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ON THE ENERGY SUBCRITICAL, NONLINEAR WAVE EQUATION
IN R3> WITH RADIAL DATA

RUIPENG SHEN

In this paper, we consider the wave equation in 3-dimensional space with an energy-subcritical nonlinearity,
either in the focusing or defocusing case. We show that any radial solution of the equation which is
bounded in the critical Sobolev space is globally defined in time and scatters. The proof depends on
the compactness/rigidity argument, decay estimates for radial, “compact” solutions, gain of regularity
arguments and the “channel of energy” method.

1. Introduction

In this paper we will consider the energy subcritical, nonlinear wave equation in R3 with radial initial

data
2u — Au = £|u|P~tu, (x,1) e R3xR,

uli=o = up € H? (R3), (1)
du|i—o = uy € H» 1 (R3).

Here 3 < p < 5 and
3 2
Sp=75- ;
The positive sign in the nonlinear term gives us the focusing case, while the negative sign indicates the
defocusing case. The quantity

E(t):%/R3(|8tu(x,t)|2+|Vu(x,t)|2)dx:|:ﬁ/R3 lu(x, )Pt dx )

is called the energy of the solution. The energy is a constant in the whole lifespan of the solution, as long
as it is well-defined. Note that the energy can be a negative number in the focusing case.

Previous results in the energy-critical case. In the energy-critical case, namely p = 5, the initial data is
in the energy space H'x L2, This automatically guarantees the existence of the energy by the Sobolev
embedding H! < L°. This kind of wave equations has been extensively studied. In the defocusing case,
M. Grillakis [1990; 1992] proved the global existence and scattering of the solution with any H' x L2
initial data. In the focusing case, however, the behavior of solutions is much more complicated. The
solutions may scatter, blow up in finite time or even be independent of time. (See [Duyckaerts et al.
2013; Kenig and Merle 2008] for more details.) In particular, a solution independent of time is usually
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1930 RUIPENG SHEN

called a ground state or a soliton. This kind of solutions is actually the solutions of the elliptic equation
—AW(x) = |W(x)|?~'W(x). We can write down all the nontrivial radial solitons explicitly as

1 X2\ 72

Here A is an arbitrary positive parameter.

Energy subcritical case. We will consider the case 3 < p <5 in this paper; thus 1/2 < s, < 1. In this
case the problem is critical in the space H» (R3) x H*»~1(R?), because if u(x, ) is a solution of (1)
with initial data (u¢, #1), then for any A > 0, the function

(5 7)

is another solution of the (1) with the initial data

1 b 1 by
13/2—sp u0<X)’ A5/2—sp “1 (I) ’
which shares the same H*» x H»~! norm as the original initial data (¢, u1). These scalings play an

important role in our discussion of this problem.

Theorem 1.1 (main theorem). Let u be a solution of the nonlinear wave equation (1) with radial initial
data (ug,u1) € H* x H»~Y(R3) and a maximal lifespan I so that

SUI; (@), deu (D gsp  grsp—1 < 00 (4)
te

Then u is global in time (I = R) and scatters; that is,
u(x,t)llsw) < oo, orequivalently |u(x, l‘)”ysp ®) < 0.

This is actually equivalent to saying that there exist two pairs (u(}L , qu) and (uy,uy) in the space
H*®» x H*»~ such that

t_])iinoo” (u(t) = SE) g ui), dput) — 0:SE) g ud)) | o grso—1 = 0.

Here S(t)(uat, uit) is the solution of the linear wave equation with the initial data (u(?, uli)

Please refer to Definition 2.4 for the S and Y5 norms. There are a couple of remarks on the main
theorem.

e The defocusing case. As in the energy-critical case, we expect that the solutions always scatter
as long as the initial data are in the critical Sobolev space. Besides the radial condition, the main
theorem depends on the assumption (4), which is expected to be true for all solutions. Unfortunately,
as far as the author knows, no one actually knows how to prove it without additional assumptions.
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e The focusing case. In the focusing case, the solutions may blow up in finite time. (See Theorem 6.3,
for instance.) Thus the assumption (4) is a meaningful and essential condition rather than a technical
one. The main theorem gives us the following rough classification of radial solutions.

Proposition 1.2. Let u(t) be a solution of (1) in the focusing case with a maximal lifespan 1 and radial
initial data (ug,uy) € H*» x H»~Y(R3). Then one of the following holds for u(x,t).

() (blow-up) The H*» x H*?~Y norm of (u(t), d;u(t)) blows up, namely

sup [|(u(2), dsu ()|l grsp  grsp—1 = +00.
tel
(Il) (scattering) If the upper bound of the H* x H~! norm above is finite instead, namely, the
assumption (4) holds, then u(t) is a global solution (i.e, I = R) and scatters.

Main idea in this paper. The main idea to establish Theorem 1.1 is to use the compactness/rigidity
argument, namely to show:

(D If the main theorem failed, it would break down at a minimal blow-up solution, which is almost
periodic modulo scalings.

(I) The minimal blow-up solution is in the energy space.
(III) The minimal blow-up solution described above does not exist.

Step (I). The method of profile decomposition used here has been a standard way to deal with both the
wave equation and the Schrodinger equation. Thus we will only give important statements instead of
showing all the details. The other steps, however, depend on the specific problems. One could refer to
[Bahouri and Gérard 1999] in order to understand what the profile decomposition is, and to [Kenig and
Merle 2008; 2010; Killip and Visan 2010] in order to see why the profile decomposition leads to the
existence of a minimal blow-up solution.

Step (II). We will combine the method used in my old paper [Shen 2011] and a method used in [Kenig
and Merle 2011] on the supercritical case of the nonlinear wave equation in R3. The idea is to use the
following fact. Given a radial solution u(x, ¢) of the equation

Pu(x,t)— Au(x,t) = F(x,1)

defined in the time interval I, if we define two functions w, 4 : RT x I — R, such that w(|x|,t) =
|x|u(x,t) and h(|x|,t) = |x|F(x,t), then w(r, ) is a solution of the one-dimensional wave equation
32w (r,t) — 02w(r,t) = h(r,t). This makes it convenient to consider the integral

4ro=xt
/ 10;w(r, to +1) F d,w(r, to+1)|> dr.
roxt

as the parameter ¢ changes.

Step (III). Given an energy estimate, all minimal blow-up solutions are not difficult to kill except for the
soliton-like solutions in the focusing case. As I mentioned earlier, this kind of solutions actually exists in
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the energy-critical case. The ground states given in (3) are perfect examples. In the energy-subcritical case,
however, the soliton does not exist at all. More precisely, none of the solutions of the corresponding elliptic
equation is in the right space H*». This fact enables us to gain a contradiction by showing a soliton-like
minimal blow-up solution must be a real soliton, which does not exist, using a new method introduced
by T. Duyckaerts, C. E. Kenig and F. Merle. They classified all radial solutions of the energy-critical,

focusing wave equation in their recent paper [Duyckaerts et al. 2013] using this “channel of energy’
method.

Remark on the supercritical case. Simultaneously to this work, T. Duyckaerts et al. [2012] proved that
results similar to ours also hold in the supercritical case p > 5 of the focusing wave equation, using the
compactness/rigidity argument, a point-wise estimate on “compact” solutions obtained in [Kenig and
Merle 2011] and the channel of energy method mentioned above.

2. Preliminary results

Notation. The following notation will be used throughout this paper.

* (<) The inequality A < B means that there exists a constant ¢ such that A < c¢B. A subscript on <
implies that the constant ¢ depends on the parameter(s) indicated but nothing else.

e (the smooth frequency cutoff) We use P-4 and P-4 for the standard smooth frequency cutoff
operators. In particular, we use the following notation on u for convenience:

Uchd = Poqu, uUsyg4= Psqu.

e (notation for radial functions) If u(x, ¢) is radial in the space, then u(r, t) represents the value u(x,t)
when |x| =r.

o (linear wave evolution) Let (1o, u1) € HS x HS~1(R3) be a pair of initial data. Suppose u(x, ?) is
the solution of the linear wave equation

8%u—Au=O, (x,t) e R* xR,
ulr=0 = Uo,

8,u|t:0 =Uui.

We will use the following notation to represent this solution u:

U u(to)
o)) =t (o) (1) = (1450 ).
o (method of center cutoff) Let (vo, v1) € H' x L2(R3\ B(0, r)) be a pair of radial functions. We
define (with R > r)
vo(x) if |x|> R,
vo(R) if [x[ <R,
vi(x) if |x| > R,
0 if x| < R.

(WRVo)(x) = {

(Wrv1)(x) = {
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Local theory with H» x H® »=1(R3) initial data. In this section, we will review the theory for the
Cauchy problem of the nonlinear wave equation (1) with initial data in the critical Sobolev space
H*» x H»~1(R?). The same local theory works in both the focusing and defocusing cases. It can be
also applied to the nonradial case.

Definition 2.1 (space-time norm). Let / be an interval of time. If 1 < ¢, r < oo, the space-time norm is

defined by
q/r ~\1/q
oG, OllLaLr(1xw3) = (/1 (/Rs v Cx, DI dx) dt) :

1/r
lo(x, )l Lo Lr (1 xr3) = inf{M >0: (/ [v(x,0)|” dx) <M,ae. tel;.
R3
This is used in the following Strichartz estimates.

Proposition 2.2 (generalized Strichartz inequalities; see Proposition 3.1 of [Ginibre and Velo 1995] —
here we use the Sobolev version in R3). Let 2 < q1,42 < 00,2 <r1,rp <ooand p1, p2,5 € Rwith

1/gi+1/ri <1/2 fori=1,2,

1/q1+3/r1=3/2—5+ p1,

1/qg2+3/ra=1/2+ 5+ pa.
Let u be the solution of the linear wave equation

92u — Au = F(x,1), (x,1) e R3xR,
ulj—o = ug € H5(R3), &)
dsuli—o = uy € HS 1 (R3).

Then we have
1(T), 0:u(T) | s e grs—1 + 1D Ul Lar L1 (0, 71xm3)

< C(ll(o. uD)ll sy grs—1 + 1D F(x, Ol a2 172 (0, 71xm3) ) -
The constant C does not depend on T.

Definition 2.3 (admissible pair). If (¢1,r1, 5, p1) = (¢, r, m, 0) satisfies the conditions in Proposition 2.2,
we say (g, r) is an m-admissible pair.

Definition 2.4. Fix 3 < p <5. We define the following norms with s, <s < 1:
lv(x, Dllsy = v, )l L2:-1 L200-1 (7 xR3Y
[vCe, Ollwry = v, Ol Lapa 1 xw3)-

’t = ,t e ’
v, Ol zyry = llv(x )||Ls—%-1L23s(IX[R3)

v(x,t «n = llvix,t .
Ol =Dl e
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Remark 2.5. By the Strichartz estimates, we have if u(x, t) is the solution of

92u — Au = F(x,1), (x,t) e R3xR,
uli=0 = up € H*(R?),
dsuli—o = uy € HS 1 (R3).

then

(T, 0:u (T s grs—1 + lullysqo,r1) < CUIo uD) | sy gs—1 + I1F (X, Ol z,0,77)-

Definition 2.6 (solutions). We say u(7)(z € I) is a solution of (1), if (u(z), d;u(t)) € C(I; HS x H*»™1),

with finite norms ||u| s(s) and | DY -y 2u||W( J) for any bounded closed interval J C I so that the

integral equation

sin((t —1)vV/—A)
NEIN

holds for all time ¢ € I. Here S(¢)(uo, u1) is the solution of the linear wave equation with initial data

(ug,u1) and

u(t):S(t)(uo,ul)—i—/o F(u(r))dz

F(u) = +ulP"tu.

Remark 2.7. We can take another way to define the solutions by substituting S(/) and W(/) norms by

a single Y;, (/) norm. Using the Strichartz estimates, these two definitions are equivalent to each other.
By the Strichartz estimate and a fixed-point argument, we have the following theorems. (Our argument

is similar to those in a lot of earlier papers. See, for instance, [Lindblad and Sogge 1995; Kenig and

Merle 2008] for more details.)

Theorem 2.8 (local solution). For any initial data (ug,u1) € H? x H*»~1 there is a maximal interval

(=T—(ug,u1), T+(ug,u1)) in which the equation has a solution.

Theorem 2.9 (scattering with small data). There exists § = §(p) > 0 such that if the norm of the initial

data ||(wo,u )|l gsp ggsp—1 < 0, then the Cauchy problem (1) has a global-in-time solution u with

”u”S(—oo,-i-oo) < oQ.

Lemma 2.10 (standard finite blow-up criterion). If T4 < oo, then |[u| s(jo,7,)) = o©-

Theorem 2.11 (long-time perturbation theory; see [Colliander et al. 2008; Kenig and Merle 2008; 2006;

2011)). Fix3 < p <5. Let M, A, A’ be positive constants. There exists g = eo(M, A, A’) > 0and > 0

such that if € < &g, then for any approximation solution ii defined on R3 x I (0 € I) and any initial data

(uo,u1) € H x H»~1 satisfying

(02— A) (@) — F@ii) = e(x,1), (x,t)eR*x1,
supser (@), 3t (O grsp  grsp—1 = 4,

lillscy < M,

|y ©

ullwy <oo foreachJ €I,
10 — #(0), ur — ;7 (ON)| gy rsp—1 < A’
1 ~ ~
DY el s as +1S@) o —1(0). ur — du(0)lsr) e
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there exists a solution of (1) defined in the interval 1 with the initial data (ugy, u1) and satisfying
lullscry < C(M, A, A),
sup 1), B2e(t)) = G0), BT | gop o grsp—1 < C(M, A, A')(A + & +&P).
te
Theorem 2.12 (perturbation theory with Y5, norm). Fix 3 < p <5. Let M be a positive constant. There

exists a constant g9 = go(M) > 0 such that if € < &g, then for any approximation solution U defined on
R3 x I (0 € I) and any initial data (ug,u1) € HS x H»~ satisfying

(02 = A) (@) — F@i) = e(x,1), (x,t)eR>x1,
llly,, )y <M, (@), 04O sy grsp—1 < 00,
le(x. D)l z,, (1) + 1S@) (o — 1 (0), u1 — 3w (O |y, , (1) < &.
there exists a solution u(x,t) of (1) defined in the interval 1 with the initial data (ug, u1) and satisfying

llu(x,t) —u(x, t)||ysp(1) <C(M)e.

M(Z) 77[([) U _a(o)
(atu(t)) - (atﬁ(t)) —50) (ul - atﬁ(o)) H Hsp xHSp—1 <C(M)e.

Remark 2.13. If K is a compact subset of the space H*» x H»~!, then there exists T = T'(K) > 0
such that 74 (ug,u1) > T(K) for any (ug,u1) € K. This is a direct result from perturbation theory.

sup
tel

Local theory with more regular initial data. Let s € (sp, 1]. By a similar fixed-point argument we can
obtain the following results.

Theorem 2.14 (local solution with HS x H*~! initial data). If (ug,u;) € HS x HS~!, then there is a
maximal interval (—T—(ug,u1), T+(ug,u1)) in which the equation has a solution u(x,t). In addition,

we have
T_(uo,u1), T(uo, u1) > T1 = Cs,p (| (o, 1) | g gro—1) "/ 75,

lu (e, Oy, (=11,711) < Co,p | o u) | s grs—1-

Theorem 2.15 (weak long-time perturbation theory). Let i be a solution of the equation (1) in the time
interval [0, T| with initial data (iig, 1), so that

o, W)l sy grs—1 <00, litlly o, < M.
There exist two constants o(T, M), C(T, M) > 0 such that if (uo, u1) is another pair of initial data with
(o —tio, u1 — U )| gsy grs—1 < eo(T, M),
then there exists a solution u of the equation (1) in the time interval [0, T| with initial data (uo, u1) so that

lu — iy, o,17) < C(T, M) (uo — o, ut — @1) || g frs—1-

s[up | [ Qut) —a(t), 0eu(t) — 0 ()l sy rs—1 < C(T, M) || (uo —tho, w1 — 1) || grsy fs—1-
tel[o, T
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Technical results.

Lemma 2.16 (gluing of H* functions). Ler —1 < s < 1. Suppose f(x) is a tempered distribution defined

on R3 such that (R > 0)
_ fi(x) forx e B(0,2R),

J(x) = fo(x) forx € R3\ B(0, R),

with fi. f» € H5(R3). Then f is in the space H*(R?) with

1 s sy < CO ey + 120 e asy)-

Proof. By a dilation we can always assume R = 1. Let ¢(x) be a smooth, radial, nonnegative function

such that
1 for x € B(0,1),

P00 = 0 forx e R3\ B(0,2).

Let us define a linear operator: P(f) = ¢(x)f. We know this operator is bounded from H!(R?) to
H'(R?), and from L2(R3) to L2(R3). Thus by an interpolation, this is a bounded operator from H* to
itself if 0 < s < 1. By duality P is also bounded from H* to itself if —1 < s < 0. In summary, P is a
bounded operator from H to itself for each —1 < s < 1. Now we have

f=Pfi+ f—Pf

as a tempered distribution. Thus

1 s < WP fill gs + 12l gs + 1P 2N s < (NP Nls + DAL s + 120 gro)- O

Lemma 2.17. Let u(x,t) be a solution of the nonlinear wave equation (1) with the condition (4). Then
foranyti,tr € I andt € R, we have

2 sin((t —t)v/—A)
F(u(r))dr
/’1 V-4 <1. 7

— /tz cos((t —t)V—A)F(u(r))dt

1 Hspx Hsp—1

Proof. 1t follows directly from the identity

/fz sin((t —1)v/—A)
31 v =A

— /12 COS((T — [)\/ —A)F(M(‘E)) dt
t

1

Fu(r))dr

_ u(ty) u(tz)
=S(t—-1) (atu(tl)) —S(t—1) (8,u(12)) . ]

Lemma 2.18 (see Lemma 3.2 of [Kenig and Merle 2011]). Let 1/2 <s <3/2. Ifu(y) is a radial H* (R?)

function, then

lu()| <s

llull s (8)

3—s

ME
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Remark 2.19. This actually means that a radial H* function is uniformly continuous in R3\ B(0, R) if
R >0.

Lemma 2.20. Let r,ry > 0 and to, 11 € R so that ri + rp < t; —ty. Suppose (ug, u1) is a weak limit in
the space HS» x H*»1:

T sin((r — to)v/—A)

= i F(t)dt
u() T—I)I-T{-loo 0 ,__A ( ) )
T )
u; =— lim cos((t —to)V—A)F(t)dt.
T—>+o0 1

Here F(x,t) is a function defined in [t1, 00) x R3 with a finite Zs,([t1, T]) norm for each T > t1. In
addition, we have (1/2 < s1 <1, y(x,t) is the characteristic function of the region indicated)

S = _p(x,)F(x,t < +o00. 10
X115 o161 (6, D F( )”L1L5_6251([11,c>o)xR3) (10)

Then there exists a pair (tho, 1) with || (o, 1) || g, WEST-1(®3) = Cs, S and

(uo,u1) = (o, 1) in the ball B(0,ry).

Proof. Let us define
/T sin((t — 1) vV—A)
Uo, 7 =
11 vV —A

fio. = / sin({t J% ) (F@)di, g =— /

1
By the Strichartz estimates and the assumption (10), we know the pair (1o, 7, %1,7) converges strongly in

T
F(t)dt, uyT = —/ cos((t —tg)vV—=A)F(¢) dt,
t

1

cos((t —to)vV—=A)(xF(t)) dt.

HS' x H~ to a pair (iig, 1) as T — 400 so that
IGio. D st x frsi—1 @3y < Cs1 S-
t

= t—t
cutoff area x| =r2 | 1l

r2

ri

Figure 1. Illustration of proof.
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In addition, we know the pair (%g,7,11,7) is the same as (uo,7,u1,7) in the ball B(0, r1) by the strong
Huygens principle. Figure 1 shows the region where the value of F(x,?) may affect the value of the
integrals in the ball B(0, r1). This region is disjoint with the cutoff area if r; + r, < ¢ — 9. As a result,
the pair (¥o,7,u1,7) converges to (ug,u1) weakly in the ball B(0,ry) as the pair (uo,7,u1,7) does.
Considering both strong and weak convergence, we conclude that

(ug,u1) = (lg,11) in the ball B(0, rq). O

3. Compactness process

As we stated in the first section, the standard technique here is to show that if the main theorem failed,
there would be a special minimal blow-up solution. In addition, this solution is almost periodic modulo
symmetries.

Definition 3.1. A solution u(x,t) of (1) is almost periodic modulo symmetries if there exists a positive
function A(¢) defined on its maximal lifespan / such that the set

1 X 1 3 X ) 7
{ (A(t)3/2‘sﬂu(k(t)’t)’ ()52 ’”(A(z)’t)) e }

is precompact in the space H? x H*»~1(R3). The function A(¢) is called the frequency scale function,

because the solution u(¢) at time ¢ concentrates around the frequency A(¢) by the compactness.

Remark 3.2. Here we use the radial condition, thus the only available symmetries are scalings. If we
did not assume the radial condition, similar results would still hold but the symmetries would include
translations besides scalings.

Existence of minimal blow-up solution.
Theorem 3.3 (minimal blow-up solution). Assume that the main theorem failed. Then there would exist a

solution u(x, t) with a maximal lifespan I such that

sup 1 (@), 3O grsp  grsp—1 < 003
te

u blows up in the positive direction at time T4 < 400 with

vl so0,7)) = oo

In addition, u is almost periodic modulo scalings with a frequency scale function A(t). It is minimal in the
following sense: if v is another solution with a maximal lifespan J and

sup [[(v(2), A v grsp o rsp—1 <SP | (0), 0O grsp o frsp—1-
teJ tel
then v is a global solution in time and scatters.
The main tool to obtain this result is the profile decomposition. One can follow the general argument
in [Kenig and Merle 2010], which deals with the cubic defocusing NLS under similar assumptions.
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Three enemies. Since the frequency scale function A(¢) plays an important role in the further discussion,
it is helpful if we could make additional assumptions on this function. It turns out that we can reduce the
whole problem into the following three special cases. This method of three enemies was introduced in
R. Killip, T. Tao and M. Visan’s paper [Killip et al. 2009].

Theorem 3.4 (three enemies). Suppose our main theorem failed. Then there would exist a minimal
blow-up solution u satisfying all the conditions we mentioned in the previous theorem, so that one of the

following three assumptions on its lifespan I and frequency scale function A(t) holds:
(I) (soliton-like case) I = R and A(t) = 1.
(ID) (high-to-low frequency cascade) I =R, A(¢) <1 and

liminf A(z) = 0.

t—=+o0
(IIT) (self-similar case) I = R* and A(t) = 1/t.
The minimal blow-up solution u here could be different from the one we found in the previous theorem.
But we can always manufacture a minimal blow-up solution in one of these three cases from the original
one. One can follow the method used in [Killip et al. 2009] to verify this theorem.

Further compactness results. Fix a radial cutoff function ¢(x) € C°(R3) with the properties

=0 for |x| <1/2,
p(x)y€[0,1] forl/2<|x| <1,
=1 for |x| > 1.

Given a minimal blow-up solution ¥ mentioned above and its frequency scale function A(¢), we have the
following propositions by a compactness argument.

Proposition 3.5. Let u be a minimal blow-up solution with a maximal lifespan I as above. There exist
constants d, C’' > 0 and Cy > 1 independent of t such that:

(I) The interval [t —dA~(t),t +dA~Y(t)] C I forall t € 1. In addition, we have
1
oA =2 =G (1)
1

foreacht' €[t —dA= (), t +dA71(1)].
(IT) The following estimate holds for each sp-admissible pair (q,r) and each t € I:

Il Larr qe—da—1 () e+ar—1@xr3y < C'.

Proposition 3.6. Given ¢ > 0, there exists Ry = Ry(¢) > 0 such that the inequality

X
‘ ((p(R)&_l(t))u(t)’(p(Rk 1(t ))atu(t)) HHSPXHSP_I(W) =°
holds for each t € I and R > R (¢).
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Proposition 3.7. There exists two constants Ry, no > 0, such that the inequality

t+dA71 (1) p+1
J | OO e = 2y
‘ Ix|<RoA=1(r) |x]

holds for each t € 1. (The constant d is the same constant we used in Proposition 3.5.)

Proof. By a compactness argument we obtain that there exist Rg, 79 > 0, so that forall € I,

m)z/(p Tz AT )X, A7 1(t)rth)|)
/ / dxdt > No.
|x|<Ro

|x|

This implies

0 MO Ox AT O 0P dxde
[x|<Ro 2(p+1)_H = 1No.

A7) x| A(t) o=

I [d/ A1 (0)x, A" ()T + )P dx dt
AP Jo Ji<ro 10| 2 =T

t+dA7(@) p+1
/ [ WO e de > 2@y PD"1py  (12)
y Ix|<RoA—1(¢) |x]

= A(1)*7**7 no.
This completes the proof. O

The Duhamel formula. The following formula will be frequently used in later sections.

Proposition 3.8 (Duhamel formula). Let u be a minimal blow-up solution described above with a maximal
lifespan I = (T—, 00). Then we have

T sin((r —1)v/—=A)
T—>+oo t \/I

T
dru(t) = _TEI-EOO/I cos((t —t)V—A)F(u(zr)) dr;

u(r) = F(u(r))dr,

/” sin((t — 7)v/—A)
Vary

dru(t) = Tl_i)n%_ /Tt cos((t —1)V—A)F(u(r))dr.

u(t) = lim

T—>T-Jr

F(u(r)) dz,

Given a time t € I, these limits are weak limits in the space HS» x HS~1, If J is a closed interval
compactly supported in I, then one can also understand the formula for u(t) as a strong limit in the space
LILT(J xR3), as long as (q,r) is an Sp-admissible pair with q # oo.
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Remark 3.9. Actually we have
T sin((z —t)v/—A)
/’T S R dr| ( " )_S([_T)( ) ) N
_ / cos((t — 1) V=AY F(u(r)) d= Orult) 9u(T)

t

Thus we only need to show the corresponding limit of the last term is zero in order to verify this formula.
See Lemma A.2 in the appendix for details.
4. Energy estimate near infinity

In this section, we will prove the following theorem for a minimal blow-up solution u(x, t). The method
was previously used in the supercritical case of the equation. (See [Kenig and Merle 2011] for more
details.) In the supercritical case, by the Sobolev embedding, the energy automatically exists at least
locally in the space, for any given time ¢ € . In the subcritical case, however, we need to use the
approximation techniques.

Theorem 4.1 (energy estimate near infinity). Let u(x,t) be a minimal blow-up solution as we found in
the previous section. Then (u(x,t),d;u(x,t)) € H' x L2(R3\ B(0, r)) for each r > 0, t € I. Actually
we have

/ (IVu(x,t)|> + |0;u(x, 1)|?) dx < Cr=20=5p), (14)
r<lx|<4r
The constant C depends on p and sup,ey ||[(u(t), dru ()| gsp « grsp—1 but nothing else.
Preliminary results.
Introduction to w(r,t). Let u(x,t) be a radial solution of the wave equation

u—Au = F(x,t).
If we define w(r, ), h(r,t) : R x I — R so that

w(r,t) =ru(x,t), h(rt)=rF(x,t),

then we have w(r, t) is the solution of the one-dimensional wave equation

FPw — 02w = h(r,1).

Lemma 4.2. Let (u(x,to), d:u(x, to)) be radial and in the energy space H' x L? locally. Then for any
0 <a < b < 00, we have that the identity

1

4 Ja<|x|<b

b
(Vul? + [9ul?) dx = ( [ 10w+ @ dr) T (@u2(@) - b2 (b))

holds (if we take the value of the functions at time ty).
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Proof. By direct computation

b b
/ [(8rw)2+(8,w)2]dr:[ [(rd,u +u)? + (rd;u)?dr

b b
:/ [72(0,u)? + u? 4 r2(9,u)? dr+/ 2rudyudr
a a

b b
:/ [rz(aru)z+r2(8,u)2+u2]dr+/ rd(uz)

b
_ / P2[0ru)? + Gr)?) dr + [ru??
1

4 Ja<|x|<b

(\Vu|? +19;u|?) dx + bu?(b) — au?(a). O

Lemma 4.3. Let w(r,t) be a solution to the equation
2w — 02w = h(r,t)

for (r,t) e RT x I, so that (w, d;w) € C(I: H' x L2(Ry <r < Ry)) forany 0 < Ry < R < 00. Let us
define

z1(r,t) = dsw(r, t) — drw(r,t),
zo(r,t) = drw(r, t) + o, w(r, t).

Then we have (with M > 0)

4ro 3 4ro+M 1
‘(/ |Zl(r,fo)|2dr) —(/ |Zl(r,t0+M)|2dr)
ro ro+M
4ro M 2 %
5(/ (/ h(r+t,to+l)dl) dr) (15)
ro 0

1

4ro % 4ro+M b3
‘( | |zZ<r,zo)|2dr) —( [ |22(r,zo—M>|2dr)
ro ro+M
4rg M 2 1
5(/ (/ h(r+t,t0—t)dt) dr) (16)
ro 0

Proof. We will assume w has sufficient regularity, otherwise we only need to use the standard techniques
of smooth approximation. Let us define

ifto,to+ M €1, and

iftog,to—M € 1.

z(r,s) = (0 — 0p)w(r + 5,10 + 5).
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We have
05z (r,s) = (¢ + 0,)(3r — dr)w(r + 5,00 +5) = h(r +s,20 + ).
Thus
M
z(r,M) =z(r,0) +/ h(r +t,tg+1)dt.
0

Applying the triangle inequality, we obtain the first inequality. The second inequality can be proved in a
similar way. O

Smooth approximation.

Introduction. Let u(x,t) be a minimal blow-up solution. Choose a smooth, nonnegative, radial function
@(x,t) supported in the four-dimensional ball B(0, 1) C R* such that

/ o(x,t)dxdt =1.
R3 xR

Let d be the number given in Proposition 3.5. If ¢ < d, we define (both the functions u and F(u) are
locally integrable)
pel6.1) = plx/e 1)), ue=usge, Fe= F)xge
This makes u.(x, ¢) be a smooth solution of the linear wave equation
O7ue(x, 1) — Aug(x,1) = Fe(x, 1),
with the convergence (using the continuity of (u(¢), d;u(t)) in the space H*» x HS»~1)
(ug(to), dsus(to)) — (u(to), dru(to)) in the space H? x H?~! for each g € I

and the estimate

(e (t0), Ds1te (Ol grsp  grsp—1 = sup 1Ge(2), 0:u )l grspx grsp—1 S 1.
te

In addition, if a — & € I, we have
1 Fe(x, D)z, ([a,b]) < 00

Remark 4.4. We have to apply the smooth kernel on the whole nonlinear term, because if we just made
the initial data smooth, we would not resume the compactness conditions of the minimal blow-up solution.

The Duhamel formula.

Lemma 4.5 (almost periodic property). The set

1 X . .
% (A(t)3/2—Sp ue(/\(z)’t)’ 2055 3t“e(w),f)) teld+ 1,00)}

is precompact in the space H*? x H»~Y(R?) for each fixed & < d. The number d here is the constant we

obtained in Proposition 3.5.
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Proof. Given a sequence {f,} we could assume without loss of generality that

A(ty) = Ao €0, 1],

1 X 1 ; ¥
(k(tn)m‘sﬁu (A(tn)’[") A5/ O (m’n)) — (o, u1),

by extracting a subsequence if necessary. Let i (x, ¢) be the solution of the equation (1) with initial data
(ug,u1). By the long-time perturbation theory we know

1 X 4 ~
sup || AP (o 7t) ( i ) —0.

te[—d.d] A(rn)Sl/Hp 8t”(x()§n)’fn + m) a1 ()

HSPxH5p~!
This implies

1

1 X . .
3/2=s ME()1 n)’ tn) 3/2=s u(/1 n)’ In + Altn )
Atn)3/2=5p (tn) = | Gorce,) * A(tnl) P (tn) (tn)

1 X . .
A(t)3/2—5p drtte A(tn,)’t” A(t,)5/2—5p dsu A(tn)’t” + Altn)

t=0
= (5)] o0
eA(tn) o) ], _,
U . )
|:(psko * (atﬁ)]tzo +o(1) ifAg>0;
(“0) +0(1) if 19 = 0;
Ui
The error o(1) tends to zero as n — oo in the sense of the H*» x HS»~! norm. O

Lemma 4.6. The Duhamel formula
(o) /+°° sin((t —to)v/—A)
Ugllp) =
£ 0 N A

drug(to) = — /+00 cos((t —to)V—A)Fe(x,1)d.

0

Fo(x,1)dT,

still holds for ug in the sense of weak limit if ¢ < d and to — ¢ € 1. In the soliton-like or high-to-low
frequency cascade case, we can also establish the Duhamel formula in the negative time direction.

Proof. This lemma can be proved in exactly the same way as the original Duhamel formula (see
Lemma A.2). The key ingredient is the almost periodic property we have just obtained above. O

Decay of ug and F¢ at infinity.
Lemma 4.7. If |x| > 10¢, we have
lug(x,1)] < W, |Fe(x,1)| < m-

The constant C depends only on p and the upper bound sup,cy ||(u(), dru(O)) || grsp  grsp—1-

Proof. This comes from the estimate (8) and an easy computation. O
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Uniform estimate on u.. In this subsection, we will prove the following lemma. It implies Theorem 4.1
immediately by a limit process. The functions w¢(r, ) and z; ¢(r, t) below are defined as described earlier
using u.(x, ).

Lemma 4.8. Let tg € I and ro > 0. Then for sufficiently small &, we have
2 2 —2(1-sp)
/ (IVug(x, t0)|” 4+ |0sue(x, 10)|") dx < Cr, . 17)
ro<|x|<4ro
The constant C can be chosen in a way that it depends only on p and the upper bound

sup [[(u(2), 3:u (@)l grsp  rsp—1-
tel

Conversion to wg(r, t). First choose & < min{rg/10, d}. If the minimal blow-up solution is a self-similar
one, we also require & < to/2. Let us apply Lemmas 4.2 and 4.7. It is sufficient to show

4ro —2(1-sp)
[ Qo)+ w0y dr < €720,
ro

In other words,

4ro
/ (2160 10) |2 + |22.6(r. 1) [P dr < Crg 2757, (18)
¥

0

Expansion of z1. Let us break (ug(t), 0;us(¢)) into two pieces:

u(l)(t) _ /t0+100r0 sin((t — 1)v—A) Fo(r)dx.

V=A
to+100ro
duM ()= —/ cos((t —1)v/—A) Fs(1) dx,
t

and
@)1y — sin((t —t)v/—A)
ue (1) /to+100ro v =A
3 uP (1) = —[ cos((t —1)v/—A) Fs(1) dx.

to+100rp

F.(r)dr,

These are smooth functions, and we have

(ue(x, 10), drue(x, 1)) = WP (x, 10), d,ulV (x, 10)) + P (x, 10), 3,uP (x, 10)).

Defining ng ) , Zij 8) accordingly for j = 1,2, we have
216(x.10) = 2{") (x. 10) + 22 (x. 1o).
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Short-time contribution. We have ugl) satisfies the wave equation

Bfugl) —AulY = Fo(x, 1), (x,1) eR3 x (ty . +00),
u 1210410070 = 0 € H (R3),
atu£1)|t=to+100ro =0e H» 1(R3).

Thus wgl) is a smooth solution of

8%w£1) — 8§w§1) =rFs(r.t), (r,t)eRT x (ty » +00),
w§1)|t=t0+100r0 =0,
9w |1 =r9+1007 = 0.

Applying Lemmas 4.3 and 4.7, we obtain

(J

4rg

0

1 4ro ; 10070 2 \2
|Z§2(,’,0)|zdr) < (/ (/ (t+r)F8(t+r,t+to)dl) dr)
ro 0

4ro ; 100r¢ 1 2 2
S /ro (/0 (t+r)(t+r)2p/(p—1) dt) dr)
4rg 10070 1 2 1
/ro (/0 + 1) P2/ d’) dr)
1

Long-time contribution. Let us define a cutoff function y(x, ¢) to be the characteristic function of the
region {(x,?) : |x| >t —t9g —50r¢}. By Lemma 4.7, we know

1
oo 2
2
1XFell Lt L2 o 10070 00pid) = / ( / X dx) di
to+100ro |x|>t—tg—50r¢

o] )
S ————dx | dt
to+100rg \J|x|>t—t9—50rg |x|4p/(P_1)

o0 1 2
5/ ( ) dt
to+100r \ |t — o — 50ro|1+4/(P=1)

o 1
5/ ; dt
to+10070 |t—t0—50r0|§+2/(P—1)
1
1—sp "

To
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Applying Lemma 2.20, we obtain
/ (VU@ (x.10) 2+ 3,u (x.10)*) dx < rg(s”_l).
ro<|x|<4ro

Applying Lemma 4.2 and using the fact (plus (8))

ug(to + 100r
1@ (t0), 3:u® o) | grsp x frsp—1 = HS(—IOOro) ( =(lo o) )‘

atus(t() + 100}’0) HS» x H5p—1
= [[(ug (2o + 10079), drue(to + 100’"0))”[-'15;7 x H5p—1

< 5up 10600y sy 1 5 1

we obtain

4ro _
/ (80P 10) + 10,0 (. 10) ) dr < 1267,
i

0

0 (2 2(sp—1)
/ |z o (rto) P dr Srg 77
.

0

1)

1.e» We have

Combining with the estimate for z

4ro 2(sp—1)
[ z16(r to) 2 dr <17 .
i,

0

Estimate of z2 .. We also need to consider z5 ¢. In the soliton-like case or the high-to-low frequency
cascade case, this can be done in exactly the same way as z1 . Now let us consider the self-similar case.

Lemma 4.9. Let u be a self-similar minimal blow-up solution. If tg < 0.3r¢, then (u(to), :u(to)) is in
H' x L%(|x| > 0.9r¢) with

/ (|Vu(x, to)|> + [0:u(x, to)|*) dx Srg(s"_l),
|x|>0.97¢

Proof. We have (the Duhamel formula)

utto) = [ " Si“““’;% —2 rayar,
dru(ty) = /Ot: cos((to —t)V—=A)F(¢) dt,

and

o= [} SO DY=D (01> 050y 1)

+ V=A
Uy = /Oto cos((tg — )V —=A)x(|x| > 0.5r0) F(t) dt.

+
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A straightforward computation shows || x F [| 1720+ 1)xr3) < rg” ~!. This means (tig, ti1) is in the space
H'! x L2(R3) with a norm < rg” . By the strong Huygens principle we can repeat the argument we
used in Lemma 2.20 and obtain

(u(to), d;u(to)) = (ilo, #1) in the region R>\ B(0,0.9rp). O

Lemma 4.10. Let u be a self-similar solution. If ty < 0.2rg and & < to/2, then we have
2 2 2(sp—1)
/ (Ve 5. 10) + 10s1e (3. 10) ) dx < 726770,
ro<|x|<4rg
Proof. We have Vu, = @, * Vu, thus |Vu,| < ¢ % |Vu|. Thus (we have ¢ < 0.1r¢)

/ |Vug(X,l‘0)|2 dx < sup / |Vu(x,t)|2 dx < rg(sp—l)
ro<|x|<4ro te[to—e,to+¢] J0.9ro<|x|<4.1rg

by our previous lemma. The other term can be estimated using the same method. O

Remark 4.11. By Lemmas 4.2 and 4.7, this lemma implies (if #9 < 0.2r¢ and & < ty/2)

4ro
/ (10, we (. 10) |2 + |0 we (r. 1) [P dr < raC77 Y. (19)
j

0

In the self-similar case, let us recall that we always choose &€ < min{r¢/10,7y/2,d}. By Lemma 4.10
and Remark 4.11, we only need to consider the case 7o > 0.2r¢ in order to estimate z . Applying
Lemma 4.3, we have

4rp ;
(/ 22,6 (7, to)|2dr)
ro
fo+3.8r0 1 4rg ;/ pto—0.2r9 2 1
< ([ |zz,5(r,0.2r0)|2dr) + (/ (/ t+r)Fe(t+rto—1) dt) dr) .
to+0.8rg ro 0

. . -1 .
The first term is dominated by rg” because of (19). We can gain the same upper bound for the second
term by a basic computation similar to the one we used for z1 ¢.

Conclusion. Now we combine the estimates for z; ¢ and z3 ¢, thus concluding our Lemma 4.8.

Local energy estimate and its corollary. As mentioned earlier, we are able to establish Theorem 4.1
immediately by letting € converge to zero. (See Lemma A.6 for details of this argument.) Furthermore,
we can obtain the following proposition by applying Lemma 4.2 on u.

Proposition 4.12. Let u(x,t) be a minimal blow-up solution as above; we have

4ro 2(sp—1)
/ (|8rw(r,t0)|2+|8,w(r,t0)|2)dr§r0 P
.

0

4ro 2(sp—1)
/ (Iz1(r, 20)1* + |z2(r, t0)P) dr Srg 2™ .
.

0
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5. Recurrence process

In the previous section we found that the minimal blow-up solution is locally in the energy space. However,
our goal is to gain a global energy estimate. This section features a recurrence process which helps us
march toward higher regularity. We will prove the following lemma. Throughout the whole section we
assume u satisfies all the conditions mentioned in the lemma.

Lemma 5.1. Ler u(x,t) be a minimal blow-up solution of (1) as obtained in Section 3 (compactness
process) with a frequency scale function A(t). In addition, the set K is precompact in the space
H*S x HS~Y(R?) for some number s € [sp, 1):

K= 1 X 1 3 X ) ]
- { (w>3/2-Sv”(A(r>’t)’ 2(1)512 t”(k(z)”)) e %

Then at least one of the following holds.

e The solution u satisfies the energy estimate

1 0). B 12y S A0).

o The set K is also precompact in the space H*5T0-9802(p)  ps—140.9802(0) " Here the number
02(p) > 0 depends on nothing but p.

Remark 5.2. The compactness of K immediately gives the estimate
[ (2), 0w () oy gys—1 S A@))* 7, tel.

Setup and technical lemmas.

Definition 5.3. Let us define

S(4) = SuII)(/\(t))Sp_s”“>)L(t)A”YS([t,t+d)L—1(t)])’
te

N(A) = SUI;(/\(I))S”_S I Poaya F OO z, (1t +da—1 (0)]) -
te

Proposition 5.4. The functions S(A) and N(A) are universally bounded for all A > 0 with the limit

lim S(4)=0.

A—>+o00

Proof. By our assumptions on compactness and Proposition 3.5 part (I), we obtain that the set

1 - : S ] (. " )):re0.dlrer
{(A(t)3/2—spu(k(t)’t+ )L(t))’)g([)5/2—sp tu(/\(t)’t+k(t)))'T€[ ,d],t €

is precompact in the space HSxHS™1, Applying either Proposition 3.5 part (II) (if s = s,) or Theorem 2.14

(if s > s5p), we also have a bound independent of ¢:

1 X ; T
HA(I)W‘SPM(MI)’ U(z))

<L (20)
Ys([0,d])
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Combining these facts with perturbation theory (Theorem 2.12 if s = s, or Theorem 2.15 if 5 > s,,), we
have

! xt ! 0,d]:tel
%AUP“‘%M(AUY +A@))’E[’ re

is precompact in the space Y ([0, d]). This immediately gives the uniform convergence for ¢ € I,

|- 1375+ 70)
A0\ xa) T a0

If we rescale the inequality (20) back, we obtain

=0, asA— oo. (21)
Ys([0.d])

A " Nully,q.e+ar—1@opn S 1= A7 NI F z, e +dr—1op S 1

which implies that S(A) and N(A) are uniformly bounded. In a similar way we can show S(A) converges
to zero as A — oo, using the uniform convergence (21) above. O

Definition 5.5. Let us set
X(,p)=s5s+1=-2p—=2)(s—sp)
for convenience. Thus the Y;(I) norm can also be written as L2P/Z(:P) [2P/(1=5) (] x R3) norm.

Lemma 5.6 (bilinear estimate). Suppose u; satisfies the linear wave equation on the time interval
I1=[0,T],i=1,2,
07ui — Aw; = Fy(x,1),

with the initial data (u;|;=0, 0;u;|r=0) = (Wo,i,u1,;). Then

S = [[(P>Rru1)(P<;u2)||

2 )2
L=G.p) L2=s5 (I xR3)

r o
(%) (00,0 w100 o s + 1Ftlzyany) % (160,211, sy + 12l zy )

Here the number o is an arbitrary positive constant satisfying

| SG.p) 2- 2—
<3l _EEp 225\ 5 27 (22)
2 2p

Remark 5.7. We can actually choose
3 mi —
min{p —3, 1} - 0.
2p

This constant o (p) depends on nothing but p. This fact plays an important role in our discussion.

o=0(p) =

Proof. By the Strichartz estimate

||(P>R)u1IILZ(zSpp)Ll/@T;u%) S I(DL PsRruo,1. D% Psrut, )l gsy grs—1 + 1D P>rF1llz, (1)

”(P<r)u2||L):(2¥pp)Ll/(zz;l’s_%) < ||(DgP<r“0,2v DgP<r”1,2)||I-'IS><HS—1 + ||DgP<rF2“Zs(1)'
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Our choice of o makes sure that the pairs above are admissible. Thus we have

| (P>gru1)(P<;uz)|
< ||(P>R)u1||
)L

< (||(Dx"P>Ruo,1, D% Porur, )|l grsw gs—1 + ||Dx"P>RF1 lz.))
X ((D§ P<ruo,2, DS P<rut12)|| sy grs—1 + |1 D5 P<r F2ll z,(1))

1 o
< (ﬁ) (II(P>ruo,1. P>ru1, )|l sy grs—1 + | P>rFillz,(1))

_Dp
LG L7255

L]/(Z S+g )||(P<r)u2||

/(5=

? (||(P<ru0,2, P<ru1,2)||stHs—1 + ||P<rF2||ZS(I))
< the right-hand side. O

Lemma 5.8. Let u(x,t) be a function defined on I x R3, such that 1i is supported in the ball B(0, r) for
eacht € I. Then

1P-rF@e.)l, a5 (4 ) 1l

Proof. We have

1P>REQO D) 2 20

1
S 2 1P>rAxFu(x. 1))

2 2
LIG.p) L7=5 (IxR3)

< inAxF(u(x,t))n

2 2
L=G.p) L2=5 (I xR3)

||P(A W) ul?1 + p(p = DIVaul?ul?ul

2
Z P) [ 2—s

< ﬁ(||Axu||YSm||u||§;,) 1 Vull?, gy el (,))
D
~ ﬁ”u”}’s(l)'

Lemma 5.9. Let v(t) be a long-time contribution in the Duhamel formula

T2 o; _ A
v(t0) = / I = 10)V=24) p o) dr.

Ti v —=A

Then for any tg < Ty < T, we have

[v(to) | oo w3y < (T1 — to)—2/(p—1)‘
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Proof. Using the explicit expression of the wave kernel in dimension 3, we obtain

T> o _ ~A
‘(/ U F(u(y,t))dS(y)dt

T v=A

Fwa»m)u)

|ly—x|=t— t047[([— 0)

/1~/ =t 4nU Iy o017 dS () dt
ly—x 0

1
——dS(y)d
/ /y —x|=t—to (t — f0)|y| (v)dr.

In the last step, we use the estimate (8) for radial H*» functions. If |x| < %(Tl — o), then on the sphere

for the integral we have

Iy > |t —to] — |x| = 3 (t —to).

Thus for these small x, we obtain

(==

1 1
dS(y)dt
/ /y —x|=t—ty (t —10) (t —1g)2P/(P—1) )

1
/ /y —x|=t—t (t —19)312/(P—1) dS(y)dt
> _ 5
5/ —to) dt

, (t— [0)3+2/(P—1)

< dt
~ /Tl (t— 10)14—2/(17—1)

S (T — o) 2/P71.

Fwa»m)u)

On the other hand, if x > %(Tl —tp), by the estimate on radial H*r functions (8) and Lemma 2.17, we

have
T2 o _ _ T2 g _ /—
‘(/ 25in((t —t9)v/—A) Fau() dl) ol < /‘ 25in((t —tg)vV/—A) Fu() dt
T RV —A |x|2/(17—1) ~—=A HSp
< 1
S (T1—19)2/=D
Combining these two cases, we finish our proof. O

Lemma 5.10. There exists a constant k =k (p) € (0, 1) that depends only on p, so that for each s € [sp, 1),
there exists an s-admissible pair (q, r), with q # oo and
(s, p) 2—s 3-2s

1
k-0+(1—«)— = +(1—kK)-.
2p ( K) 2p o 6 ( K)r
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Proof. We will choose k = 1—3/p € (0,0.4). Basic computation shows

1 > (s, 1-2p—-2)(s—

L 26p) _sH1=@p=D=sp) o1
q 2p(l—x) 6

1 2—5 K 3—-2s 2—s K 3—-2s
- = — X = — X

r 2p(l—«x) 11—« 6 6 1—« 6

2—s 2 3-2s 2-—y¢
€ ——X ,
6 3 6 6

(s 2—s)
cl|l—,=—=
—\18 6

C(1/36,1/4).

Thus we can solve two positive real numbers ¢, r so that the two identities hold. In addition, we have
q € (3,00) and r € (4,36). Furthermore, by adding the identities together, we obtain

3-2p—2)(s—sp)  3-2s B l l
2 =K ; + (1 K)(q+r)'

This implies
l . l - 3—2p—2)(s—sp) _ 3—2p—2)(s—sp) <1,
q r 2p(1—«) 6
Using the same method, one can show 1/g + 3/r = 3/2 —s. In summary, (¢, r) is an s-admissible

pair. O

Lemma 5.11. Given any s-admissible pair (q, r) with ¢ < oo and three times tg < t1 < tp in the maximal
lifespan I of u, we have
/T sin((t —1)v/—A)
%) b Y% —A

The constant C does not depend on tg, t1 or t;.

< C(A(t))**r.
LaL7 ([to,t1]1xR3)

lim
T—o0

Fu(r))dr

Proof. By Lemma A.5 and the identity

/T sin((t —1)v/—A)
153 \/E

we have

Fu(r))dt =St —12)(u(t2), d;u(t2)) =S = T)(w(T), 0,u(T)),

T sin((r —1)v/—A)
tr NEIN
in the space LYL" ([tg, 1] x R3). Thus
/T sin((z —t)v/—A)
t V=A

lim

T —o00

F(u(r))dtr = St —12)(u(t2), 9:u(r2))

(u(x))dr

lim
T—o00

=[Sz —t2)(u(t2), 0ru(t2))|lLa Lr (10.6,]x73)
L4L" ([to,t1])

S 1 (t2), deu@2))|| sy grs—
S (A(12))* 7. O
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Lemma 5.12. Suppose S(A) is a nonnegative function defined in R™ satisfying S(A) — 0 as A — oo. In
addition, there exist 0 <a < 8 < 1 and [, w > 0 with

la+B>1,
such that the inequality
S(A) < S(AP)ST (4% +A47° (23)
is true for each sufficiently large A. Then
S(A)sA™®

for each sufficiently large A.

Proof. Let us first choose two constants /™~ and ™, which are slightly smaller than / and w respectively,
such that the inequality /"« + 8 > 1 still holds. By the conditions given, we can find a constant Ag > 1,
such that the following inequalities hold:

S(A) < LS(AP)STT (4% + 1477 if A > Ao, 24
S(A)<% if A> AJ.

Using the second inequality above, we know the inequality
S(4) <A™ (25)

holds for all A € [Af, Ao] if wy is sufficiently small. Fix such a small constant w; < w™. We will show
that the inequality (25) above holds for each A > A§ by an induction. We already know this is true for
A€ [A%, Ag). Tf A € [Ag, AY/P], the inequality (24) implies

S(4) < Ls(aP)s!™ (a4 + 14"
< %(Aﬁ)_wl ((Aa)—a)l)l* + %A—a)f
< %(A_wl)ﬂ+l_a + %A_wl
< AT

Here we use the fact that A%, AP € [A%, Ao] if A satisfies our assumption. Conducting an induction, we

can show the inequality holds for each A4 € [A(()l/ 2 , Agl/ p )”+1]

if n is a nonnegative integer. In summary,
the inequality (25) is true for each A > Ag. Plugging this back in the original recurrence formula (23),

we obtain for sufficiently large A,

S(A) <A—w1(,3+la)+A—a) <A—min{w1(ﬂ+la),w},

which indicates faster decay than A~®!. Tterating the argument if necessary, we gain the decay S(4) <A™
and finish the proof. U



ON THE ENERGY SUBCRITICAL, NONLINEAR WAVE EQUATION IN R3> WITH RADIAL DATA 1955

Recurrence formula. Under our setting in this section, given 0 <@ < B < 1 and a small positive constant
€1, we have the recurrence formula

N(A) < S(AP)SP1(A%) 4 A= B=00 () | 4=201-8) (26)
S(A) S N(Ae) 4 4701 27)

for sufficiently large A. The constants o (p), o1(p) depend on p but nothing else.

Proof of (26). In the following argument, all the space-time norms are taken in [¢,7 +dA ™! (¢)] x R3:

| PoaaF @)z, S MOV Poaa O o s
< A(,)—(P—l)(S—Sp) | P>aya F (<)) ”L%Lzzs
+A(@)"PTVCETD Py ) 4 (F(u) — F(uzg30)

— )L(t)—(P—l)(S—Sp)(]l + Ip).

2 2
LX(s.p) [, 2—s

By Lemma 5.8, we have

AP \? —sp) 4—2(1—
s (50) Il < (Pt 47207P),

In order to estimate /5, we have (all unmarked norms are L ) L ([t.t +dA~1(1)] x R?) norms)

1
I <

P= )4 [%ABA(;)/O F/(ugABA(t)+T”>ABA(t))dT:|

<

1
u>Aﬂx(z)/0 F'(Ugp() + T a81(r) AT

Szl + 12,21l
Here

1
L= u>ABA(t)/0 F'(Ucpppqy + T 482(r) AT

1
—M>Aﬁ,1(t)/0 F'(Ugep)<-<aba) T TU=482) AT,
1
lpp =us 485 /0 F'(Ugay i< <aBaq) * TU= a82(r) AT

We have

1 p1
o1 =us g p)U<AvA @) X/O/O F"(Tu<gop) +Ugepy<-<aBa@) T TU= abr() dTAT.
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Applying the bilinear estimate (Lemma 5.6) on the term u . 45, ;) U <A A(r). We obtain

J2)

12100 < lusasrpu<acroll, c255, 52,

X

1,1
/0/0 F"(Tu<en() +Ugan)<-<abiq) + TU>aB3() dTdT

a o(p)
[t o

<A (t))P(S_Sp)A_(,B_a)G(P)'

2p
L (»p—2)2(s,p) [, (p—2)(2—s)

On the other hand, we know that, for sufficiently large 4,

1
||12,2||§||M>Aﬁx(z)||L 2 ap /0F/(MAaA(t)<.5ABA(z)+W>A6A(t))df

2(s.p) [ 2—s

L(p—l)g(s.p) L(p—lz)l(JZ—s)
< AOY T SAP)A ) PTPETI ST (4%)]
< A@)PET IS (AP)SPTH(A%).

Collecting all terms above, we have
| Poaoya(F@)lz, < A0)* 7 [S(AP)SP7H(A%) 4 47F70o(P) 4 47200,
Multiplying both sides by (A(z))?~* and taking sup for all # € I, we obtain the first inequality.
Definition 5.13. Given 7 € I, define #; recursively for i > 1 by
ti =ti—1 +dA " (tioy). (28)
By the choice of d, all the ¢; are in the maximal lifespan 7. (See Proposition 3.5.)

Proof of (27). By the Strichartz estimate and the Duhamel formula (see Lemma A.5), we have

X sin((t — 1)/ —A)
u = P Fu(r))dr
U 20)All s (t0.01]) H/t Ny Aoy A F (u(z))

/fz sin((t —1)v/—A)
t V=A

+ liminf

T—o0

Ys([to,t1])

S ‘

PoprgyaF(u(r))de

Ys([to,t1])

T sin((t —t)vV/—A)
PoygunyaF(u(r))dr
/tz \/E ZH0) Ys([t0,11])

SN Psao) A F )z, (120,62]xR3)

T sin((r —1)v/—=A)
PoygunyaF(u(r))dr
/1:2 \/E ZH0) Ys([to,11]D

+ lim inf
T—o00

=1L+ 1.
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The first term can be dominated by
I S Poao)aF WD 2, (110,001xw3) T 1 Poaeo) A F D 2, (111 ,2]xm3)

A
S (Mt0)) ™7 N(A) + A1) ™7 N (Agg A)

< (A(t0))’ P N(A'™*Y)

for any small positive number ¢; and sufficiently large A > Ao(u, £1), because A(Zp) and A(¢) are
comparable to each other by the local compactness result (11). Now let us consider the term I,. First of
all, by Lemma 2.17, we have

/T sin((t —1)v/—A) »
123 \/E

At AF(u(t))dt

L L2([to,t11xR3)
- 1 /T sin((t —1)v—A)
T (A) A || ), v—A

Fu(r))dr

Lﬁ‘(’)’ZI]HSP(R%

<1
~ (At) A

Using Lemma 5.9, we are also able to obtain

/T sin((t — 1) vV—A) »
15} \/3

A F(u(r))de

Lo L2 ([tg,t1]xR3)
/T sin((z —t)v/—A)
123 v —A

<(tr— tl)—2/(p—1)

Fu(r))dt

~

< ‘

Lo Loo([tg,t1]xR3)

< (1)) P70,
By an interpolation between L? and L, we have

T sin((r —t)v/—A)
H P- (104 ft . A

F(u(r))dr

6
L L3=25 ([to,¢1]xR3)

<| -3 |- 8283
- Lo Loo([t0,t1]xR3) Lo L2([t0,1]xR3)

< [X([O)Z/(P—l)]23/3 [(A(ZO)A)—sp](3—2s)/3

—sp(3—25)

)

Next, we will use the interpolation again to gain an estimate of the Y norm. Let (¢, r) be the admissible
pair given by Lemma 5.10. Applying Lemma 5.11, we have

/T sin((z —t)v/—A)

] A S (A1)’ £ (Mt0))’ 7.

LaL"([to,t1]1xR3)

F(u(r))drt

lim
T —o00
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Using this fact and the construction of (g, r), we obtain

T .
—1)v/—A
I» = liminf / INEOVER) b oa Fu(@) de
T—o00 t A/ —A Ys([tO,tl])
T . «(p)
— 1)/ —=A
<liminf / sin(@ 1) )P>A(to)AF(u(T))dT
T—o0 1 v =A .00, 3555 ([0.111<R3)
T 1-«(p)
sin((t —t)v/—A)
X PojanyaF(u(r))dr
Uzz V=A ZAco) LIL7 (t0,11]xR3)
—sp(3=25) 1k(p) T g — )V -A 1=(p)
< [(A(IO))S_SPA B ]K P X Tlim / sm((r\/lA )F(u(r)) dt
—o0|Jt, - LaL"

< [@oy a5

—spk(p)(3—2s)

<(A(t) P AT 3
< (M) P AP,

(A([O))(S—Sp)(l—K(p))

Here o1(p) = k(p)/6. It depends only on p. Combining our estimates on /; and /5, we finish the proof
of the second inequality.

Decay of S(A) and N(A) with applications.
Decay of S(A) and N(A). Plugging the first recurrence formula into the second one, we obtain
S(A) < S(A(1—81)ﬂ)SP—1(A(l—el)ol) + A= (p)(A—e1)(B—a) + A~20=e)(1=p) + 4701 (»)
Choose «, B and &1 so that
(1—eB=2/3, (l—ep)a=1/3, & =1/10000. (29)

Then we have
S(A) < S(A>3)SP71(AM3) 4 472

for sufficiently large A. Here the positive number o5 (p), defined as

o = min{o(p)/3,01(p), 0.6},

depends on p only. Applying Lemma 5.12, we have S(A) < A~°2(P) for sufficiently large A. Plugging
this in the first recurrence formula, we have N(A4) < A~°2(P) for large A. Observing that both S(A4) and
N(A) is uniformly bounded, we know these two decay estimates are actually valid for each A > 0. Now
let us choose

. 99
s1 = mm{l,s + maz(p)},

and make the following definition.
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Definition 5.14 (local contribution of the Duhamel formula). Assume ¢’ € . Let us introduce the notation

F(u(v))dr;

/+dl( /)—1 . _ —
i< [ eV

t'+dA()!
v (t) = —/ cos((t—t)v—A)F(u(r))dr.

Estimate on local contribution. Given any ¢ < t’ and integer k > 0, we know
1Pyt <e<aqenakrt (0 (0, 8eve )| oy s rsi—1
S 2T Pyryar <caqeryzirs 0 (1), 8000 (O] oy o
S )25 75N Py ook (00 (0. 0000 ()| o fromn
< Q2 5 Py oy FOO 2, 10 00+ daey-1)
S )2 A TP NEY)
S @A) @) me),

Summing for all k£ > 0, we have

| Poaqery (e (1), 000 O sy s grs1—1 S (A(E)T1757.

Combining this with the estimate

I P<aqeryer (2), 0000 Ol sy s grs1—1 S AN 5PN P<peryer(2), 02007 (O gsp 5 grsm—1
<A@,

we obtain
e (), 300 O sy e grsi—1 S M) 77 (30)

Higher regularity. In this subsection we will show that (u(x, 1), d,u(x, 1)) € HS' x H51~1(R?) for each
t € I. The idea is to deal with the “center” part and the “tail” part individually and then glue them together
using Lemma 2.16.

Center estimate. Let us break the Duhamel formula into two pieces:

uD () = /ttl sin((z —_Z)AV—A)
u@ () = /too sin((t —_Z)AV —A)

F(u(r))dz,

Fu(r))dr.
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Let x be the characteristic function of the region {(x,?) : |x| > dA ™ (t9)/2 + |t —t1]}. We have

5—2s5q

o 6 6
Fu(t 6 =/ (/ B F(u))>251 dx) dt
L N A | IPETRI L)

5—2s1

6

6
e 1 5—251
5/ / d}l_l([ ) ( =L ) dx
131 x> =0+ |1—11] |x| 71

5—2s5q
o (ldr=1(t,
< (‘—(O)-i-t—tl
¢ 2

_2p 6
p—1 5=-2s +3) 6
1

0o 21 sp—s1—1
5/ (w +Z—t1) dt
t

1
S Ato)* 7.

dt

By Lemma 2.20, there exists a pair (¥, t/1) such that
1GE0- O frss  frsi—1 a3y S At0)™ 7,

dl_l(to))

@@ (1), 3,u®(t0)) = (iig, #11) in B(O, 5

This implies

-1
(u(to), dru(t0)) = (o +uV (to). i1 + 9,uV (10)) mB(O, =5 200)).

By (30), we have
1D 10). 36 GO g1 s —1 S Aleo)™ =7
Combining this with the H5' x H*1~! bound of (iig, ii1), we have
G0 +u (t0), it1 + 8™ 10)) | s o1 -1 S Alto)* 7.

Tail estimate. Let (g, u}) = W z3-1(,)/4U(t0), :u(to)), and

1 1+1—s1
q 2 3

By Theorem 4.1, if r > d A7 (t9) /4, we have

1/q % 11
( / (Vupl? + |ua|q>dx) < ( / (V2 + I, 2 dx) ()i
r<|x|<4r r<|x|<4r

< r—(l—sp)(r3)(1—sl)/3

S r_(sl_sp)‘

€1y

(32)
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Letting r = 45dA71(t9) /4 and summing for all k > 0, we obtain that the pair (ug,uy) is in the space
W4 x L9(R3) with

10, WD i 1axepa sy S (@A) ™1 /4)™E179) < (A(t0))* 7.
By the Sobolev embedding, we have
1o WD sy s s —1 3y S At0)) 7. (33)
Combining the center estimate (32) and tail estimate (33) by Lemma 2.16, we have
1Ge(t0), Dol groy w frsi—1 w3y S (A(10))™ 7. (34)
Conclusion. Now we can finish our proof of Lemma 5.1.

e Case 1 (51 = 1) The inequality (34) is exactly the energy estimate we are looking for.

e Case 2 (51 < 1) This means 51 = s + 0.990,(p). As a result, the set

1 X 1 X
k= { (A(z)w—sﬂ” (k(t)’t) ST (A(z)’t)) el }

is precompact in the space H*» x H»~!, and bounded in the space H*+0-9902(p) 5 fys—1+0.9902(p)
thus it is also precompact in the space H5+0-9802(p)  fys—1+0.9802(P) by ap interpolation.

6. Global energy estimate and its corollary

Repeat the recurrence process we described in the previous section starting from the space H» x HS»~1.
Each time we either obtain the global energy estimate below or gain additional regularity by 0.980%(p).
However, this number depends on p only. As a result, the process has to stop at H' x L2 after finite
steps.

Proposition 6.1 (global energy estimate). Let u(x, t) be a minimal blow-up solution. Then (u(t), 0;u(t))
is in the energy space for each t € I with

1 (@), 3 ) 1 e 23y S A7 (35)
By the local theory, we actually obtain
(1), 0,u(t)) € CUI; H'(R?) x L*(R?)).
Remark 6.2. By Lemma 4.2, we have, for any 0 <a < b < 00,

@, w(t), d;w(t)) € C(I; L* x L?([a, b])).
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Self-similar and high-to-low frequency cascade cases. In both two cases, we can choose t; — 0o such
that A(¢;) — 0. This implies

/(|Vu(x,t,->|2+|atu(x,zl-)|2>dx»0.
Ri‘s

By the Sobolev embedding, we have

+1
lell7 [Miew

Lot @®3) = < flul

(36)

3(p ”(R ” ||L6(R3) HYI’(R?’)” ||H1(R3)

This implies ||u(#;) ||£jil ®) 0. Using the definition of energy we have E(¢;) — 0. On the other hand,

we know the energy is a constant. Therefore the energy must be zero.
e Defocusing case. It is nothing to say, because in this case an energy zero means that the solution is
identically zero.

e Focusing case. We can still solve the problem using the following theorem. By the fact that the
energy is zero, the theorem claims that u blows up in finite time in both time directions. But this is a
contradiction with our assumption 7 = oo.

Theorem 6.3 (see Theorem 3.1 in [Killip et al. 2014], nonpositive energy implies blowup). Let (uog,u;1) €
(H' x L?) N (H% x H*»7Y) be initial data. Assume that (g, uy) is not identically zero and satisfies
E(uo,u1) <0. Then the maximal life-span solution to the nonlinear wave equation blows up both forward
and backward in finite time.

Soliton-like solutions in the defocusing case. Now let us consider the soliton-like solutions in the
defocusing case. First we have a useful global integral estimate in the defocusing case.

Lemma 6.4 (see [Perthame and Vega 1999]; we use the 3-dimensional case). Let u be a solution of (1)
defined in a time interval [0, T| with a finite energy

1 1
£ = [ (515l + 3o+

For any R > 0, we have

1 [T 1 (T
—/ / (|Vu|2+|8,u|2)dxdt+—2/ / lu|* dog dt
Ix|<R 2R |x|=R

1 2p—4 P 2
P // |u|P+1dxdz+—// " gedr+ 2/ u(T)|? dx
TR P Ix|<R p+1 xI>R || R= Jix|<Rr

<2FE.

1
1|u(x)|p+1) dx.

Observing that each term on the left-hand side is nonnegative, we can obtain a uniform upper bound
for the middle term in the second line above:

T Pt 2(p +1
/ / |M| ddeSME
0 Jix|>R | x| p—1
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Letting R approach zero and T approach T, we have
T+ p+1 2 1
/ / i e <22 D g (37)
o Jrs x| p—1

The energy E here is finite by our estimate (36). On the other hand, recalling our local compactness

result Proposition 3.7, we obtain (74 = 00)

o0 |M|P+1
/ / dx dt = oo.
o Jrz ||

This finishes our discussion in this case.

7. Further estimates in the soliton-like case

Let u be a soliton-like minimal blow-up solution. We will find additional decay of u(x,?) as x tends to
infinity. The method used here is similar to the one used in [Kenig and Merle 2011] for the supercritical
case. Throughout this section w(r,t), h(r,t), z1(r,t) and z5(r,t) are defined as usual using u(x,t).
The argument in this section works in both the defocusing and focusing cases. But we are particularly
interested in the focusing case, because the soliton-like solutions in the focusing case are the only solutions
that still survive at this time.

Setup. Let ¢(x) be a smooth cutoff function in R3:

=0 if x| < 3,
p(x)1€l0,1] if 3 <|x| <1,
=1 if |x| > 1.

Then by Proposition 3.6 (compactness of u), [|¢(x/R)u(x,t)| s, converges to zero uniformly in ¢ as
R — o0. Thus we have a positive function g(r) so that g(r) decreases to zero as r increases to infinity
with

lo(x/Ryu(x. 1) gsp = &(R).

This means for each |x| > R, we have

loC/RuC Dl sy _ C8(R)

(.01 = o/ Ry, )] = € S < SR

Definition 7.1. fp(r) = sup |x|ﬂ|u(x,t)|

teR,|x|>r

forpe2/(p—1),1)and r > 0.
This is a nonincreasing function of r defined from R™ to [0, c0) U {oco}. Consider the set
U={Be2/(p—1).1): fg(r) - 0asr — ooj}.
This is not empty, since 2/(p — 1) is in U. Due to the estimate

__2
xPlu(x, 0] < Colx P~ 77T u(-, )l sy
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we know if B € U, then fg(r) is a bounded function. By the definition of fg, we have

fp(r)
I %)

u(x, 1) <

for any time ¢ € R and |x| > r. This is a meaningful inequality as long as 8 € U.

Lemma 7.2. Suppose u is a soliton-like minimal blow-up solution and p € U. Then we have the local
energy estimate on w = ru

4ro ) 5 3 fﬂ (ro)
| P+ P ar) < 65 e (39)

0
forany ro > 0 and to € R. The constant Cy, depends on p only.

Proof. Applying Lemma 4.3 to w, we have

4ro 3 4ro+M 1 4rg 2 1
(/ |zl(r,zo>|2dr) s(/ |Zl(r,t0+M)|2dr) +(/ (/ hr 1. t0+t)dt) r).
ro ro+M

Let M — oo. Using Proposition 4.12 we have

4ro % 4ro 2 %
(/ |21(r,t0)|2dr) flimsup([ (/ (r+t)F(u(r+t, to+t))dl) r)
ro M—oc0
. 40 /3(ro) >
fliinﬁ?..?(/ro (/0 (’”)((rmﬁ) dt) dr)
. a0 SR\ N\
sotms( [ (S ) )
4ro 1 5
Ef,gp(ro)(/ mdr)

< 1} (ro)( 75 5)2

1
p
0

Similarly we have
1
4ro > fF (o)
B
BwPdr) 5250
(/ roP 302

Combining these two estimates we obtain the inequality (39). O
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Recurrence formula.

Lemma 7.3. The function fg defined above satisfies the recurrence formula

o[+ (B o@D w

Proof. We know w = ru is a solution to the one-dimensional wave equation
Fw — 2w = rlul?u.

Using the explicit formula to solve this equation, we obtain

1
o010 =3[+ $)elo s 30-2) (= Dol 30-3)

1 r()+2 m—t ’
+—/ a,w(r zo—— dr / / r|u|p_1u<r,to——0+t)drdt
2 ro_r70 r0+t 2
=h+1+1s.

By Cauchy—Schwartz and Lemma 7.2, we have

1

3rg 5 % 3rg 1
([ ) =z
< — —
|12|_2(/r20 B (r.10—2) dr) (/20 ldr)

p

< fB (r0/2)r1/2

- P pp-5/2 "0
o

_Cpflg (r0> 3— Pﬂ‘

Next we estimate /3 using the estimate (38)

T3] < = / /roﬂ_’ (fﬁ(ro/z)) drdtSCp/Orzorg@ Cpfﬁ( )3”’3

To
At the same time, we know

3ro f8(ro/2) | ro fg(ro/2) | _ 1 é)l_ﬂ 3&) (1)1_3 (r_o 1-8

d |—2[2 Gro/2P T2 (ro/2)P _2(2 fﬂ(z 3) s 2) o

Combining these three terms and dividing both sides of the inequality by ré —#
by r)

, we obtain (replace rg

o <36 1)+ (3] e (.

Observing that the right-hand side is a nonincreasing function of r, we apply sup,.- ., on both sides and

obtain 13 - - 1 g "o - 1),3
fﬂ(r")fz[(z) (52 +(3) fﬂ(z)}rcpfﬁ( ) “1)

This completes the proof because we know fg(3ro/2) < fg(ro/2). O
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Decay of u(x,t).
Definition 7.4. Let us define 2/(p—1) < < 1)

gB) =3 FP+H' <1
Lemma 7.5. If B € U, then we have

[,3, B +log, #g(ﬁ)) cu.

Proof. Because fg(r) — 0 and 2— (p —1)B <0, we know that there exists a large constant R, such that
if ro > R, we have
p(ro),2—(p-08 _ 1-g(f) (r_o)
C"fﬂ(z)ro =— 3)

Thus the inequality (40) gives, for ro > R,

Jp(ro) = —g(ﬁ;—i_lfﬂ (%0)

This implies
fﬂ (r) E Crlogz(g(ﬁz)-‘rl)

for sufficiently large r > R’. As a result, for each 8; < 8 — logz(%) € (B, 1), we have

Ix|Pu(x, )] < fa(|x]]x|Pr=F < C|x|ﬁl_ﬂ+]0g2(gw2>+1) o

as |x| — oo. This proves the lemma by our definition of fg, and U. |
Lemma 7.6. Let U be defined as above. Then we have sup U = 1.

Proof. 1f this were false, we could assume sup U = B¢ < 1. Then we have for each g € U,

8B = Go = max{g(Bo).g (- 27 ) <1

using the convexity of the function g. Thus log, ﬁ > log, ﬁ > 0. By Lemma 7.5, we know
2
—~ ) cC
(5. + 1o, 1+G0) cU
This gives us a contradiction as § — sup U. O

The following proposition is the main result of this section.

Proposition 7.7 (decay of u). Let u be a soliton-like minimal blow-up solution. Then

Ci
ulx, )| <= 42
utr.o) < £ )
and
f (VuCe. ) + (e, 07 dx < Cor~. 43)
r<|x|<4r

The constants C1 and C, are independent of t, x or r.
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Proof. Let B be a number slightly smaller than 1. Lemma 7.6 guarantees 8 € U. As a result, we can
obtain the following estimate using the conclusion of Lemma 7.2:

4ro 4ro 3/ 470 3 Cpff(ro) C
B 1/2 D.B
|0rw(r.to)| dr = (/ |0 w(r,m)lzdr) (/ ldr) < — o < .
/r " r " r ré’ﬂ_s/z 0 ré’B_?’

0 0 0

We can choose 8 € U so that p — 3 > 0 by the fact p > 3. Thus we have

o
/1 0,w(r.10)| dr < Cpp. (44)

In addition, for r <1,

[w(r. to)| = rlu(r.to)| = Cpllu@o)ll gspr™ 7=T = Cplluto)|l gsp-

Combining these two estimates above, we know that |w(r, t)| is bounded by a universal constant Cy for
each pair (r, t). This gives us the first inequality in the conclusion by the definition w = ru. Plugging
this in the definition of fg(r), we have

fg(ro) = sup |x|ﬂ|u(x,t)|§ sup C1|x|‘8_1:C1r(’;}_1.

teR,|x|>ro teR,|x|>rg

Plugging this in (39), we obtain

1

o 2 2\ 1
(/r 19w (r, 0)|” + |9, w(r. 10)] dr) 5#,_—5/2- (45)

0 0
By Lemma 4.2, the combination of this estimate, Proposition 4.12 and the universal decay of u (42)
indicates that the second inequality in the lemma is also true. O

8. Death of soliton-like solution

Solitons in the focusing case. In order to kill the soliton-like minimal blow-up solutions, we need to
consider the solitons of the wave equation. It turns out that there does not exist any soliton for our
equation. The elliptic equation

—AW(x) = W) [P~ W(x) (46)

does admit a lot of nontrivial radial solutions. However, none of these solutions is in the space H*”.
Among these solutions we are particularly interested in the following solution Wy which satisfies the
condition Wy(x) ~ 1/]x|.

Proposition 8.1. The elliptic equation (46) has a solution Wy(x) such that:

o Wo(x) is a radial and smooth solution in R3\ {0}.
e The point 0 is a singularity of Wp(x).
o The solution Wy(x) is not in the space H*? (R?).
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e [ts behavior near infinity is given by (|x| > Ry)
1

C
Wo(x) — m‘ = W,

C
[VWo(x)| < e 47)

The next section has a complete discussion of this solution.

Idea to deal with the soliton-like solutions. We will show there does not exist a soliton-like minimal
blow-up solution in the focusing case. This conclusion is natural because there is actually no soliton.
However, to prove this result is not an easy task. We will use a method developed by T. Duyckaerts et al.
as I mentioned at the beginning of this paper. In [Duyckaerts et al. 2013] they use this method to prove
the soliton resolution conjecture for radial solutions of the focusing, energy-critical wave equation. The
idea is to show that our soliton-like solution has to be so close to the solitons =Wy (x) or their rescaled
versions that they must be exactly the same. But the soliton we mentioned above is not in the right
Sobolev space. This is a contradiction. In order to achieve this goal, we have to be able to understand the
behavior of a minimal blow-up solution if it is close to our soliton Wy (x).

Preliminary results. We first recall a lemma proved in [Duyckaerts et al. 2011].

Lemma 8.2 (energy channel). Let (vg, v1) € H' x L? be a pair of radial initial data. Suppose v(x, 1)
is the solution of the linear wave equation with the given initial data (vg, v1). Let w(r,t) = rv(r,t) as
usual. Then for any R > 0, either the inequality

o0
/ (IVo(x, 0> + 8,0 (x, 1)|?) dx > 271/ (19, w(r, 0)]* + |9, w(r, 0)[) dr
|x|> R+t R
holds for all t > 0, or the inequality
o0
/ (IVo(x,)|* + |9;v(x,1)]*) dx > 271/ (19, w(r, 0)|* + |9, w(r,0)|*) dr
|x|>R—t R

holds for all t < 0.
Definition 8.3. Let us define (R > 0)

Wo(R+|t|) if |[x] < R+ ¢,
VR(X’[):{ D(R-+ W) if [x] < R 4| us)

Wo(|x|) if [x| > R+ |t].
Lemma 8.4. The following space-time norms of Vg(x,t) are both finite for R > 0:

IVRIy,,® <o0:  IIVRIL22/00-3 120 @exp3) < 0©.
Furthermore, if R is sufficiently large, we have the estimate
1_ _1
IVRIly,,® < R277:  |[VRIL20/00-3 127 @xg3) S R 2. (49)

Proof. By the estimate (47) in Proposition 8.1, we have

C
[Wo(x)| < ﬁ if x| > R.
X
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Thus, if 3/r +1/g <1,

q/r 1/q
Vil oz oy = ( [ ( [ vaceor dx) dt)
R \JR3
q/r 1/q
< (/ ((R+|t|)3|Wo(R+|t|)|’+/ [Wo(x)|" dx) dt)
R |x|>R+|¢|
q/r 1/q
§CR(/ ((R+|t|)3_’+/ |x|~" dx) dt)
R [x]>R+|¢]
q/r 1/q
<r CR(/ ((R+|t|)3") dt)
R

<,.q CR(RGa/T+1)1/a
Srg CrR7 T4,
This shows the norms in question are always finite. Furthermore, if R is sufficiently large, we can always
choose Cr = 2. This finishes our proof by the computation above. O
Approximation theory.
Theorem 8.5. Fix 3 < p < 5. There exists a constant 8o > 0, such that if § < 8¢ and we have

(1) afunction V(x,t) with |V (x, Z)Hysp (1) < 6 (here I is a time interval containing 0), and

(ii) a pair of initial data (ho, h1) with

||(h0»h1)||Hle2(R3) <4, ||(h0»hl)||Hpr1-'ISp—l(R3) <4,

then the equation
Zh—Ah=FWV +h) —F(YV), (x,1)eR¥xI,
hli=0 = ho,
dthli=0 =

has a unique solution h(x,t) on I x R3 so that

121y, (1) < Cp,
sup | (h, d¢h) — (hr, 0:hi)ll iz < Co8P I (ho  h)ll g1 g 2-

tel

Here (hy,, 0:hy) is the solution of the linear wave equation with initial data (hg, h1).

Proof. In this proof, C, represents a constant that depends on p only. In different places C;, may represent
different constants. We will also write Y instead of Yy, () for convenience. By the Strichartz estimates,
we have

IF(V +h) = F(V)lz,, < Collhlly IRI5~" +1VI57.
IF(V +hD) = F(V + 0| z,, < Cpllh® —h @[y AV 15~" + 122157 + 11V 157,
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In addition, if we choose a 1-admissible pair (94_—’;), %), we also have

IFV )= FOV)lize < Collhll o an (IHIF +1VIE).

-1 —1 -1
IFO +h0) = FOV +h g2 < Gl =h D anan (RPN + 1RPNF +IVIET.

By a fixed point argument, if § is sufficiently small, we have a unique solution % (x, t) defined on I x R3,
so that

hlly < Cod kIl 5o s < Cpllthouhn)l 2
This immediately gives

sup [(h, 0¢h) — (hp, 0:hi)ll iy < CplF(V +h) = F(V)|L1 2
te

p—1 p—1
<Cpllhll oo (1R +IVIET)

< Cp8P 7 I(ho, k)l g1 g2 0

Match with Wy(x). Using the estimate (45), we have

4rg 4rg % |
/ |8rw(l”,t)|dl’5 (/ |8rw(r,t)|2dr) r(}/zsﬁ‘
r r

0 0

This means

*° 1
/ [0;w(r,t)| dr < 3 (50)
,

p—
0 ro

Thus we know the limit lim, o w(r, t) exists for each ¢. In particular, the limit exists at = 0. There
are two cases.

(D If limy o0 w(r,0) = 0. Then in the rest of this section, set W(x) = 0. By (50) we have

<
(. 0)] £ .

Thus

1
ug(x) =W =—w(x|,0)| < .
o) = W) = w0l £ s
D) If limy; o0 w(r, 0) # 0. Without loss, let us assume the limit is equal to 1. Otherwise we only need
to apply some space-time dilation and/or multiplication by —1 on u. In the rest of this section, set
W(x) = Wy(x). By (50), we have

oo

|w(r0,0)—1|§[ 19, w(r.0)|dr <

ro ré)_

3-
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Dividing this inequality by ro, we have

1 1
uox) —— < ——.
o(x) |x|'“|x|ﬁ—2

Combining this with our estimate for Wy (x), we have for large x

luo(x) —W(x)| < W-

Identity near infinity.

Theorem 8.6. Let W(x) = Wy(x) or W(x) = 0. Suppose u(x,t) is a global radial solution of the
equation (1) with initial data (ug, u1) € H x H»~Y(R3) satisfying the following conditions.

(D) The following inequality holds for each t € R and r > 0:
/ (IVu(x,0)[* + [0;u(x, )[*) dx < Crr L (51)
r<|x|<4r

(IT) We have uo(x) and W(x) are very close to each other as |x| is large:

uo(x) = W(x)| 5 (52)

|x|P=2

Then there exists Ry = Ro(C1, p) € (0, +00) such that the pair (ug(x) — W(x),u1(x)) is essentially
supported in the ball B(0, Ry).

Remark 8.7. There are actually two separate theorems, and both can be proved in the same way. If
W(x) = Wo(x) (the primary case), then define Vg, as usual in the proof below. Otherwise, if W(x) =0,
just make Vg, = 0.

Proof. Consider the functions
go=VYRuo—W), g1=VYgrui, G(r)=uo(r)—W(r),

for R > Ry, where the constant Ry is to be determined later. Choose a small constant § = §(p), so that it
is smaller than the constant 8¢ in Theorem 8.5 and guarantees the number C,8? ~1 in the conclusion of
that theorem is smaller than £(p), which is a small number determined later in the argument below. By
the condition (51) and the properties of W(x), we know (R > 1)

[R3(|Vgo|2 +gh)dx <c,p R7Y;
- 3(p—1 1 —3(p—
/[R3(|Vg0|3(p D/(p+1) +g1(p )/ (p+ )) dx <c, p R 3(p=3)/(p+1)

As aresult, if Ry = Ro(C1, p) is sufficiently large, the following inequalities hold as long as R > Ry
(we use the Sobolev embedding in order to obtain the second inequality):

1(€0- &l 152 =6 (80, 8D grsp xgrsv—1 =6 IVRolly,, ®) =8.
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Let g be the solution of
07¢—Ag = F(Vry + &) — F(Vr,)

with the initial data (gg, g1) and g be the solution of the linear wave equation with the same initial data.
On the other hand, we know u(x, ) — W(x) is the solution of the equation

O%ii — Aii = F(W +ii) — F(W) (53)
in the domain R x (R3\ {0}) with the initial data (uo — W, u1). Let K be the domain
K ={(x,t):|x| > |t| + R}.
Considering the fact W(x) = Vg, (x, ) in the region K and the construction of (go, g1), we have
ulx,t)—Wix)=g(x,t), du(x,t)=209:g(x,t)

in the domain K by the finite speed of propagation. Using our assumption (51) and the decay of W (x) at
infinity and considering the identity above, we have

lim (IVg(x,t)|? +|0:g(x,1)|?) dx — 0. (54)

t—>%00 J|x|>|¢t|+R

Using Lemma 8.2, without loss of generality, let us assume for all # > 0
o0
f (VE(x, 0> +9:&(x, 0)*) dx > 27T/ (137 (rgo(r, 0))|> + r*|g1(r, 0)[*) .
|x|>R+t R
That is
~ - 1
[ aveeoP s aaeopasz ([ Vel dx) - 2erain)
|x|>R+1 2\Jix|>R

Combining this with (54), we have

L = o = 1 2, .2 2 z
I;H;g)gf\l(g(x,t),8zg(x,t))—(g,azg)||H1XL2(|x|>R+t)z(Ef|x|>R(IVgo| +g1)dx—2nRgo(R)) :

On the other hand, we know that the inequality

(g, 1), 8:8(x. 1)) = (&, 0:D) | 12 < Cp8P M 1(€0: 8| sz < £(P)I(€05 €D 12

holds for each ¢ € R, by Theorem 8.5. Considering both inequalities above, we have
1
3 (Ve +ghax—2nRG (R <) [ (Ve +ghrd.
2 |x|>R |x|>R

Thus

RgG(R). (55)

47
\V4 2 2 dyx < ——
[ Vel + b = s
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We have

mR
g0(mR) — go(R)| < /R 19, o] dr

mR % mR 1
s(/ |rargo|2dr) (f L ar
R R r

1
1 2/1
< (4 [ veol+hrax ) (
T Jix|>R

REB(R) \* (| 1Y oy
<(i3e00) (1) ®

1

- 1—1/m \2
_(ng(p)) |go(R)|.

Since p —2 > 1, we can choose k = k(p) € Z* such that (k + 1)/k < p—2. Let m = 2¥. Since

|
A—1/m)2 <1——,
2m

we can choose €(p) > 0 so small that

1
1-1 2 1 1
¢ <l-—=1—-—.
1—2&2(p) 2m 2k+1

Plugging this into our estimate above, we obtain

1

102 R) — go(R)| < (1 - 5o ) o R

Thus

1
20“R)| = 120 (R)L.

By the definition of gy, this is the same as

1
2k+1

IG2*R)| = IG(R)|.

1973

This inequality holds for all R > Ro. Now let us consider the value of G(Rp). If G(Rp) = 0, let us
choose R = Ry. Plugging go(R) back in (55), we have (go, g1) = (0,0). This means that (ug — W, u1)

is supported in B (0, Ro) and finishes the proof. If |G(Rg)| > 0, then we have

1
kn
|G(2"" Ro)| = WW(RON >0

for each positive integer n. This contradicts the condition (52) because (kK + 1)/ k < p — 2 by our choice

of k.

|
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Remark 8.8. If one feels uncomfortable about the singularity at zero in the equation (53), we could use
the following center-cutoff version instead. Let ¢ be a smooth, radial, nonnegative function satisfying

1 if |x|>1,
p(x)=13¢€l0,1] if|x|e(1/2,1),
0 if |x| <1/2.

Then u(x,t) — ¢(|x|/Ro)Wo(x) is a solution to the equation
371 — Ati = F(p(|x|/Ro)Wo + i) + Al (| x|/ Ro) Wo (%)), (x.7) € R* xR,
it|r=0 = uo — ¢(|x|/Ro)Wo € H»(R?),
8;12|t:o =U1 € HSP_I(R3).

For any T > 0, we know

le(lx]/Ro)Wo () ly,, (-1,17) <00,  [[A((Ix]/Ro)Wo (X)) z,, ((—T,7]) < 0°.

In addition, the function A(¢(|x|/Ro)Wo(x)) = —F(Wy(x)) in the region K. We can do the argument as
usual in the proof above but avoid the singularity at zero with this new cutoff version of the equation (53).
This method also works in the proof of Theorem 8.9, which will be introduced in the next subsection.

Application of the theorem. Now apply Theorem 8.6 to our soliton-like minimal blow-up solution. All
the conditions are satisfied by our earlier argument. Thus (ug(x) — W(x),u1(x)) is supported in the
closed ball of radius Rg centered at the origin. In particular, because Ry depends only on the constant C;
and p, the same Ry also works for other time ¢ as long as the condition (52) is true at that time. But by
the finite speed of propagation, we know (u(x,?) — W(x), d;u(x,t)) is actually compactly supported in
B(0, Ro + |t|) at each time 7. This means the condition (52) is always true at any given time. Thus the
pair (u(x,t) — W(x), d;u(x, 1)) is essentially supported in the cylinder B(0, Rg) x R.

Local radius analysis. 1.et us define the essential radius of the support of (u(x,?) — W(x), d;u(x,t)) at
time ¢ as

R(t) =min{R > 0: (u(x,t) — W(x), d;u(x,t)) = (0,0) holds for |x| > R}.
This is well-defined for our minimal blow-up solution. Actually R(¢) < R holds for any ¢ € R.

Theorem 8.9 (behavior of “compactly supported” solutions). Let W(x) = Wy(x) or W(x) = 0. Let
u(x, t) be a radial solution of the equation (1) in a time interval I containing 0, so that

M@ (u(x,1),du(x,1)) € C(1; H'(R?) x L2(R3)).

() The pair (u(x,0) — W(x), 0;u(x,0)) is compactly supported with an essential radius of support
R(0) > R; > 0.

Then there exists a constant T = t1(R1, p), such that
R(t) = R(0) + |1]

holds either for eacht € [0,t] N I orforeacht € [—t,0] N 1.
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Remark 8.10. If W(x) = Wy(x) (the primary case), then define Vg, as usual in the proof. Otherwise
if W(x) =0, just make Vg, = 0. In this case we can choose T = ooc. In the proof we use the notation
(ug, uy) for the initial data (u(x, 0), d;u(x,0)).

Proof. By Lemma 8.4, we have || Vg, ||ysp ®) < oo. Thus we can choose T = 7(R1, p) > 0 such that
| VR, ”Ys,,([—t,t]) < §. Here § is a small constant so that we can apply Theorem 8.5 and make the number
Cp8P~1 less than 1/100 in that theorem. If & < R(0) — Ry, let us consider a pair of initial data (go, g1)
for each R € (R(0) —e€, R(0)),

go=VYR(uo—W), g1 =WYRuj.

This pair (go(x), g1(x)) is nonzero by the definition of R(0). By our assumptions on (u¢, #1), we know
the inequalities

1(g0. gD grixp2 <8, (808D grsp frsp—1 <6

hold for each R € (R(0) — €, R(0)) as long as ¢ is sufficiently small. (In order to obtain the second

inequality we use the Sobolev embedding.) Furthermore, we have
R(0)
go(R(0)) — drgo(r)dr

R(0)
< / 10, g0(r)| dr
R R
R(0) 3/ (RO 4 3
([ msaerar) ([ Sar)
R R r
R(0) 2 (R(0)—R\?
2 8r 2d N
5(/R 1219, g0(r)] r) ( s )

. R(0) 215 y 3
< ——
<(gog ). rrworar)’

|go(R)| =

Thus

2 € R© 2 2 2 2
Re}(R) < 1 /R P18, g0(r)2 dr < (Vg0 () + g1(0)[?) dx.

47 R(0) JR<|x|<R(0)

If ¢ is sufficiently small, we can apply Lemma 4.2 to obtain

R©) 2 2 2 0.99 2 2
/ [18- (rgo(r)|* +r2g1(r) ]dr2—4 (IVgo(x)|” + [g1(x)[7) dx.
R T JR<|x|<R(0)

Let g(x, t) be the solution to the linear wave equation with the initial data (go, g1). By Lemma 8.2,

/ (V30O + 8,3 0)) dx = 2 [ (10, (rgo ()2 + 211 (1P dr
|x|>R+|t| R

R(0)
2 fR [10- (rgo () + r*|g1 ()] dr

> 0.49 / (1V20(x) + lg1(0)]?) dx
R<|x|<R(0)
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holds either for each # > 0 or for each # < 0. Without loss of generality, let us choose ¢ > 0; then we have

1@ 00068 ) g1 z2x 1o Ry = 07180 8D L1120 (56)
Let g be the solution of the equation

B%g —Ag=F(Vr,+8)—F(Vg,), (x.t)e R3 x [, 7],
gli=0 = go»
3tg|t=o =41-

By Theorem 8.5, we have
18 (xa1). Beg (. 1)) = (G (x.1). 3 (v ) 12 < 0.0101(80- 80 12 0)

for each t € [—7, t]. Combining this with (56), for # € [0, 7] we obtain

18 (1), B8 Cee D 112 xRy = 0-691(80- €D 17112 (57)
In addition, we know u(x,¢) — W(x) is the solution of equation

8?& —Au=F(W(x)+u)— F(W(x)),
Ult=0 =ug—W,
atﬁ|t=0 =Uux

in (R3\ {0}) x I. The initial data of these two equations mentioned above is the same in the region
{x : |x| = R} and the nonlinear part is the same function in the region

K={(x,t):|x|>R+t,tel0,t]NI}.

Thus by the finite speed of propagation, we have g(x,?) = u(x,t) — W(x) and d;g(x,t) = d;u(x,t)
in K. Plugging this in (57), we obtain

[(u(x, 1) —W(x), dru(x, l))llylez(|x|>R+,) > 0.69|(go. g1)||H1xL2(R3)

foreacht € I N[0, z]. Since R < R(0), we know the right-hand side of the inequality above is positive
by the definition of essential radius of support. Thus we have

R(t) = R+ 1] (58)

forall t € [0, t] N [. Letting R — R(0)~, we obtain R(z) > R(0) + |z|. By the finite speed of propagation,
we have R(t) = R(0) + |t|. |

Remark 8.11. For each R € (R(0) — ¢, R(0)), we know that the inequality (58) above holds either in the
positive or negative time direction. It may work in different directions as we choose different values of R.
However, we can always choose a sequence R; — R(0)™ such that the inequality works in the same time
direction for all the R;. This is sufficient for us to conclude the theorem.
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End of soliton-like solution. Now let us show R(0) = 0. If it were not zero, let Ry = R(0)/2, and then
apply Theorem 8.9. We have (without loss of generality) R(¢) = R(0) + ¢ for each ¢ € [0, t]. Applying
Theorem 8.9 again at r = t, we obtain

Rt)=R0O)+t+(t—7)=R(0)+1
for ¢t € [t, 27], because

(1) The same constant T works by the inequality R(t) > R(0) > R;.

(i1) The theorem may only work in the positive time direction, since we know the radius of support R(?)
decreases in the other direction.

Repeating this process, we have for each ¢t > 0,
R(t) = R(0) +¢.
But it is impossible since R(¢) is uniformly bounded by Rg. Therefore we must have R(0) = 0. But this

means either ug = Wy(x) ¢ H (R3) or (ug,u1) = (0,0). This is a contradiction.

9. The solution of the elliptic equation
In this section we will consider the elliptic equation
—AW(x) = W) 1P W (), (59)
and prove Proposition 8.1. It has infinitely many solutions. For example,
Wi(x) = C|x|72/P7D

is a solution if we choose an appropriate constant C. Since we are interested in radial solutions of this
elliptic equation, we can assume W(x) = y(|x|). Here the function y(r) satisfies the following equation
in (0, 00):

2 _
V') + 2y O+ Py ) =0, (60)
Let us first show that the solution Wy(x) we mentioned earlier in this paper exists.

Existence of Wy(x).

The idea. We are seeking a solution with the property Wy(x) ~ 1/|x| as x is large. That is equivalent to
y(r) >~ 1/r. Let us define p(r) = ry(r); then p(r) satisfies

_F(p)
rp—1’

p"(r) = F(p) = p|”"'p.

We expect p(r) >~ 1 for large r, thus let us assume p(r) = ¢ (r) + 1. The corresponding equation for ¢ (r)

is given as
F($+1)
pp—1

¢"(r) = —

We will show the following facts:
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(I) This equation has a solution in the interval [R, co) with boundary conditions at infinity ¢ (4+00) =
¢’ (+00) = 0, by a fixed-point argument.

(IT) We can expand the domain of this solution to R™.

The fixed-point argument. Let us consider the metric space
K={¢p:9pcC(R,0);[-1,1]), lim ¢(r)=0}
r—+o00

with the distance d(¢1, ¢2) = sup, |¢1(r) — ¢2(r)|. One can check K is complete. Let us define a map

L:K— Kby
o= [ ([7(-FEE) ar) s

o= ([ amar)as <5k

00 ® (. d(¢1.
Lo -l =6 [ ([T dr)as <, MO8,

We have

Thus if R > R(p) is a sufficiently large number, then L is a contraction map from K to itself. As a result,
there exists a unique fixed point ¢o(r). This gives us a classic smooth solution of the ODE in [R, 00).
We have ¢o(r) < r3~? and its derivative ¢ (r) satisfies

/oo F(go(t) + 1) dt‘< C

tp—1 — pp-2°

o (r)| =

Expansion of the solution. Now let us solve the ODE backward from r = R. We need to show it will
never break down before we approach r = 0. Actually we have

A (ot W PR Pl o
dr p+1 2 2 o =

Thus we have that the inequality

o) + 11PF1 rP g ()P _ Igo(R) +11PF  RP7 gy (R)|?
p+1 2 - p+1 2

holds for all 0 < r < R as long as the solution still exists at . But this implies the solution will never

break down at a positive r.

Properties of the solution. Now we can define

do(lx)+1

Wo(x) =
x|
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This is a C?2, radial solution of our elliptic equation (59) for |x| > 0. Furthermore, we have for large x

‘WO(X)_L _ Ibo(IxD)] 5 C,,_z’ VW) = rq}é(r)—fo(r)—l _ G
x| x| |x|? r

Now the remaining task is to show Wy (x) is not in the space H*». This implies Wp(x) must have a
singularity at 0. It turns out that it is not trivial. For instance, if we repeat the argument as above in the
case p = 5, then the solution we obtain will be a smooth function in the whole space, as

J3

W= ey

Radial H*? solution does not exist. The following theorem shows that any nontrivial radial solution
of our elliptic equation is not in the space H*» (R3). In particular, Wy(x) is not in the space H*» (R3).
Actually we have limsup,_, o+ |x|?|Wo(x)| > 0 by the argument below. This gives us a singularity at
zZero.

Theorem 9.1. If 3 < p < 5, then a radial H*? (R3) solution to the elliptic equation
—AW(x) = W) [P W (x)
must be the zero solution.

Remark 9.2. We always assume the function y(r) has two continuous derivatives at any r > 0 in the
proof below. Actually we can show any radial H?*» solution of the elliptic equation must be in the space
C2(R3\ {0}). First of all, a radial H% function must be continuous except for x = 0. Using this fact
and the regularity theory on the elliptic equation, we have the solution is C? except for x = 0.

Proof. The proof consists of three steps.
(1) (introduction to r? y(r)) We assume W(x) = y(|x|). The function y(r) defined in RT is a C?
solution of
" 2 / p—1 _
y )+ oy )+ Iy ) =0.

Let us define another C2(R™) function

2
o(r)=rly(r), 6=—".
p—1
If W(x) = y(]x|) is in the space H”, we then have lim, o+ v(r) = lim; oo v(r) = 0 by
Lemma A.7. Plugging y(r) = r~?v(r) in the equation for y(r), we obtain an equation for v(r),

2(p—3 2(p—3
r2v”(r) + L)rv/(r) - sz(r) + [v|P~ o (r) = 0.
p—1 -1
Multiplying both sides by v’(r), we obtain
(LR p-3
dr 2 (p—1)

Lyl )2 = 0. 61)

v(r)[P*! 5—
2”2(”)+ )= 1

p+1
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(II) (the lower limit) If v(r) is not the zero function, then the inequality
liminf r2|v'(r)|?> > 0 (62)
r—>-+o0

holds. If it failed, by considering the integral of (61) in the interval (¢, M) and letting ¢ — 0T and

M — 400, we would have

5_ oo
2P rlv'(r)|*dr <0.
r—1Jo

This means v’(r) = 0 everywhere, so v(r) = 0. But we assume it is not the zero function.

(IIT) (conclusion) If W(x) were not identically zero, then v(r) would be a nonzero function. By the
limit (62), there exist C > 0 and r > 0, such that if r € (r1, 00), the inequality r2|v’(r)|?> > C holds.
In other words, we have |v’(r)| > ~/Cr~!. This means v’(r) does not change its sign in the interval
(r1, 00) since it is a continuous function. Combining this fact with the lower bound of |v'(r)|, we
know the limit of v(r) does not exist at oo. This gives us a contradiction. O

Further properties of the function Wy(x). In this subsection, we will discover some additional properties
of the soliton Wy (x). Assume that y(r) and v(r) are defined in the same manner as the previous subsection.

e Wy(x) is a positive solution. If this were not true, we could assume that v(rg) = 0 for some r¢ > 0,
because we know v(r) > 0 for sufficiently large r. Then by (61), we obtain

)P L o)

L p=3
r sv7(r) + s+l 20,

2 (p—1

for each r > ro. However, the decay of Wy (x) implies (if r is large) that

>0 (63)

) 7t W) =100y () + 10y () < 02

This gives us a contradiction if we consider the limit of the left hand in the inequality (63) using
these estimates.

o Wo(x) is smooth in R3\ {0}. Due to the fact that the function F is smooth in R, a direct corollary
follows that the function Wy (x) is smooth everywhere except for x = 0.

Appendix
The Duhamel formula.

Lemma A.1. Let % < s < 1. If K is a compact subset of H* x HS~! with an s-admissible pair (q,r) so
that g # oo, then for each & > 0, there exist two constants M, § > 0 such that

[S(@) o, u)lLarrrxmz) + 1S@) @0, u1)lla L (m,00)xr3) + 1S @) (o, w1l La Lr (oo, mIxr3) < €

holds for any (ug,u1) € K and any time interval J with a length |J| < 6.
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Proof. Given (ug,u1) € HS x H5~!, it is clear that we are able to find M, § > 0 so that the inequality
holds for this particular pair of initial data and any interval J with a length |J| < § by the fact ¢ < oo
and the Strichartz estimate

[S(@) (o, u1)llLarr rxr3) < 00

If K is a finite set, then we can find M and § so that they work for each pair in K by taking a
maximum over all M and a minimum over all §. In the general case, we can just choose a finite
subset {(uo,i,U1,i)}i=1,2,...,n of K such that for each (1o, u1) € K, there exists a positive integer i with
1 <i<nand [|[SE)(uo—uo,i,ur —ui,i)llperr@xr3) = Cll (o —uoisur —uri)|l gsypgs—1 < 0.01e;
and then use our result for a finite subset. O

Lemma A.2 (the Duhamel formula). Let u(x,t) be almost periodic modulo scaling in the interval
I = (T_, 00), namely the set

K= : =t : 0 = t)):irer
‘%(A(m/z—%”(xa)’ )’A(r)S/Hp ’”(A(z)’ )) © }

is precompact in the space H? x HS»~Y(R3). Then for any time ty € R, any bounded closed interval
[a, b] and any sp-admissible pair (q,r) with q < oo, we have

lim S =T)(T). 9T zarr qa sy =0

. u(T) \ _
weak TEIJIrloo S(to—T) (3,u(T)) =0.

Proof. We have
1S@—T)w(T), dru(T) Larr(qa.b)xr3) = IS@O@(T), 3:u(T) | La Lr (a—T.b—T]xR?)

Ty (T
= ||S(l)(u(() ),ui ))”LqL’([)L(T)(a—T),A(T)(b—T)]XR3);

T) () _ ! : ! :
(uo yUg )— (A(T)3/2—spu(k(T)’T)’A(T)S/Z—Spatu(k(T),T))'

Given ¢ > 0, let M, § be the constants as in Lemma A.1. It is clear that if T is sufficiently large, we have
either (A(T') is small)

here

MTYb—T)=MT)a—T) = (b—a)A(T) <3,

or (A(T) is large)
MTYb—-T)<—M.
In either case, by Lemma A.1 we have ||S(¢ —T)(u(T), 3:u(T))|La L7 ([a.b]xr?) < &- This completes the

proof of the first limit. In order to obtain the second limit, we only need to choose #1 € (9, +00), set
[a,b] = [to, t1] and apply Lemma A.4 below using the first limit and the identity

S(t—10) [S(fo -7) (8((TT)))} =561 () i
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Remark A.3. We can obtain the similar result in the negative time direction using exactly the same
argument. This implies the corresponding Duhamel formula in the negative time direction.

¢ Soliton-like case or high-to-low frequency cascade case

TEIEOO 1S —=T)@(T), 0:u(T) | LaLr(a.p]xr3) = O

weak lim S(io—T) (3?53)) —0.

o Self-similar case (let a, tg > 0)
lim IS —T)w(T), d:u(T)|raLr (a,b]xr?) = 0
T—0+
. u(T)
weak lim S(to—T =0.
T—o+ (to=T) (B,M(T))
Lemma A.4. Suppose that {(uo n,U1,n)}nez is a bounded sequence in HS x H51 (R3) so that

nlggo S (o,n, ul,n)||L‘1Lr([0,u]xR3) =0.

Here (q,r) is an s-admissible pair and | is a positive constant. Then we have the weak limit in
HS x HS7H(R3)
(uo,n,u1,n) = 0.

Proof. Let us suppose the conclusion were false. This means that there exists a subsequence (for which
we use the same notation as the original sequence) that converges weakly to a nonzero limit (g, t1). We
know the operator P : H x HS~! — LIL" ([0, u] x R?) defined by

P(uo,u1) = S(t)(uo, u1)
is bounded by the Strichartz estimate. This implies that we have the weak limit in LI L ([0, ] x R3)
P(uon,urn) — P(io, i1).

On the other hand, we know P (ug,,u1,,) converges to zero strongly. Thus P (tig, %) = 0. This means
(tig, ti1) = 0, which is a contradiction. O

Lemma A.5. Assume s € [sp, 1]. Let u(x,t) be defined on I = (T—, 00) and almost periodic modulo
scalings in H® x HS~Y(R3), namely the set

1 N . N
k= { (k(t)3/2—sp u()t(t) ’ t)’ A(£)3/2=sp atu(k(z)’t)) te I}

is precompact in the space HS x HS™V(R3). In addition, A(t) < 1 when t is large. Then, for any closed

interval [a, b] and any s-admissible pair (q, r) with g < 0o, we have

pHm S@=T)@(T). 0u(T) | Larr (a,p1xm) = 0.
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Proof. One could use the similar method as used in Lemma A.2 by observing

IS = T)W(T), 0:u(T)) | La L7 ([a,p]xr3)
= S@@(T), 0eu(T) |l pa Lr (a—T,b-T]xR?)

_ Ty (T
= (MT)* SO @D, ul ))”L‘IL’([A(T)(a—T),A(T)(b—T)]XR3)-

(1) (D) _ 1 ; ! ;
Wl = (s (e ™) s o (2 7)) -

Perturbation theory. In this subsection we will finish the proof of Theorem 2.12 and Theorem 2.15.

Here

Proof of Theorem 2.12. Let us first prove the perturbation theory when M is sufficiently small. Let 7, be
the maximal lifespan of the solution u(x, ) to the equation (1) with the given initial data (1, #1) and
assume [0, 7] € I N 1. By the Strichartz estimate, we have

e —ully,, qo,r7) = IIS(2) (o —1u(0), ur —u(0))lly,, qo,17) + Cplle + F (1) — Fw)l z,, (0,71
<e+Gpllellz,, qo,r1) + Cpll F (@) — F(w)llz,, 0,71
<&+ Cpe+ Cplli—ully,, @,y (1215, 0.7y + 17—l 0.7)
< Cpe + Cpllit —ully,,, qo.rp (M~ + 1T —ull§ go.17))-

By a continuity argument in 7', there exist My = Mo(p) and g9 = g9(p) > 0 such that if M < My and
& < g9, we have

u —ully,,qo,17) < Cpe.

Observing that this estimate does not depend on the time 7', we are actually able to conclude I C I; by
the standard blow-up criterion and obtain

I —ully,, ) = Cpe.

In addition, by the Strichartz estimate

ur) \ (a0 1o —ii(0)
(3t“(f)) (3tf‘(l)) ) (ul—atﬁ(o))”mpxyw—l

< GpllF(u) — F(i) —ell z,, 1)
< Cp(lelz,,ay + I1F) = F@)llz,, 1))

~ ~n1p—1 ~n1p—1
< Cple+ lu—illy,, o (1715 ) + I =@l )]

sup
tel

< Cpe.

This finishes the proof as M is sufficiently small. To deal with the general case, we can separate the
time interval / into a finite number of subintervals {/;}, so that ||u|| Ys, (1;) < Mo, and then iterate our
argument above. O
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Proof of Theorem 2.15. Let us first prove the perturbation theory when M and T are sufficiently small.
Let I, be the maximal lifespan of the solution u(x,?) to the equation (1) with the given initial data
(ug,u1) and assume [0, 71] € [0, T] N I;. By the Strichartz estimate, we have

I —ully,qo, 71y < IIS(@) (o —tio, u1 — 1)y, o,1y1) + Cs.p | F (@) — F(u)ll z,10,717)
< Cs,pll(wo —tio, ur — 1)l gsy grs—1 + Cs,pll F (@) — F(u)| z,(j0,117)
< Cs,pll(uo—tio, ur — 1)l gsy grs—1

—1)(s— -
+Cop TP VC™) | P i) — Fal,

2
SFI=Cp=2G=p) [,225 ([0,T1]xR3)

< Cs,pll(uo —tio, ur — 1)l gss grs—1

—1)(s— ~ ~ —1 ~ —1
+ Cop Ty 7 i =y, oy (17 =21 fo 7y + NI o 7,)
fCs,p”(uO_ﬁO,Ul_ﬁl)Hst[.'Is—l

—Ds— ~ - -1 _
+Cs,pT1(p )(s Sp)||u—u||YS([0’T1])(||u—u||§s([0’T1])_|-MP 1)‘

By a continuity argument in 77, there exist My = My (s, p) and g9 = go(s, p) > 0 such that if M < My,
T <1and

[ (o —tio, u1 — )|l sy grs—1 = €0,

we have

i —ully,qo, 1)) = Cs,pll (o —tio. 1 — 1) | o grs—1-

Observing that this estimate does not depend on the time 77 as long as 77 < T < 1, we are actually able
to conclude [0, T] € I; by Theorem 2.14 and obtain

Il = ully,o,r1) = Cs,pll (o —tio, ur — i)l s grs—1-

In addition, by the Strichartz estimate

u(t) u(t)
(atu(t)) B ((%ﬁ(t)) H S x Es—1

s (i)

= CS,P”(MO _ﬁ07 Ui _ﬁl)l|stHs—1

sup
t€l0,T]

=

Gl F@) = F@lz,o.r
HsxH>s—!

1) (5—5p) (1 . -1 - p—1
+ Cop TP i~y qo,ry (1 = Y o, 7 + 1115 o,77))
=< Cs,p”(uO —Ug, U1 — 7/71)||stgs—1 .

This finishes the proof as M and T are sufficiently small. To deal with the general case, we can separate
the time interval [0, T] into a finite number of subintervals {/;}, so that ||ily,;;,) < Mo and |I;| <1,
then iterate our argument above. |
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Technical lemmas.

Lemma A.6. Suppose that (ug¢(x),u1 ¢(x)) are radial, smooth pairs defined in R and converge to
(uo(x), u1(x)) strongly in HS? x H»~Y(R3). In addition, we have

[ (el o)y dx <€
ro<|x|<4ro
for each € < gg. Then (ug(x),u1(x)) is in the space H' x L2(r < |x| < 4r) and satisfies
[ uP+ Py =c.
ro<|x|<4ro

Proof. By the uniform bound of the integral, we can extract a sequence &; — 0 so that d,u ¢, () converges
to i (r) weakly in L%(rg,4rg), and U1, converges to i1 weakly in L?(rg < |x| < 4rg). Define

r

fio(r) = wo(ro) + / i(v) d.

ro
We have
/ (IVito(x)* + lit1 (x)|*) dx < C.
ro<|x|<4rg

By the strong and weak convergence, we have immediately 1 = 1 in the region ro < |x| < 4r¢. In
order to conclude, we only need to show ug(r) = tig(r). Observing frrol f(r)dt is a bounded linear
functional in L2 (rg, 4r) for each rq € (rg, 4r9), we have

ri
fio(r1) = o(ro) + / iih(2) d
ro
ri

= lim ugg, (ro) + lim Oruoe; (r)dt
i—>00 =00 Jr,

r
= lim (”0,si (ro) +/ 0rluo,g; (‘L’)d‘[)
1—>00 ro
= lim ug,, (r1)
1—>00
=uo(r1).
This completes the proof. O

Lemma A.7. Assume % <s< % Given any radial H* (R3) function f,we have

lim [x|275 f(x) = lim |x|27 f(x) =0.
x>0+ |00

Proof. Let s1 € (s, %). Applying frequency cutoff techniques and using (8), we have

3_
X127 [(Popa /)] = Csl| Poa fll s
3_ —
X127 |(P<ag )] = Coy [x P 1 Pt Sl sy »
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for any fixed M > 0. Combining the higher and lower frequency parts, we obtain

_ 3_
limsup [x[27°[ f(xX)| < Cs | P>pa fll s
|x]—0t

This proves the first limit if we let M — +o00. We can prove the second limit in a similar way. O
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