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We address the decay rates of the energy for the damped wave equation when the damping coefficient b
does not satisfy the geometric control condition (GCC). First, we give a link with the controllability of the
associated Schrodinger equation. We prove in an abstract setting that the observability of the Schrodinger
equation implies that the solutions of the damped wave equation decay at least like 1/4/7 (which is a
stronger rate than the general logarithmic one predicted by the Lebeau theorem).

Second, we focus on the 2-dimensional torus. We prove that the best decay one can expect is 1/¢,
as soon as the damping region does not satisfy GCC. Conversely, for smooth damping coefficients b
vanishing flatly enough, we show that the semigroup decays at least like 1/¢!~¢, for all & > 0. The proof
relies on a second microlocalization around trapped directions, and resolvent estimates.

In the case where the damping coefficient is a characteristic function of a strip (hence discontinuous),
Stéphane Nonnenmacher computes in an appendix part of the spectrum of the associated damped wave
operator, proving that the semigroup cannot decay faster than 1/¢%/3. In particular, our study emphasizes

that the decay rate highly depends on the way b vanishes.
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Part I. The damped wave equation
1. Decay of energy: a survey of existing results

Let (M, g) be a smooth compact connected Riemannian d-dimensional manifold, with or without boundary
oM. We denote by A the (nonpositive) Laplace—Beltrami operator on M for the metric g. Given a
bounded nonnegative function, b € L*°(M), b(x) > 0 on M, we want to understand the asymptotic
behavior as t — 400 of the solution « of the problem

d2u — Au+b(x)u=0 inR" x M,
u=0 on Rt x M (if 0M # @), (1-1)
(M,8[M)|[:0=(MO,M]) in M

The energy of a solution is defined by

E(u, 1) = 5(IVu@1 720, + 1817 247)- (1-2)

Multiplying (1-1) by 0;u and integrating on M yields the dissipation identity

d _ 2
th(u,t)— /Mblatul dx,

which, as b is nonnegative, implies a decay of the energy. As soon as b > C > 0 on a nonempty open
subset of M, the decay is strict and E(u,t) — 0 as t — +00. The question is then to know at what rate
the energy goes to zero.

The first interesting issue concerns uniform stabilization: under which condition does there exist a
function F'(t), F(t) — 0, such that

E(u,t) < F(t)E(u,0) ? (1-3)

The answer was given by Rauch and Taylor [1974] in the case 9M = & and by Bardos, Lebeau and
Rauch [Bardos et al. 1992] in the general case (see also [Burq and Gérard 1997] for the necessity of this
condition): assuming that b € €°(M), uniform stabilization occurs if and only if the set {b > 0} satisfies
the geometric control condition (GCC). Recall that a set w C M is said to satisfy GCC if there exists
Ly > 0 such that every geodesic y (resp. generalized geodesic in the case dM # &) of M with length
larger than L satisfies y Nw # &. When (1-3) is satisfied, one can take F(z) = Ce™*' (for some constants
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C, k > 0) in (1-3), and the energy decays exponentially. Finally, Lebeau [1996] gives the explicit value
of the best exponential decay rate « in terms of the spectral abscissa of the generator of the semigroup
and the mean value of the function b along the rays of geometrical optics.

In the case where {b > 0} does not satisfy GCC, i.e., in the presence of “trapped rays” that do not
meet {b > 0}, what can be said about the decay rate of the energy? As soon as b > C > 0 on a nonempty
open subset of M, Lebeau [1996] shows that the energy of smoother initial data (satisfying the boundary
condition if 0M # &) goes at least logarithmically to zero:

E(u, 1) < C(f0)*(luol3p pg) + Uil ) forallz >0, (1-4)

with f(#) = 1/log(2 4+ t) (see also [Burq 1998]). Note that here, ( f (1))? characterizes the decay of the
energy, whereas f(¢) is that of the associated semigroup. Moreover, the author constructed a series of
explicit examples of geometries for which this rate is optimal, including for instance the case where
M = S? is the two-dimensional sphere and {b > 0} N N, = &, where N, is a neighborhood of an equator
of S2. This result is generalized in [Lebeau and Robbiano 1997] for a wave equation damped on a (small)
part of the boundary. In this paper, the authors also make the following comment about the result they
obtain:

Notons toutefois qu’une étude plus approfondie de la localisation spectrale et des taux de
décroissance de 1’énergie pour des données régulieres doit faire intervenir la dynamique globale
du flot géodésique généralisé sur M. Les théoréemes 1 et 2 [de cet article] ne fournissent donc
que les bornes a priori qu’on peut obtenir sans aucune hypothese sur la dynamique, en n’utilisant
que les inégalités de Carleman qui traduisent «I’effet tunnel».

In all examples where the optimal decay rate is logarithmic, the trapped ray is a stable trajectory from the
point of view of the dynamics of the geodesic flow. This means basically that an important amount of the
energy can stay concentrated, for a long time, in a neighborhood of the trapped ray, i.e., away from the
damping region.

If the trapped trajectories are less stable, or unstable, one can expect to obtain an intermediate decay
rate between exponential and logarithmic. We shall say that the energy decays at rate f(¢) if (1-4) is
satisfied (more generally, see Definition 2.2 below in the abstract setting). This problem has already been
addressed and, in some particular geometries, several different behaviors have been exhibited. Two main
directions have been investigated.

On the one hand, Liu and Rao [2005] considered the case where M is a square and the set {6 > 0}
contains a vertical strip. In this situation, the trapped trajectories consist of a family of parallel vertical
geodesics; these are unstable, in the sense that nearby geodesics diverge at a linear rate. They proved
that the energy decays at rate (log(t)/t)l/2 (i.e., that (1-4) is satisfied with f(¢) = (log(t)/t)l/z). This
was extended by Burq and Hitrik [2007] (see also [Nishiyama 2009]) to the case of partially rectangular
two-dimensional domains, if the set {6 > 0} contains a neighborhood of the nonrectangular part. Phung
[2007] proved a decay at rate ¢ ~° for some (unspecified) § > 0 in a three-dimensional domain having two
parallel faces. In all these situations, the only obstruction to GCC is due to a “cylinder of periodic orbits”.
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The geometry is flat and the instabilities of the geodesic flow around the trapped rays are relatively weak
(geodesics diverge at a linear rate).

In [Burq and Hitrik 2007], the authors argue that the optimal decay in their geometry should be of the
form 1/¢!7¢, for all € > 0. They provide conditions on the damping coefficient b(x) under which one can
obtain such decay rates, and wonder whether this is true in general. Our main theorem (Theorem 2.6)
extends these results to more general damping functions b on the two-dimensional torus.

On the other hand, Christianson [2007] proved that the energy decays at rate e~ V1 for some C > 0, in
the case where the trapped set is a hyperbolic closed geodesic. Schenck [2011] proved an energy decay at

€ on manifolds with negative sectional curvature, if the trapped set is “small enough” in terms

rate e~
of topological pressure (for instance, a small neighborhood of a closed geodesic), and if the damping is
“large enough” (that is, starting from a damping function b, 8b will work for any § > 0 sufficiently large).
In these two papers, the geodesic flow near the trapped set enjoys strong instability properties: the flow
on the trapped set is uniformly hyperbolic, and in particular all trajectories are exponentially unstable.
These cases confirm the idea that the decay rate of the energy strongly depends on the stability of

trapped trajectories.

One may now want to compare these geometric situations to situations where the Schrodinger group is
observable (or, equivalently, controllable), i.e., for which there exist C > 0 and T > 0 such that, for all
ug € L>(M), we have

T
sy = € [ VB € Sl (1-5)
0

The conditions under which this property holds are also known to be related to stability of the geodesic
flow. In particular, [Bardos et al. 1992], [Liu and Rao 2005], [Burq and Hitrik 2007; Nishiyama 2009]
and [Christianson 2007; Schenck 2011] can be seen as counterparts for damped wave equations of the
articles [Lebeau 1992], [Haraux 1989a; Jaffard 1990], [Burq and Zworski 2004] and [Anantharaman and
Riviere 2012], respectively, in the context of observation of the Schrodinger group.

Our main results are twofold. First, we clarify (in an abstract setting) the link between the observability
(or the controllability) of the Schrédinger equation and polynomial decay for the damped wave equation.
This follows the spirit of [Haraux 1989b; Miller 2005], exploring the links between the different equations
and their control properties, such as observability, controllability, and stabilization. More precisely, we
prove that the controllability of the Schrodinger equation implies a polynomial decay at rate 1/+/¢ for the
damped wave equation (Theorem 2.3).

Second, we study precisely the damped wave equation on the flat torus T2 in case GCC fails. We
give the following a priori lower bound on the decay rate, revisiting the argument of [Burq and Hitrik
2007]: (1-1) is not stable at a better rate than 1/¢, provided that GCC is not satisfied. In this situation,
the Schrodinger group is known to be controllable (see [Jaffard 1990; Komornik 1992] and the more
recent [Anantharaman and Macia 2010; Burq and Zworski 2012]). Thus, one cannot hope to have a decay
better than polynomial in our previous result, i.e., under the mere assumption that the Schrodinger flow is
observable.
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The remainder of the paper is devoted to studying the gap between the a priori lower and upper bounds
given respectively by 1/¢ and 1/+/t on flat tori. For some smooth nonvanishing damping coefficient
b(x), we prove that the energy decays at rate 1/¢'~¢ for all & > 0. This result holds without making any
dynamical assumption on the damping coefficient, but only on the order of vanishing of b. It generalizes
a result of [Burq and Hitrik 2007], which holds in the case where b is invariant in one direction. Our
analysis is, again, inspired by the recent microlocal approach proposed in [Anantharaman and Macia
2010] and [Burq and Zworski 2012] for the observability of the Schrédinger group. More precisely, we
follow here several ideas and tools introduced in [Macia 2010] and [Anantharaman and Macia 2010].

In the situation where b is a characteristic function of a vertical strip of the torus (hence discontinuous),
Stéphane Nonnenmacher proves in Appendix B that the decay rate cannot be better than 1/¢%/3. This is
done by explicitly computing the high frequency eigenvalues of the damped wave operator which are
closest to the imaginary axis; see, for instance, the figures in [Asch and Lebeau 2003; Anantharaman and
Léautaud 2012]. That the decay rate 1/¢ is not achieved in this situation was observed in the numerical
computations from this last paper.

In contrast to the control problem for the Schrédinger equation on the torus, this result shows that the
stabilization of the wave equation is not only sensitive to the global properties of the geodesic flow, but
also to the rate at which the damping function vanishes.

2. Main results of the paper

Our first result can be stated in a general abstract setting that we now introduce. We come back to the
case of the torus afterwards.

2A. The damped wave equation in an abstract setting. Let H and Y be two Hilbert spaces (resp. the
state space and the observation/control space) with norms || - ||z and || - ||y, and associated inner products
(-, )mand (-, -)y.

We denote by A: D(A) C H — H a nonnegative selfadjoint operator with compact resolvent, and by
B € Z(Y; H) a control operator. We recall that B* € £(H; Y) is defined by (B*h, y)y = (h, By)y for
alhe Hand yeY.

Definition 2.1. We say that the system
ou+iAu=0, y=Bu, 2-1)

is observable in time 7 if there exists a constant K7 > 0 such that, for all solution of (2-1), we have

T
)11 < KTfO Iy )1 d.

We recall that the observability of (2-1) in time T is equivalent to the exact controllability in time 7" of
the adjoint problem

oru~+iAu= Bf, u(0)=uy, (2-2)
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(see, for instance, [Lebeau 1992] or [Ramdani et al. 2005]). More precisely, given T > 0, the exact
controllability in time 7 is the ability of finding for any ug, u; € H a control function f € L*(0, T;Y)
so that the solution of (2-2) satisfies u(7T) = u;.

We equip # = D(A%) x H with the graph norm
1
1Gao, 1) 15 = I1CA +1d)2uoll7; + lur I,

and define the seminorm
2 1 2 2
|(uo, u)lge = llA2uolly + llurlly-

Of course, if A is coercive on H, | - |g is a norm on # equivalent to || - |g.
We also introduce in this abstract setting the damped wave equation on the space #

{8,2u+Au+BB*8tu =0, 2:3)
(u, Ou)li=0 = (uo, u1) € %,
which can be recast on # as a first order system

U =AU, [ (0 1 3 ! ]
{Ultzozf(uo,ul), U_(atu), &ﬁ_(_A _BB*), D(sd) = D(A) x D(A?).  (2-4)

The compact injections D(A) — D(A%) < H imply that D(s) < # compactly, and that the operator
oA has a compact resolvent.
We define the energy of solutions of (2-3) by

1
E(u,t)=1(1A2ull}; + 19ul}) = 3@, du)l5,.

Definition 2.2. Let f be a function such that f(r) — 0 when t — +00. We say that system (2-3) is
stable at rate f(¢) if there exists a constant C > 0 such that for all (ug, u;) € D(sA), we have

E(u, )2 < CF(@0)|sd(ug, up)|s forall £ > 0.

If it is the case, for all k > 0, there exists a constant C > 0 such that for all (uq, u;) € D(s4¥), we have
(see, for instance, [Batty and Duyckaerts 2008, page 767])

E@u,1)? < Co(£(®)F ||t (uo, ur)|l5¢  for all £ > 0.

Theorem 2.3. Suppose that there exists T > 0 such that system (2-1) is observable in time T. Then
system (2-3) is stable at rate 1/4/t.

Note that the gain of the log(t)% with respect to [Liu and Rao 2005; Burq and Hitrik 2007] is not
essential in our work. It is due to the optimal characterization of polynomially decaying semigroups
obtained in [Borichev and Tomilov 2010].

This theorem may be compared with the works (both presented in a similar abstract setting) [Haraux
1989b], proving that the controllability of wave-type equations in some time is equivalent to uniform
stabilization of (2-3), and [Miller 2005], showing that the controllability of wave-type equations in some
time implies the controllability of Schrédinger-type equations in any time.
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The link between this abstract setting and that of problem (1-1) is as follows: H =Y = L*(M);
A = —A with D(A) = H*(M) if dM = @ and H*(M) N HO1 (M) otherwise; B is the multiplication in
L?(M) by the bounded function Vb.

As a first application of Theorem 2.3 we obtain a different proof of the polynomial decay results for
wave equations of [Liu and Rao 2005] and [Burq and Hitrik 2007] as consequences of the associated
control results for the Schrodinger equation of [Haraux 1989a] and [Burq and Zworski 2004], respectively.

Moreover, Theorem 2.3 also provides several new stability results for system (1-1) in particular
geometric situations; namely, in all following situations, the Schrodinger group is proved to be observable,
and Theorem 2.3 gives the polynomial stability at rate 1/4/ for (1-1):

» For any nonvanishing b(x) > 0 in the 2-dimensional square (resp. torus), as a consequence of
[Jaffard 1990] (resp. [Macia 2010; Burq and Zworski 2012]); for any nonvanishing b(x) > 0 in the
d-dimensional rectangle (resp. d-dimensional torus) as a consequence of [Komornik 1992] (resp.
[Anantharaman and Macia 2010]).

o If M is the Bunimovich stadium and b(x) > 0 on the neighborhood of one half-disc and on one point
of the opposite side, as a consequence of [Burq and Zworski 2004].

e If M is a d-dimensional manifold of constant negative curvature and the set of trapped trajectories
(as a subset of $*M, see [Anantharaman and Riviere 2012, Theorem 2.5] for a precise definition)
has Hausdorff dimension lower than d, as a consequence of [Anantharaman and Riviere 2012].

Moreover, Lebeau [1996, Théoreme 1(ii)] gives several 2-dimensional examples for which the decay
rate 1/log(2 + ¢) is optimal. For all these geometrical situations, Theorem 2.3 implies that the Schrodinger
group is not observable.

The proof of Theorem 2.3 relies on the following characterization of polynomial decay for system (2-3).
For z € C, we define on H the operator

P(z) = A+z°1d+zBB*, with domain D(P(z)) = D(A). (2-5)
Proposition 2.4. Suppose that
for any eigenvector ¢ of A, we have B*¢ # 0. (2-6)
Then, for all @ > 0, the following five assertions are equivalent:
The system (2-3) is stable at rate 1/t*. 2-7)
There exist C > 0 and sg > 0 such that ||(is 1d —&d)_l l#@e) < C|s|é forall s e R, |s| = sg. (2-8)

There exist C > 0 and so > 0 such that for all z € C satisfying |z| > so and |Re(z)| £ ———,
ClIm(z)|«

we have ||(z1d —s8) " [lg@e < ClIm()]a.  (2-9)

There exist C > 0 and so > 0 such that ||P(is)_1 o) < Clsli_1 forall s € R, |s| = sp. (2-10)
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There exist C > 0 and sy > 0 such that for all s € R, |s| > so and u € D(A),
2_ . 1
we have |[ull3; < C(Is|a 2| P(is)ully +Is|@ | B*ul}). (2-11)

Theorem 2.3 and Proposition 2.4 are proved in Part II, as consequences of the characterization of
polynomial decay for general semigroups in terms of resolvent estimates given in [Borichev and Tomilov
2010], providing the equivalence between (2-7) and (2-8). See also [Batty and Duyckaerts 2008] for
general decay rates in Banach spaces. Note that the proof of a decay rate is reduced to the proof of a
resolvent estimate on the imaginary axes. By the way, this estimate implies the existence of a “spectral
gap” between the spectrum of &{ and the imaginary axis, given by (2-9).

Note finally that the estimates (2-8), (2-10) and (2-11) can be equivalently restricted to s > 0, since
P(—is)u = P(is)u for s € R.

2B. Decay rates for the damped wave equation on the torus. The main results of this article deal with
the decay rate for problem (1-1) on the torus T? := (R/27Z)%. In this setting, as well as in the abstract
setting, we shall write P(z) = —A + 7> + zb(x).

First, we give an a priori lower bound for the decay rate of the damped wave equation, on T2, when
GCC is “strongly violated”, that is, assuming that supp(b) does not satisfy GCC (instead of {b > 0}).
This theorem is proved by constructing explicit quasimodes for the operator P (is).

Theorem 2.5. Suppose that there exists (xo, &) € T*T?, & # 0, such that
{b>0N{xg+1&, T € R} = 2.
Then there exist two constants C > 0 and ko > 0 such that for all n € N,
1P (ino) ™l g2y = C. (2-12)

As a consequence of Proposition 2.4, polynomial stabilization at rate 1/¢'*¢ for ¢ > 0 is not possible
if there is a strongly trapped ray (i.e., that does not intersect supp(b)). More precisely, in such geometry,
Theorem 2.5 combined with Lemma 4.6 and [Batty and Duyckaerts 2008, Proposition 1.3] shows that
mi(t) > C/(1+1t), for some C > 0 (with the notation of [Batty and Duyckaerts 2008], where m(¢)
denotes the best decay rate).

The main goal of this paper is to explore the gap between the a priori upper bound 1/4/¢ for the decay
rate, given by Theorem 2.3, and the a priori lower bound 1/¢ of Theorem 2.5. Our results are twofold
(somehow in two opposite directions) and concern either the case of smooth damping functions b, or the
case b = 1y, with U c T2

2B1. The case of smooth damping coefficients. Our main result deals with the case of smooth damping
coefficients. Without any geometric assumption, but with an additional hypothesis on the order of
vanishing of the damping function b, we prove a weak converse of Theorem 2.5.

Theorem 2.6. Let M = T? with the standard flat metric. There exists gy > 0 and ko € N satisfying the
following property: Suppose that b € W5 (T?) is a nonnegative, nonvanishing function on T* and that
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there exist € € (0, gg) and C, > O such that
IVb(x)| < Ceb' ¢ (x) forx e T (2-13)
Then there exist C > 0 and so > 0 such that for all s € R, |s| > sg, we have
1P (is) Nlgocry < ClsP,  with § = 4. (2-14)

As a consequence of Proposition 2.4, in this situation, the damped wave equation (1-1) is stable at rate
1 /tl/ (1+8)

Remark 2.7. Following carefully the steps of the proof, one sees that gg = % works, but the proof is not
optimized with respect to this parameter, and it is likely that it could be much improved.

The regularity assumption b € W*0-°°(T?) is required since we make use of symbolic calculus in the
proof of Lemma 7.1 (and only at this point of the paper). We only use the two following properties: (i) that
the commutator of b with some Fourier multipliers is given by the usual principal term plus a lower order
perturbation; (ii) the sharp Garding inequality for a symbol depending on Vb. It seems that (in 2 space
dimensions) kg = 8 suffices in these two different applications of symbolic calculus (see [Sjostrand 1995,
Proposition 5.1] for a Garding inequality with this regularity or [Lerner 2010, pp. 117-118] for a related
discussion).

One of the main difficulties in understanding the decay rates is that there exists no general monotonicity
property of the type “b;(x) < by(x) for all x = the decay rate associated to the damping b, is larger
(or smaller) than the decay rate associated to the damping b;.” This makes a significant difference with
observability or controllability problems of the type (1-5).

Assumption (2-13) is only a local assumption in a neighborhood of d{b > 0} (even if it is stated here
globally on Tz). Far from this set, i.e., on each compact set {b > by} for by > 0, the constant C, can be
chosen uniformly, depending only on b, and not on €. Hence, ¢ somehow quantifies the vanishing rate
of the damping function b.

An interesting situation is when the smooth function b vanishes like e~!/*" in smooth local coordinates,
for some « > 0. In this case, assumption (2-13) is satisfied for any ¢ > 0, and the associated damped
wave equation (1-1) is stable at rate 1/¢!7% for any 8 > 0. This shows that the lower bound given by
Theorem 2.5 is sharp, in the sense that one cannot improve upon the exponent of ¢. This phenomenon
had already been remarked by Burq and Hitrik [2007] in the case where b is invariant in one direction.

An example of a smooth function not satisfying assumption (2-13) is a function vanishing like
sin(1/x)%e~1/*. We do not have any idea of the decay rate achieved in this case (except for the a priori
upper and lower bounds 1/+/f and 1/1).

Theorem 2.6 generalizes the result of [Burq and Hitrik 2007], which only holds if b is assumed to be
invariant in one direction. Moreover, our condition (2-13) is weaker than the assumption (3.2) of Burq
and Hitrik. Actually their proof only uses the condition |»'| < Cyb'~¢ and |b”| < C,b'~?¢ for some & < %
(which is similar to ours), to obtain the same decay at rate ¢ ~!/(1+4e),
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The proof of Theorem 2.6 occupies Part III and is sketched in its introduction. It is based on ideas
and tools developed in [Macia 2010; Anantharaman and Macia 2010] and especially the notion of two-
microlocal semiclassical measures. One of the key technical points appears in Section 12: we have
to construct, for each trapped direction, a cutoff function invariant in that direction and adapted to the
damping coefficient b. We do not know how to adapt this technical construction to tori of higher dimension
d > 2; hence we do not know whether Theorem 2.6 holds in higher dimension (although we have no
reason to suspect it should not hold). Only in the particular case where b is invariant in d — 1 directions
can our methods (or those of [Burq and Hitrik 2007]) be applied to prove the analogue of Theorem 2.6.

Note that if GCC is satisfied, one has (on a general compact manifold M) for some C > 1 and all
|s| > 5o the estimate

1P (is) N2y < Clsl™! (2-15)

instead of (2-14). Estimate (2-15) is in turn equivalent to uniform stabilization (see [Huang 1985] together
with Lemma 4.6).

Remark 2.8. As a consequence of Theorem 2.6 on the torus, we can deduce that the decay rate ¢~!/(1+9)
also holds for (1-1) if M = (0, 7)? is the square, one considers Dirichlet or Neumann boundary conditions,
and the damping function b is smooth, vanishes near 0 M and satisfies assumption (2-13). First, we extend
the function b as an even (with respect to both variables) smooth function on the larger square (—, )2,
and using the injection ¢ : (—m, w)> — T2, as a smooth function on T2, still satisfying (2-13). Moreover,
D(Ap) (resp. D(Ay)) on (0, )? can be identified as the closed subspace of odd (resp. even) functions
of D(Ap) (resp. D(Ay)) on (—m, )%. Using again the injection ¢, it can also be identified with a closed
subspace of H 2(T?). The estimate

lull 272y < ClsIPIPGs)ull 22y for all u € HA(T?)

is thus also true on the square (0, 77)? for Dirichlet or Neumann boundary conditions. In particular, this
strongly improves the results of [Liu and Rao 2005].

The lower bound of Theorem 2.5 can be similarly extended to the case of a square with Dirichlet or
Neumann boundary conditions, implying that the rate 1/¢ is optimal if GCC is strongly violated.

2B2. The case of discontinuous damping functions. Appendix B (by Stéphane Nonnenmacher) deals
with the case where b is the characteristic function of a vertical strip, i.e., b = ElUXT, for some B > 0
and U C T, U a nonempty open interval with U # T. Due to the invariance of b in one direction, the
spectrum of the damped wave operator s splits into countably many “branches” of eigenvalues. This
structure of the spectrum is illustrated in the numerics of [Asch and Lebeau 2003; Anantharaman and
Léautaud 2012].

The branch closest to the imaginary axis is explicitly computed; it contains a sequence of eigenvalues
(zi)ien such that Imz; — oo and |Re z;| < Cy/(Im zl-)%. This result is in agreement with the numerical
tests given in [Anantharaman and Léautaud 2012].



SHARP POLYNOMIAL DECAY RATES FOR THE DAMPED WAVE EQUATION ON THE TORUS 169

As a consequence, for any € > 0 and C > 0, the strip {|Rez| <C |Im(z)|_%+6} contains infinitely many
poles of the resolvent (z Id —s4)~!, so item (2-9) in Proposition 2.4 implies the following obstruction to
the stability of this damped system:

Corollary 2.9. For any & > 0, the damped wave equation (1-1) on T? with the damping function (B-1)
cannot be stable at the rate 1/ 13t

The same result holds on the square with Dirichlet or Neumann boundary conditions.

More precisely, in this situation, Lemma 4.6 and [Batty and Duyckaerts 2008, Proposition 1.3] yield
thatm () > C/(1 + t)%, for some C > 0 (with the notation of that reference, where m(¢) denotes the
best decay rate).

This corollary shows in particular that the regularity conditions in Theorem 2.6 cannot be completely
disposed of if one wants a stability at the rate 1/¢!=¢ for small .

2C. Some related open questions. The various results obtained in this article lead to several open
questions.

(1) In the case where b is the characteristic function of a vertical strip, our analysis shows that the best
. l 2 13 29 3
decay rate lies somewhere between 1/¢2 and 1/¢3, but the “true” decay rate is not yet clear.

(2) It would also be interesting to investigate the spectrum and the decay rates for damping functions b
invariant in one direction, but having a less singular behavior than a characteristic function. In
particular, is it possible to give a precise link between the vanishing rate of b and the decay rate?

(3) In the general setting of Section 2A (as well as in the case of the damped wave equation on the
torus), is the a priori upper bound 1/ 17 for the decay rate optimal?

(4) For smooth damping functions vanishing like e~!/**, Theorem 2.6 yields stability at rate 1/¢!~% for
all § > 0. Is the decay rate 1/¢ reached in this situation? Can one find a damping function b such
that the decay rate is exactly 1/1?

(5) The lower bound of Theorem 2.5 is still valid in higher-dimensional tori. Is there an analogue of
Theorem 2.6 (i.e., for general “smooth” damping functions) for T¢, with d > 3?

Part II. Resolvent estimates and stabilization in the abstract setting
3. Proof of Theorem 2.3 assuming Proposition 2.4

To prove Theorem 2.3, we express the observability condition as a resolvent estimate (also known as the
Hautus test), as introduced by Burq and Zworski [2004], and further developed by Miller [2005] and
Ramdani, Takahashi, Tenenbaum and Tucsnak [Ramdani et al. 2005]. For a survey of this notion, we
refer to the book [Tucsnak and Weiss 2009, Section 6.6].

In particular [Miller 2005, Theorem 5.1] (or [Tucsnak and Weiss 2009, Theorem 6.6.1]) yields that
system (2-1) is observable in some time 7 > 0 if and only if there exists a constant C > 0 such that we
have

lullz < C(I(A —AId)yulF, + | B*ull7) forall A € Rand u € D(A).
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As a first consequence, assumption (2-6) is satisfied and Proposition 2.4 applies in this context.
Moreover, recalling that P(z) is defined in (2-5), we have, for all s € R and u € D(A),
Il < C(II(A — s> 1d+is BB* —is BB*)ul% + || B*u||})
< C(IPGs)ullg + s> BB ully + 1| B*ully) (3-1)
Since B € £(Y; H), we obtain for s > 1 and for some C > 0,
lullyy < C(IPGs)ullzy +s°I1B*ully) < C(s*IPGs)ulyy + 5 [ B*ully).

Proposition 2.4 then yields the polynomial stability at rate 1/+/¢ for (2-3). This concludes the proof of
Theorem 2.3. O

4. Proof of Proposition 2.4

Our proof relies strongly on the characterization of polynomially stable semigroups given in [Borichev
and Tomilov 2010, Theorem 2.4], which can be reformulated as follows.

Theorem 4.1 (Borichev and Tomilov). Let (e”&),zo be a bounded 6°-semigroup on a Hilbert space %,
generated by si. Suppose that iR N Sp(sd) = @. Then, the following conditions are equivalent:

e s g = 0G™)  as t — +oo, (4-1)
1Gis 1d =) Mgy = OCs|=)  as s — oo. (4-2)
Let us first describe some spectral properties of the operator & defined in (2-4).

Lemma 4.2. The spectrum of s contains only isolated eigenvalues, and we have
Sp(t) C (= 1B ztiyys 0) +iR) U (=11 B gy 01+ 00,

with ker(sd) = ker(A) x {0}.
Moreover, the operator P(z) is an isomorphism from D(A) onto H if and only if z ¢ Sp(d). If this is
satisfied, we have

(4-3)

(z1d—s)~" = ( P()-'(BB*+z1d)  P(z)-! ) |

P(z) '(zBB* +721d) —1d zP(z)!

The localization properties for the spectrum of o stated in the first part of this lemma are illustrated,
for instance, in [Asch and Lebeau 2003] or [Anantharaman and Léautaud 2012].
This lemma leads us to introduce the spectral projector of &{ on ker(sd), given by

no:,Lf(ZId—w)—ldzese(%),
2imw y

where y denotes a positively oriented circle centered on 0 with a radius so small that O is the single
eigenvalue of o in the interior of y. We set 9 = (Id —Ip)% and equip this space with the norm

2 ._ 2 ATual2 2
Il (o, u) 5, := |(uo, u) 5 = A2 uollyy + llurllz,
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and associated inner product. This is indeed a norm on % since | (wo, u1)ll5 = O is equivalent to
(u(), ul) € ker(A) X {0} = HO%.

We also set s = |5, with domain D(sd) = D(sf) N%. A first remark is that Sp(sf) = Sp(sd) \ {0}, so
that Sp(sd) NiR = .

The remainder of the proof consists in applying Theorem 4.1 to the operator si in J¢. We first
check the assumptions of Theorem 4.1 and describe the solutions of the evolution problem (2-4) (or
equivalently (2-3)).

Lemma 4.3. The operator s generates a contraction €°-semigroup on ¥, denoted (e’&&)tzo. Moreover,
for all initial data Uy € K, problem (2-4) (or equivalently (2-3)) has a unique solution U € GORT; %),
issued from Uy, that can be decomposed as

U(t) = " (1d —TTp)Up + MoUy  forall t > 0. (4-4)

As a consequence, we can apply Theorem 4.1 to the semigroup generated by s. The proof of
Proposition 2.4 will be achieved when the following lemmata are proved.

Lemma 4.4. Conditions (2-7) and (4-1) are equivalent.
Lemma 4.5. Conditions (2-10) and (2-11) are equivalent. Conditions (2-8) and (2-9) are equivalent.

Lemma 4.6. There exist C > 1 and sg > 0 such that for s € R, |s| > 59, we have

. o C . _ . P C
(s 1d —sd) 1||gg(%>—msn(zs1d—sa> Hlg@e < Gis1d —sb) 1””’“@ (4-5)
and

CTHsIIP ) sy < NGisTd =) ™Ml < CA+IsIIPGES) ™ - (4-6)
In particular this implies that (4-2), (2-8) and (2-10) are equivalent.
The proof of Lemma 4.6 is more or less classical and we follow [Lebeau 1996; Burq and Hitrik 2007].

Proof of Lemma 4.2. Since s has compact resolvent, its spectrum contains only isolated eigenvalues.
Suppose that z € Sp(#); then, for some (ug, u;) € D(A) \ {0}, we have

u| = Zuy, —Auo—BB*u1 =ZUi,

and in particular
Aug~+ z2ug+zBB*ug =0, (4-7)

with ug € D(A) \ {0}.

Suppose that z € iR; then, this yields Aug — Im(z)%uo +i Im(z) BB*ug = 0. Following [Lebeau 1996],
taking the inner product of this equation with ug yields i Im(z)|| B*u0||% = 0. Hence, either Im(z) = 0 or
B*ug=0. In the first case, Aug =0, i.e., ug € ker(A), and u; =0. This yields ker(sd) C ker(A) x {0} (and
the other inclusion is clear). In the second case, ug is an eigenvector of A associated to the eigenvalue
Im(z)? and satisfies B*uy = 0, which is absurd, according to assumption (2-6). Thus, Sp(#) NiR C {0}.
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Now, for a general eigenvalue z € C, taking the inner product of (4-7) with u¢ yields
(Auo, o) + (Re(2)> = Im(2)*) uoll; +Re(@)[| B uol3 =0,

(4-8)
2Re(z) Im(2)|luoll%; + Im(z) || B*uol|} = 0.

If Im(z) # 0, then the second equation of (4-8) together with Sp(&@) NiR c {0} gives

1[[B*uoll3 L nw2
0>R =——Ft>—Z|B .Y)-
> Re(z) 3 ||l40||%1 = 2|| ||gf(H,y)

If Im(z) = 0, then the first equation of (4-8) together with (Auo, ug)y > 0 gives

—Re(2) || B*uolly > Re(2)*||uoll3;,
which yields
0>Re(2) > —[B*[1%4.y)-

Following [Lebeau 1996], we now give the link between P (z)~! and (zId —s4)~! for z ¢ Sp(A).
Taking F = (fo, f1) € #, and U = (ug, u1), we have

uy = zug — fo,
F=(zld—A)U < 4-9
( ) {P(z)u():fl—i-(BB*—l-zId)fo. “4-9)
As a consequence, we obtain that P(z) : D(A) — H is invertible if and only if (zId —sd) : D(A) — H is
invertible, i.e., if and only if z ¢ Sp(sd). Moreover, for such values of z, the condition on the right-hand

side of (4-9) is equivalent to
uy=P@) ' fi+ P (BB *+zId)fy and u;=zP@) "' fi+zP@ Y(BB*+zId)fy— fo,

which can be rewritten as (4-3). This concludes the proof of Lemma 4.2. U

Proof of Lemma 4.3. Let us check that s is a maximal dissipative operator on % [Pazy 1983]. First, it is
dissipative since, for U = (ug, u;1) € D(&i),

. 1 1
(AU, U)o = (A2uy, A2uo)y — (Aug, uy) g — (BB*uy, ur) g = —||B*u1 |13 <0.

Next, the fact that ¢ — Id is onto is a consequence of Lemma 4.2. Hence, for all F € % C %, there exists
U € D(dA) such that (d —Id)U = F. Applying (Id —ITp) to this identity yields (&@ —Id)dd —-IIp)U = F,
so s —1Id : D(sd) — % is onto. According to the Lumer—Phillips theorem (see, for instance, [Pazy 1983,
Chapter 1, Theorem 4.3]) ] generates a contraction ¢°-semigroup on €. Then, formula (4-4) directly
comes from the linearity of (2-4) (or equivalently (2-3)) together with the decomposition of the initial
condition Uy = (I — ITy) Uy + IyUy. O

Proof of Lemma 4.4. Condition (4-1) is equivalent to the existence of C > 0 such that for all # > 0, and
Uo € %, we have
ioe—1 .. C .
le" st Uolge < -2 1ol

This can be rephrased as
i C . ..
le' Unllge = -5 154005, (4-10)
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forall t > 0, and Uy € D(&i). Now, take any Uy = (ug,u1) € D(d), and associated projection
Uy = (Id —T1p) Uy € D(sd). According to (4-4), we have

1 S S e
E@.t) = 5(1AZu@)|5 + 13u®dl) = 51" Uo + MoVl = 31" U3,
and
|4Uolse = |s4Uo + ATIoUolae = l|Uol -
This shows that (4-10) is equivalent to (2-7), and concludes the proof of Lemma 4.4. Il

Proof of Lemma 4.5. First, (2-10) clearly implies (2-11). To prove the converse, for u € D(«), we have
(P(is)u,w)y = ((A—s>Idyu, u),, +isl| B*ullj.

Taking the imaginary part of this identity gives s|| B*u ||% = Im(P(is)u, u)y, so that, using the Young
inequality, we obtain for all &€ > 0,

|s]a—2
4e

Plugging this into (2-11) and taking ¢ sufficiently small, we obtain that for some C > 0 and 59 > O, for

Lo 12 1 . . 2 2
[s|a || B ully = |sl«™ " [Im(P@s)u, u)g| < | PGs)ullz + ellully.

any s € R, |s| > 59, we have

2 2 9 . 2
lullz < Clsl« 1P Es)ully,

which yields (2-10). Hence (2-10) and (2-11) are equivalent.
Second, Condition (2-9) clearly implies (2-8) and it only remains to prove the converse. For z € C, we
write r = Re(z) and s = Im(z). We have the identity

((r+is)ld—sd)™" = (isId—s) "' (Id +r(is Id —9&)—1)‘1. (4-11)

Hence, assuming

7 (s Td—s0) " [l gy < 3 (4-12)
this gives

1 > k

. —1\— ki, /: -1
[ (1d+rGsTd=s) ™) | 45 = [ D_(=DF(risTd—sh)7") <2.
k=0 £(30)

As a consequence of (4-11) and (2-8), we then obtain
I +is)1d—s) ™l < 201 Gis 1d —sh) ™ g0 < 2C1s|7,
for all s > 59, under condition (4-12). Finally, (2-8) also yields
IrGisTd =)~ i < I7ICls|7,

so that condition (4-12) is realized as soon as |r| < 1/(2C |s|$). This proves (2-9) and concludes the
proof of Lemma 4.5. 0
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Proof of Lemma 4.6. To prove (4-5), we first remark that the norms || - |5, and || - [|5 are equivalent on
9, so that the norms || - || ¢ and || - llee are equivalent on £(9¢). Next, we have

(isTd—s)~'1d —Tp) = (is Id —st) " (Id — )

and

IGis 1d —sd) ey = I Gis Id —) =1 (Ad —TTo) oy = |1 (is Id —s8) ™" (Id —TTo) | 3t
< IGs1d =) ey + [1Gis Id —s8) ™ ol 2ot

together with

1Gis 1d =)~ | ey = II(is Id —sd) ™' (1d —TTp) + (is Id —s) ™ TIo || e )
< |1Gs 1d =) e + [1Gs Id —st) ™ Tl e -

Moreover, for |s| > 1, we have

1

Iis 1d —sh)™ Tollzi = i)™ Tollzc =

C
ITTo | ege) = ok

which concludes the proof of (4-5).

Let us now prove (4-6). For concision, we set H| = D(A%) endowed with the graph norm ||u|| g, =
I(A+1d) Su ||z and denote by H_| = D(A%)’ its dual space. The operator A can be uniquely extended as
an operator £(Hy; H_), still denoted A for simplicity. With this notation, the space H_; can be equipped
with the natural norm |[u||z_, = |[(A + Id)_%uHH.

As a consequence of formula (4-3), and using the fact that Sp(sd) NiR C {0}, there exist constants
C > 1 and s¢ > 0 such that for all s € R, |s| > 59, we have

C™'M(s) < [|(isTd—s8) " [y < CM(s), (4-13)
with
M(s) = (I|P(is)”"(BB* +is1d) |, + 1P Gs) ™ e i)
+ 1 Ps) " (isBB* —s*1d) —1d [l 11y + ISP (i5) " lemny). (4-14)

On the one hand, this directly yields
IsIIPGs) ey < CllGsId —sb) ™ sy

for s € R, |s| > sg. This proves that (4-2) implies (2-10).
On the other hand, we have to estimate each term of (4-14). First, using Au = P(is)u + s?u—isBB*u,
we have
2 A2 2 _ . 2 . * 2
lully, = 1A2ullyy + lully = (PUs)u+s"u—isBB u, u)p + |lully
=Re(P(is)u, u) g + (s> + Dlullz < C(IPGEs)ulyy + (> + Dllullz)
< C(L+ 6>+ DIPGES) ™ N5 I PAs)uly,
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so that
1P ) N my < C(1+ sl + DIPGES) o). (4-15)

Second, the same computation for (P (is)~!)* = (A — s?>Id —is BB*)~! (the adjoint of P(is)~! in the
space H) in place of P(is)~! leads to

(P(is)”")* € £(H: H)).
together with the estimate
1P G Nty < C(1+ (s + DIPGES) ™ e
By transposition, we have ‘(P (i )" H* e L(H_i; H), together with the estimate
1P Gs) ™) sty < NP G)™) gy < C(14 (sl + DIPE) ™ ) (4-16)
Moreover, ‘(P (is)~")* is defined, for everyu € Hyve H_, by
((Ps)™Y v, u),y = (v, (PG wm = (A+1d) 20, (A +1D)2(P(is)")u),,.
In particular, taking v € H gives
(i) H*v,u), = (PGis) v, u),,

which implies that the restriction of the operator ‘(P (is)~!)* to H coincides with P (i s)~ L. For simplicity,
we will denote P(is)~! for ‘(P (is)~")*.
Equation (4-16) can thus be rewritten

IPGs) N < C(1+ (sl + DIPGE) ™ ). (4-17)
Then, we have P(is)~'(isBB* — s*1d) —Id = P(is)"'A, so that

IPGis) ' (isBB* —s*1d) — Id |l g(ar,: 1y = 1P (i5) " All ey 1y < 1P ) Nyl All oy
< (1+Usl+ DIPGE) ) - (4-18)

Third, for |s| > 1 we write
P(is) " (BB* +isId) = é(P(is)_lA —1d), (4-19)

and it remains to estimate the term ||P(is)_1A||g(H1) in (4-14). For f € H, we set u = P(is)_lAf. We
have u € Hj, together with
(A —s*1d+isBB*)u = Af.

Taking the real part of the inner product of this identity with u, we find

1
IAZu||3; — s |ull3 =Re(Af, W n < IAfla_ Nullm, < ClIfllglulm,,
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since A € £(H;, H_1). Hence
lully, < CA+ s ully +CllLfIl,-
Using (4-17), this gives

lullzy, < CA+sHNPES) ™ Al a7, + CUF T,
< CA+s)PUs) o .mlf 17, +CIF T,
. N— 2
<CU+s)(1+Usl+ DIPG) M) 11,

and finally || P (is)~" Allsc) < C(L+IsD(1+ (Is|+ DI PGis) " ¢ ). Coming back to (4-19), we have,
for |s| > 1,

IP(is)" (BB* +is1d) |y < C(1+IsIIPEs)  Nlcm)- (4-20)
Finally, combining (4-15), (4-18) and (4-20), together with (4-13)—(4-14), we obtain for |s| > 1,
IGs Td —sb) Mg < C(1+IsHPE) ™ ).

This concludes the proof of Lemma 4.6. O

Part III. Proof of Theorem 2.6: smooth damping coefficients on the torus

To prove Theorem 2.6, we argue by contradiction, assuming that estimate (2-10) does not hold (which
provides a sequence of “quasimodes” defined in Section 5). The proof of Theorem 2.6 then relies on the
study of semiclassical measures (a semiclassical version of microlocal defect measures) associated to
quasimodes. This standard technique originates in the work of Lebeau [1996], but the novelty here is
that we introduce a second microlocalization which allows us to study different scales of concentration
around periodic orbits.

Sections 5 and 6 are preliminaries: Section 5 deals with the notion of semiclassical measures in a
general setting, while Section 6 specializes to the torus case. Lemmata 6.1 and 6.4 reduce everything to
understanding the semiclassical measure u restricted to frequencies of rational slopes.

From Section 7 on, a frequency of rational slope is fixed; it is parametrized by a submodule A of 7>
of rank 1 (rather than by the slope). More precisely, we study the restriction /|72, (p1\(opy- The main
outcome of this section is the technical Proposition 7.3: it says that a quasimode which is small in the
support of » must also be small in a whole strip of direction A*t.

The core of the proof occupies Sections 8-10. Section 8 introduces tools of second microlocal calculus.
The idea is to study in a finer way the rate of concentration of our quasimodes on T2 x (A+ \ {0}).
Section 9 is inspired by [Anantharaman and Macia 2010]: the two-microlocal defect measures gain some
additional structure, which depends on the rate of concentration. The final argument is in Section 10,
showing that the semiclassical measure p must vanish everywhere, thus obtaining a contradiction since it
was by construction a probability measure.

The last two sections are devoted to more technical lemmata.
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5. The invariant semiclassical measure p

5A. Quasimodes. To prove Theorem 2.6, we shall instead prove estimate (2-10) with @ = 1/(1 + 6)
(which, according to Proposition 2.4, is equivalent to the statement of Theorem 2.6). Let us first recast
(2-10) with & = 1/(1 + §) in the semiclassical setting: taking & = 571, we are left to prove that there exist
C > 1 and hg > 0 such that for all & < hy, for all u € H2(T?), we have

lull g2y < CRPIP G/ Rull 2y, (5-1)

where P(z) is defined in (2-5).

We prove this inequality by contradiction, using the notion of semiclassical measures. The idea
of developing such a strategy for proving energy estimates, together with the associated technology,
originates from Lebeau [1996].

We assume that (5-1) is not satisfied, and will obtain a contradiction at the end of Section 10. Hence,
for all n € N, there exists 0 < &, < 1/n and u,, € H>(T?) such that

lunllzzcrs > 75 PG/ Btz
Setting v, = u, /||ty L2(72) and
P = —h2A =1 +ihyb(x) = h2P i/ hy),
we then have, as n — oo,
hy = 0% Noalizay =1 b2 21 P vyl 22y — 0.

Our goal is now to associate to the sequence (u,, h,) a semiclassical measure on the cotangent bundle u
on T*T2 = T2 x (R%)* (where (R?)* is the dual space of R?). To obtain a contradiction, we shall prove
both that u(7*T?) = 1, and that u = 0 on T*T?.

From now on, we drop the subscript n of the sequences above, and write /4 in place of &, and vy in
place of v,. We study sequences (h, v;) such that 4 — 0" and

{||Uh||L2('ﬂ'2) =1, (5-2)

I PLopll 22y = 0(h*™%)  as h — OF.

We call such sequences “sequences of o(h>%)-quasimodes,” or simply “quasimodes of order 2 + 8. In
particular, this last equation also yields the key information

(bvp, vi) p2r2y = h™ Im(P o, vp) p2r2y = o(R'T?)  ash — 07

In the following, it will be convenient to identify (R?)* and R? through the usual inner product. In
particular, the cotangent bundle 7*T? = T2 x (R%)* will be identified with T? x R.

5B. Semiclassical measures. We denote by T*T2 the compactification of 7*T? obtained by adding a
point at infinity to each fiber (i.e., the set T2 x (R2U {o0})). A neighborhood of (x, 00) € T*T? is a set
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U x ({oo} UR? \ K), where U is a neighborhood of x in T?and K a compact set in R2. Endowed with
this topology, the set T*T2 is compact.

We denote by S°(T*T?), S° for short, the space of functions a(x, &) that satisfy the following properties:

(1) a € €°(T*T?).
(2) There exists a compact set K C R? and a constant ko € C such that a(x, &) = kg for all £ € R>\ K.
Note that we have in particular %?O(T*Tz) c SUT*T?).

To a symbol a € SO(T*T?), we associate its semiclassical Weyl quantization Op;,(a) by formula (A-1),
which according to the Calderén—Vaillancourt theorem (see Appendix A) defines a uniformly bounded
operator on L2(T?).

From the sequence (vj, h) (see, for instance, [Gérard and Leichtnam 1993]), we can define (using
again the Calderén—Vaillancourt theorem) the associated Wigner distribution V" € (5°)’ by

(V" a)s0y.50 = (Op,(@)vi, vp)2p2y  forall a € SUT*T?). (5-3)
Decomposing vj, and a in Fourier series,

01 (k) = o f e () dx, ath k. §) = 5 f e “a(h, x,§)dx,
27 T2 27 T2
the expression (5-3) can be more explicitly rewritten as
1 A . h A\ A 0
VE @)y so =5 D a(hj =k 3 k+ ) in05 ).
k,jez?
Proposition 5.1. The family (V") is bounded in (S°)". Hence, there exists a subsequence of the sequence
(h, vy) and an element . € (S°) such that V* — pu weakly in (S°), that is,
(Opy, (@) v, Vi) 22y = (K, a)(soy.s0 foralla e S°(T*T?). (5-4)
In addition, (u, a)soy so is nonnegative if a is; in other words, jr may be identified with a nonnegative
Radon measure on T*T2.
Notation: in what follows, we shall denote by M (T*T2) the set of nonnegative Radon measures on
T*T2.

Proof. The proof is an adaptation from the original proof of Gérard [1991] (see also [Gérard and Leichtnam
1993] in the semiclassical setting).

The fact that the Wigner distributions V" are uniformly bounded in (S°) follows from the Calderén—
Vaillancourt theorem (see Appendix A), and from the boundedness of (v;) in L*(T?).

The sharp Garding inequality (see for instance [Sjostrand 1995, Proposition 5.1] or [Lerner 2010,
Section 2.5.2]) gives the existence of C > 0 such that, for alla > 0 and & > 0,

(Oph (a)'Uh, Uh)LZ(‘H'Z) = _Ch”vh”%](‘[ﬂ)y

so that the distribution u is nonnegative (and hence is a measure). Il
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5C. Properties of p for zeroth and first order quasimodes. To simplify the notation, we set
P} = Pl +ihb(x), with P} = —h*A —1=0p,(|&|* - 1).

The geodesic flow on the torus ¢, : T*T? — T*T? for t € R is the flow generated by the Hamiltonian
vector field associated to the symbol %(l& |>— 1), i.e., by the vector field £ - 8, on T*T?. Explicitly, we
have

G (x,8) = (x+71£,&), TR, (x,8)eT T

Note that ¢, preserves the £-component, and in particular every energy layer {|€|> = C > 0} Cc T*T?.
Now, we describe the first properties of the measure p implied by (5-2).
We recall that for v € 9/ (T*T?), (¢;)«v € D' (T*T?) is defined by ((¢;)«v, a) = (v, a o ¢;) for all
ace %SO(T*TZ). In particular, (¢;).v is a measure if v is. We shall say that v is an invariant measure if it
is invariant by the geodesic flow, i.e., (¢;)v =v for all T € R.

Proposition 5.2. Let u be as in Proposition 5.1 with vy, satisfying (5-2). We have
(1) supp(i) C {|€]? = 1} (hence is compact in T*T?),
Q) W(T*TH =1,
(3) w is invariant by the geodesic flow, i.e., (¢r)s b = U,
@) (w, b) . (r+12) €0 (r*12) = 0, where Mc(T*T?) denotes the space of compactly supported measures on
T*T>
In other words,  is an invariant probability measure on T*T? vanishing on {b > 0}.

These are standard arguments that we reproduce here for the reader’s comfort. In particular, we recover
all information required to prove the Bardos—Lebeau—Rauch—Taylor uniform stabilization theorem under
GCC. The proof of this proposition only uses that x is a measure associated to a o(h)-quasimode, and
not the full information in (5-2) (which is the key point to prove Theorem 2.6).

Proof. First, we take x € € (T*T?) depending only on the & variable, such that x > 0, x(§) = 0 for
|E| <2, and x (§) =1 for |&] > 3. Hence, x (£)/(|€]*>—1) € *°(T*T?) and we have the exact composition

formula
Op,(x) = Oph(lg)ﬁéi)l)Péﬁ

since both operators are Fourier multipliers. Moreover, Op;, (x (€)/(|€|> — 1)) is a bounded operator on

L*(T?). As a consequence, we have

h
(V s X)(SO)’,SO - </’L’ X>M(T*T2),(GO(T*TZ)’

together with
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Since ||thvh lL2(r2) = 0(1) and ||vs || 2(72) = 1, both terms in this expression vanish in the limit 7 — 0.
, = 0. Since this holds for all x as above, we have supp(u) C {|§ 1> =1},

This implies (. x) 7572, o712

which proves item (1).

In particular, this implies o (T*T2\ T*T?) = 0. Now, item (2) is a direct consequence of item (1) and

1= ”Uh”imﬁ) — (lL, 1>M(W),<@0(W)' Item (4) is a direct consequence of (bvp, vy) 212y = o(1).

Finally, for a € %?O(T*Tz), we recall that

(P4 Op, @] = Op, (16> ~ 1, a}) = 2 Op, ¢ - 1)

is a consequence of the Weyl quantization (any other quantization would have left an error term of order
0(h?)). Hence, (5-3) yields

(Vi & *Ox@)ay (772 620 (TT2) > (s § - 0xa) 4 (T*T2) €0(T+T2). (5-5)
together with
i
(vhg. Ox )y (T+T2) %€ (T*T2) = E([P(fl, Opy,(@)]vn, vi) 1212

i i

= E(Oph (@)vp, Péth)Lz('I]'Z) - ﬂ(Oph (a)Pélvh, V) L2(T2)
i i

= ﬂ(oph (@)vp, thvh)LZ(1r2) - %(Oph (a)Plil Uns Vn) [2(T?)

1 1
- E(Oph (@)vp, bvp) [2(12) — E(Oph (@)bvp, vp) [2(12). (5-6)

In this expression, we have (1/h)(Op,(a)vp, P;flvh)Lz(W) — 0 and (l/h)(Oph(a)thvh, vp) 2y — 0
since || th vnll L2(r2) = o(h). Moreover, the last two terms can be estimated by

|(Opj,(a)bvp, VR 2yl < ||‘/Evh||L2(T2)||\/ZOPh (@vpll 22y = o(1), (5-7)
since (bvy, va) 212y = o(1). This yields (V*, & - 9ya)qyr+12) oo (r+12) = 0, s0 that, using (5-5),
(- & - 0:a) yrom2y eorer2y =0 for all @ € 6°(T*T?).

Replacing a by a o ¢, and integrating with respect to the parameter 7 gives (¢, ) = i, which concludes
the proof of item (3). O

6. Geometry on the torus and decomposition of invariant measures

The results of Section 5 were valid on arbitrary manifolds. We now turn to specific properties of the
geodesic flow on the torus (and related facts of Fourier analysis). In Lemma 6.1 we use the partition of the
cotangent bundle into resonant and nonresonant vectors to decompose any invariant measure according to
the long-time behavior of geodesics.
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6A. Resonant and nonresonant vectors on the torus. In this section, we collect several facts concerning
the geometry of 7*T? and its resonant subspaces. Most of the setting and the notation comes from
[Anantharaman and Macia 2010, Section 2].

We shall say that a submodule A C 7? is primitive if (A) N 7% = A, where (A) denotes the linear
subspace of R? spanned by A. The family of all primitive submodules will be denoted by P.

Let us denote by ; C R2, for j =0, 1, 2, the following sets:

Q; = {€ € R? such that tk(Ag) =2 — j}, with Ag ;= {k € Z° such that & -k =0} = £ N 7%

The set Qo U is referred to as the set of resonant directions, whereas Q, = R? \ (20U L21) is referred
to as the set of nonresonant vectors.
Note that the sets €2; form a partition of R?, and that we have

e Qp = {0} (resonance of order 0);

o £ € Q if and only if the geodesic issued from any x € T? in the direction & is periodic (resonances
of order 1);

e £ € Q, if and only if the geodesic issued from any x € T2 in the direction £ is dense in T2.
y g y

On the Fourier analysis side, we will use the following facts. For A € ® let us define
At :={& eR?*suchthat £ -k =0 forall k € A}.

For a function f on T2 with Fourier coefficients ( f (k) kez2, and A € P, we shall say that f has
only Fourier modes in A if f (k) =0 for k ¢ A. This means that f is constant in the direction A+, or
equivalently, that o - 3, f = 0 for all o € A*. This is a trivial property if tk A = 2, but means that f is
constant if tk A = 0 and that f is constant along the 1-dimensional tori

Tar:=AY/@rZ? 0 AL

iftk A =1.

We shall use the following notation: L K(TZ) will stand for the subspace of L?(T?) consisting of
functions having only Fourier modes in A. For a function f € L?(T?) (resp. a symbol a € S%(T*T?)),
we denote by (f), its orthogonal projection on L%\ (T?), i.e., the average of f along A*:

ik-x ik-x
ONOEDIEEI0 (resp. (@G 8) =) 5 fz(k,s)).
keA keA
If rk(A) = 1 and v is a vector in A™\ {0}, we also have
T
(f)A(x):TILmOO%/O f(x+tv)dt. (6-1)

In particular, note that (f) (resp. (a),) is nonnegative if f (resp. a) is, and that (f) s € €>°(T?) (resp.
(a)p € SUT*T?))if f € 6°(T?) (resp. a € S°(T*T?)).

Finally, given f € L‘/’\O(TZ), we denote by m s the bounded operator on L%(Tz), consisting in the
multiplication by f.



182 NALINI ANANTHARAMAN AND MATTHIEU LEAUTAUD

6B. Decomposition of invariant measures. We denote by M+ (T*T?) the set of finite, nonnegative
measures on T*T2. With the definitions above, we have the following decomposition lemmata, proved
in [Macia 2010] or [Anantharaman and Macia 2010, Section 2]. These properties are given for general
measures u € M (T*T?). Of course, they apply in particular to the measure  defined by Proposition 5.1.

Lemma 6.1. Let ju € MT(T*T?). Then p decomposes as a sum of nonnegative measures

m = flr2xq0) + Ulr2x0, + Z HIT2 5 AL\ O} - (6-2)
AeP,ik(A)=1
This decomposition simply comes from partitioning R? into the disjoint, countable union of {0}, €2
and the sets AL\ {0}, which for rk(A) = I are punctured lines of rational slopes. For such A, note that
£ € AL\ {0} implies As = A.
Given p € M (T*T?), we define its Fourier coefficients by the complex measures on R%:

e—ik-x
u(k, ) 3=f2 5 w(dx,-), kelZ.
T

One has, in the sense of distributions, the Fourier inversion formula

ik-x
e §) =Y Sk ).

keZz?

Lemma 6.2. Let u € Mt (T*T?) and A € P. Then the distribution
ik-x

7 ik, &)

()a(x, &)=

keA

is in M (T*T?) and satisfies, for all a € 6°(T*T?),

() as @) w12y 02y = (s (@) A)aer*T2) €0 (77 T2) -

Lemma 6.3. Let w € M (T*T?) be an invariant measure. Then, for all A € P, the measure KlT2 5 (A L\ (O]
is also a nonnegative invariant measure and

T2 atvjop = () AlT25at\(op -

Let us now come back to the measure p given by Proposition 5.1, which satisfies all properties listed in
Proposition 5.2. In particular, this measure vanishes on the nonempty open subset of T2 given by {b > 0}
(see item (4) in Proposition 5.2). As a consequence of Proposition 5.2 and of the three lemmata above,
this yields the following lemma.

Lemma 6.4. We have =3\ cp i a)=1 112 x (a1 \(0)-

As a consequence of Proposition 5.2, we have indeed that the measure w is supported in {|§| = 1},
which implies |72 (o) = 0. In addition, Lemma 6.3 applied with A = {0} implies that j|y2, o, is constant
in x, and thus vanishes everywhere since it vanishes on {6 > 0}.
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Remark 6.5. Since the measure p is supported in {|§| = 1} (Proposition 5.2(1)), we have

KIT25 At = KIT2 0 (A L\(O))
(which simplifies the notation).

As a consequence of these lemmata and the last remark, the study of the measure w is now reduced to
that of all nonnegative invariant measures |2, o1 With rk(A) = 1.

The aim of the next sections is to prove that the measure |2, o1 vanishes identically, for each periodic
direction A*.

6C. Adapted coordinates for resonant directions of order 1. For each A € P, we define

At :={& eR?*suchthat £ -k =0forall k € A},
Ta:=(A)/2TA,
TpL:=AY/QrZ?> N AY).

Note that if rk(A) =1, T, and T are two submanifolds of T2 diffeomorphic to one-dimensional tori.

Their cotangent bundles admit the global trivializations 7*Txy = Tx X (A) and T*T 1 = Tp1 X AL
To study the measure i|y2, (5 1\(o)) for A € P, tk(A) = 1, we need to work in adapted coordinates.
We define the linear isomorphism

XAZAJ‘X<A>—>R2

by (s, y) — s+, and denote by x, : T*AL x T*(A) — T*R? its extension to the cotangent bundle. This
map can be defined as follows: for (s, o) € T*AL = A+ x (AH)* and (y, n) € T*(A) = (A) x (A)*, we
can extend o to a covector of R? vanishing on (A) and 7 to a covector of R? vanishing on A+. Remember
that we identify (R?)* with R? through the usual inner product; thus we can also see o as an element of
A+ and 7 as an element of (A). Then we have

AaGs, 0,0 =(s+y,0+n) € T*R* = R? x (RH)*.

Conversely, any & € (R?)* can be decomposed into & = o + 1, where o € At and n € (A). We denote
by P, the orthogonal projection of R? onto (A), that is,

PpE =n. (6-3)
Next, the map x, goes to the quotient, giving a smooth Riemannian covering of T?:
Ta:Tar xTa = T2 (s,y) > s+y.
We shall denote by 7, its extension to cotangent bundles:
AN T TAL X T*TA — T*T2.

As the map 7, is not an injection (because the torus T 1 x T contains several copies of T?), we introduce
its degree p,, which is also equal to Vol(T y1 x T)/Vol(T?).
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Then, the map

Tau := UO XA

PA

defines a linear isomorphism L2 (R?) — L2 (A' x (A)). Note that because of the factor 1/,/pa,
Tx maps L*(T?) isometrically into a subspace of LX(T AL X Tp). Moreover, To maps Li(TZ) into
L*(Ta) C L*(T o x Ty), since the nonvanishing Fourier modes of u € L%\ (T?) correspond only to

frequencies k € A. This reads

Tau(s,y) = u(y) for(s,y) €TpL xTy. (6-4)

PA

Since x4 is linear, we have
Tx Opj,(a) = Opy(ao xa)Th, (6-5)

for any a € €°°(T*R?), where on the left Op,, is the Weyl quantization on R? (A-1), and on the right
Op, is the Weyl quantization on A+ x (A). Next, we denote by Op}‘l\L and Opfl\ the Weyl quantization
operators defined on smooth test functions on 7*A+ x T*(A) and acting only on the variables in T*A+
and T*(A), respectively, leaving the other frozen. For any a € %SO(T*AL x T*(A)), we have

Op,, (@) = Op)" 0 OpP (a) = Opp* 0 Opi (a). (6-6)

Now, if the symbol a € %?(T*Tz) has only Fourier modes in A, we remark, in view of (6-4), that
a o, does not depend on s € T 1. Therefore, we sometimes write a o 75 (0, y, ) foraoma (s, o, y, 1),
and (6-5) and (6-6) give

Ta Opj,(a) = Opl 0 Op (a0 #a) T = Opp (aofn(hDy,-,-))Ts. (6-7)

Note that for every o € A, the operator Op,[l‘ (@aof(o,-,-)) maps L*>(T,) into itself. More precisely,
it maps the subspace T (L%(Tz)) into itself.

7. Change of quasimode and construction of an invariant cutoff function

In this section, we first construct from the quasimode v, another quasimode wj;, that will be easier to
handle when studying the measure |2, o1. Indeed, wy, is basically a microlocalization of vy, in the
direction A at a precise concentration rate.

Moreover, we introduce a cutoff function X;f\ x)=y ;f\ (y, s), well adapted to the damping coefficient b
and to the invariance of the measure |2, 4. in the direction A+ (this cutoff function plays the role of
the function y (b/h) used in [Burq and Hitrik 2007] in the case where b is itself invariant in the direction
A™). Tts construction is a key point in the proof of Theorem 2.6.

Let x € €2°(R) be a nonnegative function such that x =1 in a neighborhood of the origin. With Py

defined in (6-3), we first set
)
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which implicitly depends on « € (0, 1). The following lemma implies that, for § and « sufficiently small,
wy, is also a o(h2T? )-quasimode for th.

Lemma 7.1. For any o > O such that
2046 <1 and 3a+25<1, (7-1)

we have

h 245
Il Py wh || 212y = 0(h°T°).

As a consequence of this lemma, the semiclassical measures associated to wj, satisfy in particular
the conclusions of Proposition 5.2. Moreover, the following proposition implies that the sequence wy,
contains all the information in the direction AL

Proposition 7.2. Suppose that || P,f’ wp | 22y = o(h*™) and 0 < o < (148)/2. Foranya € CGSO(T*TTZ),
we have

(25 ALy @) a(r*T2) 00T+ T2) = Ai_I)I})(OPh(a)wh, Wh) [2(T2)-

Note that under condition (7-1), both assumptions of Proposition 7.2 are satisfied since in particular
@<l
Next, we state the desired properties of the cutoff function X;f\- The proof of its existence is a crucial

point in the proof of Theorem 2.6.

Proposition 7.3. For § =4e and ¢ < %, there exists a satisfying (7-1), such that for any constant cy > 0,

there exists a cutoff function X;f\ € € (T?) valued in [0, 11, such that

(D) X;f\ = X;f\ (y) does not depend on the variable s (i.e., X;f\ is At-invariant),

2) 11 = xMwall 22y = o(1),
(3) b < coh on supp(x}),

@ 19y x L wall 22y = o(1),
(5) 1103 x; wallz2cr2) = o(1).

Note that the function X;f\ implicitly depends on the constant ¢y, which will be taken arbitrarily small
in Section 9.

In the particular case where the damping function b is invariant in one direction, this proposition
is not needed. In this case, one can take as in [Burq and Hitrik 2007] X;f\ = x(b/(coh)). In the d-
dimensional torus, this cutoff function works as well if b is invariant in d — 1 directions, and an analogue
of Theorem 2.6 can be stated in this setting. Unfortunately, our construction of the function x ,f\ (see the
proof of Proposition 7.3 in Section 12) strongly relies on the fact that all trapped directions are periodic,
and fails in higher dimensions.

We give here a proof of Lemma 7.1. Because of their technicality, we postpone the proofs of
Propositions 7.2 and 7.3 to Sections 11 and 12, respectively.
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Proof of Lemma 7.1. First, we develop

v = 15 0m x(501) e =On o (208) o 4. om (x50 . 7

since P(f’ and Op,, (x (| Pa&|/h*)) are both Fourier multipliers. We know that

Joes (x (F25)) i

It only remains to study the operator
P 1= P _
[, 0, (x (LL2E1)) ] = int = 0, (30 (HE251)) 4+ 050, 20— (7-3)
according to the symbolic calculus.
Moreover, using the pointwise inequality! |Vb(x)|> < 2|b|y2-b(x) (holding for any nonnegative
W22 function b), we have, for some C > 0,

< |Plonll 22y = o(R*F0).

L2(T?)

2
ch—|abx' (L25)[ 0 on T2 R2,

The sharp Garding inequality applied to this nonnegative symbol then yields

(IPAEIN? l—a
(Oph<Cb_ |8ybx ( he )’ )vh’ vh)Ler) z—Ch,

Jon (52 ¢ (428)

Combining this estimate together with (7-3) gives

Jn[e- 0w (x (455 ]

Coming back to the expression of th wy, given in (7-2), this concludes the proof of Lemma 7.1. U

and hence )

< C(bvp, vi) 22y + O ™).

L2(T?)

= o(hR* 4+ £ 0T,
L2(T?)

8. Second microlocalization of ;. on a resonant affine subspace by vA and p,

We want to analyze precisely the structure of the restriction |2, a1\ (o}, using the full information
contained in 0(h2+5)—quasimodes like v, and wy,.

From now on, we want to take advantage of the family wj, of o(h**%)-quasimodes constructed in
Section 7, which are microlocalized in the direction A+. Hence, we define the Wigner distribution
Wh e 9/ (T*T?) associated to the functions wj, and the scale £, by

(W", a)s0y.s0 = (Op,(@wp, wy) 22y for all a € SUT*T?).
ITo prove this inequality, we denote by H f the Hessian of f, take v € RZ and write the Taylor formula
t

b(x—i—tv):b(x)—f—tv-Vb(x)—l—/ (t—s)v-Hf (x +sv)vds.
0

2
Taking 7 > 0 and using that b(x +v) > 0, we obtain —v - Vb(x) < Lb(x) + B Hf | oo forall (x, v) € T2 x R? and 1 > 0.
The conclusion follows when optimizing in .
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According to Proposition 7.2, we recover

h
(W7, a)(soy s0o = (lr2xats @) ar+12),€0(T+12)

in the limit &7 — 0, for any a € %SO(T*TTZ) (and « satisfying (7-1)).

To provide a precise study of w|y2, oL, we shall introduce as in [Macia 2010; Anantharaman and
Macia 2010] two-microlocal semiclassical measures, describing at a finer level the concentration of the
sequence vy, on the resonant subspace

At = {€ € R? such that Po& = 0},

where P, is defined in (6-3). These objects were introduced in the local Euclidean case in [Nier 1996;
Fermanian-Kammerer 2000a; 2000b]. A specific concentration scale may also be chosen in the in the
two-microlocal variable, giving rise to the two-scales semiclassical measures studied in [Miller 1996;
1997; Fermanian-Kammerer and Gérard 2002].

We first have to describe the adapted symbol class (inspired by [Fermanian-Kammerer 2000a] and
used in [Anantharaman and Macia 2010]). According to Lemma 6.3 (see also Remark 6.5), it suffices
to test the measure yt|y2, 4. With functions constant in the direction A+ (or equivalently, having only
x-Fourier modes in A, in the sense of the following definition).

Definition 8.1. Given A € P, we shall say that a € S}\ ifa=a(x,& n) €€*(T*T?>x (A)) and

(1) there exists a compact set K, C T*T? such that, for all 5 € (A), the function (x, &) — a(x, &, n) is
compactly supported in K,;

(2) a is homogeneous of order zero at infinity in the variable n € (A); i.e., if we denote by Sy := S'N(A)
the unit sphere in (A), there exists Ry > 0 (depending on a) and apom € CGSO(T*TZ X Sp) such that

a(x, & n) = ahom(x, £, %) for ] > Ry and (x, &) € T*T?;

for n # 0, we will also use the notation a(x, &, con) := anom(x, &, n/1n1).

(3) a has only x-Fourier modes in A, that is,

ik-x

a(x,&,m =) ——atk.& m.

keA

This last assumption is equivalent to saying that o - 3,a = 0 for any o € A+. We denote by S}\/ the
topological dual space of S 11\

Let x € 62°(R) be a nonnegative function such that x =1 in a neighborhood of the origin. Let R > 0.
The previous remark allows us to define, for a € S the two following elements of S 11\/:

(W™, a)s’ s = <Wh’ (1 - X(%))a(x’ J %»w(r*vz)f@?(T*W)’ &1

h o wh IPA$|> ( PA"E)) B}
<WR~A’a>Sk Sy T <W ’X< Rh )¢ x 8 h Jlar=12) %0 T+T2) (8-2)



188 NALINI ANANTHARAMAN AND MATTHIEU LEAUTAUD
In particular, for any R > 0 and a € S}, we have

Pp§ h.A h

Wh? ( » S _>> - W ’ 9 4 W 5 4 . 8'3

< a(x.§ h ) o (1+12) % (1+T12) R astsy T Weras @lst st (8-3)
The next two propositions are the analogues of [Fermanian-Kammerer 2000a] in our context. They

state the existence of two-microlocal semiclassical measures, as the limit objects of ng’A and Wﬁ, A

Proposition 8.2. There exists a subsequence (h, wy,) and a nonnegative measure v € ME(T*T2 x Sy)
such that, for alla € S L we have
. . h,A
pm Nm (We™ a)g s = (UA’ “hom (x’ 5 %))M(T*TZX§A),<€9(T*'U'2><§A)‘

To define the limit of the distributions ng’ A» We need first to introduce operator spaces and operator-
valued measures, following [Gérard 1991]. Given a Hilbert space H (in the following, we shall use
H = L*(T,)), we denote respectively by #(H), $'(H) the spaces of compact and trace class operators
on H. We recall that they are both two-sided ideals of the ring £(H) of bounded operators on H. We
refer for instance to [Reed and Simon 1980, Chapter VI.6] for a description of the space £'(H) and
its basic properties. Given a Polish space T (in the following, we shall use T = T*T 4 1), we denote by
M*(T; £'(H)) the space of nonnegative measures on 7T, taking values in £'(H). More precisely, we
have p € MF(T; L1 (H)) if p is a bounded linear form on %g(T) such that, for every nonnegative function
ace %g(T), (0, a) e € $'(H) is a nonnegative hermitian operator. As a consequence of [Reed
and Simon 1980, Theorem VI.26], these measures can be identified in a natural way to nonnegative linear
functionals on %Q(T; H(H)).

Proposition 8.3. There exists a subsequence (h, wy) and a nonnegative measure
pa € MY (T*Tyr: L1(L2(TA))).

such that, for all K € €2°(T*T y1; H(L*(T4))), we have

1im (K (s, h D) Tawn, AW 12t 221,y = tr{ / K (s, 0)pa(ds, da)}. (8-4)
— T*TAL
Moreover (for the same subsequence), for all a € S}, we have
. . h A ~
Jim_Tim (W} 5 @) g1 = tr{ fT .y, bl (@GEa @, 3.0, M)on(as. do)}. (8-5)

In the left-hand side of (8-4), the inner product actually means
(K (s, hDs)Tawp, TAWR) 12(T | 12(T))

i i /
:/ eh 550 <K<s—|2—s ,o*)TAwh(s/, y), Tawp (s, y)) dsds' do.
seT,1.s'eAl oAl A)

2
L2(T

In the expression (8-5), remark that for each o € AL, the operator Opi\ (a (A (o, y,0), n)) is in
P(L?*(T,)). Hence, its product with the operator p (ds, do) defines a trace-class operator.
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Before proving Propositions 8.2 and 8.3, we explain how to reconstruct the measure zt|y2, o+ from the
two-microlocal measures v* and p,. This reduces the study of the measure . to that of all two-microlocal
measures v and py, for A € P.

We denote by J}(T) the set of compactly supported measures on 7', and by (-, - ) 4. ()¢t the
associated duality bracket.

Proposition 8.4. Foralla e €2° (T*T?) having only x-Fourier modes in A (i.e., foralla € S [1\ independent
of the third variable n € (A)), we have

(I, a) ur12),€0(T*12) = (™, A) T+ T2 xS ), CUT*T2xSp) +tr{/ Maosiy (0) oA (ds, dU)}, (8-6)
T

.'H'Al

and
(25 ALs @) a(T*T2) €0 (T*T2)

= (V2 12 x AL xSy » Q)T+ T2xS ) @ (T T2xS ) +tf{/ Moty (U)PA(dS,dU)}, (8-7)
T

where for o € AL, Maos, (0) denotes the multiplication in L*(Ty) by the function y — a o p (0, y).
Moreover, we have v™ € M (T*T? x Sp) and pp € M (T*T p1; LHL3(T,))) (i.e., both measures
are compactly supported).

Formula (8-7) follows immediately from (8-6) by restriction. By the definition of the measure pp, we
see that it is already supported on T? x A+ (see expression (8-2)).

The end of this section is devoted to the proofs of the three propositions, inspired by [Fermanian-
Kammerer 2000a; Anantharaman and Macia 2010].

Proof of Proposition 8.2. The Calder6n—Vaillancourt theorem implies that the operators

on((1-#(59) (2. 45)) =0 (1 (42 (e 72))

are uniformly bounded as # — 0 and R — +oc0. It follows that the family WZ’A is bounded in S /1\/, and
thus there exists a subsequence (4, wy) and a distribution i? such that

. . h,A _ gy~ A
RILII;O}}%(WR sa)gr gt = (A7, alx, & m)g g

g/ gt = 0 as soon as the
A PN

support of a is compact in the variable . Hence, there exists a distribution v € @' (T*T? x S,) such that

Because of the support properties of the function y, we notice that (i*, a)

~ A _[,A n >>
, alx, s, "ol =\V ,a X, 5, .
(M ( S n)>511\ ’Sll\ < hom( E |n| @/(T*—UVZXSA),(@?O(T*—UVZXSA)

Next, suppose that a > 0 (and that /1 — x is smooth). Then, using [Anantharaman and Macia 2010,
Corollary 35], and setting

0= (- (el 25))

B
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there exists C > 0 such that for all 2 < hy and R > 1, we have

HOPh((l — X (%))a(x, £ %5» _Op, (b")?

As a consequence, we have,

<<
~— R

F(L2(T2)

h,A R 2 C 2
(WR s a>S11\/7S11\ > |l Oph(b )wh”LZ(WZ) - E”wh”LZ(W)’
so that the limit (v, apom(x, &, )@ (T2 xS 5) €=(T*T2 xS, 1S nonnegative. The distribution v s

nonnegative, and is hence a measure. This concludes the proof of Proposition 8.2. (]

Proof of Proposition 8.3. First, the proof of the existence of a subsequence (&, wy) and the measure pp
satisfying (8-4) is the analogue of Proposition 5.1 in the context of operator valued measures, viewing
the sequence wy, as a bounded sequence of LXT ALS L?(Ty)). It follows the lines of this result, after the
adaptation of the symbolic calculus to operator-valued symbols (or more precisely, of [Gérard 1991] in
the semiclassical setting).

Second, using the definition (8-2) together with (6-7), we have

P P
(W}é,m a>S}\/,S}\ = <OPh (X(' Ié\h“ﬂ)a(x, £, _25))wh, wh)L2(1r2)

- (on o0l )t )

Hence, setting
ab \(o,y,m) = x('%')a(fm(a, y, hn), n),
we obtain

h At Ag h
<WR,A9 a>S}\/,S}\ == (Oph 00p1 (aR,A(O-v Yy, U))TAwh, TAwh)LZ(]TAJ_ xTp)"

We also notice that Op{\ (aﬁ’e’ A) € H(L*(T »)), for any o € AL, since aZ’ A has compact support with
respect to 7. Moreover, for any R > 0 fixed and a € S}, the Calderén—Vaillancourt theorem yields

Opi'(ak ) = Opf (ag o) + 1B,

for some B € £(L?(T,)), uniformly bounded with respect to 4. Using (8-4), this implies that for any
R > 0 fixed and a € S,l\, we have

AL%(W,’;,A,%IA/’SX :tr{/T Opf\(a%,A)pA(ds,dG)}.

*TAL

Moreover, we have
R OD? (ag, ) = O (az, ») = Opf (a(@a (0, y, 0, m),

in the strong topology of C@SO(T*—H—AJ_; SB(LZ(TA))). This proves (8-5) and concludes the proof of
Proposition 8.3. U
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Proof of Proposition 8.4. Taking a € S}\ independent of the third variable € (A) gives

h
(W7, a(x, 8))ay 12y e0r+12) = (lT230 AL Q) (T+T2).€0(T*T2)
together with
whA A
(W™ a)g g1 = (07, @) (112 x5,) QT T2 xS )

(according to Proposition 8.2) and
(Wi p a)gr g — tr{/ op (a(frA(a,y,O)))pA(ds,do)} :tr{f maoﬁA(G)pA(ds,da)}
AEA T*-U—AL T*TAL

(according to Proposition 8.3). Now, using the last three equations together with (8-3) directly gives (8-7).
As both terms in the right hand-side of (8-7) are nonnegative measures and the left-hand side is a
compactly supported nonnegative measure, this implies that v and p, are both compactly supported. [

9. Propagation laws for the two-microlocal measures v and pj

In this section, we study the propagation properties of v and p, defined in Propositions 8.2 and 8.3,
respectively. The key point here is the use of the cutoff function introduced in Proposition 7.3.

We will use repeatedly this fact, which follows from item (2) in Proposition 7.3: if A is a bounded
operator on L3(T?), we have

(Awp, w212y = (Axrwa, x5 wi) 22y + 1 Allgzy o(1). 9-1)

To simplify the notation, we shall write A, ; for X;f\ A X;f\-
9A. Propagation of vA. We define for (x, £, 1) € T*T? x (A) and 7 € R the flows

¢o(x, £, ) o= (x + 6.8, 1),
generated by the vector field £ - 9, and, for n # 0,

O AR

generated by the vector field (n/|n]) - d,. With these definitions, we have the following propagation laws

for the two-microlocal measure v2.

Proposition 9.1. The measure v is $°- and ¢! -invariant, that is,

(d)?)*vA =v  and ((]ﬁi)*vA =vh for every T € R.

The key result here is the additional “transverse propagation law” given by the flow ¢.. The measure v
not only propagates along the geodesic flow d)g, but also along directions transverse to A,

Proof. Fixa € S [1\ The computation done in (5-6) is still valid replacing a by

(1= (7)ol 55).
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since it only uses the fact that Op,((1 — x(|Pa&|/Rh))a(x,&, PA&/h)) is bounded and that
I Pl wpll 212y = o(h) and (bwy, wp) 12¢p2) = o(1). This yields

: hA g 1 hog _ |PA§|)> ( PA%)}) _
%ﬂ)(WR 6 8xa)5}\’s}\_hm<W & 8x{<1 X< rRi ) E T, QD’(T*TZ),%;?C(T*W)_O’

h—0

and hence, in the limit R — 400, we obtain

A n
v, E-0.a (x, ,—)) =0.
< § - Oxthom| X, § |/ LT+ T2 xS 0).€0(T*T2x S )
Replacing anom by dhom © ¢>$ and integrating with respect to the parameter t gives (¢$)*VA = v, which
concludes the first part of the proof.
Second, to prove the ¢% -invariance of VA we compute

(UA’ % ' Bxahom(x, 5 |Z_|)>A/L(T*T2><SA),‘€2(T*T2><SA) - Rli—>moo %i_r&)(Wz’A, |Z_| ‘ xa>slA’,s/1\' ©-2)
Setting
a® e, &m = - (1= x () )acx, &, m)
7] R
and
AR = 0p, (a* (x. £, %5)) 9-3)

we have the relation

hA 1
wha 1, a>
< B2 sy st

= —5 (A n. ARJwh, wa) 22,
where Ay = 8y2, is the laplacian in the direction A.

Lemma 9.2. For any given cy > 0 and R > 0, we have
([An, AR wp, wa) 22y = (AN, AL j1wn, wa) 272 +o(L).

We postpone the proof of Lemma 9.2 and first indicate how it allows us to prove Proposition 9.1. We
now know that

v, - .0.a x, &, — = lim lim —=([AA, A wy, W .
< || O hom § N/ (T T2xS,). €T T2xSs)  R—>00 h—0 2([ A Aco i TWn W) 22

Recall thata € S }\ implies that a has only x-Fourier modes in A, i.e., PA& - 0ya = £ - d,a. We have
also assumed in this section that b has only x-Fourier modes in A. As a consequence, we have

i i
_5([AA, AR Twi, wi) 2y = —z([A, Ai‘;,h]wh, Wh) £2(T2)
i

= 2_}12([P(§l, Aﬁ,,h]wh, Wh)[2(T2)- (9-4)
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Developing the last expression of (9-4), we obtain

i I aR i R i R I
W([PO s Ay ] Whs Wh) 212) = W(Aco,hwh’ thwh)Lz(Tz) — W(Aco,th’wh, Wi)[2(T2)

1 1
— 5 (Al w W bwn) g2y = 5 (Ag bwn, wi) 2. (9-5)

Since Ag) . 1s bounded in PL(L?(T?)), its adjoint Ag} 1, 1s also bounded so that the first two terms in the
last expression vanish in the limit 2 — 0, using || th Whll 212y = o(h?). To estimate the last two terms,
we use again the boundedness of AR and (A®)* and write

(AR ywn, bwn) 2zl < TAR G bwi | 2y < 2coh | AR,
according to item (3) in Proposition 7.3. It follows that

lim sup <2cosup || AR

‘L
h—0 2h

1
(Afg,hwh, bwp) 212y + E(Afg,hbwh, Wh) 12(T2)

Coming back to the expression (9-2), we obtain

A 7N n
vt, - .0.a (x, , —))
K | O hom § I/ (T T2%S ), €T *T2x S 1)

and since ¢y was arbitrary,

N danon (v, €. 7))
Vh, —— - 0a x, &, — =
< || e hom s N1/ LT 12 xS ), €0(T*T2xS )

Replacing anom by dhom © ¢} and integrating with respect to the parameter t gives (¢!),v2 = v2, which

< 2cosup AR

concludes the proof of Proposition 9.1. g

Proof of Lemma 9.2. We are going to show that
([An AL JJwn wi) 2y = (Aa, AR nwn, wi) 22 +o0(1). (9-6)

Then, using the fact that [A,, AR] is a bounded operator (its symbol is (l —X (%))ﬁ -0yva(x, &, 1))
together with (9-1), this is also ([A4, AR wy, wp) 212y +o(1). 7
To prove (9-6), we develop the difference [Ax, AR | 1—[Ax, AR]yn as

[Ax, AR 1= 18N AR =107, X 1A% Xt + xit AR185, 3. (9-7)
Then, writing
(07 i1 = 93 xi + 29y x40y
we have
(07, X TAR X wn, wi) p2er2y = (AR X wi, 35 X0 wa) 2y + By 0 AR 3™ wi, 20, x5 wi) 22
Recalling that the operator 9, o AR is bounded, and using items (4) and (5) in Proposition 7.3, we obtain
(105 X1 AR it wa wi) 2y | < CHOZ X wall 22y + Clldy X wall 22y = o(1).

The last term in (9-7) is handled similarly. This finally implies (9-6), concluding the proof. O



194 NALINI ANANTHARAMAN AND MATTHIEU LEAUTAUD

9B. Propagation of px. We denote by (a)f\, ei) jen the eigenvalues and associated eigenfunctions of the
operator —Ap = —8y2 forming a Hilbert basis of L2(T ). We shall use the projector onto low frequencies
of —A,, that is, for any @ € R, the operator

ny = Z (s €A L2(T,)€h s

J
Wy <

which has finite rank.
We have the following propagation laws for the two-microlocal measure py .

Proposition 9.3. (1) For any K € 62°(T*Ty1; H(L*(Ty))) independent of s (i.e., K (s, o) = K (0))

and any o > 0, we have

tr{/ [Ax, IR K (0)TIR] pa(ds, dcr)} =0.
T*T,1

(2) Defining
My ;:/ oalds,do) e $1(LA(Ty)),
-H—AL x AL

we have
[Ar, MA]=0.

Remark that for any o € A, the operator
[An, IRK (0)IR] = IF[An, K(0)] TIF

has finite rank, so the right-hand side of item (1) is well defined. Note that the definition of M, is
meaningful since p, has a compact support according to Proposition 8.4.

The commutation relations of items (1) and (2) in this proposition correspond to propagation laws at
the operator level. They are formulated here in a “derivated form”, which, for item (2) for instance, is
equivalent to

ETAAMpe AN = M, forall T €R,

in the “integrated form”.

Proof of Proposition 9.3. For K € ‘GSO(AL; ?7{(L2(TTA))) (in other words K € CGSO(T*—[I—AL; WC(LZ(TA)))
independent of s € T 1), we denote

K?®(0) =M% K (o)1}

and we note that K is also in 62°(A; J(L*(T»))). Hence, we have
tr{/ [Aa, IR K (0)TI}] pa(ds, dG)} = —;}iﬁ%)([—AA, K (hD)1 Tawp, TAWR) 12T, 11 12(Ty))-
T*T,1 -

To show that this limit vanishes, we proceed as in (9-4), (9-5) and in the subsequent calculation, replacing
the operator AR by K®(hDsy).
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With the notation A =9 and A1 = 97, we first note that
([—An, K?(hDy)] Tawy, TAwh)LZ(TAL;LZ(TA)) = ([—A, K“(hDy)] Tawy, TAwh)LZ(TAL;LZ(IrA)),

since A = Ap + A1 and since [A 1, K“(hD;)] = 0. As a matter of fact, K“(hDy) = Opfl\(K‘“(a))
and AyL =—h"? Op;l\(|a |) are both Fourier multipliers.
The following lemma is proved the same way as Lemma 9.2.

Lemma 9.4. For any given cy > 0, we have
([AA, K@) Tawn, Tawn) 22y = ([An, K¢, (BDg)] Tawp, Tawn) 1212y + o(1).

Here K2 | (hD;) means X}f\K‘”(hDS)X}{‘.

0
Writing
—h*A =TAP}T} —ihbomy,
we have
([=A, K& 4 (WD) Tawn, TAWR) 12T, :12(T )
1 1
= ﬁ(Kf%,h(hDs)TAwh, Ta thwh)L2(TAJ_;L2(TFA)) - ﬁ(Ké’;,h(hDs)TAPZ’wh, Tawn) (2T, | 1 L2(Ty))
i i
+ E(Ké‘(’),h(hDS)TAwh, Ta(bwn)) aqr, | ;12(Tp) + E(Ké‘;,h(hDs)TA (bwp), TAWR) (2T, |1 12(T,))-
It follows, as in (9-5), that
limsup|([—A, K2 ,(hD)] Tawn, Tawp) 121, 12T, )| < 2¢0ll K|
h—0
and since ¢y was arbitrary, we can conclude that

Hm ([Ax. K®(0)] Tawn, Tawn) 1212y =0,

which concludes the proof of item (1).
Item (1) gives, for all K € H(L%(T,)) constant (which is possible since pj (ds, do) has compact

support),
0=tr{/ [AA,Kw]pA(ds,da)}=tr{[AA,K“’]/ ,OA(dS,dO')}=tI'{[AA,Kw]MA}.
T*T,1 T*T,1

Using that tr(AB) =tr(BA) forall A € $land Be ¥ together with the linearity of the trace (see [Reed
and Simon 1980, Theorem VI.25]), we now obtain, for all K € H(L*(T,)) and all w > 0,

0=tr{[Ax, IS KT Mp} = tr{KTIS[An, MA]TIZ).

Consequently, we have TT [Ax, MA] 1} =0 for all w > 0 (see [Reed and Simon 1980, Theorem VI.26]).
Letting w go to +o0, this yields [Ax, M ] = 0 and concludes the proof of item (2). O
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10. The measures v? and p, vanish identically. End of the proof of Theorem 2.6

In this section, we prove that both measures v® and p, vanish when paired with the function (b) 5. Then,
we deduce that these two measures vanish identically. In turn, this implies that |2, o+ = 0, and finally
that © = 0, which will conclude the proof of Theorem 2.6.

Proposition 10.1. We have

A
(W m2xatxsy s D) A . (1¥T2 xS0, @01+ T2 xS, =0 and  tr{mp), Mo} =0.
As a consequence, we prove that p and v |2, 4Ly s , Vvanish.
Proposition 10.2. We have pp = 0 and v* lT2x At xs, =0. Hence pl|p2, 51 =0.

This allows us to conclude the proof of Theorem 2.6. Indeed, as a consequence of the decomposition
formula of Proposition 8.4, we obtain |2, o1 = O for all A € P such that rk(A) = 1. Using the
decomposition of the measure y given in Lemma 6.1 together with Lemma 6.4, this yields i = 0 on T2,
This is in contradiction with u(7*T?) = 1 (Proposition 5.2), and this contradiction proves Theorem 2.6.

Proof of Proposition 10.1. First, (5-2) implies that (bvy,, vy) 272y — 0, and hence

(1, b) i (r+12) e0(r*12) = 0.

Then the decomposition given in Lemma 6.1 into a sum of nonnegative measures yields that, for all
Ae?P,

(Ul ats D)t (r+12) 00 (75712) = 0, (10-1)
since b is also nonnegative. Lemmata 6.2, 6.3 and 6.4 (see also Remark 6.5), then give
(lr2seats O) A it <12y 00 (7+12) = (lT2 ) AL\ (0D 5 (P) A) o (T+T2),€0(T*T2)
= (tlrxats D) r12) 0012 = 0, (10-2)
where the function (b), is also nonnegative. The decomposition formula of Proposition 8.4 into the
two-microlocal semiclassical measures then yields
(lr25 Aty (BY A ) i, (7*T2). €0 (T*T2)

= (V2 12 AL xS » (B AV U (1712 xS ) €0 (T*T2 xS ) +tr{/ M p), PA(dS, dO')}-
T

*-I]—AL

Since the measure vAlprLng is nonnegative, we get (v 125 AL xS, (D) A) M (T*T25S ). €O (T*T2xS ) =
0. Similarly, pp € M (T*T1; L1(L?(TA))) and the operator my, € L(L*(T,)) is selfadjoint and
nonnegative, which gives tr{ ;. RUCININGES do)} = 0. Using (10-1) and (10-2), this yields

A

A
W2k AL xS, (DY A) . (T2 xS ). €0 (T*T2 xS, ) = 0

tr{f m<b)A,0A(ds,d0)} =0.
T*-H—AL

and
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In this expression, the operator m ), does not depend on (s, o), so
0=tr{m<b>A/ ,OA(dS,dO')} =tr{m<b>AMA},
T*TAL

which concludes the proof of Proposition 10.1. g

Proof of Proposition 10.2. Let us first prove that py = 0. We recall that the operator M, is a selfadjoint
nonnegative trace-class operator. Moreover, Proposition 9.3 implies that the operators M, and Ap
commute. As a consequence, there exists a Hilbert basis (5{\) jen of L?(T,) in which M, and A, are
simultaneously diagonal, i.e., such that

—ApEL =wlel and Mu&, =ylél,
where (yI{) jen are the associated eigenvalues of M. In particular, we have y[{ > 0 for all j € N (and
y[]\ € ¢1). Note that the basis (éj\) jeN 18 not necessarily the same as the basis (ef\) jen introduced in
Section 9B.

Using Proposition 10.1, together with the definition of the trace (see, for instance, [Reed and Simon

1980, Theorem VI.18]) we have

O=tr{mp),Mp} = Z(mw)AMAéf\, e 12T,y = Z Ya((BYACL. €)) 12(T,)-
jeN jeN

Since all terms in this sum are nonnegative (because both y[]; and (b) 5 are), we deduce that for all j € N,
Ya((bYaeh. &) 2,y =0.

Suppose that yi # 0 for some j € N. Then, ((b)Aéf\, éi)LZ(TA) = 0 where (b), is nonnegative and
not identically zero on T . This yields éf\ = 0 on the nonempty open set {(b) > 0}. Using a unique
continuation property for eigenfunctions of the Laplace operator on T,, we finally obtain that the
eigenfunction éf\ vanishes identically on T . This is absurd, and thus we must have Vz{ =0forall j eN,
so that M = 0. Since py € MT(T*Tp1; L1 (L*(T,))), this directly gives pp = 0.

Next, we prove that v = 0. This is a consequence of the additional propagation law of v with respect
to the flow ¢T1 (see Section 9A). Indeed the torus T, has dimension one, (d)i)*v‘\ = v2 (according to
Proposition 9.1) and, using Proposition 10.1, v* vanishes on the (nonempty) set {(b)x > 0} x RZ x S
(with {(b) o > 0} clearly satisfying GCC on T ). Hence, A =0.

To conclude the proof of Proposition 10.2, it only remains to use the decomposition formula (8-7)
which directly yields p|t2, 21 = 0. U

11. Proof of Proposition 7.2

In this section, we prove Proposition 7.2. For this, we consider two-microlocal semiclassical measures at
the scale 2. The setting is close to that of [Fermanian Kammerer 2005].

We shall see that the concentration rate of the sequence vy, towards the direction A~ is of the form h®
forall ¢ < (1+46)/2.
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First, Lemma 6.3 yields |2, a1 = () alT2x a1 (see also Remark 6.5); that is,

(T2 aLs @) ur12),00r+12) = (U120 AL (@) A) (TT2),€0(T*T2)»

and it suffices to characterize the action of p|y2, 1 on Al-invariant symbols. Recall that, for all
a € 6X(T*T?),

(W, @) (r12),€0 (T 12) = %E})(Oph(a)vh, Un) L2(T2)-

As in (8-1) and (8-2), let us define

hA oy (1 |PA$|)) PA$>> )
Ve adgy sy —<V (1 x( TR0 ) S ) O (11-1)

h R 7 |PA§|> PA§)> _
<VR,A7 a)s/l\ 1 .= <V ) X( Rl’l al\x, é, h QD’(T*TZ),%?F(T*TZ)’ (11 2)

fora € S[l\.

We take R = R(h) =h~1=% for some « € (0, 1), so that Rk = h*. The proof of Proposition 8.2 applies
verbatim and shows the existence of a subsequence (%,v;) and a nonnegative measure vé\ eMT(T*T?*xS,)
such that, for all a € S}\, we have

. h,A A n
Im{(V, .\, a)ci’ a1 =<v , p (x, ,—)> .
h—>0< R(h) >SA SA “« om d In| M(T*T2xS4),62(T*T2xSy)

Proposition 11.1. Let R(h) = h~ =% with o < (14 8)/2. Then

Va I xatyopxs, = 0.
The proof of Proposition 11.1 relies on the following propagation result.

Lemma 11.2. For a < (1+8)/2 the measure v2* is $°- and ¢l-invariant:

@02 =vd  and (gl =02

for every T € R.

The proof is very similar to that of Proposition 9.1 but does not use assumption (2-13).

Proof. The proof of ¢? -invariance is strictly identical to what has been done for Proposition 9.1 and thus
we focus on the ¢.-invariance. Equation (9-5) still holds with R(h) = h~1~® now reading

(Vlfé,A 1

. L ARM) h _ L ARM) ph
i axa>slA/,S}\_2h2(A Uns PR 2 = 5705 (ARD P, v 2y

1 1
- E(AR(h)vh, bvp) 212y — ﬂ(AR(h)bvh, Vn) L2(T2)

where AR was defined in (9-3). Using || Plfl vpll2rey = o(h'*+?) together with the boundedness of ARM),
it follows that

. . 1 1
1 < hA M > -1 (__ ARG ARM ) 11-
lim VRiny» B dxa st st = hm 2h( Vi, bup) 212 2h( by, vi) 212 (11-3)



SHARP POLYNOMIAL DECAY RATES FOR THE DAMPED WAVE EQUATION ON THE TORUS 199

Recall from (5-2) that [|[v/bvy [l 212y = 0(h19/2). In addition, with R(h) = h~1~% we have

1
AR® — Op @), an(x, &) = m(l — x (W7 PAED))a(x, hE, PAE),

where a € S}\ is homogeneous of order zero in the third variable and P, is defined in (6-3). Since
W'~ Pr&| > 1 on supp(1 — x), the symbol a;, satisfies

10808 ay) < Cpprh!—*nIP10=),

Hence, the Calderén—Vaillancourt theorem (see for instance Theorem A.1) yields |AR™M| gy =C h'=e,
which implies

1 _ 148
= (ARD vy bup) 22y | < CRTUNAR® gy 1ol 22 IV BUR N 212y = (B 2 ).

2h

Coming back to (11-3), this finally gives

1im<Vh’A, /A a> =0,
h—0\ ROy 77 g1 g1

assoon as @ < (1+4)/2. O

A

ProofofProposition 11.1. We have (v({(\|TZX(Al\{O})X§A’ <b>A)MC(T*TZX§A),(GO(T*TZX§A) = 0, since Vo

is (¢?)-invariant and (v2, b) Mo (T*T2xS ). €0 (T*T2xS,) = 0. Then, the ¢!-invariance of v2 implies that
Ué\h’zx(AL\{o})XSA vanishes. (|

Proof of Proposition 7.2. Proposition 11.1 implies that
(T2 aLs @) ar12) 00(r*72) = lim <0Ph (X <M>a(x $)>Uh Uh)
XA BT TS ™5 he ’ S 2Ye D)
foralla < (1+6)/2and a € %?(T*Tz). The same holds if we replace x by x2:

. 2| P
{lsass @ e o) = ;}%(Oph (x <| hlzfs')a(x’ o) vh)mqrz)'

Since
0p, (1 (25 acxr, ) = 0p, (x (2251 ) oy @ 0py (1 (L225)) + 0an =y, 19y
we obtain

. P P,
(Wl ats @) a2y €Qr+12) = %E}%(Oph (a) Opy, <X <| hﬁ’&'))vh, Op, (X (| hlllé'))vh)uqzy

for all @ < (148)/2 and a € 6°(T*T?). O
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12. Proof of Proposition 7.3: existence of the cutoff function

Given a constant ¢y > 0, we define the following subsets of T2:

€= ({b > coh})a, %=< U B(X,(Coh)28)> = | B, (o)), G =Fi\ €,

A

xe{b>coh} x€€y

where for U C T2, we denote (U) 5 := U;erlU + 10} for some o € A*\ {0}. Remark that €, C %, and
that T2 =€, U9, U (T? \ ). Note also that the sets €, F;, are nonempty for 4 small enough, and that
%y, is nonempty (for 4 small enough) as soon as b vanishes somewhere on T? (this condition is assumed
here, since otherwise GCC is satisfied).

In this section, we construct the cutoff function x ,f\ needed to prove the propagation results of Section 9.
In particular, this function will be A*-invariant and will satisfy X;f\ =0on €y, and X;i\ =1onT?\%,.

The proof of Proposition 7.3 relies on three key lemmata. The first key lemma is a precised version of
Proposition 5.2 concerning the localization in T*T? of the semiclassical measure s. It is an intermediate
step towards the propagation result stated in Lemma 12.2.

Lemma 12.1. For any x € 6°(R) such that x = 1 in a neighborhood of the origin, for all a € 6°(T*T?),
and any y < (3+6)/2, we have

21 348
Oy (@, a2z = (09 @ Oy (x (S ) Juwmwn) |, +00n E )1 OB (@ llsasy. (1241

Forall a € 6°(T*T?) and all T € R,
148
(Opy (@ o) wp, wp) 212y = (Opy(@wp, wi) 22y +0(th 2 ) || Opp(a o @)l Loo0.0:2(L2(T2))) -

In this statement, we used the notation
| Opy(@o @)l ;22 = sup || Op,(aodo)ller2(r2y)-
1e(0,7)

In turn, this lemma implies the following transport property.

Lemma 12.2. Suppose that the coefficients o, € satisfy
O<3e<a and o+e=<l. (12-2)

Then, for any time t € R uniformly bounded with respect to h and any h-family of functions ¥ =y, €
©>°(T?) satisfying
1059 || Lo 12y < Ckh ™ ¥ for all k e N?, (12-3)
we have
(Y (s, Y)wn, wp) 212
= (Y (s + T, )wn, wa) 272y + (W (s — T, Y)wp, wi) 22y + O ) +0(R'7%) + o(h'®), (12-4)

where the coordinates (s, y) are the ones introduced in Section 6C.
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In view of Proposition 7.3, this lemma will allow us to propagate the smallness of the sequence wy,
above the set {b > coh} to all €y,.
The third key lemma states a property of the damping function b, as a consequence of (2-13).

Lemma 12.3. Forall & € (0, 1], x € T? and all z € B(x, 1b(x)*), we have 1b(x) < b(z) < e2b(x).

Assumption (2-13) is used here. We denoted by B(x, lb(x)a ) the Euclidean ball in T2 centered at x of
radius %b(x)s. Note that only the left inequality is used in this paper.
With these three lemmata, we are now able to prove Proposition 7.3.

Proof of Proposition 7.3. In the coordinates (s, y) of Section 6C, we can write
Ern=TrL X Ep, Fp=TrLxF,, withE,CF,CTy,.

Here, F}, is a union of intervals and has uniformly bounded total length. We can hence cover F;, with C1h~¢
subsets of length of order (coh)?/4, overlapping on intervals of length of order (coh)®/10. Associated to

this covering, we denote by (¥;) jeq1,....s}, J = J(h), a smooth partition of unity on Ej, also satisfying

o Y €6°(Fp);

« Y () =1fory € E;

. ||3;'llﬂj||Loo(‘u'A) < C,h™ forall m e N;
e J=J(h) <Ch&.

Similarly, we cover T 1 with C22~¢ subsets of length of order (coh)? /4, overlapping on intervals of

length of order (coh)®/10, and define (Y )req1, ... k) an associated partition of unity on T 1 satisfying

.....

o Y €6°(TpL);

o 8 () =1fors e Tyu;

o 08" YkllLoeqr, ) < Cnh™*™, for all m € N;

e K=K(h)<Ch¥

e forany k, koef{l, ..., K}z, there exists 7 satistying |7x| <Length(T 1) < C and ¥ (s+7%) = ¥y, (5).

We set

J K
Yii(s, ) =) () and  xt (s, ) =1=) > (s, y) € €T,
j=1 k=1

which satisfies 9, x (s, y) =0, i.e., x is At-invariant, together with

 x/* =0 on %, and hence b < coh on supp(x);
o x/=1o0nT?*\Fy;
o X2 €10, 1] on Gy, with |9, x;*| < Ch~¢ and [} x| < Ch™%.
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To conclude the proof of Proposition 7.3, it remains to check item (2) (J|(1 — X}f\)wh 22y = o(1)),
item (4) (|9 x;* wall z2(r2) = 0(1)) and item (5) (1|87 x, wa [l 272y = 0(1)).

Now, let us fix jy € {1, ..., J}. Because of the definition of the set €, there exists kg € {1, ..., K}
and xo € {b > coh} such that supp (Y, j,) C B(xo, (coh)?/2). According to Lemma 12.3, we have

o ) b ) < - 2 o 5|

so that supp(¥x, j,) C {b > coh/2}. This yields

coh
O 0= (WkojoWns W) 1212y < (BWkg jo Wi, wi) 22y = o(h'+0),

and hence (VY jown, W) 212y = o(h®). Moreover, for any k € {1, ..., K}, there exists 7; satisfying
|t| < Cp with

Vkjo (5 + Tkr ¥) = Vg jo (55 ¥)-
Hence, using (12-4), we obtain

0(h®) = Yk jo (S5 Y)Wy i) 212y = (Wkjy (5 + Ths ) Wi, Wh) 12(T2)

= (Yijo (s + 2Tk, YI)wn, W) 22y + Wkjo (8, YIwn, wi) 1272
FOR3) 400" +o(h'F).  (12-5)

Since both terms on the right-hand side are nonnegative, this implies (Vg j, (s, Y)wp, wp) 212y = o(h®) as
long as

146
2

a—3>68, 1l—a—e>46, and >4

(which implies (12-2)). From now on we will take § = 4¢ (the reason for this choice will become apparent
in the following lines). The existence of « satisfying this condition together with (7-1) is equivalent to
having ¢ < 21—9.

To conclude the proof of Proposition 7.3, we first compute

J K
(1= X wn. wi) 2(2) = Z > Wrjwa, wp) 22y = Ch™*0(h®) = o(1),
j=1 k=1

since § > 2¢. This proves item (2). Next, we have by construction supp(ag x,f\) C supp(dy X;f\) C Y,
with || 8},)(,5\ | Loor2y =0(h™%), || 83)(,{\ | oo 2y = O(h~2%). Hence, covering supp(ay)(,f)) by balls of radius
(coh)? and using a propagation argument similar to (12-5) shows that we have ||wp, )= o(h%).

We thus obtain

” L? (supp(dy X;{\

S _ S _
18y xit wall 2r2y = 0(h2~*) = 0(1), 18] x4 wall 22y = 0(h2 ) = o(1),

(since § > 4¢), which concludes the proof of items (4) and (5), and that of Proposition 7.3. O
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To conclude this section, it remains to prove Lemmata 12.2, 12.1 and 12.3. In the following proofs, we
shall systematically write n in place of Po& and o in place of (1 — P )£ to lighten the notation. Hence,
£ € R? is decomposed as &€ =1+ o, with n € (A) and o € A+, in accordance to Section 6C.

Proof of Lemma 12.2 from Lemma 12.1. First, given a function ¢ € ‘GW(TZ) satisfying (12-3), we have

(Ywn, wp) 212y = (Op, (¥ 0 P )wip, wi) 212 Fo(th'D)] Op, (¥ 0 &)l Lo (0.7:(12))

- (Oph(vf o ¢.) Op, (X<|g|;y_ 1)) Ops Mﬁ))“’h’ wh)mm
+ (O(Th%) + o(th¥_y)) I Op;, (¥ 0 @)l Lo (0,7:2(1.2))>

when using Lemma 12.1 together with Op, (x (n/(2h%)))w, = wy,. Next, the pseudodifferential calculus
yields

148 345 _
+ (o(zh S +o(th’s "N Opy (¥ 0 d) |l Lo, : 012 (12-6)

A particular feature of the Weyl quantization in the Euclidean setting is that the Egorov theorem provides
an exact formula (see, for instance, [Dimassi and Sjostrand 1999]): Op,, (¥ o @) = e~iths Oph(x//)ei’h%,
so that || Opj, (¥ 0@:) [l oo (0, 7:(L2y) < Co uniformly with respect to 4. Now, remark that the cutoff function
x(n/Ch)) x ((|E]*> — 1)/hY) can be decomposed (for 4 small enough) as

X (%La)x (m/j—v_l) X (Zh“ ) (% (@) + %, (=)

for some nonnegative function Xn such that (o n— X (a) E<€°°([R?2) such that x (o) =x((E]>*=1)/h?)
for n € supp x (- /(2h*)) and o > 0, and X,] hig)=0 for n ¢ supp x(-/(2h%)) or o <O0.
Choosing y = «, we have in particular

lo —1| < Ch* on supp( (2ha)x,](a))

Next, we recall that Y o ¢, (s, y, 0, n) =¥ (s + 10, y+11), and we focus on the first term (corresponding
to o > 0) in the right-hand side of the identity

2 (EE=D) e (51 )0 o0 = 1 (51 ) (RL@) + R -0 06 (12:7)
We set

sy o =x(3k ) TH@ v +ro v+ and (P y00m=x (5 ) B @+, ),

2h”

and we want to compare Op,, (;,(1)) and Op,, (g‘f(z) ). For this, let us estimate, for multiindices £, m € N2,

|a<s>)3(an)(f(z) tDYGs, y, 0, )

<Cny_

v<m

0 (X (57 ) 20 @) 863y Dby (W (s + 70,y +T0) = U (5 + 7, y))‘. (12-8)
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On the one hand, we have

sy (1 (31 ) 71 (@)) | = G (12-9)

On the other hand, for |v| > 0 we can also write

06386y (¥ (5 4+ 700y +70) =Y (5 47, )| = 190,380, ¥ (5 4 70y + )|
< Cypplr|MpedtiHh < ¢, pedeitivh

since |t| < C.

Finally, for |v] = 0, we apply the mean value theorem to the function (o, 1) — afs, » Y(s+to,y+1n)

and write

106y (W (s + 10, y+10) =Y (s +T.9)| < (Inl+ 1o — 1)) sup Ve d(,.,) (¥ (s + 70, y + )]
T*T2

With (12-3), this yields
|3<€s,y)(1ﬁ(s +to,y+tn) =Y +1,9)| < (nl+lo — 1DCeh™ M| |n~¢
< (nl+lo = 1))Ceh=e1HD, (12-10)

for || < C.
Using now that || < Ch® and |0 — 1| < Ch® on supp(x (n/(2h°‘))2,€’ (0)), and combining (12-8), (12-9)
and (12-10), we obtain, for all m € N?, £ € N? and 0 < h < hy sufficiently small,

R™186 00y @2 =) (s, y, 0, )| < Coph® TR =il L cy ) 37 e Uit D p medm =]

O<v<m

= C@ m (h(lia)lmll’laie(MHl) + |m|h‘m|(1*“)h*8|€|ha75)
< €y heeeD,

Using a precised version of the Calder6n—Vaillancourt theorem, as presented in Theorem A.1 below (in
which only |£| = 2 derivations are needed with respect to x in dimension two), we obtain

Op; (1) = Op, (&) + Oy (h ™).
Similarly, we have
Opy, <X <%)X:(—0)W(s + 10,y + T’?)) = Op, (X (%Laﬁg(_g)w(s _q, y)) T Ogan) (h39).

Coming back to (12-6) and using (12-7), we finally obtain, for all [t]| < C,

(Y wh, wh) 2 2) = <Oph <X <%>X$(G)iﬁ(s +, y)) Wh, wh)LZ(W)

+(0m (x (5 ) 2 (=G5 = 2. ) Y i

L2(T2)
+ O )+ 0" ™) +o(h ) +ohF ).
With the pseudodifferential calculus, this yields (12-4), which concludes the proof of Lemma 12.2. [



SHARP POLYNOMIAL DECAY RATES FOR THE DAMPED WAVE EQUATION ON THE TORUS 205

Proof of Lemma 12.1. Here, we only have to make more precise some arguments in the proof of
Proposition 5.2. Recall that according to Lemma 7.1, wy, satisfies P,ﬂ’ wy, = o(h?19).

First, we take x € €2°(R), such that x =1 in a neighborhood of the origin. Hence, (1—x (r))/r € €*°(R)
and we have the exact composition formula

o (1= (¥551)) =0m (1= (5) ) 7

since both operators are Fourier multipliers. Moreover, Oph((l — x((|&]* — 1)/}13’))h7’/(|é§|2 — 1)) is
uniformly bounded as an operator of P(L*(T?)). As a consequence, we have

(Oph(a) Oph<1 B X<I£|;V_1>)wh’ wh)Ler)

= (om0 ((1 (555 ) )

P} ihb
_(afs _(Al10
= <A v Whs wh)Lz(Tz) (A Ly Whe wh>L2(W),

where A = Op,,(a) Op,((1 — x (&> — 1)/ h"))hY /(I€]* — 1)) is bounded on L*(T?). Using Pflw), =
o(h*™®) and (bwy, wy) 212y = o(h'™), this gives

£2—1 3y
<Oph(a) Oph<1 - x( p” ))wh, wh)quz) =o(h 2 7")|| Opy (@)l L2y
which in turn implies (12-1).
Next, identity (5-6) yields, for all a € %‘L?O(TZ),

i i

(Opy,(§ - 0xa)wp, wp) 212y = E(OP;, (@wn, Plwp) 212y — %(Oph(a)thwh, Wh) 12(T2)
- %(Oph (@)wp, bwp)212) — %(Oph (@)bwp, wp) 1212
1+68
= 0(h'"*) ] Op, (@)l (z2) +0(h =) Op, (@) 91)-

as a consequence of Plf wy, = o(h**%) and (bwy,, wy) L2(T2) = o(h'*?). Applying this identity to a o ¢; in
place of a, and integrating on ¢ € [0, 7] finally gives

148
(Opy,(a o ) wy, wh)LZ(W) = (Op, (@) wp, wh)LQ(Tz) +o(th 2)| Opy(ao ¢t)||Lw(o,r;§£(L2)),
which concludes the proof of Lemma 12.1. g

Proof of Lemma 12.3. First, we have V(b°) =0 on {b = 0} and V(b®)(x) = eb(x)*"'Vb(x) on {b > 0}.
Assumption (2-13) then yields |V (b®)| < & uniformly on T?2. The mean value theorem hence gives, for all
z € B(x, 5b(x)%),

b(x)" =b(2)" +elx —z] <b(2)" + %b(X)E.
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Hence we obtain b(z) > b(x)(1 —&/2)!/¢. On the interval (0, 1], the function & — (1/¢)(1 —27%) is
decreasing so that for ¢ € (0, 1], we have (1/&)(1 —27°) > % This gives 0 < ¢/2 < 1 —27¢ so that
b(z) = b(x)(27%) /¢ for ¢ € (0, 1], which concludes the proof of the left inequality.

The right inequality follows from the same arguments. U

Part IV. An a priori lower bound for decay rates on the torus

13. Proof of Theorem 2.5

Under the assumption
{b>0}N{xo+7é, T eR} =2, (13-1)

for some (xg, &) € T*T2, &0 # 0, we construct in this section a constant ko > 0 and a sequence (¢;,),eN
of O(1)-quasimodes in the limit n — 400 for the family of operators P (inkp).

We use the notation introduced in Sections 6A and 8. First, note that, as a consequence of (13-1), & is
necessarily a rational direction, and the set {xo + t&p, T € R} is a one-dimensional subtorus of T2, given
by

{xo+ &0, T € R} ={x0+7&), T € R} :X0+—|]—AEL, with Ag) € P.
0

Let x € €X° (T?) such that x has only x-Fourier modes in Ag,, x =0 on a neighborhood of {b>0}
and x =1 on xo—i-TFAéLO.

From assumption (13-1), we have rk(Ag,) = 1, so that one can find k € Aé) N Z?%\ {0}. Besides, for all
n € N we have nk € A;O NZ*\ {0}.

We then define the sequence of quasimodes (¢,)nen by

ink-x

on(X) = x ()™ ¥ neN, xeT.

We have ¢, € €>°(T?), together with the decoupling

ink-s

(pnOT[AgO(S’Y)=X(J’)€ 5 I’lEN, (Say)e—l]—Ang—l]—Ago-
This yields
—(TAéo ATK&'O)% OTT A, (s,y)= _(AAso + AASLO)(pn OTT A, (s,y)
= =" Ap X () + 1k x ()™
Moreover, by, = 0 since their supports are disjoint. Hence, recalling that

P(inlk]) = —A — n?|k|> + in|k|b(x),

we have
(Tag, PnIKD TR, Vg 0 Ta, = =€ Ax, x (),
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and

1P GnlkD@nll2r2) = | (Tag, PERIKDTR, I 0 Tag 2, , <y, ) = Coll Aag X 2y, )-
& 0 &

Since we also have |l¢, |22y = ”TAEO('D" ”qu"?o xTag) = Collx ”LZ(TAso)’ we obtain, for all n € N,
X 2
—1. l@nllz2(r2) (Tag,)
1P~ (nlkD ¢y = , = L — =C=>0,
IPGEnlkD@nllz2y 1A X le2cra, )

which concludes the proof of Theorem 2.5. O

Appendix A: Pseudodifferential calculus

In the main part of the article, we use the semiclassical Weyl quantization associating to a function a on
T*R? an operator Op, (a) defined by

Op@ns) = sy [ [ eH0a(T2 eJu) dy e, (A1)

For smooth functions a with uniformly bounded derivatives, Op,,(a) defines a continuous operator on
$(R?), and also by duality on ¥'(R?). On a manifold, the quantization Op, may be defined by working
in local coordinates with a partition of unity. On the torus, formula (A-1) still makes sense: taking
a € €>*°(T*T?) is equivalent to taking a € €*°(R? x R?), (2w Z)?-periodic with respect to the x-variable.
Then the operator defined by (A-1) preserves the space of (277 Z)?-periodic distributions on R?, and hence
D' (T?).

We sometimes write, with D := (1/i)d,

a(x, hD) = Op,(a).
We also note that Op, (a) is the classical Weyl quantization, and that we have the relation

a(x, hD) = Opy(a(x, §)) = Op,(a(x, h§)).

Theorem A.1. There exists a constant C > 0 such that for any a € €*°(T*T?) with uniformly bounded
derivatives, we have

10p @ gz <C > 1099 all ().
ae{0,1}2,8€{0,1}2

Equivalently, this can be rewritten as
10p, @ g2y <C Y WP%0L alloreray.
ae{0,1)2,8€{0,1)2

This precised version of the Calderén—Vaillancourt theorem for the Weyl quantization is needed in
Section 12, and proved in [Boulkhemair 1999, Theorem 1.2]. Here in dimension two, this means that
only || =2 derivations are needed with respect to the space variable x.
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Appendix B: Spectrum of P (z) for a piecewise constant damping
(by Stéphane Nonnenmacher)

In this appendix we provide an explicit description of some part of the spectrum of the damped wave
equation (1-1) on T2, for a damping function proportional to the characteristic function of a vertical strip.
We identify the torus T2 with the square {—1/2 <x < 1/2, 0 <y < 1}. We choose some half-width
o € (0, 1/2), and consider a vertical strip of width 20. Due to translation symmetry of T2, we may center
this strip on the axis {x = 0}. Choosing a damping strength B > 0, we then get the damping function

0 for |x| <o,

- (B-1)
B foro < |x| <1/2.

b(x,y)=b(x)= {

The reason for centering the strip at x = 0 is the parity of the problem with respect to that axis, which
greatly simplifies the computations.

We are interested in the spectrum of the operator  generating the evolution equation (1-1), which
amounts (see Lemma 4.2) to solving the eigenvalue problem

P(u=0 for P(z)=—A+zb(x)+z%z€C,ue L*T?),u 0.

This spectrum consists in a discrete set {z;}, which is symmetric with respect to the horizontal axis:
indeed, any solution (z, #) admits a “sister” solution (z, u). Furthermore, any solution with Imz # 0

satisfies b
Rez:_lw, and thus — B/2 <Rez <0. (B-2)
2 ||u||L2('[|'2)

We may thus restrict ourselves to the half-strip {—B/2 <Rez <0, Imz > 0}.
Our aim is to find high-frequency eigenvalues (Im z 3> 1) which are as close as possible to the imaginary
axis.

Proposition B.1. There exists Cy > 0 such that the spectrum (B-2) for the damping function (B-1) contains
an infinite subsequence {z;} such that Im z; — oo and |[Re z;| < Cy/(Im 7).

The proof of the proposition will actually give an explicit value for Cy, as a function of B,o.

Proof. To study the high-frequency limit Im z — oo we will change variables and take
z=i(1/h+0),

where & € (0, 1] will be a small parameter, while ¢ € C is assumed to be uniformly bounded when / — 0.
The eigenvalue equation then takes the form

(—=h*A+ih(1+ho)byu = (1+2hE (1 +hE /2))u.

Having chosen b independent of y, we may naturally Fourier transform along this direction, that is look
for solutions of the form u(x, y) = ey (x), n € Z. For each n, we now have to solve the 1-dimensional
problem

(—h?0%/37 +ih(1+hD)b(x))v = (1 — 2mhn)* +2h (1 +he /2))v.
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Let us call

BYE B +hD), ¢¥ia+ni).

In terms of these parameters, the above equation reads
(—=h?*3?/82 +ihBliy < jx)<1/2y(X))v = Ev, with E =1 — (2whn)?* + 2h¢. (B-3)
Since we will assume throughout that £ = 0(1), we will have in the semiclassical limit
B=B+0(h), =t(—ht/2+00h>)). (B-4)

At leading order we may forget that the variables B, ¢ are not independent from one another, and consider
(B-3) as a bona fide linear eigenvalue problem.

Since the function b(x) is even, we may separately search for even (resp. odd) solutions v(x). Let us
start with the even solutions. Since b(x) is piecewise constant, any even and periodic solution v(x) takes
the following form on [—%, %] (up to a global normalization factor):

cos(kx for |x| < o,
v(x)={ k) Kl<o. B-5)
ﬂcos(k (§—|x|)) foro < |x| < 5,
12 . 12
Y R €l L1Vl (B-6)

h '’ h
We notice that k, k" are defined modulo a change of sign, so we may always assume that Re k > 0, Re k' > 0.
The factor § is obtained by imposing the continuity of v and of its derivative v’ at the discontinuity point

x = o (we use the notation o’ def % —0):
cos(ka) = Bcos(k'c’), —ksin(ko) = Bk’sin(k'c").

The ratio of these two equations provides the quantization condition for the even solutions:

/
tan(ko) = —% tan(k'c"’). (B-7)
Similarly, any odd eigenfunction takes the form (modulo a global normalization factor)
sin(kx) for |x| < o,
v(x) = . s 1 1 (B—8)
B sgn(x) sin(k’(5 — |x])) foro <|x| <3,
so the associated eigenvalues should satisfy the condition
k
tan(ko) = % tan(k'c”). (B-9)

We will now study the solutions of the quantization conditions (B-7) and (B-9), taking into account the
relations (B-6) between the wavevectors k, k" and the energy E. To describe the full spectrum (which we
plan to present in a separate publication), we would need to consider several régimes, depending on the
relative scales of E and &. However, since we are only interested here in proving Proposition B.1, we
will focus on the régime leading to the smallest possible values of |Im g:| = |Re z|. What characterizes
the corresponding eigenmodes v(x)? From (B-2) we see that the mass of v(x) in the damped region,
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2 fo] & lv(x)|? dx, should be small compared to its full mass. Intuitively, if such a mode were carrying
a large horizontal “momentum” Re(/k) in the undamped region, it would then strongly penetrate the
damped region, because the boundary at x = ¢ is not reflecting. As a result, the mass in the damped
region would be of the same order of magnitude as the one in the undamped one. This hand-waving
argument explains why we choose to investigate the eigenmodes for which ik is the smallest possible,
namely of order O(/). This implies that £ = (hk)? = O(h?), which means that almost all of the energy is
carried by the vertical momentum:
hn = Q27)" ' +0(h).

The study of the full spectrum actually confirms that the smallest values of Im ¢ are obtained in this
régime.
Equation (B-6) implies that the wavevector k" in the damped region is then much larger than k:

(—ihB + (hk)*)'/?
h

k/= =€7iﬂ/4(B/h)l/2+©(hl/2).

Imk'c’ ~ —o'(B/2h)'/? is negative and large, so that tan(k'c’) = —i + 0(e2m*ay, uniformly with
respect to Re(k'o”).

Even eigenmodes. In this situation the even quantization condition (B-7) reads

/ !’
tan(ko) = i%(l +0@e™° (ZB/h)l/z)). (B-10)

Since the right-hand side is large, ko must be close to a pole of the tangent function. Hence, for each
integer m in a bounded interval? 0 < m < M we look for a solution of the form

m(m+ %)

kmy12 = +8kmi1/2,  with |8k, 410] K 1.

The quantization condition (B-10) then reads

k /
2\ . m—+1/2 _ (23//1)1/2
T(m+1) i3m/4
= knt12= mm+3) = Z (1+h1/2231/2 —|—@(h)).

Using (B-3), the corresponding spectral parameter ¢ is then given by

(hkmi12)* + Qrhn)* — 1
Snm+1/2 = 7

_ @rhn)>=1 _h T(m+DN\2 |3 T+ )2 i3/
= T (T ) () i

From the assumptions on the quantum numbers 7, m, we check that ¢, ,,41/2 = 0(1). We may now go

+0(h?).

back to the original variables Z, B, using the relations (B-4). The spectral parameter £ has an imaginary

ZRecall that we only need to study values Re k > 0.
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part
1\y2
h3/2 (T[(m + 5))
03(21§)1/2

Returning to the spectral variable z, the above expression gives a string of eigenvalues {z; ny1/2}

Im &y mt12 = IM &y i1 /2(1 — ARE &y i1 2) +O(h?) = +0(h?). (B-11)

with Imz, 112 = h=' 4+ 0(1), Re zymy1 2= —Im En7,n+1 2. These even-parity eigenvalues prove
Proposition B.1, and one can take for Cy any value greater than (77/ 2)2 / (03(21§)1/ 2y, O

We remark that the leading order of k1> corresponds to the even spectrum of the operator —h?9?%/ 8)%
on the undamped interval [—o, o], with Dirichlet boundary conditions. The eigenmode v, 11,2 associated
with g:,,,mH ,2 1s indeed essentially supported on that interval, where it resembles the Dirichlet eigenmode
cos(xrr(% +m)/o). At the boundary of that interval, it takes the value

L, (m+ %)

= (—1 m+1 i3n/4h1/ 2o ,
Unm+1/2(0) = (=" ""e B2 +0(h)

and decays exponentially fast inside the damping region, with a “penetration length” (Im k') ~! ~ (2h/ B)'/2.
From (B-2) we see that the intensity |v, n1/2(0)|> ~ C h penetrating on a distance ~ /1 '/2
for the size ~ h3/?> = hh'/? of the Re Zn,m41/2-

We notice that the smallest damping occurs for the state v, 1/, resembling the ground state of the

exactly accounts

Dirichlet Laplacian.

0dd eigenmodes. For completeness we also investigate the odd-parity eigenmodes with k£ = O(1). The
computations are very similar as in the even-parity case. The odd quantization condition reads in this
régime
.k —(2B/ h)l/2
tan(ko) = ZP(I +0(e ).

The right-hand side is then very small, showing ok is close to a zero of the tangent, so we may take
ky =mm/o + 8k, with |6k,,| < 1 and 0 <m < M. We easily see that the case m = 0 does not lead to a
solution. For the case m > 0 we get

; Tm
Skin = €3ln/4h]/20231/2 +0(h),

and thus
Q3im/4

o B1/2
These values k,, approximately sit on the same “line” {s(1 + h'/2e3™/* /(o B1/?)), s € R} as the values
km+1,2 corresponding to the even eigenmodes, both types of eigenvalues appearing successively. The

km=%<1+hl/2 +@(h)), 1 <m<M.

corresponding energy parameter En,m satisfies
- (rm)?
I =P ———— + 0(h?). B-12
m G = 2 00 (B-12)
As in the even parity case, the eigenmodes v, ,, are close to the odd eigenmodes sin(xmm /o) of the
semiclassical Dirichlet Laplacian on [—o, o], and penetrate on a length ~ 1'/? inside the damped region.
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The case of the square. If the torus is replaced by the square [—% %] x [0, 1] with Dirichlet boundary
conditions, with the same damping function (B-1), the eigenmodes P (z) can as well be factorized into
u(x,y)=sin2rny)v(x), withn € %N \ 0, and v(x) must be an eigenmode of the operator (B-3) vanishing
at x = :I:%. We notice that the odd-parity eigenstates (B-8) satisfy these boundary conditions, so the
eigenvalues z, ,, (with real parts given by (B-12)) belong to the spectrum of the damped Dirichlet problem.
Similarly, the eigenmodes factorize as u(x, y) = cos(2rny)v(x), withn € %N, in the case of Neumann
boundary conditions. The even-parity states (B-5) satisfy the Neumann boundary conditions at x = £1/2,
so that the eigenvalues z,, ;,11,2 described in (B-11) belong to the Neumann spectrum.
As a result, the Dirichlet and Neumann spectra also satisfy Proposition B.1.
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