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A CODIMENSION-TWO STABLE MANIFOLD
OF NEAR SOLITON EQUIVARIANT WAVE MAPS

IOAN BEJENARU, JOACHIM KRIEGER AND DANIEL TATARU

We consider finite-energy equivariant solutions for the wave map problem from R**! to S? which are
close to the soliton family. We prove asymptotic orbital stability for a codimension-two class of initial
data which is small with respect to a stronger topology than the energy.

1. Introduction

We consider wave maps U : R>*! — S? which are equivariant with corotation index 1. In particular, they
satisfy U (¢, wx) = U (¢, x) for € SO (2, R), where the latter group acts in standard fashion on R2, and
the action on S? is induced from that on R? via stereographic projection. Wave maps are characterized by
being critical with respect to the functional

U— (0, U, 0%U)do, a=0,1,2,
R2+1
where Einstein’s summation convention is in force, 3% = m®? 0g, Map = (m*?)~1 is the Minkowski metric
on R2t! and do is the associated volume element. Also, (-, -) refers to the standard inner product on
R3 if we use ambient coordinates to describe u, d,u, etc. Recall that the energy is preserved:

E(u) = %fRz(DU( ., 1), DU(-,1))dx = const.

The problem at hand is energy critical, meaning that the conserved energy is invariant under the natural
re-scaling U — U (At, Ax).

We focus on a particular subset of equivariant maps characterized by the additional property that
U(t,r,0)=(u(t, r), 0)in spherical coordinates, where, on the right-hand side, u stands for the longitudinal
angle and 6 stands for the latitudinal angle, while on the left-hand side, r, 8 are the polar coordinates
on R2. Now u(t, r), a scalar function, satisfies the equation

ur sin(2u)

—Uy +up+ — 2,2 (1-)
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Then the energy has the form

2 2 sin” u
Eu)=m lug|” =+ |u,|” + 5 rdr. (1-2)
R2 r

We shall be interested in corotational maps that are topologically nontrivial, that is, with
u(,0 =0, u(t, o0)=m.

A natural space adapted to the elliptic part of this energy is Helz

2
L2

11y = o1+ | £

This is the equivariant translation of the usual two-dimensional space H'. The size of the elliptic part of

the energy of u in (1-2) and its He1 norm are comparable, provided that u is small pointwise. This is not

true directly for u, but it is true after we subtract from u the “nearby” soliton that we describe below.
The solitons for (1-1) have the form

0,(r)=0(r), Q(r)=2arctanr, Ae€R,L =(0,00),

and are global minimizers of the energy € within their homotopy class, €(Q;) = 4.
We consider solutions # which are close to the soliton in the sense that

Eu)—€(Q) K 1. (1-3)
As it turns out, such solutions must stay close to the soliton family {Q;}, due to the bound
iI}\lfII(u(t) — Qx)lli-,} s (72 ~ Ew) — Q). (1-4)

Indeed, this follows, for example, from [Cote 2005]. Thus at any given ¢, one can choose some A(¢) such
that

1) = Q) + e (D117 ~ ) —€(Q). (1-5)

Such a parameter X is uniquely determined up to an error of size O ((€(u) —€(Q))'/2). One can, for
instance, choose A to be the minimizer in (1-4), though there are no obvious benefits to be derived from
that. Another equivalent choice is more direct, namely by the relation

u(t, 27N 0) = 7. (1-6)

and this still satisfies (1-5); see, for instance, [Bejenaru and Tataru 2014]. Since this problem is locally
well-posed in the energy space, scaling considerations show that (for well-chosen A(¢)), we have

d )
el < _
OIS (1-7)
so at least locally A stays bounded. Then the main question to ask is as follows:

Open problem. What is the behavior of the function A(t) for equivariant maps satisfying (1-3)?
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We can distinguish several interesting plausible scenarios:

e Type 1: A(t) — o0 as t — fg (finite time blow-up). By (1-7), this can only happen at rates
A(t) > |t —to|~!. The above extreme corresponds to self-similar concentration; this can also be
thought of as a consequence of the finite speed of propagation. In effect, by the important work
[Struwe 2003], it is known that such a blow-up can only occur with speed strictly faster than
self-similar:

At — to] — o0

e Type 2: A(t) — o0 as t — oo (infinite time focusing).

e Type 3: A(t) — 0 as t — oo (infinite time relaxation). By (1-7), this can only happen at rates
A(t) > t~!, which corresponds to self-similar relaxation.

o Type 4: A(t) stays in a compact set globally in time. Then we have a global solution, and possibly a
resolution into a soliton plus a dispersive part.

Blow-up solutions of Type 1 were constructed not long ago in two quite different papers, [Krieger
et al. 2008] and [Rodnianski and Sterbenz 2010], and the result of the latter paper was significantly
strengthened and generalized in [Raphaél and Rodnianski 2012]. The behavior of A(¢) in [Krieger et al.

2008] as t — 0 is given by
A =:""7" v>1

(here the restriction v > 1 seems technical, and should really be v > 0), while that in [Raphaél and
Rodnianski 2012] is
A() ~ 1 LecVIo8t

The latter solutions were also proved to be stable with respect to a class of small smooth perturbations. It
is not implausible that the set of all blow-up solutions is open in a suitable topology, although numerical
evidence in [Bizon et al. 2001] appears to suggest the existence of a codimension-one manifold of data
leading to an unstable blow-up, which separates scattering solutions from a stable regime of finite time
blow-up solutions.

Up to this point we are not aware of any examples of solutions of Type 2, 3 or 4 other than the 0,’s in
the wave maps context, although recent work [Gustafson et al. 2010] revealed unusual solutions of this
type in the context of the Landau—Lifshitz equation. Earlier work [Krieger and Schlag 2007] showed the
existence of Type 4 solutions for the critical focusing nonlinear wave equation on R3*!.

Understanding the general picture for data in the energy space seems out of reach for now. However,
there is a simpler question one may ask, namely, what happens for data which is close to a soliton in a
stronger topology which includes both extra regularity and extra decay at infinity. Neither the results of
[Krieger et al. 2008] nor of [Rapha&l and Rodnianski 2012] apply in this context. A good starting point
for this investigation is the following:

Conjecture. There exists a codimension-one set of (small) data leading to Type 4 solutions, which
separates Type 1 and Type 3 solutions.
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One should take this only as a rough guide; some fine adjustments may be needed. Our main result is
to construct a large class of Type 4 solutions:

Theorem 1.1. There exists a codimension-two set of Type 4 equivariant wave maps satisfying (1-3).

For a more precise formulation of the theorem, see page 834. Compared with the conjecture above,
one can see that we are one dimension short. At this point it is not clear if this is a technical issue, or if
something new happens. A plausible scenario might be that the missing dimension may include Type 2
solutions, as well as slowly relaxing Type 4 solutions.

One should also compare this result with the related problem for Schrodinger maps. Although the
solitons are the same and the operator H arising below in the linearization is also the same for Schrédinger
maps, in [Bejenaru and Tataru 2014] it is shown that the solitons are stable with respect to small localized
perturbations. One way to explain this is that the linear growth in the resonant direction occurring in
the H-wave equation has a stronger destabilizing effect than the corresponding lack of decay in the
H-Schrodinger equation.

Notation. Here we introduce some notation which will be used throughout the paper. We slightly modify
the use of (-) in the following sense:

(x) =v4+x2, xeR.

For a real number a, we define a™ = max{0, a} and a~ = min{0, a}.
We will use a dyadic partition of R into sets {A,,},,ez given by

Ap={2"" <r <2ty

For given M > 0, we use smooth localization functions x<us, x> forming a partition of unity for R,
and such that

|(ro)* xsm | + 1 0)* xzml Sa 1.
2. The gauge derivative and linearizations

The linearized equation (1-1) around the soliton Q has the form

1 cos(2
—vy — Hv =0, H:—af——a,+¥. (2-1)
r r
The elliptic operator H admits the factorization
h 1 hy—1
H=L*L, L=hdh;'=0,+—=, L*=—h{'0h—-=—0+—0!, (2-2)
r r r
2_
where! hy =sin Q = rrrz’ hy=—cos Q= :2_‘_1. H is nonnegative and has a zero resonance
do=hy = 2r
L

lThroughout this paper we use sin Q, cos Q instead of /1, h3; however, the reader may need this correspondence in order to
relate this work to [Bejenaru and Tataru 2014].
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This resonance is the reason why (2-1) does not have good dispersive estimates. Since ¢ fails to be an
eigenvalue, we cannot project it away as is usually done in standard modulation theory. This suggests
that working with the variable u and its equation (1-1) runs into problems due to the lack of good linear
estimates needed to treat the nonlinearity. Therefore, instead of working with the solution #, we introduce
a new variable

w zaru—%sinu, (2-3)

which has the nice property that
w=0u=0,

for some A € R,. Indeed, by rearranging (1-2) and using u(0) = 0, u(co) = 7, we obtain
o x x
E(u) :n/ (Jus > + |w|2)rdr+nf 2sinu - dudr :nf (u,)? + |w|?)rdr + 4,
0 0 0

from which the above observation follows. This type of change of variables originates at least with the
work [Gustafson et al. 2008]. If A(¢) is chosen such that (1-5) holds, then using (1-3), a direct computation
shows that

~ 2
lu = Ol = lwllze. (2-4)
Then a direct computation shows that w solves

2(1 +cosu)
+—w

1
. = —sinu(u; —w?). (2-5)
;

Wyt — Aw
r

The function u appears in this equation, but it can be recovered from w by solving the ODE (2-3) with
Q-like “data” at r = oo.
We remark that the linearized form of (2-3) near Q is

z= (8r—%cos Q>v=Lv, (2-6)

where L was introduced above in (2-2).
On the other hand, the linearized equation for w near Q has the form

n 2(1+4cos Q)Z

7t — AZ ) =0. (2-7)
r
This wave equation is governed by the operator
~ 2(14+cos Q) 4
H=-A4+———"T" =" A4+ ———= *
r2 r2(1+r?)

This operator is better behaved than H; in particular, its zero mode g grows logarithmically at infinity.
The plan is to treat (2-5) in a perturbative manner for the most part. To fix things, we will rewrite it in

the form
2(cos Q —cosu)
w

02+ Hyw = —

+ 1 sinu(u? —w?) ;== N(w, u) (2-8)
t T ’
p

and work with this from here on. Equation (2-8) for w is preferable due to the nice dispersive properties of
its linear part. However, as u occurs in the w equation, one has to also keep track of it through the elliptic
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equation (2-3). In addition, u, also appears in the above equation. This is related to w; by differentiating
(2-3):
w; = (8, — %cos u)u,. (2-9)

In order to study this equation, we need to understand better the structure of its linear part, and, in
particular, the spectral theory for the operator H. This is the subject of Section 3.

Setup of the problem. The starting point is to consider w to be an exact real solution to the linear
homogeneous equation

O+ Hw=0, w0 =wo w/(0)=uw, (2-10)
where wg and w; are real Schwartz functions which are assumed to satisfy the nonresonance conditions

(wo, Yo) =0, (wy, Yo) =0. (2-11)

We denote by u the corresponding map, see (2-3) (this will be made precise in Proposition 5.2), obtained
by solving the ODE

arﬁ—%sinﬁ:u'), u~ Qasr— oo. (2-12)

Now we seek a solution to the nonlinear equation u and its associated gauge derivative w close to u, w
respectively,
u=u+e, w=w-+y, (2-13)

so that u and w match # and w asymptotically as t — oo.

By a slight abuse of notation, we use || - ||s to denote a norm obtained by adding sufficiently many
seminorms of the Schwartz space S. We also use <g for inequalities where the implicit constant depends
on ||(wg, wy)|ls- Modulo defining the X and L X norms, we are now in a position to restate our main
result in a more detailed fashion.

Theorem 2.1. Let wg, wy be Schwartz functions satisfying the nonresonance conditions (2-11). Let u
and w be defined as above. Then there exist T <g 1 and a unique wave map u in [T, 00) so that u and w
match u and w as t — oo in the following asymptotic fashion for t € [T, 00):

lyOllex Sst™2 oy @llex Sst™>2 Nyl Sst™/2, (2-14)

respectively

lelx St N8y Sst% (2-15)

Furthermore, the map u and its corresponding gauge derivative w have a Lipschitz dependence on

(wo, wy) with respect to the above norms.

One would expect the above result to be in terms of L? and He1 spaces. However, these spaces are
very disconnected from the spectral structure of H and H, particularly at low frequencies, and this makes
them unsuitable. The spaces X C H el and LX C L? have been introduced in [Bejenaru and Tataru 2014]
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to address exactly this issue: they are low-frequency corrections of H 1, respectively L. Their exact
definition is provided in the next section.
In view of (2-8), the function y solves

@+ H)y=N@W+y,i+e) (2-16)

with zero Cauchy data at infinity. By (2-3), (2-9), (2-13) and (2-12), the functions € and ¢; are determined

from the equations
sin(e +u) —sinu
Yy = ar8 - 5
r

( cos(s—i—ﬁ)) cos(e +1it) —cos it _
Ve = ar - & — u

2-17)

t-

r r

We proceed as follows. In the next section we recall from [Bejenaru and Tataru 2014] the spectral theory
for H (which in fact originates in [Krieger et al. 2008]) and H and the definitions and some properties of
the spaces X and LX. Then, in Section 4, we provide linear estimates for the linear (inhomogeneous)
wave equation corresponding to (2-10). In Section 5, we analyze the first approximations w and & using
(2-12). Then, in Section 6, we continue with the study of the relation between ¢ and y based on (2-17).
All the analysis carried out in Sections 4—6 is done in the context of X and L X spaces. In the end, in
Section 7, we study the solvability of Equation (2-16) using perturbative methods in L X based spaces.

3. The modified Fourier transform

In this section, we recall the spectral theory associated with the operators H, H. The spectral theory for
H was developed in [Krieger et al. 2008], and the one for H was derived from the one for H in [Bejenaru
and Tataru 2014]. In this paper, we follow closely the exposition in [Bejenaru and Tataru 2014].

Generalized eigenfunctions. We consider H acting as an unbounded self-adjoint operator in L?(rdr).
Then H is nonnegative, and its spectrum [0, co) is absolutely continuous. H has a zero resonance, namely
$o = hi:

For each & > 0, one can choose a normalized generalized eigenfunction ¢,
2
Hos =§7¢s.

These are unique up to a £ dependent multiplicative factor, which is chosen as described below.
To these one associates a generalized Fourier transform %y defined by

Fp (&) = /0 oc () [ (),

where the integral above is considered in the singular sense. This is an L? isometry, and we have the
inversion formula

Fr) = fo 6c (1 Fr f(E)dE.
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The functions ¢¢ are smooth with respect to both » and &. To describe them, one considers two distinct
regions, r§ < 1and ré 2 1.
In the first region, r& < 1, the functions ¢ admit a power series expansion of the form

1 v :
9 (1) =q(§)(¢o+;Z(rs)z’mrz)), rE <, (3-1)
j=1
where ¢g = h and the functions ¢; are analytic and satisfy
9)%0i| < ¢/ log (1 3-2
[(ray) ¢J|Nam og (1+r). (3-2)

This bound is not spelled out in [Krieger et al. 2008], but it follows directly from the integral recurrence
formula for the f; given on p. 578 of that paper. The smooth positive weight g satisfies

1

T 1§,
q(&)~ & '/2logé] 1(60)°q] Sa g- (3-3)
g3/2 if& > 1,
Defining the weight
log (1 +72
| min{l,rsz} if k <0,
my(r) = (k) (3-4)
min{1, 323} ifk>0,
it follows that the nonresonant part of ¢ satisfies
|(€8)* (r3p)F (¢ () — 4 (E)do (M) | Sap 22mp(r),  § =25, re <1 (3-5)
In the other region, r& 2 1, we begin with the functions
b () =r""e"o(rE, r), rEz1, (3-6)

solving
He! =&¢],

where for o, we have the asymptotic expansion

= . 3; 1
og.N~Y g et ¢f =1, ¢f=§’+0< )

2
s I+r

with sup,. ., |(r8,)k¢;.r| < 00 in the following sense:

——1
sup <capjq .

r>0

Jo
(rar)*(qdy)” (o(q, r)— Zq‘f¢,-+(r))

j=0

Then we have the representation

Pe(r) = a(€)p; (r) +a@)¢; (), (3-7)
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where the complex-valued function a satisfies

2
la@®)l =,/ 1(§0g)*a(®)] Se 1. (3-8)
The spectral theory for H is derived from the spectral theory for H due to the conjugate representations
H=L*L, H=LL"

This allows us to define generalized eigenfunctions v for H using the generalized eigenfunctions ¢¢ for
H,

Ve =E"'Loe, LY =E¢:. (3-9)
It is easy to see that ¢ are real and smooth, vanish at r = 0, and solve
Hyre = £,

With respect to this frame, we can define the generalized Fourier transform adapted to H by
oo
Fpf@)= / Ve (r) f(r)rdr,
0

where the integral above is considered in the singular sense. This is an L? isometry, and we have the
inversion formula

Fr) = /0 Ve (F ;5 f (E)dE. (3-10)

To see this, we compute, for a Schwartz function f,

GfgLf(S)=/O wg(r)Lf(r)rdr=/0 L*l//s(r)f(r)rdr=/0 Ede(r) f(r)rdr =§Fp f(§).

Hence
IF 5L 17> = NEFu fENT. = (HF, )r2¢ar = ILFIl3,

which suffices, since Lf spans a dense subset of L2,
The representation of ¢ in the two regions r§ < 1 and r& 2 1 is obtained from the similar representation
of ¢¢. In the first region, r& < 1, the functions /¢ admit a power series expansion of the form

Ve = sq@)(vfo(r) +) (r)Y x/fj(rZ)), (3-11)
j=1
where

Vi(r)=h3+142))¢pj1(r) +ro,¢pjp1(r).
From (3-2), it follows that

o c/
()" V| Sa 7y log (1 +r2).

In addition, ¥y solves L*vr9 = ¢bg, and therefore a direct computation shows that
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o= %<(1 +7r?) lrozg(l +r7) 1).
In particular, defining the weights
log (1472
) mm{l,%} if k <0, a2
min{1, r?2%} if k>0,
we have the pointwise bound for ¢
|(r8,)* (60) s ()| Sap 2/°mi(r),  §~2%, rE <1 (3-13)
On the other hand, in the regime r& 2 1, we define
vt =¢£""Lg",
and we obtain the representation
Ve (r) = a@@)y, () +a@y (). (3-14)
For ¥, we obtain the expression
vy =r"12e" 5k ), rE 21, (3-15)
where & has the form
5q.1) =i0(q.r) = bg 70 (q.r) + -0 (q.r) £ Lotg.).
and therefore it has exactly the same properties as o. In particular, for fixed &, we obtain that
e, =i—r e +007). (3-16)

We conclude our description of the generalized eigenfunctions and of the associated Fourier transforms
with a bound on the H Fourier transforms of Schwartz functions.

Lemma 3.1. If f is a Schwartz function satisfying ( f, o) = 0, then

55/2
o<1
|(€0)*F g f(&)| San { (log§) ye s (3-17)

N ezl

Proof. We start from the definition of the modified Fourier transform and use that { f, ¥¢) = O:

)

o) g1 .
Séq(é)(/s_l|1/fo(r)f(r)|rdr+/o Z(ré)zflﬁj(rz)f(r)rdr)+/

j=1

5—1
|%f(§)l§<‘ ; Ve (r) f(r)rdr

+ ' fé Ve f(yrdr

| f()|r'/?adr
1

SEq(®).

A similar argument takes care of the case o > 0. O
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The spaces X and LX. The operator L maps H into L?. Conversely, one would like that, given some
f € L%, we could solve Lu = f and obtain a solution  which is in Hel and satisfies

lall g S 00z

However, this is not the case. The first observation is that the solution is only unique modulo a multiple of
the resonance ¢p. Moreover, the inequality above is not expected to be true, even assuming that somehow
we choose the “best” u from all candidates.

The spaces X and LX are in part introduced in order to remedy both the ambiguity in the inversion of
L and the failing inequality.

Definition 3.2. (a) The space X is defined as the completion of the subspace of L2(rdr) for which the
following norm is finite:

1/2
1
lullx = (§ :22"||PkHu||iz) +) WnPkHuuLz,
k<0

k>0
where PkH is the Littlewood—Paley operator localizing at frequency & ~ 2¥ in the H calculus.

(b) LX is the space of functions of the form f = Lu with u € X, with norm || f||zx = ||u||x. Expressed
in the H calculus, the L X norm is written as

- 172 & -

H 12 2 A

I fllLx = (;0 | Py f||Lz> +kE . I | P Sl 2.
> <

In this article we work with equivariant wave maps u for which ||lu — Q||x < 1. This corresponds to
functions w which satisfy ||w| L x < 1. The simplest properties of the space X are summarized as follows
(see Proposition 4.2 in [Bejenaru and Tataru 2014]):

Proposition 3.3. The following embeddings hold for the space X :

H'cxcH. (3-18)
In addition, for f in X, we have the bounds
)2 ] e S AN (3-19)
—f <
, 3-20
og(157) LzNIIfllx (3-20)
[ 2] e SUf N (3-21)

Now we turn our attention to the space LX. From [Bejenaru and Tataru 2014, Lemma 4.4 and
Proposition 4.5], we have:

Lemma 3.4. If f € L? is localized at H -frequency 2K, then

LS 25mp(r) (L +257) 12 f Lo (3-22)
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Proposition 3.5. The following embeddings hold for LX:

L'NnL?>cLXxcL? (3-23)

4. Linear estimates for the H wave equation
In this section, we prove estimates for the linear equation
@)+ H)Y = f, (4-1)

with zero Cauchy data at infinity. The solution is given by i = K f, where

 sin(t — s)& .

Kf(r,t)= —@;‘/ ; F 5 f (&, 5)ds. (4-2)

We also need its time derivative, which is given by

K[ = —J«»;Il/oocos(z —$)E-Fg f(E, s)ds.

t

Finally, we need the following formula, which follows from (3-9):

L*Kf = —OJ;II/ sin(t — $)& - F f (£, 5)ds.

The following result is a modification of the standard energy estimate for the wave equation:

Lemma 4.1. Assume that f(s) € LX. Then for every o > 0, the solution of (4-1) with zero data at 0o

satisfies
Y Ollx + (18 Ollex + 1Y Ol 1) S sups 1) e (4-3)

Proof. The solution of (4-1) with zero data at oo is given by ¥ = K f. The estimate for the first term
follows from the bound |(sin(t —5§&)/& | < |t — 5| and the representation of the spaces LX on the Fourier
side. The estimate for the second term is similar.

The argument for the third term is more involved. We define g by

F gt €)= — / Sin((t — $)8)F ;3 f (€. ) ds.

Then
EFpy(t,8) =Fz8@,8).

We estimate, as above,
o0
lg@IlLx 5/ If)llLxds St sups* | f (o)l Lx.
t s
Hence it suffices to show that for ¢ and g related as above, we have

I lg S lglex- (4-4)
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Here the time variable plays no role and is discarded. Recalling the form of L* from (2-2), namely
L* = —0, 4+ (h3 — 1)/r, it follows that

IKAlFs S”L*VIHLZ"'_H%

L2

For the first term, we use Plancherel to write

IL*Y (N7, = (), HY @) = |1EF 39 E)N17 = lIgll2 S lglliy-

For the second term, the L? bound for g no longer suffices, and we need to use the LX norm of g. We
consider a Littlewood—Paley decomposition for both i and g, and denote their dyadic pieces by ¥,
respectively gx. Then

el ~ 27 il 2.

By using (3-13)—(3-14) and the Cauchy—Schwartz inequality, we obtain pointwise bounds for 1, namely,

my(r)

W”gkﬂm,

my(r)

Wz"nwkny <

[Vl <

with my as in (3-12). For k > 0, the contributions are almost orthogonal, and we obtain

(/2
H —1 Slig=ollz-
r 12

However, if k < 0, then the weaker logarithmic decay for small  no longer suffices for such an argument.
Instead, by direct computation, we obtain a weaker bound,

Vi

r

Sk g2 S k1228 Igll
LZ

Then the & summation is easily accomplished. U

5. Analysis of the first approximations w and «

Pointwise bounds for w. We define fj and fi by fo = %zwo and f| = Fzw,. Then for w, we have
the representation

(1, 7) = /0 V() (fol€) costes) + 3 £1(6) sin(r£) ) .

Since wg, w; are Schwartz functions satisfying (2-11), from (3-17) we obtain

5/2
u w S— ife <1,
[(00)% fo®)| + |(€0:)° [1(8)] Sawow Nl (wo, w15 { (log§) (5-D
N ifEx 1.
Here, by a slight abuse of notation, we use || . || s to denote a finite collection of the S seminorms. This

will allow us to obtain pointwise bounds for w:
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Lemma 5.1. If wg, w; are Schwartz functions satisfying the moment conditions (2-11), then w satisfies

log(1 +r?) 1
log(r +1) (t+r)/2(t —r)3/2log(r —t)

lw(r, D' S Il (wo, wi)lls. (5-2)

Proof. We fix k and consider
(1, r) = /0 V() (fo6) cos(t6) + g fi(6) sin(r£) ) s (€ .

For v (r), we use the representation (3-11) in the region {r& < 1}, respectively (3-14) in the region
{r& = 1}. Then via a standard stationary phase argument, we obtain

2k/2k(2k ) Pm (r) 25k/29— Nk
2K — )N (k™)
The desired estimate (5-2) follows by summing these bounds with respect to k. g

[we(r, 1)] Sw

Bounds for u, u,. Next we consider u, which is recovered from w via (2-12). This equation contains a
nonlinear part coming from the sine function. Consequently, we split « into a linear and a nonlinear part:

IZ — Q + Izl + ﬁnl’
where ii' solves the linear part of (2-12),
Li' =w,
and " solves
La" = N@', ", (5-3)

where
N(u,v) = [sm Q- (cos(u+v) — 1) +cos @ - (sin(u + v) — (u +v))].

Both of the above ODE’s are taken with zero Cauchy data at infinity or, equivalently, can be interpreted
via the diffeomorphism L : X — LX. The linear part, it’, is recovered from the explicit formula

il =Lt = /O £ 0e(r)(fo(®) cos(r6) + L fi(6)sin()) d.

and will be split into a resonant and a nonresonant part: it/ = i'"" + i’
For the nonlinear part, we use an iterative argument based on the fact that there is enough decay on the
right-hand side that we can recover it via

" =m) [ N(Zl(;; ds. (5-4)

At this stage, we also want to keep track of the differences of solutions. For this, we denote by dwy, dwy,
dw, éu the corresponding differences.

Proposition 5.2. (a) Assume that wgy, w; are Schwartz functions satisfying (2-11). Then

ﬁl _ I/_ll r + ﬁl,nr’ (5_5)
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where " and a>"" satisfy the bounds

hi(r)

"+ rldpa" | 4 (r 010" S 5 Il(wo, wi)lls,
(t+r)log=(t+r)
—[.nr I"(I" _t> —[.nr —[ nr r 1
’ —10,u" —t)o,u"| < , .
|I/l |+ (t+r) | rli |+<r >| U |Nr+(t) (t+r)1/2(t—r)3/210g(t—r)”(wo wl)”S
(5-6)
In addition,
1
@+ + | < S legy | (0 w0 llss (5-7)
(b) Fort > 1, the nonlinear part i’ satisfies the bounds
i@ (r, 1) Ss hi ) (wo, w)lls,  |did™ + Hh1@)| Ss ki 2 (wo, wlls.  (5-8)

(c) The above estimates hold true for su™ and 83,
18a" (r, )] Ss k(SN[ Bwo, Swi)lls, 88" + Sm8@)* | <s hi(r)e 2 (Swo, Sw)lls. (5-9)

Remark 5.3. By finite speed of propagation arguments, it is not difficult to show that i’ decays rapidly
outside the cone. However, for our purposes, the decay established in the above proposition suffices.

Remark 5.4. The bound (5-7) shows that a double cancellation occurs on the light cone, as opposed to
the expected single cancellation. This is a consequence of the exact decay properties at infinity for the
potential in H.

Remark 5.5. The second estimate in part (b) is the outcome of a more subtle nonlinear cancellation,
rather then a brute force computation.

Proof. (a) We first split i/ into two parts,

W)=Y i)=Y .+ Y (1) =ity (r, 1) + it (. 1),

k 2k <pl 2k> p-l

where

sin(z§)

ﬁi=/5_1¢s(r)Xk($)(COS(tS)-J?o(S)-i- f1(5)>d5

The functions ﬁ)(é ) and ﬁ(é‘ ) belong to the same class, and for large £ they are smooth and rapidly
decaying. Hence the first term in the above formula is better than the second, and will be neglected in the
sequel. Then using the power series (3-1), we can write

iy = / §7%(8) sm(té)(%(r) + oD 607 )ﬁ Oxe®dg, 2r <1,
J>1
which leads to a corresponding decomposition

=10 _1,j
ulow ulow + 2 : Uyow-
jz1
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Then we set

~lr _ =10 —1, =1 1, j
u g =u10W7 u nr :uhi—i_ZulO‘{V’ (5-10)
izl
and proceed to estimate all of the above components of iz’
The terms in ﬁiﬁ are estimated by stationary phase using (5-1) and the ¢ representation in (3-7). This

yields

~1/293k/2
_] r —Nk+ k

2 , 2'r>1, 5-11
S e e G-1h

which, after summation with respect to k, gives the bound

N
-l < - < r 1
lit | S Z IZAGEIIBS ((r—i—t)) r+O2( — 132 log(r — 1)

2k>p-1

The bounds for the time derivative are obtained from the explicit formula
> 1
i = [ 620 (= &) sinee) + L A16) cosr6) ) .
0

which shows that we produce an extra 2 factor in (5-11). Similarly, an r derivative applied to ¢¢ yields
an additional 2¥ factor in the asymptotic expansion. Thus we obtain

F—1/295k/2 _—
(2kr — 1)V (k™) ’

| Oyt + 10y it | S 2r 2 1, (5-12)

which leads to

N
1

|8fﬁ2i|+|arﬁ2i|§< ! ) 12 52 :

(r+1 ) (r+602(r—1)32log(r —1t)

. .-l . .
We now consider the terms in ulojw. The main contribution comes from fi, so we take fy = 0 for
convenience. For j = 0, we have

ity = P0(r) Y X<a-k(r) f £72q(8) sin(tE) Fi(E) xu(€)dE == o(r) Y x<ae(r)gl(t) := po(r)g (. 1).
k k

Using stationary phase and the properties of ¢, we have
0 —kig 0 2t —Nk*t
gk ()] +2 Iazgk(t)l§m2 :
By summing with respect to k, we obtain
1

(t+r)log®(t+r)’

18%r, O+ (t +7)(18,8°(r, )] + 18,8, D)]) < (5-13)

which yields the i"" bound in (5-6).
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For j > 1, we have

iy =tz f §77q(5) sint€) Y (rE) oy () Fi§) xu(€) dk
k

j=1

=r2710,00) Y a8l () =719, 1),
k

By stationary phase and the properties of ¢ and ﬁ, we have

J k(n j 2GHDE e
g (r, )]+ 27 (10,8 (r, O] + 10,81 (r, D) S =
Summing up over k, we obtain
I, )|+t +r)(18,87 (r, )] + 18,87 (r, 1)]) < : . 5-14
lg” (r, )|+ ( Y (10,87 (r, )| + 10,87 (r, 1)]) Y g 4 7) (5-14)
Hence, using the bound (3-2) for ¢;, we obtain a bound for ﬁf(’){w, namely
Yy iy 1 C/ o r¥log(1+r?)
liyed, (. D+ |rdein ), (r, D] + (¢ + 1) 8,00, (r 0] S — d (5-15)

J' e+ )2t log (t +r)

Thus these contributions satisfy the bounds required of i""" .
We now turn our attention to the estimate (5-7), which applies in the region where r =~ ¢t. By (5-6)

(for i') and (5-15), the contributions of the term ﬁ{ ow are all below the required threshold, so it remains

to consider L‘tfﬂ. We have
o0
_ _ 1 .
.00 = [ e ©8 6500 (fo®) c0s8) + L 1(0)sin() ) .
0
For ¢¢, we use the representation (3-7), with d)g“ as in (3-6),
pe =1~ (a)o(rE, r)e™ +a®)e(rg, re”"), ré 2 1.
We notice that the operator 9, + 9, kills the resonant factors e =95 Precisely, we have
1 . 1200 (iEGrHD) —1)2¢a( irE ~
0, + 0, + 5 ¢z (r) sin(t€) = 2r~'/*9i(e Ea(§)o(rg, r)) +2r ' "0(e" a(§)d,0 (r§, r)) sin(t§),

and a similar computation where sin(z£) is replaced by cos(¢£). This leads to

LY\
(8r + at + 5)14111

fO(é)dé

§
+ / Xzt E)r 7 PR (28 TR a(E)o (rE, ) +2¢"F a(§)d,0 (rE, 1) sin(1E)) / ‘;f ) de.
0

= f mxz,fl Er ' PR(2E T aE)o (rE, 1) +2¢"5a(§)d,0 (r&, r) cos(tE))
0

The two integrals above are treated as before, using stationary phase. The first term in each of the last
integrals has a nonresonant phase; therefore each integration by parts gains a factor of (§¢)~!. Thus,
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taking (5-1) into account, their contributions can be estimated by
5/2 1

d dé ~ .

£2log& 3logt

The second term contains the expression d,0 (r&€, r), which (see the description of o in Section 3) brings

an additional factor of r ~!(r£€)~! ~ t~2£~!. The contribution of the part with phase ¢! *" is better than
above, while the contribution of the part with phase ¢*" = is of the form

%-5/2 1
Eloge

fo Xo1 (B PE@E) N

* | 12,1 =1 iE(—r) ~
/0 X>i-1(8)aé)t o (t§) e 1520t —r)1 2 log(t —r)’

as desired.

(b) We find u” from (5-4) using a fixed point argument in the Banach space Z™ with norm
1/ Nz = IR 2" fll .

Denoting by Z! the Banach space of functions of the form i" + i with norm as in (5-5)—(5-6), we

will show that the map
 N(u, v)

hi(s)

is locally Lipschitz from Z' x Z™ into Z™, and that in addition, the Lipschitz constant with respect to

ds

T:(u,v)— L 'N(u,v) =h1(")/

the second variable v can be made small if either both arguments are small or if # and v are in a bounded
set B and the time ¢ is large enough, depending on the size of B. This would imply the existence and
uniqueness of ™, as well as its Lipschitz dependence on &' and, implicitly, on (wg, w). Recall that

N(u,v) = %[sin 0- (cos(u +v)— 1) +cos Q - (sin(u +v)—(u+ v))]

Then

1
IN(u, v)| < <|u|2+|v|2>+;<|u|3+|v|3>,

r2+1
IVN (u,v)| S

(Ju] +| |>+1(| 14 vl?)
r2+1 u 1)) . u v .

Hence, it remains to show that

1 5 o TP 3 ~15 2 2 3 3
;(lul + [v] )+r—2(|14| + P dr St (ull5 + 1ol 5 + Tull 4+ 1vl5.)-
0

For u, we have two components u” and u"", and therefore we need to consider the six integrals

00 [ee) 2
/ l|u’|2dr5/ LMD g iy~ =l
o T o T (tlog”1)? t2log*t
00 00 2
1 / 1 r VLY
—lu dr< - dr‘ u ~ —|u s
/0 LY N s e v L UL P L7

1, 2 1, 3 2 1 2
/0 ;lvl dr 5/0 hy(r)t=>dr - ||v]|Zu ’“t—3llvllznz,

r
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©rit+1 X4l ()
/ . |u’|3dr§f . S dr - ully ~ S llul
0 r 0 r< (tlog”t) t3log’ ¢

o .2 o .2 3
+1 +1 1
/ = p Iu"r|3dr5/ ! 2 3 ’ 3 dr-ully ~ 5 luly,
o T o T (4332t —r) 2 log’(t — 1) 1

dr < WBy=Sdr - vl ~
/O o rN/O SR S ol

3
t47||v||znz-

We remark that the worst decay #~!> comes from the penultimate integral above; all other terms are
better. Furthermore, this term comes solely from the u dependence of N (u, v). Thus, with our choice of
norms, the Lipschitz constant for L~ N (u, v) with respect to u cannot be made small by taking ¢ large;
however, the Lipschitz constant with respect to v does have a negative power of ¢ in it.

The argument for ;4™ is more involved. Differentiating (5-3), we obtain

h h
L(atﬁ"l + 1—;(5/)3) =N, @, a"Ho,a' + Ny@!, a"Ho,a™ + éa,(a’f

h h
= Ny (it', a"’)<ata"’ + é(ﬁ’f) + [Nu(ﬁ’, i) — Zl(i/)ﬂa,ﬁ’

— %Nv(ﬁl,ﬁ"’)hl(ﬁl)3+}ll—;(a,+8r)(ﬁl)3. (5-16)
We interpret this as a linear equation for w = 8" + (h1/12) @@h3, namely,
Lw=N,@,a"yw+ N @', a").
The approach is similar to what we have done before. We adjust the base space to

~1.2
Il zm = WAy 27 fllLe

and prove that w — L=Y(N, @@, #")w) is bounded from Z" to Z" with small norm, and also Lipschitz
with respect to @', a™) e z! x z" (but not necessarily with small Lipschitz constant), and also that
L7'N; is Lipschitz from Z!l x 7 to ZM (no smallness needed).

The first bound above follows from the previous computation. The main cancellation occurs in the first

term in N;, where the (i)? term disappears. Precisely, we have
2
Nu(u,v)—lhluzz— sin(u—l—v)—_—(l—cos(u—i-v))—;uz,
4 1+7r2 r(1+r2) 2(1+7r2)
and therefore
1 1
1, 2 3 2 2
|Nu(14, v) — zhiu | = 1 +r2(|u| + v+ ;(|M| + lullv| + |v] )+ mﬂ” .

For 9,i', we use the same bounds as for . Then, compared with the previous computation, we need to
reestimate the terms involving lu|3, |u||v| and |u|*>. The resonant part of u yields better bounds, so we
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only estimate terms involving u"":

0,24 ©,241 rt 1
/ —— " tdr < ||u||‘;,-/ > . dr ~ = |lull,,
0 r 0 re  (t+r)* 2t —r)®log*(t—r) t

241 © 241 r? 1

2 2 ~ 2
| e Pilar S el [ L ar~ vl
0 r 0 re (t4r) 2 (t—r)’ log (t —r) t=

/Oo L Par <l /Oo : a dr ~ - Jul?
—\u" 1°dr u . — r = u .
0 2 ~ z! 0 r? (t+7)3t15(r — )45 log3(t—r) 135 z!

The third term on the right in (5-16) is better behaved than the second. Finally, for the last term in (5-16),
we invoke (5-7) so that we use the same bounds for (3, + 9,)(&') as for r—'ii'. Then the integral to
estimate is

<1 3 1 3
P S sl

(c) In the case of ir’, this part follows from the linearity. In the case of i”", the Lipschitz dependence on
it! has already been discussed above. An additional argument is required for §3;i2". However, nothing
new happens there, and the details are left for the reader. (|

6. The transition between y and &

In this section, we study the transition from y to &, which were both introduced in (2-13). This transition
is described by (2-17), which we recall for convenience:

9 sin(e +u) —sinu
Yy = 0,6 — .
r

The main result of this section is the following:

Proposition 6.1. (a) Assume that y € LX is small and u, w are as in Proposition 5.2. Then for t large
enough, there exists a unique solution € € X of (2-17) which satisfies

lellx Ss llvliex. (6-1)

Furthermore, € has a Lipschitz dependence on both y and the linear data (wg, wy) for w:

1
I8ellx Ss 18y llLx + ———11(Gwo, Sw)lIslly lLx. (6-2)
tlog”t
(b) Also, if y is a function of t, then
1
19:ellx <s 10y llex + ———lyllex, (6-3)
tlog”t

with the corresponding Lipschitz dependence

160ellx Ss 180y llLx +

1 1
3 ||5J/||Lx+||(5wo,5w1)||5<||3tV||Lx+ 3 ||V||LX>- (6-4)
og-t ot

tl tlo
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(¢) Assume in addition that y € L*™°. Then
le(r)| Ssrlogrilyllxne, r <1, (6-5)
with a similar Lipschitz dependence.

Proof. (a) Equation (2-17) is rewritten as

Lemy 4 TETDZIMEZCRGE 4 ke - Q). (6-6)

Hence, in order to prove both (6-1) and (6-2), it suffices to show that at fixed large enough time, the map
F is Lipschitz:

F:Xx(Z'+72") > LX,
with a small Lipschitz constant in the second variable. For the X norm, we use the embeddings (3-18)—

(3-21). For the L X norm, we use (3-23), which shows that it is enough to estimate F'(u, ¢) in L'nL2
We expand F as follows:

sin(B+ Q 4+ v) —sin(Q +v) —cos Q- B

F(B,v) = .

_ (cos(Q+v)—cos Q)- B sin(Q +v) - B N o(p%)
N r 2r r
__sinQ-v8_sinQ-p2  0() OB

r 2r r r

Hence 5 3 5
IBL | 1817 1B vITIBl

IF(ﬁ,v)|51+r2+1+r2+7+ — (6-7)

By using (3-20), (3-18) and (5-6), we bound this first in L?,

B

v? log(1+7r)
log(1+7)

r

IF B, v)ll2 S H

2 v
ot [1BlI7 + | ——
Lz(nﬂuL 1813 Hl il

)

1 logt
SIBIK + 18I + vll 2420 + —— V1
SIBIx + 1B +11B1x tlogzt” ll z14-znt 2 lvllZ 4z )5

and then in L',

2

A+ 1BlL=)

L2
L? ( L? L2>

1 logt
2 3 2
SIBIx +1Blx + ||ﬁ||x<tlog2t vl zt 4z + t37||vllzz+znz).

_
log(1+7r)

p
log(1+7r)

IF(B, vl S H

vlog(l+r)
1472

v2log(1+r)
r
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Hence we obtain

logt 5
lvll zi4zn + W||U||Zz+znz .

IF B, v)llex SIBI% + 18I + ||/3||x(

. . tlog?t
A similar analysis yields

< ) 1 logt 5
1B1Ep(B. W)llx S I Brllx ||,3||X+||ﬂ||x+@”U”ZH—Z"’+I3T||U“Zl_,_znl ,
tlo

By the contraction principle, this proves both (6-1) and (6-2). The time decaying factors guarantee that

1 log ¢
lvi Fy(B, v)llLx f, [lvy ||ZI+Z"1 ||,3||X<? + t37||v||zl+2”/)-

for any size of u — Q, the problem can be solved for large enough time.

(b) To prove (6-3), we differentiate with respect to ¢ in (6-6):
Lo;e = 0,y + Fe(e,1)0:¢ + Fy(e, )0 u.

Since d,u satisfies the same pointwise bounds as u, the last two estimates above show that the contraction
principle still applies.

(¢) Due to the embedding X C H el C L, we already have a small uniform bound for . We solve the
ODE (6-6) in [0, 1] with Cauchy data at » = 1. Making the bootstrap assumption

B SMr‘log%’, (6-8)

we rewrite (6-6) in the form
|Le —y| < M°r? ‘log3 %‘ +C, Crglelr=.
Then solving the linear L evolution, we have
el S r(y (D] + M) +Cr [tog 2| S5 M*r +1 [log Z el
If ||le|| L= is sufficiently small, then we can choose M small enough that the above bound is stronger than
our bootstrap assumption (6-8). The proof of (6-5) is concluded. U
7. Perturbative analysis in the y equation

Our main goal is to solve (2-16) for y with zero Cauchy data at + = co. Using the backward linear
parametrix K introduced in (4-2), Equation (2-16) is rewritten in the form

y=KN(@i+e w+y), (7-1)

where the auxiliary function ¢ and its time derivative &, are uniquely determined by y and y; via
Proposition 6.1.
Our strategy is to solve (7-1) using the contraction principle in the space E with norm

e = supt" Iy lx + 2 19y lx + 1v 1)
t>1 )
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for a suitably chosen #y. By Proposition 6.1, this yields control for € in the space G with norm

1.5 —1/2 2.5
lellg =supt">(lellx + llr—"2ell L) + 1> 0re |l Lx-
1>t

For the linear H wave equation, we use the LX bounds in Lemma 4.1 with ¢ = 1.5. Thus we need to
estimate the nonlinearity N (u + ¢, w + y) in the space N with norm

INly=supt*>[IN(@)llrx.

1>1

Finally, all the implicit constants in our estimates depend on || (wg, wi)||s and need not be small. Thus
we need a different source of smallness, which is an additional time decay factor, incorporated in the
stronger norm N°* defined by

INlly: = sup s> (log [N (D)l .x-

1>1)

With this notation, our main estimates for the nonlinearity N (i 4 &, w + ) are as follows:

Proposition 7.1. Assume that the Schwartz functions (wg, w) satisfy the nonresonance conditions (2-11).
Then:

(a) The map (wg, w1) — N (u, w) is locally Lipschitz from S to N.
(b) The map (wg, wy,y, &) — N(ii+¢&, w~+y) — N(ii, w) is locally Lipschitz from S x E x G to N°*.
In view of Lemma 4.1 and Proposition 6.1, the above result allows us to solve (7-1) for y in the ball
B={lly — KN(u, w)| £},

for ¢t > 1y, via the contraction principle, provided that #( is chosen to be sufficiently large. This concludes
the proof of Theorem 2.1.

We note that in terms of time decay we gain only logarithms, whereas the implicit constants in our
estimates are all polynomial in ||(wg, wi)]||s. This implies that for large Schwartz data (wg, w;) in the
linear equation, our solutions are only defined for + > 7', with T exponentially large.

Proof of Proposition 7.1. We recall that N is given by

2(cos Q —cosu 1
N(w,u) = ( Q2 )w+—sinu(ut2—w2).
r r

We split the difference N(w + y, u +¢) — N(w, u) as
N(w,u) =N, i) = N (0, i, y, &) + N"(, ii, y. ).

The term N’ contains the linear contributions in ¢, y in the difference N (w, u) — N(w, u):

2(cos Q —cos i) 2sinii- ¢ sin it (2it &, — 2wy ) + cos it - £(i* — w?)
= + w + .

N! N
2 Y 2

r
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The remaining term N" contains the genuinely nonlinear contributions in ¢, y in the difference N (w, u) —
N(w, u):

2(cosu —cosu —sinu-&) _  2(cosu —cos(u+ ¢ sinii(s2 — 92
N”=( )w+( 2( ))y+ (&7 —v7)
r

2
p
(sinu — sinit) (i, &, — 20y + i? — w?) N (sinu —sinii — cos it - &) (it? — ?)

r r

We will consider separately the expressions N (i, w), N' and N”.
The term N(w, u). Our main goal here is to prove the estimate
IN @, @)llLx Ss 177 (7-2)

We also need to show that N(w, u) has a Lipschitz dependence on (wg, wi). However, as the leading
order part of N(w, u) is multilinear, the proof of that follows the same lines as below and is omitted.
To establish (7-2), we split

N, u) = xr«: N(W, u) + Xrt N(W, ) + Xraa N(w, ) = N1+ No + N3.

For the first two terms, it suffices to use a direct estimate:
sin Q
2

Using the bounds (5-6) and (5-8) for u — Q, as well as the bound (5-2) for w, this gives

IN(w, u)| S

S O (P
W—Qmm+pw—QﬁwH;@mQ+MXMV+mﬁ-

1
N II)’L_t < r VYR

where the leading contribution comes from u’". This implies that
N St
INtllLine Ss 7,

which suffices for (7-2) in view of the embedding (3-23). Similarly,

1
Ny| < —,
IN2| S5 Xt e

which also gives

—4
IN2llpinze Ss 17

However, a similar direct computation for N3 only gives

o 1
|N3(w,u)| SS Xr~tW’

which fails by two units,

~15
N3l i Sst .
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Hence, in order to conclude the proof of (7-2), we need to better exploit the structure of N and capture a
double cancellation on the null cone. In the computations below (through the end of the subsection), we
work in the regime r ~ t. We expand N (w, i) as

N (i, i) =2 mQ(u—Q)erCOSQ(u—Q)Z‘ SH;Q(ﬁ?—zDHM( —%%)(ii — Q)
+ 280w -0+ Swow- 0
st s Q

(i =80 (@ — Q))) + —— (i} — 8" O((@— 0)?).

The terms on the second line are already acceptable; i.e., it can be estimated by #~*>(t — r)~3-. For
further progress, we observe that by (5-8) we have

nl — OS(I—Q.S), at —nl OS (t—2.5 (l, _ r)—0.5) ,
and that by (5-7), we can write

cos Q

dit +w = ot + 0,0 + 0.’ + i =0s(t™ "t —r)7"?). (7-3)

r

The first relation above allows us to dispense with i everywhere and replace it — Q by i, and the
second allows us to estimate the third line in N (w, u). We are left with

s1nQ it

N (i, i) =2 —CO:ZQ(ﬁ’)zw SmQ(( H2—i?)+ COiQ(

(@) —w?)i' +0s (17 (t—r) ™).
To advance further, we substitute w = d,it' — (cos Q/r)ii' everywhere. The (cos Q/r)i is acceptable in
the first two terms of N, that is, it gives contributions of Os(t=*3(t —r)~3”), and we discard it. For the
last two terms, we use the better approximation from (5-7):

it} = —0,ii' — 215/ +0( (@t —r)%).

Then we can write

@2 — w? <8u +2iﬁl) —(a,ﬁl—

= —1u gl +O0s(t(t —r)7?).

cos O _\2

i ) +0s(t73(t—1r)73)

It is also harmless to replace sin Q by r~! and cos Q by —1 everywhere. Returning to N, we obtain
2 1
N(w, it) = i Lo, (ﬁl)za,ﬁ’ —u'd.u' +3 (u) drit' + Os((t) ™ (t — 1))
r3

213 () + O (™t —r) ™)

in the region r ~ ¢, which we rewrite as
i')?.

- _ 1
N3 = Lg + Xrwt OS(Z 45([ —r) 3.5)’ 8§=Xr~t 5 3 23
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The last term can be directly estimated in L'NL?. For the leading term Lg, we estimate g in H el and use

the embedding (3-18). We have

1
<o 1de <g —— .
and therefore
1
g1l Ss 35
This concludes the proof of (7-2).
The bound for N'. Our goal here is to establish the bound
! <o —
INOlLx S5 oo (Il +lel).

The proof of the Lipschitz dependence on (wg, w) is again similar and therefore omitted.
We recall that

Nl

r2 r2 r

The pointwise estimate

‘ 2(cos Q — cos it) <

) 1
u— +_u_ ’
Sl ol+ a0l

r

combined with the pointwise bounds for u from (5-6), leads to

with the worst contribution arising from the resonant part of . From (3-23), it follows that

1

NS T 5
L°NL2 tlogzt

2(cos Q —cosit)

r

2(cos Q —cos i) 2(cos Q —cosit) y 1
5 v S =l Ss 35—2”)/”6-
r LX r Lenc? L7 ilp2 1> log™t
Next, from (5-6) and (5-2), it follows that
U-w logt
H r2 log(2+1) HLOOOLZ Ss 25"

which, combined with

—-1.5
Slelx St llelle
L2

log(2+7r)

(recall (3-20)), gives
logt

< =
SS a lelle-

2sinu-& _
—_—w
r2

LX

Using (5-6), we obtain

log ¢t
<S DRI
~S 15

Wi,
“ —log(2+7r)
r L®NL2

2(cos Q —cos i) n 2sinu-¢& n sinuQu;e; —2wy) +cosu -e:(ﬁ,2 —w?)
= y .

(7-4)



A CODIMENSION-TWO STABLE MANIFOLD OF NEAR SOLITON EQUIVARIANT WAVE MAPS 855

and therefore, by invoking (3-23) and (3-20), it follows that

logt

Sln(lz_t) . I/_ltgt ” ”
~S E-
t4

&y

r log2+7r) |,

< H il log(2+7r)
r Lo°NL2

The following term in N ! requires some extra work. Using (5-6) and (5-2), we note that away from
the cone, we have | sin(u)| < sin Q, and continue with

wsinu

Xrott Sst7,
r LINL2
followed by
sin(u) - wy uw B
’Xmez— ‘Xr%t_ lyllz= Sst™*+ Iy llg.

LX L'NL2

Near the cone, we write
W sin it 2w w(it — Q) Q+ﬂ)0((ﬁ—Q)2) N wO((ii — Q)3)
o~ = Y~ — cos
Xrxt r Xrxt 1472 r 1472 r

= Xr~t

M + 05(2‘_2'5 (t — r>_2.5)
= L(Xr%tril(b_tl)z) + OS([72'5<1‘ _ r>72.5).

The output of the second term is estimated as above in L' N L2, and yields a contribution of ||| ¢ to
the || N'||.x bound. For the first term, we write its contribution to N' in the form

L(xrmar ™ @')?)y = L(Xrmar ™" @)?y) + Xemar ™ @),y
Then, using (3-18) for the first term and (3-23) for the second term, we have
|Z(tmar ™ @)y || oy S [xemar ™ @y | s+ xomar ™ @007 | 12
S omer =1 @D | gy 17 gy + Drmer = @D 18,7112
Sst Pyl Sst iy le.

It remains to bound the last term in N'. For this, we take advantage of the first-order cancellation on the
cone in the expression u; — w (see (7-3)), which, combined with (5-6) and (5-2), gives

cos it (it? — w?) log(2 +7r) log ¢
r 2L ~ s
This leads to
cos L_t(l/_ttz —w?) logt e < logt e logt el
E————— — e
p g NS 25 log2+n |, NS 2 x Ss ! E-

This concludes the proof of the N ' bound (7-4).
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The bound for N". Our goal here will be to prove the bound
logt
IN"llLx Ss t—4(M2+M3), M=lylc+lelEe, (7-5)

which is almost 1 better than what we need. The corresponding Lipschitz dependence argument is
similar and thus omitted. We recall the expression of N":

2(cosu —cosu —sinu-&) _ 2(cosu —cos(u +¢ sinu(e? — 2
X - ) g Hoosi—cosibe)  sinute} =)

(sinu — sinu) Qu,;e; —2wy) n (sinu —sinu — cos it - s)(rZ,2 —w?)
r r

We successively consider the terms on the right. For the first one, we start with

72

‘2(cosﬁ—cosu—sinﬁ-8)_‘ e2|w|
2 WS
.

Then, using (5-2) and (3-20), we obtain

2w

72

e 2

log(2+r)

£
log(2+7r)

log” ¢

<

W 2
— log“(2+r) M-,

r

~

LINL?

LeeNnL? L? L

The second term in N" is estimated by

cos it — cos(it + &) Isinii-ey| |€2y] _ ley| |G — Q)ey| |y
YIS + N :
r2 r2 r2 r{r)? r2 r2

The first two terms can be estimated in L' N L? as before:

8V > 5 Z € 5 55 t_4M2,
I"(I") LiNL2 2 <I"> L®NL2
(u—Q)ey Y u—0Q —5ap2
T — S| lell e Ss M.
r L'nL? P2 Folleenpe
For the last term, we first get the L' bound
2
ey g y 1
—2H Slelles|=| =] <=M
r L! r L2 r L2 1--
However, getting the L? bound is more delicate:
2 2
i ‘ Tzl < L
1’2 L2 \/; L>® r L2 t55

where the pointwise bound for &/4/r near r = 0 comes from (6-5).
The third term in N is estimated by using (5-6):

sinu(ef —yH)| _ lal® 177

~“14+r 147

r
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We successively consider all terms:

‘ |8t|2 &t Er < le’
L+rlpnz ~ 1og2+r) || 20~ log24+7) |2~
‘ = Sy licears| = <1M2-
T+ripne ™ Tt
Next we estimate the fourth term in N":
(sinu — sin &) (2, — 2y) | _ lel (|| + Dy )
r ~ r '
On behalf of (5-2), (5-6) and (3-20), we have
EUE; U; logt ,
< el pes || —— —log(2+r <s —M"~,
ropiae” Iz H log(2+7r) |2 7 & ) Lz
ewy _ _
— Sllellell@lon| = | Sst™* M2
L'NL? L2
Finally we consider the last term in N",
(sinu —sinu — cos i - 8)(1/_tt2 —w?) < Sz(ﬂ% +w?)
r ~ r ’
which, by using (5-2), (5-6) and (3-20), we further bound as follows:
2022 =2 =2, =2 2
log” ¢
el +w) < £ £ uitwr log?2+r)| < ogs M*. O
r L'NL? 10g(2+r) L2 10g(2+r) L2NL>® r Lo {
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