msp



ANALYSIS AND PDE
Vol. 6, No. 4, 2013

dx.doi.org/10.2140/apde.2013.6.777

SHARP WEIGHTED BOUNDS INVOLVING A

TUOMAS HYTONEN AND CARLOS PEREZ

We improve on several weighted inequalities of recent interest by replacing a part of the A, bounds by
weaker A, estimates involving Wilson’s A, constant

I R 1
[w]Aoo = sgp—w(Q) /QM(wXQ).

In particular, we show the following improvement of the first author’s A, theorem for Calderén—Zygmund

operators 7':
172 —1 1/2
1T llagr2qmy < e ] (] + w1, )

Corresponding A, type results are obtained from a new extrapolation theorem with appropriate mixed A -
Ao bounds. This uses new two-weight estimates for the maximal function, which improve on Buckley’s
classical bound.

We also derive mixed A-A type results of Lerner, Ombrosi and Pérez (2009) of the form

1 /
IT lnrwy < CPP/[w]A/lp([w];xoo)l/p . I<p<oo,
ITf Nl 1oy < clw]a, logle + [w]y I fllL1w)-

An estimate dual to the last one is also found, as well as new bounds for commutators of singular integrals.

1. Introduction and statements of the main results

The weights w for which the usual operators 7" of classical analysis (like the Hardy—Littlewood maximal
operator, the Hilbert transform, and general classes of Calderén—Zygmund operators) act boundedly on
L?(w) were identified in works of Muckenhoupt [1972], Hunt, Muckenhoupt and Wheeden [Hunt et al.
1973], and Coifman and Fefferman [1974]. This class consists of the Muckenhoupt A, weights, defined
by the condition that (see [Garcia-Cuerva and Rubio de Francia 1985])

p—1
[wla, = Sgp(][gw) (][le/(pl)) <00, pe(l, o),

where the supremum is over all cubes in R?. Hence it is shown for any of these important operators T,
whether it is linear or not, that
) N7 f Nl e (w)
1T Nl(Lrw)) = sup —————
20 1 leqw)

Hytonen was supported by the Academy of Finland, projects 130166, 133264 and 218148. Pérez was supported by the Spanish
Ministry of Science and Innovation, grant MTM2009-08934, and by the Junta de Andalucia, grant FQM-4745.

MSC2010: primary 42B25; secondary 42B20, 42B35.

Keywords: weighted norm inequalities, A, weights, sharp estimates, maximal function, Calderén—Zygmund operators.

777


http://msp.org/apde/
http://dx.doi.org/10.2140/apde.2013.6-4
http://dx.doi.org/10.2140/apde.2013.6.777
http://msp.org

778 TUOMAS HYTONEN AND CARLOS PEREZ

is finite if and only if [w]AP < 0.
It is a natural question to look for optimal quantitative bounds of [|7'[|s3(Lr(w)) in terms of [w]a,. The
first author who studied that question was S. Buckley [1993], who proved

Moy < cpalwl{ P70, 1< p<oo, (1.1)
where M is the usual Hardy—Littlewood maximal function on R¢. However, there has been a great impetus
toward finding such precise dependence for more singular operators after the work of Astala, Iwaniec and
Saksman [Astala et al. 2001], due to the connections with sharp regularity results for solutions to the
Beltrami equation. The key fact was to prove that the operator norm of the Beurling—Ahlfors transform on
L?(w) grows linearly in terms of the A, constant of w. This was proved by S. Petermichl and A. Volberg
[2002] and by Petermichl [2007; 2008] for the Hilbert transform and the Riesz transforms. To be precise,
in these papers it has been shown that if 7 is any of these operators, then

IT losczrquyy < epr Twlpe /070 (1.2)
The exponents are optimal in the sense that the exponent cannot be replaced by any smaller quantity.
It was conjectured then that the same estimate holds for any Calderén—Zygmund operator 7. This was
proven first for special classes of integral transforms in [Cruz-Uribe et al. 2010; Lacey et al. 2010b], and
eventually for general Calderén—Zygmund operators by the first author in [Hytonen 2012], using the
main result from [Pérez et al. 2010], where it is shown that a weak type estimate is enough to prove the
strong type. A direct proof of this result can be found in [Hytonen et al. 2010]. Other related works are
[Cruz-Uribe et al. 2012; Hytonen et al. 2011; Lacey et al. 2010a; Lerner 2011; Vagharshakyan 2010].
The main purpose of this paper is to show that these results can be further improved. To do this, we
recall the following definitions of the Ao, constant of a weight w. First, there is the notion introduced by
HrusCev [1984] (see also [Garcia-Cuerva and Rubio de Francia 1985]),

(wla, = sup<][ w) exp<][ logw_l>;
0 \JQ 0

and second, there is the (as it turns out) smaller quantity that appeared with a different notation in the work
of Wilson [1987; 1989; 2008] and was recently termed the “A., constant” by Lerner [2011, Section 5.5]:

/ 1
[wly :=Sgp w(0) /QM(wXQ)~

Observe that
calwly  <[wla, <[wla, forall pel[l,o0),

where the second estimate is elementary, and the first will be checked in Proposition 2.2. While the
constant [w]4_, is more widely used in the literature, and is also more flexible for our purposes, it is of
interest to observe situations where the smaller constant [w]’AOO is sufficient for our estimates, thereby
giving a sharper bound.
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Now, if o = w~!/?~1 is the dual weight of w, we also have [O’]Z_l < [cr]‘z_,1 =[w]a,. The point here
[eS] P
is that these quantities can be much smaller for some classes of weights. Our results will be of the form

1
ITll®(Lrwy) < CpT Z [w]j;”)[w]ﬁ? [0]5\1; (),

sometimes even with the smaller [ ]/Aoo constant instead of [ J4_, where the sum is over at most two
triplets («, B, ¥), and the exponents satisfy «(p) + B(p) + v (p) = t(p), where T(p) is the exponent from
the earlier sharp results. However, we will have a(p) < 7(p), which shows that part of the necessary A,
control may in fact be replaced by weaker A, control.

We now turn to a more detailed discussion of our results.

1A. The Aj; theory for Calderon-Zygmund operators. Our main result for Calderén—-Zygmund opera-
tors is the following:

Theorem 1.3. Let T be a Calderén—Zygmund operator and let w € A> and o = w™"'. Then there is a
constant ¢ = cq, such that

172

1T N2y < clwli2(wl + w1, )" < clwl 2 (wla, +w " a) >

(1.4)
We will prove this by following the approach from [Hyténen 2012; Hytonen et al. 2010] to the A,
theorem || T ||gy 22wy < cr [w]a,, and modifying the proof at some critical points. Indeed, the original
argument uses the A, property basically fwice, each time producing the factor [w]z/2 2, and it suffices to
observe that only the A, property is actually needed in one of these estimates.
An interesting consequence of this theorem is the following: for any fixed Calder6n—Zygmund operator
T, we have
inf I T N2 wy) _

0. 1.5
weA) [w]A2 ( )

This follows once we describe, in Section 8, a family of weights w € A for which both [w], and
[0]’Aw (and even [w]a_, and [0]4_ ) grow slower than [w]ga,. In particular, the “reverse A, conjecture”
[wla, < crlIT g2y 18 false.

1B. The maximal function. We next discuss the sharp weighted bounds for the Hardy—Littlewood
maximal function, which we first do in a two-weight setting. We need a new two-weight constant
B,[w, o] defined by the functional

)4
B,lw,o]:= sup(][ w)(][ o) exp(][ logal), (1.6)
0 0 0 0

[wla, < Bylw, o] < [wla,[o]a...

which clearly satisfies

Theorem 1.7. Let M be the Hardy—Littlewood maximal operator and let p € (1, 00). Then we have the
estimates

IM(fo) Lo < Ca-p' - (Bplw, o)) "1 £ Lo (1.8)
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and y
IM(fo)llraw < Ca-p' - ((wla,lo14.) PN fllr)- (1.9)

We refer to Section 4 for the proof and for more information and background about this two-weight
estimate for M. By a well-known change-of-weight argument, (1.9) implies:

Corollary 1.10. For M and p as above, and o = w=" P~ we have

1
IMllayzrcuny < Ca-p' - (Iwla,lo 1, )", (1.11)

This improves on Buckley’s theorem || M || e (w)) < Cq- P’ [w]lx/p(p_l). Corollary 1.10, at least for

p = 2, was also independently discovered by A. Lerner and S. Ombrosi [2008].

1C. The A1 theory for Calderon-Zygmund operators. 1t is an interesting fact that if we assume that
the weight satisfies the stronger condition w € A1, then the estimate (1.2) can be considerably improved.
Indeed, if T' is any Calderén—Zygmund operator, then 7 is of course bounded on L? (w), because A; C A,
but with a much better bound, namely

ITl®Lrwy <cpp'[wla,, 1<p<oo. (1.12)

Observe that the dependence on the A; constant is linear for any p, while in the A, case it is highly
nonlinear for 1 < p < 2; see (1.2). The result is sharp both in terms of the dependence on [w]4,, and in
terms of the dependence on p when taking w = 1 by the classical theory. This fact was used to get the
following endpoint result:

ITfll ooy < clwla, log(e + [wla) I fll Lt w)- (1.13)

See [Lerner et al. 2009a] and also [Lerner et al. 2008] for these results and for more information about
the problem. It was conjectured in the first of these works that the growth of this bound would be linear;
however, it was shown in [Nazarov et al. 2010] that the growth of the bound is worse than linear. It seems
that most probably the L log L result (1.13) is the best possible.

On the other hand, in [Lerner et al. 2009b], a sort of “dual” estimate to the last bound was found,
which is also of interest for related matters:
Tf

w

< cwly, log(e + [wla,) f \f1dx.
L1 (w) R4

In this paper, we improve these results following our new quantitative estimates, this time involving
A and A control. To be precise, we will prove the following new results:
Theorem 1.14. Let T be a Calderon—Zygmund operator and let 1 < p < oo. Then
1T llasczr cuyy < cpp'Twl{ P (qwly V7,
where c =c(d, T).

We will prove this by following the approach from [Lerner et al. 2008; 2009a] to (1.12), modifying
the proof at several points. In analogy to (1.5), Theorem 1.14 disproves the “reverse A; conjecture”
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[wla, < c7 IIT llgy(Lrw)) for all p € (1, 00): considering a family of weights w € Ay for which [w]a_
grows slower than [w]4,, for any fixed Calderén—Zygmund operator 7', we have (see Section 8 for details)

T
inf T lp(Lrwy _

0, 1<p<oo.
wWEA] [U)]A]

Finally, we will also use the approach from [Lerner et al. 2009a; 2009b] to prove the following theorems,
respectively.

Theorem 1.15. Let T be a Calderén—Zygmund operator. Then

ITfllreoy < ca.rlwla, logle 4 [wly I fIlLrw)-

Theorem 1.16. Let T be a Calderén—Zygmund operator. Then
rf
w

< ca,r[wly logle +[wla) £l @)
Ll.oc(w)

1D. Commutators with BMO functions. We further pursue the A, point of view by proving a result in
the spirit of Theorem 1.3 for commutators of linear operators 7 with BMO functions. These operators
are defined formally by the expression

[0, T]f =bT(f)—T(bf).
More generally, we can consider the k-th order commutator defined by
T =1[b, TS ']

When T is a singular integral operator, these operators were considered by Coifman, Rochberg and
Weiss [Coifman et al. 1976], and since then many results have been obtained. We refer to [Chung et al.
2012] for more information about these operators; it is shown there that if T is a linear operator bounded
on L?(w) for any w € A, with bound

1T 2wy < @(wla,),

where ¢ is an increasing function ¢ : [1, co) — [0, 00), then there is a dimensional constant ¢ such that

1B, T1llgr2wy) < cp(clw]a)w]a,lIbllBmo-

In particular, if 7' is any Calder6n—Zygmund operator, we can use the linear A, theorem for 7 to deduce

11D, T sz wy) < clwl%, [18]lBmo,

and the quadratic exponent cannot be improved.
An analogous result adapted to the A, control reads as follows:

Theorem 1.17. Let T be a linear operator bounded on L*(w) for any w € A, and let b € BMO. Suppose
further that there is a function ¢ : [1, 00)> — [0, 00), increasing with respect to each component, such
that

IT lgpz20my) < @([wlays [wly_. 0]y )-
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Then there is a dimensional constant ¢ such that

1B, Tl g2y < co(clwla,, cwl)y . cloly ) ([wly, + o1y ) IblBMmo

or more generally,

k
15 sy < co(clwlays clwlly s eloly ) ((wly, + 101y )" 16 lEumo-
We can now apply Theorem 1.3.
Corollary 1.18. Let T be any Calderon—Zygmund operator, and let b € BMO. Then

_ 3/2
115, Tlllap 2y < clwlZ (wly, + w7, ) 15lmo.

or more generally, 1
+

1/2
1T sy < clwlfZ(wly, + 10Ty ) 161 o0-

1E. An end-point estimate when p = oo. We next discuss the limiting form of the estimate (1.2) as
p — 00, that is, the sharp bounds for the norm of Calderén—Zygmund operators

T:L®(w)— BMO(w), w€ Ax.

Qualitatively, this situation seems slightly uninteresting, as these end-point spaces simply reduce to their
unweighted analogues: that L°°(w) = L with equal norms is immediate from the fact that w and the
Lebesgue measure share the same zero sets for w € A,. That the weighted norm

o
:=supinf —— —clw < oo
1 oo = supint o f 17—

is equivalent to the usual || f|lsmo for w € A was proven by Muckenhoupt and Wheeden [1975,
Theorem 5]. However, one may still investigate the quantitative bound of operators 7' : L*° — BMO =
BMO(w), when the latter space is equipped with the norm || [[Bmo(w). We start with:

Theorem 1.19. For w € A, we have a bounded embedding I : BMO — BMO(w) of norm at most
c[w]/Aoo, where c is dimensional. This estimate is sharp in the following sense: if the norm of the embedding
is bounded by qﬁ([w]i%o), or just by ¢([wla, ), for all w € A, then ¢(t) > ct.

The following corollary for Calderén—Zygmund operators can be seen as an easy endpoint estimate of
the bound || T |lgLrw)) < Cp,T [w]AP for p € [2, 00).

Corollary 1.20. Let T be any Calderon—Zygmund operator and let w € Ao then T : L — BMO(w)
with norm at most cr [w]’AOO. Furthermore, this estimate is sharp in terms of the dependence on [w]’AOO in
the same way as Theorem 1.19.

A related observation quantifying the known relation of A, and BMO is as follows:

Proposition 1.21. If w € A, then logw € BMO with

llog wllsmo < log(2e[w]a,,).
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1F. Extrapolation with A, control. We recall the following quantitative version of Rubio de Francia’s
classical extrapolation theorem due to Dragicevi¢, Grafakos, Pereyra, and Petermichl [Dragicevié et al.
2005]: if an operator T satisfies

1T Nl(Lr wy < e(wla,)

for a fixed increasing function ¢ and for all w € A,, then it satisfies a similar estimate for all p € (1, c0),

1,(r—1 —1
1T oy < 2¢(cpralw]y 2 =H/=DY);

in particular, ||T|la L w) S [w]Z(rr) implies that

P 1’ —1 1
”T”%(LP(w))S[w]g(:)m‘ix{ (r=1)/(p=D}

With our new quantitative estimates involving both A, and A, control, it seems of interest to extrapolate
such bounds as well. Hence we consider weighted estimates of the form

Tl < @((wla,. [wlag. ™1 ) £l ), (1.22)

where ¢ : [1, 00)? — [0, 00) is an increasing function with respect to each of the variables. An example
is our bound for singular integrals 1.3, where

o(x,y,2)=Cx'"*(y+2)'/2 (1.23)
We now aim to extrapolate bounds like (1.22) from the given r € (1, 0o) to other exponents p € (1, 00).

Theorem 1.24 (lower extrapolation). Suppose that for some r and every w € A,, an operator T satisfies
(1.22). Then for every p € (1, r), it satisfies

ITF Lo = 20(CIMIawran) " (wla,» wlag, w7 C=D1 ")) £llLo)
< 20 ((catlwla, [w™ /=0, )V2Y P ([ula, (wla, o™ P 1L ) ) F L.

In typical applications, like (1.23), the function ¢ will have a homogeneity of the form ¢(Ax, Ay, Az) =
A o(x, v, z), and hence the common factor

QIMllpwrawy) " < (Cd([w]“‘ﬂ[w_]/(p_])]/Aoo)]/p)r_p

may be extracted out of ¢.
Observe that the condition (1.22) is of course implied by the stronger inequality

T fllr ) < @(wla,, cg Twly . (g Tw™ D1 DDV Fllr

however, even if we have this stronger inequality to start with (as is the case with the A, theorem for
Calderén—Zygmund operators), we do not know how to exploit it to get a stronger conclusion than what
we can derive from (1.22). A related difficulty will be pointed out in the proof. This is why we restrict to
the assumption (1.22) only.
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Theorem 1.25 (upper extrapolation). Suppose that for some r and every w € A,, an operator T satisfies
(1.22). Then for every p € (r, 00), it satisfies

(p—r)/(p—1)
17 e < 20( UM g i) "
1 1 1 | B |
([w](r =D [y ]<r =D [~V 1)](r ))>||f||L”(w)
"\ (p— —1
52¢((0d[w]A ([w]/A )1/p)(P r/(p=1)

1 1 1 1 — 1
([w](r )/ (p—1) [ ](V )/ (p—1) [ 1/(p— 1)](}’ ))>||f||Ll7(w)

1G. The A, theory for Calderon-Zygmund operators. As an application of the extrapolation theorems,
we can deduce weighted L? estimates for Calderon—Zygmund operators with mixed A, and A, control,
akin to the A, bounds of Theorem 1.3. The same strategy has been earlier employed to prove the original
A, theorem (1.2) as a corollary of its A, version. However, in contrast to the “pure” A, estimates, where
the extrapolated result still exhibits the sharp dependence on the weight, it seems that the extrapolation
of the mixed bounds is not equally efficient: the extrapolated bounds given below can be improved by
methods directly adapted to L”. Since the first public distribution of our present results, such further
developments have been carried out in [Hytonen et al. 2011, Section 12; Lacey 2012; Hytonen and Lacey
2011]. Nevertheless, it seems worth recording the form of the A, estimates directly delivered by the
extrapolation method:

Corollary 1.26. Let T be a Calderon—Zygmund operator and let p € (1,00). Then if w € A, and
o =w VPD we have

IT lnczru S Twl ™2 (w12 + 10172 (o1, )¥ P!

(1.27)
< [wf/”<[a]/Aw>2/"‘1 for pe(1,2],
and 2 p—1/12(p—D1 (. 11/12(p—D] 12
1T sy S w7 2P [l 277 o], ) (wly )27 12%)

S wl?qwly )= for p €12, 00).

Here the simpler forms of the estimates in (1.27) and (1.28) are almost as good as the more complicated
ones, since for many common weights, like power weights, we have [w]a_ + [a]z;l ~ [w]a,; see
Section 8.

It is immediate to check that Theorems 1.24 and 1.25, in combination with Theorem 1.3, give
Corollary 1.26. Actually, the two statements (1.27) and (1.28) are equivalent to each other by using

IT Ly = 1T g Lr o))

and the fact that 7* is also a Calder6n—Zygmund operator. Thanks to this equivalence, we would only
need one of Theorems 1.24 and 1.25 to deduce this corollary. But for other classes of operators without a
self-dual structure, it is useful to have both upper and lower extrapolation results available.
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2. The two different A, constants

Before pursuing further our analysis of inequalities with A, control, we include this short section to
compare the two A, constants

= logw™"), o= ! /M -
[wla, Sgp(][Qw)eXP(][Qng ) [wla,, Slépw(Q) . (wxo)

We need the following auxiliary estimate, which is also used later in the paper:

Lemma 2.1. The logarithmic maximal function

Mof = sup exp(f log|f|)xQ
[} 0

1
IMofllLr < c)/Pl fllLe

satisfies

forall p € (0, 00). For the dyadic version, we can take c; = e, independent of dimension d.
Proof. By Jensen’s inequality and the basic properties of the logarithm, we have
Mof <Mf.  Mof = Mol IV < MIfIVD?, g€ (0,00),

where M is the Hardy-Littlewood maximal operator, or the dyadic maximal operator in the case of dyadic
My. By the L9 boundedness of the usual maximal function for ¢ > 1, we have

/[Mof]" < /[M|f|"/‘f]q < <cd'q/>q/(|f|f’/‘f>q — (Ca-q)* /Ifl"-

In the nondyadic case, we simply take, say, ¢ = 2, giving the claim with ¢; = (2C,;)?. In the dyadic case,
we have Cy = 1, and we can take the limit ¢ — oo, which gives

1
(q/)q — (%)q = (1 + —1>q — e,
q— q9—
and hence |Mof 7, <el fI7,. -

Proposition 2.2. We have [w]/AOo < cqlwla,,, where cq is as in Lemma 2.1.

Proof. For x € Q, it is not difficult to see that for the computation of M (wxo)(x), it suffices to take the
supremum over cubes R > x with R € Q:

M(wyxp)(x) = sup ][w forall x € Q.
R>x JR
RCQ

By the definition of [w]4_ , we have

][w <[wla, exp(][ log w>,
R R

and hence, taking the supremum over R,

Mwxo)(x) < [wla,Mo(wxo)(x) forallxe Q.
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Integration over Q and application of Lemma 2.1 now give
/M(wXQ) < [w]Aoo/MO(wXQ) < [w]AooCd/wXQ = cqlwla ,w(Q);
Q

thus [u)];\oO <cglwla,,.- O

It is a well-known fact that any A, weight satisfies a reverse Holder inequality playing a central role
in the area. In this paper, a sharp version of this property will also play a fundamental role. To be precise,

if w e Ay, we define 1

r(w):=1+ PR
Aoo

where t; is a dimensional constant that we may take to be t; = 211+d Note that r(w) ~ [w]’Aoo. The
result we need is the following.

Theorem 2.3 (a new sharp reverse Holder inequality). (a) If w € Ao, then

1/r(w)
<][ wr(w)) 52][ w.
(@) 0

(b) Furthermore, the result is optimal up to a dimensional factor: If a weight w satisfies the reverse
1/r
() =5
0 0

This result is new in the literature and has its own interest. In the classical situation, most of the

Hoélder inequality

then [w]/Am <cg-K-r.

available proofs do not give such explicit constants, which are important for us. Only under the stronger
condition of A; was such a result found and used in a crucial way in [Lerner et al. 2009a]. Recently
a very nice proof by A. de la Torre for the case [w]4,, was sent to us (personal communication, 2010).
Another less precise proof, for the A, case, 1 < p < 00, can be found in [Pérez 2013].

Part (b) follows from the boundedness of the maximal function in L” with constant ¢ r’:

1/r 1/r
][M(XQw) < (][ M(XQw)r) Scd-r'(][ w’) scd-r’-K][ w.
o 0 o 0

Remark 2.4. Results analogous to Proposition 2.2 and Theorem 2.3 have been independently obtained
by O. Beznosova and A. Reznikov [2011]. Their formulation is slightly different, and involves yet another
weight constant closely related to [w]gm.

3. The A; theorem for Calderon-Zygmund operators
The purpose of this section is to prove Theorem 1.3, namely, the estimate
1/2 1/2
IT lonr2qwy) = C[w]A/2 ([wly, +IoT4.) ",

where ¢ = ¢4 7 is a constant depending on the dimension and the operator 7'.
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Here and throughout this section, o = w~!. This improves on the A, theorem [Hytonen 2012]:

1T ger2qwy) < ¢ [wla,,

and its proof follows the same outline, with the implementation of the A, philosophy at key points.

3A. Reduction to a dyadic version. Fundamental to this proof strategy is the notion of dyadic shifts,
which we recall. We work with a general dyadic system %, this being a collection of axis-parallel cubes Q,
whose sidelengths £(Q) are of the form 2k, k € Z, where moreover Q N R € {Q, R, @} for any two
Q. R €%, and the cubes of a fixed sidelength 2% form a partition of R?. Given such a dyadic system, a
dyadic shift with parameters (m, n) is an operator of the form

1
IIf =) Agf. AKf:m > (k] Pk,
Ke® 1,Je@;1,J<K
e(nH=2"¢(K)
£(J)=2"¢(K)
where h{ is a generalized Haar function on / (supported on I, constant on its dyadic subcubes, and
normalized by ||4]|loc < 1), and k on J. This implies that |[Ag f| < xk - |K|™"- [¢|f]. For any

subcollection 2 C 9, we write
Wy f =) Axf. (3.1)
Ked
and we require that ||ILy f||;2 <|| f|l ;2 for all 2 C 9. This is automatic from straightforward orthogonality
considerations in case we only have cancellative Haar functions with [h{ = [k} =0.

Dyadic shifts with parameters (0, 0) are well known in dyadic harmonic analysis under different names.
Auscher et al. [2002] study such operators under the name perfect dyadic operators, which they decompose
into a sum of a Haar multiplier (or martingale transform), a paraproduct, and a dual paraproduct. These
three types of operators have of course been well known for a long time. The first dyadic shift (and
this name) with parameters (0, 1) was introduced in [Petermichl 2000], and the definition in the above
generality was given by Lacey, Petermichl and Reguera [Lacey et al. 2010b].

The importance of these dyadic shifts for the analysis of Calder6n—Zygmund operators comes from
the following:

Theorem 3.2 (dyadic representation theorem [Hytonen 2012, Theorem 4.2; Hytonen et al. 2010, Theo-
rem 4.1]). Let T € B(L*(RY)) be a Calderén—Zygmund operator satisfying the standard estimates with
the Holder continuity exponent o € (0, 1]. Then T has the representation

o.¢]
(8. Tf) =crafy Y  27"te2(g TI" f),
m,n=0
valid for all bounded and compactly supported functions f and g, where 115" is a dyadic shift with
parameters (m, n) related to the dyadic system 9, and g is the expectation with respect to a probability
measure on the space of all generalized dyadic systems; see [Hytonen 2012] for the details of the
construction of this probability space.
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This result was preceded by several versions restricted to special operators 7': the Beurling—Ahlfors
transform by Dragicevi¢ and Volberg [2003], the Hilbert transform by Petermichl [2000], the Riesz
transforms by Petermichl, Treil and Volberg [Petermichl et al. 2002], and all one-dimensional convolution
operators with an odd, smooth kernel by Vagharshakyan [2010]. An immediate consequence of the
dyadic representation theorem is that Theorem 1.3 will be a consequence of the following dyadic version.
(Similarly, the special cases of the representation theorem all played a role in proving the A, theorem for
the mentioned particular operators.)

Theorem 3.3. Let 111 be a dyadic shift with parameters (m, n), and r = max{m, n}. For w € A, and

1

o=w", we have

I £ 1|20y < COr A+ D2l (Tl + 107, ) 21712

The weighted norm of the shifts, in turn, is most conveniently deduced with the help of the following
characterization of their boundedness in a two-weight situation:

Theorem 3.4 [Hytonen et al. 2010, Theorem 3.4]. Let 11 be a dyadic shift with parameters (m, n), and
let r = max{m, n}. If for all Q € D and some B there holds

1/2 1/2
( [ moenre) < s0@ 2 ([ mrpenie) < Buc)”,
0 0
then for a dimensional constant c, we have

ITI(f o)l 20wy < c((r + DB + (r + D*(As[w, o D) fll 12¢6)»

where Aj|w, o] is defined by the functional

s =sp{f ) )

Since the last bound is equivalent to

ITIL £ 1l 2y < (0 4+ DB+ + DX w1 Fll 2w

if o = w™!, and since [w] A 014, =1, we are reduced to estimating the quantity B for o = w1, Since
IIT and IIT* are operators of the same form, and by the symmetry of w and o, Theorem 3.4 shows that
proving Theorem 3.3 amounts to showing that
1/2 12
(f |H—[(wXQ)|20) <c(r+D(wla,[wly w(Q)) .
Q
We observe that
M(wxe) = Y Ax(wxo)+ Y Ak (wxo),
KcQ k>0

and it suffices to consider the two parts separately. The big cubes are immediately handled by the maximal
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function estimate (see Corollary 1.10):

? w(@) Y 2
Y Ag(wxo)| o < > xk ) o S | Ma(wxg)o
Qlk>50 o\i5p K 0
< [o1a,[wly_w(Q) = [wl,[wl,_w(Q). (3.5)
Hence, to prove Theorem 3.3, we are reduced to showing that
2 \1/2
(/Q 3 Ax(wxo) a) < c(r+ D ([wla,wl,_w(@)". (3.6)

Kco

This is the goal for the rest of this section.

3B. Proof of the key estimate (3.6). We follow the key steps from [Hytonen 2012; Hytonen et al. 2010;
Lacey et al. 2010b]. The collection {K € % : K € Q} is first split into (r + 1) subcollections according to
the value of log, £(K) mod (r 4+ 1); we henceforth work with one of these subcollections, which we
denote by J{. This is the step which introduces the factor (r + 1), and we will estimate Iy (wx o) with a
bound independent of r.

The collection ¥ is further divided into the sets J{“ of those cubes with

ge L WD) _art (3.7)
101 10|

where a <log,[w]a,.

Among the cubes K € %, we choose the principal cubes ¥ = | ;2 ¥{ so that ¥§ consists of the
maximal cubes in 3¢, and ¥} the maximal cubes S € H“ contained in some §’ € ¥_, with o (S)/|S| >
20(8)/]S’|. Then

H = U HUS), HYS) = {K cH*| K CS, thereexistsno S’ : K C S’ C S}.
Seda

It follows that, in the notation from (3.1),

My (wxe)= Y, Y Myes(wxo)- (3.8)

aflogz[w]A2 Sege
To proceed, we recall the following distributional estimate:

Lemma 3.9 [Hytonen et al. 2010, (5.26)]. With notation as above, we have
o (IMygesy(wxo)| > t(w)s) < Ce o (S) forall S € ¥, (3.10)
where the constants C and c¢ are at worst dimensional.

This is a powerful estimate which readily leads to norm bounds for (3.8). The following computation,
simplifying the corresponding ones from [Hytonen 2012; Hytonen et al. 2010; Lacey et al. 2010b], is
borrowed from [Hytonen et al. 2011]: writing

Ej(S) :={j < |Myacs)(wxo)|/(w)s < j+1} S8,



790 TUOMAS HYTONEN AND CARLOS PEREZ

we have

<Y G+D

Z W)s -+ XE;(S)

Z Myea sy (wx 0)

Sega LX) j=o Sega L*(0)
o0 2 1/2
ZZ(J+1)(/[Z(W)S'XEj(S)(X)] (v dx )
Sedd
12
Zc Z(J w0 [ T i aomomar)
Seda
1/2
- CZ(] + 1)(2 w)§ o(Ej(S)>)
Sedd
. 1/2
<C ZU + 1)(2 ()5 Ce‘”fo<S>) (by (3.10))
j=0 Seda
00 1/2
<CY e+ 1)(2“ > w(5)> (by (3.7) for S € 9% C H%)
j=0 Seda
1/2
< c-za/z(z w(S)) :
Seye

In (*) we used the fact that at a fixed x, the numbers (w) g for the principal cubes S D E;(S) > x increase

at least geometrically, so their £' and ¢?> norms are comparable.

We now come to the crucial point, where we can improve the earlier A, bounds to A

Lemma 3.11. For the principal cubes as defined above, we have

> ws) <2-[wly - w(Q).

Seda

Proof. Let
o0 Le ES)=S\[]J5¥.

§'CS
The union is the union of its maximal members S’, which satisfy
|1 =18"1/w(S") - w(S") < 7ISI/w(S) - w(S");

hence » "|S'| < 35|, and thus
|E(S)| > 51SI.

Therefore

(3.12)

(3.13)

S S
ICEPIE L Z"";)2|E<S)|<2Z/ M(wxg) = /M(wa)<2 [l w(Q),

Seda Sedga N

where the last step was the definition of [w]’Aoo

g
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Substituting the estimates obtained back into (3.8), we conclude that

1/2
> Mlyas)(wxo) c >y 2"”(2 w<S>)

My (wx)ll2e) < Y H <
Sega LY@ aslogylwls, — “Sed

aflogz[w]A2

<C > 22(lwl - w(@)"? < clwlFqwl, ) Pw(@)'

a<log,[wla,

Recalling the initial splitting of {K € ¥ : K € Q} into r 4 1 subcollections of the same form as ¥, this
concludes the proof of (3.6), and hence the proof of Theorem 3.3.
4. Two-weight theory for the maximal function

4A. Background. The two-weight problem was studied in the 1970s by Muckenhoupt and Wheeden
and fully solved by E. Sawyer [1982]. The general question is to find a necessary and sufficient condition
for a pair of unrelated weights w and o for which the estimate

IM(fo)lLrawy < Bl fllre) 4.1)

holds for a finite constant B. Then the main result of E. Sawyer shows that this is the case if and only if
there exists a finite ¢ such that

/QM(GXQ)(y)”w(y) dy <co(Q)

for all cubes Q. Furthermore, it is shown in [Moen 2009] that if B denotes the best constant, then

fQ M (o x,)Pwdx\!/»
o(Q) )

Since this condition is hard to verify in practice, the second author considered in [Pérez 1995] conditions

B %sup(
0

closer in spirit to the classical two-weight A, condition,

p—1
Ap[w,o]::sup<][ w)(][ o) ,
0 o 9

which reduces to [w]a » ifo=w /P"D Aga consequence of the main result in that work, if § > 0 and

—1
SgP(f; w) ||6 ”Z(IOgL)”_H"S,Q < OO’ (42)

then the two-weight norm inequality (4.1) holds. Recent advances in collaboration with M. Mastyto
[Mastyto and Pérez 2013] allow one to go beyond condition (4.2) and improve the main results from
[Pérez 1995].

In this paper, we consider a different new quantity, namely

b ) ) ol )
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To understand this new quantity, we observe that it is simply the functional on Q defining the A ,[w, o]
condition multiplied by f,, o exp (f,, log o~') > 1. Then it is immediate that

Aplw, 0] < Bplw, 0] < Aplw, 0]Ax[o],

the difference between the last two being that A ,[w, 0]A[o] involves two independent suprema, as
opposed to just one in Bj[u, v].

We will consider first the dyadic maximal operator M, for which we can prove a dimension-free
bound. Let us also introduce the weighted dyadic maximal function

X0
My, f = dy,
10 f = sup J(Q)/Qlf(y)lo(y) y

which controls M;(fo) as follows:

Theorem 4.3. Let p € (1, 00); then

1
1My (fo) Loy < de- (Bplw, o) /" I1Myo £ Lo

1
<4e-p' - (Bplw, o1)" I fllLro),
and also |
IMa(f ) Loy < de- ([wla, [T )" 1 Mao fllLro)

<de-p' - (wla, 101y ) "1 f lLreo)-

The main estimate in both chains of inequalities is of course the first one, since the second is simply
the universal estimate for the weighted dyadic maximal function on the weighted L? space with the same
weight:

IMaollawrey <P

Obviously, in this dyadic version, it suffices to have the supremum in the weight constants over dyadic
cubes only, and to only use the dyadic square function in the definition of [0]/Aoc‘ And specializing to the
case o = w™ /P~ by the standard dual weight trick, we also get the bounds

de-p' - (Bylw, wP=ONYPY £l Lo,
_ _ 1
de-p' - ([wla, [w= P01, VU fllLoa.

Let us also recall how such dyadic bounds yield corresponding results for the Hardy—Littlewood maximal

IMafllLrw <

operator by a standard argument.

Proof of Theorem 1.7. Consider the 2¢ shifted dyadic systems

9= 2750, DT +m+ (-D¥a) ke Z,me 2!}, wefo,1}".

One can check (perhaps best in dimension d = 1 first) that any cube Q is contained in a shifted dyadic
cube Q% € 9% with £(Q%) < 6£(Q), for some «. Hence

][Qlfl < 6"][Qa|f| <6'MS S,
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and therefore
Mf<6" > Mf.

aef0,1)
Thus, the norm bound for M, may be multiplied by 12¢ to give a bound for M. U

Remark 4.4. A recent result in collaboration with A. Kairema [Hytonen and Kairema 2012] allows one
to perform a similar trick with adjacent dyadic systems even in an abstract space of homogeneous type.
Thus, Theorem 1.7 readily extends to this generality as well.

4B. Proof of Theorem 4.3. We start by observing that it suffices to have a uniform bound over all
linearizations

M(fo)=) xewo(fo)g

Q€D

where the sets E(Q) C Q are pairwise disjoint. Here we use the notation

(f>Q=][Qf=][Qf(x)dx

. 1
(o= @Lf(x)o(x)dx,

and

where, as usual, o (E) = fQ o(x)dx.
By this disjointness,

) 1/p 1/p
||M(fo)||mw>=(Zw(E(Q))(fo—)g) (Z ((Q))(j(le)) ((f)‘é)”) :

Q0ed Qe
Now recall:
Theorem 4.5 (dyadic Carleson embedding theorem). Suppose that the nonnegative numbers ag satisfy
Y ag <Ac(R) forall R €.
OCR
Then, for all p € [1,00) and f € LP(0),

/p
(Zag( Q>”) < AYP My fllLrey < AYP-p N fllerey ifp>1.

[0]59)]

Since this is a slightly nonstandard formulation, although immediate by inspection of the usual argument,
we provide a proof for completeness:

Proof. We view the sum ZQ ag((f))? as an integral on a measure space (%, u) built over the set of
dyadic cubes 9, assigning to each Q € % the measure ap. Thus

ZaQ( )P—/ pAu({0ed: <f>Q>A})dA::/O pAP (@) da.

0e9

Let 9 be the set of maximal dyadic cubes R with the property that (f)g > A. The cubes R € 9} are
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disjoint, and their union is equal to the set {M; , f > A}. Thus

p@)=) ag<) Y ag= ) Ac(R)=Ac(Myof > M),

[o1=00% Red} OCR Red}

and hence

o
> ag((fl)’ <A / Ao (Mao f > 2)dh = AllMao f1175,): O
0
0e9

If we apply the Carleson embedding with ag = w(E(Q))(o(Q)/l Q|)p, we find that

IM(fo)lLraw < AYP | Mao fllLro), (4.6)
provided that
3 ()Y
w(E(Q)) IQI <Aoc(R) forall R e%. 4.7

OCR

Note that on E(Q) € Q € R, we have 0 (Q)/|Q| < M (o xr), and hence

3 w(E(Q))("(Q)) -/ mg)(G(Q))

= 10 & 0l
f > Xe@M(xro)'w < / M (xro)"w
QCR

Soif | xgM(xro) ||L,,(u) < AYP5 (R)!/P, then (4.7) holds, and hence by Carleson’s embedding also (4.6),
and therefore the original two-weight inequality

IM(fo)lray < AYP |Myo flliLro)-

Hence, we are reduced to proving that
| xeM (xz0)|],, < AT(R), A= (40)"/"- B,[w, o], (4.8)

(In fact, the argument up to this point was essentially reproving Sawyer’s two-weight characterization for
the maximal function, paying attention to the constants.)

To prove (4.8), we exploit another linearization of M involving the principal cubes, as in the proof of
the A; theorem: let ¥y := {R} and recursively let

S = U {Q C S:(o)p >2(0o)s, Q is a maximal such cube},
SeSFr_1

and then & := U}?io Fk. The pairwise disjoint subsets E(S) € S, defined in (3.12), satisfy |E(S)| > %|S |
by (3.13), and they partition R.
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If x € E(S) and Q 5 x, then (0)p < 2(0)s, and hence XRM(XRO') <2(o)s on xg(s). So altogether,

S
3 e o) —2P2w(E<S>><“|§|))

Seo LP(w) Ses
w(S) (o (S)
P
- 32;,, 5] (|S|)"
<2713 " Bylw, a]exp(][ 10ga>|E(S)|
S

sey (4.9)

<2p+lB (w, a]/ Zexp(][ loga)xg(g)
s

Se¥

H XRM (xro) H LP(w) = <2¢

<27HB[w, o] | sup xo exp<][ logoXR>
R Q€% 0

=2/t B, [w, o] / Mo(xro),
R

where My is the (dyadic) logarithmic maximal function introduced in Lemma 2.1. By this lemma, we

then have
| xrM (X&) 71y <47 Bplw, o1 -€- 0 (R),

which proves (4.8), and hence Theorem 4.3, upon taking the p-th root.
In order to prove the second version of Theorem 4.3, we only need to make a slight modification in the
estimate (4.9). We then compute:

w(S) so(S) G(S)
| xrM ko) |2 iy < PZ 5 (|S| JRNE PHZ[ A s 1EG)

<27 wla, Y | M(oxg)=2""wl, | M(oxo)
sey Y ES) Q

=2 [wly, 01, 0 (Q),

by a direct application of the definition of [0];100 in the last step, and this completes the alternative
argument.

4C. Another proof of Theorem 4.3. We finish this section by providing yet another proof variant for
Theorem 4.3. This proof is more elementary, since it does not need the reduction to the testing condi-
tion (4.8), and it uses the more standard Calderén—Zygmund-type stopping cubes instead of the principal
cubes. Its disadvantage is the fact the we cannot recover the dimension-independence by this argument.
On the other hand, the proof may be extended to maximal functions defined in term of a general basis;
see [Garcia-Cuerva and Rubio de Francia 1985, Section IV.4].

A simpler proof of Theorem 4.3 with a dimension-dependent bound. Fix a > 2¢. For each integer k, let

={xe R? : My(fo)x)> ak}.
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By standard arguments, we consider the Calder6n—Zygmund decomposition, and there is a family of
maximal nonoverlapping dyadic cubes {Qy ;} for which Q; = i Qk,j and

k 1
a’ <
| Ok, jl

fQ F Do () dy < 2d*. 4.10)

Now,

/ Md(fo)Pwdx=Z/ My(fo)Pwdx
Rd X Q

K\ 241

<a? Zakpw(ﬂk) =a? Zakpw(Qk,j)
k

k.j

p 1 )p ‘
= ij:(|Qk,j| Qk.,-lf(y)|a(y)dy w(Qk.p)

A\P
=a"Z(<|f|>zk,,.)"(“(Q’“?)) w(Qu)
k.j |Qk,/|

<a’By[w. o1 ((1F1)%, )" 10| exp(][

k.j Ok.j

=a’Bplw, o] Z((|f|>z)paQ’

[0]59)

logo (¢) dt)

where . .
a0 = {|Q| exp(fQ logo) if Q = Q,; for some (k, j),

0 else.

By the dyadic Carleson embedding theorem, we can hence conclude that
/ MU (fo)’wdx <a’Bylw,olA | (My, f)’o dx,
R4 Rd

provided that we check the condition

ZaQ: Z |Qk,j|exp<][ logo>§A|R|. (4.11)

OCR k.j:QuCR Ok.j

To estimate the left side of (4.11), we first do the following: for each (k, j), we set Ey j = QO ;j \ Q1.
Observe that the sets of the family Ej ; are pairwise disjoint. We claim that

|.j1 < 57 |Ex (4.12)

for each k, j. Indeed, by (4.10) and Holder’s inequality,

1 1 24
Qe NQunl= D 1@l < D /QH._I'”G < /Qk./lfla < =101,

Qk+1,1C 0Ok, j Ok+1,1C 0Ok, j
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which proves (4.12). With 8 = a/(a —2¢), we can estimate the left side of (4.11) as follows:

Zanﬁ Z |Ek,j|eXp<][ loga(t)dt)
QSR (k,7):Qk ;SR k.j
<B Y. Mo(o1g)(x) dx
(k,j):Qx ;SR ¥ Ekoi

Sﬁ/Mo(GlR)(X)dx < pea(R),
R

where we used the definition and the L' boundedness of the logarithmic dyadic maximal function. This
proves (4.11) with A = Be, concluding the proof. O

5. Proof of the extrapolation theorems

We will prove in this section the upper and lower extrapolation theorems 1.24 and 1.25. Recall that the
initial hypothesis is given by the expression

1Tl < @([wla,. [wlag. ™" D1 ) Fllzrw),
for some r € (1, 00).

Proof of Theorem 1.24. Our argument is modeled after a simplified proof by Duoandikoetxea [2011] of
the already cited result from [Dragicevi¢ et al. 2005] (see also [Cruz-Uribe et al. 2011]).
Fix some pe (1,r),we A, f € LP(w) and g := | f|/Il fllLr(w). Let

o0

Rg ::Z

k 9y
i=o 1M UG Lr )

27k Mkg

so that
gl < Rg, IRgllLrew)y Z208lLrewy =2, [Rgla, <2IM |l Lrw)-

Then by Holder’s inequality,

1/p
ITf e = (/leIp(Rg)(’P)P/’(Rg)(rp)P/fw)

1/r 1/p—1/r
< ( / |Tf|’<Rg>—<’—P>w> ( / (Rg)ﬂw)

<ITfllerony @OYPYT < 20T fllraw,s

where
W= (Rg) " Puw.

By assumption, we have

ITFllrowy < @(IW1a,, W Lae, IW YD1 D)) £l .
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where
1/r ( N 1/r ( ,
£l = ( / IfI”(Rf)‘("”)w) A1 < ( / Ifl’lfl‘("”)w) AN = 1 s
S0 it remains to estimate the weight constants

(Wla,, [Wla,, [W YDy,

00"

Using sup Q(Rg)*1 <[Rgla, (Rg)é1 or Holder’s or Jensen’s inequality where appropriate, we compute

(W)Q = <(Rg)—(r—P)w>Q < [Rg];;]?(Rg)é(r—p)(w)Q’

_ — — — — — -1 — — — —1
(W 1/(r 1)) 1=<(Rg)(r p/r=1, =1/ 1)>’Q S(ngQ e 1/(p 1))6 ,

e
0
exp(—log W) o = (exp(log(Rg)) )" " exp(—logw) g < (Rg)y, ” exp(—logw)o,
and

_ — -1 _ — _ _ -1

(exp(—logW 1/ l))Q)r :(exp(log(Rg) 1)Q)r p(exp(—logw 1/ 1))Q)r

_ i /(e -1
<[Rgl}y "(Rg)~" P (exp(—logw™"/P=D) ) ™",

Multiplying the appropriate estimates and using the definition, we then have

_ _ —1/(r—=11r—1 — _ _ —1
[Wla, < [Rgly "wla,, [Wla, <[Rely,"wlay, [W VP <[Rely "[w™ /D]

Aco

(We do not know whether it is possible to make similar estimates for [W];‘oo in terms of [w]’Aw; this is
the reason why we need to use the [ ]4_ constants in this proof.)
Next, recall that

[R1a, < 20M llaoay < ca- p' - [wly” ([w= /P07, )17,
Thus we conclude the proof with
ITF Loy < 20T rowy < 20(IW 1A, [WLan, WY1 D) £llLrany
< 29 (IRgly, (1wl [l [w™ /1))l

< 2<,0<2r_p||M||;3_(£p(w))([w]Ap, [w]a, [w—l/@—w]gpw—”))||f||mw). 0

Proof of Theorem 1.25. Again, our argument is inspired by Duoandikoetxea’s simplification [2011] of the
proof of a result in [Dragicevi€ et al. 2005] (see also [Cruz-Uribe et al. 2011]).
Fix some p € (r,00), w € A, f € LP(w). By duality, we have

ITfllLrwy= sup /ITflhw.
)

h=0
120, o o=

We fix one such A, and try to bound the expression on the right.
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Observe that the pointwise multiplication operators

h> wh: L (w) — L (w'™7), g %g LV ('Y > L (w)

are isometric. Let R be as in the previous proof, except with p’ and o = w'~"" in place of p and w:

0
27k Mkg
Rg:=Y ——5
§ ZuMnk /
k=0 B(LP ()

and R'h := w~'R(wh). Then
h < R/ha “R/h”L//(w) = 2||h||Lp’(w) =2, [wR/h]Al = 2||M||93(L1>’(g))-

Then, by Holder’s inequality,

/ITflhw =< fITfI(R’h)w = /|Tf|(R’h)(pr)/[r(p1)](R/h)(rl)P/[r(Pl)]w

1/r 1/r
< </|Tf|r(R/h)(17—r)/([7—1)w) </(th)p/(p—l)w>

<ITfllrwy2” ",

where
W = (R/h)(P*V)/(P*I)w.

By assumption,

799

ITFllzrowy < @(IWa,, W Lae, IW YD1 D)) £l (5.1)

where, by Holder’s inequality with exponents p/r and p/(p —r),

1/r
1/ hran = ( [isrurte. <R’h)<f”>/<f’“w<f”>/1’)

1/p 1/r=1/p )
< ( / Iflpw) ( / (R/h)l’/@—“w) <1 fllLray @Y =1e,

so altogether, suppressing the arguments of ¢ from (5.1),

/ITflhw < ITF a2 < o Ll an2? "

<. )Y VPN Flliran 27 =20 DI f lLrw)-

It remains to estimate

[Wla,, [Wla,, [WV/O=D)§—D

for
W = (R'h) P~V gy = [(R'h)w] P~/ P=Dyyyr=D/(p=1)
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We thus compute
—r/(p— —r)/(p—1 —1)/(p—1
(W)o :((R/h)(P r/(p ])w)Q < ((R/h)w)(Qp r/(p )(w>(Qf )/ (p )’

1/(r=1) (p=n)/lp=D(r=D1,,,=1/( Hy—1
(WD)t = (R =P ey

IA

[wRBIE P (R hyw) g P~ (VoD
exp(—(log W) o) = (exp(log(wR'h)") )p_r)/(r_])(exp(_10gw>Q)(r—1)/(p—l)
<[(R h)w](” r)/(r— D((R w > —(p—r)/(r— D(exp(—logw)Q)(r_l)/(p_l),
and
(exp(—(log W=Dy ) ™" = (exp((log(wR'h)) 0)) """~ (exp(—log w™ /¥~y 5) !
< (R'Myw)$ ™7™ (exp(—logw™ /P~y 5)" "
Multiplying the relevant quantities, it follows that
[(Wla, <[(R h)w ](p r)/(p— 1)[ ](r D/ (p— 1)
[Wlay < (R mywl ™" P V070,
[W 1/(r— 1>]roo1 <[(R'hw ](p r/(p— 1)[ —10;(p—1)](r—1)'

o0

Also recall that

[RMywla, < 20M gy -1y, < calw' P 1 w1 ? = catwlPLwl”,

and thus we conclude with

1T fllp ) < f T flhw <20 (IW 1A, WL, WY1 D)) Fllrw)

< 20(LR WywIL "D ((Wa,, IWLas, IW YD1 N Fll o)
< 2<p(<2||M||%(Lpf<w1_p )PP
([ ](” D/(p=1) [ ](f D/(p=1) [ —1/(p— 1) (V D))”f”L”(w) N

6. The A; theory, proof of Theorem 1.14 and its consequences
6A. The main lemma. The proofs of the theorems will be based on the following lemma.

Lemma 6.1. Let T be any Calderon—Zygmund singular integral operator and let w be any weight. Also
let p,r € (1, 00). Then there is a constant c = cq 1 such that

IT Ly < epp’ G2 F N et

where, as usual, we denote M,w = M (w")'/".
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This is a consequence of the estimate

1 1-1/pr
1T o <epp’ (=) I leranun

(which can be found in [Lerner et al. 2009a] when r € (1, 2]), since

() sy <o
r —

where we used 11/1 <2, ¢ > 1.

6B. Proof of the sharp reverse Holder’s inequality.

Lemma 6.2. For any cube Q and any measurable function w,

w d+1
/Qw 1og(e n —<w>Q) dx <2 /QM(wXQ) dx. 6.3)
Hence, if w € Ao, w(y)
sup ( o w(y) og e+ m) dy <2+ [w]), . 6.4)

The essential idea of the proof can be traced back to the well-known L log L estimate for M in [Stein
1969]. However, these estimates are not homogeneous. A proof of this lemma within the context of
spaces of homogeneous type can essentially be found in [Pérez and Wheeden 2001, Lemma 8.5] (see also
[Wilson 2008, p. 17, inequality (2.15)] for a different proof).

Proof of Lemma 6.2. Fix a cube Q. By homogeneity, we assume that (w)o = 1. The key estimate follows
from the “reverse weak type (1, 1) estimate”: if w is nonnegative and t > (w),

1[ wdr <2|{x € 0 M(wyp)(x) > t}]. (6.5)
{xeQ:wx)>t}

1 X = —_— X X t t =
|2|/w 0g(e+w)d | |/ w({ €0 :wkx)>t}d I+11.
Here

IQI/ P —w({x e Q: w(x)>t})dt<1<@/QM(w)(Q)dx,

while for the complementary term // we use the estimate (6.5):

|Q|/ —w({er w(x) > t}) dt

|Q| \{xe 0 : M(wxp)(x) > t}| dt

d

5@ |{xEQ:M(wXQ)(x)>t}|dt

-z / M(wy)(x) dx.
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This gives (6.3), and (6.4) follows from the definition of [w]/Am. O
The main use of the lemma is the following key observation.

Lemma 6.6 [Wilson 2008, p. 45]. Let S C Q and let ). > 0; then

N ) 2wl
— <e " implies

10l w(@ = &
Proof. Indeed, if E;, ={x € Q :w(x) > e)‘(w)Q}, then w(E,) < (2d+1/)\)[w]’Aww(Q) by (6.4). Therefore

% 4 oH2, (6.7)

2d+2 w/A
w(S) Sw(SNEy;2)+w(S\ Eyp) < f"" w(Q) +e**(w)o|S|

2d+2[ ] 32 o
< f w(Q)+e* e "w(Q) by the hypothesis in (6.7)
d+2[w]
=———w(@) +e M w(Q),
and this proves the claim (6.7). Il

Proof of Theorem 2.3. Recall that we have to prove that

1/r(w)
<][ wr(w)> 52][11)
0 0

r(w):=1+ ;,,
Talwly

where

and where 7, is a large dimensional constant.

Observe that by homogeneity, we can assume that ][ w = 1. We use the dyadic maximal function on

the dyadic subcubes of a given Q: Q

/ w!te < / My(wyp)*w :/ stg_lw({x €0 :My(wyp) > t}) dt
o ) 0

1 00
sfsﬁ—lw(Q)st/ et w(lx € Qs Matwx) > 1)) &

0 1

<|Q|+82/ rfw(fxeQ: Md(wXQ)>t})

k>0

< 10| +¢a® Z ks/ {er Mi(wxp) >a })% fora > 1,

k>0 ak
= Q| +ea® loga Y a** w(y).
k>0

where
={xeQ: My(wyp)(x) > ak}.
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Since af > 1 = fQ w, we can consider the Calderén—Zygmund decomposition of w adapted to Q.
There is a family of maximal nonoverlapping dyadic cubes {Qy ;} strictly contained in Q for which
Qk = Uj Qkyj and

at < ][ w < 29", (6.8)
Ok, j

Now,

Zak‘?w(Qk) = Zakgw(Qk,j) =< Z (|Q1 r w(y) d)’) w(Qk,j)-
J

k=0 k.j k.j Ok.j

We need to estimate w(Qy, ;), which we pursue similarly to Section 4C; see in particular (4.12). For
each (k, j) we set Ey j = Oy, j \ Qr41. Observe that the sets of the family Ej ; are pairwise disjoint. But
exactly as in (4.12), we have that for a > 24 and for each k, J,

Q| < —51Ewj. (69)

We now apply (6.7) with Q = Qi ; and § = Qy ; N Q;41. Choose A such that e =2%q, namely
A =log(a/2%). Then applying (6.7), we have that

w(Qij N Qusr) _ 217wl (z)l/z
w(Qk,;) log(a/24) al

Since a > 24 is available, we choose a = 2d ol [w]/Aoo, with L a large dimensional constant to be chosen.

If in particular L > 2974, we have

w(Qk,j N Q1) - 2d+2
w(Qk, ;) L

This yields that w(Qy, ;) < 2w(Ek,;), and we can continue with the sum estimate:

Za’“w(szk)§22< L w(y)dy) w(Ex, ;)
1Ok

~Twly L2 _ 141 _ 1
+e 4 <ztz=73

k>0 k,j Ok.j
<2y Md(wXQ)SdeSZ/ My(wyp) wdx.
k,j Ey j 0

Combining estimates, we end up with
][ My(wyxp)w<1+2¢a’ loga][ My(wyp)*wdx,
0 0

for any & > 0. Recall that g = 29¢" [“Thse . Hence, if we choose

1 1

L = 2d+4’ e = — ,
271, [w];‘w 211+d [w]/Aoo

we can compute

2ea’loga < %, ][ My(wyp)w <2,
0

concluding the proof of the theorem. O
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6C. Proof of Theorem 1.14: the strong case. The proof is, as in [Lerner et al. 2009a], just an application
of Lemma 6.1 with a specific parameter r coming from the sharp reverse Holder inequality given by
Theorem 2.3. Indeed, since w € A} C Ay, and if we write

_ 1
g [wl)

1/r(w)
<][ w’(w>> 52][ w. (6.10)
0 0

Now, by Lemma 6.1 with r = r(w), we have

r(w): =1+

’

we have

T f oy < cpp’ DY PN Flleaw < cpp’Awly DYP 1 FllLemw)
! 1
< cpp (Wl D)7 Twl "1 £l Lo,

using the standard notation M, w = M (w")1/”. This concludes the proof of the theorem.

6D. Proof of Theorem 1.15: the weak case. We follow here the classical method of Calderén and
Zygmund, with the modifications considered in [Pérez 1994]. Applying the Calderén—Zygmund decom-
position to f at level A, we get a family of pairwise disjoint cubes {Q ;} such that

A< —— | |fI<2%.
0,1 Jo

Let Q=J; Q; and Q= \U;20Q;. The “good part” is defined by

1
J

g=Y_ fo,Xx0,®) + f(xX)xa(x),
J

and the “bad part” b as
b= b,
J
where
bj(x)=(f(x)— fo,)x0,;(x).
Then f = g+ b. We split the level set as
wix eR!:ITF@)] > 2} = w@ +wlx e @ 1Tb@)]| > 2} +uwre @171 > ]
= I+ 11+l

Exactly as in [Pérez 1994], the main term is ///. We first deal with the easy terms [ and /I, which

actually satisfy the better bound

1
I+11< X[W]Al 1N 21 w)-

Indeed, the first term is essentially the level set of M f:

I=w{x eRY: Mf(x) > cq A},
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and the result follows by the classical Fefferman—Stein inequality:

IMfllLroowy < ca lf o mw)-

For the second term, we use the following estimate: there is a dimensional constant ¢ such that for any
cube Q and any function b supported on Q such that [ 0 b(x)dx =0 and any weight w, we have

/ ITh(y)|lw(y)dy 5@1/ [b(y)IMw(y)dy. (6.11)
R"\2Q 0

This can be found in Lemma 3.3 of [Garcia-Cuerva and Rubio de Francia 1985, p. 413]. Now, using this
estimate with w replaced by w XR"M\20Q;> WE have

= %/ ITh(y)w(y) dy
R\ Q2

Cc Cc
<3 ;/RH\ZQJTbj()’Nw()’)dy <7 ;/lebj(y)lM(wXRn\sz)(y) dy

<< [ 1o ay+ )3 /ijwxw\zgj)(x)dx /Qj|f(x)| ax.

1
10l
To estimate the inner sum, we use that M (xge\20 ) is essentially constant on Q:

M (xr\20)(¥) X M (Xgn o)), ¥, 2€ 0, (6.12)

where the constants are dimensional. This fact that can be found in [ibid., p. 159]. Hence, the sum is
controlled by

R»

cd ingisz(wXW\ZQj)(X)/Q | f)ldx <cq | |f ()| Mw(x)dx.
Jj J

This gives the required estimate.
We now consider the singular term /11, to which we apply the Chebyshev inequality and Lemma 6.1
with exponents p, r € (1, 0co) to be chosen soon:

_ O\C - A
11 = w{x e (@) |Tg(x)| > 5} == ||T(g)||L,,(wX(mL)

s 1 11
<e(pp) () L / 1817 My (o) de = cpp )P ()P / 18IM, () .
R R

Now, after using the definition of g, we apply the same argument as above, using (6.12) with M replaced
by M,. Then we have

fQ |g|Mr(wx(5)c>dxsZ oy f, e / My (1029, ) () di

<c Y inf Mr<wxW\2Q_,.)<x>/Q.|f(x>| dx < cd/9|f<x)|Mrw<x)dx,
J J
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and of course
/ 181 M (WX g)) dx S/ | fIM,w dx.
Q¢ Qc

Note that 7 is not chosen yet, and we conclude by choosing as above the exponent from Theorem 2.3,

1

r=r(w):=14+——-—,
W) Td[w]Aoo

namely the sharp Ao reverse Holder’s exponent. We also choose

1

—
P= 1 Togler ol )

where p <2 and p’ ~ log(e + [w]’AOO). Then we continue with

w (p—1)

w{x e () |Te(x)| > %} < clog(e + [w]’Aoo)]ATm /Rd|f|2Mw dx.

sc[w]“mmg[w]’*w)/ flwdx.
)\. Rd

This estimate combined with the previous ones for / and I/ completes the proof.

6E. Proof of Theorem 1.16: the dual weak case. We adapt here the method from [Lerner et al. 2009b],
where a variant of the Calderén—Zygmund decomposition is used — namely, the Calder6n—Zygmund
cubes are replaced by Whitney cubes. Fix A > 0, and set

Q) ={x e RY: My, (f/w)(x) > A},

where M¢ denotes the weighted centered maximal function. Let | ;j @, be the Whitney covering of £2;,
and set the Calderén—Zygmund decomposition f = g 4+ b with respect to these cubes: the “good part” is
defined by
8= fo, X0, + f(x)xa(x),
J

and then the “bad part” b is given by
b=2 b
J
where

bj(x) = (f(x)=(f)o;)xg, ).

By the classical Besicovitch lemma, we have
Cn
w(€2;) < THfHLl(Rd)-

Hence, we have to estimate

ITf(x)]
w(x)

ATb(x)| A T g(x)]
>A}§w{x¢§2k. w00 >§}+w{x¢9;“ w00

w{xgﬁk: >%}=:Il+12.
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By using (6.11) again, with w = 1, we obtain
2 c c
L <= Th(x)|dx < < _ Tdy < € ’
=3, meler < A;/ij (Flo,ldr = SN f )

where c =cy4 1.
To estimate I,, we will use the dual version of Lemma 6.1, namely

NT £l gy < PP GO PNE N Lot qayi-y - (6.13)

As before, we use Theorem 2.3 with

r=r(w) :=1+—1 ,
g [wly

() <ofr

Then M,w <2Mw < 2[w]a,w, where, as usual, M,w = M (w")!/". Combining the Chebyshev inequality
with (6.13) for a value of p € (1, co) to be chosen soon, we have

such that

47

—1
P / / [w]P / /
I < )27/ |Tg|? w!™P dx < )\—p/Al/ |Tg|? Mrwlfl’ dx
R4 Rd

[wl’, !
< (qmv’)p/r'k—f}1 /Rdlgl"/wl”/ dx

p'—1
[w]A1
/

’ o7 oo 1—=p’ /
<(cp'p)’r A—p(/w\mlfl"w r dx+;(<|f|>g_,~)"/.

J

w!' = dx)
We have that | f| < Aw almost everywhere in R? \ €, and hence

[ 1170 a2 e,
RI\Q;

Next, following again [Lerner et al. 2009b], by properties of the Whitney covering, it is easy to see
that for any cube Q; there exists a cube Q;f such that Q; C Q;, IijI < ¢u|Qjl, and the center of Q;f lies
outside of €2;. Therefore,

{1 fhe)? ™! / w' " dx < [wlf (1 f o) ! /Q (Mw)' =" dx

c(fNo;

p'—1
e ) < (cMwla)? 10,

1
<[wl? 10l (
which gives

Z<<|f|>Q,>Pwi1—P/ dr < (e wla)? Y (Do, 1051 < (erlwla)? Ml flligroy.
j I '

J

Combining the previous estimates and recalling that ' ~ [w]’Aoo, we obtain
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PP w ]2(p -
L<cl[w 0k T N2 mays
. 1
and choosing now p such that p’ =14+ ———— <2, we get
gnowp p log(e+[wla,) — £
clw]y log(e+[w]
I < = . I F 1Lt ey

This, along with estimates for /; and for w(£2;), completes the proof of Theorem 1.16.

7. Commutators, proof of Theorem 1.17 and its consequences

For the proof, we need a sharp version of the John—Nirenberg theorem, which can be essentially found in
[Journé 1983, pp. 31-32].

Lemma 7.1 (sharp John—Nirenberg theorem). There are dimensional constants 0 < oy < 1 < By such
that

— ) 7.2
sup|Q|f P 16O = blol ) dy < A (7.2)

In fact, we can take oy = 1/29%2,

A key consequence of this lemma for the present purposes is that eRZ%w inherits the good weight
properties of w when the complex number z is small enough. More precisely, for the A, constant, we
have:

Lemma 7.3. There are dimensional constants €; and cg such that

[Rebwly, < calwla, iflz] < & .
I5l1Bmo ([w]y + [w'a,,)

Proof. From the reverse Holder inequality with exponent r =1+ 1/(zy4 [w]/AOO), and the John—Nirenberg
inequality, we have for an arbitrary Q:

1/r 1/r
f weRezb < (f wr) (f er’Rez(b(b)Q)) eRez(b)Q
0 0 o

. €d
< 2][w)-ﬂd-eR“<”>Q, if 7] < —————.
( 0 IbllBmolw]y

By symmetry, we also have

€
][w—le—Rezb 52,3d<][ w—l)e—Rez(b)Q if 2] < d _
0 0 IbllBMo[w =],

Multiplication of the two estimates gives

(][ weRezb) (f w—le—Rezb) 54135[10]/‘2,
9 0

for all z as in the assertion, and completes the proof. O

o0
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There is an analogous statement for the A, constant [ ]:400' (A similar result for [ ]4_, is also true, and

easier, but we will have no need for it, and it is therefore left as an exercise for the reader.)

Lemma 7.4. There are dimensional constants €; and cg such that
€4

[e**Pw],  <cqlwly, i lz] < —— .
IbllBmolwly

Proof. We know that w satisfies the reverse Holder inequality (fQ w3 ) 1/d+38) <2 fQ w with a constant

8 =cq/[w], < 27", where ¢4 is a small dimensional constant. We will prove that eRezb

1/(146)
(f(eRCwa)l-'r(S) < CdfeRCwa’
0 0

for all z as in the assertion. By part (b) of Theorem 2.3, this shows that

reverse Holder estimate

[eRezbw]/Ao@ <2Cq/8 < cqlw])_,

To prove (7.5), we first have

1/(148) 1/(148)
(f(eRezbw)lJra) — eReZ(b)Q<f(eReZ(b<b)Q)w)1+3)
o 0
8/(1+5)? 1/(148)?
< eRez(b)Q(][ eRez(b—(h)Q)(l-i-a)z/a) (][ w(1+8)2> ’
0 0

where we applied Holder’s inequality with exponents (1 46)/§ and 1+ 6. Now
(1+8)%=1+25+8><1+38,

and hence the last factor is bounded by 2][ w. Moreover, by Lemma 7.1, we have
0

][eRez(b—<h>Q)(1+3)2/5 <Bs ifz] < L"a.
0 - ~ 41bllBmo

1/(148)
(f(eRewa)l-‘r(S) < eRCZ(b}Q 'ﬂd Zf w,
o 0

and we concentrate on the last factor. We observe that

() = (o= () () = G ()

and hence

1/(1-8
][ w < 2(1+8)/(1—8)<][ w1_5>1/(]_8)§ 8<][ wl—seRezb(1—5)e—Rezb(1—a)) /=9
0 0 0
5/(1-8)
< 8<][ weRezb) (][ e—Rezb(l—B)/zS) ’
0 )

where we used Holder’s inequality with exponents 1/(1 —§) and 1/6.

So altogether,

w satisfies a

(7.5)

(7.6)
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Combining with (7.6), we have shown that

1/(1+8) 8/(1-8)
(][(ekezbw)wra) < eRezlblo By - 16(][ weRezb) (][ e—Rezb(l—a)/a)
0 0 0
§/(1-9)

— 16,3d' (f weRezb) <][ e—RCZ(b—<b>Q)(1—8)/5)
0 (@)

< 16ﬁd-(][ weR”b) - Ba,
(@)

provided that |z| < a48/||b|lBMo in the last step. Altogether, we have proven (7.5) with Cy = 16,85, under
the condition that |z| < «z8/(4||bllBMO), and this completes the proof. Il

Proof of Theorem 1.17. The proof is a revised version of that of [Chung et al. 2012], following the second
proof in the classical L? theorem for commutators that can be found in [Coifman et al. 1976]. Indeed, we
begin by considering the “conjugate” of the operator given by

T,(f) =T (e " f),

where z is any complex number. Then a computation gives (for instance for “nice” functions)

I.(f)

ZZ

0.7 = ST Pl =575 [

i dz, €>0,

by the Cauchy integral theorem. Now, by Minkowski’s inequality
1
0. 1Y 20 = 5 [Tl € >0 .7

all we need to do is estimate || 7; (/)| 2wy = | T € 1) ] 2 (2Rezh
the main hypothesis of the theorem, we have

vy for |z| = € with appropriate €. By

[T 1) oy = @([2R 0] 0[5 00], L [2R500 T e Fllzanceiu,

where [l £l 12¢2rezbi) = | Fll 12 00)-
By Lemmas 7.3 and 7.4 (the latter applied to both w and w™'), we have

< Calwl

[weZRebz]Az < Cylwla,. [wezRebz]/AOo < Calwl_. [w—le—ZRebz]Aoo < s

provided that
€d

< .
= Iblsmo([wl,_ +[w 1T, )

lz| =€
Using this radius and the above estimates in (7.7), we obtain

[, TYA | 2y < ﬁ / o(Calwlay, Calwly_, Calw™ Ty ) fll 2w ldz]

|z|=€

< Callbllemo([wly, + w1y ) x @(Calwla,, Calwly .. Calw ™ Ty )F Il 20w)-
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This concludes the proof of the main part of the theorem. The estimate for Tlf‘ is deduced by iterating
from the case k = 1. 0
8. Examples

We compare our new estimates with earlier quantitative results by means of some examples.

8A. Power weights and the maximal inequality. Let d = 1 and p € (1, 0o) be fixed; we do not pay
attention to the dependence of multiplicative constants on p. For w(x) = |x|* and —1 <a < p — 1, one
easily checks that

_ 1 1 _ 1 -] 1
[wla, = I+a ((p—D—a)r~t’ [wlay = I+o’ [w ]Am T (p-D—a’

moreover, the functionals [ ]4_ and [ ]/Aoo are comparable for these weights.
Letting @ — —1 or « — p — 1, this shows that we have power weights with [w]4, =7 > 1 and either
[w]a, ~tand [w_l/(p_l)]A ~1,or[w]s, ~1and [w_l/(P_l)]A ~ /=D,

oo

With [w]a, =~ [w]a, ~¢> L and [w™"/?~D] <1, our maximal estimate
1/ p
1M oy S ([wla, [w™/P 1)]Aw) P=itl/p

clearly improves on Buckley’s bound

1/(p—1 B
M llgLrwy) S [w]A/p(P ) — /(=D

Despite this improvement over earlier estimates, our bounds fail to provide a two-sided estimate for
the norm of the maximal operator: A. Lerner and S. Ombrosi (personal communication, 2008) have
constructed a family of weights which shows that

o IMllg2awy
wed v N2
 ([wla w1, )

The weights of their example are products of power weights and the two-valued weights considered in

0.

the next subsection.

8B. Two-valued weights and Calderon-Zygmund operators. The estimates for the Muckenhoupt con-
stants of power weights in the previous subsection show that

[w]a, =~ [w]a, + [UFI]Aoo ~wl, + [wil]/Aoo forw(x) =|x|“andd =1,

so the improvement of our bound

1/2 1/2
1T Napz2my S w2 ([wly + 10T, )"

over | T g 2wy S [wla, is invisible to such weights.

However, the difference can be observed with weights of the form w =t - xg + xr\ g, where t > 0 and
E C R is a measurable set, so that both E and R\ E have positive Lebesgue measure. As I ranges over
all intervals of R, the ratio |E N I|/|I| ranges (at least) over all values « € (0, 1), and hence
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2

[w]a, = sup (ar+1 —a)at ' H1l—a)= (+1) ’

ae(0,1) 4¢
[wla, = sup f(a), with f(a):=(at+1 _a)e—alogt_

ae(0,1)

Now f’(a) = 0 at the unique point & = é — _til € (0, 1), and so
L s,
oL -1 logt logt >
[wla, = f(&@) = — Xpt lz ot
o8 B if0<r<l.

log ¢!

Assume that r 3> 1, so [w]a, ~t/logt. Since o is a weight of the same form with ¢~

of ¢, we also have [0]4,, ~t/logt. Thus

12 _ ¢t
) - log

[wla, =2, T lpw2w) S [wly ([w]Aoo +[o]as

f

In particular, these estimates already show that

T 2
inf N7 22wy
weA> [w]A2

=0.

I « 1in place

If we use the sharper version of our A, theorem with the weight constants [ ]’Aoo instead, we find that

I T lgs¢22(wy) can actually grow much slower than [w]4,:

Lemma 8.1. For w =1 xg + xr\g and t > 3, we have [w]/Aoo <4logt.

With the earlier estimate for [w],_ ., this shows that [w]4, can be exponentially larger than [w]/Aoo.

In fact, Lemma 3.11 of [Beznosova and Reznikov 2011] implies the even more surprising possibility

that [w]’AOC < loglog[w]a,, , which is also sharp, in that the converse always holds [ibid., Theorem 1.2];

however, the example there consists of the power weights w(x) = |x|" with t — oo, which fall outside

Aj as soon as ¢ > 1, so they are not directly relevant for the present discussion of sharp A, bounds.

Proof. Note that

i M(wxr) = 11 sup xf][w — xrsup xs— (17 \ E| +11J N E)
Jcl 7 scr M

|[JNE|
= s sup (14 (= D= ) = 0 (14 (= DM Gune)),
JcI [J]
and hence, with the abbreviations 7 :=¢— 1 and a := ‘Ilr;f‘,

1
f1M<wa>=|1|+r/IM<XmE>=|1|+r/0 1AM Gung) > 1] da

a 1
< |1|+r( |I|dA+/ %|10E|dk> - |I|+t<a|l|+2|IﬂE|log é)
0 a

[1]
— |7 mE(l 21 )
1|+ 7] [ 1+ Og|IﬂE|
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where the factor 2 is the weak-type (1, 1) norm of the maximal operator on the real line. Since w(/) =
[I|+ t|I N E]|, we have
1+ ta(l+2loga) 1

1
[w]y, =sup—— /M(wa) < sup =1+2 sup Slog—. (82
Ao T w(I) ae(0,1) l+ta oze(O,l)1

recalling that the ratio |/ N E|/|I| attains at least all values « € (0, 1) as I ranges over all intervals.
If o > 7!, then loga™! <logt, while Ta/(1 +ta) < 1. Ifa < 77!, then

1 1 1
log — = talog — 1 < -—+1
To oga T™ ogm—i—ta ogr_e+ ogT,
as x logx_1 <elandx <1forx =ta (0, 1). Altogether, recalling that t = 7 4+ 1 > 3, we have

[w]gm§1+2<%+logr)5(1+%)+210gt§4logt. d

1

Since 0 = w™ ' is a weight of the same form, we find that for these particular weights,

2 12
[wla, =t T g2y S [w]i{2 (lwly, +Io]y) / < (tlogn)'/?,

so indeed || T || 12y can grow much slower than [w]a, for such particular families of weights. This
example also motivates the use of the A, constants [w]’Aw, rather than [w]4_ , whenever this is possible.

In a similar way, we can show that the main result from Theorem 1.14 strictly improves on the earlier
estimate (1.12). Indeed, if we let w be the previous weight with # >> 1 so that [w]4, =~ and [w]’Aw ~logt,
then

1 1/p /
[w1y? [wl{? =17 (log )7

As above, this family of weights shows that

inf I T llcLr w))

=0, 1l<p<oo.
WEA| [U)]Al

8C. Two-valued weights and dyadic shifts. Although it was not stated explicitly above, from the proof it
is clear that our weighted bound for the dyadic shifts only depends on the dyadic Muckenhoupt constants,
where the supremum is over dyadic cubes only, instead of all cubes. This makes a difference for the
two-valued weights w =1 - xg + xgr\ £ considered above, when the set E is appropriately chosen. Indeed,
with E := | J,;[2k, 2k + 1), one observes that the ratio |E N I|/|I| only attains the values 0,1 3, lasl
ranges over the dyadic intervals. Consequently, the dyadic A constant has a different expression:

d —at __ t+1
= ma t+1—
[wla ae{O,l}(Z,l}(a +1-aje N

where [w]i2 = [w]a,, as one easily observes. Repeating the proof of Lemma 8.1 in the dyadic case

= ([wl4,)",

(recalling that the weak-type (1, 1) norm is C4y = 1 for the dyadic maximal operator), we get in place of
(8.2) that 1

[w]i&i <14 sup L 1

log— =1+
welo, 12, 1+T00 T 1+2r

log2 <1+log?2.

So these constants are actually uniformly bounded over the choice of the parameter ¢.
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By symmetry, we also have [ufl]ji00 = [w]ff‘m and [ufl];’fio = [w];;i, and hence, for this particular
Eand w=1-xg+ xr\E,

I gy 2 S -+ D2 ([w]4,) 2wl + 1w 157) 2 < ¢+ D ([w1d,) .

s . 3/4
Hruscev’s Ay constants [ ]ﬁx would have given the weaker bound || |lg 20, S (r + 1)2([w]i2) / ,
instead.

8D. The extrapolated bounds for Calderon—-Zygmund operators. It is interesting to compare our esti-
mate (1.28), namely

2 —1/[2(p—1 1 2(p—1 12 _

(8.3)
S [w]iﬁf’([w]wl*z/ﬁ,

which is valid for any Calderén—Zygmund operator and for all p > 2, with an estimate implicitly contained
in the proof of a related result by Lerner [2011, Theorem 1.2]. He considers maximal truncations 7T} of
convolution-type Calderon—Zygmund operators, and obtains the bound

I Tellopcrr ) S w]A 2wl D M llprwy S wly? C(wly )2 pel3 00, (8.4)

where the second estimate is an application of Buckley’s result (we do not even need our improvement at

this point),

1/(p D 1/2

IMllgLrwy S Twly =[wly ., pel3, 00).

In (8.4), the factor ([w]’ Ao )1/2 comes from an estimate of Wilson [1989] relating the weighted norms of
the grand maximal function and a certain square function, while [w] A, % is Lerner’s bound for the weighted
norm of such square functions (whose exponent is optimal by [Cruz Uribe et al. 2012]).

To simplify comparison, let us only consider the simpler form of our bound (8.3). Then the sum of the
powers of [w]4, and [w]’AOO in both (8.3)and (8.4)is2/p+(1—-2/p) = %4—% = 1, and the sharper bound
is the one where the larger weight constant [w]4, has the smaller power. We have 2/p < % if and only if
p >4, and hence Lerner’s bound is sharper for p € [3, 4) and ours for p € (4, 0o0). This indicates that the
present results are not the last word on joint A ,-As-control, but there is place for further investigation
(which indeed has already taken place since the first public distribution of this paper; see [Hytonen et al.
2011, Section 12; Lacey 2012; Hytonen and Lacey 2011]).

9. Proof of the end-point theory at p = oo

The proof again relies on the sharp reverse Holder inequality in Theorem 2.3: if w € A and if we let

1
r=r(w):=14————,
(w) calwly

then
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Proof of Theorem 1.19. For ¢ = (f) o,

1 _ _ 10| ][ 10| (][ B r(w)/)l/r(w)'(][ r(w))l/r(w)
w(Q) /Q|f =@l M=o\ 0"

= I_(QQ|) (Cd (w)’ ||f||BMO) (ZJ[Qw) =Cyr(w) || fllsmo < Cd[w];\w”f”BMo,

which shows that || f ||[BMmo@w) < Cd[w]’AOO |l fllsmo- Note that we used the sharp order of growth of the
local L? norms of BMO functions as p — oo, which follows easily from the exponential integrability.

To see the sharpness for d = 1, consider w(x) = |x|~1+¢, which has [wla, ~ [w]’Aoo ~ 1/¢ and
f(x) =log|x|. We check that

I fllBMO(w) = ([O 0 / )1Og a|w(x)dx > g > clwla, > c[w]_,

which proves the claim. It is immediate that w ([0, 1]) = / e gy = l It remains to compute

1 1 00
/ ’log——a‘x_“rsdx:/ |t —ale”® dt = / lu—eale™d
0 X - 0

It suffices to check that ¥ () := / lu —ale”™du > ¢ > 0 for all @ € R. But this is an easy calculus

exercise. 0 O

We now prove Corollary 1.20 on end-point estimates for Calderén—Zygmund operators.

Proof of Corollary 1.20. For the positive estimate, it suffices to factorize T = oT, where T : L*° — BMO
and / : BMO — BMO(w) have norm bounds cr and cd[w]’Aoo, respectively. Concerning sharpness, note
that the Hilbert transform of x_1,0) is log(x +1) —logx for x > 0. Since log(x + 1) is bounded on [0, 1],
the computation proving the sharpness of the embedding BMO < BMO(w) also gives the lower bound

*1+€]A

c -1
|H x-1.0) HBMO(MVHS) = =clx clxcrolice = clx™ 1 lx10llz. O

We conclude with the proof of Proposition 1.21 on the sharp relation of Ay, and BMO. Note that here
we use the larger constant [w]4_, not [w]/ADO

Proof of Proposition 1.21. Let Q be a cube. We estimate
f\logw—logc|=/ 10g£+/ log£
0 onfw=c} ¢ Jonjw<e W
(R
onfwze} € onfw=c} w
=2/ log— /logc+/log—
oN{w>c}
<2 2yigioge+ioiog(tua. /f w).
onfw=zc} ¢ 0
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][‘logw—logc’ < g][w+logc+log[w]Aw—log(][ w).
0 €Jo 0

Choosing ¢ =cg = 2][ w, we get
0

Hence

][ \logw —log CQ| < 1+10g2+10g(][ w) +loglw]a,, —log(][ w) =log(2e[w]a,),
Q Q Q

and this proves that
[log wllgmo =< log(Ze[w]a,,). U

Remark 9.1. In the last estimate, we cannot replace [w]4_ by [w]’Aw. Indeed, for the two-valued
weight w =t - 1g + Ir\g, one readily checks that |log w|gmo ~ log?, whereas Lemma 8.1 shows
that also [w]/Aoo < logt. Thus |log w|smo < log(c[w]/Aoo) would lead to the obvious contradiction that
logt <c+loglogt.
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