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SECOND ORDER STABILITY FOR THE MONGE-AMPERE EQUATION
AND STRONG SOBOLEV CONVERGENCE OF OPTIMAL TRANSPORT MAPS

GUIDO DE PHILIPPIS AND ALESSIO FIGALLI

The aim of this note is to show that Alexandrov solutions of the Monge—Ampere equation, with right-hand

side bounded away from zero and infinity, converge strongly in Wli‘cl if their right-hand sides converge

1

loc- As a corollary, we deduce strong W]L’Cl stability of optimal transport maps.

strongly in L

1. Introduction

Let 2 C R" be a bounded convex domain. In [De Philippis and Figalli 2013], we showed that convex
Alexandrov solutions of

2 _ .
{detD u=f ingQ, (1-1)

u=0 on 0€2,

withO <A < f <A, are Wli’cl(Q). More precisely, they were able to prove uniform interior L log L-
estimates for D?u. This result has also been improved in [De Philippis et al. 2013; Schmidt 2013], where
it is actually shown that u € Wlf)’cy (R2) for some y = y(n, A, A) > 1: more precisely, for any Q' € €,

|D%u|” < C(n, r, A, 2, Q). (1-2)
Q/

A question which naturally arises in view of the previous results is the following: choose a sequence

1

of functions f; with A < fi < A which converges to f strongly in L,

(€2), and denote by uy and u
the solutions of (1-1) corresponding to f; and f, respectively. By the convexity of u; and u# and the
uniqueness of solutions to (1-1), it is immediately deduced that u;y — u uniformly, and Vu; — Vu in
L{;C(Q) for any p < co. What can be said about the strong convergence of D?u;? Due to the highly
nonlinear character of the Monge—Ampere equation, this question is nontrivial. (Note that weak Wli’cl
convergence is immediate by compactness, even under the weaker assumption that f; converges to f
weakly in L] (£2).)

The aim of this short note is to prove that strong convergence holds. Our main result is the following:
Theorem 1.1. Let Q; C R" be a family of convex domains, and let uy : Q) — R be convex Alexandrov

solutions of

D?uy = in Q
{det up = fr in Qy, (1-3)

u, =0 on 082,
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with 0 < A < fi < A. Assume that Q2 converges to some convex domain 2 in the Hausdorf{f distance, and

1

10c(82). Then, if u denotes the unique Alexandrov solution of

Jxxgq, converges to f in L

detD’u=f inQ,
u=~0 on 082,

forany Q' € Q, we have
lur —ullw21y—> 0 ask— oo. (1-4)

(Obviously, since the functions uy are uniformly bounded in WY (), this gives strong convergence in
W2r'(Q) forany y' < y.)

As a consequence, we can prove the following stability result for optimal transport maps:

Theorem 1.2. Let 21, 2, C R" be two bounded domains with Q2 convex, and let f., g be a family of
probability densities such that 0 < A < fi, gr < A inside 21 and 2, respectively. Assume that f, — f
in LY(Q1) and g — g in L' (), and let Ty, : Q1 — Qo (resp. T : 2 — Q) be the (unique) optimal
transport map for the quadratic cost sending fi onto gy (resp. f onto g). Then T, — T in Wli)’cyl(Q 1) for
some y’ > 1.

We point out that, in order to prove (1-4) and the local W' ! stability of optimal transport maps, the
interior L log L-estimates from [De Philippis and Figalli 2013] are sufficient. Indeed, the W27 -estimates
are used just to improve the convergence from WI%)’CI to Wli’cy/ with ' < y.

This paper is organized as follows: in the next section, we collect some notation and preliminary

results. Then in Section 3 we prove Theorem 1.1, and in Section 4 we prove Theorem 1.2.
2. Notation and preliminaries
Given a convex function u : Q — R, we define its Monge—Ampére measure as

Wy (E) :=|0u(E)| forall E C Q Borel

(see [Gutiérrez 2001, Theorem 1.1.13]), where

du(E) = | J du(x).
xeE
Here du(x) is the subdifferential of u at x, and |F| denotes the Lebesgue measure of a set F. In case
ue Clldcl ,

holds:

by the area formula [Evans and Gariepy 1992, Paragraph 3.3], the following representation

wy = det D?*u dx.

The main property of the Monge—Ampere measure we are going to use is the following (see [Gutiérrez
2001, Lemmas 1.2.2 and 1.2.3]):

Proposition 2.1. Let u; : Q — R be a sequence of convex functions converging locally uniformly to u.

Then the associated Monge—Ampére measures Ly, converge to [, in duality with the space of continuous
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functions compactly supported in 2. In particular,
pu(A) < liminf p,, (A)
k— 00
for any open set A C .

Given a Radon measure v on R” and a bounded convex domain 2 C R”, we say that a convex function
u : 2 — R is an Alexandrov solution of the Monge—Ampere equation

det D’u=v inQ
if u, (E) = v(E) for every Borel set E C €.
If v: Q — R is a continuous function, we define its convex envelope inside Q2 as

[y(x) :=sup{l(x) : £ <vin 2, ¢ affine}. 2-1)
In case 2 is a convex domain and v € C?(), it is easily seen that

D2v(x) >0 foreveryxef{v=I,}NQ 2-2)
in the sense of symmetric matrices. Moreover, the following inequality between measures holds in €2:

pur, < det D*vlg,_r, dx (2-3)

(here 1 is the characteristic function of a set E).!
We recall that a continuous function v is said to be twice differentiable at x if there exists a (unique)
vector Vv(x) and a (unique) symmetric matrix V2v(x) such that

V() = V() + Vo) - (y = 1) + 5V)ly —x, y —x]+o(ly — x ).
In case v is twice differentiable at some point xo € {v =I',}, it is immediate to check that
Vzv(xo) > 0. (2-5)

Iy see this, let us first recall that by [Gutiérrez 2001, Lemma 6.6.2], if xg € Q\ {I’y = v} and a € 3Ty (x(), then the convex
set
{xeQ:Ty(x)=a-(x—xp)+Ty(xp)}

is nonempty and contains more than one point. In particular,
Ty (SZ \{[y = v}) C {p € R" : there exist distinct x, y € Q such that p € 3T (x) N 3Ty (y)}.

This last set is contained in the set of nondifferentiability of the convex conjugate of I'y, so it has zero Lebesgue measure (see

[Gutiérrez 2001, Lemma 1.1.12]), and hence
|7y (Q\ {Ty = v})| =0. (2-4)

Moreover, since v € C! (R2), forany x € {I'y = v} N Q, we have Iy (x) = {Vv(x)}. Thus, using (2-4) and (2-2), for any open
set A € 2, we have

ur, (A) = [aTy (AN{Ty =v})| = [Vv(AN{Ty, = v})| 5/

| det D2v| :/ det D%v,
AN{Ty=v} AN{Ty=v}

as desired. (The inequality above follows from the area formula in [Evans and Gariepy 1992, Paragraph 3.3.2] applied to the C 1
map Vv.)
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By the Alexandrov theorem, any convex function is twice differentiable almost everywhere (see, for
instance, [Evans and Gariepy 1992, Paragraph 6.4]). In particular, (2-5) holds almost everywhere on
{v =T} whenever v is the difference of two convex functions.

2,1

Finally we recall that, in case v € W,

o » the pointwise Hessian of v coincides almost everywhere

with its distributional Hessian [Evans and Gariepy 1992, Sections 6.3 and 6.4]. Since in the sequel we
are going to deal with WI%)’CI convex functions, we will use D?u to denote both the pointwise and the
distributional Hessian.

3. Proof of Theorem 1.1

We are going to use the following result:

Lemma 3.1. Let Q C R" be a bounded convex domain, and let u, v : Q — R be two continuous strictly
convex functions such that w, = fdx and w, = gdx, with f, g € L. (). Then

loc
pr, < (£ =) Yo,y d. (3-1)
Proof. In case u, v are of class C? inside €, by (2-2) we have
0< Dzu(x) — Dzv(x) forevery x e {fu —v="_,_,},

so using the monotonicity and the concavity of the function det'/” on the cone of nonnegative symmetric
matrices, we get

0 < det(D*u — D*v) < ((det D*u)"/" — (det D*v)'/")" on {u—v="Tu_},

which, combined with (2-3), gives the desired result.
Now, for the general case, we consider a sequence of smooth uniformly convex domains €2 increasing
to 2 and two sequences of smooth functions f; and g; converging respectively to f and g in LIIOC(Q),

and we solve ] )
{det D%u; = fr in Qy, {det D%y = gr 1n €2,

Uy = U * Pk on 02y, Vg = U % Ok on 92,

where pi is a smooth sequence of convolution kernels. In this way, both u; and v are smooth on Qe
[Gilbarg and Trudinger 2001, Theorem 17.23], and |jux — u||roo(@,) + vk — vllz=(,) — 0 as k — 00.2
Hence, I',, ., also converges locally uniformly to I',_,. Moreover, it follows easily from the definition
of a contact set that

limsup Ly —y=r,, ) = Lu—v=r,.}- (3-2)
We now observe that the previous step applied to u; and vy gives
ur, _, < ((det D*up)'/" — (det D*v0)"") " 1y —y,=r, _, 1 dx.
Thus, letting k — oo and taking into account Proposition 2.1 and (3-2), we obtain (3-1). O

2 Indeed, it is easy to see that uy and vg converge uniformly to u and v, respectively, both on 9€2; and in any compact
subdomain of 2. Then, using for instance a contradiction argument, one exploits the convexity of uy (resp. vi) and €2 and the
uniform continuity of u (resp. v) to show that the convergence is actually uniform on the whole 2.
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Proof of Theorem 1.1. The Llloc convergence of uy (resp. Vuy) to u (resp. Vu) is easy and standard, so

we focus on the convergence of the second derivatives.

Without loss of generality, we can assume that €’ is convex, and that Q" € ; (since Q; — Q in the
Hausdorff distance, this is always true for k sufficiently large). Fix ¢ € (0, 1), let I, _(1—¢),, be the convex
envelope of u — (1 — &)uy, inside ' (see (2-1)), and define

Af ={x e Q@ ux) — (1 — &)up(x) = Tu—(1—eyu, (1) }.
Since ux — u locally uniformly, I';,—(1_¢)y, converges uniformly to I';, = eu (as u is convex) inside Q.

Hence, by applying Proposition 2.1 and (3-1) to u and (1 — &)uy inside ', we get that

k—00

e | f=pr, @) <liminfur,_,, () <liminf / (Fm—a—e "
Q — 0 Q’ﬂA,ﬁ

We now observe that, since f; converges to f in Llloc(Q), we have

/ E(f]/"—(l—e)fkl/")n—/ e
@nA: @nA:

as k — oo. Hence, combining the two estimates above, we immediately get

/ f< liminf/ £
/ k— 00 Q/ﬁAi

f/ (== /") =" f| >0
o

or equivalently,

lim sup f=0.
k—oo Jnag

Since f > A inside €2 (as a consequence of the fact that f; > A inside €2;), this gives
klim |\ Af| =0 forall e€(0,1). (3-3)
— 0

We now recall that, by the results in [Caffarelli 1990; De Philippis and Figalli 2013; De Philippis et al.
2013; Schmidt 2013], both u# and (1 — &)uy, are strictly convex and belong to W21(Q). Hence we can
apply (2-5) to deduce that

D*u— (1 —¢)D*ux >0 almost everywhere on Aj.

In particular, by (3-3),
|\ {D*u > (1 —e)D*ui}| > 0 as k— oo.

By a similar argument (exchanging the roles of u and uy),
|\ (D*u > (1 —e)D*u}| -0 as k— oo.
Hence, if we set Bf := {x € Q' : (1 — &) D*uy < D*u < (1/(1 —&)) D?uy}, we have

lim [\ Bf|=0 forall e (0,1).
k— 00
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Moreover, by (1-2) applied to both u; and u, we have?

|D2u—D2uk|:/ |D2u—D2uk|+/ |D*u — D%uy|

Q QNB; Q\B{
e _
=1 / | Dl +11D%u — D?ug]| L) |2\ B |17
—¢ Jo
< C<L +1Q\ B,§|1—1/V).
l1—¢
Hence, first letting k — oo and then sending ¢ — 0, we obtain the desired result. ([l

4. Proof of Theorem 1.2

In order to prove Theorem 1.2, we will need the following lemma (note that for the next result we do not
need to assume the convexity of the target domain):

Lemma 4.1. Let 1, 2, C R" be two bounded domains, and let fi, gi be a family of probability densities
such that 0 < A < fi, gk < A inside Q| and Q, respectively. Assume that f; — f in L'(1) and g — g
in LY (), and let Ty : Q1 — Q0 (resp. T : Q1 — Q) be the (unique) optimal transport map for the
quadratic cost sending fi onto gy (resp. f onto g). Then
Jk f
—

in L'(Q)).
gkoTx  goT 2

Proof. By stability of optimal transport maps (see, for instance, [Villani 2009, Corollary 5.23]) and the
fact that f; > X (and so f > 1), we know that Ty — T in measure (with respect to Lebesgue) inside 2.

We claim that g o Ty — g o T in L'(RQ;). Indeed, this is obvious if g is uniformly continuous
(by the convergence in measure of 7y to T'). In the general case, we choose g, € C (€2) such that
lg — gnllL1 (@, < n, and we observe that (recall that fi, f > A, gk, § < A, and that by the definition of
transport maps, we have Ty fi = g, To f = &)

T f
lgoTy —goT|=< | lggoTi—gyoT|+ IgnoTk—goTkI7+ IgnoT—goTlx

Q Q Q

8k g
= IgnoTk—gnoTIJrf lgn—gl=—+ | lgy—g&l=
Q ol A on A

Q)

A
=< |gnOTk_gnOT|+2I77-
Q
Thus A
lim sup IgoTk—g0T|S27ﬂ,

k—00 Q1
and the claim follows by the arbitrariness of 7.
31f instead of (1-2) we only had uniform L log L a priori estimates, in place of Holder’s inequality we could apply the

elementary inequality ¢ < 8¢ log(2+1) + eV/3 with = |D%u — Dzuk| inside Q" \ Bf, and we would first let k — oo and then
send §, & — 0.
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Since

S
lgkoTx —goT|< [ |groTx—goTy|——+ [ [goTx—goT|
Ql Ql )\' Q1

8k
= ng—g|7+/ |goTy—goT|
Q) Q4

A
< x”gk — 8l +/ lgoTy —goT],
Q

from the claim above we immediately deduce that also gy o Ty — g o T in L'(Q)).
Finally, since gx, g > A and f < A,

/ fk_f‘iffk—f+/fl_1‘
o lgoTy goT o, &k o Ty o, |lgoTy goT
1 lgko Ty —goT|
<2 f— A k2 IkTECTT
< )L”fk flleiay + T groTigoT

1 A
< X”fk = fllp@y+ p”gk oTx—goTlriq),
from which the desired result follows. O

Proof of Theorem 1.2. Since T, are uniformly bounded in W' (€2)) for any Q) € €, it suffices to prove
that T, — T in W, (Q)).

Fix xg € 2 and r > 0 such that B, (x¢) C 1. By compactness, it suffices to show that there is an open
neighborhood AUy, of xy such that U,, C B, (xp) and

f T, — T|+ |VT, —VT| — 0.
AU,

It is well known [Caffarelli 1992] that T} (resp. T') can be written as Vuy (resp. Vu) for some strictly
convex function uy : B, (xg) — R (resp. u : B,(xo) — R). Moreover, up to subtracting a constant from uy,
(which will not change the transport map 7), one may assume that u (xg) = u(xp) for all k € N.

Since the functions T; = Vu; are bounded (as they take values in the bounded set €2;), by classical
stability of optimal maps (see for instance [Villani 2009, Corollary 5.23]) we get that Vuy — Vu in
LIIOC(B, (x0)). (Actually, if one uses [Caffarelli 1992], Vuy are locally uniformly Holder maps, so they
converge locally uniformly to Vu.) Hence, to conclude the proof we only need to prove the convergence
of D?uy to D?u in a neighborhood of xg.

To this aim, we observe that, by strict convexity of u, we can find a linear function £(z) =a-z+b

such that the open convex set Z := {z : u(z) < u(xg) +£(z)} is nonempty and compactly supported inside

1
loc

gradients, the convexity of u; and u, and the fact that uy (xg) = u(x¢)), and the fact that Vu is transversal

B, /2(x0). Hence, by the uniform convergence of u; to u (which follows from the L, . convergence of the

to £ on 0Z, we get that Z; := {z : ux(z) < ux(xo) + £(z)} are nonempty convex sets which converge in
the Hausdorff distance to Z.



1000 GUIDO DE PHILIPPIS AND ALESSIO FIGALLI

Moreover, by [Caffarelli 1992], the maps vy := uy — £ solve in the Alexandrov sense

det D?v, = in Zg,

8k o Tk
v =0 on 07y

(here we used that the Monge—Ampeére measures associated to v, and uy are the same). Therefore, thanks
to Lemma 4.1, we can apply Theorem 1.1 to deduce that D?u; — D?u in any relatively compact subset
of Z, which concludes the proof. ([l

Acknowledgments

We thank Luigi Ambrosio for stimulating our interest in this problem. We also acknowledge the hospitality
of the University of Nice during the workshop “Geometry meets transport”’, where part of the present
work was done.

References

[Caffarelli 1990] L. A. Caffarelli, “A localization property of viscosity solutions to the Monge—Ampere equation and their strict
convexity”, Ann. of Math. (2) 131:1 (1990), 129-134. MR 91f:35058 Zbl 0704.35045

[Caffarelli 1992] L. A. Caffarelli, “The regularity of mappings with a convex potential”, J. Amer. Math. Soc. 5:1 (1992), 99-104.
MR 92j:35018 Zbl 0753.35031

[De Philippis and Figalli 2013] G. De Philippis and A. Figalli, “2l regularity for solutions of the Monge—Ampere equation”,
Invent. Math. 192:1 (2013), 55-69. MR 3032325 Zbl 06160861

[De Philippis et al. 2013] G. De Philippis, A. Figalli, and O. Savin, “A note on interior W2 1+¢ estimates for the Monge—-Ampere
equation”, Math. Ann. 357:1 (2013), 11-22. MR 3084340

[Evans and Gariepy 1992] L. C. Evans and R. F. Gariepy, Measure theory and fine properties of functions, CRC Press, Boca
Raton, FL, 1992. MR 93f:28001 Zbl 0804.28001

[Gilbarg and Trudinger 2001] D. Gilbarg and N. S. Trudinger, Elliptic partial differential equations of second order, Springer,
Berlin, 2001. MR 2001k:35004 Zbl 1042.35002

[Gutiérrez 2001] C. E. Gutiérrez, The Monge—-Ampére equation, Progress in Nonlinear Differential Equations and their Applica-
tions 44, Birkhduser, Boston, MA, 2001. MR 2002e:35075 Zbl 0989.35052

[Schmidt 2013] T. Schmidt, “W2:17¢ estimates for the Monge—-Ampere equation”, Adv. Math. 240 (2013), 672-689. MR 3046322

[Villani 2009] C. Villani, Optimal transport: Old and new, Grundlehren Math. Wiss. 338, Springer, Berlin, 2009. MR 2010f:
49001 Zbl 1156.53003

Received 19 Mar 2012. Revised 27 Sep 2012. Accepted 15 Nov 2012.

GUIDO DE PHILIPPIS: guido.dephilippis@sns.it
Scuola Normale Superiore, p.za dei Cavalieri 7, I-56126 Pisa, Italy

ALESSIO FIGALLI: figalli@math.utexas.edu
Department of Mathematics, University of Texas at Austin, 1 University Station C1200, Austin, TX 78712, United States

mathematical sciences publishers :'msp


http://dx.doi.org/10.2307/1971509
http://dx.doi.org/10.2307/1971509
http://msp.org/idx/mr/91f:35058
http://msp.org/idx/zbl/0704.35045
http://dx.doi.org/10.2307/2152752
http://msp.org/idx/mr/92j:35018
http://msp.org/idx/zbl/0753.35031
http://dx.doi.org/10.1007/s00222-012-0405-4
http://msp.org/idx/mr/3032325
http://msp.org/idx/zbl/06160861
http://dx.doi.org/10.1007/s00208-012-0895-9
http://dx.doi.org/10.1007/s00208-012-0895-9
http://msp.org/idx/mr/3084340
http://msp.org/idx/mr/93f:28001
http://msp.org/idx/zbl/0804.28001
http://msp.org/idx/mr/2001k:35004
http://msp.org/idx/zbl/1042.35002
http://dx.doi.org/10.1007/978-1-4612-0195-3
http://msp.org/idx/mr/2002e:35075
http://msp.org/idx/zbl/0989.35052
http://dx.doi.org/10.1016/j.aim.2012.07.034
http://msp.org/idx/mr/3046322
http://dx.doi.org/10.1007/978-3-540-71050-9
http://msp.org/idx/mr/2010f:49001
http://msp.org/idx/mr/2010f:49001
http://msp.org/idx/zbl/1156.53003
mailto:guido.dephilippis@sns.it
mailto:figalli@math.utexas.edu
http://msp.org

Michael Aizenman

Luis A. Caffarelli

Michael Christ

Ursula Hamenstaedt

Vaughan Jones

Izabella Laba

L4szl6 Lempert

Frank Merle

Werner Miiller

Gilles Pisier

Igor Rodnianski

Sylvia Serfaty

Terence Tao

Gunther Uhlmann

Dan Virgil Voiculescu

Analysis & PDE
msp.org/apde

EDITORS

EDITOR-IN-CHIEF

Maciej Zworski

zworski @math.berkeley.edu

University of California
Berkeley, USA

BOARD OF EDITORS

Princeton University, USA

aizenman @math.princeton.edu
University of Texas, USA

caffarel @math.utexas.edu

University of California, Berkeley, USA
mchrist@math.berkeley.edu

Universitit Bonn, Germany
ursula@math.uni-bonn.de

University of California, Berkeley, USA
vir@math.berkeley.edu

University of British Columbia, Canada
ilaba@math.ubc.ca

Purdue University, USA

lempert @math.purdue.edu

Université de Cergy-Pontoise, France
Frank.Merle @u-cergy.fr

Universitit Bonn, Germany
mueller@math.uni-bonn.de

Texas A&M University, and Paris 6
pisier@math.tamu.edu

Princeton University, USA

irod @math.princeton.edu

New York University, USA

serfaty @cims.nyu.edu

Nicolas Burq

Sun-Yung Alice Chang

Charles Fefferman

Nigel Higson

Herbert Koch

Gilles Lebeau

Richard B. Melrose

William Minicozzi IT

Yuval Peres

Tristan Riviere

Wilhelm Schlag

Yum-Tong Siu

University of California, Los Angeles, USA  Michael E. Taylor

tao@math.ucla.edu
University of Washington, USA
gunther @math.washington.edu

University of California, Berkeley, USA
dvv@math.berkeley.edu

Andrés Vasy

Steven Zelditch

PRODUCTION
production@msp.org

Silvio Levy, Scientific Editor

Université Paris-Sud 11, France
nicolas.burq@math.u-psud.fr

Princeton University, USA

chang @math.princeton.edu

Princeton University, USA
cf@math.princeton.edu

Pennsylvania State Univesity, USA
higson@math.psu.edu

Universitit Bonn, Germany
koch@math.uni-bonn.de

Université de Nice Sophia Antipolis, France
lebeau @unice.fr

Massachussets Institute of Technology, USA
rbm@math.mit.edu

Johns Hopkins University, USA
minicozz@math.jhu.edu

University of California, Berkeley, USA
peres @stat.berkeley.edu

ETH, Switzerland

riviere @math.ethz.ch

University of Chicago, USA
schlag@math.uchicago.edu

Harvard University, USA
siu@math.harvard.edu

Univ. of North Carolina, Chapel Hill, USA
met@math.unc.edu

Stanford University, USA

andras @math.stanford.edu

Northwestern University, USA
zelditch@math.northwestern.edu

See inside back cover or msp.org/apde for submission instructions.

The subscription price for 2013 is US $160/year for the electronic version, and $310/year (+$35, if shipping outside the US) for print and
electronic. Subscriptions, requests for back issues from the last three years and changes of subscribers address should be sent to MSP.

Analysis & PDE (ISSN 1948-206X electronic, 2157-5045 printed) at Mathematical Sciences Publishers, 798 Evans Hall #3840, c/o Uni-
versity of California, Berkeley, CA 94720-3840, is published continuously online. Periodical rate postage paid at Berkeley, CA 94704, and

additional mailing offices.

APDE peer review and production are managed by EditFLoW® from Mathematical Sciences Publishers.

PUBLISHED BY
:- mathematical sciences publishers
nonprofit scientific publishing

http://msp.org/

© 2013 Mathematical Sciences Publishers


http://msp.berkeley.edu/apde
mailto:zworski@math.berkeley.edu
mailto:aizenman@math.princeton.edu
mailto:nicolas.burq@math.u-psud.fr
mailto:caffarel@math.utexas.edu
mailto:chang@math.princeton.edu
mailto:mchrist@math.berkeley.edu
mailto:cf@math.princeton.edu
mailto:ursula@math.uni-bonn.de
mailto:higson@math.psu.edu
mailto:vfr@math.berkeley.edu
mailto:koch@math.uni-bonn.de
mailto:ilaba@math.ubc.ca
mailto:lebeau@unice.fr
mailto:lempert@math.purdue.edu
mailto:rbm@math.mit.edu
mailto:Frank.Merle@u-cergy.fr
mailto:minicozz@math.jhu.edu
mailto:mueller@math.uni-bonn.de
mailto:peres@stat.berkeley.edu
mailto:pisier@math.tamu.edu
mailto:riviere@math.ethz.ch
mailto:irod@math.princeton.edu
mailto:schlag@math.uchicago.edu
mailto:serfaty@cims.nyu.edu
mailto:siu@math.harvard.edu
mailto:tao@math.ucla.edu
mailto:met@math.unc.edu
mailto:gunther@math.washington.edu
mailto:andras@math.stanford.edu
mailto:dvv@math.berkeley.edu
mailto:zelditch@math.northwestern.edu
mailto:production@msp.org
http://msp.berkeley.edu/apde
http://msp.org/
http://msp.org/

ANALYSIS & PDE

Volume 6 No. 4 2013

Cauchy problem for ultrasound-modulated EIT
GUILLAUME BAL

Sharp weighted bounds involving A
TuoMAS HYTONEN and CARLOS PEREZ

Periodicity of the spectrum in dimension one
ALEX IOSEVICH and MIHAL N. KOLOUNTZAKIS

A codimension-two stable manifold of near soliton equivariant wave maps
IOAN BEJENARU, JOACHIM KRIEGER and DANIEL TATARU

Discrete Fourier restriction associated with KdV equations
YI HU and XIAOCHUN LI

Restriction and spectral multiplier theorems on asymptotically conic manifolds
COLIN GUILLARMOU, ANDREW HASSELL and ADAM SIKORA

Homogenization of Neumann boundary data with fully nonlinear operator
SUNHI CHOI, INWON C. KIM and KI-AHM LEE

Long-time asymptotics for two-dimensional exterior flows with small circulation at infinity
THIERRY GALLAY and YASUNORI MAEKAWA

Second order stability for the Monge—Ampere equation and strong Sobolev convergence of
optimal transport maps
GUIDO DE PHILIPPIS and ALESSIO FIGALLI

751

777

819

829

859

893

951

973

993



	1. Introduction
	2. Notation and preliminaries
	3. Proof of 0=theorem.41=1.1
	4. Proof of 0=theorem.71=1.2
	Acknowledgments
	References
	
	

