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Short time existence for a surface diffusion evolution equation with curvature regularization is proved in
the context of epitaxially strained three-dimensional films. This is achieved by implementing a minimizing
movement scheme, which is hinged on the H~!-gradient flow structure underpinning the evolution law.
Long-time behavior and Liapunov stability in the case of initial data close to a flat configuration are also
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1. Introduction

In this paper we study the morphologic evolution of anisotropic, epitaxially strained films, driven by
stress and surface mass transport in three dimensions. This can be viewed as the evolutionary counterpart
of the static theory developed in [Bonnetier and Chambolle 2002; Fonseca et al. 2007; 2011; Fusco and
Morini 2012; Bonacini 2013a; Capriani et al. 2013] in the two-dimensional case and in [Bonacini 2013b]
in three dimensions. The two-dimensional formulation of the same evolution problem has been addressed
in [Fonseca et al. 2012] (see also [Piovano 2014] for the case of motion by evaporation—condensation).
The physical setting behind the evolution equation is the following. The free interface is allowed to
evolve via surface diffusion under the influence of a chemical potential ;. Assuming that mass transport
in the bulk occurs at a much faster time scale, and thus can be neglected (see [Mullins 1963]), we have,
according to the Einstein—Nernst relation, that the evolution is governed by the volume-preserving equation

V =CApp, (1-1)

where C > 0, V' denotes the normal velocity of the evolving interface I', A|. stands for the tangential lapla-
cian, and the chemical potential u is given by the first variation of the underlying free energy functional.
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In our case, the free energy functional associated with the physical system is given by

W(Ew))dz+ | v (v)d¥?, (1-2)
Qp Ly

where / is the function whose graph T'j, describes the evolving profile of the film, 2 is the region
occupied by the film, u is displacement of the material, which is assumed to be in (quasistatic) elastic
equilibrium at each time, £ (u) is the symmetric part of Du, W is a positive definite quadratic form,
and %2 denotes the two-dimensional Hausdorff measure. Finally, ¥ is an anisotropic surface energy
density, evaluated at the unit normal v to I'y,. The first variation of (1-2) can be written as the sum of three
contributions: a constant Lagrange multiplier related to mass conservation, the (anisotropic) curvature of
the surface, and the elastic energy density evaluated at the displacement of the solid on the profile of the
film. Hence, (1-1) takes the form (assuming C = 1)

V = Ar[Divp (DY (v)) + W(E(u))], (1-3)

where Divr stands for the tangential divergence along I'y(. s), and u(-, ) is the elastic equilibrium in
Qp(. 1), i.€., the minimizer of the elastic energy under the prescribed periodicity and boundary conditions
(see (1-6) below).

In the physically relevant case of a highly anisotropic nonconvex interfacial energy, there may exist
certain directions v at which the ellipticity condition

D2y (), 7] >0 forall t Lv, t#0

fails; see for instance [Di Carlo et al. 1992; Siegel et al. 2004]. Correspondingly, the above evolution
equation becomes backward parabolic and thus ill-posed. To overcome this ill-posedness, and following
the work of Herring [1951], an additive curvature regularization to surface energy has been proposed; see
[Di Carlo et al. 1992; Gurtin and Jabbour 2002]. Here we consider the regularized surface energy

[ (vor+ £1mr) ase

where p > 2, H stands for the sum x| + k> of the principal curvatures of I',, and ¢ is a (small) positive
constant. The restriction on the range of exponents p > 2 is of technical nature and it is motivated by the
fact that, in two dimensions, the Sobolev space W 2:? embeds into C "(?=2/P if p > 2. The extension of
our analysis to the case p = 2 seems to require different ideas.

The regularized free energy functional then reads

W(E))dz + /

Ty

E\H|P) d9e?, 1-4
N (v +21817) (1-4)

and (1-1) becomes

V= AF[DivF(Dw(v)) + W(E®@)) —e(Ap(|H|1’_2H) — |H|1’_2H(K12 T %Hz))]. (1-5)
Sixth-order evolution equations of this type have already been considered in [Gurtin and Jabbour 2002]
for the case without elasticity. Its two-dimensional version was studied numerically in [Siegel et al. 2004]
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for the evolution of voids in elastically stressed materials, and analytically in [Fonseca et al. 2012] in the
context of evolving one-dimensional graphs. We also refer to [Ritz et al. 2006; Burger et al. 2007] and
references therein for some numerical results in the three-dimensional case. However, to the best of our
knowledge no analytical results were available in the literature prior to ours.

As in [Fonseca et al. 2012], in this paper we focus on evolving graphs, and to be precise on the case where
(1-5) models the evolution toward equilibrium of epitaxially strained elastic films deposited over a rigid
substrate. Given Q := (0, 5)2, b > 0, we look for a spatially Q-periodic solution to the Cauchy problem

Lon _ Ar[Divp (DY (v)) + W(E(u)) —e(Ar(|H|P72H) — |[H|P72 H (k7 + k3 — %HZ))]

J ot
in R? x (0, Tp),
Div CE(u) =0 in Qy,
CEw)[v]=0 onTy, u(x,0,1)= (eéxl,egxz, 0),
h(-,t) and Du(-,t) are Q-periodic,
h(-,0) = ho,

(1-6)
where, we recall, & : R? x [0, Ty] — (0, +00) denotes the function describing the two-dimensional
profile I', of the film;

J =V 1+ |Dyh|?;

W(A) := %CA : A forall 4 € Mszyfnz with C a positive definite fourth-order tensor; eg := (eé, e(z) ,
with e(l), e(z) > 0, is a vector that embodies the mismatch between the crystalline lattices of the film and
the substrate; and /&g € Hl(z)C (R?) is a Q-periodic function. Note that, in (1-6), the sixth-order (geometric)
parabolic equation for the film profile is coupled with the elliptic system of elastic equilibrium equations
in the bulk.

It was observed by Cahn and Taylor [1994] that the surface diffusion equation can be regarded as
a gradient flow of the free energy functional with respect to a suitable H~!-Riemannian structure. To
formally illustrate this point, consider the manifold of subsets of Q x (0, 400) of fixed volume d, which

are subgraphs of a Q-periodic function, that is,
M= {Qh :h Q-periodic, h € H*(Q), / hdx = d},
Q

where Q4 :={(x,y):x € Q, 0 < y <h(x)}. The tangent space Tgq, Il at an element 2, is described by
the kinematically admissible normal velocities:

Tq, M = {V : T, = R:V is Q-periodic, V e L*(Ty; %#?), / Vd¥? = o},
Ty
where Ty, is the graph of /1 over the periodicity cell Q; it is endowed with the H~! metric tensor

ga,(V1,V2) ::/ Vr, w1 Vr,wa d%*  forall Vi, Vs € Tq, M,

Ty
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where w;, i = 1, 2, is the solution to

—Ar,w; = Vi on Iy,
w; is Q-periodic,
Jr, wi d3 =0.

Consider now the reduced free energy functional

G(Qy) = /Q W(E (up)) dz + / (vwr+ E1ap) ase

Ty
where uj, is the minimizer of the elastic energy in €25 under the boundary and periodicity conditions
described above. Then, the evolution described by (1-6) is such that at each time the normal velocity V'
of the evolving profile /() is the element of the tangent space Tg,,,, Il corresponding to the steepest
descent of G, i.e., (1-6) may be formally rewritten as

g2, (V. V) = =3G(Qu()[V] forall V e Tq,,, M

where dG (h(t))[V] stands for the first variation of G at h(t) in the direction V.

In order to solve (1-6), we take advantage of this gradient flow structure and we implement a minimizing
movements scheme (see [Ambrosio 1995]), which consists in constructing discrete time evolutions by
solving iteratively suitable minimum incremental problems.

It is interesting to observe that the gradient flow of the free energy functional G with respect to an
L2-Riemannian structure (instead of A1) leads to a fourth-order evolution equation, which describes
motion by evaporation—condensation (see [Cahn and Taylor 1994; Gurtin and Jabbour 2002] and [Piovano
2014], where the one-dimensional case was studied analytically).

This paper is organized as follows. In Section 2 we set up the problem and introduce the discrete
time evolutions. In Section 3 we prove our main local-in-time existence result for (1-6), by show-
ing that (up to subsequences) the discrete time evolutions converge to a weak solution of (1-6) in
[0, Tp] for some Ty > 0 (see Theorem 3.16). By a Q-periodic weak solution we mean a function
he HY (0, Ty; H#_1 (Q)) N L0, Ty; H#Z(Q)) such that (%, uy) satisfies the system (1-6) in the distribu-
tional sense (see Definition 3.1). To the best of our knowledge, Theorem 3.16 is the first (short time)
existence result for a surface diffusion-type geometric evolution equation in the presence of elasticity in
three dimensions. Moreover, the use of minimizing movements also appears to be new in the context
of higher-order geometric flows (the only other paper we are aware of in which a similar approach is
adopted, but in two dimensions, is [Fonseca et al. 2012]).

Compared to mean curvature flows, where the minimizing movements algorithm is nowadays classical
after the pioneering work of [Almgren et al. 1993] (see also [Chambolle 2004; Bellettini et al. 2006;
Caselles and Chambolle 2006]), a major technical difference lies in the fact that no comparison principle is
available in this higher-order framework. The convergence analysis is instead based on subtle interpolation
and regularity estimates. It is worth mentioning that, for geometric surface diffusion equation without
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elasticity and without curvature regularization,
V=ArH

(corresponding to the case W =0, ¥ = 1, and ¢ = 0), short time existence of a smooth solution was
proved in [Escher et al. 1998] using semigroup techniques. See also [Bellettini et al. 2007; Mantegazza
2002]. It is still an open question whether the solution constructed via the minimizing movement scheme
is unique, and thus independent of the subsequence.

In Section 4 we address the Liapunov stability of the flat configuration, corresponding to a horizontal
(flat) profile. Roughly speaking, we show that if the surface energy density is strictly convex and
the second variation of the functional (1-2) at a given flat configuration is positive definite, then such a
configuration is asymptotically stable, that is, for all initial data /¢ sufficiently close to it the corresponding
evolutions constructed via minimizing movements exist for all times, and converge asymptotically to
the flat configuration as ¢t — 400 (see Theorem 4.8). We remark that Theorem 4.8 may be regarded as
an evolutionary counterpart of the static stability analysis of the flat configuration performed in [Fusco
and Morini 2012; Bonacini 2013a; 2013b]. In Theorem 4.7 we address also the case of a nonconvex
anisotropy, and we show that, if the corresponding Wulff shape contains a horizontal facet, then the
Asaro—Grinfeld-Tiller instability does not occur and the flat configuration is always Liapunov stable (see
[Bonacini 2013a; 2013b] for the corresponding result in the static case). Both results are completely
new even in the two-dimensional case, to which they obviously apply (see Section 4C). We remark that
our treatment is purely variational and it is hinged on the fact that (1-4) is a Liapunov functional for the
evolution.

Finally, in the Appendix, we collect several auxiliary results that are used throughout the paper.

2. Setting of the problem

Let Q:=(0,h)>CR2,b>0, p>2,and let hy € W#z’p (Q) be a positive function, describing the initial
profile of the film. We recall that W#z’p (Q) stands for the subspace of W2-?(Q) of all functions whose
Q-periodic extension belong to lec’p (R?). Given h € W#z’p (Q), with & > 0, we set

Qp={(x,y) € OxR:0<y<h(x)}

and we denote by [';, the graph of /& over Q. We will identify a function % € W#z’p (Q) with its periodic
extension to R?, and denote by QZ and Fz the open subgraph and the graph of this extension, respectively.
Note that Q‘Z is the periodic extension of 2j. Set

LDy(Q4; RY)
= {u e L2 (Q%:R3) 1u(x, y) = u(x+bk, y) for (x,y) e Qz and k € 72, E(u)|g, € L*(Qp: [R3)},

loc

where E(u) := %(Du + DTu), with Du the distributional gradient of  and DTy its transpose, is
the strain of the displacement . We prescribe the Dirichlet boundary condition u(x,0) = wg(x, 0)
for x € Q, with wy € H' (U x (0, +-00)) for every bounded open subset U C R? and such that Dwg( -, y)
is Q-periodic for a.e. y > 0. A typical choice is given by wq(x, y) := (e(l)xl , e(z)xz, 0), where the vector
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ey = (e(l), e(z)), with e(l), eg > 0, embodies the mismatch between the crystalline lattices of film and
substrate. Define

X = {(h,u):he WP (Q), h=>0, u: Q% - R>, u—wo € LDy(Qp; R®), u(x,0)=wy for all x € R?}.

The elastic energy density W : M3X3 — [0, +00) takes the form

sym
W(A):=3CA: A,

with C a positive definite fourth-order tensor, so that W(A4) > 0 for all 4 € M3X3 \ {0}. Given

sym
he W#z’p (Q), h = 0, we denote by uy, the corresponding elastic equilibrium in 2y, i.e.,

up = argmin{/ W(Eu))dz : u € wo + LDg(Qp: R?), u(x,0) = wo(x, O)}.
Qp

Let ¢ : R? — [0, +-00) be a positively one-homogeneous function of class C? away from the origin. Note
that, in particular,

LEl<y(© <clél forall fe R’ )

for some ¢ > 0.
We now introduce the energy functional

F(h, u) ::/Q W(E(u))dz—i—/F (W(v)—l—%lHlp) d¥?, (2-2)

defined for all (4, u) € X, where v is the outer unit normal to 25, H = Divr, v denotes the sum of the
principal curvatures of I'y, and ¢ is a positive constant. In the sequel we will often use the fact that

Dh )
—Div| ——=|=H in O, (2-3)
(«/1 +|Dh|?
which, in turn, implies
/ Hdx =0. (2-4)
o

Remark 2.1 (notation). In the sequel we denote by z a generic point in Q x R and we write z = (x, »)
with x € Q and y € R. Moreover, given g : [, — R, where I', is the graph of some function / defined
in Q, we denote by the same symbol g the function from Q to R given by x — g(x, /(x)). Consistently,
Dg will stand for the gradient of the function from Q to R just defined.

2A. The incremental minimum problem. In this subsection we introduce the incremental minimum
problems that will be used to define the discrete time evolutions. As a standing assumption throughout
this paper, we start from an initial configuration (/¢, ug) € X such that

ho € WP (Q),  ho >0, (2-5)

and u( minimizes the elastic energy in 25, among all u with (1, u) € X..
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Fix a sequence 7, \ 0 representing the discrete time increments. For i € N we define inductively
(hin.u;p) as asolution of the minimum problem

min{F(h,u)JrL/ Dr,_, . opl? d9 : (hou) € X, ||Dh||LOO(Q)5A0,/ hdx:/ hodx},
2t Jry_, ' 0 0

n

(2-6)
where I';_y 5 stands for T', _, . Ay is a positive constant such that
Ao > ||h0||c#1 Q) (2-7)
and vy, is the unique solution in H#1 (Th;_, ) to the following problem:
Ay, o= —hizia) o,
V1+|Dhi—1 x| (2-8)

frlli—l.n oh d%z - 0’

where 7 is the canonical projection 7 (x, y) = x. We note that the formulation of the problem in (2-6)
with the upper bound A is usually adopted in the literature in order to ensure existence of solutions of
the minimal surface equation (see Chapter 12 in [Giusti 1984]).

For x € Q and (i — 1)1, <t <ity, i €N, we define the linear interpolation

1 .
hn(x,0) 2= himi (%) + — (= (0 = DTa) (hign (x) = hiz1,n(x)), (2-9)
n
and we let u, (-, 1) be the elastic equilibrium corresponding to h,(-,t), i.e.,

F(hn('?t)’“n("[)) = (hn(rfl};gl)EX F(hn(’t)’u) . (2'10)

The remainder of this subsection is devoted to the proof of the existence of a minimizer for the minimum
incremental problem (2-6).

Theorem 2.2. The minimum problem (2-6) admits a solution (h; »,uin) € X.

Proof. Let {(hy,ur)} C X be a minimizing sequence for (2-6). Let Hj denote the sum of principal
curvatures of I, . Since the sequence { Hy} is bounded in L?(Q) and || D/ Lgo(g) < Ao, it follows
from (2-3) and Lemma A.3 that ||hk||%z.p ©) = C. Then, up to a subsequence (not relabelled), we
may assume that s — / weakly in W#Z’P(Q), and thus strongly in C#l’“(Q) for some @ > 0. As a
consequence, Hy — H in L?(Q), where H is the sum of the principal curvatures of I',. In turn, the
L?-weak convergence of { Hy} and the C!-convergence of {/; } imply by lower semicontinuity that

/ (1//(\)) n £|H|P) d9e* < liminf/
ry p k T
Moreover, we also have that vy, — vy, strongly in H 1 (I'i—1,n), and thus

th/ |Dr,_, , vn, |2 93 = L/ |Dr,_, ,vp|? d5>. (2-12)
1-‘ifl.n ' n 1—‘lifl,n '

3 2
(w(v)+;|Hk|P) de?. -11)

hy

k 2Tg 2T
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Finally, since supy th | Euy|? dz < 400, reasoning as in [Fonseca et al. 2007, Proposition 2.2], from
the uniform convergence of {/ } to & and Korn’s inequality we conclude that there exists u € Hl})C(Q#; R3)
such that (h, u) € X and, up to a subsequence, u; — u weakly in HI(I)C(Q#; R3). Therefore, we have that

W(E(u))dz <lim inf/ W(E(uy)) dz,
Qp k S2ny

which, together with (2-11) and (2-12), allows us to conclude that (%, #) is a minimizer. O

3. Existence of the evolution

In this section we prove short time existence of a solution of the geometric evolution equation
V= Ar[Dive (DY) + W(EW) —e(Ar(HIP2H) — [HIPH + |HIP2HIBP) | G-

where V' denotes the outer normal velocity of I'y(. ), | B |2 is the sum of the squares of the principal curva-
tures of I'(. ), u(-, 1) is the elastic equilibrium in . ), and W(E (u)) is the trace of W(E(u( , t)))
on I'y(. 1. In the sequel, we denote by H#_1 (Q) the dual space of H; (Q). Note that, if f € H#1 (0),
then A f can be identified with the element of H,,~ 1(Q) defined by

(Af, g) = —/ DfDgdx forall g e H;(Q).
0
Moreover, a function /€ L?(Q) can be identified with the element of H; 1(Q) defined by
(f,g):= / fgdx forall ge H#I(Q).
0

Definition 3.1. Let Ty > 0. We say that 1 € L®(0, To; W,*?(Q)) N H'(0, To: H; '(Q)) is a solution
of (3-1) in [0, Tp] if:

) Dive (DY () + W(E@) ~e(Ar( H|P72H) = | HI? H+ | HIP"2H| BI?) € L30. To: 1} (Q))
(ii) for a.e.t € (0, Tp), in H#_I(Q) we have

1 0h . - 1 _
75 = Ar[Dive (DY) + WE) —e(Ar(HIPH) ~ |HI?H +|H1P H|BP) |
where J := /1 + |Dh|?, u(-,t) is the elastic equilibrium in Qp(. 1> and where we wrote I' in place

of Fh(-,t)-

Remark 3.2. An immediate consequence of the above definition is that the evolution is volume-preserving,
that is, fQ h(x,t)dx = fQ ho(x) dx for all ¢ € [0, To). Indeed, for all #1, 1, € [0, To] and for ¢ € H,} (Q),
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we have

/Q[h(x,zz)—h(x,zl)kp dx

%)
:/n (%(-,I),¢>dl

- /,m(JAr[DiVF(Dw(V)) +WCE) ~e(Ar(HIP" )~ | HIPH + |HI" 2 H|B) | p) di

1

= [ ° [ Dr [Divr(Dl//(U)) + W(E(u))
t1 JT

—e(Ar(HIP2H) - %|H|pH+ |72 H|BI2) | Dr(p o m) d3€* di.
Choosing ¢ = 1, we conclude that

/ [h(x, t2) — h(x, 1)) dx = 0.
0

Remark 3.3. In the sequel, we consider the following equivalent norm on H, 1(Q). Given € H, 1(0),
we set

el g1y = sup{(u,g) 1g € Hy{ (0), ‘/dix + 1DgllL2() = 1}-
Note that, if 1 € L2(Q) with fQ f dx =0, we have
11 = 1Dl 20y,

where w € H#1 (Q) is the unique periodic solution to the problem

{Aw =fin Q, (3-2)

fQ wdx =0.
To see this, first observe that, since f 0 f dx =0, we have
1/ 10 = sup{ /Q fedx g e HN(Q). /Q gdx =0 and | Dgll2(g) = 1}.

Thus, since by (3-2)

/fgdx=—/ DwDg dx < | Dw| r2(g)
) )

we have ”f”H#_l(Q) < [[Dw||L2(g)- The opposite inequality follows by taking g = —w/[|Dw| r2(g)-
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Theorem 3.4. Foralln,i € N, we have

dt < CF(ho, uo),
H;71(0)
F(hi,n, uip) < F(hi—1n.tti—1,n) < F(ho,up),

and sup  |1hn (- )|l y2opp oy < 00
t€[0,400) " Wi

+oo H 3hn

for some C = C(Ag) > 0. Moreover, up to a subsequence,
hn — h in C*%((0, T); L*(Q)) forall e € (0,1), hy—h weaklyin H'(0,T; H;'(Q))
for all T > 0 and for some function h such that h(-,t) € W#Z’p(Q) for everyt €0, +00) and
F(h(-,t),up. ) < F(ho,ug) forall t €0, +00).

Proof. By the minimality of (h; », u; ) (see (2-6)) we have that
1
Fhimotin) 4 5 [ 1D o0, P49 = bz i1.)
Tn 1-‘i 1.n

for all i € N, which yields in particular (3-4). Hence,

1
3o DLy Vhy | A < F(hizy o ttio.n) = F(hin. i n)
Tn i1

and, summing over i, we obtain

22 / 1Dr;_y ,0n; 1> %2 < F(ho, uo).
Tn 1 1.n

Let wy, , € H#1 (Q) denote the unique periodic solution to the problem

Awh,-',, = hi,n _hi—l,n in Q,
Jo Wh;,, dx =0.

Note that
B —hi
/|th[”|2dx=/ Awp, wp,  dx = L T
o ’ o ‘ ’

Li1n V1+|th 1n|

omwy,  d¥?
.n

(3-3)

(3-4)
(3-5)

(3-6)

(3-7

(3-8)

(3-9)

_ 2 2
- / Al—‘i—l nvhz n wh d% - _/ Dri—l nvhz n DF! 1.n whi,n d%
Ficin Tician

= ” DF,'_L,, vhi'n ”LZ(F,'_LH) ” DFi—l,n whi,n ”LZ(Fi—l,n)
=CAIDr,_y vn; 2@y plIIPwh; , lL2(0)-
Combining this inequality with (3-9) and recalling (2-9) and Remark 3.3, we get (3-3).
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Note from (3-4) it follows that

sw/a|HWﬁW<+m.
i,n F,‘ n

Hence, (3-5) follows immediately by Lemma A.3, taking into account that || D/A; »|| oo (0) < Ao. Using a
diagonalizing argument, it can be shown that there exist / such that &, — & weakly in H'(0, T'; H; L))
for all T > 0. Note also that, by (3-3) and using Holder’s inequality, we have for #, > #; that

Wn(-.1)

e dt < C(ty—1))2. (3-10)

15}
Ven (1)~ hn oD 1000 s/
t H-1(Q)

Therefore, applying Theorem A.4 to the solution w € H#1 (Q) of the problem

Aw :hn(',tz)_hn(‘,ll) in Q’
widx=O,
we get

1 1
Von (- 12) = (.11} 2@y = AWl 2@y = CUD* w20 IDWI 2

1 1
< C|Dh(-,t;) — Dh(-, ll)”zz(Q)”h(' ) —h(-, f1)||12,—1(Q)
< C(AO)(IZ—tl)%’ (3-11)

where the last inequality follows from (3-10). By the Ascoli—-Arzela theorem (see, e.g., [Ambrosio
et al. 2008, Proposition 3.3.1]), we get (3-6). Finally, inequality (3-7) follows from (3-4) by lower
semicontinuity, using (3-6) and (3-5). O

In what follows, {h,} and & are the subsequence and the function found in Theorem 3.4, respectively.
The next result shows that the convergence of {/i,,} to & can be significantly improved for short time.

Theorem 3.5. There exist Ty > 0 and C > 0 depending only (hg, ug) such that:

Q) hn—h in COP([0, To); € (Q))
foreverya € (0, p—2/p)and B € (0,(p—2—ap)(p +2)/(16p?));
i Duy, b C:
W tes[z)lg"o] 1D 0] 07(91«,1( n) =
(iif) E(un(-,hn)) = E(-,h)) in CO([0, To]; C*(0))

foreverya € (0,(p—2)/p)and 0 < B < (p—2—ap)(p +2)/(16p?), where u( -, t) is the elastic
equilibrium in Qp(. 1.

Moreover, h(-,t) — hg in C#l"x(Q) ast — 0T, hy, h>Cy> 0 for some positive constant Cy, and

sup || Dhn(-.0)|lLo0) < Ao (3-12)
t€[0,Tp]

for all n.
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Proof. To prove assertion (i), we start by observing that, by Theorem A.6, (3-5), Theorem A.6 again, and
(3-11) we have

p—2
IDhn(-,12) = Dhy(-,11)||Loo < C|D?hn(-,12) = D*hy(- tl)llL” 1An (- t2) = B (-t

5&%0@%%0&%?

2 2 Le 1727—2
SC(”D hn(',fz)_D hn( tl)”Lp “h ( [2)_hn(',f1)”L22p ) ’
p2=4
< Clta —t1] 1607 (3-13)
for all #1, t, € [0, Tp]. Notice that from (3-5) we have
sup [ (- 0| | p=2 < +o0. (3-14)
n,t€[0,Tp] C# P Q)

Take o € (0, (p —2)/ p) and observe that

p—2—a

[Dhn(-,12) — Dhn(-,1)]a = [Dhn(-,12) — Dhn(- tl)] [OSC[Ob](Dh( ,12) — Dhy (- [1))] et )

where [ -]g denotes the f-Holder seminorm. From this inequality, (3-13), (3-14), and the Ascoli-Arzela
theorem [Ambrosio et al. 2008, Proposition 3.3.1], assertion (i) follows.

Standard elliptic estimates ensure that, if s, (-,7) € C#1 “*(Q) for some « € (0, 1), then Duy(-,1) can
be estimated in C%%(Q ha(-,¢)) With a constant depending only on the C L% _norm of hy,(-,1); see for
instance [Fusco and Morini 2012, Proposition 8.9], where this property is proved in two dimensions but an
entirely similar argument works in all dimensions. Hence, assertion (ii) follows from (3-14). Assertion (iii)
is an immediate consequence of (i) and Lemma A.1. Finally, (3-12) follows from (2-7) and (i). O

Remark 3.6. Note that in the previous theorem we can take
Ty :=sup{t > 0: || Dhy(-,s)|Leo(g) < Ao forall s €[0,7)}.
In Theorem 3.16 we will show that / is a solution to (3-1) in [0, Ty), in the sense of Definition 3.1.
We begin with some auxiliary results.

Proposition 3.7. Leth e W#3’q(Q)f0r some q > 2 and let " be its graph. Let ®: O xRx(—1,1) > O xR
be the flow
0d

SS=X(@), 0(.0)=1d,

where X is a smooth vector field Q-periodic in the first two variables. Set Ty := ®(-,t)(T"), denote by v;
|2

the normal to Ty, let Hy be the sum of principal curvatures of Ty, and let | B¢|* be the sum of squares of
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the principal curvatures of I's. Then

d1 P 962
di p /;“, |H:|P d¥
— - 1
=/F Dr, (| Hil? ZHI)Dr,(X-v»d%Z—/F (H\P ™ Hy (1B, = H7 ) (X v i, (3-15)
t t

Proof. Set ®;(-) := ®(-,¢). We can extend v; to a tubular neighborhood of I'; as the gradient of the
signed distance from I';. We have

iy o = (5 )66 )
—= H P d¥ = —| = H; P d¥ =——= Hiis0®,|P T, D d%
dtp ]"t| t| ds P Ft+s| t+s| ds P 1_‘t| t+s S| 2¥s

where J, denotes the two-dimensional Jacobian of ®; on I';. Then we have

’

s=0

s=0

dye>.

s=0

d 1 2 1 . 2 -2 d
B H;|P = — H;|?D X H;|P~“H;—=—(H o
dlp Ftl t| dit P l",| t| 1vr, d#” + I‘,l t| tdS( t+s © s)

Concerning the last integral, we observe that

d d ..
%(Ht-l-s o ;) = %(DWI‘,_H Vits)

O—f—DH;-X.

s=0 §=

Set

Vy 1= gvt.ps =0’
By differentiating with respect to s the identity Dv;yg[v;+5] = 0, we get

Dl.)[[l)t] + Dl)t[l')t] =0.
Multiplying this identity by v; and recalling that Dv is a symmetric matrix, we get

D¢[ve]-ve = —Dvyfve]- v = 0.
This implies that Divr, v; = Div vy, and so
i(Din Vits) = Divr, v¢.
ds t+s $=0 ‘
In turn — see [Cagnetti et al. 2008, Lemma 3.8(f)] —

¢ = —(Dr, X)T[v]— Dr,v:[X] = —Dr, (X - v;).
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Collecting the above identities, integrating by parts, and using the identity d,, H; = — trace((Dv;)?) =
—|B;|? proved in [Cagnetti et al. 2008, Lemma 3.8(d)], we have

d1
dlp Iy
:% |Ht|PDivF,Xd%2+/ |H,|P~2H;(—Ar, (X -v;) + DH; - X) d %
Ft Ft

|H;|P d3e?

—— [ 1t D X a1 L0 a5
Ft Ft

+/F |H,|P~2H;(—Ar, (X -v;) + DH; - X) d %
t
— | g2y, (—A X 9, H, (X Yr2cx v, dve?
= F| tl ¢ r, (X -ve) 4 0v, He ( 'Vt)+p F (X -vyp)
t
_ _ ]
=fF Dr, (| Hy|? ZH,)DF,(Xm,)d%Z—/F [\ He (1Bl = HE ) (X v d3C. - (3-16)
t t

Thus (3-15) follows. O
Proposition 3.7 motivates the following definition:

Definition 3.8. We say that (k,up) € X is a critical pair for the functional F defined in (2-2) if
|H|P~2H € H'(I'},) and

s/ Dr, ((H|P~2H)Dr, ¢ d%2+8/ (%|H|1’H—|H|1’_2H|B|2)¢> A9
Ty

Ty

+ fr [Divr, (DY (v)) + W(E (up))]p d%* =0

for all ¢ € H#1 (I'y) with th ¢ d¥?* = 0. We will also say that / is a critical profile if (h, uy) is a critical
pair.

Lemma 3.9. Let h € W#z’p(Q) be such that |H|P72 H € W#l’q(Q) for some q > 2. Then there exists a
sequence {hj} C W#3’q(Q) such that hj — h in W#z’p(Q) and |Hj|P~2H; — |H|P™2H in W#l’q(Q),
where Hj stands for the sum of the principal curvatures of U'p; .

Proof. We may assume without loss of generality that H # 0, otherwise /1 would have already the required
regularity (see (2-3)). By the Sobolev embedding theorem it follows that |H|?~2H € C;) 1-2/ 100)
and, in turn, using the 1/(p — 1) Hélder continuity of the function ¢ > ¢'/(P~1 H ¢ Cﬁ? *(Q) for
a:=(¢g—2)/(q(p—1)). Standard Schauder estimates yield / € C#2 *(0).

For § > 0 set
H-§ if H>,

Hy:=3 H+¢§ if H=<-§,
0 otherwise,
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where §' is chosen in such a way that |, 0 Hj dx = 0. Observe that this choice of § is always possible,
although not necessarily unique. Indeed, by (2-4) and the fact that H # 0, if § is sufficiently small

/ (H—(S)dx—i—/ Hdx <0 and / (H —6)dx > 0.
{H>8} {H <0} {H=>§}

By continuity it is then clear that we may find 6’ > 0 such that

/ (H —§) dx +/ (H+68)dx =0. (3-17)
{H>8} {H<-§}

We now show that, independently of the choice of 8’ satisfying (3-17), 8" — 0 as § — 0. Indeed, if not,
there would exist a sequence 8, — 0 and a corresponding sequence ), — &’ > 0 such that (3-17) holds
with & and 8’ replaced by 8, and &), respectively. But then, passing to the limit as n — oo, we would get

/ de+/ (H+8)dx =0,
{H>0} {H<-6§}
which contradicts (2-4).

Note that Hs — H in C#?’ﬂ(Q) forall B <« as § — 0. Moreover, we claim that | Hg|?~2 Hs — |H|P~2 H
in W#l’q(Q). Indeed, observe that H € W19(Ag) where Ag := {H > §} U{H < —§'} for all § > 0.
Hence,
—1)|H|?™2DH if H#0
D(|H|p—2H)= (p )| | 1 ?é ’
0 elsewhere,
and
(p—1)|Hs|P>DH in A3,

D(IHs P72 H:) =
(| Hs| 5) {0 elsewhere.

The claim follows by observing that D(|Hs|?~2 Hs) — D(|H|?~2H) a.e. and that | D(| Hs|?~2 Hy)| <
|D(|H|P~2H)|. Note now that H € W14(Ag) implies Hs € W#l’q(Q). In order to conclude the proof it
is enough to show that for § sufficiently small there exists a unique periodic solution /5 to the problem

—Div(Dhg/~1+ |Dhg|*) = H;
(3-18)
fQ hgdx = thdx.
This follows from Lemma 3.10 below. O

Lemma 3.10. Let h € C#2 “*(Q) and let H be the sum of the principal curvatures of T'j,. Then there exist

o, C > 0 with the following property: for all K € C;)’a(Q) with fQ Kdx =0and | K — H”CO""(Q) <o,
#
there exists a unique periodic solution k € C#2 *(0) to
{—Div(Dk/x/l +|Dk|?) =K
kadx :thdx,
and
“k_h”C#Z’D‘(Q) SC”K_H”C,?'O‘(Q)' (3-19)

Proof. Without loss of generality we may assume that |, 0 hdx =0.
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Set X :={k € C*(Q): [okdx =0} and Y := {K € C,*(Q) : [, K dx =0}, and consider the

operator T: X — Y defined by
Dk
Tk):= —Div(—).
v1+|Dk|?

By assumption we have that 7' (h) = H. We now use the inverse function theorem (see, e.g., [Ambrosetti
and Prodi 1993, Chapter 2, Theorem 1.2]) to prove that 7" is invertible in a C2:®-neighborhood of / with
a Cl-inverse. To see this, note that for any k € X we have that 7/(k) : X — Y is the continuous linear

1 Dh® Dh
T (h = —Di I - Doy |.
(®)le) 1V[«/1+|Dh|2( 1+|Dh|2) (p]

It is easily checked that 7" is a continuous map from X to the space £(X, Y') of linear bounded operators

operator defined by

from X to Y, so that T € C'(X,Y). Finally, standard existence arguments for elliptic equations imply

that for any k € X the operator 7’ (k) is invertible. Thus we may apply the inverse function theorem to

conclude that there exist ¢ > 0 such that, for all K € Cﬁ?’“ (Q) with fQ Kdx=0and | K—H| ey =0
#

there exists a unique periodic function k = T71K € C#2 “*(Q). Moreover, the continuity of 7!, together
with standard Schauder estimates, implies that (3-19) holds for o sufficiently small. O

In what follows, J; , stands for

Ji,n =vVIi+ |Dhi,n|2,

H; j, is the sum of the principal curvatures of I'; ,,, | Bj » |2 denotes the sum of the squares of the principal
curvatures of I'; ,, and H,: Q x [0, Tp] — R is the function defined as

Hy(x.1) := Hip(x, hin(x).1) if 1 €[(i — )Tp.iTy). (3-20)

Theorem 3.11. Let Ty be as in Theorem 3.5 and let Fln be given in (3-20). Then there exists C > 0 such
that

To - -
/ / |D*(|Hy|P~2 Hy)|> dx dt < C (3-21)
o Jo
forn eN.

Proof. Step 1. We claim that |H; 4|72 H; , € W#l’q(Fi,n) for all ¢ > 1 and that h; , € C#Z’U(Q) for
alloe (0,1/(p—1)).

We recall that /; 5 is the solution to the incremental minimum problem (2-6). We are going to show
that h; ,, € W#z’q(Q) for all ¢ > 2. Fix a function ¢ € C#Z(Q) such that fQ ¢ dx = 0. Then, by minimality
and by (3-12), we have

d 1 2 o2
%(F(hi,n +S§0aui,n) + 20, /Fim |DFi—1,nvhi,n+S¢| d¥ )

n

=0,
s=0
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where, we recall, vy, , 45, solves (2-8) with i replaced by /;, + s¢. It can be shown that

Dhi,-D
/ W (E (i (5. hi g ()))) 0 dx + / DY(=Dhin. 1)-(—Dg.0)dx + & / (0 2lin DY
0 0 rJo Ji

i,n

_ Dz(/)[Dhi,n, Dhi ] _ AhinDhiy- Do

—e fQ |H,-,n|1"2H,~,n[A<p

2 2
Ji,n Ji,n
5 D?hi y[Dhin, Dg) 43 D?hi y[Dhiy, Dhiy)Dhi - Dw} dx
J? JA
in i,n
1 v, ,dx =0, (3-22)
Tn Q ’

where the last integral is obtained by observing that vy, , 15, = Vp, , + Ve, With vy, solving

Ari— nv = gD o
RN 1+|Dhj—1 »|?
Jr,  ved¥*=0.
i—1.,n
Setting w := | H; |72 H; n,
Dh; Dh;
s 8(1_ 1,n®; z,n)’ (3-23)
']i,n
Dh;
b= (DY (~Dhip, 1) = &|Hy P ="
D Ji,n
4w |:_ Ahi,nZDhi,n B 2D2hi,n£Dhi,n] 13 Dz/’li,n[D/’li,n; Dhjn)Dhin j|’
Ji,n Ji’n Jl’n

= =W (B i) + Lo,

we have by (3-5) and Theorem 3.5 that 4 € W#l’p(Q; M2X2), b e L1(Q;R?), c e Cﬁ?’a(Q) for some «,

sym
and we may rewrite (3-22) as

/wAD2<pdx+/b-D(p+/ cpdx =0 forall p € C°(Q) with/(pdx:O. (3-24)
0 0 Q Q

By Lemma A.2 we get that w € L9(Q) for ¢ € (p/(p — 1),2). Therefore, for any such ¢ we have
H;,e L9(P=D(Q) and thus, by Lemma A.3, hine€ W#Z’q(p_l)(Q). In turn, using Holder’s inequality,
this implies that b, w Div 4 € L"0(Q; R?), where ro :=gq(p—1)/ p. Observe that ry € (1,2). By applying
Lemma A.2 again, we deduce that w € W#l’r‘) (Q) and thus w € L270/22=70) (). In turn, arguing as before,
this implies that b, w Div 4 € L™ (Q;R?), where r; :=2ro(p—1)/((2—ry) p) > ro. If r; > 2, then using
again Lemma A.2 we conclude that w € W, > (Q), which implies the claim, since D?h; , € L9(Q; M2

and, in turn, b, w Div 4 € L9(Q;R?) for all ¢. Then the conclusion follows by Lemma A.2. Otherwise,
we proceed by induction. Assume that w € W#l’ri ~1(Q). If r;_1 > 2 then the claim follows. If not, a

further application of Lemma A.2 implies that w € W#l’rf (Q) with r; :=2ri_1(p — 1D /((2—ri=1) p).



390 IRENE FONSECA, NICOLA FUSCO, GIOVANNI LEONI AND MASSIMILIANO MORINI

Since r;_1 < 2, we have r; > r;—_;. We claim that there exists j such that r; > 2. Indeed, if not, the
increasing sequence {r; } would converge to some £ € (1, 2] satisfying

_2U(p—1)

QC-0p’
However, this is impossible since the above identity is equivalentto £ =2/p < 1.

Finally, observe that, since | H; »|?~2 H; , € W#l’q(Q) for all ¢ > 1, we have | H; »|P~! € Cﬁ?’a(Q) for
every @ € (0, 1). Hence H; , € C;)’U(Q) forall o € (0,1/(p—1)) and so, by standard Schauder estimates,
hin € C27(Q) forall o € (0,1/(p—1)).

Step 2. By Step 1 we may now write the Euler—Lagrange equation for /; , in intrinsic form. To be
precise, we claim that, for all ¢ € C#Z(Q) with |, 0¥ dx =0, we have

- 1
£ / Dr,,(|Hinl”~* Hi) Dr, ¢ d%* —¢ / | Hi.n|? 2H,~,n(|B,-,n|2—;H,%n)¢d%2
Tin

in

+ [Fi.n[DiVFi,n(DW(Vi,n))-l-W(E(ui,n))]q’) d%z_fi / o BdIE =0, (3-25)

B i.n

where ¢ := (¢/J; ) om. To see this, fix & € W#3’q(Q) for some ¢ > 2, denote by I' and I'; the graphs of
h and h + t@, respectively, and by H and H; the corresponding sums of the principal curvatures. Then,
by Proposition 3.7 and arguing as in the proof of (3-22), we have

/DF(|H|1’_2H)DF¢d%2 /|H|1’ 2H(|B1 - pH2)¢d%2
Dh-D
/|H|”T(pdx

DZDD AhDh-D D?*h|Dh, D D?h[Dh, Dh|Dh- D
/|H|p ZH[ w[th, h] h]hz ¢ 5 h[]/;, ¢]+3 h{ h,J4h] h w}dx’

where ¢ stands for (¢/J)om and J := v/'1 + | Dh|?. By the approximation Lemma 3.9, this identity still
holds if 4 € C;**(Q) and thus (3-25) follows from (3-22), recalling that, by Step 1, h; , € C;*°(Q) for
some o > 0.

In order to show (3-21), observe that Lemma A.3, together with the bound || DA; ,,||poc < Ay, implies
that

ID?hinllLaco) < C(g. Ao) | HinllLacg)- (3-26)

Moreover, since I';, is of class C%7, (3-25) yields that |H,~,n|p_2H,-,n € Hz(Fi,n), and in turn that
|H;n|P~2H; , € H*(Q) (see Remark 2.1).
As before, setting w := | H; ,|?~2 H; 5, by approximation we may rewrite (3-25) as

/Q A(x)DwD(Jln)J,,,dx—S/Qw<,0(|B,n|2—;H2 )dx

—i—/ [DiVFi,n (DY (vin)) + W(E(u,',n))]go dx — Tl/. v, ,dx =0 (3-27)
o [0

n
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forall ¢ € H#1 (Q) with |, 0¥ dx = 0, where A, defined as in (3-23), is an elliptic matrix with ellipticity
constants depending only on Ag. Recall that w € H?(Q). We now choose ¢ = Dy with n € HZ(0),
and observe that integrating by parts twice yields

/Q ADw D(i’n )J,,,dx

—/ AD(DSw)D(i)Ji,,, dx—/ DS(AJ,-,,,)DwD(
[0} Ji,n

)dx +/QADwD(n?]len)Jl ndx

i,n

Jln

/QAD(DSw)D(J

i,n

)J, ndx — / Dy(AJ; ,,)DwD(J?n) dx

Dy J; Ji
—/ AD2 =5t g —/ D(AJi ) Dw 25T 4
[0} Ji,n Ji,n

Therefore, recalling (3-27) and by density, we may conclude that, for every n € H#1 (0),

n
AD(D Dl(— ) J;nd
/Q (Dsw) (Jin) inax

D J;
i,n [0 i,n

thn

/D(AJ,,,)D dx —e/ stn(|B,,,| ——Hz)a’
0 p

l,l’l

n

+ f [Divr, , (DY (i) + W(E (uin)] Dsn dx — - / vp,. Dyn dx.
0 ' mJo

Finally, choosing n = DswJ; 5, we obtain

o

DSWDSJI n

—/ DS(AJ,-,n)DwD(Dsw)dx—/ AD?*wDgywD; J; dx—/ D(AJ; n) Dw dx
(0] (0] (0]

i,n

1
_8/ wDS(Dsti,n)(|B,-,n|2——Hl-z’n) dx
0 p

+ /Q[DiVF,-,n (DY (vin)) + W(E(ui,n))]Ds(DSWJi,n) dx — % /Q Vi, Ds(DswJipn)dx.

Summing the resulting equations for s = 1, 2, estimating D(AJ; ;) by D?h; ,, and using Young’s
inequality several times, we deduce

/ | D?w|? dx
Q 2

V7
<C / (|Dw|2|z>2h,-,n|2 dx + | H n|*? 12 4 | Hyn|*P 72| D?hij|* + (7 + 1) dx (3-28)
0 Tn
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for some constant C depending only on Ag, D?y, and on the C** bounds on u;, provided by
Theorem 3.5. Note that, by Young’s inequality and (3-26), we have

/;|£&nﬁp‘ﬂlﬂhhﬂ4dx:scr/;ukanﬁp+2+¢zﬂhhnfp+2)¢xs<:/;|znmﬁp+2dx.

Combining the last estimate with (3-28), we therefore have

2
+1) Vs
1D2w|?dx < Co | (1D?hinl?| Dw|? + w771 + —" 1 1) dx. (3-29)
0 0 (tn)?

To deal with the first term on the right-hand side, we use Holder’s inequality, (3-26) and Theorem A.6
twice to get

Co/ |D2hln| IDw| dx < C (/ |D2h|2(p l)dx) (/ \Duw| (;21) dx)

-2 2
2 ) (
< Clwlf T 1Dwlyp = Clul} (||Dw||2“”||w||““)
-
2 T T 2 2 B s plil
= C|D2w|Z w2 < C|D*w| I (nD wl 3wl ; 1)
2 3(p 2) 2 1 2 2
1 1)
< CID2w) 3 wl?E 7 < 4102w} + €,
o

where in the last inequality we used the fact that (3p —2)/(2(p — 1)) < 2 and that ||w||Ll = ||Hin ||1,‘?_1
=
is uniformly bounded with respect to i, n. Using Theorem A.6 again, we also have

p2+p+2

pt2
2
_wl ”(i’ Vo= ID*w|3+C,

Co/ w5 v < cpul }

where, as before, we used the fact that (p +2)/p < 2 and ||w]|| p is uniformly bounded. Inserting the
i

two estimates above in (3-29), we then get
2

/Q|D2w|2dx§C/Q( +(:) )dx (3-30)

Integrating the last inequality with respect to time and using (3-9) we conclude the proof of the theorem. [

Remark 3.12. The same argument used in Step 1 of the proof of Theorem 3.11 and in the proof of (3-25)
shows that, if (&, up) € X satisfies

Dh-D
/ W(E(uh(x,h(x))))(pdx+/ Dy/(—Dh,1)-(—Dg,0) dx+3/ |H|P—‘p
o) 0 PJo J
2 . 2
_8/ |H|p_2H[A(p_ D?¢[Dh, Dh]  AhDh- Dy _2D h[Dh, Dy]
J2 J2 J2
D?h|Dh, Dh|Dh- D
3 [ ,J4] (pi|dx=0

for all ¢ € C#Z(Q) such that |, 0¥ dx =0, then (h, uy) is a critical pair for the functional F.



MOTION OF THREE-DIMENSIONAL FILMS BY ANISOTROPIC SURFACE DIFFUSION 393
Lemma 3.13. With Ty and H, as in Theorem 3.11, |Fln|1’ is a Cauchy sequence in L'(0, To; L'(Q)).
Moreover, |1L~I,,|1’_2 Hy,isa Cauchy sequence in L'(0, Ty; L*(Q)).
For the proof of the lemma we need the following inequality:
Lemma 3.14. Let p > 1. There exists c¢p > 0 such that

[x? —y?]

<cp(xP7h 4 pP7h,
|x — |

1 — _
—(PT 4Pl <
Cp

Proof. By homogeneity it is enough to assume y = 1 and x > 1 and to observe that

) x?—1 . x?—1 p
lim =1 and Ilim = —. O
x—+oo (x —1)(xP~1 +1) x—1 (x —=1)(xP~1 +1) 2

Proof of Lemma 3.13. We split the proof into two steps.

Step 1. We start by showing that |fln|1’ is a Cauchy sequence in L!(0, Ty; L'(Q)). Set k := [p],
where [ - | denotes the integer part. Note that k£ > 2 since p > 2. From Lemma 3.14 we get

To - .
| [ 1807 =1 ax ar
0 )
TO ~ D ~ p
=[] WA 1A
0 JQ

To - - - - p
Sc/O fQ}|H,£‘|—|H,§|}<|Hn|k+|Hm|k)k—1dxdr

To - - % - -
Scfo ([Q|H5—H£|2dx) U lloo + [ Fmlloo)?* dt

To _ - - -
<c | (H = B = Mynlls + My Hnlloo + | Hmlloo)?* dt, (3-31)
0

where My, 5 := fQ(FI,f — fl,’,‘,) dx. Set
wy = | Hy P> Hy (3-32)
7k — () 5T k(0= 5T
and observe that H,y = (w,})»-T 4+ (=1)*(w,, ) »=T. Thus,
ik Y5t — oot el 7, |k—p+1
|[DH, | = |D(w, ) »=T|+[D(w,) ?=T| = c|Dwp||wa| =T = c| Dwy|| Hy| : (3-33)

From Lemma A.7 and inequalities (3-31), (3-33) we get

To _ _
| [ 187 =1 ax ar
0 )

To _ ~ 1 - - 1 - -
fc/o (1Y — B — My 2 | DEY — DHKZ + M n]) (| Hlloo + | Hmllo0)?~* dt
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To _ 5 i L 5 ,
SC/O IIH,f—H,ﬁ—Mm,nlli,_l(llDwnllz+IIDwmIIz)Z(IlHnllooJrIIHmIIoo

To _ _
[ Mol Tl + Wl dr. 330
0

Fix n, m € N. We now estimate the H~!-norm of Ifl,ic — FI,’,‘, — My, ». Recall that, in view of Remark 3.3,
| ¥ — HY, = Myn | g—1 = [ Dul2, (3-35)

where u is the unique Q-periodic solution of

—Au=HF - HY — M, , in O, (3.36)
fQudx=0.
Thus,
k—1
/|Du|2dx—/ u(HF — H* — m,,)dx—/ u(Hy— Hy) Y HE U] dx, (3-37)
0 0 =

where we also used that fQ udx = 0. Fix § € (0, 1) (to be chosen) and let T%(¢) := (1 v —8) A 8. Then

Hy = [(Hy—8)" + 81+ T°(Hy) —[(=Hy — 6T +] (3-38)
and (see (3-32))

1

(Hy— )t +6= {;v,f“ if wy > 8771,

otherwise.
Hence,
DI, ~5) 8] e 0] (3-39)
and a similar estimate holds for D[(—H, —§)" + §]. We now set
Vs = [(Hy—8)" + 81— [(—Hy — )" +36]. (3-40)

From (3-37) we have

/|Du|2dx
¢ k—1k—1-i i

= [ w3 (T ) () T I By

i=0 r=0 s=0

:/ u(ﬁ,,—fzm)ZVn’jgl—i 1 s dx

+ [ - WY Y ()
i=0 (r,5)#(0,0)
=L+ M. (3-41)
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We start by estimating the last term in the previous chain of equalities:

|M|§c/|u||H — Hy |Z Do Sy dy
i=0 (r,5)#(0,0)

5c/Q|u|<|ﬁn|+|f1m|>285[vnk,51“+ VE=1=0 i
5c5/Q|u|(|FIn|+|flml)(1+Vn'sz+V£32)dx

%
505(/Qu2dx) U+ 1 oo + [ Amlloo)*™!

1 ~ ~ —
S AL AR A N (342

where we used (3-40) and the Poincaré and Young inequalities. To deal with L, we integrate by parts and
use (2-3) and the periodicity of u, hin, and hipy, to get

~ - k—1
Dhy, Dhm) k—1—iysi /(Dh Dh ) k I=iy/i
L= — — —= | Du 1% dx + DV vl ) dx,
(5= S s [ (5 z ViV
where
fin(x,0) i = hin(x) if t €[(i —1)tn.ity) and Jy(x.t) := V1 + | Ditn(x.,1)|%. (3-43)

From the equality above, recalling (3-32), (3-39), and (3-40), and setting
Dhy,

Dhp,
“’”‘T"’)\L

t€[0,Ty] n

we may estimate

L] < cenm /Q Dul(1+ | BpF" 4 | By K1) dx

+can,m/ |u ZHDV,,"’(;I—"W,;,S + |DV,2’5|Vnk,5_l_"]dx

1 ) Iy p—
= 6/Q|Du|2 dx+c£ﬁ,m(1+||Hn||oo+||Hm||oo)2(k 1)

|Dwn| k 2—ivsi |Dwm| k —i—1
+cenm[ |u |81’ > Vins dx + cenm Q|u| = Z dx

1 ) 7 p—
SE/Q|Du|2dx+ceﬁ,m(1+||Hn||oo+||Hm||oo)2(k 1)

&
o MR L TR AN AR
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<X [ \DuPdx +ce2 (1 + |1 Hyplloo)?>®—D
=3 ), 1Puldx+ cenm(+ 1 Hulloo + | Hmlloc)

+c /(IDw,,|+|Dwm|) (14 | Hulloo + | Hmlloo)** 2 dx.

52(p 2)

From this estimate, (3-35), (3-36), (3-41), and (3-42), choosing §2(p—2) = en,m, With n, m so large
that €5, < 1 (see Theorem 3.5(i)), we obtain

| — BY — Myl -1 < e [(1+ 1 Hulloo + | Hmlloo)** 0
+(1Dwnll2 + [ Dwmll2)* A+ [ lloo + 1| Hmlloa)**2]. - (3-44)

where o := min{l, 1/(p —2)}.
We now estimate My, ,. Since

Mo = /Q(ﬁ,f _Akydx = /an — ) Y AV d,
i=0

using the same argument with u = 1 (see (3-44)) gives
M| = c(enm) 2 [(1 41| Hnlloo + [ Hmlloo) ™" + ([ Dwnll2 4 [ Dwiml|2) (14| Hnlloo + [ Hmll o)),

From this inequality, recalling (3-32), (3-34), and (3-44), we deduce

To _ —
| [ 18l =117
0o JO

a TO 1 p
<c(enm)* / (1Dwnll2 + | Dwmll2)2 (1 + [|walloo + |wmlloo) 2P=D dt
0

o TO 1
+clenm)® [ ([Dwnllz2 + [[Dwml2)(A + [[walloo + [wmlloo) > dt
0

+c(enm)? / (1 + [wnlloo + l1wmloo) dt
0

a To p=2
+C(8n,m)2/ (I1Dwnll2 + [ Dwm|l2) ([wnlloo + |wmlleo) P~ dt.

Observe now that, by (3-5) and (3-20), there exists C > 0 such that fQ |wa| dx < || Hy, ||p_ <C foralln
and thus, using the embedding of H?(Q) into C(Q) and Poincaré’s inequality,

[ Dwallz + |wnlloo < C(1 4 || D>wyll2). (3-45)

Therefore, from the above inequalities and also using the fact that % + p/2(p —1)) < 2 and that
14+ (p—2)/(p—1) <2, we conclude that

To - - a Ty o
f fQ}|Hn|P—|Hm|P|dx di fc(sn,m)4/ (1 + [ D2wnllz + [ D*wml2)* d < c(enm) ¥,
0 0
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where the last inequality follows from (3-21). This proves that the sequence |Fln |? is a Cauchy sequence
in L1(0, Ty; L'(Q)). Note also that using Lemma 3.14 we have

Ty - - To - - - ~
/ /\|Hn|—|Hm|\”dxdzfc/ [\|Hn|—|Hm||(|Hn|+|Hm|>1’—1dxdz
0 (0] 0 (0]
To _ _
50/ /\|H,,|P—|Hm|1’\dxdz. (3-46)
0 (]

Step 2. We now conclude the proof by showing that w, is a Cauchy sequence in L' (0, Ty; L?(Q)). To
this purpose, we use Lemma A.7 to obtain

To To To
f ||wn—wm||2dzs/ ||wn—wm—zvm,n||2dz+/ (Nl dt
0 0 0

To 2 2 2 1 To
<c [ 0 — Wi — Nl oy || D2ty — D23 dt + / Nownl dt, (3-47)
0 0

where Ny, p 1= fQ(wn — wp) dx. As observed in (3-35) and (3-36) , ||wp — Wm — Nmullg—1 = || D2,
where v is the unique Q-periodic solution of

—Av=wy — Wy — Npmy in Q,
Jovdx=0.

As in (3-37), using the fact that fQ vdx = 0, we have

/ |Dv|2dx:/ (wn_wm_Nm,n)U:/ (|F[n|P_2ﬁn_|ﬁm|p—2i_“Im)vdx

o 0 0
:/Q(Ifln|p—z_|F1m|p—2)1§,,vdx+/Q(1§n_ﬁm)|1§m|p—zvdx
= L+M. (3-48)

Now, by Holder’s inequality twice and the Sobolev embedding theorem,
~ oD p=2 Top p=2, ~
21 [ ORI =) | Bl

~ ~ =2
s/Q\|Hn|P—|Hm|P} 2| Hyllo] dx

p—1

_ N
s||v||p||Hn||oo(/Q\|Hn|p_|Hm|p}p_1 )

3 ~ ~ p=2
< eIVl Bl | Fal” = | 71,7

2(p—2)

1 ~ ~ -
SE/Q|Dv|2dx+c||Hn||go|||Hn|P_|Hm|p||1 v (3-49)
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To estimate M, arguing as in the previous step (see (3-38)) and observing that (—|I:im [P=2 -85t =0,
we write

M:/ (Hn—ﬁm)[(|ﬁm|P—2—5)++5]vdx+/ (Hy — Hn) [T (| HnlP™?) — 8]v dx
0 0

zf (Df’” —D~—M)Dv[(|flm|p_2—8)++8]dx
o\ Jy Im
+/ (Df’” —D~—h"’)w[(|ﬁm|ﬂ—2—5)++5] dx—i—/ (Hy — Hp)[T° (| Hn|?~2) — 8]v dx.
o\ Jy Im o

Similarly to what we proved in (3-39), we have

| Dwyp |
=

| D[(1Hm|P 72 =8)* +5]| <

Therefore, arguing as in the previous step, we obtain

~ ~ Dw
|M|§é/ |Dv|2dx—|—csim(l+||Hm||oo)2(1’_2)+cen,m/ . lmldx
0 o §r

=

+C5/Q Il Hnlloo + || Hmlloo) dx

2
1 ~ & - -
=3 [ IO i 14 U lee 0 e Dl 481 o+ | o

dr=2

where in the last line we used the Young and Poincaré inequalities. Choosing ¢ so that § 2/(p=2) = En,m
and recalling (3-48) and (3-49), we conclude that

lwn — wm — Ny nll g1
p—2

~ ~ ~ p—=2 B ~ ~ ~ _
<l Hnlloolll Hal” =1 Hml P |l,” +¢(€nm) 2 1+ [ Hnlloo + | Hmlloo + [ Hmll5 > + [ Dwmll2),  (3-50)

where 8 = min{l, p —2}.
Since, by (3-32),

Nonw = f (wp —wp) dx = [ (| HalP =2 = | Hnl P~2) Hy dx + / (B — Fo) | Fonl P2 dx,
the same argument used to estimate the last two integrals in (3-48) (with v = 1) gives

p—2

~ ~ ~ p—2 B~ ~ ~ _
| Nimn| < || Hy | ool Hn|? — |Hm|p”1p +c(enm) 2 (|1 Hnlloo + | Hmlloo + “Hm”go 2 + [ Dwmll2)-
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From this estimate, recalling (3-32), (3-47) and (3-50), we have that

To
/ 10 — Wl dt
0

o _ 2(p—2)
56/ [ Hal? = Hnl P, Nwnll 8 S0 ST (ID2wllz + 1| D2 wmll2) 5 di
0

p—2

To
B 1
+C(8n,m)3/ (1+||wn|| +||wm|| "Hlwmllss "+ Dwmll2)? (||Dzwn||2+||Dzwm||2)3df
0

p—2

To 1 - p=2
+c/0 Vol 2 11l = | Bl 1,7 di

To . p—2 2

]
+ c(enm)? (lwnlloe +||wm|| C lwmll&s " + | Dwmll2) dt.
0

Using (3-45) and Holder’s inequality, we can bound the right-hand side of this inequality by

To 2(p—2)
C/ [ Hul? = [Hnl? |, ¥ (1+ | D*wall2 + 1D2wp||2)3 T 35D di
0
g [T 2 2 2 N2 2 1
+C(8n,m)3 (1+||D wn||2—|-||D u)m||2) (||D wn||2_|_||D wm||2)3 dt
0

p—=2

To To
B
+C/ (1+||D2wn||2)” | Hul P~ Hm|?l,” dl+c(3n,m)2f (14 D> w2+ | D*wm ) dt
0 0

To _ _
<c( [ [ Vo1t dxar)
0 o
fo 7 ~ p% Ty e %
0 [0) 0

Ty
B
+C(8n,m)3/ (14 |1 D*wall2 + | D>will2) dt.
0

2(p—2) pt4

To p(p+1) 3p
[/ (llDzwn||2+||Dzwm||z)<v—1><v+4>]
0

Since p(p+1)/((p—1D(p+4)) <2and p/(2(p—1)) <2, recalling (3-21), we finally have
To
[ n =l
0
2(p—2) p=2
2

To _ - To - - B
Ec(/ /\|H,,|P—|Hm|1’}dxdz) —i—c(/ /||HH|P—|Hm|P\dxdz) +c(enm)5.
o JO 0o Jo

The conclusion follows from Step 1. O

Corollary 3.15. Let H, be the Sfunctions defined in (3-20), let h be the limiting function provided by

Theorem 3.5, and set
o D Dh
= —Div| ——— ).
1+ |Dh|?
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Then,
|Hy|? — |H|P in L'(0, To: L'(Q)) and |Hu|P"2H, — |H|P"2H in L' (0, Ty; L%(Q)). (3-51)

Proof. Let hy and J, be as in the proof of Lemma 3.13. From Theorem 3.5(i) we get that, for all
t € (0,Tp) and for all ¢ € C#1 (Q), we have

~ Dh Dh ~
f H,,godx:/ ~"~D(pdx—>[ —-Dgodx=/ Ho dx,
0 0 Jn o J 0

where J = v/ 1+ |Dh|*. Since, for every ¢, fln(-,t) is bounded in L?(Q), we deduce that, for
all t € (0, Tp),

Hy(-,t)— H(-,t) weaklyin L?(Q). (3-52)

On the other hand, from Lemma 3.13 we know that there exist a subsequence n; and two functions z, w
such that, for a.e. 7,

|Hy, (-, O1P —>z(-,¢) in L'(Q) and  (|Hy, [P 2Hy,)(-.t)—>w(-,t) in L*(Q). (3-53)

Moreover, for any such ¢ there exists a further subsequence (depending on ?), not relabelled, such
that |Hy, (x,1)|?, |Hpy, (x,t)|1’_2H,,j (x.1), and thus Hy; (x,) converge for a.e. x. Then, by (3-52),
Hy; (x,t) - H(x,t) for a.e. x. Thus, we conclude that z = |H|? and w = |H|P72H. O

We now prove short time existence for (3-1).

Theorem 3.16. Let hg € W#z’p(Q), let h be the function given in Theorem 3.4, and let Ty > 0 be as in
Theorem 3.5. Then h is a solution of (3-1) in [0, Ty] in the sense of Definition 3.1 with initial datum hy.
Moreover, there exists a nonincreasing g such that

F(h(-.1),up(-.1)) = g(t) for 1 €[0, To]\ Zo. (3-54)
where Z is a set of zero measure, and
F(h(-,t),up(-,1)) <gt+) forteZ,. (3-55)
This result motivates the following definition:

Definition 3.17. We say that a solution to (3-1) is variational if it is the limit of a subsequence of the
minimizing movements scheme as in Theorem 3.5(1).

Proof of Theorem 3.16. Let fln, fz,,, .7,1 be the functions given in (3-20), and (3-43). Set Wn(x, t) =
W (E (i n)(x. hin(x))) and D,(x, 1) := vy, (x) for t € [(i — 1), i7,). Moreover, define 0y := U/ .
Note that, for all ¢, v,(-, ) is the unique Q-periodic solution to

1 ohy,(-,1)

W= =

hn(.t=tn) Ju(- t—1,) Ot (3-56)
2 _

frﬁm o wd¥H* =0.
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Fix t € (0, Tp) and a sequence (g, ng) such that #y := ix 7y, — t. Summing (3-22) from i =1 to i = iy,
we get

7% 195
//W,,kgodxdt+[ f DY (—Dhp, 1) - (—=Dg,0) dx dt + = //lanlp 2 g dr

Y ~ D2¢[Diy, . Dhyy] Ay, Dhp, - Do D2, [Dh ,D
—8/ / |an|P_2an |:A§0_ (p[ ~’12k nk]_ ni ~2n;\ §0_2 nk[ znk QD]
Jnk Jnk Jnk

D?hy, [Dhy,,, Dhy, \Dhy, - D(p]

+3 dx dt

Ny
19
- / / bnpdxdt =0. (3-57)
0o Jo

We claim that we can pass to the limit in the above equation to get
/ / E(u(x,h(x,s), s)))(pdxds-l—[ / Dy (—Dh,1)-(—=Dg,0) dx ds

Dh-D
+—// |H|P P dx ds
pJoJo J

d D%¢[Dh, D AhDh-D D2h[Dh, D
J?2 J2 J?

D2h[Dh, Dh)Dh- D 4
| 3 P7MDh, Dh] ‘p]dxds—//ﬁwdxds:o, (3-58)
0o Jo

J4
where 0(-, 1) is the unique periodic solution in H#} (C'(2)) to

1 0h(-,t
{AFh<~,t)w= C.0)

J(-, 1) at (3-59)
frh(',t) wd3? =0

for a.e. t € (0, Ty). To prove the claim, observe that the convergence of the first two integrals in (3-57)

immediately follows from (i) and (iii) of Theorem 3.5. The convergence of the third integral in (3-57)
follows from (3-51) and Theorem 3.5(i). Similarly, (3-51) and of Theorem 3.5(i) imply that

e ~ D2¢[Dh,, . Dh D2y[Dh, Dh
|l 172 i | A= 2P i Dl dedi= || HIP 4| ag- 2P
o Q k k J2 JZ

n

Next we show the convergence of

o ~ Ahy, Dhy, - D D2hy,, [Dhy, . D
/ / |an |p_2an |:_ ny ~2nk 90 _ 2 nk[ 2 ny 90]
0 Jo I J;

D2%hy, [Dhy, , Dhp, |Dhy,, - Do

+3 =
I

i|dxdt
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to the corresponding term in (3-58). To this purpose, we only show that

Tic Ahy, Dhy, - D AhDh-D
/ fl WP H,, — ? dx dz—>// |H|P~ 2H—z"’dxds, (3-60)
0o Jo ank J

since the convergence of the other terms can be shown in a similar way. To prove (3-60), we first observe
that, by (3-5) and Theorem 3.5(i), we have Aﬁnk(-,l) — Ah(-,t) in L?(Q) for all ¢ € (0, Ty). On
the other hand, (3-51) yields that for a.e. ¢ € (0, Ty) we have (1-Ink |1’_2P~Ink)(- )= (|HIPT2H)(- 1)
in L2(Q). Therefore, for a.e. t € (0, Ty),

~ ~  Ahy, Dhy, - AhDh-D
/ |an |P_2Hn1 nj ~ Ny ¢ dx.
0 < 2 2

D
? dx —>/ |H|P~2H
nj 0
The conclusion then follows by applying the Lebesgue dominated convergence theorem after observing
that, by (2-9) and (3-5),

- ~  Ahy, Dhy, - D
‘/ |an|p—2an ni ~2nk godx
Jnk

< CllAhn | L2y 1 Hny |72 Hyy Nl 22 )

< Cll |77 iy ll120)
and that || |ﬁnk |1’_2flnk [ 2(@) converges in L0, Ty) thanks to (3-51).

Note (3-51) implies that for a.e. ¢ € (0, Tp) we have || Hy, (-, t)|lLr0) = IH(-.t)|lLr(). Since
Hy,, (-.t) = H(-,1) in L?(Q) (see (3-52)), we may conclude that Hy, (-.t) — H(-,t) in L?(Q) for
a.e.t € (0, Ty). Therefore, by (2-3) and [Acerbi et al. 2013, Lemma 7.2], we also have h~nk (-,t)=>h(-,1)
in W#z’p (Q) for ae. t € (0, Ty). Thus, by (2-9) and (3-5) and the Lebesgue dominated convergence
theorem we infer that

To 5
/ |D?hy, — D*h|P dx dt —> 0. (3-61)
o Jo

This, together with the fact that /1,, — & weakly in H'(0, T,; H; 1(0)) (see (3-6)), implies that
1 Ohp, 1 0h

= —— in L2 0, T ;H_l ‘ 360
Tue (o o—twy) 00 J 0t (0, To; Hy () (3-62)
Indeed, for any ¢ € Lz(()’ To: H;(Q)),
fo dhy, 10k
= ok ——)<p dx di
Jnk(- —rnk) e J ot
K oh To ah
__) "o dx dt| + ""—— dxdt
Jnk o " . 8’ (3-63)
TO oh T " ”
/ / H ny . # _H ldxdt—i- n on ) dx dt‘
A= Ty (=) M t ot

Since H#1 (Q) is embedded in L9(Q) for all ¢ > 1, we deduce from (3-61) that (p/fnk (=) =/
in L2(0, Ty: H#1 (Q)). This convergence together with (3-3) shows that the second-to-last integral in
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(3-63) vanishes in the limit. On the other hand, the last integral in (3-63) also vanishes in the limit, since
hn,, — h weakly in H'(0, Ty; H#_1 (Q)). Thus, (3-62) follows.
Arguing as in the proof of Theorem 3.11 and integrating with respect to ¢, we have, from (3-56),

t t oh
/ / Ap, DUy - Do dx ds = / / = % o dx ds (3-64)
0JQO 0JQ Jnk ( *y T Ty, ) ot

for all ¢ € L2(0, To; H) (Q)), where

Dh~nk( Tnk)®Dhnk(

Jnk( > Tn/()z
Note that (3-12) implies that A4, (x, ) is an elliptic matrix with ellipticity constants depending only

Apy (x,1) = (1_ Tnk))Jn/( o= Ty )

on Ay for all (x, 7). Therefore, (3-64) immediately implies that

To To
/ / |Dﬁ,,k|2dxdz§c/
0o JO 0

thanks to (3-3). Since 4,, — A := (I —(Dh® Dh)/J?*)J in L*=(0, Ty; L>(Q)) by Theorem 3.5(i),
from the estimate above and recalling (3-62) and (3-64) we conclude that

I, |

dt <
ot =¢

H-1

O, — D weakly in L2(0, To; Hy (Q)),

1 0h
//ADU Dgodxds—// ——godxds

for all ¢ € L?(0, Tp: H; (Q)) and for all z € (0, Ty). In turn, letting ¢ vary in a countable dense subset
of H#1 (Q) and differentiating the above equation with respect to ¢, we conclude that, for a.e. t € (0, T),
0(-,t) is the unique solution in H#1 (T'h(- ) o (3-59) for a.e. 1 € (0, Tp). This shows that the last integral
in (3-57) converges and thus (3-58) holds. Again letting ¢ vary in a countable dense subset of H#} (0)

where 0 satisfies

and differentiating (3-58) with respect to z, we obtain

/Q W (E(u(x,h(x,1),1)))pdx + /Q Dy (—Dh,1)-(—Dg,0) dx + % /Q |H|1’Dh Ix

7
2 . 2 2 .
o [ \up-2p1] ap D¢Dh DIl _ARDh-Dg ) D*hDh, Dg]  D*HDh, DHID-DeT
J2 J2 J2 J4

—/ tpdx =0 (3-65)
(0]

for all ¢ € H#1 (0). Since, by (3-21), |H|P~2H < L?(0, Ty: H#Z(Q)), arguing as in Step 2 of the proof
of Theorem 3.11 we have that the above equation is equivalent to

a/ Dph(|H|P_2H)DFh¢d%7€2—8/ |H|P_2H(|B|2—%H2>¢d%2
Fh lqh

+ / [Divr, (DY (v)) + W(E(u))]|¢ d 9> — / D d¥H> =0
Ty

Ty
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for a.e. ¢ € (0, Ty), where ¢ := ¢/J. This equation, together with (3-59), implies that / is a solution to
(3-1) in the sense of Definition 3.1.

Next, to show that the energy decreases during the evolution, we observe first that, for every n, the map
t— F(fzn( -,1),Un(-,1)) is nonincreasing, as shown in (3-4). Note also that thanks to (3-51) we may
assume up to extracting a further subsequence that, for a.e. ¢, H,—> Hin L? (Q). This fact, together
with (i) and (iii) of Theorem 3.5, implies that for all such ¢, F(fz,,(- ), un(-, )= F(h(-,0),u(-,1)).
Thus also (3-54) follows. Let ¢ € Zy and choose ¢, — t+ with t,, &€ Z for every n. Finally, since
h(-,ty) = h(-,t) weakly in W#Z’p (Q) by (3-5), by lower semicontinuity we get that

F(h(-,t0),u(-,1) =< lin}lian(h(-,t,,),u(~,tn)) = lizng(t,,) =g(t+). O

4. Liapunov stability of the flat configuration

In this section we are going to study the Liapunov stability of an admissible flat configuration. Take
h(x)=d > 0 and let u4 denote the corresponding elastic equilibrium. Throughout this section we assume
that the Dirichlet datum wy is affine, i.e., of the form wq (x, y) = (A[ x ], 0) for some A € M?*2. As already

mentioned, a typical choice is given by wg(x, ) := (eéxl , egxz, 0), where the vector ¢g := (e(l), eg) with

1

0 ’
A detailed analysis of the so-called Asaro-Tiller—Grinfeld morphological stability/instability was

e eg > 0 embodies the mismatch between the crystalline lattices of film and substrate.
undertaken in [Bonacini 2013b; Fusco and Morini 2012]. It was shown that, if d is sufficiently small,
then the flat configuration (d, u,) is a volume constrained local minimizer for the functional

G(h,u):= W(Ew))dz+ | v (v)d¥>. (4-1)
Qp Ty
To be precise, it was proved that, if d is small enough, then the second variation 92G(d, uy) is positive
definite and that, in turn, this implies the local minimality property. In order to state the results of this
section, we need to introduce some preliminary notation. In the following, given /& € C#z(Q), h =0,
v will denote the unit vector field coinciding with the gradient of the signed distance from ¥, which is
well defined in a sufficiently small tubular neighborhood of Fx. Moreover, for every x € I'y, we set

B(x) := Dv(x). (4-2)

Note that the bilinear form associated with B(x) is symmetric and, when restricted to T [ x T ', it
coincides with the second fundamental form of I'y, at x. Here T T'j, denotes the tangent space to [';, at x.
For x € ', we also set H(x) := Divv(x) = trace B(x), which is the sum of the principal curvatures
of T, at x. Given a (sufficiently) smooth and positively one-homogeneous function w : RV \ {0} — R,
we consider the anisotropic second fundamental form defined as

B® := D(Dwov),
and we set
H? :=trace B® = Div (Dw o). (4-3)
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We also introduce the space of periodic displacements
A(Qp) := {u € LDy(2; R®) : u(x,0) = 0}. (4-4)

Given a regular configuration (4, u;) € X with 4 € C#Z(Q) and ¢ € FI#I (Q), where

H(0):= {(p € Hi(0): [Q pdx = 0}, 4-5)

we recall that the second variation of G at (%, uy) with respect to the direction ¢ is

2

d
WG(h +IQ Upyrg)

’

t=0

where, as usual, uj, denotes the elastic equilibrium in €2 ,,. It turns out (see [Bonacini 2013b,
Theorem 4.1]) that

d2
WG(h 19, Upyrg) o
: (Dh,|Dh}?)

where 92G(h, uj)[¢] is the (nonlocal) quadratic form defined as
PG upig)i= =2 [ WE@)dz+ [ DDy, Dr, gl
h h

+ [ (35 [W(E (up))] — trace(BY B)) > d %>, (4-7)
Ty

@
— 0
V14 |Dh|?

and vy the unique solution in 4(£2j) to

¢ =

T,

/ CE(vg) : E(w)dz = / Divr, (¢ CE(up)) - w d¥?  forall we A(Q). (4-8)
Qn Ty

Note that, if (&, uy) is a critical pair of G (see Definition 3.8 with ¢ = 0), then the integral in (4-6)

vanishes, so that
2

d
——5 G+ 19, upysp)

- = 9G(h.up)le].

t=0

Throughout this section o will denote a fixed number in the interval (0, 1 —2/p). The next result is a
simple consequence of [Bonacini 2013b, Theorem 6.6].

Theorem 4.1. Assume that the surface density V is of class C* away from the origin, it satisfies (2-1),
and the following convexity condition holds: for every £ € S2,

DXy (E)|w,w]>0 forall w L& w#0. (4-9)
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If
0*G(d,ug)lp)> 0 forall ¢ € H}(Q)\{0}, (4-10)
then there exists § > 0 such that
G(d,uyg) <Gk,v)
) <4.

Proof. By condition (4-10) and [Bonacini 2013b, Theorem 6.6] there exists 69 > 0 such that, if
0< ||k—d||C#1(Q) < 8o and || Dnllco < 14 ||Duglleo With (k,n) € X, then

forall (k,v) € X with |Q| =|Q4],0 < ||k —d| ~1.«
G, (Q

G(d, ug) < G(k,n). (4-11)

Note that we may choose 0 < § < &g such that, if ||k —d|| clegg) = 8 and uy, is the elastic equilibrium
#
corresponding to k, by elliptic regularity (see also Lemma A.1) we have that || Dug||ecc < 1 + || Dttg| co-

Therefore, using (4-11) with n := uj, we may conclude that
G(d,ug) <Glk,uy) <Gk,v),
where in the last inequality we used the minimality of u, and the result follows. O

Remark 4.2. It can be shown that Theorem 4.1 continues to hold if (4-9) is replaced by the weaker
condition
D>y (es)[w,w]>0 forall w_Les, w=D0. (4-12)

Indeed, (4-12) implies that (4-9) holds for all £ belonging to a suitable neighborhood U C S? of e3. In
turn, by choosing § sufficiently small we can ensure that the outer unit normals to 'y lie in U provided

Ik =dlc)eg)
under these circumstances, condition (4-9) is only required to hold at vectors £ € U.

< 8. A careful inspection of the proof of [Bonacini 2013b, Theorem 6.6] shows that,

Remark 4.3. Under assumption (4-9), it can be shown that (4-10) is equivalent to having

inf{0°G(d, ug)lp): ¢ € H{ (Q), el @y = 13 =:mo >0 (4-13)
(see [Bonacini 2013b, Corollary 4.8)), i.e.,

92G(d, ug)lp] = mollgl| for all ¢ € ) (Q).

2
H}(Q)
Remark 4.4. Note that, if the profile & = d is flat, then the corresponding elastic equilibrium u is affine.
It immediately follows that (d, u4) is a critical pair in the sense of Definition 3.8.

We now consider the case of a nonconvex surface energy density ¥, and introduce the “relaxed”
functional defined for all (%, u) € X as

6(h,u):=/9 W(E(z4))arz+/F VR (v) d9e, (4-14)

where 1/ ** is the convex envelope of . It turns out that, if the boundary of the Wulff shape Wy, associated
with the nonconvex density 1 contains a flat horizontal facet, then the flat configuration is always an
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isolated volume-constrained local minimizer, irrespective of the value of d. We recall that the Wulff
shape Wy, is given by
Wy :={z€ R3:z-v <y (v) forall veS?}

(see [Fonseca 1991, Definition 3.1]). The following result can be easily obtained from [Bonacini 2013b,
Theorem 7.5 and Remark 7.6] arguing as in the last part of the proof of Theorem 4.1.

Theorem 4.5. Let y : R3 — [0, +00) be a Lipschitz positively one-homogeneous function satisfying (2-1),
andlet {(x,y) e R3: |x| <a,y =B} C oWy, for some a, B > 0. Then there exists § > 0 such that
G(d,ug) < G(k,v)
Sforall (k,v) e X with |Q| = |Q4],0 < ||k —dllcl.a(Q) <é.
#

In the next two subsections we use the previous theorems to study the Liapunov stability of the flat
configuration both in the convex and nonconvex case.

Definition 4.6. We say that the flat configuration (d, uy) is Liapunov stable if, for every o > 0, there
exists §(0) > 0 such that, if (ho, uo) € X with [Qj,| = |Q4| and ||h¢ — d”I/V#Z,p(Q)
variational solution /4 to (3-1) according to Definition 3.17, with initial datum /g, exists for all times, and
la(-, 1) —d||W#z,p(Q) <o forallz > 0.

< (o), then every

4A. The case of a nonconvex surface density. In this subsection will show that, if the boundary of the
Wulff shape Wy, associated with v contains a flat horizontal facet, then the flat configuration is always
Liapunov stable.

Theorem 4.7. Let v : R® — [0, +-00) be a positively one-homogeneous function of class C? away from
the origin such that (2-1) holds, and let {(x,y) e R? : |x| <a,y =B} C oWy, for some a, B > 0. Then
for every d > 0 the flat configuration (d, ug) is Liapunov stable (according to Definition 4.6).

Proof. We start by observing that, from the assumptions on ¥, e3 is normal to boundary dW,, of
the Wulff shape Wy, associated with ¥. Thus, by [Fonseca 1991, Proposition 3.5(iv)], it follows that
¥ (e3) = ¥**(e3). In turn, by Theorem 4.5, we may find § > 0 such that

F(d,ug)=G(d,ug) < G(k,v) < F(k,v) (4-15)

forall (k, v) € X with |Q4|=|RQ4]and 0 < ||k—d||C1,a(Q) <$4. Fix o > 0 and choose 8 € (O,min{& %0})
#
so small that

lh=dllgregy =0 == [IDhllco < Ao, (4-16)

Q)
where Ay is as in (2-6). For every 7 > 0, set

w(t) = supl k=l . gy}
where the supremum is taken over all (k, v) € X such that

12| =241, ”k_d”C#l,zx <6, and F(k,v)—F(d,uy) <.

(9
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Clearly, w(t) > 0 for 7 > 0. We claim that w(t) — 0 as T — 0T. Indeed, to see this we assume by
contradiction that there exists a sequence (k, v,) € X with [ | = [€24] such that

liminf F(ky,vy) < F(d,ug) and 0<cy =< |ky —d”Cl,a(Q) < (4-17)
n #

for some ¢g > 0. By Lemma A.3, up to a subsequence we may assume that k,, — k in W#z’p (Q) and
that v, — v in H! (Q:R?) for some (k,v) € X satisfying § > ||k _d”Cl,a(Q) > ¢, since W#z’P(Q)
#

loc
is compactly embedded in C#1 “*(Q). By lower semicontinuity we also have that
F(k,v) <liminf F(k,,v,) < F(d,ug),
n

which contradicts (4-15).

Choose 6(0) so small that, if ||/4¢ < (o), then

[ <8 and F(ho,uo)— F(d.ug) <o '(18).

~dlcie )

where @~ ! is the generalized inverse of w defined as @™ (s) := sup{t > 0: w(r) < s} for all s > 0. Note
that, since () > 0 for 7 > 0 and w(t) — 0 as T — 0+, we have that @~ !(s) — 0 as s — 0+. Let /1 be
a variational solution as in Theorem 3.4 (see Definition 3.17). Let

T :=sup{t >0:|h(-,s) —d”C#l,oz(Q) <4q forall s € (0,1)}.

Note that, by Theorem 3.5, 77 > 0. We claim that 77 = +oc0. Indeed, if 77 were finite, then, recalling (3-7),
we would get, for all s € [0, T1],

F(h(-, Th), un(- 1)) — F(d, ug) < F(ho, uo) — F(d,ug) < 0™ (38) (4-18)

which implies ||i(-, T1) — d”c#l""(Q) < %50 by the definition of w. Then, (4-16), Remark 3.6, and
Theorem 3.5 would imply that there exists 7' > T such that || (-, 1) —d| ¢} (@) < do forall t € (T, T),
thus giving a contradiction. We conclude that 7} = +4o0 and that |h(-,t) — d|| ¢l Q) < §o for
all # > 0. Therefore, (4-16) implies that ||DA(-,1)|lcc < Ao for all times, which, together with
Remark 3.6, gives that / is a solution to (3-1) for all times. Moreover, by (4-18) we have also shown that

F(h(-,t),upc. n)—F(d,ug) < ol (%80) for all ¢ > 0, which by (4-15) implies that

8/ |HI? d%* < 0™ (160).
| TR

Using elliptic regularity (see (2-3)), this inequality and the fact that [|(-,¢) —d oo < 20 forall 1 > 0
imply that [|A(-, 1) —d||,2.» 0 =0 provided that 8¢ and, in turn, (o) are chosen sufficiently small. [J
#

4B. The case of a convex surface density. In this section we will show that, under the convexity assump-
tion (4-9), the condition 92G(d, uyz) > 0 implies that (d, u4) is asymptotically stable for the regularized
evolution equation (3-1) (see Theorem 4.14 below). We start by addressing the Liapunov stability (see
Definition 4.6).
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Theorem 4.8. Assume that the surface density \ satisfies the assumptions of Theorem 4.1 and that the
flat configuration (d, uy) satisfies (4-10). Then (d,ug) is Liapunov stable.

Proof. Since (4-15) still holds with G replaced by G in view of Theorem 4.1, we can conclude as in the
proof of Theorem 4.7. O

Remark 4.9 (stability of the flat configuration for small volumes). If the surface density v satisfies
the assumptions of Theorem 4.1, then there exists dy > 0 (depending only on the Dirichlet boundary
datum wy) such that (4-10) holds for all d € (0, dy) (see [Bonacini 2013b, Proposition 7.3]).

Definition 4.10. We say that a flat configuration (d, u;) is asymptotically stable if there exists § > 0 such
that, if (ho,uo) € X with |Q, | = [Q24] and ||/o — d||Wz 2(0) < §, then every variational solution / to
(3-1) according to Definition 3.17, with initial datum /4, exists for all times and |A(-,t)—d]| w2r(Q) 0
as t — +o00.

We start by showing that, if a variational solution to (3-1) exists for all times, then there exists a sequence
{ta} C (0, 400), with ¢, — o0, such that A(-, ;) converges to a critical profile (see Definition 3.8).

Proposition 4.11. Assume that for a certain initial datum hg € Wz’p (Q) there exists a global-in-time
variational solution h. Then there exists a sequence {t,} C (0, +00) \ Zy, where Zy is the set in (3-54),
and a critical profile h for F such that t, — 0o and h(-, ty) — h strongly in W P (Q).

Proof. From (3-3), by lower semicontinuity we have that

on||?

oo
[ ‘ — dt < CF(hg,ug).
0 ot

H~-1(Q)

Since the set Z; has measure zero, we may find a sequence {t,} C (0, +00) \ Zy, tn — 00, such that
[0A (-, tn)/ 0t || -1 (@) — 0. Since h € L>(0, oo WZP(Q))DH (0,00; H, L)), settmgh” h(-,ty)
we may also assume that there exists /1 € W "P(Q) such that h"* — h weakly in W 2(Q). In turn,
denoting by uy» the corresponding elastic equilibria, by elliptic regularity (see also Lemma A.1 ) we have
that upn (-, h" () = u; (-, h(+)) in C#1 *(Q;R?). Let 9" be the unique Q-periodic solution to (3-59)
with ¢ = t, and note that 9" — 0 in H#I(Q), since [0h(-,1n)/0t|| g—1(g) — 0. Writing the equation
satisfied by A" as in (3-22), we have, for all ¢ € C#(Q) with fQ pdx =0,

Dh"- D
| W E@neioneds+ [ DDt - Dp.0dx+ L [ PR
Q Q pJo J"

D*@[Dh"™, Dh"]  Ah"Dh"- D
—g/ |H”|”‘2H”[A _ D7elDA", DI} _ AW"DI"- Dy
(J")? (J")?
2D2h”[Dh”,D<p] 3D2h”[Dh",Dh"]Dh”-D<p:|d
— X
(J")? (Jm*

—f "pdx =0, (4-19)
)
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where H" stands for the sum of the principal curvatures of 4" and J" = /1 + | Dh"|?. Arguing exactly
as in the proof of Theorem 3.11 (see (3-30)), we deduce that

/ |D2(|H”|P_2H”)|2dx§C/ (1+ (0™)?) dx (4-20)
0 0

for some constant C' independent of n. Thus, passing to a subsequence, if necessary, we may also assume
that there exists w € H#Z(Q) such that |[H"|P~2H" — w weakly in H#Z(Q) and |H"|P72H" — w
strongly in H#1 (Q). Since H; (Q) is continuously embedded in L2(Q) for every 1 < g < oo by the
Sobolev embedding theorem, there exists z € L!(Q) such that | H"|? — z in L'(Q). The same argument
used at the end of the proof of Corollary 3.15 shows that z = |H|? and w = |H|P~% H, where H is the
sum of the principal curvatures of h.

Using all the convergences proved above, and arguing as in the proof of Theorem 3.16, we may pass
to the limit in (4-19), thus getting that / is a critical profile by Remark 3.12. O

Lemma 4.12. Assume that (4-9) and (4-10) hold. Then there exist o > 0 and ¢y > 0 such that
2 2 iyl
PG unly) = collpldy gy forall ¢ € FH(0)

provided ||h — d”CZ.a( <o, where I;#I (Q) is defined in (4-5).
#

)
Proof. Throughout this proof, with a slight abuse of notation, we denote by C the tensor acting on a
generic 3 x 3 matrix M as CM := C(M + MT)/2. Let m be the positive constant defined in (4-13).
We claim that there exists o > 0 such that

inf{8’G(h, up)l¢]: ¢ € H{ (Q), Il gy o) =1} = 3mo

whenever || — d|| 2.« ) =0 Indeed, if not, then there exist two sequences {/,} C C#2 *(Q) with
# ~
hn = d in C7*(Q) and {¢n} C H} (Q) with [|@n| 1 () = 1 such that

92 G (hn, up,)lgn) < 3mo. (4-21)
Set
by = —"  _om, (4-22)
V1+|Dhy|?

where we recall that (x, y) = x. Let vy, be the unique solution in A(£2y,) —see (4-4) —to

CE(vg,) : E(w)dz = / Divr, ($nCE(up,)) - w d¥? forall we A(Rp,) (4-23)

th th

and let vy, be the unique solution in A(£24) to
/ CE(vy,) : E(w)dz = / Divr, (pnCE(ugq)) - w d¥?* forall we A(R2y). (4-24)
Qq Tq
Observe that (see, e.g., Lemma A.1)

[ DiVth (én CE(”hn))”LZ(th) = Cllen “H#I(Q)
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for some constant C > 0 depending only on
Sup(”CE(“hn)”CI(th) + ”hn“c#Z(Q))
n

and thus independent of n. Therefore, choosing w = vy, in (4-23), and using Korn’s inequality, we
deduce that

sup ||U¢n ”Hl(th) < 4o00. (4-25)
n

The same bound holds for the sequence {vy,, }.
Next we show that

W(E(vg,)) dz — / W(E(vy,))dz — 0 (4-26)
th Qg4

as n — oo. Consider a sequence {®; } of diffeomorphisms &, : 2, — 2, such that ®, —Id is Q-periodic
with respect to x, O, (x, y) = (x, y +d — hy(x)) in a neighborhood of T'y, and || ®, —1Id ”C2~°‘(§d'R3) <
Cllhy, — d“CZ,oz(Q) — 0. Set wy, := vy, © P,. Changing variables, we get that w, € A(2y) satisfies

#

/ ApDwy, : Dwdz = / (Divr,, (9nCE(up,)) 0 ®y) - wig, d¥? (4-27)
Qg Ty

for every w € A(24), where Jg, stands for the (/N —1)-Jacobian of ®, and the fourth-order tensor-valued
functions A, satisfy 4, — C in C1*(Q4). We claim that

W(E(wp —vg,))dz — 0 (4-28)
Qg

as n — oo. Note that this would immediately imply de W(E(wy))dz — de W(E(vg,))dz — 0
and, in turn, taking also into account that A, — C uniformly and that % de ApDwy, : Dw,dz =
th W(E(vg,)) dz, claim (4-26) would follow. In order to prove (4-28), we write

/ CD(vy, —wp) : D(vy, —wp) dz
Qg

= CDvy, : D(vy,—wp) dz—/Q (C—A4n)Dwy : D(vy,—wp) a’z—/;2 ApDwy: D(vy,—wy) dz
d

Qg d

= /F Divr, (pnCE(ug)) - (v, —wn) dye? — Q (C—A4,)Dwy : D(vy, —wy) dz
d d

~ [ (Divey, GuCE@A)©®n) - (v, — )T, 00
d
=11 —I,—1Is,

where we used (4-24) and (4-27). From (4-25), the analogous bound for the sequence {vy, }, and the
uniform convergence of 4, to C we deduce that I, tends to 0.
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Fix n=1,n2,13) € C#1 (T7:R3) ~ C#1 (Q; R?). Using the fact that @, ! (x, y) = (x, y —hy(x) +d)
in a neighborhood of Iy, , we have

Drhn (n] Oq)I;l) = (I _vhn ® Uhn)DFdnj 0 (I);l,

where we set vy, := (—Dhy, 1)/~ 1 + | Dhy|*. Using this fact, we then have, by repeated integrations
by parts and changes of variables,

/F (Divr, (9nCE (up,))o®n)n Jo,d%* = f Divr,, (¢nCE (up,))-no®; ' da?
d

Ty,

_ /F GuCEup,): Dr, (no®; ") die>
hn

__ [ (I—vp, ® v, )uCE(up ) : Drmody" d3
h

=~ [ 1=, @ )90 CE @ o0 - Dr T, 436
- Dive, (10 =i, 0, J0nCE e, Jo i, ]
Hence, we may rewrite
I —1I3= /F Divr, gn - (vg, — wn) d92, (4-29)
4
where, by (4-22),
gn:=enCEug) —[(I —vp, ® vy, )PpnCE(up,)]o Puls,

Jo
=9 |:<CE(ud)—[(I—vhn ®UhH)CE(uhn)]OCD Rt L — :|
" "1+ | Dhy|?
Since h, — d in C#2 **(Q), by standard Schauder estimates for the elastic displacements u h, We get

Jo . 1
__ T in C(Ty).
V1+|Dhn|2

Therefore, by (4-29) and the equiboundedness of {vg, } and {wy,}, we have that Iy — I3 — 0. This
concludes the proof of (4-28) and, in turn, of (4-26).
Finally, again from the C2-*-convergence of {/,} to d and the fact that

CE(ug)—[(I —vp, ® v, )CE(up,)] o Py

O [W(E(up,)] o @n —> 0u[W(E(ug))] in C%(Tq)
by standard Schauder elliptic estimates, recalling (4-7) we easily infer that

(BZG(hn,uhn)[gon]—i—Z /Q W(E (vg,)) dz)—(azG(d, ug)en]+2 /Q W(E (vg,)) dz)—>0 (4-30)

as n — oo. Thus, recalling (4-26), we also have

G (hn.up,)lpn]l —0>G(d. ug)lgn] — 0
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and, in turn, by (4-21)
limsup 3G (d, ug)lgn] < 1mo,

which is a contradiction to (4-13). This concludes the proof of the lemma. O
Next we prove that (d, u;) is an isolated critical pair.

Proposition 4.13. Assume that (4-9) and (4-10) hold. Then there exists o > 0 such that, if (h,up) € X
with |Qp| = |R4] and 0 < ||h —d||Wz,p(Q) <o, then (h,uy,) is not a critical pair.
#

Proof. Assume by contradiction that there exists a sequence /i, — d in W#z’p (Q) with h, # d
and |2y, | = [Q4| such that (&, up,) is a critical pair. Using the Euler-Lagrange equation and arguing
as in the proof of Theorem 3.11, one can show that

[ |2 ) dx = [ (D2 IDAH P + PO 4 1)

Indeed, this can obtained in the same way as (3-29), taking into account that there is no contribution from
the time derivative. From this inequality, arguing exactly as in the final part of the proof of Theorem 3.11
we deduce that

[ 10?172 ax < €
)

for some C independent of n. In particular, by the Sobolev embedding theorem, {|H,|?~2H,} is
bounded in C,f’ﬂ(Q) for every B € (0, 1). Hence, { H,} is bounded in C;)’ﬂ(Q) forall B € (0,1/(p—1)).
In turn, by (2-3) and standard elliptic regularity this implies that {/,} is bounded in C#2 A (Q) for
all B € (0,1/(p—1)) and thus h, — d in C2P(Q) for all such B. Since (d, uy) is a critical pair (see
Remark 4.4),

d
75 Pl + 50 =), uasm,-a)| _, =0,

and so by (4-6) to reach a contradiction it is enough to show that, for n large,

d2
ﬁF(d + S(hn - d)’ ud+s(hn_d))
Ky s=t
= 32G(hn,t7 ”hn.t)[hn —d]
Dh .| Dhys|?) (s — d)?
_/ (W(E(Mhn.,)) + H];pn t) DiVth t (( o | n,tl )(hngt d) ° n) d%z
T : : 1+ |Dhn,t|)j
2

forall # € (0, 1), where hy ;s :=d +t(h, —d), H;l/; ) is defined as in (4-3) with / replaced by %, and

Wy(h) = [F |H|P d¥?.
h
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To this purpose note that, since /1, — d in C2#, by Lemma A.1 we have

sup [|W(E(up,,) +HY —WyllLoo(r, ) =0
te(0,1) '

as n — oo, where W, is the constant value of W(E(u;)) on Iy (see Remark 4.4). Therefore, also by
Lemma 4.12, we deduce that

0 Ghn s up, Nhn—d)— | (W(E(up, ) +H,' ,)Divr,

hnt

= 02G (s un, )l — d]

- (D, | Db ) —d)? )d%z
T (1+ | Dh )3

= colln =121 ) = CIW(E Gun, )+ HyY = WallLosqry, llhn=d11%1 ) = Seollhn—dlZ o,

((Dhn,,whm)(h ni—d? )d%z
(1 +1 D)

(W(E(up,,) + Hy —Wq)Divr, (

for n large and for some constant ¢y > 0 independent of n, where we used the facts that

, Dhyt,|Dhyt|?)(hps —d)?
[ Jpivr,,, (PR PR =D o2 s < ez gl = A1y
Ly ‘ (1 +[Dhnsl)2 !
and that h,, — d in C2P(Q).
Since
. Dhy P
Wy(d +t(hy —d)) =t? | |Div——eee| dx =: f,(2),
ol V1+12|Dhy|?

in order to conclude it is enough to show that f,(¢) > 0 for all 7 € (0, 1). Set

Dhiy(x) ?
V1 + 13| Dhy(x)|?

gn(x’l) = ‘D

so that
-2

P pP—<
fn”:/.Q[p(p—l)tp_zgnz +p* P gy 2 Orgnt+L1P((5— ) (8tg,,) +g,, 8ttgn)]dX- (4-31)
On the other hand, observe that

| Ahy)? | D2hy[Dhy, Dhy? . 5 D*hu[Dhy, Dhy)Ah,
1+ 12| Dhy|? (1+ 12| Dhy|?)3 (1+ 12| Dhy|?)2

-
so that, for n large,
gn = 5| Ahy|* = C|D*hy|*| Dhy|*  and  [0;gn| + |81:8n| < C|D*hy)*| Dhyl?.

We then deduce from (4-31) that there exist Cy, C7 > 0 independent of n and ¢ € (0, 1) such that

() > Co / | Ay |? dx — Cy | D2 / | D2l dx.
0 0
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Since || Dhylleoc — 0, by Lemma A.3 we conclude that the right-hand side in the above inequality is
nonnegative for n large, thus concluding the proof of the proposition. O

Finally, we prove the main result of this section, namely, the asymptotic stability of the flat configuration
(see Definition 4.10).

Theorem 4.14. Under the assumptions of Theorem 4.8, (d, ug) is asymptotically stable.

Proof. By Proposition 4.13 there exists 0 > 0 such that, if / is a critical profile with || = |Q4]| and
Ilh— d||W2,p(Q) <o, then i = d. In view of Theorem 4.1 we may take o so small that
#

F(d,ug) < F(k,u) forall (k,uy)e X with 0 < ||k —dlle.p(Q) <o. (4-32)
#

Since (d, u4) is Liapunov stable by Theorem 4.8, for every fixed (hg, uo) € X with [Q,| = |Q24] and
20 _d”WZ,n(Q) < 6(0), we have
#

(- 0) =dll 2.0y <o forall £>0. (4-33)
Here §(o) is the number given in Definition 4.6. We claim that
F(h(-.0),up(-.0)) —> F(d.ug) as t — +o0. (4-34)

By Proposition 4.11 there exists a sequence {t,} C (0, 4+00) \ Z¢ such that z, — 400 and {/(-,#,)}
converges to a critical profile in W#z’p (Q), where Z is the set in (3-54). In view of the choice of ¢ and
by (4-33), we conclude that A(-, 2,) — d in W27 (Q).

In particular, F(h(-.ty), Up(. 1,)) = F(d,ug). Then, by (3-54), F(h(-.t),up(-,t)) - F(d,ug)
ast — 400, t € Zy. On the other hand, for t € Zy we have that F(h(-,t),up(-,t)) < F(h(-,t),up(-, 1))
forall T <t, T € Zy, by (3-55). Therefore,

limsup F(h(-,t),up(-,1)) < F(d,uyg).
t—+4oo,teZy
Recalling (4-32), we finally obtain (4-34). In turn, reasoning as in the proof of Theorem 4.7 (see (4-17)),
it follows from (4-32) and (4-33) that, for every sequence {s,} C (0, +00) with s, — 400, there exists a
subsequence such that {A( -, s,)} converges to d in W#z’p(Q). This implies that (-, ¢) = d in W#z’p(Q)
as t — +o00 and concludes the proof. O

4C. The two-dimensional case. Asremarked in the introduction, the arguments presented in the previous
subsections apply to the two-dimensional version of (3-1), with p = 2, studied in [Fonseca et al. 2012],
with

V = ((g60 + Ok + W(EW)) — e(koo + 57)) ., (4-35)

Here V' denotes the outer normal velocity of I'y(. s, k is its curvature, W(E(u)) is the trace of
W (E(u(-,1))) on Ty sy, with u(-,7) the elastic equilibrium in 2. ,) under the conditions that
Du(-, y) is b-periodic and u(x,0) = eq(x, 0) for some ey > 0; and (- ), stands for tangential differenti-
ation along I'(. ). The constant eg > 0 measures the lattice mismatch between the elastic film and the
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(rigid) substrate. Moreover, g : [0, 2] — (0, +00) is defined as
g(0) =¥ (cosb,sinb) (4-36)

and is evaluated at arg(v(-,7)), where v(-,7) is the outer normal to I'j(. ;). The underlying energy
functional is then given by

F(h,u)::/Q W(E(u))dz—i—/ (Y (v) + 2ek?) d.

Ty
In the two-dimensional framework, given b > 0 we search for b-periodic solutions to (4-35). A local-in-
time b-periodic weak solution to (4-35) is a function h € H'(0, To; H; 1 (0,)) N L™®(0, To; H?(0, b))
such that:

(i) (269 + &)k + W(E(u)) —e(koo + 5k*) € L2(0, To: Hy (0, b)),
(ii) for almost every ¢ € [0, Ty],

% = J (206 + Dk + Q(EW) — (koo + LK), in H;'(0,b).

Given (hg, ug) with hg € H#2 (0,b), hog > 0, and u¢ the corresponding elastic equilibrium, local-in-time
existence of a unique weak solution with initial datum (%¢, 1) has been established in [Fonseca et al.
2012]. The Liapunov and asymptotic stability analysis of the flat configuration established in Sections 4A
and 4B extends to the two-dimensional case, where, in addition, the range of those d under which (4-10)
holds can be analytically determined for isotropic elastic energies of the form

W(E) := plE|? + gA(trace §).

In the above formula, the Lamé coefficients . and A are chosen to satisfy the ellipticity conditions p > 0
and p + A > 0; see [Fusco and Morini 2012; Bonacini 2013a]. The stability range of the flat configuration
depends on u, A, and the mismatch constant ey appearing in the Dirichlet condition u(x, 0) = eg(x, 0).
For the reader’s convenience, we recall the results. Consider the Grinfeld function K defined by

K(y) := max lJ(ny), y =0, (4-37)
neN 1

where

¥y + (3 —4vp) sinh y cosh y

J(y) = :
4(1—=vp)2 + 2 + (3 —4vp)sinh? y

and v, is the Poisson modulus of the elastic material, i.e.,

A
s
P4 )

It turns out that K is strictly increasing and continuous, K(y) < Cy, and lim)_, ; oo K(y) = 1 for some

(4-38)

positive constant C. We also set, as in the previous subsections,

G(h,u) = A W(E(u))dz + A U(v)d¥t.
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Combining [Fusco and Morini 2012, Theorem 2.9] and [Bonacini 2013a, Theorem 2.8] with the results
of the previous subsection, we obtain the two-dimensional asymptotic stability of the flat configuration.

Theorem 4.15. Assume 3%1 ¥(0,1) > 0 and define

5 T CrA DR Y.
4 un+ir)

Let dioc : (0, +00) — (0, +00] be defined as dioc(b) := +00 if 0 < b < B, and as the solution to

2 dyoc (D) _ B
K(T) =% (4-39)

otherwise. Then the second variation of G at (d,uy) is positive definite, i.e.,
b
3%G(d, ug)p] >0 forall ¢ € HL(0,b)\ {0} with / pdx =0,
0

if and only if 0 < d < dioc(b). In particular, for all d € (0, d\oc(b)) the flat configuration (d,ug) is
asymptotically stable.
Appendix

Al. Regularity results. In this subsection we collect a few regularity results that have been used in the
previous sections. We start with the following elliptic estimate, whose proof is essentially contained in
[Fonseca et al. 2012, Lemma 6.10].

Lemma A.1. Let M > 0, co > 0. Let hy, hy € C#l’a(Q) for some o € (0, 1), with ||hi||Cl,a(Q) =M
#

and h; > co, =1 = 1,2, and let uy and uy be the corresponding elastic equilibria in Qp, and Qp,,

respectively. Then,

HE(ul( ’hl())) - E(”Z(' ) hZ())) HC#I'O‘(Q) = C”hl _hZHC#l’a(Q) (A-1)
for some constant C > 0 depending only on M , ¢y, and «.

The following lemma is probably well known to the experts, however for the reader’s convenience we
provide a proof.

Lemma A.2. Let p > 2, u € L7-1(Q) such that
/ uADz(pdx—i—/ b-D(p—i—/ cpdx =0 forall ¢ € C°(Q) with / pdx =0,
o o o o

where A € W#l’p(Q; M2X2) satisfies standard uniform ellipticity conditions (see (A-6)), b € L1(Q; R?),

sym
and c € LY(Q). Then u € L4(Q) for all g € (1,2). Moreover, if b,uDivA € L"(Q;R?) and c € L"(Q)
for somer > 1, then u € W#l’r(Q).
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Proof. We only prove the first assertion, since the other one can be proven using similar arguments.
Denote by A, ug, b, and ¢, the standard mollifications of 4, u, b, and ¢, and let v € C°(Q) be the
unique solution to the problem

{fQ(AgDvg +ugDiv A —bg)- Do dx —fQ cepdx =0 forall p € CH(Q), fQ pdx =0,

fQ Ve dx = fQ udx.
Denoting by G, the Green’s function associated with the elliptic operator

—Div(4:Du)

it is known [Dong and Kim 2009, Equation (3.66); Griiter and Widman 1982, Equation (1.6)] that for all
g €[1,2) and for all x € Q we have

IDyGe(x,-)Laco) = C.

with C depending only on the ellipticity constants and ¢ and not on ¢. Since
ve(X) = /Q Ge(x, y)[—Div(ug Div Ag—be)+cecldy = /Q[(“s Div As_ba)'DyGa(X, W +Ge(x, y)celdy,

it follows by standard properties of convolution that for all ¢ € (1, 2) there exists C > 0, depending only
on ¢ and the L'-norms of u, Div Ag, b, c¢, and hence on the L!-norms of b, ¢, the LP/(P=1D) norm of
u, and the W12 norm of A, such that ||vg|| La(g) = C for ¢ sufficiently small. Thus, we may assume (up
to subsequences) that v, — v weakly in L4(Q), where v solves

/vAngodx—l—f(vDiVA—uDiVA+b)~D<pdx+/ cpdx =0 (A-2)
) ) ()

for all ¢ € C#(Q) with fQ @ dx = 0, and satisfies

/vdx=/ udx. (A-3)
[0) o)

Since by assumption u solves the problem (A-2)—(A-3), it is enough to show that the problem admits a
unique solution. Let v; and v, be two solutions and set w := v, — v{. Then, we have

/ wAD?@ dx+/ wDivA-Dgdx =0 (A-4)
0 0

for all ¢ € CZ(Q) with fQ pdx =0.Let g € C (Q) with fQ g dx = 0 and denote by ¢, the unique
solution in W (Q) to the equation D1V(A[Dg0g]) = g such that | 0% dx = 0. By a standard elliptic
regularity argument and using the fact that 4 € W, 1P (0; Mfyxmz) for p > 2 it follows that ¢g € W2 2(Q).
Therefore, setting f := g —Div A- Dgg, we have that A D*@, = f and that f € L5(Q) forall s € (1, p).
Thus, we may apply Lemma A.3 to get that ¢, € W#Z’S(Q) for all s € (1, p). In turn, this implies that
S € LP(Q) and Lemma A.3 again yields that g € W#z’p (Q). Therefore ¢g is an admissible test function
for equation (A-4) and thus we deduce that |, o W& dx =0forall g € C#1 (Q) with [, 08 dx = 0. This

implies that w is constant and, in turn, w = 0 since f oW dx =0. O
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In the next lemma we denote by Lu an elliptic operator of the form
Lu:= Zaij(x)Diju—i—Zb,-(x)Diu, (A-5)
ij i
where all the coefficients are Q-periodic functions, the a;; are continuous, and the b; are bounded.
Moreover, there exist A, A > 0 such that

AEP =) aij(x)&& = g forall £ eR?, Y |bi| < A. (A-6)
ij i
Lemma A.3. Let p > 2. Then, there exists C > 0 such that for all u € W#Z’p(Q) we have
ID?ullLr(g) < ClILullLr(g),

where L is the differential operator defined in (A-5). The constant C depends only on p, A, A and the
moduli of continuity of the coefficients aj;.

Proof. We argue by contradiction, assuming that there exists a sequence {uy} C W#Z’P (Q), a modulus of

h

continuity w, and a sequence of operators {Lj} as in (A-5), with periodic coefficients a; L b{’ satisfying

(A-6) and

laf; (1) = (x2)| < (|1 —x2))
for all x1, x, € Q, such that

1D unllLr(g) = Ml LntnlLr()-
By homogeneity we may assume that

ID*up|Lroy=1 forall heN. (A-7)

Recall that, by periodicity,

/ Duydx =0.
o

Moreover, by adding a constant if needed, we may also assume that |, o Uh dx = 0. Therefore, by
Poincaré’s inequality and up to a subsequence, u; — u weakly in W#Z’p (Q). Moreover, we may also
assume that there exist ¢;; and b; satisfying (A-6) such that

al’-’j — a;j uniformly in Q and b{’ A b;  weakly* in L*°(Q).

Since || LpupllLr(@) — 0, we have that u is a periodic function satisfying Lu = 0, where L is the operator
associated with the coefficients a;; and b;. Thus, by the maximum principle [Gilbarg and Trudinger
1983, Theorem 9.6] u is constant, and thus # = 0. On the other hand, by elliptic regularity (see [ibid.,
Theorem 9.11]) there exists a constant C > 0 depending on p, A, A, and w such that

ID*upllLrc) < Clunllwrogy + | LutnllLrg))-

Since the right-hand side vanishes, we reach a contradiction to (A-7). O
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A2. Interpolation results.

Theorem A.4. Let Q C R” be a bounded open set satisfying the cone condition. Let 1 < p < 0o and
J, m be two integers such that 0 < j <m and m > 1. Then there exists C > 0 such that

J

. g m—j
ID? fllLr@) = CUD™ f U s @l I L5y + 1./ e ) (A-8)

forall € W™P(Q). Moreover, if Q is a cube, f € W#m’p(Q) and, if either f vanishes at the boundary
or [o f dx =0, then (A-8) holds in the stronger form

. J m—j
ID? fllr) = CID™ fl 7@/ L5 ) (A-9)

Proof. Inequality (A-8) follows by combining inequalities (1) and (3) in [Adams and Fournier 2003,
Theorem 5.2]. If Q is a cube, f is periodic and, if either / vanishes at the boundary or [, f dx =0,
then inequality (A-9) follows by observing that

1/ wmr@) < CID™ fliLr (@),
as a straightforward application of the Poincaré inequality. ([

The next interpolation result is obtained by combining [Adams and Fournier 2003, Theorem 5.8]
with (A-8).

Theorem A.5. Let Q C R" be a bounded open set satisfying the cone condition. If mp > n, let
l<p=<g=<ooifmp=mn,letl <p=<gqg<oo,ifmp<mn,letl <p=<qg=<np/(n—mp). Then
there exists C > 0 such that

1A la) < CUD™ 1S oy I f 050y + 1L L) (A-10)

forall f € W"P(Q), where 0 :=n/(mp)—n/(mq). Moreover, if Q is a cube, [ € W#m’p(Q) and, if
either [ vanishes at the boundary or fQ [ dx =0, then (A-10) holds in the stronger form

1/ lza) < CID™ £ 1% i/ 15500 (A-11)

Combining Theorems A.4 and A.5, and arguing as in the proof of [Fonseca et al. 2012, Theorem 6.4],
we have the following theorem:

Theorem A.6. Let Q C R" be a bounded open set satisfying the cone condition. Let s, j, and m be
integers suchthat 0 <s < j <m. Let | < p<g<ooif(m—j)p=>n,andletl < p <qg<oc0if
(m — j)p > n. Then, there exists C > 0 such that

1D fllLagy < CUD™ F110 I D° £l oiqy + 1D° fllr @) (A-12)

forall f € W™P(Q), where

1 (n_n_._
9'_m—s<p q+] S)'
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Moreover, if Q is a cube, [ € W#m’P(SZ) and, if either f vanishes at the boundary or fQ fdx =0, then
(A-12) holds in the stronger form

ID7 fllLay < CID™ f1IS 0y I D° SN [rig)- (A-13)
Finally, we conclude with an interpolation estimate involving the H~!-norm; see Remark 3.3.

Lemma A.7. There exists C > 0 such that, for all [ € H#1 (Q) with | 0 fdx =0, we have

1 1
171220y = CIDS 1200y L1171 0

Similarly, there exists C > 0 such that, for all f € H#z(Q) with fQ fdx =0, we have

1 2
2 3 3
1/ 1z20) = CUD* f 1)1/ N1 g
Proof. Let w be the unique Q-periodic solution to
—Aw = f in Q,
fQ wdx =0.

Combining Lemma A.3 with (A-9) we obtain
1 1
. _ 2 3,12 2
1/ 1lz200) = 18wl z2g) = ClID*wllLag) = CID Wl o) I DWI 2 g

1 1 1 1
< CIADW)IF 20 1DWN 729y = CIDS 12111 0

The second inequality of the statement is proven similarly. O
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