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TWO-PHASE PROBLEMS WITH DISTRIBUTED SOURCES:
REGULARITY OF THE FREE BOUNDARY

DANIELA DE SILVA, FAUSTO FERRARI AND SANDRO SALSA

We investigate the regularity of the free boundary for a general class of two-phase free boundary problems
with nonzero right-hand side. We prove that Lipschitz or flat free boundaries are C'7. In particular,
viscosity solutions are indeed classical.

1. Introduction and main results

In this paper we consider two phase free boundary problems governed by uniformly elliptic equations
with distributed sources. Our purpose is to investigate the regularity of the free boundary under additional
hypotheses such as flatness or Lipschitz continuity. A model problem we have in mind is:

{Au:f in QT (w)UQ ™ (u),

(u:r)2 — (u;)Z =1 onFu):=aQ" (u)NQ. (1-1)

Here, as usual for any bounded domain 2 C R",
Q) :={xeQ:ux)>0}, Q (u):={xeQ:ulkx)<0}°,

and u" and u; denote the normal derivatives in the inward direction to Q7 () and Q™ ().

Typical examples are the Prandtl-Batchelor model in fluid dynamics (see, e.g., [Batchelor 1956; Elcrat
and Miller 1995]), where f = 1o-(,), the characteristic function of the negative phase, or the eigenvalue
problem in magnetohydrodynamics (1,1) considered in [Friedman and Liu 1995], where f = —Aulg-(y).
Other examples come from limits of singular perturbation problems with forcing term as in [Lederman and
Wolanski 2006], where the authors analyze solutions to (1-1), arising in the study of flame propagation
with nonlocal effects.

The homogeneous case f = 0 was settled in the classical works of Caffarelli [1987; 1989]. A key step
in these papers is the construction of a family of continuous sup-convolution deformations that act as
comparison subsolutions.

The results in [Caffarelli 1987; 1989] have been widely generalized to different classes of homogeneous
elliptic problems. See, for example, [Cerutti et al. 2004; Ferrari and Salsa 2007a; 2007b] for linear
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operators; [Argiolas and Ferrari 2009; Feldman 2001; 1997; Ferrari 2006; Wang 2000; 2002] for fully
nonlinear operators; and [Lewis and Nystrom 2010] for the p-Laplacian. All these papers follow the
guidelines of [Caffarelli 1987; 1989].

De Silva [2011] introduced a new strategy to investigate inhomogeneous free boundary problems,
motivated by a classical one phase problem in hydrodynamic. This method has been successfully applied
in [De Silva and Roquejoffre 2012] to nonlocal one phase Bernoulli type problems, governed by the
fractional Laplacian. For another application of the techniques in [De Silva 2011] see also [Leitdo and
Teixeira 2011].

Here we extend the method in [De Silva 2011] to two phase problems to prove that flat (see below) or
Lipschitz free boundaries of (1-1) are C'-7.

In order to better emphasize the ideas involved, we first develop the regularity theory for free boundaries
of viscosity solutions to problem (1-1) (see Section 2 for the relevant definitions), and then we extend our
results to a more general class of free boundary problems. For simplicity, in order to avoid the machinery
of LP-viscosity solution, we assume that f is bounded in  and continuous in Q" (x) U Q" (u). Our
results may be extended to the case when f is merely bounded measurable.

We remark that in view of Theorem 4.5 in [Caffarelli et al. 2002], a viscosity solution to (1-1) is locally
Lipschitz. In fact, as it can be easily checked, our viscosity solutions are also weak solutions in the sense
of Definition 4.4 in that paper and both Au™ — f are nonnegative Radon measures.

We now state our first main results. Here constants depending only on 7, || f ||, and Lip(x) will be
called universal.

Theorem 1.1 (flatness implies C LY. Let u be a (Lipschitz) viscosity solution to (1-1) in By. Assume that
f € L*®(B)) is continuous in Bf“(u) U B, (u). There exists a universal constant 8 > 0 such that, if

{x, <=8} CBiN{u"(x) =0} C fx, < 8}, (1-2)

with 0 < § <8, then F (u) is C'Y in By 2.
Theorem 1.1 still holds when (1-2) is replaced by other common flatness conditions (see page 296).

Theorem 1.2 (Lipschitz implies C'7). Let u be a (Lipschitz) viscosity solution to (1-1) in By, with
0 € F(u). Assume that f € L°°(By) is continuous in Bf(u) U B| (w). If F(u) is a Lipschitz graph in a
neighborhood of 0, then F (u) is C"Y in a (smaller) neighborhood of 0.

The proof of Theorem 1.1 is based on an improvement of flatness, obtained via a compactness argument
which linearizes the problem into a limiting one. The key tool is a geometric Harnack inequality that
localizes the free boundary well, and allows the rigorous passage to the limit.

The main difficulty in the analysis comes from the case when u~ is degenerate, that is very close to
zero without being identically zero. In this case the flatness assumption does not guarantee closeness of u
to an “optimal” (two-plane) configuration. Thus one needs to work only with the positive phase u™ to
balance the situation in which u™ highly predominates over u~ and the case in which «~ is not too small
with respect to u™.

Theorem 1.2 follows from Theorem 1.1 and the main result in [Caffarelli 1987], via a blow-up argument.
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Sections 2—6 are devoted to the proof of the theorems above. In particular, in Section 2 we introduce
the relevant definitions and some preliminary lemmas. In Section 3 we describe the linearized problem
associated to (1-1). Section 4 is devoted to the proof of the Harnack inequality both in the nondegenerate
and in the degenerate setting. In Section 5, we present the proof of the improvement of flatness lemmas.
Section 6 contains the proof of the Theorem 1.1 and Theorem 1.2.

From Section 7 to Section 10 we deal with more general problems of the form

{iu:f in Q+(M)UQ_(M), (1_3)

ul =G, ,x) onFu):=9Q )N,
with f bounded on  and continuous in Q*(«) U Q™ (u), and u Lipschitz continuous with Lip(u) < L.
Here

n
L= a;(x)Dj+b-V. a;eC(Q), beC(QNL™),
ij=1
is uniformly elliptic; that is, there exist 0 < A < A such that, for every £ € R"” and every x € €,

MEP < D aj(x)&& < AEI,
ij=1
and
G(n,x):[0,00) x 2 — (0, 00)

satisfies the following assumptions:

H1) G(n,-) € CO7(Q) uniformly in n; G(-, x) € c7 ([0, L)) for every x € Q.

(H2) G'(-, x) > 0 with G(0, x) > Yy > 0 uniformly in x.

(H3) There exists N > 0 such that n=V G (1, x) is strictly decreasing in », uniformly in x.

In this framework we prove the following main results. Here, a constant depending (possibly) on n,
Lip(u), A, A, [aijlcos, I1BllL, | fllze, [G(n, -)]co7, Yo and N is called universal. The C'7 norm of
G (-, x) may depend on x, and enters our proofs in a qualitative way only.

Theorem 1.3 (flatness implies CY7). Letubea Lipschitz viscosity solution to (1-3) in By, with Lip(u) < L.
Assume that f is continuous in BIJr W)U B, (u), || fllLes,) < L and G satisfies assumptions (H1)—~(H3).
There exists a universal constant § > 0 such that, if

{xn =< _6} C BN {u+(x) = 0} - {xn = 8}7
with 0 < 8 <8, then F(u) is CV in B 5.

Theorem 1.4 (Lipschitz implies C!). Let u be a Lipschitz viscosity solution to (1-3) in By, with
0 € F(u) and Lip(u) < L. Assume that f is continuous in Bfr(u) UB| (), || fllLes,) < L and G satisfies
assumptions (H1)—(H3). If F(u) is a Lipschitz graph in a neighborhood of 0, then F(u) is C'Y in a
(smaller) neighborhood of 0.
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Further extensions can be achieved with small extra effort: there is no problem in extending our results
to the case when b and f are merely bounded measurable. However, as already said of the prototype
problem, we wish to avoid too many technicalities.

In Theorems 1.3 and 1.4 we need to assume the Lipschitz continuity of our solution unless the operator
can be put into divergence form. Indeed, in this case an almost monotonicity formula is available (see
[Matevosyan and Petrosyan 2011]) and under the assumption G (), x) — 00, as n— 0o one can reproduce
the proof of Theorem 4.5 in [Caffarelli et al. 2002], to recover the Lipschitz continuity of a viscosity
solution. Observe that then f = f(x, u, Vu) is allowed, with f(x, -, -) locally bounded.

2. Compactness and localization lemmas

In this section, we state basic definitions and we prove some elementary lemmas. First we need the
following standard notion.

Definition 2.1. Given u, ¢ € C(£2), we say that ¢ touches u from below at xo € Q if u(xg) = ¢(xg) and
u(x) > ¢(x) in a neighborhood O of xy.

If this inequality is strict in O \ {xo}, we say that ¢ touches u strictly from below. Touching (strictly)

from above is defined similarly, replacing < by >.

We retain the usual definition of C-viscosity sub/supersolutions and solutions of an elliptic PDE; see
[Caffarelli and Cabré 1995], for example. Here is the definition of a viscosity solution to the problem

(1-1):

Definition 2.2. Let u be a continuous function in 2. We say that u is a viscosity solution to (1-1) in Q if
the following conditions are satisfied:

(i) Au= fin Q" (u) U Q™ (u) in the viscosity sense.
(i) Let xo € F(u) and v € C*(B*(v)) N C%(B~(v)) (B = Bs(xp)) with F(v) € C2. If v touches u from

below (resp. above) at xg € F(v), then

(W (x0)* — (vy (xp))* <1 (resp. > 1).

For our arguments, it is convenient to introduce also the notion of comparison sub/supersolutions.

Definition 2.3. We say that v € C(2) is a strict (comparison) subsolution (resp. supersolution) to (1-1)
in Q if v e C2(QT(v)) N C?(2~(v)) and the following conditions are satisfied.

(i) Av> f (resp. < f)in QT (V) UQ™ (v);
(ii) If xo € F(v), then
WH2 =) >1 (resp. 0,)? = (v;)? < 1, v, (x) #0).

Notice that by the implicit function theorem, according to our definition the free boundary of a
comparison sub/supersolution is C2.
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Remark 2.4. A strict comparison subsolution v cannot touch a viscosity solution u# from below at any
point in F(u) N F(v). A strict comparison supersolution v cannot touch u from above at any point in
Fu)NF®).

The next lemma shows that “6-flat” viscosity solutions (in the sense of Theorem 1.1) enjoy non-
degeneracy of the positive part §-away from the free boundary:

Lemma 2.5. Let u be a solution to (1-1) in By with Lip(u) < L and || f||p~ < L. If
o =g(x) =8} C{u" =0} C fxy < g(x") +38},
with g a Lipschitz function, Lip(g) < L, g(0) =0, then
u(x) > co(x, —g(x"), xe{x,>gk")+28N By,
for some cy, po > 0 depending on n, L as long as § < co.

Proof. All constants in this proof will depend on n, L.

It suffices to show that our statement holds for {x, > g(x") + C8} for a possibly large constant C. Then
one can apply the Harnack inequality to obtain the full statement.

We prove the statement above at x = de, (recall that g(0) = 0). Precisely, we want to show that

u(de,) > cod, d=>C8é.

After rescaling, we reduce to proving that
u(en) > co
aslong as § <1/C, and || f || is sufficiently small. Let y > 0 and
W) = 31~ )

be defined on the closure of the annulus B, \ B; with || f|l small enough that

Aw < —|fll on By\Bi.
Extend w =0 in B;. Let

w(x) =wx +tey).
Notice that
(W)’ = (W);)* <1 on F(w,) =3Bi(~1ey). 2-1)

From our flatness assumption for t = C (L) sufficiently large (depending on the Lipschitz constant of
g), w; is above u. We decrease ¢ continuously and let 7 be the smallest ¢ such that w, is above u. Notice
that 7 > 0.

Then, there is a touching point z € (B, \ By) — fe,. Since wj is a strict supersolution to Au = f in
(B2 \ B1) — e, and (2-1) is satisfied, the touching point z can occur only on the n := %(l —277) level
set in the positive phase of u. From the bounds on ¢ it follows |z| < C (C depending on L.)
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Since u is Lipschitz continuous, we have 0 < u(z) = n < Ld(z, F(u)); that is, a full ball around z
of radius 7/L is contained in the positive phase of u. Thus, for § small depending on 7, L, we have
By or(2) C{xy > g(x") + 268}. Since x, = g+ 26 is Lipschitz we can connect e, and z with a chain
of intersecting balls included in the positive side of # with radii comparable to n/2L. The number of
balls depends on L. Then we can apply the Harnack inequality and obtain

u(en) > cu(z) = co,
as desired. O

Next, we state a compactness lemma. For its proof, we refer the reader to Section 7 where the analogue
of this result for a more general class of operators and free boundary conditions is stated and proved (see
Lemma 7.3).

Lemma 2.6. Let uy be a sequence of viscosity solutions to (1-1) with right-hand side f; satisfying
| fellLee < L. Assume uy — u™ uniformly on compact sets, and {u,ir =0} — {*)" =0} in the Hausdorff
distance. Then

—L<Au*<L inQ"u*)UuQ (u*)

in the viscosity sense and u* satisfies the free boundary condition

@ — @ )*=1 on Fu*)

in the viscosity sense of Definition 2.2.

We are now ready to reformulate our main Theorem 1.1 using the two lemmas above. First, we denote
by Ug the following one-dimensional function,

Ug()=att —pr=, B=0, a=+1+p2
where
tT =max{t,0}, ¢t = —min{z,0}.
Then Ug(x) = Ug(x,) is the so-called two-plane solution to (1-1) when f =0.
Lemma 2.7. Let u be a solution to (1-1) in By with Lip(u) < L and || f||L~ < L. For any & > 0 there
exist 8, 7 > 0 depending on €, n, and L such that if
fxn <=8} C BiN{u"(x) =0} C {x, <),

with0 < 8 <8, then

lu—UgllLes;) < er (2-2)
for some Q0 < g < L.

Proof. Given ¢ > 0 and r depending on ¢ to be specified later, assume by contradiction that there exist a
sequence J; — 0 and a sequence of solutions uy to the problem (1-1) with right-hand side f; such that
Lip(ui), Il fell = L and

{xn < =8} C BiN{uf (x) =0} C {x, < &}, (2-3)
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but the u; do not satisfy the conclusion (2-2).

Then, up to a subsequence, the u; converge uniformly on compacts to a function u*. In view of
(2-3) and the nondegeneracy of u,:r 25;-away from the free boundary (Lemma 2.5), we can apply our
compactness lemma and conclude that

—L<Au*<L in Bl/zﬂ{xn £ 0}
in the viscosity sense and also
;) —@;7)?>=1 on Fu*)=Bi;Nix, =0}, (2-4)
with
u* >0 in B, N{x, > 0}.

Thus,
u* € C(BiaN{x, = 0))NC"Y (B2 N {x, <0})

for all y and in view of (2-4) we have that (for any r small)
lu* — (ex;” = Bx,)) | ey < C(n, L)F'F7,
with «? = 1 4+ B2. If 7 is chosen depending on ¢ so that
Cn, L)F' < %;7,
since the uy converge uniformly to u* on By, we obtain that for all k large
lug — (oex,y — B, LBy < €T,
a contradiction. (|

In view of Lemma 2.7, and after rescaling, our first main theorem (Theorem 1.1) follows from our
second, which we now state:

Theorem 2.8. Let u be a solution to (1-1) in By with Lip(u) < L and || f||L~ < L. There exists a universal
constant € > 0 such that, if

lu—UgllL~m,) <& forsome0O=<p <L, (2-5)

and
<=8y BIN{ut(x)=0)C{x, <& and |flLe~ew) <E,

then F(u) is C'7 in By .
The next lemma is elementary.

Lemma 2.9. Let u be a continuous function. If, for n > 0 small, we have

lu—UglliL<p,y <n for 0<B=<L,
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and
{xn < —n} C BaN{ut (x) =0} C {x, <1},
then
e if B= '3, then Ug(x, —n'?) <u(x) < Ug(xy+n'7?) in By;

o if B < '3, then Up(x, —n'/3) <ut(x) < Up(x, +n'/?) in By.

3. The linearized problem

This section is devoted to the study of the linearized problem associated with our free boundary problem
(1-1), that is, the following boundary value problem (& # 0):

{Aﬁ:O in B, N {x, # 0},

& (i)t — B2(i,)" =0 on B,N {x, =0}. G-1)

Here (i1,)" (resp. (ii,)”) denotes the derivative in the e, direction of i restricted to {x, > 0} (resp.
{x, <0}).

We remark that Theorem 2.8 will follow, see Section 6, via a compactness argument from the regularity
properties of viscosity solutions to (3-1).

Definition 3.1. A continuous function u is a viscosity solution to (3-1) if the following conditions are
satisfied:

(i) Au=01in B, N {x, # 0}, in the viscosity sense.
(i) Let ¢ be a function of the form
¢(x)=A+px,; —qx, + BO(x —y),
with
Q) =3l —Dx; = X'Pl. y=(/,0,A€R B>0
and
&’p—p%q > 0.

Then ¢ cannot touch u strictly from below at a point xo = (x), 0) € B,. Analogously, if
& p—pq <0,
then ¢ cannot touch u strictly from above at xg.

We wish to prove the following regularity result for viscosity solutions to the linearized problem.

Theorem 3.2. Let u be a viscosity solution to (3-1) in B2 such that ||it|| o < 1. There exists a universal
constant C such that

|ii(x) — #(0) — (Vpit(0) - x' + px,;} —Gx;))| < Cr* in By, (3-2)

forallr < Alf and with &@*p — B%G = 0.
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Before proving this, we first show that the problem (3-1) admits a classical solution:

Theorem 3.3. Let h be a continuous function on 0 By. There exists a (unique) classical solution v to (3-1)
with v = h on 9By, that is, v € C*°(B; N{x, >0 NC>®(B; N{x, < O0}). In particular, there exists a

universal constant C such that
5(x) = 5@ — (Vo i (@) - (" = &) + p@)x,) —G(@)x,)| < Cllvlger®  in B,(¥), (3-3)

forallr < 1,%=(¥',0) € By, and with &> p (%) — p*G (%) = 0.
Proof. Let w be the harmonic function in B} N {x, > 0} such that

w=0 on B; N{x, =0},

w(x) =h', x,) —h(x', —x,) on dB;N{x, > 0}.
Then w € C*°(B; N{x, > 0}). Set
¢(x/):wn(x/s 0)7 (x/aO)GBl

Let

1 (x) = w(x) + 02(x", —x,) in By N{x, > 0},
where v, is the solution to the problem

Aty =0 in B;N{x, <0},
Uy =h ondB;Nix, <0},

~2 (52)71 é¢ on Bl {xn - 0}9
with ¢ = — .
1= %s

Then it is easily verified that the function
. [t in BiN{x, >0},
V= —
vy in By N{x, <0}

is the unique classical solution to our problem and hence it satisfies the estimate (3-3) with

B2
B2+a?

Finally, to obtain our regularity result we only need to show the following fact.

q(x)=q¢x), pQXx)=pp(Xx), p=

Theorem 3.4. Let u be a viscosity solution to (3-1) in B such that ||it] oo < 1 and let ¥ be the classical
solution to (3-1) in By, with boundary data u. Then u = v.

Proof. We prove that v < i in By ;. The opposite inequality is obtained in a similar way.
Lete >0, ¢ € R and set

ﬁt’g(x)=5+8|xn|+8x},2l_8_t, xEEl/z.
Since u is bounded, for ¢ > 0 large enough,

51‘,8 E ﬁ (3-4)
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Let 7 be the smallest ¢ such that (3-4) holds and let X be the first touching point. We want to show that
t <0. Assume ¢ > 0. Since
f)t_,a <u on 331/2,

such touching point must belong to Bj /. However,

Av;o(x) >0 in BypNix, # 0},

Aiu=0 1in BipN {x, # 0}.
Thus x € By N {x, = 0}. We claim that there exists a function ¢ of the form
¢(x) = A+ px, —qx, + BO(x—y)
with
0)=4[mn—Dx; — 2P, y=(',0, AeR, B>0
and
&*p—p’q >0,

such that ¢ touches v; . (x) strictly from below at x. This would contradict the definition of viscosity
solutions, hence ¢ < 0. In particular,

6+8|xn|+8x5—8 <u on By,

and for & going to O we obtain as desired

and set ,

y/:)m%, A=i(F) —e—7—BQGE—y),

with B > 0 to be chosen later. In view of the estimate (3-3), to verify that in a small neighborhood of x

¢(x) <v7.(x), xFX,

we need to show that we can find B > 0, p, g such that for |x — x| #% 0 small enough (5 universal),
B » B, + - = + ~ - _~ =2
(= Dxy =S =X+ px —gx, < (p+e)x, —(q—e)x, —Clx — x|

and
a’p—p*q >0,

(for simplicity we dropped the dependence of p, g on x).
It is then enough to choose
€

B=45, p=13+2,

q=q-—

| ™
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4. The Harnack inequality

In this section we prove our main tool, a Harnack-type inequality for solutions to our free boundary
problem. The results contained here will allow us to pass to the limit in the compactness argument for
our improvement of flatness lemmas in Section 5.

Throughout this section we consider a Lipschitz solution u to (1-1) with Lip(u) < L.

We need to distinguish two cases, which we call the nondegenerate and the degenerate case.

Nondegenerate case. In this case our solution u is trapped between two translations of a “true” two-plane
solution Ug that is with B # 0.

Theorem 4.1 (Harnack inequality). There exists a universal constant & such that, if u satisfies at some
point xg € B>
Up(xn +ao) < u(x) < Ug(xn,+bo) in B,(xo) C By, (4-1)
with
Ifll~<e®B, 0<p<L,
and

bo—agp < er,

for some ¢ < &, then
Up(xy +a1) <u(x) < Ug(x, +b1) in B, j20(xo),
with
apo<a1 <by <by, by—a <(l—c)er,
and 0 < ¢ < 1 universal.

Before giving the proof we deduce an important consequence.
If u satisfies (4-1) with, say r = 1, then we can apply the Harnack inequality repeatedly and obtain
Uﬂ(xn +ap) <ux) < Uﬂ(xn +bm)  in Byo-m(xo),
with
by —am < (1=0)"e,
for all m such that

(1—-0¢)"20"e <é.

This implies that for all such m, the oscillation of the function

U= By U F(u),
0= - p

u(x)—PBx, .. ,—

T m BZ (l/i),

in B, (xp), r =207 is less than (1 — ¢)™ =207"" =r?. Thus, the following corollary holds.
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Corollary 4.2. Let u be as in Theorem 4.1 satisfying (4-1) for r = 1. Then in Bi(xg) i, has a Holder
modulus of continuity at xo outside the ball of radius €/¢; that is, for all x € Bi(xo), with |x — xg| > €/&,

|t (x) — it (x0)| < Clx — xol”.
The proof of the Harnack inequality relies on the following lemma.
Lemma 4.3. There exists a universal constant & > 0 such that if u satisfies

u(x) > Upg(x) in By,

with
I fllzees) <€*B, 0<B<L, (4-2)
then if at x = %en,
u(x) > Up(x, +¢), (4-3)
then
u(x) > Ug(x, +ce) in By, (4-4)

for some universal c with 0 < ¢ < 1. Analogously, if u(x) < Ug(x) in By and u(x) < Ug(x, — ¢€), then
u(x) <Upg(x,—ce) in El/z.

Proof. We prove the first statement. For notational simplicity we drop the subindex B from Ug.
Let

w=c(x—x|7" =3/ 4-5)
be defined in the closure of the annulus

A= B34(¥) \ B120(X).
The constant c is such that w satisfies the boundary conditions

w=0 on 833/4()2),
w=1 on 831/20()2).

Then, for a fixed y > n —2,
Aw>k(y,n)=k(n) >0, O0<w<1onA.

Extend w to be equal to 1 on By /20(x).
Notice that since x, > 0in Bj,10(x) and u > U in By, we get

Bi10(X) C B (u).

Thus u — U > 0 and solves A(u —U) = f in Bj/10(x) and we can apply the Harnack inequality to
obtain

u(x) = U(x) = c(u(@) = U@) =Cll fllie=  in Bjja(X). (4-6)
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From the assumptions (4-2) and (4-3) we conclude that (for ¢ small enough)
u—U > ace — Cag® > ocpoe  in El/go(i). 4-7)

Now set ¢ =1 — w and
v(x) = U(x, —eco¥(x)), x € B3(X),

and for ¢t > 0,
v (x) = U (x, —scoy (x) +1€), x € B3y (X).

Then,
vo(x) = U (x, —eco (x)) < U(x) <u(x), x € Byu(¥).

Let ¢ be the largest r > 0 such that
v (x) Su(x) in By (X).
We want to show that 7 > ¢o. Then we get the desired statement. Indeed,
u(x) > vi(x) =U(x, —ecoy +1¢) > U(x, +ce) in Byjy € B3js(x),

with ¢ universal. In the last inequality we used that ||| L5, ,,) < 1.
Suppose 7 < ¢g. Then at some X € B3 /4(x) we have

v7(X) = u(x).

We show that such touching point can only occur on B, 20(X). Indeed, since w =0 on 9 B3/4(x) from the
definition of v, we get that for 7 < ¢y,

vi(x) = U (x, —ecoP (x) +18) < U(x) <u(x) on 3Bz (¥).
We now show that X cannot belong to the annulus A. Indeed,
Av; = Becok(n) > 2 = || oo in AT (1) UA™ (v7)
for & small enough. Also,
W2 — ()3 = 1+*FIVy|* —2ecoy, on F(vp) NA.

Thus,
s —@)s>1 on F(vp)NA,
as long as

Y, <0 on F(vy))NA.

This can be easily verified from the formula for ¥ (for & small enough).
Thus, v; is a strict subsolution to (1-1) in A which lies below u, hence by the definition of viscosity
solution, X cannot belong to A.
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Therefore, ¥ € B /20(x) and
u(X) =v;i(X) =U (X, +18) <UX) +ate < U(X) + acps,
contradicting (4-7).
The proof of the second statement follows from a similar argument. 0
Proof of Theorem 4.1. Assume without loss of generality that xo = 0, r = 1. We distinguish three cases.

Case 1: qgp < —%. In this case it follows from (4-1) that By /19 C {u < 0} and

u(x) — B(xn + ao) <1
Be -

0<v(x):=

k)

with
|Av| <& in Bl/lO-

The desired claim follows from the standard Harnack inequality applied to the function v.

Case 2: ag > % In this case it follows from (4-1) that By;5 C {u > 0} and

u(x) = a(y +ap) _

0<v(x):= <1,

oe
with
|Av| <& in Bys.

Again, the desired claim follows from the standard Harnack inequality for v.
Case 3: |ap| < 1/5. Assumption (4-1) gives that

Up(xp +ao) <u(x) <Ug(x,+ap+¢) in By.
Assume that (the other case is treated similarly)

u(¥) > Up(%y +ao+ 3¢), = 1e,. (4-8)
Set
v(x) :=u(x —ape,), X € Bys.

Then the inequality above reads
U/S(xn) <v(x) < U/s(xn +¢&) in B4/5.

From (4-8), we have
V(X) = Up (%, + 5¢).

Then, by Lemma 4.3,
v(x) > Uﬂ(xn +ce) in 32/5,

which gives the desired improvement

u(x) > Ug(x +ap+ce) in Byjs. O
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Degenerate case. In this case, the negative part of u is negligible and the positive part is close to a
one-plane solution (i.e., 8 = 0).

Theorem 4.4 (Harnack inequality). There exists a universal constant g, such that if u satisfies at some
point xo € By

Uo(xn +ao) <u™(x) < Uo(x, +bo) in B.(xo) C By, (4-9)
with
lu=llpe <& N flle <&*,
and
by —ag <er,

for some ¢ < ¢, then
Uo(xn +a1) <ut(x) < Up(xn+b1) in Byjo(xo),
with
ap<ay <by <by, by—a; <(l—ocer,
and 0 < ¢ < 1 universal.
We can argue as in the nondegenerate case and get the following result.
Corollary 4.5. Let u be as in Theorem 4.1 satisfying (4-9) for r = 1. Then in B(xg)
u"(x) = xp

g =
&

has a Holder modulus of continuity at xq outside the ball of radius ¢/¢; that is, for all x € B1(xp) with
|x —xol = ¢/8,
lite (x) — e (x0)| < Clx —xo|”.
The proof of the Harnack inequality can be deduced from the following lemma, as in the one-phase
case [De Silva 2011].

Lemma 4.6. There exists a universal constant ¢ > 0 such that if u satisfies

ut(x) = Up(x) in By,

with
™|l < &% [ fllre <e&*, (4-10)
then if at x = %en
ut(x) > Up(Xn + ), 4-11)
then
ut(x) > Up(x, +ce) in By, (4-12)

for some universal ¢ with 0 < ¢ < 1. Analogously, if u™ (x) < Up(x) in By and u™(x) < Uy(x, — &), then

ut(x) < Up(x, —ce) in Byp.
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Proof. We prove the first statement. The proof follows the same line as in the nondegenerate case.
Since x, > 0in By;19(X) and u™ > Uy in B; we get

Bij10(X) C B (u).

Thus u — x, > 0 and solves A(u — x,) = f in By;10(x) and we can apply the Harnack inequality and
the assumptions (4-10) and (4-11) to obtain that (for ¢ small enough)

U— X, >coe in Byo(¥). (4-13)
Let w be as in the proof of Lemma 4.3 and ¢ = 1 — w. Set
v(x) = (ry —eco¥ ()" —eCin — oy (1)), x € Baja(),
and, for r > 0,
v (x) = (X, —eco¥ +1e) T —2C1(x, —ecoW (x) +18)", x € B3ja(%).
Here C| is a universal constant to be made precise later. We claim that
vo(x) =v(x) <u(x), x € Bs3uX).

This is readily verified in the set where u is nonnegative using that u > x;F. To prove our claim in the
set where u is negative we wish to use the following fact:

u < an_sz in Big/20, C universal. (4-14)

This estimate is easily obtained using that {u < 0} C {x, <0}, |4 |lco < €2 and the comparison principle
with the function w satisfying

Aw=—¢* in B N{x, <0}, w=u" ond(B;N{x, <0}.
Thus our claim immediately follows from the fact that for x, <0 and C; > C,
£2C1(x, — ecoP (x)) < Cx,e”.
Let 7 be the largest ¢ > 0 such that
v (x) <u(x) in Ba(%).
We want to show that 7 > ¢o. Then we get the desired statement. Indeed, it is easy to check that if
u(x) > vi(x) = (x, —ecoy +ie)t —e?Ci(x, — ecoP (x) +7e)~  in Bya(X),

then
ut(x) > Up(x, +ce) in Byjs € B3a(X),

with ¢ universal, ¢ < ¢q infp, , w.
Suppose 1 < ¢o. Then at some X € B /4(X) we have

v7(X) = u(x).
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We show that such a touching point can only occur on B ,20(X). Indeed, since w = 0 on 9 B3/4(x) from
the definition of v; we get that for 7 < ¢y

Vi(x) = (xp — eco+16)T —>C1(xy —eco+76)” <u(x) on dB3/4(X).

In the set where u > 0, this can be seen using that u > x;, while in the set where u < 0 again we can
use the estimate (4-14).
We now show that X cannot belong to the annulus A. Indeed,

Av; > &cok(n) > e* > || flloo  in AT (vp) UA™ (vp),

for & small enough.
Also,

W2 — )2 =1 —e*'CH(1+ %GV |* —2ecoy) on F(vp) N A.
Thus,
w2 — ()i >1 on F(vp)NA,

as long as ¢ is small enough (as in the nondegenerate case one can check that infz . )na(=¥,) > ¢ > 0,
with ¢ universal.) Thus, v; is a strict subsolution to (1-1) in A which lies below u, hence by definition x
cannot belong to A.

Therefore, X € B, /20(x) and

u(x) = vp(x) = (%, +18) < X, + coe,

contradicting (4-13). U

5. Improvement of flatness
In this section we prove our key lemmas improving flatness. As in Section 4, we distinguish two cases.

Nondegenerate case. In this case our solution u is trapped between two translations of a two-plane
solution Ug with B # 0. We plan to show that when we restrict to smaller balls, u is trapped between
closer translations of another two-plane solution (in a different system of coordinates).

Lemma 5.1 (improvement of flatness). Let u satisfy
Up(xn —€) <u(x) < Up(ry+6) in Bi,0€ F(u), (5-1)

with0 < 8 < L and
I f Ny < €2B.

If 0 < r < rg for rg universal, and 0 < & < gy for some &y depending on r, then
U/g/(x-vl—r%) §u(x)§Uﬂr(x~v1+r§) in B,, (5-2)

with lvi| =1, |vi —en| < Ce, and |B — B'| < CBe for a universal constant C.
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Proof. We divide the proof of this lemma into three steps.

Step 1: compactness. Fix r < rg with ry universal (the precise ry will be given in Step 3). Assume by

contradiction that we can find a sequence ¢, — 0 and a sequence u; of solutions to (1-1) in B; with
right-hand side f; with L* norm bounded by 8]%,8]“ such that

Ug, (xp — &) <up(x) <Ug, (xp +er) forx € By, 0e F(uy), (5-3)

with L > B; > 0, but u; does not satisfy the conclusion of the lemma, (5-2).
With o = 1 + BZ, set

M’ xe B?_(Mk)UF(“k),

i) ={ O
ug(x) _ﬂkxn’ x € B (up).
Brek
Then (5-3) gives
—1<ua,(x)<1 forxe B. (5-4)

From Corollary 4.2, it follows that the function i satisfies
litg (x) — i (y)| < Clx —y|”, (5-5)
for C universal, and
|x —y| >ex/e, x,y € Bip.

From (5-3) it clearly follows that F (u;) converges to By N {x, = 0} in the Hausdorff distance. This
fact and (5-5) together with Ascoli—Arzela give that as gy — 0 the graphs of the u; converge (up to a
subsequence) in the Hausdorff distance to the graph of a Holder continuous function u over By ;. Also,
up to a subsequence we have

B — B >0,

ak—>&=\/1+/§2.

Step 2: limiting solution. We now show that i solves the following linearized problem (transmission

and hence

problem):

{AIZIO in Bl/zﬂ{xn;é()}, (5-6)

& ()" — BA)” =0 on BijpNix, =0},
Since
|Aug| < effr in By (ug) U By (uy),

one easily deduces that i is harmonic in By, N {x, # 0}.
Next, we prove that & satisfies the boundary condition in (5-6) in the viscosity sense.
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Let ¢ be a function of the form

¢(x) = A+ px; —qx, +BO(x ),
with
Q) =3ln—Dx;— X1, y=(/,0, AcR B>0
and
a@’p—f%q >0.
Then we must show that ¢ cannot touch  strictly from below at a point xo = (x(, 0) € By (the analogous

statement from above follows with a similar argument).
Suppose that such a ¢ exists and let xo be the touching point.

Let )
I'(x)= m[(lx/|2+ = 1972 —1]
and
[e(x) = - T(Beg(x — y) + ABele). (5-7)
Bey,
Now, set
& () = ar T (x) — BT () + o (d ()26 + Bl (x)) €3,
where

ar =ax (1 +exp), b = Pr(1 +exq),

and dy (x) is the signed distance from x to d By/(pey) (y +e, <% — A8k>>.
k

Finally, let

G (x) — o Xy
OpEf

& (x) — Brxn

Brek

) , x€B () UF (),
or(x) =
, X € B[ (¢n).

By Taylor’s theorem,
I'(x)=x,+0x)+O0(x]’), xe€By;

thus it is easy to verify that
Tk(x) = Aep +x, + Ber Q(x —=y) + 0(ef),  x € By,

with the constant in 0(8]%) depending on A, B, and |y| (later this constant will depend also on p, gq).
It follows that in Bfr(¢k) UF(¢r) (QV(x)=0(x —y)),

&(x) = A+ BQ’ + px, + Asgp + Bper Q° +e,1/2d,f + O (ex),
and analogously in B (¢x),

$e(x) = A+ BQ® +qx, + Ay p+ Bqer Q° + ¢, d2 + O ().
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Hence, ¢ converges uniformly to ¢ on B /2. Since iy converges uniformly to # and ¢ touches ii
strictly from below at xg, we conclude that there exist a sequence of constants ¢y — 0 and of points
Xr — Xo such that the function

Y (x) = Pr(x + excren)

touches uy from below at x;. We thus get a contradiction if we prove that ¥ is a strict subsolution to our
free boundary problem, that is,

{ Ay > e2Be > |l fillo  in B (¥i) U BT (Y0,
WHI=@O2>1,  on F(¥).

It is easily checked that, away from the free boundary,

(5-8)

32
AN ,3k8k/ AdE(x + excren),

and the first condition in (5-8) is satisfied for k large enough.
Finally, since on the zero level set |[VIx| =1 and |Vd,f| = (0, the free boundary condition reduces to
showing that

ai —b} > 1.
Using the definition of ai, by we need to check that
(i p” = BiaPex +2(aip — Big) > 0.
This inequality holds for k large in view of the fact that
a@’p—f%q >0.
Thus # is a solution to the linearized problem.

Step 3: Contradiction. According to estimate (3-2), since #(0) = 0 we obtain that

i — (x' V' + px;f —gx,)| <Cr*, x€B,
with
a@*p—p*G=0, |V|=|Vyi(0)| <C.

Thus, since iy converges uniformly to # (by slightly enlarging C) we get that

i — (" V' + pxF —gx) < Cr?, xe€B,. (5-9)
Now set
1
Br =Bl +erd), vi=———=(ea+e(V',0)).
¢ NE=IE
Then,

G =V1+B = (Il +&p)+ 0@, w=e+ea(,0)+et, |t|<C,
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where to obtain the first equality we used that @25 — 82§ = 0 and hence

B . -
—q=p+ O0(ep).
&
With these choices we can now show that (for k large and r < r¢)
~ r - ~ ry .
Uﬂ;f (x Vg — 8k§) <up(x) < Uﬂ;( (x - Vg +8k§> in B,,
where again we are using the notation

U (X)) —ogx ~ ~
BT T e BF Uy UF (D),

~ aie
Ug(x)=1 .
Ty () — B -
———, x € B (Upy).
Prek ¢
This will clearly imply that
e e <y e) s
/312 X - Vg 8k2 SUR(X) = ﬁli X - Vg 8k2 m b,

and hence will lead to a contradiction.
In view of (5-9), we need to show that in B,

~ r - - _
Ug, (x SV — Ski) <@ V4 px—gx)—Cr?
ry r o ~ + ~ - 2
Uﬁ;(x-vk-i-ekE) > v +px, —gx,)+Cr.
We show the second inequality. In the set where
,
x-v+e&—=-<0

2

we have, by definition,

~ r 1 r
Uﬂ]/((x-vk—i-eki) = %(ﬂ/QGC : Vk+5k§)_,3kxn),

which from the formula for g;, v gives
~ r P r
Ulg;c(x-vk—i—skE) >Xx v +qxn+5 — Cosyk.
Using (5-10) we then obtain
~ r / / ~ .+ o r
Uﬁi(x-vk+ek§> >x v +px; —qx, +5 —Cée.

Thus to obtain the desired bound it suffices to fix ro < 1/(4C) and take k large enough.
The other case can be argued similarly.

287

(5-10)
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Degenerate case. In this case, the negative part of u is negligible and the positive part is close to a
one-plane solution (8 = 0). We prove below that in this setting only ™ enjoys an improvement of flatness.
Lemma 5.2 (improvement of flatness). Let u satisfy
Uo(xn —€) <u™(x) < Up(x, +¢) inB1,0€ F(u), (5-11)
with
4 - 2
I flleemy =€ and |u" L~ <&
If 0 <r <ry forry universal, and 0 < ¢ < g\ for some & depending on r, then
& . £\ .
Uo<x-v1—r§) <u (x)5U0<x-v1+r§) in B,, (5-12)
with |vi| =1, |vi — e,| < Ce for a universal constant C.

Proof. We argue similarly as in the nondegenerate case.

Step 1: compactness. Fix r < r; with r; universal (made precise in Step 3). Assume for a contradiction

that we can find a sequence ¢, — 0 and a sequence uy of solutions to (1-1) in By with right-hand side f
with L° norm bounded by 82, such that

Uo(x, — &) < u,j(x) <Up(x,+er) forxe By,0e F(uy), (5-13)

with
— 2
||uk loo < &,

but u; does not satisfy the conclusion (5-12) of the lemma. Set

Izk(x):uk(xé)‘—k_x", xerr(uk)UF(uk).
Then (5-13) gives
—1 <ig(x) <1 forx € B} (u) UF(uy). (5-14)

As in the nondegenerate case, it follows from Corollary 4.5 that as g — 0 the graphs of the i1} converge
(up to a subsequence) in the Hausdorff distance to the graph of a Holder continuous function # over
By N {x, > 0}.

Step 2: limiting solution. We now show that i solves the following Neumann problem:

{A,; =0 in BN {x, >0}, (5-15)

I/~tn:0 on B]/Qﬂ{xn:()}.

As before, the interior condition follows easily thus we focus on the boundary condition.
Let ¢ be a function of the form

¢(x) = A+ px,+BQ(x — ),
with
Q) =3[m—Dx; — 12", y=(',0, AcR, B>0
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and p > 0. We must show that ¢ cannot touch u strictly from below at a point xo = (x),0) € By)a.
Suppose that such a ¢ exists and let xo be the touching point.
Let I'y and dy be as in the proof of the nondegenerate case (see (5-7) and subsequent lines). Set

ok (x) = ax T (x) + (@ () ?er,  ar = (1+ep).

Let
P (x) =

¢k ()C) — Xn
Ek ’

As in the previous case, it follows that in B;’(qﬁk) UF(¢r) (QY(x) = Q(x —y)),
Gk (x) = A+ BQ® + px, + Aep + Bper Q7 + exdf + O(er).

Hence, ¢, converges uniformly to ¢ on B 2N {x, > 0}. Since u; converges uniformly to # and ¢ touches
u strictly from below at xg, we conclude that there exist a sequence of constants ¢, — 0 and of points
Xy — xo such that the function

Vi (x) = Pr(x + excren)

touches u; from below at x; € BlJr (ur) U F (ug). We claim that x; cannot belong to Bfr(uk). Otherwise,
in a small neighborhood N of x; we would have

Ay > & = || filloo = Aug, Y <ug in N\ {xz}, ¥i (xx) = ug (xz),

a contradiction.
Thus x; € F(ux) N 881/(35k)(y + en(BLak — Ag — skck)). For simplicity we set

1
B := B1(Bey) (y + ey (B_sk — Agp — 8k0k>)-

Let N, be a small neighborhood of x; of size p. Since
lui lloo < €8 uf = (on — )™,

as in the proof of the Harnack inequality and using the fact that x; € F (ux) N 0%, we can conclude by the
comparison principle that

ug <cef(d(x,9B))” in Nz,

where d denotes again the signed distance from x to d%.

Let
Yk in 9B,

2 2 . (5-16)
ce;y(3d(x, 0B) +d“(x, 0RB)) outside of %R.

Wi (x) = {

Then Wy, touches uy strictly from below at x; € F (ug) N F(Wy).
We will reach a contradiction if we show that

(W2 — ()2 >1 on F(¥y).
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This is equivalent to showing that

a,%—cs,f>1, or again (1+8kp)2—C8;:>1.

This holds for k large enough, since p > 0. We finally reached a contradiction.

Step 3: contradiction. In this step we can argue as in the final step of the proof of Lemma 4.1 in [De Silva
2011]. |

6. Proof of the main theorems

In this section we exhibit the proofs of our main results, Theorems 1.1 and 1.2. As already pointed out,
Theorem 1.2 will follow via a blow-up analysis from the flatness result. Thus, first we present the proof
of Theorem 1.1 based on the improvement of flatness lemmas of the previous section.

Proof of Theorem 1.1. To complete the analysis of the degenerate case, we need to deal with the situation
when u is close to a one-plane solution and yet the size of u#~ is not negligible. More precisely:

Lemma 6.1. Let u solve (1-1) in B, with

4
| fllze) <€,

and let it satisfy
Uo(xy —€) <u™(x) <Up(x, +¢) inBi, 0€Fu), (6-1)

and

- =2 - 2
lu" LBy < Ce”,  llu™ |lLoen)) > €7,
for a universal constant C. There is a universal &, > 0 such that, if e < &, the rescaling
us(x) = e_l/zu(el/zx)

satisfies in B
Up (= C'e'"?) <up(x) < Up (xn + C'e'/?),

with B’ ~ & and C’ > 0 depending on C.

Proof. For notational simplicity we set

From our assumptions we can deduce that
F(U) C {_8 an S 8}7
v>0 ImBN{x,<-—¢e}, v=0 1inB,N{x, > &} (6-2)

Also,
|Av| < &2 in BoN{x, < —¢},
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and

0<v<C ondBy, (6-3)

v(x) >1 at some point x in Bj. (6-4)
Thus, using comparison with the function w such that

Aw=—¢> inD:= B, N{x, <e¢},
w=v on 0D,

we obtain that for some k£ > 0 universal
v<kl|x,—e| in By. (6-5)

This fact forces the point x in (6-4) to belong to By N {x, < —¢} at a fixed distance é from x, = —e¢.
Now, let w be the harmonic function in By N {x, < —&} such that

w=0 on B N{x, =—c¢},
w=v ondBN{x, <—¢}.
By the maximum principle we conclude that
w+e2(x)>=3)<v on B N{x, <—¢}.
Also, for £ small, in view of (6-5) we obtain that
w—ke(x|>=3)>v ond(B;N{x, < —¢)),
and hence also in the interior. Thus we conclude that
|lw—v| <ce in ByN{x, < —¢}. (6-6)
In particular this is true at x, which forces
w(x) > 1/2. (6-7)
By expanding w around (0, —¢) we then obtain, say, in By, N{x, < —¢},
|w —alx, +el| < Clx|* + Ce.
This combined with (6-6) gives that
‘v —alxy, +8|| <Ce¢ in BapN{x, < —¢}.

Moreover, in view of (6-7) and the fact that x occurs at a fixed distance from {x,, = —e} we deduce from
the Hopf lemma that

a>c>0,
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with ¢ universal. In conclusion (see (6-5)),
lu™ —be*|x, +el| <Ce’ in BapNix, < —e},
u < b82|xn —e¢| in By,

with b comparable to a universal constant.
Combining the two inequalities above and the assumption (6-1) we conclude that in B,

(tn —&)" —be*(xy, — Ce)™ <u(x) < (x, +8)" —be’(x, +Ce)™,
with C > 0 universal and b larger than a universal constant. Rescaling, we obtain that in B
(= &/)F = B'(xy = Ce'%)7 <ue(x) < (v + 65" = /0r +Ce'/)7,
with B’ ~ 2. We finally need to check that this implies the desired conclusion in B;
o (ry = Cel/2)F — B0 — Ce'?)™ <ue(x) <o/ Oin + Ce'2) T — B/ + Ce'/)7,

with a’?> = 1 4+ B2 ~ 1 + &*. This clearly holds in B; for & small, say by possibly enlarging C so that
C=>2. g

We are finally ready to exhibit the proof of Theorem 2.8, which as already observed immediately gives
the result of Theorem 1.1.
Proof of Theorem 2.8. Let us fix a universal constant ¥ > 0 such that
r <ro,ri, 1—16,

where rg, | are the universal constants in the improvement of flatness Lemmas 5.1 and 5.2. Also, let us
fix a universal constant & > 0 such that

28 <2¢e0(F), e1(F), C ', &2,

where ¢, €1, &2, C are the constants in Lemmas 5.1, 5.2 and 6.1. Now, let

§=&,

We distinguish two cases. For notational simplicity we assume that u satisfies our assumptions in the ball
B> and 0 € F(u).

Case 1: B > ¢. In this case, in view of Lemma 2.9 and our choice of &, we obtain that u satisfies the
assumptions of Lemma 5.1, namely

Ug(x, — &) <u(x) <Ug(x,+¢&) in By, 0€F(u), (6-8)

with 0 < 8 < L and

-3 _ =2
| fllzeos,) <& <&°B.

Thus we can conclude that (with ; = ')
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Us, (x V1 —f%) <u(x) < Ug, (x -V —|—F£) in By,

2
with |vi| =1, |v; —e,| < C, and 1B =Bl < 5,85. In particular, by our choice of &€ we have
B1=E/2.
We can therefore rescale and iterate the argument above. Precisely, for k =0, 1,2, ..., set

1
o =7, e =275, uk<x>=au(pkx>, fi(x) = pi f (prx).

Also, let B; be the constants generated at each k-iteration, hence satisfying (with 8o = B)
B — Brs1| < Chrex.
Then we obtain by induction that each u; satisfies
Up,(x - vk — &) Sup(x) < U (x-vp+&r) in By, (6-9)
with [vg| = 1, [vg — veg1] < Céx (vp = ep).
Case 2: B < &. In view of Lemma 2.9 we conclude that
Uo(xy —&) <u™(x) < Up(x, +&) in By,
Moreover, from the assumption (2-5) and the fact that 8 < & we also obtain that
lu™llL(B,) < 2€.

Let ¢’ be given by ¢’> = 2&. Then u satisfies the assumptions of Lemma 5.2 on improvement of flatness
in the degenerate case:
Uo(xy —&") <u™(x) < Up(x, +¢') in By,
with
1 e < €Yl e, <™.

We conclude that

’ ’
U()(x - V] —f%) < u+(x) < U()(X Y| +f%) in By,

with |vi]| =1, |[v; — e, | < Cé&’ for a universal constant C. We now rescale as in the previous case and set,
fork=0,1,2,...,

_ _ 1
o =7F, e =27%¢, m(x)zau(pkx), Fex) = pi f (o).

We can iterate our argument and obtain that (with |vg| =1, v — vep1] < Ceg)
Uo(x - v — &) < ujf (x) < Up(x - vk +&¢) in By, (6-10)

as long as we can verify that

- 2
luey [ Loo(B)) < &-
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Let k be the first integer k > 1 for which this fails, that is,

- ) B s
lug oy = e and  lug_ Lz < &;_,-

Also,
Uo(x - vg_y —&5_y) <ul_ (x) <Up(x-vg_;+ep ;) in By.

As argued several times (see for example (4-14)), we can then conclude from the comparison principle
that

Mk,

2 .
| S Mlx, —eg_yleg_, in Bigyo,
for a universal constant M > 0. Thus, by rescaling we get that
- )
luz sy < Cep,

with C universal (depending on the fixed 7). We obtain that u % satisfies all the assumptions of Lemma 6.1
and hence the rescaling

—1,2 172
v() =& Pug(e;*x)
satisfies in B
7 172 ;172
U,B’(xn —-C eg ) <v(x) < Uﬂ’(xn +C € )s

with g/ ~ 81%' Setn=C 8/%/ *. Then v satisfies our free boundary problem in B; with right-hand side

g(0) =g fi(e;*x)

and the flatness assumption
Up (xp —1n) < v(x) < Up(xn +n).
Since B’ ~ 8]% with a universal constant,

1/2 _4 2
gl <e’et <n’f',

as long as & < C” depending on C. In conclusion, choosing & < &o(7)*/(2C*), v falls under the assumptions
of Lemma 5.1 on improvement of flatness (nondegenerate) and we can use an iteration argument as in
Case 1. g

Proof of Theorem 1.2. Although not strictly necessary, we use the following Liouville-type result for
global viscosity solutions to a two-phase homogeneous free boundary problem, which could be of

independent interest.

Lemma 6.2. Let U be a global viscosity solution to
AU =0 in{U > 0}U{U <0})°,
{(Uj)2 —(U7?=1 on F(U):=d{U > 0}. (©-1h

Assume that F(U) = {x,, = g(x'), x’ € R"*™'} with Lip(g) < M. Then g is linear and U (x) = Ug(x) for
some B > 0.
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Proof. Assume for simplicity that 0 € F(U). Also, balls (of radius p and centered at 0) in R"~! are
denoted by %&,,.

By the regularity theory in [Caffarelli 1987], since U is a solution in B, the free boundary F'(U) is
C'7 in By with a bound depending only on 7 and on M. Thus,

§(x') —g(0) = Vg(0)-x'| < Clx'| ", x" e By,
with C depending only on n, M. Moreover, since U is a global solution, the rescaling
gr(x") = %g(Rx/), x' € By,
which preserves the same Lipschitz constant as g, satisfies the same inequality as above, that is,

1gr(x)) — gr(0) — Vgr(0) - x'| < Clx/|'T*, X' e By.

This reads,
g(Rx") = g(0) = Vg(0)- Rx'| < CRIx'|'"™,  x" e By.
Thus,
1
20) = 8(0) = Vg(0) )| < Coo V™™, ¥ €.
Passing to the limit as R — oo we obtain the claim. U

Proof of Theorem 1.2. Let € be the universal constant in Theorem 2.8. Consider the blow-up sequence

u (k)
Ok

with §; — 0 as k — oo. Each uy solves (1-1) with right-hand side

Si(x) = 8 f (Skx)

up(x) =

9

and we have
| feCONl <8kl fllLe <& for k large enough.

Standard arguments (see for example [Alt et al. 1984]) using the uniform Lipschitz continuity of the uy
and the nondegeneracy of their positive part u,j (see Lemma 2.5) imply that (up to a subsequence)
ur — u uniformly on compacts

and
{u,’f =0} - {# =0} in the Hausdorff distance.
The blow-up limit & solves the global homogeneous two-phase free boundary problem
Aii =0 in{& >0} U{a <0}°,
. . . . (6-12)
(@H)?—(@;)>=1 on F():=d{a > 0}.

Since F'(u) is a Lipschitz graph in a neighborhood of 0, it follows from Lemma 6.2 that # is a two-plane
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solution, i = Ug for some B > 0. Thus, for k large enough,
lux — Uglle <& and {x, <—£€} C By N{u (x) =0} C {x, <&}

Therefore, we can apply our flatness theorem (Theorem 2.8) and conclude that F (uy), and hence F (u),
are smooth. Il

Flatness and e-monotonicity. The flatness results present in the literature (see [Caffarelli 1989], for
instance), are often stated in terms of “c-monotonicity” along a large cone of directions I" (6, e) of axis e
and opening 6y. Precisely, a function u is said to be e-monotone (¢ > 0 small) along the direction 7 in the
cone I"'(6p, e) if for every ¢’ > ¢,

ulx +&'t) <ux).

A variant of Theorem 1.1 states the following.

Theorem 6.3. Let u be a solution to (1-1) in By, 0 € F(u). Suppose that u™ is nondegenerate. Then there
exist Oy < 1w /2 and &9 > 0 such that if u™ is e-monotone along every direction in I' (8, e,,) for some & < g,
then u™ is fully monotone in By, along any direction in T'(01, e,) for some 0 depending on 6y, €. In
particular F(u) is the graph of a Lipschitz function.

Geometrically, the e-monotonicity of u™* can be interpreted as e-closeness of F(u) to the graph of a
Lipschitz function. Our flatness assumption requires e-closeness of F'(u) to a hyperplane. While this
looks like a somewhat stronger assumption, it is indeed a natural one since it is satisfied for example by
rescaling of solutions around a “regular” point of the free boundary. Moreover, if || f || is small enough,
depending on &, it is not hard to check that e-flatness of F () implies ce-monotonicity of u™t along the
directions of a flat cone, for a ¢ depending on its opening.

The proof of Theorem 6.3 follows immediately from the following elementary lemma:

Lemma 6.4. Let u be a solution to (1-1) in By, with 0 € F(u). Suppose that u™ is Lipschitz and
nondegenerate. Assume that u™ is e-monotone along every direction in I'(0y, e,) for some & < &y. Then
there exist a radius ro > 0 and 8y > 0 depending on &, 6y such that u™ is 8o-flat in B,,, that is,

{xn = _80} C Bro N {u+(x) = O} - {xn = 80}

7. More general operators and free boundary conditions

The setup. In this section we analyze the free boundary problem (1-3), that is,
{§Eu:f in QT (W)U (u), o
uf =Gu,,x) on F(u):=0Q ()N,
where f is continuous in Q% (u) U Q™ (u) with || f ||~y < L, and

L= a;(x)Dj+b-V, a;eC(Q),beC(QNLYEQ),
ij=1

is uniformly elliptic with constants 0 < A < A.
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We recall that our assumptions on G are:
(H1) G(n,-) € C*7(Q) uniformly in n; G(-,x) € C"7([0, L]) for every x € Q.
(H2) G'(-, x) > 0 with G(0, x) > Yy > 0 uniformly in x.

(H3) There exists N > 0 such that n=N G (1, x) is strictly decreasing in 7, uniformly in x.

We assume that 0 € F(u) and that a;;(0) = §;;. Also, for notational convenience we set
Go(B) =G(B,0).
Let Ug be the two-plane solution to (7-1) when £ = A, f =0 and G = G, that is,
Us(x) =ax;t —Bxy, B=20, a=Go(p).
The following definitions parallel those in Section 2.

Definition 7.1. Let u be a continuous function in 2. We say that u is a viscosity solution to (1-3) in €2,
if the following conditions are satisfied:
(i) $u = f in Q1 (u) UQ™ () in the viscosity sense.

(ii) Let xo € F(u) and v € C*>(B+(v)) N C?(B~(v)) (B = Bs(xp)) with F(v) € C2. If v touches u from
below (resp. above) at xg € F(v), then

v, (x0) < G(vy (x0), Xo)  (resp. >).

Definition 7.2. We say that v € C(2) is a C? strict (comparison) subsolution (resp. supersolution) to
(7-1)in , if v € C*(Q+(v)) N C*(~(v)) and the following conditions are satisfied:

(i) $v > f (resp. < f)in QT () UL~ (v).
@i1) If xo € F(v), then

v (x0) > G(vy (x0), x0)  (resp. vyl (xo) < G(v; (x0), x0), v} (x0) # 0).

Observe that the free boundary of a strict comparison sub/supersolution is C2.
From here after, most of the statements and proofs parallel those in Sections 2—6. Thus, we only point
out the main differences as much as possible.

Compactness and localization. As for the problem (1-1), we prove some basic lemmas to reduce the
statement of the flatness theorem to a proper normalized situation. We start with the compactness
Lemma 2.6 which generalizes to operators of the form

k __ k..
Fh=) ajDy.

with a{‘j € C%7 uniformly elliptic with constants A, A and free boundary conditions given by a Gy
satisfying hypotheses (H1)-(H3).
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Lemma 7.3. Let uy be a sequence of (Lipschitz) viscosity solutions to
{|:Eiuk| <M in QF (ug) U Q™ (), 7-2)
)y = Gi((ug)y, x)  on F(ug).

Assume that
@) afj — a;j, ux — u”* uniformly on compact sets,

(i) Gr(n,-) — G(n,-) on compact sets, uniformly on 0 < n < L = Lip(uy), and
(1ii) {uk+ =0} — {(u*)* =0} in the Hausdorff distance.

Then

> @Dy =M imQtaHuew),
and u* satisfies the free boundary condition
W*)y =G(w"),,x) onF(u*),

both in the viscosity sense.

Proof. Set

2* = ZaijDij.

|Lu*| <M in QTW*UQ ")

The proof that

is standard. We show for example that
Pt +M >0 inQFu").
Let v € C*(Q*(u*)) touch u* from above at ¥ € QF(«*) and assume by contradiction that

Lovx)+M < 0.

Without loss of generality we can assume that v touches u* strictly from above; otherwise we replace v by
vt — 7

n
with n small. Then, since u; — u* uniformly in compact sets and {u,’f =0} — {(u*)*T =0} in the

Hausdorff distance, there exists x; — x and constants ¢, — 0 such that v + ¢; touches from above u; at
X € QT (uy), for k large. Then, since |§£’;uk(xk)| < M we must have

Liv(xx) +M = 0.

This implies, for k — oo,
LX)+ M >0,

which is a contradiction.
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We now prove that the free boundary condition holds. Let ¥ € F(u*) and v € C2(BT(v)) NC*(B~(v))
with F(v) € C? touch u* from above at X € F(v).
Assume

vl () < Gv, (¥),%), v (X)#O.
We distinguish two cases. For notational simplicity let v(x) = e,. If v, (x) # 0, we can assume that
the free boundaries F(v) and F(u*) touch strictly and that
Fw+M<0 inQT)UQ (v) (7-3)
holds up to F(v). Otherwise, in a small neighborhood of x we replace v with
v(x) =v(x +nlx’ — )E/|zen) + n |dist(x, F(v))| — C dist(x, F(v))2 (n small, C large).

Then, for a suitable ¢y — 0, v(x + cge,,) touches from above uy at x; with x; — x. Then, either for every
(large) k we have x; € Q" (uy) U Q™ (uy) or there exists a subsequence, which we still call {x;}, such that
X € F(uy) for every large k. Thus, either

> a0 Dijv (e + cren) + M = 0
or

Uy (X + cren) = Gr(vy, (xx + cren), X)),

and we easily reach a contradiction for & large.
If v, (X) =0, we replace v~ with zero and argue as above for v™. O

Lemma 2.5 on the nondegeneracy of the positive part §-away from the free boundary continues to hold

unaltered; only choose
_ Go(0)

=,

The analogue of Lemma 2.7 is the following:

w(x)

(I = 1x]77).

Lemma 7.4. Let u be a Lipschitz solution to (1-3) in By, with Lip(u) < L, ||bllecs | flleo < L. For any
& > 0 there exist 8, 7 > 0 such that if

{xn <=8} CBiN{u"(x) =0} C {x, <3},

with 0 < 8 < 8, then
lu—Ugllr=s;) < er, (7-4)

forsome 0 < B < L.

Proof. Given ¢ > 0 and r depending on ¢ to be specified later, assume by contradiction that there exist
a sequence 8y — 0 and a sequence of solutions uy to the problem (7-2) with M = L + L?, such that
Lip(uy) < L and

{xn < =8} C BiN{uf (x) =0} C {x, < &), (7-5)

but the u; do not satisfy the conclusion (7-4).
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Then, up to a subsequence, the u; converge uniformly on compact set to a function u*. In view of
(7-5) and the nondegeneracy of u,:r, Six-away from the free boundary (see remark above), we can apply
our compactness Lemma 7.3 and conclude that, for some &£ :=>_ a; ;D;; and G in our class,

|Zu*| <M in By N {x, #0)
and
W)} =G(w*);,x) on Fu*)=Bi;N{x, =0}, (7-6)

in the viscosity sense, with
u* >0 in B, N{x, > 0}.

Thus, by L? Schauder estimates, we have
u* € CY7 (BN ix, = 0})NC(Bipnix, <0})
for all y < 1 and (for any 7 small)
|u* = (@t = B | Loy = €, LyF'*7,

with B = (u*),(0) and & = (u*); (0) > 0. Thus, from (7-6), we have o = 50(,8).
Then we reach a contradiction as in Lemma 2.7. O

In view of the lemma above, after proper rescaling, Theorem 1.3 follows from the following result.

Theorem 7.5. Let u be a Lipschitz solution to (1-3) in By, with Lip(u) < L. There exists a universal
constant € > 0 such that, if

lu—UgllL=~m,) <&, forsomeO<p <L, (7-7)
{xp <=8} C BiNfut(x) =0} C {x, <z},
and

laijlcor gy <&  IbllLe) <&, | fllLes) <&,
(G, )]corpy <& forall 0 <n=<L,
then F(u) is CY7 in By ).
Linearized problem. The linearized problem becomes (& > 0)

{Aﬁ:o in B, N {x, #0},

o (7-8)
&(@); — BGy(B) (@), =0 on B, N {x, =0},

with & = Go(B).
Setting ¢> =& and £ = B Gé)(B) we can write the free boundary condition as
¢y — %, =0.

Consequently, all the definitions and conclusions in Section 3 hold, in particular Theorems 3.2-3.4.
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8. The nondegenerate case for general free boundary problems

In this section, we recover lemma on improvement of flatness in the nondegenerate case, that is, when the
solution is trapped between parallel two-plane solutions Ug at & distance, with B > 0. First we need the
Harnack inequality.

The Harnack inequality. As in Section 4, the Harnack inequality follows from the following basic
lemma.

Lemma 8.1. Let u be a viscosity solution to (7-1). There exists a universal constant & > 0 such that, if u
satisfies
u(x) = Ug(x) in By,

with 0 < B < L, and if furthermore we have

I fllzemy) < e*min{Go(B), B},  [1bllr~s,) <&, (8-1)
IG (1, x) — Go() |l ooy < &> forall 0<n <L, (8-2)
with 0 <e <g¢g, then, ifat x = %en
u(x) > Upg(x, +e¢), (8-3)
then
u(x) > Ug(x, +ce) in By, (8-4)

for some universal 0 < ¢ < 1. Analogously, if u(x) < Ug(x) in By and u(x) < Ug(x, — ¢), then
u(x) <Upg(x,—ce) in 51/2.

Proof. We argue as in the proof of Lemma 4.3 and we only point out the main differences.
By our assumptions, in By,19(x) C Bfr(u), u—Ug > 0 solves

L(wu—Ug) = f—ab,.
Recall that « = Go(B). By the Harnack inequality, we obtain in B, /20(X)
ux) —Ug(x) = cu(x) —Ug(x)) = C|| f — byl
> c(u(x) —Ug(x)) = Cl fll> +allbllr>).
From (8-1), (8-3) and the inequality above we conclude that for & small enough,
u—Upg > ace —aCe® > coae  in Byo(¥). (8-5)
From (8-5) and the comparison principle it follows that for ¢; small universal
U—ax, >aciex,, xe€f{x,>0}N 519/20. (8-6)
To prove this claim, let ¢ solve

$$=0 inR:=(BiN{x,>0})\ By,



302 DANIELA DE SILVA, FAUSTO FERRARI AND SANDRO SALSA

with boundary data
¢=0 ond(B;N{x, >0}),

(,b =1 on 831/20()?).

Then, by boundary Harnack,
¢ >cx, in RN B]9/20.

We now compare u — ax, with %ozcoqbe — 8aelx, + 40182)63 in the domain R to obtain the desired
conclusion.
We now proceed similarly as in Lemma 4.3, with w the function defined in (4-5). We compute

ZaijDijw(x) =y +2)x —%| 77 TrH(A(x — ) ® (x — X)) — y|x — X7 2 Tr(A)
>y(y +2)|x — x|V Pnh—ylx — %7V *nA
=ylx — %7 2n((y +2)1 — A).

Then
Fw > y|x =377 2n((y +2Dr— A) — y bl e |x — x| 77!

=yl =X (n((y + DA = A) — [[Bll < ]x — X))
> ylx =577 (n((y + D4 = A) — [1bll~) =ko(y. co.n, &, A) > 0,

as long as y satisfies
n((y +2)A = A) — |||~ > 0.

Now set v =1 — w and for x € 53/4()2) define
v(x) = a(l +c1e)(x, — ecodW (x) +te)™ — B(x, —ecodP(x) +1e)™,

with § > 0 small to be made precise later, and ¢ the constant in (8-6).
Then, for t = —c| one can easily verify that

V_¢, <Upg <u, x€Bs3u(X).
Let ¢ be the largest r > —cy such that
v (x) <u(x) in B3 (X)),

and let X be the first touching point. To guarantee that ¥ cannot belong to 3 B34 when t < ¢o8 we use
(8-6). Indeed if x € dB3/4 and v;(x) > 0 then x,, > 0 and in view of (8-6)

vi(x) =a(l+c18)(x, —ecod +18) < a(l +c18)x, < u(x).

If v;(x) < O we use that u > Up to reach again the conclusion that v;(x) < u(x). To proceed as in
Lemma 4.3 we now need to show that for 7 < ¢(8, v is a strict subsolution in the annulus A.
Indeed, in A (v;) in view of the assumption (8-1) and the computation above for £w, we have

P > a(ecodko + b,) > &2 min{a, B} > || £l oo
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A similar estimate holds in A~ (v;). Thus
. + -
Lvp> f in AT (v)) UA™ (vp),

for & small enough.
Also, since ¥, < —c on F'(v7) N A, for ¢ small, we have

1/2

Kk = len — ecoVr| = (1 — 2eco8yr, +e2c§82 IV |?) '~ = 1+ ke,

with k between two universal constants.
Then, on F(v;) N A, using (8-2), we can write, as long as ¢ is sufficiently small,

(v;r),, —G((v; )y, x) =a(l +c1e)k — G(Br, x) = a(l +ci1e)k — Go(Bk) — €2
> (1+c18)Go(B) — Go(B)x" — €

> 8Go(ﬂ)<% - Nléa) ~0

if § < c1/(2Nk). We used that Go(B) > Go(0) > 0 and that Go(Bk) < Go(B)k", since n~NGo(n) is
strictly decreasing.

Thus, vy is a strict subsolution to (1-1) in A as desired. Hence f > ¢y8 and we conclude as in the
Laplacian case. (|

With Lemma 8.1 at hand, the Harnack inequality and its corollary follow as in Section 4. We only
state the corollary, since it is indeed the tool used in the proof of the improvement of flatness lemma in
the next subsection.

Corollary 8.2. Let u satisfy at some point xg € B
Up(xn +ap) <u(x) < Up(xy +bo) in By(xo) C B, (8-7)

for some 0 < B < L, with

by —ap <e,

and let (8-1)—(8-2) hold, for ¢ < &, & universal. Then in By (xg) (with o = Go(8)) we have

() —ax, in By (u) U F (1),
i =1
—u(x)—ﬂx,, in B, (u)
Be 2

has a Holder modulus of continuity at xo, outside the ball of radius /¢, that is, for all x € B|(xg), with
|x —xol = &/8,

|ite (x) — g (x0)| < Clx — xo]".
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Improvement of flatness. We now extend the basic induction step towards C!? regularity at 0. We argue
as in the proof of Lemma 5.1.

Lemma 8.3. Let u be solution of (1-3) and suppose that
Ug(xy, —¢) <u(x) <Ug(x,+¢) inBy, (8-8)
with) < B <L,
lai; = 8ijlley <& N flee) < e min{Go(B). B, 1Bl <&,

and
G, ) = Go)|l sy < &> forall 0<n<L.

If 0 < r <rg for rg universal, and 0 < & < &g for some &y depending on r, then
& & .
Uﬂ/(x-vl—ri) fu(x)fUﬂ/(x-vl—i—rE) in B, (8-9)

with |vi| =1, |vi —e,| < 58, and |B—B'| < 5,38f0ra universal constant C.
Proof. We divide the proof into three steps.

Step 1: compactness. We keep the same notation of Lemma 5.1. In this case, the sequence uy is a solution

of problem (1-3) for operators
a(fk = ZaijkDij +bk -V,
ij

where (with o = G (B, 0))

k 2 k 2
laz; —8ijlle < ek, N fillLe < e min{ag, B}, 1671~ < &,

and
IGk(n, ) — Gk(n,0)|loo <&} forall 0<n<L. (8-10)

The normalized functions i are defined by the same formula. Up to a subsequence, G(-, 0)
converges, locally uniformly, to some C'-function Gy, while B — B sothat oy — @ = 50(,3). Moreover,
by Corollary 8.2 the graphs of u; converge in the Hausdorff distance to a Holder continuous i.

Step 2: limiting solution. We show that i solves

{Aﬁ -0 in By N {x, # 0}, 1)

6“2; - 566(5)17‘; =0 on 31/2 N{x, = 0}.
We can write in Q1 (u*) (in Q@ (%) replace a; with ;)

- 1 1
Zaijijuk = _Olke?k Zaf‘jD,-juk = @(—akbk Vg + f4 = F-,

where |F¥| < Cégy.
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Thus
n
Al = Z (Sij — alkj)D,’jﬁk + F*.
ij=1

Hence recalling that ||afj —dijlloo < &k, and from interior L” Schauder estimates for second derivatives,
we conclude that, for instance, Au; — 0 in L? on every compact set contained in QT @@*) or in Q@ (@@").
This shows that # is harmonic in By, N {x, # 0}.

Next, we prove that i satisfies the transmission condition in (8-11) in the viscosity sense.

Again we argue by contradiction. Let ¢ be a function of the form

$(x) = A+ px,| —qx, +BO(x —y),
with
QW) =Ln—Dx2— X", y=0,0, A,B>0, ap—pGypq>0,
and assume that q~5 touches u strictly from below at a point xg = (x(/), 0) € By/>. Asin Lemma 5.1, let

b = axTF (x) — BT (6) + o (df (0)) %) + Brd (x)%e;,

where, we recall,

ar =ax(1+exp), b = Pr(1 +erq),

and dy (x) is the signed distance from x to 0 Bj(ggy) (y +e, <% — Aé‘k)). Moreover,
k

Y (x) = Pr(x + excren)

touches u; from below at x;, with ¢ — 0, xp — xg.
We get a contradiction if we prove that i is a strict subsolution to our free boundary problem, that is,

{:Ekwk > fi in B} (i) U By (),
(v — Gr((Y v, x) >0 on F ().
We have

IVI'k| < C, |D;jTk| < Cer, laj— 8| < éx.

For k large enough, we can write, say in the positive phase of v,

(Egkl//k = (gk — A)l/fk + Alﬂk > —Cozkslz + aksz/zifkd,?(x + scken)
: 3/2
> cmin{ag, Biley” = | fillos,
and the first condition is satisfied. An analogous estimate holds in the negative phase.

Finally, since on the zero level set |[VI'x| =1 and |Vd,f| = (0, the free boundary condition reduces to
showing that

ay — Gr(bg, x) > 0.
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Using the definition of ai, by we need to check that
ar(I+exp) — Gr(Br(1 +£xq), x) > 0.
From (8-10), it suffices to check that
o (1 +exp) — G(Bi(1+exq), 0) — & > 0.
This inequality holds for k large in view of the fact that
ap—BGy(Bg > 0.
Thus # is a viscosity solution to the linearized problem.

Step 3: contradiction. According to estimate (3-2), since i#(0) = 0 we obtain

it — (x' -V + pxT —gx)| < Cr’, xé€B,,
with
ap—BGy(Bg =0, |V|=|Vvi(0) <C.
Thus, since iy converges uniformly to & (by slightly enlarging C) we get
ity — (X" V' + pxF—gx;)| < Cr’, xé€B,.

Now set

B =Bl +eq), v = (en +er(V', 0)).

1
1+ 2]V
Then
af = Gr(Br(1+exq), 0) = Gy (B, 0) + B Gy (Br, 0)erg + O(})
G/ (Bx, 0)
=ak<1 +ﬁk%qek) +0(e}) = ax (1 +ecp) + O(ep),

since from the identity & p — B (N}E)(B)q = (0 we derive that

G (B, 0)
L

B q=p+ 0.

Moreover

ve = ey +ec(V,0) +eiT,  |t] <C.
With these choices, it follows as in Lemma 5.1 that (for k large and r < rg)
Oy (v = ex3) =i < Ty (- wvens) inB
\x-vp—er= rx- —) in
Bi X - Vi 8k2 SUp(X) = Bi X - Vg 8k2 I

which leads to a contradiction.
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In this section, we recover the improvement of flatness lemma in the degenerate case, that is, when the

negative part of u is negligible and the positive part is close to a one-plane solution (8 =0, & = G¢(0)).

First we need the Harnack inequality.

The Harnack inequality. As in Section 4, the Harnack inequality in the degenerate case is a consequence

of the following basic lemma.

Lemma 9.1. There exists a universal constant ¢ > 0 such that if u satisfies
ut(x) = Up(x) in By,

with

lulle <& b= <€ Il <%

IG™, ) —Goll <&, 0<n<Cée?
then if at x = %en
ut(x) > Up(X, + ¢),
then

ut(x) > Up(x, +ce) in By,

9-1)
(9-2)

(9-3)

(9-4)

for some universal ¢, with 0 < ¢ < 1. Analogously, if u™ (x) < Uy(x) in By and u™ (x) < Uy(X, — €), then

ut(x) <Uy(x, —ce) in 51/2.

Proof. The proof is the same as for the model case in Lemma 4.6. To prove that

vi(x) = Go(0)(x, — ecoyr +1e)T — e2Cy(x, — ecoy (x) +18) 7,

is a subsolution in the annulus A, we use the following computation:

Pv; > coCre3Fw — C16%|b,| = K (n, Ay A) > 6* > || flloo  in AT (v) UA™ (v7),

for ¢ small enough. Here we have used as in Lemma 8.1 that $w > ko > 0.
Moreover, on F(v;) N A we have

W)y — G((v))y) = Go(0)|e, — ecoVY| — G(e*Cilen — eV, x) = Celyu| + O(e%) > 0,

as long as ¢ is small enough.

We state here the corollary that can be deduced by the degenerate Harnack inequality.

Corollary 9.2. Let u satisfy at some point xo € By

Uo(x, +ao) <u(x) < Up(x, +bo) in Bi(xp) C Bo,

x € B3a(x)

(9-5)
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with
bo—ap <,
and let (9-1)—(9-2) hold with ¢ < &, where € is universal. Then in By(xg)
. ut(x) = Go(0)x,
T TTTEG0)
has a Holder modulus of continuity at xq, outside the ball of radius € /¢, that is, for all x € By(xg) with
|x —xol = &/8,

it (x) —ite (x0)| < Clx — xo]".

Improvement of flatness. We prove here the improvement of flatness in the degenerate setting. Recall
that in this case one improves the flatness of ™ only.

Lemma 9.3. Let u satisfy

Up(x, — &) <ut(x) < Up(x,+¢€) inBy,0€ F(u), (9-6)
with
laij —8iill <& N flles) <e*, 1Bl <&,
IG(,-) — Go()llL= < &2, 0<n<Ce,
and

- 2
lu™|lLoocB) < &°.
If 0 < r <ry forry universal, and 0 < ¢ < g1 for some € depending on r, then

Uo<x-v1—r%) §u+(x)§Uo<x-v1+r%) in B, (9-7)

with |vi| =1, |v; — e, | < Ce for a universal constant C.

Proof. Step 1: Compactness. As in Lemma 5.2, it follows from Corollary 9.2 that as ey — O the graphs
of the

— G0, 0)x,
i (x) = ”k(xz;k o ko()gk Py € B () U F ()

converge (up to a subsequence) in the Hausdorff distance to the graph of a Holder continuous function &

over By N{x, > 0}. Here the u; solve our free boundary problem (1-3) with coefficients af‘j, b*, right-
hand side f; and free boundary condition Gy satisfying the assumptions of the lemma for a subsequence

of & going to 0.

Step 2: limiting solution. One shows that & solves the following Neumann problem

{Aft:O inBl/gﬂ{xn>0}, (9 8)

u, =0 on BjpN{x, =0}

We can easily adapt the proof of Lemma 5.2, choosing

de(x) = ar T (x) + (df (x))%6)%,  ax = G (0,0)(1 + & p).
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and
@i (x + crexen) in %,
ce}(3d(x, dM) +d*(x, 3B)) outside of B,

1
B := B1(Bey) (y + e, (B_sk — Agi — Skck)>-

To check the subsolution condition at the free boundary for the function W (x), we need that

Wi (x) = { (9-9)

with

(W > Gr((Y)y, x)  on F(Wy).
This is equivalent to showing that G (0, 0)(1 + &, p) — Gk(cs,%, x) > 0 for k large. Since p > 0, this
follows immediately from the assumptions on Gy.

Step 3: contradiction. In this step we can argue as in the final step of the proof of Lemma 4.1 in [De Silva
2011]. 0

10. Proofs of the main theorems for general free boundary problems

The proof of Theorem 1.3 and Theorem 1.4 follow the same scheme of the model case. In particular, for
Theorem 1.3, we take care of choosing 77 < 1—16, say, while the other assumptions on 7 remain the same.
Also, € may have to be smaller, depending on y;. The dichotomy degenerate/nondegenerate is handled
through Lemma 6.1 which extends to the variable coefficients case, with minor changes in the proof.
In the proof of Theorem 1.4, the blow-up limit & solves the following global homogeneous two-phase
free boundary problem
Au =0, in (i > 0} U {@ <0}°,
{ . L _ . (10-1)
il =Go(;) on F):=d{u>0)}.

Now, Lemma 6.2 holds with identical proof for the free boundary condition U;f = Go(U,,), so that
the proof of Theorem 1.4 does not present any further difficulty.
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