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BOUNDARY BLOW-UP UNDER SOBOLEV MAPPINGS

AAPO KAURANEN AND PEKKA KOSKELA

We prove that for mappings in W' (%", R™), continuous up to the boundary and with modulus of
continuity satisfying a certain divergence condition, the image of the boundary of the unit ball has zero
n-Hausdorff measure. For Holder continuous mappings we also prove an essentially sharp generalised
Hausdorff dimension estimate.

1. Introduction

Throughout this paper %" denotes the unit ball in R” and W!"(®", R™) is the Sobolev space of
L"(R", R™)-functions f : B" — R™ with weak first-order derivatives in L"(R").

If f:B>— Q C R?is a conformal mapping, then the boundary of € can have positive Lebesgue
measure even if f extends continuously up to the boundary of the disk. If one requires more, for example
uniform Holder continuity, then €2 is necessarily of Lebesgue measure zero. In fact, Jones and Makarov
proved [1995, Theorem C.1] that 82 has measure zero if f satisfies | f(z) — f(w)| < ¥ (|z — w|) in B>
for ¢ : [0, 00) — [0, c0) with

J

This condition is very sharp: if the integral in (1) converges then [Jones and Makarov 1995, Section 6]

log ¥ (1)
logt

2de
— =00

; €]

provides us with a simply connected domain Q and a conformal mapping f : B — Q such that the
boundary of €2 has positive Lebesgue measure and f has the modulus of continuity .

Our first result gives a surprisingly general extension of the conformal setting; notice that each uniformly
continuous conformal mapping f : B2 — Q belongs to W!2(32, R?).

Theorem 1.1. Let f € WI"(B", R™) be a continuous mapping that satisfies

| f(2) = f(w)] <¢¥(z—wl|) )
forall z, w € B, where ¥ : (0, 00) = (0, 00) is an allowable modulus of continuity with
1 "d
/ ogy)|"dt _ 3)
o| logt t

Then 9¢" (£ (3%B")) = 0.
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Recall that every uniformly continuous map defined on %" has a continuous extension to all of %", In
the above, f on 0%" refers to this extension, #"(A) denotes the n-dimensional Hausdorff measure of a
set A, and the definition of an allowable modulus of continuity is given in Definition 2.2 of Section 2. For
example, both (1) =Ct¥,0 <y <1, and

(log(Cy/1))n=D/n )
(og® (C1/ 0/ (T4 log® (Cy/0) "

are allowable, where [ > 2 is an integer and s > 0. Notice that v, ; satisfies (3) if and only if s < 1. Here

WI,S(I) = CXP(—C

C > 0, 1og™ 1 is the k-times iterated logarithm and C; can be any constant with log” (C;/2) > 1.

Let us look at the special case n =m =2 of Theorem 1.1 in the Holder continuous setting: ¥ (¢) = Ct?,
where 0 < y < 1. Consider a space-filling (Peano) curve, i.e., a continuous mapping g from the unit
circle onto a square. In one of the standard constructions, g is Holder continuous with exponent y = %;
see, for example, [Buckley 1996, Theorem 3]. If one takes, say, the Poisson extension f of g to the unit
disk, then f is also Holder continuous. It is easy to check by hand that the partial derivatives of f do
not belong to L2(B2). By Theorem 1.1, no Holder continuous (or even continuous with control function
satisfying (3)) extension f of a space filling curve can satisfy |Df| € L?(%?).

In the Holder continuous case, Jones and Makarov actually proved that the Hausdorff dimension of
f(dB?) is strictly less than two for conformal f. Contrary to the area zero results, this dimension estimate
is truly conformal in the following sense:

Example 1.2. Let p > 1. There exists a locally Holder continuous homeomorphism f : R? — R?
with f € Wlif(%z, R?), which maps 9% onto a set of positive #¢-measure for the gauge function
g(1) = *(log(1/1))”.

This construction can be found in Section 4. Here ¢ denotes the generalised Hausdorff measure with
the function g as the dimension gauge. The precise definitions are given in Section 2.

Our second result gives a rather optimal positive result.
Theorem 1.3. Fixy € (0, 1], C > 0, and let g(t) =" log(1/t). Suppose that f € W'-(B", R™) satisfies
|f@)— fw)| < Clz—wl”
forall z, w € B". Then H8(f (0R")) =0.

Jones and Makarov proved their result via harmonic measure and hence this technique does not work
in the setting of Theorem 1.1. An alternate approach, relying on the conformal (quasi)invariance of the
(quasi)hyperbolic metric, was given in [Koskela and Rohde 1997]; see also [Nieminen 2006]. Furthermore,
Maly and Martio [1995] established Theorem 1.1 in the Holder continuous case via a technique that we
have not been able to push further.

Let us briefly describe the idea of the proof of Theorem 1.1. We consider a Whitney decomposition
W of A" and assign to each Q € W a vector fp € R™ and a radius ro. The vector fp will simply be
the “average” of f over Q and rp the maximum of | fp — f§| over all neighbours é of Q. Then the
n-integrability of the weak derivatives of f guarantees, via the Poincaré inequality, that the sequence



BOUNDARY BLOW-UP UNDER SOBOLEV MAPPINGS 1841

{ro}oew belongs to I". We realise f(0%") as (a part of) the closure of { fp}pew in R™. Those f(w),
w € dW", for which one can find a sequence of Q € W with | fo — f(w)| S rp are easily handled. For
the remaining o € 0%" we modify our centres fp and radii ro, while still retaining the /"-condition, so
that suitably blown-up balls cover these points sufficiently many times. This is where the nonintegrability
condition (3) kicks in. One cannot fully follow the above idea, and so our proof, given below in Section 3,
is more complicated.

Our approach is flexible and applies to many related problems. In order to avoid extra technicalities
we do not record such applications here. Let us simply mention that the dimension gap phenomenon
from [Hencl et al. 2012] can be shown to extend from conformal mappings to general Sobolev mappings
[Koskela and Zapadinskaya 2014].

2. Preliminaries

Let us first agree on some basic notation. Given a number a > 0, we write |a] for the largest integer
less than or equal to a. Similarly, [a] is the smallest integer greater than or equal to a. If A is a
finite set, §A is the number of elements in A. If A C R" has finite and strictly positive Lebesgue
measure and f : R — R is a Lebesgue integrable function, we denote the average (1/|Al) f i
of f over the set A by f, f or fa, where |A] is the n-dimensional Lebesgue measure of the set A.
For f : R" — R™, f4 is then defined via the component functions of f. Given a point x € R"
and a nonnegative number r, B(x, r) denotes the open ball with centre x and radius r and Q(x, r)
denotes the cube {y € R" : max{|x; — yi|}i=12,.n» <7r}. If B = B(x,r) is a ball and a is a positive
number, the notation aB stands for the ball B(x,ar). We denote the radius of a ball B by r(B).
When we write L = L(-), we mean that the positive constant L depends only on the parameters
listed inside the parentheses. Finally, C denotes a positive constant, which may depend only on n
and m, the dimensions of the domain space and the image space, and may differ from occurrence to
occurrence.
We write 3" (A) for the generalised Hausdorff measure of a set A C R”", given by

(e8] o0
¥ (A) = lim HE(A), where ¥!(A) = inf{z h(diamU;) : A C U U;, diam U; < 5}
- i—1 i—1

and £ is a dimension gauge (a nondecreasing function with lim,_, 4 A(¢) = h(0) = 0 and with 2(¢) > 0
for all ¢ > 0). If h(t) = t* for some a > 0 we simply write #“ for #" and call it the a-dimensional
Hausdorff measure.

A sequence of pairs (c;, U;);2,, where ¢; > 0 and U; C R”, that satisfies x4 (x) < Zﬁl ci Xy, (x) for
all x € R" is called a weighted cover of the set A. We also need a generalised weighted Hausdorff content
of a set A C R", given by

o
)LgO(A) = inf{z cih(diam U;) : (¢;, U;)72, is a weighted cover ofA}.

i=1

. . . . h .
Here also £ is a gauge function. Again we write A}, = A% if h(r) =1°.
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Lemma 2.1. Let E C R" be bounded. Let h be a continuous gauge function with h(2t) < ch(t) for some
¢ > 0. Then %/gO(E) < ckgO(E).

Proof. The lemma follows from Corollary 8.2 and the proof of Theorem 9.7 of [Howroyd 1994]; see also
[Federer 1969, 2.10.24]. O

Recall that for each open subset U of R" there exists a Whitney decomposition W givenby U =2, Oy,
where Q; € W are cubes with mutually parallel sides, pairwise disjoint interiors and each of edge-length 2%
for some integer k, such that the relation

1< % =<1 “

4 — dist(Q;, 92)
holds foralli =1, 2,.... We write Q1 «~ Q> if the Whitney cubes Q| # Q» share at least one point (the
so-called neighbour cubes). We have

lfdlamg§4
4 ~ diam Q

whenever Q é . Therefore, the total number ﬁ{é : é « 0} of all neighbours of a fixed cube Q does
not exceed C. See [Stein 1970] for details.

Let w € a®B". By (Q J-(a)));”;] we mean the sequence of all Whitney cubes in a fixed Whitney
decomposition of B" intersecting the radius [0, w]. This sequence starts with a central cube and tends
to w. For a point x € [0, w], we denote the number of Whitney cubes intersecting the segment [0, x] by

8q (0, x). It is easy to see that
0,
o< P00
log(1/(1 —[x[))

whenever ¢ (0, x) > c3, where ¢; > 0, i = 1, 2, 3 are constants that may depend on n.

&)

Finally, we define the allowable moduli of continuity:

Definition 2.2. A continuously differentiable increasing bijection v : (0, 0c0) — (0, 00) is an allowable
modulus of continuity if there exists o < 1 and 8 > 0 such that for every ¢ <ty the following conditions
hold:

'@

is differentiable and ———— ¢ is a decreasing function; (6)

1
vl Y@

log

1 1
log e < Blog ms (7
(log (1))t logt
log ¥ (1)

Remark 2.3. (i) One could replace the monotonicity conditions in (6) and (8) with a pseudomonotonicity

is a monotone function. (8)

condition (e.g., there exists a constant C > 0 such that u(¢#) < Cu(s) if t <s). This would only affect
the constants in the proofs.

(ii) The conditions (6) and (7) mean that the function log(1/v ~!(¢)) is a function of logarithmic type in
the sense of [Nieminen 2006, Definition 4.2].
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3. Proofs

Proof of Theorem 1.1. We may assume that m, n > 2. Let f € W1"(%®", R™) and ¢ be as in the statement
of Theorem 1.1. Denote lﬁ_l (t) by u(t). It follows from our assumptions (3), (6), (7), (8) and [Nieminen

2006, Remark 5.3.] that
n—1
d
f 5) S 9)
o\u'(f) "

We define o (1) = u(t) /u’(¢) and A(k) = 2"‘/0{(2_") for k € N. By (6), A is increasing for large k. For
simplicity we assume A to be increasing.

Let W be a fixed Whitney decomposition of &B". For each cube O € W we define a corresponding
centre fp and a corresponding radius ro = max{| fo — f@l 0 - é}, which determine a family of balls
on the image side indexed by W

%:{(Q,B(fQ,rQ)) : QGO‘/V, rgo >0}

To simplify our notation we abbreviate (Q, B(fg,rg)) to B(fg, rp) in what follows.

We assign two new weighted collections of balls to each element in . Given B = B(x,r) € B,
we define concentric subballs S;(B) = B(x, r/2") for all i € N and assign the weight w S;(B) = 2/ to
each S;(B). We set Y5 = {S;(B) :i € N}. Then

00 00 ) B)"
> wprBY =Y wsarsi ' =Y 0 " <y
=1 i=1

3/69)3 i=

The second collection is defined in a similar way. If B = B(x,r) is a ball in %, we choose the

smallest number ko(r) € N such that 27%) < . Next, for each k = ko(r), ko(r) + 1, ..., we choose
Ri(B) = B(x,®(27%)) and set Rp = {Rx(B) : k = ko(r), ko(r) +1,...}. The weights we assign this
time are wg, () = A(k) for all k =ko(r), ko(r) +1, .... Similarly to the above,

D wprB)' = > wr@r®B)' = Y @27)"Ak)

B'eRp k=ko(r) k=ko(r)
oo o
Ak 1 2.2 k() 2
< ) @@y W _ > ak< < r(B)".
X(O)”_l )»(0)"_1 )L(O)"_l X(O)”_l
k=ko(r) k=ko(r)

Finally, we define our weighted collection of balls by setting # = | Jz . (Sf’ s UR B).

Let us now estimate the weighted sums of the n-th powers of the radii of the balls in %. Let
N (Ql =QuU UémQ é be the union of Q € W and all neighbours é of Q. For neighbouring cubes Q
and Q, we obtain, via the Holder and Poincaré inequalities, that

1/n
|fo — /5l E][Qlf—fN(Qﬂ'i‘][Q/lf—fN(Q)l Sc]gv(g)lf—fzv(g)l §C<]€V(Q)|f_fN(Q)|n>

1/n
C Df|" .
< (fvd f|)
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Hence, we have the estimate

iy = max{| fo — f5l": Q - O} < c/ DfI"
N(Q)
for each Q € W and some constant C > 0. Next, using the fact that the inequality ZQEW N () <C
holds for every y € R", we estimate

Y wpr(B)" < COM0) Y r(B)"=CM(0) Y rp <CH0) Y /N " IDfI"

Be%F Be®R Qew Qew

< clf DS fclf DI < oo, (10)
Ugew N(Q) "

where Cy > 0 is some constant depending on n, m and A(0) only.

We may assume that there is at least one Q € W with ro > 0; otherwise f(d%") is a singleton.
Let w € 0%B". We consider the radius [0, w] and the sequence (Q j(a)))j?il. We fix a large integer
lo = lp(w, f) € N so that there are elements of the sequence ( fQj (w))?o: | outside B(f (w), 2oty §f
( fQj(w))?il contains at least one element different from f(w). If such an integer does not exist there
necessarily is some Q = Q,, € W with fp = f(w) and ro > 0. In this case, we choose Iy = lp(w, f) €N
so that 27 < rp_. In both cases we also require that 270! < #,. This allows us to use the properties (6)
and (7).

For the purposes of our “porosity argument”, we would like to make the number /j independent of the
point w. This is done by considering the decomposition

B = U E;, where E; = {w € dB" : ly(w, f) <I}.
leN

Setting F; = f(E;), we then have f(0B") = ;. Fi-

Let us fix [op € N. Our aim is to prove that 3 (Fj,) = 0.

Fix x € Fj,. Take any w € Ej, such that x = f(w) and define the sequence of concentric annuli
A;(x) = B(x, 27111 \ B(x, 271y with I =1y, lp+ 1, .... Next, we assign a suitable set P;(x) of cubes
from W to each annulus A;(x), [ =1y, lo+1,.... If fQj(w) =x for all j e N, we put P;(x) ={Q0,} for
each [ >y, where Q,, is the cube defined earlier. Otherwise, all the sets P;(x) with [ > [ consist of elements
from (Q; (a)))j?":l. If an annulus A;(x) with some [ > [, contains no centres from ( fQj(w))?"zl we define
Pi(x) = {Qm(w)}, where an integer m € N is chosen so that fo, ) & B(x, 27" 1) but fo, ) € B(x,27");
if, in contrast, there is at least one centre fg, () in A;(x) we take Pj(x) = {Qk (@) 1 k =my, ..., ma},
where m1, m> € N are such that melfl(“’) ¢ B(x, 271+1), me2+1(w) € B(x, 271) and ka(w) € Aj(x) for
all k =my, ..., my. Moreover, it is possible to choose the sets P;(x) above so that the inequality k; < kp
is valid whenever Qy, (w) € P;,(x), Qk,(w) € P, (x) and 1 < [5.

Denoting
1 if gP(x) < cor(D),

0 otherwise

O1(x) = {
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for I > Iy and a constant ¢y > A~!(0), which we will specify later, we would like to prove that there exists
an integer [ > 2ly such that

! I
Or(x) > = (11)
20w =3

for each / > /;. In other words, at least half of the annuli do not contain too many centres from (fo, (w))?il
There is nothing to prove if fg, ) = x for all j € N; otherwise, the proof is by contradiction:

Let us assume that (11) does not hold for some [ > 2/y. Take the smallest number J € N such that
fo;w) € B(x, 21 for all j > J and let o’ € [0, w] be the point of Q;(w) N[0, w] which is closest to w.
Now, the assumption on the continuity of f and the properties of our Whitney decomposition imply

27 <1 fo @ — 1 = o, — f(@) S][Q If ) — fw)dy <20 — o).
That is, '

Next, we connect this estimate to the number of Whitney cubes that precede Q; in (Q;(w)){2,.
Using (5), we observe that

2
lo > —1q(0,
gu(z,l)_ | ’I_ ttq( ).

In the calculation above we may have to adjust the choice of [y to ensure g (0, @) > c3 (see (5)).
Finally, we obtain a lower bound for fg (0, »’) using the assumption that we have at least |1/2] — [y + 2
annuli Az (x) with 6;(x) = 0. We notice that the sets P (x) with 6;(x) = O contain different cubes for
different k, and if k </ then the cubes in Py (x) precede Q;(w) in (Q j(a)))?‘;l. We have

[1/2]+1 [1/2]+1

2 log 2 > ig(0, @) > Z 8P (x) > Z Gor (k) > o Z m
u@ - ’ _k:IO,...,l a k=lo B k=lo u(2=%)

61 (x)=0
>Eo(log ! —log ! ) > ¢oB ! log ! — ¢ log ;
- u(271/2) u(2=ly )~ u(27) u(27l)
Choosing ¢y > ¢, 8, this cannot hold when [ is large enough. Thus there is a number /; = /1 (o, lo, u)
such that (11) holds for all / > [;.
Our next step is to prove that, if 6;(x) = 1 for some k and Pr(x) = {Q1, ..., Om}, then it is possible
to find a collection of balls {By, ..., B} from the families & p( fo;ro;) OF Rp( fo; 7o) having radii at least

a constant times o (27%) and such that Z;";l wp, 1s at least a constant times A (k). Moreover, we choose
different balls for different k.

Let us fix k > [y such that 6;(x) = 1. Suppose first that the annulus Ay (x) contains no centres from
( fQj(w))?iy Then the set Py (x) consists of a single cube Q € W with fp € B(x, 27%). The definitions of
ro and /o imply that ro > 27 and hence k > ko (rg). Thus, we may choose the ball Ri(B(fg, rg)), which,
by definition, has radius (27%) and weight A (k). In addition, the centre of this ball lies in B(x, 275,
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Assume now that the annulus A, (x) contains at least one of the centres from (fp, (w))?ir Then, by

> 2rg=27%

QeP(x)

the definitions of Py (x) and ro,

Since #P;(x) < ¢cor(k), we observe that

—k

Y rez?
r —_—.
=7
QePr(x)

2ro>a(27%)/2¢

For each Q € P(x) with 2rg > a (27K /2¢o we choose a number np € N so that

a (275

2—k
@@ <2rp <2"

o= 1
Co 2¢o

and pick a ball B= Sno(B(fo,r0)) = B(fo,r0/2"?) € FB(fy.ry)- By the definition of S;(B), we have

wg = 2"¢ and

_To _ a275)
20— 8¢y

r(B)

For the sum of the weights ) 0 20 of all the balls obtained in such a manner, we observe that

Ol(2_k) Z Mo - Z 2rp > %

2¢o
QePi(x) Qe Py(x)
2rp>a(27%)/28 2rp>a(27%)/2é
Hence, we have a collection of balls {By, ..., B} C ¥ with weights sum Z;":l wp, > coi(k) and of

radii at least a(27%) /8. Moreover, all these balls have their centres in the annulus A (x) and hence in
the ball B(x, 27%1),

We have proved that there exists a number /; =[; (o, ¢o) such that, for each w € E;, and [ > [;, among
the numbers /o, ..., [ there are at least [//2] integers k € {l, ..., [} such that 6;(x) = 1. For these k we
are able to find a finite collection of balls {B;};c; C % with weight-sum ) ., wp, at least A (k) and of
radii at least oz(2_k)/850, so that the centres of the balls B;, i € I, lie in the ball B(x, 2~%*1). Here & is a
positive constant depending only on 8, n and A(0), and the balls are different for a fixed w and different k.

Fix [ > [;. We modify our family % according to [. If B € &% and there is k € {{[p + 1,...,1}
such that oz(2_k)/850 <r(B) < a(2_k+1)/850, we replace B with the ball B= (A(k)/A(l))B and set
wg = (A()/1(k))"wp. The radius of B satisfies r(§) > (A (k) /A1) (27%) /8¢ = 27%/8¢A(l) and
the equality w gr(E)" = wpr(B)" holds. Similarly, we replace a ball B with r(B) > o (2710 /8¢y with
the ball B = (A(lp)/A(I))B and set wi = (A()/*(lp))"wp. Again, we have r(B) > 27 /8&A(l) and
w gr(g)” = wpgr(B)". Finally, ¥, is the collection of balls obtained in this manner from the balls in %.
For this family of balls, we notice (see (10)) that

> wpr(B)" <Y wpr(B)" < oo. (12)

Be% Be%F
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IfweE), x= f(w)and k € {ly, ..., [} 1is such that 6; (x) = 1, then there is a collection {B;};c; C % with
the properties mentioned above. If for some i € I the ball B; is replaced by the ball Ei = (A(k;) /(D) B;
while creating %;, we necessarily have k; < k. Therefore, the inequalities

A\ A\ a(l) o
2 v Z(Mm) wB"Z(W) 2 un —<x<k>> MO =20

iel

and r(E,-) > 2" f/(SEOA(l)) > 2"‘/(850)»(1)) hold (by (6), X is increasing). Since, for each i € I, the
centre of a ball EL- is contained in B(x, 27¥*1), we have x € 16Eok(l)§i. Hence, we observe that
n l n
1 - Al Z 1 - A)
A1 — 4 = A1 — 4
=l

> weXieanns(M = Y AD" G

BeF k=lo, ...l
O (y)=1
for each y € F;,, where G; = Zi:ll 1/1(k)"!. Thatis, (4wg/(A(1)"G)), 16¢oA(l) B) peg, is a weighted
cover of the set Fj,. We observe also that the diameters of all balls in this cover are at least 27/, This
information will be used in the proof of Theorem 1.3 below.
Finally, using the weighted cover obtained above and (12), we estimate the weighted Hausdorff
n-content AL (Fy,):

2n+1~n
AL (Fly) < —— wp (diam(16éoA (1) B))" wg(diam B)"
AD"Gy BGZF ( ) ! I;ﬂ
25n+2~n
0> wpr(B)" <
BeF;

where the constant A depends on B, n, m, || f ||y @gn gny and A(0) but not on [y or /.
Now Lemma 2.1 implies #7_(F;,) < CA/G,. Here C depends only on the dimension n. Hence, we
are done as soon as we can show that G; — oo as [ — oo. Towards this end, we have

i _i u(@kyn-1 >/2" u(@®)\" "' di
~ (k) 1 _k:ll 2—k(n—1)u/(2—k)n—1 = o u'(t) m’

and the right-hand side diverges as [ — oo by the assumptions on the modulus of continuity. (I

The proof of Theorem 1.3 is similar to the proof of Theorem 1.1. We only point out the required
changes.

Proof of Theorem 1.3. Let f be as in statement of the theorem. Our notation will be the same as in
previous proof. That is, a(t) = yt and A(k) =1/y.
Fix a small ¢ > 0. Then there exists a § > 0 such that

/ D" <. (13)
RB"\B(0,1-5)

Let W% be the set of the cubes in W which are contained in %" \ B(0, 1 —§) and whose neighbour cubes
are also contained in %" \ B(0, 1 —§). We define our collection of balls to be B° = {B(fg,rg): Q€ Wy,
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Then, proceeding as in the previous proof, we define %° analogously to % and obtain the estimate
(see (10))
> wpr(B)" < Cie. (14)
Be%?
Let w € 0%". We define the number [y = [p(w, f, §) as in the previous proof, but instead of all cubes
in (Q; (a)))?":1 we consider only those which are contained in W, Again, we split %" into sets
= {w € IB" : [p(w) <[} and consider a fixed f(Ey). With the same method as earlier we find for
large [ a collection of balls 9?15 with weights such that (8wgy /(I —1}), (1650/)/)B)Begla is a weighted
cover of the set f(Ey), the radii of the balls (16¢y/y)B are at least 2~ and

Z wpr(B)" < Cje.

BeF)

We may assume that our € > 0 is so small that all balls in our weighted cover have radii smaller than %
With this weighted cover, we obtain

M (S (ED) ) <d- ( 16503))”1 !
1)) = w lam| —— (0] - =
% | 2P y £ diam ((1620/7)B)
BeF|
4V 16 22+5n ~n / 23+5n on Cl
Z w3<d1am<73>> log2' < T_ Z wpr(B)" < yn—jg
U pegp Be%F)
1 1

Here we assumed [ to be so large that [ /(I — ;) < 2. Lemma 2.1 implies #5,(f(E;)) < Ae. Here A
depends on y, n and m but not on !’ or [; therefore, we have HE(f(OB)) < As; see [Howroyd 1994,
Corollary 8.2] or [Federer 1969, 2.10.22]. Letting ¢ tend to zero gives #5,(f(3%")) = 0, which implies
HE(f(OB™)) =0. [l

4. Example

In this section, we work in R? and use the notation ||x|| = max{|x;|, |x2|}. Let p > 5. We will construct a
locally Hélder continuous mapping f : R> — R? that belongs to W1 2([R€2 R?) and maps 9% onto a set
of positive #8-measure, where g(t) = tz(log(l / 1))%P.

The mapping is a composition of two locally Holder continuous mappings. The second mapping is
defined in [Herron and Koskela 2003, Proposition 5.1]. It is a homeomorphism /4 : R> — R? that is
the identity mapping outside [0, 1]> and maps a small Cantor set ¢ C [0, 1]* onto a large Cantor set
¢ C [0 11? with positive J¢8-measure. It was checked in [Koskela et al. 2009] that this mapping belongs
to Wh2(R2, R?) if p > 1

Next, we elaborate on the constmction of h and prove that it is Holder continuous in [0, 11%. Leto < %
We use the notation 2r, = o and 2Ry = —O'k U for k € N. The set € is defined as follows: In the first
generation we have one square Q¢ = [0, 1]*> with side length 2ry. We split this square into four subsquares
Pii,i=1,2,3,4, of side length 2R;. We define Q;; to be the square of side length 2r| centred at the
centre of Pj;. Then Py; and Qy; generate the frame A; = Pj; \ Q1;. Next, we divide all squares Q1; into
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squares Pj, j=1,..., 4%, Then we define Q> j and Ajy; as in the first step. We proceed inductively.
Thus, we obtain for all k € N sets Qy;, Pi; and Ay, where i =1, ..., 2%, and we set € = M U; Oki-
The set 6" and sets Q;;, P/, and A}, withk e Nandi =1,..., 22k are defined in the same way,

using 2r| = %(10g4)_1’, 2R, = r{, and 2r] = (log4)™P27%k=P and 2R} = (log4)~P27*(k — 1)F for
other k € N.

The mapping 4 is defined so that it maps the frame Ay; to the frame A}, via a “radial” stretching and is
continuous in [0, 1]>. The radial stretching which maps A ={x :ry <|x|| <R} to A’ ={x: re<lxI <R}

is
/ / / /
X Rk—rk dbe erk—erk

where a =

p(x) = (alx|| +b)—,
llx |l Ry —ri Ry —rg

If x,ye Athen ||x —y|| <2Ry = %O_k—l and

4
a<—2 26)* < C@)o~ 1Pk < Co)|x -y B,
1-20
where 8 =log2/log (1/0). Similarly,
b 4 _ -
< ———(20) " < Clo)lx —ylIP~".
lre] — 1—20

The mapping p is Holder continuous with exponent 8, as
b
lp(x) —pWIl < Callx — yll +2|r—k|llx —yl < C@)lx—yl’.

If x € Ag; and y € Qk41,j C Pri, then |lx — y|| = Ry —riq1 = C(0)o* and |h(x)—h(y)|| 2R, <27F.
These imply

1A(x) =AW _

lx—=ylf  —

The g-Holder continuity of & easily follows from the continuity estimates obtained above.

C(o).

The first mapping G : R> — R? is a (locally Holder continuous) quasiconformal mapping for which
@ C G(dB?). Such a mapping was constructed in [Gehring and Viisild 1973].

Finally, the composition / o G : R* — R? is a homeomorphism with /1 o G(d%?%) D €¢’. Moreover, it
is locally Holder continuous and 2o G € Wlf)’cz([Riz, R?) by quasiconformality of G and the change of
variable formula; see, for example, [Astala et al. 2009, Section 3.8].
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