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SPECTRAL ESTIMATES ON THE SPHERE

JEAN DOLBEAULT, MARIA J. ESTEBAN AND ARI LAPTEV

In this article we establish optimal estimates for the first eigenvalue of Schrédinger operators on the
d-dimensional unit sphere. These estimates depend on L” norms of the potential, or of its inverse, and are
equivalent to interpolation inequalities on the sphere. We also characterize a semiclassical asymptotic
regime and discuss how our estimates on the sphere differ from those on the Euclidean space.

1. Introduction

Let A be the Laplace—Beltrami operator on the unit d-dimensional sphere S?. Our first result is concerned
with the sharp estimate of the first negative eigenvalue A; = A;(—A — V) of the Schrédinger operator
—A —V on S? (with potential —V) in terms of L”-norms of V.

The literature on spectral estimates for the negative eigenvalues of Schrodinger operators on manifolds
is limited. P. Federbusch [1969] and O. S. Rothaus [1981] established a link between logarithmic
Sobolev inequalities and the ground state energy of Schrédinger operators. The Rozenbljum-Lieb—Cwikel
inequality (case y = 0 with standard notations: see below) on manifolds has been studied in [Levin and
Solomyak 1997, Section 5]; we may also refer to [Lieb 1976] for the semiclassical regime, and to [Levin
2006; Ouhabaz and Poupaud 2010] for more recent results in this direction. A. Ilyin, in two articles
[1993; 2012] on Lieb-Thirring type inequalities (see also [Levin 2006; Ouhabaz and Poupaud 2010] for
other results on manifolds), considers Schrodinger operators on unit spheres restricted to the space of
functions orthogonal to constants and uses the original method of E. Lieb and W. Thirring [1976]. The
exclusion of the zero mode of the Laplace—Beltrami operator results in semiclassical estimates similar to
those for negative eigenvalues of Schrodinger operators in Euclidean spaces.

The results in this paper are somewhat complementary. We show that if the L”-norm of V is smaller
than an explicit value, the first eigenvalue A;(—A — V) cannot satisfy the semiclassical inequality and
thus it is impossible to obtain standard Lieb-Thirring type inequalities for the whole negative spectrum.
However, we show that if the L”-norm of the potential is large, the first eigenvalue behaves semiclassically
and the best constant in the inequality asymptotically coincides with the best constants L;, 4 of the
corresponding inequality in the Euclidean space of the same dimension (see below). In this regime the
first eigenfunction is concentrated around some point on S¢ and can be identified with an eigenfunction
of the Schrodinger operator on the tangent space, up to a small error. In Appendix A, we illustrate the
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transition between the small L”-norm regime and the asymptotic, semiclassical regime by numerically
computing the optimal estimates for the eigenvalue A1(—A — V) in terms of the norms ||V || sq).

In order to formulate our first theorem, let us introduce the measure dw induced by the Lebesgue
measure on S¢ C R*+! and the uniform probability measure do = dw/|S?| with |S?| = w(S“). We shall
denote by || - [|L¢(se) the quantity [ullpq(se) = (fgd lu|? do)'/4 for any g > 0 (including the case g € (0, 1),
for which || - ||L¢(se) is no longer a norm, but is only a quasinorm). Because of the normalization of do,
when making comparisons with corresponding results in the Euclidean space, we will need the constant

. d1-2
Kg.a =S4

The well-known optimal constant L}I,y 4 in the one bound state Keller-Lieb—Thirring inequality is defined
as follows: for any function ¢ on R?, if A;(—A — ¢) denotes the lowest negative eigenvalue of the
Schrodinger operator —A — ¢ (with potential —¢) when it exists, and O otherwise, we have

M (—A =) sL;,dqusi*”’/zdx, (1
R

provided y >0ifd >3,y >0ifd =2, and y > 1/2 if d = 1. Notice that only the positive part ¢4 of ¢
is involved in the right-hand side of the above inequality. Assuming that y > 1 —d/2ifd =1 or 2, we
shall consider the exponents

2 d d
qzzL and p:L:y_i__’
2y +d—2 g—2 2

which are therefore such that

*

2
2<q:—p1<2

with 2% :=2d/(d —2) ifd > 3,and g =2p/(p — 1) € (2, +00) if d = 1 or 2. To simplify notation, we
adopt the convention 2* := oo if d = 1 or 2. It is also convenient to introduce the notation

1
Oy 1= Zd(d —-2).
In Section 2 we shall prove the following result.

Theorem 1. Let d > 1 and p € (max{1l, d/2}, +00). Then there exists a convex increasing function
a:RT — R witha(u) = pu forany n €0, (d/2)(p—1)] and o (i) > pu for any w € ((d/2)(p—1), +00),
such that

A (=A=WV) =a(llVIlLr(sa)) (2)

for any nonnegative V€ LP(S%). Moreover, for large values of i, we have
a(WP =L}, 4 4(kqa)” (1 +o(1).

The estimate (2) is optimal in the sense that there exists a nonnegative function V such that i = ||V ||L»(sa)
and |A(—A = V)| = a(n) for any p € ((d/2)(p — 1), +00). If p < (d/2)(p — 1), equality in (2) is
achieved by constant potentials.
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If p=d/2 and d > 3, then (2) is satisfied with o () = u only for p € [0, o ]. If d = p =1, then (2) is
also satisfied for some nonnegative, convex function o on RT such that u < a () < p + 7>’ for any
u € (0, 400), equality in (2) is achieved and a (i) = 72 u(1+0(1)) as u — +oo.

Since A1 (—A — V) is nonpositive for any nonnegative, nontrivial V, inequality (2) is a lower estimate.
We have indeed found that
0=21(=A=V) = —a(lVILr(s)-

If V changes sign, the above inequality still holds if V is replaced by the positive part V. of V, provided
the lowest eigenvalue is negative. We can then write

A=A = V)| <a(|VillLrss) forall Ve LP(S9). 3)

The expression of L;/, 4 1s not explicit (except in the case d = 1: see [Lieb and Thirring 1976, page 290]),
but can be given in terms of an optimal constant in some Gagliardo—Nirenberg—Sobolev inequality
(see [Lieb and Thirring 1976] and (9)—(10) in Section 2.1). In case d = p = 1, notice that L% = % (see
Section B.2 in Appendix B) and k1 = 27 so that our formula in the asymptotic regime yu — 400 is
consistent with the other cases.

The reader is invited to check that Theorem 1 can be reformulated in a more standard language of
spectral theory as follows. We recall that y = p —d/2 and that dw is the standard measure induced on
the unit sphere S? by the Lebesgue measure on R4+,

Corollary 2. Let d > 1 and consider a nonnegative function V. For ju = ||V || y+a2(say large, we have

M(=A-=W))" SL, /d VY2 g )

S
if either y > max{0, 1 —d/2} ory = 1/2 and d = 1. However, if u = |V ||Ly+ar2(sa)y < }Ld(Zy +d—2),
we have

Mm—A—vnHWZsde*W%m )
S

for any y > max{0, 1 — d/2} and this estimate is optimal.

Here the notation f < g as u — 400 means that f < c(u)g with lim,,_, o c(t) = 1. The limit case
y =max{0, 1 —d/2} in (5) is covered by approximations. We may also notice that optimality in (5) is
achieved by constant potentials. Let us give some details.

If we consider a sequence of constant functions (V,),en uniformly converging towards 0, for instance

V. = 1/n, we get that
A=A =Vl

lim = +00,

n— o0 fgd Vny+d/2 dw
which clearly forbids the possibility of an inequality of the same type as (4) for small values of
Jea VY2 dw. This is however compatible with the results of Ilyin in dimension d = 2. In [Ilyin
2012, Theorem 2.1], the author states that if P is the orthogonal projection defined by Pu :=u — f§2 udo,
the negative eigenvalues A, (P (—A — V) P) satisfy the semiclassical inequality
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S i (P(=A = V)P)] s§f V2 do.
o 8 Je:

Another way of seeing that inequalities like (4) are incompatible with small potentials is based on the
following observation. Inequality (5) shows that

1/2
h(=A— V)| < (/ vzdw)
SZ

if the L2-norm of V is smaller than 1. Since such an inequality is sharp, the semiclassical Lieb—Thirring
inequalities for the Schrodinger operator on the sphere S? are therefore impossible for small potentials
and can be achieved only in a semiclassical asymptotic regime, that is, when the norm || V|| 2(s2) is large.

Our second main result is concerned with the estimates from below for the first eigenvalue of Schrodinger
operators with positive potentials. In this case, by analogy with (1), it is convenient to introduce the
constant L' yd with y > d/2, which is the optimal constant in the inequality

M(=A+¢)7 <L, / 91 dx, (6)
R

where ¢ is any positive potential on R? and A;(—A 4 ¢) denotes the lowest positive eigenvalue if it exists,
or 400 otherwise. Inequality (6) is less standard than (1); we refer to [Dolbeault et al. 2006, Theorem 12]
for a statement and a proof. As in Theorem 1, we shall also introduce exponents p and g such that

2y —d q d
gq=2——— and p=—"—=y——,
2y —d+2 2—¢q 2
so that p (respectively g =2p/p + 1) takes arbitrary values in (0, +00) (respectively (0, 2)). With these
notations, we have the counterpart of Theorem 1 in the case of positive potentials.

Theorem 3. Letd > 1, p € (0, +00). There exists a concave increasing function v : Rt — R with

v(B) = B forany B € [0, d/2)(p+ D] if p > 1,v(B) < B forany f > 0 and v(B) < B for any
Be((d/2)(p+1),400), such that

=D+ W) =v(B) with f=I1W L, g (7
for any positive potential W such that W=' € LP(S%). Moreover, for large values of B, we have

V()PP SLL L a0).akg.aB) "

The estimate (7) is optimal in the sense that there exists a nonnegative potential W such that B! =
(w1 llLr(sey and A1 (— A+ W) =v(B) for any positive B and p. If B < (d/2)(p+1) and p > 1, equality
in (7) is achieved by constant potentials.

Again the expression of L]_% 4 18 not explicit when d > 2 but can be given in terms of an optimal
constant in some Gagliardo—Nirenberg—Sobolev inequality; see [Dolbeault et al. 2006] and (17)—(18) in
Section 4.

We can rewrite Theorem 3 in terms of y = p +d/2 and explicit integrals involving W.
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Corollary 4. Letd > 1 and y > d /2. For B = |W~! large, we have

—1
Ly—d/2 (Sd)

(M(=A+ W)V SLL d/ W do.
’ Sd

However,ify >d/2+ 1 and if B = ||W_1||Ey1_d/2(§d) < }Td(Zy —d+2), we have

(A1 (=A + W)y 5/ W42 do,
Sd

and this estimate is optimal.

This paper is organized as follows. Section 2 contains various results on interpolation inequalities; the
most important one for our purpose is stated in Lemma 5. Theorem 1, Corollary 2 and, various spectral
estimates for Schrodinger operators with negative potentials are established in Section 3. Section 4 deals
with the case of positive potentials and contains the proofs of Theorem 3 and Corollary 4. Section 5 is
devoted to the threshold case (¢ = 2, that is, p, y — +00) of exponential estimates for eigenvalues, or, in
terms of interpolation inequalities, to logarithmic Sobolev inequalities. Finally, numerical and technical
results have been collected in two appendices.

2. Interpolation inequalities and consequences for negative potentials

2.1. Inequalities in the Euclidean space. Let us start with some considerations on inequalities in the
Euclidean space, which play a crucial role in the semiclassical regime.

We recall that we denote by 2* the Sobolev critical exponent 2d /(d —2) if d > 3 and consider Sobolev’s
inequality on R, d > 3,

1VI1E 2 gy < Sall VOl gay  forall v e B2 (RY) (8)

where S is the optimal constant and %'?(R?) is the Beppo Levi space obtained by completion of smooth
compactly supported functions with respect to the norm v > || Vv||2(gay. See Section B.4 for details and
comments on the expression of S;.

Assume now that d > 1 and recall that 2* = 400 if d = 1 or 2. In the subcritical case, that is, g € (2, 2%),
let

||Vv||iZ(Rd) + ” v ||iz(Rd)

Kgd ==

mn 2
veH! (R9)\{0} “v”L‘I(Rd)

be the optimal constant in the Gagliardo—Nirenberg—Sobolev inequality
2 2 2 1 d
Kq,d”v”Lq(Rd) S ”VUHLZ(Rd) + ”v”LZ(Rd) fOI' all v E H (R ) (9)

The optimal constant L)l,’ 4 in the one bound state Keller-Lieb-Thirring inequality is such that

_ : d 2y +d
L)l/yd::(Kq,d)p withp=y+—-,qg=2 v

—_— 10
2 2y +d -2 (10)
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See Section B.5 for a proof and references and [Lieb and Thirring 1976] for a detailed discussion. Also
see [Barnes 1976] for numerical values of K, 4.
We shall also define the exponent
O i=d——-
2q
which plays an important role in the scale invariant form of the Gagliardo—Nirenberg—Sobolev interpolation
inequalities associated to K, 4: see Section B.1 for details.

2.2. Interpolation inequalities on the sphere. Using the inverse stereographic projection (see Section B.3),
it is possible to relate interpolation inequalities on R? with interpolation inequalities on S¢. In this section
we consider the case of the sphere. Notice that o, =d/(q —2) when ¢ =2* =2d/(d — 2),d > 3.

Lemma 5. Let g € (2,2%). There exists a concave increasing function ju : R™ — R™ with the properties

ula) =a forall o € [0, daz]’
na) <o forall o € (daZ’ +oo),
Kgd 1-9
nwe)=—"—oa "(14+o0(l)) aso— +o0,
Kq.d
and such that
IVallf 2o, +ellullfssn = m@ullfyga, forallu e H(S?). (11)

Ifd > 3 and q = 2%, the inequality also holds for any o > 0 with (o) = min {o, o, }.

The remainder of this section is mostly devoted to the proof of Lemma 5. A fundamental tool is a
rigidity result proved by M.-F. Bidaut-Véron and L. Véron [1991, Theorem 6.1] for ¢ > 2, which goes as
follows. Any positive solution of

—Af +af = 17! (12)

has a unique solution f = «!/@=2 for any 0 < « < d/(g —2). A straightforward consequence of this
rigidity result is the following interpolation inequality [Bidaut-Véron and Véron 1991, Corollary 6.2]:

d 2/q
/ |Vu|? do > —2[< |u? da) —f |u|2do:| for all u e H'(S?, do). (13)
S q— sd sS4

Inequality (13) holds for any ¢ € [1,2) U (2,2*]if d > 3 and for any ¢ € [1,2) U (2, 00) if d = 1 or 2.
An alternative proof of (13) has been established in [Beckner 1993] for ¢ > 2 using previous results by
Lieb [1983] and the Funk—Hecke formula [Funk 1915; Hecke 1917]. The whole range p € [1, 2) U (2, 2%)
was covered in the case of the ultraspherical operator [Bentaleb and Fahlaoui 2009; 2010]. Also see
[Bakry and Ledoux 1996; Ledoux 2000] for the carré du champ method, and [Dolbeault et al. 2013] for
an elementary proof. Inequality (13) is tight as defined by D. Bakry [2006, Section 2], in the sense that
equality is achieved only by constants.
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Remark 6. Inequality (13) is equivalent to

2
(¢ = D|IVul? o,
2

2
L4(S9) - ”M ||

n -
ueH! (SH\{0} ||ul| L2(s9)

Although we will not make use of them in this paper, we may notice that the following properties hold

true:

(i) If ¢ < 2%, the above infimum is not achieved in H! (S% \ {0}, but

(g — 2)||vue||]%2(§zl)

m
=04 Jlug ] — lluell?
+ & L‘I(Sd) el 2(s4)

if us :=14¢e¢, where ¢ is a nontrivial eigenfunction of the Laplace—Beltrami operator corresponding
to the first nonzero eigenvalue (see Section 2.3).

(ii) If ¢ = 2*, d > 3, there are nontrivial optimal functions for (13), due to the conformal invariance.
Alternatively, these solutions can be constructed from the family of Aubin—Talenti optimal functions
for Sobolev’s inequality, using the inverse stereographic projection.

@iii) If @ > a4 and g = 2%, d > 3, there are no optimal functions for (11), since otherwise o — (o)
would not be constant on (., «): see Proposition 7 below.

2.3. Properties of the function o — p(a) in the subcritical case. Assume that g € (2,2*). For any
o > 0, consider

L2(S%) L2(S9)

IVu|? + ol L d
= 5 forall u e H (8%, do).
||u||Lq(§d)

It is a standard result of the calculus of variations that
inf D lu] := p(a)

ueH (¢ ,do)
Jsd |ul9 do=1

is achieved by a minimizer u € H'(S“, do') which solves the Euler-Lagrange equations
—Au+ou—p@u?~t =0. (14)

Indeed, we know that there is a Lagrange multiplier associated to the constraint fgd |ul9do =1, and
multiplying (14) by u and integrating on S¢, we can identify it with i (). As a corollary, we have shown
that (11) holds. The fact that the Lagrange multiplier can be identified so easily is a consequence of the
fact that all terms in (11) are two-homogeneous.

We can now list some basic properties of the function o — ().

(1) For any @ > 0, u(x) is positive, since the infimum is achieved by a nonnegative function u and
u = 0 is incompatible with the constraint fgd |ul? do = 1. By taking a constant test function, we see
that (o) < « for all @ > 0. The function o — p (o) is monotone nondecreasing since for a given
u e H'(S?, do) \ {0}, the function a — 2,[u] is monotone increasing. It is actually strictly monotone.
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Indeed, if p(or;) = p(o2) with oo < a2, one can notice that 94, [u2] < (o) if uy is a minimizer of 24,
satisfying the constraint fgd |uz|? do = 1, which provides an obvious contradiction.

(2) We have
w)=o foral ae <O L]
9 q_2

Indeed, if u is a solution of (14), f = w(e)/@=2y solves (12) and is therefore a constant function if
o <d/(q —2) according to [Bidaut-Véron and Véron 1991, Theorem 6.1], and so is u as well. Because
of the normalization constraint ||u || ¢s«) = 1, we get that u = 1, which proves the statement.

On the contrary, we have

u(e) <a forall o > ——.
q—

Let us prove this. Let ¢ be a nontrivial eigenfunction of the Laplace—Beltrami operator corresponding to
the first nonzero eigenvalue:

—Ap =do.

If x = (x1, X2, ..., X4, z) are cartesian coordinates of x € R?*! so that S¢ ¢ R?*! is characterized by the
condition Zle xl-2 +z2 =1, a simple choice of such a function ¢ is ¢(x) = z. By orthogonality with
respect to the constants, we know that fgd ¢ do = 0. We may now Taylor expand 2, around u = 1 by
considering u = 1 4 e¢ as ¢ — 0 and obtain that

(d+a)e? [oilpl*do +a
(Jou |1+ 9|7 do)?/a

1(@) < Du[] + 6] = —atdtal —q)]sZ/ 102 do + 0(?).
Sd

By taking & small enough, we get (o) < « for all @ > d/(q — 2). Optimizing on the value of ¢ > 0 (not
necessarily small) provides an interesting test function: see Section A.1.

(3) The function o — w(e) is concave, because it is the minimum of a family of affine functions.

2.4. More estimates on the function o — p(at). We first consider the critical case ¢ =2*, d > 3. As in
the subcritical case g < 2%, we have u(o) = o for ¢ < a*. For o > o*, the function o — () is constant.

Proposition 7. With the notations of Lemma 5, if d > 3 and q = 2%, then
d 1
wla)=oy foraloa>a,= —5= 1dd-2).
q —

Proof. Consider the Aubin—Talenti optimal functions for Sobolev’s inequality and, more specifically, let
us choose the functions
d—2
& 2 d
ve(x) 1= (W) for all x € R* and all ¢ > 0,
which are such that ||ve || 2+ (ge) = ||V1 ]| 2% (ga) 1s independent of ¢. With standard notations (see Section B.3),
let N € S¢ be the north pole. Using the stereographic projection X, that is, for the functions defined for
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any y € S?\ {N} by

P41V .
us(y):< 7 ) ve(x)  with x = X(y),

we find that [lu; || 2# ey = [|v1 |2+ ey for any & > 0, so that

Vv ||? + (00— ) fga Ve |22/ (1+x[*))dx d,
() < tg] = D e T o G L2
K2* . d ”UE ”Lz* (Rd) ” (5] ”Lz* (RY)
where we have used the fact that «p+ 4S; = 1/, (see Section B.4) and
00 e d-2 rd—l 00 1 d-2 Sd—l
8(d,g) = dr =¢° d
@& /0 (82+r2> A+ =" /0 (1+s2) (1 +e2522 &
One can check that lim, ., §(d, &) = 0 since
5 00 sd—l +o00 ds
(S(d,S)SS /0 st 1fd25 and S(d,S)SECd/O m 1fd:30r4,

with ¢3 = 1 and ¢4 = 3/3/16. O

The next step is devoted to a lower estimate for the function « +— () in the subcritical case, which
shows that limy_, 1 » (o) = +00 in contrast with the critical case.

Proposition 8. With the notations of Lemma 5, if d > 3 and q € (2, 2*), then, for any « > o, we have
o> ula) > oe19 1=

with 0 =d(q —2)/2q. Foreverys € (2,2%),ifd >3, oreverys € (2, +00) ifd =1 or 2, such that s > q,

we also have that
d 9
ooz (L)
s—2

foranyo >d/(s —2)and 0 =0(s,q,d) :=s(qg—2)/(g(s —2)).

Proof. The first case can be seen as a limit case of the second one as s — 2* and ¥ = 6(2*, ¢, d). Using
Holder’s inequality, we can estimate [|u||yq(s¢y by

”M ”Lq(Sd) = ||l/t ”Ls (S%) ||l/t ||L2(§d)
and get the result using

2 1-6 0
gza[u]z<”v"”“ i Fallullly Sd)> (uwnu Sd)+a||u||Lz(gd)) Z( d2) I

||u||L2 Sd) s =

”M “Lx(gd)

Proposition 9. With the notations of Lemma 5, for every q € (2, 2*), we have

. _ Kq.a
lim sup o’ 1,u(oz) < 1L,
a—+00 Kq.d
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Proof. Let v be an optimal function for K, 4 and define for any x € R? the function

Ve (x) 1= v(2«/o¢ — Oy x)

with oy = J—td(d —2) and o > «ay, so that

/ |V |>dx =224 (a —a*)l—dﬂ/ |Vv|? dx,
Rd Rd

’ d—(d-2)g/1 Ix 2 —d+(d-2)q/2
/ |vg |7 dx :2_(‘1_2)”’/2(0(—0(*)_”1/2] {1+ —— dx.
Rd 1+ |x|? Rd 4(a — ay)

Now we observe that the function u, (y) := ((|x|* + 1)/2)@=2/2p,(x), where y = £~ (x) and X is the
stereographic projection (see Section B.3), is such that

1 Jpa Vel dx + (0 = o) fa [al* /(1 + |x[*))* dx

Kq.d [fre 10al?(2/ (14 |x[3)4=d=2a/2 dx]*/a

Passing to the limit as « — 400, we get

|X|2 —d+(d—2)q/2
lim {14+ ——— dx=/ [v]|? dx
a—>+00 Jpd 4(or — oty) R4

Vo lute] =

by Lebesgue’s theorem of dominated convergence. The limit also holds with g replaced by 2. This proves
that
Vg lug] = (o — ay) ! 74/3+d/4 (M +0(1)> as o — 400,
Kq.d
which concludes the proof because ¥ =d (g —2)/(2q). U

2.5. The semiclassical regime: behavior of the function a — p(a) as ¢ — +oo. Assume g € (2, 2%).
If we combine the results of Propositions 8 and 9, we know that (o) ~ a' " as o — +oo if d > 3.
If d = 1 or 2, we know that limy_, 1o (o) = +00 with a growth at least equivalent to o>/4~¢ with
g > 0, arbitrarily small, according to Proposition 8, and at most equivalent to o'~ by Proposition 9. To
complete the proof of Lemma 5, it remains to determine the precise behavior of u(«) as @ — +oo.

Proposition 10. With the notations of Lemma 5, for every q € (2,2%), with 9 =d(q —2)/(2q) we have

K
ulo) = L’dal_ﬂ(l +0(1)) asa— +oo.
Kq,d

Proof. Suppose by contradiction that there is a positive constant 1 and a sequence (o) en such that
lim,,— 400 0t = 400 and
K
lim a,’f*lu(an) < 2ad n. (15)
n——+o00 Kq,d
Consider a sequence (u,),en of functions in H'(S%) such that g, [un] = pu(ay,) and (uy |l q(sey =1 for

any n € N. From (15), we know that

2 1o ( Kg.d
nlltnllf2(gay < La, [un] = platn) < @, PR (I+o(1)) asn— +oo,
q,
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that is,

Kg.a
limsupaﬂ||un||22 ay = L—U-
n—>too LE0 Kg.d

The normalization ||uy || 4se) = 1 for any n € N and the limit lim,,—, 4 o0 |4y [l 2(s¢y = 0 mean that the
sequence (u,)en concentrates: there exists a sequence (y;);en Of points in s (eventually finite) and
two sequences of positive numbers (¢;);en and (7 )i nen such that lim, oo 75, =0, Y,y & = 1, and
JsinBsyr ) Hinl? do =& +o(1), where u;,, € H'(SY), i = uy on S* N B(y;, i), and

supp i, C S* N B(yi, 2rip).

Here o(1) means that uniformly with respect to i, the remainder term converges towards 0 as n — +o0.
Using a computation similar to those of the proof of Proposition 9, we can blow up each function u; ,
and prove
91 2 2 Kg.d . 2/q .
(o — ax) (IVuinl” +anluin|”)do > ——=¢7"" +o(1) forall i.
sd Kq.d
Let us choose an integer N such that (ZlN:l g“i)z/q > 1—k4,.an/(2K4,q). Then we find that

2/q
(an—a*)l’—léd<|Vun|2+an|un|2)do> qd2¢2/4+0(1)> (Za) +o(1)

K
>l T,
Kgd 2
a contradiction with (15). U
For details on the behavior of K, 4 as g varies, see Proposition 15. Collecting all results of this section

completes the proof of Lemma 5.

3. Spectral estimates for the Schrodinger operator on the sphere

This section is devoted to the proof of Theorem 1. As a consequence of the results of Lemma 5, the
function @ — () is invertible, of inverse u — a (), if d = 1,2 ord > 3 and g < 2%, and we have the
inequality
2
/d |Vu|? do _“</d |u|? do)q > —a(p) fd lu|*do forallu e H'(S?, do) and all u > 0. (16)
S S S

Moreover, the function @ — o () is monotone increasing, convex, and satisfies a(n) = p for any

ne(0,d/(g —2)] and a(u) > p for any p > d/(q —2).
Consider the Schrodinger operator —A — V for some function V e L”(S?) and the corresponding

€u] ::/ |Vu|2do—/ Viul? do.
Sd d

M(E=A=-V) = inf élul.
ueH (S%,do)
Jsd lu? do=1

energy functional

Let
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By Holder’s inequality, we have

#lu] > /§ Val do — 1Vl 1, s
with 1/p +2/g = 1. From Section 2, with u = ||V, || (s¢), we deduce
€lul > —a(u)nuniz(g,,) for all u € H'(SY, do) and all V € LP(S9),

which amounts to a Keller-Lieb-Thirring inequality on the sphere (3), or equivalently,

|Vu|2da—/ V|u|2da+a(||V+||Lp(§d))/ lul?do >0 forall ue H' (S, do) and all V eLP(SY).
Sd Sd Sd

Notice that this inequality simultaneously contains (3) and (16), by optimizing either on u or on V.
Optimality in (3) still needs to be proved. This can be done by taking an arbitrary u € (0, o) and
considering an optimal function for (16), for which we have

2
q
IVulzda—u(/ Iulqdcr) :a(,u)/ lul* do.
Sd sS4 sS4

Because the above expression is homogeneous of degree two, there is no restriction to assume that
fgd |ul? do = 1, and since the solution is optimal, it solves the Euler—Lagrange equation

—Au—Vu=a(uu

with V = puud=2, such that
IV llLecsty = mllullf)fe, = 1.

Hence such a function V realizes the equality in (3).

Taking into account Lemma 5 and (10), this completes the proof of Theorem 1 in the general case.
The case d =1 and y = 1/2 has to be treated specifically. Using u = 1 as a test function, we know that
M(A=V)|<u= fg. V dx. On the other hand, consider u € H'(S') such that lull 2y = 1. Since
H'(S') is embedded into C%1/2(S!), there exists xo € S' ~ [0, 27) such that u(xp) = 1 and

X

P —1=2 f u( (y) dy =2 / u(' () dy

0 xo+2m

can be estimated by

X

[u(o)? — 1] 52/ Iu(y)llu/(y)ldy=2/ ()|’ (y)| dy

0+27‘[

27 27 27 1/2
5/0 |u<y>||u/<y>|dys(/0 |u<y>|2dyf0 |u’<y)|2dy>

using the Cauchy—Schwarz inequality, that is,

2
Hu(O1” = 1] < 27 [l 21y,
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since [[u/[1F, g1, = (1/(27)) Jo 1u'()|* dy and el g1, = (1/2)) JoT lu()?dy =1 (recall that do

is a probability measure). Thus we get
@) < 1+ 27l [l12s1),
from which it follows that
M(=A=V) = W[ 2 gy — (1 + 27| | 2sty) = —p = 72402

This shows that u < a () < + 72u?. By the Arzela—Ascoli theorem, the embedding of H'(S') into
Cc%1/2(S") is compact. When d = 1 and y = 1/2, the proof of the asymptotic behavior of () as
W — o0 can then be completed as in the other cases.

4. Spectral inequalities in the case of positive potentials

In this section we address the case of Schrodinger operators —A + W where W is a positive potential on

S? and we derive estimates from below for the first eigenvalue of such operators. In order to do so, we

first study interpolation inequalities in the Euclidean space R?, like those studied in Section 2 (for g > 2).
For this purpose, let us define for g € (0, 2) the constant

||VU ||52(Rd) + ”U”Izﬂ(Rd)

K!,:== in 5
veH! (RN\(0) V12 ga)

q.d

9’

that is, the optimal constant in the Gagliardo—Nirenberg—Sobolev inequality
K vz ey < VO 2oy + VI g o, for all v e H'(RY) (17)

(with the convention that the right-hand side is infinite if |v|? is not integrable).
The optimal constant Ll_y 4 1n (6) is such that

2y —d

1 ,_ * \— : _
L—y,d = (Kq,d) Y with q= 22)/——d—|—2

(18)

See Section B.6 for a proof. Let us define the exponent

P |
T 2d—qd-2)

Lemma 11. Ler g € (0,2) and d > 1. Then there exists a concave increasing function v : RT™ — R™ with

the properties
v(iB)<pB forallB>0 and v(B)<pP forallBe (ZL’_{_OO)’
—q
v(iB)=pB forall e |:0, L] ifgell,2) and lim v(B) =1 ifqe(0,1),
2—gq g0, B

V(B) =K 4(g.aB)’ (1 +0(1)) as p— 400,
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such that
IVl 2 g0y + Bllultogay = vIBulfz sy forall u e HY(S). (19)

Proof. Inequality (19) is obtained by minimizing the left-hand side the constraint |[u||;2(ss) = 1: there is
a minimizer which satisfies
—Au+Bu?™ —v(Bu=0.

Case q € (1, 2). The proof is very similar to that of Lemma 5, so we leave it to the reader. Written for
the optimal value of v(B), inequality (19) is optimal in the following sense:

(i) If 0 < B <d/(2 —q), equality is achieved by constants. See [Dolbeault et al. 2013] for rigidity
results on S9.

(1) If B =d/(2 —q), the sequence (u,),en With u, := 14 (1/n)e, where ¢ is an eigenfunction of the
Laplace—Beltrami operator, is a minimizing sequence of the quotient to the left-hand side of (19)
divided by the right-hand side which converges to the optimal value of v(8) = 8 =d/(2—¢q), that is,

||Vun||1%2(§d) d

2 2
n—00 ”Mn”Lz(Sd) - ||Mn||]_ﬂ(§d)

(i) If B > d/(2 — q), there exists a nonconstant positive function u € H'(S%) \ {0} such that equality
holds in (19).

Case q € (0, 1]. In this case, since S is compact, the case ¢ < 1 does not differ from the case g € (1, 2)
as far as the existence of v(B) is concerned. The only difference is that there is no known rigidity result
for ¢ < 1. However, we can prove that

im 2P _

B—04 ,3

Indeed, let us notice that v(B) < B (use constants as test functions). On the other hand, let ug = cg + vg
be a minimizer for v(B) such that cg = fgd ugdo and, as a consequence, de vg do = 0. Without loss of
generality we can set fgd lcg +vg 1>do = cé + fgd lvg |>do = 1. Using the Poincaré inequality, we know

that ||Vv5||]2_2(§d) > d||v5||12_2(§d), and hence

1.

dllvplifs e + Blics +valTas < IVVslITase + Blics +vslity e = v(B) < B,

which shows that limg_.¢, [|vgll2(sey = 0 and limg_,o, cg = 1. As a consequence, |[cg + vgl|
cé(l +0(1)) as B — 0, and we obtain that

2 _
La(S4) —

B(1+0(1)) = Bez(1+0(1) < v(B),
which concludes the proof.

Asymptotic behavior of v(B). Finally, the asymptotic behavior of v(8) when g is large can be investigated
using concentration-compactness methods similar to those used in the proofs of Propositions 8, 9, and 10.
Details are left to the reader. (]
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Proof of Theorem 3. By Holder’s inequality we have

2/q
||u||iq(§d) = (/d W42 (W |u|)4/? do) < IW ™ lLae-o (s [ Wlu|? do.
S S¢

Using (19), we get

2 2 2 —1y—1 2 —1y—1 2
/dem da+f§dW|u| doz/§d|w| do + IW 1) g 1260y = VAW ||L,,(§d)>/§d jul? do

with p = ¢ /(2 — ¢q), which proves (7). Then Theorem 3 is an easy consequence of Lemma 11. O

5. The threshold case: g =2

The limiting case ¢ = 2 in the interpolation inequality (13) corresponds to the logarithmic Sobolev
inequality

L2
[ lu|? log ———— juf? < f |Vu|*do for all u e H(S?, do),
el gd) =4

which has been studied, for example, in [Beckner 1993; Brouttelande 2003b; 2003a]. For earlier results
on the sphere, see [Federbush 1969; Rothaus 1981; Mueller and Weissler 1982] and the references therein
(in particular for the circle). Now, if we consider inequality (11), in the limiting case ¢ =2 we obtain the
following interpolation inequality.

Lemma 12. For any p > max{l1, d/2}, there exists a concave nondecreasing function & : (0, 4+00) — R
with the properties

E@)=a foralla e (0,ap) and E&(@) <a foralloa > ag
for some ag € [(d/2)(p— 1), (d/2)p], and

E(@) ~a' 7P gya — o0

such that
2
|u|? s< ) IVullyzga
ju?log —=— do + plog = — [[u]24, < plluela e log( 14+ ——2
Sd ”u”LZ(Sd) a”u”LZ(Sd)

forallu e H(SY). (20)

Proof. Consider Holder’s inequality: ||ullp-(s¢) < ||u|| §d)||””Lq(§dy with2 <r <gand 0 = % q—z To
emphasize the dependence of 6 in r, we shall write § = 6(r). By taking the logarithm of both sides of the

inequality, we find that

|
—log/ |u|’da<—log/ P do + 1 (r) / | do.
r Sd sd
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The inequality becomes an equality when r = 2, so that we may differentiate at r = 2 and get, with
q=2p/(p—1)<2* thatis, p = q/(q — 2), the logarithmic Holder inequality

flull?
/|| ' do §p||u||iz(§d) ﬂ for all u € H'(SY).

LZ Sd) ” ||L2 Sd)
We may now use inequality (11) to estimate

”u”iq(gd) < o (1 1 ”Vu”LZ §d))
el sy~ @\ e ul?

LZ(SH')

where 1 = p(w) is the constant which appears in Lemma 5. Thus we get

Ju|? < ) IVallE s
/ | | Og do + plog ”M”LZ(SL]) = p”l’t”LZ(gd) 10g 1+ —() ’
“ I|L2(§d) ||u||L2(§d)
which proves that the inequality
| |2 ”VM”LZ(gd)
| | Og do + p lOg S(a)”u”LZ(gj) = p”u”LZ(gd) ogla+ ——>——
||M||L2(§d) ||M|IL2(§d)

holds for some optimal constant & (o) > (), which is therefore concave, and such that lim,_, ;o (o) =
+o00. This establishes (20). The fact that equality is achieved for every a > 0 follows from the method of
[Dolbeault and Esteban 2012, Proposition 3.3].

Testing (20) with constant functions, we find that £(¢) < « for any o« > 0. On the other hand,
E(a) > u(a) =a forany o <d/(g —2) = (d/2)(p — 1). Testing (20) with u = 1 + e¢, we find that
E)<aifa=>(d/2)p.

By Proposition 10, we know that & (o) > p (o) ~ o' with 9 = d(g—2)/(2q)=d/(2p) as o — +o00.
As in the proof of Propositions 9 and 10, let us consider an optimal function u, for (20). Then we have

£(@)
plog =2
o

1 p
= plog(l + ;uwaniz(gd)) - fg el 1og g |* do ~ =Vt g0y = fg | lual*log lug|* do

as @« — +oo and u, concentrates at a single point like in the case ¢ > 2 so that, after a stereographic
projection which transforms u, into v,, the function v, is, up to higher order terms, optimal for the
Euclidean logarithmic Sobolev inequality
vl d
v[*log ————dx + > log(ee?) 01172 gay < €I VVIIT2 o)
R4 ” ||L2([Rd) 2

which holds for any & > 0 and any v € H' (R?). Here we have of course ¢ = p/a and we find that

plog & = %llog(ngez)(l +o0(1)) asa — +oo. O
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Corollary 13. With the notations of Lemma 12, for any o > 0, we have

ul? s< )
/ juf*log —>—do +a ullfage < IVulass, forallu e H'(S).
Lz(Sd)

Proof. This is a straightforward consequence of Lemma 12 using the fact that log(1 + x) < x for any
x> 0. [l

As in the case g # 2, Corollary 13 provides some spectral estimates. Let u € H'(S9) be such that
lullp2(sey = 1. A straightforward optimization with respect to an arbitrary function W shows that

i%f[ g Wlu)* do + plog /gd e Wik da] =-u |u|? log |u|* do,
with the optimality case achieved by W such that
e Win
o fgd e Wirdo'

Notice that, up to the addition of a constant, we can always assume that |, sd e~ W/ do = 1, which uniquely
determines the optimal W. Now, by Corollary 13 applied with u = &/ p, we find that

|Vu| d0+/ Wu| d0>a10g&—glogf e PV 4o
gzl

S p

This leads us to the following statement.

Corollary 14. Let d > 1. With the notations of Lemma 12, we have the estimate

o 1/p
e—M(—A—W)/a < (/ e—pW/oz dO’)
§(a) \Jse

for any function W such that e PW/? is integrable. This estimate is optimal in the sense that there exists a
nonnegative function W for which the inequality becomes an equality.

Appendix A. Further estimates and numerical results

A.1. A refined upper estimate. Let g € (2,2%). For ¢ > d/(q — 2), we can give an upper estimate of
the optimal constant (o) in inequality (11) of Lemma 5. Consider functions which depend only on z,
with the notations of Section 2.3. Then (11) is equivalent to an inequality that can be written as

1 12 d 1 2d
Foif) e S v dvata [o 1P dva

(1, 1f19 dva)*?

where dv, is the probability measure defined by

r'(d/2)

va(2)dz = dvg(z) := Z; v N dz withv(z) :=1-2%, Z4:= ﬁm
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Figure 1. In the case q > 2, the optimal constant is given by u = o fora <d/(q —2)
and the curve u = u(a) for o > d/(q — 2). An upper estimate is given by the curve
uw = w4 (o) obtained by optimizing the function hy(g) in terms of ¢ € (0, 1), while a
lower estimate, namely . = pu_(o) = a?
The asymptotic regime is governed by pu(a) ~ pasymp () = Kq’dK(;;O[

a'=?, has been established in Proposition 8.
1—v

*
as o — +00

according to Lemma 5. The above plot shows the various curves in the special case d =3
and g =3.

See [Dolbeault et al. 2013] for details. To get an estimate, it is enough to take a well chosen test function.
Consider f.(z) := 1+ e¢(z) and as in Section 2.3 we can choose ¢(z) = z. Then one can optimize
hy(e) = Fol fe] with respect to € € (0, 1), and observe that fil |f€’|2v dvg =de? fil 22 dvy, so that hy (¢)
can be written as

o+ (d+a)e? f_ll 22 dv,

ha(g) =
(f1, 1146219 dvg)*?

> ().

When & — 0., we recover that /1, (e) —a ~ [d —a (g —2)]e? f_ll 22 dvg <0if @ > d/(q —2), but a better
estimate can be achieved simply by considering (o) := inf.c(0,1) ho(¢) so that pu(a) < p4 (o) < a.
The function @ +— w4 (o) can be computed explicitly (using hypergeometric functions) and is shown in
Figure 1.

A.2. Numerical results. In this section, we illustrate the various estimates obtained in this paper by
numerical computations done in the special case d = 3 and ¢ = 3. See Figure 1 for the computation of
the curve o — (o) and how it behaves compared to the theoretical estimates obtained in this paper.
We emphasize that our upper and lower estimates o +— 4+ (o) bifurcate from the line u = « precisely
ata=d/(g—2)ifqge (2,2*) (and at « = d/(2 —q) if ¢ € (1, 2)). The curve corresponding to the
asymptotic regime is also plotted, but gives relevant information only as ¢ — 00.

The convergence towards the asymptotic regime is illustrated in Figure 2 which shows the convergence
of w(a)/pasymp(cr) towards 1 as @ — +o0 in the special case d = 3 and ¢ = 3. In terms of spectral
properties, for large potentials, eigenvalues of the Schrédinger operator can be estimated according to
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Figure 2. The asymptotic regime corresponding to a — +00 has the interesting feature
that, up to a dependence in o'~ and a normalization factor proportional to Kq.d> the
optimal constant u(a) behaves like the optimal constant in the Euclidean space, as has
been established in Proposition 10.

Theorem 1 by the Euclidean Keller—Lieb—Thirring constant that has been numerically computed for
instance in [Barnes 1976].

Appendix B. Constants on the Euclidean space

B.1. Scaling of the Gagliardo—Nirenberg—Sobolev inequality. 1Let ¢ > 2 and denote by Kgn(g) the
optimal constant in the Gagliardo—Nirenberg—Sobolev inequality, given by

2(1—1)

IV ul122 g N

L2(R?)

2
Kon(g) i= with & = 9 (¢, d) :d%_

in 5
ueH! (R4)\ {0} ”””Lq(Rd)

An optimization of the quotient in the definition of K, 4, which has been defined in Section 2, allows us
to relate this constant with Kgn(gq). Indeed, if we optimize Nu] := fRd |Vu|*dx + fR,, |u|*> dx under the
scaling A — u) (x) := A4/ ()x), we find that

N[uﬂ:)@“"”/ |Vu|2dx+r2”/ lu|? dx
R4 R4

achieves its minimum at
o el g

e = :
" 1=0 || Vull 2 ge)

so that
2(1-0)

Nlup ) =977 A=)~ NVullF g o ey -

thus proving that K, 4 can be computed in terms of Kgn(g) as

Kpa =01 =" "T"DKen(g).
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B.2. Asymptotic regimes in Gagliardo—Nirenberg—Sobolev inequalities. L.et ¢ > 2 and consider the
constant K, 4 as above. To handle the case of dimension d = 1, we may observe that, for any smooth
compactly supported function u# on R, we can write either

|u(x>|2=2‘ / u(u' () dy

2 2
=< ”u”Lz(—oo,x) + ”u/”Lz(_oo’x) forall x e R
or

+00
P =2 / u(u' (y) dy

2 2
< Nl ooy T 1012 ooy forallx eR,

thus proving that
U < 5Ululf2g +u'lf2g)  forallx €R,

that is, the Agmon inequality

el g + 'l
L2(R) L® _ ,

—_

2
1 e
and hence Ky 1 > 2. Equality is achieved by the function u(x) = el x € R, and we have shown that
Koo,1 = 2.
Proposition 15. Assume that g > 2. Foralld > 1,

lim K, s =1
q—>24

and, for all d > 3,

lim K, 4 =Sq,
q—2*

where Sy is the best constant in inequality (8). If d = 1, then limy_, 1o Ky 1 = Ko 1.

Proof. For any v € H'(R?) and d > 3, we have

2 2 2 2
i ”vv”LZ(Rd) + ”v”LZ(Rd) > lm ”vv”LZ(Rd) . ”vv”LZ(Rd)
2 - 2 - 2 - ’
q—2* ”v”Lq(Rd) q—2* ||v||L‘1(IRd) ”v”Lz*(Rd)

thus proving that lim, _, >+ K; 4 > S4. On the other hand, we may use the Aubin—Talenti function
i(x) = (14 x/»)~“=2/2 forall x e RY (21)
as a test function for K, 4 if d > 5, that is,

— 1129 —12(1-9)
K 4 < 19_19(1 . ﬂ)_(1_1}> ||Vu||L2(Rd)||u”L2(Rd)
q,a —

and observe that the right-hand side converges to Sy, since lim,_,»+ #(q, d) = 1. If d = 3 or 4, standard
additional truncations are needed. The case corresponding to ¢ — 00, d =1 is dealt with as above.
Now we investigate the limit as ¢ — 2. For any v € H'(R?), we have
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1900 g0y + 0y - 0l
11m——

92+ lvll;

q—>2+ lolig

L4 (R4) L4 (R4)

thus proving that lim, >, K; 4 > 1, and for any v € H!(R9), the right-hand side in

2(1-v
IV g IV IS )

Kga <901 —)~0="
”v”Lq(Rd)

converges to 1 as ¢ — 2. This completes the proof. ]

B.3. Stereographic projection. On S¢ C R?*!, we can introduce the coordinates y = (p¢, z7) € R? x R
such that p2 +72=1,z€[-1,1], p>0,and ¢ € S?-1 and consider the stereographic projection

¥ :SY\ (N} > R?

defined by X (y) = x, where, using the above notations, x = r¢ with r = \/(1+2z)/(1 —z) for any

€ [—1, 1). In this setting, the north pole N corresponds to z = 1 (and is formally sent at infinity) while
the equator (corresponding to z = 0) is sent onto the unit sphere S?~! c R¢. Hence x € R? is such that
r = |x|, ¢ = x/|x|, and we have the useful formulae

rr—1 2 2r

:—:1——’ = ——
T 2+ P

With these notations in hand, we can transform any function # on S¢ into a function v on R using

r LEZ r2—|—1 LEZ
u(y)=<;> v(x)z( 3 ) v(x) = (1 —z)" =22y (x),

and a painful but straightforward computation shows that, with o, = A—id(d —2),

) d—(d—2)q/2
/|Vu|2da)+a*/ |u|2da)=/ [Vv|>dx and |u|qda)=/ lv|? dx.
sd sd Rd sd Rd 1+ |x?

As a consequence, Inequalities (11) and (19) are transformed, respectively, into

d
[P ara@—an [ =T
w RTENF

9 d—(d-2)q/2 2/q
> pu(a)ig.a / [v] dx for all v € B 2(RY)
- ’ R4 1+ I)C|2

if g € (2,2*%) and o > ay, and

/ Vol dx + B / (=2 ]
V|~ dx K v X
Rd ¢4 Rd 14+ |x|?

24(v(ﬂ)+a*)/ o2
Rd

dx

ENEDY for all v € @1 2(RY)
X

if g e(1,2)and B > 0.
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B.4. Sobolev’s inequality: expression of the constant and references. The proof that Sobolev’s inequal-
ity (8) becomes an equality if and only if u = u given by (21) up to a multiplication by a constant, a
translation, and a scaling is due to T. Aubin [1976] and G. Talenti [1976]. However, G. Rosen [1971]
showed (by linearization) that the function given by (21) is a local minimum when d = 3 and computed
the critical value.

Much earlier, G. Bliss [1930] (also see [Hardy and Littlewood 1930]) established that, among radial
functions, the inequality

)4
(/ Ifl”IXI’“‘d"’dx) scmissf VPl dx
R4 R4

holds when r = p/2 — 1. With the change of variables f(x) = v(|lx|Y@=2x /|x|), the inequality is
changed into

d—2
d C
2d/(d—2) Bliss
(Rdlvl dx) < -2 1)/d/ |Vv| dx

if p =2%, and it is a straightforward consequence of [Bliss 1930] that the equality is achieved with v = i.
According to the duplication formula (see, for instance, [Abramowitz and Stegun 1964]) for the I
function, we know that

T (x+3) =227l (2x).

As a consequence, the best constant in Sobolev’s inequality (8) can be written either as

4

Sy=——~___
47 d(d —2)|Sd 2/

where the surface of the d-dimensional unit sphere is given by |S¢| =27 @+D/2/ (%) (see, for instance,
[Beckner 1993]), or as

. _ 1 r'd) \4
T ndd-2) (F(d/@)

according to [Aubin 1976; Bliss 1930; Rosen 1971; Talenti 1976]. This last expression can easily be
recovered using the fact that optimality in (8) is achieved by u defined in (21), while the first one, namely
1/Sq = }ld(d — 2)Kko+ 4, 1S an easy consequence of the stereographic projection and the computations of
Section B.3 with o = «,, and g = 2*.

B.5. A proof of (10). Assume that ¢ > 2 and let us relate the optimal constant L;,y 4 in the one bound state
Keller-Lieb-Thirring inequality (1) with the optimal constant K, 4 in the Gagliardo-Nirenberg—-Sobolev
inequality (9). In this case, recall that p = q/(q¢ —2) = y 4+ d/2. For any nonnegative function ¢ defined
on R? such that | llLr ey = Kq.a, using Holder’s inequality, we can write that

2 2 2 2
(V0P = 1o dx 2 V01 as, = I o 10 e
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for any v € H'(R?). Using (9), namely
IVIF2 ey = Kaa VI ey = = I1011F2 g
this proves that
M (=A—¢)| <1 forall ¢ € LP(R?) such that lLrrey = Kg.a- (22)

Next one can observe that inequality (1) can be rephrased as

. 4 (@v)* = Vo) dx
L,,= sup sup (B[, @)  with R[v, ¢]:= Jo : YT
$eLr(S7) veH! (R)\(0) VL2 gy 1PN e

where p =y +d/2 so that the exponent 2p/(2p — d) is precisely the one for which we get the scaling
invariance of R. Indeed, with v (x) := v(Ax) and ¢, (x) := ¢ (Ax), we get that R[v;, Al =R[v, @]
for any A > 0. Hence we find that

[21(=A —9)| M1 (=A —22¢)]
sup Ry gl="——mr o m = sup Rl M) =
veH! (R9)\(0) L s veH! (R))\(0) 1A=l (g

and if we choose A such that
A=D1l ey = 11202 llLr ey = Kguas

we obtain
pa(=a—¢)l _ 1

2p/@2p—d) — | 2p/Q2p—d)
”¢”Lp(Rd) Kq,d

using (22), which proves that L)ll’ g = (Kg.@)7?7 with p =y +d/2. Since optimality can be preserved
at each step, this actually proves (10). See [Keller 1961; Lieb and Thirring 1976; Veling 2002; 2003;
Benguria and Loss 2004; Dolbeault et al. 2006] for further details.

In the Euclidean case, notice that the equivalence can be extended to the case of systems on the one
hand and to Lieb—Thirring inequalities on the other hand: see [Lieb and Thirring 1976; Lieb 1984;
Dolbeault et al. 2006].

B.6. A proof of (18). As in [Dolbeault et al. 2006], we can also relate Ll_y’ 4 and KZ, 4 When g =
22y —d)/(2y —d + 2) takes values in (0, 2). The method is similar to that of Section B.5. For any
function v € H'(R) such that v is integrable and any positive potential ¢ such that ¢! is in L? (R?)
with p = ¢ /(2 — q), we can use Holder’s inequality as in the proof of Theorem 3 and get

10112, g
(R9)
(V> + ¢lv]?) dx = [Vl gy + ——
/Rd LEY T oI ey
Using (17), namely [|Vvl|?, ®) T iz, @) =K Al (re)» this proves that

M(—A+¢) > K;d for all ¢ € Lp([REd) such that ||<;5_1 lLr ey = 1.
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Inequality (6) can be rephrased as

o (VU2 +olvP)dx
LL, 4= sup sup  (R[v, 07" with R[v, 9] := Je - 7 1||f,/,](/Rd)
$eLP(S9) veH! (R9)\{0} ||v||L2(Rd)

with y = p +d/2. The same scaling as in Section B.5 applies: with v, (x) := v(Ax) and ¢, (x) := ¢ (Ax),
we get that R[vy, A2¢;] = R[v, ¢] for any A > 0, and hence

Ll,y’d = (K;’d)iyv

which completes the proof of (18).
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