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ON THE SPECTRUM OF DEFORMATIONS OF
COMPACT DOUBLE-SIDED FLAT HYPERSURFACES

DENIS BORISOV AND PEDRO FREITAS

We study the asymptotic behavior of the eigenvalues of the Laplace—Beltrami operator on a compact
hypersurface in R**! as it is flattened into a singular double-sided flat hypersurface. We show that
the limit spectral problem corresponds to the Dirichlet and Neumann problems on one side of this flat
(Euclidean) limit, and derive an explicit three-term asymptotic expansion for the eigenvalues where the
remaining two terms are of orders &2 log & and 2.

1. Introduction

In recent years there have been several papers studying the effect that flattening a domain has on the
eigenvalues of the Laplace operator [Borisov and Cardone 2011; Borisov and Freitas 2009; 2010;
Friedlander and Solomyak 2009]; see also [Nazarov 2001; Panasenko 2005] and the references therein
for similar problems with boundary conditions other than Dirichlet. In these papers the main objective
has been the derivation of the asymptotics of these eigenvalues in terms of a scalar parameter measuring
how thin the domain becomes in one direction, as this parameter approaches zero. As far as we are aware,
almost if not all such existing examples in the literature are concerned with domains in Euclidean space
where the limiting problem degenerates to a domain of zero measure and therefore eigenvalues approach
infinity.

A slightly different set of problems which has been considered consists of domains which are perturba-
tions of singular sets such as thin tubular neighborhoods of graphs, i.e., domains which locally are like
thin tubes — see [Exner and Post 2005; 2009], for instance, and also [Grieser 2008] for a review. As in
the papers cited above, again the limiting domains have zero measure and the spectrum behaves in quite a
different way from the model considered here.

In this paper we study a situation which, although different from that described in the first paragraph,
has in common with it the process by which the limiting domain is approached. More precisely, consider
the case of a given domain Q in R”*! satisfying certain restrictions which for the purpose here may be
stated roughly as being bounded from above and below by the graphs of two functions — see Section 2
for a precise formulation. The domain 2 is then flattened towards a domain @ in R” via a (continuous)
one-parameter family of domains €2.. These domains are obtained as the functions mentioned above are
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multiplied by the parameter €. The problem that shall concern us here is the study of the evolution of the
eigenvalues of the Laplace—Beltrami operator on the one-parameter family of compact hypersurfaces ¥,
which are the boundaries of the domains €2, described above, as & approaches zero. One of the differences
in this instance is that while the domain € has zero (n 4 1)-measure as stated above, ¥ retains positive
n-measure, developing instead a singularity on the boundary of the domain @ (when considered as a
domain in R"). We thus expect these eigenvalues to remain finite as the parameter ¢ approaches zero, and
to converge to a limiting spectral problem on the double-sided flat hypersurface. This is indeed the case,
and the relevant spectral problems turn out to be the Dirichlet and Neumann problems on the domain w,
with the two next asymptotic terms after that being of orders £? log & and &2. These results have been
announced in [Borisov and Freitas 2012].

In order to understand the origin of the £2 log & term in the expansion, it turns out that it is sufficient to
consider the case where n equals one, that is when the boundary is basically S!. Because of this, it is
not necessary to take into consideration the geometric intricacies of the problem which appear in higher
dimensions and it is possible to obtain the full description of eigenvalues in terms of elliptic integrals.

More precisely, for an ellipse of radii 1 and ¢ we have that the eigenvalues are given by

k272 7/2 -
A (e) = 4E2(1——82) for k € Z, where E(m) = /(; \ 1 —msin”(0) do

is the complete elliptic integral of the second type yielding one quarter of the perimeter of the ellipse
form = 1—¢2.

Combining the above with the asymptotic expansion for E yields
k2n?  k2m? k?r? (1

1 + 1 e?loge + 5 Z—lOg2)82+@(82+p), p€(0,1).

Ai(e) =

In some sense, the purpose of the analysis that we shall carry out in what follows is to show that the
above result may actually be extended to higher dimensions. It should be noted here that this expansion
depends on the relation between the different variables at the endpoints of the segment, which in this
case is of the form x12 + 82x§ = 1. Clearly different relations between the leading powers will lead to
different expansions.

More generally, the issue is that the points of the boundary of €2 where there is a tangent in the direction
along which the domain is being flattened will play a special role. Throughout the paper we assume this
set of points to be contained in a hyperplane orthogonal to the scaling direction, and that this tangency is
simple. In the vicinity of these points we take the cross-section of our surface as indicated in Figure 1
which, with the assumptions made, will be similar to the one-dimensional ellipse described above. Our
results then state that in the higher-dimensional case the asymptotics for the eigenvalues still behave in a
similar fashion and thus the logarithmic terms appearing above persist in this more general setting.

Apart from the intrinsic interest of the behavior of the spectrum close to double-sided flat domains, we
point out that such manifolds have appeared in the literature in connection with eigenvalues as maximizers
of the invariant eigenvalues among all surfaces isometric to surfaces of revolution in R* [Abreu and
Freitas 2002] and for hypersurfaces of revolution diffeomorphic to a sphere and isometrically embedded
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Figure 1. Surface ¥, with a cross-section at the edge.

in R*T! [Colbois et al. 2008]. In fact, it is shown in those papers that these optimal singular double flat
disks maximize the whole invariant spectrum and not just a specific eigenvalue. Another source of interest
for such asymptotic expansions lies with the fact that, in some cases, they turn out to be fairly good
approximations for low eigenvalues also for values of the parameter ¢ away from zero — see [Borisov
and Freitas 2009; 2010; Freitas 2007].

We remark in passing that another problem for which it is conjectured that the optimal shape is given
by a double-sided flat disk is Alexandrov’s conjecture relating the area and diameter of surfaces of
nonnegative curvature.

The structure of the paper is as follows. In the next section we give a precise formulation of the
problem under consideration and state our main results, namely, the nature of the limiting problem and the
relation of the limit and approximating operators. This includes the form of the asymptotic expansion and
the expressions for the first three coefficients and an application to the case of the surface of an ellipsoid.
Section 3 is then devoted to several preliminaries and auxiliary material used in Sections 4 and 5, where
the proofs of the main results are presented.

2. Problem formulation and main results

Let x’ = (X1,...,Xn), X = (x’, X4 1) be Cartesian coordinates in R” and R”*!, respectively, n > 2, and
let w be a bounded domain in R” with infinitely smooth boundary. Let also 4+ =h4 (x") € C®(w)NC (@)
denote two arbitrary functions and define the manifold

Fe={x: X' €w,xpr1 =chi (X"} U{x: X' €@, xp11 = —ch_(x")}, (2-1)

where ¢ is a small positive parameter. We assume ¥, to be infinitely differentiable and to have no
self-intersections. To ensure this, we make the following assumptions on /4, the first of which ensures
the absence of self-intersections:

(A1) The following relations hold true:

hi(X)+h-(x")>0, X cow, hy(xX)=h_(x")=0, x' €iw.
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To state the second assumption we need to introduce some additional notation. Let v = v(P), P € dw,
be the inward normal to dw, and denote by 7 the distance to a point measured in the direction of v.
Consider the equations

t=ht(P+tv(P)), t>0, t=—h_(P+twv(P)), t<0. (2-2)

Our second assumption concerns the solvability of these equations with respect to T and implies the
smoothness of ¥, in a neighborhood of dw:

(A2) There exists ty > 0 such that for all ¢ € [—tg, tp], P € dw, the equations (2-2) have a unique solution

given by
t=al(t, P) € C*®([~t9, 0] X dw),
such that
P40 forall Ped (2-3)
— ora w. -
12

We observe that assumptions (A1) and (A2) imply that
hy(x")=0, h_(x')<0 inasmall neighborhood of dw.

The main object of our study is the Laplace—Beltrami operator #, on ¥,. We introduce it rigorously
as the self-adjoint operator associated with a symmetric lower-semibounded sesquilinear form

hS[u’ U] = (Vl/l, VU)Lz(y)g) on W21 (976)

We recall that on an arbitrary manifold with metric tensor g this may be written in local coordi-
nates y = (J1,..., ¥n) as

I o~ 9 g1 D
—det™2 g —g" det2 g—,
i,j2=:1 dyi dy;

where g%/ are the entries of the inverse to the metric tensor. If in our case we take x’ as local coordinates
on ¥¢, then on each side 9’;': the operator #; may be written in the form

Lo 1 _
He = —(1+ 2| Varhx|*) 72 divar (1 + %[ Virh£ )2 (E +£7Qe) ™' Vi, (2-4)
where E is the n x n identity matrix and Q4 is the matrix with entries %%. On the boundary dw

the coefficients of such operator have singularities, and this is why in a neighborhood of dw it is more
convenient to employ the coordinates (z, s), where s are some local coordinates on dw. We do not give
here the expression of the operator ¥, in such coordinates, as it requires the introduction of additional
(cumbersome) notation. These two parametrizations are discussed in detail in Section 3.

The purpose of the present paper is to describe the asymptotic behavior of the resolvent and the spectrum
of ¥, as ¢ — +0. In this limit, the hypersurface &, collapses to a flat two-sided domain w = (w4, w—),
where wi are two copies of @ understood as the upper and lower sides of . Because of this, it is natural
to expect that the limiting operator for ¥, as ¢ — 40 is the Laplacian on w, i.e., that on w4+ subject to
certain boundary conditions. Indeed, this is true, and it is our first main result. Namely, we introduce
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the space L;(w) as consisting of the vectors # = (14, u—), where the functions u 4 are defined on w4
and u4 € L;(w4). We can naturally identify L (@) with L (w) & L2(w). In the same way we introduce
the Sobolev spaces sz (w) assuming that for each u € sz (w) the functions u4 € WZJ (w4 ) satisfy the
boundary conditions
o'
=(—1)'—
D' —5

ow

8iu+
otl

, i=0,1,...,j—1. (2-5)

The meaning of these boundary conditions is that the functions #+ should be “glued smoothly” while
moving from w4 to w— via dw = dws. We observe that W2j (w) is embedded into sz (w) ® sz (),
but does not coincide. It is also clear that for any u € W21 (w) the function u := (u, u) belongs to W21 (w).
Similarly, if u € sz(a)), Uy, = 0, or, respectively, u € sz(a)), g—‘r‘|3w =0,thenu = (u,—u) € sz(w),
or, respectively, u = (u,u) € sz (@).

Let ¥ be the self-adjoint operator in L, () associated with the closed symmetric lower-semibounded
sesquilinear form

bolu,v]:= (Vu,Vv)r,) on W21 (w).

By %(-) we denote the domain of an operator, and the symbol || - || x -y indicates the norm of an operator
acting from the Hilbert space X to a Hilbert space Y.

Given any vector # = (14, u—) defined on w, by $.u we denote the function on ¥, being u (x’) on
{x:x' €ew,xp41 =¢eht(x")} and u—_(x") on {x : x’' € @, xp+1 = —eh_(x’)}. And vice versa, given any
function u defined on ¥, by 9. 'u we denote the vector # = (u4,u_), where uy = uy (x') := u(x’),
X' € w, xpy1 = ehe(x').

Theorem 2.1. For each z € C\ R there exists C(z) > 0 such that the following estimate holds true:

|G —2)7" = 95 (90 —2) 7 95 C(z)e?/3. (2-6)

1

PRERSRITAS
Remark 2.2. The statement of this theorem includes the fact that the operator $.(#y — z)_lﬂs_1 is
well-defined as a bounded one from L, (¥,) into W21 (Fe).

In view of the embedding of W21 (w) into W21 (w) & W21 (w), and the compact embedding of the
latter into L,(w) & L,(w) = L,(w), the operator ¥, has a compact resolvent. Hence, it has a pure
discrete spectrum accumulating only at infinity. The same is true for the Dirichlet and Neumann
Laplacians —A((UD) and —Af,,N) on w. Recall that —A((,,D) is the Friedrichs extension in L;(w) of —A
from C§°(€2), and —Ag,N) is the self-adjoint operator in L,(w) associated with the sesquilinear form
(Vu, Vo), (@) on Wz1 (w). In what follows o4 (-) denotes the discrete spectrum of an operator.

Our next result follows from Theorem 2.1 and [Reed and Simon 1980, Theorems VIII.23, VIII.24].

Theorem 2.3. The eigenvalues of ¥, converge to those of ¥y as € goes to zero. In particular, if
A &og(Hy), then A € 04(,) for e small enough. For each m-multiple eigenvalue A € a,;(#y) there
exist exactly m eigenvalues (counting multiplicities) of ¥ converging to A as ¢ — +0. Let P be the
projector on the eigenspace associated with A, P¢ be the total projector associated with the eigenvalues
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of # converging to L. Then the following convergence holds true:
-1
|Pe —PPoI, ||L2(5f£)—>W21 ) 0, &—+0.

Let now A be an eigenvalue of %o with multiplicity m and ¥; = (w(') ¥ @) be associated eigenfunctions
orthonormalized in L, (®). It will be shown in the next section in Lemma 4.2 that the asymptotics

y O = 0Py + WD (P)r +0(?), Pedw, T— +0, 2-7)
hold true, where
(@) (i)
d
"pl(()) (l)‘aw — 1/,(l)| e COO(aw)’ \Dl(l) lg_[ — .ga”_ c Coo(aa))
ow T dew

By —Aj, we denote the Laplace—Beltrami operator on dw, where the metric Gy,, on dw is induced
by the Euclidean one in R”. For any smooth functions u, v on dw, we shall denote the pointwise scalar
product of their gradients by Vu - V.

Let

0l =w\{x:0<1 <8} (2-8)

Employing the coefficients of the asymptotics (2-7), we introduce two real symmetric matrices A©@ AD
with entries

©) ._ (0) g, (0) OIRVAAOBIRAORACY
A= /awaz(m U =V VT W) do, (2-9)

§—>+0

AL = — lim B[ IVarhs 2Py D — (VoD vy e) dx’
+§/ IVarh— 2y Dy D — (VoD VD) pa) dx
CL)
[ Ot Ty P (T Tt g

+ [ (Varh—, Vi Dga (Vorh—, Vot D) g dx’
w’

1
+In§ [ —(wPw) 4@ - V\pl.("’-vw}‘”)ds]

dw A2
1+4In2+1nay ), 1) (0) g, (0) (0) (0)

—/ ” (W0 AW -V V) ds, (2-10)
w 2
where
182

It will be shown in Section 4 that the matrix A(?) is well-defined. By the theorem on simultaneous
diagonalization of two quadratic forms, in what follows the eigenfunctions y¥; are supposed to be
orthonormalized in L, (w) and the matrix A©® + ﬁA(l) to be diagonal. The eigenfunctions ¥; chosen
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in this way depend on ¢, but it is clear that the norms ||w§f) |cx @) are bounded uniformly in ¢ for
alk=0,i=1,....m

Theorem 2.4. Let A be an m-multiple eigenvalue of #o and ¥;,i = 1,...,m, be the associated eigen-
Sfunctions of #o chosen as described above. Then there exist exactly m eigenvalues My (¢), k =1,...,m
(counting multiplicity) of #. converging to A. These eigenvalues satisfy the asymptotic expansions

Ae(e) = A + &2 lneuk(ll )+@(82+"’) (2-11)

where [ are the eigenvalues of the matrix A© 4 ﬁA(l), and p is any constant in (0,1/2). The
eigenvalues ,uk( ) are holomorphic in 1 - and converge to the eigenvalues of A©® g5e—0.

In addition to the asymptotic expansions for the eigenvalues A;(¢) given in this theorem, we also obtain
the asymptotics for the total projector associated with these eigenvalues. However, to formulate this result
we have to introduce additional notation and it is thus more convenient to postpone its statement which
will then be made at the end of Section 5—see Theorem 5.3.

Let us describe briefly the main ideas employed in the proofs of the main results. The proof of
the uniform resolvent convergence in Theorem 2.1 is based on the analysis of the quadratic forms
associated with the perturbed and the limiting operators and on the accurate estimates of the functions in
certain weighted Sobolev spaces. The proof of the first theorem uses essentially the method of matching
asymptotic expansions [Il'in 1992] for formal construction of the asymptotics for the eigenfunctions
associated with A (g). These asymptotics are constructed as a combination of outer and inner expansions.
The former depends on x’ and its coefficients have singularities at dw. In the vicinity of dw we introduce
a special rescaled variable £ := a'/2(x,4167", P)e™! as xp41 > 0 and & := —a'/2(xp4167 ", P)e™!
as X, 41 <0. This variable then describes the slope of ¥ in the vicinity of ¢ — see also the equations (3-11)
giving the parametrization of ¥, in the vicinity of dw. After rewriting the eigenvalue equation in the
variables (£, s), where s are local coordinates on dw, its leading term is in fact the Laplace—Beltrami
operator on the ellipse giving rise to the logarithmic terms in the asymptotics for both the eigenvalues and
the eigenfunctions.

Despite the fact that we are only presenting the leading terms of the asymptotics for A (&) and for the
associated total projector in Theorems 2.4 and 5.3, respectively, our approach also allows us to construct
the complete asymptotic expansions if required. Although this would need to be checked in a way similar
to what was done here for the first few terms, the ansatzes (5-1) and (5-39) suggest that the complete
asymptotic expansion for the eigenvalues should be

1
Aie(e) = A+ &2 lnsuk(s)—FZsz’ In’ au(’)( ),
P Ine

where /L( 2

are functions holomorphic in ;. These higher-order terms would then still reflect the behavior
observed in the ellipse example given in the Introduction.
Although the above formulas for Ag.)) and (especially) AS.) may look quite cumbersome at a first

glance, they will actually simplify when computed for particular cases as some of the terms involved will
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vanish depending on whether we are considering Dirichlet or Neumann boundary conditions on dw. We
note that a similar effect was already present when computing the coefficients in the expansions obtained
in [Borisov and Freitas 2009; 2010]. This is particularly clear in the second of these papers dealing with
dimensions higher than two, where the general expression is quite complicated and needs to be computed
specifically in each case. When this is done for general ellipsoids in any dimension, for instance, it yields
a much simpler one-line expression.

We shall illustrate this by considering a thin ellipsoidal surface. To this end take @ to be the unit disk
centered at the origin with

he(X):=V1—r2, r=|X|, t=1-r, ay=

Under such definition this surface converges to the unit disk @ regarded as a double-sided surface. In this

instance the limiting eigenvalues may be found via separation of variables and they will be of the form «2,

(2-12)

D=

where k are the zeroes of the Bessel function J and its derivative J,, corresponding to eigenfunctions
satisfying Dirichlet and Neumann boundary conditions on dw, respectively. The following examples
illustrating both cases are taken from [Borisov and Freitas 2012], where the details may be found.
We consider the case of Dirichlet boundary conditions first; i.e.,
K

k) © _ m___ Kk
NIRATS V=W -y), V¥ 0, v e

Substituting these formulas and (2-12) into (2-9) and (2-10), we then obtain
A 1 1"3
CJ20) Jo 112

Jok) =0, rA=k* Y(x)=-—

A(lol) =2\ and Agll) = (JOZ(KI”)+J12(K}’)—J12(K)) dr —xIn2.

The asymptotics (2-11) thus become
he(e) = A+ 220 ne + AL)) + 02

and, for a particular eigenvalue, the remaining integral may be computed numerically. We illustrate this
by considering the case corresponding to the first Dirichlet eigenvalue on the disk which yields

(€)= j2, +e22j¢ ne+ A)) +0(e>P) ~ 5.7831 + 11.5664 62 In e — 6.0871 £ + O(e217).
As an example of a limiting multiple eigenvalue we consider the first nontrivial Neumann eigenvalue
of the disk. In two dimensions this is a double eigenvalue with associated (normalized) eigenfunctions

() = J1(k'r) cos 6 ) = J1(k'r) sin 6 ’
Jo(k) /7 (k'* —1) Jo(k) /7 (k'* = 1)

where 6 is the polar angle corresponding to x and «” is the first nontrivial zero of J.
The eigenfunctions in L,(w) are then given by ¥; = (¥, ¥;), i = 1,2, from which we have

J1(k") cos 6 @ _ J1(k") sin 6
) 2 -
Jo(k)\/m(k"* —1) Jo(k)/t(k'*> = 1)

0) _
=
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and \Pl.(l) = 0,7 =1, 2. Proceeding as before, we have

272 (k")

0 _ A0 __
AII_AZZ_

For the next term we now obtain

12}

2 1.3
1 _ K’ r 20,1 20,1 20,1 20,1 2 / ’
A __Jz(/c/)(/c/z—l)/ol—"z [J1 (K'r)=J{ (K)+Jy (k' r)+J5 (k )—KTFJO(K r)Ji(k r)] dr—Aln2

fori =1,2and A;; =0 fori # j.
From this, and again computing the relevant integrals numerically, we obtain

Ai(€)=(j{ )*+£* (21 1n e+ A D) +0(27°) ~3.390046.7799 2 In 6—1.8555 62 +0(2+7), i=1,2.

Due to the radial symmetry of w, it is clear that these two eigenvalues should coincide, and the associated

eigenfunctions converge to ¥ and ¥».

3. Preliminaries

In this section we discuss two parametrizations of the surface ¥, and prove three auxiliary lemmas which
will be used in the next sections for proving Theorems 2.1, 2.4.

First parametrization of ¥¢. The first parametrization is that used in the definition of &, in (2-1); i.e.,
each point on &, is described as x, 11 = +ehy(x’), x’ € @, where the sign corresponds to the upper or
lower part of .. Let us first calculate the metrics on ¥, in terms of the variables x’.

The tangential vectors to ¥, at the point X’ € w, x,+1 = eh4(x’) are

ah
(0,...,0,1,0,...,0,s i), i=1.....n,

ax;

where “1” stands on i-th position. Thus, the metric tensor has the form

1 +82(8hi)2 20hy Ohy 20hy Ohy 2 0hy Ohy \
0x1 0x1 0x2 dx; 0x3 Tt dx; 0xp
2 0hy Ohy l+e (8hi) 2 0hy Ohy 2 0hy Ohy
dxy 0x1 0x, 0x3 dxy 0xp
’ — &2 Ohy 0hy &2 dhy by 2(0hy &2 Ohy Ohy
Gi(x ’8) ’ 9x3 0x1 0x3 0x2 l+e ( ) x3 0xp
&2 Bhi Ohy 2 0hy dhy &2 Bhi dhy 2 (0hy

0x, 0x1 0x, 0x2 0x,—1 0x3 l+e (axn) }

It easy to see that
2 .
Gi(x',e) =E+¢&°Qx, Qi :=(Vxhi)(Vahs), (3-1)

where V,/hy is treated as a column vector, and “*” denotes transposition.
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Lemma 3.1. The matrix Gy has two eigenvalues, the (n — 1)-multiple eigenvalue 1, and the simple
eigenvalue (1 4 2|V h4|?). The following identity holds true:

d¥e=JEdx', JE:=\/14+&2|Vehyi|?, dx' =dx dx; - dxp. (3-2)

Proof. From (3-1) we may write the eigenvalue problem for the matrix G+ as

2

E+2vw™u=zu and (z—1u==evv*u,

where v = V,/h. We thus see that any vector orthogonal to v is an eigenvector for the above equation with
eigenvalue z equal to one. This yields an eigenvalue of multiplicity # — 1 if v is not zero, and 7 in case v
vanishes. In the former case, we easily see that v is also an eigenvector, now with eigenvalue 1 4 &2|v|?,
which will have multiplicity one. The determinant of G is thus g = 1 + ¢2|v|?, yielding the volume

element to be /1 + &2|v|? as desired. O

In what follows we shall make use of the differential expression for the operator ¥, namely, its
expansion with respect to €. The expression itself is given by (2-4), while using (3-1) allows us to expand
some of the terms in this expression in powers of &:

+0(s%),

2 -1 _ 2 4 2 2\+1 2|Vx’h:l:|2
(E+7Qe) ™' =E—¢’Qu +0(Y). (14 |Vwhe[)*2 = 1262

where the plus and minus signs correspond to the upper and lower parts of Sg, respectively. We substitute
these formulas into (2-4) and get

|Vyrhi|? |Vyrhy|?

He = —Ax — 82( Ay + divx/( - Qi) vx/) +0(e*). (3-3)

The disadvantage of the parametrization by the variables x’ is that the functions /4 are not smooth
in a vicinity of dw and their derivatives blow up at the boundary dw. We shall show this below while
introducing the second parametrization. The main idea of the second parametrization is to use special
coordinates in a vicinity of dw so that they involve smooth functions only; this parametrization is purely
local and will be used only in a vicinity of dw. It is natural to expect the existence of such coordinates
since the surface ¥, is infinitely differentiable.

Second parametrization of ¥¢. In a neighborhood of dw we introduce new coordinates (z, s), where
s = (81,...,8,—1) are local coordinates on dw corresponding to a C*°-atlas, and t, we remind, is the
distance to a point measured in the direction of the inward normal v = v(s) to dw. Let r = r(s) be the
vector-function describing dw. We have

V

a_r _|_ -[a_v
X' =r(s)+1v(s), Vs =M(1,5)Ve, M=M(t,s5)= 51 ) 51 , (3-4)

ar v
0sp—1 0s5—1

where v(s) and the other vectors in the definition of M are treated as rows. The vectors g—; are tangential
1
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to M and linearly independent, while v(s) is orthogonal to dw. Thus, the matrix M is invertible for all
sufficiently small 7 and all s € dw. The inequalities

Ci £ M(z,s) <y, Cz_1 < M_l(t, 5) < Cl_l, s €dw, T E[—T0, 0] (3-5)

are valid, where Cy, C, are positive constants independent of (z,s). It follows from these estimates
and (3-4) that the matrix M ~!(t, s) is infinitely differentiable in the neighborhood {x : || < 70} of dw.

Consider now the equations (2-2). By assumption (A2) they have the smooth solution 7 = a(x,+1, P)
and, for small x, ;, the function a behaves as

a(Xp41. P) = az(P)xp,; +0(x, ).
Hence,
_1
hy(P +tv(P)) = X4 = *a, Z(P)r% +0(r), ©—+0, Vwhe =M "'V oha,
Gyt < |Vehs|? <Gl 7€(0, 1), (3-6)

where C3, C4 are positive constants independent of (z,s). As we see from the last estimates, the
functions /44 are not smooth at the point T = 0, i.e., at dw.
We employ once again assumption (A2) and pass from the equations x,41 = *ehi(x’) to

t=a(t,P), xuy1=c¢t, x' =r(s)+1v(s). 3-7)

It follows from (2-3) that the function a(¢, P) can be represented as ¢ 24 (¢, P), where @ € C® ([—t, to]xdw)
and @ > 0 for sufficiently small .
We introduce a new variable { = taz (¢, P). From assumption (A2) we conclude that

t=b(. P) € C%(%o. o] x ) (3-8)

for a fixed small constant {, and the Taylor series for @ and b read

a(t,P)=>Y ai(P)t', 1— +0, (3-9)
i=2
b(¢, P) = Zbi(P)C", =0, by = a;%, (3-10)

i=1
where a;, b; € C®(dw). We define a rescaled variable £ := {e~!. The final form of the second

parametrization for ¥ is

X =r(s) +2E20(s),  Xpg1 = €7be(E,7(5)), £ €[-LoeT ! Loe ], (3-11)

where bg (&, P) := ¢~ 1b(e&, P) and ¢, is a fixed sufficiently small number. We observe that, by the
definition of ¢,

t=a(t, P) =¢* =¢*&% (3-12)
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As in (3-3), we shall also employ the expansion in ¢ of the differential expression for . corre-
sponding to the second parametrization. We find first the tangential vectors to S, corresponding to the
parametrization (3-11):

_(0r o252 5 0b 0be
Tsi—(8 Eas, 85,-)’ Te=¢ (251) 8&) (3-13)

It is clear that the vectors g - 8 Y belong to the tangential plane and are orthogonal to v. Employing this
fact and (3-13), we calculate the metric tensor:

obg 4 0bg 0bg
(T, Te)gnt+1 = € (4§ +( )) (Te, T Jpnt1 = 6% =2 ==

o0& 0& 851

8r , 0V Or av obe 0b
T T Vel = oy or 22 9V 47878
( S s])IR +1 ( S E BSJ +e E 8Sj)Rn+l te E)s,- 8Sj

By the Weingarten equations we see that

((Tsi’ TSj)Rn—‘rl)l-’j:l, =A,

where
A= Gy, —26%E*B + *E*BG; B + &* (Vybe) (Vsbe)*

= Gy (E — 262G, B)* + &* (Vsbe) (Vsbe) ™, (3-14)

Gj,, is the metric tensor of dw associated with the coordinates s, B is the second fundamental form of dw
corresponding to the orientation defined by v. Hence, the metric tensor G, of S associated with the
parametrization (3-11) reads

2
o= (LN )y i,
e'p A

By direct calculations we check that

—4 *A—1 2 —1
— e B —PpA - 24 dbe _ 4 xA—1 )
O = (—ﬁA“pA‘1 +84ﬂA“pp*A“)’ pi= (4g (ag epae) . G
The quantities in (3-15) are well-defined provided ¢ is sufficiently small. Indeed, by (3-9),

b
A =Gy, +0(¢%). p=0(1), 8—§(z,P)=@(1), ¢—0,

which implies the existence of A~! and 8. In what follows we assume that ¢ is chosen in such a way.
By K; = K;(s),i =1,...,n—1, we denote the principal curvatures of dw, and K := Z;’;ll K;. We
note that (n — 1)~! K is the mean curvature of d and let

a:=det((E—&*£62Gy ) B)? + e*Gj ) (Vsbe) (Vsbe)*).
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Lemma 3.2. The following identities hold true:

o0
be=Y bi(P)e g, AT =Gyl +0(%€%), p=£bVsby +0(e£). (3-16)

i=1
detG, = e*B71 det A, (3-17)

2
detA =adetGy,. a= )y oy +0(*EY), (3-18)
i=0

=1, oy:=—28K. (3-19)

Proof. The identities (3-16) follow directly from the definitions of b,, A, and p.
‘We make linear transformations in (3-15) to calculate the determinant of Gg:

—4 _ * A—1
(detGy) ! =det™ ! G, = ¢ O’B ﬂi_‘? =g *Bdet™ ! A,
which proves (3-17).
It is easy to see that
det A = adet Gy,,. (3-20)

In view of (3-14) we get
a=det(E+&*(E—e?62G; B) 2G},) (Vsbe) (Vsbs)*) det(E — £2£%G; 1 B)?

= (1 +&* Te(E— 262Gy, B) 2Gy,, (Vsbe) (Vsbe)™ + 0(£°€%)) T -k,

i=1
= (1 +&* TrG;} (Vsbe) (Vsbe)* +0(e°6%)) (1 — 26262 K + 0O(e*E))
= (1 +&*|Vbe|* + 0(e%6%)) (1 — 26262 K + O(e*E")).
We substitute the obtained formula and (3-10) into (3-20) and arrive at (3-18). O
Employing (3-14), (3-16), by direct calculations we check

by

0be
pactp= () bz win voee) = (2

o€
Hence, by (3-17), (3-18) and the definition of 8,

) Vbel? +6(2E%) = b2E2 Vb |? + 0(eE).

g2 det% G, = ﬂ_% det% A= ,B_lﬂA det% Gyp, PBa:=8 % 2= ZS Bi-a +@ (|§|2 +54))’

where B; = Bi (€, P) € C*°(R x dw) are some functions. In particular,

B 1 L 2b1by&
(482 + bf)% ’ - (4€2 +bf)% ’
2 20962 _ 12Y72 2
o, bk 4208200 K s

@2+ (B +PDE @ +bhE
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while the functions B_1, B¢ satisfy the uniform in & and P estimates

ClEP

FETIER |Bol < CEX(1 + |€).

|B-1] <

The obtained formulas, Lemma 3.2, and (3-15) allow us to write the expansion for Gs_l:

0
£72(det? G,)G; ! = det? Gy, Y €/G; + 0(e), (3-22)
=
Bi 0) . ( Bo —b1§,3—4(Vsb1)*G_l)
G; = . i=—4,...,—1, Gg:= _ 4V Boe ) (323
: (o 0 O \=b1£B_4G; Vb, BAG;) (5-23)

Taking into account (3-17), (3-18), we write the operator ¥, in terms of the variables (sg,s), where
So :=&:

1 = 9 2 g 9
He = — ; Z _Gl] detz G,— _81¢ _G::J det% Gy—, (3-24)
det? Ge ;5= O 95i adet? Gy ;=0 0% 9s;

and Géj are the entries of the inverse matrix in (3-15). It follows from the last formula and (3-15) that

He=¢ a7 Ba é,3A S+©(1)-

We employ the obtained equation, (3-24), (3-22) and (3-23), and expand the coefficients of ¥, in powers
of ¢ leading us to the identities

0
= > &% +0(), (3-25)
i=—4
F_yi= g(—4)’ Fqi= 2(—3)’ Py =92 4 @ p(=4) P = — =1 +a(2)$(—3)’
Fo = PO 4 ¢DPp=D) 4 (Bp=4) (). 262K, a(4) _ (x(4)(§,s), (3-26)
i+4
e = Z:B] 4 éﬂ, Jag P=—4,... -1 (3-27)

4
9
¢ = —Zﬂl—4¥ﬁ—l 5 b1B—-4 Eéﬁ _4(Vsb1)*Gj ) Vs
=0 5
+ B_ydet™2 Gy, divy by f—yf det? Gaw(Vsbl)*Ga_al)%
— B4 det™2 Gyg, divs B7)(det? Gy Gy V. (3-28)

Auxiliary lemmas. We proceed to the auxiliary lemmas which will be used for proving Theorem 2.4.
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Lemma 3.3. In a vicinity of dw the identities

n—1

1 . 9
detM = (det2 Gj,,) l]j[l (1=7Kp), —Ay == div(es) (det M)MV ) (3-29)
hold true, where
1 0
1 - -
=M™ (0 (E—1G;)B)~%G;) ) (3-30)

Proof. 1t follows from (3-4) and the Weingarten formulas that

M= n1 kor |
<8s, Zk Bz 3sy

where sz are the entries of the matrix Ga_al)B, and all vectors are treated as rows.

A straightforward direct calculation allows us to check that the inverse matrix M~ ! reads

M~ = V * (3-31)
k a ) -
Zk 16 Bs’;(

where * indicates matrix transposition, and c{‘ are the entries of the matrix C = (E — tGa_al)B)_ngal).
Let uy, up € C5°(w) be any two functions with the corresponding supports located in a neighborhood
of dw, where the coordinates (t, s) are well-defined. We integrate by parts:

(—Axtt, V) Ly@w) = (Vartt, Vi) Ly (o) = M V(g g1, (det MM Vg 6 0) 1,((0.70) x00)
= (= div(g5) (det M)M ™) * MV, g, v) L5 ((0.70)x30)

= (—(det_1 M) div () (det M) M~ H*m! Ve, U)Lz(w)‘

Hence,
—Ay = —(det™" M) div(q 5 (det M)(M™H)*M V(. (3-32)

In view of (3-31) we have

*
v 10 1 0
My M = -( )=( Va6
Yk=ie ,k g ) \ k=i of 0 CGy,C) ~ \0 (BE—1G;1B)2G;)

det™>M = detM")*M ™! = det(E— G, B) "% det Gj,..
n—1
detM = det? Gy,, det(E — 1G;,\B) = det? Gy,, [ [ (1 —tKy).
i=1

The obtained formulas and (3-32) imply the statement of the lemma. ([

We recall that the set 0% was introduced in (2-8).
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Lemma 3.4. Let the functions fi € C°°(w4) satisfy the differentiable asymptotics
m .
A
fe(X) =Y fip(P)T2, > 40 (3-33)
j=—4
uniformly in P € dw, where fﬁz € C®Ow4), and VO, VD) e C®(3w) are some functions. Suppose

the condition

i [ et Oaiom + v O =57 [ (154 709 ds
~ w

_ - 0
—2§71/2 / (f_+3/2 + f_3/2)\plg )ds
dw
_ — 0 — 1
—in [ (KO = 1= )8 = (= 1)) ds}
w
— 1 — 0
[ e ruas [ gt vk ds
dw Jw
+ 2/ (v OWD _y OOy gs—o, i=1,...,m, (3-34)
dw
holds true. Then there exist the unique solutions ux € C*°(w4.) to the equations
(—Ax —MNutr = fr, xecws, (3-35)

these solutions satisfy differentiable asymptotics

us(x) = fHP)nt+UOP) £ VO(P) +47% () 2+ (v (P) £ UD(P))
+r(1-ln7)(fE(P) - K(P)f5(P) +0(¥?), ©—0, (3-36)
uniformly in P € dwy, where U@, UMD € C®(dw.) are some functions, and the condition
U0, ¥ 1,600 + U Y ) ey =0, i=1,...,m, (3-37)
holds true.
Proof. Let x(7) be the cut-off function introduced in the proof of Lemma 4.4. We introduce the functions
+(x) = (fHP) It £ VOP)+47% (P)T'? + (1 —InT) (/5 (P) — K(P) f%(P))
+TV(P) =472 (f3 1 (P) = 2K(P) /5,,(P))) x(v).
Employing Lemma 3.3, one can check that
-1
(—Ax =V (X) = x(0) Y [P + fa(x), (3-38)
j=—4

where fi € C®(w+) N Ly(wa).



ON THE SPECTRUM OF DEFORMATIONS OF COMPACT DOUBLE-SIDED FLAT HYPERSURFACES 1067

We construct the solutions to (3-35) as
Uy = Ut + U4,
Substituting this identity and (3-38) into (3-35), we obtain the equations for # 4 :
~ ~ _1 . ~
(—Ay=Nie = fo, fri=fe—x Y [t — [ (3-39)
j=—4

and by (3-33) we have fi € L,(w+). Hence, we can rewrite these equations as

Go—Ni=f. = (w.d). f= f0. (3-40)
Since A is a discrete eigenvalue of 7, the solvability condition of the last equation is

(f V)L =0, k=1....m,

which can be rewritten as

S+ VD @) + VD) @) =0 k=1.....m,

or, equivalently,
tim (/5 y{ . yp® =0, k=1 3-41
52}})((f+,1ﬂ+ VLr@d) + (= V), ws)) =0, PN (3-41)

Integrating by parts and taking into account (3-38), (3-39), we get

-~ . : N T A

eV 1ty = (S Ao+ NTL VL) 0oy = (fi"h(é))Lz(wé)—/a S (‘/’i) 5, ik af )ds‘
0]

Here we have used that the normal derivative on dw? is that with respect to T up to the sign. We parametrize

the points of dw® by those on dw via the relation x” = r(s) + 8v(s). In view of (3-4) and (3-29) we have

n—1
/Bw5 ds = /aw- [ -K;))ds. (3-42)
j=1

Taking this formula into account, we continue the calculations:

0 ) e vy
(f£: V31 )L = U+, ¥ )Lz(w‘s)_/ Vi Ut
o at at

n—1
(1 - ‘L’Kj) ds
x’=r(s)+5v(s)j=1

— Lo~ [ r5UPds 257 [ g e s
w w
_1n5/8 (K% — r5)e@ 5 rEw®) gs
w

+/ f_iz(\lll.(o)K:F\Ilfl))ds-l—/ (VOu® _yDy©®) g5 4 0(51/2).
dw a

w
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We substitute the last identities into (3-41) and arrive at (3-34). Thus, the condition (3-34) implies the
existence of solutions to (3-35).
The functions 774 € sz (w4 ) satisfy (2-5) in the sense of traces. Define

i+

UQ =iy ]y, UD:= U@ UM e Ly(dw).

81’3’

w

The solution to (3-40) is defined up to a linear combination of the eigenfunctions. In view of the
belongings U@, UM e L,(dw) we can choose the mentioned linear combination of the eigenfunctions
so that the condition (3-37) is satisfied. Then the solution to (3-40) is unique and the same is obviously
true for (3-35). To prove the asymptotics (3-36) it is sufficient to study the smoothness of # 4 at dw.
By standard smoothness improving theorengv )we conclude that 74+ € C*°(w). Moreover, given
+

any N > 0, it is easy to construct the function #_, ° similar to zZ+ such that

N
A () =0x() +0(D), =0, (A=) =x(0) Y fHP) + TN W,
j=—4

where f;(EN) € C®(w+)NCN (@), and Ny = N;(N) — 400, N — 400. Then, proceeding as above,
we can construct the solutions to (3-35) as uy = iy + iy, where #N) .= (z’ZEFN), 7Ny solves the
equation

N
(Ot —1)a™N) = fN - fN = (7N 7Ny TN () = fa () —x(0) Y S ) = 7.
j=—4

It is clear that fj(EN) belongs to CN2(@4.), where N = N»(N) — +oo as N — +o0. Hence, by the
smoothness improving theorems, ﬁ(iN) € CM3(@1), N3 = N3(N) - +00, N — +00. Choosing N
large enough, we arrive at the asymptotics (3-36). ([

Lemma 3.5. For all u, v € C°(®) in a small vicinity of dw the identities

dive Qe Vu = ——— div(z.g) (det MYMV ¢ )t (Vz 5y he ) MV sy, (3-43)
du d
(Vartt, Vir0)ga = %% +Vu-(E—1BG;}) "2V (3-44)

hold true.

Proof. Let u, v € C*°(w) be two arbitrary functions with supports in a small vicinity {x’:0 < 7 < ¢},
where 7 is a small fixed number. We choose 7y so that in this vicinity the coordinates (z,s) are
well-defined.
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Taking (3-1) and (3-4) into account, we pass to the variables (z, s) and integrate by parts to obtain
/ vdivy Q4+ Vyu dx’=—/ (Vorv, Ve he (Vo h ) * Vot g dx’
w w
__ / (M1 (0.5) 0. M7V gy (Vi) ) *MV g gy 1) o (det M) d T dls
[0,79)x0w

=/ v diV(,’s) (det M)MV(r,S)h:t (V(r’s)h:t)*l\?[V(r’s)u dtds
[0,79)x0w

= / v(det™ M) div(q ) (det MMV (¢ )i (Ve 0y 14) *MV ¢ gyu d,
w

which proves (3-43).
The identity (3-44) follows from (3-4) and (3-30):

(Vartt, Vo v)gn = M Vaprtt, M™ Vo 0)n = (Virst, MV 0)

ou dv —1py—2n—1
= E&*‘(Vﬂ/‘, (E_TGawB) GastM)Rn -

du v

—1y—2
EE"’_V”'(E_TBGZ)@) Vv, O

4. Uniform resolvent convergence

In this section we prove Theorem 2.1. We begin with two auxiliary lemmas.

Lemma 4.1. The identity % () = sz (w) holds true and for each u € % () the operator ¥y acts
as Ho(u) = (—Axuy,—Axu_). Foreach z € C\ R the estimate

C
—1
(3o —z) ||L2(w)_>W22(a,) < ()| 4-1)

holds for some constant C, where Im(z) denotes the imaginary part of z.

Proof. The first part follows from the definitions and the considerations above for the space W22 ().
The second part of the statement follows from the fact that the operator ¥ is self-adjoint with compact
resolvent. O

The description of the spectrum of ¥, as being made up of the union of the Dirichlet and Neumann
spectra is given in the following lemma, together with some properties which will be useful in the sequel.

Lemma 4.2. The spectrum of ¥y coincides with the union of spectra of —AEUD) and —Ag,N) counting
multiplicities. Namely, if A is an m'P ) -multiple eigenvalue of —A((UD) with the associated eigenfunc-

tions wi(D), i=1,....mP andis an m™) -multiple eigenvalue of —Ag,N) with the associated eigenfunc-
tions wi(N), i=1,....mW then A is an (m(D ) mWV ))—multiple eigenvalue of ¥ with the associated

eigenfunctions ¥; = (wi(D), —wi(D)) and ¥; = (wi(N), wi(N)). For any eigenfunction ¥ = (Y4, ¥_)
of #o we have Y1 € C°°(w) and the asymptotics

vi(x) =vOP)£0WD(P)+0(<?), Peiw,
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where

Y+
0t

_ -

VO =yilhe = Y-lao € C¥0w), ¥ = 5
T

e C®(dw)

dw

dw
and

x"= P +tv(P) forsmall positive 7.

Proof. Clearly if A is an eigenvalue of —AEL,D) with eigenfunction u, then A is an eigenvalue of ¥ with
eigenfunction (1, —u). Similarly, an eigenvalue of —AEON) with eigenfunction v will also be an eigenvalue
of ¥y with eigenfunction (v, v).

Assume now that (u, v) is an eigenfunction of ¥ and consider the functions w; = u—v and w, = u+v.
Then, provided they do not vanish identically, w{ and w, will be eigenfunctions of —Ag,D) and —Ag,N) ,
respectively. In case w; vanishes identically, then # = v and u will be an eigenfunction of —A((DN), while

if w, vanishes # = —v and this will be an eigenfunction of —AEUD).
The remaining part of the lemma follows from standard arguments. O

By L>(w, Je dx") we indicate the subspace of L, (@) consisting of the functions u# with the finite norm
2 _ 2 2 2 _ INI2 TR !
”u”Lz(a)’Jde/)_”u"‘||L2(w+,J£+dx/)+||u_||L2(m_,J8_dx/)’ ||ui||L2(w’J8ﬂ:dx/)_ wiui(x )l Js (’x )dx

In the same way we introduce the space W21 (@, Je¢ dx’) as consisting of u € W21 (@) with the finite norm

2 _ 2 2
151 ., axy = 1V, 0,0, dxny + 11T, 0,7, dxy:
where Vyru = (Vyruiy, V).

Lemma 4.3. The spaces L,(¥¢) and Ly (@, Je dx') are isomorphic and the isomorphism is the operator
Je i Lo(w, Jedx') — Ly(Fe). If u € W21 (@, Je dx'), then $cu € W21 (Fe), and if u € W21 (F¢), then
9:ue Wz1 (@, Je dx"). The inequality

_1
[Je > Vxrttllr, ) < IVIettllLyse) < I VarttllLy(w, . dx) 4-2)

_1
holds true, where Jy 2V := (J;)) "2 Vug, (J7) 2 Varu_), u = (up, u_).

Proof. The fact that 9. is a bijection between the two spaces follows directly from its definition.
Regarding the inequalities we have

_1
194l = [ G s P [ )T
w4

o R T A U e R
o

w—

E/ I (Veu)*GE Vyug dx/—i—/ I (Vou_)*GZ'Vyu_ dx'
o4

w—

J8+|Vx/u+|2dx’+/ I\ Veu— 2 dx' =Vt Ly, 1. dxrys

w—

Vet 150 < [
o4
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where we have used the knowledge of the eigenvalues of G4 and the fact that 1 < J, Ei O

Define wg := w N{x’: 0 <t < §}. We recall that the set w® was introduced in (2-8), and in what

8 § considered as a two-sided domain.

follows w° is w
Lemma 44. If u € W21 (w), or, respectively, u € sz(w), then u € Ly(w, J: dx'), or, respectively,

u € W, (w, Js dx'). The inequalities

Il 2,70 axy < Cllully e (4-3)
||u||L2(w64/3,Jg dx’) < C82/3 ||u||W2l (w)° (4'4)
1)Ly 050 < CE NIt 0, (4-5)

”u || WZ1 (w’]s dx’) s C ||u ”sz(w)’
2/3
||ll||W21 (w84/39J8 dx/) § CS ||u||W22(w) (4'6)
hold true, where C denotes positive constants independent of ¢ and u.

Proof. Letu € W21 (w); then uy € W21 (w), and for almost all P € dw the function u4 (P + -v(P))
belongs to W21 (0, 79). Let x = x(7) be an infinitely differentiable cut-off function vanishing as 7 = g
and being one as © < 1o/2. Then u4 = u4 x for €0, 79/2], and

Ut :/ 8(@(;?() dtr, |us(P+1v(P)|? <Cllus(P+ -v(P))| t €[0,70/2].

2
0 W, (0,70)°

where C is a positive constant independent of P and 4. We multiply the last inequality by J, Si, integrate
over dw, and take into account (3-5) to obtain

2.
/8 |ui(P+fv(P))‘ |det 1M|da)SC||ui||§V21(wro),
w

where C is a positive constant independent of P € dw and u+. The above estimate, inequality (3-6), the
definition (3-2) of J, f and the smoothness of 4+ imply

/|ui|2J8idx/=/ |ui|2J8idx’+/ lus|*JEdx', 8€(0.7/2].
1) ws w$

[ s P ax' <COlus ]
w

8 8
/ |ui|2Jgidx’:/ dr/ |ui|21j|det—1M|dwsC||ui||§Vl(w)/ V1+Cae2tVdr, (4-7)
ws 0 w 2 0

where the constants C and C(8) are independent of € and u 4, and C is independent of §. Taking § = 7¢/2,
we see that u € Ly (w, J; dx’) and thus the estimate (4-3) holds. If we now take § = ¢*/3 in (4-7) instead
and use the identity

8 2
S 0 S O Cy8% + 28 4+ 2+/82 + Cye26
/0 1 +82C4‘C ldt = Jsi(ﬁ) = 82+C4828+782 In C4€2 >
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we obtain (4-4).
Let us prove (4-5). We integrate by parts as follows:

84/3
[ lus|?JE dx/ﬁC/ da)[ lug|*JE dr,
®.4/3 w 0

/64/3
0

4/3 —
o —o4/3 € o 3Mﬂ:
|”i|2=]zaidfz|“i|2]8i{z:g —2/0 Jf(r)Reuinr

4/3 4/3

o & & 1
< Jf(s4/3)(|ui|2|m4/3 +/0 lus|?JE dt +/0 Ve
&

o4 2
= de),
Jat T)

1
/ lus|?JE dx/§Cs4/3(/ usl?|,_ e da)+/ (J—ilvx/ui-|2+J8i|ui|2) dx’).
w 4/3 w ®,4/3 g

By the embedding of W21 (a)84/3) into L,({x : T = £*/3}) we have the estimate

[ WPl s o < Clus s, < C S
w

2
W, (/2 AICAY

where the constants C are independent of € and u. These two last estimates together with (4-2) yield (4-5).

To prove the second part of the lemma related to the case u € W22 (w) it is sufficient to note that
since .y, Vyruy € W21 (w), by the first part of the lemma these functions belong to L;(w, J, f dx"), and
the estimates (4-3), (4-4) are valid for # replaced by V, u. This completes the proof. O

Proof of Theorem 2.1. Let f € L,(¥F5);then f :=9, f € Ly(w, Js dx') C Ly(w). Letu® := (H,—z2)"'f,
u©® = (%o —2z)"! $71f. By the definitions of ¥, and ¥, we have

belu®, @] =2, @)L, (5,) = (/:9)La9,) for cach ¢ € Wy (Fe), (4-8)
holn @, )= 2@, 9) L) = (f . @) L,(@) for each ¢ € W) (). (4-9)

Since u'® ¢ W22(w), by Lemmas 3.1 and 4.4, u‘® := 9,4 ¢ W21 (¥%). Hence, v(® := y® — 4 © ¢
W21 (S¢) and this can be used as a test function in (4-8):

be[u® v — 2@ @), (s.) = (S vD)Ly50)-
The identity u® = v® + 4 yields
IVV@I7, (5. = 2101745y = (frve)nacs — (V@ Vo) 5, + 2@ 0 s, (4-10)

We parametrize Sy as x’ = x', X,41 = +eh+(x’), and use the definition of the scalar product of V(%)
and V@ in L,(S,). It implies

(v 50— (Vu® Vo) sy + 2@ 0@) s,
. - — — 0
= (1 IV Loty + (= TSV Loy = (L 6T Vet Vv D) Lo

o 0 _
+ (J; G_‘Vx/uﬁ’), Vx’vgs))Lz(aL)) + Z(”S-)’ J8+U$))L2(w+) + Z(ug))’ Je UE))LZ(‘L)’
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where v(® = (vgf), @) = 91 v® and Giﬁ are the entries of the inverse matrix Gj_:l. We substitute the
last formula into (4-10) and then sum it with (4-9), where we take ¢ = v(® € W21 (@, Jedx') C W21 (w):

Vo7 sy — 2V, s, = RT+ R, (4-11)
— 0
= (. (UE = D) L) — (UEGT Vet D Vvl L)

0) (J:l:

—(Vx ’ui > x’vi))Lz(w) +Z(u € _1)v$))L2(w)-

Let us estimate RE which we shall write as

R* = RE + R, (4-12)
where
= (fe. (JF - 1)v(8))L2(w«S) JEGIVeu Vil )Ls(w?)
— (Ve Vv oty + 2@ (JE = D0 @) 00,
= (f, (TE =D)L 0ty = (TEGL VoD Vo) sy
= (Ve Vev©) oy + 2@ (IE =100 1 0,
and § := ¢*/3. As x’ € wg, by (3-6) we have

e2|Vuhe? <Ce?3, |G —E| < Ce?3, |JEF—1]<Ce?3, |(JDH ' =1 < Ce¥5.

Hereinafter by C we indicate nonessential positive constants independent of ¢, u(s), u(o), and f. Hence,
by Lemmas 3.1, 4.4 and Schwarz’s inequality,

| (L UE=DV) Lyn) | SCe PN Ll axn 1V 11 s dny SCE 21 F N Lacs 10D | Lacs, -
2L (JE =D)L wp) | < C 1| @) 10D 050
|(VartD Vo) 1 gy = TEGE Vaertr D Vo0 1 )|
< CP 1O 1 o) 1V L wp) < CE2 11O 1 16 V0 1 o)
< CEP U1 o) 15 Vv Dl Ly, ) < CEP 11D ) IVl (5.
and therefore

IR} + Ry| < Ce23|[u® ) (@) ||v(8)||W21 (S.)° (4-13)

To estimate R2jE we employ (4-3), (4-4), (4-5). We begin with the first term in R2dE applying again
Schwarz’s inequality and (4-5) to obtain

| (T =DV 0ty < LN L o s a1 (1= TEY VN L s e

<IN 0 s s ay < CE N NLacso 0@ gy s,y (@-14)
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Employing (4-2), (4-3) and (4-5) in the same way we get two more estimates:
0) 7+ (0) (e)
|2 (uy’ (JE = 1)”(8)))L2(w8)‘ S Ol N w802 axn IV Iy 08,52 ax)
2/3114(0) (e)
s Ce™lu ||W21 (w)”U ||W21 (Se)’

1 0 _1
|Vt L Vv D) o] < 1) 2Vt Ll i 1) 2 Vv DL o)
< CEP a2 V0D |y s0)- (4-15)

Since
(G2 VoD Vv gn = VIu® . v ®,

by Schwarz’s inequality we have

_ 0 — 0 0
(GE Vet Vv ) oy | < 1V Ly (50 (GI V), Viorus§ ))Lz(wé)
1 0
< IV Ly s l(IE) 2 Vit Dl L o)

Here we have used the inequality

Z Glag <Y &

i,j=1 i=1
which follows from Lemma 3.1. Using (4-6) we get
— 0
(G2 Ve Vv ) L omy | < IVVO a5 18 g oy < C IV Ly 50 18O 20,
which with (4-14) and (4-15) yields
RS + Ry < Ce a2 ) [0y s,

Together with (4-1), (4-11), (4-12), (4-13) it follows that

1V 212,50 =210 1Z 450 < Ce 218D N200) 1V g (s, < CE2 1 2@ 1V g s,
Since

> @ ,
|| ||W21(Sg)

11V @112, (s =21V 1 s
we arrive at (2-6), completing the proof. O

Remark 4.5. The proof above uses the estimates from Lemma 4.4 which include a measure of the
boundary behavior by means of the weight function J;. A different approach which may also be used to
prove convergence of the resolvent in similar situations is based on inequalities of Hardy type instead,
possibly allowing for a better control of the behavior near the boundary — see [Krej¢ifik and Zuazua
2010] for an illustration of this principle.

In the proof of Theorem 2.4 in the next section we shall use the following auxiliary lemma which is
convenient to prove in this section.



ON THE SPECTRUM OF DEFORMATIONS OF COMPACT DOUBLE-SIDED FLAT HYPERSURFACES 1075

Lemma 4.6. Let A be a m-multiple eigenvalue of%o, and Arie), i =1,...,m, be the eigenvalues of ¥
taken counting multiplicity and converging to A, and we ) be the associated ezgenfuncnons orthonormalized
in L,(Sg). For z close to A the representation

m (l) )
He—2)' = Zx(e) o Ly(s0) + Re(2)

holds true, where the operator Rg(z) : L Z(Sg) — W21 (S¢) is bounded uniformly in ¢ and z. The range
of Re(2) is orthogonal to all w(l) i=1,.

Proof. We choose a fixed § so that the disk Bg(A) := {z : |z — A| < 6} contains no eigenvalues of ¥,
except A and

dist{dBs (1), o4(0)} = 6.

Then, by Theorem 2.3, for sufficiently small ¢ this disk contains the eigenvalues A;(¢),i = 1,...,m, and
no other eigenvalues of ¥, and

dist{ Bs(A), 04 () \ {hi(e).i =1,....m}} = =. (4-16)

Denote by V; the orthogonal complement to w(’) i=1,...,m,in L,(S;). By [Kato 1966, Chapter V,
Section 3.5, Equations (3.21)] the representation (3-29) holds true, where R.(z) is the part of the
resolvent (¥, —z)~! acting in V; and

1
dist{ Bs(A). 04(%:) \ {Ai(e),i = 1,...,m}} s

1%y —v. < (4-17)

SN )

for z € Bg(L), where we have used (4-16). Hence, the range of %R, (z) is orthogonal to w(l) =1,...,m.
It is easy to check that the function u, := R.(z) f, f € L2(S¢), solves the equation

m
e —2ue = for  for=F =D VOV Losy 1elLaso <1/ 1Lacs.)-

i=1
Hence, by the definition of ¥, and (4-17),
[Vue ||§,2(S£) =z|lue ||§,2(58)+(f8, Ug)L,(Se) <zl llue ||§,2(S£)+ I fellLocse) lusllLys.) < CO) f”iz(sa)»

where the constant C(8) is independent of ¢ and f. The last estimate and (4-17) complete the proof. [J

5. Asymptotic expansions

In this section we give the proof of Theorem 2.4 which will be divided into two parts. We first build the
asymptotic expansions formally, where the core of the formal construction is the method of matching
asymptotic expansions [II'in 1992]. The second part is devoted to the justification of the asymptotics, i.e.,
obtaining estimates for the error terms.
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The formal construction consists of determining the outer and inner expansions on the base of the
perturbed eigenvalue problem and the matching of these expansions. The outer expansion is used to
approximate the perturbed eigenfunctions outside a small neighborhood of dw. It is constructed in terms
of the variables x’ using the first parametrization of ¥, given in the previous sections. In a vicinity of dw
the perturbed eigenfunctions are approximated by the inner expansion which is based on the second
parametrization of ¥, and is constructed in terms of the variables (&, s).

Outer expansion: First term. By Theorem 2.3 there exist exactly m eigenvalues of #(, converging to A
counting multiplicities. We denote these eigenvalues by Ay (¢), kK = 1,..., m, while the symbols wg( )
will denote the associated eigenfunctions. We construct the asymptotics for A (&) as

1
Kk(8)=)\+821ngﬂk(ﬁ)+"'- (5-1)

Hereinafter terms like IngA are understood as (Ing)A. In accordance with the method of matching
asymptotic expansions we form the asymptotics for wg(k) as the sum of outer and inner expansions. The
outer expansion is built as

e(ke)x =9e(Pr + e Inedg +---), (5-2)

where ¢ = (qb(k) ¢, ¢(k) (k) (x’, &), and the eigenfunctions ¥ are chosen as described before
the statement of Theorem 2.4. We also recall that these functions depend on ¢ in the case where A is a
multiple eigenvalue.

We substitute the identities (5-1), (5-2), and (3-3) into the eigenvalue equation

9y = 0y (e)y P, (5-3)

and take into account the eigenvalue equations for ¥;. It implies the equations for ¢4, namely,

(—Ax —2)pf) = f(k) +uv®, ¥ ews L =wPy P
Vyh
%(2) = —divy Qi Vy %Ax’ + L divy [Varh sV (5-4)

The functions W:(é) are infinitely differentiable in w4, and thus
PN e) =0 (P e) £ U (P o)t + WP (P )2 +0(c%), P e o, (5-5)
as T — +0, where, by the definition of the domain of 7,

AR FVAQ)
0T PR T

v g e 0% (jo).

k
\11(2 ). 1 leﬂ( )
ow 2 af dw

(0) . (k) k (1) .
\Ijk : ‘(')a) _w( )‘aw \Pk :

The functions Q/g) depend on ¢ only if A is a multiple eigenvalue, since the same is true for the functions ¥.



ON THE SPECTRUM OF DEFORMATIONS OF COMPACT DOUBLE-SIDED FLAT HYPERSURFACES 1077

In view of the identity (3-12) we rewrite (5-5) as

OO ) = W (Pe) £ UV (P )¢ + WP (Pe) ¢t +0(°), ¢ — +0.
PO e) = WO (P e) £ 22UV (P e)e? + W (P e)g* + 0(5E°), sk — 0. (5-6)

Inner expansion. In accordance with the method of matching asymptotic expansions the identities (5-2),
(5-6) yield that the inner expansion for the eigenfunctions wék) should read

v e Peo= Ze’v(")(g P.e)+-- (5-7)
i=0

where the coefficients must satisfy the following asymptotics as & — +oo:

v (e, Poe) = WO (P,e) +o(1), (5-8)
v (€, P o) = o(g)), (5-9)
v (€, Poe) = £WD (P e)e? +o(IE]), (5-10)

k
v§9 € PLe) = o(IE),
k 2,+
v @ Py = WP (Po)Et +o(lEN).
These asymptotics mean that the first term of the outer expansion is matched with the inner expansion.

We substitute (5-1), (5-7), (3-25), (3-21) into the eigenvalue equation (5-3) and equate the coefficients
of e~*. This implies the equation for v(()k)

1 ) 1 W
.§£_4v(()k) =— — O —0 onRxdw.

Jasz 4020 Jagz 2 %

The solution to the last equation satisfying (5-8) is obviously

v Pe)y = (Pe). (5-11)

We then substitute this identity and (5-1), (5-7), (3-25), (3-26), (3-27), (3-25) into (5-3) and equate the
coefficients at ¢/, i = —3, ..., 0, leading us to the equations for vl.(k), i=1,....,4

#_4o® =0 on R x 3w, (5-12)

£ =0 on R x 3, (5-13)

F_ vgk) +$_ vgk) +¥_ vgk) on Rx dw, (5-14)

$_ vik) +%_3 vgk) +$_ vgk) +%_4 vgk) + Qiov(()k) = Xv(()k) on R x dw, (5-15)

where we have used that
g =0, i=-3..,-1,
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due to (3-26), (3-27), (5-11). The only solution to (5-12) satisfying (5-9) is independent of &:
o9 P.e) = VP, (5-16)

where Cl(k’o) is an unknown function to be determined.
Equation (5-13) can be solved, and the solution satisfying (5-10) is

O Py = W (Poe) X1 (6.1 (P) + CEO(PLe), (5-17)
b2 b2
X (€, b) = LE(4E> + b))% + (2 + (467 +b?)2) — - Inb. (5-18)
where Cz(k’o) is an unknown function to be determined.

In view of (5-16), (5-17), (3-26), (3-27) and (5-13), Equation (5-14) may be written as

9, g o o
B4 fﬂ L —B-4 5,3 S on R x dw.

Employing the formulas (3-21), (5-17) and (5-18), we solve the last equation:
k’
WD (P e)by (P)by(P)

284, P)
— LoD (P o)by (P)by(P)(4E> + b2 (P))? + CEV (P o)X, (6) + CFO(PLe),  (5-19)

v, Pe) = + VP ey x )+ CFV ()

where C3(k’1) and C3(k’0) are unknown functions to be determined.
We substitute (5-16), (5-17), (5-18), (5-19), (3-26), (3-27), (3-28), (3-19) and (3-21) into (5-15) and
then solve it to obtain

852 (852 + 3b2
v(k) 1 qj(k I)S(K(4§2 _|_b2)2 + 12b1 b5 (42 +b2)7 Lll))
(462 + b})2
+ 10 Vb1by (482 + D)2 — LXF (Mg + DUD + 1 X8, VE, VU + CE DXy + 0,
where X7 = X1 (&€, b1(P)),

X2:X2(§,b)::§2—b2X3(2§+— VZSZW), X3(z)i=Lin? 2 L (2—i) 1nz—L(zz+i),

16
and C, (k,0) =C, (k. O)(P ¢) and C, (k1) =C, (k. 1)(P ¢) are unknown functions to be determined.
To determine the coefficient ¢(k ) in the outer expansion and the functions C 7 in the inner one, we

(k)

should match the constructed functions v;”” with the outer expansion. In order to do it, we must find the

asymptotics for the functions vl.( ) as & — £00. We observe that the functions X7, X, € C*°(Rx (0, +00))
satisfy the identities

Xi(&.b) =+£*+ %(21n|§| +1+44In2—2Inb)+0("2), & — +oo,
X5(£.b) =&*(2 —2In2+Inb —In|&|) + O(In? [£]), £ — +o00,



ON THE SPECTRUM OF DEFORMATIONS OF COMPACT DOUBLE-SIDED FLAT HYPERSURFACES 1079

uniformly in b = by > 0, with by any fixed constant. Taking these asymptotics into account, we write the

(k)

asymptotics for v;”” as & — 400 and then pass to the variables (7, P):

4
Y ev® (€, Pe) =0 (Po)£ W (Pe)r+ L (WD (P.e) K(P)— Mg UL (P.e)— AW (P.e)) e
i=0

+e(£CE V(P T+CEM) 1 (ne W) | (x &)+ W) | (' e))+0(e? +et ),
where

2
wk | = _b2( qf“)+r(A3w+awﬁ-v+x)w,ﬁ°)), (5-20)

b2
Wios = £§679 2 (1441022 b) W+ 010V 72

2
—%bfr1nf(A3w+awgl-v+x)\p,go)+z(—§bf(1+41n2—21nb1)(Aaw+x)xp,§°)
—1(2In2-Inby—2)b, Vb, - VWO + L 3KH2 43263 +24b,b3) WV +CFD) (5-21)

2 1—37)81 Vel k 16 1 2 193) %k 4 :

Taking into account the obtained formulas and (5-2), in accordance with the method of matching asymptotic
expansions we conclude that

cEV(p ey =cFV(pe) =0, (5-22)
while the solutions to (5-4) should satisfy the asymptotics
1
s e) = W (x ) + —W(k) (o) o), T—0. (5-23)
Moreover, the identity
1 1) (0) 0y _ @D
3 (EV, K = Ag, W — A7) = W (5-24)

should hold.

Outer expansion: Second term We substitute (3-29) and (5-5) into the eigenvalue equation for w(k)
and equate the coefficient of 79. This leads us to identity (5-24).

We proceed to the problem (5-4), (5-23). To study its solvability we shall make use of one more
auxiliary lemma. Recall that the matrices M and M are defined in (3-4) and (3-30), respectively.

Lemma 5.1. The functions fz(k:z introduced in (5-4) satisfy the hypothesis of Lemma 3.4. In particular,
the asymptotics (3-33) holds true with

L bib b? 1
b1y 2 4 (g ©) g
ShE=Egwl =20 = 41ng(qjk =5 VoV K, ) (5-25)

Proof. We begin with an obvious identity:

1
£ = — (= dive QeVar v + L(VaVarha 2 Vary P)p). (5-26)
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which follows from the definition of fz(ki in (5-4). To prove the lemma, we shall pass to the variables (z, s)
in the obtained identity. It follows from (3-7), (3-12) and the definition of S, that
he(xy=1t, +t>0.
Hence, by (3-8), (3-10),
Oo .
hi(x') =b(ET. P)=> bi(P)(EVT)'. T +0. (5-27)
i=1

Thus, employing (3-4) and (5-26), we conclude that the functions fz(li)) . satisfy the hypothesis of
Lemma 3.4 and in particular the asymptotics (3-33) holds true. It remains to prove the identities (5-25).
It follows from (3-44) that
hy|?

3
|Verhi|? = 'W +Vhy (E—1BGy )2 Vhy. (5-28)

We substitute (5-27) into the obtained identity and arrive at the asymptotics for |V hy|?:

|Vhil? = Z W5y(PY2 hE = 1bT. hE = dbiby, T 40, (5-29)
j=—2

Employing these formulas and (3-4), (3-30), (5-5) and (3-44) we rewrite the second term in the right-hand
side of (5-26) as

(k)
10| Vyrha|? 0] 2 =2, (k)
= L T L VWb (B - 0BGy ) 2V
m .
-5 o o0

j=—4

L(Var Varha 2, Vo)

where fjj/:z2 € C*°(dw) are some functions, and, in particular,

2
42 [PTRE: 2 (pes ] 0
=F b1V, = b by W, =——|\V —Vb-VI,;7 ). (5-31
:FSI ne f 3/2 2 -1 41n£( k +b1 ! k ( )
To obtain the same asymptotics for the first term in the right-hand side of (5-26), we employ first (3-43):
—di Vey® = div(r ) (det M)V z o)1 (Vg syha) MV g o 5-32
vy Q4 x’w d M 1V(1:,s)( etM) (t,8) +( (z,8) +) (r,s)wi . ( )

It follows from the equations (3-29), (3-30), (5-27) that

ohy Wﬁf) Vi 2y ® i
P +Vhg- (E—rBGa /0 Zc/zr , 17— +0,

j=—1

(detM)MV(t,s)hi = Z cji/zrj/z, T — 40,
j=—1

k
(V(‘[ s)h:i:) MV(T s)w( )—



ON THE SPECTRUM OF DEFORMATIONS OF COMPACT DOUBLE-SIDED FLAT HYPERSURFACES 1081

+
where i/

vector-functions, and

= cﬁz(P) € C*°(dw) are some functions, cjjt/2 = cji/z(P) € C*°(dw) are some n-dimensional

1
Ci:l/z = %bl, C(:)t = :*:bZlI"](C )’ ci:l/Z = i%blel, C(:)I: = bzel,

and e; = (1,0,...,0)*. We substitute the last identities into (5-32), which yields

o0
. k
—dive Qe Vuy () = Y £l 1 o,
j——4
+1 _ 29, (D _ CO NP SIS ST RO ()
S = E Y S5 = Shiba W STy = b K
The last identity, (5-30), (5-31), (5-26) imply the formulas (5-25). O

Taking into account (5-5), we apply Lemma 5.1 to problem (5-4). It implies that the right-hand side
of (5-4) satisfies the hypothesis of Lemma 3.4 with the first four coefficients given by (5-25).

Given some functions Vk(o) , Vk(l) € C*°(dw), suppose the solvability condition (3-34) holds true. Then
by (3-36), (5-24), (5-25) there exists the unique solution to (5-4) with the asymptotics

1
0 = (b0 et b by W T P (1) (<70 4501 Vo VU £ KT D)

+U(0)j:V(O)_i_.E(V(l)j:U(l))_i_@(_L,?a/Z)
1

2
= (:I: bWV Inc b b, w7 1/2+r(1—1nf)(Aaa,+—v191-v+x)qf,§°>)
ne

by
U+ R, oo, (-33)

where U IEO)’ U 151) € C*°(dw) are some functions satisfying (3-37). We compare the last asymptotics

with (5-20), (5-21), (5-23), take into consideration the identity (5-24) and arrive at the formulas

for V@, Y0, 0 g D),

b? b?
) _ 1, (D 1 (1) (k,0) _ (0)
Vk ——Z\I—‘k +m(l+4ln2—21nb1)\11 s C2 —lnsUk R

b? 2

v = L Ay + —Vby -V 42 | Wl
4 by

2 4In2—2Inb; —2

by

((2 In2—Inby + 1)(Age + 1) T + Vb; -V‘I‘I(CO))’

41n
D =tne U — L (K2 + 322 4 24b1b3) W\,

0) (1) ~(k,0 (k,1)
Vk ,Vk ,C2 andC4

In what follows the functions are supposed to be chosen in accordance with

the above given formulas. Bearing these formulas, (5-24) and (5-25) in mind, we write the solvability
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conditions (3-34) for (5-4):

. k
L i [(f;j, O sty + V) =512 [ a9 ds

Ing §—>+0
bY (D) | 0 )
+Iné f(‘l’i v+ (Aaw+b—1Vb1.V+k)\Dk )ds}

dw

b2
+/ L 2In2-Inby + WO (Mg, + 1)WY ds
90 21Ine !
b2
+/ “L@2In2—Inb —1)¥ O vh, V\D(O)ds+f —L2mn2-nb)¥ e gs
9o Iné€ 3w21n8

b 2
—[ 71(\111((1)\111.(1)+1D§0)(A3w+b—Vb1-V+A)\IJ,(€0))ds+,uk8,~k=0, ik=1,....m. (5-34)
w 1

Let us simplify the obtained identity. We first rewrlte the formulas (5-4) of f2 | in a more convenient
form employing the eigenvalue equation for w 1 ) and the definition of the matrix Q+:

1) =—divy o x/hi+—|Vx/hi| 298 4 Ldive Ve hae PV P 00— (Vohg, Vo E)an.

Employing this representation, we integrate by parts to obtain

®) _ (k) Oh+ 20 ‘/f(’) y () gy (k) 71
(o Ve )Law)= [ | Px a———|v | ds+ | @@L dx
w
/ Vehe Py Py ay' -1 / VPV y @ Ve Epady’. (535)
0)
Applying (3-44), we have

(k)
oh lﬁ
q)(k) +

. 1 =2y, )
1 P +Vhy - (E-1BGy,) "V

in a vicinity of dw. Hence, by (5-5), (5-27) and (5-28),

¢§i‘)_2fw(l)+@(1) T = 40, (5-36)
(i)
dh
(<I>(")a—i—%|vx/h P2+ Wy ) (l)l_[(l—rK)ds

1
=+ b v w) + —2ﬁb1b2qf§°)\p,§) + 12wV w) £ Lp? kw O wil

+ 10203 £36,530 0 £2020 0 425, Vh, OO Lo(VT), T 0.
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Substituting the last identity into (5-35) and using (3-42) and (5-24), we get
k
(fz( Jz (l))Lz(wﬁ) + (f )yl N s

Vyh : ;
:/5| 2+| APy Ty D Voy ) d

Virh_ 2 i j
+ [ B Oy - 0y D Ty ) dn
@

- / @P 0P + 0D o®)ax' +5712 | b5, 0O W ds
w?

ow
2 2
+/ b—l\IJ.(l)\D(l)ds—/ b—l\p@)(Aa + )00 g5
9w 4 i k Yo 4 i w k
+ | 5 wOvh Ve ds + 02, §— 0.
w

We integrate by parts once again, this time over dw, and we have

bW (O)(A + 29, V+A) v gg = / P2 OwO _ve@ v ge (537)

o by ow
Substituting the last two identities into (5-34) yields
1 Virh
2 lim / Varhor | EEL (g Dy ® — (7,0y D Voyp ©)a) d’
Ine §—+0 2
Vyrh—|? . . . .
+ / NVawh |7 : | (wi’)wi")—(vx,wﬁ),Vx/wi"))w)dxurf @V oM oD o®) gy’
w? w8

b2
+ins [ (e 0w - v ) ds]
ow

b2
+/ (1 +42—=21nb) (¥ + w0 (A, + )W) ds
90 41Ine !

+/ —(21n2—1nb1)xp§°)vzal-vw,iO) ds
dw Ine

- /aw %(w,ﬁ”w}” + (Aaw + %Vbl V4 A) ‘1’150)) ds + pudis = 0, (5-38)
asi,k =1,...,m. It follows from (5-36), (5-29) and (5-5) that
Vb s POy — 0y @ Yoy @) + Ve Py Oy ® — (Vo p® vy )
- i(ml?o)\p,({") v ve) o2, - o,

. b2
D5 _ 21 () gD ~1/2
oy 0y = 1wl oG /), - +0.
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Hence, the limit in (5-38) is finite. To calculate the boundary integrals in (5-38) we integrate by parts:

b2
/ (144122 b)) (WD 0@ Ay, +2) W) ds+/ by (21In2—In b)) WO Vb, -V ds
w w

b2
— / 2 +4m2=2mb) (W)W + AP w® - Ve V) ds.
ow

Due to this identity, (5-37), the definition of by in (3-10) and the definitions (2-9) and (2-10) of the
matrices A and A, respectively, we can rewrite (5-38) in the final form

1
MkBik = A,(z) + —Aﬁ,?.

Ine

Since the matrix on the right-hand side of the last identity is diagonal, we conclude that the solvabil-
ity condition for the problem (5-4), (5-23) is satisfied provided puj are the eigenvalues of the matrix
A© 4 LA(I) It follows from [Kato 1966, Chapter II, Section 6.1, Theorem 6.1] that the eigenvalues
of this matrix are holomorphic in 1 - and converge to those of A©® ag ¢ — 0.

In view of the choice of w; the problems (5-4), (5-33) are solvable. We observe that each of the
functions ¢§f) is defined up to a linear combination of the eigenfunctions wi). The exact values of the
coefficients of these linear combinations can be determined while constructing the next terms in the
asymptotic expansions for Az () and wa(k). The formal constructing of the asymptotic expansions is
complete.

Justification of the asymptotics. In order to justify the obtained asymptotics, one has to construct ad-
ditional terms. This is a general and standard situation for singularly perturbed problems. In our case
one should construct the terms of order up to O(e*) in the outer expansion for the eigenfunctions and for
the eigenvalues, and the terms of order up to 0(£®) in the inner expansion for the eigenfunctions. The
asymptotics with the additional terms read

1
A(e)=A+e lneuk(

o )—i—s In? & ng(e) + - -

YR =i+ Inedy +et e by +---), g':z,_vgkuzez w4 (5-39)

where 8, = (6, 0%)), 9("’ 0 (¢, 6), v® = v (&, P, s), and we used that v'¥ = 0 by (5-16),
(5-22). The equations for gk i ) are

1 1
(—hx =10 = — 3Pl + — L@y ® Lo ® 4y ® v ewy,

In
HD = 3 Vha]* Ay — L Vorhi P dive (3| VerhaPE— Qi) Vi
- diVx’(%|Vx’h:i:|4E + %Q:i:|vx’h:l: |2 + Qi)vx’-
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. (k) : .
The functions 6~ should satisfy the asymptotics
4 2,+ 4,0,+

1 1
000 = W Lo+ WL o)+ WL o) T 40,

W =351 (b1 (Age + MWL +2Vb, - VW),

W L= LhinT+1+4102-21nby) (b1 (Age + V)T +2Vh; - VL),
1 1
e ipr( bt bk
4.0,= 7 7128 8 JT

T
— b3 (b1 (Aa + V)T +2Vh, - VD) (InT + 410221k +1)2
— 25b3 (b1(Age + MW —2Vh, - VW) £ LWV GEKHE 4 48h3bs + 1286262).,

The equations for the functions vg ), vé ) are obtained in the same way as those for vl(k), i=0,...,4,
from
-1
§£_4v§k) + Z iivik_)iilv(()k) =0 on Rx dw,

i=—3
0
_4vék) + Z §Eiv§]€_)i +££2v(()k) = )\vék) +1Ine r]kv( ) onRx w,
i=—3

where the operators &1, &, are the next terms in the expansion (3-25). It can be shown that the problem

for Qj(ck) is solvable for some 7y (¢). The equations for v(k) and v(k) can be solved explicitly. The arbitrary
coefficients Cs(kl), Cs(ko), C6(kl), Ce (k) o appearing in vg ) ( ) can be determined while matching the inner

and outer expansions.
We now introduce the partial sums

1
A(k)—k—i-s IHS,U«k(l )—i—e In? & g (¢),

YR = 9.y + 2 Ine gy +e* In? e 0)), ,fkl?q = (k) + 28’ ()

and define the final approximation for the eigenfunctions as

000 = 18w (5 ) + 186 m(1-2(5))

where « € (0, 1) is a fixed constant, and y is the cut-off function introduced in the proof of Lemma 4.4.
Lemma 5.2. The function fﬁ\a(k) € C°°(S;) satisfies the convergence
1V —9:illL,05) = 0, &= +0, (5-40)

and the equation
(% =AY = FP, (5-41)
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where for the right-hand side the uniform in ¢ estimate
1EE N Lys0 < Ce™2 (5-42)

holds true. The relations

(ﬁglﬁi,ﬁglﬁj)Lz(Se) —>5ij, & — +0, (5-43)
are valid.

The proof of this lemma is not very difficult and is based on lengthy and rather technical, but straight-
forward, calculations. Because of this, and in order not to overload the text with long technical formulas,
we shall skip these here.

It follows from Lemma 4.6 and (5-41) that

(@)
(k) = Z ﬁ( F® lﬂél))Lz(Sg) + Re (A () FP, (5-44)

and, by (5-42),
||97t8(kk(e))F§k)||W21(S£) <Ce? k=1,....m, (5-45)

where the constant C is independent of . We calculate the scalar products of the functions g’ﬁ\ék) in L,(Sg)
taking into consideration (5-44) and the properties of the operator R, described in Lemma 4.6:

~ ~ k
WGP V) s = ZV,( @77 (e) + R () FP, R WPVFP) o,
i=1

1
v () .= W( F® wg(l))Lz(Sg)

The identities obtained and (5-45), (5-40), (5-43) yield

m
k
Z yl.( )(g)yi(p)(g) — ‘Skpv & — +0. (5-46)
i=1
In particular, as p = k it implies
k
) <3 (5-47)

for sufficiently small &. We introduce the matrix R, := ()/l.(k)(s)) and rewrite (5-46) as R;.R} —E, ¢ — +0,
where * denotes matrix transposition. Thus, |detRg| — 1 as ¢ — +0. Therefore, for each sufficiently
small ¢ there exists a permutation (i1(¢), i»(¢€), ..., im(e)) such that

(k) 1
H Vi (8 )‘ > (5-48)

i=1
For a given ¢ we rearrange the eigenvalues A;(¢) so that iy (¢) = k, which by (5-47), (5-48) yields

m—2

v (e)| =

, i=1,...,m.
3m—1lyl
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In view of the definition of ylgk) (¢), (5-42), and the normalization of wg(i) it follows that

~ 3=l @) ..G) S50/2
|Ai(e) —Ri(e)] < 2,”—_2}(178 Ve )LZ(SS)‘ sCe .

Choosing o > 4/5, we arrive at the asymptotics (2-11).
Define now

4
7O = 9, (py + 2 ]n8¢k)x(8i(x) + (v(()k) + Zgivfk)) (1 —x(g%))

i=2

By direct calculations one can check that

~ ~ Sa
190 =0 E Ny s,y = 0 2).

This identity and (5-45) imply

m
& . Sa
Y rPEu® =y® +0e¥), k=1,....m.

i=1

Since the right-hand sides of these identities are linearly independent, the functions Y ;- yi(k)(s) wg(i)
form a basis spanned over the eigenfunctions wa(l), i =1,...,m. Hence, we arrive at:

Theorem 5.3. Let P be the total projector associated with the eigenvalues Li(e),i = 1,...,m, and @38
be the projector on the space spanned over wa(’), i=1,...,m. Then

g)g = @;g + @(82+p),

where p is any constant in (0, 1/2).
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