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PSEUDOPARABOLIC REGULARIZATION OF FORWARD-BACKWARD
PARABOLIC EQUATIONS: A LOGARITHMIC NONLINEARITY

MICHIEL BERTSCH, FLAVIA SMARRAZZO AND ALBERTO TESEI

We study the initial-boundary value problem

ur=A2p)+eAlYy )], in Q:=Qx(0,T],
) +ely ], =0 in 92 x (0, T,
u=uy>0 in Q x {0},

with measure-valued initial data, assuming that the regularizing term i has logarithmic growth (the case
of power-type ¥ was dealt with in an earlier work). We prove that this case is intermediate between the
case of power-type ¢ and that of bounded v, to be addressed in a forthcoming paper. Specifically, the
support of the singular part of the solution with respect to the Lebesgue measure remains constant in time
(as in the case of power-type 1), although the singular part itself need not be constant (as in the case
of bounded 1, where the support of the singular part can also increase). However, it turns out that the
concentrated part of the solution with respect to the Newtonian capacity remains constant.

1. Introduction

In this paper we study the initial-boundary value problem

ur=Apu)+eAly )l in Q:=Qx(0,T],
e)+ely@)] =0 in 92 x (0, T, (1-1)
u=uy>0 in  x {0},

where ¢ and T are positive constants,
Y(u) =log(l+u) foru=>0, (1-2)

¢ : [0, 00) — [0, 0o0) is nonmonotone, uq is a nonnegative Radon measure on €2, and Q2 C RN (N >1)is
a bounded and connected domain, with smooth boundary 92 if N > 2. More precisely, ¢ € C*([0, o0))
is a Perona—Malik type nonlinearity which satisfies, for some o > 0 and g € (1, 00),
@(0) =p(00) =0, ¢ >0in[0,a), ¢ <0in(a,00), ¢"(a)#0, (1-3)
9 € L1((0,00)), ¢ e L®((0,00)) forany j €N, (1-4)
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and, for some C > 0,
@] = CYw = 1= foruz0, (1-5)

In particular, 0 < ¢ (1) < ¢(«) holds for u > 0. A typical example is

u
1+u?

The partial differential equation in problem (1-1) can be regarded as the regularization of the forward-

o) =

backward parabolic equation

ur = Ap(u),

which leads to ill-posed problems. The latter equation and its regularizations arise in several applications,
such as edge detection in image processing [Perona and Malik 1990], aggregation models in population
dynamics [Padrén 1998], and stratified turbulent shear flow [Barenblatt et al. 1993a].

This paper is the second of a series where we address problem (1-1) with measure-valued initial data;
see [Bertsch et al. > 2013]. It is natural to consider flows which allow measure-valued solutions, since
it is known that initially smooth solutions may develop a singular part in finite time, if N =1 and ¢ is
uniformly bounded [Barenblatt et al. 1993b]. On the other hand we have shown [Bertsch et al. > 2013]
that in the case of power-type nonlinearities,

vw) =1+u)? -1 u>0,0€(0,1), (1-6)

the singular part of the solutions does not evolve in time, and initially smooth functions remain smooth
for each later time. Therefore, the qualitative behavior of measure-valued solutions turns out to depend
critically on the behavior of the nonlinearity 1 (u) as u — o0.

Our purpose is to make a detailed analysis of this dependence. Therefore we distinguish three cases
in this series of papers: mild degeneracies (power-type V), strong degeneracies (bounded ), and the
intermediate case of logarithmic 1. Observe that if ¥’ vanishes at infinity, the partial differential equation
in problem (1-1) is of degenerate pseudoparabolic type. In the present paper we focus on the intermediate
case of functions ¢ with logarithmic growth, and we take (1-2) as a model case.

It turns out that the logarithmic i can be considered as a truly intermediate case, in the sense that

(1) as in the case of power-type ¥, singularities cannot appear spontaneously;

(i1) as in the case of bounded v, the singular part of # need not be constant with respect to ¢.

Specifically, in all three cases the singular part of the solution is nondecreasing in time: it is constant for
a power-type ¥ (see [Bertsch et al. > 2013, Theorem 2.1]), whereas its support can expand (that is, new
singularities can appear) in the case of bounded 1. Instead, in the logarithmic case the support of the
singular part is constant, yet the singular part can increase; see Theorem 3.5 and equalities (3-13)—(3-14).

To explain the above claims, let us discuss heuristically the behavior of solutions to problem (1-1)
for a logarithmic ¥ as in (1-2) or a power-type ¥ as in (1-6); see [Bertsch et al. > 2013]. By a suitable
approximation procedure, which plays a key role in our approach (see Section 6), we prove in both cases
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that the entropy solution u( -, t) at time ¢ of problem (1-1) and the corresponding value v( -, t) of the
chemical potential

vi=o@u,) +eld )l (1-7)

satisfy a suitable elliptic problem. Here u, (-, t) denotes the density of the absolutely continuous part of
u(-,t); see after (2-5). When 1 is of power-type, (1-7) becomes

—eAv(-, 1)+ v,8) __ el D) in €2,

Yiur(-,0)  Y(u (-, 1)) (1-8)
v=0 on 0%2

for a.e. t € (0, T). Instead, for a logarithmic i the elliptic problem is

1 (p(ur(' ) t)) .
- (=" Q.
i U T Yy (1-9)
v(-,1)=0 on 9€2,

—eAv(-,t

where [u( -, t)]4.2 denotes the diffuse part of u( -, ¢#) with respect to the Newtonian C,-capacity. Recalling
that 1/v/(u) = 1 + u, the first equation of problem (1-9) is meant in the sense that

—e(Au(-, D] pha+ {1 +ur (- 1) +[ug(-, D]a2} v(-, Dp)g
= / [1+u, (x, Ol (x. ))p(x) dx (1-10)

Q
for any p € C.(R2); here u,(-,t) denotes the singular part of u( -, ¢) and, as we shall make precise in
Section 2 (see (2-2) and Remark 2.1), (-, - )q denotes an extension of the duality map between the space
M(S2) of finite Radon measures on 2 and the space C.(€2) of continuous functions with compact support.

Notice that
0<(l+u)o,) <p@(1+u)eL(Q).

The presence of the singular term ([us( -, )]a.2, v(-, t)p)gq in the left-hand side of (1-10), which does not
appear in the power-type case (see (1-8)), depends on the weaker regularization properties of a logarithmic
Y with respect to a power-type V.

By the above definition of the chemical potential, the partial differential equation in (1-1) reads

u = Av. (1-11)

The coupling of the above evolutionary equation with the corresponding elliptic problem (either (1-8) or
(1-9), depending on the choice of ) suggests that we could study the time evolution of u,( -, ¢) and that
of us(-,t) separately. For both choices of ¥ our definition of the solution of problem (1-1) implies that
v € L'(Q); see Definition 3.1 and [Bertsch et al. > 2013, Definition 2.1]. Then for a power-type ¥ we
obtain from (1-8) that Av € L'(Q), which, by (1-11), implies

us(-, 1) =uos, [uli(-. ) =u; (-, 1) = Av(-, 1), (1-12)

namely, the singular part u; does not evolve with time; see [Bertsch et al. > 2013, Theorem 2.1].
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Now consider a logarithmic ¢ as in (1-2). By (1-11) and the arbitrariness of p, (1-10) gives
—eu (-, D)+ {T+u, (- 0+ [us (- Dla2bo(-, 1) =T +u (-, Dl (-, 1)). (1-13)
On the other hand, by definition of the chemical potential, we have
€lu (- 0) =1+ u-(-, Ol 1) — @) (-, D], (1-14)

which can be regarded as the equation governing the evolution of the regular part u,, since v € L'(Q).
From (1-13)—(1-14) we obtain the following equation for the evolution of the singular part u:

é[us]t("t)=[”S]d,2("t)v("t)a (1_15)
namely,
e(lusle (-, 1), pla = ([us(-, Dla2, v(-, Hp)a

for any p € C.(£2). Since
Us =uc2+ [us]d,l (1-16)

(see (2-7)—(2-8)), from Equation (1-15) we obtain
uco(-, 1) =luole2

(see Theorem 3.1 below) and
(luslaa(-, 1), plo = <[uos]d,z, exp {l/ v(-,s)dS}p> , (1-17)
€ Jo o

which imply (see (3-1))
@)t

(Lts(',l‘), ,O)QSGXP{ }(u()s» p)Q

for any t > 0 and p € C.(2).
If N =1, since every Radon measure is C,-diffuse (see page 1725), problem (1-9) becomes

1 pu(-,0) .
—elv(-, )]y +————v(-,t) = ——— inQ,
Ol 5y D = Yy (1-18)
v(-,1)=0 on 0€2.
Now the evolution of the singular part u; is described by the equation
elugli (-, 1) = us (-, V(- 1), (1-19)
whence we obtain
1 t
(us(-, 1), pla = <u0s, exp {— / v(-, ) dS},0> (1-20)
€ Jo Q

for any p € C.(2).
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In view of the above considerations, whether or not u,( -, ) evolves in time clearly depends on the
positivity of the chemical potential; see (1-17), (1-20). This point will be addressed by a generalized
strong maximum principle (see Proposition 3.15). We shall also construct a solution of the form

uC- ) =u (-, 1)+ A1)y, A0 =1,

3y, denoting the Dirac mass centered at xo € 2 (see Remark 3.20), to point out the importance of the
elliptic problem (1-9) for ensuring uniqueness of the solutions of problem (1-1); see Theorem 3.11; a
similar example was given in [Porzio et al. 2013, Remark 2.4]. Finally, in Theorem 3.17 we prove the
existence of an entropy solution of (1-1) (see Definition 3.4), whereas in Theorem 3.18 we show that
under suitable conditions this solution and the associated chemical potential satisfy problem (1-9).

2. Preliminaries

Nonnegative finite Radon measures. We denote by JL(€2) the space of finite Radon measures on €2, and
by Mt (€2) the cone of positive (finite) Radon measures on 2. By J(.(2) and L] () we denote the
subsets of LT (2) whose elements are, respectively, absolutely continuous and singular with respect
to the Lebesgue measure on Q2. We have L. (Q2) N LT (2) = {0}, and for every u € M (L) there is a
unique pair ((qe € M. (2), us € MS(2)) such that

M= hac+ Hs. (2-1)

For every u € ™ (S2), we shall denote by 1, the density of the absolutely continuous part i, of u;
namely, according to the Radon-Nikodym Theorem, p, is the unique function in L'() such that

Mac(E):/ W dx
E

for every Borel set E C .
Given pu € M(€2) and a Borel set E C €2, the restriction uL E of u to E is defined by

(LLE)(A) := u(ENA)

for every Borel set A C Q. We denote by (-, - )q the duality map between AL(€2) and the space C.(£2)
of continuous functions with compact support. For 1 € M(S2) and p € L'(Q, 1) we set, by abuse of
notation,

(M,p>szt=/gp(X)dM(X) and lpllue) = 11l (). (2-2)

Similar notations will be used for the space of Radon measures on Q := Q x (0, T'). The Lebesgue
measure of any Borel set E C Q or E C @, will be denoted by |E|. A Borel set E such that |[E| =0 is
called a null set. By the expression “almost everywhere”, henceforth abbreviated a.e., we always mean
“up to null sets”.

We denote by L>®((0, T); M (£2)) the set of positive Radon measures u € M (Q) such that for a.e.
t € (0, T) there exists a measure u( -, t) € MT () satisfying the following conditions:
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(i) For every ¢ € C(Q) the map t — (u(-,1), (-, 1))q is Lebesgue measurable, and

T
W 8o =/0 (-0, 2 g dr. 2-3)

(i) esssup,(o.7) U, Dllue) < oo.

If u e L>°((0, T); MT(R2)), both u,. and ug belong to L= ((0, T); MT(2)). By (2-3), forall ¢ € C(0),

T
(uac,{)Q:// u,¢dxdt and (us,g)Q:/O (ug(-,1),¢(-,1))qdt.
o

It is easily checked that for a.e. ¢ € (0, T) the measures [u(-,)]ue, [u(-, )]s € MT(RQ) satisfy the
equalities

Uge () =[u(-, Hlae,  us(-, 1) =[ul-,1)ls. (2-4)
Observe that the first equality above implies
ur('at):[u('vt)]ra (2_5)

where [u( -, t)], denotes the density of the measure [u( -, t)]q:

([u(-, Dlac, ¢l = / u,(-,t)¢dx for¢ e C(Q) and a.e. t.
Q

Cp-capacity. Let p € [1, 00). The C-capacity in 2 of a Borel set E C 2 is defined as

C,(E):= inf f |Vol|? dx,
EJa

velUg,

where %g is the set of all functions v € HOI"”(Q) suchthat 0 <v <lae.inQandv=1ae.in a
neighborhood of E (analogous definitions can be given in RY). If UE = & we adopt the usual convention
that inf & = co. We use the notation C, (E, €2) when we want to stress the dependence on Q. If K C Q2
is compact, then

C,(K):= inf / Vvl dx,
KJa

o
veESF

where %g is the set of all functions v € CSO(Q) suchthat 0 <v <1in Q and v =1 in K. Moreover, if
p €[1, 00), for every Borel set E C €2,

C,(E)=inf{C,(U) |U € Qopen, E C U},
and, if 1 < p < oo, for every open set U C €2,
Cp(U) =sup{C,(K) | K compact, K C U}.
For any p € [1, oo) define

M;p(sz) :={p € MT(Q) | L(E) =0 for every Borel set E € Q, C,(E) =0},
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the set of finite (positive) Radon measures on €2 which are absolutely continuous with respect to the
C ,-capacity. Analogously,

Jl/tgfp(Q) = {u e MT(Q)|TaBorel set E C Qs.t. Cp(E)=0and u=puLE}

is the set of finite (positive) Radon measures on £ which are singular with respect to the C,-capacity.
Clearly, J(/L:p(Q) N A/LZP(Q) = {0}. Observe that M;pl (Q) C Jl/t 1, () and A/Ljpz(Q) C A/Ljpl (Q) if
P1 < p2.

Recall that every subset E C €2 such that C,(E) = 0 for p € [1, 00) is Lebesgue measurable and
satisfies | E| = 0. This plainly implies

JI/LIP(Q) CMH(Q), M(Q)C JI/LIP(Q) for every p €[1, 00). (2-6)

In connection with the first inclusion in (2-6), observe that if N = 1, then A/L;f »(§2) = & for any
p €[1, 00). In fact, for singletons E = {x} (x € 2), we have

Cp({x},2) >0 ifeitherp>Norp=N=1.

Therefore, if N =1, by monotonicity, we have C,(E) > 0 (p € [1, 00)) for every nonempty Borel set
E C Q. The claim follows.
For any p € (1, 00) it is known that a measure p € AT (2) belongs to J(/L;p(ﬂ) if and only if

pe Ll (Q)+w P (Q)

(where W1 "/(Q) denotes the dual space of the Sobolev space W1 "P(Q)). Then the duality symbol
(1, ¢)o makes sense forany p € Jl/LJr (Q) and ¢ € W P ()N L>(2). Moreover, if u € JI/L+ (Q) every
function v € W P(Q)NL®(Q) also belongs to L°°(2, n); for example, see [Evans and Garlepy 1992].
For every u € M (), p € [1, 00), we define the concentrated and diffuse parts of p with respect to
C,-capacity as the (unique, mutually singular) measures ji. , € Jl/tgf p(Q) and g p € JI/L; p(Q) such that

W= e, p+ [d, p- (2-7)
Combining the decompositions in (2-1) and (2-7) and using (2-6) gives
te,p = [sle,ps (2-8)
Md,p = Mac + [1sla,ps (2-9)
for every p € M1 (K2). From (2-7)—(2-9) we obtain

M=/'Lac+[ﬂs]d,p+,uc,pv (2-10)

which in the case N = 1 reduces to (2-1).

Finally, recall that a function f : Q@ — R is Cj,-quasicontinuous in €2 if for any € > 0 there exists a set
E C Q, with C,(E) < €, such that the restriction f | O\E is continuous in \ E (it is not restrictive to assume
that the set E is open). It can be proven (for example, see [Evans and Gariepy 1992]) that every function
ueWhP(Q) hasaC p-quasicontinuous representative i; moreover, if u is another C,-quasicontinuous
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representative of u, then the equality # = # holds C,-almost everywhere in 2. In the following, every
function u € WP () will be identified with its unique C p-quasicontinuous representative.

Remark 2.1. Recalling that v(-,1) € HOI(Q) N L% () for a.e. t € (0, T) (see Definition 3.1) and
[us(-,t)]a2 € LY(Q)+H (D by the characterization of the diffuse measures, it is apparent that the
singular term ([us( -, t)]a.2, (-, t)p)q in the left-hand side of (1-10) is well defined for any p € Cj(Q).
Let us show that the same quantity is well defined for any p € C.(2).

In fact, let u € M;z(ﬂ), vE HOl (2) N L*>°(£2), and let v be its Cp-quasicontinuous representative. Let
us show that Dp belongs to L' (2, 1), so that the quantity

w»mQ=Laumuwmm

is well defined.
Let {p,} € C2°(K2) be any sequence such that

pn— p in C(Q). (2-11)
Since v is defined C,-almost everywhere in 2 and u € MIZ(Q),
() pp(x) > v(x)p(x) for pu-ae. x € Q. (2-12)
Moreover, by (2-11) there exists C > 0 such that for every n € N we have
|Boul < CI0] € LY, ).

Then by the dominated convergence theorem the claim follows.

3. Main results
Definitions.

Definition 3.1. Given ug € M1 (R2), a measure u € L>°((0, T); MT(K2)) is called a solution of problem
(1-1) if the following holds:

1) [¥(u;)]; € L*°(Q), the chemical potential v defined by (1-7) belongs to L*>°((0, T); HO1 (2)),

Av e L®((0, T); M()),
and

O0<v<¢g(x) ae.in Q. (3-1)

(i) for every ¢ € C'([0, T]; C.(Q)) with ¢(-, T) =01in L,

T T
/O(u(ut),ét(-,t))szdﬂr/o (Av(-, 1), 8(-, D)adt =—(uo, £(-, 0))q. (3-2)

Observe that the assumption Av € L*((0, T); M(2)) implies u € C([0, T]; MT()).
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Remark 3.2. Since 0 < ¢p(u) < ¢(«) for u > 0 by (1-3), it follows from (1-7) and (3-1) that

[ (u)lel < @ a.e.in Q. (3-3)

Remark 3.3. Since v € L*((0, T); HOI(Q)) and Av € L0, T); M(2)), for a.e. t € (0, T) we have
that v(-,1t) € HO1 (2) and Av(-, 1) :=[Av](-,t) € M(2). Observe that

Av(-, 1) =Alv(-, )] € H () (3-4)
for a.e. t € (0, T). In fact, let j, (o > 0) be a standard mollifier. Then
([AV(-, D% Jo, pa = (Alv(-, D] * jol, pla = (v(-, 1) * jo, Ap)a
for any p € Cf(Q). Letting 0 — 0 we obtain
(Av(-, 1), pla=(v(-, 1), Ap)g,
which shows that Av(-, ¢) is the distributional Laplacian of v(-, t) € H(} (€2). Hence (3-4) follows.

Given g € C'([0, p(a)]), we set
G(2) :=f glow))du forz>0. (3-5)
0

Definition 3.4. Let ug € M (). A solution u of problem (1-1) is called an entropy solution if for all
g € C1([0, p(a)]) such that g’ > 0 and g(0) = 0, and for all ¢ € C!([0, T]; CL(R)) such that ¢ > 0,
¢(-,T)=01in , the following entropy inequality holds:

/ / (GG — g(W)VOVE — g/ (W) Vol2e) dy di = — f G o)t (x, 0) dx, (3-6)
9 Q

where G is defined by (3-5).

Inequality (3-6) is called the entropy inequality for problem (1-1) by analogy with the entropy inequality
for viscous conservation laws; see [Evans 2004; Serre 1999]. Such an inequality is known to hold

(1) when ug € L*°(2) and ¥ (u) = u (this is the so-called Sobolev regularization), both for a cubic-like
¢ and for a ¢ of Perona—Malik type (see [Novick-Cohen and Pego 1991; Smarrazzo 2008]);

(ii) for problem (1-1) if N =1 and ¥’ (u) — 0 as u — oo (see [Smarrazzo and Tesei 2012]).

In such cases, entropy inequalities play an important role both to describe the time evolution of solutions
of (1-1) and to address the “vanishing viscosity limit” of the problem as € — O.

Persistence and monotonicity. Given any solution u of problem (1-1), we prove in Section 4 that the
Cy-concentrated part [u( -, ¢)]. 2 does not evolve in time if N > 2 (recall that JI/LZ2(Q) =gif N=1).

Theorem 3.5. Let N > 2 and let u be a solution to problem (1-1). Then

[u(-,t)]e2=Iuoleo foraete(,T). (3-7)
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Therefore, with respect to the case of a power-type ¥ in which the first equality of (1-12) holds, in
the present case it is only the concentrated part [u( -, )] 2 = [us(-, t)]c2 of the solution which remains
constant.

Concerning the density of the absolutely continuous part of an entropy solution, the following holds.
The proof is the same as that of [Bertsch et al. > 2013, Proposition 2.5], thus we omit it.

Proposition 3.6. Let u be an entropy solution of problem (1-1). Then there exists a null set F* C (0, T)
such that, for any ty € (0, T) \ F* and any Borel set E C 2,

u (-, tp) <aaeinE = u,(-,t) <aae ink foreveryt € (tp, T)\ F*.
The singular part of an entropy solution does not decrease if time evolves.

Proposition 3.7. Let u be an entropy solution of problem (1-1), and let p € C.(R2), p > 0. Then, for a.e.
O0<n=<n=<T,
(us(',t]),,o>Q§<l/ls(',t2),p>Q (3_8)

and, fora.e. t € (0, T),
(uos, p)a < (us(-,1), p)a. (3-9)

Remark 3.8. If u is a solution of problem (1-1) satisfying (1-9), inequalities (3-8)—(3-9) immediately
follow from (3-7) and (3-13) below. The relationship between entropy solutions and solutions satisfying
(1-9) is addressed in Theorem 3.18.

Proposition 3.7 implies that a solution (satisfying estimate (3-10) below) with trivial absolutely
continuous part is a steady state.

Corollary 3.9. Let ug € M (), let ¢ € C*([0, 00)) satisfy (1-3)—(1-5), and let u be an entropy solution
of problem (1-1) such that, for a.e.t € (0, T),

-, Dl < lluollu)- (3-10)
Then
upr=0a.e.inQ = u(-,t)=0a.e inQ, ug(-,t)=ugforae te(0,7).
Proposition 3.7 and Corollary 3.9 will be proved in Section 4.
Remark 3.10. By the considerations above,
u,(-,t)=0ae.te€(0,T) < ug(-,t)=ugforae.t € (0,7).

In fact, if u,(-,t) =0 fora.e. t € (0, T), by (1-7) we have v=0a.e. in Q, hence u(-,t) =u,(-,t) = ug
by equality (3-2). Conversely, if us(-,t) = ug for a.e. t € (0, T'), we have ug = uqy, thus ug, =0 a.e. in
Q which implies u,( -, t) = 0 by (3-10).
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Uniqueness. In this subsection we consider solutions u of problem (1-1) such that for a.e. t € (0, T) the
trace v( -, t) of the chemical potential solves the elliptic problem (1-9). This means that for a.e. r € (0, T),
v(-,1) € HO1 (), Alv(-, )] € M(2), and equality (1-10) is satisfied for every p € C.(2). The results
described in this subsection will be proved in Section 5.

Satisfying problem (1-9) guarantees uniqueness of solutions.

Theorem 3.11. Let ¢ € C*°([0, 00)) satisfy (1-3)—(1-4). Let there exist C > 0 such that

()

Then problem (1-1) has at most one solution satisfying (1-9).

<C foru=>Q0. (3-11)

Below we consider in more detail the qualitative properties of solutions of problem (1-1) which satisfy
(1-9). In fact, it turns out that the logarithmic form of i makes it possible to give precise estimates of the
time evolution both for u, and for wu;.

Proposition 3.12. Let ¢ € C*°([0, 00)) satisfy (1-3)—(1-4), and let u be a solution of problem (1-1)
satisfying (1-9). Then, for a.e. t € (0, T') and for any p € C.(2), p =0,

p(a)t
[14+u-(x,1)]p(x)dx <exp - [1+4uo-(x)]p(x)dx, (3-12)
Q Q
1 t
([usla2(-. 1), pya = ([Uos)a 2, exp {Z/o v(-,s) dS}/O)Q, (3-13)
(s (-, 1), p)gr < exp {g"(“)t }(uos, Pha. (3-14)

In particular, ugs( -, t) is absolutely continuous with respect to ug;, for a.e. t € (0, T).

The last statement above entails a regularity result: no singularity can arise at some positive time.
Going into detail, we have the following remark.

Remark 3.13. By inequality (3-14), for any solution of problem (1-1) satisfying (1-9), we have:
(i) uop € L"), u0>0=uecL'(Q), u>0.

(i) uos € J‘/t:fp(Q) = us(-,1) € A/tjp(fz) fora.e. r € (0, 7).

(iii) ug € M;p(sz) = u(-,1) e m;p(sz) forae.t€(0,T) (p €[l,0)).

Remark 3.14. By the arbitrariness of p in (3-12)—(3-14), for every Borel set E C Q and a.e. r € (0, T),

we have
/[l—i—u,(x,t)]dxfexp{w}/[l—ku()r(x)]dx,
E € E

p(a)t

us(-, 1)(E) SGXP{ }Mos(E)-

Also observe that (3-12) and (3-14) imply

p(a)t
&

(I+uC-, 0l pla §eXP{ }([H—uo],P)Q (3-15)
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for every p € C.(2), p > 0, thus

u(- . 1)(E) < exp {‘”(‘;)t }uo(E) + (exp {@} - 1) IE|

for every Borel set E C .
Observe that by equalities (2-8) and (2-10)

us(-, 1) =[us (-, Olao+[u, 02

for a.e. t € (0, T). Then from (3-7), (3-13) it is apparent that to describe the time evolution of u,( -, t)
it is important to know whether v( -, ¢) vanishes in €2. In this sense the following maximum principle,
which generalizes in a certain sense [Brezis and Ponce 2003, Theorem 1], is expedient.

Proposition 3.15. Let i € M (2) be Cy-diffuse. Let v € HOl () N L*®(2) satisfy

—Av+puv=>0 inQ,

in the sense that
/ Vv -Vpdx+{u,vp)o >0 foranype H(} ()NL®(R), p>0. (3-16)
Q

Thenv > 0a.e. in Q,and v=0a.e. in Qif v=0a.e. on a subset E C Q such that C,(E) > 0.
If N =1, we have the following.

Proposition 3.16. Let N = 1, and let u be a solution of problem (1-1) satisfying (1-18). Then, for a.e.
t€(0,7),eitherv(-,1) >0inQorv(-,t)=0in Q.

Existence. Set
U (1) :=1//(u)+%=10g(1 +u)+% for u > 0. (3-17)

Observe that ¥, — ¥ as n — oo and ¥, > 1/n > 0, thus the nonlinearities v, are nondegenerate.
Consider the regularized problems
Upr = Avy in Q,
v, =0 on dQ2 x (0, T), (P,)
up =ug, >0 in Q x {0},
where
Un := @(un) + [Vn(un)ls (3-18)

and {uo,} is a sequence of smooth nonnegative functions with the properties stated in Lemma 6.1 (Section 6
is dedicated to the approximating problem P,).

Theorem 3.17. Let ug € M1 () and let ¢ € C*([0, 00)) satisfy (1-3)—(1-5). Then problem (1-1) has an
entropy solution u, which is a limiting point as n — 00 of the family of solutions of the approximating
problems (P,). Moreover:

(1) Fora.e.t € (0, T), inequality (3-10) holds.
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(i) Fora.e.t € (0, T) and for every Borel set E C Q, inequalities (3-12) and (3-14) hold. In particular,
us( -, t) is absolutely continuous with respect to u.

In Theorem 3.18 below we show that the entropy solution given in Theorem 3.17 satisfies the elliptic
problem (1-9) if N = 1; the same holds if N > 2 for a suitable class of initial data uy € M1 (). In these
cases claim (ii) of Theorem 3.17 follows directly from Proposition 3.12.

Theorem 3.18. Let ug € M1 (), and let ¢ € C®([0, 00)) satisfy (1-3)—(1-5). Let u be the entropy
solution of problem (1-1) given in Theorem 3.17 and let v be the chemical potential defined in (1-7).

(a) If N =1, the pair (u, v) satisfies problem (1-18).

(b) Let N > 2, and let ug satisfy the following assumptions:
(1) [uolc.2 is concentrated on some compact Ko C 2 such that C2(Ko) = 0;
(1) [uola2 € /l/t;p(Q) for some p €[1,2).
Then the pair (u, v) satisfies problem (1-9).

Theorems 3.17 and 3.18 will be proved in Sections 7 and 8, respectively.

For N =1, from the above theorem we deduce that an entropy solution of problem (1-1) satisfying
problem (1-9) (or equivalently (1-18)) can be obtained as a limiting point as n — oo of the family of
solutions to the approximating problems (P,).

If N > 2, the same result holds for a suitable class of initial data ug, subject to technical conditions
involving both [ug]s 2 and [uo]. 2 (see Theorem 3.18-(b)). Assumption (ii) on [ug]y 2 is rather mild, yet
the problem of removing it is open. On the other hand, the existence of an entropy solution of (1-1)
satisfying (1-9) can also be proven without assumption (i). In fact, for every uy € M (L),

uo = [uola2 +[uole,2,

with [uplg2 € A/LIP(Q) for some p € [1, 2), it suffices to consider the measure u € L>®°((0, T); MT())
defined by setting

u(-,t):=u(-,t)+uole, forae.te(0,7);
here & denotes a solution of (1-1) with initial data [¢(]4 > which satisfies the elliptic problem (1-9) (the
existence of such a solution is ensured by Theorem 3.18 above). Clearly, the solution # (whose uniqueness
is ensured by Theorem 3.11, if (3-11) holds) need not be obtained by letting n — oo in the associated
problems (P,).

Corollary 3.19. Let ug € M1 (), and let ¢ € C*([0, 00)) satisfy (1-3)—(1-5) and (3-11). If either N =1,
or N > 2 and [upla» € JI/LZP(Q) for some p € [1, 2), there is exactly one entropy solution of problem
(1-1) satisfying problem (1-9).

Remark 3.20. Problem (1-9) is essential to introduce a class of well-posedness for problem (1-1). In fact,
it is easy to exhibit a weak solution to problem (1-1) which does not satisfy (1-9) and which, therefore, is
different from the solution given by Theorem 3.17.

For this purpose, let N = 1 and Q = (0, 1). Let iip € C*([0, 1]) satisfy 0 < @19 < « in (0, 1),
0(0) = i1p(1) = 0. Let i be the solution of problem (1-1) with Cauchy data uy = ug, = il given by
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Theorem 3.17 . Then it = i, € C*°([0, 1] x [0,00)), 0 < &t < « in [0, 1] x [0, 00), and ity = 0. By
Theorem 3.18(i) the pair (i, 0), where 0 := @ (i) + e[y ()];, satisfies the problem

{—Sﬁxx + (1 4+a)0={1+a)e@) in[0, 1] x [0, c0),
v=0 in {0, 1} x [0, 00),

hence 0 < U < ¢() in (0, 1) x [0, 00) by the maximum principle.
Let §, denote the Dirac mass centered at some point xq € €2, and set

Uy =u+8y,.

On the other hand, let u; be the solution of problem (1-1) given by Theorem 3.17, with initial data
up := o+ 8x,- We claim that

u1 is a solution of problem (1-1) different from u5.

It is easily seen that u; is a solution of (1-1). Clearly, u;, = i, so the corresponding potential
v1 := @(u1,) + e[ (u1,)]; coincides with v. Recalling that i, = vy, we have

T T r1 T r1 1
/0<u<-,r),;t(-,r)>szdt=/0/Oﬁ;tdxdt—c(xo,m:—/o/Oﬁxx;dxdrz—foﬁo<x)¢<x,0>dx—;<xo,0),

namely, equality (3-2) for every ¢ € C'([0, T]; C.(2)) with ¢(-, T) =0in Q.

On the other hand, by Theorem 3.18(i) the solution u, and the corresponding chemical potential satisfy
the elliptic problem (1-18), whereas the pair (1, v;) = (u, v) does not. In fact, if it did, by equality
(3-13) we would have

1 [".
(uis(-, 1), p)a =eXp{gf v(Xo,S)dS}p(xO)
0
(since every Radon measure is C,-diffuse if N = 1), whereas the very definition of #; implies that

(uls(' ’ t)a p)Q = <5x0’ p)Q =,O(X())

for every ¢ > 0. Since ¥ > 0 in (0, 1) x [0, 00), this gives a contradiction if p(xy) # 0. The claim follows.

4. Proofs of persistence and monotonicity results

The proof of the following lemma is almost identical to that of [Bertsch et al. > 2013, Lemma 3.1]; thus
we omit it.

Lemma 4.1. Let u be a solution of problem (1-1). Then there exists a null set F* C (0, T') such that, for
everyt € (0,T)\ F* and p € C.(2),

t
(u(-, 1), p)a — (uo, ,O)sz=/0 (Av(-,s), p)ads, (4-1)

t+1/n
lim 2 (s (-, 5), pYa — (us (-, 1), p)alds =0. (4-2)
n—oo t—1/n
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Proof of Theorem 3.5. Let F* C (0, T) be the null set given by Lemma 4.1. For every ¢t € (0, T) \ F*
consider the map

t
Fi: Ce(2) — R, p—>/ (Av(-,s), plads.
0

By (4-1) we have F; € M(S2). Moreover, F; € H Q) by Remark 3.3; thus F; € My 2(2). Then (4-1)
becomes

([u(-, Dle2, p)a — ([ole2, LYo = (Fr, pra — ([u(-, Dla2 — [uola2, p)a- (4-3)
By equality (4-3) the difference [u( -, ¢)]..2 — [uo]c 2 1s both C,-diffuse and C;-concentrated; thus
[u(-, )2 — [uole2 = 0. O

Proof of Proposition 3.7. Let {g,} C Lip([0, ¢(«)]) be defined by
1

ns ifo<s<-—,

S

gn(s) = 1
lf; <s < ¢(a),

and let G, be the function (3-5) with g = g,,. By standard approximation arguments, inequality (3-6) is
still valid with G = G,,. Therefore,

// {Gn(ur)it—gn(v)VvVE}dxdtZ—/ Gy (uor(x))¢(x,0) dx 4-4)
0 Q

for ¢ € C'([0, T]; CH(2)), £ =0,¢(-, T)=01in Q.
Since 0 < G, (u;) <u, a.e.in Q, 0 < G,(ug,) < up, a.e. in 2, and g,(s) — 1 for any s € (0, p(a)],
as n — oo, by the dominated convergence theorem, we have

Gu(uy) = u, in L'(Q),  Gn(uo,) — uo, in L'(R). (4-5)

Moreover, )
gn(v)Vuv = V</ gn(s) ds) a.e.in Q, (4-6)
0
and
g (WIVVlliL2(0) = I1TVVIIL2(0)-

Therefore the sequence {g,(v)Vv} is weakly relatively compact in [L2(O)]V. By (4-6), since
v(x,t)
/ gn(s)ds — v(x,t) as n— oo forae. (x,1)€Q,
0

we obtain
g,(V)Vu — Vv in[L*(Q)]V. (4-7)

By (4-5) and (4-7), letting n — oo in inequality (4-4), we have

/ / (U5 — VoVE)dy dt = — / oy ()¢ (x, 0) d, (4-8)
Q Q
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whence, by (3-2),
T
_/O (us('vt)v gt(’t)>9dt2(u039§(70)>9 (4_9)

for any ¢ as above.
To prove inequality (3-8), let ¢, t, € (0, T)\ F*, where F* C (0, T) is the null set defined by Lemma 4.1,

and set !
0 ift <t ——,

1 p "
n(t—t1+—) ifh——<t<mn,

n n
hi(t): =131 ifyy <t <t
—n<t—t2—l) ifl‘gftftz-i—l,

n n

0 iftztz—i-l.
n

Choosing ¢ (x, t) = p(x)h(¢) in (4-9), with any p € CCI(Q), o > 0, we obtain

t+1/n 1
n/ (s (-, 1), pladt zn/ (s (-, ), p)adr.

[5) tl—l/n

Letting n — oo in the above inequality and using (4-2), we obtain (3-8).
The proof of inequality (3-9) is similar. For any t € (0, T) \ F* define

1 ift <r,
1 . 1
ha(t) = —n<t—t—;) 1fr<t<;+;,
0 ift>1t+—.
n

Substitution of ¢(x, t) = p(x)ha(¢) in (4-9) gives

t+1/n
n [ 0. adr = G pla,
whence we obtain (3-9) as n — oo. This completes the proof. g
Proof of Corollary 3.9. Since by assumption uy = ugs, by inequality (3-10) we have
llues (-, Doy = (-, Dl < lluoslae)
for a.e. t € (0, T'). On the other hand, by inequality (3-9)

llwos lae) = sup  (uogs, p)o < sup  (us(-, 1), pha = llus(-, Dllus)-
peCc(),lpl=1 peCc(2),lpl=1

The above inequalities imply
lloes (-5 Oy = NuC-, Dl = lluosllae) = lluolluwe) (4-10)

whence |lu, (-, )|l 1) =0 forae. 7€ (0,T).
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It remains to prove that us(-,t) = ug for a.e. t € (0, T). By inequality (3-9) and the arbitrariness of p,
for every Borel set E C Q2 and for a.e. t € (0, T),

us(+, )(E) = uos(E) = uo(E). (4-11)
So, arguing by contradiction, we suppose that there exists a Borel set E € Q such that
us (-, )(E) > up(E). (4-12)
By (4-10)—(4-12) and the identities
luollu) =uo(€2),  llus(-. )l =us(-, 1)(€2),
we obtain
uo(Q\ E) ug(+, )(Q\E) = u; (-, 0)(RQ) — 5 (-, )(E) < ug(Q) — ug(E) = up(Q\ E),

a contradiction. Hence the conclusion follows. O

5. Proof of uniqueness

Proof of Theorem 3.11. Let uy, uy be two solutions of problem (1-1) satisfying (1-9), and let vy, v, be the
corresponding potentials defined by (1-7). By Theorem 3.5 it is sufficient to prove that

[u1 (-, D]a2=[u2(-,0]a2 forae.r€(0,T).

By (3-2), for each p € C.(R2) and for a.e. t € (0, T),

t t
(ul(nt)—uz(-,t),p)sz:/o (Alvi(-,5) —v(-,5)], p)ads < ”p”C(Q)/O | Afv1(-,5) —v2(-, )]l ds,
thus

ley (- ) —ua (-, )y = sup (ul(',t)—uz(',t),P)QS/ ALV (-, 8)—v2 (-, )]y ds. (5-1)
peCc(),lpl=1 0
Let
w(x,t):=vi(x, 1) —va(x,t) ((x,t) € Q).

By (1-9), w € L*°((0, T'); HOl (Q)NL>®(R)), Aw € L0, T); M(2)), and w solves the elliptic equation

—8Aw(',[)+[u](‘,l’)]d’ZU)(‘,t)‘i‘w(‘,l)

=—([u:1(-, t)]d,2 — [uz(-, t)]d,2)U2( L)+ [ (p(ulr) . (/)(u2r)

Vi) Y (uar)

}(- ,0)  in () (5-2)
forae.t € (0, 7).
Let {f;} € C*(R) satisfy

fi0=0, lfjl=<1l, f;>=0inR,
Ry (5-3)

|f]f(s)s| <l foreverys eR, f;(s)— ] for every s # 0.
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Since f;(w) € L=((0, T); HO1 () N L (L)) for every j € N, it makes sense to use [ f;(w)](-, t) as test
function for equality (5-2). Using inequalities (3-1) and (3-11), this gives
8Aﬂ@%&ﬂwwk&mh+Wﬂuﬂmiﬁ@ﬂﬂwﬂh+£ﬁﬁWﬂ@ﬂﬂ

puir)  @uz)
Y)Y (uar)

<@@)|[[ur(-, Dlaz— u2(-, Dlazllmwe + Cllur (-, 1) —u2r (-, Dl 1)

< Li{ur (-, )]a2 — [u2(-, Dla2llue (5-4)

(x, 1) fj(w)(x, 1) dx

SwWWWKwﬁhg—Wﬂuﬂhﬂmmrh/
Q

for a.e. t € (0, T) with some constant L > 0. By the properties of { f;} (see (5-3)) we have
HVLfjw)wllliz2g) = 2l1Vwlllz2g) (5-5)
for every j € N; hence the sequence {V[ f;(w)w]} is weakly relatively compact in [L?(Q)]N. Since
[fiw)w](-, 1)) = |w(-, )| ae.in Q
and ||lw| z=(g) < ¢(a) by inequality (3-1), by the dominated convergence theorem we have
L wwl(-. 1) = [w(-, 0] in L),  [f;)wl(-, 1) = [w(-, 0] in L®(<).

Moreover, by (5-5)
[f;w)w](-, 1) = [w(-, 1) in Hy(RQ).

Then, letting n — 0o in (5-4) and recalling that f ]/ >0, we get
([ur (-, Dla2, lw(-, H)a +/ lw(x, )l dx < L|[[ui(-, )]az2 —[u2(-, DHla2llue)-
Q

On the other hand, since u;( -, t) is a nonnegative Radon measure, for any p € C.(£2) we have

QMOJﬂuMMwWMQ+LW@JWW0W§HﬂathﬂwﬂhbmﬂﬁmQ+AW@Jﬂﬁ}

< Lllpllc@llui(-.0)la2 — [u2(-, Ola2lae)-

Then from (5-2), arguing as in the proof of (5-4), we obtain plainly
e(Aw(-, 1), pha < Lllpll e Ilur (- Doz — u2(-, Dla2llue
for some constant L > 0 and any p € C.(£2), whence
elAlvi(-. 1) —va(-, Dl = el Aw (- Dl < Lilui (-, Dla2 — 2+, Dla2llaw

for a.e. t € (0, T). Combined with equality (5-1) this yields

t
ellur (-, 1) —uza(-, Dl < L/ i C-\ ) —ua(-, $)llae) ds,
0
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and since u( -, 0) = uy(-,0) = uy, it follows from Gronwall’s inequality that
lur (-, 1) —ua(-, )l =0 fora.e.r€ (0, T). O

Proof of Proposition 3.12. (i) Since [ (u,)]; € L°°(Q) (see Remark 3.2), the map t — ¥ (u,)(x, t) is
Lipschitz continuous, and hence differentiable a.e. in (0, T') for a.e. x € Q2. Differentiating the identity
uy (-, 1) = v ' [W(u,)I(-, 1), we obtain that the derivative u,, exists a.e. in (0, T) and the equality
[V (ur)]; = ' (ur)u,; holds, whence, by (1-7),

e = (1+u)[v—o,)] € L'(Q). (5-6)
Integrating the above equality in (0, ¢), we obtain
t

eup(x, 1) — eugr(x) = / {A+u)v—@)]}(x,s)ds (5-7)
0

for a.e. x € 2, whence, by inequality (3-1),

cup(x, 1) — eupr(x) < @) / (I +ur)(x,s)ds.
0

Then by Gronwall’s inequality

1+Mr(x,t)§[1+u0r(x)]exp{%“)t} (10, 7))

for a.e. x € 2, which implies (3-12).

(i1) By (4-1) and (1-10) we have

€ / [ur(x, 1) —uor (X)]p(x) dx +&([us (-, 1) — uosl, p)e
Q

t t
=/ / ,O(X){(l+Mr)[v—Sﬂ(ur)]}(x,s)dde-F/ (lus(- . $)]a2, v(-, s)p)ads
0 Je 0 (5-8)

for any p € C.(€2). Then by (5-7)—(5-8) we get
t
8([”&( ) t) - uOS]? p)Q = \/O ([MS( ) s)]d,Z? U( ) S)ﬁ)st
It follows that the map
g:(0,T) = MJ,(R), g@):=lug(-,0la2 (t€(0,T))

satisfies the problem

Cdr (5-9)

{ 4 ir @), pya=(f(1), v(-.Dp)a in (0, T),
(f(0), p)a = ([uosla.2, P)a

for any p € C.(2).

Claim. The unique solution of problem (5-9) is

f:0,T)— A/LZZ(Q), f(@) :==[uosla,2 exp {%/0 v(-,s) ds} (te(0,7)).
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This implies that

t
[us(-, t)]a2 = [uosla 2 exp {é / v(-,s) ds} in A/LIZ(Q) for any t € (0, T), (5-10)
0

whence equality (3-13) follows. Then inequality (3-14) follows by (3-7) and (3-13), which completes the
proof.
To prove the claim, observe preliminarily that

exp {é/o v(-,s)ds} e H(Q)NL®(Q),
thus

(f(),p)o:= <[Mos]d,2, exp {é/() v(-,s) ds},0>

Q
is well defined for any p € C.(2). Then for any ty, fo + & € (0, T') we have

<f(t0+h) — f(to) — ﬁ[uos]d,z exp {1 / v(-, S)dS}v( -, 1o), ,0>
& € 0 Q

h 2 1 to+0h
= %<[M0s]d,z, exp {—/ v(-, 8)ds (V7 (-, 10), p
€ € Jo o

for some 6 € (0, 1) and any p € C.(£2). Hence there exists C > 0, only depending on the norm of v in
L>((0, T); Hy () N L™®(K2)), such that

C 2
< E_2||u0||M(Q)|h| .

Hf(to-i-h) — f(t) — g[uos]d,zexp {%/0 v(-,S)dS}v(',lo)

JM(S2)

This proves that f is differentiable and satisfies the first equation of problem (5-9). Since f(0) = [1os]4.2,
f is a solution of the problem.

Let us show that no other solutions exist, so that equality (5-10) holds. In fact, if f; and f> both solve
problem (5-9), plainly we obtain

Il f1(t) — L2l < @/0 Il f1(s) — f2() ey ds foranyt e (0,7T),

whence f; = f, in (0, T') by Gronwall’s inequality. This proves the claim, and Proposition 3.12 follows. [J

Proof of Proposition 3.15. Writing v = vy — v_ and choosing p = v_ in (3-16), we get
- [ 190-Pdr = guitia =0
Q

whence v = v4 > 0 a.e. in Q2. Therefore the function 1/(v + §) belongs to HY(2)N L>®() and we can
choose in (3-16) p = x2/(v+8) for any x € C2°(2) and § > 0, thus obtaining

2
X v 2
| vy.v d<<, ) 5-11
fg Y (v+8> =V e ©-11)
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Integrating by parts, we plainly get

1739

2 Vu|? Vx-V
/VU-V( X )dx:—f Vol 2X2dx+2/wdx
1 Vul?
5——/ Vol 2X2dx+2/ |V x|?dx.
2 Jg (v+3) Q
Since
Vv v
ves = ¥Lee(1+5)]
by (5-11)—(5-12) we have
2
%/ ‘V[log(l—k%)]‘ x2dx < (M,x2)9+2/ |V x|*dx.
Q Q
Then, arguing as in the proof of [Brezis and Ponce 2003, Theorem 1], the conclusion follows. O

Proof of Proposition 3.16. Since N =1, fora.e. t € (0,T) v(-,1) € C(RQ) and every singleton £ = {xo}
(xo € 2) has positive C,-capacity. The conclusion follows by Proposition 3.15. O

6. The approximating problems

Lemma 6.1. Let uy € M (),

1o = Uoac + [1osla,2 + [Uole,2 = Uoac + tos,

and let ug, denote the density of the absolutely continuous part uy,.. Then there exist sequences {uorn},
{([wosa,2)n} {([uole,2)n} S C°(K2) of nonnegative functions such that

luornll L1 (@) =< lluorll

Il (Tuos)a.2)nll @) <

LI(Q)5

IMuosla 2l 1(uole2)nllii@) < lMuole2llu);

Uorn — o, in L'(RQ);

([1051d.2)n — [os]a

Ugy, — Uor a.e. in 2,

25

([0]e.2)n — [10]e.2,

ton — ug in M(),

*
Uosn — Uos in MM(2),

(6-1)
(6-2)
(6-3)
(6-4)
(6-5)

where uosn := ([osla 2)n + ([0l 2)n, Yon = Uorn + Uosn. In addition, there exists C > 0 such that

lton |l Loy < CN/n - for all n.

Proof. Define it € M+ (RN) by setting iig := iig, + itos, Where

and

[tos]a,2(E) :=[uosla2(RNE),

gy (x)

up(x) = {

[#0]c,2(E) :=[uple2(QNE),

ifx € Q,
0 otherwise

(6-6)

uos(E) := [tosla,2(E) + [tole,2(E)
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for every Borel set E € RY. Observe that by definition
ugp=1uoLQ, uo(E)=uo(E) forevery Borelset £ C Q.

Hence, if p € C.(R2) and p € C.(R") denotes its trivial extension to RY, we get

(o, PYry = (U0, P)a-

Consider the sequence {iip,} C C°(RY) where
Uon = U * Jn,
{jn} € C(RM) being a regularizing sequence. We also define
Uorn = tor * jus  ([Uosla,2)n = ([Hosla,2) * Ju,  ([Hole,2)n := ([Uole,2) * Jn,  Uosn = Uos * Jn

with j, as above. To be specific, we choose

Jn(x) = ¢nx)  (xeRY),

__n
Jv J () dx

where j € CSO(RN), Jj(x) = j(]x]) is a standard mollifier.
Next, choose any sequence {n,} € CSO(RN) such that , € C2°(2,41),0=<n, <1,n,=11in Q,; here
Q, is open, Q, C Q41 C Q for every n € N and UZOZI Q, = Q. Finally, set

UQrn ‘= ﬁOrnnns ([MOS]d,Z)n = ([ﬁOS]d,Z)nnna ([uO]c,Z)n = ([ﬁO]c,Z)nnn’ UQsn ‘= ﬂOsnnn-

It is easily checked that the sequences {uo,,}, {([#os]a.2)n} {([#0lc.2)n}, {#osn ), and {ug,} have the asserted
properties. (|

Definition 6.2. A nonnegative function u, € C L([0, T1; C()) is called a solution of problem (P,) if the
function v, defined by (3-17) belongs to C ([0, T]; Co(2) N H>P(R)) for all p € [1, 00), Av, € C(Q),
and the pair (u,, v,) satisfies (P,) in the strong sense.

Remark 6.3. If u is a solution of problem (P,), then v € C(Q) and Uy, € C(Q) fori e {l,...,N}.
Moreover, v admits second order weak derivatives vy,x; € LP(Q) for all p € [1, 00), and for every
te[0,T]

Ux,-xj('at):[v(‘v[)]x,-xj a.c. an

We omit the proof of the following result, as it is almost identical to those of [Bertsch et al. > 2013,
Theorems 4.1-4.2].

Theorem 6.4. Let ¢ € C*°([0, 00)) satisfy (1-3)—(1-4). Then, for any n € N, problem (P,) has a unique
solution u, > 0, and

up = [Yu,)l; =0 onoQ2x[0,T].
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The function v, (-, t) defined by (3-18) satisfies, for a.e. t € (0, T),
Un(‘,t) _ @(Mn(',t))

——€A n\"» - ] 97
Al GO o o) () 6-7)
v,(-,6)=0 on 0%2,
0<v,(-,¢t) <gp(a) in, (6-8)
W <0 ondq. (6-9)
v

where 0/(0v) denotes the outer derivative at 0S2.
In addition, v, € C'(Qr), vur € C([0, T1; Co(Q) N H*P(RQ)) for p € [1, o) and, for a.et € (0, T),
Une (-, 1) satisfies

Ut (-5 1) [go%un)um + ey (un)u2,

oAl O V) ¢ e

Ut (-,1) =0 on 0L2.
The following result is analogous to [Bertsch et al. > 2013, Proposition 4.3]. The proof is omitted.

Proposition 6.5. Let u, be the solution of problem (P,), let g € C([0, (a)]) with g >0, and let G be
defined by (3-5). Then, for any ¢ € cl(o, 71; CC1 RQ),¢>0andforany0<t, <t, <T,

/G(unu,rz));(x,rz)dx—f G un (. 1))E (x, 1) dx
Q Q b
- / f (GUn)ty — g0V VE — &' (0)|VuulP¢) dx di. (6-10)
1 Q

Next, the following a priori estimates hold.

Proposition 6.6. Let ¢ € C*°([0, 00)) satisfy (1-3)—(1-5). Let u,, be the solution of problem (P,). Then

lunll Loogo,1y: 1)) = lluollaue, (6-11)
p(@)
1Y (un) el L) < — (6-12)

Moreover, there exists C > 0 such that, for any n € N,

”vn“LOO((O,T);HO' @) = C, (6-13)
lvnell oo 0. 7y: 1)) = C (6-14)
I Avall Lo 0,1);21 (@) < C- (6-15)

For the proofs of inequalities (6-11)—(6-14) we refer the reader to those of the analogous statements in
[Bertsch et al. > 2013, Proposition 5.1]. Let us only mention that in the proof of (6-13)—(6-14) we use
the inequalities

o (uy)vy,

2
i) < [p@)]"(1 +uy)
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and

[ljil(if;)]g <(1+u) foranyu>0,

respectively.
Concerning inequality (6-15), observe that by, (6-7)—-(6-8), we have

/ [vy — @(un)] /
e | |Av,ldx < ———dx <¢(a) | [1+u,ldx
Q o Y (un) Q

for all t € (0, T'). Then (6-15) follows from (6-11).
Finally, let us show that, for every ¢ € (0, T), the sequence {1 + u,(-,t)} satisfies an inequality
analogous to (3-12).

Proposition 6.7. Let ¢ € C*°([0, 00)) satisfy (1-3)—(1-4). Let u,, be the solution of problem (P,). Then,
foranyt € (0, T)and p € C.(R2), p >0,

Pt
[1+4un(x,)]p(x)dx <exp Y [1 4+ uon(x)]p(x) dx. (6-16)
Q Q
Proof. From (3-18) we obtain
vy — @(uy)
SUpy = ——————.
v, (un)

Integrating the above equality in (0, #) and using inequality (6-8), we obtain, for every x € €2,

t
61+ ttn (x, )] — 61+ ion (¥)] sw(a)/ [+ un(x, 5] ds.
0

Then, by Gronwall’s inequality,

L +un(x, 1) < [1+uopn(x)]exp {@} (re(0, 1)) (6-17)

for every x € 2, which implies (6-16). Il

7. Proof of existence results

To prove Theorem 3.17 we need some preliminary results concerning convergence of solutions of the
sequences {u,}, {v,}. From the estimates in Proposition 6.6 we obtain the following.

Proposition 7.1. Let ¢ € C*°([0, 00)) satisfy (1-3)—(1-5). Let u,, be the solution of problem (P,) and
let v, be defined by (3-18). Then there exist u € L*°((0, T); M1 (R)), v e L0, T); HO] (2)NBV(Q)
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with Av € L*®((0, T); M(S2)), and subsequences {un,}, {vn, } such that

U (- 1) = u(-, 1) in M(K), (7-1)
Uy, =V a.e. in Q, (7-2)

Avy, = Av in M(0), (7-3)

U =V in L ((0, T); Hy (2)) (p €1, 00)), (7-4)
(- 1) = (-, 1) in H)(Q) (7-5)

fora.e.t € (0,T). In addition,

eIl oo 0. 7))y < Nluollucs) (7-6)
and v satisfies inequality (3-1).

Proof. The convergence in (7-1) and inequality (7-6) are proven as in [Bertsch et al. > 2013, Proposi-
tion 5.3]. The convergence in (7-2)—(7-4) and inequality (3-1) follow from (6-13)—(6-15) and (6-8).
To prove the convergence in (7-5), observe that, by (7-2),

Vg (-, 1) > v(-,1) ae. inQ
for a.e. t € (0, T'). Hence, by inequality (6-8) and the dominated convergence theorem,
Un (. 0) = v(-, 1) in LY(R),

On the other hand, by inequality (6-13), the sequence {v, (-, ¢)} is contained in a weakly compact subset
of HOI(Q) for a.e. t € (0, T); hence the conclusion follows. Il

The sequence {u,, } converges a.e. in Q to the density u, of u,.

Proposition 7.2. Let ¢ € C*°([0, 00)) satisfy (1-3)—(1-5). Let {u,,}, u, and v be as in Proposition 7.1,
and let u, € L'(Q) be the density of the absolutely continuous part of u. Then

Up, — U, ae.inQ, (7-7)
[ ()l € L(Q), un L' (Q), (7-8)
(W @n )]s = [ @)l in L(Q). (7-9)
Moreover,
(1) we have
v=0) +elY @)l aeinQ, (7-10)
I @l = 22 -11)

@G1) uy(-, 1), us(-,t), u(-,t) satisfy inequalities (3-12), (3-14), (3-15), respectively, for a.e. t € (0, T)
and for any p € C.(R2), p = 0.
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Proof. Arguing as in [Bertsch et al. > 2013, Proposition 5.4], it can be proven that u,, — z a.e. in Q for
some z € L'(Q), z > 0. Let us show that

z=u, ae.in Q. (7-12)
For a.e. t € (0, T'), we can assume without loss of generality that
Up (-, 1) = z(-,1) ae. inQ (7-13)

and the convergence in (7-1) holds. As in the proof of [Bertsch et al. > 2013, Proposition 5.5], there exist a
subsequence {u,,kj (-, 1)} (possibly depending on 7) and a sequence of subsets {A;}, with A;j; | C A; CQ
for any j and |A ;| — 0, such that the family {“nkj (-, D) Xxa\4,} is uniformly integrable in €2 and

tng, (-2 D xe\a; = 2(-5 1) in LY (Q).

For example, see [Valadier 1994]. Then, by (7-1), we have
tny, (5 ) XA, U D=z, 0= p(-, 0 in M. (7-14)

Since ny, (-, xa; = 0in Q for every j, the measure (-, 1) is nonnegative.
By (6-16), for every p € C.(£2), p > 0, we get

p(a)t
&

/ Up, (x,)p(x)dx < / [1+u, (x,0)]p(x)dx <exp {
) J Aj J

AJ
t
< exp {w(a)
&

} / [1 + uon,, (X)1p(x) dx

}{/ [1+ uorny, (X)]p(X)derf Uosny, (X)p(X)dX}- (7-15)
Aj Q
Since Uorny, —> UOr in L'(), |Aj| — 0, and Uosny, A ups in JM(2) as j — oo,

lim {/A (1 + uorny, (X)]p(X)dx+Luosnkj (X),O(X)dX} = (uos, p)a-

j—o0
Then, letting j — oo in (7-15) and using (7-14), we have

()t

(nC-, 0, pa SeXp{w }(uos,p)sz (7-16)

for every p, as above.

Since (-, t) is nonnegative, by (7-16) it is absolutely continuous with respect to ug, thus singular with
respect to the Lebesgue measure over 2. Therefore, since z( -, t) € L' () andu(-,1)=z(-, 1)+ pu(-,1)
by definition, the uniqueness of the Lebesgue decomposition of u( -, t) ensures that

Z(vt):[u(vt)]r:[ur(vt)]v /’L(’t):[u(at)]vz[uY(’t)L (7_17)

(see (2-4)—(2-5)). This proves (7-12), whence (7-7) follows. By the same token, inequality (7-16) and the
second equality in (7-17) show that u( -, t) satisfies inequality (3-14).



PSEUDOPARABOLIC EQUATION WITH A LOGARITHMIC NONLINEARITY 1745

Let us prove the remaining claims. By inequality (6-11) and the convergence in (7-7), we have

Y () = Y(u,)  in L'(Q). (7-18)

Then [V (u,)]; € L°°(Q), by (7-18) and inequality (6-12). The convergence in (7-9) follows. Inequality
(7-11) follows by (6-12), (7-9), and the lower semicontinuity of the norm. By the continuity of ¢, from
(7-7) and the results in Proposition 7.1, we obtain equality (7-10). On the other hand, the fact that
u,; € L'(Q) follows as in the proof of Proposition 3.12.

Finally, arguing as in the proof of Proposition 3.12, from equality (5-6), we obtain that u, (-, ¢) satisfies
inequality (3-12). As a consequence of (3-12) and (3-14), u( -, t) satisfies (3-15). This completes the
proof. |

The proof of the following result is the same as that of [Bertsch et al. > 2013, Proposition 5.6], hence
we omit it.

Proposition 7.3. Let ¢ € C*([0, 00)) satisfy (1-3)—(1-5). The pair (u, v) defined by Proposition 7.1
satisfies the entropy inequality (3-6).

Proof of Theorem 3.17. Let u and v be defined by Proposition 7.1. Then u € L*°((0, T); MT()),
ve L0, T); H(} (2)), and Av € L*®°((0, T); M(2)). Moreover, [ (u,)]; € L*°(Q) by (7-11), equality
(7-10) holds, and inequality (3-1) is satisfied.

By (6-5), (6-11), (7-1), (7-3), and the dominated convergence theorem, letting n — oo in the weak
formulation of (P,) shows that the limiting measure u satisfies equality (3-2) forany ¢ € C 1[0, T1; C.(2)).
The other claims follow by Propositions 7.1-7.2. This completes the proof. O

8. Proof of Theorem 3.18

Let us first prove Theorem 3.18 when N = 1. This is the content of the following proposition.

Proposition 8.1. Let N = 1, ug € M1T(Q), and let ¢ € C>®([0, o)) satisfy (1-3)—(1-5). Let u be the
entropy solution of problem (1-1) given in Theorem 3.17 and v the chemical potential defined in (1-7).
Then the pair (u, v) satisfies problem (1-18).

Proof. Fix any t € (0, T') such that

U (- 1) > u(-, 1) in (),
Up, (-, 1) > us(-,1) ae. inQ,

U (-, 1) = (-, 1) in Hy(Q)
(see (7-1), (7-5), and (7-12)—(7-13)). By inequality (6-13) we can also assume

U (-, 1) = v(-,1) in C(Q).
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Given p € C Ll (€2), let us study the limit as k — oo of the weak formulation of (6-7) with n = ny,
namely,

Upy (x,1) _ (p(unk (x,1)) )
8/;2Unkx(x’l),0x(x)dx+/gmp(x)dx—/S;—wr,lk(unk(x’t))p(x)dx- (8-1)

(i) Since ¢ € L9 ([at, 00)) (see (1-4)) and
{1+ wle)]?) = [e)]? +q[(1 +wle@)]? "¢’ ) < [p@)]? forany u > a,

we have
A+ wle@)]? < (A +a)e(@)]? +/ lp)]?ds = (1 +a)[e(@)]? + ||<p||(iq(R+) for any u > a,

whence we get
[ew)] < C(A+u)""4 for any u >0,

for some constant C > 0. It follows that

) (| ot )ptn) = € +)' ™ aein Q. (8-2)

(i)

Then, for every Borel set £ € 2 and for a.e. t € (0, T),

‘P(”nk(X,l‘)) d / 1-1/q l/q(/ )l—l/q
————————dx <C [ [14up(x,1)] dx < |E| (14w, (x, 1)) dx . (8-3)
E Y, (un (X, 1)) E -

Inequalities (6-11) and (8-3) imply that the sequence

: @ (-, 1)) }
(1)

is bounded in L'() and uniformly integrable in Q. As a consequence, there exists a subsequence, for
simplicity, denoted again by
{ @Un, (-, 1)) }
m G0 |

such that
Plun, (-, 0))  @ur(-, 1)) in L'(Q). 8-4)
Wr/;k(unk("t)) W/(”r('a t))
(ii) By inequalities (6-6) and (6-17),
1+ u,, <exp {@}(1 +./ny) ae.in Q. (8-5)
Observe that
11| 1+u (14u)? )
’vf,zk(u) 7| = Trmsm) = (86)




PSEUDOPARABOLIC EQUATION WITH A LOGARITHMIC NONLINEARITY 1747

Then, by (6-11) and (8-5)—(8-6),

2 ()T
L%mfﬁeXp{ € }/Q[H”nk(x,t)]dx

2
< €X
Since v, (-, 1) = v(-,1) in C(R) and

1
V' (un, (-, 1))

1 1
H v (.0 Y (i (1)) |

)T
- [+ luollugy] = 0 ask—oo. (8-7)

=14 (- 0)) = 1+u(-, 1) in (),

we have

Up, (X, 1)
/QWP(X)CZX = ([I+u(-,0)],v(-,)p)a. (8-8)

Now let k — oo in equality (8-1). By (7-5), (8-4), and (8-8), we obtain

8[ Ux(X,f),Ox(x)dx+([l+u(.,t)]’pv(,,t»Q:/ p(u(x, 1))
Q

_— d
RTTPRENS it

Since by Definition 3.1, vy, € L*°((0, T); M(S2)), this implies

—e<vxx<-,r>,p>g+<[1+u(-,z>],pv<-,r>>g=/ Pt 1)

-
o ¥ (u,(x, 1))
for a.e. t € (0, T) and any p € C.(£2). Hence the result follows. O
To complete the proof of Theorem 3.18, let us prove the following result.

Proposition 8.2. Let uy € M (), and let ¢ € C®([0, 00)) satisfy (1-3)—(1-5). Let u be the entropy
solution of problem (1-1) given in Theorem 3.17 and v the chemical potential defined in (1-7). Let N > 2,
and let ug satisfy the following assumptions:

(1) [uole,2 is concentrated on some compact Ko C 2 such that Cy(Ko) = 0;
(1) [uola2 € A/LZP(Q) for some p €1, 2).
Then the pair (u, v) satisfies problem (1-9).
The main step in the proof of Proposition 8.2 is given by the following lemma.

Lemma 8.3. Let ¢ € C*([0, 00)) satisfy (1-3)—(1-5). Let {un,}, {vn,} be the subsequences given by
Proposition 7.1. Then, for every p € CC1 (2),
lim | [14+up, (x, )]vp (x, )p(x)dx =([1+u(-, )]sz, v(-, 1)p)a. (3-9)
k—o0 Jo
Proof of Proposition 8.2. Fix any t € (0, T) such that the convergence in (7-1) and (7-5) hold, namely,
U (1) = u(-, 1) in M),
Vn, (-, 1) = (-, 1) in Hy (),

Up, (-, 1) = up(-,1) ae. inQ
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(see (7-12)—(7-13)). Consider the weak formulation of (6-7) with n = ny, namely,

Unk(X, 1) _ Qo(unk(xa 1))
’ fg Vi (3, 1) Vo) dx +/g RPN LA /Q W (g (5, 1)

where p € C!(Q). Arguing as in the proof of Proposition 8.1, it is easily seen that

p(x)dx (8-10)

lim ank(x,t)-V,o(x)dx:/ Vu(x,t)-Vo(x)dx;
Q Q

k—o00
n ’ t r ) t
lim Mp(x)dx=/ Mp(x)dx;
k=00 Jo Yy, (tn, (x, 1)) o V'(ur(x,1))
. 1 1
lim — =0.
k—>OOH 1//,/1k (unk( T t)) K/f/(unk(' s t)) LY(RQ)
thus
n ’ t . n ) t
lim /vk(—x)p(x) dx = 1im /vk(—x),o(x) dx
k—o0 Q lﬁnk(unk(x, t)) k—o00 Q ‘/f (unk(x, t))
(here we use (6-8)). Then, by Lemma 8.3, the conclusion follows. O

The proof of Lemma 8.3, which was used in the proof of Proposition 8.2, requires a few intermediate
steps. Let Ko C 2, C2(Kp) =0, be a compact set where [ug]. > is concentrated. Then for every § > 0
there exists an open set 5 C €2 such that

Ko C 5, C() <. (8-11)
Set
Qd =\ Q. (8-12)

Moreover, observe that the convergence in (7-5) guarantees the existence of a compact set E5 C Qg such

that . .
C,(ES) <8, where E§ :=QJ\ E; (8-13)

and p € [1,2) is chosen so that [ugla.> € Al ,(£2), and
Up, (-, 1) = v(-, 1) uniformly in Es. (8-14)
By (8-12) and the definition in (8-13), we have the disjoint union
Q=Q{UESUE;.
Therefore

/[1+unk(x,t)]vnk(x,t)p(x)dx=/ [1+unk(x,t)]vnk(x,t)p(x)derf [T4u,, (x, £)]v,, (x, 1) p(x) dx
Q Q5 E§

+/ [1 4wy (x, )]v, (x, )p(x)dx. (8-15)
Es

Concerning the first two integrals in the right-hand side of (8-15), we have the following two lemmata,
whose proofs will be given at the end of this section.
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Lemma 8.4. Let Qf C Q be the set in (8-11), and p € C Ll (S2). Then there exists a function

fi=fi1(6) =0

with f1(8) = 0as § — 0, such that

limsup | [1 4ty (x, D]vn, (v, DO dx < f1 (). (8-16)

k—oo JQf

Lemma 8.5. Let Ef be the set in (8-13), and p € CL(Q). Then there exists a function f> = f>(8) > 0,
f2(8) = 0as § — 0, such that

limsup/ [1 4wy, (x, )]y, (x, D]p(x)| dx < f2(5). (8-17)
E

k— 00 H
We also prove the following result.
Lemma 8.6. Let p € C1(Q) and let ¢s € C°(RQ) such that

0<¢s<1 a.e.in 2,
¢s =1 a.e. in Es, (8-18)
dist(Kg, supp ¢5) > 0.

Then there exists a function fz = f3(8) >0, f3(6) — 0as § — 0, such that

lim SUP/Q (L4 up, (x, D]v(x, s (X) | p(x) | dx < f3(8), (8-19)
e

k— 00

Relying on the above results we can prove Lemma 8.3.

Proof of Lemma 8.3. For every k € N we have

V (L4 wp, (x, D]on, (x, Hp(x) dx — ([1+u(-, D]a2, v(-, D)p)a
Q

=

1+ 1t (5, )Jom, (53 D () o — ([1 414+, D20 V(- Dpdea
Es
+f 1+t (5, D)o, (5, D)0 ()] dx
QEUES
5/ [+t (5, )]1m, (5 1) — 0Cx, D1 ()] dix
Es

+

f [+ 4, (6. D)0 (e, D5 () dx — ([ +u(-, Dazs v(-, Dsp)e
Q

+/ 1+t Gy ) ][0 (5, 1) + 0 (x, Db (0)]1p ()] dx
QUUES
U4 u(e, Doz, (=)o, Dlphal:  (8-20)

here we have used the equality (recall that ¢5 =1 a.e. in Ej)
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[1+unk(x,t)]vnk(x,t)p(X)dx=/ [1 4 s (x, )], (x, D)5 (x) p(x) dix

Es Es

:/[1+unk(x,t)]vnk(x,t)aﬁa(x)p(X) dx—/ [1+uy, (x, )]v,, (x, H)@s(x)p(x) dx.
Q Q

UES

By (6-11) and (8-14), we have

lim [1+unk(x,t)]lvnk(x,l‘)—v(x,t)lp(x)dx:0;

k—o00 Es

while by (8-16)—(8-19),

k— 00

1imsup/;2 [T+ upn, (x, O][vn, (x, 1) +v(x, DPs (O] p ()| dx < f1(8) + f2(8) + f3(8).
CUES

Moreover, observe that, by (8-11) and (8-13),
Cp(Qﬁ UES) < Cp(Qi) + CH(E5) < AC(Q25) + C,(Ef) < (A+1)8 (8-21)

for some constant A > 0 (here we used the condition p < 2). Since the support of the function (1 — ¢s) is
contained in the set Qﬁ U Ef, by (8-21) and the assumption [uglq > € Jl/tj’ p(Q), there exists a function
fa= f4(8) =0, f4(6) = 0as § — 0, such that

(1 +uC-, Dlaz, (1= g)u(-, Dlpl)g| < f2(8). (8-22)
In addition, we prove that
Jim Q[1 + it (x, D]v(x, DPs () p(x) dx = ([1+u(-, a2, v(-, DPsp)a. (8-23)

Then, from (8-20), we obtain

lim sup
k—00

/;2[1+unk(-x»t)]vnk(xat)p(x)dx_<[1+u('»t)]d,27v(',t),0>s2
< f1(®) + f2(8) + f3(8) + fa(8) forany § >0. (8-24)

By the arbitrariness of § the conclusion follows.
It remains to prove equality (8-23). By the weak formulation of (P,), we have

/Q i (. DYV Dby ()P (x) dix
z—/ / ank(x,s)-V[v(x,t)d)a(x)p(X)]dxderfuOnk(X)v(x,t)d)s(X)p(X)dx, (8-25)
0JQ Q

where

fguonkv(x,t)%(xm(x)dx=/Q([uo]d,z)nkv(x,t)¢s(X),0(X)dx (8-26)

for every k large enough, since dist(Ky, suppgs) > 0 and K is the set where [ug]. > is concentrated.
Therefore, by (7-4), letting k — oo in equality (8-25), we have
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klim U, (x, )v(x, )@s(x)p(x) dx
—> JQ

- /0 fg Vo(x, 5) - V[v(x, s (0p)] dx ds + ([uolaz, v( - Ddsp)a.  (827)

On the other hand, in view of (3-7), equality (4-1) gives

([u(-,0la2, p)o —([uola2, pP)a =/0 (Av(-,s), p)ads,

which makes sense for any p € HO1 (£2) N L°°(L2). Therefore we can choose v( -, t)¢sp as a test function,
obtaining

(luC-,Dla2, v(-, Dgsp)a — ([Uola2, v(-, DPsp)a //Vv(x s) - VIv(x, 1)¢s(x)p(x)] dx ds.

Comparing this equality with (8-27), we obtain (8-23). This completes the proof. U
Finally, let us prove Lemmata 8.4-8.6.

Proof of Lemma 8.4. Since CZ(Q‘E,) < §, there exists s € H(} (£2) such that

||778||H01(Q) <26,
O0<ns <1 a.e. in 2,
ns =1 a.e. in Q.

By (8-5)—(8-6), we have

/[1+unk(x,t)]vnk<x,r>|p(x>|dx

5/‘ 11
Q! V' (un) Yy (uny)

<Cf nadx+/ e nk)(x Dlp(x)[ns(x) dx.

(x, D) vp, (x, f)lp(x)lna(x)dx+/ n ( )(X Dlp(x)[ns(x) dx

Since |p|ns € Hy (), by (6-7) we get

[1 4w, (x, )], (x, )| p(x)| dx
Qf
@ (un,)

6/ [V, (x, DIV (Iplns)| dx + ;
Q nk(u”k)

(x,t)lp(X)lns(X)derCf ns(x) dx,
Q
whence we get

/ [1+unk<x,r)]vnk<x,z>|p<x>|dxscl|||p|ns||H(;(g)+szu},;”%x,r)ns(x)dxw/ ns(x) dx
< Q Q

~ 1/q
sc[|||p|na||ﬁol(m+</Qn§<x>dx> +/S2775(X)dX}
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(here we used (6-11), (6-13), and (8-2)). Setting

- 1/q
f1(8):=C[|||p|nsllH(;(g)+(/an;’(x)dX) +/Qns(x)dx],

the conclusion follows. O

Proof of Lemma 8.5. By (6-16) (see also Remark 3.14) we obtain

)

[1+unk(x,t)]vnk(x,t)lp(X)Idx§C1/ [+ won, () Jvp, (x, )| p(x)] dx
E§

c
8

Sle‘uonk(X)vnk(x,t)lp(X)IdX+C2|E§|- (8-28)

Ej

Moreover, by the definition of the sequence {uq,} in Lemma 6.1, we have

uon, = ([uole,2)n, + ([u0la,2)ny »

where

([uola,2)ny = torn, + ([Hos]a,2)n,

and

/ ([uole,2)n, (x) dx =0 (8-29)
ES

holds for every k large enough. In fact, recall that the sequence ([uo].2), is defined by convolution,
[uo]c,2 is concentrated on the compact set Ko C 2§, the set 2§ is open, and E§ C Q \ Q§. Combining
(8-28) with (8-29) gives

(L4 up, (x, D)]n, (x, )] p(x)] dx < Cy [10la,2)n, () v (x, D) p(X)| dx + Co| Eg]| (8-30)

(
Ej Ej

for every k sufficiently large. Moreover, since C,(E§) < & (see (8-13)) there exists ps € HOl "7 (Q) such
that

||p5||H()lvl’(Q) E 287

0<ps <1 a.e. in 2,

ps =1 a.e.in Ej.

By the above remarks, using inequality (6-8), we obtain

([u0la,2)n; (X) U, (x, D) p(xX) | dx < C3/;2([u0]d,2)nk (x)ps (x) | p(x)| dx. (8-31)

E;

Since, by assumption, [ug]s2 € L/l/tj’ p(Q), by the first convergence in (6-4) we have

kli)n;o/Q([Mo]d,z)nk(X)PB(X)|,0(X)|dx:([uo]d,2’,08|,0|>52-
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Hence, by (8-30) and (8-31), we obtain

limsup | [1+4uy, (x, )]vg, (x, )| p(x)| dx < C2|E5|+ C3([uola.2, pslol) -
k—oco JEf
Then, setting
f2(8) := Ca2| Eg| + C3([uola.2, pslpl)a
by (8-32) and the assumption [up]g 2 € JI/LI p(Q), the conclusion follows.
Proof of Lemma 8.6. By (6-16) (see also Remark 3.14), for every k sufficiently large we have
/ [1+upn, (x, D]v(x, Ds(x)|p(x)| dx < Cf uon, (X)v(x, 1)eps (x)|p(x) | dx
QCUES

QEUES

= C/ ([uola,2)n (X)v(x, D)ps(x)|p(x)] dx.
QEUES

In fact, for k sufficiently large
/ ([uole,2)n (v (x, D)5 (x)|p(x)| dx =0,
QSUES

since dist(Ko, supp ¢s) > 0 and [u¢]. 2 is concentrated on K.
Let g5 € HO1 "P(Q) be any function such that

0<g =1 a.e.in Q,
gs=1 a.e.in Q\ Ejs.

In view of (8-21), since [uola 2 € Al ,(S2), we have

lim sup /QCUEC([MO]‘I’z)""(x)U(x’I)%(x)"o(x)'dx < Ckli)ngo/Q([uo]d,z)nk(x)ga(x) dx

k— 00

= C([uola,2, gs) -

Since
f3(8) :=C([ugla2. gs)oa —> 0 as s — 0,

by (8-33)—(8-34), the conclusion follows.
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