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NONLOCAL SELF-IMPROVING PROPERTIES

Tuomo Kuusi, GIUSEPPE MINGIONE AND YANNICK SIRE

Solutions to nonlocal equations with measurable coefficients are higher differentiable.
Specifically, we consider nonlocal integrodifferential equations with measurable coefficients whose
model is given by

/ [u(x) —uMnx) —n(MIK(x,y)dxdy = | fndx forallne CF(R"),
n [Rn R)L

where the kernel K (-) is a measurable function and satisfies the bounds

A|x_y|n+2a = K(x’y) = |x_y|n+2a

with0 <o < 1, A > 1, while f € L]qoc([R”) for some g > 2n/(n + 2«). The main result states that
there exists a positive, universal exponent § = §(n, @, A, g) such that for every weak solution u the
self-improving property

ue WRY = ue Wi Ry

loc

holds. This differentiability improvement is a genuinely nonlocal phenomenon and does not appear in the
local case, where solutions to linear equations in divergence form with measurable coefficients are known
to be higher integrable but are not, in general, higher differentiable.

The result is achieved by proving a new version of the Gehring lemma involving certain families of
lifted reverse Holder-type inequalities in R?" and which is implied by delicate covering and exit-time
arguments. In turn, such reverse Holder inequalities are based on the concept of dual pairs, that is, pairs
(u, U) of measures and functions in R?"* which are canonically associated to solutions. We also allow for
more general equations involving as a source term an integrodifferential operator whose kernel does not
necessarily have to be of order «.
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1. Introduction

A basic and fundamental result in the theory of linear and nonlinear elliptic equations is given by the
higher integrability of solutions. This falls in the realm of so-called self-improving properties. The
result was first pioneered by Meyers [1963] and Elcrat and Meyers [1975], and then extended in various
directions and in several different contexts; see for instance [Bojarski and Iwaniec 1983; Fusco and
Sbordone 1990; Giusti 2003; Kinnunen and Lewis 2000]. Modern proofs of this property in the nonlinear
case rely on the so-called Gehring lemma [Gehring 1973; Iwaniec 1998]. In the simplest possible instance
the result in question asserts that distributional W!2(Q)-solutions u to linear elliptic equations

, 21 45
—div(A(x)Du) = f € L'7* 7 (Q), 80 >0,
actually belong to a better Sobolev space:
ue Whr(Q), (1-1)

for some positive § < §y. Here 2 C R” is an open subset and n > 2. The matrix A(x) is supposed to be
elliptic and with bounded and measurable entries, that is,

ATEP < (A(0)E,€) and  |A(x)| < A (1-2)

hold whenever & € R", x € 2, where A > 1. The number § > 0 appearing in (1-1) is universal in the
sense that, essentially, it depends neither on the solution u nor the specific equation considered. It rather
depends only on n, A, that is, on the ellipticity rate of the equation considered. The key point here is
the measurability of the coefficients; when A(-) has more regular entries, higher regularity of solutions
follows from the corresponding result for equations with constant coefficients, via perturbation. This is
the reason why the result in (1-1) lies deep in the core of regularity theory, and allows for a proof of
several other regularity results; see for instance [Giusti 2003].

We are interested in studying self-improving properties of solutions to nonlocal problems. To outline
the results in a special yet meaningful model case, let us consider weak solutions u € W*2(R") of the
nonlocal equation

Ex(u,n) = (f,n) forevery test function n € C;°(R"), (1-3)

where f € L2+8°(R") and

loc
Ex(u, m) :2/ / [u(x) —u(W1n(x) —n(IK(x, y) dx dy.
The measurable kernel is assumed to satisfy the uniform ellipticity assumptions

<K(x,y) <

_— _— 1-4
A|x—y|"+2"‘ - - |x_y|n+2a ( )
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for every x, y € R", where o € (0, 1) and A > 1. We recall that the fractional Sobolev space W*-7, for
y >1lands € (0, 1), is given by the subspace of LY (R")-functions u for which the Gagliardo seminorm

_ y
(uly, : // |u|ix)_ ﬁliy)i' dx dy (1-5)

is finite (see for instance [Di Nezza et al. 2012; Maz’ya 2011]).
In view of (1-1), a natural question to begin with is whether or not the inclusion

u e WEH (R (1-6)

loc

holds for some § > 0, possibly depending only on the ellipticity parameters of the equation and not on
the solution itself. For the definition of local fractional Sobolev spaces, see Section 2. This has been
answered in a very interesting paper of Bass and Ren [2013], who consider the function

2 N2
ruy:(/n%g}j%%L@> : (1-7)

and prove that I' € L>(1+9) (R") for some positive § depending only on 7, &, A and 8. Then (1-6) follows
by characterizations of Bessel potential spaces [Dorronsoro 1985; Stein 1961]. In this paper we provide a
stronger and surprising result. Indeed, we see that for nonlocal problems the self-improvement property
extends to the differentiability scale. This means that there exists some positive § € (0, 1 — «), depending
only on n, o, A, such that

ue WOH-3 2+5(|Rn)' (1-8)

loc

This phenomenon is purely nonlocal, and has no parallel in the regularity theory of local equations, where,
in order to get fractional Sobolev differentiability of Du, a similar fractional regularity must be assumed
on the coefficient matrix A(x), as for instance established in [Kuusi and Mingione 2012; Mingione 2003].

In the classical local case, measurability is, in general, not sufficient to get any gradient differentiability.
To see this already in the one-dimensional case, n = 1, it is sufficient to consider the equation

e =0, L <aw=<a (1-9)
—(a(x)— ) =0, —<akx) <A, -
dx dx A
and to note that
f" dt
X —
o a(t)

is a solution with a( - ) being any measurable function satisfying nothing but the inequalities in (1-9). It is
then easy to build similar multidimensional examples.

We remark that the differentiability gain is in fact the main information in (1-8), since a standard
application of the fractional Sobolev embedding theorem gives that, if u € W*+%2 for some § > 0, then
(1-8) holds for some other number §. Our results actually cover a more general class of equations than
the one in (1-3) and provide a full nonlocal analog of the classical higher integrability results valid in
the local case. The precise statements are in the next section. Our results are a consequence of a new,



60 TUOMO KUUSI, GIUSEPPE MINGIONE AND YANNICK SIRE

fractional version of the Gehring lemma for fractional Sobolev functions that replaces the classical one
valid in the local case.

We finally remark that, in recent times, there has been much attention to the regularity of solutions to
nonlocal problems, especially in the basic case of kernels with measurable coefficients; see for instance
[Bass and Kassmann 2005; Bjorland et al. 2012; Cabré and Cinti 2014; Cabré and Roquejoffre 2013;
Caffarelli et al. 2011; Caffarelli and Silvestre 2011; Felsinger and Kassmann 2013].

1A. Higher differentiability results. A rather general statement concerning higher integrability for weak
solutions to local problems involves nonhomogeneous equations such as

—div(A(x)Du) =—divg+ f in Q, (1-10)

where the matrix A(-) has measurable coefficients and satisfies (1-2). Indeed, assuming that g €
leotso(Q, R") and f € leglc/ (n+2)+ (£2) hold for some §p > 0, it follows that there exists another positive
number § < §p such that (1-1) holds. The exponent 2n/(n 4 2) is nothing but the conjugate of the Sobolev
embedding exponent of W2, that is, 2n/(n — 2).

A first nonlocal analog of (1-10) is given by
Exu,m)=Ek(g.m+ | fndx forall neCI[R"), (1-11)
Rn

considering weak solutions u € W%2(R"). The assumptions are the natural counterpart of the local ones;
indeed, we take g € W*t%-2(R") and

feLzt®r (1-12)

loc

for some §y > 0. The exponent 2, is the conjugate of the relevant fractional Sobolev embedding exponent,

that is,

2n . 2n 1 1 )
2=, 2*+2*—1. (1-13)

Tt 2a n—2ua
The terminology is motivated by the fractional version of the classical Sobolev embedding theorem, that
is, W%2 C L%, On the other hand, we recall that the essence of the structure of (1-10) lies in the fact that
the right-hand side contains terms of all possible integer orders. A full extension to the fractional case
then leads us to consider right-hand sides of arbitrary fractional order, not necessarily equal to the order
of the considered nonlocal elliptic operator on the left-hand side. Moreover, since higher integrability of
solutions still holds when considering monotone quasilinear equations, we will also examine nonlinear
integrodifferential equations. Specifically, we will consider general equations of the type

5,‘?(14, n) =En(g,n) +/ fndx forall ne CZ(R"). (1-14)
Rn
The form £%(-) is then defined by

£2(u,n) = / / () — u(INE) — nOIK (x. y) dx dy,
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where the Borel function ¢: R — R satisfies
lp()] < Alt] and @(r)t >1¢*> forall ¢ €R, (1-15)

making in fact £ a coercive form in W2, and thereby (1-14) an elliptic equation. While we assume
(1-4) for K (-), the measurable kernel H(-) is now assumed to satisfy

A
|H(X,)’)|§m (1-16)

for 8 € (0, 1). In particular, 8 is also allowed to be larger than «. Here the function f is still assumed to
satisfy (1-12), while the assumptions on g sharply match the structure in (1-14). We actually consider
two different cases; the first one is when 28 > «. In this situation we assume the existence of a positive
number §g > 0 such that

g€ W2B—atdo.2 gy, (1-17)

Needless to say, we also assume that 28 — o + &g € (0, 1) to give (1-17) a sense in terms of the seminorm
(1-5); this in particular implies that 8 < %( 1+ ). In the case 0 < 28 < o we instead do not consider any
differentiability on g, but only integrability:

2n

e LPHORY), ppi=—
& B o= w2

(1-18)

We then have the following main result of the paper:

Theorem 1.1. Let u € W*%(R") be a solution to (1-14) under the assumptions (1-4) and (1-12)—(1-18).
Then there exists a positive number § € (0,1 — ), depending only on n, o, A, B, 8y, but otherwise
independent of the solution u and of the kernels K(-), H(-), such that u € W“+5’2+5(R”).

loc

Equation (1-11) is covered by taking @ = . The optimality of the assumptions on f and g can be
checked by considering the model equation (—A)*u = (—A)#g + £, and using Fourier analysis. They
sharply relate to the fractional Sobolev embedding theorem. As in the case of the classical, local Gehring
lemma, explicit estimates on the exponent é for Theorem 1.1 can be given by tracing back the dependence
of the constants in the proof.

1B. Dual pairs (n, U) and sketch of the proof. In order to get (1-8) we introduce here a new approach
and develop a method aimed at exploiting the hidden cancellation properties which are intrinsic in the
definition of the nonlocal seminorm (1-5). To this aim, we introduce dual pairs of measures and functions
(u, U) in R?", proving that a version of the Gehring lemma applies to them; see Section 1C below. A
natural choice would be to consider the measure generated by the density |[x — y|™", but this would not
yield a finite measure. We therefore consider a perturbation of it, i.e., the measure defined by

dx d
H(A) = / —a (1-19)
alx—=yl
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for suitably small & > 0, whenever A C R?" is a measurable subset. This is a locally finite, doubling
Borel measure in R*". Accordingly, for x # y, we introduce the function

_ @ —u)l

Ulx,y): X —yate

(1-20)
The main point here is that the measure u and the function U are in duality when u € W*? in the sense
that for a function u € L*>(R") we have that U € L2(R**; ) if and only if u € W*2(R"). This motivates
in fact the following:

Definition 1.2. Let u € W%2(R") and let ¢ € (0, %a). The pair (i, U) defined in (1-19)—(1-20) is called
a dual pair generated by the function u.

We then look at the higher p-integrability for U, proving that

U e LZ3 (R w) (1-21)

loc

for some & > 0. Now, by the very definition of U, we have that (1-21) implies the higher differentiability
of u, that is, (1-8); see Section 6. This is the effect of the cancellations hidden in the definition of
fractional norm in (1-5) we mentioned above. In order to prove (1-21), we shall prove decay estimates
for the p-measure of the level sets of U. The first step consists of deriving suitable energy estimates
(i.e., Caccioppoli-type inequalities) for U; see Theorem 3.2. We obtain a kind of reverse Holder-type
inequality, that is,

o0

1/2 1/q
( ][ U? du) < Z PG < ][ U1 du) + terms involving g, f, (1-22)
B =1 2B

with ¢ < 2; see Proposition 4.4. The estimate in (1-22) holds whenever B= B x B and B C R”" is a ball.
Notice that if we discard from the sum above all the terms but the first one we formally obtain a reverse
Holder-type inequality similar to those that hold for solutions to local problems.

The inequality (1-22) does not seem to be sufficient to proceed, since in order to prove estimates on level
sets in R*" we need information on every ball B C R?*, not only those of diagonal type B x B. To overcome
such an apparently decisive lack of information, we have to introduce an extremely delicate localization
technique. Consider the level set {U > A}; we use a Calder6n—Zygmund-type exit-time argument in
order to cover the level set with (almost disjoint) diagonal balls B x B and disjoint “off-diagonal” dyadic
cubes K:

{U>)»}CUB><BUU/C,

on which, for a suitably large number L, we have

1/2 1/2
<][ U2d,u> ~) and (][ Uzdu) ~ LA;
BxB K

see Sections 5A and SF. We call the cubes K off-diagonal because they are “far” from the diagonal, in the
sense that their distance from the diagonal is larger than their side length. The number L is introduced to
make the decomposition along the diagonal predominant with respect to the decomposition outside the



NONLOCAL SELF-IMPROVING PROPERTIES 63

diagonal. Indeed, the exit-time balls B x B will tend to be “larger” than the cubes I, since they have
been obtained via an exit time at a lower level A, as shown by the first formula in the previous display.

Surprisingly enough, the fact that a cube K is off-diagonal allows us to prove that a reverse inequality
of the type (1-22) also holds on K (see Lemma 5.8). This inequality, however, incorporates certain
correction terms involving diagonal cubes once again. This introduces serious difficulties, since this time
such cubes do not come from any exit-time argument, and there is no a priori control on them. Matching
the resulting reverse inequalities with those in (1-22) is not an easy task and indeed requires an involved
covering/combinatorial argument. See Sections 51 and 5J, and in particular Lemma 5.12.

The final outcome of this lengthy procedure is an inequality on level sets of U — see Proposition 5.1 —
that implies the higher integrability of U, together with the new reverse Holder-type inequality reported
in (1-24) below. This holds for some 6 > O that does not depend on the solution u. See Theorem 6.1.
We have therefore proved (1-21). We also remark that treating the complete problem of Theorem 1.1
up to the sharp interpolation range described by (1-17) requires additional ideas. As a matter of fact,
the exit-time arguments have to be adapted in order to realize a direct analog of the so-called good-A
inequality principle: i.e., no maximal operator is used here. In particular, we employ a simultaneous
level set analysis by using the composite quantity W (- ) in (5-1), where the number M (appearing in the
definition of W(-)) is used to adapt the size of the levels at the exit time. This must eventually match
with the specific form of the energy estimates available for solutions.

Finally, we would like to remark that, although we are here dealing with the case of scalar, linear
growth nonlocal equations, our approach is only based on energy inequalities, and therefore can be
extended to more general nonlinear operators of nonlocal type; see for example [Di Castro et al. 2014a;
2014b]. This will be the object of future works.

1C. The fractional Gehring lemma for dual pairs. The classical Gehring lemma does not simply deal
with solutions to equations, but, more generally, with self-improving properties of reverse Holder-type
inequalities. At the core of our approach lies in fact a new, fractional version of the Gehring lemma
valid for general fractional Sobolev functions, and not only for solutions to nonlocal equations. Here is a
version of it.

Theorem 1.3 (fractional Gehring lemma). Lef u € W2(RM) for a € (0, 1). Let & € (0, a/2) and let
(v, U) be the dual pair generated by u in the sense of (1-19)—(1-20) and Definition 1.2. Assume that the
following reverse Holder-type inequality with the tail holds for every o € (0, 1) and for every ball B C R":

C A\ o) 1/q 0 S e 1/q
[ q [ —kla—e q -
(<o) i Erm (L) s

where q € (1, 2) is a fixed exponent, B= B x B and c(o0) is a nonincreasing function depending on o.
Then there exists a positive number § € (0, 1 — «), depending only on n, «, ¢, q and the function c(-),

such that U € LIZOJE‘S(R%; W) and u € W]‘Z‘);L‘S’H(S (R™). Moreover, the following inequality holds whenever
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B C R", again for a constant c depending only on n, «, ¢, q and the function c(-):

1/(2+6) 0 1/2
( ][ Uts du) <c)y 27kee) ( ][ k U? d,u) . (1-24)
B =1 %B

In the literature there are several extensions of Gehring’s lemma in general settings, for instance in
metric spaces equipped with a doubling Borel measure, but Theorem 1.3 is completely different. Indeed,
its central feature is actually that global higher integrability information is reconstructed from reverse
inequalities that do not hold on every ball in R?", but only on diagonal ones. This is a crucial loss of
information that makes Theorem 1.3 hold not for any function U € L*(R?"; w), but rather only for dual
pairs (i, U). Moreover, the presence of the infinite series on the right-hand side of (1-23) gives to this
inequality a delicate nonlocal character that adds relevant technical complications. Theorem 1.3 is a
particular case of a more general result; we prefer to report this form again to make the basic ideas more
transparent. A more comprehensive version including additional functions F and G on the right-hand
side of (1-23) can be proved as well; see Theorem 6.1 below.

The results of this paper have been announced in the preliminary research report [Kuusi et al. 2014].

2. Preliminaries and notation

In what follows we denote by ¢ a general positive constant, possibly varying from line to line; special
occurrences will be denoted by cy, ¢z, c1, ¢, or the like. All such constants will always be greater than or
equal to one; moreover, relevant dependencies on parameters will be emphasized using parentheses, i.e.,
c1 =ci(n, A, p, o) means that ¢; depends only on n, A, p, «. We denote by

B(xg,r) =B, (xg) :={x e R" . |x —xo| <7}

the open ball with center x¢ and radius r > 0; when not important, or clear from the context, we shall
omit denoting the center by writing B, = B(xg, r); moreover, with B being a generic ball with radius r,
we will denote by o B the ball concentric to B having radius or, o > 0. Unless otherwise stated, different
balls in the same context will have the same center. With © C R¥ being a measurable set with positive
p-measure and with / being a measurable map, we shall denote by

1
Ny = hdu = —— hd
o ][(9 " M(O)/o "

its integral average. We shall need to consider integrals and functions in R” x R”. In this respect, instead
of dealing with the usual balls in R**, we prefer to deal with balls generated by a different metric, that is,
that relative to the norm (in R?") defined by

[ (x0, yo)II := max{|xol, |yol}, (2-1)

where | - | denotes the standard Euclidean norm in R" and xg, yo € R*. These balls are denoted by
B(xg, yo, 0), and are of course of the form

B(xo, yo, 0) := B(xo, 0) x B(y0, 0).
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In the case xg = yp we shall also use the shorter notation B(xg, xo, 0) = B(xg, 0). With obvious meaning,
these will be called diagonal balls. Moreover, with B(xg, 0) being a fixed ball, we shall also denote
B = B(xo, X0, 0) when no ambiguity shall arise, and s B := B(xg, so) for s > 0. Needless to say, since they
are metric balls, and actually equivalent to the standard ones in R?", we can apply to them several tools
that are available for the usual balls. For instance, we shall later on apply the classical Vitali covering
lemma. It follows that

B ((x0, y0), 0) = {(x0, y0) € R* 1 |(x0, 0)| < 0} C B(x0, Y0, 0)-

Accordingly, we shall denote
Diag := {(x, x) € R : x € R"}.

If A is a finite set, the symbol #A denotes the number of its elements. We shall very often use the
elementary inequality

o0
22k Z 27287 < % for B (0,1]and k > 1. (2-2)
j=k—1

Finally, the local fractional Sobolev spaces are defined via the Gagliardo seminorm

_ 1/y
[l () == ( fg ) lu@) —uOI” | dy) (2-3)

o=y

for y > 1 and s € (0, 1). A function u € L], (R") belongs to W," (R") if [u]y,, () is finite whenever 2
is an open bounded subset of R”.

The following two lemmas report some classical Poincaré—Sobolev-type inequalities valid in the
fractional setting; the proof of the first is exactly the one in [Mingione 2003], for the second we refer to

[Kassmann 2009]. See also [Di Nezza et al. 2012; Maz’ya 2011].

Lemma 2.1 (fractional Poincaré inequality). Let v € L?(B), with B C R" being a ball of radius r, and
let o be a real number such that such that n + pa > 0; then the following inequality holds:

]g|v—(v)3|pdx§crp°‘/3 dexdy.

e —yprere

This inequality in particular applies when v € W% ?(B), and in this case the quantity on the right-hand
side is finite.

Lemma 2.2 (fractional Poincaré—Sobolev inequality). Let v e W*P(B), for « € (0, 1), where B C R" is
a ball of radius r, or a cube of diameter r. If pa < n, then the following inequality holds for a constant ¢
depending only on n, «:

1/p* 1/p
\ lv(x) —v(MI”
(][Bh)—(v)BIP dx) (/][ e dxdy) ,

where p* :=np/(n — pa).
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With 2, being the exponent defined in (1-13), an immediate consequence of the previous lemma is the
following inequality, that we report since it will be used several times:

1/2 _ 2, 1/2,
(][ v — ('U)B|2dx) <c (/ ][ |v|(x) ;iyz)i dx dy) . (2-4)
B X —Yy *

Moreover, if v is compactly supported in B, then v — (v) g above can be replaced by v.

3. The Caccioppoli inequality

3A. Preliminary reformulation of the assumptions. We start with the assumptions made on g, that is,
(1-17)—(1-18). In order to give a unified proof for the two cases 28 > « and 28 < «, and to simplify
certain computations, we shall make a few preliminary reductions and will restate the assumptions in a
more convenient way. First of all let us consider the case 28 > «, when (1-17) is in force. Let us notice
that, eventually reducing the value of &y, and in particular taking &y < /40, (1-17) implies the existence
of exponents p, y and 8; > 0, such that g € W 1+30.P(1+3D) (R") and

2n o
) 81 S o
n+2(y —28+a«) 4n
Indeed, let us set y = 28 — a + 80/2 and recall that W?#=¢+%.2 embeds in W?+80).p(1+1) whenever
28 —a+3d8g—n/2=y(1+6) —n/[p(1+461)]. A lengthy computation then shows that any choice of p
as above and §; < 1 satisfying the inequalities
(1+81)do (2+81)do
—_ << ———
n+2y(1+68y) n+2y(1+68))

26>y >2—a, 2>p> 3-1)

matches the conditions in (3-1). We now consider the case 25 < «, when (1-18) is in force. In this case
we can instead assume the existence of numbers p > 1 and §; > 0 such that

2n
e L0 (R, _. 3-2
8 loc ( ) P>n+2(a_2'8) ( )
Let us now unify the previous conditions. In the case 28 > o we clearly have that
— p(1+81) — P
/ |8(x) — g v dy +/ 18(x) —eWI” dy < oo (3-3)
BJB |x— y|n+l7(1+51) v pJp |x— y|”+l7)’

for every ball B C R". This comes by the definition of the space W (1+31).2(14+3) " On the other hand,
when 28 < «, then assumptions (1-18) do not involve any number y. Thanks to the lower bound on p in
(1-18), we can find a negative number y, such that |y| € (0, 11—0) is small enough to still verify (3-1). In
this case we note that

_ (1+81) (1481)
/ lg(x) —gI” dxdyf/ (Ig@)[+18(MDP
BJB BJB

|x — y|rtp(+8y |x — y|rp(+80%y

dx dy

cr p(1+481)%y
< —f 11”10 dx < o0, (3-4)
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where r denotes the radius of B; a similar estimate follows for the second quantity in (3-3). Summarizing,
in the rest of the paper we shall always assume that (3-1) and (3-3) hold. In the case 28 < o the number y
is negative.

Remark 3.1. We shall denote by ¢, a constant that depends on n, o, A, p, B, ¥ and exhibits the blow-
up behavior

lim cp = 00. (3-5)
p—=2n/(n+2(y —2B+a))
3B. The Caccioppoli estimate. The Caccioppoli-type inequality stated in the next theorem is an essential
tool in the proof of Theorem 1.1.

Theorem 3.2. Let u € W2(R") be a solution to (1-14) under the assumptions of Theorem 1.1; in
particular, (3-1) and (3-3) are in force. Let B = B(x¢, r) C R" be a ball, and let € C°(B(xo, ?Tr)) be
a cutoff function such that 0 < <1 and |D{| < c(n)/r. Then the Caccioppoli-type inequality

_ 2
/ lu(x)y (x) —u(y)¥(y)l dx dy
BJB

|x — y[rt2e

i/ |u(x)|2dx+c/ Mdy/ |u(x)|dx+cr"+2“<][ | £ ()] dx)Z/z*
T2 g R\B X0 — y[" 2 B B

_ P 1/p7?
n+2(y —2B+a) S (r—2p)k lg(x) — gVl drd 3.6
T [Z (/2"3 ][sz =y T (-0

k=0

holds for a constant c = c(n, A, @) which is independent of p, and a constant ¢, = cp(n, A, o, B, v, p).
The constant cp, exhibits the behavior described in (3-5); moreover, all the terms appearing on the
right-hand side of (3-6) are finite.

Proof. In the weak formulation
/ / @ux) —u(y)n(x) —n(yIK(x, y) dx dy
= / i [8(x) —gWMn(x) —n(y)1H (x, y) dx dy+/R fndx, (3-7)

we choose 1 = uyr?, where ¥ € C°(B) is the cutoff function coming from the statement. By a density
argument, 7 is an admissible test function. Then we have

L+ L+ ::/Bfgsﬂ(u(x)—u(y))[u(x)lﬂ(x)_u(y)wz(y)]K(x’y)dxdy
+/n\B/Bw(”(x)_M(y))M(X)wz(x)K(x,y)dxdy

_/B/n\B ou(x) —uM)uMY>(y)K (x, y) dx dy
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_ /B /B [(0) — g (Y2 () — (Y2 () H (x, y) dx dy
+ / / [6() — g ()Y () H x, y) dx dy
R"\B J B
+ / / (6 — g UV () H (x. y) dx dy
B JrR\B

4 / FEOUEWA0) dr = Jy + o+ I3+ Ja. (3-8)
B

We proceed in estimating the various pieces stemming from this identity.

Estimation of /;. Let us first consider the case in which ¥ (x) > ¥ (y). Then we write
(u(x) —u(Nu)P*@) —u(P* (]
= @(u(x) =) —uWM Y@ + @) —u@uMY> ) —¥* M1 (3-9)
Applying Young’s inequality and recalling the first inequality in (1-15), we have
@) —u(MuMY(x) — P> (M1 = @) —u()uY ) — v MY @) + ¥ ()]
=2 ux) —uNuWIY(x) =g Y (x)

Hu) —u()PY? () = 202> WY (x) — v ()1
Combining the content of the last two displays, and using this time the second inequality in (1-15), yields
() — NP> @) — w1 = 5lu) —u@ PP ) = 28%50° W)Y () — ¥ )1

Now we consider the case in which ¥ (y) > ¥ (x), and we similarly write
@) —u(YN[u)P>(x) — u(NP* ()]
= () =N ) —uMWP>G) +ew@) —u@)uEH> @) = ¥ @)l

Proceeding similarly to the case ¥ (x) > ¥ (y), we arrive at

@ux) —uNuE)Y? @) —uMY* M1 > Hu) —uMPY(y) — 2876 0Oy (x) — v ()]

In any case, using also (1-4), we conclude that

_ 2 2
// lu@x) —uly)|” max{v2(x). ¥ (y)}dxdy—c/ / u(x )|2|1/f(X) vl dx dy

y|n+2a | y|n+2a

z
==

where ¢ depends on A. Moreover, by noticing that

[ ()Y () —u Y I < 2w () = ¥ NP +20¥ (0) (w(x) —u(y)])

and integrating, we conclude that

_ 2 2
I > cf )Y () —uNYOMF //M )|2I1/f( )=yl dx dy. (3-10)
BJB

|)C _ y|n+2a |n+20z
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Estimation of /; and /5. The estimation of the terms I, and I3 is similar. Indeed, as for I, we start by
observing that a direct computation yields

Ju (Ol () |9 (x)

[u(x) —u(Nu P> (K (x, y) > —A 5
|x _ y|n+ o

’

and therefore, by (1-15) we obtain (we can assume without loss of generality that u(x) % u(y)) that

Qu(x) —u)| )| u(y> @)

Pu(x) —u()ux)Y*(x)K (x,y) > —A‘

u(x) —u(y) |x — y|nt2e
- _Azlu(x)llu(y)llﬁz(x)
- jx — |t

Similarly, we obtain

_AZIM(X)IIM(y)IWZ(y)

—p(u(x) —uuMP* MK (x, y) = -
|x — y|n+ o

We then estimate

2
Lil> _Cf Iu(x)llu(y)lig (x) dx dy
r\BJB X =yt

- e sup / Mdyfwwz(x)dx
B

zesuppy JR?\B |Z_y|n+2a
> —cf L)'zdy/ ()| (x) dx. (3-11)
rRe\B |X0 — y|" B

Here we have used the fact that, since ¥ is supported in B(xq, %r), we have

X0 — X0 —
|xo }7|< |xo Zl<

lz—yl — lz—yl —

4 (3-12)

whenever z € supp ¥ and y € R" \ B.

Estimation of J;. The fractional Sobolev inequality yields

1/2* 1/2,
Jy<cr" (][ lu () (x)|* dx) (][ | f (0> dx)
B B

. 2 1/2 1/2,
< /e (f @)Y () —uMNY I dy) <][ F o dx) ’
BJB B

|x — y|rree

so that, applying Young’s inequality with o € (0, 1), we have

2/2. N >
J4 < Ern+2a (f |f(x)|2* dx) +O'/ |u(x)1ﬁ(x) M()’)W()’” dx dy (3_13)
o B BJB

|x — y[rt2e

The constant ¢ depends only on 7, «.
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Estimation of J;. We write

u ()Y () —u (Y () = )Y (0) —uMP NI ) +u @)Y @Y () — ¥ ()]

Therefore, using that ¥ < 1 together with (1-16), we have

dx dy
e[ [EEE oy w -l 5

dx d
ea [ [ EE=E R ow ol - o) 2

= Ji1+J12.

In turn, we estimate J; ; and J; » separately. Recalling (3-1), we now set

f=1-2=Y  4nd s::ﬁ[l—l]. (3-14)
o alp 2

Observe that 0 < ¢ < 1 if and only if 28 — @ < y < 2. Then we notice that

2n 2n

28 > d 2 = 2 =2
fzy an >p>n+2(y—2,8—|—oz) >p>n—|—2a *
= 0O<s<l, (3-15)
and moreover
2n
p > — O<s<rt. (3-16)

n+2(y —28+a)

We also record the identity af = y — (28 — «). Let us now write

I ,,/ ][ [ ar 18(X) — g Mlu(x)wx)—u(y)w(y)l}l_s[ _a,/sIu(X)W(X)—u(y)w(y)l}
1.1 =¢Cr r

|x _ y|2;3—0(+ta |x _ yla |x _ |a(1 t/s)

The definitions in (3-14) imply that
l—s5 s 1

=1

2 2* p

therefore, applying Holder’s inequality with the corresponding choice of the exponents, we have

nha g() —gI” r UCOY (X)) — u(P)Y ()2 (1-9)/2
frser™ t</B ]€9 |x — y|rtpGp-atie) * dy) (/I; B |x — y|rt2e d dy)

y <r—2*w/s / ()Y (x) —uMY O
BJB

|)C — y|n+2*a(1—t/s)

s/2
dx dy) . (3-17)
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Before going on, let us estimate the last integral:

/][ |M(X)W(X)—M(y)1/f()’)|2*dxdyizz*—lf][ w@y@P
B B

|x _ y|n+2*a(1—t/s) |X _ y|n+2*a(l—t/s)

p2a(1=t/s)

< —][ lu(x)y (x)|* dx
2*at/s — 2 e

_or (/ )Y () —u )Y )] dxdy) (3-18)
r—s BJB e =yl

Plugging the inequality into (3-17) yields

J1.15cr"/2+w(f ][ 00 — g dxdy)l/p</ HEOY ) —u YO dy)‘/z.
B BJB

|x _ y|n+p(2ﬂ—a+ta) |x _ y|n+2a

Using Young’s inequality, and keeping in mind that ot =y — (28 — «), leads to

Iy < £ 2ﬂ+a)( / g) —gWI” dy)”ﬂ Y / uE@Y @ —uOYOP
o BJB BJB

lx — y|tey Jx — |t

whenever o € (0, 1). The constant ¢ depends only on n, «, A, B, ¥, p. We then continue with the
estimation of Jy,. Upon setting n := %(1 — «), using Holder’s inequality with conjugate exponents
(2*, 24) we have

Ji2 Zcl|DY||peor”

/][ |g(x) =g lu(x) ¥ (x)| dxdy
|

B lx—yPP=IHn x —y|71 |x —y|

<c||Dz/f||Loorn( / ][ lg@) —g ()P dvdy )1/2*( / @)y (P _dvdy )1/2"
B B Jp lx — y[=EFIHN |x — y| pJp lx—y[7 |x—y|"

In turn, by Lemma 2.2 (see also the remark following it) we have

¥ dxd
L8 5 f s

< o O+ ( f Y () —uNY P dy)Z*/z
BJB

|x — y|rtee

and, recalling that p > 2, by (3-15), we proceed with

/][ lg(x) —g(WI>  dxdy :/][ lg(x) — g™ 1 dx dy
BJp lx —yZ@m x—ypr o Jp Jp\ x—y)Y |x — y|>CA=1Hn=7) |x — y|
_ P 2:/p
< / 180 =sWIT
B Ix—y|”+W
dxdy 172*/[7
(Lf o )

cr—22B=14n-y) lg(x) —egWI? =/
= 2" dx dy b
y—2B+a BJp |x—y[mtry
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where of course we used that 28 —14+n—y = 2,8——— sa—y <2B—a—y <0dueton:= 2(l—oz)
and (3-1). Connecting the estimates in the last three displays yields

_ p 1/p
Ji2 < cl| DY || gor™/2Fy —2P4at] (/ ls) = 80 ), dy>
B

B lx—ylrtey
5 (/ mmw(x)—u(y>w<y>|2dxdy)”2_
B YJB

|x _y|n+2a

Again using Young’s inequality, we conclude that

_ P 2/p
No = S Dy a2 ( / lg) =W, dy)
B

B |x—y|try

_ 2
+U/ lu(x)y (x) —u(y)¥(y)l dx dy,
BJB

|x — y|rree
which holds whenever o € (0, 1). Gathering together the estimates found for J | and J; 5, and using that
r2 DY |5« < c(n), gives

2/p
gz o ([ [ BOZEO )
BJB

o x = ylry
+20// @)Y @) = u(Y )

|x _y|n+2a

dxdy. (3-19)

The constant ¢ depends on n, o, A, B8, ¥, p.

Estimation of J, and J3. The estimation of the two terms is completely similar, and we therefore confine
ourselves to estimating J,. Using (1-16) we have

l8(x) — (&)l I8 — ()5l
peaf RS et @adya [ R o @ ey

=:Jo1+ J22.

In turn we estimate the two resulting terms. Using that p > 2, by (3-15), we have

zesupp ¥

1/2, 1/2*
<cr" sup f —m(][ |g<x>—<g>3|2*dx> <][ | () ()| dx)
zesuppy JRN\B 12— V| B
dy 1/p ) 1/2*
<cr" sup f —m(][ |g(x)—(g)3|"dx) (][ |u ()Y (x)] dx)
zesuppy JR\B lz—yl B B

up / r*Pdy </ Ig(x)—g(y)lpdxdy>1/l’
zesuppyr JRm\ B |2 — y["H2P BJp |x—y["try

5 (/ |u(x>w<x)—u<y>w(y>|2dxdy)‘”_
BJB

Ix _y|n+20{

Jr1<c sup /Rn\BW/B|8(x)—(g)Bllu(X)|W(X)dX

< ort/2Hr=2p+a
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Therefore, using Young’s inequality, we have

_ 2/p _ 2
hi<S - 2y - 2/3+a)</ lg(x) —gI” dxdy) /f Iu(x)W(x) u(My ()l d dy,
BJB

|x - Y|"+”V |n+2a

where we have also used that ¢ = 0 outside B(xy, %r), and therefore (3-12), to estimate
Zﬂdy
sup / ————= <cn, p).
zesuppy JR?\B |z — Y|n+2l3

In order to estimate J,» we need another splitting over annuli. Recalling again that ¥ < 1 and that v =0
outside B(xg, %r), we have

o0

1g(y) — (8)5]
Do < E - - — dx d
2.2_cj=o/21+13\213 B lx—y|t2h I d dy

o0
<cr" Z(2jr)_2ﬂ ][
j+1
j=0

2/+1B

<cr" Z(2jr)_2’3 <][
j=0 ?

18(y) — (g)BIdy][B (o) ¥ (x)] dx

1/p
Blg(y)—(g)Bl”dy) ][BIM(X)W(x)IdX- (3-20)

J+1

The estimation of J,» needs again a splitting; we start with the telescoping summation

1/p
(][ g(y) — <g>B|f’dy)
2/+1B

1/p J
< (f g - (g)wBV’dy) + Y 1(@)2e15 — ()2:5]
2}+IB k=0

l/p J 1/p
< <][ lg(y) — (g)2f+13|”dy> +Z<][ lg(y) — (g)szI”dy)
2/+1B k=0 2k+1p
j+1

1/p
522(][ |g(y)—<g>2kB|de> : (3-21)
o \J2¢B

Then an application of the fractional Poincaré inequality in Lemma 2.1 yields

1/p J+1 N P 1/p
C()alPd ok y<f ][ l§) —gWI” d) '
(][W]Bm(y) (8)5] y) <cZ( s Fas ey

Merging the content of the last display with the one of (3-20) gives

> 19(x) — g(»)|? 1p
Jro <cr” [ZZQJ )~ Zﬂ(zkr)y</2k3 ]ng PR dxd ) :|][ lu(x)y (x)| dx.

Jj=0 k=0
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We now manipulate the content of the square brackets above using discrete Fubini’s theorem:

oo j+l1

J =28 ok 8(x) — g(MI” )”P
YN @ik (/ZAB][M e

j=0 k=0

I/p
_ 2 (/ ) —gWI” dy) S 02
BJp lx—y|"trY =

1/p ®
y—28 vk lg(x) —gWI? —2Bj
i 22 (/Z.kB ][2k3 |x — y[rtPY dx dy Z g

j=k—1

-2 1/p
cr?” ’322<y 26k f ][ g —gI” N
wpJup X —yler

We remark that in the previous display we have used the elementary inequality in (2-2). All in all we
have, by using also Holder’s inequality and Lemma 2.1, that

lg(x) — g l/p vz
Sa S er™trH ZW 7 )"( /sz ][M i ][ UG @) dx
1/p
< opn/2Hy - 2ﬁ+a22(y 28)k f ][ |g(X)—g(y)|”dxdy
%p Jokp | +py

lx—y

( / | (X)W (x) —u(y)w<y>|2 )“2
X dx dy .
BJB

|x — |t

Finally, using Young’s inequality we conclude that

1/p7?
yy < Cpm2r=2540) 2<y 28)k / ][ lg(x) —gWI? l8x) —sWI”
o vgJug lx—ylrter

/ lu () (x) —u(y) ¥ ()
+o
BJB

|x _y|n+2(x

dx dy

whenever o € (0, 1). Connecting the inequalities found for J;, and J;», and again recalling that J3 can
be estimated in a completely similar way, we have

p 1/p7?
Tyt Js < Cprt20r=26+0) 220/ 2ﬂ)k(/ ][ lg(x) — (g;iy)l dxdy)
pard g Jokp |x —y["TPY

+46/ u ()¢ (x) —uMY WI?
BJB

| — y|rtae

dxdy. (3-22)

The constant ¢ depends on n, A, «, B8, ¥, p.
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Reabsorbing terms. Inserting the estimates for the terms /; and J; into (3-8), we conclude that

lu()Y (x) —u() Y ()I?
dx d
C/B B |x — y|rt2e Y
_ 2 2
570/ [ () (x) M(yz)l//(y)l dvdy + ¢ //| ()|2|¢(X) lﬁ(zy)l dx dy
BJB |x — y|rtae |x — y|rte
Ju ()| ) C ni2a 2 V'
+c ————dy [ [u(x)[y (x)dx+ =r | f(x)|™ dx
rRe\B |X0 — y|" T B o B

1752
+cb n+2(y —2p+a) Zz(y 2B)k / ][ lg(x) — g()’)|1’d iy /p .
kg Jokp  |x — y["TPY

The constant ¢ depends only on n, o, A, and the constant ¢; depends only on n, A, «, B, v, p. Now,
taking o = 1/(14c) and reabsorbing terms finishes the proof, together with the estimate

2
/f| (x )|2"”() ﬁj;j' dx dysannoo/ Wl [ =y dy

BZr (x>
c(n)

= IIDl/flloor / Ju(x)|* dx

1
C(”) /|<>|dx

—o r2cx

The finiteness of the terms appearing on the right in (3-6) follows directly from the fact that u € W*2(R")
and from Section 4C below. This completes the proof of Theorem 3.2. U

Remark 3.3. In the statement of Theorem 3.2, one can replace u with u—(u) g by testing with (z— () B2
instead of w2

Remark 3.4. All the constants denoted by c that appear in Theorem 3.2 blow up as ¢« — O or as o« — 1.
The blow-up of the constant ¢; is more peculiar, and it is as in (3-5). This appears for instance in estimate
(3-18), as in this case s — t; see (3-16). In terms of (1-12) the blow-up of ¢, occurs for instance when
8o — 0. Moreover, the constant ¢, blows up also when 8 — 0 and y — 28 —«.

4. The dual pair (1, U) and reverse inequalities
4A. A doubling measure. With ¢ initially satisfying the condition 0 < ¢ < %oz, we consider the locally
finite measure © on R" x R" introduced in (1-19). We summarize its basic properties:
Proposition 4.1. With  being defined as in (1-19):
o Whenever B= B x B and B C R" is a ball with radius r, we have

e ()" 3

pu(B) = ————, (4-1)
&

where c,(n) denotes a constant depending only on n, &, and it satisfies 1/c(n) < c,(n) < c(n) for
another constant c(n) depending only on n.
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e (doubling diagonal property) Whenever A > 1, we have

B, A
up M — Ant2e (4-2)
XeRn,0>0 w(B(x, 0))
o For every A > 1, there exists a constant cq = c4(n, A) such that
B ~,
n(B(x, 0)) c (4-3)

Ky x Ky) ~ ¢
whenever K, K, C B(x, 0) C R" are cubes with sides parallel to the coordinate axes and such that
|Ki| = |Kz| = 0" /A"

o (standard doubling property) There exists a constant c, depending only on n, such that

wp  MBG520) e s

X,y,€eR",0>0 ,LL(B()C y Q)) &

Proof. The proof of (4-1) follows directly from the definition in (1-19) and a scaling argument, while
(4-2) follows from (4-1). The proof of (4-3) is slightly less direct. First, observe that K| x K, C B(x, )
and moreover that |x — y| < 20 whenever x € K| and y € K,. Therefore we can estimate

n+2e 2n
pi(E o) = P — < O [ avay
K| JK»

c(n)AZ" dx d _cn An
/‘f > WAT (K % K2,
K JK, 3

|x— |n Zs

and the proof of (4-3) is complete. The proof of (4-4) is similar to the one of (4-3); this estimate will not
be used in the rest of the paper. g

4B. Diagonal reverse Hilder-type inequalities. For (x, y) € R?", we define the functions

lu(x) —u(y)| Glx.y) = lg(x) — gl

V= T e SRR

F(x,y):=1f)] (4-5)

the first two being defined when x # y. According to Definition 1.2 the function u generates the dual pair
(i, U). From now on, we shall always assume the following restriction on the number ¢&:

0 <& <min{za, zly|(1+8), 726 —y)p}. (4-6)
Lemma 4.2. With the definitions in (4-5), it follows that
UeL> R p) and FeL: " R¥; ), withss e [0,5]. (4-7)

Moreover, assuming (4-6) it follows that

Ge Ll (@™ 1), where 8, €0, psy]. (4-8)

loc
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Proof. The first inclusion in (4-7) is a direct consequence of the definition in (4-5). As for F, for a ball
B = B x B, where B C R" has radius r > 0, we have

If(X)IZ*J”S"
/F2*+80dM=/ v _ uln—2¢
B B 1x— Yl

2 +‘Sf (RZn

2.4+680 dx

This clearly implies that F' € L, ; w) as long as 6y < &g. To prove that G € Lﬁ;rag (R**; w), let us
start with the case 28 > «, when y > 0. By using (4-6) we have

_ (1481
/Gp+p51 d,u:// |g(x) g(y)lp ! dxdy
B g Jp |x — y|rtypd+8)+2ed

< crdilyp(+6)=2e] f lg(x) —g(y) i
B JB |x _ y|n+yp(1+81)

|P(1+31)

dx dy. 4-9)

The last quantity is finite since we are assuming g € W7 (1021430 56 it follows that G € L{;Jcrsg R>; w).
We finally treat the case 28 < «. In this case, we have 2¢8; < 2¢ < |y|p(1+681) = —yp(1 + 1), so that
yp(1 4+ 681) +2e8; < 0. We can therefore estimate

p(1+381)
f GPHPh gy < / (lg@l+lsrr
B BJB |x — y|”+7/[7(1+31)+2631

cr~lyp(1+81)+2¢81]

—[yp(1+61) +2¢é;]

f g7 dx < o0, (4-10)
B

and (4-8) follows again since when 28 < « we are precisely assuming that g € Lf:)(cl +8‘)([R”); see (3-2). [

We are now going to state a few inequalities for later use. Let v € W?-4(B) for 6 € (0, 1) and qg=>1;
then the fractional Sobolev inequality

. — q 2/q
fro-wara <o ([ f BOSOE 4a) @1

holds as a consequence of (2-4), provided ¢ > 2n/(n +26) and 6 > 0. With ¢ € (0, %oz) we study the
compatibility of the conditions

&:=a+s—2q—8 and ¢ > — (4-12)

in inequality (4-11); this gives ¢ > (2n +4¢)/(n 4+ 2o 4-2¢). Recalling the definition of the function U in
(4-5), and using (4-1), we gain

. — q 2/q 2/q - 20+2e 2/q
26 </ |u(x) Zg;)l i dy) _ e z/r (][ quu> |
BJB |x—y[rTod e2/a B

with ¢, (n) defined in (4-1). We therefore have the following:
Lemma 4.3. Let ¢ € (0, %a), and let q be defined by

2 +4
gi= T, (4-13)
n+2u+2e
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) cr2late) 2/q
][BW—(M)Bl dx < T (][BU"d/L) (4-14)

holds for a constant ¢ depending only on n and o, whenever B is a ball with radius r and B = B x B.

Then the inequality

The same inequality continues to hold when the ball B is replaced by a cube Q with sides of length r, and
consequently B is replaced by Q x Q.

We are now ready for the main result of this section:

Proposition 4.4 (diagonal reverse Holder-type inequality). Let u € W*2(R") be a solution to (1-14)
under the assumptions of Theorem 1.1; in particular, (3-1) and (3-3) are in force. Assume that € satisfies
(4-6). Then the following reverse Holder-type inequality with tail holds whenever B C R*" is a diagonal
ball and o € (0, 1):

1/2 c 1/q o o 1/q
2 q —k(o—e) q
(o) <ol s B (] )

cludB1" ), V2o u(B)1? k(2B—y—2¢/p)
+—8]/2*_]/2 2BF du —i——]/p 2 ZZ y—2¢/p g

where 0 and 1 denote the positive exponents

y—=2B84+a+e/p—1) o—e
0 .= and n:= .
n+2e¢ n—42e
The constant ¢ depends only on n, a, A, while the number q € (1, 2) has been defined in (4-13). The
constant cp depends on n, o, A, B, y, p and exhibits the behavior described in (3-5). The infinite sums on

the right side of (4-15) are finite.

1/p
G?P d,u) , (4-15)
kB

(4-16)

Proof. In the rest of the proof all the constants depend at least on n, o, A. We write B= B(xg, ) x B(xg, r)
and apply Theorem 3.2; we choose a cutoff function ¥ € Cgo(%B) suchthat 0 <y <1, |[DY| <c(n)/r
and Y =1 on %B. Inequality (3-6) remains valid upon replacing u by u — (1) p; see Remark 3.3. Indeed,
notice that for such a function all the integrals on the right-hand side of (3-6) are finite. For this see
Section 4C and (4-19) below. All in all, we have

:f][ |[u(x) — ()] w(X)—[u(y)—(u)B]llf(y)lz

|x _ |n+2¢x

2“][ |u(x)—(u>3|2dx+ch Mﬂlﬁ'dy][ Ju(x) — (u) g dx
B B

mB |Xo—y
2/2,
2<][ | f (0> dx)

1/p7?
226+ Zz(y 28)k / ][ 18(x) —gWI” dx dy
wpJoap lx—ylrr

= Js+Js+ J7+ Jg. 4-17)
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We start by rewriting I as

L — 1 |[u(X)—(M)Bll/f(X)—[u(y)—(u)B]ll/(y)|2d

so that, with the current choice of v, we have

2e
r c(n
_ Uldp < Q

e Jsp B| Jg)2

We estimate J5 with the aid of (4-14):
cr?€ . 2/q
JSESZ/Q(][BU d/,L) .

To estimate Jg we split the term in annuli, and proceed somewhat as in (3-21). As a matter of fact, we

U? du < cly.

will prove that this term is finite; indeed, we have

u(y) — ()| — |u(y) — ()|
f n+2a dy:Z/ . n+2o dy
rR\B X0 — Yl “Z0/YHB\YB |xo — ¥l
o
<> f )~ waldy. (“-18)
. 2/+1B
Jj=0

In turn, we again split every integral in the previous sum, similarly to (3-21), and using Holder’s inequality

we estimate
j+l1

1/q
][. u(y) — (wgldy <2 (][ Iu(y)—(u)zkglqdy> :
2/+1B o \J 2B

Each of the previous integrals can be then estimated with the aid of the fractional Poincaré inequality of
Lemma 2.1:

lu(x) —u(y)|?

u(y) — (u 4 dy < c(2kry1late—2e ][
][2k () = @)eplTdy < e(2r) g Jop |x—ylrtas

c(2kpyala+e)
_ et ][ N
& kB
where ¢ is as in (4-12) and ¢ remains independent of £. As a consequence, we obtain

Jj+1

1/q
c
u(y) — (u)gld 25y “+8<][ Uid ) .
L ) —wsldy = e (f, vran
Connecting the content of the last display to that of (4-18) yields
oo j+1

[u(y) — (u)B| cr-ote —2ajnk(ate) q v
/R oy WS 0.2 LAY A

o —
B %0 j=0 k=0
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Reversing the order of summation gives

oo j+1

1/q
Z Z »—20j yk(ate) <][ quu)
=0 k=0 2B
o0

1/qg *© 1/q .
= (][ quu) Zz 2aj +sz<“+8> <][ U"du) > 2
B 2k Pl
c & 1/q
<£32 k(a_@(][ i)
el 2kB

Observe that we have once again used the elementary inequality in (2-2) (with 8 = «). All in all,
combining the content of the last two displays yields

) =@l e N )f Va
—kla—e a4 ’ 4-1
/I% y|n+2a - ¢l/q Z szU K ( 9)

"B X0 —

so that, via another application of (4-14), we have

cr2e & ke 1/q 1/q
Jo < —— ) 27Me=# (][ quu) <][ U"d,u) .
g2/4 ; 2% B

With o € (0, 1), using Young’s inequality we finally conclude that

or2e 2q 52,2 ) /47
q a—e q
e S )

For the estimation of J; we observe that

fvm%wszvm%w@
B BYJB

c
Sm/][ | f (0] dx dy
| f ()]
< dxd
_r"+25//3|x—y|" 2¢e Y
hat 2
8][BF du.

Here we have used (4-1) to perform the last estimation and the very definition of the measure ©. By the

definition of J; it then follows that
2a 2/2
cr
Jr < F>d .

| /\
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Next, the definitions of G(-) and p imply

2
2 2B+a+2 1/p
or2(r—2B-+a+2¢/p) Zz(y S o
2/p g '

Finally, connecting the estimates found for /4 and Js, ..., Jg to (4-17) yields

2e 2¢ 2/q 2,.2e [ 1/47?
r 2 cr o°r —k(a—e)
L Uldu < —<][ U"d,u) + 2 (][ U‘fd,u)
€ Jspn o221\ /s g2/ g 2*B
2a 2/2« o 2y—2B+a+2e/p) 1/p7?
cr 2, (y—2B+2¢/p)k p
+ 7 <][BF du> 4+ 7 [E 2 2kBG du :

from which (4-15) follows immediately (since the ball B is arbitrary, and we can switch from B to 215).

o0
A

The right-hand side terms in (4-15) involving infinite sums are finite; we check this in the next remark. [J

Remark 4.5. A computation based on the definitions in (4-16) gives
2. 2n(e—e¢) - 2

1—2.,n n2+4en+4ae " n

and
po  _ply—2+e)+eC—p) _ 3
1—pf  n—py—-28+a)+ep n—p(y 2,3+Ol)+8p
4C. The tails are finite. We here observe that all the terms on the right-hand sides of (3-6) and (4-15) are
finite, obviously confining ourselves to those involving infinite sums. We start with the terms involving u.

The second term appearing on the right-hand side of (3-6) is seen to be finite by estimating

u u —u u
/ | ()’)n|+2a dyf/ lu(y) E;+)2i| dy+/ I( )Bn|+2a dy
rR\B |X0 — ¥l r\B X0 — Yl rR\B 1X0 — ¥l

The last integral in this display is obviously finite, while the finiteness of the second one can be obtained as
in (4-19). In fact, by (2-2) and since ¢ € (0, %a), the right-hand side of (4-19) can be further estimated as

) 1/q o0 1/2
3 ke (][ quu> < Z —k(a—e) (][ zdu)
— 2B 25

_ 2 1/2
S )

This also proves the finiteness of the first infinite sum appearing on the right-hand side of (4-15). We now
come to the terms involving g, proving that the last series appearing in (4-15) is finite. The finiteness of
the last series appearing in (3-6) is therefore implied by looking at the estimate for the term Jg in the
proof of Proposition 4.4. We start with the case 28 > «, where, using (4-9), we have

1/p
2—k(2B—y—2¢/p) (][ G? dﬂ) < C2_k(2ﬂ_y_8ly+n/[p(1+51)])[g]y(l+81),p(1+81)
2kB



82 TUOMO KUUSI, GIUSEPPE MINGIONE AND YANNICK SIRE

with ¢ =c(n, B, y, p, 81, 1), and since by (3-1) we have y < 28 and §;yp(1 + ;) < n, the convergence
of the series follows. In the case 28 < o we instead use (4-10) to have the inequality

I/p
2—kQ2B—y—2¢/p) (][ G? dM) < 2 k@pAn/Ip(1+81)D gl paan@n
%B
which again implies the convergence of the series in question.

5. Level set estimates for dual pairs

In this section we prove a level set estimate which is at the core of the proof of our higher differentiability
and integrability results. Let us first define a few functionals. With 6 and 5 as in (4-16), for every
B = B(x, 0) C R*" we define

V2 Hu(B(x, 0)]" 1/2:
\I’H,M(B(X’ 0)) = (f UzdpL) +1/2—_1/Q2(][ F2* du)
B(x,0) Ch B(x,0)

M{p(B(x, o)1’ l/p
P METS(f, oran) s

where H, M > 1 and B(x, 0) C R2". We also define the functionals

1/(24+8¢) 1/(p+3¢)
To(B(x, 0)) := ( ][ F2tr du) + ( ][ GV dpc) : (5-2)
B(x,0) B(x,0)

> 1/q
Ti(B(x, ) =Yy 27+=# ( ][ U1 du) (5-3)
k=0 B(x,2k0)
and
M[u(B(x, o))’ . 1/p
Yo (B(x, 0)) := — n 22 k(2B—y—2¢/p) ][B(x Yo G? du . (5-4)

We shall denote
V(B(x,0)) :=V¥1,1(B(x, 0)),

and shall often use the abbreviations
Y muBx,0)=VYumux,0), YToBx,o0))="Tox, o),
and so forth. Finally, we can define
ADD(B(x, ¢)) = ADD(x, ) := W(x, 0) + To(x, @) + T1(x, 0) + T2,1(x, 0). (5-5)
The aim of this section is to prove the following:

Proposition 5.1. Let u € W*2(R") be a solution to (1-14) under the assumptions of Theorem 1.1; in
particular, (3-1) and (3-3) are in force. Let u be the measure defined in (1-19), with ¢ satisfying (4-6).
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Consider a ball B(xg, 200) C R2" such that 00 < 1, and related concentric balls
B(xo, 00) C B(xo, t) C B(xo, s) C B(xo, %Qo) (5-6)

for oo <t <s < %Qo. There exists a constant ¢y = cy(n, a, A) independent of ¢ and p, and con-
stants cy = cp(n,a, A, e) > 1, cg =cg(n,a, A, By, p.e) > 1, kr =kr(n,a, A e) € (0,1), kg =
ke(n,a, A, B, p, &) € (0, 1), such that the inequality

1 c
— Uldu < ——2 / U4 du
22 JBGonniu=2) e32=D/IrT (o syn(u=2)
(2448 7)2:0/(1-241m) (p+84)p0/(1—p8)
Crhg / 2 Cghg /
: Fodu GPdu (5-7)
A1 7)2,/(1=2.1) B(xo.)N{F>k /1) A(A+08g)p/(1—pB) B(xo.$)N(G>r,h}
holds whenever A > Ao, where
C 2n
o = —“( Qot) ADD(x0, 200). (5-8)
e \s —

The constant c, introduced in the last display depends on n, o, A, B, y, but is still independent of ¢.

Remark 5.2. Unlike k¢, cr, the constants kg, ¢, exhibit the following behavior:

. 1 . 1 . .
lim — = 1lim —=o0c0= lim cg = lim c,. (5-9)
p—>2n/[n+2(y-2B+a)] Kg  y—2B Kg p—>2n/[n+2(y —2f+0a)] y—2B

The proof of Proposition 5.1 is rather delicate and falls into twelve steps. It will take the rest of this section.

SA. Diagonal balls and Vitali’s covering. The proof starts with an exit-time argument for the functional
Wy m(-), aimed at covering the “diagonal” level set of U. The constants H, M > 1 shall be fixed in due
course of the proof, and the whole argument is independent of their particular values until the moment
these are fixed. They will be used to give a different weight to the integrals of F2+ and G”: at the exit time,
the averages of F>*, G” will be smaller than the one of U? provided H, M are chosen to be large enough,
respectively. Let us consider concentric diagonal balls as in (5-6). Let « € (0, 1] be a free parameter to be
chosen in the course of the proof, and define

hoi=k"" sup  sup {Wpmx,0)+ Yolx,0) + Yi(x,0)+ Yom(x, 0} (5-10)

s—t 4
fuTHSQSTO x€B(xp,t)

All the foregoing steps of proofs are independent of the specific choice of « until we fix « in (5-55) below.
For the same « (to be defined later) and for A > A, define further the “diagonal level set”

D, = {(x,x) € B(xp,t): sup Wy u(x,o0)> KA}. (5-11)

s—t
O<o<igr

Since, by the definition in (5-10), we have

Vg u(x,0) < Kho < KA if (x, x) € B(xo, 1) and o € [(s —1)/40", 00/2], (5-12)
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we can find for all (x, x) € Dy, an exit radius po(x) € (0, (s — t)/40") such that

Wy pm(x,0(x)) >k, while sup WYy pm(x,0) <kA. (5-13)
o(x)<o<igr
Collect the enlarged balls into a covering {B(x, 20(x)) : (x, x) € D,,}. Balls of the type B(x, t, o) are, as
explained in Section 2, metric balls with respect to the metric (2-1). We therefore apply Vitali’s covering
theorem to find a countable set Jp and related diagonal points {(x;, x;)} jes, such that

U B 20x0) € | Bxj, 100(x))) € B(xo, ) (5-14)
(x,x)eD,d jEJD
and
{B(xj,20(xj))}jes, 1safamily of mutually disjoint balls. (5-15)

Implicit in (5-14) is the fact that, since o(x;) < (s —1)/40" and x; € B(xo, t) for every x; € Jp, then
B(x;,100(x;)) C B(xo, s). By (5-12)—(5-13) and the doubling property in (4-2), it follows that

Z / U?dp < Z w(B(xj, 100(x MW m (B(x;, 100(x))1?
jedn B(x;,100(x;)) jelp
< 10"%6702 ) u(Blxj, 0(x))). (5-16)
J€Jp
We shall denote in short
Bj:=B(xj,0(x;)), oBj:=Bxj,00(x;)), o>0. (5-17)

Finally, since we are assuming that oo < 1, by (4-1) we observe that

2n+26
u(B(xo, 200)) <

=:L=0L(n,e¢). (5-18)

5B. Dyadic cubes, and two constants. This section has a very technical nature, and reports a few facts
that are true independently of the specify context we are working in. In order to cover the off-diagonal
level sets of U, we need a more elaborate argument based on classical Calder6n—Zygmund coverings. To
this aim, we start by recalling basic properties of dyadic cubes in R?". They differ from the usual ones
since they are “centered” at xo and the size is adapted to the size of the starting ball B(x, s). Define

s—t

ko = [—1og2(—)]+1, (5-19)

n1010n

where [ - ] denotes the integer part of a given number, with the (unnecessarily large) constant 10'%" having
also a symbolic meaning. Let Ay, k > kg, be the disjoint collection — centered at xo — of half-open cubes
of side length 27K whose closures are touching B(xo, %(s +1)), i.e.,

Ap:={xo+2 50 +[0,275)" v e Z", (xo+27Fv 410,27 1) N B(xo, 3(s +1)) # 2}
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Notice that, with such a definition, by using (5-19) it follows that k > ko implies

B(xo.t) C | ] K CB(xo.5). (5-20)
KeAg

The cubes defined above are, up to a translation aimed at centering everything at x, the standard dyadic
cubes in R". Let us recall a few basic properties. Let A be the family of all cubes from the families Ag,
thatis, A :={K € Ay : k > ko}. Defined this way, every cube K in A1, k > ko, has only one predecessor
K e Ay such that K C K. Moreover, if K| € Ay, and Ky € Ay, with kg <k; <k; and also K1 N K> # &,
then K> C K. Starting from the previous cubes, we fix the notation for the corresponding ones in R?".
We set, again for k > ko,

By ={K=K xKy:Kj,Kr € Ay}, E:= U g,

k=>ko
while the diagonal cubes build up the family
Eri={K=K xK:K € Ay (5-21)
With the above definition, it follows from (5-20) that
B(xo.t) € | K C Bixo. ) (5-22)

}CEEk

whenever k > ko. Notice that, by defining the product cubes as above, we are actually once again
considering dyadic cubes in R?", with the same properties of the cubes from Aj;. We also notice that
if 2> K =K; x K; then K=K 1 X 152 is its unique predecessor. Finally, let K € E; then there exist
K1, K> € Ay such that £ = K; x K3; in this case we let

k(K) =k. (5-23)
Next, again with X = K| x K», we define the cube projections as
Pl(’C)EPﬂCZI K] XK] and Pz(lC)EPz}CI: KzXKz

whenever K, K> € Ay. In order to shorten the notation, we shall also write P, (K) = P,K forh =1, 2.
It hence follows that
Pi(K| x K3) = P2(K3 x Ky). (5-24)

For a given cube K = K| x K, we define
dist(P K, P,K) = dist(K1, K2), (5-25)
and its symmetric (or mirror-reflected) cube with respect to the diagonal Diag, is defined by
Symm(K) = Symm(K; x K3) := Kp x K. (5-26)

For future convenience we collect a few basic facts that are a direct consequence of the definitions above,
and in particular of (5-23)—(5-26).
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Proposition 5.3. Let K = K| x K, € E. The following facts are true:
e PIK, P,K € E.
o W(PIK) = n(PK) and k(K) = k(P 1K) = k(P2L).
e IfE>H CK, then k(IC) < k(H).

If K is the predecessor of KC, then

dist(P, K, P,K) < dist(P1C, P2K). (5-27)

o The following relations hold:

dist(P K, P,K) = V2 dist(P K, P,K), (5-28)
dist(K, Diag) = 3 dist(P1 K, P,K) = J5dist(Pi K, P.K), (5-29)
dist(K, P1K) = dist(}C, P,K) = dist(K1, K») = dist(P1 K, P2K), (5-30)

dist(P; Symm(K), P, Symm(K)) = dist(P; K, P,K).

Let F: (x,y) € R" x R" = R be a locally p-integrable function which is symmetric, i.e., F(x,y) =
F(y, x) holds for every x, y € R". Then

/ Fdu= / Fdu
K Symm(K)

whenever IKC € B. In particular, u(K) = nw(Symm(K)) and, moreover, k(K) = k(Symm(K)).

In the next two lemmas we introduce the e-independent constants ¢4y and ¢4, and these will be used
very often throughout.

Lemma 5.4. There exists a constant cqq, depending only on n, and in particular independent of ¢, such
that for h € {1, 2} we have the inequality

1 <d%t(P1/c, PV 7 w(K)
2-k(0) w(PpKC)

N " . { <dTét<P1/c, PyK) )28‘” (PLK)
y 2K 7S

Cdd = sup
Kezl €

} +1. (5-31)
Ke&,dist(P K, PK)>2-+(K)

Proof. Indeed, observe that using the definition of the measure u together with (5-25) (and assuming
without loss of generality that d’i\gt(PllC, P,K) > 0) we have

c 2—2k(l€)n

u(PhIC>=7”)2—k<’C><"+2” and (k) <

dist(P K, PokC)n=2¢
This allows us to bound the first quantity in (5-31) in a universal way:

1 /dist(P1KC, PoKO)\' ™% ()
€ 2—k(K) w(PLK)

<c(n).
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On the other hand, again by (5-25), if x € K| and y € K, then
dist(P\ K, PoK) < |x — y| < 2v/n[27*0) + dist(P K, P,K)],

so that the very definition of the measure w yields
2—2k(l€)n

(2/n)=26[27KE) 4 dist(P K, PoKC))n—2¢"

w(k) =

Then we have
dist(P1KC, PoKO) \* ™" w(PLK) _ dist(P1KC, PoK0) \ 7" [27F0) 4 dise(P K, PoKC)]M 2%
2—k(K) w0 S 2—k(K) 22k ()n k() (n+22)

where we have used that dist(P,K, P,K) > 27%%)_ We have therefore proved that (5-31) holds for a
constant ¢4y depending only on 7. g

<c(n),

The second constant is presented in the next lemma.

Lemma 5.5. There exists a constant ¢4, depending only on n, in particular independent of ¢, such that
the following inequality holds:

K) ~ N~
sup{ % : K is the predecessor of IC, dist(PKC, P,K) > 2_"(’0} < 4. (5-32)
7

Proof. Let us consider a dyadic cube X = K| x K, C R?", with K being its predecessor, and such that
dist(P,IC, P,K) > 27509 The triangle inequality gives

Ix — y| < 2/n27 KO L dist(P K, P,K) < 8/n dist(PK, P,K)

whenever (x, y) € K1 x K,. By the very definition of p and (5-25), and finally using the inequality in the
previous line when performing the final estimation, we get

w(K) < dist(PK, P,K)~""29|K, x Ks|
= 4"dist(P K, P,K)""729|K, x K>
< c(mu(K),

and the proof of the lemma is complete. U

5C. Off-diagonal cubes and Calderéon—-Zygmund coverings. We start by reporting an adaptation of the
classical Calderén—Zygmund decomposition lemma. The argument is completely similar to the classical
one and for a proof we refer for instance to [Stein 1993], taking into account that the measure pu is
doubling and absolutely continuous with respect to the Lebesgue measure.

Theorem 5.6. Let Qg be a cube in R*" and let U be a nonnegative function in L'(Qq). Let X be a real

number such that
][ U du < A.
Qo
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There exists a countable, but possibly finite, family of pairwise disjoint dyadic cubes {Q;}, with sides
parallel to those of Qo, such that

5»<][ ﬁd,u and ][~ ﬁdufi for every Q;,
0; i

i

where éi denotes the predecessor of Q;, and
U<i ae.in QO\UQi.
i

We now start to cover the off-diagonal part of the level set of U. To this end, let us consider the cubes
from the family Ej, and, accordingly, the quantity

5 12
A= max{ko, sup (][ Uzdu> } (5-33)
KeBi, \J K

We recall that the numbers Ao and ko have been determined in (5-10) and (5-19), respectively. Let us
observe that (5-22) implies that the family {K} Kex, forms a disjoint covering of B(xg, t). With A > A,
we now apply Theorem 5.6 with the choice Q¢ = Ky, for every single cube Ky € Ey,; we therefore obtain
a family of disjoint dyadic cubes Q;(Xp) such that

A2<][ U?du and ][ U?du < A\? for every Q;,
Qi (Ko)

Qi (Ko)

where, as usual, é,- (Ko) denotes the predecessor of Q;(Ky), and
U=<x ae.inKo\ U Qi(Ko).
i
Putting all such families of cubes together, we get a countable family

u = | (QiKo)) = (K}

Koe Ek()

of disjoint dyadic cubes X which are such that
2% < ][ U?dp  and ][~ U?du <2* for every K e Uy, (5-34)
K K

where X denotes the predecessor of K, and such that

U=<x ae.inBxo,1)\ U K. (5-35)
/CEUA

Remark 5.7. The symmetry of the function U and Proposition 5.3 imply that

f U?du = / U?du
K Symm(K)

whenever K € E. It then follows that K € I, if and only if Symm(K) € U,.
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5D. First removal of nearly diagonal cubes. In this step we are going to show that, in order to cover
the level sets of U?, it is sufficient to restrict our attention to those dyadic cubes that are “far” from
the diagonal in a suitably quantified sense. Specifically, the word far refers to the fact that for such
cubes it happens that their distance to the diagonal is larger than their size. These are really the relevant
cubes to analyze, since we shall see that the remaining ones can be covered by the balls considered in
(5-14)—(5-15). We therefore start by considering the family of nearly diagonal cubes

Z/{f ={Kel,: d’fgt(Pllz, PQI%) < 2*]‘(’0, K is the predecessor of K}.

With K € Z/lf , consider now a point (X, x) € Diag such that dist((x, x), IACJ) = dist(Diag, IE) and a diagonal
ball B(x, 0) C R** with radius o greater than or equal to

5¢/ndist(P, K, P,K)

+5¢/n2 O
2

Keeping (5-29) in mind and applying it to K, it follows that K C B(X, ¢). Ultimately, we can find a
diagonal ball B = B(X, 24,/n27%%) such that X C B. Notice that, in this case, by using (4-3) from
Proposition 4.1 and recalling that (X, X) € Diag, we conclude there exists a constant ¢, which depends
only on n, such that

1< B e caln) (5-36)

Therefore, if K € Z/{f , then the lower bound in (5-34) yields

B
k2<fU2dM§M Uzdugﬁ][Usz.
K w(K) Jg e Jn

Assuming that the number « € (0, 1] introduced in (5-10) satisfies
el/2

k € (0,k0l, ko= Neroh (5-37)
d

all in all we have proved that

for all K € Uf, there exists B = BX x BX  such that ][ U?dp > k*2* and K C BF.
BK

This means that, if X is the center of B, by the exit-time condition (5-13) it follows that (X, X) € Dy
and then BX C B(X, o(%)). By (5-14) it hence follows that

L £c U 108, (5-38)

Keud Jj€Jp

Notice that here, in order to find the ball B and apply the exit-time condition in (5-13), we have used
that the radius of the diagonal ball B = B(X, 24,/n27%®)) is smaller than (s — ¢)/40". In turn, this is a
consequence of the fact that k(/C) > ko and of the fact that kg is large enough, as prescribed in (5-19).



90 TUOMO KUUSI, GIUSEPPE MINGIONE AND YANNICK SIRE

5E. Off-diagonal reverse Holder inequalities. As we saw in the previous section, L{f has already been
covered by the diagonal cover. Thus, we shall now only consider so-called off-diagonal cubes:

L{fd ={Kel,: d’i\gt(PllE, PZIAC) > sz(IC)’ K is the predecessor of IC}. (5-39)
We notice that (5-27) implies
Keu — dist(PK, P,K) =27k,

The goal is thus to sort and estimate suitable off-diagonal sums of the measures of cubes belonging
to u;d . The following lemma is our basic tool. It roughly says that, for nondiagonal cubes, reverse Holder
inequalities hold automatically, and independently of the fact that the function solves an equation. The
price to pay is the appearance of certain diagonal correction terms, and this is eventually treated by some
combinatorial lemmas.

Lemma 5.8 (off-diagonal reverse inequality). Let k > ko, and suppose that K € Ey. There exists a
constant cpq = cpg(n, o), independent of ¢, such that whenever dfi\ét(PllC, PK) > 27 the inequality

) 1/2 g . J n—k ate 1/q
o) sofra) i ims) (o)
(J[;c K el \ dist(P K, P,K) P

2_k a+e 1/q
v () (Fovra)
el \ dist(P K, P,K) PoK

holds, with the number q being defined in (4-13). In particular, this inequality holds whenever K € Z/I/’Cd.

Proof. Let K= K| x K, € By, and find points x| € K and y1 € K5 such that dist(K;, K») = [x1 — y1l.
By the triangle inequality we obtain, whenever x, y € K,

|x —y| < dist(Ky, K2) + |x1 — x|+ |y1 — y|
<dist(Ky, Kp) +2/n27*
<3/ndist(P K, PK) = 3/n dist(K, K»).

Therefore we have

|x — yl
— 7 <3 for all (x, K, 5-40
= Itk Ko = Vn forall (x,y) € (5-40)

where the first inequality is a trivial consequence of the definition of dist(K, K;). Next, thanks to (5-40),
the very definition of u yields
—nk

dist(Kq, KQ)”_zg ’

n(K) = (5-41)
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with the constant involved being independent of ¢, but just depending on n. By using (5-40) and (5-41)
we then have

(][ .y )1/2 ( / f |u(x)—u<y>|2dxdy)”2
lu/(lc) K| JK» IX - |l’l+20l
dist(K 1, Kp)" =2~ (n+2a)/ / 2 172
< — dx d
_c< o ] o —ur aca

1/2
ScdiSt(Kl,Kz)(a+£)(][ ][ |u(x>—u(y)|2dxdy> , (5-42)
K, J K,

where ¢ depends only on n. We further estimate the integral on the right using Minkowski’s inequality:

1/2 1/2
(][ ][ |u(x>—u<y>|2dxdy) 5(][ IM(X)—(M)KIIZdX>
K| J K> K,

1/2
+(][K |M(X)—(M)K2|2dx) + W)k, — (W, |-

By using the fractional Poincaré inequality of Lemma 4.3 applied to cubes, and recalling that P, =
K, x Ky, for h € {1, 2}, we deduce that

5 1/2 Cz—k(a-i—s) 1/q
(][ lu(x) — (Wk, | dx) ST(][ qu;L) . hell, 2},
Kj, & PK

with the implied constant ¢ depending only on n and «. Finally, by Holder’s inequality, and using (5-40)
and (5-41) repeatedly, we get

|<u)K.—<u)K2|s][ ][ ux) — w(y)| d dy
K| J Ky

1/q
§<][ ][ |u<x>—u<y>|qudy)
K| J K>

| 1/q
<ef = Ju(x) — u( )|qud)
(dlst(Kl,Kz)"zsu(/C) K1 /K> g '

1/q
<c(][ Iu(X)—u(y)I"dM)
K
1/q
gcdist(Kl,Kz)““(][ U4 d,u) ,
K

with ¢ = ¢(n). Combining the content of the last four displays and recalling the definition in (5-25)

finishes the proof. U

We remark that the previous lemma works for any function u € W*?2 and does not require that u solves
any equation; moreover, the lemma works for every positive integer k. Applying it in the present situation
gives the next result:
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Corollary 5.9. Let k > ko be an integer, and suppose that KC € By, is such that d%t(PﬂC, PK) > 27k,

Assume that
12
K

and that the number k introduced in (5-10) satisfies

el/a

_ 5-43
2V/43¢,4 ( )

k€ (0,k1], «1:=

where cpg = cpq(n, @) has been defined in Lemma 5.8. Then we have

3901 3909 K 2~k q(a+e)
w(K) < "d/ U9 dy 4 2Cna PR <A., ) f U9 du
A Jknus«a) erd pu(PIK) \dist(P K, P>K) PICN{U K1)

34 q K 2—k q(a+e)
+ C;“’ HK) <,'v ) f Uddu. (5-44)
erd pu(PK) \dist(P K, P,K) PKO{U >k}

In particular, the inequality (5-44) holds whenever K € ugd.

Proof. Appealing to Lemma 5.8, and using the elementary inequality (a + b+ ¢)? < 397" (a? + b7 + c9)
valid for all nonnegative numbers a, b, c € R, we get

G 1 2~k q(ate)
iz foae i) (e f o)
3a-1cd K dist(P,KC, P,K) P PK

To estimate the integrals appearing on the right-hand side, we note that by (5-43) we have

1
][quuflc A4 — U?du
E MCE) JENU K1)

with E € {K, P{K, P,K} so that, recalling that d%t(Plﬁ, PK) > 27k we gain

X 3\ 1 1 2k (@+te)
<Ly U4 dp+ ( = ) / Ut du
39-tc,, € w(K) Jicniu =icn en(PLK) \ dist(P, K, P,K) PUC{U> 1A}

1 2 k (a+¢)
+ ( — ) / UYdu.
en(P2K) \dist(P K, P>K) PKO{U>KcA)

Now (5-44) follows by inserting (5-43) in the last estimate and reabsorbing terms. O

5F. Families of off-diagonal cubes. With L{fd as defined in (5-39), consider now the families

M= {/c eur: ][ Ul du < (10n)"+2/<q)ﬂ} (5-45)
P
and

N = {/c eu: ][ U4 dp > (10n)"+2mq} (5-46)
P
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for h € {1, 2}, with the number « defined as in (5-10) and g defined as in (4-13). Furthermore, define
M, =MiNM; and N; =N} UN?, (5-47)
so that we have the decomposition into disjoint families
U = M UN;. (5-48)

Lemma 5.10 (soft off-diagonal summation). The inequality

64c7 d
Z n(k) < )\q" / U?du (5-49)
KeM; B(x0,s)N{U>x1}

holds whenever the number k in (5-10) satisfies
gl/a
81/43¢,y(10n)n+2/a”

Kk €(0,Kk], kKkp:= (5-50)

The constant c,q = cpq(n, o) was defined in Lemma 5.8 and appears in Corollary 5.9; it is independent
of .
Proof. 1t is sufficient to prove that if K € M,, then

q .4

67c,,
n(K) < —"f U?dpu. (5-51)
KN{U>«k\}

After this, (5-49) follows, since the initial family I/, is disjoint and (5-22) holds. For the proof of (5-51),
notice that if IC € Mﬁ then we have, for i € {1, 2}, that

+
3chd w(K) (~ 9 —k(K) )q(a 8)/ U di
et w(PpK) \ dist(P, K, P,K) Py KN {U k1)

3¢ q d 2 M( )
(IC) oad ][ . Uldu < M(IC) Cn (10n )"Jr kI < —=. (5-52)
Py

Using this last estimate for # € {1, 2} in combination with (5-44), and reabsorbing terms, gives (5-51);
the proof is therefore complete. 0

It remains to study the family N defined in (5-47). To this aim, we introduce the family of diagonal
cubes defined by

PN, = {PK:KeN"), hell,2).
Keeping (5-24) and Remark 5.7 in mind, we have that
KeN] <« Symm(K)eAN? (5-53)

whenever K € E. Now, let us make a remark: consider T € PiN;, so that T = P;(K) for some K € N, Al
Therefore T = P>(Symm(K)) by (5-24), and by (5-53) we have Symm(K) € Nf. We conclude that
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T € PN, and eventually that Py C P N;. In a similar way it follows that P,N; C Py N;. We therefore
conclude that Py = PN, = PiN;, U PN, Let PN, be a disjoint subfamily of PiA; U PN, such that

Ux= U « (5-54)

HePN,;, KePIN;,UPN;,

Note that, since all the cubes of the family PN/, are themselves dyadic cubes, such an extracted disjoint
covering always exists. We remark that a straightforward consequence of the definitions is that all cubes
from PN obviously belong to PN, U PN, and are therefore diagonal cubes.

5G. Determining k. We here determine the parameter « in (5-10). By choosing

(5-55)

JRVC RNV el }

i i=minfko, k1, k2} = mm{ V26q 293¢,y 81743 ¢,q(100) 274

conditions (5-37), (5-43) and (5-50) are all satisfied, so the content and the results of Sections SD-5SF are
at our disposal. Recalling that ¢4 in (5-36) (coming from Proposition 4.1) depends only on n, and that ¢,y
from Lemma 5.8 depends only on n, o, we conclude there exists a new constant ¢, such that

k>e/ce, co=celn, ). (5-56)

5H. Further removal of nearly diagonal cubes. We recall that our final goal is to estimate the measure
of the level sets of U. Since the nearly diagonal part has already been covered, we proceed in excluding
from the subsequent analysis those cubes covered by the balls in (5-14)—(5-15). Therefore, we introduce

Noa = {ICENA:ICC U 103j} (5-57)
Jj€Jp
and, accordingly,
Nina =N\ Nig and N}, =Ny NN}, for hell,2}. (5-58)

We observe that the main difficulty in handling the cubes from the family PN, stems from the fact that
they do not belong to the family 4, i.e., they do not come from an exit-time argument and therefore no
control is available on the values taken by U? on such cubes. This will be bypassed via a very delicate
combinatorial argument. The next lemma is instrumental to that.

Lemma 5.11. Let K € N, 4 be such that P,K C H for some H € PN, and some h € {1,2}. Then
dist(P1KC, P,K) > 270D,

Proof. First, let us consider a cube H € PN ; take the diagonal ball B(H) = B(xy, 2~ *PD+D) (x4, x%)
being the center of #. It follows that

B(H) CH C /nB(H). (5-59)
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Therefore we have by Holder’s inequality and the definition of PN, that

1/q
(10n) "2/ < (][ U4 d,u)
H

1/q
- (M(lOnB(H)) i du)
w(BH))  JionB)
1/2
< (10n)("+2)/q (][ U? dﬂ) . (5-60)
10nB(H)

By the definition of D, in (5-11) it follows that (x4, x3y) € Dy, and then the exit-time condition (5-13)
gives B(H) C B(xy, 0(x%)). We are using that the radius of the ball 10nB(#) is smaller than (s — ) /40".
In turn, this is a consequence of the fact that k() + 1 > ko and of (5-19). Then (5-14) implies

10nB(H) c | J 10B;. (5-61)

J€JID

Now, in order to prove the lemma, assume by contradiction that dfi\gt(PllC, P,K) <27k and let B(H)
be the ball determined in (5-59), and for which (5-61) holds. We are going to show that

K cC10nB(#H), (5-62)

and this then contradicts the assumption K € N, 4 by (5-61). In order to show (5-62), we observe that
Proposition 5.3 and the fact that P,XC C H give

dist(K, H) < dist(K, P,K) = dist(P|K, P,K) <27%00,
Again by Proposition 5.3 we have k(P,K) = k(K) and k(K) > k(#). Therefore, since H C 1/nB(H) and
the radius of B(#) is 2~ *#)+D  then (5-62) must hold. The proof of the lemma is complete. Il
5I. Summation in N, 4. The aim of this section is to prove the following:

Lemma 5.12 (hard off-diagonal summation). There exists a constant c, depending only on n, o, such that
the estimate

> ulo =55 f m (5-63)
KeN; na B(x0,s)N{U >k 1}

holds, where k has been determined in (5-55).

Proof. Step 1: Classifying cubes. Here we classify the cubes from N, ,; according to their projections,
thereby partitioning N, 4 into suitable disjoint subfamilies. For every H € PN, set

NIy = (K € Nowa: PUCCHY,  he(l,2).
Since PN is a disjoint covering of PN, U P, N, = PiN, = P,N;, we have the decomposition in mutually
disjoint families

N)fl,nd: U N)fl,nd(H)‘ (5'64)

7‘[€P./\/’)V
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This means that for 71, H, € PN, it follows that N} (1) NN}, (H2) # @ implies H; = H». Indeed,
assume that a cube K lies in N{”nd(Hl) N Nxh,nd(H2) and that H; # H,; then we would have that
P,KC C Hi N H, against the fact that H; and H; have a nonempty intersection, being elements of the
disjoint covering PN;. Next, let us recall that for every K € N, /{”n 4(H) we have k(K) = k(P,K) > k(H),
and this leads us to define the classes

N (D) :={K € N} y(H) 1 k(K) =i +k(F)}
for h € {1, 2} and for every integer i > 0. Therefore, the decomposition in mutually disjoint families

N ) = IV (FO1;

i>0

holds, in the sense that [N}, ,(F)]; N [N}, ,(F)]; # @ implies that i = j. Next, take 7 € PA; by
Lemma 5.11 we have that if e/\ff,nd(%), that is, if P,KC C H, then it follows that dist(P; K, P,K) >2"k3)
and this finally leads us to classify elements of [N/ kh’nd (H)]; in the following way:

N (D) =K € IN],y(H)]; : 277K < dist(P K, P,KC) < 2717+
for h € {1, 2} and for integers i, j > 0. Again, we have the decomposition

M) = | IV (DL (5-65)

i,j=0
and these are disjoint classes in the sense that, if [Nxh,nd(H)]il,jl N [Nxh,nd(H)]iz,jz # &, then (i1, j;) =
(i, j2). All in all, in view of (5-64) and (5-65), we have the decomposition into mutually disjoint classes

Nxh,nd= U U [Nf,nd(H)]i,j- (5-66)
HEPN, i,j>0

Step 2: Sums and further partitions. Let us fix H € PN,; our aim here is to prove that the following
inequality holds for & € {1, 2}:

K 2—k(K) q(a+e)
Y m )< ) / U dy < < Uddu. (5-67)
P, KN{U>kA}

€ PO \ dis
KeNT 30 u (P ) \ dist(P K, P>K) o Junusii)

We start by recalling that, by the very definitions in (5-46) and (5-47), and again (5-27), we have that
dist(P K, PK) > 27+ a5 soon as K € Ninas (5-31) yields

1 (k) 2k R
LI ()
& u(PrK) dist(P1IC, PAKC)

for h € {1, 2}, and, moreover, if K € [N)fl,nd(/H)]i»j’ we also have that
27k 1 27k 1
dist(P K, P,K) 2" dist(PiK, P,K) — 20
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Using the inequalities in the last two displays we can estimate

1 3 w(K) ( 2—k(K) )q(a+s> / b
€ KT ) w( Py \ dist(P K, P,K) KUK}

2—k(K) n+q(a+e)—2e
= Cad Z <~—) / U?du
dist(P KC, P,K) Py KN{U >k A}
0 9—k(K) n+q(a+e)—2
= Cdd _
> T (Fecmm)

KeN} ,y(H)

&

/ U?du
Lj=0 Ke[N] ,(H)); Py KN{U >kA}

<) Z (%)n-i-q(a—{—s)—ls Z / U d. (5-68)

s Py KN{U >k
i,j=0 KelN! 01" " {U>Kh)

In order to evaluate the last sum we have to further decompose [N Ah,n 4(H)]i j. For each integer i > 0,
H contains precisely 4" = 22" disjoint cubes from &, 3 and exactly 2" disjoint cubes from z i+k(H)
see the definition in (5-21) and in the preceding display. As a consequence, it contains at most 2™ disjoint
(diagonal) cubes from the class §i+k(m N (PN, U P,N3). We anyway consider all the diagonal cubes
i1k from #, and relabel them as

(HeBiypn: HCHy ={H":1<m<2"}, (5-69)
so that
2)11'
> / U du < / U dp. (5-70)
m=1 HINU >k} HA{U >kAr}

Now, let us concentrate one moment on the elements of [N, xl,n 4(H)]i j; a similar argument then applies to
[J\/'ﬁnd(?-{)],-,j. For any K € [le,nd(H)]i,j’ there is the unique cube from the diagonal class (5-21), which
we denote by H!" (K0), such that P = H!"(K). Now, note that for € {1, 2} one can split [} A’”n NG,
into subsets

N gDV jm =K € IN] (q(FD)ij : PR =H"}, me{l,..., 2"}
Since N;\I,nd is a family of dyadic cubes, if K1, K, € [N,\l’nd(”;‘—[)],-’j,m and K1 # Ky, then P,K1N P, =9,
i.e., the second components are disjoint (otherwise the two cubes would coincide). A similar argument

holds when looking at Nf,n 4+ 1t then follows that

#IND PO jm < c)2"TH) | R e (1,2), (5-71)
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for every choice of i, j >0and m € {1, ...,2"}. We use now use (5-70)-(5-71) to estimate
2VH

q q
Z L}JCO{UN(A v dM Z Z / v dlu

U >k}

KN () 5 M= KEN ()i
2)1!
<c(m2 Y U du
p— HINU >k}
SC(n)zl’l(l-‘r])\/ Uq d,bL.
HN{U >k A}

Using also (2-2) it follows that

A |

DGR R AR

ICG[./\/Z' DL P KN{U>k )}

q(a+e)—2¢
<c(n) Z (21+J) f U du

i, j=0 HWU >k )}

- c(n) . / U dy
[g(a+e) —2e]* Junwsin

- c(n)

T a? HA{U >k}

Udu.

Notice that we have used that, since ¢ > 1 and ¢ < %a, we have g(o +¢) — 2¢ > %oc. Combining the
inequality in the last display with (5-68) yields (5-67).

Step 3: Summation. Let now K € J\/Aln 4 There are then two cases: either K € M% or K e N:\Z (the
relevant definitions are in (5-45), (5-46) and (5-58)). Now, if K € M?2, then using (5-44) and (5-52), and
reabsorbing terms, we obtain that

q q k q(a+e)
() < 69c¢ ,,d/ U9 du+ 6%cny 1K) <~ 2 ) / Ut du.
T M Jknuska erd u(PK) \dist(P, K, P>K) PICN{U K1)

If, on the other hand, K € N f, then using (5-44) we get

q q k q(a+e)
A KN{U>kA) el u(PK) \dist(PK, P,K) PICN{U >k}

A0S ( 27+ )"("‘“) / U du
erd u(PK) \dist(P, K, P>K) PKO{U>KcA)
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A similar reasoning holds if K € N, f g~ Summing up over the cubes K € N3 g =N} rond YN 2 g then yields

> w2 S [ g

}CEN)\_m] }CEN)\ nd KN{U>kA}
L 66 u(K) < 2-H(K) )qms) / b
eAd v pn(PIK) \dist(Pi K, P,K) PLKN{U >k}
69c4 K 9—k(K) qla+e)
eM KeN? w(PK) dist(P K, P,K) PRN{U >k A}

A,nd

Observe that a key point in the previous inequality, due to the argument at the beginning of Step 3, is that
terms involving integrals over P,k appear on the right-hand side if and only if K € N, Ah wq» Tor h e {1, 2}.
By the symmetry of U and u, by (5-53) and subsequent remarks, and using Proposition 5.3, we have that
if K eN, /\z,n 4> then Symm(K) € N, ;\l,n 4» and vice versa; moreover, again by Proposition 5.3, we have

/ U?du = / U?du.
P,KN{U>k\} P; Symm(K)N{U >k A}

Hence the last two terms in (5-72) coincide. Therefore, also recalling (5-64), (5-72) can be rewritten as

> u(ic)sk—q > f U9 du

ICGNA,ml }CEN }Cﬂ U>I()\,

Z Z w(K) ( 2=k () )q(a+s)/ _
8 end HEPN, KceNT () (P \dist(P K, P>K) PIKN{U >k}

for a constant ¢ depending on n, «. To estimate the last term we make use of (5-67), and this yields

C
Z M(]C)SA_‘I Z / quMJr)»_‘f Z /7-[0{U>;<x} vt du:

KeN; KEN pg ¢ KNU>KA} HEPN,

At this stage (5-63) follows, observing that

q
Z /IC0U>KA}U d'u+ Z /

Uldu < Zf U?du.
KeN;. na He PN,

HWU >k )} B(xg,s)N{U >k}

This is in turn true since the families PN, and N, ,; are made of mutually disjoint cubes and all their
members are contained in 5(xg, s) (since these families are contained in E and (5-22) holds). The proof
of Lemma 5.12 is complete. O

5J. Conclusion of the off-diagonal analysis. The next lemma summarizes the decomposition results in
the off-diagonal case:
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Lemma 5.13 (off-diagonal level set inequality). The inequality

/ U?du < 10M26c202 Z w(B;) + a1 / U?du (5-73)
B(xo,t)N{U>A}

Jj€Jp B(xo,$)N{U >k 1}

holds for a constant ¢ depending only on n, o, while the number k has been defined in (5-55) and exhibits
the dependence displayed in (5-56).

Proof. We have the decompositions in disjoint classes U, = Z/lf qu‘l and Z/{fd = M; UN, 4 UN; na, and
we recall that all the cubes from U{‘d are mutually disjoint. Moreover, by (5-38) and (5-57) it follows that

Ukxu Y kc 108

/CEZ/{)(L[ KeN;.q jeJp

Therefore

UxcJwosul)ku | Kk

KGU)L jEJD ]CEM)L ]CE./\/')L,M

Keeping this in mind, and recalling (5-35), we start by estimating

f U?dp < Z‘ / U?du+
B(xo,t)N{U>1} OB] {U>A}

By (5-34) it follows that, if £ € M UN} 4 C U™, then

/ U?du.
KEM)LUN)\ 4 KN{U=>A}

][Uzd <M( ) Uzdu<cdk
K 7109

Note that we have used (5-32), since K € Z/lfd implies by the definition in (5-39) that dTét(Pﬂ%, PZIE) >

2~k Therefore we conclude that

KeMyUN i = U?du < E,0°u(K).
KN{U>1}

Using this last inequality together with (5-16) yields
/ U2dp <1022 Y uBp+ear® )y u(),
B(xo,HN{U >} j€ip KeMUNG na

and (5-73) follows by just using Lemmas 5.10 and 5.12. g

Remark 5.14. An interesting point of Lemma 5.13 is that it does not make use of the fact that « is a
solution. All the estimates just rely on the fact that u belongs to the Sobolev space W?2. This is ultimately
linked to the fact that the analysis in Sections 5B—5]J is made in a zone where the kernel of the operator,
that is, |x — y|~®*2% is not very singular. The ultimate outcome is that the whole issue reduces to
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estimating »_ j 1(Bj). Therefore, it remains to perform the analysis close to the diagonal, and this will be
done in the next section.

SK. Diagonal estimates. Whenever B; is a ball from the covering determined in (5-14)—(5-15), from
(5-13) it follows that Wy 3 (B;) > «A. By the very definition of Wy 3/(-) in (5-1) it then follows that at
least one of the following three inequalities must hold:

1/2 2
(][ UZd;L) = (5-74)
Bj

H[p(B))]" o\ ka
J

MBI’ P e

e ][B,G”d’“‘ =3 (5-76)
J

where « has been defined in (5-55). We now examine the occurrence of each of the three cases separately.

Occurrence of (5-74) (and estimate of the tail at the exit time). When (5-74) holds, using (4-15) we have

A< — ¢ ][ Uid .
K —_—
= el 12\ [y, K

S l/q RSL 1/2,
T N ke 4 alpB)r 2
+81/q—1/2 ;2 <]€ u d“) + c1/2.—1/2 26,«F dp
CZ[M(B‘/)]Q = —k(2B—y—2¢/p)
* gl/p=1/2 22 e )
k=1

for all o € (0, 1]. The constants ¢, ¢ depend only on n, @, A, while ¢; := 3¢, and therefore it depends
onn,a, A, B, y, p and exhibits the behavior described in (3-5). With B; = B(x;, o(x;)) we determine

kBj

1/p
G? d;L) (5-77)
kBj

the integer m > 0 such that

27M00/2 < 0(x;) < 27"t g/2. (5-78)

Notice that since o(x;) < (s —1)/40", we have m > 3 and moreover (s —1) /40" < go/40" < Zm_lg(xj),
so that (5-10) implies

Yo" 'By) + 112" ' B)) + Yam (2" ' B;j) < kho. (5-79)

On the other hand, the terms indexed before m can be estimated using Holder’s inequality and the exit-time
condition in (5-13) as

1/q
<][ U‘fdu> §\IJH,M(2"BJ~)§K)L ifl<k<m-—1.
2%B;
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By using the inequalities in the last two displays we then have

00 l/g m=2 1/q
Z 9 —k(a—e) (f U4 dM) — Z n—k(a—e) (f U4 d,u)
k=1 24B; k=1 24B;

> 1/q
+ 2—(m—1)(a—s) Z 2—k(oz—e) (f U4 dﬂ)
k=0 2k+m—llgj
m—2
<K Z 2—k(a—e) + 2—(m—1)(0{—8) T, (2m—18j)
k=1
m—2
<K Z 2—k(a—e) + 2—(m—1)(a—£)KXO
k=1

oo
4
<iex Y 27K < ik _Beh
P o—¢€ o

where we have used (2-2) and that ¢ < %a. In a completely similar way, again using (5-79), we have

[o,0)
caln(B))1° Z )—k@B—y—2¢/p) (][
gl/l’—l/2 = 2

where we also used the upper bound on ¢ in (4-6). By (5-78) and the fact that m > 3 we gain that
20(x;) < %Q() so that (5-13) and Holder’s inequality yield

B V2 e Wy (2B; s
LS <][ Fz*du) < SPGBy k.
gl 2B; H H

1/p
Gpd,u) - 4eoich - 8cok A

kB, T QB-y—2¢/pM T 2B-y)M’

By merging the inequalities in the last three displays with (5-77) we obtain

5 < c ][ U9 d 14 N o 8SkA N c1kA N 8cok A (5-80)
K _— ) -
T oelam12\ [y, K el/a=12 o H Q2B8—-y)M

We recall that up to now the parameters H, M > 1 in the definition in (5-1) have not yet been chosen, and
neither has o € (0, 1). Hence, taking

gl/a—1/2¢ 56¢,
o =—, H:=6c;, M:= ,
56 28—y

(5-81)

and reabsorbing terms in (5-80), we conclude that

1/q
c c
A< Uid — B~<—/ U9 dy,
T (][28,- M) B = g2 (kM) Jp; g
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where ¢ depends on n, &, A. Now, select a number k3 > 0; also using (4-2), we estimate

c c c
- quuf—/ U‘fdu+—/ U?du
e274 (kA4 /mj e27 (kM) Jos,n(U <csen) &2 (kM) Jag,n(U > ic3icn)
(Bl c
< M(z_’) 2+ — ¢ f U9 du, (5-82)
g4 &5 (kM) JoB,n{U >3k )
again for ¢ depending only on n, o, A. By choosing
82—q 1/q
K3 < <—~) ) (5-83)
2c
we arrive at
wBi) < = f U9du, where c3: 2 (5-84)
i) = ) 3= "5 > -
7Tk o nwsr) g2

and ¢ is independent of ¢ and only depends on n, «, A.

Occurrence of (5-75)—(5-76). In case of (5-75), we have

e BB [
(?> = gl=2:/2 /B,-F s

which readily implies

3H 24/ (1=247m) ) 1/(1=241)
B) <\ =55~ F>d ,
n(Bj) = (81/2*1/2K)L) (/z3_,~ M)

Observe that by the definitions given in (4-16) we have that 2,n < % With x4 € (0, 1) being a positive
number to be chosen in a few lines, we further split the support of the right-hand side integral as already

done in (5-82):
(/.

1/(1=24n) 1/(1-2.m)
F du> < [ / F2 du + (K4Kk)2*u(l3,~)]
BiN{F>Kk4k A}

1/(1_2*77)
< p20/(1=2.1) ( / P2 du)
BiN{F>kqKc )}

+2(L + 1)]2*/(1—2*77)(K4K)\)2*/(1—2*U)M(Bj)_

J

Observe that, in view of B; C B(xo, 200) and (5-18), we have estimated
(B2 < [(B(xo, 200) 2P (B)) < LM U=20 (8)). (5-85)
We now take k4 € (0, 1) in order to satisfy

1\ (=202 gl/21/2
— K4§(—) —_ (5-86)

6H(L + 1)K4 24/(1=241)
2 6H(L+1)

<
el/2-1/2 =

| =
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Using this choice and combining the content of the last four displays (and recalling that 2,n/(1 —2.n) <1)

then yields that
- 2. /(1—2.m) ) 1/(1=241)
A e A
J el/2:=1/240 3 BiN{F>k4Kk )}

Now, by means of (5-78)—(5-79), we have

F 2*+5f
/ F% dup < (kak D)% ( ) du
BiN{F>k4k )} Bin{F>k4k )} K4k A

- w(2" 1 B;)
(kak 1)°F Jom-1p,

F2*+8f du

5268 s
< w(B(xo, 200)) [To(Zm_lBj)]2*+5f < 0 ’ (5-87)
(kak M)%f (kak A)r
and hence
41(2*+8f)2*n/(1—2*n)
(B < <220 f F> dy, (5-88)
J (K4K)u)(l+n8f)2*/(l_2*n) BiN{F>k4k L}
where

3H L 1 2:/(1=241m)
c4:=4[ (E+ ):| ) (5-89)

el/2—1/2

and H has been defined in (5-81). A similar argument can be used in case (5-76) holds. Specifically,

we have
IM p/(1=pb) 1/(1=pb)
. N — p

J

and then

(/ GP dM)“lp‘) < 2P0/(1=p0) (/ GP du)“]’”‘) F20L A+ DI/ (esiea)? 170 1 (B, ).
B; B;N{G>KskA)
This time we select a number k5 € (0, 1) such that
1\(1=pO)/p gl/P=1/2
ks < (§> T (5-90)

and recall Remark 4.5 in order to get

Ag+1 3M p/(1—p0) Hi=p?)
w(B;) <28 (—> (/ G? d,u> .
J el/p=1/2c ) B;iN{G>«sik)}

We then estimate as in (5-87), thereby obtaining

B(xo, 2 Y
f G?du < M(LSQO))[TO(Q”?”BJ.)]P"‘% < L{g,
B;N{G>kskA) (k5K )% (k5K )%
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and we conclude that

> (p+é8g)p8/(1—po)

570
B:) < Grd ’ !
u( ]) = (K5K)\)<l+08g)p/(l_p9) ,/[;jr’\{G>K5K)»} g ( |
where
3M(L + 1)/
NPV VES|
Y [SW__W] . (5-92)

All in all, taking (5-84), (5-88) and (5-91) into account, we obtain

= (24+8£)2.n/(1-2,
C4?»(() +87)2:n/(1=241)

w(B;) < / U? dp + 5 f F* dp
7T (khye 2B;N{U>ks3kA) (eqie ) IHWP2S A2 Jio o eieny

~(p+3,)po/(1—pb
Csx(p+g)p /(1—pbH)

0
G?du.
(KSK)\)(H_%g)p/(l_pg) ~/;3jﬂ{G>K5KA}

Since {2B;}; is a disjoint family and all members belong to B(xo, s), we have that

~ (2448 £)2:n/(1-2,
C4)\.(() +67)24n/( )

(K4K)»)(1+n8f)2*/(1_2*n) -/B(xo,s)ﬂ{F>K4KA}

~(p+3,)po/(1—pb
csk(()er ¢)p0/(1—p0)

(K5K)»)(1+98g)p/(]_p9) ,/B(xo,s)ﬂ{G>K5K)»}

U?du + F*du

C3
2 nB) = o

jelp /l;(xo,s)ﬂ{U>K3KA}

GPdu. (5-93)

The constants c3, c4, c5 have been defined in (5-84), (5-89) and (5-92), respectively, while the numbers
K, K3, k4, k5 € (0, 1) must be taken in order to satisfy (5-55), (5-83), (5-86) and (5-90), respectively.

SL. Conclusion of the proof. We start by combining (5-73) and (5-93). Using the elementary estimate

Uzdusz_q/ U"du—i—/ U?dpu,
B(xo,t) N {U>k3Kr} B(xo,t)N{U>1}

(5-73) and (5-93) yield, after a few elementary manipulations, the estimate

/l;(xo,t)m{U>K3K}»}

C
/ U?du < —2_(K3K)»)2_q/ U?du
B(xo,))N{U >k3x 1} (K3K) 4 B(x0,s)N{U >k3k)\}

= (24487)24n/(1-24
04)»5) +81)24n/(1=241)

k3 (rcac ) 1H18)24/(1=2.m) =2 /B(x(),s)ﬂ{F>K4K)»}
>(p+8g)p8/(1—po)
0

F% du

05)\,

G”du. (5-94)
K2 (ks h)1F08)p/(1=p0) =2 /I;’(xo,s)ﬂ{G>K5KA}
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The constant ¢ appearing above depends on n, o, A, but is still independent of ¢, and we have also used
the fact that «, k3 € (0, 1). We can therefore reformulate estimate (5-94) as

cn2—4 5\‘(2*“‘5()")2*’7/(1_2*71)

Uzduf—/ Ul dp+ —2— / F du
./B(xo,t)m{wx} (Kk36€)279 J Bxg.5)n(U >} AAHM N2/ A=2a0=2 Jio Pkt i)

~(p+38,)po/(1—po
C7Aép+g)p /(1=pB)

A (1408,) p/(1—po)—2

/ GPdu. (5-95)
B(x0,5)N{G>ks5)\/Kk3}

The constant ¢ = c(n, o, A) is independent of &, while
co=cen,a, A,L,e) and c7=ci(n,o, A,B,y,p,L,eé);

the constant ¢; exhibits a blow-up behavior with respect to p as described in (3-5). Since estimate (5-94)
holds for A > A; —and A; has been defined in (5-33) — we have that (5-95) holds whenever A > kk3Aq.
We remark that the previous inequality holds for a choice of «, «3, k4, k5 € (0, 1) that satisfy (5-55), (5-83),
(5-86) and (5-90), respectively. In order to conclude with (5-7) we now need to estimate a few constants.
We are primarily interested in an explicit dependence on ¢ in the second integral appearing in (5-95). We
therefore look at (5-55) and (5-83), and we infer that we can in fact choose «, k3 in order to have
e3/a—1
K3k A , (5-96)

Cx

for a constant ¢, which is now independent of ¢, but just depends on n, o, A. We next find an upper bound
for the numbers Ao and A introduced in (5-10) and (5-33), respectively; this will allow us to verify estimate
(5-7) in the range dictated by (5-8). Let us notice that if x € B(xg, ) and (s —¢)/40" <p < %Qo, then
B(x, 0) C B(xg, 200). Therefore, recalling (4-2), whenever U is a p-integrable function we can estimate

~ B(xg, 2 ~ n+2e ~
][ 0 dy < M EX0 220) Ud,ugc( Qo ) ][ 7 du (5-97)
B(x,0) u(B(x,0))  JBxo,200) s—t B(x0,200)

for a constant ¢ depending on n but independent of €. Applying the inequality in the last display to
U?, GP, F*, GP*% and F>*% — and eventually on different balls 2*B(x, o) C 2¥B(xo, 200) — yields

K Wy m(x, 0) + Tolx, 0) + Yi(x, 0) + Yo, u(x, 0)}

c 00 n+2e
< 817<S — t) {Wa M (x0, 200) + Yo(x0, 200) + Y1 (x0, 200) + Y2,m (X0, 200)}
c 00 n+2e
=7 (-%) " ADDG0. 200). (5:98)

In order, we have also used (5-56), (5-81) to get rid of the presence of M and H and that gp/(s —¢) is
bounded away from zero. We recall that the functional ADD( - ) has been introduced in (5-5). We now
obtain an upper bound for A; defined in (5-33). The quantity appearing on the right-hand side of (5-98)
provides an upper bound on ig. In a similar way, if K = K| x K, € Bk,» With ko as in (5-19), then
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IC C B(xp, s) C B(xg, 200) and therefore we have

_t2n
wik) = nizg/ f aeay =L
Qo K1 JK; Qo

Hence, as for (5-97), we have

- B(x, 2 ~ 2n ~
][Udufw Udusf( Q0 ) ][ 7 dpu. (5-99)
K w(K) B(x0,200) e\s —t B(x0,200)

By using (5-98)-(5-99), and recalling that ¢ < 1, we get
2
M= =(-2- )" ADD(o, 200)
ENs—1

where ¢ depends only on n, «, A, B, p, v, €. Summarizing the content of these manipulations, we can
finally arrive at (5-7), with the restriction on A described in (5-8). Specifically, we use (5-96) to estimate
the constant in front of the second integral appearing in (5-95), and the bounds found for Ao and A, to
conclude with the admissible range of values A > Ag described via (5-8). Needless to say, we are taking
Ky :=k4/k3 and kg 1= Kk5/K3.

6. Self-improving inequalities

This section is dedicated to the proof of a fractional reverse Holder-type inequality on diagonal balls with
increasing supports, that is, the estimate (6-1) below. This will eventually imply Theorem 1.1 at the end
of the section.

Theorem 6.1 (reverse Holder-type inequality). Let u € W%2(R™) be a solution to (1-14) under the
assumptions of Theorem 1.1; in particular, (3-1) and (3-3) are in force. Define the functions U, F and G
as in (4-5). Then there exist positive constants ¢ € (0,1 — ), § € (0, 1) and cg > 1, depending on
n,a, A, B, p, vy, 81, such that whenever B = B(xg, 09) C R2" we have the inequality

1/(2+8) 00 172
B — 2%B

1/(24+430) Coprate/p—1) 1/[p(1+61)]
+C8Q8[_8 <f28 F2*+80 dﬂ) +0892)/ ate(2/p <£B Gp(1+81) dﬂ)

o)
+ CSQ())/—2/3+<1+8(2/P—1) Z 9 —k(2B—y—2¢/p) (f
2

1/p
G”du) . (6-1)
k=1

kB
All the terms on the right-hand side of this inequality are finite.

Proof. Step 1: Determining the exponents. Let us observe that, whenever ¢ € (0, %oe), we have

8¢ 2e(n +2a)
< .
n+2e n(a—e¢)
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Therefore, we can always find two positive numbers ¢ € (0, %(x) and 6y > 0, satisfying (4-6) and § < &y,

respectively, such that
8¢ 5. < 2e(n +2a)

n+28< f =

and e<1—a. (6-2)
n(oe —¢)

We recall that F € le(;‘: o

different restrictions on it; we start by assuming that

4 2 -2 8
- e(n+2a) and 85(3/ ﬁ+a)g.
n2+4e(n+oa) 4n

(R"; u) by (4-7). Next, we determine the positive number § > 0 by imposing

(6-3)

Let us briefly discuss a few consequences of the two conditions above, starting with the first one.
Specifically, we start by showing that

5<8, (n+2a)(n+2¢) _ de(n+2a)
= it de(n+ o) n?4+4e(n+a)

(6-4)

Indeed, using the first inequality in (6-3), we have

de(n+2a) 8¢ (n+2wx)(n+2e) de(n +2a)
“m2tde(n+a) n+2 nd4de(nta) ni+de(n+o)
<8f|:(n+2oz)(n+28)]_ 4e(n +2a) '

- n24+4e(n+oa) n24+4e(n+o)

Next, the definition in (4-16) and the fact that ¢ < %oz givesthat 1 > 0 > (y —28+«)/(n+ o). Then the
fact that the function t — ¢/(1 — ¢) is increasing in the interval (0, 1) allows to estimate
y—2+a y-26+« 0 po
< < < ,
2n “n—y+28"1-6 1-pb
so that, from the second inequality in (6-3), it follows that

(y —2B+)s; 8 pb

§ < < ) (6-5)
4n 21— pb
Finally, for ¢ € (0, 1), we define the function
_ 2¢,(n+4) 2¢y
SW)i= = 2 G e (6-6)

where ¢, is the constant introduced in Proposition 5.1 and g has been introduced in (4-13); in the last
estimation we have used that ¢ € (0, %a). We then impose the last restriction on §, that is,

8S(e) < 1. (6-7)

All in all, the choices made in (6-3) and (6-7) allow us to determine § as a positive number depending
only on n, o, A, B, p, ¥, 61, as required in the statement of Theorem 6.1.

Step 2: Reverse Holder-type inequalities. In this step, by applying Proposition 5.1 with the numbers
€,8, 8y as chosen in Step 1, we are going to prove that U € leot‘s

the right-hand side of (6-1) has already been discussed in Section 4C. First of all, we show that we can

(R?"; ). The finiteness of the terms on
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reduce to the case o9 = 1 and B = B(0, 1) x B(0, 1); this eventually allows us to apply Proposition 5.1.
Indeed, notice that the rescaled functions

A(x) = ulxo+00%), &) =0 Fgxo+0ox), Fx):=0f(xo+00%),

still solve (1-14). Therefore, applying (6-1) in this case and in B(0, 1) x B(0, 1), and scaling back to the
original functions and to the original diagonal ball 3, leads to (6-1) in the general case. We now pass to
the proof of (6-1) when B = B(0, 1) x B(0, 1). We define the truncated function U,, := min{U, m} for m
being a positive integer, and the measure dv = U? dju. Moreover, we use the abbreviation B := B(0, s).
With the aim of applying Proposition 5.1, we then consider balls

B=B,CB CB; CB

as in (5-6), while A¢ is accordingly defined as in (5-8). We shall derive uniform higher integrability for
the functions U,, and will recover the final result by letting m — co. With § € (0, 1) being the number
determined in Step 1, by Cavalieri’s principle we have that

fU,‘f,Uzdu:/ US dv
1 t ~

5/ A (B, N {U, > ) da
0
m

3/ x“/ U? du d)
0 B:N{U>\}

m
5,\3/ U2du+8/ x“/ U?dud. (6-8)
B, o BN{U>1}

The second-last integral appearing in this display can be easily estimated by recalling the definition of X¢
in (5-8) and that gg/(s —t) > 1, and using (4-2):

oy / U2 dp < u(Bo)A) ][ U?dp < epu(Bag*. (6-9)
t 2B

We proceed with the remaining term in (6-8); using (5-7) we gain

"ol 2 Cs6 " st
5[ A/ Ud,udkgW/ x*‘If U9 du dx
Ao BN{U>A) e3C=ala [, B,N{U>A)

m oy G802/ (1=2:m)
Yeps / . / s
f ho AFMN2/A=20=1=5 Jo p o
m 5 (P+8)p0/(1=p0)
+ g / y / G ddh
g " A (1+68) p/(1—ph)—1-4 BsN{G>kgh}

= J1+ 5+ T (6-10)
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Using (6-6)—(6-7) and Fubini’s theorem, we get

7 < 68 /Ookaﬂ—q/ U? dpdx
e32-q)/q 0 Bs{Up>A}

Cs6 / U,121+8_q U d/'L
B

- (8 +2—q)e32-a/q
555(8)/ U,‘,iUzd,usi/ U U du. (6-11)
By

s

We next estimate /. Changing variables, using Fubini’s theorem, and recalling the dependence « y =
kf(n,a, A, g), we have

m
/ )\‘5+1—(1+7]8f)2*/(]—2*7;)/ FZ* d/Ld)\.
Ao ByN{F>kyh}

o0
< c/ A3+1—(1+n5,-)2*/(1—2*n>f F2 du d)
0 ByN{F>2)

_ cp(Ba) B2 (1m 2/ (=242 g
§+2—(1 +778f)2*/(1 —241) By
< CMfSBZ) F3+2*(1+715f)2*/(172*77)+2* d//(/’ (6-12)
Ba

again for a constant depending on n, &, A and ¢. In writing the last inequality we have used that (6-2) is
in force and the fact that

- 2e(n +2a) 5_ (I +nér)2, -
n(oe —¢) 1-2,n —

0.

The last integral appearing in (6-12) is finite if § +2 — (1+n8 )2, /(1 —24n) +24 <2, +3J, and a lengthy
computation shows that this is equivalent to (6-4). Therefore, using Holder’s inequality, we can estimate

542 (1458 )2, /(1=2,m)+2.
T < ep(Byyp 2Dl 1=2a0) (][ Jry d,u) 2,48,
= 0
Ba

24482/ (A=2,0)+84+2— (14108 £)2./ (1—2,1)+2,
< cu@Brg !

= cnBAg*, (6-13)

where ¢ depends only on n, @, A and ¢. We finally come to the estimation of 73. For this we notice that
the definitions of p and 6 give, independently of ¢, that

2
" P~y (6-14)

= <— =
P =020 —28+a) 1= po
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and then, recalling that k, = ko (n, a, A, &, v, B, p), we have

m o0
/ )\5+1(1+93g)p/(1p9)f Gp d/vl/ dr < / )\’5+1*(1+93g)p/(1*[79) d)\/ Gp dl’L
A0 By {G>Kgh} Ao s

5+2—(1+68,) p/(1—pb)

<
T (14+08)p/(1—ph)—5-2 Jp,
8+2—(14+08,) p/(1—pb)

p/(p+ég)
S cho w(B2) (][ GP+oe d,u) ¢
08,p/(1— pb) —3 B,

8+2—(1+66,)p/(1—pO)+

G?du

=

¢
8
Observe that in order to perform the last two estimations we have also used (6-14) and (6-5), respectively.
Therefore we can estimate as in (6-13), that is,

+8,)p0/(1—pO)+5+2—(1+608 1-p6)+
jS S C//L(BZ))"(()p g)p /(1=p0) ( g)p/( poO)+p ZCM(BZ))\%_HS; (6—15)

with ¢ = c(n, o, A, &, y, B, p). Connecting (6-11), (6-13) and (6-15) to (6-10), and combining the
resulting inequality with (6-8) and (6-9), we get

/ USU? du < %/ USU? du+cu(Bag.
B; Bs

By recalling the definition of Ag in (5-8), and using several times the doubling property of w, after a few
elementary manipulations we come to

1/(2+8) 1/(2436) n
<][ U,;iU2dM> < %(][ Ul U2 du) +5(-2)" appEb).
B,

B ENs—1

We can therefore rewrite the above inequality as

(ﬂt)z" ADD(2B)

s —

$(1) < Lp(s)+ =

e
for a constant ¢ = c(n, «, A, ¢, y, B, p) which is still independent of m € N, and where, obviously, we

1/(2+8)
b(0) = (][ U;E,U%)

B,

have set

for o € [0, %Qo]. We are therefore in position to apply the standard iteration Lemma 6.2 below, which
gives, after returning to the full notation,

1/(2+8)
( ][ viu? du> < ¢ ADD(2B).
B
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The previous inequality holds for a constant ¢ = c(n, «, A, €, y, B8, p) which is independent of m € N.
Therefore, letting m — oo yields

1/(2+6)
< ][ yts d,u) < ¢ ADD(2B).
B

At this point (6-1) follows by recalling the definition of ADD(2B) in (5-5) and using a few elementary
manipulations involving Holder’s inequality. In particular, we use the fact that 2, + 67 < 2, + §p and
p+38; < p(1+48;); see Lemma 4.2. O

Lemma 6.2. Let ¢: [0, %Qo] — [0, 00) be a function such that

P(t) < 3p(s)+

(s =)
whenever pg <t <s < %Qo, where A and y are positive constants. Then the inequality

A
$(00) < =
Qo

holds for a constant c = c(y).
For a proof of this lemma, see for instance [Giusti 2003, Chapter 6].

Proof of Theorem 1.1. The proof is now a simple consequence of Theorem 6.1, that gives that U €
L>*%(B; u) whenever B= B x B and B C R" is a ball (that for simplicity we take to be centered at the
origin). We now translate this information in terms of fractional norms of the original function «. In fact,
this means that, whenever B C R” is a ball centered at the origin, we have

_ 248
U du = o) —uy)| dx dy < oo.
BxB s Jp lx— y|n+(2+8)a+58

Rewriting the last integral, we find

uC) —uP*=
5 s Ix — yprrerolares/are] A =0

+8/(248),2+68
W *
loc

then o + ¢8/(2 + 8) < 1. We have therefore improved the regularity of u# both in the fractional and in

whenever B C R" is a ball, and this means that u € (R™); observe that since ¢ < 1 — «
the differentiability scale, and Theorem 1.1 follows by suitably renaming (via embedding theorems) the
number § considered in its statement. O

Proof of Theorem 1.3. The proof is just a consequence of the arguments developed to prove Theorem 6.1.
In fact the only thing needed there is Proposition 4.4, whose content is now considered as an assumption
in (1-23), provided that we take F' = G = 0; the rest of the argument then remains unchanged. O
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