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CRITERIA FOR HANKEL OPERATORS TO BE SIGN-DEFINITE

DIMITRI R. YAFAEV

We show that the total multiplicities of negative and positive spectra of a self-adjoint Hankel operator H in
L?(R,) with integral kernel 4 (¢) and of the operator of multiplication by the inverse Laplace transform of
h(t), the distribution o (1), coincide. In particular, =H > 0 if and only if £o (1) > 0. To construct o (1),
we suggest a new method of inversion of the Laplace transform in appropriate classes of distributions.
Our approach directly applies to various classes of Hankel operators. For example, for Hankel operators
of finite rank, we find an explicit formula for the total numbers of their negative and positive eigenvalues.

1. Introduction

1.1. Hankel operators can be defined as integral operators
oo
(Hf)(t)=/ h(t+s)f(s)ds (I-1)
0

in the space L?(R,.) with kernels % that depend on the sum of variables only. Of course H is symmetric
if h(t) = h(¢). In the fundamental paper [Megretskii et al. 1995], A. V. Megretskii, V. V. Peller, and
S. R. Treil characterized the spectra of all bounded self-adjoint Hankel operators by a certain balance
between the positive and negative parts of their spectra. The result of [Megretskii et al. 1995] applies to
all Hankel operators, and so it does not allow one to distinguish spectral properties of particular operators.

The cases where Hankel operators can be explicitly diagonalized are very scarce. We mention here the
kernels i (¢) =t~ [Carleman 1923], h(¢) = (t + 1)~' [Mehler 1881], and i (¢) =t~ 'e™" [Magnus 1950;
Rosenblum 1958a; 1958b]. These kernels are treated in a unified way in [Yafaev 2010], where some new
examples are also considered.

Our goal here is to find explicit expressions for the total numbers N, (H) and N_(H) of (strictly)
positive and negative eigenvalues of self-adjoint Hankel operators H. Actually, we show that NL(H) =
N+(X), where ¥ is the operator' of multiplication by the function (distribution) o (1) obtained through
the inversion of the Laplace transform

(09)
h(t) = / e o () dh. (1-2)
0
We call o (X) the sigma function of a Hankel operator H or of its kernel A (r).
MSC2010: primary 47A40; secondary 47B25.
Keywords: Hankel operators, convolutions, necessary and sufficient conditions for positivity, sign function, operators of finite

rank, the Carleman operator and its perturbations.
1To be more precise, we consider the quadratic forms (H f, f) and (X¢, ¢) instead of the operators H and X.
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In particular, we obtain necessary and sufficient conditions for the sign-definiteness of Hankel operators.
Indeed, it formally follows from (1-2) that
2

’

(Hf, f) :/wd)\a(x)‘/oof(t)e—“ dt
0 0

and hence £H > 0 if and only if £0 > 0. We usually discuss conditions for H > 0, but of course
replacing H by —H we obtain conditions for H < 0. Note that positive? distributions are always given
by some measures, so that for positive Hankel operators H, representation (1-2) reduces to

e.¢]
h(t) = / e " dm), (1-3)
0
where dm (1) is a (positive) measure on [0, 00).

1.2. If a function o (1) is sufficiently regular (for example, bounded), then its Laplace transform (1-2) is
analytic in the right half-plane and satisfies certain decay conditions for [f| — oo. For example, such
simple functions as the characteristic functions of intervals or A (¢) = e~ do not satisfy these conditions.
A regular function o (1) can be recovered from its Laplace transform /(¢) by the integral of h(a + i),
a > 0, over T € R; alternatively, it can also be recovered (see, for example, [Paley and Wiener 1934,
Section 13]) from the values of 4 (t) for r > 0. These methods are not sufficient for our purposes since,
for example, for h(t) = tke™, k € Z,, Rea > 0 (such Hankel operators have rank k), the corresponding
function

o) =8P —a) (1-4)

(8(+) is the Dirac function) is a highly singular distribution, especially if Im o« # 0.
Thus we are led to a solution of (1-2) for o ()) in a class of distributions. Put

1 [ he i dr

b(E) = - 1-5
©) 21 [ e 't—iE dt (-
and let s(x) = /27 (®*b)(x), where ® is the Fourier transform. We show that the function
o(A):=s(—1nk) (1-6)

satisfies (1-2). We call b(§) the b-function and s(x) the sign function (or s-function) of the Hankel operator
H (or of its integral kernel 4(¢)). The sigma function o (A) differs from s(x) by a change of variables
only. In specific examples we consider, functions »(§) and s(x) may be of a quite different nature. For
instance, s(x) may be a polynomial or, on the contrary, it may be a highly singular distribution such as a
combination of delta functions and their derivatives. We emphasize that all our formulas are understood
in the sense of distributions and of course no analyticity of /(¢) is required. From a purely formal point of
view, our method of inversion of the Laplace transform is not too far from one of the methods described
in [Paley and Wiener 1934], but the classes of functions (distributions) are quite different.

2We use the term “positive” instead of the more precise but lengthy term “nonnegative”.
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The precise meaning of formula (1-5) requires some discussion. Observe that the denominator in (1-5)
coincides with the numerator for the special case i (1) = e™". It equals I'(1 —i&), and hence exponentially
tends to zero as |£| — oo. Therefore b(£) is a “nice” function of & only under very restrictive assumptions
on the kernel 4(¢). Thus, to cover natural examples, we are obliged to work with distributions b(§)
and s(x). The choice of appropriate spaces of distributions is also very important. The Schwartz space
F(R)’ is too restrictive for our purposes, which is seen already in the example of finite-rank Hankel
operators. In order to be able to divide in (1-5) by an exponentially decaying function, we assume that
the numerator belongs to the class of distributions Cg® (R)’. This means that the Fourier transform of the
function 6 (x) = e*h(e*) belongs to C3° (R)’, that is, 6 belongs to the space ¥’ dual to the space ¥ = #(R)
of analytic test functions. The class of distributions %(¢) such that the corresponding function 6 is in &’
will be denoted by %/, . It follows from (1-5) that b € Cj°(R) and s e ' if h € &/,..

A remarkable circumstance is that, in these classes, there is a one-to-one correspondence between
kernels of Hankel operators and their sigma functions. To be precise, let us put 2%(A) = 27 1o()). We show
that 7 € &/, if and only if h'e %!, , and the correspondence / > h' is a continuous one-to-one mapping of
ZE’JF onto itself. As an example, note that although the functions A (t) = t*e= and K*(L) = 1718 A — )
are of a completely different nature, both of them belong to the class %/, .

In the case h € L}

1oc(R4), the condition & € %/, means that

/OQ | (®)|(1+|Int])™  dt < oo (1-7)
0

for some k. Condition (1-7) is also quite general and does not require that the corresponding Hankel
operator be bounded. For example, it admits kernels

h(t) = P(Int)t~!, (1-8)

where P(x) is an arbitrary polynomial. Note that Hankel operators with such kernels are bounded for
P (x) = const only.

1.3. Our study of spectral properties of Hankel operators H relies on their reduction to the operators S of
multiplication by the corresponding sign functions. This reduction is given by a transformation which is,
in a suitable sense, invertible but not unitary. Let B,

o0

(Bg)(&) = / b(E — mg(m dn. (1-9)

—00
be the operator of convolution with the function (1-5), and let S be the operator of multiplication by s(x)
so that S = ®*B®. If h(r) = h(1), then b(=&) = TS) and s(x) = s(x) so that the operators B and § are
formally symmetric.
We establish the identity

(Hf, f) = (Bg. g) = (Su, u), (1-10)

where

g&) =T(3+i§)f (&) = (ENE), ux)=(P*)(x), (1-11)
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f (&) is the Mellin transform of f(¢), and I'(-) is the gamma function. We often write the identity (1-10)
in short form as
H =E'BE = 2*SE, (1-12)

where E = ®*E.
It follows from (1-12) that the total multiplicities of the strictly positive (negative) spectra of the
operators H and B, or S, coincide:

N+(H) = N+(B) = N+(9). (1-13)

This result can be compared with Sylvester’s inertia theorem, which states the same for Hermitian matrices
H and B, or S, related by (1-12) provided the matrix &, or @, is invertible. In contrast to linear algebra,
in our case the operators H and B, or S, are of a completely different nature and B and S (but not H)
admit explicit spectral analysis.

Thus our calculation of the numbers Ny (H) consists of two parts. The first is the construction of the
sign function (distribution) s(x). The second is the study of the operator S of multiplication by s(x).
Observe that since s(x) is a distribution, the numbers N4 (S) are not necessarily zero or infinity. We also
note that N+ (§) = N1 (X) because the functions s(x) and o (1) differ by the change of variables (1-6)
only.

In particular, we see that the Hankel operator H is positive if and only if B > 0 or, equivalently, S > 0.
This means that a Hankel operator H is positive if and only if its sign function s(x) is positive. In some
cases the calculation of the sign function is not necessary. Actually, we show that if |b(§)| — oo as
|&| — oo, then H is not sign-definite.

Under the assumption & € %/, we prove the identity (1-10) for test functions f () whose Mellin
transforms f are in C§°(R). Then functions (1-11) belong to C35°(R) and both sides of (1-10) are well
defined. The condition & € #/_is very general. It is satisfied for all bounded, but also for a wide class of
unbounded, Hankel operators H. More than that, it is not even required that H be defined by formula
(1-1) on some dense set. Therefore we work with quadratic forms (H f, f), which is more convenient
and yields more general results. This context allows us to accommodate distributions A (¢) as kernels of
Hankel operators and makes the theory self-consistent. Note that for bounded operators H, the identity
(1-10) extends to all elements f € L2([R§+).

1.4. Representation (1-2) does not require the positivity of H. If, however, H > 0, then combining our
results with the Bochner—Schwartz theorem, we obtain that o (1) dA = dm(A), where dm (L) is a positive
measure on Ry (m({0}) = 0). In this case, representation (1-2) reduces to (1-3), with the measure dm (1)
satisfying for some x the condition

/ A+ InAD*2"dmO) < oo, (1-14)
0

which follows from the assumption 7 € &/, .
Recall that according to the Bernstein theorem (see the original paper [1929] or [Akhiezer 1965;
Widder 1941]), the representation (1-3) is true if and only if the function /(¢) is completely monotonic. In
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contrast to this classical result, we link the representation (1-3) to the positivity of the Hankel operator H
with kernel /(¢). This fact is not very surprising in view of the analogy with the discrete case when Hankel
operators are given in the space £2(Z. ) by infinite matrices with elements /,,,,, where n, m € Z,. Indeed,
according to the classical Hamburger theorem (see, e.g., [Akhiezer 1965]), the positivity of a discrete
Hankel operator is equivalent to the existence of a solution of the moment problem with moments #,. In
the continuous case, the role of the moment problem is played by the exponential representation (1-3).

We mention that Hankel operators H with kernels /4 (¢) admitting representation (1-3) were considered
by H. Widom [1966] and J. S. Howland [1971]. Such kernels /(¢) and operators H are necessarily
positive. Widom proved that H is bounded if and only if m([0, A)) = O(A) as A — 0 and as A — oo. In
this case, () < Ct~! for some C > 0. Howland showed that H belongs to the trace class if and only if
condition (1-14) is satisfied for » = 0.

1.5. A large part of this paper is devoted to applying the general theory to various classes of Hankel
operators H, although we do not try to cover all possible cases. In some examples, the sign-definiteness of
H can also be verified or refuted with the help of Bernstein’s theorems. Note, however, that our approach
yields additionally an explicit formula for the total numbers N1 (H) of positive and negative eigenvalues
of H.

In Section 5, we calculate N1 (H) for Hankel operators H of finite rank. Then we consider two specific
examples. The first one is given by the formula

h(t)y=t"e ™, o >0, k>—1. (1-15)

Note that the Hankel operator H with such kernel has finite rank for k € Z only. We show that H is
positive if and only if £ < 0. The second class of kernels is defined by the formula

hit)y=e", r>0. (1-16)

It turns out that the corresponding Hankel operator is positive if and only if r < 1.

Section 6 is devoted to a study of Hankel operators H with kernels /(¢) having a singularity at a single
point 7y > 0. In this case the operators H are compact, but both numbers N, (H) are infinite. We find
the asymptotics of positive ()»5,“) and negative ()\5,7)) eigenvalues of H as n — oo for singularities of
different strengths.

Finally, in Section 7, we consider perturbations of the Carleman operator C, that is, of the Hankel
operator with kernel #~!, by various classes of compact Hankel operators V. The operator C can be
explicitly diagonalized by the Mellin transform. We recall that it has the absolutely continuous spectrum
[0, 7] of multiplicity 2. The Carleman operator plays a distinguished role in the theory of Hankel operators.
In particular, it is important for us that its sign function s(x) equals 1. As was pointed out by Howland
[1992], Hankel operators are to a certain extent similar to differential operators. In this analogy, the
Carleman operator C plays the role of the “free” Schrodinger operator D>, D = —id/dx, in the space
L?*(R). Furthermore, Hankel operators H = C + V with “perturbed” kernels h(t) = t~' + v(t) can be
compared to Schrodinger operators D? 4+ V(x). The assumption that v(¢) decays sufficiently rapidly as
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t — 00 and is not too singular as t — 0 corresponds to a sufficiently rapid decay of the potential V(x) as
|x] — oo.

As shown in [Yafaev 2013], the results on the discrete spectrum of the operator H lying above its
essential spectrum [0, ] are close in spirit to the results on the discrete spectrum of the Schrodinger
operator D? +V(x). On the other hand, the results on the negative spectrum of the Hankel operator H are
drastically different. In particular, contrary to the case of differential operators with decaying coefficients,
the finiteness of the negative spectrum of the Hankel operator H is not determined by the behavior of
v(t) at singular points ¢ = 0 and f = co. As an example, consider the Hankel operator with kernel

ht)y=t"'—ye™, re(,1).

Now the kernel of the perturbation is a function that decays faster than any power of ! as t — oo,
and it has a finite limit as # — 0. Nevertheless, we show that the negative spectrum of H is infinite if
y > 1y (here yp = yp(r) is an explicit constant), while H is positive if y < yy. Such a phenomenon has no
analogy for Schrédinger operators with decaying potentials, although a somewhat similar effect (known
as the Efimov effect) occurs for three-particle Schrodinger operators. Note, however, that for y > yp, a
new band of the continuous spectrum appears for three-particle systems, while in our case, the continuous
spectrum of H is [0, ] for all values of y.

We also study perturbations of the Carleman operator C by Hankel operators V of finite rank. Here
we obtain a striking result: the total numbers of negative eigenvalues of the operators H = C + V and V
coincide.

As examples, we consider only bounded Hankel operators in this paper. However, our general results
directly apply to a wide class of unbounded operators, such as Hankel operators with kernels (1-8); see
[Yafaev 2014a].

1.6. Let us briefly describe the structure of the paper. In Section 2, we define the basic objects, establish
the inversion formula (1-2), and obtain the main identity (1-10). Necessary information on bounded
Hankel operators (including a continuous version of the Nehari theorem) is collected in Section 3. In
Sections 2 and 3, we do not assume that the function # is real, i.e., the corresponding Hankel operator H
is not necessarily symmetric. Spectral consequences of the formula (1-10) and, in particular, criteria for
the sign-definiteness of Hankel operators are stated in Section 4. In Sections 5, 6, and 7, we apply the
general theory to particular classes of Hankel operators.
Let us introduce some standard notation. We denote by &,

(Pu)(&) = 2m)~ 12 / Oou(x)e—““S dx,

the Fourier transform. The space # = #(R) of test functions is defined as the subset of the Schwartz
space ¥ = F(R) which consists of functions ¢ admitting the analytic continuation to entire functions in
the complex plane C and satisfying bounds

l9(2)] < Cu(1+ |z) "™ forall z € C,
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for some r = r(¢) > 0 and all n. Note that % is invariant with respect to the complex conjugation
¢(2) — ¢*(2) = ¢(Z). We recall that the Fourier transform & maps % — C°(R) and that ®*: Cg°(R) — .
The dual classes of distributions (continuous antilinear functionals) are denoted by &, Cy° (R), and %/,
respectively. In general, for a linear topological space &, we use the notation &’ for its dual space.

We use the notation (-, -) and (-, -) for the duality symbols in L>(R, ) and L?(R), respectively. They
are always linear in the first argument and antilinear in the second argument. The letter C (sometimes
with indices) denotes various positive constants whose precise values are inessential.

2. The main identity

2.1. Let us consider the Hankel operator H defined by equality (1-1) in the space L?(R,). Actually, it is
more convenient to work with sesquilinear forms (H f1, f>) instead of operators.

Before giving precise definitions, let us explain our construction at a formal level. It follows from (1-1)
that

<Hf1,fz>=/0 /0 h<r+s)f1<s>%drds=/0 O F@ di = (h, F), 2-1)
where

F(e) = /0 Fi) folt —s)ds = (fi % f2)(0) 2-2)

is the Laplace convolution of the functions fl and f,. Formula (2-1) allows us to consider & as a
distribution with the test function F defined by (2-2). Thus the Hankel quadratic form will be defined by
the relation

hLf1s o] = (h, fix f). (2-3)
Let us introduce the test function
Qx)=F(e') =: (RF)(x) (2-4)
and the distribution
0(x) =e h(e) (2-5)

defined for x € R. Setting t = ¢* in (2-1), we see that

(h, F) = /Ooe(x)sz(x) dx =: (6, Q). (2-6)

—00
We are going to consider the form (2-6) on pairs F, & such that the corresponding test function €2
defined by (2-4) is an element of the space # of analytic functions and the corresponding distribution 6
defined by (2-5) is an element of the dual space #'. The set of all such F and & will be denoted by %,
and ZZ’JF, respectively; that is,

FeZ <= Qe% and he¥ <—06ec%. (2-7)

Of course, the topology in %, is induced by that in % and ¥/, is dual to %¥,. Note that h € ¥/ _if

he L}OC([R{JF) and integral (1-7) is convergent for some «. In this case, the corresponding function (2-5)
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satisfies the condition
o0
/ 16 () [(1+|x])™" dx < oo,

0]

and hence 9 €¢ ¥ C ¥/,
Define the unitary operator U : L>(R,) — L*(R) by the equality

(Uf)(x) = e f(e). (2-8)

Let the set 9 consist of functions f(¢) such that Uf € #. Since
fy=1""2UHnn)
and ¥ C &, we see that functions f € 9 and their derivatives satisfy the estimates
LF™M @O = Cogut ™ 27" (L4 ™"

for all n and m. Obviously, f € % if and only if ¢(r) = t'/? f (¢) belongs to the class %...

Let us show that form (2-3) is correctly defined on functions fi, f» € 9. To that end, we have to verify
that function (2-2) belongs to the space %, or, equivalently, that function (2-4) belongs to the space %.
This requires some preliminary study, which will also allow us to derive a convenient representation for
form (2-3).

Recall that the Mellin transform M : LZ(IRJr) — L%(R) is defined by the formula

(Mf)(E) = @2r)~ 12 fo Oof(r)z—”z—"f dt. (2-9)

Of course, M = ®U, where ® is the Fourier transform and U is operator (2-8). Since both & and U are
unitary, the operator M is also unitary. The inversion of the formula (2-9) is given by the relation

ft)=Q@mn)" 12 / oof(&)f””"‘f d&, f=Mf. (2-10)

Let I'(z) be the gamma function. Recall that I"(z) is a holomorphic function in the right half-plane and
I'(z) # 0 for all z € C. According to the Stirling formula, the function I'(z) tends to zero exponentially
as |z| — oo parallel with the imaginary axis. To be more precise, we have

: 27 \!/? :
T(a+il) = em(2a—l)/4<_> AX1/26MI0A=) =722 (] L 0 (3~ 1)) 2-11)
e
for a fixed @ > 0 and A — +o0. Since I'(0 —iX) =I"(a + i 1), this yields also the asymptotics of I' (o +iX)
as A — —o0.

If f; €9, j=1,2, then f] =Mf; = dUf; € C;°(R), and hence the functions g; (&) defined by

formula (1-11) also belong to the class C3°(R). Let us introduce the convolution of the functions g

and g,
o0

(g1*g2)($)=f g1 —ng2(n)dn,

—0o0
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and set
($8)() = g(=%).

We have the following result.

Lemma 2.1. Suppose that f; €9, j =1, 2, and define functions g j(§) by equality (1-11). Let the function
Q(x) be defined by formulas (2-2) and (2-4). Then

(@Q)(E) = 2m) 2T +i8) 1 ($81) * 82) (). (2-12)

Proof. Substituting (2-10) into (2-2), we see that

F(l) = (27’[)71 / ds /OO ﬂ(f)(f _s)*l/ZfiT dr fmfz(a)sl/2+ia do.
0 —00 oo

Observe that
I(5—it)[(3+io)
I'd+i(oc—1))

/t(t . S)—1/2—irs—1/2+io ds = ti(a—r)
0
Then using (1-11), we obtain the representation

F(t) = (27)"! / X / T HO-OR (1 +io — 1) g1 (Dea(o) dr do

=(Q)"! / (L +i8) 7 (($81) * £2)(§) dE,
whence

Qx)=@m)™! / T (1+i8) 7 (($81) * g2) (§) dE.

This is equivalent to formula (2-12). O

Observe that the function I'(1 +i£)~! on the right-hand side of (2-12) tends to infinity exponentially as
|&| — oo. Nevertheless, ®Q € Ci°(R) because ($g1) * g2 € Ci°(R) for g1, g2 € C;°(R). Thus we have:

Corollary 2.2. Let f; € D, j = 1,2, and let the function Q(x) be defined by formulas (2-2) and (2-4).
Then Q2 € % or, equivalently, F € % ,.

Now we are in a position to give the precise definition.

Definition 2.3. Let h € %/, and f; € 9, j =1, 2. Then fi* f» € %, and the Hankel sesquilinear form is
defined by the relation (2-3).

We shall see in Seftion 2.4 that h € %' _is determined uniquely by the values (4, fixfr)on fi, €D,
that is, h = 0 if (h, fix f,) =0 forall fi, f> € D.
Of course (2-3) can be rewritten as

hlf1, f21=1(6, ), (2-13)
where 6 is distribution (2-5) and
Q) = (fix f)(e).
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We sometimes write A[ fi, f»] as integral (2-1), keeping in mind that its precise meaning is given by
Definition 2.3.

2.2. Our next goal is to show that (2-13) is the sesquilinear form of the convolution operator B, that is, it
equals the right-hand side of (1-10). Here the representation of Lemma 2.1 for the function

G(&) == V2rT (1 4i£)(PQ) (&) (2-14)
plays a crucial role.
Since 6 is in &', its Fourier transform a = ®6 is correctly defined as an element of C3°(R)’. Formally,
a(§) = (P0)(§) = 2m)~'"2 /0 ho ar, (2-15)
that is, a(£) is the Mellin transform of the function 4 (z)t!/?. Let Q € %. Passing to the Fourier transforms
and using notation (2-14), we see that
0, Q) = (a, Q) = (b, G), (2-16)
where G € C§°(R) and the distribution b € C{°(R)" is given by the relation
b(E) = @m)~Pa@ra—ie)™, (2-17)
which is of course the same as (1-5). Thus we are led to the following.

Definition 2.4. Let h € ifﬁr The distribution b € C§°(R)’ defined by formulas (2-5), (2-15), and (2-17)
is called the b-function of the kernel /(¢) (or of the Hankel operator H). Its Fourier transform s =
2m ®*b € ¥’ is called the s-function or the sign function.

Recall that the distribution o was defined by relation (1-6). It is convenient to also introduce
) =2"lo() =17 ts(=1n k). (2-18)
The following assertion is an immediate consequence of formulas (2-5), (2-15), and (2-17).

Proposition 2.5. The mappings
h> 0> ar>brs s> h°

vield one-to-one correspondences (bijections)
¥ % - CFER) - CFR) - % - % .
All of them, as well as their inverse mappings, are continuous.
Putting together equalities (2-6) and (2-16), we see that
(h, F) = (b, G). (2-19)

Combining this relation with Lemma 2.1 and Definitions 2.3, 2.4 and using notation (1-11), we obtain the
main identity (1-10). To be more precise, we have the following result.
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Theorem 2.6. Suppose that h € %!, and let b € C{°(R)’ be the corresponding b-function. Let f; € 9,
Jj =1,2, and let the functions g be defined by formula (1-11). Then g; € C;°(R), and the representation

(h, fix f2) = (b, ($81) * g2) =: blg1, ] (2-20)
holds.

Passing to the Fourier transforms on the right-hand side of (2-20) and using
O*(($81) * 82) = 2m) 2T  B¥ g,
we obtain:

Corollary 2.7. Let s € &' be the sign function of h, and let uj = ®*g; = ®*Ef; € ¥. Then
(B, fix f2) = (s, ufuz) = slui, u). (2-21)

Loosely speaking, equalities (2-20) and (2-21) mean that

(h. fix fo) = / / b(E — g1 ()g2®) dE dy = / sOm@mmdr.  (222)

In the particular case 4 () =t~ when H = C is the Carleman operator, we have

0(x)=1, a)=0m)"28E), bE)=8E), sx)=1, (2-23)
and hence (2-22) yields

ho Jix fo) = f 1 (E)ga ) de = / (4 i8) 2 Fu@) Fate) de,

where
) T

~ cosh(w&)’ 2-24)

PG +i8)]
This leads to the familiar diagonalization of the Carleman operator.

2.3. According to Proposition 2.5, the distribution 4* determines uniquely the distribution /. Let us now
obtain an explicit formula for the mapping A" > h. This requires some auxiliary information.

Let Ty : C3°(R) — C3°(R), a > 0, be the operator of multiplication by the function I' (o +i&). Making
the change of variables r = e~ in the definition of the gamma function, we see that

—X

o0 . o0 .
Clax+i)) =f e et gy 2/ e ¢ e e gy, a>0,
O —

o0
and hence
oo .
(27r)_1/ P (a4ir)dr=e"C e, (2-25)
—0oQ0
It follows that
o0
(O T, ®N)(x) = / O™ Q(y) dy. (2-26)
—0o0
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Let us also introduce the operator L,:
(o]
(Lo FY(A) = A“/ et VF()dt, A>0, a>0. (2-27)
0
Obviously, L, F' € C*°(R,) for all bounded functions F'(¢) and, in particular, for F' € %¥. Note that L,, is
the Laplace operator L,
o0
(LF)(1) = / e " F(1t)dt, (2-28)
0

sandwiched by the weights A% and r*~!.
The following result yields the whole scale of spaces where the Laplace operator L acts as an isomor-
phism. Recall that the operator %R defined by (2-4) is a one-to-one mapping of %, onto %.

Lemma 2.8. For all @ > 0, the identity

Ly = R $D*T, PR (2-29)
holds. In particular, L, and its inverse are the one-to-one continuous mappings of %4 onto itself.
Proof. Putting Q(y) = (RF)(y) = F(e”) in (2-26) and making the change of variables t = ¢”, we find
that

o —x
(D Ty PRF)(x) :e_‘”/ e ¢ 1V F(n) dr.
0

Now making the change of variables A = e™*, we arrive at the identity (2-29).

Consider the right-hand side of (2-29). All mappings R : %, — %, ®: ¥ — C{°(R), I'y : C°(R) —
Ci°(R), @*: CP(R) = %, ¢ : & — % are bijections. All of them as well as their inverses are continuous.
Therefore the identity (2-29) ensures the same result for the operator L, : &4 — %, |

The adjoint operators L}, are defined by the relation (L, F, ¥) = (F, L3v), where F e % and € &/,
are arbitrary. According to (2-27), they are formally given by the relation

L)) =1*"" / ooe—“x“w(x) dr, t>0. (2-30)
0

By duality, the next assertion follows from Lemma 2.8.

Theorem 2.9. For all a > 0, the operators L}, as well as their inverses are the one-to-one continuous
mappings of %'_ onto itself.

To recover h(t), we proceed from formula (2-19). Passing to the Fourier transforms, we can write it as
(h, F) = 2r)~'2(s, 9*G),

where G is defined by formulas (2-4), (2-14), that is, G = (27)!/°T'| ®R F. Therefore, using the identity
(2-29) for @ = 1, we see that

o0

(h, F) = (s, $RL, F) =/ sxX)(L1F)(e™)dx.

—0o0
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Making the change of variables A = e¢™* and using notation (2-18), we obtain the identity
(h, F) = (h", L\ F).
Passing here to adjoint operators and taking into account that F' € ¥ is arbitrary, we find that
h=L%h" or h=L%, (2-31)
where o (1) = Ah"(L). In view of (2-30), this gives the precise sense to formula (1-2).
Let us state the result obtained.

Theorem 2.10. Let h € %/, and let s € %' be the corresponding sign function (see Definition 2.4). Define
the distribution h® by formula (2-18). Then h* € %QF and h can be recovered from h* or o by formulas
(2-31).

We emphasize that in the roundabout 4 > h° — h, the mapping h > h° and its inverse h® — h are
the one-to-one continuous mappings of the set %/, onto itself.
Let us also give a direct expression of u(x) = (®*g)(x) in terms of f(z).

Lemma 2.11. Suppose that f € % and put ¢(t) =t'/? f(t). Let g(&) be defined by formula (1-11) and
u(x) = (d*g)(x). Then
u(x) = (Lipp)e™). (2-32)

Proof. Since (Re)(x) = (Uf)(x), it follows from formula (2-29) for o = % that
(R JO*T1 U )W) = (Lij29) (1)
The left-hand side here equals (R~ $u)(1), which after the change of variables A = e yields (2-32). [J

Now we can rewrite identity (2-21) in a slightly different way.

Corollary 2.12. Let h € %/ , and let the distribution h' e ¥ be defined by formula (2-18). Then for
arbitrary f; € 9, j = 1,2, we have

(h, fux f2) = (1. LipgiLijpga),  where ;(t) =12 f;(0). (2-33)
Proof. It suffices to make the change of variables x = — In A in the right-hand side of (2-22) and to take
equality (2-32) into account. O

We emphasize that according to Lemma 2.8, L 2¢; € ., and hence L;2¢1L1 /29, € #,. Thus the
right-hand side of (2-33) is correctly defined.

2.4. Finally, we check that a distribution 4 € &/, is determined uniquely by the values (A, fi* f>) on
f1. f> € 9. First we consider convolution operators. Let us introduce the shift in the space L2(IR):

(T(m)g)E)=g¢E—1), TR (2-34)

Since
o0

(g1%82)(8) = / (T(@g)Egr(r)dr forall g1, g2 € CE(R),
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we have the formula
o0

(b, ($81) * g2) =/ (b, T(v)$81)g2(7) dr, (2-35)

—0o0

where for b € C{° (R) the function (b, T (r)$g) is infinitely differentiable in T € R.
The following assertion is quite standard.

Lemma 2.13. Let b € Ci°(R)". Suppose that (b, ($g1) * g2) =0 for all g, g» € C°(R). Then b = 0.

Proof. If (b, ($g1) * g2) =0 for all g> € C°(R), then (b, T'(r)$g1) =0 for all T € R according to formula
(2-35). In particular, for T = 0 we have (b, $g1) =0, whence b = 0 because g; € C;°(R) is arbitrary. []

Next we pass to Hankel operators.
Proposition 2.14. Let h € ¥!,. Suppose that {h, fi* ) =0forall f, f, €%. Then h =0.

Proof. Let b € C{° (R)" be the b-function of & (see Definition 2.4). For arbitrary g, g2 € Cy°(R), we
can construct fi, f>» € % by formula (1-11). Since (h, fi » f») = 0, it follows from the identity (2-20)
that (b, ($g1) * g2) = 0. Therefore » = 0 according to Lemma 2.13. Now Proposition 2.5 implies that
h=0. (]

3. Bounded Hankel operators

Our main goal here is to show that the condition & € %/, is satisfied for all bounded Hankel operators H.

3.1. In this section we a priori only assume that / € Cgo([R{+)/ and consider the Hankel form (2-3) on
functions f1, f> € Cg°(R,). Let T (1), where T > 0, be the restriction of the shift (2-34) on its invariant
subspace L?(R,). Since

(fl*fz)(t)=/0 (T () fO)(@) fo(x)dr forall fi, fr € C(Ry),

for all 1 € C°(Ry)" we have the formula

(o fix fo) = /0 (h. T (0) f1) Fo(@) d. 3-1)

Here the function (h, T (t) f1) is infinitely differentiable in € R, and this function, as well as all its
derivatives, has finite limits as T — 0. In the theory of Hankel operators, formula (3-1) plays the role of
formula (2-35) for convolution operators.

The proof of the following assertion is almost the same as that of Lemma 2.13.

Proposition 3.1. Let h € C°(R)'. Suppose that (h, fix f2y =0forall fi, f> € Co°(Ry). Then h = 0.

Proof. If (h, fi* f2) = 0 for all f» € C°(Ry), then {h, T (t) fi) = O for all T € [0, c0) according to
formula (3-1). In particular, for =0 we have (k, f;) =0, which implies that 4 = 0 because f; € Co®(Ry)
is arbitrary. O
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Of course Propositions 2.14 and 3.1 differ only by the set of functions on which the Hankel form is
considered.
Assume now that
Kk, Fx I < CIFI? forall feCPORY). (3-2)

Then there exists a bounded operator H such that

(Hfi, f) =(h, fix fo) forall fi, fr € C&R+). (3-3)

We call H the Hankel operator associated to the Hankel form (h, fi* f>).

3.2. It is possible to characterize Hankel operators by some commutation relations. A presentation of
such results for discrete Hankel operators acting in the space of sequences /%(Z, ) can be found in [Power
1982, §1.1].

Let us define a bounded operator Q in the space L?(R..) by the equality

(Qf)(6) = —2¢~ /0 ¢ f(s)ds.
Note that -~
Q= —2/ T, (t)e " drt. (3-4)
0

Lemma 3.2. Let (3-2) hold. Then the operator H defined by formula (3-3) satisfies the commutation
relations
HT (t) =T (t)*H forallt>0 (3-5)

and

HQ = Q*H. (3-6)

Proof. Since
(Tr(O) ) * o= fi*x(Tp(x) f>) forall T >0,

relation (3-5) directly follows from (3-3). By virtue of formula (3-4), relation (3-6) is a consequence of
(3-5). O

Below we need the Nehari theorem; see the original paper [1957] or [Peller 2003, Chapter 1, §1;
Power 1982, Chapter 1, §2]. We formulate it in the Hardy space I]-I]i([R) of functions analytic in the upper
half-plane. We denote by @ the operator of multiplication by the function (i« —i)/(u + i) in this space.
Clearly, Q =0*Qd.

Theorem 3.3 [Nehari 1957]. Let w € L*°(R), and let an operator H in the space I]-I]%F(R) be defined by

the relation
o0

(Hfi, /)= / (W) fi(—=w) H(p)d  forall fi, f» € H2(R). (3-7)

—00

Then H is bounded and ﬁ@ = Q* H. Conversely, lfﬁ is a bounded operator in I]-I]i([R) and ﬁ@ = @* ﬁ,
then there exists a function w € L°°(R) such that representation (3-7) holds.
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The following assertion can be regarded as a translation of this theorem into the space L?(R, ). Recall
that, by the Paley—Wiener theorem, the Fourier transform & : [H]%r (R) — L?(R,) is the unitary operator.
Since

o0
/ (w+i) e ™M du=—2mie™"
—00
for t > 0 and this integral is zero for t < 0, we have the relation
1+ 0=d00" (3-8)

Theorem 3.4. If h = 2n)~/?>®w, where w € L®(R) (in this case h € ¥’ C CP(Ry)"), then estimate
(3-2) is true and the operator H in the space L>(R..) defined by formula (3-3) satisfies the commutation

relation (3-5). Conversely, if a bounded operator H satisfies (3-5), then representation (3-3) holds with
h = Qn)~?dw for some w € L*(R).

Proof. Since

(D*(fix f2)) (W) = V21 (Ff1)(w) fa(w) forall fi, fr € CP[RS),
where fi = ®* fi, fa = ®* fo, and ($ 1) (1) = fi(—p), we have
(h, fix ) =27 (®*h, ($f1) f») forallhed. (3-9)

Therefore, estimate (3-2) is satisfied if ®*h € L*°(R). Relation (3-5) for the corresponding Hankel
operator H follows from Lemma 3.2.

Conversely, if a bounded operator H satisfies relation (3-5), then by virtue of (3-4), it also satisfies
relation (3-6). Hence it follows from (3-8) that H Q = Q* H , where H = ®*H® is a bounded operator
in the space [H]?F (R). Thus, by Theorem 3.3, there exists a function w € L°(R) such that representation
(3-7) holds. This means that

o0

(Hf1, f») = / () fi(—w) H(u)ydp  forall fi, fr € L*(Ry). (3-10)

—o0

If h = 2n)~Y?2®w, then the right-hand sides in (3-9) and (3-10) coincide. This yields representation
(3-3). O

Corollary 3.5. For a bounded operator H in the space L2(R+), commutation relations (3-5) and (3-6)
are equivalent.

Proof. As was already noted, (3-6) follows from (3-5) according to formula (3-4). Conversely, if H satisfies
(3-5), then representation (3-3) holds according to Theorem 3.4. Thus it remains to use Lemma 3.2. [

Recall that a function @ € L*®(R) such that ®w = /27 h is called the symbol of a bounded Hankel
operator H with kernel h(t). In view of formula (3-7), if € H*®(R), that is, @ admits an analytic
continuation to a bounded function in the lower half-plane, then the Hankel operator H equals 0, and
hence H = ® H®* = 0. Therefore the symbol is defined up to a function in the class H*(R).
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3.3. Now we are in a position to check that the condition 7 € &/, is satisfied for all bounded Hankel
operators. By (2-7), it means that distribution (2-5) belongs to the class %’. We shall verify the stronger
inclusion 0 € &¥'.

To that end, it suffices to check that, for some N € 7 and some « € R,

N
10, Q)| <C Zmaﬂg((l +x)¥1QM (x)])  for all € CF°(R). (3-11)
=0 X€

Putting F'(t) = Q2(Int), we see that (3-11) is equivalent to the estimate

N
(P < C Y max((L+ e FO @), F e CE®Ry). (3-12)
Ry
n=0

(R), then estimate (3-12) for N = 0 is
equivalent to the convergence of integral (1-7) for the same values of k. If H is Hilbert—Schmidt, that is,

Let us make some comments on this condition. If & € LlloC

o0
/ |h(t)|*t dt < oo,
0

then integral (1-7) converges for any « > % Similarly, if |2(¢)| < Ct~!, then integral (1-7) converges for
any k > 1.

For the proof of (3-12) in the general case, we use the following elementary result. Its proof is given
in Appendix A.

Lemma 3.6. If F € C°(R..), then for an arbitrary k > 2, the estimate

2
19*Fll L1 @ < C(k) Zo%%f((l It | F® (1)) (3-13)
holds.

Corollary 3.7. If h = dw, where w € L*°(R), then estimate (3-12) holds for N = 2 and an arbitrary
K> 2.

Proof. It suffices to combine the estimates
[{h, F)| = {0, ®*F)| < ||l L@ | P Fll 1w
and (3-13). g

Since, by Theorem 3.4, for a bounded Hankel operator H, its kernel /& equals ®w for some w € L*°(R),
we arrive at the following result.

Theorem 3.8. Suppose that h € C§°(R,.)" and that condition (3-2) is satisfied. Then estimate (3-12) holds
for N =2 and an arbitrary k > 2; in particular, h € %/,..

The following simple example shows that for N = 0, estimate (3-12) is in general violated (for all «).
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Example 3.9. Let h(t) =e ™" *. Then the corresponding Hankel operator H is bounded because according
to the formula e~/ +9)” = ¢~=i1* o =i215,=is* i {5 a product of three bounded operators. Since i € L®(R..),
estimate (3-12) for N = 0 is equivalent to the convergence of integral (1-7) for the same value of «.
However, this integral diverges at infinity for all «.

Let us show that for () = e‘”Q, condition (3-12) is satisfied for N = 1 and x = 0. Integrating by
parts, we see that

/ooh(t)mdt = —foohl(t)F/(t) dt, (3-14)
0 0

where the function /i (¢) = fot e~ ds is bounded. Therefore, the integral on the right-hand side of (3-14)
is bounded by max,cr, ((1+ [Int|)“r| F'(t)|) for any « > 1.

Note that for h(t) = e~*’, the symbol of H equals w (i) = /e "/4¢#*/* More generally, one can
consider the class of symbols w(u) such that w € C*®(R), w(n) = e'oH” o > 0 for large positive
and w () = 0 for large negative p. Of course, Hankel operators with such symbols are bounded. Using
the stationary phase method, we find that for « > 1, the corresponding kernel /(¢) has the asymptotics

h(t) ~ hotPe®” |t — oo, (3-15)

where 8 = (1 —a/2) (0 — nH1, y =a(a—1)7', and hy, 0 = & are some constants. Moreover, A(t) is a
bounded function on all finite intervals. Similarly to Example 3.9, it can be checked that for such kernels,
condition (3-12) is satisfied for N = 1 but not for N = 0. The same conclusion is true for « € (0, 1),
because in this case the asymptotic relation (3-15) holds for ¢+ — 0.

3.4. Here we shall show that, for bounded Hankel operators H, the representations (2-20) and (2-21)
extend to all fi, f>» € L>(R,). By Theorem 3.8, we have h € ¥ . Let b and s be the corresponding b-
and s-functions (see Definition 2.4). Recall that the operator E is defined by formula (1-11). We denote
by K the operator of multiplication by the function /cosh(&) /7 in the space L?(R). It follows from
identity (2-24) and the unitarity of the Mellin transform (2-9) that

IKEFI = I

and hence the operator K E : L2(IR€+) — L*(R) is unitary. Therefore, in view of the identities (2-20) and
(2-21), we have the following result.

Lemma 3.10. The inequalities (3-2),
(b, ($3) % g)| < ClIKg|*> forall g € C*(R), (3-16)

and
I(s, u*u)| < C|KDu|* forallu €% (3-17)

are equivalent. The Hankel operator corresponding to form (2-3) is bounded if and only if one of equivalent
estimates (3-2), (3-16), or (3-17) is satisfied.
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These estimates can be formulated in a slightly different way. Let us introduce the space € C L?(R)
of exponentially decaying functions with the norm ||g|l¢ = || Kg||. Then the space W = ®*¢ consists
of functions u(x) admitting the analytic continuation u(z) in the strip Imz € (—m /2, 7 /2); moreover,
functions u(x + iy) have limits in L?(R) as y — 4 /2. The identity

00 2
||q)u||%=(27[)_1/ (u(x—i—i%) u<x—i%> >dx=:||u||$M

defines the Hilbert norm on W. We call W' the exponential Sobolev space because it is contained in the
standard Sobolev spaces H!(R) for all /. The operators & : LZ([R?JF) — %and B := d*E: L2(R+) — W
are of course unitary. Obviously, ||Kg|| and || K ®u|| on the right-hand sides of (3-16) and (3-17) can
be replaced by || g|l¢ and |||, respectively. Note that the inclusions f € L*(Ry), g = Ef €%, and
u="=2 f €W are equivalent.

Recall that the operator B is defined by formula (1-9) and (Su)(x) = s (x)u(x). If one of the equivalent
estimates (3-2), (3-16), or (3-17) is satisfied, then all operators H : L*(R) - L*(R), B :¢€ — €/, and
S : W — W’ are bounded. Using that relations f, — f in L>(R,), g, = Ef, — g = Ef in ¢, and
u, = ®*g, —> u = d*g in W are equivalent, we extend (2-20) and (2-21) to all f € L2(R+). Thus we
have obtained the following result.

2
+

Proposition 3.11. If one of equivalent estimates (3-2), (3-16), or (3-17) is satisfied, then the identities
(Hf1, f2) = (Bgi, &) = (Sui,uz2), gj=28fj, uj=2>"g;
are true for all fi, f> € L>(Ry).

Let K; be the operator of multiplication by the function (1 + & 2)l/2 Then estimates (3-16) or (3-17)
are satisfied provided

(b, ($2) * &) < CillKig? o [(s, u*)] < Crllullfy g (3-18)
for some /; in this case
C=Crm rsna[é(((l —i—éz)l(cosh(rré))_l).
€
3.5. In terms of the sign function, it is possible to give simple sufficient conditions for the boundedness

and compactness of Hankel operators.

Proposition 3.12. A Hankel operator H is bounded if its sign function satisfies the condition
s e L'(R)+ L™ (R). (3-19)
Ifs € L*(R) and s(x) — 0 as |x| — oo, then H is compact.

Proof. The first statement is obvious because under (3-19), the second estimate (3-18) is satisfied with
[ > % To prove the second statement, we observe that the operator S®*K ~! is compact because both §
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and K ! are operators of multiplication by bounded functions which tend to zero at infinity. Since the
operator K & : LZ(R+) — L2(R) is bounded, it follows from the identity (1-12) that the operator

H = (E"®)S(®*E) = E*O(SP*K " H(KE)
is also compact. U

Condition (3-19) is of course not necessary for the boundedness of H. For example, in view of formula
(1-4) for Hankel operators H of finite rank, the sign function is a singular distribution.

4. Criteria for sign-definiteness

In this section we suppose that i(t) = h(z) so that the operator H is formally symmetric. The results
of Section 2 allow us to give simple necessary and sufficient conditions for a Hankel operator H to
be positive or negative. Moreover, they also provide convenient tools for the calculation of the total
multiplicity of the negative and positive spectra of H. We often state our results only for the negative
spectrum. The corresponding results for the positive spectrum are obtained if H is replaced by —H.

4.1. Actually, we consider the problem in terms of Hankel quadratic forms rather than Hankel operators.
This is both more general and more convenient. As usual, we take a distribution 7 € %'_and introduce
the b-function b € C§°(R)" and the s-function s € %’ as in Definition 2.4.

Below we use the following natural notation. Let h[¢, ¢] be a real quadratic form defined on a linear
set D. We denote by N (h; D) the maximal dimension of linear sets /{4y C D such that +h[¢, ¢] > 0 for
all ¢ € M4, ¢ # 0. This means that there exists a linear set MM+, dim M+ = N1 (h), such that +h[¢, ¢] >0
for all ¢ € A+, ¢ # 0; and for every linear set M/, with dim M/, > N (h) there exists ¢ € M, ¢ #0,
such that +h[g, ¢] < 0. We apply this definition to the forms A[f, f]1 = (h, f * f) defined on @, to
blg, gl = (b, ($8) * g) defined on C§°(R), and to s[u, u] = (s, |u|?) defined on %. Of course, if D is
dense in a Hilbert space € and h[¢, ¢] is semibounded and closed on D, then for the self-adjoint operator
H corresponding to h, we have N (H) = N4 (h; D).

Observe that formula (1-11) establishes a one-to-one correspondence between the sets @ and C3°(R).
Moreover, the Fourier transform establishes a one-to-one correspondence between the sets C;°(R) and %.
Therefore the following assertion is a direct consequence of Theorem 2.6.

Theorem 4.1. Let h € %, Then
Ni(h; D) = N1 (b; C°(R)) = N+ (s; %).

In particular, we have:

Theorem 4.2. Let h € %/,. Then £(h, f » f} > 0 for all f € D if and only if £(b, ($§) * g) > 0 for all
g € CP(R), or £(s, u*u) > 0 for all u € %.

4.2. A calculation of the form s[u, u] on analytic functions u € % is not always convenient. Therefore it
is desirable to replace the class %, for example, by the class C5°(R). Such a replacement is not obvious
because for u € C;°(R) we only have g = ®u € Z. In this case (Mf)(§) = F(% + ié)_lg(é) need not
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even belong to L*(R), so that f & LZ(R+). Nevertheless, under the additional assumption s € &', we
have the following assertion.

Lemma4.3. Ifs € ¥, then N1 (s; %) = N+(s; Ci°(R)) = N+(s; F).

Proof. Since ® : % — C3°(R), ®*: C;°(R) — ¥ and ¥ is invariant with respect to the Fourier transform @,
it suffices, for example, to show that N1 (s; %) = NL(s; ¥). The inequality Ny := N1 (s; F) > Ni(s; %)
is obvious because ¥ C &.

Let us prove the opposite inequality. Consider for definiteness the sign “+”. Let £, C ¥, and
let s[u,u] > O for all u € £, u # 0. Suppose first that N := dim ¥, < oo and choose elements

ULy ..., uN E £, such that s[u;, ux] =464 forall j,k=1,..., N. Let us construct elements uﬁ‘é) e¥
such that 1 —>u] andhenceu§ Iy, jurinFase—0for j,k=1,..., N. Since s € ', we see that
s[u(g) )] — 8k as € — 0. For an arbitrary o > 0, we can choose € such that \s[u(e) ,(f)] —8x| <o.
Then for arbitrary Aq, ..., Ay € C, we have
N N
[ZA u©, Zk u@] =3 Pl W+ 2Re 3 A Taslue, 1]
j=1 jk=1
J#k
N N N
>(1=0)) hjlP=20 Y Ajke=(1—@N—Do) > [xl%
j=1 jk=1 j=1
J#k

© . (e) are linearly independent if (2N — 1)o < 1. The same inequality shows that

(€) (€ ) (€)
s[u, u] > 0on all vectors u # 0 in the space £5’ spanned by uy,.. Uy

Thus elements u

If N, = oo, then the same construction works on every ﬁnlte dlmenswnal subspace of £, where
s[u, u] > 0. This yields a space i@gf) C % of arbitrarily large dimension where s[u, u] > 0. 0

Putting together this lemma with Theorem 4.1, we obtain the following result.

Theorem 4.4. Let h € #!,. Suppose that b € &' or, equivalently, that s € &'. Then Ni(h; D) =
Nx(s; CP(R)).

In many cases the following consequence of Theorem 4.4 is convenient. According to Proposition 3.12,
under the assumptions of Theorem 4.5, H is defined as the bounded self-adjoint operator corresponding
to the form (A, f * ). Therefore N1 (h; D) = N (H) is the total multiplicity of the (strictly) positive

9

spectrum for the sign “+” and of the (strictly) negative spectrum for the sign of the operator H. For

definiteness, we consider the negative spectrum.

Theorem 4.5. Let h € ¥/, and let the corresponding sign function satisfy condition (3-19). If s(x) > 0,
then the operator H is positive. If s(x) < —so < 0 for almost all x in some interval A C R, then
N_(H) =

Proof. If s(x) > 0, then H > 0 according to the second relation in (2-22).
Lets(x) <—so <0 forx € A, and let N be arbitrary. Choose a function ¢ € C§°(R) such that ¢(x) =1
for x € [-4, 8] and ¢(x) =0 for x & [—25, 28], where 6 = 8y is a sufficiently small number. Let points
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(XjEA,jII,...,N,beSUChthatOlj+1—0(j:Olj—()l];]f0rj=2,...,N—1. SetAj:(ozj—S,ozj+6),
Kj = (aj — 28, a; +24). For a sufficiently small §, we may suppose that Kj CAforal j=1,...,N
and that Zj+1 ij =gforj=1,...,N—1. Weset ¢;(x) =¢(x —a;). Since s(x) < —so < 0 for
x € A, we have

(s, lo;1%) =/ () g, (x)[* dx < —28s9 < 0. (4-1)

The functions ¢, . .., @y have disjoint supports, and hence (s, |u|?) < 0 for an arbitrary nontrivial linear
combination u of the functions ¢;. Therefore, combining Theorem 4.1 and Theorem 4.4, we obtain the
second statement of the theorem. O

Theorem 4.5 can be reformulated, although in a weaker form, in terms of the functions »(§) and
even h(t). Suppose, for example, that

be L'(R). (4-2)

Then b(&)’s Fourier transform s (x) is a continuous function which tends to 0 as |x| — oo. The convolution
operator B defined by formula (1-9) is bounded in L?(R) and self-adjoint, and

spec(B) = [min s(x), max s(x)].
xeR xeR

The result below follows directly from Theorem 4.5. Note that by Proposition 3.12, under (4-2) the
operator H is compact.

Proposition 4.6. Under (4-2), the Hankel operator H is positive if and only if s(x) > 0. If min,cg s(x) <0,
then H necessarily has an infinite number of negative eigenvalues.
In particular, condition (4-2) is satisfied if

O(Int
h(t) = (? ), where 0 € &.

In this case a = ®0 € C§°(R), and hence b € C;°(R).

4.3. For the proof that a Hankel operator is not sign-definite, it is sometimes not even necessary to
calculate the sign function s(x) (the Fourier transform of b(£)). It turns out that if b(£) grows as |£| — oo,
then the form b[g, g] = (b, $g * g) cannot be sign-definite. More precisely, we have the following
statement about convolutions with growing kernels b(—£) = b ().

Theorem 4.7. Let b = by + bso, where by € CP(R) for some p € 7, and by, € L°.(R). Suppose that

loc
there exists a sequence of intervals A, = (r, — oy, ry, + 0y), where r, — 00 (or equivalently r, — —00)
and the sequence o, is bounded such that

lim 0! min Reboo () =00 or lim o' max Re boo(§) = —00, (4-3)

n— oo EeA, n—oo n

wherel =2if p=0or p=1andl= p+1if p > 2. Then for both signs, N+ (b; C{*(R)) > 1.
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Proof. Since b can be replaced by —b, we can assume that, for example, the first condition (4-3) is
satisfied. Pick a real even function ¢ € C§°(R) such that ¢(§) > 0, ¢(§) =1 for |§] < 4_11’ and ¢(§) =0
for |£] > 1, and set

§- E+72
gn@):co( 2>i<p< 2>. (4-4)
oy, oy,
An easy calculation shows that
(Fgn) * gn) (&) = 2anw(§> i(w(s _"") icw(é j”) (4-5)

where ¥ = ($¢) * ¢ € C5°(R). The function v/ (§) is also even, with ¥ (§) > 0, ¥ (§) > % for [E] < %,
and ¢ (&) =0 for |&] > 1.
Since |{bg, g)| < C||gllcr, it follows from (4-5) that

|(bo, ($gn) * gn)| < Co, 7. (4-6)

Moreover, again according to (4-5), we have

o0

boo(Gnn)W(n)dnﬂ:ZGf/ Rebeo(oun +r)¥(m)dn.  (4-7)

—o0

(oo, (1) * gn) = 20 f

—00
The first term on the right-hand side is 0(0,12). For the second one, we use the estimate
o0
32/ Reboo(onn +ra)Y(m)dn > min Reby(§). (4-8)
—00 |‘§>:_rn|§0'n

Let us first choose the sign “+” in (4-4). Then using representation (4-7) and putting together estimates
(4-6) and (4-8), we obtain the lower bound

2
(b, ($gn) % gn) = —c(0) P +02) + (]’—6 o min Rebuo(®).

If p =0or p =1, then under the first condition in (4-3), the right-hand side here tends to 400 as n — oo.
If p > 2, it is bounded from below by

l
Jnl—p (—C + % min Re boo(%_)>’

|§'—an§%

where the expression in the brackets tends again to +oc. Therefore (b, ($g,) * g») > O for sufficiently

TRl

large n. Similarly choosing the sign in (4-4), we see that (b, ($g,)*gn) <0 for sufficiently large n. [J

Corollary 4.8. Instead of condition (4-3), assume that
lim Reby(§) =00 or lim Reby(§) = —o0.
§]—00 |£]— 00

Then for both signs, N+(b; C°(R)) > 1.
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In contrast to Theorem 4.7, there are no restrictions in Corollary 4.8 on the parameter p in the
assumption by € CP(R)’. On the other hand, condition (4-3) permits Re (&) to tend to +c0 only on
some system of intervals. Moreover, the lengths of these intervals may tend to zero. In this case, however,
the growth of Re (&) and the decay of these lengths should be correlated and there are restrictions on
admissible values of the parameters p and /.

Unlike Theorem 4.5, Theorem 4.7 does not guarantee that N = oo; see Section 5.4 for a discussion of
various possible cases.

4.4. Theorem 4.2 can be combined with the Bochner—Schwartz theorem (see, e.g., Theorem 3 in [Gel’fand
and Vilenkin 1964, Chapter II, §3]). It states that a distribution b € C§°(R)’ satisfying the condition
(b, $g * g) > 0 for all g € C3°(R) (such b are sometimes called distributions of positive type) is the
Fourier transform

o0
b(E) = Qm)~! / e 5 dM(x)
—o0o
of a positive measure dM(x) such that
f 14+ xD¥dM(x) < o0 (4-9)
—00

for some »x (that is, of at most polynomial growth at infinity). In particular, this ensures that b € &'.

Theorem 4.2 implies that if (h, f » f) > 0 for all f € @, then the distribution b related to & by
Definition 2.4 is of positive type. This means that the sign function s(x) of A(¢) is determined by the
measure dM(x):

(5. o) =f O dME), ged,

o0

that is, s(x) dx = dM(x). Let us define the measure
dm(A) =rdM(—1n}), AreR;. (4-10)

It is easy to see that condition (4-9) is equivalent to condition (1-14) on measure (4-10). In terms of
distribution (1-6), we have o (1) dA = dm(A). Therefore, Theorem 2.10 leads to the following result.

Theorem 4.9. Let h € ¥/ and (h, f*fy=>0forall fe%. Then h(t) admits the representation (1-3)

with a positive measure dm (L) on Ry satisfying for some x condition (1-14).

The representation (1-3) is of course a particular case of (1-2). It is much more precise than (1-2), but
requires the positivity of (h, f » f). Theorem 4.9 shows that the positivity of (&, f  f) imposes very
strong conditions on /(¢). Actually, we have:

Corollary 4.10. Let h € ¥/, and (h, f * f) > 0 for all f € %. Then h € C*°(R}) and
(—=D)"h™ () >0 (4-11)

forallt >0andalln =0, 1,2, ... (such functions are called completely monotonic). The function h(t)
admits an analytic continuation in the right half-plane Re t > 0, and it is uniformly bounded in every strip
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Ret € (11, 12), where 0 < t; < t, < 00. Moreover, for some x € R and C > 0, we have the estimate
h(t) <Ct~'(1+|Int))*, >0. (4-12)

All these assertions are direct consequences of the representation (1-3). In particular, under condition
(1-14), we have
h(t)<C glaé((e_tkk(l + [In A))*),
>

which yields (4-12).

Recall that according to the Bernstein theorem (see, e.g., Theorems 5.5.1 and 5.5.2 in [Akhiezer 1965]),
condition (4-11) implies that the function /(¢) admits the representation (1-3) with some positive measure
dm(}) on [0, 00). Note that condition (4-11) does not impose any restrictions on the measure dm (1)
(except that the integral (1-3) is convergent for all > 0).

Under the positivity assumption, the identity (2-21) takes a more precise form.

Proposition 4.11. Let h € %/ and (h, f* f)=0forall fe%. Then there exists a positive measure
dM(x) satisfying condition (4-9) for some x such that

o0

(h Fox f2) = f 1 (1)) dM(x)

—o0

forall fieD,j=1,2,andu; = *Ef; € ¥, where the mapping E is defined by (1-11).

5. Applications and examples

5.1. Consider first self-adjoint Hankel operators H of finite rank. Recall that integral kernels of Hankel
operators of finite rank are given (this is the Kronecker theorem — see, e.g., Sections 1.3 and 1.8 of [Peller
2003]) by the formula

M
h(t)y =Y Pu(t)e ™", (5-1)

m=1
where Re o, > 0 and P, (¢) are polynomials of degree K,,. If H is self-adjoint, that is, 4 (¢) = h(t), then
the set {«1, ..., ay} consists of points lying on the real axis and pairs of points symmetric with respect to
it. LetImay, =0form =1, ..., Mo and Imo, > 0, apg,4m = form = Mo+ 1, ..., Mo+ M;. Thus
M = My+2Mj; of course the cases My = 0 or M, = 0 are not excluded. The condition (¢) = h(¢) also
requires that P, (¢) =P,(t)form=1,..., My and Pyt 4m (1) = P,(t) form=My+1,..., Mo+ M,.

As is well known and as we shall see below,

M
rank H = Z K,+M=:r
m=1
Form =1, ..., My, we denote by p,, = p,» the coefficient at t%m in the polynomial P, (¢).
The following assertion yields an explicit formula for the numbers N (H). Its proof relies on formula
(1-4) for the sigma function of the kernel /4 (¢) = tke®" and on the identity N1 (H) = N1(S). The detailed
proof is given in [Yafaev 2015].
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Theorem 5.1. Form =1, ..., My, set
K 1
N@:N@:L if K,y is odd,
N(m) I_N(m)_Km H ; 5-2
oo l=N == if Ky, is even and p,,;, > 0, (5-2)
N _ el I_Km R
+ =NT—l=—= if K, is even and p,, < 0.

Then the total numbers N1 (H) of (strictly) positive and negative eigenvalues of the operator H are given

by the formula
My Mo+M,
Ne(H)= > NP+ Y Kn+ M. (5-3)
m=1 m=My+1
Formula (5-2) shows that every pair
Pm(t)e_am[+Pm+M1(t)e_am+M1t9 m:MO+17"’7MO+M19 (5_4)

of complex conjugate terms in (5-1) yields K, 4+ 1 positive and K,, 4+ 1 negative eigenvalues. The

contribution of every real term Py, (t)e %’

, where m = 1, ..., My, also consists of equal numbers
(K,n +1)/2 of positive and negative eigenvalues if the degree K, of the polynomial P, (¢) is odd. If K,,
is even, then there is one more positive (negative) eigenvalue if p,, > 0 (p,, < 0). In particular, in the
question considered, there is no “interference” between different terms Py, (t)e *', m =1, ..., My, and
pairs (5-4) in representation (5-1) of the kernel A (z).

According to (5-3), the operator H cannot be sign-definite if M > 0. Moreover, according to (5-2),
N i" ) =0 form = 1,..., My if and only if K,, =0 and Fp,, > 0. Therefore we have the following result.

Corollary 5.2. A Hankel operator H of finite rank is positive (negative) if and only if its kernel is given
by the formula

My
h(t)=" pme ",
m=1

where o, > 0 and py, > 0 (p, < 0) forallm =1, ..., M.

Corollary 5.2 admits different proofs which avoid formula (5-3). For example, one can use that although
the functions Py, (t)e~%"" are analytic in the right half-plane Re ¢ > 0, they are bounded for 7 = t +io as
o — oo for a constant P, (¢) only. Therefore, according to Corollary 4.10, such Hankel operators cannot
be positive. Alternatively, using formula (5-15) below for the b-function of the kernel t*¢=%’, one can
deduce Corollary 5.2 from Theorem 4.7.

Let us compare formula (5-3) with the result of [Megretskii et al. 1995]. In application to finite-rank
operators H, this general result implies that the spectra of Hankel operators are characterized by the
following condition: the multiplicities of eigenvalues A # 0 and —A of H do not differ by more than 1.
This condition and formula (5-3) mean that there is a certain balance between positive and negative
spectra of finite-rank Hankel operators. Nevertheless, neither of these results ensures another one.
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5.2. Consider now Hankel operators H with kernels (1-15). Since the case k = 0, 1, ... (finite-rank
Hankel operators) has been discussed in the previous subsection, here we suppose that k 20, 1, .... If
k > —1, condition (1-7) is satisfied for all «, and the operators H are compact (actually, they belong to
much better classes of operators). If k = —1, then condition (1-7) is satisfied for ¥ > 1, and the operators
H are bounded but not compact.

Let us calculate the b- and s-functions of kernels (1-15). If £ > —1, then function (2-15) equals

a€)=Qn)"'? /ootke—“’rié dt = Qm) Va7 TP (1 4k —i§), (5-5)
0

and hence function (2-17) equals

i T+ k= i)

b(&) = . 5-6
@) =a 27T (1 — i€) -0
If k = —1, then in accordance with formulas (5-5) and (5-6), we have
a€) = Q)" "2t lim T'(e —i8), b)) = Q) et +i0)7".
£—>+
This yields the expression
= if
{s(x) O ix>F here g = —Ina, (5-7)
s(x)=1 ifx <p,

for the function s = ~/27 ®*b. Formula (5-7) remains true for the Carleman operator C (the Hankel
operator with kernel h(t) = t~1) when « = 0. Indeed, in this case, according to (2-23), the sign function
s(x) equals 1.

Next, we calculate the Fourier transform of function (5-6). Assume first that k € (—1, 0). Then (see,
e.g., formula (1.5.12) in [Erdélyi et al. 1953])

© L r—ora+k—ié)
k—1 D~ 1HE gy —
/0 t t+1 t T o)

Making here the change of variables t + 1 = a~'e™, we find that

1 /00 (e —a)* e i dx = a—l—k—igr(l‘f'—k‘—l’g).
0 r(—if)

Passing now to the inverse Fourier transform, we see that for k € (—1, 0) the sign function s(x) = sz (x)

of kernel (1-15) equals

s(x) = (e —a);F . (5-8)

T(—k)

Let us verify that this formula remains true for all noninteger k. To that end, we assume that (5-8)
holds for some noninteger k > —1 and check it for k; =k + 1. Since

I'(l+k —i&) =k —i5)I'(1+k—i),
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we have

Sty (¥) = o (kg — 3)sp (x).

Substituting here formula (5-8) for s;(x) and differentiating this expression, we obtain formula (5-8) for
Sk, (x). This concludes the proof of relation (5-8) for all k > —1.

Lemma 5.3. Let h(t) be given by formula (1-15), where k & Z . Then the sign function is determined by
relation (5-8).

Actually, relation (5-8) remains true for k € Z, if one takes into account that the distribution
(e — a);k_l has poles at integer points. For example, for k = 0 we have s(x) = a~18(x — B).

Obviously, s(x) =0 forx > = —Ilna. If k =—1, then s(x) =1 for x < 8. If k € (—1, 0), then
s(x) >0and s € L'(R). Therefore it follows from Theorem 4.5 that H > 0.

If k£ > 0, then distribution (5-8) does not have a definite sign. Therefore it can be deduced from
Theorem 4.2 that the corresponding Hankel operator also is not sign-definite.

Alternatively, for the proof of this result we can use Corollary 4.8. Formula (2-11) implies that function
(5-6) has the asymptotics

b(E) = @m) e TR A+ 05T, 18] - 0. (5-9)
Making the dilation transformation in (1-15), we can suppose that « = 1. Then we have
-1 7k i k—1
Reb(&) = (2m)™ " cos - E+0E"), &— 4oo. (5-10)

Since cos(k/2) # 0 unless k is an integer odd number, this expression tends to 0o if + cos(wk/2) > 0.
Thus Corollary 4.8 for the case b = b, ensures that the Hankel operator H is not sign-definite.
Let us summarize the results obtained.

Proposition 5.4. The Hankel operator with kernel (1-15) is positive for k € [—1, 0], and it is not sign-
definite for k > 0.

Actually, using relation (5-8), one can calculate explicitly the numbers N, (H) for all values of k (see
[Yafaev 2014b]).

Explicit formulas for the sign functions can also be used to treat more complicated Hankel operators.
For example, in view of (5-7), the following assertion directly follows from Theorem 4.5.

Example 5.5. The Hankel operator with kernel
h(t)=t""(e ™" —ye ™), y=0,

is positive if and only if ¢, > o) > 0 and y < 1.



CRITERIA FOR HANKEL OPERATORS TO BE SIGN-DEFINITE 211

5.3. In this subsection, we consider the Hankel operator H with kernel (1-16). Condition (1-7) is now
fulfilled for all x, and the operator H belongs of course to the Hilbert—Schmidt class (actually, to much
better classes). Observe that

a(€) = 2m)”'" / e i g = (zm—wzr—lr(.l - is)
0

r

and define, as usual, the function (&) by formula (2-17) so that

()
N r /
NG

Consider first the case r > 1. It follows from the Stirling formula (2-11) that for all » > 1, the modulus of

b(E) = Q2nr)”! (5-11)

function (5-11) exponentially grows and the periods of its oscillations tend to zero only logarithmically as
|&] — o0. Therefore, Theorem 4.7 implies that the Hankel operator with kernel (1-16) is not sign-definite.

The Hankel operator H with kernel A(t) = e~ * can also be treated (see Appendix B) in a completely
different way, which is perhaps also of some interest. This method shows that both positive and negative
spectra of the operator H are infinite.

If r =1, then h(t) = e yields a positive Hankel operator of rank 1.

Let us now consider the case r < 1. Again according to the Stirling formula (2-11), function (5-11)
belongs to L'(R), so that its Fourier transform

F<1 - ié;)
s(x) = 2r)~! /_: m—_rig)eixf de =: I, (x) (5-12)

is a continuous function which tends to 0 as |x| — oo. Therefore, by Proposition 4.6, the corresponding

Hankel operator H is nonnegative if and only if /. (x) > O for all x € R.

It turns out that 7, (x) > 0. Surprisingly, we have not found a proof of this fact in the literature, but it
follows from our results. Only for r = % integral (5-12) can be explicitly calculated. Indeed, according
to formula (1.2.15) of [Erdélyi et al. 1953],

L2 —1i§))
T(1—i&)

Therefore it follows from formula (2-25) that

=271 (3 — ).

I jp(x) =27 g =123 2= /4 (5-13)

which is of course positive.
For an arbitrary r € (0, 1), one can proceed from the Bernstein theorem on completely monotonic
functions (see Section 4.4). Observe that if

Yty =17, p=>0, (5-14)
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then

V()= —pt Pl — Pl

Further differentiations of ¥ (#) change the sign and yield sums of terms having the form (5-14). Thus the
function h(r) = ™" satisfies, for all n, condition (4-11), and hence admits the representation (1-3) with

some positive measure dm(1). It follows from (1-3) that

(HF. f) = / CILHGIRdmGy 20, forall £ € CER),
0

where L is the Laplace transform (2-28). Since the operator H is bounded, this implies that H > 0.
Thus we have obtained the following result.

Proposition 5.6. The Hankel operator with kernel (1-16) is positive for r € (0, 1], and it is not sign-definite
forr > 1.

Putting together this result with Theorem 4.5, we see that integral (5-12) is positive for all r € (0, 1).
Our indirect proof of this fact looks curiously enough.

5.4. Let us now discuss convolution operators with growing kernels b(£). We emphasize that condition
(4-3) does not guarantee that the numbers N (b; C;°(R)) are infinite. Indeed, consider the kernel
h(t) = tke~®", where k is a positive integer. Formula (5-6) shows that for Im o = 0, the corresponding
b-function

b(E) = Q) o TEHE(L —ig) - (k — i) (5-15)

has power asymptotics as |§| — oco. According to Theorem 5.1, the positive and negative spectra of
the Hankel operator H with the kernel /(¢) are finite; for example, H has exactly (k + 1)/2 positive
and negative eigenvalues if k is odd. Moreover, if Ima # 0, then in view of (5-15), the function
b(&) exponentially grows as § — 400 or § — —oo. Nevertheless, the Hankel operator H with kernel
h(t) = t*(e=® 4 ¢~%") has exactly k + 1 positive and negative eigenvalues.

On the other hand, for kernel (5-11), where r = 2, we have N (b; C;°(R)) = co. This follows from
Theorem 4.1 because, by Proposition B.1, the Hankel operator with kernel A(¢) = ¢~"" has an infinite
number of positive and negative eigenvalues.

A similar phenomenon occurs for Hankel operators with nonsmooth kernels. This is discussed in the
next section. However, in general, the calculation of the numbers N (b; C5°(R)) for convolutions with
kernels b(§) growing and oscillating at infinity looks like an open problem.

6. Hankel operators with nonsmooth kernels

According to Corollary 4.10, a Hankel operator H can be sign-definite only for kernels 7 € C®(R,.).
Here we show that if /() or one of its derivatives 2 (r) has a jump discontinuity at some point fy > 0,
then H has an infinite number of both positive and negative eigenvalues accumulating to zero. Moreover,
we calculate their asymptotic behavior.
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6.1. We start with a distributional kernel. Let the symbol (see the definition in Section 3.2) of the Hankel
operator H be defined by the formula w (1) = ¢/*. Then h(r) = 2)~"/?(dw)(t) = 8(t —1p). It follows
from (1-1) that H =0 for ) <0 and
(Hf)(@)= f{to—1)

for fy > 0, which we suppose from now on. For such /(¢), condition (3-12) is satisfied for N = 0 and
k =0.

The operator H admits an explicit spectral analysis. Indeed, observe first that (Hf)(¢) =0 for t > ¢
and hence L?(ty, oo) C Ker H. Since H?> f = f for f € L?(0, ty), the restriction of H on its invariant

subspace L?(0, 1) may have only %1 as eigenvalues. Obviously, the eigenspace ¥ of H corresponding
to the eigenvalue +1 consists of all functions f(¢) such that f(¢#) = & f (to — ). Since

Wy @ ¥ @ L (19, 00) = L*(Ry),
the spectrum of H consists of the eigenvalues 0, 1, —1 of infinite multiplicity each.

6.2. For a compact operator H, let us denote by )»5,“ (—)»,(,_)) its positive (negative) eigenvalues. Positive
(negative) eigenvalues are of course enumerated in decreasing (increasing) order with multiplicities taken
into account.

Let us start with the explicit kernel

h(t) = (to—1)" for t <ty, h(t)=0 for > 1, (6-1)

where [ is one of the numbers / =0, 1, .... Then

(H) (1) =/O o=t -9 f(s)ds, 1€ 1),

and (Hf)(t) =0 for ¢t > ty. For such A(¢), the symbol equals

/

fo . . 1
() = /0 ety —t) dt =11 (Gp) ! (e””o - Z E(iuto)k)

It is a smooth function oscillating as || — oo.
It follows from (1-5) that the b-function of the operator H equals

gt
2T +2—i§)

(if h(t) =6 (t—tg), then this formula is true with / = —1). So according to Theorem 4.7, we have N+ (H) > 0.

Actually, the spectrum of H consists of an infinite number of positive and negative eigenvalues denoted
()
An

b(§) (6-2)

, and we will find their asymptotic behavior as n — oo.
Let us consider the spectral problem Hf = Af, that is,

to—t
/ (to—t—$) f(s)ds =rf @), te€(0,1). (6-3)
0
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Differentiating this equation k& times, we find that

to—t
DX =1 - —k+1) / (to—t—8)*f(s)ds =rf® () (6-4)
0
for k =1, ..., 1. Differentiating (6-4), where kK =/ once more, we see that
N =D Do —1), 10, 1). (6-5)

Setting t = #y in (6-3) and (6-4), we obtain the boundary conditions

fo)=f't)=---= D) =0. (6-6)

Conversely, if a function f(¢) satisfies (6-5) and boundary conditions (6-6), it satisfies also (6-3). This
leads to the following intermediary result.

Lemma 6.1. Let the operator A be defined on the Sobolev class H1(0, ty) by the equation

(Af)@) = (=D Dy —1). (6-7)

Considered with boundary conditions (6-6), it is self-adjoint in the space L*(0, ty), and its eigenvalues
o™ are linked to eigenvalues AP of the Hankel operator H with kernel (6-1) by the equation ol =

I HEY-1

6.3. Clearly, A? is a differential operator and the asymptotic behavior of its eigenvalues is described by
the Weyl formula. However, to find the eigenvalue asymptotics of the operator A, we have to distinguish
between positive and negative eigenvalues. For this reason, it is convenient to introduce an auxiliary
operator A with symmetric (with respect to the point 0) spectrum having the same eigenvalue asymptotics
as A.

We define A by the same formula (6-7) as A but consider it on functions in HI1(0, 1o /2) ®H (1 /2, to)
satisfying the boundary conditions

F90) = f® (%0 - 0>, FO (’50 + 0) = £ O 1), 6-8)
where k =0, ..., [ for [ even, and
FO0) = f® (%0 — 0) =0, f® (%0 + 0> = f®(t) =0, (6-9)

where k =0, ..., (I—1)/2 for [ odd. The operator Ais self-adjoint in the space L>(0, t9/2) ® L*(to/2, to),
and it is determined by the matrix

~ (0 A g
A= <A271 0 >, A1,2—A2‘1, (6’10)

where Aj 1 : L0, to /2) —> L?(to /2, to). The operator A, ; is again given by relation (6-7) on functions
in H'+1(0, 1 /2) satisfying conditions (6-8) or (6-9) at the points 0 and #y/2 — 0. It follows from formula
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(6-10) that the spectrum of the operator A is symmetric with respect to the point 0 and consists of
2 are eigenvalues of the operator Aj Ar =1 A

An easy calculation shows that A is the differential operator A = (— DI*19242 in the space L%(0, 1o /2)
defined on functions in the class H**2(0, 7/2) satisfying the boundary conditions f ©0) = PO (1/2),

where k =0, ..., 2]+ 1 for [ even, and the boundary conditions

f(k)(o) — f(k)(tz()) — f(l+1+k)(0) — f(l+1+k) <t50) :O,

eigenvalues *a,, where a

where k =0, ..., ({ —1)/2 for [ odd. The asymptotic formula for the eigenvalues aﬁ of A is given by the
Weyl formula, that is,

ap = Quty ')A+ 0m ™).

Let us now observe that the operators A and A are self-adjoint extensions of a symmetric operator
Ap with finite deficiency indices (2] + 2, 2] +2). For example, Ag can be defined by formula (6-7) on
C*°-functions vanishing in some neighborhoods of the points 0, #y/2, and #y. Therefore, the operators
A and A have the same spectral asymptotics. Taking Lemma 6.1 into account, we obtain the following
result.

Lemma 6.2. The eigenvalues of the Hankel operator H = H (ty) with kernel (6-1) have the asymptotic
behavior

AE =1en) T A+ o). (6-11)

Remark 6.3. It is interesting that the asymptotic coefficient in (6-11) is proportional to té“, where 1y
is the jump point. However, this fact is not surprising, because the operators H (ty) are related by the
equation H (ty) = t(l)H D(70)*H (1)D(tp), where D(t9), (D(t9) ) (t) = /o f (tot), is the unitary operator of
dilations.

Remark 6.4. In the case [ = 0 we have the explicit formulas

M =n) -3 A =2 wm-1)", n=1,2,....
6.4. Now we extend the asymptotics (6-11) to general Hankel operators whose kernels (or their derivatives)
have jumps of continuity at a single positive point. To that end, we combine Lemma 6.2 with Theorem 7.4
in Chapter 6 of [Peller 2003]. This theorem implies that singular values s, (V) of a Hankel operator V
satisfy the bound

sa(V) =o'

if V has a symbol belonging to the Besov class B;f;([R?), where p = (I +1)~!. By the Weyl theorem on
the stability of the power asymptotics of eigenvalues, adding such an operator V to the Hankel operator
with kernel (6-1) cannot change the leading asymptotic term in formula (6-11). This yields the following
result.
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Theorem 6.5. Letl € 7, and let v(t) be the Fourier transform of a function in the Besov class Bﬁ;’r}i (R),
where p = (I+1)~!. Set
h(t) = ho(to — 1) +v(®)

fort <tgand h(t) = v(t) fort > ty. Then eigenvalues of the Hankel operator H have the asymptotics
AE = |hollt @) T T T (4 0(1)
asn — oo.

We emphasize that under the assumptions of this theorem, the leading terms in the asymptotics of the
positive and negative eigenvalues are the same. Of course if /1 (#) becomes smoother (/ increases), then
eigenvalues of the Hankel operator H decrease faster as n — 00. Observe that for / = 0 (when the kernel
itself is discontinuous), the Hankel operator H does not belong to the trace class.

We finally note that, under assumptions close to those of Theorem 6.5, the asymptotic behavior of the
singular values of the Hankel operator H was obtained long ago in [Glover et al. 1990] by a completely
different method.

7. Perturbations of the Carleman operator

In this section we consider operators H = Hy + V, where Hj is the Carleman operator C' (or a more
general operator) and the perturbation V belongs to one of the classes introduced in Section 5. Various
objects related to the operator Hy will be endowed with the index “0”, and objects related to the operator

€6, 9

V will be endowed with the index “v”.

7.1. For perturbations V of finite rank, we have the following result.

Theorem 7.1. Let the sign function so(x) of a Hankel operator Hy be bounded and positive. Let the
kernel v(t) of V be given by the formula

M
v(t) = Pu(t)e ™,

m=1

where P, (t) is a polynomial of degree K,,. Put H = Hy+ V and define the numbers N i by formula
(5-2). Then N_(H) is given by formula (5-3).

Corollary 7.2. Under the assumptions of Theorem 7.1, we have N_(H) = N_(V). In particular, H > 0
if and only if V > Q.

Of course, in the case Hy = 0, Theorem 7.1 reduces to Theorem 5.1. Since for the Carleman operator
C the sign function equals 1, Theorem 7.1 applies to Hy = C.

The inequality N_(H) < N_(V) is obvious because Hy > 0. On the other hand, the opposite inequality
N_(H) = N_(V) looks surprising because the operator Hy, which may have the continuous spectrum, is
much “stronger” than the operator V of finite rank. At a heuristic level, the equality N_(H) = N_(V)
can be explained by the fact that the supports of the sign functions sg(x) and s, (x) are essentially disjoint.
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Very loosely speaking, this means that the operators Hy and V “live in orthogonal subspaces”, and hence
the positive operator Hy does not affect the negative spectrum of V. The detailed proof of Theorem 7.1,
as well as that of Theorem 5.1, is given in [Yafaev 2015].

7.2. Let C be the Carleman operator, and let V be the Hankel operator with kernel
v =the ™™, a>0,k>—1. (7-1)

The operator V' is compact, and hence the essential spectrum spec. (H,, ) of the operator

€ss
H,=C—-yV, vyeR, (7-2)
coincides with the interval [0, 7]. Since the sign function of the operator C equals 1, the sign function s,
of the operator H, equals
sy (X) =1 —ysy(x),
where the function s,(x) is given by formula (5-8).
Let first £k € (—1,0). Observe that s,(x) is continuous for x < 8 = —In«a and s,(x) — 400 as
x — B—0but s, € L' (R). Thus the function sy (x) goes to —oo as x — B — 0 for all y > 0, and hence it

follows from Theorem 4.5 that the operator H, has infinite negative spectrum for all y > 0.
In the case k > 0, we use the formula

b(§) =8(5) +by(8) (7-3)

and apply Theorem 4.7 (more precisely, Corollary 4.8) with bg(§) = §(£) and by (§) = b, (§). Since
by € C(R)" and b has the asymptotic behavior (5-9), the operator H,, has a negative spectrum for all

y #0.
Let us summarize the results obtained.

Proposition 7.3. Let H, = C — y 'V, where V is the Hankel operator with kernel (7-1). Then:
(1) Ifk € (—=1,0) and y > 0, then the operator H, has an infinite number of negative eigenvalues.
(2) If k > 0, then the operator H, has at least one negative eigenvalue for all y # 0.

7.3. The result below directly follows from Theorem 4.5.

Proposition 7.4. Suppose that the sign function s, (x) of a Hankel operator V is continuous and s,(x) — 0
as |x| — oo. Then the operator H, defined by formula (1-2) is positive if and only if

ysy(x) <1 forall x e R.

If this condition is not satisfied, then H,, has infinite negative spectrum.

We note that by Proposition 3.12, under the assumption of Proposition 7.4 on the sign function s,, the
operator V is compact, and hence spec
b, € L'(R).

ess (Hy) = [0, 00). Of course, this assumption on s, is satisfied if
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Example 7.5. Let v(t) = ¢, where r < 1. We have seen in Section 5.3 that its sign function s, (x)
equals I, (x), where I,(x) is integral (5-12). Recall that /,(x) is a nonnegative continuous function of
x €Rand I,(x) - 0 as |x| — oo. Set
v, = max I, (x).
xeR
Then H, > 0if y <v,!, and the operator H, has infinite negative spectrum for all y > v !. Using the
explicit formula (5-13), it is easy to calculate vy, = 3«/6/7‘[6_3/2.

In the case r > 1 we use formula (7-3). As shown in Section 5.3, the modulus of the function b, (§)
exponentially grows and the periods of its oscillations tend to zero only logarithmically as |§] — oo.
Therefore Theorem 4.7 yields the following result.

t

Proposition 7.6. Let v(t)=e~" , where r > 1. Then the operator (7-2) has at least one negative eigenvalue

forall y #0.

Thus the results on the negative spectrum of the operator H, = C — yV, where v(f) = e~
qualitatively different forr < 1,r =1, and r > 1.

.
I are

Appendix A: Proof of Lemma 3.6

Set
Fé”) = max((ln 1< F™ (1) |)’

IER+

where for shortness we use the notation (x) = (1 + |x]).
Let us first consider (®*F)(A) for A € (—1, 1) =: I. We have

@(@*F)(,\)=/HF(z)e"“dz+/OOF(z)ei“dt, a=|r"1"2
0

a

The first integral on the right-hand side is bounded by FSO) |A|~1/2, which belongs to L'(7). In the second
integral, we integrate by parts:

/F(z)e"“dz:i,\—‘F(a)e“ui,\—‘/ F'(t)e'* dt. (A-1)

a a

The first term here is bounded by C|A|~'(In 1)~ F,((O), which belongs to L' (1) if ¥ > 1. The second term
is bounded by

o0
A~ / t~Hng) ™ dt FV < CIA ™ (Ina) T ED,
a
It belongs to L' (1) if k > 2. Thus, for all ¥ > 2, we have
1D*Flipi gy < CUNED + ED), (A-2)

Next, we consider (®*F)()) for |1| > 1. Integrating by parts, we see that

V27 (D*F)(\) = ir~! /GF’(t)eW dt +ir~! /OOF’(t)e"“ dt. (A-3)
0

a
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The first term here is bounded by

a

|A|_1/ t~Hnt) ™ dt FD < C|a 7 (Ina)y T ED,

0
It belongs to L' (R\ 1) if ¥ > 2. In the second integral in (A-3) we once more integrate by parts, that is,
we use formula (A-1) with F(¢) replaced by F'(¢). The function A72F’(a) is bounded by |A|_3/2F0(1).
For the second term, we use the estimate

o
'A‘Zf F"(1)e™ dt

o
< A—Zf 12 dtFP = 3| PFP.

a

Therefore the second term in (A-3) also belongs to L!(R\ I). Thus, for all ¥ > 2, we have
19" Fll iy < COOFD + Fy?). (A-4)

Putting together (A-2) and (A-4), we obtain estimate (3-13).

Appendix B: The Gaussian kernel

2

Here we return to the Hankel operator H with kernel h(f) = e~ considered in Section 5.3. Since

2 2 . 2 . .
e+ = ¢71"¢=25¢75" we have the identity

(Hf, ) =Ly, ¥), (B-1)

where ¥ (1) = e~'/2 f(t/~/2)/+/2 and L is the Laplace transform defined in the space L%(R,.) by formula
(2-28). We shall use (B-1) essentially in the same way as the main identity (1-10). It follows from equality

(2-29) for a = % that L = M*$T M, where M is the Mellin transform. Therefore the spectrum of L
consists of the interval [—y, y], where, according to (2-24),

y rgleauid (5 +i€)] \/Elgleaﬁ(cos (T€)) JT
This allows us to check the following assertion.

Proposition B.1. The Hankel operator H with kernel h(t) =e™' * has an infinite number of positive and
negative eigenvalues.

Proof. Fix some u € (0, /7). For an arbitrary N, let A§+), e AE;F) C (1, /) and Ai_), e AEV_) C
(—+/7, — ) be closed mutually disjoint intervals. Choose functions (p§.i) in the spectral intervals Ag.i) of
the operator L and such that ||<p§i) |=1,j=1,...N. Let @ = Z?’Zl o j(/)](.i) be a linear combination

of the functions ¢{*, ..., ). Then

N N
+) (£ +
+(Le®, 0@ = o Pl o) = 1Y o Pl 17 = ulle™ )17 (B-2)
j=1 j=1
For an arbitrar 0 h (&) 5 ®) _ &) =
ye>0,wecanc oosewj €Cj ([R+)suchthat||¢j ®; | <eforall j=1,..., N.

Since the functions (p}i) are orthogonal, the functions z//J(.i) are linearly independent if ¢ is small enough.
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Moreover, it follows from (B-2) that
(LY@, ) =27 |y PP (B-3)

if & =YY o;y and & is small.

Set now f®) (1) = ﬁe’zw(i)(ﬁt). Then f® e L*(R,), and according to the identity (B-1),
inequality (B-3) implies that =(H f®, f*)) > 0 on the linear subspace of such functions f*) (except
£ =0). This subspace has dimension N. Hence the operator H has at least N positive and N negative
eigenvalues. Since N is arbitrary, this concludes the proof. O

We emphasize that the operator H is compact while the operator L has the continuous spectrum.
Nevertheless the total multiplicities of their positive and negative spectra are the same (infinite).
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