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STRICHARTZ ESTIMATES FOR SCHRODINGER EQUATIONS
WITH VARIABLE COEFFICIENTS AND UNBOUNDED POTENTIALS

HARUYA MIZUTANI

This paper is concerned with Schrédinger equations with variable coefficients and unbounded electro-
magnetic potentials, where the kinetic energy part is a long-range perturbation of the flat Laplacian and
the electric (respectively magnetic) potential can grow subquadratically (respectively sublinearly) at
spatial infinity. We prove sharp (local-in-time) Strichartz estimates, outside a large compact ball centered
at the origin, for any admissible pair including the endpoint. Under the nontrapping condition on the
Hamilton flow generated by the kinetic energy, global-in-space estimates are also studied. Finally, under
the nontrapping condition, we prove Strichartz estimates with an arbitrarily small derivative loss without
asymptotic flatness on the coefficients.

1. Introduction

We study sharp (local-in-time) Strichartz estimates for Schrodinger equations with variable coefficients
and unbounded electromagnetic potentials. More precisely, we consider the Schrodinger operator

d
H= % ;1(—1'3,- — A ) (=it — Ar(x) +V(x), xeRY,
J.k=

where d > 1 is the spatial dimension. Throughout the paper we assume that g/%, V, and A j are smooth
real-valued functions on R and that (g/* (x)) j.k 18 symmetric and positive definite:

d
Y gt@EiE = clg?, x & eRY

k=1
with some ¢ > 0. Moreover, we suppose the following condition holds.
Assumption 1.1. There exists 4 > 0 such that for any « € 74,
185 (87 () = 80| < )14,
|07 A ()] < Co (x) ! 71714,
|02V (x)] < Cofx)> 71 x e R
Then it is well known that H admits a unique self-adjoint realization on L2(R?), which we denote by the

The author was partially supported by GCOE “Fostering top leaders in mathematics”, Kyoto University.

MSC2010: primary 35B45, 35Q41; secondary 35530, 81Q20.

Keywords: Schrodinger equation, Strichartz estimates, asymptotically flat metric, unbounded potential, unbounded
electromagnetic potentials.

1857


http://msp.org/apde/
http://dx.doi.org/10.2140/apde.2013.6-8
http://dx.doi.org/10.2140/apde.2013.6.1857
http://msp.org

1858 HARUYA MIZUTANI
same symbol H. By Stone’s theorem, H generates a unique unitary propagator e’ on L?(R?) such
that u(t) = e~"" ¢ is the solution to the Schrédinger equation

io;u(t) = Hu(t), teR,
uli—o = ¢ € L*(R).

In order to explain the purpose of the paper, we recall some known results. Let us first recall well-known
—itHy

properties of the free propagator e/, where Hy = —A /2. The distribution kernel of e is given
explicitly by (2mit)~4/2e!¥=> I/ 20 and e~"Hog thus satisfies the dispersive estimate
le™ 0 pow ey < CleI™ @l 1@y, 1 #0.
Moreover, e~/'10 enjoys the (global-in-time) Strichartz estimates
||e_ilH0(P||Lp([R;L!1([Rd)) = C||</’||L2(Rd),
where (p, g) satisfies the admissible condition
p 2 q

Strichartz estimates imply that, for any ¢ € L2, e"""op € (), L% for ae. t € R, where Q1 = [2, oc],
0> =1[2,00) and Q4 =[2,2d/(d —2)] for d > 3. These estimates can therefore be regarded as L”-type
smoothing properties of Schrodinger equations, and have been widely used in the study of nonlinear
Schrodinger equations; see, for example, [Cazenave 2003]. Strichartz estimates for e~ tHo were first
proved in [Strichartz 1977] for a restricted pair of (p, q) with p = ¢ = 2(d + 2)/d, and have been
generalized for (p, g) satisfying (1-1) and p # 2 in [Ginibre and Velo 1985]. The endpoint estimate
(p,q)=2,2d/(d —?2)) for d > 3 was obtained in [Keel and Tao 1998].

For Schrodinger operators with electromagnetic potentials, that is, H = (1/2)(—id, — A)? 4V, (short-
time) dispersive and (local-in-time) Strichartz estimates have been extended with potentials decaying at
infinity [Yajima 1987] or growing at infinity [Fujiwara 1980; Yajima 1991]. In particular, it was shown in
the last two references that if g/ =§ jk» V and A satisfy Assumption 1.1 with u > 0, and all derivatives

of the magnetic field B = dA of short-range type, then e~"# ¢ satisfies (short-time) dispersive estimate

—itH —d /2
le™ @l Lo ey < CltI™ @l L1 e,

for sufficiently small # # 0. Local-in-time Strichartz estimates, which have the form

le™" ol o711 La@ey < Crll@ll2@mey, T >0,

are immediate consequences of this estimate and the 7 T*-argument in [Ginibre and Velo 1985] (see [Keel
and Tao 1998] for the endpoint estimate). For the case with singular electric potentials or with supercritical
electromagnetic potentials, we refer to [Yajima 1987; 1998; Yajima and Zhang 2004; D’ Ancona and
Fanelli 2009]. We mention that global-in-time dispersive and Strichartz estimates for scattering states
have also been studied under suitable decaying conditions on potentials and assumptions for zero energy;
see [Journé et al. 1991; Yajima 2005; Schlag 2007; Erdogan et al. 2009; D’ Ancona et al. 2010]. We also
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mention that there is no result on sharp global-in-time dispersive estimates for magnetic Schrodinger
equations.

On the other hand, the influence of the geometry on the behavior of solutions to linear and nonlinear
partial differential equations has been extensively studied. From this geometric viewpoint, sharp local-
in-time Strichartz estimates for Schrodinger equations with variable coefficients (or, more generally, on
manifolds) have recently been investigated by many authors under several conditions on the geometry;
see, for example, [Staffilani and Tataru 2002; Burq et al. 2004; Robbiano and Zuily 2005; Hassell et al.
2006; Bouclet and Tzvetkov 2007; Bouclet 2011b; Burq et al. 2010; Mizutani 2012]. In [Staffilani and
Tataru 2002; Robbiano and Zuily 2005; Bouclet and Tzvetkov 2007], the authors studied the case on the
Euclidean space with nontrapping asymptotically flat metrics. The case on the nontrapping asymptotically
conic manifold was studied in [Hassell et al. 2006; Mizutani 2012]. Bouclet [2011b] considered the
case of a nontrapping asymptotically hyperbolic manifold. For the trapping case, it was shown in [Burq
et al. 2004] that Strichartz estimates with a loss of derivative 1/p hold on any compact manifold without
boundaries. They also proved that the loss 1/p is optimal in the case of M = S?. In [Bouclet and
Tzvetkov 2007; Bouclet 2011b; Mizutani 2012], the authors proved sharp Strichartz estimates, outside
a large compact set, without the nontrapping condition. It was shown in [Burq et al. 2010] that sharp
Strichartz estimates still hold for the case with hyperbolic trapped trajectories of sufficiently small fractal
dimension. We mention that there are also several works on global-in-time Strichartz estimates in the
case of long-range perturbations of the flat Laplacian on RY [Bouclet and Tzvetkov 2008; Tataru 2008;
Marzuola et al. 2008].

While (local-in-time) Strichartz estimates are well studied for these two cases (at least under the
nontrapping condition), the literature is sparser for the mixed case. In this paper we give a unified
approach to a combination of these two kinds of results. More precisely, under Assumption 1.1 with
u > 0, we prove

(1) sharp local-in-time Strichartz estimates, outside a large compact set centered at the origin, without
the nontrapping condition, and

(2) global-in-space estimates with the nontrapping condition.

Under the nontrapping condition and Assumption 1.1 with u > 0, we also show local-in-time Strichartz
estimates with an arbitrarily small derivative loss. We mention that all results include the endpoint
estimates (p, g) = (2,2d/(d —2)) for d > 3. This is a natural continuation of the author’s previous work
[Mizutani 2013], which was concerned with the nonendpoint estimates for the case with at most linearly
growing potentials.

In the sequel, F (x) denotes the characteristic function designated by (). We now state the main result.

Theorem 1.2 (Strichartz estimates near infinity). Suppose that H satisfies Assumption 1.1 with u > 0.
Then there exists Ry > 0 such that forany T >0, p>2,q <o00,2/p=d(1/2—1/q),and R > Ry, we
have

IF (x> Re™" @l Lo 1. 71, L9y < Crllll 2y (1-2)

where Ct > 0 may be taken uniformly with respect to R.
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To state the result on global-in-space estimates, we recall the nontrapping condition. We denote by
{ d
k(. §)=3 ) g Wk
jok=1
the classical kinetic energy, and by (yo(¢, x, &), no(t, x, £)) the Hamilton flow generated by k(x, £):
yo(t) = 0k (yo(2), no(?)),  10(t) = —dxk(yo(?), no(1)),  (¥0(0), n0(0)) = (x, &).

The Hamiltonian vector field Hy = 0gk - 0, — 0.k - 0¢ generated by k is complete on R? since (g/*)
satisfies the uniform elliptic condition. Hence (yy (¢, x, &), no(¢, x, £)) exists for all r € R.

Definition 1.3. We say that k(x, £) satisfies the nontrapping condition if, for any (x, £) € R* with & #0,
lyo(t, x,&)| = +o00  ast — Foo. (1-3)

To control the asymptotic behavior of the flow, we also impose the following condition, which is the
classical analogue of Mourre’s inequality.

Assumption 1.4 (convexity near infinity). There exists f € C*®(RY) satisfying f > 1 and f — 400 as
|x| = 400 such that 8% f € L>°(R?) for any |«| > 2 and

Hi(Hy f)(x,8) > ck(x,§)

on {(x, &) e R* : f(x) > R} for some positive constants ¢, R > 0.

Note that if |8, g/* (x)| = o(|x|™!) as |x| = 400, Assumption 1.4 holds with f(x) =1+ |x|2. In partic-
ular, Assumption 1.1 with p > 0 implies Assumption 1.4. Moreover, if gjk (x) = (1 +ay sin(az logr))é jx
for a; € R,a, > 0 with a%(l + a%) < 1 and for r = |x| > 1, then Assumption 1.4 holds with
fr)= (for(l + aj sin(ay log 1))~ dt)?. For more examples, we refer to [Doi 2005, Section 2].

Theorem 1.5 (global-in-space Strichartz estimates). Suppose that H satisfies Assumption 1.1 with u > 0.
LetT >0,p>2,q <oo,and2/p =d(1/2—1/q). Then, for any r > 0, there exists Ct , > 0 such that

IF (x| <re "ol p_r.73:Lamay < Cr.r II(H)/CP)

@l L2 may- (1-4)
If we assume in addition that k(x, £) satisfies the nontrapping condition (1-3) and Assumption 1.4,
IF(xl < e @l Loz, 1y 10y < Crell@l2). (1-5)

In particular, combining with Theorem 1.2, we have the (global-in-space) Strichartz estimates
le ™ 7ol oqor.11: 0@y < CTl@lL2R0)s
under the nontrapping condition (1-3), provided that p > 0.

For the general case we have the following partial result.
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Theorem 1.6 (near sharp estimates without asymptotic flatness). Suppose H satisfies Assumption 1.1
with u > 0 and k(x, &) satisfies the nontrapping condition (1-3). Assume also Assumption 1.4. Let T > 0,
p=>2,qg<o0o,and2/p=d(1/2—1/q). Then, for any ¢ > 0, there exists Cr > 0 such that

—itH
le™" ol Lo—1. 71 Le®ey) < Crell{H) @l 12(Ra)-

Remark 1.7. (1) The estimates of forms (1-2), (1-4), and (1-5) have been proved [Staffilani and Tataru
2002; Bouclet and Tzvetkov 2007] when A =0 and V is of long-range type. Theorems 1.2 and 1.5 are
therefore regarded as generalizations of their results for the case with growing electromagnetic potential
perturbations.

(2) The only restriction for admissible pairs, in comparison to the flat case, is to exclude (p, g) = (4, c0)
for d = 1, which is due to the use of the Littlewood—Paley decomposition.

(3) The missing derivative loss (H)® in Theorem 1.6 is due to the use of the following local smoothing
effect, due to [Doi 2005]:

1)~ 275 DY 2™ || o 1y 12y < Croe @l L2y

It is well known that this estimate does not hold when ¢ = 0 even for H = Hy. We would expect that
Theorem 1.2 still holds true for the case with critical electromagnetic potentials in the following sense:

() THA% A (x)] 4 (x) 29XV (x)| < Caplx) ™1,

(at least if g/* satisfies the bounds in Assumption 1.1 with & > 0). However, this is beyond our techniques
(see also Remark 4.2).

The rest of the paper is devoted to the proofs of Theorems 1.2, 1.5, and 1.6. Throughout the paper we
use the following notations. (x) stands for /1 + |x|2. We write L9 = L4 (RY) if there is no confusion. For
Banach spaces X and Y, we denote by || - ||x_,y the operator norm from X to Y. We write Z, = NU {0}
and denote the set of multi-indices by Zi. We denote by K the kinetic energy part of H and by Hy the
free Schrodinger operator:

l\.)l>—‘

=—§Z g0, Ho=—-3A=
Jj.k=1

d
We define the symbols p(x, £) and p;(x, &) by

d
P& =5 > ) — A;(0))E — Arx) + V().
k=1
d

pi(x.8) = Z (—(x)@k — Ar() — f"(x)—(x))

NSTR
~.

(1-6)
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Assumption 1.1 implies
1020F p(x, )1 < Caplx)*HE) P11 + (x)>7),
19207 p1 (6, £)] < Cap )™ 1(E) 11 () 1] + (x) 7).

For h € (0, 1] we consider H" := h?>H as a semiclassical Schrodinger operator with /-dependent
electromagnetic potentials 42V and hA j- The corresponding symbols pj and pi ;, are also defined by

(1-7)

d
PrCn8) =3 3 g 0E) — hA;(0)E — hA(0) + BV (),
jk=1
d

Jjk
P ) =—1 Z(g—<x><sk—hAk(x>>—hgf"(x> <x>)

(1-8)

It is easy to see that H = Op(p) + Op(p1) and H" = Op, (ps) +h Op,(p1.x).

Before starting the details of the proofs, we describe the main ideas. First we note that, since our
Hamiltonian H is not bounded below, the Littlewood—Paley decomposition associated with H seems to
be false for p # 2 in general. To overcome this difficulty, we consider the following partition of unity on
the phase space R*:

W&‘('xv S) + Xg(X, S) = 17

where V. is supported in {(x, &) : (x) < ¢|&|} for some sufficiently small constant ¢ > 0. It is easy to see
that the symbol p(x, &) is elliptic on supp ¥,:

ClE? < p(x, &) < CIEP,  (x,&) € supp e,

and we can therefore prove a Littlewood—Paley type decomposition of the form

1/2
10p(Woul o < Cyllull,2 +cq( 3 ||0p,,<ah>f<h2H>u||iq> ,
hj:ZzO—./
where 2 < g < oo, the sequence {f(h2 -):h =27/, j >0} is a 4-adic partition of unity on [1, 00), a;, is
an appropriate 2-dependent symbol supported in {|x| < 1/h, |&| € I} for some open interval I € (0, c0),
and Op(y¢), Op,, (ap) denote the corresponding pseudodifferential and semiclassical pseudodifferential
operators, respectively.

Then the idea of the proof of Theorem 1.2 is as follows. In view of the above Littlewood—Paley estimate,
the proof is reduced to proving Strichartz estimates for F(|x| > R) Op, (ap)e™ ™ and Op(x:)e """, In
order to prove Strichartz estimates for F(|x| > R) Op,(an)e~ """, we use semiclassical approximations
of Isozaki—Kitada type. However, we note that, because of the unboundedness of potentials with respect
to x, it is difficult to directly construct such approximations. To overcome this difficulty, we introduce
a modified Hamiltonian H [Yajima and Zhang 2004] so that H = H for |x] < L/h and H =K for
|x| > 2L/ h for some constant L > 1. Then H" = h?H can be regarded as a “long-range perturbation” of

the semiclassical free Schrodinger operator Hé’ = h?Hy. We also introduce the corresponding modified
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symbol pj(x, &) so that p,(x, &) = pp(x, &) for |x| < L/h and pj(x, &) = k(x, &) for |x| >2L/h. Let
aff be supported in outgoing and incoming regions {R < |x| < 1/h, |§| €I, +X E>1 /2}, respectively,
so that F(|x| > R)a, = a; +a, , where X = x/|x|. Rescaling ¢ — th, we first construct the semiclassical
approximations for e=*"/" Op, (a5)* of the forms

emitA" 1 op, (@H)* = (S, bE)e o 1y (SE, ¢y + O(Y), 0<+t <1/h,

respectively, where S,jf solves the eikonal equation associated to p, and Jj, (Sff, bff) and Jh(Si, c;l—L) are
the associated semiclassical Fourier integral operators (FIOs). The method of the construction is similar
to that of [Robert 1994]. On the other hand, we will see that if L > 1 is large enough, the Hamilton flow
generated by pj, with initial conditions in supp aff cannot escape from {|x| < L/h} for 0 < £t <1/h,
respectively, that is,

wx(exptHp, (suppa;)) C {lx| <L/h), 0<=Et<1/h.
Since p;, = py, for |x| < L/h, we have
exptH[;h(suppaff) = expthh(suppa;l—L), O<x£r<1/h.

We can thus expect (at least formally) that the corresponding two quantum evolutions are approximately
equivalent modulo some smoothing operator. We will prove the following rigorous justification of this
formal consideration:

(e H" 11— =t A Iy Op, ()|l 0 < Cyh™, 0 <4t <1/h, M >0,

where H" =h? H. By using such approximations for e =¥ "/h Op,, (af)*, we prove local-in-time dispersive
estimates for Op,, (a;)e """ Op,, (aif)*:

10p;,(a;)e™ "™ Op,, (@Il 1, < CltI™, 0<h< 1, 0<]t] <.

Strichartz estimates follow from these estimates and the abstract theorem due to Keel and Tao [1998].
Strichartz estimates for Op(x,)e ™' follow from the short-time dispersive estimate

10POe)e ™ Op(xe) N1 oo < Celt] ™2, 0 <t <1 < 1.
To prove this, we first construct an approximation for e ~'# Op(x,)* of the form
e Op(xe)* = J (W, ) + Opv oy (1), 1] <t v > d/2,

where the phase function ¥ = W (z, x, £) is a solution to the time-dependent Hamilton—Jacobi equation
associated to p(x, &) and J (W, a) is the corresponding Fourier integral operator. In the construction, the
fact that

10200 p(x, £)| < Cap,  (x.8) EsUPP Xe, |+ Bl =2,

plays an important role. We note that if (g/*) jk —Idg # 0 depends on x, these bounds do not hold without
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such a restriction of the support. Using these bounds, we construct the phase function W (¢, x, &) such that
0090 (W (1, x,8) —x &+ p(x, £))] < Caplt](x) 7=,

Then we can follow a classical argument [Kitada and Kumano-go 1981] and construct the FIO J (W, a).
By the composition formula, Op(x.)J (W, a) is also an FIO and dispersive estimates for this operator
follow from the standard stationary phase method. Finally, using an Egorov-type lemma, we prove that
the remainder, Op(x,) (e~ Op(x:)* — J (¥, a)), has a smooth kernel for sufficiently small 7.

The proof of Theorem 1.5 is based on a standard idea [Staffilani and Tataru 2002]; see also [Burq et al.
2004; Bouclet and Tzvetkov 2007]. Strichartz estimates with loss of derivatives (H)!/?? follow from
semiclassical Strichartz estimates up to time scales of order /., which can be verified by the standard
argument. Moreover, under the nontrapping condition, we will prove that the missing 1/p derivative loss
can be recovered by using local smoothing effects [Doi 2005].

The proof of Theorem 1.6 is based on a slight modification of that of Theorem 1.5. By virtue of the
itH

Strichartz estimates for Op(x:)e™"'" and the Littlewood—Paley decomposition, it suffices to show

10p, @n)e ™ ol or.7y.00) < Crh Cll@ll2, 0<h < 1.

To prove this estimate, we first prove semiclassical Strichartz estimates for e~'# Op,, (a;)* up to time
scales of order 4 R, where R = inf |7, (supp aj)|. The proof is based on a refinement of the standard WKB
approximation for the semiclassical propagator e~/ "/h Opy,(an)*. Combining semiclassical Strichartz
estimates with a partition of unity argument with respect to x, we will obtain the following Strichartz
estimate with an inhomogeneous error term:

10, @n)e™ @l o170y < Crll@ll 2 + Cllix) /272 h= 127 Opy(an)e ™ oIl 2 1. 7y:12)

for any ¢ > 0, which, combined with local smoothing effects, implies Theorem 1.6.

The paper is organized as follows. In Section 2 We record some known results on the semiclassical
pseudodifferential calculus and prove the above Littlewood—Paley decomposition. Using dispersive
estimates, which will be studied in Sections 4 and 5, we prove Theorem 1.2 in Section 3. We construct
approximations of Isozaki—Kitada type and prove dispersive estimates for Op,, (a,jf)e_i " 0op, (a,jf)* in
Section 4. In Section 5 we discuss the dispersive estimates for Op(x.)e " Op(x.)*. The proofs of
Theorems 1.5 and 1.6 are given in Sections 6 and 7, respectively.

2. Semiclassical functional calculus
Throughout this section we assume Assumption 1.1 with p > 0, that is,
102 875 (o)) + (x) 1O A ()] + (x) [TV (x)] < Cp(x) 7. (2-1)

The goal of this section is to prove a Littlewood—Paley type decomposition under a suitable restriction on
the initial data. First we record (without proof) some known results on the pseudodifferential calculus
which will be used throughout the paper. We refer to [Robert 1987; Martinez 2002] for the details of the
proof.
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Pseudodifferential calculus. For the metric g = dx?/(x)> +d&%/(£)? and a weight function m(x, £) on
the phase space R>¢, we use Hormander’s symbol class notation S(m, g), that is, a € S(m, g) if and only
if a € C*°(R*) and

00 a(x, £) < Copm(x, )(x) I (E) P, o, pezd.

To a symbol a € C * (R and h € (0, 1], we associate the semiclassical pseudodifferential operator
(h-PDO for short) Op,,(a) defined by

Op(a) f(x) =

(27-[1h)d / JCIEhG(x E) f(y)dydE,  f € FRY.

When & =1 we write Op(a) = Opj,(a) for simplicity. The Calderén—Vaillancourt theorem shows that for
any symbol a € C®(R2) satisfying |90Y 85 a(x,&)| < Cug, Opy,(a) is extended to a bounded operator on
L?(R%) uniformly with respect to i € (0, 1]. Moreover, for any symbol a satisfying

0990 a(x, £)] < Capl€)™". v >d,
Op,, (a) is extended to a bounded operator from L4 (R?) to L"(R?) with the bounds
10p, @)l g, 1 < Corh™VI7VD 1< g <r <00, (2-2)

where C, > 0 is independent of 4 € (0, 1]. These bounds follow from the Schur lemma and an
interpolation; see, for example, [Bouclet and Tzvetkov 2007, Proposition 2.4].

For two symbols a € S(my, g) and b € S(m3, g), the composition Op, (a) Op,,(b) is also an h1-PDO
and is written in the form Op, (¢) = Op,,(a) Op, (b) with a symbol ¢ € S(mmy, g) given by c(x, &) =

e"PrD:q(x, 0)b(z, €)|;=x.y=¢. Moreover, c(x, &) has the expansion

€= Z RETp .356’ 9b+n"ry  withry € S((x) ™V (&) Nmims, g). (2-3)
Joe|=0

ihD, D,

The symbol of the adjoint Op,,(a)* is given by a*(x, &) =e 2a(z, N)|;=x,n=¢ € S(m1, g) which has

the expansion

N—
Z lffx'la" 8%0% +hNry,  with ry € S((x) "V (E) Vmy, g). (2-4)
Littlewood—Paley decomposition. As we mentioned in the outline of the paper, H is not bounded below
in general and hence we cannot expect that the Littlewood—Paley decomposition associated with H, which
is of the form

00 1/2

lullze < Cqllullz2 +C4 (Z ||f<2—2fH>u||iq> :

j=0
to hold if ¢ # 2. The standard Littlewood—Paley decomposition associated with Hy also does not work
well in our case, since the commutator of H with the Littlewood—Paley projection f(272/ Hy) can grow
at spatial infinity. To overcome this difficulty, let us introduce an additional localization as follows. Given
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a parameter ¢ > 0 and a cut-off function ¢ € C3°(R,) such that ¢ =1 on [0, 1/2] and supp¢ C [0, 1],

we define v/, (x, &) by
v ) =g,

It is easy to see that, for each ¢ > 0, ¥, € S(1, g) and is supported in {(x, &) € R : (x) < e|&|}. Moreover,
for sufficiently small ¢ > 0, p(x, &) is uniformly elliptic on the support of . and thus Op(y.)H is
essentially bounded below.

In this subsection we prove a Littlewood—Paley type decomposition on the range of Op(1.). We begin
with the following proposition which tells us that, for any f € Cg°(R) and & € (0, 1], Op(¢) f (h*H) is
well approximated in terms of the ~-PDO.

Proposition 2.1. There exists € > 0 such that, for any f € C5°(R) with supp f € (0, 00), we can construct
bounded families {aj, j}he 0,11 C ﬂMEO S((x)_j (S)_M, g), j =0, such that:

(1) apo is given explicitly by an o(x, &) = Ve (x,&/h) f(pr(x, §)). Moreover,
suppay,j Csupp e (- - /h) Nsupp f (pn) C {(x, §) € R* : {x) < 1/h, |§] € 1},
for some relatively compact open interval I € (0, 00). In particular, we have
10P4 @ M o o < Cragh™ M7V 1 <g' < q < o0,
uniformly in h € (0, 1].
(2) For any integer N > d +2, we set a = Z;\’:_ol hjah,j. Then
10p(e) £ (h* H) = Opy(an)ll 2, o < Cqnh?, 2= g <00,
uniformly in h € (0, 1].
The following is an immediate consequence of this proposition.

Corollary 2.2. Forany?2 <q < oo and h € (0, 1], Op(¥.) f (h*H) is bounded from L*(R?) to L4 (R?)
and satisfies
1Op(¥re) f (B2 H) | 12, o < Coh =221,

where Cy > 0 is independent of h € (0, 1].
For the low energy part we have the following.

Lemma 2.3. For any fy € Cj°(R) and 2 < g < 0o, we have

10P(Ye) fo (Dl 12 10 < Cy.

Remark 2.4. If V, A =0, then Proposition 2.1, Corollary 2.2, and Lemma 2.3 hold without the additional
term Op(¥.). Moreover, in this case we see that the remainder satisfies

1Lf (W2 H) — Op, (an)ll 1o, 1o < Conh™—40/2714)
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We refer to [Burq et al. 2004] (for the case on compact manifolds without boundary) and to [Bouclet and
Tzvetkov 2007] (for the case with metric perturbations on R?). For more general cases with Laplace—
Beltrami operators on noncompact manifolds with ends, we refer to [Bouclet 2010; 2011a]. Because of
this result, we believe Proposition 2.1 is far from sharp. However, the bounds

IOp(We) f(W*H) — Opy(an)ll 2, ;o < Cynhy, 2<q <00,

are sufficient to obtain our Littlewood—Paley type decomposition (Proposition 2.5). For more details, we
refer to Burqg, Gérard, and Tvzetkov [2004, Corollary 2.3].

Proof of Proposition 2.1. We write
Op(ve) = Opy, (Ye/n),  h e (0,11,
where e 5 (x, §) = Ve (x, £/ h) satisfies supp ¥e/n C {h{x) < ¢l€]} and
1020 Weyn(x, £)] < Capeh™ P (x) 7121/ )TV < Cope (x) 7 (4 11 11, (2-5)

By using the Helffer—Sjostrand formula [1989], we get

o
00 ey 02 = =51 [ S Opy v — o7 danz,

where f(z) is an almost analytic extension of f()). Since f € Co(R), £ (2) is also compactly supported

and satisfies
3: f(z) = O(lImz|™)

for any M > 0. We may assume |z| < C on supp f with some C > 0. In order to use this formula, we
shall construct a semiclassical approximation of Opj, (¥, n)(h*H — 2)~', in terms of the ~-PDO, for
z € C\ [0, c0) with |z| < C. Although the method is based on the standard semiclassical parametrix
construction (see, for example, [Robert 1987; Burq et al. 2004]), we give the details of the proof, since
Ve, p 1s not uniformly bounded in S(1, g) with respect to i € (0, 1].

We first study the symbol of the resolvent (h*H —2)~'. Let p, and p1.n, be as in (1-8) so that
h?H = Opy,(pj) +h Op,(p1.»). Since

hAM| SIEL RV )] S IEP,
on supp V., we obtain by (1-7) that
10297 pa(x, £)] < Capl) NEPP i8] <2, (2-6)
10297 p1a(x. £)] < Caplx) ™ g TF1if 1B < 1, (2-7)

uniformly in (x, &) € supp ¥/, and h € (0, 1]. Moreover, if ¢ > 0 is sufficiently small, the uniform
ellipticity of k implies that pj, is also uniformly elliptic on supp ¥/ p:

C21EP < pn(x, &) < CHEP® if hix) < elg],
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with some C; > 0, which particularly implies
1 < {IImzl‘l if |§] <2C,
lpn(x. &)=z ~ ()7 if|E] =20,

for (x, &) € supp ¥¢/n, 2 ¢ R, and |z| < C, with some C, > 0.
Let us now consider a sequence of symbols qj-’ = q;.’ (z, x, &) (depending holomorphically on z ¢ R)

(2-8)

defined inductively by
qg: l)[’a/h ,
Ph—2
g = - o Z(Zl_lag% 3?1711-1-613'171,11),
or|=1
1 il ;
q?:_ph_z( ) _B§Qk Ront D e aal’lh) jz2.
al+hsy ol +k=j—1
al>

We then learn by (2-5), (2-6), and (2-8) that

0700ql (2, x, 6)] < {<x>_al(h+'5')_lﬂ'Imz'”"“”' if £ <205,
&40 = aﬂe <x>—\a|<€;>—\ﬂ|—2 if|§|22C2,

< Cope(x) 7V + |E)) 1P TIm 7|~ 110 +F] (2-9)

for z ¢ R with |z] < C and h € (0, 1]. Similarly, by using (2-6), (2-7), and (2-9), we obtain that if
hl§] <2Ca,

3¢ g (z. . £)]
< Cope () 1R+ 16D PNE P Tm 2| 71t () T (£ ) TP (B 4 (€D [Tm g |72
< Cape(h+ 16D (x) ™ 71+ &)~ 1Pl Im g 77l

for z ¢ R with |z| < C and & € (0, 1]. Here note that, in this case, (2 +|£])~! may have a singularity at
& =0 as h — +0. In order to prove the remainder estimate, we will remove this singularity by using a
rescaling & +— h& (see the estimates (2-12)). For h|&| > 2C>, q{’ does not have such a singularity and

satisfies
|a(¥a§ q] (Z X, E)| < C ,38< ) 1*|0(|<S>7|/3|*4|$| E Caﬂg(x>*1*|(x|<g>f|ﬁ|f3

uniformly in z ¢ R with |z| < C and & € (0, 1]. Since 1 < h+ |&] if h|€] 2 1, summarizing these, we get
1099 g (2. %, )] < Cape (x) "7+ £ P Imz| ¥ ¢ R, 2] <C. he(0.1].
The estimates (2-9) and a direct computation also show that q{‘ is of the form
gt =q11(pr =27 +qlo(pn—2) 7,
where q{’k are supported in supp V¥, ,, are independent of z, and satisfy

1099 g (x. £)] < Cape(x) "7+ 1E)TPIE)M D, R e (0, 1],
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with some positive integer N(k) > 0. For j > 2, an induction argument yields that
10997 9" (2. x, £)] < Cope(x) 771N (4181~ P Im g 72~ 7ltbl >0, (2-10)
for z ¢ R with [z| < C and h € (0, 1]. It also follows from an induction on j that there exists a sequence
of z-independent symbols (qj.’k),j(:0 supported in supp V¢, and satisfying
1097 g (x, £)] < Cape (x) 71 (4 £]) 1P ()N (2-11)
with some N (k) > 0, such that qj’ is of the form

J
¢ = o -
k=0

Rescaling & — h&, we learn by (2-9) and (2-10) that
q0(z. x. hg§) € S(1,g),  hiql(z.x, hE) € S(W*(x)/(£)* . g),

with uniform bounds in / and polynomially bounds in [Im z|~!. Then, by the construction of qj?, the
standard symbolic calculus (not in the semiclassical regime), and the fact that

Op(h'ql(z, x, h&)) = h’ Op, (g™,

we obtain
N—1

Op(ye) = Y 1/ Op,(¢})(hW*H —2) + h* Op(rn.). N =1,
j=0

with some 7, .. € S((x) "V (£)>7V, ¢) satisfying
1029, 1.2 (x, €)] < Cagen (x) N 7191 () 2N =B [ g 72N~ 1 —lartAl, (2-12)

where Cpgeny > 0 may be taken uniformly in 2 € (0, 1], z € C\ R with |[z] <C and x, & € R4,
We now use the Helffer—Sjostrand formula to obtain

N-1

Op(¥e) f(W*H) =Y 1/ Op,(an ;) +h*R(h, N),
j=0

ano(x,8) =Ye/n(x,8)(fopr)(x,§),

where

L (k) ,
an (6= <(k1+)j),’q§?k<x, S op).§). 1=j<N-1,
k=0

R(h,N)=—L./ i(z) Op,, (ru.n..)(W*H —2) "' dz A dZ.
21 C 0z T

Since supp g jx C supp ¥e/n C {h{x) < ¢|&|} and pj, is uniformly elliptic (that is, p;, ~ |& |2) on the latter
region, taking ¢ > O smaller if necessary, we have

an,j C supp Vesn Nsupp f(pr) C{(x, &) : x| < 1/h, C;' < |&] < Co)



1870 HARUYA MIZUTANI

with some positive constant Co > 0, which, combined with (2-11), implies that {ay, ;}re (0,17 is bounded in

N S((x) /(€)™ g), since h + |€] = (&) on supp Ve n Nsupp f(pr). By virtue of (2-2), we also obtain
M=0

10p, (@n M oy g < Ciggh M4 =VD he(,1], 1<¢ <q <.

Finally, we prove the estimate on the remainder R(h, N). If we choose N > d + 2, then (2-12) and
(2-2) (with h = 1) imply

10PN 2y pg < Cyn [Tmz| "9 2 < g < o0,

with some positive integer n(N, g) > 2N + 1, where C,y > 0 is independent of 4. Using the bounds
I(h*H —2) ;22 < [Imz| ™", 18: f(2)| < CprlTm z| for any M > 0 and the fact that f is compactly
supported, we conclude that

IR(h, N)|l 210 < Cu f AIm M |Op(ran )l o o IRPH — )7l 1o 2 dz AdZ
supp f

< CMNq/ Im M NVD=1 gz A gz
supp f

S CMNq ’
provided that M is large enough. This completes the proof. U

Proof of Lemma 2.3. By the same argument as above with 7 = 1, we can see that

N-1

Op(y) fo(H) =) Op(a;) + R(N)

j=0
where a; € ﬂMzo S((x)~/(&)™M g) are supported in
supp ¥ Nsupp fo(p) C {(x, &) € R* : (x) <l 15| S 1)

and R(N) satisfies
||R(h7N)||L2—>L‘ISCNq9 2SQSOO,

if N > d + 2. The assertion then follows from (2-2). O

Consider a 4-adic partition of unity

o+ ) =1, 1reR,
h

where fo, f € C;°(R) with supp fo C [—1, 1], supp f C [1/4,4] and >, means that, in the sum, &
takes all negative powers of 2 as values, that is, ), = thz—.i, >0 Let F € C3°(R) be such that
supp FF C[1/8,8] and F =1 on supp f. The spectral decomposition theorem implies

L= fo(H)+ ) f(W*H) = fo(H)+ ) F(h*H)f(h*H).

h h
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Letay, € S(1, g) be as in Proposition 2.1 with f = F. Using Proposition 2.1, we obtain a Littlewood—Paley
type estimates on a range of Op(v,).

Proposition 2.5. Forany?2 < q < oo,

1/2
I0P(W)ull Lo gy < Cyllull 2y + Co (Z ||0ph(ah>f<h2H>u||Lq(W)) .
h

Proof. The proof is the same as that of [Burq et al. 2004, Corollary 2.3] and we omit the details. O
Corollary 2.6. Let ¢ > 0 and v, be as above and x, = 1 — s Let p € C®(R?) be such that

08 p ()| < Cofx) ™, aezq.
Then, for any T > 0 and any (p, q) satisfying p>2,q <ooand?2/p=d(1/2—1/q), there exists Ct >0
such that

lpe™ -

tH‘P”Lp([_T,T];Lq(Rd)) = CT||§0||L2(Rd) + Cl|Op(xe)e tH‘P”Lp([_T,T];Lq(Rd))

1/2
_ 2
+C(Z 10p, (an)e ”Hf(hZon||L,,([_T,T];Lq(m)) :
h

where ay, is given by Proposition 2.1 with V. replaced by pvre. In particular, ap(x, &) is supported in

supp p(X)¥ (x, &/ h) F(pp(x, §)).

Proof. This proposition follows from the L?-boundedness of e *"# | Propositions 2.1 and 2.5 (with ¥,
replaced by p.), and the Minkowski inequality. (]

3. Proof of Theorem 1.2

In this section we prove Theorem 1.2 under Assumption 1.1 with u > 0. We first state two key estimates
which we will prove in later sections. For R > 0, an open interval I € (0, c0) and o € (—1, 1), we define
the outgoing and incoming regions I'*(R, I, o) by

I*(R.1,0):= {(x,g) cR¥:|x| > R, |£| €], i% - —o},
X

respectively. We then have the following (local-in-time) dispersive estimates.

Proposition 3.1. Suppose that H satisfies Assumption 1.1 with i > 0. Let I € (0, 00) and o € (—1, 1).
Then, for sufficiently large R > 1, small ho > 0, and any symbols a,f € S(1, g) supported in T*(R, I, 0)N
{x :|x] < 1/h}, we have

10p; (@;)e ™ ™ Opy (@) 1, oo < ClEIT2, O <t <1,
uniformly with respect to h € (0, hy].

We prove this proposition in Section 4. In the region {|x| = |£|}, we have the following (short-time)
dispersive estimates.
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Proposition 3.2. Suppose that H satisfies Assumption 1.1 with u > 0. Let us fix arbitrarily ¢ > 0. Then
there exists t, > 0 such that, for any symbol x. € S(1, g) supported in {(x, &) : (x) > ¢|&|}, we have

10p(xe)e ™ Op(xe) 1 poe < Celt ™2, 0 <] <10
We prove this proposition in Section 5.

Proof of Theorem 1.2. Taking p € C®(R?) so that 0 < p(x) <1, p(x) =1 for |x| > 1 and p(x) = O for
x| <1/2, we set pg(x) = p(x/R). In order to prove Theorem 1.2, it suffices to show

lore ™" @l Lo 1.17:00@®y) < CTl@lL2(R4),

for sufficiently large R > 1. We may also assume without loss of generality that 7 > O is sufficiently
small. Indeed, if the above estimate holds on [Ty, Tp] with some Ty > 0, we obtain by the unitarity of
e~""H on L2 that, for any T > Ty,

[T/Tol+1

tH P
¢||L/:([,T,T];L4(Rd)) S Z lore
k=—[T/To]

< (T/TO)CH 01D g

i 71tHeft(k+l)H

_ )4
lpre Pl Lo 19,700 L9 (R

Let a;, be as in Proposition 2.1. Replacing ¥, with pgy, and taking & > O smaller if necessary, we
may assume without loss of generality that suppa, C {(x,&) : R < |x| < 1/h, || € I} for some
open interval I € (0, 0o). Choosing % € C®([—1, 1]) so that 67 +6~ =1,0%" =1 on [1/2, 1] and
0+ =0on [—1,—1/2], we set a; (x, &) = a, (x, £)0F (% - £), where & = x/|x|. It is clear that {a;"}4c(0.1)
is bounded in S(1, g) and suppa;E c (R, I, 1/2) N {x : |x| < 1/h}, and that a, = a,f +a, . We now
apply Proposition 3.1 to aZE and obtain the local-in-time dispersive estimate for Op,, (a,f)e*" " 0p, (aff)*

—itH and the abstract

—itH.

(uniformly in & € (0, hg]), which, combined with the L?-boundedness of Op,, (aff)e
theorem [Keel and Tao 1998], implies the following Strichartz estimates for Opj, (a)e

—itH +\ —itH
|Opy, (an)e " ‘P”Lp([_],]];Lq(Rd)) = Z ||Oph(ah )e " ‘P||Lp([,1,1];1‘q(u;gd))
+

= Clell L2y,
uniformly with respect to 4 € (0, h¢]. Since Opy, (ay) is bounded from L*(R%) to L4(RY) with the bound

of order O(h_d(l/z_l/w), for hg < h <1, we have

_i 2
> 11Opsan)e™ ™ f (RPN o1 11e 10 @tyy < CRO@NT 2 g0,
ho<h<l
with some C(hg) > 0. Using these two bounds, we obtain

_i 2 2
> lOpy@ne™™ ™ fFOPH)QN o1 1oy SC D 1B H)@I 2@y, + Cho) 9172 g0,
h O<h<hg
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it H

On the other hand, Strichartz estimates for Op(x.)e"'" are an immediate consequence of Proposition 3.2.

Together with Corollary 2.6, this completes the proof. (|

4. Semiclassical approximations for outgoing propagators

Throughout this section we assume Assumption 1.1 with u > 0. Here we study the behavior of
e Op, @

where aff € S(1, g) are supported in I*(R, I, ) N {|x| < 1/h}, respectively. The main goal of this
section is to prove Proposition 3.1. For simplicity, we consider the outgoing propagator e/’ Op, (a;[)*
for 0 <t <1 only, and the proof for the incoming case is analogous.

In order to prove dispersive estimates, we construct a semiclassical approximation for the outgoing
propagator e~"¥ Op, (a,j)* by using the method of Isozaki—Kitada. Namely, rescaling ¢ — th and
setting H" = h’H, Hé’ = —h%A /2, we consider an approximation for the semiclassical propagator
eitH" /h Opj,(a;)* of the form

e—itHh/h Oph(a;—)* — .]h(S+, b}‘:‘)e_”H(?/th(S—i_, C;:_)* + O(hN), 0=<t= hila

where S,j solves a suitable eikonal equation in the outgoing region and J (S;lr , w) is the corresponding
semiclassical Fourier integral operator (4-FIO for short):

In(SF W) f () = Qrh)™ / o/ SHEOO My (v, £) £ (y) dy dE.

Such approximations (uniformly in time) have been studied for Schrédinger operators with long-range
potentials [Robert and Tamura 1987] and for the case of long-range metric perturbations [Robert 1987;
1994; Bouclet and Tzvetkov 2007]. We also refer to the original paper by Isozaki and Kitada [1985], in
which the existence and asymptotic completeness of modified wave operators (with time-independent
modifiers) were established for the case of Schrodinger operators with long-range potentials. We note
that, in these cases, we do not need the additional restriction of the initial data in {|x| < 1/A}. On the
other hand, in [Mizutani 2013], we constructed such approximations (locally in time) for the case with
long-range metric perturbations, combined with potentials growing subquadratically at infinity, under the
additional restriction on the initial data into {|x| < 1/A}.

As we mentioned in the outline of the paper, we first construct an approximation for the modified
propagator e~'H " " where H" is defined as follows. Taking arbitrarily a cut-off function ¢ € C° (RY)
such that 0 <y <1,y =1for |x| <1/2 and iy =0 for |x| > 1, we define truncated electric and magnetic
potentials, Vi, and A, = (Ay, ;) by Vi(x) :=v(hx/L)V (x) and Ay, j(x) = (hx/L)A;(x), respectively.
It is easy to see that

Vi=V, Apj=Ajon{lx| <L/(2h)}, suppAp,j, suppV, C{|lx| <L/h},
and that, for any o € 74, there exists C L.« > 0, independent of x, i, such that

B218% Vi ()| + h|8% Ap(x)| < Cg.p (x)~H71, (4-1)
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Let us define A" by

d
H" =2 3" (=ihd; — hAy j(x)g/* (x)(=ihd — hAp k(x)) + h*Vj (x).
1

k=

N —

We consider H" as a “semiclassical” Schrodinger operator with s-dependent electromagnetic potentials
h*V,, and hA;. By virtue of the estimates on g/*, Ay, and Vj,, H" can be regarded as a long-range
perturbation of the semiclassical free Schrodinger operator Hg = —h?>A /2. Such a type modification
has been used to prove Strichartz estimates and local smoothing effects (with loss of derivatives) for
Schrodinger equations with superquadratic potentials; see [Yajima and Zhang 2004, Section 4]. Let us
denote by pj, the corresponding modified symbol

pr(x,§) =

N =

d
D g & — AR ) E = hAp (X)) + H Vi (x). (4-2)
jok=1

The following proposition provides the existence of the phase function of /-FIOs.

Proposition 4.1 [Robert 1994]. Fix an open interval I € (0,00), —1 <o < 1 and L > 0. Then there
exist Ry, hg > 0 and a family of smooth and real-valued functions

{SF:0<h<ho, R> Ry} C C®[R* :R)
satisfying the eikonal equation associated to py:
Pn(x. 0,8 (x. &) = [£17/2, (x.§) eTH(R.1,0), (4-3)
such that
1S; (. §) —x-5l<Cx)' ™", x5 R (4-4)
Moreover, for any | + 8| > 1,
|aga§(s;f(x, £) —x-£)| < Cygmin{R'™#1l (xyImnlely =y g e RY. (4-5)
Here C, Cyp > 0 are independent of x, &, R, and h.

Proof. Since h*Vj, and h A}, are of long-range type uniformly with respect to 4 € (0, 1] (the constant Cy
in (4-1) can be taken independently of /), the proof is the same as that of [Robert 1994, Proposition 4.1],
and we omit it. For the R dependence, we refer to [Bouclet and Tzvetkov 2007, Proposition 3.1]. g

Remark 4.2. The crucial point to obtain the estimates (4-4) and (4-5) is the uniform bound (4-1), and we
do not have to use the support properties of A, and Vj,. Suppose that A and V satisfy (x)~! [0FA(x)| +
(x)_2|8)‘3‘V(x)| < Cup (x)~1* and g’* satisfies Assumption 1.1 with © > 0. Then there exists L > 0,
independent of /4, such that if 0 < L < L, we can still construct the solution S;[ to (4-3) by using the
support properties of A, and V;,. However, in this case, S,T — x - £ behaves like (x)'"*h~" as h — 0, and
we cannot obtain the uniform L?-boundedness of the corresponding /-FIO. This is one of the reasons
why we exclude the critical case u = 0.
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To the phase S;r and an amplitude a € S(1, g), we associate the #2-FIO defined by

(S, a) f(x) = Qrh)~ / S OO g (x £) f(y) dy dé.
Using (4-5), for sufficiently large R > 0, we have

|0 ® 0, S (x, ) —1d| < C(R) ™" < 3, I3§‘3§S;f(x,$)| < Cyp for la + | = 2,

uniformly in & € (0, ho]. Therefore, the standard L?-boundedness of FIOs implies that J;,(S;lr ,a) is

uniformly bounded on L*(R?) with respect to i € (0, ho].

. . . S TTh
We now construct the outgoing approximation for e ~/*#" /"

Theorem 4.3. Let us fix arbitrarily open intervals | € lp €1, € I, €(0,00), —1 <o <og<oy <oy <1
and L > 0. Let Ry and hq be as in Proposition 4.1 with I, o replaced by I, 03, respectively. Then, for
every integer N > 0, the following hold uniformly with respect to R > Ry and h € (0, hg].

(1) There exists a symbol
N—1
bf =Y Wbl withb] e S(x)(E)77,¢), supph; , CTHRY, Iy, 00),
Jj=0

such that, for any a® € S(1, g) with suppa™ C T'"(R, I, o), we can find

N—-1
cf =Y hicH, withcf e S(x)7 (&), g). suppc;, C TH(RY, Iy, op).
j=0

such that, for all 0 <t < hl e‘”ﬁh/h Op,, (a™)* can be brought to the form
e Opy @ty = Ty (S, B e M g (S, 6D + O 1, by N,

where Jh(S;r , W), W= b;{, c;{, are h-FIOs associated to the phase S; defined in Proposition 4.1 with R,
1, and o replaced by RY* I, and oy, respectively. Moreover, for any integer s > 0 with 2s < N — 1, the
remainder Qﬁ((t, h, N) satisfies

I{D)* Qi (¢, ity NY(D)* |l ;o ;» < CnshV 271, (4-6)

uniformly with respect to h € (0, hgl and 0 <t < hL
(2) Let K ¢+ (t, x, y) be the distribution kernel of J,(S;, b+)e_"tH(§1/th (S, ¢)*. Then K ¢+ satisfies the
s; ho P hoCh s;
dispersive estimate
|Kg+(t,x, )| < Clth| =2, 47
uniformly with respect to h € (0, hol, x, y € RYand 0 <t <h~l.

Proof. This theorem is basically known; hence we omit the proof. For the construction of the amplitudes
b;[ and c;[, we refer to [Robert 1994, Section 4]; see also [Bouclet and Tzvetkov 2007, Section 3]. The
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remainder estimate (4-6) can be proved by the same argument as that in [Bouclet and Tzvetkov 2007,
Proposition 3.3, Lemma 3.4] combined with the simple estimate

(DY (H" +CD)7Pll 22 < Coh ™, 520,
where C; > 0 is a large constant. Note that this estimate follow from the obvious bounds
D) (hD) |22 < Csh™, 5 =0,

and the fact that (pj, + hpy, + C1)~*/? € S((§)7%, g) since pj, + hp1, + Cy is uniformly elliptic for
sufficiently large C; > 0. The dispersive estimate (4-7) can be verified by the same argument as that in
[Bouclet and Tzvetkov 2007, Lemma 4.4]. O

The following lemma, which has been essentially proved in [Mizutani 2013], tells us that we can still
construct the semiclassical approximation for the original propagator e~/ "/h
of initial data in the region Tt(R, J, o) N{x : |x| < h™1}.

if we restrict the support

Lemma 4.4. Suppose that {a;[} he(0,1] i a bounded set in S(1, g) with symbols supported in
I'tY(R, I,o)N{x:|x| <h™'}.
There exists L > 1 such that, for any M,s >0, h € (0, hg]l and 0 <t < h=!, we have
7t — 7Y Opy (@Y (D) I 2, 12 < Con kM,
where Cyr s > 0 is independent of h and t.

In order to prove this lemma, we need the following.

Lemma 4.5. Let f;, € C®(R?) be such that for any o € Zi,

|9 fa(0)] = Co

uniformly with respect to h € (0, ho] and such that supp f, C {|x| > L/(2h)}. Let L > 1 be large enough.
Then, under the conditions in Lemma 4.4, we have

_aoqgh — =
1 fwC(DY e~ E Opy () (DYl 2, 12 < Cig s B 77
forany s,y >0 and M > 0, uniformly with respect h € (0, hg] and 0 <t <1/h.
Proof. We apply Theorem 4.3 to e~ H" Op,, (a,‘f)* and obtain
e Op, (af ) = Ju(S, be I 1 (SE, ¢y + O (., N,

By virtue of (4-6), the remainder f;(x){D)" Qﬁ((t, h, N)(D)* is bounded on L?(R?) with the norm
dominated by C, h¥ =7 ~5~1, uniformly with respect & € (0, ho] and ¢ € [0, 1/h]. On the other hand, by
virtue of (4-5), the phase of K s+ (t, x,y), which is given by

OF(t,x,y,6) =S (x, &) — 3t = ST (7, &),

satisfies 0 CD;[(t, x,y, &) = (x—y)Id+0(R™"/*)) —t&. Here we recall that
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suppe;l C {(y, ) € R* 1 a)f (v, %S (v, &) # 0

see [Mizutani 2013, Lemma 3.2] and its proof. In particular, c;[(y, &) vanishes in the region {y : |y| > 1/ h}.
We now set L = 4./sup I, + 2, where [, is given in Theorem 4.3. Since |x| > L/(2h), |y| < 1/h, and
|E|> € I, on the support of the amplitude f, (x)b;f (x, & )c;lr (v, &), we obtain

0@ (1, x, 3, )| > c(1+ x|+ [yl + 1§ +1+h7"), 0<t<h™!,

for some universal constant ¢ > 0. The assertion now follows from an integration by parts and the
L?-boundedness of /-FIOs. (|

Proof of Lemma 4.4. The Duhamel formula yields

- rrh - T7h
(e~ 1H" /1 _ g=itH" /1)

. t ~
_ _IE/ e—i(t—s)H”/hWOhe—isH”/h ds
0

_ _}ll; /t ¢TI H i H gy g % /t pit—s)H" [ /S o iG=OB b by B g g
0 0 0
where Wé’ := H" — H" consists of two parts,
~h2 . .
520587 (1= Y (hx /L)) Ag + (1 = ¥ (hx /L) A ;g™ 3)
J.k
and

2 ]
B U=y /L)Y A A+ W1 = Y (hx L)V
ik

In particular, Wg is a first order differential operator of the form

R R0 + R ) (),

lee|=1
where fof’, foh are supported in {|x| > L/(2h)} and satisfy
187 £ ()] < Cap ) #7198 £ ()] < Cap ()77 1L (4-8)
Since {|x| = L/(2h)} ﬂnx(suppa,’f) =g if L > 1, we have

IWg Opy,(a;)* (D) Il o ;> < Cush™™5, M >0, seR.

Therefore, the first term of the right-hand side of the above Duhamel formula satisfies the desired estimates

. h o ITh .
itH [ itH?/h are ynitary on L.

since e~ and e~

We next study the second term. Again by the Duhamel formula, we have

7 - ~ . T - N - o
[Hh, Wél]e_”Hh/h — e—Lth/h[Hh’ Wé’] + %/ e_l(T—M)Hh/h[Hh’ [Hh, Wél]]e_’”H,/h i
0
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Since the coefficients of the commutator [H", Wé’] are supported in {|x| > L/(2h)}, the support property of
a;[ again implies that [H", Wé’] Op,, (a;)*(D)S = 0,2, ;2(h™~%) for any M > 0 and s € R. Furthermore,
by virtue of (4-1), (4-8), and the symbolic calculus, the coefficients of [ﬁ h [ﬁ k. W(;l]] are uniformly
bounded in x and supported in {|x| > L/(2h)}. We now apply Lemma 4.5 to

[ﬁh, [ﬁh, ng]]e—iuﬁh/h Oph(a;)*
and obtain the assertion. U
Proof of Proposition 3.1. Rescaling t — th, it suffices to show
10p, (@ )e™ 1" Op, (@) 11 oo < Celth ™2, 0 <t <7,

where H" = h?H. Let Ay (x, y) be the distribution kernel of Op, (a;):
Aney) = @iy [ @G e ) ds.
Since a;f € S(1, g) is compactly supported in / with respect to £, we easily see that

SuP/IAh(x,y)lderSUP/IAh(x,y)IdxSC, h € (0, 1].
x y

Moreover, since (S)sa;l|r (&)Y € 8(1, g) for any s, ¥, we have
1{D)* Opy,(a; (D) | 2,12 < Csh ™77, (4-9)
Combining these two estimates with Theorem 4.3 and Lemma 4.4, we can write
Op,(aj)e H'/" Op, (ait)* = K\ (1, h, N) + Ka(t, h, N),
where
Ky (t, h, N) = Op, (&) Jn(S;, b )e o/ g, (St cih*,
Ka(t, h, N) = Op,,(a;) Qfi (. h. N) + Opy,(a ) (e "H" 17 — =111y Op, (7).
By (4-7), the distribution kernel of K (¢, h, N), which we denote by K (¢, x, y), satisfies
|K1(t,x, y)| < / |An(r, DK (1,2, M dz < Cxlth| ™2, 0 <1 <h™",
uniformly in & € (0, hg]. On the other hand, (4-6), Lemma 4.4, and (4-9) imply
(D)’ Ka(t, h, N)(D)'ll2, 2 < Cv,chV 771,

If we choose N > d +2 and s > d/2, it follows from the Sobolev embedding that the distribution kernel
of K»(t, h, N) is uniformly bounded in R4 with respect to h € (0, hg] and 0 < ¢ < h~!. Therefore,
Op,, (a;)e_” H"/h Opy, (a;[)* has the distribution kernel K (¢, x, y) satisfying dispersive estimates for
0<t<hl:

|K(t,x,y)| < Cnlth|"¥?, x,yeR%. (4-10)
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Finally, using the relation
Op; (a)e ™"/ Opy (af)" = (Opy (a e/ Opy (a)")*.

we learn that K (¢, x, y) = K(—t, y, x) and (4-10) also holds for 0 < —¢ < h~!. For the incoming case,
the proof is analogous and we omit it. U

5. Fourier integral operators with the time dependent phase

Throughout this section we assume Assumption 1.1 with x> 0. Consider a symbol x. € S(1, g) supported
in a region
Q(e) == {(x,§) e R* : {x) > £l§]/2},

where ¢ > 0 is an arbitrarily small fixed constant. In this section we prove the dispersive estimate
10p(xe)e™ ™ Op(xe) N1 < Celt| ™2, 0 <1l <1,

where 7, > 0 is a small constant depending on e. This estimate, combined with the L2-boundedness of
Op(x.) and e~" implies the Strichartz estimates for Op(y;)e 7.

Let us give a short summary of the steps of the proof. Choose x; € S(1, g) so that supp x; = supp x.
and Op(x.)* = Op(x)) +Op(ry) with some ry € S((x)~NE)yN, g) for sufficiently large N > d/2. We
first construct an approximation for e ¥ Op(x) in terms of the FIO with a time dependent phase

1
2m)?

where W is a generating function of the Hamilton flow associated to p(x, §) and (0¢ W, &) — (x, 0, W) is
the corresponding canonical map, and the amplitude

T M) () = / VOO ¢ E) F(y) dy dE,

b=by+by+---+by_;

solves the corresponding transport equations. Although such parametrix constructions are well known
as WKB approximations (at least if x is compactly supported in £ and the time scale depends on the
size of frequency), we give the details of the proof since, in the present case, supp x. is not compact
with respect to & and ¢, is independent of the size of frequency. The crucial point is that p(x, &) is of
quadratic type on Q(g):

1099 p(x, £)| < Cup,  (x.6) €Q(e), |+ ] =2,

which allows us to follow a classical argument (see, for example, [Kitada and Kumano-go 1981]) and
construct the approximation for |t| < t, if , > O is small enough. The composition Op(x.)J (¥, b) is
also an FIO with the same phase, and a standard stationary phase method can be used to prove dispersive
estimates for 0 < |¢| <1,. It remains to obtain the L' — L> bounds of the remainders Op(x,)e "7 Op(ry)
and Op(xs)e_”H(Op(Xe*) — J(W, b)), If e~"H maps from the Sobolev space HY2(RY) to itself, then
L' — L bounds are direct consequences of the Sobolev embedding and L?-boundedness of PDOs.
However, our Hamiltonian H is not bounded below (on {|x| 2 |£|}) and such a property does not hold in
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general. To overcome this difficulty, we use an Egorov-type lemma as follows. By the Sobolev embedding
and the Littlewood—Paley decomposition, the proof is reduced to that of the estimate

Z 1277 8;(D) Op(xe)e "™ Op(rn) (D) flI» < CI 1172, (5-D
j=0
where y >d /2 and §; is a dyadic partition of unity. Then we will prove that there exists n; (¢, -, - ) € S(1, g)
such that
2/ < C(1+|x|+1&) on suppn; (1),
and that
S;(D) Op(xe)e™ " = ™" Op(n; (1)) + 02 227Y), 1] <1 < 1.

Choosing § > 0 with y +8 < N/2, we learn that 2/ )y, (t)ry (€)” € S(1, g), and hence (5-1) holds.
Op(xe)e "M (Op(x}) — J (W, b)) can be controlled similarly.

Short-time behavior of the Hamilton flow. We now discuss the classical mechanics generated by p(x, &).
We denote by (X(@),EB@®)=(X(,x,8&), E(t, x, &)) the solution to the Hamilton equations

Xj= ag (X, B) = ngk(xxuk — Ar(X)).

5=

gj= E)xj(X E)

_ 1y %% e 5 400 24% 08— a2
=225, G~ ABE A1<X)>+;g (X) 5 O E = 41X = 52X

with the initial condition (X (0), E(0)) = (x, &), where f = d, f. We first observe that the flow conserves
the energy:

p(x,§) = p(X (@), E(1)),
which, combined with the uniform ellipticity of g/*, implies

IE(t) — AX))I* S p(X (1), E(1)) — V(X (1))
=p(x,&) = V(X))
SIE— AP+ V)| + VX (@),

and hence |E(¢)| < €]+ (x) + (X (¢)). By the Hamilton equation, we then have
(X1 +120)] < CA+[E]+ x|+ X O]+ [EM).
Applying Gronwall’s inequality to this estimate, we obtain an a priori bound:
1X(0) — x| +|E@) — & < Crle|(1+ |x| + 1§D, 1| <T, x,§ eR

Using this estimate, we obtain more precise behavior of the flow with initial conditions in €2 (g).
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Lemma 5.1. Let ¢ > 0. Then, for sufficiently small t, > 0 and all o, B € 7%,
19907 (X (2, x, &) — )| +[820L (E1, x, §) — E| < Cugelt|(x) 71,
uniformly with respect to (t, x, &) € (—t., t;) X Q(¢e).

Proof. We only consider the case with ¢ > 0, the proof for the opposite case is similar. Let (x, £) € Q2 (¢).
First we remark that, for sufficiently small ¢, > 0,

lx[/2 < | X, x,8)| <2(x), [t]| <te. (5-2)

For |a 4+ 8| = 0, the assertion is obvious. We let | 4+ | = 1 and differentiate the Hamilton equations
with respect to 9% 85 :

d (3EX\ _ (0.:0:p(X,B)  92p(X, ) )(agafx) 53
a\awafs) ~ \—o2px. @ —s0.px, 2 \avals)

Using (5-2), we learn that p(X (¢), E(¢)) is of quadratic type in Q(¢g):
|(920F p)(X (1), B(0))] < Cope(x)* TP (1,x,8) € (—te. 1) x Q(e).

Hence all entries of the above matrix are uniformly bounded in (¢, x, ) € (—t,, t.) X 2(¢). Taking t, > 0
smaller if necessary, integrating (5-3) with respect to ¢, and applying Gronwall’s inequality, we have the
assertion with |« 4+ 8| = 1. For |a + B| > 2, we prove the estimate for 8521 X (t) and 8§1 E(t) only, where
& =(&1,&,...,&). Proofs for other cases are similar, and proofs for higher derivatives follow from an
induction on |« + B|. By the Hamilton equation, we learn

%agxm = 0,0 p(X (1), E(1))07 X (1) + 07 p(X (1), E(1))0Z E(t) + Q(X (1), E(1)),

where Q (X (¢), E(t)) satisfies

QXM E@)I<Cc Y 0% p)(X (1), B0))]186 X ()95, E(@)|P
la+B]=3,181=1

< Celx)™"

We similarly obtain

d _
S5 B0 = =07 p(X (1), BM)I5 X (1) = %3 p(X (1), BW)3Z (1) + O((x) ™).
Applying Gronwall’s inequality, we have the desired estimates. 4

Lemma 5.2. (1) Let t. > 0 be small enough. Then, for any |t| < t., the map
g() : (x, ) > (X(1,x,8),8)
is a diffeomorphism from 2 (e /2) onto its range, and satisfies

Q(e) C g(t, 2(e/2)) forall |t <t..
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(2) Let Q(e) > (x, &) — (Y(t,x,8),&) € Q(e/2) be the inverse map of g(t). Then Y(t,x, &) and
E(t, Y(t, x, &), &) satisfy the same estimates as those for X (t, x, &) and E(t, x, €) of Lemma 5.1, respec-
tively:

0200 (Y (1, %, &) — ) + 10292 (B (1, Y (1, %, £), §) — £| < Capelt|(x) 1%+,

uniformly with respect to (t, x, &) € (—t., t;) X Q(¢&).
Proof. Choosing a cutoff function p € S(1, g) suchthat 0 < p <1, suppp C (¢/3),and p =1 on

Q(e/2), we modify g(¢) as follows:

gp(th’s) = (Xp(t’x’g)’é)’ X,O(t’x"i:) = (1 —p(x,%'))x-l—p(x,é)X(t,x,f).

It is easy to see that, for (¢, x, &) € (—t¢, 1) X Q2(g/2), gp(t, x, §) is smooth and Lemma 5.1 implies

10997 g, (1, x, )| < Cupe. I+ > 1,
|J(g,0)(tsxs g) _Id| = Cats,

where J(g,) is the Jacobi matrix with respect to (x, §) and the constant C,; > 0 is independent of ¢, x,
and &. Choosing ¢, > 0 so small that C.t, < 1/2, and applying the Hadamard global inverse mapping
theorem, we see that, for any fixed || < 1., g, () is a diffeomorphism from R onto itself. By definition,
g(1) is diffeomorphic from €2(¢/2) onto its range. Since g, () is bijective, it remains to check that

Q) Dgpt, Q(e/2)), t] <t

Suppose that (x, &) € Q(g/2)¢. If (x, &) € Q(g/3)¢, the assertion is obvious since g,(¢) = Id outside
Q/3). If (x,8) € Q(e/3)\ R2(g/2), then, by Lemma 5.1 and the support property of p, we have

| Xp(t, x, )| < x|+ p(x, (X (1, x,§) —x)| = (6/24 Cote)(§)

for some Cy > 0 independent of x, &, and f.. Choosing ¢, < ¢/(2Cp), we obtain the assertion.
We next prove the estimates on Y (¢). Since (Y (¢, x, &), &) € Q(e/2), we learn

Y, x,8) —x|=1X(0,Y(r,x,§),8) - X1, Y(,x,8),8)|

< sup [|X(,x,§)—x|
(x,£)eQ(e/2)

< Celt|(x).

For a, B € Zfi with |a 4+ 8| = 1, apply 3;"85 to the equality x = X (¢, Y (¢, x, £), £). We then have the
equality
At Z(1, %, )20 (Y (1, x,§) —x) = 928L (v — X (1, v, M) | yon=ztx.6)-

where Z(t,x,&) = (Y(¢t,x,£),&) and A(t, Z) = (0, X)(¢, Z) is a d xd matrix. By Lemma 5.1 and
a similar argument to that in the proof of Lemma 5.2(1), we learn that A(¢, Z(z, x, §)) is invertible
if £, > 0 is small enough, and that A(¢, Z(¢, x, &)) and A(¢, Z(¢, x, £))~! are bounded uniformly in
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(t,x,&) € (—tg, t.) X 2(e/2). Therefore,

009 (Y (1. x,6) —x)| <Cap  sup  [970F (x — X (¢, x, £)))|
(x,§)e(e/2)

< Caplt|(x)! 7147,
Proofs for higher derivatives are obtained by induction in |« + 8| and proofs for E(z, Y (¢, x, §), §) are

similar. O

The parametrix for Op(x.)e~ """ Op(x.)*. Before starting the construction of parametrix, we prepare
two lemmas. The following Egorov-type theorem will be used to control the remainder term. We write

exptHy(x,§) = (X(1,x,§), E(1, x,§)).

Lemma 5.3. For h € (0, 1], consider a h-dependent symbol n, € S(1, g) such that suppn;, C Q(g) N
{1/(2h) < |&| < 2/ h}. Then, for sufficiently small t. > 0, independent of h, and any integer N > 0, there
exists a bounded family of symbols

V@, -, )it <te, 0<h<1}C S, g)
such that
supp i (¢, -, -) C exp(—1) H,(supp ny)

and
e Op(me ™™ — Op()Y (Dl 2, 12 < Cwsh”.

uniformly with respect to 0 < h <1 and |t| < t,.
Proof. Let ng(t, x,&)=nu(exptH,(x,§)) =nu(X (¢, x,8), E(t, x,§)). Itis easy to see that
supp 17, C exp(—1) H, (supp np).

Moreover, Lemma 5.1 implies that {n2 1|t] <t.,0 < h <1} is a bounded subset of S(1, g). By a direct
computation, n2 solves
oy ={p. M} Myli=o = -

where { -, - } is the Poisson bracket. Then, by standard pseudodifferential calculus, there exists a bounded
set {r}?(t, -,):0<t<t,0<h<1}CS(,g) with suppr}? C exp(—1) H,(supp n;) such that

4 0p(rf) = itH, Op(1+h Op(r).

We next set

t
n}ll(t9x7§):/ r,(l)(S,X(l—S,x,f), E(t_svxvé))ds'
0
Again, we learn that {n,lz(t, )t <t,0<h <1} C S(1, g) is also bounded and that

supp ’71]1 C exp(—1)Hp,(supp 1)
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for all |t| < t, and 0 < i < 1. Moreover, ’7}11 solves

iy ={p,m)+ry,  nhli=o=0,

which implies

d .
7 Py +hn) = i[H, Op(y + )] + h* Op(r)

with some {r,i 0<t<t,0<h<1}cCS(,yg) and suppré C exp(—1t)H,(suppny). Iterating this
procedure and putting 77/1:/ = Z;V:_Ol hi ’7/]1’ we obtain the assertion. (|

Using this lemma, we have the following.

Lemma 5.4. Let ¢ > 0. Then, for any symbol x. € S(1, g) with supp x. C Q2(¢) and any integer N > 1,
there exists x} € S(1, g) with supp x C 2(&) such that for any y < N /2,

sup ||Op(Xa)€_itH Op(xe)* — Op(Xa)e_itH Op(X:)”H*V(Rd)—)HV(Rd) < Chye-

|t]<te

Proof. By the expansion formula (2-4), there exists x; € S(1, g) with supp x; C €2(¢) such that
Op(xe)* = Op(x;) + Op(ro(N))

with some ro(N) € S((x) "N (£)™", g). For 8§ > 0 with 2y +8 < N, we split

(D)Y Op(xe)e "™ Op(ro(N)) (D) =(D)? Op(xe)e (D)™ ~° (x) 77 ~°x)" (D) Op(ro(N)) (D).

Since (x)? TOEV TOrg(N)(E) € S(1, g), (x) (D)’ Op(ro(N))(D)” is bounded on L. In order to
prove the L2-boundedness of the first term of the right hand side, we use the standard Littlewood—Paley
decomposition and Lemma 5.3 as follows. Consider a dyadic partition of unity with respect to the
frequency:

> osipy=1,
j=0

where S;(§) = S(277/&), j > 1, with some S € Cgo(Rd) supported in {1/2 < |&| <2} and Sy € Cgo([Rd)
supported in {|§]| < 1}. Then

) 00 ) ] 1/2
I(D)” Op(xe)e (D)7 =2 (x) " fll 2 < C(Z 1277 8;(D) Op(xe)e (D)7~ <x>—V—3f||iz)
j=0

By the expansion formula (2-3), there exists a sequence of symbols n; € S(1, g) supported in
QN2 < g <2/t
such that

S;(D)Op(xe) = Op(n;) + Q1(j, N). 101, Mllp2 2 =077,
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We then learn from Lemma 5.3 with 4 = 27/ that there exists {775-v (t):|t| <t} C S, g) such that

Op(nj)e " =e " Op(n (1)) + Qa(t. j. N).  sup [|Qa(t, j. N)ll 122 = 0277,

1<z,

Since N > y + 4, the remainder satisfies

sup 11277 (Q1(j, N)e™ ™ + Qa(t, j, N)(D) " = (x) 7 £lI72 < C27200) £ 12,

|t]<te
Suppose that (x, &) € supp nj.v (t). Since supp nj-v (t) Cexp(—t)H,(suppn;), we have
1X(t,x,6)| > e(B(t,x,8), 27" < |8, x,8)]<2/T.
Using Lemma 5.1 with the initial data (X (¢, x, £), E(¢, x, £)), we learn
x =X, x, )|+ —E(, x,8)| = Cre(X(t,x,8)), [t] <te.
Combining these two estimates, we see that
Y <CU+Ix[+15D,  (x, &) esuppnf @), lt] <te,

where the constant C > 0 is independent of x, &, and ¢, provided that 7, > 0 is small enough. Therefore,
2/ <V+5)n§.v () (& YY) Y8 e S, g) and the corresponding PDO is bounded on L?. Finally, we obtain

Z 1277 Op(nj)e_itH(D)_y_6<x>_y_8f||i2
j=0

oL

~
Il
o

<O (12775279 0p N ()(DY 7P ) T FI, + 2720 £12,)

<C

]2

—2j8) £112
2770 f Il

~.
Il
o

<Clfl3, O

We now consider a parametrix construction of Op(x.)e "' Op(x). Let us first make the following
ansatz:

V(t.X) = 3 f Y COIOPN 1, x 8) f(y) dy dE,

where bV = Zy:_o] b;. In order to approximately solve the Schrédinger equation
i0,v(t) = Ho(t), vl=0 = Op(x.)¢,
the phase function W and the amplitude b" should satisfy respectively the Hamilton—Jacobi equation

GV +px,0,W)=0, W¥|—o=x-& (5-4)
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and the transport equations

{8,b0+9€-axb0+0yb0:0, boli=0 = Xe, (5-5)

where K is the kinetic part of H, and the vector field ¥ and function % are defined by

Xjt,x,8) =0 p)(x, :V(, x,8)), j=1,....,d,
Y, x, 8) = [k(x, 0)V + p1(x, 9 V)], x, §).

Here p, p; are given by (1-6). We first construct the phase function W.

Proposition 5.5. Let us fix e > 0 arbitrarily. Then, for sufficiently small t, > 0, we can construct a smooth
and real-valued function ¥ € C®((—t,, t;) x R*; R) which solves the Hamilton—Jacobi equation (5-4)
for (x, €) € Q(e) and |t| < t,. Moreover, foralla, B € 7%, x, &€ € R? and |t| < t,,

|020L (W2, x,8) —x - & +1p(x, §)] < Copelt]* (x)>1H, (5-6)
where Cype > 0 is independent of x, & and t.

Proof. We consider the case when ¢ > 0, and the proof for + < 0 is similar. We first define the action
integral \AI;(I, x,&)on [0, 1) x Q(/2) by

lI!(t,x, E)=x-¢& —l—/o L(X(s,Y(t,x,8),8), B(s,Y(t,x,8),&))ds,

where L(x,8) =& - 0gp(x, &) — p(x, &) is the Lagrangian associated to p(x, &), and X, &, and Y are
given by Lemma 5.2(2) with ¢ replaced by ¢ /2. The smoothness of U(t, x, &) follows from corresponding
properties of X (¢), E(¢), and Y (¢). It is well known that \i(t, x, &) solves the Hamilton—Jacobi equation

0 (t, %, &)+ px,:W(1,x,8) =0, Wlg=x-&,
for (x, &) € Q(g/2), and satisfies
(1, x,E) =B, Y(1,x,8),8), 8Vt x,&=Y(,x,&).
Lemma 5.2(2) shows that p(Y (¢, x, £), £) is of quadratic type:
1090F p(Y (1, X, £), 6)] < Cape(x)> 1 (1,x,8) €10, 1) x Q(2/2),
which, combined with the energy conservation
PG, 3 W (1, %, 8) = p(Y (1, %,§), ),
implies

1020F (U (t, x, ) —x - E)| < Capelt| ()1 (1,x,£) €10, 1) x Q(e/2).
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We similarly obtain, for (¢, x, &) € [0, t.) x Q(g/2),

pOe, 3.0 (1, %, ) = plx, )] = (0. ¥ (1, %, §) — ) - /01(3gp)(x, 00,0(1, x, £) + (1—0)€) db
< Celtl(x)?,
and, more generally,
1050f (p(x, 8.8 (1, x,8)) = p(x, §)| = Capelt | (x)7*H.
Therefore, integrating the Hamilton—Jacobi equation with respect to ¢, we have
1959F (B (1, %, 8) = x - & +1p(x, )] = Copelt]* (x)>7 4+,

Finally, choosing a cutoff function p € S(1, g) sothat 0 < p <1, p=1 on Q(¢), and supp p C Q(g/2),
we define

lIJ([, X, S) =X é - tp(xv é) +10(x’ S)(\i(t’ X, 5) —X 5 +tp(x’ 5))
W(t, x, &) clearly satisfies the statement of Proposition 5.5. 0
Using the phase function constructed in Proposition 5.5, we can define the FIO J(V, a) : ¥ — ¥’ by

I [0 = 2 f VIO Da(x ) f(y)dyds, [ € SR,

where a € S(1, g). Moreover, we have the following.

Lemma 5.6. Let t, > 0 be small enough. Then, for any bounded family of symbols

{a(®) 1| <t} C S(1, 8),
J (W, a) is bounded on L*(R%) uniformly with respect to |t| < t.:

sup [|[J (W, a)ll 212 < Ce.

lt]=te

Proof. For sufficiently small ¢, > 0, the estimates (5-6) imply
|3 ® 8, W) (1. x, £) —1d| < Cete < 5. 10200 W(r, x,6)| < Cope for |+ ] > 2,

uniformly with respect to (¢, x, &) € (—t., 1) X R2?. Therefore, the assertion is a consequence of the
standard L2-boundedness of FIOs, or, equivalently, Kuranishi’s trick and the L?-boundedness of PDOs;
see, for example, [Robert 1987; Mizutani 2013, Lemma 4.2]. O

We next construct the amplitude.

Proposition 5.7. Let V(¢, x, &) be as in Proposition 5.5 with € replaced by € /3. Then, for any integer
N > 0, there exist families of symbols {b;(t, -, -) : |t| <t} C S((x)/(&)7,¢),j=0,1,2,...,N—1,
such that supp b (t, -, -) C Q(¢/2) and b; solve the transport equations (5-5).
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Proof. We consider the case t > 0 only. Symbols b; can be constructed by a standard method of
characteristics along the flow generated by %(¢, x, &) as follows. First note that Assumption 1.1 and (5-6)
imply that
0909 (t, x, )] < Cape () 74P, (5-7)
|020LU (2, x, £)] < Cape(x) 12, (5-8)

uniformly with respect to 0 <t <t, and (x,&) € Q(¢/3). Forall 0 <=, <t,, we consider the solution
to the ODE

0:z(t,s,x,8)=%(t,z(t,s,x,8),&), z(s,s)=x.

We learn from (5-7) and an argument as in the proof of Lemma 5.1 that z(z, s) is well defined for
0<s,t<t,and (x, &) € Q(e/3), and that

1099 (2(t, 5, x, &) = X)| < Copete(x) TP (x,8) € Q(e/3). (5-9)

Then b (t) are defined inductively by
t
b()(t, X, 5) == X:(Z(()’ t! X, %-)7 %-) exp(/ O'y(sv Z(Sv tv X, S)v 5) ds)v
0

t t
bﬂt,x,é):—/ (iij_l)(s,z(s,t,x,é),é)exp(/ OZ‘)(u,z(u,t,x,’g‘),&‘)du) ds.
0 u

Since supp x; C (&), by (5-9) and an argument as in the proof of Lemma 5.2(1), we see that b; (¢, x, §)
is smooth with respect to (x, &) and that oy af bj(t, x,&) are supported in 2(¢/2) for all 0 <t < t,.
Thus, if we extend b; on R4 so that b i(t, x,&) =0 outside Q2(g/2), then b; is still smooth in (x, §).
Furthermore, we learn by (5-8) and (5-9) that {b;(z,-,-): 1 €[0, ], 0 < j < N — 1} is a bounded set
in S((x)7/(&)7/, g). Finally, a standard Hamilton—Jacobi theory shows that b; () solve the transport
equations (5-5). Il

We now state the main result in this section.

Theorem 5.8. Fix ¢ > 0 arbitrarily. Then, for any sufficiently small t, > 0, any nonnegative integer
N > 0 and any symbol x. € S(1, g) supported in Q2(¢), we can find a bounded family of symbols
{aV(,-,-) |t <t} € S, g) such that Op(xs)e """ Op(x.)* can be brought to the form

Op(x:)e " Op(xo)* = J(W,a") + Q(t, N),

where J(V, a") is the FIO with the phase V(t, x, &) constructed in Proposition 5.5 with & replaced by
/3. The distribution kernel of J(V, a"), which we denote by Ky o (t, x,y), satisfies the dispersive
estimate

|Kgav(t, X, )| < Cnelt ™% 0<t] <te, x, 6 €RY.

Moreover, for any y > 0 with N > 2y, the remainder Q(t, N) satisfies

(D) Q(t, NY(D) Il 212 < Cyeltl, ] <o (5-10)
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In particular, if we choose N > d + 1, the distribution kernel of Q(t, N) is uniformly bounded in R*? with
respect to |t| < t.. Hence

10p(xe)e "™ Op(xe)* Il 1 e < Celt| ™92, 0 < |t] <.

Proof. We consider the case when ¢ > 0 and the proof for the opposite case is similar. By virtue of
Lemma 5.4, we may replace Op(x.)* by Op(x;) for some x € S(1, g) supported in 2 (¢), without loss
of generality. Let bV = Z?’;ol b with b; constructed in Proposition 5.7. Since J (W, bN)|i=0 = Op(x}),
we have the Duhamel formula

t
Op(xe)e " Op(x}) = Op(xe)J (W, b") —i f Op(xe)e (D, + H)J (W, bV)| 1, ds.
0
Estimates on the remainder. It suffices to show that

sup [[(D)Y Op(xe)e "™ (D; + H)J (¥, bY)(D)? |12 12 < Ciye.

t]<te

Since W, b; solve the Hamilton—Jacobi equation (5-4) and transport equations (5-5), respectively, a direct
computation yields

e V(D 4 H)(e"‘”f’xf) Nzl bi(t, x, s)) =rn(t, x, £),
j=0
with some {ry(z,-,-):0<t <t} C S({x)"N(E)~", g). In particular,
(D, + H)J (¥, bN) = J (W, ry).
A standard L2-boundedness of FIOs then implies

sup [[(x)* (DY J (W, ry) (D) |12 12 < Ciys,

lt]<te

for any y, § > 0 with 2y +§ < N. Since, in the proof of Lemma 5.4, we already proved that

sup [[{D)” Op(xe)e (D)7~ (x) 7" || ;2 12 < Cys,

[t]<te
we obtain the desired estimate.

Dispersive estimates. By the composition formula of PDOs and FIOs (cf. [Robert 1987]),
Op(xe)J (¥, b™)

is also an FIO with the same phase W and the amplitude

1
(2m)4

aV(t, x, €)= /ei"'”xs(x, N+ 20, x, y, )N, x +y, &) dydy,

where E(1, x, y, £) = [} (3:¥)(1, y + A(x — y), §) di. By virtue of (5-6), E satisfies

102920 (B(t, x, y. &) — &) < Cowplt], la+o +B> 1.
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Combining this with the relations x., bV € S(1, g), supp x. C 2(¢), and suppb™ (¢, -, -) C Q(g/2), we
see that {a" : 0 <t <t} is bounded in S(1, g). The distribution kernel of J (¥, a") is given by

1 j —y
K\Il,aN(tyx’ y) = (27T)d /el(\ll(t,xf) yE)aN(t,x,é) ds.

By virtue of Proposition 5.5, we have

sup [0500 9] (W(1,x,€) = y-£)| < Capy, la+B+y|=2,

[t]<te

RW(t, x,6)=—t(g"()ju+0(*),  |t|—>0.

As a consequence, since g/¥(x) is uniformly elliptic, the phase function W (¢, x, £) — y - £ has a unique
nondegenerate critical point for all |¢| < 7, and we can apply the stationary phase method to Ky, v (2, x, y),
provided that 7, > 0 is small enough. Therefore,

|Kg v (t, x, )| <Clt|™2, 0 <|t| <t, x,& eR™ O

6. Proof of Theorem 1.5

We now give the proof of Theorem 1.5. Suppose that H satisfies Assumption 1.1 with & > 0. In view of
Corollary 2.6, (1-4) is a consequence of the following proposition.

Proposition 6.1. For any symbol a € Cg° R and T > 0,

10p, @e™ ol o1 71 10@ey < Crh™ P l@ll 2@y
uniformly with respect to h € (0, 1], provided that (p, q) satisfies (1-1).

Proof. This proposition follows from the standard WKB approximation for e/’ Op, (a) up to time
scales of order 1/h. The proof is essentially the same as that in the case for the Laplace—Beltrami operator
on compact manifolds without boundaries [Burq et al. 2004, Section 2]. We omit the details. Il

Using this proposition, we have the semiclassical Strichartz estimates with inhomogeneous error terms.
Proposition 6.2. Leta c Cg° (R2). Then, for any T > 0 and any (p, q) satisfying the admissible condition
(1_1)9

10p, @ e™ ol Lo 1. 77: 0@
< Crl0p, @l ey + Crhllgll 2 + Ch™210p, @™ gl 2.7y,
+Ch'2||[Opy, (@), Hle "™ 0|l 12 1.1 L2
uniformly with respect to h € (0, 1].

This proposition has been proved by [Bouclet and Tzvetkov 2007] for the case with V, A = 0. We
give a refinement of this proposition with its proof in Section 7.
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Next, we shall prove that if k(x, &) satisfies the nontrapping condition (1-3), the missing 1/ p derivative
can be recovered. We first recall the local smoothing effects for Schrédinger operators proved by Doi
[2005]. For any s € R, we set B* :={f € L*(RY) : (x)*f,(D)' f € Lz(Rd)}. Define a symbol ¢, (x, &) by

es(x, &) 1= (k(x, &) + x|+ L(s)/* € S((1 + |x| + &), &),

where L(s) > 1 is a large constant depending on s. We denote by E; its Weyl quantization,

Eef ()= 0p" () f(5) = g / e (212 6) () dy de.

Then, for any s € R, there exists L(s) > 0 such that E, is a homeomorphism from %" to %" for all
r € R, and (E,)~! is still a Weyl quantization of a symbol in S((1 + |x| + |£])~*, g); see, [Doi 2005,
Lemma 4.1].

Proposition 6.3 (the local smoothing effects [Doi 2005]). Suppose that k(x, &) satisfies the nontrapping
condition (1-3) and Assumption 1.4. Then, for any T > 0 and o > 0, there exists Ct , > 0 such that

1)~ 27 Erjae™ 0l 1.7y 12ty < Cro 19l L2gey- (6-1)

Remark 6.4. (6-1) implies a standard local smoothing effect,

1)~ 277Dy e ol a1y 2wy < Cro @l L2ray- (6-2)
Indeed, we compute
<x>—l/2—(r<D>l/2 _ <D>1/2<x>—1/2—(7 +[(D)1/2, <x>—1/2—5]
= (D)'*(E1p) ' Erpp(x) ™27 + (D)2, (x)71/277]
= (D)'2(E\)2) ™' (x) "V 7 E1jp 4+ [Erpa, (x)727OD + (D)2, (x) 712700

It is easy to see that (D)/2(E12)~", [E1)2, (x)71/>77], and [(D)'/?, (x)~'/27°] are bounded on L*(R?)
since their symbols belong to S(1, g). Therefore, (6-1) implies (6-2).

Proof of (1-5) of Theorem 1.5. 1t is clear that (1-5) follows from Proposition 6.2, (6-2), and Corollary 2.6,
since a is compactly supported with respect to x and {a, p} € S((§), g), where p = p(x, &). O
7. Near sharp Strichartz estimates without asymptotic flatness

This section is devoted to proving Theorem 1.6. We may assume pu = 0 without loss of generality.

Proposition 7.1. Let I € (0, 00) be a relatively compact open interval and Cy > 1. Then there exist
80, ho > 0 such that for any 0 < 8§ <89, 0 <h <hgy, 1 <R <1/h, and any symbol a, € S(1, g) supported
in{(x,&): R <|x| <Cy/h, |&| € I}, we have

10py (an)e ™™ Opy (an)* Il 1 1o < Cslt] ™2, 0 <|r] < 8hR, (7-1)

where Cs > 0 may be taken uniformly with respect to h and R.
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Remark 7.2. When [¢| > 0 in (7-1) is small and independent of R, (7-1) is well known and the proof
is given by the standard method of the short-time WKB approximation for e=/#"/h Op, (a)*; see, for
example, [Burq et al. 2004].

For h € (0, 1], R > 1, an open interval I € (0, 00), and Cyp > 1, we set
TR, b, 1) :={(x,&) eR¥: R < |x| < Cy/h, |E| €1}.
Equation (7-1) is a consequence of the same argument as in the proof of Proposition 3.1 and the following
proposition.

Proposition 7.3. Let I € I} € (0, 00) and Cy > 1. Then there exist &y, ho > O such that the following
hold for any 0 < 8 < 389,0 < h <hg,and 1 <R < Cy/h.

(1) There exists ®j,(t, x, £) € C°((—8R, §R) x R*?) such that &y, solves the Hamilton—Jacobi equation

{atcbh(tvxvg):_ph(xvax(bh(tvx’é))v |t|<8R1 (X,S)EF(R/Z,I’I,/Z, I]), (7_2)
®,00,x,&)=x-&, (x,&)e"(R/2,h/2, ).
Furthermore, we have

10208 (@n (1, x. &) — x - & +1pu(x. )| < CapR™“IRIt2, . p e 24, (7-3)

uniformly with respect to x, & € R he 0, hp],0<R<Cy/h,and |t| < SR.
(2) Foranyap € S(1, g) withsuppay CI'(R, h, I) and any integer N >0, we canﬁndb;lv(t, -,-)eS, g)
such that

e~ Op, (an)* = Jy(®1. bY) + Qwks (t. h, N),

where J;,(Dy, b;lv ) is the h-FIO with phase function ®;, and amplitude bYN . and its distribution kernel
satisfies
|Kwks(t, b, x, y)| < Clth|"?, he(0,hol, 0<|t] <5R, x,& eR7. (7-4)

Moreover the remainder Qwxsg(t, h, N) satisfies
I(D)* Qwks (¢, b, N)(D)* || 1212 < Cy 5h™"|t],  h € (0, hol, |t] <3R.

Sketch of proof. The proof is similar to that of Theorem 5.8; in particular, the proof of the second claim is
completely the same. Thus, we just outline the construction of ®;. We may assume Cy = 1 without loss
of generality. Denote by (X, E;,) the Hamilton flow generated by p;. To construct the phase function,
the most important step is to study the inverse map of (x, &) — (X;(¢, x, &), £). Choose an open interval
I 1 sothat I} € I 1 € (0, 00). The following bound was proved in [Mizutani 2013]:

10997 (Xn(t, x. &) — )| + (x)|920L (B (1. x. £) — £)] < Cap(x) 7I]t]
for (x,&) e I'(R/3,h/3, fl) and |f| < §R. For sufficiently small § > 0 and for any fixed |f| < §R, this

implies
18, X,(1) —1d| < CR™'|t| < C8 < %
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By the same argument as that in the proof of Lemma 5.2, the map (x, §) — (X, (¢, x, £), &) is a diffeo-
morphism from I'(R/3, h/3, il) onto its range and the corresponding inverse (x, £) — (Y (¢, x, &), &) is
well-defined for || <8R and (x, &) e I'(R/2, h/2, I,). Moreover, Y}, (¢) satisfies an estimate like the one
for X, (t):

10908 (Y (¢, x, &) = )| < Capx)™It], 11| <8R, (x,€) €T(R/2,1/2, ).
We now define &, by
O(t, x,8) 1=x -s+f0 Li(Xp(s, Y (1, %, €),8), E(s, y(t, x, §),§)) ds,

where L, =& - 0¢ py, — pi,. By the standard Hamilton—Jacobi theory, ®;, solves (7-2). Moreover, using
the energy conservation py(x, 9, D, (t)) = pr (Y5 (¢), §) and the above estimates on X, E;, and Yj, we

see that
|pn(x, 3P (1)) — pr(x, &) = | pa (Y (), &) — pu(x, &)]
A
< 1¥(0) — x| /0 @ o) Y (1) — (1 — W)x, £) dA
< Cly(t) —x|(h +h*{x)?)
< Chlt|
and that

1090 (i (x, 0. ®n) — pa(x, £))] < Cop(x) ™ hlz].
§
Using these estimates, we can check that @, satisfies (7-3). Finally, we extend &, to the whole space so
that @, (¢, x, £) = x - £ — tpy(x, &) outside ['(R/3, h/3, I)). O
Using Proposition 7.1, we obtain a refinement of Proposition 6.2.
Proposition 7.4. Let 0 < R <1/h and let a, € S(1, g) be supportedin {(x,&E): R < |x| <1/h, || € I}.
Then, for any T > 0 and (p, q) satisfying the admissible condition (1-1),
10py, (ah)e_”H(P||Lp([_T,T];Lq(Rd))
=< CT”Oph(ah)Qo”LZ(Rd) + CTh”(p”LZ(Rd) +Cr(hR)™/7||Op,(an)e™ IHGO||L2([_T,T];L2(W))
+ Cr(hR)'2|I[H, Opy,(a)le ™ ol o 7. 71 12

172 i

uniformly with respect to h € (0, hyp).

Proof. The proof is similar to that of [Bouclet and Tzvetkov 2007, Proposition 5.4]. By time reversal
invariance we can restrict our considerations to the interval [0, 7]. We may assume 7 > hR without
loss of generality and split [0, T'] as follows: [0, T] = JoU J; U---UJy, where J; =[jhR, (j +1)hR],
0<j<N-1,and Jy =[T —6hR, T]. For j =0, we have the Duhamel formula

t
Opy, (ap)e " = ™" Op, (a,) — i / e ' OH[Op, (ay), Hle "M ds, 1 e .
0

Here we choose b, € S(1, g) so that b, = 1 on suppa and b, is supported in a sufficiently small
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neighborhood of supp a;. By Proposition 7.1, Op,,(by)e =9 Op, (b;)* satisfies dispersive estimates
(7-1) for 0 < |t — 5| < 8h R with some § > 0 small enough. Using the Keel-Tao theorem [1998] and the
unitarity of e~ "H e then learn that for any interval Jg of size |Jg| < 2hR, the following homogeneous
and inhomogeneous Strichartz estimates hold uniformly with respect to & € (0, hp]:

10D, (b)e ™ @1l o s Laayy < Clell 2 me), (7-5)

< ClgllLt g 2@y (7-6)
LP(Jg; L1 (R?))

t
[ 765 € ) Op b Oy 1)) ds
0

where F(s € Jg) is the characteristic function of Jg and (p, q) satisfies the admissible condition (1-1).
On the other hand, using the expansions (2-3) and (2-4), we see that for any M > 0,

Op,, (an) = Op, (by,) Opy,(ar) + k™ Op,,(r1.1)
= Opy,(by)* Opy,(ar) +h™ Op,(r2.1),
[Opy,(ar), H]1 = Op,,(bx)*[Op,(an), H1+ h™ Op,(r3 1),

with some {r; p}ne,17, [ = 1,2, 3, which are bounded in S((x)~M (&)= g). Therefore, we can write

tH

Op,(an)e™ ,
= Op;, (bw)e™"" Opy,(a) —i /0 Opy, (by)e ™"~ Op,, (b)*[Opy,(an), Hle™*" ds + Q(t, h, M),
where the remainder Q(t, h, M) satisfies

1Q(t, hy M)l 2y o < Cogh™ 17402710 5 < g < o0,
uniformly in £ € (0, 1]. Combining this estimate with (7-5) and (7-6), we obtain
10, (@n)e ™ @l 1o sy ey < CIIOP, @)@l 12 + Chll@li 12 + ClI[Opy, (an), Hle @l 1 .12,

< ClOp,(an)@ll ;> + Chllgll 2 + C(hR)Z|[[Opy (an). Hle M oll 250 12)-

We similarly obtain the same bound for j = N:
10p, @n)e™ @l 1o sy:10) < ClIOP @)@l 2 + Chll@ll 2 + C(hR) > [Opy(an). Hle™ ol 12 12)-

For j=1,2,..., N —1, taking 6 € CSO(R) sothat® =1 on [—1/2,1/2] and supp8 C [—1, 1], we set
0j(t)=0(t/(hR)—j—1/2)). Itis easy to see that 6; =1 on J; and supp 6; C 7/ =Jj+[-hR/2,hR/2].
We consider v; = 6;(t) Opy,(an)e™ """ ¢, which solves
idv; = Hv; + 0} Op;(an)e™"" o +0;[0p, (an), Hle "o,  vjl;==0.
An argument as above and the Duhamel formula then imply that, for any ¢ € .7] and M > 0, v; satisfies
t
vj=—i f Opy, (by)e ™"~ Op,, (by)* (9 (s) Opy (an) + 0;(s)[Opy, (an), Hl)e " o ds + O(t, h, M),
0

where the remainder é(l, h, M) satisfies

1O, h, M)|| 2y pg < Cogh™M 17402710 5 < 4 < o0,



STRICHARTZ ESTIMATES FOR SCHRODINGER EQUATIONS WITH VARIABLE COEFFICIENTS 1895
uniformly in 4 € (0, 1] and ¢ € 7] Taking M > 0 large enough, we learn
1ill o520
< CR? il 2 + ChR) " 1Op,(an)e ™ Ml 17 12y + ClOPy an), Hle "l 11 7. 12
< Ch* gl 2+ ChR)210pyan)e ™ ol 127, 12y + CR) 2 1IOpy (), Hle™ ™l 127 12)-

Since N < T/h and p > 2, summing over j = 0,1, ..., N, we have the assertion by Minkowski’s
inequality. U

Proof of Theorem 1.6. In view of Corollary 2.6, Theorem 1.5, and Proposition 3.2, it suffices to show that,
for any a; € S(1, g) with
suppay, € {(x,§):2<|x| < 1/h, || € I}

and any € > 0,
i 2
> 10y an)e™H F Rl 77310 < Crocll(H) |75
h

Let us consider a dyadic partition of unity:

Y x@ixy=1, 2<x|<1/h,
lfjfjh
where x € C5°(R?) with
supp x C {1/2 < |x| <2}
and j, <[log(1/h)]+ 1. We set
X () = x Q27 x).
Proposition 7.4 then implies
1x; Ops(anye™ oIl Lo .70 10y
< Crllx; Opy (@)@l 2 + Crhligll 2 + Cr(h2)) ™21 x; Op,an)e™ ol 1o gy,
+Cr(h2))'?1[x; Opy(an), Hle "™ ol 21 71.0)-
Since 2/7! < |x| <2/*! and |x| < 1/h on supp xjas, we have, for any & > 0,
(h2)) "2 x; Opy(anye™ ™ @l o _p.7per2y < Cllxi )~ 272 h=1 272 Opyan)e™ ol 1o g 1y 12)-
Since {xan, p} € S((x) "), g), we similarly obtain

(h27)'72)1 x;10py, (@), Hle ™ @l 12 _1.17.12)
< 1% ¢x) 272 Opy (e ol o g 7y.12) + Crlll@ll 2,

where ¥j(x) = X (27/x) for some ¥ € Cgo([Rd) satisfying X = 1 on [1/2,2] and supp X C [1/4, 4],
and by, € S(1, g) is supported in a neighborhood of supp a;, so that b, = 1 on supp a;. Summing over
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1 < j < j, and using the local smoothing effect (6-2), since p, g > 2, we obtain

itH 2
§0”LP([7T,T];L4)

—itH 2
< > x5 Opwan)e ™ ol Lz 1.0

lfjfjh

<Cr ) (lx; Opylan)ellz: +hlgl)

1<j<jn

|Opy, (an)e™

~ 1/2—eq —1/2— _i 2
+C Y T TR 2 Opyan +be T M ol g1y

1<j<jn
_ P _ _; 2
<Crllel;. + Cllix) =2 h=1 27 Opy(an + bw)e ol o 7. 11:12)

—2ey( 112
< Cr:h "ol

which implies

i 2 _ 2 2
> 10py an)e ™ F (Pl 71110 < Crie Y BN F P )l 12 < Cre | (H) 0]l 2.
h h

This completes the proof. (|
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