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SMOOTH PARAMETRIC DEPENDENCE OF ASYMPTOTICS
OF THE SEMICLASSICAL FOCUSING NLS

SERGEY BELOV AND STEPHANOS VENAKIDES

We consider the one-dimensional focusing (cubic) nonlinear Schrédinger equation (NLS) in the semiclas-
sical limit with exponentially decaying complex-valued initial data, whose phase is multiplied by a real
parameter. We prove smooth dependence of the asymptotic solution on the parameter. Numerical results
supporting our estimates of important quantities are presented.

1. Introduction
We consider the semiclassical focusing nonlinear Schrodinger (NLS) equation

iediq+e*2q+2|ql*q =0 (1)
with the initial data _
g(x,0) = A(x)e ¢ 5D A(x),S(x)eR, p=0, )

in the asymptotic limit ¢ — 0. Equation (1) is a well-known integrable system [Zakharov and Shabat
1972], and a lot of work has been done on this initial value problem (see below). The focus of the present
study is on the parameter p in the exponent of the initial data. For the specific data

A(x) = —sechx, S'(x)=—tanhx, p=>0, €)

studied in [Kamvissis et al. 2003; Tovbis et al. 2004], the solution undergoes a transition at ;. = 2. When
u < 2, the Lax spectrum contains discrete eigenvalues numbering 0(%) each eigenvalue giving rise
to a soliton in the solution, which thus consists of both a radiative and a solitonic part. When p > 2,
the spectrum is purely continuous and the solution is purely radiative (absence of solitons). We prove
that the local wave parameters (branch points of the Riemann surface that represents the asymptotic
solution locally in space-time) vary smoothly with w, even at the critical value = 2. Indeed, numerical
experiments have shown absence of any noticeable transition in the behavior of the branch points at the
critical value [Miller and Kamvissis 1998]. Theorem 4.5 establishes this fact rigorously.

The reason p deserves special attention as a perturbation parameter is twofold. First, at the value
of u = 2 there is a phase transition in the nature of the solution (there is a solitonic part when u < 2;
see below). Perturbing p across this value allows continuation of the validity of rigorously derived
asymptotics [Tovbis et al. 2006] from the region p > 2 to the region p < 2. Ab initio derivation of such

Venakides thanks the NSF for supporting this work under grants NSF DMS-0707488 and NSF DMS-1211638.
MSC2010: primary 37K15, 37K40; secondary 35P25.
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asymptotics in the region @ < 2 would be technically more demanding. Also, p is a singularity of the
RH contour in a way that cannot be remedied by contour deformations. Such a difficulty is absent when
the perturbation parameters are space and time variables x and ¢. Indeed, the methods of [Tovbis and
Venakides 2009; 2010] are applied in this work, and amongst the surprises which allow the methods to
apply is a collection of explicit formulae for dependence on p summarized in Lemmas 4.1-4.3.

Essential mathematical difficulties are encountered in the solution of the initial value problem (1) and
(2) in general, and (1) and (3) in particular.

(1) The calculation of the scattering data at t = 0 is extremely delicate, as seen from the work of Klaus
and Shaw [2002].

(2) The linearizing Zakharov—Shabat eigenvalue problem [1972] is not self-adjoint. This is in contrast to
the self-adjointness of the initial value problem for the small-dispersion Korteweg—de Vries (KdV)
equation, in which a systematic steepest descent procedure was developed by Deift, Venakides and
Zhou [Deift et al. 1997] for calculating the asymptotic solution (see also [Deift et al. 1994]). The
approach in [Deift et al. 1997] extended the original steepest descent analysis of Deift and Zhou [1993]
for oscillatory Riemann—Hilbert problems by adding to it the g-function mechanism. A systematic
procedure then obtained the KdV solution, which consists of waves that are fully nonlinear. These
waves are typically modulated. In other words, the oscillations are rapid, exhibiting wavenumbers
and frequencies in the small spatiotemporal scale that vary in the large scale in accordance with
modulation equations.

(3) The system of modulation equations in the form of a set of PDEs for the NLS equation exhibits
complex characteristics [Forest and Lee 1986]. Posed naturally as an initial value problem, the
system is thus il/-posed and modulated NLS waves are unstable. The instability to the large-scale
spatio-temporal variation of the wave parameters (modulational instability) is the primary source of
problems in nonlinear fiber optical transmission, which is governed by the NLS equation.

In spite of the modulational instability, there exist initial data with a particular combination of 4 and S
that evolve into a profile of modulated waves. The ordered structure of modulated nonlinear waves was
first observed numerically by Miller and Kamvissis [1998], for the initial data of (3) with u = 0 and values
of ¢ that allowed them to implement the multisoliton NLS formulae. Miller and Kamvissis observed
the phenomenon of wave breaking (see below) and the formation of more complex wave structures past
the break in this work. Later numerical findings by Ceniseros and Tian [2002], as well as by Cai, D. W.
McLaughlin, and K. D. T.-R. McLaughlin [Cai et al. 2002], also detected the ordered structures.

These studies were followed by analytic work of Kamvissis, K. D. T.-R. McLaughlin and Miller
[Kamvissis et al. 2003] for the same initial data (i = 0), the corresponding initial scattering data having
been earlier calculated explicitly by Satsuma and Yajima [1974]. This work set forth a procedure aiming
at the analytic determination of the observed phenomena that would practically extend the steepest descent
procedure cited above to the non-self-adjoint case. Following a similar approach, Tovbis, Venakides
and Zhou derived these phenomena rigorously from the initial data (3) with i > 0 [Tovbis et al. 2004];
the initial scattering data were previously obtained by Tovbis and Venakides [2000]. The asymptotic
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calculation of the wave solution was with error of order ¢ for points in space-time that are off the break
point and off the caustic curves (see below). In further work [Tovbis et al. 2006; 2007], the same authors
also derived the long-time behavior of the asymptotic solution for i > 2 and generalized the prebreak
analysis to a wide class of initial data. The detailed asymptotic behavior in a neighborhood of the first
break point was derived recently by Bertola and Tovbis [2013].

The rigorous derivation of the mechanism of the second break remains an open problem. Using a
combination of theoretical and numerical arguments, Lyng and Miller [2007] obtained significant insights
for initial data (3) with i = 0 when the solution is an /V-soliton, where N = 0(%) In particular, they
identified a mathematical mechanism for the second break, which depends essentially on the discrete
nature of the spectrum of the N -soliton and turns out to differ from the mechanism of the first break.

The asymptotic solution for shock initial data,

A = constant, S’(x) =signx, u>0, 4)

was derived globally in time by Buckingham and Venakides [2007].

The work of the present paper relies on the determinant form of the modulation equations of the NLS
obtained by Tovbis and Venakides [2009]. The modulation equations are transcendental equations, not
differential equations, and thus the modulational instability does not hinder the analysis. Tovbis and
Venakides utilized the determinant form to study the variation of the asymptotic procedure as parameters
of the Riemann—Hilbert problem, in particular the spatial and the time variables that are parameters in
the Riemann—Hilbert problem analysis, change. They proved [2010] that, in the case of a regular break,
the nonlinear steepest descent asymptotics can be “automatically” continued through the breaking curve
(however, the expressions for the asymptotic solution will be different on different sides of the curve).
Although the results are stated and proven for the focusing NLS equation, they can be reformulated for
AKNS systems, as well as for the nonlinear steepest descent method in a more general setting. The
present paper examines the variation of the procedure with respect to the parameter  and proves that the
variation is smooth even as j crosses the critical value © = 2.

1A. Background: n-phase waves, inverse scattering, and the Riemann—Hilbert Problem. In order to
make the study accessible beyond the group of experts in the subject, we give an overview of our
understanding of the phenomenology of the time evolution of the semiclassical NLS equation and the
mathematics that represents this phenomenology.

In the ideal (and necessarily unstable) scenario, in which modulated wave profiles persist in space-time,
so does the separation in two space-time scales. In the large scale, a set of boundaries (breaking or caustic
curves) divides the space-time half-plane (x,?), ¢ > 0, into regions. Inside each region, and in the leading
order as ¢ — 0, the solution is an n-phase wave (n =0, 1,2, 3,...), with wave periods and wavelengths
in the small scale. The wave parameters vary in the large scale. The increase in 7 occurs typically as a
new phase is generated at a point in space-time, due, for example, to wave-breaking (more precisely, to
avert wave-breaking) or to two existing phases coming together. The newly generated oscillatory phase
spreads in space with finite speed and the trace of its fronts in space-time constitutes the set of breaking
curves.
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An n-phase NLS wave is a solution of (1) which exhibits a “carrier” plane wave and n nonlinearly
interacting wave-phases that control its oscillating amplitude. The wave is characterized by a set of
2n + 2 real wave parameters: n + 1 frequencies and n + 1 wavenumbers. In the scenario discussed above,
waves with periods and wavelengths of order O(¢) constitute the small space-time scale. The boundaries
separating phases in space-time exist in the large scale, which is of order O(1). These boundaries play the
role of nonlinear caustic curves. The analytic wave profile of an n-phase wave is given explicitly in terms
of an elliptic (n = 1) or hyperelliptic (n > 1) Riemann theta function, derived from a compact Riemann
surface of genus n. This is true not only for the NLS but for most of the integrable wave equations studied.
The 2n + 2 branch points of the Riemann surface are the wave parameters of choice that determine the
n+ 1 frequencies and n + 1 wavenumbers. In the case of the NLS, the 0-phase wave is simply a plane wave.

The initial data (2) have the structure of a modulated 0-phase wave. As ¢, increasing from zero, reaches
a value t = fyreax, the n = 0 initial phase breaks at a caustic point in space-time. As described above, a
wave-phase of higher n emerges then and spreads in space. As time increases, the endpoints of the spatial
interval of existence of the new phase define the two caustic curves in space-time that emanate from the
break point. The eventual breaking of this new phase is called the second break. The mechanism of the
second break is fundamentally different from that of the first.

The analytic description of n-phase waves [Belokolos et al. 1994] is in terms of an n-phase Riemann
theta function. This is an n-fold Fourier series obtained by summing exp{2wiz-m + 7wi(Bm,m)} over
the multi-integer m. B is an n x n matrix with positive definite imaginary part that gives the series
exponential quadratic convergence. In the case of NLS waves, the matrix B arises from periods of the

Riemann surface of the radical
2n+1

R(z) = ( 1_[ (z—ai)) , whereasj 1 =0y ; (5)
i=0

the elements of B are linear combinations of the hyperelliptic integrals

k
56 z k=01, ....n—1,

R(z)’
along appropriate closed contours on the Riemann surface of R [Belokolos et al. 1994]. The series has a
natural quasiperiodic structure in the n complex arguments z = (zy, ..., z,). Each z; is linear in x and ¢

and represents a nonlinear phase of the wave; the wavenumbers and frequencies are expressed in terms
of hyperelliptic integrals of the radical R and are thus functions of the «;;, whose status as preferred
parameters is obvious from (5).

The semiclassical limit procedure gives the emergent wave structure described above without any a
priori ansatz of such structure. The radical R(z) and the wave parameters arise naturally in the procedure.
As mentioned above, these wave structures are modulated in space-time. In the large space-time scale, the
branch points ¢; vary and their number experiences a jump across the breaking curves. The branch points
are calculated from the modulation equations in determinant form (they are transcendental equations, not
partial differential equations, and thus there is no ill-posedness at hand). The number of branch points is
obtained with the additional help of sign conditions that are obtained in the procedure.
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Overview of scattering, inverse scattering, and the Riemann—Hilbert problem (RHP). The NLS was
solved by Zakharov and Shabat [1972], who discovered a Lax pair that linearizes it. The Lax pair consists
of two ordinary differential operators, one in the spatial variable x and the second in the time variable ¢.

The first operator of the Lax pair is a Dirac-type operator that is not self-adjoint. The corresponding
eigenvalue problem (Zakharov—Shabat) is a 2 x 2 first-order linear ODE, with independent variable x. The
NLS solution ¢ (x, ¢, €) plays the role of a scatterer, entering in the off-diagonal entries of the ODE matrix.
Scattering data are defined for those values of the spectral parameter z that produce bounded (Zakharov—
Shabat) solutions. This happens when z is real (these solutions are called scattering states) and at the
discrete set of proper eigenvalues z; (the eigenvalues come in complex-conjugate pairs; the normalized
L? solutions are called bound states). The reflection coefficient r(z), z € R provides a connection between
the asymptotic behaviors of the scattering states as x — 00. The norming constants c;, corresponding
to the proper eigenvalues z;, provide the asymptotic behavior of the bound states as x — +o0.

The second operator of the Lax pair evolves the scattering states and the bound states in time and
is again a 2 x 2 linear ODE system. The holding of the NLS equation guarantees that this evolution
involves the action of a time-dependent unitary operator. As a result, the spectrum of the first Lax operator
remains constant in time and the scattering data evolve in time through multiplication by simple explicit
exponential propagators. The continuous spectrum contributes radiation to the solution of the NLS. The
bound states contribute solitons.

Zakharov and Shabat [1972] developed the inverse scattering procedure for deriving g(x,?) at any
(x,t) given the scattering data at ¢ = 0. In the modern approach initiated by Shabat [1976], the procedure
is recast into a matrix Riemann—Hilbert problem for a 2 x 2 matrix on the complex plane of the spectral
variable z. One needs to determine the matrix 7 (z) that is analytic on the closed complex plane, off
an oriented contour X, that consists of the real axis and of small circles surrounding the eigenvalues.

Modulo multiplication of its columns by normalizing factors etixz/e

, the matrix m(z) (the unknown of
the problem at ¢ > 0) is a judiciously specified fundamental matrix solution of the eigenvalue problem of
the first operator of the Lax pair (Zakharov—Shabat eigenvalue problem). In order to determine the matrix

m(z), one is given a jump condition on the contour 3, and a normalization condition at z — oo,

m(z) = (m“ mlz) — identity, as z — 00; m4(z) =m—_(z2)V, when z € X. (6)
ma1 May3
The subscripts & indicate limits taken from the left/right of the contour. The 2 x2 matrix V = V(z, x, ¢, ¢),
defined on the jump contour and referred to as the jump matrix, is nonsingular and encodes the scattering
data (see below). The space-time variables x, ¢ (and the semiclassical parameter ¢) are parameters in the
problem.
The solution to (1) is given by the simple formula

q(x,t,e) = lim zmy,(z, x,1,¢). (7)
Z—>00

The results and the calculations of this study are in the asymptotic limit of the semiclassical parameter
e—0.
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1B. Background: the semiclassical limit ¢ — 0. The Riemann—Hilbert approach is a major tool in the
asymptotic analysis of integrable systems, as established with the discovery of the steepest descent method
[Deift and Zhou 1993; 1995] and its extension through the g-function mechanism [Deift et al. 1997;
Tovbis et al. 2004]. The asymptotic methods via the RHP approach also apply to orthogonal polynomial
asymptotics [Deift 1999; Deift et al. 1999a] and to random matrices [Baik et al. 1999; Deift et al. 1999b;
Duits and Kuijlaars 2009; Ercolani and McLaughlin 2003].

The semiclassical asymptotic analysis of the highly oscillatory RHP is similar in spirit to the steepest
descent method for integrals in the complex plane. Throughout the analysis, the quantities x, ¢, and
enter as parameters. The semiclassical analysis, performed with the aid of the g-function mechanism
[Deift et al. 1997; Tovbis et al. 2004], is constructive. An undetermined function g(z) is introduced in
the RHP through a simple transformation of the independent matrix variable of the RHP. The contour
of the RHP, itself an unknown, is partitioned (in a way to be determined) into two types of interlacing
subarcs. The jump matrix is manipulated differently in the two subarc types. In one of them (main
arcs), the jump matrix is factored in a certain way. In the other type (complementary arcs), it is factored
differently or is left as is. The g-function mechanism then imposes on appropriate entries of the jump
matrix factors the condition of constancy in the complex spectral variable combined with boundedness
as ¢ — 0, while imposing decay as ¢ — 0 on other entries. The constancy conditions are equalities and
the decay conditions are sign conditions that act on exponents, forcing the decay of the corresponding
exponential entries. Put together, these conditions constitute a scalar RHP for the function g(z) (or, as
below, on its sister function /(z)). The contour of the RHP, its partitioning, and finally the functions g(z)
and /(z) follow from the analysis of this scalar RHP. This procedure allows the peeling-off of the leading
order solution of the original matrix RHP and leaves behind a matrix RHP for the error. This RHP is
solvable with the aid of a Neumann series.

The formulae for the conditions obtained through the g-function mechanism have an intuitive interpre-
tation that arises from (2D) potential theory in the complex plane of the spectral parameter z. The main
question is to determine the equilibrium measure for an energy functional [Deift 1999; Kamvissis and
Rakhmanov 2005; Simon 2011] that depends parametrically on the variables x and ¢. The support of
the measure depends on x and 7. For problems with self-adjoint Lax operators (e.g., the Korteweg—de
Vries equation in the small dispersion limit), the support is on the real line (typically a set of intervals as
in [Lax and Levermore 1983a; 1983b; 1983c; Venakides 1985]). In a general non-self-adjoint case the
supports are in the complex plane. This is the case with the (focusing) NLS under study, whose spatial
Lax operator, the Zakharov—Shabat system, is of Dirac type and is non-self-adjoint.

The conditions obtained through the g-function mechanism are exactly the variational conditions for
the equilibrium measure. Deriving these conditions rigorously as such is highly taxing, especially in the
non-self-adjoint case. This is not needed though. The conditions are used essentially as an ansatz in the
RHP. As long as the calculation confirms the ansatz, the whole procedure is rigorous.

In the cases of the (focusing) NLS in the semiclassical limit that have been worked out so far [Boutet de
Monvel et al. 2011; Buckingham and Venakides 2007; Lyng and Miller 2007; Tovbis et al. 2004; 2007], the
support of the equilibrium measure is a finite union of arcs in the complex plane with complex-conjugate
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;.Vz/o, with some finite N’ € N.

The analysis leads naturally to the representation of these points as the roots of a monic polynomial, the

symmetry. Denote the endpoints of the “main arcs” (see below) by {«; }

square root of which is exactly the radical in (5). This radical, a finite-genus Riemann surface, constitutes
the passage to the periodic structure of the local waveform. We refer to these endpoints henceforth as
“branch points”. It is necessary to establish the existence and the number of the branch points for each
pair (x,?) as well as the existence of the arcs, which provide the leading contribution to the expression of
the local waveform.

The approach to obtaining the asymptotic solution from the initial data is to analyze the RHP for fixed
x and ¢, thus treating the space and time variables as parameters. The smooth dependence of the branch
points ¢j on the parameters x and ¢ for the semiclassical NLS with ¢(x, 0) = sech(x), u = 0 was studied
in [Kamvissis et al. 2003, pp. 148-162] by considering moment conditions. A different approach, to start
with local behavior near the «;, was applied in [Tovbis and Venakides 2009], leading to formulae of the

form

. 0K -
%(X ye o 2mi a(aj,a,x,t) ®
ax ’ D(&) f/(é"xst) dé-,

P (C—aj(x, )RS, a)

. 0K -
@(x ye 2mi E(aj,a,x,t) ©
ot ’ D(&) f’({,x,l) d§7

p (§—aj(x, )R @)

where @ = a(x, 7).

In addition to [Tovbis and Venakides 2009; 2010], this work is similar in spirit to [Kuijlaars and
McLaughlin 2000], which pertains to random matrix theory. Those authors put a strong topology on
the set of allowable potentials (a potential is analogous to the function f in the present work) and
demonstrate that the so-called “regular case” is generic —i.e., if you find a potential with fixed genus and
all other side-conditions are satisfied in a strict sense, then the same genus holds for all potentials in a
neighborhood.

In this study, we obtain the following main results.

(1) We extend formulae (8) and (9) to include the dependence of the branch points and of the contour
7 = p (1) on the external parameter i,

2mi a—K(oej,éi,x,z,,u)
Ip

9 ety = — (10)
w6 JHCENND RS

P (E—aj(x.1. 1)) R(E. @)

where @ = a(x, ¢, t). We show that the dependence is smooth, meaning that the contour, the jump

matrix, and the solution of the scalar RHP evolve smoothly (they are continuously differentiable)
in Q.
L . oK .
(2) We simplify the expression for 5, 0 (43).
7!



264 SERGEY BELOV AND STEPHANOS VENAKIDES

Figure 1. The RHP jump contour in the case of genus 4 with complex-conjugate sym-
metry in the notation of [Tovbis et al. 2004].

(3) We show good agreement of formula (10) with the dependence of the branch points on the parameter p,
obtained by the direct numerical solution of the system (19) (see Figure 3).

(4) We prove the preservation of genus of the asymptotic solution in an open interval of parameter . In
particular, the genus is preserved (0 or 2) for all x and ¢ > 0 for some open interval (which depends
on x and t) for pu < 2.

This paper is organized as follows. Section 2 contains definitions and prior results. Section 3 discusses
the analyticity of /" in u and the differentiability of the branch points o; = o (it). Section 4 studies the
u-dependence of the quantities that appear in Theorem 4.5. Section 5 is devoted to sign conditions and
the preservation of genus (Theorem 5.8). Section 6 provides numerical support for the main result of the
paper. The Appendix supplies explicit formulations of all relevant expressions and the main result in the
genus 0 and genus 2 cases.

2. Preliminaries

We consider a model scalar Riemann—Hilbert problem which arises in the process of the asymptotic
solution of the semiclassical focusing NLS (1) with the initial condition (3). The input to the problem is a
given function f(z) that derives originally from the asymptotic limit of the scattering data for this initial
value problem. The function f(z) (see (21)) depends parametrically on the space and time variables, x
and 7. It also depends on the real parameter p in the initial data of the NLS (3). The following properties
of the function f(z) are crucial for our calculations.

(1) f(z) is analytic at all points of C\ R except for branch cuts.
(2) f(z) has a zIn z singularity at the point z = /2.
(3) f(z) is Schwarz-symmetric.

Other functions that satisfy these conditions are a priori admissible as inputs to our model problem:;
whether they too lead to solutions is a matter of calculation.
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Contour p Contours Py, j

Figure 2. Contours of integration for the function A(z) of (14). The point zg = /2 is a
point of nonanalyticity of f(z) on y.

The unknown of the problem is a function /(z) that has the following properties.

(1) The function /(z) is Schwarz-reflexive.

(2) The function /(z) compensates for the points of nonanalyticity of f(z) in the sense that 4 + f is
analytic at these points with only one exception, the point z = /2.

(3) The function /2 + f is analytic in C \ y, where y is a contour to be determined that passes through
point z = /2 and is symmetric with respect to the real axis.

(4) The function /(z) exhibits constant (independent of z) jumps across subarcs of the contour y. This
is made more specific below.

Remark. A cleaner formulation of the RHP could be achieved with the unknown f + /4 instead of /.
Indeed, the function

g(2) = 3(h(2) + f(2))

jumps only across the contour y, providing a cleaner RHP formulation. Yet the results are in terms of the
function /(z); hence our choice in its favor.

Remark. Based on the previous remark, we still refer to the contour y as the contour of the RHP. Since
the contour itself is one of the unknowns, we refer to the problem as a “free contour RHP”, in analogy to
the well-known “free boundary value problems”.

We now set the precise conditions for the contour ¢ and the jumps across it.

(1) The contour y is a finite-length, non-self-intersecting arc that is symmetric with respect to the real
axis. It intersects the real axis at a point z = /2 (we refer to this point as zg) to be discussed below.

(2) The contour y is oriented from its endpoint in the lower complex half-plane to its endpoint in the
upper half-plane.
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(3) For some integer N, we consider 2N 4 1 distinct points of the contour in the upper half-plane,
including the contour endpoint; we also consider their complex conjugates in the lower half-plane.
We label the points in the upper half-plane with even indices {azi}izivo that increase in the direction
of orientation of the contour and we label the points in the lower half-plane with odd indices
{o; 4y }l?ivo that decrease in the direction of orientation. Clearly, the sequence of points in the
direction of orientation are

YN+ 1 BN—1-FgN 35> O3, A5 K Qs Oy g, Oy N2, Oy N s

lower half-plane upper half-plane

o, vy and o, are the endpoints of the contour y, and
Oy =0, =0,1,2,...,2N. (11)

The jumps of the RHP are defined on the arcs into which the contour is partitioned by these points.
Two alternative types of RHP jumps are imposed; each arc is labeled as a main arc or a complementary
arc, respectively. The two arc types interlace along the contour and the contour has main arcs at both
ends. All arcs inherit their orientation from the contour y.

It is trivial to check that arcs which are complex-conjugate to each other are either both main or both
complementary. It is convenient to lump such an arc pair into one entity; in the following definitions, we
retain the terms main arc and complementary arc for such arc pairs, by abuse of vocabulary.

(1) We define as main arcs yy,, j, where j =0,1,..., N:

Ymo = oy, ool ¥Ym,j =log;_p. 041Ul 41 0454 j=1....N.
Thus, a main arc consists of a single arc when j = 0 and a union of two arcs when j > 0.

(2) We define as complementary arcs y.,j, where j =1,..., N:

yc’j = [0641_4, Ol4j_2] U [064]_1,0141_3], j = 1, ey N.
The jump conditions of the RHP are given by

hi(z)+h_(z)=2W; onymj, j=0,1,...,N,
/’l_|_(Z)—h_(Z)=ZQj on ye,j, j=1,...,N, (12)
h(z) + f(z) is analytic in C \ y,

where W; and 2; are real constants with a normalization Wy = 0.

We end our formulation of the free contour RHP for the function /(z) by reiterating what the knowns
and what the unknowns of the problem are. The contour y is unknown, except for the requirement of
passing through the singular point zg = /2. The positions of the 4N 4 2 partitioning points are unknown.
As we have formulated the problem so far, the value of the integer N is free. This freedom is lifted if
important additional conditions (“‘sign conditions”) are imposed on the RHP, as occurs in the case of
NLS [Tovbis et al. 2004]. The sign conditions guarantee the decay of certain jump matrix entries. In the
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presence of these conditions, the number of points turns into an important unknown; the n-phase wave
represented has n = 2N . Finally, the real constants in the jump conditions are unknown. To summarize,
the only known data is the function f(z; u, B).

Our main concern is the dependence of the solution of the problem on the parameter ;. Any other
parameters (space and time if the RHP arises from the focusing NLS) are collectively labeled . A
multiparameter family of such functions f will be discussed below. The specific function f that
corresponds to the focusing NLS equation with initial data (3) is given in the beginning of Section 3.

Definition 2.1. Let

QL

={oz0,ozl,oz2,...,ot4N+1}. (13)
We say

yel(a )
if a contour y satisfies all the conditions set above and shown in Figure 1.

Note that for fixed & and p, the contour y, aside from passing through z = ; and z = /2, is free to
deform continuously within a domain of analyticity of f. Thus for a fixed f, the notation y = y (@, i)
may indicate the general element of the set I' (&, 1¢). The following lemma is an immediate consequence
of our definitions.

Lemma 2.2. Consider yo = yo(@o, Lo) € T'(@o, o).
There exist open neighborhoods of g and iy such that for all & in the neighborhood of a, for all u in
the neighborhood of |Lq there is a contour y (&, 1) € T'(a, ).

Definition 2.3. We say that
pel(y.a

if p is a non-self-intersecting closed contour around y € I'(@, i) within the domain of analyticity of f
except at zg = /2, with complex-conjugate symmetry p = p.

We define 9, ; and . ; similarly.

Remark 2.4. By considering the loop contours ¥, Vm,j, Ve,j» the explicit dependence of the contours
on the end points @ is removed (for example in (32)—(35)). So even though y = y(a, ), in all our
evaluations below y = p(u).

Remark 2.5. Lemma 2.2 implies that if py € f‘(yo, @, [Lo), then there is a contour y € I'(a, ) such
that p € f‘(y, @, w) for all @ and u in some open neighborhoods of &g and .

Definition 2.6. We denote the RHP (12) as

RHP(y,a, i, f),

where y € I'(a, ().
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The solution of the RHP (12), /(z), can be found explicitly [Tovbis et al. 2004]:

f(©

R(z)|: i|
h(z) = d —d de |,
@)= %(z—z)R(c) “Zflgm C-HRO §+Z§éc](z—z)1e<z) a9

or, in determinant form [Tovbis and Venakides 2009],

ne = X ko) (1)
where z lies inside of ¥ and outside all y, ; and P, j, and where
§ oA g Soar g d
Pma R(&) Pma R() Pma (E=2)R(C)
§ oA g P g ar
Pm.N R(©) Pmn R Pm.N (E—2)R(E)
1 dc ¢N-lde dt
K(z) = — — ... — — 16
O=5i| b re b we b, EokD (1o
A Tl S S S
ve.n R(©) ven  R() ve.n (E—2)R(0)
fQdg 55 N (@) d¢ 95 S d¢g
y R() v R(©) y (§—2)R()
and
D = det(A), (17)
with
g ode g o
Pma R(C) Pma R()
§ o g
A= Ym,N R(é‘) Ym,N IE(;) (18)
g oA g o
Ve R(O) ven R
§ o g
ve.n R(E) ven  R()
The arc end points {«; } satisfy the system
K(ej)=0, j=0,1,....4N +1. (19)

The dependence on x and ¢ was considered in [Tovbis and Venakides 2009]. This is a simpler situation
when the jump contour y in the RHP (12) is independent of the parameters.
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The main related results in [Tovbis and Venakides 2009] are the determinant form (15) and:

Theorem 2.7. Let f(Z,,é), where ,é € B CR™. For all,f_j € B assume f(Z,B) is analytic on S € C.
Moreover, y \ S consists of no more than finitely many points and f is continuous on y. The modulation
equations (19) imply the system of 4N + 2 differential equations

.0
2wl — K(ot;
B @)

oj)g, = — ; .

@8, g T
y (E—aj)R(Q)

In particular, one gets (8) and (9) for parameters x and ¢. Note that the contour y is assumed independent

of parameters x and ¢ explicitly. The dependence on these parameters comes in through the branch points

(20)

a=a(x,1).
The main related result in [Tovbis and Venakides 2010] is:

Theorem 2.8. Let the nonlinear steepest descent asymptotics for solution q(x, t, €) of the NLS (1) be valid
at some point (xg, ty). If (x«,tx) is an arbitrary point, connected with (xg, ty) by a piecewise-smooth
path X, if the contour y(x,t) of the RHP (12) does not interact with singularities of f(z) as (x,t) varies
from (xq, tg) to (x«, tx) along X, and if all the branch points are bounded and stay away from the real
axis, then the nonlinear steepest descent asymptotics (with the proper choice of genus) are also valid at

(X%, t5).

We extend Theorem 2.7 and make partial progress in the direction of Theorem 2.8 in the case when the
jump contour explicitly depends on the parameter ;. We require that the point of logarithmic singularity
of /= f(z, ), zo = /2 be always on y. Additionally, we prove preservation of genus for all x > 0,
t > 0, u > 0, under certain conditions which guarantee that the parameters are away from asymptotic
solution breaks (see Theorem 5.8). In particular, the genus is preserved in a neighborhood of the special
value of the parameter ;. = 2. Thus we obtain that for all x > 0, # > 0 (except on the first breaking curve),
there is a small neighborhood such that for all & < 2 in the neighborhood, the genus is the same as for
=2, where it is known to be 0 or 2.

3. p-dependence in the semiclassical focusing NLS

To apply the methods from [Tovbis and Venakides 2009] we need analyticity of f(z, i) in the parameter .
The function f(z), obtained in [Tovbis et al. 2004] from a semiclassical approximation of the exactly
derived scattering data for the NLS with initial condition (3) [Tovbis and Venakides 2000], is given by

j T -T
fz,pu,x,t)= (%—z)[%l +ln(%—z)]+z—; 1n(z+T)+Z 3 In(z—T)
o T 2 M ~
—Ttanh " —— —xz—2tz"4+ —=In2 when 3z >0, (21)
n/2 2

and
f(z)= f(Z) when Iz <0, (22)
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where the branch cuts are chosen as follows: for 0 < u < 2, the logarithmic branch cuts are from z = /2
along the real axis to +o00, from z = 7" to 0 and along the real axis to 400, and from z = —7 to 0 and
along the real axis to —oo; for p > 2, the branch cuts are from z = 7" to +o0 and from z = —T to —oo

2
T:T(;@:,/“T—l, 3T >0. (23)

For u > 2, T > 0isreal and for 0 < u < 2, T is purely imaginary with I7 > 0.

along the real axis, where

Lemma3.1. f(z, u) and f'(z, u) are analytic in pu for u >0, x >0,t >0, forall z, 3z #0, z [T, T].
Proof. Consider
; 2
f/(z,u):—%l—ln(%—z)—i-%ln(zz—%—i—l)—x—4tz, 24)

which is analytic in u > 0, for Iz £ 0, z &[T, T.
For n >0, u # 2, f(z, n) is clearly analytic in p for Iz # 0. At u =2 (T = 0) we find the power
series of f(z, ) in T and show that it contains only even powers. Since

2 k ( 4+ 2)k
72k — () = W —2)k. 25
( 1 ) =2 (25)
it will show analyticity of f(z, i) in p.
Start with expanding basic terms in series at 7" = 0:
1 —1 0 1yl T\"
— =VI4T2 =) T, 1n(ziT):zlnzZL +— ). (26)
w2 k=0 :

n
n=1

Then the logarithmic terms in (21) become

T -T 1(TY' 1(TY'
Z‘; 1n(z+T)+Z2 In(z—T)=zInz—z Z ;(;) +T Z Z(?)

niseven nisodd
> 1
=zIlnz+ TZk, 27
k; 2k (2k —1)z2k—1 o

which has only even powers of 7" and is analytic in u for Jz % 0. Next we consider the inverse hyperbolic
tangent term in (21), and taking into account that tanh™! z is an odd function,

T T >
Ttanh~! — = T tanh™! ——— = T'tanh™! Z ckT2k+1
n/2 V14 T2 !
o o0
k=0 k=0

which also has only even powers of 7.
So f(z,x,t, ) is analyticin u for £ >0, x > 0,7 > 0,3z #0, z &[T (), T (1)]. O
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Then, for Iz > 0,

) ] 2T
%(z,,u) _ ”Tl +%ln(% —z) Fln2+ SiT[m(er T)—In(z = T) — 2 tanh™" 7}, (29)
where tanh™! x = x + O(x?), as x — 0; then
af w1 M I
@(Z’M)_T—i_iln(z_z +ln2+E—§+O(T), T — 0. (30)
So pu = 2 is a removable singularity for f,(z, i) and
o of w1 11
l}inza(zvﬂ)—T+§ln(1_z)+ln2+2—§, (31
T—0

which is analytic in z for Jz # 0.

Remark 3.2. The jump of f(z) is caused by the Schwarz reflection (22) on the real axis and is linear in
z since J f is a linear function on the real axis (as a limit) near /2 with J f(u/2) = 0 [Tovbis et al.
2004].

4. Parametric dependence of the scalar RHP

The main difficulty is the dependence of f(z) (thus the RHP (12)) and the modulation equations (19) on
parameter j, which also controls the logarithmic branch point z = /2 on the contour 7. We show that
the dependence on u is smooth.

To solve K (@, pn) = 6, we need nondegeneracy of the system and apply the implicit function theorem.
The following technical lemma simplifies expressions for partial derivatives in p of (14) and (16).

Lemma 4.1. Let the function f be given by (21), and consider a contour yy = y (@, jo) € T'(@, 119)
having fixed arc end points a. There is an open neighborhood of o such that for all ju in the neighborhood
of o, there is P(|L) € f‘(y,&,u), andforall j =0,1,..., 4N +1,neN,

é-n 8f(§, M) dé‘
155 £ f(C ) de :95 . o)
o Jow RE @) sw  RCa)
0G0 g
155 YADYLS 255 Em o)
o Sy C—aj)R(E.a)  Jpu C—a)R(Ea)
d de d 55 dt
— — =0, — —_— 2 =0,k=1,2,...,N, 34
o 5£ym RE.3) b,  C—a)RE.Q) (34)
0 de d 56 d¢
— — =0, — — =0, k=1,2,...,N. 35
o 95 R(.3) 3 Ty € —ap) R @) (5)
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Proof. The idea of the proof is to consider finite differences and take the limit as Ay — 0. The
complication is that both the integrands and the contours of integration depend on .
Denote the integral on the left in (32) by /;:

_d Sew
n =@ S 36)

where 7(u) € ['(y, @, pt). Consider

Ii(n+ Ap) —I1(p)

AL (37)

with small real A # 0. There are two logarithmic branch cuts near the contours of integration, in f(z, )
and in f(z, u + Ap), with both branch cuts chosen from zo() = /2 and zo (it + A ) horizontally to
the right along the real axis. Additionally, these functions have a jump on the real axis for z < /2 from
Schwarz symmetry.

We choose some fixed points §; and 6, to be real, satisfying

A A
5, < 1A 1A
2 2 2 2

Both contours of integration p (i), 7 (1 + Ap) are pushed to the real axis near zg and split into

8s. (38)

[81,52]Z=[81+i0,52+i0]U[52—i0,81—iO] (39)

and its complement. On the complement, we can also deform both contours to coincide. So p(u+ Ap) =
V(1)

Across [61, 03], f(z, 1) has a jump 7wi|zo(u) —z| and f(z, 4 + Ap) has a jump 7wi|zo(nw + Ap) —z|.
So contributions near zg in both cases are small.

Then
L+ Ap) — I (1) :L( A RN G SV (D ) 40
Yy 57 Boa R B Faa ) @O
we add and subtract é w ¢ f(li, (/; ;_)AM) d¢, giving
1 §" S+ Ap) UG+ Ap) — (1) )
40) = — - d — d¢). @1
= A (ygﬁ(uwu)—ﬁ(u) R @) Hgém) R @) o) @b
The first integral is 0, because p(u + Ap) = p(u).
Thus
LGt A — 1) A YD AV
f(p+Aw - L) _ Ap . "
A T T “

The last step is to take the limit as Ay — 0 and to interchange it with the integral. The contour of
integration is split into two: a small neighborhood near zy and its complement. For the integral near z,
by a direct computation it can be shown that the limit can be passed under the integral. The integral over
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the second part of the contour has the integrand uniformly bounded in pu, since log(¢ — 1 /2) in df/du is

uniformly bounded away from /2, so the limit and the integral can be interchanged. This completes the

proof for the first integral (32).

The second integral (33) is done similarly. The rest of the integrals (34), (35) are independent of p

since the only dependence on w sits in zo(() € Ym,o0- O
Using Lemma 4.1,
At ¢Ndg dg
ﬁ;m.l R(%) %m.l R(%) sém,l (E—aj)R(Z)
95 At 95 ¢Nldg 5,5 4y
?m.N R(é‘) ﬁm.N R(é‘) J>m,N (é‘_aj)R(é‘)
3K s dg ¢Ndg dg
w5 b ko o b ko b Ewre | @
b 5 b
ven R(E) ven RO ven (E—aj)R(E)
Ju@dl VT A dE 95 Su(§) dg
v R@© v R(¢) y (E—aj)R(¢)

where f), is given by (29).

Lemma 4.2. Let [ be given by (21) and consider a contour yo = y (Qg, (o) € I'(g, jto) having arc end
points &g. Then there are open neighborhoods of dy and o such that for all @ and i in the neighborhoods
of Qg and jig, respectively, there is a contour y = y (@, i) € T'(a, ) and

Kj(@. )= K(aj.@,p), j=0.1,....4N +1, (44)

is continuously differentiable in & and in .

Proof. Since yqg € I' (&g, (o) by Lemma 2.2, there are neighborhoods of &y and jo such that for all
and p in the neighborhoods of @ and g, respectively, there is a contour y = y(a, u) € I'(a, w).
Kj(a, ) is analytic in @ by the determinant structure and the integral entries (16), where explicit
AN + 1.
The integrals in the last row of the matrix in (43) involve the function f;, given by (29), which is

dependence on & is only in the R(z, @) term, which is analytic away from z =, j =0,...

integrable near z = u/2, and hence the whole determinant is continuous in x. Thus Kj(«j,a, p) is
continuously differentiable in @ and in f. O
By Lemma 4.2, the modulation equations (19)
Kj(a,p) =

are smooth in @ and in the parameter 1. Next we want to solve this system for

K(oj. @, 1) =0 (45)

= a(u) and derive
smoothness in w by the implicit function theorem.
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-

For the next lemma we need K'(z, @, u) = acll—IZ((z, a, L)

oA g e g ae

Pm.a R() vma R() Pma (—=2)2R(Q)
IR R T at
);m.N R(é‘) )7n1,N R(;) J>m,N ({—Z)zR(é‘)

K28 1) = —— @ 99 ¢(Nldg 95 I S 46)

27i | Jyea R(Q) vea R() Pea (§=2)*R(0)

§ L f e g
ven R(E) ven RO ve.n (E=2)?R(0)
fQdg 56 N A dg §£ S©)d¢g
vy R@©) v R(0) 7 ({—=2)*R(0)

where z is inside of (1) and inside of Py, ; and Y j or Ve j41.

Lemma 4.3. Let f be given by (21) and consider a contour yy € T'(ag, o), where ag and [io satisfy
K(&o, ,lL()) =0.

Assume that for g = {(x}) };Z&F 1,

lim K'(z,Go,jto) # 0, j =0,1,... 4N +1.

70
Then the modulation equations
K@, u)=0
can be uniquely solved for & = a(u), which is continuously differentiable for all |1 in some open

neighborhood of j1g and & (o) = .

Proof. K is continuously differentiable in & and in u by Lemma 4.2.
As shown in [Tovbis and Venakides 2009], the matrix

(5,5

is diagonal and

K@) 3, (Mﬂy 3
=ZDlm|[—=) == lim K'(z, a, 0. 47
e =301 (755) =3 m K G.d # @)
So
0K oK (o
det| 2K o) = TTE@) ., (48)
dor ; oo

under the assumptions. By the implicit function theorem, & () are uniquely defined in some neighborhood
of 119 and smooth in . Note that @(119) = ®o by assumption. O
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Remark 4.4. The condition lim, K'(z,a, jto) #0, j =0,1,...,4N +1, in Lemma 4.3 is equivalent to
z—a
J

. h'(z, do, io)
im —— 2

2P0 40, j=0,1,... 4N + 1.
z—>aj(.) R(Z,(XO)

All quantities below depend on parameters x and . We assume that for the rest of the paper x and ¢
are fixed.

Theorem 4.5 (p-perturbation in genus N). Consider a finite-length non-self-intersecting contour yy in
the complex plane consisting of a finite union of oriented arcs

Yo = (Uvm.j) U (Uve,j) € T(@o. 1o)

with the distinct arc end points do and depending on parameter | (see Figure 1). Assume &g and (Lo
satisfy a system of equations

K(&Ov I’LO) = 0’

and f is given by (21). Let y = y(a, jt) be a contour of an RHP which seeks a function h(z) which
satisfies the conditions

hi(z)+h_(z)=2W; onymj, j=01,...,N,
hi(z)—h_(2)=2R2; onycj, j=1,...,N, (49)
h(z) + f(z) is analytic in C\ y,

where Qj = Qj(&, ) and W; = Wj(&, ) are real constants (with normalization Wy = 0) whose
numerical values will be determined from the RH conditions. Assume that there is a function h(z, &g, jL9)
which satisfies (49) and suppose h'(z, &y, (to)/ R(z, &y) # 0 for all z on y.

Then there is a contour y (@, i) € T'(a, j0) such that the solution & = a (i) of the system

K@, p) =0 (50)
and h(z,a(w), ;) which solves (49) are uniquely defined and continuously differentiable in |1 in some
open neighborhood of L¢.

Moreover,
. 0K -
| 2 2 (@ ). o). o)
doj o
K D@(w). L dl
P (C—a; () R(E a ()
af

o Reaw) ET

—(z, ) = — 2 - de, 52

T " B @ oR@a) o

where z is inside of 7.
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Furthermore, Q; (1) = 2j(a(pn), u) and W () = Wj(a(u), ) are defined and continuously differ-

entiable in | in some open neighborhood of Lo, and

gt

vea R(E)

Su® ge

y R @)

fé;c,j—l—l %

.
Pm.j—1 R()

y R(.a)

ﬁm,jﬂ %

%N%

ac
vea R(S)

i

- 9 -
where R(§) = R(¢. @), f(§) = f(§. 1), fu(§) = %(C, ), and D = D(a(p)).

ﬁ%,w R(©)

¢ ;-N—ldé-
Pma R()

¢ g-N—ldg-
Pmn RO

¢ ZN_ldé'
];C,l R(é‘)

¢ g—N—ldé-

Vej—1 R()
¢V L)

b s

¢ é-N—ldé-
Veji+1 R(©)

¢ ;N_ldé'
ven RO

¢ é—N—ldé—
)7m.1 R(é.)

¢ ZN_ld;'
Pmi—1 R()

N 4,(©)
R T

¢ ;Nfldé—
);m,jJrl R(é‘) 5

¢ é-N—ldé-
vmn  R()

¢ ;N_ldé'
ven R(Q)

;N_ldé'

Sé?c,w R(©)

(53)
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Proof. By Lemma 4.3, there is a contour y (@, i) € I'(a, ) for all i in some neighborhood of 1ty and
the «j () are continuously differentiable in . The formula for dorj /0 is derived similarly as in [Tovbis
and Venakides 2009]. We differentiate the modulation equations K («;) = K(a;, &, u) = 0 which define
@ = a(u) with respect to u,

4N+1

Z BK(aj)@

0K
S a:i)=0 4
306] a/,l, + 8,LL (aj) ’ (5 )

=0
K (cj)

7]

where the matrix { } is diagonal [Tovbis and Venakides 2009], so
J,l

0K (o)) doj _ 0K(a))

= 55
doj  Op au (59)
Since
0K (o D(« !
doj 27 ) (C—aj)R(G )
we arrive at the evolution equations for the ;:
Yot 2mi g—K(ozj)
B _ £ . 4N +1. (57)
Ip D@, 11) (YO d¢
P(w) (§—aj)R(E @)
oh . .
Next we compute Eh which satisfies the scalar RHP
I
hy,+(z) +hu,—(2) =0, z€¥Ym,j, j=0,1,..., N, (58)
hu(z) + fu(z) is analyticin C\ y.
Then
o R(z.G (1)) T
—(z.pn) = - de, (59)
o 2mi pw (€= Z)R(§ a(p))

where z is inside of p. The 1ntegrand o (§ 1) behaves like log(¢ — zg) near ¢ = zg, and therefore is
integrable.
Constants W; and €2; are found from the linear system [Tovbis et al. 2004]

Vm;

Differentiating in u and using Lemma 4.1 leads to

95 znf,L(z;deZ ;n(szjdeZS{; CWe ye—0, n=0.....N-1. 6D)
v

R(S, @) ve; R(@.a) om; RE.0)
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or in matrix form,

§ A g Sy
ﬁm,l R(é‘) J>m,l R(C)
‘ A . ] Sult)
R S Yo REa) ¢
J;m.N R(;) )7m,N R(;) 8,1_,9 — _ . (62)
b S\ N e,
LT 8 b wiH "
S G
Ven R() ven  R()
So 88% and 88% satisfy (53). Note that D # 0 for distinct «;’s [Tovbis and Venakides 2009]. O

Remark 4.6. In [Tovbis and Venakides 2009], the case was considered where the contour y is independent
of external parameters x and ¢ and the dependence of f on these parameters is linear. Here we apply the
methods of that paper to the case of a dependence on the parameter « when the jump contour explicitly
passes through z = p/2, a point of singularity of f. Despite this more complicated dependence on p,
the resulting formulae are the same. The main reason is Lemma 4.1, which allows us to find partial
derivatives with respect to u of contour integrals involving dependence on u in both integrands and
contours of integration.

Remark 4.7. Theorem 4.5 guarantees that the solution of the RHP (49) is uniquely continued with respect
to external parameters. Additional sign conditions on 3/ need to be satisfied for / to correspond to an
asymptotic solution of the NLS as in [Tovbis et al. 2004]. The sign conditions have to be satisfied near y
and additionally on semi-infinite complementary arcs connecting the arc end points of y to co.

5. Sign conditions and preservation of genus

If the scalar RHP (12) is implemented in the asymptotic solution of the semiclassical NLS, certain sign
conditions must be satisfied. Specifically, JI4(z) = 0 on Y, j, Jh(z) < 0 on both sides of y,, ;, and
Sh(z) = 0 on y.,j (see Definition 5.3 below). In this section we investigate the preservation of the sign
structure of I/ under perturbations of .

Definition 5.1. Define y*° = y*°(a, 1) as an extension of a contour y (&, u) € I'(a, ) as y*°(a, ) =
(00, sy +1]Uy (@, ) U[aa v, 00). Both additional arcs are considered as a complementary arc y, y+1 =
(00, 4N +1]U[ogn, 00), and assume Y N4+1 = Ve N+1, 50 Yy = . With a slight abuse of notation
we write y°(a, u) € T(a, ).

Lemma 5.2. If the conditions of Theorem 4.5 hold on y*(dy, 11o) € I'(@o. o) for K(do. fto) = 0, the
statement of the theorem holds on y°°(a, i), where K (&, u) = 0.
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Proof. The proof is unchanged since f is analytic near the additional semi-infinite arcs in y, x4 and
the jump condition on the additional complementary arc y. n 41 is taken to be zero (21 = 0) [Tovbis
et al. 2004]. |

Note that the conditions in Lemma 5.2 are more restrictive since y C y*°

Definition 5.3. A function / satisfies sign conditions on y*° if J/(z) = 01if z € yp,j, Ih(z) < 0 on both
sides of yp,,j forall j =0,..., N, and Sh(z) =2 0ifz € y j forall j =1,..., N + 1. We then write
h € SC(y®).

Note that the zero sign conditions (I/(z) = 0) on yy,, ; are satisfied automatically through the construc-
tion of /(z) by (14) in the case of /4 solving an RHP (49). We only need to check preservation of negative
signs of 3/ on both sides of the main arcs yy,,; and the nonnegativity of I/ on the complementary arcs
Ye,j» especially on the semi-infinite arcs (0o, g y+1] and [org v, 00).

Remark 5.4. Introducing the sign conditions in Definition 5.3 requires us to revisit Lemma 2.2, since the
main arcs Y, ; are now rigid (nondeformable like the complementary arcs) due to the requirement for 3/
to be negative on both sides of y (@(), ). It has been established [Kamvissis et al. 2003, Lemma 5.2.1;
Tovbis et al. 2007, Theorem 3.2] that all the contours persist under deformations of parameters x and ¢
provided all sign inequalities are satisfied. This can be adapted to the deformations of p. The danger of a
main arc splitting into several disconnected branches as we perturb u is averted by the fact that in the
limit as ;& — g, nonlinear local behavior would be produced near the main arcs, while the condition
h'/R # 0 on y implies linear local behavior. Thus Lemma 2.2 is valid even with the added new sign
conditions. Thus we only need to show that the sign conditions are satisfied.

Theorem 5.5. Let f be defined by (21). Let K (g, ito) = 0, ¥s° € I'(do. o) and assume h solves
RHP(y§°, Qo. o, ) with I (z. 1g)/ R(z. pho) # 0 for all z € y§°, and h € SC(y°).

Then there is an open nelghborhood of o where for all i, there is an h which solves RHP(y*°, a, i, f)
with y*° =y (a, 1), K(cx W) = 0, h' (z, )/ R(z, u) £ 0 forall z € y°°, and h € SC(y*°).

Proof. Take any p in a small enough open neighborhood of (. There are two things we need to prove in
addition to Lemma 5.2: //(z, u)/ R(z,a(t)) # 0 on y*° and the sign conditions of I/ on y*°
Assume /'(z, o)/ R(z,a(10)) # 0 on y§°. Then there is a constant C > 0 such that

‘ W (z, po)

R(z,a(1k0))
for all z € y,. Consider the solution /(z, i) of RHP(y®°, &, 11), where K (&, ;1) = 0. By Theorem 4.5
and Lemma 5.2, such a function exists and is continuously differentiable in . Moreover, 4'(z, ) is

>C

continuous in p. Since y is a compact set in C and A’(z, u)/ R(z,@(w)) is continuous in z and u, we
have /'(z, )/ R(z,a(p)) # 0 for all z € y.

To show that A'(z, )/ R(z, @(i)) # 0 holds on y°°, we will now make use of the following properties
of f(z). On the real axis (in the nontangential limit from the upper half-plane),

Sf(z4+i0)= lim f(z+id), zeR,
§—>0t
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is a piecewise linear function [Tovbis et al. 2004]

g(% — |Z|) if z < %,
Sf(z+i0) = n (63)
—|z— Lol if z> E,
2 2 2
and since g(z) is real on the real axis, Jh(z +i0) = =3 f(z +i0). It is important for us that | I/ (z)| can
be bounded away from zero as z — oo.
Similarly,
T,
— ifz<0,
2
Nf'+i0)=1-2 ifo<z=t,
il if z > E
2 2
and since g’(z) is real on the real axis, Ih'(z +i0) = -3 f'(z +i0).

Recall that y*° = (0o, a4n+1] U y U [ogn, 00). The semi-infinite arcs (0o, a4y +1] and [aqpn, 00)
can be pushed to the real axis as (—oo—70, —pu/2—i0) U[—pu/2—i0,04n+1] and [aapn, —p1/2 +i0]U
(—/2 +1i0,—0c0 +i0), respectively.

On [—pu/2—i0,a4n+1] and [agn, —1/2 + i0], we have h'(z, n)/ R(z,@(u)) # 0 by continuity on
a compact set. Finally, I4'(z, u) = —n/2 and R(z,a) € R for all z € (—u/2 +i0,—00 +i0). So
W(z,;)/R(z,a(n)) #0forall z € (—u/2+1i0,—oo +i0). The interval (—oo—i0, —pu/2 —i0) is done
similarly. So /'(z, )/ R(z,a(n)) # 0 for all z € y*°, for any u in the neighborhood of 1.

Let 4 € SC(y5°). Then i € SC(y (1)) by continuity of /2 in z and 4, compactness of y, and harmonicity
of Ih combined with /'(z, )/ R(z,a(w)) # 0 for all z € y*°, which guarantees that the (negative)
signs near the main arcs yy,,; are preserved. On the semi-infinite arcs (—oo —i0,—u/2 —i0) and
(—/2+1i0,—00+1i0), Jh(z) = (/2)(|z| — p/2) is positive and [aapn, — it /2] and [— 1 /2, gy +1] are
compact. So Ik > 0 on y*°(u), that is, & € SC(y>°(u)). |

Definition 5.6. We define the (finite) genus G = G(u) of the asymptotic solution of the semiclassical
one-dimensional focusing NLS with initial condition defined through f(z, ) as (finite) N € N if
there exists an asymptotic solution of the NLS through the solution /(z, u) of RHP(y*°, &, u, /) with
a@ = (g, Ay, ...,a4N+1), such that 42/ (z, 1)/ R(z) # 0 for all z € y* and the sign conditions of /2 on
y®° are satisfied: 1 € SC(y®°).

Remark 5.7. This definition of the genus of the asymptotic solution coincides with the genus of the
(limiting) hyperelliptic Riemann surface of R(z).

Theorem 5.8 (preservation of genus). Suppose that for (g, the genus of the asymptotic solution of the
NLS with initial condition defined through f(z, tg) in (21) is G(ug).

Then there is an open neighborhood of |Lo such that, for all | in the neighborhood of |1, the genus of the
asymptotic solution of the NLS with initial condition defined through f(z, i) is preserved: G() = G (o).
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Figure 3. Comparison of i evolution of @ = (@, @2, @4) using (82) (solid lines) and (83) (circles).

Proof. Follows from Theorem 5.5 and Definition 5.6. O

Corollary 5.9. Fix x and t > ty, where ty(x) is the time of the first break in the asymptotic solution. Then
in some open neighborhood of (L = 2, the genus of the solution is 2.

Proof. For p =2 and t > t(x) the genus is 2 for all x [Tovbis et al. 2004]. By Theorem 5.8, the genus is
preserved in some open neighborhood of y = 2, including some open interval for u < 2. O

6. Numerics

Figure 3 compares solutions of (50) and (51) in genus 2 (see also (82) and (83) in the Appendix for more
explicit expressions). The solutions are practically indistinguishable in the figure, with absolute difference
less than 1073 for 41 €[1, 3]. This interval includes the critical value ;4 = 2, which is the transition between
the (solitonless) pure radiation case (4 > 2) and the region with solitons (0 < i < 2). Computations are
based on the code we developed for long-time studies of an obstruction in the g-function mechanism
[Belov and Venakides 2015].

Appendix

Al. Genus 0 region. It was shown in [Tovbis et al. 2004] that for all u > 0 and for all x, there is a
breaking curve ¢t = #y(x) in the (x,7) plane. The region 0 <t < #y(x) has genus 0 in the sense of genus
of the underlying Riemann surface for the square root

R(z,a0) = v/ (z =)z —a1), a1 =3y,
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(l4 az
Y% . o,
_u _
*% 2 L )
Ym,() Ym,0
a, - o
Os oy

Figure 4. The jump contour in the case of genus O (left diagram) and genus 2 (right)
with complex-conjugate symmetry in the notation of [Tovbis et al. 2004].

where the branch cut is chosen along the main arc connecting g and vy = @ through z = /2, and the
branch is fixed by R(z) — —z as z — +o00. The asymptotic solution of the NLS is expressed in terms of
a9 = ag(x,t, ().

All expressions in the genus 0 region (N = 0) have a simpler form. In particular,

_ R(z,a9) S wdg
"G 0= 0 Py C— RGae) o
1 S ) dg
K(z,ag, u) = — —_— 65
G0 =55 P C-RC o) (©
and with a slight abuse of notation,
_ _ S wydg

Kiao.) = Klao.o.m) = 3 0 st (66)

0K _ K _ Ju(G, Wdg
@(ao,u) = (o, @0, 1) = 277 Py T—a0)RE.ag)” (67)

Theorem A.1 (p-perturbation in genus 0). Consider a finite-length non-self-intersecting oriented arc
Yo = [ao(1o). @o(io)] € T(a, o) in the complex plane with the distinct end points (g # o) and
depending on a parameter | (see Figure 4). Assume oy and [ satisfy the equation

K(“O? I’LO) = O’

and f is given by (21). Let y = y(a, i) be the contour of an RHP which seeks a function h(z) which
satisfies the conditions

{h+(z)+h_(z)=00n 2 68)
h(z) + f(z) is analytic in C\ y.

h/ 9 b
Assume that there is a function h(z, ag, [Lg) which satisfies (68) and suppose —(Z %0, o) %0 forall z

R
on yy. (z,20)
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Then there is a contour y (@, i) € T'(a, ju) such that the solution (i) of the equation
K (ag, 1) =0 (69)

and h(z,a (), p) which solves (68) are uniquely defined and continuously differentiable in | in some

open neighborhood of L.
Moreover,
. 0K
%( o 2m@(ao(u),u) 70
TR ¢ J@n) it
p(w) (§—ao(n))R(E, ao(pr))
and
(é‘ )
oh R(z,00(1))
a ) = . 71
= s B T R an

where z is inside of p.

A2. Genus 2 region. We now consider the genus 2 region (N = 2), with underlying Riemann surface
for the square root

R(z) = v (z =) (z —a1)(z —a2) (z — @3) (z — ) (z — t5),

where the branch cut is chosen along the main arcs connecting oy and o1, @, and o4, s and «3; and the
branch is fixed by R(z) — —z3 as z — +o0.
Taking into account the complex-conjugate symmetry

o] =09, O3 =0, O5=04, (72)
we have
R(z)[ 1 w Q ]
By — J W eed 2 4]
@=%0 P RO “ﬁm C—or0O TP c—orp ¥ ()

where z is inside of P, Py, is a loop around the main arc y,, = [, @4] U[as, a3], and §, is a loop around
the complementary arc y. = [og, ®2] U o3, or1] (see Figure 4). The real constants W and 2 solve the

1© dt it
d 2=,
RO CHE §é R@)*W?Sm RO "

3403) ¢ ¢
) R 4T 75%13@) “@+w 55%,1?;)“‘

system

(74)
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Other useful expressions written explicitly in the genus 2 region are

dt ¢dg 9§ g
_ 1 g §d¢ dg
Ko=71 % ro b ro fé C—2)R(Q) (75)
1@ § @ § s
> ko bR B eoro
and
1 1) w Q }
K(z) = d¢ + —dl+ —dZ|, 76
(@) 2m’[9<c—z)R(c) P coro P cor0 70
where z is inside of 7; and
g g g e
o RO B Q) B Cap RO
K | g g gt d
g em =7 Bro BeRO b, TR an

Su@dl [ fu(§)d Su(©) dE
v RO Ty RO v (§—a))R(0)

or

oK .1 Ju(©)
@(aﬁ“’ﬂ) = 2m'|:

W, Q
d A e L S | ],
 t—apR© TP T—a) RO ”56% C—apr®) | Y

where f, is given by (29). The real constants W, and €2, solve the system

@dgmugﬁ a Wufﬁ ﬁ—0,

) R©) RO TR RO -
£u(0) ¢ ¢
d Q ——d w, ——dc=0.
> R T “9% RO “fém RO
Also,

e g ocdt

1%, 70 $. r0
=l g ocar | 50

e R(Q) Ty R(0)

Theorem A.2 (p-perturbation in genus 2). Consider a finite-length non-self-intersecting contour y in
the complex plane consisting of a union of oriented arcs Yy = Ym U ye U [, @] with the distinct arc end
points &g = (ag, @2, a4) in the upper half-plane and depending on a parameter u (see Figure 4). Assume
ao and Lo satisfy a system of equations
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K(ag,dg, ito) =0,
K(az, dg, o) =0,
K(ag, do, o) =0,

and [ is given by (21). Let y = y(a, i) be the contour of an RHP which seeks a function h(z) which
satisfies the conditions

hi(z) +h-(2) =0 on Ym.o = o, @o),
hy(z) +h_(2) =2W onym,
hi(z)—h_(2) =22 ony,

h(z) + f(2) is analytic in C\ y,

81)

where Q = Q(a, ) and W = W(a, ) are real constants whose numerical values will be determined
from the RH conditions. Assume that there is a function h(z, &g, jLo) which satisfies (81) and suppose

h(z,dg, o)/ R(z,ag) # 0 for all z on yy.
Then there is a contour y (&, 1) € T (&, t) such that the solution & = a&(jt) of the system

K(op,a, n) =0, (82)

and h(z,a(w), ) which solves (81) are uniquely defined and continuously differentiable in  in some
neighborhood of Lg.
Moreover,

2mi 8—K(oeo,07,u)
Ip

O,
D — L 27
D T T 6

2mi 8_K(a27&7 H’)

d
%(X,I,M) =
m

daz _ ou
op ) = b IO ®83)
) C—an) RE)
. 0K R
%(x o 2mi @(ou,a,/x)
g V= G
N TR
o
()
% __R(2) o
o = 50 By TR 59

where z is inside of 7.
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Furthermore, Q(11) = Q(a (), w) and W () = W(a (i), i) are defined and continuously differentiable
in [ in some open neighborhood of |Lo, and

asz | g £dg
a2 ~ 5 RO B RO
Z =D ), ac & 80| 85)
k0 B RO)
. 1©) g § 86)
1B RO S RO
Er i) IS Y | o
k0 B RO

where o = oy (x,1. 1), RE) = REE(e.. 1), [©) = [Ex.010), fuld) = o), and
D = D(a(x,t, u)).
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TUNNEL EFFECT FOR SEMICLASSICAL RANDOM WALKS

JEAN-FRANCOIS BONY, FREDERIC HERAU AND LAURENT MICHEL

We study a semiclassical random walk with respect to a probability measure with a finite number no of
wells. We show that the associated operator has exactly nq eigenvalues exponentially close to 1 (in the
semiclassical sense), and that the others are O(/1) away from 1. We also give an asymptotic of these small
eigenvalues. The key ingredient in our approach is a general factorization result of pseudodifferential
operators, which allows us to use recent results on the Witten Laplacian.

1. Introduction

Let ¢ : R? — R be a smooth function and let / € 10, 1] denote a small parameter throughout. Under
suitable assumptions specified later, the density e/ g integrable and there exists Z; > 0 such that
dup(x) = Zpe= @/ dx defines a probability measure on R9. We can associate to 11, the Markov
kernel 15 (x, dy) given by

th(x,dy) = Ix—y|<h App(y). (1-1)

1

(B

From the point of view of random walks, this kernel can be understood as follows: Assume that at
step n the walk is in x,; then the point x4 is chosen in the small ball B(x;,, /) uniformly at random
with respect to duup. The probability distribution at time n € N of a walk starting from x is given by the
kernel 7}/ (x, dy). The long-time behavior (n — 00) of the kernel 7} (x, dy) carries information on the
ergodicity of the random walk, and has many practical applications (we refer to [Lelievre et al. 2010] for
an overview of computational aspects). Observe that, if ¢ is a Morse function, then the density e ¢/h
concentrates at scale ~// around minima of ¢, whereas the moves of the random walk are at scale /.

Another point of view comes from statistical physics and can be described as follows: One can associate
to the kernel #;(x, dy) an operator T}, acting on the space Cy of continuous functions going to zero at
infinity by the formula

Ty f(x) = fRd JW)tp(x,dy) = S ) dpp(y).

1
up(B(x, 1)) Jix—y|<h

This defines a bounded operator on Cy, enjoying the Markov property (T(1) = 1).
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The transpose T;* of T}, is defined by duality on the set of bounded positive measures M, b+ (resp.
bounded measures Myp,). If dv is a bounded measure, we have

T; (dv) = (/Rd Lix—y|<hitn(B(y, h)™! dv(y)) dpp. (1-2)

Assume that a particle in R is distributed according to a probability measure dv; then T i (dv) represents
its distribution after a move according to #;(x, dy), and the distribution after n steps is then given
by (T;7)"(dv). The existence of a limit distribution is strongly related to the existence of an invariant
measure. In the present context, one can easily see that T, admits the invariant measure

Avpoo(x) = Zppp(B(x, b)) dpp(x),

where Z » 1s chosen so that dvy, o, is a probability. The aim of the present paper will be to prove the
convergence of (T*)"(dv) towards dvy, o, when n goes to infinity for any probability measure dv, and
to get precise information on the speed of convergence. Taking dv(y) = §x(»), it turns out that it is
equivalent to study the convergence of 7}/ (x, dy) towards dvj . Note that, in the present setting, proving
pointwise convergence (/1 being fixed) of 7; (x, dy) towards the invariant measure is an easy consequence
of a general theorem (see [Feller 1971, Theorem 2, p. 272]). The purpose of our approach is to get
convergence in a stronger topology and to obtain precise information on the behavior with respect to the
semiclassical parameter /.

Before going further, let us recall some elementary properties of 7T}, that will be useful in the sequel.
First, we can see easily from its definition that the operator T} can be extended as a bounded operator
both on L*°(dvy, ) and L'(d Vj,00). From the Markov property and the fact that dvj, o is stationary, it
is clear that

I Thll oo (@vp.00) > Lo (@vp.00) = I TR L1 vy o) L1 (v 00) = 1-
Hence, by interpolation, 7 defines also a bounded operator of norm 1 on Lz(Rd ,dVp o). Finally,
observe that T, is selfadjoint on L2(d Vj,00) (thanks again to the Markov property).

Let us go back to the study of the sequence (7,°)" and explain the topology we use to study the
convergence of this sequence. Instead of looking at this evolution on the full set of bounded measures,
we restrict the analysis by introducing the stable Hilbert space

Hp = L (dvi,00) = | f measurable on R? such that [ | f(x)|? dvj,e0 < 00}, (1-3)

for which we have a natural injection with norm 1, $ : #; — M}, when identifying an absolutely
continuous measure dvy, = f(x)dvy o with its density f. Using (1-2), we can see easily that T)* o § =
$ o Ty. From this identification, T h* (acting on J},) inherits the properties of T}:

Ty : ¥, — %, is selfadjoint and continuous with operator norm 1. (1-4)

Hence, its spectrum is contained in the interval [—1, 1]. Moreover, we will see later that —1 is sufficiently
far from the spectrum. Since we are interested in the convergence of (7,")" in the L? topology, it is then
sufficient for our purpose to give a precise description of the spectrum of T} near 1.
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Convergence of Markov chains to stationary distributions is a wide area of research with many
applications. Knowing that a computable Markov kernel converges to a given distribution may be very
useful in practice. In particular, it is often used to sample a given probability in order to implement Monte
Carlo methods (see [Lelievre et al. 2010] for numerous algorithms and computational aspects). However,
most results giving a priori bounds on the speed of convergence for such algorithms hold for discrete
state space (we refer to [Diaconis 2009] for a state of the art on Monte Carlo Markov chain methods).

This point of view is also used to track extremal points of any function by simulated annealing procedure.
For example, this was used in [Holley and Stroock 1988] on finite state space and in [Holley et al. 1989;
Miclo 1992] on continuous state space.

Relatedly, let us recall that the study of time-continuous processes is of current interest in statistical
physics (see for instance the work of Bovier, Eckhoff, Gayrard and Klein [Bovier et al. 2004; 2005] on
metastable states).

More recently, Diaconis and Lebeau [2009] obtained first results on discrete time processes on
continuous state space. This approach was then further developed in [Diaconis et al. 2011] to get
convergence results on the Metropolis algorithm on bounded domains of Euclidean space. Similar results
were also obtained in [Lebeau and Michel 2010; Guillarmou and Michel 2011] in various geometric
situations. In all these papers, the probability duy, is independent of /i, which leads ultimately to a spectral
gap of order 42, Here, the situation is quite different and somehow “more semiclassical”. This permits us
to exhibit situations with very small spectral gap of order e~¢/" The precise asymptotic of this gap (and
more generally of the eigenvalues close to 1) is driven by the tunnel effect between wells (see [Helffer
and Sjostrand 1984] for results in the case of Schrodinger operators). In this paper, we shall compute
accurately this quantity under the following assumptions on ¢:

Hypothesis 1. We suppose that ¢ is a Morse function with nondegenerate critical points and that there
exist ¢, R > 0 and some constants Cq > 0, o € N9 such that, for all |x| = R, we have

[0%¢(x)| < Co, |Vo(x)|=c and ¢(x)=>clx| forall a € Nd\{O}.
In particular, there is a finite number of critical points.

Observe that functions ¢ satisfying this assumption are at most linear at infinity. It may be possible to
relax this assumption to quadratic growth at infinity, and we guess our results hold true also in this context.
However, it doesn’t seem possible to get a complete proof with the class of symbols used in this paper.

Under the above assumption, it is clear that duy(x) = Z pe O/ h dx is a probability measure. For
the following, we call U the set of critical points . We denote by U the set of minima of ¢ and by
™M) the set of saddle points, i.e., the critical points with index 1 (note that this set may be empty). We
also introduce n; = nouU ), j =0, 1, the number of elements of n,

We shall first prove the following result:

Theorem 1.1. There exist §, hy > 0 such that the following assertions hold true for h € 10, hy): First,
G(Th*) C[=1+36, 1] and 0ess(T))) C[—1+6, 1=8]. Moreover, Th* has exactly ng eigenvalues in [1 —6h, 1],
which are in fact in [1 — e—8/h 1]. Lastly, 1 is a simple eigenvalue for the eigenstate vj, o, € ¥p.
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This theorem will be proved in the next section. The goal of this paper is to describe accurately the
eigenvalues close to 1. We will see later that describing the eigenvalues of T;* close to 1 has many
common points with the spectral study of the so-called semiclassical Witten Laplacian (see Section 4).
We introduce the following generic assumptions on the critical points of ¢:

Hypothesis 2. We suppose that the values ¢ (s) — ¢ (m) are distinct for any s € U and m € W©.

Note that this generic assumption could easily be relaxed at the cost of messy notation and less
precise statements, following, e.g., [Hérau et al. 2011], and that we chose to focus in this article on other
particularities of the problem.

Let us recall that, under the above assumptions, there exists a labeling of minima and saddle points,
WO = {my :k=1,...,n0} and UV = {sj : j =2,...,n; + 1}, which permits us to describe the
low-lying eigenvalues of the Witten Laplacian (see [Helffer et al. 2004; Hérau et al. 2011], for instance).
Observe that the enumeration of U1 starts with j = 2, since we will need a fictional saddle point
§1 = +o00. We shall recall this labeling procedure in the Appendix.

Let us denote by 1 = A7 (h) > A5 (h) = --- = A}, (h) the ng largest eigenvalues of 7. The main result
of this paper is the following:

Theorem 1.2. Under Hypotheses 1 and 2, there exists a labeling of minima and saddle points and

constants a, hy > 0 such that, for allk =2, ...,ng and for any h € 10, hg],
h detg” (my)| _
1= (h) = 28Kk (1 0(hy),
KW= Gar o Gt () (1+06()

where Sy := ¢(s) — ¢ (my) (the Arrhenius number) and — iy, denotes the unique negative eigenvalue
of " at sy.

Remark 1.3. The leading term in the asymptotic of 1 —A} (/) above is exactly (up to the factor (2d +4))
the one of the k-th eigenvalue of the Witten Laplacian on the 0-forms obtained in [Helffer et al. 2004].
This relationship will be transparent from the proof below.

As an immediate consequence of these results and of the spectral theorem, we get that the convergence
to equilibrium holds slowly and that the system has a metastable regime. More precisely, we have the
following result, whose proof can be found at the end of Section 5.

Corollary 1.4. Let dvy, be a probability measure in ¥y, and assume first that ¢ has a unique minimum.
Then, using that o (T;") C [—1+ 8,1 —8h], it yields

I(Ty)" (dvp) — dvpsollse, = O(h) | dvpllse, (1-5)

oralln Z |In ~, which corresponds to the renfest time. but, 1 as several mmmima, we can write
Iln>|Inh|h~Y, which ds to the Eh ime. But, if ¢ h [ mini i

(T,))"(dvy) = Ildvy + O(h)||dvp %, (1-6)

forall ™ YInh| <n < e25n0/" Here, T1 can be taken as the orthogonal projector on the ng functions
Xk (x)e= @D/ \yhere i is any cutoff function near my.
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On the other hand, we have, for any n € N,

1T (dvn) = dvpeollse, = A5 (AN Idvallse, . (1-7)

where A3 (h) is described in Theorem 1.2. Note that this inequality is optimal. In particular, for
n > |Inh|h=Ye252/" the right-hand side of (1-7) is of order O(h)||dvy ll9¢;, -

Thus, for a reasonable number of iterations (which guarantees (1-5)), 1 seems to be an eigenvalue of
multiplicity ny; whereas, for a very large number of iterations, the system returns to equilibrium. Then,
(1-6) is a metastable regime.

Since 7, (x, dy) is absolutely continuous with respect to dvy, o, then (T°)" (8y=x) =1} (x, dy) belongs
to ¥, for any n > 1. Hence, the above estimate and the fact that dvy, o, is invariant show that

It (%, dy) = dvicollse, < A5 )" it (x, dy) e,

Moreover, the prefactor |75 (x, dy)| 5, could be easily computed but depends on x and /.

Throughout this paper, we use semiclassical analysis (see [Dimassi and Sjostrand 1999; Martinez 2002;
Zworski 2012] for expository books on this theory). Let us recall that a function m : R? — R is an order
function if there exists No € N and a constant C > 0 such that, for all x, y € R, m(x) < C(x—y)Mom(y).
Here and throughout we use the notation (x) = (1 + |x|2)%. This definition can be extended to functions
m R x C? — Rt by identifying R? x C4" with R?*+24"_ Given an order function m on T*R9 ~ R24,
we will denote by S°(1m) the space of semiclassical functions on T*R? whose derivatives are all bounded
by m, and by W°(m) the set of corresponding pseudodifferential operators. For any t € ]0, oo] and any
order function m on R¢ x C4, we will denote by S 9(m) the set of symbols which are analytic with respect
to & in the strip [Im&| < t and bounded by some constant times n2(x, £) in this strip. We will denote
by SO, (m) the union over T > 0 of S?(m). We denote by W2 (1m) the set of corresponding operators. Lastly,
we say that a symbol p is classical if it admits an asymptotic expansion p(x,&;/1) ~ 3 ;5 W pj(x,&).
We will denote by Sg (m) and Sg(m) the corresponding classes of symbols.

We will also need some matrix-valued pseudodifferential operators. Let Jl, 4 denote the set of real-
valued matrices with p rows and ¢ columns, and JM, = Mp, ,. Let A : T *RY - Mp,q be a smooth
function. We will say that s is a (p, g)-matrix weight if sd(x,§) = (a;,j(x,§));,j and a; j is an order
function forevery i = 1,...,pand j =1,...,q. If p = ¢, we will simply say that « is a g-matrix
weight.

Given a (p, ¢)-matrix weight s{, we will denote by S°(s{) the set of symbols p(x, &) = (pi,j(x.8))i,j
defined on 7*R¥ with values in M, 4 such that, for all i, j, p; ; € S°(a;.;), and by WO (M, 4) the set of
corresponding pseudodifferential operators. Obvious extensions of these definitions leads to the definition
of matrix-valued symbols analytic w.r.t. to & and the corresponding operators, S?(s4) and W2 (s4). In the
following, we shall mainly use the Weyl semiclassical quantization of symbols, defined by

Op(p)u(x) = (2rh)~ / N CVE (L (3 g ) E)uly) dy dE (1-8)

T*Rd
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for p € S%(s4). We shall also use the following notations. Given two pseudodifferential operators A and
B, we shall write A = B + WX (m) if the difference A — B belongs to WX (m). At the level of symbols,
we shall write @ = b + S*(m) instead of a —b € Sk (m).

The preceding theorem is close —in the spirit and in the proof — to the ones given for the Witten
Laplacian in [Helffer et al. 2004] and for the Kramers—Fokker—Planck operators in [Hérau et al. 2011]. In
those works, the results are deeply linked with some properties inherited from a so-called supersymmetric
structure, which allow the operators to be written as twisted Hodge Laplacians of the form

P == d(;;,hAd(ﬁ,h?

where d is the usual differential, dy , = hd +d¢(x)A = e~/ hd e/ is the differential twisted by ¢, and
A is a constant matrix in Jl;. Here we are able to recover a supersymmetric-type structure, and the main
ingredients for the study of the exponentially small eigenvalues are therefore available. This is contained
in the following theorem, that we give in rather general context since it may be useful in other situations.

Let us introduce the d-matrix weights E, s : T*RY — .ty given by Aij(x, &) = (ENENTT,
E,; = 8i,j(&), and observe that (Esf); ; = (£;)~'. In the following theorem, we state an exact
factorization result, which will be the key point in our approach.

Theorem 1.5. Let p(x,&;h) € S (1) and let P, = Op(p). Suppose that p(x,&; h) = po(x, &)+ S (h)
and that, for all (x, &) € R4 p(x,&: h) is real. Let ¢ satisfy Hypotheses 1 and 2 and assume that the
following assumptions hold true:

(i) Pp(e™?/M) =0;
(ii) for all x € R, the function & € RY — p(x,&; h) is even;
(i) for all § > 0, there exists « > 0 such that, for all (x,€) € T*R?, d(x,W)? + |£|> > § implies
Po(x,§) = a3

@iv) for any critical point u € WU, we have
Po(x,8) = [§> + Vo ()|> +r(x. §)
with r(x,€) = 0(|(x —u, £)|) near (u,0).

Then, for h > 0 small enough, there exists a symbol q € S°(E sl) satisfying the following properties:
First, Py, = d;"hQ*Qdd,,h with Q = Op(q).
Next, q(x,&;:h) = qo(x, &) + S°(hEsA) and, for any critical point u € U, we have

qo(x.§) =1d +0(|(x —u.§)]).

If we assume additionally that r(x, £) = O(|(x —u, £)|*), then qo(x, ) =1d +0(|(x —u, £)|?) near (u,0)
for any critical point u € .
Lastly, if p € S§(1) then g € SY(E ).
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As already mentioned, we decided in this paper not to give results in the most general case so that
technical aspects do not hide the main ideas. Nevertheless, we would like to mention here some possible
generalizations of the preceding result.

First, it should certainly be possible to use more general order functions and to prove factorization
results for symbols in other classes (for instance S°({(x, £))?)). This should allow us to see the super-
symmetric structure of the Witten Laplacian as a special case of our result. In other words, the symbol
p(x,E:h) = €] + | Vo (x)|*> — hA¢(x) would satisfy assumptions (i) to (iv) above.

The analyticity of the symbol p with respect to the variable £ is certainly not necessary in order to get
a factorization result (it suffices to take a nonanalytic ¢ in the conclusion to see it). Nevertheless, since
our approach consists in conjugating the operator by e~9/h it seems difficult to deal with nonanalytic
symbols. Moreover, using a regularization procedure in the proof the above theorem, it is certainly
possible to prove that the symbol ¢ above can be chosen in a class S?(E&ﬁ) for some v > 0. Using
this additional property, it may be possible to prove some Agmon estimates, construct more accurate
quasimodes (on the 1-forms), and then to prove a full asymptotic expansion in Theorem 1.2.

A more delicate question should be to get rid of the parity assumption (ii). It is clear that this assumption
is not necessary (take g(x,£) = (£)2 (Id + diag(&;/(£))) in the conclusion), but it seems difficult to
prove a factorization result without it. For instance, if we consider the case ¢ = 0 in dimension 1 (which
doesn’t fit exactly in our framework but enlightens the situation) then Py = h D, cannot be smoothly
factorized simultaneously on the left and on the right.

As will be seen in the proof below, the operator Q (as well as Q* Q) above is not unique. Trying to
characterize the set of all possible Q should be also a question of interest.

The optimality of assumption (iv) should be questioned. Expanding g¢ near (u, 0), we can see that we
necessarily have

Po(x,&) = Iqo(u, 0)(§ =i V$)|> + 0(|(x —u,§)])

near any critical point. In assumption (iv) we consider the case go(u,0) = Id, but it could easily be
relaxed to any invertible matrix ¢q(u, 0).

Lastly, we shall mention that, for semiclassical differential operators of order 2, a supersymmetric
structure (in the class of differential operators) was established by Hérau, Hitrik and Sjostrand [Hérau
et al. 2013]. This result requires fewer assumptions, but doesn’t hold true in any good class of symbols.

The plan of the article is the following. In the next section we analyze the structure of the operator 7"
and prove the first results on the spectrum stated in (1-1). In Section 3 we prove Theorem 1.5 and apply
it to the case of the random walk operator. In Section 4, we prove some preliminary spectral results, and
in Section 5 we prove Theorem 1.2.

2. Structure of the operator and first spectral results

In this section, we analyze the structure of the spectrum of the operator T h* on the space #j, = L2(d Vi ,00)
(see (1-3)). But it is more convenient to work with the standard Lebesgue measure than with the
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measure dvj . We then introduce the Maxwellian .il;, defined by
dvpeo = My(x)dx, sothat My = Zpup(By(x))Zye ?O/h, (2-1)
and we make the change of function
WUpu(x) = M;l/z(x)u(x),
where Ay, is unitary from L2(R?) = L2(R%, dx) to %,. Letting
Ty := WUy Ty Uy, (2-2)

the conjugated operator acting in L2(R?), we have

Thu(x) = Zpdty ' (x)e= " fR Lyttt 2 pn (B ) u(y) dy
Zpe~ @/ h\z Zpe 90/ kN2
() Loy Gz
pr(B(x.h)) ) Jix—yi<n pr(B(y. h))

Zpe= 0@/ h )5
pr(B(x,h) )

We let

) = (a2
and define the operator G by
Gu(x) =

d 2-3
o /|x_y|<h”(y) y (2-3)

where oy = vol(B(0, 1)) denotes the Euclidean volume of the unit ball, so that, with these notations, the
operator T}, is
Ty, = apGay, (2-4)
ie.,
Thu(x) = ap(x)G(apu)(x).

We note that
pn(B(x, m)e?™/h 1

aghdZ, - aghd

;2 (x) = / cO—BON/ gy (S hG(e=/1Y(x).  (2-5)
x—y|<h

We now collect some properties of G and ay,.
One simple but fundamental observation is that G is a semiclassical Fourier multiplier, G = G(h D) =
Op(G), where

1 ;
G(E) = — f 7€ dz forall £eRY. (2-6)
dg Jz|<1

Lemma 2.1. The function G is analytic on C4 and enjoys the following properties:

(i) G:RY >R
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(ii) There exists § > 0 such that G(R?) C [-1 + 6, 1]. Near & = 0, we have

G(&) = 1-Balgl* + O(IE["),
where Bg = (2d +4)~'. Forany r > 0, supig>, |G (§)] < 1 and limg| 0 G(§) = 0.

(iil) For all t € R%, we have G(it) € R, G(it) > 1 and, for any r > 0, infjy>, G(it) > L.
(iv) Forall &, T € R we have |G(€ +i1)| < G(i1).
Proof. The function G is analytic on C? since it is the Fourier transform of a compactly supported
distribution. The fact that G(R?) C R is clear using the change of variable z — —z. The second item was
shown in [Lebeau and Michel 2010].

We now prove (iii). The fact that G(i 7) is real for any T € R is clear. Moreover, one can see easily that

T+ G(i7) is radial, so that there exists a function " : R — R such that, for all T € R?, G(it) = r(z)).
Simple computations show that I" enjoys the following properties:

e ['is even;
e [ is strictly increasing on R4 ;
e I'(0)=1.
This leads directly to the claimed properties for G(i 7).

Finally, the fact that |G(£ + it)| < G(i7) for all £, T € R? is trivial, since |e!ZETiD| = =27 for
all z e RY. O

Lemma 2.2. There exist ¢, ¢; > 0 such that ¢; < ay(x) < ¢, for all x € R? and h €10, 1]. Moreover,
the functions ay and a;z belong to S°(1) and have classical expansions aj, = ag + hay + -+ and
a;z = a0_2 + ---. In addition,

ao(x) = G(iVe(x)) V2,

1 (0) = GGV [ eI g )z )
dag Jiz1<1

Lastly, there exist cg, R > 0 such that, for all |x| > R, a;z (x) = 14 ¢ for h > 0 small enough.

Proof. By a simple change of variable, we have

a;z(x) _ L/ e @X)—d(x+h2)/h 4.
&g J\|z|<1

Since there exists C > 0 such that | V¢ (x)| < C for all x € R?, we can find some constants ¢q, ¢; > 0 such
that ¢; < ay(x)™2 < ¢, for all x € R? and / €10, 1]. Moreover, thanks to the bounds on the derivatives
of ¢, we get easily that derivatives of a;z are also bounded. This shows that a;z belongs to S°(1) and,
since it is bounded from below by ¢; > 0, we get immediately that a; € S°(1).

On the other hand, by simple Taylor expansion, we get that aj; and a;z have classical expansions
and the required expressions for ag and a;. Since |V¢(x)| > ¢ > 0 for x large enough, it follows from
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Lemma 2.1(iii) that there exist ¢y, R > 0 such that, for all |[x| > R, G(i V¢ (x)) = 1 + 2¢p, and hence
a;z (x) = 14 ¢q for h > 0 sufficiently small. O
Since we want to study the spectrum near 1, it will be convenient to introduce
Py=1-T,. 2-7)
Using (2-4) and (2-5), we get
Pp = ap(Vy(x) — G(hDx))ay (2-8)

with Vj(x) = a;z (x) = e?/"G(hDy)(e~®/"). As a consequence of the previous lemmas, we get the
following proposition for Pp:

Proposition 2.3. The operator Py, is a semiclassical pseudodifferential operator whose symbol p(x,&; h)
in S3.(1) admits a classical expansion that reads p = po + hpy + -+ with

Po(x,E) =1-GIVe(x)T'GE) =0 and pi(x,§) = G1(x)G(&),

where

G1(x) = —G(i V(x)) - / e~V (4 (x)z, 2) dz = —B g Ad(u) + O(|x — ),
20 Jiz1<1

near any u € .

Proof. The fact that p belongs to Sgo(l) and admits a classical expansion is clear thanks to Lemma 2.1
and Lemma 2.2. From the standard pseudodifferential calculus in Weyl quantization, the symbol p
satisfies

h h
p(x,&h) =1—adG —2aga; Gh— 7ao{G, aol — 7{ao, aoG}+ S°(h?)
l l
= 1—agG —2apa;Gh+ S°(h?).

Combined with Lemma 2.2, this leads to the required expressions for py and pq.
Finally, the nonnegativity of py comes from the formula

Po=GiVe(x) T ((1=G(E) + (G Ve (x)) 1)),
and Lemma 2.1, which implies that 1 — G(£) > 0 and G(iV¢(x))—1 > 0. |
We finish this section with the following proposition, which is a part of Theorem 1.1.

Proposition 2.4. There exist §, hg > 0 such that the following assertions hold true for h € 10, hy]:
First, o(Ty) C [—1 + 6,1] and 0ess(T) C [—1 + 68,1 —68]. Second, 1 is a simple eigenvalue for the
eigenfunction Jl/t;l/ 2,

Proof. We start by proving ¢ (73) C [-1 + 6, 1]. From (1-4), we already know that o(7}) C [—1, 1].
Moreover, Lemma 2.1(ii)—(iii) implies 0 < a¢(x) < 1 and G(R?) C [-1 + v, 1] for some v > 0. Thus, we
deduce that the symbol 7 (x, £) of the pseudodifferential operator 7}, € WO(1) satisfies

7(x,8) > —14+v+0(h).
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Then, Garding’s inequality yields
Tp>—-1+1v

for 4 small enough. Summing up, we obtain o (7}) C [—1 + 6, 1].
Let us prove the assertion about the essential spectrum. Let x € C$° (R?:10, 1]) be equal to 1 on B(0, R),
where R > 0 is as in Lemma 2.2. Since G = G(hD) € ¥°(1) and limg|—, o0 G(§) = 0, the operator

Th— (= x)Tp(1 = x) = xTh + Thx — xThx
is compact. Hence, 0ess(7}) = 0ess((1 — x) T3 (1 — x)). Now, for all u L%(R%), we have

(1 =0Tr(1 = u,u) = (Gap(1 — Yu,ap(1 — x)u)
< llap(1 = )ull* < (1 +co)~Hlull?,

since ||G|l;2_ 72 <1 and |ay(1 — x)| < (1 4 ¢o)~/2, thanks to Lemma 2.1(iii) and Lemma 2.2. As a
consequence, there exists § > 0 such that e (7) C [—1 46, 1 —§].

To finish the proof, it remains to show that 1 is a simple eigenvalue. Let k7 (x, y) denotes the distribution
kernel of T},. From (2-3), (2-4) and Lemma 2.2, there exists & > 0 such that, for all x, y € R4 ,

n(x, ) = eh™ Ly <h- (2-9)

We now consider 7j = T}, + 1. Since || T} || = 1, the operator T}, is bounded and nonnegative. Moreover,
J(/L,ll/ % is clearly an eigenvector associated to the eigenvalue || Th || = 2. On the other hand, (2-9) implies that
T}, is positivity-preserving (this means that z(x) > 0 almost everywhere and u # 0 implies Tju(x) > 0
almost everywhere and Thu 2 0). Furthermore, T, 7 1s ergodic (in the sense that, for any u, v € L*(RY)
nonnegative almost everywhere and not the zero function, there exists # > 1 such that {u, T »v) > 0).
Indeed, let u, v be two such functions. We have (u, T;'v) > (u, T}'v), where, by (2-9), the distribution
kernel of 7T} satisfies

k,E”)(x, ¥) = enh ™1y <—1y
with &, > 0. Thus, if # > 1 is chosen such that dist(ess-supp(u), ess-supp(v)) < nh, we have (u, T“};’v) > 0.

Lastly, the above properties of T, » and the Perron—Frobenius theorem (see Theorem XIII.43 of [Reed and
Simon 1978]) imply that 1 is a simple eigenvalue of T} O

3. Supersymmetric structure

In this section, we prove that the operator Id — T h* admits a supersymmetric structure and prove Theorem 1.5.
We showed in the preceding section that

d—T; = UP,*

and, before proving Theorem 1.5, we state and prove as a corollary the main result on the operator Py,.
Recall here that B; = (2d +4)~! and Ed is the matrix symbol defined by Est; ; = (£;)! for all
i,j=1,...,d.
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Corollary 3.1. There exists a classical symbol q € S 3(8&4) such that the following holds true: First,
P, = L;Ld, with Ly = Qdg pap and Q = Op(q). Second, q = qo + WOhEsL) with qo(x, &) =
;3[11/2 Id +0(|(x — u, £)|?) for any critical point u € .

Proof. Since we know that P, = a,(Vy(x) — G)ay, we only have to prove that ﬂ;lﬁh satisfies the
assumptions of Theorem 1.5, where

P, = Vy(x)— G(hD). (3-1)

Assumption (i) is satisfied by construction.

Observe that, thanks to Proposition 2.3, ﬁh is a pseudodifferential operator and, since the variables
x and £ are separated, its symbol in any quantization is given by pj(x, &) = Vj(x) — G(§). Moreover,
Lemma 2.2 and Proposition 2.3 show that p; admits a classical expansion p = Z;io hip j with pj, j =1,
depending only on x, and py(x, &) =G (i V¢ (x))—G(&). Hence, it follows from Lemma 2.1 that p satisfies
assumptions (ii) and (iii).

Finally, it follows from Lemma 2.1(ii) that, near (u, 0) (for any # € U), we have

P €)= Ba(lE1* + Vo (x)1?) + 0( (x —u, §)|*) + S°(h),

so that we can apply Theorem 1.5 in the case where r = O(|(x — u, £)|*). Taking into account the
multiplication by aj completes the proof for Py,. O

Proof of Theorem 1.5. Given a symbol p € S°(1) we recall first the well-known left and right quantizations

Op' (p)u(x) = Q)™ /T €O B dy dt (3-2)
and
Op’ (p)u(x) = 2h)~ /T TP By dy dt. (3-3)
If p(x, y,£) belongs to S°(1), we define 6p(p), by
Op(p) (@) (x) = (2h) ™ /T €Ty () dy d, (3-4)

We recall the formula allowing us to pass from one of these quantizations to the other. If p(x, y,§)
belongs to S°(1), then Op(p) = Opl (p1) = Op” (pr) with

pep =t [ 0 (-5)
T*R4
and
prr®) = Q[ Dz e, (-6)

Recall that we introduced the d-matrix weight & : T*RY — Mg given by o; j(x,§) = ((Ei)(éj})_l.
Suppose that p satisfies the hypotheses of Theorem 1.5: P = Op(p) with p € S (1), p(x,&:h) =
po(x, &) + S°(h) such that:
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(i) P~/ =0;
(ii) for all x € R¥, the function & € R? > p(x, &; h) is even;
(i) for all § > 0, there exists o > 0 such that, for all (x,§&) € T*R?, d(x,U)? + |£|*> > § implies
po(x,§) = a;
(iv) near any critical points u € U we have

Po(x,8) = 61> + Vo ()|> +r(x.§)
with either r = O(|(x —u, £)|®) (assumption (A2)), or r = O(|(x — u, £)|*) (assumption (A2')).

The symbol p may depend on /4, but we omit this dependence in order to lighten the notations.
The proof goes in several steps. First we prove that there exists a symbol § € Sgo (s4) such that

P, = d;,h Qd@h, where O = Op(§).

In a moment we shall prove that the operator Q can be chosen so that Q = Q* Q for some pseudodifferential
operator Q satisfying some good properties.
Let us start with the first step. For this purpose we need the following lemma:

Lemma 3.2. Let p € SO (1) and P, = Op(p). Assume that, for all x € R, the function & — p(x,&; h) is

even. Suppose also that P,(e~®/*) = 0. Then, there exists § € S, (1) such that Py, = d; A Qd(j,,h with

0
oo,cl”

O = Op(§). Moreover, if p has a principal symbol then so does §, and if p € SO ,theng e S
Remark 3.3. Since Pj,(e~%/") =0, it is quite clear that P can be factorized by dg p, on the right. On the
other hand, the fact that P}, can be factorized by d; ;, on the left necessarily implies that P’ (e=¢/M) =0.
At first glance, there is no reason for this identity to hold true, since we don’t suppose in the above lemma
that Py, is selfadjoint. This is actually verified for the following reason. Start from Op(p)(e~%/") = 0;

then, taking the conjugate and using the fact that ¢ is real, we get

Op(p(x, —§) (e *") = 0.
Hence, the parity assumption on p implies that Op(p)*(e~%/") = 0.

Proof of Lemma 3.2. The fundamental, simple remark is that, if @ is a symbol such that a(x, £) = b(x, £)-£,
then the operator Opl (a) can be factorized by /1 Dy on the right: Opl (a) = Opl (b) - h Dy, whereas the
right quantization of @ can be factorized on the left: Op” (a) = h Dy - Op” (b). We have to implement this
simple idea, dealing with the fact that our operator is twisted by %/,

Introduce the operator Py j = e¢/hPhe_¢/h. Then, for any u € H)(Rd),

_ ih—1(y_— —1 _
Py pu(x) = @)~ f N CE T GOSN (L (x 4 1) E)u(y) dy dE.

We now use the Kuranishi trick. Let 8(x, y) = fol Vo(tx + (1—t)y)dt. Then ¢p(x)—p(y) =(x—y)-
f(x, y) and

Py pu(x) = @)y~ / N GENEOCD) (L 1 ) E)u(y) dy dE.
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Since p € Sgo, a simple change of integration path shows that Py ; is a bounded pseudodifferential
operator Py 5 = Op(pg) with

Po(x. 1.6 =p(A(x+y).E+i0(x,))).

To get the expression of Py ; in left quantization, it suffices then to apply (3-5) to get Py, = Opl (pg)
with

py(x.£) = ()™ / L MTIEONTI (x4 2). 8 +i6(x. ) dE d
R

= Q2rh)™ /2,1 MTIEE=D) p(L(x 4 2) €+ E+i60(x,2)) dE dz.
R

Observe that for any smooth function g : RY — R we have

d .1
2@ =20 =3 | &20;6.6) ds (3-7)
j=1

with yj"'(s, §)=(1....,§-1,5§,0,...,0) and yj_(s,S) =(0,...,0,58;.&4+1.....84). A very simple
observation is that, for any (x,£) € T*R? and any s € [0, 1], we have x - yji (s,8) = )/jjE (s,x)-&. This
will be used often in the sequel.

Let us go back to the study of pg. Since Py, (e=%/") = 0, we have DPg(x,0) =0 and, by (3-7), we get

d d
Pe(x.6) = &idy ;(x.E) =Y &dy j(x.6)
j=1

Jj=1

with gy ; = %(é;{’j +qy ;) and

1
67;:’]()(,5) = (27Th)_d /RZd elh_li: (X—Z)/o aéjp(%(X‘FZ),é/—f—)/ji(S,g)+10(X,Z)) ds dZdS/,

where the above integral has to be understood as an oscillatory integral. Since 8‘5" p is bounded for any «,

integration by parts with respect to & and z shows that 51;5‘: . eS?

j 5 (1). Moreover, by definition of yji we

have

" _ =1 E (e—
&gy, = Qnh)™ /de Mk (x 2 E) dz dE
with cji(x, z,8) = p(%(x +2),&+ )/ji(l, &) +if(x, z)) —p(%(x +2),&+ yji(O, &) +i6(x, z)). This
symbol is clearly in SO (1), so that integration by parts as before shows that £; (}(;)tj € S2 (1). Since &;

and c};)tj are both scalar, this proves that (};E] eSS (EH™H.
Observe now that

_ _ . v h _ ~
Py=e ¢/hP¢’he¢/h — o—/h Opl(%(q;— +q¢)) . (7Vx)e¢/h — o9/h (et g
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with 0 = (0" + 07) and 0F = Op/ (¢F). Let 0F = 7%/ Op! (§)e**/"; then OF = Op(q)
with q;; = (q;;l, ... ,q;td) and

03 (x.y.6) =43 (x.E—2i0(x. )
1
= (27Th)_d/ elh—lf/(x—z)/ aéjp(%(x—i_z)’é/—f—yji(s’é)—Zl)/Ji(S’ e(x’ y))+19(x,2)) dS dZ dé_/’
R2d 0
and it follows from (3-6) that 0 = OP' (dg) with §y = 4 +dy - G = (G- 43.) and
= (27Th)_d eih—l(é’_é)uq:t (x + u’x’gl) du dél
R2d .J

1
— (27rh)_2d / ot E —u+(x+u—2)n]
R44 Jo

X agjp(%(x +u+z),n+ yji(s, £ —2iyji(s, O(x +u,x))+i0(x +u,z))dsdzdud§ dn.
Make the change of variables z = x +v and v = yji (s,&") + n; the above equation yields
o _ 1 ih—1 /_ _ _.,x ’
GE (. 8) = )~ /uw /O oM E=Du+ u—v) (=77 (5.6)]

x g, p(x + F(u+v), v+ 97 (s, x,uv)) ds du dvdv d&’

with wji(s, x,u,v)=if(x+u,x+v)— 2i)/l.“—L(s, O(x +u,x)).

Define p%(x,z) = [ e7%€ p(x, £) d&, the Fourier transform of p with respect to the second variable,
and observe that, since £ — p(x, ) is even, so is z = p?(x, z). Using the above notations, we have

i A
dn; p(x, 1) = W/[R{d e'#Mzj p*(x,z) dz,

and we get

ot B i ih = [((u—v+hz)v+(E —E)u—(u—v)yE (s.£)]
(X E)=— zie !
95, (%) Qm)d(2wh)2d /nzwx[o,l]xﬂ%" '

. +
x p2(x + L(u +v), )™V EX0 gy dy dE' dv ds dz.

Let ¥, 5y denote the semiclassical Fourier transform with respect to v, and @h,m—w its inverse.
Writing

Froewz ) = 23 p7 (x + S 4 v), )t (E =@ N izv )
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we get
s l o T ’
()= FhorrnF —hz)dvdg' dsd
1056 = Gt G oy P P U )0 h2) o dds =
_ ‘ / - T E - —h)+hyE (5.2)E']
- d d J
2m)4 (2 h)4 Jr2dx[o,1]xRd

.
X ﬁz(x +v— lhz, z)e”/’f (s.x,v=hz.v)z ), d&' ds dz,

where we have used the fact that yi(s £z = Y] + (s, z)&. Similarly, integrating with respect to & and v,
we obtain

o i iy; (s 2)E A2 ‘ﬂi(S,Z)
dg. ](X £§) = @ /0 e zje'Vi pPrx+h(3z—v £(s,2)),z)e? ds dz
with ¢; *(s,2) = izy; ( h)/] (s,2),h(z— .i(s, z))). From the definition of ¥, we get

(S z) —22)/] (s O(x — hy] (s, z), x))—z@(x hy] (s,2),x+h(z—y i(s,z)))
=275 (5. 2)0(x — hy[F(s.2). x) —20/(x — hyi(5.2). X + h(z — y"(s.2))),
and, since 6 is defined by ¢ (x) —¢(y) = (x — »)0(x, y), it follows easily that
@7 (s,2) = Z(2¢(X) ¢(x —hy[ (5,2)) —p(x + h(z =y} (5, 2)))).

Let us write P; F(x,s,2) = 2(x+h( Z—]/] £(s, Z)) ) then

. — E i (s,2)
q¢](x 0)= (271)“' /{;) i zjpj (x,8,z)e"s dsd:z. (3-8)

Observe now that we have the identities

yit(l=s,—2) = —(z =y} (5, 2),

(3-9)
2=V () =—3z2 -y (1—5,—2)
for all s € [0, 1], z € R¥. In particular, since p? is even with respect to the second variable, we get
+ F
pi(x, 1—5,—2)e (== = p;(x,s,2)e% (5,2)

As a consequence, by the change of variables (s, z) — (1—s, —z) in (3-8), we get é;] (x,0)= q¢ ; (x,0),

and hence g4 (x, 0) =0. Since g4 ; belongs to S (& ;)™ 1) forall j, we get by the same trick as for the right
factorization that there exists some symbol ¢ = (¢} x) € S9 (o) such that g Gg,j(x.8)= Zk 166G,k (x, 6).
Since we use right quantization, it follows that, for all u € ¥ ([Rd, Cd),

h
Op” (§g)u = — divOp" (g)u = h D Op" (7)u,
i
where we have used the matrix-valued symbol ¢ = (¢; x). Consequently, for all u € P (RD),

Pyu = e®' " Op” (dp)e” ¢/h dy pu = d* he¢/h Op’(c})e_‘/’/hdd,,hu.
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Using again the analyticity of g, there exists § € SO (A4) such that

0 := " op’ (@)e™" = Op(@).
and the factorization is proved. The fact that § admits an expansion in powers of /4 follows easily from
the above computations, since it is the case for p. O

Let us apply Lemma 3.2 to P, = Op(p). Then, there exists a symbol § € SO () such that

with Q Op(q) and § = o + S°(h). Now the strategy is the following: we will modify the operator Q
so that the new Q is selfadjoint, nonnegative and Q can be written as the square of a pseudodifferential

operator, Q =0*0.

First observe that, since Py, is selfadjoint,
Py =5(Py+ Py)=dj 30+ 0%)dy s,

so that we can assume in the following that Q is selfadjoint. This means that the partial operators
Qj.k = Op(gj k) satisfy Q;."k = Qk,j (or, at the level of symbols, gx ; = §j x). Fork =1,...,d,letus
write dg 4 = hdg + dkp(x). Then

d
Py= ) (d) )*0jxdy (3-10)
jk=1
We would like to take the square root of Q and show that it is still a pseudodifferential operator. The
problem is that we don’t even know if Q is nonnegative. Nevertheless, we can use the nonuniqueness
of operators Q such that (3-10) holds to go to a situation where Q is close to a diagonal operator with
nonnegative partial operators on the diagonal. The starting point of this strategy is the commutation

relation
[d] . dy ] =0 forall j, ke{l,... d} (3-11)
which holds thanks to d qu h= 0/ hpj i e®/" and Schwarz’ theorem. Hence, for any bounded operator B,
we have
Ph — :;,h QmOd’.dqb,h — Z ( h) Qmod 'd!; . (3_12)
Jj-k=1

with QmOd” = Q + B°, » € {0, oo} for some B* having one of the two following forms:
e (exchange between three coefficients) For any jgo, kg, n€ {1, ..., d}, the operator B>°(jo, ko, n; B) =
(%}”ok)j,kﬂw,d is defined by
BrG =0 if (j, k) £{(n,n). (jo. ko). (ko. jo)}.
—(dy )" Bdg, and B = (B, )", (3-13)
= (d2%) " Bdy, + (dy%)* B*dJ,.

oko
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When jo = ko, we use the convention that %j’(‘)’ o = —(d(’; ) (B+ B*)d Z 5+ Such modifications

will be used away from the critical points.

* (exchange between four coefficients) Forany jo, ko, k1 €{1, ..., d}, the operator B°(jo, ko, k1 B) =
(%;),k)] k=1,...,d is defined by

%Qk =0 if (j, k) £ {(Jo. ko). (ko. jo), (o, k1), (k1, jo)},

k 0
%]0 ko = qub,lh and %ko Jo (%Jo ko) , (3-14)
0 _ ko 0
%JO: Bd¢,h and %klaJO (%Jo kl) :

Such modifications will be used near the critical points.

Recall that the d-matrix weights o and E are given by si; ; = (éj)_l (£¢)"! and (Ed)jx = (E) 71
Using the preceding remark, we can prove the following:

Lemma 3.4. Let Q =0p(§), where g € S°(A) is a Hermitian symbol with §(x, &; h) =qgo(x, &) +S°(hsd).
We let P = d;,héd¢,h and let p(x, & h) = po(x,&) + S°(h) € SO(1) be its symbol. Assume that the
following assumptions hold:

(A1) For all § > 0, there exists a > 0 such that, for all (x,€) € T*R?, |£]? + d(x,W)* > § implies
po(x.§) za.
(A2) Near (u,0), for any critical point u € U, we have

po(x.&) = P + Vo) +r(x.§) (3-15)
with r(x, §) = O(|(x —u,§)[?).
Then, for h small enough, there exists a symbol ¢ € S°(E ) such that
Py =dy 0" Qdg s,
with Q = Op(q) and
q(x, & h) =1d+0(|(x —u,§)]) + S°(h) (3-16)

near (u,0) for any u € U. Moreover, Q = F Op(E~") for some F € WO(1) that is invertible and
selfadjoint with F~1 € Wo(1).
If, additionally to the previous assumptions, we suppose:

(A2)) the remainder term in (3-15) satisfies r (x, £) = O(|(x — u, £)|*);

then
q(x.&h) =1d+0(|(x —u, §)*) + S°(h) (3-17)

near (u,0).
Finally, if § € S(s4) then g € SS(EsA).
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Proof. In the following, we assume that ¢ has a unique critical point # and that # = 0. Using some
cutoff in space, we can always make this assumption without loss of generality. Given ¢ > 0, let
wo, W1, ..., wyg € S°(1) be nonnegative functions such that

wo+w;+--+wg =1 (3-18)
whose support satisfies
supp(wo) C{[E]> + [V (x)|* < 2é},

and, for all £ > 1,
2 1y 2o d 1612+ 19 2o ey 2
supp(we) C \[§]7 +[Vo(x)[" = & and [§¢]" +19¢p ()" = 7= (§]7 + [V (X))
Let us decompose Q according to these truncations:
d
0=> 0 (3-19)
£=0

with Qe := Op(w¢q) for all £ > 0. We will modify each of the operators Q( separately, using the
following modifiers. For jg, ko, n € {1,...,d} and B € S°((&,)! (Eko)_l (£,)7%) we write for short

%oo(j07k0vn; 18) = %Oo(joako’n; Op(ﬂ))’

where the right-hand side is defined by (3-13). In the same way, given jo,kq,k1 € {1,...,d} and
BeSO(&,) ! (éko)_l (Ekl)_l) we write for short

B (jio, ko, k1: B) := B°(jo. ko, k1: Op(B)),

where the right-hand side is defined by (3-14). Observe that any operator of one of these two forms
belongs to WO(s4). Let M () C WO(sd) be the vector space of bounded operators on L2(R%)? generated
by these operators. Then, (3-12) says exactly that

Py=dj, (0 + M)y forany M e M(s). (3-20)

Step 1. We first remove the terms of order 1 near the origin. More precisely, we show that there exists
MO € M(s4) such that

0%:= 0% +M° = 0p(G") + VO (hsl), (3-21)
where §° € SO(s) satisfies, near (0, 0) € T*R4,

q°(x, &) = wo(x, £)(Id +p(x. §)) (3-22)
with p € S(s4) such that:

e o(x,&) =0(](x, £)]) under the assumption (A2);
o p(x,£) =0((x,£)|?) under the assumption (A2).
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From (3-10), we have

d
Po(. &) = Y Qo k(X E)E +10;¢ (X)) (Ex — i (X)),

Jk=1

where §o = (o j,k)j,k denotes the principal symbol of §. Expanding g near the origin, we get

qo(x.8) =q0(0,0) +v(x.£)

with v(x, &) = O(|(x, £)]). Then, we deduce

d
Po(x.E) = Y (Go;,k(0,0) + vy (x, ) (& +i0;(x)) (Ex — i 0k (X)) (3-23)
]?k=1
Identifying (3-15) and (3-23), we obtain gy, j,x (0, 0) = §; s, which establishes (3-21)—~(3-22) under the
assumption (A2).
Suppose now that (A2') is satisfied. Identifying (3-15) and (3-23) as before, we obtain
d

D vk E)E +i96(x)) (Ex — 0k (x)) = O(|(x, ). (3-24)

J.k=1
Defining A := Hess(¢)(0), we have 9;¢(x) = (Ax); + O(x?). Then, (3-24) becomes
d

D vk E)E +i(Ax))) (Ex — i (Ax)g) = O(|(x, ). (3-25)

Jk=1

Let us introduce the new variables n = & +iAx and i) = £ —i Ax. Then, (3-25) reads

d
> vk Enitie = 0((x. )% = 0. D). (3-26)
Jk=1
On the other hand, since 4 is invertible, there exist some complex numbers a}’ P 071’.’ « for 7, k.n=1,....d
such that
d
vk (6 ) =D (@ i + & ) + O, D). (3-27)
n=1

Combined with (3-26), this yields Z;i,k,n=1 (@F j1in+07  nn)n;ie = 0(|(n, 1) |4) and, since the left-hand
side is a polynomial of degree 3 in (1, 77), it follows that

d
D@ in+ @ )i =0 (3-28)
Jj.k,n=1
for any n € c4. Hence, uniqueness of coefficients of polynomials of (1, 77) implies

of ek, =0 forall j. k.ne{l,. . .. d}. (3-29)
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In particular, ozj’." K= 0. On the other hand, 6[;.” K= (% for all j, k, n since Q is selfadjoint.
Now, we define

d d
0°%:= 0%+ M with M°:= > Y o BO(jo.ko.n:wo).
jo,ko=1 n=ko+1

It follows from symbolic calculus that Q° = Op(§°), with §° € S(s4) given by

42, = wo (éO; k= o B () + 3 10 ()

n>k n<k

SNt 0 (N + Yl ian¢(x>>) + $O(hst)
n>j n<j
for any j, k. Moreover, from (3-29) and &, + i 0,6 (x) = 1, + 0(|x|?) near (0, 0), we get

d d
4k = wo (ﬁo;j,k - Z o o in — Z g iMn+ ﬁj,k) + S°(hst)
n=1 n=1

with p € SO(s) such that 5 = 0(|(x, £)|?) near the origin. Using the identity Jo:j,k = 0j k +vj i together
with (3-27), we get

é}.,k = wo(8j.x + pj.k) + S (hst)
with p € SO(sf) such that p = O(|(x, £)|?) near the origin. This implies (3-21)—(3-22) under the
assumption (A2’), and achieves the proof of Step 1.

Step 2. We now remove the antidiagonal terms away from the origin. More precisely, we show that there
exist some ¢ € M(s4) and some diagonal symbols §¢ € S°(s4) such that

0% 1= 0% + " = Op(weg*) + WO (hst) (3-30)
forany £ € {1,...,d}.
For jo, ko, £ € {1,...,d} with jo # ko, let B, x,,¢ be defined by
we (x, €)Fjg ko (X, §)
1Ee1? + [0¢ ()12

By the support properties of wg, we have ﬂjo,ko’g € SO((SJ-O)_1 (Sko)_1 (Sg)_z), s0 B> (jo, ko, ¢; ﬂjo,ko,f)
belongs to M (sd). Defining

Bjo ko, (X, &) :=

Mz = Z %Oo(]()sk()’g’ ﬁj()ak()ae)’
JoFko

the pseudodifferential calculus gives
(dg 1) OP(Bjo o)y 1y = OP (Wi ko) + WO (Ej0) ™" (ko) ™).

which implies
0% + M = Op(weq) + M° = Op(weg®) + WO (hst)
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with §¢ € S%(s4) diagonal. This proves (3-30).

Step 3. Let us now prove that we can modify each Qe so that its diagonal coefficients are suitably
~{

bounded from below. More precisely, we claim that there exist ¢ > 0 and M € JM(s4) such that

Ot = 0 + 0" = op(i) + ¥ (hst) (3-31)

with ¢ diagonal and cjfo i (X 8) = cwg(x, £)(&i,) 2 forall ig € {1,...,d}.
For £,ig € {1,...,d}, let B;, ¢ be defined by
wy(x, §) ~f 14
Bine (. ) 1= (#hax.0- ,
0 2(/&e 1> + 10 (x)[2) \ 7100 L+ (&5 1> + 10509 (x)|?
where y > 0 will be specified later. The symbol j;, ¢ belongs to SO(&iy) 2 () 2), 50 B> (ig, g, £; Bio.e)
is in J(s4). Defining

~/ ..
M= Z%OO(IOJO’E;IBI'Q,@)’
in#L

~ ~{ v Y
the symbolic calculus shows that Ot + A = Op(¢%) + WO (/) with ¢ diagonal and

GE o (. 8) = ywe(x,5) for all ig # L. (3-32)

a 1+ |§i0|2 + |8,~0¢(x)|2

It remains to prove that we can choose y > 0 above, so that éf (X 8) = cwg(x, £)(&,) 2. Thanks to
assumption (A1), there exists « > 0 such that

po(x, &) >a forall (x,§&) € supp(wy). (3-33)

On the other hand, a simple commutator computation shows that Op(wy) Py, = d; h Qédd,,h + WO (h).
Combined with (3-20), (3-30) and the definition of (jz, this yields

Op(we) P = djy , O dy s+ WO (h) = d;; , Op(G“)dy p + VO ().

and then

d
(Wepo)(x.€) = D Gf, i (. E)(Eigl* + 19igp (X)) + S°(h).
ip=1

Now, using (3-32), we get
(we po)(x,&) = gy ¢ (x, ) (1€ + 19¢p (x)[*) + v (d = Dwy(x, £) + S°(h).

Combining this relation with (3-33) and choosing y = «/(2d), we obtain

+ SOh (&) 72). (3-34)

y cwg(x. £)
18 Z S0 1 e (1)

Thus, éf ‘ satisfies the required lower bound and (3-31) follows.
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Step 4. Lastly, we take the square root of the modified operator. Let us define
d
0:=) 0°e ¥, (3-33)
£=0

with O defined above. Thanks to (3-20), we have Pj, = (d¢,h)*Qd¢,h = (d¢,h)*Qd¢,h and it follows
from the preceding constructions that the principal symbol ¢ of Q satisfies

G(x.8) = wo(x, )Ad+0((x, OD) + ¢ Y we (. €) diag((7) 7).

£>1

Shrinking ¢ > 0 and the support of wy if necessary, it follows that

G(x,§) = c diag((§/)7).

Letting £ = Op(2)0 Op(&), and ¢ € S°(1) be the symbol of E, the pseudodifferential calculus gives
e(x, & h) = eo(x, &) + SO(h) with

eo(x.§) > cdiag((§) (&) > (&) = c1d, (3-36)

so that, for 4 > 0 small enough, e(x,§) > %cId. Hence, we can adapt the proof of Theorem 4.8 of
[Helffer and Nier 2005] to our semiclassical setting to get that F := E 1/2 belongs to W°(1) and that
F~1 € WO(1). Then, Q = Q*Q with Q := F Op(E~") and, by construction, Q € WO (E ).

In addition, as in Theorem 4.8 of [Helffer and Nier 2005], we can show that F = Op(e(l)/ 2) +WO(n),
so that Q = Op(go) + Y (hE) with go = e(l)/ >2~1. If, moreover, ¢ admits a classical expansion, then
g€ Sg (s4), and the same argument shows that both e and ¢ admit classical expansions.

Let us now study go near (u,0). For (x,£) close to (u,0) we have & = Id +0(|£|?) and §o =
Id+p(x, &), so
eo(x,£) = BGo& = 1d +p(x,£) + O(€]*),
and we get easily gg = e(l)/2 E-! =1d +0(|£|> + p(x, £)), which proves (3-16) and (3-17). |

This completes the proof of Theorem 1.5.

4. Quasimodes on k-forms and first exponential-type eigenvalue estimates

Pseudodifferential Hodge—Witten Laplacian on the 0-forms. This part is devoted to the rough asymp-
totic of the small eigenvalues of P} and to the construction of associated quasimodes. From Theorem 1.5,
this operator has the expression

Py = apdy ,Gdy pap, (4-1)
where G is the matrix of pseudodifferential operators

G = (Op(gj.x)j.k :=0*0=0p(E) ' F*FOp()~".
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Using Corollary 3.1 and that G is selfadjoint, we remark that g; € S O((&) (&)™) and gjk =8k,
Thus, Py can be viewed as a Hodge—Witten Laplacian on 0-forms (or a Laplace—Beltrami operator) with
the pseudodifferential metric G~!. In the following, we will then use the notation P ©) .= p,.

Since ap(u) =1+ 0O(h) and g(u,0) = B4 1d +0(h) for all the critical points u € AU, it is natural to
consider the operator with the coefficients a; and G frozen at 1 and B, Id, respectively. For that, let
QP(RY), p=1,...,d, be the space of C® p-forms on R?. We then define

PY = dj dyn+dgndy (4-2)

the semiclassical Witten Laplacian on the de Rham complex, and pW.(p ), its restriction to the p-forms.
This operator has been intensively studied (see, e.g., [Helffer and Sjostrand 1985; Cycon et al. 2008;
Bovier et al. 2004; 2005; Helffer et al. 2004]), and a lot is known concerning its spectral properties. In
particular, from Lemma 1.6 and Proposition 1.7 of [Helffer and Sjostrand 1985], we know that there are
ng exponentially small (real nonnegative) eigenvalues, and that the others are above 4/ C.

From [Helffer et al. 2004; Hérau et al. 2011], we have good normalized quasimodes for P%>(©)
associated to all minima of ¢. For k € {1, ..., no}, they are given by

W, - — ’
fk (0)(X):Xk,s(x)b1(c())(h)e (9p(x) ¢(m/\))/h,

where b,(co) (h) = (wh)~4/* det(Hess ¢ (my))"/*(1 + O(h)), and where the Xk,e are cutoff functions
localized in sufficiently large areas containing mj € Ww© In fact, we need large support (associated to
level sets of ¢) and properties for the cutoff functions yx , so that the refined analysis of the next section

can be done. We postpone to the Appendix the construction of the cutoff functions, the definition of & > 0,

w.

refined estimates on this family ( f}, ’(0)) &> and in particular the fact that it is a quasiorthonormal free

family of functions, following closely [Helffer et al. 2004; Hérau et al. 2011].
We now define the quasimodes associated to P(? in the following way:

0 —1 oW, — 0 — _
£ = an) AT 00 = an(6) T () (x)e @O B (4-3)
for 1 <k < ngy. We then have:
Lemma 4.1. The system ( f}c(o)) , Is free, and there exists a > 0 independent of € such that
0 0 0 —
SO S =8+ 00 and PO O = (e,

Remark 4.2. For this result to be true, it would have been sufficient to take truncation functions with
smaller support (say in a small neighborhood of each minimum mj). We emphasize again that the more
complicated construction for the quasimodes is justified by their later use.

Proof. First, observe that

0 -(0 — w,(0 w,(0 — w,(0 w,(0
S 1 = 15O = B A =0 OO

Moreover, near any minimum miy, a;z —1=0(h+|x —my|?) and ¢(x) — ¢ (my) is quadratic, so

@2 =1 Q) = o, (4-4)
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which proves the first statement. For the last statement, it is enough to notice that
0 w.(0
p(O)fk( ) _ azd;,hQ* qu),hfk (0)
and apply Lemma A.3. O
We now prove a first rough spectral result on PO, using the preceding lemma.

Proposition 4.3. The operator P ©) has exactly ng exponentially small (real nonnegative) eigenvalues,
and the remaining part of its spectrum is in [egh, +00[ for some g9 > 0.

Usually, this type of result is a consequence of an IMS formula. It is possible to do that here (with
effort) but we prefer to give a simpler proof using what we know about PW-0) The following proof is
based on the spectral theorem and the maxi-min principle.

Proof. Thanks to Proposition 2.4, the spectrum of PO ig discrete in [0, 4] and its j-th eigenvalue is given
by

sup inf (P(O)u, u). (4-5)
dim E=j—1 u€EL, Jul=1

Lemma 4.1 directly implies
0 0 0 0 -
(PO SO 1) < 1PO LN = 0!y

for some o > 0. Using the almost orthogonality of the fk(o), (4-5) and P(® >0, we deduce that P has
at least n eigenvalues that are exponentially small.
We now want to prove that the remaining part of the spectrum of P () is above g¢h for some gy > 0
small enough. For this, we set
€= Vet ;7@ ik =1,...,no},
and we consider u € a;l%l with |lu|| = 1. We have, again,
(POu,u) = ||F Op(E™ )dg panu|* = ol Op(E™ )y papul® (4-6)

for some gy > 0 independent of /i, which may change from line to line. For the last inequality, we have
used that || F~!| is uniformly bounded since F~' € W0(1). On the other hand, using 0 < P%-(1) =
—h?A ®1d +0(1), we notice that

Op(E™Y2 > (—h?A+ 1) ' @1d > g (P 4 1)7!
for some (other) gy > 0. Therefore, using the classical intertwining relations
(P 4 1)_1/2d¢,h _ dd,,h(PW’(O) + 1)—1/2,
and the fact that P-(0) = d:;’ »d¢.n on 0-forms, we get

(POu,u) = g0l (PO + 1) 2dy japu))> = eolldy n (PP + 1) 2ajul?
= eo(PW’(O)(PW’(O) + D) Yapu, apu). 4-7)
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Now, let F be the eigenspace of P>(0) associated to the 1 exponentially small eigenvalues, and let T
(resp. I1g) be the orthogonal projectors onto € (resp. &). Then, from Proposition 1.7 of [Helffer and
Sjostrand 1985] (see also Theorem 2.4 of [Helffer and Sjostrand 1984]), we have || T — Ig|| = O(e =%/ "),
Moreover, since the (n9+1)-st eigenvalue of PW-() is of order A, the spectral theorem gives

PP OPWO 1 1)7! > soh(1 - Tlg) +0(e ") = soh(1 = Tg) + 0™/ ").
Then, using aju € €+, |u| = 1 and Lemma 2.2, (4-7) becomes
(POu u) > eohllapu|? + 0 ") > %cleoh.

Finally, this estimate and (4-5) imply that P© has at most ng eigenvalues below %clsoh. Taking %clso
as the new value of ¢( gives the result. O

Pseudodifferential Hodge—Witten Laplacian on the 1-forms. Since we want to follow a supersymmetric
approach to prove the main theorem of this paper, we have to build an extension PD of PO defined on
1-forms which satisfies properties similar to those of P%-(1)_ To do this, we use the following coordinates
for w € Q'(R?) and 0 € Q2(RY):

d

W= Za)j(x)dxj, o= ZO—j,k(x)de Adxp,
j=1 j<k

and we extend the matrix o;  as a function with values in the space of antisymmetric matrices. Recall
that the exterior derivative satisfies

dWVw)j = 0x0p —0x0; and (d*Vo); == 0y.0% ;. (4-8)
k

In the previous section, we saw that P () can be viewed as the Hodge—Witten Laplacian on 0-forms
with a pseudodifferential metric G~1. It is then natural to consider the corresponding Hodge—Witten
Laplacian on 1-forms. Thus, mimicking the construction in the standard case, we define

PW = Qdy papdy ,0* +(Q ) d; ,Mdy 07", (4-9)
where M is the linear operator acting on Qz(Rd) with coefficients

M k) (ab) = 3 OP(a}(8),a&k,b — 8k.a&),b))- (4-10)

Note that M is well-defined on Q2(R?) (i.e., Mo is antisymmetric if o is antisymmetric) since
M. j).a.b) = M k),(b,a) = —M(j k),(a,b)- Furthermore, we deduce from the properties of g; x that

M iy by € VOUE) T (Er) T E) T E) . (4-11)

Remark 4.4. When G~ is a true metric (and not a matrix of pseudodifferential operators), the operator
PO defined in (4-9) is the usual Hodge—Witten Laplacian on 1-forms. Our construction is then an
extension to the pseudodifferential case. Generalizing these structures to p-forms, it should be possible
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to define a Hodge—Witten Laplacian on the total de Rham complex. It could also be possible to define
such an operator using only abstract geometric quantities (and not explicit formulas like (4-10)).

On the other hand, a precise choice for the operator M is not relevant in the present paper. Indeed,
for the study of the small eigenvalues of PO, only the first part (in (4-9)) of P s important (see
Lemma 4.7 below). The second part is only used to make the operator PO elliptic. Thus, any M
satisfying (4-11) and M(; k). (a,b) = & Op({£;) (&%) %) ® Id should probably work.

We first show that P(1) acts diagonally (at the first order), as is the case for P,
Lemma 4.5. The operator P € WO(1) is selfadjoint on Q' (R?). Moreover,
PD = pO @1d +00(h). (4-12)
Proof. We begin by estimating the first part of PO,
P = Qdy paidy , 0",
Letgj € SO((&x)~1) denote the symbol of the coefficients of Q and let dqj;,h = hd;j + (0;¢). Using the

composition rules of matrices, a direct computation gives

(P = D Op(aj.a)df i (dg 4 Q)i = ) OPa).0)df 43 (dy 1) OP(Gics)- “-13)
a a,b

We then deduce that Pl(l) is a selfadjoint operator on Q' (R¥) with coefficients of class W°(1). Moreover,
this formula implies

(PM) k=Y Op(a24).adikp)ds 4 (dh )" + WO (h). (4-14)
a,b
It remains to study

PV = (07 d} ,Mdy 07"

Let 4k € SO((&j)) denote the symbol of the coefficients of Q~!. The formulas of (4-8), the definition
(4-10) and the composition rules of matrices imply

(Py)je = D Oplag ) (dy 4 My 4 Qe
o

=— Oplgz )] )" (Mdg 1 Q) (am).k

a,o

=— Y Op(a; )5 )" Mgy, (de.n Q) w.8).k
a,b,o,B

=— )" Oplgg )4 )" Mia.a).0.8)(dh , OP(ag 1) —db , Op(g; 1))
a,b,a,B

=—2 > Op(qy )df 1)* Ma.a)..8)d4 1 OP(ap)- (4-15)
a,b,a,B
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where we have used that M, o) (5,8) = —M(a,a),(8,b)- By (4-11), a typical term of these sums satisfies

0Py ) (A2 1) * Mgy (.55 OP(a54) € WO({Ea) (Ead (Ea) ™" (Ea) ™ (65) ™" (£5) ™ (65) (Ep)),

and then Pz(l) € WO(1). On the other hand, using gj.k = 8k,; and (4-10), we get

(PS)ie=—"_ Op(gz})(d ;)" Op(a2(2as8a,p — Sab8a.p) 4 OP(dy )
a,b,a,B
=— ) Oplgg))(dy ;)" Op(a}(2s.a8p.u — &b.agBa))df ; OP(dy )
a,b,a,B
=— ) Oplg;L)(d5 )" Op(a}(8ab8a.p — Za,p8as))ds , OP(ag ) = (P ) ;.
a,b,a,B

so that Pz(l) is selfadjoint on Ql(Rd). Finally, (4-11) and (4-15) yield

(Pje=> Op(a%, > a3 gk (Sasgas — ga,ﬂga,b)) (dg )*d , + WO (h)

a,b o,B
= " Op(a;8ap8).k — 4}, bTka)dy ) dy  + VO (h), (4-16)
a,b

since

> 8ajdip =Tba+S°(h(Ea)™") and Y qajqip =Sap+S°(h),
J J

which follow from GQ~! = O* and QQ~! =1d.
Summing up the previous properties of P{!), the operator P(1) = Pl(l) + Pz(l) € WO(1) is selfadjoint
on Q! (IRd). Lastly, combining (4-14) and (4-16), we obtain

PO = "(d4 )* Op(a}gap)dy , @ 1d+W°(h) = apd}y , Gy pap ®1d+W°(h)
a,b

= PO @ 1d+¥0(h), @-17)
and the lemma follows. O
The next result compares P and P,

Lemma 4.6. There exist some pseudodifferential operators (Ry)x=o,1,2 such that
PW =g, P"D 4 Ry+ Ry + Ry,
where the remainder terms enjoy the following properties:

(1) Rg is a d x d matrix whose coefficients are finite sums of terms of the form
(d4 ,)*(Op(ro) + WO (h)db ,

witha,be{l,...,d} and ro € S°(1) satisfying ro(x, &) = O(|(x — u, £)|?) near (u,0), u €U;
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(i1) Ry is a matrix whose coefficients are finite sums of terms of the form h Op(rq )d;, porh(d (‘;’ 2 Op(ry)
witha € {1,...,d} and r; € S°(1) satisfying r1(x,£) = 0(|(x —u, £)|) near (u,0), u € U;

(iii) R, € WO(h?).

Proof. As in the proof of Lemma 4.5, we use the decomposition P(1) = Pl(l) + Pz(l). From Corollary 3.1

and Lemma 2.2, the coefficients appearing in these operators satisfy

ap=a+S°h) e s°),
Gab = qap +S°(h(Ep)™") € S°((&) 7)),
Gap = dnp +S°(h(Ea)) € S°((Ea)),
M ko). (ab) = OPUR(j oy aby) + YO (h(E) T (6x) T (Ea) T (86) D)
with 772 1y (a,6) € S (&) ™" (§x) ™" (€a) "' (§5) ") and
a=1+0((x—ué)?). (k) (ab) = 3B (8jabk.b —k.a8jp) + O((x —u. &)%),
Gap = Bl *Sap +0((x —u. ), Gay = B7"*8ap +0((x—u.))
near (u,0), u € W. Then, making commutations in (4-13) and (4-15), we obtain the desired result. [

We now make the link between the eigenvalues of PO and P For that, we will use the so-called
intertwining relations, which are a fundamental tool in the supersymmetric approach. Recall that, thanks
to Theorem 1.5, P () can be written as

PO =L%Ly with Ly = Qdypay (4-18)
We obtain the following result:
Lemma 4.7. On 0-forms, we have
LyP©® =POL,=L4L5L,. (4-19)
Moreover, for all . € R\ {0}, the operator Ly : ker(P©® — 1) — ker(P™) — 1) is injective. Finally,
Ly (ker(P©)) = {0}.

Proof. Let us first prove (4-19). Using (4-9), (4-18) and the usual cohomology rule (i.e., d ; 5 =0), we

have
PO, = LyL%Ly+ (Q‘l)*d;;,th,p,h 071 0dy pay

=LyLyLy+ (Q_l)*d;,th(p’hdq;,hah
=LyLyLy=LyPO. (4-20)
Now, let u # 0 be an eigenfunction of P(® associated to A € R. In particular, ||L¢u||2 = Alju||?
vanishes if and only if A = 0. Moreover, (4-19) yields
PO Lyu=LyPOu=rLyu.

This implies the second part of the lemma. O
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We shall now study more precisely the small eigenvalues of P()). Recall that s i, J=2,...,n1+1,
denote the saddle points (of index 1) of ¢. Again, we will stick to the analysis already made for the
Witten Laplacian on 1-forms P"-() for which we recall the following properties. From Lemma 1.6
and Proposition 1.7 of [Helffer and Sjostrand 1985], the operator ) ALORN selfadjoint, positive and has
exactly n; exponentially small (nonzero) eigenvalues (counted with multiplicities). We next recall the
construction of associated quasimodes made in Definition 4.3 of [Helffer et al. 2004]. Let u; denote a
normalized fundamental state of P">(1) restricted to an appropriate neighborhood of s j with Dirichlet

w.,(1)

boundary conditions. The quasimodes f] are then defined by

S = 11051710 (0 (), @-21)

where 6 is a well-chosen C§° localization function around s;. Since the fjW’(l) have disjoint support,
we immediately deduce

(f]W,(l)’ f]I:Vy(l)> — 5],]/ (4_22)

In particular, the family { fjW’(l) 1j=2,...,n1+1}is afree family of 1-forms. Furthermore, Theorem 1.4

of [Helffer and Sjostrand 1985] implies that these quasimodes have a WKB expression,
7770 = 05 (0)b§V (x, hye =+ (4-23)

where b}l)(x, h) is a normalization 1-form having a semiclassical asymptotic, and ¢4 ; is the phase
associated to the outgoing manifold of £2 + |V (x)|? at (s;,0). Moreover, the phase function ¢ ;
satisfies the eikonal equation |Vyx¢4 j|* = |Vx¢|? and ¢+ j(x) ~ |x —s;|? near s;. For other properties
of ¢4 j, we refer to [Helffer and Sjostrand 1985]. On the other hand, Lemma 1.6 and Proposition 1.7 of
[Helffer and Sjostrand 1985] imply that there exists o > 0 independent of & such that

w,() (W,(D) _ q(,—a/h .
PYAD W) _ gty (4-24)
Lastly, we deduce from Proposition 1.7 of [Helffer and Sjostrand 1985] that there exists v > 0 such that
(P Dy u) > vh||ul? (4-25)
forallu L Veet{ /""" j =2, ny +1}.
Now, let us define the quasimodes associated to PO by
1 1/2 -1 ;W01
S =gy on 7t W (4-26)

for 2 < j <n; + 1. Note that this is possible since (Q*)~! € WO((£)). Using that (Q*)~! is close to
/3;1/ ’1d microlocally near (s, 0), we will prove that they form a good, approximately normalized and
orthogonal family of quasimodes for PO,

Lemma 4.8. The system (fj(l))j is free and, for all j, j' =2,...,n1 + 1, we have

15O = O =0y, (O 5Py =85 +00) and PO LD =03
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Proof. From (4-26) and Corollary 3.1, we have
1 w,(1 1/2 - w,(1 w,(1
fj()_fj ()=(ﬁd/ (Q*) I_Id)fj ()=Op(r)fj (1)

with 7 € S°({£)?) such that, modulo S°(h(£)?), r(x, &) = O(|(x —u, &)|?) near (u,0), u € U. Moreover,
using Taylor expansion and symbolic calculus, we can write

reeg) = Y hUTITR2 p(x )(x —s5j)*EP

le+pBle{0,2}

withry g € S 0((£)?). Combined with the WKB form of the fjW’(l) given in (4-23) (and, in particular,
with ¢4 j(x) ~ |x —s;j|* near s;), it shows that

op(r) V" = 0(h). (4-27)

which proves the first statement.
The second statement is a direct consequence of the above estimate and (4-22).
For the last estimate, we follow the same strategy. Thanks to Lemma 4.6, we have

. ,W, W’ .
P(l)f](l) — IBdPW,(l)fJ (1) +IBdPW,(1)(]FJ(1) _jfj (1)) +R0]f](1) 4+ lej(l) + RZJFJ(I) (4—28)
Proceeding as above, we write
W, — W,
PW,(I)(fJ(l) _ f] (1)) — PW,(l)(IB;i/Z(Q*) 1 _Id)fj (1)’

where, using (4-2), Corollary 3.1 and the pseudodifferential calculus, the corresponding operator can be
decomposed as

PPl 0") " —1a) = Op( Y. WP g g (x —sj)“sﬂ)
|e+Bl€{0,2,4}
for some 7o g € SO((£)3). Thus, as in (4-27), we deduce
Ba PO (1 = 70y = 0?). (4-29)
In the same way, we deduce from Lemma 4.6 that, for any p =0, 1, 2,

Rplgtlj/z(Q*)_l — Op( Z h2—|a+ﬂ\/2r5’ﬂ(x’ g; h)(x —Sj)afﬂ)

la+Bl€{0,2.4}
with roiﬂ e SO((£)?). Thus,

Ry 1V = Rppl/> (0" O = 0. (4-30)

Combining (4-28) with the estimates (4-24), (4-29) and (4-30), we obtain P fj(l) = 0(h?) and this
concludes the proof of the lemma. O

The following proposition is the analogue of Proposition 4.3.
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Proposition 4.9. The operator P has exactly ny 0(h?) (real) eigenvalues, and the remaining part of
the spectrum is in [e1h, +00[ for some &1 > 0.

The idea of the proof is to consider separately the regions of the phase space close to the critical

points U and away from this set. In the first one, we approximate PO by pw-() using that Q ~ ﬂ(l/ ’1d

microlocally near (u,0), u# € U. In the second one, we use that (the symbol of) P M s elliptic by (4-12).

We start this strategy with a pseudodifferential IMS formula. For n > 0 fixed, let xo € C° (RM; [0, 1]) be
supported in a neighborhood of size 7 of AU and such that xo = 1 near U and oo := (1 —X%) 12 ¢ ¢ (R24).
In particular,

X2 E) + x5 (x.E) =1 forall (x,&) € R2. (431

In the sequel, the remainder terms may depend on 5, but C will denote a positive constant independent
of n, which may change from line to line. Using Lemma 4.5 and the shorthand Op(a) = Op(a) ® Id, the
pseudodifferential calculus gives

PO = 1(0p(x§ + x2) P + PV Op(x5 + x3))
= 2(0p(x0)* P + PM Op(x0)*) + 1(0p(x00)> PP + PD Op(x00)?) + ¥ (h?)
= 0p(x0) P Op(x0) + Op(xo0) P Op(xco)
+ 3[0p(x0). [0p(x0). PN+ 3[0p(Xo0)- [OP(Xo0). PN+ 0(h?)
= 0p(x0) P Op(x0) + Op(xo0) PV Op(xc0) + O(?). (4-32)

In the previous estimate, we have crucially used that Op(x,) ® Id are matrices of pseudodifferential
operators collinear to the identity.

Lemma 4.10. There exists 8, > 0, which may depend on 1, such that
Op(Xoo) P! Op(t0) = 83 OP(xo0)” + O(h). (4-33)

Moreover, there exists C > 0 such that, for all n > 0,

Op(x0) P Op(x0) = (B4 — Cn) Op(x0) PV Op(x0) — (Ch + O(h?)). (4-34)

Proof. We first estimate P") outside of the critical points AU. Since y~ vanishes near °U, Proposition 2.3
yields that there exist 8, > 0 and p, € S°(1) (which may depend on 7) such that p = p, in a vicinity of
the support of yoo and py(x,&) > 26, for all (x,§) € R24 . Then, Lemma 4.5 and the pseudodifferential
calculus (in particular, the Garding inequality) imply
Op(xo0) P Op(xo0) = OP(Xo0) P Op(Xoo) + OP(X00)O(h) OP(Xoo)
= Op(xo0) OP(7) Op(Xo0) + OP(X00)0(/) Op(xoeo) + O(h*)
> Op(Xo0) (285 + O(1)) Op(Xo0) + O(h),

which implies (4-33) for /4 small enough. Here, we have identified as before A with 4 ® Id for scalar
operators A.
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We now consider Op(xo) P™") Op(xo). Thanks to Lemma 4.6, we can write

2
Op(x0) P Op(x0) = Ba Op(x0) P Op(x0) + D Op(x0) Rk Op(x0).
k=0

Let xo € C0°°([R92d; [0, 1]) be supported in a neighborhood of size n of (u, 0), u € U, and such that yo =1
near the support of xo. Then, for w € Q1(R?), (Ro Op(xo)@. Op(xo)w) is a finite sum of terms of the
form

Fo = ((d2 ) *(Op(ro) + ¥ (1))d% , Op(x0)w; . OP(Xo)wk)- (4-35)
Using functional analysis and pseudodifferential calculus, we get
7ol = [((Op(ro o) + WO (1))d} , Op(X0)w) . df ,, Op(x0)w )| + O(h™) ]
< (10p(ro o)l + OG))lld} ,, OP(x0)w; |1, OP(x0) k|| + Oh) ]|
= (I10p(ro%0) | + O (P Op(x0). Op(x0)) + O(h*)[lw]*. (4-36)
Recall now that, for a € S°(1),
10p(@) | 2 (way— L2 @a) = @l Loom2ay + O(h)

(see, e.g., [Zworski 2012, Theorem 13.13]). Thus, using that ¥ is supported in a neighborhood of size 7
of (u, 0) at which ry vanishes yields ||Op(roXo)|| < Cn, and (4-36) implies

[(Ro Op(x0)®. Op(x0)w)| = C1i(P™@ Op(x0)w. Op(x0)w) + O(h™) o], (4-37)
As before, (R Op(xo)w, Op(xo)w) is a finite sum of terms of the form
P = (W0 (h)dg , Op(xo)w;, Op(X0)wk) (4-38)
or its complex conjugate. These terms can be estimated as
71| < ChlldS , Op(xo)s ]
<nlldg , Op(xo)w;|> + 0(h?) ||

< n(P"© Op(x0)w.0p(x0)w) + O(h?)|w]>.
and then

[{R1 Op(x0)@, Op(x0)w)| = Cn(P"® Op(x0)w, Op(x0)w) + O |w|*.  (4-39)
Combining Lemma 4.6 with the estimates (4-37), (4-39) and R, € W(h?), we obtain

Op(x0) P Op(x0) = Ba Op(x0) PV Op(x0) — C1 Op(x0) P+ Op(x0) — O(h?).

Since P?-() = pW.(0) g1q +WO(h) (see Equation (1.9) of [Helffer and Sjostrand 1985], for example),
this inequality gives (4-34). O

Let IT denote the orthogonal projection onto Vect{ fj(l) :j=2,...,n1+1}. Using the previous lemma
and its proof, we can describe the action of P (M) on II:
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Lemma 4.11. The rank of I1 is nq for h small enough. Moreover,

POTT =0(h?) and TIPD =0h?). (4-40)
Finally, there exists €1 > 0 such that

(11— PO —T1) = &1 h(1 - T0) (4-41)

for h small enough.
Proof. Since the functions fj(l) are almost orthogonal (i.e., ( f}(l), fj(/l)) = dj, j» + 0(h)), the rank of II
is ny. Moreover, (4-40) is a direct consequence of Lemma 4.8.

We now give the lower bound for P (M on the range of 1 —IT. Let €1 denote the space spanned by
the ka’(l), k=2,....,n1+1and FO the eigenspace associated to the n first eigenvalues of P,
Let IT¢), ITga) denote the corresponding orthogonal projectors. It follows from [Helffer and Sjostrand

1985] that || TTgay — Hga) || = O(e /") for some ¢ > 0. On the other hand, it follows from the first
estimate of Lemma 4.8 that || IT — IT¢) || = O(#). Combining these two estimates, we get

T = Mg || = OCh).
Using this bound and the spectral properties of P we get
PP > yh —vhTga) > vh —vhTl + O(h?) (4-42)

for some v > 0. From (4-23) and integration by parts, we also have Op(j)IT = IT 4+ O(4°°). Estimate
(4-42) together with (4-31), (4-32), (4-33) and (4-34) give
PO =0p(x0) P Op(x0) + Op(Xe0) P Op(xoo) + O(h%)
> (Ba — C) Op(x0) PV Op(x0) + 8, Op(xo0)? — (Cih + G (h?))
> vh(Ba —C1) Op(x0)> —vh(Ba — C)TT+ 8, Op(Xoo)? — (Ch + O(h?))
> vh(Bg —Cn) —vh(Bg — Cn)I1 — (Cnh + 0(h?)). (4-43)

Thus, taking n > 0 small enough and applying 1 — I1, we finally obtain (4-41) for some ¢ > 0. O

Proof of Proposition 4.9. From Proposition 2.4 and Lemma 4.5, the operator P (M js bounded and its
essential spectrum is above some positive constant independent of /. Next, the maxi-min principle
together with (4-40) implies that P has at least rank(IT) = n; eigenvalues below Ch2. In the same
way, (4-41) yields that P has at most n; eigenvalues below e /. Finally,

PO=1-mPOU-m+0PVA-11)+1-)POTT+ 0PV > —Ch?

proves that all the spectrum of P is above —Ch2. O
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5. Eigenspace analysis and proof of the main theorem

Now we want to project the preceding quasimodes onto the generalized eigenspaces associated to
exponentially small eigenvalues, and prove the main theorem. Recall that we have built in the preceding
section quasimodes fk(o), k=1,... ng, for PO with good support properties. To each quasimode we
will associate a function in E(® | the eigenspace associated to the 0(h2) eigenvalues. For this, we first

define the spectral projector

1
no=_— [ c-pPO)y-1yz, (5-1)
2wi Jy,

where y = 0B (0, %soh) and g¢ > 0 is defined in Proposition 4.3. From the fact that PO g selfadjoint,
we get that
n©® =o(1).

For the following, we denote the corresponding projection by
0 (0
e =),

Lemma 5.1. The system (e,(co)) s free and spans E ©). Further, there exists o > 0 independent of € such
that
e = (O LoEe "y and (e,eD) =8 1 +0h).

Proof. The proof follows [Helffer and Sjostrand 1985] (see also [Dimassi and Sjostrand 1999]). We
sketch it for the sake of completeness and to give the necessary modifications. Using (5-1) and the Cauchy
formula, we get

(O[O _ O O _ 0 _ / (= PO 7O g o / 1Oy

_ 0
= /(Z POY-1, 1P(0)f( ) 4.

Since P© is selfadjoint and according to Proposition 4.3, we have
I= PO =007
uniformly for z € y. Using also the second estimate in Lemma 4.1, this yields
|z = PO)T1 7 PO £ = o(h2e7/ ),

and, after integration,
let” = 101 = 6t e/ M,

Decreasing o, we obtain the first estimate of the lemma. In particular, this implies that the family (e P 0 Vi
is free. Using that E (0 is of dimension ng, the family (ek 0) )i spans E o,
For the last equality of the lemma, we just have to notice that

(e ey = (£, 1O L 0=y = 4 pr +O(h) + O™y = 84 + O(h),
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according to Lemma 4.1. The proof is complete. O

We can do a similar study for the analysis of PO for which we know that exactly nq (real) eigenvalues
are O(h2), and among them at least 7o — 1 are exponentially small. Note that there is no particular reason
for the remaining ones to also be exponentially small.

To the family of quasimodes ( f a )) 7, we now associate a family of functions in £ M the eigenspace
associated to the O(h?) elgenvalues for P(1. By the spectral properties of the selfadjoint operator P M,
its spectral projector onto £ M js given by

1
om = —./(Z—P(l))_l dz, (5-2)
2mi ¥y

where y = 0B (O, %elh), with e; defined in Proposition 4.9. In the sequel, we write
1) _ () £
e; =TI ( fj ).
Mimicking the proof of Lemma 5.1, one can show that the family (e}l)) j satisfies the following estimates:

Lemma 5.2. The system (e}l)) j is free and spans E M. Further, we have

eV = V1ot and (V. D) =8 ;0 +0(h).

Thanks to the preceding lemmas, the families (e,((o)) & and (e}l)) ; are orthonormal, apart from an O(/)
factor. To accurately compute the eigenvalues of PO and prove the main theorem, we need more precise
estimates of exponential type. For this, we will use the intertwining relation Ly P©® = P(V L.

More prec1sely, we denote by L the ny x no matrix of this restriction of Ly with respect to the bases
(e); and (67

Lk = (e, Lge”). (5-3)
The classical way (e.g., [Helffer et al. 2004; Helffer and Sjostrand 1985]) to compute the exponentially

small eigenvalues of P ) s to then accurately compute the singular values of L. For this, we first state a
refined lemma about exponential estimates.

Lemma 5.3. There exists a > 0 independent of € such that
LoLy /) =0(e/h), (5-4)
ey

and also a smooth 1-form 1 such that

( (1) f(l)) L* (1) and rj(l) :@(e—(x/h)‘
Proof. We first note that

ﬂ” 2Loan(dy , 1170 (5-5)
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On the other hand, (4-2) and (4-24) give
W,(1 w,(1 W,(1 W, (1 W, (1 —
”d(;,hf] ( )”2 < ”d;,hf} ( )”2 + ”dqb,hfj ( )”2 — (PW,(I)jJJ ( )’f] ( )) — @(e Ot/h)

for some o > 0 independent of ¢. Since aj and Ly are uniformly bounded operators, (5-5) provides the
required estimate.

Now we show the second and third equalities, following closely the proof of Lemma 5.1. Using (5-1),
the intertwining relation (see Lemma 4.7) and the Cauchy formula, we have

L5 - 70y = 3 pO g 0
— H(O)L;fj(l) _L;fj(l)
- i /y(z— POYILx p D gz — % /y 2y £ dz
- ﬁ /y(z — P71 pO@ px D gz, (5-6)

where y = 0B (O min(eg, sl)h) Using again Lemma 4.7, this becomes

1

—L;;—f(z POy, Ly £ dz.
2mi

We then let
a_ (1 Dy—1_—1 (1)
)= (%/(Z—P( N1z dz)Ld,L:;fj , (5-7)
1

and the preceding equality reads
¢(€(1) f(l)) — L* (1) (5-8)

Moreover, as in proof of Lemma 5.1, we have
o /(z POY=1 =L g — ™).

Combining with (5-4), this shows that rj.(l)

= 0(e=*") for some (new) & > 0. |
We begin the study of the matrix L with the following lemma:

Lemma 5.4. There exists a' > 0 such that, if ¢ > 0 is sufficiently small and fixed, we have, for all
25] §n1+1and2§k§n0,

Lik = (S0 Ly ) + 0(e=SeFen/m,

Moreover, Lj 1 =0 forall2<j <n;+ L
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Proof. We first treat the case k = 1. Since f is collinear to a;le_"’/ h it belongs to ker(P(O)).
Then, ego) =1 fl(o) fi ©) satisfies Ly e( ) = 0 from Lemma 4.7. In particular, L; { = 0 for all
2<j<m+1

We now assume 2 < k < ny. Using Lemma 4.7 and the definition of ef*), we can write

Lik = (e Lye) = (e, Ly £0) = (V. 1V L, f*”>
— (H(l)ej(l) L f(0)> ( (1 L ]/(0)> (f(l) L¢f(0)) < f(l) L f(0)>
_ <fj(1)» L¢f(0)) (L ¢(e(1) f(l)) f(O)).
From Lemma 5.3, this becomes
Ljj= (f-(l) L f(0)> (L*r.(l) f(0)>
= (0 Lo SOV + 0 Ly ). (5-9)
Now, since Q is bounded and according to Lemma A.3, we have
Ly /1 = Qdy o /7O = o(e=(Sk=Co)/ by
Using Lemma 5.3 again, this yields
( (1) L f(0)> @(e—(Sk+a—Cs)/h) (5-10)
with o > 0 independent of ¢. Taking ¢ > 0 small enough, the lemma follows from (5-9) and (5-10). O

Now we recall the explicit computation of the matrix L. This is just a consequence of the study of the
corresponding Witten Laplacian.

Lemma 5.5. Forall2 < j <ny+ 1 and 2 <k <ngy, we have

I _ / /Ll/z detq’)”(mk) 1/4
kk =\ 2d 1+ 4n k| detd” (sg)

L= O(e~ Skt by forall j +k,

e SkIM (L - 0(h)) =: WV 24y (h)eSk/h

and

where Sy, := ¢ (sy) — ¢ (my ) and —uy, denotes the unique negative eigenvalue of ¢" at sy.

Proof. First, we note that
S0 Lo i = BT dn i),
by (4-3), (4-26) and Ly = Qdy pay. Thus, Lemma 5.4 implies
ﬁl/z(fjW’(l), d¢,hka’(0)) +@(e—(SkJro/)/h)_

The first term is exactly the approximate singular value of dy , computed in [Helffer et al. 2004]. The
result is then a direct consequence of Proposition 6.4 of [Helffer et al. 2004]. O

Now we are able to compute the singular values of L (i.e., the eigenvalues of (L*L)'/?).
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Lemma 5.6. There exists o' > 0 such that the singular values vy (L) of L, enumerated in a suitable order,

satisfy
(L) = | L) (1+ 0¥y forall 1 <k < ny.

Proof. Since the first column of L consists of zeros, we get v; = 0. Moreover, the other singular
values of L are those of the reduced matrix L’ with entries L;. v = Lj+1,k+1 for 1 = j <ny and
1 <k <ng—1. We shall now use that the dominant term in each column of L’ lies on the diagonal.
Define the (ng — 1) x (ng — 1) diagonal matrix D by

D :=diag(Lg414k+1:k=1,...,n9—1).

Notice that D is invertible, thanks to the ellipticity of £4 (%), and that vg (D) = |Lg 41 x+1]- We also
define the ny x (ng — 1) characteristic matrix of L’

U=0(@x)jk-
From Lemma 5.5, there is a constant ’ > 0 such that
L' = (U +0(e™*/")D. (5-11)

The Fan inequalities (see, for example, Theorem 1.6 of [Simon 1979]) therefore give

vE(L') < (140" M) v (D). (5-12)
To get the opposite estimate, we remark that U*U =1d,,—;. Then, (5-11) implies

D=(1+0¥"YWvu*L,

and, as before,

e (D) < (1 +0(e™/M))ve(L). (5-13)
The lemma follows from vg 4 (L) = v (L'), (5-12), (5-13) and vg (D) = [Lg+1 k+1]- O

Now, Theorem 1.2 is a direct consequence of the explicit computations of Lemma 5.5 and of the
following equivalent formulation:

Lemma 5.7. The nonzero exponentially small eigenvalues of Py, are of the form
h(€2 (h) + O(h))e Skt for 2 <k < ny.

Proof.  According to Lemma 5.1 and Lemma 5.2, the bases (elio))k and (ej(.l)) j of E ©) and EM

,(CO))k and (5}1)) ; be the corresponding

respectively are orthonormal up to O(/) small errors. Let (e
orthonormalizations (obtained by taking square roots of the Gramians), which differ from the original
bases by O(/1) small recombinations. Then, with respect to the new bases, the matrix of Ly takes the
form L = (14 06(h))L(1 4+ O(h)). Using the Fan inequalities, we see that the conclusion of Lemma 5.6
is also valid for L (note that there is no need to have exponentially small errors here). Since the matrix of

the restriction of P to E© with respect to the basis (é,(co))k is given by L*L, the lemma follows. O
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We end this section by showing that the main theorems stated in Section 1 imply the metastability of
the system.

Proof of Corollary 1.4. We first prove (1-5) and (1-7). If ¢ has a unique minimum, Theorem 1.1 gives
1T (dvp) = dvicollsg, < (1=8R)" [dvylla, = e+ vy 5.
Using that 7 In(1 — §1) ~ —8hn, this estimate yields
1T, (dvn) = dvp,eollse, < hlldvalis,
for n > [Inh|h~!. In the same way, if ¢ has several minima, Theorem 1.2 implies
I(T5Y" (@) = dvpeollie, < A5 (0" vy, = "MV HNE R duy s,
Using now that nIn(A} (h)) ~n(A3(h) —1) ~ —Cnhe=52/" for some C > 0, this estimate yields

1T (dvg) = dvp,eollse, < hlldvalis,
for n > [Inh|h~1eS2/ ",
It remains to show (1-6). From Theorem 1.1, Theorem 1.2 and the proof of (1-5), we can write

no

(T (dvy) =Y (A ()" Tedvy, + O(h) || dvp s,
k=1
for n 2 |Inh|h~'. Here, Ij is the spectral projector of T , associated to the eigenvalue A7 (h). If we
assume in addition that n < e25%0/ " then (Ap(h)" =1+0(h) forany k = 1,...,ng. Thus, the previous
equation becomes
(T;)"(dvy) = T Odvy +0(h) | dvyl,. (5-14)

since IT® =1, 4+--- + ITy,. Let
k) = —am |

From (A-1), we immediately get gz = j}cW’(O) + O(h). Moreover, as in (4-4), we have

0 w,(0 — w,(0
17 = £ = 1@t =1 701 = o).
Combining with Lemma 5.1, we deduce

gr = eV +0(h). (5-15)

Using Lemma 5.1 one more time, the bases (e,(co))k and (gy)x of Im I1(®) and Im IT, respectively, are
almost orthogonal, in the sense that

(e, ey =8 +0(h) and {gg. gx') = Sppr +O(h).

This then yields
=09 +00), (5-16)
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and (1-6) follows from (5-14). o

Appendix: Quasimodes, truncation procedure and labeling

In this appendix, we gather from [Helffer et al. 2004; Hérau et al. 2011] the refined construction of
quasimodes on O-forms for the Witten Laplacian, and the labeling procedure linking each minima with a
saddle point of index 1. We recall briefly the construction proposed in [Hérau et al. 2011] (which was in
the Fokker—Planck case there) but in a generic situation where all ¢ (s) — ¢ (m) are distinct for m in the
set of minima and s in the set of saddle points of ¢.

In the following, we will denote by £(0) = {x € R" : ¢(x) < g} the sublevel set associated to the
value 0 € R. Let s be a saddle point of ¢ and B(s,r) = {x € R" : |[x —s| < r}. Then, for r > 0 small
enough, the set

B(s.r)NZE(p(s)) ={x € B(s.r) : ¢(x) <p(s)}
has precisely 2 connected components, Cj (s, r) with j =1, 2.

Definition A.1. We say that s € R” is a separating saddle point (ssp) if it is either oo or it is a usual
saddle point such that C; (s, r) and C, (s, ) are contained in different connected components of the set
{x e R": p(x) < p(s)}. We denote by SSP the set of ssps.

We also introduce the set of separating saddle values (ssv), SSV = {¢(s) : s € SSP} with the convention
that ¢(o0) = +o00.

A connected component E of the sublevel set (o) will be called a critical component if either
JENSSP# @ or E =R".

Let us now explain the way we label the critical points. We first order the saddle points in the following
way. We recall from [Helffer et al. 2004] that fSSV = n¢ and then enumerate the ssvs in a decreasing
way: 00 = 01 > 0p > -+ > Op,. 10 each ssv o; we can associate a unique ssp: we define s; = oo and,
forany j =2,...,n0, we let 5; be the unique ssp such that ¢(s;) = o; (note that this s; is unique thanks
to Hypothesis 2).

Then we can proceed to the labeling of minima. We denote by m the global minimum of ¢, E| = R4
and by S; = ¢(s1) — ¢ (m) = 400 the critical Arrhenius value.

Next we observe that the sublevel set £(07) = {x € R" : ¢(x) < 03} is the union of two critical
components, with one containing m . The remaining connected component of the sublevel set £(o5,)
will be denoted by E, and its minimum by m,. To the pair (m,, s,) of critical points we associate the
Arrhenius value Sy = ¢(s2) — ¢ (m>).

Continuing the labeling procedure, we decompose the sublevel set ££(o3) into its connected components
and perform the labeling as follows: we omit all those components that contain the already labeled minima
my and m,. Some of these components may be noncritical. There is only one critical one remaining, and
we denote it by E3. We then let m3 be the point of global minimum of the restriction of ¢ to E3 and
S3 = ¢(s3) —Pp(m3).

We go on with this procedure, proceeding in the order dictated by the elements of the set SSV,
arranged in the decreasing order, until all 7y local minima m have been enumerated. In this way we have
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associated each local minima to one ssp: to each local minimum my, there is one critical component Ej
containing my,, and one ssp s;. We emphasize that in this procedure some of the saddle points (the
noncritical ones) may not have been enumerated. For convenience, we enumerate these remaining saddle
points from ny 4 1 to ny + 1. Note that, with this labeling, u® = {$2,...,84,+1}. We then have

minima = {my,...,my,}, SSP={s; =00,52,...,8n,}.

We summarize the preceding discussion in the following proposition:
Proposition A.2. The families of minima W©® = {my, 1k = 1,...,no}, separating saddle points {sj :
k=1,...,n9} and connected sets {E;. : k = 1,...,nq} satisfy:

(1) s1 =00, E1 = R" and m; is the global minimum of ¢.

(ii) For every k > 2, Ey, is compact, Ey, is the connected component containing my, in

{x eR":p(x) < p(si)}
and ¢(my) = ming, ¢.
(iii) If sgr € E for some k, k' € {1,...,no}, thenk’ > k.

To ensure that the eigenvalues A} are decreasing, if necessary we relabel the pairs of minima and
critical saddle points so that the sequence Sy is decreasing.

Using [Helffer et al. 2004; Hérau et al. 2011], we shall now introduce suitable refined quasimodes,
adapted to the local minima of ¢ and the simplified labeling, described in Proposition A.2. Let g9 > 0
be such that the distance between critical points is larger than 10y and such that, for every critical
point # and k € {1,...,no}, we have either u € Ej, or dist(u, E) > 10gq. Also let Cy > 1, to be defined
later, and note that &9 may also be taken smaller later. For 0 < ¢ < g9 we build a family of functions
Xk.e» k €4{1,...,no} as follows: for k = 1, we let x;, = 1 and, for kK > 2, we consider the open set
Er,e = E \ B(sg,¢), and let xi , be a Cg°-cutoff function supported in Ey ; + B(0,¢/Cp) and equal
to 1in Ey  + B(0,¢/(2Cp)). Then, we define the quasimodes for 1 <k < ng by

S5O = by () e x)e @D 0O h, (A1)
where by, is a normalization constant, given thanks to the stationary phase theorem by
b (h) = (wh)~4/* det(Hess ¢ (m )/ *(bgo + hbgy +--+),  bro=1.

Then, for &y small enough and Cy large enough, there exists C > 0 such that, for all 0 < ¢ < g¢, we have
the following lemma:

Lemma A.3. The system ( ka’(O)) is free and there exists a > 0 uniform in ¢ < &g such that
W, W, - W, —(S)—
SO SO =8k + 0, dpp O = 0(emSkmC Ry,

and, in particular,
PWa(O)ka9(0) — @(e—a/h)'

Proof. This is a direct consequence of the statement and proof of Proposition 5.3 in [Hérau et al. 2011]. O
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TRAVELING WAVE SOLUTIONS IN A HALF-SPACE
FOR BOUNDARY REACTIONS

XAVIER CABRE, NEUS CONSUL AND JOSE V. MANDE

We prove the existence and uniqueness of a traveling front and of its speed for the homogeneous heat
equation in the half-plane with a Neumann boundary reaction term of unbalanced bistable type or of
combustion type. We also establish the monotonicity of the front and, in the bistable case, its behavior
at infinity. In contrast with the classical bistable interior reaction model, its behavior at the side of the
invading state is of power type, while at the side of the invaded state its decay is exponential. These decay
results rely on the construction of a family of explicit bistable traveling fronts. Our existence results are
obtained via a variational method, while the uniqueness of the speed and of the front rely on a comparison
principle and the sliding method.

1. Introduction

This paper concerns the problem

1-1
a—:j:f(v) on B[RR%FX(O,OO) -1

0
for the homogeneous heat equation in a half-plane with a nonlinear Neumann boundary condition. To

[vt—szO in [R{ix(O, 00),

study the propagation of fronts given an initial condition, it is important to understand first the existence
and properties of traveling fronts — or traveling waves — for (1-1). Taking [Ri%r ={(x,y) € R?:x > 0},
these are solutions of the form v(x, y, f) := u(x, y — ct) for some speed ¢ € R. Thus, the pair (c, u) must
solve the elliptic problem

Au+cuy=0 in R ={(x,y) e R?:x >0},
M _ fuy  on IR (1-2)
U +
where du/dv = —u, is the exterior normal derivative of u on dR% = {x = 0}, u is real valued, and ¢ € R.
We look for solutions # with 0 < # < 1 and having the limits
Iim u(0,y)=1 and lim u(0,y)=0. (1-3)
y—>—00 y—>+00

Our results apply to nonlinearities f of unbalanced bistable type or of combustion type, as defined next.
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Keywords: traveling front, traveling wave, boundary reaction, homogeneous heat equation, bistable nonlinearity, combustion
nonlinearity.
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Definition 1.1. Let f in C"7 ([0, 1]) for some y € (0, 1) satisfy

FO=7r1)=0 (1-4)
and, for some § € (O, %),
f <0 in (0,8)U(1—34,1). (1-5)

(a) We say that f is of positively balanced bistable type if it satisfies (1-4) and (1-5), it has a unique
zero—named o —in (0, 1), and that it is “positively balanced” in the sense that

1
/ f(s)ds > 0. (1-6)
0

(b) We say that f is of combustion type if it satisfies (1-4) and (1-5), and that there exists 0 < 8 < 1
(called the ignition temperature) such that f =0 in (0, 8) and

f>0 in (B, 1). (1-7)

In (1-2) one must find not only the solution # but also the speed c, which is a priori unknown. We will
establish that there is a unique speed ¢ € R for which (1-2) admits a solution u satisfying the limits (1-3).
For this speed ¢, using variational techniques we show the existence of a solution u which is decreasing
in y, with limits 1 and O at infinity on every vertical line. Moreover, we prove the uniqueness (up to
translations in the y variable) of a solution u with limits 1 and 0 as y — Foo.

The speed ¢ of the front will be shown to be positive. Hence, since ¢ > 0, we have that

v(x,y,t) =ulx,y—ct) > 1 ast— +oo.

That is, the state u = 1 invades the state u = 0.

For unbalanced bistable nonlinearities which satisfy in addition f/(0) < 0 and f'(1) < 0, we find
the behaviors of the front at y = +00. In contrast with the classical bistable interior reaction model, its
behavior at the side of the invading state u = 1, i.e., as y — —o0, is of power type, while its decay is
exponential as y — +o00.

Our results are collected in the following theorem. Since f is in C¥, weak solutions to (1-2) can be
shown to be classical, indeed C>? up to B[R%r. This is explained in the beginning of Section 4.

Theorem 1.2. Let f be of positively balanced bistable type or of combustion type as in Definition 1.1.
We have:

(1) There exists a solution pair (c, u) to (1-2), where ¢ > 0,0 < u < 1, and u has the limits (1-3). The
solution u lies in the weighted Sobolev space

H!(RY) := {w e H) R wlle == /Rz e {w? +|Vw|?}dx dy < oo}.
+
(i1) Up to translations in the y variable, (c, u) is the unique solution pair to (1-2) among all constants
¢ € R and solutions u satisfying 0 < u < 1 and the limits (1-3).



TRAVELING WAVE SOLUTIONS IN A HALF-SPACE FOR BOUNDARY REACTIONS 335

(iii) For all x = 0, u is decreasing in the y variable and has limits u(x, —oo) = 1 and u(x, +00) = 0.
Furthermore, lim,_, oo u(x, y) =0forall y € R. If f is of combustion type then we have, in addition,
uy <0in R

@v) If f1 is of positively balanced bistable type or of combustion type, if another nonlinearity f, is of the
same type, with f1 > fr and f| # f, then their corresponding speeds satisfy c1 > c3.

(v) Assume that f is of positively balanced bistable type and that

(0 <0 and f'(1)<0. (1-8)

Then, there exists a constant b > 1 such that:

| e~y
Ey3/2 S_uy(ovy)fbm fory>1, (1-9)

1 1
b e = O = T for y <=1 (1-10
e e

A V72 <u,y)<b 7 for y>1, and (1-11)

1 1
EWSI_M(O’y)EbW for y < —1. (1-12)

The lower bounds for —uy, u, and 1 — u in (1-9)—(1-12) hold for any f of positively balanced
bistable type or of combustion type as in Definition 1.1.

Our result on the existence of the traveling front will be proved using a variational method introduced
by Steffen Heinze [2001]. It is explained later in this section. Heinze studied (1-2) in infinite cylinders
of R" instead of half-spaces. For these domains and for both bistable and combustion nonlinearities, he
showed the existence of a traveling front. Using a rearrangement technique after making the change of
variables z = e%” /a, he also proved the monotonicity of the front. In addition, [Heinze 2001] found an
interesting formula, (1-24), for the front speed in terms of the minimum value of the variational problem.
The formula has interesting consequences, such as part (iv) of our theorem, the relation between the
speeds for two comparable nonlinearities.

For our existence result, we will proceed as in [Heinze 2001]. The weak lower semicontinuity of
the problem will be more delicate in our case due to the unbounded character of the problem in the
x variable —a feature not present in cylinders. The rearrangement technique will produce a monotone
front. Its monotonicity will be crucial in order to establish that it has limits 1 and 0 as y — Foo. On
the other hand, the front being in the weighted Sobolev space H! ([R%r) will lead easily to the fact that
u — 0 as x - +o00. While u, <0 in the case of combustion nonlinearities — as stated in part (iii) of the
theorem — this property is not true for bistable nonlinearities since the normal derivative —u, = f (u)
changes sign on {x = 0}.

The variational approach has another interesting feature. Obviously, the solutions that we produce
in the half-plane are also traveling fronts for the same problem in a half-space R’ for n > 3: they only
depend on two Euclidean variables. However, if the minimization problem is carried out directly in R’
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for n > 3, then it produces a different type of solution that decays to O in all variables but one; see
Remark 1.5 for more details.

In the case of combustion nonlinearities, (1-2) in a half-plane has been studied by Caffarelli, Mellet, and
Sire [Caffarelli et al. 2012], a paper developed at the same time as most of our work. They establish the
existence of a speed admitting a monotone front. As mentioned in [Caffarelli et al. 2012], our approaches
towards the existence result are different. Their work does not use minimization methods, but instead
approximation by truncated problems in bounded domains —as in [Berestycki and Nirenberg 1992].
They also rely in an interesting explicit formula for traveling fronts of a free boundary problem obtained
as a singular limit of (1-2). In addition, [Caffarelli et al. 2012] establishes the following precise behavior
of the combustion front at the side of the invaded state u = 0. For some constant wo > 0,

O, y) —e_cy O<—e_cy> — 400 1-13)

uU, y) = o + as y — + (1-
yl/2 y3/2

(here we follow our notation; [Caffarelli et al. 2012] reverses the states u = 0 and u = 1). The decay

172/in (1-13) is replaced by y*/? in the bistable case. Note
however that the main order in the decays is e~ and that the exponent ¢ depends in a highly nontrivial

for combustion fronts is different than ours: y

way on each nonlinearity f.

Uniqueness issues for the speed or for the front in (1-2) are treated for first time in the present
paper. Our result on uniqueness of the speed and of the front relies heavily on the powerful sliding
method of Berestycki and Nirenberg [1991]. We also use a comparison principle analogue to one in
the paper by Cabré and Sola-Morales [2005], which studied (1-2) with ¢ = 0. Among other things,
[Cabré and Sola-Morales 2005] established the existence, uniqueness, and monotonicity of a front
for (1-2) when ¢ = 0 and f is a balanced bistable nonlinearity. It was also shown there that, in the
balanced bistable case, the front reaches its limits 1 and O at the power rate 1/|y|. We point out that
the variational method in the present paper requires f to be unbalanced. It cannot be carried out in the
balanced case.

Suppose now that f satisfies the assumptions made above for bistable nonlinearities except for
condition (1-6), and assume instead that

1
/ f(s)ds <0.
0

First, if the above integral is zero (i.e., f is balanced), [Cabré and Sola-Morales 2005] established the
existence of a monotone front for f with speed ¢ = 0. Suppose now that the above integral is negative.
Then, the nonlinearity f(s):=—f(1—s) has positive integral and is of bistable type. Thus, it produces a
solution pair (¢, u) for (1-2) with positive speed ¢. Then, if u(x, y) :=1—1ii(x, —y), (—¢, u) is a solution
pair to (1-2) for the original f. The traveling speed —c is now negative.

To prove our decay estimates as y — F00, we use ideas from [Caffarelli et al. 2012; Cabré and Sire
2015]. The estimates rely on the construction of a family of explicit fronts for some bistable nonlinearities.
Their formula and properties are stated in Theorem 1.3 below. To see how we construct these fronts, note
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that u is a solution of (1-2) if and only if its trace v(y) := u(0, y) solves the fractional diffusion equation
(—dyy —cdy)Pv=f) inR  for v(y) :=u(0,y). (1-14)

This follows from two facts. First, if u# solves the first equation in (1-2), then so does —u,. Second,
we have (—9,)% = 9, = —0dyy — cdy. Our main result states that there is a unique c¢ € R for which the
fractional equation (1-14) admits a solution connecting 1 and 0.

As in the paper by Cabré and Sire [2015], which studied problem (—d,,)*v = f(v) in R for balanced
bistable nonlinearities, the construction of explicit fronts will be based on the fundamental solution for
the homogeneous heat equation associated to the fractional operator in (1-14), that is, equation

v+ (—dyy —cd))*v =0.

The process to find such heat kernel uses an idea from [Caffarelli et al. 2012], and it is explained in
Section 6 below.

Regarding the resulting decays (1-11) and (1-12) for bistable fronts, note that the exponential decay at
the side of the invaded state u = 0 is much faster than the power decay (1-12) at the side of the invading
state u = 1. This large difference of rates is clearly seen in the explicit fronts that we built. See Figure 1
for the plots of one such front, where the much steeper decay on the right is clearly seen.

These decays are also in contrast with the classical ones for the bistable equation u, +cu, + f(u) =0
in R, which are both pure exponentials — with exponents that may be different at +0c0 and —oo. Note
however that the exponent ¢ in the exponential term at +oo for our problem will be different, in general,
than the corresponding exponent in the classical case — taking the same nonlinearity f for both problems.

The next theorem concerns the explicit bistable fronts that we construct. They will lead to the decay
bounds of Theorem 1.2 for general bistable fronts. They involve the modified Bessel function of the
second kind K with index v = 1. We recall that K (s) is a positive and decreasing function of s > 0 (see
[Abramowitz and Stegun 1964]).

Theorem 1.3. Foreveryc > 0andt > 0, let

t,c (<. C
u(x,y):=u <2x,2y>,

where

u'(x,y) ::/ e ¢ Al Ki/(x+1)24+22dz
y Ty (x +1)2 + 22
and K is the modified Bessel function of the second kind with index v = 1.
Then, there exists a nonlinearity "¢ of positively balanced bistable type for which (c, u"°) is the
unique solution pair to (1-2) with 0 < u"¢ < 1 satisfying the limits (1-3). In addition, we have
(YO = (fY (D) =~5..

and that "¢ = (c/2) f' for a nonlinearity f' independent of c.
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1

14 0.75

—20 —15 —10 -5 o

x=0 0<x<?2

Figure 1. The explicit bistable front ul, for y €[22, 2]. Left: x =0. Right: x € [0, 2].

Furthermore, on BRﬁ_ the derivative of u"“ satisfies

—u(0,y) = o +O(ecy) as 'y — +oo, and
y ()72 Y32 y3/2 ’
—uty’c(O, y) = ! ! +0<;> as y — —oo.
(we)/2 (=y)3/2 (=y)3/2

Figure 1 shows plots of the explicit bistable front u! = u'2, a front with speed ¢ = 2. In both of them
we have —22 <y < 2. The much faster decay for positive values of y than for negative values is clearly
appreciated. In the three-dimensional plot, the steepest profile corresponds to x = 0 while the profile in
the back of the picture is for x = 2.

Kyed [2008] also studies problem (1-2) in infinity cylinders of R3. It deals with nonlinearities f that
vanish only at 0 and that appear in models of boiling processes. Kyed also uses the variational principle of
Heinze. In addition, [Kyed 2008] contains some exponential decay bounds. Landes [2009; 2012] studies
problem (1-1) in finite cylinders, with special interest in bistable nonlinearities. These articles establish
the presence of wavefront-type solutions for some initial conditions and give in addition bounds for their
propagation speed. For this, appropriate sub- and supersolutions are constructed.

The variational method in [Heinze 2001] has also been used by Lucia, Muratov, and Novaga [Lucia
et al. 2004] to study the classical interior reaction equation u,, + cu, + f(u) = 0 for monostable-type
nonlinearities f. Their paper gives a very interesting characterization of the phenomenon of linear versus
nonlinear selection for the front speed.

In relation to fractional diffusions — such as (1-14) —the existence of traveling fronts for

v+ (=0dyy)'v=f(v) inR (1-15)

has been established in [Mellet et al. 2010] when s € (%, 1) and f is a combustion nonlinearity. This
article also shows that v tends to 0 at 400 at the power rate 1/|y|>~!. Note that the equation for traveling
fronts of (1-15) is

{(=0yy)" —coy}v=f(v) in R,
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which should be compared with (1-14). In the case of bistable nonlinearities, [Gui and Zhao 2014]
establishes that (1-15) admits a unique traveling front and a unique speed for any s € (0, 1). In contrast
with the decay in [Mellet et al. 2010] for combustion nonlinearities, in the bistable case [Gui and
Zhao 2014] shows that the front reaches its two limiting values at the rate 1/|y|* — as in [Cabré and
Sola-Morales 2005; Cabré and Sire 2015] for balanced bistable nonlinearities.

Next, let us describe the structure of the variational problem that will lead to our existence result. First,
we enumerate the five concrete properties of the nonlinearity needed for all the results of the paper.

Remark 1.4. Even though we state our main result for bistable- and combustion-type nonlinearities (for
the clarity of reading), all our proofs require only the following five conditions on f:

(1-4), (1-5), (1-6), (1-7), and /Sf(o)da <0 forall se(0,p). (1-16)
0

We claim that both positively balanced bistable nonlinearities and combustion nonlinearities as in
Definition 1.1 satisfy the above five assumptions.

The claim is easily seen. For a combustion nonlinearity, (1-6) is obviously true, while the last condition
in (1-16) holds (indeed with an equality) for the same 8 as in part (b) of the definition. On the other hand,
for f of bistable type, since f has a unique zero « in (0, 1) and (1-5) holds, it follows that f < O in
(0, @) and f > 0 1in (&, 1). Thus, by (1-6) there exists a unique 8 € («, 1) such that fo’g f(s)ds=0. As a
consequence, (1-7) and the last condition in (1-16) hold for such 8.

To describe the potential energy of our problem, we first extend f linearly to (—oo, 0) and to (1, +00),
keeping its C'7 character. Consider now the potential G € C*(R) defined by

G(s) :=—/Sf(o)do for s € R.
0

Note that G’ = — f in [0, 1]. Since f/(0) <0 and f'(1) < 0 due to hypothesis (1-5), we have that

o) = {0: G(0) for s <0, (11
G(1) for s > 1.

Two other important properties of G are the following. First, by (1-6), we have
G(1)<GW0)=0 and G'(0)=—f(0)=0. (1-18)
Second, the last condition in (1-16) reads
G >0 in [0, B]. (1-19)
On the other hand, since G € C2(R) and G(0) = G’(0) = 0, we have that
~Cs* < G(s) <Cs* forall s €R, (1-20)

for some constant C.
Figure 2 shows the shape of the potential G for a typical positively balanced bistable nonlinearity.
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G(s)

Figure 2. The potential G for a positively balanced bistable f.

For a > 0, consider the weighted Sobolev space (Ha1 ([Ri%r), Il llz) defined by
Hy(RY) = {w € Hyoo(R3) : [lwlly < 00},

where the norm || ||, is defined by

||w||2=f ¢ {w? +|Vw|*} dx dy.
”
Notice that, by first truncating and then smoothing, the set C° (@) — smooth functions with compact
support in R%r —is dense in Ha1 (Ri) with the || ||, norm.

In both the bistable and combustion cases, the traveling front # will be constructed from a minimizer u
to the constraint problem

E,(u)= inf E;(w)=:1, (1-21)
weB,

after scaling its independent variables x and y. This is the method introduced by Heinze [2001] to study
(1-2) in cylinders instead of half-spaces. The energy functional

E.(w) = 1 / eV |Vw|*dx dy +/ e G(w(0, y))dy (1-22)
2 RZ 3|R2
+ +
will be minimized over the submanifold

B, ={we H,(R}): Tu(w) =1},

where
Fa(w)zf eV |Vw|*dx dy.
2

R+
To carry out this program, we will need to take a constant a > 0 small enough, depending only on f.
Note an important feature of the functionals E, and I',. For w € H al ([F\R%r) and 7 € R, define

w(x,y):=w(x,y+1)

(throughout the paper there is no risk of confusion with the same notation used for the explicit front u’ of
Theorem 1.3). We then have

E,(w)=e"E,(w) and T (w')=e “T,(w). (1-23)
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The shape of the potential G will lead to the existence of functions u in H/ ([R{%r) with negative energy
E,(u) < 0. This will be essential in order to prove that our variational problem attains its infimum. In
addition, the constraint will introduce a Lagrange multiplier and, through it, the a priori unknown speed ¢
of the traveling front.

As already noted by Heinze [2001], the above variational method produces an interesting formula for
the speed ¢. One has

c=a(l —2I,), (1-24)

where [, is the minimum value (1-21) of the constraint variational problem; see Remark 2.8 below.
This formula leads to the comparison result between the front speeds for two different comparable
nonlinearities — part (iv) of Theorem 1.2. Note also that the value a(1 —21,) in (1-24) does not depend on
which constant a is chosen to carry out the minimization problem. The reason is that this value coincides
with the speed ¢, and we prove uniqueness of the speed.

Remark 1.5. Obviously, the traveling front found in our paper on [R%%r is also a traveling front for problem
(1-1) in the half-space R, n > 3, traveling in any given unit direction e of R"~!. That is, it is a solution
of the problem

ou
= f(u) on JR’,

{Au +cdeu =0 in R,

where R, :={(x, y) € (0, +00) x R"~!'}. An interesting application of the constraint minimization method
is that, when carried out in R’} and n > 3, it produces another type of traveling front. Their trace u(0, -)
will not depend only on one Euclidean variable e of R"~! (as the solutions in the present paper do), but
they will be monotone with limits 1 and O at infinity in the direction e and will be even with limits O at

400 on the y variables orthogonal to e. The reason is that here one minimizes the energy functional

Ea(w>=%/R

under the constraint on the Dirichlet energy, where a € R"~! is a nonunitary direction parallel to e. Now,

e |Vw|* dx dy+/ "G (w) dy

i IR,

note that the solutions built in this paper, which are constant in the y variables orthogonal to a, do not
belong to the corresponding energy space (since they have infinite Dirichlet energy).

The article is organized as follows. In Section 2 we study the variational structure of problem (1-2)
and prove the existence of a solution pair. Section 3 uses the variational characterization and a monotone
decreasing rearrangement of the minimizer to show that the front may be taken to be monotone in the
y direction. In Section 4 we establish the limits at infinity for the obtained solution. In Section 5 we
prove a monotonicity and comparison result by means of a maximum principle and the sliding method.
This result is the key ingredient to prove uniqueness of speed and of the front. Section 6 deals with the
explicit fronts and supersolutions; here we give the proof of Theorem 1.3. Finally, in Section 7 we collect
all results in the paper to establish Theorem 1.2.
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2. The variational solution

Two inequalities. We prove trace and Poincaré-type inequalities for functions in H ! ([R%r). The existence
of a lower bound for E, on B, will be a consequence of the following lemma:

Lemma 2.1. Let a > 0. Then, for every u € H]! (Ri), we have

/ D120, y) dy < u]2 = / e (i + |Vul?} dx dy
R RZ
and

, 4
/ e“Puldxdy < —2[ e\ Vul?dx dy.
R2 as Jr2

Proof. By density, it suffices to establish both inequalities for u € C2° (@). Since u has compact support,
we have

f e u(0, y)dy = —/ (€®u?), dxdy = —2/
R RZ R

This proves the first inequality.

eayuuxdxdyS/ e“y(uz—i-u)zc)dxdy.

2 2
+ RZ

Next, for every x > 0 we have that

fe“yuz(x,y)dy:—z/eayu(x,y)uy(%y)d)’-
R a Jr

Thus, by Cauchy—Schwarz,

4
/ e’ (x, y)dy < — / e“ul(x, y)dy.
R as Jr
Integrating in x from O to oo, we obtain the second inequality. (|

Construction of functions with negative energy. It is fundamental to show that E, takes a negative value
somewhere on the constraint B,. This will be accomplished by constructing test functions uy € H! (Ri)
for which E,(ugp) < 0 if a is positive and small enough. We undertake this task next.

Let ug be defined by

uo(x, y) i= e “h(y), (2-1)
where £ is given by
if y <0,

1
h(y) =
) {e_“my if y>0,

and the values of d > 0 and m > 1 are to be determined.
The following proposition applies to a class of nonlinearities which includes those of positively balanced
bistable type and of combustion type.
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Proposition 2.2. Let G satisfy (1-18). Let a > 0, E, be defined by (1-22), and ug by (2-1). Then, for small
positive values of a and d, and for large values of m (all depending only on f), we have that ug € H} (IR%F)
and E,(ug) < 0. In addition,

—oo < inf E (w) <O.
weB,

Proof. A simple calculation for the Dirichlet energy shows that, for m > 1,

SRS UM UL
u = — .
0= 0 dm—1) " 2d@2m—1)

The potential energy can be computed as follows:

G(1 +00
f e G (up(0, y)dy = L _|_/ e G (e dy
R a 0

1 —+00
= —{G(l)-i—/ (™Y G(e™ ™) dy}
a 0

1 +00 1 1
== / e f(e” ) (—am)e™ "™ dy = —— / sVm £ (s)ds,
aJo aJo

where we have used property (1-20) of G in order to integrate by parts. Note that (1-20) follows from
assumption (1-18). Therefore,

d 1 a*m? !
E,(ug) = —|( 1 - —1/m ds.
@Ea(uo) 4( +2m—1>+4d(2m—1) fo T f(s)ds

Note that | 1
lim s_l/'"f(s)ds:/ f(s)ds >0,
0

m——400 0

since G(1) < G(0). It follows that E,(up) < 0 if we first choose m large enough, then choose d small
enough to make the first term above small, and finally a also small to handle the second term.

It follows from property (1-23) that there exists a unique value ¢ such that I, (u6) =e YT, (up) =1.
Since u(, € B, and E, (u() = e~ E,(ug) < 0, we have shown that

inf E,(w) <O.

weB,

As a consequence of the two inequalities in Lemma 2.1 and of (1-20), we obtain that E, is bounded
below on B,. Therefore

—o0 < inf E, (w) <0,
weB,

as claimed. g
A special minimizing sequence. To establish that our constraint variational problem (1-21) achieves its
infimum it will be important to work with the following type of minimizing sequences.

Lemma 2.3. Let G satisfy (1-17), (1-18), and ( 1_—20). Then, there exists a minimizing sequence {ur} C By
of problem (1-21) such that, for all k, u; € CC([R&) has compact support in [Ri?Ir and 0 <uy < 1.
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Proof. By the previous proposition we know that

—o0 < I, := inf E;(w) <O.
weB,

Let {wx} C B, be any minimizing sequence. Approximating each wy by a function vy in C2° (@r) (by
first truncating and then smoothing), we may assume that limg_, yo0 Eq;(vg) = I, and Ty (vx) = 1+ 71
with 7y — 0. Consider now # = log{(1 + 7)!/%}. As a consequence of (1-23), we obtain I, (v) = 1 —
thus {v/*} € B, N CX(R2) —and limy_, | o0 Eq () = I,.

Next, to show that we can restrict ourselves to minimizing sequences taking values in [0, 1], let us
rename {v,’f} by {vr}. We truncate {v;} and define v; by

0 if v <O,
U =1 v, if v €0, 1],
1 if v > 1.

It is easy to see that 7 € CC(@) NHNR2), Ta(Dr) < Ta(vy) and, using (1-17), E,(Tk) < Eq(vi).

Next we claim that we may choose s; < 0 so that u(x, y) := vx(x, y + s¢) satisfies {uz} C B,. This
claim follows from (1-23) and the fact that 0 < I', () < 1 for k large. To show this last assertion, note
that I'; (9x) < 1 is a consequence of I',(0;) < I';(vr) = 1. On the other hand, if I';(vx) = 0 then v =0
and thus v < 0. From this and (1-17), we would get E,(vr) > 0. This is a contradiction if k is large,
since I, < 0 and {v;} is a minimizing sequence.

Finally, since sy < 0 and E,(vx) < E,(vr) < O for k large, (1-23) gives E,(uy) < E,(vr) < Eq(vg).
Therefore, {uy} C B, is a minimizing sequence made of continuous functions with compact support and
satisfying 0 < uy < 1. U

Weak lower semicontinuity. Due to the unbounded character of R, a delicate issue in this paper is to
prove the weak lower semicontinuity (WLSC) of E, in B,. The key point is to establish the WLSC result
for the potential energy — the difficulty being that the potential G (s) is negative near s = 1.

Note that for any sequence {uy} € H/! ([R{%r) converging weakly in Ha1 ([R?%r) to a function u, uy — u, we
have 'y (1) < liminfy_, o [y (uy). Also, if we split G = G — G~ into its positive and negative parts,
Fatou’s lemma gives

/ eVGT(u)dy < liminf/ e GT (uy) dy.
aR% IR%

k—o00

Thus, we need to study the convergence of

/ e G (ur) dy.
IRZ

To do this, the key observation (that already appears in [Heinze 2001]) is that any minimizing sequence
cannot spend “too much time” (time meaning “positive y variable”) in (8, 1), where G may be negative,
even if the state u = 1 invades u = 0. This key fact will be a consequence of the presence of the weight e®.
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We will see that, for any given R > 0 and any minimizing sequence {uy}, the Lebesgue measure of the sets
{y>R:ur(0,y)>pB}and {x >0, y > R:ui(x, y) > B} both decrease to zero as R — +00, uniformly in k.

To proceed from this, our analysis must be more delicate than in [Heinze 2001] — which deals with
cylinders — due to the unbounded character of [R{%r in the x variable. To handle this difficulty, we need
to recall some facts about Riesz potentials; see [Gilbarg and Trudinger 1983, Section 7.8]. Let 2 be a
bounded domain in R2. Consider the operator on L*($2) defined by

Vw(z) :=/ @) dz.
Q

|z —z|

It is well known (see [Gilbarg and Trudinger 1983, Section 7.8]) that

IVwliz2@ < 2v/7 121wl 20 (2-2)

Next, we use this inequality to prove a proposition that will be important to control the superlevel sets
of u; mentioned above. The proposition will be applied to the functions v = e®/?(u, — B)*.

Proposition 2.4. Given any constant a > 0, let v € CC(@) N H) (Ri) have compact support with
supp(v) C Q for some bounded domain Q C Rﬁ_. For any R > 0, define

Qr:=QN{(x,y)eRi:y>R} and 3°Qr:=QrNIRL.

Then, we have

4 12 2 2B 1/4
v < —|Q Vv and v°(0, y)d < —1|Q Vv .
vl L2 =< ﬁ| RINVUI L2 qp) (/3 ©, y) y) =< \4/;| RITNIVUI 2(0p)

OQR

Proof. By density, it is enough to consider v € Cfo([RTi). Since v has compact support, for z € Qg and
o= (w1, ) € S! with w; > 0 and wy > 0, we have

v(z) = — /OO D,v(z +rw)dr.
0

Integrating with respect to w on the quarter of circle

S} :={we S :w >0 and w, > 0},
we obtain

v(z):—gf drf Dyv(z+row)dow.
T Jo s}

This leads to

|v(z)|§3/ Ve@I -
T Jo

& 12—2]

From this, the first inequality in Proposition 2.4 is now a consequence of (2-2).
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As for the second inequality, we have

/ v2(0, y)dy = — CaP dxdy=—2/ vuy dx dy
90Qp Qr Qr

(Qr)’

as claimed. O

8 1
i /2 2
= 2[ll 2@ VUlliL2@p) = ﬁ|QR| Vo7

Next, note that, for any fixed R > 0, the embedding
HI(REN{y < RHNLPRIN{y < R}) — LZOREN{y < R}))

is compact (Lg is the L? space for the measure e’ dy). Indeed, a bounded sequence in Ha1 (IR%%r N{y < R})
is also bounded in H!((0, 1) x (=M, R)) for all M > 0. This last space is compactly embedded in
L2(8|R%r N{—M < y < R}), and thus also in LZ (S[Rz+ N{—M < y < R}). In addition, since the sequence
of functions is bounded in LOO(B[R%F), their Lz(B[R{%r N{—oco0 <y < —M}) norms are as small as wished

—aM

as M — oo—since e? <e in this set.

Thanks to the previous compact embedding, to achieve the desired WLSC result for E,, it is enough
to prove that

+00
f € G (u (0, y)) dy
R
can be made —uniformly on k —as small as we want, provided that R is large enough. This is the
content of the next proposition.
Proposition 2.5. Let G satisfy (1-19), i.e., G > 0in [0, B]. Let {ux} C B, C Ha1 (Ri) be a minimizing
sequence for inf{ E,(w) : w € B,} such that uy € CC(R%F) and 0 < uy <1 forall k.
Then, given ¢ > 0, there exists R > 0 such that we have
+00
/ eYGT(ur(0,y))dy <¢

R
for all k.
Proof. For R > 0, we define

Api={(x,y) € I]?i%r 1y >R, up(x,y) > g}

We can estimate the measures of 3°A; and A respectively as follows (recall that the notation 3% was
introduced in Proposition 2.4). First,

1 C
e“R19%A; < f eV dy < —/ eYul(0, y)dy < —.
204, B2 Jyoa, " B?
The last inequality is a consequence of I', (1) = 1 and the trace inequality in Lemma 2.1. In what follows,
C denotes different constants depending only on a (and thus not on k). Therefore we have

C
10°4;] < 7 e R
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and

C
edy < —. (2-3)
/BOAk :82

In an analogous way — integrating now on all of A; and not on its boundary, and using again Lemma 2.1 —
we obtain that

C
|Ag| < 5 e R, (2-4)

By (1-19), there exists a constant C such that G~ (s) < C(s — )" for s € [0, 1]. Thisand 0 < uy < 1
lead to

+00
/ eV G (ur(0, y))dy = f e”G ™ (up) dy < C/ e (uy — B) dy
R 90 Ay 09A;

1/2 12
<C (/ e (ux — B)* dy> (/ e” dy) .
304y a0 Ax

Because of (2-3) above, the last factor is bounded by C/B, a constant independent of k. Using the second
inequality in Proposition 2.4 applied to the function /% (u; — )T, we get

Ty Ciyi/4 ay/2 2 2
. G (uk(OvY))dYSE|Ak| : V(e (ur —BNI"dxdy ) . (2-5)

Using Cauchy—Schwartz and the trace inequality of Lemma 2.1, we see that the integral on the
right-hand side of (2-5) is bounded by a constant independent of k. In addition, as a consequence of
inequality (2-4) we have that

lim |Ax| =0.
R—o0
Thus, the result follows from (2-5). Il

We can now show that the infimum is achieved.

Corollary 2.6. Let f be of positively balanced bistable type or of combustion type as in Definition 1.1.
Then, for every a > 0 small enough (depending only on f), there exists u € B, such that

Eq(u) = wlglg Eq(w).

In addition, 0 <u <1, [{u(0, y) : y € R}\ [0, B]| > 0, and u is not identically constant.

Proof. For a > 0 small enough, Proposition 2.2 shows that —co < I, < 0, where

I, == inf E,(w). (2-6)
weB,

By Lemma 2.3, there exists {u;} C B, C Ha1 (Ri) such that E,(uy) — 1I,, uy € CC(IRT%F), and 0 <uy <1.

Since {ux} C B,, by Lemma 2.1 {uy} is bounded in Ha1 (Ri). Therefore, there exists a weakly convergent

subsequence (still denoted by {u}) such that uy — u and u € Ha1 (Ri).
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By the WLSC comments made on the beginning of this subsection on the kinetic energy and the
potential energy corresponding to GT, and by the compactness result of Proposition 2.5, we have that
E,(u) <liminfy E,(ug). Thus, we will have that u is a minimizer if we show that

u € B,.

To show this claim, recall that I, (u) < liminfy 'y (ux) = 1. If I'; (1) = 0 then u = O; thus, in that case
we would have 0 = E,(u) < liminf; E,(ux) = I, < 0, a contradiction. Hence, I', (1) € (0, 1].

Let us see now that I'; (1) € (0, 1) is not possible either. Indeed, assume that I'; (1) < 1. Then, for
some 7 < 0, the function u’ defined by u’(x, y) := u(x, y + 1) satisfies [',(u') = e %Iy (u) = 1, and
hence u’ € B,. In addition, E,(u") = e " E,(u) < E,(u) = I,, which is a contradiction. Therefore, we
have shown our claim u € B,.

To prove the last statements of the corollary, since 0 < u; < 1 the same holds for #. Moreover, since
u € B,, u is not identically constant. Finally, if we had |{u(0, y) : y € R}\ [0, B]| =0, then E,(u) > 0 by
(1-19) and this is a contradiction. Il

Solving the PDE. In this part we show that there exists a solution pair (c, #) to (1-2) with ¢ > 0 and
u not identically constant. The solution is constructed from a minimizer u of our variational problem,
after scaling its independent variables (x, y) to take care of a Lagrange multiplier A,. The speed turns
outtobe c=a(l —21,) =a(l —2Xx,); see (2-11).

Proposition 2.7. Let f be of positively balanced bistable type or of combustion type as in Definition 1.1.
Let u be a minimizer for problem (1-21) as given by Corollary 2.6. Then, there exists ¢ > 0 and u > 0
such that, defining

u(x,y) =u(ux, uy),

we have that (c, u) is a solution pair for problem (1-2), u is not identically constant, 0 < u <1, and
ue H\(RY).

Proof. Let u € B, be a minimizer as in Corollary 2.6. We have that DI", () # 0 because

DUa(u)-u= / 2" |Vul*dx dy =2.
R
Therefore, there exists a Lagrange multiplier A, € R such that DE,(u) - ¢ = A,DI,(u) - ¢ for all
¢ € H!(R?), that is,

(1 =2x,) / eYVuVedxdy — / e f (0, y))¢ (O, y)dy =0. (2-7)
RZ IRZ

Let us see that A, # % Indeed, otherwise, from (2-7) we deduce f(u(0,-)) = 0 in R. Thus, by
assumption (1-7) on f, we would have that either u(0, - ) = 1 or that 0 < u(0, - ) < 8. The first of these is
not possible sinceu =1 ¢ H, a] (d [R{%r). On the other hand, 0 < u(0, - ) < 8 is ruled out by the last statement
of Corollary 2.6.
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Let us consider arbitrary functions ¢ € C(?O(R%r) vanishing on dR2 , and also functions ¥ € CSO([RT%F).
From (2-7) and A, # %, we have

[ e tauranpdxdy=0 and [ e (1= 200+ Fahdy =0.
R3 aR%

+

As a consequence, and since A, # % the pair (a, u) is a solution of

{Ag+ayy:0 in R2,
ou 1 2
v~ 12, ] W on IR

Let us now show that A, < % Consider the test function (u — )" € Ha1 ([F\R%r). Plugging it into (2-7),
we get

(I —=2x4) e |Vul*dx dy — / e f (0, y))(u(0,y) —B)dy =0. (2-8)
{u>p} {u(0,-)>p}

Recall that [{u(0, y) : y € R} \ [0, B]| > 0, and thus
/ e?|Vul?dx dy > 0. (2-9)
{u>p}

Since f(u(0, y))(u(0, y) — B) > 01in {u > B} by (1-7), (2-8) and (2-9) lead to 1 — 21, > 0.
Let u:=1—2X, > 0 and define

u(x,y) :=u(ux,uny) and c:=a(l—-2x,)>0. (2-10)

We then have a solution pair (c, u) for (1-2).
Note that u € HCI(R%F) since

/ eV {|Vul? +u*ydx dy = / eV Vu)? + n2uydx dy < oo
RZ R2
and u € H} (R%).

Finally, since f € C'7, the weak solution that we have found can be shown to be classical, indeed
C?7 in all [R{i. This is explained in the beginning of Section 4. |

Remark 2.8. It is interesting to note the following relation, already noted in [Heinze 2001], between the
infimum value [, of our problem (2-6) and the speed ¢ of the traveling front. The formula, which is not
strictly needed anywhere else in this paper, provides however with an alternative proof of part (iv) of
Theorem 1.2 on the comparison of the front speeds for different nonlinearities.

We claim that

c=a(l-21;,)=a(1-2x,), (2-11)

where a and A, are the parameter and the multiplier in the proof of Proposition 2.7. To show this formula,
we take a minimizing sequence {u;} made of C* functions with compact support, and we test (2-7) with
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¢ =0yu, € H al ([RR%F). Integrating by parts in order to pass to the limit as k — oo, we obtain

0=(1—-2x, )/ e”d,

1—-2A
<4 / OGO, ) dy,
IRZ

S dxdy+ / ¢”0,G (0. y)) dy
aR%

=—a

2

where in the last equality we have also integrated by parts. We deduce that
Io = Eq() = 3Ta(@) = 5(1 = 24a) = 3 = 3(1 = 220) = ha,

which together with (2-10) shows the claim.

3. Monotonicity

In this section we show that the front u# built in the previous section can be taken to be nonincreasing in
the y variable. This fact will be crucial to show in the next section that such a nonincreasing front u has
limits 1 and 0 as y — Foo0.

Note that it suffices to show the existence of a nonincreasing minimizer, since the scaling used in
the proof of Proposition 2.7 does not change the monotonicity of the front. As in [Heinze 2001], the
existence of a nonincreasing minimizer will be a consequence of an inequality for monotone decreasing
rearrangements in a new variable z, defined by

e
Z=—.
a
Proposition 3.1. The minimizer u of Corollary 2.6 can be taken to be nonincreasing in the y variable.

Proof. We follow ideas in [Heinze 2001] and perform the change of variables (x, z) = (x e /a), which
takes IR%r into (R1)? ={(x,z) :x > 0, z > 0}, and the functionals I'y, E,, into Fa, «» Where

() = // {18.v])* +a%2%10.v|*} dx dz (3-1)
(R4)2
and

~ +o0
E,) = IF <v>+/ G0, ) dz.

Let {u;} be the minimizing sequence for problem (1-21) given by Lemma 2.3. The functions {uy} take
values in [0, 1], are continuous, and have compact support in @r Let v be defined by vk (x, 2) :=ux(x, y).
Since vy is nonnegative, continuous, and with compact support in [0, +00)2, we may consider its monotone
decreasing rearrangement in the z variable, that we denote by v;; see [Kawohl 1985]. That is, for each x >0,
we make the usual one-dimensional monotone decreasing rearrangement of the function v (x, -) of z > 0.
Recall also that if we consider the even extension of v across {z = 0}, then v;’ coincides with the Steiner
symmetrization of vy with respect to {z = 0}.
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As a consequence of equimeasurability, we have

+00 +00
/ G (0,2))dz= / G (v (0, 2)) dz.
0 0

On the other hand, the inequality
o) = Tao)

—and thus Ea(v,f) < Ea(vk) —follows from a result of Landes [2007] for monotone decreasing rear-
rangements since the weight w(x, z) = a*z? in (3-1) is nonnegative and nondecreasing in z € (0, 4-00).
It also follows from a previous result of Brock [1999] on Steiner symmetrization, which requires w to be
nonnegative and wl/2(x, 7) = a|z| to be even and convex. These results require that the weight in front
of |d,v|* (which in our case is identically one) does not depend on z.

Finally, we pull back the sequence v} to the (x, y) variables and name these functions u}. We have that

To(u)) =Ta()) < Taup) =1
and

E,(u}) = E,(v)) < Eq(v) = Eq(uy).

Let u™* be a weak limit in Ha1 ([RR%F) of a subsequence of {u;}. By the WLSC results of the previous section,
it is easy to prove that we necessarily have u* € B,. This is done exactly as in the proof of Corollary 2.6.
Thus, u* is a minimizer which is nonincreasing in the y variable. Note also that it still takes values
in [0, 1]. O

4. Limits at infinity

In this section we prove that the front u for (1-2) constructed in the previous sections satisfies

lim u(x,y)=1 and lim u(x,y)=0 forall x>0, 4-1)
y——00 y——+00
and
Iim wu(x,y)=0 forall yeR. (4-2)

X—>+00

To establish (4-1), it will be crucial to use that u is nonincreasing in the y variable.
In what follows, we will be using the following regularity fact. Assume that u is a bounded C? function
in IR{%F, C"! up to the boundary E)IR%r, that satisfies our nonlinear problem

Au+cuy, =0 in Ri,
ou 2
P = f(u) on 9R7.

Since f is C for some y € (0, 1), we have that, for every R > 0, u € CZ’V(B_;Q) and

el Cr (4-3)

— <
Cxv(BY) —
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for some constant Cg depending only on ¢, y, R, and on upper bounds for [[u|| Bh) and || f||c1.y. Here
B; ={(x,y) e R?:x >0, |(x, y)| < R}. This estimate is established by easily adapting the proof of
[Cabré and Sola-Morales 2005, Lemma 2.3(a)]. As a consequence of the estimate, we also deduce that

Vul € L¥(RY). (4-4)

To establish (4-1), we first need the following easy result on limits as |y| — oco. It applies to any
solution, not only to the variational one constructed in previous sections.

Lemma 4.1. Assume that f(0) = f(1) =0 and that 0 < u < 1 is a solution of (1-2) satisfying
lim u(0,y)=1 and Ilim u(0,y)=0.
y——00 y—>—+00
Then, for all R > 0, we have

Iim u(x,y)=1, lim u(x,y)=0, and lim |Vu(x,y)|=0 4-5)
y—>—+00 |y|—00

y——00

uniformly for x € [0, R].

Proof. For t € R let us define u’(x, y) := u(x, y + 1), also a solution of (1-2). We claim that
llu" — Ul poo(py + ||Vut||Loc(B;) —0 ast— —oo.

Assume, to the contrary, that there exist € > 0 and {#;} C R with # — —oo such that

||1/ltk — 1||L°°(B;) + ”V’/ltk ||Loo(B;$’) > E&. (4-6)

The estimates (4-3) lead to the existence of a subsequence {#;} for which u'ti converges in C 2(B_;g )
to u°. By the hypothesis of the lemma, we will have 0 < u* < 1 and

Au+cuy® =0 in Ri,
u® =1 on G[R%r,
ou>

— 00y — _ 2
5= W) =f(1)=0 on IRL.

From this and Hopf’s boundary lemma, we deduce u*° =1 on [R{%r, which contradicts (4-6).
In an analogous way we can show the limits as y — +00. O

We can now prove the existence of limits as y — oo for the variational solution constructed in the
last sections.

Lemma 4.2. Let f be of positively balanced bistable type or of combustion type as in Definition 1.1. Let
u be any front constructed as in Proposition 2.7 from the nonincreasing minimizer of Proposition 3.1.
Then,

lim u(x,y)=1 and lim u(x,y)=0 forall x>0.
y—>—00 y—>+oo
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Proof. By Corollary 2.6 we know that 0 <u < 1, u € H!(R?), and that the set {«(0, y) : y € R} is not
contained in [0, B]. We also know that u, (x, y) < 0. Therefore, for all x > 0, there exist L™ (x) € (8, 1]
and L™ (x) € [0, 1] such that

lim wu(x,y)=L (x) and lim u(x,y)=L%(x).
y—>—00 y—>+00

Note that L™ (x) = 0 is a consequence of the inequalities of Lemma 2.1.

To prove that L™ (x) = 1, by Lemma 4.1 it is enough to show that L~ (0) = 1. To do this, we consider
the sequence of solutions {u*} defined by u*(x, y) := u(x, y 4+ k). Then, as in the proof of Lemma 4.1,
as k — —oo there exists a convergent subsequence to a solution u*° of

Auoo—i-cucy’o =0 in [R{%r,
u® =L (0) on JRZ, (4-7)
u™>

_ — 2
G =/(L7(0) on IR,

Since u*°(x, y) = L™ (x), we have that 0,u™(x, y) = d,,u*(x, y) = 0. Therefore, the first equation in
(4-7) leads to 9,,u®(x, y) =0 for all x > 0 and y € R. Since u is bounded, then it must be constant
and equal to L™ (0), its value at x = 0.

This and the last equation in (4-7) lead to 0 = —9,u*°(0, y) = f(L™(0)). Since L~(0) € (B, 1] and,
on this interval, f vanishes only at 1 by hypothesis (1-7), we conclude that L~ (0) = 1. O

It remains to prove (4-2) on the limits as x — 4-o00. This is a simple consequence of the Harnack
inequality and the fact that the variational solution lies in H! ([R{%r):

Lemma 4.3. Let f be of positively balanced bistable type or of combustion type as in Definition 1.1. Let
u be any front constructed as in Proposition 2.7. Then,

lim u(x,y)=0 forall yeR.
X—>—+00

Proof. Take any yy € R. Since u € HC1 ([Ri) we have that

Yo+l +o0
lim dy / eu’dx =0. (4-8)

M0=>+00 Jyp—1 0—1

Recall that 0 < u < 1 satisfies Au +cuy, =0 in [R{%r. Thus, by the Harnack inequality, for any xo > 2
we have

1/2
sup u<C inf qu/ udxdny(/ uzdxdy)
B1(x0,y0) B1(x0,y0) B1(x0,y0) B1(x0,y0)

for different constants C independent of x¢. Using (4-8), it follows that

lim u(xo, yo) =0,
oo

xo—>+

as claimed. O
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5. Uniqueness of speed and of solution with limits

In the first part of this section we establish a useful comparison principle, Proposition 5.2, in the spirit of
one in [Cabré and Sola-Morales 2005]. It will lead first to the asymptotic bounds on fronts stated in our
main theorem (after building appropriate comparison barriers in next section). Then, it will be used in the
second part of this section to establish a key result, Proposition 5.3 below.

Proposition 5.3 will have several important applications: first, the monotonicity in y of every solution
with limits; second, the uniqueness of a speed and of a front with limits; and third, the comparison result
between speeds corresponding to different ordered nonlinearities. The proof of the proposition follows
the powerful sliding method of Berestycki and Nirenberg [1991].

A maximum principle. We start with the following easy lemma:

Lemma 5.1. Let w be a C? function in R%, bounded below, continuous up to dR>, and satisfying
Aw+cwy <0 in Ri
for some constant ¢ € R. Assume also that w > 0 on 8R%r and that, for every R > 0,

liminf w(x, y) >0 uniformly in x € [0, R]. (5-1)

[y|—>+o00

Then, w >0 in [Ri.
Proof. Consider the new function

w:m fOfXZO,yER.

It satisfies

_ 2 _ _ .0
Aw-l—mwx—i—cwyfo in RY.

Let &€ > 0. Since w is bounded below, if R is sufficiently large we have that
w(x,y) > —¢ (5-2)

for x = R. By assumption (5-1), we also have (5-2) for x € [0, R] and |y| = S, if § is large enough
(depending on R). Since, (5-2) also holds for x = 0, the maximum principle applied in (0, R) x (—S, §)
gives that w > —¢ in (0, R) x (=S, S).

Letting S — oo we deduce that w > —¢ in (0, R) x R. Now, letting R — oo we conclude that w > —¢
in R% for any & > 0. Thus w > 0 in R? and this finishes the proof. O

The following maximum principle (in the spirit of one in [Cabré and Sola-Morales 2005]) is a key
ingredient in the remaining of this section. It will be applied to the difference of two solutions (and also
of a supersolution and a solution) of our nonlinear problem.

Proposition 5.2. Let ¢ € R and v be a C? bounded function in @r satisfying

Av+cvy <0 in Ri
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and that, for all R > 0,
lim v(x,y) =0 wuniformlyin x € [0, R]. (5-3)

|y|—>00
Finally, assume that there exists a nonempty set H C R such that v(0, y) >0 fory e H,

8 vaw=0 ifygH (5-4)

and
diy)=0 ifygH (5-5)

for some continuous function d defined on R\ H.
Then,v > 0 in Ri.

Proof. We need to prove that v > 0 in IRTi It then follows that v > 0 in @: Indeed, since H is nonempty,
v cannot be identically zero. If we assume that v =0 at some point (x1, y;) € @r, we obtain a contradiction
using the strong maximum principle (if x; > 0) and using the Hopf’s boundary lemma and (5-4) (if x; =0,
since then y; ¢ H because v(0, y;) = 0).
Let
A = inf v.
AR

By (5-3) used with x = 0, we have A < 0. Thus, we can apply Lemma 5.1 to w := v — A. We deduce
that v > A in all of R2.

It only remains to prove that A > 0. By contradiction, assume that A < 0. Then, by its definition
and since v(0, y) — 0 as |y| = 0o, we have that the infimum A of v on 8[R{i is achieved at some point
(0, yo). Since we have proved that v > A in all of [RR%F, then (0, yg) is also a minimum of v in all @
Since v(0, yg) = A < 0, v is not identically constant, and thus the Hopf’s boundary lemma gives that
—v,(0, yo) < 0. This is a contradiction with (5-4) and (5-5) —since yg & H because v(0, yg) <0. U

Uniqueness. The goal of this section is to establish uniqueness of the traveling speed, as well as unique-
ness — up to vertical translations — of solutions to (1-2) which have limits 1 and 0 as y — o0 on 8[R§3r.
We also prove in this section that every solution with the above limits is necessarily decreasing in y.
All these three results will follow from the following proposition— an analogue of Lemma 5.2 in
[Cabré and Sola-Morales 2005].

Proposition 5.3. Assume that f satisfies (1-4) and (1-5), and let ¢ € R. Let uy and u; be, respectively, a
supersolution and a solution of (1-2) such that

O0<u; <1 and ui(0,0):%
fori=1,2. Assume that, fori = 1,2 and all R > 0,
Iim u;(x,y)=1 and lim u;(x,y)=0 uniformlyin x € [0, R]. (5-6)
y—>—00 y—+00

Fort > 0, consider

uh(x,y) :=usr(x,y+1).
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Then,
ub <uy in [Ri?Ir forevery t > 0. (5-7)

As a consequence, up = uy in IR%F.

In addition, for any solution u; satisfying 0 < up <1 and (5-6), we have dyu> < 0 in [RTi

If we apply the proposition to #; = uy = u, where u is a solution to (1-2) taking values in [0, 1] and
with limits 1 and 0, the conclusion (5-7) establishes that u is nonincreasing in y. From this, the strong
maximum principle and Hopf’s boundary lemma applied to the linearized problem satisfied by u,, we
deduce that u, < 0, as claimed in the last statement of the proposition.

Second, by letting t — 0" in (5-7) we deduce that u < u;. But u; is a solution and u a supersolution,
with #(0, 0) = u1(0, 0). Again the strong maximum principle and the Hopf’s boundary lemma give that
uy =uy, as stated in the proposition.

The proposition also gives the uniqueness (up to vertical translations) of a solution with limits for a
given speed c. For this, apply the proposition to two solutions after translating them in the y direction.

In the proof of our main theorem in Section 7, we will give two other important applications of the
proposition. First, the uniqueness of a speed admitting a solution with limits. This will follow from the
fact that any front «; with limits 1 and 0 is necessarily decreasing, and hence the terms ¢;dyu and c20,u
will be comparable for two different speeds. Since one of the functions in the proposition may be taken
to be only a supersolution, this will lead to the uniqueness of speed. A similar argument will show the
comparison of speeds corresponding to two different ordered nonlinearities.

Proof of Proposition 5.3. As explained above, we only need to prove (5-7). The subsequent statements
follow easily from this.

Note first that u; are not identically constant, by the assumption in (5-6) about their limits as y — *£o0.
Therefore, since 0 < u; <1 and f(0) = f(1) = 0, the strong maximum principle leads to 0 < u; < 1
fori =1, 2.

Let 6 > O be the constant in assumption (1-5) for f. By hypothesis (5-6), there exists a compact
interval [a, b] in R such that, fori =1, 2,

u;(0,y)e(1-4,1) if y<a, and
u;(0,y) €(0,6) if y>b.
Note that u’z is also a solution of (1-2), and hence
ACuy —ub)+cur —ub)y, <0 in RZ,
—(uy —uh)y > —d'(y)(u; —ub) on IRZ,

where

_ t
P (I ed (T
Uy — U,

if (u1—ub)(0,y) #0,and d"(y) = — f'(u1 (0, y)) = — f'(u5(0, y)) otherwise. Note that d’ is a continuous
function since f is C'.
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We also have, for all R > 0,

| llim (uy —uh)(x,y) =0 uniformly in x € [0, R].
y|—0o0

We finish the proof in three steps.

Step 1. We claim that u, < u in [RT%F for ¢ > 0 large enough.
To show this, we take ¢ > 0 sufficiently large so that u’z(O, y) <u1(0, y) for y € [a, b]. This is possible
since u»(0, y +1) — 0 as t — 400 and u; > 0. We apply Proposition 5.2 to v = u; — u}, with

H=(a,b)U{y e R: (u; —ub)(, y) > 0}.

Clearly, v(0, y) > 01in H.

To show that d* > 0in R\ H, let y ¢ H. There are two possibilities. First, if y > b then y 4+t > b
also. Therefore, u;(0, y) <8 and u5(0, y) = u2(0, y +1) < §. We conclude that d’(y) > 0, since f' <0
in (0, 8) by (1-5).

The other possibility is that y < a. In this case, we have u((0, y) > 1 — 4§, and since y ¢ H then
(u1 —ub)(0, y) <0. Therefore u5(0, y) > u;(0, y) > 1 —§, and we conclude d’(y) > 0, again by (1-5).

Proposition 5.2 gives that u; —u} > 0 in @r

Claim. If u, < u, for somet > 0, then uz;“ < uy for every p small enough (with u either positive or
negative).

This statement will finish the proof of the proposition, since then {t > 0 : u% < u;} is a nonempty,
closed and open set in (0, 00), and hence equal to this interval. We conclude u’z <uj forall t > 0.

Step 2. To prove the claim, we will show that
if >0 and ub <uy, then u} # u;. (5-8)

Once (5-8) is known, we can finish the proof of the claim as follows: First, by the strong maximum
principle and Hopf’s boundary lemma, u5 < u; in IRT?F Let K; be a compact interval such that, on R\ K;,
both u; and u’ take values in (0, 8/2) U (1 —§/2, 1). Recall that (u; — u5)(0, -) > 0 in the compact
set K;. By continuity and the existence of limits at infinity, we have that, if || is small enough, then
(u — ut;“)(O, y) > 0for y € K, and ut;“(O, y) takes values in (0, §) U (1 —4, 1) for y € K,. Hence, we
can apply Proposition 5.2 to v = u; — ut;“ with H = K, since d'* > 0 outside K,. We conclude that
Ui —ut;“ > 01n @r
Step 3. Here we establish (5-8), therefore completing the proof of the claim and of the proposition. We
assume that > 0 and u}, < uy, and we need to show that u’y, # u,.

To prove this, consider first the case when both functions in the proposition are the same, that is,
u; = uy. Assume that ¢+ > 0 and ut2 = u; = up. Then, the function u;(0, y) is t-periodic. But this is a
contradiction with the hypothesis (5-6) on limits. Therefore, in the case u; = u», the two steps above can
be carried out. We conclude that, for every solution u; as in the lemma, we have u’2 < u, for every ¢t > 0.
In particular, dyu, < 0 and, by the strong maximum principle and Hopf’s boundary lemma, d,u; < 0.



358 XAVIER CABRE, NEUS CONSUL AND JOSE V. MANDE

Finally, consider the general case of a supersolution #; and a solution u,. Assume that # > 0 and u’2 =uj.
Then 1 =u;(0, 0) =u5(0, 0) =u(0, t). Moreover, u>(0, 0) = 3 by hypothesis. Hence, u>(0, 0) =u>(0, ).
This is a contradiction, since in the previous paragraph we have established that u; is decreasing in y. [J

6. Explicit traveling fronts

In this section we construct an explicit supersolution of the linearized problem for (1-2) in the case of
positively balanced bistable nonlinearities satisfying

f'0)<0 and f'(1) <O. (6-1)

It will lead to our result on the asymptotic behavior of traveling fronts. In addition, we construct a family of
explicit traveling fronts corresponding to some positively balanced bistable nonlinearities satisfying (6-1).
To simplify the notation in this section, by rescaling the independent variables we may assume that the
speed of the front is
c=2.

Recall that our nonlinear problem, when written for the trace v = v(y) of functions on x = 0, becomes
(1-14) with c =2, i.e.,
(—dyy —28y)?v = f(v) in R.

As in [Cabré and Sire 2015], the construction of explicit fronts will be based on the fundamental solution
for the homogeneous heat equation associated to the previous fractional operator in R, that is, equation

dv+ (—dyy —28,)2v =0 (6-2)

for functions v = v(y, t). Taking one more derivative 9d; in (6-2), we see that the solution of this problem
at time ¢ (given an initial condition vp) coincides with the value of w(x =¢, -) for the solution of
. 2
Low:=Aw+2wy, =0 in RZ, 63)
w(0, ) = wy on R,

where the operator L, acts on functions w = w(x, y). Thus, the heat kernel for (6-2) coincides with the
Poisson kernel for (6-3).
To compute such a Poisson kernel, as in [Caffarelli et al. 2012] we start with the observation that, if

w=e ¢,
then
Low=Aw+2w, =0 ifandonlyif —A¢+¢=0. (6-4)

The fundamental solution of Helmholtz’s equation, the solution of

—AD+ D =5,
is given by

() = 5-Ko(r),
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where r = /x2 + y? and K| is the modified Bessel function of the second kind with index v = 0 (see
[Abramowitz and Stegun 1964]). The function Ky = K(s) is a positive and decreasing function of s > 0,
whose asymptotic behavior at s = 0 is given by

Ko(s) = —logs +o(]logs]|) as s — 0.

For s — 400, all modified Bessel functions of the second kind K, have the same behavior
K,(s) = /%s‘l/ze_s +o(s~?e™%) as s > +o0. (6-5)

By considering the fundamental solution ® but now with pole at a point (xg, yo) € IR&, subtracting
from it @ with pole at the reflected point (—xg, yo), and applying the divergence theorem, one sees that
the Poisson kernel for the Helmholtz’s equation —A¢ + ¢ = 0 in the half-plane Ri is given by

1 x
Tr

—20, = —— X K)(r).

Writing this convolution formula for w = e~ ¢, we deduce that the Poisson kernel for (6-3) is given by
e VP, = —e 7 K (r).
wr

To avoid its singularity at the origin, given any constant ¢ > 0 we consider the Poisson kernel after
“time” x =t and define

P'(x,y):=—-2G,=—e" il K, +1)2+y?2
(x,y) e=—e TR oy x+02+y?)
=e’ i Ki(y(x+1)2+y2 6-6
. Giiiy 1y (e +02+y2), (6-6)

where K| = —K(’) is the modified Bessel function of the second kind with index v = 1, and where
G'(x,y) = %e‘y Ko(y/ (x +1)2+y?).
By (6-4), G is a solution of the homogeneous equation Low = 0 in R3. Thus, so is P! = —2G".

Finally, the explicit traveling front will be given by

+00 +00 x4t
u'(x,y) ::f Pt(x,z)dz:/ e ? K1(\/ (x—l—t)z—l—zz) dz.
y y T (x +1)2+22

Next, let us check all the properties of P’ for ¢ > 0 that will be needed in order to use it as a supersolution
of the linearized problem for (1-2). We know that L, P" =0 in [Rii. Using (6-5) we see that P, is bounded
in all [R{i. We also have that P’ > 0 in RT%F since K| is radially decreasing. Next, we have that, for every
R >0, P'(x,y) — 0as |y| — oo uniformly in x € [0, R]. This follows from the last equality in (6-6)
and from (6-5). Also from the last equality in (6-6), we see that

—9, P! —1{ 12 12 K;(,/z2+y2)}

Oy =—H-5—+
P cl 2 Ry KGR

(6-7)
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Now, using that K| = —%(Ko + K3) and the asymptotic behavior (6-5), we deduce that

t

. —Ux
lim
lyl>o00  P?

-1
0. y)=—. (6-8)

Finally, since
t
PI(0,y)=e ——=—=Ki(\/1* +*
T\t +y? ( )

and K has the asymptotic behavior (6-5), we deduce

t )

P'(0,y) = «/T_n y 32672 fo(y 3% ) as y —> 400, and (6-9)
t _ _

P'(0,y) = N (=02 +o((=y) ¥ as y - —o0. (6-10)

We can now establish our result on explicit traveling fronts. We need to verify that each u’ is a traveling
front for some nonlinearity f’ of positively balanced bistable type satisfying ( f*)'(0) <0 and (f*)'(1) <0.

2

Proof of Theorem 1.3. The statements for u”-¢ follow from the corresponding ones for u"* = u’. To prove

them for u’, note first that the solution of (6-3) when wg = 1 is w = 1. We deduce that its Poisson kernel

+00
/ P'(x,7)dz =1

o0

satisfies

for all x > 0. It follows that 0 < u’ < 1 and that limy_, o u’(x, y) = 1 for all x > 0. Clearly we also
have lim,_, o ' (x, y) = 0. In addition, d,u’' = —P' <0 in R2.

Next, let us see that we have Lou’ =0 in Ri. Indeed, 9, Lou’ = Lgu’y =—L,P"=0. Thus, Lou’ is a
function of x alone. But

+00
L2ut :f 8)cx:€_Z 7 x+)t2 > Kl(\/ (X+l)2+22)} dz
y T (X +1)"+z2

. +1 : X+t
—dye”’ = Ki(y (x+0)2+ 2}—2‘> Ki(y/ (x + 0% +y2).
){e 7/ (x +1)2+y? Gt +7) ¢ 7 (x +1)?+y? G407 457

Since L,u' does not depend on y, we may let y — 400 in this expression. From this, and since

K ; = —%(K j—1+ Kjy1) forall j and all functions K, (s) have the asymptotic behavior (6-5), we deduce
that Lou’ =0 in R2.
The asymptotic behaviors for —u’y = P’ in the statement of the theorem follow from (6-9) and (6-10).
Next, we find the expression for the nonlinearity f*. Since u’(0, -) is decreasing from 1 to 0, f' is
implicitly well defined in [0, 1] by

~+00 +00
FL@' (0, ) = —u' (0, y) = / 2G,(0,z)dz = f 2(=G',, —2G')(0,2) dz
y y

= 2(th +2G")(0, y)

I _, y
— 2 2y . 7 2 2 _
=—e >{K0(,/t +y) > yzkl(,/t +y)}. (6-11)
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From this, we clearly see that f'(0) = f'(1) = 0, again by (6-5).
The remaining properties of f* will be deduced from the following implicit formula for its derivative.
We have (f)'(u' (0, y))ul, (0, y) = —u', (0, y) and thus, by (6-7),
ot

Joot uxy
(f" @' (0, y) = ” ©,y)

t
y

=P 0= ‘_1{1 LR K{(W)}

proT L 2Ry KR )

—_1{1 22 KPP+ KGR+ }

t e N 2K1 (/12 +?)

i {_WJF 1 +Ko<m>+z<z<m>}
Vel g2 2K (/12 +y2)

t
=: \/T—yz h' ().

It turns out that the function {Ky(s) + K2(s)}/(2K(s)) is a decreasing function of s € (0, +00) which
behaves as 1/s as s — 0" and as 1 + 1/(2s) as s — +oo. Therefore,

(F0) = (Y1) = —; <o.

It also follows that 4’ is a decreasing function of y € [0, +00) with 27 (0) = (Ko(t) + K»2(1)) /(2K (¢)) > 0
and limy_, 4 o h'(y) = —o0. Therefore, since A’ is an even function of y, there exists a y* > 0 such that
h' is negative in (—oo, —y"), positive in (—y’, y’), and negative in (y’, +00). As a consequence, for
some 0 < y; < 2 < 1, we have that (f")’ is negative in (0, y;), positive in (y, y2), and negative in (33, 1).
This gives that f' has a unique zero in (0, 1) and that f’ is of bistable type.

We finally check the positively balanced character of f’ (after the end of the proof we give an
alternative, more synthetic argument for this). Using formula (6-11) for f’ in terms of G’ and that
G, = —8y(G§, +2G"), we have

1
fo £/(s)ds = fR SO, y) (— )0, y) dy = —4 /R (G, +2G)G)(0. ) dy

= 4/ {(G}, +2G"G  + (G, +2G)G }dx dy
RY

=4 /2 {—39,(G', +2G")* + 13,(G")* +2(G)*} dx dy
R

+

=8 [ (G)?dxdy >0,
R}

which finishes the proof. U

The following is an alternative way to prove that the integral of f’ is positive. It is more synthetic but it
relies on deeper results. Assume by contradiction that fol f'(s)ds <0. Then, by the remarks made after
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Theorem 1.2, the existence part of Theorem 1.2, and the results of [Cabré and Sola-Morales 2005], there
exists a solution of (1-2) for some ¢ < 0 which satisfies the limits (1-3). But u' is also a solution of (1-2),
now with ¢ = 2, and satisfying the limits (1-3). By the uniqueness of the speed proved in Theorem 1.2,
we arrive at a contradiction.

7. Proof of Theorem 1.2
In this section we use all the previous results to establish our main theorem.

Proof of Theorem 1.2. Let f be of positively balanced bistable type or of combustion type as in
Definition 1.1.

Part (i). This first part has been established in Proposition 2.7, together with Lemma 4.2, where we proved
the existence of limits as y — d-00. That 0 < u < 1 follows from the strong maximum principle and the
Hopf’s boundary lemma, since we know that 0 <u <1 and f(0) = f(1) =0.

Fart (ii). Let (c1, u1) and (cz, uz) be two solution pairs with u; taking values in [0, 1] and having limits 1
and 0 as y — Foo. By Lemma 4.1, both u; satisfy the uniform limits assumption (5-6). Translate each
one in the y variable so that both satisfy u; (0, 0) = % Assume that ¢; < ¢;. Proposition 5.3 applied with
¢ = c gives that the solution u; is decreasing in y. Thus

0= Auy+c10yu; = Auy +c20yuy,

and hence u; is a supersolution for the problem with ¢ = ¢,. Proposition 5.3 applied with ¢ = ¢; leads to
u1 = uy. As a consequence, since d,u1 < 0, we deduce from the equations that ¢; = ¢;.

Part (iii). The monotonicity in y of a variational solution as in part (i) was established in Proposition 3.1.
From u, <0 we deduce u, < 0 using the strong maximum principle and the Hopf’s boundary lemma for
the linearized problem satisfied by u,. The existence of its vertical and horizontal limits has been proved
in Lemmas 4.2 and 4.3. Let us now show that u, <0 in the case that f is of combustion type — this fact
is not true for bistable nonlinearities since the normal derivative —u, = f (1) changes sign on {x = 0}.
Note that u, is a solution of (A +cd,)u, =0in R2, it is bounded by (4-4), and has limits 0 as |y| — oo
uniformly on compact sets of x by (4-5). In addition, u, = — f(#) <0 on x = 0. Lemma 5.1 leads to
uy <0in RZ.

Part (iv). We can give two different proofs of this part. Let f; and f, be not identically equal with f| > f5.
Let (¢;, u;) be the unique solution pair for the nonlinearity f; with u; taking values in [0, 1] and having
limits as y — *£o0.

The first proof is variational and uses formula (2-11) for the speed. Take a > 0 small enough so that
both problems (1-21), for f; and for f;, can be minimized in B,. Since G| < G,, the minimum values
satisfy 11 , < I 4, and the inequality is in fact strict since G| # G, and the minimizers u; and u, take all
values in (0, 1). Thus, from (2-11) we deduce ¢ > c3.

The second proof of (iv) is nonvariational. Recall that, by Lemma 4.1, both u; satisfy the uniform
limits assumption (5-6). Translate each front in the y variable so that both satisfy u; (0, 0) = % Assume,
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arguing by contradiction, that ¢; < ¢;. Since u; is decreasing in y, we have

0= Au; +c18yu1 > Auy +C28yu1.

In addition,
8u1
e fiur) = fr(ur) on IR3.
Hence, u; is a supersolution for the problem with ¢ = ¢, and f = f5. Proposition 5.3 leads to u; = u. As

a consequence, we obtain f; = f> —since the image of u; is the whole of (0, 1). This is a contradiction.

Part (v). To establish this part, it suffices to show the bounds for —u,. From them, the bounds for u
and 1 — u follow by integration. Defining u by u(x, y) = it(cx/2, cy/2), we see that i is a front with
speed 2 for (1-2) with nonlinearity (2/c) f. Since the constants on the bounds of part (v) do not reflect
the dependence on f, we may rename & by u and (2/c) f by f, and assume that u is a front for the
nonlinearity f with speed ¢ = 2. Note however that the factor e =2 in (1-9) will change to e~ after the
scaling.

As stated in the theorem, the lower bounds for —u, hold for any f of positively balanced bistable type
or of combustion type. To prove them, we take ¢ > 0 small enough that

1 o
< .
2 =i
For such ¢, consider the Poisson kernel P’ defined by (6-6) and, for any positive constant C > 0, the
function

v:=C(—uy) — P

Note that Av + 2vy, = 0 in [R{%r. By using (6-8) and that —u, and P’ are positive, it follows that
{—8,v+ (21)~'}(0, y) > 0 for |y| large enough, say for y in the complement of a compact interval H.
Next, take the constant C > 0 large enough so that v > 0 in the compact set H. By (4-4), the limits of u,
established in (4-5), and the properties of P’ checked in Section 6, we can apply Proposition 5.2 with
c=2and d(y) = (2t)~! to deduce that v > 0 in IRi. By using the asymptotic behaviors (6-9) and (6-10)
of P! at 200, we conclude the two lower bounds for —u ye

To prove the upper bounds for —u, we need to assume that f’(0) <0 and f'(1) < 0. We proceed in
the same way as for the lower bounds, but replacing the roles of —u, and P’. We now take ¢ > 0 large
enough that

max(f(0), /() < .

Using (6-8), for any C > 0, v := C P — (—uy) satisfies {—09,0 + (2/1)0}(0, y) > 0 for |y| large enough,
say for y in the complement of a compact interval H. One proceeds exactly as before to obtain v > 0 in
[R{%r for C large enough. This gives the desired upper bounds for —u,. O
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LOCALLY CONFORMALLY FLAT ANCIENT RICCI FLOWS

GIOVANNI CATINO, CARLO MANTEGAZZA AND LORENZO MAZZIERI

We show that any locally conformally flat ancient solution to the Ricci flow must be rotationally symmetric.
As a by-product, we prove that any locally conformally flat Ricci soliton is a gradient soliton in the
shrinking and steady cases as well as in the expanding case, provided the soliton has nonnegative curvature.

1. Introduction

In this paper, we study ancient solutions to the Ricci flow. We recall that a time-dependent metric g(¢) on
a Riemannian manifold M is a solution to the Ricci flow if it evolves by the equation

) .
Eg(t) =-=-2 Rlcg(;) .

A solution is called ancient if it is defined for every negative time. Ancient solutions typically arise
as the limit of a sequence of suitable blow-ups as the time approaches a singular time for the Ricci
flow. In dimension two there exists a compact, rotationally symmetric, ancient solution due to King
[1990], Rosenau [1995] and Fateev, Onofri and Zamolodchikov [Fateev et al. 1993]. In dimension three,
Perelman [2003] constructed a compact, rotationally symmetric, ancient solution on the three-sphere.
In the nonrotationally symmetric case, the first construction is due to Fateev [1996] in dimension three.
Motivated by this construction, Bakas, Kong and Ni [Bakas et al. 2012] produced high-dimensional,
compact, ancient solutions to the Ricci flow which are not rotationally symmetric.

In dimension two, Daskalopoulos, Hamilton and Sesum [Daskalopoulos et al. 2012] have obtained
a complete classification of all compact ancient solutions to the Ricci flow. Ni [2010] showed that
any compact ancient solution to the Ricci flow which is of type I is k-noncollapsed and has positive
curvature operator has constant sectional curvature. Brendle, Huisken and Sinestrari [Brendle et al. 2011]
proved that any compact ancient solution which satisfies a suitable pinching condition must have constant
sectional curvature.

In this article, we show that any complete ancient solution to the Ricci flow in dimension n > 4 which
is locally conformally flat along the flow must be rotationally symmetric.

Theorem 1.1. Let (M", g(t)), n > 4, be a complete ancient solution to the Ricci flow which is locally
conformally flat at every time. Then (M", g(t)) is rotationally symmetric.

MSC2010: 53C24, 53C25, 53C44.
Keywords: Ricci solitons, Ricci flow.
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The nonrotationally symmetric examples of Bakas, Kong and Ni show that the locally conformally
flatness assumption cannot be removed. The proof of Theorem 1.1 relies on previous work of Catino
and Mantegazza [2011] about the behavior of the Weyl tensor under the Ricci flow, combined with a
more recent result [Catino et al. 2014] concerning the classification of Riemannian manifolds admitting a
Codazzi tensor with exactly two distinct eigenvalues.

As a consequence of Theorem 1.1, we classify locally conformally flat Ricci solitons. We recall that a
complete Riemannian manifold (M", g) is a Ricci soliton if there exists a vector field X on M" such that

Ric+%§£xg =Ag

for some constant A. The Ricci soliton is called shrinking if A > 0, steady if A = 0, and expanding if
A < 0. If X = V[ for some smooth function f, then the soliton is called a gradient Ricci soliton. It
follows from the work of Perelman [2002] (see [Eminenti et al. 2008], for instance, for a direct proof)
that any compact Ricci soliton is actually a gradient soliton. Moreover, Naber [2010] has shown that
any shrinking Ricci soliton with bounded curvature has a gradient soliton structure. On the other hand,
steady and expanding Ricci solitons which do not support a gradient structure were found by [Lauret
2001; Baird and Danielo 2007; Lott 2007; Baird 2009].
In this article we prove the following result:

Theorem 1.2. Let (M", g, X), n > 4, be a complete, locally conformally flat, shrinking or steady Ricci
soliton. Then it is a gradient Ricci soliton. The conclusion still holds in the expanding case provided the
soliton has nonnegative curvature operator.

In particular, from the classification results of locally conformally flat gradient Ricci solitons in the
shrinking case [Cao et al. 2011; Eminenti et al. 2008; Ni and Wallach 2008; Petersen and Wylie 2010;
Zhang 2009a], in the steady case [Cao and Chen 2012; Catino and Mantegazza 2011], as well as in the
expanding case [Catino and Mantegazza 2011], we obtain the following corollaries:

Corollary 1.3. Let (M", g, X), n > 4, be a complete, locally conformally flat, shrinking Ricci soliton.
Then it is isometric to a quotient of S", R x $"~ or R".

Corollary 1.4. Let (M", g, X), n > 4, be a complete, locally conformally flat, steady Ricci soliton. Then
it is isometric to a quotient of R" or the Bryant soliton.

Corollary 1.5. Let (M", g, X), n > 4, be a complete, locally conformally flat, expanding Ricci soliton
with nonnegative curvature operator. Then it is a rotationally symmetric gradient expanding Ricci soliton.

We note that rotationally symmetric gradient expanding Ricci solitons were constructed in [Bryant
2005; Cao 1997; Feldman et al. 2003].

2. Notations and preliminaries

The Riemann curvature operator of a Riemannian manifold (M", g) is defined as in [Gallot et al. 1990]
by
Riem(X, Y)Z = VyVXZ — vayz + V[X,Y]Z .
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In a local coordinate system the components of the (3, 1)-Riemann curvature tensor are given by
R} 0/0x' = Riem(d/dx',8/9x/)d/9x* and we denote by Riju = gimRJ} its (4,0)-version. With
this choice, we have that the round sphere S$” has positive curvature, meaning that

Riem(v, w, v, w) = R; v’ w/vkw! > 0
J

for every couple u and v of nonparallel vector fields. The Ricci tensor is obtained by the contraction
Rix = gj IR, jkl>» and R = gikRik will denote the scalar curvature. The so-called Weyl tensor is then
defined by the following decomposition formula (see [Gallot et al. 1990, Chapter 3, Section K]) in
dimension n > 3:

R 1
Wik =Riju + m(gikgjl — &ilgjk) — nTZ(Rikgjl —Rigjk +Rjgik —Rjigi).  (2-1)

The Weyl tensor shares the symmetries of the curvature tensor. Moreover, as can be easily seen by the
formula above, all of its contractions with the metric are zero.

In dimension three, W is identically zero on every Riemannian manifold, whereas, when n > 4, the
vanishing of the Weyl tensor is a relevant condition, since it is equivalent to the locally conformally
flatness of (M", g). We recall that this latter condition means that around every point p € M" there exists
a smooth function f defined in a open neighborhood U, of p such that the conformal deformation g of
the original metric g defined by g;; = el g; ; is flat. In particular, the Riemann tensor associated to g is
zeroin U,,.

We also recall that, in dimension n = 3, locally conformally flatness is equivalent to the vanishing of
the Cotton tensor

Cijk = VikRij — VR — (ViRgij — ViRgir).

_1
2(n—1)

By direct computation, we can see that the tensor C; j; satisfies the symmetries
Cijk = —Cij, Cijk+Cjpi +Cpij =0; (2-2)
moreover, it is trace-free in any two indices:
§7Cijk = g% Ciji =g’ Cijr =0 (2-3)
by its skew-symmetry and the Schur lemma. We note that, for n > 4,

n—3

!
ViWiji =—"—

Cijk, (2-4)
and we refer the reader to [Besse 1988] for the detailed computation. It follows from this formula that,
in every dimension n > 3, the vanishing of the Cotton tensor is a necessary condition for a Riemannian
manifold (M", g) to be locally conformally flat. We also note that the vanishing of the Cotton tensor can
be rephrased in terms of the so-called Schouten tensor

1

Sij =Rij z(n_l)Rgij
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by saying that S must satisfy the Codazzi equation
(VxS)Y =(VyS)X, X, Y eTM.

Any symmetric two-tensor satisfying this condition is called a Codazzi tensor (see [Besse 1988, Chapter 16]
for a general overview on Codazzi tensors). Hence, if (M", g), n >3, is a locally conformally flat manifold,
then the Schouten tensor is a Codazzi tensor.

3. Proof of Theorem 1.1

Let (M", g(t)), n > 4, be a complete ancient solution to the Ricci flow. We assume that, along the
flow, the Weyl tensor remains identically zero. As was observed in [Catino and Mantegazza 2011], this
condition implies a strong rigidity on the eigenvalues of the Ricci tensor. More precisely, one has the
following result:

Lemma 3.1 [Catino and Mantegazza 2011, Corollary 1.2]. Let (M", g), n > 4, be a solution to the Ricci
Sflow such that the Weyl tensor remains identically zero at every time. Then, at every point, either the
Ricci tensor is proportional to the metric or it has an eigenvalue of multiplicity n — 1 and another of
multiplicity 1.

By the results in [Chen 2009; Zhang 2009a], which generalize the well-known Hamilton—Ivey curvature
estimate, we know that every complete ancient solution g(¢) to the Ricci flow whose Weyl tensor is
identically zero for all times is forced to have nonnegative curvature operator for every time . Moreover,
by Hamilton’s strong maximum principle for systems in [Hamilton 1986], we have that either the metric
has strictly positive curvature operator or it splits a line. By Theorem 1.167 in [Besse 1988], a Riemannian
product (R x N =1 ds x h) is locally conformally flat if and only if the manifold (N "=l 1) has constant
curvature; hence, one of the following possibilities holds: (M", g(¢)) is flat, or it is a quotient of a
rescaling of R x $"~!, or it has positive curvature operator. Since the first two cases satisfy the conclusion
of the theorem, from now on we assume that (M", g(t)) is a complete, locally conformally flat, ancient
solution to the Ricci flow with positive curvature operator.

As we have seen in the previous section, the relation (2-4) implies that the Cotton tensor is identically

zero, hence the Schouten tensor
1

Sij =Rjj — ngij
is a Codazzi tensor. Moreover, from Lemma 3.1, we know that, at every point, either the metric is Einstein
or the Ricci tensor (and so the Schouten tensor) has two distinct eigenvalues of multiplicity 1 and n — 1,
respectively. Now, it was proved by Bando [1987] that solutions to the Ricci flow are real analytic. To be
precise, Bando showed that any Ricci flow solutions is real analytic if M" is compact or if it is complete
with uniformly bounded curvature. This result was recently improved by Kotschwar [2013], who showed a
local version of Bando’s result. It follows that, if the metric is Einstein in some open subset of M", then it
is Einstein everywhere and, by conformally flatness and positivity of the curvature, the manifold (M", g)
must be isometric to a quotient of §”. Thus, either (M", g(¢)) has constant positive sectional curvature
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or the Schouten tensor has an eigenvalue of multiplicity 1 and a different one of multiplicity » — 1 at
every point of some open dense subset U of M". In the latter case, we apply to such an open set U the
following classification result of Riemannian manifolds admitting a Codazzi tensor with two distinct
eigenvalues:

Lemma 3.2 [Catino et al. 2014, Theorem 2.1]. Let T be a Codazzi tensor on the Riemannian manifold
(U, g) with n > 3. Suppose that, at every point of U, the tensor T has exactly two distinct eigenvalues p
and o, of multiplicity 1 and n — 1, respectively. Finally, we let W = {p € U | do (p) # 0}. Then we have
that:

(1) The closed set W = W U dW with the metric gliy is locally isometric to the warped product of some
(n—1)-dimensional Riemannian manifold on an interval of R and o is constant along the “leaves”
of the warped product.

(2) The boundary of W, if present, is given by the disjoint union of connected, totally geodesic hypersur-
faces where o is constant.

(3) Each connected component of the complement of W in U, if present, has o constant and it is foliated
by totally geodesic hypersurfaces.

We are going to show that, under our assumptions, case (3) cannot occur and W = U. In fact, if a
connected component of the complement of W in U is present, the proof of this lemma (see also [Besse
1988, Proposition 16.11]) shows that the totally geodesic foliation of (U, g(¢)) is integrable. Then, since
the manifold (U, g(¢)) has nonnegative sectional curvature, it follows from [Abe 1973, Corollary 2]
that such a component must split a flat factor. This is clearly in contradiction with the positivity of the
curvature, hence it must be that U = W in this lemma and (U, g(¢)) is locally a warped product of some
(n—1)-dimensional manifold on an interval of R. Since (U, g(¢)) is locally conformally flat with positive
curvature operator, we have that the (n—1)-dimensional fibers of the warped product are isometric to $"~!
and the metric is rotationally symmetric. By the density of U in M", this conclusion clearly holds for the
whole (M", g). This concludes the proof of Theorem 1.1.

Remark 3.3. We would like to note that the same argument shows that the conclusion of Theorem 1.1
still holds if one consider a Ricci flow solution (M", g(t)), n > 4, defined on some time interval I C R,
which is locally conformally flat with nonnegative curvature operator for every ¢ € I.

4. Proof of Theorem 1.2

Now we turn our attention to the classification of locally conformally flat Ricci solitons. Let (M", g, X)
be a complete, locally conformally flat shrinking or steady Ricci soliton. In particular, it generates a
self-similar ancient solution g(¢) to Ricci flow (see [Zhang 2009b]) which is locally conformally flat at
every time ¢t. Hence, Theorem 1.1 implies that the manifold is rotationally symmetric with nonnegative
curvature operator. As we observed in Remark 3.3, the conclusion still holds if we consider an expanding
Ricci soliton with nonnegative curvature operator. To prove Theorem 1.2 we then apply the following
result:
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Lemma 4.1 [Catino and Mantegazza 2011, Proposition 2.6]. Let (M", g, X) be a complete, locally
warped, locally conformally flat Ricci soliton with nonnegative Ricci tensor; then it is a gradient Ricci
soliton with a potential function f : M" — R (hence, X =V f) depending only on the r variable of the
warping interval.
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Short time existence for a surface diffusion evolution equation with curvature regularization is proved in
the context of epitaxially strained three-dimensional films. This is achieved by implementing a minimizing
movement scheme, which is hinged on the H~!-gradient flow structure underpinning the evolution law.
Long-time behavior and Liapunov stability in the case of initial data close to a flat configuration are also
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1. Introduction

In this paper we study the morphologic evolution of anisotropic, epitaxially strained films, driven by
stress and surface mass transport in three dimensions. This can be viewed as the evolutionary counterpart
of the static theory developed in [Bonnetier and Chambolle 2002; Fonseca et al. 2007; 2011; Fusco and
Morini 2012; Bonacini 2013a; Capriani et al. 2013] in the two-dimensional case and in [Bonacini 2013b]
in three dimensions. The two-dimensional formulation of the same evolution problem has been addressed
in [Fonseca et al. 2012] (see also [Piovano 2014] for the case of motion by evaporation—condensation).
The physical setting behind the evolution equation is the following. The free interface is allowed to
evolve via surface diffusion under the influence of a chemical potential . Assuming that mass transport
in the bulk occurs at a much faster time scale, and thus can be neglected (see [Mullins 1963]), we have,
according to the Einstein—Nernst relation, that the evolution is governed by the volume-preserving equation

V =CA.u. (1-1)

where C > 0, V' denotes the normal velocity of the evolving interface I', A. stands for the tangential lapla-
cian, and the chemical potential u is given by the first variation of the underlying free energy functional.

MSC2010: primary 35K25, 53C44, 74K35, 35Q74; secondary 37B25.
Keywords: minimizing movements, surface diffusion, gradient flows, higher order geometric flows, elastically stressed epitaxial
films, volume-preserving evolution, long-time behavior, Liapunov stability.
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In our case, the free energy functional associated with the physical system is given by

W(E(u))dz + / v (v) d¥e?, (1-2)
Qh Fh

where / is the function whose graph T'j, describes the evolving profile of the film, Q2 is the region
occupied by the film, u is displacement of the material, which is assumed to be in (quasistatic) elastic
equilibrium at each time, E(u) is the symmetric part of Du, W is a positive definite quadratic form,
and %2 denotes the two-dimensional Hausdorff measure. Finally, v is an anisotropic surface energy
density, evaluated at the unit normal v to I'y,. The first variation of (1-2) can be written as the sum of three
contributions: a constant Lagrange multiplier related to mass conservation, the (anisotropic) curvature of
the surface, and the elastic energy density evaluated at the displacement of the solid on the profile of the
film. Hence, (1-1) takes the form (assuming C = 1)

V = Ar[Divr (DY (v)) + W(E(u))]. (1-3)

where Divr stands for the tangential divergence along I'(. s), and u(-, ) is the elastic equilibrium in
Qp(. 1)» 1.€., the minimizer of the elastic energy under the prescribed periodicity and boundary conditions
(see (1-6) below).

In the physically relevant case of a highly anisotropic nonconvex interfacial energy, there may exist
certain directions v at which the ellipticity condition

D2y (v)[r,7]>0 forall t Lv, t#0

fails; see for instance [Di Carlo et al. 1992; Siegel et al. 2004]. Correspondingly, the above evolution
equation becomes backward parabolic and thus ill-posed. To overcome this ill-posedness, and following
the work of Herring [1951], an additive curvature regularization to surface energy has been proposed; see
[Di Carlo et al. 1992; Gurtin and Jabbour 2002]. Here we consider the regularized surface energy

| (v + 21y ase,

where p > 2, H stands for the sum k; + «, of the principal curvatures of 'y, and ¢ is a (small) positive
constant. The restriction on the range of exponents p > 2 is of technical nature and it is motivated by the
fact that, in two dimensions, the Sobolev space W2:? embeds into C 1*(?=2)/? if p > 2. The extension of
our analysis to the case p = 2 seems to require different ideas.

The regularized free energy functional then reads

W(E(u))dz + /

Ty

E1H|?) dye, 1-4
5 (v -+ 117) (14)
and (1-1) becomes

V= Ap[Din(Dtﬁ(v)) + W(E®)) —e(Ap(|H|P_2H) — |H|P_2H(K12 e - %HZ))]. (1-5)

Sixth-order evolution equations of this type have already been considered in [Gurtin and Jabbour 2002]
for the case without elasticity. Its two-dimensional version was studied numerically in [Siegel et al. 2004]
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for the evolution of voids in elastically stressed materials, and analytically in [Fonseca et al. 2012] in the
context of evolving one-dimensional graphs. We also refer to [Rétz et al. 2006; Burger et al. 2007] and
references therein for some numerical results in the three-dimensional case. However, to the best of our
knowledge no analytical results were available in the literature prior to ours.

Asin [Fonseca et al. 2012], in this paper we focus on evolving graphs, and to be precise on the case where
(1-5) models the evolution toward equilibrium of epitaxially strained elastic films deposited over a rigid
substrate. Given Q := (0,5)2, b > 0, we look for a spatially Q-periodic solution to the Cauchy problem

}% = Ar[Divp (DY (v)) + W(E(u)) —e(Ar(|H|P72H) — |[H|P72 H (k7 + k3 — %HZ))]
in R? x (0, Tp),

Div CE(u) =0 in Qy,

CEw)[v]=0 onTly, u(x,0,t)= (e(l)xl,egxz, 0),

h(-,t) and Du(-,t) are Q-periodic,

h(’o):ho’

(1-6)
where, we recall, /1 : R? x [0, Ty] — (0, +00) denotes the function describing the two-dimensional
profile I'y, of the film;

J:= V14 |Dyh|*

W(A) := %(EA : A forall A€ Mfyfnz with C a positive definite fourth-order tensor; ey := (e(l), e(z)),
with eé, eé > 0, is a vector that embodies the mismatch between the crystalline lattices of the film and
the substrate; and /g € HI(Z)C(Rz) is a Q-periodic function. Note that, in (1-6), the sixth-order (geometric)
parabolic equation for the film profile is coupled with the elliptic system of elastic equilibrium equations
in the bulk.

It was observed by Cahn and Taylor [1994] that the surface diffusion equation can be regarded as
a gradient flow of the free energy functional with respect to a suitable /~!-Riemannian structure. To
formally illustrate this point, consider the manifold of subsets of Q x (0, +00) of fixed volume d, which

are subgraphs of a Q-periodic function, that is,
M= {Qh :h Q-periodic, h € H*(Q), / hdx = d},
0

where Qj ;= {(x, ) :x € Q, 0 <y <h(x)}. The tangent space Tg, Il at an element €2, is described by
the kinematically admissible normal velocities:

Tq,M = {V Ty — R:V is Q-periodic, V € L*(T); %), | Vd¥* = 0},

Ty

where T, is the graph of / over the periodicity cell Q; it is endowed with the H~! metric tensor

g0, (V1,V2) ::/ Vr,w1Vr,w, d%*  forall Vi, Vs € Tg, M,
Ty
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where w;, i = 1, 2, is the solution to

—Ar,w; = V; on Iy,
w; is Q-periodic,
[, wi d3€* =0.

h

Consider now the reduced free energy functional

G(Q) = / W(E(up)) dz + / (vo)+ 2 1H17) doe?,
Qn Ty p
where u, is the minimizer of the elastic energy in €2 under the boundary and periodicity conditions
described above. Then, the evolution described by (1-6) is such that at each time the normal velocity V
of the evolving profile 4(¢) is the element of the tangent space Tg,,,, Il corresponding to the steepest
descent of G, i.e., (1-6) may be formally rewritten as

g2, (V. V) = =3G(Qu()[V] forall V e Tg,,, M

where 3G (h(¢))[V'] stands for the first variation of G at h(t) in the direction V.

In order to solve (1-6), we take advantage of this gradient flow structure and we implement a minimizing
movements scheme (see [Ambrosio 1995]), which consists in constructing discrete time evolutions by
solving iteratively suitable minimum incremental problems.

It is interesting to observe that the gradient flow of the free energy functional G with respect to an
L2-Riemannian structure (instead of H 1) leads to a fourth-order evolution equation, which describes
motion by evaporation—condensation (see [Cahn and Taylor 1994; Gurtin and Jabbour 2002] and [Piovano
2014], where the one-dimensional case was studied analytically).

This paper is organized as follows. In Section 2 we set up the problem and introduce the discrete
time evolutions. In Section 3 we prove our main local-in-time existence result for (1-6), by show-
ing that (up to subsequences) the discrete time evolutions converge to a weak solution of (1-6) in
[0, Tp] for some Ty > 0 (see Theorem 3.16). By a Q-periodic weak solution we mean a function
he HY(0, To; Hy 1(Q)) N L%(0, To; H2(Q)) such that (/, up) satisfies the system (1-6) in the distribu-
tional sense (see Definition 3.1). To the best of our knowledge, Theorem 3.16 is the first (short time)
existence result for a surface diffusion-type geometric evolution equation in the presence of elasticity in
three dimensions. Moreover, the use of minimizing movements also appears to be new in the context
of higher-order geometric flows (the only other paper we are aware of in which a similar approach is
adopted, but in two dimensions, is [Fonseca et al. 2012]).

Compared to mean curvature flows, where the minimizing movements algorithm is nowadays classical
after the pioneering work of [Almgren et al. 1993] (see also [Chambolle 2004; Bellettini et al. 2006;
Caselles and Chambolle 2006]), a major technical difference lies in the fact that no comparison principle is
available in this higher-order framework. The convergence analysis is instead based on subtle interpolation
and regularity estimates. It is worth mentioning that, for geometric surface diffusion equation without
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elasticity and without curvature regularization,
V=ArH

(corresponding to the case W = 0, ¥ = 1, and ¢ = 0), short time existence of a smooth solution was
proved in [Escher et al. 1998] using semigroup techniques. See also [Bellettini et al. 2007; Mantegazza
2002]. It is still an open question whether the solution constructed via the minimizing movement scheme
is unique, and thus independent of the subsequence.

In Section 4 we address the Liapunov stability of the flat configuration, corresponding to a horizontal
(flat) profile. Roughly speaking, we show that if the surface energy density is strictly convex and
the second variation of the functional (1-2) at a given flat configuration is positive definite, then such a
configuration is asymptotically stable, that is, for all initial data /¢ sufficiently close to it the corresponding
evolutions constructed via minimizing movements exist for all times, and converge asymptotically to
the flat configuration as t — 400 (see Theorem 4.8). We remark that Theorem 4.8 may be regarded as
an evolutionary counterpart of the static stability analysis of the flat configuration performed in [Fusco
and Morini 2012; Bonacini 2013a; 2013b]. In Theorem 4.7 we address also the case of a nonconvex
anisotropy, and we show that, if the corresponding Wulff shape contains a horizontal facet, then the
Asaro—Grinfeld-Tiller instability does not occur and the flat configuration is always Liapunov stable (see
[Bonacini 2013a; 2013b] for the corresponding result in the static case). Both results are completely
new even in the two-dimensional case, to which they obviously apply (see Section 4C). We remark that
our treatment is purely variational and it is hinged on the fact that (1-4) is a Liapunov functional for the
evolution.

Finally, in the Appendix, we collect several auxiliary results that are used throughout the paper.

2. Setting of the problem

Let Q:=(0,h)>CR2,b>0, p>2,andlet iy € W#z’p (Q) be a positive function, describing the initial
profile of the film. We recall that W#Z’p (0) stands for the subspace of W 2-?(Q) of all functions whose
Q-periodic extension belong to ngc’p (R?). Given /1 € W#Z’p (Q), with i1 > 0, we set

Qpi={(x,y) e OxR:0<y<h(x)}

and we denote by I';, the graph of / over Q. We will identify a function % € W#z’p (Q) with its periodic
extension to R?, and denote by QZ and Fz the open subgraph and the graph of this extension, respectively.
Note that QZ is the periodic extension of €2j. Set

LDy(2p: R?)

= {u € leoc(Q#; R*):u(x, y) = u(x+bk, y) for (x,y) € Q’;l and k € 72, E(u)|g, € L*(Qp: R3)},
where E(u) := %(Du + DTy), with Du the distributional gradient of u and DTy its transpose, is
the strain of the displacement u. We prescribe the Dirichlet boundary condition u(x,0) = wg(x, 0)

for x € Q, with wg € H'(U x (0, +00)) for every bounded open subset U C R? and such that Dwg( -, y)
is Q-periodic for a.e. y > 0. A typical choice is given by wq(x, y) := (e(l)xl , eéxz, 0), where the vector
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ey = (e(l), e(z)), with eé, eé > 0, embodies the mismatch between the crystalline lattices of film and
substrate. Define

X .= {(h,u):heW#z’p(Q), h>0, u:Q’Z—>[R§3, u—wo € LDy(Qp: R?), u(x,0)=wg for all x € R?}.

The elastic energy density W : M3X3 — [0, +o00) takes the form

sym
W(A):=4CA: 4,

with C a positive definite fourth-order tensor, so that W(A4) > 0 for all 4 € M3*3 \ {0}. Given

sym
he W#z’p (Q), h = 0, we denote by u, the corresponding elastic equilibrium in 2, i.e.,

up = argmin{/ W(E(u))dz : u € wo + LDg(Q4: R?), u(x,0) = wo(x, O)}.
Qp

Let ¥ : R? — [0, +00) be a positively one-homogeneous function of class C? away from the origin. Note
that, in particular,

LEl <y <clél forall §e R’ e

for some ¢ > 0.
We now introduce the energy functional

F(h,u):/Q W(E(u))dz+/ (W(UH—%lHIP) d¥?, (2-2)
h

Tp
defined for all (2, u) € X, where v is the outer unit normal to 25, H = Divr, v denotes the sum of the
principal curvatures of I', and ¢ is a positive constant. In the sequel we will often use the fact that

Dh
—Div(—) =H in Q, (2-3)
V14 |Dh|?
which, in turn, implies
Hdx =0. (2-4)
]

Remark 2.1 (notation). In the sequel we denote by z a generic point in Q x R and we write z = (x, »)
with x € Q and y € R. Moreover, given g : ', — R, where I'y, is the graph of some function / defined
in Q, we denote by the same symbol g the function from Q to R given by x — g(x, 4(x)). Consistently,
Dg will stand for the gradient of the function from Q to R just defined.

2A. The incremental minimum problem. In this subsection we introduce the incremental minimum
problems that will be used to define the discrete time evolutions. As a standing assumption throughout
this paper, we start from an initial configuration (¢, t¢) € X such that

ho € W2P(0),  ho >0, (2-5)

and u minimizes the elastic energy in 2, among all u with (ho,u) € X.
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Fix a sequence 7, “\ 0 representing the discrete time increments. For i € N we define inductively
(hin,u;ip) as asolution of the minimum problem

min{F(h,uHL/ Dr,_, val? % : (h.u) € X, ||Dh||Loo(Q)5A0,/ hdx:/ hodx},
2t Ticin ' o 0

n

(2-6)
where I';_y p stands for I'y, _, . Ay is a positive constant such that
Ao > ”hO”C#l(Q)’ (2-7)
and vy, is the unique solution in H#1 (Th;_, ) to the following problem:
Aryy o= A timta) o
NV 1+|Dhi—y nl (2-8)

thi—l.n vp dH* = 0.

where 7 is the canonical projection 7 (x, y) = x. We note that the formulation of the problem in (2-6)
with the upper bound A is usually adopted in the literature in order to ensure existence of solutions of
the minimal surface equation (see Chapter 12 in [Giusti 1984]).

Forx e Q and (i — 1)1, <t <ity, i €N, we define the linear interpolation

| .
hn(x,1) = hi—1 u(x) + T—(Z — (i = Dtn)(hin(x) = hi—1,n(x)), (2-9)
n
and we let u, (-, ) be the elastic equilibrium corresponding to hy (- ,t), i.e.,

F(hn(-,0),un(-. 1) = F(hn(-.1),u). (2-10)

min
(hn( at)au)eX

The remainder of this subsection is devoted to the proof of the existence of a minimizer for the minimum
incremental problem (2-6).

Theorem 2.2. The minimum problem (2-6) admits a solution (h; ,,uin) € X.

Proof. Let {(h,u;)} C X be a minimizing sequence for (2-6). Let Hj denote the sum of principal
curvatures of I'y, . Since the sequence { H } is bounded in L?(Q) and || D/ |[Lgo(g) < Ao, it follows
from (2-3) and Lemma A.3 that ”hk”MZ.n ©) = C. Then, up to a subsequence (not relabelled), we
may assume that 4y — h weakly in W#z’P(Q), and thus strongly in C#1 “*(Q) for some a > 0. As a
consequence, Hy — H in L?(Q), where H is the sum of the principal curvatures of I';,. In turn, the
LP-weak convergence of { Hy } and the C!-convergence of {/1;} imply by lower semicontinuity that

f <¢(v) + £|H|P) A% < 1iminf/
Ty p k T
Moreover, we also have that vy, — vy, strongly in H ! (I'i—1,1), and thus

im L 2 g2 _ 1 2 Jop2 i
111?1 21, /Fi—l,n |Dr;_, , Vhy |~ A = 27, /Fi—l,n |Dr;_y ,, vn|” A% (2-12)

€ 2
(v + 1 Hl? ) doc 2-11)

hy
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Finally, since supy, th | Euy|* dz < 400, reasoning as in [Fonseca et al. 2007, Proposition 2.2], from
k

the uniform convergence of {/ } to 4 and Korn’s inequality we conclude that there exists u € Hl(l)C(Q#; R3)

such that (, u) € X and, up to a subsequence, u; — u weakly in Hl:)C(SZ#; R3). Therefore, we have that

W(E(u))dz <lim inf/ W(E(uy))dz,
Qp k Qhk

which, together with (2-11) and (2-12), allows us to conclude that (4, #) is a minimizer. O

3. Existence of the evolution

In this section we prove short time existence of a solution of the geometric evolution equation
V= Ar[Dive (DY (W) + W(Ew) — e(Ar( 1?2 H) — [HIPH + |HIP2HIBP) | G-1)

where V' denotes the outer normal velocity of I'y(. ;). | B|? is the sum of the squares of the principal curva-
tures of T'y(. 1), u(-, 1) is the elastic equilibrium in 2. ), and W(E (u)) is the trace of W(E(u(- , t)))
on I'y(. 1. In the sequel, we denote by H#_1 (Q) the dual space of H#1 (Q). Note that, if f € H#1 (0),
then A f can be identified with the element of H,,~ 1(Q) defined by

(Af, g) = —f DfDgdx forall g e H(Q).
0
Moreover, a function f € L?(Q) can be identified with the element of H, 1(Q) defined by
(f.0):= [ fedx forall g < HI(O).
0

Definition 3.1. Let Ty > 0. We say that i € L (0, To; W7 (Q)) N H'(0, To; H; '(Q)) is a solution
of (3-1) in [0, Tp] if:

() Dive (DY () + W(E@) ~e(Ar(H|P "2 H)= | HI? H+ |72 H| BI2) € L0, To: H) ().
(i) for a.e. t € (0, Tp), in H#_1 (Q) we have

751 = Ar[Dve(DY )+ WEW) —e(Ar(HIP2H) = S| HIP H + | HI"2H| B |
where J := V1 + |Dh|?, u(-,t) is the elastic equilibrium in Qp(. 1)» and where we wrote I" in place
of Fh(-,t)-

Remark 3.2. Animmediate consequence of the above definition is that the evolution is volume-preserving,
that is, fQ h(x,t)dx = fQ ho(x) dx for all ¢ € [0, To). Indeed, for all #1, 1, € [0, To] and for ¢ € H} (Q),
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we have

fQ [h(x. 12) — h(x. 1)p dx

15}
N

_ /‘t2<JAr[DiVF(D1//(v)) + W(E@u)) _g(Ar(|H|p—zH) B %|H|pH n IHlp_2H|B|2)],<p>dz

= /t ° /r Dr [Din(Dw(v)) + W(E(u))

—s(Ap(|H|p_2H)—%|H|PH+ |H17=2H|BI?) | Dr(g o m) d? at.
Choosing ¢ = 1, we conclude that

/ [h(x,t2) — h(x, 1)) dx = 0.
o

Remark 3.3. In the sequel, we consider the following equivalent norm on H, 1(Q). Given p € H, 1(0),

we set
/ gdx
0

i1y = s G ) ¢ € Q) +IDgliy <1}.
Note that, if /" € L?(Q) with fQ fdx =0, we have
I N 10 = 1Pwll L2y,

where w € H; (Q) is the unique periodic solution to the problem

{Aw = fin Q, (3-2)

fQ wdx =0.
To see this, first observe that, since f 0 f dx =0, we have
1y =sunf [ s g e 1/(0). [ v =0 and IDglagy =1},

Thus, since by (3-2)

/fgdx=—/ DwDgdx < ||Dw| 20
) ()

we have ||f||H#71(Q) < [|Dw| z2(g)- The opposite inequality follows by taking g = —w/|| Dw| 12(g)-
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Theorem 3.4. Foralln,i € N, we have

+oo ) o, |12
[ H dt < CF(h(), Ll()), (3-3)
0 8t H#_I(Q)
F(hip,uin) < F(hi—ip,ui—1,n) < F(ho,uo), (3-4)
and sup  ||hn (-, 0) ]|y 2. < +o00 (3-5)
t€[0,400) ! Wi (@

for some C = C(Ag) > 0. Moreover, up to a subsequence,
hn — h in C**([0,T]; L*(Q)) forall a € (0.%), hy—h weaklyin H'(0,T; H; '(Q)) (3-6)
for all T > 0 and for some function h such that h(-,t) € W#Z’p(Q)for every t € [0, +00) and
F(h(-,t),up. p) < F(ho,ug) forall t €[0,+400). 3-7)

Proof. By the minimality of (h; ,, u; ) (see (2-6)) we have that

n

1
F(hinuin) + 5 /r |Dry_y V| = Fhivy s tim1.n) (3-8)
i—1l.n

for all i € N, which yields in particular (3-4). Hence,

1
N |DF1»_1,,1 vhi_n |2 d%z = F(hi—l,n’ “i—l,n) - F(hi,nv ui,n)

2t Ti1.n

and, summing over i, we obtain

i—1,n

o0
e / |Dr,_, , Vn, ,|* A% < F(ho, uo). (3-9)
im 2Tn r : ’

Let wp, , € H#1 (Q) denote the unique periodic solution to the problem

Awh,-,n =hipn—hi—1,, in O,
fQ wp,; , dx = 0.
Note that

hin—hi—
/ |th[.n|2dx=/ Au)hinwh[.ndx=/ Lt onwhind%2
0 ’ o Tt V14 [Dhi_yu? ’

_ 2 2
= / AT,y \ VR Wh; d” = _/ Dr;_, ,vn; , Dr,_, ,Wh; , dt
1—‘i—l,n 1—‘i—l,n

= “DF,'_Ln Vh; , ||L2(F,»_1!n) “Dri—l.n Wh; , ”Lz(ri—l,n)
= C(A)IDr;_y v,  2riy o I1PWh; , L2 0)-

Combining this inequality with (3-9) and recalling (2-9) and Remark 3.3, we get (3-3).
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Note from (3-4) it follows that

sup/ |H|? d¥? < 4o0.

i,n F,‘!n

Hence, (3-5) follows immediately by Lemma A.3, taking into account that || D/1; » || Loo(g) < Ag. Using a
diagonalizing argument, it can be shown that there exist /2 such that s, — h weakly in H' (0, T'; H,, L(0))
for all 7 > 0. Note also that, by (3-3) and using Holder’s inequality, we have for #, > #; that

0hn(-,1)

. dt <Clts—1))2. (3-10)

1%}
IAn(-.t2) = hn(- t)ll g-1¢0) = /t
1

‘H —1(Q)
Therefore, applying Theorem A.4 to the solution w € H#1 (Q) of the problem

Aw :hn('th)_hn('vtl) in Q’
widx=0,
we get

1 1
Von (- 12) = (.11} |2y = AWl 2@y = CUD Wl IDW

1 1
< C||Dh(-,t;) — Dh(-, tl)IIiZ(Q)IIh(- 1) —h(-,tl)lli,_l(Q)
< C(AO)(IZ_ZI)%, (3-11D)

where the last inequality follows from (3-10). By the Ascoli—Arzela theorem (see, e.g., [Ambrosio
et al. 2008, Proposition 3.3.1]), we get (3-6). Finally, inequality (3-7) follows from (3-4) by lower
semicontinuity, using (3-6) and (3-5). O

In what follows, {/,} and & are the subsequence and the function found in Theorem 3.4, respectively.
The next result shows that the convergence of {/,,} to & can be significantly improved for short time.

Theorem 3.5. There exist Ty > 0 and C > 0 depending only (hg, ug) such that:

(i) ha—h in COP((0, To); C;%(Q))
foreverya € (0, p—2/p)and B € (0,(p—2—ap)(p +2)/(16p?));
w tes[:)l,pTo] “Dun(.’t)”CO’pT_Z(th(-,z)) =
(iif) E(un(-,hn)) = E(-,h)) in C([0, To): C,"*(0))

foreverya € (0,(p—2)/p)and 0 < B < (p—2—ap)(p +2)/(16p?), where u(-,t) is the elastic
equilibrium in Qp(. r).

Moreover, h(-,t) — hg in C#l’a(Q) ast — 0%, hy, h > Cy > 0 for some positive constant Cy, and

sup || Dhp(-,1)|Leo(g) < Ao (3-12)
t€[0,Ty]

for all n.
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Proof. To prove assertion (i), we start by observing that, by Theorem A.6, (3-5), Theorem A.6 again, and
(3-11) we have

p+2

=2
| Dhy(- . 12) = Dhu(-.11)||Loe < C|1D*hn(- . 1) = D*hy(- ll)llL” 10 (-, 22) = B (- 0 7

SCWmCJﬁ—hAuthf

p+2 Lz
sc@wmum—WM(mMHM(a>h(mhz)
p2=a
<Clty —t;| 16r? (3-13)
for all #1, t, € [0, Tp]. Notice that from (3-5) we have
sup  An (-, O | p=2 < Ho0. (3-14)

n,tE[O,T()] C# P (Q)
Take o € (0, (p —2)/ p) and observe that

op p—2—up

[Dhn("ZZ)_Dhn('vtl)]OlS[Dhn("ZZ)_Dhn('3t1)]§[osc[0,b](Dhn('712)_Dhn( tl))] Sz ’

where [-]g denotes the f-Holder seminorm. From this inequality, (3-13), (3-14), and the Ascoli-Arzela
theorem [Ambrosio et al. 2008, Proposition 3.3.1], assertion (i) follows.

Standard elliptic estimates ensure that, if s, (-,7) € C#1 “*(Q) for some « € (0, 1), then Duy(-,1) can
be estimated in C%%(Q hn(-,r)) With a constant depending only on the C L% _norm of hy(-,1); see for
instance [Fusco and Morini 2012, Proposition 8.9], where this property is proved in two dimensions but an
entirely similar argument works in all dimensions. Hence, assertion (ii) follows from (3-14). Assertion (iii)
is an immediate consequence of (i) and Lemma A.1. Finally, (3-12) follows from (2-7) and (i). o

Remark 3.6. Note that in the previous theorem we can take
Ty :=sup{t > 0: [[Dhy(-,s)|[Loo(g) < Ao forall s €[0,7)}.
In Theorem 3.16 we will show that / is a solution to (3-1) in [0, T), in the sense of Definition 3.1.
We begin with some auxiliary results.

Proposition 3.7. Leth e W#3’q (Q) for some q > 2 and let T be its graph. Let ®: QxRx(—1,1) > O xR
be the flow

o

o x@)., o(-.0)=1d,

ot
where X is a smooth vector field Q-periodic in the first two variables. Set Ty := ®(-,t)(I"), denote by v

the normal to Ty, let Hy be the sum of principal curvatures of Ty, and let | B;|? be the sum of squares of
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the principal curvatures of I';. Then

a1
dt P T,

_ - 1
= [ De(H 172 ) D, v a3 = [ 11072 H (1B = 4 HE) o0 d362. 319
Ft t

|H,|? de?

Proof. Set ®;(-) := ®(-,t). We can extend v; to a tubular neighborhood of I'; as the gradient of the
signed distance from I';. We have

—= H\P dde = —| = H; |? d¥
dlp 1_‘t| t| ds p I‘H_Sl t+s|

’

4

= i(l/ |Hy s O(DslpJZq)s d%z)
ds Iy

s=0 s=0
where J, denotes the two-dimensional Jacobian of ®; on I';. Then we have
5 |Ht| d¥H = — |Ht| DlV]"th% + |Ht| Ht_(Ht+so(DS) d¥-.
dt P T, P T, T, ds s=0

Concerning the last integral, we observe that

d ..
= %(DlVFtﬂ Vits)

d
%(Ht_}_sOq)s) 0+DH;X

§= §=

Set
d

Vp = %Vﬂrs

s=0'

By differentiating with respect to s the identity Dv;is[v;+5] = 0, we get
D\.Jt[l)t] + DU[[\.}I] = 0
Multiplying this identity by v; and recalling that Dv is a symmetric matrix, we get
Dv[ve]-ve = —Dv¢fve]- vy = 0.

This implies that Divr, v; = Div vy, and so

i(Din Vits) = Divr, v;.

ds i+s s=0 d
In turn — see [Cagnetti et al. 2008, Lemma 3.8(f)] —

by = —(Dr, X)T[v;] = Dr,v[X] = —Dr, (X - v).
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Collecting the above identities, integrating by parts, and using the identity d,, H; = — trace((Dv;)?) =
—|B;|? proved in [Cagnetti et al. 2008, Lemma 3.8(d)], we have

d1
dtp Ty
=% |H,|? Divy, X d%*+ | |H;|P">H;(—Ar,(X -v;) + DH; - X) d%*
Ft Ft

|H|P d3?

=— | |H;|P"2H;Dr H - Xd¥*+ L |H|P Hy (X -v;) d9?
t
Ft p 1-‘t
+/ |H,|P~2H;(—Ar, (X -v;) + DH; - X) d %
r,

_ 1
= . |H: P 2Ht<_AFt(X'Vt)+atht(X'Vt)+ ;HIZ(X'VI)) d¥*
t

_ _ 1
=/F Dr, (| H,|? 2H,)DFI(X-vt)d%2—/F | H;|? 2Ht{(|Bt|2_;th)(X'Vt)}d%z- (3-16)
t t

Thus (3-15) follows. O
Proposition 3.7 motivates the following definition:

Definition 3.8. We say that (k,uy) € X is a critical pair for the functional F defined in (2-2) if
|H|P~2H € H'(I'},) and

s/ Dr,(|H|?"*H)Dr, ¢ d%2+8/
Ty

Ty

1 _
() 1H1PH = |H17> HIB? )¢ d
+ /r [Divr, (DY () + W(E )¢ d> = 0

for all ¢ € H,} (Ty,) with Jr, ¢ d¥?* = 0. We will also say that / is a critical profile if (h, uy) is a critical
pair.

Lemma 3.9. Leth € W#Z’IJ (Q) be such that |H|P~>H € W#1 “4(Q) for some q > 2. Then there exists a
sequence {hj} C W#3’q(Q) such that hj — h in W#Z’p(Q) and |H;|P~2H; — |H|P™2H in W#l’q(Q),
where Hj stands for the sum of the principal curvatures of I'p; .

Proof. We may assume without loss of generality that H # 0, otherwise 4 would have already the required
regularity (see (2-3)). By the Sobolev embedding theorem it follows that |H|?~2H € C#? 12/ 1(0)
and, in turn, using the 1/(p — 1) Holder continuity of the function ¢ > ¢!/(?=D H e C»*(Q) for
a:=(¢—2)/(q(p—1)). Standard Schauder estimates yield /& € C#z’“(Q).

For § > 0 set
H-§ if H>,

Hsg:={H+¢§ if H<-§,
0 otherwise,
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where &’ is chosen in such a way that |, o Hs dx = 0. Observe that this choice of §’ is always possible,
although not necessarily unique. Indeed, by (2-4) and the fact that H # 0, if § is sufficiently small

/ (H—S)dx+/ Hdx <0 and / (H—6)dx > 0.
(H>8) (H <0} {H>6}

By continuity it is then clear that we may find 6’ > 0 such that

/ (H-6) dx-l—[ (H+8)dx =0. (3-17)
{H>8} {H<-68}

We now show that, independently of the choice of §’ satisfying (3-17), §' — 0 as § — 0. Indeed, if not,
there would exist a sequence &, — 0 and a corresponding sequence 8§, — ' > 0 such that (3-17) holds
with § and &’ replaced by 8, and §),, respectively. But then, passing to the limit as n — oo, we would get

/ de+/ (H+8)dx =0,
{H>0} {H<-§}
which contradicts (2-4).

Note that Hy — H in Cf’B(Q) forall B <« as § — 0. Moreover, we claim that | Hs|P~2 Hs — |H|P~2 H
in W#l’q(Q). Indeed, observe that H € W14 (As) where Ag := {H > §} U {H < —§'} for all § > 0.
Hence,
—)|H|P72DH if H #0,
D(|H|p—2H)= (p )l | 1 7é
0 elsewhere,
and
(p—D|Hs|P7>DH in Aj,

D H p_zH et
(| Hs| 5) {0 elsewhere.

The claim follows by observing that D(|Hs|?~2 Hs) — D(|H|?~2H) a.e. and that | D(| Hs|?~2 Hy)| <
|D(|H|P~2H)|. Note now that H € W1-4(Ay) implies Hs € W#1 “4(Q). In order to conclude the proof it
is enough to show that for § sufficiently small there exists a unique periodic solution /5 to the problem

—Div(Dhg/~1+ |Dhg|*) = H;
(3-18)
fQ hsdx = thdx.
This follows from Lemma 3.10 below. O

Lemma 3.10. Let h € C#2 “*(Q) and let H be the sum of the principal curvatures of T'y,. Then there exist

o, C > 0 with the following property: for all K € Cf’a(Q) with fQ Kdx=0and | K — H”CO'“(Q) <o,
#
there exists a unique periodic solution k € C#2 *(Q) to
{—Div(Dk/\/l +|Dk|?) =K
and
||k—h||C#2,a(Q) SC||K—H||C#0,Q(Q). (3-19)

Proof. Without loss of generality we may assume that | 0 hdx =0.
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Set X := {k € C}*(Q) : Jokdx=0}andY :={K € CI(Q): Jo K dx = 0}, and consider the

operator 7: X — Y defined by
Dk
T(k) = —Div(—).
v1+ |Dk|?

By assumption we have that 7' () = H. We now use the inverse function theorem (see, e.g., [Ambrosetti
and Prodi 1993, Chapter 2, Theorem 1.2]) to prove that 7" is invertible in a c2e -neighborhood of /2 with
a Cl-inverse. To see this, note that for any k € X we have that 7/(k) : X — Y is the continuous linear

1 Dh® Dh
T (h = —Di I — Do |.
(hle] ‘V[wamz( 1+|Dh|2) ¢]

It is easily checked that 7" is a continuous map from X to the space £(X, Y) of linear bounded operators

operator defined by

from X to Y, so that 7 € C' (X, Y). Finally, standard existence arguments for elliptic equations imply
that for any k € X the operator 7' (k) is invertible. Thus we may apply the inverse function theorem to
conclude that there exist ¢ > 0 such that, for all K € C#?’O‘(Q) with fQ Kdx=0and| K_H”C,?"“(Q) <o,
there exists a unique periodic function k = T71K € C#2 “*(Q). Moreover, the continuity of 7!, together
with standard Schauder estimates, implies that (3-19) holds for o sufficiently small. O

In what follows, J; , stands for

Jin = V14 |Dhjn?,

H; , is the sum of the principal curvatures of I'; ,,, | B; » |2 denotes the sum of the squares of the principal
curvatures of I'; ,, and H,: Q x [0, Ty] — R is the function defined as

Hy(x,1) := Hip(x, hin(x).1) if £ €[(i = )Tp.iTy). (3-20)

Theorem 3.11. Let Ty be as in Theorem 3.5 and let fln be given in (3-20). Then there exists C > 0 such
that

To - _
/ / |D*(|Hy|P "2 Hy)|? dx dt <C (3-21)
o Jo
forn eN.

Proof. Step 1. We claim that |H; ,|P "2 H;, € W#l’q(F,-,n) for all ¢ > 1 and that h; , € C#Z’U(Q) for
allo € (0,1/(p—1)).

We recall that /; 5 is the solution to the incremental minimum problem (2-6). We are going to show
that h; ,, € W#z’q(Q) for all ¢ > 2. Fix a function ¢ € CZ(Q) such that fQ ¢ dx = 0. Then, by minimality
and by (3-12), we have

d

1 2 o2
%(F(hi’n +s<p,u,~,n) + E /1;,'_1 . |DFi—1.n vhi,n+5(ﬂ| d¥ ) =0,

§s=0
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where, we recall, vy, , 4, solves (2-8) with /& replaced by /4, + s¢. It can be shown that

hi,n Do

D
/ W (E (uin(x. hin(x))))e dx+/ Dy (—Dhjy, 1)-(—Dg,0) dx+£[ | H; |7 dx
0 0 P Jo Jin
s/ | H; |P—2H- [Afp Dz(p[Dhi,n»Dhi,n] AhjnDhiy- Dy
- in in - -
0 Ji%n Jiz,n
_2D2hi,n[JD2hi,n,D§0] + 3Dzhi,n[Dhi,n’Dhi,n]Dhi,n'D‘/’] dx

i,n Jt4n
— i/ v, @ dx =0, (3-22)

where the last integral is obtained by observing that vy, , 15y = Vp; ,, + SVg, With vy solving

¢ o
V1+|Dhi—y al?
frh.l vy d¥€? = 0.

Al—‘Ii—l,n U(p =

Setting w := |H; |~ H; n,

Dh; Dh;
A::e(l— ,,n@2> z,n)’ (3-23)
‘]i,n
Dh;
b= (DY (~Dhin, 1) = = |HyulP ="
14 Ji,n
Ahi,nDhi,n Dzhl,n[Dhl,n] Dzhi,n[Dhi,n» Dhl,n]Dhl,n
+ewl|— > -2 > +3 7 )
Ji,n Ji,n Ji,n

¢:=—=W(E(u(x,hin(x)))) + %vh

we have by (3-5) and Theorem 3.5 that 4 € W#l’p(Q; Mg;fnz), be L'(Q:R?),ce C,f’a(Q) for some «,
and we may rewrite (3-22) as

/wADz(pdx—i-/ b-D(p—i—/ cpdx =0 forall ¢ € C°(Q) with[godx:O. (3-24)
o o o o

By Lemma A.2 we get that w € L9(Q) for ¢ € (p/(p — 1),2). Therefore, for any such ¢ we have
H;, e L9P=1D(Q) and thus, by Lemma A.3, hin € W#z’q(p_l)(Q). In turn, using Holder’s inequality,
this implies that b, w Div A € L"0(Q; R?), where ry :=q(p—1)/ p. Observe that ry € (1, 2). By applying
Lemma A.2 again, we deduce that w € W#1 "0(Q) and thus w € L270/(2=70)(Q). In turn, arguing as before,
this implies that b, w Div 4 € L™ (Q; R?), where r; :=2ro(p—1)/((2—ro) p) > ro. If r; > 2, then using
again Lemma A.2 we conclude that w € W,""* (Q), which implies the claim, since D2h; , € L9(Q: M2

and, in turn, b, w Div 4 € L9(Q; R?) for all ¢. Then the conclusion follows by Lemma A.2. Otherwise,
we proceed by induction. Assume that w € W#l’r"*1 (Q). If r;—1 = 2 then the claim follows. If not, a

further application of Lemma A.2 implies that w € W#l’r" (Q) with r; :=2r;_1(p—1)/((2—=ri=1) p).
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Since r;_1 < 2, we have r; > r;_;. We claim that there exists j such that r; > 2. Indeed, if not, the
increasing sequence {r;} would converge to some £ € (1, 2] satisfying

_2U(p—1)
- Q-0p’
However, this is impossible since the above identity is equivalentto £ =2/p < 1.

Finally, observe that, since | H; »|? ™2 H; , € W#l’q(Q) for all ¢ > 1, we have | H; ,|P~! € Cf’a(Q) for
every « € (0, 1). Hence H; 5, € C#? 9(Q) forallo € (0,1/(p—1)) and so, by standard Schauder estimates,
hin € CF%(Q) forall o € (0,1/(p —1)).

Step 2. By Step 1 we may now write the Euler—Lagrange equation for /; , in intrinsic form. To be
precise, we claim that, for all ¢ € C#Z(Q) with |, 0¥ dx = 0, we have

14

_ — 1
e [ Dry (Hinl? i) Dy ¢ 43 = [ 1Hinl? 2 Hin(1Bul = L 122,)g 9
Tin r

i.n

+ /Fi‘n[Din,-_n (DY (i) + W(E (uin))]p d3 — TL / v, $dHE =0, (3:25)

in

where ¢ := (¢/J;n) o m. To see this, fix & € W#B’q(Q) for some ¢ > 2, denote by I" and I'; the graphs of
h and h + t@, respectively, and by H and H; the corresponding sums of the principal curvatures. Then,
by Proposition 3.7 and arguing as in the proof of (3-22), we have

/Dp(|H|1’_2H)Dp¢d?/€2—/ |H|P—2H(|B|2—le)qf;d?ff2
r r V4
Dh-D
:l/ \H1P 222 g
P Jo J

2 . 2 2 .
_[ |H|p_2H[A¢_D go[f})f,Dh]_AhDth Dy D h[?il,D(p]_HD h[Dh,sz]Dh Dw} i

where ¢ stands for (¢/J)om and J := ~/1 + | Dh|?. By the approximation Lemma 3.9, this identity still
holds if 4 € C;**(Q) and thus (3-25) follows from (3-22), recalling that, by Step 1, 4;, € C;*° (Q) for
some o > 0.

In order to show (3-21), observe that Lemma A.3, together with the bound || D/; |0 < Ay, implies
that

ID*hinllLac) < C(g. Ao HinllLa(o)- (3-26)
Moreover, since I';, is of class C?%9, (3-25) yields that |H,-,n|1’_2H,-,n € Hz(Fi,,,), and in turn that
|Hi n|P~2H; , € H*(Q) (see Remark 2.1).
As before, setting w := | H; ,|?~2 H; », by approximation we may rewrite (3-25) as

/QA(x)DwD(J‘p )J,-,,, dx—s/Qw¢(|B,-,n|2—%H5n) dx

i,n

+ /Q[DiVF,-,n(DW(Vi,n)) + W(E (uin))]e dx — TL /Q Up; 0 dx =0 (3-27)
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for all ¢ € H#1 (Q) with f 0¥ dx =0, where A, defined as in (3-23), is an elliptic matrix with ellipticity
constants depending only on Ag. Recall that w € H2(Q). We now choose ¢ = Dy with n € HZ(Q),
and observe that integrating by parts twice yields

/QADwD(?Z:)J,-,ndx
/Q AD(Dsw)D(Jl’n)J,ndx /DS(AJ, ,,)DwD(J’7 )dx+/Q ADwD("DJS‘]’”)J,,,dx

L,n i,n

/QAD(Dsw)D<Jl’n)J,ndx /DS(AJ,,,)DwD(J’Zn)dx

Dy Ji DyJ;
—/ ADw 1250 —/ D(AJip) Dw 22200 g,
0 in Jl.’n

Therefore, recalling (3-27) and by density, we may conclude that, for every n € H#1 (0),

/QAD(Dsw)D(Jl’n)J,,,dx

Dy J;
— DS(AJ,-,,)DwD T Nax— | ap2wl=s2in gy
bl J .
[0} i,n

i,n

Ji
/D(AJ,,,)D Js 2L dx —s/;zstU(|Bi,n|2_%1_[iz,n)dx

i,n
) 1
+ [ [Dive, (DY i) + WD~ [ i, Din
n
Finally, choosing n = DswJ; 5, we obtain

o

DsU)Dle n
Jin

s

Qo

_ e/ wDS(Dst,-,n)(|B,-,n|2 - —le,n) dx
0 V4

n

. 1
+ /Q [DlVF,-.n (DY (vin)) + W(E(”i,n))]Ds(DsWJi,n) dx — o /; Vh; Ds(DswJipn)dx.

Summing the resulting equations for s = 1, 2, estimating D(A4J; ) by D?h; ,, and using Young’s
inequality several times, we deduce

/ |D?w|? dx
e 2

Vs
< c/ (|Dw|2|1>2h,~,,,|2 dx + |Hi )P T2 4 |H; p|*P 72| D?hin|* + —(T”;’z + 1) dx (3-28)
[0} n
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for some constant C depending only on Ao, D?y, and on the C'** bounds on u;, provided by
Theorem 3.5. Note that, by Young’s inequality and (3-26), we have

/Q Hi 222 D2hig|* dx < C [ (HinP*? 4+ | D2hinP+?) dx < C fQ | Hy 272 dx.
Q

Combining the last estimate with (3-28), we therefore have

2
+1) Vs

/ |D2w|2dx§C0/ (|D2 inl2IDw)? + w] 5 +#+1) dx. (3-29)
0 n

To deal with the first term on the right-hand side, we use Holder’s inequality, (3-26) and Theorem A.6
twice to get

p—2
- —1
CO/ |D2h; | |Dw|2dx<C0(/ |D2h |2 l)dx) (/| w|2‘n”—z”dx)”

—2 _\2
2
<C||w|| ”DU)HZ(I, 21) _C”w” (”D ||2(p l)” ”2(p 1))
p—

2 Ll Ll 2 5 ; +2 pl—,l

= CIDwlly " lwl;™" = ClID wll;~ (”D wl ¥l 3 1)

= =
3p—2 _p+2

<C|D*w|;"™" IIwIIZ“’1 V< glD*wlz +C
7

where in the last inequality we used the fact that (3p —2)/(2(p — 1)) < 2 and that ||w|| p_ = | Hj » ||j;’_1
=
is uniformly bounded with respect to i, n. Using Theorem A.6 again, we also have

2 p+2 2(+p;r)2 2
Co/ w| 7T dx < C||D wil s lwl %7 < 3ID*w|3 +C,

where, as before, we used the fact that (p +2)/p <2 and ||w|| L is uniformly bounded. Inserting the
=
two estimates above in (3-29), we then get

2
/Q|D2w|2dx§C/Q(1+(: )z)dx (3-30)

Integrating the last inequality with respect to time and using (3-9) we conclude the proof of the theorem. [

Remark 3.12. The same argument used in Step 1 of the proof of Theorem 3.11 and in the proof of (3-25)
shows that, if (&, u) € X satisfies

Dh-D
/W(E(uh(x,h(x))))godx+/ DW(—Dh,l)-(—D(p,O)dx+£/ |H|P—“’
0 0 rJo J
D*¢[Dh, Dhl AhDh-D D?*h|Dh, D
J?2 J?2 J2
D?h|Dh, Dh|Dh- D
+3 [ ’J4] ('0:|dx=0

for all ¢ € C#z(Q) such that 0¥ dx = 0, then (h, uy) is a critical pair for the functional F.
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Lemma 3.13. With Ty and H, as in Theorem 3.11, |ﬁn |? is a Cauchy sequence in L' (0, Ty; L' (Q)).
Moreover, |I§n|1’_2ﬁn is a Cauchy sequence in L'(0, To; L*(Q)).
For the proof of the lemma we need the following inequality:
Lemma 3.14. Let p > 1. There exists ¢, > 0 such that

|x? —yP]

LTy < S
p lx =yl

< cp(xp_1 + yPh.

Proof. By homogeneity it is enough to assume y = 1 and x > 1 and to observe that

_ xP -1 . x? —1 )4
lim =1 and lim = =.
x—>+oo (x — )(xP~1 4+ 1) x>l (x=1D)P~1+1) 2

Proof of Lemma 3.13. We split the proof into two steps.

Step 1. We start by showing that |ITIn|P is a Cauchy sequence in L'(0, Ty; L1(Q)). Set k :=[p],
where [ - ] denotes the integer part. Note that k > 2 since p > 2. From Lemma 3.14 we get

To . _
| [ 11817 = 17| ax ar
0 o
TO ~ b ~ yz
=[] 1k - 1k v
0 JO

To - - - ~ p
Sc/ /Q||H,f|—|H,’;||(|Hn|k+|Hm|k)k—1dxdr
0

To - - % - -
Scfo ([Q|H,5‘—H,’;|2dx) (oo + | Fimllon) ™ dt
<c | (HF = HE — Myuls + 1My (| Hnlloo + | Hmlloo)? ¥ dt,  (3-31)
0
where My, , == fQ(fI,’f — HX) dx. Set
wy = | Hy|P72 H, (3-32)
Sk ok .
and observe that Hy = (w,)»=T 4+ (=1)*(w,, ) »=T. Thus,

IDAF| < |Dw}) 7T |+ | Dw;) 77| < c| Dwgl|wn| 77" = | Dw||H,FPH. (3:33)

From Lemma A.7 and inequalities (3-31), (3-33) we get

To ~ _
f f||Hn|P—|Hm|P\dxdt
0 Q

To ~ 1 ~ ~ 1 ~ ~ B
Scfo (1 = Hy = Myl 2y | DHY = DEY 3 + My, (| Hnlloo + | Hmlloo)?~* it
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=

To ~ ~ 1 1 ~
<c /0 V% — 1 — My a2, (| Dwallz + | Dwml2)* (| oo

To _ _
+/ | M| (| Hplloo + | Himlloo)? % dt.  (3-34)
0

Fix n, m € N. We now estimate the H~!-norm of f[,’f — f[,ﬁ — My . Recall that, in view of Remark 3.3,
| Y — Hy, = Myl -1 = | Dul2. (3-35)

where u is the unique Q-periodic solution of

fQudx=O.
Thus,
k—1
[ | Du|? a’x—/Qu(Hk HE — mn)dx—/ u(Hy— Hy) Y HY'UH], dx, (3-37)
i=0

where we also used that fQ udx = 0. Fix § € (0, 1) (to be chosen) and let T%(¢) := (¢ v —8) A S. Then

Hy = [(Hy—8)T + 8]+ T°(Hy) —[(~Hy — 8T +] (3-38)
and (see (3-32))

1

~ p—1 -1
(Hn—5)++8:{‘8”n if w, = 6771,

otherwise.
Hence,
DI, 8+ + 5] = 0 (3-39)
and a similar estimate holds for D[(—ﬁn —8)* + 8]. We now set
Vs = [(Hy—8)T + 8] = [(—Hy —8)F +]. (3-40)

From (3-37) we have

/ | Du|? dx
o

k—1k—1—i i .
= [ = Y 3 (T ) () T I By i
i=0 r=0 s=0
k—1
= [ = ) Y ViV s dx
0 i=0

+ [ - Ay Y () e 1 G
i=0 (r,5)#(0,0)
=L+ M. (3-41)
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We start by estimating the last term in the previous chain of equalities:

|M|<c/ u|| Hy — H,,,|Z oy Y dx
i= O(rs)gé(OO)

<c/ |u|<|Hn|+|Hm|>28@[ VIt vEdx
< /Q lu|(|Hpu| + | Hm ) (1 +Vn’sz+V£,_52)dx

1
2 ~ ~
565( /Quzazx) U+ [ nlloo + | Fonlloo) ™"

1 ~ ~ -
AL AN Al (42

where we used (3-40) and the Poincaré and Young inequalities. To deal with L, we integrate by parts and
use (2-3) and the periodicity of u, h,,, and hm to get

~ ~ k—1 k—1
Dh, Dh . Din, Dh .
L= [ (5= e vl visans [ (2 ) X DT
where
Fin(x.t) i=hin(x) if t €[(i = )1.ity) and Jp(x.t) := V1 + | Dhn(x, )2 (3-43)

From the equality above, recalling (3-32), (3-39), and (3-40), and setting

Dh D
enm = Sup | === (1) = —=— .,t)H ,
reto.1olll T (0]
we may estimate
7 k=1 o f k1
~1
e | W 0DV AL+ 1DV
i=0
1 2 7 j—
S6/Q|Du|2dx+ceﬁ,m(1+||Hn||oo+||Hm||oo)2(k 1)
|Du)| o D |k—2 | |
+c8nm/ |u |5p ’21 k 2—1V,Z,5 dx+cen,me|u| 81’—}; ZV:;:SIVnIfEZ_Idx
i=0

1 aj Iy j—
E6/Q|Du|2dx—|—c£ﬁ,m(l+||Hn||oo+||Hm||oo)2(k 1)

+

525 | D]+ 1D Ul + e d
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1 2| 7 —
5§L|D“|2dx+08%,m(1+||Hn||oo+||Hm||oo)2(k 1)

ety / (1Dwn] + 1 Dwm (14| lloo + 1| Fnlloo)>* dx.
From this estimate, (3-35), (3-36), (3-41), and (3-42), choosing §2(P=2) = &, ,, with n, m so large
that €, < 1 (see Theorem 3.5(i)), we obtain
IHE — BY — Myl -1 < g2 [(1+ 1 Hulloo + | Hmlloo)** 0
+ (1Dwalla + 1 Dwml|2)* A+ | Fnlloo + [ mlloc)* 2], (3-44)

where « := min{l, 1/(p —2)}.
We now estimate M, ,. Since

m,,_/(Hk Hk)dx_/(H,, Hm)ZHk A dx,

i=0

using the same argument with u = 1 (see (3-44)) gives
| Mo nl < (enm) 2 [(1+ | Halloo + | Hom oo ™1 4+ (| Dwall2 + | Dwar |12) A 4[| Halloo + I| Him [l o) 2]

From this inequality, recalling (3-32), (3-34), and (3-44), we deduce

To _ _
| [ 1l =117
0 JQ
Ty

o 1 p
<clenm)® [ (1Dwallz + [[Dwmll2)? (1 + [walloo + [wmlloo) 2P=1 dt
0

a TO 1
+ c(enm) 4 / (I1Dwall2 + [ Dwmll2) (A + [[walloo + [wmlleo) > dt
0

o TO
+clenm)? | (14 [wnlloo + lwmlloo) dt
0

o To p=2
+c(en,m)? ([ Dwnll2 + [Dwmll2) (lwnlloo + [[wmlloo) 7=T dt.
0

Observe now that, by (3-5) and (3-20), there exists C > 0 such that fQ |wy| dx < ||H ||p ' < C foralln
and thus, using the embedding of H?(Q) into C(Q) and Poincaré’s inequality,

IDwy 12 + [ wlloo < C(1+ [ D*wy]2). (3-45)

Therefore, from the above inequalities and also using the fact that % + p/2(p—1)) <2 and that
1+(p—2)/(p—1) <2, we conclude that

To p B . [To .,
/ /Q“Hn|p_|Hm|p‘dXdIfc(gn,m)4/ (1 + | D*wallz + | D*wmll2)* dt < c(enm)*.
0 0
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where the last inequality follows from (3-21). This proves that the sequence |I—~In |? is a Cauchy sequence
in L1(0, Ty; L'(Q)). Note also that using Lemma 3.14 we have

To - - To ~ ~ ~ ~
| [l =1 dxar < [ [\l = 1l Bl 41l i
0 JQ 0 JQ
To - —
fc/ /\|H,,|P—|Hm|1’|dxdz. (3-46)
0o Jo

Step 2. We now conclude the proof by showing that w, is a Cauchy sequence in L' (0, Ty; L>(Q)). To
this purpose, we use Lemma A.7 to obtain

Ty Ty To
/ ||wn—wm||2dzs/ ||wn—wm—zvm,n||zdz+/ Ny di
0 0 0

To 2 5 5 1 Ty
<[ = w0 = Nl D% 00 = D2wl§ dt 4+ [ Vol . G-47)
0 0

where Ny, 1= fQ(wn — wy,) dx. As observed in (3-35) and (3-36) , ||wp — Wm — Nullg—1 = || Dv|2,
where v is the unique Q-periodic solution of

—Av=wy —Wm — N in O,
vadx = 0.

As in (3-37), using the fact that fQ vdx =0, we have

[ |DU|2dx :/ (wn_wm—Nm’n)v:/ (|ﬁn|p_2ﬁn_|ﬁm|p_2ﬁm)vdx

0 [0) 0
=/Q(lﬁnp"—z_|ﬁm|p—2)ﬁnvdx+/g(ﬁn_ﬁm)|ﬁm|p—2vdx
= L+M. (3-48)

Now, by Holder’s inequality twice and the Sobolev embedding theorem,
~ 7D p=2 oD =2, ~
E1= [ 0" = QBl?) 7 | ol d

~ ~ p—2
s/ 1 El? = | Fl?| 7 | o] dix
0
p—1
~ ~ ~ p=2 p
< ||v||p||Hn||oo(/Q}|Hn|f’—|Hm|"|p1 dx)

p—2

< clDvl2| Hulloo I Hal? = | Hm| "I,

2(p—2)

1 ~ ~ ~
< —/Q DV dx + | Bl 2 1 Fnl? — | P, 7 (3-49)
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To estimate M, arguing as in the previous step (see (3-38)) and observing that (—|I:J?,,,|1’_2 -85t =0,
we write

= g _ H 7 |(P—2 _ s\t 70 S5 1p—2y
M /Q(H,, Hp)[ (| Hm| 8) +8]vdx+/Q(Hn Hp)[T°(|Hp|P7%) = 8]vdx

=/ (Dh”_Df’”)Dv[(|ﬁm|P—2—5)++5]dx
0

Jo Jm

Dﬁn_D};m 5op—2 ot 7o i S FT.1P—2y _
+/Q( = )vD[(|Hm| 5) +5]dx+/Q(Hn Hp)[T°(|Hm|?~?) = 8]v dx.

To Tm
Similarly to what we proved in (3-39), we have

| Dwy, |

1
57

|D[(|1Hn|P2=8)" +6]| <c

Therefore, arguing as in the previous step, we obtain

~ ~ Dw
|M|5é/Q|Dv|2dx+csﬁ,m(1—|—||Hm||oo)2(”_2)+csn,m/Q|v|| 1m|dx

§r—2

Ny /Q Wl lloo + | Fmlloo) dx

2
1 ~ _ &n, ~ ~
L I A e AR LA LA

§r=2

where in the last line we used the Young and Poincaré inequalities. Choosing 6 so that §2/(p=2) — En,m
and recalling (3-48) and (3-49), we conclude that

lwn —wm — Nyl g1
p—2

~ ~ ~ p—2 B ~ ~ ~ _
< el Bulloo Il Hal? = | Hnl P11, " +¢(onm) > A+ 1 Halloo + | Hmlloo + | A | &> + | Dwmll2),  (3-50)

where f = min{l, p —2}.
Since, by (3-32),

N = [ wn=wm)dx = [ (Fal7=2 =1l B+ | (= ) B i,
the same argument used to estimate the last two integrals in (3-48) (with v = 1) gives

~ ~ ~ =2 B~ ~ ~
|Nm.n| < || Hyll ool Hn|? — |Hm|P”1 Pt clenm) 2 (| Hulloo + 1 Hm oo + ”Hm”go 2 + | Dwm|2).
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From this estimate, recalling (3-32), (3-47) and (3-50), we have that

Ty
/ 0 — w2 d
0

To Iy Iy 2(12_2) 3(p—1) 2 2
Scf I Hnl? = Hml Pl " llwnllss - (1 D2wallz + [ D*wm |2)¥ dt
0

p—2 2

To
B 1
+C(8n,m)3/ (1+||wn|| +||wm|| "Hwmll&s " 41 Dwmll2) * (||D2wn||2+||D2wm||2)3dl
0

p—2

Ty
+c/ Vw2 I al? = |7
0

To —2
B
+ c(en,m) 2 (”wn”oo +||wm||oo + lwmll&" + | Dwmll2) de.
0

Using (3-45) and Holder’s inequality, we can bound the right-hand side of this inequality by

T 2(p
C/ | H|? — |Hm|p||1 i (1+||D2w,,||2—|—||D2wm||2)3+3(p 0 dt
0
s (70 2 2 301 n2 2 1
+c(enm) 3 (1 +1D*walla + 1D wmll2)* (ID*wall2 + | D*wiml|2)3 dt
0

Ty ) L~ - p=2 s (To 5 5
+C/ (1411 D*wnll2) =" || Ha|P = Hm |||, dl+6(8n,m)2/ (14D wall2+ D wm|2) dt
0 0

—2) p+4

K 2 H 2%’1’ To e+ 1 3p
56’(/ / ‘|Hn|P—|Hm|p|dxdl) |:/ (||D2wn||2+”D2wm”2)(n—l)(n+4):|
0 [0} 0

To Iy ~ PT To e
+C(/ / ‘|Hn|p—|Hm|p}dxd[) |:/ (1+”D2wn||2)2(1’_”1|
0 (0] o

To
B
+ c(enm) 3 / (1 + | D*wnll2 + | D*wmll2) dt.
0

SIS

Since p(p+1)/((p—D(p+4)) <2and p/(2(p—1)) <2, recalling (3-21), we finally have

To
/ 10 — w2 d
0

To _ _ To - - 2 B
§c(/ /}|Hn|P_|Hm|P|dxdz) +c(/ /“Hn|1’_|Hm|P‘dxdt) +c(enm)3.
0 JQ 0 JQ

The conclusion follows from Step 1. O

(p—2) p—2

Corollary 3.15. Let ITI,, be the functions defined in (3-20), let h be the limiting function provided by

Theorem 3.5, and set
. Dh
H:=-Div| ———— |].
1+ |Dh|?
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Then,
|Hy|? — |H|P in L0, Ty; L' (Q)) and |Hu|P"2H, — |H|P"2H in L' (0, Ty; L*(Q)). (3-51)

Proof. Let En and f,, be as in the proof of Lemma 3.13. From Theorem 3.5(i) we get that, for all
t € (0,Tp) and for all ¢ € C#I(Q), we have

~ Dh Dh ~
[ Hn(pdx=/ ~"-D<pdx—>/ —-Dgodx:/ Ho dx,
0 o J o/ 0

n

where J = v/ 1+ |Dh|*>. Since, for every f, fln(-,t) is bounded in L?(Q), we deduce that, for
all z € (0, Ty),
Hy(-.t) = H(-,t) weaklyin L?(Q). (3-52)

On the other hand, from Lemma 3.13 we know that there exist a subsequence n; and two functions z, w
such that, for a.e. 7,

|Hy, (-, 017 —>z(-,0) in LY(Q) and  (|Hy, [P Hy))(-,0)—w(-,1) in L*(Q). (3-53)

Moreover, for any such ¢ there exists a further subsequence (depending on ?), not relabelled, such
that |flnj (x,0)|?, |ﬁnj (x,t)|p_zflnj (x,1), and thus FI,,]. (x, 1) converge for a.e. x. Then, by (3-52),
Hy; (x,t) — H(x,1) for a.e. x. Thus, we conclude that z = |H|? and w = |H|P~2H. O

We now prove short time existence for (3-1).

Theorem 3.16. Let hy € W#Z’p(Q), let h be the function given in Theorem 3.4, and let To > 0 be as in
Theorem 3.5. Then h is a solution of (3-1) in [0, Ty] in the sense of Definition 3.1 with initial datum hy.
Moreover, there exists a nonincreasing g such that

F(h(-.0).up(-.1) = g@) for 1 €0, To]\ Zo. (3-54)
where Z is a set of zero measure, and
F(h(-,t),up(-,t)) <gt+) forteZ,. (3-55)
This result motivates the following definition:

Definition 3.17. We say that a solution to (3-1) is variational if it is the limit of a subsequence of the
minimizing movements scheme as in Theorem 3.5(i).

Proof of Theorem 3.16. Let Hy, hy, J, be the functions given in (3-20), and (3-43). Set W, (x, 1) :=
W(E(u,-,n)(x, hin (x))) and vy (x, 1) := vy, ,(x) for t € [(i —1)7n,i74). Moreover, define ¥y := U/ s
Note that, for all ¢, 0,(-, ) is the unique Q-periodic solution to

1 ahn( ) [)

~ w ==
hin(-.t=tn) Ju(- t—1,) 01 (3-56)
Ir. wd¥#? =0.

hn(-.t—tn)

Ar
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Fix t € (0, Tp) and a sequence (ix, ng) such that #y := ix 74, — ¢t. Summing (3-22) from i = 1to i = iy,
we get

Ik p t . 1 - Dh, -D
/ / Wa, @ dx dt—l—/ / Dy (—Dhp, ., 1)- (=D, 0) dxdt+£/ / |an|pnff—(p dx dt
o JQ o Jo yal JIn

k
s ~ D2¢[Dhy,. Dhn,] A, Dy Do D2y, [Ditny. D
=] 'anl”‘zﬂnk[%— P ind_ Dm0 [2% 0!
Jnk Jnk J

3 Dz};"k[D};nk’ gﬁ”k]Dl‘;nk ) D¢j| dX dt

175
—/ /ﬁnk(pdxdle. (3-57)
0o JOo

We claim that we can pass to the limit in the above equation to get
/ / E(u(x,h(x,s), s)))wdxds—i—/ / Dy(—Dh,1)-(—Dg¢,0) dx ds

Dh-D
+—//|H|p h Y dx ds
rJoJo J

i 2 Dh-D D?h[Dh, D
J?2 J?2 J?2

D2h[Dh, Dh]Dh- D !
L D*h[Dh, DRI ¢:|dxds—//ﬁ<pdxds=0, (3-58)
0JQ

J4

where 0( -, 1) is the unique periodic solution in H#1 (') to

_ 1 )
{Arh(',t)w_ '{(.’[) ot ’ (3-59)
fl“h(.,nwd% =0

for a.e. ¢ € (0, Tp). To prove the claim, observe that the convergence of the first two integrals in (3-57)
immediately follows from (i) and (iii) of Theorem 3.5. The convergence of the third integral in (3-57)
follows from (3-51) and Theorem 3.5(i). Similarly, (3-51) and of Theorem 3.5(i) imply that

i 29[Dhy, , Dh D*¢[Dh, Dh
/ | Hy, | _Zan[A _ Dl ’;k’ ""]]d dz—>f/ |H|P~ 2H[A %]dxds.
0

nj

Next we show the convergence of

Ll ~ [ Ahy, Dhy, -Do D%y, [Dhn, . D
/ / |an |17—2 Hy, |:_ ny ~2nk Y 5 nk[~2 ni ®]
Jnk ]

ni

; D?hy, [Dhy, , Dy, |Dhy,, - Do
T4

ni

}dxdt
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to the corresponding term in (3-58). To this purpose, we only show that

e~ — Ahy, Dhy, - D ‘ AhDh-D
/ / | Hy |72y, == “”dxdt—>/f \HIP2HE 2 e ds, (3-60)
0o Jo ) 2 0Jo J?

ny

since the convergence of the other terms can be shown in a similar way. To prove (3-60), we first observe
that, by (3-5) and Theorem 3.5(i), we have Afznk(~ ;1) = Ah(-,t) in LP(Q) for all ¢t € (0, Tp). On
the other hand, (3-51) yields that for a.e. ¢ € (0, Ty) we have (ﬁnk |P_2flnk)(- )= (|HIP2H)(-, 1)
in L2(Q). Therefore, for a.e. t € (0, Tp),

i Ah Dhy, - D AhDh-D
w72 g S [y SR

ni

The conclusion then follows by applying the Lebesgue dominated convergence theorem after observing
that, by (2-9) and (3-5),

- ~  Ahy, Dhy, - D
‘/ | Hy, |P~2 Hyy, —% Jznk £ dx
0

ni

=C| A};nk Iz2¢0) |Flnk |p_2ﬁnk lz2(0)

=C| |an |p—2an ||L2(Q)

and that |||f[,,k |1’_2ﬁnk 22y converges in L0, Ty) thanks to (3-51).

Note (3-51) implies that for a.e. ¢ € (0, Ty) we have || Hy, (-,1)|Lr(g) = IH(-.t)||Lr(0)- Since
an( ,t) = H(-,t) in L?(Q) (see (3-52)), we may conclude that f]nk(- ,t) > H(-,t) in L?(Q) for
a.e.t € (0, Ty). Therefore, by (2-3) and [Acerbi et al. 2013, Lemma 7.2], we also have h~nk (-.t)=>h(-,0)
in W#z’p (Q) for a.e. t € (0, Ty). Thus, by (2-9) and (3-5) and the Lebesgue dominated convergence
theorem we infer that

To B
/ / |D?hy,, — D*h|? dx dt — 0. (3-61)
o Jo

This, together with the fact that /4, — h weakly in H'(0, Ty; H; 1(0)) (see (3-6)), implies that
1 Ohp, 1 0h

- —— in L?(0, To: H; '(Q)). 3-62
AR T YT (0, To: Hy " (Q)) (3-62)
Indeed, for any ¢ € L2(0, To; H) (Q)),
To h 1 dh
- Ol ——a—)godxdt
Jnk(. = T, ) ot J ot
! )8}1’“ axai +| [ L dx
J,,k( —t) J) O at t (3-63)
To oh To ah
WO s [ (-2
( _fn H Z l

Since H#1 (Q) is embedded in L9(Q) for all ¢ > 1, we deduce from (3-61) that (p/J,,k (- —tn) = /J
in L2(0, Tp; H#1 (Q)). This convergence together with (3-3) shows that the second-to-last integral in
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(3-63) vanishes in the limit. On the other hand, the last integral in (3-63) also vanishes in the limit, since
I, — h weakly in H1(0, To; H; 1(Q)). Thus, (3-62) follows.
Arguing as in the proof of Theorem 3.11 and integrating with respect to ¢, we have, from (3-56),

! ! 1 oh
/ / Ay, Dby - Do dx ds = / / - "k o dx ds (3-64)
0JQ 0 QJnk(','_Tnk) ot

for all ¢ € L2(0, To; H} (Q)), where

Dhpy (-1 —Tny) @ Dhpy (-, — Ty,
Jnk("'_Tnk)z

Note that (3-12) implies that A4,, (x, ) is an elliptic matrix with ellipticity constants depending only

Ank(x,t) = (1— )Zt/c('»'_fnk)-

I, |

dt

on Ay for all (x, ¢). Therefore, (3-64) immediately implies that
dt <c

T() TO
/ |Dﬁ,,k|2dxdt§c/
0o JO 0 H-1

thanks to (3-3). Since 4,, — A := (I —(Dh® Dh)/J?*)J in L=(0, Ty; L>(Q)) by Theorem 3.5(i),
from the estimate above and recalling (3-62) and (3-64) we conclude that

O, — 0 weakly in L2(0, To; Hy (Q)),

! R "' 10h
// ADv~D<pdxds=// ——pdxds
0JQo 0JQo J ot

for all ¢ € L?(0, Ty; H#1 (Q)) and for all ¢ € (0, Ty). In turn, letting ¢ vary in a countable dense subset
of H#1 (Q) and differentiating the above equation with respect to ¢, we conclude that, for a.e. ¢ € (0, Ty),
v(-,¢) is the unique solution in H#} (T'n(. p) t0 (3-59) for a.e. 1 € (0, Tp). This shows that the last integral
in (3-57) converges and thus (3-58) holds. Again letting ¢ vary in a countable dense subset of H#1 (0)

where U satisfies

and differentiating (3-58) with respect to ¢, we obtain

/QW(E(u(x,h(x,t),t)))(pdx+/QD¢(—Dh,1)~(—Dg0,0)dx+%/Q|H|p%

2 . 2 2 )
_8/ |H|p—2H|:A(p_D ¢lDh, DF] _AhDh-Dy _ D*W{Dh. Dg] , D*W[Dh. DhID D(p]dx

dx

J? J? J? J4
—/ bpdx =0 (3-65)
)

for all ¢ € H#f (0). Since, by (3-21), |H|P~2H € L*(0, Ty; H#Z(Q)), arguing as in Step 2 of the proof
of Theorem 3.11 we have that the above equation is equivalent to

s/ Dph(|H|1’_2H)Dph¢d%2—8/ |H|P_2H(|B|2—%H2)¢>d?€2
Ty Ty

+ / [Divr, (DY (v)) + W(E (u))]|p d#* — / b d¥H> =0
Ty T

h
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for a.e. t € (0, Ty), where ¢ := ¢/J. This equation, together with (3-59), implies that / is a solution to
(3-1) in the sense of Definition 3.1.

Next, to show that the energy decreases during the evolution, we observe first that, for every n, the map
t— F(ﬁn(- ,1),1pn(-,t)) is nonincreasing, as shown in (3-4). Note also that thanks to (3-51) we may
assume up to extracting a further subsequence that, for a.e. ¢, H,— Hin L? (Q). This fact, together
with (i) and (iii) of Theorem 3.5, implies that for all such ¢, F(ﬁn(~ ), (-, ) — F(h(-,0),u(-,t)).
Thus also (3-54) follows. Let t € Zy and choose t, — t+ with ¢, & Z for every n. Finally, since
h(-,ty) — h(-,t) weakly in W#z’p (Q) by (3-5), by lower semicontinuity we get that

F(h(-,t),u(-,1) =< lirr}lian(h(-,t,,),u(-,tn)) = li’gng(tn) =g(t+). |

4. Liapunov stability of the flat configuration

In this section we are going to study the Liapunov stability of an admissible flat configuration. Take
h(x) =d > 0 and let u; denote the corresponding elastic equilibrium. Throughout this section we assume
that the Dirichlet datum wy is affine, i.e., of the form wq (x, y) = (A[ x ], 0) for some A € M?*2. As already

mentioned, a typical choice is given by wq(x, y) := (eéxl , eéxz, 0), where the vector ¢g := (eé, eé) with
1
O’

A detailed analysis of the so-called Asaro-Tiller—Grinfeld morphological stability/instability was

undertaken in [Bonacini 2013b; Fusco and Morini 2012]. It was shown that, if d is sufficiently small,

e eé > (0 embodies the mismatch between the crystalline lattices of film and substrate.

then the flat configuration (d, u;) is a volume constrained local minimizer for the functional
G(h,u) ::/ W(E(u)) dz+/ v (v) d¥e. 4-1)
Qp Tp

To be precise, it was proved that, if d is small enough, then the second variation 3G (d, uy) is positive
definite and that, in turn, this implies the local minimality property. In order to state the results of this
section, we need to introduce some preliminary notation. In the following, given /4 € C#Z(Q), h >0,
v will denote the unit vector field coinciding with the gradient of the signed distance from Q¥ which is
well defined in a sufficiently small tubular neighborhood of I‘z. Moreover, for every x € I'j, we set

B(x) := Dv(x). (4-2)

Note that the bilinear form associated with B(x) is symmetric and, when restricted to T Iy x T 'y, it
coincides with the second fundamental form of T'y, at x. Here Tx Iy, denotes the tangent space to ', at x.
For x € I', we also set H(x) := Divv(x) = trace B(x), which is the sum of the principal curvatures
of T, at x. Given a (sufficiently) smooth and positively one-homogeneous function @ : RV \ {0} — R,
we consider the anisotropic second fundamental form defined as

B := D(Dwov),
and we set
H® := trace B® = Div (Dw o v). (4-3)
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We also introduce the space of periodic displacements
A(Qy) := {u € LD#(Q; R?) 1 u(x,0) = 0}. (4-4)

Given a regular configuration (%, uy) € X with i € C#Z(Q) and ¢ € IZ} (Q), where

" (Q):= {go € H}(0): /ngdx = 0}, (4-5)

we recall that the second variation of G at (4, uy) with respect to the direction ¢ is

2

d
WG(}Z—H(P»MHW)

’

t=0

where, as usual, uj 4, denotes the elastic equilibrium in €2;4,,. It turns out (see [Bonacini 2013b,
Theorem 4.1]) that

d2
WG(h +10, Upttp) -
2
= 32G(h, — W(E HY)Di [(Mo ) 2]d%2, 4-6
(houp)le] /r,,( (B + 1Y) Dive | (Do o (4-6)

where 802G (h, uy)[g] is the (nonlocal) quadratic form defined as
PG up)ig)i= =2 [ WE@)dz+ [ D W)Dr,p. Dr, gl
h h

+ / (95 [W(E (up))] — trace(BY B)) > d %2, (4-7)
Ty

¢:=Lon,

V1+|DhP?

and vy the unique solution in A(£2j) to
/ CE(vg): E(w)dz = / Divr, (¢ CE(up)) - w d¥*  forall we A(2y). (4-8)
Qp T'p

Note that, if (&, uy) is a critical pair of G (see Definition 3.8 with ¢ = 0), then the integral in (4-6)

vanishes, so that
2

d
—=G(h+19,upiip)

o = 9G(h. up)lp).

t=0

Throughout this section o will denote a fixed number in the interval (0, 1 —2/p). The next result is a
simple consequence of [Bonacini 2013b, Theorem 6.6].

Theorem 4.1. Assume that the surface density ¥ is of class C* away from the origin, it satisfies (2-1),
and the following convexity condition holds: for every £ € S2,

D>y (E)|w,w]>0 forall w L& w#0. (4-9)
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If
92G(d. ug)[p] >0 forall ¢ € H} (Q)\ {0}, (4-10)

then there exists 6 > 0 such that
G(d,ug) <G(k,v)

Sforall (k,v) € X with |Q| =|Q4],0 < ||k —d| ~1.« <.
G (D)

Proof. By condition (4-10) and [Bonacini 2013b, Theorem 6.6] there exists 6, > 0 such that, if
0< ||k—d||C#1(Q) < 8o and || Dnleo < 14 || Duglleo With (k,n) € X, then

G(d, ug) < G(k,n). 4-11)

Note that we may choose 0 < § < §o such that, if |k —d|| 1.« ) = 8 and uy is the elastic equilibrium
#

corresponding to k, by elliptic regularity (see also Lemma A.1) we have that | Dug|lco < 1+ || Dttg||co-

Therefore, using (4-11) with n := uy, we may conclude that

G(d,uq) <Gk, ug) = Gk, v),
where in the last inequality we used the minimality of u, and the result follows. O

Remark 4.2. It can be shown that Theorem 4.1 continues to hold if (4-9) is replaced by the weaker
condition
D>y (es)[w,w]>0 forall w_Les, w#D0. (4-12)

Indeed, (4-12) implies that (4-9) holds for all £ belonging to a suitable neighborhood U C S? of e3. In
turn, by choosing § sufficiently small we can ensure that the outer unit normals to 'y lie in U provided

e =dll e gy
under these circumstances, condition (4-9) is only required to hold at vectors &£ € U.

< 8. A careful inspection of the proof of [Bonacini 2013b, Theorem 6.6] shows that,

Remark 4.3. Under assumption (4-9), it can be shown that (4-10) is equivalent to having

inf{>G(d. ua)lel: ¢ € H} (Q), ¢l gy gy =1} =:mo >0 (4-13)
(see [Bonacini 2013b, Corollary 4.8]), i.e.,

2 2 71
0°G(d. ua)lp] Zmollelly o) forall ¢ € Hy (Q).

Remark 4.4. Note that, if the profile & = d is flat, then the corresponding elastic equilibrium u, is affine.
It immediately follows that (d, u,) is a critical pair in the sense of Definition 3.8.

We now consider the case of a nonconvex surface energy density i, and introduce the “relaxed”
functional defined for all (%, u) € X as

G(h,u) = A W(E(u))dz—i—/l; U (v) d 93, (4-14)

where y** is the convex envelope of v. It turns out that, if the boundary of the Wulff shape W}, associated
with the nonconvex density ¥ contains a flat horizontal facet, then the flat configuration is always an
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isolated volume-constrained local minimizer, irrespective of the value of d. We recall that the Wulff
shape Wy, is given by
Wy ={zeR®:z-v<y(v) forall vesS?}

(see [Fonseca 1991, Definition 3.1]). The following result can be easily obtained from [Bonacini 2013b,
Theorem 7.5 and Remark 7.6] arguing as in the last part of the proof of Theorem 4.1.

Theorem 4.5. Let v : R* — [0, +00) be a Lipschitz positively one-homogeneous function satisfying (2-1),
andlet {(x,y) eR3:|x| <a,y =B} C oWy, for some a, B > 0. Then there exists § > 0 such that

G(d,uy) < G(k,v)

for all (k,v) € X with |Qy| =|Q4],0 < ”k—d”Cl.a(Q) <é.
#
In the next two subsections we use the previous theorems to study the Liapunov stability of the flat

configuration both in the convex and nonconvex case.

Definition 4.6. We say that the flat configuration (d, uy4) is Liapunov stable if, for every o > 0, there
exists §(0) > 0 such that, if (Ao, uo) € X with |2, | = [Q4] and [//1o _d”%Z,p(Q) < (o), then every
variational solution /4 to (3-1) according to Definition 3.17, with initial datum /, exists for all times, and
|A(-,1) —d”WZ,p(Q) <o forallz > 0.

#

4A. The case of a nonconvex surface density. In this subsection will show that, if the boundary of the
Wulff shape Wy, associated with v/ contains a flat horizontal facet, then the flat configuration is always
Liapunov stable.

Theorem 4.7. Let vy : R? — [0, +-00) be a positively one-homogeneous function of class C? away from
the origin such that (2-1) holds, and let {(x, y) e R? : |x| <a,y =B} C Wy, for some a, B > 0. Then
for every d > 0 the flat configuration (d,uy) is Liapunov stable (according to Definition 4.6).

Proof. We start by observing that, from the assumptions on v, e3 is normal to boundary oWy, of
the Wulff shape W, associated with . Thus, by [Fonseca 1991, Proposition 3.5(iv)], it follows that
V¥ (e3) = ¥**(e3). In turn, by Theorem 4.5, we may find § > 0 such that

F(d,ug) = G(d.ug) < G(k.v) < F(k,v) (4-15)

forall (k, v) € X with |Q4|=|Q4] and 0 < ||k—dllcl.a(Q) <4. Fix 0 > 0 and choose &g € (0, min{S, %0})
#
so small that
lh—dl gy <0 = | Dhllos < Ao. (+16)

where Ay is as in (2-6). For every 7 > 0, set
() = sup{llk = dll e g}
where the supremum is taken over all (k, v) € X such that

Q] = 1S2al. NIk —d] 1 §, and F(k,v)—F(d,ug) <t

©Q =
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Clearly, w(t) > 0 for > 0. We claim that w(t) — 0 as T — 0T. Indeed, to see this we assume by
contradiction that there exists a sequence (ky,v,) € X with [Q | = |Q24] such that

liminf F(k,,v,) < F(d,ug) and 0<cy =< |ky, —d”Cl,a(Q) < (4-17)
n #

for some ¢y > 0. By Lemma A.3, up to a subsequence we may assume that k, — k in W#Z’p (Q) and
that v, — vin H! (Q;R3) for some (k,v) € X satisfying § > ||k — d”Cl.a(Q) > ¢g, since W#z’p(Q)
#

loc
is compactly embedded in C#1 **(Q). By lower semicontinuity we also have that
F(k,v) <liminf F(k,,v,) < F(d,ug),
n

which contradicts (4-15).

Choose §(o) so small that, if ||/g — < (o), then

d || VV#Z’p(Q)

o= dll gy <80 and  Flho. o)~ F(d,ug) <" (30).

where w~! is the generalized inverse of w defined as ™! (s) := sup{t > 0: w(r) < s} for all s > 0. Note
that, since w(z) > 0 for > 0 and w(r) — 0 as T — 0+, we have that o' (s) — 0 as s — 0+4. Let / be
a variational solution as in Theorem 3.4 (see Definition 3.17). Let

T :=sup{t>0:|h(-,s) —d”C.#l,a(Q) <§q forall s €(0,1)}.

Note that, by Theorem 3.5, 77 > 0. We claim that 77 = +o0. Indeed, if 77 were finite, then, recalling (3-7),
we would get, for all s € [0, 77],

F(h(-, Th), un. ) — F(d, ug) < F(ho, uo) — F(d,ug) = 0™ (38), (4-18)

which implies ||A(-,T) — d||C#1 “(0) < 15, by the definition of w. Then, (4-16), Remark 3.6, and
Theorem 3.5 would imply that there exists 7' > T such that [|2(-,7) —d| ¢} (@) < 8o forall 1 € (T1,T),
thus giving a contradiction. We conclude that 7; = 400 and that ||A(-,?) — d”c#l,a(Q) < §q for
all £ > 0. Therefore, (4-16) implies that | DA(-,?)||cc < Ao for all times, which, together with
Remark 3.6, gives that / is a solution to (3-1) for all times. Moreover, by (4-18) we have also shown that

F(h(-.t),upc. n)—F(d,ug) < ™! (%80) for all ¢ > 0, which by (4-15) implies that
s[ |H|? d#* < 0~ (80).
VTN

Using elliptic regularity (see (2-3)), this inequality and the fact that |A(-,1) —d|lco < S0 forall £ > 0
imply that [|A(-,7) —d|l 2. Py =0 provided that §¢ and, in turn, §(o’) are chosen sufficiently small. O
#

4B. The case of a convex surface density. In this section we will show that, under the convexity assump-
tion (4-9), the condition 9>G(d, uyz) > 0 implies that (d, u ) is asymptotically stable for the regularized
evolution equation (3-1) (see Theorem 4.14 below). We start by addressing the Liapunov stability (see
Definition 4.6).
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Theorem 4.8. Assume that the surface density \ satisfies the assumptions of Theorem 4.1 and that the
flat configuration (d, uy) satisfies (4-10). Then (d,uy) is Liapunov stable.

Proof. Since (4-15) still holds with G replaced by G in view of Theorem 4.1, we can conclude as in the
proof of Theorem 4.7. O

Remark 4.9 (stability of the flat configuration for small volumes). If the surface density Y satisfies
the assumptions of Theorem 4.1, then there exists dy > 0 (depending only on the Dirichlet boundary
datum wy) such that (4-10) holds for all d € (0, dy) (see [Bonacini 2013b, Proposition 7.3]).

Definition 4.10. We say that a flat configuration (d, u ;) is asymptotically stable if there exists § > 0 such
that, if (ho,uo) € X with |Q,| = [Q4] and ||/ _d”WZ,[)(Q)
#
(3-1) according to Definition 3.17, with initial datum /¢, exists for all times and ||2(-,¢)—d || w2r0) ™ 0
#

< §, then every variational solution /i to

ast — +oo.

We start by showing that, if a variational solution to (3-1) exists for all times, then there exists a sequence
{ta} C (0, 400), with ¢, — oo, such that A(-, ;) converges to a critical profile (see Definition 3.8).

Proposition 4.11. Assume that for a certain initial datum hg € W#Z’P (Q) there exists a global-in-time
variational solution h. Then there exists a sequence {t,} C (0, +00) \ Z¢, where Zy is the set in (3-54),
and a critical profile h for F such that t, — oo and h(-,t,) — h strongly in W#z’p(Q).

Proof. From (3-3), by lower semicontinuity we have that

an |

00
/ ‘ — dt < CF(hg,ug).
o | ot

H~1(Q)

Since the set Z( has measure zero, we may find a sequence {t,} C (0, +00) \ Zy, tn — 00, such that
10 (-, tn)/ 3t || gr—1(@) — 0. Since h € L*(0, oo W2 P(O)NH (0, 00; H; L)), settmg h=h(-,ty)
we may also assume that there exists /1 € W *P(Q) such that 1" — h weakly in W "?(Q). In turn,
denoting by ujn» the corresponding elastic equilibria, by elliptic regularity (see also Lemma A.1 ) we have
that upn (-, h" () — u; (-, h(-)) in C#l’“(Q; R3). Let 9" be the unique Q-periodic solution to (3-59)
with 7 = 1, and note that 9" — 0 in H, (Q), since [|9/(-, 1n)/ 0t || gr—1(0) — 0. Writing the equation
satisfied by 4" as in (3-22), we have, for all ¢ € C?(Q) with fQ pdx =0,

n.
/ W(E(uhn(x,h”(X))))de+/ DW(—Dhn,l)-(—Dgo,O)dx+£/ |Hn|pDh_nD‘/’
Q 0 P Jo J
2 n n npLn .
_8/ |H,,|p_2H,,[A¢_D ¢[Dh", Dh"]  AW"Dh" - Dy
(J")? (J)2
2D2h”[Dh”,Dgo] 3D2h”[Dh”,Dh”]Dh”-D<p] p
- X
(Jm)? (Jm)*

—/ M"pdx =0, (4-19)
)
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where H" stands for the sum of the principal curvatures of 2" and J” = v/ 1 + | Dh"|?. Arguing exactly
as in the proof of Theorem 3.11 (see (3-30)), we deduce that

/ |D2(|H”|1’_2H”)|2dx§C/ (14 (©™)?) dx (4-20)
0 0

for some constant C independent of n. Thus, passing to a subsequence, if necessary, we may also assume
that there exists w € H#%(Q) such that |H"|P~2H" — w weakly in H#Z(Q) and |H"|P72H" - w
strongly in H#1 (Q). Since H#1 (Q) is continuously embedded in L(Q) for every 1 < g < oo by the
Sobolev embedding theorem, there exists z € L' (Q) such that | H"|? — z in L'(Q). The same argument
used at the end of the proof of Corollary 3.15 shows that z = |H|? and w = |H|?~2 H, where H is the
sum of the principal curvatures of h.

Using all the convergences proved above, and arguing as in the proof of Theorem 3.16, we may pass
to the limit in (4-19), thus getting that / is a critical profile by Remark 3.12. O

Lemma 4.12. Assume that (4-9) and (4-10) hold. Then there exist 0 > 0 and ¢y > 0 such that
2 2 71
0°G(h, uplel Z collelyy o) Sorall ¢ € Hy (Q)

provided ||h — d”C#Z,a(Q) <o, where ITI# (Q) is defined in (4-5).

Proof. Throughout this proof, with a slight abuse of notation, we denote by C the tensor acting on a
generic 3 x 3 matrix M as CM := C(M + M T)/2. Let m be the positive constant defined in (4-13).
We claim that there exists o > 0 such that

inf{0’G(h,up)l¢]: ¢ € H{(Q), Il gy ) =1} = 3mo

whenever ||h —d ||C2,oz( 0) =0 Indeed, if not, then there exist two sequences {/,} C C#2 *(Q) with
# ~
hy — d in CF*(Q) and {g,} C H}(Q) with lonll g (@) = 1 such that

0> G (n, un,)lgn] < 310 (4-21)
Set
RS L —— (4-22)
V1+|Dhy|?

where we recall that 7 (x, y) = x. Let vy, be the unique solution in A(£2j,) —see (4-4) —to

/ CE(vg,): E(w)dz = / Divr, (¢nCE(up,)) - wd** forall w e A(Qy,) (4-23)
Q2

n Ly

and let vy, be the unique solution in A(24) to
/ CE(vy,) : E(w)dz = / Divr, (pnCE(ug)) - w d¥* forall we A(,). (4-24)
Qq Ta
Observe that (see, e.g., Lemma A.1)

| Dive,, @n CEu, D2,y < Cllenllg oy



MOTION OF THREE-DIMENSIONAL FILMS BY ANISOTROPIC SURFACE DIFFUSION 411

for some constant C' > 0 depending only on
sup(ICE )l cr(ry,) + 1l cz )
n
and thus independent of n. Therefore, choosing w = vy, in (4-23), and using Korn’s inequality, we

deduce that

sup ”U¢” ”Hl(th) < 400. (4-25)
n

The same bound holds for the sequence {vy,, }.
Next we show that

/ W(E (vg,)) dz — f W(E(v,,)) dz —> 0 (4-26)
th Qq

as n — oo. Consider a sequence {®; } of diffeomorphisms &, : 2, — €2, such that ®, —Id is Q-periodic
with respect to x, ®,(x, y) = (x, y+d — hy(x)) in a neighborhood of I'y, and || P, —1d ”Cla(ﬁd‘ﬂ@) <
Cllhn— d”cz,a(Q) — 0. Set wy, := vy, o ®,. Changing variables, we get that w, € 4(y) satisfies

#

f ApnDwy, : Dwdz = / (Dinhn (¢nCE(up,)) o q)n) ‘wle, d¥e? 4-27)
Qg W]

for every w € A(24), where Jg, stands for the (N —1)-Jacobian of ®, and the fourth-order tensor-valued
functions A, satisfy 4, — C in C1*(Q,4). We claim that

W(E(wp —vy,))dz — 0 (4-28)
Qq

as n — oo. Note that this would immediately imply de W(E(wy))dz — /Qd W(E(vg,))dz — 0
and, in turn, taking also into account that A, — C uniformly and that % de ApDwy, : Dw,dz =
th W(E(vg,)) dz, claim (4-26) would follow. In order to prove (4-28), we write

/ CD(vy, —wy) : D(vy, —wy) dz
Qg

= CDvy, : D(vy,—wp) dz— [ (C—An)Dwy: D(vy,—wy) dz—/ A Dwy: D(vy, —wy) dz
Qg Qg Qq

= /F Divr, (pnCE(ug)) - (vg, — wn) dye? —/Q (C—A4,)Dwy : D(vy, —wy) dz
d

~ [ (Divey, GuCE@A)© ®n)- (09, — )T, 4

=11 —I,— I3,

where we used (4-24) and (4-27). From (4-25), the analogous bound for the sequence {v,, }, and the
uniform convergence of 4, to C we deduce that 7, tends to 0.
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Fix n= (01,102, 1m3) € C} (T4 R®) = C} (Q; R?). Using the fact that ®, 1 (x, y) = (x, y —hn(x) +d)
in a neighborhood of 'y, we have

Dth (n] OCD;I) = ([_vhn ®vhn)DFdnJ oq);l’

where we set vy, := (—Dhy, 1)/~ 1 + | Dhy|*. Using this fact, we then have, by repeated integrations
by parts and changes of variables,

/F (Divr,, (¢aCE (up,))o®y)n Jo,d %> = / Divr, (¢nCE(up,))-no®;, " d>
d

Ty,

= _/I‘ dnCE(up,) : Dphn (noCD;1) de?
hn

=/ (I—vp, @4, )¢nCE(up,) : Dr,no®, ' di?
hn

. /F [(I—vh, ®Vp )uCE(up o®y : Dr, 1y Jo, >
d

= | Dive, (=01, @03, )8uCEuy, )o@, ] 43
d
Hence, we may rewrite
L —1; = / Divr, gn - (vg, — wn) d9, (4-29)
W]
where, by (4-22),
gn:=onCE(ug) —[(I —vp, ®vp, )onCE(up,)]o PpJg,

Jo
= ¢n| CE(ug) —[(I —vp, ® vy, )CE(up,)]o ® —”]
"[ "1+ D2
Since hy — d in C#2 “*(Q), by standard Schauder estimates for the elastic displacements uj,, we get

Jo . 1
—— —0 in C"%(Iy).
1+ |Dhy)?

Therefore, by (4-29) and the equiboundedness of {vg, } and {wy,}, we have that I} — I3 — 0. This
concludes the proof of (4-28) and, in turn, of (4-26).
Finally, again from the C2-*-convergence of {/,} to d and the fact that

CE(ug) —[(I —vp, ®vp,)CE(up,)]o Py

O [W(E (up,)] 0 ®n —> 9 [W(E(ug))] in C*(Ty)
by standard Schauder elliptic estimates, recalling (4-7) we easily infer that

(82G(hn,uhn)[<pn]+2 /Q W(E (vg,)) dz)—(azG(d, ug)en]+2 /Q W(E (vg,)) dz)—>0 (4-30)

as n — oo. Thus, recalling (4-26), we also have

9*G (hn, up,)pn]l —0>G(d, ug)pn] — 0
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and, in turn, by (4-21)
lim sup 802G (d, ug)[¢n] < %mo,

which is a contradiction to (4-13). This concludes the proof of the lemma. O

Next we prove that (d, u,) is an isolated critical pair.

Proposition 4.13. Assume that (4-9) and (4-10) hold. Then there exists 0 > 0 such that, if (h,uy) € X

with || = [Q24] and 0 < |h —d | ;2 <a, then (h,uy) is not a critical pair.
#

(@)

Proof. Assume by contradiction that there exists a sequence /i, — d in W#z’P (Q) with hy,, # d
and |22, | = |24| such that (5, up,) is a critical pair. Using the Euler-Lagrange equation and arguing
as in the proof of Theorem 3.11, one can show that

[ |02 ) s =€ [ (D2 IDAH 2 HOR + P04 4 1)

Indeed, this can obtained in the same way as (3-29), taking into account that there is no contribution from
the time derivative. From this inequality, arguing exactly as in the final part of the proof of Theorem 3.11
we deduce that

[ 121200 ax < €
0

for some C independent of n. In particular, by the Sobolev embedding theorem, {| H,|?~2 H,} is
bounded in C#?’B(Q) for every B € (0, 1). Hence, { H,} is bounded in C;”ﬂ(Q) forall B € (0,1/(p—1)).
In turn, by (2-3) and standard elliptic regularity this implies that {/,} is bounded in C#2 # (Q) for
all B € (0,1/(p—1)) and thus h, — d in C2B(Q) for all such . Since (d,uy) is a critical pair (see
Remark 4.4),

d
75 Fd + sty —d) ugrsh-ay)| _ =0,

and so by (4-6) to reach a contradiction it is enough to show that, for n large,
d2
TS Fd + s — ). sh,-a)

= azG(hn,t, uhn,,)[hn —d]

)

s=t

(Dl | Dl ) ing = d)*
(1+ | Dhys))?

(W(E(up, ) + H,;ﬁ ,) Divr, ( 7[) dye?
hn.t

d2
+e——=Wp(d +s(hy —d))

732 >0

s=t

forall # € (0, 1), where hy; :=d +t(h, —d), HZ . is defined as in (4-3) with / replaced by £ ¢, and

Wy(h) = /F |H|? d¥*.
h
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To this purpose note that, since 4, — d in C 2.8, by Lemma A.1 we have

sup [|[W(E(up, )+ HY =Wy lLoo(ry, ,) = O
te(0,1) '

as n — 0o, where W is the constant value of W(E(u;)) on I'y (see Remark 4.4). Therefore, also by
Lemma 4.12, we deduce that

02G (s, up, lhn—d]— W(E(u;,n't))—i-H;l/;’t)Divrhn!t

Cnpy

= 9 Ghns.tp,,)ln —d]

)

= COth _d”iI#I(Q)

for n large and for some constant ¢y > 0 independent of n, where we used the facts that

((Dhn,z, (Dl ) ns = )2 oﬂ) A3
(14 |Dhyy))2

(Dhn,. |Dhn,t|2>(hn3,t —d)* n) I
(14 |Dhns))?
—C|\W(E(un, )+ Hyy = WalLo,, )lhn—d|?

(W(E(up,,)) + H;;/f” —Wq) Divr,, | (

hn.t

z¢olln—dII;

H)} © =2 H} Q)

, Dhy s, |Dhpt|?)(hps —d)?
[ [pivn,, (e DO =0 o) s < il ez~ g,
Thp.s ’ (1 +[Dhn,|)2 f
and that 1, — d in C2P(Q).
Since
. Dhy, P
Wy(d +t(hy—d)) =t? | |Div—ter| dx =: f,(2),
ol N1+ Dhyl?

in order to conclude it is enough to show that f,/() > 0 for all 7 € (0, 1). Set

Dhy(x) 2
A%
V1412 Dhy(x)|?

gn(x’t) = ‘D
so that
-2
e = Q[p(p DeP=2g2 + pieP~ 1gn2 drgn+L1?((5- ) (8tgn) +gn 8ttgn)] dx. (4-31)

On the other hand, observe that

| Ahy|? 4 |D2h,[Dh,, Dhy]|? ) D?hy,[Dhy,, Dhy)Ahy,
1+¢2|Dhy|? (1+1t2|Dhy|?)3 (1+12|Dhy|?)?

8n =
so that, for n large,
gn = 3|Ahy|? = C|D*hy|*| Dhy|*  and  [0,gn| + 101:8n| < C|D*hy|*| Dhal?.

We then deduce from (4-31) that there exist Cy, C; > 0 independent of n and ¢ € (0, 1) such that

10 = Co /Q | Ahn|? dx — Cy | Dhall2, fQ D2y dx.
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Since || Dhylloo — 0, by Lemma A.3 we conclude that the right-hand side in the above inequality is
nonnegative for n large, thus concluding the proof of the proposition. O

Finally, we prove the main result of this section, namely, the asymptotic stability of the flat configuration
(see Definition 4.10).

Theorem 4.14. Under the assumptions of Theorem 4.8, (d, ug) is asymptotically stable.

Proof. By Proposition 4.13 there exists ¢ > 0 such that, if / is a critical profile with |Q2;]| = |24 and
A — d“WZ,p(Q) <o, then 1 = d. In view of Theorem 4.1 we may take o so small that
#

F(d,ug) < F(k,uy) forall (k,uy)e X with 0 < |k _d”WZ.p(Q) <ao. (4-32)
#

Since (d, u4) is Liapunov stable by Theorem 4.8, for every fixed (g, uo) € X with [Q,| = |Q4] and
||h0 - d“WZ,P(Q) E 6(0), we haVe
#

1h(-.t) =dll 2oy =0 forall £>0. (4-33)
Here §(o) is the number given in Definition 4.6. We claim that
F(h(-,t),up(-,t)) — F(d,ug) ast— +oo. (4-34)

By Proposition 4.11 there exists a sequence {z,} C (0, +00) \ Z such that t, — +o00 and {/(-,t,)}
converges to a critical profile in W#2’p (Q), where Zj is the set in (3-54). In view of the choice of o and
by (4-33), we conclude that A(-, 1,) — d in W27 (Q).

In particular, F(h(-,ty), up(. 1,)) = F(d,ug). Then, by (3-54), F(h(-,t),up(-,t)) — F(d,ug)
ast — 400, t & Zy. On the other hand, for ¢ € Zy we have that F(h(-,t),up(-,2)) < F(h(-, 1), up(-, 1))
forall t < ¢, T € Zg, by (3-55). Therefore,

limsup F(h(-,t),up(-,1)) < F(d,ug).
t—>4oo,teZy
Recalling (4-32), we finally obtain (4-34). In turn, reasoning as in the proof of Theorem 4.7 (see (4-17)),
it follows from (4-32) and (4-33) that, for every sequence {s,} C (0, +00) with s, — +00, there exists a
subsequence such that {4 (-, s,)} converges to d in W#z’p(Q). This implies that 2(-,¢) — d in W#Z’p(Q)
as t — +o00 and concludes the proof. |

4C. The two-dimensional case. Asremarked in the introduction, the arguments presented in the previous
subsections apply to the two-dimensional version of (3-1), with p = 2, studied in [Fonseca et al. 2012],
with

V = (o6 + 9k + W(EW) ~e(koo + 3K%)) 5, (4-35)

Here V' denotes the outer normal velocity of I'y(. 5, k is its curvature, W(E(u)) is the trace of
W(E (u(~,t))) on I'p(. s, with u(-,7) the elastic equilibrium in (. ;) under the conditions that
Du(-, y) is b-periodic and u(x, 0) = eg(x, 0) for some ey > 0; and (- ), stands for tangential differenti-
ation along I'y(. ). The constant e > 0 measures the lattice mismatch between the elastic film and the
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(rigid) substrate. Moreover, g : [0, 2] — (0, +00) is defined as
g(0) = Y (cosB,sinh) (4-36)

and is evaluated at arg(v(-,?)), where v(-,) is the outer normal to I',(. ;). The underlying energy
functional is then given by

F(h,u) = A W(E(u))dz+/ (Y (v) + Lek?) doe’.
h Ty

In the two-dimensional framework, given b > 0 we search for b-periodic solutions to (4-35). A local-in-
time b-periodic weak solution to (4-35) is a function 1 € H'(0, Ty; H#_1 (0,5)) N L°°(0, Ty; H#2 (0,0))
such that:

(i) (266 + &)k + W(EW)) —e(koo + 5k*) € L*(0, To; H} (0, b)),
(ii) for almost every ¢ € [0, Tp],

oh . _

= J((g00 + 9k + Q(E)) — e(koo + 3K°)),, in Hy '(0,b).

Given (hg, ug) with /g € H#2 (0,b), hog > 0, and ug the corresponding elastic equilibrium, local-in-time
existence of a unique weak solution with initial datum (/1q, u¢) has been established in [Fonseca et al.
2012]. The Liapunov and asymptotic stability analysis of the flat configuration established in Sections 4A
and 4B extends to the two-dimensional case, where, in addition, the range of those d under which (4-10)
holds can be analytically determined for isotropic elastic energies of the form

W(€) 1= ulg|® + gA(trace §)*.

In the above formula, the Lamé coefficients |1 and A are chosen to satisfy the ellipticity conditions p > 0
and 4+ A > 0; see [Fusco and Morini 2012; Bonacini 2013a]. The stability range of the flat configuration
depends on , A, and the mismatch constant e appearing in the Dirichlet condition u(x, 0) = eg(x, 0).
For the reader’s convenience, we recall the results. Consider the Grinfeld function K defined by

K(y) := max lJ(ny), y >0, (4-37)
neN n

where
¥+ (3—4vp) sinh y cosh y

J(y) = ;
4(1—vp)2 + y2 + (3 —4v,)sinh? y

and v, is the Poisson modulus of the elastic material, i.e.,

A
Vp im —/——.
P2+ )

It turns out that K is strictly increasing and continuous, K(y) < Cy, and lim,_, ; oo K(y) = 1 for some

(4-38)

positive constant C. We also set, as in the previous subsections,

G(h, u) ::/Q W(E(u))der/F U(v)d¥!.



MOTION OF THREE-DIMENSIONAL FILMS BY ANISOTROPIC SURFACE DIFFUSION 417

Combining [Fusco and Morini 2012, Theorem 2.9] and [Bonacini 2013a, Theorem 2.8] with the results
of the previous subsection, we obtain the two-dimensional asymptotic stability of the flat configuration.

Theorem 4.15. Assume 8%1 ¥(0,1) > 0 and define
T +1)93,v(0, b
4 efu(u+r)
Let dioc : (0, +00) — (0, +00] be defined as dioc(b) := +00 if 0 < b < B, and as the solution to

21 dyoc (D) _ B
K(T) =5 (4-39)

otherwise. Then the second variation of G at (d, ug) is positive definite, i.e.,
b
*G(d, ug)p] >0 forall ¢ € H}(0,b)\ {0} with / pdx =0,
0

if and only if 0 < d < dioc(b). In particular, for all d € (0, dioc (b)) the flat configuration (d,uyg) is
asymptotically stable.
Appendix

Al. Regularity results. In this subsection we collect a few regularity results that have been used in the
previous sections. We start with the following elliptic estimate, whose proof is essentially contained in
[Fonseca et al. 2012, Lemma 6.10].

Lemma A.1. Let M > 0, c¢o > 0. Let hy, hy € C#l’a(Q) for some a € (0, 1), with ”hi”cl,tx(Q) =M
#

and h;y = co, =i = 1,2, and let uy and uy be the corresponding elastic equilibria in Qp,, and Qp,,

respectively. Then,

”E(Ll](,h]())) _E(MZ(’ :h2(')))HC#1,‘¥(Q) = CHhI _h2||C#1’°‘(Q) (A-1)
for some constant C > 0 depending only on M , cg, and «.

The following lemma is probably well known to the experts, however for the reader’s convenience we
provide a proof.

Lemma A.2. Let p>2,u € Lo (Q) such that
/ uAchpdx+/ b-D(p-i—/ cpdx =0 forall ¢ € C°(Q) with / pdx =0,
o 0 o o

where A € W#l’p(Q; M2X2) satisfies standard uniform ellipticity conditions (see (A-6)), b € L1(Q; R?),

sym
and c € L'(Q). Thenu € L4(Q) forall g € (1,2). Moreover, ifb,uDivA e L"(Q;R?) and c € L™ (Q)
for some r > 1, thenu € W#l’r(Q).
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Proof. We only prove the first assertion, since the other one can be proven using similar arguments.
Denote by A, ug, b, and ¢, the standard mollifications of A, u, b, and ¢, and let v € C°(Q) be the
unique solution to the problem

{fQ(AEDvg+u8DiVA8—b5)~D(pdx—chggodx=O for all ¢ € C}(Q), fQ<pdx=0,
Jovedx = [qudx.

Denoting by G, the Green’s function associated with the elliptic operator
—Div(A4:Du)

it is known [Dong and Kim 2009, Equation (3.66); Griiter and Widman 1982, Equation (1.6)] that for all
g €[1,2) and for all x € Q we have

1Dy Ge(x.-)Laco) = C.

with C depending only on the ellipticity constants and ¢ and not on &. Since
Ve (x) :/Q Ge(x, y)[—Div(ue Div Ag—be)+ce|dy = /Q[(”s Div Ag—be) Dy Ge(x, y)+Ge(X, y)ce] dy,

it follows by standard properties of convolution that for all ¢ € (1, 2) there exists C > 0, depending only
on ¢ and the L'-norms of u, Div A, bg, ce, and hence on the L!-norms of b, ¢, the LP/(P=1 norm of
u, and the W12 norm of A, such that ||v|| ra(@) = C for ¢ sufficiently small. Thus, we may assume (up
to subsequences) that v, — v weakly in LZ(Q), where v solves

/vAD2<pdx+/(vDiVA—uDiVA—i—b)-D(pdx—I—/ codx =0 (A-2)
0 0 )

for all ¢ € C#(Q) with Jo ® dx =0, and satisfies

/vdxz/ udx. (A-3)
o 0o

Since by assumption u solves the problem (A-2)—(A-3), it is enough to show that the problem admits a
unique solution. Let v; and v, be two solutions and set w := v, — vy. Then, we have

f wADz(pdx+/ wDivA-Dgdx =0 (A-4)
0 0

for all ¢ € C#Z(Q) with fQ pdx =0.Let g € C#1 (Q) with fQ g dx = 0 and denote by ¢, the unique
solution in W#I’Z(Q) to the equation Div(A[Dg,]) = g such that |, 0% dx = 0. By a standard elliptic
regularity argument and using the fact that A € W#l’[J (0; ngﬁf) for p > 2 it follows that ¢, € W#Z’Z(Q).
Therefore, setting f := g —Div A- Dgg, we have that AD?@, = f and that f € L5(Q) forall s € (1, p).
Thus, we may apply Lemma A.3 to get that ¢g € W#Z’S(Q) for all s € (1, p). In turn, this implies that
J € LP(Q) and Lemma A.3 again yields that g € W#z’p (Q). Therefore ¢g is an admissible test function
for equation (A-4) and thus we deduce that |, o W8 dx =0forall g € C#1 (Q) with |, 08 dx = 0. This

implies that w is constant and, in turn, w = 0 since |, owdx =0. O
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In the next lemma we denote by Lu an elliptic operator of the form

Lu —Za,](x)DUu—i—Zb (x)Diu, (A-5)

ij

where all the coefficients are Q-periodic functions, the @;; are continuous, and the b; are bounded.
Moreover, there exist A, A > 0 such that

AP =Y aij(0)&& = Mg)* forall £ e R, Zw | <A. (A-6)

ij
Lemma A.3. Let p > 2. Then, there exists C > 0 such that for all u € W#z’p(Q) we have
1D ullLr(g) < ClILullLr(g),

where L is the differential operator defined in (A-5). The constant C depends only on p, A, A and the
moduli of continuity of the coefficients aj;.

Proof. We argue by contradiction, assuming that there exists a sequence {u} C W#z’p (Q), a modulus of

continuity w, and a sequence of operators {L} as in (A-5), with periodic coefficients af’j , bh satisfying
(A-6) and
jal; (x1) —al; (x2)| < 0(|x1 — x2])
for all xq, x5 € Q, such that
ID*upllLecg) = kIl LnunllLrco)-
By homogeneity we may assume that
| D*upllLrgy =1 forall heN. (A-7)

Recall that, by periodicity,

/ Duy dx = 0.

Moreover, by adding a constant if needed, we may also assume that /, o Uh dx = 0. Therefore, by
Poincaré’s inequality and up to a subsequence, uj — u weakly in W *Z(Q). Moreover, we may also
assume that there exist a;; and b; satistying (A-6) such that

aflj — a;j uniformly in Q and bf’ X b;  weakly* in L*°(Q).

Since || Lpup| L (@) — 0, we have that u is a periodic function satisfying Lu = 0, where L is the operator
associated with the coefficients a;; and b;. Thus, by the maximum principle [Gilbarg and Trudinger
1983, Theorem 9.6] u is constant, and thus u = 0. On the other hand, by elliptic regularity (see [ibid.,
Theorem 9.11]) there exists a constant C > 0 depending on p, A, A, and w such that

ID*upllLrco) < Clllunllw ooy + | LuttnllLr0))-

Since the right-hand side vanishes, we reach a contradiction to (A-7). O
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A2. Interpolation results.

Theorem A.4. Let Q C R” be a bounded open set satisfying the cone condition. Let 1 < p < oo and
J, m be two integers such that 0 < j <m and m > 1. Then there exists C > 0 such that

; L . imd
ID7 fller @) = CUD™ FII s @)l /by + 1/ e @) (A-8)

forall f € W"™P(Q). Moreover, if Q is a cube, f € W#m’p () and, if either f vanishes at the boundary
or [q [ dx =0, then (A-8) holds in the stronger form

m—j

. i m—j
ID? fllLr@) = CID™ [l @ f L5 q)- (A-9)

Proof. Inequality (A-8) follows by combining inequalities (1) and (3) in [Adams and Fournier 2003,
Theorem 5.2]. If € is a cube, f is periodic and, if either f vanishes at the boundary or [, f dx =0,
then inequality (A-9) follows by observing that

I/ lwmr@) < CIID™ fllLr (@)
as a straightforward application of the Poincaré inequality. O

The next interpolation result is obtained by combining [Adams and Fournier 2003, Theorem 5.8]
with (A-8).

Theorem A.5. Let 2 C R" be a bounded open set satisfying the cone condition. If mp > n, let
I1<p=<g=ooiifmp=mn,letl <p=<qg<oo,ifmp<mn,letl <p=<gqg=<np/(n—mp). Then
there exists C > 0 such that

1A lzay < CAD™ F18 py I /1 Ly + 1/ o (@) (A-10)

forall | € W™P(Q), where 0 := n/(mp) —n/(mq). Moreover, if Q is a cube, | € W,""P(Q) and, if
either f vanishes at the boundary or [ f dx =0, then (A-10) holds in the stronger form

1/ lza@y < CID™ £ e I/ 15500 (A-11)

Combining Theorems A.4 and A.5, and arguing as in the proof of [Fonseca et al. 2012, Theorem 6.4],
we have the following theorem:

Theorem A.6. Let 2 C R” be a bounded open set satisfying the cone condition. Let s, j, and m be
integers such that 0 <s < j <m. Let | < p<g<ooif(m—j)p>=n,andletl < p <qg=<ooif
(m — j)p > n. Then, there exists C > 0 such that

1D fllzagy < CUAD™ F118 0|1 D° fll 55ay + 1D° fllr @) (A-12)

forall f € W™P(Q), where




MOTION OF THREE-DIMENSIONAL FILMS BY ANISOTROPIC SURFACE DIFFUSION 421

Moreover, if Q is a cube, [ € W#m’p(Q) and, if either f vanishes at the boundary or fQ fdx =0, then
(A-12) holds in the stronger form

ID7 fllay < CID™ f11S 0y I D* £ N [ric)- (A-13)
Finally, we conclude with an interpolation estimate involving the H~!-norm; see Remark 3.3.

Lemma A.7. There exists C > 0 such that, for all [ € H#1 (Q) with fQ fdx =0, we have

1 1
171220 = CUDS 21/ 11 g

Similarly, there exists C > 0 such that, for all f € H#Z(Q) with fQ fdx =0, we have

1 2
17120 = CID2 F a1 110
Proof. Let w be the unique Q-periodic solution to

—Aw= f in Q,
{widx=0.

Combining Lemma A.3 with (A-9) we obtain
1 1
_ 2 3,12 2
1/ 220y = 1AwllL2(0) = ClID wliL2(0) = CIID W15 o) IPWIIE2

1 1 1 1
< CIADW)I ) 1PN 729y = CIDS W21 1740y

The second inequality of the statement is proven similarly. O
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EXPONENTIAL CONVERGENCE TO EQUILIBRIUM
IN A COUPLED GRADIENT FLOW SYSTEM MODELING CHEMOTAXIS

JONATHAN ZINSL AND DANIEL MATTHES

We study a system of two coupled nonlinear parabolic equations. It constitutes a variant of the Keller—
Segel model for chemotaxis; i.e., it models the behavior of a population of bacteria that interact by means
of a signaling substance. We assume an external confinement for the bacteria and a nonlinear dependency
of the chemotactic drift on the signaling substance concentration.

We perform an analysis of existence and long-time behavior of solutions based on the underlying
gradient flow structure of the system. The result is that, for a wide class of initial conditions, weak
solutions exist globally in time and converge exponentially fast to the unique stationary state under
suitable assumptions on the convexity of the confinement and the strength of the coupling.

1. Introduction

1A. The equations and their variational structure. This paper is concerned with existence and long-time
behavior of weak nonnegative solutions to the initial value problem

du(t, x) =div(u(t, x)D[u(t, x) + W(x) + ep (v(t, x))1), (1)
9, v(t, x) = Av(t, x) —kv(t, x) —eu(t, x)¢'(v(t, x)), )
u(0, x) =up(x) =0, v(0, x) = vo(x) > 0, (3)

where the sought functions # and v are defined for (¢, x) € [0, c0) X R3. Below, we comment in detail on
the origin of (1)—(2) from mathematical biology. In brief, u is the spatial density of bacteria that interact
with each other by means of a signaling substance of local concentration v.

In (1)-(2), ¢ and «k are given positive constants; we are mainly concerned with the case where the
coupling strength ¢ is sufficiently small. Strict positivity of « is essential for our approach, as explained
below. The response function ¢ € C2([0, 00)) is assumed to be convex and strictly decreasing, with

0<—¢'(w)<—¢'(0) <oo, 0<¢"(w)<@’ <oo forallw>0 )

This research was supported by the German Research Foundation (DFG) Collaborative Research Center SFB-TR 109.
MSC2010: primary 35K45; secondary 35A15, 35B40, 35D30, 35Q92.
Keywords: gradient flow, Wasserstein metric, chemotaxis.
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for an appropriate constant ¢” > 0, the paradigmatic examples being

¢(w) =—w (classical Keller—Segel model), ®))

¢(w) = —log(l +w) (weak saturation effect), (6)

o(w) =— (strong saturation effect). (7)
1+w

The external potential W € C*(R?) is assumed to grow quadratically: it has globally bounded second-order
partial derivatives and is uniformly convex with a constant Ay > 0, that is,

D’W (x) > Aol forall x € R® in the sense of symmetric matrices. (8)

Without loss of generality, we may assume that W > 0.
Equations (1)—(2) possess a variational structure. Formally, they can be written as a gradient flow of
the entropy functional

Hu, v) = / (3u +uW + $Dv]* + Jkv* + cug (v)) dx
R3

with respect to a metric dist, defined on the space X := Py (R3) x Li (R3) by

dist((u1, v1), (u2, 12)) := \/sz(ul, u2) + v =2l 7o sy for (i, vp), (ua, v2) € X. 9)

Here W, is the L-Wasserstein metric on the space P»(R>) of probability measures on R? with finite
second moment; see Section 2A for the definition. This gradient flow structure is at the basis of our
proof for global existence of weak solutions to (1)—(3), and it is also the key element for our analysis of
long-time behavior. We remark that, even with this variational structure at hand, the analysis is far from
trivial since ¥ is not convex along geodesics. Therefore, the established general theory on A-contractive
gradient flows in metric spaces [Ambrosio et al. 2008] is not directly applicable.

1B. Statement of the main results. In the first part of this work, we show that a weak solution to
(1)—~(2) can be obtained by means of the time-discrete implicit Euler approximation (also known as
minimizing movement or the JKO scheme). More precisely, for each sufficiently small time step T > 0, let
(u?, v?) := (uo, Vo), and then define inductively for each n € N

1
W, v") e argmin (- dist((u, v), @™, v ) + 9w, v)). (10)
(u,v)€PH(R3)x L2(R3) \ 4T

We will prove in Section 4A that this construction is well defined, i.e., that a minimizer exists for every
n € N. Further, introduce the piecewise-constant interpolation (i, v;) : Ry — P> (R?) x L?(R3) by

u(ty=up, v (t)=v; forallte((n—1)7,ntl. (1D)
Our existence result— which does not require a small coupling strength ¢ — reads as follows.

Theorem 1.1 (existence of weak solutions to (1)—(2)). Let k > 0 and & > 0 be given, and assume that the
response function ¢ satisfies (4) and that the convex confinement potential W grows quadratically.
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Let further initial conditions uy € P>(R*) N L*(R3) and vy € WH2(R?) be given, with vy > 0, and
define for each T > 0 a function (u, v;) by means of the scheme (10) and (11). Then there is a sequence
(ti)keN with T | O such that (u, vy, ) converges to a weak solution (u, v) : [0, 00) x R3 — [0, 00]? of
(1)—(Q3) in the following sense:

ug (t) = u(t) narrowlyin QP(R3), pointwise with respecttot € [0, T],
v, (1) > v(t) in LZ(R3), uniformly with respect to t € [0, T,
u e C'2([0, T1, P2(R%) N L¥((0, T], LA®) N L(0, T, W (RY)),
ve CV2([0, T], LAR*) NLX([0, T, WH(®R)) N L2([0, T], W2 ®D) N W2((0, T], L*(R*)

forall T > 0, and (u, v) satisfies

du =divuD[u + W +e¢p(v)]) in the sense of distributions, (12)
v =Av—kv—cud’ (v) a.e. in (0, +00) x R3, (13)
u(0) = uy, v(0) = vp. (14)

The convergence of (u,,, vy, ) is actually much stronger; see Proposition 4.7 for details.
The key a priori estimate yielding sufficient compactness of (u., v;) follows from a dissipation estimate,
which formally amounts to

_4a LDy 4 Ley? 1 2 Cen)?
(ulogu+ 5|Dv|* + 5xv°) dx > (IDul? 4+ (Av — kv)?) dx
dr R3 2 R3 2 )
- C(||u||L2(R3) + ”v”Wl.Z(RS) + ||AW||L°°(R3))

Related existence results have been proved recently for similar systems of equations, using essentially the
same technique, in [Laurencot and Matioc 2013; Blanchet and Laurencot 2013; Zinsl 2014; Blanchet
et al. 2014]. Therefore, we keep the technical details to a minimum. Note that our method of proof yields
neither contractivity of the flow nor uniqueness of weak solutions due to the lack of convexity of the
entropy functional.

Our main result is the following on the long-time behavior of solutions:

Theorem 1.2 (exponential convergence to equilibrium). Let «, ¢ and W be as in Theorem 1.1 above. Then
there are constants € > 0, L > 0 and C > 0 such that, for every ¢ € (0, &) and with A, := min(k, Ag) — Le,
the following is true.

Let initial conditions uy € P»(R3) N L2(R?) and vy € W2(R3) be given, with vy > 0, and assume
in addition that vy € L% (R3). Let further (u, v) be a weak solution to (1)—(3) obtained as a limit
of the scheme (10) and (11). Then (u, v) converges to the unique nonnegative stationary solution
(oo, Vo) € (P2 N LY(RY) x WHZ(R3) of (1)-(2) exponentially fast with rate A, in the sense

Wau(r, -), o) + lu(t, ) — ool 123y + 10, ) — Voollwi2ws)
< C(1+ llvoll zorsms) ) (F(uo, vo) — H(Uoo, Voo) + De ™" forallt > 0. (15)
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We give a brief and formal indication of the main idea for the proof of Theorem 1.2. First, we
decompose the entropy in the form

H(u, v) — H(too, Voo) = Ly () + Ly (v) + Ly (u, v), (16)
where

Pulu) = f (L —u20) + [W + £ (o) 1t — 1)) dix,
IR3
Ly (v) :=/ F(D(W = voo) [* + K (v — Vo)) dx,
R3
Fiu, v) 1= /I; (”[¢(U) — ¢ (Voo)] — Uoo® (Voo) [V — Uoo]) dx.

There, &, and ¥, are A.-convex and k-convex functionals — with A, = Lg — Ce > 0—1in (P,, W5) and
in L2, respectively, which are minimized by the stationary solution (i, Vso); the functional &, has
no useful convexity properties. On a very formal level — pretending that £, &, and £, are smooth
functionals on Euclidean spaces and denoting their “gradients” by V,, and V, — the dissipation of the
principal entropy &, + £, amounts to

d
_E(igu +$v) = vu‘gu ' Vu%+ vav : Vv%
= IVuul? + 1 Vo Lol? + Vi Lu - Vuls + £V, Ly - Vo L
> (L= oIVuZull® + 1 =) IVoLol® = 3e(IVuLul® + IV Lal®. (A7)

By convexity of &, and &,, one has the inequalities
IVeLul® 2 208 [IVoLol® = 2,

and so we are almost in the situation to apply the Gronwall estimate to (17) and conclude convergence
to equilibrium with an exponential rate of min(A,, k) > 0. However, it remains to estimate the terms
involving the “gradients” of &£,. This is relatively straightforward if the entropy 7 (u, v) is sufficiently
close to its minimal value # (1o, Voo) but is rather difficult for (u, v) far from equilibrium. Moreover,
rigorous estimates have to be carried out on the time-discrete level (with subsequent passage to continuous
time) since our notion of solution is too weak to carry out the respective estimates in continuous time.

In the language of gradient flows, our results can be interpreted as follows. For ¢ = 0, the functional
is Ag-convex along geodesics in (X, dist) with Ag = min(Ag, k) > 0. Consequently, there is an associated
Ap-contractive gradient flow defined on all of X that satisfies (1)—(2), and in particular, all solutions
converge with the exponential rate Ag to the unique equilibrium. For every ¢ > 0, the convexity of ¥ is
lost; see [Zinsl 2014] for a discussion of (non)convexity in a similar situation. By Theorem 1.1, Equations
(1)—(2) still define a continuous flow on the proper domain of ¥, which is X N (L?(R3) x W12(R3)).
Further, we show that, on the (almost exhaustive) subset of those (i, v) with v € L5 (R3), this flow still
converges to an equilibrium with an exponential rate A, > Ag — Le > 0 (Theorem 1.2) for all ¢ > 0
sufficiently small.
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From this point of view, our result is perturbative: the uncoupled system (¢ = 0) exhibiting a strictly
contractive flow is perturbed in such a way that the perturbed system (e > 0) still yields exponential
convergence towards the unique equilibrium — with a slightly slower convergence rate than in the
unperturbed case. For this approach to work, we obviously need to require ¥ > 0 and A9 > 0. On the
other hand, this theorem is stronger than a usual perturbation result: the crucial point is that we do not
require the initial condition (ug, vy) to be close to equilibrium, apart from the rather harmless additional
hypothesis that vy € L% (R?), which could be weakened further with additional technical effort.

Our result on global existence of weak solutions (Theorem 1.1), however, can be generalized to the
case of k = 0 and no convexity assumption on the confinement potential (see, e.g., [Zinsl 2014]). Further
generalization of Theorem 1.1 to the case of nonlinear, but nonquadratic, diffusion can be achieved
with similar techniques as in [Zinsl 2014]. However, in our analysis of the long-time behavior, the right
entropy dissipation estimates are not at hand to the best of our knowledge when dealing with nonquadratic
diffusion. To keep technicalities to a minimum, we consider the quadratic case throughout this work.

We expect that similar results can be proved for system (1)—(2) on a bounded domain Q C R?, even with
vanishing confinement W = 0. The role of the confinement will then be played by Poincaré’s inequality.
Our setup with a convex confinement on R? fits much more naturally into the variational framework.

1C. Modeling background. The system of equations (1)—(2) is a variant of the so-called Keller—Segel
model for chemotaxis describing the time-dependent distribution of biological cells or microorganisms in
response to gradients of chemical substances (chemotaxis). The original model — corresponding to the
linear response function from (5) — has been developed by Keller and Segel [1970] to describe slime mold
aggregation. However, chemotactic processes occur in many (and highly different) biological systems;
for the biological details, we refer to the book by Eisenbach [Eisenbach 2004]. For example, many
bacteria like Escherichia coli possess flagella driven by small motors that respond to gradients of signaling
molecules in the environment. Chemotaxis also plays an important role in embryonal development, e.g.,
in the development of blood vessels (angiogenesis), which is also a crucial step in tumor growth. Starting
from the basic Keller—Segel model, many different model extensions are conceivable. A broad range of
those is summarized in the review articles by Hillen and Painter [2009] and Horstmann [2003]. Details
on the modeling aspects can be found, e.g., in the books by Murray [2003] and Perthame [2007].

In the model (1)—(2) under consideration here, u is the time-dependent spatial density of the cells and
v is the time-dependent concentration of the signaling substance. Equation (1) describes the temporal
change in cell density due to the directed drift of cells towards regions with a higher concentration of the
substance and due to undirected diffusion. Equation (2) models the degradation of the signaling substance
as well as its production by the cells. Two special aspects are included in this particular model: nonlinear
diffusion, i.e., the use of a nonconstant, u-dependent mobility coefficient for the diffusive motion of
the bacteria, and signal-dependent chemotactic sensitivity, i.e., the use of the—in general nonlinear —
response ¢ (v) instead of the concentration v itself. For the first, we refer to [Hillen and Painter 2009] and
the references therein for biological motivation. The second is motivated by the fact that the conversion
of an external signal into a reaction of the considered microorganism (signal transduction) often occurs
by binding and dissociation of molecules to certain receptors. The movement of the cell is then caused
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by gradients in the number of receptors occupied by signaling molecules rather than by concentration
gradients of signaling molecules themselves. For growing concentrations, the number of bound receptors
can exhibit a saturation such that the gradient vanishes. In [Hillen and Painter 2009; Segel 1977; Lapidus
and Schiller 1976], this was incorporated into the model by the chemotactic sensitivity function

1
(1+v)2’

which fits into our model with the response function ¢ defined in (7). Finally, an external background

¢'(v) =

potential W is included in order to generate a spatial confinement of the bacterial population.

For the dynamics of the signaling substance, we assume linear diffusion according to Fick’s laws and
degradation with a constant, exponential rate «. The nonnegative term —eu¢’(v) models the production
of signaling substance by the microorganisms; here it is taken into account that the cells might be less
active in producing additional substance the higher its local concentration already is. This is consistent
with the models presented in [Horstmann 2003, §6]. Often, the two processes of chemotactic response
and production of the chemoattractant are modeled with different response functions. Here we require
them to be equal (or scalar multiples of each other) to ensure that the system has a gradient flow structure.

By definition, # and v are density/concentration functions and thus should be nonnegative. Note that it
is part of our results that, for given nonnegative initial data (of sufficient regularity), there exists a weak
solution that is nonnegative for all times # > 0. On a formal level, nonnegativity is an easy consequence
of the particular structure of the system (1)—(2).

1D. Relation to the existing literature. The rapidly growing mathematical literature about the Keller—
Segel model and its manifold variants is devoted primarily to the dichotomy global existence versus
finite-time blow-up of (weak, possibly measure-valued) solutions, but the long-time behavior of global
solutions has been intensively investigated as well.

Global existence and blow-up in the classical parabolic-parabolic Keller—Segel model, which is (1)-(2)
with ¢ (v) = —v, W = 0 and linear diffusion, has been thoroughly studied by Calvez and Corrias [2008]
in space dimension d = 2 and by Corrias and Perthame [2008] in higher space dimensions d > 2; see
also [Biler et al. 2011; Kozono and Sugiyama 2009; Mizoguchi 2013; Nagai et al. 2003; Senba and
Suzuki 2006; Sugiyama and Kunii 2006; Yamada 2011]. Recently, in [Carrapatoso and Mischler 2014],
uniqueness and long-time behavior of solutions of the parabolic-parabolic Keller—Segel system was
studied by means of a perturbation of the parabolic-elliptic framework.

Variants with nonlinear diffusion and drift have been studied for instance by Sugiyama [2006; 2007].
The results from [Sugiyama 2006] already indicate that, in the model (1)—(2) under consideration, blow-up
never occurs, in accordance with Theorem 1.1.

In the aforementioned works [Corrias and Perthame 2008; Nagai et al. 2003], the intermediate
asymptotics of global solutions have been studied as well: it is proved that the cell density converges
to the self-similar solution of the heat equation at an algebraic rate, i.e., in a properly scaled frame,
the density approaches a Gaussian. See also [Di Francesco and Rosado 2008] for an extension of this
result to a model with size-exclusion. Similar asymptotic behavior has been proved in models with



CONVERGENCE TO EQUILIBRIUM 431

nonlinear, homogeneous diffusion, e.g., by Luckhaus and Sugiyama [2006; 2007]. There, the intermediate
asymptotics are that of a porous medium equation with the respective homogeneous nonlinearity; i.e., the
rescaled bacterial density converges to a Barenblatt profile. These intermediate asymptotics are — at least
morally — related to Theorem 1.2: recall that algebraic convergence to self-similarity for the unconfined
porous medium equation is comparable to exponential convergence to an equilibrium for the equation
with A-convex confinement.

The fully parabolic model (1)—(2) with a nonlinear response ¢ has not been rigorously analyzed so far,
with the following exception: in her thesis, Post [1999] proves existence and uniqueness of solutions to a
similar system with linear diffusion and vanishing confinement on a bounded domain by nonvariational
methods and obtains convergence to the (spatially homogeneous) stationary solution from compactness
arguments. Variants of the classical parabolic-parabolic or parabolic-elliptic Keller—Segel models with
a nonlinear chemotactic sensitivity coefficient have also been studied, e.g., in [Nagai and Senba 1998;
Winkler 2010].

Despite the fact that energy/entropy methods are one of the key tools for the analysis of Keller—Segel-
type systems, the use of genuine variational methods is relatively recent in that context. The variational
machinery of gradient flows in transportation metrics, originally developed by Jordan, Kinderlehrer and
Otto [Jordan et al. 1998] for the linear Fokker—Planck equation, has been applied to a variety of dynamical
systems: mainly to nonlinear diffusion [Carrillo and Toscani 2000; Otto 2001; Carrillo et al. 2006a; Agueh
2008] but also to aggregation [Carrillo et al. 2003; 2006b; 2011] and fourth-order equations [Giacomelli
and Otto 2001; Gianazza et al. 2009; Matthes et al. 2009].

For the parabolic-elliptic Keller—Segel model, which can be reduced to a single nonlocal scalar equation,
the variational framework was established by Blanchet, Calvez and Carrillo [Blanchet et al. 2008], who
represented the evolution as a gradient flow of an appropriate potential with respect to the Wasserstein
distance and constructed a numerical scheme on these grounds. Later, the gradient flow structure has
been used for a detailed analysis of the basin of attraction in the critical mass case by Blanchet, Carlen
and Carrillo [Blanchet et al. 2012] (see also, e.g., [Blanchet et al. 2009; Calvez and Carrillo 2012;
Lépez-Gémez et al. 2013]).

The parabolic-parabolic Keller—Segel model was somewhat harder to fit into the framework since the
two equations are (formally) gradient flows with respect to different metrics: Wasserstein and L2. The first
rigorous analytical result on grounds of this structure was given by Blanchet and Laurengot [2013], where
they constructed weak solutions for the system with critical exponents of nonlinear diffusion. Later their
result was generalized to other, noncritical parameter situations in [Zinsl 2014]. In the recent work by
Blanchet et al. [2014], a similar strategy was used to reprove the result in [Calvez and Corrias 2008] about
the global existence of weak solutions to the classical Keller—Segel system in two spatial dimensions.
To the best of our knowledge, our approach taken here to prove long-time asymptotics by gradient flow
techniques in a combined Wasserstein-L2-metric is novel.

1E. Plan of the paper. First, we summarize common facts and definitions on gradient flows in metric
spaces in Section 2. After that, various properties of the entropy functional are derived in Section 3.
On grounds of these properties, we construct a weak solution by means of the minimizing movement
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scheme in Section 4, proving Theorem 1.1. Existence, uniqueness and regularity of stationary solutions
are studied in Section 5, and the proof of Theorem 1.2 is completed in Section 6.

2. Preliminaries

In this section, we recall the relevant definitions and properties related to gradient flows in metric spaces
(X, d), following [Ambrosio et al. 2008]. The two metric spaces of interest here are L?*(R?) with the metric
induced by the norm and the space %,(R?) of probability measures, endowed with the L2-Wasserstein
distance W,. We also discuss the compound metric dist from (9).

2A. Spaces of probability measures and the Wasserstein distance. We denote by P (R?) the space of
probability measures on RY. By abuse of notation, we will frequently identify absolutely continuous
measures € P(R?) with their respective (Lebesgue) density functions 4 = du/dx € LL([R{d ), where
Li([Rid) for p > 1 denotes the subspace of those L”(R?) functions with nonnegative values.

A sequence (iy)uen IN P(RY) is called narrowly convergent to its limit u € P(RY) if

n—o0

lim w(x)dun(x)=f @(x) dp(x)
[R‘/ Rd

for every bounded, continuous function ¢ : RY — R. By ®,(R?), we denote the subspace of those
w € P(RY) with finite second moment

my (1) i= /R dIXIZdM(x).

P, (R?) turns into a complete metric space when endowed with the L%-Wasserstein distance W,. We do
not recall the general definition of W, here. Instead, since we are concerned with absolutely continu-
ous measures in %, (R?) only, we remark that, for probability density functions uy, us € LL([R{d), the
Wasserstein distance is given by the infimum

W%(ul,m):inf{/ |(x) — x[Pur (x) dx
Rd

t : R? — R? Borel-measurable and t#u) = uz},

where ¢ # u denotes the push-forward with respect to the map ¢. In this case, the infimum above is
attained by an optimal transport map [Villani 2003, Theorem 2.32]. Convergence in the metric space
(P2 (R, Wy) is equivalent to narrow convergence and convergence of the second moment. Further, W,
is lower semicontinuous in both components with respect to narrow convergence.

2B. Geodesic convexity and gradient flows in metric spaces. A functional 2 : X — R U {oco} defined
on the metric space (X, d) is called geodesically A-convex for some X € R if, for every wy, w; € X and
s € [0, 1], one has

A(wy) < (1 —)Awo) + sAw1) — SAs(1 — )d*(wo, wy),

where wy : [0, 1] = X, s — wy is a geodesic connecting wy and w;.
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On L?(R%), the (unique up to rescaling) geodesic from wq to w is given by linear interpolation, i.e.,
ws = (1 — s)wgy + sw;. Hence, a functional § : L>(R?) — R U {oo} of the form

Fw)= | fwx), Dw(x), D*w(x))dx
Rd

with a given continuous function f : R x RY x R¥*¢ — R is A-convex if and only if (z, p, Q)
f(z, p,0)— %kzz is (jointly) convex.

In the metric space (P, (R?), W,), geodesic A-convexity is a much more complicated concept. We
recall two important classes of A-convex functionals (see, e.g., [Ambrosio et al. 2008, Chapter 9.3; Villani
2003, Theorem 5.15]).

Theorem 2.1 (criteria for geodesic convexity in (P2(RY), W»)). The following statements are true:

(a) Let a function h € C°([0, 00)) be given, and define the functional $) on Py (RY) by H(u) :=
fRd h(u(x)) dx for u € (P, NLYRY). Ifh(0) = 0 and r — réh(r=?) is convex and nonincreasing
on (0, 00), then $) is 0-geodesically convex and lower semicontinuous in (P2 (RY), W>).

(b) Let a function W € Co%(R?) be given, and define the functional $H(jL) := fRd W (x)du(x) for all
w € Pr(RY). If W is A-convex (as a functional on the metric space RY with the Euclidean distance)
for some X\ € R, then $) is A-geodesically convex in (P2 (RY), W>).

Next, we introduce a notion of gradient flow. There are various possible characterizations. For our
purposes here, we need the following very strong one:

Definition 2.2. Let 2 : X — RU {oo} be a lower semicontinuous functional on the metric space (X, d).
A continuous semigroup S%l.) on (X, d) is called x-flow for some « € R if the evolution variational
inequality

+
%‘;—tdZ(s?‘(w), )+ gdz(s?‘(w), W) + ASX (w)) < A(TH) (18)

holds for arbitrary w and w in the domain of 2( and for all 7 > 0.

If S%[.) is a k-flow for the A-convex functional 2, then S(m_) is also a gradient flow for 2 in essentially all
possible interpretations of that notion. For the metric spaces (P2 (R?), W,) and L2(R?), it can be proved
that every lower semicontinuous and geodesically A-convex functional possesses a unique «-flow, with
k := X\ (see [Ambrosio et al. 2008, Theorem 11.1.4, Corollary 4.3.3], respectively).

In these metric spaces, A-geodesic convexity with A > 0 implies existence and uniqueness of a minimizer
Wmin of 2, for which the following holds (see, e.g., [Ambrosio et al. 2008, Lemma 2.4.8, Theorem 4.0.4]):

1 Aw) —ASHw))
— lim .
2X hl0 h

2 0, i) =< Aw) — A < (19)

Remark 2.3 (formal calculation of evolution equations associated to gradient flows). In the metric spaces
of interest here, one can explicitly write an evolution equation for the flow S%) of a sufficiently regular
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functional 2; see, e.g., [Villani 2003, §8.2]. On (P2 (R?), W5), one has

S (w) = div(S?‘(w)D(%(S?‘(w)))),
and on L?(R?), one has

it
957 (W) = = (5" ().
w
Here, 82(/8w stands for the usual first variation of the functional 2 on L2.

2C. The metric dist. It is easily verified that X := %,(R?) x Li([l@) becomes a complete metric space
when endowed with the compound metric dist defined in (9). The topology on X induced by dist is that
of the cartesian product. Moreover:

Lemma 2.4. The distance dist is weakly lower semicontinuous on X in the following sense: if (uy, Vp)neN
is a sequence in X such that u, converges to u € P>(R>) narrowly and v, converges to v € L*(R>) weakly
in L*(R3), then
dist((u, v), (u, v)) < liminfdist((u,, v,), (&, v))
n—oo
holds, for every (i, v) € X.

For our purposes, it suffices to discuss convexity and gradient flows for functionals ® : X — R U {o0}
of the separable form ®(u, v) = ®(u) + ®,(v). One immediately verifies:

Lemma 2.5. Assume that ®| and ®; are L-convex and lower semicontinuous functionals on the respective
spaces (P2 (R?), Wa) and L*(R?), and denote their respective gradient flows by Sb) and S%‘). Then
D : X - RU{oo} with ®(u, v) = @ (u) + ®,(v) is a A-convex and lower semicontinuous functional
on (X, dist), and the semigroup SED.) given by Sf’ (u,v) = (St1 (u), S,Z(v)) is a h-flow for ®.

3. Properties of the entropy functional

Recall the definition of the metric space (X, dist). We define the entropy functional # : X — R U {00} as
follows. For all (u, v) € X N (L*(R3) x WL2(R?)), set

H(u, v) ::/ (3u +uW + 5Dv]* + Jkv* + udp (v)) dx, (20)
R3
which is a finite value by our assumptions on ¢ and W. For all other (u, v) € P> (R3) x L2(R?), we set
#H(u, v) = +oo.

Proposition 3.1 (properties of the entropy functional ). The functional ¥ defined in (20) has the
following properties:

(a) There exist Cy, C1 > 0 such that
¥, v) = Col lull7ags) +m2@) + 10151253, — C1]- 1)

In particular, ¥ is bounded from below.
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(b) # is weakly lower semicontinuous in the following sense: for every sequence (u,, V;)nenN in X, where
(Un)nen converges narrowly to some u € P, (R3) and where (vy)nen converges weakly in L2(R3) to
some v € L*(R3), one has

#H(u, v) <liminf H(u,, v,).
n—oo

(¢c) For sufficiently small ¢ > 0, ¥ is A'-geodesically convex for some A" > 0 with respect to the distance

induced by the norm ||(t4, V) ||[25 12 i= \/||u||L2(R3 + ||v||L2(R3

Proof. For part (a), we observe that, due to Ag-convexity of W, one has W (x) > }Tko|x|2 — %k0|xmin|2,
where xpin € R3 is the unique minimizer of W. Moreover, with convexity of ¢, we deduce

/R U (v) dx = $(0) + ' O)luvll 1) = $ )+ C¢' O DV 2y ] i,

using that [lul| 13y = 1 and the chain of inequalities

1/3
vl oy < el ors oy 0l oy < CUDDI 2 lully e, Nl g - (22)

All in all, we arrive at
(e, v) = 3 ull}a g, + 3romau) — dolxminl + 31DVl @) + 510172 g5,
1/3
— £lp(0)] — £C1¢ () IDwl| 2 el i -

From this, the desired estimate follows by Young’s inequality.
In (b), the claimed lower semicontinuity of the integral with ¢ =0 follows from joint convexity of the map

Ry xRy xR (1,2, p) > 124+ W@)r + 11pP + 1e2?,

for every x € R3. It thus remains to prove semicontinuity of the integral of u¢(v). Let a sequence
(Un, Vn)nen With the mentioned properties be given, and assume — without loss of generality — that
#H(u,, vy) —> H < 0o. With these prerequisites at hand, we are even able to prove the continuity of the
integral of u¢ (v): it follows by (21) that (u,),en and (v,),en are bounded sequences in L*(R3) and
in Wh2(RY), respectively. Moreover, the sequence of second moments (m>(u,)),en is bounded. Hence,
(un)nen converges to u weakly in L*(R?), and (v,)nen converges to v weakly in WL2(R3) and strongly
in L?(Bg(0)), for every ball Bg(0) C R3. Recalling our assumptions (4) on ¢, we conclude that

16 (v2) — () > < ¢/ (0)*|v, — v]%,

and thus, (¢ (v,))nen converges to ¢ (v) strongly in L?*(Bg(0)). We proceed by a truncation argument.
Let therefore R > 0, and choose Bz € C®(R?) with

0<pr<1, PBr=1 onBg(0), Pr=0 onR*\ Bg(0).
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Using the triangle inequality, we see

/R3 (np (vp) —ue(v)) dx

=<

/W @ (V) (up —u)dX‘ + '/W Brun(@(vp) — ¢ (v))dx| + '/R%(l = Br)un(@(vp) —@p(v))dx|. (23)
Since u, — u weakly on L*(R?) and ¢ (v) € L*(R3), the first term in (23) converges to zero. The same
holds for the second one due to strong convergence of ¢ (v,) to ¢ (v) on L?(B»(0)) and boundedness
of [luu |l 2(w3)- The third term in (23) can be estimated using (22):

[,;{3(1 — BR)un (¢ (vn) — ¢ (v)) dx

<l (vn) — @ Wl Lo llunll Lor5 @3\ BR(0)) -

Consequently,

2/3

1/3 |x|?

< Cli¢(n) — ¢(U)||W1v2(R3)”un“L/2(R3) (/3 Fun(x) dx)
R\ Bg(0)

‘ /R = B @) — $ ) dx

_ 3
< CR™P g llwr2ms) + 16 ) 2o lunll oy, (2 1)
<2CR™*S,
Hence, for all R > 0,

lim sup <2CR™*3,

n—oo

/[R3 (un@ (vn) —ue(v)) dx

proving the claim.

Finally, to prove (c), consider a geodesic wy; = (uy, vy) With respect to the flat metric induced by
|- Il L2 z2; that is, ug = (1 — $)ug + su; and vy = (1 — s)vy + sv; for given ug, u; € (P, N L?)(R?) and
vo, v1 € WH2(R?). It then follows that
d2
37 v) = f (1= up)? + D1 = v0)* +# (v1 = vp)?

R,
+2e¢ (vy) (1 — 1) (v1 — o) + s (v5) (V1 — v)?) dx

T /
3/ (”1 ”") A, (’“ ”°> dx  with A, ::( Ioee (”5)>,
R3S \ V1 — Vo v — Vg e (vy) K

where we have used that ¢ is convex. Thus, # is A’-convex with respect to the flat distance above if
Ag > M1 for all s € [0, 1]. Recalling that 0 < —¢'(vy) < —¢’(0) by hypothesis (4), it follows from
elementary linear algebra that s2¢’(0)? < « is sufficient to find a suitable A’ > 0 with A; > A/1. O

4. Existence of weak solutions

In this section, we prove Theorem 1.1 by construction of a weak solution using the minimizing movement
scheme.



CONVERGENCE TO EQUILIBRIUM 437

4A. Time discretization. Recall the discretization scheme from (10). We introduce the step size 7 > 0
and define the associated Yosida penalization #(; of the entropy by

1
Woe(u, v | 1, 0) = o dist’ ((u, v), (i@, ) + H(u, v) (24)
T
for all (u, v), (u, v) € X. Set (u(r), v?) := (uo, vo), and define the sequence (u7, v?),cn inductively by
choosing
(", v") € argmin %€, (u, v | u? ", 770, (25)
(u,v)eX

Lemma 4.1. For every (i1, V) € X, there exists at least one minimizer (u,v) € X of #.(- | i, V) that
satisfies u € L%(R3) and v € WL2(RY).

Proof. The proof is an application of the direct methods from the calculus of variations to the functional
Hoe (- u, v).

First, observe that, on any given sublevel S of (- | u, v), both W>(u, ) and ||v]|.2gs) are uniformly
bounded. The first bound implies that also the second moment m; (1) is uniformly bounded, and thus, the
u-components in S belong to a subset of %, (R?) that is relatively compact in the narrow topology by
Prokhorov’s theorem. The other bound implies via Alaoglu’s theorem that the v-components belong to a
weakly relatively compact subset of L?(R?).

Next, recall the properties of ¥ and of dist given in Proposition 3.1 and Lemma 2.4. From these, it
follows that ¥, (- | &, v) is lower semicontinuous with respect to narrow convergence in the first and
L2-weak convergence in the second components.

Combining these properties with the fact that 3, (- | i, v) is bounded from below (e.g., by zero), the
existence of a minimizer follows. The additional regularity is a consequence of the fact that the proper
domain of ¥ is a subset of L2(R?) x W12(R3). 0O

Given the sequence (u7, v?),en, define the discrete solution (ur, v;) : [0, 00) — X as in (11) by
piecewise constant interpolation:

(e, v0)(@) =}, v]) forte((n—1r,nt]andn > 1. (26)
We start be recalling a collection of estimates on (u, v;) that follows immediately from the construction
by minimizing movements.
Proposition 4.2 (classical estimates). The following hold for T > 0:
Huy, v7) < H(ug, vo) < 00 foralln > 0, 27
o0

D (WG, wl™) + 1) = vi s g)) < 27 (F(uo, vo) — inf 36), (28)

n=1
W (it (5), ur (1)) + vz (s) — ve ()l 23y < 2[2(H (o, vo) — inf %) max(z, |t —s])]'/?
forall0<s,t<T, 29)

the infimum inf K of ¥ on X being finite.
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By the well known JKO method [Jordan et al. 1998], we derive an approximate weak formulation

satisfied by (u., v;). The idea s to choose test functions n, y € C° (R3) and perturb the minimizer (u?, v?

of the functional 7, (- | uﬁ_l, v?‘l) over an auxiliary time s > 0 as follows:

u';«/»S?”#u’;, vy~ U Sy
Here S?”) is the flow on R? generated by the gradient vector field Dy. Since the calculations are very
similar to the ones performed in [Zinsl 2014], we skip the details and directly state the result.

Lemma 4.3. For all n € N and all test functions n, y € CSO(R?’) and f € C°((0, 00)) N C ([0, 00)), the
following discrete weak formulation holds:

y(lt/t]r) = (lr/t]t +71)
T

0=/OO/ [ (2, )1 (x) — v (2, X)y (x)] dxdr+0(7)
0 JR3

+/ /w(Lt/TJT)(—%ur(t,X)zAn(X)+ur(t,X)DW(X)'Dn(X)
0 JR3
+Dv: (7, x) - Dy (x) + kv (£, x)y (x)
+eu(t, x)¢' (v (t, x))[y (x) +Dv,(, x) -Dr](x)]) dxds. (30)

Our goal for the rest of this section is to pass to the limit 7 | 0 in (30) and obtain the (time-continuous)
weak formulation (12)—(13).

4B. Regularity of the discrete solution. Since the discrete weak formulation (30) contains nonlinear
terms with respect to u; and v, further compactness estimates are needed to pass to the continuous time
limit 7 — 0. As a preparation, we state:

Lemma 4.4 (flow interchange lemma [Matthes et al. 2009, Theorem 3.2]). Let 2l be a proper, lower semi-
continuous and \-geodesically convex functional on (X, dist), which is defined on X N L*(R3) x W-2(R?)
at least. Further, assume that S%) is a A-flow for 2. Then, the following holds for every n € N:

Ay, vf) + DI, vp) + 3h dist (G, V7). Wy viTh) <A@y .

There, D*¥(w) denotes the dissipation of the entropy ¥ along S?l_), Le.,

_ 2
Dm%(w) := lim sup H(w) = H(S, (w) .
hi0 h

The necessary additional regularity is provided by the following estimate on the minimizers of ¥ :

Proposition 4.5 (additional regularity). Let (u, v), (i1, 7) € X N (L2(R?) x WL2(R3)) with (u,v) €
argmin ¥ (- | it, ). Denoting € (u) := [ ulog(u) dx and F(v) := ‘/R_g(%lDUlz + %KUZ) dx, the following
estimate holds for some constant K > 0:

2 2
”Du”LZ(R}) + ” Av — KUHLZ(RS)

1 ~ ~
= K (11 5, + 1012y NAW ey + = (6@ = 60) + FE) = Fw)). (BD)
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Proof. The method of proof used here is based on the flow interchange lemma (Lemma 4.4). The idea is
to calculate the dissipation of ¥ along the gradient flow of an auxiliary functional, namely the heat flow
and the heat flow with decay, respectively.

Therefore, we recall that the functional €(u) := fR3 ulog(u) dx is 0-geodesically convex on P5(R?)
and its gradient flow S(%.) is the heat flow satisfying

3,58 (u) = ASE(u).

Moreover, with the evolution variational inequality (18), we deduce as in [Blanchet and Laurencot
2013; Zinsl 2014] by integration over time using that € is a Lyapunov functional along S(f.)

TW3(SE@), i) — W3 (u, i) < /0 S(%(ﬂ) —&(SE(u))) do < s[ (i) —€(SE (u))]. (32)

Analogous to that, F(v) := /[R@(%lel2 + %K v?) dx is k-geodesically convex on L2(R?) and its gradient
flow Sz‘f) is given by
3,57 (v) = AST (v) — kST (v).

The application of the evolution variational inequality (18) then shows
A
31T @) = 0172 sy = 0 = Tl 2gs) < / (F(0) —F(Sy () do < s[F@) —FST@)].  (33)
0

Well known results of parabolic theory ensure that (S;‘g (n), S?(v)) e XN(LER) x WL2(R)) if (u, v) €
X N(L*(R%) x W!2(R?)). For the sake of clarity, we introduce the notation (U, V) := (S¢(u), S¥ (v))
and calculate for s > 0

d
—H(Us, Vs
35 )

= / ([Ous + W +ep(V)1AUs + [— AV +kV's + £Usd" (VOIAT — KOVS]) dx
R3

= /w (=IDU |2 = UAW — (AVs — k) — e¢/ (V)DVs - DU + WU’ (V) [AV — kV51) dx, (34)
where the last line follows by integration by parts. An application of Young’s inequality yields
/W (=D | = UG AW — (AV s — kV'5)? — e¢) (V)DVy - DU + eUsg (V) [AV5 — kV5]) dx
< /R} (—2DU > — U AW — S(AV s — kV')? + 2624/ (0)2(IDV, | + A1) dx.
Exploiting the monotonicity of the L? norm along S(f.) and of the W' norm along S?_ )» one gets
/R (3IDUE = UAW = F(AV = .V)* + 3876/ (0)(IDVs | +U)) dx

< =3 IDUs I35 g3y = 3N AV = kY572 gy + IAW | ooz + 5670 (0 (IDV 17 sy + 121172 g )-
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All in all, we have estimated the dissipation of # along S?.) and S?):

d
370U V) = =5 (DU 13+ IAYs =V l15) + Cllully + Cllv iy aggsy + 1AW lloo. (35

As a final step of the proof of Proposition 4.5, we use the minimizing property of (u, v). Clearly,
0 =< %T(Ousa OVS | ﬁ’ fj) - %T(u? v | ’27 ﬁ)

We insert (32), (33) and (35) and obtain
L[ (o, 2 ATy —kV g2 0s.) d
; 0 (” U||L2([R3) + ” o — K J”Lz(RS)) o

1 - ~
= K (112 5, 10112, + NAW Ly + (6@ = ECU) +F(@) — F(V)),

for some constant K > 0. Similar to [Blanchet and Laurengot 2013; Zinsl 2014; Blanchet 2013], passing
to the liminf as s — 0 yields (31) by lower semicontinuity of norms and continuity of the entropies €
and F along their respective gradient flows. 0

4C. Compactness estimates and passage to continuous time. The following compactness estimates in
addition to the results of Proposition 4.2 are needed to pass to the limit ¢ — 0 in the nonlinear terms of
the discrete weak formulation (30) afterwards. The method of proof is essentially the same as in [Zinsl
2014, §7]. For the sake of brevity, the details are omitted here.

Proposition 4.6 (additional a priori estimates). Let (1, v;) be the discrete solution obtained by the
minimizing movement scheme (25). Then the following hold for T > 0:

my(uy) <Cy<oo foralln <|T/t], (36)
luzll2@msy < C3 <00 foralln >0, (37
, ”v?”WLZ(R—*) <(Cs<o00 foralln=>0, (38)
itz (1) 1512, dt < Co < 00, (39)

T
| 1@y ar = €1 <0, (40)

with constants C; > 0 only depending on T and the initial condition (uo, vo).

The estimates (36)—(38) are a consequence of those in Proposition 4.2. Also employing Proposition 4.5
yields (39)—(40).

The estimates of Propositions 4.2 and 4.6 enable us to prove the existence of the continuous-time limit
of the discrete solution.

Proposition 4.7 (continuous-time limit). Let (tx)r>0 be a vanishing sequence of step sizes, i.e., T — 0
as k — oo, and let (u , vy, )i=0 be the corresponding sequence of discrete solutions obtained by the

minimizing movement scheme.
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Then there exists a subsequence (nonrelabeled) such that, for fixed t € [0, T], u, (t) converges to

a limit u(t) narrowly in P(R3) and vy, () converges to a limit v(t) strongly in L*(R%). The second
convergence is uniform with respect to t € [0, T. The limit curves satisfy u € C'2([0, T1, 22(R%)) and
veCl%(0, T, L%F(R3)). Furthermore, the following additional convergence properties hold for k — oo:
(@) uq, — uweakly in L*([0, T], W'2(R?)),

(b) vy, — v weakly in L%([0, T], W22(R3)),

(¢) ug, — u strongly in L2([0, T, LZ(Q))for all bounded domains Q C R,

(d) vy, — v strongly in L?([0, T, WI’Z(Q))for all bounded domains Q C R>.

Now, to complete the proof of Theorem 1.1, one needs to verify that the obtained limit curve (u, v)
indeed satisfies the weak formulation (12)—(13). This will be omitted here for the sake of brevity.

5. The stationary solution

In this section, we provide the characterization of a stationary state of system (1)—(2) and prove some
relevant properties.

SA. Existence and uniqueness. At first, we show existence and uniqueness of the stationary solution to
system (1)—(2).

Proposition 5.1. For each sufficiently small ¢ > 0, there exists a unique minimizer (Uoo, Voo) € X N
(WL2(R3?) x W22(R?)) of %, for which the following holds: (s, Voo) is a stationary solution to (1)—(2)
and to the Euler—Lagrange system

AVso — KVoo = Elloo® (Vo) 41)
Uoo = [Ug = W — £¢(vo0) 14, (42)

where U, € R is chosen such that |ueo | 1(r3y = 1 and [ - 1+ denotes the positive part.
Moreover, vo € CO(R?) and there exists V > 0 independent of ¢ > 0 such that lvooll Loomsy < V.

Proof. We prove that # possesses a unique minimizer (i, Vo). Let a minimizing sequence (i, Vy)neN
be given such that lim,,_, oo #(u,,, v,) =inf # > —o0. As the sequence (¥ (u,, v,)),en 1S bounded, we can,
by the same argument as in the proof of Proposition 3.1, extract a (nonrelabeled) subsequence, on which
(un)nen converges weakly in L2(R?) to some us € Li(IR3) and (v,,)nen converges weakly in Wh2(R3)
to some v € L%F(R3) NW2(R3) as n — oo. By the same argument as in the proof of Proposition 3.1(b),
(oo, Uoo) is indeed a minimizer of % and hence an element of X N (L%(R3) x W12(R3)).

Since (U0, Voo) € argmin #; (- | o, Vo) for arbitrary T > 0, Proposition 4.5 immediately yields
latoo Iy12s) + Voo 2 sy < Vo(H(ttoo, voo) + AW || oo sy + V1)

for some constants Vp, V| > 0. Because of the continuous embedding of W22(R?) into CO(R?), it follows
that ||veo || Loo(r3y < V for some V > 0.
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Uniqueness of the minimizer is, by [Villani 2003, Theorem 5.32], a consequence of A’-geodesic convex-
ity of ¥ with respect to the distance induced by || - || ;2,2 for some A’ > 0 as proved in Proposition 3.1(c).

It remains to show that there is a set of Euler-Lagrange equations characterizing (4o, Voo)-

The following variational inequality holds thanks to the minimizing property of (¢, Voo):

d+
0<—| H(uoo+sit, Voo +50)
ds [,_o

_ / (oo + W + £ (vo))i dx + / (= A + kv + Sltood (V)T dx  (43)
R3 R3

for arbitrary maps i and 9 such that u., +i > 0 on R and Jre @t dx =0.

First, we consider the second component and thus set z = 0 in (43). As there are no constraints on vee,
it is allowed to replace v by —v in (43), yielding equality and hence (41).

Second, we consider the first component and set v = 0 in (43). For arbitrary ¢ such that fR3 Ydx <1
and ¥ + s > 0 on R3, we put

Uy ::%W—%uoo/wt//dx

and observe that us, +uy >0 on R3 and f[r@ iy dx = 0 since u, has mass equal to 1. By straightforward
calculation, we obtain

05/ (oo + W + 60 (voo) — Up) ¥ dx (44)
R3
for all v as above and the constant
Uy := f (U2, + Witeo + et (Vo)) dx € R.
R3

Fix x € R3. If uoo (x) > 0, choosing v supported on a small neighborhood of x and replacing by —r
in (44) eventually yields
Uoo(X) = Ug = W(x) — £¢ (Voo (x)).
If uso(x) =0, we obtain
Us = W(x) —€¢(vo(x)) < 0.
Hence, for all x € R3,
Uoo(X) = [Us — W(X) — €0 (Voo (X)) ]+ [

5B. Properties. As a preparation to prove some crucial regularity estimates on the stationary solution
(100, Vo), several properties of solutions to the elliptic partial differential equation —Ah +«kh = f are
needed.

Therefore, we introduce for « > 0 the Yukawa potential (also called screened Coulomb or Bessel
potential) G, by

G,.(x):=

exp(—/k|x|) forall x € R*\ {0}. (45)
47| x|
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Additionally, we define for o > 0 the kernel Y, by
1
YU =—-G 1/o-
o
In subsequent parts of this work, we will need the iterates Y for k € N defined inductively by
Y .=vY,, Y=y, s YK
The relevant properties of G, and Y,, are summarized in Lemma 5.2 below. For the proof, we refer to
Appendix A.
Lemma 5.2 (Yukawa potential). The following statements hold for all k > 0,0 > 0 and k € N:
(a) Gy and Y, are the fundamental solutions to —Ah+«kh = f and —o Ah+h = f on R>, respectively.
(b) Let p > 1. If f € LP(R?), then G % f € W>P(R>) and
KNG * fllLo@wey + VK ID(G % Pl Lo sy + ID*(Gy * NMer@wsy < Coll fllLrwy (46)
for some p-dependent constant C,, > 0. (Note that this fact is not obvious as D%(G,) ¢L! (R3, R33).)
(c) Forall x € R? \ {0},
o0
Yo (x) = f H, (x)e™" dt,
0

where H, is the heat kernel on R> at time t > 0, i.e.,
H (&) =17H\(t7'%8)  with H () = (4m) > exp(—11¢]?).

Additionally, one has

o] rk—le—r

k

Yk = f H,—° (47)
0 I'(k)

Moreover, Y(’,‘ e wha (R3) foreach q € [1, %), and there are universal constants Y, such that

3
IDYA Loy < Yy(0k)™2,  where Q :=2— 2 [3.1). (48)

Now, we are in position to prove several estimates on the stationary solution.
Proposition 5.3 (estimates on the stationary solution). The following uniform estimates hold for all x € R3:

(@) Uoo(x) <Uy—eV@'(0), where Uy € R is chosen in such a way that fR3[Uo —Wlidx=1andV >0
is the constant from Proposition 5.1.

(b) |Dvso(x)| < Ce for some constant C > 0.

(c) —C'el < D?vqo(x) < C’el in the sense of symmetric matrices, for some constant C' > Q.

Proof. (a) We first prove that U, < Uy + ¢ (0), which in turn follows if

/ [Uo + 66 (0) — W — sp (o) ] dx = 1.
R3
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One has

/W[Uo +£¢9(0) =W —£¢(voo) ] dx = / [Uo—W +¢(¢(0) — ¢(veo))] dx

{Ur—W=0}

+ f [Uo— W + (@ (0) — d(vso))] dx. (49)
{0>Up—W=e(¢(voo)—¢(0))}

From ¢ (0) — ¢ (vo) > 0 and the definition of Uy, we deduce that the first term on the right-hand side
of (49) is larger than or equal to 1. The second term on the right-hand side of (49) is nonnegative because
the integrand is nonnegative on the domain of integration.

Now, if s (x) > 0 for some x € R3, we also have due to convexity of ¢

Uoo(X) < Up — W(x) — £¢(0) — ev00(x)¢'(0) < Up +£¢(0) — ¢ (0) — eV ¢'(0),

from which the desired estimate follows.

(b) Define
foiRP> R, f(x) = e[Us — W(x) — 8 (v(x)] 46 (v(x)).

Then, f, € L*®°(R?) with compact support supp(f,) C Br(0) where R > 0 can be chosen independently
of ¢ € (0, 1). Moreover, by Lemma 5.2(a), (#c0, Voo) is the solution to the integral equation

v=—(G* f)

with the Yukawa potential G, defined in (45). Since W2H(R?) is continuously embedded in C H(R3)
[Zeidler 1990, Appendix, §(45) et seq.] and f, € L*(R?), we deduce from Lemma 5.2(b) that

lvllcrmsy < Cll follLa@sys
for some constant C > 0. Hence, we obtain (b) by using (a):

IDvooll oy < Cll fon | Loy < Ce(Up — V' (0))|¢(0)]| Br(0)|'/* =: Ce.

(c) First, consider x € R3 \ Br+1(0), where R > 0 is such that supp( f,,,) C Bg(0). Smoothness of G,
on R\ {0} yields for all i, j € {1,2, 3}

10;0j Vo0 (X)| =

/ (3101, G — 1)) fus () dy‘
Br(0)

9

/ (0;0;G¢(2)) fo,(x —2)dz
x+Bg(0)

where the last equality follows by the transformation z := x — y. Obviously, we obtain the estimate

100 Voo (x)] < ||fvoo||L°°(R3)/ ;0 G (2)] dz.
R3\B1(0)

1

Since, for |z| > 1, one has (see Appendix B for the derivatives of G)

C (k) exp(—+/kz)

4 |z|

10;0;G,(2)| <

’



CONVERGENCE TO EQUILIBRIUM 445

we arrive at N
10:9jvo0 ()] = CUO Func L2 r) / exp(—+/kr)rdr,
1

the last integral obviously being finite.
Consider now the case |x| < R+ 1, and set y := (R +2)e; # x. By the triangular inequality, we have
for @ € (0, 1) that
[0; 0 Voo (X) — 0;0 Voo ()]
|x =yl
By the arguments above, f,,_ is a-Holder-continuous for some o € (0, 1) since 1, is Lipschitz-continuous

[0;0 Voo (X)| < 10;0 V00 (¥)] + lx — y|“.

and of compact support. By Lemma B.1 in Appendix B, we know that there exists C > 0 such that

[0; 9 Vool coe 3y < Clfvelcoemy-
Hence, since |x — y| < 2R + 3, one has
10; 9 Voo ()| = 19;0jvo0 (M) + C 2R + 3)*[ fu Jcoawrs)-
Combining both cases yields
10; 0 Voo (X)] < 10;0;v00 (R +2)e1)| + C2R +3)[ fo lcowms)
= Coll foso ooy + Crll fuso w0 gy
for some Cp, C; > 0 and all x € R>. Using (a) and (b), it is straightforward to conclude that there exists

C, > 0 with
D fllcomsy + 11f | m3y) < Cae.

All in all, we proved the existence of C3 > 0 such that for all x € R3 and all 4, jell,2,3}
10;0j Voo ()] < C3e.

Obviously, this estimate yields the assertion (for a different constant C’' > 0). g

6. Convergence to equilibrium

In this section, we prove Theorem 1.2. The strategy of proof is as follows. We first show that the entropy
#H(u,v) — ¥ can indeed be decomposed as in (16). Furthermore, the second component v7 of the
discrete solution admits a control estimate enabling us to prove boundedness of the auxiliary entropy
Fu(n) + £, (v) in (16) for large times. From that, we can deduce an explicit temporal bound such that
exponential decay to zero of this entropy occurs for sufficiently large times. The previous two steps
essentially comprise a rigorous version of (17) from the introduction. Finally, these estimates are converted
into the desired estimate for the continuous weak solution, completing the proof of Theorem 1.2.

Since our claim only concerns the solutions (u#, v) to (1)—(3) that are constructed as in the proof of
Theorem 1.1, i.e., by the minimizing movement scheme, we assume in the following that we are given

a family of time-discrete approximations (u7, v}),en that converge to the weak solution (u, v) in the
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sense discussed in Section 4 as t |, 0. Therefore, we may assume without loss of generality that T > 0 is
sufficiently small.

Throughout this section, we shall use the abbreviation [a]; := (1/7) log(1 4+ at), where a > 0. Note
that, for every T > 0 and an index m, € N given such that m,t > T with a fixed T > 0,

(1+ar)™™ <e T | e7¢T a5 | 0. (50)

In order to keep track of the dependencies of certain quantities on &, we are going to define several
positive numbers ¢; such that the estimates in a certain proof are uniform with respect to ¢ € (0, &;).
When we want to emphasize that a quantity is independent of ¢ € (0, £;) —and also of T and the initial
condition (ug, vg) — we call it a system constant. System constants are (in principle) expressible as a
function of Ag, k¥ and ¢ and truly universal constants. Finally, we write %o := H (U0, Vo).

6A. Decomposition of the entropy. The key element in the proof of Theorem 1.2 is the decomposition
of the entropy functional as announced in (16). Introduce the perturbed potential W, by

We(x) 1= W(x) + £ (veo (x)). (S

Recall that (10, Vo) 1S the minimizer of ¥ on X, and define
L) = /z(%(u2 —u) + We(u — Uoo)) dx,
R,
2,0 = [ 11D = v+ (0= ) .
R

LU, v) = fw (1l (v) — ¢ (Vo0)] — oo (Vo) [V — Voo ]) dix.

Finally, let £(u, v) := £, (u) + £, (v) denote the auxiliary entropy.
Lemma 6.1. The decomposition (16) holds:

Hu, v) — Hoo =L(u, v) + L4 (u, v).

Proof. By the properties of ¢ and the fact that u~, has compact support, &£, is well defined on all of X
while &, and &, are finite precisely on (%, N L?)(R?) and W2(R?), respectively. Thus, both sides in
(16) are finite on the same subset of X. Now, for every such pair (u#, v), we have on the one hand that

L) = / (30 +uW + eud (va)) dx — / (FuZo + UooW + eltoo (vo0) ) dx (52)
R3 R3
and on the other hand that
££U(v):/ (3 Dvf* + $kv?) dx—l—f (%IDUOOIQ—{—%Kvgo)dx—/ (Dv - Dvgo + k0o dx.
R3 R3 R3

Integration by parts in the last integral yields, recalling the defining equation (41) for v, that

—/ (Dv-Dvoo+vaoo)dx=/ (Avoo—xvoo)vdx=8/ Uoo® (Voo)V dx.
R3 R3 R3
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Similarly, integration by parts in the middle integral leads to

IDue 2 + b2 ) de = -2 / dx
3(2| Voo™ + szoo) =7 o Uoo® (Voo) Voo dx.
R 3

And so,

5&,(1}):/ (31Dv]? + Lev?) dx—f}(%leoo|2+%Kv§o) dx+8/3uoo¢’(voo)(v—voo)dx. (53)
R R

R3
Combining (52) and (53) with the definition of ¥, yields (16). O
We summarize some useful properties of the auxiliary entropy & in the following:

Proposition 6.2 (properties of &). There are constants K, L > 0 and some &9 > 0 such that the following
are true for every ¢ € (0, g9):

(a) W, € C2(R3) is A.-convex with A, := ,o — Le > 0.
(b) L, is he-convex in (Po(R3), Ws), and for every u € (P, N WL2)(R3), one has

1
Sl — ool 7oy < Lu(u) < — / u[D(u + W) | dx. (54)
2)"8 R3

(c) &, is k-convex in L*(R3), and for every v € W22(R3), one has
1
3010 = Voo gy < Fuv) < o f (AW = voo) = k(v = ) . (55)
K JR3

(d) Forevery (u,v) € X,
Pu,v) <1+ Ke)(H(u, v) — Hso). (56)

Proof. (a) Since W, = W + ¢ (v ), the chain rule yields
D’W, = D*W + £¢” (vo0) Dvso @ Do + £¢' (voo) D Vso.
Using our assumptions on ¢ and by Proposition 5.3, there are some L > 0 and some &g such that
9" (V50)DVoo ® DVso + ¢ (Voo)D?vee > —L1

holds uniformly with respect to ¢ € (0, £9). And thus also D?W, > A,1 with the indicated definition of A,.

(b) Since W, is A.-convex, &, is also A.-geodesically convex in W, because it is the sum of a 0-geodesically
convex functional and a A.-geodesically convex functional; see Theorem 2.1.

The Wasserstein subdifferential of £, has been calculated in [Ambrosio et al. 2008, Lemma 10.4.1].
Together with (19), this shows the second inequality in (54). For the first inequality, observe that

Qiu(u)z%/R%(u—uoo)zdx-i-/R%(W5+uoo)(u—uoo)dx.

It thus suffices to prove nonnegativity of the second integral term for all u € P (R?). First, as u and u,
have equal mass, and by the definition of u o,

O=/ (Uoo —u)dx = uoodx—/ udx,
R3 {U;—W,>0} R3
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and consequently,

/ (u—uoo)dx=—/ udx.
{Us—We>0} {Us— W, <0}

Also, by the definition of u,

/ (Wg—l—uoo)(u—uoo)dx:/ Ug(u—uoo)dx—i—/ Weu dx.
R3 {Us—We>0} {Ue— W, <0}

Combining this with (57) yields

/ Ug(u—uoo)dx—l—/ Weu dx =/ (W —Ugudx >0
{ S_WS>O} { S_WSSO} { S_WSSO}

as the integrand is nonnegative on the domain of integration.
(c) This is an immediate consequence of (19) for the L? subdifferential of &,,.
(d) Since ¢ is convex, we have

¢ (V) — P (Vo) — @' (Vo) [V — Vo] = 0,

and so we can estimate &, from below by

Lilu,v) = /Ra(u —Uoo) [P (V) — @ (Vo) dx +/ (@ () = (Vo) — ¢ (Vo) [V — v ]) dx

R3
/ 2
z-5 R}(u—uoo)zdx—@ RS(v—voo)zdx
/ 2
> —=%Ly(u) — ¢ f{o) £y(v),

using the properties (b) and (c) above. By (16), we conclude

12
(1—-K'e)L(u, v) = H(u, v) — Hoo withK/::max(1,¢(O) )

K

which clearly implies (56) for all ¢ € (0, gg), possibly after diminishing &g.

6B. Dissipation. We can now formulate the main a priori estimate for the time-discrete solution.

(57)

Proposition 6.3. Given (i, v) € X with #(u, v) < 00, let (u, v) € X be a minimizer of the functional

#. (- | u, v) introduced in (24). Then
Lu() + 1Dy (u, v) < £, (), Ly(v) + 1Dy (1, v) = £y(0),
where the dissipation terms are given by
D, w.v) = (1-3) fR ulD+ Wo) dv — 2 fR ulD($ (v) — ¢ (v i,

&

By (u, v) = (1 _ f) /W(A(v — v) — K (v = Vo)) dx =

2

/R (') — Uoo® (Voo))* dx.

(58)

(59)

(60)
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Proof. Naturally, these estimates are derived by means of the flow interchange lemma (Lemma 4.4).
For given v > 0, introduce the regularized functional £} = ¥, + vé, where

é(u) =/ ulogudx.
R3

Note that € is finite on (P, N L?)(R?); see, e.g., [Zinsl 2014, Lemma 5.3]. Moreover, £, is A.-convex
in W, by Theorem 2.1. We claim that the A.-flow associated to £ satisfies the evolution equation

35U = VAU + L AU? + div(UDW,). (61)

Since v > 0, this equation is strictly parabolic. Therefore, for every initial condition Uy € (P, N L?)(R3),
there exists a smooth and positive solution U : Ry x R3 — R such that U(s, - ) — U both in W5 and
in L>(R% as s | 0. By [Ambrosio et al. 2008, Theorem 11.2.8], the solution operator to (61) can be
identified with the A.-flow of & .

Now, let U be the smooth solution to (61) with initial condition Uy = u. By smoothness of A, the
equation (61) is satisfied in the classical sense at every time s > 0, and the following integration by parts
is justified:

—%%(ou, V) =— / [U+ W, +e(p(v) — P (voo))] diviUD U + W) + vDU] dx
R3

= / WUIDOU A+ We)|* dx + & / UD(¢p (v) — ¢ (Vo)) - DU+ W) dx
R3 R3

+v/ DU+ W 4+ ¢e¢(v)]-DUdx.
R3

The very last integral has already been estimated in the proof of Proposition 4.5 (see (34) and following).
Rewriting the middle integral by means of the elementary inequality

2ab < a® +b?, (62)

we arrive at

d € ) & )
e = (1= 5) [ aupaur worar =3 [ aupee) - ek i
— VK (U7 s, + 1011512 5))-

We pass to the limit s | 0. Recall that A converges (strongly) to its initial datum WUy = u in L*(R?),
and observe that the expressions on the right-hand side are lower semicontinuous with respect to that
convergence. In fact, this is clear except perhaps for the first integral, which however can be rewritten,
using integration by parts, in the form

2 _‘_1 3/212 1, 2 2
UDEU 4 W)= dx = DU #|* dx U AW dx + | UIVW|*dx,
R3 9 R3 R3 R3
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in which the lower semicontinuity is obvious since AW, € L>(R?). Applying now Lemma 4.4, we arrive at
€
L)+ (1—¢) f uID(u + We)l” dx — 5 / uD(¢(v) — ¢ (v0))|* dx
R R
< E@) + VK (17 g, + el y1s))-

Finally, passage to the limit v |, O yields the dissipation (59).
The dissipation (60) is easier to obtain. It is immediate that the x-flow in L2(R?) of £, satisfies the
linear parabolic evolution equation

OV = AV —v50) — k(T — va). (63)

Solutions V" to (63) exist for arbitrary initial conditions Vg € L*(R%), and they have at least the spatial
regularity of v. Hence, with Vg := v, we have, also recalling the defining equation (41) for v,

d
—a%(u, V)= /w [ACV =v00) =K (V = vo0) = (U (V) = oo’ (Vo)) |- [A(V = vo0) =k (V = vo) ] dx.

Another application of the elementary inequality (62) yields
d %( & € 2 € / / 2
——Hw, V)= (1-= [AT —voo) =k (V' —vo0)]"dx — = | (¢ (V) —uccd' (veo))” dx.
dS 2 R3 2 R3

We pass to the limit s | 0 so that % converges to v in L>(R?). The first integral is obviously lower
semicontinuous. Concerning the second integral, note that the integrand converges pointwise a.e. on R
on a subsequence and that it is pointwise a.e. bounded by the integrable function 2¢’(0)%(u? + uf,o).
Hence, we can pass to the limit using the dominated convergence theorem. Now another application of
Lemma 4.4 yields the desired result. g

We will need below two further estimates for the dissipation terms from (59)—(60).

Lemma 6.4. There is a constant 6 > 0 such that, for every € € (0, go) and every u € (P» N WH2)(R?),

||M||13(R3) 59<1+/ “lD(M+Ws)|2dX)- (64)
R3

Proof. Integrating by parts, it is easily seen that

4

— | Du?| dx +/ uDW,|? dx = f ulD(u + W,)[* dx +/ WA AW, dx.

9 R3 R3 R3 R3
By Proposition 5.3 on the regularity of u, and v, there exists a constant C such that

AW, = AW + £¢' (Vo) AVso 4 ¢ (vs0) [DVs|> < € on R

for all ¢ € (0, &1). Moreover,

1/ uzdx</ u? dx+i/ ulD(u + W,)|* dx
— o0 &
2 R3 RS )\'8 R3
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by (54). Invoking again Proposition 5.3, it follows that there exists an e-uniform constant C’ such that
DU |72 sy < €'\ 1+ | ulD(u+ W) | dx

L2(R?) B3

holds for all u € %»(R?). On the other hand, Holder’s and Sobolev’s inequalities provide

1/2 1/4 1/2
el sy < N2 g el ey < €7 IDUP 21 s
where we have used that u is of unit mass. Together, this yields (64). 0
Lemma 6.5. For every v e W>2(R%),
min(1, 26, %) [0 = voo |25 g3y < / (AW =vo0) =K (v = )" dx. (65)
R

Proof. Set U := v — v, for brevity. Integration by parts yields

(Aﬁ—/cﬁ)zdxzf (Aﬁ)zdx—ZKf ﬁAﬁdx+K2/ 2 dx
IR3 R3 R3 R3

=/ ||D2ﬁ||2dx+2/c/ |Dﬁ|2dx+/<2/ 2 dx,
R3 R3 R3

which clearly implies (65). (]

6C. Control of the v component. For our estimates below, we need some preliminaries concerning
solutions to the time-discrete heat equation. Here, we use the iterates Yé‘ defined in (47) to write a
semiexplicit representation of the components v? for a particular choice of .

Lemma 6.6. For everyn € N,

n
vl = (L+,7) Y xvo+1 Y (L+KkT) ¥ 5 frH, (66)
m=1
where we have set
k. k k ) v
fr=—cuyd'(vy), o=

Proof. We proceed by induction on n. By the flow interchange lemma (Lemma 4.4), using the auxiliary
functional A(u, v) := ng yv dx for an arbitrary test function y € C° (R?), one sees by analogous (but
easier) arguments as in the proof of (60) that v is the —unique in L?(R?) — distributional solution to

V' — o AV = (1 +er) " e (U4 er) 7
Hence, it can be written as

V= (14xt) Yo s 0" (1 k)Y, % £

9 = vy. Now, if n > 1 and (66) holds with n — 1 in place of n, then

For n =1, this is (66) because v, =

n—1
= (14.0) Yo (V) kvg) +7 Y (k) " 0 5 (V) f27™) + 1(L4+60) " Yo f

m=1

Using that ¥, * (Y* % f) = Y&+« £, we obtain (66). O
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We are now able to prove the main result of this section.

Proposition 6.7. Provided that vy € L%3(R?), then Dv! e L (R3) for every n € N, and the following
estimate holds:
IDV} Il oss sy < @llvoll Losssye ™I (n) ™12 e M (67)

with the system constants
o0
a:=(14+x)Yi, M, = ¢’ (0)|Ye5(1 +K)3/4f (14K) "S53/ ds. (68)
0

Proof. From the representation formula (66), it follows that

n
1DV} | posey < (1 +6T) " IDY oy lvoll orsgmey + T D (L4 6T) " IDY2 | pors ey L F2 " oy -
m=1
Now apply estimate (48), once with g :=1 and Q := % to the first term and once with g := % and Q := %
to the second term on the right-hand side. Further, since u is of unit mass, one has
k k k
£ ey = elluzd’ (0l < €18 (0)].
This yields

n
1DV | sy < Yillvoll sy (1 +.T) " (on) ™ + 219/ (0)Yeys T Y _(1+x,T) " (0m) 4. (69)

m=1

The sum in (69) is bounded uniformly in n and © because

ad o
v (A+kn™em =< +Kr)3/4/ e W34 gy

m=1 0

Without loss of generality, we assume that T < 1. By the monotone convergence eI/ | ¢™%" as 7 | 0,
we can estimate the sum in (69) as

ad oo
r) (+en)™em < +r)3/4f A+~ dr,

m=1 0

and the right-hand side is finite. Thus, (69) implies (67) with the given constants. O

In view of (50), we can draw the following conclusion from (67) with &, := min(ey, %), where g9 > 0
was implicitly characterized in Proposition 6.2:

Corollary 6.8. Assume that vy € L3 (R?), and define

allvoll Lors sy )
M,

with the system constants a and My from (68). Then for every ¢ € (0, €1), for every sufficiently small T

T, = max(O, %log (70)

and for every n such that nt > T}, one has

”DU?HLG/S(RS) < 2M1 (71)
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6D. Bounds on the auxiliary entropy. We are now in position to prove the main estimate leading towards
exponential decay and boundedness of the auxiliary entropy & along the discrete solution.

Lemma 6.9. There are system constants L' and M’ and an ¢, € (0, &1) such that, for every ¢ € (0, &2),
for every sufficiently small T > 0 and for every n with nt > Ty, we have that

(14+2A. DLW, v™) < LW v 4 reM’ (72)
with A}, ;== min(k, A9) — L'e.

Proof. For brevity, we simply write # and v in place of u? and v, respectively, and we introduce
U := v — Uo. Since nt > T} by hypothesis, Corollary 6.8 implies that

||D1A)||L6/5([R3) < IDv|lLors w3y + IDvooll 653y < Z :=2M1+ sup ||[Dve|lper5m3) < 0.
O<e<eg

Now, since
ID(¢ (V) — P (Vo)) < 20" (V) IDD|* +2(¢' (V) — @' (Vo)) *IDVoo|* < | D) + B,
with the system constants

a:=2¢'(0)",  B:=2¢"" sup [Dvooll]mgs (73)

O<e<eg

we conclude that

fM|D(¢(U)—¢(Uoo))|2dX§01/ ulDﬁlzdx—i-,B/ ud? dx
R3 R3 R3

~n2 A2
< afull 3 re) IDVI 73 sy + Bllull L ws) 10117 oo 3

~n8/3 A~
< NG sy + @2 IDD i) + BID I e s,
~n3/4 Anl/4 8/3 A~
< ulld s gy + @ (STIDI 2 s DB Vets )™ + BS2 D112 g
(R°) W22(R3) Lo (R?) (R°)
4/358/322/3+ S
o
<0 1+/ ulD(u+ Wo)|>dx | + . f 2| (AD—kD)2dx, (74)
R3 min(1, 2«, k%) R3

where 0 is the constant from (64) and S; and S, are Sobolev constants. Next, observe that
(U’ (V) = oo (V0))* < 2(tt — Uo0) B (V) + 2u%, (¢ (V) — ¢ (V00))? < @ (U — 140)” + Blltoo | e 3,0
with the same constants as in (73). Therefore, using (54), (55) and Proposition 5.3(a),

fR (0 (V) = oo (voo))” dx < el = oo 2 ) + B0 = £V D111 g,

<2a,(u)+ ?(Uo —eV¢'(0)) Ly (v).
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Altogether, we have shown that there is a system constant M’ such that (recall the dissipation terms
9D, (u, v) and D, (u, v) from (59)—(60))

Dy (1, v) +Dy(u, v) > (1 —M'e) /3 ulD(u+ W) > dx + (1 — M's) /3(Af) — k)% dx
’ —M’suifu(u)—M’eiﬁv(v)—M/s (75)
for all € € (0, £1). Provided that M'e < 1, we can apply (54) and (55) to estimate further:
Dy (1, v) + Dy (u, v) = (24(1 = M'e) — M'e) L, () + (26 (1 — M'e) — M'e) £, (v) — M.

Finally, we can choose ¢; € (0, £1) so small that the coefficients of &, and &£,, above are nonnegative for
every ¢ € (0, £7), and thus, we arrive at the final estimate

Dy (u, v) + Dy (1, v) > 2(min(k, Ag) — L'e)L(u, v) —eM’
with a suitable choice of L’. Now estimate (58) implies (72) with A, given as above. Il

Diminishing &, such that the constant 14 K&; in (56) is less than or equal to 2, we derive the following
explicit estimate:

Proposition 6.10. Assume that vy € L3 (R>), and let Ty be defined as in (70). Then, for every e € (0, &),
for every sufficiently small T and for every n with nt > Ty, the following estimate holds:

Lt V) < 2o, vo) — Hoo)e NI NTTIV 4 ey (76)

with the system constant
M/
2= FE
2infycp<e, AL
Proof. We prove a slightly refined estimate: given 7 € N with 77t > Ty, we conclude by induction on n > 7
that
M'e

L, v") < 2(H (o, vo) — Hoo) (1 +2AL7) "M 1 N

T

(1= 42AL7)~ =), (77)

which clearly implies (76). For n = n, (77) is a consequence of (56) and the energy estimate (27). Now
assume (77) for some n > n, and apply the iterative estimate (72):

L@ " < (1 =2AL )T LW, v+ (14+2A0t) 't M e
< 2(%(uo, v0) — Hoo) (1 +2A, )~ HD=D

M'e

2A!

+ (T+2AL0) 7 =@ +2AL0) D) 4 (124 0) TeM e

Elementary calculations show that the last expression above equals the right-hand side of (77) with n + 1
in place of n. 0

Invoking again (50), we obtain the following analog to Corollary 6.8:
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Corollary 6.11. Assume that vy € L%3(R3), and define

1 2(#(ug, vo) — Ho)
T, =T, —i—maX(O, oA log M, ) (78)
Then for every ¢ € (0, £3), for every sufficiently small T and for every n such that nt > T, one has
Ly, v7) <2Ms. (79)

We have thus proved that, for r > T, the auxiliary entropy & is bounded by a system constant. Next,
we prove that & is not only bounded but actually convergent to zero exponentially fast.
6E. Exponential decay for large times.

Lemma 6.12. There is a constant L” > L' and some ¢3 € (0, &5) such that, for every ¢ € (0, 3), for every
sufficiently small T > 0 and for every n such that nt > T,, we have

(14+2A D)L, V") < L@, v"h (80)
with A7 := min(Xo, k) — Le.

Proof. We proceed like in the proof of Lemma 6.9 with the following modification. By Corollary 6.11,
we know that
Luuy) < Luy, vy) <2Ms.

7T

Using the first inequality in (54), we can estimate the L2-norm of u” by a system constant:

lull 2@msy < ool 2@y + lu — ool 2msy < Z:= sup |lucollp2@s) +2v M.

O<e<ey

This allows us to replace the chain of estimates (74) by a simpler one:

fR uID@ W) = $Woo)) I dx < [l 2y (XIDD sy + BID I sps)
with the constants from (73). Using the Sobolev inequalities

DOl 143y < SIDllw22(rs)s 191 L4 sy < SNDlwr2gs)
in combination with (65) and (55), respectively, we arrive at

aZS?
min(1, 2k, %) Jgs

2BZS?
(AD —kD)>dx + _'B—SEU(U).
min(1, k)

This eventually leads to the dissipation estimate (75) again, with a different constant M’, but without the

/Rg uD(@ (v) — ¢ (Vo)) dx <

constant term —e M’. By means of (58), this implies (80) for appropriate choices of L” and 3. O
By iteration of (80), starting from (79), one immediately obtains

Proposition 6.13. For all sufficiently small T and every n such that nt > T,, we have

L, vf) < 2Mpe Ak (T, (81)
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6F. Passage to continuous time. To complete the proof of Theorem 1.2, we consider the limit ¢ | 0 of
the estimates obtained above. Here t | 0 means that we consider a vanishing sequence (7 )xen such that
the corresponding sequence of discrete solutions (ur,, v, )ken converges in the sense of Section 4 to a
weak solution (u, v) to (1)—(3). Since the convergence of (i, U, )ken in X is locally uniform on each
compact time interval, the lower semicontinuity of & in X allows one to conclude that

L) :=L(u),v()) < lirriionfilf(ut(t), v(¢)) foreveryt > 0.
T
We prove that
L(1) < C(A+ llvoll Loss @) (1 4+ H(ug, vo) — Hog)?e 2" forall 1 > 0. (82)

From this, claim (15) in Theorem 1.2 follows with A, := A.
Recalling (50), we conclude from (81) that

L(t) <2Mae 0" forall 1 > T, (83)
Moreover, from (56) and the energy estimate (27), we obtain

F(t) <2(#(ug, vo) — Ho) forall r >0. (84)
We distinguish:

Case 1 (#(ug, vg) — Hoo < %Mz). Then, from the definition of 7> in (78), one has T, = T}, and in
consequence of (83),
() <2Mae 22T forallt > Th = T.

Since further £(t) < M, for all t > 0 by (84), the first inequality extends to all times ¢ > 0:
P(t) < 2Mae 22T forall £ > 0. (85)

Case 2 (%(u, vo) — Hoo > 5M>). Substitute

1 2(H(uo, vo) — Hoo)
T,=T 1
:=11+ 2N og< YA
in (83) to find

. 2(9(uo, Vo) — Hoo) \ ¥/ 2
P(1) < 2M2e—2As<f—Tl>< (o ;40) "°)> foralls > T» > Ty. (86)
2
Using A < A/, we conclude from (86)
F(t) < 4(H(ug, vo) — Hoo)e 22T forallt > T > Ty. (87)

Define A := 4(#(ug, vo) — Hoo) max(l, (#(ug, vo) — )/ M>). Then, from (87) and the fact that
Ae 28 M=T) > 2(9(ug, vo) — Hoo), we deduce

@) < Ae 220=T) forall t > 0. (88)
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Together, (85) and (88) yield
1 "
(1) = max(2Ms, 430, vo) — Hoo)) max(1, (3, vo) — Hoo) )¢ 20T
2

2 " "
< ﬁezAgT] max(Ma, 2(H(ug, vo) — Hoo))2e 22" for all > 0.
2

Since k > A, we have

2
a
ezAng S e2KT1 S max(l’ [ﬁnvonLﬁ/i(R"‘)} )
1

and consequently (82):

L(r) < C(1+ |voll Lorsasy)> (1 + H(uo, vo) — Hoo)?e 22" for all 7 > 0.

Appendix A: Proof of Lemma 5.2

(a) The proof of the first assertion can be found in [Lieb and Loss 2001, Theorem 6.23]. From that, the
second one follows by elementary calculations.

(b) According to [Stein 1970, Chapter V, §3.3, Theorem 3], one has for p > 1

1G1* fllwzrmwsy < Cpll fllLrw3)- (39)

To prove assertion (b), we use a rescaling of the equation —Ah +«h = f by X := ,/kx. Consequently,
h(X) = (G * f)(X//k) is a solution to —Azh +h = f/k, i.e., h(X) = (G * (f/k))(¥). By the
transformation theorem, we obtain

F@E PN\ _
(/ %) = .
R3 K
f ~ p ~ I/p .
(/ <G1*—)(X) dx) =Gy * f L@
R3 K
f P 1/p
(f D;(Gl*—)oz) dx) =172 Dy (G * H)ll Lo @)
R3 K
f P 1/p
(/ D§<G1*_>(5) di) = >PNDY(G o),
R3 K

which yields (46) after insertion into (89) and simplification.

(c) The first statement is a straightforward consequence of the integral-type representation of G, in [Lieb
and Loss 2001, Theorem 6.23]. To prove the first claim of the second statement, we proceed by induction.
For k = 1, Equation (47) is just the definition of Y. Now assume that (47) holds for some k € N. Using
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the semigroup property H;, 1, = H; * H,, of the heat kernel, we find that

Rl k=1 —r dr1 dl”z
Y(I;—H :‘/0 /0 Harl * ng2€ ]l"g le 2 —F(k)

oo oo dri dr;
— Hyoot e~ (n+r) k=1 .
/0 /(; o (ri+rz) 2 F(k)

Now perform a change of variables
r:=ry+rp, s =1,

which is of determinant 1 and leads to

r —r .k
Y+ = /oo He (f k1 ds) dr_ /Oo Hme’r—dr’
0 0 L'k) Jo kT (k)

which is (47) with k 4 1 in place of k, using that kI"(k) =I"(k + 1).
For (48), first observe that r — r*~!e™" /T'(k) defines a probability density on R,.. We can thus apply
Jensen’s inequality to obtain

' 00 rk—le—r dr
IDY; Ml a3y = ; ”DHar”Lq(R3)W- (90)

The L?-norm of DH,;, is easily evaluated using its definition,
3/2 1/2 Ve
IDH | o) = (07) ( f D¢ H, (o)1) ds)
R

1/q
=(or)3/? ( /R 3|<or>—1/2D;Hl )17 (or)*? dc) = (or) 2IDH; | o @)

By definition of the gamma function, we thus obtain from (90) that

rk-0 _o

DYX 5 < |IDH :
IDYZ | a3y < IDH |l Lo g3y N0

For further estimation, observe that the sequence (ay)ren With a; = k9T (k — Q)/T(k) is monotonically
decreasing (to zero). Indeed,

a1 (k+DKC (k= QT (k— QT (k) _ ( 1)Q (1 _ 2)

a k2 kT (k)T (k — Q) b+ k

is always smaller than 1 since & — (1 +£& )~€ is convex. Therefore, a; < a; for all k € N, and so (48)
follows with Y, :=I'(1 — Q) IDH\ || 14 (r3)- Il
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Appendix B: Holder estimate for the kernel G,

As a preparation, we calculate the derivatives of G, in R3 \ {0}. For all i, j, k € {1, 2, 3}, one has

LeXP(—«/EM)
4 |x|3

3 3 1
0:0;Gy(x) = _4_ exp(— \/_|x|)|:(| K|3 |\/|§+W>XMJ — <£ + —>5ijj|,

89, akGK(x)——iexp( Jrlx]) ka[< ‘ +3*/E+i)x,~xj—(£+xi)8n]

|x| P xt o IxP

—ECXP(—«/EPCD[( 3k 12k 15>x,-xjxk

2V Kk 3Jk 3
dij x| —+ —7 + 3 ) @Gixj +jkxi) |
" (le " |x|4)|x| +(|x|3+ it |x|5>( SR )}

where §;; denotes Kronecker’s delta.

3G (x) =— (Viclx| + Dxi,

We prove the following:

Lemma B.1 (Holder estimate for second derivative). Let f € Coo(R3) for some o € (0, 1), and assume
that it is of compact support. Then, there exists C > 0 such that for all i, j € {1, 2, 3} the following
estimate holds:

[0:0; (G * [)lcowmwsy < CLflcoams)-
Here,

. lg(x) — gyl
[8lcoe@s) = sup —F————
x,yeR3, x#y lx — yl

denotes the Holder seminorm of g : R®> — R.

Proof. This result is an extension of the respective result for Poisson’s equation (corresponding to x = 0)
proved by Lieb and Loss [2001, Theorem 10.3]. Their method of proof is adapted here. In the following,
C and C denote generic nonnegative constants.

The following holds for arbitrary test functions ¥ € C2°(R?):

—/[R3(3j¢)(X)(3iv)(X) dx :fw f») /R3(3j1//)(X)3x,-GK(x—y)dxdy,

which can be rewritten by the dominated convergence theorem and integration by parts as
/3 F) /3(3j1ﬁ)(X)3x,-GK(x —y)dxdy
RS RS

= lim O (0;¥)(x)0y, G (x —y)dx dy
=0 /s R3\B5 ()

= lim/ f()’)[— VY (x)0y, G (x — y)ej - vy 5(x) dS(x) —/ Y (x) 0y, 0x; Gy (x — y) dx] dy,
=0 JRr3 3Bs(y) R

3\Bs(y)
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where ¢; is the j-th unit vector and vy s(x) = (x —y)/$ is the unit outward normal vector in x on the
sphere 0 Bs(y).
The first part can be simplified explicitly by the transformation z := (x — y)/é:

1
—/ Y (x) 05, G (x — y)ej - vy 5(x) dS(x) = 4—f Y8z +y) exp(—v/k8) (Vikd + 1ziz; dS(2),
9B3(y) 7 J3B1(0)

which converges as § — 0 to ¥ (y)d;;/3.
For the second part, we split the domain of integration R*\ Bs(y) into two parts:

/ w(x)axiaijx(x_)’)dx
R3\B5(y)

2/ W/I(X)ax,-ax,-GK(x—y)dX+/ Y (x)0y,0x; Gy (x — y) dx.
R3\Bs(1) {1=|x—y[=6}
We use integration by parts to insert convenient additional terms:

/ Y (x)0y, 0x; G (x — y) derf ¥ (x)0y, 0y, G (x — y) dx
R3\Bs(1) {1=|x—yl=6}

=f w(X)ax,aijK(x—y)der/ Y (x)0x;0x; G (x — y) dx
R3\Bs (1) (1zlx—y|=3)

_/ ‘//(y)axiaijK(x_y)dx
{1=|x—y[>d}

+f V(00 G (x — y)ej - vy 1(x)dS(x) — f Y ()0x; G (x — y)ei - vy 5(x) dS(x).
dBi1(y) dBs(y)
Now we calculate again explicitly and obtain in the limit § — 0

/BB . U (¥)0x; G (x — y)ei - vy 1(x) dS(x) — /a Y (¥)0x; G (x — y)ei - vy 5(x) dS(x)
1y

Bs(y)

— —38ijlexp(—vi) (Vi + 1) = 11¢ ().

In summary, one gets

—/R}(3,'1#)(16)(31'12)()6)dx:/R3 W(X)[%Sijf(X) exp(—ﬁ)(ﬁ+1)+/ F ()0 0x; G (x—y) dy

R3\ B (x)

+ lim (f () = f(3)0x,0x; G (x — y) dy} dx.
8=0 J{1>|x—y|>5)

From «-Holder continuity of f, we conclude that, independent of §,

Ltz ey=s1 |1 () = £ (0)]05,0, G (x — y)| < Clx — y* 7,
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which is integrable as « —3 +2 > —1. So using again the dominated convergence theorem, we have,
with [Lieb and Loss 2001, Theorem 6.10],

(9;0;v)(x) = 18;; exp(—v/K) (V& + 1)

+/ F(3)0x0x; Gy (x — y)dy +/ [f(xX) = f())]0y0x; G (x —y)dy. (91)
R3\Bj (x) B (x)

Obviously, the first term in (91) is Holder-continuous. For the second term in (91), we obtain for all
x,zeR3 x #+ 7,

/ F )00y, G (x — ) dy — / F()350-, Gz — ) dy'
R3\ B (x) R3\ B (z)

/ [f(z—a) — f(x — )3 0, Ge(a) da
B1(0)

by the transformations a := x — y in the first and a := z — y in the second integrals. From «-Holder
continuity of f, we get the estimate

<Clx—z|* [04; 04, G (a) dal,
R3\ B (x) '

/ [f(z—a) = f(x —a)]3,04;G (a) da
Bi(0)

where the integral on the right-hand side is finite because 4,94, G« (a) behaves as rl exp(—r) for r — oo,
which is integrable.
The same integral transformation yields for the third term in (91)

[f(2) = f()]0;0;;Gi(z—y) dy‘

/B ( )[f(x) _f(y)]ax,-aijk(x -) dy—/

Bi(2)

/B (0)[f(2) —fGz—a)— f)+ f(x —a)]3,,0.,Gi(a)day.

We now proceed as in [Lieb and Loss 2001] and write B1(0) = AU B with

A:={a:0<la| <4|x —z|},

B:={a:4x —z| <|a| < 1},

where B = @ for |x —z| > J—P and calculate, using that |0y, 04, G« (a)| < Cla|3,

'/[f(z)—f(z—a)—f(x)+f(x—a)]8u,.8a_,.G,c(a)da 5/2C|a|"‘_3da=5|x—z|o‘.
A A

It remains to consider the case |x — z| < }‘. One has

/B LF(2) — £ ()13 30, G (@) da

/33[f(Z) — f(x)]3,Gc(@)e; - v(a) dS(a)|,
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and by similar arguments as above,

3B[f(Z) — f(x)]34,Gc(@)e; - v(a) dS(a)

= 181 f (@) — F(O)|exp(—vK) (Vi + 1) — exp(—4/k |x — z) @k |x —z| + D).

Note that the real-valued map [0, 00) > r > exp(—+/kr)(y/kr + 1) is monotonically decreasing. This
yields

<Clz —x]|%.

fB [f(2) — ()10 3, G (a) da

By the transformations b :=x —a — z and b := —a, we get

/ Lf(x —a) — f(z — )13 3, Gy (a) da
B

/.f(z—i—b)ab[ab_iG,((b)db—/f(b—l—z)abl.abjGK(b—x—l—z)db 92)
B D

with D :={b:4|x —z] < |b—x+z| < 1}.
Note that

/abiabjG,((b)db:/ 3,9, G (b — x +2) db.
B D

This enables us to rewrite (92) as

/f(z+b)a,,,.a,,jGK(b)db—/f(b+z)ab,.a;,jGK(b—x+z)db‘
B D

f[f(z-l—b) — [ (2)105,0p, G (D) db—/ [f(z+Db) — f(2)]10p,0p; G (b —x +2)db|. (93)
B D

We consider (93) separately on the sets BN D, B\ D and D\ B.
Note that, by the triangular inequality, BN D C {b : 3|x — z|] < |b] < 1+ |x — z|} and by Taylor’s
theorem

3

(3,35, G)(B) — (B4, 0, G (b —x +2) = Y (330G ) (B™) (v — 21)
k=1

for some b* = b — B(x — z) with 8 € (0, 1). Therefore, one has, by the triangular inequality, |b*| >
bl — Blx —z| = (1 — 1B)Ib] = %|b| on BN D and consequently

(35,35, G) (D) — (39,3, G, ) (b — x +2)| < CIb*|~*|x — 2| < C|b|™*|x — 2.
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This allows us to estimate

/ [f (@ +b) — [ (2[00, Gic (D) — 8p, 0p; G (b — x +2)] db‘
BND

14+]x—z|
<Clx —z| poAret2 gy
3|x—z|
Clx—z C
e YN S G G ) ISR )
l—«a l—«

For the remaining terms, we split up as in [Lieb and Loss 2001]:
B\ D C EUG,

D\BCE UG/,

where
E:={b:4|x —z| < |b| <5|x —z|},

G={{b:1—|x—z|<|bl <1},
E ={b:4lx—z|<|b—x+2z <5|x—z|},
G :=b:1-|x—z|<|b—x+2z| <1}.
Consider at first the real-valued map [0, %] 55 (1 —s)P for arbitrary 8 > 0. Obviously, it is

continuously differentiable and therefore o-Holder continuous because its domain of definition is compact.
Hence, the following holds for all 0 < s < 1:

1—-(1—5=1-0f =1 -5 <Cs“. (94)

Now, we estimate the integral on B\ D, where we use again the estimate 9,0, G (a)| < C la|~3:

5|x—z| 1

/ [f(z+b) — f(2)13y, 0, G (b) db‘ < c( / 32 gy / o342 dr)
B\D 4|x—z| 1—|x—z|

c C ~
=[Gl =D —@x—zD*+1 -0 —|x —zD*] = ;(5“ +O)lx —z[%,

where we have used (94) for 8 := « in the last step.

For the remaining integral on D \ B, we consider the domains E’ and G’ separately and note at
first that, using the triangular inequality, £’ C {0 < |b| < 6|x — z|}. Subsequently, this yields that
|b—x+2]72 < (4lx —z|)7> < C|b|™* on E'. Hence, by the estimate |9,,dq, G« (a)| < Cla|~?,

6|x—2z| -
/ Lf z+b) — £(2)]9,35,G (b —x +2)| db < c/ r*3t24r = Clx — z/°.
E’ 0

OnG',onehas |p—x+z|>1—|x—z| > %. Consequently, it holds that

1
/![f<z+b>—f(z)]abfabjGK(b—x+z>\dbsc(%)‘3f retdr
G’ 1

—lx—z]

=C[l—(1—|x—z)*** < Clx —z|%
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where we have used (94) for 8 := 3 + « in the last step. Together,

/ Lf 4+ B) — £y, G (b —x +2)db| < Clx —2I°.
D\B
and the assertion is proved. (|
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SCATTERING FOR THE RADIAL 3D CUBIC WAVE EQUATION

BENJAMIN DODSON AND ANDREW LAWRIE

Consider the Cauchy problem for the radial cubic wave equation in 1 4 3 dimensions with either the
focusing or defocusing sign. This problem is critical in H'/2 x H~'/2(R?) and subcritical with respect
to the conserved energy. Here we prove that if the critical norm of a solution remains bounded on the
maximal time interval of existence, then the solution must in fact be global in time and must scatter to
free waves as t — =£o0.

1. Introduction
Consider the Cauchy problem for the cubic semilinear wave equation in R'+3, namely,
Uy — Au +uu3 =0,
1u(0) = (uo, uy),

restricted to the radial setting and with u € {£1}. The case u© = 1 yields what is referred to as the

(1-1)

defocusing problem, since here the conserved energy,
EGi)() = / (%(|ut(t)|2 + V@) + %Iu(z)|4) dx = constant, (1-2)
R3

is positive for sufficiently regular nonzero solutions, and the H' x L?(R3) norm of a solution,

u(t) = (u(t), u (1)),

is bounded by its energy.
The case u = —1 gives the focusing problem, and the conserved energy for sufficiently regular solutions
to (1-1) is given by

E@)(t) := f (%(|ut(t)|2 +|Vu@)?) - }L|u(r)|4> dx = constant. (1-3)
R3

As we will only be considering radial solutions to (1-1), we will often slightly abuse notation by writing
u(t, x) = u(t, r), where (r, w), with r = |x|, x =rw, w € S?, are polar coordinates on R3. In this setting
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acknowledged.
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we can rewrite the Cauchy problem (1-1) as

Uy — Upp — ;u, +u3 =0,

(1-4)
1(0) = (uo, uy),
and the conserved energy (up to a constant multiple) as
(1 1
EGi) (1) = /O (E(u,z(t) +ul (1)) £ Zu4(t))r2dr. (1-5)

The Cauchy problem (1-4) is invariant under the scaling

Gt r) > Bt r) = (A‘lu(i, %) )»_Zut(i, %)) (1-6)

One can also check that this scaling leaves unchanged the H'/2 x H~'/2-norm of the solution. It is for
this reason that (1-4) is called energy-subcritical. It is natural to consider the Cauchy problem with initial
data (ug, uy) € HY? x H~Y2. We remark that (1-4) is also invariant under conformal inversion:

1 t r
u(t,r)— tz—rzu T2 2) (1-7)

A standard argument based on Strichartz estimates shows that both the defocusing and focusing
problems are locally well-posed in H'/2 x H~'/2(R3). This means that for all initial data ii(0) =
(ug, uy) € H'/2 x H™V 2 there is a unique solution i (z) defined on a maximal interval of existence
Inax With (1) € C(Iax; H'/2x H~Y 2). Moreover, for every compact time interval J C Inax, we have
uesS\J) = Lf(] ; Li). The Strichartz norm S(J) determines criteria for both scattering and finite-time
blow-up, and we make these statements precise in Proposition 2.4. Here we note that in particular, one
can show that if the initial data u(0) has sufficiently small H'/2 x H='/2-norm, then the corresponding
solution #(¢) has finite S(R)-norm and hence scatters to free waves as t — $00.

The theory for solutions to (1-4) with initial data that is small in HY? x H™Y2 is thus very well
understood: all solutions are global in time and scatter to free waves as ¢t — £00. However, much less
is known regarding the asymptotic dynamics of solutions to either the defocusing or focusing problems
once one leaves the perturbative regime.

It is well known that there are solutions to the focusing problem that blow up in finite time. To give an
example,

V2
t,r)y=—— 1-8
orit.r) =2 (1-8)
solves the ODE ¢,; = ¢3. Using finite speed of propagation, one can construct from ¢7 a compactly
supported (in space) self-similar blow-up solution to (1-4). Indeed, define u7(¢) to be the solution to
(1-4) with initial data #7(0, x) = X271 (x)\/i, where yor € C(‘)’O(IR3) satisfies yor(x) =11if |x| <2T. Then
ur(t) equals ¢7(t) forall r < T and 0 <t < T, and blows up at time t = T. However, such a self-similar



SCATTERING FOR THE RADIAL 3D CUBIC WAVE EQUATION 469
solution must have its critical H'/> x H~!/?-norm tending to oo as t — T
lim |jup(t) ||H|/2XH71/2 = 0.
t—T

Indeed, one can show by a direct computation that the L3(R3)-norm of ur(t, x) tends to oo as t — T. 4.
Since H'/2 c L3, this means that the H'/? x H~'/2-norm must blow up as well. Such behavior is typically
referred to as type I, or ODE, blow-up.

One the other hand, type II solutions, u(7), are those whose critical norm remains bounded on their
maximal interval of existence, Ipax:

sup ||L7(t)||H1/2XH—1/2 < Q. (1—9)
1€ Imax
In this paper we restrict our attention to type II solutions, i.e., those which satisfy (1-9). We prove that
if a solution #(¢) to (1-4) satisfies (1-9), then #(¢) must in fact exist globally in time and scatter to free
waves in both time directions. To be precise, we establish the following result.

Theorem 1.1. Let ii(t) € HY/? x I:I_I/Z(R3) be a radial solution to (1-4) defined on its maximal interval
of existence In,x = (T—, T4). Suppose in addition that

sup ||ﬁ(f)||yl/zxg—1/z(R3) < 0. (1-10)
te[max

Then L. = R, i.e., u(t) is defined globally in time. Moreover,
el qgrvsy < 00, (1-11)

which means that u(t) scatters to a free wave in each time direction, i.e., there exist radial solutions
ﬁL () € H'2 x H_l/z([R{3) to the free wave equation, DuﬂLE =0, such that

i) — a7 O g1y g1p@y — 0 as ¢ — +oo. (1-12)

Remark 1. Theorem 1.1 is a conditional result. Other than the requirement that the initial data be small
in H'/2 x H=1/2 there is no known general criterion that ensures that (1-10) is satisfied by the evolution
for either the defocusing or the focusing equation. While the methods in this paper apply equally well to
both the focusing and defocusing equations, one should expect drastically different behavior from generic
initial data in these two cases.

Remark 2. The proof of Theorem 1.1 readily generalizes to all subcritical powers p < 3 for which
there is a satisfactory small data/local well-posedness theory. In particular, the methods presented here
allow one to deduce the exact analog of Theorem 1.1 for radial equations (1-13) for all powers p with
1+v2 < p <3;here 1 + V2 is the E. John exponent [1979; Schaeffer 1985]. We have chosen to present
the details for only the cubic equation to keep the exposition as simple as possible. We also remark that
only the material in Section 4 relies on the assumption of radiality.
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1A. History of the problem. The cubic wave equation on R!*3 has been extensively studied and we
certainly cannot give a complete account of the vast body of literature devoted to this problem.

For the defocusing equation, the positivity of the conserved energy can be used to extend a local
existence result to a global one if one begins with initial data that is sufficiently regular. Jorgens [1961]
showed global existence for the defocusing equation for smooth compactly supported data. There has
been a good deal of recent work extending the local existence result of Lindblad and Sogge [1995] in
HS x H"! fors > % to an unconditional global well-posedness result, and we refer the reader to [Kenig
et al. 2000; Gallagher and Planchon 2003; Bahouri and Chemin 2006; Roy 2009] and the references
therein for details. However, since these works are not carried out in the scaling critical space, the issue
of global dynamics, and in particular scattering, is not addressed.

For the focusing equation, type I finite-time blow-up has recently been ruled out for initial data that lies
in H' x L? in the work of Killip, Stovall, and Visan [Killip et al. 2012]. There are several works that open
up interesting lines of inquiry related to the question of asymptotic dynamics. In two remarkable works,
Merle and Zaag [2003; 2005] determined that all blow-up solutions must blow up at the self-similar rate.
In the radial case, an infinite family of smooth self-similar solutions is constructed by Bizon et al. [2010].
Bizon and Zenginoglu [2009] give numerical evidence to support a conjecture that a two-parameter family
of solutions, obtained via time translation and conformal inversion of a self-similar solution, serves as a
global attractor for a large set of initial data. In fact, Donninger and Schorkhuber [2012] showed that the
blow-up profile (1-8) is stable under small perturbations in the energy topology.

Equations of the form

Ou = +|ul”'u (1-13)

for different values of p and for different dimensions have also been extensively studied. For d = 3, the
energy-critical power, p =35, exhibits quite different phenomena than both the subcritical and supercritical
equations. Global existence and scattering for all finite-energy data was proved by Struwe [1988] for the
radial defocusing equation and by Grillakis [1990] in the nonradial, defocusing case.

For the focusing energy-critical equation, type II blow-up can occur, as explicitly demonstrated by
Krieger, Schlag, and Tataru [Krieger et al. 2009] via an energy concentration scenario resulting in the
bubbling off of the ground state solution, W, for the underlying elliptic equation; see also [Krieger and
Schlag 2014a; Donninger et al. 2014; Donninger and Krieger 2013].

Kenig and Merle [2008] initiated a powerful program of attack for semilinear equations (1-13) with the
concentration compactness/rigidity method, giving a characterization of possible dynamics for solutions
with energy below the threshold energy of the ground state elliptic solution. The subsequent work of
Duyckaerts, Kenig, and Merle [Duyckaerts et al. 2011; 2012a; 2012b; 2013] resulted in a classification
of possible dynamics for large energies. In particular, all type II radial solutions asymptotically resolve
into a sum of rescaled solitons plus a radiation term at their maximal time of existence. Dynamics at the
threshold energy of W have been examined by Duyckaerts and Merle [2008] and above the threshold by
Krieger, Nakanishi, and Schlag [Krieger et al. 2013a; 2013b; 2014].

Analogs of Theorem 1.1 have been established for radial equations with different powers in 3 dimensions.
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Shen [2012] proved the exact analog of Theorem 1.1 for subcritical powers 3 < p < 5; and Kenig and
Merle [2011], and then Duyckaerts, Kenig, and Merle [Duyckaerts et al. 2014], established the analog of
Theorem 1.1 for all supercritical powers p > 5. Here we address type II behavior in the remainder of the
subcritical range for the radial equation, 1+ +/2 < p < 3. While we focus on the cubic equation, our
proof readily generalizes to other subcritical powers. The extra regularity for critical elements proved in
Section 4 gives an extension and simplification of the argument in [Shen 2012] which allows us to treat
the cubic and lower-power equations.

Leaving the setting of type II solutions, Krieger and Schlag [2014b] have recently constructed a family
of solutions to the supercritical equation, p > 5, which are smooth, global in time, and stable under small
perturbations, and have infinite critical norm.

1B. Outline of the proof of Theorem 1.1. The proof of Theorem 1.1 follows the concentration compact-
ness/rigidity method developed in [Kenig and Merle 2006; 2008]. The proof follows a contradiction
argument: if Theorem 1.1 were not true, the linear and nonlinear profile decompositions of Bahouri and
Gérard would allow one to construct a minimal solution to (1-4), called the critical element, which does
not scatter (here the minimality refers to the size of the norm in (1-10)). This construction, which is by
now standard in the field and is outlined in Section 3, yields a critical element whose trajectory in the
space H'/2 x H='/2 is precompact up to modulation. The goal is then to prove that this compactness
property is too rigid a property for a nonzero solution and thus the critical element cannot exist.

A significant hurdle in the way of ruling out a critical element i.(¢) for the cubic equation (or any
subcritical equation) is that ii.(r) is constructed in the space H'/?2 x H~'/2, and thus useful global
monotone quantities that require more regularity, such as the conserved energy and virial type identities,
are not, a priori, well defined. In general, solutions to the cubic wave equation are only as regular as their
initial data, as evidenced by the presence of the free propagator S(¢) in the Duhamel representation for
the solution

uc(to) = S(to — D (t) + / OS(IO —5)(0, £u®) ds. (1-14)

The critical element is rescued by the fact that the precompactness of its trajectory is at odds with the
dispersive properties of the free part, S(ty — t)u(t), and thus the first term on the right of (1-14) is forced
to vanish weakly as t — sup Inax and as t — inf Iip,. The second term on the right thus encodes the
regularity of the critical element, and a gain can be expected due to the presence of the cubic term. The
additional regularity is extracted by way of the “double Duhamel trick”, which refers to the consideration
of the pairing

1 T:
<f St — $)(0, £ d. / Sy — 1)(0, %) dr> o
Ty 10 HlxL?

where T} < tp and T > fg. This technique was developed by Tao [2007] and utilized in the Kenig—Merle
framework for nonlinear Schrodinger problems by Killip and Visan [2010a; 2010b; 2013], and for
semilinear wave equations in [Killip and Visan 2011; Bulut 2012a; 2012b]. This method is also closely
related to the in/out decomposition used by Killip, Tao, and Visan in [Killip et al. 2009, Section 6]. For
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more details on how to exploit the different time directions above, we refer the reader to Section 4, and in
particular to the proof of Theorem 4.1.

Indeed, we bound the critical element in H' x L2. We then use the conserved energy to rule out a
critical element which fails to be compact by a low frequency concentration, as such a solution would
have vanishing energy; see Section SA. One is then left with a critical element that is global in time and
evolves at a fixed scale. In Section 6, we prove that such a solution cannot exist by way of a virial identity.
We note that this virial-based rigidity argument works for precompact solutions to (1-13) with powers
p < 3, but fails to produce useful estimates for powers 3 < p < 5. However, in this range one can use the
“channels of energy” method pioneered in [Duyckaerts et al. 2013; 2014]; see [Shen 2012]. For more on
this, see Remark 12.

2. Preliminaries

2A. Harmonic analysis. In what follows we will denote by P, the usual Littlewood—Paley projections
onto frequencies of size || ~ 2% and by P, the projection onto frequencies |£| < 2. These projections
satisfy Bernstein’s inequalities.

Lemma 2.1 (Bernstein’s inequalities [Tao 2006, Appendix A]). Let 1 < p < g < oo and s > 0. Let
f:R?Y— R. Then

1PN fllLe S NTHVIE Pon fllLe,

<N Lr S <N Le, N L — N Lpr, =
IP<y |V fliLr S NI P<y £ I PNIVIES flle = NE | Py £l (2-1)
IP<y fllLe < NP~ Poy Fllpe, 1Py flis S NYP=U49) Py fliLo.

Next, we define the notion of a frequency envelope.

Definition 3 [Tao 2001, Definition 1]. We define a frequency envelope to be a sequence = {B;} of
positive real numbers with 8 € £2. Moreover, we require the local constancy condition

2*U|j*k|ﬁk < ﬁj < 20|j*k\13k’

where o > 0 is a small fixed constant; in what follows we will use o = % If B is a frequency envelope
and (f, g) € H® x H*~!, then we say that (f, g) lies underneath p if

| (P f, Peg)ll sy ps—1 < Bx forallk € Z,
and we note that if (f, g) lies underneath 8, then we have

ICS O M s s S B2

We will require the following refinement of the Sobolev embedding for radial functions, which is a
consequence of the Hardy-Littlewood—Sobolev inequality.
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Lemma 2.2 (radial Sobolev embedding [Tao et al. 2007, Corollary A.3]). Let 0 < s < 3 and suppose
f € H*(R3) is a radial function. Suppose that

3 1
ﬂ>__9 __SS

and at most one of the equalities g = 1, g = 00, % +s5 = % holds. Then

172 fllze < CULF Nl ggs- (2-2)

2B. Strichartz estimates. An essential ingredient for the small data theory are Strichartz estimates for
the linear wave equation in R'*3,
Uy — Av - F )
U(0) = (vo, v1).

A free wave will mean a solution to (2-3) with F = 0 and will be denoted by () = S(¢)u(0). In what
follows we will say that a pair (p, ¢g) is admissible if

1 1 1
p,QEZ’ _+_§_ (2_4)
p q 2
The Strichartz estimates we state below are standard and we refer the reader to [Keel and Tao 1998;
Lindblad and Sogge 1995] or the book [Sogge 2008] and the references therein for more details.

(2-3)

Remark 4. We note that since we will only consider the waves with radial initial data and with F radial,
we can allow the endpoint (p, g) = (2, 00) as an admissible pair. The admissibility of (2, co) in the radial
setting was established in [Klainerman and Machedon 1993]. This endpoint is of course forbidden for
nonradial data in dimension d = 3.

Proposition 2.3 [Keel and Tao 1998; Klainerman and Machedon 1993; Lindblad and Sogge 1995; Sogge
2008]. Let 9(t) be a solution to (2-3) with initial data 5(0) € H® x HS~ (R?) for s > 0. Let (p, q) and
(a, b) be admissible pairs satisfying the gap condition
1 N 3 1 n 3 ) 3 2-5)
j— e J— R = - -3y, -
p q a b 2
where (a’, b") are the conjugate exponents of (a, b). Then, for any time interval I > 0, we have the
estimates

ol ez egy S Hos VOl s st + Il o g, - (2-6)
2C. Small data theory — global existence, scattering, perturbative theory. A standard argument based
on Proposition 2.3 with s = 3, (p, ¢) = (4,4), and (a’, ') = (3, 3) yields the following small data resul.

Proposition 2.4 (small data theory). Let ii(0) = (ug, u1) € H'/2 x H"Y2(R?). Then there is a unique
solution ii(t) € H'? x H~V2(R?) defined on a maximal interval of existence Imay (1) = (T (1), Ty (id)).
Moreover, for any compact interval J C Iyax, we have

||M||Lj‘(1;Lﬁ) < X.
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A globally defined solution i(t) for t € [0, 00) scatters as t — 00 to a free wave, i.e., a solution it (t) of
Uur =0, if and only if lull 1410, 0),14) < ©0. In particular, there exists a constant § > 0 such that

a2y g1 <8 = Null i@y SNEO) g1y S0, (2-7)
F(RLY)

and hence i (t) scatters to free waves as t — F00. Finally, we have the standard finite-time blow-up
criterion:

T+(ﬁ) <0 :> ||u||L;4([0,T+(ﬁ));L§) = +OO (2'8)
A similar statement holds if —oo < T_ ().

For the concentration compactness procedure in Section 3 one requires the following perturbation
theory for approximate solutions to (1-4).

Lemma 2.5 (perturbation lemma). There are continuous functions &gy, Cy : (0, 00) — (0, 00) such that
the following holds: Let I C R be an open interval (possibly unbounded); let i, v € C(I; ¥) satisfy, for
some A > 0,

101 Lo 1 12 -1y + 100 L34y < A,

leq)ll 45y, 23+ leq(l a3 . 45 + Iwoll 131 14) < & < €0(A),

where eq(u) := Ou 3= u? in the sense of distributions, and where w(t) := S(t — to) (it — V) (to), with ty € 1
arbitrary but fixed. Then

| —v — J)O||Loo(1;1L'11/2X1r;r—l/2) +u— v”L?‘(l;Li) < Co(A)e.
In particular, |[ull 4.1 4) < 0.
»bx

2D. Blow-up for nonpositive energies. Finally, we recall that in the case of the focusing equation, any
nontrivial solution with negative energy must blow up in both time directions. This result was proved in
[Killip et al. 2012] for solutions to (1-4).

Proposition 2.6 [Killip et al. 2012, Theorem 3.1]. Let u(t) be a solution to (1-4) with the focusing sign
and with maximal interval of existence Ina = (T—, Ty). If E(i) <0, then ii(t) is either identically zero
or blows up in finite time in both time directions, i.e., Ty < +00 and T_ > —o0.

3. Concentration compactness

In this section we begin the proof of Theorem 1.1. We will follow the concentration compactness/rigidity
method introduced by Kenig and Merle [2006; 2008]. The concentration compactness part of the argument,
which is based on the profile decompositions of Bahouri and Gérard [1999], is by now standard, and we
will essentially follow the scheme from [Kenig and Merle 2010], which is a refinement of the methods
from [Kenig and Merle 2006; 2008]. Indeed, the main conclusion of this section is that in the event that
Theorem 1.1 fails, there exists a minimal, nontrivial, nonscattering solution to (1-4), which we will call
the critical element.
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We begin with some notation, following [Kenig and Merle 2010] for convenience. For initial data
(uo, u1) € H'/2 x HV2 we let ii(r) € H'/2 x H~'/? be the unique solution to (1-4) with initial data
1(0) = (ug, uy) defined on its maximal interval of existence Iay (1) := (T_ (1), T (1)). For A > 0, define

B(A) = {0, ur) € HY? x H™V2 i Ol g (1 i1 2012y < A} (3-1)

Definition 5. We say that $6(A) holds if for all u = (ug, u;) € B(A), we have In.x(u) = R and
lull 4,4 < 00. We also say that F6(A; ) holds if # € B(A), Inax (1) = R, and llull p3 g4 < 00.

Remark 6. Recall from Proposition 2.4 that ||u|| 414 < OO if and only if u scatters to a free wave as
t — £oo. Therefore Theorem 1.1 is equivalent to the statement that $€(A) holds for all A > 0.

Now suppose that Theorem 1.1 is false. By Proposition 2.4, there is an Ay > 0 small enough that
F€(Ap) holds. Given that we are assuming that Theorem 1.1 fails, we can find a threshold, or critical
value A¢ such that for A < A¢, $6(A) holds, and for A > A, S6(A) fails. Note that 0 < Ag < Ac.
The standard conclusion of this assumed failure of Theorem 1.1 is that there is a minimal nonscattering
solution #(t) to (1-4) such that Y6 (Ac, ) fails, which enjoys certain compactness properties.

We will state a refined version of this result below, and we refer the reader to [Kenig and Merle 2010;
Shen 2012; Tao et al. 2007; 2008] for the details of the argument. As usual, the main ingredients are the
linear and nonlinear Bahouri—Gérard type profile decompositions [1999] used in conjunction with the
perturbation theory in Lemma 2.5.

Proposition 3.1. Suppose that Theorem 1.1 is false. Then there exists a solution u(t) such that Y6(Ac; it)
fails. Moreover, we can assume that u(t) does not scatter in either time direction:

Nl Laqeray.on:24) = Nl L4 qo, 7, @y L4) = 0©- (3-2)

In addition, there exists a continuous function N : I (1) — (0, 00) such that the set

1 . 1 )
te {(N(f)u(t’ N(t))’ Nz(t)”t<t’ N(;))) |1 e Imax} (3-3)

is precompact in HY2 x H1/2(R3).

Remark 7. After passing to subsequences, scaling considerations, and possibly time reversal, we can
assume, without loss of generality, that 7', () = +00, and N(t) < 1 on [0, 00). We can further reduce
this to two separate cases: either we have

e N(t)=1forallt >0, or
e limsup,_,,, N(z) =0.

These reductions follow from general arguments and are now standard. See, for example, [Kenig and
Merle 2010; Killip et al. 2009; Shen 2012] for more details.

In what follows it will be convenient to give a name to the compactness property (3-3) satisfied by the
critical element.
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Definition 8. Let / > 0 be a time interval and suppose u(¢) is a solution to (1-4) on 1. We will say u(z)
has the compactness property on I if there exists a continuous function N : I — (0, co) such that the set

K::{( 1 u(z, ' ) ! <t ' ))|telmax}
N(t) N(@) ) N2(t) N(t)

is precompact in H'2 x H=V2(R3).

Remark 9. A consequence of a critical element having the compactness property on an interval [ is that,
after modulation, we can control the H'/2 x H~/2 tails uniformly in € I. Indeed, by the Arzela—Ascoli
theorem, for any 7 > 0 there exists C(n) < oo such that

f \|V|“2u<r,x)\2dx+/ &, &) dE <,
[x|=C(n)/N ) |E|=C ()N (1)

_ 2 1. A
f 19121, )| dx+/ &1 i, )2 dE <,
[x]|=C(n)/N () |E|=C(n)N ()

(3-4)

forallt € I.

Another standard fact about solutions to (1-4) with the compactness property is that any Strichartz
norm of the linear part of the evolution vanishes as t — 7_ and as t — T.;. A concentration compactness
argument then implies that the linear part of the evolution must vanish weakly in H'/2 x H='/2 i.e., for
any 79 € I,

Sty —t)u(t) —~0 (3-5)
weakly in H'/2 x H™Y2 ast /sup I, \ infI; see [Tao et al. 2008, Section 6; Shen 2012, Proposition
3.6]. This implies the following lemma, which will be crucial in the proof of Theorem 1.1.

Lemma 3.2 [Tao et al. 2008, Section 6; Shen 2012, Proposition 3.6]. Let u(t) be a solution to (1-4) with
the compactness property on an interval I = (T_, T). Then for any ty € I, we can write

T
/ S(to— )0, tu’)yds ~ii(to) asT S Ty weakly in H'? x H™1/2,
to’o (3-6)
- / S(to—)(0, £u’)ds — ii(ty) as T\ T- weaklyin H'* x H™'/%.
T

4. Additional regularity for critical elements

In this section we show that the critical element #(¢) from Section 3 has additional regularity for 7 € 1. In
particular, we prove the following result.

Theorem 4.1. Let 1u(t) be a solution to (1-4) defined on a time interval I = (T_, o0) with T_ < 0 and
suppose that ii(t) has the compactness property on I with N(t) <1 forall t € [0, 00). Then for each t € I
we have u(t) € H' x L2, and the estimate

HEO 1 1y 2y S N@'Y? (4-1)

holds with a constant that is uniform fort € I.
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Remark 10. We note that all constants this section implicit in the symbol < will be allowed to depend
on the LX>(I; H'Y2 x H=Y2)-norm of i, which is fixed.

We will prove Theorem 4.1 using a bootstrap procedure with two steps. In particular, we will first
show that if i (z) has the compactness property on an interval I as in Theorem 4.1, then #(¢) must lie in
H?3 x H='/3. We then use this result to attain Theorem 4.1.

Proposition 4.2. Let ui(t) be as in Theorem 4.1. Then for any ty € I, we have
Nt | g2 s r-13 3y S N(tp)"/°. (4-2)
We momentarily postpone the proof of Proposition 4.2 and use it to deduce Theorem 4.1.

4A. Proof of Theorem 4.1 assuming Proposition 4.2. The first step is to establish refined Strichartz
estimates.
Lemma 4.3. Let u(t) satisfy the conclusions of Proposition 4.2. Then there exists § > 0 sufficiently small
that for any to € I,
1/6

1232 118/ 0t/ N oy S N 00) . (4-3)
Proof. To simplify notation, let J = [fg — 8/ N (10), fo + 8/N (9)]. We also let ¥ = L®L*” N L3LS with
the natural norm. Using Strichartz estimates, we have

- 3
leelly o xmey S MO 2 =1y + NN 675 1372 g ey

3/2 3/2
SN0+ (8/N(t)'? ||””L/§Lg(1xR3) ”””L/;wL,{.S/S(JxR%
- 2
SN+ 83 (N (1) Ol lly (gemy) Nutlly s oy (“4-4)

Choosing § = S(N (o)~ V/Ou(to) || 23 5 F-1 /3) > 0 small enough, the lemma follows by a standard boot-
strapping argument. We remark that here it is important that the constant in (4-2) is uniform in o € 1. U

An immediate consequence of Lemma 4.3 is the following estimate.

Corollary 4.4. There exists § > 0 such that for each ty € I, we have

3 1/2
1712 2 00873 .t v 1y S N (10)'2. (4-5)
We are now ready to begin the proof of Theorem 4.1 assuming Proposition 4.2.

Proof that Proposition 4.2 implies Theorem 4.1. Fix ty € I. By translating in time, we can, without loss of
generality, assume that #p = 0. Let
i

NE

v=u-+ u. (4-6)

Then we have
lo@ g = Nu @l giyge- 4-7)
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And if u(t) solves (1-4), then v(¢) is a solution to

vy = —iv—Av=E l_Au3, (4-8)

where + corresponds to the focusing equation and — to the defocusing equation. By Duhamel’s principle,
forany 7 suchthat 7_ < T <0,

- 0
v(0) = & TV=2y(T) + ﬁfT VA3 () d. (4-9)

Next, we define an approximate identity {vs}y~0. Indeed, let ¥ € C3° (R3) be a radial function,
normalized in L'(R?) so that [|y]|,1 = 1. Set ¥ (x) := My (Mx). We then define the operator Q
given by convolution with ¥:

O f(x) = /R Y= FO)dy. (4-10)

Of course Q) is also a Fourier multiplier operator, given by multiplication on the Fourier side by W,
where Y7 (§) = ¥ (%;). Since ¥ € C°, we have § € (R?).
With this setup, it clearly suffices to prove that there exists an My > 0 such that

IOmv ()|l g1 S N(©)'/? (4-11)

for all M > My > 0 with a constant that is independent of M.
To begin, let T_ < T1 <0 < T < oo and let M be a large number to be determined below. By the
Duhamel formula, we have

i h ¢ A3 )
—_— ey de ),
= e
- 0
QM<eiT1V_Av(T1)iﬁ e"w—Au3dr>> L (412
= )

(0mv(0), Oy (D)), = <QM <€iT2Mv(T2) T

H!

where the bracket (-, - ) 1 is the H' inner product, namely
(f.&)m =Re/ v=Af - —Ag.
R3

We start by estimating the term that contains both Duhamel terms:

. T, . Ty
! itv—>A, 3 e itV/—A, 3
lon( iz [} ¢ mwwa). onl o [ o))

n 0
_ KQM (/ V=83 () dt), Ou (f VA3 (1)) a’r)> . (4-13)
0 T L?
With § > 0 as in Corollary 4.4, we use (4-5) to deduce that
8/N(0)
[ Iur i dr S N O (4-14)
—3/N(0)
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Next, define a decreasing, smooth, radial function x € CSO(R3 ), with y(x)=1forall |[x|]<1and x(x)=0
if |x| > 2. Also, let ¢ > 0 be a small constant, say ¢ = %. We have
(1 —X)( T |)u ()

(o.¢]
ol [t (o) o) 2
/N(0> /1] LR JsNO
3
[P S 112 g < lall e (4-16)

By the radial Sobolev embedding (i.e., Lemma 2.2), we note that
(I- x)( )
H |t L2(®)

/ QM<<1—x>< )30))
8/N(0) |7

The same is also true in the negative time direction. With these estimates in hand, we write (4-13) as a

dt. (4-15)
LI(R3)

Therefore,

(4-17)

3
~ |t|_3/2||u”1_'11/2~

Thus,

dt <8 V2N(0)!/2. (4-18)
L2(R3)

pairing
<A+B’ A/+B/> = <A+Bv A/> + (A’ A/+B/> + (B’ B/> - (Av A/>9 (4-19)

3/INO) o
A= QM(/ e”v—Au3dz+/ VA (] - x)( >u dt)
0 8/N () lt]

T
B:= QM(/ eitV=A ( )u (t)dt)
3/N(0) clt|

and A’, B’ are the corresponding integrals in the negative time direction. We start by estimating the term
(A, A’). By (4-14) and (4-18),

5/N(0) o
<QM(/ PURAIN 3dt+/ VA x)( )u dt)
0 8/N(0) |7]

0 —8/N©O)
QM(/ PTVA 3d1’+/ ETVTA(l = X)( B l)u d‘t)> SNQ). (4-21)
L2

—38/N(0) T

where

(4-20)

Next, we examine the term (B, B’), which is given by

o oo )
/T._a/ (0)//N(o>< u(x(Gp ) o) eu(e (g )eo)) arar

To estimate the above, we begin by noting that the sharp Huygens principle implies that

<ei(t—r)ﬂx< I' |>u (r))(x)
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is supported on the set |x| > %lt — 1| for ¢ = }l. Also, we note that since t > 0 and t < 0, we have
|t — | > |t], |z|. Next, recall that the kernel of Qy is given by the function vy, (x) = M3y (Mx), where
¥ € Cg°. This implies that for M > N (0)~! large enough, we have

Supp(/ 1//M(X—Z)X( T I)u (t, z)dz> C {lxl < %|z|},
surm(/ wM(x—y)( i ”Fx( |' |> 3(r))(y)dy> C{|x|>%|t—r|}.

Therefore, as long as M is chosen large enough, say for M > My > N (0)~!, and since |f| < |t — | for
t >68/N() and T < —3§/N(0), we have

</1/fM(x—z)x< ’ |>u (t, z)dz,fwM(x—y)( He= ”Fx( |' |)u (r))(y)dy> =0. (4-22)
L2

It remains to estimate the terms (A, A’ + B’) and (A + B, A’), which are given by

3/N(0) T ) X
<QM(/ eV %wdr+f aw—ﬂl—x%}—)fuwh>
0 8/N(0) clt|

0
iT/—A 3
QM< Tle u (r)dr)>L2 4-23)

and

<QM(/ ”J%ndo
0

—8/N(©0) 0 .
QM<f el TV=A (1 —x)( )u (r)a’r—{—/ e”mu3(f)dt>> . (4-24)
7 IT| 5/N(0) L2

We provide the details for how to handle (4-23), as the estimates for (4-24) are similar. First recall that by
the Duhamel principle (4-9), we can write

QM/'lWﬁ3uﬁh—cm¢—AQMumin¢ BTV Quu(T).  (@425)
T
Using again (4-14) and (4-18), we have

8/N(0) e .
[v=semo.eu [ mia [ i (G)ea))
0 L2

8/N(0)

SNOIQuvOll g gs)-  (4-26)

We remark that all of the estimates established so far have been uniformin 7 < 71 <0 < T, < T4. This
is important as we will now take limits, 77 \( 7— and 7, / T,. Indeed, using the weak convergence
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result in Lemma 3.2, we claim that for any fixed 7, € (0, 7}.), we have

lim <i\/—AeiT“/jQMU(T1),

TINT-
S/INO) o B
QM(/ e”mbﬁdt—i-/ e”m(l—x)<—>u3dt>> —0. (4-27)
0 3/N(0) clt| 12

In fact, (4-14) and (4-18) imply that letting 7, T, for M fixed,

§/N©) n X
(=M 0y (/ VA3 ar +/ e”m(l - X)(—>u3 dt)
0 3/N(0) clt|

converges in L?(R?) to
S/INO) T, .
(=M Ou (/ VTR dr +/ VA — X)(—)u3dt> e L*(R%).
0 5/N(0) clt

Therefore, since Lemma 3.2 says that eETV=2y(T) =0 weakly in HY/ 2R3 as T N\ 7, we have

lim lim <«/—AeiT1mQMU(T1)a

TINT- T /T
3/INO) I X
QM(/ e””u3dz+/ e’f”(l—x)(—>u3dt>> —0. (4-28)
0 5/N(0) clt| 12

Thus we have proved that

| lim  lim (A, A"+ B)| S NO)*[Quv )] 1. (4-29)
T\N\T- T, /T,

Using an identical argument, we can similarly prove that

| lim  lim (A+ B, A < N©)'1Qmv )l 1, (4-30)
TN\T-T, /'T+

where A, B, A’, B’ are defined as in (4-20). Therefore, combining (4-21), (4-26), (4-29), and (4-30), we
have proved that

T2 0 . .
lim lim /(e”V—AQM(Lﬁ),e”v—AQM(Lﬁ))L2 dtdt| S0 g1y N(©)' 2+ N(0). (4-31)
INT-D /Ty Jo Jry

We are left to examine the terms in (4-12) (once expanded) that contain at most one Duhamel integral.
Here we will rely heavily on the H'/2-weak convergence in Lemma 3.2.

Indeed, for a fixed 7 and fixed M, we see that /—AQyv(T}) € HY 2(R%). Therefore, by Lemma 3.2,
we have

lim (¢!TV=2 0 yu(T)), &V=2 0 u(T)),, =0. (4-32)
/T,

Next, for fixed T; > T—, Corollary 4.4 and the bound (4-5) imply that

3
el 212 7y 01 <R3y < O9
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which in turn implies that f T, 9 we'™Y=2u3 dr € H'/2(R?), where again we are using that the multiplier
WM is in P(R?). Therefore, Lemma 3.2 implies

lim <QM( / e"W—Abﬁdz),e"TN—AQMv(Tz)> =0. (4-33)
/Ty T g2
Finally, we claim that
lim lim <QM( V=R (1), QM</ A, df)> 0. (4-34)
TN\T-T /Ty H/2

To see this, we use (4-25). Indeed, using Lemma 3.2 again, we have

lim _lim (Qu (¢ "20(T), V=AU (0(0) — € VR0 (1))

IN\T-T /T4 g2
T iTiv/—A — _ _
- T}l\n%7<QM(e VIRT)), Qu(V=Bv©)) =0, (4-35)
Therefore, (4-12) together with (4-31)—(4-35) imply that
10O 131 oy S N1QMVO) 171y N (©)!/% 4+ N (0), (4-36)

for all M > Mj and with a uniform-in-M constant. We can then conclude that
1Mo Ol 1 gy S N(©)'/2 (4-37)
uniformly in M > My. Therefore, [[v(0)]| 51 gs3) < N(0)!/2. This proves Theorem 4.1, assuming the

conclusions of Proposition 4.2. O

4B. Proof of Proposition 4.2. To complete the proof of Theorem 4.1 we prove Proposition 4.2. We
begin with another refined Strichartz-type estimate.

Lemma 4.5. Let n > 0. There exists § = 6(n) > 0 such that for all ty € I we have
el 22 (tto—8/ (o) to+8/N 1oy <2 S 71+ (4-38)

Proof. Again, without loss of generality, suppose that fo =0. Then define the interval J = —L, S .
, N(0)’ N(0)
Using the Duhamel formula, we have

el s sy < IS@OFO) s () o) H[ S(t — $)(0, £u?) ds (4-39)

L} (JxR3)

We estimate the first term on the right side of (4-39) as follows. First choose C(n) as in Remark 9, (3-4),
so that

I P=ciyn@uO) | 125 123 < - (4-40)

Note that by compactness, C(n) above can be chosen uniformly in ¢# € I, which is why it suffices to only
consider 7o = 0 in this argument. Next, we have

IS@uO 3, s <y S NSO P=capn@iOllzs gumsy + ISOP<capn@iOllLs yxms)- (441



SCATTERING FOR THE RADIAL 3D CUBIC WAVE EQUATION 483
We use (4-40) together with Strichartz estimates to handle the first term on the right side above:

IS P=capn @O 14 sxws) S NP=capn @Ol g1y g-12@s) S 0- (4-42)

To control the second term we use Bernstein’s inequalities, (2-1), and Sobolev embedding,
IP<cannyS@EO) | 3@y < CEVNO) ™ uO) [ 412 gs)- (4-43)
Taking the L#(J)-norm of both sides above gives
IS@) P<capn@ @Oz (smey S Cm)'/481%. (4-44)

Next we use Strichartz estimates on the second term on the right side of (4-39).

t
[sa-o0tds) Sl STl (445)
0 LY (JXR3) ' :
Combining all of the above, we obtain
lulls oy SnHCO 4l (g (4-46)
The proof is concluded using the usual continuity argument after taking § small enough. 0

Proof of Proposition 4.2. We can again, without loss of generality, just consider the case o = 0. We will
prove Proposition 4.2 by finding a frequency envelope o (0) such that

I (Pete(0), Prettr O g2 13 < 2K (0),  112M 00 (0) ezl S N(0)S. (4-47)

Once we find o (0) satisfying (4-47), Proposition 4.2 follows from Definition 3. With this in mind we
first establish the following claim:

Claim 4.6. There exists a number ny > 0 such that the following holds. Let 0 < n < no and let
J :=[=8/N(0), /N (0)], where § = §(n) > 0 is chosen as in Lemma 4.5. Define

k/2 —k/2 k/4
a =22\ Patll 1o 2y + 272 P | o2 gy + 2 P s 5

k)2 k)2 (4-48)
ag(0) := 2" Peu(O) | 23y + 27| Preut (0) || 2 w3y -
Next define frequency envelopes oy and o (0) by
o= 27V HBa; (0) = 2717 K8q,(0). (4-49)
J J
Then, as long as ng is chosen small enough, we have
ax S ar(0) +n* Yy 2670 g, (4-50)

j=k=3
and
o S ag(0). (4-51)
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Proof of Claim 4.6. To prove (4-50), we note that Strichartz estimates, together with Lemma 4.5, imply
that o »
ap =212 Paull e 2y + 2 Prall 3

S 2P0 Pt 2 sy + 27211 Preaar O) | 2y + 24 PeCw) s 3

Sa0)+n* Y 26D, (4-52)
j=k=3

To prove the last line above we note that it will suffice, by Holder’s inequality in time and Lemma 4.5, to
show that

1P S lullFs D Pl psrs. (4-53)
Jj=k=3

First, since Pk((Pik_4u)3) =0, we have
1Pee | 37 S || Pel(Pag—ai)® Pog—sul | sy + | Pl Pk—aut(Pok—3)*1|| 157 + | Pl Pog—suel* [l 57
S Null ol Pog—sull L33,

where the last inequality follows from the boundedness of P, on L? and by Holder’s inequality. This
proves (4-53), and thus we have established (4-50).
To prove (4-51), we use (4-50) to obtain

327 UHI; <3 0027/ g2 3o limkE 3 plminrg (4-54)
j j j hzj-3

Reversing the order of summation in the second term above gives

S Y 20U < § 00 R < g

Sk j<ji+3 J1<k (4-55)
3OS Uiy < S (2 kA o=k < g
Ji>k j<ji+3 J1>k
Therefore, (4-54) implies that
o S ak(0) +n o, (4-56)
which in turn yields (4-51) as long as n > 0 is small enough. (|

We now return to the proof of Proposition 4.2. We note that the calculation in the proof of Claim 4.6
also allows us to deduce that

8/NO) p—ity/=A
P / — W0 dt
0

NE

Next, we claim that for any s¢ € (0, %] we have the estimate

00 e—it —A X 3
— (- X)(—)u
/S‘/N(O) V=A clt|

2/(/2

St Y 2k, 4-57)
LI (®) j=k—3

dt S N(0)0§™%, (4-58)
H1/2+sg ([R3)
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where ¢ > 0 is a fixed small constant (¢ = % will do) and x € C{° (R3) is radial, x (x) =1 for all |x| <1,
and y (x) =0 for all |x| > 2. To prove (4-58), we note that by Sobolev embedding,

et . 3 B 3 . 3
H J_—A( X)( |r|) e H( ’”( |r|) PR H( ”( |z|>

2
where o=37 % Then using the radial Sobolev embedding, i.e., Lemma 2.2, we have

p
( X)( ) 3 < H(l_X)I/S( X >|x|(1+SO)/3
It L It

e—ztm 3
N _X)< |t|>

Integrating the above in time from ¢t = §/N (0) to t = +oc then yields (4-58).
Once again by the weak convergence result in Lemma 3.2, we have

’

Lp

3
S lull}
L3p

1
(clr])

12"

Hence,

1=
S0 Nl o e
F /2450

(Prv(0), ka(O))H1/2—<PkU(O) Pk( lim iﬁ/ ”F 3(T)df)>H]/2’

which for all 7_ < T} < 0 is equal to

:l:.
1' P lT] T P / ll'\/—A 3d )>
Tzl/gr}+< (e 1Y 2u(Ty)), N k( | T e
1 o= 1 JA
+ lim P / ity—4 3dt>, P (/ it 3dr)> . (459
nl/n<«/——A "( A AV AV A

As T1 \( T—, we note that (4-59) — 0. Indeed, by (4-9),

+i n .
lim lim (P (e TV =20(T P f elW—Au-”dT>>
nNT- Tz/T+< 1 M) 73 k( 0 e

= il (A ET), RO - ),

= lim (P(e™ B0 (), PewO)) =0, (4-60)

Therefore,

1 1 I
Pv(0), Piv(0 = hm lim P PR 3dt) P (f elTVTA 3dr)> .
Frev(Q), Pevt )>H1/2 TiN\T- T2/T+<«/I k(/T, M ‘ 0 . H1/2

To estimate the right side above, we split each term into two pieces and use the identity

(A+B,A'+BY=(A+B,A)+(A,A'+B)— (A, A")+ (B, B'), (4-61)
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0 JVE ~5/N(0) it/ —A
A:=P u’ dt +P</ ( —X)( )u dt)
k(/—S/N(O) V—A ) ¢ T = |7]

—8/N(0) eitm X
B := P dt
k(»/;"] V_AX(C|t|) )

and A’, B are the analogous quantities in the positive time direction.

where

We begin by estimating the first two terms on the right side of (4-61). In fact, an identical argument
applies to both of these terms, so we only provide details for the term (A + B, A’). To begin, we note

that by (4-58), we have
Ty eirm
([ 2z 0= () )
5/N©O) v/ —A 7]

where by = 27%60®)=1/6) Ar(0)%0®) and we are free to choose any so = so(k) € (0, %] Setting so(k) = 3;
if 28 > N(0) and so(k) = § if 2¢ < N(0), we have

<27k, (4-62)
H12

= { ZHENOE R 252 N O, (4-63)
K124 N (0)1/85—1/8 if 2% < N(0).
Then
o)l S N©)'. (4-64)

Therefore with by, as in (4-63), we can combine (4-57) and (4-62) to deduce that

8/NO) ,itv/=A ; T i itv/—A
‘Pk<[o MM dt) H1/2+ Pk(//N(O) M( _X)<C| |)M dt) H12
SuP Y0 2k o ko,
Jj=k=3
Then since
=/, ”F Wdt —v©0) in H7? asT) \ T, (4-65)

we can deduce the estimate

0 Jitd/—A 3
lim lim (A+B, A’ = lim lim (P u’dt ),
i o ¢ lge =l o k( A )

8/N(0) e—irﬂ 3y T, eirﬂ p
P _ T )+ P / — ( )u ‘[)
k</0 V=A ! ) k( 8/N(0) V—A( 2 k1 o

< a(0) <n2 > 2kl +2k/6bk>. (4-66)

Jj=k=3
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An identical calculation in the other time direction gives the same estimate for (A, A’ + B’). Next, we
estimate (A, A’), again using (4-57) and (4-62). We have

§/N(O) pity/=A 3y T em/ﬁ p
P, P, —
k(/o V=A ! T>+ k(/a/zv(m \/—A( X)< It |)u T>

0 eizﬂ ; —8/N(0) , it/—A ;
P, dt )|+ P, / — < > dt>
k(/S/N(O) V=A N > k( T N ( X |7] e

< (n > 2k > +27k53p2 (4-67)

Jj=k=3

Finally, it remains to estimate (B, B’), which is given by

8/N(0) nm X 5 eirm X
P —_— dtd
//N<0> /n < k( V-A ( Itl) ()) (\/—A X(lel) (T)>>H1/z rer

—8/N(0) x\ s WELSINE . e
//N(O) /Tl <X(m)" O B <ﬁ ( E |)” (T))(x)> tdr. (4-68)

Here we perform an argument similar to our use of the sharp Huygens principle in the proof of (4-22).
The kernel of PZe!!~9V=4(/=A)~! is given by

2w
Kk(x)—Kk(|x|)—c/ f Felp cosd g1 (v ’>pp—1¢< )p dpsinf d, (4-69)

where the integrand is written in polar coordinates on R, where p = |£|. The function ¢ ( - /2%) above is the
Fourier multiplier for the Littlewood—Paley projection, P, and its support is contained in p € [2F=1, 2k+17],
Integration by parts L € N times in p gives the estimates

22k

Ki(x— | < . (4-70)
TS e — = =)

In (4-68) we have |x| < ;|¢|, |y| < {I7], and therefore |x — y| < }|t —#|. Thus we have
(t—0)—|x—y|l=3lt—1|

and hence
22k

(k| — ()L @70

|Ki(x — )| Si

If 2F > N(0), we use (4-71) with L = 5 to obtain

—§/N(0) SR . )
T~ d
//N(O)/T < ( |t|>u @), P ( J=A X( Iz |)” (T))(X)> tdt

Slulf e 27 N0 27N 27N O (4-72)
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If 2% < N(0), we use the crude estimate | Ky (x — y)| < 2%% in the (¢, 7) region |t — 7| < 27%, and we use
(4-71) with L = 3 in the region where |7 — ¢| > 2~k We can then conclude that if 2¥ < N(0), we have

o sy, P E 0 (e dtdr <1 473
//N(O)fT < <|t|> (1), k(ﬁx< Iz |> (T))(X)> tdt < 1. (4-73)

Therefore, (4-66), (4-67), (4-72), and (4-73) imply that

2
a2 (0) < a (0) (n2 3 2k, +2—’</6bk> + (n2 3 2keilig j)

Jj=k=3 Jj=k=3
+ 27 B3p? + min Q2N (0)2, 1), (4-74)

Hence we have

ax(0) < n? Z 250l 427k 0p 4 min2 KN (0)!/4, 1). (4-75)
Jjzk=3

Using the definitions of o (0), o and (4-55), we get
a; (0) < oy + Z 2_”_"'/82_1/6191' + Z 2 l=KI/82=i/6 min(2 /12N (0)1/4, 2776y,
J J

Using (4-51) and choosing 1 small enough, we then have

o (0) Sy 2780 4 N o limkIBy IS (4-76)

J J
where the ¢; := min(2~//12N(0)1/4, 27/6) satisfy
el S N@©)Y°. (4-77)

By Schur’s test, using (4-64) and (4-77), we can finally conclude that

12580 (0) |2 S N (0)'/°, (4-78)

as desired. This finishes the proof, since oy (0) satisfies (4-47). O

5. No energy cascade and even more regularity when N () =1

In this section we begin by showing that an energy cascade, i.e., the case limsup,_, ., N(t) = 0, is
impossible. This leaves us with the soliton-like critical element N (t) = 1 for all # > 0. We can then
reduce this situation to the case of a soliton-like critical element that is global in both time directions with
N(t) = 1 for all # € R. Finally, we show that such a solution is in fact uniformly bounded in H> x H',
which in turn means that i (f) satisfies the compactness property in H' x L2.
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5A. No energy cascade. We can quickly rule out the case of a critical element u(¢) with scale N (r)
satisfying lim sup,_, ., N () = 0. We prove the following consequence of Theorem 4.1 and Proposition 2.6.

Lemma 5.1. Let u(t) be a solution to (1-4) defined on a time interval I = (T_, +00) with T_ < 0
and suppose that ii(t) has the compactness property on I with N(t) < 1 for all t € [0, 00). Then
limsup N (¢) = 0 is impossible unless ii(t) = 0.

t—00
Proof. Since i(t) satisfies the conditions of (4-1), we see that

lim sup || ()| 1.2 < limsup N (2)'/? = 0. (5-1)
1—>00

~
—00

By Sobolev embedding and interpolation, we also have

limsup [|u(0) |+ < limsup u(0)] s S limsup u(@)[ 7, lu @I < limsup N(0)'/* =0, (5-2)

t—>00 t—>00 t—00 t—>00

Therefore the conserved energy E (u(t)) is well-defined and (5-1) and (5-2) imply that we must have
E(u(t)) = 0. If u(t) solves the defocusing equation, then E (i(t)) is given by (1-2) and we can directly
conclude that we must have u(t) = 0. If u(¢) is a solution to the focusing equation, then we use
Proposition 2.6 to deduce that u(t) = 0. O

5B. Additional regularity for a soliton-like critical element. For the case of a soliton-like critical ele-
ment, i.e., N(z) = 1, the rigidity argument in Section 6 will require that the trajectory i (t) be precompact
in H' x L?(R?) rather that just uniformly bounded in this norm, in time. This is not hard to do given our
work in the previous sections.

Let u(t) be as in Proposition 3.1 and assume that N (¢) = 1 for all 7 € [0, 00). Then, without loss of
generality, we can assume that I, (#) = R and we have N (¢) =1 for all € R. Indeed, let 7, — oo be
any sequence. Since i () has the compactness property on (7_(it), o0) we can find a subsequence, still
denoted by 1, so that ii(t,) — e in H'/? x H~'/2. Then, using the perturbation theory, one can readily
check that the solution i, (¢) with initial data 1, (0) = Ui, is global in time and has the compactness
property on R with N(t) =1 for all r € R.

We can now establish the following proposition.

Proposition 5.2. Let ii(t) be the critical element and assume further that 1 (t) is soliton-like, i.e., u(t) is
defined globally in time and N (t) = 1. Then the trajectory

K:={ut)|teR} (5-3)
is precompact in (Hl/2 X H‘l/z) N (1'-'11 x L?)(R3).

Proof. We prove that in fact we have a uniform-in-time bound on the H2 x H'-norm of i(r). We

only provide a sketch of this fact, as the proof is nearly identical to the proof of Theorem 4.1. The

172

precompactness of {ii(¢) |t € R} in H' x L? then follows from its precompactness in H'/? x H~'/? and

interpolation, as we have

- ~ o 12/3 . nl/3
WG 12 SNEON o IO
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First note that by Theorem 4.1, we have

la) |l gry2 S 1 (5-4)

~

Claim 5.3. There exists a § > 0 such that for all ty € R and for J := (ty — 6, to + ), we have
el 2 o0 g sy S 1- (5-5)

Remark 11. In (5-5) we make use of the endpoint L%L;o Strichartz estimate, which is valid in the radial
setting; see [Klainerman and Machedon 1993]. However, this use of the endpoint is for convenience only,
as it will allow for an upgrade of the uniform bound in H' x L2 directly to a uniform bound in H2 x H'.

1/2 and

This implies that the trajectory is precompact in H' x L? using the precompactness in H'/2 x H~
interpolating with the H2 x H' bound. As we are only interested in proving the compactness property in
H' x L2, it would also suffice to prove a uniform bound in H'*¢ x H®, and for this estimate we would

not need the endpoint Strichartz estimate.

Proof of Claim 5.3. First we note that it suffices to prove the claim for 7o = 0. We apply the endpoint
Strichartz estimates, which are valid in the radial setting. Indeed, denote by Z(J) the space Z(J) :=
L®(J; H' x L?) N L?(J; LY). Then we have

= 3 . 3
lulizey S NuOgwpe Mgz S HEO e +ullys g,

SNaO)l iy g2 +3|Iulli?0(,;ﬁxl) SOl g2 +8lullzoy, (5-6)

where we remark that we have used the Sobolev inequality and the length of J in the third inequality
above, and nothing else. In the last inequality we have used (5-4). Choosing § = §(||u#(0)|| g1y ;2) > 0

small enough completes the proof. Note that here it is important that the constant in (5-4) is uniform in
toel. O

The proof of Proposition 5.2 now proceeds exactly as in the proof of Theorem 4.1, except here we seek
an H? bound. We give a brief sketch. Let v(¢) be defined as in (4-6), and Q; as in (4-10). We prove that

(Qmv(to), OQmv(t0)) 2 S 1 (5-7)

for all M > M, with a constant that is uniform in M and in fy € R. Extracting weak limits using Lemma 3.2
as in the proof of Theorem 4.1, we note that it will suffice to prove the following estimate for the “double
Duhamel” term:

0 T>
’<QM ( / ei’“‘AV(u3)(t)dt>, Oum ( f eiW—AV<u3>(r>dr)>
T\ 0 L?

where T < 0 and 7> > 0 and the constant above is uniform in such 77, 7>. Note also that above we have

<1

~ ’

(5-8)

set tp = 0, as again this case will be sufficient.
By (5-5), we see that for § > 0 as in Claim 5.3, we have

)
H QM(/ e”mV(lf)(r)dr)
0

§
2
< / IV@) 2 S IVullgerlulag gy S 1 (59
L2 0 t 4 X
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Next, by the radial Sobolev embedding, [|[x>/*ullz0c(@sy S llull 34 (gs)» We have

“( _X)( ||)v” o

where x € C8°([R€3), radial, satisfies x (x) =1 for |[x| <1 and x(x) =0 for [x| > 2, and ¢ = }1. Therefore
we have
L2

T
HQM< eirﬂ(l_x( E |>)V(”3)(”df>
)
OOH(I_X< E |)>V(”3)(T)

Next, using the sharp Huygens principle exactly as in the proof of (4-22), the term

<QM(e”ﬂx( H)V(u ><r>dr) QM(e”ﬂx( " |>V<u3><r>dr>>
=<QM<X( ; |)V<u3><r>dt) QM(e“”)”x( - l)V(u3)<r)dr)> (5-12)

is identically O for t < —§ and t > §. With (5-9), (5-11), and (5-12) playing the roles of (4-14), (4-18),
and (4-22), the proof now proceeds exactly as the proof of Theorem 4.1. We omit the details. O

1 3
. —-3/2 R
< g/2|t|3/2 ||Vu||L°°L2 RS)”u(t)”H?M ~ |t| ’ (5 10)

<8720 (5-11)

L2

6. Rigidity via a virial identity

In this section we complete the rigidity argument by proving that a soliton-like critical element (i.e.,
N(t) = 1) cannot exist. Indeed, we prove the following proposition:

Proposition 6.1. Letii(t) € (H'/2 x H~'2) N (H"' x L%)(R?) be a global-in-time solution to (1-4) such
that the trajectory
={u@t) |t eR} (6-1)

is precompact in (H'72 x H=Y2) N (H! x L?)(R?). Then u(t) = 0.

The proposition will follow from a simple argument based on the following virial identity. We will
fix a smooth radial cutoff function x € C§° (R3) such that x(r)=1for0<r <1, supp x C [0, 2], and
|x'(r)| < C for all r > 0. For each fixed R > 0, we will denote by xr the rescaling

XR(r) == x(r/R). (6-2)

Lemma 6.2 (virial identity). Let ii(t) € H' x L?(R3) be a solution to (1-4). Then for every R > 0,

5(”"XR(”””r))_—E(“)(fH/ (1_XR)<—M +§ Zii 4) 2dr

1o, 12,1 )2 > /
— 5 ,+2 :I:4u rxpr-dr — uu,r xprdr, (6-3)
0 0
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where the bracket (f | g) is the radial L*(R>) inner product

o0
(F1gri= [ swewwar
0
Proof. The proof follows from (1-4) and integration by parts. (|

Remark 12. In general, for a semilinear equation of the form
Uy — Au = £u|?u,

one has the formal virial identity

d p_3 p+1
E(uz lu+x-Vu)=—E(u) =+ (ﬁ) laell ) ps-

Note that the right side can be bounded from above by a negative constant times the conserved energy
in the case 1 ++/2 < p < 3, yielding a monotone quantity. But in the case 3 < p < 5, the right side
cannot be controlled by the conserved energy in the case of the focusing equation. However, for the
range 3 < p < 5, a different rigidity argument is available, based on the “channels of energy” method
developed by Duyckaerts, Kenig, and Merle [2013; 2014]. For an implementation of this strategy for the
range p € (3, 5), see [Shen 2012].

We also note that the virial identities and the argument in this section also readily extend to the nonradial
setting.

The proof of Proposition 6.1 will now follow by applying the above lemma to our precompact trajectory
u(t) in order to show that the energy must be nonpositive. One concludes the proof by noting that a
solution to the defocusing equation with nonpositive energy must be identically zero. In the case of
the focusing equation, we recall Proposition 2.6, which says that a solution with nonpositive energy
must either be identically zero or blow up in both time directions, and the latter is impossible under the
hypothesis of Proposition 6.1.

Proof of Proposition 6.1. Fix n > 0. We will show that for i(t) as in Proposition 6.1, we have
€(u) < Cn (6-4)

for a fixed constant C which is independent of 5. First, note that since {u(¢) | t € R} is precompact in
(H'2x H-Y2)Nn (A" x L?)(R?), we can find Ry = Ry(n) such that for all R > R and for all # € R, we
have

/wwﬂw+uﬁow%nsn. 6-5)
R

Moreover, due to the embeddings H'2N A" < H3*<s L* we can choose Ro(1) large enough that we
also have

/OO 1,t4(t)r2 dr <ng (6-6)
R



SCATTERING FOR THE RADIAL 3D CUBIC WAVE EQUATION 493

for all R > Ry and for all ¢ € R. Finally, we note that for any R > 0 and for any smooth radial function in
H'(R3), we have

/ fA(r)ydr + Rf*(R) = — / f(r) f(r)rdr,
R R

which can be obtained by integrating by parts. This implies that

/Oofz(r) dr < /oofrz(r)r2 dr.
R R

Therefore, for our precompact trajectory i (t), we can use (6-5) to obtain

f T2 dr < 6-7)
R

for all R > Ry(n) and for all ¢+ € R. Letting R > Ry(n), we can apply these estimates to the last three
terms on the right side of (6-3):

> 1 o, 1 4\2
</0 (l—XR)(—u —|—2 r:|:4u) d>
</0 <é ,2+éu2:|:iu )rx}erzdr>§C/ (%u2+éu2+iu )rzdrSCn,
00 1/2 2R 1/2
</ uurrxl/erdr> ( ) (/ uza’r) <Cn.
0 R

Inserting the above estimates into (6-3) and averaging in time from O to 7', we obtain the estimate

IA

Cn,

- 1 1
Eu) =Cn+ ?\(ut(T) | xr@(T) +ru,(T))| + 7\(%(0) | Xr(0) +ru,(0)))]. (6-8)

Now, set R = T above with T large enough that T > Ro(n). We have
1 (T 1 (T
EGi) < Cn+ 07/ g (T (T dr + C;/ 14,(0)) [ ()2 dr
0 0

T T
+Cl/ e (T, (T d”+le Jur () |, (0)|r dr. (6-9)
T 0 T 0

We estimate the second and third terms on the right side of (6-9) by

1 [T 1 T 1/2 T 1/3 T 1/6
—f [u;| |u|r2 dr < —(/ ut2r2 dr) (/ |u|3r2 dr) (/ r? dr)
T Jy T'\Jo 0 0

< lelu,anHullHuz —-0 asT — oo,

where in the last line we have used the embedding H'/? < L3, the fact that the critical element ii (¢)
satisfies sup, g ||u(t)||H% < 1, and sup, g llus ]l 2 S 1. To estimate the fourth and fifth terms in (6-9), we
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note that for 7 >> R(n) we have

T

1 T 3 1 R(n) 3 1 3
7f e 1t drf?f al el dr 4 [l dr
0 0 R(n)

R T 1/2 T 1/2
< (”)||u,||Lz||u||H.+(/ ugrzdr) (f u%rzdr)
T R(n) R(n)

=n+0(T"Y asT — oco.

Thus, letting T — oo in (6-9), we obtain
E(u) < Cn,
as desired. Since this holds for all > 0, we can conclude that
E@u) <0. (6-10)

In the case that i (¢) is a solution to the defocusing equation, we are done, as we can conclude from (6-10)
that u(z) = 0. In the case that u(¢) is a solution to the focusing equation, we note that (6-10) together
with Proposition 2.6 implies that either () = 0 or i(z) blows up in finite time in both time directions.
However, the latter case is impossible, as we have assumed that #(¢) is global in time. This completes the
proof of Proposition 6.1. 0

7. Proof of Theorem 1.1

We provide a brief summary of the proof of Theorem 1.1, which is now complete. We argue by
contradiction. If Theorem 1.1 were false, we could, by Proposition 3.1, find a critical element, i.e., a
nonzero solution ii(r) to (1-4) with the compactness property in H'/2 x H~'/2 on an open interval [ 5 0
with scale N (¢). By the remarks following the statement of Proposition 3.1, we can reduce to the case
I =(T_,00) and N(¢) <1 for t € [0, 00). By (4-1), we then have

@) 1,2 SN@Y? fort € [0, 00).

~

Then, since we are assuming i(¢) is nonzero, by Section 5A, we can conclude that N(r) = 1 for all
t € [0, 00). We can then ensure that #(¢) is global in time for all 7 € R, and by Proposition 5.2, we know
that 7(¢) has a precompact trajectory in H'/2 x H='/2n H' x L2. But then Proposition 6.1 shows that
u(t) = 0, which is a contradiction.
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COUNTEREXAMPLES TO THE WELL POSEDNESS OF
THE CAUCHY PROBLEM FOR HYPERBOLIC SYSTEMS

FERRUCCIO COLOMBINI AND GUY METIVIER

This paper is concerned with the well-posedness of the Cauchy problem for first order symmetric
hyperbolic systems in the sense of Friedrichs. The classical theory says that if the coefficients of the
system and if the coefficients of the symmetrizer are Lipschitz continuous, then the Cauchy problem
is well posed in L?. When the symmetrizer is log-Lipschitz or when the coefficients are analytic or
quasianalytic, the Cauchy problem is well posed in C*°. We give counterexamples which show that these
results are sharp. We discuss both the smoothness of the symmetrizer and of the coefficients.
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1. Introduction

We consider the well-posedness of the Cauchy problem for first order symmetric hyperbolic systems in
the sense of Friedrichs [1954], who proved that if the coefficients of the system and if the coefficients of
the symmetrizer are Lipschitz continuous, then the Cauchy problem is well posed in L?. This has been
extended to hyperbolic systems which admit Lipschitzian microlocal symmetrizers (see [Métivier 2014]).
The main objective of this paper is to discuss the necessity of these smoothness assumptions and to
provide new counterexamples to the well-posedness. In the spirit of [Colombini and Spagnolo 1989;
Colombini and Nishitani 1999], we make a detailed analysis of systems in space dimension one with
coefficients which depend only on time. Even more, we concentrate our analysis on the 2 x 2 system

a(t) b(t)
c(t) dt)

The symbol is assumed to be strongly hyperbolic or uniformly diagonalizable, which means that there

Lu := 8,u+( ) oxu = o;u + A(t)u. (1-1)

is a bounded symmetrizer S(¢), with S~1 bounded, which is positive definite and such that S(¢) A(z) is
symmetric. This is equivalent to the condition that there is 6 > 0 such that

8((@a—d)* +b*+c*) < 3(a—d)* +be. (1-2)
Meétivier thanks the Centro E. De Giorgi for their hospitality.
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If the symmetrizer S and the coefficients are Lipschitz continuous then the Cauchy problem is well posed
in L2. Indeed, in this case, solutions on [0, T] x R of Lu = f satisfy

T
lu@ll2 = CUlu@)ll2 + [ Lull2)  with CZCoeXP(fO |8,S(s)|ds). (1-3)

Lipschitz smoothness of the symmetrizer is almost necessary for well-posedness in L2, even for very
smooth coefficients:

Theorem 1.1. For each modulus of continuity w such that t "' w(t) — 400 as t — 0, there is a system (1-1)

with coefficients in (),_, G*([0, T]), with a symmetrizer satisfying

s>1
1S(t) = S(t")| < Co (|t —1')), (1-4)

such that the Cauchy problem is ill posed in L* in the sense that there is no constant C such that the
estimate (1-3) is satisfied.

Here and below, we denote by G* ([0, T']) the Gevrey class of functions of order s. They are C* func-
tions f such that, for some constant C which depends on f,

18/ fllL~ < CIFI(jD® forall j €N,

This theorem extends to systems a similar result obtained in [Cicognani and Colombini 2006] for the
strictly hyperbolic wave equation
u—a)d’u = f. (1-5)

Indeed, there is a close parallel between the energy |d;u |24-a(1)|d,u|? for the wave equation and (S(#)u, u)
for the system, and, in this case, the smoothness of S(¢) plays a role analogous to the smoothness of a.
For the wave equation, when a is log-Lipschitz, i.e., admits the modulus of continuity w(¢) = t|In¢|, the
Cauchy problem is well posed in C* with a loss of derivatives proportional to time [Colombini et al.
1979]. In intermediate cases between Lipschitz and log-Lipschitz, that is when (¢[In¢|)~'w(t) — 0 and
t~'w(t) — 400, the loss of derivative is effective but is arbitrarily small on any interval [Cicognani and
Colombini 2006]. The proof of these results extends immediately to systems (1-1) where the smoothness
of the symmetrizer plays the role of the smoothness of the coefficient a.

The next result extends to systems the result in [Colombini et al. 1979; Colombini and Spagnolo 1989]
showing that the log-Lipschitz smoothness of the symmetrizer is a sharp condition for the well-posedness
in C*, even for C* coefficients.

Theorem 1.2. For each modulus of continuity w satisfying (t|Int|)~'w(t) — +o0 as t — 0, there are
systems (1-1) with C* coefficients, with symmetrizers which satisfy the estimate (1-4), such that the
Cauchy problem is ill posed in C*°, meaning that, for all n and all T > 0, there is no constant C such that
the estimate

lullp2 < Cl|Lullgn (1-6)

is satisfied for all u € C3°([0, T] x R).



COUNTEREXAMPLES TO THE WELL POSEDNESS OF THE CAUCHY PROBLEM 501

In [Colombini and Nishitani 1999] the question of the well-posedness of the Cauchy problem is
considered under the angle of the smoothness of the coefficients alone. In this aspect, the analysis is
related to the analysis of the weakly hyperbolic wave equation (1-5) (see [Colombini et al. 1983]). If the
coefficients are C*°, the problem is well posed in all Gevrey classes G*, but the well-posedness in C*°
is obtained only when the coefficients are analytic or belong to a quasianalytic class. Indeed, the next
theorem shows that this is sharp.

Theorem 1.3. There are example of systems (1-1) on [0, T] x R with uniformly hyperbolic symbols and
coefficients in the intersection of the Gevrey classes (| G* for s > 1, admitting continuous symmetrizers,
such that the Cauchy problem is ill posed in C*°.

This theorem improves the similar result obtained in [Colombini and Nishitani 1999], where the
counterexample had coefficients in () G* for s > 2. The same construction can be used to provide a
similar improvement to the known result in [Colombini and Spagnolo 1982] for the wave equation:

Theorem 1.4. There are nonnegative functions a € (\,., G*([0, T1) such that the Cauchy problem for

the weakly hyperbolic wave equation (1-5) is ill posed in C*°.

s>1

The theorems above show that the smoothness of both the coefficients and the symmetrizer play a role
in the well-posedness in C°°. The next theorem is a kind of interpolation between the two extreme cases
of Theorem 1.2 and Theorem 1.3.

Theorem 1.5. Forall s > 1 and u < 1 — 1/s, there are examples of systems (1-1) on [0, T] x R, with
uniformly hyperbolic symbols, coefficients in the Gevrey classes G° and symmetrizers in the Holder
space C*, such that the Cauchy problem is ill posed in C°.

This leaves open the question of the well-posedness in C*> when the coefficients belong to G* and the
symmetrizer to C* with u + 1/s > 1.

We end this introduction with several remarks about symmetrizers for the 2 x 2 system (1-1). For
simplicity, we assume that the coefficients are real. Write

A(t) = SrA(t) Id+A; ().
Then A? = 1 1d with h = }(a — d)? + b satisfying (1-2). In particular,
(1) = AT A1 (1) +h(t)1d

is a symmetrizer for A in the sense that ¥ and ¥ A = %(trA)E +hA] +hA; are symmetric. In general,
X is not a symmetrizer in the sense of Friedrichs, since it is not uniformly positive definite, unless 4 > 0,
which means that the system is strictly hyperbolic. More precisely, ¥ =~ hId. But ¥ has the same
smoothness as the coefficients of A.

On the other hand, since the system is uniformly diagonalizable, there are bounded symmetrizers 3 (¢)
which are uniformly positive definite. For instance, #~' X is a bounded symmetrizer. More generally,
writing

Ya—dy=h"?a;, b=bh'? c=ch'? (1-7)
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one has al2 +bicy = 8(a12 + b% + c%) > § > 0 and the symmetrizer is of the form

Z‘:(Z ﬁ) with 2a18 = bia —c1y. (1-8)

Therefore, there is a cone of positive symmetrizers of dimension 2. Their smoothness depends on the
smoothness of aj, by, ¢y, that is, of A~1/2A;. There might be better choices than others. For instance,
if the system is symmetric, X = Id is a very smooth symmetrizer. Our discussion below concerns the
smoothness of both ¥ and X and their possible interplay.

2. The counterexamples

We consider systems of the form
L 0 a()
LU := a,U+(b(t) 0 >axU (2-1)

with a and b real. We always assume that it is uniformly strongly hyperbolic, that is, that 0 =a/b > 0
and 1/o are bounded. Our goal is to contradict the estimates (1-3) and (1-6). We contradict the analogous
estimates which are obtained by Fourier transform in x, and, more precisely, we construct sequences of
functions uy, vy and f; in C*°([0, T]), vanishing near ¢t = 0, satisfying

oug +ihra(®)vy = fx, v +ihgb(t)ur =0 (2-2)

with h; — +00 and such that

Il fell 2

—— 50 as k— (2-3)
| (ug, vi) |l 12
in the first case, or, for all j and /,
hl 9!
M0 Tz o k= 00 2-4)
| e, vi) |l 2

in the second case. Moreover, the support of these function is contained in an interval I} = [#, t,i] with
0 <1 <t and t;, — 0, showing that the problem is ill posed on any interval [0, 7] with 7 > 0.

Exponentially amplified solutions of the wave equation. In this section we review and adapt the con-
struction of [Colombini and Spagnolo 1989]. The key remark is that the function w, (1) = e *?® cost
satisfies
0f we +aewe =0 (2-5)
if .
o) = / (coss)?ds, a.(t) =1+ 2¢esin2t —&?(cosr)™. (2-6)
0

The important property of the w, is their exponential decay at +o00. More precisely,

esin(2t) /4

EPw () =e cost is 2m-periodic
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and
we(t+2m) = e T we(t). (2-7)

Next, one symmetrizes and localizes this solution. More precisely, consider x € C°°(R), supported in
1=7n, 7 [, odd, equal to 1 on [—6m, —27] and thus equal to —1 on [27, 67r], and such that, for all ¢,
O0<x(@ <land|ox(¢)|]<1.ForveN,let

_[ 2 — (L -
.0 = [ rweosstas w0 =x(5). -8)

For & > 0, wg,, () = e*®® cost satisfies

atzwe,v + o ywey = 0, (2'9)

where
e, (1) =146y, sin2t —e® — (e®)>

Z(cost)?. (2-10)

v

=1+42¢ey,sin2r —ex/(cost)> — &’

Fore <gy= % and for all v,
lote,y — 1] < 1, (2-11)

and we always assume below that the condition € < g is satisfied. We note also that o, , =1 for |¢t| > 7vm,
since x, vanishes there.

The final step is to localize the solution in [—6vm, 6vmr]. Introduce an odd cut-off function ¢ (¥)
supported in ]—6m, 67r[ and equal to 1 for |¢| < 4, and let

e, (1) = £ (5 e 0. 2-12)
This function is supported in [—6vrw, 6vrr] and equal to w, , on [—4vmw, 4vr]. Then
Feow = 030, + tevibe,y = 2078 (£ )+ 072" (s (2-13)
is supported in [—6vw, —4vr ] U [4vr, 6vrT].
Lemma 2.1. For all j, there is a constant C; such that, for all ¢ < &g and all v > 1,
1/ feullzz < Cyv~'e ™ bl 2. (2-14)

Proof. By symmetry, it is sufficient to estimate f, , for r > 0, that is, on [4vrw, 6vr]. On [2vr, 6vr],
Xv» = —1, hence ®,, — ¢ is constant and

ws,v(t) = Cv,e@s(t), Cye = 68(1)"(2‘}”)-
Moreover, on this interval «, , = &, is bounded with derivatives bounded independently of ¢, and hence
J -1
[ 9; fs,v||L2 = CjU Cv,e”(@s, 8[W€)||L2([4vrr,6v7r])'

By (2-7), this implies

. O _
”atj Jewllz2 < ij Cy,c€ e [ (we, 3:@5)||L2([2m,4m])-
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On the other hand,

I We,v 2> Cy,e lwell L2([2vr,4vm])-

Therefore, it is sufficient to prove that there is a constant C such that, for all v and ¢,

l(we, at@s)”Lz([ZvnAvn]) = C”ws”LZ([ZUﬂAUT!D'
Using (2-7) again, one has

v—I1

2 —2(ek 2
”(W& 8tw5)”L2([2v7[,4v7r]) = Z e (kv ” (EJs, atw8)||L2([O,2n])
k=0

and
v—1

2 _ —2(ek+v)m 2
||1£e||Lz([2WT’4W]) - Ze ||w8“L2([0’2n])~
k=0
On [0, 27], the H! norms of the w, are uniformly bounded, while their L? norms remain larger than a
positive constant. (|

Construction of the coefficients and of the solutions. For k > 1, let py = k—2. We consider intervals
I = [t ;] and Ji = [1}, ty—1] of the same length px =] —t, = fx_1 — 1, starting at o =2 > oo | pk, and
thus such that #;, — 0.

The functions a and b are defined on ]0, 7y] as follows: we fix a function 8 € C*°(R) supported in
10, 1[ and with sequences &, v; and §; to be chosen later on;

a(t) = Sxete, v (=8mvg + 167 (t — ti)vie/ i),
b(t) = b, (2-15)
on Ji, a(t) =b(t) =38+ k-1 — ) Bt — 1)/ pr)-

Because o, , =1 for |t| > 7vm, the coefficient a equals §; near the endpoints of I;. The use of the

on I, {

function 8 on J; makes a smooth transition between §; and §;_;. Therefore, a and b are C* on |0, 1p].
The coefficients will be chosen so that they extend smoothly up to t = 0.

This is quite similar to the choice in [Colombini and Nishitani 1999], except that we introduce a new
sequence &, which is crucial to control the Holder continuity of o = a/b.

We use the family (2-12) to construct solutions of the system supported in I; for k large. On Iy, b is
constant and (2-2) reads

ity + ihpdpovy = fr, v +ihgdrur =0 (2-16)

with
167 (t — ) vy
ai(t) =gy, (—8nvk +— ).
Pk
Therefore, a C* solution of (2-2) supported in I is

- 167 (t — ty)v - 167 (t —t;)v
(1) = 19,1, (—Snvk + (p—")"> 0(0) = e, (—Snvk + (p—“") @-17)
k k
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with
. Vi 167 (t — ) vy
fx(t) = 16im <E> e (—Snvk + T
provided that
. 167 vy

hy = .
Pk Sk

3. Properties of the coefficients
We always assume that
& <&, &V — +00, & — 0.
Conditions for blow-up.

Lemma 3.1. If

(o) e T 5 0,

then the blow-up property in L?, (2-3), is satisfied.

Proof. By Lemma 2.1,

—1 —epux
I fell2 < Cop e % [lugl 2.

1 h
— ln(—kvk> — 0,
EkVk Pk

then the blow-up property in C*, (2-4), is satisfied.

Lemma 3.2. If

Proof. By Lemma 2.1, one has

3] I+1
10, hy ficll 2 - lvk_lhlj{-<16nvk> —
| ek, vi)ll 2 Ok
This tends to O if
kv — jInhg — (1 + l)ln(z) — +o00.
Pk

If (3-3) is satisfied, this is true for all j and /.

Smoothness of the coefficients.

Lemma 3.3. If
In(ve/ox)
[In(8xer)|

then the functions a and b are C* up tot = 0.

505

(2-18)

(2-19)

(3-1)

(3-2)

(3-3)

(3-4)
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Proof. Both a and b are O (6;) and thus converge to O when t — 0. Moreover, for j > 1,

; 8 J I,
197 al scj{ ek pi)” - on i
Sk 0y on Jg.

The worst situation occurs on I and the right-hand side is bounded if

j1n<3) — In(Seen)|
Pk

is bounded from above. This is true for all j under the assumption (3-4), implying that a is C* on [0, #o].
The proof for b is similar and easier. |

Next, we investigate the possible Gevrey regularity of the coefficients. For that we need to make a
special choice of the cut-off functions x and 8 which occur in the construction of a and b. We can
choose them in a class contained in (), ; G* and containing compactly supported functions (see, e.g.,
[Mandelbrojt 1952]). We choose them so that there is a constant C such that, for all j,

sup(10] x ()| + 18] B(1)]) < €7 j1(In ) (3-5)

Lemma 3.4. If (3-5) is satisfied then, for j > 1,

. . ' J J _
sup (18] a())|+ 18/ b(@)]) < Kf+‘5kek(<3) + (l) j!(lnj)”). (3-6)

te L UJ Pk Pk

Proof. On I we take advantage of the explicit form (2-10) of « ,: it is a finite sum of sine and cosines
with coefficients of the form x (z/v). Scaled on I, each derivative of the trigonometric functions yields
a factor vy /px, while the derivatives of x,, have only a factor 1/p;. Since x' and x? satisfy estimates
similar to (3-5), we conclude that a satisfies

. ) j—l
18/ a()] < ex8i K’ Z<3> c*irann?,

1< Pk

implying the estimate (3-6) on I;. On I, b is constant. On J; things are clear by scaling, since the
coefficients are functions of B((t — t,é) /Pk). O

To estimate quantities such as 8 (v /px)”, we use the following inequalities for @ > 0 and x > 1:

e *x* <a® (3-7)
and
a
o 4 < Inal® when a > e, (3-8)
1 when a <e.
Corollary 3.5. Suppose that §; = e~ and that, for s > s' > 1,
1y ,
<&) <Cn and <—> <o (3-9)
Pk P

Then the coefficients belong to the Gevrey class G°.
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If, for some p > 0 and g > 0,
v
m > and (—k) < CkPmy,
Pk

then the coefficients belong to (,., G*.

Proof. We neglect ¢ and only use the bound ¢ < gg. In the first case, we obtain from (3-7) that

J ) ] 1\/ ‘/
Sk(&) <e ™M(Cn)¥ < (C' )", 5k(—) <(C"j)/" D,
Pk Pk

implying that
10/ (a, b)| < KT j.
In the second case, combining (3-7) and (3-8)

J
ek (3) < C’jjjkpje—nk/Z < C”jjj(l +lnj)pj/".
Pk

Using (3-8) again for the second term, we obtain that

10/ (@, b)| < K/ ji (In )77

507

(3-10)

with r = max{p, 4}/q. In particular, the right-hand side is estimated by K**!;/$ for all s > 1, proving

that the functions a and b belong to (),.; G°.

Smoothness of the symmetrizer.

0

Lemma 3.6. Suppose that w is a continuous and increasing function on [0, 1] such that t'w(t) is

decreasing. If
Vi

lo(t) —o (1) < Co(|t —1']).

then o = a/b satisfies

In particular, if © <1 and

: ve )
hmsupsk<—) < +o00,
k Pk

then o is Holder continuous of exponent (1. If

6
(_) < cm(&) ,
Pk Pk

then w(t) = t|Int|? is a modulus of continuity for .

(3-11)

(3-12)

(3-13)

(3-14)
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Proof. On J;, 6 = o — 1 vanishes and, on I,

- 167 (t —t)v
O = Ek0lg (—Snvk + &)

Pk

and thus

c
6] < Cer,  18,6] < ;’;”". (3-15)

Hence, for ¢ and ¢’ in I,

t—t
16 (1) —6 ()| < Cskmin{l, ﬂ}
Pk

If pr/vi < |t — 1’|, we use the first estimate and
~ -~ Pk /
lo(t) —o (@) <Ce < Cw(—) <Cow(lt—1]).
Vi

If |t — 1’| < px/vk, we use the second estimate and the monotonicity of ~o@):

16(1) —5(t)] < Cek(;—")n —) < C(ﬁ)w(&)r — | < Co(lt — 1)
k

Pk Vi

This shows that (3-12) is satisfied when ¢ and 7’ belong to the same interval .
If t belongs to Iy and ¢’ € Ji, then 6 (') = 6 (1) = 0 and

6(1) =6t < Co(lt —1|) < Co(Jt —1']).

Similarly, if # < ¢ and ¢ and ¢’ do not belong to the same I; U Ji, there are endpoints ¢; and # such that
tj <t <tj_1 <ty <t' <t;_. Since ¢ vanishes at the endpoints of /; and on Jj,

6(1) =) <Clo(t)—6(tj)|+16 (1) — (1))
<Co(lt—tj—1)+ Co(lty —1']) < Co(t — 1)),

and the lemma is proved. O

4. Proof of the theorems

We now adapt the choice of the parameters ¢, v; and §; so that the coefficients and the symmetrizer
satisfy the properties stated in the different theorems. We will choose two increasing functions, f and g,
on {x > 1} and define ¢; and §; in terms of v; through the relations

EkVk Vk _ Vk
—=f<—>, Sr=e"", nk=g<—)- 4-1)
Ok Pk Pk

Recall that p; =k 2. The sequence of integers v; will be chosen to converge to +00, and thus v / oy — +00.
The conditions (3-1) are satisfied if, at +o00,

f)<Lx,  gx)— +oo. (4-2)
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Here ¢ (x) < ¥ (x) means that 1 (x)/¢ (x) — oco. In particular, the first condition implies that ¢, — 0, so
that the condition & < g is certainly satisfied if k is large enough.

One has
Vi Vi
|In(6rer)| = ni +1n(—) +1In f(—)
Pk Pk

Hence, by Lemma 3.3, the coefficients a and b are C* when
Inxy € g(x) < x, 4-3)
since with (4-2) this implies that |In(8xeg)| ~ nx > In(vi/ or)-

Proof of Theorem 1.1. Given the modulus of continuity w, we choose f(x) = xw(x~!). The assumption
on w is that f is increasing and f(x) — 400 at infinity. The essence of the theorem is that f can grow
to infinity as slowly as one wants. Lemma 3.6 implies that w is a modulus of continuity for o = a/b. By
Lemma 3.1, the blow-up property (2-3) occurs when

e kIS ®vom
This condition is satisfied if vy satisfies
f®Pv) = k. (4-4)
Let fi(x) = min{f(x), Inx}. We choose g(x) = x/f1(x) and v, such that
2k < fi(kPvy) < 4K°.

Note that this implies (4-4). We show that the conditions (3-10) are satisfied with p =g =3 and C =4
and a suitable choice of v, so that, by Corollary 3.5, the coefficients belong to (), ; G* and the theorem
is proved.

Indeed, since fi(k>vy) < 4k>, the condition vy /px < 4k>ny is satisfied. Moreover, since In(k>vy) > 2k3,
v > k—ze2k3 > ek3
for k large. O

Proof of Theorem 1.2. The proof is similar. Given the modulus of continuity w, we choose f(x) =xw (x~ .
The assumption on w is now that

Inx < f(x). 4-5)

The essence of the theorem is now that f(x)/lnx can grow to infinity as slowly as one wants. By
Lemma 3.6, w is a modulus of continuity for o = a/b.
By Lemma 3.2, the blow-up property (2-4) is satisfied if

h’lhk =Nk +]n<&> +11'1(167T) <L &k Vk;
Pk

pkf<3> > g(3> +1n(3>. (4-6)
Pk Pk Pk

that is, if
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Let ¥ (x) = f(x)/Inx and g(x) = /¥ (x) Inx. Then
) >1, hx<glx) < fx).

Therefore, the condition (4-6) is satisfied when pg+/¥ (vi/px) — o0, and for that it is sufficient to
choose vy such that

Yk = k. (4-7)
The condition g(x) >> Inx implies that the coefficients are C°°, and the theorem is proved. O

Proof of Theorem 1.5. With s > 1 and 0 < u < 1 —1/s, we choose
g =x"" < fla)=x'"" (4-8)

The choice of f implies that 0 = a/b € C*. The choice of g implies that
Pk Pk

-1 s'—1
Py =M

With s’ € 11, s[, the condition

is satisfied when k% < (kzvk)(s/_l)/s, that is, when

1 _ <
ve > k*P,  where p= +/s—1s (4-9)
s [e—
In this case, Corollary 3.5 implies that the coefficients @ and b belong to the Gevrey class G*°.
The blow-up property (2-4) is satisfied when (4-6) holds, that is, when
K200 > (ko'
which is true if
1
v > k>, where ¢ = L/s
l—p—1/s
Therefore, if vy > k2™ax{P.q} the system satisfies the conclusions of Theorem 1.5. O

Proof of Theorem 1.3. The analysis above shows that if one looks for coefficients in (), ; G*, one must
choose g, and thus f, close to x. We choose here

x
(Inx)2

g(x) = < flx)= % <x

Since f(x)/x — 0 at infinity, the symmetrizer is continuous up to ¢ = 0, but not in C* for any p > 0.
The ill-posedness in C™ is again guaranteed by the condition (4-6), that is, In(k?v;) > k2. In particular,
it is satisfied when

v > ek (4-10)
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By Corollary 3.5, to finish the proof of Theorem 1.3 it is sufficient to show that one can choose vy
satisfying (4-10) such that v /o < 4k617k. This condition reads In(k%vg) < 2k3, or

. 3
Ve < k262

which is compatible with (4-10) if & is large enough. U

Proof of Theorem 1.4. Let a € (), G* denote the coefficient constructed for the proof of Theorem 1.3.
The definition (2-15) shows that @ > 0, and indeed a > 0, for # > 0. The functions v; defined at (2-17) are
supported in /; and are solutions of the wave equation (1-5) with source term fi, and we have shown that

RS

llvkll 2

— 0 as k— oo. O
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