, g < o0.

The question we want to answer is this: Given f and g in L? (or weighted L?* spaces), how does u
grow or decay in L? spaces,?2 < p < 00?
The answer of course depends on a, b, ¢, and the crucial notion is that of space-time resonance.

Space-time resonances. Using Duhamel’s formula, we see that u(z, - ) is given by the bilinear operator
T; defined by

T,(f. §)(x) = / f / ¢ ERD 106 5O EM (e 1) F(n)3(E — ) di iy ds,
0

or, more concisely,

t
def .
Ti(f, g) = —ie" P / Tineiso (f, 8) ds,
0

where
bE. M E —aE +1)+bE) +c).

Thus the goal of this article is to understand the behavior for large time ¢ > 1 and some exponent

g €2, 00] of )
N\ T, (f, &)llLe, f.gel”.

We sometimes find it convenient to write u(¢) as

t
u() =" / / 19O GSOEN (2 ) (& — ) r) di ds,
0JR
where

PENE —a@) +bE—n)+c)=¢E—n.n) and uE 0 = mE—n, ).

Viewing this double integral as a stationary phase problem, it becomes clear that the sets where the
phase is stationary in s or 7,

I % (&, n) such that ®(&, ) =0} and A % (€, n) such that 3,® (&, n) = 0},

play a crucial role. Even more important is their intersection I' N A.
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The sets I and A are, respectively, the sets of time and space resonances; their intersection is the set
of space-time resonant sets. A general presentation, stressing their relevance to PDE problems, can be
found in [Germain 2010b]; for applications see [Germain et al. 2009; 2012a; 2012b; Germain 2010a;
Germain and Masmoudi 2011].

In order to answer the question from the previous page, one has to distinguish between various possible
geometries of I and A (which can be reduced to a discrete set, or curves, with vanishing curvature or
not, etc. ... ), possible orders of vanishing of ® and d,® on I' and A, respectively, and different types of
intersections of I and A (at a point or on a dimension 1 set, transverse or not, etc....). Considering all
the possible configurations would be a daunting task. We therefore focus on a few relevant and “generic”
examples.

o We study the influence of time resonances alone, ignoring space resonances: in other words, we
study various configurations for I, without making any assumptions on A. This essentially amounts
to considering the worst possible case as far as A is concerned.

» Similarly, we study the influence of space resonances alone, ignoring about time resonances.

» When putting space and time resonances together, we assume a “generic” configuration: I' and
A are smooth curves, and they intersect transversally at a point. Aside from being generic, this
configuration is of key importance for many nonlinear PDE,; this is explained in the next subsection.

Space-time resonant set reduced to a point. As was just mentioned, the case where I and A are curves
which intersect transversally at a point will be examined carefully in this article. It is of course the generic
situation, but it also occurs in a number of important models from physics; we give a few examples here.
We restrict the discussion to one-dimensional models.

For simple equations of the form id;u + 7 (D)u = Q(u, u), where u is scalar-valued, Q quadratic (that
is, we retain only the quadratic part of the nonlinearity), and 7(§) = |£|* is homogeneous, the space-time
resonant set of the various possible interactions between u and u is never reduced to a point. This is the
case for standard equations such as NLS, KdV, and wave equations.

However, if 7 is no longer supposed to be homogeneous, the space-time resonant set might be reduced
to a point. In particular, this is the case for the water wave equation (ideal fluid with a free surface) in the
following setting: close to the equilibrium given by a flat surface and zero velocity, including the effects
of gravity g and capillarity ¢, with a constant depth d (perhaps infinite). The dispersion relation for the

(&) = tanh(d|£|)V g|&| + c|&].

For more complex models, u is vector-valued, and the system accounts for the interaction of waves

linearized problem is then

with different dispersion relations. It is then often the case that the space-time resonance set is reduced to
a point. We mention in particular the following.

o The Euler—Maxwell system, describing the interaction of a charged fluid with an electromagnetic
field (see [Germain and Masmoudi 2011] for a mathematical treatment of this equation dealing with
space-time resonances). Many other models of plasma physics could also be mentioned here.
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» Systems where wave and (generalized) Schrédinger equations are coupled: for instance, the Davey—
Stewartson, Ishimori, Maxwell-Schrodinger, and Zakharov systems.

A sample of our results. Among the many results proved in this paper, we record in Theorem 1.1 a few
that are illustrative and interesting. We need a definition: a curve in (€, n) is characteristic if it has
tangents parallel to one or more of the directions & = 0, n = 0, or & 4+ n = 0, and noncharacteristic
otherwise.

Theorem 1.1. Recall that m is smooth and compactly supported. Assume that (H) holds.

(1) If T is a noncharacteristic curve along which ® vanishes at order 1,

lu@ e S Qog )l fll2sllgllzs  fors > 5.

(i) If A = @, then, for any § > 0,
@) lze ST/ fllaslglles fors > 1— 4.

Furthermore, this rate of decay is optimal.

(iii) If T and A intersect transversely at a single point in the support of m, then, for any 6 > 0
lu(@) e S~V COR fllsligl g2 fors > 1.
Furthermore, this rate of decay is optimal (up to the loss & as small as we want).

Organization of the article. In Section 2 we derive asymptotic equivalents for # when f and g smooth and
localized. Three cases are considered: I' = &, A = @&, and I" and A are curves intersecting transversally
at a point (in particular we prove the second part of Theorem 1.1). In Section 3, relying only on time
resonances, we establish estimates for u when f and g belong to L?. In Section 4, we establish estimates
for u when f and g belong to weighted L? spaces. In particular we consider the case when the space-time
resonant set is reduced to a point, and thereby prove the first part of Theorem 1.1. In Appendix A, we
detail some results on boundedness of multilinear operators. Finally, in Appendix B, one-dimensional
oscillatory integrals are studied.

Notations. We adopt the following notations.
e A < B if A < CB for some implicit constant C. The value of C may change from line to line.

e A~ B means that both A < B and B < A.

« If £ is a function over R?, its Fourier transform, denoted f ,or F(f), is given by

I /e_ing(x)dx, thus f(x) = (Z;W/e”éf(s)ds.

(27‘[)‘1/2

fEe =Ff¢E) =

(In the text, we systematically drop constants such as 1/(27)?/? since they are not relevant.)

» The Fourier multiplier with symbol m (§) is defined by

m(D)f =F ' [mFf].
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The bilinear Fourier multiplier with symbol m is given by
def ix A ~ _ p ~
Tn(f, 2)(x) = /R T © mE, ) dédn =F / m(& —n,mfE—mamdn.

The Japanese bracket (-) stands for (x) = /14 x*.

The weighted Fourier space L?-* is given by the norm || f|zrs = |[{x)* fllLr.

If E is a set in R?, E. is the set of points of R? that are within € of a point of E.

2. Asymptotic equivalents

Preliminary discussion. Our aim in this section is to obtain asymptotic equivalents, as ¢t — oo, for
the solution u of (1-3), under the simplifying assumption that f and g are very smooth and localized.
Hypotheses on a, b, ¢ are needed, and the variety of possible situations is huge; we try to focus on the
most representative, or generic situations. First, we assume in this whole section that (H) holds: this gives
decay for the linear waves. For bilinear estimates, everything hinges on the vanishing properties of & and
0, P, where

D&, n) =—a@)+bE—n)+cm).

We distinguish three situations: ® does not vanish (Theorem 2.2), ®, does not vanish (Theorem 2.4),
{® =0} and {®, = 0} are curves intersecting transversally (Theorem 2.5). Additional assumptions will
be specified as needed.

Asymptotics for the linear Cauchy problem. They are obtained easily by stationary phase; see for instance
[Stein 1993].

Lemma 2.1. Assume that F € & is such that F is compactly supported; and suppose that a” does not
vanish on Supp F. Then

(14D F(x) = gitlaotXalitrio L 1 ey 0(%),

VId GV
where
XEE e+ x 2o, osigna @),

7 )
The point of view of stationary phase. The solution of (1-3) is

t
o, === / f / 6 U@ HsHE e (2 ) F(E — )8 () dn dE dis.
0

Recalling that X défx/t and (&, n) d=efm(§ —n,n), this is equal to

1
.3 ==t f / / (1010 LobE M 0cIXE (= o) Fie —pya(n)dndi do. (2-0)
0

This is now a (nonstandard) stationary phase problem, with phase

VE 1,0) S (1= 0)aE) +obE —n) +oci) + XE =a€) +odE, 1) + XE.
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The phase of the gradient is

a'+ode+X
Ve oW = o, )
)
which vanishes if either
o =0, b =0,
=0, or ®, =0, (2-1)
a+X=0, a+od:+X=0.

The Hessian of i is given by
a’+ U(I);’&g O'Cbgn Cbg
Hessg .o ¥ = o®s; ody, D
O ®, O

On stationary points of the first type in (2-1), the Hessian is degenerate if and only if (&, ) belongs to
the space-time resonant set. On stationary points of the second type in (2-1), the Hessian is generically
nondegenerate.

The main difficulty in the analysis is handling the stationary points on the boundary of the integration
domain, namely those for which o = 0 or 1; this is even more complicated when they are degenerate.

Theorem 2.2 (absence of time resonances). Assume that ® (€, n) does not vanish on Suppm (that is,
I' = 9), and that f and g belong to ¥. Then, as t — o0,

u(t) =" F 40 (%)
with
F=Tu4(f 8.
Remark 2.3. The asymptotic behavior of ¢//“‘®)F is given by Lemma 2.1.

Proof. The proof is very easy: u is given by

t
u(t) = —ie”"(D)/ T,eis0 (f, &) ds,
0

or
u(t) = =Tsp(" P f, " Pg) + " PIT,, 5 (f, ).
The theorem follows since the first term above is O(1/¢), by the linear decay estimates. O

Theorem 2.4 (absence of space resonances). Assume that yr, does not vanish on Supp m (that is, A = @),
that Ye¢(§, n, o) does not vanish on Suppm x [0, 11, and that f, g belong to ¥. Fix M > 0 and N € N.

Then, as t — 00,
; 1
n=e"PF+0(——
u(t) MV T

where

M
F=—i / el(l—s)a(D) Tm (€le(D)f, etsc(D)g) ds.
0
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(In other words, e"'“P) F is the solution of

Tnv,w) ifO0<t<M,

10 D)u =
idiu+a(D)u {0 i1 M.

iv+b(D)v=0, id,w+c(D)w=0,

with the datau(t =0) =0, v(t =0)= f,and w(t =0) = g.)

Proof. Starting from the stationary phase formulation (see page 692), it suffices to show that

1
/M / / / FVEND) (e ) F (€ — mE(m dn dE do 2-2)

is O(1/(MNt3/%)).

First apply the stationary phase lemma in & in the above. The vanishing set of v/¢ depends on X. If X
is such that v¢ does not vanish, (2-2) is O (1 /t™) for any N and we are done. Otherwise, Ve vanishes for
some &, which we denote &y, and which is a function of X, n, and . We can assume without loss of
generality that &) is unique. Since ¥¢¢ does not vanish by assumption, the stationary phase lemma gives

1
_ _ illﬂ(éo, ,0) Ol(é, 77’0) IB(S’ 77’0) y(gv ’770) l
@ 2)_fM/t/e . ( D EER D YO +0(t2) dn do,

where «, 8, and y are smooth functions which we do not specify. The fourth summand in (2-2) is already

small enough. We will now show how to deal with the first one, and this will conclude the proof since the
second and third ones are easier (better decay). Thus we now want to show that

1
f /eitw@o’”"’)—a(é’ n.9) dndo (2-3)
M/t \/;

is O(1/(M Nt)). In order to take advantage of oscillations in 7, observe that

In[¥ (Go(n, 0, X), n, o)1 = 9,50[9: ¥ 1(50, 1, 0) + [3,¥1(50, 1, 0) = [3,¥1(50, 1, 0) = 0 [3,P](§0, 7).

By hypothesis, d,® does not vanish, therefore

|3,7[1/f(§0, n, G)]l Z 0.

Integrating by parts N + 1 times with the help of the identity

1 9, ¢V &) itV Eono)

13y[¥ (5o, 1, )1

we obtain

1
1 1
2.3) < . do<

which concludes the proof. O
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Theorem 2.5 (space-time resonance set reduced to a point). Assume that f, g belong to &, that there
exists a unique (§y, no) such that

D (&, no) = ®,(60, no) =0,

and that the following technical, generic hypotheses are satisfied.:

o (we are under the standing assumption (H), but only the fact that a” is nonvanishing is used here;)

o ®:(50,m0) #0;
° chn(SOv no) # 0;

and that Supp m is contained in a small enough neighborhood of (&g, no).
Recall that X = x/t, and set

def 1
Y X)) = ————
X = = 5o m0)

Let € > 0 be small enough. Assume without loss of generality that ®¢ (&9, no) > 0. Then:

(@' (&) + X).

o If X < —®¢ (60, no) —a'(60) — e,
=0
forany N.
o If —®: (&0, m0) —a' (&) —€ < X < —D¢ (&, no) —a’(§o) + e,

1 1
u() = A (DG (VIE - 1) + o(;)
for a smooth function Aj.

o If =D¢(50,m0) —a'(§o) +€ < X < —d'(§) —e,

Al eirw<so,no,z)+0(l>
=X t

u(t,x) =

—_—
-~
~—

for a constant A.
e If—a'(0) —e < X < —d'(§) te,

o= if V1] < 1,

1
u(t) = Ao(¥) 7% (V1%) + {oqlogn/ﬁ) if IVTE] > 1.

for a smooth function Ao;
o if —a'(§) +€ < X,
1
= o(f)

forany N.
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Remark 2.6. (1) Theorem 2.5 provides an efficient equivalent of u(¢) for large ¢ in all the zones of the
space-time plane (x, f), except where ¥ is small, but larger than 1/|log ¢|? (because then |log ¢|/+/f >
1/ VMG (VD). Dealing with this region would require fairly technical developments, from
which we refrain.

(2) If @ vanishes at order 1 on I' and A, the conditions ®¢ (§o, no) # 0 and ®,;,, (&0, 170) # 0 are equivalent
to I and A intersecting transversally at (&g, 19). Indeed, a tangent vector to I' (respectively, A) at

(%0, mo) is given by

3, (%o, 10) 0 . 82 (0. 170) ))
= 1 n .
( — 3D (&0, 170) ) ( 9 B (&, 10) ) (reSpeC“Ve y ( — 3,06 P (60, 170)

These two vectors are not collinear if 9 ® (&, no)agcb(éo, no) # 0.
(3) The hypothesis that Supp m is restricted in a small enough neighborhood is not restrictive: away

from (&, no), either ® or &, is nonzero, so either Theorem 2.2 or Theorem 2.4 applies.

The proof distinguishes three regions: o away from 0 and 1, o close to 0, and o close to 1. Starting
from Equation (2-0), we split the time integral as follows:

1
e, ) ==t /0 / / FVEND) (e ) F € — mE(m dE dndo

= _\/;_ﬂtfoff(XI(O) + xu(0) + xm(0)) ... d§ dndo L ) (2-4)

Here x;, xu1, and xyy are three smooth, positive functions, adding up to 1 for each o and such that

0 ifo <3,
1 ifo > 26,

0 ifo<1-24,
1 ifo>1-3.

0 ifo<doro>1-36,

X”(G):{ | if28 <o <1—25,

x1(o)= { xur(o) = {

Here 6 > 0 is a sufficiently small number.

The contribution of o away from 0 and 1. This is the simplest case since it can be settled by resorting to
elementary stationary phase considerations. Our aim is to estimate

l

V2r

The phase ¥ (£, n, o) is also a function of X, but from now on we consider X to be fixed.

1
J— iy /0 / / (@) ERD (e ) € — mg(m) dE dndo.

Since o does not vanish on Supp y;, the gradient

a+od:+X
Veno¥ = o®,
)
vanishes if

OE )=, =0 and d'(§)+oPe(E, ) +X=0.
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The first two conditions impose (&, n) = (§o, 7o) whereas the third one gives
def 1

c=XX)= ————

B0 = %@ m)

(This makes sense under the assumption that ®¢ (§o, 19) # 0.) We assume that X is such that o given by
the above line lies in Supp m; if this is not the case, the contribution of [ is negligible. The Hessian at

(2, &0, no) is

(@' (&) + X).

a” + X Dge (€0, n0) XDy (€0, 10) Pz (€0, no)
Hessg .0 ¥ (50, 10, X) = gy (80,m0) XDy, (0, n0) 0
D: (&0, 1m0) 0 0

with determinant
det Hessg .0 ¥ (£0, 00, ) = —Z D¢ (&0, 10)> Py (o, 10)-

Let us assume that ®,, (o, no) is not zero, which is generically satisfied. The stationary phase principle
then gives [Stein 1993]

1 xi(Z(X)) ity (& > 1
u(t, x) = —= 2oLV G0 B) 4 +0<—>
(t, x) NN 1 ;
with
def (27.[)3/261'(71/4)5
] =
[ P& (50, 10) [/ [Py (o, 1m0)

where S is the signature of Hessg ;, o ¥ (60, n0, X).

110, 10) f (B0 — 10) & (10)

The contribution of o close to 0.

Step 1: splitting between small and large times. Our aim is to estimate

1

V2w

1I=—

l . A
t /0 / f xu (o) END (g ) £ (& —n)g(n) dE dndo,

which we split into

II=—

i I/ : def
t +/ d0’i| =11+ 11>.
N 21 |:/0 1/t

Rescaling 11, we see that it can be written

. 1
ut) =" F  where F = —— f /e’(St)a(D)Tm(em(D)f, e 15D gy ds,
0

V2

so that it reduces to a linear solution for ¢ sufficiently large. We now focus on I1,.

Step 2: stationary phase in £. We want to apply the stationary phase lemma in the variable £. Observe

that
851/[(5’ n, U) :al(S) +O‘q3£_- + X.

Thus for 1, o, and X fixed, 9:¥(§, n, o) = 0 may or may not have a solution in Suppm. If not, the
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contribution is negligible, so let us assume that this equation has a solution £ = E(X, n, o). Next,

RY(E no)=a") +oDg.

Since we are assuming that a” does not vanish, taking § small enough, we can ensure that ng(é, n,o)
does not vanish. Applying the stationary phase lemma then gives

1 o /37 i S0t /4 , ’
=1 / / G(E,n)e'”““’”"’)( = 42w o) +0(%)) dndo, (2-5)
1/t Ve (E, 7},0‘)\/; t t/t t

where Sy = sign(V¢:(E, n,0)), « and B are smooth functions, and for simplicity we denoted

i
N2

The last term in (2-5), containing O (1/¢?), contributes O (1/¢?) to u; thus we can discard it and focus on

I o 2rets a€,n,0)  BE.n,0)
¢ G(E, mﬂ(u,fl,(f)( + 4+ )d do. 2-6
/m/ (& me TeEnovi 1 i) &0

Step 3: stationary phase in 1. Observe that

G(E,1,0) = ———=xu(o)uE, n fE—memn).

(Y (EMm, 0),n,0)]=0,E[0:V](E,n,0)+ [, ]1(E,n,0) =[0,¥](E, n,0) =0[3,PI(E, n).

Just as for the stationary phase in §, we denote by n = H (o, X) the solution of [9,®](E, n) =0 (if no
solution exist, the contribution is negligible). Next, set

- _ _ —_ def
[V (B, 0). 1, 0)] = 08, E[dd,PI(E, n) + o [2P1(E, n) = 0 Z(n, 0).
We need to assume that
Z(n,0)#0

if (o, B, n) € Suppm xy;. Since the support of m, as well as &, is assumed to be small enough, it suffices
that Z(no, 0) # 0; but a simple computation reveals that Z (5o, 0) = ¢, (10, o), which is nonzero by
hypothesis. The stationary phase lemma in 7 applied to Theorem 2.5 then gives

(2'6)=t/1 GG, H)e,'n//(s,H,a)—\/ZneW‘
i VioZ(H,0)

meiSonM a(H,o0) PB(H, o) 1

where S| =sign(Z(H, o)), @ and B are smooth functions. The last summand in (2-7) contributes

o], 7)=o(%)
/




BILINEAR DISPERSIVE ESTIMATES VIA SPACE-TIME RESONANCES, I 699

We discard this and focus on
1 NEL! i So7r /4
t/ G(E. H)e'V EH.o) V2met S/ ( V2 etSom/ n a(H, 0) . B, H, o)
1/t ViJoZ(H, o)\ /Y (H, o)/t t 1\t

Step 4: stationary phase in o. In this final step, we are not going to apply the standard stationary phase
lemma, but rather its variant given in Proposition B.2. Differentiating in o, the phase in (2-7) gives

9 [V (E(H(n,0),0), H(0),0)]| =3, ¥I(E, H,0) = ®(E(H, 0), H(0)),

since 0z = 9, = 0 at the point (E, H, o). Thus d,¢ =0 if ®(E, H) = 0. On the other hand, since
0, ®(E, H) = 0 by definition of H,

> do.  (2-8)

®(E(H,0),H(c))=0 ifandonlyif H(oc)=mno and E(no,o)==~&.

But by definition of E this implies
X +a'(6o)
Ve (80, m0)

In order to apply Proposition B.2, we need to check that
o[V (EWH®, 0),0), H(0),0)|(2) = 8, [P(E(H, 0), H(0)(E) #0.

Since § is chosen small enough, it suffices to check that it holds for ¥ = 0 (that is, when X is such that
¥ (X) = 0). This follows from the following computation:

¥ [P(E(H, X), H(X))](0) = 9; P (%0, 10) (05 E (10, 0) + 35 H(0)3, E (10, 0)) + 3, P (80, 10) 35 H (0)

_ ¢z (%o, 10)>
a” (&)

where we used that 3, P (&g, 7o) = 9, E (170, 0) = 0 and 3, E (19, 0) = —¢¢ (§0. 10)/a” (£9). We now write

1 1 1/t
(2—8):t/ ...do*:t/ —t/ ...do.
1/t 0 0

The second summand, ¢ fol " do, is directly estimated to be O(1/+/t). As for the first summand,
t fol ... do, apply Proposition B.2(iv) to obtain

o=%(X)=—

= 0: P (50, 10) 95 E (170, 0) = #0,

o@3% if |VIZ] < 1,
OWIZI/t) if |VIZ] > 1,

where Ag is a smooth function which we do not detail here.

(2-8) = Ao(E)‘gz(«/fE)Jr{

The contribution of o close to 1. In order to estimate

i
2w
an approach similar to the one used for II can be followed, the details being simpler: first apply the
stationary phase Lemma in the (£, n) variables, then Proposition B.2(i). We do not give details here.

I = —

1
‘ /0 / / xr(@)e ™V END (e ) F (& — @) dn dE do.
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Conclusion.

Space-time localization of the waves. As a conclusion of the asymptotic analysis of waves which has just
been carried out, it is interesting to compare the space-time localizations of the emerging wave u, the
solution of (1-3), in the three situations we examined. To simplify, suppose that f and g are localized in
space close to 0, and in frequency close to & — 77 and 7, respectively. Then

« in the absence of space-time resonances, u will be localized where X ~ —a’ (5), where it will have
size ~ 1//1;

« if the space-time resonant set is reduced to a point, then, under the assumptions of Theorem 2.5, u
will have size ~ 1/t1/% if —®¢ (o, &) — a’ (&) < X < —a' (&), and size ~ 1//1 if X ~ —a’(&).

Lower bound. The asymptotic equivalents which have been computed also provide lower bounds for L”
norms of u. In the absence of space time resonances, we do not learn anything, since the equivalent for u
is similar to a linear solution. However, in the case when Theorem 2.5 applies (that is, when A and I"
intersect transversally at a point), for ¢ large we get

log ¢ for g =2,

lu()lLa Z {tl/(zq)_1/4 (2-9)

for 2 < g < o0,

which corresponds to the lower bound states in Theorem 1.1.

3. Nonlocalized data

In this section, the data are only supposed to belong to L2, as opposed to in Section 4, where the data
will belong to weighted L? spaces.

Main results.

Theorem 3.1. Assume that m is smooth and compactly supported and a, b, ¢ are real-valued. In the
various possible situations that follow, for q € [2, o], the solution u of (1-3) satisfies

lu@llze S Ol fll2 gl L2

with a(t) as follows:

t in general,
1 if T is empty,
t12+1/CD if T is a point where ¢ vanishes at order two,
a(t) =t/ if 2<q < ooandT is anoncharacteristic curve where ¢ vanishes at order one,
(logt) if ¢ =00 and T is a noncharacteristic curve where ¢ vanishes at order one,

t1/4+1/CD  when T is a curve with nonvanishing curvature where ¢ vanishes at order one,

172 if T is a general curve where ¢ vanishes at order one.

In the two first situations above, the bound can be improved if the unitary groups e//*(?) ¢/"*(D) and
e'1¢(D) give decay.
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In this setting, using precisely the structure of the product of two linear solutions (which cannot be
described by using only the set ¢~ ({0}) as previously), we get the following improvement.

Theorem 3.2. Assume that m is smooth and compactly supported, and that (H) holds. For all g € [2, 00],
the solution u of (1-3) satisfies

lu@ e StV ED| 1l 2 gll o

If, moreover, we assume that I" = &, then, for p, q € [2, 00) with ﬁ + Cl] > %, we get

luliprre S U2 Mgl g2 (3-1)

Remark 3.3. The last statement of the previous theorem gives decay in an integrated form (u# belonging
to some L? L?), as opposed to the pointwise in time rate of decay obtained earlier; of course, this has to
do with the use of Strichartz estimates. Heuristically, (3-1) can be understood as giving the rate of decay

lu@llze S 9721 fll2 N8l e
Then, if the smooth symbol m does not have bounded support, we have the following result.

Corollary 3.4. We want to track the dependence of the bounds in the above theorem on the size of the
support of m. So assume that m is bounded by 1 along with sufficiently many of its derivatives, and that it
is supported on B(0, R). Then all the previous boundedness results hold with an extra factor R.

Proof. In Theorems 3.1 or 3.2, we have obtained boundedness from L? x L? to B (where B = L4 or
L?L‘f) of the operator 7; = T, with the symbol

def Pi1PEm
o(E,n) = TN _— (g, ),
o, 1)

when m has a bounded support. So now, considering a smooth symbol m supported on B(0, R), we split
it (using a smooth partition of the unity) as

m= mi
.l

with my; smooth symbols supported on [k—1,k+1] x [[—1,/+1]. Applying the previous results
(invariant by modulation), we get

1 Tollos < Mol < can Y e fll 2 lmiglpe,
k,l k,l

where cg is the constant previously obtained for compactly supported symbols and 7y f is a smooth
truncation of f for frequencies around [k—1, k+1]. Using orthogonality, it follows that

1/2
||Ta||.%sc%<21) 1 lz2llgll e,

k.l

which gives the desired results, since k,/ € {—R—1,..., R+ 1}. O
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Proof of Theorem 3.1: the general case. Using no properties on I or a, b, ¢, we can get the following
general bound.

Lemma 3.5. Assume that m is compactly supported. For all g € [2, 00], the solution u to (1-3) satisfies

lu@llze S el flz2lgllpz-

Proof. The solution u(¢) is given by
elteEm _q

SE mE, n) fE)&m) dedn = T, (f, g)(x),

u(t) = T,(f, 8)(x) = / P ita(E )
RZ

with symbol
of iragern €PED 1

0(5’77)d=€ Wm(f’ﬂ)-

In this general setting, we only know that o is bounded by ¢ and compactly supported. Lemma A.1
implies that
IT:(f @) lle S el fllz2liglpe. O

The next several results improve on this bound under two different kinds of assumptions:

« using geometric properties of the resonance set I', or

o assuming linear Strichartz inequalities for the unitary groups e/’*(P?)_ ¢/"*(D) and ¢/'¢(P) and using
the structure of the product of two linear solutions.

Proof of Theorems 3.1 and 3.2: the case without resonances. We assume here that the phase function
¢ does not vanish.

Proposition 3.6. Assume that I' = & and that m is compactly supported. For q € [2, 0o], the solution u
of (1-3) satisfies

lullie S Nz2lgle. (3-2)

Proof. The solution u(¢) is given by

: ; itgp(§,m) _ A
T = [ e ST, o) f©)atdedn = T, (£, 9)),

with symbol
def ita(e+n) eitd)(é,n) —1

o,n)=e Wm(f’ﬂ)-

Since a is real-valued and ¢ is nonvanishing, ¢ is bounded by a constant and compactly supported.
Lemma A.1 yields

IT:(fs le ST fNz2lglze U

Let us now deal with the improved bounds of Theorem 3.2 (using dispersive and Strichartz estimates
on the linear evolution groups).
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Proof of Theorem 3.2. Let us check the first claim. For every s € (0, ), we use the dispersive inequality
(1-3) and the L* x L? — L' boundedness of T}, to get

1

e T s (f, @)l = 1N DIT, (&P £, 2P| § ———

(WAVRYIFS VRS
Integrating for s € (0, t), it follows that

T, (f, Ol St Il Mgl 2

Similarly, using the L?> x L™ — L? boundedness of T},, we have for all s > 0

1€ P T iso (f, @)1 2 = 1 T (PP £, 5P ) 1 2 SN fll 2P gl oe,

which yields (using the Strichartz inequality)

1T )l SN Fllzligl e

The proof is concluded by interpolating between L? and L.
Next, assume that I' = &, which means that ¢ is nonvanishing on the support of m. Computing the
integration over s € [0, #], we can split

(T (f, 9)(x) =1(f, 8) —II(f, 8),
with

def [ ix(em itE+cm__ L P £V 5
LawE [ e S F©OFndsdy

and

def ; i 1 A
II s ix(&+n) jita(E+n) dedn.
(f, &)(x) /Rze e —¢(§’n)m(5,n)f($)g(n) &dn

In other words,
L(f, 8) = Tnp(e™™ P f,e"P gy and 1, =P T, 15(f, g).

Since ¢ is assumed to be smooth and nonvanishing, m /¢ is also smooth and compactly supported so that
the bilinear operator 7,4 is bounded from L? x L9 into LR assoonas 1/P+1/Q > 1/R.

Choose now p and g as in the statement of the theorem. Using the dispersive estimates and Bernstein’s
inequality (indeed, since m has a compact support, it is possible to assume that f and ¢ are compactly
supported) gives

e (f @) lerre S W Tmpg (s )Ml ST f N2 Mgl 22

Therefore, ¢/'*(P) f enjoys the usual Strichartz estimates, as well as, by Bernstein’s inequality, the bounds
e £l ;20 < || flLa; the case of g is similar. This gives

L (f, ) lirrs S 1™ P Fllzoralle™ gl zoa SUF N2 lIg L2 O
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The case with resonance at only one point.

Proposition 3.7. Assume that ¢ only vanishes at the point (§&y, no). Assume further that V¢ also vanishes
at (&0, no), but that Hess ¢ has a definite sign at that point. If q € [2, o], the solution u of (1-3) satisfies

lu@ e S t72YCDY £l 2 gl o

Proof. Assume for simplicity that ¢ vanishes at order 2 at 0. Take a smooth, compactly supported function
Xx,equal to 1 on B(0, 1), and set = x(-/2) — x, so that
L=x+) v,

izl
Then decompose the symbol as

. ith_ . . i1 _ 1 ge
e”“@me(T1 = (x WHE M) + Y v QTIVIE, n)))e"“@m% ZmoE. M+ Y mjE. ).

. j=1 j=1
Obviously,

Ty =T+ Y T,
j=1
so it suffices to bound the summands above. The symbol m; (j > 0) is supported on a ball of radius
~ 27 /./t, and bounded by 272/ ¢. It follows by Lemma A.1 that

< tl/2+1/2q and

I Timoll L2x 210 S StV D,

Il ij lz2x22- 14
Therefore,

< f1724+1/29) J=1-1/9) \ < ,1/2+1/Q2q)
”TIHL2><L2—>L(/ t 1+ 2 t s
j=1

which is the desired result. (|

The case of resonances along a curve.

Proposition 3.8. Assume that I is a smooth curve, where ¢ vanishes at order 1. If g € [2, o], the solution
u of (1-3) satisfies the following.

o If T is noncharacteristic,

t1/4 if2<gqg < oo,
lu@lize SNfN2llgll2 f =1
(logt) ifg=oc.

o If T has nonvanishing curvature,

lu@ e S e4YCDY £l gll o
o Else,
lu@lze SN Fll2lgl e

As explained in Remark A.4, the estimate for a noncharacteristic curve I' still holds if the only
characteristic points are characteristic along the variable £ + 7.
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Proof. We only treat the case where I" is noncharacteristic and 2 < g < oo; the other cases can be obtained
by a similar argument. Similarly to Proposition 3.7, consider a smooth, compactly supported function yx,
equal to 1 on [0, 1], and set ¥ = x(-/2) — x, so that

I=x+Y v/
j=1

We denote the distance function by dr (&, n) = d((&, ), I'); since I' is supposed to be a smooth curve
and V¢ is nonvanishing near T', it follows that

dr (&, m =19, nl.

Then decompose the symbol as

) irg(€.m _ 1 . . irp(€.m _ 1
ita(§) e — 2= ita(§) e =1
e m(&’?)—(b(g’n) (X <r¢(s,n)>+§w( t¢(é,n))>e m(&,n) E. )
o m+ Y mjE. ).
=1
Obviously,

Ty=Tuy+ Y _ T,

so it suffices to bound the summands above. The symbol ¢ (j > 0) is supported on a neighborhood I'y; /,
and bounded by 727/, up to a numerical constant. If I" is noncharacteristic, it follows by Lemma A.3 that
Tl 22 r2—ra S 244 and | Tl z2 5 p2s g S 217927779, Therefore,

1Tl 2ser2 1 sr”‘f(l +22_,~/q> ST
Jj=1

which is the desired result. O

4. Localized data

We will now assume that the data belongs to a weighted Sobolev space, and study the decay of the solution
of (1-3).

The role of time resonances.

Proposition 4.1. Recall that m is smooth and compactly supported. Assume that ¢ only vanishes at
(&0, no), that V¢ also vanishes at that point, and that Hess ¢ at that point has a definite sign. If g € [2, 00],
the solution u of (1-3) satisfies the following.

c If0<s<1/2, lu@®)llpe StV2HVCOZS| £l 20 lIgll 2.
e If s> 1/2and q < oo, |u(®)||e St~ VDY £l 2sllgll L2
« If s> 1/2and g = 0o, |lu(t)| = < (log )| f | 25l gll 2.

~
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Proof. As in the proof of Proposition 3.7, we decompose the symbol, giving the decomposition
u(t) =Ty (f.8)+ Y T, (£, 8).
jzl1
Again the symbol m ; is supported on a ball of radius 2/¢t=1/2 and is bounded by 272/ ¢. We conclude
with Lemma A.1. O

Theorem 4.2. Assume that ¢ vanishes at first order along a noncharacteristic curve I'. Then for2 <q < o0
and s > 0, the solution u of (1-3) satisfies the following estimates:

« fO<s < 1/4 Ju@®lLe S9N fll2sligl s
« Ifs > 1/4, u@)llLe S (log )| fll 25 lIgll L2

If g = o0, the solution u of (1-3) satisfies

lu@llz= < (log ) fllz2 Mgl 2

Remark 4.3. The L estimate of Proposition 3.8 does not improve if the data belong to weighted L
spaces. Also, notice that the L? estimate for s > }L is already as good as allowed by the lower bound
Equation (2-9): any further assumption on space resonances will not improve the estimate.

Proof of Theorem 4.2. Just as in the proof of Proposition 3.8, split the symbol as

itp(&,n) _
Tl g+ Y myE .

ita(§)
mENTSE ) 2

Obviously,
Ty =T+ Y T,
Jj=1
so it suffices to bound the summands above. The symbol m ; is supported on a neighborhood I',; ;, and
1

bounded by 1272/, up to a constant. Since I' is noncharacteristic, it follows by Lemma A.5 that for s < 1

—1Aajy\1-1 4, -2
T 2 p2s g S (71271 1aH8/4 12727

|| Tmo ”L2’S><L2’S—>L‘1 5 t71+1/q74S/qtv

with corresponding estimates if s > %. The proof of the proposition is concluded by summing the above
bounds for the elementary operators 7. U

Following the same reasoning and estimates as in [Bernicot and Germain 2012], it is possible to get
similar results for a curve admitting characteristic points.

Theorem 4.4. Assume that ¢ vanishes at first order along a curve I with nonvanishing curvature. Then,
for2 <g <o0,s >0,andd > 0, the solution u of (1-3) satisfies the following estimates:

o IfO<s5<1/2, lu@®)lle St729) £l 2 llgll s
o Ifs > 1/2, |u(@®)lle S ENFll2slgllpos.
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If g = 00, the solution u of (1-3) satisfies

lu@llz= S Qog ) fll 218l 22

Proof. Use Lemma A.6 instead of Lemma A.5 and follow the proof of Theorem 4.2. O

The role of space resonances.

Theorem 4.5. Assume that (H) holds and A = &, or in other words that (g — 3,)¢ never vanishes. Then
the solution u of (1-3) satisfies the following bounds for any 5 > 0.

« O <s <1/q, lu@llpe St"/COTR=CRT) £l gl 2.

o If1/qg <s <1—=1/q, |u®)lle StV25) £l sl gll 2.
o Ifs>1—1/q, |lu(@®)llps StV £l 2 ligll 2.

Proof. The proof proceeds by interpolating between the following L? and the L> estimates. Indeed if
s < 1/q, then, for § =2/g, we have L7 := (L?, L®)g and L>* = (L?>9%/2, L*0)4 with ¢s/2 < 1/2. We
conclude similarly for the two other cases.

Recall that
def

¢, n) =¢E—n,m),

so that the hypothesis on ¢ translates into d,® # 0, and, in Fourier space, u reads

it £) = 14®) fo / TOED (& _p)a(nym(E —n, ) dn d.

The L? estimate. We want to prove that, for every exponent § > 0 (as small as we want),

BHACR fl gl e 0 <s <3,

. (4-1)
1f 122 ligh s ifs> 1.

lu@ll2 < {
The result for s =0 is given by Theorem 3.2. So let us study the case s = % so that (4-1) will follow by
interpolation.
We first observe that the embedding L>!/2T% ¢ L! and the dispersive estimates L! — L™ give

ST (™) f, e TP )|
LZ

itb(D —1/2
S 1™ flieliglizz ST V21l zames gl 2

Moreover, integrating by parts in 7 via the identity isd,®es® = 9,¢® gives

Hf TOE=NN Fe s (mym(E —n, n)dny

Hf eird>(§,n)f(§ —ngmmE —n,n)dn

L2

<! / STEN Y 18 D (E, )t f(E — mEmmE —n. )] dy

~

L2
ST flzsslgliz + 1zl zeal, (4-2)
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where we repeat the same arguments as previously.
So let us fix 7 and consider the bilinear operator

U (f.g) > / D F e i a(ymE — n, ) d. (43)
We have obtained that
U Nl 21248120 12+ WU 2 g2 gz S 7112 (4-4)
and
WU )2 S T2 f 2 llgh iz + 1 F |2 ligll 2], (4-5)

We now explain how we can interpolate between these two estimates to obtain

IUCH e ST 0 Fllzanliglize, (4-6)

for any 6 > 0. We first consider the collection of dyadic intervals
LE -1, L,%¥—2n 2 uR, 2" forn> 1.

On each set I, the weight (x) is equivalent to 2", so for n < m, two integers, we know from (4-4) that

—1/2An(1/2+8
WUl 2ay<i2ay—12 ST /20 (1/249)

and from (4-5) that

||U||L2([”)><L2([m)~>L2 5 1—3/2[2n(1/2+5)2111 +2n2m(1/2+5)] 5 T_3/22n(1/2+8)2m.

Consequently, taking the geometric average with §’ > 28, we get

||U||L2(1n)><L2(1m)—>L2 S .L,—1+8’2n(1/2+6)2m(1/2—8’) ,S T—1+82(n+m)(1/2—6).

So we have
— 148 1/2—68
WU @l ST Y70 2029 15 g2,
n,m=>0
< r““/( ) 2‘(”’””)||f||Lz,uz||g||Lz,uz
n,m>0

_ !
ST f N anligl 2.

Since §, 8’ can be chosen as small as we want with 8" > 28 > 0, §’ can be chosen arbitrarily small, which
concludes the proof of (4-6).
Finally from (4-6), we obtain (4-1) for s = % by integrating in time for t € (0, t).

The L*° estimate. We want to prove that

2 £l gl O <s <1,

) . 4-7)
N f s lgllee ifs > 1

llue(@) || Lo 5{
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The case s = 0 was stated in Theorem 3.2. Recall that, writing

def

u(t) —/ F(t,s)ds,
the L' — L dispersive estimate gives

IF @ ) le S

lgllizz- (4-8)
Next, integrating by parts via the formula isd,®e’*® = ane”q’ gives
[ e en fie —mgmmee ~n.n dy
_ | i@ isoEy 1 g pe s _
[ O s, £ = i€ — . ) d

+/eiza(s)eis<l>(§,n) fE—md,gmm(E —n,n)dn

isd <I>(§ n)
4 [ oita® isoEn <f71(§—77,77)> FE — m)é(n) dn.
which becomes, in physical space,
F(t,s)=1+1+1ll, (4-9)

with

Idefl i— S)a(D)T13 (D) £ ite(D) gy
h

11 defi i(t— S)a(D)TLdmCD (€/1PD) £ ¢ite(D) o

< lei(t—s)a(D)Ta m_ (i) f, gite(D)
s

"79,® 8)-

Using the L' — L dispersive estimate,

Lo <

||T m (eltb(D)xf, eitC(D)g)”Ll ,S

/— 1 1
X < , N
s /t__s“ f”Lzllg“LzNsm”f”LZlng”LZl

Similar estimates for Il and III give

IF @ )~ S

1
N smllfllw g2

Repeating the argument, but integrating by parts twice via the identity - 81 & e"® = 5? yields

(4-10)

IF@ s)lee S

1
S mﬂfﬂylﬂgﬂml-
Finally, interpolating between (4-8), (4-10), and (4-11) gives

1
Ft,s 00<— 0 0
£, 5l Ns(,mllflly gLz

Integrating this inequality in s (recall that u(¢) = fot F(t,s)ds) gives the desired estimate. O

(4-11)

for0 <o <2.
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The role of space-time resonances. We want to consider here the case of a point which would be resonant
both in space and in time; we need to combine the two approaches previously presented.

Theorem 4.6. Assume as usual that m is smooth and compactly supported and that (H) holds. Assume
further that the point
def
po = (50, M0)

is the only point in the support of m that is resonant in space and time — in other words, the only point such
that ¢ (po) = (0g — 9,)$ (po) = 0. Moreover, assume that ¢ and (¢ — 3,)¢ vanish at order one on their
zero sets, and that the two smooth curves {¢ = 0} and {(9¢ — 0,))¢ = 0} are non tangentially intersecting
at po with 0:¢(po) # 0. Then the solution u of (1-3) satisfies the following bounds for q € [2, o] and
every § > 0.

crrsefo.4],

(@) |z S 1V/97WHICOEY £ o gl
e ()
(@)l Le S 1AV £ gl 2

Remark 4.7. < For g = oo, the estimates follow from the ones with g < oo with the Bessel inequality
(since & can be as small as we want).

o The assumptions of the theorem imply that, if ¢ and V, ¢ vanish at order 1 on I" and A, respectively,
then, at the intersection point of I" and A, I" is characteristic along & + 5. Fortunately, this turns out
not be a problem in the estimates.

« The technical assumption d: ¢ (po) # O is exactly the same as that of Theorem 2.5: ®¢ (&9, no) # 0.

o In the previous results, for s = 1, we get that, for large > 1,
lu@llze St /COTA2 fllaaligl o

for every § > 0. This estimate is optimal (up to & which can be chosen as small as we want) due to
the lower bound in (2-9).

Proof. The L? inequalities (¢ = 2) have already been proved in Theorems 4.2 and 4.4. Indeed, from
Theorem 4.4 we know that u(7) can be estimated in L? with a bound ¢(!1=)/2+8 jf ¢ < % and ¢° for every
§>0ifs > % Moreover, Theorem 4.2 yields that, for every § > 0,

)
lu@ Nl S0l Mgl e

So it suffices to check the only remaining extremal point, ¢ = oo with s = 1. We now aim at proving that

lu@llspo St~ 20 Fll 2 ligll o, (4-12)

which implies the desired result by interpolation.
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To prove (4-12), the main idea is to combine the two previous situations, so let us consider small
parameters €|, €; € (t~'/2, 1) and a smooth partition of the unity with respect to the domains

Q1 E{E m), 16E M| > e+ 110 — 9B E ),
Q0 E{(E ), 100 —0,)pE I > e+ LB E ),
def

Q3 ={E ), |pE ml <2 and [ — P (&, n)| < 2e2}.

More precisely, €21 can be thought of as a truncated “cone” around the curve |(d¢ — 3,)¢| = 0 and of top
Po- 25 can be thought of similarly, but around the other curve. This decomposition, from the smooth
symbol m, gives rise to three symbols m;, and we have

u(t) =uy(t) +uz(t) +usz(t)
with

. t . A
(1, £) = e1®) fo / SVE D (& — . ) f (€ — @) dn ds.

Step 1: estimate of u; in BMO with s = 1. We perform the same decomposition as was used in the proof
of Theorem 3.2, so

M](t) =Il(fv g) _Ill(fa g)a
with
L(f, 8) = Ty s (PP f,e"Plgy and 11, = " PT,, 14(f, 8).

The symbol m is of Coifman—Meyer type [Coifman and Meyer 1978] (up to a translation from pg to 0)
and ¢ is smooth and lower-bounded by €; 50 7, /4 is bounded from L x L™ to a modulated BMO space
[Meyer and Coifman 1991] with norm < 61_1. Using the dispersive inequalities for the linear evolution
groups,

—1 ith(D itc(D —1,—1 —1,—1
IL(f, ) llamo S € e P fllpelle™Pglle St U Fllnligl S et 2 llglzz,

where we used L>! ¢ L!. Then we decompose the symbol m; around pg for scales 2J from € to 1
as follows (here the scale means the distance in the frequency plane to the point pg, which in € is
equivalent to |¢|):

m= Y mx@27¢),

€1§2j51

where x is a compactly supported and smooth function. The symbol m1 x (277 ¢) /¢ is of Coifman—-Meyer
type (up to a translation) with a bound 27/ so the operator 7, , 24,4 is bounded from L? x L* to L'
with a bound 27/. Since when we evaluate T, , 2-ig)/4(f; &), the functions f and g may be assumed
supported in frequency on an interval of length 2/, we deduce from Lemma A.2 that

L (f, )l St 2 Ty g (f, @)l

Sr”z( > 21'2f)nfuLz,lnguLz,lgt1/2|1ogel|||f||Lz,1||g||Lz.1.

6152-/51
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So, since €; € [t~1/2, 1], for every § > 0, we obtain

—-1/2,-8
lurllsmo St~ eI Fll2rllgll o

(4-13)

Step 2: estimate of u; in L*° with s = 1. For u;, we follow the proof of Theorem 4.5, with the symbol
my supported on a cone with |(§, n) — po| > €. In our current situation, the symbol m, satisfies the
Hormander regularity condition (which means |8%m, (&, n)| S (€, ) — pol~1!y and is supported on €2,
which can be considered as a cone of top pg. So €2, can be split into different parts at distance 2/ from

po for ey <2/ <l

my= Y max(27(- = po)),

6252151

where x is a smooth and compactly supported function. For each of these pieces, x (277 (- — po)) restricts
frequencies to a ball of radius ~ 2/, so it is possible to add projections 7 jon f and g, where m; projects

on intervals of length ~ 2/ which we do not specify.
These considerations lead to the following modification of (4-10):

1
1P S e 3 (L1 + 1),
€2§2j§1

where

I = | Tmyx i - —poy) ‘
3,

e gl e,

I = Ty 77 -~ poy) ‘
9,®

L2x 12— ! ||7ij||L2||xg||Lz,

u; < |\

QI | e, fll 2 gl 2
n ne

L2xL2—L!

max (27 (- = po))

To bound /;, observe that 2/
0,

is a Coifman—Meyer symbol; thus

<2/,
L2x[2— L1 ™

H Ty @77 (. —po) ‘
9,

Furthermore, by Lemma A.2, ||7;gll;2 S 2172 llgllz21. Therefore,
I S2700 fllmjgl e S27720 fllallmjgl o
Similarly,

0 S2770 Fli2 gl S22 Fllzallgllza

max (277 (- = po))
9,

Finally, 2%/,

1 S277 0 fllzaligll .

(4-14)

is also a Coifman—Meyer symbol. Applying this and Lemma A.2 gives
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It follows that

_ _ 1 1 1
IF(, $)llee S ( 27242 ’) I fllz2allgllen Se I fllz21llgllzat,
62;;1 sT—s 2 sJt—s

which means that in (4-10) we get a new extra factor €, I Finally, applying similar arguments as for
Theorem 4.5, we conclude that, for any § > 0, we have

lua@) e S e 2t 2 ) fll 2 llgll 2 (4-15)

Step 3: Estimate of u3 in L> with s = 1. For u3, we know that the symbol m3 is supported on a ball of
radius € := max{ey, €3} around the space-time resonant point pg.
We follow similar arguments as for Proposition 3.8, so we split the ball B(po, €) into “strips” with
scale ¢ from O to e:
my= Y max(27/¢),
0<2i<e
which implies

us() =) T,:(f8)

0<2k<e

where Tm_; is the bilinear Fourier multiplier associated to the symbol
3
it _q

é&.m)

For each scale 2/, the symbol mé is bounded by max{r, 27/}, so Lemmas A.3 and A.2 with Remark A.4
imply (the functions f, g may be supposed to be frequentially supported on an interval of length €)

mi (&, n) = " CTVms (g, ) xXQ7Ip(E, ).

IT,,,(f. &)l < max{z, 2727 Fll 2 Nlgll 2 S max{e, 27727 €|l fll 2 llgll 2

By summing all these inequalities over the scale 2/, we get

lua (@)l S (r Y2+ Y 1>e||f||Lz.1||g||Lz.1

2/ <! t1<2i<e
< (log(en)ell 2 llgl2n S (0l fll2allgll o, (4-16)

for every § > 0, since €f > 1.
Step 4: End of the proof. Optimizing over €; and ¢, leads to

€1 =€) =€ := (/A

As required, we have ¢, € [r~1/2,1]. So by summing (4-13) and (4-16) with the estimate for u,, we now
have, for every small enough § > 0,

lu(®)lamo S 172670 4+ (0’1l fll 2 gl 20
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Since €, > t~!/2, the main term in the previous inequality is the second one, so we deduce for every § > 0

—1/4+6
lu@®)llpyo St~ 1/4H,

which concludes the proof of (4-12). Il

Appendix A: Multilinear estimates

Lemma A.1. Suppose that the symbol o (€, 1) is bounded (that is, ||o ||~ < 1) and supported on a ball
of radius €, say B(0, €). For g € [2,00] and s < %,

1Ty (f, @)llLe S eV £l asllgl o
and

175 (fs ) llze SV flias gl

. 1
ifs > 5.

Proof. Consider the first claim in the case s = 0. The lemma is obtained by interpolating between the

endpoints ¢ =2 and g = oo. If g = 2, it follows from an application of the Plancherel equality and the
Cauchy—Schwarz inequality that

2
dé§

1T (2 )12 = f ‘ / o (6 — 1. f(E —mE(m dn

sf(f lo (& —n, n>|2dn) (/|f(s—n>§<n>|2dn> dg
Selflzllglsa. (A-1)

If ¢ = o0, use Cauchy—Schwarz again to get

I, (f. )l = “ / / NG FEFmdnde| < f fB o VTR ands
Lo €

R 1/2
Sf([flf(é)é(n)lzdndé> <ellflligle (A-2)

Then, for s > 0, we use that the symbol is supported on a ball of radius €, so f (respectively g) can be
replaced with 7r;( f) (respectively m;(g)), corresponding to the frequency-truncation of f on an interval /
of length 2¢. We conclude by applying the previous reasoning with 7;( f) and 7;(g) and Lemma A.2. [

Lemma A.2. Assume that I is an interval and consider mty the Fourier multiplier, given by a smooth
function supported on 21 and equal to 1 on 1. For q € [2,00] and s < %,

Iz (N2 S HPIS N s

Proof. The proof relies on the Sobolev embedding as follows:

(O e SN Fllzen SHENF e SUENFlwse SUENF N2,

where the exponent o is given by 1/0 = % —s. O
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Lemma A.3. Consider a smooth curve T and a bounded symbol o (||0 || 0o S 1) supported on T NB(0, M),
for a positive constant M. Suppose q € [2, 00].

o Ifthe curve I is noncharacteristic,

1o (f ©lls S Fll 2N gll 2

e [fthe curve I' has nonvanishing curvature,

1T, (f, @)llze S VDY £l llgll 2

o Otherwise,
ITo (fs e SNl gl sz

Proof. As for Lemma A.1, by interpolation it suffices to study the two extremal situations, ¢ = 2 and
g = oo. First, for ¢ =2, employ the same reasoning as in Lemma A.1 (relying on the Plancherel equality).
Since the support I'c now has a measure bounded by € (up to a constant), we get

ITo (f, )l S €2 fllzllgle (A-3)

Let us point out that this estimate is the easiest situation (when the three exponents are equal to 2)
described by Theorem 1.5 of [Bernicot and Germain 2012]. Moreover this estimate does not depend on
geometric properties of the curve I'.

Let us now study the case where g = oo. If the curve I' is noncharacteristic, then Proposition 6.2 of
[Bernicot and Germain 2012] implies that

175 (f @)z~ S el fll2ligl e,

which, by interpolating with (A-3), proves the desired result. If the curve I" has a nonvanishing curvature,
the proposition just cited yields

15 (f, )l S Fll2 gl L2,

and we similarly conclude by interpolation. U

Remark A.4. The estimate for a noncharacteristic curve I" still holds if the curve admits some points
that are characteristic only along the variable £ 4 1, which means when the tangential vector of the curve
at this point is parallel to (—1, 1). Indeed the proof of Proposition 6.2 of [Bernicot and Germain 2012]
only requires appropriate decompositions in the variables £ and n for f and g and do not use specific
properties on the third frequency variable & + .

< 1)

~

Lemma A.5. Assume that I is a noncharacteristic curve. Consider a bounded symbol o (]|0 || 0o
supported on I'c N B(0, M), for a positive constant M.

s If0<s < 1/4 T, (f, @lle S8 fllaslgl o

~

o If s> 1/4, 1 T5(f, @)llea S €ll fll2slIgllps.
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Proof. We follow the same steps as for the previous lemma. The L? x L? to L™ estimate cannot be
improved by replacing L* by L>*, so we simply focus on L2 x L? to L? estimates. Since the curve is
assumed to be noncharacteristic, it follows that

KT (f, ) IS Y €I fllagn 1@ g 1l 2 (A-4)

1

where the (Il(‘ ); are collections of almost disjoint intervals of length € for k = 1, 2, 3. As a consequence,
from the Cauchy—Schwartz inequality it turns out

1T (f )2 S el/z(sgp 1/ 2 gl o
Using Sobolev embedding on the whole space R, we get
1A N2y S €27V Flegy S €1l S €11 fllwaa
with the exponent o given by 1/0 = % — 2s (we recall that s < 21;)' So finally we get

15 (f, @) ll2 S €22 fll 2 ligll o

By symmetry and then interpolation, we deduce

1To (f, @)ll2 S €22 £l s llglpos. O

Lemma A.6. Assume that T has a nonvanishing curvature. Consider a bounded symbol o (||0]co S 1)
supported on I'c N B(0, M), for a positive constant M. If) < s < % then, for every § > 0,

P fllpasllglpes,  ifs <1/2,

ey/llogelll fllpslgll s ifs > 1/2.

Proof. The case s =0 is included in Lemma A.3, so by interpolation (with L>* C L' for s > %) it suffices
to check that

||Ta(f»g)||L2§{

175 (f, )2 S €y/llogelll fllLrllgllLr-

This estimate was already proved in [Bernicot and Germain 2012, Proposition 5.1]. For readability we
quickly sketch the proof here. Assume that (0, 0) € I' and let us work around this point. Then note that,
for every L?-function h,

u+v u—v

|(Ta(f,g),h>|=’/U(E,n)f(é)é(n)fl(éJrn)dédﬂ‘S||f||Lw||§||Loc/)0< 0 20 V) dudv

SIfILrllglz / Iﬁ(u)lﬁ SIfILrliglzrlializ2€y/1logel,

where we have used (because of the nonvanishing curvature) that, uniformly with respect to A,

HE—n, G m) el E+n=2}| S

€
Je+Thol
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Appendix B: One-dimensional oscillatory integrals

Before stating the main proposition, we need to define the functions!

o0 0,0]
G (x) & / ¢’do and G(x) / Jot_do
X X

oO—X

Their qualitative behavior is given by the following lemma.
Lemma B.1. (i) 9 is a smooth function such that

{aeal (x) = —ei* /(2ix) + O(1/x?) asx — oo,
G(x)=Co+O(1/x) as x — —oo,

;2

where Cy is the constant Co = ffoooe”’ do.

(i) 9, is a smooth function such that
C.e™ J27x + 0(1/|x]%/%) as x — 00,
o= { e VTR + e ™ e (1) IXD + 01/ IxPT) - as x — oo,
where Co. = /Oooeii"zda.
We now state the main result. Recall that Cy = f_Jr;o ¢’ do.

Proposition B.2. Let x be a smooth, compactly supported function, and let { be a smooth function.

(@) If¢" = ¢ > 0and ¢'(09) =0,

| @) do = xion) | s L1 i+ 04(7).

( )1

(ii) If |¢'| = ¢ > 0 does not vanish,

o0 ite (o) _ X(O) zt{(O) CO + 0 1
/0 oKl )f NONEN ()
(iii) If|¢"| = ¢ > 0, ¢'(00) = 0 with oo > c,

fo @)y (o )\/__ j;% ng(O)\C[OJM/—en;(ao) o S @) % (;(0(;/(1)00 %JFOC(%)'
(iv) If¢" = ¢ > 0 and ¢'(09) =
0.t if Wiool <1,
Oc(Voo/t) if INtool <1,

where C(x, ¢) is a function of x and ¢ (and hence also of oy) which we do not make explicit here.

* i), (Ao _

IThe function %1 can obviously be obtained from the Fresnel integrals S(x) = f(;c sinr2dt and C x) = fg cost2dt. In
particular, the constants C and C+ appearing below can be computed via Fresnel integrals to yield Co = (1 +i)+/7/2 and
C+ = ((1x1i)/2)/m/2. See [Abramowitz and Stegun 1964].
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Remark B.3. Statements (ii) and (iii) on the one hand, and (iv) on the other, are complementary: (ii)
and (iii) apply when ¢’ vanishes away from zero, or not at all, whereas (iv) is meaningful if the point of
vanishing of ¢’ approaches zero.

Proof of Lemma B.1. Assertion (i) is proved by a simple integration by parts, so we skip it and focus
on (ii). After the change of variable of integration to T = /o — x, 9, becomes

00
Gy (x) = 28”‘2 / etrz(fz-‘er)d.L. déf 2ezx2g(x)‘
0

The case x — o0. Split

R o) def
g(x)=/ +/ o dTE T+
0 R

R R
I = / eszrsz +/ [eltz(rz-i-lx) _ elerz] dt défll +D.
0 0

Start with

The term /; can be written

I /oo i2xr2d /00 i2xr2d 1 /.OO iazd + O( 1 )
= e T— e T=—F= e (e — >
1 0 R Vv 2x Jo xR

where the inequality || ;o e dr = O(1/(aR)) follows by integration by parts.
As for I, estimate it brutally by

R
| 5/ t*dtr = O(R).
0
Finally, an integration by parts gives

oo 1
II:/ elt2(‘[2+2tx)dr <
0 ~ sz

Gathering the above gives

=5z [ e dr+ 0w +0( )
g(Xx) = 2x 0 e o sz s

finally, optimizing over R gives
1 [ ;2 1
=3 [ o 0(55)

which is the desired result.

The case x — —oo. Split

v—=x/2 o) dof
g(X)z/ +f L dTt=HI+1V.
0 J=x/2

Start with 7/I. Similarly to g in the case x — oo, we use the split

R J=x/2
III:/ +/ oodt =11+ 1T,
0 R
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and estimate

1 o0 1 1
Il = —— ¢’ do+0( R + — d 1, =o0—.
! N/—zx/o o ( TR ) and A (sz>

Optimizing over R gives

b o)
m=——1|[ é”do+0
2x Jo x>/

Turning now to IV, observe that the change of variable p = —1%/x gives

. dp ﬁ : ) 1
IV = \/__x/ elxzp(p—Z) — _em/4e—zx _— 0(_)’
1/2 2o 2 Vx| |x|

where the last equality follows by the stationary phase lemma. Putting together our estimates on /II and
1V gives the desired result. (|

An intermediate result. The following proposition essentially corresponds to Proposition B.2, where ¢
is replaced by either o or o —e (in which case og = €).

Proposition B.4. Let x be a smooth function.

(i) f ¢ y (o) do = X})%l(\f )+0( )

(i) /Ooe"“’x(o)d —3 (0)+0( )(recall that Co = [ i’ dor).

_x© o@™3*  if|J/tel <1
(m)/ x(@)do 1/4(&2“”{0(\/6_/0 NS

Proof. We prove only (iii), since (i) and (ii) are simpler and can be proved using a similar procedure.
First reduction for (iii). The change of variable T = 4/t gives

/OO ito2 1 ( )d t—1/4 /00 ir2 1 ( T )d
e x(o)do = el —— x| — ) dr.
€ VO —€ te T —A/te \/;

Thus the proposition is proved if we show that

© 1 T oy if |/fe] < 1,
f,f f_—\/;e[’((ﬁ)_’((o)}d’_{owr‘“) if [ /7e| > 1. (B-D

Define B a smooth, compactly supported function, equal to 1 on the support of . We can write

woeso [ () [ ) ol

Since the first summand is easier to deal with, we focus on the second. Setting

Z(y) ﬁ(y)[x ) —x O],
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reduces the question to proving that

. d —-1/2 :
/ enzz(i>—f§{’ » ?f|*/;€|<1’ (B-2)
e Vi) T — Jie Jer=Vdif |Jre| > 1,

where Z is a smooth function vanishing at 0.

Proof of (B-2). Split the left-hand side of (B-2) as

Jie+R 00 dof
/ +/ L dT ST+
te Jie+R

The term [ is estimated directly, giving
<{e\/§ if R < /1€l

Jie+R T dt
15/ Z\—~ ~),—1/2p3/2
Fe Vi)l Vo —Jre T lT2RZ i R > el

1 . )
The term /1 is submitted first to an integration by parts using the identity 2—8re”2 — el
T

11:/0o Ly e"fzz(i>—dt LI L eif2'2< : )—dt
Jie+R 2T Vi) Jr—Jie Vtljer® T Vi)t —ie
_ _;ei(ﬁﬁ-mzf(M) _1 /Oo eir2§/(L>d—f
2ivR Vit 2t J jievr Vi)t — Ve
1 © a7 dt
RN Z(ﬁ)(z—ﬁewz’

where we set Z (y)défZ (y)/y. The term II is then estimated directly:

1 |s(te+R L [® s (T dr 1L (> |s( dt
I < V4 + - ' —= )| ——=+— I\ —=||——=
2ViVR Vi tJierrl \Nt) 11 —ie Nt jierrl \V1)|(x —1e)32
< ~12p-1/2.
Summing up, we have
R+1t712R™1/2 if R < /1

I+1I's 6\{_2—:2 1/2 p—1/2 1 = Vel

tTIPR3Z = 12R7IZif R > 1€l
Optimizing over R (distinguishing between the cases +/7|€| > 1 and /f|€| < 1) gives (B-2). O

Proof of Proposition B.2. We only prove (iv); the proofs of (i) and (ii) closely follow that of (iv), and (iii)
simply requires an additional application of the stationary phase lemma. The idea is simply to perform a
change of variable which reduces matters to Proposition B.4. We want to estimate

ey (o)== (B-3)
/ NG
where ¢” > ¢ > 0 and ¢'(09) = 0. Now set

y = ®(0) ¥ sign(o — 00)v/2(0).
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Notice that ® is smooth, and that

o N e N
>0 =0 o= @ o= 2
Furthermore,
2 D0 e
(@1Y(®(0)) = sign(®(0) — o) Lo PO gt 0

¢(®(0)
which implies that /®~!(y) can be written

VO =C@OVyy ()

for some smooth, positive function y. Performing the change of variable y = ® (o) gives

o, B B _ dy
B-3) = iy vy o ! oty C L S—
(B-3) L LT xee @ cE ! =T

Applying Proposition B.4 gives the desired result:

2 1 1 14%2(J?e)+

) o O™ if | Vel <1,
(B-3) = x (00) " (09) C(¢) y(0) tV/ {

O(Jeft) if |Vie| > 1.
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