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Characterization results for equality cases and for rigidity of equality cases in Steiner’s perimeter inequality
are presented. (By rigidity, we mean the situation when all equality cases are vertical translations of
the Steiner symmetral under consideration.) We achieve this through the introduction of a suitable
measure-theoretic notion of connectedness and a fine analysis of barycenter functions for sets of finite
perimeter having segments as orthogonal sections with respect to a hyperplane.
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1. Introduction

1A. Overview. Steiner symmetrization is a classical and powerful tool in the analysis of geometric
variational problems. Indeed, while volume is preserved under Steiner symmetrization, other relevant
geometric quantities, like diameter or perimeter, behave monotonically. In particular, Steiner’s perimeter
inequality asserts the crucial fact that perimeter is decreased by Steiner symmetrization, a property that, in
turn, lies at the heart of a well-known proof of the Euclidean isoperimetric theorem; see [De Giorgi 1958].
In the seminal paper [Chlebik et al. 2005], which we briefly review in Section 1B, Chlebik, Cianchi and
Fusco discuss Steiner’s inequality in the natural framework of sets of finite perimeter, and provide a
sufficient condition for the rigidity of equality cases. By rigidity of equality cases we mean that situation
when the only sets achieving equality in Steiner’s inequality are obtained as translations of the Steiner
symmetral. Roughly speaking, the sufficient condition for rigidity found in [Chlebik et al. 2005] amounts
to requiring that the Steiner symmetral has “no vertical boundary” and “no vanishing sections”. While
simple examples show that rigidity may indeed fail if one of these two assumptions is dropped, it is
likewise easy to construct polyhedral Steiner symmetrals such that rigidity holds and both these conditions
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are violated. In particular, the problem of a geometric characterization of rigidity of equality cases in
Steiner’s inequality was left open in [Chlebik et al. 2005], even in the fundamental case of polyhedra.

In the recent paper [Cagnetti et al. 2013], we have fully addressed the rigidity problem in the case of
Ehrhard’s inequality for a Gaussian perimeter. Indeed, we obtain a characterization of rigidity, rather
than a mere sufficient condition for it. A crucial step in proving (and, actually, formulating) this sharp
result consists in the introduction of a measure-theoretic notion of connectedness, and, more precisely, of
what it means for a Borel set to “disconnect” another Borel set; see Section 1C for more details.

In this paper, we aim to exploit these ideas in the study of Steiner’s perimeter inequality. In order to
achieve this goal we shall need a sharp description of the properties of the barycenter function of a set of
finite perimeter having segments as orthogonal sections with respect to a hyperplane (Theorem 1.7). With
these tools at hand, we completely characterize equality cases in Steiner’s inequality in terms of properties
of their barycenter functions (Theorem 1.9). Starting from this result, we obtain a general sufficient
condition for rigidity (Theorem 1.11), and we show that, if the slice length function is of special bounded
variation with locally finite jump set, then equality cases are necessarily obtained by at most countably
many vertical translations of “chunks” of the Steiner symmetral (Theorem 1.13); see Section 1D.

In Section 1E, we introduce several characterizations of rigidity. In Theorem 1.16 we provide two
geometric characterizations of rigidity under the “no vertical boundary” assumption considered in [Chlebik
et al. 2005]. In Theorem 1.20 we characterize rigidity in the case when the Steiner symmetral is a
generalized polyhedron. (Here, the generalization of the usual notion of polyhedron consists in replacing
affine functions over bounded polygons with W!:!-functions over sets of finite perimeter and volume.)
We then characterize rigidity when the slice length function is of special bounded variation with locally
finite jump set, by introducing a condition we call the mismatched stairway property (Theorem 1.29).
Finally, in Theorem 1.30, we prove two characterizations of rigidity in the planar setting.

By building on the results and methods introduced in this paper, it is of course possible to analyze
the rigidity problem for Steiner perimeter inequalities in higher codimensions. Although it would have
been natural to discuss these issues here, the already considerable length and technical complexity of the
present paper suggested we do this in a separate forthcoming paper.

1B. The Steiner inequality and the rigidity problem. We begin by recalling the definition of Steiner
symmetrization and the main result from [Chlebik et al. 2005]. In doing so, we shall refer to some concepts
from the theory of sets of finite perimeter and functions of bounded variation (that are summarized in
Section 2B), and we shall fix a minimal set of notation used through the rest of the paper. We decompose
R", n > 2, as the Cartesian product R"~! x R, denoting by p : R* — R"~! and g : R" — R the horizontal
and vertical projections, so that x = (px, gx) with px = (x1, ..., x,—1), gx = x,, for every x € R". Given
E C R" we denote by E_ the vertical section of E with respect to z € R"~!, that is, we set

E.={teR:(z,t) € E}.
Moreover, given a function v : R — [0, 00), we say that E is v-distributed if

v(z) = H'(E,) for #"'-ae. ze R
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(Here, %X (S) stands for the k-dimensional Hausdorff measure on the Euclidean space containing the set S
under consideration.) Among all v-distributed sets, we denote by F[v] the (only) one that is symmetric
by reflection with respect to {gx = 0}, and whose vertical sections are segments, that is, we set

Flv]l={x e R": |gx| < Jv(px)}.

If E is a v-distributed set, then the set F[v] is the Steiner symmetral of E, and is usually denoted as E”.
(Our notation reflects the fact that, in addressing the structure of equality cases, we are more concerned
with properties of v rather than with the properties of a particular v-distributed set.) The set F[v] has
finite volume if and only if v € L'(R"~!), and it is of finite perimeter if and only if v € BV(R"~!) with
"1 ({v > 0}) < oc0; see Proposition 3.2. Denoting by P(E; A) the relative perimeter of E with respect
to the Borel set A C R” (so that, for example, P(E; A) = %"~ (ANJE) if E is an open set with Lipschitz
boundary in R"), the Steiner perimeter inequality implies that, if E is a v-distributed set of finite perimeter,
then

P(E; G xR)> P(F[v]; G xR) for every Borel set G C R (1-1)

Inequality (1-1) was first proved in this generality by De Giorgi [1958], in the course of his proof of the
Euclidean isoperimetric theorem for sets of finite perimeter. Indeed, an important step in his argument
consists in showing that if a set E satisfies (1-1) with equality, then, for #"~!-a.e. z € G, the vertical
section E_ is %'-equivalent to a segment; see [Maggi 2012, Chapter 14]. The study of equality cases in
Steiner’s inequality was then resumed by Chlebik et al. [2005]. We now recall two important results from
their paper. The first theorem, which is easily deduced by means of [Chlebik et al. 2005, Theorem 1.1,
Proposition 4.2], completes De Giorgi’s analysis of necessary conditions for equality, and, in turn, provides
a characterization of equality cases whenever 3* E has no vertical parts. Given a Borel set G C R"~!, we
set

Mg () ={E C R": E v-distributed and P(E; G x R) = P(F[v]; G x R)} (1-2)
to denote the family of sets achieving equality in (1-1), and simply set M(v) = Mgn—1 (V).
Theorem A [Chlebik et al. 2005]. Let v € BV(R"™") and let E be a v-distributed set of finite perimeter. If
E e Mg (v) then, for #"'-a.e. 7€ G, E. is #'-equivalent to a segment (t~, t ), with (z, t 1), (z,t ") € 9*E,
Ppve(z,tT) = pve(z,t7), and qug(z,t+) = —que(z, 7).
The converse implication holds provided 9* E has no vertical parts above G, that is,

" (Ix € 3*EN(G xR) : qug(x) =0}) =0, (1-3)

where 3* E denotes the reduced boundary of E, while vg is the measure-theoretic outer unit normal of E;
see Section 2B.

The second main result, from [Chlebik et al. 2005, Theorem 1.3], provides a sufficient condition for
the rigidity of equality cases in Steiner’s inequality over an open connected set. Note indeed that some
assumptions are needed in order to expect rigidity; see Figure 1.



1538 FILIPPO CAGNETTI, MARIA COLOMBO, GUIDO DE PHILIPPIS AND FRANCESCO MAGGI

E E
F[v] Flv]
1
o(-) --------------- 01--> .050 ------- o - >

Figure 1. Left: 9* F[v] has vertical parts over 2 = (0, 1) and (1-6) does not hold. Right:
9* F[v] has no vertical parts over 2 = (0, 1), but (1-5) fails (indeed, 0 = vv(%) = vA(%)).

Theorem B [Chlebik et al. 2005]. Ifve BV(R* 1), QcR" lisan open connected set with % 1(Q) < o0,
and

DL Q =0, (1-4)
vV >0 9" %-a.e on S, (1-5)

then for every E € Mq(v) we have
H'((EA(ten+ FIv))N(Q xR)) =0 for some t € R. (1-6)

Remark 1.1. Here, D®v stands for the singular part of the distributional derivative Dv of v, while v"
and vV denote the approximate lower and upper limits of v (so that if v; = v, a.e. on R"~!, then v/ =v)
and v]* = v} everywhere on R"~!). We call [v] = v¥ — v” the jump of v, and define the approximate
discontinuity set of v as S, = {v¥ > v} = {[v] > 0}, so that S, is countably %" —2_rectifiable, and there
exists a Borel vector field v, : S, — $"~! such that Dv = v, [v]#"2LS, + Dv, where Dv stands for
the Cantorian part of Dv. These concepts are reviewed in Sections 2A and 2B.

Remark 1.2. Assumption (1-4) is clearly equivalent to asking that v € W) (so that v =vY H"2-ae.
on €2), and, in turn, it is also equivalent to asking that 0* F'[v] have no vertical parts above €2, that is—
compare with (1-3) —

9" ({x € 3* Fv1 N (2 x R) : quppy (x) = 0}) = 0; (1-7)
see [Chlebik et al. 2005, Proposition 1.2] for a proof.

Remark 1.3. Although assuming the “no vertical parts” (1-4) and “no vanishing sections” (1-5) conditions
appears natural in light of the examples sketched in Figure 1, it should be noted that these assumptions are
far from being necessary for rigidity. For example, Figure 2 shows the case of a polyhedron in R? such
that (1-6) holds, but the “no vertical parts” condition fails. Similarly, in Figure 3, we have a polyhedron
in R3 such that (1-6) and (1-4) hold, but such that (1-5) fails.
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Figure 2. A polyhedron in R? such that the rigidity condition (1-6) is satisfied (with
Q = (0, 1)?) but the “no vertical parts” condition fails.

{v=0}

Figure 3. A polyhedron in R? such that the rigidity condition (1-6) and the “no vertical
parts” condition hold (with € = (0, 1)), but the “no vanishing sections” condition fails.

1C. Essential connectedness. The examples discussed in Figure 1 and Remark 1.3 suggest that in order
to characterize rigidity of equality cases in Steiner’s inequality one should first make precise the sense in
which the (n—2)-dimensional set S, = {v" < v"} (contained in the projection of vertical boundaries) may
disconnect the (n—1)-dimensional set {v > 0} (that is, the projection of F[v]). In the study of rigidity of
equality cases for Ehrhard’s perimeter inequality — see [Cagnetti et al. 2013] — we have addressed this
kind of question by introducing the following definition.

Definition 1.4. Let K and G be Borel sets in R”. One says that K essentially disconnects G if there
exists a nontrivial Borel partition {G 4, G_} of G modulo #™ such that

"GV N8 GLNG_)\ K)=0; (1-8)

conversely, one says that K does not essentially disconnect G if, for every nontrivial Borel partition
{G+, G_} of G modulo ™,

7" 1(GY N3G NIG_)\ K) > 0. (1-9)
Finally, G is essentially connected if & does not essentially disconnect G.
In the above definition, by a nontrivial Borel partition {G 4, G_} of G modulo #" we mean that
H"(GLNG-)=0, H"(GAGLUG_)=0, #H"(GL)H"(G-)=>DO0.
Moreover, 3°G denotes the essential boundary of G, which is defined as

aeG — Rm \ (G(O) U G(l))’
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Figure 4. Left: G is a disk and K is a smooth curve that divides G in two open regions
G and G_, in such a way that (1-8) holds: thus, K essentially disconnects G. Right:
Let K’ be obtained by removing some points from K. If we remove a set of length
zero, that is, if %' (K \ K’) =0, then K" still essentially disconnects G (although G \ K’
may easily be topologically connected); if, instead, %' (K \ K’) > 0, then K’ does not
essentially disconnect G, since (1-9) holds (with K’ in place of K).

where G© and GV denote the sets of points of density 0 and 1 of G; see Section 2A.

Remark 1.5. If #"(GAG') =0 and #" (K AK’) =0, then K essentially disconnects G if and only if
K’ essentially disconnects G’; see Figure 4.

Remark 1.6. We refer to [Cagnetti et al. 2013, Section 1.5] for more comments on the relation between
this definition and the notions of indecomposable currents [Federer 1969, 4.2.25] and indecomposable sets
of finite perimeter [Dolzmann and Miiller 1995, Definition 2.11] or [Ambrosio et al. 2001, Section 4] used
in geometric measure theory. We just recall here that a set of finite perimeter E is said to be indecomposable
if P(E) < P(Ey)+ P(E_) whenever {E, E_} is a nontrivial partition modulo #" of E by sets of finite
perimeter. Moreover, the latter inequality is equivalent to #"~1(EW N3°E, Nd°E_) > 0. Let us also
note that this measure-theoretic notion of connectedness is compatible with essential connectedness:
indeed, as proved in [Cagnetti et al. 2013, Remark 2.3], a set of finite perimeter is indecomposable if and
only if it is essentially connected. Nevertheless, when possible, we shall use the term indecomposable in
place of the term essentially connected, in order to make immediate the identification of those statements
and conditions whose formulation genuinely requires Definition 1.4.

1D. Equality cases and barycenter functions. With the notion of essential connectedness at hand we
can easily conjecture several possible improvements of Theorem B. As it turns out, a fine analysis of the
barycenter function for sets of finite perimeter with segments as sections is crucial in order to actually
prove these results. Given a v-distributed set E, we define the barycenter function of E, bg : R > R,
by setting, for every z € R"~!,

bE(z):L/ td¥' (1) if v(z) >0 and/ 1d¥%' (1) e R, (1-10)
U(Z) E, E,

and b (z) = 0 otherwise. In general, by may only be a Lebesgue measurable function. When E has
segments as sections and finite perimeter, the following theorem provides a degree of regularity for bg
that turns out to be sharp; see Remark 3.5. Note that the set where v vanishes is critical for the regularity
of the barycenter, as implicitly expressed by (1-11).
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Theorem 1.7. Ifve BV(R"™') and E is a v-distributed set of finite perimeter such that E, is #'-equivalent
to a segment for #" " '-a.e. z € R, then

bs = ly=s)be € GBV(R"™") (1-11)

for every & > 0 such that {v > 8} is a set of finite perimeter. Moreover, bg is approximately differentiable
%" -a.e. on R"~, and for every Borel set G C {v" > 0} we have the coarea formula

/ "GN I{bg > 1}) dt :f |Vbg|d¥e"! +/ [(bg]d¥" =2+ |Dbe|T(G), (1-12)
R G G

meE
where |D¢bg |t is the Borel measure on R"~! defined by

|DbE[*(G) = lim |Dbs|(G) = sup|D°bs|(G)  for all G C R1, (1-13)
- §>0

Remark 1.8. Let us recall that u € GBV(R"™!) if and only if Ty (1) € BVioc(R"™1) for every M > 0
(where 1)/ (s) = max{—M, min{M, s}} for s € R), and that for every u € GBV(R"™!) we can define a
Borel measure |Du| on R"~! by setting
|Du|(G) = lim |D(zpu)|(G) = sup | D (tyu)|(G) (1-14)
M— 00 M=>0
for every Borel set G C R"~!. (If u € BV(R"™!), then the total variation of the Cantorian part of Du
agrees with the measure defined in (1-14) on every Borel set.) The measures | D°bs| appearing in (1-13)

are thus defined by means of (1-14), and this makes sense by (1-11). Concerning | D bg|*, we just note
that if by € GBV(R"~!") —and thus | Db| is well-defined — then we have

|Dbg|T = |Dbe|L{v" > 0} on Borel sets of R" !,

Starting from Theorem 1.7, we can prove a formula for the perimeter of E in terms of v and bg (see
Corollary 3.3) that in turn leads to the following characterization of equality cases in Steiner’s inequality
in terms of barycenter functions. We recall that, here and in the following results, the assumption
v e BV(R"!; [0, 00)) with %"~ ({v > 0}) is equivalent to asking that F[v] be of finite perimeter, and is
thus necessary to make sense of the rigidity problem. In addition we recall that X C R™ is a concentration
set for a Borel measure p on R™ if u(R™\ X) =0.

Theorem 1.9. Let v € BV(R"!; [0, 00)) with #"~'({v > 0}) < o0, and let E be a v-distributed set of
finite perimeter. Then, E € M(v) if and only if

E. is #'-equivalent to a segment for #"'-a.e. z € R"!, (1-15)

Vbp(z) =0 for#" '-ae z e R*1, (1-16)

2[bgl <[v] %" %-a.e. on{v’ >0}, and (1-17)

D (tmbs)(G) =/ fd(D) (1-18)
GN{v>8}ON{|bg|<M}D

for every bounded Borel set G C R"™ and for #'-a.e. § > 0 and M > 0, where f : R"™! — [—%, %] isa
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v (z)=0 z) >0

Figure 5. If E € /M (v), then the jump [bg] of the barycenter of E can be arbitrarily large
on {v" = 0}, but is necessarily bounded by half the jump of v on {v" > 0}; see (1-17).
Moreover, the same rule applies to the Cantorian “jumps”, see (1-18) and (1-19).

Borel function; see Figure 5. In particular, E € M(v) implies that
2|Dbg|T(G) < |Dv|(G) for every Borel set G C R, (1-19)

and that, if K is a concentration set for Dv and G is a Borel subset of {v" > 0}, then

/%”_2(Gﬂae{b5 >t})dt:/ [be1d9€" 2 + | Db |T(G N K). (1-20)
R G

meE NS,

Remark 1.10. By Theorem 1.7, (1-15) allows us to make sense of Vbg, |Dbg|", and D(tybs) (for
a.e. § > 0), and thus to formulate (1-16), (1-18), (1-19), and (1-20). In particular, (1-20) is an immediate
consequence of (1-12), (1-16), (1-17), and (1-19).

Theorem 1.9 is a powerful tool in the study of rigidity of equality cases. Indeed, rigidity amounts to
asking that br be constant on {v > 0}. Now, b is nonconstant (modulo %#"~1) on {v > 0} if and only
if there exists / C R with #'(1) > 0 such that, if t € I, then {{br > t}, {br < t}} is a nontrivial Borel
partition of {v > 0} (modulo %"~'). In other words, the failure of rigidity is equivalent to saying that
0¢{bg > t} essentially disconnects {v > 0} for every ¢ € I with %! (I) > 0. By combining this point of
view with the coarea formula (1-20) and with the definition of essential connectedness, we quite easily
deduce the following sufficient condition for rigidity.

Theorem 1.11. If v € BV(R"™!; [0, 00)), #"~'({v > 0}) < oo, and the Cantor part Dv of Dv is
concentrated on a Borel set K such that

{v* =0}U S, UK does not essentially disconnect {v > 0}, (1-21)

then for every E € M(v) there exists t € R such that " (EA(ten + F[v])) =0.

Remark 1.12. Note that Theorem 1.11 provides a sufficient condition for rigidity without a priori
structural assumption on F[v]. In particular, the theorem admits for nontrivial vertical boundaries and
vanishing sections, which are excluded in Theorem B by (1-4) and (1-5). (In fact, as shown in Appendix A,
Theorem B can be deduced from Theorem 1.11.) We also note that condition (1-21) is clearly not necessary
for rigidity as soon as vertical boundaries are present; see Figure 2.
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A natural question about equality cases of Steiner’s inequality that is left open by Theorem 1.9 is to
describe the situation when every E € J/l(v) is obtained by at most countably many vertical translations
of parts of F[v]. In other words, we want to understand when to expect every E € l(v) to satisfy

E =50 | J(cnen + (FIVIN(Gy x R))), (1-22)
hel

where [ is at most countable, {ci}re; C R, and {Gp}ner is a Borel partition modulo %1 of {v > 0}.

The following theorem shows that this happens when v is of special bounded variation with locally
finite jump set. The notion of v-admissible partition of {v > 0} used in the theorem is introduced in
Definition 1.25; see Section 1E.

Theorem 1.13. Let v € SBV(R"™!; [0, 00)). Assume that 3"~ ({v > 0}) < oo, and that
Sy N{v" > 0} is locally 5" 2-finite. (1-23)

Let E be a v-distributed set of finite perimeter. Then, E € M(v) if and only if E satisfies (1-22) for a
v-admissible partition {Gp}per of {v > 0} and 2[bg] < [v] H"2-a.e. on {v" > 0). Moreover, if these
hold, then |D°bg|* = 0.

Remark 1.14. Let us recall that, by definition, v € SBV(R"™!) if v € BV(R"™!) and Dv = 0. The
approximate discontinuity set S, of a generic v € SBV(R"~!) is always countably #”"~2-rectifiable, but it
may fail to be locally %" ~2-finite. If v € SBV(R"~1) but (1-23) fails, then it may happen that (1-22) does
not hold for some E € Jl(v); see Remark 1.32 below.

We close our analysis of equality cases with the following proposition, which shows a general way
of producing equality cases in Steiner’s inequality that (potentially) do not satisfy the basic structure
condition (1-22).

Proposition 1.15. If v = v + vy, where v, vy € BV(R"1: [0, 00)), Dv; = D%, v, is not constant
(modulo %¢"~) on {v > 0}, Dvy = D*vy, and 0 < #"~'({v > 0}) < oo, then rigidity fails for v. Indeed, if
we set

E={x eR": —Avy(px) — 3v1(px) < gx < 501(px) + (1 — M)va(px)} (1-24)

for A €10, 1]\ {%}, then E € JM(v) but %”(EA(ten + F[v])) > 0 for every t € R. (Note that in (1-24) the
choice A = % gives E = F[v].)

1E. Characterizations of rigidity. We now start to discuss the problem of characterizing rigidity of
equality cases. We shall analyze this question under different geometric assumptions on the considered
Steiner symmetral, and see how different structural assumptions lead to different characterizations.

We begin our analysis by working under the assumption that no vertical boundaries are present where
the slice length function v is essentially positive, that is, on {v”* > 0}. It turns out that, in this case, the
sufficient condition (1-21) takes the form

{v" =0} does not essentially disconnect {v > 0}, (1-25)
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and that, in turn, this same condition is also necessary to rigidity. Moreover, an alternative characterization
can obtained by merely requiring that F'[v] be indecomposable.

Theorem 1.16. Let v € BV(R"!; [0, 00)) with %"~ ({v > 0}) < oo and
Dfv {v" >0} =0. (1-26)
Then the following are equivalent:
(i) If E € M(v) then #"(E A(te, + F[v])) = 0 for some t € R.
(i) {v” = 0} does not essentially disconnect {v > 0}.
(i) F[v] is indecomposable.

Remark 1.17. Note that condition (1-26) does not prevent 0* F[v] from containing vertical parts, provided
they are concentrated where the lower approximate limit of v vanishes. Indeed, (1-26) implies that
D¢v =0 (see step one in the proof of Theorem 1.16 in Section 4E), and that S, is contained in {v" = 0}
modulo %" 2. We also note that the equivalence between conditions (ii) and (iii) is actually true whenever
v € BV(R"!; [0, 00)) with %"~ !({v > 0}) < oo; in other words, (1-26) plays no role in proving this
equivalence. This is proved in Section 4D, Theorem 4.3.

The situation becomes much more complex when we allow 3* F[v] to have vertical parts above {v" > 0}.
As already noted, simple polyhedral examples, like the one depicted in Figure 2, show that condition (1-21)
is not even a viable candidate as a characterization of rigidity in this case. We shall begin our discussion
of this problem by solving it in the case of polyhedra and, in fact, in the much broader class of sets
introduced in the next definition.

Definition 1.18. Let v : R"~! — [0, 00). We say that F[v] is a generalized polyhedron if there exists
a finite disjoint family of indecomposable sets of finite perimeter and volume {A;};c; in R"~!, and a
family of functions {v;};ec; C WLLR"1), such that

U=Zvj1Aj, (1-27)
jeJ
(" =0\ {o=0}V)US, Cyua | J0°A;. (1-28)
jeJ

(Here and in the following, A Cye B stands for #*(A \ B) =0.)

Remark 1.19. Condition (1-28) amounts to requiring that v can jump or essentially vanish on {v > 0}
only inside the essential boundaries of the sets A ;. For example, if {A;};c; is a finite disjoint family of
bounded open sets with Lipschitz boundary in R"~!, {v;};e; € C1/(R"™!), and v; > 0 on A; for every
jeJ, thenv= Zje/ v;jl4; defines a generalized polyhedron F[v]. Note that in this case (1-28) holds,
since v can jump only over the boundaries of the A, so that S, C |J;c; 94, while {v; =0}NA; C9A;
for every j € J.

Theorem 1.20. If v : R"~! — [0, 00) is such that F[v] is a generalized polyhedron, then the following
two statements are equivalent:
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(i) If E € M(v) then #"(E A(te, + F[v])) = 0 for some t € R.
(ii) For every & > 0 the set {v" = 0} U {[v] > &} does not essentially disconnect {v > 0}.

Remark 1.21. In the example depicted in Figure 2, the set {v"* =0}N{v > 0} is empty, the set {[v] > 0}
essentially disconnects {v > 0}, but there is no ¢ > 0 such that {[v] > ¢} essentially disconnects {v > 0}.
Indeed, in this case, rigidity holds.

Note that, if F[v] is a generalized polyhedron, then v € SBV(R"~!) with S, locally #"~>-rectifiable,
so that v satisfies the assumptions of Theorem 1.13. We now discuss the rigidity problem in this more
general situation.

As shown by Example 1.22 below, condition (ii) in Theorem 1.20 is not even a sufficient condition for
rigidity under the assumptions on v considered in Theorem 1.13. A key remark here is that, in the situations
considered in Theorem 1.16 and Theorem 1.20, we can create failure of rigidity by performing a vertical
translation of F[v] above a single part of {v > 0}. For example, when condition (ii) in Theorem 1.20
fails, there exist € > 0 and a nontrivial Borel partition {G, G_} of {v > 0} modulo %"~ such that

(w>0PN3IGLNIG_ Cynr {v" =0} U{[v] > &}.
In that case, as we shall prove later on, the v-distributed set E (¢) defined as
E@t)=((te, + FlvD N(G4 x R)) U(FvIN (G- xR)), t€R,

and obtained by a single vertical translation of F[v] above G, satisfies P(E(¢)) = P(F[v]) whenever
t € (0, ¢/2). (Moreover, when condition (1-25) fails, we have E(¢) € A (v) for every t € R.) However,
there may be situations in which violating rigidity by a single vertical translation of F[v] is impossible,
but where this task can be accomplished by simultaneously performing countably many independent
vertical translations of F[v]. An example is obtained as follows.

Example 1.22. We construct a function v : R — [0, co) in such a way that v € SBV(R?), S, is locally
¥ -rectifiable, the set {v" = 0} U {[v] > ¢} does not essentially disconnect {v > 0} for any & > 0, but,
nevertheless, rigidity fails. Given ¢ € R and £ > 0, denote by Q(z, £) the open square in R? with center at
(¢, 0), sides parallel to the direction (1, 1) and (1, —1), and diagonal of length 2¢. Then we setu1 =19(0,1),
and define a sequence {u;} ey of piecewise constant functions

U =1uj — %IQ(—3/4,1/4) + %IQ(3/4,1/4),
us =us— 11lo(—15/16.1/16) + $10(=9/16.1/16) — 5L 0/16,1/16) + 1 L0(15/16,1/16)+

etc.; see Figure 6. This sequence has pointwise limit v € SBV(RZ%; [0, 00)) such that {v > 0} = Q(0, 1)
and Dv = D®v. In particular, if we define E as in (1-24) with A = 0, v; = 0, and v, = v, then, by
Proposition 1.15, E € M(v). Since bg = %v, we easily see that (1-34), and thus (1-22), holds; in
other words, E is obtained by countably many vertical translations of F[v] over suitable disjoint Borel
sets G, h € N. At the same time, any set E( obtained by a vertical translation of F[v] over one (or over
finitely many) of the G is bound to violate the necessary condition for equality, 2[bg,] < [v] H"2-a.e.
on S, N {v" > 0}, as the infimum of [v] on 3°G; N S, N {v” > 0} is zero for every h € N. We also note
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Figure 6. The functions u, and u4 in the construction of Example 1.22.

that, as a simple computation shows, S, N {v”" > 0} is not only countably %'-rectifiable in R? but actually
%! -finite (thus, it is locally %¢'-rectifiable).

All the above considerations finally suggest the following condition, which, in turn, characterizes
rigidity under the assumptions on v considered in Theorem 1.13. We begin by recalling the definition of
a Caccioppoli partition.

Definition 1.23. Let G C R"*~! be a set of finite perimeter and let {Gp,},<; be an at most countable Borel
partition of G modulo %"~!. (That is, I is a finite or countable set with #/ > 2, G =yu-1 |;,c; Gn,
#*"~1(Gp,) > 0 for every h € I, and %1 (G, N Gy) =0 for every h, k € I, h # k.) We say that {G}ner
is a Caccioppoli partition of G if )", _; P(G},) < o0.

Remark 1.24. When G is an open set and {G}¢; is an at most countable Borel partition of G mod-
ulo %", then, according to [Ambrosio et al. 2000, Definition 4.16], {G,}rc; is a Caccioppoli partition
of G if Zh c; P(Gp; G) < oo. Of course, if we assume in addition that G is of finite perimeter, then
Zhel P(Gj; G) < oo is equivalent to Zhel P(G}p) < oo. Thus Definition 1.23 and [Ambrosio et al.
2000, Definition 4.16] agree in their common domain of applicability (that is, on open sets of finite
perimeter).

Definition 1.25. Let v € BV(R"!; [0, 00)), and let {G}},c; be an at most countable Borel partition
of {v > 0}. We say that {Gp},e;s is a v-admissible partition of {v > 0} if {G, N Bg N{v > é}}per is a
Caccioppoli partition of {v > §} N By for every § > 0 such that {v > 4} is of finite perimeter and for
every R > 0.

Definition 1.26. One says that v € BV(R"™!; [0, 00)) satisfies the mismatched stairway property if the
following holds: If {Gj}xe; is a v-admissible partition of {v > 0} and if {c;}se; C R is a sequence with
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¢, # ¢ whenever h # k, then there exist hg, kg € I with hg £ ko and a Borel set X with
X C0°Gy, N3Gy, N{v" > 0}, H" () > 0, (1-29)

such that
[v](z) <2|cp, —ck,| forall z € X. (1-30)

Remark 1.27. The terminology adopted here intends to suggest the following idea. One considers a
v-admissible partition {G,}nes of {v > 0} such that {v > 0}V N, ; 3°G), is contained in {v* =0} U S,
Next, one modifies F[v] by performing vertical translations c¢;, above each G, thus constructing a new
set E having a “stairway-like” barycenter function. This new set will have the same perimeter of F[v],
and thus will violate rigidity if #1 > 2, provided all the steps of the stairway match the jumps of v, in the
sense that 2[bg] = 2|c;, — ¢x| < [v] on each 3G, N 3°G N {v”" > 0}. Thus, when all equality cases have
a stairway-like barycenter function, we expect rigidity to be equivalent to asking that every such stairway
has at least one step that is mismatched with respect to [v]; compare with (1-30).

Remark 1.28. If v € BV(R"™!; [0, c0)) has the mismatched stairway property, then, for every & > 0,
{v* =0} U{[v] > ¢} does not essentially disconnect {v > 0}. In particular, {v" = 0} does not essentially
disconnect {v > 0}, {v > 0} is essentially connected, and although it may still happen that {v"* =0}U S,
essentially disconnects {v > 0}, in this case one has

" 2-essinf[v] = 0.
SyN{v">0}

We prove the claim arguing by contradiction. If {v" = 0} U {[v] > &} essentially disconnects {v > 0},
then there exist ¢ > 0 and a nontrivial Borel partition {G;, G_} of {v > 0} modulo %"~ such that
(v>01DN3°G L NIG_ Cym— (v =0} U{[v] > &}. Since (2-9) below implies {v" > 0} C {v > 0}V,

we have
(V" >0}N3°G L NI*G_ Cym {[v] > &}, (1-31)

so that, for every 8 > 0 (and since {v > 8§}V N3°G,L = {v > 8§}V NI°G_),
(v>81N3G, ={v>8PNIGCLNIG_ Cymn {[v] > &} (1-32)
If we set G5 = G+ N {v > 8}, then 3°G45 C 3°{v > 8} U ({v > 8}V N 3°Gy), and, by (1-32),

3°Gis Cym—2 3°{v > 8} U {[v] > &}. Since [v] € L1 (#"~2LS,), we find #"2({[v] > t}) < oo for
every t > 0, and, in particular

P(G1s) + P(G-5) <2P({v > §)) + 23" *({[v] > £}) < o0

whenever {v > 8} is of finite perimeter. This shows that {G ., G_} is a v-admissible partition. If we now set
I={+,—-},c+=¢/2,and c_ =0, then I, {Gp}ser, and {cp }nes are admissible in the mismatched stairway
property. By the mismatched stairway property, there exists a Borel set ¥ C {v" > 0}N3°G, NI°G_
such that [v] < 2|c4 —c_| =¢ on ¥ and #"~2(X) > 0, a contradiction to (1-31).

It turns out that if v is a SBV-function with locally finite jump set, then rigidity is characterized by the
mismatched stairway property.
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Theorem 1.29. Ifv e SBV(R"™!; [0, 00)), %"~ ({v > 0}) < 00, and S, N {v" > 0} is locally %"~ >-finite,
then the following two statements are equivalent:

(i) If E € M(v), then #"(E A(te, + F[v])) = 0 for some t € R.
(i1) v has the mismatched stairway property.

The question of a geometric characterization of rigidity when v € BV is thus left open. The considerable
complexity of the mismatched stairway property may be seen as a negative indication about the tractability
of this problem. In the planar case, due to the trivial topology of the real line, these difficulties can be
overcome, and we obtain the following complete result.

Theorem 1.30. Ifv € BV(R; [0, 00)) and %' ({v > 0}) < 0o, then the following are equivalent:
(1) If E € M(v), then %Z(EA(tez + F[v])) =0 for some t € R.
(i) {v > 0} is #'-equivalent to a bounded open interval (a, b), v € W' (a, b), and v" > 0 on (a, b).

(iii) F[v] is an indecomposable set that has no vertical boundary above {v" > 0}, i.e.,
%1({x € 0" F[v]: qupp(x) =0, v (px) > O}) =0. (1-33)

The extension of our results to the case of the localized Steiner inequality is discussed in Appendix A. In
particular, we shall explain how to derive Theorem B from Theorem 1.11 via an approximation argument.

1F. Some closing remarks. We conclude this introduction with a few remarks of more technical nature.
The first two remarks deal with the issue addressed in Theorem 1.13, namely, understanding when equality
cases are necessarily obtained by countably many vertical translations of the Steiner symmetral; see (1-22).
Theorem 1.13 ensures this is the case if v € SBV(R"~!) with S, N {v" > 0} locally %" ~>-finite. In the
following two remarks we show that, if we merely assume that v € SBV(R"~!), then we can indeed
construct equality cases that do not satisfy (1-22).

Remark 1.31. Condition (1-22) can be reformulated in terms of a property of the barycenter function.
Indeed, (1-22) is equivalent to asking that

bg = Z cnlg, ¥ '-ae. onR! (1-34)
hel

for I, {cplner and {Gplner as in (1-22). It should be noted that, if no additional conditions are assumed on
the partition {G}ner, then (1-34) is not equivalent to saying that br has “countable range”. An example
is obtained as follows. Let K be the middle-third Cantor set in [0, 1], let {G},en be the disjoint family of
open intervals such that K = [0, 1]\ nen Grs and let {cp}ren C R be such that the Cantor function u g
satisfies ux = cj on Gy, In this way, ug = ZheN cplg, on [0, 1]\ K, thus %'-a.e. on [0, 1]. Of course,
since ux is a nonconstant, continuous, and increasing function, it does not have “countable range” in any
reasonable sense. At the same time, if we set v(z) = 1y9,17(z) dist(z, K) for z € R, then v is a Lipschitz
function on R (thus it satisfies all the assumptions in Theorem 1.13) and the set

E={xeR?:ug(px)— %v(px) <qgx <ug(px)+ %v(px)}
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is such that E € Jl(v), as one can check by Corollary 3.3 and Corollary 3.4 in Section 3B. We also note
that, in this example, | Dbg | {v" = 0} # 0, while |D°bg|T = 0.

Remark 1.32. We now describe the example introduced in Remark 1.14. Given {gp}neny = QN [0, 1]
and {ap}ren € (0, 00) such that ),  a, < 00, we can define v € SBV(R) such that H*'(fv>0)=1
and Dv = D’v = D/ v, by setting

v)= > = aplgun®), teR
{heN:g,<t<1} heN
If we let v =0, v, = v, and, say, A = 0, in Proposition 1.15 below, then we obtain a set E € M (v). At
the same time, (1-34), and thus (1-22), cannot hold, as bg = %v %'-a.e. on R and v is strictly increasing
on [0, 1]. (The requirement that the sets G, in (1-34) are mutually disjoint modulo " ~! plays a crucial
role in here, of course.) Note that, as expected, S, N {v” > 0} = QN [0, 1] is not locally %°-finite.

The following final remark is instead concerned with the characterization presented in Theorem 1.29
in terms of the mismatched stairway property.

Remark 1.33. Is it important to observe that, in order to characterize rigidity, only v-admissible partitions
of {v > 0} have to be considered in the definition of the mismatched stairway property. Indeed, let n = 2
and set v = 1(g,1) € SBV(R; [0, 00)), so that rigidity holds for v. Now let {G,}en be the family of open
intervals used to define the middle-third Cantor set K, so that K = [0, 1]\ | nen G- Note that {Gj}pen
is a nontrivial countable Borel partition of {v > 0} = (0, 1) modulo %'. However, since 9°G, N3°Gy = @
whenever h # k, it is not possible to find a set X satisfying (1-29), whatever choice of {c;},en We make.
In particular, if we did not restrict the partitions in Definition 1.26 to v-admissible partitions, then this
particular v (satisfying rigidity) would not have the mismatched stairway property. Note of course that, in
this example, ), P(GrN{v > 8} N Bg) = oo for every §, R > 0.

2. Notions from geometric measure theory

We gather here some notions from geometric measure theory needed in the sequel, referring to [Ambrosio
et al. 2000; Maggi 2012] for further details. We start by reviewing our general notation in R”. We denote
by B(x, r) the open Euclidean ball of radius » > 0 and center x € R". Given x € R" and v € $"~! we
denote by H; , and H,", the complementary half-spaces

H;U ={yeR":(y—x)-v=0}, H_ ,={yeR":(y—x)-v=<0} 2-1)

Finally, we decompose R" as the product R"~! x R, and denote by p : R" — R"~! and ¢ : R” — R the
corresponding horizontal and vertical projections, so that

x=(px,qx)=(x",x,), x'=(x1,...,x,_1) forall x e R",

and define the vertical cylinder of center x € R” and radius 7 > 0, and the (n—1)-dimensional ball in R"~!
of center z € R"~! and radius r > 0 by setting, respectively,

Cor={yeR":Ipx—pyl<rlgx—qyl<r}, Dy={weR"":|lw—z|<r}
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In this way, C, , = D, , x (gx —r, gx +r). We shall use the following two notions of convergence for
Lebesgue measurable subsets of R”. Given Lebesgue measurable sets { £ },en and E in R”, we shall say
that Ej locally converge to E, and write

loc
E,— E ash— oo,

provided #" ((E,AE)N K) — 0 as h — oo for every compact set K C R"; we say that E), converge to E
as h — oo, and write E;, — E, provided #"(E,AE) — 0 as h — oo.

2A. Density points and approximate limits. If E is a Lebesgue measurable set in R" and x € R", then
we define the upper and lower n-dimensional densities of E at x as

%}’l EﬂB N %I’l EmB ,
0*(E, x) = lim sup ( &, r) and  6,(E, x) = liminf ( (x,71))

r—0t W, " r—0t w1

respectively. In this way we define two Borel functions on R” that agree a.e. on R". In particular, the
n-dimensional density of E at x,

0(E.x) = lim H"(ENB(x,r)) ,

r—0t Wy "

is defined for a.e. x € R", and 6(E, -) is a Borel function on R" (up to extending it by a constant value
on the #"-negligible set {0*(E, -) > 0,(E, -)}). Correspondingly, for ¢ € [0, 1], we define

EV ={x eR":6(E,x)=t). (2-2)

By the Lebesgue differentiation theorem, {E®, E(V} is a partition of R" up to an " -negligible set. It is
useful to keep in mind that

xeED ifandonlyif E,, - R'asr— 0T,
xeEQ ifandonlyif E., - @asr— 0,

where E, , denotes the blow-up of E at x at scale r, defined as

E—x _
— =

E., = {y_x:yeE}, xeR"r>0.

-
The set 3°E = R" \ (E© U EW) is called the essential boundary of E. Thus, in general, we only have
#"(0°E) = 0, but we do not know 9°E to be “(n—1)-dimensional” in any sense. Strictly related to
the notion of density is that of approximate upper and lower limits of a measurable function. Given a
Lebesgue measurable function f : R" — R we define the (weak) approximate upper and lower limits
of fatx e R" as

fYx)=inf{t e R:0({f >}, x) =0} =inf{t eR:0({f <t},x) =1},
frx)=sup{t e R:0({f <t},x) =0} =sup{t e R: 6({f > t},x) =1}.

As it turns out, ¥ and f” are Borel functions with values on R U {£o00} defined at every point x
of R", and they do not depend on the Lebesgue representative chosen for the function f. Moreover, for
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J"-a.e. x € R", we have that f¥(x) = f"(x) € RU {zo0}, so that the approximate discontinuity set
of f, Sy ={f" < f"}, satisfies %" (Sy) = 0. On noticing that, though f" and f" may take infinite
values on Sy, the difference fV(x) — f"(x) is always well-defined in R U {£o0} for x € S, we define
the approximate jump of f as the Borel function [ f] : R” — [0, oo] defined by

Y@ — frx) if x e Sy,

[f](x):{o if x € R"\ Sy,

so that Sy = {[ f] > 0}. Finally, the approximate average of f is the Borel function fiR" > RU{+o0}
defined as
LY+ ) if x e R (£ = —o0, f¥ = +o0},

. (2-3)
0 if xe{f"=—o0, fY =400}

fx)= {

The motivation behind definition (2-3) is that (in step two of the proof of Theorem 3.1) we want the limit
relation

fo= Jm Ty (f)(x) = lim sau(f) + () forall x e R" (2-4)

to hold for every Lebesgue measurable function f : R" — R, where here and in the rest of the paper we
set

Ty (s) = max{—M, min{M, s}}, s e RU{£o0}. (2-5)
The validity of (2-4) is easily checked by noticing that

() =t () = (f)s (@) = Lo (f) + tu(F). (2-6)

With these definitions at hand, we note the validity of the following properties, which follow easily from
the above definitions, and hold for every Lebesgue measurable f : R* — R and for every ¢ € R:

(1Y <ty={=t < fAIn{fY <1}, (2-7)
(fY<thc{f <ny® c{fv =<, (2-8)
(fr>trc{f>nVcif = (2-9)

(Note that all the inclusions may be strict, that we also have { f < ¢}V ={fY <¢}1, and that all the other
analogous relations hold.) Moreover, if f, g : R” — R are Lebesgue measurable functions and f = g
#H"-a.e. on a Borel set E, then

=g, fre=g"®), [flx)=I[glx) forall xeEWM. (2-10)

If f:R" — Rand A C R" are Lebesgue measurable, and x € R” is such that 6*(A, x) > 0, then we say
that € RU {d=00} is the approximate limit of f at x with respect to A, and write t = aplim(f, A, x), if
O({lf—1l>elNA;x)=0 forall e>0 (teR),
O{f <M}NA;x)=0 forall M >0 (t=-+00),
O({f>-M}NA;x)=0 forall M >0 (t=—00).
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We say that x € Sy is a jump point of f if there exists v € $"=1 such that
£V (x) = aplim(f, H;fv, x), f"(x)=aplim(f, H_,, x).

If this is the case we set v = v (x), the approximate jump direction of f at x. We denote by J the set of
approximate jump points of f, so that Jy C S¢; moreover, vy : Jy — $"~1is a Borel function. It will be
particularly useful to keep in mind the following proposition; see [Cagnetti et al. 2013, Proposition 2.2]
for a proof.

Proposition 2.1. We have that x € Jy if and only if, for every T € (f"(x), ¥ (x)),

(f > Thr —> Hf, and {f <the, —> Hy, asr— 0", @-11)
Finally, if f :R" — R is Lebesgue measurable, then we say f is approximately differentiable at x € S;L
provided f"(x) = f¥(x) € R and there exists £ € R" such that

aplim(g, R", x) =0,

where g(y) = (f(y) — f(x) —& - (y —x))/|y — x| for y € R"\ {x}. If this is the case, then & is uniquely
determined, we set £ =V f(x), and call V f(x) the approximate differential of f at x. The localization
property (2-10) holds also for approximate differentials: precisely, if f, g : R" — R are Lebesgue
measurable functions, f = g #"-a.e. on a Borel set E, and f is approximately differentiable #"-a.e.
on E, then g is approximately differentiable #"-a.e. on E too, with

Vf(x)=Vg(x) for ¥"-ae. xcE. (2-12)

2B. Rectifiable sets and functions of bounded variation. Let 1 <k <n, k € N. A Borel set M C R" is
countably ¥~ -rectifiable if there are Lipschitz functions f;, : R — R", h € N, such that M Cye | nen Jh (RX).
We further say that M is locally %"-rectiﬁable if #¥5(M N K) < oo for every compact set K C R", or,
equivalently, if #*_M is a Radon measure on R". Hence, for a locally ¥*-rectifiable set M in R" the
following definition is well-posed: we say that M has a k-dimensional subspace L of R" as its approximate
tangent plane at x € R", L = Ty M, if #*_(M —x)/r — %*_LL as r — 0" weakly star in the sense of
Radon measures. It turns out that 7, M exists and is uniquely defined at %¢*-a.e. x € M. Moreover, given
two locally %€ -rectifiable sets M; and M, in R", we have T, M| = T, M, for #*-a.e. x € M| N M,.

A Lebesgue measurable set £ C R” is said to be of locally finite perimeter in R" if there exists an
R"*-valued Radon measure i g, called the Gauss—Green measure of E, such that

f Vo(x)dx :f e(x)dup(x) forall ¢ € CLRM).
E R~

The relative perimeter of £ in A C R” is then defined by setting P(E; A) = |ug|(A), while the perimeter
of E is P(E) = P(E; R"). The reduced boundary of E is the set 0*E of those x € R” such that

B(x, .
ve(x) = lim M exists and belongs to sl

r—0% [ugl|(B(x,r))
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The Borel function vg : 8*E — S§"~! is called the measure-theoretic outer unit normal to E. It turns out
that 9*E is a locally %"~ !-rectifiable set in R" [Maggi 2012, Corollary 16.1], that ug = vg#"~1LO*E,
and that

/ Vo(x)dx = / () vE(x)d¥"(x) forall p € C!(R").
E I*E
In particular, P(E; A) = #"~'(AN3*E) for every Borel set A C R". We say that x € R" is a jump point
of E if there exists v € $"~! such that

E., -5 Hf, asr— 0%, (2-13)
and we denote by 37 E the set of jump points of E. Note that we always have 3’ E ¢ E(1/? c 3°E. In
fact, if E is a set of locally finite perimeter and x € 0*E, then (2-13) holds with v = —vg(x), so that
0*E C 9’ E. Summarizing, if E is a set of locally finite perimeter, we have

EcCo’EcCc EVYY coE (2-14)
and, moreover, by Federer’s theorem [Ambrosio et al. 2000, Theorem 3.61; Maggi 2012, Theorem 16.2],
%" (9°E\ 9*E) =0,

so that 3°E is locally %"~ !-rectifiable in R". We shall need on several occasions to use the following
very fine criterion for finite perimeter, known as Federer’s criterion [1969, 4.5.11] (see also [Evans and
Gariepy 1992, Section 5.11, Theorem 1]): if E is a Lebesgue measurable set in R” such that 9°E is
locally %¢"~!-finite, then E is a set of locally finite perimeter.

Given a Lebesgue measurable function f : R” — R and an open set Q2 C R" we define the rotal
variation of f in 2 as

|Df|(§2):sup{f f)DivT(x)dx:T € CH(Q;R"), |T| < 1}.
Q

We say that f € BV(Q) if |Df|(Q) < oo and f € L'(RQ), and that f € BV ,.(Q) if f € BV(Q) for every
open set ' compactly contained in Q. If f € BV),.(R") then the distributional derivative Df of f is
an R"-valued Radon measure. Note in particular that E is a set of locally finite perimeter if and only
if 1g € BVioc(R"), and that in this case ug = —D1g. Sets of finite perimeter and functions of bounded
variation are related by the fact that, if f € BV|o.(R"), then, for a.e. t € R, {f > t} is a set of finite
perimeter, and the coarea formula,

/RP({f >t}; G)dt = [Df(G), (2-15)

holds (as an identity in [0, co]) for every Borel set G C R". If f € BVi,.(R"), then the Radon—Nikodym
decomposition of D f with respect to #”" is denoted by Df = D*f + D°f, where D°f and #" are mutually
singular, and where D*f <« #". The density of D“f with respect to #" is by convention denoted as V f,
so that Vf € L'(Q; R") with D“f = V f d¥". Moreover, for a.e. x € R", V f(x) is the approximate
differential of f atx. If f € BVioc(R"), then Sy is countably #"~!-rectifiable with #"~!(Ss\ J;) =0,
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[fle Ll (¥~ Jy), and the R"-valued Radon measure D/f, defined as

loc
Dif =[flvyd¥®" 'y,

is called the jump part of Df . Since D*f and D/ f are mutually singular, by setting D°f = D’f — D/f
we come to the canonical decomposition of Df into the sum Df + D/f + D°f. The R"-valued Radon
measure D¢f is called the Cantorian part of Df. It has the distinctive property that |Df|(M) =0 if M
is o -finite with respect to %1, We shall often need to use (in combination with (2-10) and (2-12)) the
following localization property of Cantorian derivatives.

Lemma 2.2. Ifv € BV(R"), then |Dv|({v" =0}) = 0. In particular, if f, g € BV(R") and f = g #"-a.e.
on a Borel set E, then D°f_LE""Y = D¢g  EW.

Proof. Step one: Let v e BV(R"), and let K C S be a concentration set for Dv that is #"-negligible.
By the coarea formula,

|Dv|({v" = 0}) = [DV[(K N{v" = 0}) = |Dv|(K N{v" =0})

= f H"2(K N =01N3*{v > 1)) dt
R

= f H' 2K N{D=0Nd*{v>1)dt=0 (by v* =v" on ),
R

where in the last identity we have noticed that {v =0} No*{v >} NS, =T if t #O.

Step two: Let f, g € BV(R") with f = g #"-a.e. on a Borel set E. Let v = f — g so that v € BV(R").
Since v =0 on E, we easily see that E(V ¢ {# = 0}. Thus |Dv|(E") = 0, by step one. O

Lemma 2.3. If f, g € BV(R"), E is a set of finite perimeter, and f = 1gg, then

Vf=1gVg #H"-a.e.onR", (2-16)
D°f = DgLEW, (2-17)
S;NEY =5,nEWD. (2-18)

Proof. Since f = g on E, by (2-12) we find that Vf = Vg #"-a.e. on E; since f =0 on R" \ E,
again by (2-12) we find that Vf = 0 #"-a.e. on R" \ E; this proves (2-16). For the same reasons,
but this time exploiting Lemma 2.2 in place of (2-12), we see that DfLE") = D¢g  E™") and that
DCfL®R*\ E)YD = DfLE® = 0; since 3°E is locally %"~ 2-rectifiable, and thus | D¢f|-negligible, we
come to (2-17). Finally, (2-18) is an immediate consequence of (2-10). Il

Given a Lebesgue measurable function f : R" — R we say that f is a function of generalized
bounded variation on R", f € GBV(R"), if ¥ o f € BV o.(R") for every ¢ € C'(R) with ¥’ € C?([R{),
or, equivalently, if Ty (f) € BV o (R") for every M > 0, where 1), was defined in (2-5). Note that, if
f € GBV(R"), then we do not require that f € LIIOC(R"), so that the distributional derivative Df of f may
even fail to be defined. Nevertheless, the structure theory of BV-functions holds for GBV-functions too.
Indeed, if f € GBV(R"), then—see [Ambrosio et al. 2000, Theorem 4.34] —{ f > t} is a set of finite
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perimeter for a.e. t € R, f is approximately differentiable 3"-a.e. on R", S is countably 96"~ _rectifiable
and %"~ !-equivalent to J r, and the coarea formula (2-15) takes the form

/P({f>r};G)dr=/ |Vf|d%"+/ LF1d9¢ + |D°F|(G) (2-19)
R G GNS;

for every Borel set G C R", where | Df| denotes the Borel measure on R” defined as the least upper
bound of the Radon measures | D¢(ty(f))|; and, in fact,

IDfIG) = lim [D(zy (FHIG) = sup |D(zp (fDIG) (2-20)

whenever G is a Borel set in R"; see [Ambrosio et al. 2000, Definition 4.33].

3. Characterization of equality cases and barycenter functions

We now prove the results presented in Section 1D. In Section 3A, Theorem 3.1, we obtain a formula for
the perimeter of a set whose sections are segments, which is then applied in Section 3B to study barycenter
functions of such sets and prove Theorem 1.7. Sections 3C and 3D contain the proof of Theorem 1.9
concerning the characterization of equality cases in terms of barycenter functions, while Theorem 1.13 is
proved in Section 3E.

3A. Sets with segments as sections. Given u : R"~! — RU{%o0}, let £, = {x € R" : ¢x > u(px)} and
Y ={xeR":qx <u(px)}, respectively, denote the epigraph and the subgraph of . As proved in [Cagnetti
et al. 2013, Proposition 3.1], X, is a set of locally finite perimeter if and only if 7y (1) € BV}oc(R*™1) for
every M > 0. (Note that this does not mean that u € GBV(R"™1), as here u takes values in R U {£00}.)
Moreover, it is well known that if u € BV (R*~!) then, for every Borel set G C R, the identity

P(ZM;GX[F\R)=/ \/1+|Vu|2d%”l+/ (1] d%" 2 + | Du|(G) (3-1)
G G

NS,
holds in [0, co]; see [Giaquinta et al. 1998b, Chapter 4, Sections 1.5 and 2.4]. In the study of equality cases
for Steiner’s inequality, thanks to Theorem A, we are concerned with sets E of the form £ =X, N X*?
corresponding to Lebesgue measurable functions «; and u, such that u; < u; on R*~1. A characterization
of those pairs of functions u, u, corresponding to sets E of finite perimeter and volume is presented in
Proposition 3.2. In Theorem 3.1, we provide instead a formula that is analogous to (3-1) for the perimeter
of E in terms of u; and u5 in the case that u;, u» € GBV(R"™1).

Theorem 3.1. Ifuy, u» € GBV(R" 1) with uy < u,, and E = ¥, N X" has finite volume, then E is a
set of locally finite perimeter and, for every Borel set G C R,

P(E; GxR)=/ T |w1|2d%"—1+f JTE Vi P d9e =141 DCuy [(G iy <iia))
GN{uy<uy} GN{uy<us}

+ 1D usl(G N iy < iia)) + / min{2(is — i), (] + (]} 492, (3-2)
GOS8y USiy)

where this identity holds in [0, 00], and with the convention that iy — i1 = 0 when liy) = it] = +00.
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Figure 7. The inclusion (3-3).

If E=X,, NX* is of locally finite perimeter, then it is not necessarily true that u, u, € GBV(R*™1).
The regularity of u; and u; is, in fact, quite minimal, and completely degenerates as we approach the set
where u; and u, coincide.

Proposition 3.2. Let uy, u; : R - R be Lebesgue measurable functions with u; < uy on R,
Then E = %, N $*2 is of finite perimeter with 0 < |E| < oo if and only if v = uy —u; € BV(R" 1),
v#£0, ¥ '{v > 0)) < oo, {ur >t > uy} is of finite perimeter for a.e. t € R, and f € L'(R) for
f@)=P{uy >t >u1}),t €R. Inparticular,

P{ur >t >u1})dt < P(E),
" |Dv|(R"™!) < P(F[v]),
%" ({v > 0}) < P(F[vD).
Moreover (see Figure 7),
(3°E); C[up(2), uf @)IU[ub(2), uy(2)] forall ze R, (3-3)
and

(Suy USi) \ (s = ui} N {uy =ui}) (3-4)

is countably " 2-rectifiable, with {v¥ = 0} C {uy =uyyN{uy =ul}.

Proof. We first note that, if we set E(t) = {z € R""! : (z, 1) € E}, then we have E(r) = {u; <t < u»} for
every t € R, and that, by Fubini’s theorem, E has finite volume if and only if v € LY(R"1); if these hold,
then |E| = [q.-1 v.

Step one: Let us assume that E has finite perimeter and that 0 < | E| < oo; in particular, v € L'(R*1). By
Steiner’s inequality, F'[v] has finite perimeter. By [Maggi 2012, Proposition 19.22], since | F[v]N{x, > 0}
equals o, %v = %|E| > 0, we have that

1TP(Fv]) = P(F[v]; {x, > 0}) = %" "(F[v]V N{x, = 0}) = %"~ ({v > O}).

If T e C/(R*!; R"™!) with supg.—1 |T| < 1, and we set S € C!(R"; R") to be S(x) = (T (px), 0), then
by Fubini’s theorem and Steiner’s inequality we find that

/ 2(2) Div T (2) dz =/ Div S < P(F[v]) < P(E).
Rn—1 F[v]
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Hence, v € BV(R"™!) with |Dv|(R"~!) < P(F[v]). If w, € CL(R") with wy, — 1g in L'(R") and
|[Dw,|(R") — P(E) as h — oo, then w;,(-,t) = lg() in LY(R"1) for a.e. t € R, and, therefore,

f DivT = lim wpDivT = — lim T -Vwy, < lim
E(t) h—00

h—>00 Jmn—1 h—>00 Jmn—1

IVwy(z, )] dz.
-1

RVL
Hence, by Fatou’s lemma,
/sup{‘/ Div T' T e CLR™ R, sup |T| < l}dt <liminf [ |Vw,| = P(E),
R E(t) Rn—1 h— o0 Rn
so that E(t) is of finite perimeter for a.e. € R, and fR P(E(t))dt < P(E), as required.
Step two: We now show the converse implication. To this end let ¢ € Cj (R™), then

/ O = /R 0z, uz(2)) —@(z,u1(z))dz < 2s[¥p lpl%e" ! ({v > 0)),
E n—1 n

while

/VZ¢=/dt/ Vztp(z,t)dz=/dtf w(z,t)vE(,)(z)d%"_z(z)fsuplgolf P(E(t))dt.
E R E() R *E(t) R" q(spte)

If we set f(t) = P(E(t)), then we have just proved

' f w‘ < sup [l (2" (fv > 0D + /121 w).
E n
so that E has finite perimeter.

Step three: For every x € R" and r > 0 we have

qx—+r
%”(EHC“):/ (D pyr N{uy < sYN{uz > s} ds.

qx—r

If gx > uy (px), then given r € (uy (px), gx) and r < gx —t we find that
WH'(ENCy,) <2rH" ™ (Dpyr N{uz > 1)) = 0(r"),
so that x € E(. By a similar argument, we show that
(x eR":gx > uy (px)}U{x e R" : qx < uf(px)} c E©,
{x e R":uy (px) < qx < ub(px)} c EDV.
We thus conclude that, if x € 9°E, then u{ (px) < gx < u; (px) and either gx <u (px) or gx > u’ (px).

Step four: Let I be a countable dense subset of R such that {u; < ¢ < up} is of finite perimeter for
every t € I. We claim that
W) >utyn S, | Jotuz >t > ). (3-5)

tel

Indeed, if min{u?% (z), u) (z)} > t > u;'(z), then

Our>tl,2)=1, O0*(u1 <t},2)>0, 0O0.({u <t},2) <1,
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which implies that 0*({u; <t < us},z) > 0 and 6,({u; <t < usz}, z) < 1, and thus (3-5). In particular,
{ul > up}yNS,, is countably %" ~2-rectifiable. By entirely similar arguments, one may check that the
sets {142v > ulv} N Su,s S,jl N Sy,, and S, N S;z are included in the set on the right-hand side of (3-5), and
thus complete the proof of (3-4).

Step five: We prove that {v¥ = 0} C {uy = u)} N {u} = u}. Indeed from the general fact that
(f+8)" < fY+g’, weobtain that 0 < u; —u) < (up —u;)" =v". At the same time,

0<uf —up =(—u)’ —(—u2)” < (—ui +uz)’ =v". 0

Proof of Theorem 3.1. Step one: We first consider the case that u{, u; € BV (R™1). By [Giaquinta et al.
1998a, Section 4.1.5], X, and X*? are of locally finite perimeter, with

0% Sy N1 (SE, x R) =yt {x € R iy (px) = gx}, (3-6)
* T, N (Sy; X R) =gp1 {x € R" 1 u] (px) < qx < uy (px)}, (3-7)

and, by similar arguments, with

T N(SE, x R) =501 {x € R" 1 iy (px) < qx}, (3-8)
2,511) N(Sy, X R) =gp1 {x e R": ulv(px) < qx}, (3-9)
(=)D N (S, x R) =401 {x € R" 1 ila(px) > qx}, (3-10)
(=)D N (S, x R) =gt {x € R" : 1) (px) > qx}. (3-11)

Let us now recall that, by [Maggi 2012, Theorem 16.3], if Fy, F, are sets of locally finite perimeter, then
O*(FiNF) =1 (FV N3*F) U(FY Na*F) U @*FIN* BN {ve, = v ;s (3-12)

moreover, if F; C F», then vp, = vp, %" 1-a.e. on 9*F; N3*F,. Since u; < us implies £, C ¥,,, and
¥ =R"\ X¥,,, so that Uz, = —Hze, We thus find

vs, =—vse H'"l-ae ond*T, NFTe. (3-13)
By (3-12) and (3-13), since £ = %, N X**> we find
IE =301 (3* Dy, N(Z2)D) U (3* 22 N () D).
We now apply (3-6) to u; and (3-10) to u; to find
(0* =, N (D) N (S, N SE) x R) =51 {(z, i11(2)) 12 € (S, NS, i1(2) < iba(2)}.  (3-14)
We combine (3-7) applied to #; and (3-10) applied to u, to find
(0% 20, NE2)Y NS4, NS X R) =901 { (2, 1) 12 €, NS, uf (2) <t <minfuy (2), d2(2)}}. (3-15)
We combine (3-7) applied to u#; and (3-11) applied to u» to find

(3% Zu, V() DYN((Suy NSu) X R) =gn-1 { (2, ) 12 € Sy NSuys uf (2) <t <minfu (z), uf (2)}}. (3-16)
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We finally apply (3-6) to u; and (3-11) to u; to find

(3*Zu, N(Z2) D) N (S5, N Suy) x R) =gt {(z,11(2)) 1 2 € S5, NSy, 1) <up (@)} (3-17)

u

This gives, by (3-1), and using (3-14) for the first two terms and (3-15) and (3-16) for the third term on
the right-hand side,

9" (02, N (=) N (G x R))

:f V14 |Vu2d¥" " + |Du |(G N {iy <a2})+/ (min{u), ud} —uf), d¥H" 2,
GN{uy<us}

GNS,,

where we have also used that, as a consequence of (3-17), we simply have
(020, N () D) N (S5, N Suy) x R)) =0,
by [Federer 1969, 3.2.23]. Also, by exchanging the role of u; and u5,
51 (@* 22N (2,,)V N (G x R))
:fG | }Wd%”‘l +|Dus|(G N {iiy < iia)) +/ (uy —max{up, uy}); d3" 2.
N{uy<us

GNS.,,
In conclusion, we have proved
P(E; G xR)

=/ V14V 2+ 1+ Vua|?) a9~ +Du|(G N ity < iia}) + D us| (G N ity < iia})
GN{uy<us}

+/ (minfu), up} —u?), + (3 —max{uy, uy}), d3" 2. (3-18)
GN(Su,USu,)

We thus deduce (3-2) by means of (3-18) and the identity

min{2(iiy — 1), [u1] + [u2]} = min{uy +ub — (u] +u?), u] —uf +uy —ub}
=uy —u} +min{ub —uy, uy —ub}
=uy —u} +min{ub, uy} — max{us, uy’}

= (minfuy, uy} —ul)+ + (uy —max{ub, uy}+ .

This completes the proof of the theorem in the case that u, u, € BV (R,

Step two: We now address the general case. If uy, up € GBV(R"1), then 2, and X*? are sets of locally
finite perimeter, by [Cagnetti et al. 2013, Proposition 3.1], and thus E is of locally finite perimeter. We
now prove (3-2). To this end, since (3-2) is an identity between Borel measures on R"~!, it suffices to
consider the case that G is bounded. Given M > 0, let Ey = X, ) N X™ @2) " Since tpu; € BVioe (R*™1)
for every M > 0,1 =1, 2, by step one we find that E; is a set of locally finite perimeter, and that (3-2)
holds on Ej; with 737 (u1) and tas(u2) in place of u; and u;. We are thus going to complete the proof of
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the theorem by showing that

P(E;Gx[Ri):Mlim P(Ey; G xR), (3-19)
—00
/ V14+|Vu2d%" ' = lim V14|V @)|2dxe=",  (3-20)
GN{uy <uz} M—=00J Gnfry (ur) <ta (u2)}
|Du; |(G N iy < iin}) = A}l_r)noo |D T ui)|(G N T (uy) < Tar (u2)}), (3-21)
and that
| min(2(@ — i), [u1] + ]} 32
GN(Su, USy,)
= lim min{2(ty (u2) — T (1)), [t ()] + [T )1} d%€" 2 (3-22)
M— o0 Gn(SrM(Lq)USrM(uz))
Let us set fiy(a, b) = tp(b) — Ty (a) for a, b € RU{£o00}. By (2-6), we can write the right-hand side of
(3-22) as [,; hy dH"~%, where

It =18, 0 USeyyay ¥ s u3), fr us u), fu(ups uy), fa(us, uy))

for a function y : R x R x R x R — [0, 0o) that is increasing in each of its arguments. Since, for every
a,b € RU{z£oo} with a < b, the quantity fys(a, b) is increasing in M, with

. 0 fa=b=400 ora=b=—00,
1 ,b)=
M5 fu(a.b) {b —a otherwise,

we see that {S;,,,)}m>0 1S a monotone increasing family of sets whose union is S,;, {Ay}m=o is an
increasing family of functions on R"~!, and that

lim hy =1, us,, min{2@uz — 1), [u1]+[uz]},

M—o00 “2

where the convention that ity — i1y = 0 if &1, = i1} = 400 was also used; we have thus completed the proof
of (3-22). Similarly, since

—~—

{tn 1) < T @2)y = (i, uy) + fu (i, uy) > 0y = { fu(uy, uy) > 0} U { fu (', u3) > 0},

{{tm (u1) < Tar(u2)}} m>0 is a monotone increasing family of sets whose union is {u; > u)}U{u) > ut}.
Therefore, by definition of | Du;|, we find, fori =1, 2,

im D] (G O (T ) < Tar @2)}) = 1Dus|(G N () > u YU fup > ui'))

= |Du; (G N{uy < uz}),

where in the last identity we used that S,, U S,, is countably %" ~2-rectifiable, and thus | Du; |-negligible
for i =1, 2. This proves (3-21). Next, we note that

\VTar(ui)| = Vs <y [ Vui| - %" '-ae. on R*71,
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so that (3-20) follows again by monotone convergence. By (3-2) applied to Ey, this shows in particular
that the limit as M — oo of P(Ey; G x R) exists in [0, oo]. Thus, in order to prove (3-19) it suffices to
show that P(E; G x R) is the limit of P(Ey,; G x R) as h — oo, where {M},},cn has been chosen in
such a way that

h]im #"~YEWD N {|x,| = M) =0, KO EN{|x,| =Mp)) =0 forall heN.  (3-23)
—> 00

(Notice that the choice of {M},},en is possible because |E| < oo and %"~ 1_3°E is a Radon measure.)
Indeed, by Ey = E N{|x,| < M}, (3-23), and [Maggi 2012, Theorem 16.3], we have that

3°Ep, = ({Ixn] < My} NE) U ({lxa|l = M} N ED)  forall heN,
so that, by the first identity in (3-23), we find P(E; G x R) =lim_.oc P(Ep,; G X R), as required. [J

In practice, we shall always apply Theorem 3.1 in situations where the sets under consideration are
described in terms of their barycenter and slice length functions.

Corollary 3.3. Ifv e (BVNL®)(R"; [0, 00)), b € GBV(R"™ ), and
W =W[v,b]l={x e R": |gx —b(px)| < Jv(px)}, (3-24)

thenu, =b — %v e GBV(R"™ V), up =b+ %v € GBV(R"™Y), W is a set of locally finite perimeter with
finite volume, and for every Borel set G C R"~! we have

P(W;GXR):/ \/1+|V(b+%v)|2+\/1+|V(b—%v)lzd%n_l
GN{v>0}

+ / min{v" +v", max{[v], 2[b]}} dye 2
GN(S,USy)

+ Db+ (G N{D >0} +|D(b— )(GN{D > 0}), (3-25)
where this identity holds in [0, co].

Proof. It is easily seen that (BV N L*°) + GBV C GBV. By Theorem 3.1, W = X, N £*? is of locally
finite perimeter, and P(W; G x R) can be computed by means of (3-2) for every Borel set G ¢ R" !,
We are thus left to prove that, %" 2-a.e. on Su, USu,s

min{2(ii; — i), [u1]+ [u2]} = min{v" + v", max{[v], 2[b]}}. (3-26)
On J,, NJ,, N{v,, = vy,}, we have that
bY = %(ulv +uy), v’ =max{uy —u),ub —ul},
b =L} +ub), v"=minfuy —uy,ub —ui},
while on J,, N J,, N {v,, = —v,,} we find
bY = rnax{%(uzV +u?), %(ug +u)}, v'=uy —uy,

ol 1
b" =min{5(uy +up), 5(uy +u)}, v =up—uy,
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so that (3-26) is proved through an elementary case-by-case argument on J,,, N J,,, and thus, #"~2-a.e.
on S,, NS,,. At the same time, on §,, N S,jz we have

bV =L@+ uY), v =iir—uf,

b =i +uy), v\ =ir—uj,
from which we easily deduce (3-26) on Sy, N S, ; by symmetry, we see the validity of (3-26) on S, N S,,,
and thus conclude the proof of the corollary. O

Corollary 3.4. Let v : R"~! — [0, 00) be Lebesgue measurable. Then, F[v] is of finite perimeter and

volume if and only if v € BV(R"™!; [0, 00)) and #"~'({v > 0}) < oo. If these hold, let F = F[v), then
for every z € R"~! we have

—50"(2), 50"(2)) C (FD).C [-5v"(2), 50" ()], (3-27)

{teR: 30" (2) < |t| < 2vY(2)} C(3°F).C{t e R: v"(2) < |t] < 30V (D)}, (3-28)

while, for every Borel set G C R"!,
P(F; G xR) =2/ V1+15Vo2dae! +/ [W]d¥*" 2 4 |Dv|(G). (3-29)
GN{v>0} GNS,

Proof. By Proposition 3.2 and the coarea formula (2-15), we see that F[v] is of finite perimeter if and
only if v € BV(R"1; [0, 00)) and #"~!({v > 0}) < co. By arguing as in step three of the proof of
Proposition 3.2, we easily prove (3-27) and (3-28). Finally, by applying Theorem 3.1 to u; = %v and
Uy = —%v, we prove (3-29) with |[Dv|(G N{v > 0}) in place of |Dv|(G). By Lemma 2.2, this concludes
the proof of the corollary. O

We close this section with the proof of Proposition 1.15.

Proof of Proposition 1.15. We want to prove that, if A € [0, 1]\ {%} and
E={x eR": —iva(px) — 3v1(px) < gx < 3v1(px) + (1 = Dva(px)}, (3-30)
then E € J(v) and " (EA(ten + F[v])) > 0 for every t € R. By Corollary 3.4,

P(F[v]>=2/ VT IVGUOP + D 0 @, (3-31)

At the same time, E = W|v, b], where b = (% — Mvy. Since DSvy =0, D%y =0, and
v v > [v] =[] >2[p] H" 2-ae.on R"1,
we easily find that
V(b+iv)=+V(v) %" -ae on R,
min{v" +v", max{[v], 2[b]}} = [v2] H"*-ae.on R"!,
D“(b+ v) = (1 — 1) D°vy,
D“(b— Lv) = —1D ;.
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Since Sp U Sy =gm— S,,, we find P(E) = P(F[v]) by (3-31) and (3-25). At the same time,

95" (EA(te, + F[v])) =2/ It — (5 —Mvo|d¥"~! forall t €R,
{v>0}

so that #" (EA(ten + F[v])) >0, as A # % and v, is nonconstant on {v > 0}. O

3B. A fine analysis of the barycenter function. We now prove Theorem 1.7, which states in particular
that bplyyss) € GBV(R"1) whenever E is a v-distributed set of finite perimeter and {v > §} is of finite
perimeter. We first discuss some examples showing that this is the optimal degree of regularity we
can expect for the barycenter. (Let us also recall that the regularity of barycenter functions in arbitrary
codimension, but under “no vertical boundaries” and “no vanishing sections” assumptions, was addressed
in [Barchiesi et al. 2013, Theorem 4.3].)

Remark 3.5. In the case n = 2, as will be clear from the proof of Theorem 1.7, conclusion (1-11) can be
strengthened to 1(,~5bg € (BV N L>®)(R"*1). The localization on {v > 8} is necessary. Indeed, let us
define E C R? as

1
E= U{xeR2 h—+1<p <— lgx — (D < — }

so that E has finite perimeter and volume, and has segments as sections. However,
be(z) = Z(_l)hl((h-i-l)*l,h*l)(z)» z€eR,
heN

so that by € L*(R) \ BV(R). We also note that, in the case n > 3, the use of generalized functions of
bounded variation is necessary. For example, let E, C R? be such that

1 I |
— 3.
Ea_hLEJN{XGR NUESIE "”|<h2’|"x_ha|<§}’ «>0.

In this way, E, always has finite perimeter and volume, with v(z) =1 if |z] < 1 and
L=8)@)bE, () =be, () =Y Ligpn-24-2(2Dh* forall zeR* 0 <6 < 1.
heN

In particular, 1{,~sbE, € L ([R{z)\BV([RRz) and 1;,~s)bE, ¢Lloc
may either fail to be of bounded variation (even if it is locally summable), or it may just fail to be locally

(R?). Hence, without truncation, Liw>8ybE

summable.

Before entering into the proof of Theorem 1.7, we shall need to prove that the momentum function m g
of a vertically bounded set E is of bounded variation; see Lemma 3.6 below. Given E C R", we say that
E is vertically bounded (by M > 0) if E Cyn {x € R" : |gx| < M}.

Lemma 3.6. Ifv e BV(R"™!; [0, 00)) and E is a vertically bounded, v-distributed set of finite perimeter,
then mg € (BV N L®)(R"™1), where

mE(z):/ td¥' (1) forall zeR"".
E.
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Proof. If E is vertically bounded by M > 0, then v € L*(R"™"), |mg| < Mv, and mg € L®(R"™").
Moreover, mg € BV(R"™1) as, for every ¢ € CCI([R{"*I),

/ mpV'od¥#"! =fV/(<ﬂ(PX)qX)d%"(X) = | @(px)gxpve(x)di"' (x) <M sup |p|P(E). O
Rr—1 E *E Ri—1
Proof of Theorem 1.7. Step one: Let us decompose z € R"~! as z = (z;, 7) € R x R"~2. For every fixed
7eR72 f:R" 5 R, GcR"!, and E C R", we define

fAR>R, A ()= f(z1,2),

G ={z1 €R: (z1,2) € G},

E¥ ={G,0) eR*: (21,7, 1) € E}.
We now consider v and E as in the statement, and identify a set / C (0, 1) such that %1((0, 1) \I)=0
and, if 8 € I, then {v > 8} is a set of finite perimeter. We now fix § € I, and consider a set / C R"~2 such
that #"~2(R"~2\ J) = 0 and, for every 7 € J, E< is a set of finite perimeter in R? (hence, v e BV (R))

and {v > S}Z/ = {vz/ > §} is a set of finite perimeter in R. Note that J depends on §, and its existence is a
consequence of Theorem C in Section 4D. As we shall see in step three, for every 7' € J,

Dty (1 )b )| (R) < C(M, ){ P({v° > 8}) + P(E¥)}.
If we thus take into account that

(tn (L= ybe)™ =T (1 )b ),
we conclude that

[ Dby )@ =) < cons) [ P = 0+ PE 4R )

=CWM,§){P({v>38})+ P(E)},

where in the last step we have used [Maggi 2012, Proposition 14.5]. We can repeat this argument along
each coordinate direction in R”~! and combine it with [Ambrosio et al. 2000, Remark 3.104] to conclude
that Ty (1(y=5ybE) € (BV N L®)(R"™ 1), with

| Dty (1pp=syb)) [(R") < C(M, ){ P{v > 8}) + P(E)}.

The proof of (1-11) will then be completed in the following two steps.

Step two: Let n = 2. We claim that P(E®) < oo implies v € L*°(R), while P(E) < oo implies
bg € L®°({v > o}) for every o > 0. The first claim follows by Corollary 3.4: indeed, P(E®) < oo implies
v € BV(R) and thus, trivially, v € L>*(R). To prove the second claim, let us recall from step two in the
proof of [Maggi 2012, Theorem 19.15] that if a, b € R are such that a # b and

%' (EM) + 9 (EN) <00, #"(EPNED)=0, %'G*ED)=%'0"E") =0,

then one has
%' (ED) + 9" (EV) < P(E; {a < x1 < b}). (3-32)
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Should bg fail to be essentially bounded on {v > o} for some o > 0, then we may construct a strictly
increasing sequence {a}peny C R with o0 < %I(Efl,{)) < 00, %I(B*Efl,f)) =0, and %I(Efl,? N Ef,p) =0
if i # k. Therefore, by (3-32), we would get

20 < P(E; {an <x1 <ap4+1}) forall heN,

and thus conclude that P(E) = +o0.

Step three: Let v € BV(R), let E be a v-distributed set of finite perimeter in R? such that E; is a segment
for ¥'-a.e. z € R, and let § > 0 be such that {v > 8} is a set of finite perimeter in R. According to step
one, in order to complete the proof of (1-11) we are left to show that, if M > 0, then

|D (e (11u-5)pE) | (R) < C(M, $){ P(fv > ) + P(E)}. (3-33)

By step two, v € L*°(R) and bg € L*°({v > §}). In particular, E is vertically bounded above {v > 3},
that is, there exists L(8) > 0 such that

EG@)=EN{v>8} xR) Cy2 {x € R?: v(px) >4, |gx| < L(§)}. (3-34)
Let us now set vs = 1{y~syv. Since {v > §} is of finite perimeter, we have
vs € (BVNL®)R), {vs>0}={v>34).

Concerning E(8), we note that, since {v > 6} x R is of locally finite perimeter, then E(J) is, at least, a
vs-distributed set of locally finite perimeter such that E(8), is a segment for #'-a.e. z € R. But, in fact,
(3-34) implies {|x,| > L(8)} C E(8)?, while at the same time we have the inclusion

IFE) C[°EN (fv> 8}V x R)|U[(@%{v > 8} x Ry N(EDV UIE)];
in particular, E(§) is of finite perimeter by Federer’s criterion, as
K" I°E®)) < P(E: {v> 8}V x R)+2L©)P({v > 8}).

We now note that bg sy = 1jy=s1br € L*(R), with P(E(8); {v> 8}V x R) < P(E); hence, (3-33) follows
if we show that

|D(ty (bE@s) |(R) < C(M, §){ P({vs > 0}) + P(E(8); {vs > 0}V x R)}

for every M > 0. It is now convenient to reset notation.

Step four: By step three, the proof of (1-11) will be completed by showing that, if v € (BV N L) (R)
is such that, for some § > 0, {v > 0} = {v > §} is a set of finite perimeter in R, and E is a vertically
bounded, v-distributed set of finite perimeter in R> with br € L>(R), then, for every M > 0,

|D(zn (b)) |(R) < C(M, 8){P({v >0} + P(E; {v > 0}V x R)}. (3-35)

We start by noting that, since E is vertically bounded, then by Lemma 3.6 we have mg € (BV N L) (R).
Moreover, if we set
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then we have w € (BV N L*°)(R), and thus by = wmg € (BV N L*)(R). We now note that, since
{v=0} C {ty(bg) =0}, we have {v =0}V C {r);(bE) = 0}V; at the same time, a simple application of
the coarea formula shows that

0= |D(xybp)|(ty(br) = 0}V) > | D(xy (bE))|({v = 0}V) = | D(xy (bE))|({v > 0}?).  (3-36)

Moreover, since {v > 0} is a set of finite perimeter, we know that d°{v > 0} is a finite set, so that

| Dt (bE))|(3%{v > O}) = / [ta (bE)]d#° < 2M P ({v > 0}), (3-37)

S,M(;,E)ﬂae{v>0}

where we have used that [ty (bg)] < 2M, since |ty (bg)| < M on R"1. By (3-36) and (3-37), in order
to achieve (3-35) we are left to prove that

| D@ty (b)) |(fv > 0}'V) < C(M, §) P(E: {u > 0}V x R). (3-38)
By (2-9) and since {v > 6} = {v > 0} we have
W >0 c{v>0"={>8"cp =8 cp>0}
that is, {v > 0}!) = {v"* > 0}. By applying Corollary 3.3 to G = {v > 0}V = {v" > 0},
P(E: {v>0}VxR)
:/{U>O}\/1+|(bg+%v)’|2+\/1+|(bE—%v)/|2d%l+/{v>o min{v¥+v", max{[v], 2[b]}} 4%

JON(S,USh,)
D (b +1v) (10" > 0YN{T > 0D+ D¢ (b —Lv) (v > 0}N{T > 0)).  (3-39)

Since {v* =0} = {0 =0} U {v¥Y > 0 = v"}, where {v¥ > 0 = v} Cyo Jp, we find that {v" = 0} is
| D¢f |-equivalent to {v = 0} for every f € BVioe (R"™1); hence,

|D(bg £ v)| ({v" > 0} N {D > 0}) = | D (bg + %v)l ({v” > 0}). (3-40)
By (3-39), (3-40), the triangle inequality, and as v > § on {v > 0}V = {v > §}(D,
P(E; {v>0}"V xR) > 2[ b | d%e! +2/ min{8, [b£]} dH°+2|Dbg|({v" > 0}). (3-41)
{v>0} {v>0yDNSp .

At the same time, by [Ambrosio et al. 2000, Theorem 3.99], for every M > 0 we have
|D(t (b)) | (v > 0}V = / b1 d%" + Db | ({lbr| < MYN {v > 0})
{lbe|<M}N{v>0}

+ / min{M, by} — max{—M, bp}d#°. (3-42)
Sy bR <M}N{bY>—MN{v>0}D

As is easily seen by arguing on a case-by-case basis,
min{M, b} — max{—M, b}} < max{l, 2TM} min{8, [bg]} on Sp,. (3-43)

By combining (3-41), (3-42), and (3-43) we conclude the proof of (3-38), and thus of step four. The
proof of (1-11) is now complete.
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Step five: Since {v > §} is of finite perimeter for a.e. § > 0, we find that bs = 1{,-5bg € GBV(R" 1)
for a.e. § > 0. In particular, by is approximately differentiable at %"~ !-a.e. x € R"~!. Since bs = b
on {v > §}, by (2-12) it follows that

Vbg(x) = Vbs(x) for %" '-ae. x € {v>8}). (3-44)

By considering §, — 0 as h — oo with {v > §,} of finite perimeter for every & € N, we find that bg is
approximately differentiable at 9"~ '-a.e. x € {v > 0}. Since, trivially, b is approximately differentiable
at every x € {v = 0} with Vbg(x) = 0, we conclude that by is approximately differentiable at
"~ !-a.e. x € R"~!. By [Ambrosio et al. 2000, Theorem 4.34], for every Borel set G C R"~! we have

/%"—Z(Gmae{m >t})dt:/ |Vb5|d%”_1+/ [bs]1d%" =2 + | D bs|(G). (3-45)
R G GN Sy,

Let us note that, by (2-10), [bs] = [b£] on {v > 8}V, and thus S;, N {v > §}V = S, N {v > §}V. By
(3-44) and by applying (3-45) to G N {v > 8}V, where G ¢ R"~! is a Borel set, we find
/ H"2(GN{v > 8V Na%{bs > 1)) dt

R

:/ |Vbg|dye"™! +/ [bE1dH" ™2 +|Dbs|(G N {v > 8 V). (3-46)
GN{v>3§} GNSpN{v>8} M

Since Ty bs = 1{y~5Tmbs, by applying Lemma 2.3 we find that, for every G C R*1,
|IDbs|(G N {v > 81Dy = Jim D Tybs| (G N {v > 8}V = Jim | D Tybs|(G) = | Dbs|(G). (3-47)
— 00 — 00
At the same time, since {v > 3§} N {bs > t} = {v > §} N {bg > t} for every ¢ € R, we have

(v>8VNda%bs >1}={v>8VN3bg >t} forall reR,
and thus

f H'2(GN{v > 8V Nabs > 1)) dr = / " 2(GN{v> 8V N by > 1)) dr.
R R
If we now set § = §;, in (3-46) and then let 4 — oo, then since

>0 = J{v> 8" (3-48)
heN

(which follows by (2-9)), by (3-47), and thanks to the definition (1-13) of |Dbg|™, we find that (1-12)
holds for every Borel set G C {v”" > 0}, as required. We have thus completed the proof of Theorem 1.7. [

3C. Characterization of equality cases, part one. In this section we prove the necessary conditions for
equality cases in Steiner’s inequality stated in Theorem 1.9. The proof requires the following simple
lemma.

Lemma 3.7. If i and v are R"~'-valued Radon measures on R"~!, then

2lpl(G) = v+ ul(G) + v — u|(G) (3-49)
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for every Borel set G C R"™!. Moreover, equality holds in (3-49) for every bounded Borel set G C R"~!
if and only if there exists a Borel function f : R'"™' — [—1, 1] with

V(G) = / fdu  for every bounded Borel set G C R" 1.
G

Proof. The validity of (3-49) follows immediately from the fact that, if G is a Borel set in R"~!, then
|i|(G) is the supremum of the sums ), |(Gp)| over partitions {G,}ren of G into bounded Borel sets.
From the same fact, we immediately deduce that |v+ u|(G) = |v — 1| (G) = |v|(G) whenever |u|(G) =0;
therefore, if G is such that |i|(G) = 0 and (3-49) holds as an equality, then |v|(G) = 0. In particular, if
equality holds in (3-49) for every bounded Borel set G C R"~!, then |v| is absolutely continuous with
respect to ||. By the Radon—-Nikodym theorem we have that v = g d|u| for a |t|-measurable function
g:R"! - R"! as well as . = h d|u| for a |p|-measurable function 4 : R"~! — §"2. In particular,
v+ u = (gL h)d|ul|, and thus, since equality holds in (3-49),

2|M|(G)=|V+M|(G)+|V—M|(G)Z/(;|g+h|d|ﬂ|+/G|g—h|d|ﬂ|

for every Borel set G C R"~!, which gives
lg+h|+|h—gl=2=2|h| |u|-ae onR"L

Thus, there exists A : R"~! — [0, 0o) such that (h — g) = A(g + h) |u|-a.e. on R" 7!, ie.,

1—X 4
g=——nh |ul-ae.on R,

1+A
This proves that v = f du, where f = (1 —X)/(1+1). By Borel regularity of |u|, we can assume without
loss of generality that f is Borel measurable. The proof is complete. (|

Proof of Theorem 1.9 (necessary conditions). Let E € JA(v). By Theorem A, we have that E, is
%' -equivalent to a segment for %" '-a.e. z € R"~!, which is (1-15). As a consequence, by Theorem 1.7,
we have by = 1(,~5)bE € GBV(R"~!) whenever {v > 8} is of finite perimeter. Let us set

I ={6>0:{v>4}and {v < §} are sets of finite perimeter}, (3-50)
Js={M > 0:{bs < M} and {bs > —M} are sets of finite perimeter}, (3-51)

and note that #'((0, 0o) \ 1) = 0 since v € BV(R"™!), and that %' ((0, 00) \ Js) = 0 for every § € I, as
bs € GBV(R"!) whenever§ € I. By taking total variations in (1-18), we find 2| D (t;b5)|(G) < |Dv|(G)
for every bounded Borel set G C R"~!. By letting first M — oo (in Js) and then § — 0 (in 1) we prove
(1-19). Let us also note that (1-20) is an immediate corollary of (1-12) and (1-19), once (1-16) and (1-17)
have been proved. Summarizing, these remarks show that we only need to prove the validity of (1-16),
(1-17), and (1-18) (for § € I and M € J;s) in order to complete the proof of the necessary conditions for
equality cases. This is accomplished in various steps.

Step one: Let us fix §, L € I and M € Js, and set

Ysom=1{0 <v<L}N{lbgl <M} ={lbs| < M}N{6 <v <L},
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so that Xs 1 s is a set of finite perimeter. Since tybs € (BV N L>®)(R"1) (see the end of step one in the
proof of Theorem 1.7), 1, , ,, € (BVNL®)(R"™"), and tyrbs = bs = bg on s 1, we have

bs..m =lx,, ybE € (BVNL®)R").
We now claim that there exists a Borel function fs . : R — [—%, %] such that
Vbs . m(z) =0 for #" '-ae.ze X5 M, (3-52)

Dbs. 1 m(G) = / fs...md(D ) for every bounded Borel set G C Eéle (3-53)
G

Indeed, let us set vs, L p = I, ,,v. Since vs 1 m, bs. L. € (BVN L>®)(R" 1), we can apply Corollary 3.3
to W= WIlvs...m,bs,L.m] Since Wlvs . m, bs.p.m] = EN(Zs, .. m x R), and thus

FEN () 4y xR) = 8W(vs, 1 v b, ] N (S 1 x R,
we find that, for every Borel set G C E;}Z’M\ (Svs 0 YShspa)s
P(E; G xR) = P(W[vs L ,m, bs,..ml; G X R)

- / U+ Vs, + 205,00 P41 19Bs Las — Svs, P a3
G

+ 1D (s, + 305, m(G) + D (Bs,1.m = 505, m|(G). (3-54)
By Lemma 2.3 applied to vs,. i = 15, ,,v, we find that

Vusp.m=lss, ,Vv %" 1-ae.on R" !,
D¢ = pu. M S, Nz —s5 nxd
Us,L.M = L7V 25 1 aps Vs, LM §,L,M = Pv S,L.M-

By (3-54), we thus find that

P(E; G x R) = f U+ IVBs L+ 50)P 411V (Bs,1.1 — Sv) 2 o™
G
+ D (bs,.m + 3V)I(G) + D (bs. L. — 30)I(G)  (3-55)

for every Borel set G C Eé’lz’M (Sv U Sp; ;). By Corollary 3.4, for every Borel set G C R*1,
P(F[v]; G xR) = 2/ J 1+ I13Vv2dger! +/ [v1d%" > + | DV|(G). (3-56)
G GNS,

Taking into account that P(E; G x R) = P(F[v]; G x R) for every Borel set G C R"~!, we combine
(3-55) and (3-56), together with the convexity of the map & — /1 +|£|2, £ e R"~!, and (3-49), to find
that, if G C ') ,,\ (S, U Sp, , ,,). then

oz/ \/1+|V(b3,L,M+%v)|2+\/1+|V(b3,L,M—%u)|2—2\/1+|%v1;|2d%"—1, (3-57)
G

0=D(bs,L.m + 5)I(G) + | D (bs,1.,m — 3V)I(G) — | DVI(G). (3-58)
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Since Eé’lz’M \ (Sp U Spspa) 18 %”_l—equivalent to Xs5...m, by (3-57) and by the strict convexity of
£ e R" 1 /1 +£)? we obtain (3-52). By applying Lemma 3.7 to
pw=15D%, v=D%bs (5] 4\ (SoUSh, ) = Dbs 1 mi =5 4.
we prove (3-53). This completes the proof of (3-52) and (3-53).
Step two: We prove (1-18). Let 8, L € I and M € Js. Since bs, 1. = 15, ,, Tmbs, by Lemma 2.3 we have
D°bs, 1. = D (tybs) B¢} -

We combine this fact with (3-53) to find a Borel function fs y : R — [—%, %] with
Dtybs(G) = / fs.md(Dv) for every bounded Borel set G C 25(12 M-
G L,

As a consequence, the Radon measures Dty bs and f5 D v coincide on every bounded Borel set

contained in
1
U Eé,i,M = U{U > 8V n{lbg| < M}V N{w < L}
Lel Lel

= (lv> 8}V N {lbel < M}P)N U{v <Ly
Lel

={v=>8VN{bg| <M}V N < oo},

where in the last identity we have used (2-8). Since 2 ({vV =00}) =0 by [Federer 1969, 4.5.9(3)],
the set {v¥ = oo} is negligible with respect to both | D ty;bs| and | D v|. We have thus proved that, for
every bounded Borel set G C {v > 8}V N {|bg| < M}V,

DC(TMbS)(G)Z/ fs.m d(Dv). (3-59)
G

Since for every M’ > M and 8’ < § we have that Ty bs = t)ybs on {v > 8} N{|bg| < M}, by Lemma 2.2
we obtain that

D (tybs)c{v > 8}V N{lbe] < MYV = D (prby){v > 8}V N {lbe| < MY,
and therefore (3-59) can be rewritten with a function f independent of M and §; thus,

D (tmbs)(G) = /G fd(D) (3-60)
for every bounded Borel set G C {v > 8}V N {|bg| < M}V, We next note that, if § € I and M € Js, then
Tibs = M1 py>my — M 1py<—pry + Ljps | <anf=6yTubs  on R

is an identity between BV functions. By [Ambrosio et al. 2000, Example 3.97] we thus find

D tybs = D (15| <minpo>8)Tmbs) = 1({ps) <mynjv=sp® D (Tabs)
= D(tmbs) ({Ibs] < M}V N {v > §}D). (3-61)
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Since, by (3-61), the measure D¢ (tybs) is concentrated on {v > 8}V N {|bg| < M}V, we deduce from
(3-60) that, for every bounded Borel set G C R,

D*(tybs)(G) = D (tubs) (G N{v > 8}V N{|bg| < M}V) = / fd(D),
GN{w=>8YON{|bg|<M}D

which proves (1-18).

Step three: We prove (1-16). Let §, L € I and M € Js. Since bs 1y = bg on X5 1 m, by (3-52) and
by (2-12) we find that Vbr = 0 %" '-a.e. on Ys...m- By taking a union first over M € Js, and then
over 8, L € I, we find that Vbg =0 %" '-a.e. on {v > 0}. At the same time, bz =0 on {v =0} by definition,
and thus, again by (2-12), we have Vbg =0 %"~ !-a.e. on {v = 0}. This completes the proof of (1-16).
Step four: We prove (1-17). We fix 6, L € I and define X5, = {§ <v < L}, bs;L, = 1x,,bE, and
vs,. = lx;,v. Since X5 1 is a set of finite perimeter, b5 € GBV(R"™1), while, by construction,
vs.L € (BVNL*®)(R"!). We are in position to apply Corollary 3.3 to obtain a formula for the perimeter of
Wlvs, L, bs ] relative to cylinders G x R for Borel sets G C R"~!. In particular, if G C E;}ZO(SUM USps 1 )s
then

P(E;GxR)=P(W[uvs.r,b5.]; G xR) = / min{vy, +v§ ;. max{[vs 1], 2[bs L 1}} d%" 2.
G

Since, by (2-10), 2;12 NSy, = E(SZ NS, with v;L =Y, v(SA’L =v”", and [vs 1] = [v] on E(SZ, we have

P(E; G xR) = / min{vv + v, max{[v], 2[b5,L]}} d¥" 2
G

whenever G C Z§') N (S,U S, ,). Since P(E; G x R) = P(F[v]; G x R), by (3-56),
min{vv +v”, max{[v], 2[b5,L]}} =[v] %" %-ae.on (Sps, USy) N Z;lz

Since v > § on Zglz, we deduce that vV 4 v > [v] on E;lz, and thus the above condition immediately
implies that

20b5,] < [v] %" 2-ae.on (S, US,)NEY).
In particular, Sp,, N % glz Cyem—2 Sy, and we have proved
2[bs. 1] < [v] #"2-a.e. on Eglz

By (2-10), [bs.1] = [b£] on Bj'). By taking the union of £j') on 8, L € I, and using (2-8) and (2-9),
we find that
2[bp]l < [v] %" 2-ae.on {v" > 0}U{v" < oo}

Since, as noted above, {v¥ = oo} is #"2-negligible, we have proved (1-17). O

3D. Characterization of equality cases, part two. We now complete the proof of Theorem 1.9, by
showing that if a v-distributed set of finite perimeter E satisfies (1-15), (1-16), (1-17), and (1-18), then
E € M(v). The following proposition will play a crucial role.
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Proposition 3.8. If v € BV(R"!; [0, 00)), %"~ ({v > 0}) < o0, and E is a v-distributed set of finite
perimeter with segments as sections, then

P(E;{v) =0} xR)=P(F[v]; {v" =0} xR) = / vV dH" 2. (3-62)
{v"=0}

Remark 3.9. With Proposition 3.8, one can actually go back to Corollary 3.3 and obtain a formula
for P(E; G x R) in terms of v and br whenever E is a v-distributed set of finite perimeter with
segments as sections. Since such a formula may be of independent interest, we have included its proof
in Appendix B.

Proof of Proposition 3.8. Let I = {t > 0: {v >t} and {v < t} are of finite perimeter}, so that we have, as
usual, %' ((0, 00) \ I) = 0. Since

/00 P{v>1thHdt= /OO P{v <thdr= |Dv|([R€”_l) < 00,
0 0

we can find two sequences {8 }nen, {Ln}ren C I such that

lim §;, =0, Iim 8, P({v > 8,}) =0, (3-63)
h—00 h—o0

lim L, = oo, lim L,P({v < L,}) =0. (3-64)
h— o0 h— o0

Letus set X, = {L, > v > §,} and E;, = E N (¥, x R). Note that Ej, is, trivially, a set of locally
finite perimeter. Now, Ej locally converges to E as h — oo, and also P(Ej; E}(lo) x R) = 0 and
0°E; N (Z}(ll) x R) =0°E N (E}(ll) x R), so we have

P(E) <liminf P(E;) = liminf P(E: 0 X R) 4+ P(Ep; 3%, x R). (3-65)
— 0 —> 00

By (2-8) and (2-9),

hlim 121(1)(2) = lpr>0)nfpv <o} (2) forall z e Rn_l,
—> 00 h
so that, by dominated convergence and thanks to the fact that £ has finite perimeter,
Jlim P(E; ) x R) = P(E; (v > 0} N {v" < 00}) x R) = P(E; (v > 0} x R).
— 00

(In the last identity we have first used [Federer 1969, 4.5.9(3)] to infer that "2 ({v¥ = o0}) =0, and
then [Federer 1969, 2.10.45] to conclude that %"~ ({v¥ = oo} x R) = 0.) Hence, by (3-65),

PE; {vV =0} xR) < lihmian(Eh; T, x R). (3-66)
—00

Since 8y, Ly € I, we have v, = Ig,v € (BVN L®)(R* 1) and a; = 15,br € GBV(R""!) (indeed,
ap = lw<r,bs,, where bs, = 1(y~5,)bE € GBV(R"1), thanks to Theorem 1.7). Since E, = W[vy, aj]
according to (3-24), we can apply (3-25) in Corollary 3.3 to G = 9°%, to find that

P(Ep; °Z, xR) = / min{v,f + vy, max{[vp], 2[ah]}} dyen—2. (3-67)
9 Z4N(Sy, USa,)
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Note that, since 3°%), is countably #"~2-rectifiable, we are only interested in the “jump” contribution
in (3-25). Let us now set

K} =0°%,no%v>8,), K7F=0°%,\0%v>d,} Ca%fv<Ly).
The key observation to exploit (3-67) is that, as one can check with standard arguments,
v =vY>8>v" and v, =0 " 2-ae.onkK}, (3-68)
vW>L,>v"=v] and v, =0 %" 2-ae. onKk}. (3-69)

For example, in order to prove (3-69), we argue as follows. First, we note that we always have v¥ > L;, > v"
and v;' = 0 on 8%{v < L;}. In particular, v = L, on S5 N 3°{v < L}, and this immediately implies
v,f = L, on SSN3°{v < L;}. By noting that v, = 1y,v with X, C {v < L}, one checks that v" = v;l/
H"2-a.e. on J, Nd*{v < Ly}. By (3-68) and (3-69), we have

min{v) +v;, max{[vs], 2[ap]}} =v¥ %" "*-ae.on K}, (3-70)

min{v,f +v;, max{[v;], 2[ah]}} =v" #"%-ae. on K7, (3-71)

so that, by (3-67) and since K ,1 Cyen—2 Sy, — which again follows from (3-68) — we find

P(Ej; °Z, x R) 5/ vvd%"_z-i-/ v dgen 2. (3-72)
Kj K
By (3-69) and (3-64), we have
lim supf v d¥" % < limsup L, %" 2(K}?) <limsup L, P({v < L}) = 0. (3-73)
h— o0 K,% h— o0 h— o0
We are now going to prove that
lim v dH 2 = / v dyn 2. (3-74)
h—00 Jae(v>s,) {vA=0}

This will be useful in the estimate of the right-hand side of (3-67) because K /{ C 0%{v > §,}. Since
{vr=0}No%{v > &} =" =0}NS, NI > §,} = {v* =0} N{[v] > &}, we have that, monotonically
as h — oo,

VY Lpr—oynaequ=s,) = V" Lipr=oyns, pointwise on R"~!.

Hence,

lim vV dH 2 = / vV dH 2 = f vV dyen 2. (3-75)
h—=00 Jiyrn=01nae{v>8,} {vA=0}NS, {v/=0}

We now claim that
lim vV d¥H T =0. (3-76)

h—00 J{yr>0}nae{v>8))

Indeed, since vV = v" = §; on S;N3°{v > §,}, we find that

/ 0V A < 8,902 (v > 1)) = 85 P({v > S4)).
Senfvr>03Noc{v>4y}
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so that, by (3-63),

v\/ d%n—Z

lim supf vV d¥" % =lim sup/
h—oo J{v">0}Nd¢{v>5} h—oo JS,N{v">0}Nac{v>5,}

= lim sup [v] + v d%H" 2

h—o00 [guﬁ{vA>0}ﬂae{v>8/1}

< lim sup [V]1dH" % 4 8,52 (8%{v > 8,))

h—o0 /S,)ﬁ{vA>0}ﬁae{v>8;,}

= lim sup [v]d%" 2, (3-77)

h— o0 [SUQ{UA>O}086{U>8h}
where the inequality follows by (3-68), and the last equality is by (3-63). Now, if z € {v" > 0}, then
z € {v> 8D for every § < v”(z), so that

Ls, A =0)nae(v=s,) — O pointwise on R"~!

as h — oo. Since [v] € L1(%¢"2_S,), by dominated convergence we find

lim [v]1d%* % =0. (3-78)

h—00 J s, n{v">0}Nae{v>8))
By combining (3-77) and (3-78), we obtain (3-76). By (3-75) and (3-76), we deduce (3-74). From
K}} C 0%{v > &}, (3-72), (3-73), and (3-74), we deduce that

limsup P(Ej; °Z;, x R) < / vV d¥" 2.
h— o0 {vr=0}
By combining this last inequality with (3-66), we find
P(E; v =0} xR) < / vV d¥" 2 = P(F[v]; {(v" =0} x R) < P(E; {v" =0} x R),
{v"=0}

where the equality follows by (3-29), and the final inequality is, of course, (1-1). This completes the
proof of (3-62). O

Remark 3.10. Let v € BV(R"™!; [0, 00)) with %"~ ! ({v > 0}) < o0, and let E be a v-distributed set with
segments as sections. Then, E is of finite perimeter if and only if sup, .y P(Ep) < 00, where

Ey,=EN(Z, xR), X,={Ly>v >},

and {6 }nen, {Ln}rnen C (0, 00) are such that

lim §; =0, lim 6, P({v > é6,}) =0,
h—00 h—o00

lim L;, = oo, lim L,P({v < L}) =0.
h—00 h—00

The fact that P(E) < oo implies sup, .y P (Ej) < oo is implicit in the proof of Proposition 3.8. Conversely,
if {Ep}nen is defined as above, then Ej, — E as h — oo, and thus supy, .y P (E)) < oo implies P(E) < 00
by lower semicontinuity of perimeter.
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Lemma 3.11. [fv € (BVNL®)(R"™"), b : R"! — R is such that tysb € (BV N L®)(R"™) for a.e.
M >0, and 1 is an R"~!_valued Radon measure such that

Mlim lu — Dtyb|(G) =0  for every bounded Borel set G € R"™!, (3-79)
—00
then
|D¢(b+v)|(G) < |+ DV|(G) for every Borel set G € R" 1. (3-80)
Proof. Let us assume that |v| < L %" !-a.e. on R"~!. If f € BV(R"™!), then
i f =My — Mz oy + Lyt f € BVN L) R
for every M such that { f > M} and {f < —M} are of finite perimeter, and thus, by [Ambrosio et al. 2000,
Example 3.97],
Dty f = D(ypi<mytm f) = L pi<amm D (tm ) = D oy eI f1 < MY D5
in particular,
|D ey f1 = |DfI{I ] < MY < |Df ). (3-81)
From the equality Ty (tar+1 (D) + v) = i (b 4 v) and from (3-81) applied with f = ty 11 (D) + v it
follows that, for every Borel set G € R,
| D (ta1 (b + v)|(G) = | D (tas (trr+2. (b) + 1)) [(G) < | D (tar 4L (B) + )| (G). (3-82)
By (3_79)9
Jim [ D (21 (5) +)|(G) =+ DVI(G).
We let M — o0 in (3-82), and by definition of | D“(b 4+ v)| we obtain (3-80). O

Proof of Theorem 1.9 (sufficient conditions). Let E be a v-distributed set of finite perimeter satisfying
(1-15), (1-16), (1-17), and (1-18). Let I and Js be defined as in (3-50) and (3-51). If §, S € I and we
set bs, s = lis<v<s51DE = 1{s<y<s)bs, then, for every M € Js, we have Ty bs € (BV N L®)(R*1) (see the
end of step one in the proof of Theorem 1.7), and so we obtain that tybs s € (BV N L) (R"1). Let us
consider the R"~!-valued Radon measure 15 g on R"~! defined for every bounded Borel set G C R"~! by

s, s(G) :/ fdD%
GN{s<v<SYHON{|bg|Y <00}

Since Ty bs, s = 1{y<syTmbs, by Lemma 2.3 we have D[ty b5 5] = 1{, <300 D[Tmbs], and thus, for every
Borel set G ¢ R*~1,

lim |55 — D[tybs s11(G) = lim |us.s — D[tarbs]|(G N {v < S}
M— o0 M— o0

< lim |fld|Dv] =0, (3-83)

M=00 JGn{s<v<SION[{Ibe | <col\(Ibg| <M} V]

where the inequality follows by (1-18), and the last equality follows from the fact that {{|bg| < M YD yrer
is an increasing family of sets whose union is {|bg|¥ < 0o}. By applying Lemma 3.11 to bs s and j:%v(;,S
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(with vs s = 1(s<y<syv), and Lemma 3.7 to us s and :E%DCU(;,S and recalling (1-18), we find that, for
every bounded Borel set G ¢ R"™!,

|D(bs.s + 35,9 (G) + | D (bs. s — 35,5 (G) < |is.s + 3D vs.51(G) + | s,s — 2 Dvs.5|(G)
= |Dvs s1(G). (3-84)
Since bs.s € GBV(R"!) and vs s € (BV N L>®)(R"™), if W = W(vs.s, bs.s], then we can compute

P(W; G x R) for every Borel set G C R"~! by Corollary 3.3. In particular, if G C {§ <v < S}V, then
by EN({§<v< S} xR)y=WN{S <v < S} xR) we find that

P(E;GxR)=P(W;G xR)
= / \/1 + |V (bs,s + 2vs.5)2 +\/1 +|V(bs,s — Sv5. )12 do" !
G

+/ minf{vy g + v} s, max{[vs s, 2[bs,s1}} 49"
GN(Svg gUShs )

+ | D (bs,s + 55.5)1(G) + | D (bs.s — 3vs,)|(G).  (3-85)
We can also compute P (F[vs s]; G x R) using Corollary 3.4. Since
Flvln({d <v < S} xR) = Fluvs s]N({§ <v < S} xR),

we conclude that

P(F; G xR)=P(F[vs,s]; G xR)

:2/ ,/1+|%w5,5|2d%"1+/ [vs.51d%" 2 + | Dvs 5|(G). (3-86)
G G

NSus
From (1-16) and (1-17) we deduce that (applying (2-10) and (2-12) to bg and v)
Vbs.s(z) = Vb =0 for %" lae. ze {8 <v<S), (3-87)
2[bs,s1="2[bg] <[v]=[vs,s] H"*-ae.on{s<v<S}. (3-88)

Substituting (3-87), (3-88), and (3-84) into the first, second, and third parts of (3-85) respectively, we find
that
PE:{(§<v<S)VxR) <P(F;{§<v<S}VxR), (3-89)

where, in fact, equality holds thanks to (1-1). By (2-9) it follows that

<M =" < oo} =2 R", (3-90)
Mel

as %76"*2({vv = 00}) = 0 by [Federer 1969, 4.5.9(3)]. By taking a union over &, € I and Sj, € I such that
8, — 0 and S;, — o0 as h — o0, we deduce from (3-89), (3-48), and (3-90) that

P(E; {v" >0} xR)= P(F; {v" > 0} xR).

By Proposition 3.8, P(E; {v" =0} x R) = P(F; {v" =0} x R), and thus P(E) = P(F), as required. [J
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3E. Equality cases by countably many vertical translations. We finally address the problem of charac-
terizing the situation when equality cases are necessarily obtained by countably many vertical translations
of parts of F[v]; see (1-22). In particular, we want to show this situation is characterized by the assumptions
that v € SBV(R"!; [0, 00)) with #"~!({v > 0}) < oo and S, is locally " ~2-rectifiable. We shall need:
Theorem 3.12. Let u : R"™' — R be Lebesgue measurable. The following are equivalent:

(i) u € GBV(R"™1) with |Du| =0, Vu =0 #"'-a.e. on R"™!, and S,, locally #"~>-finite.

(ii) There exist an at most countable set 1, {cy}ne; C R, and a partition {Gp}per of R"™! into Borel sets
such that

u=Yy cplg, %" '-ae onR'"! (3-91)
hel
and ) ,.; P(G, N Bg) < 0o for every R > 0.
Moreover, if we assume that c, # ck for h # k € I then, when (i) and (ii) hold,

Su G | 9°GrN9°Gy (3-92)
h#kel

with [u] = |cp — ck| #"%-a.e. on 3°Gj, N 3°Gy. In particular,
Z P(Gy; Br) =2%""2(S,NBg) forall R > 0.
hel
Proof of Theorem 3.12. Step one: We recall that, by [Ambrosio et al. 2000, Definitions 4.16 and 4.21,
Theorem 4.23], for every open set 2 and u € L>°(2), the following two conditions are equivalent:
(j) There exist an at most countable set I, {cy}ne; C R, and a partition {G}ne; of Q such that
> nes P(Gp; Q) < 00 and

u=>y cplg, #"'-ae onQ (3-93)
hel

(i) u € BVioe(R), Du = DuLS,,, and %" 2(S, N Q) < oo.

When these hold, we have 2%"~2(S, N Q) = Y oner P(Gr; Q).

Step two: Let us prove that (i) implies (ii). Letu € GBV(R" ') with |Du| =0, Vu =0 %" '-a.e. on R" !,
and S, locally %" —2-finite. For every R, M > 0, we have, by the definition of GBV, that ty;u € BV(Bg).
Moreover, |Dtyu| =0, Vryyu =0, and Sy,,, N Br C BRN S, is "2 finite. By step one, there exist an
at most countable set Ig 1, {Cr M. n}helr,, C R, and a partition {G g m.in}nery ,, Of Br into sets of finite
perimeter such that Zhe,R , P(GRr.m.n; Br) <00 and

MU = Z CRM1 L Grn #"~!-a.e. on Bg.
hEIRtM
By a simple monotonicity argument we find (3-91). By (3-91), if we set Jyy = {h € N : |c;| < M} then,

%" !-ae. on R

MU = MI{M>M}QBR — Ml{u<fM}ﬁBR + Z cnlg,nBy %" !-a.e. on Bg. (3-94)

hGJM
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By step one,

P({u > M}; Bg)+ P({u < —M}; BR)+ ) P(Gy; Br) = 29" "*(Sr,.u N Br).

hEJM
Thus,

> P(Gy; Br) <2H"*(Seyyu N Br) < 29" (S, N Bg).
hEJM

Since (Jy-o/u = 1, letting M — oo we find that ) ,_, P(Gy; Bg) < oo, which clearly implies
>y P(Gy N Bg) < o0,

Step three: We prove that (ii) implies (i). We easily see that, for every R, M > 0, tpu satisfies the
assumptions (jj) in step one in Bg. Thus, ty/u € BV(Bg) with Dtyu = Dtyur Sy, in Bg, and

29" *(Stu N Br) =Y P(Gy; Bp) <Y P(GyN Bg) < o0,
hely hel
where, as before, Jy; = {h € N : |c;,| < M}. This shows that u € GBV(R"~!) with |Du| =0 and Vu =0
%" 1-a.e. on R"!. Since Upr~0 Seyu = Su, this immediately implies that S, is locally %" —2-finite.

Step four: We now complete the proof of the theorem. Since {Gj},<; is an at most countable Borel
partition of R"~! with ), . P(G; N Bg) < oo, we have that

R =2 | JG}PU | 9°Ghna°Gy:
hel h#kel
compare with [Ambrosio et al. 2000, Theorem 4.17]. Since S, ﬂGzl) = & for every h € I, this proves (3-92).
If we now exploit the fact that, for every h # k € I with ¢, # ¢, G, and Gy are disjoint sets of locally
finite perimeter, then by a blow-up argument we easily see that [u] = |cj, — c| #"2-a.e. on 3G, N3Gy,
as required. This completes the proof of theorem. U

Proof of Theorem 1.13. Step one: We prove that, if E € Jl(v), then there exist a finite or countable set /,
{cn}ner C R, and {Gp}ner a v-admissible partition of {v > 0}, such that bg =), _, cilg, ¥ 1ae.
on R"~1 (so that E satisfies (1-22); see Remark 1.31), | Dbg|t =0, and 2[bg] < [v] #"2-a.e. on {v" > 0}.
The last two properties of b follow immediately from Theorem 1.9 since D°v = 0. We now prove that
brp = Zhe, cnlg, %" 1-a.e. on R"!'. Let § > 0 be such that {v > 8} is a set of finite perimeter, and let
bs = 1{y~sybg. By Theorem 1.7 and by (1-16), (1-17), and (1-19), recalling also (2-10), (2-12) and the
definition of |D°bg|*, we have that bs € GBV(R"~!) with

Vbs(z) =0 for #" '-ae.ze{v> 8}, (3-95)
2[bs] < [v] %" 2-ae.on {v> 8}, (3-96)
2|D°bs|(G) < |Dv|(G) for every Borel set G C R*~!. (3-97)

Since Dv = 0, we have that |D°bs| = 0 on Borel sets, by (3-97). Since, trivially, Vbs =0 % lae.
on {v < §}, by (3-95) we have that Vbs =0 %" 1-ae. on R" L. Finally, by (3-96) we have that

Spy Copn—2 (Sy N {v > 8} )Y Ud{v > 8} C (S, N{v" > 0} Ud{v > 5}, (3-98)
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so that S, is locally #"~2-finite. We can thus apply Theorem 3.12 to bs to find a finite or countable
set Iy, {c3}ner, C R, and a Borel partition {G$ }es, of {v > 8} with

— J n—1_
bs = ZchlGi 9"~ !-a.e. on {v > §}.
hel(s
By a diagonal argument over a sequence §, — 0 as i — oo with {v > §;} of finite perimeter for every h e N,
we prove the existence of I, {ci}ner and {Gp}per as in (1-22) such that bg = Zhe] cnlg, ¥l ae.
on {v > 0} (and thus %" !-a.e. on R"~!). This means that

bs = Z cnlG,np=s " '-ae. on R
h€[5
and thus, again by Theorem 3.12, >, _;, P(G; N {v > 8} N Bg) < oo. This shows that {Gp}xen is
v-admissible and completes the proof.

Step two: We now assume that E is a v-distributed set of finite perimeter such that (1-22) holds, with
{G 1 )nes v-admissible, and 2[bg] < [v] #"2-a.e. on {v” > 0}, and aim to prove that E € M(v). Since E is v-
distributed with segments as sections and {G,};,<; is v-admissible, we see that by satisfies assumption (ii) of
Theorem 3.12 for a.e. § > 0. By applying that theorem, and then by letting § — 07, we deduce that Vbg =0
3" 1-a.e. on R"~! and that |D°bg|* = 0. Hence, by applying Theorem 1.9, we deduce that E € M(v). O

4. Rigidity in Steiner’s inequality

In this section we discuss the rigidity problem for Steiner’s inequality. We begin in Section 4A by proving
the general sufficient condition for rigidity stated in Theorem 1.11. We then present our characterizations
of rigidity: in Section 4B we prove Theorem 1.29 (characterization of rigidity for v € SBV(R"!; [0, c0))
with S, locally %" ~2-finite), while Section 4C and 4E deal with the cases of generalized polyhedra and “no
vertical boundaries”. (Note that the equivalence between the indecomposability of F[v] and the condition
that {v" = 0} does not essentially disconnect {v > 0} is proved in Section 4D.) Finally, in Section 4F
we address the proof of Theorem 1.30 about the characterization of equality cases for planar sets.

4A. A general sufficient condition for rigidity. The general sufficient condition of Theorem 1.11 follows
quite easily from Theorem 1.9.

Proof of Theorem 1.11. Let E € M(v), so that, by Theorem 1.9, we know that

f%"—Z(Gmae{bE > 1)) dt :f [(bel1d%" > +|Dbg|T(GNK) (4-1)
R GNSp, NS,

whenever G is a Borel subset of {v" > 0} and K is a Borel set of concentration for |D¢bg|". If bg is
not constant on {v > 0}, then there exists a Lebesgue measurable set / C R such that %' (1) > 0 and, for
every t € I, the Borel sets Gy = {bg > t}N{v > 0} and G_ = {bg <t} N {v > 0} define a nontrivial
Borel partition {G4, G_} of {v > 0}. Since

w>0PN3°G,LN°G_ ={v>0VNabg > 1},
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by (1-21) we deduce that
H'2({v > 0¥V Na%{bg > th \ (v =0}US,UK)) >0 forall el (4-2)

At the same time, by plugging G = {v > 0}V \ ({v) =0}U S, UK) C {v" > 0} into (4-1), we find
/ #'2({v > 0}V Na%{bg > th \ (v =0}U S, UK)) dt =0.
R

This is of course in contradiction with (4-2) and %' (1) > 0. U

Remark 4.1. By the same argument used in the proof of Theorem 1.11, one easily sees that if a Borel
set G C R™ is essentially connected and f € BV(R™) is such that |Df| (G() =0, then there exists ¢ € R
such that f = ¢ #™-a.e. on G. In the case that G is an indecomposable set, this property was proved in
[Dolzmann and Miiller 1995, Proposition 2.12].

4B. Characterization of rigidity for v in SBV with locally finite jump. This section contains the proof
of Theorem 1.29.

Proof of Theorem 1.29. Step one: We first prove that the mismatched stairway property implies rigidity.
We argue by contradiction, and assume the existence of E € M (v) such that #" (E A(te, + F[v] )) > 0 for
every t € R. By Theorem 1.13, there exists a finite or countable set I, {cy}ne; CR, {Gp}ner a v-admissible
partition of {v > 0} such that by =), _; cnlg, %" 1-a.e. on R* !, E =9 W[v, bg], and

2[bg] <[v] #"%-ae.on {v" > 0). (4-3)

Of course, we may assume without loss of generality that %¢"~!(G},) > 0 for every h € I and that
cp # c for every h, k € I, h # k (if any). In fact, #I > 2, because if #/ = 1 then we would have
E (E A(ce,+ F [v])) =0 for some ¢ € R. We can apply the mismatched stairway property to I, {Gp}ner
and {cj}per, to find hg, ko € I, ho # ko, and a Borel set ¥ with #"~2(X) > 0 such that

X C9°Gp, N3Gy, N{v" > 0} and [v1(z) <2|cp, —ck,| forall z € X. (4-4)
ince bY. > max{cy,, cx,} an < min{c,, ck,} ON ho N ko, (4-3) implies
Si blg {Chy» ko } dbg in{cp,, Ck,} 0°Gp, N 0°Gy,, (4-3) impli
2lchy — Ckyl < V] ¥ 2-ae. on 3°Gy, N 3°Gy, N {v” > 0},

a contradiction to (4-4) and #"2(X) > 0.

Step two: We show that the failure of the mismatched stairway property implies the failure of rigidity.
Indeed, let us assume the existence of a v-admissible partition {G}ne; of {v > 0}, and {cp}rer C R
with ¢ # ¢y for every h, k € I, h # k, such that

2en — ekl < [v] %" 2-ae.on 3°G, N3G N {v” > 0} (4-5)
whenever h, k € I with h # k. We now claim that E € Jl(v), where

E = J(chen + (FIVIN(Gy x R))).
hel
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To prove this claim, let § > O be such that {v > §} is a set of finite perimeter. By Theorem 3.12,
bs =bply-=s € GBV(R" 1) with Vbs =0 %" '-a.e. on R"~!, |D¢bs| =0, Sp, is locally %" 2 finite, and

>8NSy, Cya | °Gns N°Grs, (4-6)
h#kel
[bs]=lch —cx| %" 2-ae.ond°G,sNd°GrsN{v>8V h#kel, 4-7)

where G, s = G N {v > 8} for every h € I. By (4-5), (4-6), and (4-7), we find

2[bs] < [v] " %-ae. on Sy, N{v>8}D. (4-8)
Now let {65 }nen, {Ln}nen be sequences satisfying (3-63), (3-64), and set E, = EN ({8, < v < Ly} x R),
Sh = {8y <v < Ly}, by = 15,bg = lyyr, bs, and v, = 1x,v. Since v, € (BV N L) (R""") and

b, € GBV(R"1), we can apply Corollary 3.3 to compute P(Ej,; 221) x R), to get (using that Vbs =0
" 1-a.e. on R"~!, | Dbs| = 0, and (4-8)), that

P(Ey; SV xR) = P(F[ul; =\ xR) forall heN;
in particular,
Jim P(Ey; =V x R) = P(F[v]; (v > 0} x R).
—00

Moreover, by repeating the argument used in the proof of Proposition 3.8, we have

lim P(Ep; 3°Z, x R) = P(F[v]; {v" =0} x R).

h— o0

We thus conclude that
P(E) < lihmian(Eh) = P(F[v]),
—> o0

that is, E is of finite perimeter with E € Jl(v). U

4C. Characterization of rigidity on generalized polyhedra. We now prove Theorem 1.20. The proof is
based on the following lemma.

Lemma 4.2. Ifv e BV(R"!; [0, 00)) with %"~ ({v > 0}) < oo is such that
{v > 0} is of finite perimeter, 4-9)
Y =0}Nn{v >0}V and S, are " *-finite, (4-10)

and if there exists € > 0 such that {v" = 0} U {[v] > ¢} essentially disconnects {v > 0}, then there exists
E € M(v) such that " (EA(ten + F[v])) > 0 foreveryt € R.

Proof. If ¢ > 0 is such that {v" = 0} U {[v] > ¢} essentially disconnects {v > 0}, then there exists a
nontrivial Borel partition {G 4, G_} of {v > 0} modulo %"~ such that

(v>0YN3°G,LNIG_ Cypnr {v" =0} U{[v] > &). (4-11)
We are now going to show that the set £ defined by

E = ((lee, + FIv]) N (G4 x R)) U(F[v]N (G- x R))
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satisfies E € Jl(v); this will prove the lemma. To this end we first prove that G is a set of finite perimeter.
Indeed, since G C {v > 0}, we have

%G, C (0G4 N{v >0}y Uua{v > 0}, (4-12)
where 3G N{v > 0}V =3°G L N3°G_ N{v > 0}V, and thus, by (4-11),

3°G 1N {v >0}V Cy2 3°GN{v > 0}V N ({v" =0} U{[v] > &}) C (3°GLN{vY =0} N{v > 0} US,.

(4-13)
By combining (4-9), (4-10) (4-12), and (4-13), we conclude that %”*Z(BCGJF) < 00, and thus, by Federer’s
criterion, that G4 is a set of finite perimeter. Since bg = %810 .» we thus have b € BV(R" 1), and
thus E = W|[v, bg] is of finite perimeter with segments as sections. Since Vbg =0 %" 1-a.e. on R"~!
and Db = 0, we are only left to check that 2[bg] < [v] #"2-a.e. on {v" > 0} in order to conclude
that £ € Jl(v) by means of Theorem 1.9. Indeed, since b = %81G+, we have S, = 0°G with
[bE] = %8 #"2-a.e. on 9°G,. By (2-9) and (4-11),

Sp, N >0} =3°G L N{" >0} =03°G, NG_N{v>0VN{w" >0} Cooa {[v] >¢}). O

Proof of Theorem 1.20. Step one: We prove that, if F[v] is a generalized polyhedron, then v € SBV(R"~1),
S, and {v¥ =0} \ {v =0}V are #"2-finite, and {v > 0} is of finite perimeter. Indeed, by assumption,
there exist a finite disjoint family of indecomposable sets of finite perimeter and volume {A;};c; in R*-1,
and a family of functions {v;};e; C WLLR1), such that

v=> vils, (" =0\{v=0")US, Cyua | J0°A;. (4-14)
jeJ jeJ
By [Ambrosio et al. 2000, Example 4.5], v;14; € SBV(R"~!) for every j € J, so that v € SBV(R"™1),
as J is finite. Similarly, (4-14) gives that {v" = 0} \ {v = 0} and S, are both #"~2-finite. Since
vV =0} \ {v = 0}V and 8°{v > 0} are both subsets of {v" = 0} \ {v = 0}V, we deduce that
vV =0}\ {v =0}V and 3°(v > 0} are #">-finite. In particular, by Federer’s criterion, {v > 0}
is a set of finite perimeter.

Step two: By step one, if F[v] is a generalized polyhedron, then v satisfies the assumptions of Lemma 4.2.
In particular, if {v"* = 0} U {[v] > &} essentially disconnects {v > 0}, then rigidity fails. This shows the
implication (i) = (ii) in the theorem.

Step three: We show that if rigidity fails, then {v* =0}U{[v] > ¢} essentially disconnects {v > 0}. By step
one, if F[v] is a generalized polyhedron, then v satisfies the assumptions of Theorem 1.13. In particular,
if E € M(v), then Vbg =0, Sp, N{v" >0} C S, 2[bg] < [v] %" 2-a.e. on {v" > 0}, and | Dbg|t =0,
so that, by (1-28) and (1-20), we find

Sy Cao () 94, (4-15)
jeJ
/%"Z(Gﬂae{bE > 1)) dt =/ [bpld¥" 2 (4-16)
R GNSyy.
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for every Borel set G C {v” > 0}. We now combine (4-15) and (4-16) to deduce that
f #'2(AV N0 by > 1)) dt =0 forall jeJ.
R

Since each A; is indecomposable, by arguing as in the proof of Theorem 1.11 we see that there exists
{cj}jes CRsuchthatbp =3,
J"lae onR", where #Jo <#J, {a;}jcs, CRwitha; #a; ifi, j € Jo,i # j, and {B}} ey, is a partition
modulo %"~ of R"~! into sets of finite perimeter. (Notice that each B ; may fail to be indecomposable.)
Let us now assume, in addition to E € Jl(v), that #" (EA(ten + F[v])) > 0 for every t € R. In this case,
the formula for bg we have just proved implies that #Jy > 2. We now set

. n—1 n—1 : _ .
cjla; %" -a.e. on R"™". In particular, we have by =}, a;1p;

e=min{la; —aj| i, j € Jo. i # j).
so that & > 0, and, for some jo € Jo, we set G = Bj, and G_ = ;. j»j, Bj- In this way {G1, G_}
defines a nontrivial Borel partition of {v > 0} modulo #"~! with the property that

[v] > 2[bg] > 2¢ " %-ae.on {v">0}N3°GLNIG_.

Thus, {v" =0} U{[v] > ¢} essentially disconnects {v > 0}, and the proof of Theorem 1.20 is complete. []

4D. Characterization of indecomposability on Steiner symmetrals. We show here that requiring that
{v" =0} does not essentially disconnect {v > 0} is in fact equivalent to saying that F[v] is an indecompos-
able set of finite perimeter. This result shall be used to provide a second type of characterization of rigidity
when F[v] has no vertical parts, as well as in the planar case; see Theorem 1.16 and Theorem 1.30.

Theorem 4.3. If v € BV(R"™!; [0, 00)) with %"~ ({v > 0}) < oo, then F[v] is indecomposable if and
only if {v" = 0} does not essentially disconnect {v > 0}.

We start by recalling a version of Vol’pert’s theorem; see [Barchiesi et al. 2013, Theorem 2.4].

Theorem C. If E is a set of finite perimeter in R", then there exists a Borel set Gg C {v > 0} with
#"~1({v > 0} \ Gg) = 0 such that E, is a set of finite perimeter in R with 3*(E,) = (3*E). for
every z € Gg. Moreover, if 7 € Gg and s € 0*E,, then

qve(z, s)

— 4-17
1qvE(z, 9| &1

qu(Z’S)#O’ UEZ(S):

Proof of Theorem 4.3. In Lemma 4.4 below, we prove that, if F = F[v] is indecomposable, then {v" = 0}
does not essentially disconnect {v > 0}. We prove here the reverse implication. Precisely, let us assume
the existence of a nontrivial partition {F, F_} of F into sets of finite perimeter such that

0=%""1FYNaF. NoF)=%""(FDNJIF,). (4-18)
We aim to prove that, if we set

Gi={zeR" %' (F),) >0}, G_={zeR":%'(F.),) >0}
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then {G 1, G_} defines a nontrivial Borel partition modulo %"~! of {v > 0} such that
fv>01YN3GLNIG_ Cy2 {v" =0} (4-19)

Step one: We prove that {G,, G_} is a nontrivial Borel partition (modulo #"~') of {v > 0}. The
only nontrivial fact to obtain is that #"~! (G, N G_) = 0. By Theorem C there exists G C G, with
9¢"~'(G+\ G*) =0 such that, if z € G*, then

o (F4), is a set of finite perimeter in R with (0* Fy), = 0*((F4).),
e (F_), is a set of finite perimeter in R,
e {(Fy)., (F_).} is a partition modulo %' of (F(D),,
where the last property follows by Fubini’s theorem and %" (FAF 1) = 0. Now let
G ={zeG* K (F)\(Fy),) >0} =G5NG_.

If z € G**, then {(F4),, (F_).} is a nontrivial partition modulo 9¢' of (F(1), into sets of finite perimeter.
Since (F(1). is an interval for every z € R"~! (see [Maggi 2012, Lemma 14.6]), we thus have

HO(LF AV N*(FL))NI*(F-))) =1 forall ze G

In particular, since (3*Fy), = 3*((F1),), [(F), ]V c (FV),, and (AN B), = A, N B, for every
A, B C R", we have
HOFPN*Fy),) > 1 forall ze G

Hence, G}* C p(FN3*F,), and by (4-18) and [Maggi 2012, Proposition 3.5] we conclude
0=9"""FVNyFy) > 9" (p(FVNI*Fp) > %" 1(G™) =#""1 (G NG.),
that is, #" ' (G,LNG_) =0.
Step two: We now show that
FON(3°GLNI°G_)xR) C 9°F, Na°F_. (4-20)

Indeed, let (z, s) belong to the set on the left-hand side of this inclusion; if — seeking contradiction —
(z,5) € 0°F N0°F_, then either (z, s) € FY or (z,s) € Ff). In the former case,

H'(Cr5)r) = H"(F-NCiryr) +o(™) <2r¥" 1 (G_ND,,)+o(™),

thatis, z € G, contradicting z € 9°G_; the latter case is treated analogously.
Step three: We conclude the proof. Arguing by contradiction, we can assume that
0<% 2{v>0}VN3°GLNIG_\ {v =0}
=H"2(3°G,.NIG_N{" >0}
= lim ¥ 2(3°G,. NI°G_N{" > &),

e—0t
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where it should be noted that all these measures could be equal to +0co. However, by [Mattila 1995,
Theorem 8.13], if ¢ is sufficiently small, then there exists a compact set K with 0 < #"~2(K) < oo and
K Cc03°G,Na°G_N{v" > g}. Therefore, by (4-20),

gL (FO Nt F N F) > %" (FP N ((0°G4 N3°G_) x R))
> %" L(FY N (K x R))
> %" ({x eR": px € K, Igx| < 2v"(px)}) by (3-27)
>H" ' {(x eR": px €K, |gx| < %8}) since K C {v" > ¢}
> c(m)#"2(K)e >0
by [Federer 1969, 2.10.45], a contradiction to (4-18). O

Lemma 4.4. Let v € BV(R"™!; [0, 00)) with #"~'({v > 0}) < co. If {G4, G_} is a Borel partition of
{v > 0} such that

(v>0YN3°G,LNIG_ Cop2 {v" =0}, (4-21)
then F,. = F[v]N (G4 X R) and F_ = F[v]N (G- x R) are sets of finite perimeter, with
P(Fy)+ P(F-) = P(F[v]).

Proof. Step one: We prove that F is a set of finite perimeter (the same argument works, of course, in the
case of F_). Indeed, let G o= G4+ U{v =0}. Since F[v]N(Gyg X R) = F N (G4o x R), we find that

¥ 1@ F N (G x R) = %" (8°F, N (G') x R)), (4-22)
where we have set F' = F[v]. Since 9°F; N (GS?()) x R) = &, we find

%1 (9°F N (G x R)) = 0. (4-23)
We now note that
RN\ (G UGT) =3°GLo=3°G_.

Since {v >0} Y N3G_ =2, 3%{v >0} C {v) =0}, and {v> 0}V NG, NI*G_ ={v>0}VN3°G_,
by (4-21) we find that
9°G_ Cyp2 (v =0}. (4-24)

Thus, by (4-22), (4-23), (4-24), and by Federer’s criterion, in order to prove that F, is a set of finite
perimeter, we are left to show that

¥ (3°F N ({v" =0} x R)) < oo. (4-25)
Since (0°F, ). = @ whenever z € {v =0}1, we find that
¥ (°FL N (v =0}V x R)) = 0. (4-26)

Since F,. C F, 3°F, ¢ F(D U3°F. At the same time, if z € {v¥ = 0}, then (3°F). U (F). c {0} by
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(3-27) and (3-28), so that, if G C {vY =0}, then
H L O°FL N (G xR)) < %" 1(G x {0}) = %" 1(G).

By the Lebesgue density theorem, 3"~ ({v¥ = 0} \ {v = 0}(V) =0, thus, if we plug in the above identity
G = {v¥ =0}\ {v=0}D, then (4-26) gives

¥ (3°FL N ({vY =0} x R)) =0. (4-27)

Finally, if z € {v* =0 < v"}, then (F), C {0} and (3°F). C [—4v" (), 3v"(2)] by Corollary 3.4. Since
{v" =0 < v} is countably %" —2-rectifiable, by [Federer 1969, 3.2.23] and (3-29) we find

H" 1 9°F, N (G x R)) = / H((3°FL).) dH" () < / vV dH"2=P(F; G xR) (4-28)
G G

for every Borel set G C {v" =0 < v¥}. By combining (4-28) (with G = {v* =0 < v"}) and (4-27), we
obtain (4-25) for F. The proof for F_ is of course entirely analogous.

Step two: We now prove that P(F;)+ P(F_) = P(F). Since F is #"-equivalent to F U F_, by [Maggi
2012, Lemma 12.22] it suffices to prove that P(Fy) + P(F-) < P(F). By (4-22), (4-27), and the
analogous relations for F_, we are actually left to show that

P(F;GxR)+P(F_; GXR) < P(F; G xR) (4-29)

for every Borel set G C {v* =0 < v"}. Since F = F[l¢,v] is of finite perimeter, by Corollary 3.4 we
have v. = 1g,v € BV(R"™!), with

P(Fy; G x [R):Z/ ,/l-l—I%Verlz-l- [v41d9" 2 + | D v, |(G) (4-30)
GN{vy>0}

GNSyy

for every Borel set G € R"~!. Since {v” =0 < vV} is countably #"~>-rectifiable, we find

P(Fy: G xR) =/ [V ]1d¥" > = P(Fy; GNS,,)
GNS,,

for every Borel set G C {v" =0 < v"}; moreover, an analogous formula holds for F_. Thus, (4-29) takes
the form

P(F;GNS, )+ P(F;GNS, ) < P(F;GxR) (4-31)

for every Borel set G € (v =0 < v}, If G C {v} =0 < v} \ S,_, then (4-31) reduces to
P(Fy;GNS,, ) < P(F; G xR), which follows immediately from (4-28). A similar argument holds if
we choose G C {v" =0 <v"}\ S,,. We may thus conclude the proof of the lemma by showing that

¥ =0<vV}NS,, NS, )=0. (4-32)
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To prove (4-32), let us note that for #"2-a.e. z € {v) =0 <v"}N Sy, N'S,_, we have

(>t} 5 Hy forall € (0,0"(2)), (4-33)
vy > 1}ey —5 Hy forall 1 e (v} (2), vi(2)), (4-34)

o> thy -5 Hy forall £ € (V" (2), v¥(2))

as r — 07. Now, v} (z) < v"(z), therefore (v} (2), vY(2)) C (0, v"(z)). We may thus pick 7 > 0 such
that (4-33) and (4-34) hold, and, therefore,

> 1)y -5 Ho, (GoN{v> 1))y, ={vy > thor -5 H,
asr — 0. Since G N{v >t} C {v > t}, we have H| C Hy, and thus H; = H,. This implies that
"' (D,, N((z+ H))\Gy)) =00 asr—07.
The same argument applies to v_ and gives
9" (D, N (z+ H)\G-)) =0("") asr—0*.

Hence, 0*(G.NG_, z) > 0(z + Hy, 7) = 5, a contradiction to #"~' (G, NG_) =0. d

1
2 b
4E. Characterizations of rigidity without vertical boundaries. We now prove Theorem 1.16, by com-
bining Theorem 1.11 and the results from Section 4D.

Proof of Theorem 1.16. We start by noticing that the equivalence between (ii) and (iii) was proved in
Theorem 4.3. We are thus left to prove the equivalence between (i) and (ii).

Step one: We prove that (i) implies (i). By Lemma 2.2, we have that Dv.{v" = 0} = 0; since we are
now assuming that D*v.{v" > 0} = 0, we conclude that D°v = 0. We now show that {v* =0} U S,

does not essentially disconnect {v > 0}. Otherwise, there exists a nontrivial Borel partition {G, G_}
modulo #"~! of {v > 0} such that

(W >0}N3°G,LNIG_ C {v>01P N3G, NIG_ Cyno v =0}US,, (4-35)
where the first inclusion follows from (2-9). Since {v"* = 0} does not essentially disconnect {v > 0} and
since D*vL{v" > 0} = 0 implies #"~2(S, N {v" > 0}) = 0, we conclude

0 <" *(({v>0"N3G,LNIG_)\ {v" =0})

=%H"2([v" > 0}N 3G+ NI*G_) = %" *(({(v" > 0} N 3°G;1 NI°G_)\ S,),

a contradiction to (4-35). This proves that {v"* = 0} U S, does not essentially disconnect {v > 0}. Since
Dv =0, we can thus apply Theorem 1.11 to deduce (i).

Step two: We prove that (i) implies (ii). Indeed, if (ii) fails, then there exists a nontrivial Borel par-
tition {G4, G_} of {v > 0} modulo #"~! such that {v > 0}V N 3°G, N 3°G_ Cym— {v" = 0}. By
Lemma 4.4, we find that F,, = FN (G4 x R) and F_ = F N (G- x R) are sets of finite perimeter with
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P(Fy)+ P(F_)=P(F). Letus now set E = (e, + F+)U F_. By [Maggi 2012, Lemma 12.22], we have
that E is a v-distributed set of finite perimeter with

P(F) < P(E) < P(ey+ Fy)+ P(F-) = P(F,) + P(F-) = P(F),

that is, E € M(v). However, #"(EA(te, + F)) > 0 for every t € R, since {G, G_} was a nontrivial
Borel partition of {v > 0}. |

4F. Characterizations of rigidity on planar sets. We finally prove Theorem 1.30, which addresses the
rigidity problem for planar sets.

Proof of Theorem 1.30. Step one: Let us assume that (ii) holds. We first note that, in this case, Dv =0,
so that, thanks to Theorem 1.11, we are left to prove that

{v" =0} U S, does not essentially disconnect {v > 0} (4-36)

in order to show the validity of (i). Since (ii) implies that {v* =0}U S, C R\ (a, b), where {v > 0} is
%1-equivalent to (a, b), (4-36) follows from the fact that R\ (a, ) does not essentially disconnect (a, b).
Step two: We now assume the validity of (i). Let [a, b] be the least closed interval which contains {v > 0}
modulo %'. (Note that [a, b] could a priori be unbounded.) Let us assume without loss of generality
that %! ({v > 0}) > 0, so that (a, b) is nonempty. We now show that v"(c) > 0 for every ¢ € (a, b).
Indeed, let F = F[v], Fy. = FN[[c,o0) xR], and F_ = FN[(—00, ¢) x R]. Since F = F[1[,~)v] and
F_ = F[l(—,¢v], we can apply (3-29) to find that

P(Fy)=2 / e ),/l—l—l v|2 / d%0+v(c+)+|D°v|({v>0}ﬂ(c o))  (4-37)

N(c, oo)
and

P(F)=2/ ,/1+|2v |24 / [V]1dH°+v(c™)+|DV|({D > 0}N (=00, ¢)), (4-38)
{v=>0}N(—o00,c) SyN(—00,c)
where we have set v(c™) = aplim(v, (¢, 0), ¢), v(c™) = aplim(v, (—o0, c), ¢), and we have used the
fact that D¢(1(,o)v) is the restriction of D v to (¢, 00), that

[vl(z) if z>c,

[c.oov](z) = Ju(ch) if z=c,

0 if z<ec,
as well as the analogous facts for 1(_« )v. Notice that, if v"(c) = 0, then either v(ict)=0orv(c™) =0,
and, therefore, P(F;) + P(F_) = P(F) by (3-29), (4-37), and (4-38). As a consequence, if we set
E = F; U(e; + F_), then by arguing as in step two of the proof of Theorem 1.16 we find that

P(F) = P(E) < P(F})+ P(ex+ F-) = P(F,) + P(F-) = P(F),

that is, E € Jl(v), in contradiction to (i). This proves that v”(c¢) > 0 for every ¢ € (a, b). In particular,
since {v > 0} is %1—equivalent to {v" > 0}, we find that {v > 0} is ! -equivalent to (a, b). We now prove
that (a, b) is bounded. Let us decompose v as v = v| + vy, where v; € WLI(R) and v, € BV(R) with
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D%v; = 0; see [Ambrosio et al. 2000, Corollary 3.33]. If v, is nonconstant (modulo %) in (a, b), then
we find a contradiction with (i), by Proposition 1.15. Thus, there exists ¢ € R such that v, =¢ on (a, b),
andsov=v;+te Whl(a, b). In particular, since {v > 0} =40 (a, b) and %' ({v > 0}) < oo, we find
that (a, b) is bounded.

Step three: We prove that (ii) implies (iii). Indeed, since {v > 0} is %l—equivalent to (a,b) and v >0
on (a, b), by Remark 1.5 we have that {v"* = 0} does not essentially disconnect {v > 0}. In particular,
by Theorem 4.3, we have that F[v] is indecomposable. Since v € wh(a, b), by [Chlebik et al. 2005,
Proposition 1.2], we find that

%' ({x € 9*F[v]: qurp) =0, px € (a, b)}) = 0. (4-39)
Since {v" > 0} = (a, b), we deduce (1-33).

Step four: We prove that (iii) implies (ii). Since F[v] is now indecomposable, by Theorem 4.3 we have
that {v”* = 0} does not essentially disconnect {v > 0}. In particular, {v > 0} is an essentially connected
subset of R, and thus, by [Cagnetti et al. 2013, Proof of Theorem 1.6, step one], {v > 0} is #'-equivalent
to an interval. Since %' ({v > 0}) < oo, we thus have that {v > 0} =901 (a, b), with (a, b) bounded. Since
{v" = 0} does not essentially disconnect {v > 0}, we have v" > 0 on (a, b). Finally, by (1-33) and the
fact that v > 0 on (a, b), we find (4-39). Again by [Chlebik et al. 2005, Proposition 1.2], we conclude
that v € Whl(a, b). O

Appendix A: Equality cases in the localized Steiner inequality

The rigidity results described in this paper for the equality cases in Steiner’s inequality P(E) > P(F[v])
can be suitably formulated and proved for the localized Steiner inequality P(E; Q2 x R) > P(F[v]; Q2 xR)
under the assumption that Q2 is an open connected set. This generalization does not require the introduction
of new ideas, but, of course, requires clumsier notation. Another possible approach is that of obtaining
the localized rigidity results through an approximation process. For the sake of clarity, we exemplify this
by showing a proof of Theorem B based on Theorem 1.11. The required approximation technique is
described in the following lemma.

Lemma A.1. If Q is a connected open set in R"=1, v € BV(; [0, 00)) with #"~'({v > 0}) < o0, E is a

v-distributed set with P(E; 2 x R) < 0o and segments as vertical sections, then there exists an increasing

sequence {Q}xen of bounded open connected sets of finite perimeter such that Q = ;o S, Qi is

compactly contained in 2, vy = 1q,v € BV(R"; [0, 00)) with %"~ ({vx > 0}) < 00, Ex = EN(Q x R)
is a v-distributed set of finite perimeter, and

P(Ex) = P(E; @ x R) + P(F[v]; "2 x R), (A-1)

P(F[v]) = P(F[v]; Q x R) + P(F[v]; 3*Q x R). (A-2)

Finally, if E € Mg(v) —see (1-2) —then Ej € M(vy).

Proof. By intersecting €2 with increasingly larger balls, and by a diagonal argument, we may assume that
Q is bounded. Let u be the distance function from R"~!\ Q. By [Maggi 2012, Remark 18.2], {u > ¢} is
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an open bounded set of finite perimeter with 0*{u > ¢} =g {u = ¢} for a.e. ¢ > 0. Moreover, if we
set f(x) =u(px), x € R*, then f : R" — R is a Lipschitz function with |V f| =1 a.e. on Q2 x R, and
{f =¢}={u=¢} xR for every ¢ > 0, so that, by the coarea formula for Lipschitz functions [Maggi
2012, Theorem 18.1],

o
f # " (ED N ({u=¢} x R)) de =f IVA1dH" = vl L1 @) < oo
A EDON(QxR)

We may thus claim that, for a.e. ¢ > 0,
¥ (ED N (0*{u > e} x R)) < oo. (A-3)

We now fix a sequence {&;}ren such that s — 0 as k — oo, {u > &} is an open set of finite perimeter
and ¢ = ¢ satisfies (A-3) for every k € N. Now let {A; ;}icz, be the family of connected components
of {u > er}. Since 0Ax,; C {u = &}, and {u = g} =gpm—2 *{u > &} is 9¢"—2-finite, we conclude by
Federer’s criterion that Ay ; is of finite perimeter for every k € N and i € I. Let us now fix z € €2, and let
ko € N be such that z € {u > &} for every k > kg. In this way, for every k > ko, there exists ix(z) € Iy
such that z € Ay, ;). We shall set

Q= Ak i)

By construction, each €2; is a bounded open connected set of finite perimeter, and 2; C Q4 for
every k > k. Let us now prove Q2 = UkeN Q. Indeed, let y € Q, let y € CO([O, 1]; ) with y(0) =z
and y (1) =y, and consider K = y ([0, 1]). Since K is compact, there exists k1 € N such that K C {u > &}
for every k > k;. Since K is connected and {z} C K N2 for every k > ky, we find that K C 4, and thus
y € Q, for every k > k;. We now prove that E is a set of finite perimeter. Indeed, since Ey = EN (2 x R),
we have 9°E; C [0°E N (2 x R)JULED N (32 x R)]. Since € is compactly contained in €2, we find
H1(QCEN(Q xR)) < P(E; 2 xR) < oo; thus, by taking (A-3) into account, we find H 1 (3°Ey) < o0,
and thus that E} is a set of finite perimeter thanks to Federer’s criterion. By Proposition 3.2, vy € BV(R" 1)
with %"~ '({vr > 0}) < oo, and F[vi] is a set of finite perimeter too. Since Ej is a vg-distributed set of
finite perimeter and 9°€2; is a countably %" —2-rectifiable set contained in {v;> = 0}, by Proposition 3.8,

P(E; 0°Q x R) = P(F[vi]; 0°Q x R).
Moreover, since E; = EN (2 x R) and Flvi] = Fv]N (2 x R),
.o _ .o .o _ .ol
P(E; Q" xR)y=P(E; Q" xR), P(Ful; 2, xR)=P(F[v]; 2, xR).

Since Q1" x R C E{” N Flu]©, we have proved (A-1) and (A-2). Finally, if E € Mg (v), then by (1-1)
we have P(E; Qr x R) = P(F[v]; Qr x R), and thus, by (A-1) and (A-2), that P(Er) = P(F[v¢]). U

Proof of Theorem B. Let v € BV(L2; [0, 00)) with #"'({v > 0}) < oo, DvL{v" > 0} = 0 and
v > 0 %" 2-a.e. on Q (so that D’vLQ = 0). Let E € Jlg(v), and assume for contradiction that
¥ (EA(te,, + F[v])) > 0 for every t € R. Let Q¢ be defined as in Lemma A.1, and let vx = 1gq,v,
Ex = EN (4 x R), so that Ex € l(vy) for every k € N. However, #"(EA(te, + Flv])) > O for
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every ¢ € R and for every k large enough. Thus, rigidity fails for vy if & is large enough. By Theorem 1.11,
{v} =0}US,, UM, essentially disconnects {vx > 0}, (A-4)

where M is a concentration set for Dvi. Since vi' = 15 v” in , v"* > 0 %" 2-a.e. on 2, and § is
k
compactly contained in €2, we find that

r=0= R\ Q") U =0)n Q") =2 R\ Q.
Since D*vL Q2 =0, using Lemma 2.3 and (again) that 2; is compactly contained in €2 we find that
SN =85,nQY = 5,n(QV\ Q) =o.

Moreover, by Lemma 2.3, Dy, = Dcv\_Q,(cl) = DCUI_(Q](CI) \ ©2) =0, so that we may take M; = &. Finally,
{vr > 0} is #"~-equivalent to Q, and thus, by Remark 1.5, (A-4) can be equivalently rephrased as

R\ Q) U (S, \ 2L") essentially disconnects 2. (A-5)

In turn, this is equivalent to saying that €2 is not essentially connected. Since €2 is of finite perimeter,
Q¢ is not indecomposable, by Remark 1.6. By [Ambrosio et al. 2001, Proposition 2], €2, is not connected.
We have thus reached a contradiction. O

Appendix B: A perimeter formula for vertically convex sets

We summarize here a perimeter formula for sets with segments as vertical sections that can be obtained
as a consequence of Corollary 3.3 and Proposition 3.8, and that may be of independent interest.

Theorem B.1. If E = {x e R" : u;(px) < qx <ux(px)} is a set of finite perimeter and volume defined
byuy,uy: R — R with u; < u, on R"1, then uy and u, are approximately differentiable % 1.q.e.
on {uy > u}, and

P(E) = V14 |Vui 241+ | Vuo |2 de ™! +/ min{v¥ +v", max{[v], 2[b]}} d%€" >
{v>0} SyUSp

+ 1D [T ({v" > 0}) + | Dus| " ({v” > 0}),
where v=us —uj, b = %(ul + uy) and, for every Borel set G C R"! we set
|Du;]"(G) = lim |D°(15,u)|(G), i=1,2, (B-1)
h— 00

where X, = {8, < v < L} for sequences 6, — 0 and L, — 0o as h — oo such that {v > 8,} and
{v < Ly} are sets of finite perimeter. (Notice that 1s,u; € GBV(R"™) fori =1, 2, so that |D¢(1s,u;)
are well-defined as Borel measures, and the right-hand side of (B-1) makes sense by monotonicity.)

Proof. By construction and by Theorem 1.7, if we set v, = 15, v and by, =15, b, then v, € (BVNL>®)(R*1)
and b, € GBV(R"™) for every h € N, so that

Is,u1 = by — 1v, e GBV(R'™),  15,u2 = by + Lv, € GBV(R'™),
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and, by Corollary 3.3, we find

P(Eh;Gx[R{)zf

\/1 + |Vby + V|2 + \/1 +|Vby, — AV u2do" !
GN{v,>0}

+ 1D (by + 3un) (G N {vy; > 0)) + | D (b — 30 |(G N {vy > O})
+ / min{vy + vy, max{[vs], 2[bs1}} d%" 2
GN(Sy, USy,)

for every Borel set G C Rr1 provided we set E, = W{vy, by]. Since P(E; E}(ll) XxR) = P(Ey; E}(ll) x R),
the above formula gives

P(E; =" xR) :f \/1 + |Vb+%Vv|2+\/1 + Vb —Lvuzage!
Zh

min{v" +v", max{[v], 2[b]}} d%€" >
£ PN(S,USp)

+1D by + 3v) (V" > O} + Dby — 3ua) (V" > OD),

where we have also used that, for every i € N,
| D (bp &= 3o | (Z}) = Dby & Jop) [(R"™) = | D (by = Jup) (0" > O)).

By monotonicity, and since |, .y E,(ll) = {v" > 0} N{vY = 00} =92 {v" > 0} — thanks to [Federer
1969, 4.5.9(3)] and since, by Proposition 3.2, v € BV(R"')—we find that
P(E; {v" >0} x R)

= \/1+|Vu1|2+\/1+|Vu2|2d?€"_1+/ min{v" +v", max{[v], 2[b]}} d%€" >
{v>0} {vA=>0}N(S,USy)

+ D" (" > 0 + [Duz| ({v" > O)).

At the same time, by Proposition 3.8, we have P(E; {v" =0} x R) = fS,,m{M:O} vY d¥" 2. Adding up
the last two identities we complete the proof of the formula for P(E). U
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