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THE NONLINEAR SCHRODINGER EQUATION GROUND STATES
ON PRODUCT SPACES

SUSANNA TERRACINI, NIKOLAY TZVETKOV AND NICOLA VISCIGLIA

We study the nature of the nonlinear Schrodinger equation ground states on the product spaces R” x M*,
where M* is a compact Riemannian manifold. We prove that for small L?> masses the ground states
coincide with the corresponding R” ground states. We also prove that above a critical mass the ground
states have nontrivial M* dependence. Finally, we address the Cauchy problem issue, which transforms
the variational analysis into dynamical stability results.

1. Introduction

Our goal here is to study the nature of the nonlinear Schrodinger equation ground states when the problem
is posed on the product spaces R" x M¥, where M* is a compact Riemannian manifold. We thus consider
the Cauchy problems
{ia,u—Ax,yu_mma:o, (t,x,y) € Rx RE x M}, (1-1)
u(0,x,y) =¢(x,y),

where .
Avy=7 02 +A,
j=1

and A, is the Laplace-Beltrami operator on M ;f Recall that the Laplace—Beltrami operator is defined in

local coordinates by
1

det(g;,j ()

where g/ (y) = (gi.;(y))~! and g; ;(y) is the metric tensor.
We assume that 0 < o < 4/(n + k), which corresponds to L? subcritical nonlinearity. In this paper, we

dy,+/det(g;, ; (Y))gi’j (y)9y,;,

shall study the following two questions:
« the existence and stability of solitary waves for (1-1);
« the global well-posedness of the Cauchy problem associated to (1-1).

Equation (1-1) has two (at least formal) conservation laws: the energy

1 2 1 2+a
' — ~|\V, yul*— —— Lok 1-2
%n,M’s7a(u) /1;15 Afé(2| x,}u| 2+a|u| dx dvo M}l;, ( )

MSC2010: primary 35Q55; secondary 37K45.
Keywords: NLS, stability, stability of solitons, rigidity, ground states.

73


http://msp.org/apde/
http://dx.doi.org/10.2140/apde.2014.7-1
http://dx.doi.org/10.2140/apde.2014.7.73
http://msp.org

74 SUSANNA TERRACINI, NIKOLAY TZVETKOV AND NICOLA VISCIGLIA

and the L2 mass,
IIMIIiz(RnXMk)sz/ |u|2dde01M{<_. (1-3)
Mk JRe :

Here we denote by dvoly the volume form on M k. Recall that in local coordinates it can be written as
Vdet(g; j(y)) dy. Moreover, the i-th component (in local coordinates) of the gradient (Vyu(y)) is

8" (n)dyu.
One has the classical Gagliardo—Nirenberg inequality

2 6 2+a—0
(17 SO o 71y SN 171 i (1-4)

where 0 (o) = (n + k) /2. Thus («) < 2 under our assumption 0 < o < 4/(n + k). This implies that the
conservation laws (1-2) and (1-3) imply a control on the H! norm which excludes an L? self-focusing
blow-up, and thus one expects that (1-1) has well defined global dynamics. This problem seems quite
delicate for a general M k. However, if we replace M k with R, it is well known (see [Tsutsumi 1987,
Cazenave 2003] and the references therein) that (1-1) has a global strong solution for every L*(R"+*)
initial data.
Our argument to construct stable solutions to (1-1) follows the one proposed in [Cazenave and Lions
1982]. Hence we shall look at the following minimization problems:
K"

n,Mka

inf En.mk o (1) (1-5)
ueH'(R" x M%)
llu ”LZ(R’I XMk)=,0

and €, ys« o (u) is defined in (1-2). In the following we shall use the notation

M iy = (0 € HIR X MY) 2 0ll 2ospry = p and &, e g (0) = K ). (1-6)
The first result we state concerns the compactness of minimizing sequences to (1-5).
Theorem 1.1. Let M* be a compact manifold and 0 < o < 4/(n + k). Then
K::Mkﬂ > —00 and L/I/LZ’MA,’Q £ forall p>0. (1-7)
Also, for any sequence u; € H'(R" x M*) such that lujllL2mex vy = p and 1im €, ppe o (u;) = Kr/l)Mk o
there exists a subsequence uj, and t; € R}, such that e o
uj(x +1,y) converges in H' (R" x Mk). (1-8)

The proof of Theorem 1.1 is based on the concentration compactness principle which will be given in
the Appendix. Also, the following stability theorem follows from a standard argument, hence its classical
proof will be recalled in the Appendix.

Theorem 1.2. Let p > 0 be fixed and n, M*, o as in Theorem 1.1. Assume moreover that

the Cauchy problem (1-1) is globally well posed for any data ¢ € U, (1-9)
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where W is an H' (R" x M*)-neighborhood of Jl/tﬁ yk o Then the set ./l/Lz Mk o IS orbitally stable; that is,

for all € > 0, there exists § = §(e) > 0 such that, for any ¢ € W with inf, . y» . lo — vl g1y < 3(€),
n,M"* a

we have

sup inf  luyp(@) — vl girexmry < €,
teR UEMSM;JVO(

where u,(t, x, y) is the unique global solution to (1-1).

Let us emphasize that the stability result stated in Theorem 1.2 has two major defaults: the first
one is that we don’t have an explicit description of the minimizers Jl/LZ ME the second one is that it
is subordinated to (1-9), that is, the global well-posedness of the Cauchy problem (1-1). The main
contributions of this paper concern a partial understanding of the aforementioned questions.

Notice that [Cazenave 2003] a special family of solutions to (1-1) is given by

lwtun,w,a(x)a

u(t,x,y)=e"
where @ > 0 and u,, 4 (x) is defined as the unique radial solution to

1
_Axun,w,ot +ouy po = un,a),a|un,w,a|a» Unw,a € H (RZ)a un,w,a(x) >0, x¢€ Rz (1-10)

Next, we set
Npwa =ty 0e(x+7):7€R", 0 R} (1-11)

Notice that there is a natural embedding H ! RHCH ! (R% x M’y‘). In fact, every function in H ! (R?) can
be extended in a trivial way with respect to the y variable on R} x M ;‘, and this extension will belong to
HY(R" x M*). In particular, since now the set N, ,  defined in (1-11) will be considered without any
further comment both as a subset of H'! (R?) and as a subset of H 1 (R" x M ;‘ ), by a rescaling argument,
one can prove that the function

(0, 00) 3 @ = llttn,0,a 1 72y, € (0, 00)
is strictly increasing for any 0 < o < 4/n and
im |luppoll2@y =00 and lim |y e«llz2@y) = 0.
w—00 * w—0 x
As a consequence, for any fixed 0 < o < 4/n, we have
for all p > 0O there exists a unique w(p) > 0 such that [un,e (), ll 2@y = P- (1-12)

In the next theorem, the set N, ,, o 1s the one defined in (1-11) and JI/LZ ME o is defined in (1-6).

Theorem 1.3. Ler n, M*, « be as in Theorem 1.2. There exists p* € (0, 00) such that

o _
Jl/Lka,a = Nn’w(p/ ool ) forall p < p* (1-13)
and

p _ *
‘/‘/Ln,Mk,a ﬂNn’w(p/ ool = & forall p > p*, (1-14)
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where a)(,o/w/vol(Mk)) is uniquely defined in (1-12). In particular for p > p* the elements of./l/LZ Mk o

depend in a nontrivial way on the M* variable.

By the approach of Weinstein [1986] one may expect that N, ,, , is stable under (1-1) for @ < 4/n
and w small enough; see [Rousset and Tzvetkov 2012] for a recent related work. It should however be
pointed out that in such a stability result one would not get the variational description of N}, ,, o as is the
case in Theorem 1.3 (o < 4/(n + k)). We underline that, by combining Theorem 1.2 and Theorem 1.3,
we get a stable set for large values of the mass p, and in general it is independent of the solitary waves
associated to the nonlinear Schrodinger equation in R".

Next we shall focus on the question of the global well-posedness of the Cauchy problem associated to
(1-1) in the particular case n > 1, k = 1. For every n > 1 we fix the numbers

402
p:=p(nsa)=u and q:=q(n,a)=2+a’
no

and for every 7 > 0 we define the localized norms

(e, x, Y)llxr = N, x, VI Lo 1,79 L9 @ 1 (1)) (1-15)
and
(@, x, Wlvy = IVatllLr 7,709 R L2(M1)) - (1-16)

Theorem 1.4. Let n > 1 be fixed and o < 4/(n + 1). Then, for every initial data ¢ € H'(R" x M"), the
Cauchy problem (1-1) has a unique global solution u(t, x, y) satisfying

ut,x,y) € e(=T,T); H®R"x M')YNXrNYr forall T > 0.

Remark 1.5. The main difficulty in the analysis of the Cauchy problem (1-1) (compared with the Cauchy
problem in the euclidean space) is related to the fact that the propagator e ~//2
—itA

=y on R" x My1 does not satisfy

the Strichartz estimates which are available for the propagator e /2w + on the euclidean space R"*+*.

Let us now describe some other known cases when (1-1) is well posed in H H(R" x M¥) under the
assumption o < 4/(n + k). Using the analysis of [Burq et al. 2004; Burq et al. 2003], one may prove
such a well-posedness result in the case R x M?, that is, n = 1 and k = 2. Moreover, using the analysis
of [Herr et al. 2010; Ionescu and Pausader 2012], one may also prove such a well-posedness result in the
cases R? x T2 and R x T3, respectively.

Notation. Next we fix some notations. We denote by L% and H; the spaces L?(R}) and H*(R?),
respectively. We also use the notation Lf,y = LP(R} x M;‘) and LﬁL‘; =LP(R}; LY (Mf,)). Ifv(r)isa
time dependent function defined on R, and valued in a Banach space X, we define

vl =/ o)1y dt.
LI Jn X

For every p € [1, oo] we denote by p’ € [1, oo] its conjugate Holder exponent. We denote by e~/'4x» the
free propagator associated to the Schrodinger equation on R x M;f.
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2. Some useful results on the euclidean space R} withn > 1

In this section we recall some well-known facts (see [Cazenave 2003]) related to the following minimization
problem on R%:

I, = inf €, q), (2-1)
ueH
lull 2 =p
where, for o < 4/n,
1 1
Ena) =3 . |V u)? dx — e 5 lu)?t dx. (2-2)

By an elementary rescaling argument we have

1P = p(8+4a—2an)/(4—an)ll (2_3)
n,a n,a*
It is well known that
—oo <1/, <0, forallp>0, (2-4)
and
My oo = Nnw(p).as (2-5)
where N, .« 1s defined in (1-11),
= {u € Hlllull ;2 = p and €, o () = 17,) (2-6)

and w(p) is defined uniquely (see (1-12)) by the relation

”un,w(p),a ”L% =p.

We also recall that the functions u, ., o (defined as the unique radially symmetric and positive solution to
(1-10)) satisfy the following Pohozaev type identity (for a proof of (2-7) see the proof of (3-21) in the
next section):

an
/ |qun,a),a|2 dx = m |”n,w,a|2+a dx. (2-7)
o Ry

On the other hand, if we multiply (1-10) by u, ., o and integrate by parts, we get
/ Vittn.o.al® % + lltn.o.ull7; = f 0.0 dx,

which, in conjunction with (2-7), gives

2 20+4—an 2
w””n,w,a ”2 = on f |vxun,w,oz| dx
n

4 8—2 1
Ol:[‘n 40”’l< /n |v unwa| dx—ﬁ |un,w,a|2+a dx)

4 8—2 letn .0l 2
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(in the last step we have used the fact that due to (2-5) we have that u, , o is @ minimizer for ¢, , on its
associated constrained).
Finally notice that by (2-7) we deduce

”un,w,a ”L% on — 4
n,a T = Cén,ot(Mn,a),ot) =

/ |qun,a),a |2 dx. (2-9)
2an Jgn

3. An auxiliary problem

In this section we study the minimizers of the minimization problems

Jn,Mk,oz,A = inf %ll,Mk,a,A(u)’ (3'1)
ueH'(R"x M*)
lull,2 =1
X,y

where
Mk (1) = /m / <%|vyu|2 + 5V - 24%04'”'2%) dx dvol .
We also introduce the sets
Moy pg g = {w € H' (R x MY wll 2 =1 and €, yr o2 (W) = Ty prt )
Theorem 3.1. Let n, M*, and 0 < o < 4/(n + k) be given. There exists A* € (0, 00) such that

My ppé g5 = Nnoo  forall A > A" (3-2)
and
Moy pk gy N Npoo =@ forall . < A*, (3-3)

where o is defined by the condition
vol(M)llun.alf> = 1.

We fix a sequence A; — oo and a corresponding sequence of functions u; € M, px o 5. In the sequel
we shall assume that

u,;(x,y) >0 forall (x,y) € R} x Mf,. (3-4)

Indeed, it is well known that if u; ; is a minimizer, |u;,| is also a minimizer. In particular there exists at
least one minimizer which satisfies (3-4).
Notice that the functions u, ; depend in principle on the full set of variables (x, y). Our aim is to prove
that, for j large and up to subsequence, the functions u;; will not depend explicitly on the variable y.
First we prove some a priori bounds satisfied by u;; (x, y). Recall that the quantities 17, are defined
in (2-1).

Lemma 3.2. Make the same assumptions as in Theorem 3.1. Then we have

lim
j—o0o

1 1(M*
Ty ity = VOL(M¥) 1, VM) (3-5)
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and
lim 2; / |Vyuy,|* dx dvoly = 0. (3-6)
00" Joge S ; ;
Proof. First notice that
k
Juta, < VOLM LY (3-7)

/ k
In fact, let w(x) € Hx1 be such that ||w||L§ = 1/4/vol(M¥) and €, o (w) = I,:/a volMt ). Then we easily
get

1
Ta sy < Cnpthan, W(X)) = vol(Mk)(% / \Vew|* dx — e Jw| > dx)
Rn o JRe
k
— vol(M¥y [, [V Y™

which concludes the proof of (3-7).
Next we claim that

lim / |Vyuj,|* dx dvoly = 0. (3-8)
Mk JRe ’

j—o00
Assume for a contradiction that this is false. Then there exists a subsequence of A ; (that we still denote

by A ;) such that

lim A; =co and /k |Vyukj|2dde01M§260>0,
Mk JRe

j—o0o
and, in particular,

lim (A; — 1)/ |Vyuxj|2dx dvol . = oo. (3-9)
j—00 Mt Jry y

On the other hand, by the classical Gagliardo—Nirenberg inequality (see (1-4)) we deduce the existence

of 0 < u < 2 such that
1

1
= Vyol? + | Viv]? 4 [v]*) dx dvoly —
2/M§ V00 V0P oy s dvoly — 5

/ |02+ dx dvol
Mk JRe ’
1 23
> —/ (IVyu]2 + Vool + [v]?) dx dvol e — C / (IVyu[* + |Vv|* 4 [v]?) dx dvol
2 My IRy ! Mt JRe y
> in(f)(1/2t2 —Ct"y=C(p) > —o0
1>
for all v e H'(R" x M*) such that |v]| 12, =1. By the previous inequality we get
ok, () —5(hj — 1)[ IVyul? > =5 4+ C(u)
Mk JRe
for all v € H'(R* x M*) such that [[v]] 2 _ = 1. In particular, if we choose v = u; ;, we get

Inotany = Entan, @)= 20 =10 [ [ 19, Pardvoly, = 5+ o,
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By (3-9) this implies limy,—, o0 J, m# .1, = 00, Which is in contradiction with (3-7). Hence (3-8) is proved.
Next we introduce the functions
w; () = s, (v 0172

Notice that
lwilgy =1 (3-10)

and, moreover,
/ [Vyw;(y)| dvolyr < Cf lun; (¢, I Vyuy; (x, y)| dx dvoly
Mk ! Mk JRy ?

< Cllu, g2 IVytz, 12 -

Hence, due to (3-8), we get
lim [|[Vyw;| 1 =0. (3-11)
j—o00 Y

By combining (3-10) and (3-11) with the Rellich compactness theorem and with the Sobolev embedding
whim'y c L°(M") and Wh1(M?) ¢ L>(M?), we deduce in the cases k = 1 and k = 2 that (up to a
subsequence)

lim [Jw;(y) — 1/V01(M1)||L; =0 foralll <r <oo (3-12)
j—oo
and
lim [Jlw;(y) — 1/vol(M2)||L; =0 foralll<r <2, (3-13)
j—00

respectively. For k > 2 we use the Sobolev embedding H!(M*) c L?*/* =2 (M*) and we get

sup [tz 1l 2 20002 = € sup flus; Nl 2 v aty < 00
J J

(where in the last step we have used the fact that sup; (llux,; ||L2 + I Vyus, ||L2 ) < 00). By the Minkowski
inequality the bound above implies sup; [|u;, || LD o Wthh 1s equlvalent to the condition

sup [lw; Wl yw-2 < oo fork > 2. (3-14)
j y
By combining (3-10) and (3-11) with the Rellich compactness theorem, we deduce that up to a subsequence

lw;(y) — 1/V01(Mk)||L; =0 fork>2,

and hence, by interpolation with (3-14), we get

Z In,a

lw;(y) — l/Vol(Mk)llL; =0 fork>2,1<r<k/(k—2). (3-15)
By the definition of I,ﬁo, (see (2-1)) and (2-3) we get
1
3 [ 1Vaua, )P dx = —f s, (v, )[4 dx
Rn
e ; G
it o e y)”(8+4a 2an)/(4—an) _ I;’awj(y)(4+2(x—an)/(4—om) (3-16)
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for all y € M* and all j € N. Next notice that, by definition,

Jn,Mk,a,A_/ = %n,M",a,Aj (u3;)

1
=3 [ [ i P 1 Py -
Mt Jre

2

24«
2+a/Mk 5 [+ dx dvoly,  (3-17)

and we can continue

1 1
--z/m(z ngxux,,(x,ynzdx—m Rﬁmh(x,yn”“dx)dvolm

- Il / wj(y)(4+2a—ocn)/(4—an) dVOle_
k ¥

= ‘n,a
IS

— I;’a VOl(Mk) VOI(M]()—(4+20(—ONZ)/(4—OUI) + 0(1)’ (3—18)

where 0o(1) — 0 as j — o0 and in the last step we have combined (3-12), (3-13), and (3-15) for k =1,
k =2, and k > 2, respectively, and we used our assumption on «. By combining this fact with (2-3), we
have

k
Hminf J,, e o = vol(M*¥) I, VMO, (3-19)
j—oo T
Hence (3-5) follows by combining (3-7) with (3-19).
Next we prove (3-6). For that purpose, it suffices to keep the term A ;|Vyuy |? in the previous analysis.
Namely, by combining (3-5) with (3-17) and (3-18), we get

VOl(MMY LN YD 4oy > %Ajf f |V, 12 dx dvolys +h(j), (3-20)
Mk JRe ' ’
where
k
lim g(j)=0 and liminfh(j) > vol(M*)1,"Y "M
j—00 j—o0o
Hence (3-6) follows by (3-20). O

Lemma 3.3. We have the identity

an

Vous > dx dvolyp = ————
/Mk m' wltz, |* dx dvoly 20+ s Juy

s 124 dox dvol . (3-21)

Moreover, there exist J € N such that for all j > J there exists w (X ;) > 0 such that
—AjAyuz; — Axun, + oA pun, =y luz, |, (3-22)
and the following limit exists:
lim w(X;) = € (0, 00). (3-23)
J—>00
Proof. Since u;; is a constrained minimizer for €, y o, on the ball of size 1 in L*(R" x M%), we get

d

g[%n,Mk,(x,)uj (en/zu)nj (Exv y)]€=1 = O’
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which is equivalent to

dl, 2 1.2 2 1 2 2+
d—é[i)\j /Mf,’ /Rf; |Vyuy, | dxdvolM§+§e fM’;/g [Vt | dXdV01M>§—2+ae“"/ ||MA,,~||L§§& 6:1:0_

By computing explicitly the derivative (in €), we deduce (3-21).
Next notice that by using the Lagrange multiplier technique we get (3-22) for a suitable w (1 ;) € R.
On the other hand, by (3-22), we get

/ / (V3,12 + [V, 12) dx dvolygs + oG llus, I3, = / ez, 2% dx dvol .,
M;‘ R¥ y X,y M y

k
¢y

which, by (3-21), gives

—an+4+42a
wkj) = T/ / |qukj|2dx dV01M5 —kjf f IVyu,\jlzdx dvolMﬁ,
Mk JR: M_{f R ’

and hence, by (3-6), we get

— 442
o)) = Mf Iqu,\jlzdx dvoly +o(1), (3-24)
oan Mk R? Y
where lim;_, o, 0(1) = 0.
On the other hand, notice that, by (3-21), we get

an—4 5 1 2
Jn,Mk,a,)\,' =%H’Mk’a’)».(u;».) = |qu)»‘| dx dVOle+— )»1|Vyuk| ddeOlMlg,
J J J 2an wt Ja J y 2 wt S J y
and by (3-6)
) 20n
Vet P dx dvoly = ==, gk, + (D). (3-25)
My JRY ‘ o

By (3-5) this implies

2 X
f IVt 12 dx dvolyy = “”4 vol(M*) LYY MD 4 o1, (3-26)
Mk JRy oo

which, in conjunction with (3-24) and (2-4), implies w(A ;) > O for j large enough. Moreover, (3-23)
follows by (3-24) and (3-26). O

Next recall that the sets /Mﬁ,a are the ones defined in (2-6).
/ k
Lemma 3.4. Let @ be as in (3-23) and let v(x) € J(/t,i/ @ vol(M®) be such that v(x) > 0. Then
—Av+ v =vv|%.

Proof. 1t is well known that

—Ayv+ v =v|v|*
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for a suitable w; > 0. More precisely, we can assume that up to translation v = u,, ¢, . Our aim is to
prove that w; = . Notice that, by (2-8),

1 4o +8—2 vl 4o4+8—2 N
o, - o+ on In,ix B o+ on In]/a vol(Mk)‘ (3-27)
vol(M*) an —4 an—4
On the other hand, by (3-24) and (3-26), we get
=2 8+4 N
w0y = 2 ol Y M o),
and hence, passing to the limit in j, we get
-2 8+4 V
o= 2 EORY kY O (3-28)
an—4
By combining (3-27) and (3-28), we get @ = w;. O

Lemma 3.5. There exist a subsequence of A (that we shall denote still by X ;) and a sequence t; € R},
such that

]151010 lus,; (x + 7, ¥) —uall g1 we sy =0,
where ug € Ny .o, Uy > 0 and o is defined in (3-23).

Proof. By combining (3-6) and (3-26), and since [[u;, ||L§_y = 1, we deduce that u,; is bounded in

/ k
H'(R" x M*). Moreover, by combining (3-5) with the fact that I,f/a vol(M®) < 0 (see (2-4)), we get

1rj1f [z, | L2 > 0.

By using the localized version of the Gagliardo—Nirenberg inequality (A-5) (in the same spirit as in the
Appendix), we get the existence (up to subsequence) of t; € R such that

u;(x+7,y) ~w#0 in H'(R" x M*).
Moreover, due to (3-4), we can assume that
w(x,y)>0 ae.in(x,y) € R} x M’y‘,

and by (3-6) we get V,w = 0. In particular w is y-independent.
By combining (3-6) and (3-23), we pass to the limit in (3-22) in the distribution sense, and we get

—Ayw+ow=wlw[*inRY, wkx)>0, w#0. (3-29)

We claim that |

lwlg: = ———.
B ol(Mb)

If not, we can assume ||w||L§ = B < 1/4/vol(M*), and since w solves (3-29) by (2-5), we get

(3-30)

wedlf,. (3-31)
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/ k
On the other hand, by Lemma 3.4, (3-29) is satisfied by any v € J(/L,l,/ o Vol Hence, again by (2-5) and

by the injectivity of the map p — w(p) (see (1-12)), we deduce that, necessarily, B = 1/4/vol(M¥).
In particular, by (3-30), we deduce

lim Jluy,; (x + 75, y) —wllz2 =0.
Jj—o0
Next notice that, by (3-6) and since we have already proved that V,w = 0, we can deduce that
lim ([ Vyu, (c+ 77, Vi, =0=1Vywllz2 .
j—00 * *

Hence, in order to conclude that u;; (x + t;, y) converges strongly to w in H L(R" x M%), it is sufficient
to prove that

,1520 IVius, e+ 75, Wiz, = VVolMO [ Vewll 2 = [ Vawll 2 -

This last fact follows by combining (2-9) (where we use the fact that w € N, 5.4 by (3-29) and ||w/| 2=
1/+/vol(MF) by (3-30)) and (3-26). O

Lemma 3.6. There exists jo > 0 such that

Vyuy; =0 forall j > jo.

Proof. By Lemma 3.5 we can assume that
Uy, — Uy in H'(R" x M"). (3-32)
We introduce w; = JTA} u;,;. Notice that due to (3-22) the functions w; satisfy
—Aj AW — Axwi oA )w; == Ay, luy, %), (3-33)

which, after multiplication by w;, implies

ka Rz[)uj|vywj|2 +IVaw; P+ oA w;* — V= Ay (s, lus, |*)w ;] dx dvoly =0. (3-34)
In turn this gives
0= /Mk - (A = DIVyw,]* = (a+ 1)\/—7Ay(uxj|u5)|“)wj dx dvoly

v /R
" /M /Rg(wyw"'z 192w, P ol /= (G Dl | = s, ) w; dx dvolyyg
+/Mk L (0 0) —@)|w;|*dxdy = I; +1I; + III;.  (3-35)
y YR

Next we fix an orthonormal basis of eigenfunctions for —A, that is, —Ay@r = ure and @ = const.
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We can write the following development:

wi, )= Y ac)e(y) (3-36)

keN\{0}

(where the eigenfunction ¢y does not enter in the development). By using the representation in (3-36), we
get

Isz<x,-—1>|uk|2fR laj )P dx =@+ 1) | |ua(x)|*laj. @) dx, (3-37)

k40 k0 ¢ B
and by (3-23) we get
;= o(1)||w, ||i_%y. (3-38)

By combining (3-37) with (3-38), we get
I +11; >0 (3-39)

for j large enough. In order to estimate //;, notice that, by the Cauchy—Schwartz inequality, we get

‘.//.wk /n VA (o 4+ D ug | — fus, ) wj dx dvolys

< lIlvV—Ay@,;((@+1) lug|® — |us, ) ”L%(n+k)/(n+k+2)L%{n+k)/(n+k+2) lw; ||L)2C(/$+k)/(/z+k—2)
’ ’ - (3-40)

<C ||Vy(u;”. (e + Dug|® — |uy; 1)) ”LZ(n+k)/(n+k+2)L2(n+1<)/(n+1<+2) lw; ||L2(n+1<)/(n+k—2) ,
X y X,y

where in the last step we have used the following estimate: for all p € (1, co) there exist c(p), C(p) >0
such that

cPIV=Ay iy < IV fllr < CIV=Ay 2. (3-41)

Indeed, using [Sogge 1993, Theorem 3.3.1], we have that ,/— A is a first-order classical pseudodifferential
operator on M with a principal symbol (g"/ (y)&; & j)]/ 2. Observe that

CY g mEg <> 1Y gk
i,j i J

Moreover, one can assume that in (3-41) f has no zero frequency. Then one can deduce (3-41) by working

2
<Gl <G Y g (i E;.

i,j

in local coordinates, introducing a classical angular partition of unity according to the index / € [1, .. ., k]

such that
> e (g
J

and, most importantly, using the L? boundedness of zero-order pseudodifferential operators on R¥ (for
the proof of this fact we refer to [Sogge 1993, Theorem 3.1.6]).
Next, by the chain rule, we get

2
’

Y e mEE <c
ij

Vy (e, (@ + Dlup|® = lux;|)) = (@ + D Vyup,; (ug™ = lus, 1),
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and by the Holder inequality we can continue the estimate (3-40):

< C” Vyus, ||L§1 | up® — |us, |a||L§, L2 k) ||wj||L§f;._+k)/<n+k_z>,

where
1 1 _ n+k+2

g r  2m+k)’

and, again by the Holder inequality in the x-variable, we can continue
~ S ClVyuy, ||Lz_y I ual® — |ux, |O[||L;Mv l|w; ||L§§;z+k)/(n+k—2>-

Notice that if we fix

_ 2(n+k) d _n+k

gq=———— and r ,
n+k—2 2
then, by combining the Sobolev embedding

Hxl,y C L)2($2+k)/(n+k—2) (3-42)
with (3-32) and (3-41), we can continue the estimate:

2
2ol =Ayung e wjlla = oMllw;lly,
where lim;_, , 0(1) = 0. By combining this information in conjunction with the structure of 1I;, we get

;> w3, 1—o0(1))=0 forj> jo. (3-43)

IR
By combining (3-35), (3-39), and (3-43), we deduce w; = 0 for j large enough. Il

Proof of Theorem 3.1. By using the diamagnetic inequality, we deduce that (up to a remodulation factor
¢'?) we can assume that v € My, pgk .5 18 Teal valued. Moreover, if v € M, psx o 5, then also [v] € M, ppx g 5.
By a standard application of the strong maximum principle, we finally deduce that it is not restrictive to
assume that v € M, px o, and v(x, y) > 0 for all (x, y) € R} x M;f.

First step: there exists A > 0 such that for all v € My pgk g 55 V(X5 y) > 0we have Vyv =0 for all . > L. As-
sume that the conclusion is false. Then there exists A ; — oo such that u; ; (x, y) € My, pk o5, s, (X, y) >
0 and Vyu,; # 0. This is absurd due to Lemma 3.6.

Second step: conclusion. We define
A= ir)}f{)\ >0:Vyw=0 forall ve M, yq;}

By the first step, A* < co. Moreover, it is easy to deduce that if A > A*, the minimizers of the problem
Ju.m* o5 are precisely the same minimizers as those of the problem I,f’/a\’ vol(M") , which in turn are
characterized in Section 2 (hence we get (3-2)).

Next we prove that A* > 0. It is sufficient to show that

k
LY (3-44)

Bim gt < vol(M*)
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(see (2-1) and (3-1) for a definition of the quantities involved in the inequality above). Let us fix
p(y) € C®(M*) such that

/Mk |,0|2dV01M§ =1

and p? (yo) # 1/vol(M k) for some YoEM k (that is, p(y) is not identically constant). Then we introduce
the functions

2a
vy = oMYA () ),
/ k
where Q(x) is the unique radially symmetric minimizer for I,ll/a YOI Then we get

8+4a—2an
I e DI = () and € o(Wx, 1) =1 ,(0() ™",

and, as a consequence, we deduce

/ / l|V Y(x y)lz—;llﬁ(x W2 ) dx dvol
mt Jr \20 T 24« ’ My

1 8+4a—2uan
=1,, / (p(y)) A4=en dvoly
%

4—an+2v o o

4— _
< Ir:,ot (/W(,O(y))z dVOlM)L) o VOl(Mk) 4d—an _ I,:’a VOl(Mk) 4—om’

where in the last inequality we have used the fact that Inl’ « < 01n conjunction with the Holder inequality
(moreover, we get the inequality < since by hypothesis p(y) is not identically constant). As a byproduct
we get

k
B €, g (0 (3, 3)) < 1, o vol (M) 247 = vol (M) 1,/
(where we have used (2-3)), which in turn implies (3-44).
Let us finally prove (3-3). It is sufficient to show that if v € JM,, px 4 ; for A < 1*, then V,v # 0.

Assume for a contradiction that this is false. Then we get A1 < A* and v{ € M,, ps« 4 5, such that V,v; =0.
Arguing as above implies that

k
Tyt o, = vol(M*¥) [,V M. (3-45)

On the other hand, by the definition of A*, there exists A2 € (A1, A*] and v3 € AM,, ps# 4.5, Such that V, vy #0.
As a consequence, we deduce that

1/+/vol(M¥)
o 9

k
o mkan, < %n,Mk,a,Az(UZ) = Ju Mk = vol(M*™) 1,

where in the last step we have used (3-7). Hence we get a contradiction with (3-45). O
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4. Proof of Theorem 1.3

The homogeneity of the euclidean space R” will play a key role in the sequel. Due to this property we
shall be able to reduce the proof of Theorem 1.3 to the problem studied in the previous section.
In view of Section 2 it is sufficient to prove that there exists p* > 0 such that

ve Mg,Mk,a implies Vyv =0 for p < p* 4-1)
and
Ve Mg,M",a implies  Vyv # 0 for p > p*. (4-2)

By an elementary computation, we have that the map

4/(4—an) 20/ (4—an)

Si2u—p u(p X,y) €Sy,

where
Si={veH'R" x MY : vl =4}

is a bijection. Moreover, we have

4/(4—an) 20/ (4—an)

C(gn,Mk,oz(IO M(P X, y))

— p(82an)/(4om)/ / |Vyu|2 dx dVOlM;g +p(82an+4o{)/(4an)/ / |qu|2 dx dV01M§
Mk n Mk n
y yox

_p(8—2an+4a)/(4—0m)L/ / |u|2+°‘ dx dvol
2+a St '

— p(8—2an+4o{)/(4—an) (lp—4a/(4—an)/ / |Vyu|2 dx dVOle
2 M§ ’\1, y

1 2 1 2+4/d

In particular, (4-1) and (4-2) are satisfied provided that there exists p* > 0 such that

v € My, pk o p-iasé-an  implies  Vyv =0 for p < p* (4-3)
and

v € My, pp# o ptas@—amy  implies  Vyv #£ 0 for p > oF, (4-4)

which in turn follow by Theorem 3.1.

5. Proof of Theorem 1.4
The main tool we use is the following Strichartz type estimate (whose proof follows by [Tzvetkov and
Visciglia 2012]).
Proposition 5.1. For every manifold M*,n > 1 and p, q € [2, 0o] such that
2 n

_+—=E’ (p,n);é(Z,z),
p q 2
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there exists C > 0 such that

t
”e—ll‘Ax_yf”LszH‘! + H/ e—l(l‘—S)Ax,y F(S) ds (5'1)
’ 0

<CUlfllgzgr +UFN, o a 0)
LPLYH) Pl LY LY HY™

t
|Vee tAxy f IILmLer‘VX / e =)y F(s) ds
Y 0

< CUVa fllzz + IV Fll ) (52)

LyLie?
and
l .
/e_l(t_s)AX~yF(s)dS SC”F”L”/L"/LT (5-3)
0 LILiL? L
Moreover,
t
—itA, —i(t—s)Ax y
™25 £l o2y + / e % Fis) ds <CUfMizm +NF ) G4
0 LPL2H) S
and

t
|Vye o0 f IILrOLgL;+HVx [ eienrs s < CUV Flziz + IV F Iy ) (5-5)
0 r bx By

L?L%L%

Next we shall use the norms | - ||x, and || - ||y, introduced in (1-15) and (1-16) for time dependent
functions. We also introduce the space Zr whose norm is defined by

lvllz; = vllx, + vy,

and the nonlinear operator associated to the Cauchy problem (1-1):

t
T () = e 1Arrgp 4 f e =By (5) u(s)|* ds.
0
We split the proof of Theorem 1.4 in several steps.

5A. Local well-posedness. We devote this subsection to proving the following: for all ¢ € H'(R" x M)
there exists a T'=T (|||l 1 (@n x p1)) > 0 and there exists a unique v(z, x) € ZrN€((—T, T); H'(R"xM"Y)
such that T,v(r) = v(t) forallt € (=T, T)

First step: for all p € H'(R" x M) there exist T = T (el wesxmry) > 0, R = R(lell g1 mescpry) >0
such that 7 ,(Bz; (0, R)) C Bz;(0, R) for all T < T. First we estimate the nonlinear term:
e | P GRS RN PICRR N PY J

(where (p, q) is the couple in (1-15) and (1-16)). After applying the Holder inequality in (7, x), we get

o o
= Mg s, < i Vs

where we have used the embedding Hy1 C L7° and we have chosen
1 1 1 1 1

1
—4-—=1—— and —4-=1—-.
pp P q q q
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By direct computation we have

ag=q and ap < p. (5-6)

By combining the nonlinear estimate above with (5-1), (5-6), and the Holder inequality (in the time
variable), we get

1T ullx, < CAl@l2my + T Null ) (5-7)

with a(d) > 0.
Arguing as above, we get

o
Il gz = OOVl agag ey e < Cllully 0

where p and ¢ are as above and we have used the embedding H;, C L{°. As a consequence of this
estimate and (5-2), we get
1T gully, < CAUAVallz, +TDlully, lull,) (5-8)

with a(d) > 0.
By combining (5-7) with (5-8), we get

d
1T ullzy, < CU@l a1 @ty + TOlullz, llull,).

The proof follows by a standard continuity argument.
Next we introduce the norm

lw(t, x, y)llzT = ||lw(t, x, y)”Ll’((—T,T);Lﬁ€L§)~

and we shall prove the following.

Second step: Let T, R > 0 as in the previous step. Then there exists T' = T'(||@|l g1 qgnspty) < T such
that J , is a contraction on Bz, (0, R) endowed with the norm || - || Zyre It is sufficient to prove

d
1Tgv1 — Tpuallz, < CT*PNvy —v2llz, sup {llvillz}* (5-9)
i=1,2

with a(d) > 0. Notice that we have
o o o
lvrfvr]* — vafva] ”L»’((J,T);Lf(Lg) < C[lIvr = vall 2 (lvrllzge + llv2llzge) HL,?/((fT,T);Lz’)

< CTDNvy —vlz, sup {[[villz, )%,
| 2

i=1,
where we have used the Sobolev embedding H; C L{° and the Holder inequality in the same spirit as in the
proof of (5-7) and (5-8). We conclude by combining the estimate above with the Strichartz estimate (5-3).

Third step: existence and uniqueness of the solution in Z7:, where T’ is as in the previous step. We apply
the contraction principle to the map J, defined on the complete space Bz, (0, R) endowed with the
topology induced by |- [|7 ,. It is well known that this space is complete.
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Fourth step: regularity of the solution. By combining the previous steps with the fixed point argument,
we get the existence of a solution v € Zz. In order to get the regularity v € €((—=7", T'); H' (R" x M),
it is sufficient to argue as in the first step (to estimate the nonlinearity) in conjugation with the Strichartz
estimates (5-4) and (5-5).

5B. Global well-posedness. Next we prove that the local solution (whose existence has been proved
above) cannot blow up in finite time. The argument is standard and follows from the conservation laws

lu@lizz, = lelz, - (5-10)
Conr W)+ 3O, =E0a(@)+3ll017; . (5-11)

where €, y1 o is defined in (1-2). By the Gagliardo—Nirenberg inequality we deduce

1 2 1 2 2+a—
ot @) + 3OI; = O g cprny = ClO U 1O 1

for a suitable i € (0, 2). By combining the estimate above with (5-10) and (5-11), we get

1 2 2+o— 1 2
MO gty = ClOIE " Mu @O g pny < Enmn o (@0) + 51101175 -

Since u € (0, 2), it implies that ||u(2) 1 g < p1y cannot blow up in finite time.

Appendix

For the sake of completeness we prove in this appendix Theorems 1.1 and 1.2. Our argument is heavily
inspired by [Cazenave and Lions 1982] even if, in our opinion, the following presentation of Theorem 1.1
is simpler compared with the original one.

Proof of Theorem 1.1. For any given p > 0 we shall denote by u; , € H Y(R" x M*) any constrained
minimizing sequence, that is,

||uj,,o||L)2(,y =p and Jli)ngo %n,M",a(uj,p) = K::Mk’a- (A-1)

Next we split the proof into many steps.

First step: K,f mk o > —00 and sup; [[uj ol g , < oo for all p > 0. By the classical Gagliardo—Nirenberg
inequality (see (1-4)) we get the existence of u € (0, 2) such that

1
Enmratjp) + 307 2 5 / k / (1 Vayttj o+ luj o) dx dvol My — C(p) 1 ol g st
Mk JRe

> ing(1/2t2 — C(p)t") > —o0.
>

The conclusion follows by a standard argument.
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Second step: the map (0, 00) 3 p — K’f yk o U8 continuous. Fix p € (0, 00) and let p; — p. Then we
have

_ iy
K:,ij,p = CC?M,M",O:(?”JUP)
1 'OJ 24oa
||nyu‘]p”L2 _2+ ” j’p“L)ZC*v"‘
1 2+ 1 IOJ 2 /0/ * 2+
< )G ”V”u“’”“'_2+_oc””"’p”L%§F’)+2+_a<? ) i
! 2 i\ 1 2 1 )
( ”ny”Jﬂ”Lz<—2_i_—a||“j,p||£ga>+<<? -1 EIIVx,yMj,pIIL;_y——z_mIIMj,pllLérga

1 Pj e\ 2+a
e (2) (- (%) Yotz

Since we are assuming that p; — o and sup,, [lu;j p [l g1 (re s p) < 00 (see the first step), we get

< K”

hmsupK Mka— M

J‘)OO
To prove the opposite inequality, let us fix u; € H I(R" x M*) such that

1

lujllz, =pj and €, o)) <K, +- (A-2)

n,M*,a
By looking at the proof of the first step, we also deduce that u; can be chosen in such a way that

SUp (|4 [l 11 (e sty < 00 (A-3)
J

Then we can argue as above and we get

P o _(1 2 1 2+
Kn Mhg = € Mk o <p—]l/t]) = (E”Vx’yuj ”L}” - 2—|-—O(”Mj ||L)2(ga>

P\ I ) 1 (p\ AT
R _1 - V . 2 _ +o A 1_ . . +O['
+(<Pj) )(2” il =55 ’”L”“> 2+a(pj) ( (Pj) )”MJHL%K“

By using (A-2), (A-3), and the assumption p; — p, we get

< hmmep’
j—)OO

0
Kn Mk«

Third step: for every p > 0 we have (up to subsequence) inf; |u; , || L2 > 0. It is sufficient to prove that

Krf,Mk,a < 0. In fact, we have
k
KE i o < VOUMY)Ey ot 000) = vol (MM 1Y M) <0, (A-4)

where €, , is the energy defined in (2-2) and w is chosen in such a way that ||u, .o ||L§ = p/+/vol(MK).
Notice that in (A-4) we have used (2-4) and (2-5).
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Fourth step: for any minimizing sequence u; ,, there exists t; € R" such that (up to subsequence)
uj »,(x +1;,y) has a weak limit u # 0. We have the localized Gagliardo—Nirenberg inequality:

)2/(n+k+2) ||v||(n+k)/(n+k+2) (A-5)
k

||U||L2+4/(n+k) < C sup (||U||L2 HIR xMb)

xeR®
where

Q% =x+[0,1]" forall x e R".

The estimate above can be proved as follows (see [Lions 1984] for a similar argument on the flat space
RI*%). We fix x;, € R” in such a way that (J, 0%, = R" and meas, (Q}. N QZ,-) = 0 for i # j, where
meas, denotes the Lebesgue measure in R”. By the classical Gagliardo—Nirenberg inequality we get

244/ (n+k) 4/(n+k)
llvll 314/:31]:) =Clv || L Molon sy

The proof of (A-5) follows by taking the sum of the previous estimates on & € N.
Due to the boundedness of u; , in H L(R™ x M¥) (see the first step), we deduce by (A-5) that

2 k+2
0 < e _1nf||uj oll 2ai < C sup Jlujpll [l tk+2) (A-6)
xeR? Q x Mk

(the left side above follows by combining the Holder inequality with the third step). The proof can be
concluded by the Rellich compactness theorem once we choose a sequence 7; € R} in such a way that

inf ||u; 2 >0
of gl

(the existence of such a sequence 7; follows by (A-6)).

Fifth step: the map (0, p) > p — p_sz ME

minimizing sequence for K", . . Then we have
02
KerMk o = En .Mk o (_”j,m)
P1
P2 21 1 02
2 2+
= (E) (EHVx,yujvpl ”L%‘ - 2+a ( > ” ] p1 ”ng"‘)
2 ) .
= (E) (§ ||Vx,yuj,/)1 ||L§,y - 2—|-_a ||Mj,p1 ||L§§a + 2+—a — 1-— E ||Mj,p1 ”L%fg"
2 ) .
P2 1 2 1 2+ 1 102 02 ) ~
=< (E) (§||Vx,yuj,m ”L%y B 2ta ——ujp ||L2goz +— Tt 1— E 1r}f||uj,p1 ||L§£‘a_

By recalling (see the third step) that inf; [|u; ,, ||2J{f‘a > 0, we get

2 P2 p1
Kan <(,01) Kan

is strictly decreasing. Let us fix p; < pp and u; ,, a
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Sixth step: Let it be as in the fourth step. Then ||it]| 2 L =P Up to a subsequence we get
Wjp(x+17,y) > ii(x,y) #0 ae.in (x,y) € R} x M},
and hence, by the Brezis—Lieb lemma [1983], we get
24a 24«

lutjp e 475 ) = e, W zee = Ml p 4 7o D2 — Nt y)IIZJ{fa +o(1). (A-7)

Assume that [lu| .2 L= 6. Our aim is to prove 8 = p. Since u # 0, necessarily 6 > 0. Notice that since
L2 , is a Hilbert space, we have

PP =l p G+ T D7 = g oG+ 1, y) —a G g+ 1at y)liz, +o(), (A-8)

and hence
o (6 + 77, 3) — (Y7, = p* =02 +o(1). (A-9)

By a similar argument,

//IVx(uj,p(erfj,y))—Vxﬁ(x,y)lzdxdy

Mk JRY

[ 9 )=Vt P dxdvolyg+ [ [ (Va0 3P4, )P dx dvolyg
Mt Jmy Mt Jry

:fk (|vx<uj,p(x+rj,y)|2+|vyuj,p(x+rj,y)|2)dxdvolM§+o(1). (A-10)
R

By combining (A-10) with (A-7), we get
KD o= Hm €, e oy p(x 475, ¥)) = Hm €, e o (o (x+75, ) = (x, ¥) + €, k0 (@), (A-11)
’ ’ j—>00 J—>0

and we can continue the estimate as follows:

/02—02
>K 0%2+o0(1) Ke

an n,M*,«

where we have used (A-9). Hence, by using the second step, we get

K’ KV A

n,MkK o — +Kn Mk o

Assume that 6 < p. Then, by using the monotonicity proved in the fifth step, we get

and we have an absurdity. (|

Proof of Theorem 1.2. Assume for a contradiction that the conclusion is false. Then there exists p and
two sequences ¢; € H'(R" x M*) and ; € R such that

lim dlStHl(RnXMk)((p], ./‘/Lp (A—12)

500 n,M",a) =0
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and
lim inf dist g1 g o gty (g, (27) JI/LZ Mk 0l) > 0, (A-13)

J—>00

where u,; is the solution to (1-1) with Cauchy data ¢;. By (A-12) we deduce the following information:
lim [lgjll,2 =p and lim €, yu o (@) =K', . .
j—00 x5 j—o00 el
and hence, due to the conservation laws satisfied by solutions to (1-1), we get
. . P
Jun Wty ) laz, = pand i Gnaatia i (15 = Koy o
In turn, by an elementary computation, we get

- . ~ P
””j”L%) =p and jlggo%n,Mk,a(uj) = Kn,Mk,a

(more precisely i; is a constrained minimizing sequence for K 5 Mk o) Where

~ ugoj (t/)
ij=p—>"r——.
g, (D122

Moreover, by (A-13), it is easy to deduce

.. . ~ p
thI_l>loIgdeStHl(Rank)(l/lj, Mn,Mk,a) > 09

which is in contradiction with the compactness of minimizing sequences for K f yt o from Theorem 1.1. [J
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