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INVERSE SCATTERING WITH PARTIAL DATA
ON ASYMPTOTICALLY HYPERBOLIC MANIFOLDS

RAPHAEL HORA AND ANTONIO SA BARRETO

We prove a local support theorem for the radiation fields on asymptotically hyperbolic manifolds and
use it to show that the scattering operator restricted to an open subset of the boundary of the manifold
determines the manifold and the metric modulo isometries that are equal to the identity on the open subset
where the scattering operator is known.

1. Introduction

We recall that the ball model of the hyperbolic space H"*! is given by
4dz?
(1—1z1»H*

It is well known that (B"+!, g) is a complete manifold with constant curvature —1. On the other hand,

B! ={z e R :|z] <1} equipped with the metric g =

(B"+!, (1 — |z]?)?g) is the interior of a compact Riemannian manifold with boundary. This structure can
be generalized by replacing B"*! with the interior of a C* compact manifold X, with boundary 3 X, of
dimension n + 1 and replacing 1 — |z|*> with a function p € C*°(X) which defines 3 X; that is, p > 0 in
the interior of X, {p =0} = 09X, and dp # 0 at d X. Such a function p will be called a boundary-defining
function. We will denote the interior of X by X. If g is a Riemannian metric on X such that

p2g=H (1-1)

is C*° and nondegenerate up to d X then, according to [Mazzeo and Melrose 1987], g is complete and its
sectional curvatures approach —|d,0|%1 as p | 0. In particular, when

ldply2 =1 at 3X, (1-2)

the sectional curvatures converge to —1 at the boundary. A Riemannian manifold X, g), where X is a
compact C* manifold with boundary and where (1-1) and (1-2) hold, is said to be an asymptotically
hyperbolic manifold (AHM). Any compact C* Riemannian manifold with boundary X can be equipped
with such a metric.

We will study certain properties of the asymptotic behavior of solutions to the Cauchy problem for the
wave equation on (X,g). In particular, we will study the Friedlander radiation fields on AHM, and show
that the support of the radiation fields restricted to an open subset of 9 X controls the support of the initial

MSC2010: 35P25, 58]50.
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513


http://msp.org/apde/
http://dx.doi.org/10.2140/apde.2015.8-3
http://dx.doi.org/10.2140/apde.2015.8.513
http://msp.org

514 RAPHAEL HORA AND ANTONIO SA BARRETO

data of the Cauchy problem for the wave equation. Such theorems are usually called support theorems;
see, for example, [Helgason 1999]. When X = H"t!, the radiation fields are given by the Lax—Phillips
transform which involves the horocyclic Radon transform, and our support theorem generalizes the results
of [Lax and Phillips 1982] to this setting.

We will use this result and adapt the boundary control theory of [Belishev 1987; Belishev and Kurylev
1992; Tataru 1995; 1999], and a refinement of the results of [Belishev and Kurylev 1992] due to Kurylev
and Lassas [2002] and Katchalov, Kurylev and Lassas [Katchalov et al. 2001], to prove that the scattering
operator restricted to a nonempty open set I' C X determines (X, g) modulo isometries that are equal to
the identity on I'. There is a very large body of work on scattering and inverse scattering for Schrodinger
operators, obstacle problems, etc., however much less is known about inverse scattering on manifolds. It
was proved in [S4 Barreto 2005] that the scattering operator on the entire boundary of an AHM (X, g)
determines the manifold and the metric modulo isometries that are the identity at 9 X. Guillarmou and S4
Barreto [2008] extended the result of [Sd Barreto 2005] to asymptotically complex hyperbolic manifolds.
Isozaki, Kurylev and Lassas [Isozaki et al. 2010; 2013] studied the case of manifolds of cylindrical ends
and asymptotically hyperbolic orbifolds; see also their survey paper [Isozaki et al. 2014]. One should
also mention the book by Isozaki and Kurylev [2014], where they discuss spectral theory and inverse
problems on AHM. If an AHM manifold is also Einstein, Guillarmou and S& Barreto [2009] showed that
the scattering matrix at one energy determines the manifold.

2. Preliminaries and statements of the results

We begin by recalling the definition of the radiation fields and the scattering operator. Let u(¢, z) satisfy
the wave equation .
(th—Ag— %nz)u =0 on Ry xX,
u©0,2)=fi, Du©0.2)=f, fi. freCFX).
The spectrum of the Laplacian Ag, denoted by o (A,), was studied by [Mazzeo 1988; 1991; Mazzeo
and Melrose 1987] and more recently by Bouclet [2013]. They showed that o (Ag) = 0pp(Ag) Uoac(Ag),
where opp(Ay) is the finite point spectrum, o,c(Ay) is the absolutely continuous spectrum and

(2-1)

Oac(Dg) = [3n%,00),  opp(Ag) C (0, 1n?). (2-2)
The role of the factor n? /4 in (2-1) is to shift the continuous spectrum of A, to [0, c0).

Equation (2-1) has a conserved energy given by

E . 3u)(0) =f(|du(z)|2— Ln2lu(0)? + 10,u(1)2) d voly.

x 23)

B, 800 = ECf £ = [ (iR = S0l AR + 1) dvol,
X

However, E(f1, f>) is a nonnegative quadratic form only when projected onto LﬁC(X ). As in [Sa Barreto
2005], we define the energy space

He(X) ={(fi, L) : fi, e LA(X), dfi € L*(X) and E(fi, f») < 0o}



INVERSE SCATTERING WITH PARTIAL DATA ON ASYMPTOTICALLY HYPERBOLIC MANIFOLDS 515

and, if {¢; : 1 < j < N} are the eigenfunctions of A,, we define the projector

N
Poc 1 L2 (X) > LL(X),  f> f =D (f.0))0;.
j=1
and the space Eyc(X) = Py (Hg(X)).
The wave group induces a strongly continuous group of unitary operators,

Ut) : Exc(X) = Eoc(X),  (f1, f2) > (u(@), 0,u(1)).

Next we recall the definition of the forward and backward radiation fields from [S4 Barreto 2005]. We
will work with a specific boundary defining function and, since our definition will depend on this choice,
we will recall the construction from [Graham 2000]. Since any two defining functions of 0 X, p and p,
satisfy p = e®f with w € C®°(X), if H = p®g and H = p%g then H|yx = ¢**©Y) H|yx. Hence, p2glax
determines a conformal class of metrics on X. We have H = p’g = ¢>*5%g, and so H = ¢*H . Since
dp =e“(pdw+dp), we have

ldplyy =1dp + pdwly = dplg + Pldol; +25(V g h)o.

Hence,
. . . . 1 3
dx|lg =1  ifandonlyif  2(Vzp)w+ pldols; = 5(1 —1dpl%),  wlax =0.

Since, by assumption, |dp|; =1 at dX, this is a noncharacteristic ODE, and hence it has a solution in a
neighborhood of d X. Notice that the function p is in principle defined only on a collar neighborhood of
dX, but it can be extended to the whole manifold as a boundary-defining function.
The boundary-defining function p gives an identification between [0, £) x d X and a collar neighborhood
U of 0X,
V:[0,e) xdX >UCX, (x,y)—>exp(xVgp)(y),

where exp(x Vg p)(y) just means that one follows the integral curve of Vp p starting at y for x units of

time. In this case,
dx*  h(x)

Wrg=—-+—- on (0,6) xdX, h(0)=Hlpx,
X X

U=Id on JdX,

(2-4)

where A (x) is a C* family of metrics d X for x € [0, ¢). From now on we will use this identification
U~[0,8), x0X.

In the coordinates (2-4), for fixed y € 0 X the curve y(s) = (s, y) is a geodesic for the metric g, the
distance between (x, y) and (x', y), x < x’, is log(x'/x), and if time ¢ is the arc-length parameter then
t =logx’ —logx. So, to analyze global properties of u(z, z) in space and time, it is convenient to work
with an exponential compactification of R > ¢, and we choose a function 7' such that {T = 0} = {r = 0},
T=1—e¢"ift>1,and T =—1+¢"ift < —1. LetY =[—1, 1] x X be the compactified space; see
Figure 1. The light cones will converge to the corners of the manifold Y and to separate them one blows
up the intersection of dX with {T = —1} and {T = 1}. This gives a manifold with corners Y, pictured in
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{T =1} ={r = o0}

{T =0} ={r=0}

(T=—-1)={r= o)

Figure 1. The manifold ¥ =[—1, 1] x X, and I?, its blow-up along 0 X x {T = £1}. All
the light cones intersect at {x =0, T ==£1} in Y, but in Y they are separated at the faces
Fy and F_.

Figure 1. In local coordinates, the blow-up is the equivalent of introducing polar coordinates x = r cos 6,
T+1=rsinb.

It was proved in [Sa Barreto 2005] that, if (f1, f2) € C3°(X), the solution u to the wave equation
(2-1)is in C°(Y \ (Y+ UY_)) (see Figure 1 for the definition of Y4). The analysis of the behavior of
u(t, z) on the faces Y1 give, among other things, information about the local energy decay, and will
not be studied here. A similar discussion about the asymptotic solutions of the wave equation on de
Sitter—Schwarzschild space, including the pictures, can be found in [Melrose et al. 2014a; 2014b]; see
also [Vasy 2013].

Following Friedlander [1980; 2001], one defines the forward and backward radiation fields of u as

Ry (f1, f2) = X_n/zat“|F+\“?+’
R (fi, f) =x"" ol 5.

If we use projective coordinates x and 7, = x/(1 — T), valid near F, \ Y, and 7_ = x/(1 4+ T), valid
near F_\ Y_, and set sy =logty and s = —log 7_, then, for (fi, f2) € Cgo()o() X Cé’o(}o(), the solution
u(t, z) to (2-1), with z = (x, y), satisfies

Vi(x, 51, y) =x"ulsy —logx, x, ) € C*([0, &), x Ry, x 9X)

) 2-5)
V_(x,s,y) =x""u(s_ +logx, x,y) € C¥([0, &), x R;_ x 3X).
In these coordinates, the forward and backward radiation fields can be expressed as
Gy CE(X) X C°(X) = C¥R % 3X), Ry (f1, f2)(s4,¥) = Dy, Vi (0, 54, ), 06

R_: Cf)’o()o() X Cgo()o() — C®Rx3X), R_(f1, [H)s_,y)=D; V_(0,s_,y).
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It was shown in [S4 Barreto 2005] that % extend to unitary operators

Ry Ene(X) — LAR % 3X),  (f1, o) = Re(f1, fo), (2-7)

where the measure on dX is the one induced by the metric i defined in (2-4).
It follows from the definitions that Ry are translation representations of the wave group as in the
Lax—Phillips theory [1989], i.e.,

Re(UT)(f1, £2))(s,9) =R (f1, f(+T, y). (2-8)
One can define the scattering operator
P L2 Rx9X)—> L>(Rx X)), F=R,oR", (2-9)

which is unitary in L?(3X x R) and, in view of (2-8), commutes with translations in the s variable.
The scattering matrix s{(}) is defined by conjugating & with the Fourier transform in the s variable:

AR =FoFoF !, @f(x):/e—i“f(s)ds. (2-10)
R

In particular, & determines s4(A), A € R and vice versa. It was proved in [Joshi and S4 Barreto 2000] that
A (A) continues meromorphically to C\ D, where D is a discrete subset of C.

As discussed above, the distance between (x, y) and (x', y), x < x” < g, is log(x’/x). The finite speed
of propagation for the wave equation implies that the solution u(z, z) of (2-1) satisfies u(t, z) = 0 if
t < dg(z, Supp(fi, f2)). In particular, if fi(x’,y) = fo(x’, y) = 0 for all x" < p, then u(t, x) = 0 for
x <x’ < pandt <log(x'/x). This implies that Vo (s, x, y) = x/23,u(s —log x, x, y) = 0 provided
x <x'<pands=t+Ilogx <logx’ <logp. This shows that, if f1(x’,y) = fo(x’,y) =0inx" < p,
then R4 (f1, f2)(s, y) =0 for s <log p. The converse of this statement for initial data of the type (0, f)
was proved in [S4 Barreto 2005]: if f € LﬁC(X) and R4.(0, f)(s,y) =0fors <logp <0Oand y € 90X,
then f(x,y)=01n x < p. Due to possible cancelations, one cannot expect the converse to be true for an
arbitrary pair (f1, f2). In this paper we prove the following refinement of this result:

Theorem 2.1. Let I' C X be a nonempty open subset, let | € L§C(X ) and let sg € R. Let ¢ > 0 be such
that (2-4) holds in (0, &) x X, and let € = min{e, e*}. Then R (0, f)(s,y)=0in{s <sg, y € '} ifand
only if, for every z = (x, y) € (0, &) = Us,

0
dy(z, Supp f) > log 67 (2-11)

where d, denotes the distance function with respect to the metric g and Supp f denotes the support of f.
Another way of stating (2-11) is to say that f = 0 on the set

e’ e’
B, ={zeX:3g= . eUs de.g) <log | = [J B(ry.log%). @12
(x,y)eUs

where B(p, r) denotes the open ball of radius r centered at p with respect to the metric g.
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If ' = 90X and & = €% then, for any z = (&, y) with o < €%, pick ¢ = (x, y) with x <« < €*. Then
dy((a, y), (x,y)) =log(a/x) <log(e®/x). Therefore, {(a, y) : ¢ < €*, y € X} C D, (3X), and hence
Theorem 2.1 shows that, if f € LgC(X) and R, (0, f)(s,y) =0fors <spand y € dX, then f(x,y)=0
for x < €. This particular case of Theorem 2.1, when I' = 9 X and & = e* was proved in [S4 Barreto 2005].

Lax and Phillips [1982] proved Theorem 2.1 for the case when (X, g) is the hyperbolic space. In that
case the radiation field is given in terms of the horocyclic Radon transform, and their result says that,
if the integral of f over all horospheres tangent to points (0, y) with y € I" and radii less than or equal
to %es‘J is equal to zero, then f = 0 in the region given by the union of these horocycles. It is useful to
explain what the set &%, (I") is when (X, g) is the hyperbolic space, and verify that Theorem 2.1 implies
the result of Lax and Phillips. It is easier to do the computations for the half-space model of hyperbolic
space, which is given by
dx?+dy?

H™™ ={(x,y) :x >0, y e R"} with the metric g = 5

X

The distance function between z = (x, y) and w = («, y’) satisfies

o’y —y)?
2xa '

coshdy(z, w) =
Since d,(z, z') <log(e® /a), we obtain
()C _ %eso(l +a2e—2S0))2 + |y _ yl|2 < %62‘&‘0(1 +0l2€_2S0)2 _ az — %623‘0(1 _ OlZe—ZS())Z’

which corresponds to a ball D(«) centered at (%eSO(l + a2e™ %), y’) and radius %es‘)(l — q2e 20,
Since a < €%, we have D(«a) C D(0), as shown in Figure 2. This ball is tangent to the plane x = ¢* at
the point (¢, y"). When « = 0, the ball D(0) has center (%es‘), v ) and radius %eSO and is also tangent to
the plane {x = 0}. The boundary of D(0) is called a horosphere since it is orthogonal to the geodesics
emanating from the point (0, y’). When o = €, D(e*) = (%, y’). The set @, (I") consists of the union

(e, ')
D(a)
horospheres
(z¢7.5)
D(0)
geodesics
0,y)er

Figure 2. The horospheres tangent at (0, y’) and the balls D(«).
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o (=

Figure 3. The set %,,(I") when (X, g) is the hyperbolic space is given by the union of
horospheres tangent to points on I' and radii less than or equal to %es(’.

of horospheres with radii less than or equal to %esO tangent to points (0, y') with y" € T'; see Figure 3.

Theorem 2.1 can be explained in terms of the sojourn time along a geodesic. In this setting, the sojourn
time plays the role of the distance function to the boundary of X and is closely related to the Busemann
function used in differential geometry. Let y (¢) be a geodesic, parametrized by the arc length, passing
through z = y(0) and such that y (¢) — y € X as t — oo. We define

$(z,y) = lim (t +log x(y (1))).

The relationship between the sojourn times and the radiation fields for nontrapping asymptotically
hyperbolic manifolds was studied in [S4 Barreto and Wunsch 2005]. We have the following consequence
of Theorem 2.1:

Corollary 2.2. Let f and T" C 0X satisfy the hypotheses of Theorem 2.1; then f = 0 on the set of points
z € X such that there exists a geodesic y (t), parametrized by the arc length, with y (0) =z, y(t) > y el
ast— 00,and s(z,y) < So.

Proof. Suppose there exists a geodesic y(¢), parametrized by the arc length ¢, such that y(0) = z,
lim, o0 ¥ (t) = y and

lim (7 +logx(y (1)) = s < s0.

I—00

Since ¢ is the arc-length parameter, d(z, (x(y(t)), y)) <t and s < sg, there exists T > 0 such that, for
t>T,y()eU~I0,e) x X where the coordinates (2-4) are valid and ¢ +log x (¥ (¢)) < so. Therefore,
ift>T,

eS

d(z, (x(1), ) =t < so—logx(y (1)) =log x(yfm-
Hence z € %y, (T). )

Theorem 2.1 says that the support of the radiation field %, (0, f) controls the support of the initial
data (0, f). We will use this result to adapt the boundary control method of [Belishev 1987; Belishev and
Kurylev 1992; Kurylev and Lassas 2002; Katchalov et al. 2001] to study the inverse scattering problem
with partial data.

Let I' C 90X be an open subset and let ¥ denote the scattering operator as in (2-9). We define the
restriction of ¥ to R x I" as

$r: L’ RxT)—> L2(RxT), Fr ($F)|r. (2-13)
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In other words, one starts with an F € L?>(R x I'), finds the solution of the wave equation that has
backward radiation field equal to F, then finds the corresponding forward radiation field, and restricts it
to the subset R x I'. We study the problem of determining (X, g) from . Recall that our definition
of & depends on the choice of the product structure (2-4). In fact, the method used in [Graham 2000]
and discussed above to construct the diffeomorphism (2-4) can also be used to show that, given two
AHM (X, g;), j =1, 2, there exists ¢ > 0 such that (2-14) holds for both metrics. Recall that x is just
the time through which one flows along the integral curves of Vg p. One can take ¢ to the smallest one
that works for both metrics, and one finds that there exist collar neighborhoods U; C X; of X ; and
C®° diffeomorphisms
V;:(0,6) xdX; - U,

such that

dx* h i(x)

* —
Visi=—5 1t

in (0, 8) X an, ]’lJ(O) :]’ljo, ] =1, 2, (2—14)

where h;(x) is a C* family of metrics on 0X; for x € [0, ¢), and W; =1d on 0 X ;. In particular, if there
exists an open set I' C 9X; N dX,, as manifolds, then (2-14) holds on (0, &) x I', and & (x) are C*
families of metrics on I". We prove the following:

Theorem 2.3. Let (X1, g1) and (X3, g2) be connected, asymptotically hyperbolic manifolds and suppose
there exists an nonempty open set I' C dX| N 90X, (as manifolds). Let x be such that (2-14) holds on a
collar neighborhood of 0X ; for j =1, 2. Suppose that h1(0) = h2(0) onT'. Let ¥;r, j =1, 2, be the
corresponding scattering operators restricted to I, and suppose that ¥1 r = $».r. Then there exists a C*
diffeomorphism

V:X; — X, suchthat W=Id on T and V¥ g, =g. (2-15)

Since we only know & on part of the boundary, we can only expect to recover information on the
connected components of (X, g) that contain I', so we assume that X is connected. This result guarantees
that the scattering operator restricted to I" determines (X, g), including its topology and C*° structure,
modulo isometries that are equal to the identity on I.

Theorem 2.3, and the method we use to prove it, are related to the question of reconstructing a compact
Riemannian manifold with boundary from the Dirichlet-to-Neumann map (DTNM) for the wave equation.
One may think of the scattering operator as the DTNM on the boundary at infinity. Belishev and Kurylev
[1992] showed that the DTNM for the wave equation determines a compact manifold and its Riemannian
metric using the boundary control method and a unique continuation result later proved by Tataru [1995;
1999]. Different proofs, which also rely on the result of Tataru, were given in [Katchalov et al. 2001].
This result of Tataru will be important in the proof of Theorem 2.1. The reconstruction of a compact
manifold in the case where the Dirichlet-to-Neumann map is only known on part of the boundary was
carried out by Kurylev and Lassas [2000] using a modification of the boundary control method; see also
Section 4.4 of [Katchalov et al. 2001]. We will adapt the boundary control methods to this setting by
using the radiation fields.
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3. The proof of Theorem 2.1

The sufficiency of condition (2-11) in Theorem 2.1 is just a consequence of the finite speed of propagation
for the wave equation.

Lemma 3.1. Let f € LﬁC(X) be such that dy(z, Supp f) > log(e®/x) for all z = (x,y) € (0,&) x I
Then R0, f)(s,y)=0ifs <spandy eT.

Proof. Let u(t, z) satisfy the wave equation (2-1) with initial data (0, f). The finite speed of propagation
for solutions of the wave equation guarantees that u(z, z) = 0if 0 <t < d,(z, Supp f). In particular, if
z=(x,y)withx <&, yeTl, thenu(t,x,y)=0if 0 <t <so—logx <d,(z, Supp f). Since s =t +logx,
we have that V. (x, s, y) = x_”/zu(s —logx, x,y) =0 provided logx <s <sp, x <&, y € I'. This implies

that R, (0, f)(s,y)=0if s <spand y € I'. Il

We will first outline the proof of the converse, which is based on unique continuation arguments. We
state three propositions, and indicate how to use them to prove the converse of Theorem 2.1. We will
finish the proof of Theorem 2.1 at the end of the section, after we have proved the three propositions.

In the region where (2-4) holds, the Cauchy problem (2-1), with initial data (0, f) translates into the

—n/2

following initial value problem for V(x, s, y) =x u(s +logx, x, y):

PVi(x,s,y)=0 1in logx <s, x <&, y€ dX,
3-1
Vi(x,logx,y) =0, DSV+(x,logx,y)=x7"/2f(x,y), x<eg, yeiX, -1

where
P=—x""?"N(D} — A= in®)x"? = 0,20, + x0,) —x A+ Ady + Axdy + 3nA. (3-2)

Here, Ay, is the (positive) Laplace operator on d X corresponding to the metric 4 (x), in local y coordinates,
1 »
Ay ===y (VO h'id,),

-1 ij 1
where h = (h;j(x,y)), h™ =(h"(x,y)), 6=det(h;;) and A= %ax«/@

In the first proposition, we are interested in the behavior of V. (x, s, y) for x near {x =0} and {s = —o0}.
As in [S4 Barreto 2005], we work in the compactified space Y —see Figure 1 —and set

(3-3)

w=e'? and v=e"/ (3-4)

This implies that s =21log v and x = uv. Notice that u = /7 and v = ,/7_ and that, in these coordinates,
the lateral face = of Y is given by ¥ = {t; = 17— = 0} = {u = v = 0}, and one may think of this as
collapsing the lateral face X, as shown in Figure 4.

In coordinates (i, v, y), the operator P defined in (3-2) has the form

P =03,0, — uvAy + 3A(ud, +vd,) + 1nA, (3-5)
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T,

Sy

Figure 4. A compactification of R; x X with the face X collapsed.

where h = h(uv), A = A(uv, y). If
W (i, v, y) = Vi(uv, 2logv, y) = (uv)"?u (IOg ﬁ v, y>,
the Cauchy problem (3-1) becomes
PW=0, u,ve(,e),yecdX,
W, w, ) =0, 9, W, p,y)=—p""""f(u? y).

(3-6)

(3-7)

The fact that the initial data is of the form (0, f) implies that the solution u(¢, z) to (2-1) satisfies

u(t,z) = —u(—t, z), and this implies that W(u, v, y) = =W, u, y).

Proposition 3.2. Let f € LiC(X) be such that R, (0, f)(s,y) =0in{s < so} x I". Let u satisfy the initial
value problem for the wave equation (2-1) with initial data (0, f), and let W (i, v, ) be defined as in (3-6).
Then, in the sense of distributions alliW(,u, v, V) lu=0y =01in [0, /2y x T and 81’)‘W(,u, v, lp=0y =0in
[0, /%) x T fork =0, 1, .... Moreover, for every p € I there exists § > 0 such that W (w, v, y) = 0 if

0<pu<$,0<v<dand|y— p|<3. (See Figure 5.)

v

650/2

W=0 £%/2

Figure 5. Unique continuation from infinity: if R, (0, f)(s, y) =0 for s < s¢ and a.e.
y € I" then, for every p € I, there exists 6 > 0 such that W(u, v, y) = 0 in the region

shown provided that |y — p| < §.
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N N

s =logx s =logx

/ .

S0

Figure 6. If PV = 0, and V = 0 in the dark region on the left, then V = 0 in
the dark region on the right. This establishes unique continuation across the wedge
flogx <s <s1, x <6, |[y—pl<d8}U{x <0, s <s9, |y — p| <8}

Next we need to show that we can increase the size of the neighborhood where V. = 0, and to do this
we will use an iteration scheme involving the next two propositions. We will again use variables (x, s, y),
and this time we will apply Hormander’s unique continuation theorem [1994b, Theorem 28.2.3], to prove:

Proposition 3.3. Let V(x,s, y) € ngc in the region |x| < e,y € ' and s € R, satisfy PV =0, where P
is given by (3-2). Let s1 < 59, § > 0 and p € I" and suppose that

Vix,s,y)=0 on {x € (—¢,0], s <sg, yeT'}U{logx <s <s1, x <94, |y — p| <d}.

Then there exists B € (0, 8) such that V(x,s,y) =0ifx < B,|y—p|l <Bandlogx <s <s1+ %(so —51).
(Figure 6 illustrates the result.)

We know from Proposition 3.2 that Vi (x,s,y) =0 for x < §, |y — yo| < § and logx < s < log$é.
We set s; = logé. Proposition 3.3 shows that V. (s,x,y) =0inx < 8 <4, |y —y| < B < § and
s <51+ }T(so —s51). In other words, V4 (x, s, y) =0 in a larger interval in the s variable at the expense of
shrinking the neighborhood of {x =0, y = p}.

The second piece of the scheme is a consequence of a result of Tataru [1995; 1999], and it shows that,
while the neighborhood of p might shrink, the neighborhood of x = 0 in fact does not. Figure 7 illustrates
the result.

Proposition 3.4. Ler u(t, z) satisfy (2-1) with initial data f; =0, fo = f € L*(X). Let Vilx,s,y) =
x " ?u(s —logx, x,y). Let p € T', and suppose that there exist s; € R, y > 0 and § > 0 such that
Vilx,s,y)=0if0<x <y,logx <s<syand|y—p|<38. Thenu(t,z) =0 if thereis (x, y) withx <y
and |y — p| < & such that |t| +d,(z, (x,y)) < log(e®/x), where dg is the distance with respect to the
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s s =logx s s =logx
R 52

X / X
*

log y

Figure 7. If PV =0 and V =0 in the dark region on the left, then V =0 in the dark
region on the right.

metric g. In particular, if s* < sy is such that coordinates (2-4) holds for x < e, then
Vi(x,s,y)=0 if|ly—pl<8, 0<x<e' and logx < s < 3. (3-8)

The idea is to iterate Propositions 3.3 and 3.4 to prove Theorem 2.1. We know from Proposition 3.2
that for any p € I' there exists § > 0 such that

Vilx,s,y)=0 if x <4, logx <s <logé, |y—p| <3.

Moreover, Vi(x,s,y) =0if x <0, s <sgand y € I'. Applying Proposition 3.3 with s; = log §, we find
that there exists 8; < & such that

Vi(x,s,y)=0 provided x < By, |[y—p|l <B; and logx <s <logd+ [—lt(so —log$).
Then Proposition 3.4 guarantees that there exists s* < 0 independent of p such that
Vilx,s,y)=0 if x < e ly—pl<pBi,s<s =logd+ é—lt(so —logd).

The main point is that, while the neighborhood of p shrinks from one step to the next, the neighborhood
of x = 0 stays the same. Since p € I is arbitrary, it follows that in fact

Vilx,s,y)=0 if x <e*, yerl, s<s2=log5+3—‘(s0—log8). (3-9)
After using this argument » times, we find that
Vilx,s,y)=0 if x < es*, vel,s<s,=8,-1+ ‘—lt(so — Sn—1).

The sequence {s, = s,—1 + %(so — Sy—1)} is monotone and bounded by sg. So it has a limit which is
obviously equal to sg. This implies that

Vilx,s,y)=0 if x < e, yeTl, s <sp. (3-10)



INVERSE SCATTERING WITH PARTIAL DATA ON ASYMPTOTICALLY HYPERBOLIC MANIFOLDS 525

This does not quite yet prove Theorem 2.1, and the proof will be completed after the proof of
Proposition 3.4. Now we will prove the three propositions above.

Proof of Proposition 3.2. First we claim that, without loss of generality, we may assume that f € LﬁC(X n
Cc*® ()O( ). To do this we need to characterize the range R (0, f), f € Lgc (X). Notice that the solution u(¢, z)

of (2-1) with data (0, f) satisfies u(—t, z) = —u(t, z), and hence V (s, x, y) = x (s — logx,x,y)

—n/2

and V_(s,x,y)=x u(s +logx, x, y) satisfy

—n/2

V+(X,—S,)7)=X M(_S_longxa}’)=_V—(X,S»)’)- (3_11)

In particular, we have
%"1‘(07 f)(_sv )’) = _(aﬁ‘v-‘t-)(()? -5, )’) - aSV—(O’ s, )’) = %—(07 f)(sv y)

Similarly,

Ry (h, 0)(=s, y) = —R_(h, 0)(s, y).
So, if F =R (h, f) satisfies F*(s, y) = F(—s, y), then
F*(s,y) = =R_(h,0)(s, y) + R_(0, f)(s, y).
We apply ¥ = R4 R to this identity and obtain

SF*=—Ri(h,0)+ R0, f),

and we conclude that
SSPF*+F)=R4(0, f),

3-12
HWIF*—F) =R, (h,0). G-12)

Hence, $F* = F* if and only if R (h, 0) = 0, and thus & = 0. Similarly, ¥ F* = — F if and only if
R+(0, f) =0 and hence f = 0. Therefore, we conclude that

(FeEL*Rx38X):FF*=F}={R,(0, f): f € L2.(X)},

(3-13)
(FeL*Rx3X):FF*=—F}={Ry(h,0): (h,0) € Exc(X)}.
The same argument applied to the backward radiation field shows that
(FeL*Rx3X): F*=9F}={R_(0, f): f € L2.(X)}, Go1a)

(FeL*Rx3X): F*=—=SF})={R_(h,0): (h,0) € Exe(X)}.

Since %4.(0, f)(s, y) =0in {s <so} xI", we may take the convolution of %, (0, f) with y5(s) € C;°(R)
even and supported in (—§, §), with f Ys(s)ds = 1. If F(s,y) =R+ (0, f)(s,y) and F(s, y) = 0 for
s <59, and

H(s. y) = W % F(s. ) =/R1ﬂ5(s _S)F(s . y) ds,



526 RAPHAEL HORA AND ANTONIO SA BARRETO

then Hs(s, y) =0 if s < sy — § and, since s is even,
H{ (s, y) = Hs(—s,y) :/ Vs(—s —s)F(s', y)ds’ 2/ Ys(s +s)F(s', y)ds'
R R
= / Ys(s —sYF(=s', y)ds' =5 x F*.
R

But the scattering operator commutes with translations in s, and hence it commutes with convolutions
in the variable s. Therefore, in view of (3-13),

ffH5*=1ﬁ§>k9)F*=lﬂ5>kF=H5.

We then use (3-13) to show that there exists f5 € LﬁC(X ) such that Hy = R,.(0, f5). Since R is
unitary, | F' — Hsll2wxax) = |/ — fsllL2(x)> and hence || f5 — fl12(x) — 0 as § — 0. Moreover, since
2R (0, £) =R4(0, (A —n?/4) f), it follows that, for every k > 0,

02 Hy(s, y) =1 (0, (A — 102 f3) e L2®R x 8X),

and thus (A —n?/4)* f5 € L2(X) for all k > 0, using that %, is unitary. Therefore, by elliptic regularity,
fs € C°°()°(). If one proves Theorem 2.1 for f € C°°()°() N LﬁC(X), then we conclude that f5(z) = 0 for
7z € Dy,—s(I"). But, since f5 — f as § — 0, it follows that f(z) =0 in D (I').

Next we will show that, if R(0, f)(s, y) = 0in {s < s¢o} x I', then in the sense of distributions W
vanishes to infinite order at {u =0, v < ¢®/2} x TU{v =0, u < €*/?} x I. Recall that we are assuming
that f € C°°()°(), so the solution W to (3-7) is C* in the region {¢ > 0, v > 0}. The issue here is the
behavior of W at {u =0} U {v = 0}.

Notice that, if F(u, y) = w7 f(u?, y), then

2
¢ 1 1 [° N
f/ MIF(M,y)IZGZ(MZ,y)dydMZ5// O P02 0, py dy dx < 511 flGa gy (B-19)
0 JoX 0 Jox

We know from Theorem 2.1 of [S4 Barreto 2005] that, if f € Cgo()o() N LiC(X), then W has a
C° extension up to {i =0} U {v =0} and, since d; = %(va,, —nd,), then, provided f € C(‘)’o()o() ﬂLgc(X),

P40, HQ2logv, y) = $[wdy — ud) W (. v, | _y = 208, W(0, v, y). (3-16)

and we want to show that this restriction makes sense for f € LiC(X ). We will work in the region {v > u},
but since the solution to (3-7) is odd under the change (u, v) — (v, i), the same holds for the backward
radiation field in the region {v < u}.

Again, we assume that f € cgoo"( )n LgC(X ), and W satisfies (3-7). If one multiplies the equation
PW =0by vd,W — wa, W, one obtains the identity

1
2/h(uv, y)

[ (VI3 WA + u2vldy ()W *) V] [(118, W1 + v pldn () W) V]

1
N —,
2/ h(pv, y)

+ Mvah(,uv)((vavw - Mau W)dh(;w) V)+ oW, Ma,u W,vo, W, /Lvayj W) =0,
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Ho W

Figure 8. The region of integration in (3-17).

where §,,0) 1s the divergence operator on the section dX dual to dj(,..,) with respect to the met-
ric h(uv), and Q is a quadratic form. One then integrates this identity in the region €, 7 x 9X,
where Q) 7 = {o <u <v, u <v < T}is pictured in Figure 8, uses the divergence theorem and then
the analogue of Gronwall’s inequality, to arrive at the following inequality: for 0 < o < T, T € (0, e0/?),
with 7" small enough that coordinates (2-4) hold for x = uv, there exists C > 0 which does not depend
on f or W such that

T
/ /a AW 18, W + 10921 WEIWB )]y d i
Lo

T
+/ / [AWP 4010, W + 120]dnun W) VO], dydv < Cll f 172y, (-17)
o JOX

n= (X)°

We refer the reader to the proof of Lemma 4.1 of [S4 Barreto 2005] for the details. In fact, this follows
from equations (4.11), (4.14) and (4.15) of [Sa Barreto 2005], and (3-15) above.
We let

o dydv.

T
/ [AW PP+ 010, W+ 12v]dngun WD) VO (]|,
X

I(W, po, T) = /

o
If fe Lgc(X) and if we take a sequence f; € Cgo()o() N Lgc(X) with || f — fillL2x) — 0, (3-17) shows
that, for fixed g € [0, T,

I(Wj = Wi, 1o, T) < Cll fj = fill x5

and in particular, if o € [0, T] and W is a solution of (3-7) with f € LﬁC(X ), then, for ug € [0, T'], the
integral

T
[ [ 0w a0, v, 50 PVB vy dvdy = €1y (3-18)
o JoX

is well defined uniformly up to wo = 0. Since the radiation field is unitary, then in the sense of (3-18) the
restriction vd, W (o, v, ¥)|{u,=0y is well defined, and hence (3-16) holds for f € LﬁC(X ).

As was done in [Sa Barreto 2005], it is convenient to get rid of the term A (0, + v0,) in (3-5), by

1/4

conjugating the operator by 8'/*. Since Ay, is the positive Laplacian, we find that, in local coordinates
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near a point p € I',
O =0"4Bo~ 1% = 5,8, + v Z h (v, y)dy, dy, + pv Z B (v, )iy, +Cuv,y),  (3-19)
i,J J
where C(uv, y) and % ; (uv, y) are C*®, and h~! = (h'/) is the matrix associated with the metric h. Let

W =6"4W; then QW =0. For ¢(y) € C°(U), where U € " is such that (3-19) holds in [0, £]x [0, ] x U,
let

G(u,v) = /8 W, v, )¢ ) dy. (3-20)
X

Notice that this is consistent with the conjugation of P by 6174, and the factor #'/2 is no longer present in
the L? product. Let

Z(uv, y, Dy) =0 — 8,0, = pv Y h (v, y)ay, oy, + v Y B (v, )dy; + C(uv, y),
ij J

and let Z*(uv, y, Dy) denote its adjoint with respect to the L?(3X) product defined by (3-20); then

0,0,G (e, v) = /aX W (i, v, y)Z*(uv, y, Dy)$(y) dy (3-21)

It follows from (3-17) that there exists C > 0 such that

T 2
fo 10,0,G (, T)* dp < C< > sup |a;“¢>|> 1172000
loe|<2
T 2 (3-22)
/ 18,,9uG (1o, v)I* dv < C< > SUP|8§‘¢I> 1132, for wo€ (0, TI.
)2

0 o] <2

Let us write K = (ZIaISZ sup |8§‘¢|)||f||Lz(X). Therefore, if § < 1 < &,

"
18,G (1, v) — 3,G (8, v)| = ’/ 3,0,G(s,v)ds| < CK(u—8)"/%
S

Hence, for v > 0,

lim sup |9, G (6, v)| < liminf|d,G(u, v)|,
80 u—0

so lim, ¢ [0,G(u, v)| exists. On the other hand, %, (0, f)(s, y) =0for y € I' and s < 50, so according
to (3-16) it follows that
9,G(0,v)=0, ve(,T).

Now we use (3-22) to show that, if 0 < u < v < T, then there exists C > 0 such that

1
1/2 a 2 2
<u 1050, G (s, v)|~ds
0

§u‘/2(/ IBSBUG(S,U)Ist> <CKu'?. (3-23)
0

"
[0,G (1, V)|:‘/ 050,G(s,v)ds
0

=
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Since W (i, u, y) =0, we have, for u <v <T,

|G, v)| = <CKu'?(v=p. (3-24)

v
/ 0sG(u, s)ds
%

This shows that, for every ¢ € C3°(U),
‘/ W (i, v, ) () dy‘ <CKu'?
aX

<CKu'?.

/ W (i, v, )P (y) dy
X

Since Cgo([Riz) x C3°(U) spans C(‘)"’([R%2 x U), it follows that for any ¥ (u, v, y), with u, v € [0, T,

Vax W (. v, )W (v, y) dy' < C( > sup |a;‘w|) 1 2o m'’?,
o] <2

(3-25)

/BX 0 W (1, v, MY (e, v, y) dyl < c( > sup |a;‘w|) 1 2o m' 2.

loe|<2

Now we differentiate (3-21) with respect to d,,. We have, for u, v € [0, T],

3,9,8,G(u, v) = fa X[avm, v, MZ*(uv, y, DY) (y) + W, v, )3, Z*(uv, y, D) (»)] dy,

we apply (3-25) to ¥ (u, v, y) = Z*(uv, y, Dy)¢(y) and ¥ (i, v, y) = 0,Z*(uv, y, D))¢(y), and we
conclude that

18,07G (1, v, )| < C< > Isup a;*«m) £ 1l 2com' 2

la|<4
Let us denote K (¢) = (X <y | sup 39@1) 11/ 1l 2(x)- Since W (i, t, y) =0, we have 8,,8,G(u, 1) =0,
and so

18,,0,G (i, V)| = < Ka(p)p'/?. (3-26)

/ 3,02G(u, s)ds
"

On the other hand, since W (i, w, y) =0, it follows that (0, W) (i, ., y) =— (0, W) (i, w, y). In particular,
when v = i, we have

19,G (u, )| < CKp(p)u'/?

and, since
v

.G (u, v)=(8,,LG)(M,M)+/ 050, G (e, s)ds,
"
we have

18,,G (11, v)| < C(K2() + Ka(p)) /2. (3-27)

Proceeding as above, since 3,G (0, v) = 0, it follows from (3-26) that |3, G (., v)| < CK4(¢p)u/? and,
since G(u, ) = 0, we have |G (1, v)| < CK4(¢p)u/? and 18,02G (i, v)| < CKe(p)*/?. Tterating this
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argument, and using the symmetry of W, we get that, for k > 0,
0;G0,1) =0, G, 00=0, (3G, W) =1G)(, W < Cp*. (3-28)
This shows that, in the sense of distributions, W(M, v, y) vanishes to infinite order at
{u=0,v<T}xTU{p=0, u<T}xT,

where T has been chosen to be small enough that (2-4) holds for x = pv < ¢. But this argument can be
used finitely many times to show this holds for any T € (0, ¢*/2). In particular this shows that in the
sense of distributions W can be extended across the wedge {1 =0} U {v =0} so that

OW =0 in (=2, ¢%/?) x (—e*/2, /%) x T =0,

- (3-29)
W=0 in{u<00<v<e}xTU{v<0, 0<p<e?}xT.
From (3-17) we know more about the regularity of W. We also know that
WeC®(0\({n=0v=01Uf{v=0, u=>0}),
and in fact Hérmander’s propagation of singularities theorem implies that
WFW)C{u=0,v=0&=56=0U{v=0, u>0, & =&=0}, (3-30)

where & and &; are dual to o and v respectively. If this were not true, singularities would propagate into
the region where we know W is C®. Indeed, the principal symbol of Qis

q = —§1& — uvh(uv, y, n),

and hence its bicharacteristics satisfy

l./«=—§2s :U“(O) = Ko, ‘}:_Sl’ U(O) =1,
£l = v(h+ uv(dch), &(0) = &, £y = u(h+ uv(@,h)), &(0) = &y,
y] =—,uv8,7jh, y1(0)=)’]0’ 77] :Mva}’_/h7 77](0)=77]0

Therefore, the bicharacteristics over p = 0 satisfy u =0, & =0, y = yg and n = ng and

D=—&, vO0)=vy, v=>0, & =vh0,y,m0), & 0)=Eép,

and hence, if we denote hg = h(0, yg, no),
V(1) = v cos(ty/ho) — % sin(ry/ho),  &1(1) = 19 cos(tv/ho) + voy/ho sin(ty/ho).
0

If (0, vo, y0, 10, 0, ) € WF(W) with vy > 0 and &9 > 0, then v(T) = —(vy + £1)/v/2 < 0 for
T =3m /(4 ho), and so the point

(0, —%(Vo +£10), Yo, %(—510 + hovp), 0, 770)

lies in W F(W). On the other hand, if &9 < 0, take T = S /(44/hg) and so



INVERSE SCATTERING WITH PARTIAL DATA ON ASYMPTOTICALLY HYPERBOLIC MANIFOLDS 531

(o %(—Vo +£10), Yo, —%(510 +how), 0, 1) € WF(W).

But this is not possible, since W € C* in {v < 0}. The same analysis applies to {v =0, p > 0}.
The next step is to prove the following unique continuation result:

Lemma 3.5. Let T’ C 89X be open and not empty. Let W (., v, y) satisfy (3-17), and let W = 0'/*W
satisfy (3-29). Then for any p € I" there exists § > 0 such that W(M, v, y) =0 provided || <6, |v| <8
and |y — p| < 6.

Proof. Tt is not clear that this result is a consequence of Theorem 1.1.2 of [Alinhac 1984], but (3-31)
below is similar to the estimates in Section 4.1 of [Alinhac 1984]. As usual, the proof of this result
is based on a Carleman estimate. However, we need to be quite careful when applying the Carleman
estimate, which is proved for C§° functions, to W. In general, one would have to cut off and mollify W
and then apply Friedrich’s lemma; see for example the proof of [Hormander 1994b, Theorem 28.3.4].
This usually requires the solution to be in HILC. However, here the regularity for W is given by (3-17),
which is not quite ngc near { = 0} or {v = 0}. We will avoid cutting W in the variables (u, v), as the
commutator of Q with the cut-off function would produce terms in 9, W and 9, W, which we cannot
yet control. However cut offs in the y do not offer any problem, since the commutator of Q with a
cut-off function in y only would produce terms like ;v dy, W, which can be controlled by (3-17). We will
prove the following Carleman inequality, which will be used to prove the stated unique continuation from
infinity, and will also be used to improve the regularity of W.

Lemma 3.6. Let p € I', and let Q be the operator defined in (3-19). For 0 < vy < e5/2 et
Qe ={(, v, y):lul <&, vl <wy, ly—pl<2e}, Ti.={v=wy, 0<u<ie |y—pl<2el,
QF ={(u. v, y) €Qe: =0, v=0}, oo ={u=1%e 0<v =<y ly—pl<2e}
Let Co = supq, |C|, where C is the zeroth order term of Q. Let y > 0 be such that ngvg is small enough,

and let o (1, v, y) = +yv+ %ay|y — p|?, where a =0 or a = 1. Then there exist &g > 0, M > 0 such
thatif 0 < e <¢ggand k > zlt’ then the following estimate holds for all v(i, v, y) € C*°(2;) supported in

{(u,v, ) : u=0,v>0, |y—p|<e}

Mg~ Qv + Mk / (v V300 + K20~ o] d dy
El‘s

+ Mk f (e~ 1V, 0> + k20> v’ dv dy
22,8

> o™ 20lI2 + Kl 80 ol + K2l v R ullF k(e + yv) P AV R |2, (3-31)
where ||v||* = fQ; |>dudvdy.

Proof. The estimate with a = 0 was proved in [S4 Barreto 2005]. We are doing it again here for the
convenience of the reader, and we will use it to improve the regularity of W. But this estimate with a = 0
is not strong enough to prove the unique continuation result, for which we need the estimate with a = 1.
We will use ¢ = ¢, in the proof to simplify the already heavy notation.
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Without loss of generality, we assume that p = 0 and that v is real-valued. We know from (3-19) that

n n
Ot v, Y, By, By 3y) = 00y + v Y A7 (v, )y, 8y, +pv Y B (v, y)dy, + C(uv, ).
i,j=1 j=1

As usual, we define Oy = ok Q(pk and, since d,¢ =1, d,¢ =y and dy;¢ = ayy;, we have
Or =0 00" =0, v, y, 8, +ko ", 8y +kye ', 8, +kayyp™),
and we write
Ok = 9 + k&,
with
L =9 @+ v,
U = 0,0y +y (k> — k)™ + poh” (uv, )3y, +kayyip™ )@y, +kayyjo~")
+ uvB; 3y, +kayyje ) +C,

n
where we used the notation _Zl AijBij=A;jBjjand D;E; = 2?21 D; E; to indicate sums over repeated
ij=

10xv)1? = 12¢v1? + K2 LV )|? + 2k (24 v, Fv), (3-32)

indices. Therefore,

where
(u,v):/ uwvdydpdv and |v||> = (v, v).
ot

The first term of (3-32) is positive and we will compute k?||Lv||> + 2k (2 v, $v). Since v is supported
in { > 0, v > 0}, we will assume that £ > 0 and v > 0 in the computations below. We will also use M
for a generic constant. The first term of (2;v, Lv) is

(3,850, 013y + ¥ 9,)V)
1 _
=3 /Q ¢~ @ (00)? +y 0, (Buv)*) dy dpadv

&

1 - - 1 .
=5 / @@ @) + 0y (re )P dydpdv + 5 / R0+ 00D dy dudy
Q7 Qo

> 12 lle o vl + e auvll). (3-33)

Here we used that v and all its derivatives vanish at {u = 0} U {v = 0}, and the boundary terms in X, ,
j =1, 2 are nonnegative. The next term is

y (K> — k)@~ v, ¢~ (¥, +8,)v)
=y @b [ 0P wa, 000 dydudy
Q2

— Ly =0 [ 30 D dydudy+ 3@ =0 [P dudy
Qe Qe

=1y -k e v dudy + 1y (kK — k) e dvdy + 3y (K = k)|l %)% (3-34)
Zl,s 22.5



INVERSE SCATTERING WITH PARTIAL DATA ON ASYMPTOTICALLY HYPERBOLIC MANIFOLDS 533

Since we want to prove (3-31) for all £ > 1 we need to get rid of the negative term —3ky?|lp2v|?
in (3-34). To do this we use the term ||¢ '3, v||? from (3-33). Notice that ¢~ 18,v = 3, (¢ "'v) + Y92,
and hence

(7 '0,0)2 > Y20 2 + 2y 208, (0 ') = Y2 + vy o, (0 )2
Therefore,
lp~ o, vll* = 2y 2 [l9~ 20|

El

and so
32k —b)lle 2 vl* + Llle ' avl? = 3y (K —k + 5) o vl = 2%y 2 o2 |1%.
Hence, the first two terms satisfy

(8,050, 9713y + ¥ ) V) + (K2 — k) (9 v, 9 (Y8, + 8,)v)
> 112l vl + Ll auvll* + 2Ky e 2|12
+%(k2—k) go_3vzdudy+%y2(k2—k) (p_3v2dvdy. (3-35)
21,5 22.8

To estimate the third term, we integrate by parts in y;, recalling that v is compactly supported in the
y variable in the interior of . We use that 4"/ is symmetric to write it as

(uvh" (dy, + kayyio™ )@y, +kayy;jo~ v, Lv)

1 y B )

=§/Q+ 1oh [y, +kayyio~")(dy, +kayy;jp Hv1Lvdy dpdv

+%/+,U«vhij [(9y, +ka}’j‘/’_l)(3y,» +ka)/)’i§0_])v]§£vdyd,udv:I_|_]]’
Q¢

== /+ 1wvh' By, v+kayy;o~ 0@y, —kayyie H¥vldydpdy
) 1 . _ _
_§/+N«Vhlj(ayiv+ka)/)’i(ﬂ ")y, —kayy;p~HEvldydudv,
Q¢

In=- / [0y, (uvh' D)@y, v+ kayyjp~ v) Lo dydp dv.
Qf

We can bound /I from below by using that
dy, (;Lvhij)(aij —i—kayyj(p_lv)SiU > —M(,uv)3/4|8ij —i—kayyj(p_lvl ()41 %v|
= = M)V + K2a?y2 () 21y Po 0% + ()21 20]).
Hence,
1= =M (| () V0l + 22| () yle™ ol + [ () L) ?). (3-36)
Using that

3y, —kayyip™ v =L@y, —kayyip~ Y —ayyje~ Lo —2kay*yip v,
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we write I = I} + I, where

I = —% / HVht 3y, 0 +kayy; o~ 0)[L@yv —kayyip~ v dydudv
Q¢
— % /+ ;Lvhij(ayiv +kayy,~(p_1v)[$(8ij — ka)/ij_lv)] dydpudv (3-37)
Q

L=a /+ /wh"j(ay_/v +kayyj(p*1v)(yyi<p*1§£v +2ky?yip 3v)dy dpdv.
Q

€

To bound the term I, from below, we write

uvh' By v +kayy;p~ v)(yyieT Lv+ 2ky yip )
> — MIy|"?uve~ 18y, v +kay lyle~ oDy V2 (v L] + kay? o2 |v))
> — M (Iy1(1v) 20 2 Vyu > + y 2y () + K2a?y 2y P ()2 Hul> +K2ayHyle ).
Therefore,
L= —Ma(llly|"*uve™ ' Vyu|> + 2y 2Ll + K2a®y? |y P uve v |? + K2a?y |1y 2o~ 2v|1?)
(3-38)

Next we consider the term ;. Since & = ¢! (0, + 0,), integrating by parts in u and v we conclude
that the term I satisfies

1 . _ _
11=_i/Mvh”if[(ay_;wkayw ') (@y,v —kayyio~'v)|dy dudv
Q¢

1 i B _
=—§/+(V8M+8v)[(uv<p 'hi7) 3y, v +kayy;p~ v) @y v —kayyip~'v)]dydudy
o

1 1,0 _ _
+5 | [au+8)(wve ™ h)]@y,v +kayy;e~ v)(@yv — kayyip~'v)dydudv

1 i _ _
=—§f v~ W7 ((dy, +kayy;o~ ) (@, —kayyjo~ ) dudy
El,e

Y i _ _
=2 [ e W@y ka0 @, ~ kayyie ) dvdy
22.6

1 i - -
+5 f [0, +8) (uoe™ )]0y, v+ kayyjo ™ v) By, v — kayyig™'v) dy dpdv.
Qe

Notice that
e+ 80) (uoh' (uv, ™) = [y + 09~ =2y uve [h + (u+yv)uve™ (3:h")
= [((+yv) (e +yv+ Saylyl?) =2y uv)h (uv, y)
+ v+ yv) (i +yv+ saylyl?) @0:hY) (uv, y)]
= 2 [(0?+y2 4+ Say (u+yv)ly A (uv, )
+ (w4 yv)(n+yv+3ay|y?)@chY) (v, )] (3-39)

1
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Hence,

|y 0+ 3,) (k™ (uv, y)o~ D < Mo~ (i +yv). (3-40)
On the other hand, since A%/ is positive definite, we know that there exists M > 0 such that
RIW,W; > MIW>, W eR", (3-41)

We conclude from (3-39), (3-40), (3-41) and the symmetry of 4%/ that, for & small enough, there exists
M such that

[ + 3u) (uvh 9~ 1@y, v +kayy;jo~ v) By, v — kayyjo~'v)
= [(3 + 8,) (uvh' 9™ 1](8y,vdy,v — K*a*y yiy ;9 *v?)
> M(u+yv)e IVyulP — ME2a?(u+yv)y2lyPe v]2 (3-42)
Hence, for ¢ small enough,
I > Mo~ 2(u+yn)' 2Vyull> — ME2a?y? ||yl (4 yv) 2o =302

=M | eIVl ka7 y Pt dudy
El,s

-M ,uv((p_l|Vyv|2+k2a2(p_3|y|2v2) dvdy. (3-43)
22,2

We write the last term of (9,v, $v) as
(B, 3y, +kayyje~ v+ Cv, Lv)

= (v~ B3y, +kayyjo~ v+ 972 Cv, ¢!/ 2 L)
> —llo'2Fv|? = 1Co~ V20|12 — ME*a*y 2|y lpve ™ 2v)1? — M| (uv)p~ 2 Vy0)%,  (3-44)

Therefore, provided gy is small enough, we deduce from equations (3-35), (3-36), (3-38), (3-43) and
(3-44) that

K| Sv)1? + 2k (20, L) + Mk | (uve™ ' |Vyu|? + k2o v?) dudy
El,s

+ Mk (uwp‘lIVyv|2+k2<p_3v2)dvdy
EZ,E

= Jr Pl 0,0+ ekl 00+ [ kMG v I dpdv dy

[ 19RO e+ 0™ = MP v ) dpdv dy
Qe

+k/+k2y4¢_4v2(%—MF3(u, v, y)) dudvdy—k/+ ICle "2 dudvdy, (3-45)
Q¢

&
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where
Fi(p, v, ) = (u)' >+ 2yl + ¢,
Fa(i, v, y) = ()2 + [yl (uv)’e 2 + (m)?e ™,
F3(p, v, 9) = (uv) 21y P0* + 1y P () + 72 1y] + 1y (1 + y e + [y P (uv)?e.
The term involving C is the most problematic. Recall that ¢ = u + yv + %ay |y|? and, since |u| <€,
|y] < e and v < vy, it follows that ¢ < &+ yvy + %aysz. Therefore, if Co = supg, |C]|,
%k2y2¢74 —ICPy ! > <p*4(§k2y2 _ Cg<p3) > ¢*4(%k2y2 _ 9C§(s3 + )/3\)3 + %ay386)).

If one picks y such that 9y Cgvg then

256 ’

k —9yC3vi > 3 k2 for all k > ‘l‘

and therefore

3k2 2 —4 |C|2(p71 Z(p*4(%k2y2_9cg(83+%a]/386)) for all

N~

Notice also that < ¢, and hence the coefficient of |Vv|? in (3-45) satisfies
Mi(u+yv)e~" = M) + [y[(u)’e > + ()™

> o (M (e +yv) — MI((u0) @ + [yl + (uv)?)
> %Ml(u-l—yv)(p_l for &y small enough.

One can then pick &g, such that for every ¢ € (0, &),

K2 Lv|1? + 2k Ok, L) + Mk (oo | Vyu? + k2o v?) dudy
Z:l,e;"

+Mk | (uoeT |V + ko3 0?) dv dy
22,8

> M (kI (4 yv) 2o 2V0lIP + 21 Loll* + ko 8l + klle vl + v e 0],
This ends the proof of Lemma 3.6. g

Next we want to use (3-31) to prove Lemma 3.5. Let x € CJ°({ly| < &/4}), x =1 on {|y| < ¢/8}.
Let V (i, v, y) = x(»)W(, v, y). We choose ¥ (y) to be a Cy° function supported in {|y| < &/4} with
f Y (y)dy =1, and define ¥s(y) = () " (y/3), § > 0. Then, for § small enough,

=yYs*' V€ Ci°(Q) is supported in {p, >0,v>0, |yl < %8}

where *' denotes convolution in the y variable. To see that, let £ (u, v) € C3°; then the Fourier trans-
form ¢ V5 satisfies

CVs(Er &, m) =Y ENEV)(EL &, 1),

which in view of (3-30) is rapidly decaying in any conic neighborhood of a point (§19, £20, no) # 0. Hence
Vs € C°°, and (3-31) holds for V5. Now we would like to take the limit of (3-31) for Vs as § — O.
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Notice that ¢ > ¢ on X5, and ¢ > yvy on X, and, in view of (3-17),

f ]V W + K22 WA dpdy < M(y ),
. (3-46)
/ [levygo_kvmz+k2|<p_2_kW|2]dv dy < MeF,
22,&'

and these terms in (3-31) do not offer any problem when passing to the limit.
One cannot use (3-31) with @ = 0 to prove Lemma 3.5, however we will use it here to show that

(+yn) VYV ()Y, (wyv) oY,
(+yv) 2V e LX(Q,) with k> 1. (3-47)

For now, we take a =0 and ¢ = 1+ v. We know from (3-17) that W, [,uv(u—i—yv)]l/ZVyW e L*(Q,).
Since puyv < %(/L + yv)2, it follows that y (u + yv) ' (uv)? < (1 4 yv)uv, and hence one can apply
Friedrich’s lemma — see, for example, Lemma 17.1.5 of [Hormander 1994a] — to show that

lim | (12 + yv) VAW 8y, + Bjdy s ' V — s ¥ (07 3y, 0y, + B0y, V)| =0 (3-48)

We also know from (3-17) that, for fixed T > 0, M]/QBMW(/L, T,y) € L*([0, T1 x 8X). Hence the same
holds for V and for V; for all § > 0. One can easily show that

(0, Vs)? = g~ (log ) 2 V§ — 9, ((—log ) ' V§).

Since Vs vanishes to infinite order at u = 0, if we integrate the above on [0, %8] X dX we obtain

2\~! r Tro _
/ (log2) Vs(3e.7.y)dy+ / f 13, V) dydp = / / plog ) Vi dydu.  (3-49)
D' £ 0 Jox 0 Jox

Since, in view of (3-17), the left-hand side is finite for V, if one applies (3-49) to Vs — Vj it follows that
Vs is a Cauchy sequence in the norm given by the right-hand side of (3-49). So it converges and, since V;
converges weakly to V, we conclude that w=Y 2|10g wl~'V e L*(Q,), and in particular

(w+v) Y4 e L2(Q,). (3-50)
Since Q is given by (3-19), it follows from (3-48) and (3-50) that
lim | (1 +v) " H(Q s+ V) = 915 ¥ (QV)) | =0. (3-51)
Since QW =0, it follows that
OV = Q(x ()W) = uvh' (Way,ay, x + 28y, x 8y, W) + uv(3B;d,, ) W.
So we conclude that, in view of (3-17), (u + v)_1/4QV € L*(Q,) and hence

lim | (i + 7)™ QVsll 2@,y = I+ ¥y OVl <00, k=3 (3-52)
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Therefore (3-31), witha =0 and k = %, holds for V in place of Vj, and in particular we conclude that
(3-47) holds for k = % (notice that in this case (1 + yv)@~! = 1). We then apply the argument used
above to show that (3-31) holds for k = % + 1, and hence (3-47) holds for k = }‘ + 1, and by induction
and interpolation, this shows that (3-47) holds for all £ > 4—1‘.

Now we use the same argument with ¢ = ¢ = u+yv+ %y|y|2. Notice that in this case ¢ > u 4+ yv
and we have from (3-47) that

A A N A A<D A (e N (3-53)

1

e
Since ¢ depends on y, it is not clear how to apply Friedrich’s lemma in the bootstrapping argument above
to prove (3-53), as one would have to analyze the commutator of the convolution and the weight, which

is of course singular. But, given (3-53), Friedrich’s lemma can be easily applied and we conclude that
(3-31) holds for V and ¢ = ¢;. In particular we conclude from (3-46) that, for ¢ small enough,

M +Clo * OxWWIP = Elo > x ()W (3-54)

Now we really use the power of (3-31) with a = 1: since OW =0, and x = 1 for ly] < %s,
O(x (y)W) =[0, X(y)]W is supported in |y| > %8, and hence ¢ > Ae? on the support of QV, where
A= ﬁy. We deduce from (3-54) that, for ¢ small enough, there exists C = C( W) > 0 such that

Cre?)y > o2 Fx (W]

Hence,

—k
(p ~
H(m) X(y)WHSC, k>1,

and therefore W (i, v, y) = 0 if ¢ < A¢2, and in particular W = 0if 0 < u < %kez, 0<yv< %182
and y|y|> < %Aez. This ends the proof of Lemma 3.5, and consequently the proof of Proposition 3.2. [J

Notice that since vy € (0, ¢%/?) is arbitrary, this result also establishes regularity for W, and in particular
it shows that W € H,!

loc*

Proof of Proposition 3.3. We will use Hérmander’s unique continuation theorem, and we will find a
function whose level surfaces are strictly pseudoconvex. The key point here is that the coefficients of
the operator P defined in (3-2) do not depend on s, and hence P is invariant under translations in the
variable s. Let

ex,s,y)=—x—k(s—s1)—|y— p|2, where x > 0 small will be chosen later.

Since, for |y — p| <8, V=0if x € (—¢,0] and s < 59, or if x < § and logx < s < 51, we have — see
Figure 6 —
Vix,s,y)=0 if ¢ >0, —e<x <4, and |y — p| <. (3-55)

The principal symbol of the operator P is

p=—20&—xE>—xh(x,y,n), (3-56)
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where (£, o, ) are the dual variables to (x, s, y). Since Vo(x, s, y) = (—1, —«, —2(y — p)), we have

p(X,S,y, v(p(-xvs’ y)) = —ZK—X(I +h(~x» )’72()’_17))) (3'57)

If |y — p| < B is small enough and x > —«, then x(l + h(x,y,2(y — p))) > —%K, and hence
p(x,s,y, Vo) < —%K. Therefore ¢ is not characteristic at (x, s, y) if x > —k and |y — p| < B, for small
enough 8.

The Hamilton vector field of p is

H,=—283; —2(0 +x&)dy — xHy, + (> + h + xd:h) e, (3-58)
where Hj denotes the Hamilton vector field of &(x, y, n) in the variables (y, ). Hence,

(Hp9)(x,5,y,£,0,1) =2(0 +x&) +2cE +xHyly— p|* and
(Hlo)(x.s5.y.&, 0.1)
= —2(0 +x&)(2& + Hyly — pI* +xd: Hply — p|») — (xHp)*|y — pI* + 20k +x)(E* + h + xdh).

If H,p =0, it follows that
Hyo(x, s,y & 0,1) =2(x +3K)E> +26((x + k) Hyly — p|* + kxdy Hyly — p|*) +2(k + x)(h + x9.h)
+x((Hply = p)* +x Hyly — pI*0: Hily — pI* —xHj |y — pI*).
If |y — p| < B is small enough, there exists C > 0 depending on % only such that
|Hply = pI’| <CBlnl and [d:Hpyly — p|*| < CBlnl.

If we impose that —%K < x < B, it follows that there exists &g > 0 depending on 4 such that, if 8, k € (0, g9)
are small, then there exists C > O such that

h+xd,h > Clnl?,

and hence

Hyo(x,s, p. & 0,1) = kC(E = BIE| Il +Inl>)
> Cr(E2+ ) if —ik<x<§p, |ly—pl<p andk,3§e(0,e).

So we conclude that there exists &y > 0 depending on % such that

px.s.y. &, 0.m)=Hpp(x,s,y.&, 0, =0 = Hyp(x,s5,y.6,0,1) >0
if 6,0,m)#0, -2k <x<B, |y—pl<B, k&, B0, ). (359

Since P is of second order, we deduce from (3-57) and (3-59) that the level surfaces of ¢ are strictly
pseudoconvex in the region

—le<x<B, ly—pl<B provided «, B € (0, &); (3-60)
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see for example the first paragraph of Section 28.4 of [Hormander 1994b]. As mentioned above, the fact
that the coefficients of P do not depend on s imply that the conditions in (3-60) do not depend on s. Now
we appeal to Theorem 28.2.3 and Proposition 28.3.3 of [Hormander 1994b] and conclude that, if

Y={—gx <x <3 ly—pl< 5B Is—sil <so—s},
then there exist C > 0, tgp > 0 and A > O large such that, if i = e,
Clle™ Pv||* = <*le™Vv|* + tlle™v|3, forall ve C{(Y) and T > 79 > 0. (3-61)

Let 0 € C°(Y) with 0 = 1if —gk <x < 3B, |y — pl < 3B and |s — 51| < 3(so — 51). Since PV =0, it
follows that
P(OV)=[P,0]V.

But, for (x,s,y) €Y, V(x,s, y) is supported in the region x > 0, s > 51, so we conclude that
P@(x,s,y)V) is supported in (x,s,y) €Y, x > %,8, or s —s| > %(so —s1), or |[y—p|> %,3.
Therefore, by the definition of ¢ we have
o(x,s,y) < —min{1B, 13k(so—s1), $8°} on the support of P(OV). (3-62)

Pick « small so that min{1B, 3« (so — s1), 182} = 2« (so — 51) = y. We deduce from (3-61) and (3-62)
that
2”@y 1P < C, 1> 1.

We remark that, due to Friedrich’s lemma, one can apply (3-61) to 6V even though V is not C*; see
[Hormander 1994b]. Therefore, 6V =0 if e’ —e™" > 0,50 0V =0 if ¢ > —y. So we deduce that
6V(x,s,y)=0 provided k(s —s1) < %y, O0<x< %y ly —pl* < %y.

In particular,
V(x,s,y)=0 provided s <s1+ 3(so—s1), 0<x <1y, [y—pl* <iy. (3-63)
This concludes the proof of Proposition 3.3. O

Proof of Proposition 3.4. The key point in the proof is the following consequence of Tataru’s theorem
[1995; 1999]; see also [Hormander 1997; Robbiano and Zuily 1998]. Let 2 be a C° manifold equipped
with a C* Riemannian metric g. Let L be a first-order C* operator that does not depend on 7. If u(z, z)
is a C* function that satisfies
(D? —Ag+L(z, D))u=0 in (-T,T)x <,
u(t,z) =0 in a neighborhood of {z9} x (=7,7T), T < T,

then

u(t,z) =0 if [t[+dg(z,20) <T, (3-64)

where d, is the distance measured with respect to the metric g.
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Since the initial data of (2-1)is (0, f), u(t,z) =—u(—t,z). f0<x <y,logx <s < sy, and |y—p| <,
it follows from the definition of V. that

52
u(t,x,y)=0 if 0<x <y, |y—pl<3d and |t|§sz—10gx=10g67.

Applying (3-64) with zg = (x, y), we obtain
A)
u(t,z) =0 provided [t|+dg(z; (x,y)) < logex—2 with 0 <x <6, |y — p| <$.

If z = (o, y) with & >a>x, dy((x,y); (a,y)) =log(a/x), it follows from (3-64) that
. o e
u(t, (@,y))=0 if t+log— <log—.
X X
In particular this guarantees that u(¢, o, y) = 0 if 0 < ¢ < log(e®?/a) and, since s = ¢ + log o, we have

Vi(a,s,y) =0ifa < e, logx <s < s and |y — p| < 8. This ends the proof of Proposition 3.4. [

Proof of Theorem 2.1. As promised at the beginning of the section, we shall now finish the proof
of Theorem 2.1. We start with (3-10), which says that V,(x, s, y) = x 7 2u(s — log x, x, y) satisfies
Vi(x,s,y)=0if yel',x < andlogx <s <5 < 50.

/2y (s —logx, x, y) and so, if w = (a, p) with 0 < a < &*

Now we recall that V. (x,s,y) = x
and p € I', then the solution u(¢, z) vanishes in a neighborhood of {w} x (0, log(e®/«)). Again we
use that the data is of the form (0, f), and hence u(—t, z) = —u(t, z). So in fact u(z, z) vanishes in a

neighborhood of {w} x (—log(e*/a), log(e® /a)). Therefore, by (3-64),
50
u(t,z) =du(t,z) =0 if |t|+d,(z, w) < log %

In particular, when ¢t = 0 we find that d,;u(0, z) = f(z) = 0 provided d,(z, w) < log(e®/a), and this
concludes the proof of Theorem 2.1. (|

Final remarks. The following result will be useful in the next section:

Corollary 3.7. Let (X, g) be a connected AHM and let T' C 3X be open, T # @. If f € L2.(X) and
R4+ 0, £)s,y)=0inRx T, then f =0. Similarly, if (h,0) € Eoc(X) and R (h,0)(s,y) =0in Rx T,
then h = 0.

Proof. If R (0, f)(s,y) =0in R x I', then f(z) =0 if z € D, (I") for every so. Since the distance
between any two points in the interior of X is finite, it follows that f = 0.

Suppose F =R, (h,0)(s, y) =0in Rx I". As in the proof of Proposition 3.2, by taking the convolution
of F with ¢ € C5°(R), even, we may assume that (Ag—n?/4)*h € L2 (X) forevery k> 0. Let u(t, z) satisfy
(2-1) with initial data (&, 0) and let V = d,u. Then V satisfies (2-1) with initial data (0, (A — n? /4 h)
and . (0, (Ag —n%/4)h)(s, y) = 01in R x T. But, as we have shown, this implies that (A, —n?/4)h = 0.
Since (h, 0) € E,(X), this implies that 2z = 0. Il

One should remark that this result can be proved by applying a result of Mazzeo [1991]; see also [Vasy
and Wunsch 2005]. The solution to (2-1) with initial data (0, f) is odd and, since R, (0, f)(s, y) =0
for s e R, y € T, it follows that R_(0, f)(s, y) =0 for s € R, y € I". Taking the Fourier transform in ¢,
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we find that
(Ag—2*—1in®)i(r,2)=0

and, using that ®,.(0, f)(s, y) = R_(0, f)(s, y) =0, one deduces that ii(}, z) vanishes to infinite order
at ', using a formal power series argument as in the proof of Proposition 3.4 of [Graham and Zworski
2003]. Theorem 14 of [Mazzeo 1991] implies that # = 0 and hence u = 0. In particular, f = 0.

4. The control space
As we saw in (3-13) and (3-14), the ranges of the forward and backward radiation fields
R1(0, L2.(X)) = (P10, f) 1 f € L2.(X))

are closed subspaces of L?(R x dX) and are characterized by the scattering operator. Moreover, since R+
are unitary, [|R+(0, f)ll2wrxax) = Il fllz2(x)- The main goal of this section is to show that the ranges
{RL(0, f)lrxr} are determined by the restriction of the scattering operator to I', as defined in (2-13).
Throughout the remainder of the paper we shall write

L) R xT)={Flpxr: F € L* (R x 9X)}.
The key observation is:

Lemmad.l. If F =R, (h, f) € L>(R x T), then
I £llz2x) = (F, 3(F + Sp F%)),
and in particular | f || 2(x) is determined by v F.

Proof. If F(s, y) =R, (h, f) € L*(R x I'), so in particular F is supported in R x I" then, according to
(3-12) and the fact that % is unitary,

(F, 3(F+9rF*)=(F, 3(F + ($F")|pxr)) = (F, 3(F + $F"))
= (R (h, ), R0, ) = 117205, O
This suggests that
C (240, Nlrxr) =11 fl2x)

defines a norm on the space {R1 (0, f)|rxr: f € LiC(X )}. We shall prove that it does and, moreover, the
norm is determined by Sr.

Theorem 4.2. Let I' C X be a nonempty open subset such that 0 X \ I does not have empty interior. The
space

MIT)E = (R0, Hlrxr : f € Le(X)),
equipped with norm C'_ defined by

LR, Hlrxr) =1 fllz20x)s (4-1)

is a Hilbert space determined by Ir.
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Proof. We shall work with the forward radiation field. The proof of the result for _ is identical. Since
PR is linear, the triangle inequality for the L?(X)-norm implies that C'} is a norm, and that

(R0, Hlrxr, R4 (0, h)|er)@i =(f. ) 2x)

is an inner product. Since R, is continuous and LgC(X ) is complete, it follows that (M ()™, Cl)isa
Hilbert space. We need to show that it is determined by ¥r. We recall from (3-12) that if F =R (f, h)
then

F(F+SF)|rxr = R4-(0, h)|pxr (4-2)
So, if F € L>*(R x I'), then F* € L?>(R x I') and hence (F + $F*)|pxr = F + P+ F*. We shall let

P LPRxT)— L*RxT)
1 * (4-3)
F > 5(F+9rF%).

Since ¥ is unitary, it follows that ||| < 1. Since R, is unitary, given F € L*(R x I) there exists
(f, h) € E;o(X) such that R (f, h) = F. We can say the following about such initial data:

Lemma 4.3. Let I' C X be a nonempty open subset such that 0X \ I' contains an open set O, and
let h € Lgc (X). Then there exists at most one f such that (f,0) € E,(X) and R4 (f, h) is supported
in R x I". Moreover, the set

€ =1{he LgC(X) : there exists (f,0) € Eac(X) such that R (f, h)(s,y) =0, yedX\T}
is dense in L2,(X).

Proof. First, if R, (f1, h) and R (f>, h) are supported in R x T', then R, (f; — f», 0) is supported in
R x T, but this implies that R (f; — f>,0) =0 in R x 0, and so Corollary 3.7 implies that f; = f>.
Ifve Lic (X) is such that (v, h)2(x)=0forall h € €(T") then, since R is unitary, for all (f, 0) € E,c(X),

(v, B)2x) = (R0, V), Ry (f, B)) 2 mxax)
Since h € €(I") is arbitrary, it follows that
(R4+(0,v), F)p2mxpxy =0 forall FeL*(RxD).
Hence (0, v) =0 on R x I' and, by Corollary 3.7, v =0. O

Lemma4.4. IfT" C 0X is open, nonempty and 0 X \I" contains an open subset, then the map & is injective
and has dense range.

Proof. If F =R, (f, h) € L2(Rx "), then F =R, (0, h)|rxr. f $F =0then R, (0,h) =0on RxT.
It follows from Corollary 3.7 that 2 = 0, and hence F = R(f, 0). Since there exists an open subset
0 C (3X\T), and F is supported in R x T, it follows that F = % (f, 0) =0 in R x 0, and again by
Corollary 3.7, f =0 and so F =0.
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Now we prove that its range is dense. Let H € L*>(R x I') be orthogonal to the range of £. Suppose
that H = R (hy, hy), with (hy, hy) € Eac(X). Then for every F =R (f, h) € L2(R xT), h ee),

0=(H,(F+9F")|rxr)2@mxr) = (H, F +SF*) 2 gyr) = (H, R1.(0, h)) 2rxsx)
= (Ry(h1, h2), R (0, h)) L2 (mxax)
= (h2, h) 12(x)-

Since €(I") is dense in LgC(X), h, =0. Hence H =%,(h1,0) =00on R x 0, and so H =0. O
We shall let
FHI) = LL*Rx D) = {R40, lpxr : £ € G}, (4-4)

and equip 1 (I') with the norm given by Lemma 4.1,

CL@L 0, 1)) = I fll2cx)-

Thus (FT(I), C'}) is a normed vector space and, since 6(I") is dense in L*(X), FH(I') is dense in
(M*(T), C). Hence (MT(I"), C%) is the completion of (%*(I"), C) into a Hilbert space, and therefore
it is determined by &r-. Notice that the completion of F*(I") with the L?(R x I')-norm is L?(R x I'). But

1R+ O, W) ®xr) | L2Rxry = 1Al 22(x)s

so €' is a stronger norm and (M), C'}) is a smaller space. This ends the proof of Theorem 4.2. [

5. Proof of Theorem 2.3

The operators ¥ r, j = 1, 2 were defined in terms of boundary-defining functions for which (2-14) holds
for both gy and g in U; ~ [0, ¢) x 9X ;. In particular,

dx*  hj(x)

lI!”fgj =+ on (0,e) xI', h1(0)=hy(0)="hg on T. (5-1)
X X

Our first step will be to prove that there exists ¢ > 0 such that the tensors 4 (x) and &, (x) are equal
on [0, &) x I'. Once this is done, if ¥; :[0,¢) x 0X; — U;, j =1, 2, are the maps that satisfy (2-14),
and if Wi . =W ([0, &) xT'), W o = W, ([0, &) x I'), then

vigilw,,) = ¥;(glw,,) on [0,&) xT. (5-2)
Since W; =Idon I', j =1, 2, this implies that
W, =WoW W > Wae, (WoW) lga=g, W.=Id onT (5-3)

gives an isometry between neighborhoods of I.
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The local diffeomorphism. We will prove that, if 4 ;(x) are such that (5-1) holds, then & (x) = hy(x)
on [0, ¢) x I', and hence this gives the map W, defined in (5-3). Our first step in this construction will be:

Proposition 5.1. Let (X1, g1), (X2, g2) and T satisfy the hypotheses of Theorem 2.3, and denote by
Rj+(s,y,x',y") the Schwartz kernels of R ; + acting on (0, f). Then there exists € > 0 such that (2-14)
holds on [0, ¢) x 90X, j =1, 2, and

hi(x,y,dy) =ha(x,y,dy) if xe[0,¢e), yeT, (5.4)
Ry a(s, 9, X', Y)=Roa(s,y,x',y) ify,y el x' <e.

Proof. The proof of Proposition 5.1 is an adaptation of the boundary control method of [Belishev 1987;
Belishev and Kurylev 1992] to this setting. By working on an open subset of I" if necessary, we may
assume that 0 X \ I' does not have empty interior. As in [S4 Barreto 2005], pick x; < ¢ and consider the
spaces

ME () ={F e M*(T): F(s,y) =0, s <logxi},

M (D) ={FeM (I'): F(s,y) =0, s > —logx},
and let

PL M) - M) and Py M) — M (T) (5-5)

denote the respective orthogonal projections with respect to the norms C’} defined in (4-1). Since
ME) and A/Lffl (I') are determined by S, the projections Q’i are also determined by 1. Notice that
(9]’j{1 F)(s, y) is not necessarily equal to H(s —logx;)F (s, y), where H is the Heaviside function, as
H (s —logx1)F(s, y) may not be in M (T").
In view of finite speed of propagation and Theorem 2.1,
M) = {Ry (0, W)|gxr :h € LE(X), h(z) =0, 2 € Diogy, (D)},
M, (D) ={R_(0, W)|mxr : h € LL(X), h(2) =0, z € Diog, (D}
As in [Sa Barreto 2005], the key to proving Proposition 5.1 is to understand the effect of the projec-

tors 9’; on the initial data. First we deal with the case where Ay, j =1, 2, have no eigenvalues. In this
case, Lz(Xj) = Lgc(Xj).

Lemma 5.2. Let (X, g) be an asymptotic hyperbolic manifold such that A, has no eigenvalues. Let x be
such that (2-4) holds in (0, €) xdX. For x| € (0, €), let ?P;rl denote the orthogonal projector defined in (5-5).
Let x,, be the characteristic function of the set X, = X \ Diog x, (I'). Then, for every f € Lgc (X)=L*(X),

P (R0, Hlrxr) = R0, xx, lrsr

Proof. Since QP;FI is a projector, there exists fy, € L?>(X) such that

PR, Hlrxr) =R 0, fr)lrxr

and, for every h € L*>(X) supported in X,,,

<%+(O’ fX1)|R><F7 %+(O’ h)|RxF)Ci = (fxl’ h)LZ(X) = <f’ h)Lz(X)'
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Hence fy, = xx, f- U

Next we will analyze the singularities R (0, xx, f) at {s =logx;} and, as in the proof of Proposition 3.2,
we may assume that f is C*°. In the case where I' =9 X, x,, is the characteristic function of the set {x > x1}
and the singularities of R4 (0, x,, f) can be computed using the plane wave expansion of the solution to
the Cauchy problem

PV =0, Vls:logx =0 and asV|s:10gx = f(xX,Y) Xx;» (5-6)
where P is the operator defined in (3-2). In this case, one just writes
Vx,s,y)=VF(x,s,y)+V (x,5,y), where

o0 o0
Vi s, y) ~ Y vl (s —logx)} and  V7(x,s,y)~ > v; (x,y)(2logx —xi — )},
Jj=1 j=I

where s =log x| and s = 2log x +1og x; correspond to the forward and backward waves emanating from
{x =x1, s =logx}. One then computes the coefficients of the expansion by using a series of transport
equations. The wave V™ (x, s, y) goes towards the interior and will hit {x = 0} for s > log x;, but the
wave V1 (x, s, y) will intersect {x = 0} at s = log x;. The first coefficient in the expansion of VT (x, s, y)
is given by v (x, y) = LAY er, ) /10140, y)x 27! f (31, p). Since (3-16) is well defined for L2,

initial data, R (0, xx, f) = 9;V (x, s, ¥)|(x=0}, and hence near {s =log x;} one has an expansion

TN ARA(CIIR )

TRy T @ e —logxni 4D v 0. s —logxm)t.  (57)

j=1

R0, xx, f) ~

We refer the reader to the proof of Lemma 8.9 of [S4 Barreto 2005] for details.

In the case studied here, when I # 0X, this is not so clear since xy, is the characteristic function of
Xy, = X \Diog », (I'), which is a more complicated set. However, if x; is small enough, the boundary of X,
contains I'y, = {(x1, y) : y € I'}. We will show that the singularities of R (0, xy, f) at {s =logx;, y eI'}
can be computed as in the previous case. The singularities of xy, f lie on the set

0Diogr, =z € X : there exists (x,y) € Ug such that d,(z, (x,y)) =logx; —logx}
Since X is complete, there exists a geodesic y joining z € 0%)og , and (X, y) such that
yO) =z, y@) =) and 7=dy(z, (%,Y)).

One can think of this in terms of the wave equation with y being the projection of a null bicharacteristic
of p= %(r2 —x282 —x%h(x,y,n))in{p=0, T =1} starting at z and going to (x, y). If one then sets
s =t +log x it follows that, along this bicharacteristic, s =t +log x(y (¢)). Hence, at £, s(f) = log x;. In
these coordinates (we are using £ by abuse of notation but we should use E, whereE=¢—1 /Xx),

{(p=0,t=1}={p=0&+3x +ixh(x,y,n) =0, o =1}
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and we have that, for 1 +x& #0,

ds & dé  E*4+h+xoh dyn  xdyh dy  xoph
dx  1+x& dx  2(1+x&) ° dx  2(1+x&)° dx  2(1+x&)
So, unless £ =n =0, ds/dx # 0. But, if £ = n = 0 at a point then, by uniqueness, £ = n = 0 along

the curve. In the latter case s = logx;, y =y € I'" along the curve. If & # 0O, the geodesic will reach
{x =0} for s # log x;. So we conclude that (5-7) holds for y € I';, where Iisa compact subset of .
The precise propagation of singularities is given by:

Lemma 5.3. Let x be a defining function of X such that (2-4) holds. Let M (') 3 F = R, (0, f)|rxr
with f smooth. Let ©(x1, s, y) = 3x7""> 71 £ (er, ) (RIY4(xr, 9) /10140, 3)) (s —log x1)9. There exists
& > 0 such that, for any x1 € (0, €),

PIF(s,y)— O(x1,5,y) € Hy (Rx ). (5-8)

Since 93;“1 and M (T") are determined by ¥t in view of (5-8), ©(x1, s, y) is determined by & provided
x1 €(0,¢) and y e I'. By assumption in Theorem 2.3, ko 1 = hg 2 on I'. Therefore, |h1|(0, y) = |h2|(0, y),
y eI and, since F =R (0, f)|rxr in Lemma 5.3, we obtain the following result:

Corollary 5.4. Let (X1, g1) and (X2, g2) be asymptotically hyperbolic manifolds satisfying the hypothesis
of Theorem 2.3. Moreover, assume that Ag;isj=1,2, have no eigenvalues. Let R 1, j =1, 2, denote the
corresponding forward or backward radiation fields defined in coordinates in which (2-4) holds. Then
there exists an € > 0 such that, for (x,y) € [0,¢€) x ',

[V, )R] F (e, y) = [ho] V4G, )RS F(x,y) forall F et (),

1/4 —1 1/4 ~1 n (5-9)
|7 Ce, MR L F(x, y) = |ho| 77 (0, MRy L Fx,y)  forall F e M7 (T).
Proposition 5.1 easily follows from this result. Indeed, since
2 (L) = (ag, — )R F 5-10
-\ 32 F ) = (Ag = gn) %5 LF, (5-10)
if we apply Corollary 5.4 to BSZF we obtain
1|4, ) (Agy — 30 RTLF (e, y) = o] 4 (x, y) (Ag, — §0°) R LF (x, y). (5-11)

If 97{1_17 F=(0, f), where F € M(I")™ is arbitrary and the metrics have no eigenvalues, equations (5-9)
and (5-11) give
||V (x, y)
|ha| /4 (x, ¥)
for all f € C3°((0,e) x )N LiC(X ). Therefore the operators on both sides of (5-12) are equal. In
particular, the coefficients of the principal parts of Ag, are equal to those of Ag,, and hence the tensors

174G, 9) (A, — 10%) f(x, ) = 1hal V4 (x, p) (A, — 1n?) fx,y) (5-12)

hy and h; from (2-4) are equal. This proves that

Ryl y. X Y) =Ry (s, y. XY, vy €T X €]0,¢), 5-13)
hi(x,y,dy) =ha(x, y,dy), yel, xel0,¢),
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and of course the same holds for the forward radiation field. Since R4 are unitary, %;1 =R*, and hence
this determines the kernel of % ... This proves Proposition 5.1 in the case of no eigenvalues.

Now we remove the assumption that there are no eigenvalues. We need to show that, if ¥1r = %> r,
then the eigenvalues of A, and Ag, are equal, and the eigenfunctions can be reordered in such a way
that their traces are equal on I'. In fact they agree to infinite order at I". To show that, we need to appeal
to the stationary version of scattering theory, and we have to recall the relationship between the scattering
operator, the scattering matrix and the resolvent from [S4 Barreto 2005]. It was shown in [Joshi and
Sa Barreto 2000] that <4 (1), defined in (2-10), continues meromorphically to C\ D, where D is a discrete
set. The eigenvalues of A, correspond to poles of s{(A) on the negative imaginary axis. Proposition 3.6
of [Graham and Zworski 2003] states that, if Ao € iR_ is such that ‘_1‘”2 + ké is an eigenvalue of A, then
the scattering matrix s¢(1) has a pole at A( and its residue is given by

I, if —iko & 3N,

. . 1 (5-14)
HAO_PI if —l)\.():zl, ZGN,

Res;, A(L) = {

where P is a differential operator whose coefficients depend on derivatives of the tensor 4 at d.X, and the
Schwartz kernel of IT;,, is

No
K (M) (v, y) = =2ir0 > 7@y, ¥, (5-15)
j=1

where Ny is the multiplicity of the eigenvalue }an + A2, the ¢ i, 1 < j < Ny, are the corresponding
orthonormalized eigenfunctions and qﬁ?(y) is defined by

¢)(3) =x7"*10¢;(x, ¥)|x=0. (5-16)

Since A;r = A, A € R\ O, it follows from Theorem 1.2 of [Joshi and S4 Barreto 2000] that,
in coordinates where (2-14) is satisfied, all derivatives of & and h, agree at x = 0 on I". Therefore
the operators P; ; in (5-14) corresponding to (X, g;) are the same in I'. Then (5-14), (5-15), and the
meromorphic continuation of the scattering matrix show that Ag and A,, have the same eigenvalues with
the same multiplicity. Moreover, (5-15) implies that if ¢; and v;, 1 < j < Ny, are orthonormal sets of
eigenfunctions of A, and Ag,, respectively, corresponding to the eigenvalue inz + 22, then there exists
a constant orthogonal (Ng x Ng)-matrix A such that <I>0|F =AY - where (®%)7 = (¢0, ¢>g, - ¢0N0)

and (W07 = (1//? , x/fg e 11/1(3,0). So, by redefining one set of eigenfunctions from, let us say, ¥ to AW,
where W1 = (Y1, Y2, ..., Y¥y,), we may assume that
PV =9y, yel, j=1,2,...,No. (5-17)

Note that this does not change the orthonormality of the eigenfunctions in X, because A is orthogonal.
Denote the eigenvalues of A, and Ag,, which we know are equal, by

pj=gn°+A3, AjeiR., 1<j<N. (5-18)

They are also ordered so that ) < o <--- < un.
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Again, we use that the singularities of x,, f at Iy, produce the singularities of R (0, xx, f) at
{s = logx;,y € I'} and expand the solution to (2-1) with initial data, (0, x, f). However, in this
case L2(X) = ch(X ) and hence Lemma 5.2 is not valid, and we have to replace it by the following:

Lemma 5.5. Let (X, g) be an asymptotic hyperbolic manifold and let ¢;, 1 < j < N, denote the
orthonormal set of eigenfunctions of Ag. Let x be such that (2-4) holds in (0, €) x 0X. For x1 € (0, €),
let 97’;: denote the orthogonal projector defined in (5-5). Let x., be the characteristic function of the set
Xy, = X\ Diogx, (I'). There exists ey such that, if ¢ < &g, then for every f € LiC(X) there exists a(xy, f),
which is a linear function of f, such that

N
P R0, flrr) =Ry (0, X (f ~ >, f)¢j))

j=1

RxI"

Proof. Leth e Lic (X) be supported in X, . This means that (h, x,,¢;) =0 for 1 < j < N. Then, since 97’;
is a projector, there exists f, € Lic (X), supported in X, such that 9]’; R0, Hlrxr) =R, fr)Irxr
and, for every h € Lgc (X) supported in X,

<%+(O’ fX])lerv %-F(O’ h)|RXl—‘>(]:rJIr = <fx1» h)LZ(X) = <f’ h)LZ(X)‘

Hence ((fy, — f),h) =0 for all h € Cg°(X) N LﬁC(X) supported in X,,. We claim that there exist
aj =aj(xy, f) € C such that
N

S = X f = X Zajqu =0 for x; small enough.
j=1

If such a formula were to hold, since ( fy,, xx,¢;) = 0 one would have to have

N
(fs X @) 12x) = Z%’(Xx.(ﬁj, X1 D) 12(x)-

j=1
This gives a linear system of equations
Ma=F, o =(a,...,ay), F'=(Fi(x1),..., Fy(x1)),
Mjk(-xl) = (Xx1¢j» Xxl(pk)LZ(X)» Fk(X]) = <f5 Xx1¢k>L2(X)-

Since the eigenfunctions are orthonormal, for x; =0 we have M ;;(0) = § jx. Therefore, there exists g9 > 0,
which depends on the matrix M, and hence only on the eigenfunctions and not on f, such that the
system has a solution if x; < g9. Notice that, since f € LﬁC(X ), for x; = 0 we have F;(0) =0, and
hence (0, f) =0.

With this choice of «;, the function

N
G = fx1 - Xxlf — Xx1 Zaj¢j
j=1
is supported in X, and (G, ¢;)2(x) =0,50 G € L2.(X). But at the same time (F, h)r2xy = 0 for all
he LﬁC(X) supported in X,,. Therefore (G, G)2x) =0, and so G = 0. O
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As in [Sa Barreto 2005], we shall denote

Tx)f = Zaj(xlv ;.
J

Since (0, f) =0, T(0) = 0. Therefore one can pick & small so that
ITG)l <5 for x; <e. (5-19)
In this case, Lemma 5.3 and Corollary 5.4 have to be substituted by:

Lemma 5.6. Let (X, g) be an asymptotically hyperbolic manifold, and let x be a defining function of 0 X
such that (2-4) holds. Let ¢;, 1 < j < N, denote the eigenfunctions of Ag and let T (x1) be defined as
above. Let F € MT ("), F =R, (0, f)|rxr with f smooth and let

—n/2 A4 (L y)

TGy LA =T ) f]ex, (s —logx)l.

E(x1,s,y)=

There exists € > 0 such that, for any x1 € (0, ¢),

P F(s,y) — B(x1,5,y) € Hy (Rx ). (5-20)

Corollary 5.7. Let (X1, g1) and (X2, g2) be asymptotically hyperbolic manifolds satisfying the hypothesis
of Theorem 2.3. Let R +, j =1, 2, denote the corresponding forward or backward radiation fields defined
in coordinates in which (2-4) holds. Then there exists an ¢ > O such that, for (x,y) € (0, &) x I,

|4, )Ad =Ty )P LF (x, y) = [ha| V4 (x, y)Ad =T2(0) Ry L F (x, y)  forall F e M (T),

)G, A =Ty )P L F (x, y) = 1hal Y (x, y)Ad =To(x)%R5 L F(x, y)  forall F € ¥ (D).
(5-21)

We write QRZI_F(x, y) = fj(x,y), and pick & small so that (5-19) holds. We apply (5-21) to f; and f>
and to (Agl — %nZ)fl and (Ag2 — Alfnz) o> for (x, y) € [0, &) x I" and find that

1h1 OV Ad =T1 (x)) fi = [ha(0)[Y4(1d — T2 (x)) fo,
I O14Ad =Ty () (Ag, — 102) £1(x, y) = [h2(0)[V4Ad = T2(x)) (Ag, — 112) fo(x, ).

Therefore,

(5-22)

At |/

fo(x, y) = 1d=T2(x))" W(Id —T1(x) filx, y) = Wfl (x, y) + K(x) fi(x, y),

where K is a compact operator. If one substitutes this into the second equation in (5-22), one obtains

|h |1/4
||V Ad —T1) (Ag, — 3n?) fi = |ha|/*(1d —T2) (A, — in )(|h1|1/4f1 +Kfi

Hence,
|ho| '/

hill/4
(B =40 i) = =i (B — g )<:h1:1/4f1>(x ) =M, ),



INVERSE SCATTERING WITH PARTIAL DATA ON ASYMPTOTICALLY HYPERBOLIC MANIFOLDS 551

where ¥ is a compact operator. Since the operator on the left-hand side is a differential operator, and the
operator on the right-hand side is compact, they both must be equal to zero. As above, we conclude that
in coordinates (x, y), the coefficients of the operators A,, are equal to those of A,,. Hence, we must
have hy(x, y,dy) = hy(x, y,dy).

We still have to show that (5-4) holds in the case where eigenvalues exist. Let F € M ("), and
let fj =% F. Let v; satisfy (2-1) with initial data (0, f;). Let V;(x, s, y) = x /?v;(s —logx, x, ).
Since R4(0, f;) = F, we have 9,V;(0, s, y) = F. Since A, = Ag, in (0, &) xI', for P as defined in (3-2),

P(Vi—V,)=0 in logx <s,x<e, yel
(Vi =WV2)(x,logx,y) =0, 0d;(Vi—WV2)(x,logx,y)= fi(x,y)— fa(x,y) on x <¢, y eI, (5-23)
(Vi —V2)(0,s,y)=0, yeTl,seR.

Now we apply Propositions 3.2, 3.3 and 3.4 as in the proof of Theorem 2.1, to conclude that there exists s*
such that

Vi(x,s, y) = Va(x,s,y) provided x < e, verl, seR.

We then apply Tataru’s theorem, as in the argument used in the final step of the proof of Theorem 2.1, to
conclude that f1(z) — f2(z) =0 for every z € (0, ) x I" such that there exists (x, y) € (0, e*") x I with
d(z, (x,y)) < e*/x. In particular this shows that f; = f> in (0, &) x I". One cannot say that f; = f, on
X since (5-23) only holds on (0, ¢) x I'. Since F is arbitrary, (5-4) follows. U

Since h1(x) = hy(x) on [0, ¢) x I, this finishes the construction of the map W, defined in (5-3). We
will use both equalities in (5-4) to extend W, to a global diffeomorphism ¥ : X| — X satisfying (2-15).

The construction of the global diffeomorphism. First we need to show that if the eigenfunctions are
reordered such that (5-17) holds, then in fact ¢; 1(x, y) = ¢; 2(x, y) on (0, &) x I'. To prove this we have
to appeal again to the stationary scattering theory. We know from [Joshi and S4 Barreto 2000] that the
operator

EL ()W, y) =R 0, (4, y) = fR TR0, £)(s, y) ds,

continues meromorphically to C\ D, where D is a discrete subset. Since their Schwartz kernels satisfy

Ei(h,y,x,y)=Ey(A,y',x,y) forx €[0,¢) and y, y' € T, A € R, this equality must remain for C\ D.
We also know from equation (3.15) of [Graham and Zworski 2003] that }an + )\% is an eigenvalue of

Ag if and only if Ag € iR_ is a pole of E(A, y, z), with the same multiplicity, and its residue is given by

K
1
T ;@‘Bmm (). yedX zeX, (5-24)

where ¢,? (y) is defined in (5-16) and K is the multiplicity of the eigenvalue. We know from (5-17) and
(5-18) that the eigenvalues and the traces of the eigenfunctions are equal. So if ¢,EJ )(x/ ) j=1,2,
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1 <k < K, denote the eigenfunctions, we must have

K
Y@@ =7 @ YN =0, x'€[0,e), v,y €T
k=1

Since the points (x’, ¥'), x’ € [0, ¢) and y, y’ € " are arbitrary and can be independently chosen, we must
have
oV, ) =P (', y) forall x' €0,¢), y €T. (5-25)

We know that the Schwartz kernels of the radiation fields % ., j = 1, 2, acting on data (0, f), and the
metric tensors i (x, y, dy), j =1, 2, satisfy (5-4). However, if ¢ € C;°((0, &) xI') and (¢, 0) € Ec(X ),
then

8S%j,i(¢’ 0)(s,y) = %j,i(o, (Agj — }Tnz)(p)(s, y).

Since ¢ is compactly supported, R4 (O, (Agj — %nQ)qb) (s,y) =0 for s < 0. So,

N

Rt (o) = Ry 0, ) + f R4 (0. (Ag, — 1n)g)(z. ) dr,

—00

Ry =500+ [ R0, (8, ~ §2)8)r. )
provided (¢, ¥) € (C3°((0, &) x I') x C5°((0, g) x I)) N Ey(X;). Since we know from (5-13) that
Ag = A, 0n [0, ) x I', and we also know from (5-25) that
A((0,8) x T') = (C§°((0, &) x T') x C§°((0, &) x I')) N Exc(X1)
= (C5°((0, &) x T) x C§°((0, &) x T)) N Eqe(X2),

we deduce that

Ri+(@, V)5, y) =Ro2(@, ¥)(s,¥),  (5,y) €RXT, (¢, ¥) € A((0, &) xT). (5-26)

But ® 4 are unitary operators, and so their inverses are equal to their adjoints, and we deduce from
(5-26) that the Schwartz kernels of the full operators % ; + acting on $4((0, &) x I') are determined by the
scattering operator . We conclude that if F € L*(RxT), and if Q{;HF L2(RxT) — Eac(X1)|0,6)xT»
j=1,2,1is given by

F(s,y) = (¢), ¥j) = (u;(0), atuj(o))|(0’€)xr :

then (¢1, Y1) = (¢, ¥2). Here u;(t, z) denotes the solution to the Cauchy problems for the wave
equation (2-1) for the metric g;. But, on the other hand, %% + are translation representations of the wave
group, and therefore

T L[ F (s +1) = (uj(0), du(),

where u (1) satisfies (2-1) with initial data (¢, V) = %;Hr € A0, e) x I'). We conclude that, if
u;j(t, z) solves (2-1) for the metric g;, with initial data supported in (0, &) x I, then u; (¢, z) = u» (¢, z),
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provided z € (0, &) x I'. This implies that, if U; (¢, z, 7') is the forward fundamental solution of the Cauchy
problem for the wave equation in (X, g;), then

Ui(t,z,7)=Us(t,2,7), 2,7 €(0,6&)xT, t>0. (5-27)
By Duhamel’s principle, if

(D7 = A, =30 (1.1 2, 2) = 8(x, 3G —1) in X; xR, (5-28)

then
Uit,1'2,7)=0xt,1,2,7), t,1'€Ry, z,7€(0,8) xT. (5-29)

So we have reduced the extension of the diffeomorphism to the following:
Proposition 5.8. Let (X1, g1) and (X», g2) be AHM such that:

(A) There exists a nonempty open subset I' C d X1 N 3dX» as manifolds and an open subset 0 ~ T x (0, ¢)
such that O C X 1N )0(2 as manifolds.

(B) The metric tensors g;, j = 1,2, satisfy g1 = g> on O.

O If 0j (t,t',z,2)), j = 1,2 is the forward fundamental solution of the wave equation in (X, g;),
Jj =1,2, defined in (5-28), then U\ (t, t', z,7') = Us(t,t',z,7') fort,t’ € Ry and z, 7' € 0.

Then there exists

V:X; — Xo suchthat W*g, =g and ¥ =1d in O. (5-30)

This is similar to the inverse boundary value problem with data on part of the boundary, studied
for example in [Katchalov et al. 2001; Kurylev and Lassas 2000], except that we are not dealing with
boundary control but control from an open set in the interior. A somewhat similar problem for closed
manifolds was studied in [Krupchyk et al. 2008]. Lassas and Oksanen [2014] also dealt with a problem of
this nature. This is also related to the problem studied by Lassas, Taylor and Uhlmann on complete real
analytic manifolds without boundary M;, j =1, 2, where the Green functions for the Laplace operator
agree on U x U, with U C M| N M>; see Theorem 4.1 of [Lassas et al. 2003]. The difference here is that
we do not have real analyticity of the manifolds, but we are dealing with the wave equation instead of the
Laplace equation.

Proof. We adapt the proof of Theorem 4.33 in [Katchalov et al. 2001]. Instead of working with X and
X,, we will fix X = X; and reconstruct (X, g) = (X1, g1) from (A), (B) and (C). Of course, we are
reconstructing (X», g2) as well. First of all, we observe that an AHM has a uniform radius of injectivity
for the geodesic flow. In other words, there exists a pg > 0 such that, if S, X ={v € T, X : [[v||, = 1}, the
map

exp,, [0, p0) X S, X — X, (t,v)—~ expp(tv),
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is well defined for all p € X. We pick a point p € 0 and let p € (0, po) be such that the geodesic ball
B(p,p) CO. Let f(t,2) € C°(R x B(p, p)), f(t,z) =0fort <0, and let u’ (t, 7) be the solution to

(D} — Ag— in*)u! (t,2) = f(t,2) in RxX,

5-31
ul (0) = 9,u’ (0) = 0. ©-31

From the hypothesis (C) above, we know ul(t, z) for z € B(p, p), t > 0. We then define the map

B(T): C57((0, T) x B(p, p)) = C*((0, T) x B(p, p)), (5-32)

F = |0 s
For T > 0 we will work with the space of functions
6o ="6o(p,p, T) ={¢ € C;°((0, T1 x B(p, p)) : $(T) = 0},
and the quotient space
6=6(p,p,T)=%/(D} — Ag — 1n*)%,.
In other words,

6={[y]:y¥ €6y}, where [{]={¢ €G:thereis { €6y suchthat ¢ =y + (D} — A, — 1n?)¢}.

Since we know g in O, the space € is determined by hypotheses (A), (B) and (C).
For ¢ € 6, let u® be the solution to (5-31) in R x X. We define the map

Cr:€— C(X), ¢~ u’(T,z).
The formal adjoint of this map is given by
Cr {weC’({ze X :dy(z, B(p, p)) <TH}— €, w> v]0,7)xB(p,p)

where v is the solution to the Cauchy problem

(D} — Ag— in*)u(t,2) =0 in {t <T} x X,

(5-33)
v(T,z)=0, v(T,z)=w.

As in the boundary control method, we define
STIC;CT 16— 6.

The next step is to prove a Blagovestchenskii-type identity to show that St is determined by the map B(27'),
which the map defined in (5-32) but in the time interval (0, 27"), and hence is determined from (A), (B)
and (C). Let ¢ (¢, z), ¥ (t, z) € 6 and let u®(z, z), u¥ (¢, z) be the solutions to (5-31), with left-hand side
¢ and i respectively. Let

W(s, 1) = / u®(t, 2)u’ (s, z) d volg (2).
X
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Notice that this integration is defined over the entire manifold. But, after integrating by parts, we obtain
@ =W .0 = [ @ 20" (5.2) ~u? (026, 2) d VoL, 2
X
= / (@ (1, )BTV (s, 2) — Y (s, DB(T)P (1, 2)] d volg(2),
X

W(0,t)=0,W(0,1) =0, W(,0) =9W(s,0) =0,

and, since ¢ and ¢ are supported in (0, 7)) x B(p, p), the last integration is restricted to B(p, p). We can
find W (T, T) explicitly in terms of d’ Alembert’s formula, but we need to extend ¢ and i to the interval
(0,2T). As in [Belishev and Kurylev 1992], we define ¢~J and 1& to be the odd extensions of ¢ and
across t = T, in other words

o (1) if 1€(0,7),

o) = {_¢(2T —t) if te(T,27),

and similarly for v. This gives

T p2T—t
W(T, T):/O/ </X(¢3(t,z)%(zT)(xZ)(s,z)—%(ZT)(cﬁ)(z,z)W(s,z))dvolg(z))dsdr

Since (s, z) is odd with respect to s = T, it follows that

T p2T—t
W, (T, T) = / f / o(t, DBRT)(Y)(s, 2) d voly(2) ds dt
0 Jt

T 2T —t ~
:/ / qj(t,z)(/ %(ZT)W(s,z)ds)dvolg(z) dt.
0 JX t

W(T,T)=(Cr¢,Crv) = (¢, C;Crr),

On the other hand, since

it follows that

2T—t
cicrva= [ BeDIG.ds
t
Now we define the following inner product in the space 6:

(@, Ve = W (T, 2), u’ (T, 2) 120x)-

As shown above, this is determined by the map %. We need to show that this is a nondegenerate inner
product. First we show that the range {u?(T) : ¢ € €} is dense in the space

Lz({z €Xj:dz, B(p,p)<T})={ue L*(X;) : Supp(u) C {z :d(z, B(p, p)) < T}}.
Suppose that w € L*>({z € Xj:d(z, B(p, p)) <T}) is such that

(w,u?(T)) =0 forall ¢ €.
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Let v satisfy (5-33) and let u? satisfy (5-31) with right-hand side equal to ¢. Integrating the identity
v(Df = Ag = 3n)u® —u? (D} — Ag — n*Jv =v(t, ) (. 2)
in the domain of influence of ¢ and w, we find that
/ v(t,2)¢p(t,z)dtd volg(z) =0 forall ¢ € 6. (5-34)
B(p,p)x(0,T)
But, again using the fact that v satisfies (5-33), we see that
/ v(t,2)(Df — Ag — in?)¢(t, 2) dt d voly(z) =0 for all ¢ € 6.
B(p.p)x(0,T)

This means that (5-34) is satisfied for every ¢ € 6y, and hence v(t,z) = 0in (0, T) x B(p, p). Now
the odd extension v(¢, z) of v(t, z) across t = T satisfies (5-33) in (0, 27T') x {z : d(z, B(p, p)) < T + p}
and v(¢,z) = 01in (0,2T) x B(p, p). An application of Tataru’s theorem implies that v(z, z) = 0 if
lt|+d(z, B(p, p)) <T forany q € B(p, p). In particular, this implies that w(z) = 0;,v(T, z) = 0 provided
d(z, B(p, p)) < T, and hence w = 0.

Now suppose that ¢ € € is such that (¢, )¢ = 0 for every ¢ € €. From the previous discussion, it
follows that u?(T) = 0. Then

u®(t, z) ift<T,

.
u(t, 2) {—u¢(2T—z,z) ifr>T

satisfies ~
(D} — Ay —in*)i=¢ in RxX;
0

in Rx{z:d(z, B(p, p)) > T}.

Again, Tataru’s theorem and finite speed of propagation implies that u? € Cy°((0, T] x B(p, p)) and
u®(T) = 0. This of course means that u? € €, and hence [¢] = 0.

Next we define € as the Hilbert space given by the closure of € with the norm given by the inner
product (¢, ¥)«, and set up a scheme which is very similar to the one used in the proof of Lemma 5.3,
which is of course similar to the arguments used in [Belishev and Kurylev 1992; Katchalov et al. 2001].
For t € (0, T) define

C={pecC:p(t,2)=0,1<1},
and let
P. 6 — €,

be the orthogonal projection to . Then, using propagation of singularities (and here we do not have to
project onto the continuous spectrum), and that the choices for r = 0 and ¢t = T are arbitrary, we recover
the metric tensor g and the fundamental solution of wave equation in B(p, r), where r = r(p) is the
radius of injectivity of exp,,. In other words, we recover

¢(x), zeB(p,r) and U, 1,z,7), t,1'eR, z, 7 €B(p,r), r=r(p).
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We repeat the process for every p € 0, and we would like to define M = [ J peo B(p, r(p)). However,
we have to make sure the inclusion map ¢ : Al < X is injective, which would guarantee that i (l) is an
open embedded submanifold of X. Therefore we need to identify the points that are in B(p, r(p)) and
B(gq,r(q)). In Section 4.4.9 of [Katchalov et al. 2001], since they are working on a compact manifold,
they use the family of eigenfunctions to do that. Here the precise analogue is to use U(t, 1, z, Z),
and we shall say that z € B(p,r(p)), and w € B(q, r(q)) are equivalent, and we denote z = w if
Ut,t',z,7)=U(t,t',w,7) forall ¢, ¢ > 0 and 7/ € 0. In this case, the points z and w correspond
to the same point in X. This is the equivalent of saying that u® (¢, z) = u? (¢, w) for all ¢ € R and for
all ¢ € C3°(R x 0). We also use the same identification for points in O and B(p, r(p)), p € 0. With this
identification, we set 0] = (Upe@ B(p,r(p))Uo.

We have constructed an open C* submanifold O; C X such that 0 = 0y C O and such that hypotheses
(A), (B) and (C) are satisfied for O;. Now we repeat the process for O;. Thus we obtain a sequence of
C* open submanifolds 0; C X satisfying 0; C 041 C X, j =0, 1, ..., and satisfying the hypotheses
(A), (B) and (C) above. As in Section 4.4.9 of [Katchalov et al. 2001], we claim that for any compact
subset K C X there exists J € N such that K C 0. To see that, we observe that, since (X, g) is complete,
there exists M > 0 such that, forany p € K, 8 <e and I € I', dg(p, I'" x {8}) < M. We also assume
that § < 8y, where &y is the radius of injectivity of X. Since X is complete, given a point p € K there
is a geodesic u(s), parametrized by the arc length 0 < s < L < M, joining p to a point z € I'" x 4.
Let xo = z and x; = p(ké), with k =0,1,...,[L/5] = J. By definition xo =z e I' x {§} CO = 60.
Suppose that x; € @{; then there exists p > 0 such that B(xg, p) C Oy but, since § is less than the radius
of injectivity, B(xx, §) C Oy and, since s is the arc length, in particular x4 € Oy ;. By induction it
follows that p € 05,1 C ©[M/8]-

This shows that we can reconstruct (5,( , 8) from (A), (B) and (C). But we know a priori that (X, g) is
an AHM, and so X can be compactified into a C*° with boundary, and there exists a defining function
x of X for which (2-4) holds. The construction of the function x shows that the compactification is
uniquely defined modulo diffeomorphisms that are equal to the identity in O. 0
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LOW TEMPERATURE ASYMPTOTICS FOR
QUASISTATIONARY DISTRIBUTIONS IN A BOUNDED DOMAIN

TONY LELIEVRE AND FRANCIS NIER

We analyze the low temperature asymptotics of the quasistationary distribution associated with the
overdamped Langevin dynamics (also known as the Einstein—Smoluchowski diffusion equation) in a
bounded domain. This analysis is useful to rigorously prove the consistency of an algorithm used in
molecular dynamics (the hyperdynamics) in the small temperature regime. More precisely, we show
that the algorithm is exact in terms of state-to-state dynamics up to exponentially small factors in the
limit of small temperature. The proof is based on the asymptotic spectral analysis of associated Dirichlet
and Neumann realizations of Witten Laplacians. In order to widen the range of applicability, the usual
assumption that the energy landscape is a Morse function has been relaxed as much as possible.
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1. Introduction

The motivation of this work comes from the mathematical analysis of an algorithm used in molecular
dynamics, called the hyperdynamics [Voter 1997]. The aim of this algorithm is to generate very efficiently
the discrete state-to-state dynamics associated with a continuous state space, metastable, Markovian
dynamics, by modifying the potential function. In Section 1A, we explain the principle of the algorithm
and state the mathematical problem. In Section 1B, the main result of this article is given in a simple
setting.
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1A. Molecular dynamics, hyperdynamics and the quasistationary distribution. Molecular dynamics
calculations consist in simulating very long trajectories of a particle model of matter, in order to infer
macroscopic properties from an atomic description. Examples include the study of the change of
conformation of large molecules (such as proteins), with applications in biology, or the description of the
motion of defects in materials.

In a constant-temperature environment, the dynamics used in practice contains stochastic terms which
model thermostatting. The prototypical example, which is the focus of this work, is the overdamped
Langevin dynamics,

dX,=—V f(X,)dt ++/2B~"1dB,, (1-1)

where X; € R3V is the position vector of N particles, f : R* — R is the potential function (assumed to
be smooth here), and ﬂ_l = kpT with kp the Boltzmann constant and T the temperature. The stochastic
process By is a standard 3 /N-dimensional Brownian motion. The dynamics (1-1) admits the canonical
ensemble u(dx) = Z~ ' exp(—Bf(x)) dx as an invariant probability measure.

To relate the macroscopic properties of matter to the microscopic phenomenon, one simulates the
process (X;);>o (or processes following related dynamics, like the Langevin dynamics) over very long
times. The difficulty associated with such simulations is metastability, namely the fact that the stochastic
process remains trapped for very long times in some regions of the configurational space, called the
metastable states. The time step used to obtain stable discretization is typically 10~!s, while the
macroscopic timescales of interest range from a few microseconds to a few seconds. At the macroscopic
level, the details of the dynamics (X;);>0 do not matter. The important information is the history of the
visited metastable states, the so-called state-to-state dynamics.

The principle of the hyperdynamics algorithm [Voter 1997] is to modify the potential f in order to
accelerate the exit from metastable states, while keeping a correct state-to-state dynamics. Here, we focus
on one elementary brick of this dynamics, namely the exit event from a given metastable state.

In mathematical terms, the problem is as follows (we refer to [Le Bris et al. 2012] for the mathematical
proofs of the statements below). Assuming that the process remains trapped for a very long time in a
domain Q, C R3M (Q, is a metastable state,' as mentioned above), it is known that the process reaches
a local equilibrium called the quasistationary distribution (QSD) v attached to the domain €2, before
leaving it. We assume that €2, is a smooth bounded domain in R*. The probability distribution v has
support 2 and is such that, for all smooth test function ¢ : R?¥ — R,

Iim E(p(X;)|t > 1) =/ edv, (1-2)
t—00 Q+

where
T=inf{t > 0: X, € Q4}

is the first exit time from 24 for X,. The metastability of the well 24 can be quantified through
the rate of convergence of the limit in (1-2); in the following, it is assumed that this convergence is
infinitely fast. From a PDEs viewpoint, v has a density v with respect to the Boltzmann—Gibbs measure

IWe use the notation Q. since, in the following, we will need a subdomain ©_ such that Q_ C Q.
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w(dx) = e P'® dx v being the first eigenvector of the infinitesimal generator of the dynamics (1-1)
with Dirichlet boundary conditions on 92, :
{—Vf-Vv—i—,B_IAU:—AU in Q, (13)
v=0 on 024,
where —A < 0 is the first eigenvalue. In other words,

lo, (Wv(x) exp(=Af(x)) dx
Jo, v(x) exp(—=Bf(x))dx

Starting from the QSD v (namely if X~ v), the way the stochastic process X, solution to (1-1), leaves the

dv =

well 2 is known: the law of the pair of random variables (7, X;) (exit time, exit point) is characterized
by the following three properties, the first two of which are the building blocks of a Markovian transition
starting from Q2 :

(i) T and X, are independent.

(i1) 7 is exponentially distributed with parameter A:
T~ E(R), (1-4)

where the notation ~ is used to indicate the law of a random variable.

(iii) The exit point distribution has an analytic expression in terms of v: for all smooth test functions
@:002y = R,
f39+ 90811(1) eXP(—,Bf)) do
B [, v(x) exp(=Bf (x)) dx’

where, for any smooth function w : Q; — R, 9,w = Vw - n denotes the outward normal derivative,

E"(p(X:)) =

(1-5)

o is the Lebesgue measure on 025 and EY indicates the expectation for the stochastic process X,
following (1-1) and starting under the QSD, X¢o ~ v.

In practical cases of interest, the typical exit time is very large (E(t) = 1/A is very large). The principle
of the hyperdynamics is to modify the potential f in the state €2 to lead to smaller exit times, while
keeping a correct statistics on the exit points. Let us make this more precise, and let us consider the
process X ff which evolves on a new potential f +§f:

dX¥ = —v(f+sf)x"ydt + /28" dB,. (1-6)

Instead of simulating (X;);>o following the dynamics (1-1) and considering the associated random
variables (7, X;), the hyperdynamics algorithm consists in simulating (Xff )r>0 and considering the
associated random variables (7%, X f‘(sff), where 7%/ is the first exit time from Q for X ff .

The assertion underlying the hyperdynamics algorithm is the following: under appropriate assumptions
on the perturbation § f, (i) the exit point distribution of Xff from Q4 is (almost) the same as the exit
point distribution of X, from €2, and (ii) the exit time distribution for X, can be inferred from the exit
time distribution for Xff by a simple multiplicative factor (see (1-7)—(1-8) below).
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More precisely, the assumptions on §f in [Voter 1997] can be stated as follows: (i) §f is sufficiently
small that €2 is still a metastable state for Xff , and (ii) éf is zero on the boundary of Q.. The
first hypothesis implies that we can assume that X gf s distributed according to the QSD v®/ associated
with (1-6) and 2. The aim of this paper is to prove that, in the small temperature regime (namely 8 — o0)
and under appropriate assumptions on §f, we indeed have the equality in law

L
(r. Xo) = (BT, X2))), (1-7)

where, in the left-hand side, Xy ~ v and, in the right-hand side, ng "~ 1%/ The so-called boost factor B
has the expression

Ja, XPAT) / exp(=(f +3£)) (1-8)
Q4

= To e BT o PP e Ca e
The second formula is interesting because it shows that B can be approximated through ergodic averages
on the process (X ff )t>0 (and this is actually exactly what is done in practice).

In view of the formulas (1-4)—(1-5) for the laws of the distributions of the two random variables exit
time and exit point, a crucial point for the mathematical analysis of the hyperdynamics algorithm is to
study how the first eigenvalue A and the normal derivative d,v (v being the first eigenvector; see (1-3))
are modified when changing the potential f to f + 5f. More precisely, we would like to check that,
in the limit 8 — oo, A%f = B and, up to a multiplicative constant, 9, v o 8,v, where, with obvious
notation, (—A%, v%/) denotes the first eigenvalue—eigenfunction pair solution to (1-3) when f is replaced

by f+5f.

1B. The main results in a simple setting. Let us state the main results obtained in this paper in a simple
and restricted setting. For the potential f, we assume that there exists a subdomain $2_ such that Q_ C Q.
and:

(1) fand f | aq, re Morse functions, namely C* functions with nondegenerate critical points;
@G1) [Vfl#0in §2+\Q_, 0, f >0o0ndQ2_ and mingg, f > minyg_ f;

(iii) the critical values of f in Q_ are all distinct and the differences f(U") — f(U©®), where U©®
ranges over the local minima of f |Q, and UV ranges over the critical points of f |SL with index 1,
are all distinct;

(iv) the maximal value of f at critical points, denoted by cvmax = max{f(x) :x € Q4+, |[Vf(x)| =0} =
max{f(x):x € Q_, |Vf(x)| =0}, satisfies

%Ign f —cvmax > cvmax — rgin f. (1-9)

Concerning the perturbation §f, let us assume that f 48 satisfies the same four above hypotheses as f,
and that, in addition,

3f =0 on Q4 \Q_.
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Under these assumptions on f and §f, it can be shown that the first eigenvalue—eigenfunction pairs
(=X, v) and (=A%, v3), the respective solutions to (1-3) with the potential f and f + §f, satisfy the
following estimate: for some positive constant c, in the limit 8 — oo,

Af ,
== B(14+ O(e Py,

where, we recall, B is defined by (1-8) and

0,V 9,05
ha, 0, +O@E ) in L'(09Q,).

100l 10,y 1920 1100,

These results are simple consequences of the general Theorem 2.4 below (see Corollary 2.9) together
with Proposition 7.1 and Remark 7.2.

For readers who are familiar with the Agmon distance, let us note that condition (1-9) can actually be
replaced by Hypothesis 2 (stated in Section 2) and condition (7-1). Condition (7-1) explicitly states that
the potential function f on d2_ should be larger than the largest barrier (difference of potential between
index-one critical points and local minima) within €2_.

1C. Outline of the article. The main result of this article, Theorem 2.4, gives general asymptotic formulas
for the first eigenvalue A and the normal derivative d,v in the limit of small temperature. This theorem will
be proven under assumptions involving the low-lying spectra of Witten Laplacians on 2_ and on Q. \ Q_.
These assumptions hold for potentials satisfying the four conditions (i)—(iv) stated above, but they are
also valid in much more general cases. In particular, we have in mind assumptions stated only in terms
of Q. (see Remark 7.4), or potentials not fulfilling the Morse assumption (see Section 7B).

The outline of the article is as follows: In Section 2, we specify our general assumptions and state
the two main theorems, Theorem 2.4 and Theorem 2.10. In Section 3, exponential decay estimates for
the eigenvectors in terms of Agmon distances are reviewed. In Section 4, approximate eigenvectors for
the Dirichlet Witten Laplacians on Q2 are constructed in terms of eigenvectors for the Neumann Witten
Laplacians on Q_ and eigenvectors for the Dirichlet Witten Laplacians on the shell 2, \ _. Following
the strategy of [Helffer et al. 2004; Helffer and Nier 2006; Le Peutrec 2009; 2010b; 2011; Le Peutrec
et al. 2013], accurate approximations of singular values of the Witten differential d s, are computed using
matrix arguments in Section 5. Theorem 2.4 and Theorem 2.10 are finally proved in Section 6. The
general assumptions used to prove the theorems are then thoroughly discussed and illustrated with various
examples in Section 7. Our approach relies on the introduction of boundary Witten Laplacians (namely
Witten Laplacians with Dirichlet or Neumann boundary conditions) and requires notions and notation of
Riemannian differential geometry. A short presentation of these notions is given in the Appendix.

2. Assumptions and statements of the main results

In order to prove the main result, we first need to restate the eigenvalue problem (1-3) with the standard
notation used in the framework of Witten Laplacians, which will be our central tool. It is easy to check
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that (A, v) satisfies (1-3) if and only if (A1, u) satisfies

A? (O)(9+)M1 Auy

with
h = 2 A= ik =2hk, u;=exp(—31Bf)v= exp(—i)v
B’ B ’ 2 h
and where A (SZ+) is the Witten Laplacian on zero-forms on 2, C R?, d = 3N, with homogeneous
Dirichlet boundary conditions on 02 (see (2-3) below for more general formulas on p-forms),

D(O)(Q+)u1—( AV +V f) - (hV +V fuy) = —h*Auy + (V1> = hAf)u;. (2-1)

Notice that the operator A (§2+) is a positive symmetric operator. We recall that €2, is the metastable
domain of interest, and SZ_ is a subdomain of €2, where the potential f is modified in the hyperdynamics
algorithm. We will thus study how the first eigenvalue 1| and eigenfunction u; of the Witten Laplacian
A?’h(o)(QJr) depend on f }Q_. We will state the results in a very general setting, namely for open, regular,
bounded, connected subsets 2_ and Q2 of a d-dimensional Riemannian manifold (M, g) such that
Q_CcQ.,.

The first assumption we make on f is the following:

Hypothesis 1. The function f : M — R is a C* function satisfying

IVF>0o0n Q\Q_, 8, f>0o0ndQ_ and I;gnf>r8r5121nf (2-2)
+

In (2-2), n denotes the unit normal vector on 0€2_ that points outward from €2_. This first assumption
has simple consequences that will be used repeatedly.

Lemma 2.1. Under Hypothesis 1, for all x € Q4 \ Q_,
- P
f(x) z min f > min f rginf-

Proof. The last equality is a simple consequence of the fact that the critical points are in 2_ and of
the inequality minyo, f > mingg_ f. Let us now consider the first inequality. Let us denote by y, ()
the gradient trajectory y, = —V f(y,) starting from x € Q; (y,(0) = x). Let us consider x € QL \ Q2
such that f(x) < minyg, f. Since 7 = f(y,(?)) is nonincreasing, (¥, (?));>0 remains in the bounded
domain €2, and is thus well defined for all positive times. Moreover, necessarily, the distance of y, (¢)
to the set of critical points of f tends to O as t — oco. This implies that there exists 7y > 0 such that
yx(to) € Q2_ and, thus, f(x) = f(yx(0)) > f(yx(to)) > mingg_ f. This concludes the proof of the first
inequality. The second inequality is a consequence of the assumption d,, f > 0 on d€2_, and is proven by
considering the trajectory (yy(t));>0 with x € argminyg_ f. O

Remark 2.2. One can easily check, using the same arguments, that the condition d, f > 0 on 992,
together with the two first conditions of Hypothesis 1, implies minyq, f > minyg_ f.

The second assumption on f is:
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Hypothesis 2. There exists co > 0 such that the set of critical points of f in Q4 is included in

{f <mingq, f—co}):

{xeS2+:Vf(x):0}C{xeSZ+:f(x)<1g}2inf—co}.

In addition to Hypotheses 1 and 2, our main results are stated under assumptions on the spectrum of
the Witten Laplacians associated with f on Q_ and Q. \ Q_ (see Hypotheses 3 and 4 below). We will
discuss more explicit assumptions on f for which those additional hypotheses are satisfied in Section 7.
Let us first define the Witten Laplacians. We refer the reader to [Witten 1982; Helffer and Sjostrand
1985b; Cycon et al. 1987; Burghelea 1997; Zhang 2001] for introductory texts on the semiclassical
analysis of Witten Laplacians and its famous application to Morse inequalities, and related results.

The Witten Laplacians are defined on A\ C*(M) = @izo AP C®(M) as

App=(ds,+ drp)* = dypdpn+dpndsy,
where dy; =e /" (hd)e!/" and d}; = e/ (hd*)e /", (2-3)

On a domain  C M and for m € N, the Sobolev space /\ W™2() is defined as the set of u € AL?(S2)
such that, locally, 8%u € /\ L*(2) for all « € N? with |a| < m (this property does not depend on the local
coordinate system !, ..., x%). When Qisa regular bounded domain, /\ W™2(S2) coincides with the set
of u € /\ L? such that there exists iz € /\ W™ (M) such that L?|Q =u. The spaces /\ W*2(Q) for s € R are
then defined by duality and interpolation. For m = 1, the quantity \/ llu|? + |ldu|? + ||d*ul?

L2(R) L2(Q) L2(Q)
is equivalent to the W'2(2)-norm. This is a well-known result when = R¢. The extension to a regular,

bounded domain is proved by using local charts and the reflexion principle; see [Taylor 1997; Chazarain
and Piriou 1982].
In a regular, bounded domain €2 of M, various self-adjoint realizations of A 7 can be considered:

o The Dirichlet realization A 2 ;»(£2) with domain
D(A?, (@) = {w c /\ W>(Q) : tw|,, =0, td ol = O}.
This is the Friedrichs extension of the closed quadratic form
D(w, o) = (dppw, dppo) 2 + (d;,za), d;?’ha)/)Lz (2-4)

defined on the domain
1,2 1,2
AW @ ={oe AW'2@:to,,=0].

Its restriction to zero-forms (functions) is simply the operator (2-1) on 2 with homogeneous Dirichlet
boundary conditions. It is associated with the stochastic process (1-1) killed at the boundary.

¢ The Neumann realization A% 5 (£2) with domain

DAY Q) = {w e ANW>2(Q) :nol,q =0, ndpyol,, = O}'
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This is the Friedrichs extension of the closed quadratic form (2-4) defined on the domain
AW @ ={oe A W@ :nol,,=0].
Its restriction to zero-forms (functions) is simply the operator (2-1) on 2 with homogeneous Neumann

boundary conditions. It is associated with the stochastic process (1-1) reflected at the boundary.

We will handle exponentially small quantities and we shall use the following notation, which is
convenient when comparing them.

Definition 2.3. Let (E, || ||) be a normed space. For two functions @ : Ry — E and b : Ry — Ry, we
write:

e a(h) = O(b(h)) if there exist hg > 0 and C > 0 such that |ja(h)|| < Cb(h) for all i € (0, hy);
e a(h) = O(b(h)) if, for every € > 0, a(h) = O(b(h)et'™M), or, equivalently,

Ve>0 3hy>0 3C >0 Vhe(0,hy) |lah)| < Chh)e’".

Notice that a(h) = O(b(h)) is equivalent to limsup,_,q 4 log(lla(h)||/b(h)) < 0. Note in particular
the identity O(e“'l/h)@(e_‘?/h) = @(e_(clﬂ‘z)/h) = (’)(e“'//h) for any fixed ¢’ < ¢1 + ¢2, independently
of h € (0, hy).

We are now in position to state the two additional hypotheses on f, which are stated as assumptions on
the eigenvalues of Witten Laplacians on Q_ and ©, \ _. We assume that there exist a constant ¢ > 0
and a function v : (0, hg) — (0, +00) with

1 —&/h
Ve>0 3C, > 1 C—e <v(h) <h, (2-5)
e

or, equivalently,

h
log(¥) <0 and %imoh log(v(h)) =0,

and such that the following hypotheses are fulfilled:

Hypothesis 3. The Neumann Witten Laplacian defined on Q2_ and restricted to forms of degree 0 and 1,
Az}f}z(p)(g—)’ p =0, 1, satisfies

#lo (AT @) N[0, vi)]] = mY (@), (2-6)
o (A P(Q0) N[0, v()] C [0, e7/"] 2-7)

with mg (22) independent of h € (0, hy). Throughout, eigenvalues are counted with multiplicity, and the
symbol # denotes the cardinal of a finite ensemble.
In addition, there exists in Q_ an open neighborhood V_ of 32— such that any eigenfunction  (h) of

A?]”h(o)(Q_) associated with a small nonzero eigenvalue u(h) (namely 0 < uw(h) < v(h)) satisfies

Il (W) 20y = OG/ (). (2-8)
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Hypothesis 4. The Dirichlet Witten Laplacian on Q. \ Q_ restricted to one-forms satisfies

#o (A7 @A\ Q ) N0, v ] = mP (@4 \ Q) (2-9)
o (A7 (@ Q) N[0, v()] C [0, e /"] (2-10)
with m]D(S2+ \ Q_) independent of h € (0, hy).
Our main results concern the smallest eigenvalue as well as properties of the associated eigenfunction
of A% ().

Theorem 2.4. Assume Hypotheses 1, 2, 3, 4 and that h € (0, hg) with hg > 0 small enough. The
eigenvalues contained in [0, v(h)] of the Dirichlet Witten Laplacians Ay (p )(Q+) for p =0, 1, satisfy:

m§ (@) :=#[o (A7;” (@) 10, v()1] = m§ (2-),
m{ (@) :=#[o (AT (@) N 10, v()]] = mY (@) +mP (@ \ Q0),
o (AP (@) N[0, v(h)] C [0, 7/,
Let (u,(cl)) I<k<mP(Q\3_) be an orthonormal basis of the spectral subspace Ran 1(¢ , s (A?’h(l) (Q4\ QL))
and set

K f = min min
4 Q. f= sz+f

The smallest eigenvalue ofAfh (Q+) satisfies, in the limit h — 0,
lim h log W@y = -2/, (2-11)

bi\Qo) _ 1 2
W2 [, e M () (o) do |

©)
A(R4) =
1 ( +) /‘Q+ e—zf(x)/h dx

(1+0O(e“/My) (2-12)

for some constant ¢ > 0 and u,(:)(n)(o*) = inu,(cl)(a) with the interior product notation (A-1). Moreover,

the nonnegative L*(2.)-normalized eigenfunction u&o)

e_f/h

satisfies

u® — 12 ‘ = 0", (2-13)
(Jq, 2@/ dx) = lwaag,
mP@AR) eSO/ Dy (o) do
dehu(o) 4 o, k 2 uy = O (e~ rtev)/hy (2-14)
k=1 (fQ+ eizf(X)/h dx) Wp’Z(V)

forall p e N, where V is any neighborhood of 3. lying in Q4 \ Q_ and ¢y > 0 is a constant independent
of p and h. The symbols do and n(o), respectively, denote the infinitesimal volume on 32, and the
outward normal vector at o € 9S24

We would like to stress again that Theorem 2.4 does not require f to be a Morse function on €2, nor
on 0€2;.
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Remark 2.5. It would be interesting for practical applications to relax the assumption |V f| > 0 on
Q. \ Q_ in Hypothesis 1 in order to be able to consider saddle points on 32

Remark 2.6. While proving these results, we will actually show that, necessarily, m? (24 \ Q) #0;
see Remark 5.6 below.

Remark 2.7. All the terms in the sum in (2-14) are exponentially small, but at least one is larger than
the remainder O (e~*/+v)/) (see (5-10) and Proposition 6.4). The number of terms which are indeed
larger than the remainder depends on the precise value of ¢y, which depends on the geometry, the global
topology of the domain and the function f (the possibility of several terms is discussed in Remarks 7.7
and 7.9 after Proposition 7.5). In particular, if f is a Morse function, the heights of the generalized critical
points of index 2 along d€2 play a role.

Remark 2.8. In spectral theory, it is natural to work with complex-valued functions or complex-valued
forms. In view of the probabilistic interpretation of our results, the above result is stated — and, actually,
most of the analysis of this text is carried out— with real-valued functions or forms. One exception is
Section 4A, which requires functional calculus and resolvents for complex spectral parameters. Notice
that it is straightforward to write a complex-valued version of the previous results, by replacing the real
scalar product by the hermitian scalar product. For example, in (2-14), this simply consists in changing

- 1 — e
fa§2+e f(”)/hu,(()(n)(o)da to faQ+e f(”)/hulg)(n)(o)da.

Note that the numerators in the estimates (2-12) and (2-14) of the eigenvalue A(IO)(QJr) and of dy, huio)
depend only on the values of f and the geometry of 2, around d€2. More precisely, they do not change
0)

when f is modified inside €2_. This allows us to understand the variations of kgo)(QJr) and 0,u,; ‘ 09,

with respect to f, which is needed in the hyperdynamics algorithm (see Section 1A).

Corollary 2.9. Let f1 and f> be two functions which fulfill Hypotheses 1, 2, 3 and 4. Let )Lgo)( f1) be

the first eigenvalue of A%(,?)(QJF) associated with the nonnegative normalized eigenvector M%O) (f1), and

k(10) (f2) the first eigenvalue of AJI?-Z”(}?) (824) associated with the eigenvector ugo) (f2). Assume additionally
fi=FoinQ\ Q. The quantities 1\ (f12) and d,[e=12/"u¥ (i 2)]],q, = =N/ M[8,u” (f1.2)]] 5,
satisfy
W) Ja, 2RO/ dx
o O | P At O/) | o
_ 0 - _ 0
1aLe= 200y (P, 18ale™ /2 ()l oe, )

Other corollaries and variations of Theorem 2.4 are given in Section 6. Among the consequences, one

(14+0(e™ M), (2-15)

+ 0" in L'0Qy).  (2-16)

can prove the following result when, additionally, f | 09, is a Morse function and 9, f > 0 on 92

Theorem 2.10. Assume Hypotheses 1, 2, 3 and 4 and h € (0, ho) with hg > 0 small enough. Assume
moreover that f |3Q+ is a Morse function and 9, f > 0 on 0Q21. Then the first eigenvalue )\.50)(9+) of
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A?’,z(o)(QJr) and the corresponding L? (2. )-normalized nonnegative eigenfunction MEO) satisfy

fasz+ 20, f(0)e 2 @/h 4o
IGT
n
- O ~
B onle f/hui )]|aQ+ B (28, f)e 2f/h|352+
”3n [e—f/hugo)] ||L1(BQ+) || (23nf)e—2f/h ||L'(3Q+)

0
(I

(1+0(h)), (2-17)

+O(h) in L'(0Q4). (2-18)

The proof of Theorem 2.4 is given in Proposition 3.12, Lemma 5.9, Proposition 6.1 and Proposition 6.8.
The proof of Corollary 2.9 is given in Section 6D. The proof of Theorem 2.10 is given in Section 7A2.

3. A priori exponential decay and first consequences

By applying Agmon’s type estimate (see, for example, [Helffer 1988; Dimassi and Sjostrand 1999] for a
general introduction) for boundary Witten Laplacians, we give here exponential decay estimates for the
eigenvectors of A%h(Q_), A?h(QJr \ _) and A?h(QJr).

3A. Agmon identity. We shall use an identity for boundary Witten Laplacians, proved in [Helffer and
Nier 2006] in the Dirichlet case and in [Le Peutrec 2010b] in the Neumann case.

Lemma 3.1. Let Q be a regular bounded domain of (M, g) and let A?h(Q) (resp. AI}{h(Q)) be the
Dirichlet (resp. Neumann) realization of A 7, (S2). Let ¢ be a real-valued Lipschitz function on Q. Then,
for any real-valued w € D(A?h(Q)) (resp. w € D(A?’,h(Q))),

(w, AR (Qw) 12
= h2||de¢’/hw||iz(m +h2||d*e¢/’1w||iz(g) (VP =IVel* +hlyy+hlyp)e o, e )12
—h / (w, CU)T*QEZ(p(U)/h%(O') do.
30 i on
(. /" AY L ( Qo) 120
= h?||de? " o }a ) + RElld*e? P ol|7s ) + (UV FIP = V@ + hLy s +hLy et w, e w) 2 q)

0
+h / (w, a)>T*Q€2(p(G)/h_f(U) do.
aQ e on

In the previous formulas, the notation Ly refers to the Lie derivative; see (A-2). We shall use this
lemma with specific functions ¢ associated with the metric |V f|?g.

Lemma 3.2. Let Q be an open subset of M, f € C* (), and let dag be the geodesic pseudodistance on Q
associated with the possibly degenerate metric |V f|*g. The function (x, y) — dag(x, y) is Lipschitz (and
thus almost everywhere differentiable) and satisfies

[Vidag(x, yo)| < IV f(x)|  forall yy e Q and for a.e. x € 2,
|f(x) = fO)] S dagx,y) forall x,yeQ. (3-1)
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The equality dag(x, y) = | f(x) — f ()| occurs if there is an integral curve of V f joining x to y. Moreover,
forany A C Q, the function x > dag(x, A) (Where dag(x, A) =inf,ep dag(x, a)) is Lipschitz and satisfies

|Vidag(x, A)| < |V f(x)| forae xecQ.

Proof. The Lipschitz property comes from the triangular inequality for dag(x, y). It carries over to
dpg(x, A). The comparison between | f(x) — f(y)| and dag(x, y) comes from

1
5/0 IVfy @)y @ldt =1y|ag

1
) = fO)] = ‘/O V) -y di

for any C!-path y joining x to y and denoting by |y | Ag its length according to dag. 0

Remark 3.3. A detailed discussion about the equality dag(x, y) = |f(x) — f(y)| when f is a Morse
function, which involves the notion of generalized integral curves of V f, can be found in [Helffer and
Sjostrand 1985b].

3B. Exponential decay for the eigenvectors of A?’h(p )(SZ_) (p =0,1). Notice that, from Hypothesis 1,

there exists an open set U such that

UcQ_. and |Vf|#0 in Q_\U. (3-2)

The following proposition will be useful to prove that all the eigenvectors of AI}/”h(p ) are exponentially

small in the neighborhood of 9€2_ (see Proposition 3.5). It actually holds for any open set U C €2_ which
contains all the critical points, without the additional requirement U C Q_.

Proposition 3.4. Let U be an open subset of Q_ such that |V f| # 0 in Q_\ U and let dag(x, U) be the
Agmon distance to U defined for x € Q2_. There exists a constant C > 0 independent of h € [0, hg] such
that every normalized eigenvector w;,, of AIX »(822) associated with an eigenvalue Ay, € [0, v(h)] satisfies

dpg(- . U)/h dpg(- . U)/ R

lle oyl \v) =< lle o2y <C,

dpg(- . U)/ R dag(- . U)/ R

lle

oy lwiz@o\vy < lle o, lwizgy < AR

Proof. The function dag( -, U) vanishes in U and satisfies the properties of Lemma 3.2 with (2, A) =
(2_, U). Let us now apply Lemma 3.1 on A%h(ﬁ_) with the function ¢ = (1 — ah)dag( -, U) (Where
« is a positive constant to be fixed later on) and a normalized eigenvector w: A% 2 (Q)w = Aw, where
A €10,v(h)]. With df/0n > 0on dQ2_, v(h) < h and IVo|? < (1 —ozh)IVfI2 (for h < 1/a), we obtain

0= IPllde? o} q , + 1 lld* e ol g +hlale? o, |V fPe? o) gy — Crlle? " w72 g ]
(3-3)
Here, we have used the fact that, for any vector field X, Lx + LY is a differential operator of order 0
involving derivatives of X and g that are uniformly bounded in Q_.
Using (3-2), choose « such that e min, g \;, [V f(x)[* = 2C and add 2C sh[|e?/ " w||7, (v, on both
sides of the inequality (3-3). Using the fact that

2Csh > 2cfh||w||iQ(U) = 2cfh||e<"/hw||iz(w,
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one obtains
2Csh > h2||de¢/hw||§2(9_) + h2||d*e¢/hw||§2(9_) + cfh||e¢/hw||§2(9_).

This implies e —emdag(-.U)/ R gy 12 <2 and

L2(Q) =

I(hd)e!!=eMiret-DIbg|, o || (hd)* ! =eMiat-DIkg|, o < 2Ch.
Since dag( -, U) is a Lipschitz (and thus also bounded) function on Q_, this ends the proof. Il
Here is a useful consequence of Proposition 3.4:

Proposition 3.5. Let (1[/ )1< j<md () (resp. (1,//k ) 1<k<mV(@_)) be an orthonormal basis of eigenvectors
of AN (0)(9 ) (resp. AN (1)(9 )) associated with the eigenvalues lying in [0, v(h)] (or, owing to
Hypotheszs 3, in [0, e_CO/h]) Let U C Q2_ be an open set satisfying (3-2). Let x_ € C;°(2_) be a
cut-off functton such that 0 < y_ <1 and x_ =1 on a neighborhood of U. The functions vﬁO) = X_ 1#(0),
1<j<my (Q ) (resp. one-forms v(l) =X_ wlfl) 1<k< mN(Q )) belong to the domain D(AD (0)(Q+))

(resp. D(A (Q+))) of the Dirichlet realization of Ay, in Q4 and they satisfy: for h € [0, ho]

mY () my (2-)

0 1 1 — h
D = vPlwag o+ Y 1 = v e, = 0",

k=1

0 0 — h 1 1 —c h
(), V) 2@ =y, 0N, (0 v) 2@k =1d,y g ) 0™,

W, ATP @) gy =0, P AT @) 2., = 0T,

where the O(e_c"f/ h) remainders can be bounded from above by C Xie—cx,/ h for some constants C,_,
¢y_ > Oindependent of h € [0, hol. Throughout, 1d,,, denotes the identity matrix of size m x m.

Proof. Let i be a L?>(Q2_)-normalized eigenvector of AN P )(Q_), p = 0, 1, associated with the
eigenvalue A = O(e~“/"), and set v = x_1. Since x_ belongs to C;°(S2-) the form v = x_v belongs
to D(AT P (24)).

The W1 2(Q_) estimates as well as the result on the Gram matrices are consequences of

— l
I —vllwie ) = 10 = x ¥ lwiag ) < Il =1) <C) e St (3-4)

for some constants c;(_ >0and C ;(_ > 0. The estimate (3-4) is derived from Proposition 3.4 by using
the fact that there exists ¢ > 0 such that dag(x, U) > ¢ for all x € Q_ \ {x_ = 1} (this is a consequence
of (3-2)).

For the last estimate of Proposition 3.5, we use Lemma 3.1 with ¢ = 0. Considering first the estimate

on A?h with Q = Q, w = v = x_v and then the estimate on Al}fh with Q = Q_, w =y, one obtains

o AR QDX V) 20
= W2 dx V122, + RPN X Vg, + (VP +RLyp +hC DX V. X V)12, +0 (3-5)
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and (since df/on >0 on dQ2_)
eV =0 = WY s+ PPNV g, + AV P +hLy s +hLG I Y2 ). (3-6)

By considering the difference between (3-5) and (3-6), we thus have

X v AR QX V) 12ay)
<e L R (ldx_ Y2, — 14V T2 ) + A X172, = 1d*V1T2q )
+ (VISP HhLy s +hLy ) x V. x- V)2, — (VP +hLys +hLy v ¥) 2.))-

The last three terms in the right-hand side are all of order O(e_cxf/ h). Indeed, for the first term (the two
other terms are estimated in the same way),

dX_¥ 172, = 1d¥ 172 | = K@ = x ¥, d(1+ X)) 120
-2¢! h
S C;f ||w”%}[/12(g27\{ C(S) “x /

using again (3-4). This proves the last estimate. U

x_=1})

According to the terminology of [Le Peutrec 2009], the property on the Gram matrices in Proposition 3.5
is equivalent to the almost orthonormality of the family (vj.p ))15 jemV(©@ ) P = 0, 1,in L*(Q4).

Definition 3.6. A finite family of #-dependent vectors (MZ)lsks n in a Hilbert space # is almost orthonor-
mal if the Gram matrix satisfies

((Mi?, ”Z))lsj,kgzv =Idy +O(e~¢/M)
for some ¢ > 0 independent of 4.

We end this subsection with some remarks on the spectrum of AN (O)(Q ), which we denote (as
usual, in increasing order and with multiplicity) by (/Lk )(Q )i>1. The ﬁrst eigenvalue of A )(Q_) is
10)(52,) = ( associated with the eigenvector

o f/h

1/,(0) .
(Jo e~2f0/h dx)W

One can prove that the second eigenvalue p, )(Q ) of AN 0 )(Q_) is exponentially large compared

to e~/ where we recall Ky =mingq, f —ming, f = mlnag+ f —ming_ f.

Proposition 3.7. Let cvmax be the maximum critical value of f in Q_:
cvmax = max{f(x) :x € Q_, Vf(x) =0}.
Then the second eigenvalue M(O)(Q ) of AN (0)(97) satisfies

hm 1nfh log(u(o)(Q_)) > —2(cvmax — inn f) = =2k +2co,

where cq denotes the positive constant used in Hypothesis 2.
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Proof. The second inequality —2(cvmax —ming_ f) > —2« ¢ + 2¢¢ is of course a consequence of
Hypothesis 2. To prove the first inequality, let us reason by contradiction and assume that there exists
&o > 0 and a sequence h,, such that lim,_, o 4, =0 and

min{G(AI}{}1(?)(Q_)) \ {0}} < Ce—Z(CVInax—minQ, f+eo0)/ hy )

To simplify the notation, let us drop the subscript n in h,. Let 1//2(0) be a normalized eigenfunction

of AJJX’,I(O)(Q_) associated with /Léo)(Q_) > 0. It is orthogonal to 1//1(0) in L?(2_) and it satisfies: for
any Q2 C Q_,

0 0 0) AN.(O 0 0 - ax — mi
I 03”132y < Mt 172y = W37, AT QW) gy = pf) < Cem2evmax—mina_ freo)/h,
In particular, for Q = {x € Q_: f(x) < cvmax +%80}, this gives

—mi Y/ h 0 2 -2 —mi Y/ h 2 0
||d(e(f ming_ f)/ 1wz( ))”LZ(Q) <h I)?eaé |e(f(x) ming_ f)/1| ”df,hwz( )”%2(9)

< Ch—Ze—Z(cvmax—mingL f+eo)/h mag)z( |e(f(x)—min97 /h |2 < C/e_SO/h.
xXe

Using the spectral gap estimate for the Neumann Laplacian in 2 (or equivalently the Poincaré—Wirtinger
inequality on 2), there is a constant C, (depending on 1/f2(0) ) such that

0 —(f—mi i —
”1'02( ) _ Che (f—ming_ j)/h”L?(Q) = O(e eo/(Zh))‘
Equivalently, there is a constant Cj, such that
0 0 —
1937 = Cnv 12 = O™/ ). (3-7)

Further, using Proposition 3.4 with U = {x € Q_ : f(x) < cvmax +3&0} C €, and a lower bound on
dag(x, U) (see (3-4) for a similar argument), one obtains

0 0 _
1 P2 v + 1031 2@ ) < Cege S0/ (3-8)

The two estimates (3-7) and (3-8) contradict the orthogonality of wz(o) and %(0) in L2(Q_) in the limit

h — 0 (actually n — 00). U
3C. Exponential decay for the eigenvectors of Alf)’h(p )(SZ.,. \ €_). In this section, we will check that
O’(A?};O)(Q+ \ Q) N[0, v(h)] = @ and provide the same results as in the previous section for the

D, (1)
h

eigenvectors of A} (€24 \ Q_). Let us start with an equivalent of Proposition 3.4.

Proposition 3.8. Let V be a subset of Q4 \ Q_ such that 3Q, C V and let dag(x,V) be the Agmon

distance to V defined for x € Q4 \ Q_. There exists a constant C > 0 independent of h € [0, ho] such that

every normalized eigenvector \ of A?}fl)(QJr \ Q_) associated with an eigenvalue ) € [0, v(h)] satisfies

C

dag(-,V)/ h _
MY lya@aa) = 5

lle
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Proof. The proof follows ideas from [Dimassi and Sjostrand 1999]. Using Lemma 3.1, the fact that A < h
and the assumption on the sign of the normal derivative of f on d2_ stated in Hypothesis 1, we have

Pang TR T g g HAVIPE= Ve Y, e ") g 0

of
—hCylle? M2 g, — / W YIAT2, (@) do. (3-9)
FIo

0> h?||de?/ "y |2

Using the trace theorem, there exists a constant Cy, such that, for any @ € /\ whz),
/8 (@, 0l 10, do = Cll0lTg, + ol lolzm)
+
By applying this inequality to = ¢¥/"v and using

2 2 2 2
”wllwl,Z(V) S CV[”(‘)”LZ(V) + ”dw”Lz(V) + ”d*a)”Lz(V)]’

the last term of (3-9) is estimated by

g f *
‘h fa e O (0) dor| < 3P 1de Yl Loy, + 1" MY, 1 4 Crvlle? "Wl ay,
.

<317 Yl gy 17 Vg g )1+ Cry

since ¢= 0on V. Taking o= —ah)dAg(x V) in (3- 9) gives (using |V(p|2 <(1-— ah)lVf|2 and the

1 h h
C}yV Z z ”de‘/’/ w”LZ(Q \Q )+ ||d*e(/7/ 1/f||L2(Q \Q )]
. 2 o/h. 2
+l’l(0€ erI:l\lSIZI,UV |vf(x)| Cf)”e w||L2(Q+\Q,UV)'

By taking o large enough, this yields the exponential decay estimate
C//

: WV

”edAg( ’V)/hw”WLz(QJr\(Z,) E Tf

We are now in position to state the main result of this section, which can be seen as an equivalent of
Proposition 3.5 for AD (p)(Q \ 20).

g

Proposition 3.9. (1) There is a constant ¢ > 0 such that
o (ALO(QA\Q)NI0.cl=2  forall he (0, hy). (3-10)

(2) Let (lﬁk ) m (@) 41 <k<m (@_)4mP (@ \G_) be an orthonormal basis of eigenvectors ofA D@, \Q)
associated with the eigenvalues in [0, v(h)], and let x € € C*®(Q4) be such that x y=lina nezghborhood
of 024 and x, =0 in a neighborhood of Q_. Forallk e {mfl(Q_) +1,..., mf’(Q_) +m1D(Q+ \ Q)},
1 1
set vlg ) = X+1ﬁ,§ ). Then
mY¥ Q) +mP (@ \Q0)

1 1 — h
> e = v e, = O™ /M), (3-11)
k=m¥ (Q_)+1



LOW TEMPERATURE ASYMPTOTICS FOR QUASISTATIONARY DISTRIBUTIONS 577

that is, the one-forms v}gl) are close to w,&l)for ke {mllv(Q_) +1,..., m{V(Q_) +m{)(§2+ \ Q_)}. They
are almost orthonormal in L2(Q+):

(), v ) p@kr =1d,p0.5 ) +O0E "),
Moreover, they belong to D(AD (1)(S2+)) and they satisfy
1) AD. —cy, /h .
W AT @) 2,y =0y and A u) =0 in {x, =1,
All the O(eicﬂ/ h) remainders can be bounded from above by C X+ech+/ Jor some constants Cy,, ¢y, >0
independent of h € [0, ho).

Proof. (1) The lower bound on the spectrum of AD © (24 \ Q_) comes from Lemma 3.1, used with ¢ =0,
and Hypothesis 1: for any function w € D(AD’ (0)(Q+ \Q)),

(w, A D (O)(QJr \ Q_ )a))L2(Q \Q)

—hzudwan(Q o PN 0N g g AV FPHRLy s +hLy o, ) poa ) = Crlollsg, g -

(2) Let us start by proving that dfhvkl) =0in {x, = 1}. Let ¥ be an eigenvector of AD (1)(S2+ \ Q1)
associated with an eigenvalue A € [0, v(h)]. Then, d hw belongs to D(AD (0)(S2+ \ Q_)) and

ALO @S v = ady i,

according to [Helffer and Nier 2006] (see also (4-3) below). Using now (3-10) and A < v(h) < h, this
implies

d;hw =0, (3-12)
and thus d;“c’hv =0in {x, =1}.

All the other estimates are proved like in Proposition 3.5 as consequences of the exponential decay
estimate for the eigenvector v, stated in Proposition 3.9, using a neighborhood V C Q. \ Q_ of Q2
such that x, =1 in a neighborhood of V.

For example, for (3-11), using dag(x, V) > 2C3(+ > 0 for x € supp(1 — ), Proposition 3.9 provides

- /h
I = x DV lwiegag ) < Cre (3-13)
; @» D (1 D (1)
The proofs of the two other estimates on (v, ', v, ") 12, ) and (v, (Q+)vk )L2(9+) follow the

same lines as in the proof of Proposition 3.5. U
3D Exponential decay for the eigenvectors of A ’(p )(SZ+), (p=0,1). We will use the two operators
(Q ) and A (SZJr \Q_)to analyze the spectrurn of Afh(Q+)

Deﬁnltlon 3.10. On ALY QD) =ALXQODAL>(Q2:\Q2), let A ' (824) be the self-adjoint operator
AV (@) AR, @\ Q).
In other words, for any form u such that ulg_ € D(A%h(Q_)) and u19+\§_ € D(A?Jl(SZJr \ Q)
(namely if u € D(A h(9+)))

AT Qu= AT Q) ulg )+ AR, (e \ Q) ulg,\g ).
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It is easy to check that the spectrum of AGB P )(Q+) is the union of the two spectra O'(AZ’II(]’ )(Q_))
ando (A}, D-(p) (24\Q_)). Bases of elgenvectors are given by the direct sum structure. In particular, we have
miy Q) = my () +my) (24 \ Qo).

where m@(SZJr) = [G(A®h(Q+)) N[o, v(h)]] denotes the number of small eigenvalues of Ai‘?h(QJr)
Proposition 3.11. Let U be an open set satisfying (3-2). Let (glfk )1<k<mn(9+), p=0orl, be an

orthonormal basis of eigenvectors of A (p )(Q+) associated with the eigenvalues in [0, v(h)], and let
x €C®(Q) be suchthat x =1ina nezghborhood of 02, UU and x =0 in a neighborhood of 02_. For
allke{l,...,m (Q+)} set v(p) Xw,fp). The forms v,ip) are close to w(p)fork efl,..., m?(QJr)}:
m, (Q+)
Z 1" =0 w2, = Oe™/™).

They are almost orthonormal in L2(52+):

(<v/£p) ’UIE, )>L2(Q+))k,k/ = Idmg(9+) +O(€_Cx/h)_

Moreover, they belong to the domain D(A?’h(p )(Q+)) and they satisfy

W AT QO g, = O(e™ M),
All the O(e=x/") remainders can be bounded from above by Cxe_cx/hfor some constants Cy, c, >0
independent of h € [0, hg].

Proof. The proof for p = 0 follows the same lines as the proofs of Proposition 3.4 and Proposition 3.5,
because the boundary term in Lemma 3.1 disappears for functions vanishing along 9$2...

For p =1, the boundary term has to be taken into account as we did in the proofs of Proposition 3.8 and
Proposition 3.9. A neighborhood V of 9€2 has to be introduced and the function ¢ used in Lemma 3.1 is
@(x) = (1 —ah)dag(x, UUYV) with o > 0 large enough. O

Notice that the number m (Q+) of small eigenvalues for A (p )(Q+) is a priori dependent on /. We
did not explicitly indicate thlS dependency since the result of the next section is that m Il,) (24) is actually
independent of 4.

3E. On the number of small eigenvalues of AD () (24). Using the results of the three previous sections,
one can show that the number my D(Q.)of elgenvalues of A (” ) (24) in [0, v(h)], is actually independent
of h € (0, hy).

Proposition 3.12. For p € {0, 1}, the number of eigenvalues of Ay (p )(Q+) lying in [0, v(h)] is given by
my (Q4) = my () +my) (24 \ Q)

where we recall (see (3-10)) that mOD(Q+ \ Q_) = 0. Moreover all these eigenvalues are exponentially
small, i.e., there exists c(/) > 0 such that

O’(AD (P)(Q+)) ) [0, l)(h)] C [0’ e_"()/h] fOl’ all h e (0, hO), P = 0, 1.



LOW TEMPERATURE ASYMPTOTICS FOR QUASISTATIONARY DISTRIBUTIONS 579

Proof. This is obtained as an application of the min—max principle. Indeed, we know that the spectrum
of A?’;p )(€) is given by the formula

W@ = sup Q@i,....wp1) for k=1,

{o1,...,01 1}
where
(v, A (Q+)U)L2 Q
Qwi, ..., 0p_1) = inf{ ) v e D" @), v e Spanor, ..., wk_oi}.
v ||v||L2(Q )

By convention, for k = 1, the supremum is taken over an empty set (and can thus be neglected). Using
Proposition 3.5 and Proposition 3.9, one can build m ), := mN () + mD (€24 \ ©_), almost orthonormal
vectors for which the Rayleigh quotients associated with A Iy ,(p )(SZ+) are exponentially small. Let us
fix ¢ > 0 and consider {wy, ..., @y,—1} such that A(p)(§2+) < Q(wi, ..., wn,~1) + & Since, in the
limit & — 0, the m, vectors bu11t in Proposition 3.5 and Proposition 3.9 are linearly independent, there
exists a linear combination v € D(AD (p)(52+)) of these vectors which is in Span(wy, ..., a)mp_l)L.
Using the estimates on the Rayleigh quotients and the almost orthonormality of these vectors, one
obtains that (v, A?’}fp)(Q+)U)Lz(9+)/||v||%z(9+) = O(e~“/") for some positive constant c¢. This implies
that Q(wy, ..., wi—1) = O(e~¢/") and thus AP () = O(e~/"). Therefore, one gets m 5 () = m, =

my(Q) +mD(Qy\ Q).

Similar reasoning on A$ P )(Q+) using Proposition 3.11 gives the opposite inequality m@(§2+)

mh Q) +mb (24 \ Q) z m5(9+) This ends the proof. O

4. Quasimodes for AD (0)(SZ+) and AD (1)(Sl+)

In this section, we specify the quasimodes which will be useful for the analysis of the spectrum of

A (O)(Q+) lying in [0, v(h)]. In our context, for p = 0, 1, a quasimode for AD (p)(52+) is simply
a functlon v in the domam D(A (”)(m)) such that (v, AD Q) 2, /||v||L2(Q ™ = O(e=</M).
Quasimodes for A (Q+) (resp. A (Q+)) will be built from the eigenvectors of A (Q ) (resp.
of AV (@) and AD D@\ Qo ))

4A. The restricted differential . We recall here basic properties of boundary Witten Laplacians.

Proposition 4.1. Let 2 be a regular bounded domain of (M, g) and consider the Dirichlet (resp.
Neumann) realization A = AD h(Q) (resp. A = f h(SZ)) of the Witten Laplacian with form domain
0(A) = WSA(Q) (resp. Q(A) = Wy*(Q)). The differential dy, and codifferential d’,, satisfy the
commutation property: for all 7 € C\ o (A) andu € Q(A),

din(z— A lu=(z—- A)_ldf,hu and d}‘-ﬁh(z — A u=(- A)_ld}k-’hu.
Consequently, for any € € Ry,

dppolig(AP) =11 g(AP VYodpy,  and df; 0li0(AP) =11(AP D)od},. (41)
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where AP denotes the restriction of A to p-forms. Moreover, if Fé(p ) denotes the spectral subspace
Ran I, g](A(”)) the chain complex

0—> F” — o s pP7D T g0 T D S BP0 (4-2)

is quasi-isomorphic to the relative (resp. absolute) Hodge—de Rham chain complex. The Witten codifferen-
tial d;’iﬁ , implements the dual chain complex.

Relative and absolute homologies are standard notions in algebraic topology and Morse theory (see,
for example, [Hatcher 2002; Milnor 1963]). Their translations to cohomology and boundary value Hodge
theory is presented, for example, in [Taylor 1997; Schwarz 1995]. A quasi-isomorphism is a morphism
of complexes which induces an isomorphism of homology groups.

We refer to [Chang and Liu 1995; Helffer and Nier 2006; Le Peutrec 2010b] for the adaptation to
boundary cases of these well-known properties of Witten Laplacians [Cycon et al. 1987, Chapter 11].

Let us give two consequences of that result that are useful in our context. First, the following property,
which was already used in the proof of Proposition 3.9, holds (using the notation of Proposition 4.1):

APTDG i = Ad
APy =ry = { (p=1) ihw K (4-3)
APDGE =0
with the convention A™D = A@+D = (. Secondly, we have the orthogonal decompositions
L 1
= Ker[A| ] ®Ran[df| . | ©Ran[d}, |, ], (4-4)

1

Ran[d}; |, 1" = Ker[dyal,,] = Ker[A|,, ]@Ran[d 4] ]
1 * T *

Ran[d |F,5] = Ker[df,h |Fg] = Ker[A|Fg] ® Ran[df,h |Fg]’

where Fy = EB‘;ZO F ép ). In our problem, we shall use the following notation:

Definition 4.2. Consider the Dirichlet realization AJQ 2(824) of Ay on Q4. For p =0, 1, the operators
1P are the spectral projections

H<P>—1[0U<h)](A (Q), p=0,1,

and their range is denoted by F(?). Moreover, the Witten differential d, restricted to F® is written
as f = df’h|F(0) :FO — FO 5o that A?}fo)(§2+)|F(0) = B*B, where * = d*);’h|Fm :FO — FO,

A consequence of the commutation properties (4-1) is the identity
p=1Yds, =d;, 10 =10, (4-5)

Moreover, (4-4) becomes
FO =Ran[g*], since Ker(B)= {0}

because Bu =dypu =0 and u =0 on 32 imply u = 0, and

a _ * = D,(1) x * *
FV = Ker[#*] ® Ran[] = Ker[A ;},” (21)] © Ran(8) & Ran[d} , | . |- (4-6)
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4B. Truncated eigenvectors. Let us recall the eigenvectors that have been introduced in Propositions 3.5
and 3.9:

. (1}0(0))1 <j<m)(e_) are eigenvectors for the operator AN {0 (Q_) associated with the eigenvalues
0= u<°>(sz ) < Coe 20kr—c)/h < O ) <...< M<0> o (Q2) <e~/" < v(h). The first eigen-
vector w associated with the eigenvalue u Q)= 0'is w(o) =e /Mg /([ e 2™/ dx)l/z.
The lower bound on ;,L(O)(Q_) stated above is valid for sufficiently small 4 and was proven in
Proposition 3.7.

. (wlgl))1<k<mN(Q ) are eigenvectors for the operator AN (1)(52 ) associated with the m) NQL) eigen-
values smaller than v(%). Using (4-3), those elgenvectors can be labeled so that

v = @) P = il @)Y, for kel my (@) — 1.

Notice that we may have m{V(Q,) =my N(Q_) — 1. If not, using (4-6), B* w(l) = dfhw(l)
for k > m{/ (Q_).

. (wlf]))mzv(g yH1<k<m (@ )+mP @ \@ ) AT eigenvectors for the operator A (Q+ \ ©_) associated
with the mD (Q+\§2 ) eigenvalues smaller than v(%). From (3-12) in the proof of Proposition 3.9,
we know that d}ht/f(l) = B* w,ﬁl) =0.

In Proposition 3.12 we proved thatmo Q1) =m{ (Q_) and mP (1) =mY (Q_)+mP(Q4\Q_). The
families (w( )i<j <mP () and (wk )1<k<mo(Q ) are orthonormal bases of elgenvectors for A® (0)(§2+)
and A€B (1 )(Q+) respectively, restricted to the spectral range [0, v(h)]. These two families W111 be used
to construct quasimodes for the operator A?’h(p ) (24) restricted to the spectral range [0, v(k)]. This will
require some appropriate truncations or extrapolations, detailed below.

Let us start with 1//(0) and let us introduce

70 _ e Mg, (x)
(fm e—2f(x)/h dx)l/Z

(4-7)

These two functions are exponentially close in L?(2,.), that is,

0 7 (0 —c/h
1”4l 2, < Ce™

owing to f(x) > minyg f > ming, f for all x € Q4 \ Q_ and the following upper and lower bounds of
the integral factor:

Lemma 4.3. Let Q be a regular bounded domain of (M, g) and let f belong to C*®(2) such that ming f
is achieved in Q2. Then there exists a constant Cy > 0 such that

Cihd/Ze—Z(minQ £)/h S/ o2/ gy ivolg(Q)e—Z(ming f)/h’
f Q

where Volg (S2) denotes the volume of 2 for the metric g.
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Proof. The upper bound is obvious since e =2/ )/ < g=2(ming /)/h for 4]l x € Q. For the lower bound,

+00 dt +oo dt
/ e 2f M/ g :/ / et/ 8 gy :/ Vol 2f < t)e_t/h il
Q Q21w h 2ming f h

= ¢~ 2(ming f)/h /O Vol (2f < 2min f + hs)e™ ds.

write

We assumed the existence of x( € 2 such that f(xo) =ming f. Using the Taylor expansion of f around x,
there exist 7 > 0, 1o > 0 and 5o > 0 such that the ball B(xq, (hs)'/?/r) is included in {f <ming f+ %hs}
for all s < so and i < ho. Since Voly[ B(xo, (hs)!/?/r)] > (hs)¥/?/C,, we get

d/2,—2(ming f)/h

S
/ e 2O/ gy > ie—Z(minQ /h / 0 e_s(hs)d/z ds > h . 0
Q Cr 0 Cf

Compared to the standard Laplace estimate, the interest of Lemma 4.3 is that it holds even if the
minimum of f is degenerate.

In all of what follows, U denotes a fixed subset of €2_ satisfying (3-2). Let us introduce various cut-off
functions, which all satisfy 0 < y < 1. We refer to Figure 1 for an illustration of these cut-off functions
with respect to the three sets U C Q2_ C Q4.

. XEO) and xil) are two cut-off functions like y_ in Proposition 3.5, that is, x(_p Ve C5(22) and x(_p =1
0

in a neighborhood of U with the additional condition that x_” = 1 in a neighborhood of supp Xil) .

* X, ischosen as in Proposition 3.9, thatis, x, € C>®(R), X, =1inaneighborhood of 92 and x, =0
in a neighborhood of Q_. Let us introduce ¢4 > 0 such that xy=lon{xe Qp:d(x,9924) <ci).

* X, belongs to C3°(€24), x, =1 in a neighborhood of Q_ and is chosen in such a way that its gradient
is supported in {x € Q4 : d(x, 0Q24) < 4}, where 64 € (0, c+) will be fixed later.

We are now in position to introduce a family of quasimodes for the operator A?”h(p ) (24).

Definition 4.4. Let XSO), Xil), X and x, be the cut-off functions defined above. Let (1//;.0))15 j<mP(@ +)_and
(wlfl))lgkfm?(m) be the previously gathered families of eigenvectors of A%(p) (2_) and A?;fl) (Q\QL),
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and finally let 1}1(0) be given by (4-7). The families of vectors (UE'O))lstmé’(m) and (v,ﬁl))lskfmlu(m) are
defined by:

e 0@ = 3 3O,
UE.O) = Xﬁo)w](.o) for j€{2,....m{(Qp};
o) =Py forke (1, ..., mV Qo))
. vlil) = x1 ) fork € mV(Q) 4+ 1,...,mP(Q4)).
Proposition 4.5. The families (vj‘()))lgjgm(?(sh) and (vél))lgkgm?(su) of Definition 4.4 satisfy:

(1) They are almost orthonormal in L*(2):

© O e
((Uj ,Uj/ >L2(Q+))1§j,j/5m(l))(§2+)=Idm(1))(§z+) +O(€ c/ )’

@® M —c/h
(<vk » Upr >L2(Q+))1§k,k’§mf’(9+) = Idmf’(m) +0(e </ )
for some constant ¢ > 0 independent of § .

(2) The elements v(O) 1<j< mé’(SLr) (resp. v(l) 1<k< m?(SLr)) belong to D(AD (0)(§2+)) (resp.
AP (l)(Q+)) and satisfy

0 0 —c 1 1 —c
W AL Q@) 2@y =0 and (v, ATV @v ), = 0,

respectively, for some constant ¢ > 0 independent of 5.

(3) Let us consider the spectral projections 9 ang 1M assoczated with A? h(S2+) introduced in
Definition 4.2. The elements v 1< j<my D(Q.) (resp. vy ), 1<k < mD(Q+)) satisfy:

0 - 1 1 _
W =IO g, =0 and v = TDv 120, = O™/,
respectively, for some constant ¢ > 0 independent of § 4.

Proof. (1) The families (1/1( )< <j=mP () and (wk )1<k<mo(Q ) are orthonormal bases of eigenvectors
of A€B “© and A€B ) respectlvely Proposition 3.5 implies that the family (X(O)l/f(o)) 1<j<mP () is

almost orthonormal The estimate || XOW(O) (O)wl( )|| L2 = < Ce™“/" (which is a consequence of
Lemma 4.3 and f (x) > minyg_ f > ming, f for all x € Q. \ ©_) ends the proof of the almost
orthonormahty of (v )1<!<mD(Q+) For p = 1, the two families (v M _ (1)%1 )i<k<m(_) and

(v(l) = X+Wk )mN(Q )+1<k<mP () have disjoint supports and therefore lie in orthogonal subspaces
of L2(Q,). Also, the almost orthonormality of both families is again a consequence of the exponential
decay of the w(l)' see Proposition 3.5 and Proposition 3.11.

(2) With the chosen truncations, all the vectors v(O) (resp. vy )) belong to the domain D(A (O)(Q+))
(resp. D(A (1)(S2+))) In all cases except p =0 and k = 1, we obtain, for v = x i (we omit the index k
and the superscrlpt (p)) and Ay = Ay, where A = A%h (Q)or A= A?h(QJr \ Q),

(v, A2, Q) 2, = ldpavllTs + 145,017, < (s AU+ CIY 12y < Ce M,
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owing to (¥, AY) = A = O(e~/"y and to the estimates on ¥ — v given in Proposition 3.5 and

Proposition 3.11. For p =0 and k = 1, it is even simpler because d,, 1/71(0) = 0 implies

0 D,(0 0 7 (0 7 (0 —
(W, AT @V ey = o Do, = I hdx) ¥ 17 2q,, < Ce™/

as a consequence of Lemma 4.3 (see (5-8) below for a more precise estimate).

(3) All the vﬁ.o) and v,i satisfy (v, Av)12q,) = O(e=/"y with A = AD (O)(Q+) or A= AD (1)(§2+) and
recall that [T and T are the spectral projectors 1o, (1)) (A). The last estimates are consequences of

VI, +00) (A2, < (v, AV) 2,y < Ce™ /"

together with the fact that limy,_.o 2 log v(h) = 0O; see (2-5). U
In the next section, we will need these calculations:

Proposition 4.6. The coefficients (v, d7v\") 12y, j € {1.....mP(Q} k € (1,....mP (@),
satisfy:
(1) For j=1landk e{l,...,mY¥ (@)}, (v", drsv\”) 120, =0.
(2) For j=1andk € {mY(Q_)+1,....,mP(Q)},
h f39+ e*f(")/hint//lgl)(a) do
(Jq, e72/ 1 dx)‘ﬂ

M ©)
(v s dpnvy )2 = —

where do is the infinitesimal volume on 02 and n(o’) the outward normal vector at 0 € 02..

(3) Forje{2,....m(Qp}andk e{l,...,mY(Q)},
s dpv) e,y = Vi Q) Bk j—1 + O™,
@) Forjef2,....mP(Qo}yandk € (mY (@) +1.....mP( @} (0" dpav®) 20,y = 0.

Proof. Cases (1) and (4) are due to the disjoint supports of d,j, vﬁo) and v,ﬁl) (see Figure 1).
Case (3) comes from the computation

dp? =dpa(x v = xVd gy + hdx ) Ay
— )(Q )X(O)w(l) +¢J(-O)hd)(£0)-

The condition XEO) = 1 in a neighborhood of supp Xfl) then leads to

1 1 1 0
(Ui ),df,hU§- Y2 = ()W() VM( (@) 1/fj Ao
0 0 1 1
=Vl @8 o1+ Vi @O = x vz,

and we conclude with the exponential decay of w,fl) given by (3-4) in the proof Proposition 3.5.
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For case (2), we first use
—f/h
e
—2f(x)/h i7"
(fm e~ dx)

0 70
dpnvl” = dpa(x¥”) = dxo-

The assumption on the supports of x, and x, (see Figure 1) implies that d x,, is supported in the interior
of {x € Q4 : x4+ (x) =1}, so that

1
2
_ 0 _ _
( f e W dx) (W vy = (e P hdxg) = (. e M hd x).
Q
The definition of the Hodge » operation gives

dito A Ixe My = —h / d(1 = xp) Alxe My ).
Q

Q8o

' =0in Q, \ 2_, which means

We recall (see (3-12) in the proof of Proposition 3.9) that d;i’ WV
e—f/h

h

dixe /Myl = (=D« [ d;hw,f“] =0 in Q;\Q_.

Hence, we get
d(1 = xo) Alxe™ My = d[(1 = xo) ATxe™ "y )],

and Stokes’ formula yields

e ) = [

e My = —p / e My,
I,

FIol

Using the relations (A-8), tx = i, and (A-10) w1 A (xrw2) = (w1, inwz)/\pq do along 02 (where

TrQy
do is the infinitesimal volume on 024 and n(o) the outward normal vector at o € 9€2;) with p =1,

w;=1and wp = w,gl), we get

(W}El), eif/h//l dXO) = —h/ eif(g)/hinwlgl)(oﬁ) do.
Q4

This concludes the proof of case (2), and of Proposition 4.6. 0

5. Analysis of the restricted differential

It is in this section that the assumption (2-8) is used. We assume that the open subset U of Q_ that has
been used to build the cut-off functions in the previous section satisfies (in addition to (3-2))

Uuv_=Q._, (5-1)

where V_ is the neighborhood of d€2_ introduced in the assumption (2-8).
The main result of this section is the following:
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Proposition 5.1. The singular values of B = dy,, | ro - F O — FOlabeled in decreasing order, are
given by

sj(ﬂ)z\/ufg,(mm_j(sz)(1+(9(e—“/’1)) for jefl,...,mP@)—1},

mD(Q+) _ hs 1) 2
h\/zk:]mf’(QHl'faQJre F@/hi, g (o) do |

(1+0(e /)
\/ [, e 2/ ™/h gy
+

S 2o B) =

for some ¢ > 0.

0)
(1 / D, (1) O

and (Y, )mIN (Q_)+1<k=mP(Q,) are the eigenvectors of A" (€24 \ €_). Notice that, contrary to the

According to the notation of Section 4B, (" (2-))1< j<mP(g,) are the eigenvalues of A%’h(o)(ﬁ_)
eigenvalues of the operators considered in the previous sections which were labeled in increasing order,
the singular values are naturally labeled in decreasing order. Of course, the singular values of 8 are

related to the small eigenvalues of A?’h(o)(QJr) through the relation

o (A2 @) N[0, v = (5B : 1 <k <mb (@), (5-2)

since A?’h(o) ‘ r© = B*B. Proposition 5.1 will thus be instrumental in proving Theorem 2.4.

The idea of the proof of Proposition 5.1 follows the linear algebra argument used in [Helffer et al. 2004;
Helffer and Nier 2006; Le Peutrec 2010b; Le Peutrec et al. 2013] and well summarized in [Le Peutrec 2009].
Notice that 8 =dy | ) 18 a finite-dimensional linear operator. The proof then relies on the following
fundamental property for singular values of matrices. Let us denote by sx(B), k € {1, ..., max(ng, n1)},
the singular values of a matrix B € M, ,,,(C). Then, for any matrices Cy € M,,(C) and C| € M, (C),

sk(BCo) < sk (B)IIColl,  sk(C1B) < |[|Cylisk(B), (5-3)
and, for any matrices Cop € GL,,(C) and C; € GL,, (C),

msk(B) < sk (C1BCp) < [|ColllICillsk(B), (5-4)
where ||A]| = (max o (AAT))!/2 denotes the spectral radius of a matrix A. The inequalities (5-3) are
specific and simple cases of the Ky Fan inequalities (see, for example, [Simon 1979] for a generalization).
In particular, when C ;’; Cp=1d,, +O0(e) (p =0, 1), the k-th singular value of B is close to the k-th singular
value of C;BCy, that is, 53 (C1 BCp) = s¢(B)(1 4+ O(¢)). In particular, computing the singular values of 8
in almost orthonormal bases (according to Definition 3.6) changes every s (8) into s;(8)(1 + O(e=</my).
To analyze the singular values of 8, we will use the almost orthonormal bases built in the previous section.

Remark 5.2. Our approach, which emphasizes the differential dy ) and allows almost orthonormal
changes of bases, is very close to [Bismut and Zhang 1994] (see in particular their Section 6), where an
isomorphism between the Thom—Smale complex and the Witten complex is constructed.> The interest of
our technique, following [Helffer and Nier 2006; Le Peutrec 2010b; Le Peutrec et al. 2013], is that the

2F. Nier thanks J. M. Bismut for mentioning this point.
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hierarchy of long range tunnel effects can be analyzed accurately using a Gauss elimination algorithm
(see [Le Peutrec 2009]). This makes more explicit the inductive process which was used by Bovier,
Eckhoff, Gayrard and Klein [Bovier et al. 2004; 2005]. Actually, the present analysis shows that the
Thom-Smale transversality condition and the Morse condition are not necessary: introducing the suitable
block structure associated with the assumed geometry of the tunnel effect (see in particular Hypothesis 2)
suffices.

S5A. Structure of . The estimates ||vj.0) — H(O)v‘;O)HLz(Q y =0(e” ¢/hy and ||v(1) — H(l)v,(cl)HLz(m) =
O(e~¢/™) of Proposition 4.5 together with the results stated in Proposition 4.5(1) ensure that

0 0,0 1 1, d
B( ) = (H( )Uj- ))15.i5m5(9+) and B( ) = (H( )UIE ))lfkfm]D(Q+)

are almost orthonormal bases of F©) and F(. The same holds for their dual bases (in L2(2.)), denoted
by BO-* and BV*. The matrix of g = df,h|F(0) : FO — FU in the bases B, BD-* is given by

. 1 0
M@, BO,BV*) =B = Bk 1<k <mP (@), 1<j<mP(@y)  With b j = <H(1)U/(< ) ﬂl‘[(o)v; )>L2<Q+)~
Remember that the coefficients are equivalently written, by using (4-5), as
1 0 1 0 1 0
by,j = (1—1(1)01(c ), ﬂH(O)U§- )>L2(Q+) = (H(I)UIE ), df,hvﬁ' )>L2(Q+) = (v,ﬁ ), df,hn(o)v; )>L2(Q+)- (5-5)

Following the various cases discussed in Proposition 4.6, where the scalar products (v,ﬁl), dgn vj.o)) L2(24)
were studied, we shall write the matrix B in block form:

B 1=( H(l) (1) dfhv

( 2@) 1<k<m® (@)
Bi1 Bi» Bl,2=(<n(l)v]£1)» dfhv(
B = : “), where J
B ( (1) ©
1
( (0)

)

By Bap 1= (v, dppo )

B 2= ( H(l)vlgl), dfhv

)12
)12(@))2<j<mP (@), 1<k<m (@)
V2@ m (@ )+ <k=mP(9)
V12@)2<j<mP (@), mY (@) +1<k<mP ()

In the following, we will give some estimates of each of these blocks in the asymptotic regime 4 — O.

We let

Co= 2||Vf||L°°(supp(VX0))- (5-6)
Notice that Cy > 0. We assume that §; > 0 is chosen so that
5y < L. (5-7)
Co’

The assumption (2-8) will be useful to study the blocks B> and B, and the parameter 6+ > 0 (see
Figure 1) will be further adjusted when considering the blocks B; | and By ;.

SB. The blocks B1,> and B >. Estimates for both blocks rely on assumption (2-8). Let us start with By .
Lemma 5.3. The coefficients of By satisfy

by = (M0, dyo®) g =Vl (@) G o1+ O™/
forjef2,....mP(Qp}yandk e{l,...,mY(Q_)}.
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Proof. Let us first estimate ||d, hv;.O) l22(q,) by writing

0 0 0 0 0 0 0 0 0 1 0 0
dpnv” =dpa(xOv?) = xVd iy +hy Vdx® = x O uP @O +hyPdx Q.

Since suppdx” € @\ U C V_ (see (5-1)), (2-8) implies |dfnv\" l12¢0,) = O(/1}” (©2-)). The
difference

1 1 0) 1) 0)
(Do dpnv'?) e, — 00 dpnv) gy |

is thus bounded from above by

1 1 e 0 —c 0
I v — o2 O/ 1V (@) < e/ /P (@),

owing to the estimate || H(l)v,gl) — v,(cl) | = O(e*"// Y obtained in Proposition 4.5(3). The result then comes

from the expression of (v,ﬁl), din vj.o) )12, given in Proposition 4.6(3). g

The estimate of the block B; > follows the same lines:

Lemma 5.4. The coefficients of B,y satisfy

0 0 _
by =MD", dppv'?) 2o, = O( 1 (@o)e/")

forjef2,....mP(Q)}and k € mY (Q)+1,...,mP( Q).

Proof. Using ||df,hv§.o) I = Of, /ME.O)(Q_)) again, ||I'I(1)v,E1) — v,El) | = O(e~¢/") and, according to
Proposition 4.6(4), (v, d v ") =0 we get |by, ;| < Ce/® [uP(@). O
SC. The block By,1. In this section, the value of the parameter 8. is adjusted. This value will possibly
be changed twice more: for the estimate of the block B, 1 and in the final proof of Theorem 2.4; see

Sections 6A and 6B. Remember that the constant ¢ occurring in the remainders O(e~¢/") introduced in
Proposition 4.5 does not depend on §4 > 0.

Lemma 5.5. Foranyk e {1,..., mllV(Q_)}, the matrix element by | satisfies
b= (H(l)v]l, df,hvgo))Lz(QJr) = O(g_(K.f+"_C05+)/h)’

where Ky = minygg, f —ming, f, and the constants ¢ > 0 and Cy > 0 (defined by (5-6)) are independent
of 6+ > 0. In particular, when 5 > 0 is chosen smaller than c/Cy, one gets

by = O(e”®rta/h
for a positive constant ¢, which depends on ..

Proof. Remember that ng) = X ~1(0) = )(Oe_f/h/(fs2 e_zf(")/hdx)l/z, where V x is supported in

+

{x € Q4 :d(x,0924) <4} (see Figure 1). The Witten differential of viO) satisfies
—f/h
e

Ja, 7 )"

+

df’hvgo) = 2(h d xo)
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and its L?-norm can be estimated by

=2f(x)/h
fsupp(on) ¢ dx

)2
||df,hvl ||L2(Q+) = CX() /’ e—Zf(x)/h dx
Q4

With f(x) > mingq, f — %C05+ for x € supp(V x,) (where Cy is defined by (5-6) and does not depend
on 64) and the lower bound fm e 20/ gy > pd/2e=2ming, N/h/C of Lemma 4.3, we get

g0 1320, < Crh™4/2e7206=Cobe /DI < 02007 =Cob (5-8)

provided that £ is small enough. Then, like in Lemma 5.3, using

]El) c//he—(lc/'—CozL_)/h’

1 0 1 0 -
b1 — i d vy e | < ITOvY — ol ld v 2@, < Cre
the equality (v,ﬁl), dfn v§0)> = 0 (see Proposition 4.6(1)) yields the result. U

Remark 5.6. If m? (1 \ ©_) =0 (and thus my (Q_) = mP(Q.)), the previous lemma shows that

mY (Q-)
MO g O po = BT G0 = 3 IbeaP(1+ 0™ ") = O™ ®r+h),
k=1

This implies that 8*8 (and therefore A?}fo)(QJr)) has an eigenvalue of the order O(e~%rt9/my which

contradicts Lemma 5.9 below. Therefore, m{) (€24 \ 2_) is not zero.

SD. The block B,,;. We shall first give an approximate expression for the coefficients of the column B ;.
Proposition 5.7. Forany k € {mf’(Q_) +1,..., m{)(QJr)}, the matrix element

0
bt = (M), dpp™) 2,

satisfies
h fyq, e 7Oy (o) do

(g, e

by =— + O~ sty (5-9)

where c is a positive constant which depends on 61 > 0 chosen to be sufficiently small, and ky =
mingq, f —ming, f. Moreover, these coefficients by | satisfy

mP(Qy)

g%hlog[ > |bk,1|2}=—2/<f. (5-10)
k=m¥ (Q_)+1

The estimate (5-10) shows that the approximation (5-9) is meaningful, in the sense that some of the
coefficients by 1 are indeed larger than the error term O(e~¥rto/hy n particular, we have

D
@) W a1 Una, e MV () do)?

D

(14 O™ My). (5-11)
—2f()/h
k=m (@_)+1 fsz+ e dx
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Proof. The first statement is proved like in Lemma 5.5, after recalling

_ . 1
h Jra, € Fo g,y M (o) do

(0)>
! (Ja, e/ dx) "
+

1
(v d v

’

according to Proposition 4.6(2).
For the equality (5-10), the upper bound

mP ()
limsuphlog[ Z Ibk,1|2i| <2y
h=0 k=m¥ (Q_)+1

is a consequence of

— . 1
Jya, e iy () do
_ 12
(Jop, 27 0/h dx)

(o, lin¥" @) do)"

e_Kf/h
([, e 20 @) —ming, )/ h dx)l/z
Q4

El

where the denominator is bounded from below by Lemma 4.3. The numerator is estimated by

1 o | 2oay < CHEE iz = O = O(1)
+ 0924)

owing to Proposition 3.8, since dag(x, V) =0 for x € V. Using Lemma 5.5, the lower bound for (5-10) is
equivalent to

mP Q)

. . 2 _ _
hlrlrl}(r)lfhlog[ ; b1 ]z 2% (5-12)

Since by, = (H(l)vil), dfn H(O)vgo))Lz(Q” is the k-th component of df,hl'l(o)vgo) e FO in the almost
orthonormal basis B1-* of F1| the inequality (5-12) is equivalent to

.. 0 .. 0 ,(0 0
lim inf log(lld s, 1! >||iz(9+)) = hirlri)l(l)lfhlog((l'l(o)vf LAY @) 2q,) = 2k

With || H(O)vgo) Iz =1+ O(e~¢/"), the last inequality is a consequence of

lim inf / log[min o (A7} (24))] = =2/

h—0
which is proved in the next lemma. O
Remark 5.8. Using Lemma 5.5, the asymptotic result (5-10) is actually equivalent to

mP(Qy)

}}ig})hlog[ 1; |bk,1|2]=—2xf-

We end this section with an estimate on the bottom of the spectrum of A?’h(o) (24+), which was used to
conclude the proof of Proposition 5.7 above.
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Lemma 5.9. The bottom of the spectrum of A?”h(o)(SL_) satisfies
lim h log[min o (A?,®(Q1))] = —2«;.
lim log[min o (A 7,7 (24))] = 2«
In particular, we have

1
Ve >0 3C.>1 3h, >0 Vhe (0,h;] mino (A0 (Q,)) > C—e—2<Kf+8>/h.

1
&
: . (0) s 0 O _ - 70 S s 00
Proof. Let us introduce a function w; ™ defined similarly to v, by w;” = oy, , where x¢ is a C;°(€24)
function, equal to 1 in a neighborhood of _ and such that d o is supported in {x € Q, :d(x, 92,) <8}

The estimate lim sup;,_, o/ log [min J(A?}fo)(9+))] < —2« is then a consequence of the computation

0 0 0 Ny o— —
W™, A ") e, = ld w12, , = Oe™>C =M (5-13)

by considering § arbitrarily small. The last equality is proved like (5-8) above.

It remains to prove that liminf,_,¢ & log[mina(A?’h(o)(QJr))] > —2« . The proof is very similar to
that of Proposition 3.7. Assume on the contrary that there exists &g > 0 and a sequence 4, such that
lim,, o0 i, =0 and

mino (A7 (@) < Ce2r a0/,
To simplify the notation, let us drop the subscript n in /,. The previous inequality means that there exists
v, € LZ(Q+) and A;, > 0 such that

D,(0 .
AL v =taun 0 Qe ol =0, lulle,, =1, (5-14)

D,(0 _
An = (vp, Af,h( )(Q+)vh>L2(Q+) = ||df,hvh||%2(9+) < Ce 2kste0)/h (5-15)
For a small ¢ > 0, let us consider the domain

sz,:{xesz+:f(x)<%rgnf+r}.

With d 7 j, = e~/ ~miney N/ (pg)ef—mina, /)/h | the estimate (5-15) implies
(et DRy |2, < A" max eSO DR d vy 2
!

< Ch™lem®0mD/h = O (e=#0/ (M) (5-16)
as soon as t < %80.
For a given t € (0, %80), let us now prove that ||vs[|2(q,) is close to 1, using the same reasoning as
in the proof of Proposition 3.4. There exists is an open neighborhood V of {x € Q_ : V f(x) = 0} such
that V C ©; and

dpag (R4 \2;,V) > >0, (5-17)

where ¢ can be chosen independently of ¢, and &g and is positive according to Hypothesis 2. Applying
Lemma 3.1 with 2 = Q and ¢ = (1 —ah)dag(-, V), one gets, for h < 1/a (similarly to (3-3)),

0= 12lld(e " o)l Taq,, +hlate? " vn, IV P vh) 120,y = Crlle? Mol 7o, ]-
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By choosing « sufficiently large that « ming,\y |V f > >2C £, We get
0= i2d(e " v)l7aq,, +A[Crle? " vill 7. ) — Crlle? M onll7 s, ]

Using the fact that lle®/ oy || on both sides of

the previous inequality,

<1, we obtain, by adding 2C ¢h| vy, 112

L2(V) ” Uh || L2(V) = L2(V)

2C1h = 2Cshllvall7 sy = h21d @ o) |32 +RC sl ol g -

This implies, in particular,

e My g,y <2,
and thus, using (5-17),

—c/h
”v/’l”LZ(Q \Q) S Ce

This implies
e mmmas DIyl 20, = llvillize,) = 1= Ce™ /M, (5-18)

where, we recall, ¢ is independent of ¢ and gy, supposed to be small enough.

The two estimates (5-16) and (5-18) lead to a contradiction. Indeed, let us now set t = so The
Poincaré—Wirtinger inequality or, equivalently, the spectral gap estimate for the Neumann Laplacian
in /4, implies that there exists a constant Cj, such that

_ 0(6—80/(2/1))’

” (e(f_mm9+ f)/hl)h) —Cy ||L2(ng/4) -

and therefore
”(e(f*mmm f)/hvh) —-Cy ||W1.2(Q£0/4) — @(6760/(2}1))‘
Since £24,/4 N 32 has a nonempty interior Uy, the trace theorem implies

[t DIy — Gyl g,y = Oe™0/M).

Since vy, |8Q+ = 0 and since Uy, is fixed by & and independent of £, this implies C, = O(e5/CM)y We
are led to

1= Ce™" < Nlunll 2, < €V ™05 D0l 2 1 < ICIL2(0,, 0 + Ce™*/ M < Clem®0/ 1,
which is impossible when % is small enough. O

This lemma shows the equality (2-11) stated in Theorem 2.4.

5E. Singular values of B. We are now in position to complete the proof of Proposition 5.1.

Proof of Proposition 5.1. Let e = (e(o) (02,(9 )) (resp. eV = (e(l) .. 6(12)(9 ))) denote an
orthonormal basis of F© (resp. of F My and let CO (resp. C1) be the matrix of the change of basis from
e (resp. from BD*) to BO (resp. to V). Let A = M (B, ¢, e(1) denote the matrix of f in the bases
¢©® and ¢, so that

A=CBCy,
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where, we recall, B = M (8, BY, B1-*). Using the fact that B and B! are almost orthonormal bases,
the matrices Cy and C; satisfy C;‘;Cp =Id+0O(e), so that (according to (5-4))

5j(B) =s;(A) =5;(C1BCp) =s;(B)(14+O(e~'M)).

The singular values of B can be understood from those of B, up to exponentially small relative errors.
Now Lemmas 5.3, 5.4, 5.5 and Proposition 5.7 can be gathered (using the block structure of B

introduced in Section 5A), in the asymptotic regime & — 0, as

O(byy, 16" b1 Obrze™ ") ... OW,p_y moe='M

: O(by2e~/M) by3 :

: : : e Obyp_y pe")

Obig1e ") | Obr2e™/") Obrze™/") -+ byp_y 0

0

0
O(biy1e™/M) | O(b1 267"y O(byze™/M) - O(bmg_l,mgefc/h)

O(bry. 16~/ | O(by 267!y O(byze=c!") - O(bmé)—l,m(?eic/h)
bov i1, |Obr2e!") O(byze™/M) - O(bm{)’—nge_c/h)

by |Ob12e™") Obaze™/") - Obyp_y upe” ")

where we used mOD (resp. mf’, mlD) instead of mé)(QJr) (resp. m’lV(Q_), mlD(Q+)) and where kg is a
(possibly h-dependent) index such that |by, 1| = Max, Ny | < <P |br.1]. By Gaussian elimination (see
[Le Peutrec 2009] for more details), one can find a matrix R € /\/lm?([R{) with ||R|| = O(e~¢/") such that

0mp —1,1) B
(d,» +R)B =B = | 0en) —mg +1, 1) |00n —mg +1,mg’ — 1)
B, ‘ 0mP —m¥ , md —1)
with
bio(140(e™/") 0
bm’lv—i-l,l 0 ) .
33,1 = and BLQ = ) . . )
: 0
b
m1D,1 0 ... 0 bm(?—l,mé)(l + O(e—C/h))

where 0(i, j) is the null matrix in M; ;(R). We deduce that the singular values of B are approximated
(up to exponentially small relative error terms) by the ones of B, which are given by its block structure.
We find (recall that the singular values are labeled in decreasing order):

Sj(B) = |b D

)
my —J.mg

il 40y for je{l,....mf—1}
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and
my
smp (B)? = [ > |bk,1|2}(1 +0(e™M).
k=mY +1
We conclude the proof of Proposition 5.1 using the approximate values of by x+1 (k € {1, ..., m(I)) -1}
and by (k € {m{v +1,..., m?}) given in Lemma 5.3 and Proposition 5.7:

B 1) =\ Jip s (R +0@M) for je(l,....mg —1),

D 2 -y hi (1)
% |b |2 Zk 1mN—H (fngr e/ w @ dU) + O( ’(2kf+c)/h)
k1l” = — 7 e .
k:m]lv+1 fQ+ e 21 /h gx

In particular, for 4 small enough, we indeed have
my

2 2 2
bup_1mpl? == bial = Y bl
k:m?]—i—l

the last inequality being a consequence of (5-10) and |b;, »|> = ,ug))(Q_)(l +0O(e~¢/h)) > C e 2kr—co)/h
using Proposition 3.7. U

6. Proof of Theorem 2.4 and two corollaries

Proposition 5.1 already provides a precise asymptotic result on the exponentially small eigenvalues of
A7 (924, using (5-2):

W@ = 5,000 018 =1 QA+ 0" for jef2,....mf@)), (6-1)

2 mf(R4) — () he (D 2
h Zkzlm’,"(sz,)ﬂ(fame 1/ iy (U)dU)

—c/h _
¥

0
)\'5 )(Q+) m0 (Q+)(IB) -

the second estimate being a consequence of Proposition 5.7 (see (5-11)). This is essentially the result of
Theorem 2.4 about k( )(Q+) (see (2-12)); it remains to show that the basis (wk ) N(Q )+1<k<mD(Q+) in
(6-2) (which was 1ntr0duced in Section 4B) can be replaced by any orthonormal basis (u p )1 <k<mP(Q,\Q_)
of Ran I, v(h)](Af h (Q+ \ ©_)). This will be done in Section 6C.

In addition, it also remains to prove the estimates (2-13) and (2-14) on the eigenvector uﬁo) associated
with the smallest eigenvalue )\go)(QJr). This will be the subject of Sections 6A and 6B. We recall that
the spectral subspace associated with kgo)(QJr) is one-dimensional (since )éo)(§2+) > Aﬁo)(m)ec/ ). We

thus have
I U(O)
uy
||H0v1 ||L2(§2+)
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where [Ty denotes the spectral projection associated with )Lgo)(QJr):
D.(0)
nozlugm”gAﬁ;(Q+». (6-4)
The fact that H0v§0) # 0 follows from the fact that TToIT) = [T and the estimate, for small &,

0
MO, AT TOv) g,y ldpaTOv

L2(Q 0 .
SWOIE = = BN, (14 O )
”H( )vl ||L2(Q+) ”H( )Ul ||L2(Q+)
mP(Q4)
= Z b1 12(1 4 O(e™/My)
k=mY (Q_)+1
=21"(Q) (1 + 0™/ < 2P (@ )e™ /" 6-5)

for some positive constant c. The second and third equalities are consequences of the almost orthonormality
of the bases B® and BM* (see Proposition 4.5). The third one comes from (6-2) and (5-11). The last
inequality is a consequence of (6-1) and Proposition 3.7.

Finally, Section 6D is devoted to two corollaries of Theorem 2.4.

6A. Approximation of uio). Let us first prove the estimate (2-13) on uio).

Proposition 6.1. There exists ¢ > 0 such that
o= T/h
_ 172
(f§2+ e—2f(x)/h dx)

ul? — = O™/,

W22(2)

Proof. Since | vfo) - e_f/h/(fQJr e 2@/ dx) 12 I w229,

of Lemma 4.3), it suffices to prove ||u§0) — vfo) w22,y = O(e~c/y,

= O(e/") (which is a simple consequence

Let us first prove the result in the L?(Q4)-norm. From (6-5), we have ||df,hl'l(0)v§0)||%2(9+) <

kgo)(QJr)e_c/h, and thus

0 D, 0),,(0) 12 0),,(0 D, 0),,(0
@i @O, o < @@, AR @I Ov) g,

u?@wﬁmﬂA
<2y (@ /.

Since Iy = [pI1?, we deduce

©) 0),,(0) _ D, (0) 0),,00) _ —c/H
|Tov,” — 11 vlumm”_wumym”$ngﬁh(Q+»n vl”ﬁmg-—0@°1)

Using in addition the facts that || H(O)vio) — vio) 22, = O(e~/") and ||v§0) 2y =1+ O(e=") (see
Proposition 4.5), this proves

0 0 ¢
||14§ ) - U% )||L2(Q+) =0 /M. (6-6)
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The estimate in the W?2(€2,.)-norm is then obtained by a bootstrap argument that will be used many
times again below. The following equations hold:

©) (0 0 (0) 0) (0) _
Afh 1 =A (Qp)u, q Afh = gn,
W =0 an vO =0
where g, is defined by the equation g, = A% @ and, using the same arguments as in the proof of (5-8),

lgnllL2,) = O(e€r=Cod+)/My Recall that, by the assumption (5-7), 8 is small enough that Cod, < Kf,
and thus |lgxllz2,) = O(e=¢/"). We then deduce that, with Ay denoting the Hodge Laplacian (A-3),

ugo) — v§0) solves

iA(O)(u(O) 0)) _ g’h,
) )
(uy” —v )|asz =0.

Again, g is defined by the first equation. Using the formula (A-6), which relates the Hodge and the
Witten Laplacians and the estimate (6—6) 1&nll 20, = = O(e ¢/"). The elliptic regularity of the Dirichlet
Hodge Laplacian then implies ||u§0) - )||W2 2y =0 /hy. (|

6B. Approxtmatton of dy, hu . We now consider dy pu; " . O In this section, we will first prove (2-14)
using for the ! k ) the special basis considered in Section 5. This will be generalized to any orthonormal
basis of Ran l[o,v(h)](A?”}fl)(QjL \ ©_)) in the next section.

Let us start with an estimate in the L2(S2+)—norm.

Proposition 6.2. Let Bf = (wi)| < (q,) be the basis of F) = Ran 1y, (A i D(Q,)) dual (in
L2(Q1)) to B; = (TTMy 1))1<k<mo(9 )- Then the eigenvector u(o) of AD (O)(Q+) given by (6-3) satisfies

m? (Q4)

0
dehu( ) Z by, wg
k=mY (Q_)+1

= O(e~"r/h) (6-7)
L2(Qy)

for some ¢ > 0 and where the coefficients by 1 are defined by (5-5).

Proof. By definition of the matrix B = M (§, BO pM=y,

mP(Qy) mP(Q4)
0 0
dp(MOv”) = M Ov?) = Z b jwi = Z br,iwk + 1y
k=1 k=m¥ (Q_)+1

with ([l 2,y = O(e~*r /M) this estimate being a consequence of the almost orthonormality of the
one-forms wy, and of Lemma 5.5. Equation (6-7) is thus equivalent to:

0 0 o
||df,h(u(1 ) _ H(O)vi ))||L2(Q+) = O(e (Kf+c)/h)‘

Notice that

0 © 0 © 0
l_I(O) () ||H()U )”LZ(Q )(HO—H(O))Ug )+(||1—[0v )”LZ(Q ) l)n(o)vi ).
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We recall that | TTgv\” || 2,y = 1+O(e=/") and [|d s IOV | 2y = 1BV | 12, ) = Ole ™71
(see (6-5)). This implies that

ldpn@” =1OvN)] g s = [dpa@o =TI | 1o g (14O M) + O M),

(@)
Moreover, using the fact that M@ =TTy and 1O — 1y =1 10 @,). +Oo)(AD (O)(Q+)) commutes with
AT (@),

0 0 0 0
Id 7.1 (Mo — T2, , = (MO — T, A2 (@)@ - Tp)v®) 2,

f.h
0 0
— 2@ M2,

Q) ™

= IIﬁH(O)v§O) ||L2(SZ+) (Q4)
= 17Q@DA+ 0 M) =17 (Q) (1 + 0™ ")

= O(e™ 2t/ Iy,

The third equality is obtained from (6-5) and the last one from the estimate on the bottom of the spectrum
in Lemma 5.9. This concludes the proof of (6-7). O

To perform a bootstrap argument to extend the previous result to stronger norms, we need an intermediate
lemma:

Lemma 6.3. For any p € N, there exists C, > 0 and N, € N such that
_ D,(1
lulwr2@,) < Coh™ lull 2@,y forall ue FO =Ranlg (A7 (24)).

Proof. Let us introduce an orthonormal basis (ek)1<k<mn(g +) of eigenvectors of AD (1)(Q+) associated

with the small eigenvalues A (S2+) <v(h), so AP h(l)ek Ak ex. We have

1
ldpnexliag,, + 15 hecl o, =2 < vh).

1 .
For any u € FD, there exist some reals (”k)lgkgmf’(m) such that

mP Q) mP (@)
u= ) wer with )l = lulllag,).
k=1 k=1
Lemma 6.3 will be proven if one can show that, for all p € N, there exist C,, > 0 and N, € N such that
lexllwreq,) < Cph™r forallk € {1,...,mP(Q4)}. From

4” |vf|eklliZ(Q ) +2||df,hek”i2(g2 ) +2||d;;7hek”i2(g ) = hz[”dek”%}(g ) + ”d*ek”i2(9+)]

(which is obtained from the formulas (A- 4) and (A-5) that relate d, to d and d b tO d*), we deduce
lexllwizig,y < Ch™ ! Then the equation A b.a )(Q+)ek K( )ek can be written
Wha(Qy) = fh

{quzmm>
tek|m+ =0, td*ek|ag+ = pr(h)
with [|re(W) | 2, + ok (W lwi2290,) = O(h™?). The estimate on pi (h) follows from 0 = td;‘c’hek =

htd*ei +iv ek, so that || pe(h)llwir2pa,) =k~ ivrelwirapa,) < Chexllwizq,) < C'h~2. The
estimate on r¢(h) comes from the relation (A-6) between the Hodge and the Witten Laplacians. The
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elliptic regularity of the above system (see, for example, [Schwarz 1995, Theorem 2.2.6]) implies
lexllw22q,) = O(h~?). Finally, the result for a general p € N is obtained by a bootstrap argument. [

We are now in position to restate the result of Proposition 6.2 in terms of the W?>2(V)-norm.

Proposition 6.4. Let (1//,51)),”7(97) ti<k=mP () be the orthonormal basis of eigenvectors chosen in
Section 4B and let x be the cut-off function of Definition 4.4. For any p € N, there exists a constant
Cp, > 0 such that

mP ()

ot~ "

k=m¥ (Q_)+1

< Cpe_(Kf+C)/h,
Wp.2(v)

where V is any neighborhood of 024 contained in {x4+ = 1}, c is a positive constant and, we recall (see
Proposition 5.7), the coefficients by| defined by (5-5) satisfy
h fam e*f(")/hinl//lil)(cr) do

+O(e~wrtalhy,
B 1/2
(fo, e/ ™/hdx)

b1 =—

Proof. From Proposition 6.2 and Lemma 6.3, we deduce

mP(Qy)

0
R D
k=m¥ (Q_)+1

< Cph—Npe—(Kf-i-c)/h <’ e—(l(f+C/2)/h‘
WP2(2y) !

Since, by the almost orthonormality of the family (I:I(l)vlgl))lﬁkim?(m), [ wk—H(l)v,El) 2, =0 ")
and max({|b 1|, mY(Q_) + 1 <k <mP(Q4)} = O(e™*//") (see Proposition 5.7), Lemma 6.3 also leads

to
mP(Qy)

0 1
de,hui ) — Z bk,l H(I)UIE )
k=m¥ (Q_)+1

< C//e_(Kf+c/2)/h.

Wr2(Qy)

By recalling the definition of v{" = x;¥", it suffices now to check that [|v" — TV v " lwr2q,) is of
order O(e=¢/") for some ¢’ > 0. We already know

1 .. —c/h
loe” = v 2o, = O™

from Proposition 4.5.
For the W1’2(9+) estimates, notice that

1 1 D.(1 1 _
ld g 1720,y + 14500 T2,y = 0 AT @1 1200,y = Oe™/™)
(again from Proposition 4.5), while H(l)vil) e FY =Ran l[oyu(h)](A?’h(l)(QJr)) implies

1 1 D,(1 1 —c
Id a1 v 170 g, + 14, TO0 1 o ) = (M), AT @O OuD) g, = O(e™/M).
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We deduce

1 1 1 (1
ld(vy” =IOy o ) + " @ =T D)7

_hﬂwﬂwm MO 72, +l1d, @ =Ty 2, o+ 201V £ =TTy 3 ]
Ce=2/h

h?
This gives the W12 estimate ||v,£l) — H(I)U]((l)||wl,2(g+) = O(e~/M).

The WP? estimates (p > 2) are then obtained by an argument based on the elliptic regularity of
the (nonhomogeneous) Dirichlet Hodge Laplacian. On the one hand, ||[TTVv (1) Iz =1+ O(e='My,
My (1) e FV and HA?/11)|F(1) | = O(e=/") (see Proposition 3. 12) 1mp1y that ||AD (I)H(l)vf)n 20, =
O(e*"/h) Lemma 6.3 can then be used to obtam ||AD (I)H(l)v lwr2g,) = O(e ¢/hy for any inte-
ger p. Here,

=

D a
)|F“) H = supueFm(HA h ulle(Q+)/||u||Lz(Q+)) is simply the spectral radius of
the finite- dimensmnal operator AL o i F (1) — FM_ On the other hand, Lemma 6.5 below implies
||AD (l)vk lwra,) = ||AD (1)(X+1pk MIwr2q,) = Oe™/") for any integer p, using the arguments of
the proofs of Proposition 3. 5 or 3.9 to get the estimate on the truncated eigenvector from the exponential
decay of the eigenvector. Thus, for p > 1, if ||(v,(<1) — H(l)vél))nwp,z(m) = @(e_"/h) then the difference
v — Ty satisfies
k k
n, 1

AR o = Ou) = (),

t) —Ouy =0, ta " - v") = ok (h)
with [|rx () [lwr2q,) = Oe™/") and |lok(h) | wi-122(0,) = Oe™/™).
This implies ||(v,£1) — l_f(l)vlgl))llwlp+2,2(g+) = (’)(e:c/ by, A bootstra/p argument (induction on p) thus
shows that, for any p, ||v,(< ) _ H(l)vlg )||W,,,z(9+) =0 /") < O(e=¢/") for any ¢’ < c. Il

We end this section with an estimate on the exponential decay (in a neighborhood of supp x) of the
eigenvectors of A’ (1)(§2+ \ ©_) in C* norm. This is a refinement of Proposition 3.8, which was needed
in the previous proof

Lemma 6.5. For every ¢ € (0, 1), there exists a function ¢ € C3° (24 \ Q_) such that, forall x € Q \Q_,
Ve ()| = (1 — &)V f(x)],
d(x,3Q,U3Q.) < te = ¢.(x)=0
@e(x) 20 and dag(x, 9824 UIR) — Ce < @e(x),
where C > 0 is a constant independent of €. For every p € N, and once @, is fixed, there exist C¢ , > 0
and N, > 0 independent of h € [0, ho] such that every normalized eigenvector ofAD (1)(§2+ \ Qo)
associated with an eigenvalue X € [0, v(h)] satisfies
le? " Yl wrranq ) < Ceph™

As explained in the proof, we cannot state this result with ¢, equal to the Agmon distance to a neigh-
borhood of 92 as in Proposition 3.8 because the Agmon distance is not a sufficiently regular function.
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Proof. The function ¢, € C3°(£24 \ Q_) is built as an accurate enough mollified version of 6,(x) =
(1 —2¢)dag(x, VL UV?), where

VE={xeQy\Q :d(x,d04) <e}.
Indeed, the function 6, is a Lipschitz function such that

VO ()| = (1 =2)[Vf(x)| ae.,
d(x,3Q24U0Q.) <e = 6,(x) =0,
d(x,9Q4U0Q2_) — Cie < 0p(x) <d(x, 324 UIQ)

hold in Q4 \ Q_, with C; > 0 independent of &. Since 6, fulfills uniform Lipschitz estimates and
IV f(x)| >c>0on Q. \Q._, all the properties of ¢, are obtained by considering the convolution of 6,
with a mollifier with a sufficiently small compact support. We cannot simply take ¢, =dag(x, 92, U3S2_),
or even ¢, = dag(-, Vi UV?), because the argument requires us to consider high-order derivatives of ¢.

Let ¢ be a normalized eigenvector of A?;f”(&h \ ©_) associated with an eigenvalue A € [0, v(h)].

We already know from Proposition 3.8 that
||€¢£/hl//||wl,2(9+\§7) < Cgh_l. (6-8)

The argument to obtain the estimates in W”2(Q, \ €_)-norms is based on a bootstrap argument, using
the elliptic regularity of nonhomogeneous Dirichlet boundary problems for the Hodge Laplacian.
Indeed, we have
e VA ppe? ! = Mgy —hLyy, +hLY, — Vel
and thus
A (€M) = re?! "y — he? ! Lyy A + he? /" L%, b — |V *e?/ "y,

Using the fact that Ay, = h?(dd* +d*d) + h(Lv ¢+ ﬁ%f) +|V f|?, we obtain
Agv
=h2(w—he?/" Lyge "o+ he? /" £, e %My — |V |Pv —hLypv —hLy v — |V fPv), (6-9)
where
v =%y
For the boundary conditions, we have, of course,
tv =0, (6-10)

and
0=td}, ¥ = e?/"td% = td} e/ "y + e Mtivy, .

The condition ¢, =0 in a neighborhood of 9€2, Ud2_ implies Vo, =00n 02, UdS2_, and thus tiy,, ¥ =0.

*

Since df’h = hd* +iv s, we thus obtain

td*v:—%iva. (6-11)
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By considering the boundary value problem (6-9)—(6-11) and using the W'2(Q, \ Q_) estimate (6-8),
we thus obtain, by the elliptic regularity of the Dirichlet Hodge Laplacian,

||e(ﬂs/ 1//”W22(Q \Q )< C2 Eh 3

This is due to the fact that the right-hand side in (6-9) (resp. (6-11)) is a differential operator of order 1
(resp. 0). The W”2(Q, \ _) estimates for p > 3 are then obtained by induction on p. O

6C. Change of basis in FV. In the previous sections, the estimates (2-12) and (2-14) of the eigen-

) .

value A(O) anddy hu in a neighborhood of d€2.; have been proven with the basis (wk ) m (@) +1<k<mP (@)

of Ran 1y, ,,(h)](A h (S2+ \ Q_)). The aim of this section is to show that the estimates (2-12) and (2-14)
are valid for any almost orthonormal basis (according to Definition 3.6)

1
(M;(c ))likfmf)(m\ﬁ_) of Ranly, u(h)](Afh (Q\ Q).
The next proposition thus concludes the proof of Theorem 2.4.

Remark 6.6. We thus prove a slightly more general result than the one stated in Theorem 2.4, since it is
only required that (u,(cl))lfkim?(m\ﬁ_) is an almost orthonormal basis of Ran 1[O,U(,1)](A?’h(l)(§2+ \ Q).

Remark 6.7. All the results below extend to complex-valued eigenbases, by simply replacing the real
scalar product by the hermitian scalar product.

Proposition 6.8. Let A(10) be the first eigenvalue of A?’h(o) (24) and uio) the associated L*(Q2)-normalized
nonnegative eigenfunction. For any almost orthonormal basis

W) ckemp@n@y of Ranlp (A7 (@ \Q0)),
the approximate expressions (2-12) and (2-14) for )»EO) and dy, hu(lo) hold true.

Proof. Let (ul(cl))lgkgm?(m\ﬁ_) be an almost orthonormal basis of Ran l[o,v(h)](A?”h(l)(QjL \ ©_)). Then
there exists a matrix C(h) = (Ck,k’)lgk,k/gm{’(m\ﬁ,) such that

CChY* =1d,pg g ) +OE /M),  CM*Ch) =1d,pq, g ,+0 /M),
m?(Q\Qo)

and w,ﬁfm,lv(g_): > ey’ forall ke{l,....mP(©Q\ Qo)) (6-12)
k'=1

Here, C(h)* denotes the transpose of the matrix C (h).
Let Ly (resp. L,) be a continuous linear mapping from Ran l[oyv(h)](A?’;l(l)(QJr \ Q_)), the finite-
dimensional space endowed with the scalar product of L?(22; \ Q_), to R (resp. to some vector space E).
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Then, using (6-12),

mP(Q4) mP(2:\Q0)
Z Ll(lﬂé]))Lz(lﬂél))= Z Ckklckkle(MkP)Lz(M(l))
k=m¥ (Q_)+1 k. ki,ka=1
mP (Q4\Q-)
= > Liug)La@y) + O L [l Lalle™/"), (6-13)
k=1

where ||L1]| and ||L;|| denote the operator norms of the linear mappings L and L.
The estimate (2-12) is then a consequence of (6-2) and (6-13) with

fam e 1O/ yw(o)do
Ua, 7)™

Ly =Ly :Ranljp,u (A7 (@ \ Q) > R, ur> —

with L[| = [ La] = O(e /") due to AV (2,) = O(e27/) (see (6-2)) and the orthonormality of the
basis (1//,&2,”7(Qf))lsksm{)(m\gf). The estimate (2-14) is a consequence of Proposition 6.4 and of (6-13)
with L; like before and

1
L, :Ran l[(),v(h)](A?’h(l)(Q_F \ 8_2_)) — /\ WP’Z(V), ur— u’v

with || L;|| = O(l) according to Lemma 6.3 applied with A (1)(Q+ \ _) instead of A (1)(Q+). O

6D. Corollaries. The estimate (2-14) contains accurate information about the trace 9, ulo) | 29,

Corollary 6.9. Let n : 0 +— n(o) be the outward normal vector field on 024 and let 0, = i,d be the
outward normal derivative for functions. For any almost orthonormal basis ! k )1 <k<mP(Q\G-) of

Ran 119, sy (A i )(SZ+ \ Q_)), the normal derivative of the nonnegative and normalized first eigenfunc-
tion uﬁo) of AD’ O () satisfies

Bnuio)(o) <0 forall o €094

and

mP(Q\Q_ _ .
my (S24\ )fame f(o)/hlnul(c)(a)da

(0)|BQ + 1/2 inu(l) == O(ei(Kf+C)/h) for Clll p (S N
= (fs2+ e~/ dx) Wr2(99,)
for some ¢ > 0 independent of p.
Proof. The sign condition for d,u; )(0) is a consequence of u )>0in Q4 and u1 09, = 0.

The trace theorem with (2-14) implies

-
myp (§\82-) f39+ e_f(“)/hinu,(cl)(a) do

dfh”l)|as2+ —h Z

(D —(ky+0)/h
u, +0e )
k=1 (fg2+ e2f@)/h d)c)l/2
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in any Sobolev space W”2(32,.). Recalling

dppu” = hdu” +u’df and u[,, =0
yields the result. U
Proof of Corollary 2.9. First, note that the equality

3n[e_f"Z/hM(lo)(f1,2)]|39+ = 6’_f1’2/h[(f?nblio)(fl,z)]|m+

is simply due to the Dirichlet boundary condition u§0) |8Q+ = (. The identity (2-15) is then a direct
consequence of (2-12), since the same basis (u](cl))lkamlD(Q+\§7) can be picked for fi and f, because
these two functions coincide on 24\ €2_.
Second, for (2-16), it is more convenient to write (2-14) with f;, j =1, 2, in the form
1

2
(/ esz'(x)/hdx) dg,ul” (f)
Q. '

mP(Q\Q0)

==h ) < e Ol o) dff)ui” + O™ minsas 4ol
k=1 Q2

the estimate being true in any Sobolev space /\l WP2(V). Using the fact that fj = o = f in Q4 \ Q_,

taking the trace along 92, and multiplying by e~/ ~min2 /)/% "which is less than 1 on d$2,, and then

by eMimes /7 Jead to

1
(/ o210/ h dx>26_(f_2mi“”9+ f’/hanui‘”(fj)}am
Q4

m{ (Q4\Q)

- _ Z </ e_(f(")_min”QJrf)/hinu,(cl)(o) da)e—(f—minmJr f)/hinul((l) +O(e™/My,
Q2
k=1 +

the estimate being true in L'(dQ,). The left-hand side is negative and its L!-norm is thus given by
the absolute value of its integral. Let us estimate this norm, using Lemma 4.3 and Lemma 5.9: for any
positive &,

|
2 .
_ (/ e 2fi0)/h dx) / e~ (f—2miny, f)/hanuio)(fj)(a) do
Q. a0,

mP(Qi\Qo)

2
= 2 (/ e‘(f<“>—minm+f>/hinu,i“(o)do) + 0"
Q.

k=1

:e(2minag+/')/h)\§0)(fl)h—Z/Q e 210/ h dx+0(e—c/h)
+

> Cge(Zmin39+f)/he—Z(Kf—i-e)/hh—ZLhd/Ze—(Zminng f])/h + O(e—c/h)
- Ch
p—2+d/2

_ Coe 2/ - Oy > Cel/,
fi



604 TONY LELIEVRE AND FRANCIS NIER

Thus,
e 11 ,ul” (f;
=m0 £

e,

)|asz+ ” L'(394)

mp (Q4\Q- >( fa, e~ @ =minag /0y D () dy )= —mimaa N/ Ay, (D

k=1 —c/(2h)
_ _ +O(e™¢/ M)y,
D .
z’l:ll(QJr\Q—) (fag+ €_(f(U)_mmaQ+f)/hinul((1) (O_) d0_)2
This concludes the proof, since the right-hand side does not depend on f;. O

7. About Hypotheses 3 and 4

We have chosen to set the Hypotheses 3 and 4 in terms of some spectral properties of the Witten Laplacians

f 5 (§2-) and AP 7 (2_\ Q_) in order to be general enough and to cover possible further advances about
the low spectrum of Witten Laplacians. These hypotheses can actually be translated into very explicit and
simple geometric conditions on the function f when f is a Morse function such that f | 39+is a Morse
function. We recall that a Morse function is a C* function whose critical points are all nondegenerate.
Section 7A is devoted to a verification of Hypotheses 3 and 4 when f and f ‘ sq, are Morse functions,
using the results of [Helffer and Nier 2006; Le Peutrec 2010b]. Theorem 2.10 is then obtained as a
consequence of the accurate results under the Morse conditions and the estimates stated in Corollary 2.9.

Finally, Section 7B is devoted to a discussion about potentials that are not Morse functions. In particular,
examples of functions f which are not Morse functions and for which Hypotheses 3 and 4 hold are
presented.

7A. The case of a Morse function f.

7A1. Verifying Hypotheses 3 and 4. Let us first specify the assumptions which allow us to use the results
of [Helffer and Nier 2006; Le Peutrec 2010b], in addition to Hypotheses 1 and 2, which were already
explicitly formulated in terms of the function f:

Hypothesis 5. The functions f and f |m+ are Morse functions.

Hypothesis 6. The critical values of f are all distinct and the differences f(UV) — f(U®), where U©®
ranges over the local minima of f and UV ranges over the critical points of f with index 1, are all
distinct.

Although f | sq_ 18 not assumed to be a Morse function (see the discussion below), Hypotheses 1, 5
and 6 ensure that the results of [Helffer and Nier 2006; Le Peutrec 2010b] on small eigenvalues of

A% h(Q+) AN h(Q ) and A2 h(§2+ \ ©_) apply. Following [Le Peutrec 2010b], Hypothesis 6 is useful
to get accurate scaling rates for the small eigenvalues of AN (O)(Q ). In particular, the information on
the size of the second eigenvalue 11, © (L) >nu O)(Q )= O of AN (O)(Q_) is important to prove (2-8)
in Hypothesis 3. Hypothesis 6 also implies that f has a unique global minimum. Hypothesis 6 could
certainly be relaxed.
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Let us recall the general results of [Helffer and Nier 2006; Le Peutrec 2010b] on the number and the
scaling of small eigenvalues for boundary Witten Laplacians in a regular domain €2 (see also [Chang and
Liu 1995; Laudenbach 2011] for related results). The potential f is assumed to be a Morse function f
on €2 such that [V f| #0 on 02 and f | aq 18 also a Morse function. The notion of critical points with
index p for f has to be extended as follows, in order to take into account points on the boundary 0€2.

o In the interior Q2: A generalized critical point with index p is, as usual, a critical point at which the
Hessian of f has p negative eigenvalues. It is a local minimum for p = 0, a saddle point for p =1 and a
local maximum for p =dim M =d.

o Along the boundary 02 in the Dirichlet case: A generalized critical point with index p > 1 is a critical
point o of f ‘BQ with index p — 1 such that the outward normal derivative is positive (3, f (o) > 0).
Therefore, along the boundary, there is no generalized critical point with index 0, and critical points with
index 1 coincide with the local minima o of f | aq Such that 8, f (o) > 0. Intuitively, this definition can
be understood by interpreting the homogeneous Dirichlet boundary conditions as an extension of the
potential by —oo outside €.

o Along the boundary 02 in the Neumann case: A generalized critical point with index p is a critical
point o of f |asz with index p such that the outward normal derivative is negative (9, f (o) < 0). Therefore,
along the boundary, a generalized critical point with index O is a local minimum of f \Q and a critical
point with index 1 is a saddle point o of f }asz such that 9, f(0) < 0. Intuitively, this definition can
be understood by interpreting the homogeneous Neumann boundary conditions as an extension of the
potential by 400 outside €2.

The number of generalized critical points in 2 with index p is denoted by nﬁg () or rflg (R2), depending
on whether the boundary Witten Laplacian on 2 with Dirichlet or Neumann boundary conditions is
considered.

One result of [Helffer and Nier 2006; Le Peutrec 2010b] says that, for v(h) = h%/3, one has, for the
Dirichlet Witten Laplacian,

#o (AP @) N0, v]] =2 (@), o (A7 (@) N10, v(h)] [0, e/,
and, for the Neumann boundary Witten Laplacian,
#lo AT @) N[0, v =md (@), o (AT (@) N0, v(i)] C [0, e~/

for some positive constant cg. These results rely, like in [Cycon et al. 1987] for the boundaryless case, on
the introduction of an #-dependent partition of unity and a rough analysis of boundary local models.
Let us now apply these general results in our context. Under Hypotheses 1 and 5, we have:

. n%g (2_) is the number of critical points with index p in the interior of Q_.

o m g (24 \ Q) is the nur_nber of critical points a_with index p—1of f | 29, such that 9, f (o) > 0.
In particular, 1716)(94r \ Q2_)=0, and nﬁf)(QJr \ ©2_) is the number of local minima of f‘am with
positive normal derivatives.
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. n~1D (£24) is the number of critical points with index p in the interior of 2_ plus the number of critical
pomts o of f|asz with index p — 1 such that 9, f (o) > 0. For p =0, m; D(Q.) equals ﬁzN(Q )
while 7 D) is mN (£2_) augmented by the number of local minima of f | 29, with positive normal
derlvatlves

As already mentioned above, we can use the results of [Helffer and Nier 2006; Le Peutrec 2010b] without
assuming that f | sq._ 1s @ Morse function. The reason is that 9, f > 0 on 9€2_ and, thus, there is no
generalized critical point on d€2_ associated with AN P )(Q ) and AD (P )(Q+ \ Q20).

In summary, using these results, conditions (2-6), (2 7), (2-9) and (2 10) are fulfilled with v(h) = h%/3,
some ¢ > 0 and mg’D(Q) = nﬁg’D(Q), pe{0,1}and Q=Q_ or Q =, \ Q_. Hence, all the conditions
of Hypotheses 3 and 4 are satisfied except (2-8). Note in particular that two of the results in Theorem 2.4,

mg () =my () and mP(Q4) =m} () +m{ (R4 \ Q0),
are consistent with the relations on the numbers of generalized critical points:
mg(Qy) =md (Q-) and mP(Qy) =mY (Qo) +mP QL \ Qo).

As explained in the proof below, Hypothesis 6 is particularly useful to verify condition (2-8) in Hypothesis 3.
The following proposition thus yields a simple set of assumptions on f such that Theorem 2.4 holds:

Proposition 7.1. Assume Hypotheses 1, 5 and 6 and let U (resp. UD) denote the set of critical points
with index O (resp. 1) of f | o - Let us consider the Agmon distance dag introduced in Lemma 3.2. Then
the inequality

dae0Q_,U”) >  max fUD) - fW?) (7-1)
Ubeyd, y®ey©®
implies (2-8). As a consequence, the inequality (7-1) together with Hypotheses 1, 2, 5 and 6 are sufficient
conditions for the results of Theorem 2.4 and its corollaries to hold.

Figures 2 and 3 give examples of functions f for which the inequality (7-1) together with Hypothe-
ses 1, 2, 5 and 6 are fulfilled. Figure 4 is an example of a function f which satisfies Hypotheses 1, 2, 5
and 6, but not the inequality (7-1).

Remark 7.2. Since dag(x,y) > | f(x) — f(y)| (see (3-1)), the condition (1-9) given in the introduction
is a sufficient condition for (7-1). Condition (1-9) also implies Hypothesis 2. Thus, a set of sufficient
conditions for Theorem 2.4 to hold is Hypotheses 1, 5 and 6 together with (1-9). This is indeed the simple
setting presented in the introduction (see the four assumptions stated in Section 1B).

Remark 7.3. It may happen that /() = @. In this case, the inequality (7-1) is automatically satisfied,
and there are no exponentially small nonzero eigenvalue for AN (0)(9 ). Consistently, (2-8) is a void
condition in this case.

Proof of Proposition 7.1. By the previous discussion, it only remains to prove that Hypotheses 1, 5 and 6
together with (7-1) imply (2-8) for the proposition to hold. According to [Le Peutrec 2010b], the smallest
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Figure 2. A two-dimensional example where the inequality (7-1) together with Hy-
potheses 1, 2, 5 and 6 are fulfilled. The generalized critical points are labeled by their
indices.

N.(0)
h

nonzero eigenvalue of A #n (82-) (namely Mgo)(Q_)), satisfies, under Hypotheses 5 and 6, the inequality

: (0) _ _ My _ ©) _ My _ ©0)
Jim hlog(uy” (@) = 2/ W) = fWPN 2 =2 max QD) = f OO,

where Uj%)) and U /(.11) are two critical points of index 0 and 1, respectively.

Let us now consider the exponential decay near d€2_ of an eigenfunction of A%’h(o) (£2_) associated with
a nonzero, exponentially small eigenvalue. A stronger version of Proposition 3.4 can be given because
under Hypotheses 1, 5 and 6 the critical points of f |Q_ which are not local minima are not associated
with small eigenvalues of Al}f’h(o)(Q_) (they are so-called nonresonant wells; see [Helffer and Sjostrand
1985a]). Indeed, when U is a critical point of f|,, with U ¢, the local model of A?,\” (B(U, r))
has his spectrum included in [A/C (U, r), 400) for r > 0 small enough (see, for example, [Cycon et al.
1987]). Then, Corollary 2.2.7 of [Helffer and Sjostrand 1985a] implies that any normalized eigenfunction

Y (h) of Aﬁ*,}o’(sz_) associated with an eigenvalue p(h) € [0, e~/ h satisfies
Ve>0 3C, >0 Vx € Q_  |Yn(x)| < Cp(e™aetxtl)+e)/ Iy

(compare with the result of Proposition 3.4). Hence, condition (7-1) implies that, in a small neighbor-
hood V_ of 9€2_, the eigenfunction v (k) is estimated by

maxym ey, oo fUD) = FUD)+ C)
h

1 )l 20y = O(e e Uy < Cexp(_

= 0(/n? @) = O(/uh)

provided that (k) # p'” (2_) = 0. This is exactly (2-8). O
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Figure 3. A one-dimensional example where the inequality (7-1) together with Hypothe-
ses 1, 2, 5 and 6 are fulfilled.

Figure 4. A one-dimensional example where Hypotheses 1, 2, 5 and 6 are fulfilled, but
the inequality (7-1) is not satisfied. The condition (7-1) would be fulfilled with a lower
local minimum on the left-hand side, for example (see Figure 3).

Remark 7.4 (assumptions in terms of € only). Let us assume that Hypotheses 2, 5 and 6 hold. Then, it
is easy to check that, if

O flyq, >0 (7-2)
and
(0) My _ 0) -
dag(0Q24, U™) > U<1)eu{1§l,al)]((0)eu(0) FW) = fU™), (7-3)
then there exists a regular open domain ©2_ such that @ _ C €, and Hypothesis 1 and condition (7-1) hold.
Indeed, conditions (7-2) and (7-3) are open and allow small deformation from €2 to some subset €2_.
Note that condition (7-2) implies that this small deformation can be chosen so that all the critical points
of f are indeed in 2_; this is exactly Hypothesis 1. As a consequence, under Hypotheses 2, 5 and 6
and assumptions (7-2) and (7-3), the results of Theorem 2.4 hold for a well-chosen domain €2_ such
that Q_ C Q.
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In addition, following Remark 7.2 above, it is easy to check that the inequality

min f —cvmax > cvmax — min f (7-4)
ETom Q4

is a sufficient condition for (7-3). It also implies Hypothesis 2. Thus, under Hypotheses 5 and 6 and the
two assumptions (7-2) and (7-4), the results of Theorem 2.4 hold for a well-chosen domain €2_ such
that Q_ C Q.

7A2. Proof of Theorem 2.10. In this section, more explicit formulas for A(lo)(QJr) and 9, (e~ 1/ hugo)) are
given under the Morse assumption on f and f } 29, We shall prove:

Proposition 7.5. Assume Hypotheses 1, 2, 5, 6, the condition (7-1) and, moreover,
o f >0 on Q4. (7-5)
. ) D, (0) .
Then the first eigenvalue A, (24) of A ) (24) satisfies

mP (Q\Q-)

Wan= Yy ( s Ay ) 200 f (U 2T UD=IOD (1 1+ Ohy) - (7-6)
P 7 det(Hess f‘am)(Uk )

s, 28n f(o)e 2@/ 4
- Jo, e dx

1+0m), (7-7)

where Uy is the (unique) global minimum of f in Q4 and the U k(l) are the local minima of f | 29, Moreover,

the normalized nonnegative eigenfunction ugo) of A?}fo) (24) associated with Ago) (24) satisfies
h —2f/h
dule 1 (20, f)e 2/,

T 1Qd, e 2],

B o,
|aule= /11 ,,

+O(h) in L'(0Qy). (7-8)

09Q) (9%24)

Remark 7.6. The hypothesis 9, f > 0 on 02 ensures that the set of all the local minima U, D of f | o
coincides with the set of generalized critical points with index 1 for A2 h(§2+ \ Q_). The results of
Proposition 7.5 also hold under the more general assumption that d,, f (o) > 0 when o € €2, is such that
f(o) <minyq, f+eo for some gy > 0, by adapting the arguments below.

Remark 7.7. It is possible to write explicitly a first-order approximation for the probability density
—dp(e Ty 0))|3Q /lon(e™ f/hul M1 @a,), in the spirit of the approximation (7-6) for A(O)(§2+) This
approximation uses second-order Taylor expansions of f around the local minima U D see (7-20) below.
More precisely, this approximation becomes

h, (0) D@ \Qo)
Oule ™ "Mui |1, NS ()G (h)
_ _ = el +Oom), (7-9)
18, [e=1/ ul ]”L1(89+) i 1k (h)

where the Gy (h) are Gaussian densities centered at the Uk(l) and the weights #;(h) are such that

limp_, g hlogt(h) = —f (Uk(l)). When f ‘aQ has a unique global minimum, the sums in (7-6) and
-+

(7-9) reduce to a single term.
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Remark 7.8. As explained in Remark 7.4 above, it is again possible to write a set of assumptions in
terms of 24 only. In particular, the results of Proposition 7.5 hold under Hypotheses 2, 5 and 6 and
assumptions (7-2) and (7-3).

Remark 7.9. It is possible to extend our analysis to the case of an 4-dependent function f = f;, such that
our assumptions are verified with uniform constants. For example, the results hold if the values f(U kl))
of f at the local minima Uk( ) are moved in an O(h) range without changing f — f(U, 1)) locally. This
would change the coefficients #; (%) in (7-9) accordingly by O(1) factors.

Most of our effort will be devoted to the proof of Proposition 7.5. Let us first conclude the proof of
Theorem 2.10 using the result of Proposition 7.5.

Proof of Theorem 2.10. Let f be a function such that Hypotheses 1, 2, 3 and 4 are satisfied. Let us assume
moreover that f ’ 29, is a Morse function and 9, f > 0 on d€2.. It is possible to build a C* function f
such that f f on Q+ \ ©_ and Hypotheses 1, 2, 5 and 6 and condition (7-1) are satisfied by f This
relies in particular on the fact that Morse functions are dense in C*° functions. The condition (7-1) may
require us to slightly change the local minimal values of the Morse function f.

The function f now fulfills all the requirements of Proposition 7.5 and thus, with obvious notation,

20, f(0)e 2 @/h &
Joa,

- 1+0(
T eegy oW
.

0@, =

and _—
bl a0 @

18aLe= MMl oa,y 1282 M0,

+O(h) in L'(0Q).

Here, we have used the fact that f = f on Q4 \ 2_. Notice that the function f satisfies Hypotheses 1, 2,
3 and 4 by the results of the previous section. We thus conclude the proof by referring to Corollary 2.9. [J

The proof of Proposition 7.5 is done in two steps: We first apply Theorem 2.4 using a very specific
basis of Ran l[o,v(h)](A?h(l)(Q+ \ 2.)) to get estimates of

— 0
an(e f/hu(l ))‘BQ+

0
Ap (24) and 16, (e_f/hu(10))||L1(8§2+)
in terms of second-order Taylor expansions of f around the local minima U ,51) (see (7-6) and (7-20)). We
then show that these expansions coincide with (7-7) and (7-8).

Before this, we explain how to build the almost orthonormal basis of Ran l[o,v(h)](A?}f])(QJr \ QL))
that is needed to prove our results. This construction relies heavily on the Morse assumption on f
and f | 29, (see Hypothesis 5). We need the results of [Helffer and Nier 2006, Chapter 4] on approximate
formulas for a basis of the eigenspace of AD (1)(§2+ \ ©_) associated with O(e~“/") eigenvalues (see
also [Le Peutrec 2010a] for a more general analysis). In what follows, it is assumed that Hypotheses 1, 5
and 6 and condition (7-5) hold. The one-forms of that basis are constructed via a WKB expansion around
each local minimum U(l) of f|852+ (1 <k <mP(Q4\ Q). In a neighborhood Vy of UV, consider the
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function ¢y defined in a neighborhood of U, k(l) as follows: We assume that all the V}, are disjoint subsets
of Q4 \ Q_. The function ¢ satisfies the eikonal equation

VolP =1V FIP eklyg, = = FUMDsa,s 9nlyg, = =00 flyq, -
In the neighborhood Vj, one can build coordinates (x’, x4 = (x', ..., x?1 x9) such that:
o The open set €2 looks like a half-space:
Qi NV ={(x", xD x| <r, x <0},
A NV ={(x, xD  1x'| <7, x¥=0}.
» The metric has the form g4, 200 dxh? + Zl =138, ;i (x) dx' dx/ with 8i,j(0) =4; ; (notice that a

different normalization of g, 4(0) was used in [Helffer and Nier 2006]).

« The coordinates (x’, x?) are Morse coordinates both for f and ¢:

d—1 d—1
F0) = FUP) =0 fUM 4 330560 @) = =, FUOI 33 0P, (7-10)

j=1 j=1
where the J.; are the eigenvalues of Hess(f|,, YM).

In [Helffer and Nier 2006] a local self—adjomt realization of A(l) around Uy M is introduced with the
same boundary conditions along 9€2. as for A% (1)(Q+) with a unique exponentially small eigenvalue
Zk(h) = O(e=/M). A corresponding appr0x1mate eigenvector is given by the WKB expansion (in the
limit of small /)

0
2V, h) = @, et where ax(x, h) ~ a o(x) dx? + " by oht (7-11)
=1

with by o = Zd ar,e,j (x) dx’ and ax.0(0) = 1. The symbol ~ stands for the equality of asymptotic

expansions. Let z,El be the eigenvector of the self—ad]omt realization of A(IL around U, &

above, associated with (/) and normalized by i3 0 Xk )(0) =1, » z,?kb (1)(0) It is shown in [Helffer and

Nier 2006, Proposition 4.3.2(b,d)] that the estimates

introduced

Va eN? 3C, >0 IN, €N 392" (x)] < Cuh™Neem 0/ 1 (7-12)
VN eN Va e N? 3C,n >0 89D — ) (@)| < Cy ghV e #W/h (7-13)

&)

Kb, (1
MO and 2

hold for all x in a neighborhood V,i CVeofU ,f ) Notice that the one-forms %
By taking a cut-off function yx; € C5°(V;) with xx =1 in a neighborhood of U, D "a normalized quasimode
for A7,V(©21\ Q) is given by

are real-valued.

(1
1 _ szk

||Xka 200

The set of functions (w,il)) kell D(o,\G_)) 18 orthonormal, owing to the disjoint supports of the functions

.....

X keqt....mP (@ \G))- According to [Helffer and Nier 2006, Proposition 6.6], those quasimodes belong
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to the form domain of A (1)(Q+ \ ©_), and there exist two constants C, ¢ > 0 such that
1d phwi 122y + I wi 122 g, < Ce™/" (7-14)
£ 2 T paWe g, = e

holds forallk e {1, ..., mP(Q;\Q_)}. In addition, the estimates (7-12) and (7-13) with ¢ (h) = O(e /)

(1

imply that the w; "~ solve

j W

A(l) (1) =r, on Q+ \ S_z_’ (7—15)
tw,

14!
=0, td*hwk)|m = Ok,

(€)]
=0, tdfhwk s

1)|asz+uasz

where r; and py satisfy
VpeN 3C, >0 Vke{l,....mP (A2} Inillywro@, o +llollwrnrapa,) < Cpe™ /" (7-16)

for some ¢’ > 0. The construction of the almost orthonormal basis of Ran l[o’v(h)](A?”h(l)(QJr \ Q1)) is
completed with the next lemma.

Lemma 7.10. Assume Hypotheses 1,5 and 6 and condition (7-5), and set
M,(cl) = l[o,v(h)](Alf),}l(l)(Q+ \ S_2—))11);(61)

for any k € {1,...,mP(Qy \ Q). Then (u") <,

Ran 110,y (A 75 (24 \ 22)).
Moreover,

D@\ IS an almost orthonormal basis of

~~~~~~

3e>0 VpeN 3C, >0 Vke (L, ....m (2 \ Q) luf” —w lywra@g ) < Cpe™" (7-17)
for all sufficiently small h.

Proof. Let us introduce v,(cl) = u,(cl) w,ﬁl) forkefl,..., mID(QJr \ ©_)}. The one-form v,(cl) belongs to
the form domain of A 2 ’h(l) (224 \ _) and the spectral theorem leads to

1 1 1
v 1320 g = w1 + 5w < Ce™/M < e/t

L2(Q2:\Q) L2(Q\Q2) —

owing to (7-14) and o (A7 (24 \ ©2)) N[0, v()] C [0, /). With (2-5), this implies that
2
[

||vk LZ(Q \Q )_O(e_CZ/h) By USing
2 (12 1)
(1) * 1) ome
we obtain
1 -2 —c2/h —c2/(2h
19 13120 0g ) = O ey = O™ /@),

Thus, the almost orthonormality property of (u h )) ke(lmmP (@ \G) is due to the orthonormality of

.....

(1
(wk ke(l,... mP(Q4\Q))
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The W72 estimates (7-17) are then obtained by a bootstrap argument (induction on p) using the elliptic
regularity of the Hodge Laplacian. With AD (1)(Q+ \ Q_)u(l) O(e=/"y in any WP? (see Lemma 6.3),
(7-15) leads to

{AHU(l) =rp(h) — 2(Afh —~ hZAH)v“’

1) )] 1) 1 1s )
) }asz we. =0 v |y =0, ‘asz —h™p —h™iv gy,
where |7, (h) [l yy». 2(Q\G) satisfies the same estimate (7-16) as |[ri(h)]| Wr2QAG ) Using the fact that
the zeroth-order differential operator Ay, — h?Apg=|V f |2+ h(Ly L3 f) is bounded in L®°-norm,

we thus obtain the W72 estimates (7-17) by induction on p. Il

Proof of Proposition 7.5. Let us apply Theorem 2.4 and Corollary 6.9 to the almost orthonormal basis
(u X ) I<k=<mP (@ \&-) introduced in Lemma 7.10 (see Remark 6.6). From the estimate (7-17) and the fact
that hmh_>0 hlog \(9(Q21) = —2« 7, we deduce

n2Y P8 )(fam eI, w (o) d6)2
fm e—2f(X)/h gy
D \Q_ _ . 1
my (24\2-) 1, € f(a)/hlnwl({)(a)da

811“50)|as2+ = Z

k=1 (fm e 2/ /h dx)l/2

2@y = (1+ 0"y,

nw](cl) + O(e—(Kf+C)/h)

where the last remainder term is measured in W?-2(3$2)-norm for any p € N. In particular, we deduce

o—f1h mP(Q\Q)
1 ag, == <f 0 (o) d )9 —@apralhy gy g
: Ontt ) k(o) do |6+ O(e ) in L'(3Q4)
(/Sh e—25)/h gy )1/2 Q4 ; 20,
and
m?(Q_,_\Q_) 2
2@y =n? > (/ decr) (14 O(e~My), (7-18)
k=1 902

where 6, = (e—f/h/(f o210/ dx)l/z)z w
Using 0,u

s,

)| 20, = 0 and the fact that the 6; have disjoint supports, the following estimates hold:

mP(Q4\Q)

1 2
2
(/ e_W/hdx) le=" 00 g, iy = 2o (/ ek(o)da) +O(e~ e+t
Q. = I

=h 2@ A+ Oy,

In the last equality, we used (2-11) to get a lower bound on AEO)(Q+). By recalling that the Dirichlet

= 0 implies

boundary condition u'” |as2

_ © _ 0
Onle™"""u )]lasz e /1y, ”5 )|3Q+’
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we thus get
. ba\ao)
dule ") i (8 Ocdo )b
__" h (01) 2, = "—;(Q 3 )(f"’9+ )2 + O™ ") in L'(39Q4). (7-19)
19, Le=""uy " Tl L1 o, ) Z:ll A (famekdo)

In order to get estimates from (7-18) and (7-19) in terms of f, it remains to approximate the quantities 6y
and fam O do in the limit # — 0. Recall that

—f/h )]
e .M (1 _ XkZg
[ywy |8Q+ and w, =

(Jq, e2/@/hdx) / Iz )”LZ(V,:)

The estimates are obtained using the Laplace method and the WKB expansion (7-11) together with (7-13)

to approximate z,((l).

O =

. fQ+ e 2/ M/ dx: A direct application of the Laplace method gives

/ e—Zf(X)/h dx = E_zf(UO)/h(T[h)d/z (det(Hess f)(U()))_l/z(l + O(h)),
Q.

where Uy is the unique global minimum of f.

o | sz,il) | L2v): Recall the coordinates around U k(l) used in (7-10) and (7-11). Using these coordinates
and (7-13), there is a C§°({x? < 0}) function a(x, h) ~ Y72, o (x)h* with a9(0) = 1 such that

! _
IIsz,(c )”iz(v/) :f e 2O/ My (x hydx" - dx?
k {xd <0}
- / 20 f (W T h = X5, MO hey (e, By dx! - dxd
{x4<0}
h (rhyd-Dn
20, UMDY VA R

(rh)@+D/2
270, £ (U (det(Hess Flag)@M)

(1+0M)

7z (1 +O(h)).

We applied the Laplace method to get the estimate of the integral (using the fact that d,, f (U k(l)) >0
by (7-5)).

e O: On the one hand, using f(x) = f(U,El)) + anf(Ulil))xd + % Z‘j;]l Aj (x/)?ina neighborhood of
Uk(l) (see (7-10)), we have, on 924 (so that x4 =0),

L
(o, e/t )"

Xk

d—1

_ Xke—(f(U;fl))—f(Uo))/h(nh)—d/“(det(Hess f)(UO))l/“e— XIS A (1 4 o).



LOW TEMPERATURE ASYMPTOTICS FOR QUASISTATIONARY DISTRIBUTIONS 615

On the other hand, the function i, w,(cl) |39+ = innz,({]) ‘BQ+/||X1<Z,(€1) 22wy satisfies

\/W(det(Hess f|89+)(Uk(l)))1/4 .
e

) _ 4l )2/ 2h)
‘8Q+ = Xk (JTh)(d+1)/4 J=t (1 +O(h))-

inwli

From these two estimates, 6; satisfies

0 = Avxe™ Zi= (1L O,

where
V2o, f(UL) ®
_ (y)1/4 V4 —(fW0)—fWo)/h
Ak—W(det(Hess flyg,)U) " (det(Hess f)(Ug)) e~ %% o)/%,

. | 29, 6. The Laplace method implies that

(Eh)(d_l)/z

Ao Ad—1

—1/2

(1+0(h) = (wh)“~ " (det(Hess [, )UM) " (1+0Oh)).

We thus obtain

/ 2, £ U (detHess £ (U)
o

W
. e~ W= W/ (| 1 O(h)).
(;Th)3/4(det(Hess f|39+)(Uk(l)))l/4

Putting together the above information and using (7-18) and (7-19) finally implies

D \Q.)
" —2(f WU~ f(Uo))/h
e k 01+ O(h)),

20 )_\/h det(Hess f)(Up) 28nf(Uk(1))
1 +) =
T k=1 \/det(Hess f|39+)(Uk(1))
which is exactly (7-6), and
—f/h,, O
A, [e U ]iam

|| O [e_f/hugo)

] ” L'(394)

P\Qo) Dy — M)_ N i
;”:11 + 8nf(U,f e 2 W= fWoN /by, o= 2ijmi 1 D7/

= D —
Gem) @02 SN (8, f (UL det(Hess f |y, )(UD)) e 20 WD/ Oo0n

(14+0(h)). (7-20)

We thus obtain estimates of )\(10) (24) and —0, (e_f/huio)) }am/” Op (e_f/hu(lo)) 213, in terms of second-

order Taylor expansions of f around the local minima U, k(l). This ends the first step of the proof.
Actually, the two estimates (7-6) and (7-20) can be rewritten in a simpler form using the Laplace method

again. By recalling the equality f(x) = f(U,fl)) + an(Uk(l))xd + % Z?;{ Aj(x7)? in a neighborhood



616 TONY LELIEVRE AND FRANCIS NIER

of U, ,El), the Laplace method gives, by similar computations to those performed above,
Joq, 200 f(0)e™ 2@/ do
f e~ 2f)/h gy
Qy

D \Q_
SR —2(f WU~ f(WUo))/ h
e k 01+ O(h)),

~ \/h det(Hess /)(Up) 20, f (U")
N T =1 \/det(Hess f’39+)(Uk(l))
(20, e 2/M] o
1120, e 21| 1oy

7@\ 1 _
2111( +\ )a f(U(l))e*Z(f(Uk )*f(Uo))/the Z/ l)‘ (X/) /h

() @=D/2 T (@A) f(U,y))/\/det (Hess £, )W e ~2(f(U)~f U/ h

O(h),

where the last remainder term is measured in L!(d Q. )-norm. Comparing with the two estimates (7-6)
and (7-20) above, we thus obtain (7-7) and (7-8). This concludes the proof. O

7B. Beyond Morse assumptions. In this section, we discuss Hypotheses 3 and 4 for functions f which
do not fulfill the Morse assumptions of Hypothesis 5 above. In Sections 7B2 and 7B3, we present two
examples (respectively in dimension 1 and 2) of functions f which do not fulfill Hypothesis 5 but for
which Hypotheses 3 and 4 still hold true. Section 7B1 is first devoted to a few remarks that will be useful
in the examples we will discuss below.

7B1. General remarks. First, we will use the duality between the chain complexes associated with
dyp and dji’ »- More precisely, conjugating with the Hodge x-operator exchanges p- and (dim M —p)-
forms, d and d*, f and — f, Neumann and Dirichlet boundary conditions. This was used extensively in
[Le Peutrec 2011; Le Peutrec et al. 2013].

Second, the following lemma will also be useful. It is a variant of Proposition 3.7.

Lemma 7.11. Let Q be a regular bounded domain of the Riemannian manifold (M, g) and let f € C*(S2)
be such that (V f Y~1({0}) has a unique nonempty connected component in <.

. Ifa,,f‘ag2 > 0 then the two first eigenvalues of A?’h(o)(ﬁ) satisfy

(@) =0 and hmhlogM(O)(Q):

o If 0, f\asz <0and |V fI>—hAf >0inQ forall h € (0, hy), then the first eigenvalue ofAD (o)(Q)
satisfies

lim 2 log A" (Q) =0
h—0

Proof. Up to the addition of a constant to the function f (which only affects the normalization of e=//"),
one may assume without loss of generality that f =0 on (V f)~'({0}) (using the connectedness assumption
on (V£)~'({0})). Then, f > 0in Q when 8, f|,,, > 0, and f <0 when 8, f|,, <0.
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The fact that M§0)(Q) = 0 is obvious, by considering the associated eigenvector e~//”. The Witten
Laplacian acting on functions is the Schrodinger-type operator

AQ) = —2A+ V2= h(Af).

Since the function |V f|?> — hAf is uniformly bounded in €, the two inequalities

limsup /i log u{”(2) <0 and  limsuphlogil”(Q) <0
h—0 h—0

are consequences of the min—max principle. For the Dirichlet case, any fixed nonzero function in
C5°(€2) will provide an O(1) Rayleigh quotient. For the Neumann case, consider two regular functions
X1, X2 € C3°(£2) such that supp x; Nsupp xo = & and | x1ll.2@) = lIx2llz2@) = 1, and take ¥, =
a1 () x1 + aa(h) x2 such that [y, 17, = leir(h)|* + lea(h)|* = 1 and (Y, e /") 12q) = 0. We get
(Vn, A%’h(o) Yn) 2@ = O(1) and the min—max principle applied to Al}f’h(o)(Q) on the orthogonal of e~//"
yields u(Q) = O(1) as h — 0.

Let us first consider the case where 9, f } s < 0 and |V fI> = hAf = 0. It remains to prove
that liminfy,_,¢ 2 log Ago)(Q) > 0. Let w be a normalized eigenfunction associated with Ago)(Q), SO
A7O(@o = 1" (@) and || 12(q) = 1. Using Lemma 3.1 with ¢ = 0 and the Poincaré inequality,
we get

M (Q) = P IVoll}s g = Cah?,

This concludes the proof in the case 8,,f|m <Oand |Vf|>—hAf >0.
Let us now consider the case 9, f | sa > 0. It remains to prove that liminf,_,¢ 4 log M§0)(Q) > 0. Let
us reason by contradiction, by assuming that there exists ¢ > 0 and a sequence (/,),en such that
lim h, =0 and u(Q)<e ™ with ¢ > 0.
n—oo

Notice that ,ugo)(Q) depends on n. Let us introduce w,, a normalized eigenfunction associated with

ugo)(Q), SO A?}f}?)wn = ,u(zo)(Q)w,, and [lw, || 2(q) = 1. Notice that fQ wpe~ /M = 0. For & > 0, consider

the open set
K. ={xeQ:d(x,(VH'({0)) <&},

so that K, is contained in € for € € (0, &) and & sufficiently small. Take a partition of unity X12 + X22 =
in Q such that Xi € C>®(Q), x1 = 1 in a neighborhood of K, /; and supp x; C K. The IMS localization
formula (see, for example, [Cycon et al. 1987]) gives

—C N’ 0
e~/ > (wn, A (Qon) 12
2

N, N,
= (t1on, AT (@) x10) 120+ Oon, AN (@ x20n) 120 — 1 Y N0V 172y (7-21)
j=1

The lower bound (which is a consequence of |V f |>>0on supp x2 and 9, xo =0 on 9€2)

1
N, (0
(on AT Q) xa0n) 120) = (Xaons IV 12 x200) 120 — Chnll X272 = o heonlig
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for n sufficiently large together with (7-21) implies
V6>0Ve>03INeN V>N ||wn||§2(,(€) >1—3.

Since (V £)~1({0}) is assumed to be connected and, for every point of the open set K, the gradient flow
associated with f defines a path to (V f)~!({0}), K, is a connected open set. The function v, = w,
belongs to WL2(K,) with

k.

2
hie—2C£ /hy ||d€f/h" Vn < e—c/hn’

2
= ”df,hvn ”LZ(KS) =

2
”LZ(Ke)
thanks to the fact that

AC>0VxeK, 0< f(x)<Ce.

By choosing & > 0 so that ¢ — 2Cs? > 0, the spectral gap estimate for the Neumann Laplacian in € (or
equivalently the Poincaré—Wirtinger inequality in €2) provides a constant C,, such that

lim [le// v, — Cull 2k, = 0.
n—oQ B

We thus deduce

: —f/hn _ ; 2 —
Jim oy — Coe™ M2,y =0 with Jlnl7ag,) 2 1= 8. llonllz2g) = 1.

For § < 1, this is in contradiction with fQ wpe /M = 0. Il

TB2. A one-dimensional example. In this section, we exhibit a simple one-dimensional example of a
function f satisfying Hypotheses 3 and 4 though not being a Morse function. An extension is then briefly
discussed.

Proposition 7.12. Consider a function f € C*(Q4), Qy = (ay, by) with ay < by two real numbers,
such that

1O =(f)7N0) =[ar, bi], —oco<ay <aj <b <by <400,
f'(ap) <0 and f'(by)>0.

Then, for any Q2_ = (a—, b_) such that a;. <a_ <a; <b; <b_ < by, Hypotheses 3 and 4 are valid with
mY(Q)=1,mY(Q_) =0and mP(Q\ Q) =2.

Notice that, for this example, Hypotheses 1 and 2 are also satisfied, which means that the results of
Theorem 2.4 are valid.

Proof. On an interval I with the Euclidean metric, the one-forms can be written as u" = u; (x) dx. The

Witten Laplacians A/} (I) with p = 0, 1 are then given by

A D = (h20, 4 + 100 f P = h (@ ),
AD (1) (u1dx) = [(=h205 410 f P+ (@ f))ur] dx.
The Dirichlet boundary conditions are given by

u®=0 on 91 and —hdcui 4+ Ox fHuy =0 on 3,
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while the Neumann boundary conditions are given by
hou® + @ Hu®=0 ondl and wu; =0 on 3l.

This is a particular case of the general duality recalled at the beginning of Section 7B1. Let us now check
Hypotheses 3 and 4.

First, e~//" belongs to the kernel of A%(O)(Q_). A direct application of Lemma 7.11 shows that (2-6)
holds for p =0 with m(])v (2_) =1. Second, by the duality argument, proving that (2-6) holds for p = 1 with
mllv (£2_) =0 is equivalent to proving that there are no exponentially small eigenvalues for AL_)}S(,)I) (L)
(notice that f has been changed to — f). But this is a consequence of the second part of Lemma 7.11,
since f is convex. Finally, note that the condition (2-8) is empty, since the only exponentially small
eigenvalue of A?’h(o)(ﬁ_) is 0. This shows that Hypothesis 3 holds.

The open set 24 \ €2_ is the disjoint union of the two open intervals (ay,a_) and (b_, b4 ). On each
of them, d, f does not vanish and the Morse assumptions of Hypothesis 5 are satisfied. On (ay,a_)
(resp. (b—, by)), f has one generalized critical point of index 1 at @ (resp. at b). Therefore, using the
results of [Helffer and Nier 2006] (see Section 7A1), (2-9) holds with m{) (24 \ Q_) = 2. This shows
that Hypothesis 4 holds. U

It is not difficult to treat the case when f € C*°([a4, b, ]) has a finite number of critical intervals,

2N+1
A = | lan. bal.  ar <a1 <bi<--- <awvs1 <bwyr < by,

n=1
with f'(ay) < 0 and f'(by) > 0. Again, Q_ = (a_,b_), with ay <a_ < a; < byyy1 < b_ < by.
The local problems around every [a,, b,] can be studied with the help of the duality argument and
Lemma 7.11. Using an argument based on a partition of unity, one can check that (2-6) and (2-9) hold
with m) (Q2) =2N+1, mY (Q_) =2N and mP (1 \ Q_) = 2N +2. Hypothesis 1 is of course satisfied.
Ensuring that Hypothesis 2 and condition (2-8) hold then requires us to correctly choose the heights of
the critical values. They hold, for example, when max|<,<on+1 f(a;) < min{ f(a+), f(b4+)} and when
f(ay) and f(byny41) are the two smallest critical values.

7B3. A two-dimensional example. This example is inspired by the work of [Bismut 1986; Helffer and
Sjostrand 1987; 1988] on Bott inequalities. We consider the following C* radial functions in R?:

_ 2 1y2
@in(x) = /DT (),
Pext =0 for |x] <1, @ex strictly convex in {|x| > 1}.

The domain €2, is the disc D((—R, 0),2R) and 2_ the disc D((—R, 0),2R — 1) with R > 3. The
function f is defined by f(x) = g (x) + wext(%x). The level sets of the function f are represented in
Figure 5.

Proposition 7.13. When R > 3 is chosen large enough, the above triple (21, Q_, ) fulfills Hypothe-
ses 1,2, 3 and 4 withml (Q_) =1, mY(Q_) =1 and mP(Q; \ Q_) = L.



620 TONY LELIEVRE AND FRANCIS NIER

Figure 5. Only 2, is represented. The level sets of f are represented by dashed lines.
The black area is the O level set. The dots indicate the generalized critical points, together
with their indices (for Dirichlet boundary conditions).

Proof. Thanks to the convexity assumption on x gaext(%x) and its local behavior around {|x| = 2},
Hypotheses 1 and 2 hold for R > 3 large enough.

The choice of non-0-centered disks for 2 and Q2_ while f is a radial function implies that f | 29, has
a unique local minimum and therefore, using the results recalled in Section 7A1, (2-9) is satisfied with
mlD (24 \ Q_) = 1. This shows that Hypothesis 4 holds.

The fact that (2-6) holds for p = 0 with mév (2_) =1 is a direct application of Lemma 7.11. This also
implies that the condition (2-8) is void. It only remains to prove that (2-6) holds for p =1 with mf’ (QoU)=1.
We will actually prove that (2-6) holds for p =2 with mév (2_) = 1. Then the quasi-isomorphism with
the absolute cohomology of the disc (see Section 4A) gives mN Q) —mV 1 (Q0)+ mN (2-) =1, which
indeed implies m N(Q_) = 1. Moreover, by the duality argument, (2-6) holds for p =2 with m; Nooy=1
if (2-9) holds for p = 0 with m(?(Q_) =1, f being changed into — f. The proof of this claim will
conclude the demonstration.

In the rest of this proof, mé)(Q,) denotes the number of small eigenvalues for AD (0)(82 ). The
function — f has a local minimum at x = (0, 0). Applying the min—-max principle w1th a quasimode
X(x)ef @)/ where yx is a smooth nonnegative function such that x = 1 on {|x| < }1} and x =0 on
{Ix| = 1}, implies that mP(Q_) > 1.

Let us now consider w € D(AD (O)(Q )), a normalized eigenvector associated with an exponentially
small eigenvalue, so (w, A_f . (Q Jw) 2y < e /" for some ¢ > 0. Let X1 + x7 = 1 be a partition
of unity on Q2_ with X12 =1 on {|x|] <&} and Xl =0 on {|x| > 2¢} (for ¢ < 4). The IMS localization
formula gives

(. APV Qo) 2q
2
= (e, A2 Q0 20 + e, A Q) e ) —h ) 10VXilTg ) (7.2
j=1
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Figure 6. A variant of Figure 5 with N = 4. The supports of the additional terms in f
(compared with Figure 5) are represented by the white disks.

The second term of the right-hand side equals { oo, A?}ﬁ%)(ﬁ)xzw)Lz(Q_\Qg) with Q. ={x e Q2_:|x| <¢g}.
Our choice of the function f(x) = @iy (x) + (pext(%x) ensures that, for i € (0, hg) with o small enough,
|V f|> +hAf is nonnegative on Q_ \ .. The second part of Lemma 7.11 thus implies that there exists a
function v of A such that

D,
(X200, A2 (@) x20) 120 \2) = VD 12017 20 g

with liminfy,_,9 2 logv(h) = 0. In addition, exponential decay estimates based on the Agmon identity
imply that Z?:l loV x; ”iZ(Q_) = O(e~¢/"), since |V f| > 0 on supp(x1) Usupp(x2) (this is obtained by
adapting the arguments of Proposition 3.4, for example). By using the IMS localization formula (7-22),
we thus obtain that || x2w|12(q\q,) goes to zero when & goes to zero, and thus that lim, ¢ || X102 ) =
limy ¢ [|@l|2(q,) = 1. Using then the same argument as in the end of the proof of the first part of
Lemma 7.11, we obtain that, for sufficiently small ¢, limy_,¢ ||j® — Crel’h| 12(,) = 0 for some constant
Cj € R. The two limits lim, ¢ [o|l;2(q,) = 1 and limj_¢ [l — Che/"|| 12(q,) = O imply that, in the
asymptotic 1 — 0, w cannot be orthogonal to xe//" (recall that x = 1 on §,), which is in the spectral
subspace associated with exponentially small eigenvalues. This concludes the proof. U

It is not difficult to adapt the previous argument to the case when the function f has several local
maxima. Set (xo, 7o) = (0, 1) and consider a finite number of points and radii (xi, r¢)1<k<ny such that
the open discs D(xg, ry), k =0, ..., N, are all disjoint and included in D(0, 2). Let us consider the
function f(x) = (pext(%x) + Z/](V:() oin((x — x) /1) (see Figure 6). Then Hypotheses 1, 2, 3 and 4 hold
with m) (Q0) =1, mY(Q_)=N+1and mP(Q;\Q-)=1.

Remark 7.14. Interestingly, one can extend the last example to build a function f for which Hypothesis 3
is not satisfied. Consider an infinite sequence (xg, r¢)gen With xg = 0 and r9 = 1 such that the
open discs D(xk, ri), k > 0, are all disjoint and included in D(0, 2). Take the function f(x) =
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Pext(3X) + Dpoo(rf /(L + k*)@in((x — x¢)/1r¢) in the domain _ = D((—R, 0),2R — 1) with R > 3
large enough. By Lemma 7.11, we know mé\’ (2_) = 1, while quasimodes associated with every x; show
that the number of eigenvalues of A]}f’h(z)(Q_) (or equivalently Al_)’f(f,? (2-)) lying in [0, e %M is larger
than any fixed n € N for 4 sufficiently small. Using, as in the proof of Proposition 7.13, the identity
méV(Q,) - m{V(Q,) +m6V(Q,) = 1, the number of eigenvalues of AI}{’}EI)(Q,) lying in [0, e=%/"] is thus
also larger than any n € N for & sufficiently small. Thus Hypothesis 3 is not satisfied.

Actually, there are up to now no satisfactory necessary and sufficient conditions which guarantee that

Witten Laplacians with general C* potentials have a finite number of exponentially small eigenvalues.

Appendix: Riemannian geometry formulas

For the sake of completeness and in order to help the reader not so familiar with those tools, here is a list
of formulas of Riemannian geometry which were used in this text. We refer the reader, for example, to
[Abraham and Marsden 1978; Cycon et al. 1987; Gallot et al. 2004; Sternberg 1964; Goldberg 1970]
for introductory texts in differential and Riemannian geometry. We also consider here only real-valued
differential forms (the extension to complex-valued differential forms is easy).

Let (M, g) be a d-dimensional Riemannian manifold. The tangent (resp. cotangent) bundle is denoted
by TM (resp. T*M) and its fiber over x € M by T M (resp. T M). The exterior algebra over 7" M
is ANT)M = @‘;:O /\" T¥M endowed with the exterior product A, and the associated fiber bundle is
denoted by A\ T*M =@ /\” T*M. The exterior product of p elements (¢;)1<i<, of 7;"M is defined by

PIN APy = Z €1....p1(0)0s 1) @ - @ Yo (p),

where € () is the signature of the permutation m € Gg. Differential forms are sections of this fiber
bundle and their regularity is encoded by the notation: /\ C>°(M) is the set of C*°-differential forms,
A L?*(M) is the set of L2-differential forms, and so on. This notation was used in the present text
for the sake of conciseness. A more standard and general notation would be C*°(M; A\ T*M), where
C*(M; E) more generally stands for the set of C* sections of the differential fiber bundle (£, IT) on M
with IT: E — M (a section x — s(x) satisfies IT(s(x)) = x).

In a local coordinate system (x!, ..., x?), a basis of A" T} M is formed by the elements
dx' =dx" Ao ndx'r, T =iy, ... 0p), i <--<ip.
Here and in the following, I = {iy, ..., i,} denotes a subset of {1, ..., d} with #I = p elements, which
can be described equivalently as an ordered p-tuple (i, ...,i,) withi; <--- <i,.

A differential form w € A\” T*M is written

w= Z a),(x)dxl,

#I=p
and its differential is given by
do="Y duw(x)dx' Adx'.
#I=p
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Remember that the exterior product is bilinear associative and antisymmetric:

pi
o Awy = (—DPP2py Awy, w; € /\ T:M.

The differential and the A product satisfy d od = 0 and

Pi
d(w; Awr) =dwy Awr + (= DP oy Adwy,  o; € /\COO(M).

A C® vector field X on M is a C*™ section of T M, that is, X € C*°(M; T M). The interior product iy is
the local operation defined for X, € T, M and w, € \” TrM by

ix.0:(To,....Ty) =wy(Xy, Ty, ..., T,) forall Ty, ..., T,eT,M. (A-1)
For X € C*(M; TM) and w; € \"" C®(M), one has
ix(w1 Awp) = (ixw) ANwy + (=D w1 A (ixws).

When ® : M — N is a C* map, d, denotes the functorial push-forward and ®* the functorial pull-back.
For a C* map & and two forms w;, w,, one has

O (dw) =d(@*w1), P (w1 Awp) = (P wi) A (P wy).
When @ is a diffeomorphism, w a p-form and X a vector field,
CD*in = iq;*XCD*a).

When @ is a diffeomorphism given by the exponential map of a vector field X, we can define the Lie
derivative

_ i t X \* o0 _
Lxw = 0| forowe FANGC5) (A-2)
The Lie derivative satisfies
Lx (w1 Awy) = (Lxw) ANwr+ w1 A(Lxwr),

and Cartan’s magic formula says
Lx=ixod+doiy.

Differential forms dw with degree p 4+ 1 can be integrated along a (p—+1)-chain, or more specifically a
(p+1)-dimensional submanifold with boundary; let us write it as C with boundary 0C. Stokes’ formula

18 written
/dw:/ w,
c ac

and it is the ground for de Rham’s cohomology.
The Riemannian structure adds the pointwise dependent scalar product g(x) given by

(S, Tyru= Y g.,;x)ST/
1<i,j=<d
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with a dual metric (g"/(x));<. j<d = g(x)~! defined on TYM. This is also written with Einstein’s
conventions as

g=gijdx dxl, g ;g"* =35
Both g(x) and g(x)~! are extended by tensor product to A Ty M and A\ T M: for w, ' € \’ C®(M),

p

W= 3 3 (16 Jofor
#l=p#J=p k=1
where I ={iy,...,ip} (i1 <---<ip)and J ={ji,..., jp} (j1 <--- < jp). The Riemannian infinitesimal

volume (denoted simply by dx in the text) is in an oriented local coordinate system:
d Volg(x) = (detg)' 2 dx' A--- Adx? = (detg)'/?dx" - - - dx?.

Those scalar products as nondegenerate bilinear forms allow identifications between forms and vectors.
Here are examples: when w = w; (x)dx’ is a one-form, the vector o is given by (v*)' = g"/w ;3 when
X = X'd,. is a vector field, X" is the one-form defined by (X"); = g;. iX J. As an application, the gradient
for a function is nothing but V f = (df)*. Similarly, the Hessian of a function f at a point x, initially
defined as a bilinear form, can be viewed a linear map of 7, M.

Another duality between forms of complementary degrees p + p’ = d = dim M is provided by the
Hodge » operator. When the Riemannian manifold (M, g) is orientable (locally this is always the case),
the operator x : A" C®°(M) — /\dfp C>®(M) is defined by

P
f(w’,w)A;7 r2m d Volg (x) =/a)’/\(*a)), w, o € /\COO(M).

In a coordinate system it is given by

I={i1,...,ip}, i1<-'-<ip,
1,....d . . . .
)y =Y 8155 Ve .y D(det) 2@ 3T =i Jamphe 1 < < aeps
1 U, J) =ity osips Jlo-vnsJd—p)s

where § f =1when A=Band$ ff =0 otherwise. We have the additional properties, for w, ' € A\ C®(M),

*(Ao+ o) =Axw+*0', reC®(M),
*kw = (—1)PdH D¢
oA Go) =o' A Gow),
x1 =d Vol,(x) (assuming M is oriented).

The codifferential d* is defined as the formal adjoint of the differential d : /\ C*°(M) — )\ C*(M),

(dow, o) = (w, d*').
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With the Hodge * operator (do the identification on a compact oriented manifold without boundary with
fM dn =0),

*d*w=(—1)Pd*w, p

*dw = (—1)PHd* x , forall w e /\ C*(M).

d*o = (—1)PHaH v dx

The Hodge Laplacian is then given by
Ay =(d+d*)* =dd* +d*d. (A-3)
It is possible to write d* and Ay in a coordinate system. For example,

(d*0)r = —g" 8 €sG DV oy, (1) = (i1, ... ip-1),
p
Viw;y =0 w5 — Zwlu{k}\igelu{k}\ig(il, RN VA T 2% 7NN A ip)F,ij,
=1
Tf =150, 8jm+ i gmi, — 3 giy. j
ie,j — 28 ( e &j.m + Oxi8m,iy x'”gzg,j),
where one recognizes the covariant derivative V; associated with the metric g (the Levi—Civita connection)
and the Christoffel symbols F,{ ;- The writing of Ay involves the Riemann curvature tensor and is known
as Weitzenbock’s formula. We wrote the above example to convince the unfamiliar reader that the explicit
writing in a coordinate system is not always more informative than the intrinsic formula.
Here is the example of the Witten Laplacian, A r;, = (dy; + d;‘i’h)z =djdpn+dpndy

drp=e " (hd)e!" = hd +df A, (A-4)
df, = e/ (hd*)e " = hd* +ivy, (A-5)
Af,h = df,hd;k{h + d;k{hdf,h = (hd + df/\)(hd* + ivf) + (hd* + ivf)(hd +dfAn)

= h2(dd* +d*d) + [(df N) olvs+ivso(dfN]+hldivy+ivedl+hl(dfA)od*+d*o(dfN)]

=W Au+ VP +h(Lyy+ L)), (A-6)
where we used ix(df Aw) =df (X)w —df A (ixw) with X = V f, Cartan’s magic formula and an
easy identification of LY ¢ No explicit computation of d* or the Hodge Laplacian is necessary to
understand the structure of the Witten Laplacian. In particular, Lx + L} is clearly a zeroth-order
differential operator because in a coordinate system the formal adjoint of a/(x)d,, in L*(R?, o(x) dx)
equals —a’ (x)d,; + bla, 0](x), where b[a, o] is the multiplication by a function of x. The operator

Lyvs+ LS ¥ is not the local action of a tensor field on M because it does not follow the change of
coordinates rule for tensors. Actually, one can give a meaning to the general expression

Ai‘!;)f)z =AY +|V f* = h(Af) +2h(Hess f),.

where (Hess f), is an element of the curvature tensor algebra (see [Jammes 2012] and references therein).
Let us conclude this appendix with integration by parts formulas in the case of a manifold with a
boundary. All these formulas rely first on Stokes’ formula [, dw = [, @ when w € AT ex2(Q).
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Note that the right-hand side of Stokes’ formula may equivalently (and more explicitly) be written
fasz w = fasz j*w, where j : 9Q — Q is the natural embedding map (a trace along 9S2 is taken and,
pointwise, j*w, is evaluated only on (d—1)-vectors tangent to d€2). Another expression taken initially
from [Schwarz 1995] is also convenient. For o € 92 let n(o) be the outward normal vector and write,
for any element X e T, M, X = X1 + X, n.

For w € A\” C*®°(R), define tw and nw = w — tw by

Vo €dQ VX1, ..., X, €T, to(Xi,....,X,)=o(Xi1,..., Xp1).

If (x!,..., x%) = (x', x%) is a coordinate system in a neighborhood V of o € 92 such that Q NV is given
locally by {x¢ <0}, 92NV by {x? =0} and n = 9,4, then a p-form can be written

— 1 I d
w= wrdx' + wpdx’ ANdx®,
#I=p #1'=p—1
dél de¢r’

and the operators ¢ and n act as

tw = Z a)Idxl, nw= Z a)pdxll Adx?.
#1=p #1'=p—1
dgl dgr
Stokes’ formula can be written now as fQ do = fasz tw for w € /\d_1 C>®(R), but contrary to the
operator j* the operator £ makes sense in a collar neighborhood of d€2; locally tw,/ ¢y = tw( 0) by
definition. In particular, the formula
tdo=dtw

makes sense for any w € /\ C>°(2) and it is rather easy to check with the above coordinates description.
One also gets, in the same way,

tw=1i,(n" Aw) for we /\COO(S_Z), (A-7)
*M =1x, *t=nx, (A-8)
td=dt, nd"=dn, » (A-9)
tw) A*xnwy = (Wi, inwg)/\p TrQ X d Vol 3o  for w; € /\COO(S_Z), (A-10)

where we recall that d Vol, s (X1, ..., Xg—1) =d Volg(n, X1, ..., X4-1).
The above formulas, for example lead to the following integration by parts for wy, w, € AP C®():

(drnwr, dfpw) 2@ +(df o1, ds02) 2 @)

= (wy, Af,ha)2>L2(Q) +h / (tawn) A *ndf,ha)l —h / (td;i’ha)l) A (xnwy).
a2 a2

This shows, for example, that AJDc’h (resp. A%h) with its form domain WLI)’2 ={we AW'?:tw =0} (resp.
Wy?={we A W2 : nw=0}) is associated with the Dirichlet form ||d ;. ywl|* + Il L4l Interpreting
the weak formulation of A s, = f leads to the operator domains D(A? ;) and D(A% ) (we refer the
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reader to [Helffer and Nier 2006] for details). The boundary terms of Lemma 3.1 are obtained in a very
similar way.
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DYNAMICS OF COMPLEX-VALUED MODIFIED KDV SOLITONS
WITH APPLICATIONS TO THE STABILITY OF BREATHERS

MIGUEL A. ALEJO AND CLAUDIO MUNOZ

We study the long-time dynamics of complex-valued modified Korteweg—de Vries (mKdV) solitons,
which are distinguished because they blow up in finite time. We establish stability properties at the H'
level of regularity, uniformly away from each blow-up point. These new properties are used to prove that
mKdV breathers are H'-stable, improving our previous result [Comm. Math. Phys. 324:1 (2013) 233—
262], where we only proved H?-stability. The main new ingredient of the proof is the use of a Bicklund
transformation which relates the behavior of breathers, complex-valued solitons and small real-valued
solutions of the mKdV equation. We also prove that negative energy breathers are asymptotically stable.
Since we do not use any method relying on the inverse scattering transform, our proof works even under
L?(R) perturbations, provided a corresponding local well-posedness theory is available.
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1. Introduction
Consider the modified Korteweg—de Vries (mKdV) equation on the real line
ty + (txx +u?)x =0, (1-1)

where u = u(t, x) is a complex-valued function and (¢, x) € R%. Note that (1-1) is not U (1)-invariant.
In the case of real-valued initial data, the associated Cauchy problem for (1-1) is globally well posed
for initial data in H*(R) for any s > %; see Kenig, Ponce and Vega [Kenig et al. 1993], and Colliander,
Keel, Staffilani, Takaoka and Tao [Colliander et al. 2003]. Additionally, the (real-valued) flow map is not
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uniformly continuous if s < th [Kenig et al. 2001].1 In order to prove this last result, Kenig, Ponce and
Vega considered a very particular class of solutions of (1-1) called breathers, discovered by Wadati [1973].

Definition 1.1 (see, e.g., [Wadati 1973; Lamb 1980]). Let o, 8 > 0 and x1, x, € R be fixed parameters.
The mKdV breather is a smooth solution of (1-1) given explicitly by the formula

B sin(ayy) }
a cosh(Byr) |’
_ 23/20B (e cos(ayr) cosh(By») — B sin(ery) sinh(By»))

B =B(t, x;a, B, x1, x3) = 2«/§8x [arctan

(1-2)
a? cosh®(By2) + B2 sin* (@)
where
yi:i=x+8t+x1, Yri=x-+yt+x, (1-3)
and
§:=a?—3p% y:=3a>-pB% (1-4)

Breathers are oscillatory bound states. They are periodic in time (after a suitable space shift) and
localized in space. The parameters « and 8 are scaling parameters, x1, xp are shifts, and —y represents
the velocity of a breather. As we will see later, the main difference between solitons” and breathers is
given at the level of the oscillatory scaling «, which is not present in the case of solitons. For a detailed
account of the physics of breathers, see, e.g., [Lamb 1980; Ablowitz and Clarkson 1991; Aubry 1997;
Alejo 2012; Alejo and Muiloz 2013] and references therein.

Numerical computations (see Gorria, Alejo and Vega [Gorria et al. 2013]) showed that breathers are
numerically stable. Next, in [Alejo and Muiioz 2013] we constructed a Lyapunov functional that controls
the dynamics of H? perturbations of (1-2). The purpose of this paper is to improve this previous result
and show that mKdV breathers are indeed H!-stable, i.e., stable in the energy space.

Theorem 1.2. Let o, B > 0 be fixed scalings. There exist parameters ng, Ao, depending on o and 8 only,
such that the following holds: Consider ug € H Y(R), and assume that there exists n € (0, no) such that

||u0_B(09saaﬂs()’())”Hl(R)Sn (1_5)

Then there exist functions x1(t), x>(t) € R such that the solution u(t) of the Cauchy problem for the mKdV
equation (1-1) with initial data ug satisfies

sup flu(t) — B(t, -; a, B, x1(2), x2()) | g1y < Aons (1-6)
teR
sup |x; (1)| + [x5(r)| < CAgn, (1-7)
teR

for some constant C > (.

IHowever, one can construct a solution in L2; see [Christ et al. 2012].
2See (1-8).
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The initial condition (1-5) can be replaced by any initial breather profile of the form B(#; «, 8, x?, xg )
with #, x?, xg € R, thanks to the invariance of the equation under translations in time and space.’
Moreover, using the Miura transform [Miura et al. 1968], one can prove a natural stability property in
L?*(R; ©) for an associated complex-valued KdV breather.

One can also use the scaling invariance of the equation, u(z, x) — ru(M3t, Ax), to reduce the problem
to the case where « equals 1 and 8 > 0 is arbitrary, but for symmetry reasons we shall not follow this
approach.*

Additionally, from the proof, the shifts x;(¢#) and x,(¢) in Theorem 1.2 can be described almost
explicitly®, which is a substantial improvement with respect to [Alejo and Mufioz 2013], where no exact
control on the shift parameters was given. We obtain such a control with no additional decay assumptions
on the initial data other than being in H H(R).

Theorem 1.2 places breathers as stable objects at the same level of regularity as mKdV solitons, even
if they are very different in nature. To be more precise, a (real-valued) soliton is a solution of (1-1) of the
form

ut,x) = Qc(x—ct), Qc(s):=+cQKes), c¢>0, (1-8)
with
0(s) := V2 — 24/29,[arctan(e®)],
cosh(s)

and where Q. > 0 satisfies the nonlinear ODE

Q! —c0.+0)=0, Q.cH'(R). (1-9)

We recall that solitons are H'-stable (Benjamin [1972], Bona, Souganidis and Strauss [Bona et al. 1987]).
See also the works by Grillakis, Shatah and Strauss [Grillakis et al. 1987] and Weinstein [1986] for the
nonlinear Schrodinger case.

Even more surprising is the fact that Theorem 1.2 will arise as a consequence of a suitable stability
property of the zero solution and of complex-valued mKdV solitons, which are singular solutions.

A complex-valued soliton is a solution of the form (1-8) of (1-1) with a complex-valued scaling and
velocity, i.e.,

u(t,x) = Q.(x —ct), ~Jc:=B+ia, o B>0; (1-10)
see Definition 2.1 for a precise interpretation. In Lemma 2.2 we give a detailed description of the singular

nature of (1-10). On the other hand, very little is known about mKdV (1-1) when the initial data is
complex-valued. For instance, it is known that it has finite-time blow-up solutions, the most important

3Indeed, if u(t, x) solves (1-1), then, for any g, xo € R and ¢ > 0, u(t — t9, x — xq), ¢}/2u(c3/?t, ¢'/?x), u(—t, —x) and
—u(t, x) are solutions of (1-1).
4For example, if (1-6) holds, then vg(y) := ug(y/a)/«a satisfies

2
a/(u0—3<o,.;1,ﬁ,o,o>> =/<uo—B<o,-;a,ﬁ,0,0>)25n2.
R o R

5See (7-9).
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examples being the complex solitons themselves; see, e.g., Bona, Vento and Weissler [Bona et al. 2013]
and references therein for more details. According to [Bona et al. 2013], blow-up in the complex-valued
case can be understood as the intersection with the real line x € R of a curve of poles of the solution after
being extended to the complex plane (i.e., now x is replaced by z € C). Blow-up in this case seems to
have better properties than the corresponding critical blow-up described by Martel and Merle [2002].

Let H'(R; C) denote the standard Sobolev space of complex-valued functions f(x) € C, x € R. In
this paper we prove the following stability property for solitons, far away from each blow-up time:

Theorem 1.3. There exists an open set of initial data in H'(R; C) for which the mKdV complex solitons
are well-defined and stable in H'(R; C) for all times uniformly separated from a countable sequence of
finite blow-up times with no limit points. Moreover, one can define a mass and an energy, both invariant
for all time.

We cannot prove an all-time stability result using the H!(R; C)-norm because even complex solitons
leave that space at each blow-up time, and several computations in this paper break down. However, the
previous result states that the Cauchy problem is almost globally well-posed around a soliton, and the
solution can be continued after (or before) every blow-up time. The novelty with respect to the local
Cauchy theory [Kenig et al. 1993] is that now it is possible to define an almost global solution instead of
defining a local solution on each subinterval of time defined by two blow-up points, because from the
proof we will recognize that the behavior before and after the blow-up time are deeply linked. From this
property, the existence and invariance of uniquely well-defined mass and energy will be quite natural. For
this particular problem, we answer positively the questions about existence, uniqueness and regularity
after blow-up posed by Merle [1992]. See Theorem 4.5 and its corollaries for a more detailed statement.

Lastly, we prove that breathers behaving as standard solitons are asymptotically stable in the energy
space. For previous results for the soliton and multisoliton case, see Pego and Weinstein [1994] and
Martel and Merle [2005].

Theorem 1.4. Under the hypotheses of Theorem 1.2, there exists co > 0 depending on n, with co(n) — 0
as n — 0, such that the following holds: There exist B* and a* (depending on 1) close enough to B and o,
respectively, for which

im0 = B(t: - 0, B 01 (0, 520 i ezean) = 0 (1-11)

In particular, the asymptotic of u(t) has new and explicit velocity parameters 8* = (a*)> — 3(8*)* and
v* =3(a*)? — (B*)? at the leading order.

The previous result is more interesting when y < 0; see (1-4). In this case, the breather has negative
energy (see [Alejo and Mufioz 2013, p. 9]) and it moves rightwards in space (the so-called physically
relevant region). We recall that working in the energy space implies that small solitons moving to the
right in a very slow fashion are allowed (the condition ¢y > 0 is essential; see, e.g., [Martel and Merle
2005]). Indeed, there are explicit solutions of (1-1) composed of one breather and one very small soliton
moving rightwards, which contradicts any sort of global asymptotic stability result in the energy space
[Lamb 1980]. Additionally, we cannot ensure that the left portion of the real line {x < 0} corresponds to
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radiation only. Following [Lamb 1980], it is possible to construct a solution to (1-1) composed of two
breathers, one very small with respect to the other one, the latter with positive velocity and the former
with small but still negative velocity (just take the corresponding scaling parameters « and 8 both small
so that —y < 0). Such a solution has no radiation at infinity. Of course, working in a neighborhood of the
breather using weighted spaces rules out such small perturbations.

The mechanism under which a* and 8* are chosen is very natural and reflects the power and simplicity
of the arguments of the proof: under different scaling parameters, it was impossible to describe the
dynamics as in Theorem 1.2. We do indeed have two linked results: in some sense Theorem 1.2 is a
consequence of Theorem 1.4 and vice versa.

It is also important to emphasize that (1-1) is a well-known completely integrable model [Miura et al.
1968; Ablowitz and Clarkson 1991; Lamb 1980; Lax 1968; Schuur 1986], with infinitely many conserved
quantities and a suitable Lax pair formulation. The inverse scattering theory has been applied in [Schuur
1986] to describe the evolution of rapidly decaying initial data, by purely algebraic methods. Solutions are
shown to decompose into a very particular set of solutions: solitons, breathers and radiation. Moreover, as
a consequence of the integrability property, these nonlinear modes interact elastically during the dynamics,
and no dispersive effects are present at infinity. In particular, even more complex solutions are present,
such as multisolitons (explicit solutions describing the interaction of several solitons [Hirota 1972]).
Multisolitons for mKdV and several integrable models of Korteweg—de Vries-type are stable in H'; see
Maddocks and Sachs [1993] for the KdV case and in a more general setting see Martel, Merle and Tsai
[Martel et al. 2002].

However, the proof of Theorem 1.2 does not involve any method relying on the inverse scattering
transform [Miura et al. 1968; Schuur 1986], nor the steepest descent machinery [Deift and Zhou 19931,
which allows us to work in the very large energy space H'(R). Note that if the inverse scattering methods
are allowed, one could describe the dynamics of very general initial data with more detail. But if this is
the case, additional decay and/or spectral assumptions are always needed, and, except with well-prepared
initial data, such conditions are difficult to verify. We claim that our proof works even if the initial data is
in L>(R) provided mKdV is locally well-posed at that level of regularity, which remains a very difficult
open problem.

Comparing with [Alejo and Mufioz 2013], where we have proved that mKdV breathers are H?-stable,
now we are not allowed to use the third conservation law associated to mKdV,’

Flul(t) = 1 / u)%x(t, x)dx — &) / uzui(t, x)dx + l/ u6(t, x)dx,
2 Jr 2 Jr 4 Jr
nor the elliptic equation satisfied by any breather profile,

By —2(B* — o) (Bxy + BY) + (@ + B*)*B+5BB; +5B°B,, + 3B =0

Note that Deift and Zhou [1993] consider the defocusing mKdV equation, which has no smooth solitons or breathers.
7See (4-13) and (4-14) for the other two low-regularity conserved quantities.
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since the dynamics is no longer in H2. Moreover, since breathers are bound states, there is no associated
decoupling in the dynamics as time evolves as in [Martel et al. 2002], which makes the proof of the H'
case even more difficult. We need a different method of proof.

We follow a method of proof that is in the spirit of the seminal work by Merle and Vega [2003] (see also
Alejo, Mufioz and Vega [Alejo et al. 2013]), where the L>-stability of KdV solitons has been proved. In
those cases, the use of the Miura and Gardner transformations were the new ingredients to prove stability
where the standard energy is missing. Recently, the Miura transformation has been studied at very low
regularity by Buckmaster and Koch [2014]; using this information, they showed that KdV solitons are

orbitally stable under H~! perturbations leading to a H" N H /4

solution, where n > —1 is an integer.

More precisely, we will make use of the Bicklund transformation [Lamb 1980, p. 257] associated to
mKdV to obtain new conserved quantities, additional to the mass and energy. Mizumachi and Pelinovsky
[2012] and Hoffmann and Wayne [2013] described a similar approach for the NLS and sine-Gordon
equations and their corresponding one-solitons. However, unlike those previous works, and in order to
control any breather, we use the Bicklund transformation twice: one to control an associated complex-
valued mKdV soliton, and a second one to get almost complete control of the breather.

Indeed, solving the Bicklund transformation in the vicinity of a breather leads (formally) to the
emergence of complex-valued mKdV solitons, which blow up in finite time. A difficult problem arises at
the level of the Cauchy theory, and any attempt to prove stability must face the ill-posedness behavior
of the complex-valued mKdV equation (1-1). However, after a new use of the Bicklund transformation
around the complex soliton we end up with a small, real-valued H'(R) solution of mKdV which is stable
for all time. The fact that a second application of the Bicklund transformation leads to a real-valued
solution is not trivial and is a consequence of a deep property called the permutability theorem [Lamb
1980]. Roughly speaking, that result states that the order under which we perform two inversions of the
Bicklund transformation does not matter. After some work we are able to give a rigorous proof of the
following fact: we can invert a breather using Bicklund towards two particularly well-chosen complex
solitons first, and then invert once again to obtain two small solutions — say a and » — and the final result
must be the same. Even better, one can show that a has to be the conjugate of b, which gives the real
character of the solution. Now, the dynamics is real-valued and simple. We use the Kenig—Ponce—Vega
theory [Kenig et al. 1993] to evolve the system to any given time. Using this trick we avoid dealing with
the blow-up times of the complex soliton — for a while — and at the same time we prove a new stability
result for them.

However, unlike [Mizumachi and Pelinovsky 2012; Hoffman and Wayne 2013], we cannot invert the
Bécklund transformation at any given time, and in fact each blow-up time of the complex-valued mKdV
soliton is a dangerous obstacle for the breather stability. In order to extend the stability property up to the
blow-up times we discard the method involving the Bicklund transformation. Instead we run a bootstrap
argument starting from a fixed time very close to each singular point, using the fact that the real-valued
mKdV dynamics is continuous in time. Finally, using energy methods related to the stability of single
solitons we are able to extend the uniform bounds in time to any singularity point, with a universal
constant Ag as in Theorem 1.2.



DYNAMICS OF COMPLEX-VALUED MODIFIED KDV SOLITONS 635

From the proof it will be evident that, even if there is no global well-posedness theory (with uniform
bounds in time) below H*, s < }L, one can prove stability of breathers in spaces of the form H'NH*, s < 41'1’
following the ideas of Buckmaster and Koch [2014]. We thank Professor Herbert Koch for mentioning to
us this interesting property.

Our results apply without significant modifications to the case of the sine-Gordon (SG) equation in

|]Ql‘ X RX?
Uy — Uy +sinu =0, (u,u)(t,x)e R2, (1-12)

and its corresponding breather [Lamb 1980, p. 149]. See [Birnir et al. 1994; Denzler 1993; Soffer and
Weinstein 1999] for related results. Note that SG is globally well-posed in L? x H~!; then we have that
breathers are stable under small perturbations in that space. Since the proofs are very similar, and in order
to avoid repetition, we skip the details.

Moreover, following our proof it is possible to give a new proof of the global H !-stability of two-solitons,
first proved in [Martel et al. 2002].

We also claim that k-breathers (k > 2), namely solutions composed of k different breathers, are
H'-stable. Following the proof of Theorem 1.2, one can show by induction that a k-breather can be
obtained from a (k—1)-breather after two Bécklund transformations using a fixed set of complex conjugate
parameters, as in Lemmas 2.4 and 5.1. After proving this identity, the rest of the proof adapts with no
deep modifications.

This paper is organized as follows: In Section 2 we introduce the complex-valued soliton profiles.
Section 3 is devoted to the study of the mKdV Bicklund transformation in the vicinity of a given complex-
valued mKdV solution. In Section 4 we apply the previous results to prove Theorem 1.3 (see Theorem 4.5).
Section 5 deals with the relation between complex soliton profiles and breathers. In Section 6 we apply
the results from Section 3 to the case of a perturbation of a breather solution. Finally, in Sections 7 and 8
we prove Theorems 1.2 and 1.4.

2. Complex-valued mKdYV soliton profiles
Definition 2.1. Consider parameters «, 8 > 0, x1, x, € R. We introduce the localized profile
0= 0(x;a, B, x1,x2),
defined as
0 :=2+/2 arctan (ePrrtioo), (2-1)
where y; and y; are (re)defined as
VIi=X+X1, Y2i=Xx+x. (2-2)

Note that
lim Q(x) =0. (2-3)
X—>—00
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We define the complex-valued soliton profile as follows:

Q:=0,0
o) ePyatio
- 2\/?(_4/51 :Z(Iﬁoizimm (2-4)
_ /3 B cosh(By>) cos(ayy) + a sinh(By») sin(ary;)
cosh®(Byz) — sin® (ay1)
4 i/a 2 eosh(By) COS2(O‘Y1) - ﬂ_si;h(ﬁyz) sinay1) (2-5)
cosh™(Byz) — sin“(ay1)
Finally, we write
0 :=—(B+ia)’Q, (2-6)
and
01:=0,0, 02:=0,0. (2-7)

Note that Q is complex-valued and is pointwise convergent to the soliton Qg2 as @ — 0. A second
condition satisfied by Q and Q is the following periodicity property: for all k € Z,

{Q(-x, o, ﬁ’-xl +k7T/a’ -x2) = (_l)kQ(-x’ o, ﬂ’xl’xZ)’
Q(x; o, B, x1 +km/a, x2) = (=¥ Q(x; &, B, x1, x2).

We remark that, in what follows, Q and Q may blow up in finite time.

(2-8)

Lemma 2.2. Consider the complex-valued soliton profile defined in (2-1)—(2-5). Assume that, for x; fixed
and some k € 7,

n=x+ 2 (k+5). (2-9)

Then Q and Q cannot be defined at x = —x». Moreover, if x| = x> =0, then Q(-; , B,0,0) € H (R; C).

Remark. We emphasize that, given x, fixed, the set of points x; of the form (2-9) for some k € Z is a
countable set of real numbers with no limit points.

Remark. The complex-valued function arctan z (leading to the definition of Q) has two branches of
discontinuities of the form im with m € R, |m| > 1, appearing from the standard branch of the complex
logarithm function Re z < 0, Im z = 0. Such discontinuities may induce singularities on the function Q.
Fortunately, both Q and functions of the type sine and cosine of arguments of the form Q are smooth
except on the points determined by Lemma 2.2. Throughout this paper we shall work with functions of
the latest form instead of the original Q.

Proof. Fix x; € R. If (2-9) is satisfied for some k € Z, we have that, at x = —x»,
yI=x4+x = %(k+%), y=x4+x=0,

and
sinh(By,) =0, cos(ay;) =0. (2-10)
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Therefore, under (2-9), we have from (2-1) and (2-5) that Q and Q cannot be defined at x = —x,. Finally,
if x; =x, =0, we have

which is impossible. U

Lemma 2.3. Fix o, 8 > 0 and x1, xp € R such that (2-9) is not satisfied. Then we have

O —(B+ia)’Q+Q*=0 forall x €R, (2-11)
and

Q- (B+ia)?Q*+10*=0 forall xeR. (2-12)
Moreover, the previous identities can be extended to any x1, x5 € R by continuity.
Proof. This is direct from the definition. O

Assume that (2-9) does not hold. Consider the sine and cosine functions applied to complex numbers.
We have, from (2-1) and (2-4),

sin — = sin(2 arctan e#?2 )

2
V2
= 2P ¢o52 (arctan P2 T
DePy2tiay 1 0
T 1t e2Bution) T Byia

(2-13)

Similarly, from this identity we have

Or—(B+ia) cos(g

=0, 2-14
ﬁ)Q (2-14)

so that, from (2-6) and (2-12),

Qz+(ﬂ+wt)[Qxcos 0 stmg] (B+ia)Q+ 020 1107 =0
\/_ V22

So far, we have proved the following result:

Lemma 2.4. Let Q be a complex-valued soliton profile with scaling parameters «, > 0 and shifts
X1, X2 € R such that (2-9) is not satisfied. Then we have

%—(ﬁ—l—ioz) sin % =0 (2-15)

and _ _
0+ (B —|—to¢)[Qx oS — Q2 Q i| =0, (2-16)

NIV R

where sin z and cos z are defined on the complex plane in the usual sense.

We finish this section with a simple computational lemma.
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Lemma 2.5. Fix x1, xp such that (2-9) is not satisfied. Then, for all a, B > 0 we have

x 2 jo)e2(Byatiay)
N= L [ gro 2B Tiwe , (2-17)
2 ) 1 + 2(By2+iayn)
and
3| =26+, 2-18)
R
no matter what x1, x» are. Finally, if we let L1 :=log(1 + ez(ﬂx2+i"‘x1)),
X
f N =log(1 + *By2Hioayy 1, (2-19)
0
Note that the previous formula is well-defined, since x| and x> do not satisfy (2-9).
Proof. Tt is not difficult to check that (2-17) is satisfied. Note that
2(B+ i) e Byrtiayn)
lim . =0.
X——00 1 + e2(Byatiayr)
Identity (2-18) is a consequence of the fact that
_ 2(B +ior)e?Byatiay) .
xllr—lr—loo 14+ gz(ﬂyz+iay1) - 2('8 + lO[).
Finally, (2-19) is easy to check. U

3. Bicklund transformation for mKdV
Lemma 2.4 is a consequence of a deeper result. In what follows, we fix a primitive f of f, i.e.,
fo=1. (3-1)

where f is assumed only to be in L?(R). Notice that, even if f = f(t, x) is a solution of mKdV, a
corresponding term £, x) may be unbounded in space.

Definition 3.1 (see, e.g., [Lamb 1980]). Let
(Ug, Up, Va, Vp, m) € H(R; C)? x H'(R; C)? x C.

We set
G:=(G1,G2), G=G(ug,up, vy, vp, m),
where o
Ug — Up . UgFup
Gi(ug, up, vy, vp, m) := — m sin , (3-2)
a a ﬁ \/i
and

Uy +up uﬁ—i—ui L g t+up

Go(ug, up, Vg, Vp, M) 1=V, — Vp +m|:((ua)x + (up)y) cos NG + 7 sin 7 :| (3-3)

For the moment we do not specify the range of G(u,, up, v, vp, m) for data (u,, up, v4, vp, m) in
H'(R; C)?> x H™'(R; C)? x C. However, thanks to Lemma 2.4, we have the following result:
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Lemma 3.2. Assume that x| and x, do not satisfy (2-9). Then
G(Q,0, 0;,0, B +ia) = (0,0).

The previous identity can be extended by zero to the case where x| and x; satisfy (2-9), in such a form
that G(Q, 0, Q;, 0, B+iw), as a function of (x, xp) € R2, is now well-defined and continuous everywhere.
In what follows we consider the invertibility of the Béacklund transformation on complex-valued
functions. See [Hoffman and Wayne 2013] for the statement involving the real-valued solitons in the
sine-Gordon case and [Mizumachi and Pelinovsky 2012] for the case of nonlinear Schrédinger solitons.

Proposition 3.3. Let X°:= (%, u), 2, v), m%) € H'(R; C)?> x H~'(R; C)? x C be such that

Rem" > 0, (3-4)
G(X% =(0,0), (3-5)
i1l + i}
sin 4—* ¢ H\(R; ©), (3-6)
V2
and Tim @0 +ad) =0, lim @+ i) = V2. (3-7)
—00 +00
Assume additionally that the ODE
~0 ~0
0 0 Ug + ub) 0
L —m cos| ——— =0, (3-8)
a ( 2 )
has a smooth solution n° = u°(x) € C satisfying
0
WeH ®0), |10, ‘“gm‘ <c, (3-9)
u?(x)
10+ 9
and / sin(“—b>,u° £ 0. (3-10)
R V2

Then there exist vo > 0 and C > 0 such that the following is satisfied: For any 0 < v < vy and any
(Ua, Vo) € H'(R; C) x H™(R; C) satisfying

lua — M2||HI(R;C) <V, (3-11)

G is well-defined in a neighborhood of X° and there exists an unique (u, vy, m) defined in an open subset
of H'(R, C) x H~Y(R; C) x C such that

G(”av Up, Vg, Vp, m) = (O’ 0)9 (3_12)
liiq + ity — ity — iyl g2 ey < Cv, (3-13)
”ub_”2||H1(R;C)+|m_m0| <Cv, (3-14)

. ﬂa+ﬁb 1
sin—— e H (R; O), (3-15)
V2

and lim(iiy, +iip) =0, lim(i, + iip) = v/ 27. (3-16)
—00 +00
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Proof. Given u,, up, m and v, well-defined, v, is uniquely defined from (3-3). We solve for u; and m
now. We will use the implicit function theorem.

We make a change of variables in order to specify a suitable range for G and to be able to prove (3-16).
Define

Up = ua—i-ub—ug, u? = u2+u2€H1(R; 0), (3-17)

p
and similarly for i, and ft?:

(e)x =ue, (ﬂg)x = M(c)
In what follows, we will look for a suitable i, with decay, and then we find u;. Indeed, note that given

u. and u,, up can be easily obtained. Then, with a slight abuse of notation, we consider G defined as
follows:

G:(Gl’Gz)a G:G(Masﬁm Ua’ vb? m)7

and
G:H' R;C)x HX(R;C) x H'(R; C)> x C — H'(R; C) x H'(R; C)

(ua, ﬂc‘v Uas Ub9 m) > G(ua’ IZCa Uaa vba m)a
where, from (3-2),

2ua—ug—uc L U U,
————— —msin , (3-18)
V2 V2

G](Ma, ﬁc, Vg, Up, m) =
and, from (3-3),

G2 (ug, tc, Vg, Vp, m)
i +i. w4+ @+ u.—uy)? sin il + i,
V2 V2 NG)

Clearly G as in (3-18)—(3-19) defines a C! functional in a small neighborhood of X! given by

= U, — Up +m|:(ug +u.), cos

]. (3-19)

X':= @, 0,00, 0),m% e H'(R; C) x H*(R; C) x H'(R; C)> x C, (3-20)

where G is well-defined according to (3-6). Let us apply the implicit function theorem at this point. By
(3-18) we have to show that

~0 ~0
0 U ~ .U
u.+m cos\ — |u, = f —msin —

V2 V2

has a unique solution (ii., m) such that ii, € H*(R; C) for any f € H'(R; C) with linear bounds. From
(3-7), we have
~0
i i
lim cos —= =1, (3-21)

x—+o0 \/z

so that we can assume

X ~0
wo(x) = exp(m0 cos —C)
0

2
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Note that 10 decays exponentially in space as x — F-00. We have

~ o
1oue + (U0t = 1 [f — m sin 7%:|
Using (3-10), we choose m € C such that
0 .
W | f—msin ﬁ =0, (3-22)
R

so that
Im| < Cll fll2w.c)

with C > 0 depending on the quantity ’fR u® sin(ﬁg/\/z)| # 0 and ||M0||L2(R;@)-8 We get

i —-l:/x ({f—wnﬁngg] (3-23)
R V2!

Finally, note that we have u. € H I(R; ©). Indeed, first of all, thanks to (3-22), (3-8) and (3-21),
0 ~0
im = tim ol f—msinBe] =
= iy [ r-min L]
If s <x « —1, from (3-21) we get
‘m = ’exp(—mo ’ cos ﬁ—g)
nO(x) s V2

so that we have, for x < 0 and large,9

_ 0(y—
SCe Rem”(x s)’

) 0 ig(s)
IJuN§C/‘e(“mWSXﬂw—mmnc ds
C = \/5
~0
—(Rem®)(- .U,
< Cl_go e RO 4| £ —misin _«/Li , Rem">0.

A similar result holds for x > 0 large, after using (3-22). Therefore, from Young’s inequality,
~0

u
el 2@m.c) < C' f—msin —
V2 L2(R;C)

= Clifll2m;c)» (3-24)

as desired. On the other hand,
~0 0 x ~0
~ LU M 0 .U
(ue) :[f—msm—‘}— 2 / M[f—msm—}.
o V21 w9 ) V2
Since 1%/ is bounded (see (3-9)), we have i, € H'(R; C). Finally, it is easy to see that ii. € H*(R; C).
Note that the constant involving the boundedness of the linear operator f > i, depends on the H'-norm
of ¥, which blows up if (2-9) is satisfied.

8Note that ”“0”L2(R~C) blows up as (2-9) is attained.
9Here the symbol » denotes convolution.
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It turns out that we can apply the implicit function theorem to the operator G described in (3-18)—(3-19),
so that (3-12) is satisfied, provided (3-11) holds.

First of all, note that (3-15) and (3-16) follow from i, € H*(R; C).

On the other hand, the estimate (3-13) is equivalent to

liell g2y < Cv.

We will obtain this estimate using the almost linear character of the operator G around the point X!.
Since u, satisfies (3-18), we have

2ug — () x . ﬁ? +it,
—— — mSsin

V2 V2

one has

=0.

0

a’

Recall that i, depends on u,. Near u
dyiic[u) +thl|,_, = wlh]+ O (h?),

where w = w[h] solves the derivative equation

~0 ~0
wy + m° cos(u—c>w = —2h —ml[h]sin k.
V2 V2
Here m[h] is a constant that makes the right-hand side integrable, just as in (3-23). From (3-11) we know
that [|u, —u? || Hi®r:c) < V. We shall use h :=u, — u?. Following the computations after (3-23), we obtain
the desired conclusion (see, e.g., (3-24)). We conclude that the L? norm of @i, is bounded by Cv. For the
derivatives of i, the proof is very similar. O

Later we will need a second invertibility theorem. This time we assume that m is fixed, up ~ ug is
known and we look for u, ~ ug. Note that the positive sign in front of (3-2) will be essential for the
proof, otherwise we cannot take m fixed.

Proposition 3.4. Let X0 = (ug, ug, vg, vg, m® € H'(R; C)2 x H (R, C) x C be such that (3-4), (3-5),
(3-6) and (3-7) are satisfied. Assume additionally that the ODE

~0 , =0
(uHe+m cos(”“j;b)ul =0 (3-25)
has a smooth solution ' = ' (x) € C satisfying
1
e 1
! (0] >0, SIER H'(R; C), (3-26)

and G is smooth in a small neighborhood of X°. Then there exists vi > 0 and a fixed constant C > 0 such
that for all 0 < v < vy the following is satisfied: for any (up, vy, m) € H'(R; C) x H'(R; C) x C such
that

lup — ull g ey + Im — m°) < v, (3-27)
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G is well-defined and there exist unique (ug, v,) € H' (R, C) x H™'(R; C) such that

G(ua’ ub7 va7 vb7 m) = (Oa 0)9

/(ua - u;;)(%) =0. (3-28)
R n=/

llita + iy — 122 - ﬁg”HZ(R;q:) <Cv, (3-29)
lim(iig 4 iip) =0, Lim(iig +iip) = ~/27, (3-30)
—00 +o00

and g — udll g m.c) < Cv. (3-31)

Proof. Given u,, up and v, well-defined, v, is uniquely defined from (3-3). We solve for u, now.
We follow the ideas of the proof of Proposition 3.3. However, this time we consider G defined in the
opposite sense: using (3-17),

G =(G3,Gy), G =G, up, Vg, vp, M),
G:H*R;C)x H(R;C) x H'(R; C)> xC — H'(R; C) x H'(R; C)

(e, Up, Vg, Vp, m) —> G (e, Up, Vg, Vp, M)

/ (%h(%) =0, (3-32)
R K/

with

where, from (3-2),

0 ~0, =~
5 U, +u. —2up Cou)+u,
G (ite, Up, Vg, Vp, M) i= # — msin Cﬁ = (3-33)
and, from (3-3),
G4(ﬁ(}7 Mb7 va’ Ub, m)
~0, ~ 0 2, .2 ~0 4 ~
U, + U (u,+uc—up) +u, . u;tuc
= v, — Up +m| W+ u.)y cos = < sin —< . (3-34)
‘ [ ¢ V2 V2 V2
Clearly G as in (3-33)—(3-34) defines a C! functional in a small neighborhood of X? given by
X2 := (0, u), v2,v), m°) € H*(R; C) x H'(R; C) x H'(R; C)* x C, (3-35)
where G is well-defined according to (3-6) and G(X 2y = (0, 0).
Fix m close enough to m°. Now we have to show that
ity
u. —meos| —< )i, = (3-36)
mmeo( (5 Jiu=1

has a unique solution i, such that u, € H 2(R; C) for any f € H'(R; C). Indeed, consider u' given by
(3-25). It is not difficult to check that (see conditions (3-4), (3-27) and (3-7))

~0
M M

X ~0
. _ 1 _ _ _
Rem > 0, Egcosf_¢l, and W _exp< m ; cos ) (3-37)

u
2 V2
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Note that, by (3-37) and (3-4), | wl(x)| is exponentially growing in space as x — F00. From (3-36),

(Mlﬁc)x = :ulf»
so that, thanks to (3-26),

~ 1 - 1 [~
iie = — 1" (0)iic(0) + — / u'f.
w w' Jo
Clearly limio it = 0 for f € H'(R; C). In order to ensure uniqueness, we seek ii. satisfying

1
/ uc<_1> - 09
R w/y

which is nothing but (3-32) and (3-28), which is justified by (3-26). Let us show that i € L*(R; C). We
have, for x > 0 large,

X
liie(x)] < C/ e~ RemG=9)| £(5)|ds = Ce®RE™) 4|, Rem > 0.
0
A similar estimate can be established if x < 0. Therefore, using Young’s inequality,

lacllz@.c) < Clfll2@m:c)s

as desired. Now we check that u. € H'(R; C). Indeed, we have

1 X
_ o M 1
=Ty fo o

Since /,L)IC / w! is bounded, we have proven that u. € L?*(R; C). A new iteration proves that u, € H I(R; ©).

Estimates (3-29)—(3-31) are consequences of the implicit function theorem and can be proved as in the
previous proposition. The proof is complete. O

We finish this section by pointing out the role played by the Bicklund transformation in the mKdV
dynamics. We recall the following standard result:

Theorem 3.5. Let m € C be a fixed parameter, and 1 C R an open time interval. Assume that
up € C(I; H'(R; €)) solves (1-1), i.e.,

(up)r + ((Up)xx +up)x =0, (3-38)

in the H'-sense. Assume, moreover that uy, is close to ug and that (3-25) and (3-26) hold. Define
Vp = —((Up)xx + ui) as a distribution in H_l([R?; C). Then, for each t € I, the corresponding solution
(uq (1), v,(t)) of G1 = G, = 0 for m fixed, obtained in the space H'(R;C) x H'(R; ©), satisfies the
following:

(1) ug € CUI; H'(R; ©));

(2) (ug)s := (vg)yx is well-defined in H %(R; C); and

(3) ug solves (1-1) in the H'-sense.
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Proof. The first step is an easy consequence of the continuous character of the solution map given by the
implicit function theorem. By density we can assume u,(t) € H 3(R; C©). From (3-2) we have

ﬁa+lzh

V2

(Ua)y — (Up)x =m COS< )(ua +up), (3-39)

and
(ta)s — (p)xx = m cos(””};”)((ua)x  (up)) — % sin(”“g”’) (tta + up)?.
Therefore, from (3-3) and (3-2),

ﬁa+ﬁb

Vo — Uy = —((a) e — () ) — = sin(—) [(a +up)* + (] + up)]
V2 V2
= —((Ua)xx — (Up)xx) — (g — up) (uy + uqup + up)
= —((Ua)xx +u,) — ((Up)xx + up).
We have from (3-38) that (vp), + ((tp)xx + ui)x = 0. Therefore,
(Wa)x + ((Ua)xx + 1)) =0. (3-40)

Finally, if (#,); = (vs)x, we have that u, solves (1-1). In order to prove this result, we compute the time

derivative in (3-2): we get

I:Za + izb
V2

Note that, given uy, the solution u, is uniquely defined, thanks to the implicit function theorem. Addi-
tionally, from (3-3),

(ua)s — (up)r =m COS( )((ﬁa)t + (p)y). (3-41)

Ug+up 1 . Ug+
(Va)x — (Up)x +m[((”a)xx + (Up)xx) COS \/5 - E((ua)x + (up)x) (g +up) sin
~ ~ 2 2 ~ ~
V2t ) sin T a0 (4 4y cos et ”b] 0.

We use (3-2) and (3-3) in the previous identity, and get
ﬁa + ﬁb

/2

(Va)x — (Vp)x + [m((ua)xx + (tp) xx) COS + W2 = ugup +ud) ((ug) — (ub>x)] =0.

Finally, we use (3-39) to obtain

Uy + Up

NG

(Va)x — (Vp)x +m cos( )((ua)xx + 13 4 (up)rx +uz) =0,

so (3-38) and (3-40) imply
+uyp
V2

so that from (3-41) and the uniqueness we are done. O

(Va)x — (Vp)xy =m COS<L~£“ )(va +vp),
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4. Dynamics of complex-valued mKdV solitons

In what follows we will apply the results from the previous section in a neighborhood of the complex
soliton at time zero. Define (cf. (2-1)),

0°:=0(x;a, B,0,0), (4-1)

and similarly for Q° and Q¥. Recall that, by Lemma 2.2, the complex soliton Q° is well-defined
everywhere if (2-9) is not satisfied. Finally, given any

Z e H' (R O,
we define zg by the identity (see (3-1), for instance)
2p = @
and, in term of distributions,
wp) = — (2w + (2))°) € H'(R; ©).

Lemma 4.1. There exists vy > 0 and C > 0 such that, for all 0 < v < vy, the following holds. For all
Zg e H'(R; C) satisfying

[EAPICESR (4-2)
there exist unique yg cH'(R,C),y) e H~Y(R, C) and m € C of the form

Vo) = Yolzpl (0, ya(0) = yalzp, wpl(x),  m:=p+ic+q° (4-3)
such that
Iyalln ey +1g°1 < Cv. - Z0+3, € H(R: ©),
and  G(Q"+29, 0, O° +w), yi,m) = (0,0). (4-4)
Note that both 22 and yg may be unbounded functions, but the sum is bounded on R.

Proof. Let Q" be the soliton profile with parameters 8, o and x; = x, = 0 (cf. (4-1)). We apply
Proposition 3.3 with

wW:=0°% ud:=0, 2:=0% v):=0 and m’:=p+ia
Clearly ft(a) + ﬁg = Qo satisfies (3-6)—(3-7). From (2-15) we have
50

Q% — (B+ia) cos(%) 0°=0, Q°-o00)=0, (4-5)

so that we have (cf. (3-8)—(3-9))
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Clearly Q0 is never zero. Moreover, |(Q°)™! Q2| is bounded on R. Now we prove that

/ sin(Q—O) 0% £0.
R «/5
From (2-15) and (2-18),

ox 1 4B +i
/sin<g>Q0=—/(Qo)2=M=2\/§. 0
R V2 V2(B+ia) Jr V2(B +ia)
Before continuing, we need some definitions. We write
o :=a+Imq®, p*:=pB+Req”, (4-6)
so that m in (4-3) satisfies
m=p+ia+q"=p*+ia*.
Since ¢ is small, we have that 8* and o* are positive quantities. Similarly, define
5= (@) =3(8"°, vy i=3") — (") (4-7)

and compare with (1-4).
Consider the kink profile Q introduced in (2-1). We consider, for all # € R, the complex (kink) profile

O%(t,x) = Q(x; &, B*, 8"t +x1, y*1 +x2), 4-8)
with §* and y* defined in (4-7), x| and x; possibly depending on time, and
Q*(1,x) := 8 0" (1, x). 4-9)
It is not difficult to see that (see, e.g., (1-10))
O*(t,x) = Qc(x —ct —%), Jc=p*+ia*, xeC,

which is a complex-valued solution of mKdV (1-1). Technically, the complex soliton Q*(¢) has velocity
—y* = (%)% — 3(a*™)?, a quantity that is always smaller than the corresponding speed (8*)* of the
associated real-valued soliton Qg+ obtained by sending a* to zero. Finally, as in (2-6) we define

05 (. x) := —(B* +ia*)* Q* (1, x).
Lemma 4.2. Fix o, B > 0. Assume that x|, x, are time-dependent functions such that
X[ (O] + x50 K 18% — y*| = 2((@*)* + (B9)). (4-10)

Then there exists a sequence of times t; € R, k € Z such that (2-9) is satisfied. In particular, () is a
sequence with no limit points.

Proof. Note that (2-9) now reads

(8* _ )/*)tk + (Xl —XQ)(Ik) = ;T—*(k + %)
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By (4-7), 8* — y* = —=2((a*)*> + (B*)?) # 0, and using (4-10) and the mean and intermediate value
theorems applied to the smooth function
f@) = =yt + (x1 —x2) (@),

at each value O%(k + %), k € Z, we see that f satisfies
f1(0) = =2(@*)? + (B + (x] —x) (1) ~ =2((@)* + (). O
We conclude that Q* and Q* defined in (4-8) and (4-9) are well-defined except for an isolated sequence
of times #;. We impose now the condition
t e R satisfies t #t; forall keZ. 4-11)
In what follows we will solve the Cauchy problem associated to mKdV with suitable initial data.
Indeed, we will assume that

y? is a real-valued function and yg e H'(R). (4-12)

We will need the following:'°
Theorem 4.3 ([Kenig et al. 1993]). For any yg € H'(R), there exists a unique'" solution y, € C(R, H' (R))
with initial data y,(0) = yg e H'(R) to mKdV, and

sup [vaOll g1 < CIYoll g @)
teR

with C > 0 independent of time. Moreover, the mass

My =3 /R ya(t. ) dx = M) (4-13)
and energy

Elvl() =1 /R G2t x)dx — /R () (1. x) dx = Elyg)] (4-14)

are conserved quantities.
Let y, e C(R, H I(R)) denote the corresponding solution for mKdV with initial data yg. Since

| yg |71 < Cn, we have, for a (possibly different) constant C > 0,

sup || ya (Ol g1y < Cn. (4-15)
teR

In particular, we can define, for all t € R,

Ya(t) :=/ Ya(t,s)ds,
0
and

Fa)i (1) := —((Ya)ax (1) + ¥ (1)) € H'(R) (4-16)

10We recall that this result is consequence of the local Cauchy theory and the conservation of mass and energy (4-13)—(4-14).
U1y 4 certain sense; see [Kenig et al. 1993].
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because y,(t) € L?(R) for all p > 2.

Lemma 4.4. Assume that a time t € R and yg are such that (4-11) and (4-12) hold. Then there are unique
72 = 2p(t) € HY(R; C) and wy, = wyp(t) € H~Y(R; C) such that, for all t # t.,

Zp+Ya € HA(R; ©), (4-17)
1 , . Q" +Zp+Ta
—(Q*+ 25— ya) = (B+ia+q°) sin ——2—"% (4-18)
7 Q" +z—y p q NG
where Q and Q are defined in (4-8) and (4-9). Moreover, we have
5% . , 0* + %+ Ja
0= 07 +wp— (Fa)i + <ﬂ+za+q°>[<Q;‘; + (25)s + () cos T;y
* 2 2 A% | o s
L@ )y, o O +Zb+)’ai|, 4-19)
V2 V2
and, for all t # ty,
Iz6 (O g1 w;c) < Cv (4-20)

with C uniformly bounded provided t is uniformly far from each ty.

Proof. We will use Proposition 3.4. For that it is enough to recall that, from (2-15) and (2-16), and for
all r # 1,12

%Q* =(B+ia+q°sin % (4-21)
and ~ , 5
Q;k+(,3+ia+q0)|:Qj cos% + %sin%} =0,

so that we can apply Proposition 3.4 at X° = (Q*, 0, Q;*, 0, m), where, by, (4-21) we have m = (B+ia+q?).
It is not difficult to see that the function ! in (3-25) is given by

u=0H,

and (3-26) is satisfied. Note that we require the estimate (4-15) in order to obtain (4-18)—(4-19). Finally,
(4-20) is a direct consequence of (3-31). U

Remark. Since, from (4-4), we get
1
V2

we have that (4-18) implies by uniqueness that

0% +79+530

(Q°+2) —y)) = (B+ia+q") sin S

(Q*+ 25—yt =0)=0"+z) — 32,

121 §s interesting to note that the shifts x1, x, on Q*(z, x) cannot be modified, otherwise there is no continuity at r = 0.
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Le.,
(Q*+2,)(t =0)=Q°+72).

We are ready to prove a detailed version of Theorem 1.3, a result on complex-valued solitons.
Theorem 4.5. There exists vy > 0 such that for all 0 < v < vy the following holds: Consider the initial
data ug =Y —{—22 e HY(R; C), where

b1 sy < -

Assume in addition that the corresponding function yg given by Lemma 4.1 is real-valued and belongs
to H'(R). Fix gy > 0. Then, for all t such that |t — ty| > &o, with t; defined in Lemma 4.2, the function
up == Q* + 73, with zp, introduced in Lemma 4.4, is an H' complex-valued solution of mKdV, it satisfies
(up)r = (Q* +2p) = (OF +wp)x and

sup [lup() — Q" Ol wic) < Ceov- (4-22)

[t—tk|>€0

Remark. The quantity &y > 0 is just an auxiliary parameter and it can be made as small as required;
however, the constant C,, in (4-22) becomes singular as gy approaches zero.

Remark. In Corollary 6.5 we will prove that there is an open set in H'(R; C) leading to y? being
real-valued. The openness of this set will be a consequence of the implicit function theorem.

Proof. We apply Lemma 4.1. Assuming (4-12) we have y? real-valued, so that there is an mKdV
dynamics y, (¢) constructed in Theorem 4.3. Lastly, we apply Lemma 4.4 to obtain the dynamical function
Q*(t) 4+ zp(t). Theorem 3.5 gives the conclusion. Il

Now we will prove that the mass and energy,

% /R W2(1) and % /R (u;,)ﬁ(t)—}1 /R W), (4-23)

remain conserved for all time without using the mKdV equation (1-1), only the Béacklund transformation
(4-18). The fact that Z; + ¥, is in H'(R; C) will be essential for the proof.

Corollary 4.6. Assume thatt # t for all k € Z. Then the quantity
1
3 / (Q* +25)%(1) (4-24)
R

is well-defined and independent of time, and

3 L@ raro=3 [ 6D +25+ia+q (4-25)
Moreover, (4-25) can be extended in a continuous form to every t € R.
Proof. Using (4-18) and multiplying each side by (1/+/2)(Q* + z» + ya), we obtain
0" +2p + Ja }
x

%(Q*+zb—ya)(Q*+Zb+ya>=—(ﬁ+ia+q°>[cos =
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Using (2-15) and (2-14),

COS—Q*+Zb+)~]a —cos2 cos 2t Ya —sing sin %t Ya
V2 V2 V2 V2 V2
1 Q; Zb + )7a Q* . Zb + 5‘711
=————| —=cos - —— .
(B* +ia¥)

W Ja 4-26
RV T SN 20

We integrate on R to obtain

0" +%p+73a|™

V2

Since limyoo QO =0, limio QF/ 0" = F(B* +ia™) (see (2-4)) and limi0 (Zp + Yo) = 0, we get (4-24)—
(4-25), because the mass of y,(¢) is conserved. O

%fR(Q* + 25— Ya)(Q* + 25+ ya) = —(B+ia+¢°) cos

Corollary 4.7. Assume that t # t for all k € Z. Then the quantity

1 1
EMﬁ+amw=5/@f+@ﬁm—zf«f+@fm (4-27)
R R
is well-defined and independent of time. Moreover, it satisfies
1 1 .
5@«?+mﬁm—zéuf+mfm=Ewﬂ—aﬁ+mﬂ?
Finally, this quantity can be extended in a continuous way to every t € R.
Proof. Let m = (8 +ia 4+ ¢°). From (4-18) we have

0" +7p +

(O +z2p)x — Ya)x =mcos( 7

)(Q*-I-Zb—i-ya)- (4-28)

Multiplying by (O + zp)x + (Ya)x, We get
0" +7p+ Ja

V2
(Q“+@+ia
=mcos\ ————

V2

(@+mﬁ—mﬁ=mw{ :y¢+a+nx@+m+m»

)[(Q* +26)(Q" + 2p)x + Ya(Va)x

+Ya(Q* 4+ 2)x + (Q* +20) Ya)x |- (4-29)
On the other hand, we multiply (4-28) by y, and (Q* + z;) to obtain

O +7p +

Ya(O* +2p)x — Ya(Va)x =mcos( 7

)(Q* +2p 4 Ya)Va,

and
O* +7Zp + 34

(O +z2p)(Q" +2p)x — (QF 4+ 25) Va)x =mCOS( 7

)(Q* + 25+ ya)(Q" + 2p).
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If we subtract the latter from the former we get

Ya(Q" +2)x + (O + 25) (Va)x
O* +Zp+ Vs

Z_(0* 2. (4-30
7 )[ya (O +z)°]. ( )

(0" + 20) (O +25)x -+ Ya (Ya)x + 11 cos(
Substituting (4-30) into (4-29),
(Q* +2p)3 — (Va)2
(Q*+Zh+&a O +Zp + Va
=mcoSs| —— = = 7%
V2 V2

Finally, we use (4-18) once again. We multiply by (Q* + zp + y4):

)[(Q* +2p)? + ¥215 +m? cos2< )[y§ — (0" +2)%. (4-31)

1
V2

Substituting in (4-31) we finally arrive to the identity

O +7p + Ja

\/5 )(Q +Zb+ya)-

[(Q*+zp)* —yi=m sin(

O +7p +
V2
; O+ +Ta\ . (O T
—m>~2cos sin
V2 V2

The last term on the right-hand side above can be recognized as a total derivative. After integration and

(Q*+2p)2 — ()2 = mcos( )[(Q* +25)2 + 21

)(Q* +2p +ya)-

using (4-26), we obtain

Q*+Zb+ya 2 2 2 3 3 Q*+2b+ya too
[(Q* +25) —( )2]=m/cos<— [(QF+zp)” + y 1+ 5m’ cos” | ————
\/R b X ya X R ﬁ Q b ya X 3 ﬁ .
_om (O 43+ T4 X % 2, .2 4 3
—ﬁ/RSln( NG )(Q T+ y)IQ7 +25)" + ya] = 3m
1 4
=3 / [(Q" +25)* = yall(Q" +25)" + yg] — 3m”
R
_ 1 * 4 4y 4 3
_2/R[(Q t)" =yl —zm”.
Finally,
Lo rar -t @ rawt=1 [0 [ yi-2Briate®)’
2 Jr 4 2 J 7YY 4 g 3 '
Since the right-hand side above is conserved for all time, we have proved (4-27). (|

5. Complex solitons versus breathers

We introduce now the notion of breather profile. Given parameters x, x» € R and «, 8 > 0, we consider
yi and y, defined in (2-2). Let B be the localized profile

B sin(ayr)

E _ é ’ , , s = 2\/5 t k)
(x; o, B, X1, X2) arctan o cosh(By;)

(5-1)
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and, with a slight abuse of notation, we redefine

B := Ex.
Note that

and, for k € Z, ~ 3
B(x;a, B, x1 +km /o, x2) = (—DFB(x; o, B, x1, x2),
B(.X, o, ,B,XI +k7‘[/a, X2) = (_l)kB(x’ o, IB’XI’XZ)-
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(5-2)

(5-3)

(5-4)

Now we introduce the directions associated to the shifts x| and x,. Given a breather profile of parameters

o, B, x1 and x,, we define
By = Bi(x; a, B, x1, x2) := 0y, B,
By = By(x; o, B, X1, x2) 1= 0y, B
and, for § and y defined in (1-4),
B, :=8B, + v B>.
We also have

B, + B,, + B> =0;

see [Alejo and Muiioz 2013] for a proof of this identity.

(5-5)
(5-6)

(5-7)

(5-8)

If x; or x, are time-dependent variables, we assume that the associated B; corresponds to the partial

derivative with respect to the time-independent variable x ;, evaluated at x; (¢).

In this section we will prove that there is a deep interplay between complex solitons and breather

profiles. We start with the following identities:

Lemma 5.1. Let (B, Q) be a pair breather-soliton profiles with scaling parameters o, B > 0 and shifts

x1, X2 € R. Assume that (2-9) is not satisfied. Then we have

B\;iQ—(ﬁ—ioc)sm BJ—EQEO,
. s, s
and Et—Q,+(,3—ia)|:(Bx+Qx)cos B$Q+B\J/FEQ sin Bj/% }zo.

Proof. Let us assume (5-9) and prove (5-10). We have from (2-6) and (2-11) that

0 =—(B+ia)’0=—(Qu + 0.
Using (5-9), we have

B, — Q. — (B—ia)(B+ Q) cos B:}ZQ 0,
and
- - 5 - -
Bxx - Qxx - (,3 - ia)(Bx + Qx) Cos Bj/_EQ + (ﬂ - lOl) (B j_/EQ) sin B:;E = 0,

(5-9)

(5-10)



654 MIGUEL A. ALEJO aAND CLAUDIO MUNOZ

so that, using (5-9) and (5-8) once again,

B — Q0+ (B— ia)[(Bx + Q,) cos E;}Q + BZ:/%QZ sin E:/%Q}

By + B+ 0y + 0+ [Bxx 0t B—iayL %Q)z sin é}; ]
+(B—ia) sz§Q2 sin ng

=0 - B +V2(B—ia)(B>+ 0*+ BQ) sin BJEQ

=Q’— B+ (B*+ Q*+BQ)(B— Q) =0.

The proof of (5-9) is a tedious but straightforward computation which deeply exploits the nature of the
g

breather and soliton profiles. For the proof of this result, see the Appendix.

Corollary 5.2. Under the assumptions of Lemma 5.1, for any x € R one has

B-9 _ (g4iasin B:/%Q =0 inR,

/2

where Q is the complex-valued soliton with parameters B and —a.

In order to prove some results in the next section, we need several additional identities.

Corollary 5.3. Under the assumptions of Lemma 5.1, for any x € R one has

cosB:/EQ=l—m/_;(B2—Q2) and xlirjrcloocos<Bj§Q)(x)=:Fl.

Remark. Note that both limits above make sense since, from (2-15) and (2-14), we have, for all x,
B+0 B O . B . O
cos = C0S — CO0S — — sin — sin —
NG NN AV V.
1 [ . B 0 . B ]
=—|[=cos — — —=sin—|.
B+ial| O V2o V22

In particular,
. B+ 0 1

1 = o) = F1.
i1g.}cos ﬁ B tia XF(B+ia)=F

Proof. We multiply by (1/ ﬁ)(B + Q) in (5-9). We get
(B~ 0%~ (5 ~ia)sin B:}zQ x \%(

ie.,
B

%(BZ— 0% + (B —ia)dy cos 7

B+ Q) =0,

+
QO

=0.
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From (2-1) and (5-1), one has
. B+ 0
lim cos =1.

N

Therefore, after integration,

%/;OO(B2 - 0H+ (B —ioc)|:cos B:/FEQ - 1] =0,
as desired. (|
a(B sin(2ay1) + o sinh(28y2))
cﬂ+W—ﬁ%%Qmm+a%mmwnJ'
Proof. See, e.g., [Alejo and Muifioz 2013]. g

Lemma 5.4. M:=28 [1 +

The following result is not difficult to prove:

Corollary 5.5. We have

/x M =2Bx +log(a® + 2 — B% cos(Qayy) + a® cosh(28y2)) — Lo, (5-11)
0

where
Lo :=log(a® + % — 2 cos(Qax1) + & cosh(28x7)).

Corollary 5.6. Under the assumptions of Lemma 5.1, we have

(" B+Q
(B za)/o cos 7

= (B+ia)x +log(a® + B> — B cosRay)) + a® cosh(2By»)) — log(1 + 22 +2evy _ o4 1,

with Ly and L as defined in (5-11) and (2-19).
Proof. We have, from Corollaries 5.3 and 5.5 and (2-19),
/x B+0
cos
0 V2
1 X
—i- o [
B—iaJo

1 iy
=x— ﬂ_—ia[2,3x +log(a? + B2 — B2 cos(ayy) + o cosh(2By»)) — log(1 + > Br2Fievy _ 104 1]

1
= _ﬁ_—ia[(ﬁ +ia)x +log(a® + B% — B2 cos(2ayy) + o cosh(28y2))
—log(1 _|_62(,3)’2+i(¥y1)) — Lo+ Ll],

as desired. O

Corollary 5.7. Assume that x1, x, € R do not satisfy (2-9). Consider the function

, cosh(Byr) cos(ayr) + i sinh(By>) sin(ayr)

= BB —iaB,. (5-12
a2 cosh?(Byz) + B2 sin®(aryy) po ’ >

w(x; o, B, x1, x2) := 23/ 2%
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Then we have

hrf ux)=0 (5-13)
. B+0
and = (B —ia) cos( >M (5-14)
g Vo
Proof. Identity (5-13) is trivial. Let us prove (5-14). First of all, note that (cf. (2-7))
BO —iaQ, =0. (5-15)
On the other hand, from (5-9) we have
_ . B+0 -
(Bi—Qnx—(B —la)COS< 7 )(Bl +01)=0
Similarly,
(B — 02) —(,B—ia)cos(é+é)(1§ +02) =0
2 2)x A 2 2 .

We then have

Mx = (IBBI - iaéZ)x

— (B—ia) cos(B}ZQ)H (B0 —ia ), + (B — i) cos(B}ZQ)(ﬂQl —ia(y)
=P —ia) cos(B\_/'_§ >,u

The proof is complete. g

Lemma 5.8. Assume that (2-9) does not hold. Then  defined in (5-12) has no zeroes, i.e., |u(x)| > 0 for
all x e R.

Proof. From (5-12) we have p(x) = 0 if and only if cos(8y;) = 0 and sinh(«y;) =0, i.e., from (2-10) we
have that (2-9) is satisfied. O

Now we consider the opposite case, where the sign in front of (5-14) is negative. We finish this section
with the following result:

Lemma 5.9. Assume that (2-9) does not hold. Then
1
w ;o Bxi, x0) = ﬁ(x; a, B, x1, X2),

with u as defined in (5-12), is well-defined, has no zeroes and satisfies

. . B+ 0
1 _ 1_ 1
thjI:l W (x)| =400 and u, ——(,B—wz)cos< NG )/L .

Proof. This is a direct consequence of Corollary 5.7 and Lemma 5.8. O
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6. Double Bicklund transformation for mKdV

Assume that x; and x; do not satisfy (2-9). Consider the breather and soliton profiles B and Q defined in
(5-2) and (2-5), which are well-defined by Lemma 2.2. From Lemma 5.1, we have the following result:

Lemma 6.1. We have, for all x € R,
G(B, Q, B, 01, B—ia) = (0,0).

Note that the previous identity can be extended by zero to the case where x; and x, satisfy (2-9), in
such a form that now G (B, Q, ét, Q,, B —ia) as a function of x| and x; is well-defined and continuous
everywhere in R? (and identically zero).

Define (cf. (5-1)-(5-7)),

B%x; a, B) := B(x; a, §,0,0),
B%(x; a, B) := 8By (x; a, B,0,0) 4+ y Ba(x; a, B,0,0), (6-1)
B(x; a, B) := 0, B(x; a, 8,0, 0).

Finally, for z0 € H'(R) we define
@) = (2 + 0P e HI(R). (6-2)

We will use Lemma 6.1 and apply Propositions 3.3 and 3.4 in a neighborhood of the complex soliton and
the breather at time zero. Recall that, by Lemma 2.2, the complex soliton Q° is everywhere well-defined
since (2-9) is not satisfied.

Lemma 6.2. There exists ng > 0 and a constant C > 0 such that, for all 0 < n < ny, the following holds:
Assume that Zg e H'(R) satisfies

||Zg||H1(R) <, a)g defined by (6-2).
Then there exist unique zg e H\(R, ©), a)g e H'(R; C) andm; € C of the form
) =2pl01(x),  wp(x) =izl W),  my=m[z)] =B —ia+ p°
such that

Izoll 1 ey + 12°1 < C,
Z.+7%, € HX(R; ©),
and G(B+20, Q°+2zj, BY + ), 07 + wj), m1) = (0, 0).

Proof. Let QY and B° be the soliton and breather profiles defined in (4-1) and (6-1). We will apply
Proposition 3.3 with

0._ RO 0._ o 0._ o 0._ Ao 0. :
u,:=B", uy:=0", v,:=B;, v,:=0;,, m :=B+ia.
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Clearly Re m® = 8 > 0, so that (3-4) is satisfied. On the other hand, (3-5) is a consequence of Lemma 6.1.

From (5-9), condition (3-6) reads

B+ Q° B (B° — Q%)
V2o V2B—ia)

Condition (3-7) is clearly satisfied (see (2-3) and (5-3)). From Corollary 5.7 we have

sin e H' (R; C).

1’ = BB —ia(By).

Note that, from Lemmas 2.2 and 5.8, 1° has no zeroes in the complex plane and it is exponentially
decreasing in space. Finally, let us show that

/ 0. B+ 0" diap
Sin = .
RM \/E B—ia

First of all, we have from (5-15) that

n0 A0

[B(B)° — ia(By)"] sin%
n0 A0 n0 A0
—[B(B1 + 01)° — ia(By + 02)°] sin % FI=B(O1° + ia(G2)°] sin %.

Consequently,
0

RO ~0 ~ ~ 10 - -
[B(B1)° —ia(By)"]sin % = /283, [COS B:/I_QQ} +ia/20,, [COS BJ_EQ}

Therefore, if R;, R, > 0 are independent of x| and x»,

Ry RO 1 AHO Ry B+ O11° B+ O7/°
[t o ] 250
R RO R R1LO1]°

:ﬁ{—ﬁaxl /Rz cos B\—/EQ +iady, /chos in} .

Now we use Corollary 5.6: we have

; /R' B+Q 1 [2ie?frat2ion 2082 sin(2ay;) =
CcoS = — - — .
Mk, V2 B —ia| 14 eXPrat2ion g2+ B2 — B2cos(2ayr) +a? cosh(2By2) || _g,
We have that o
. R B+ 2ix
lim 9, / cos =— —.
Ri,Ry—o0 Ry ﬁ ,3—10[
Similarly,
; le B+ 0 1 2Be?Py2t2ian 202 B sinh(2BY,) R
cos =— _
2 g, V2 B —ia |14 ert2ian 24 B2 — B2 cos(2ay;) + a2 cosh(2By2) || _g,
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and

! 0 /Rl B+ 0 28 —48 2p
im o cos =— =
- V2

R, Ry—00 R, B—ia B—ia’

Adding the previous identities, we finally obtain

f O sin B°+0° _ 2iap | 2iap | _ 4iap 2o,
R V2 B—ia B—ia B—ix
After applying Proposition 3.3, we are done. U

Now we address the following very important question: is the yg given in Lemma 4.1 real-valued for
all x € R? In general, it seems that the answer is negative; however, if zg in Lemma 6.2 is real-valued,
and zg from Lemma 6.2 satisfies (4-2), then the corresponding function yg given in Lemma 4.1 is also
real-valued. This property is a consequence of a deep result called the permutability theorem, which we
explain below.

First of all, from Lemma 6.2 we have

1 , CBY4+704 00479
E(Bo—i-zg— 0° -9 =(B—ia+ p°sin “ﬁQ b (6-3)
for some small p° € C, and
BO =0 ~0 ~0
sin Tt Ot c H\(R; C). (6-4)

V2
Now, by taking no smaller if necessary, such that Cn < vy for all 0 < n < ng, Lemma 4.1 also applies.
We get
1
V2

0°+79+530

(0°+2) —y%) = (B+ia+¢°sin N

(6-5)

for some small ¢°.
We need some auxiliary notation. Define

Be:=B+Rep’, a,:=a—Imp",

so that (compare with (4-6))

B—ia+p’=pB—ia,.
We also consider

00 :=0(; =, B, 0,0), 00 := Q(+; —as, B, 0,0).

Note that, since p° is small, we have that Q0 and Q° share the same properties, i.e., they are close enough.
Indeed,

108 = Q°ll . < Cn. (6-6)
Moreover, thanks to Lemma 2.4 applied to Q°,

50

=00 = (B—ia+ p")sin =,

V2 V2
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Consequently, applying Proposition 3.4 starting at yg and using (6-6), we can define zg via the identity

| . Q42430
E<Q0+z2—y2>=<ﬂ—za+p0> sm#. (6-7)
Similarly, using (4-6) and (6-1) we define
(B)*:=B°(-;a*, B%), (B))*:=B(-;a", "), (6-8)
so that from Lemma 5.1 we have
L((BO)* —(0%*) = (B* —ia*) sin (B +(0Y"
V2 N/
and applying Corollary 5.2 we get
L((BO)* —(QY) = (B+ia+ qO) sin M
V2 V2
Using that
IB)* = Bl m@ < Cn. 10Q)* = Q°ll gy < C,
we can use Proposition 3.4 to obtain
1 _ 501304 904 30
L (B4 — 30— ) = (p+ia+g%sin et & T (6-9)

NG NG

for some z? small. Note that the coefficients (8 — i + pO) and (8 +ia+ qo) were left fixed this time.
Note additionally that Zg and z° are bounded functions. Now we can state a permutability theorem [Lamb
1980, p. 246]. This is part of a more general result, standard in the mathematical physics literature; see

[Wahlquist and Estabrook 1973] for a formal proof in the Korteweg—de Vries (KdV) case.

Theorem 6.3 (permutability theorem). We have

2=z (6-10)
In particular, z(c) is an H' real-valued function.
Proof. Define
ugy = yfl), uy = QO+22, up ;= Q°+z2, (6-11)
up:=B"+2%  wuy:=BY+2°, (6-12)

and K ::ﬂ—l—ia—l—qo, K21=,3—i06+p0. (6-13)
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Since p° and ¢° are small quantities, we have x| # k>, and both are nonzero complex numbers. Equations
(6-5), (6-3), (6-7) and (6-9) now read

”1«;;" — iy sin ulj;(’, (6-14)
mz—; = iy sin L“z—jz'“ (6-15)
Uz — g .U+ U
T = K sin T,
Upt —ty _ i sin s + ftz.

V2 V2

Note that #; and u, are obtained via the implicit function theorem and therefore there is an associated
uniqueness property for solutions obtained in a small neighborhood of the breather. The idea is to prove
that 7ip; = 1. Define i3 via the identity

iy — it = —arctan|:K1 " tanﬁlz_ﬁo] (6-16)
242 K1+ K2 272 |
Whenever u; = Q°, u;p = B% ug=0, k| = B+ia and ky = B —ia, we get from (1-2) that
iz —Q° N B . sin(oex) elox — gmiax
= —arctan| i — tan ——| = — arctan{ { ———— | = — arctan ————.
23/2 B 2V2 cosh(Bx) ePr +e=hx

Therefore, using (2-1),

_ ) eiozx _ efiocx
ii3 = 2¢/2 arctan(e Pty — 24/2 arctan —————
ePxX 4 e=Px
e(ﬂ-i—ia)x _ (eiozx _ e—iax)/(eﬁx +e—ﬂX)
1+ e(ﬂ—i—ia)x (eiax _ e—iax)/(eﬂx + e—ﬂx)

= 2+/2 arctan(e P ~0¥)
g

Consequently, under the smallness assumptions in (6-11)—(6-13) (the open character of these sets is

— 2+/2 arctan

essential) we have that i3 is still well-defined on the real line with values in the complex plane, and it is
close to QY, as well as to ii,.
Let us find an equation for &3. As usual, define us := (it3),. We claim that

uz —uo . U3+
= K sin ; (6-17)
V2 V2
in other words, ii3 = ii,. Similarly, if i14 solves
iy — g K1 —Ky Uzl — U
= —arctan tan , (6-18)
2V2 [/q + K2 24/2 }
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then

which implies 114 = #1;. Finally, from (6-16) and (6-18) we have ii|, = iip], which proves (6-10). Even

better, we have!?

Ui — U K1+ K2 Ur — U
= — tan

tan . (6-19)
22 K1 —K2 22
Now let us prove (6-17). First of all, denote
g =1t (6-20)
K1 — K2
We have, from (6-16),
U —uo Uz —up
= —2arctan| £ tan ,
V2 [ 272 ]
so that
—0(uz —uy) sec((ii3 — i11)/(2v/2))
Uupp —ug= — — .
1+ €2 tan?((ii3 — it1) / (2V/2))
We also check that
“in up—uyg  —2Ltan((u3 — ii1)/(2v/2))
V2 12 tan?((d3 — i)/ (2V2)
and
i —ig 1 — ¢ tan®((iiz — it1)/(2v/2))
cos = .
V2 142 an?((i3 — 1)/ (2V/2))
Substituting in (6-15) and using (6-14) we obtain
Uz —uy o Uz—1i
—L sec
V2 232
R 2. o ft3—ﬁ1:| RS [ 5. 5 ﬁ3—ﬁ1] iy+ig | Uz—ig
= sin 14£- tan® ———— [+« sin 1—£° tan® —— |—24k, cos tan .
V2 [ 232 V2 232 V2 232
Using (6-20) and (6-14), we have
.Uyt
ug—uo—\/ilq sSin \/z
= —v/2cos? i — iy |:(/<1 — Kk7) sin i + o (1 + ¢ tan® s — ﬁl) — 2k, CcOS i + o tan iy — ﬁ1:|
2V2 V2 2V2 V2 NI

i.e., after some standard trigonometric simplifications,

.Uy +ig Uz — iy iy 4o . Uz—i . U3+
Uz —ug = \/EKZ sin cos + ﬁm cos sin = «/5/(2 sin ,

V2 V2 V2 2V2 V2

as desired. O

Another consequence of the previous result is the following equivalent result:

13Note that this identity is well-defined at one particular set of functions, then extended by continuity.
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Corollary 6.4. We have

=2 and p°=q".
In other words, o = o, and B* = P,

Proof. Note that 70 = z°. From (6-9) we have

1 BO+20+0°+20
V2 V2 '

The result follows from (6-3) and the uniqueness of zg and p° as implicit functions of zg. O

(BO+20— 0%~ 20) = (B—ia+¢) sin

The key result of this paper is the following surprising property:

Corollary 6.5. The function yg is real-valued. Moreover, there is a small ball of data zg in H'(R) for
which the corresponding data zg lies in an open set of H'(R; C).

Proof. The second statement is a consequence of the implicit function theorem. On the other hand, the
first one is consequence of the permutability theorem. First of all, note that

B+ia+q°=p—ia+p’=p"—ia* (6-21)
Now, from (6-19) we get
B%+20—yq B+Rep®  0°+70—0°—70
tan = —- oy tan )
272 i(a —Im pY) 272
SO
R B +Re p° Im(Q° +20)
tan =— 5 anh ,
2V2 (o —Im p?) V2
from which we have that yg (x) is real-valued for all x € R. O

The main advantage of the double Bicklund transformation is that now the dynamics of yg is real-valued.
We apply Theorem 4.5 with the initial data zg to get a complex solution of mKdV, uy(t) = Q*(¢) 4 z5 (1)
defined for all ¢ # #; and satisfying (4-22).

Now we reconstruct z,(¢). As in (6-8), let us define, using (5-1), (4-6) and (4-7),

B*(t, x) := B(x; a*, B*, 8%t + x1, y*t + x2) (6-22)
and

B*(t,x) =0,B*(t.x), Bj(t,x):=Bj(x;a*, B* x1, x| (6-23)

x1=08%t+x1, xo=y*t+xy "

In other words, we recover the original breather in (1-2) with scaling parameters o™ and 8* and shifts x,
Xy, provided they do not depend on time. Finally, as in (5-7) we define

BX(t, x) := 8B} (t,x) + y Bi(t, x).
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Lemma 6.6. Assume that t € R is such that (4-11) holds. Then there are unique z, = z,(t) € H I(R; C)
and w, = wy(t) € H(R; C) such that

Za+2p € H(R; O), (6-24)
1 . B +Z,4+ 0% +3,
_(B*+Z —Q*—Zb)z(ﬂ—la+p0)sln 5 (6_25)
V2 ‘ V2
where B* and B* are defined in (6-22) and (6-23). Moreover, we have
0=Bf+wa—éf—wb
, B*+Z,+ Q" +7
+ (B —ia+ po)[(B;‘ + (za)x + O + (2)x) cos «t O AL
V2
B* 2 * 2 B* = Ax | o
. (B"+2)°+(Q"+2)° . B'+Za+ 0 +Zb:| (6-26)
V2 V2

and, for all t # ty,

lza O g1 w,c) < Cn.
Proof. We apply Proposition 3.4 at the point

x°:=(B*, Q*, B, 0}, Bp—ia +p"),
because a slight variation of Lemma 6.1 shows that (compare with (6-21))
G(B*, Q*. B}, 07, B—ia+p°) = (0,0).

Since p? is small,

Re(B —ia+ p°) > 0.
On the other hand, (3-6) is a consequence of (6-4). Similarly, from (2-3) we get that (3-7) is satisfied.

Finally, in order to ensure that (3-26) is clearly satisfied, we apply Lemma 5.9: we get

w = E where u*:=g*Bf —ia*B};

see Corollary 5.7 and (6-23). Then we conclude thanks to Proposition 3.4. 0
Corollary 6.7. The function z,(t) as defined in (6-25) is real-valued.
Proof. The same proof as in Corollary 6.5 works mutatis mutandis, since now y,(¢) is real-valued. [

Proposition 6.8. For all t # ti, u, = B* +z, is an H' real-valued solution to mKdV with initial data .
Therefore, by uniqueness,'* B* 4+ z, = u.

Proof. Since up = Q* + z;, solves mKdV, we use (6-25)—(6-26) and Theorem 3.5 to conclude. O

14Technically, what we need is a result about unconditional uniqueness, however, from [Kwon and Oh 2012] one can conclude
that such a result is valid for mKdV on the line if we consider data with H'! regularity.
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7. Stability of breathers

We now prove Theorem 1.2. We assume that uy € H L(R) satisfies (1-5) for some n small. Let
u e C(R; H'(R)) be the — unique in a certain sense — associated solution of the Cauchy problem (1-1)
with initial data u(0) = u¢. Finally, we recall the conserved quantities of mass (4-13) and energy (4-14).

Proof of Theorem 1.2. Consider gy > 0 small but fixed, Ag > 1 and 0 < n < o small. From Lemmas 6.2
and 6.6 the proof is not difficult, and we follow standard methods; see [Martel et al. 2002] for instance.
Indeed, define the tubular neighborhood

V(Ao m:={UecH'®) | _ ipfeR IU = B(-;a, B, %1, 22)|| < Aon}. (7-1)
X1,X2

Note that B represents here the breather profile defined in (5-2). The original breather B(t) from (1-2) can
be recovered using (6-22) as follows (there is a slight abuse of notation here, but it is easily understood):

B(t, x; 0, B, x1, x2) = B(x; o, B, 61 + x1, Y1 + x2).
Clearly u(t) € V' (Ao, n) for small ¢ > 0. Define the set
Jeo =1{t > 0| |t —tx| > g0 forall k € Z}.

We will prove that u(¢) is in V'(Ay, n) for all ¢ € J,, provided Ay is chosen large enough.
We argue by reductio ad absurdum. Assume that, for some Ty € J,,, we have

_inf |u(To) — B(-; o, B, X1, X2) | g1y = Aon, (7-2)

xl,szR

and, for any § > 0 small, § < ﬁeo, if Ty := Ty + 6 then

: ipr lu(T1) — B(-; &, B, X1, X2) | 1 (m) > Aon- (7-3)

X1,X2€
We also assume that Ty is the first positive time in J;, with this property. We will show that, under this
last assumption, after fixing Ag > 1 large enough we will have

u(To) € V(3 Ao, 1), (7-4)

which contradicts (7-2)—(7-3) and therefore proves the result for all positive times far from the points #.
First of all, by taking ng > 0 smaller if necessary, and n € (0, 19), we can ensure that there are unique
x1(t), x2(t) € R defined on [0, Ty] such that
z(t, x) = u(t, x) — B(x; o, B, 8 +x1 (1), yt + x2(1)) (7-5)
satisfies
/ 20, 2) By (3 @, B, 81 + 31 (1), yt + %2(0)) dx =0, (7-6)
R
and
/ z(t, x)Ba(x; o, B, 8t +x1(¢), yt +x2(t)) dx = 0. (7-7)
R
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The directions By and B, are defined in (5-5)—(5-6) (see [Alejo and Muiioz 2013] for a similar statement
and its proof). Moreover, we have

||Z(0)||H1(R) NEB

and similar estimates for x1(0) and x;,(0), with constants not depending on large Ag. Therefore, (2-9) is
not satisfied for x;(0) and x,(0). For the sake of simplicity, we can assume x1(0) = x,(0) = 0, otherwise
we perform a shift in space and time on the solution to set them equal to zero.

Define z0 := z(0) and apply Lemma 6.2, and then Lemma 4.1 to the corresponding zg obtained from
Lemma 6.2. We will obtain a real-valued seed yg, small in H'(R). Note that the constants involved in
each inversion do not depend on Ag. In particular, the differences between « and o*, and 8 and 8*, are
not dependent on Ag:

lo — ™|+ 18— B S (7-8)

Next, we let the mKdV equation evolve with initial data y?. From Theorem 4.3 we have the bound
(4-15) for the dynamics y,(¢). On the other hand, the decomposition (7-6)—(7-7) implies that

lxXi (O] + x5 (D] S Aon., (7-9)

from which the set of points where condition (4-11) is not satisfied is still a countable set of isolated
points (see Lemma 4.2).

Now we are ready to apply Lemmas 4.4 and 6.6 with parameters «*, 8* and shifts x;(¢) and x,(¢) in
(4-8), (4-9) and (6-22)—(6-23). In that sense, we have chosen a unique set of parameters for each fixed
time ¢, and the mKdV solution that we choose is the same as the original u(¢). Indeed, just notice that,
at r =0, we have, from (4-18) at r = 0 and (6-5),

= _ o
A0 4 =0 4 50
_JE(QO+22—y2)=(ﬂ+ia+q0) Sm%.

Using the uniqueness of the solution obtained by the implicit function theorem in a neighborhood of the
base point, we have

25(0) = Q° — Q*(0) + 2 ~ 2. (7-10)

Now we use (6-25) at ¢t = 0 and (6-3):

\%(B*m) T 24(0) = Q°(0) — 2(0)) = (B — i+ p¥) sin 22 F Z“(O)}ZQ*(O) 2O
and
1 B*+70+0°+7%)

(Bo+z2— QO—Z2)=(,3—ioz+p0)sin

V2 V2
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From (7-10), we have

i B*(0) +%,(0) + 0° + 2}
V2 V2 '

Once again, since BY and B*(0) are close, using the uniqueness of the solution obtained via the implicit

(B*(0) +2,(0) — Q° — z) = (B —ia + p%) sin

function Theorem, we conclude that
B*(0) +z,(0) = B 4 2°.

Since both initial data are the same, we conclude that the solution obtained via the Béacklund transformation
is u(t).
Note that the constants involved in the inversions are not dependent on Ag. We finally get

sup Ju(®) = B*(O)l 1wy = Com, (7-11)

[t—tx|>e0

where
B*(t,x) = B(x; ", %, 8"t +x1(1), Y™t + x2(1)).

Finally, from (7-8) and after redefining the shift parameters and choosing t = Ty, we get the desired
conclusion since, for Ag large enough, we have Cy < %Ao and (7-4) is proved.
Now we deal with the remaining case, ¢ ~ #. Fix k € Z. Note that 7, = u — B* satisfies the equation

(za)r +[@a)xx +3(B*) 24 +3B*2; + 231 +x{ (1) Bf +x5(1)B3 =0 (7-12)
in the H'-sense. In what follows, we will prove that, maybe taking &y smaller but independent of k, we
have

sup [lu(®) — B*(t)ll gy < 4Ao0n- (7-13)
[t—tr|<e0

Since A grows with g9 small, this implies that, after choosing 79 smaller if necessary, such an operation
can be performed without any risk.
In what follows, we assume that there is T* € (¢, — &g, tx + &o] such that, for all ¢ € [t — &9, T*],

lza Ol 1 @) = 4A0m, (7-14)

and T* is maximal in the sense of the above definition (i.e., there is no 7** > T* satisfying the previous
property). If T* = t; 4 &9, there is nothing to prove and (7-13) holds.
Assume T* < t; + €9. Now we consider the quantity

1/z§(r>, € lto— 0, T*1.
2 R

We have, from (7-12),

%y / 20 = f (e BB 20 + 38722 + 2210) + X, / 2a(D)BY +x(0) / 2a(t) B
R R " .
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Using (7-14) and (7-9), we have, for some — explicit— fixed constant C > 0 depending only on «, S,

1 2
3z2/RZa(t)

After integration in time and using (7-11), we have

and 7ng even smaller if necessary,

< CAM>.

/ZS(T*) < / zi(to—eo)—l-CeoA%nz < 1.9A% 2
R R

if g9 is small but fixed. A similar estimate can be obtained for || (z4)x(¢)[| 71 (g) by proving an estimate of
the form

< CA%nz.

1 2
3 [ G

Therefore, estimate (7-14) has been bootstrapped, which implies that 7* = 7y + &9. Note that the estimates

do not depend on &, but only on the length of the intervals, which is about &.!3

We conclude that there is AQ > 0 fixed such that

sup [|u(t) — B*(t) || g1y < Aon.
teR

Finally, estimates (1-6) and (1-7) are obtained from (7-9), using the fact that «* and 8* are close to «
and B in terms of Cn. The proof is complete. U

Remark. From the proof and the results in [Colliander et al. 2003], it is easy to show that the evolution
of breathers can be estimated in a polynomial form in time for any s > %, however, in order to make
things simpler, we will not address this issue.

Corollary 7.1. We have, for all t # t,
3 [ a0 =5 [ (@270 +205" —ia®) = MDY +45".
Moreover, this identity can be extended to any t € R.
Proof. In the same way as Corollary 4.6. O
Finally, we recall that y* =3(a*)*> — (8*)? and E[u] = § [au? — 1 [ u®.
Corollary 7.2. Assume that t # t, for all k € Z. Then we have
E[B* +z,](1) = E[Q* +2)(1) — 3(B* —ia*)’ = E[yg] + 38%*.
Finally, this quantity can be extended in a continuous form to every t € R.

Proof. In the same way as Corollary 4.7. g

15Note that an argument involving the uniform continuity of the mKdV flow will not work in this particular case since the
sequence of times (#) is unbounded.
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8. Asymptotic stability

We finally prove Theorem 1.4. Note that, for some ¢y > 0 depending on 1 > 0,
m 3Ol ez =0 (8-1)

This result can be obtained by adapting the proof for the soliton case in [Martel and Merle 2005]. Indeed,
consider

o(x) = garctan(ex/l{), K >0,
so that

1
. . . _ " / / -
13101.}¢_0, Eggd)_ 1, ¢"< —K2¢, ¢ >0 on R. (8-2)

Fix cg, to > 0. Consider the quantities
1
I(1) :== 3 / Ya()p(x — coto + Seolto — 1)),
R
J(@t) = / [5O3 = 3Y2(0) + 55(0)](x — coto + Scolto — 1))
R
It is not difficult to see that
I _ 1 2 4/ 1 2 11 3 2 47 3 4.7
R R R R
so that, using (8-2), and if ¢y > 0 is small (and, depending on 7, even smaller if necessary),
I'(t) <0.
We then have
1
1) =10 = [ 22066 - o)
R

and

lim I(t)=0.

t——+400

A similar result holds for J(¢), which proves (8-1).

Note that z, +y, € H 2(R; ©) (see (4-17)). In what follows, we will prove that this function satisfies
better estimates than y, and z; if x is large.

Fix t # t; large with |t — ;| > €9. We use the notation

From (3-29) we have

1Ze @l 2wy = Cv
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with C = C(ggp) independent of time. From the Bicklund transformation (4-18) we obtain

(Ze)x — 2y, = \/5(,3 +ia +q0) |:Sin Q*\/-gzc —sin %]
= ﬁ(ﬂ+ia+q0)[Sin§—; :cos% — 1} +sin% cos 3—;]
=Q" {cosﬁ— }+ﬁ81n(f) g:

Assume now that x > cot/2. Then we have, for some fixed constant ¢ > 0,

‘—+m e, m=p+ia+q’=p"+ia*

and
(Ze)x +mzZ. = 8>

where . _ 2 0 0"
Zc . Zc Zc
:=Q*{Cos——1}+\/§{sm———}—+ {—+m}—|—2 .
8 > 0 0 Ya
Solving the previous ODE, we get

x
Zc(l,x)zzc(t —C()l‘) m(x—c'ot/2)+/ g(t,s)e—m(x—s) ds,
cot/2
so that

X
1Ze(t, %) < |Zc(t, %cot)|e_’3*("_c"t/2) —{—/ lg(t, s)|e_ﬂ*(x_s) ds.
cot/2

From Young’s inequality we get

12l 2z con S |Ze(t: 3€0t) [P O + gl 2z cone ™
Clearly,

[Ze(t. Seor) | S Iz lmgey < Cv. 18O L2pcseun < Cv2+Cve™ +o(1).
Passing to the limit, we obtain that, for all 7;, — +oo with |T,, — ;| > &g for all n and &,
nETOOHZC(Tn)HLZ(xzcoTn) =0.
A similar result can be obtained for z. and (z.),. From (8-3), we get
im 120 (T) 11 czer,y = 0. (8-4)
Finally, we repeat the same strategy with (6-25) and (6-24) to obtain
im(za(T) L1 ezt = 0-

Note that, since the flow map is continuous in time with values in H', we can extend the result to any
sequence 7, — 400 by choosing an g9 > 0 smaller but still independent of k.
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Appendix A: Proof of Lemma 5.1

We will use the specific character of the breather and soliton profiles. Since (2-9) does not hold, both Q
and Q are well-defined everywhere. We have

sin B+ Q sin(2(arctan ®; + arctan ®5))
= 1 2))s
V2
where, from (2-1) and (5-1), ©, := P29 and O := M. The expression in the previous
a cosh(By2)

display equals

2 [sin(arctan ®1) cos(arctan ®,) + sin(arctan ®;) cos(arctan ®1)]
X [cos(arctan ®) cos(arctan ®,) — sin(arctan ®1) sin(arctan @2)]
=2 [tan(arctan ®1) cos? (arctan ©) cos? (arctan ®,) — sin’ (arctan ®) tan(arctan ®5) cos? (arctan ©»)

+ cos? (arctan ®1) tan(arctan ®,) cos’ (arctan ®,) — sin’ (arctan ®,) tan(arctan ®1) cos? (arctan © )].

2
Since sin?(arctan z) = 1—Z|—z2 and cos?(arctan z) = ﬁ, we have
B+0 2(0,-0%°0,+0,—-020
<in —|—Q: (0 122 222 1) (A-D)
V2 (1+07)(1 +63)
On the other hand,
1

® C) 1+02)0,—(1+6%)6
(B—Q)=28x(arctan®1—arctan®2)=2< Lz 2% )—2( +02)01x = (1 +61)On

V2 1+02 1+63/) (14+0%)(1+63)
Hence, collecting terms and factoring, from (5-9) we are led to prove that
(140501, —(1+0])02, — (B—ia)(O) —0]0,+ 0, — ©30,) =0. (A-2)

Now we perform some computations. We have, from (2-1),

O =(B+in)Oy, (A-3)
(B +ia®7) cosh®(By2) = B(a cosh’(By2) +if sin*(ay1)) (A-4)
and
6 ::< B sin(ayr) ) _ apcos(ayr) cosh(By,) — 7 sin(ay)) sinh(By»)
M7\ acosh(By) /. o cosh2(Byn) ’
so that
. ae'™' cosh(By,) — Bef Sin(ay1)}
Oy — (B—ia)O; = A-5
Le — (B —i®)©; ﬂ[ 2 o v (A-5)
and . P
—ioy —By2 qi )
[©11+ (B — i)©,]102 = B [“e cosh(fyz) + e 7 sin(en) ]e%ﬁww
o cosh”(By2)
aePy? cosh(By,) + Bel® sin(otyl)i|
= B0 . A-6
P 2[ a cosh®(By2) (A0
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Using (A-3), (A-4), (A-5) and (A-6) we have that the left-hand side of (A-2) is
(1+02)0;, —2(B+ia®)O; — (B —ia)(1 — OO,

=[O1x— (B—i)O1]1+[O1, + (B —ix)©1]10; —2(8 +ia®]) O,
_ ﬁ[ae"‘”‘ cosh(Byz) — Bef” sin(ayo]

a cosh?(By2)
+ 50, [“eﬁ 2 cosh(By,) + Be'™ sin(ayr) — 2a cosh? (By,) — 2iB sin2<ay1>]
o cosh?(By2)
ae'®t cosh(By,) — BeP? sin(ay) —ae P2 cosh(By,) + Be ' sin(ary)
=F [ o cosh?(By2) ] i 62[ o cosh? (By2) ]
=0,
which proves (A-2).
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L? ESTIMATES FOR BILINEAR
AND MULTIPARAMETER HILBERT TRANSFORMS

WEI DA1 AND GUOZHEN LU

Muscalu, Pipher, Tao and Thiele proved that the standard bilinear and biparameter Hilbert transform does
not satisfy any L” estimates. They also raised a question asking if a bilinear and biparameter multiplier
operator defined by

Tu(f1, f)(x) = /R M, M FiErm) fr(Ea, po)e?™ > ErmrE&m) ge gy

satisfies any L” estimates, where the symbol m satisfies

1

80(8}3 s < :
OO mEMIS Gsie, Toe * distty, TP

for sufficiently many multi-indices o = (a1, a2) and B = (81, B2), I'; (i = 1, 2) are subspaces in R and
dimI'y =0, dim ', = 1. Silva partially answered this question and proved that 7,, maps L”! x LP2 — L?
boundedly when p—ll + p—lz = % with p1, pr > 1, ﬁ + % <2and é + % < 2. One notes that the admissible
range here for these tuples (p;, pa, p) is a proper subset of the admissible range of the bilinear Hilbert
transform (BHT) derived by Lacey and Thiele.

We establish the same L” estimates as BHT in the full range for the bilinear and d-parameter (d > 2)
Hilbert transforms with arbitrary symbols satisfying appropriate decay assumptions and having singularity
setsI'y,...,['ywithdimI[; =0fori =1,...,d —1and dimI'; = 1. Moreover, we establish the same
L? estimates as BHT for bilinear and biparameter Fourier multipliers of symbols withdimI') =dim ', =1
and satisfying some appropriate decay estimates. In particular, our results include the L” estimates as
BHT in the full range for certain modified bilinear and biparameter Hilbert transforms of tensor-product
type with dim I'y = dim I'; = 1 but with a slightly better logarithmic decay than that of the bilinear and

biparameter Hilbert transform BHT ® BHT.
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1. Introduction

The bilinear Hilbert transform is defined by

d
BHT(f1, f2)(x) := P-V-/Rfl(x —Dfalx+1) Tt; (1-1)

or, equivalently, it can be written as the bilinear multiplier operator
BHT: (71, f2) > [ fi&) e "€+ dg an, (12
§<n

where f] and f, are Schwartz functions on R. M. Lacey and C. Thiele proved the following celebrated
L? estimates for the bilinear Hilbert transform:

Theorem 1.1 [Lacey and Thiele 1997; 1999]. The bilinear operator BHT maps L? (R) x LY(R) into
L"(R) boundedly for any 1 < p, g < oo with %+$ = % and% <r < oo.

There are lots of works related to bilinear operators of BHT type. J. Gilbert and A. Nahmod [2001] and
F. Bernicot [2008] proved that the same L? estimates as BHT are valid for bilinear operators with more
general symbols. Uniform estimates were obtained by Thiele [2002], L. Grafakos and X. Li [2004] and Li
[2006]. A maximal variant of Theorem 1.1 was proved by Lacey [2000]. C. Muscalu, Thiele and T. Tao
[Muscalu et al. 2004b] and J. Jung [> 2015] investigated various trilinear variants of the bilinear Hilbert
transform. For more related results involving estimates for multilinear singular multiplier operators, we
refer to, for example, [Christ and Journé 1987; Coifman and Meyer 1978; 1997; Fefferman and Stein
1982; Grafakos and Torres 2002a; 2002b; Journé 1985; Kenig and Stein 1999; Muscalu and Schlag 2013;
Muscalu et al. 2002; Thiele 2006] and the references therein.

Since Lacey and Thiele [1997; 1999] established the L? estimates for % < p < 0o, whether the bilinear
operators of BHT type satisfy L? estimates all the way down to % has remained an open problem. Though
we do not have a counterexample yet for the L? estimates for the bilinear Hilbert transform in the range
of % <p< %, we have established in [Dai and Lu > 2015b] a counterexample for a modified version of
bilinear operators of BHT type. To describe this result, we denote by FL” (R) the space consisting of all
functions f whose Fourier transform f satisfies f € L?(R). The Hausdorff—Young inequality indicates
that || f Ly w) S Sp I fllLr@ for 1 < p < 2. Then, by Theorem 1.1, it implies that the bilinear Hilbert

transform maps FLP' x LP> — LP for p; > 2 and maps L' x FLP» — LP for py >2 W1th N

Pz r’
Thus it will be interesting to know whether the bilinear operators of BHT type map FLP x Lf”2 — L7 for
p1<2or LP' x FLP> — LP for p2 < 2 boundedly w1th L1l 1 . Our work in [Dai and Lu > 2015b]

Pz
gives a negative answer to the boundedness of FL1 x LI’2 — LP for p; <2 and L”' x FLP> — LP

for pr, < 2.

To date, we are still not aware of any uniform L? estimates for bilinear Fourier multiplier operator of
BHT type in the range p € (%, %) By decomposing the bilinear multiplier operator 7}, into a summation
of infinitely many bilinear paraproducts without modulation invariance, we have proved in [Dai and Lu
> 2015b] that there exists a class of symbols m (with one-dimensional singularity sets), which also satisfy
the symbol estimates of BHT type operators investigated in [Gilbert and Nahmod 2001] and are arbitrarily
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close to the symbols of BHT type operators, such that the corresponding bilinear multiplier operators 7,
associated with symbols m satisfy L? estimates all the way down to %

In multiparameter cases, there are also large amounts of literature devoted to studying the estimates
of multiparameter and multilinear operators (see [Chen and Lu 2014; Dai and Lu > 2015a; Demeter
and Thiele 2010; Hong and Lu 2014; Kesler > 2015; Luthy 2013; Muscalu and Schlag 2013; Muscalu
et al. 2004a; 2006; Silva 2014] and the references therein). In the bilinear and biparameter cases, let I';
(i =1, 2) be subspaces in R?, we consider operators T}, defined by

Tu(f1, f)(x) = /R m, m Fi(Er m) fo(Ea, pa)e™ = ELmTEam) ge gy, (1-3)

where the symbol m satisfies!

1
dist(¢, [l dist(n, [p)I7
for sufficiently many multi-indices o = (&1, a2) and 8 = (B4, B2). If dimI'; = dim 'y = 0, Muscalu,
J. Pipher, Tao and Thiele proved in [Muscalu et al. 2004a; 2006] that Holder-type L? estimates are
available for T,,; however, if dimI"; =dim I, = 1, let 7,, be the double bilinear Hilbert transform on
polydisks BHT @ BHT defined by

g 0P m(E, | < (1-4)

ds d
BHT @ BHT(f1, f2)(x, y) :=p.V. fl(x—s,y—t)fz(x—i-s,y—H)TsTt; (1-5)
R2

they also proved in [Muscalu et al. 2004a] that the operator BHT ® BHT does not satisfy any L? estimates
of Holder type by constructing a counterexample. In fact, consider bounded functions fi(x, y) =
f>(x, y) = e*7; one has formally

21st
dsdt = in(fi- f)(x, y)/ sens)

BHT®BHT(fi, /)(x. y) = (fi - f2)(x, y) f

then localize functions fi, f> and let f1 (x,y)= f2 (x,y) = ™ x—n.N () x(—~.~1(»). One can verify

the pointwise estimate
21st
/ / dsdt
ﬂ
10
N

for every x, y € [ STOIAD 100 ] and sufficiently large N € Z*, which indicates that no Holder-type L?
estimates are available for the bilinear operator BHT ® BHT. When dimI'; =0 and dim ', = 1, there is
the following problem:

IBHT ®@ BHT(f}", fi)(x, y)| >

+01)=ClogN+ O(1) (1-6)

Question 1.2 [Muscalu et al. 2004a, Question 8.2]. Let dim I'; =0 and dim I', = 1 with ['; nondegenerate
in the sense of [Muscalu et al. 2002]. If m is a multiplier satisfying (1-4), does the corresponding operator
T, defined by (1-3) satisfy any L? estimates?

1Throughout this paper, A < B means that there exists a universal constant C > 0 such that A < CB. If necessary, we use
explicitly A <, .. B to indicate that there exists a positive constant Cy, . ., continuously depending only on the quantities
appearing in the subscript, such that A < Cy

.....
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P. Silva [2014] answered this question partially and proved that 7;, defined by (1-3), (1-4) with
dimI'; =0 and dimI", = 1 maps L? x LY — L’ boundedly when %+$ = % with p, g > 1, %—i—% <2
and % + % < 2. One should observe that the admissible range for these tuples (p, ¢, r) is a proper subset
of the region p, ¢ > 1 and 43'1 < r < 00, which is also properly contained in the admissible range of BHT
(see Theorem 1.1).

Naturally, we may wonder whether the biparameter bilinear operator 7, given by (1-3), (1-4) (with
appropriate decay assumptions on the symbol m and singularity sets I'y, I, satisfying dimI"y =0 or 1,
dim I', = 1) satisfies the same L? estimates as BHT.

To study this problem, we must find the implicit decay assumptions on symbol m to preclude the
existence of those kinds of counterexamples constructed in (1-6) for BHT ® BHT. To this end, let us

consider first the bilinear operator 7;, ® BHT of tensor product type that is defined by

K(s)
t

T @ BHT(f1, f2)(x, y) 1=P-V~/R2 Silx —s,y =) falx +5,y+1) ds dt, (1-7)

where the symbol m(sll, 521) =m() = K (¢) with ¢ = Sll — 521 has one-dimensional nondegenerate
singularity set I'y. Let f1(x, y) = fo(x, y) = e'*Y; one can easily derive that

elet

T @ BHT(f1, f2)(x, y) = (f1- f2)(x, ) /RZK(S) dsdr. (1-8)

t
From (1-8) and the above counterexample constructed in (1-6) for the operator BHT @ BHT, we observe
that one sufficient condition for precluding the existence of these kinds of counterexamples is K € L'
or, equivalently, m = K € F(L"). From the Riemann-Lebesgue theorem, we know that a necessary
condition for m € F(L') is m(¢) — 0 as |¢| — oo. Moreover, if K € L'(R) is odd, one can even derive
that | fR m(¢)/¢d g“| < ||K ||z (this indicates that many uniformly continuous functions with logarithmic
decay rate do not belong to %(L')). Therefore, in order to guarantee that the same L” estimates as the
bilinear Hilbert transform are available for the bilinear operators 7,, ® BHT and BHT ® BHT, we need
some appropriate decay assumptions on the symbol.

The purpose of this paper is to prove the same L? estimates as BHT for modified bilinear operators
T, ® BHT with arbitrary nonsmooth symbols which decay faster than the logarithmic rate.

For d > 2, any two generic vectors §; = (§ f)f’zl, &= (éé)f.’:l in R4 generate naturally the following
collection of d vectors in R?:

E=¢L8), &H=ELeD, ..., E=ELED. (1-9)

Let m = m(&§) = m(£) be a bounded symbol in L>®(R??) that is smooth away from the subspaces
ru...url'y_Url'y and satisfies

|a§18§dm(§)| ) )
L dE, - dE; | < B < 00 (1-10)

dist(8q, T)'*! - f -
R2d—1) 1_[16'1:_11 dist(§;, ;)2 il
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for sufficiently many multi-indices «y, ..., ®y, where dimI'; =0 fori =1,...,d — 1 and I'y :=
{(Sf , 551 yeR?: éf = Sg}. Denote by Tn(fl) the bilinear multiplier operator defined by

T (oo () = /R m(§) fi) fo(e)e O e, (1-11)

Our result for bilinear operators T,,(,d) satisfying (1-10) and (1-11) is the following:

Theorem 1.3. Forany d > 2, the bilinear, d-parameter multiplier operator T,,(,d) maps LP'(RY) x LP>(R?)
into LP(R?) boundedly for any 1 < py, p» < oo with % = % + % and % < p < oo. The implicit constants
in the bounds depend only on py, ps, p, d and B.

Remark 1.4. For arbitrarily small ¢ > 0, let m® = m®(&) = m®(&) be a bounded symbol in L>(R>*)
that is smooth away from the subspaces I'yU---UT';_; UT'; defined as in Theorem 1.3 and satisfying

differential estimates

d—1
— 1 _ 1
AT .. 9 m® < <_— - (log, dist(&;, I'; _(1+8)> —_——— 1-12
08"+ 38m* B)] S J:! e Ty Mo dist T) G e 1
for sufficiently many multi-indices «, ..., ag; then m® satisfies conditions (1-10).

As shown in [Muscalu et al. 2004a], the bilinear and biparameter Hilbert transform does not satisfy any
L? estimates. This is the case when the singularity sets I'y and I'p satisfy dim 'y = dim I'; = 1. Thus, it
is natural to ask if the L? estimates will break down for any bilinear and biparameter Fourier multiplier
operator with dim 'y = dim I'; = 1. In other words, will a nonsmooth symbol with the same dimensional
singularity sets but with a slightly better decay than that for the bilinear and biparameter Hilbert transform
assure the L? estimates? Our next two theorems will address this issue.

For d = 2 and arbitrarily small & > 0, let m° = m® (&) = m°(£) be a bounded symbol in L>°(R*) that
is smooth away from the subspaces I'; U T, and satisfies

08198 B)] S

1

for sufficiently many multi-indices a1, @z, where (x) := +/1+x2% and T'; := {(¢ f, f;‘é) eR?:¢& f = 55}
for i =1, 2. Denote by Tr;(lzg) the bilinear multiplier operator defined by

2
(log, dist(&;, ['y)) =1+ (1-13)

| dist(E, Tlel

T (fi, ) (x) = f it (&) f1 (&) fa () e 18 g (1-14)

R4
Our result for bilinear operators Tr;(lzg) satisfying (1-13) and (1-14) is the following:

Theorem 1.5. For d = 2 and any ¢ > 0, the bilinear and biparameter multiplier operator Tnffg) maps
LP'(R?) x LP2(R?) — LP(R?) boundedly for any 1 < py, p» < 0o with % = % + é and 3 < p < oo.
The implicit constants in the bounds depend only on py, p2, p, € and tend to infinity as ¢ — 0.

Our result for modified bilinear and biparameter Hilbert transform of tensor product type with a slightly
better decay than that of BHT ® BHT is the following:
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Theorem 1.6. For any ¢ > 0, let the bilinear and biparameter operator BHT® @ BHT be defined by

W (s
BHT® ® BHT(f1, f2)(x1, x2) = p.v. /2 filx =) fr(x +5) S( v dsidsy
R 2
with the function V¢ satisfying
90 (8] —EDI S 18] — & 17 (log, lg] — &30+ (1-15)

. o ) . . Do )
Jfor sufficiently many multi-indices ay; then it satisfies the same L estimates as T .

Remark 1.7. For simplicity, we will only consider the biparameter case d = 2 and I'; = {(0, 0)}
(i=1,...,d—1)in the proof of Theorem 1.3. It will be clear from the proof (see Section 4) that we can
extend the argument to the general d-parameter and dimI; =0 (i =1, ..., d — 1) cases straightforwardly.
We will only prove Theorem 1.5 in Section 5 and omit the proof of Theorem 1.6, since one can observe
from the discretization procedure in Section 2 that the bilinear and biparameter operator BHT® @ BHT

can be reduced to the same bilinear model operators 1:1% as Tﬁ(ﬁ)

It’s well known that a standard approach to prove L? estimates for one-parameter n-linear operators
with singular symbols (e.g., Coifman—Meyer multiplier, BHT and one-parameter paraproducts) is by the
generic estimates of the corresponding (n+1)-linear forms consisting of estimates for different sizes and
energies (see [Jung > 2015; Muscalu and Schlag 2013; Muscalu et al. 2002; 2004b]), which relies on
the one-dimensional BMO theory, or, more precisely, the John—-Nirenberg-type inequalities to get good
control over the relevant sizes. Unfortunately, there is no routine generalization of such approach to
multiparameter settings, for instance, we don’t have analogues of the John—Nirenberg inequalities for
dyadic rectangular BMO spaces in the two-parameter case (see [Muscalu and Schlag 2013]). To overcome
these difficulties, Muscalu et al. [2004a] developed a completely new approach to prove L? estimates
for biparameter paraproducts; their essential idea is to apply the stopping-time decompositions based
on hybrid square and maximal operators MM, MS, SM and SS, the one-dimensional BMO theory and
Journé’s lemma, and hence could not be extended to solve the general d-parameter (d > 3) cases. As to the
general d-parameter (d > 3) cases, by proving a generic decomposition (see Lemma 4.1), Muscalu et al.
[2006] simplified the arguments they introduced in [Muscalu et al. 2004a], and this simplification works
equally well in all d-parameter settings. Recently, a pseudodifferential variant of the theorems in [Muscalu
et al. 2004a; 2006] has been established in [Dai and Lu > 2015a]. Moreover, J. Chen and G. Lu [Chen and
Lu 2014] offer a different proof than those in [Muscalu et al. 2004a; 2006] to establish a Hormander-type
theorem of L? estimates (and weighted estimates as well) for multilinear and multiparameter Fourier
multiplier operators with limited smoothness in multiparameter Sobolev spaces.

However, in this paper, in order to prove our main results, Theorems 1.3 and 1.5 in biparameter settings,
we have at least two different difficulties from [Muscalu et al. 2004a; 2006]. First, observe that if one
restricts the sum of tritiles P” € P” in the definitions of discrete model operators (see Section 2) to a
tree then one essentially gets a tensor product of two discrete paraproducts on x; and x;, respectively,
which can be estimated by the MM, MS, SM and SS functions, but, due to the extra degree of freedom
in frequency in the x, direction, there are infinitely many such tensor products of paraproducts in the
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summation, so it’s difficult for us to carry out the stopping-time decompositions by using the hybrid
square and maximal operators as in [Muscalu et al. 2004a; 2006]. Second, in the proof of Theorem 1.5,
note that there are infinitely many tritiles P’ € P’ with the property that Ipr = I for a certain fixed
dyadic interval Ij of the same length as Ip/, so we can’t estimate Y _p, |[Ip/| S || for all dyadic intervals
Ip € I with comparable lengths, and hence we can’t apply Journé’s lemma as in [Muscalu et al. 2004a]
either. By making use of the L? sizes and L? energies estimates of the trilinear forms, the almost
orthogonality of wave packets associated with different tiles of distinct trees and the decay assumptions on
the symbols, we are able to overcome these difficulties in the proof of Theorems 1.3 and 1.5 in biparameter
settings.

Nevertheless, in the proof of Theorem 1.5 in general d-parameter settings (d > 3), one easily observes
that the generic decomposition will destroy the perfect orthogonality of wave packets associated with
distinct tiles which have disjoint frequency intervals in both the x; and x; directions, thus we can’t
apply the generic decomposition to extend the results of Theorem 1.5 to higher parameters d > 3 as in
[Muscalu et al. 2006]. For the proof of Theorem 1.3, we are able to apply the generic decomposition
lemma (Lemma 4.1) to the d — 1 variables xy, ..., x;—;. Although one can’t obtain that supp <I>3 ¢ QP2 z
is entirely contained in the exceptional set U as in [Muscalu et al. 2006], one can observe that the support
set is contained in U in all the variables x, ..., x4—1, but not the last, x;. Therefore, we only need to
consider the distance from the support set to the set E7 in the x4 direction and obtain enough decay factors
for summation; the extension of the proof to the general d-parameter (d > 3) cases is straightforward.

The rest of this paper is organized as follows. In Section 2 we reduce the proof of Theorem 1.3 and
Theorem 1.5 to proving restricted weak type estimates of discrete bilinear model operators ITj and ﬁ%
(Proposition 2.17). Section 3 is devoted to giving a review of the definitions and useful properties about
trees, L2 sizes and L? energies introduced in [Muscalu et al. 2004b]. In Sections 4 and 5 we carry
out the proof of Proposition 2.17, which completes the proof of our main theorems, Theorem 1.3 and
Theorem 1.5, respectively.

2. Reduction to restricted weak type estimates of discrete bilinear model operators IT; and 1:[%

2A. Discretization. As we can see from the study of multiparameter and multilinear Coifman—Meyer
multiplier operators (see, e.g., [Muscalu et al. 2002; 2004a; 2004b; 2006]), a standard approach to obtain
L? estimates of bilinear operators Tn(fl) and Tﬁ(ﬁ) is to reduce them into discrete sums of inner products
with wave packets (see [Thiele 2006]).

2A1. Discretization for bilinear, biparameter operators Tn(f) with ') ={(0, 0)}. We will use the following
discretization procedure. First, we need to decompose the symbol m(§) in a natural way. To this end, for
the first spatial variable x|, we decompose the region (& = (511, 521) e R?\ {(0, 0)}} by using Whitney
squares with respect to the singularity point {511 521 = 0}, while, for the last spatial variable x,, we
decompose the region {£& = (Sl , 52) e R?: 51 #* 52} by using Whitney squares with respect to the
singularity line I'y = {51 = 52 }. In order to describe our discretization procedure clearly, let us first recall
some standard notation and definitions in [Muscalu et al. 2004b].
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An interval [ on the real line R is called dyadic if it is of the form [ = 2%[n, n+ 1] for some k, n € Z.
An interval is said to be a shifted dyadic interval if it is of the form 27¥[j + «, j + 1 + «] for some
k,jeZand a € {0, %, —%} A shifted dyadic cube is a set of the form Q = Q| x O, x Q3, where each
Q; is a shifted dyadic interval and they all have the same length. A shifted dyadic quasicube is a set
0 = 01 x Q2 x Q3, where Q; (j =1, 2, 3) are shifted dyadic intervals satisfying the less restrictive
condition | Q1| >~ | Q2| 2 | Q3|. One easily observes that, for every cube Q C R3, there exists a shifted
dyadic cube Q such that O C 17—0 Q (the cube having the same center as Q but with side length 17—0 that
of Q) and diam(Q) ~ diam(Q).

The same terminology will also be used in the plane R?. The only difference is that the previous cubes
become squares. For any cube or square O, we will denote the side length of Q by £(Q) and denote the

reflection of Q with respect to the origin by —Q hereafter.
Definition 2.1 [Muscalu and Schlag 2013; Muscalu et al. 2006]. For J € R an arbitrary interval, we say
that a smooth function ®; is a bump adapted to J if and only if the following inequalities hold:

1
171 (1 +dist(x, J)/]J])®

1DP (0] <ia (2-1)

for every integer o € N and for sufficiently many derivatives / € N. If &, is a bump adapted to J, we say
that |J |_% ®; is an L%-normalized bump adapted to J.

Now let ¢ € ¥(R) be an even Schwartz function such that supp @ C [—1%, %] and ¢(&) = 1
1

on [—é, 5], and define ¥ € ¥(R) to be the Schwartz function whose Fourier transform satisfies

V(&) = ¢(§/4) — ¢(§/2) and supp¥ < [-3, —3] U [3, 7], such that 0 < $(£), ¥ (§) < 1. Then,
for every integer k € Z, we define ¢, ¥ € $(R) by

0 =(5 ). =5

ﬁ) = Pe2(8) — Gr1 () (2-2)

and observe that

supp @ [~ 26, & 2], suppi €[22 —1-2Fu[}-2k 324,

and supp Y N supp Y = @ for any integers k, k' € Z such that |k — k’| > 2, and supp ¢ N supp Vx = @

for any integer k > (0. One easily obtains the homogeneous Littlewood—Paley dyadic decomposition

1= (&) forall & eR\{0) (2-3)

keZ

and inhomogeneous Littlewood—Paley dyadic decomposition

1=¢@&) + > Y forall & eR. (2-4)

k>—1

As a consequence, we get a decomposition for the product 1(511, f;‘zl) = 1(511) . 1(521) as follows:

16 D) = geEDTeED + 3 T @D ) + Y P E)de ) (2-5)

k'eZ k'eZ k'eZ
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for every (¢], &) # (0, 0), where
Yy 1= E Yy forall k' € 7.
lk—k'|<1, keZ

By breaking the characteristic function of the plane (511, Ezl) into finite sums of smoothed versions of
characteristic functions of cones as in (2-5), we can decompose the operator Tn(lz) into a finite sum of
several parts in the x| direction. Since all the operators obtained in this decomposition can be treated in
the same way, we will only discuss one of them in detail. More precisely, let

Q= {Q’ =0\ x 0, CR*: Q) := 2k/[—%, %] Q) = 2]‘/[%, %] for all k' € Z}. (2-6)

For each square Q’ € @, we define bump functions ¢ 0l.i (i =1, 2) adapted to intervals Q; and satisfying
supp ¢, ; < 150; by

A S A
2 = = == 4 2'7
b8 "’(z(g/)) P () 27)

and

B, 2(6) = 1&( | B AT 08)

§
Q")
respectively, and finally define smooth bump functions ¢ o adapted to Q' and satisfying supp ¢ o S % ok
by

el gl N 1 B}
bo (&l E) =g ((ED b5, 2(ED. (2-9)
Without loss of generality, we will only consider the smoothed characteristic function of the cone
{(511, 521) eR?: |§11| < |.§21 l, 521 > 0} in the decomposition (2-5) from now on, which is defined by

> ¢pElLED. (2-10)
Q’G@’
As to the x; direction, we consider the collection Q" of all shifted dyadic squares Q" = Q7 x Q}
satisfying
Q" C{(1. &) eR* 157 #&),  dist(Q", T'2) = 10" diam(Q"). (2-11)

We can split the collection @” into two disjoint subcollections, that is, define
[={Q"e€Q": Q" C{E] <&}, Qp:=1{0"€Q": Q" C{& > &} (2-12)

Since the set of squares {17—0 Q" : Q" € Q"} also forms a finitely overlapping cover of the region {£7 # &7},
we can apply a standard partition of unity and write the symbol Xig24e2) A8

Xigwe) = D ¢Q~(s%,s§>=( Yo+ ) )«pgw(sf,é%)=x{glz<gzz}+x{glz>gzz}, (2-13)

7" 1 " /r " /7
0" 0"eQ  0"eQy

where each ¢~ is a smooth bump function adapted to Q” and supported in % Q.
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One can easily observe that we only need to discuss in detail one term in the decomposition (2-13),
since the other term can be treated in the same way. Without loss of generality, we will only consider the
first term in (2-13), that is, the characteristic function X2 <e2) of the upper half plane with respect to the
singularity line I',, which can be written as

Xy = D $or (& ED. (2-14)

Q”E@”

In a word, we only need to consider the bilinear operator Tﬂ(l 2”[ 1) given by

Ty (i ) =Y /R m(Epg ENborE) (&) fr(E)e?™ TR dg (2-15)
0'ely
Q"eQy

from now on, and the proof of Theorem 1.3 can be reduced to proving the L? estimates

2
1Tyt (Fro P o) Spopropas Ifillon gy - I 2l ey (2-16)
as long as 1 <p1,p2<ooand0<% l+l %
On one hand, since 51 e supquQ 1 € E(Q )[ i 16] and 52 € suppd)Q , C Z(Q )[% %] 1t follows
that —&] —&) € €(0)[- 12, —&]. and as a consequence, there exists an 1nterva1 0y :=00)[-3. —%]

and a bump functlon ¢Q 3 adapted to Q3 such that supp ¢Q 5 C Z(Q )[ 24, ——] Q’3 and ¢Q%’3 =1
OHZ(Q)[ 16’ 478] ;

On the other hand, observe that there exist bump functions ¢¢r ; (i =1, 2) adapted to the shifted
dyadic interval Q} such that supp ¢gr; © %Q;’ and ¢g; =1 on 18—0Q;’ (i =1, 2), respectively, and
supp pgr < 8 509", thus one has ¢gr | - pgy2 =1 on suppdpr. Since g2 € supp bor1 S %Q’{ and
52 € supp q&Qu 2S5 Q’z’, it follows that —512 — 522 € —%Q’l’ — 19—0Q” and, as a consequence, one can
find a shifted dyadic interval Q% with the property that — 190 01— 1% 205 C & Q” and also satisfying
|Q” | =105~ |Q |. In partlcular there ex1sts a bump function qbQ 3 adapted to Q and supported in
0l Q3 such that ¢QS’~3 =1lon— Q Q i

We denote by Q' the Collection of all cubes Q' := 0] x 0, x Q% with Q) x Q) € @ and Q defined
as above, and denote by Q" the collection of all shifted dyadic quasicubes Q" := Q' x Q} x Q} with
07 x Q7 € Qf and Qf defined as above.

Definition 2.2 [Muscalu et al. 2004b]. We say that a collection of shifted dyadic quasicubes (cubes) is
sparse if and only if, for every j =1, 2, 3:

(1) If Q and Q belong to this collection and |Q ;| < |Qj|, then 108|Q]-| < |Q,~|.
(i) If Q and Q belong to this collection and |Q ;| = |Qj|, then 108 Q;N 108 Qj =J.

In fact, it is not difficult to see that the collection Q” can be split into a sum of finitely many sparse
collection of shifted dyadic quasicubes. Therefore, we can assume from now on that the collection Q" is
sparse.

Assuming this we then observe that, for any Q" in such a sparse collection Q”, there exists a unique

shifted dyadic cube Q" in R? such that Q” C %Q” and with the property that diam(Q”) ~ diam(Q").
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This allows us in particular to assume further that Q" is a sparse collection of shifted dyadic cubes (that

is, |01 =105 =105 = £(Q")).
Now consider the trilinear form A;(j,)(lh,u) (f1, f2, f3) associated to T (lh I (f1, f2), which can be written
as

A,(,%([h )(fl’ f2, f3)

- / T (f1 £ f3(x) dx

3
=y f my o162, 8) [ [(fi * (Dg; @ bori) (&) dE dEyds,  (2-17)
E1+&+6=0 el '

Q'eQ
Q'eQ"
where & = (&1, £%) fori = 1, 2, 3, while
meg o0 (81,82, 83) :=m(&1, 6) - (QSQ/ ® (Porx 0y '<13Qg,3))(51, §2,83), (2-18)

where ¢~>Q/ is an appropriate smooth function of (Sl , 52 53) which is supported on a slightly larger
cube (with a constant magnification independent of E(Q )) than supp(¢Q 1(5;‘ P65 a5, 2(52 )qbQ 3(3;‘3 )) and

equals 1 on supp(¢ s o' 1(51 )qbQ, 2(52 Py o, 3(53 ), the function ¢Q~X 0} (51 52) is one term of the partition
of unity defined in (2-14), and ¢Q~ 3 is an appropriate smooth function of 53 supported on a slightly
larger interval (with a constant magnification independent of £(Q”)) than supp ¢ng3 which equals 1 on
supp ¢Q/3/,3. We can decompose m 0.0 (&1, &, &3) as a Fourier series,

My &6 8= Y C2Q A0/ i) ] E/NQ)  (2.19)

ni,n2,n3
51,52,53622

where the Fourier coefficients C;lQ O are given by
1,h2,n3

c2e — /R M o (EQNEL LQMED). (@& L(Q"E). (L(0)Es . L(Q"ED))
x o 2riGi-E1+iy-Ertii3-83) dg d& dgs.  (2-20)
Then, by a straightforward calculation, we can rewrite (2-17) as

A,(j (Ih,0 )(fl: f2, f3)

> cg 2 / H(f * (g -®q3 y '))(x—< I ))dx (2-21)
ny,12,13 J Qj»J E(Q) Z(Q”) .

Q'eQ fi1.ip,iizeZ?

Q//e Q//
Definition 2.3 [Muscalu et al. 2004b; Thiele 2006]. An arbitrary dyadic rectangle of area 1 in the phase-
space plane is called a Heisenberg box or tile. Let P := Ip x wp be a tile. An L?-normalized wave packet

on P is a function ® p which has Fourier support supp Up C %a) p and obeys the estimates

dist(x, Ip)>_M

15 ()] < |1p|—%<1 +
5]
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for all M > 0, where the implicit constant depends on M.

Now we define ¢ — 2rinil /U@ ¢ ; and q‘) ’,, 1= Q2min{EI/UQ") Qo fori =1, 2, 3. Since
any Q' € Q' and Q” e Q” are both shlfted dyadic cubes there exist integers k', k” € Z such that
00 =101 =105 = 105 = 2¥ and £(Q") = Q]| = |04] = |0§] = 2", respectively. By splitting
the integral region R? into the union of unit squares, using the L?-normalization procedure and simple
calculations, we can rewrite (2-21) as

2
A;(n,)(zh,n)(fl, 2. 3)

/ //
" "

s n';, v Y
= > Z//O > X nlnzns l_[f], By @Bl v v

/ //
iy, o, ngelz Q/EQ I dyadic, I”dyadlc |I |2 X |I j=l1
Q'eQ” =2k 11=27

3
Cosi -

1s n2 ” ni

= L f / > e[l epha (222)

nl n2 I’l3€Zz P P’®P”EP |I |2 j:

where (-, -) denotes the complex scalar L? inner product, and we have:
0.0" .

ni,ny,n3’

o tritiles P’ := (P], P;, P;) and P" := (P}, P}, P}{);

» Fourier coefficients Co i, i, .ii; 1=

e tiles P/ = IP, X, where I~, =1 =2"¥[I',I'+1]=: 15, and the frequency intervals are wp = Q;
fori=1,2, 3

o tiles PJ// =1 pr X wpr, where [ Pl = 1" =27K"[1”, 1" + 1] =: Ip» and the frequency intervals are
wpr = Q’j’ for j=1,2,3;
» frequency cubes Qp = Wp X Wy X Wy and Qpr 1= wpr X wpy X wpy;
« [P’ denotes a collection of such tritiles P’ and P” denotes a collection of such tritiles P”';
« bitiles P;, P and P; defined by
Pri= (P, Py = 27X, 1 + 1 x 2" [ 1, 1], 2% 0", 1" + 11 x 0Y),
Pyi= (P}, Py = (27F 11, 1/ + 11 x 2¢' [ 4, %] 27K 1" 4+ 11 x 05),
Pyi= (P, P{) = 27F 1, 1" + 1 x 2X [, = L], 27X 1", 1" + 11 x 0%);
o the biparameter tritile P:=P QP = (Pl, Pz, P3);
o rectangles /5 1= IP, X Ip/’ =1p xIpr=:1pfori=1,2,3,and hence |I3| = |15 x Ipr| = |Iﬁ1| =
k/ k//
15 =15 e
« the double frequency cube Q5 :=(Qp/, Opr) = (a)};]/ X Wp X @py, Wpy X Wpy X wpy);
o P:=[P x P” denotes a collection of such biparameter tritiles P;

« L?-normalized wave packets QDI;" " associated with the Heisenberg boxes f’i’ defined by

i

/

V) = 27K @K vy —xp) fori=1,2,3;

zn v vny,
()= .
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/A

o L2-normalized wave packets dJlI’,,,"’ associated with the Heisenberg boxes P/ defined by

i

4 '’ // /
l n! v Vv

®p " () =y g () =270 /2¢Q,, QK" +v") —xp) fori=1,2,3;

in v

® P, " fori=12.3.

ini,v
« smooth bump functions QD’ SV 5
Pi i

We have the following rapid decay estimates of the Fourier coefficients Cg i, i,.i; With respect to the
parameters 71y, iiy, i3 € Z°:

Lemma 2.4. The Fourier coefficients Cg i, i, ii; Satisfy estimates

3
1Copiiriiniis] S 1_[ Ciry| (2-23)

| M

for any biparameter tritile Pe [I_ﬁ’, where M is sufficiently large and the sequence Cy := C| 15| for
15| =27F (k' € Z) satisfies

Y Cu < B <+oo. (2-24)
k'eZ

Proof. Let £(Q 5,) = 2X and £(Q pr) = 2¥" for k', k” € Z. For any iy, i, 113 € Z* and P e P, we deduce
from (2-18) and (2-20) that

CQ;nﬁlﬁzﬁs
= / moy.0, (28] 2VED). (2Y).2VE)). 2V 2V g)e IR BTN 4ty dgy i, (2:25)
R

where

mo,.0, (28!, 2XED), ¥, 2N D), (2¥E], 2V ed))
o k'z K"E \NT K el Akl Ak’ 1 K"E NI k" &2
=m(2Y81. 2880, 25 26 26D b0y x0yy 2 80, 321 5D, (2:26)

Since supp(dg ,, (€], &, E3l)¢wpl//xwpé/ (éZ)éwpé/ﬁ(ég)) C Qp x Qpr, we have that
supp($g,, (2" £1. 2" 53, 2 6)Bu, xpy (2 82)00,, 32 ED) € QF, x O,

where the cubes Q%, and QY,, are defined by

0} = vy x o x o =&, 6. &) R 278,26, 2°) € 05}, (2-27)
0%, = a)‘},{/ X w‘},z,, X wpé, = {2 2.6 e RP: 2K E2, 2K 2 2K E2) € Qpr}) (2-28)
and satisfy |Q0 | ~10%,| ~ 1. From the propertles of the Whitney squares we constructed above, one

obtains that d1st(2k £1,T1) ~ 2% for any & € a) X a)l3 and dist(2K'&,, I'y) ~ 2" for any &, € a)P// X a)?, )
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One can deduce from (2-25), (2-26) and integrating by parts sufficiently many times that

|C 057ty it |
& I
<77
~ 1_[ (14 |n;hM
j=1

x / o egregagmoy.0, (V8] 2ED), V.26, Ve 27 69))] | dé da dts
Q ><QP//

Sllasw / dist(2*"&,, )" / dist2'&, )" 1192 9% m(24'&), 2 &) d&) d&
- (1+|n]|) 0, xa, o2, xal,
j=1 et 2
3
<11 1 / dist(§2, T)! / dist(§1. T) 17210 0g m (&1, &2)| déy dB
~ (1 + |n]|)M E(QP”)Z a)Puxa)P// pr ><wP/

J

=1
3
=l am (1+| apm Ul

j=1

where the multi-indices «; := (ozil, af) fori =1, 2,3 and |o| = |a2| = |a3| = M are sufficiently large,
the multi-indices o’ := (o}, o}, @), & 1= (], &t , &) with @] < a and a” <a fori, j =1, 2, 3. This
proves the estimates (2-23).

Moreover, for /5| = 2%, we define the sequence Cy = Cjr,| (k' € Z). From the estimates (1-10)
for symbol m (&1, &), we get that

dist(€;, Tp)1'l- / dist(&1, T'1)*172198 02" m(€)| dE) < B < +o0, (2-29)

and hence we can deduce the following summable property for the sequence {Cy }x'cz:

Cv = / dist(Ey, )| / dist(E,, )1 2102 0 m(Er, £2)) dE, dE,
12 E(QP//)2 Wpr Xwplr U (a)Pl/ pr/)P/ Sl 52
Plep’
1 _
Bd& < B < +o0. (2-30)
E(QP”) a)P//Xa)le/
This ends the proof of the summable estimate (2-24). Il

Observe that the rapid decay w1th respect to the parameters ny, iy, i3 € 77 in (2-23) is acceptable for
summation, all the functions @7 P/ " (i =1,2,3)are L2-normalized and are wave packets assoc1ated
with the Heisenberg boxes P’ unlformly with respect to the parameters 7, and all the functions CD
(j =1,2,3) are L>-normalized and are wave packets associated with the Helsenberg boxes P umformly
with respect to the parameters n ; therefore we only need to consider from now on the part of the trilinear
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form A:(;,)(lh, y(f1, f2, f3) defined in (2-22) corresponding to i =iy =13 =0,

m(lh (15 f2, f3) —/ / Z

o T @ @3N (f3, 93 dv, (2-31)
2
where CQ- = CQP’()’(),(), we have parameters v = (v/, v”) and q;l;;;) — qy;?,v fori =1,2,3.

Remark 2.5. We should point out two important properties of the tritiles in P” (see [Muscalu and Schlag
2013; Muscalu et al. 2004b]). First, if one knows the position of P, P)’ or P;/, then one knows precisely
the positions of the other two as well. Second, if one assumes for instance that all the frequency intervals
wpy of the P/’ tiles intersect each other (say, they are nonlacunary about a fixed frequency &), then
the frequency intervals wpy of the corresponding P} tiles are disjoint and lacunary around & (that is,
dist(§o, wpy) = |wpy| for all P” € P”). A similar conclusion can also be drawn for the Py tiles modulo
certain translations. This observation motivates the introduction of trees in Definition 3.1.

We review the following definitions from [Muscalu et al. 2004b].

Definition 2.6. A collection [P of tritiles is called sparse if all tritiles in [® have the same shift and the
sets {Qp: P eP}and {Ip : P € P} are sparse.

Definition 2.7. Let P and P’ be tiles. Then we write:
(i) PP< PifIp C Ip and wp C 3wp;
(ii) PP<PifP <Por P =P;
(ii) P < Pif Ip CIp and wp € 10%wp:;
(iv) PP<Pif PPSPbut P& P.
Definition 2.8. A collection [P of tritiles is said to have rank 1 if the following properties are satisfied for
all P, P’ € P:
(1) If P £ P/, then Pj;éP]’. forl1 <j<3.
@i1) If wp; = wp! for some j, then wp; = wp! forall 1 <j <3.
(iii) If P]f < P; for some j, then PJ/. SPjforall1 <j<3.
(iv) If in addition to PJ’. < P; one also assumes that 108)7p/] <|Ip|, then one has P! <’ P; forevery i # j.

It is not difficult to see that the collection of tritiles P” can be written as a finite union of sparse
collections of rank 1; thus we may assume further that P is a sparse collection of rank 1 from now on.
The bilinear operator corresponding to the trilinear form AS?(I h,ﬂ)( f1, f2, f3) can be written as

s (fi. f)(0) = // Z

Since Illﬂa,( f1, f2) is an average of some discrete bilinear model operators depending on the parameters
v = (v1, 1) € [0, 112, it is enough to prove the Holder-type L” estimates for each of them, uniformly
with respect to parameters v = (vq, v»). From now on, we will do this in the particular case when the

T @50 (f, @5 OF () dv. (2-32)
<1502 ER
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parameters v = (vq, v2) = (0, 0), but the same argument works in general. By Fatou’s lemma, we can also
replace the summation in the definition (2-32) of l;Iﬂa,( f1, f>) on the collection P=0 xP” by arbitrary
finite collections P’ and P of tritiles, and prove the estimates are uniform with respect to different choices
of the set P.
Therefore, one can reduce the bilinear operator ﬁ,ﬁ further to the discrete bilinear model operator ITj
defined by
s f) = 3 %

1
pep 151

(fi. @) (f2, @)D (1), (2-33)

where CIDg = CD%’_(O’O) for j =1, 2, 3, respectively, P =P x P with an arbitrary finite collection [P’
of tritiles and an zjlrbitrary finite sparse collection P” of rank 1. As discussed above, we now reach a
conclusion that the proof of Theorem 1.3 can be reduced to proving the following L? estimates for
discrete bilinear model operators ITg:

Proposition 2.9. If the finite set P is chosen arbitrarily, as above, then the operator Il given by (2-33)
maps LP(R?) x LP2(R?) — LP(R?) boundedly for any 1 < pi, p» < 0o satisfying i = % + i and
% < p < 00. Moreover, the implicit constants in the bounds depend only on py, p2, p, B and are

independent of the particular choice of the finite collection P.

2A2. Discretization for bilinear, biparameter operators Tﬁ(ﬁ) . We will use the discretization procedure
as follows. First, we need to decompose the symbol m°(£) in a natural way. To this end, for both the
spatial variables x; (i = 1, 2), we decompose the regions {£; = (Ef , Sé) e R?: S{ + Sﬁ'} by using Whitney
squares with respect to the singularity lines I'; = {éf = 55} (i =1, 2) respectively. Since the Whitney
dyadic square decomposition for the x; direction has already been described in (2-11), (2-12), (2-13) and
(2-14) in Section 2A1, we only need to discuss the Whitney decomposition with respect to the singularity
line I'y in the x; direction.
To be specific, we consider the collection @’ of all shifted dyadic squares Q' = Q' x Q) satisfying

Q' C{(E.6) eR 5 #£&),  dist(Q', 1) ~ 10* diam(Q"). (2-34)
We can split the collection Q' into two disjoint subcollections, that is, define
Q:={0'eQ: 0 C{§ <&}, Qu:={QcQ:0 (& >5} (2-35)

Since the set of squares {% Q' : Q' € Q'} also forms a finitely overlapping cover of the region {& 11 # 521},
we can apply a standard partition of unity and write the symbol x (&1 4€]) A

Xigeehy = D PoElE) = < IR >¢Q’(’511’ £2) = X! <e) T Xigl >l (2-36)
Qe 0'eQ; Q'eQy

where each ¢ is a smooth bump function adapted to Q' and supported in % 0.
Notice that, by splitting the symbol m? (&), we can decompose the operator Trg) correspondingly into
a finite sum of several parts, and we only need to discuss one of them in detail. From the decompositions
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(2-13) and (2-36), we obtain that

n?(él,éz):( oE D>+ D>+ > )¢Qf<sf,s£)¢g~<s%,s§>-n~f<§1,éz)

0'eQy 0'eQy Q'eQy Q'eQy
Q”E@” Q//EQEEI Q//e@// Q//e@//

mi (€1, &) +mf g1, &) +mfy (&1, &) +mi (€1, &). (2-37)

One can easily see that we only need to discuss in detail one term in the decomposition (2-37), since the
other terms can be treated in the same way. Without loss of generality, we will only consider the third
term in (2-37), which can be written as

mf €L E) = Y L 8o (&L E)dor (ELLE7). (2-38)
Q'ely
Q”E@ﬁ/

In other words, we only need to consider the bilinear operator T’%)H given by
Tpe (fi ()= ) f i (E)po EDor (E2) f1(E1) fr(Er)e™™ O dg (2-39)
Q'eQy

QNGQH

from now on, and the proof of Theorem 1.5 can be reduced to proving the following L? estimates for T’%n)n:

2
T( : s I ey Se.ppropn 1 illen ey - 1 f2llLre g2y (2-40)
as long as 1 <p1,p2<ooand0<; %+é<%.

Observe that there exist bump functions ¢! ; (i = 1, 2) adapted to the shifted dyadic interval Q: such
that supp ¢o: ; © %Q; and ¢/ ; =1 on %Q; (i =1, 2) respectively, and supp ¢ gg %Q/, so one has
$0,.1+P;.2 =1 0nsupppg. Since 511 €supp g1 S % Q) and 521 €suppgg2 S 15 Q5. it follows that
—& 11 — ézl € —% 0| — % Q) and, as a consequence, one can find a shifted dyadic interval Q with the
property that —% Q| — % Q) C % Q’ and also satisfying | Q| = Q5| 2 | Q4|. In particular, there exists
a bump function ¢, 3 adapted to Q} and supported in %Qg such that ¢, 3 =1 on —% Q| — % Q5.
Recall that the smooth functions ¢Q/J(, j (j =1,2,3) and shifted dyadic intervals Q’ have already been
defined in Section 2A1.

We denote by Q' the collection of all shifted dyadic quasicubes Q" := Q] x Q) x Q% with Q' x 0}, € Q
and QY defined as above, and denote by Q" the collection of all shifted dyadic quasicubes Q" :=
0 x 07 x Q5 with O} x Q) € Q and QF defined in Section 2A1.

In fact, it is not difficult to see that the collections Q" and Q" can be split into a sum of finitely many
sparse collection of shifted dyadic quasicubes. Therefore, we can assume from now on that the collections
Q' and Q" are sparse.

Assuming this, we then observe that, for any Q’ in such a sparse collection Q’, there exists a unique
shifted dyadic cube Q' in R? such that Q' C % Q' and with the property that diam(Q’) ~ diam(Q’). This
allows us in particular to assume further that Q’ is a sparse collection of shifted dyadic cubes (that is,
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|01 = 1051 = Q%] = £(Q")). Similarly, we can also assume that Q" is a sparse collection of shifted
dyadic cubes.
Now consider the trilinear form A%)H : (f1, f2, f3) associated to T’%H) " (f1, f2), which can be written as

A%’H(fl, 12, f3)
- /R T2 (f1. )00 f3(0) do

3
= > / My 061,62, 8) [ [(fi % (Do, ; ® oy ) (E)) dEr dEr dEs,  (2-41)
0'cQ’ §1+&+5= j=1

Q//EQ//

where & = (¢!, £%) fori = 1, 2, 3, while

iy o€, &2, &) = m" (€1, &) - (Do x 0, - D0,3) ® (Dorxoy - Por3)) L &2, &), (2-42)

where qgQg .3 is an appropriate smooth function of 531 which equals 1 on supp $g;.3 and is supported on a
slightly larger interval (with a constant magnification independent of £(Q’)) than supp $g;.3, and ¢ 3
is an appropriate smooth function of 532 which equals 1 on supp ¢ ¢y 5 and is supported on a slightly
larger interval (with a constant magnification independent of £(Q")) than supp $g; 3. We can decompose
n~18Q,’ 0" (&1, &, &3) as a Fourier series,

’/th’,Q”(Slv £,8) = Z CIE1 i l3Q e2rilyh NN 5;)/€(Q) 2mi(ly 1y .15) - (62.62.69)/L(Q ) (2-43)
E,izj}EZZ

/ "
where the Fourier coefficients C; ZQ ’ZQ are given by
1,62,43

Cre:2 = f ity o (@& LQMED). ((Q)E. L(QME). (L(Q)E5. L(Q")ED)
HES R
w e~ 2mi -+l b2+l 6) dEy dEr dEs.  (2-44)
Then, by a straightforward calculation, we can rewrite (2-41) as

Ag (fiu fo f3)

3 / /"
ce9-o / <ﬂ*(ég<,i®43gv,i>>(x—( i i )) x. (2-45)
= 2 Gt H L ® e o)’ 10"

0'€Q 1),h, €72
Q//EQ

Now we define ¢Q 27”15 1@ . ¢Q and ¢Q” L= 27”1”5 /6Q") . ¢Qu ; fori =1, 2, 3. Since any
Q' e Q' and Q" € Q” are shifted dyadic cubes, there exist integers k', k" € Z such that £(Q") = | Q|| =
|05 =105 = 2K and €(Q") = 1071 =105 =105 = 2K respectively. By splitting the integral region
R? into the union of unit squares, the L?-normalization procedure and simple calculations, we can
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rewrite (2-45) as
A,(;%H%H(fl, f2s f3)

Q Q// 3
ll 12 13 vl/ )L/ vl// )L// , ”
- £ T[T % M ed e
I sez? Q'€Q’ g dyadlc 1" dyadic | | x| | i=1
Q'eQ” [1')=2"% |1"|]=2—*"
1 pl ce ... 3 .
Qp.l.b.l3 i1 A
= ) / / Y. [T @ da, (2-46)
Wbherr'® 70 ppgpep B2 iz
where we have:
Fourier coefficients C¢ - - - 1= 592",
* Qp,ll,lz,l3 .0
o tritiles P":= (P{, P;, P;) and P" := (P, P;, P{);
o tiles P/ := Ip X wp!, where Ip/ := I'=2"¥[n' n +1] = Ip and the frequency intervals are
wp = Qi fori=1,2,3;
o tiles P” = IP“ X wpr, where IP” =1"=2"¥[n",n" + 1] =: Ipr and the frequency intervals are
wpy :— Q” for] _1 2,3;
» frequency cubes Qp  :=wp; X wp; X wp; and Qpr :=wpr X Wpy X Wpy;

e [P’ denotes a collection of such tritiles P’ and P” denotes a collection of such tritiles P”;

« bitiles Py, P, and P; defined by
ﬁi = (Pi/, Pi//) — (2—]{/[”/’ n/ 4 1] % Q:, 2—](//[”//’ n// 4 1] % Q:/) fOI‘ i = 1’ 2’ 3’
o the biparameter tritile P:=P QP = (131, 132, 133);

« rectangles I~ '—IP’XIP”—IP/XIP”: Iz fori=1,2,3,and hence [Ig| = [Ip X Ipr| =I5 | =

|1P2|_|1P3|_2 K",

» the double frequency cube Q5 := (Qp/, Qpr) = (wp; X wp; X wp;, wpr X Wpy X Wpy);

« P:= P’ x P” denotes a collection of such biparameter tritiles P;

4 ’

o L2-normalized wave packets @;;if * associated with the Heisenberg boxes P/ defined by

i

O ) =Gy ) =27, Q) —x) for i =1,2,3,

AN

z . . .
« L2-normalized wave packets & P,, " associated with the Heisenberg boxes P/ defined by

l// A Vl” A vl . .
O (1) =), g (1) =272, @K (0" 0 —xa) for i =1,2,3,

l A./ l// )\‘// .
smooth bump functions <I>’~l - d>l QP fori= 1,2, 3.
P ,

We have the following rapid decay estimates of the Fourier coefficients CS A with respect to the
1,62,13

parameters ll, lz, l3 e 7%
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Lemma 2.10. The Fourier coefficients Ce satisfy estimates

0500
[P ~|<13[;-<log e(Qp)) 1 (2-47)
opi Rl I Ly T
j:

for any biparameter tritile P € P, where M is sufficiently large.

Proof. Let £(Qp) = 2% and £(Qpr) =2 for k’, k" € Z. For any ¢ > 0, 1, l}, f3 €7%and P € P, we
deduce from (2-42) and (2-44) that

e
05,010,103

= /R 1,0, (2UEL2VED. 218 208D, (0¥ 276D IR dE dty dis, (2-48)
where

w0, (V&1 2V ED), QY] 26D), 2¥&]. 2V ED))
=i (Y&, 28 8w, oy X EDPw, 32X ED G, xwy X E)u,, 32X ED). (2-49)
1 2 3 1 2 3

Since SUPP (o xaopy (E1) oy 3(E3) By xpy (E2) by 3(6)) € Qpr x Qpr, we have that
SUPP (P xaopy (2 E1)Puryy 32 63)B x0yy (2 82)B0y 321 ED) € Q% X O,
where the cubes Q(I)), and Q(1)>" are defined by
0 = oy x oy x wp, = {(5].5.5) e R : 2Y¢], 2], 2 € 0, (2-50)
0h = ol x oy x 0 = (€] &, &) e R*: 217,226 € 0p1) (2-51)

and satisfy 0%, ~10%,| ~ 1. From the properties of the Whitney squares we constructed above, one
obtains that dist(2€' &, I';) ~ 2¥' for any &, € a) , X a)P, and dist(2X"&,, I'y) ~ 2¢" for any & € a)P,, X a)(;,,,.
By taking advantage of the estimates (1- 13) for symbol mé(£), one can deduce from (2- 48) (2- 49)

and integrating by parts sufficiently many times that

~E
|CQﬁJlJ2Jsl
> 1
< —
- 1:[ (1+1[;HM

X /Q o |ogt0g20g2 [y, 0, (QVEL 2V ED), 2V 2V ED), 2V}, 2V ED))]| d& dEy dis
P/X P//

3
Sl / dist(2""&, )™ / dist(2" &, T jog 8¢ " 24 &1, 2 &) d&) dEs
(1 +|l HhM X 0, xa?,

j=1 124 Py P2
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S22 f / dist(dy, 1) |-dist(Er, 1) (02 02" i €1, Ea) | déy dEs
]:1 (1 + |l |)M Lz)P//Xu)P// L()P/ XL()P/
3
S5 - g e(@p)) ™",
A
j_
where the multi-indices «; := (al.l, oziz) fori=1,2,3and |a| = |a2| = |a3| = M are sufficiently large,
the multi-indices ' := (o], @), &}), o := (@, &), &f) with o] < a and oz” < a fori, j =1, 2, 3. This
ends our proof of the estimates (2—47). U
Note that the rapid decay w1th respect to the parameters l, b, l3 € 7? in (2-47) is acceptable for
summation, all the functions d> " (i=1,2,3)are L*>-normalized and are wave packets assomated with the
Heisenberg boxes P/ umformly w1th respect to the parameters [/, and all the functions q);,,, (j=1,2,3)

are L2-normalized and are wave packets associated with the Heisenberg boxes P’ ! un1f0rm1y with respect
to the parameters l/ !, therefore we only need to consider from now on the part of the trilinear form
A(z) (fl, f2, f3) deﬁned in (2-46) corresponding to 11 = lz = l3 = 0

AZ (fus oo f2) = / / Z ot L) (fo, 0L (fr, O d (252)

where C‘EQ_ =C* 530.5 we have parameters A = (A, 1), and CIJ = Cbﬁo *fori=1,2,3.

The tritiles P’ = (P’ , P;, P}) in the collection P’ also satisfy the same propertles (as P” € P") described
in Remark 2.5. It is not difficult to see that both the collections of tritiles P’ and P” can be written as
a finite union of sparse collections of rank 1; thus we may assume further that P’ and P” are sparse
collections of rank 1 from now on.

The bilinear operator corresponding to the trilinear form A ( f1, f2, f3) can be written as

f5(fio )00 = // Z

Since 1:[[%( f1, f2) is an average of some discrete bilinear model operators depending on the parameters

o T @ (o @O () di (2-53)

A = (A1, M) € [0, 11, it is enough to prove the Holder-type L estimates for each of them, uniformly
with respect to parameters A = (A1, Ap). From now on, we will do this in the particular case when the
parameters A = (A1, A2) = (0, 0), but the same argument works in general. By Fatou’s lemma, we can also
replace the summation in the definition (2-53) of l:I%)( f1, f2) on the collection P=P xP” by arbitrary
finite collections P’ and P” of tritiles, and prove the estimates are uniform with respect to different choices
of the set P.

Definition 2.11. A finite collection P = P’ x P” of biparameter tritiles is said to be sparse and of rank 1
if both the finite collections [P’ and P” are sparse and of rank 1.
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Therefore, one can reduce the bilinear operator l:I‘D% further to the discrete bilinear model operator ﬁu%
defined by

O5(fi, L)) =)

1 2 v 3

D )2, 9%) @3 (x), (2-54)
Pep " P

where <I>J = CDJ 00 for j =1, 2, 3, and the finite set P = P’ x P is an arbitrary sparse collection

(of blparameter trltlles) of rank 1. As discussed above, we now reach a conclusion that the proof of

Theorem 1.5 can be reduced to proving the following L? estimates for discrete bilinear model operators H‘[%D :

Proposition 2.12. [f the finite set P is an arbitrary sparse collection of rank 1, then the operator l:IE; given
by (2 54) maps LP' (R?) x LP*(R?) — L?(R?) boundedly for any 1 < pi, pa < 0o satlsfymg - = l + %
and < p < 00. Moreover, the implicit constants in the bounds depend only on ¢, pq, pz, p and are

mdependent of the particular finite sparse collection P of rank 1.

2B. Multilinear interpolations. First, let’s review the following terminologies and definitions of multi-
linear interpolation arguments:

Definition 2.13 [Muscalu and Schlag 2013; Muscalu et al. 2002]. An n-tuple 8 = (B4, .. ., B,) is said to
be admissible if and only if B; < 1 forevery 1 < j <n, Z?:l B;j =1 and there is at most one index j for
which 8; < 0. Anindex j is called good if B; > 0 and bad if B; < 0. A good tuple is an admissible tuple
that contains only good indices; a bad tuple is an admissible tuple that contains precisely one bad index.

Definition 2.14 [Muscalu et al. 2002]. Let E, E’ be sets of finite measure. We say that E’ is a major
subset of E if E' C E and |E'| > }|E|.

Definition 2.15 [Muscalu and Schlag 2013; Muscalu et al. 2002]. If 8 = (81, ..., B,) is an admissible
tuple, we say that an n-linear form A is of restricted weak type B if and only if, for every sequence

E\, ..., E, of measurable sets with positive and finite measure, there exists a major subset E ; of E; for
the bad index j (if there is one) such that

IACf1s ooy f)l SIEPT - |Ey|Pr (2-55)

for all measurable functions | f;| < x E! (i=1,...,n), where we adopt the convention E; = E; for good
indices i. If B is bad with bad index jy, and it happens that one can choose the major subset £ }0 CEj in
a way that depends only on the measurable sets Ey, ..., E, and not on 8, we say that A is of uniformly
restricted weak type.

Definition 2.16 [Muscalu and Schlag 2013]. Let 1 < p;, p» <oo and 0 < p < oo be such that % = % + é
An arbitrary bilinear operator T is said to be of the restricted weak type (p1, p2, p) if and only if, for all
measurable sets E|, E», E of finite measure, there exists E’ C E with |E’| >~ | E| such that

' f T(f1, f)x) f(x) dx| S |E|VPEy| VP2 BNV (2-56)
Rd

for every | fi|l < xg,» | f2| < xE, and | f| < xg'.
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By using multilinear interpolation (see [Grafakos and Tao 2003; Janson 1988; Muscalu and Schlag
2013; Muscalu et al. 2002]) and the symmetry of the operators T and ﬁﬂ% , we can reduce further the
proof of Proposition 2.9 and Proposition 2.12 to proving the following restricted weak type estimates for
the model operators Iz and ﬁ%:

Proposition 2.17. Let p| and p; be such that py is strictly larger than 1 and arbitrarily close to 1 and p;
is strictly smaller than 2 and arbitrarily close to 2 and such that, for — = + —, one has <p<l
Then both the model operators Tl and l'[S defined in (2-33) and (2- 54) are of the restricted weak type
(p1, p2, p). Moreover, the lmpltczt constants in the bounds depend only on pi, p2, p, € and B, and are
independent of the particular choice of the finite collection P.

Indeed, first we should note that, if p;, p2, p are as in Propositions 2.9 and 2.12, then the 3 -tuple
( ! plz i ) lies in the interior of the convex hull of the followmg six extremal points: B! := ( 5 %, 1)
B (L ) B = (b b 1), 8= (L= 1), 85 o= (1, —b) and 5= (1,4, ~1). Then,
if we assume that Proposition 2 17 has been proved from the symmetry of operators ITj and Hs and
their adjoints we deduce that both the trilinear forms associated to bilinear operators 1'[ and l'[s are
of uniformly restricted weak type g for 3-tuples 8 = (81, B2, B3) arbitrarily close to the six extremal
points B, ..., B° inside their convex hull and satisfying that, if 8 ; is close to % for some j =1, 2, 3,
then B; is strictly larger than % By using the multilinear interpolation lemma, [Muscalu and Schlag 2013,
Lemmas 9.4 and 9.6] or [Muscalu et al. 2002, Lemma 3.8], we first obtain restricted weak type estimates
of A for good tuples inside the smaller convex hull of the three coordinate points (1, 0, 0), (0, 1, 0) and
(0, 0, 1). After that, we use the interpolation lemma [Muscalu and Schlag 2013, Lemma 9.5] or [Muscalu
et al. 2002, Lemma 3.10] to obtain restricted weak type estimates of A for bad tuples and finally conclude
that restricted weak type estimates of A hold for all tuples 8 inside the convex hull of the six extremal
points A1, ..., BS.

It only remains to convert these restricted weak type estimates into strong type estimates. To do this,
one just has to apply (exactly as in [Muscalu et al. 2002]) the multilinear Marcinkiewicz interpolation
theorem in [Janson 1988] in the case of good tuples and the interpolation lemma [Muscalu et al. 2002,
Lemma 3.11] in the case of bad tuples. This ends the proof of Propositions 2.9 and 2.12, and, as a
consequence, completes the proof of our main results, Theorems 1.3 and 1.5. Therefore, we only have
the task of proving Proposition 2.17 from now on.

3. Trees, L? sizes and L? energies

3A. Trees. We should recall that, for discrete bilinear paraproducts, the frequency intervals have already
been organized with the lacunary properties (see [Muscalu and Schlag 2013; Muscalu et al. 2004a; 2006]),
so we could use square function and maximal function estimates to handle the corresponding terms
easily, at least in the Banach case. By the properties of the collection P” of tritiles we have explained in
Remark 2.5, we can organize our collections of tritiles [’, P” into trees as in [Grafakos and Li 2004],
which satisfy lacunary properties about a certain frequency. We review the following standard definitions
and properties for trees from [Muscalu et al. 2004b]:
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Definition 3.1. Let P be a sparse rank-1 collection of tritiles and j € {1, 2, 3}. A subcollection 7 C P is
called a j-tree if and only if there exists a tritile Pr (called the top of the tree) such that

P; < Pr; (3-1)
forevery PeT.

Remark 3.2. A tree does not necessarily have to contain the corresponding top Py. From now on, we
will write I and wr ; for Ip, and wp, ; for j =1, 2, 3. Then, we simply say that T is a tree if it is a
j-tree for some j =1, 2, 3.

For every given dyadic interval Iy, there are potentially many tritiles P in P’ and P” with the property
that /p = Iy. Due to this extra degree of freedom in frequency, we have infinitely many trees in our
collections " and P”. We need to estimate each of these trees separately, and then add all these estimates
together, by using the almost orthogonality conditions for distinct trees. This motivates the following
definition:

Definition 3.3. Let 1 <i < 3. A finite sequence of trees 71, ..., Ty, is said to be a chain of strongly
i-disjoint trees if and only if:
(i) P; # P/ forevery P € T}, and P’ € Tj, with [} # [5.

(ii) Whenever P € T}, and P’ € T;, with [} # [, are such that 2wp, ﬂZa)P’/ # &, then if |wp, | < |a)pl/| one
has Ip ﬂ]Tl1 = @ and if |a)pi/| < |wp,| one has Ip ﬂlle =J.

(iii) Whenever P € T, and P’ € T;, with [; < I, are such that 2wp, N 2")P,~' # @, then if |wp, | = |a)pl/| one
has Ip' N ITll =.
3B. L2 sizes and L* energies. Following [Muscalu et al. 2004b], we give the definitions of standard

norms on sequences of tiles:

Definition 3.4. Let [P be a finite collection of tritiles, j € {1, 2, 3}, and let f be an arbitrary function. We
define the size of the sequence ({ f, d>fpj)) pep by

| AN
— , dJ, 2), 3-2
(mgw Pl (3-2)

where T ranges over all trees in [P that are i-trees for some i # j. For j =1, 2, 3, we define the energy

size; (((f, q);/»Pe[F”) = ;ulﬂf’m

of the sequence ({f, CD;:)J_))PE[FD by

1

. 2

energy; (((f. ®})) pep) 1= sup sup 2" (Z |1T|) , (3-3)
: neZ T TeT

where now T ranges over all chains of strongly j-disjoint trees in P (which are i-trees for some i # j)

having the property that

1

(Z 15 <1>’,;,>|2>2 >2"|Ir? (3-4)

PeT
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for all T € T and such that

1

(Z 152 d>5;j>|2>2 <212 (3-5)

PeT’
for all subtrees 7’ C T € T.

The size measures the extent to which the sequences ({f, <I> ))PG[FD (j =1, 2, 3) can concentrate
on a single tree and should be thought of as a phase-space Varlant of the BMO norm. The energy is a
phase-space variant of the L? norm. As the notation suggests, the number (£, CD{;}_) should be thought of
as being associated with the tile P; (j =1, 2, 3) rather than the full tritile P.

Let P be a finite collection of tritiles. Denote by Ilp the discrete bilinear operator given by

1
Mp(fi, &) =Y —(f1, Op,) {f2, Pp,) Dp, (x).

P6P| P|2

The following proposition provides a way of estimating the trilinear form associated with the bilinear
operator I1p( f1, f2). We define

Ap(f1, f2, f3) = /R p(f1, f2)(x) f3(x) dx.

Proposition 3.5 [Muscalu et al. 2004b]. Let P be a finite collection of tritiles. Then
: 9 J 1-6;
|[Ap(f1, f2. SIS 1_[ size; (((fj, @ ))PE[FD)) (energy; (((f; CDPI.))PGIP)) (3-6)
j=1

forany 0 <01, 05, 03 < 1 with 01 +6,+63 = 1; the implicit constants depend on the 0; but are independent
of the other parameters.

3C. Estimates for sizes and energies. In order to apply Proposition 3.5, we need to estimate further the
sizes and energies appearing on the right-hand side of (3-6).

Lemma 3.6 [Muscalu and Schlag 2013; Muscalu et al. 2004b]. Let j € {1,2,3} and f € L*(R). Then
one has

sze; (4, @) pee) S sup / 17 dx (3-7)

for every M > 0, where the approximate cutoff function X, M (x) equals (14 dist(x, Ip)/|Ip|)~™ and the
implicit constants depend on M.

Lemma 3.7 (Bessel-type estimates [Muscalu et al. 2004b]). Let j € {1,2,3} and f € L?*(R). Then
energy ; (({f, @) per) S 1 £ 22 (3-8)

4. Proof of Theorem 1.3

In this section, we prove Theorem 1.3 by carrying out the proof of Proposition 2.17 for model operators
[T defined in (2-33) with P =P’ x P".
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Fix indices pi, p, p as in the hypothesis of Proposition 2.17. Fix arbitrary measurable sets E;, E;, E3
of finite measure (by using the scaling invariance of I, we can assume further that |E3| = 1). Our
goal is to find E} C E3 with |E}| ~ |E3| = 1 such that, when | fi| < xg,, | f2| < xE, and | f3] < XE}» the
trilinear form Ag(f1, f2, f3) defined by

As(fi. for f3) = /R (i, H)00) f(0) di @4-1)

satisfies the estimate

C
Ao for ) =Y =2

L) (o %) (f5, @ \>‘ Spoppns |ELVPE VP2 (4-2)
Pep '°P
where p; is larger than but close to 1, while p; is smaller than but close to 2.

In order to prove our Theorem 1.3 in biparameter settings, one can easily observe that the main difficulty
from [Muscalu et al. 2004a; 2006] is that, if we restrict the sum of tritiles P” € P” in the definition of
discrete model operators ITj; to a tree, then we essentially get a tensor product of two discrete paraproducts
on x| and x, respectively, which can be estimated by the MM, MS, SM and SS functions, but, due to the
extra degree of freedom in frequency in the x; direction, there are infinitely many such tensor products of
paraproducts in the summation, so it’s difficult for us to carry out the stopping-time decompositions by
using the hybrid square and maximal operators as in [Muscalu et al. 2004a; 2006]. Instead, we will make
use of the L? size and L? energy estimates of the trilinear forms, the almost orthogonality of wave packets
associated with different tiles and the decay assumptions on the symbols. Furthermore, we can extend
our proof of Theorem 1.3 to general d-parameter settings (d > 3) by applying the generic decomposition
lemma (Lemma 4.1) to the d — 1 variables xy, ..., xg—. Although one can’t obtain that supp <I>3 ¢ ® P2 .
is entirely contained in the exceptional set U as in [Muscalu et al. 2006], one can show that th1s support
set is contained in U in all the variables xy, ..., x4—1, but not x4. Therefore, we only need to consider
the distance from this support set to the set E in the x4 direction and obtain enough decay factors for
summation; the extension of the proof from biparameter case to the general d-parameter (d > 3) cases is
straightforward.

From [Muscalu et al. 2006], we can find the following generic decomposition lemma:

Lemma 4.1. Let J C R be a fixed interval. Then every smooth bump function ¢; adapted to J can be
naturally decomposed as

b = Z 27100%5’

LeN

where, for every £ € N, qbg is also a bump function adapted to J but having the additional property that
supp(d)t}) C 24J. If in addition we assume that fR ¢y (x)dx =0, then the functions qbf can be chosen so
that [ ¢'(x) dx =0 for every £ € N.

We use 2¢J to denote the interval having the same center as J but with length 2¢ times that of J.
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By using Lemma 4.1, we can estimate the left-hand side of (4-2) by

IAs(f1s o, OIS Y27 AL (fis oo f3)- (4-3)

£eN

The trilinear forms Aé}( f1, f2, f3) (£ € N) are defined by

1Co;
AL fon f3) = 3 == I @) (f2, @511 f. @310, (4-4)
Pep '°P
where the new biparameter wave packets are QD%’ = d>3 ‘e d>3 ; with the additional property that
3

supp(®>; Z) C 215 =2'15.
For every £ € N, we define the sets

2

Qg0 = U{x eR?: MM( )(x) > c21°f} (4-5)
et IE]
and
Q100 := {x € R* : MM(xa_,o) () > 271}, (4-6)
where the double maximal operator MM is given by
MM(h)(x, y) = sup / |h(u, v)|dudv. 4-7)
dyadic rectangle R |R|
(x,y)ER
Finally, we define the exceptional set
U .= U Q_log. (4—8)
teN

It is clear that |U| < 55 if C is a large enough constant, which we fix from now on. Then, we define
E}:= E3\ U and note that |ES| >~ 1.
Now fix £ € N, and split the trilinear form A% (f1, f2, f3) defined in (4-4) into two parts as follows:

Aé,(fl, f2. f3)

1Co;l 1 2 3,¢ 1Co;l 1 2 3¢
= X I ORI, ORI ORI > T ORI, SR O
PeP: P Pep: P
I30QE 0, #2 1pNQ° 0, =2
= Ag ,(fiu fo [+ AG (1. fa. o), (4-9)

where A€ denotes the complement of a set A.

4A. Estimates for trilinear form A% 1( J1s f2, f3). We can decompose the collection P’ of tritiles into

P =P (4-10)

k'ez
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where
Pl = {P eP :|I5]=27F), (4-11)

As a consequence, we can split the trilinear form A% 1( f1, f2, f3) into

) Lpl |05 (s @3
AL (fi =D ) ICo,l .H< K ,<I>P]/_/>x< : d>,,,,>' (4-12)
KeZ pepy, P (T2 GtV Hp 12 52
15NQL 0, #2

By Lemma 2.4, we can estimate the Fourier coefficients Cp ; :=C 0;.0.0.0 for each P € I]S’}{, xP" (k' e Z)
by
Co;| SCr with Y~ Cp < B < 4o0. (4-13)
Kez

For each fixed P’ € P, we define the subcollection

[I:D/I/;, = {PN S [I:DN . Iﬁ inlOZ # Q}.
Therefore, by using Proposition 3.5, we derive the estimates
A%J(fl, J2. f3)

SY G Y sl

k'ez ﬁre[ﬁu;/

2 f]’ P’ 1-06; f], B 0;
oo (o), (o),
- 1512 PreP”, 11512 Preps,

j=1

(f3, D% 03 (f3, @) 165
X <sizeg <<<— P> ,>> )) <energy3 <<<— <I>3/,>> )) (4-14)
|If,/|2 P P/e[P”l’S, |Iﬁ’|2 P//e[p//

for any 0 <0y, 65,603 <1 with6; +6, + 63 = 1.
To estimate the right-hand side of (4-14), note that 1; N Q° |, # @ and supp f3 C E} C R\ U; we
apply the size estimates in Lemma 3.6 and get, for each P/ € [Ij’;c,,

(fi,® ,> (fi. @ ,>
sizeg [ ( ———— cb;,,, < sup / M dx <219 Ey), (4-15)
1152 prepy,/)  prepy, Pl a2 1777
f27 "/ f27 q>2P'/>
() )< e
prl? P"eP, P"eP”, P prl2
(f3, %) (f3, @)
sizes <(<— o3 ,,>> ) < sup / 2 M dx <1, (4-17)
[1512 P"eP”, P"eP, [ 1P| 11512 g
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where M > 0 is sufficiently large. By applying the energy estimates in Lemma 3.7 and Holder estimates,
we have, for each P’ € P,

(f1, @) (f1, d’},;/) )Z}?/O(xl) 3
energy, <<<— o! /,>> ) S|l—F— < (/ —___dx dxz) , (4-18)
| Is,lz P eP, 112 2w e Upl

<f2’ D ) <f25 /) )Z}E)/O(xl) %
energy, <<<—1 ¢2,,>> ) S |l———= < (/ PI—~dx1 dxz) , (4-19)
TME: prep, |115/|2 L2®) B, pl

(f3, @ ~) \ (f3 @ ,> 7100 (x
s ([ 53, ) 2|2
1512 prew, 1512

X, () 2
< (/ —dxl dxz) ,  (4-20)
L2(R) y o Ul

where the approximate cutoff function x X , (xl) decays rapidly (of order 100) away from the interval [ 3,

at scale || and satisfies the additional property that supp x ,100 oty I3

Now we insert the size and energy estimates (4-15)—(4- 20) into (4-14) and get

AG (fis 2 1)

1-6, 1-6, 1-63
2 2 2
< 21061 (61| B, |2 ch, Z (/ X}godx) </ X}god?f) (/ )le;),o,f dx) . (4-21)
— E; E; %

k'eZ P’EP}(,
Since |15/ = 2% for every P’ € I]ED;{,, all the dyadic intervals I, are disjoint, thus, by using Holder’s
inequality, we can estimate the inner sum in the right-hand side of (4-21) by

93

(Z / Ode) (Z f 7 d ) SIENWRIEI0R @)

Prep), Prep,

Combining the estimates (4-13), (4-21) and (4-22), we arrive at

Af (1, fan 13) S2UEND B Eq| 0P By |2 Y " o
k'eZ
So1.00,65,8 21| Eq|THOV2 By |12 (4-23)

forevery e Nand 0 <60y, 6,,6; <1 with8; +6,+63 =1.

By taking 6; sufficiently close to 1 and 6, sufficiently close to 0, one can make the exponent
2/(1 4+ 6y) = p; strictly larger than 1 and close to 1, and 2/(1 4+ 6;) = p; strictly smaller than 2
and close to 2. We finally get the estimate

A%,I(fl’ F2o 13) Spoprpns 2" 1 E1| VP Eo| VP2 (4-24)

for every £ € N and p, p1, p2 satisfying the hypothesis of Proposition 2.17.
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4B. Estimates for the trilinear form Aﬂ% H(fl, J2s f3). I 15 € Q_y0, then 2t I xIpr € Q_10¢0. There-

fore, for each fixed P’ € P’, we define the corresponding subcollection of P” by
PL = (P"eP": 15 € Q_i0e},

then we can decompose the collection P;;/ further, as follows:

/A "
PL=1JPh (4-25)
d"eN
where
PG = (P € P 205 x 20 p € o) (4-26)

and d” is maximal with this property.
Now we apply both the decompositions of P’ and [P”;;, defined in (4-10) and (4-25) at the same time,
and split the trilinear form A% (fi, fo, f3) into

P

A%’H(fl,fz, 13) o y

2 i, O LD
=)D DRIHITMD S DR (m f”'>, > x <ﬂ <1>>1 (4-27)

KeZ prepy, d"eN Prepy, [pr2 50N U2 ! 51> ’
In the inner sum of (4-27), since 2° I x 24" Ipr € Q100
supp(®3) €215, and  supp f3 C E5 SR\ U,
we can assume hereafter in this subsection that

| f3] < XEZ X205 X (24" Ipn)e- (4-28)

By using Proposition 3.5 and (4-13), we derive from (4-27) the estimates
AL (fis fo )

<2 Ce Y Il Z[ﬁ(energyj(«.—]/” q);;/»%w ))1—0/

KeZ  prep, d"eNbkj=1 512 b

(fj L) 6
x | size; — 7 @/
(o (k) )]

’ar

(f3, @5 03 (f3. %) 16
X (si263 ((<_ R ¢§)//>) )) <energy3 <(<—13, q>i),,>) )) (4-29)
plz 2 ey, 110 B prepr

B
for any 0 <0y, 65,603 <1 with6; +6, + 63 = 1.
To estimate the inner sum in the right-hand side of (4-29), note that I3 € Q_jq¢, P” € [P’/Ig, o and f3
satisfies (4-28), so we apply the size estimates in Lemma 3.6 and get, for each P’ € [ﬁ);a and d” e N,
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<f1’ ~/> <f17 (DL/)
: 1 Py
size| (<<— O ,,>> ) S osup / :
|Iﬁ’|2 Ple [Foli/;/ o P’ep” |IPH| IIﬁ/|§

P.d"

va f27 ®2~/
: 2 P2
s1zez<<<— P /,>> ) sup / ;
|115,|2 PP’ prepr, 1P| |I,3,|7

P d" P’.d"

(f3, @, 9 (f3, 5 )
sizes <(<— CI>3//>> ) sup / s
152 P'ePy, ., prepr, 1P |15 2

///

Al dx S2MHTE, (4-30)

it dx S22 By, (4431

xih, dx S27 M1 (4.32)

where M > 0 is arbitrarily large. Similar to the energy estimates obtained in (4-18), (4-19) and (4-20), by
applying the energy estimates in Lemma 3.7 and Holder estimates we have, for each P’ € |]5;€, and d” e N,

(f1, X190 (x) 2
energyl((<— P! ,/>) ) < (/ ———dx dxz) , (4-33)
|113/|2 P”EIP” E, |115/|
(f2, @%) %19xe) >
energy, ((<— 3 ,>) ) S (/ ———dx dxz) ) (4-34)
|113/| P"eP”, e, pl

Pa"

(/3. @ ) X ) :
energys;|({ ———, @ Py S ————dxidxz | , (4-35)
152 Prep’, v

Pa"

where the approximate cutoff function x X , (xl) decays rapidly (of order 100) away from the interval [ 3,
at scale | 3,| and satisfies the additional property that supp x ,1 0.6 ot I3

Now we insert the size and energy estimates (4-30)—(4- 35) into (4-29); by using the estimates (4-13),
(4-22) and Holder’s inequality, we then get

AG (1 fa 1)

1-6; 1-6,
2 J 3
2 2
< Al 16 0 ) —(M63—100)d" ~ 100 ~100,¢
S2° E T Es| E Cr E 2 || E .XI};, dx X E . X1, dx
k'ez  d"eN j=1"prep,” prep;,” 3
So1.60.05,8.m 21 Ey | THO072| | (1602012 % = o= (M =100)7, (4-36)
d"eN

for every £ e N and 0 <6y, 6,03 <1 with 6, +6, + 63 = 1.

By taking 6; sufficiently close to 1 and 6, sufficiently close to 0, one can make the exponent
2/(1+46,) = p; strictly larger than 1 and close to 1, and 2/(1 + 6,) = p» strictly smaller than 2 and close
to 2. The series over d” € N in (4-36) is summable if we choose M large enough (say, M >~ 20005 ). We
finally get the estimate

AL L (fis fou 13) Spoprps 21 E1 VP B2 (4-37)

for every £ € N and p, p1, p2 satisfying the hypothesis of Proposition 2.17.
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4C. Conclusions. By inserting the estimates (4-9), (4-24) and (4-37) into (4-3), we finally get

(A (f1s for ) Spoprpns D2 R EN PSP S ) s LELIYPE P, (4-38)
£eN

which completes the proof of Proposition 2.17 for the model operators 1.
This concludes the proof of Theorem 1.3.

5. Proof of Theorem 1.5

In this section, we prove Theorem 1.5 by carrying out the proof of Proposition 2.17 for the model
operators l:Iﬂ% defined in (2-54) with P = P’ x P”.

Fix indices p1, p2, p as in the hypothesis of Proposition 2.17. Fix arbitrary measurable sets £, E;, E3
of finite measure (by using the scaling invariance of l:II% , we can assume further that | E3| = 1). Our goal
is to find E} C E3 with | E{| > | E3| = 1 such that, for any functions | f1| < xg,, | f2| < xE, and | f3| < XES»
one has the corresponding trilinear forms A%( f1, f2, f3) defined by

Aot fo = [ A5 0 0 dx (5-1)
satisfy estimates
e éEQP 1 2 30| < 1/p1 1/p2
|Ag(f1. f2, )] = Z - T (1 @5 ) (2, P53 PE | Seopprom [EVTHEL, (5-2)
pep I'PI?

where p; is larger than but close to 1, while p; is smaller than but close to 2.

In the proof of Theorem 1.5 in biparameter settings, besides the difficulty that one can’t carry out
the stopping-time decompositions by using the hybrid square and maximal operators as in [Muscalu
et al. 2004a; 2006], we can’t apply Journé’s lemma as in [Muscalu et al. 2004a] either, since we can’t
get the estimate ), [Ip/| < |I] for all dyadic intervals Ip € I with comparable lengths. Therefore,
in order to prove Theorem 1.5, we will take advantage of the almost orthogonality of wave packets
associated with different tiles of distinct trees and the decay assumptions on the symbols to overcome
these difficulties.

We define the exceptional set

2

Q::U{xeRZ:MM(l);;f|>(x)>c} (5-3)
j=1 J

It is clear that |Q2| < % if C is a large enough constant, which we fix from now on. Then, we define
E’ := E3\ Q and observe that |E| >~ 1.
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Now we estimate the trilinear form IN\%( f1, f2, f3) defined in (5-1) by two terms as follows:

IAS(f1, fa, 13)

S| ~e

IC5) IC5 |
S D %’ﬁuﬁ,<I>§3,>||<fz,cbf52>||<f3,<1>§33>|+ > %I(fl,qﬁg])ll(fz,<D§;2>|I<f3,<1>%3>|
PeP: P PP p
I;NQ#D I;NQ°=2
=A% (i fo. [+ AL (1, o f3)- (5-4)

5A. Estimates for trilinear form ]\% 1( Jis f2 f3). We can decompose the collection P’ of tritiles into

P = U P, (5-5)
k'eZ
where
P, :={P P :£(Qp)=2"}. (5-6)

As a consequence, we can split the trilinear form 1~\‘u§D 1( f1, f2, f3) into

3
Re b =Y Y 165 20T , 5

1
k'ez ﬁeP;/xP”: |IP”|2 Jj=1
IpNQ#D

(f- ®h) ,.
(28

1
|Tpr|2

By Lemma 2.10, we can estimate the Fourier coefficients C‘*?Qﬁ = C‘Z 866 foreach P € P xP" (k' e 2)
by e
Co,1 S Ch o= (k)™ = (14 k) =192, (5-8)

For each fixed P’ € ', we define the subcollection P, of P” by
Ph :={P" e P": I; NQ° # &}.
Therefore, by using Proposition 3.5, we derive the estimates

IN\%,J(fl,fz, f3)

i 3 (fi, ®h) 1-6;
SN[ CA((Crmetn) )
|Ip|2 o/ prepr,

KeZ  Pep, j=1
(fj. ®%) 0,
X<Sizej <(< i |%j ,®§3;/>>P p )) } 6
P "ePh,

for any 0 <6, 6, 03 <1 with 6 + 6, + 63 = 1.
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To estimate the right-hand side of (5-9), note that /3 N Q° # @ and supp f3 C E%, so we apply the size
estimates in Lemma 3.6 and get, for each P’ € P}, and j =1, 2, 3,

J
(fi» Ppi) ;
sizej (<<—]J , (D;’/,>) ) S osup 7
|IP/ | 2 J P/IG[FD/I/J/ Ple Pu | P

where M > 0 is sufficiently large. By applying the energy estimates in Lemma 3.7, we have, for each
P elP,and j =1,2,3,

energy; — Py < T / {fjs @p)ldxz ) . (5-11)
[1pr]2 71 prepy, [Ipr|2 \JR /

Now we insert the size and energy estimates (5-10) and (5-11) into (5-9) and get

(fir Ppi)

P

|Ip/|2

X, dx S|Ejl, (5-10)

1-6;

2
A (i, oo £) SIENMERI™ Y Ch Y 1_[(/ (fr @) dxz) . (5-12)

Kez  Pep), j=I

Observe that, for any different tritiles P’ € P, and P e P}, one has I, NIz = @, or otherwise one
has I5 = I but w P, Nw P= @ for every j =1, 2, 3. By taking advantage of such orthogonality in
L? of the wave packets <I>;J{ corresponding to the tiles PJ/. (j =1, 2, 3), one has that, for any function
FeL*(R)and k' € Z,

2
J J J J J
dAF @) < D (F 0 JIE, @7)[1(@ P,,<1>f,,‘>|
J 2 =
P’eIP;(, L P, IS/EP;(,Z ’
wp; =g,
Ils/ﬁ[:/zg
k' J ~1000 1000
<2 Z|Fd> 2Oy UK 700
P’eIP;( P/E[P’;(/:
w,;/.:wlg/l
J J
Iﬁ/ﬂllg/ZQ
dist(I3, Iz)\ %
S Y urepr ¥ (1S
Pep,, P'eP,,: P
a),yj:a);//
Iﬁ/h]ﬁ/:@
< D NF <I>’ : (5-13)
P’e[P’/

from which we deduce the Bessel-type inequality

> WF, <1>f - <Z (F, @, )cD;,,,F>

P’ e[F'” P’e[lﬂ’;c,

=

J J
> (F. @)

N Ul SUFIG.,  (5-14)
P’eIP;(, !

L2
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where the implicit constants in the bounds are independent of k" € Z. Then, we can use the Bessel-type
inequality (5-14) and Holder’s inequality to estimate the inner sum in the right-hand side of (5-12) by

1-6; 3 1-6;
2 2
> H<f|f,, )l dxz) 51‘[(/ D 1 @l dx2>
P/euj)/j 1 j=1 P,EP/
3
1-6;
5]_[ I £; ”Lz([éz) < |E;[(1=0072 g, |1-02/2, (5-15)
j=1

Combining the estimates (5-8), (5-12) and (5-15), we arrive at
]\%,I(fl’ . 1) <IE |01 |E2|92|E1 |(1—61)/2|E2|(1—92)/2 Z 613 §e,91,92,93 |E,| |(1+01)/2|E2|(1+02)/2 (5-16)
k'ez
forany 0 <0y, 6,,603 <1 with6; +6, + 63 =1.
By taking 6; sufficiently close to 1 and 6, sufficiently close to 0, one can make the exponent
2/(1 4+ 6y) = p; strictly larger than 1 and close to 1, and 2/(1 4+ 6;) = p; strictly smaller than 2
and close to 2. We finally get the estimate

]\I]%,I(fl’ f2 13) Seopoprpn 1E1|V/ PV Eo] VP2 (5-17)

for every € > 0, and p, p;, ps satisfy the hypothesis of Proposition 2.17.

5B. Estimates for the trilinear form 1&% ”( Jf1, f2, f3). For each fixed P’ € P/, we define the corre-
sponding subcollection of P’ by '
Ph :={P" eP": 13 CQ},

then we can decompose the collection [P/, further, as follows:

Ph = Ph (5-18)
neN
where
[P’/;,,,M :={P" e P, :Dilbu(Ip x Ipr) C Q} (5-19)

and p is maximal with this property. By Dilp« (/3) we mean the rectangle having the same center as the
original I3 but whose side lengths are 2 times larger.

Now we apply both the decompositions of P’ and P’ defined in (5-5) and (5-18) at the same time,
and split the trilinear form [\% ,11( f1, f2, f3) into

AL (i = Y 1C I Y Y

K'eZ P'ep), neN prepr, |1P”|2 =1

31105 @)
-I1 < ik <1>§,,,> (5-20)

|Tp|2

In the inner sum of (5-20), since Dilyu (Ipr X Ipr) € Q and supp f3 C Eg C R? \ 2, we get that

| /3] = XE, X il (Lo x 1y = XE{X @ 1p)e + X @0 1) — X@P1p)e X @2 L)) (5-21)
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and hence we can assume hereafter in this subsection that

|f3] < XEy X100 s (5-22)

and the other two terms can be handled similarly.
By using Proposition 3.5 and (5-8), we derive from (5-20) the estimates

Ag ,(fis fon f3)

g e (57 ), )

KeZ  peP, peN j=1 |Ip|2

for any 0 <0y, 65,603 <1 with6; +6, + 63 = 1.
To estimate the inner sum in the right-hand side of (5-23), note that I3 € @, P” € P}, , and f3
satisfies (5-22), so we apply the size estimates in Lemma 3.6 and get, for each P’ € P}, and p € N,

(f1, Pp) 1 (fi. ®L)
size; ((<— CID}J//>> ) < sup f fl )N(?;Iﬂ dx < 22ME|, (5-24)
[tpl2 T prewy, T by, HprlJRE (12
M NG
(f2, @3) 1 (f2, ©%,)
size2(<<—f’ c1>33,,>) )5 sup / - |%1, dx S2MEal,  (5-25)
|Ipr|2 PreP), prepy, Pl Rl |1p)2

<f3aq)3’> 1 <f3sq>3/>
sizes <<<—IP c1>§3,,>) > < sup / f’ g, dx 27V, (5-26)
[1p:|2 prewy, ) prepy, Pl IRl (1p 2

where M > 0 and N > 0 are arbitrarily large. By applying the energy estimates in Lemma 3.7, we have,
foreach P’ e P,,, weNand j =1,2,3,

(£ @) :
PJ J < 1 Jy2 :
energy - q)P// S - I(fj, <I>P,_)| dx; | . (5-27)
|1p:]2 PPy, [Ip[2 \JR J

Now we insert the size and energy estimates (5-24)—(5-27) into (5-23); by using the estimates (5-8)
and (5-15), we derive that

1-6;
2
0 0 € (NO3—2)p
AL (fis fo ) SIENMEo|™ Y G Y 2m N2 H(flf], )l dxg)
k'eZ neN P'eP), j=1
58,91,92,93,1\’ |E1 |(1+91)/2|E2|(1+62)/2 Z 2—(N93—2);L' (5-28)
neN

for every 0 <61, 65,03 <1 with6; + 6, + 63 = 1.
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By taking 6; sufficiently close to 1 and 6, sufficiently close to 0, one can make the exponent
2/(1 4+ 6y) = p; strictly larger than 1 and close to 1, and 2/(1 4+ 6;) = p; strictly smaller than 2
and close to 2. The series over u € N in (5-28) is summable if we choose N large enough (say, N =46, 1).
We finally get the estimate

AL (1 2o 13) Seopopnps | E1/P | E2] /P2 (5-29)

for any ¢ > 0, and p, p;, p» satisfy the hypothesis of Proposition 2.17.
5C. Conclusions. By inserting the estimates (5-17) and (5-29) into (5-4), we finally get

IAS(fis for 1] Seopoprops |E1IY P Eo] /P2 (5-30)

for any ¢ > 0, which completes the proof of Proposition 2.17 for the model operators l:[%.
This concludes the proof of Theorem 1.5.
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LARGE BMO SPACES VS INTERPOLATION

JOSE M. CONDE-ALONSO, TAO MEI AND JAVIER PARCET

We introduce a class of BMO spaces which interpolate with L, and are sufficiently large to serve as
endpoints for new singular integral operators. More precisely, let (€2, X, i) be a o-finite measure space.
Consider two filtrations of X by successive refinement of two atomic o-algebras ¥, and X}, having trivial
intersection. Construct the corresponding truncated martingale BMO spaces. Then, the intersection
seminorm only leaves out constants and we provide a quite flexible condition on (X,, ¥) so that the
resulting space interpolates with L, in the expected way. In the presence of a metric d, we obtain endpoint
estimates for Calderén—Zygmund operators on (€2, i, d) under additional conditions on (X,, Xy). These
are weak forms of the “isoperimetric” and the “locally doubling” properties of Carbonaro, Mauceri and
Meda which admit less concentration at the boundary. Examples of particular interest include densities
of the form e**!* for any & > 0 or (1 + |x|#)~! for any B > n*?. A (limited) comparison with Tolsa’s
RBMO is also possible. On the other hand, a more intrinsic formulation yields a Calderén—Zygmund
theory adapted to regular filtrations over (X,, X}) without using a metric. This generalizes well-known
estimates for perfect dyadic and Haar shift operators. In contrast to previous approaches, ours extends
to matrix-valued functions (via recent results from noncommutative martingale theory) for which only
limited results are known and no satisfactory nondoubling theory exists so far.

Introduction

A BMO space is a set of functions that enjoy bounded mean oscillation in a certain sense. Both “mean”
and “oscillation” can be measured in many different ways. Most frequently, we find BMO spaces refer
to averages over balls in a metric measure space. In other notable scenarios, we may replace these
averages by conditional expectations with respect to a martingale filtration, or even by the action of a
nicely behaved semigroup of operators. These more abstract formulations are known to be very useful
given the lack of appropriate metrics. The relation between metric and martingale BMO spaces is well
understood for doubling spaces, that is, when the measure of a ball in the given metric is comparable
with the measure of its concentric dilations up to constants depending on the dilation factor but not on the
chosen ball. Indeed, in this case the metric BMO is equivalent to a finite intersection of martingale BMO
spaces constructed out of dyadic two-sided filtrations of atomic o -algebras whose atoms look like balls;
see [Conde 2013; Garnett and Jones 1982; Hytonen and Kairema 2012; Mei 2003]. What is more relevant,
however, is that any of these martingale BMO spaces satisfies the following fundamental properties:

(i) Interpolation endpoint for the L, scale.
MSC2010: 42B20, 42B35, 46L.52, 60G46.

Keywords: nondoubling measures, BMO spaces, interpolation, martingales, noncommutative harmonic analysis, classical
harmonic analysis, Calderén—Zygmund theory.
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(i1) John—Nirenberg inequalities and Hi—BMO duality.

(iii) CZ extrapolation: L;-boundedness = L, — BMO boundedness.

Hence, these spaces yield at least as many endpoint estimates as the metric BMO.

The main goal of this paper is to construct BMO spaces satisfying the properties stated above for a
larger class of measures, and to explore the implications of this construction to provide new endpoint
estimates. The first attempts in this direction [Mateu et al. 2000; Nazarov et al. 2002] culminated in the
work of Tolsa [2001] on so-called RBMO spaces. These spaces enjoy the above-mentioned properties
for measures of polynomial growth. There are, however, a couple of open questions concerning Tolsa’s
construction. In the first place, Calderén—Zygmund extrapolation holds under a Lipschitz kernel condition
instead of the more flexible Hormander condition. Second, only interpolation of operators, has been
studied but it seems to be unknown whether these spaces interpolate with the L, scale. These two
problems were solved by Carbonaro, Mauceri and Meda [Carbonaro et al. 2009; 2010] for a different
class of measures, based on similar results for the Gaussian measure on Euclidean spaces [Mauceri and
Meda 2007]. The properties they imposed lead to locally doubling measures with certain concentration
behavior at the boundary. In both cases — up to equivalence in the norm and additional conditions — only
doubling balls are used to measure the mean oscillation of the function.

We present an alternative approach to these questions. Martingale BMO spaces always satisfy conditions
(1) and (ii) above, with independence of the existence of a metric in the underlying measure space. The
third property however requires additional structure on our BMO spaces. Indeed, assume for a moment that
we work with a two-sided filtration (24)kcz of atomic o-subalgebras of ¥ with corresponding conditional
expectations Eyx, . If IT denotes the union of atoms in our filtration, the corresponding martingale BMO
norm is given by

1 2
I owto = sup[Es 1/ — Ex,., /7]
which is larger than the function BMO norm
1
fdp du(w))
AeH(M(A) f w(A) f

Thus, if we admit from [Carbonaro et al. 2009; Tolsa 2001] that extrapolation for (nonlocal) Calderén—
Zygmund operators imposes that our atoms be doubling —i.e., contained in a doubling ball of comparable
measure or a union of at most Cy sets of this kind; see below — we immediately find obstructions to
constructing filtrations satisfying this assumption for nondoubling spaces. We propose to consider a sort
of intersection of two large BMO spaces as follows. Consider a o-finite measure space (2, X, 1) and
two atomic o-algebras %,, Xy, of measurable sets in X satisfying ¥, N Xy = {2, I}. Write BMO; for
any martingale BMO space over a filtration (X j;)¢>1 with X;; = X;; then the seminorm

I £ lIBmos,, (2 = max{|| f — Ex, fllBmo,, I/ — Ex, fllBMO, }
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vanishes on constant functions precisely when X, N Xy, is trivial. Let

BMOrx,, (Q) = {f € Lo () | | f IMo0s,, (2 < 00}/C.

This settles a model of “large BMO spaces” which easily satisfy property (ii) and leave some room for
property (iii). The problem reduces then to identify conditions on the pair (2,, Zp) so that BMOsyx, (£2)
interpolates with the L, scale. A standard argument shows that this is the case when

1 £ @) = inf 1L f = Kll, ~ max{llf = Es, fllp, ILf =Ex fllp} = 1f g o)
for 2 < p < oo, where
Ly (@) = L,(Q, %, w)/C,
LE, () =1/ € L@ |1 £ 114, (@) < 00}/C
=Lp(Q2, %, 1)/ Ta A Lp(R2, T, 1)/ Do

Here, L,(2, ¥, u)/Z; denotes the quotient space of L,(£2, X, 1) by the subspace of X;-measurable
functions. More precisely, we have an isomorphism L;(Q) ~ Lgab(Q). It should be mentioned that
this isomorphism fails in general, even for the Lebesgue measure in R” and many “natural” choices of
pairs (X,, Xp). Recall that L7 (€2) = L, (€2) for infinite measures. Note also that we use A and not N since
this space is not really an intersection; we shall also write BMOy,, (2) = BMO,(£2)/ 23 A BMO(2)/ Zp.
To formulate a sufficient condition on (X,, >y,) for LZ(Q) ~ Lgab(Q), let IT; be the set of atoms in X;.
When 1 (€2) < oo we shall consider two distinguished atoms (Ao, Bg) € I1, x I1p, while for i not finite
we take Ag = By = & for notation consistency. Given (A, B) € I1, x Iy, set

Ri={B €Ty | w(ANB)>0} and Rp={A eI, |u(A'NB)>0}.

We will write |R4| and |Rp| for the cardinality of these sets. The following is the main result of this
paper, where we establish a condition on (X,, X,) which suffices to make intersections and quotients
commute in L, as described above. We will say that (X,, Xp) is an admissible covering of (2, X, )
when X, N X, = {2, g} and

. { w(ANB)? M(AﬂB)2}
min — <1

sup Y [Rg] sup Y[Ryl

Al\(A) o, HAB) pen\(sy) g, W(AR(B)

Theorem A. Let (2, X, 1) be a o -finite measure space equipped with an admissible covering (X,, Xp).
Then, for each 2 < p < 00, there exists a constant cp, depending only on p and the admissible covering,
such that

L5(R) =, LY, ().

Moreover, we have the desired complex interpolation result,
[BMOs,, (2), LY ()11 ~¢, Ly (2) (1 <gq < 00),

with BMOsx,, (2) defined as above for any two martingale BMO spaces over (Z,, Zp).
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The first assertion fails for p = 1, co. On the other hand, both the John—Nirenberg inequalities and
H;-BMO duality are easily formulated for these spaces. Therefore, we shall focus in what follows on
condition (iii). Calderén—Zygmund extrapolation means that under a certain mild smoothness condition on
the kernel, L>-boundedness yields L ,-boundedness for 1 < p < 0o. As usual, we handle it by providing
an endpoint estimate for interpolation. Let d be a metric on €2 and denote by «B the «-dilation of a ball B.
We impose the standard Hérmander kernel condition

sup sup/ |k(z1, x) — k(z2, )| + [k(x, z1) — k(x, z2) | djp(x) < 00.
Bd-ball z1,2,€B J Q\aB

Define a CZO on (2, i, d) as any linear map T satisfying the following properties:
o T is well-defined and bounded on L,(£2).

 The kernel representation for any f € C.(£2),

Tf(x) = /Q k(x.y)f () du(y) holds for x ¢ supp f

and some kernel k : 2 x Q\ A — C satisfying the Héormander condition.

Given Cy > 0, a X-measurable set A will be called (Cy, ¢, 8)-doubling when it is the union of at most Cy
sets which are contained in (¢, 8)-doubling balls —balls B such that u(aB) < Bu(B) — of comparable
measure up to the constant Cy. Recall that a filtration (X)x>; is called regular if Ex f < Ex—; f for
allk > 1andall f>0.

Theorem B1. Let (X, Xy) be an admissible covering of (2, X, ). Assume that (2, X, i) admits
regular filtrations (X j)r>1 by successive refinement of ¥.j| = X; for j = a, b and that each atom in X
is (Co, a, B)-doubling for certain absolute constants Cy, a, 8 > 0. Construct the spaces BMOy,, (2)
which are defined over these filtrations. Then, every Calderén—Zygmund operator extends to a bounded
map Lo (2) — BMOg,, (2), and L ,(2) — L,(R2) for 1 < p < o0.

A few illustrations of Theorem B1 are the following:

e Doubling case: Theorem B1 recovers Calderon—Zygmund extrapolation on homogeneous spaces
(2, u, d). We shall construct explicit pairs (2,, £p) and martingale filtrations satisfying our assumptions.

e Polynomial growth: Given any (€2, u, d) with polynomial growth, it is not difficult to construct atomic
o -algebras composed uniquely of doubling atoms, even giving admissible coverings. Under the existence
of filtrations based on (X,, £p) and composed of doubling atoms —regular or not— we may prove that
Tolsa’s RBMO sits inside our BMOgy,, (€2). This condition seems, unfortunately, a restrictive limit in
Theorem B1. However, it can be checked in some concrete scenarios, like for

dp(x) = with g > n’/?

1+ |x|#

in R" equipped with the Euclidean metric. Note that x is doubling for 8 < n. The key advantage over
Tolsa’s approach is that we only need to impose Hérmander kernel smoothness, instead of stronger
Lipschitz conditions. This was also achieved by [Carbonaro et al. 2009; 2010] for another family of
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measures (see below) but not for the measures considered above, since they are drastically less concentrated
at the boundary for any 8.

e Concentration at the boundary: Carbonaro et al. [2009; 2010] proved that when (€2, u, d) is locally
doubling and the measure concentrates at the boundary of open sets in a certain sense — together with a
purely metric condition that does not play any role here —a BMO space satisfying (i), (ii) and (iii) is
possible. Their main examples in R” with a weighted Euclidean metric were dju(x) = e**" dx and o > 1.
The exponentially decreasing ones behave in some sense like the Gaussian measure, which was studied
a few years before by Mauceri and Meda. It is of polynomial growth, so that the kernel smoothness
condition was the main advantage with respect to Tolsa’s approach. The exponentially increasing ones
are not of polynomial growth. In this paper we shall remove their condition o > 1.

In the literature, we find other families of operators — with no need of a metric in the underlying
space — which are close to CZOs in spirit. Martingale transforms are the simplest ones, but are local and
much easier to bound. Nonlocal models include the so-called perfect dyadic CZOs and, most notably,
Haar shift operators, which include prominent examples like the discrete Hilbert transform and dyadic
paraproducts. In these cases, the Hormander kernel condition can be replaced by

sup sup / k(z1, x) — k(z2, X)| + |k(x, z1) — k(x, 22)| du(x) < 00,
Q dyadic cube z1,22€Q JQ\Q

where Q denotes the dyadic father of Q. Our BMO spaces allow us to further replace dyadic cubes
in dyadically doubling measure spaces — see [Lopez-Sanchez et al. 2014] for recent progress on more
general measures in this direction — by more general atoms. Namely, assume (X,, ) gives an admissible
covering of (€2, X, ). Consider regular filtrations of atomic o-algebras (Xj)i>1 with X1 = X;
for j =a, b. Let us write IT j for the family of atoms in the atomic o-algebra X j; and set IT; = ;- ITj¢.
Then, consider the following Hérmander-type kernel condition, where the former role of the metric d is
replaced by the shape of our atoms in IT = IT, U IT:

sup  sup / k@2, x) —k(z2, )+ 1k (x, 21) —k(x, z2)[ dp(x) < oo.
Aell z1,20€A JQ\A

Again, A denotes the minimal atom in the filtration of A which contains A properly, unless there is no

such atom, in which case we pick A=A.If we replace the Hormander condition by this one, we obtain

another class of “atomic” CZOs, which will be denoted in what follows by ACZO.

Theorem B2. Let (X,, Xy) be an admissible covering of (2, X, ). Assume in addition that (2, X, 1)
admits regular filtrations (X j)r>1 by successive refinement of £;1 = X; for j = a, b. Construct the
spaces BMOsx, , (2) which are defined over these filtrations. Then, every ACZO extends to a bounded map
Lo (2) = BMOsy,, (), and L ,(2) — L ,(2) for 1 < p < oo.

An advantage of Theorem B2 is that our kernel conditions are flexible, since we may carefully choose
(X4, Zp) and the regular filtrations according to the concrete singular integral operator. It is worth
mentioning that every o -finite (atomless if p is finite) measure space (€2, X, i) has nontrivial admissible
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coverings. Of course, the regularity of the filtration is a light form of “doublingness” needed to emulate
the classical argument in this setting. We will also provide weaker estimates for pseudolocal operators
when the filtrations are not regular.

In contrast to [Carbonaro et al. 2009; 2010; Mauceri and Meda 2007; Tolsa 2001], our approach extends
to matrix-valued functions, for which only limited results are known and no satisfactory nondoubling
theory exists so far. In fact, this was our original motivation and the necessity of alternative arguments
led to the results presented so far. We will postpone the discussion of the matrix-valued setting to the
last section of this paper, which will allow those readers not familiar with noncommutative L, theory to
isolate these results.

Our results above give some insight on the relation between nondoubling and martingale BMO theories;
see [Conde-Alonso and Parcet 2014; Junge et al. > 2015] for other results along this line. In [Conde-
Alonso and Parcet 2014], we adapt Tolsa’s ideas to give an atomic block description of martingale H;.
Semigroup BMO spaces are used in [Junge et al. > 2015] to construct a Calderén—Zygmund theory that
incorporates noncommutative measure spaces (von Neumann algebras) to the picture.

1. Admissible coverings and BMO spaces

In this section we recall some basic background around martingale BMO spaces and introduce our new
class of BMO spaces. We will study standard properties of this class, like the existence of admissible
coverings, John—Nirenberg inequalities and H;—BMO duality. The proof of Theorem A is more technical
and will be postponed to Section 2.

Martingale BMO spaces. Let (2, X, i) be a o-finite measure space and consider a filtration (X )x>1
of . In other words, we have X; C ¥, and the union of the spaces L (€2, ¥, ) is weak-x dense in
L (2, 2, n). Let Ex, denote the conditional expectation onto X;-measurable functions. Then, define the
martingale BMO space associated to this filtration as the space of locally integrable functions f : Q2 — C
whose BMO norm,

I £ lBmo = iulf” (Ex|f —Ex . f)'/2] ..

is finite, where we use the convention Eyx, f = 0; see [Garsia 1973]. Another expression for the norm is

1

2

dfiel>+ > Ex,ldfal®

n>k

~ [iull)”(E):klf —Ex, f1)'/2] . + s, fllso] +sup I ficll o
> >

|l fllIBMO = sup
k>1 00

where dfy = Ay f =Eg, f —Eg,_, f. According to [Janson and Jones 1982], [BMO, L1(2)]1/, > L, (£2)
for any filtration we pick. The bracketed term in the right-hand side above is called the martingale bmo
norm of f, and it is closer to the standard expressions to measure the mean oscillation of a function.
Namely, if the o -algebras X are atomic and if I, denotes the atoms in X; and I1 = Uk21 I, we deduce
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that

2 2
du(w)) + sup
AEl_ll

1Lf llbmo = iull)”(Ezklf —Ex f19)'/2] o + s, fllo
1
rw)- o [ fau
A

1 1
= — _ dul.
i‘iﬁ(u(A)/A w(A) MA)/Af " ‘

Of course, using a selected family of atoms makes L ,-interpolation fail in general for bmo. The extra

term in BMO corrects this. This should be compared with the extra condition in the definition of Tolsa’s
RBMO. On the other hand, bmo spaces have good interpolation properties with little Hardy spaces h),.
Namely, according to [Bekjan et al. 2010] we have [bmo, h;],, > h,, for any filtration, where h,, is the
closure of the space of finite martingales in L, with respect to the norm

1f I, = H <Z E):k1|dfk|2>2

k>1

’

p

this time the convention is Ex,|d f| | = |Es, f 2. In contrast to other BMO spaces seminorms, paradoxically,
we will need to quotient out certain spaces. Note that, for ¥i-measurable functions, the norms above
coincide with the Lo, norm

IEs, flleMo = IEx, fllbmo = IIEx, fllLo(2)-

If we define the seminorms

I/ lomo = IS — Ex, f llbmos
I/ lgmo = IIf — Ex, fllBmo,

we obtain complemented subspaces BMOyx, = Jx, (BMO) using the projection Jx, =id —Ey,. Indeed,
it is a simple exercise using Jensen’s conditional inequality |Ex, f |> < Ex,|f |2; details are left to the
reader. Since Jy, is also bounded on h), and L, the previous interpolation results imply the following
isomorphisms for 1 < p < oo:

[5, (bmo), Js, (1 ()], = Js, (h, (),
[J5, (BMO), Js, (L1(2))],,, = 5, (L ().
Note that Jx, (L,(£2)) =~ L,(2, ¥, )/ X in the terminology of the introduction.

Remark 1.1. It is worth mentioning that the Janson—Jones interpolation theorem [1982] holds for arbitrary
filtrations. In particular, we could replace (XZj)ir>1 by (Z¢)k>N for some large N, and the latter BMO
comes equipped with the norm

sup [ (Ex, | f —Ex, 19" /2] . + |Exy f o + sup lldftllso-
k>N k>N

When N is large enough, the middle term dominates the others and we get spaces which are closer
and closer to Lo (£2). In contrast, when we quotient out the first o-algebra by using the J-projections,



720 JOSE M. CONDE-ALONSO, TAO MEI AND JAVIER PARCET

it follows from the interpolation identities above that the starting o-algebra significantly affects the
interpolated space. This justifies, in part, our need to intersect two such spaces in this paper.

BMO spaces for admissible coverings. Let (2, ¥, ) be a o-finite measure space and consider two
atomic o -algebras X,, Xy, of measurable sets in X. Let IT; be the set of atoms in X; for j =a, b. When
w(2) < oo, we shall consider two distinguished atoms (Ag, Bg) € I1, x IT,. If p is not finite, take
Ag = By = 9. Given A € I1,, set

Ra={B elly| u(ANB) > 0}.

Define Rp for B € I, similarly. The pair (X,, Xp) is called an admissible covering of (2, X, u) when
Y.NXZy, ={Q2, g} and

. { (AN B)? /L(AﬂB)z}
min —_— —_—

sup > |Rpl sup ) |Ral

ACN(A) fo,  HARB) peny\ay o7, H(AR(B)

One can view the condition above as a weak version of the concentration of measure near the boundary that
appeared in [Carbonaro et al. 2009]. In particular, it is not a geometric notion, but only a measure-theoretic
one (see Remark 3.3 for more details). Now, consider any pair of filtrations (X i)x>1 with £;; = X;
for j = a, b, and construct the corresponding martingale BMO spaces BMO, and BMOy,. As in the
previous subsection, we quotient out the X ;-measurable functions and set, as we did in the introduction,

BMOg;, (€2) = Jx,(BMO;),
BMOs,,(Q) = BMOsx, () ABMOs, (2) = {f € Lioo(2) | | fIBMOs,, @) < 00}/C
In the following, we construct admissible coverings for o -finite measure spaces. The procedure we

employ is quite general. In concrete scenarios, other admissible coverings can be constructed enjoying
additional properties as required in Theorems B1 and B2; these examples will be given later in this paper.

Remark 1.2. The classical BMO on Euclidean spaces can be decomposed as an intersection of finitely
many martingale BMO spaces, the number of which depends on the dimension [Conde 2013; Garnett
and Jones 1982; Mei 2003]. In contrast, we just consider “intersections” of two martingale BMOs.
Note this makes our spaces larger and still amenable for interpolation, which gives some extra room to
obtain endpoint estimates for singular integral operators. The main reason why this is possible is that our
approach just relies on measure-theoretic properties and does not rely on the geometry of the underlying
space, as will become clear in the sequel.

Lemma 1.3. Let (2, X, u) be a o-finite measure space. Then:

(1) If u(2) = oo, it admits an admissible covering.

(11) If n(2) < oo and u is atomless, it admits an admissible covering.
Proof. If ;1(2) = oo, pick Ag = Ag = By = By = @,

Aj:Aj\Aj,1 and szgj\éjfl,
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where @ # A} G By G Ay & By & A3 G - - - are E-measurable sets chosen so that

) {M(Ej\gj—l) (A1 \A))
min = , =
w(Aj) w(Bj)

It is at this point that we have used that u(2) = co. Let 3, be the atomic o -algebra generated by the

}>A>4 forall j > 1.

atoms (A;) j>. Similarly, define Xy = o (B : j > 1). Itis clear by construction that
TNy ={2, g}
On the other hand, |Rg| = 2 for every atom B in Xy,. Therefore, it remains to show that

“w |:M(Aijj—l)2+M(Aijj)2i| _1
j=1Lu(Apu(Bj—1)  pn(Aj)u(B))

5
Note that the first summand above vanishes for j = 1. The rest of terms are smaller than 1/A, according

to our conditions, so that A > 4 suffices. When ©(2) < co we may assume that u(2) = 1, since
renormalization does not affect our definition of admissible covering. We use again a “corona-type
partition”

G#£ACBCAGCE GCAG. -
satisfying j(Ag) = 1 — ¢, u(Bo \ Ag) = £(1 — ) and the relations
uw(Aj i \B)) =tu(Bj\Aj) and p(Bjyi\Ajp1)=¢u(Aj1\Bj) for j=0.

This is where we use the fact that u has no atoms. Define Ag = A~0, By = I§o, Aj = Aj \ A~j_1 and
B; = l§j \ Ej_l for j > 1. The o-algebras ¥, and Xy, are the ones generated by (A ;) ;>0 and (B;) >0,
respectively. In order to show that Q = | J =04 = U j=0 Bj let us prove that we have

Do mAp=) uB)=1
j=0 j=0
Indeed, if j > 2 we have
(A = A\ Aj_)
= +OuBj—i\Aj_) =¢(1+ (A1 \ Bj_2)
= £+ O[A o\ Ay = cu(hi\ By | = A,

Therefore, since w(Ag) =1 —¢ and u(A;) = (1 —¢?), we deduce immediately that ijo n(Aj)=1.
The sum ) ; 1(Bj) also equals 1 since the two families are nested. The condition X, N X, = & follows
again by construction. Finally, since |Rg| = 2 for all atoms B = B}, it suffices one more time to prove
that

[M(Aijj—l)z u(Aijj)Z} |
su < =,
jstLm(Apu(Bj—1)  u(Apu(B))] 2
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According to our construction, the left-hand side can be majorized by
w(A;NB;_)?  wu(A;NBj)? - w(Bj—i\Aj_1)  w(A;\Bj_1)
uwApDu(Bj—1)  wAju(B;) —  w(Bj-1) u(Aj)

On the other hand, arguing as before, we may obtain the identities

pA) =" =N, AN\ B =¢7(1-0),
pB) =220 =), w(Bia\Aj) =0 = ).

This gives a bound 2¢ /(1 + ¢). It suffices for { < % The proof is complete. U

Remark 1.4. All fully supported probability measures on R” are nondoubling. In fact, this also holds
for probability measures supported on unbounded sets. In particular, we hope Lemma 1.3 together with
Theorems B1 and B2 might open a door to further insight into Calderén—Zygmund theory for these
measures.

John—Nirenberg inequalities, atomic H; and duality. We now transfer some well-known properties of
martingale BMO spaces to our new class of spaces. The analogue of John—Nirenberg inequalities [1961]
for martingale BMO spaces can be stated as follows:

sup sup ! (Aﬂ{lf E fl >A})<exp< ch ) forall A >0
—u —Eg,_ < - ,
k=1 Acs, M(A) o I f1IBMO

where the martingale BMO is constructed over the filtration (2;)x>1 and we use the convention Ex,, f = 0.
The proof can be found in [Garsia 1973]. An important consequence of this inequality is the p-invariance
of the BMO norm. To be more precise, the martingale BMO norm admits the equivalent expressions, for
any 0 < p < oo,

£ Mo ~ i“‘?” (Es,|f —Ex, fIDV?] ..
>

If we replace f by Jx, f = f — Eg, f in both inequalities, we immediately obtain the corresponding
analogues for the BMO spaces which quotient out £{-measurable functions, introduced above. Namely, the
only difference is that we should read John—Nirenberg inequalities under the convention that Ex, f =Eyx, f,
and the BMO norm is given by || - |30 instead. If we intersect two of these BMO spaces, we get John—
Nirenberg-type inequalities for our spaces BMOy, (€2) associated to an admissible covering (X,, Xp) by
taking again Ex,, f = Ex, f:

1
I IBmOs,, @) ~ jniixb ilirl’H(EEjkM —Esj0 0 f17) /p ”oo,

L (AN ~Esy 1> 1) < ( < )
sup sup ——u —Es., , fI>A)) Sexpl ———-——— ).
j=ub k2l wu(A) sy I.f IBmOs,, (2

€ Ljk

Let us now consider Hi—-BMO duality in our context. In the literature we find several equivalent
descriptions of martingale H; spaces, via Doob’s maximal function, martingale square function or
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conditional square function. Namely, H; can be defined as the closure of the space of finite L; martingales
with respect to any of the norms

Jsup €5, 1], ~ H(Z |dfk|2)2

k>1

~ Y lldfill + H (Z Es | |dfk|2)2
1

k>1 k>1

1
We refer to [Davis 1970] for the equivalences above and to [Garsia 1973] for the duality theorem, which
claims that Hf ~ BMO, a martingale analogue of the Fefferman—Stein duality theorem. Let us now
consider atomic descriptions of these spaces. The term “atom” unfortunately appears here in several
settings — o -algebras, measures and Hardy spaces — with different meanings, but it will be clear which
one is used from the context. Atomic descriptions are not possible for arbitrary H; — see [Conde-Alonso
and Parcet 2014] for an “atomic block” description both in the commutative and noncommutative settings —
but there are such results for h; (defined above). A X-measurable function a € L,(£2) is called an atom
when there exists k > 1 and A € X; with

supp(a) C A, Ex (@ =0, lall2 < p(A)~"2

The atomic h; is defined as the space of functions of the form f =) jAjaj with the a; atoms. The norm

is the infimum of ) ; 141 over all such possible expressions for the function f. This space is isomorphic

to hy; see [Garsia 1973]. In particular, it is also isomorphic to H; when the filtration is regular. This will

be enough for our purposes, since we will only use Hj—BMO duality for regular filtrations. Now, given

two filtrations (X i)>1 with X;; = X; for j = a, b, let H;; be the corresponding H; spaces. Define
Hy (@) ={f € Li(Q) | flln, = ; ij{lif I fills,, + I f2llg,, < 00}

=fi+/2
Ex, f1=Ex, 2=0

Then, all the results above apply. In particular, we have

H (2)* ~BMOg, (Q).

2. Interpolation: proof of Theorem A

Proof of Theorem A. The argument is a bit lengthy, so we have divided it into several steps. We will
assume that u is a finite measure on 2 — normalized so that 1 (£2) = 1 — since this case is more technical.
The slight modifications needed for the nonfinite case will be explained in the last step of the proof.

Step 1: Intersection of quotients. Let us first show that the interpolation result follows from the first
assertion of Theorem A. Namely, given an admissible covering (X,, Xp) of (€2, ¥, n) and filtrations
(Zj)r=1 with X;; = X; for j = a, b, let BMO; be the corresponding martingale BMO spaces. It is clear
that

I fllee @ = 1 f lizg@.Lo@iy, 2 1 Moy, @), L@y,

2 max If = Ex; fllts, BM0;). 5, (Li@)ly,

~ max — Ex. =
max I —Ex, £y @ =1/ lig, o



724 JOSE M. CONDE-ALONSO, TAO MEI AND JAVIER PARCET
For g > 2, this implies
LE(RQ) C [BMOx,, (Q), L§ ()14 C LY ().

Thus, the result follows from the isomorphism L;(Q) ~ Lanb (€2). The interpolation result for 1 < g < 2
follows from this and the well-known reiteration theorem [Bergh and Lofstrom 1976].

Step 2: Reduction to strict contractions. The rest of the proof will be devoted to justify the first
assertion of Theorem A. We claim that such an isomorphism holds whenever we can find a constant
0 < ¢p(Xap) < 1 such that, for every mean-zero function f € L,(£2),

min{||Ex,Ex, fllp, IEs,Ex, fllp} < cp(Zan) 1 flp- (2-1)

Indeed, if E¢p = fQ ¢ du, we first observe that
161152 ~ Il — Egll, ~ inf 16—kl

1®llrs, @, ~ ¢ —Ex;pllp~ _ inf g —¢lp.

@ ¥ j-measurable

Therefore, our goal in what follows is to show that

l¢ —Edll, ~ l¢ —Ex, @l + ¢ —Ex,¢ll, forevery ¢ € L,(£).

The lower estimate is trivial. For the upper estimate, we shall use (2-1). Assume that the minimum above
is attained at the first term (say) and let f = ¢ — E¢ be a mean-zero function. We then find

IEs,Esy fllp < cp(Za) I fllp < ep(Zan)[Ilf —Es, fllp + IEs,(f —Ex, Hllp + IEsEs, £,
which implies

cp(Xab)
IEs,Ex, fllp < —F——
* be b 1_Cp(zab)

This inequality is all we need, since the upper estimate follows from it:
¢ —Eolp < Es,@ —ESll, + ¢ —Ex, @l < IEs,Es, fllp + IEs, (¢ —Ex, @), + 16 — Es, 8l

[l¢ —Ex,@llp + 11 —Ex,@ll,].

ll¢ —Es.@llp, + 1 —Ex ]

S —_—
I —cp(Zap)
Step 3: The case p = 2. Recall that we are assuming for the moment that ;£ (€2) = 1, and in that case

we may consider two distinguished atoms (Ag, By) € X, X Xp. In accordance with the previous point, it
suffices to show that

min{||Ex,Ex, fll2, |Ex,Ex, fll2} < c2(Zap) |l fI2

for some 0 < c2(X,) < 1 and every mean-zero f € L,(€2). We claim that this estimate follows if the
same inequality holds for X ;-measurable functions which vanish on the corresponding distinguished
atom. More precisely, it suffices to prove that one of the following conditions holds:

* |[Ex,@bll2 < c2(Zap) Iy ll2 for ¢p Ep-measurable with ¢y, (By) = 0;
e |[Ex, @all2 < c2(Zap)ll@all2 for ¢, X,-measurable with ¢, (Ag) = 0.
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Indeed, assume the first condition holds and let ¢y, € L,(£2, Xy, 1) be mean-zero. Then

gl = llp — P (Bo)lI3 — 1w (Bo) |,
IEx, ¢bl13 = IEx, (¢ — dp(Bo)) 13 — | (Bo)|*.

Subtracting and using the first condition, we get

I #bll3 — IEx,@bll3 = (1 —c2(Zap)) 1o — Do (Bo) 13 = (1 — c2(Zap)) o l13-

Here, ¢(Bo) denotes the constant value of ¢, on By. Rearranging, we get |[Ex, ¢pll2 < c2(Zap)l|@pll2.
Therefore, given any mean-zero f € L,(£2), we may define ¢, = Ey, f and deduce that ||[Ex Eyx, fll2 <
c2(Zap) | fl2, as desired. Alternatively, if we use the second condition above, the roles of X, and X, are
switched and we obtain the other sufficient inequality which is implicit in the minimum above. Thus we
have reduced the proof to justify one of the two conditions above. It is at this point where our definition
of admissible pair comes into play. Namely, we know that

ANB 2 ANB 2
min{ sup 37 R PATE gy Y |RA|u}zc<zab)
A€M\ (Ao} gcg, W(AW(B)  pemy\(Bo} /7, u(A)u(B)

for some 0 < c(X,p) < 1. Let us assume (say) that the minimum above is attained by the first term and
let ¢, be a X,-measurable function in L,(2) that vanishes on Ag. Then, if we write ¢, = ) , A, YAXAS
we have the estimate

_ 1(ANB) w(A'NB)
IEsy@alli= Y @aca Y 1
/2 1/2
A, A'#Ag BeRANR 1 'LL(B) M(B)

SHANBE | u(A' 0 BY
=X 5 X < (B) el ) )

AA #AO BeRANR

o WA BY
=) laluth 3 Y

A#Ay A’;éAO BeRANR 1 K
RANR 1 #2
B)?
= 3 lealPua) 3 IRg| T (A) B = C(Zw) > laalu(A).
A#Ao BeRy A#Ao

The right-hand side equals c(Xyp) ||¢a||%, so we obtain the second condition. The first one follows when
the minimum in our definition of admissible covering is attained by the second term. This proves that
the first assertion of Theorem A holds for finite measures and p = 2. The case p > 2 requires some
preliminaries.

Step 4: A mass absorption principle. Let us consider a particular ordering of the atoms in ¥, and Xy,.
According to our assumption ¥, N Xy = {€2, &}, we may order I1, so that [T, = {A, A,, ...} and, for
each m > 0, there exists B € I, such that (A4 N B) and (|, -,, As N B) are both strictly positive.

s<m
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Similarly, we may order IT; satisfying the symmetric condition. Define the atomic o -algebras
m
Ya(m) = 6< U Ay, {AS}SZIn+]>a
s=0

2:b(n’l) = G< U By, {Bs}s>m+l>~

s=0

In this step we will prove that

||f||Lgab(Q) ~|f —Es,om L, + I1f —Esym fllL,@ (2-2)

for any m > 1 and 2 < p < o0o. The constants may depend on m, p and the covering (X, X). Indeed,
since the result is trivial for m =0, we will proceed by induction and assume that the result holds for m — 1.
Moreover, the upper estimate is straightforward and by symmetry it suffices to show that

Il f —Es.om fllp SIf—Esum—0)fllp+1IIf —Es, fllp.

Taking Ag(m) = Usgm Ag, let f = fXAo(m) + fXQ\AO(m) = f1 4+ f2. Since it is clear that Eza(m)fz =
Es,on—1) f2, we may concentrate only on fi. The left-hand side for fj can be written as

/Ao(m) fgdu'-

Approximating the right-hand side up to ¢ > 0 by some mean-zero g in the unit ball of L, (Ao(m)),
let B be an atom in X, satisfying that u(Ao(m — 1) N B) and (A, N B) are strictly positive. Recall that
this can be done by the specific enumeration of atoms we picked. Then, define

/1 = Esyom fill p = 1Xaom) (f = Ezaemy DNlp = 1 f L5 aomy ~  sup
8liz , agemy =1
g mean-zero

81 = XA, 80 XAn0B godu
| = XA,80 — —————— ,
w(AnNB) Ja,

82 = XAo(m—1)80 — XAom—DB godu

o u(Ag(m — 1) N B) Jasm—1) ’

XAo(m—1)NB XAnNB
83 = godp + ——"—— godu.
u(Aog(m —1)N B) Jaom—1) w(AnNB) Ja,

Obviously, go = g1 + g2 + g3 and each g; is mean-zero. Moreover, we have

XA,NB

———— [ &odn
M(Am N B) Am

lg1llz, aoimy) = X4, 80Nz, (Aoem) + H
L (Ag(m)
A /P

- (1 G

W) lgollz, a0em) S 1180z, (apemy) = 1.
m
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Similar computations apply to g> and g3. In summary, we obtain the estimate below, where we write fo
to denote the average of f over a given measurable set Q:

”fl_EEa(m)fl”pN‘/ fgodﬂ‘
Ag(m)

< ‘ / f— faen du‘ + / (F = Fasmr)e2 du‘ + ' f (f — fa)es du‘
An Ag(m—1) B

S xa, (f = fa)llp + 1 xagem—0 (f = Fagm-o)llp + 11xs(f = fB)lp
SN =Esm—0 fllp+1I1f —Esy fllp.

This completes the proof of the norm equivalence (2-2).

Step 5: The case p > 2. We now complete the proof of Theorem A for probability measures. According
to (2-2), it suffices to show that there exists 0 < ¢,(Xa) < 1 and m = m(p) > 1 such that, for any
mean-zero function f € L,(£2),

min{||Ex,;m)Esyon) [l ps 1ESoem) Esaom) fllp} < cp(Zap) 1 f I -

Pick m = m(p) as the smallest possible value of m satisfying

1
2.4°P —1
min{u(Ag(m)), w(Bo(m))} > max{ (W)p (1 —4—p)1/p}
and ¢ = ¢(p) > 0 small enough so that

(1=2-4"P)12 < (1 —47P)l/CP (1 — g3)1/2 _ 32,

Since L ,(£2) C L2(£2), we know from Step 3 that f always satisfies the above inequality for p =2. Assume
that the minimum for p = 2 is attained (say) at the first term, so that ||Ex, ¢u)Ex,m) fll2 < c2(Za) |l f ]2
Recall that Ef = [, f du. When

E(Esym f17/%)? < (1= &) [Esyom £112,

we proceed as follows:

IEs,m Eptm) £ 15 < IEs,m) [Egyom) £ 172115 — (EIE5y0m) £17/%)* 4 (E[E gy f177%)?
= |Ey0m) (Esym) S 177> = ElEsym) £ 17213 + (E|Eg,0m) £177%)?
< 3 (Zap) 1E sy 177> = EIE sy 172113 + (EEsyom) £17/)?
< [3(Eaw) + (1 =5 (Zap)) (A= DI F1ID = ch(Ean) 1 115,

If E(|Esyom) f17/%)? = (1 — €¥)||Ex, m) £ |5, then one can easily show that

2
NE sy om) £ 1772 = ElEsyom £1777]; < € | Esym S 115
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Now, decomposing Ex, in) f = Ex,m) f (Bo(m)) X Bym) + Exyom) f X2\ Bo(m)» We get

Vit (Bo(m)) [Esymy f (Bo(m)) [P = [1|Egyim) £177* X Botm 12
> |EIEsym) £ 177 X8y 12 — || Esymy £17> — EIEz,m) £17/2 2
> u(Bo(m))'E|Es,m) f17* — &2 | Egyim £ 115/
> [(1 =4~ ")VCP (1 — e/ — &2 Egym) £12/2
> (1=2-477) 2| Exym) 1152

This also implies

IEs,om) f X2\Boem Iy <247 PIIEsyom £ 115

On the other hand, since f is mean-zero we have

Esyom) f (Bo(m))(Bo(m)) + E(Exy (m) f X2\ Bo(m)) = 0.

Rearranging and raising to the power p then gives

p(Bo(m))? [Ex,omy f (Bo(m)|? < IIEsym) f x2\Boem) I <2+ 47 PI[Esyom) £ 115

Finally, combining our two estimates so far for p(Bo(m)), we obtain

1

2-47P \p—-1
w(Bo(m)) < (m) )

which contradicts our choice of m = m(p). This shows that E(|Ex, ) f |P/2)% cannot be larger than
(1—¢&%) Esym) f ||§ and completes the proof in the case the minimum for p = 2 is attained at the first
term. When the minimum is attained at the second term, a symmetric argument applies.

Step 6: The nonfinite case. When 1£(£2) = oo the proof of Theorem A is a bit simpler. In the first place,
note that L7 (€2) = L, (£2) in this case. In particular, the goal is to show that

L4(§2) = [BMOs,, (£2), L1(8)]1/4.
Ly(Q)~Ly(Q2,Z,0)/ZaALy(Q, 2, 1)/ .

Since Loo(2) C BMOgx,, (€2), our argument in Step 1 can be easily adapted and interpolation follows
from the second isomorphism above. To prove it, we follow essentially the same argument as for finite
measures. Indeed, arguing as in Step 2, we see that it suffices to show that

min{||Ex,Es, fllp, 1Es,Es, fllp} < cp(Za) 1 f1lp

for some constant 0 < ¢, (X,p) < 1 and every function f € L ,(€2). The only difference is that here it must
hold for every f, not just mean-zero elements as in the finite case. The case p = 2 is proved following
Step 3. The fact that we do not assume f to be mean-zero— or ultimately to vanish at Ay or By —is
compensated by our definition of admissible coverings, which does not consider distinguished atoms
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for infinite measures. Finally, once we know the case p = 2 holds — for arbitrary functions, not only
mean-zero ones — we conclude that

IEs,Ex, £115 < IEx,Ex, | F17215 < S I F 17215 < B (Zan) I £

or a similar estimate for Ex, Ex, f. The proof of Theorem A is now complete. (]

3. Calderén-Zygmund operators, I

Let (2, X, n) be a measure space and consider a metric d on 2. Assume that u is o -finite with respect
to the metric topology. In this section we will be interested in Calderén—Zygmund operators on the metric
measure space (€2, i, d), as defined in the introduction. More precisely, we prove Theorem B1 below
and, after that, we shall illustrate this result with a few constructions of admissible coverings.

Proof of Theorem B1. Our definition of CZO includes a symmetric Hormander kernel condition. This
implies that the class of Calder6n—Zygmund operators is closed under taking adjoints. In particular, the
L ,-boundedness for 1 < p < 2 can be deduced by duality from the case p > 2. On the other hand,
according to Theorem A, the latter follows by interpolation if we can prove that any CZO extends
to a bounded map L (2) - BMOgx, (€2). Indeed, since T is Ly-bounded, Theorem A yields that
T:L,(R2)— L;(Q). This is enough when the measure p is infinite, since in that case L ,(2) = LOP(Q).
When p is finite we use L-boundedness once again together with Holder’s inequality to deduce that

ITfll, <ITf —ETfll,+pr@YPIETFI SNy + w272 £l SN FI -

This completes the proof of our claim. Let us then prove the L., — BMO estimate. Consider an auxiliary
BMO space which arises by averaging over the family of doubling balls in (2, X, u),

d
M(B)/f #

= d
1 f loBao = o, (M o f M(w)>

doubling

Following the standard argument, it is easily checked that
L (R2) > DBMO.

Indeed, in the first place we may observe as usual that we have the equivalence

I/ lbByo ~ sup mf( / 1/ (w) — ka| du(w))
Bd-ball kseC \ 1 (B)
doubling

Second, we decompose f = f xaB + f Xx2\«B = ¢1B + ¢2B and pick the constant kg to be the average of
T ¢y over B. Then, we may estimate the norm of 7 f in DBMO by using the L;-boundedness of T for
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T ¢15 and the Hormander kernel condition for 7 ¢o5. More precisely, we get

ITflipBMO < sup <—
Bd-ball

doubling 5 1

2

2 3
du(w)>
1
(f x@\eB) (W) — —— . T(f xows)du d,u(w)) .

1
—[Ir
- <M(B) /B u(B)

Since we just use («, B)-doubling balls, the first term is dominated by

w(@B)\?
( 2B ) 1T ll220l Flloo S 11 £ llo-

On the other hand, using the kernel representation of T we may write

1
T o) == [ T o) dn = — / / k(w, £) — k(. ) F(©) du(©) du(&)
wu(B) wu(B) Q\aB

for w € B. In particular, the last term above can be majorized by || f ||~ using the Hérmander condition
for k. This proves the L, (£2) — DBMO boundedness of our CZO. Therefore, it suffices to show that
DBMO C BMOg,, (£2). This follows from the chain of inclusions

DBMO C bmogyx, A bmos, C BMOyx, ABMOyx, = BMOgx, (€2).
Let us recall in passing the terminology we are using, namely
bmoy, = Jy;(bmo;) and BMOg, = Jx;(BMO;)

for j = a, b. Here, bmo; and BMO; are the martingale bmo and BMO spaces constructed over the
filtrations (X )x>1 described in the statement of Theorem B1. If IT; denotes the atoms in such a filtration,
the norm in bmoy; is given by

du(w))

d
u(A)ff a

Now, since we assume that all atoms in IT = IT, U I}, are doubling, the seminorm above is majorized (up
to absolute constants) by the seminorm in DBMO. As this holds for both j = a, b, we have proved the
first inclusion. Now, for the second inclusion, we recall the seminorm in BMOyg; ,

£ IBmos, = sup IEx ;| f — Ex, SN
k>1

1
1 Nomoy, = iull) IEs, | f —Es,, fI*12 = sup (m/

AEHJ'

where Ex, f = Ex,, f since we quotient out X ;;-measurable functions. Note also that we are requiring
the filtrations (Xi)«>1 to be regular. In other words, there exist absolute constants ¢; > 0 such that
Es; |fl <cjEs;, ,|f|for j =a,band k > 1. This yields the inequality

ILf IBmos; < ¢jl1f llbmos, -

Thus, BMOsy,, (£2) ~ bmox, Abmoy, for regular filtrations, and we are done. O
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Remark 3.1. Under the same assumptions, every CZO extends to a bounded map
HY (Q) — Li(Q).

Indeed, this follows at once by duality and Theorem B1. Alternatively, since we need to work with
regular filtrations, we may use the atomic description of H;:ab(Q) given in Section 1, from which an easy
argument arises; details are left to the reader.

In the following subsections we shall illustrate Theorem B1 with a few examples.

Doubling case. Admissible coverings fulfilling the assumptions in Theorem B1 can always be constructed
on every doubling space, so that Calderon—Zygmund extrapolation for homogeneous spaces appears as a
particular application of our approach. For clarity of the exposition, we shall just indicate how to construct
such admissible coverings in R? with the Lebesgue measure m and the Euclidean metric, although a
similar construction works in the general case. Let us pick Qg = [—% %] X [—% %] the unit cube, and
set O, =3°Qg for s > 1. Consider the o-algebras

Yao=0(As|ls=1) and Zp=o0(Bs[s=1),

where (A1, By) = (Qo, Q1) and (Ay, Bs) = (Q25—2\ Q25—4, Q25—1\ Q25—3) for s > 2. Then it follows
from the proof of Lemma 1.3 that (X,, X) is an admissible covering of the Euclidean space (R?, m).
Next, we define the filtrations (X jx)x>1 with X ;1 =X, for j =a, b. Except for A| and B; — which are or-
dinary cubes — the atoms A and B (s > 2) are punctured cubes in which we remove a concentric cube with
side-length é times the side-length of the larger one. To define X ;, for j =a, b, we break each Ay, By into a
disjoint union of 80 equal cubes of side-length é times the side-length of the original punctured cube —i.e.,
all except for the one in the center — unless s = 1, in which case we also pick the center and get 81 subcubes
(see Figure 1). The next generations are simpler. Indeed, since all our atoms in X, are already cubes, we
perform dyadic partitions in each of them to provide the next generations of our filtration. This procedure
completely defines two filtrations respectively based on X, and Xy, It remains to check that these filtrations
are regular and the atoms are doubling. The regularity constant is dominated uniformly by 81 when
(k—1,k)=(1,2) and by 4 otherwise. On the other hand, our atoms for kK = 1 are punctured cubes which
are comparable to the corresponding unpunctured ones, which in turn are doubling with constant 4. This
proves that all conditions in Theorem B1 are satisfied. In the general case, we just need to use Christ dyadic
cubes [1990] and adapt our choice according to the finiteness or nonfiniteness of 1 as we did in Lemma 1.3.

Polynomial growth. Assume that we have (2, i, d) of k-th degree polynomial growth with ©(£2) = oo.
The associated RBMO norm can be defined as follows:

i 7t [ ran] /o
u® Jg? T umy Jy T TR

Il f llRBMO ImaX{HfHDBMo, sup
BcB’

B,B’d-balls

doubling

with 1 <Kgp =1+4+) ,ip B w(2/B)/r(2/B)X. For such measures, we may easily construct an admissible
covering of (€2, ) composed of doubling atoms. Indeed, the construction above can easily be modified
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Figure 1. The admissible covering and the second generation of one of the filtrations.

using the existence of arbitrarily large doubling cubes centered at almost every point in the support of u;
see [Tolsa 2001] for details. The main difficulty relies in the construction of filtrations (X )~ satisfying
the assumptions in Theorem B1. Note that, whenever that holds, we find

RBMO C DBMO C BMOy,, ().

In particular, we deduce that [RBMO, L(£2)];/, > L,(£2) when this happens. As far as we know, such
interpolation identities are new since Tolsa [2001] studied interpolation of operators. Unfortunately,
the construction of such filtrations seems to be a difficult task in the general case. For instance, the
corona-type construction described above finds some obstructions when the measure p is supported in
Cantor-like sets. Nevertheless, we may construct these filtrations in some other cases. Let us consider the
following family of measures on R” equipped with the Euclidean distance

dx

These measures are nondoubling only for 8 > n. We will construct an admissible covering for g > n3/?
satisfying the hypotheses of Theorem B1 when d is the Euclidean metric in R"”. We will work with the
equivalent measure

dvg(x) = min{l, x|~} dx

for convenience. Note that this does not affect the conclusions in Theorem B1.

Pick Q¢ = [—A, A]* with A > 1 to be fixed, and set Q; = 2° Q. Consider the o-algebras ¥, = o (Ay |
s > 1) and Xp =0 (By | s > 1), where (Ao, Bo) = (Qo, Q1) and (Ay, Bs) = (Q2\ Q2525 Q2541 \ Q25-1)
for any s > 1. We clearly have ¥, N X, = {R", @} and max{|R4/|, |Rp|} <2 for (A, B) € I1, x I}, by



LARGE BMO SPACES VS INTERPOLATION 733

S, S3
.......... —
:R3
M Ry Ay \'By
A, N B

Figure 2. There is a cube R; for each cube S;.

construction of (X,, Xp). Thus, it suffices to show that

ve(ANB)? |

sup < =,

(A,B)el, x, V(A)vg(B) 2
A Ay

We will prove, in fact, the apparently stronger inequalities

As N By
<% and sup—vﬂ( u ») <

Vg (AsNBy_1) l
s>1 V/S(As) 2

S
s>1 V,B(Bs—l)

By symmetry of the argument, we just prove the second inequality above. Denote by L the side length of
the smallest cube Q,, containing A;. Then we have that AN B can be decomposed into C,, = 8" — 4"
cubes §;, each of which satisfies that §; = R; +ag; for some cube R; = R;(S;) C Ay \ By of side length
equal to L/8 and such that the angle between any point in R; and ag; is smaller than 7 /3. We can also
impose that |as,| > L/8; see Figure 2. This implies that, for each x in R;, we have

lx +as,| > x|+ |as, | cos <(x, as,) > |x| + las, |-

Since A; C R"\ B (0) for s > 1, we have

Cy
|x|_ﬂ dx = Z/ |x|_5 dx
B, oiYs)
C, Cy
— Z/ Ix +as, | #dx < Zf (1l + Llas, 1) ~F dx.
j=1"Ri j=1"Ri

Uﬂ(As N Bs) = f

AN
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Using that |x| < \/nL/2 for x € A and |as;| > L/8,

1
Ulg(Rj)

Therefore, we obtain

(1x[ + Slas,1) ™" S( Jn )ﬁ‘

-B
x| + tas.|) " dx < sup
/R.,.( slas ) J+d

XERI' |x|7,3

B B
Mfcn< ﬁl) 58n< ﬁ1> <L for gz a2
Vg (As) ﬁ + 2 \/ﬁ—f— g 2
A similar argument shows that
V,B(As N By_1) - l
vg(Bs—1) 2

for B > n*/? and s > 2, whereas the same estimate holds for s = 1 as a consequence of the fact that By
contains [—A, A]" for A > 1 large enough. This completes the construction of an admissible covering. It
remains to construct filtrations (X )x>1 for j = a, b, that are regular and composed of doubling atoms.
Recall that we set X ;| = X; and define X ;, by splitting each atom in X; into a disjoint union of cubes.
Namely, for j = a we keep A and divide A; into the cubes R;, S; in Figure 2. We proceed similarly
for j =b. Once we have defined X >, we construct X ;; by dyadic splitting of the cubes in X;_1). Note
that the atoms in X \ {Ao, Bo} split at most into 8" cubes K centered at cx which are away from the
origin. Thus

vﬁ<21<)=f |x|—ﬂdx,§|21<||cz<|‘ﬂ§|K||c1<|—ﬂ5/ x| 7P dx = vg(K).
2K K

It easily follows from this that all the atoms in ¥ j; are doubling up to absolute constants independent
of k > 1 and that both filtrations are regular. This shows that Theorem B1 applies to (R", ug) with the
Euclidean metric.

Remark 3.2. A few comments are in order:

(i) In the light of the example above, one could wonder what happens with the positive powers d ., (x) =
|x|Ydx for y > 0, but it is straightforward to show that these measures are doubling, so that we can handle
them following the construction of the previous section (see p. 731).

(i1) Our proof of Theorem B1 relies crucially on the embedding of the space DBMO in BMOgy_, (£2)
under suitable conditions. When the metric measure space (2, i, d) is of polynomial growth, we know
from [Tolsa 2001] that CZOs are L,, — RBMO bounded. Since RBMO C DBMO, it is natural to wonder
if we have

RBMO C BMOs;,, ()

under weaker assumptions than in Theorem B1. It turns out that this is the case when there exists filtrations
composed of doubling atoms, no matter whether they are regular or not. Indeed, noticing that RBMO can be
described as a subspace of DBMO with an additional condition, it is this crucial extra condition introduced
by Tolsa that allows an embedding into BMOsy, (€2) and not into bmoy,, (£2) for nonregular filtrations.
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Concentration at the boundary. Let
diise(x) = e dx

on R" equipped with the Euclidean metric. Carbonaro et al. [2009; 2010] proved that these measures
satisfy their concentration condition when « > 1. In this subsection we shall prove that our hypotheses in
Theorem B1 hold for any o > 0, hence extending their results for measures with less concentration at the
boundary. Let us start with the probability measure u_,. Pick K = K (n, @) > 0, a large constant of the
form 2% for some k > 1 to be fixed below. Denote by D(R") the standard filtration of dyadic cubes in R”.
We consider the distinguished atom Ayg = [—K, K]". The other atoms A € I1, for s > 1 are chosen to be
the cubes in D(R" \ Ag) which are maximal under the following constraint on the side-length £(A;) in
terms of the modulus of its center c4, :

M, = {Ap} U {A, maximal in D(R"\ Ag) | £(A;) < Klea, '™, s > 1}.

Before defining Iy, we also need another dyadic filtration D’(R") satisfying some specific properties which
we now detail. Given cubes (A, B) € D(R") x D’(R") of comparable size —27% < ¢(A)/£(B) < 2%
for some absolute constant kg — with nonempty intersection, there exists a parallelepiped R C AA B such
that:

(1) R is “substantially closer” than A N B to the origin;
(2) there exists a = a(R) € R" suchthat AN B C UJN=1 R+ ja;
(3) lal = § max{€(A), £(B)} and |x + ja| > |x| + 3|a| for every x € R.

Let A be the cube in I1, \ {Ag} whose center is the closest to the origin. Let L = £(A) and pick
By = Ay + %Led with e; = (1,1, ..., 1). Then, the dyadic filtration D’(R") is defined as one of the
shifted dyadic filtrations in [Conde 2013] with the initial cube being By. The fact that the properties
above hold follows ultimately from the “good separation” between D (R") and D’'(R"). Here we pick K
large enough so that the estimate M—a(%Ao) > (1 —e)—_q(R") holds. In particular, we get

MU—a(Ao N Bo)
H—a(R")
for some small ¢ > 0 to be fixed. The family Iy is defined similarly by

>1—¢

Iy, = {Bp} U {Bs maximal in D' (R"\ By) | £(By) < chlel_“, s > 1}.

Set ¥; = o (I1;) for j = a, b and observe that X, N X, = {R", &} by construction. Therefore, to prove
that (X,, Xp) yields an admissible covering we only need to check that we have

_«(ANB)?
sup Z |RB|M <
AeN\(4o} 5eR, M—g (At —o(B)

According to our definition of Ay, it is a simple exercise to check that we have £(A;) > %K lca, |'=« for
all s > 1 but for a finite number (independent of K) of cubes close to the origin. The same argument
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R |R+a iR+2a

Figure 3. AN B is covered by at most N a-translates of R; R is “substantially closer” to
the origin than A N B; a is parallel to a coordinate axis for cubes A, B in a sector around
that axis. In particular, x and a are “close” to being parallel, so that |x + ja| > |x|+ %Ial.

holds for atoms in I1y. In particular, we have |R4|, |[Rp| < C, for all (A, B) € I1, x I1p. Therefore, when
B = Bjy we obtain

p-o(ANB)? t—o(ANB) & 1
|Rp| <C, <Chp—< =
Mo (At —o(B) M—a(B) l—e 2
for e < %C; I, Otherwise, when B # B, we obtain
U—o(ANB) _ 1 o5 gy
M—a(R) M—a (R) ANB
Al
—lx+jal”
= e dx
; H-a(R) fR

=

N /e<x+|a/2)“ dx < N sup e~ (¥1Hal/2+xl
m-a(R) Jr

X€R

If o = 1, we get an estimate Ne~14//2 > Ne~CK . For other values of o« > 0, a straightforward application
of the mean value theorem gives

(Il + 3lal)" = Ixl* = o Kleal ™ x"" = C,K
since |x| ~ |c4|. Hence we get, for A # Ay,
Z Ryl —a(ANB)? 1 [—a(AN B)?

1
<= +Ci sup ————— =< >
T na(p—a(B) 2 B#By M—a(A)—o(B) ~ 2

L CNe G <1,
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picking K = K (n, o) large enough. This shows that we have an admissible covering. Note that our choice
of cubes for @ > 1 is a family which becomes smaller and smaller when we get away from the origin.
This is in the spirit of the Mauceri—-Meda [2007] construction for the Gaussian measure. In contrast,
when o < 1 we pick larger and larger cubes as we get away from the origin. This construction seems not
to be useful in [Carbonaro et al. 2009; 2010], since we may not use the locally doubling property for
arbitrarily large cubes. Let us complete the proof by showing that the other hypotheses in Theorem B1
hold. Our choice of filtrations (X x)x>1 for j = a, b is by dyadic splitting of the cubes in I, and ITy,
respectively. The regularity of such filtrations will follow from the fact that every atom in (X )x>1 is
(3, B)-doubling for some absolute constant §, and this suffices to complete the proof. If Q is any subcube
of AgU By, there are dimensional constants k,, and K,, such that

k| 0| 5/ e 4y < K, |0,
0

and hence Q is trivially (3, 8)-doubling. Otherwise, we compute
1-2(30) _ 130
< sup e sup e
M*O((Q) |Q| xe3Q xeQ
<3"exp((lxol + 3v/nt(Q))" — (lxol = 5v/nl(D))") < B

for some absolute constant 8 > 0, using the mean value theorem one more time.

—lx|® x|*

Remark 3.3. A few comments are in order:

(i) Given « > 0 and by minor modifications in the above arguments, we may also produce an admissible
covering for (R", e™!"dx) which satisfies the hypotheses of Theorem B1 with respect to the Euclidean
metric.

(i1) In this paper we A-intersect two truncated martingale BMO spaces, but our results also hold for
finite A-intersections; details are simple and not very relevant. The Mauceri-Meda BMO space for the
Gaussian measure [2007] can be described as such a finite intersection of BMO spaces using a construction
similar to the one above for p_; but intersecting n + 1 BMO spaces instead of 2. Namely, one uses
as many filtrations as needed to cover all cubes in R" with dyadic cubes of comparable size; see, for
instance, [Conde 2013] for the optimal choice. This establishes an inclusion of their BMO space into
our 2-intersection BMOy,, associated to w_j, which still interpolates and is strictly larger. The latter
assertion can be proved following the argument which shows that classical BMO is strictly contained in
dyadic BMO.

(iii) A geometric interpretation of our definition of admissible covering could be that we still impose
certain concentration at the boundary, but much less than [Carbonaro et al. 2009; 2010]. In support of
this, let us consider an admissible covering (X,, Xp). Let A be a finite family in IT, \ {Ao} and let R 4 be
the union ( J,. 4 R4. If we consider the set R4 as a measurable set and interpret R 4 \ A as the region
“close to the boundary”, then we can prove that

1
m(R4) < T(Zab)u(RA \A)
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or, equivalently, (1 (A) < c(Zap) U (R4). Indeed, we have

pA) =) Y uANB)

AcABeRy

sdzab)lﬂZu(A)“z( ) %)

AeA BeR 4

B\
sc(zab)l/zuut)l/z(z > M) < (c(Zap) (A (R,

AcA BeR 4 [R5

(iv) In the case of the Gaussian measure on R"”, Mauceri, Meda and Sjogren [Mauceri et al. 2012] proved
that R;, S;, the Riesz transforms associated with the Ornstein—Uhlenbeck semigroups, are bounded from
L to Mauceri-Meda BMO spaces, but their adjoint operators R, S* are not when n > 2. As explained
in (ii), our BMO spaces are strictly larger than Mauceri and Meda’s if the o-algebras X,, Xj are picked
as in the beginning of this subsection. Therefore, the Riesz transforms R;, S; studied in [Mauceri et al.
2012] are bounded from L*° to our BMO spaces as well. Pierre Portal [2014] introduced a different
type of Hardy spaces using truncated maximal functions and square functions. He proved that the Riesz
transforms R;, S; and their adjoint operators R, S are all bounded from his H; space to L [Portal 2014,
Theorem 6.1]. It is interesting to determine whether R}, S* are L°°-BMO bounded for our BMO spaces
with carefully picked X, Xp.

4. Calderén-Zygmund operators, IT

In this section we will study the class of atomic Calderén—Zygmund operators (ACZO) defined in the
introduction over a given measure space (€2, ¥, ). More precisely, we shall prove Theorem B2 and
illustrate it with a few constructions of dyadic operators satisfying its hypotheses.

Proof of Theorem B2. Following the same argument as in the proof of Theorem B1, we can use
duality and our interpolation result in Theorem A to reduce the L ,-boundedness in the assertion to the
L (2) = BMOg, (£2) boundedness of our ACZO. This is however standard. Indeed, since the filtration
is regular we know that BMOgy,, (€2) >~ bmogy, (£2). Up to absolute constants, the norm in the latter space
is given by

/ | (w) — Kol du(w))

17 f v @) = sup inf (
mozay () = oem koeC\ u(Q)

where IT = I, U Iy, is the set of atoms in any of the two filtrations. Decompose

f:fXQ+fXQ\Q:fl+f2-

As usual, we pick kg = (T f2) o. Then, we control the term for T f; using the L>-boundedness of 7" and
the regularity of the filtrations. The term 7T f> — k¢ is dominated by means of the Hormander kernel
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condition given in the definition of ACZO. Namely,

1(Q)

<) <
0) [ flloo SN Flloo

1 3
— | T 2d ) Tl
(M(Q)/Ql fil)"du(w) ) <|T|2-2

by regularity of the filtrations. On the other hand

| )
— | T —(T 2d )
(M(Q)/Q| F2(@) — (Tf2) ol dpt(@)

1 2 1
5( 2/ f [/ X IK(Zl,X)—K(zz,X)IdM(X)] du(Z1)du(12)> I/ lloos
w(@)* JoJol Jaro

which is dominated by || f ||« according to the Hérmander condition for ACZOs. Il

Remark 4.1. As mentioned in the introduction, standard prototypes of atomic Calderén—Zygmund
operators include martingale transforms, perfect dyadic CZOs and Haar shift operators. These are usually
defined on the Euclidean space R" equipped with a dyadic filtration. Nevertheless, the exact same
arguments apply on any dyadically doubling measure space or even for any measure space equipped with
a two-sided regular filtration. Lopez-Sanchez et al. [2014] have studied those nondoubling measure spaces
for which Haar shift operators satisfy weak type-(1, 1) estimates. Theorem B2 provides a tool to produce
nondoubling measure spaces over which Haar shifts, or more general atomic CZOs, are L., — BMO
bounded. In the case of martingale transforms, Haar shift operators and perfect dyadic CZOs in (R", ),
all of them satisfy the Hérmander-like condition

sup SUP/ k21, x) = k(za, x)| + [k(x, 21) = k(x, 22)[dp(x) < o0.
0eD®R") 21,2260 JRN O

This means that these operators are ACZOs satisfying Theorem B2 as long as we can find an admissible
covering (X,, Xy) and regular filtrations over it such that all the atoms are cubes in D (R") or suitable
unions of those. If we review our examples in Section 3, this is not the case for our construction for
dise(x) = eTF"dx. Tt is however quite simple to adapt our construction for

s () dx
X)=———=

R = T )P

so that it satisfies the hypotheses of Theorem B2. In particular, the Haar shift operators defined on (R", 1)

are Lo (R") - BMOg, (R") bounded. It remains open to decide whether an admissible covering exists

on the exponential measure spaces (R”, n+,) using only atoms associated to one and not two dyadic

systems.

5. Matrix-valued forms of our results

In this section, we extend our main results to the context of operator-valued functions. Noncommutative
forms of Calder6n—Zygmund theory have been recently studied in [Junge et al. > 2015; Mei and Parcet
2009; Parcet 2009; Mei 2007]. There are however no specific results in the context of nondoubling metric
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measure spaces. Unfortunately, it seems difficult to extend the approach of [Tolsa 2001] or [Mauceri
and Meda 2007] to the operator-valued or even the noncommutative setting, since their interpolation
results rest on good-X inequalities which do not have a noncommutative analogue so far. On the other
hand, the semicommutative approach in [Parcet 2009] is valid for doubling spaces, but again presents
serious obstacles to be extended to the nondoubling setting. The crucial aspect of our approach is that it
ultimately rests on martingale inequalities that have been successfully transferred to the noncommutative
setting. Namely, after Pixier and Xu’s [1997] seminal contribution on Burkholder—Gundy inequalities
for noncommutative martingales, we find analogues of Doob’s maximal inequalities, Gundy, Davis and
atomic decompositions, Burkholder conditional square functions, John—-Nirenberg inequalities, L ,/BMO
interpolation results; see [Hong and Mei 2012; Junge 2002; Junge and Mei 2010; Junge and Musat 2007,
Junge and Perrin 2014; Junge and Xu 2003; Mei 2007; Musat 2003; Parcet and Randrianantoanina 2006;
Perrin 2009] and the references therein.

Let us briefly introduce the framework for our results in this section; we refer to [Parcet 2009, Section 1]
for a rather complete review of the necessary background adapted to our necessities. We also refer the
reader to Pisier and Xu’s survey [2003] for more on noncommutative L, theory. Let (€2, X, 1) be a
o -finite measure space and consider any pair (M, 7) given by a von Neumann algebra M equipped with
a normal, semifinite, faithful trace t. This is sometimes called a noncommutative measure space. We will
write (R, ¢) to denote the von Neumann algebra generated by essentially bounded functions f : Q — M
equipped with the trace

o(f) =/Qf(f(w))du(w)-

R is the von Neumann algebra tensor product R = L, (2)®M and we may consider the corresponding
noncommutative spaces L,(R, ¢). This semicommutative model is the context where we intend to
generalize our main results. Apart from its own interest as an operator-valued model, it constitutes a first
step towards further results for more general von Neumann algebras. In particular, as [Junge et al. 2014]
demonstrates, certain fully noncommutative questions can be reduced to the semicommutative setting.
Readers not familiar with von Neumann algebra theory are encouraged to read this section restricting their
attention to matrix-valued functions. In other words, replace M by the algebra M,, of m x m matrices
and 7 by the standard trace tr. The difficulties are similar in this case to in the general setting, as long
as we provide results with constants independent of m. We also refer to [Parcet 2009] for a comparison
between this model and the vector-valued setting, which differs substantially in the endpoint estimates.

The BMO spaces. First we review the definitions and results in Section 1 for the semicommutative setting
described above. Given a filtration (2¢)r>1 of (2, ¥, i), we consider the conditional expectations

S Es, @idpm(f)eR for feR,
still denoted by Ey,. The martingale bmo and BMO norms are

I/ lomo = max{ll f lomo.» /™ llbmo. }

I flleMo = max{]| f lemo.. | f*llBmo.},



LARGE BMO SPACES VS INTERPOLATION 741

where the column norms are defined as in the commutative case, taking into account that we use |x |2=x*x
for any operator x on a Hilbert space. The interpolation result [BMO, L{(R)]i/, > L,(R) was proved
by Musat [2003] for any semifinite von Neumann algebra R. This is the noncommutative analogue of the
Janson—Jones interpolation theorem. If we set || f ||hfp =|f* ||h; , where the norm in h‘;, is defined as in the
commutative case, then the noncommutative Hardy spaces have the form

T C 1 < <

I S

p P =P ="
This combination of row and column square functions is known to be the right one for L, inequalities, as
was discovered for the first time with the noncommutative Khintchine inequalities [Lust-Piquard 1986;
Lust-Piquard and Pisier 1991]. The interpolation result [bmo, h{];,, > h;, was proved in [Bekjan et al.
2010] for noncommutative martingales. As in the commutative case, the projections Jy, =id —Eyx, are
bounded on bmo, BMO, L, and h,, so that we will be working with these complemented subspaces
which enjoy the same interpolation and duality properties as the original spaces. Note that the identity

”f”JZl(bmoc) = 2quH(EEk|f - EEkf|2)1/2”M
1
A

1 2 :
_ d
(u(A) /A W(A) - (w)>

still holds and we have Jyx, (bmo) 2~ Jx, (BMO) for regular filtrations. Consider an admissible covering
(2a, Zp) of (L2, X, n) and any pair of filtrations (X )x>1 with X;; = X; for j =a, b. Denote by BMO,
and BMOy the BMO spaces associated to these filtrations in the semicommutative algebra R and set

= sup
Aell M

BMOs;,(R) = Jx,;(BMO;) and BMOsx, (R) = BMOx, (R) A BMOs, (R).

The John—Nirenberg inequalities, atomic descriptions of H; and duality results have also been transferred
to the context of noncommutative martingales [Bekjan et al. 2010; Hong and Mei 2012; Junge and Musat
2007; Pisier and Xu 1997] and we will not review these results here, since they will not play a crucial role.

The interpolation theorem. Let us now state the analogue of Theorem A in the operator-valued setting. As
usual, we will write L},(R) for the subspace of mean-zero elements with respect to 4. In the terminology
we use for admissible coverings,

L3 (R) = Js,n5,(Lp(R)).

Theorem 5.1. Let (X,, Xp) be an admissible covering in (2, X, i) and consider the semicommutative
space R = Loo(Q)QM. Then, for each 2 < p < 00, there exists a constant ¢p > 1 such that

L, (R) =, Jz,(Lp(R) A Jz, (Lp(R)).
In particular, we have by complex interpolation that
[BMOs,,(R), LY(R)]1/g =, Ly(R) (1 < g < 00),

with BMOsx, (R) constructed with any two filtrations over (X,, Zp).
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Sketch of the proof. Thanks to the close connection with martingales, the proof is entirely parallel to the
one given in the classical case. Indeed, combining standard facts from noncommutative L, theory with
the martingale results reviewed in the previous subsection, it is a simple exercise to adapt our proof of
Theorem A to the present case. The only subtle point is the inequality

IEs,Ex, f1I% < [Es, [Es, f177213.

which is used in the last two steps of our argument. Namely, in the classical case this is due to
the conditional Jensen’s inequality ¢ (Ex, f) < Ex, ¢ (f) for convex functions ¢. In contrast, its non-
commutative form does not hold for all p > 2, since we need the operator-convexity of the function
¢ (x) = |x|P for B = p/2 and x not necessarily positive. This is the case for 8 > 2, or equivalently p > 4,
but it fails for 2 < p < 4. Note however that the ultimate goal in Steps 5 and 6 is to show that
IEs,Es, fllp < cp(Zan) I fl p for some 0 < ¢, (Zap) < 1. To prove it, we observe that

Ex,(8782) = &(g1) &k (g2),

Es,Es, (fi f2) = ok (f1) or(f2)
for certain right Rx-module maps &, wy : Ly (R) — C4(L4(R)) with Ry = Ex, (R). This follows from
standard factorization properties of completely positive unital maps in terms of Hilbert modules; see, for
instance, [Junge 2002]. Let us consider the polar decompositions f =u|f| and g =v|g| of g =Egx, f.
Then we can factorize Ex, Ex, f in two ways:
Ex,g = Ex, (vlg]'?Ig]"?) = &gl 20 6181,
Ex,Ex, [ = Ex,Ex, ul f1'2111'72) = ox (| f12u) x| f1/2).

This yields the estimates

IEs,Esy 1, < 1&gl 0" l2p & (1) 12
< 1&gl v & (gl 2 ™) 11 IE gl ) & lgl V211
1
= |[Ex, (wIglv) 12 IEs, (gD 1Y < 1 £ 1211 Es, [Es, £172157

and
IEs,Esy fllp < lox(£1"2u*)l2p o (1F 1)l

< Nl (£ 172u) o (L F 1 2u) I P leor (LT o £ 1D
1
= ||Ex, Ex, (ul flu) 1Y 1Es,Ex, (1 FDIY? < I £V IES,Ex, | 1772117
The last inequality in both estimates follows from the Kadison—Schwarz inequality for operator-convex

functions, since ¢ (x) = x? is operator-convex on R for 8 > 1. The first estimate is the right one to use
in Step 5 and the second one in Step 6. O

The Calderon—-Zygmund operators. We now consider Calderén—Zygmund operators in semicommutative
algebras associated to operator-valued kernels. Our construction is standard; we refer to [Duoandikoetxea
2001; Junge et al. 2014; Rubio de Francia et al. 1986] for further details. Let us write Lo(M) for the
x-algebra of T-measurable operators affiliated with M and consider kernels & : (2 x Q2)\ A — L(Lo(M))
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defined away from the diagonal A of 2 x © and which take values in linear maps on t-measurable
operators. If d is a metric in €2, the standard Hormander kernel condition takes the same form in this
setting when we replace the absolute value by the norm in the algebra B(M) of bounded linear operators
acting on M:

sup / lk(z1, x) — k(z2, X) Iy + Nk (x, 21) — k(x, 22) By d e (x) < 00.
Bd-ball J2\aB
21,22€

Define a CZO in (R, ¢, d) as any linear map T satisfying the following properties:
e T is bounded on L (M; L5 (£2)),

( / f(x)f(X)*du(X))2 .
Q M

1 1

‘( / Tf(x)*Tf(X)du(x))z ( / f(X)*f(X)du(x)>2 .
Q M Q M

‘ ( /Q TF TS (0" dM(X)>2

N

e T is bounded on Lo (M; L5(£2)),

A

o The kernel representation

Tf(x) = fQ G (O dply) - olds for x  supp f

and some kernel k : (2 x Q) \ A — C satistying the Héormander condition.
The first two conditions replace the usual Ly-boundedness; see [Junge et al. 2014] for explanations.

Theorem 5.2. Let (X,, Xv) be an admissible covering of (2, X, ). Assume that ¥ admits regular
filtrations (X )k=1 by successive refinement of ¥.;1 = X; for j = a, b and that each atom in X j;
is a (Cy, a, B)-doubling set for certain absolute constants Cy, a, p > 0. Let BMOg, (R) denote the
A-intersection of the BMO spaces defined over these filtrations. Then, every CZO extends to a bounded
map:

(i) HE (R) — Li(R);

(ii) Loo(R) — BMOg, (R);
(iii) L3 (R) — L (R) for 1 < p < 0.
Moreover, if T is Lo(R)-bounded then T : L,(R) — L,(R) forall 1 < p < oc.

Proof. According to Theorem 5.1 (interpolation) and the semicommutative form of Remark 3.1 (duality), it
turns out that L, (R) — BMOy,, (R) boundedness automatically implies Hgab (R) — L{(R) boundedness,
as well as L;(R) — L;(R) boundedness. Moreover, if T is also L,-bounded we may reproduce the
argument given in the proof of Theorem B1 to obtain L ,-boundedness for all 1 < p < oo. Let us then
focus on the L., — BMO boundedness. Define

DBMO = DBMO; " DBMO,
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with || fllpBmo, = |l f*lIpBMO, and

2

1 | 2
- _— —— | fdul 4
17 llbsaro, d_(llaf:gé}ng ' (M(B) /B Fw) nwB) Jp S du M(w)) HM

As usual, we write |x|? for x*x. The assertion follows from
Loo(R) > DBMO %> bmos,, (R) ~ BMOsx,, (R).

The boundedness of the chain above can be justified as in the proof of Theorem B1. Indeed, the analogies in
the argument lead us to apply the new conditions which appear in our definition of semicommutative CZO;
see [Junge et al. 2014]. Il

Remark 5.3. Theorem B2 also admits a straightforward generalization to the semicommutative setting.
Again, our use of martingale techniques makes the proof entirely analogous, so that we think it would be
too repetitive to include it here.
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REFINED AND MICROLOCAL KAKEYA-NIKODYM BOUNDS
FOR EIGENFUNCTIONS IN TWO DIMENSIONS

MATTHEW D. BLAIR AND CHRISTOPHER D. SOGGE

We obtain some improved essentially sharp Kakeya—Nikodym estimates for eigenfunctions in two
dimensions. We obtain these by proving stronger related microlocal estimates involving a natural
decomposition of phase space that is adapted to the geodesic flow.

1. Introduction and main results

Suppose that (M, g) is a two-dimensional compact Riemannian manifold and {e,} are the associated
eigenfunctions. That is, if Ag is the Laplace—Beltrami operator, we have

—Ager(x) = e (x),

and we assume throughout that the eigenfunctions are normalized to have L?-norm one, i.e.,

[ teave=1,
M

The purpose of this paper is to obtain essentially sharp estimates that link, in two dimensions, the size

where dV, is the volume element.

of LP-norms of eigenfunctions with 2 < p < 6 to their L?-concentration near geodesics. Specifically, we
have the following:
Theorem 1.1. For every 0 < g9 < L we have

1/2 172

lexll acany Seo 2 lerll, 5y X Mealll in oy (1-1)
if
172
llexlll xnn,e0) = (Sup kl/z—&?o/ Ieklde> . (1-2)
yell T, —1/2469 (V)
Equivalently, if ey > 0, then there is a C = C(gg, M) such that
1/4
lexlle < CAYEllenl o X ( sup / |€A|2dV> , (1-3)
YEIT JT 1216, (V)
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and therefore iffM lex|?dV =1, forany ¢ > 0 there is a C = C (e, M) such that

A < CAY1% sup fles|

e < CAY3*e sup e .
lexllzsan) < pll f\”LZ(ﬂrl/z(y)) = yell

yell

1/2
LYT —1p () (1-4)

Jk

Here I1 denotes the space of unit-length geodesics in M and the last factor in (1-2) involves averages
of |ex|? over A~1/2*%0 tubes about y € IT. Also, for simplicity, we are only stating things here and
throughout for eigenfunctions, but the results easily extend to quasimodes using results from [Sogge and
Zelditch 2014].

Note that if g9 = % then (1-1) is equivalent to the eigenfunction estimates from [Sogge 1988]

1/8
lexllzaany S A Bllenll L2

which are saturated by highest weight spherical harmonics on the standard two-sphere. We also remark that,
up to the factor A%/, the estimate (1-1) is saturated by both the highest weight spherical harmonics and
zonal functions on S2. This is because the highest weight spherical harmonics are given by the restriction
of the harmonic polynomials M4y +ix)k, & = Vk(k + 1) to the unit sphere, while the L?-normalized
zonal functions centered about the north pole on S? behave like (A‘l + dist(x, £(0, 0, 1)))_1/ 2 See, for
instance, [Sogge 1986].

In [Bourgain 2009] (with a slight loss) and in [Sogge 2011], inequalities of the form (1-1) and (1-3)
were proved, where the first norm on the right is raised to the % power and the second to the % power. The
inequalities in [Sogge 2011] were not formulated in this way but easily lead to this result. The approach
in [Sogge 2011] made inefficient use of the Cauchy—Schwarz inequality to handle the “easy” term (not
the bilinear one), which led to the loss. The strategy for proving (1-1) will be to make an angular dyadic
decomposition of a bilinear expression and pay close attention to the dependence of the bilinear estimates
in terms of the angles, which we shall exploit using a multilayered microlocal decomposition of phase
space.

Before turning to the details of the proof, let us record a few simple corollaries of our main estimate.

If {ay,, } i 1s a sequence depending on a subsequence {4, } of the eigenvalues of Ag, then we say that

a; =o0_(A%)
if there are some ¢ > 0 and C < oo such that
lay] < C(14+21)77%.
Then using Theorem 1.1, we get:

Corollary 1.2. The following are equivalent:

1/8
lex, Il zsgn = 0- (1)), (1-5)
1/8
supllex, s pn =0, (1-6)
yell i
sup llex; 22 i »)) = 0- (D). (1-7)
vell n
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Also, if either

sup / |eA|2ds = O(Af;k), foralle >0 (1-8)
yell Jy
or
sup llex, 2@ i = 0G; ). foralle >0, (1-9)
vell "
then
lex; Nzeany = O(Aik), forall ¢ > 0. (1-10)

Here, ds denotes the arc length measure on y.

Clearly (1-5) implies (1-6). Also, (1-7) follows from (1-6) and Holder’s inequality. Since (1-1) shows
that (1-7) implies (1-5), the last part of the corollary is also an easy consequence of Theorem 1.1.
Note also that (1-4) says that if e, is a sequence of eigenfunctions with

1/8

lea, llscan = 2%,

then for any &, there must be a sequence of shrinking geodesic tubes {7, -12(y)} for which, for some
Jk

c =c, >0, we have

1/8—¢

”e)hjk ||L4(gﬁ1/2(7/k)) z C)‘jk
Jk

In other words, up to a factor of . ~° for any ¢ > 0, they fit the profile of the highest weight spherical
harmonics by having maximal L*-mass on a sequence of shrinking A~!/? tubes.

Like in Bourgain’s estimate, (1-1) involves a slight loss, but this is not so important in view of the
above application. In a later work we hope to show that (1-1) holds without this loss (in other words with
g9 = 0), which should mainly involve refining the S; /2 1,2 microlocal arguments that are to follow. Note
that, because of the zonal functions on S2, this result would be sharp.

This paper is organized as follows. In Section 2 we shall introduce a microlocal Kakeya—Nikodym norm
and an inequality involving it, (2-14), which implies (1-1). This norm is associated to a decomposition of
phase space which is naturally associated to the geodesic flow on the cosphere bundle. In particular, each
term in the decomposition will involve bump functions which are supported in tubular neighborhoods of
unit geodesics in S*M. This decomposition and the resulting square function arguments are similar to the
earlier ones in the joint paper of Mockenhaupt, Seeger and the second author [Mockenhaupt et al. 1993],
but there are some differences and new technical issues that must be overcome. We do this and prove our
microlocal Kakeya—Nikodym estimate in Section 3. There, after some pseudodifferential arguments, we
reduce matters to an oscillatory integral estimate which is a technical variation on the classical one in
Hormander [1973], which was the main step in his proof of the Carleson—Sjolin theorem [1972]. The
result which we need does not directly follow from the results in [Hormander 1973]; however, we can
prove it by adapting Hormander’s argument and using Gauss’s lemma. After doing this, in Section 4
we shall see how our results are in some sense related to Zygmund’s theorem [1974] saying that in two
dimensions, eigenfunctions on the standard torus have bounded L*-norms. Specifically, we shall see there
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that if we could obtain the endpoint version of (1-1), we would be able to recover Zygmund’s theorem

with no loss if we also knew a conjectured result that arcs on AS! of length A!/2

contain a uniformly
bounded number of lattice points.

In a later paper with S. Zelditch, we hope to strengthen our results and also extend them to higher
dimensions, as well as to present applications in the spirit of [Sogge and Zelditch 2012] of the microlocal
bounds which we obtain. The current authors would like to thank S. Zelditch for a number of stimulating

discussions.

2. Microlocal Kakeya-Nikodym norms

As in [Sogge 2011; Sogge 1993, §5.1], we use the fact that we can use a reproducing operator to write
er=x,f =p(h—/Agey, for p € ¥ satisfying p(0) = 1, where, if supp p C (1, 2), we also have modulo
O (L) errors (see [Sogge 1993, Lemma 5.1.3])

1 . . .
6 f) =5 / HDe (VB £ (k) di = 21 / N (e ) F V). (2-1)
where
W y) = dy(x, y) (2-2)

is the Riemannian distance function, and if, as we may, we assume that the injectivity radius is 10 or
more, a, belongs to a bounded subset of C*> and satisfies

a (x,y) =0, ifdg(x,y) ¢ (1,2). (2-3)

Thus, in order to prove (1-1), it suffices to work in a local coordinate patch and show that if a is smooth
and satisfies the support assumptions in (2-3),if 0 < § < 11—0 is small but fixed, and if

x0=1(0,y0), 3<yo<4
is also fixed, then

2
Seo AN flle < W f lknrees  iEsupp f C B(xo, 8).

(2-4)
Here B(x, §) denotes the §-ball about x in our coordinates. We may assume that in our local coordinate

|72 [ e rage  p oy

L4(B(0,8))

system the line segment (0, y), |y| < 4 is a geodesic.
In order to prove (2-4) we also need to define a microlocal version of the above Kakeya—Nikodym
norm. We first choose 0 < 8 € C(‘)’O(RQ) satisfying

Y Bz+v)=1 and suppBC{reR?: |x| <2}. (2-5)
veZz?

To use this bump function, let @, (x, &) = (x(¢), £(¢)) denote the geodesic flow on the cotangent bundle.
Then if (x, £) is a unit cotangent vector with x € B(xg, §) and |&;]| < §, with § small enough, it follows
that there is a unique 0 < ¢ < 10 such that x(t) = (s, 0) for some s(x, ). If £(¢) = (§1(¢), &2(¢)) for
this ¢, it follows that &;(¢) is bounded from below. Let us then set p(x, £) = (s(x, &), &1(¢)/|£(¢)]). Note
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that ¢ then is a smooth map from such unit cotangent vectors to R?. Also, ¢ is constant on the orbit
of ®. Therefore, |¢(x, &) — ¢(y, n)| can be thought of as measuring the distance from the geodesic in
our coordinate patch through (x, £) to that of the one through (y, ).

Let a(x) be a nonnegative C;° function which is one in B (xo, %8) and zero outside of B(xg, 2§). Given
6 =2"%with A~1/2 <0 <1and v € 7%, let Y € C*®(R) satisfy

YT(s)=1, s €]c, cil], Y(s)=0, s ¢ [%, 2c1], (2-6)

for some ¢ > 0 to be specified later. We then put

Qh(x, &) =a()B(0 " o(x, &) +v) Y (I5]/1). (2-7)

This is a function of unit cotangent vectors, and we also denote its homogeneous of degree zero extension to
the cotangent bundle with the zero section removed by Qy (x, &), & #0, and the resulting pseudodifferential
operator by Qy(x, D). Then if f is as in (2-4), we define its microlocal Kakeya—Nikodym norm
corresponding to frequency A and angle 6y = A~'/2+% to be

I llakn e = sup (sup 07721Q4(x, D) fllre@ey) + 1 f 2@y, 6o =A™ /20, (2-8)
6

<6<l vez?
Note that
sup 0721 Q4 (x, D) f Il 2 wey

veZ?

measures the maximal microlocal concentration of f about all unit geodesics in the scale of 6. This is
because if we consider the restriction of Qy to unit cotangent vectors and if Qp (x, &) # 0, then supp Oy
is contained in an O(0) tube in the space of unit cotangent vectors about the orbit t — ®,(x, &).

Let us collect a few facts about these pseudodifferential operators. First, the Q, belong to a bounded
subset of 510 J2+e0.1/2—e, (Pseudodifferential operators of order zero and type (% + o, % —g0)), if A71/2+00 <
6 < 1, with g9 > O fixed. Therefore, there is a uniform constant C,, such that

104 (x, D)gll2 < Cellgll 2, A7V < <1, (2-9)

Similarly, if Py = (Q})* o Qj for such 6, then by (2-5), >, P, belongs to a bounded subset of
sV 2+e0.1/2—e,> A0d 50 we also have the uniform bounds

Z P (x, D)g‘

< Collglle, A7V <6 <1. (2-10)
vez? L

We can relate the microlocal Kakeya—Nikodym norm to the Kakeya—Nikodym norm if we realize that
if the § > 0 above is small enough, then there is a unit length geodesic y, such that Q,(x, &) = 0 for
x ¢ T ce,(y), with C a uniform constant. As a result, since Qy(x, &) =0 if |£] is not comparable to A,
we can improve (2-9) and deduce that for every N =1, 2, ..., there is a uniform constant C’ such that

1/2
||Q5<x,D)g||Lzscgo</ |g|2dy) +Cyra Vgl ATV <9 <1, 2-11)
g

C’O(Vv)
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~ 0
-

Vi
Figure 1. gC’Q(y,,) .

since the kernel K, (x, y) of Qp(x, D) is O (A=) for any N if y is not in T 19 (y,), with C’ sufficiently
large but fixed. (See Figure 1.) Since

1/2 1/2
6~1/2 (/ |8|2dY) < sup <901 / Iglzdy) . AT =gy <0 <1,
T erg(n) yell Top(¥)

sup 0712104 (x, D) Fll oy < Ceollglllxngegys A V20 <6 <1, (2-12)

veZ?

we have

meaning that we can dominate the microlocal Kakeya—Nikodym norm by the Kakeya—Nikodym norm.
From this, we conclude that we would have (2-4) if we could show

2

Seo AN flle < N f kN Gey»  if supp f C B(xo, 8).
L*(B(0,5))
(2-13)

We note also that since x; e, = e;, this inequality of course yields the following microlocal strengthening

” f A2 M N gk y) f(y) dy

of Theorem 1.1:
Theorem 2.1. For every 0 < g9 < L we have
1/2 1/2
leallzacany Seo 24 enll otag, X Mlerllyiin ooy (2-14)

if Nlealllmrn . eq) 18 as in (2-8).

3. Proof of the refined two-dimensional microlocal Kakeya—Nikodym estimates

Let us now prove the estimates in (2-13). We shall follow arguments from §6 of [Mockenhaupt et al.
1993].
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We first note that if supp f C B(xp, é) as in (2-4), and if

00 — k_1/2+€° (3_1)
with g9 > 0 fixed,

xf = x(Qh(x. DY) + Ry f.

vez?

where, if ¢ > 0 in (2-6) is small enough, and N =1, 2, 3, ...,

IR flliree SATNIFI 2

Therefore, in order to prove (2-4), it suffices to show that

” > XAQEOfXAQS(;fH Se W F il < M N aakn e - (3-2)
L

v,V eZ?

We split the sum on the left based on the size of |[v —V’|. Indeed, the left side of (3-2) is dominated by

00
! D

=1
The square of the first term in (3-3) is

> 000 f

[v—v’|e[2¢,26+1)

(3-3)

> 000 )?

‘Lz

> [00.0h, 120605 7 ax.

Next we need an orthogonality result, similar to Lemma 6.7 in [Mockenhaupt et al. 1993], which says
that if A is large enough we have

2

[v—v'[=A

/ (6.0l 2008 x| Seon AV (3-4)

We shall postpone the proof of this result until the end of the section, when we will have recorded the
information about the kernels of x; Qp that will be needed for the proof.
Since by [Sogge 1988],

13l 2 1t = OB,

if we use (3-4) we conclude that the first term in (3-3) is majorized by (2-10) and (2-12):

M N0 FITAQ0 £ 152+ 2N ST x sup 1105, £1172 + 2 NILFII
v

veZz?

=200 £17. x A2 sup 104 flI7. + AN fIlT2. (3-5)

veZ?

Therefore, the first term in (3-3) satisfies the desired bounds.
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Using (2-12) again, the proof of (2-13) and hence (2-4) would be complete if we could estimate the
other terms in (3-3) and show that

2

H Y 004 f 0.0 f

[v—v’|e[2¢,26+1)

Seo 1£1172 x (2°60) ™" sup 105, FlI7+ 27NN (3-6)
L2 veZz?

Note that if 26y >> 1, the left side of (3-6) vanishes and thus, as in (2-12), we are just considering £ € N

satisfying 1 < 2¢ < A1/27%_ In proving this, we may assume that ¢ is larger than a fixed constant, since

the bound for small £ (with an extra factor of A°® on the right) follows from what we just did. We can

handle the sum over £ in (3-3) due to the fact that the right side of (3-6) does not include a factor A%0.
We now turn to estimating the nondiagonal terms in (3-3). We first note that by (2-5),

00 F =D 10500 f+O0n0VIfll2). if supp f C B(xo. ).
nez?

Furthermore, if, as we may, we assume that £ € N is sufficiently large, then given Ny € N, there are
fixed constants cg > 0 and N; < oo (with ¢o depending only on Ny and the cutoff g in the definition of
these pseudodifferential operators) such that if

0, = 602",

then

Y 0.0 f 0.0 f

[v—v'le[2t,264h)

= 3 > 0, 00 F X0k O+ ONGTNIFIZ). (D)

{1, W €Z>:No< |~ <N} [v—'|€[26,26+T)

for each N € N. Also, given u € 72, there is a vo(u) € Z? such that

1085, Qb fll2 < CnATN I fllL2, i v = wo(w)] = C2°,

for some uniform constant C. If [ — /| < Ny, then |vo() — vo(i')| < C2¢ for some uniform constant C.
Since ||(Q5/)* oQpllresp2 = O(L=N) for every N if |v —V'| is larger than a fixed constant, it follows
that

/f ‘ 2 Y 0hfWOFO)

[vo ()=l [vo (k) —v'|<C2¢ [v—'|€[26,26H1)

2
dxdy

< > 104, FI711Q4 flI72+ On TN £1172), if e — | < Co,  (3-8)
[v—vo ()], |V —vo ()| <C'2

for every N if C’ is a sufficiently large but fixed constant. Also, using (2-10), we deduce that

S QLI S

WEZ? () —v|<C2¢
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We clearly also have

! 2 2
> 104 fII7: S sup 105, f1172

2
v()—v'|=Cr2! ez

Using these two inequalities and (3-8), we deduce that

> > Y QR f)Q K
=12/ |<N1 " ug ()=, v () —v' | <C2¢ [v—v/|e[2¢,26+1) L2(dxdy)
SNz x sup 1Q5, fllzz + OnGNIfI72). (3-9)
nez?

In addition to (3-4), we shall need another orthogonality result whose proof we postpone until the end
of the section, which says that whenever 6 is larger than a fixed positive multiple of 6y in (3-1) and N is
fixed,

4
—-N
SN 0gilzes
j=1

if [w—pl+p' —@'1=Cand |u—pl, | — 4l <Ny, (3-10)

‘/(XA 0421 7,04 &) (10 0% g3 3, OF ¢4) dx

forevery N =1, 2, ..., with C being a sufficiently large uniform constant (depending on N of course).
Using (3-9) and (3-10), we conclude that we would have (3-6) (and consequently (2-4)) if we could
prove the following:

Proposition 3.1. Let

(T} F)(x) = / f (0.0 )0 )x, YV F (v Yy dy dy, (3-11)
where
(6.0, y)

denotes the kernel of x, Qy. Then if § > 0 is sufficiently small and if 0 is larger than a fixed positive
constant times 0y in (3-1) and if Ng € N is sufficiently large and if N| > Ny is fixed, we have

1T Fllraso.sy Seo @ V2IF 2, if No < lu—p'| < N1,
F(y,y)=0, if (v, ") ¢ B(xo,28) x B(x, 28). (3-12)

To prove this we shall need some information about the kernel of x; Qg . By (2-7), the kernel is highly
concentrated near the geodesic in M

Vu =@ =2 <1 <2, & (x, 8) = (1), £4(0)), 07 p(x, £ + 1 =0}, (3-13)

which corresponds to Qg . We also will exploit the oscillatory behavior of the kernel near y,,.
Specifically, we require the following:
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Lemma 3.2. Let 6 € [Cok_l/ 2teo, %], where Cq is a sufficiently large fixed constant, and, as above,

&g > 0. Then there is a uniform constant C such that for each N =1,2,3, ..., we have
|G Q) e, I < CNA™, ifx ¢ Teo(yu) ory ¢ Tco(vy). (3-14)
Furthermore,
(X, Q) (x, y) = A2 g o(x, y) + Oy (A7), (3-15)

where one has the uniform bounds
IVia,o(x, y)] < Ca ™, (3-16)
1 a.0(6, X, (D < Cj - x €9, (3-17)

if, as in (3-13), {x,. (1)} = ypu.
Proof. To prove the lemma it is convenient to choose Fermi normal coordinates so that the geodesic

becomes the segment {(0, s) : |s| < 2}. Let us also write 8 as

g — 1248

where, because of our assumptions, ¢; < § < % for an appropriate ¢; > 0. Then in these coordinates,
Q’g (x, D) has symbol satisfying

gy (x,§) =0, if |&/]§]] = CA7V2F x| = CA7V2H or |g/a g [CT C, (3-18)
for some uniform constant C, and, additionally,

|07 9% L 9 gl (x, &)] < Cjrpm(1 4 |E])7 /207720 =m, (3-19)

X1 X2
Next we recall that y, = p(A — ,/—A,), where p € ¥(R) satisfies p C (1, 2), and that the injectivity

radius of (M, g) is ten or more. Therefore, we can use Fourier integral parametrices for the wave equation
to see that the kernel of x; is of the form

.06, ¥) = / / SRO—IYERIO S (Vg (1 ¥, y, £) dE dI,

where o € S 11 o» and S is homogeneous of degree one in & and is a generating function for the canonical
relation for the half wave group e "N ~%¢_ Thus,

0 S(t,x,8)=—px,V,S(,x,8)), SO, x,&)=x-&. (3-20)

Let ®,(x, £) denote the Hamiltonian flow generated by p(x, £), which is homogeneous of degree one
in £ and agrees with the geodesic flow ®,(x, £) when restricted to unit cotangent vectors. The phase
S(t, x, &) also satisfies

D, (x, Vi S) = (VeS, ). (3-21)

Furthermore,
0S8

9x &

det

£0. (3-22)
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By (3-18), (3-19), and the proof of the Kohn—Nirenberg theorem, we have that
06.05)(x, y) = / / SR 5(1)q (1, x, y, §) dE dr + 0 (0.7),
=2 [[ e e gy apdsart 00, 623)
where for all ¢ in the support of p,
q(t.x,y.6) =0 if |&/|&]] = CA7'2 x| = CA7'/* or [g]/a ¢ [CT', C], (3-24)
with C as in (3-19), and also

|07 9% 0L 9 q(t. x, ¥, &)| < Cjpam(1+ g /2O A/ZH=m, (3-25)

X1 7Xx2

Let us now prove (3-14). We have the assertion if y ¢ I ; -1/2+5(y,) by (3-24). To prove that remaining
part of (3-24) which says that this is also the case when x is not in such a tube, we note that by (3-21), if
dg(x0, yo) = to and xo, yo € Yy, then

Vg(S(tO,XO,S)_yO‘S):O, lfélzo
By (3-22), we then have
|Ve(S(to, x, &) — yo - §)| A dy(x, x0), if & =0.

We deduce from this that if |£;]/|€] < CA™Y?*3 |y;| < CA~1/?13 and |&| € [C™', C], then there are a
co > 0 and a Cy < oo such that

|Ve(Sto, x,6) — y - )| = cor™2H,if x ¢ Tpm120 (V).

From this we obtain the remaining part of (3-14) via a simple integration by parts argument if we use the
support properties (3-24) and size estimates (3-25) of g (¢, x, y, £). We note that every time we integrate
by parts in £ we gain by A~2%, which implies (3-14) since ¢ vanishes unless |£| &~ A and § is bounded
below by a fixed positive constant.

To finish the proof of the lemma and obtain (3-15)—(3-17), we note that if we let

Wt x,y, )=S0 x8§—y E+1
denote the phase function of the second oscillatory integral in (3-23), then at a stationary point where
V%"[\p - O,

we must have W = d,(x, y), due to the fact that (¢, x, &) —y-& =0and r = d,(x, y) at points where the
&-gradient vanishes. Additionally, it is not difficult to check that the mixed Hessian of the phase satisfies

(s men)
det| ————— ) #0
(&, 00, 1)
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on the support of the integrand. This follows from the proof of Lemma 5.1.3 of [Sogge 1993]. Moreover,
since modulo O (A~N) error terms () Qg )(x, y) equals

22 / / e (gt x, y, AE) dE dit, (3-26)

we obtain (3-15)—(3-16) by the proof of this result if we use the stationary phase and (3-24)—(3-25).
Indeed, by (3-21), (3-26) has a stationary phase expansion (see [Hormander 2003, Theorem 7.7.5]), where
the leading term is a fixed constant times

A2 (t, x, y, AE), ift =dg(x,y) and @_,(y, &) = (x, V,S(t, x, §)). (3-27)

From this, we see that the leading term in the asymptotic expansion must satisfy (3-16), and subsequent
terms in the expansion will satisfy better estimates, where the right-hand side involves increasing negative
powers of 220 (by [Hormander 2003, (7.7.1)] and (3-25)), from which we deduce that (3-16) must be
valid. Since §; =0and p(y, §) =1 (by (3-21)) in (3-27) when x, y € y,,, we similarly deduce from (3-25)
that the leading term in the stationary phase expansion must satisfy (3-17), and since the other terms
satisfy better bounds involving increasing powers of 1 ~2%, we similarly obtain (3-17), which completes
the proof of the lemma. 0

Let us now collect some simple consequences of Lemma 3.2. First, in addition to (3-14), the kernel
(xa Qg )(x, y) is also O (L") unless the distance between x and y is comparable to one by (2-3). From
this we deduce that if Ny € N is sufficiently large,

(6. 00) (X, V(.05 ) (x, y) = o),
unless Angle(x; y, y') € [0, C26] and x, y, ¥ € Tc,0(yy), if [n — (| € [No, Ni],  (3-28)

if Angle(x, y, y') denotes the angle at x of the geodesic connecting x and y and the one connecting x
and y’, and where C; = C,(Ny).

This is because in this case, if x € Tcg(yu) N T co(yw), then the tubes must be disjoint at a distance
bounded below by a fixed positive multiple of 8 if Ny is large enough, and in this region their separation
is bounded by a fixed constant times 6 if N is fixed; see Figure 2.

To exploit this key fact, as above, let us choose Fermi normal coordinates (see [Gray 2004, Chapter 2])
about y,, so that the geodesic becomes the segment {(0, s) : |s| < 2}. Then, as in (2-2), let

V(x5 y) =dg((x1, x2), (31, ¥2))

be the Riemannian distance function written in these coordinates. Then if x, y, y” are close to this segment
and if the distances between x and y and x and y’ are both comparable to 1 and if, as well, y is close
to y', it follows from Gauss’s lemma that

a 0

9 9
) — — — U (x, V). 3-29
. ax2w<x y) ™ axzw(x ) (3-29)

Angle(x; (y1. y2), (¥}, y5)) =
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Y

Angle ~ 6

Figure 2. 6-tubes intersecting at angle > Ny6.

As a result, by (3-28), there must be a constant ¢y > 0 such that

(.0 (X, (0 (x, y) = 00N),

3 9 9 9
—— Y, y) — ——V¥(x, )| <cof and |u— pu'| € [Ny, N1,
3y1 0x) 3)71 0x7

(3-30)

with, as above, Ny € N sufficiently large and N, fixed. Another consequence of Gauss’s lemma is that if

x and y as in (3-29) are close to this segment and at a distance from each other which is comparable to

one, then

%0 e y) £0
— U (x, .
dxy dy; Y

We shall also need to make use of the fact that, in these Fermi normal coordinates, we have

a 0

ad .
a_ma_)qw((o’ XQ), (Ov )’2)) = B_XIW((O’ x2)’ (0’ y2)) = 05 if dg ((0’ x2)’ (05 }’2)) ~ 1.

Next, by (3-15)—(3-17), modulo terms which are O (A~") we can write
X0 (. ) (6. Q4 )@, y) = Ae MV DTV, (1 y g,
where, by (3-28) and (3-30),

bu(x§y,y/)=0s lfdg(X,)’) Ordg(X,y/)¢[l,2]s

) . d 9 d 9 ,
or [xi|+ |yl + 1yl = ¢y 0, or |=———V¥(x,y) — ——¥(x,y)| < cob,
dy1 dxz

dy1 9x2
and, since we are working in Fermi normal coordinates,
3/ ok

— b, (x,y,Y)| <Co0, 0<j, k<3.
axf 3X§ a

(3-31)

(3-32)

(3-33)

(3-34)
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The constants C and ¢ can be chosen to be independent of i € Z? and 6 > A~1/>+%0 if g > 0. But then,
by (3-33) and (3-34) if y, and yé are fixed and close to one another, and if we set

Vs, )=y, s+, )+ ¥, (s—1,y)) and b(x;s, 1) =b,(x;s+1,y2,5—1,y),

there is a fixed constant C such that
b(x;s,t) =0 if |xi|+|s|+t] = CO,
a9/ ok ) 3-35
and | ———b(x;s,1) <Co7/, 0<j,k<3, ( )
8x{ 8)62

while, by (3-31) and (3-32),

d 0 d 0 0
——Y(0,x2;0,0) = ——¥(0,x2;0,00=—¥(0, x2;0,0) =0,
oy 05 - 032 0.0 =5t W(0,22:0,0) = 700, 320, 0)
0 0
but ——W(0,x2;0,0) A0 ifb(0,x,;0,0)£0, (3-36)
dxy ds
and, moreover, by (3-33),
d 0 .
——W(x;s,t)|>cO, ifb(x;s,t)#O. (3-37)
0xy 0t

Also, if we assume that [y, — y}| < 8, as we may because of the support assumption in (3-12), then

a 0
——W(x;s5,0)| <C6§ ifblx;s,t)#0, (3-38)
dx; dt

since the quantity on the left vanishes identically when y, = yJ.

Another consequence of Gauss’s lemma is that if y, y’, x are close to the second coordinate axis and
if the distances between x and each of y and y’ are comparable to 1, then if 6 above is bounded below,
the 2 x 2 mixed Hessian of the function (x; y1, y;) = ¥ (x, y) + ¥ (x, y') has nonvanishing determinant.
Thus, in this case (3-12) just follows from Hormander’s nondegenerate L?-oscillatory integral lemma
[1973] (see [Sogge 1993, Theorem 2.1.1]). Therefore, it suffices to prove (3-12) when 6 is bounded
above by a fixed positive constant, and so Proposition 3.1, and hence Theorem 1.1, is a consequence of
the following:

Lemma 3.3. Suppose that b € C(‘)’O([R2 x R?) vanishes when |(s, t)| > 8. Then if W € C®(R?> x R?) is
real and (3-35)—(3-38) are valid, there is a uniform constant C such that if § > 0 and 6 > 0 are smaller
than a fixed positive constant and

T\ F(x) = // MOy (x: s, ) F (s, 1) ds dt,

then we have

IT3Fll2qey < CAT O Y2 F 2y (3-39)
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We shall include the proof of this result for the sake of completeness even though it is a standard result.
It is a slight variant of the main lemma in Hormander’s proof [1973] of the Carleson—Sj6lin theorem (see
[Sogge 1993, pp. 61-62]). Hormander’s proof gives this result in the special case where y, =y}, and, as
above, W is defined by two copies of the Riemannian distance function. The case where y, and y} are not
equal to each other introduces some technicalities that, as we shall see, are straightforward to overcome.

Proof. Inequality (3-39) is equivalent to the statement that || 7,7} |22 < C 172071, The kernel of
T)\* TA is

K(S, t: S/, l‘/) — // eik(ql(x;.v,t)—\P(x;s’7t/))a(x; s. 1, S/, l‘/) dx1 d)Cz,
ifa(x;s, t,s',t)=b(x,s, t)b(x; s, t').
Therefore, we would have this estimate if we could show that

K (s, t;5, ) < CON(1+Al(s —5', ¢ —r/)|)‘N +CO(1+20](s —s', 1 —z/)|)‘N,
N=0,1,2,3, (3-40)

for then by using the N = 0 bounds for the regions where |(s —s', t —1")| < (x0)~! and the N = 3 bounds
in the complement, we see that

sup/ |K|ds' dt’, sup/ |K|dsdt < CA72071,
s,t S/,l‘/
which means that by Young’s inequality, || 7;°T; || 2 ;2 < C 172071, as desired.

The bound for N = 0 follows from the first part of (3-35). To prove the bounds for N =1, 2, 3, we
need to integrate by parts.

Let us first handle the case where

Is—s'| > A7 =1, (3-41)

where A > 1 is a possibly fairly large constant which we shall specify in the next step. By the second
part of (3-36) and by (3-38), we conclude that if § > 0 is sufficiently small (depending on A), we have

aix](\l-’(x; 5. 0) = V(x;s', 1)) =cls—s"|, |s—s'|> A Nt =1, (3-42)
for some uniform constant ¢ > 0.

Since |K | is trivially bounded by the second term on the right side of (3-40) when |s —s'| < x6)~!
and (3-41) is valid, we shall assume that |s —s'| > (A0) .

If we then write
eik(\ll(x;s,t)—\II(x;s/,t/)) — Leik(\ll(x;s,t)—lIJ(x;x’,t’)),

1 a
where L(x, D) = - —, (3-43)
iAW) (x5, 1) — W) (x5 87, 1)) 3x
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then we obtain
|K|5/ (L (e, DYVax: 5. 1.5, 1) dx.

Note that
(W, 05 5,0 =W, (s ', 1) NI Val
a%m
k /
97 Hm:l W(\p;m (X;S’t)_lp)/m (x;s ’t/))
<Cy ) |=alx > ! . (3-44)
0<jtk=n'0 aj+etar <N |‘y§1 (x;s,0) — Wy (x; 87, )]
Clearly,
k1 gam
[T |5 (W s = 0, s s /))’ <Cil(s—s', 1 =), (3-45)
m=1 1
and consequently, by (3-41) and (3-42),
k G
| W(\Ij)/cl (x;5,1) =W (x; 5, f/))‘
! <Cayx- (3-46)

W/ (s, 1) = WL (s 87, 1)

Since by (3-35), we have that |8){]a| <CH, j=0,1,2,3, and (3-35) also says that a vanishes when
|x1] is larger than a fixed multiple of 8, we conclude from (3-42)—(3-46) that if (3-41) holds, then | K| is
dominated by the first term on the right side of (3-40).

We now turn to the remaining case, which is

lt —1'| > Als — 5|, (3-47)

and where the parameter A > 1 will be specified. By the first part of (3-36) and by (3-37) and the fact
that |s|, |s’|, |z, |¢'| are bounded by a fixed multiple of 6 in the support of a, it follows that we can fix A
(independent of € small) so that if (3-47) is valid, then

%(W(x; 5.0) —W(x;s', 1)

> cO|t —1'|, on suppa,

for some uniform constant ¢ > 0. Then since (3-32) implies that

k

[

m=1

and since, by (3-35),

aam
A
0x,

(W, (58,0 =W (x; 8", 1)) | < Cu0F (s — 5", —1))|*,  on suppa,

19lal <Cy, 1<j<N,

we conclude that if we repeat the argument just given but now integrate by parts with respect to x; instead
of x1, then | K| is bounded by the second term on the right side of (3-40), which completes the proof of
Lemma 3.3. O
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To conclude matters, we also need to prove the orthogonality estimates (3-4) and (3-10). Since (3-4) is
a special case of (3-10), we just need to establish the latter.
To see this, we note that by Lemma 3.2, if (x; Qg )(x, y) denotes the kernel of y; Qg , then

(.0 (. 1) G 0 (x . ¥) 56,0 (x, ) 6. 07 ) (x, ) = On 07,
ifx & Tco(y) NTcolyw) NTco(ya) N T co(yur)s

with C sufficiently large and the geodesics defined by (3-13). On the other hand, if x is in the above
intersection of tubes, then the condition on (u, w1/, i, it") in (3-10) ensures that if the constant C there is
large enough, we have

|Vx(dg(xv y)+dg(x7 y/)_dg(xv y)_dg(x9y/))| ZCOOv
ifyeTco(yn), ¥y € Tco(yw), ¥ € Tcolyp), and 3" € Tco(yp),

for some uniform ¢y > 0. Thus, (3-10) follows from Lemma 3.2 and a simple integration by parts argument
since we are assuming that 6 > 6y = A~1/2%80 with g9 > 0.

4. Relationships with Zygmund’s L*-toral eigenfunction bounds

Recall that for T2, Zygmund [1974] showed that if ¢, is an eigenfunction on T2, ie.,

o= > ae™’, (4-1)
{e€Z2: |£]=1}
then
lexll a2y < C,

for some uniform constant C.
As observed in [Burq et al. 2007], using well-known pointwise estimates in two dimensions, one has

swfmwhwwﬁ
yell Jy

for all & > 0. This of course implies that one also has

w/ lea|* dx = 0. (A~1/21)
Yl JT, _i12(y)

for any € > 0.

Sarnak (unpublished) made an interesting observation that having O (1) geodesic restriction bounds
for T2 is equivalent to the statement that there is a uniformly bounded number of lattice points on arcs of
AS! of aperture A~!/2. (Cilleruelo and Cérdoba [1992] showed that this is the case for arcs of aperture
A~1/273 for any § > 0.)

Using (1-1) we can essentially recover Zygmund’s bound and obtain |le; |42y = O (A°) for every
& > 0. (Of course this just follows from the pointwise estimate, but it shows how the method is natural
t00.)
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If we could push the earlier results to include &g = 0 and if we knew that there were uniformly bounded
restriction bounds, then we would recover Zygmund’s estimate.
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