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We consider the nonlinear Hartree equation for an interacting gas containing infinitely many particles
and we investigate the large-time stability of the stationary states of the form f(—A), describing a
homogeneous quantum gas. Under suitable assumptions on the interaction potential and on the momentum
distribution f', we prove that the stationary state is asymptotically stable in dimension 2. More precisely,
for any initial datum which is a small perturbation of f(—A) in a Schatten space, the system weakly
converges to the stationary state for large times.
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1. Introduction

This article is the continuation of [Lewin and Sabin 2014], where we considered the nonlinear Hartree
equation for infinitely many particles. However, the main result of the present article does not rely on
that paper.

The Hartree equation can be written using the formalism of density matrices as

{iazy =[-A+wx*py, 7],
¥(0) = yo.

Here y (¢) is the one-particle density matrix of the system, which is a bounded nonnegative self-adjoint
operator on L2(R?) with d > 1, and py(t,x) = y(t,x,x) is the density of particles in the system at
time 7. Also, w is the interaction potential between the particles, which we assume to be smooth and
rapidly decaying at infinity.
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The starting point of [Lewin and Sabin 2014] was the observation that (1) has many stationary states.
Indeed, if f € L°° (R4, R) is such that

[, 1l ak < o0,
R4
then the operator

vri=f(=4)

(the Fourier multiplier by k — f(]k|?)) is a bounded self-adjoint operator which commutes with —A
and whose density

Py, (x) = 27) ™4 /R , F(k1?) dk forall x e R¢

is constant. Hence, for w € L' (R%), w * Py, is also constant, and [w * py,, y¢] = 0. Therefore y (1) = yr
is a stationary solution to (1). The purpose of [Lewin and Sabin 2014] and of this article is to investigate
the stability of these stationary states, under “local perturbations”. We do not necessarily think of small
perturbations in norm, but we typically think of y(0) — y¢ as being compact.

The simplest choice is f = 0, which corresponds to the vacuum case. We are interested here in the
case of f # 0, describing an infinite, homogeneous gas containing infinitely many particles and with
positive constant density p,, > 0. Four important physical examples are:

e Fermi gas at zero temperature:

vr=1l-A<p), pn>0; 2)
o Fermi gas at positive temperature T > 0:
1
yf= e(_A_M)/T+1’ MGR’ (3)
e Bose gas at positive temperature T > 0
1
V= s —yp <0 )
e Boltzmann gas at positive temperature T > 0:

In the density matrix formalism, the number of particles in the system is given by Tr y. It is clear that
Tr yy = +o00 in the previous examples, since yr is a translation-invariant (hence noncompact) operator.
Because they contain infinitely many particles, these systems also have infinite energy. In [Lewin and
Sabin 2014], we proved the existence of global solutions to (1) in the defocusing case w > 0, when
the initial datum yq has a finite relative energy counted with respect to the stationary states yy given
in (2)—~(5), in dimensions d = 1,2, 3. We also proved the orbital stability of yy.

In this work, we are interested in the asymptotic stability of yy. As usual for Schrodinger equations, we
cannot expect strong convergence in norm and we will instead prove that y () — yy weakly as  — o0,
if the initial datum yq is close enough to yr. Physically, this means that a small defect added to the
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translation-invariant state y disappears for large times due to dispersive effects, and the system locally
relaxes towards the homogeneous gas. More precisely, we are able to describe the exact behavior of y (¢)
for large times, by proving that

—itA itA
l‘ i
e (y(t)—yr)e R O+

strongly in a Schatten space (hence, for instance, for the operator norm). This nonlinear scattering result
means that the perturbation y(¢) — y¢ of the homogeneous gas evolves for large times as in the case of
free particles:

y(t)_yft ~ eitAQ:l:e—itA -~ 0.

—4o00 t—>to00

If f=0and yy = |ug){up| is a rank-one orthogonal projection, then (1) reduces to the well-known
Hartree equation for one function

{i8,u:(—A+w*|u|2)u, ©)

u(0) = uy.

There is a large literature about scattering for the nonlinear equation (6), for instance [Ginibre and Velo
1980; 2000; Strauss 1981; Hayashi and Tsutsumi 1987; Mochizuki 1989; Nakanishi 1999]. The intuitive
picture is that the nonlinear term is negligible for small , since (w * |u|?)u is formally of order 3. It is
important to realize that this intuition does not apply in the case f # 0 considered in this paper. Indeed
the nonlinear term is not small and it behaves linearly with respect to the small parameter y — yy:

[w s py. ¥l =[w sk py—y, y] = [w* py—y, . yr] # 0. (7

One of the main purposes of this paper is to rigorously study the linear response of the homogeneous
Hartree gas yy (the last term in (7)), which is a very important object in the physical literature called the
Lindhard function [Lindhard 1954; Giuliani and Vignale 2005, Chapter 4]. For a general f, our main
result requires that the interaction potential w be small enough, in order to control the linear term. Under
the natural assumption that f is strictly decreasing (as it is in the three physical examples (3)—(5)), the
condition can be weakened in the defocusing case w = 0.

The paper is organized as follows. In the next section we state our main result and make several
comments. In Section 3 we study the linear response in detail, before turning to the higher-order terms in
the expansion of the wave operator in Section 4. Apart from the linear response, our method requires us
to treat separately the next d — 1 terms of this expansion, in spacial dimension d. Even if all the other
estimates are valid in any dimension, in this paper we only deal with the second order in dimension d = 2.

2. Main result

In the whole paper, we denote by %B($)) the space of bounded operators on the Hilbert space ). The
corresponding operator norm is || A||. We use the notation G2 (£)) for the Schatten space of all the compact
operators A on §) such that Tr|A4|? < oo, with [A]| = +/ A* A, and use the norm || 4||gp(g) := (Tr |4|P)1/P.
We refer to [Simon 1977] for the properties of Schatten spaces. The spaces G2(§)) and &!($) correspond
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to Hilbert—Schmidt and trace-class operators. We often use the shorthand notation % and G when the
Hilbert space $) is clear from the context.
Our main result is the following.

Theorem 1 (dispersion and scattering in 2D). Let f : R+ — R be such that
o0 k
/ (14+r2)f®@)dr <oo for k=0,....4 (8)
0

and yg := f(—A). Denote by g the Fourier inverse on R2 of g(k) = f(|k|?). Let w € W11 (R?) be such
that
111 w2 D ]| Loo 2y < 47 ©)

or, if [ <0 a.e. on Ry, such that

max(egW(0)+, €121 2y | (@)~ oo r2)) < 47, (10)

where () is the negative part of W and 0 < eg < ||€|| L1 (2) is a constant depending only on g (defined
later in Section 3).
Then, there exists a constant g > 0 (depending only on w and [) such that, for any yy € yr + G4/3
with
Vo = vrllgass < €o.

there exists a unique solution y € yy + C to (R, &2) to the Hartree equation (1) with initial datum yq, such
that
2 2
Py = Pyp € L7 x(RXR?).

Furthermore, y (t) scatters around yy at t = 00, in the sense that there exists Q + € &% such that

Jim (e A0 —yp)e = Quflga = lim [y()—yp—e" 0L =0, A

Before explaining our strategy to prove Theorem 1, we make some comments.

First, we notice that the gases at positive temperature, (3), (4) and (5), are all covered by the theorem
with condition (10), since the corresponding f is smooth, strictly decreasing and exponentially decaying
at infinity. Our result does not cover the Fermi gas at zero temperature (2), however. We show in Section 3
that its linear response is unbounded and it is a challenging task to better understand its dynamical stability.

The next remark concerns the assumption (9), which says that the interactions must be small or,
equivalently, that the gas must contain few particles having a small momentum (if ¢ = 0, then the
condition can be written as f(0)[|W|| o2y < 2 and hence f (Jk|?) must be small for small k). Our
method does not work without condition (9) if no other information on w and f is provided. However,
under the natural additional assumption that 1" is strictly decreasing, we can replace condition (9) by the
weaker condition (10). The latter says that the negative part of w and the value at zero of the positive
part should be small (with a better constant for the latter). We will explain later where condition (10)
comes from, but we mention already that we are not able to deal with an arbitrary large potential W in a
neighborhood of the origin, even in the defocusing case. We also recall that the focusing or defocusing
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character of our equation is governed by the sign of w and not of w, as it is for (6). This is seen from the
sign of the nonlinear term

/ / WX = 1) Py—yy (X)Py—y, () dx dy = (27) % / D) By—y, () dk,
R4 JRA R4

which appears in the relative energy of the system [Lewin and Sabin 2014, Equations (9)—(10)].

Then, we note that in our previous article [Lewin and Sabin 2014] we proved the existence of global
solutions under the assumption that the initial state yo has a finite relative entropy with respect to yr (and
for f being one of the physical examples (2)—(5)). By the Lieb—Thirring inequality [Frank et al. 2011;
2013; Lewin and Sabin 2014], this implies that p, ;) — py, € L‘;O(L)zc). By interpolation, we therefore
get that p,, ;) — py, € L? (Lfc) for every 2 < p < oo. This requires, of course, that the initial perturbation
Yo — ¥ be small in S*/3. Our method does not allow us to replace this condition by the fact that y, has
a small relative entropy with respect to yy.

Let us finally mention that our results hold for small initial data, where the smallness is not only quali-
tative (meaning that yo — yr € G&4/3, for instance) but also quantitative, since we need that ||y — Yrllsar3
be small enough. This is a well-known restriction, coming from our method of proof, based on a fixed-
point argument. The literature on nonlinear Schrédinger equations suggests that in order to remove this
smallness assumption one would need some assumption on w like @ = 0, as well as some additional
(almost) conservation laws [Cazenave 2003]. Our study of the linear response operator however indicates
that the situation is involved and more information on the momentum distribution f is certainly also
necessary.

We now explain our strategy for proving Theorem 1. The idea of the proof relies on a fixed-point
argument, in the spirit of [Lewin and Sabin 2014, Section 5]. If we can prove that p, —py, € Lf’ L (Ryx R?),
then we deduce from [Yajima 1987; Frank et al. 2014] that there exists a family of unitary operators
Uy (t) € CO(R4+,B) on L2(R?) such that

y(0) =Ur(0)yoUyp ()*
for all + € R4. We furthermore have
Uy () = "Wy (o).
where Wy (¢) is the wave operator. By iterating Duhamel’s formula, we can expand the latter in a series as

Wy () =1+ W), (12)
n=1

with
t tn I . . . .
WD (1) := (=i)" /0 dty /0 diy_1 - /0 dty e 1AV (1,)et tnin=DA LGt Ay it A

The idea is to find a solution to the nonlinear equation

P (1) = p[e" AW wspo () (v + Qo) Wiwspo (1) e *A] = py., (13)

by a fixed-point argument on the variable pg € L7 (R x R?), where Q :=y —yy and Qg = yo — ¥f.
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Inserting the expansion (12) of the wave operator Wy, the nonlinear equation (13) may be written as

po = p[e"4 Qo™ A= L(po) + R(pg), (14)

where & is linear and (pg) contains higher-order terms. The sign convention for &£ is motivated by the
stationary case [Frank et al. 2013]. The linear operator & can be written

=%+,
where
L1(pg) = —p[e B W0 (O rr + v, WS o (1)) 4]
and

F2(p) = —p[e" A (W0 (1) Q0 + QoW o (1)) ],

Note that &£, depends on Q¢ and it can always be controlled by adding suitable assumptions on Qg. On
the other hand, the other linear operator £; does not depend on the studied solution; it only depends on
the functions w and f.

In Section 3, we study the linear operator & in detail, and we prove that it is a space-time Fourier
multiplier of the form w(k)my(w, k) where my is a famous function in the physics literature called
the Lindhard function [Lindhard 1954; Mihaila 2011; Giuliani and Vignale 2005], which only depends
on f and d. In particular, we investigate the question of when &£ is bounded on Li L(Rx R?), and we
show this is the case when w and f are sufficiently smooth. For the Fermi sea (2), we prove that ¥ is
unbounded on L%, -

The next step is to invert the linear part by rewriting (14) in the form

po = (1+%) " (p[e" 2 Qoe™ 2] + R(pg)) (15)

and applying a fixed-point method. In the time-independent case, a similar technique was used for the
Dirac sea in [Hainzl et al. 2005]. In order to be able to invert the Fourier multiplier &£, we need that

min _|W(k)mys(w,k)+ 1] > 0. (16)
(w,k)ERXR2

Then 1+ % =1+%1 + &, is invertible if Q¢ is small enough. In Section 3 we prove the simple estimate

ms(k, o) < @)~ Nl w2

and this leads to our condition (9). If f is strictly decreasing, then we are able to prove that the imaginary
part of m¢(k, w) is never 0 if k # 0 or w # 0. Since my(w, k) has a fixed sign for v = 0 and k =0,
everything boils down to investigating the properties of m at (w, k) = (0,0). At this point m s will
usually not be continuous, and it can take both positive and negative values. We have

limsup R my(w, k) = (4m)~! 18121 m2)

k—0
w—0

and we set
liminf % m g (o, k) =: —(41) g,
k—0

w—0
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leading to our condition (10). It is well known in the physics literature that the imaginary part of
the Lindhard function plays a crucial role in the dynamics of the homogeneous Fermi gas. In our
rigorous analysis it is used to invert the linear response operator outside of the origin. The behavior of
myg(w, k) for (w, k) — (0,0) is, however, involved and 1 + £, is not invertible if w(0) > e4/(4m) or
D(0) < 12l 1 @2y/ (4.

For the Fermi gas at zero temperature (2) we will prove that the minimum in (16) is always zero, except
when w vanishes sufficiently quickly at the origin; this means that 1 + £; is never invertible. It is an
interesting open question to understand the asymptotic stability of the Fermi sea.

Once the linear response & has been inverted, it remains to study the zeroth-order term ,o[ei tA Qe A]
and the higher-order terms contained in (pg). At this step we use a recent Strichartz estimate in Schatten
spaces due to Frank, Lieb, Seiringer and the first author.

Theorem 2 (Strichartz estimate on wave operator [Frank et al. 2014, Theorem 3]). Fix d = 1 and ¢
such that 1 +d/2 < q < 0o, and p such that 2/p +d/q = 2. Let also 0 < ¢ < 1/p. There exists
C =C(d, p, &) > 0 such that for any V € LY (R, LL(®R?)) and any t € R, we have the estimates

[ W3 (0) 620 < CIVILE L a7
and
(n) cn
W ()] garasm < —l_g”VHZfL?C forall n=2. (18)
nl)r

The estimate (17) is the dual version of

[Peita ge—itallLr@, Lamay < ClAll o2 (19)

for any (p,q) such that 2/p +d/q = d and 1 < q <1+ 2/d; see [Frank et al. 2014, Theorem 1].
The estimate (19) is useful to deal with the first-order term involving Q¢ in (15), leading to the natural
condition that Q¢ € &*/3 in dimension d = 2 with p = ¢ = 2.

1+2/d (R x R9). The estimate (18) turns out

to be enough to deal with the terms of order at least d + 1 but it does not seem to help for the terms

In dimension d, it seems natural to prove that pg € L,

of order d and lower, because the wave operators W%f) with small n belong to a Schatten space with a
too-large exponent. Apart from the linear response, we are therefore left with d — 1 terms for which a
more detailed computation is necessary. We are not able to do this in any dimension (the number of such
terms grows with d), but we can deal with the second-order term in dimension d = 2,

2 1 1 2 —
Pl B (WS oo Oy + W YW (O)F + 7, W0 (1)) e 4],

which then finishes the proof of the theorem in this case. The second-order term is the topic of Section 5.

Even if our final result only covers the case d = 2, we have several estimates in any dimension d = 2.
With the results of this paper, only the terms of orders from 2 to d remain to be studied to obtain a result
similar to Theorem 1 (with p, — o, € L1+2/ d (R x R4 )) in dimensions d = 3.
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3. Linear response theory

3.1. Computation of the linear response operator. As we have explained before, we deal here with the
linear response & associated with the homogeneous state y¢. The first order in Duhamel’s formula is
defined by

t
Q] (Z) = —l/(; e’(t_’ )A[U) * POt yf]e’(t —HA dt’.

We see that it is a linear expression in pg, and we compute its density as a function of pg.

Proposition 1 (uniform bound on ¥1). Lerd > 1, f € L® (R4, R) such that [pq | (k)| dk < 400,
and w € LY(R?). The linear operator ¥ defined for all ¢ € B(Ry x RY) by

t , .
L1(p) (1) 1= —p[Q1 (1)) = p[z’ /O T T W dt’]

is a space-time Fourier multiplier by the kernel KV = KM (w, k) = (k) mg(w, k), where

[Fp m (2, k) := 2 1,50/ 27 sin(e|k|*) g (21k) (20)

(we recall that g(k) = f(k?) and that g is its Fourier inverse). This means that for all ¢ € (R4 x R%)
we have
Fr x[L1(@)(@. k) = D)my (. K)[Frxpl(w. k) forall (w.k) e RxR?,

where F; x is the space-time Fourier transform. Furthermore, if fooo |x|2=4|g(x)| dx < oo, then
my € L2 (Rx R%) and we have the explicit estimates

1 | (x)]
o < d 21
lmyllzee, 2|Sd_1|(/qud 2 1)

]| o 18(x)]
||$1||L?.x—>L%,x s 21591\ Jra |x]4-2 dx . (22)

Proof. Let ¢ € D(R4 x R9). In order to compute £(¢), we use the relation

and

/00 Te[W(t, x)01(2)]dt = /00/ W(t, x)pg, (t,x)dx dt,
0 0 JRrd

valid for any function W € &(R4 x R4 ). This leads to
o0
/ / W(t, x)pg, (t,x)dx dt
0 JRA

—7 oo pt ] ) R
=it o L L b T k) (e ) = g0+ 34) dedicar'dr,
0 0 JR R

where g(k) := f(k?) and V = w * ¢. Computing the {-integral gives

/ e 2R (g (0~ L) — g(€+ LK) de = —n)22i sin((t — )|k} Q1 —1)k).
Rd
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Hence, using that V= (27)42% @, we find that
o0
/ / W(t, x)pg, (t,x)dx dt
0 JR4
0o pt
= —2/ / / sin((t —t)|k|H gt — k)W (k)b (t, —k)§(t' k) dk dt’dt.
0o Jo JR4

Since g is radial, g is also radial and we have

. 2411 % |sin(r]k]) | e

Img(w, k)| <2 A |sm(l|k| ) gQtk|)| dt <2 A T|g(2t)|dt$ 3 ; rlg()|dr. O
We now make several remarks about the previous result.
First, the physical examples for g are

1(|k|? < ). >0,

e_(\k|2_ﬂ)/T’ T>0, pneR,

glk) = 1

——, T >0 R

€(|k|2_/1i)/T+ ' >0, nek,

——, T >0 0.

kPt _ LTS

In the last three choices, g is a Schwartz function, hence g € L' ([R{d ). For the first choice of g (Fermi sea
U'sin r, which obviously does not satisfy rg(r) € L1(0, +00).
Then, we remark that (21) is optimal without more assumptions on f'. Indeed, for « = 0 and small k,

at zero temperature), we have g(r) ~r~

we find

1 )

[ee) ] . 1 © “
-y g — = = '
mp(0,k) /0 sin(tl[2)3( fk>d’keozfo ST ST ST

We conclude that (21) is optimal if g has a constant sign (for instance if f is decreasing, as in the physical
examples (3)—(5)). Similarly, (22) is optimal if both ¢ and w have a constant sign (then | (0)| = || W || o).

In general the function 71 is complex-valued and it is not an easy task to determine when w (k)m s (w, k)
stays far from —1. Since the stationary linear response is real (3m (0, k) = 0), the condition should at
least involve the maximum or the minimum of 2, on the set {& = 0}, depending on the sign of w. Even
if the function my is bounded on R x R? by (21), it will usually not be continuous at the point (0, 0).
Under the additional condition that f is strictly decreasing, we are able to prove that

(Smyp(w. k) =0} = {o =0} U {k = 0}

and this can be used to replace the assumption on w by one on (w)— and w(0)+. In order to explain this,
we first compute 7 in the case of a Fermi gas at zero temperature, f(k?) =1(k|*> < ).

Proposition 2 (linear response at zero temperature). Let d = 1 and pu > 0. Then, for the Fermi sea at
zero temperature yy = 1(—A < ), the corresponding Fourier multiplier my(w, k) := mg(u, w, k) of
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the linear response operator in dimension d is given by

L, (1k|* +21k| v)* - ?

mb(u, w, k) = 0
0B = ) B Gk =21k 7 —
T
+i——— (1o — k|*| < 2/mlk]) = L(lo + |k || < 2/mlk])) (23
4«/ﬂlk|((| kIl <2¢/lk]) = (o + k|| < 2/mlk])  (23)
ford =1; by
(. 0. k)
7 sgn(|k|? + o) 5 5 1 osen(k]? —w) 5 5 21)
= T (2= 2L T k2 4 w)? —apk ()2 — BRI T (k2 — w)? —dulk)?)2
(2= L (k02 —apiel?): = L (- 2 - )
/e 1 1
+i———(((|k]* —w)* —dpulk|?)2 — (k> + ©)* —4ulk|?)Z). (24
273y (KT =)™ = dplkl®) 2 = (KIS @) —4ulkl)2). - 24
for d = 2; and by
d-21, %t i1
my(w, w, k) = %/ mf(u(l—;fz),(u,k)rd_2 dr for d =2,
Q2r) 2z Jo
gd-31,%5% 1
=%/ mE (1 —r2). 0. k)3 dr for d =3, (25)
2nr) =z 0

The formula for ms is well known in the physics literature [Lindhard 1954; Mihaila 2011; Giuliani
and Vignale 2005, Chapter 4]. It is also possible to derive an explicit expression for m?(u, w, k); see
[Giuliani and Vignale 2005, Chapter 4]. We remark that mg(,u, 0, k) coincides with the time-independent
linear response computed in [Frank et al. 2013, Theorem 2.5].

From the formulas we see that the real part of ms can have both signs. It is always positive for
o = 0 and it can take negative values for w # 0. For instance, in dimension d = 2, on the curve
o= |k|*+ 2/itlk| the imaginary part vanishes and we get

mg(u,|k|2+2ﬂ|k|,k)=%(l— 1+%)I:B—oo. (26)
In particular, if @ (k) /,/|k| — 400 when k — 0, then W(kymy(|k|* +2./1t|k|, k) — —oo when |k| — 0.
Since, on the other hand, @(k)mf(|k|2 +2./itlk|, k) — 0 when |k| — oo, we conclude that the function
must cross —1, so (1 + %)~ ! is not bounded.

An important feature of mg, which we are going to use in the positive temperature case, is that the
imaginary part ?sml;, (i, w, k) has a constant sign on {@ > 0} and on {w < 0}. Before we discuss this in
detail, we provide the proof of the proposition.

Proof. A calculation shows that the Fourier inverse ¢ of the radial g in dimension d = 1 is given by

&%) = \EM @7

| x|
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In dimension d = 2 we can write

gap, |x]) = / 1(k|* < pye*™
(271) Rd
o /‘”‘1[ dk 1k [P < o=l o el

emt -
d—2

|S |l‘l/ /dkl/ |k1|2<ﬂ(1 ) 1k1|x| d— Zdr
(2m)%
d—2

M/ (=), |x))r? 2 dr
(2m) 2 0

71542 d—1 .
e el VO /sin(ﬁ|x|V1—r2)rd—2dr. (28)
0

(271)% | x|

Similarly, we have in dimension d > 3

5 |Sd_3|HT 1 5 B

Gau ) = = [ =) )

27'[)7 0
Now we can compute the multiplier mg (u,w, k) ford = 1,2. We start with d = 1, for which we have
sin(t]k|?) s1n(2ft|k|)
2t|k|

It remains to compute the time Fourier transform. We use the formula, valid for any @, b € R,

[F, mp ]t k) = 4140

/OO sin(at) sin(bt) it g
0 t
b)? —
= %log % +l—(sgn(a b—w)—sgn(a+b—w)+sgn(a+b+w)—sgnla—>b —I—a)))

and obtain (23). To provide the more explicit expression in dimension 2, we use the formula

1 ! |a+2v1—r| 4 4\!/?
YaeR, - | log dr 1
0 |a—2v1—r| 2 2

which leads to the claimed form (24) of mg(u, w, k). |

’

Now we will use the imaginary part of mI;, to show that 1 + £ is invertible with bounded inverse
when @ = 0 with w(0) not too large and f is strictly decreasing.

Corollary 1 (1 + &£ in the defocusing case). Lerd = 1 and f € L (R4, R) such that f'(r) < 0 for
allr > 0and [[° (4> 7Y £(r)| + | f/(r)]) dr < co. Assume furthermore that [ga |x|*~9]g(x)| dx < 0o
with g(k) = f(|k|?). If w € LY (R?) is an even function such that

@)oo [ 15 ) <2180 (30)
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and such that

Nmys(w, k)
8g'l,l)(0)+ < 2|§ |, where Eg = —ll]l(’ll)l{)lfm

w—0

: €1V

then we have
min  |W(k)mg(w,k)—1]>0
(w,k)ERXRI
and (1 + £y) is invertible on L%’ L(Rx R%) with bounded inverse.

Proof. First we recall that m is uniformly bounded by (21). Therefore, we only have to look at the set

_ d .~ 1 1€ ()]
A= {k eR* :|w(k)| = —4|8d_1| (/Rd |x|d_2 dx)}.

On the complement of A, we have [ my 4 1| = % Since w(k) — 0 when |k| — 00, A is a compact set.

Next, from the integral formula

FRE) == [ 10k <9070 s
we infer that .
myg(w, k) = —/ mg(s,a),k)f/(s) ds.
0

This integral representation can be used to prove that m is continuous on R x R4\ {(0,0)}. In general,
the function my is not continuous at (0, 0), however.
Since ml;,(s, 0,k) = 0 for all k and s = 0, we conclude that m ¢ (0, k) = 0 and that

_ . " 1 |8 (x)]
mg(0,k)w(k) = —mg(0,k)w(k)- = —||w_||Lo<>2|§d_1| (/Rd I [d-2 dx |,

due to (21). In particular,

| .
(0. kYD (k) + 1] = 1 — || oo ([ L4C0) dx) >0,
R

2|§d—1| d |x|d—2
due to our assumption on (w)-. Similarly, we have ms(w,0) = 0 for all @ # 0 and therefore
myg(w,0)w(0) 4+ 1 = 1 is invertible on {k = 0, # 0}.
Now we look at k& # 0 and @ > 0 and we prove that the imaginary part of 72, never vanishes. We give
the argument for d = 1, as it is very similar for d = 2, using the integral representation (24). We have

~ T oo _1k2)2 2\ _ 2\2 2\\ £/
Smyp(w, k) = PNrT [0 (1((@ —1k]*)* < 4s|k|”) = 1((@ + |k|*)* < 4s]k|?)) f'(s) ds.

The difference of the two Heaviside functions is always nonnegative for @ > 0. Furthermore, it is equal
to 1 for all s in the interval

_1k12)2 242
@=-IkP? _ _ @+ kP)
4lk|? Alk|?
Therefore we have 2
@+Ik|?)

41k |2

v
42w |k| J etk

4|k|2

/()] ds >0

Smyp(w, k) =
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Figure 1. Plot of )i my(w, k) in the fermionic case (3) for d =2, T = 100 and p = 1,
in a neighborhood of (w, k) = (0, 0).

for all @ > 0 and k # 0. For w < 0, we can simply use that Ims(w, k) = —Imy(—w, k), and this
concludes the proof that the imaginary part does not vanish outside of {k = 0} U {w = 0}.

From the previous argument, we see that everything boils down to understanding the behavior of Nim s
in a neighborhood of (0, 0). At this point the maximal value is % fooo rg(r) dr and the minimal value
is —8g2|8d ~1|, by definition, hence the result follows. |

We remark that L[ »
R k) ~ = tg(t ——t]dt
mpod) = 4 [ o eos( S5

w—0
and therefore we can express

1 o0
—£g 1= ———— mi tg(t t)dt.
®8 = Jigd] f?éu%[o g(t) cos(ar)

In the three physical cases (3)—(5), the function f satisfies the assumptions of the corollary, and therefore
1 + £, is invertible with bounded inverse when w satisfies (30) and (31). Numerical computations show
that &g is always positive, but usually smaller than the maximum, by a factor of between 2 and 10. As an
illustration, we display the function Wmy(w, k) for T = 100 and . = 1 in Figure 1.

3.2. Boundedness of the linear response in Lf’ ++ We have studied the boundedness of £ from Li X
to L%’ - This is useful in dimension d = 2, where the density pp naturally belongs to L%’ .- However,
in other space dimensions, we would like to prove that pp belongs to L ;;2/ d, and hence it makes
sense to ask whether £; is bounded from Lf’ » to Lf” «- This is the topic of this section. The study of
Fourier multipliers acting on L7 is a classical subject in harmonic analysis. We use theorems of Stein

and Marcinkiewicz to infer the required boundedness.
Proposition 3 (boundedness of the linear response on L?). Let w € L' (R?) with |x|9t2w e L1 (R%)
be such that

(]‘[ |k,~|28ki)@(k) e LP®RY) forall1C{l,...,d}.

iel
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Let also h : R? — R be an even function such that for all « € N?, |a| < d + 3,

/(1+|k|d+4)|8“h(k)|dk<+oo and (Hak)heLk (RY) forallI C{1,...,d)}.

iel
Then the Fourier multiplier
F{1(t = 0) sin(t|k|*)h(2tk))
defines a bounded operator from Lf: « to itself for every 1 < p < o0.

The conditions on 4 are fulfilled if, for instance, /4 is a Schwartz function, hence they are fulfilled for
our physical examples (3)—(5), where we take h = g.

Proof. We define
mi(t, k) = 1(t = 1) (k) sin(t|k|*)h(2tk),

my(t, k) = 1(0 <1 < D)w(k) sin(t|k|*)h (2tk),

and use a different criterion for these two multipliers.

To show that m; defines a bounded operator on L?, we use the criterion of Stein [1970, II §2,
Theorem 1]. We write m (¢, k) = w(k)m (¢, k). We first prove estimates on 7721, which then imply
that 71, defines a bounded Fourier multiplier on L?, by Stein’s theorem. Computing the inverse Fourier
transform of 71, one has

My (t.x) o= [F i), x) = 1( = 1)(27r)_d/2/ sin(t|k|*)h(2tk)e™* dk.
R4

Then, we have

—d/2 | |2 li
ViMi(t,x)=1(t = ) 1 )d+1 / kh(k)sin —e' 2t dk. (32)

From this formula, we see that, for all (z, x),

(RN < C [ bl dk 33)

Rd

Next, let | < j < d and notice that

yd+2,i5¢ d’? d+2(_\d+2 %%

] e 2t = dkd+2 (2t) ( ) e ’

J

and hence by an integration by parts we obtain

. ] ) dd+2 | | ok
XIT2VL My (e, x) = 1 = 1) (Q@r) 2200 (i) F2 / s [kh(k) sin 4—] 5 dk.
R dk;
When the kj-derivative hits sin(|k|?/41) at least once, one gains a factor of (at least) 1/(4¢), canceling
the 27 before the integral; the only term that we have to prove is bounded in ¢ is where all the k;-derivatives
hit the term k& (k), which is

d+2 ||
[kh(k)]sm4— 5 dk.

4. ~d+2
1t = 1)2m) 22it(—i) /Rd dk;“'z
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It is also bounded, since |sin(|k|?/4¢)| < |k|?/4t. We deduce that, for all (¢, x),

Ix|9 2|V M, (1, x)| < C sup /(1+|k|d+2)|8°‘h(k)|dk (34)

aeNd
la|<d+2
For the time derivative we use the form
My(t,x) = 1(t = 1)(27)" % / h2tk) sin(t|k|?) cos(x - k) dk
Rd

to infer that

atMl(t,x)=21(t>1)(2n)_g/ k - Vih(2tk) sin(t|k|?) cos(x - k) dk
R4

+1(z>1)(2n)—‘z’/ |k |2h(2tk) cos(t|k|?) cos(x - k) dk

_ 21z 4 k|>  x-k
o1 )d+1 (2 )2 / k- th(k)s1n—cos2—dk
1z=1) —d |k |? x-k
+ = 1 )d+2 (2m)~ 2 / |k |? h(k)cosTcosz—dk (35)
By the same method as before, we infer
1017210, My (6. 0)| <€ sup / (14 k|74 18%h (k)| dk. (36)
aeN? R4
lo|<d+3

Now let us go back to the multiplier 71;. We have
T mi (1, x) = )5 (wx My (1)) (%),
and hence
Vi (6, x) = Q) S (W Vi Mi (1)) ().
First we have
2V T my ()] < Cllwll o 1072 Ve My (%) Lss, »
which is finite thanks to (33), (34) and (36). Next,

2V T (10| < 192w ] L Ve M 0 e, AClwl g 16172 Ve M 12| o

The second term is finite also from (33) and (34), while the first term is finite by the expressions (32)
and (35). As a consequence, we can apply Stein’s theorem to m2; and we deduce that the corresponding
operator is bounded on L£ yforalll < p <oo.

The multiplier m1, is treated differently. We show that

my e LR, B(L? — LP)),

which is enough to show that m, defines a bounded operator on L£ Indeed, for any ¢ € L? ., define

t,x
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the Fourier multiplication operator 75, by

(Tona0) (1. ) = /R F [ =1, Fr0) (. )] (x) .

Then, we have
[T, (Dl L2 < /RH@;I[WU—t/,')(%w)(t’n)]HLg dr' < /R lma(t =)o oyl e dt’,

and hence
1 Tomsller < Imall L gacers copleler

Hence, let us show that ||ma|[pz_,;p € L I We estimate ||m; | L?—r» by the Marcinkiewicz theorem
[Grafakos 2008, Corollary 5.2.5]. Namely, we have to show that for indices 1 <iy,..., iy <d all different,
we have

kil cee kie akl.l oo akizmz(l, k) € Lzo,
and if so the Marcinkiewicz theorem tells us that

Ima@llpppr SC sup ki Kig O, -+ B, ma(t.Fo)| 2o
1],...51l¢

A direct computation shows that

iy iy gy - gy, ma (6 < Closrn Y Y Vg [P+ ki, 12197 ()| |3 ) (21K)],
Ic{iy,..., igyJClI

hence
ki, ki Oy, -+ By 2 (1. )l Lge < Closr<t sup Ik, 12 -+ Vi P18 0 ()| oo 197 8 N o
1,Jdiy,..., ir} k
which is obviously an L !—function. O

4. Higher-order terms

In this section, we explain how to treat the higher-order terms in (14). We recall the decomposition of the
solution for all # = 0:

po(t) = /O[eitAOWw*pQ(l)(Vf + QO)Ww*pQ(t)*e_itA] — Pyy-
We first estimate the terms involving Q, in dimension 2.

Lemma 1. Let Qg € */3(L2(R?)) and V € L%,x (R x R?). Then, we have the following estimate for

alln,m=0:
A1) ) . Cn+m||V||2erm
|p[e AW (1) QoW (l)*e_lm]”L%x(meZ) < ClQollgsrs I
’ (nl)3(m!)4

for some C > 0 independent of Qy, n, m and V.
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Proof. Defining Wg)) (¢) := 1, for n,m = 0 the density of
eitAong) (Z) QOoWgn) (Z)*e_itA
is estimated by duality in the following fashion. Let U € L7 (R4 x R?). The starting point is the formula
m . .
/0 /R RYG )l B WD (1) QoW (1)*e A (1, x) dix di
o0
_ / Te[U (. ) 2 (1) QW (1) e =48] dr.
0
By cyclicity of the trace, we have
Tr[ U, x)e S WP (1) QoW (1)*e 74 = Te[ W (1) e AU, ) AW (1) 0o .

A straightforward generalization of Theorem 2 shows that we have

cHivie, v,
<Vl s
o4 r.x

(n!)* (m!)

o0
”/0 WO (1) e AU, ) AW (1) dr

and hence using that Q¢ € &*/3 and Hélder’s inequality we infer that

Vi, v,
X X

| o[ 2WD @) QoW (1) e 2]| 2 < 11 Qollgars - K
(n!) ()3

This concludes the proof of the lemma. O

When d = 2, the corresponding result is:
d+2
Lemma 2. Letd =2, Qg € Gd+1(L?>(R%)), 1 <q < 1+2/d and p such that2/p +d/q = d. Let
Ve Lf LL (R4 x [Rd). Then, we have the following estimate for any n, m = 0:

n+m n+m

1 1
()2 (m!) 27

it Acyyr(n) (m) —itA
[oe” Wy @ 00wy e ™ | Lr Laay xnay < C1Qoll 432

for some C > 0 independent of Qqg, n, m and V.

The proof follows the same lines as for d = 2, and relies on the following estimate for any 7, m:

n n m m

o0
H / W (1) e AU, ) AW (1) di
0

SIUl o
1 1
e+ b yaw ()20
We see that the terms involving Q¢ can be treated in any dimension, provided that Q is in an adequate
Schatten space. This is not the case for the terms involving yy, for which we can only deal with the

higher orders.
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Lemma3. Letd > 1, g:R? — R such that § € LY(R?), 1 < ¢ <142/d and p suchthat2/p+d/q=d.
Let V e LY LL (Ry x RY). Then, for all n,m such that n +m + 1 = 2q’, we have

A - _ CrIVIZ o CT VIR,
|o[e 2w @y Wy @) e A Lr e <ClENL R Lo
o (n")2d (m!)2d

where yr = g(—iV).

Proof. Again we argue by duality. Let U € Lf /L?C/. Without loss of generality, we can assume that
U, V = 0. Then, we evaluate

o0
/0 T U, x)e™ AW 1)y W (1)*e 712 di

o0
=(—i)”im/ dt/ ds1-~-dsm/ dty - diy
0 0<s|<<sy<t o<ty <<ty <t

XTr[V(s1, x=2i51 V) V(sim, x=2ism V)U(t, x=20t V)V (tn, x=2i 1, V) --- V11, x=2it; V) ys],

where we used the relation ' '
e AW, x)e' DA = W(t, x —2itV).

In the spirit of [Frank et al. 2014], we gather the terms using the cyclicity of the trace as
Tr[V(s1, x—=2is1 V) Vs, x=2ism V)U(t, x=2i tV)X V(tn, x=2i 1, V) -+ V(t1, x=2i 1; V) yr]
= Tr[V(sl,x —2iS1V)%V(s2,x —2is2V)% < Vism, x —2ismV)%U(t,x —2itV)%
X U(t, X = 20tV) 2 V(ty, x = 2i1,V)2 - V11, x = 2ity V) 2y V(sy, x — 251 V)2]. (37)
The first ingredient to estimate this trace is [Frank et al. 2014, Lemma 1], which states that

o1l Lr way o2l Lr (ra)
] 7]
Qm)r|ad— By

The second ingredient, to treat the term with yy, is a generalization of this inequality involving yy.

lo1(@x —iBV)pa(yx —iéV)|er < forall r = 2. (38)

Lemma 4. There exists a constant C > 0 such that for all t, s € R we have

. . . ||§||Ll rd) @11l Lr wayllo2 | Lr (e
lgr (x +2i V) g (=i V)ga (x +2i5V)||er < &9 (D2 LIED
(2m)2 Qm)r|t—s|r

(39)

forallr = 2.

We remark that (39) reduces to (38) when g = 1 and g = (27r)%50. We postpone the proof of this
lemma, and use it to estimate (37) in the following way:

‘Tr[V(sl,x =2is1V) - V(sm, x =2ismV)U(t,x =2itV)V(ty,x = 2it,V)---V(t1,x — 2i11V)yf]}
[VsOllga - 1VEm)ll g 1T pa |VED | gor 1V ED Lo’

|
<C d_ d_ d_ _d_
|Sl_l‘1|2q’ ...|Sm_[|2q’|[_[n|2q’ ...|t2_11|2q’
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Here, we have used the condition n 4+ m + 1 = 2¢’ to ensure that the operator inside the trace is trace-class
by Holder’s inequality. From this point the proof is identical to the proof of [Frank et al. 2014, Theorem 3].
O

Proof of Lemma 4. The inequality is immediate if r = co. Hence, by complex interpolation, we only have
to prove it for r = 2. We have

o1 (1, x+2i1V)g (=i V) o (5, x+2i s V) | §2 = Tr[ g1 ()2’ )2 g (=i V) o (x) 2/ D2 g (=i V) ]

—2d .12
(h) // 01 (02 |(gx¢730) (v—y) Pga (1) dx dy

( 7.[) 2d
< —Vlllgllyllfmllellfﬂzlle O

|t
In dimension d, we want to prove that pp belongs to L, , hence we consider ¢ = 1 + 2/d and
q' = 1+d/2. The previous result estimates the terms of order n+m+1=>d+2 thatis,n+m=>d + 1.
The case n + m = 1 corresponds exactly to the linear response studied in the previous section. In
dimension d = 2, we see that we are still lacking the case n + m = 2, which is what we call the second
order. The next section is devoted to this order. We are not able to treat the terms with 1 <n +m < d in
other dimensions.

1+/

5. Second order in 2D

The study of the linear response is not enough to prove dispersion for the Hartree equation in 2D. We
also have to estimate the second-order term, which we first compute explicitly in any dimension, and then
study only in dimension 2.

5.1. Exact computation in any dimension. Define the second-order term in the Duhamel expansion

of O(1),
t s
Q2(Z) — (_l-)Z[ dS/ dll ei(t_s)A[V(S),€i(s_tl)A[V(ll), )/f]ei(tl_s)A]ei(s_t)A,
0 0

where we again used the notation V' = w * pg. We explicitly compute its density. To do so, we let
W € 3(R4 x R?) and use the relation

/ / W(t, x)po,(t, x)dx dt = / Tr{W(t) Q4 ()] dt
0 JR4 0
For any (p,q) € R? x R? we have

t
_ /ds/sdﬁ/ dgy ') P?*=a)
e Jo  Jo R

~ o 2_ .2\~
x [V (s, p—q1)e' ™G~V (11, g1 —q)(g(q) — g(q1))
~ s 2,2\~
—V(s,q1 — ) ICDV (1, p—q1)(g(q1) — g(p))].

QZ(tvp’Q) =
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Using that
Tr{W(1) Q2(1)] =

1 N .
4 / w(t,qg—p)0a2(t, p.q)dpdq,
R4 xRd

(2m)>
we arrive at the formula

o0
/ / W(t, x)pg,(t, x)dx dt
0 JRY

o0 (e,@] o0
:/ / f/ d ds dtydk dOK P (= 5,5 — 11k, O, —K)po s, k — O 11, 6),
o Jo Jo JRIxRY
with

K®(t, 57k, £) = 11501550

SDODEZL) Gtk (k— 0) sin(C - (tk + s0)F Utk + L)),

(2m)2
5.2. Estimates in 2D.
Proposition 4. Assume that g € L' (R?) is such that |x|%|g(x)| € L*®(R?) for some a > 3. Assume also
that w is such that (1 + |k|'/?)|@ (k)| € L®(R?). Then, if pg € L%,X(IR x R?), we have
190:1122 sty < CH+ -8l +1- DBl 00l ey (40)
for some constant C(g, w) depending only on g and w.

Proof. First, we have the estimate

3
<ClGl2p [T Iillz2

i=1

/RS Gty — 12,1 —13) f1(11) f2(12) f3(83) diy dt; dis

for any G, and hence

/ K(z)(ll — 1,1l —t3§k,£)@(l‘1, —k)//)\Q(lz,k —K)//)\Q(Q,K) dll dlz dl3
R3

<KD sik O] 21 10 ~0) 2150 k= Oll 215+ Dl -

Let us therefore estimate | K@ (7, s; k, E)HL%L}' To do so, we use the bounds |sin(¢k - (kK —£))| < 1 and
Isin(€ - (tk + s£))| < [£||tk + s£]| to get

160 (£)2 W (k — £)2 . 2
@) - 2 < 2
| K (t,s,k,€)||L%L}\ om)d { /Rdt/Rdsltk+s€||g(2(tk+sﬁ))| .
We let
k- k-0)?
uzﬁs—l-tT and v = kz—(gz)t

and notice that

0\ 02\ ,\?
Itk+s€|=(£2(s+zu) +(k2—(k J )12) = Vu?+2

2 2
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Since g is a radial function, we find that

eZ/dz
R

The double integral on the right is finite under some mild decay assumptions on ¢; for instance, it is finite
if |g(r)| < C(1 +r?)~2/2 for some a > 3. Noticing that (k262 — (k - £)2)}/2 = | det(k, £)|, we thus have

2
/ duvu?+v2|g2Vu2+v?)|| .
R

/ ds |tk +s0||g Q2 (tk +s0))|
R

2
4
= d
(k22— (- 0)2)} J

KW, p0,)l
1B(- . k)| 2@k — O (-, k —O)ll L2112 |B O]+, O)ll 2
| det(k, £)|2

scu<1+|-|2>3g||mo/ dk de
RZd

We prove the following inequality of Hardy-Littlewood—Sobolev type:

Lemma 5. For any functions f, g, h we have

/ J(k)g(k —O)h ()
Rxr2 | det(k, £)|?

dkdf’ < Clfl2llgliz ]l e (41)

Proof. Since det(k, ) = ki€, —kyly, we first fix k; # 0, £1 # 0, ky # £, and estimate

Sy, ka)g(ky =€y, kay—L2)h(£y, L)

1 dkzdzz‘
R2 lkily —koly]|2
3 3 1 3 3 4
S([ |f(k1,1€2)|2|g(k1—£1,1k2—52)|2 dkzdﬁz)SX(/ |f(k1’k2)|2|h(zl’f2)|2dkzdﬁz)
R2 |k1€y —koly]2 R2 |k1€y —koty]2
3 3 1
ki1 —4L1,ky—4£5)|2|h(£q,£5)|2 3
x(/ lg(ky —4€1, ks 2)|2|1( 1, 2)|2dk2d€2) .
R? |k1ly —kaly]2
We then have
/[ Sk ghi =tk =G
R2 lkily —koty]2
3 3
eny|3 B 3
:/ | f(ki,k2)|2|g(ky 51,€2)|2 dyd i
R2 Jka(ky —£1) —Lrkq |2
_ |/ Gy hea/ G =) R g Gy =1 o/ RDIE
— : 2dl;
lkillky — €1 Jre lky — 52
<k S — ) gy — 1. )
Stk =6 1 1=t 20801 — 41, g2

3 3
S —— 1 fkr. )N allgtks — 41,75,
|k1|%|k1—51|i L2 L2
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and, in the same fashion,

|1, ko) |2 |h(Ey, €2)]2

C 3 3
dkpdly < —— |1 f(ki. )2 MAE )72

R kyly — ko2 ey |3 16|
3 3
ki—2L1,ky—£)|21h(£y,42)]|2 3 3
/ gt = bl mL)EIEL O 4y gry e ek — 11,
R2 lk1ly —kyly]2 [€q]2 kg — €44

As a consequence, we have

S k1 ka)g(ky =Ly ky —La)h(Ly,£2) oISk ) ll2llgtky — €y )l L2112
1 1, 1 1 :
R |k1€y —katy|2 [kilo€q|o|ky —£q]0
We now need a multilinear Hardy—Littlewood—Sobolev-type inequality. Integrating over (kq, £;) we find
that

[ fwstk-ont, dﬁ‘
R2xk2 | det(k, 0)|2

| fki, ) 2 llgtky — €1, )2y, )| L2
"2 ey 6104 [5|ky — €40

3 3 3 3
kv — L1, )12, |h(Eq, )| 2 3 ki )2, le(ey — €4, )| 3

sC(/ e =1l o eI dkldzl) X(/ I v ) s = ) dkldzl)
R2 k1|2 R2 [€1]2

dkzdlfz‘ <

SC dkldﬁl

1

3 3

ki, N, kL, )2 3

X(/ [FAGSP] =Y (11 ;2 dkldel)
R> |kky —£1]2

< Clflc2ligl Lzl L2,

where in the last line we have used the 2D Hardy-Littlewood—Sobolev inequality. |

From the lemma, we deduce that

(W, pa)| <C(1+]-1P)2¢

1
14 -]12)D]||zo 2,
LU+ Dbl llpol2s
which ends the proof of the proposition. O

6. Proof of the main theorem

Proof of Theorem 1. Let T > 0. Assume also that || Qg||ga/3 < 1. We solve the equation

po(t) = P[eitAWw*pQ(t)(Vf + Q0)Wwspo (t)*e_im] — Py
= p[e'® QoA ] = L(po) + R(po)

by a fixed-point argument. Here £ = £ + £,, where &£ was studied in Section 3 and

F2(p0) = —p[e" A (WL (1)Q0 + QoW po (N7)eT].
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As explained in Proposition 1 and in Corollary 1, under the assumption (9) (or (10) when f is strictly
decreasing), (1 + &£;) is invertible with bounded inverse on L%’x. The operator 1| + £ =14+ %1 + %, is
invertible with bounded inverse when

12|l < =~ -
I+ L)~

By Lemma 1, we have
121l < CllwliLi [ Qollg+/s

and therefore the condition can be expressed as
1
wlp @+ L)~

1Qolles/s <
Cll

Then, we can write
po() = (1+%) " (p[e""® Qoe 2] + R(pg)).

For any ¢ € L%,x ([0, T] x R?), define
F(g)(t) = p[e""® Qoe ™" 2] + ().
We apply the Banach fixed-point theorem to the map (1 + £)~! F. To do so, we expand F as

Fp)(t) = p[e""® Qoe™ 2]+ Y~ p[e" AW g (1) Qo Wy (1) e 4]

n+m=2
+ 3 Al WL Oy WL ) T A+ Y p[e AW Oy WD (D e A,
n+m=2 n+m=3

By the Strichartz estimate (19), we have

|o[e'"2 Qoe 2] ”fo < C|Qollgas3-
By Lemma 1, we have )
. . w15
Z ,O[eltAWw*(p(f)QOOWw*(p (t)*e_ltA] t.x

n+m=2

<CllQolless Y

1 1
Lix n+m=2 (n!)#(m!)a

By Proposition 4, we have

Do ol AW Oy W () e ]
n+m=2

a 10 0
SCIA+1-1)2 2Ll + 112Dl Lo llolF 2
L.

Finally, by Lemma 3 we have

CM w5
r,x

Do ol AW Oy W () e A

n+m=3

<Clglp Y,

1 1
Ly nim=3  (n)*(ml)3

We deduce that, for all ¢ € L7 ([0, T] x R?), we have the estimate

[0 +D7 F@)ll < CIA+D (1 Qolleess + Al 2 ).
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where we used the notation

a

2

C”+'"(||w||L12)
A(z)=C
n+§>2 (n)3 (m!)4

3 Crm(wlpi2)"

+CllgllL T 1
n+m=3 (n!)z (m!)=

We have A(z) = O(z?) as z — 0. As a consequence, there exist Cy, zo > 0, depending only on ||w/| /1,
1L+ 1122 | ool (1 + |- |1/2)B| oo and [|& |11, such that

|A(2)] < Coz?

for all |z| < zy. Choosing

1
R= min(zo, I )
2G|+ )|

R
s <min(l,——
||Q0||Q34’3 ln( 2C||(1 g)_ln)

and

leads to the estimate

10 +BDT F@)l2 <R

for all ||¢]| 2, < R, independently of the maximal time 7" > 0. Similar estimates show that F is also a
contraction on this ball, up to diminishing R if necessary. The Banach fixed-point theorem shows that
there exists a solution for any time 7" > 0, with a uniform estimate with respect to 7". Having built this
solution g € L7 (R4 x R?), we define the operator y as

Y(0) = "B Wapigo (1) (¥ + 00) Wapsgy () e 14,

We have @9 = py — py, by definition.

From [Frank et al. 2014, Theorem 3], we know that Wyxe, — 1 € Cto (R4, %) and that Wwxgy — 1
admits a strong limit in &* when ¢ — oo, which gives that y — yreC O(R4, &%) and our scattering
result (11). Next, we remark that since w € W11(R?) C L?(R?), we have w * g9 € L>(L N L2).
From [Lewin and Sabin 2014, Lemma 7] and the fact that g € L?(R?) (due to (8)), we deduce that
(Wwsgo (1) — 1)yr € CO(Ry, &?). This now shows that y — yy € C*(R4, &2). Of course, we can
perform the same procedure for negative times and this finishes the proof of Theorem 1. O
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